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D

D,
diam(A)
dist(A, B)
ext(T)
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heapg(9)

int(T")

lem(g)

=A,; ={z€C|r <]z <1}, annulus with radius r € (0, 1)
={z € C|r <|z| <R}, annulus with radii 0 < r < R < 00
complex plane

:= CU {00}, the Riemann sphere

appropriate capacity of g, i.e. ¢(g) = lmr(g) (radial case), ¢(g) = lem(g)
(bilateral case), ¢(g) = hcap(g) (chordal case), page 40

:=¢(g), where g denotes the normalised appropriate mapping function on
Q\ 9, page 40

chordal metric

closure of a set A C C with respect to the standard topology in C
closure of a set A C C,, with respect to the standard topology in Cy
connectivity of a domain €2

:={z € C||z| < 1}, the unit disk

={ze€C||z| <r}, re(0,00)

:=sup{|a — b||a,b € A}, diameter of a set A C C

= inf{|la —b||a € A,b € B}, distance of two sets A, B C C

exterior of the Jordan curve I'

half-plane capacity of g, page 35

:= hcap(g), where g is the normalised chordal mapping function on 2\ $,
page 35

interior of the Jordan curve I

logarithmic conformal modulus, page 32
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:=lem(g), where g denotes the bilateral mapping function on Q \ £, page
32

:=1n¢’(0), logarithmic mapping radius of g, page 25

:= lmr(g), where g is the normalised radial mapping function on Q \ 9,
page 25

set of continuous functions f: 1 - C, I CR

set of k£ times continuously differentiable functions f : I - C, I CR, k€N
Q is the kernel of each subsequence of (£2,,)nen, page 15

= cl(2) \ Q, the boundary of a domain 2

= cloo(2) \ Q, the boundary of a domain €2 on the Riemann sphere
real numbers

:={z € C||2| =1} = 0D, the unit circle

={z€Cl|z|=r}=9ID, r € (0,00)

:={z € C|Y(z) > 0}, the upper half-plane

A is a subset of B

= AC BAA# B, Ais a strict subset of B

={z € Cx | x(2,00) < r}, ball around oo with radius r > 0 with respect
to the chordal metric

:={z € Cx | |z —w| < r}, ball around w € C with radius r > 0

(fn)nen converges locally uniformly to f, page 16
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Chapter 1

Introduction to Loewner theory

In 1923, Charles Loewner (born as Karel Lowner) laid the foundation of a theory, nowa-
days known as Loewner theory, see [Low23]. In this context, Loewner considered con-
formal mappings from the unit disk D := {z € C | |z| < 1} onto D minus a single slit,
also known as single slit mappings. For any domain €2, we will call a function g : 2 — D
conformal® (or conformal mapping from Q onto D) if g is analytic and one-to-one and
g9(Q) = D. Moreover, Loewner proved that the class of single slit mappings is dense in
the class of all conformal maps on D. Loewner found out how to parametrise the slit
in order to describe the conformal single slit mappings by a differential equation known
as the Loewner differential equation. The long-term goal of his approach was to use the
differential equation in order to attack Bieberbach’s conjecture.

1.1 Radial Loewner equation and Bieberbach’s conjecture

First of all, let v : [0, 7] — cl(ID) be a simple and continuous curve having v(0) € T := 0D
and v(0,7] C D\ {0}. Using Riemann’s well-known mapping theorem, we find for each
t € [0,7], a unique conformal mapping g; from D \ v(0,¢] onto D such that ¢:(0) = 0
and g;(0) > 0. Then it is an easy consequence of Schwarz lemma to see that ¢ — ¢;(0)
is strictly increasing and g;(0) = 1. Moreover, ¢t — ¢;(0) is continuous on [0,7]. Note
that this follows immediately from the kernel theorem due to Carathéodory (see Section
2.1). Summarising, it is not a great constraint to assume that v is parametrised in such
a way that g;(0) = e’ for all t € [0,T]. Obviously, for all t € [0,T], hy := g;it satisfies
h}(0) = e!~T and hy is the unique conformal mapping from D onto Qp_; = D\ v(0, T —#]
having the same normalisation as g;. In 1923, Loewner proved the following theorem.

Theorem A. Let~:[0,T] — DUT be a simple and continuous curve satisfying v(0) € T
and v(0,T] CD\{0}. For eacht € [0,T], hy denotes the unique conformal mapping that
maps D onto Qp_ := D\ v(0,T — t| with the normalisation hi(0) > 0 and hy(0) = 0.
Assume h}(0) = et=T for allt € [0,T). Then, for each z € D, t +— hy(2) is differentiable?

If f : Q — D is analytic and one-to-one but not necessarily onto, we call f univalent. Thus an
univalent function f: Q — D is conformal if and only if f(2) = D.

2We will always indicate the derivative w.r.t. ¢ by h:(z), while we write h}(z) to denote the derivative
w.r.t. 2.
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on [0,T] and satisfies

Kt + 2
z.

for allt € [0,T] and all z € D,
Rt — 2

with a continuous function t — k; € T on [0,T].

The differential equation in Theorem A is called (single-slit) radial Loewner partial
differential equation. It is a straightforward calculation to find the following corollary.

