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CHAPTER 1

Introduction

Extreme value theory is an active research area, mainly due to its applications in
various fields like the investigation of water levels of rivers (Michel (2006, [26])),
corrosion of materials (Rivas et. al. (2008, [34])), wind speeds (de Haan and
Ronde (1998, [9])) or insurance data (Reiss and Thomas (2007, [33])), only to
name a few.

In the last years multivariate extreme value theory became particularly more in-
teresting since there is the demand of practitioners for statistical tools not only
to analyze data from independent rare events, but also from rare events that are
not independent from each other. This occurs for instance when rare events are
analyzed at several sites that are far away from each other so that they are not

completely dependent but still not far away enough to be completely independent.

The main part of this thesis deals with a representation of multivariate extreme
value distributions in arbitrary dimension. It is well-known known that a d-
dimensional extreme value distribution (EVD) G with negative exponential mar-
gins can be represented as G (x) = exp(—||x[/p), x < 0, where [-||, is the
so called D-norm. This D-norm can be expressed in terms of the Pickands

dependence function D via

1x[lp = lIxlly D (ol /1%l s - fzaal /1)

where ||x||, = >_.; |z, denotes the usual L;-norm of x € R?. We refer to Section
4.3 in Falk et al. (2004, [13]) for more details.

As shown in Falk (2006, Remark 1), there are norms || on R? that are not
D-norms, i.e. there are norms ||-|| such that exp(— [|x]|), x < 0, does not define a
distribution function (df). For the bivariate case d = 2, Falk (2006, [12]) states
a necessary and sufficient condition for a norm to obtain a distribution function.
But this condition is not sufficient in the case of dimension d > 3, see Section 6.2
in Hofmann (2006, [22]) and Lemma 5.3.1 below.



Therefore a characterization of the D-Norm and hence also for the Pickands de-

pendence function is still an open issue which this thesis aims to settle.

Chapter 2 gives an introduction to the theory of multivariate extreme value dis-
tributions and multivariate generalized Pareto distributions. In Theorem 2.2.2
we answer the open question whether there are 1 < A < oo for which W) (x) :=
1—||x]|,, [|x]|, < 1 defines a distribution function over its entire support in dimen-
sion 3 and higher, which turns out to be not the case. By [Ix|[, = (32,4 |z; M)A
for A € [0,00) and ||x[|, = max;eqi,.. .y |25 for A = 0o we denote the usual A-norm
on RY,

In Chapter 3 we will state a necessary and sufficient condition for a norm in R?,
such that G(x) = exp(— ||x]|), x < 0, defines a distribution function. In this
case, G is obviously an EVD with negative exponential margins G;(z;) = exp(z;),
x; < 0,7 <d. This is the Main Theorem of this thesis. Thus the Main Theorem
provides a characterization of the D-Norm. There are already other one-to-one
representations of multivariate extreme value distributions as the exponent mea-
sure (see Balkema and Resnick (1977, [2])) and the angular measure (see de Haan
and Resnick (1977, [11])). More details about the exponent measure and the an-

gular measure are provided in Section 2.1.

Molchanov (2008, [29]) developed a completely different approach to this prob-
lem in terms of convex geometry and the theory of random sets. His access to this
topic will be presented in Chapter 4. In fact using his results it is possible to give
an alternative proof of the Main Theorem. Since our proof of the Main Theorem

uses only results from measure theory we think that it is easier accessible.

Applications of the Main Theorem are given in Chapter 5. The bivariate case
is examined in Section 5.1. In Section 5.2 the Main Theorem is carried over to
the Pickands dependence function and a necessary and sufficient condition for a
function to be a Pickands dependence function is given.

Section 5.3 uses the Main Theorem to show that a condition for the nested logis-
tic model, which is known to be sufficient, is also necessary.

The last two sections 5.4 and 5.5 in this chapter introduce ways to construct new
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norms that define an EVD using the Main Theorem.

Chapter 6 is based on a theorem from a yet unpublished paper by Aulbach, Bayer
and Falk ([1]), that goes back to Buishand et al. (2008, [7]). As a first conse-
quence we can use this theorem to specify the left neighborhood in the definition
of a GPD. Theorem 6.2.1 shows that this left neighborhood can be chosen to be
5"

Furthermore we introduce the GPD-Flow. The theorem from Aulbach, Bayer
and Falk can be used to obtain a GPD as a function of a copula. Since the GPD
has again an underlying copula, this step can be iterated over and over again,
which will be called the GPD-Flow. Simulations indicate, that the GPD-Flow
converges against the copula of complete dependence. Nevertheless the conver-
gence of the GPD-Flow is not yet proven, but in Theorem 6.5.4 we see that if it

converges it must be the copula of complete dependence.

Chapter 7 deals with the simulation of random vectors following a GPD. The
Shi-Transformation for generating random vectors that follow a GPD from the
logistic type introduced by Michel (2006, [26]) is generalized in dimension 3 to

generate random vectors from a GPD of the nested logistic model.

The restriction of an EVD to have negative exponential margins is not a real con-
straint since a transformation of the one dimensional margins to these margins

can always be achieved. Further information will be provided in Section 2.1.

Throughout this thesis all vectors are denoted in bold letters and, if not explicitly
stated otherwise, the components of a vector x are given by x1,...,z4. Further-
more, all operations on vectors such as x +y, max (x,y) and x <y etc. are
meant component wise. We define 0° := 1 and oo” := 1. By the symbol C we
denote a real subset, i.e. A C B means that a € A = a € B but A # B.

By C we denote the complement of a set, i.e. for a universe U and a subset A C U
the complement of A in U is denoted by A® and given by A® = U \A.
Furthermore we set RT := {z € R: z > 0} and RJ := R* U {0}.

We denote the i-th value of the data z1, ..., x, (in non-decreasing order) by x;.,.
Finally I (z < y) denotes the indicator function with I (z <y) =1 of y < x and

0, otherwise.







CHAPTER 2

Multivariate Extreme Value and Generalized Pareto

Distributions

In this chapter an introduction to multivariate extreme value and generalized
Pareto distributions is given. We assume that basic concepts of the univariate
theory are known. Reiss and Thomas (2007, [33]) give in Section 1.3 and 1.4 an

overview of these distributions.

2.1. Multivariate Extreme Value Distributions

We start this section with the definition of a multivariate extreme value distri-
bution as given in Section 12.1 in Reiss and Thomas (2007, [33]).

DEFINITION 2.1.1. We call a d-variate distribution function G an extreme value
distribution (EVD) if and only if G is maz-stable that is for certain vectors b,

and a,, > 0 it is

G" (b, +a,x) = G (x).

Since the univariate marginal distributions of an EVD are univariate EVD the
Theorem of Fisher-Tippett (see Fisher and Tippet (1928, [15])) implies that the
univariate margins is either a Gumbel, Fréchet or Weibull distribution.

A multivariate distribution function consists of univariate marginal distributions
and the dependence among them. In general multivariate distribution theory a
common approach to model the dependence is the concept of a copula. We refer
to Nelsen (2006, [31]) for an introduction to copulas and the 9th issue of the
journal Extremes in 2006 for a controversial discussion about the usefulness of
copulas.

However in extreme value theory other concepts of modeling dependence are
common. Next we will give the definition of the Pickands dependence function

for which we will establish new results in Section 5.2.



2.1. MULTIVARIATE EXTREME VALUE DISTRIBUTIONS

THEOREM 2.1.2. A d-variate extreme value distribution G with negative expo-

nential univariate margins can be written as

G (x) = exp (/ min (u;z;) d p (u)) ,x <0,

5, J=d

where 1 1s a finite measure on the d-variate unit simplex
Saq = {u:Zuj =1,u; 20}
Jj<d
with
/ujd,u(u) =1,j <d,
5

see Theorem 4.3.1 Falk et al. (2004, [13]).

COROLLARY 2.1.3. The Pickands dependence function D, D : Ry, — [0,00) is
defined by

D (ty,...,ta—1) ::/ max (ultl, o Ug—1tig—1, Ug (1 — Z tz>> du(u),
Sq

1<d—-1

where

Ry = {(tl,...,td) € [0,1]d:2ti§ 1}.

i<d
Therefore G can be written as

G(X):exp<(x1+-~~+xd)D< i T ))

ajl_f_..._’_xd’ 7I1+“‘+xd

We now list some properties of the Pickands dependence function D taken from
Section 4.3 in Falk et al. (2004, [13]).

(i) D is continuous.
(ii) We have

DO)=D(e)=1, 1<i<d-—1,

where e; denotes the i-th unit vector in R4 1.
(iii) It is D (t) < 1for all t € Ry_;.

(iv) D is a convex function, i.e. for s,t € Rq_; and A € [0, 1] we have

DOs+(1—At) <AD(s)+ (1—\)D(t).

10
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(v) For any t € Ry_; we have

d—1
D (t) > max (tl,...,tdl,l — Zt) >
j=1

(vi) The convex combination of two Pickands dependence functions D; and

SN

D, is again a Pickands dependence function, i.e. for every A € [0,1]
D (t) = (1 —=X) Dy (t) + ADs (t) is a Pickands dependence function.
(vii) If we set ||x]|, = ||X]|1D<|m1| '%1') for x € R%\ {0} and [|0]| , :=

llly 7l

0, then [|-|| , defines a norm on R?, the so called D-Norm.

Besides the Pickands dependence function and the norm, we deal with in our
Main Theorem, there are other representations of multivariate extreme value
distributions, all having advantages and disadvantages. A d-variate EVD G with

negative exponential margins can be represented as

G (z1,...,mq) = exp (—u ((([—oo, T X e X [—oo,xd])c>>

= exp ( . min (a;x;)dv (a)>

=exp (=l (z1,...,2q))

= D (exp(z1),...,exp(zq))

=Q (eXp(Ij), R ,eXp(Id)) exp (Il +o Id) ;o T1y-..,Tq < 07
where Sg denotes the unit-sphere pertaining to the norm that underlies v.
p is called exponent measure (see Balkema and Resnick (1977, [2])), v is the
angular measure (see de Haan and Resnick (1977, [11])), {(-) is the stable tail
dependence function (see Huang (1992, [23])), & is the dependence function of
Tiago de Oliveira (see Tiago de Oliveira (1966, [43]), D is the dependence function
of Galambos (see Definition 5.2.1 of Galambos (1978, [19]); note that Galambos

denotes his dependence function by D, but due to the danger of confusion with the

Pickands dependence function, we rename it by D). In fact, the dependence func-

tion of Galambos is actually a copula and those copulas are also called extreme

value copulas (see Nelsen (2006, [31])). Finally Q2 is the dependence function of

Sibuya (see Sibuya (1960, [39])). There are several approaches to estimate those
dependency structures, see for instance the book by de Haan and Ferreira (2006,
[10]).

11



2.1. MULTIVARIATE EXTREME VALUE DISTRIBUTIONS

All the dependency representations above are given due to negative exponential
margins. With an easy transformation the margins of any EVD can be trans-
formed to be negative exponential (see Lemma 5.4.7 in Falk et. al(2004, [13])).
The nondegenerate univariate EVDs can be parametrized by one parameter a € R
with
Gy (x) = exp (= (=2)7), =<0 for a > 0,
1, x>0

Go (z) == exp(—exp(—z)),z € R
and

0, <0
G (z) = for o < 0.
exp (—z%), x>0

For @« > 0 we have the family of Weibull, for @« < 0 the family of Fréchet
and for & = 0 the Gumbel distribution. In this terms the negative exponential
distribution is the G; distribution.

For any a; € R we define the function ¢,, : {z € R: 0 < G,, (z) <1} — R by

Yo, (x) :=log (Gq, (7))
—(=2)", <0, ifa; >0
=< —exp(—z), z€R,ifa; =0-.
—x, x>0, if a; <0
With 1), it is possible to transform any EVD to negative exponential margins.

.....

G(Oq ,,,,, oq) (151, s 7xd> = G(l ,,,,, 1) (woq ({L'l), cee 7¢o¢d($d)) 5
see Lemma 5.4.7 in Falk et. al (2004, [13]).

Finally we will study in more detail the exponent measure.

DEFINITION 2.1.4. A o-finit measure p on [—o0, oo)d is called exponent measure
of the distribution function F (x) := exp (—,u <[—oo, X]C>>.

12
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The concept of a max-stable distribution function will be extended to max-infinite

divisible distribution functions.

DEFINITION 2.1.5. A distribution function F' will be called maz-infinitely divisible

(maz-id) if for every nonnegative integer n there is a distribution function F,, such
that
' =F.

n

Obviously a max-stable distribution function is also max-infinitely divisible (set
F,(x) = F (b, +a,x)). In the univariate case every distribution function is

max-id since F,, = F'» is a distribution function.

The following characterization shows that max-id distribution function are in a

one-to-one relationship with the exponent measure.

THEOREM 2.1.6 (Balkema and Resnick). A distribution function F on R? is

maz-id if and only if it has an exponent measure.

PROOF. The bivariate case is Theorem 3 in Balkema and Resnick (1977, [2]).
U

2.2. Multivariate Generalized Pareto Distributions

In the univariate extreme value theory the limit distribution of peaks over a
threshold is given by a generalized Pareto distribution W which turns out to be

in a simple relation to the EVD, namely
W(zx) =1+1og(G (z), if logG (x) > —1.

However there is no natural generalization of limiting distributions for multivari-
ate peaks over threshold. There are three different approaches closely related to
each other. First Kaufmann and Reiss (1995, [25]) introduced a definition for
the bivariate case which is generalized to arbitrary dimension in Section 5.1 of
Falk et al. (2004, [13]). In this manuscript we will stick to this definition. Other
definitions are given by Tajvidi (1996, [41]) and Beirlant et al. (2004, [5], Sec-
tion 8.3) which is more investigated in Rootzén and Tajvidi (2006, [35]). But in
the region of interest, namely {(z,y) 1 u <z < 0,v <y < 0} with (u,v) < 0 and

close enough to the origin, these definitions are all identical, see Section 13.1 in

13



2.2. MULTIVARIATE GENERALIZED PARETO DISTRIBUTIONS

Reiss and Thomas (2007, [33]) and Section 8.3 of Beirlant et al. (2004, [5]).
We start with the definition of a generalized Pareto distribution we use within

this manuscript. As mentioned above this is the one in Section 5.1 of Falk et
al. (2004, [13]).

DEFINITION 2.2.1. A d-variate distribution function W will be called a multi-
variate generalized Pareto distribution function (GPD) if there is some EVD G
that

W(x)=1+logG (x),
where x < 0 and x is in a left neighborhood of w(G) = (w(Gy),...,w(Gy)),
w(G;) =sup{x € R: G;(x) < 1}.
Furthermore we call the function

W (x) =1+logG (x),logG (x) > —1,

a generalized Pareto function (GPF).

Obviously we can restrict ourselves to GPDs coming from an EVD with negative
exponential margins since we can apply the transformation 1, on the coordi-
nates as in the case of the EVD, see page 12. For more details see Corollary 5.4.8
in Falk et. al (2004, [13]).

In the bivariate case the GP function is actually a distribution function, see
Kaufmann and Reiss (1995, [25]) or Lemma 5.1.1 in Falk et al. (2004, [13]), but
in dimension 3 and higher this is no longer valid.

An example is given in Section 5.1 in Falk et al. (2004, [13]). There it is shown
that for W (x, 9, x3) = max(1l + z1 + 22 + x3,0) the cube (—%,0}3 would get
probability —% and therefore W cannot be a distribution function. In Theorem
2.3.12 in Michel (2006, [26]) this example was extended to dimension greater than
3. By using the continuity of the A-norms Michel also showed that there exists a
Ao > 1 that for all A € [1, Ag) the GP function W) (x) := max (1 — ||x]|, ,0) does
not define a distribution function.

We will extend this example one step further by showing that for dimension 3 or
higher and arbitrary and finite A > 1 the GP function W) (z) = max (1 — ||x][, ,0)

does not define a distribution function. This will be established by showing that

a certain cube would get a negative probability. Since in the case of A = oo the

GP function Wy, (x) := max (1 — ||x[|,,0) is a distribution function this cube

14
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must depend on A and as A converges to oo this cube must converge to a cube
having probability 0. Otherwise the continuity of the A-norms implies that also

for A = 0o the cube would have negative probability which cannot be true.

THEOREM 2.2.2. For any X\ € [1,00), the GP function
Wi (x) = max (1 - ||x[|,,0) =t (1 = [|x[|,)",x <0,

does not define a distribution function for d > 3.

PRrROOF. Let d = 3. Assume that W, does define a distribution function. We
define the two points

1 T
a ) = (0,0, —(1- 291;)?)

and

for x € [0, %]
Obviously these two points satisfy b,y < a, )\ < 0. Now we calculate the proba-
bility of the set K, := (bya, az]:

ha(z) =P (K;»)
W, (a1, a3, 3)")
— W ((bl, as, ag)T) — W ((al, b, ag)T> — W <(a1, as, bg)T)
+ Wa (a1, b5, 09)") + W (1,2, 09)" ) + W (01,02, 05)")
— W ((bl,bg,b3)T>
=(1-0-20%) —3(1-0-oF) 4300 - (1-+ i)
=3(1— )% — (1 —22)% — 2,

[un

Evaluation of hy at 0 shows hy (0) = 0. The function h, is differentiable in the
interior of its domain and we obtain

h;(x):§(2<1—2m)19—3(1—55)19).

15
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Thus .

Hence for €y := % there exists a d; > 0 such that b} (z) € (—% — €9, —% + 62) =
(=%, —35) for z € (0,4).

The continuity of hy implies, that for ¢ := 52ﬁ there exists a §; > 0 such that
hy (z) € (—€1,€) for x € [0, 01].

With § := min (51, %52) and £ € [9, 6] we use Taylor’s Theorem and obtain

ha (02) = ha (8) + (62 — 0) K\ (€)

cat( Ly
€1 4 b\ €2

P S
16N 8\

T 16M

< 0.

Since K, ) would have a negative probability this is a contradiction to the as-
sumption of a distribution function and hence for d = 3 the GP function is not a
distribution function.
Now suppose that the GP function W) is a distribution function for d > 3. Then
the marginal distribution of the first three components is the GP function W) of
dimension 3. But this is not a distribution function and we have to reject the
assumption that the d-dimensional GP function is a distribution function.

O

A useful approach in dealing with GPD is the decomposition of the coordinates

in an angular and a radial component using the so called Pickands coordinates.

DEFINITION 2.2.3.
Ford € N, d > 2, define the transformation Tp : (—o0, 0]\ {0} — Ry_y x
Td—1
Tit et g

g e ey

,$1+"'+xd) = (21,...,Zd717c)

16



CHAPTER 2. MULTIVARIATE EVD AND GPD

with
d
Ry = {X € (—oo,O]d : sz < 1} .
i=1
Tp is called transformation to (standard) Pickands coordinates z == (zy,. .., zq-1),

c. At this z is called angular component and c is called radial component.

The Pickands coordinates are similar to the polar coordinates which consists also
of an angular and a radial component but the polar coordinates use the euclidean
norm ||-||, for the components contrary to the sum norm ||-||; used by the Pickands
coordinates. For more information on Tp we refer to Falk and Reiss (2005, [14])
and Section 5.4 of Falk et al. (2004, [13]).

Next we introduce the so called Pickands density.

DEFINITION 2.2.4. For a GPD W that has, in a left neighborhood of 0, continuous

partial derivatives of order d, the function

d

with

d
Ry := {x € (0,00)*: sz < 1}
i=1

15 called the Pickands density.

