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Kurzzusammenfassung

Die Untersuchung von interagierende Multiagent-Modellen ist ein neues mathematis-
ches Forschungsfeld, das sich mit dem Gruppenverhalten von Tieren beziehungsweise
Sozialverhalten von Menschen. Eine interessante Eigenschaft der Multiagentensys-
teme ist kollektives Verhalten. Eine der herausfordernden Themen, die sich mit diesen
dynamischen Modellen befassen, ist in der mathematischen Sicht eine Entwicklung
der Regelungsmechanismen, die die Zeitevolution dieser Systemen beeinflussen kon-
nen.

In der Doktorarbeit fokussieren wir uns hauptsichlich auf die Studie von Proble-
men der Steuerbarkeit, Stabilitdt und optimalen Regelung fiir Multiagentensysteme
anhand drei Modellen wie folgt: Das erste ist die Hegselmann- Krause opinion forma-
tion Modell. Die HK-Dynamik beschreibt die Anderung der Meinungen von einzel-
nen Personen aufgrund der Interaktionen mit den Anderen. Die Studie dieses Model
fokussiert auf bestimmte Regelungen, um die Meinungen der Agenten zu betreiben,
damit eine gewiinschte Zustimmung erreicht wird. Das zweite Model ist das Hei-
der social balance (HB) Modell. Die HB-Dynamik beschreibt die Evolution von
Beziehungen in einem sozialen Netzwerk. Ein Ziel der Untersuchung dieses Systems
ist die Konstruktion der Regelungsfunktion um die Beziehungen zu steuern, damit
eine Freundschaft erreicht wird. Das dritte Modell ist ein Schar-Modell, das in biol-
ogischen Systemen beobachteten kollektive Bewegung beschreibt. Das Schar-Model
unter Beriicksichtigung beinhaltet Selbstantrieb, Friktion, Attraktion Repulsion und
Anpassungsfihigkeiten. Wir untersuchen einen Regler fiir die Steuerung des Schar-
Systems, um eine gewiinschte Trajektorie zu verfolgen. Ublich wie alle dieser Systeme
soll laut unsere Strategie ein Hauptagent, der sich mit alle anderen Mitgliedern des
Systems interagieren, hinzugefiigt werden und das Regelungsmechanismus inkludiert
werden.

Unserer Regelung anhand dem Vorgehen mit Fiihrungsverhalten ist unter Verwen-
dung von klassischen theoretischen Regelungsmethode und ein Schema der modell-
pradiktiven Regelung entwickelt. Zur Ausfiihrung der genannten Methode wird fiir
jedes Modell die Stabilitdt der korrespondierenden Linearsystem in der Nahe von
Konsensus untersucht. Ferner wird die lokale Regelbarkeit gepriift. Nur in dem
Hegselmann-Krause opinion formation Modell. Der Regler wird so bestimmt, dass die
Meinungen der Agenten gesteuert werden konnen. Dadurch konvergiert es global zu
eine gewiinschten Zustimmung. Die MPC-Vorgehensweise ist eine optimale Regelung
Strategie, die auf numerische Optimierung basiert. Zu Verwendung des MPC-Shema
werden die optimalen Regelungsproblemen fiir jedes Modell formuliert, wo sich die
objektive Funktionen in Abhéngigkeit von den gewiinschten objective des Problems
unterscheidet. Die erforderliche Optimalitdtsbedingungen erster Ordnung fiir jedes
Problem sind préasentiert. Aufserdem fiir die numerische Prozess, eine Sequenz von
offenen diskreten Optimalitdtssystemen ist nach dem expliziten Runge-Kutta Schema




gelost. In dem Optimierungsverfahren ist ein nicht linear konjugierter Gradientloser
umgesetzt. Schlieflich sind numerische Experimenten in der Lage, die Eigenschaften
der Multiagent-Modellen zu untersuchen und die Fahigkeiten der gezielten Regel-
strategie zu beweisen. Die Strategie nutzt zu betreiben Multiagentensysteme, um
einen gewiinschten Konsensus zu erreichen und eine gegebene Trajektorie zu verfol-
gen.




Abstract

The investigation of interacting multi-agent models is a new field of mathematical
research with application to the study of behavior in groups of animals or community
of people. One interesting feature of multi-agent systems is collective behavior. From
the mathematical point of view, one of the challenging issues considering with these
dynamical models is development of control mechanisms that are able to influence
the time evolution of these systems.

In this thesis, we focus on the study of controllability, stabilization and optimal con-
trol problems for multi-agent systems considering three models as follows: The first
one is the Hegselmann Krause opinion formation (HK) model. The HK dynamics
describes how individuals’ opinions are changed by the interaction with others taking
place in a bounded domain of confidence. The study of this model focuses on de-
termining feedback controls in order to drive the agents’ opinions to reach a desired
agreement. The second model is the Heider social balance (HB) model. The HB
dynamics explains the evolution of relationships in a social network. One purpose
of studying this system is the construction of control function in oder to steer the
relationship to reach a friendship state. The third model that we discuss is a flock-
ing model describing collective motion observed in biological systems. The flocking
model under consideration includes self-propelling, friction, attraction, repulsion, and
alignment features. We investigate a control for steering the flocking system to track
a desired trajectory. Common to all these systems is our strategy to add a leader
agent that interacts with all other members of the system and includes the control
mechanism.

Our control through leadership approach is developed using classical theoretical con-
trol methods and a model predictive control (MPC) scheme. To apply the former
method, for each model the stability of the corresponding linearized system near con-
sensus is investigated. Further, local controllability is examined. However, only in the
Hegselmann-Krause opinion formation model, the feedback control is determined in
order to steer agents’ opinions to globally converge to a desired agreement. The MPC
approach is an optimal control strategy based on numerical optimization. To apply
the MPC scheme, optimal control problems for each model are formulated where the
objective functions are different depending on the desired objective of the problem.
The first-oder necessary optimality conditions for each problem are presented. More-
over for the numerical treatment, a sequence of open-loop discrete optimality systems
is solved by accurate Runge-Kutta schemes, and in the optimization procedure, a
nonlinear conjugate gradient solver is implemented. Finally, numerical experiments
are performed to investigate the properties of the multi-agent models and demon-
strate the ability of the proposed control strategies to drive multi-agent systems to
attain a desired consensus and to track a given trajectory.
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Chapter 1

Introduction

In recent years mathematical models of multiple interacting agents have been increas-
ingly investigated. These models are inspired by systems observed in biology and life
science, as for instance, collective motion of birds, school of fishes, and motion of
group of animals, as well as of cells that are attracted by a chemical substance. Also
human social behavior is intensively studied by means of multi-agent systems.

From the mathematical point of view, the dynamics of multi-agent systems poses a
wealth of questions concerning stability, synchronization, and phase transition of the
formed structures [37]. On the other hand, research on these systems essentially re-
lies on computer simulation that requires the development of accurate discretization
schemes and their analysis. In addition, in application there is the important issue
of controlling these systems to attain given objectives, for example, a group of birds
moving toward food sources, people making decision to vote a political party, etc. In
many situations, only few individuals are aware of a given task and thus convergence
to consensus of the whole group is relevant. For this propose, observation in nature
and computer simulation suggest that a hierarchical group dynamics is fundamental
for coherent control of multi-agent systems [66]. In particular, this hierarchical lead-
ership concept is discussed in [3, 13, 16, 33, 39, 75, 82, 83|, where an external leader
is considered that interacts with all member agents giving rise to aggregation states
and convergence towards consensus.

This thesis contributes to the mathematical investigation of multiple agent systems
focusing on the modeling of a new control mechanism based on hierarchical leader-
ship in the sense that the control function does not apply directly to all agents but
indirectly through the interaction with a controlling leader. In particular, we aim at
studying the stabilization, controllability, and optimal control problems with multi-
agent dynamical systems based on leadership.

The main focus of this work is to investigate control strategies for three representative
multi-agent models outlined as follows:
The first model that we consider is the opinion formation model known as the
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Hegselmann-Krause (HK) model where the evolution of the opinion depends on in-
teractions among the agents taking place in a bounded domain of confidence; see |51].
We consider the HK model with leadership where the control function is implemented
on the leader dynamics. We develop a feedback control to globally achieve the con-
sensus and then discuss local controllability. Moreover, we investigate an optimal
control problem governed by the HK model with given objectives.

The second multi-agent model that we consider is the Heider social balance (HB)
model describing the dynamics of social balance. The key concept of the social bal-
ance according to the Heider theory is defined based on the relation of triads of people
represented as graphs, where each node represents an individual and edge connect-
ing two people represents their social relation. To each edge, a value corresponds
to friendship or hostility: positive values represent a friendly relationship, while, a
negative value corresponds to a conflicting relation. Our purpose is to investigate an
optimal control strategy for the continuous time Heider balance model proposed in
[55]. For the control strategy, an additional ‘reference’ agent enters in the network
with a connection to all people of the network. This agent acts on the network by
modifying the values of the edges that connect to it with the purpose to attain a
desired objective. However, in this case, the control functions represent the values
of the edges connecting to the reference agent, while in the HK model the control is
implemented in the leader agent.

The third multi-agent model that we investigate is a refined flocking model that in-
cludes self-propelling, friction, short-range repulsion, long-range attraction, and align-
ment features. This model draws primary references on [8, 9, 27, 56, 58, 78|, that
have been continuously refined by numerous researchers by introducing additional
interaction forces to explain different observed behaviors in real multi-agent systems;
see [1, 24, 25, 64]. On the other hand, the presence of a leader in flocking has been
considered in, e.g., [3, 33, 75]. Based on a refined flocking model, we develop an
optimal control scheme where the control mechanism is implemented on the leader of
the flock and the control action applies to all agents through the mutual interaction
mechanism. The purpose of constructing the control strategy is to steer the evolution
of flocking to converge to group pattern or track a desired trajectory.

Summarizing, the main purpose of this thesis is to model and validate a new im-
plementable and effective control strategy that accommodates model nonlinearities
and different optimization objectives for multi-agent systems that include most of the
recently proposed interaction mechanisms.

This thesis consists of three main parts. In the first part, we discuss the control
strategies in order to steer the system to attain consensus for multi-agent systems
focusing on HK, HB, and flocking models that can be put in the following general




Introduction

control affine form,
x = f(x)+ Zgi(x)ui, (1.1)
i=1

where x is state of the system. The control variable u; represents an external input
that is able to influence the evolution of the state variable. The vector field f(x)
describes the free dynamics. The vector fields ¢;(x), . .., gn.(X) are the control vector
fields. However, in our study the vector field g;(x) are constant. Therefore, the system
(1.1) can be simplified by introducing a control matrix, say B. The system (1.1) can
be written as follows

x = f(x) + Bu. (1.2)
Additional issues like stability, controllability are also considered in this part.

In the second part, we consider the formulation of optimal control problems for the
multi-agent systems. A control can be required to achieve a target configuration and
to follow a desired trajectory. This optimal control problem can be formulated as
follows

. 1 T 5
win Jocw) = gI(T) = x| 160+ SOl (13
subject to %X = f(x)+ Bu(t), te]0,7],
x € H'((0,T); R™), uc U= L*(0,T);R™).

We consider a tracking functional of the agents’ trajectories that includes the cost of
the control function. The first tracking term in (1.3) measures the tracking error to
the given configuration with respect to a desired target position. The second term
of the objective functional, [(x) represents a functional of trajectory. The resulting
optimization problem with a differential constraint given by the multi-agent model is
solved using the adjoint method where the solution to the optimal control problem is
characterized by the solution of the optimality system that consists of the multi-agent
model, the related adjoint equations, and an optimality condition.

The third part of this thesis is dedicated to numerical analysis of optimal control prob-
lem. The multi-agent optimality system is discretized with a Runge-Kutta scheme
that is appropriate to compute an accurate gradient required in the implementation
of an efficient conjugate gradient solution process [47, 50, 49]. We remark that this
solution process solves an open-loop control problem in a finite time horizon. In or-
der to construct a closed-loop control procedure, we consider a sequence of open-loop
control problems on subsequent time intervals such that the final state of the multi-
agent system at the end of one interval represents the initial state for the next interval.
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Specifically, we implement an instance of the model predictive control (MPC) strat-
egy |44, 62|.

This thesis is organized as follows:

In Chapter 2, we provide an overview of multi-agent models that is central to the
study in this thesis. Specifically, we illustrate Hegselmann-Krause opinion formation
(HK) model in Section 2.1. We discuss the Heider social balance (HB) model in Sec-
tion 2.2. In Section 2.3, we discuss a new flocking model that includes self-propelling,
friction, attraction and repulsion, alignment features, and the presence of a leader.
The main focus on this chapter is to present a description of multi-agent models to-
gether with theoretical concepts corresponding to the existence of solutions of these
systems. Moreover, results of numerical simulation of each model are shown to in-
vestigate the behavior of the model and considering different ranges of values of the
parameters that characterize the model.

In Chapter 3, we start with a discussion of essential concepts of controllability and
stabilization for the general system (1.2), which are used in this thesis. In Section 3.2,
we formulate a control problem for the HK model and a feedback control function is
developed for purpose of global stabilization which is the main result of this chapter
as seen in Theorem 7. Further, local controllability is investigated. In Section 3.3, we
discuss local stability of a linearized HB system and then local controllability of the
HB model is examined. In the last section of this chapter, we discuss the stability
of flocking model. In particular, consensus in collective motions is investigated. This
section is completed by investigating local controllability of our refined flocking model.

In Chapter 4, an optimal control of multi-agent systems is formulated. We discuss
theoretical issues regarding existence of optimal controls and corresponding first-
order necessary optimality systems, which are the main results of this chapter. In
particular, the existence of an optimal control is proved in Theorem 8 and the cor-
responding first-order necessary optimality system is proved in Theorem 9. Optimal
control problems for HK, HB, and our flocking models are discussed in Section 4.2,
Section 4.3, and Section 4.4, respectively. Corresponding to different models, dif-
ferent objective functionals are considered. Existence of minimizers and first-order
necessary conditions are derived by using the theoretical results proved in Section 4.1.

In Chapter 5, we discuss two main numerical issues. In Section 5.1, a Runge-Kutta
discretization scheme is investigated that guarantees a high-order accuracy of the
numerical solution to the optimality system. In Section 5.2, we discuss a model pre-
dictive control strategy and a nonlinear conjugate gradient optimization procedure.

In Chapter 6, results of numerical experiments are presented to validate the ef-
fectiveness of the leader-based control strategy. In Section 6.1, we start illustrating
the numerical results of the HK system with a leader and global stabilizing feedback
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control. Further, numerical solution obtained from MPC is presented. In Section 6.2,
numerical results of optimal control problems for the HB model are illustrated. In
Section 6.3, we present results of numerical experiments for a refined flocking model.
An appendix with frequently used results is included in this thesis. A section of con-
clusion completes this thesis.

Parts of the results discussed in this thesis can be found in the following publications

1. Alfio Borzi and Suttida Wongkaew. Modeling and control through leadership of a
refined flocking system, Mathematical Models and Methods in Applied Sciences,
25.02, (2015): 255-282.

2. Suttida Wongkaew, Marco Caponigro, and Alfio Borzi. On the control through
leadership of the Hegselmann Krause opinion formation model, Mathematical
Models and Methods in Applied Sciences, 25.03, (2015): 565-585.

3. Suttida Wongkaew, Marco Caponigro, Krzysztof Kutakowski and Alfio Borzi.
On the control of the Heider balance model, accepted to the European Physical
Journal Special Topics (EPJ-ST).
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Chapter 2

Multi-agent models

In recent years, there has been a growing interest in the understanding and modeling
of multi-agent systems that are observed in biology, ecology, physics, social sciences,
and other occurrences of evolution systems; see, e.g., [10, 71| for reviews, and see
[10, 14, 18, 34, 35, 40, 57, 73, 85] for specific examples of multi-agent systems. Fur-
thermore, the investigation on multi-agent models has boosted recent technological
developments in the construction of multi-agent systems as communication networks
and swarming robots [61, 79]. These systems play an important role in the under-
standing of many natural collective phenomena that result from basic agent-to-agent
interaction rules; see [23, 37| and references therein. A study of a set of agents inter-
acting with a continuum can be seen in reference |31].

In this chapter, we introduce representative multi-agent models that are the focus of
this thesis. In Section 2.1, we consider a model of opinion formation. Next, in Section
2.2 a nonlinear dynamic of social balance focused on Heider theory is discussed. For
both models the problem of steering a group of agents to a desired common state by
exploiting a leader is addressed in the next chapter. In Section 2.3, we give an overview
of collective models and formulate a new feature of the flocking model that includes
self-propelling, friction, attraction, repulsion and alignment features and specially the
presence of a leader.

2.1 The Hegselmann-Krause opinion formation model

The fact that social networks have significant effect on people behavior and on their
opinions motives the investigation of the dynamics of using mathematical models; see
[11, 12, 67]. In general, systems describing a great variety of network-structured phe-
nomena stem from agent-based models as seen in [12, 13, 14, 18, 20, 21|. In particular,
one of the most representative classes of agent-based models explaining phenomena
in social sciences is the class of the opinion formation models; see, e.g., [38, 51, 77]
and |2, 11, 39, 59, 60, 82| for further developments.
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In this thesis, we focus on the Hegselmann-Krause (HK) model [51] where the evolu-
tion of the opinion depends on interactions among agents taking place in a bounded
domain of confidence. In this model, the system of N interacting agents whose opin-
ions are located in R? is given by

N

) = Y ay(af(t) —25(t),  for b=1,.,N, (2.1)
=1
J#b

with given initial positions z'(0) € RY, for b=1,..., N. The state of the system,

representing the agents’ opinions is denoted by x°f = (29f, ..., 2%) € R4V,

In the dynamics (2.1), Zjvzl apj (2t — 237) is the weighted value of confidence. The
key idea of the HK model is that each agent updates his opinion by averaging the
opinions of his neighborhoods with the following factor

ay; = a(||z5' () — 25 (1)),

given by a function a(p) : [0,00) — [0, 1] of the distance p between the position of his
opinions and representing the interaction rate dependence on the limited confidence
domain. The function a = a(p) is given by the following smooth-cutoff function

L, 0<p<yo,
a(p) = a(p;d,e) = < »(p), 6 <p<(d+e), (2.2)
0, (0+e) <p,

where ¢ is the bounded confidence distance and the function
(p) 0,0+ = 10,1, () =1, ¢ +¢)=0, (2.3)

is a decreasing smooth function, and ¢ > 0 is a parameter of the HK model that
defines the width of the region where the cutoff function decays to zero. An example
of smooth-cutoff function is given as follows

Example 1. The smooth-cutoff function for the HK model is given by

1, 0<p<9,
alp) =alpide) = § t+itanh (G+=hs),  d<p<(@+e)
0, (0+¢) <p.

where p is the distance between position of agent’s opinion and ¢ is the confidence
interval.
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The smooth-cutoff function
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Figure 2.1: An example of the smooth-cutoff function with ) =4 and ¢ = 2.
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Figure 2.2: Numerical results with the opinion formation model with 50 interacting
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In Figure (2.2) we plot the time evolution of the HK model for given initial values

298(0), b = 1,..., N, and we have ¢ is confident interval. The opinions xp'(¢),b =
1,..., N, converge to some limit opinion configuration, z¢™ in finite time, that is, for

each agent b, there exists time ¢, > 0 such that
(1) = 2, Vit >ty

In the following, we introduce the control of the HK model where the control mech-
anism is implemented on the dynamics of the leader. The equations are governed by
the following,

g () = u(t), (2.4)

y'c‘gf(t) = Zabj(:z:;?f(t) — x‘gf(t)) + cb(:cgf(t) - a:gf(t)), for b=1,...,N,

with given initial positions z¢'(0) € R?, for i =0,1,..., N. The state of the system,
representing the agents’ and the leader’s opinions is x°f = (zgf, 2%, ..., 2%f) € (RY)N+1 |
We denote the leader by the index 0 and with the index b =1,..., N, we denote the
N agents. The control u°(¢) is a measurable function and belongs to the following
set,

U = {u°f € L>=([0, T];RY) : [|[u||o < M}.