Corollary B. Let v : [0,7] — DUT be a simple and continuous curve satisfying
v(0) € T and v(0,T] C D. For each t € [0,T], g; denotes the unique conformal mapping
that maps Q := D\ 7(0,t] onto D with the normalisation g:(0) = 0 and g;(0) > 0.
Assume g,(0) = €' for all t € [0,T]. Then t — gi(2) is differentiable on [0,T) for each
z € D and satisfies

‘ Ui + g1(2)
Us — gi(2)

with a continuous function t — Uy € T on [0,T].

9t(2) = g(2) for allt € [0,T] and all z € Qr, (1.1)

The previous differential equation is called (single-slit) radial Loewner ordinary dif-
ferential equation. k :[0,T] — T from Theorem A and U : [0,7] — T from Corollary B
are called driving functions or driving terms. It is not hard to show that k; = Up_; for
all t € [0,T] in the previous context.

As mentioned before, Loewner’s work was heavily motivated by the so called Bieber-
bach conjecture. Therefore, let us consider the following famous class:

S:={f:D — C| f univalent, f'(0) = 1}.

If f €8, we have f(2) = 2 + a2z + a32® + ... around 0. In 1916, see [Biel6], L.
Bieberbach conjectured |ax| < k for all £ € N, while equality holds for some k& > 2
if and only if f is a rotation of the Koebe function. Using the previous differential
equations, Loewner was able to prove |az| < 3, see [Low23]. Although this was a
great breakthrough, Loewner was a little bit disappointed that he was not able to solve
Bieberbach’s conjecture completely. Maybe this is the reason that the paper [Low23]
was Loewner’s first and only paper concerning this field®. Finally, almost seven decades
later, the problem was solved by L. de Branges, see [DB85]. While de Branges did not
use Loewner’s differential equation directly, C. FitzGerald and C. Pommerenke found
an easier proof based on Loewner’s results, see [FP85].

After Loewner published his paper in 1923, his ideas were developed and generalised
a lot. Herein, important contributions are due to C. Pommerenke, see [Pom65], and P.
Kufarev, see [Kuf43], leading to ‘general Loewner equations’. The difference between
Loewner original equation, see Equation (1.1), and more general Loewner type equations
is the kernel on the right-hand side. Nevertheless, most recent applications are based on
Loewner’s original equation, so we continue with that.

3This was mentioned by P. Duren during some lectures at Wiirzburg university in May 2014, see
[Dur14].
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One might ask the natural question if there are other families of domains (2¢)eo,7]
having Q; C €, whenever ¢ < s, with corresponding functions g¢; : 2; — D normalised
by ¢:(0) = 0 and ¢,(0) = e’ such that t — g; fulfils a single-slit Loewner differential
equation with a continuous function ¢ — U;. By ‘other families of domains’ we mean
domains such that Qp is not a slit domain. This question goes back to Loewner (see
[Low23], page 117):
‘Es sei hier noch bemerkt, daf$ dieser Satz nicht umgekehrt werden kann, d.h.
es gibt stetige Funktionen t — Uy, wo die Losung von (1.1) keine Schlitzab-
bildungen liefert. Fs ist mir jedoch nicht bekannt, welche Bereiche aufler den
Schlitzbereichen auf diese Art noch entstehen konnen.’

The first example of a non-slit mapping is due to P.P. Kufarev, see [Kuf47].

In 1966, Pommerenke gave an answer to Loewner’s previous question, see [Pom66],
where he proved the following theorem (even for unbounded ;).

Theorem C (Theorem 1 in [Pom66]). Let (Qt)co,r) be a family of simply connected
domains such that 0 € Qp, Qo = D and Qg C Q whenever 0 <t < s < T. Assume,
for allt € [0,T], gt : Q¢ — D is the unique conformal mapping with the normalisation
g1(0) = €' and g4(0) = 0. Then the following two statements are equivalent:

(a) For each z € Qu, t — gi(z) is differentiable on [0,T] and fulfils differential equation
(1.1) with a continuous function t — U, € T.

(b) For everye > 0, there exists a 6 > 0 such that whenever s,t € [0,T] and 0 < s—t < §,
some cross-cut E of Q with diam(FE) < e separates 0 from Q \ Qs.

See Section 2.4 in [Pom92] or Chapter 5 for the definition of a cross-cut. Theorem
C is helpful to understand how domains coming from a Loewner equation have to look
like. Moreover, it leads easily to non-slit mappings satisfying a Loewner equation.

In particular, it is possible to find families of domains (€2¢),c[o,7] such that the corre-
sponding family (g¢).e[0,7] satisfies Equation (1.1), while €2 is not even locally connected
for some ¢t € [0,7]. This case was studied intensively by J. Lind, D. Marshall and S.
Rohde, see [LMR10] where several examples are given.

1.2 Chordal Loewner equation and SLE

Recently, Loewner’s equation was used with great success in probability theory, as we
will see later. In this context, instead of Loewner’s original setting a different setting,
introduced originally by Kufarev considering slits growing in the upper half-plane, is
used mostly.