Note that the Pickands density does not depend on ¢ (see Theorem 5.4.2 in Falk et
al. (2004, [13])). Furthermore assume that (X3,...,X,) follows a differentiable
GPD W. Let C = X1+ -+ X; and 7 := (Xl ...,Xd*1> be the standard

> c
random Pickands coordinates. Then conditional on C' > ¢q for ¢y < 0 close to 0

the Pickand coordinate Z has the density
¢ (z)
f(2)= 7",
fRd—l ¢(v)dv
see also Theorem 5.4.2 in Falk et al. (2004, [13]).

For more details see Section 5.4 in Falk et al. (2004, [13]) or Section 2.1 in Michel
(2006, [26]).

17
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As mentioned in the previous section one of the dependence structures for an
EVD is the angular measure v (see page 2.1). Therefore a multivariate GPD
can also be written in a left neighborhood of 0 in terms of the angular measure

namely

W(Il,...,l’d) =

d—1
1— / min (ulxl, e UG T -1, (1 — Zul> xd> v(du).
Ri—1 i=1

If the angular measure v restricted to Ry;_; possesses a density | we call it the

angular density.

18
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Main theorem

3.1. The Main Theorem

The following theorem is the main result of this thesis which gives a one-to-
one characterization for multivariate extreme value distribution with negative

exponential margins in terms of a norm.

THEOREM 3.1.1 (Main Theorem). For any norm ||-|| on R the following asser-

tions are equivalent:

(i) the function G (x) = exp(—||x||), x < 0, defines a multivariate ez-

treme value distribution function

(ii) there exists a measure p on [—oo,00) \ {—oco} with

y ([—oo,x]“) _ )l forx<0 (3.1)

0, otherwise

(iii) the norm satisfies

> (=TT | (b e ™, by ey ™) || > 0 (3.2)

me{0,1}¢
m;=1,i€K

for every K C {1,...,d} and —oo < a; <b; <0, 1 <j <d.
A norm which fulfills one (and therefore all) conditions from above will be called
a D-Norm.

If G is a multivariate distribution function, then we have with the laws for the

exponential function and the homogeneity of the norm
1 1 "
o ()= (o))
n n

19




3.2. PROOF OF THE SUFFICIENCY

1
= exp | —n— ]|
n

=G (x).

Thus G is max-stable (see Definition 2.1.1) and hence G is an extreme value
distribution.
Because a d-dimensional distribution function G is max-id if and only if it has

an exponent measure (see Theorem 2.1.6), the assertion (i) is equivalent to (ii).

Therefore we only have to proof that (ii) is equivalent to (iii).
Since the proof is rather long it will be splitted into several lemmas and corollaries

given in the next sections.

3.2. Proof of the sufficiency

First we give an outline of the proof of the sufficiency.

We start by showing that condition (3.2) in the Main Theorem is equivalent
to another condition. Then we construct in a similar way to the Lebesgue
measure (see Section 1.4 and 1.6 in Bauer (1972, [3])) several measures on
(—=00,0] X --- x {—00} X --- C [—00,0]%, i.e. the spaces where in certain com-
ponents we have the nonpositive real numbers (with —oo excluded) and in the
other components we fix the point {—oo}. There the condition (3.2) from the
Main Theorem 3.1.1 implies that we can really construct these measure since the
condition guarantees that the measures obtain nonnegative values.

Using these measures we construct a new measure p* on [—oo, 0]\ {—oo}.
Then we prove that if a certain condition is fulfilled then p* obtains certain values
for certain sets.

Furthermore we show that p* has the desired property that p* ([—oo, X]C> = [|x]|.
Finally the proof will be finished by showing that the certain condition named

above follows from the condition of the Main Theorem.

LEMMA 3.2.1. Condition (3.2) in the Main Theorem is satisfied if and only if
for every K C {1,...,d}, for every L C K and —oco < a; <b; <0, 1 <j<dit
18
. _ d+1_2"§d m; mi1  1—mq uerk l—md
Jim Zd( 1) =™ || (BPay ™™, L b a ) || € [0,00)  (3.3)
me{0,1}

m;=1,i€K
b;=t,i€L

20



CHAPTER 3. MAIN THEOREM

PRrROOF. Condition (3.3) implies condition (3.2) by just setting L = ().
Now we prove the converse implication.
We define the function f: R — R by

f)y= S (=) T || (pad L bl |
e
b;=x,i€L

and with this new function condition (3.3) can be reformulated as lim,_,_, f (z) €
[0, 00). First we show that the limit exists. We begin this proof by showing that
f is bounded from below. In the sequel we use the inequality | [|x|| — [ly||| <
||lx — y|| derived from the triangle-inequality for norms.

Choose an index g € {1,...,d} \K. We have

fla)=" D (=)= (e, by |
me{0,1}4
m;=1,i€K
b;=z,i€L

=S () || (bl bal )|
me{0,1}4
m;=1,i€K

bj=z,i€L
mg=1

Y (R || (el al ) |

me{0,1}4

mi=1,i€K

bj=z,i€L
mgqg=0

= 3 (T <|| (B al™ . by W0l

me{0,1}4

m;=1,i€ K

bj=z,i€L
mg=1

my 1—m1 mq 1—mg
—H(b1 a;” "o ag, .., by Yy )H)

€ [247 K (ay — by) , 27 (b, — ay)] -

Therefore f is bounded from below.

Next we show that f is increasing in x. Without loss of generality it suffices to
prove that f is increasing if L = {1} (if |L| = 1 it can be proved in a completely
analogous way and the case that |L| > 1 follows from the fact that f is increasing

in every argument).
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Let ¢; € R with a; < ¢; < by.

We have
Fo) = 30— e | el el
me{0,1}4
mi=1,i€K
= 3 (R ||l L el |
me{0,1}¢
mi=1,i€K
3 (e || (el el |
me{0,1}4
\'rnizl,iEK\{l} )
~-

v

D (TR (e e

me{0,1}4
m;=1,i€K

= f(a).

Thus we have shown that f is increasing and together with the boundness from
below we obtain the convergence of f.

Finally we need to prove that f is nonnegative. Condition (3.2) implies that for
all z € (—o0,0] we have f (x) > 0.

Now assume that lim, . f (z) =y < 0. Because of the definition of the limit,
there exists an S € R such that |f (z) —y| <y for all z < S. As a consequence
f(x) <2y <0 for all z < S. But this is a contradiction to condition (3.2) and
we have lim,_,_, f (x) > 0. Hence everything is proved.

O

Let £ :={K: K C{1,...,d}}. We define for every K € K

= {X[ki::l]k o — {—OO} for k € K I, = [ak,bk)
with —oo <ap <b, <0for k& K}.

Then Zx is a semiring (see Definition A.1 in the appendix) in [—co,0)* and the
sets T, K € K are pairwise disjoint.

In the following we assume that condition (3.2) always holds and because of
Lemma 3.2.1 also condition (3.3).

22



CHAPTER 3. MAIN THEOREM

Define furthermore px on Z by

. d+1=>" .. ,m; m —-m -m
e (1) 1= Jim 7 (=1 (et baly d)’ (3.4)
me{0,1}4
my=1,i€K

with by = t, if i € K, by = b, aiy = a; otherwise. Condition (3.3) implies that
p (I) >0for I €.

Similar to the Lebesgue measure (see Section 1.4 and 1.6 in Bauer (1972, [3]))
we will show that py defines a measure. For this purpose we proof that py is
additiv (Lemma 3.2.2) and then that it is even o-finite (Corollary 3.2.7). With
the pux we define a new measure p on a ring F which will then be extended to a
measure p* on the o-algebra generated by F (Theorem 3.2.10). Finally we proof
that p* is an exponent measure with the desired property pu* ([—oo,x]c> = ||x||
(see Lemma 3.2.13).

LEMMA 3.2.2. uk is additiv, i.e. for n € N and pairwise disjoint I, € T with
Ul 1 =1 € T we have pue (UP_1L;) = >0 pre (L),

PROOF. For I € Zx choose an index k € {1,...,d} \K and ¢ € (a,bx). The
hyperplane H = {z < 0 : z; = ¢} separates the set I into two disjoint sets I, I €

Tr. We have (using that the limit of a sum is the sum of the limits if those exists)

pore (1) + pure (12)

. d+1->" .. m; mi1 . 1—-m m —-m mg 1—m
= lim ) (1)t <y(1;x(1) LTy d)H
me{0,1}4
m;=1,i€K
. d+1-> .. m; my . 1—m mg 1—m mg 1—m
+ lim D (s <y<1>15’3<1) e T Yy T d)‘
me{0,1}4
m;=1,i€K

— lim > (m1) s

t——o0

mi,.1—m mq . 1—m
<y 1)13:(1) 17 e Yk - - 7y(dsix(d) d)

me{0,1}4
m;=1,i€ KU{k}

_ Z (_1>d+1—zj§dmj

me{0,1}4
m;=1,i€ KU{k}

+ Z (_1)d+1—2j§dmj

me{0,1}4
m;=1,ic KU{k}

mq 1—mg

m1,.1-m
(y(l)lx(l) 1,...,c,...,y(d)x(d) >

mi 1—my mg 1—mg

(y(l)x(l) s Coo s Yigy T gy )
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d+1— m m —-m mq 11— m
D G R (y YZ) e The e Yid) g )H
m d
L d+1-Y" m my 1—my myg 1—m mq, . 1—m
= lim > (-1 e <y<1>11‘<1> v Uk T Y B d)H
m d
ik
= (1)

Decomposing an I € Zx by a finite number of hyperplanes, in the same way as

above, results in that for pairwise disjoint I, ..., I, € Zx we get

:Z#K([)

Finally we show that for pairwise disjoint I,..., 1, € Zx with I = U} |I; € Tk
it is o (I) =Y iy pux (I;). Without loss of generality we can assume that every
I; is nonempty. So there exists —oo < a;; < b;; <0, j € {1,...,d} \K, with
I; = x_, X;; where X; ; = {—oo} for j € K and otherwise X;; = [a;;,b;;). If
we split Iy by hyperplanes of the form & = a;; or § = b; ; the set I, decomposes
in pairwise disjoint sets I1, ..., I . Each of the I, ..., I,, decomposes into certain
I, ke {1,...,m}. Applying (n + 1) times the case from above we obtain the
equality.

O

LEMMA 3.2.3. For pairwise disjoint I, ..., I, € T with U} I; C I € Tk it is
ZMK (L) < pr (1)
i=1

PROOF. There exists pairwise disjoint intervals Ji, ..., J,, that are all also dis-
joint with U7, I; so that we have I = |J;_, ; UUj_, J;. From the additivity of
pr: proven in Lemma 3.2.2 it follows that pux (1) = >0, pure (L) + D200, puxc (J;)-
Since px > 0 the proposition is proved.

O
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LEMMA 3.24. If Ul I; = UL, J;, 1, Jy € T with I; pairwise disjoint then we

have

Proor. We get

D () = 3 poc (UL, (5 01 1)
= Z Z’LLK Jj N IZ

7j=1 =1 Tk

The sets I; N J; € Lk, i < m, j < d can only be constructed by disjoint By, € Ty,

k=1.. N ieLnJ =B"U-UB i<m j<dandB" ¢

{Bi1,...,Bn}. Then we can conclude from the additivity of px

SN k(L) =Y > > pux (B&)

i<m j<n i<m j<n r<k(i,j)
> e (Br) + -+ pxe (Bn)

because every Bj appears at least one time in the sum or otherwise it can be
omitted. Since every I; can be represented as a union of certain B; and the I; are
pairwise disjoint we must have px (B1) + - + pix (Bn) = D, tti (1;) and the
assertion is proved. B

0

LEMMA 3.2.5. For I C U I; with I, I; € Tk, i € {1,...,n} we have
i (1) < e ().
i=1

PROOF. There exists pairwise disjoint By, ..., By that
LU---Ul,=ByU---UBy.

Since I = Uj<, (I NI;) = Up<n (I N By) it follows from Lemma 3.2.4 and the
additivity of px (Lemma 3.2.2)

e (1) = px (Ug<n (1 N By))
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=Yk (1N By)

k<N

< ZMK (INI)

Jj<n

< o (L) .

The last inequality follows from the monotony of jx which is included in Lemma
3.2.3.
OJ

LEMMA 3.2.6. For I C Ujenl; with 1,1; € Ik, i € N we have

pr (I) < ZMK (£;) -

ProOF. Without loss of generality let K = {1,...,k}.
Set L = {l,....,d}\K and let I = X;cg{—00} x Xycp[zi,y;) and
I = Xiex {—00} X Xicp, [Tni, Yni)-
For e > 0 it is
€
Xiex {—=00} x Xiep [#3, 4 — €] © Unen Xjex {—00} X Xiep, (l'm - 2_nayn,i> :

We can conclude from the Theorem of Heine-Borel (see Theorem 15 in Cairns
(1961, [8])) that there exists an n, € N with

Xiex {—00} X Xiep [, yi —€) € Xiexg {—00} x Xiep [Ti,yi — €
€
g UnSno XiEK {—OO} X XiEL (xn,i - 2_nayn,i) .
From Lemma 3.2.5 we conclude

e (Xaere (=00} X Xoew o — ) <

€
Z %3¢ <XiGK{_OO} X Xier (wm - 2_n>ynz>> )

n<ng

whereas by (3.4) and the continuity of a norm

[272¢ (XieK {—oo} x Xiep (l’nz - %7yn,i)) =
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lim (=) e

t——o00

me{0,1}4
m;=1,ice K
Mpy1 €\ 1M+ g €\ 1-mq
15,...,1§,ym,€+1 (xn,kﬂ — 2—n> o YUna <a:n7d— 2—n)
From the triangle inequality of a norm we obtain | [|x|| — [ly[|| < ||x —y|| and
therefore

‘MK (X’LEK {_OO} X XiGL (-Tn,i - 2n’ynl>

1— mk+1 m € ].7md
n,d Tnd —

€
< lim E too by <x - —
Pt ) ; 7yn,k+1 n,k+1 on 2d
me{0,1}4
m;=1,3€ K
i mgy1  1—mpgy1 md . 1-mgq
L 2 A T A R ! ‘

< 2

me{0,1}4
m;=1,i€K

1—-mq € 1-myg
mi _ mq _
0 ( ) .0 ( 2n>

€
Sconst-z—n, n € N,

whereas const > 0 is independent from e and n.
It follows

057 (X’LGK {_OO} X XiGL [:Elvyz - 6))

< Z MK (XieK{_OO} X Xier <9Cm - 2naynz>)

n<ng
Z pr (In) + const - €
n<neg

< Z wr (I,) + const - €.
neN

Since € can be arbitrary small the continuity of the norm implies

I) SZMK(I

neN
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COROLLARY 3.2.7. ug 1s o-additiv.

ProoOF. This follows directly from Lemma 3.2.6 and Lemma 3.2.3.

Now we extend our definition of ux on
Fr ={F:F=U1I,1; € Ix and pairwise disjoint} by

i (F) = px (1)

j<n

with F' = U}, I;. We will show that this is well-defined.
Suppose that F' € Fi can be represented as two different unions of pairwise
disjoint elements from Zy, ie. F' = U ,l; = Ui, J;. Hence we have I, =
LN F =UjL, (I;NJ;) and in the same way J; = F'NJ; = UL, ([; N J;). The
finite additivity of ux (see Lemma 3.2.2) implies

m

pr (1) = ZMK (LinJj)

and

and therefore

n

> ke (1) = Z px (J5) -

i=1

Thus the definition is independent of the decomposition of F.
COROLLARY 3.2.8. fig : Fxg — [0,00) is o-additiv.

PRroOF. Choose pairwise disjoint F; in Fx, ¢ € N with UjenF; € Fi, i.e. UjenF; =
ITU---Ul;, with I7 € I, j < m, pairwise disjoint and F; = [;; U---U I, ; 18
a union of disjoint intervals from Zy, ¢ € N.

From the definition of fix follows

fie (UienFy) = pc (I U=+ U L) = pe (1) + -+ + e (1) -
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Furthermore from the o-additivity of ux it follows

Z i (I7) = Z i (Uien (F5 N 1))

k<m k<m

= Z i | Uien Uj<m, I, NI
~——

k<m pairwise disjoint

=Y > > puxnI)

k<m i€N j<m;

=> YD w TN

€N j<m; | k<m
A\

J/

-

w(lj,i)

=1 D k(1)

eN | j<my

———
=pr (Fy)
= ik (F),
1€N

i.e. we obtain the assertion.

COROLLARY 3.2.9. Since i is a (o-finite) measure on the ring Fy there exists
an unique measure [y on the o-ring o (Fx) = {o-algebra that is generated by

Fx} , which coincide with ix on Fr.

PROOF. See Theorem A, §13 in Halmos (1973).
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3.2. PROOF OF THE SUFFICIENCY

THEOREM 3.2.10. With

F :={UL,F;: F; € UgexZk, F; are pairwise disjoint}
and
Ry := x& M;, with M; = {—oc} fori€ K and M; = (—o0,0) fori ¢ K
there exists a measure u on o (F) with

p(l) = Z px (INRg) for I € UgexTk.
KeK

ProOF. Note that I QRK =0QifI ¢ Tk.
The finite additivity of the ug implies the finite additivity of u. For Iy, I1,..., I, €
IO with ]0 = U?:lli we have

p(lo) =Y nx (IoNRg)
KeK

=5 pre (U 1) NRy)

KeK

= Z pure (Ui (1N R))

KeK

=SS e (L)

KeK i=1

S e (1R

i=1 Kek
=> u(l).
i=1

If F' € F can be represented as two different unions of pairwise disjoint elements
from UgexZr, ie. F'= U, I; = UJL, J;, then we have [; = [N F = UL, (I; N J;)
and in the same way J; = FNJ; = U, (I; N J;). The finite additivity of x implies

m

p(l) =Y pnJ)

=1
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and

Therefore we get

So we can define 1 on F by

A(UR L) =Y p(l). (3.5)

=1

From the considerations above we see that (3.5) is well defined.

Let F},, n € N be pairwise disjoint sets from F with U, cnF), € F, i.e. there exists

pairwise disjoint I, ..

1, € UgexZi with UpenF,, = I U---U1,. This implies

UnenFrn = Uj<m Unen (£, N I;) and therefore we obtain
—_——

The third equality sign follows from the fact that ux defines a measure on Z.

Therefore fi can be extended to a measure p* on o (F).

O
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LEMMA 3.2.11. If for every K,L C {1,...,d} with KNL =0 and K UL #
{1,...,d}

TN () OLE0 DED SRCHI B ) STEED DD o )
ieK icL ig KUL ieK ieL ig KUL
:tEI_nOO < Z te; + Z ;€| — Z te; + Z Y;€; > eR (36)
ieKUL ig KUL ieKUL igKUL
then we have for [a,b) C [—oo, 0]\ {(—oo)d}
Iu* ([a7 b)) _ Z (_1>d+1—zj§dmj (bgma%fml’ o 7bZlndacll_md)T ’

me{0,1}4
m;=1,3€K

with K = {i: a; = —oo}.

Proor. We set
{—0}, i€eL
M (a,b,L,K,i) := { (—o0,b;), i€ K\L
la;, b;) , i¢ K

and
{-x}, i€l
M(a,b,L,K,i,s) =< [s,b;), i€K\L.
[Cl,i7bi)7 7 ¢ K

With this notation we have the disjoint decomposition

[a,b) = Urck (XM (a,b, L, K, 1))

and therefore

— Z SEEHOOM* (x?le (a,b, L,K,i,s))

- sgr_noo Z w (x?le (a,b, L, K,1i, 3)>
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— . . . d+1_2j§dmj m1 1—m1 mq 1—my
_sEI—noo tl}r_noo Z ( 1) b(l)a(l) ,...,b(d)a(d)

me{0,1}4

m;=1,i€L

b y=t,i€L

(%)

a(i>:s,iEK\L
= 1 1 A=y m1 1—mq mq 1—my
= lim lim » % (-1) biag™ . bal, ™

LCK  me{0,1}4
m;=1,i€L
b(i):t.,iEL

a(i):S,zeK\L

where a¢;y = a;, by = b; for i ¢ K; a¢;y need not be defined for 7 € L and can be
set to 0 for instance.