The first term in the dynamics (2.4), Zjvzl apj(z§f — 29") comes from the original HK
model defined in (2.2). The second term in the dynamics (2.4) models the action
of the leader on the b-th agent. A leader can be defined as one agent with a high
level of confidence and self-esteem, that has the ability to withstand criticism, so that
its dynamics is not influenced by the other agents’ opinions. The influence of the
opinion of the leader on the group opinion in decision making is given by the term

cp(zgf(t) — 285(t)). The parameter

cp = 79|25 — ), (2.5)

represents the rate of relationship between the leader and other agents, where ¢ :
[0,00) — (0,1] is a smooth non-increasing positive function such that ¢(0) = 1 and
limg o ¢(d) = 0, and where the strength of the opinion leader is represented by the
parameter v > 0. In other words the leader has the ability to influence every agent
with a factor that is inversely proportional to its distance from the agent.

2.2 The Heider social balance model

The social balance theory proposed by F. Heider [52, 53] attempts to model how
people develop their relationships with other people and with objects in their envi-
ronment based on a cognitive consistency motive that drives toward psychological
balance. This motive urges to maintain one’s values and beliefs over time resulting

10
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(b) Community structure in techno-

(a) A simple graph with three com- logical networks

munities

Figure 2.3: Figure(a) and Figure(b) show a social network and community structure
in technological networks, respectively, [42].

in the preference to have a balanced state where the affect valence in the system
multiplies out to a positive result. Specifically, in the relation of three people, bal-
ance state occurs when all sign multiplication of sentiment relations is positive. In
this way, balance state will occur when there are sentiment relations with signs all
positive or two negatives and one positive. We refer to sentiment relation between
two people as a linking edge to which a positive value is associated in the case of
friendship or otherwise a negative value in the case of hostility.

In a system of many people, the concept of social balance is related to the balance
of each triad consisting of friendly and hostile edges. The resulting system can be
investigated in the framework of network dynamics by using mathematical modeling
based on agent-based simulation and in the framework of graph theory where nodes
represent individuals and their links represent relationships; see [4, 5, 6, 63, 69] for a
partial list of references on these approaches.

From a mathematical point of view, it is certainly advantageous to consider the con-
tinuous time Heider balance system [55]. In fact, in this case powerful tools for the
investigation of the dynamics of this system can be applied; we refer to [55, 63| for
some fundamental results and to [5, 6, 63, 83| for further development and applica-
tions.
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The Heider social balance (HB) model involving N agents is proposed in [55]. This
model is as follows

PP = th,ﬁx}g?, i,j=1,.,N,and i#j,  (2.6)
k;ﬁz,j

with given initial Cond1t10ns P (to) = x45;, and the indices i, j represent individuals

in the network and z! i beR denotes the relationship between the agents 7and j. A
positive value of xw represents friendship; conversely, a negative value of %’j expresses
hostility. We have

1, if i and j are friends,
sign(z hb) = 0, if i and j have no relationship, (2.7)
-1, if i and j are enemies.
We notice that in the dynamics given by (2.6), z;> = 0 and we assume that each

agent is connected to all agents in the network, that is, the social structure can be
seen as fully connected graph, and m?jb = x?}) for any ¢ and j.

The function ¢: R — R in (2.6) is defined as follows

o R) = (1 _ (x?ﬂb)z) , R>0. (2.8)

N —2 R?
A value c(z}};
merical simulation. Without this term the value z
others and leads the system to unbounded state.

R) := ¢;; is added to system for sake of avoiding the difficulty in nu-

?jb would diverge much faster than

Notice that in a fully connected network with N nodes, the total number of relations
N, and triads of relations Na are given by

N, - YW1 2.9)
Ny = NV-DN-)

respectively. In the following, we present the control of the HB model where the
controlling agent is linked to all agents of the network. The resulting system of
relationship of /V interacting agents together with one reference agent is governed by
the following set of differential equations

i (t) = ui”(t) (2.10)

hb 1 (zp)? Y LA b hb__hb

. 1/] . .

CC(t) = m 1— R2 kxkj +7x01x0_j7 fOY Z,] :1,...,N7
k=1
k#i,j

12
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balanced unbalanced

Figure 2.4: Balanced and unbalanced state of triads with full and dash lines represent
friend and hostility, respectively, [69]

with given initial relationships z7(t,) = 2(0). The index 0 denotes the leader,
and the index i denotes the i-th people in the network. The variables ziP, i =
1,..., N, denote the relationships between leader and the other people, while the x?jb
represent the relationships between people in the community. The function u(¢) €
L3([0,T],R) represents the control and the parameter v > 0 is added in order to

N+1)N
avoid divergence of states. We notice that the model (2.10) now has N, = W+ DN

equations, whereas N, = N equations are related to the controlling links. Denote
with N,. = N, — N,.

2.3 Flocking models

Flocking models are well-known multi-agent models describing the collective behavior
of a large aggregation of animals. The motion of the individuals in the group is the
consequence of two natural behaviors. On the one hand, animals desire to stay close
to the group. On the other hand, when they stay too close, they try to keep distance
in order to avoid collision with other individuals. Reynolds observed these behaviors
and developed the collective motion consisting of three fundamental characteristics
of collective motion known as cohesion, separation, and alignment rules.

1. Cohesion: An agent attempts to stay close to others in the group,
2. Separation: Agents avoid collisions with neighbors,

3. Alignment: Each agent attempts to match its velocity with others.

13
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(a) A school of fishes

(b) A flock of birds

Figure 2.5: Collective motion observed in nature. Figure(a) shows mills in school of
fishes. This picture is form [http://kanso.usc.edu/|. Figure(b) illustrates the flock of
birds. This picture was taken by Christoffer A Rasmussen on 26 September 2007.

Recently, there has been a surge of interest in mathematical models of flocking systems
based mainly on these three fundamental forces. These forces become predominant
each on a different region, in other words, there are three fundamental regions of
influence as follows:

Regions of influences,

1. The repulsion region this region is characterized by the tendency of an agent
of moving apart from another agent within a certain distance in order to avoid
collision.

2. The alignment region the agent tries to identify the possible direction of the
group and matches its velocity with that of other individuals in the group.

3. The attraction region this is the outer region which models the influence of
inherent socialization in agents. That is, when an agent feels itself too far apart
from the group, it will try to join the group.

A three-zone model corresponding to these regions of influence contains three interac-
tion mechanisms: short-range repulsion, alignment, and long-range attraction. This
model draws primary references on [8, 9, 27, 56, 58, 78], and further continues refine-
ment by numerous researchers by introducing additional interaction forces to explain
different observed behaviors from real multi-agent systems in nature; see [1, 25, 24, 64].
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ATTRACTION

Figure 2.6: Regions of influences, Ref. [23]

Next, we present a brief description of a representative flocking model starting with
self-propelling and friction mechanisms.

2.3.1 A self-propelling and friction model

Consider a group of agents with the following equations of motion

imo= o (2.11)
o = (o — BlvmP)vim + M, for b=1,...,N.
where ™ v € RY represent the position and velocity of b-th agent, for b =1,..., N,
where d is the space dimension. The notations #™ and 9™ represent the derivatives
of zi™ and vf™ with respect to time t. The index b stands for the b-th agent of the
flocking system.

The term (o — Blvf™||?)vi™ represents self-propelling and friction force. A notation
| - || stands for the Euclidean norm. The parameter o« > 0 models self-propulsion of
agents, whereas the parameter S > 0 corresponds to the presence of friction given by
Rayleigh’s law. In the case that only the term (o — B|[vf™||*)vi™ appears as a force
acting to the system, then the motion of the agent develops towards a balance of the
propelling and friction forces such that the asymptotic speed of each agent takes the

a

value |[v]| =, /%, independently of the orientation.

The force M, : (R?)N — R? represents short-range and long-range interaction between
agents. This force draws primarily on the work [37]| and is given as follows

1 m m
Mb:—NvagmU(nxg —z),  for b=1,..,N, (2.12)
j#b
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where V,U(||z — y||) denotes the gradient of U with respect to z. The function
U : R x R? — R represents the following Morse potential

—Pbj

Upj == Ulpy;) = —Cae%éj +Cre i | (2.13)

where py; = |lzp™ — 2i|| is the Euclidean distance between the b-th agent and the
j-th agent, the coefficients C, and C define the attractive and repulsive strengths,
respectively, and [, [, are attractive and repulsive length scales, respectively.

The derivative of the Morse potential is evaluated as follows

D VemUlpyy) = D Vo (—Cae_ffj +Ore—lp:,j)

J7b J7b
_ Z (:L‘gm — x§m> o <_Cae_lp(1bj . Cre_libj>
T Pbj Ipij
j#b Pbj la lr

In the case of Morse potential, the patterns of aggregation depend on the values of the
coefficients C' = C,./C, and [ = [,/l,. The different behaviors of flocking observed
in two dimensions are classified by using the concepts of H-stability phase diagram
[37] corresponding to the choice of coefficients C' and I. We have four cases discussed
below.

1. C, > C, and [, > ,.
In this case, repulsion has greater magnitude than attraction. This means that
repulsive force dominates and leads to the fact that agents are repelled from
others at all distances. As a consequence, a social aggregate would not exist.

Morse Potential
T T

ial (Up)

00 300
distance 5]

(a) Potential Function (b) Attractive and repulsive force

Figure 2.7: Figure(a) depicts a Morse potential function with C, = 50,C, = 20,1, =
20 and I, = 10. Figure(b) shows comparison between attractive and repulsive forces
where dash and full lines represent attractive and repulsive force, respectively.
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2.

otential(U;))

il Nl %Z/ » ﬁ
N 7 ,
i;*;\”\ Fa

I3 / i
10 == li:g Bl
= o o>
T _° - S~ 9;% i

1 AH

50 LL I I I

Figure 2.8: Motion representing with the choice C,. > C, and [, > [,.

C.<C,and l, >,

It can be seen that attraction dominates close to the origin, conversely, repulsive
force dominates at large distance. Consequently, agent would either flee away
from each other or collapse to a point.

Morse Potential c
T T T T

50 60 70 80 %0 100 (] 10 20 30 40 50 60
istancel(;) Distancef ()

(a) Potential Function (b) Attractive and repulsive force

Figure 2.9: Figure(a) shows a Morse potential function with C, = 20, C, = 50, [, = 20

and [,

= 10. Figure(b) shows comparison between attractive and repulsive force where

dash and full lines represent attractive and repulsive force, respectively.
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3.

tial(U;))
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Figure 2.10: Motion representing with the choice C, < C, and [, > [,.

C,<C,and (, <,

In this case attraction is always stronger that repulsion.

Therefore, agents

always get closer to each other. Thus, we expect that the equilibrium state to

be a tight cluster.

Morse Potential
T T T

50
istance(;)

(a) Potential Function

‘Comparison between attractive force and repulsive force
T T T T T T T

(b) Attractive and repulsive force

Figure 2.11: Figure(a) shows a Morse potential function with C, = 60, C, = 100, [, =
50 and [, = 100. Figure(b) shows comparison between attractive and repulsive force
where dash and full lines represent attractive and repulsive forces, respectively.
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Figure 2.12: Motion representing with the choice C, < C, and [, < [,.

4. C. > C, and [, <,
This case results in short-range repulsion and long-range attraction. It is the
most interesting case since short-range repulsion and long-range attraction are
biologically relevant. Here, the potential has a global minimum and an equilib-
rium spacing (d,.;,) between two agents exists; therefore, the pattern of aggre-
gation is formed.

Morse Potential C ison between attractive force and repulsive force
T T T T T T T T T T

tial(U(;))

50 60 70 80 %0 100 ( 20 30 40 50
Distance(;) 7T 7T Distancel )

(a) Potential Function (b) Attractive and repulsive force

Figure 2.13: Figure(a) shows a Morse potential function with C, = 10,C, = 5,1, =5
and l, = 20. Figure(b) shows comparison between attractive and repulsive force
where dash and full lines represent attractive and repulsive forces, respectively.
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Figure 2.14: Motion representing with the choice C, > C, and [, < [,.

: 1 ) ]‘(; ‘r
:. H-stable
]
T | catastrophic
i /HX H-stable Vi
O
A'\SL/, | a
PV ) Lk =1
| Wl SR | T —
PEN) VIT
C=1 C=0C/Cy

Figure 2.15: Classification of different regions of collective motion of (2.11), [37].

It can be seen in the stability diagram given in Figure 2.15 that regions are divided
into two main parts. On the one hand, H-stable regions corresponding to parameters
C and [ where Cl1¢ > 1 are placed in region V and VI. In region V, the potential
function has no local minimum at finite inter-agent distance. It is the case of net
repulsive behavior and cohesive group structure is not observed. In regions VI, we find
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the most interesting dynamics since short-range repulsion and long-range attraction
are obtained. On the other hand, H-unstable or catastrophic region is related to
Cl¢ < 1. In this case, when agents stay initially well separated, then they tend to

o
move rotationally with constant speed ||v|| = i Further, single or double mills are

observed.

2.3.2 The Cucker-Smale model

The Cucker -Smale model (CS) concerns the orientation of the agents’ velocities
[35, 36]. It is the extension of the three-zone model. The key idea of this model
stems from the observation that each agent adjusts its velocity based on a weighted
average of the relative velocities of the other agents in the flock. The CS system has
the following structure

Ty =
N
1
o= NZwagm—xgmu)(vgm—ugm>, for b=1,..,N,
v

(a2 + y2)°
tween agents and parameters v, «, and o > 0.

where K(y) = is a connectivity function depending on the distance be-

Connectivity Function
1 T T T

K(d)

0.3 -

0.2 -

10 20 30 40 60 70 80 90 100

50
distance (d)

Figure 2.16: illustrates the connectivity function with parameters v =1, a = 1, and
oc=0.2

With given initial conditions the solution to the Cucker-Smale (CS) model depends on
the parameters v, a and o, that is, if ¢ < %7 then the velocities vi™ tend asymptotically
to a common limit v* as can be seen in the following theorem; see also in references
[19, 20, 35, 36, 45, 46].
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Theorem 1. (Unconditional consensus emergence)[20, 45/

Let (z™(t),v™(t)) € C'(]0,00); RICN)) be the solution of the Cucker-Smale system

and for b=1,..., N, we define

Xaax(t) = max|zy"(t) =" (O), Xy
Vaax(t) = max|o,*(0)], Vi = V(0).

Then one of the following holds,

e if0<o< %, then
< VO e KN 3) > 0,

max

Vinax(t)

o ifo= %, then

lim Viax () = 0.

t—o0

Consider the symmetric bilinear form

B(u,v) = ﬁ Z(ul —u;,v; — v;) = %Z(u“vl) — (@,
X(t) = B(z(t),z(t), V(t)=B(v(t),v(t))

Theorem 2. (Conditional consensus emergence)[20, 45].
Let (xfm, vfm) € RN xRN be such that Xo = B(xf,

/OO a(V2Nr)dr > \/Vj.

Then the solution with initial data (x™ vi™) tends to consensus.

= X(0),

2

v

zim) and Vo = B(vE®

,vim) satisfy

ot Dy oy
%@5/%{/ gzﬂ %;//;‘//4'
/ P/ s 2
/%%?//// R
o 2

(a)a:0.2 (b)o‘:5

Figure 2.17: Results of numerical experiments with the CS model with different choice
of the parameter o. Figure(a) and Figure(b) show results with 0 = 0.2 and o = 5,

respectively.
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2.3.3 A refined flocking model

In this section, we present a modified flocking model which is a combination of three
fundamental behaviors of interacting agents, that is self-propelling, friction, short-
range repulsion and long-range attraction, and alignment. Furthermore, an external
leader is included in the system. A refined flocking dynamical system of N interacting
agents with one leader in R, where d is the space dimension, is presented as follows

iim = (2.14)

Ulf,m = Sb+Mb—|—Eb, for bzl,...,N,

where ™ v € R? represent the position and velocity of b-th agent, respectively,

for b=1,..., N. The indices b denote the b-th agent of the flocking system. The first
term in the dynamics system S; represents self-propelling and friction force presented
as

Sy = (o — Bllo™*)wi™, for b=1,...,N. (2.15)

The second terms, M, is related to short-range repulsive and long-range attractive
forces.

M, = —% SOV ([l — 2], for b=1,..,N. (2.16)
J#

The force E, is concerning the orientation of the agent’s velocities based on the fact
that a bird moving with sufficiently large velocity v will react only to birds observed
within a conic-shaped observation domain. This force is modified version of the
Cucker-Smale model. Notice that symmetry of the CS force leads to a conservation
of momentum that is not observed in a flock of birds [1]. The reason is the existence
of a blind zone. To explain this fact, consider the case of two agents such that the
1% agent tries to follow the 2"¢ agent who is unaware of this fact and thus it does
not respond to the 1°% agent. To correct the CS model for this limitation, in [1] a
vision cone is added. That is, an agent at position x moving with velocity v will
react only to agents at position y observed within a conic-shaped domain defined by
cos(y — x,v) € (d2,d1), where the constants 6; > d, are given. As a consequence, the
CS connectivity function is replaced by the following

K(x—y,v) = ! g<@_x) U>,

(L4 llz =yl?)7 7 \lly =zl [l

where the vision cutoff function ¢ is given by

0, it =z S 627
g(z) = % — %tanh (2_152 + z—151> , if 0y <2<y,
17 lf V4 Z 51
o <y—§(3,U> ’
ly — z||[v]]
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where (-,-) is the scalar product in Euclidean space. The alignment forces are given
by

1 7 m m _ fm m m
Ebzﬁél((xf) — 2 o) (U™ — ), for b=1,...,N. (2.17)
J

s N
Observation\
\

cone \\
e \
\

\
=" Pertphery l

Figure 2.18: Cone of vision for a bird, Ref. [1]

Next, we present the control of the refined flocking system with the presence of leader
given by

T (t) = v (t), (2.18)
" (t) v (1),

B (t) = Sp+ Mo+ Eo+u™(t),

0 (t) = Sy+ My + Ey+ Ly, for b=1,...,N,

fm ,,fm

where ™ ™ € R? represent the position and velocity of i-th agent, respectively,
for  =0,1,..., N. The index 0 refers to the leader and the indices b denote the b-th
agent of the flocking system. The function u™ : [0, 7] — R? is control function. In
this case, the control strategy is implemented on the dynamics of velocity of leader
for the purpose of force the flocking to reach the group pattern or follow the desired

trajectory.

The first term in the dynamics system S; represents self-propelling and friction forces
defined in (2.15), that is,

S; = (o — Bl )™, for i=0,1,...,N. (2.19)

The force M; is related to short-range repulsive and long-range attractive forces as de-
fined in (2.16). The force E; corresponds to alignment and its structure was addressed
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in (2.17). Now, our flocking system is included a leader; hence, we have

1

o fm fm
J#i
1 ~
E, = o1 2 K(xgm—xﬁm,vfm)(vﬁm—vfm), for 1=0,1,..,N. (2.21)
jF#

Finally, the force L, in (2.18) models the action of the external leader. For this
purpose, we consider the approach in [7] where the formula of the attraction-repulsion
with the leader is given by

Ly= - VmU(Jef —2),  for b=1,..,N, (2.22)

where the leader diversity with respect to the group is represented by the interaction-
strength parameter v; > 0, while a similar Morse potential U with different attractive
and repulsive coefficients, C?, C°, 19, and [°, are used. Because of the different coeffi-

cients, we have different attractive and repulsive strengths and length scales between
the leader and the agents in the flock.
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Controllability and stabilization of
multi-agent systems

In this chapter, we study controllability and stabilization of multi-agent systems. The
purpose of this study is to design control strategies for the group of agents in order to
accomplish collective behaviors in some prescribed sense. In particular, in the multi-
agent dynamical system under consideration the control input is assigned directly to
the leader and for each agent is allowed to receive the influence of a controller through
the interaction with a controlling leader.

In the first section of this chapter, we give a review of general theories corresponding
to controllability and stabilization for a nonlinear system, that includes the dynamics
of our multi- agent systems. This section is divided into two parts. In the first part,
the definitions of local and global controllability are introduced and some theoretical
concepts, conditions, and assumptions on the systems to be controllable are discussed.
In the second part, the concept of stability is provided, together with the Lyapunov
method that is a well-known tool to examine the stability of the system. Next, in
Section 3.2, the control of the Hegselmann-Krause opinion formation system and the
consensus problem are discussed. The concept of global and local stabilization are
investigated. Furthermore, some theoretical conditions corresponding to controllabil-
ity are proved. In Section 3.3, the stability of a social balance dynamical system is
investigated considering the linearization of the Heider balance system. Furthermore,
the local controllability is discussed. Finally, in Section 3.4, we introduce the defini-
tion of consensus for a flocking model, and in the subsequent section, we investigate
the stability of flocking. We close this chapter with studying local controllability of
our refined flocking model.

3.1 Controllability and stabilization

In this section, we are concerned with control problems with a structure that includes
the multi-agent system. The system under consideration is control affine presented
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as follows,

x(t) = f(X(t))Jngj(X(t))uj(t)a (3.1)
x(0) = xo,

where x(t) = (z1(t), 22(t), ..., znz(t)) T € R™, is state of the system, which character-
izes the system at time ¢, t € [0,7], T > 0 a terminal time. The number of state
variables is denoted by nz and x is a given initial condition. A control variable
u: [0,7] = R™ u = (u,...,un.)?, represents an external input that is able to
influence the future evolution of the state variable. In the vast majority of control
problems, the controllers are restricted to a certain control region together with a
class of control functions, called an admissible set U. Throughout this chapter, the
control function is specified to be an element of a normed linear space of real-vector
valued function, which is in the class of piecewise continuous functions. The vector
field f : R™ — R™ describes the free dynamics and is assumed to be smooth. The
vector fields g1(x), ..., gne(x) € R™ are control vector fields. In our case, g;(x) are
constant vector fields. For a sake of convenience, the control vector fields can be
organized into an nx X nc matrix as follows

B = (gl(x) gQ(X) ce gnc(x)) (32)
As a consequence, the system (3.1) can be equivalently written in the following form

x(t) = f(x(t)) + Bu(t), (3.3)
x(0) = xo.

Remark 1. In our framework of control through leadership, the control function is
implemented on leader. Therefore, without loss of generality, assuming that the state
xq represents the leader, the matriz B takes the following form,

Notations 1. We use the following notations,
o (-,) denotes the Euclidean scalar product in RY,
o || - || is the Euclidean norm,

o (-, )2 the L?- inner product defined by

T
(. 2o = / (g, 2)dt, for every y,= € L2((0,T);RY),
0
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o || - ||z2 the L>-norm defined by

1
T d 2
|wl|zz := </ ZijHZdt) . for every w € L*((0,T); R%).
0o =

Before investigating the controllability of the problem(3.3), we discuss first the ex-
istence and uniqueness of the solutions to (3.3) in the sense of Charathéodory; see
Theorem A.1 in Appendix A.1 and the references |76, 81].

Proposition 1. Consider the system (3.3) with x € D C R"™ and given u €
L3((0,T);R"™). Let D C R™ and assume that £ : D — R™ is locally Lipschitz

continuous on D. Then the system (3.3) admits the unique solution for any T > 0
and any initial condition.

Proof. Let u be a given control function. Let us define F : [0,7] x R™ — R as
F(t,x) = f(x) + Bu(?). (3.4)

Since u € L*((0,7); R™) and f(x) € C'(R"*;R"™), then F has the following proper-
ties,

e F(-,x):[0,7] — R™ is measurable, for each fixed x,

o F(t,-) : R™ — R"™ is continuous, for each fixed t.

Let y,z € X, we can see that

[F(t,y) —F(t,z)[ = [f(y)+ Bu(t) - f(z) — Bu(?)]|
< |f(y) — (=)l
< clly —z|, ¢>0.

Consequently, F is Lipschitz in x. Next, the locally integrable property of F is
examined. For a given x € X, we have that

[F(t,x)[| = [[f(x) + Bu(?)]|
< [N + B[ [[u(?)

1/2
< (Zlfn ) T IBl[u®)]
< (Zm ) + Bl {fu()]

(e maslu(@)2) Il
o+ 1Bl [u(0)]

IA

A\

Hence, by [76](Theorem 54), the system (3.3) admits a unique solution for any 7" and
any initial condition. O
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Remark 2. We assume that the conditions stated in Proposition 1 hold, then we have
T
x(T) = %o+ / (f(x(s)) + Bu(s))ds,
0

XD < ||Xo|\+/0 1£(x(s)) + Bu(s)]|ds

IN

HmW+A(a+HEmM$m%

IA

T
IBM+aT+HBﬂA|m@W%

< clllxoll, . T) + BUBIND [l £10.7) -

3.1.1 The notions of controllability

In this section, the concepts of controllability for the system (3.3) are briefly provided;
see e.g. [32, 54, 68, 76]. Given x € X C R" the general idea of controllability is
that it is possible to find the set of points which can be reached from X in finite
time by a suitable choice of the input function u. Before we arrive the definition
of controllability, let us give a notation of the control and the trajectory or state
corresponding to a control.

Definition 1. Let a control u : [0,7] — U be a measurable function. A unique
solution x(t,0,%xg,u) of (3.8) at time t > 0, is called a response of the system, or
the state of the system, corresponding to the control u and to the initial condition
x(0) = xo.

Definition 2. The nonlinear system (3.3) is called controllable if for any two points
v,z € X there ezists a finite time T and an admissible control function u : [0,T] — U
such that x(T,0,y,u) = z.

Definition 3. A point (x*,u*) is called an equilibrium point of the control system

(3.3), if
f(x*) + Bu* = 0.

Definition 4. Let (x*,u*) be an equilibrium point of the system (3.3). The linearized
control system at (x*,u*) of the control system (3.3) is the following linear control
system

x = Ax + Bu, (3.5)

where A denotes the Jacobian matriz of f(x) with respect to x at x*, A = Vi f(x*).

The next goal is to determine conditions for controllability in terms of the matrices
A, B. For this, we define the Kalman controllability matrix,

K(A,B) _ [B AB A2B ... Ana:—lB} c R (nzne) (3.6)
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Theorem 3. The linearized system (3.5) is controllable, if one of the following holds,
1. K(A,B) has full rank.
2. [M. — A, B] has full rank, for each eigenvalue X of A.

Theorem 4. If the linearized control system (3.5) is controllable, then the system
(8.3) is locally controllable.

From the linearized system (3.5), one can easily check whether the linearized system
is controllable or not by using Kalman rank condition. We remark that if the Kalman
rank condition is not fulfilled, then it cannot be inferred any controllability property
of system (3.3).

3.1.2 The notions of stabilization

In this section, we discuss the problem of designing nonlinear controls of feedback type
in order to construct a closed-loop system having the desired behavior. Corresponding
to this design objective, the tasks of control systems can be divided into two categories:
stabilization and tracking problems.

e Stabilization
In this problem, the control is designed so that the state of the closed-loop
system will be stabilized around an equilibrium point. The control is called a
stabilizer.

e Tracking problem
the design objective is to construct a control so that the system output tracks
a given desired trajectory.

In this thesis, both control problems for the multi-agent systems are studied. In the
following, we provide some key concepts concerning stability that are main tools for
investigating the stability properties of the multi-agent systems; see in [32, 54, 68, 76].

3.1.3 Linearization and local stability
Consider the system (3.3) without control.
x = f(x), (3.7)
x(0) = xq,, t€]0,T],

where f : D C R™ — R™ is a locally Lipschitz continuous on D. Let x* be an
equilibrium point of the system (3.7), that is, f(x*) = 0 . Our aim is studying the
behavior of the dynamics in a neighborhood of an equilibrium point x*.
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Definition 5. The equilibrium point x* of (5.7) is

e locally stable, if for any neighborhood Bo(x*) , there exists a neighborhood
By (x*) such that

Xo € Bi(x*) = the solution of (3.7) x(t;X¢) € Bo(x"), V¥t >0.

e locally asymptotically stable, if x* is locally stable and there exists a neigh-
borhood Bo(x*) such that all solution x(t;x0) of (3.7) with xo € Ba(x*) con-
verges to x* ast — o0.

The above definition is provided in order to characterize the local behavior of the
systems, in the sequel, we give a description of the Lyapunov’s linearization method,
which is the classical tool to check whether an equilibrium point x* is locally stable
or not. Assuming that f(x) is continuously differentiable, the system (3.7) can be

written as follows
x = Ax, (3.8)

with A = V,f(x*). The following results state the relationship between the stability
of the linear system (3.8) and that of the original nonlinear system.

Theorem 5. ( Lyapunov’s linearization method )

e [If all eigenvalue of A are strictly in the left-half complex plane, then for non-
linear system the equilibrium point is asymptotically stable, that is,

Re(M(A)) <0, Vk = X" islocally asymptotically stable.

o [f the linearized system is unstable, that is, at least one eigenvalue of A is
strictly in the right-half complex plane, then the equilibrium point is unstable
for nonlinear system.

dk, Re(M(A)) >0 = X" is unstable.

Theorem 6. (Lyapunov theorem for local stability)
Let x* € B, C R™ be an equilibrium point of (3.7). Assume that V : B, — R is
continuously differentiable function, and has the following properties

1. V(x*) = 0.
2. V(x) >0, forallx € D , x # x*.
3. ViV -f(x) <0 along all trajectories of the system in B,.

Then the equilibrium point x* is locally stable. If V4V - f(x) < 0 in B, , then x* is
asymptotically stable.
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3.2 Controllability of the Hegselmann-Krause opin-
ion formation model

In this section, we investigate the controllability property of the HK system (2.4)
where the control input is included in the system and acts only on the leader. The
HK model with control through leadership is given by

g () = u(t), (3.9)

W) = > ay (@ (1) — 2§ (1) + ep(al (1) — 25 (1)), for b=1,...N,

with given initial positions x¢(0) € R¢ for i =0,1,...,N.
From the above system (3.9), it can be written in general form as follows
(1) = £H(x) + BMul(t), x(ty) = x3, (3.10)

where x°f = (ng,x‘ff, w%) € RINHD ypof ¢ of | fof ; RAN+1) _y RAN+L),

N 04,1 1,
Z%ﬂ ay; (ng — a9") + ¢y (g — ash) 044

fof(x°f) = > j=1 @2 (ng —28') + eoag’ — 8") , B'=[0aqa |, (3.11)
S an (s — 258) + en (g — 2%)) 04

where I,,, denote m x m identity matrix and 0,,, stands for m x n zero matrix.

Consider the smooth function ¢ defined in (2.3 ). Tt can be seen that ¢ € C*(D; [0, 1]);
as a consequence, aj; defined in (2.2) is locally Lipschitz continuous, for b,j =
1,...,N. Moreover, the function ¢, is also locally Lipschitz continuous, because of
¢ € C([0,00);(0,1). Tt is concluded that the function f°f defined in (3.11) is lo-
cally Lipschitz continuous and by Proposition 1, the system (3.11) admits the unique
solution for any 7' > 0 and any initial conditions.

3.2.1 Global stabilization

The uncontrolled dynamics of system (2.4) is governed by local interactions and
asymptotically leads to the formation of clusters. Although, from the mathemati-
cal point of view, clusters are a stable configuration for the system, we focus on the
possibility to steer, using the leader’s action on the group, all agents to the same
unique opinion, that is, to consensus.
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Definition 6 (Consensus).
We call consensus a configuration in which the states of all agents are equal, that is,

x0 = (29F, 290 a8h) e RIVHED  such that 2t = 28f = ... = 2% (3.12)

We say that a solution x°' of system (2.4) tends to consensus if there exists a con-
sensus configuration x°% € RINFY sych that lim,_, o x°f(t) = x°.

Being consensus an equilibrium for system (2.4), the problem of steering asymptoti-
cally the system to consensus is, in fact, a stabilization problem.

Theorem 7. For every initial condition x°1(0) € RINTD and every M > 0 there
exists a control t — u°i(t) € R? satisfying ||u°t]] < M such that the associated solution
x°L(t) with initial data x°1(0) tends to consensus.

Proof. For every t let i = ni(t) be the smallest index in {1,..., N} such that
225 (t) — 28 (8)|| > [Japt(t) — a3t (t)||, foreveryb=1,..., N.

«Q 1mln (HxOf( ) — 8f(t)||) 2M
"= {N ol () — 2§ @O 7 22, 251 (t) — 28 (@) }

Note that «a(t) > 0 for every ¢ > 0. Consider the control law

Let

N
ul(t) = a(t)y > ol (t) — =5 )) (' () — =5 (1)) (3.13)
b=1
The control v is admissible since
[ mqu (" — 2N 2" — 2| < CWZ 23t () — 5 (1) < M.

Consider ¢ > 0 and assume, for simplicity of notation, that n =1,

=0([l2' (1) =25 ®)Il), and  ay; = a(ll25' () — 25 (D]).
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Then we have

1d of 0fH2 — <I’ of -of .of of>

5%”551 — Ty ,x] — X
<asa>i a9t — agly — (g, 28" — 23
= Zau — 280 23t — 28y — o |ast — gf)?
N
- O‘Z Cj(%‘f - x8f7x(1)f - x8f> - 0401”351 - $0f||2
j=2
N N
= ay (@ — a2 = af) =) ayllag - 2P - erflas” — )12
j=2 j=2
N
—a Y eifas =gl g = aff) — acl|25 — 2
Jj=2

j=2 j=2

N
> (lag; — agjl —ay) — (1+ Oé)Cl) 5" — 25|12,
=2

Now if j is such that a1; — ac; > 0 then |ay; — ac;| — a1; = —ac; < 0. Hence

N N

> (lar; —acj] —ar;) = (1+a)e < (ac; — 2a15) — (1 + @)ey

=2 =2
< Na-(14+a)q

=(N—-—c)a—q¢
C1

=3
In particular max;, ||z (t) — zgi(¢)|| is decreasing for every t. Therefore, we have

d(max |3 (t) — 25 (£)]]) > ¢(max |z(0) — 25 (0)]]),

and denoting by Iy = max; ||25f(0) — z5f(0)|| we have that

1
mx (0 - 1 < oxp (224 )

which gives that
|zt (t) — z5' ()] = 0, ast— oo, foreveryb=1,...,N,
in other words the system tends to consensus. ]

We discuss global stabilization of the HK model by using design tools of feedback
control law based on an L approach; see Ref. [65] Section 2.
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3.2.2 Local controllability

In this section, we discuss a local controllability strategy for the HK model. No
information can be deduced on the local controllability around consensus from the
linearized systems since, as the following example shows, it is not controllable.

Example 2. Consider the linearization of system (3.9) around the consensus x°.

The linearized system for the variable X°F = x°" — x°™ s given by

of ~
x = A°X 4 By, (3.14)

where A is a block matriz and B is a block vector as follows

04,4 04,4 e 04,4 I
cnlg an1lq o = (v an ten)l 04,4

where 044 18 the d x d null matriz and 1, is the identity.
Consider the simple case N +1 =3 and d = 1. In this case the eigenvalues of A°!
are given by

)\1 = 07
dy  dy (dy — dy)? + 4
pr— —1 —————
A2 2 2 9 ’
dy  dy (dy — dy)? + 4
Ny = —1-—2+_2
3 5 o T 9 ’

where dy = (|25t —28||2) and dy = vy (||5f—28t||2). The corresponding eigenvectors
are

1 0
o= (1), w4 VE—arET|

1 2 2 2

1

and
0
Wy = @—é—i- (dy —dy)?>+4
2 2 ) 2

In particular, by classical controllability results, such as the Hautus Lemma (see, for
instance, Ref. [76] Lemma 3.3.7) system (3.21) is not controllable since wlB = 0
(and wIBt = 0).

Following this example, it is possible to prove that if ¢ is constant on an interval
0, 0], then system (3.9) is not locally controllable. Indeed in this case, system (3.9) is
linear whenever ||x°f —x°™|| < § for some consensus x°™* and does not verify the rank
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condition, necessary for controllability. For more general situation the local control-
lability depends on the communication rate ¢ between the leader and the agents and,
a priori, we cannot infer the local controllability of the system. However the system
verifies a very interesting local controllability property, that is the local controllability
to consensus. As the following lemma states, if the agents are sufficiently close to each
other they are attracted by the leader. The proof relies on the Lyapunov stability of
the leader’s state x§'.

Lemma 1. Let u(t) = 0 for every t > 0. If ||2¢7(0) — 25| < §/N for every i =
1,..., N then

thm 2 (t) = a8, for everyi=1,... N.
— 00

Proof. Let T > 0 be the maximal time such that >, ||z57(t) — 2§||2 < d on t € [0, T],
with the convention that 7' = +oo if >, ||2¢"(t) — 8|2 < 6 for every ¢t > 0. Then for
every t € [0, 7] the interaction coefficients between agents are

a; = a(||zf" —29")) =1, foreveryi,j=1,...,N.

For simplicity we set ¢; = vo(||z5i(t) — z5(¢)]|) and we drop the dependence on t.
Hence

dtZNZHwOf = NZ Sl - ag)
NZZ ottt =) = el
:%zz@;f_ng, o =) = ot -
T ]

of ng”Q

1 O (o) o
<N Z |5 — ' Z 25" = gl = Y (1 + e/ N)llg" — |

i

<Dl =) - Z(l + i/ Nl — =g

i

== Z ci/Nag" — |

7 (5/2) Z [ (3.15)

IN

In particular the function V(t) = 55 SOV ot — 28712 is a Lyapunov function for the

system. Moreover for every ¢t > 0
D M) = agill < Y [l#57(0) = 7| < 6.
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In particular the estimate (3.15) is valid for every ¢ > 0 and

V(t) < exp (=299(5/2)t) V(0),
which gives that x9'(t) — 2§’ as t — +oo for every i = 1,..., N. O

As a consequence of this lemma and of Theorem 7, we have the following result of
global stabilization and partial controllability.

Corollary 1. For every initial condition x°'(0) and for every consensus x°™ there
exists a control u such that the associated solution x°(t) of (2.4) with initial condition
x°(0) tends to x°.

Proof. Thanks to Theorem 7 there exist a consensus configuration X°f = (z°f, ... z°f)
and a control u steering the solution x°(t) of (2.4) with initial condition x°f(0) to
x°f. Let t; > 0 be a sufficiently large time such that

29 (tr) — 2 (t1) for every i = 1,..., N.

)
I < 5%
2N
In particular,

|29 (t,) — 29| < =, foreveryi=0,...,N.

2N’
Now consider the desired consensus configuration x°* = (z°™*, ... 2°*) and a finite
sequence of points zg = X!, 21, .. ., ze, 2041 = x°™ such that

o
2k — zesa|| < IN for every k =0,...,¢.

Now, we apply iteratively Lemma 1 in order to construct a control steering the solu-
tion to every consensus configuration associated with the sequence zg, 21, . . ., 2¢, 2¢11.
Assume, for k € {0,..., ¢}, that there exists 7 > 0 such that

|25 (7) — 2x(7)

H_ZN for every 1 =0,..., V.

Then consider the control
of
Zr1 — 7 (1) . £
M , it 2y # 2
u(t) = 201 — 2 (1) ] ’
0, if 2z = ng.
Hence L d
5780 = 2l = (w23 (@) = 21} = =Ml Q) = 2l

in particular 2§’ reaches z;,,; in finite time, say 7o. Now ||z9i(7 + 7) — zps1|| < 6/N
for every i = 1,...,N. Indeed for every ¢t € [r,7 + %] let ¢ = i(t) be such that
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Hx?f(t) — 2112 is maximal, then we have

d e o
e (1) = 2k [* = (#71(1), 27 () = 2041)

= 5722 (8) — 29(), 49 (1) — za41)
J
= 570 (8) — zar, 29 (t) — 2 — N[5 (1) — 2z |
< ST = 2 I () = zpall = NS () — 2

which is smaller than or equal to 0 for the maximality of the index ¢. Therefore

o
max |5 (¢) = 2y | < maxc [25(0) = zpll <

or every t € [7,7 + 7). Then set the control u(t) = 0 for ¢ > 7 4+ 7, and by Lemma 1
we have that

thm ' (t) = 241, foreveryi=1,... N.

—

The statement follows by induction on £k =0,...,/¢. O

3.3 Controllability of the Heider social balance model

Consider the following Heider social balance model

PP(t) = ﬁ<1 S >Zx )z (t), te0,T],  (3.16)

k#i,5

for i,j = 1,...,N, where x"™ = (213, 233, ..., 2%, 257, ..., 2{y_y)n) € R is the
state of relationship of individual in the network. N and N, represent the number of
agents and the relation of people defined in (2.9). The parameter R is a given positive

constant. Next, we discuss the stability of (3.16).

3.3.1 Stability of the Heider social balance model

In this section, we discuss stability of (3.16). In accordance to the Heider theory, the
stable state of the HB model is defined as the balance in the triad of relation Ay,
between individuals ¢, 7 and k, and this balance is determined by the product of the
values of the corresponding edges as follows

Definition 7. The triad A, of relationship between agents i,j and k is balanced if
xhbx?,‘jxl,;? > 0, that is,
sign(afyalRany) =1, (3.17)

forany i,5,k=1,.... N and i,j,k are not equal, otherwise the triad is imbalanced .

39



Chapter 3

Concerning the evolution of the HB model towards a balanced state, we have the
following result.