Choose an index k € K. We split the sum into two parts, whether & € L or not.
With the notation K := K\ {k} we obtain

)OIED DR G

LCK  me{o,1}4
m;=1,3€L
b(i):t.,iEL

a(i>:8,z€K\L

_ Z Z (_1)d+1—zj§dm]~

LCK me{0,1}¢
m;=1,3€L
by =t,i€L

a(i):s,ieK\L

n Z Z (_1)d+1fzj§dmj

LCK  me{o1}d
- m;=1,i€ LU{k}
b(i):t,ieLu{k}

a(i):s,iEf(\L

bml &1_m1 bmd 1—-mg

M%) %) Ya

my 1—mq mg 1—mg
beyamy s by 4a)

mi1 1—mq mqg 1—mg
bayamy s+ by 4ay

d+1-> .. . m; mi 1—m mg 1l—m
D, (T ](H@5au>lf'”bw>:bb'“7@ﬂ“w>d

me{0,1}¢

~
N
=

m;=1,ic LU{k}
b(yy=ticL
a(y) =s,i€ K\L

my1 1—m mg 1—m
—Hb(ﬁa(l) 1,...,a(k):s,...,b(d‘;a(d) d
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d+1->" . _.m; 1 mq 1—m,

Y ()T et by =t blagy™
me{0,1}4
m;=1,i€ LU{k}
b(s)=t-i€L

a(i>:s,i€f(\L

=2 X (e

LCK  me{o,1}4
- m;=1,s€ LU{k}
by =ti€l

a(i)zs,ief(\L

d+1-> ... m; m, —m,
£ e ((faly b = G baly™

LCK  me{o,1}4
= m;=1,ieLU{k}

by =t:i€L
a,(i):S,iEI_(\L

bm1 1—-mq

M -

bm —md

(d)

Hbml 1— m17 Ce A =S, ,bzslazd_)md >
= A+B
Choose an index r € {1,...,d} \K and decompose the sum B according to m,.
Then we obtain
B=Y X (e (
LCK  mefo,1}d
m;=1,i€LU{k,r}
b(i):t,ieL
a<i):s,i€K\L
) 1
DA™ Q) = 8o s i) = Ay by ™ ‘

bm1 1—-mq bmd 1—mg

(1) () ,...,a(k):s,...,b(r):br,..., (d)a(d)

pm 1—mq bmd 1-mgy

= [0 ¢ ,...,b(k =1,...,a04) = ap, .. a(q)

1-m mg 1—m,
+Hbg; Lby = e by = by, Bal

).

From condition (3.6) it follows lims_, . lim; ., B = 0. In the sum A we now
have my, = 1, by = by and therefore we can iterate those steps above, i.e. chose
k € K and decompose the set L C K into two disjoint one-to-one subsets.
This iteration can be repeated until we have K = (). Thus we have proven the

assertion.

O
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In the following example we will see that condition (3.6) from Lemma 3.2.11 is

not satisfied by all norms.

ExXAMPLE 3.2.12. For d > 3 let

N

1 4 1)
U I L Y
Lo s
o ... o0 1
_B

with 6 € (0,1).

Since B is a symmetric positive definite matrix it is well known that we really

defined a norm.
If we set K =1 and L = 2 and choose 0 < x,y with 2?23 (x; — ;) # 0 then we

obtain with a* — b* = (a — b) (a + b):

d d
C2(t,s)
te1 + sey + ZZ:; T;e;l| — te1 + seq + ZZ:; Yi€i|| = n(t, 8) ,
where
d d
2(t,s) =2t Z (z; — y;) el Be; + 2s Z (z; — y;) el Be;
i=3 i=3
d T d d T d
+ (Z Iiez‘) B <Z JUz‘ez') - (Z yiei> B <Z yﬁz‘)
i=3 i=3 i=3 i=3
and

VI

d T d
S 1 S 1
n(t, S) =t <e1 + zeg + ; i:E - xiei) B <e1 + zez + 2 i:E - Ll?iel')

1
2

t

d T d
s 1 s 1
+1 <el tiet s ;_3 yiei) B <e1 tiets ;_3 yiez’)
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Therefore we have for s # ¢

2ts) _ sy —wi)eiBe o > (i~ )

lim (3-7>
t—oo n(t, s (elTBel)% —
and s =t
d d
lim Z(t, t) _ Zizg (Z/z‘ — SUz) e1TBez' + 21':3 (yz - 371) egBei
—oo n(t,t 3
' me ) ((e1 +62)TB(61 +62))2
d
— 1) . (3.8)

Since Z?::J) (x; — y;) # 0 the limits (3.7) and (3.8) are different. As a consequence

the condition (3.6) from Lemma 3.2.11 does not hold.

LEMMA 3.2.13. We have

u ([-00,x%) = ||l

PROOF. Forx < 0,7 € {1,...,d} and y; < z; we can deduce from Lemma 3.2.11

and the continuity of a norm
w{z:z<x2>y})= H(l'l; e L1, Yiy i1y - - -5 Xd
Therefore we obtain

p ([—OQX]E) =

*({z:2 <0,z > x; for at least one i € {1,.

7;

I
=,

(UL {z:2<0,2 > a;})

I
=

M- £

1

.
Il

*( izl{z:zgo,zi>xi,2j§xjforj€{1,...

p({z:2<0,2 >,z <x;for je{l,...

T
(H 331,...,]71',0...,0) H — H(xl,...,xi,l,(),

|| = 1l

- d}})

i—1}})
-1

o)
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= ([ 0.0 = [l ws0. 07 )

= [[OfF+ x|

O

Finally we want to show that condition (3.6) in Lemma 3.2.11 already follows
from condition (3.2) in Lemma 3.2.1.

In order to show this we will need the following lemma.

LEMMA 3.2.14. Let f : RT x Rt — RS be an in both arguments monotone

decreasing function, i.e for all e > 0 it is
f(t,s) = f(t+e,s)

and

f(t,s) > f(t,s+e),
then we have

lim lim f(t,s) = tlim f(t,t).

§—00 t—00

PROOF. Since f is bounded from below by 0 and monotone decreasing in each

argument, both limits exist. Furthermore we have for any s € R*

tlim f(t,s) =:c(s)
& for all €>0 exists an to(s)>0 that for all t>2y(s) it is |f(t,s) —c(s)| <€
& for all €>0 exists an ty(s)>0 that for all £t>%y(s) it is

c(s) —e< f(t,s) <c(s)+e.
In the same way we have

tlim f(t,t)=:d

& for all €>0 exists an #,>0 that for all t >4, it is |f(¢,t) —d| < ¢
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& for all €>0 exists an ;>0 that for all >, it is
d—e< f(t,t) <d+e.
For any s € RT we therefore have for all € > 0 and for all ¢ > max {t,(s), o, s}
c(s) —e< f(t,s) <c(s)+e

and

d—e< f(t,t) <d+e.
Using the fact that f is decreasing in both arguments we have
c(s)+e> f(t,s) > f(t,t) >d—e¢
=c(s) > d — 2

=c(s) > d

and

since € can be arbitrary small.

Using the inequalities from above we get

lim lim f(¢,s) = lim ¢(s) < lim f(s,s) = tlim f(t,t)

§—00 t—00 §—00 §—00

and

lim lim f(¢,s) = lim ¢(s) > limd=d = tlim f(t,t).

§—00 t—00 §—00 §—00

Thus we obtain

lim lim f(¢,s) = tlim ft,t).

§—00 t—00
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LEMMA 3.2.15. Condition (3.2) from Lemma 3.2.1 implies condition (5.6) from

Lemma 5.2.11.

PRrROOF. First we prove the existence of the limit. We start by assuming that 0 <
y < x. Using condition (3.2) we have for any k € {1,...,d}, k #1 € {1,...,d}

and t; >t >0

toek + x1€

toek + x€; +

tie, + 1€ +

tie, + x€ +

_|_

2

i€ {1, dP\{k,0}

>

i€ {1, d\{k,1}

2

i€ {1, dP\ {1}

>

ie{1,...dN\{k 1}

Z;€e;

Z;€;

T;€;

Z;€;

Using the above inequality we obtain furthermore

toer +

toer +

ie{1,...

+ ||toer +

i€ {1, d)\ {k}

i€ {1, d}\{k}

toer +

toey +

2.

2.

Z;€e;

2.

Z;€;

2.

ie{1,.. i )\ {k}

2.

i€ {Lg PNk}

A\{k}

2.

Yi€;

ie{l,... d—11\{k}

Yi€; +

yi€; +

toer + yier +

tiey + yie; +

2

i€ L, dP\ {1}

2.

i€ {1, dP\{k,0}

Z;€;

Z;€;

|
|

— |[to€r + yi€ + Z i€ >
ie{1,dP\{k,1}
— |[t1ek + yier + Z i€
ie{1,dP\{k,1}
toer + Z Yi€;
ie{1,d\{k}
toey + Z yi€;
ie{1,.dp\{k}
> e
i€, d\ (K}
> wie
i€ {j41,dP\ [k}
;€ || — ||to€r + Z Yi€; + Z i€
{1\ {k} ie{2,.d\{k}
+ Z x;€; toer + Z Yi€;
ie{d}\{k} ie{1,...d}\{k}
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d—2
+ toek + Z Yi€; + Z xT;e;
j=1 ie{1,... i Nk} i€ {j+1,..dP\{k}
d—1
- toey + Z yie; + Z Ti€;
=2 {1\ (k) i+ dP\ [k}
= ||toer + Z z;€; || — |toer + Z Yyie; + Z x;e;
ie{1,...dM\{k} {1\ {k} e {2, d}\ [k}
+ (|toer + Z yi€; + Z xi€; toer + Z yi€;
ie{l,...d—11\{k} ie{dp\{k} ief{1,....dN\{k}
d—2
+ Z toek + Z Yyie; + Z xT;€e; + Z Ti€e;
Jj=1 ie{l,....s '\ {k} 1€{j+2,....d}\{k} ie{j+13\{k}
— ||toer + Z yi€; + Z xri€; + Z yi€;
ie{l,....s}\{k} ie{j+2,...,d}\{k} ie{j+11\{k}
> ||tie, + Z ri€i|| — ||[t1ex + Z yi€; + Z ;€
ie{1,...dM\{k} e {1\ {k} ie{2,....d}\ {k}
+ ||tiex + Z yi€; + Z ;€; tiep + Z yi€;
ie{l,... d—11\{k} ie{dp\{k} ie{1,....dN\{k}
d—2
+ Z tlek + Z Yyie; + Z T;€e; + Z T;€;
Jj=1 ie{l,...s 1\ {k} 1€{j+2,....d}\{k} ic{j+13\{k}
— [|tiex + Z yiei + Z ri€e; + Z Yi€i
ie{1,... i\ {k} i€ {j+2,...,d)\{k} iGN\ {k}
=\ ||tier + Z ;€ tie, + Z Yi€;
ie{1,....d}\{k} ie{1,....d}\{k}
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By applying the above inequality to several choices of k we obtain that for any
arbitrary K C {1,...,d}

Z toer + Z x;€; Z toer + Z Yi€;
keK €{l,...d\K keK 1e{l,...d}\\K

Z Z tlek + Z €I;e; Z tlek -+ Z Yie; (39)
keK i€{1,.. . d\K keK i€{l,.. . d)\K

The differences in (3.9) are descending in ¢t. Applying condition (3.2) from the
Main Theorem d times using all subsets K with |K| = d — 1, yields that those

differences are always nonnegative. Therefore the limit exists, i.e.

lim
t—o0

Ztek—l—

keK

2.

ie{l,... dN\K

Ti€i|| — Zte,ﬁ—

keK

Y;€e; S RS_ .

2.

ie{l,... dN\K

Now we drop the assumption that y < x. Then we obtain

(3.10)

tli)rgo Z ter + Z T;€; Z te, + Z Yi€;
keK 1€{l,...,d}\K keK €{l,...,d]\K
= tli}rgo Z tek + Z xT;e; Z tek + Z max {5177;, yz} €e;
keK ie{l,...d}\K keK ie{l,... d}\K
+ Z te, + Z max {z;, y; } e;|| — Z tey, + Z Yi€;
keK i€{l,...,d}\K keK €{l,...,d}\K
= tli}rglo Z tek + Z Tie;|l — Z tek + Z max {.fl?i, yz} €e;
keK ie{l,...d}\K keK i€{l,...d}\K
+ tlilglo Z te, + Z max {z;,y;} ;|| — Z te, + Z vieill |,
keK €{l,...,d\\K keK 1€{l,...,d\\K

where the last equal sign holds since both limits exist by (3.10). Hence the limit
exists for arbitrary x,y > 0.

Next we prove that the limit does not change if we make the two step limit. We
first assume again that 0 < y < x. Above we have shown that the difference

is decreasing in every component that is equal in both norms of the difference.
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3.2. PROOF OF THE SUFFICIENCY

Therefore we can use Lemma 3.2.14 and obtain

81111010 tlirgo ( Z te; + Z se; + Z T;e;

Ztei + Zsei + Z i €;

)

ieK i€l igKUL ieK i€l i¢KUL
= lim ( E te; + E el — E te; + g yi€; ) .
t—o0
i€KUL i¢KUL i€KUL ig KUL

With a similar argumentation as above we obtain for arbitrary x,y > 0

Sli_)rgﬂll@(}( Ztei—l—Zsei—l— Z el — Ztei—l—Zsei—l— Z Yi€;

€K 1€L ¢ KUL €K 1€L i¢KUL

icK icL igKUL

— Ztei—l—Zsei—i- Z max {z;,y;} €

ieK i€l igKUL

)

i€k i€l iZKUL
- Ztei +Zsei + Z Yi€; )
i€k i€l @K UL
i€k i€l igKUL
— Ztei + Z se; + Z max {z;,y; } €;
i€k i€L @K UL

+ ZteijtZsemL Z max {z;,y;} e;
:Sligotli}rgo< Ztei—l—Zsei—i- Z r;e;

)

+ Sllrgotgrglo < Ztei + Z se; + Z max {z;,y;} e;
Z tei + Z xI;e;

i€K i€l ig KUL
- Ztei+zsei+ Z Yi€i )
:tliglo ( i€KUL ig KUL Z e Z et e
+tlir£10< Z te; + Z max {z;,y;} e;

ieK ieL igKUL
i€ KUL igKUL
i€KUL igKUL

)

Z te; + Z Yi€;

i€KUL igKUL

)
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:tlg];< Z te; + Z Yi€; );

ieKUL ig KUL
where again the limit of the sum is the sum of the limits since these limits exist.
OJ

Z te; + Z T;€;

i€KUL igKUL

All the considerations above can be summarized in the following theorem.
THEOREM 3.2.16. Let ||-|| be an arbitrary norm on R?. If

Z (=1)* 7 25<am | (67 ay™™, ... b ay ™) || >0

me{0,1}¢
m;=1,i€K

holds for every K C {1,...,d} and —oo < a; <b; <0, 1<j<d,
then there exists a measure pu on [—oo, 0]"\ {—oco}? with
C
p ([=00.x%) = IIx|.
3.3. Proof of the necessity

LEMMA 3.3.1. Condition (3.2) is necessary to define an extreme value distribution
with the norm ||-||.

PROOF. Let v be the exponent measure belonging to the norm ||-||, i.e.
0 IIx||, forx<O0
v <[—oo,x} ) =
0, otherwise.

The continuity of a norm implies furthermore

C x|, forx<O0
v ([—oo,x) ) - (3.11)
0, otherwise.
For any K C {1,...,d} and —oo < x <y < 0 we define
A (x,y) ={z: zi <yi,z; > 25,5 €{1,...,d} \K}.

For I ¢ K and j € {1,...,d} we have

,,,,,

={z:z; <y for 1 <i<d}\{z:z <y forl <i<d z <uz;}
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..... d} (XJ y) \A{L...,d} (Xa (yla v 7yj717 .Tj, yj+17 ce 7yd))
= [~00,y) \ [~oo, (ylw"7yj—17xj7yj+l7-"ayd))

C C
= [_ooa(ylv'"7yj—17xj>yj+17"'7yd)) \[_OO7Y) (312)
and, more general,

A [xy)={z:zi <y for 1 <i<d,z; >z, for j & K}
={z:z <y for1 <i<d z >uxforjg K\{l}}n
{z:z; <y forl1<i<d,z<uwz,z >ux forj%K\{l}}C

= AKU{l} [X’ Y) \AKU{Z} [X7 (y17 e Y1, T Yty - 7?/d)) :
(3.13)

We will show by induction over k := d — |K| that for any K C {1,...,d} the
o-additivity implies that

v(Ak (x,y)) = Z (—1)(6”1*2]'54’"1') l (y ™™,y |. (3.14)

me{0,1}¢
mj:LjGK

Set k = 1 and therefore take a subset K = {1,...,d}\{l}, 1 <[ <d. Equations
(3.12) and (3.11) imply

C C
v (AK (X7 Y)) =V ([_007 (yla ey Y11, T Y1, - 7?Jd)> \ [—OO, Y> )
= H(y17 e Y1, T Yy, - - 7yd)H - ||Y|l
= DY e m gl (DTl

= 3 (st e

me{0,1}4
my=1,j7#1

Assume now that we have established the assertion for any k with k£ < d. By

using the induction assumption and equations (3.13) and (3.11) we obtain for
any subset K with k =d— |K|and l ¢ K

v (AK (X7 y)) =p (AKU{Z} <X7 Y) \AKU{Z} (Xa (yh e Y1, T Y1, - ayd))>

= X ey

mE{O,l}d

mjzl,jGKU{l}
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SIS il [ A |

mE{O,l}d
m;=1,j€K,m;=0

= > (ptRam) | (gt e

me{0,1}4

m;=1,jEK

So we have established equation (3.14) and together with the nonnegativity of
the measure v we obtain condition (3.2).

O
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CHAPTER 4

Approach via convex geometry

In this chapter we state another access to the Main Theorem using results from
convex geometry and the theory of random sets based on an article by Molchanov
(2007, [29]). Note that Molchanov uses Fréchet margins and we adapted this to
Weibull margins, since this fits better with the representation of an EVD using
norms. At the end of the chapter we can give another proof of the Main Theorem
based on the work of Molchanov.

For instance this approach is used in Molchanov (2007, [28]) and Molchanov and
Schmutz (2008, [30]) to link economic statements to geometric properties and
conversely.

We assume that the reader is familiar with basic knowledge of convex geome-
try and the theory of random sets. Some important definitions are given in the
Appendix. For an introduction to convex geometry we refer to Schneider (1993,
[36]) and for the theory of random sets the book by Molchanov (2005, [27]).
The notation in this chapter is mostly in accordance with the one used by
Molchanov (2007, [29]).

By E we denote the selection expectation (also called Aumann expectation) (the

definition is given in the Appendix in Definition A.4; for more information see
Section 2.1 in Molchanov (2005, [27])) and for a = (a4, ...,aq) € R? we set

A, = conv ({0,a1e1,...,aq4e4}),

where conv (+) denotes the convex hull of the corresponding set.
In convex geometry there is an important correspondence between a convex set
and a certain function, the so called support function. We will deal with special

convex sets and therefore we will need support functions later on.