Proposition 2. If 2}(0) > —R, 4,j = 1,..., N, then there exils T > 0 such that all
triads become balanced, that is, the product of links on triads A\;;, is positive

xhb(T)x?E(T)x},;?(T) >0 for i,5,k=1,...,N, and i+#jF#k.

ij

Proof. consider

d N

hb, hb_ hb

I E Lij Lk L
ij,k=1
ik

N
_ .hb_hb, hb hb - hb_ hb hb,_hb :hb
= E (xij T Ty + T TjpTpy + Ty lecxk:i)

i k=1
i£j#k
N N N N N N N N N
SD ) 0T DIFT S 9 oY DR T IS 9) o por
i=1 j=1 k=1 j=1 k=1 i=1 i=1 k=1 j=1
i k#i,j k#j i#k ki J#k
2
N N hb\2 N N N hb\2 N
1 (I> hb _hb (xk)
- (W) | B2 (-0 (et oy (- [ o
i=1 j=1 k=1 j=1 k=1 i=1
i ki, i#i ik
2
1 o (zi)? - hb, hb
2
) |2 (1) | X
i=1 k=1 j=1
ki i#ik
We have the following cases,
CaseI: |x?}°| <R, for i,j=1,....,N and ¢ # j.
In this case = (zypaipap?) > 0, this implies that the product of links in
each triads is increasing until 37" > 0 such that m?]b = R and it yields

d
hb,.hb, .hb) __
T (xij xjkxki) =0.

Case 11 : x?}) > R, for i,5=1,...,N and i # j.
) d
It is seen that —

dt
d
triads is decreasing until 37" > 0 such that — (x?]bx?,'?:c},;f) = 0, that is x?]b = R.

dt
Case IIT : 2P < —R, for i,j=1,..,N and i # j.

(zipalpap?) < 0, this implies that the product of links in each

In this case p (zfPxhPal?) < 0, this implies that the product of links in
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each triads is decreasing, this means that the value of x?}’ is decreasing and
limy o0 27 () = —00.

]

The following Proposition establishes the asymptotic behavior of a balanced HB
model.

Proposition 3. If the HB model (3.16) is balanced, then

tliglo zP(t)=R or tlg(r)lo z(t) = =R, (3.18)
for i,7=1,...,. N and i # J.
Proof. Consider
(NN
V(th) _ 5 Z (((E?]b)Q _ R2)2
i=1 j=i+1
AV (xh?) =K 1d
i~ 2 2 @Ry
i=1 j=i+1
N-1 N
= XY (Gl ) (2ela)
=1 j=i+1
N—-1 N hb\2 N
_ hb\2 2 hb ij hb, hb
= Z ((%) - R7) 2%]’ <m> (1_ R? ) Tk Lij
i=1 j=i+1 k=1
ki,
N-1 N hb)2 2y2 N
2 ((ﬂfzg) - 1) hb _hb__hb
- TN_9 Z Z R2 Z Lij Lik Lhj
i=1 j=i+1 k=1
ki,
Since (3.16) is balanced, every triads A;;; is balanced, that is,
:c?fx?,?:cﬁ? >0, for 4,5,k=1,...,N,and i # j # k.
dV (z"
It yields % <0. 0

As a result of Proposition 2 and Proposition 3, if the relationship value of an edge
starts with a value greater than or equal to —R, then the HB model reaches a bal-
anced state where the trajectories of relationships may divide into two groups, one of
them asymptotically reach the value R and the other the opposite value —R.
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Next, we study the dynamics of (3.16) in the neighborhood of the equilibrium points
xiP* = R and x3»* = —R, where R = (R,...,R) € R". For this purpose, it is
convenient to represent the HB model in the following form

X"t = (™), (3.19)
x"™(0) = xg° t e 0,17,

where x™ = (219,213, ... 21}, 285, .., 2} _qyy) € RV and £"°(x™) is the dynamics
of the system.

The linearized HB model can be written as follows

ihb — Ahbychb

9

where A® and AL" denote the Jacobian matrix of f** with respect to x™ at x"* and

x5P* | respectively. They are given by

af&b (th*) afﬁb (th*> L af&b (th*)
ot} ot} o o~
af%l?]? hbx aff?? hbx* affl?l)f) hb=*
hb (X ) hb (X ) T hb (X )
A — 013 Oy 893(N—1)N
af(hfsl)N( hbs) 8f(hf$1)N( Bbe) .. af(hfsfl)N (x10%)
O3 O3 O (N 1N
0 —-2R --- 0
AP = Vot = :
0 0 —2R
2R 0 -+ 0
0 2R --- O
Al = Vuf™(x5) =
o 0 -+ 2R

Notice that with AM™ all eigenvalues of the linearized system are strictly less than

zero and therefore the equilibrium point xi** = R is asymptotically stable while the

equilibrium point xi** = —R is unstable since all eigenvalues of linearized system
about x4°* = — R are strictly greater than zero.

To give experimental evidence of the theoretical results discussed above, in the Fig-
ures 3.1(a) and 3.1(b) we show numerical results of the Heider balance model with
two different initial configurations. We chose R = 5. In Figure 3.1(a), at initial time
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initial time final time
total triads(/Na) 1140 1140
balanced triads(Na,) 532 1140
unbalanced triads (Na,,) 608 0

Table 3.1: The number of triads of relationship between people in group for Figure
3.1(a)

initial time final time
total triads(/Na) 1140 1140
balanced triads(Na,) 0 1140
unbalanced triads (Na,,) 1140 0

Table 3.2: The number of triads of relationship between people in group for Figure
3.1(b)

to = 0 the values of the relationships are distributed between (—5,5), while in Figure
3.1(b) all people in the network start with hostility. Additional details of the results
of these experiments are given in Table 3.1 and Table 3.2, respectively.

We can see from the Figures 3.1(a) and 3.1(b) that people adjust their relationship so
that the social group is balanced at final time. Moreover, as predicted by Proposition
2, when the HB model reaches the balance, the final states of relation are divided
into two groups, one of them arrives to R, the other meets -R.

Next, we investigate numerically the stability properties of the HB model. Figure
3.2(a) shows that x> = R is asymptotically stable since the trajectories starting in
a neighborhood of R asymptotically reach this point. Conversely, in Figure 3.2(b),
taking a starting value close to the equilibrium point x5”* = —R, we obtain trajecto-
ries that diverge from —R.

3.3.2 Local controllability of the Heider social balance model

In this section, we discuss a local controllability strategy for the HB system. As
addressed in (2.10), we recall that the control of the HB system is governed by the
following set of differential equations

Xo (1) = " (t), (3.20)
- hb 1 (x?]b)Q Y hb__hb hb_hb o
x;; (t) = N _9 - 2 inkzvkj—i-”yxol-xoj, for 4,7=1,...,N,

k=1

ki, j

with given initial relationships z}}’(to) = =}y (0). The number of relations , the number

of controls and the number of uncontrols are given by
(N+1)N

N’I‘:T7 Nc:Na Nuc:Nr_Nc-
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The relationship between agents
T T

Friend or Foe

0.5 0.6 0.7 0.8 0.9 1

(a) 2(0) € (=5,5)

The relationship between agents
T T T

Friend or Foe

I I I I I I
0.4 0.5 0.6 0.7 0.8 0.9 1
Time

(b) 2i7(0) € (=5,0)

Figure 3.1: Simulation with N = 20 agents. The status of relation of individuals in
figure(a) are started with friendship and hostility. Figure (b) show the relation of all
agents begin with hostility.

44



Controllability and stabilization of multi-agent systems

The relationship between agents

Friend or Foe

I I
40 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1
Time
hb
(a) 22P(0) € [4, 6]
The relationship between agents
10 :

Friend or Foe

I I I I I
0.002 0.004 0.006 0.008 0.01 0.012
Time

(b) 2i7(0) € [-6,—4]

Figure 3.2: Simulation with N = 20 agents. Figure(a) show solution . Figure (b)
show the relation of all agents begin with hostility.
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Next, we consider the linearization of this system around the equilibrium points
hb hbx
X" — x"*

xiP* = R and x5** = —R. The linearized system for the variable x> = S
given by
. hb ~iro
X" = Albxhb | ghbyhb (3.21)
where A is a block matrix and Bt is a block vector as follows
~ 0 0 I
hb _ NCyNC NmNuc hb _ N
A" = ( Lbb Db ) , B" = (ONM,NM> , (3.22)
where L € RNuexNe and DPP € RNuexNue are presented as follows
th* th* 0 . 0
th* 0 th* . 0
th = ~ X};b* 0 0 th*
0 th* th* . 0 ’
0 0 0 th* th* N
—ox b+ 0 0
hbx
D 0 2x 0
0
0 0 0 —2xhbx NN

We can see that rank of the Kalmann matrix K (A, B)

K(AM™ B"™) = [Bhb AMPBHb  (AD)2RED (fAhb)N’“‘lBhb] (3.23)

= INC O]\/c,]\fC ONc,Nc 0]\[07]\7c
ON,e,N. Lt Ltbphb |\ Lbb (Dhb)Nr—Q :

is equal to 2N, that is, it has full rank if N,. = N,., otherwise not. If the Kalman
rank condition is fulfilled then the model (3.20) is locally controllable, otherwise one
cannot infer any controllability property for this model. An example for a locally
controllable system is given in the case of three agents and one leader such that

N, =6, N. =3, and N,. = 3.

3.4 Controllability of the refined flocking model

In this section, we investigate stability and local controllability of the refined flocking
model with leadership presented in (2.18). Recall this system given by

fm fm
Tyt = vy, (3.24)
fm fm
Ty = Uy,

o = Sy 4+ My + Eo 4+ u™(1),
o = Sy 4+ My + Ey+ Ly, for b=1,.., N.
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It can be written in the general form,

XM = fim(xm) 4 By (1), (3.25)
where the vector x™ := (2 v™)T = (pfm gl pfm gfm gfm 0l T ¢ R2AN+D)

is the state variable. The vector-value function ff® : R24N+1) _y R2IN+D 55 the
constant matrix B™ are given as follows

Vg Od,d
pim 0,4
fm .
fm o fmy (N fm | Odd
o (x™) = So + My + Eo , B™ = L | (3.26)
Sy + M, + E, + L? 044
Sy + My + Ex + LY 04,4

We write f™(x™) in the simple form,

£im (xfm) — (i) , (3.27)

where the function f, € RV+Y and f, € RN+ represent the dynamics of flocking
corresponding to the position and velocity, respectively. They are given by

Vo SQ+M0+E0
v So+ M, +Ey+ L

=1 |, £= " T (3.28)
UN SN+MN+EN+LN

The existence and uniqueness of the solution of the refined flocking system require
Lipschitz continuity of the function f™, which is a combination of several functions,
namely, S;, M;, E; and L;, for i = 0,1, ..., N. In the following Propositions we discuss
Lipschitz continuity of S;, M;, E;, and Ly, for 2 =0,1,...., N and b=1,..., N.

Let us define

D, = {yERd:eng—ych, Yy # T, ande,c>0}CRd,
D, = {veR:|v|<c, ¢ >0}CR%

Proposition 4. The function 5 : D, — R? given by

$(w) = (a = BllwlP)w, «a,f >0,
15 locally Lipschitz on D,
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Proof. Since s is a product of two locally Lipschitz continuous function defined on
D,, namely,
si(w) = a—pllwl]* and sy(w) = w.

Therefore s is locally Lipschitz continuous on D. Moreover, its derivative

2 5(w) = (o~ FwlP)La — 25w’ (3.20)

is also continuous. It follows that 3 is continuously differentiable, s € C'(D,,R%). [
Proposition 5. Let the function m : D, x D, — R? is defined as

m(l’, y) = ﬁeillzl;y” - geiull:y“ - y bl Ca? CT? la? l7' > 07 X # y'
la Ly Hx - y“

Then m s locally Lipschitz on D, x D,.

Proof. For a sake of simplification, we write m(z,y) as the production of m; and my
given by

Co _lz—ui  C, _llz—yl x—y
mi(z,y) = —e W ——e &, and mg(zr,y) = m, x # .
It can be seen that m; has the following properties

e m; is continuous on D, x D,

C, Cy
o Jmio,)| <175+

a lr

B
e the derivative of m; with respect to z and y is continuous,

omy  (z—y)T (Cr et Gy _Izlyl> omy

or — e—ul \B° T & Ty
j2my <Gy Gy
oz I = IE!IT Il

In addition, ms is continuous on D, X D,. We notice that

Oms 1 1 (z—y)(x—y)"  Omy Oms
= d — , = — .
Ox Iz =yl o = yl? Oy O
Hence m is locally Lipschitz continuous on D, x D,. O
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Proposition 6. Let the functions w : D, x D, - R, h: D, x D, x D, — R, and
g : R — R are defined as follows,

v

w(z,y) : (3.30)
(14 [l = yl*)
r=nzyv) = MU x#y,v#0,
ly =[]l
].7 Zf r 2 517
g(r) = %—%tanh (T 52+T_161>, if 0y <1 <0y,
O, Zf r S (52.
Let D C (D,)? x (D,)?. The function @ : D — R is defined as
w(az,y,v,Z) = W(I,y) ’ g(?") ’ (Z - /U)' (331)

Then w s locally Lipschitz continuous on D.
Proof. Tt can be seen that w has the following properties

e w is continuous on D, due to continuity of w on D, x D, and g on R,

o @z y,v,2)| < (L+ [lzl+lyll+vl+z]); since [lw(z, )| <, lg(r)] <1,
and |r| < 1.

The derivative of w(x,v) with respect to z, y, v, and z are given as the following,

ow [ Ow(x, y dg(r) Or
ax - ( x W(x,y) a am ('U Z),
Jw (0w x,y ag( ) or
Ow r)or
% - <w ar 81)) (U - 'lU) - w(x7y>g(r>ld,d7
0
8_j = w(z,y)g(r)
where
8W($’y) _ 20‘(1‘ - y)T and aw(x,y) o _aUJ(I,y)
or (14 [lz =yl oy or
2 1 1 1 .
ig(r) _ 2 (tanh <7~ 5t 7"—(51> - 1) <(r—51)2 + (r—52)2> ;AL 0y <1 <y,
dr 0, else
or (y —x,v) T v’ or or
— = 7 (y—x) —————  and — = ——,
or = Ty—aPTol? ™ " Ty=allel 5y~ 0w
a o o T
o {y x£v>3vT+ y—2)
v |y — z|*||v]] ly — z|l[[v]
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We see that w is Locally Lipschitz on D following from the fact that w,

Ow )
and — are all continuous on D.

0z
Remark 3. Let v = (21, 22,...,24) € R?

l’% 1Ty ... T1Tg—1 I1xy
et — 1Ty  TZ ... TaTg1 Talg
TgT1 Tgla ... TaTgo1 T2
It can be seen that ||zx || = ||x||?, since
||amT||2 = tr((m:T)T(xxT))
= tr((z"2)(zz"))
= tr((x,x>(xxT))
= (z,a)tr(za’)
(2, z)(z, T)
= |||
= [lzz || = ||«

where tr(A) = VAT A, for matriz A € R™™.

3.4.1 Stability of the refined flocking system

Jw dw dw
oxr’ Oy’ ov’
]

Consider the refined flocking system including a leader and without control, as follows

Xfm — ffm (Xfm)’

(3.32)

with given initial conditions. Let (x™(t),v™(¢t))T € C*([0, 00); R*N+1) he a solu-
tion of the refined flocking system (3.32). The next step is to introduce notation for

discussing stability of flocking states.

Notations 2. For every x™(t), vim(t) € RN we define the quantities

e The mean position and the mean velocity are denoted by

N
1
—fm _ E fm —fm —

respectively, for1=0,1,...,N.

o The dispersion is denoted by

N
1
r fm — fmt o fm t
(X ) 2(N—|—1)2 Z:j::OHl'z () Z; (

)12 (3.34)
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o The disagreement s defined as

AY™) = s S — O (3.35)

t,j=0

Our aim is to investigate collective behavior of our flocking model under the influence
of leadership. A control design objective is concerned with the stabilization problem,
that is, to find control functions that drive all states to the consensus state. From
mathematical point of view, consensus is defined as follows

Definition 8. ( Consensus point ) [20]
Let V., be a set defined as follows

V. = {w = (wo,wy,...,wy) € RAVND| g =w, = ... = wy € R}, (3.36)

A steady configuration of the system (3.32) (x™ vi™) € (RHYNHL x V, is called a
consensus point in the sense that the dynamics originating from (X,v) is simply
given by rigid translation x™(t) = X + tvim.

Definition 9. ( Consensus )[20]
We say that a solution (x™(t), vi™(t)) of the system (8.52) tends to consensus e mean
the consensus parameters vector tends to the mean V™, that is, if

tli)rgoﬂvfm(t) — ™| =0, for i=0,..,N. (3.37)
Remark 4. The following definitions of consensus are equivalent:
1. limy_ oo 0™ () = V™ for every i =0,1,..., N,
2. limy_00 A(V™(2)) = 0.

A consensus state in our sense is known as a flocking state having the following
properties,

1. Cohesion
Cohesion is the situation that agents stay on the bounded domain. In our case,
we observe that flock configuration corresponding to annulus with a radius given
by the minimum of the Morse potential, that is,

VoU([|#™ = 2™) =0 and  V,U°(||lag" — 23"[|) = 0, (3.38)
foralli,7 =0,1,...,Nand b=1,..., N, that is, in the situation that

et — | ot — o
fm _ .fm v J 7 L A

)| Ce, L _ 9, I, I

;™ — x]mH la ly

I S 7 i IO 7 it

Ty — @y &e 19 _ ﬁe 12 - 0

lg™ =252 ) | 12 I} ’
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Chapter 3

for all i,5 = 0,1,..., N. Since we assume that no collision occurs, zf™ =# mgm.
As a consequence, we obtain that
™ — 2| =™ — =3
C —,— . N—
i la — e Ly = 0, (3.39)
la L,
B et | RN (ol nl|
0 oo G 9 — 0
19 19 N
v

When the swarm reaches the flocking state, the approximated distance between
agents is obtained as follows

1 ﬁn (jr la lalr
tl—>oo< 2(N +1)2 ZZW ) — ] ()H) (ZE)M’

4,j=01,j=0

1 & . ; o [0 1000
lim N}jzm%@wwMM|=m(ﬁaQ¢E:@, (3.40)

i,j=0 b=1

with given parameters C,, C,,C% C° 1,,1,,1°,1° > 0.

Ty %a’r 'r

2. Alignment
Alignment is the process such that each agent tries to match its velocity to that
of other agents in the group. In a flocking state all agents move with the same
velocity given by
vir =it = =l (3.41)

In order to explain stability of the flocking model, it is convenient to define the
following quantities,

A g (@ — ™, vf")
wlt) = a+w¢w>—x<>n>5<w?m—m <mwm0 18-42)

™ — 3| - fm||
1 (11 - l Ch
cii(t) = —e a — —e

lzi(t) — 2] | L L

5™ — ="

C
0 t o 71 “Ya lO Y
o0 = EEm -] | 0

fori,j=0,...,N,b=1,...,N.

B
swarm reaches the cohesive state, then the velocity of the swarm stays bounded by

‘4nax(0)'

Proposition 7. Let Vi (t) = max; || (¢)|| and assume that Viax(0) > \/E If the

92



Controllability and stabilization of multi-agent systems

Proof. Since t — ||v;(t)||* are C! functions, we can for each ¢ find a time interval [a, b]
which contains ¢ and an index 7 such that V. (7) = ||vi®| for all 7 € [a,b]. Since
dynamics of leader agent and followers has different features; firstly, we assume that

Vuslt) = 1t (8)],  and M?@uzvgﬁ

Then by Cauchy’s inequality,

(O o) < ol o] < o2, for b= 1, N. (3.43)
Consider
1d
——V2 (t 2
SVt = S
= <U(f)m>v(f)m>
m 1 m m m
= ((a—=Bllvg™1*)v™, v >+N—+1<200j(t)(x5 _$§' ); Vo >
Jj#0
N+1<ZQOJ —UO)U(f)m>.
J#0
o

Due to [[og™[|* > =, it yields ((a — Bllvg"[*)vg™, vg") = allog™[|* — Bllug™(|* < 0.
Moreover, qo;(t) >0, for j =1,2,..., N and from (3.43), we get

=

Since when swarms reaches the cohesive state, we have that co; =0, for j =1,..., V.
Then 14
—— t) <0. 3.44
2 dt max( ) —_— ( )

If Viax (1) = |Joi™(¢)|, for some k € {1,2,..., N}, we get the same result as above
because c)(t) = 0, that is,

1d 2 m 1 fm fm fm
2 di —Viax(t) = <(04—5HU [ )Uk ) k 7 = N—+1<chj(t)(xk L ), vy >

J#0

e <Z% —of), > — (O — ) k)
J#0
< 0.