DEFINITION 4.1. The support function h of a set M C R? is defined as

h(M,x) =sup{(z,x) :z€ M}

where (z,X) is the scalar product in R?.
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In the definition of the support function a convex set yields a function. The next
lemmas shows that every sublinear function is a support function of a (unique)
convex set. Since support functions are sublinear functions the correspondence

between sublinear functions and convex sets are one-to-one.

LEMMA 4.2. If f 1[0, oo)d — R is a sublinear function, i.e.

fOx) =\ () for all A\ >0 and all x € [0, 00)"

and

fx+y) < f(x)+f(y) foralx,y€[0,00)",

then there exists a unique convex body K € K with support function f, where K¢

denotes the set of all non empty, compact and convex subset of [0, oo)d.

PROOF. This is Theorem 1.7.1 in Schneider (1993, [36]) and we refer to the
proofs (three different are given) stated there.
0

A max-zonoid which is defined next is the crucial concept of this approach.

DEFINITION 4.3. The set K = cEA, where ¢ > 0 and n is a random vector on
S, = {x e [0,00)": ||x|| = 1} (with respect to any chosen norm) is said to be
a maz-zonoid. If o is the distribution of n, then o = co is the spectral measure
of K. If cEn = (1,...,1), then the maz-zonoid of K is called the dependency set

assoctated with the spectral measure o.

The next theorem connects the max-zonoids with EVDs with Weibull margins.

THEOREM 4.4. A convex set K is a maz-zonoid if and only if there exists a
random vector & with cumulative distribution function F (x) = exp (—h (K, x))
for all x € (—o0,0)".

ProOOF. This is a version of Proposition 1 in Molchanov (2007, [29]) using

Weibull margins instead of Fréchet margins.
O
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Next we introduce max-completely alternating functions. Later on we will see
that the condition of being a max-completely alternating function is equivalent

to the condition of the Main Theorem.

DEFINITION 4.5. Consider a function f : |0, oo)d — R. Forn > 1 and x,

X1, ..., X, €0, oo)d we define the following successive differences
Axlf (X) = f (X> - f (max {X7 Xl}) )
Ay, . A f(x) =Ax, - A f(X) — Ay, - Ay, f (max {x,x,}),

where the maximum of the vectors is meant component wise as usual.

The function f is said to be maz-completely alternating if all successive differences

are nmon positive.

For more information on max-completely alternating functions, max-completely
monotone functions (functions where all differences are nonnegative), completely
alternating functions and completely monotone functions (these are generaliza-
tions of the max-completely alternating/monotone functions) we refer to Section
6 in Molchanov (2008, [29]), Section 1.1.2 in Molchanov (2005, [27]) and Section
4.6 in Berg et. al. (1984, [6]).

We will see that we can restrict to a certain set if we want to check whether a

function is max-completely alternating.

LEMMA 4.6. Set G :={Xe; : 1 <i<d, A €[0,00)}. A function f:[0,00)" = R

1s max-completely alternating if and only if

Ay, .. . Ax, f(x) <0 forx € [O,l)d and xq,...,%, € G,n> 1.

PROOF. G is a generator set of the semigroup <[O, oo)d , /\), where the operation
A is the component wise maximum. Therefore this is a special case of Proposition
6.6 in Berg et. al. (1984, [6]).

OJ
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The next theorem is crucial to link this approach to our Main Theorem. It

connects max-zonoids to max-completely alternating functions.

THEOREM 4.7. A convez set K C [0, 00)" is a maz-zonoid if and only if h (K,x)

1s a max-completely alternating function of x.

PRrROOF. This is Theorem 7 in Molchanov (2007, [29]) and we refer to this paper

for the proof.
O

As mentioned above we will now prove that the condition of being max-completely

alternating is equivalent to the condition given in the Main Theorem.

LEMMA 4.8. An arbitrary norm ||-|| restricted to [0,00)" is a maz-completely
alternating function if and only if condition (3.2) from the Main Theorem 3.1.1
15 fulfilled.

Proor. Without loss of generalization we can assume that in the condition for
max-completely alternating functions we can restrict ourselves to the case where
x <x;,1={1,...,n}. Otherwise the vector x; can be replaced by max (x, x;).
For a <b <0 we set ¢; := (by,...,b;i_10;,b;41,...,bg), 1 <1 <dand cy:=b.
Without loss of generalization we assume that K = {k,...,d}, 2 < k < d
(otherwise apply an permutation on the elements of K). We prove via induction

over k the equality
Z (=1)* 7 2<am | (67 a™™, ... by ™) |=—-Ac, i - A e [|—co

me{0,1}¢
m;=1,i>k

and thus the terms in the conditions are the same and have opposed signs.
So let K = {2,...,d}. Then we have (note that a < b < 0 and thus 0 < —b <

_a)

S el )|

me{0,1}4
m;=1,3€K

Z <_1)2_m1 ||(b§n1a%7m17627"'7bd)H

m1€{0,1}
= (1" el + (=1)* et

= (=1) ([I=coll = l[=€1lD
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= —A ¢ [[=coll

and therefore the base case of the induction is valid.
Now assume that we have already proven the assumption for £ < d. Then we
obtain for k£ + 1

Do (TR e ey

mE{O,l}d
my=1,i>k+1

= 3 ()R | (el el |

mG{O,l}d
m;=1,i>k+1
mp =0

D D O e [ (e AN e |

me{0,1}4
mi=1,i>k+1
mk:I

== Y (R (el Bl |

me{0,1}4
m;=1,i>k

T S O et [ (e e N
e

== (A*Ckfl s Afcl H_COH - A*qu s A*CI ”_CkH>
— A e Ag =l

Thus the assertion is shown.

Furthermore we have
max {—cg, —¢;} = max {—cg, —a;€;}
and thus
A ¢, f(=co) = f (co) — f (max{—cy, —c;})

= f(co) — f (max {—cp, —a,e;})
= A_aieif (_XO) :

[terating the step above we obtain

_A_Ck st A—C1 ||_c0|| = _A_akek st A_alel ”_COH :
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Altogether we have

Do (DTS ey

me{0,1}¢
m;=1,i>k

= —A_gier - Dvie | —coll -

Therefore if the norm ||-|| is max-completely alternating then the condition of the
Main Theorem is fulfilled.

On the other hand if the condition from the Main Theorem is fulfilled and thus
for the vectors from the set GG as defined in Lemma 4.6 the successive differences
are non positive. Then Lemma 4.6 implies that the norm ||-|| is max-completely

alternating.
O

The previous results from this chapter leads to a new proof of the Main The-
orem. Since the proof does not need the exponent measure we will leave it out

in this formulation of the Main Theorem.

THEOREM 4.9. For any norm ||| on R? the following assertions are equivalent

(i) the function G (x) = exp(—||x||), x < 0, defines a multivariate ez-
treme value distribution function

(i) the norm satisfies

> (=TT | (b e ™, by ey ™) || > 0 (4.1)

me{0,1}¢
m;=1,i€K

for every K C {1,...,d} and —o0o < a; <b; <0, 1 <j <d.

PROOF. First assume that G (x) = exp (— ||x||), x < 0, defines a distribution
function having Weibull margins.

According to Lemma 4.2 there is a convex body K with support function ||-|| and
Theorem 4.4 implies that K is a max-zonoid.

With Theorem 4.7 we conclude that ||| is a max-completely alternating function

and because of Lemma 4.8 the condition in the Main Theorem is fulfilled.
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Now let the condition from the Main Theorem be fulfilled and because of Lemma
4.8 the norm ||-|| is a max-completely alternating function.
According to Lemma 4.2 the norm ||-|| is support function of a convex body K.
Therefore Theorem 4.7 implies that K is a max-zonoid. Using Theorem 4.4 we
obtain that G (x) = exp (— [|x]|), x < 0, defines a distribution function.

0
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CHAPTER 5

Applications

5.1. The bivariate case

The bivariate case turns out to be more simple than the case of dimension 3 or
higher. In a way this is due to the fact that the Pickands dependence function
is in the bivariate case a one-dimensional function. Falk (2006, [12]) proved that
with a norm ||-|| a bivariate extreme value distribution can be defined if and only
if the norm satisfies ||x|| < [|x]| < ||x]|; for x > 0. This section ends with an
alternative proof for this fact using our Main Theorem 3.1.1. But first of all we
start with two definitions of special properties a norm can have, because they
will be useful in the following. Then we will show that these two properties are
related to the corresponding one used by Falk (2006, [12]).

DEFINITION 5.1.1. A norm ||-|| on R? is called monotone if for any vectors a,b €

R¢ with 0 < a < b the norm of the vectors is ordered in the same way, i.e.
lal| < |Ib]|.

DEFINITION 5.1.2. A norm ||-| on R® is called standardized if every standard

basis vector e; has norm 1, i.e. |le;]| =1,1=1,...,d.
Now we relate these two properties to the one used in Falk (2006, [12]).

LEMMA 5.1.3. Let ||| be a norm on Re. If ||-|| is monotone and standardized
then we have for 0 < x € R¢

1[0 < Il < [x]]; -
For d = 2 the converse statement is also true.

PROOF. Let 0 < x = (z1,...,24)" € R% Since the norm is standardized we
have

H(xlv"'7xd)TH S H(xla()a"'vo)TH +eoet H(O,...,O,l’d)TH
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=1+t

= H(xl,...,xd)T X

Furthermore we obtain for all i € {1,...,d}
H(xl,...,a:d)TH > H(o,...,o,xi,o...,o)TH
= i |lei]
= ;.
Therefore it is H(wl,...,xd)TH > max{zy,...,Tq} = H(xl,...,xd)TH . Alto-

gether we have >

%[l < Il < Hlx]; -

Now let d = 2 and the norm satisfies ||x||_, < ||x|| < ||x]|; for 0 < x. Then we

have for the standard basis vectors

1= leill < llesl] < [lesll; =1
and thus the norm is standardized.
Take a = (al,ag)T €eR?and b = (bl,bg)T eR?with0<a<band0<b. The
condition ||x||_, < ||x|| implies that b; < max {b1, b2} = ||b]|, < ||b]| for i =1, 2.
From the triangle inequality we obtain

by —a;

(“1’62>TH - ‘ by

by —a;

b

(0,52)" +
by

<

(b1, ba)

(O,bz)TH +a
by

3

—b><|bl|

by —a1 TH
< —
< ( b + bl) H(blybz)
= [/b|]

and

Jall = | (az, )" |
. ‘ by — az

(a1,0)" + = (a1, bo)"
by
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b _
e (abo)THJr% (a1,b2)TH
e s
—a<hi<lbl  <Ilbllseo above
by — as a2
< — | ||b
L

= [Ibll-

Therefore the norm is monotone.

REMARK 5.1.4. In Example 2.19 in Hofmann (2006, [22]) a 3-dimensional norm
is given that is between the maximum norm and the sum norm but which is not
monotone. The unit sphere of this norm is pictured in Figure 5.1. Therefore the

equivalence in Lemma 5.1.3 is only true in dimension 2.

FIGURE 5.1. The unit sphere of the norm stated in Remark 5.1.4
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5.1. THE BIVARIATE CASE

In the next lemma we will see that the bivariate case turns out to be in particular

simple. In this case it is necessary and sufficient for the norm to be monotone.
LEMMA 5.1.5. Take an arbitrary norm ||-|] on R%. Then

G (x) :=exp(—|[x[)), x<0
defines a biwvariate distribution function if and only if the norm is monotone .

PROOF. We have to check equation (3.2) for any subset N # 0 of {1,2}. If
|N| =1 then (3.2) holds if and only if the norm is monotone.
For N = {1,2} the equation holds for every norm on R?, because for 0 < a < b,

.__ bias—aja .__ bias—aijan . bibo—bias . bibo—aibs
a#b,0<banda:= e 8= R = R and 0 := et
We have

a, ﬁv e 5 € R—H
a+v=1,
f+0=1,

a=a(a, bz)T + 3 (b1, az)T
b = (ay, bQ)T + 0 (by, CLQ)T

and hence
lal| + [|b|| = Ha (a1, )" + B (b, ag)TH + H” (ay, b)" + 6 (b, ag)TH
[CHAH R (CHOE B

o o]

<« (al,bg)TH +5H(b1,a2)TH
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Usually we restrict ourselves to EVD with negative exponential margins. In this
case a necessary and sufficient condition is that the norm is between the sum and
the maximum norm as proved by Falk (2006, [12]). Using the results from above

we can give an alternative proof.
COROLLARY 5.1.6. Take an arbitrary norm ||-|| on R%. Then
G(x):=exp(—|x]), x<0

defines a bivariate distribution function with negative exponential margins if and

only if the norm satisfies for every 0 < x € R?
%[l < lIx] < [Ix]]; - (5.1)

PROOF. According to Lemma 5.1.5 the norm is monotone if G is a bivariate
distribution function. Since all margins are negative exponential the norm must
be standardized and therefore Lemma 5.1.3 implies the if-part.
On the other hand from condition (5.1) we get by Lemma 5.1.3 that the norm
is monotone and standardized. From the monotonicity we conclude with Lemma
5.1.5 that G is a distribution function. Since the norm is standardized we obtain
with the homogeneity of the norm that G has negative exponential margins.

O

5.2. The Pickands dependence function

Now we investigate the Pickands dependence function. We start with a convex
function and give a necessary and sufficient condition such that we can define
a norm with that function. After that we can use our Main Theorem to estab-
lish a necessary and sufficient condition for a convex function to be a Pickands

dependence function.

LEMMA 5.2.1. Let D : Ry — (0,00) be a convex function, where

Ry = {(tl,...,td) €0,1:) ¢t < 1}.

j<d

Put forx € R%, x # 0

|21 |[Za-1]
1x[lp =lxIh D | = =17 (5.2)
b ! ngd | ngd |25
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5.2. THE PICKANDS DEPENDENCE FUNCTION

and [|0]] = 0, where ||x||; = 3=, |z;| denotes the usual Ly-norm in R?. Then
x|, defines a norm on R iff for 0 < x <y, x # 0 we have

1 Td-1 Zj<d Yj Y1 Yd—1
D ey < =D e . (5.3)
<2j<d Lj ngd 37]') Z]’gd Ly <2j<d Yj ngd yj)

PRrROOF. First assume that (5.3) holds. We have, obviously, [|[Ax||, = |A][|x]p,
A € R, as well as ||x]|, > 0 and ||x||, =0 <= x = 0. The triangle inequality
follows from the convexity of D, the triangle inequality of the absolute value and

equation (5.3):

Ix+ylp

[z1 + 1 g1 + Ya—1]
=|x+yl|,D e
A <l i) > j<allzi +y50)

|z1] + |y [Ta—1| + |ya—1]
s<allzil 1y 7 30 callzs] + lysl)

> j<a |zl |1 |Ta—1]
= (IIx[l, + llyll,) D o
! ! D icallzil + lysl) \ 22<q 12l > j<a |zl
n ngd |?JJ| |yl| |yd—1|
ngd<|xj| + ly;1) ngd ly| ngd |y
> j<a |l |4 |Ta—1]
< (lIx[l; +llvlly) = D e
! ! ngd(’le + [y;l) ngd | ngd |25

n Ejgd ;] D |y1] |Ya—1]
ngd(|xj| + ly;]) ngd )" ngd |y

So we have established the if-part.

<3 ([l +lIylly) D (Z

=[xl + llyllp-

Now assume that (5.2) defines a norm on R?. It is sufficient to prove equation
(5.3) for 0 < x <y, where x and y differ only in the k-th component, i.e. x; = y;,
1 <14 < dand i # k. By iterating this step with every component one gets the
general equation.

Set y :=y — 2yrer. The vector y differs from y only in the k-th component and

the absolute value of this component is equal. Therefore |ly||, = ||¥]|, and with
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the convexity of the D-norm we obtain

oy L x|
=\, = | =—|x
ngdmj ngdfl;j x|l P
1 ||xp + yn Yk — Tk -
= y + y
Ixly 1| 2y% 2y, 5
1 Tk + Yk Yk — Tk )~
< yllp + 1yl
%]l < 2y b 2y, b
1
= —— [yl
Ix[[, 7P

> j<a¥i

n Yd—1

ngd

L ’ zjgd yj) .

D
(zJ‘dej

THEOREM 5.2.2. Let D be a positive and convex function on Ry 1. Then D is a

Pickands dependence function, i.e.

€

Tg—1

oo (£) o

j<d j=d

Lj

) o

’ ngd Ly

defines a d-dimensional EVD with standard exponential margins,

if and only if

> [(—1)d“zf<dm" (E (—"=)
me{0,1}¢ Jj<d
mj:1,j€E

mi1 . 1—mq
Y1 x
D 1 1

mg_1 l-mg_1
Ya—1 Tg

ngd( m; 1—m;

=

: prar— >0 (5.4)
2 j<d (yj Ty

)

Y; "%
foranyx <y <0 and any subset E C {1,...,d}, E #{1,...,d} and D satisfies
D(&;) = D(0) =1, i < d, where &; denotes the i-th unit vector in R41L.

ProOF. Condition (5.4) implies condition (5.3) from Lemma 5.2.1 in the follow-
ing way.
For any m € {1,...,d} we use condition (5.4) with £ = {1,...,d}\ {m} on the
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5.2. THE PICKANDS DEPENDENCE FUNCTION

vectors > 0" x; ez + Zf et y;e; and Zf:ll € + Zf:m y;e;. Thus we obtain
with a,, == > 7" acﬁ—z o Yi

T Tm—1 Ym Yd—1
—(—am)D | —, ..., S,
(877 Ay Oy Qm

T T  Ym+1 Yd—1

+(—Oém+1)D( goooy 3 goo oy ZO
Omt1 Umy1 Omid Am1
urthermor T i= Lo Emet Ym0 Y4 ) Qummation over m from
Furthermore set 7, D , g I
Oém Qm Qm Qam

1 to d yields

d
S E \Oéme - am—i—le—‘rlJ

TV
m=1 >0
d d
= § AmTm — E am+le+1
d+1

= E ATy — E A Tm

= 0 T1 — Og+1Td+1

_ Yd—1 . » Tq—1
- (Zy;) (Z =1Yi -.-,2?21%) (Z ]> (Zg 155’ Zj 15’3)

d
Z1 Td—1 Zj:l Yj Y1 Yd—1
@D( < R >§ y D( - ,...,d—>.
D i1 T dimi i) 2t \ =Y > i1 Y

j=1Tj j=1

Hence we can define with D a norm as described in Lemma 5.2.1. Using the

definition of the D-norm we get

o< X e (X ()

me{0,1}¢ Jj<d
szl,jGE

m1 1 —mi mg—1 _l-—mg 1
Y1 Ya—1 Tg

m; 1 m o m; 1 m
2 j<d (% ’ j) 2 j<d (y] ’ J>

D
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= d+1=37<am; mi ., 1—m mg—1_1-mg_1
o Z |:(_1) = Y1 Ty yre Ygo1 Tg_q
me{0,1}4

szl,jEE

1.}

By applying the Main Theorem 3.1.1 we get the assertion.
O

The considerations from this and the preceding section can be utilized to char-

acterize a Pickands dependence function in the bivariate case.

THEOREM 5.2.3. Consider an arbitrary function D : [0,1] — (0,00) and put
|z, y)|lp = (Jz| + [y])D (Jz| /(|z] + |y|) for x,y € R with the convention ||0||, =

0. Then the following statements are equivalent.

(i) ||l p is @ monotone and standardized norm.

(i) [|‘llp is @ norm that satisfies ||x|| , < ||x||p < ||x[|;, 0 < x.

(ili) G(z,y) :==exp ((x +y)D(z/(x +y))), x,y < 0, defines a bivariate EVD
with standard reverse exponential margins.

(iv) The function D is convexr and satisfies max(t,1 —t) < D(t) < 1, t €
[0, 1].

(v) The function D is convex and satisfies ||x||, < ||yllp for 0 <x <y as
well as D(0) = D(1) = 1.

PROOF. The equivalence of (i), (ii) and (iii) is a consequence of Lemma 5.1.3 and
Lemma 5.1.5. Next we show that (ii) and (iv) are equivalent. Suppose condition

(ii) holds and choose A, t1,ty € [0,1]. The triangle inequality implies
DMty + (1 = Ntg) = [|A(t1, 1 —t1) + (L= N)(t2, 1 — t2)]l 5
S AL =t)llp + (L= A) [I(t2, 1 = t2) |
= AD(t1) + (1 — \)D(ta),
i.e.,, D is a convex function. Moreover we have for ¢ € [0, 1]
max(t, 1 —t) = [|(t,1 = t)[|, <[|(t,1 =t)llp = D) < [|(£, 1 =1)[l, = 1,

which is (iv).

In what follows we show that (iv) implies (ii). The inequalities ||x|_ < ||x[|, <
x|, 0 < x = (z,y), are obvious by putting ¢t = z/(z + y) in (iv). We also
obtain D(t) > 1/2, ¢t € [0, 1], and, thus, ||x||, = 0 if and only if x = 0 as well as
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5.2. THE PICKANDS DEPENDENCE FUNCTION

I1Ax]| p, = A I%]| p» A € R, x € RY. The triangular inequality will follow from the
subsequent considerations. The inequality max(¢t,1 —t) < D(t) < 1, t € [0, 1],
implies for a,b >0, a+b > 0,

D(a>2 b b p(o) = -2 p()

atb) T a+b a+b

as well as

a a a a
D > = D(0) = D(1).
<a—|—b>_a+b a+b (0) a+b (1)

Hence we obtain for 0 < (x1,22) < (y1,y2) with z7 + 29 > 0, 3, > 0, 1 = 1,2,

p(a) 2 (Gimss) o Giats) ate)
< (41 — xl)yQD(O i (1 +y2)9€1D ( Y% >

~ (x4 y2) y1(z1 + y2) Y1 + Yo
< (y1 — 1) (n +y2)D ( Y1 > n (11 +?/2)$1D ( Y1 )
y1(z1 +12) Y1+ Y2 y1(z1 +12) Y1+ Y2

:3/1+3/2D< U1 )
T +y2 \y1+y/)

Summarizing the preceding inequalities we obtain

p() = () v () )

< Y22 xlD(l)—i—&xl—FyQD( 1 )

= yo(z1 + 22) Yo T1 + Ta 1+ Y2
—x x +
< Y2 2 le(1)+_291 y2D< Y1 )
Yo (21 + 22) Y2 T1 + To Y1+ Y2

VAN

yz—l‘zyl+y2D( Y1 >+ﬁy1+y2D( Y1 )
Yo X1+ T2 Y1+ Yo Yo T1 + To Y1+ Yo

_ntwy, ( N )
T+ T yity)
The monotonicity ||x||, < [|y|p, 0 < x <y, established above together with the

convexity of D implies that ||-||, satisfies the triangular inequality for arbitrary

x,y € R%

Ix+ylp

|21 + 1] )

= (|z1 +y1| + |22 + D(
(I 4y + vz + ) |z1 + y1| + |22 + yol
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= [z + 9l s |22 + 2]l 5
< sl + vl |2l + ly2D
= (lea] + |22| + [ya| + [92])

D( 21| + |2 |1] 1] + |y2| |91 )
21| + [2o| + yr| + el |21] + 22| |21] + |z2] + [yo] + 2] [y1] + |y2|

< (los] + lza) D <#) + (1] + lya) D (L)

71| + |22 AR
= [xllp +[lyllp-
Next we show that (iv)

and
Then, obviously, D(0) = D(1) = 1. The monotonicity of |||, was established in
the proof of the implication (iv) = (ii). Therefore it remains to show that (v)

(v) are equivalent. Suppose condition (iv) is valid.

implies (iv). The convexity of D implies
D(t)=D((1—1t)-0+t-1) < (1—-t)D(0)+tD(1)=t,  tel0,1].

The monotonicity of |||, implies

n
< (y + D( >, 0<x<y.
> 61+ 32) Y1+ Y2

(21 + 72)D (

T+ To
Choosing z; € [0, 1] and putting xo = 0, y; = x1, y2 = 1 — 21, we obtain from
the above inequality

ZL’lD(l) =T S D(ZEl)

Choosing x5 € [0, 1] and putting z; = 0, y; = 1 — x9, y2 = 3, we obtain

Y2
2o D0) =2 < D[1-— = D(1 — z9),
D) =2 < ( y1+yz> ( 2

i.e. we have established (iv).
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5.3. NESTED LOGISTIC MODEL

5.3. Nested Logistic Model

The nested logistic model is a nonexchangeable model, i.e. for any permutation
(i1,...,4q) of (1,...,d) the distributions of (X3,...,Xy) and (X;,,...,X;,) don’t
coincide. It was first described in Section 3 of Joe (1994, [24]) and is derived from
the logistic model in a recursive way. In each recursion step a lower dimensional
nested logistic model is nested in a bivariate logistic model. Joe gives only a suf-
ficient condition for the logistic models to obtain a distribution function, namely
that the parameter from the bivariate logistic model in the recursion step is not
greater than any parameters used in the preceding recursion steps. In the next
lemma we also give the proof that this condition is necessary by finding vectors
for which the condition of the Main Theorem 3.1.1 is not fulfilled. Regarding
dimension 3 we see that similar to the situation in Theorem 2.2.2 that the sum in
the condition of the Main Theorem must get arbitrary small as one parameters
tends to be equal to the other one since in the case of equality we are in the

logistic model.
LEMMA 5.3.1. For \,..., \g_1 > 1 we define recursive a norm in R%, d > 3, by

T
(H(xlv"wxd—l)T A\ ,|$d|)
yees Ad—2

T ‘

H(ml, CeeyTg)

Ad—1

where |||, is the usual A-norm.
Then

F(x) = exp (= Ixly, .n,, ) » X <0
is a distribution function (and hence an extreme value distribution function) if
and only if it is
A=A > 2> Mg > 1

PROOF. The recursive definition of the norm as stated above yields really a
norm. A prove is given in Lemma 2.22 in Hofmann (2006, [22]). More details
concerning the nesting of norms are given in the remark following this proof.

In Section 5 of Joe (1994, [24]) the sufficiency of the condition is proved by
showing that the density function is nonnegative. But the results in this paper

are not expressed in terms of norms.

We proof now the necessity.
First let d = 3 and \; < As.
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T
We consider the two points a, = (0,0,1 — x)T and b, = <mi,xi, 1) ,x € [0,1].
Define for z € [0, 1]

= —1/(0,0,1 — 2)"
s@) = |01 -2
B T B T T
+ (:mz,o,1—x) + (o,xxz,l—x) +H(o,o,1)
A1,A2 A1,A2 ALA2
1 T 1 T 1 1 T
o [CEESVH I XV S [N
)\1,)\2 )\1,)\2 >\17>\2
1 1 T
+ (ZB’\Z,ZE’\2,1
A1,A2

1
A o 1
= (14+2%2) " +2((1 - +2)7 +1

—2(1+2)% — ((1—I)A2+2??x)*12 —(1—2).

The evaluation of the function in zero shows s (0) = 0. On the interval (0, 1) the

function is infinitely often continuous differentiable and we obtain for z € (0, 1)

1—Xo
1 1-2g A2 A2
Sa) =1+ (—2(1 ta) R 2% (1 +2ﬁx) »
2

1-Xp

+2 <(1 — )+ 91:) 2 <1 —(1—z)! )\2)

- ((1 — )™ + 2%3:) . (2% —(1—a) A2))

and hence it is lim,|o s’ (x) = 0.

Furthermore we obtain for x € (0, 1):
Ao 1
§"(x) = —(1 — x) "2 <(1 —x)* + QTlx) TR (=14 )y)

22 A
2A1+2) 7% (—1+£) 28 (1+28a) 2 (—14 L)
B Ao * Ao

2 2

+2<u—xrwh(a—xﬁw+@‘“$(—1+M)+
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S (@=ar2 ) (e L) (- -t

2

Consequently

lim s"(z) = 2)\2 -1 (2 — 2%> =:c<0,

z]0 Ao
i.e. for €5 := —£ exists a 5 > 0 that for all z € (0, 03] it is s"(z) € [3, £].
Because s is a continuous function (as a composition of continuous functions),
there exists for ¢ = c% a 01 > 0 such that for all z € (0,4,] it is s(z) €
[—€1, €.
For the first derivative we showed that lim, o '(z) = 0, i.e. for €5 := —c2% there

exists a dy > 0 such that for all x € (0, 4] it is §'(x) € [—e€2, €2].
Now we set ¢ := min (51, g, 553) We make a Taylor’s expansion in the point 3
around the point § and obtain with £ € [4, 03]

s<53>=s<5>+<53—6>s’<6> (63 0)*s" (€)

§€1+(53—(5)62+ (53—(5)
——

<é3

52 55 &
< 3 _
S 956~ %956 +'4 1) €
111
N v _  _
=% (256 T 256 64)

3128
< 0.

9 C
2

Hence there exists an x € [0, 1] with s (z) < 0. But according to the Main Theo-
rem 3.1.1 this is a necessary condition to the norm and thus for d = 3 and A\; < A

the recursive defined norm does not yield a distribution function.

Now regard the case of arbitrary dimension d > 3.
Using the case from above we obtain that for the trivariate marginal distribution
of the 7, j, k component, 1 <1i < j < k < d—1, it is necessary that \; > \; > A.
Hence we obtain that it is necessary that \y > -+ > X g0 > A\g_1 > 1.

OJ
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REMARK 5.3.2. Nesting of norms can be done in more ways than in the nested

logistic model. For a monotone norm |[-||, on the R* and for i € {1,...,k} let

|||l be a norm on the R% with d; € N\ {0} and d = Y27, d;. Then

H(ml, e ,xd)TH

(H(:pl,...,xdl)T

T
)
is a norm on R? (see Lemma 2.22 in Hofmann (2006, [22])).

The example of the nested logistic model shows that nesting norms that fulfill

(xd—dk—l—ly ceey xd)T

gy
2

T
& ($d1+17""xd1+d2)
1
o

the condition of the Main Theorem 3.1.1 does not necessarily yield a norm that
fulfills also this condition too.

The A\-norms are natural candidates for nesting due to their simplicity and pub-
licity and therefore we restrict ourselves to them. In dimension 3 there is no other

possibility than the usual nested logistic model. In the 4th dimension however

T
T
A3
with )\1,)\2,)\3 2 1.

Looking at the 3 dimensional margins we obtain the necessary condition A\; > A3

there is a further possibility, namely

) (1’37 3:4)

i = | (Je

A1

and Ao > A3. By regarding the possible density of the possible EVD we see that

A1 > Az and A\ > A3 is also a sufficient condition.

We close this section with the calculation of the density of the GPD of nested
logistic type in dimension 3, because this result will be necessary in Chapter 7.
Since there is no general formula for the density in arbitrary dimension we restrict

ourselves to dimension 3.

LEMMA 5.3.3. The GPD of the nested logistic model in dimension 3 with param-
eters A\ > \o > 1 has density

W1, A2 (xlv T2, .1'3) =

Do — 1) (=2 (—ap) M (=)
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((—xg)h (A — o) + ((—xl)*l + (—:cQ)M)*? (A + Ay — 1))

ProoOF. We have
83
W 2, (T1, 2, T3) = m <1 - ||$1a$2ax3||xl,xz> :

Straightforward computation yields the result.

5.4. The A-Norm

In this section we will obtain a D-Norm from another D-Norm by multiplying
the vector with a certain Matrix A and taking the norm of that vector. The Main

Theorem 3.1.1 yields an sufficient condition for A.

DEFINITION AND THEOREM 5.4.1. Let ||-|| be a standardized norm on R¢ that
fulfills the condition of the Main Theorem (3.1.1) and let A = (a;;) € R™¢ ¢

reqular matriz with only nonnegative entries.

With
ai,l ai d
~ [Aeil> "777 [Aed]
A = (a,) = '
Qad,1 ad,d
[Aei]> ~* 77 [Aeg]
we define a new norm
Ixlla = |[Ax]

and for this norm
G (x):=exp(—|x[l,), x<0

defines a multivariate extreme value distribution function with negative exponen-

tial margins.

PROOF. It is easy to check that ||-||, defines a norm . Of course ||-||, is nonnega-

tive and since A is regular A is also regular (since det A= H‘jzl ”A—le“ det A # 0,

see Harville (1997, [21]) Lemma 13.2.2) and therefore ||x||, =0 < x=0.

70



CHAPTER 5. APPLICATIONS

Furthermore we have for A € R
A = ||A ()|
=2
= /][ Ax]
= [AllIxl[s

and therefore we obtain the homogeneity.

Finally we show the triangle inequality, i.e. for x,y € R? we have
Ix+ylla = A+

= |Ax + AyH

< [[ax] +}as]
= Il + ¥l

Thus [|-|| , really defines a norm.
ForOSXSyGRdwehave

From the definition of HHA we see that ||x]|, = ||X|| and |ly||, = [|¥]|. Since
||-|| fulfills condition (3.2) from the Main Theorem 3.1.1 we have for every K C

(,....d

3

d+1 > <qgm ~m1 ~1—m ~md 1 mq
0< § I= J”( Y Ty Y, )H

me{0, 1}'1
m;=1,i€K

= Z ( 1)d+1 > i<da Mg H( mlx% mlju.7y2nd 1- md)HA'

me{0,1}4
m;=1,i€K

We can see that the norm ||-||, fulfills condition (3.2) from the Main Theorem
3.1.1 and therefore G (x) := exp (— ||x|| ) , x < 0 defines a distribution function.
The matrix A is constructed in a way such that the norm is standardized, because

we have

leilla = ||Ae
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d

= § ji€;

J=1

N HAezH Z 491

1
" [lAe
=1

| | Ae]

Therefore the margins are negative exponential.

REMARK 5.4.2. If not all entries of the matrix A are nonnegative no conclusion

1
can be drawn. For instance, set d = 2, ||x|| = ||x||; = (|$1|5 + |x2|5) °. Then for

I S
s ()
BV

we can define an extreme value distribution with the norm ||-||, and for

(3 9

we can not define an extreme value distribution with the norm ||-||g.

[ )
fon
Wino =

Without loss of generalization we assume that xy > x5 > 0. Then we have

oL
A <%’ {’/5)

1 1

A

and thus for x := (xy, xg)T

Ixlla = || Ax|

= i’/% ((xl — $2)5 + (.1'1 + x2)5)

1
i/é (228 + 202323 + 102, 23)

X

v

5/ 15
1
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= 'Tl
= max (1, T2)

Since the norm ||-||, is constructed in a way such that it is standardized, the
norm ||-|| , is embedded between the sum and the maximum norm. By Corollary
5.1.6 we can define an extreme value distribution function with this norm.

We have
V3 _ 1
(1+9v3)"” (~1+90v3)'°
V3

1
(1+9v3)""  (~149v3)""

B=

and thus

lerflg =1

5 5 1/5
V3 1 V3 _ 1
><<5(—1+9\/§)1/5+1+9\/§1/5> +<(1+9¢§)1/5 5(—1+9\/§)1/5> )
= |le; + 0.2e3||
~ 0.95.

Therefore ||-||5 is not monotone and by Lemma 5.1.5 we can not define a distri-

bution function with the norm ||-||g.

0

oo

05k

FIGURE 5.2. The unit sphere of the norm |||,
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Note that A is a rotation matrix with angle a = 45° and B is a rotation matrix

with angle o = 30°. Figures 5.2, 5.3 and 5.4 show the unit spheres of these norms.

05k

oo

05k

FIGURE 5.3. The unit sphere of the norm ||-|| ,

0

oo

05k

FIGURE 5.4. The unit sphere of the norm ||-||g
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5.5. The Generalized Pareto Function of generalized asymmetric type

The family of asymmetric logistic distributions was first introduced in Tawn
(1990, [42]) for the extreme value case and in Michel (2006, [26]) for the general-
ized pareto distributions. We now give a generalization of these models that is a
little bit more readable though the side conditions to obtain the usual asymmetric

logistic distributions are not easy to write down.

DEFINITION AND THEOREM 5.5.1. For n € N choose n norms on R4

gy oo [ lgny that each fulfill condition (3.2) of the Main Theorem 3.1.1.
Let 0 < oy fori =1,...,n and j = 1,...,d with Y ;; = 1 for every
j=1,....d.

Then

n
|1, ... x4l = Z iz, ... ,¢i,d$d||{i}
i1

defines a norm that we call generalized asymmetric norm on R and

G 1, 2a) = exp (— [lan, . 2l

defines an EVD that is called the generalized asymmetric distribution. Further-

more
W (a1,...,2a) = 1= Jai,...,2d]

defines a GPF that is called the generalized Pareto function of generalized

asymmetric type.

Proor. We first verify that we have obtained a norm and thus we check the
norm conditions.

As a sum of norms the new norm is nonnegative. It is zero iff every summand is
zero and because every summand is a norm this is the case iff ¥, jo; = 0. The
side condition Y, v;; = 1 then implies that this is the case iff z; = 0.

The homogeneity follows directly from the homogeneity of the original norms.
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5.5. THE GPF OF GENERALIZED ASYMMETRIC TYPE

We have

e, Azgll = Y iadan, . diadaall g,
i=1

= Z Al iz, ... awi,dde{i}
i=1

= [A] Z 121, - .. 7¢i,d$d\|{i}
i=1
- |)\| ||)\I1, R >\5Ed” :
Finally we prove the triangle equation.

lz1 4+ y1, ..., 2q + yal|

= Z [ia (@1 + 1) Yia (T + ya)ll 1
=1

< Z (H%’,ll’l, EE 77/}i,dxd|‘{i} + [Yiays, - ,T/Ji,dde{i})
i=1

= [lzas s zall + s - wall

So we have really defined a new norm.
Now we check the condition of the Main Theorem 3.1.1.
For any two vectors x,y € (—oo,O]d with x <y and any subset £ C {1,...,d}

we have
d+1-5"%  m; my 1—mq mq . 1—mg
E (—]_) J=1 J||y1 Ty 7"'Jyd xd H
mG{Oyl}d
mj:l,]EE
n
_ d+1-Y9_ m; my . 1—my md pl=ma
= > (-1 =N ey ™ ey s
mE{U,l}d i=1
m;=1,j€E

J

= Z Z (—1)d+1_2?:1mj | (Wiayn)™ (ra@1)' ™", (Viaya)™ (@/)i,dxd)l_de{i}

=1 me{0,1}4
m;=1jEE

J/

-

>0, since ||||{Z} fulfills the condition of the Main Theorem
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With our new norm we can define an EVD and therefore also a GPD.

REMARK 5.5.2. As already indicated by its name the asymmetric logistic distri-
bution is a special case of the generalized asymmetric distribution. Set n = 2¢—d
and the first norm as the sum-norm. All other norms are chosen to be A-norms
and some coefficient has to be zero. For the case of d = 2 no more condition
is needed. We obtain the trivariate asymmetric logistic distribution by putting
o3 =0, 32 =0, ¥s1 =0.