It can be concluded that when the swarm reaches the flocking state, its velocity is

bounded.
O
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From Proposition 7, we claim that when the group of agent reaches the flocking state,

we have
: fm o g
im0 = /5.

3.4.2 Local controllability of a refined flocking system

fm*

The linearization of the flocking system (3.24) at consensus x
be written as follows

)-(fm — Afmxfm + Bfmu’

(3.45)

(xfm* 7 Ufm* ) can

(3.46)

where A™ denote the Jacobian matrix of ™ with respect to x'™ at consensus pre-

sented as ; ;
fm ., fm /fm*xy\ VCE T vv x fm=
AT = VT (™) = <vva VL (x™), (3.47)
with V., f,., V.., V.f,, and V,f, given by
V.fe = Ogni1)dnv+1), (3.48)
Vfufa: = Id(N+1)7
V.t, = V.M+V,E+ V_,L,
V.f, = V,S+V,E,
where
OM; - - 0F;
J J
v v aEl 8[/2
V.,E = [0E}], OE! := (W) ; Vol = [0Ly],  OLij := (axfm> 3
J J
05,
with
OM; 1 i (@ — i) (2l — 2T T ¢, Pl A s il
o™ N+14 (™ — 2|2 (la)? (Lr)?
- 1 i -%e_ uxﬁml;x?“n e _|x‘§m—rx§.m} [fom — |21, —f(:ch-m —f xz“)(mfm - x?m)T] |
N+1j;£i-la lr ||IL‘1 - T ||
M, 1 [(@™ =) — ™)) 1o, et o efm oty
fm = - : fjm 7lfm 2J |:_2€_ fa o _2€_lrj|
O N+1 i (3 - T )l la 7
L [ e G el ™ — ™ [PTa — (2™ — ™) (23 — 23™) ’
N1l 2 e — o
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<8Li> [ (afm — xgm)(xgm — )T } [(CO et 0 _|z£mlgzgm|]

= "}/1 (& @ - €
0a" N[ 1) (1)
| Ga O e [Hxﬁm—xam||21d—<xfm xélﬂ)(x?ﬂ—x#f}
Y
C [ o — f[?
GLZI N [ i (Gt M | e S I
Ouf S IR DI A (IR Ly
| Co A Cp A T adn — | — (o — af)(af — )T
NG we ol — 25 |
a K3

, N Ow( ||z — gfm
(5) - —Nilzlwﬁm—v;‘m)( o “))gm]

JFi
N

1 fm _  fm fm _ fm 89(7’) or
2 | o (i - a2 0 .

J#i

Ow(||ztm — pim
<v§m—v£m>( Stk ”))gm]

1 fm _ fm fm _ _.fm ag(T) or
+N+1 (Uj Yy )(W(sz L 1) or 8x§m ’
OF; L[y pommyy 09() O
o) = N1 o= trntet - G2 50
1 fm fm
~ g el = g (r)1a,

S
"

D
ng
Il

= =26u" ()" + (a = Bl *)1a,

Q
@GH.,
B

Q

7

f
J

B

<
[
(5
(o

Ow(lai™ —23[) ag(r) or  or
dzim T odr 7 Oxtm Qufm

(2

Remark 5. The quantities can be calculated

by following Proposition 6.
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At consensus x™* the following constraints hold

(C llafm —afmey o ||z£m*z§m*2> (CO ety 00 xém*m{,mH)
e Tl — —Lem I =0 Za, ) _Ire i -0
lq [, ’ 19 19 ’
and i =i = =l
As a consequence, we have that
: N fm* _ .fmx fmx _ . fmx\T Hzﬁm*—zf’“\ ‘zgm*izf.m*”
aMl (Xfm*) _ 1 Z (Iz ‘IJ )(xz x] ) Oa G_le o Cr 6_%
0t NT12 | ™ o (i) (%
8MZ fm*) 1 ($£m* _ Iﬁm)<xfm* _ xgm*)‘l' Ca _||z£m*7z§~m*H CT - Hzf‘m**zgm*ﬂ
= — _— lg —_— Ly
o | el B [ s | R e |
aLl o (xfm* _ xgm*)(xfm* _ xgm*)T i Cg 7”331?11*6%&11*“ Cg B ngm*gxgm*”
f (X ) = N P P e 19 — e 10 7
O™ [[(z™ — g™ || (19)? (£2)?
L; fms o fms) (fmx o fmse\ T ] OO flafmE_gfmey Co fafmr_gfmey
( fm) (Xfm*) = -7 |:<xz mfil*)<xzfm* 23:0 ) 0(126 10 . ﬁe 19 7
I [[(zi™ = g™) | 1 @2) )
msk — 07 ms* — 0’ msk — O,
<ax§m> (™) (axfm) () (ax§m> (™)
aE’L fm= 1 fm* fm=
(o) ™) = 5 3 (Ul =gt
JF#i
aEl fm= 1 fmx fmx
( avjfm> () = el = ()L
aS’L ms* ms ms* ms
(e ) () = =280 )T + (= Bl )L
a 1 f
= 0.
(81}?“) (™)

We observe that the linearized system (3.46) is controllable if the following Kalman

operator

K(Afm, Bfm) — [Bfm Amefm (Afm)2Bfm

has full rank.

(Afm)(2d(N+1)—1)Bfm}

(3.49)
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Chapter 4

Optimal control of multi-agent
systems

In the previous chapter, we discussed the properties of controllability for constructing
a control in order to steer the multi-agent systems to reach a desired state. In this
chapter, we formulate optimal control problems governed by multi-agent systems.
Our aim is to determine the leader-based open-loop control that drives a multi-agent
system to attain a given objective. However, we use our open-loop control framework
to construct an effective closed-loop control strategy using the model predictive con-
trol scheme. To formulate our optimal control problems, the following components
are considered,

e A cost functional or the performance criteria,
e A multi-agent dynamical system,
e A control mechanism based on leadership.

This chapter is organized as follows: In Section 4.1, we start by describing a general
optimal control problem with the multi-agent system. The existence of our optimal
control is discussed and an optimality criteria is addressed. We discuss a set of
conditions that optimal control the satisfies. In Section 4.2, our optimal control
problem for the HK opinion formation model is formulated and analyzed. The HB
social balance model and our refined flocking model is discussed in Section 4.3 and in
Section 4.4, respectively.
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Chapter 4

4.1 Formulation of optimal control problems

We consider a class of optimal control problems for multi-agent systems. A general
formulation is given by

. 1 T v
min 06w = 5lX(T) = xa(DIE+ [ U0t + Sl (@)
subject to X% = f(x)+Bu(t), t€]0,T] (4.2)

x € X, ucU-=L*(0,T);R"),

where the variable x is the state of the system and belonging to in the following set
X:={x e H'((0,T);R"™) : x(0) = %0},

where xo € R"™ is a given initial state. The control function u : [0,7] — R"
belongs to the admissible set U := L?*((0,7); R™). The function f : R™ — R™ in
the dynamics of the system is assumed to be a smooth vector-valued function, f €
CHR™;R™) and B € R"™*"¢ is a constant matrix. The function J : R™ x R™ — R
is called the objective function. The function Xges : [0,7] — R™ in the objective
function is a given desired trajectory. The function [ : R™ — R is real-valued
function and we assume that [ is continuous and continuously differentiable, bounded
from below and convex, [ € C*(R™®; R). In particular, [ may corresponds to a tracking
problem. In this case, the cost functional is designed in order to steer the state x(¢)
as close as possible to a desired xqes(t). We have

X Xdes Z”Xz Xdes )”2

By Proposition 1, the solution x of the dynamical system (4.2) is uniquely determined
by u € U. In the following, our aim is to prove that the mapping u — x(u) is
sequentially weakly semi-continuous. Notice that a similar result can be found in
128, 29].

Proposition 8. Let (u™)%°_, be a sequence of controls such that
u” —~u in L*((0,T);R"™).
Then the corresponding solution to (4.2) has the following property
x" :=x(u") satisfies x™ —>x=x(u) in C([0,T];R"™). (4.3)
Proof. Consider a sequence of controls u™ = (uf",...,u™) € L*((0,T); R™) such that

u™ — w; in L*((0,T); R).

j
Let (x™)>°_; be a sequence in H((0,7); R™) defined as x™ := x(u™).

By Proposition 1, we know that x™ is bounded together with the reflexive property of
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H'((0,T); R™), hence by using Banach-Eberlein-Smulian Theorem A.4 (see Appendix
A.2), we can extract a weakly convergent subsequence that

x™ —~x in H'((0,7);R™) as [ — oo.
We know that the embedding H*(0,7) — C[0,T] is compact; consequently,
x™ —-x in C([0,T];R™).

Next, we shall prove that X is the solution to u, i.e, x = x(u). Consider the dynamical
system corresponding to (x™, u™).
By multiplying from the right-hand side with a test function v € H'((0,T); R"™), we
have

(x™ —f(x™) —Bu™,v),, =0. (4.4)

Since x™ — X in C([0,T];R™) and f € C*([0, T]; R™), it yields f(x"™) — f(X).
Furthermore, we know that u™ — u; consequently,

(%™ — F(x™) — Bu™,v ), — < % — f(X) — Bl v >L2 , (4.5)

for all v.e H'((0,T); R™). Since the above limit is true for all subsequences, and the
limit x(u) is unique, we have that x(u™) — x = x(u) in C([0, T]; R™).
[

By Proposition 1, the state x is uniquely determined by the initial condition and the
controls, the mapping u — x = x(u) is well-defined; therefore, the structure of the
considered optimal control problem allows to consider the state as a function of the
control, that is, x = x(u). For this reason, it is possible to introduce the so-called
reduced cost functional, given by the following

inJ, 4.
min J,(u), (4.6)
where J.(u) := J(x(u),u). Our aim is to find a control u € U that results in a state
X that minimizes the objective function J.

J(x(u),u) < J(x(u),u), VYuel.

In this reduced problem only the control u appears as an unknown. In the following,
we discuss the existence of solution to the optimal control problem (4.6). Furthermore,
for such problem, we present assumptions such that at least one optimal solution
exists.

Definition 10. A wvector u € U is called an optimal control for problem (4.6), if
J.(0) < J.(u) for allu € U, then x = x() is called the optimal state associated with

u.
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In general, an optimal control problem considered in finite-dimension has at least
one solution if the cost functional is continuous and the admissible set is nonempty,
bounded and closed. In fact, the continuity of the cost function implies that the reduce
cost is also continuous. Moreover, as a bounded and closed set in finite-dimensional
space, the admissible set is compact. By the Weierstrass theorem, which says that
every continuous function attains its minimum on a compact set, the cost functional
attains its minimum in the set of admissible controls. Consequently, an optimal con-
trol exists.

However, in our case U is a set of an infinite-dimensional space, therefore closeness and
boundedness do not guarantee compactness. In this case the proof of the existence
of the solution becomes more involved. In fact, possible conditions concerning J
and U, which ensure the existence of optimal solution of problem (4.6), are that the
admissible set is weakly sequentially compact and the functional J is weakly lower
semi-continuous. The proof of weakly sequential semi-continuity only make use of
the fact that the objective functional J is continuous and convex. The following
Proposition state the properties of J.

Proposition 9. Let x € X and u € U. The function [ : R™ — R is continuously
differentiable and convex. Then the objective function

Tt w) = SIX(T) = xauME + [ 1)+ SO (47

15 continuous, conver and weakly coercive on u

Proof. Let X be normed vector space and a € X. We know that the functional
fo: X =R, zw|x—al,

is continuous and convex; see Appendix A.2. In addition, the function [ : R™ — R in
our case is also defined as the distance functional. This implies that the cost functional
J is continuous and convex. Due to continuity and convexity of J, it implies that J is
weakly sequentially semi-continuous from below. Moreover, it can be seen that when
|ul|z2 — oo, implies lim J(x,u) = oo, that is, J is weakly coercive on u. ]

The following Theorem shows that there exists an optimal control solution to (4.6).
The reflexivity of the Banach space plays an important role for proving it.

Theorem 8. Assume that v > 0 and U = L?((0,T);R"™), then the minimization
problem (4.2) admits a solution.

Proof. From Proposition 1, (x,u) — J(x,u) is weakly lower semi-continuous. Ac-
cording to coercivity of J, by Proposition A.1, we have that the minimizing sequence
(u™)2°_, in L2((0,T); R™) is bounded. By Banach-Eberlein-Smulian theorem, we can
extract a weak convergent subsequence u™ — u in L*((0,7); R"™).
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By Proposition 8, we have that x™(t) — x(t), t € [0, T]. With these properties, we
obtain (x,u) of the minimization problem as follows

1 T
lim inf J(x™,u™) = lim =||x™(T) — Xges(T)||* + lim [ I(x™)dt + lim inf ZHuml 172
l—o00 l—00 l—00 0 l—00 2
1 - 9 T Vi~ 112
2 SlIX(T) = Xaes (T + i [(x)dt + 5 l[u(®)llz.
= J(x,u)
O
Now, we consider the operator
c(,): XxU—P, c(x,u) :=x — f(x) — Bu, (1.8)
De(-,) : X xU—P, Dc(x,u) := 0x — V,f(x)dx — Bdu, '

where P = L*((0,7); R™).

In the following Proposition, the concept of the Fréchet derivative of ¢ is investigated
in oder to ensure that the differentiable mapping c is continuous and then we are able
to deduce necessary optimality conditions from these derivatives.

Proposition 10. The operator c is Fréchet differentiable and invertible for fized u.
Proof. We start proving Fréchet differentiability of (x,u) — ¢(x,u).
Consider ¢(x,u) = x — f(x) — Bu, and Dc(dx, du) := 6x — V,f(x)dx — Béu.

c(x + dx,u+ du) — ¢(x,u) — Dc(dx, 0u)

= i(x+5x) —f(x + 0x) — B(u+ du) — ix—i— f(x) + Bu — %éx—l— V.f(x)ox + Bou

dt
d

dt d

= —x+ iéx — f(x+ dx) — Bu— Bju — ix—l— f(x) + Bu — iéX—O— V.f(x)dz + Béu

dt dt
= f(x) —f(x+dx) + V. f(x)x.

dt dt

d
Consider %f(x + tox) = VE(x 4 tdx). Therefore we have

1 1

f(x +0x) —f(x) = / V.f(x + hox)éx dh, and V,f(x)dx = / V.f(x)ox dh.
0 0

As a consequence, we get the following

f(x + 0x) — f(x) — V.f(x)ox = /1 (V.f(x + héx)ox — V. f(x)0x) dh
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Since x,dx € H'((0,T); R™) and H*((0,T)) < C((0,T)), then

sup ||x(t)]] < oo and sup [[dx(t)|| < oo
1€(0,T) t€(0,T)

In addition, f € C'(R"*; R"™®) = V,f € C(R"*; R"™).
Let K = ||x||ze(0,r) and € > 0. Due to uniform continuity of V.f, we have

30 >0: ||V f(y+y) — V.E(y)| <e,
Vy S {Z € Hl((O,T),RnaE) : ||ZHL°°(D7T) < QK},
and  Voy € {z € H'((0,T);R™) : ||z|lz(01) < I}

Therefore, if we choose ||0x|| 0,7y < J, then

T T 1
/ £(x + 0x) — £(x) — V,£(x)0x|[2dt < / / Vo f(x + hox) — V,£(x)|12]|6x|% dhdt
0 0 0

IN

T 1
1052 0.1 / / |V + hox) — V()| dhdt
< Te*2. (4.9)
Hence, from (4.9) we get that

P lEGe) — £G4 0x) + VL E(x)0x]

[|6x[|x—0 llox||

This means that (x,u) — c(x,u) is Fréchet derivative of ¢ and De(x, u) is the Fréchet
derivative of c.

To prove that c¢ is invertible for fixed u, we recall that Proposition 1 proves the
existence of a solution and the same holds for ¢(x,u) = b,b € P. Hence c is invertible.
Using the same argument, we obtain that Dc(x,u) is invertible for fixed x, u, and
ou, hence surjective. O]

Using the operator defined in (4.8), problem (4.2) can be equivalently written in the
following compact form
mi%}l J.(u) = J(x(u),u) (4.10)
ue
where x(u) is the soultion to c¢(x,u) = 0. A solution to (4.10) is characterized in
the terms of first-order necessary optimality conditions, V.J.(u) = 0. By Proposi-

tion 10 the linearized constraint is surjective, then there exists a Lagrange multiplier
p € P* = L*((0,T); R"®), where P* denotes the dual space of P.
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Proposition 11. Consider the system

—p = —(Vul(x))T + (Vaf(x)p, P(T) = —(x(T) = X4es(T)) (4.11)

with x,p € H'((0,T);R™). Let D C R™ and assume that £ : D — R™ is locally
Lipschitz continuous on D. Moreover, the function [ : R™ — R is continuous and
continuously differentiable, bounded from below and conver. Then the system (4.11)
admits the unique solution for any T > 0 and any initial condition.

Proof. Given x € H'((0,T); R™). Let us define f, : [0,7] x R™ — R™ as
f(t,p) = —(Vxl(x))" + (Vxf(x))'p (4.12)

Since x € H'((0,T);R™), [ € C'(R"*;R), and f € C*(R"*;R™®), f, has the following
properties,

e f,(,p):[0,7] — R™ is measurable, for each fixed p.

o f,(¢,-) : R™ — R" is continuous, for each fixed t.

Let p1,p2 € D, we can see that

I£,(t,p1) — £, p2)| = [[(V<E(x) " [lIp1 — P2
< Llpi—p2f|, L>0.

Consequently, f, is Lipschitz in p. Next, the locally integrable property of f, is
examined. For given p € D we have that

£t )l = [I=(Vxi(x))" + (Vxf(x)) "p|
< (V=)' (V £(x)) " [lllpll
(x

I+

(Zr a@) (X2 ) ol
< (D%’?ﬁo)
ol(x)

12 OF (x 1/2
(nm : m?X’ o |go) + ((nm)2 - max {mjax| Jaczi ) |§o}> Ipll
7 J

< a+fpl, af>0

=1 j=1

2
nT nr a -
PP |2> o
=1 j5=1

IN

Hence, by [76](Theorem 54), the system (4.11) admits a unique solution for any 7'
and any initial conditions. O]

Proposition 12. The gradient of the reduced system (4.10) is given by
Var(u) = vu— B'p, (4.13)
where p € H'((0,T); R™) is the unique solution to the following problem
—p=—(Vxl(x)" + (Vuf(x)) ' P, P(T) = —(X(T) ~ Xaes(T))- (4.14)
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Proof. Let p be the unique solution of (4.14). From the Proposition 11, we have
p € H'((0,T); R™). Consider the cost functional (x,u) — J(x,u) and dx satisfying
the linearized constraint (4.8) allow to compute V,J.(u) as follows

= (X(T) — Xaes(T), 0x(T)) + ((Vxl(x)) ", 6%) 2 + (vu, ou) 12
= (—p(T),0x(T)) + {(Vxl(x))",6x) > + (vu, du) 2 (4.15)
By means of the integration -by-parts rule, we have
(—p(T),6x(T)) = (p(0),5x(0)) + (—P,dx) 2 — (P, 6X) 12
= (—P,0x)2 — (p, 6X) 12
= (= (Vul(x))" + (Vif (%)) P, 6x) 12 — (p, Vo F(x)0x + Bdu) 2
= (=(Vil(x))" + (Vxf(x)) P, 6x) 12 — ((V.f(x)) P, 0x) 2 — (BTp, 6u) 2
= (—(Vxl(x))",6x)12 — (B'p,du) e (4.16)
Substituting (4.16) into (4.15), we get
(Vudp(1),6x) 2 = (vu,6u) 2 — (B'p, du) e
Therefore, we obtain that V,J,(u) = vu— B'p. O

A way to obtain the first-order optimality system is to consider the Lagrange function
L defined as follows

L(x,u,p) = J(x,u)+ (x—f(x)—Bu,p);. (4.17)

T
— ST = xae I+ [ 160+ SO
+(x —f(x) — Bu,p);-.

Using the Lagrange function L, by Theorem 2.13 in [15] we find that necessary con-
ditions for optimality are equivalent to

ViL(x,u,p) = 0, (4.18)

VelLl(x,u,p) = 0,

Vul(x,u,p) = 0,
where the notations VyL, VL, and VL represent the derivative of L with respect
to x, u, and p, respectively.