In contrary to the original asymmetric logistic distribution the generalization is
no longer parameterizable due to the nonparametrizability of the n norms. In

the following we will overcome this by restricting ourselves to A-norms.

LEMMA 5.5.3. Let ||-|| be a generalized asymmetric norm as defined in Definition
5.5.1 with the n norms chosen to be A-norms, i.e. for \; > 1,1 =1,...,n, it is
[y = lI“ll\, and let W be the corresponding generalized Pareto functzon Then
W has the density w given by

w(xlw"axd)

n d

d—1 d
:Zsz,jH(j)\z_l H ¢z,]x] Al
i=1j j=1 j=1

-

1—-dX;

(1/11',1%7 ce ;%‘,dxd)T

)
7

x < 0 and close to the origin.

PrOOF. We know from Lemma 2.3.6 in Michel (2006, [26]) that the generalized
Pareto distribution of logistic type W) has the density

8d
Wy (1717 R xd) = m

d—1

d
HZ/\_1H /\1” ||1 d/\‘
i=1

i=1

Wi (21, ..., Zq)

So we obtain

w (:L‘b ey l'd)
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ad

= Oy 0, (1= [Ix[)
o n

" Ozy ... 014 L= ; [4i121, ...,@Di,dasdHAi)

B #d.@xd (I—n)+ ; <1 — [[Yi1z1, .. A))
g n

= Sor om (1—n)+ ; W, (11, mwiﬂd))

n d
- Z (H wm’) wy, (YinT1, s ¥iata)
i=1 \j=1
d—1

d d _ax,
Z <H Vi H (A —1) H (=)™ || (i, o, Yiaa)” l d)\) |
Jj=1 J=1 Z

LEMMA 5.5.4. Under the same conditions as in Lemma 5.5.3, the Pickands den-
sity 1s given by

n

d d—1
(b(Zl?"'azdfl) :Z <H¢UH ])‘ _1
j=1 j=1

i=1

d—1 d—1 Al
H (rgz) ™ <1/)z‘,d (1 - Zk))
j=1 k=1

d—1
Yirz1, o Vid—12d-1, Yid (1 — Z Zk)
k=1

—dAi+1

A

PrOOF. Remind the definition of the Pickands density ¢ given in Definition
2.2.4, ie.

G(21y 0y 24-1) = |c|d_1w (TI;1 (z1,... ,zd,l,c)) ,

T
where T5' (21,...,d4_1,¢) i=c (zl, 41,1 — Ef:_ll zi> , 0 <z, Zd 1122 <1,
is the inverse of the transformation to standard Pickands coordinates. Then we
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obtain
¢ (Zb ey del)
= |¢|" " w (Tp' (215, 24-1,€))
n d d—1
d— .
=1 (e [ToxN -1
—1 Lj=1 j=1
d—1 d—1 Ai—l
T et (et (1-525)
j=1 Jj=1
d—1 T 1—d\;
(Cwi,lzla e Cig124-1,CY4 4 (1 — Z Zj))
j=1 N
n d d—1
= e[ [H vis [ [ X = 1)
i=1 Lj=1 J=1
d—1 d—1 Ai—1
Ai—1)(d—1 Ai—1 Ai—1
(—o) i1 )H(%‘,jzj) ()Y <¢z’,d (1 - Zj))
=1 =1
i i 1—dX;
|C|17d/\i (%‘,12’1, - 7¢i,d—12d—1, @/)z‘,d (1 - Z])>
i=1 N

n d d—1 d—1 d—1 Ai—1
=> v IToN =D @iz (%d (1 - Zj))
=1 |j=1  j=1 j=1 =1
o (1 1—dA;
(%‘,121, oo Yid—124-1,Vig (1 - Z;)) :
=1 \
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REMARK 5.5.5. Looking at Lemma 5.5.4 we see that the i-th summand of the
Pickands density vanishes for every z if and only if \; = 1 or H;l:l vi; = 0,
i.e. there is at least one index j with v, ; = 0.

So the Pickands density of the asymmetric model reduces to the last summand
and therefore only depends on d + 1 parameters, namely Ay and ¢; 1, ..., ;4.

LEMMA 5.5.6. Under the conditions of Lemma 5.5.4 the angular density is given

by

l(Zl,.. , Zd— 1 Z(sz]H ])‘2_1)

i=1 j=1

— o Ag—1
ﬁ( ¥ 1)M (= ! d
N —WidTTT -1

] ]Zj 1_231:]1_ Z]

j=1
1 1 1
1/)1',1_7 s qubi,d—l 7¢i,d d—1
21 Zd—1 1— ijl 2;

PROOF. According to Theorem 2.2.4 in Michel (2006, [26]) a generalized Pareto
distribution W, that is continuously differentiable of order d, the angular density
[ fulfills

1 1 2 2 d
xr Td—1 o l’l...l’d a
Z(Zdliy..-,zd i)( P 1>_(d+1)axl'“axdW(l'l,...,[Ed).

71— dXi

i=1 x; i=1 x; Zi:l z
F0r0<z,»<1,1§i§d—1,wesetxi::i 1< <d—1, and$d1=+1z-
- 71]
Thenwehavezi:xii,forlgigd—l, 1_23 1x andhencezz lm =L

Using the representation of w from Lemma 5.5.3 we obtaln.

Z(Zl, ce ,del)

L N\ 1 L
= (=)™ 11 ( 2"‘) ( ""zd—l’l—Z?;fzz)
= (—1)™ H ( Zz>

=1
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1 1 1
%’,1—, v >wi,d71 7wi,d d—1
21 Zd-1 1->"1 %

REMARK 5.5.7. We have the same situation as in Remark 5.5.5. From Lemma
5.5.4 we obtain that the ¢th summand of the angular density vanishes for every
z if and only if \; = 1 or H;l:l Y;; = 0, i.e. there is at least one index j with
Y =0.

So the angular density of the asymmetric model reduces to the last summand

and therefore only depends on d + 1 parameters, namely Ay and ¢; 1, ..., ;4.
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CHAPTER 6

The GPD-Flow

6.1. Introduction

Aulbach et al. extended in an unpublished paper ([1]) a method for the simula-
tion of random variables of GPDs that was introduced in the bivariate case by
Buishand et al. (2008, [7]). The according theorem is the basis of this chapter

THEOREM 6.1.1. (i) Let W be a multivariate GPD with uniform margins
in a left neighborhood of 0 € R®. Then there exists a random vector
Z = (Zy,...,7Zy) with Z; € [0,d] and E(Z;) = 1, i < d, and a vector
X < 0 such that

1 1
W(x):P(—U(Z,...,Z) §X>, Xo <x <0,

where the random variable U is uniformly on (0,1) distributed and in-
dependent of 7.

(ii) The random wvector —U (1/Zy,...,1/Zy) follows a GPD with uniform
margins in a left neighborhood of 0 € RY if U is independent of Z =
(Z1,...,Zq) and 0 < Z; < ¢; a.s. with E(Z;) = 1, i < d, for some
Cly...,Cq > 1.

In the following we will repeat the proof by Aulbach, Bayer and Falk ([1]).
PROOF. First we establish part (i). Recall that a multivariate GPD W with
uniform margins 1 — W; (z) = const z, i < d, in a left neighborhood of 0 € R?
can be represented as

W (x) =1+ const (Z xj) /S max (Z:I:d o ti> p(dt)

Jj<d

1 Ld—1
=1+ const x; | D ey
(% ]) (ZM T Ljsa “”J’)
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with const > 0 and some measure p on Sy such that u (Sy) = d and de tip (dt) =
1, 2« < m. For the sake of simplicity we assume in the following that const = 1.
Now /i () = p(+) /d defines a probability measure on Sy. Let T = (11,...,T}) be
a random variable with values in Sy that has a distribution zi and put Z := dT.
Then Z € [0,d]” and E (Z fs tiu (dt) = 1, i < d. We have, further, for
XgﬂeRdwithxj_ 1/d j <d,

el o
— _/ 14+d (Zx]> max (le x'ti) p(dt)

7<d

x,
=1+ xj /max =t | pu(dt).
(;Zs; J) Sa 1= (mei )

This implies part (i) of the Proposition.
On the other hand we have for x < 0 and large s > 0

(oo 2) <)
- (/[O’x] P (U > %r?gj((—xizi)) (Px17Z) (dz))s
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_ <1 U ek (cam) (P 2) (dz))s

s Jjox =4
— 500 EXP (— max (—z;z;) (P *Z) (d z))
[0,x] i>d
=: G (x)
with ¢ := (cq, ..., cq).

Lemma 7.2.1 in Reiss (1989, [32]) now implies that G is a distribution function
which is obviously max-stable: G* (s™'x) = G (x), s > 0, i.e., G is a multivariate
EVD and has negative standard exponential margins G; (z) = exp (¢ E(Z;)) =
exp (x), z < 0. As a consequence, 1+ log (G (x)) is a GP function with

1+log (G(x))=1-— max (—x;2;) (P *x Z) (dz)

[0,c] =4

1 1
=P - e B
(U(Zl’ ’Zd>_x>

for xg < x < 0 and some x3 < 0.

OJ
Let C' be a copula and V is a random vector having the distribution function C'.
Then Z := 2V is a proper choice in part (ii) of Theorem 6.1.1. As a consequence
we can create random vectors that follow a GPD if we can create random vectors
of the corresponding copula.
First we use the theorem to specify the neighborhood in which a GPD is a dis-
tribution function. Then we want to find a representation for the D-Norm de-
pending on the copula in the bivariate case. Next we generalize this result to
arbitrary dimension. Starting with a copula we get a multivariate distribution
and therefore we get a new copula. With this copula we can again use part (ii)
of Theorem 6.1.1 and this yields a new multivariate GPD. Apparently this step
can be iterated over and over again which we call the “GPD-Flow”. It will be

explored in Section 6.5.

85



6.1. INTRODUCTION
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80 o0z 04 06 08 Lo 80 o0z 02 s 08 Lo

F1GURE 6.1. 2000 realizations of the GPD-Flow starting with the
Clayton-Copula with 6 = 2

Figure 6.1 shows realizations of iterations of the GPD-Flow starting with the
Clayton-Copula with § = 2. The first iteration will be analytical regarded in
Example 6.3.1. In this example we can see that the GPD-Flow tends to become
a line and hence the underlying copula tends to become the copula of complete
dependence. Figure 6.2 displays the estimated unit sphere of the underlying
norm in the positive quadrant. The norm is estimated using the estimator given
in Section 10.2 of Reiss and Thomas (2007, [33]) namely

. 1 &
D, (2) :1—%Z](xi> —c(1—2),y; > —cz),0<c< 1,
=1

where (x;,y;) are the underlying data. Furthermore we used the homogeneity

of the norm 7)(z) since we estimate the norm for (z,1 — z), z € [0,1], and the

()" 7(2)
GPD-Flow converges to complete dependency since the unit spheres approaches

estimated point on the unit sphere is (L 1;Z> This figure also hints that the

the unit sphere of the maximum norm.
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Tteration 1 Iteration 2 Tteration 3

1.0 1.0 1.0

0.8 0.8 0.8

0.6 0.6 0.6

0.4 0.4 04

0.2 0.2 0.2

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Iteration 4 Iteration 5 Iteration 20

1.0 1.0 1.0 —‘

0.8 0.8 0.3

0.6 0.6 0.6

04 04 0.4

0.2 0.2 0.2

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

FIGURE 6.2. estimated D-Norm of the GPD-Flow started with the
Clayton Copula with 8 = 2, n=100000 and ¢ = 0.5

Furthermore we also simulated the GPD-Flow starting with the data that under-
lies the GPD of tail-independence, thus W (x,y) = max (1 + z + y,0), z,y < 0.
The copula C that pertains to W is given by C' (u,v) = max (v + v — 1,0). This
copula is the Fréchet-Hoeffding lower bound (see Section 2.2 in Nelsen (2006,
[31])). Figure 6.3 shows realizations of that GPD-Flow and Figure 6.4 shows
the estimated unit sphere of the D-Norm, where the D-Norm is estimated as
mentioned above.

It seems that the GPD-Flow also converges, as seen in the example of the Clay-
ton Copula, against the GPD of total tail-dependence. In a sense the GPD of
tail-independence is the antipode of the GPD of total tail-dependence. Thus
although if we start “farthest” away from the case of total tail-dependence the
GPD-Flow converges to that case. This also hints that the GPD-Flow converges.
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FIGURE 6.4. estimated D-Norm of the GPD-Flow started with
GPD of tail-independence with n=100000 and ¢ = 0.5
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Finally Figure 6.5 shows realizations of the 3 dimensional GPD-Flow started with
the Clayton Copula with parameter § = 2. In Example 6.4.1 we will explore the
first iteration step. Figure 6.6 shows the estimated unit spheres of the underlying
norms. The estimation procedure is done in a similar way as in the 2 dimensional

case as stated above. Thereby we use

1= F(x) =Y (17" Y Fr o)

j=d |K|=j
where F (x) denotes the margins of the survivor function F' and is defined by
FK(X) :P(Xk > xk,k c K)

This is equation (8.3) in Reiss and Thomas (2007, [33]).

Hence we have for a GPD W with uniform margins in a left neighborhood of 0
|zl =1 =W (z)
= W{l} (Z) + W{z} (Z) + W{g} (Z)
— W{Lg} (Z) — W{Lg} (Z) — W{ng} (Z) + W (Z)
=21+ 29+ 23 — W{LQ} (z) — W{Lg} (z) — W{Q’g} (z) + W (z).

Therefore an estimator 7 for the D-Norm is given by
A()——H H——lnl( > )[( > )——1n[( > )I( > )
Z Z E u; > 2 v > 2 E U > 2 w; >z
" ' n — ! 2 n = ! s

1 1
- 2 (fU > 22) (w > z:,)) + - 2 (u > Zl) (U > ZQ) (w > 23)

where (u,v,w),;, 1 <1i < n, is governed by a GPD W and z is in left neighborhood
of 0.
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FIGURE 6.5. 2000 realizations of the GPD-Flow started with the
Clayton Copula with 6 = 2
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FIGURE 6.6. estimated D-Norm of the 3 dimensional GPD-Flow
started with the Clayton Copula with 8 = 2, n=50000 and ¢ = %
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6.2. The domain of a GPD

This section contains an important application of Theorem 6.1.1. In the definition
of a GPD there is the statement that there exists an xy < 0 that the GPD is
a distribution function on [z, O]d. In the next theorem we see that this can be

concretized namely xy can be chosen to be g = —é.

THEOREM 6.2.1. Let ||.||, be a d-dimensional D-Norm. Than there exists a d-

variate distribution function W with

BRL
W(x)=1-|x|,, forxe {_E’O} )

PROOF. Let W be a GPD with associated D-Norm ||.||,. According to part (i)
of Theorem 6.1.1 there exists a random vector Z = (Z,. .., Zy) with Z; € [0,d]

and an X9 < 0 with

~ 1 1
W(x)zl—HXHD:P(—U(Z,...,Z) Sx), X0 < x <0.

By F we denote the distribution function of Z and by 1 < ~; < d we denote the up-

per bound of Z;, i.e. Z; € [0, 7] with probability 1. We set X := —U (z% o Z%)
and let W be the distribution function of X. Now we calculate the probability
P(—U(%,...,%) gx) for —L <a;<0,1<i<d.

1 d Vi
Without loss of generalization we assume that vyxg < -+ < y127 < Y20 = 0.

Then we obtain

1 1
P(— — ... — <
( U(Zl’ ’Zd>_x)
(b )<
= u Z0 7 <x

/ _u
T1
T U u —Y2x2 U U
I (_,...,__>du+/ (ot ) e
Ld -7z 45) Zq
/'ded
Yd—1Td—1
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=1

1 i—1 d
Z Z Yi—1Ti—1 — Vili) U — Vi—1Ti—
\/0 F( vjej—l— ej (—( ! ! :L‘) ! 1)>du>
j=1 j=i

d
=1~ (—%ﬂd — Z (Vic1Tio1 — Yi%;)

J

For x < 0 set

h(x) = —(v2)14 — Z ((fyx)dJeri:d - (Vx)cHlfi:d)

(2

1 i— d
/ F <Z V(d+1—j,d)€(d+1—j.d) T Z €(d11-j,d)
0 , —
J=1 J=t
B ((Vx)du_z’;d - (7$)d+1_z’;d) U+ (7$)d+2—i:d du
T(d+1—j,d) ’

where (yz),,, denotes the i-th greatest value of the v;z;. Furthermore the ordering
of 2( 4y V4 and e(; q) is meant also according to the v;z;.

We see that h is homogeneous, i.e. for all x < 0 and A > 0 we have h (A\x) =
Ah (x). Furthermore h coincides with the D-Norm for x € [xg, 0) and thus, since
h and the D-Norm are homogeneous both coincides in the negative orthant.

For x € x4, [—%, O} and thus in particular for x € [—1, O)d C xL, [—%, 0] we

have
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6.3. A bivariate GPD as a function of a copula
Let (Z1, Z5) be distributed according to a copula C| i.e.
P<Z1 < T, Z? < y) = O<:C7y)

and independent of U and U is uniform distributed on (0, 1).
Then we have for z,y < 0

()=o)

Uu u
~(33;)

Without loss of generalization let y <z <0 (<0< —35 < —5-). We get

(- 2) <)
ZO/P( (_2_(21_2_2) g(x,y)'U:u)du

1
u u
- [o(-55;)
0

(6.1)

Since the GPD is only defined close to the origin we first regard the case that

y > —% and obtain using the formula deduced in the proof of Theorem 6.2.1

*( (o7 5z) =09)
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1 2 _ .2
—1—<—2y—|—2x/ C(u,u£>du—|—y ‘ du)
0 Y )

1

2 .2
=1- Qx/C’(u,uz)du—x Ty
Y Yy

0

=1- HxayHD :

So we have obtained a representation of the GPD in dependence of the copula C'.
Next we want to look at the case that y < —% < x. We have

*((oz3z) =09)

—2x

1
u u u
= - ——)d |
/C( 2z’ 2y> u+/ 2y "
0

— 4T

1
x2—1
:—Zx/C(u,uz)dujL 4.
) Yy Yy

Finally let z < —% and we get

*( (-ozam) <o)
- O/C’ (—%—%) du.

Hence certain D-Norms can be written as a function of copula by

1 T 1.2 2
~2[al fy € (wu2]) dut T2, 0 <zl <y
le.vllp = § =219l fy € (u]2] w) dut 222, 0<Jy| < o
lz| + |yl , r=0odery=0

We start with an easy example namely the Clayton-Copula with parameter 6 = 2.
The Clayton-Copula is a special case of the Archimedean Copula.

ExAMPLE 6.3.1 (Example of a bivariate Clayton-Copula with parameter § = 2).
We consider the Clayton-Copula C' with parameter 2, i.e. the generator of C' is

94



CHAPTER 6. THE GPD-FLOW

o () = (1 + 293)7%. It is ;' (z) = 1 (& — 1) and therefore the copula

T

We have

L — 21 2) — o2
/C’< 5 2y)du VA (@2 +y2) —u

and hence (note that y < 0)

—2x

v — 2 2) _ (—97)2 2 2
/C< 5 2y>du \/4(1: +y?) — (—22)" + /4 (22 + y?)
0

=2y + 2/ 2? + 92

Altogether we obtain with the formula from above for —

()

2 32
Yy

Sy<z<0

Hence

EE 022 g2, for 0 < |z] < [y

2, yllp = { L5822 _ 2. /22 442 for |z > |y| >0

||

2| + [y, for [z =0or |y[=0

6.4. A multivariate GPD as a function of a copula

Analog to the bivariate case let (Z71,. .., Z;) be distributed according to a copula
C,ie.