Theorem 9. Assume that the pair (x,u) € X x U is a minimizer for the problem
(4.1). Then there exists a unique Lagrange multiplier p € H'((0,T); R™) such that
the triple (x,u,p) solves the following system,

x = f(x) + Bu, x(0) = xo, (4.19)
—p=—(Vxl(x)" + (Vuf(x)) 'p. P(T) = ~(x(T) ~ Xaes(T)),
vu—B'p=0.

The system(4.19) is called the first- order optimality system for Problem(4.1).
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Proof. By applying Proposition 11 and 12. O]

4.2 Optimal control of the Hegselmann-Krause opin-
ion formation model

In this section, we study how to enforce consensus in the “best” possible way. First,
the formulation of optimal control problems with the HK model and the presence
of a leader are formulated and the corresponding optimality systems are obtained.
From now on, we set the problem in a more general framework in which we allow
the communication rate of the leader with the followers to be zero. To this purpose,
we introduce two functions: ¢! and c¢?. In the first case, ¢! : R — [0, 1] represents a
cut-off smooth function of the bounded confidence 9, as follows

17 O S r é (507
ci(r) = ci(ridp,e0) = < @(rio), So <7 < (60 + 20), (4.20)
0, (50 + 60) S T,

for a smooth decreasing function @(r) between (&g, dp + €o]. We then denote by

2

c;(r) = ¢(r) the function of the distance between the leader and the followers as in

the previous sections, i.e. a non-increasing positive function such that ¢(0) = 1 and
lim, o ¢(r) = 0.

Our optimal control problem is stated as follows

: (o) o o 2 o o o
Jnin, T w) = Sl (T) = age (T + 2N2/ lebsf (1)) 2dt
7]
1 of of
+§/0 ZH“’ ) — 2 (O)]*dt + 5 /H t)|2dt, (4.21)
subject to () = u(t),
i) = Y ayad - ) + (e —aff), for i=1,..,N,
J#0,3

with given initial conditions and for n = 1,2. The positive parameters p and v in the
cost function are weight constants. Notice that, the second and third term in the cost
functional corresponds to consensus problem. In addition, the tracking functional at
final time requires the leader to approach a desired target opinion x5, This term has
also the property to stabilize the MPC scheme [44]. The last term in the functional
represents the cost of the control. The problem stated in (4.21) can be written in the
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general form presented in (4.2) as follows

u T v (T
min J* (2%, u®) = Zl|af(T) — 25, (D) + / 1 () dt + —/ lu(®)[|dt,
LUOf,uOf 2 0 2 0
st xN(t) = £ + Bu(1), (4.22)
x* e X, e U = L*((0,T);RY),
where the vector x°f = (2§f, 28, ..., 2%) is the state of the system and belongs to

X' = {x" e H'((0,T); R™™+1) : x°(0) = xg'}. (4.23)

The function u°f : [0, 7] — R? is the control function. The functional [°f : RIN+D
R is defined as

ety = L S Jat ) - s + Zux —@E (@2

i,j=1

The vector-valued function fof : RN+ 5 RUN+D) i the first term of the dynamics

of the system and the constant matrix B°f € R¥N+Dxd are given by
0 I;
> 01 Q1 (%i - 95(1)? + (xgi - 95(1)? 04,4
fof = | Djro202(2f —23) +c5(ag —23) [ Bf = | Oaa | . (4.25)
S izon ang(a = a%) + cf(ag’ — 2%) 04,4
Remark 6.
1. The gradient of the functional I°f is given by
oLt oIt o1\
le‘)f - < £ _f . e _f , (426)
Oxg'  0x9 0x$
where its components are given by the following
alof N
gugt = 2 — ),
i=1
ot 2
ot = 2w — ) — (@ — =),
' J#

2. The jacobian matriz £ is presented as follows

afst ofg' afs'
ozt ozt T 8x°f
ofyt off af
Vol = | ozg' 028" 9 |, (4.27)
oy ofy ofgl
oxgt ozt T Oxt
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where its components are as follows

ofs'
0zt
ofy

of
0x

ofy

of
Oxy

ofy

of
ox 2

0, (4.28)
~ o
e ([l — 251 + et (g — "),
0

N Oay;
=D an(llagf = a5t = a5 + 5 (a5 = a3 = ([l — )

j=1 b

i
g =),

of of aabj of of .

ap;(|lzy — 2§ ||) + et (xf —ay), for i=0,.,N,b=1,..,N.

J
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We assume that the pair (x°f, u°f) € X°f x U is a minimizer for the problem (4.21).
By Theorem 9, there exists a unique Lagrange multiplier pf € H'((0,T); R¥N+1)
such that the triple (x°f, u°, p°f) solves the following system,

)'(of — fof(xof) + BOfUOf, Xof(o) — X8f7
—p% = (VoI (x)) T+ (Vuf(x) 'p,  p™(T) = —(x*(T) — x3,(T),
VUOf _ (Bof)Tpof — 07
(4.29)
where V,I°" is defined in (4.26) and V,ff(x°f) is given in (4.27) and final condition
for adjoint equation is given by
xNT) —xE(T) = (284(T) — 25 (T),041,041,...,041) " (4.30)

€S

The system (4.29) is called the first- order optimality system for Problem(4.22).

4.3 Optimal control of the Heider social balance model

In this section, we formulate an optimal control problem of the Heider balance model
with the presence of a leader. We have

min J™P(x", u) —
xhb 7uhb

N | —

N
v
D@D =t + SOl (431)
ij=1
subject to the differential constraint given by
or () = u(t), (4.32)

.hb 1 (55?;))2 - hb__hb hb__hb o
i (t) = N_2 1- 22 inkxkj + YT X, for 4,5=1,.... N,
k=0

with given initial conditions. This optimal control problem requires to find a vector
of controls u : (0,7) — R, i =1,..., N, such that the HB model evolves from the
given initial condition to a final state x?]b(T) that is as close as possible to the given
friendship state 1P, € R while minimizing the cost of the control given by the second
term of the cost functional J"™, where v > 0 represents the weight of the cost of the
control. The problem stated in (4.31) and (4.32) can be written in the general form
presented in (4.2) as the following,

N
. 1 v
min JP ™) = 2N (@) )+ SO, (433)

xhb yhb

J
subject to  X™(t) = f"(x") + B™u" (1),

where the state variable x™ = (2B 28 .. m?ﬁflm) has the dimension
N(N +1
NT = ( 2+ )7
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N, denoted the number of relationship in the social group. The state x"™ belongs to

= {x" e H'((0,T);RY) : x™(0) = x5},
with zfP a given initial condition. The function u™ = (uf® ulb ... &) € RV,
b:]0,7] — R, is the control function. Notice that in the HB model the number
of controllers is equal to the number of links connecting the leader to individuals.
The vector-valued function f*® : RV — R in the first term of the dynamics of the
system and the constant matrix B"™ € RY¥*V are given by

On
hb
rlz hb, hb bbb
Zk 1 1k T2 T YT0o1To2
_ 11; hb,.hb b, hb
£ (xP) 1 Zk 1 T1%g3 T Y0103 :

(xp
(1— (N UN )Zk 135hb kka"‘”Y%(N 1)953]1%

g _ [ Inw
Onyen )’
where N, is the number of the uncontrolled variables, in our case N,. = N, — N.

Remark 7. The Jacobian matriz V' is as follows

Ofsi Ofsi Ofsi Ofsr ofsi
Oty oy 356?5’ 0w} O (N _1)x
0fon Of6n afoz\r Of6n 0fn
T o 2 R 1 S 2
v Ofts Oft Oft 0fts offy |
35685’ gy (936}1“5 0w} Oz (N _1)x
8f(N )N af(o]if—l)N af(N )N af(ojff—l)N af(()]£7—l)N
Oxgy Oxgy, 013 Oy, 8$?}\’,71)N
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where its elements are given by

a of
8£?1[l)) = 07 fOT i:O,l,...,N, (434)
ij
ofyy
oaib — TTop
0fs; hb
8I18]§-’ -
of hb
- (3 )
hb . 9 7]
O (N-2)R? k£0,b,j
Oofiy _ _my (,_ ()
Oxfp N -2 R |
oy [, Gl | |
ax};;’ = N3 1— 7 , for b,jk=1,2,....N, and k#0b#j.

Let us assume that the pair (x"™ u™) € X" x L2((0,T); RY) is a minimizer for the
problem (4.33). Then there exists a unique Lagrange multiplier p* € H((0,T); R¥")
such that the triple (x™, u"™, p™) solves the following system,

hb _ ghb | Rhbyghb, X () = xhb
— V,£(x)) p p(T) = —(x"(T) — x"des(T)), (4.35)
pul® — (BP)Tphb = (
where V,f'"(x"") is defined as in Remark. 7 and the final condition for the adjoint
equation is given by
-
L2 (T) ~ Les

x"(T) — xo (T) = hb

i , 4.36
x5 (T) — 95255 ( )

ml(lz?f—l)z\/(T) e,

The system (4.35) is called the first- order optimality system for (4.33).

4.4 Optimal control of a refined flocking model

In this section, we consider our flocking model in the presence of an external leader
that is subject to a control function that aims at driving the leader and the group
to reach a target position or to follow a desired trajectory, x . TIn the following,
we discuss these two optimal control problems for our refined flocking model with
leadership. For the case where the objective is a target position at a final time, we
have
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Problem P1. Reach a target position at final time 7.

: m/fm | fm 1 ,U m
hin T ™) = Sl (1) =z (D + Z/ g™ (t) — a3 (2)||* dt
1%
2 () (4.37)
subject to  &M(t) = oiM(t),
B () = o), (4.38)
o (t) So + Moy + Eo + u™(t),
o) = Sy+ My+Ey+ Ly,  for b=1,..N,

with given initial conditions for the positions and velocities of the agents of the
flock.

Problem P2. Follow a desired trajectory.

: m m m 1 m ,U m
min PG = el (T) - ol (TP + Z / Jaf(e) = ae)
1t - dt + Z{|u (1) 2 4.39
o [ llz"(2) Taes ()2t + 5 Hu ()17 (4.39)
to
subject to  #M(t) = oiM(t),
() = v"(b), (4.40)
o (t) = So+ Mo+ Eo+u™(t),
0 (t) = Sy+ My + Ey+ Ly, for b=1,...,N,

with given initial conditions for the positions and velocities of the agents of the
flock.

In the problems P1 and P2, x™ = (zfm ... ofm ofm . ofm) € R2ANV+D represents
state variables and belongs to the follovvlng set

X = {x™ e H'((0,7); R*™*HD) . x™(0) = x{"}. (4.41)

The control function u™(t) € L?((0,T); R%) represent the control force. The param-
eters p, v, and n in the cost functions are positive constants. Notice that in both
problems, the second term in the functionals has the purpose to minimize the distance
between the leader and the other agents in flock. The power four of this distance re-
sults from numerical experience. The last term in the functionals represents the cost
of the control. In problem P2, the tracking functional implements the additional ob-
jective of minimizing the distance between the trajectory of the leader and a desired
path.
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We reformulate our optimal control such that it is in the form (4.1) and (4.2). Cor-
responding to problem P1, we obtain the following system

Problem P1. Reach a target position at final time T

T
1%
min S0 = w m(T) - 2%)W+/l?@%ﬁ+§wwm,
XMy 0
subject to  x™ = fm(x™) 4 By (4.42)

where the function /™ : R2¥ N+ 3 R is defined as
p
1) = & S o) el (1.43

Problem P2. Follow a desired trajectory

: m m m 1 m m g m m m
win ) = (D) -+ [+ o)
Xy 0
subject to  x™ = fim(xM) 4 BfmyMm (4.44)

with given initial conditions. The function If™ : R2(N+1) — R is given by

l?@“)Z%EjWﬁﬁ)—%()W e (t) — ol (1) (4.45)

Both problems P1 and P2 can be written in compact form as follows

1 T
win TP ) = Sl (T) SO+ [ e S
0
subject to  x™ = ™ (x™) 4+ BM™y™ (), (4.46)

where 77 = 1,2 denotes the problem. In both problem, the function f : R2N+1)

RN+ and the constant matrix B™ are given by
U(f)m Od,d
U{m Od,d
fm '
0
£y fmy UN Bin — | Vdd | 4.47
(<) So + Mo + Ag ’ I (4.47)
Sl—|—M1+A1+L1 Od,d
SN+ My + Ay + Ly 04,4
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Remark 8.

1. The gradient of 1™ (x™) with respect to x™ is given by

ol oI ol oI ol '
VI (x) = L L. = = , 4.48
) (axgm Oxim Ozt Jyfm ovim (4.48)
where its elements are given by
o (g g 2
i = 2:“ Z||(x0m_xbm)|| ’ (449)
0 b=1
ot
= = —2u(zg” — )l
Ot 0
8lfm
ﬁ = 0, for i=0,..,N.
Ui
2. The gradient of I5*(x™) with respect to x™ is given by
ol ol ol oI ol '
V3 (x™) = [ =2 2 .. =2 2 =, 4.50
2 () (&cgm Ozim Ozt Jyfm ovim (4:50)
where its elements are given by
8[2111 = fm fm (12 fm fm
pEri 2 (g™ = ag™)|I* + (" — i), (4.51)
0 b=1
ol - -
SL = ol - oM,
b
alfm
ﬁ = 0, for i=0,..,N.
[

()

We assume that the pair (x™, u™) € X™ x 2((0,T); R?) are minimizer for the prob-
lem (4.46). Then there exists a unique Lagrange multiplier p™ € H'((0, T); R2N+1)
such that the triple (x™, u™ p™) solves the following system,

Xfm — ffm(xfm) + Bfmufm, Xfm(o) — Xgm7
P = (VI (x)) T (V£ () Tpin, i (T) = —(x(T) — x (7).
I/U,fm _ (Bfm)Tpfm — 07

where VM (x™) are defined in (4.48) and (4.50). The Jacobian matrix of function
£ with respect to x™, V™ (x™)  is defined in (3.47) and final condition for adjoint
equation is given by

x"™(T) = x4es(T) = (w5™(T) — 242a(T), 04.d, Oad, -, Oa) - (4.52)

This system is called the first- order optimality system for Problem (4.46).
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Numerical discretization and
optimization

In this chapter, we address two important issues for implementing our control strate-
gies: The first one is an accurate discretization scheme for the forward multi-agent
models and for the optimality systems. The second is a numerical optimization proce-
dure that allows to construct a feedback control mechanism by exploiting the solution
of the open-loop optimal control problems discussed in the previous chapter.

5.1 A Runge-Kutta discretization scheme

In this section, we discuss the Runge-Kutta (RK) discretization scheme proposed in
[47, 49]. We extend this numerical framework to the case of multi-agent systems and
a leadership-based control. One of the motivation for focusing on this scheme [47, 49|
is the ability of this method to provide high-order RK schemes for the optimality
system equations that are particularly suitable for implementing numerical optimiza-
tion schemes. Specifically, the scheme in [47, 49] guarantees very accurate gradients
that are essential for a successful optimization procedure. For ease of illustration of
approximation scheme, we discuss the following optimal control problem
min  JH(@™ u) = o(a™(T))

xrk7urk

subject to  #™(t) = fE(a™(t),w™(t), te[0,T] (5.1)
o™ (ty) = ak,

where z%(t) € H'((0,7);R™) and u™(t) € R™ are called the state and control
variables, respectively. We choose u™* € U™ = L2((0,7T);R"). The function ¢ :
R™ — R represents the objective and the dynamics of the model given by f** :
R x R"™ — R"™. We assume that, for a given u™, the dynamical model in (5.1)
admits a unique solution 2™ = 2™ (u™*) and the map u™ — 2™(u™) is differentiable.
Therefore, the problem (5.1) can be written in the following equivalent reduced form.
min J™(u™), (5.2)

urk E[Urk
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where J™(u™) := J™® (2™ (u™), ™). Our aim is to find a control @™ such that for all

admissible controls u'*, we have
Jrk<xrk(mk), ﬁrk) g Jrk(m,rk(urk), urk).

Suppose that there exists an open set 2 C R™ x R" such that the neighborhood of

(2™, a™) with radius € > 0, B.(z",a™) C Q for every ¢t € [0,T]. Moreover, the first
partial derivatives of f'* with respect to ™ and u'* are Lipschitz continuous in €2

and the first partial derivatives of J™ with respect to 2™ are Lipschitz continuous in

B (Z™(T)).

Under these assumptions, there exists an associated Lagrange multiplier p** € H*((0,7"); R™®)
for which the following first-order optimality conditions are satisfied at (Z'%, p*, a'*)

as follows

vrkL( rk ~rk ~rk)
Vo L(Z™, p, a)
Vo L(Z™, p™, @™)

0,
0,
0,

where L is the Lagrange function L : R™ x R™ x R™ — R given by

L<xrk’prk’ urk) — Jrk(xrk’ urk) + <j:rk o f'rk(xrk7 urk)7prk>L2’
— gf)(l‘rk(T)) + <i’rk o frk(xrk,urk),prk>L2.

By calculation of the derivation of Lagrange function we obtain the optimality system
as presented as following,

() = fr(a™(), u™ (1), 2™(0) = g,
() = — ( fE@)Tp™,  p™(T) = =(Vag(x™(T))) T, (5.3)
—(Vuf™)Tpk =0, te0,7T).

We call the first equation of (5.3) the state equation, the second equation is the adjoint
equation with the terminal condition p™(T') = V,¢(x*™(T)). The third condition is
referred to as the optimality condition equation.

An essential aspect in the numerical solution of optimal control problems is the dis-
cretization of the reduced gradient. In order to derive an adequate discrete reduced
gradient, we consider the so-called first-discretize-then optimize strategy, that is, one
follows the following procedures. First, one discretize the optimal control problem,
that means to discretize the cost functional and the differential constraints . Second,
one constructs the corresponding discrete Lagrangian function. Third, one derives
the first-order discrete optimality system.

We consider the discretization of the optimality system (5.3) by a RK scheme on a
uniform time mesh and the following time-step size

hz_a

n
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where n is the total number of discrete time intervals in (0,7") and the value of z™(t)
at the discrete time ¢, is denoted with

v =a™(ty), th=kh for k=0,...,n

We consider a s-stage Runge-Kutta discretization scheme that is defined by setting the
values of the coefficients a;; and b;,1 <4, j < s, such that they satisfy the conditions
given in Table 5.1. In the same table on the left-hand column, the order of accuracy
resulting from the given conditions on the coefficients is given.

Table 5.1: Order of accuracy Runge-Kutta discretization for different choices of the
discrete parameters.

Order | Conditions (¢; = Zj Vg, dj =0 biagg)

3 Sed; = 3, > bict _% Zd?/bi:%
4 Sbic = Zbiciaijcj:%a Zdzzcz?:%za Zdiaijcj:;?’

Yadi/bi= 15, Xd/0 =5 Ybicayd;/by =35, X diayd;/b; = g

ol

4>I>~

Corresponding to the RK discretization setting, the optimal control problem (5.3)
with s-stage RK scheme becomes the following

min @ u) = o) (5.4)
subject to z}%, = +th flyrs uly),  2™(0) = b,

y;k = _’_hza”frk yj >uk]>

for1 <i,j<s,and 0 <k<n-—1.

where the vector y; and u;; are intermediate state and control variables on the interval
[tk, ter1]- Notice that u, € R"* represents the s-stages of the RK discrete control
vector at time step k. We have

rk rk rk nes.
U = (uklvqua . uks) eR

Moreover, we consider the discrete L?((0,T); R"®) -scalar-product as follows

3
—

(T, 9)n=h ) (T, k) (5.5)

£
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For zi* near z(t;) and wuy; near u(ty), for j = 1,...,s, by smoothness and the im-

plicit theorem, when h is small enough, the intermediate variables y; are uniquely
determined; see [47], [17][Thm.303A].

Theorem 10. State Uniqueness property
There exist positive constants hy and €, such that for h < hy and (2™, u ) € B, (2, u™)
for some t € [0,T], forj=1,...,s. Then

yF=a™ by ag My ), 1<i<s, (5.6)

has a unique solution y* € B (3™ ™), for i = 1,...,s. If y™(z™, u™) denotes
the solution of (5.6) corresponding to given (z,u) € R™ x R*"  then yrk(x ,u) s
continuously differentiable in x and u.