P(Zy <xy,...,7Z4 <xq):=C(x1,...,2q)
and independent of U and U is uniform distributed on (0, 1).
The formula deduced in the proof of Theorem 6.2.1 then implies for —% <4<
o<y <a:=0

U U
— ..., —— | <
P( ( 2217 s 2Zd) >~ (mla 7'rd))
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d
= 1 — <—2l’d — Z 2 (Ii—l — Iﬁ)
=1

/010 <§Gj+iej <—(xi_1 _I;iu_xi_l)> du)

1 — —
=1- (—235d —2(xg_1 — :Bd)/ B ) K du
0 Tq

d—1

—ZQ(mi—l _l,i)/ol(j <§ej+iej (_(%’—1 —a:;iu—xi—l)> du)

i=1

T (Ta1 — T4) — Ta

=1- (—QZEd + 2 (Id—l - l’d)

Td
a1 1 i—1 d L |
S oSt ()
=1 0 j=1 j=i T
—1- (—2a:d T~ T
Tq

_;2@_1 _xi)/olc <§ej+2i;ej <_(33i1 —$;3U+$i1)) du)

2 2
. Tg_1 + g
— 1 (_Zdr ' d
T4

d—1

~3 2w —@-)/010 <§ej+iej <—<‘”i—1 _x;i“”i*)) du).

i=1

We obtain again a representation of a D-Norm that is deduced from a copula.
Set y; := |x;], 1 <i <d, and § := max {i: y;.,qg = 0}. Then we have for 6 <d —1

Vot Vg e
|21, zallp = +7EE—E 4 N "2 (i1 — Yia)
Yd:d i1
1 i—1 é ( d
Yie1:d — Yird) U+ Yio1:d
/ C{D> empat+d ey (— , ) + > ega | du
0 =1 =i Yi-d i
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CHAPTER 6. THE GPD-FLOW

and for 6 >d—1

H.’El, I ,[IZ'dHD = Yd:d-

EXAMPLE 6.4.1 (The Clayton-Copula with parameter 2 in arbitrary dimension).
Once again we consider the Clayton-Copula with parameter 2 in dimension d. As
above the generator is ¥, () = (1 + 21;)_% and hence ¢ (z) = 1 (£ — 1) and
therefore the copula

C(ur,...,uqg) = o (sz_l (Uz’)>

N

d 1 -
:<Z@+1—d> ,ul,...,ude(O,l].

i=1 1
We have

/(%+g)‘5du:%m_

Using the formula from the preceding section we obtain (with —% <xg < -
T < Io = O)

U U
P —_ .., —— | <
( ( 2217 ) 2Zd) = (xla wxd))

IN

d—1 2 i1 d u 22 12
o B ‘ e T d
1 (-Y c(ZeﬁzeJ( 2x>)d L
1:1_21,1_ L j=t Jj=t
d—1 2z; Zd 2 _%
_ j=i *j d—1 d
S Ml I R
1:172“ L
- —2x;
d—1 d 2 2
2 U\ 2 T +x
=1-|- Z:c2+(z’—d)<—) SRS
_ J
— _2 d\ = 2 o T4
d—1 9 d
_ 2 : 2
=1- —ZZI — ;xj—ir(z—d)xi
d 2 2
Ty 1ty
- Z x3+ (1 — d)xy S
j=t
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d—1 9 d
1= (=2 | Zx?—l—(l#—i—d)x?
=1 Jj=i+1

d 2 2

T

_ E x?‘i‘(i_d)x’%—l _fd-l ' 7d
j=i T

d d
(z (—dJZ“”)

2 (dz’)(d+1z’)\lji jH—dn )
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CHAPTER 6. THE GPD-FLOW

FIGURE 6.7. The unit sphere coming from the Clayton-Copula

with 8 = 2 in dimension 3

Figure 6.7 shows the unit sphere of the norm of the GPD associated with the
Clayton-Copula with § = 2 in dimension 3.

6.5. The GPD-Flow

In the preceding section we have seen that starting with a copula C' we obtain a
multivariate GPD and thus a copula CV, a so called GPD-Copula. This GPD-
Copula CM can then be used to iterate the step and yields another GPD-Copula
C®). This procedure can be iterated over and over again. This is called a GPD-
Flow.

Though a natural question arises: does the GPD-Flow converges and if it does,
which is the limit copula?

The convergence of the GPD-Flow is still an open problem. But we will show
that if it converges then it has to be to the copula of complete dependence, as

already indicated by the simulations displayed in Figures 6.2 and 6.4.

Let U,, n € NU {0} be independent and uniform distributed random vari-

ables that are independent from the random vector (Z,...,Z;) which is dis-
tributed according a copula C®. Then we define V; := (—%, ey —z—gd> and
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6.5. THE GPD-FLOW

Wo (x1,...,2q) =P (Vo < (21,...,24)).
The j-th marginal distribution of V| is given by

142, if —1<z<0,
P(Vgejgx’) 2

_ 1
4x?

= H (z),2 <0,

if x < —%,

see the unpublished paper by Aulbach, Bayer and Falk ([1]) on page 6.
We have

v—1, ifze[i1]

= it 2 € (0, )

N [ =

1
4z’
and observe that H~! is strictly increasing.
Furthermore we get
C™ (uy,. .., uq)
=P (H (V] _je1) <uwi,....H (V] _ieq) < ug)
=P(V]_jes<H '(u),...., V] jea < H " (uq))

=Woor (H ' (w1),..., H " (ug))

and furthermore this simplifies in the bivariate case to

C™ (u,v)
(W1 (u—1,0—1), ifuve[i1],
B Wot(u—1,-%), ifueli1],ve(0,3),
Woot (—4,v—1), ifue (0,%),ve i 1],
(Wt (3 —3) . ifuve(0,3)
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( —2u+2

b { COD (=g, —5r5) dw + W? if;<v<u<l
—20+2 1)2+( _1)2
1+ of C(n_l)(_Quw—za 20— 2) dw + %’ if % Su<v<l
—2u+2
= [ Y (=2 2vw) dw +v —dv(u—1)?,  if0<v<i<u<l
2042
{ Cn=1 (2uw,—2v 2)dw—|—u—4v(v—1) if0<u<%§v§1
1
[ Y (2uw, 20w) dw, if u,v e (0,1)
L0
(6.2)
where
U, U,
V, = (-
( PAVER N S 2vI 1ed)
and
Wn(xl,...,xd) =P (Vgel S xl,...,Vged S l’d) .
Since H is the distribution function of the margins, C™ is a copula.
Finally by ||z1,...,, 24|, we denote the corresponding norm to the GPD of V,,,

ie. for small zq,...,2q <0itis W, (21,...,2q) = 1 —||(z1,...,24)],-

THEOREM 6.5.1. There ezists no bivariate copula different from the complete
dependence copula that remains fized under the iteration step as stated above.
Or equivalent:

If C is a bivariate copula that remains fixed under the iteration step then C' is

the copula of complete dependence.

PROOF. Setting u = v in equation (6.2) yields
—2u-+2
-1+ f CO (—gt5 —ms) dv+2u, ifue [5,1],
O (u,u) =<
[CO (2uv, 2uv) dwv if ue (0,3)
0
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6.5. THE GPD-FLOW

and then using integration by substitution we get

1
—1+42u+2(1—u) [CO(v,v)dv, ifue[i 1],
0

2 [ OO (v 0)dv, it uc (0,1)
So we have for all u € [%, 1}
1 1
CW (u,u) =21 - /C(O) (v,v)dv | u+ 2/0(0) (v,v)dv — 1.
0 0

1
Consider the special case that C) = C® =: ¢ and set o := [ C© (v,v)dv. We
0

will prove that for u € (0,1] it is C' (u,u) = m - u +t. By induction over n € Ny
we will show that C' (u,u) = m-u+t for u € [2717™,27"]. The initial step of the
induction is already proven above with m :=2(1 — «) and ¢ := 2a — 1.
Now assume that we have already shown that C(u,u) = m-u +t for u €
P
Take uw € [27"72,27""!]. From formula (6.3) we obtain

_—

2.2 "1
1
27nC (272t = 2’"2: / C (v,v)dv = / C(v,v)dv
0 0

and therefore

2u

1

C(u,u):%/C(U,v)dv

0

. 9 9-n

=3 /C(U,v)dv—/C(v,v)dv
0 2u
1

o—n
=—(27C (22 - Bva + tv} >

2u

= oo [2re @) =2 (me 27 4 ) F2u(me ut o)

TV
:C(Q—n—172—7z—1)

— i (2—n0 (2—77,—1’ 2—n—1) — o (2—n—1’ 2—n—1) + 2 (m cu 4+ t))
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=m-u-+t.

Since C (u,u) is continuous from the right we even have C' (u,u) = m - u +t for
u € [0, 1]. Furthermore C'(0,0) = 0 implies t = 0 and C' (1,1) = 1 implies m = 1.
So we have C' (u,u) = u.

Therefore C'is the copula of complete dependence (see Example 3.17 (a) in Nelsen
(2006, [31])).
O

COROLLARY 6.5.2. In dimension 2 or higher the only copula that remains fix
under the GPD-Flow is the copula of complete dependence.

Proor. If C is a copula that remains fix under the GPD-Flow then according
to Theorem 6.5.1 all bivariate margins are complete dependent and therefore C'

is the copula of complete dependence.
O

Next we will see that the GPD-Flow is continuous.

LEMMA 6.5.3. Let M, be the set of all copulas of dimension n. We define a
metric d on M, by

d(Cl,Cg) := sup |Cl (X) — Cg (X)’, 01,02 e M,

x€eR?
By f : M, — M, we denote the function that represents the iteration step of the
GPD-Flow, i.e. C® = f (C(i_l)) where C% is the copula from the i-th iteration
of the GPD-Flow.

Then f is continuous.

PRrROOF. We have for C € M, (z1,...,7,) € R" and H~! as defined on page 100

f<c<x1,...,xn>>:/Olc(_#w...,_#w)du.

For all C' € M,, and all ¢ > 0 and § := ¢ we have for all D € M, that satisfy
d(C,D) <
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6.5. THE GPD-FLOW

! u u
— D|{-———,...,—— | d
/o ( 2H Hay) " 2H—1<xn>> !
! u u )
< su Cl-————,...,—
_(zl ..... xf)eR"A ( 2H71($1) 2H71($n)
u u
—-D| - ey — d
( 2H1(21) 2H—1<xn>>‘ !
<90
=e.
Thus f is continuous.
O

THEOREM 6.5.4. If the GPD-Flow converges to a copula then this is the copula

of complete dependence.

Proor. By C® € M, we denote the copula of the i-th iteration of the GPD-
Flow and by f we denote the function of the iteration step of the GPD-Flow.

Then we have
Ct ) = f(CD), i e N.

If C® converges to a copula C, i.e. C' = lim,; ., C” then we obtain using the
continuity of f (see Lemma 6.5.3):
7(©) =1 (lim c)

= lim f (CY)

1—00

= lim CU+Y

1—00

=C.

Hence C remains fix under the iteration step of the GPD-Flow and according to
Corollary 6.5.2 C' is the copula of complete dependence.
OJ
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Simulations (see Figure 6.2 and Figure 6.4) indicate that for every n € Ny we

have ||x||,, > |Ix|| x > 0, i.e. the unit sphere of the norm of the n-th iteration

n+17
is completely contained in the unit sphere of the norm of the (n+ 1)-th iteration.
But this is actually not true as we will see in the example below.

We will construct the copula leading to the corresponding norms using the so

called Diagonal Copula introduced by Fredericks and Nelsen (1997, [17]).

DEFINITION 6.5.5. A function § : [0,1] — [0,1] will be called a diagonal if it

satisfies

(i) o (1) =1,
(ii) 6 (t) <t for allt € ]0,1] and
(111) 0 S (5(t2) ) (tl) é 2 (tQ — tl) fO?“ all t]_,tQ S [0, 1] with tl S tg.

DEFINITION AND THEOREM 6.5.6. Let § be any diagonal and set
1
C (u,v) := min (u,v, 5 (0 (u)+4d (U))) .

Then C'is a copula whose diagonal section is 9, i.e. C (t,t) =0 (t).

Copulas that can be written in this form are called diagonal copulas.

PROOF. For the proof we refer to Fredericks and Nelsen (1997, [17]).

EXAMPLE 6.5.7. Now we are ready to construct the copula as mentioned above.
Define for 7 € [0,1] the function 4 : [0,1] — [0,1] by

0, te0,7)
0. (t) =42t —71), te[r2r).
t, t €27, 1]
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alt)
10f

0sr-

06 -

04r

n2r

FI1GURE 6.8. The diagonal function ¢ )

Obviously 9, is for 7 € [O, %} a diagonal and therefore

C© (4, ) := min <u,v,% (52% (u) +03 (@))

is a Diagonal Copula.
We have

/0157@)(115
:/OTaT(t)dH/jTaT(t)dt+/2i5T(t)dt

1

:O+T2+§—2T2
1 2

_5—7'

and furthermore

1,1
// O (uwv)dvdu
0

//5 UV dvdu+// o ( dvdu+//5 wo) dvdu

* =2(uv—7)

27

// (uv dvdu+// (wv)dvdu
27

—2 (uwv—T)

1 1
:O—l—0+§7‘2 (2log2 — 1)—7‘2log(27)+1—T2+27'210g(27')
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1 3
= 1 + 72 <210g2— 5) +7210g7'.

Using integration by substitution we have for = € [ 1 O]

1

Wi (z,z) = (—Zx)/C(l) (w,u)du+2r+1
0

3 1
= (—22) /C(l) (u,u)du+/C’(1) (u,u)du | +2x+1

31
= (—22) //C(O) (2uv, 2uv)dvdu
0

1 —2u+2
cO(——% Y Vawiou—1]|d 2 + 1
+/ / 22 20_2)" T B

11
1
5//0(0) (uv,uv)dvdu
00

1=
(en)

1 1
+/(—2u+2)/0(0)(v,v)dvdu+ [uz—u]ll +2r+1
2
1 0
X 11
5//0(0) (uv,uv)dvdu
/ 1
+/ dv/ —2u + 2) du—i—Z +2x+1

0

|
N | —

%
11 11
//C Uv, Uv dvdu+1/0 uudu—z
0 0 0
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Using the formula from the first section and again integration by substitution we
obtain still with x € [—%, O)

1

|z, z||, = (—22z) | 1 - /C’(O) (u,u)du

0

and from the considerations above we obtain

11 1
1 1
|z, z||, = (—22) 2—5//0(0) (uv,uv)dvdu—Z/C’(O) (u,u)du
00 0

= [lz, z[l

11 1

+ (—22) —%—%//C’(O) (uv,uv)dvdu+2/0(o) (u,u)du

00 0

Furthermore we have for the Diagonal Copula C®)

—1—2//C’ uv, uv dvdu—l—B/C w,u)
:—1—2// 5 (uv dvdu—i—?)/ 03 (u)du
0 0

3 1
_ 1L o (10g2 - 2 — 22 — — 372
5 T ( og 2) T og7+32 3T

= —277%log (47)
3\? 3
(an) = (5)
———
~ 0.02299
>0

and thus

[z, zlly >z, %[l -

108



CHAPTER 7

Simulation via the Shi Transformation

The need for realizations of random variables of a certain distribution arises in
several fields. Often technical systems are so complex that they couldn’t be de-
scribed in a deterministic way. A common approach to cope with this problem is
to use Monte-Carlo simulations to get a statistical distribution of the behavior of
the system. Input parameters are distributed according to a certain distribution
so there is the need for the realization of random variables from those distribu-
tions.

Another field with the need for realizations of random variables is testing the
behavior of statistics methods. There is practically never exact knowledge of the
underlying distribution function of “real data”. In order to check the behavior
of a method it is therefore useful to test it with data you know exactly, like the

underlying distribution function or whether there is independence.

In his PhD thesis Michel (2006, [26]) established an algorithm that creates
random vectors that follow a GPD of logistic type using the so called
Shi Transformation which was first introduced by Shi (1995, [37]).

In this chapter we generalize this Transformation to the nested logistic model of
arbitrary dimension d > 2. However things get more complicated in this case.
Therefore we are able to deduce an algorithm only in dimension 3, which creates

random vectors from a GPD from the nested logistic model.

DEFINITION 7.1. For Aq,..., -1 > 1 we call the transformation ST\, ., , :
(0,00) x (0,2)"" = (=o00,0)?, with
(Ca wla s 7¢d—1) =
a1 2 2 a1 2 2 a1 2 2
—c H sin*i 1);, cos™M H sin*i 1);, cos*2 Yy H sinXi 1, ..., cost-1 by _q
i=1 =2 i=3

109



the Shi transformation for the nested logistic model. This transformation is one-

to-one and infinitely often differentiable.

Let (z1,...,24) € (—00,0)". The components of the vector

(Ca wla . 7wd*1> = ST)\Zl A1 (.1:1’ e ,:Ud)

-----

are the Shi coordinates of (x1,...,xq). c is called the radial component and 1) :=

(U1, ...,%q-1) 1s called the angular component.
By (C,Wy,..., ¥V, ) = ST/\_l1 r, (X1,-.., Xa) we denote the Shi coordinates

.........

of a random vector (X1, ..., X4) € (—o0,0)".

REMARK 7.2. The Shi transformation can also be defined in a recursive way:

ST)\l ..... Ak <C7¢17""¢k)

and

STy, (¢,41) = —c <sin% wbcosﬁ ¢1>

where
1 0 0
0 . .o
Ak — I . 0 c Rk-}—lxk‘
0 ... 0 1
0 ... ... 0

To simplify the notation we set
VA'SES —ST,\l ..... A1 (L@Dh - awkfl)
and with it we can abbreviate the recursion from above

2 2
ST, (G, ) 1= —c (Sin*k Y ApZy + €pq1 COSMk ¢k) .

where A, is defined as above.
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LEMMA 7.3. For (c,v1,...,1%4-1) € (0,00) X (O, E)d_l — (—oo,O)d we have
||ST)\1 77777 Ad—1 (C, ¢1,...,¢d_1)H)\1 77777 Mgt = C.

PrROOF. The homogeneity of the norm implies

..........

so we only have to proof the assertion for ¢ = 1.
We define z, as in Remark 7.2 and in terms of z; the above statement can be

For &k = 2 we have

1
A A byl
e, = (s 00)™ + (o))

= (sin2 Yy + cos® wl) b
=1.

Now assume that we have proven the statement for k — 1 < d, i.e.
A, = 1. We have

.....

2
||Zk||>\1 ey = (’ — sin -1 )z

77777

2
A
, COS k1 lbk—l)

ALy A2 Ap_1

2
A
..... , +COSME1 Vk_1

N——
=1
by the inducti h; thesi
y the induction hypothesis )‘kfl

2 2
= <sinkkfl Vg1, COS k-1 wk,1>

=1

Ak—1

and thus the proof is finished.

LEMMA 7.4. As in Lemma 3.1.7 of Michel (2006, [26]) we put 7; = cos¢;,
o; = sin¢; and o; = % fori=1,...,d— 1. Then the Jacobian matriz of the

transformation ST\, ., , has the following form

(C, '(ﬁh c. ,1/1d_1) =

.....
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- d—1 d—1
1 g -1 o
= Il o, armoy [[ogd ooo.. Og—1Yd— 1ad LI on
k=1 k=1 k=1
d—1 d—1 d—1
1. o1 oy a;—1 agp -, a1 — o
I ot —at' o [] oy, - Qg1 Vd—lo-dfl I o
— ¢ k=2 k=2 k=2
0
ag—1—1
Og— 1’Yd 2 *Va- 104_4
1, %1 ag—1—1
E")/d_l 0 ... 0 —Og—1Yg_q Od—1

Proor. We set 79 := 1, o := 1 and with II; we denote the projection to the
i-th element, i.e. IT; : R? — R with (x1,...,24) — ;. The first column of the

Jacobian matrix is given by

OL; (STay,ng_y (G0, 7¢d—1>) _ 9 ( i1 HU )

ac /YZ 1

_ A%l ag
Yi—1 I I O
k=i

fori e {1,...,d}.