Next, consider the discrete Lagrange function corresponding to (5.4). We have

5 —
Lh(xrk7yrk7urk7prk7¢rk) _ ¢(I£Lk)+< k+1 k Zb frk ykwukz pk+1>
y i T} T r r
+ < ki — i Z%fkykp Uis); k>
L2
T I
= ¢(a'F —I—hz< LaR berk (Ui k) pk+1>
: yri — T} : r r r
. hzzz»<%—z%fk<ym, ).

k=0 i=1 j=1

12

where pik € R"® for 0 < k < n — 1. We compute the gradient of the objective func-
tional J™ with respect to the discrete control. The adjoint equation corresponding
to the optimality condition results as follows

k - pk+1 + sz ki p;k = _vz(b(x;k)7

where

bjai;
11;11( = (vxfrk(ykzv Um (pk—i—l + Z ] ) .

for1<i,j<s, 0<k<n-—1.

78



Numerical discretization and optimization

Summarizing, the discrete optimality system corresponding to (5.1) is given by

'r};lfl—l = + h Zz 1 b; frk(ykwukz) xrk(t()) = x6k7
Yrs = ap R ai (YRS, k),
K k k k (5.7)
D = Dkt + b ol Put = —Vao(ay),
T r T T S bjaij i r
mo= (Vo™i uis) " (pkljrl + Zj:l %W}) :
From this system, the following gradient results
. . bjai;
Ve /() = =(Von (5 i) (pk+1 + Z Jw ) ’ (5.8)

forn=1,2,1<4j<s,and0<k<n-—1.

The well-posedness of the optimal control problem (5.4) and the estimation of error
in the discrete approximation can be investigated by the following Theorem. This
result can be found in [47].

Theorem 11. If the smoothness and coercivity properties hold, b; > 0 for each i, the
Runge -Kutta scheme is of order k for the optimal control, and U = R"™, then for all
sufficiently small h, there exists a strict local minimizer (z", u") of the discrete optimal
control problem (5.4) and an associated adjoint variable p" satisfying the optimality
system such that

max [|(z3)" — 2% ()l + ()" — 7l + ()" — @™ ()l (5.9)

0<k<n
) dn—l
< ch (h+T(dt“ 1“ h))

where u(x, YY) is a local minimizer corresponding to x = x;, and p = py,.

For convenience in application of Runge-Kutta schemes to our optimal control prob-
lem, we reformulate our optimal control problem (4.1) into the form (5.1) by intro-
ducing an additional state variable z, with the additional differential equation

X 1% “

a(t) = U(x) + §|IUH§, 2(0) = 0. (5.10)
Therefore the new state variables can be written as

X = (x, i:)T = (x1,... ,xm,a?‘)T,

and the dynamics of transformed system is given by

f(x) + Bu(t) i
F(x,u) = (l(x) n g”u|‘2> e R™. (5.11)
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As a consequence, the optimal control problem (4.1) is equivalently transformed into

min  J(X,u) = ¢(X(1)) (5.12)
subject to X (t) = F(X,u), t € 10,17,
X eX, ueU. (5.13)
We also denote ]

H(X(T)) = 512(T) = 2aes(T)* + #(T).

In the following, we discuss this setting in detail for our multi-agent models.

1.

The Hegselmann-Krause opinion formation model
The cost functional is given by

(8 O O ILL O O O
i u) = B (1) - sl (TR + 5 / S 10 — 250

2,7=1

1 O O
+§/0 an ) — 2% (1) |2t + ~ /||uf 12dt

Corresponding to this cost function, we introduce the variable Z and the follow-
ing setting,

N
Lo 1 o o
= WZH#(??) )* + ZHOE — ') + ||u ()

ij=1

°'(0) = o. (5.14)

Therefore our optimal control problem governed by HK system can be written
in compact form as follows

min X = L (1) (D +8(T) (515
Xot 40
subject to  x° = foI(x°") + BT (¢)
: 1 &
= S ) - e o) + an o)
ij=1
v 2
2t
where X°f = (x°f 2°0)T = (xf, 29f, ... 29, 2°F) € RIN+DHL are new state

variable. In compact form, the optimal control problem with the HK model is
equivalently transformed into
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min  JOUX wf) = ¢(X°NT)) (5.16)
subject to  X°I(t) = FoI(X° uoh), te€ 0,7
Xof c XOf, uof c UOf,
where .
o™ (XNT)) = Sl (T) — e, (T)|* + 2°(T).

2

The Heider social balance model
the cost functional is given by

N
1 v
TR ) = ST (AT) — 2l (T) + a0

@ = )

"™ (0) = 0.

Thus we get the transformed system

Jnin SO ) = BT — (T NT) (5.07)
subject to %" = f(x") 4 B"u(¢)
A= ™),
where X™ = (w57, gy, .., o}y, 3"°) € RN

On compact form, our HK optimal control problem is equivalently transformed
into

min J™P (X" u") = " (X"P(T)) (5.18)
subject to  X'™(t) = FW™(X" u), te0,7]
th c th’ uof c th’
where v
S ONT)) = 5 S (T — all (1)) + 30T,
i,j=1

81



Chapter 5

3. The refined flocking system
We reformulate our optimal control such that it is in the form (5.1). Corre-
sponding to problem P1, the cost function is given by

T, u) = Sl (T) =g (T) P45 Z/ g™ )||4dt+ ™ ][72.

We introduce the following equation

N
~1m M m
GRONE 5 > Mg PO+ Huf 1.
bh=1
#7"0) = 0

In the case of problem P2, the cost functional is as follows

T ) = (T) - afp ()P + Z [ et - st

T

N 'm m

+§/ g™ (1) — @ges(8)||3dt + - IIUf ()17
to

We define the following problem

Z SO+ ngm( ) — g (t )Hz+gllufm(t)l\2-

>

N =

g

—

~

N—

I
S oz

#(0) =

Therefore our optimal control problems P1 and P2 are transformed into the
following Pt1 and Pt2 problems.

Problem Ptl. Reach a target position at final time 7T

min  J"(X", 0™) = —H (1) = zaes (T + 2(T) (5.19)
subject to &M = vgm
xim — ,Ugm

b = Sy 4+ My + Eo 4+ u™
o = Sb+Eb+Lb

A fm M m
"= Z!lﬂf ) — " ()] + Huf Ol
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Problem Pt2. Follow a desired trajectory
1

min LN(XG"u™) = Sllag™(T) = age (D + 357 (T) (5.20)
subject to " = U(f)m
mfm — Ulgm

@(f)m = 50+M0+E0+ufm
oM = Sy My + Ey+ Ly

o= 5l O+ Gl ) - 2P
b=1
1 Ol 8

with given initial conditions.

Both problems Ptl and Pt2 can be formulated in compact form as follows

. 1 . fm
min - JUXG u™) = Sllag™(T) = age (D + 25(T)
subject to X = Ffm( In gfmy, (5.21)
where n = 1,2 denotes the problem, and the state variable
Xfm — (:vgm, i afn pfm pfm st g T and FIn(X I wi™) denote the
state and the dynamics of the transformed flocking systems. We also denote
¢ (XE) = —|| (1) — gy (TP + 23 (T).

Next, we present results of numerical experiments to validate the accuracy of reduced
gradient (5.8), corresponding to the RK approximation to the optimal control problem
(5.21). We consider a time interval and a one dimensional problem with one leader
and 3 agents. Therefore, the number of state and control variables are nz = 9 and
nc = 1, respectively. The initial positions and velocity of the individuals are chosen
randomly in (0,1) whereas the initial position of the leader is zqg = 2. The target
position for problem Ptl is x4, = 15, while the desired trajectory for problem Pt2 is
Zges = cos(t). The parameter values corresponding to our flocking model are given in
Table 5.2.

The motivation for choosing the RK scheme is the high accuracy of the resulting
optimization gradient. We validate this property by comparing the optimization
gradient resulting from the RK optimality system applied to a given direction with the
corresponding numerical directional derivative approximated by centered differences.
In this experiment, the control function and the direction du are chosen randomly
in the interval (0,1). Results for this experiment are reported in Table 5.3. We see
in Table 5.3 that the error in the computation of the gradient is of order O(a?).
However, we remark that the good accuracy observed in this experiment requires
sufficiently small time-step sizes. This fact also motivates the use of the MPC control
strategy discussed in the following section, since we can choose small time windows
in combination with moderate values of n to guarantee accurate gradients.
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Parameters
initial time to 0
final time T 10.0
time step size h 0.05
cost function 1 0.5
i 0.5
v 0.001
self-propelling force ! 0.07
Ié] 0.05
Morse Potential C, 0.2
C, 0.5
l, 0.5
lg 1
Attractive force by leader | C? 0.002
CY 0.5
19 0.5
10 |
2! 10
Attractive force vy 1
o 0.5
91 | cos(1.047)
dy | cos(1.57)

Table 5.2: Parameters values the refined flocking model and for the objectives.

fm fm
N (J (u+ aéu)QQJ (u aéu)) (VT 5u) o Frror
1 -7.210251e+000 -7.540379e-+000 | 3.301283e-001
0.1 -8.017659e+-000 -8.020856e+000 | 3.196608e-003
0.01 -8.083906e+-000 -8.083939e-+000 | 3.283014e-005
0.001 -7.293766e+000 -7.293766e+000 | 2.546723e-007
0.0001 -7.313259e+000 -7.313259e+000 | 2.641321e-009

Table 5.3: Values of the directional derivative of the objective with different time
mesh sizes and corresponding values of the optimization gradient applied to the same

direction. The last column reports the values of their norm differences.
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5.2 The model predictive control scheme

In this section, we discuss a model predictive control (MPC) scheme, see e.g. [44, 62,
that implements a closed-loop control strategy for the multi-agent model to track a
given sequence of desired positions in time.

Model predictive control is an optimal control strategy based on numerical optimiza-
tion for the feedback control that can be applied to stabilization and tracking prob-
lems. The general idea of model predictive control is that future control inputs and
future state are predicted using the system model and optimized at regular intervals
with respect to a performance index. Specially, let (0,7") be the time interval where
the evolution of the multi-agent system is considered. We assume time windows of
size At = T/M with M a positive integer. Let t, = kAt, k = 0,1,..., M. Fur-
thermore, at time t;, we have given initial conditions denoted with x(0) = 2. Our
MPC strategy for tracking problems starts at time ¢y and solves the open-loop control
problem defined in the interval (0,%;). Then, with the response z; resulting at t = ¢,
we have the initial condition for the subsequent optimization problem defined in the
interval (t1,t). This procedure is repeated by receding the time horizon until the last
time window is reached. We implement a MPC scheme where the time horizon used
to evaluate the control coincides with the time horizon where the control is used. We
notice that the closed-loop system with the MPC scheme is nominally asymptotically
stable [70]. We remark that our control system belongs to the class of MPC schemes
discussed in Ch. 6 and 7 of [44]; see in particular Section 7.2.

The MPC procedure is summarized in the following algorithm.

Algorithm 1 : Model predictive control (MPC)

Set k = O, XQ,

1. Assign the initial condition, X (¢x) = X and the target Zges(tri1);
2. In (ty, tg41), solve (5.12), thus obtain the optimal pair (X, u);

3. Ity <T,set k:=k+1, Xy = X(t), go to 1.

End.

Next, we discuss the second step of Algorithm 1, that consists in solving the opti-
mal control problem (5.12). Notice that the solution of the state equation in (5.12)
gives the mapping u — X (u), that allows to transform the constrained optimization
problem in an unconstrained one as follows

min J,(u) := J(z(u),u). (5.22)
u€Uqq
We solve these problems implementing a nonlinear conjugate gradient strategy. The
evaluation of the corresponding gradient is given in (5.8): For a given u, we solve first
the forward flocking equation and then the adjoint flocking equation. This procedure
is implemented with the RK scheme and is summarized in the following
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Algorithm 2: Evaluation of the gradient

1. Solve the discrete multi-agent model in the optimality system (5.7)
with the given initial conditions;
2. Solve the discrete adjoint multi-agent equation in 5.7

with the computed terminal condition;
3. Compute the gradient V,J(u) using (5.8);
End

We solve the optimization problem (5.12) by computing the gradient using Algorithm
2 and implementing it in a nonlinear conjugate gradient (NCG) scheme; see, e.g.,
[43, 74]. The NCG scheme is as follows.

Algorithm 1 : Nonlinear Conjugate Gradient

Input initial approx. ug, dy = —V.J(uy),
go = —dp index k = 0, maximum £k,,,., tolerance tol.
While (k < ka0 and || gg||ge > tol ) do
Apply a linesearch to determine steplength oy > 0 along
dy, satisfying (5.23);
Set U1 = Uk + dk;
Compute gpy1 = VJ(upy1) using Algorithm 2;
Compute [ given by (5.24);
Let dj1 = —grs1 + 807 ds
. Set k=k+1;
End while

R N

In this NCG scheme oy, > 0 is a step-length obtained with a linesearch algorithm [84],
that satisfies the following Armijo condition of sufficient decrease

J(ug + o di) < J(ug) + 6 ag (VI (ug,), dy), (5.23)

where 0 < 0 < 1/2; see [84]. Notice that we use the inner product of the U space.
The parameter (3, resembles the one appearing in the well-known linear CG scheme.
There are many different formula for 3, which result in different performance depend-
ing on the nonlinear optimization problem. We use the formulation due to Hager and
Zhang [48], as follows

Bk _ pHZ — (Ukagk+l) (yk7yk>
" (dis i) Yk, i)’

where yx = gr+1 — gr. Our choice is motivated by our numerical experience. In
fact, the Hager-Zhang NCG formula results to be the most efficient among the known
formulas [84] .
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Numerical experiments

In this chapter, we present results of numerical experiments with our multi-agent
models. These results demonstrate the control performance of our leader-based con-
trol strategies.

6.1 The Hegselmann-Krause opinion formation model

In this section, we present numerical simulations with system (2.4) in the one di-
mensional case d = 1. First, we consider the uncontrolled HK model where the
control u°® = 0. This model is solved using the explicit fourth-order Runge-Kutta
method illustrated in previous section. In our experiments, the connectivity functions
a;; = a(||z" — 25']]) are given by

1, 0<r<o,
a(r) =a(r;d,e) = : + 3 tanh (TT1(5+T7((15+E))’ 6 <r<(d+¢)
0, (0+¢)<r.

The connectivity coefficient accounting for the relationship between the leader and
the other agents is chosen as follows

17 0 S r S 507
cl(r) = cl(r;6p,80) = % + %tanh <T550 + r7(5(1)+50)) , do < 1 < (0o + €0),
0, (50 -+ 80) f; r,

where r is the distance from the leader and ¢y is the bounded confidence. Alterna-

tively, we take

f__of 2
leg” —=3' |

G(rig) =€ &
where [, = 20 is a parameter that scales the region of attraction. The comparison of
the connectivity function is shown in Figure 6.1.
Figure 6.2 shows numerical results with the HK model and an uncontrolled exter-
nal leader. The initial positions of the agent’s opinion are distributed randomly in
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Comparison of connectivity function
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Figure 6.1: Comparison of the connectivity function a;; , ¢f ,c;

7

Table 6.1: Parameters for the HK model with leadership.

connectivity function (a;;) d 2.5

e 0.05
connectivity function (c})  dg 5
g 0.05
connectivity function (¢ ) 1, 20

strength of leader power ¥ 10

[—20, 20] while the leader’s initial opinion is x5f(0) = 30. For these initial conditions
x°t(0) = (251(0), 285(0), ..., 235(0)), N = 19, and bounded confidence § = 2.5,5; = 5,
it can be seen that the opinions z$!(¢), for i = 0, ..., N, converge to an opinion x°.
Moreover, due to the limitation of confidence, clusters of agents’ opinions are formed.
That is, agent groups are formed with different opinions, 2™ # x‘]?f* when 7 and j are
not in the same group, while in the other case, 29" = x;?f* whenever ¢ and j are in
the same cluster.

Next, we investigate the HK model with a leader subject to the global stabilizing
feedback control given by Theorem 7. We allow the connectivity function with the
leader ¢ to be zero in the bounded confidence case (that is with connectivity functions
¢}). We consider two test cases, corresponding to two different initial conditions. In
the bounded confidence case, for some initial configuration, this feedback fails to be
a global stabilizer (see Figure 6.4(a)). For all tests, the parameters related to the
model are set up as stated in Table 6.1.
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Case I The initial conditions are taken as above, that is, a group of 20 agents in-
cluding the leader are examined where the opinion leader is at xI™(0) = 30, while the
other opinions are chosen randomly in [-20,20]. In the Figures 6.3(a), we report the
results with the HK system with ¢}, and in Figure 6.3(b), we report results obtained
with ¢?, when the control with different functions ¢} and ¢? is applied. We see that by
applying the input control to the HK system, the leader forces the agent’s opinions
to achieve consensus.

Case II The initial position of the leader opinion is placed at the center of the group
of agents, while the opinions of the other agents are randomly distributed in a neigh-
borhood of the leader’s position where the distance between the leader opinion and
the next nearest agent opinion is greater than the length of bounded confidence .
With this set of initial conditions, we get the results as shown in Figure6.4, where
Figure 6.4(a) and 6.4(b) show the solution of the HK system with the ¢} function and
Figure 6.5(a) and 6.5(b) show results using ¢?. As we see in Figure 6.4(a), because
the value of ¢ is initially zero, the feedback control u is equal to zero. Therefore the
leader has no influence on the other agents and fails in steering the agent to consen-
sus. On the other hand, with the ¢? function consensus is obtained.

To complete this section, we present results of numerical experiments obtained with
the optimal control problem (5.16) in the time interval [0, 10]. First, we consider two
series of experiments; in the first one, we consider the consensus problem and the
second one, we focus on the tracking problem, In both tests, we solve the optimal
control problem (5.16) with N + 1 = 10. The parameters related to the model are
given as shown in Table 6.1. In addition, the parameters in the objective function
are given by y = 1, = 0.001. The initial opinions of the agents are randomly chosen
in [-5,10] and the opinion of the leader is at x¢(to) = 20. Furthermore, the target is
Zges = c0s([0,10]). To apply the MPC strategy to the first and the second series of
experiments, the time horizon is divided into subintervals of size At = 0.25. From
Figure 6.6 and Figure 6.7 we see that the resulting optimal control is able to steer
the system to achieve the objective.

Next, we consider the tracking problem of the system (5.16) in the time interval [0, 10].
The corresponding parameters in objective functional and the target x4 are chosen
as same as the previous experiments. To apply MPC, time horizon is again divided
into subintervals with the same time window size, At = 0.25. Our MPC strategy
for this experiment starts at the time ¢ty = 0 and solves the open-loop of the control
problem defined in (0, ;) with At = 0.25. In general cases, the response x; resulting
at t = t; is chosen to be the initial condition for the subsequent optimization problem
defined in the next interval (¢1,t3). However, in this experiment, the response 7,
resulting at ¢, = %1 is chosen as the initial condition for the next time interval with
the same window size, i.e., ('t],%] + At). This procedure is repeated by receding the

time horizon until the last time window is reached. Comparison with results in Figure
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Table 6.2: Comparison of total running time

The number of time window (n) | At | total running time (s)
20 0.5 2,066.50
40 0.25 312.13
80 0.125 204.14

6.7, it is seen that the evolution of leader’s opinion in Figure 6.8 has no jump at final
time of each time window.

Finally, we verify the ability of leader to track the desired trajectory. In these series
of experiments, we consider the tracking problem with the different sizes of time
window At. In the Figures 6.9, we compare the distance between leader’s opinion
and the desired trajectory corresponding to different values of At where the results
with line-circle , line-square, and line- diamond are related to At = 0.5, At = 0.25
and At = 0.125, respectively. It is seen that the smaller sizes of time window, the
closer the desired trajectory can be obtained. Moreover, by comparison of total time
running shown in Table 6.2, it can be seen that length of time window has impact on
the total running time. The smaller length of At¢, the smaller total running time is
spent. One of reasons for these consequences is that the optimal control problem is
solved accurately with small time window.
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Figure 6.2: Free evolution of the system (uncontrolled case). Simulation with N+1 =
20 agents. The initial position values are chosen randomly in [—20,20] and leader
opinion is at z¢(0) = 30. Figure (a) shows with ¢}. Figure (b) result is with ¢Z. The
evolution of the opinion is denoted by a line and the dashed line represent the opinion
of the leader.
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Simulation with N + 1 = 20 agents.
position values are chosen randomly in [—20, 20] and leader opinion is at x(0) = 30.
Figure(a) show results with ¢, results (b) with ¢?. The opinion evolution of each
agent is denoted by a continuous line and the dashed line presents the opinion of the
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Figure 6.4: Stabilizing control. Simulation with N + 1 = 20 agents. The leader’s
initial opinion is at center of group, other initial positions are randomly distributed
on both sides of leader’s position. Figure (a) and (b) show the results with ¢}. The
opinion evolution of each agent is denoted by a continuous line and the dashed line
presents the opinion leader.
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Figure 6.6: Optimal control. Simulation with N +1 = 10 agents. Figures (a) and (b)
represent the optimal results of the HK with leadership for u = 0. The objective is
to force all agents to reach the consensus x°™*. The opinion evolution of each agent is
denoted by a continuous line and the dashed line represents the opinion of the leader.
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Figure 6.7: Optimal control. Simulation with N 4+ 1 = 10 agents. In figures (a) and
(b) the optimal results of HK with leadership for g = 1. The objective is to force all
agents to reach the desired position x5, = cos([0, 10]). The opinion evolution of each
agent is denoted by a continuous line and the dashed line represents the opinion of
the leader.
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The trajectory of all states
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Figure 6.8: shows the results of optimal control by means of MPC.
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Figure 6.9: shows comparison of the distance between leader’s opinion and desired
trajectory where line-circle, line-square, and line-diamond are the results correspond-
ing to n = 20, n = 40, and n = 80, respectively.
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6.2 The Heider social balance model

The purpose of this section is to present results of numerical experiments with our
HB optimal control problem. We chose the time horizon T = 2. The objective is to
find the optimal control in order to drive the HB system to reach a friendship state
where x?jb = Rforalli,j =0,....,N, i # j. We consider two series of experiments; in
the first one, the initial conditions z’(0) € (=5,5). In the second one, the state of
relations starts with hostility that is characterized by values in a neighborhood of the
unstable equilibrium point x"™* = —R. In both cases, we solve the optimal control
problem (5.18) with N = 9 people and one leader, with R = 5. In the objective
functional we take v = 0.001. Furthermore, the target is x>, = R. To apply the

MPC strategy, the time horizon is divided into subintervals of size At = 0.25.

Case I The initial state of relationships of the agents in our network is randomly
chosen with friendly and hostility values. With this set of initial conditions, we get
the results shown in Figure 6.10, where Figure 6.10(a) shows the solution of the HB
model with zero control uy; = 0, for i = 1, ..., N, and in Figure 6.10(b) the controllers
are activated into the HB system. As we see in Figure 6.10(a), the HB model evolves
towards the equilibrium states as it is expected because the value of the controls wug;
is equal to zero. Therefore the leader has no influence on the other agents and fails
in steering the agents to a friendship state. On the other hand, as we see in Figure
6.10(b), as soon as the control is active friendship is obtained.

Case II In this case, the initial state of relationships of the agents in our network
are randomly placed in a neighborhood of the unstable hostility equilibrium point
x"* = —R. With this set of initial conditions, we get the results as shown in Figure
6.11. Specifically, in Figure 6.11(a) we see that the solution of the HB model without
active control is unstable. On the other hand, whenever the leader is actively con-
trolling the system, the HB model successfully reaches the desired friendship state;
see Figure 6.11(b).

We remark that results of further numerical experiments show that our control strat-
egy is ineffective in driving the HB model to hostility.
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Figure 6.10: Simulation with N +1 = 10 agents. The status of relation of individuals
in figure (a) are started randomly with friendship and hostility =} € (—5,5). Figure
(a) shows the results where no controller is included the system while in Figure
(b) controllers are included in the HB system. The dot-lines represent state of the
relationship of leader and normal people, otherwise are of normal people.
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Figure 6.11: Simulation with N +1 = 10 agents. The status of relation of individuals
in figure (a) are started with hostility 2P € (—6,3). Figure (a) shows the results
where no controller is included the system while in Figure (b) controllers are included
in the HB system. The dot-lines represent state of the relationship of leader and

normal people, otherwise are of normal people.

100



Numerical experiments

6.3 A refined flocking model

In this section, we discuss results of numerical simulation with our refined flocking
model. These numerical experiments are organized into two parts. In the first part, we
discuss the numerical tests regarding the investigation of the stability of the flocking
system. In the second part numerical experiments with the optimal control governed
by the flocking model is discussed.

For our experiments, the parameters are chosen based on biological concerns C' >

1,1 < 1 and in the catastrophic region Cl¢ < 1,d = 2. Corresponding to our experi-
ments, the values of the parameters of the flocking model are given in Table 6.3.

Table 6.3: Parameters values for the refined flocking model.

Parameters
self-propelling force ! 0.07

6] 0.05
Morse Potential C, 50

C, 20

, 2

la 100
Attractive force by leader | C? 25

CY 10

10 !

10 50

2! 10
Attractive force v 1

o 0.5

91 | cos(1.047)

dy | cos(1.57)

Next we discuss stability of the refined flocking model with leadership. The Figures
6.12, 6.13, and 6.16 show numerical results of the refined flocking model with external
leader and two different initial configurations. In Figure 6.12, two flocks of agents

x
are distributed uniformly on circle configurations with initial velocities v = \/% ﬂ,
x

while a leader is situated outside the groups as shown in Figure 6.12(a). In the Figures
6.12(b), 6.12(c) and 6.12(d) results of simulation are reported where the leader is not
included in the swarming system. After ¢ = 100, it can be seen that the flock develops
into a chaotic configuration (Figure 6.12(b)) before it starts self-organizing in a single
mill that is observed after ¢ = 800 (Figure 6.12(c)). Figure 6.12(d) demonstrates
the result of flocking that is a combination of alignment and Morse potential. It can
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be seen that agents form the pattern configuration and move in the same direction.
However, when the leader is present in the system, we can see that the agents react
to the presence of the leader adjusting the orientation of the velocity in order to align
with the leader and follow it after some time as shown in Figure 6.13. Similar results
with leader are shown in Figures 6.16, where the coefficients C, [ are chosen in a H-
stable region (C > 1,1 > 1) but C°, [° are set in catastrophic region C° > 1,1° < 1.
To discuss this case, we consider 62 agents with leadership starting with an initial
configuration that forms as a uniformly circle and each individual moves initially with
random velocities, see Figure 6.16. For this case, the coefficients corresponding to the
Morse potential are given as follows

C,=20 C,=50 L,=2 I,=10
C0=25 CO=10 1°=1 [°=50.

After t = 20, the group of agents breaks down and tries to move towards the leader
as shown in Figure 6.16(b) and 6.16(c). After some time, the group organizes itself
to follow and adjust its alignment in the direction of the leader; see Figure 6.16(d).

To examine the asymptotic behavior of the refined flocking system, we calculate the
dispersion I'(z™(t)) and disagreement A(t) as discussed in [22].

N+1

OB m;uxﬁ%)—@m@)u, (6.1

N+1

AW = Q(N—iw;jrwf%)—vﬁm(t)u

where (2™ (t),v™(¢)) represent the solution of the system (2.14) with the given initial
conditions. Furthermore, it is reasonable to expect that asymptotically this solution
becomes a minimizer of the Morse potential U, U® and the zeros of (a — B|vf™|?).
That is when the swarm reaches the asymptotic state, the distance between followers
and leader tends to the value

N

: 1 fm fm CT(’] lg lgl"(“) : fm o
tlggoﬁbz_;nxb — a5 || =1In (EC’_}Q M and tlggloHUi | = B
It can be seen from Figure 6.14 and 6.15 that when ¢ — oo, the value of I'(¢) is be-
coming constant and the value A(t) tends to zero, that is, the group attains a stable
configuration where each individual in the group moves with the same velocity, and
the relative distance remains constant.
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Figure 6.12: Simulation with N+1 = 76 agents. The initial configuration of swarming is displayed
in Figure (a). Figure (b) and (c) show the position and the velocities of the agents at time ¢ = 100
and t = 800 where the leader is not included in the dynamical system. Figure (d) shows results for
the swarming system after t= 200 where Morse potential and alignment force are included in the
model. The position of each individual is denoted by a circle and the shaded circle represents the

leader.
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Figure 6.13: shows results for the swarming system after t= 200 when the leader is
presented. The initial configuration of swarming is displayed in Figure 6.12(a).

103



Chapter 6
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Figure 6.14: Figure (a) and (b) show the dispersion I'(¢) and disagreement A(¢) for
the system including leadership in time interval [0, 200] where the initial configuration
of swarming is displayed in Figure 6.12(a).
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Figure 6.16: The numerical simulation of the dynamical system of N +1 = 62 agents.
The initial velocity values are chosen randomly and the initial position of individuals
are distributed into circle region as shown in Figure (a). Figure (b)-(d) show the
position and velocities of the agents from time t = 0 to t = 100. The position of each
individual is denoted by a circle and the shaded circle represents the leader.
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Figure 6.17: Figure (a) and (b) show the value dispersion I'(¢) and disagreement
A(t) for the system including leadership in time interval [0,100] where the initial
configuration of swarming is displayed in Figure 6.16(a).
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Figure 6.18: Figure (a) and Figure (b) illustrate the results of the system including
leadership in time interval [0, 100] where the initial configuration of swarming is dis-
played in Figure 6.16(a). Figure (a) shows the distance between leader and follower

compared with the value In <?—(? é—%) % Figure (b) presents the comparison of the

quantity of agents’velocities and the value \/% .
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In the final part of this section, we discuss results of numerical tests with our con-
trol scheme. In the first experiment, we investigate problem (5.12) in one dimension
considering a system with one leader and 9 agents, as already discussed in part in
Section 5.1. The number of state and control variables are nx = 21 and nc = 1, re-
spectively. The initial positions and velocity of the individuals are chosen randomly
in (0,1) whereas the initial position of the leader is 2™ = 10. The desired trajectory
for problem Pt2 is x = cos(t). The parameter values corresponding to our flocking
model are given in Table 5.2. In this test, we consider a time horizon with 7" = 20
and time windows of size At = 0.5 and At = 0.25.

In Figure 6.19 we compare results obtained with different time windows. On the
left-hand side, At = 0.50 is chosen whereas the results shown on the right-hand side
of Figure 6.19 are obtained with At = 0.25. We can see that the smaller the length
of the time window, the closer the objective can be obtained. These results are con-
firmed also when solving problem Pt2; see Figure 6.20. We remark that in all cases,
the effectiveness of our control strategy is demonstrated.

Next, we discuss experiments in two space dimensions in the time horizon T = 10.
In this case, the refined flocking model is composed of 10 agents including the leader
and we choose the following parameters’ values

C,=2 C,=5 1,=02 [ =2
C0=1 C°=05 =02 °=10.

T

In this case, we use the MPC scheme with 20 time windows and the number of time-
discretization points is n = 100 in each window. The desired trajectory is a circle
xm = [cos(t),sin(t)] on the plane. At the initial time, the leader is outside of the
flock while the other agents in the flock stay together within a small region. The
leader and the agents are initialized with random velocities. In Figure 6.21, we depict
the controlled evolution of the flocking model to follow the desired circular trajectory.
We see that the leader is able to follow the desired circular trajectory and to lead the

flock along this path.

The dispersion I'(t) and the disagreement A(t) defined in (6.2) are presented in Figure
(6.22). As a consequence of the optimization process, it can be concluded that after
a transient time, the value of I'(¢) is almost constant and the value of A(t) tends to
zero. Therefore each individual in the group moves with the same velocity and stays
close together following the leader.
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Figure 6.19: The figures show the trajectories of N + 1 = 10 individuals in the
interval [0,20] for problem Pt1 by using different sizes of the MPC time windows.
The figures in the left-hand side show the trajectories where the length of each time
window is [tx_1, tx] = 0.50, while the figures in the right-hand side show the solution
for time length [ty_1,tx] = 0.25. The same time-step size n = 500 is used in each
window. The dotted line, dotted with shaded circle line, and straight line display the
state trajectory of leader, desired target and other agents in the flock, respectively.
The shaded circle presents the desired position for optimization problem in each time
length.
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Figure 6.20: The figures show results for the problem Pt2 of tracking a desired trajec-
tory by using different sizes of the time windows. The dash-dotted line, dotted-dotted
line and straight line display the state trajectory of leader, desired path and other
agents in flocking, respectively. The figures in the left-hand side show the state tra-
jectories computed with [t;_1,t;] = 0.50, while the figures in the right-hand side show
the solution for time length [tx_1,%x] = 0.25. The same time-step size n = 500 is used

in each window.
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Figure 6.21: Two-dimensional case: snapshots of 10 agents and the leader tracking
a desired circular path. The position of each individual is denoted by a circle and
the shaded circle represents the leader. The velocity is represented by a vector at the
agent position. The Figures (a)-(f) illustrate the position at different times along the
evolution. The last figure shows the path followed by the leader together with the
desired path.
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Figure 6.22: Figure (a) and (b) show the evolution of the values I'(t) and A(t) of
the solution (x™(t),vi™(t)) to the refined flocking system with leadership; the time
interval is [0, 10]. The initial configuration is displayed in Figure 6.21(a).
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Conclusions

In this thesis, we studied controllability of representative multi-agent models with
the presence of a leader focusing on the Hegselmann- Krause opinion formation (HK)
model, on the Heider social balance (HB) model and on our refined flocking model. For
these three models different control strategies were investigated. On the one hand,
the stabilizing control function was explicitly determined by application of control
theoretical tools. On the other hand, optimal controls were obtained using a model
predictive control (MPC) strategy. This control strategy requires the solution of a
sequence of open-loop optimality systems. The corresponding discretized optimiza-
tion problems were solved with an accurate Runge-Kutta method that guaranteed
accurate gradients of the reduced objectives. These gradients were implemented in
a nonlinear conjugate gradient solution procedure. In all cases, the control function
was implemented in the leader dynamics.

For the HK model, the analysis of the stabilization in the case of bounded confi-
dence and leader was provided. In addition, local controllabilty near consensus was
investigated. One of the novelties of this study is that we have explored the possi-
bility to control the evolution of agent’s opinion to reach agreement. In particular, a
global stabilization was achieved by feedback control implemented on the dynamics
of leader’s opinion. Further, a tracking problem was discussed via optimal control
problems and feedback control was obtained by using MPC.

Second, we have studied the continuous time Heider balance model. This model de-
scribes the evolution of relationship in a social network. It was shown that in the
absences of controls, this model evolves towards equilibrium states of friendship and
hostility. In correspondence to these states the local stability of the linearized system
was discussed. Furthermore, an optimal strategy, based on leadership, that steers the
relationships in the network to friendship state was investigated. The corresponding
optimization problems were solved with an appropriated Runge-Kutta method that
guaranteed accurate gradients of the objectives. These gradients were implemented
in a nonlinear conjugate gradient solution procedure and MPC.
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Chapter 7

Finally, we presented a new flocking model including self-propelling, friction, attrac-
tion and repulsion, and alignment features. The presence of a leader in the system
has been exploited in oder to develop a control strategy for our flocking model to
accomplish desired objectives. In this model, we investigated the pattern formation
or consensus of flocking. In correspondence to this state, the local controllability of
linearized system was discussed. Further, optimal control problems governed by a
refined flocking systems were considered.

Results of numerical experiments with these three models demonstrated the ability
of the proposed control through leadership strategy to steer the multi-agent systems
convergence to consensus.
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Appendix

In this chapter, we provide some essential concepts and precise mathematical results
related to real functional analysis that are used in this thesis. Our main references
for the first section are [54, 76, 81] and [18, 30, 26, 41, 72, 80| for the second section.

A.1 Initial-value problems

In this section, we present the general results on nonlinear dynamical systems char-
acterized by differential equations of the form

i = f(t,z) (A1)

Theorem A.1. Assume that f :[0,T] x X — R" is a vector function, where X is
open subset of R™ and f has the following properties

e f(-,x):]0,T] = R"™ is measurable for each fized x.
o f(t,:) : R" = R" is continuous for each fized t.
Moreover, the following two conditions also hold:

1. f is locally Lipschitz on x; that is, there are for each 2° € X a real number
p > 0 and a locally integrable function o : [0,T] — R* such that B,(z") is
contained in X and

1f(t2) =t y)ll2 < @)z =yl (A.2)
for each t € [0,T] and z,y € B,(2")

f is locally integrable on t; that is, for each fized x° there is a locally integrable function
B :10,T] = R* such that
1f(t %) < B(2) (A.3)

for almost all t.
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Then, for each pair (¢,2°) € [0, 7] x X there is some nonempty subinterval J C [0, T
open relative to [0, T and there exists a solution z(t) of (A.1) on J, with the following
property: If £ : J — X is any other solution of (A.1) where J C [0, T, then necessarily

JCJ and z=¢ on J. (A4)

The solution z is called the maximal solution of the initial-value problem in the
interval [0, 7).

A.2 Results of functional analysis

Definition A.1. Let X be a normed vector space and let X* denote its dual. A
sequence {x,}>2 of elements x, € X is said to converge weakly in X if there exists
x € X such that

for each x* € X*, x*(z,) = x2*(x) asn — oo

and such an x is called the weak limit of the sequence {x,}5°,. Weak convergence is
usually denoted by x,, — x

Theorem A.2. Let X andY be normed vector spaces over the same field K. It holds:

o let Ac L(X,Y), then

T, —x m X implies Az, — Axr in Y,

o let Be L(X xY,K), then

To,—x in X and y,—y in Y implies B(z,,y,) — B(z,y) in K

Theorem A.3. (Banach-Saks-Mazur)

Let X be a real normed vector space. Let C be a nonempty, convex, and closed subset
of X, and let {x}32, be a sequence of points xy € C that weakly converges to x € X
as k — oo. Then the weak limit x belongs to C

Theorem A.4. (Banach-Eberlein- Smulian).

1. Any bounded sequence in a reflexive Banach space contains a weakly convergent
subsequence.

2. A Banach space in which every bounded sequence contains a weakly convergent
subsequence is reflexive.

Theorem A.5. Let X be a reflexive Banach space. Let C' be a nonempty, convex,
closed and bounded subset of X. Then C' is weakly sequentially compact, that is every
sequence contains a subsequence that weakly converges to some x € C.
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Theorem A.6. The following Banach spaces are reflexive
1. Any finite-dimensional normed vector space
2. Any Hilbert space

Any closed subspace of reflexive Banach space

The dual space of any reflexive Banace space

The space P, 1 < p < oo, and the Lebesgue spaces LP(Q)), 1 < p < oo, with
any subset of R".

Definition A.2. Let X be a normed vector space and let X* denote its dual. A
function J : X — RU{oo} is said sequentially lower semicontinuous if

lim z, =2 in X dmplies J(x)= lim inf J(zy).
k—ro0 k—o00

Furthermore, let U C X be nonempty, then J : U — R U {oo} is said sequentially
weakly lower semicontinuous if

r,eU—2€U as k—oo wmplies J(r)= lim inf J(xy).

k—o0

Theorem A.7. Let X be a normed space. Then a conver and continuous function
J: X — RU{o0} is sequentially weakly lower semicontinuous on X

We are now going to provide some results that are used to guarantee the boundedness
property of the sequence by the application of coercivity.

Proposition A.1. Let U be a nonempty unbounded subset of a reflexive Banach
space. Let 1 : U — R U {oo} be a functional that is sequentially weakly lower semi-
continuous and coercive on U. Let (u™)_, be an minimizing sequence of the func-
tional 1, that is, a sequence (u*)°, that satisfies

u™eU and lim ¢ (u™) = inf ¥ (a). (A.5)

m—+00 uelU
Then the sequence (u™)_, is bounded.

m=1

Proof. Let (u™)%_, be a minimizing sequence for the functional 1, that is,

umeU and lim ¢(u™) = inf ¥(a). (A.6)

m—00 aelU

Suppose that (u™)$°_, is unbounded, then there exists a subsequence (u™); of the

sequence (u™)%°_; such that ||u™| — co. Thanks to coercivity of 1,
(™) =00 as my — oo

That is a contradiction. O
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Proposition A.2. Let X be normed vector space and a € X. The functional
fa: X =R,z |z—ad,

15 continuous and conver

Proof.

e Continuity
Let (x,)nen be a sequence in X such that lim,, ,., z, = x € X. Then we get,

lon = all = [l =all < |[(zn = a) = (z = @) || = [lzn — =]
lim ||z, —a|| = ||z —a| < lim |z, —2z| —0
n—oo n—oo

It yields , lim, ooz, — a|| = ||z — al.

e Convexity
For each z,y € X and A\ € [0, 1], consider

foPz+(1=Ny) = [[Az+(1-Ny—ad
IAx — Aa+ (1 =Ny + Aa—q
= [[Az—a)+ (1 =Ny —a
< Mz —al[+ 1 =Ny — 4

That is, f, is convex.
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