For the other elements of the Jacobian matrix we differ whether ¢ = 7, ¢ < j or
1 > j where ¢ denotes the number of the row and j the number of the column of
the element.

In the case of i > j we have

O (ST, na s (€015 tha1)) 0 ( . 1—[1 ak)
_ o8

a¢j—1 - ad}j—l Vi1
if 5 = it is
aHZ (ST)\17...,)\d_1 (Cu ¢17 s 7¢d—1)) - 8 Qi1
ad)j—l - 81%’—1 —CYi—1 HO-

d—1
_ aj—1-1 ag
- (_C) <_az 1’7@11 UZ—IHUk )
k=i
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and finally for ¢ < j

OL; (ST, na s (€01, a1)) P ( . ﬁ Uak)
k
k=i

= —CYi1
O OYj_q
d—1
_ Qi1 —1 o
= TO-17 ’Vj*lo-j—IHUk: :
k=i

So we have calculated all entries of the Jacobian matrix as given in the lemma.
O

LEMMA 7.5. With the abbreviation of Lemma 7.4 we have

d—1
det (Al,...,d) = (—1) ! H aigl?az’fl%ai—l‘
i=1

Proor. We will prove this by induction. For d = 2 we have

1 a1 a1—1
A — <91 17107
2= ~Cl 1 o ar—1

1T T@ayT 01

and thus

1 1
det (A1) = ¢ <——0?10417f1101 — —7?1041710?11>
C C

a1—1_a;—1

= —Ccayo;T M (‘7% +’Y%)

_ a1—1_a;—1
= —Cc10; M

2—1
_ 2—1 o, —1 _ a;—1
— (e TLain et
=1

Now assume that the assertion holds for d — 1. We use the rules of determinant
calculations (see for Example Section 4.2. in Fraleigh and Beauregard (1987,
[16])). In the first step we expand by the last row and the next step we transform
the matrices that the induction assumptions can be used. Thereby in the first
determinant we interchange the last column with the preceding one and then
the former last column which is now the second last with its preceding column
and continue until we reached the first column. Furthermore we also use the

scalar-multiplication property of a determinant on both determinants in several
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ways.

det (A17..',d) =
) d—1 1 d—1 L d—1
g — ag — g
- H Uk Q17104 H Uk; RN ozd,lfyd,lad_l H O'k
k=1 k=1 k=1
1 d—1 1 d—1
(e%1 ag o1 — 75
y N [I oy —a1" o1 [] oy
=1 c"det k=2 k=2

Qg2 ag-1—1
Og—17g—2 Vd-104_1

—1 ad,]_—].
cwﬂfl 0 c. 0 —Og—1Yg_1 Od—1

d—1 d—1
-1 (895 -1 ay
armo; [[ogd . ag-1Yi-10, 1 |1 o
k=1 =

det

-1

ag—1 ag_o ag_1—1
0d—2043_1 Qd—17q_o Vd-104_1

0 o 0 —ag 9yt
— g1 oa (1) (=) et

d—1 d—1 d—1
1 Qg -1 ag -1 ag
= Kt armoy [[optr . Qg—2Y4—20, 5 || o
k=1 k=1 k=1

d—1 d—1

1 _ o1 g 01171 g -

A I ot —a™on I oy
k=2 k=2

det
0

N =
d—3 — (o9
Qa-27y 3 Va—2045 [ o}

k=d—2

1 _ o1 _%d—1 ag_o—1 ag—1

SN0 0 o 0 —ag0y, Yy o400,

= <_1)d ¢ (73310%—1 (_1)d_2 Uc(gd__ll)ad_l_lw—l det (A, a-1)
— ()" w1y oo det (Ay,a))

= (—1) a1y oD et (A, an) (<) + (1) 03

d—2
. ag—1—1 (d—1)ag_1—1 4-2 ia;—1 _a;—1
= (1) cag-17,57" 044 ¢ HO‘iUi S
=1
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d-1
_ d—1 ia—1_a;i—1
= (=) [ oo™ M
i=1

which completes the proof.

Let

.....

at the origin.

The next results are up to now only proven for dimension 3.

LEMMA 7.6. Let (X1, Xo, X35) < 0 be a random vector which is distributed accord-
ing to a GPD Wy, », of nested logistic type. Choose a number cy > 0 that Wy, »,

has on Bg‘ol’)‘Q the representation

Wi (21,22, 23) =1 — HQJH,\I,AQ

and denote by wy, », the density of W, x,. Then the density of the Shi trans-
formation ST/\_IIAQ : Bi*2 — (0, ¢) X (O, %)2 of the random vector restricted to
Bg‘ol”\2 18 independent of the radial component ¢ and factorizes with regard to the
angular components 1y, 1)s.

The function

2 A — A 4y — 2
f(07¢1;¢2): (Q_E) (2 1/\1 2+U§( 2)\1 ))01027172

is the density of ST)\_:/\2 (X1, X2, X3) on (0,¢p) X (0,%)2 under the restriction
(X1, Xo, X3) € Bhe.,

PROOF. Using the Density Transformation Theorem (see for example Section
9.5 in Fristedt and Gray (1997, [18])), Lemma 5.3.3 and Lemma 7.6 it is

f (Cv 1517 1/}2)
= Wxy, )y (STM,M (C, 77Z)17 ¢2)) ’det (‘]STAl,AQ (C, 1/}17 ¢2)> ’

-2
— (s = 1) (o520t + (oot ™) (oot (eogyt) M (e
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1
prs’ Ay

A2 A2
((<caszofl>h F(eogeppy) +(07§“2)A2> ((eosos )™ + (cograiy™)

Ao
((075‘2))‘2 (A1 — X)) + <(ca§‘20§“)Al + (605‘2%"1)’\1) . (A1 + A — 1))

2 a1—1 2a9—1_a1—1_as—1
(C Q101 09 M2 )

-2
= (= 1) ((05708) " o+ (08205)™ ) e PN (5o M (o

+-3
A2 A2
M () e (((a%i”)*l + (o5 ) + w;*z)&)

A2
A1

(o570t + (o295

Az
(WW 1= ha) + (05207 + (05297)™ ) ™ (A 4+ do = 1>>

2 a1—1 2a9—1_a1—1_as—1
(C Q1201 09 M2 )

-2
= O = 1) ((05707)™ + (0591)™) (05205 (o523 (5™

1
33 Ao

%
(((ag%fﬂ)h + (0327?1)A1> s (V?Q)M) ((0320'?1)Al + (UélQVfl)Al) .

A2
((732)*2 (A1 = Xo) + ((agaa;“)h + (o—gwﬁl)h) RNCYR Y 1))

a1—1 2as—1_a1—1_as—1
(0416@01 D) 1T V2 )

= ()\2 — 1) 1001027172 ()\1 + )\2 (O'% - ’}/3) — O'g)

2 2
= <2 — —> — ()\1 -+ )\2 (O'% — ’y;) - O'g) 01027172

9 A — A Ay — 2
:<2—/\—2) <2 lAl 2+0§( 31 >>alawm

as asserted.
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THEOREM 7.7. Let (X1, X5, X3) follow a nested logistic GPD with parameters
A1 > Ao > 1 and which has the density

f (¢1,¢2) = f (C7 ¢17¢2)

with regard to its Shi coordinates on Bg‘o as in Lemma 7.6. Then f has a positive

2
mass on (O, %) :

(A —1) (2N — 1)

WY > 0.

V= /(0 [ (1, 102) d (1,92) =

x\2
75)

Furthermore we have conditional on C = || X||, ,, < co-

(i) The Shi coordinates C, Wy, ¥y are independent.
(ii) The random variable C' is on (0, cy) uniformly distributed.

(iii) The angular component ®1 has the density
fi1 (1) == 2017

and the angular component ®o has the density

M=do 21 2)

=4
Fola) = o (1 + 52108

and therefore they have the distribution functions
1
Fi (Y1) == fi(t)dt = sin® (1)
0

and

v2 A — A
FW) = [ [ (t)dt:22;\1_i
0

2Ny — 1
2N — 1

sin” (¢2) + sin® (¢2)

with the corresponding quantile functions

F ! (1) = arcsin (M)

and

Pt (4s) — arcsin \/ )\2)\1+\/w22¢2)\1+)\2§)\2w21)\22>\1)\2+4w2>\1)\2+/\§) |
-
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PRrROOF. Note that for 7 € R\ {—1} it is
d sin™t!
drz 7+1

and therefore using the First Fundamental Theorem of Calculus (see for example

Chapter 14 in Spivak (2006, [40])) we obtain

/w . sin™1 1Y sin™ ! o)
sin”xzcosxdzx = =
0 T+1 |, T+1

r .
=sin” zcosw

and in the special case of ) = 7

z 1
sin”xzcosxdzx =
0

T+1

Using Fubini’s Theorem (see for example Theorem 8 in Section II §6 of Shiryaev
(1984, [38])) we get

V= /0 2f(¢1>¢2)d¢

™
2

2 A — A 4hg — 2
:/ (2——) (2 ! 2 —i—a%( 2 ))01027172d(¢1,¢2)
(0,) A2 A At
2 A — A 2 B
= (2——) (2 ! 2)/ Ul’hdlﬁl/ 0272 d o
A2 Al 0 0
g —2\ [2 2
—i—( 2)\ >/ 0171d¢1/ U§W2d¢2>
1 0 0
2 A — A\ 11 4X—2\ 11
= _ 2 - -
-2 ((*5) a+ (57) )
(A2 —1) (2N — 1)

21\
Since A\; > Ay > 1 because of the definition of the nested logistic model (see

Lemma 5.3.1) the condition v > 0 is equivalent to Ay > 1.

For ¢ < ¢y one gets

P(C<c)=P (C <a(h,¥2) € (0’92)

_/Oc/(w)gf(c,l/}niﬁz)d(%,%)dc
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- /OC/(OG)Qf(%a%)d(%?%)dc

Therefore we have for ¢ € (0, ¢)

P(C <e¢,C <)
P (C < ¢)

_ P(C<o)

- P(C <)

cv

P(C < c|lC <) =

Co
Thus C' is uniformly distributed on (0, ¢y) and we have established (ii).
Let B be a Borel set in (O, 2) Using again Fubini’s Theorem we obtain

P (1 € B|C < ¢)

(¢163¢26( ) C < o)
C<CQ)

_ / // F (b1, 162) dpndipyde
C()V
1 Ay — 1 AL — A 2
= —=Co (2 2 ) /2 : 20171/ o272 d e d iy
CoV Ao B A 0
4hg — 2 2
+/( : >0m/ 0372d¢2d¢1>
B 1 0
1 )\2—1 )\1—)\ 2)\2
2 d d
( A2 )(/B A 7 ¢1+/32< At )01% %)

v

1 (A —1)(2\ —1

:—( 2 )( . )/0'1'71d¢1
14 /\1/\2 B

:/ 2017, d )y
B Y~
=f1(¥1)

Using the above equation with B = (0,4]| we get

U1
Fy (Y1) = fi(t)dt

0
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1
= / 20'1’71 dt
0

= sin® (Y1)

and therefore the quantile function is given by

! (¢1) = arcsin (M) :

So we have established the density, distribution and quantile function of the first
angular component. Using the same approach as above we will continue with
the second angular density though we will see that those functions are more

complicated. We have
P (9 € B|C < ¢)

(7»01 ( E) Yy € B, C<Co)
C<Co)

_coy///f , 1, 19) dhpdiprde

21 \o ] A — Ao
— Ay — 1 dy 2
Oe— 1) (2)\1—1)/ Ag( 2= 1) /0 1M A 207

3 2\ — 1
+ / o1 Aty 22 o | di
0 1

A=A 2
~ [y d .
/B 0272(2A1—1+2A1—1 2) Ve

—fa(ibn)

1
2

Setting again B = (0, ¢] we obtain

P2
Fy (12) = i f2(t)dt
A=A

2X0 — 1
a1 () + 2

=2
20 —1

sin* (12)

120



CHAPTER 7. SIMULATION VIA THE SHI TRANSFORMATION

and therefore
! (%) =

. \/)\2 M 20 N 200e — 2hhe + AU g+ Ag)
arcsin )

20 — 1

So we have proven (ii).
Let A C (O, 2) be a Borel set and 0 < ¢ < ¢y. Once again using Fubini’s
Theorem we obtain

(C<C\I/€A)
C<Co)

/ (6, 0)did
COV (0,¢)

= — f(¢)dw

:—co/fw)dwﬁ
COV/OCO /f d@/}dt—

_P <Co,\IJEA>
= (O - CO) (C < C|C < Co)

=P (Ve A|IC <) P(C < |C < )

P(C<cVeAlC<cq) =

which shows the conditional independence of the Shi coordinates ¥ and C'.
Let A; and A, be Borel sets in (0, 2) With Fubini’s Theorem we have

P (\111 c Al,\PQ S A2|C < Co)

o P(\Ifl EAl,\IJQ EAQ,C<C[))
- (O<Co)

CW/ /A [ 1) avaavac
201\

T 2M -1 (1)

/ / ()\4)\ (A —1) ((M — Ag) + 05 (20 — 1)) 01027172) dpy d iy
A Ja 1A2
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1

=2 / / (4 (M = Xo) + 03 (29 — 1)) G1097172) dba d ¢y
=14 s
Mode a1,
— [ 2 4
/Al 27 dn /A 7272 (2)\1 1 o = 1"2> v
=f1(¥1) ~ ~- 4
=f2(¥2)

= P(\Ifl S A1’C < Co)P(‘I’Q € AQ’C < Co).

Thus the angular components are (conditionally) independent and the proof is
finished.
[

Following the outline of the proof we see that things get more complicated in
higher dimensions. In contrary to the logistic model as regarded in Michel (2006,
[26]) the density of the nested logistic model can not expressed in a “neat” formula
and is far more complex.

Using the theorem above we can give an algorithm to create random variables

. . AL
from a GPD of nested logistic type on BZ'"2.

ALGORITHM 7.8.
(i) Generate Uy, Uy and Us uniformly distributed on (0,1), all pairwise

independent.

(ii) Compute
U, := arcsin (@)

and

| [ A=A+ Us—2U3 A 23 —2U3 00— 20 Ao +4Us Ay Ao+ A2
WU, := arcsin o 1
y —

(iii) Return the vector (Xy, X2, X3) = ST, (U, Y1, ¥s).
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CHAPTER 8

Final remarks

The Main Theorem of this thesis completes the characterization of extreme value
distributions with norms. This topic was started by Falk et al. (2004, [13])
where the D-Norm was introduced. But the question in which cases a norm is
a D-Norm was still unresolved. Two years later Falk (2006, [12]) answered this
question in the bivariate case which turns out to be much simpler then the case
of dimension 3 or higher. In my diploma thesis (Hofmann, 2006, [22]) I showed
that the condition given in Falk (2006, [12]) is not sufficient in arbitrary dimen-
sion. In this thesis I gave a necessary and sufficient condition of a norm to be a
D-Norm and therefore extreme value distributions can be expressed in terms of
norms and a new notation of extreme value distributions has been established.

As mentioned in Section 2.1 there are already different representations of a mul-
tivariate extreme value distribution. One big advantage of the representation via
a norm is the fact that norms are well-known and this yields to a representation
of an EVD every undergraduate student can understand. Also linking EVD to
norms may give more insight in EVDs using results from other mathematical

disciplines.

Furthermore as a byproduct the also open question which functions yield a
Pickands dependence function is answered since the D-Norm and the Pickands

dependence function are closely related to each other.

Besides, the Main Theorem can be used to answer an open question. It was
unclear if the condition \; > X411, 1 <7 < d — 2, for the nested logistic model
is necessary. It is established in Lemma 5.3.1 that the condition of the Main
Theorem is not fulfilled if the \; are descending and therefore this condition for
the \; is not only sufficient as already known but it is also necessary.

Michel (2006, [26]) extended the counterexample for a GPF that is not a dis-

tribution function over its whole support from dimension 3 to higher dimension

123



and from the sum-norm to the \-Norm where A is close to 1. He also raised the
question whether there is a A-Norm with A < oo that really defines a distribution
function over its whole support. This question is now also answered: there is no
A for which this is the case.

The last two chapters are independent from the Main Theorem.

In Chapter 6 we specified the left neighborhood of 0 where the GPD defines a
multivariate distribution function, namely the GPD is a distribution function on
-3.0]".

Furthermore Chapter 6 deals with the GPD-Flow based on a method to create
GPDs using random vectors coming from copulas. This approach goes back to
Buishand et. al. (2008, [7]) and was extended by Aulbach, Bayer and Falk in an
unpublished paper ([1]). Since a copula is linked to a GPD there is also a norm
(the D-Norm) linked to the copula. We determined a formula for the D-Norm
in dependency of the copula. Finally the iteration step named “GPD-Flow” was
examined in more detail and first results are obtained. It is shown that if the
GPD-Flow converges then it must be against the copula of complete dependence.
However the convergence of the GPD-Flow is still an open question. Moreover
it can be investigated for more different copulas which GPD they yield. Fur-
thermore if we want to obtain a certain copula which multivariate distribution
must be used to obtain this GPD is another open problem. There is a practical
relevance of this question. The problem of creating random numbers that follow
a GPD could then be translated to the problem of creating random numbers that

follow this multivariate distribution function.

In Chapter 7 the algorithm of creating random vectors following a GPD of the
logistic model using the Shi-Transformation as introduced by Michel (2006, [26])
was generalized in dimension 3 to the nested logistic model. Unfortunately the
Pickands density and the angular density are not easy to express for the nested

logistic model in a simple form in dimension 4 and higher.
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APPENDIX A

Definitions

Here we give several definitions used in this thesis. The source where they are

taken from are quoted.

DEFINITION A.1 (Semiring, see Halmos (1974 [20]) on page 22).
A semiring is a nonempty class P of sets such that
(i) f E€P and F € P, then ENF € P, and
(ii) if E€ P, F € P and E C F, then there is a finite class {Cy, C1, ...,Cp,}
of sets in P such that E = Cy C C; € --- C (C,, = F and
D;=C\C;_1 €P fori=1,...,n.

DEFINITION A.2 (Measurable selection, see Molchanov (2005, [27]), page 26).
A random element & with values in E is called a (measurable) selection of X if
€ (w) € X (w) for almost all w € Q. The family of all selections of X os denoted

by S (X).
DEFINITION A.3 (p-integrable selections, see Molchanov (2005, [27]), page 146).

If X is a random closed set in E, then S? (X), 1 < p < oo, denotes the family of
all selections of X from LP, so that

S"(X)=8(X)nLr,

where S (X) denotes the family of all (measurable) selections of X and LP denote
the space of random elements with values in E such that the LP-norm is finite.

In particular S* (X)) is the family of integrable selections.

DEFINITION A.4 (Selection Expectation, see Molchanov (2005, [27]), page 151).

Let X be a random closed set in a separable Banach space E. The selection

expectation of X is the closure of the set of all expectations of integrable selections,

1.€.

EX ={E{:{eSL(X).

The selection expectation is also often called the Aumann expectation.
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