Therefore, let H := {z € C | ¥(z) > 0} denote the upper half-plane and denote by
~v:10,7] - HUR a simple and continuous curve such that v(0) € R and ~(0,7] C H.
Analogously to Section 1.1, Riemann’s mapping theorem gives us a conformal mapping
g¢ from € := H\ (0, ¢] onto H for each ¢t € [0, T]. This mapping is unique if we consider
the normalisation

g(z) =z + % +0(|2]7?) around oo, (1.2)
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known as the hydrodynamic normalisation. It is easy to see that a; > 0, while a; is
called the half-plane capacity. Unsurprisingly, the half-plane capacity a; plays a similar
role as ¢;(0) in the radial case. Indeed, t — a; is strictly increasing and continuous, so
we may assume that v is parametrised in such a way that a; = 2t for all ¢ € [0,T]%.
Then P. Kufarev, V. Sobolev and L. Sporyseva proved the following result, see [KSS68|.

Theorem D. Let v : [0,7] — HUR denote a simple and continuous curve such that
7(0) € R and v(0,T] € H. For each t € [0,T], g+ denotes the unique conformal mapping
from Q; := H \ v(0,T] onto H having the hydrodynamic normalisation, see Equation
(1.2). Moreover, for each t € [0,T], assume a; = 2t where a; denotes the half-plane
capacity. Then t — g, is differentiable on [0,T] and fulfils

. _ 2
gt(z) - gt(z) — Ut

with a continuous function t — Uy € R on [0,T].

for allt € [0,T] and all z € Qp,

Note this theorem was published in Russian and it got studied a lot from the Soviet
school. As a result of the cold war, the radial case on the one hand and the chordal case
on the other case were often developed further independently from each other.

As indicated already before, Loewner’s differential equation, in particular Theorem
D, became of big interest once again in 2000. Before going into detail, it is important to
notice that for each fixed z € H, the initial value problem

2
gt(z) — Uy
with a given continuous function U; : R — R, does has a unique solution g,(z) up to a
time T,. Then g is the unique conformal mapping from €, := {z € H | T, > t} onto
H satisfying the hydrodynamic normalisation, see Theorem 4.6 in [Law05] for a detailed
proof. Notice that same inverse result holds in the radial case as well, see Theorem 4.14
in [Law05].

In 2000, O. Schramm had the fruitful idea to replace the driving term U; by a
Brownian motion \/kB, i.e. By is a standard Brownian motion and x > 0. This leads
to the definition of chordal Schramm-Loewner evolution (SLE) with parameter «, see
[Sch00] for more details. Schramm realised that the (random) domains €, differ heavily
from the choice of k. If k € [0,4], with probability 1 ; is given by H minus a simple
curve. In the case k € (4,8), w.p.1 €; comes from H minus a random curve hitting
itself and the real axis infinitely often. Finally, if k > 8, w.p.1 €; is generated by a
space-filling curve. In probability theory, Schramm-Loewner evolution was used with
great success, e.g. to prove the Mandelbrot conjecture, see [LSWO1], or to find scaling
limits of discrete random processes.

ge(z) = 90(2) = 2,

1.3 Multiple slit Loewner equations

As we have seen in the previous sections, single slit mappings play a huge role in complex
analysis. Nevertheless, there are many models involving several of slits. Therefore, let

4For historical reasons, v is most often parametrised in such a way that a; = 2¢t. Moreover the value
2 plays a (hidden) role in the radial case as well, see for example Proposition 2.5 and Remark 2.2.

4
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My Ym ¢ [0,T] — DUT, m € N, denote disjoint simple and continuous curves such that
Y6(0,T] C D\ {0} and 7%(0) € T for each k € {1,...,m}. Analogously to Section 1.1, we
define for each t € [0, T, g+ as the unique conformal mapping from € := D\ U, 7%(0, ¢]
onto D having the normalisation ¢,(0) = 0 and ¢;(0) > 0. Moreover, we set I'y, := [0, T7,
ke {1,...,m} and we call (T'1,...,T),) tuple of disjoint radial unparametrised slit in
D. Then one might ask the question if there are parametrisations 4 : [0,7] — Ty
with & € {1,...,m} such that the corresponding ¢ + g, are differentiable on [0, 7.
Moreover, it would be nice to find a characterisation of the parametrisations leading to
differentiable ¢ — g;.

The first person who studied this case was E. Peschl, see [Pes36]. He proposed the
following theorem (see Theorem 12 in [Pes36]).

Theorem E. Let (T'y,...,T';,), m € N, denote a tuple of disjoint radial unparametrised
slits in D.

Then there are parametrisations vy : [0,T] — Ty with k € {1,...,m} and T > 0 such
that for each z € D\ Uj, L'k, the corresponding g.(z) is differentiable w.r.t t on [0,T]
and fulfils

—_— or all z € Ty and all t € 10,7,

N~
~
—~
N
S~—
Il
Ne
o~
—
N
SN—
MS
b
ol
—~
~
S~—

where for each k € {1,...,m}, t — Ug(t) € T and t — M\g(t) > 0 are continuous on
[0,T7.

Here, for all t € [0,T], g denotes the unique conformal mapping from €y = D\
Use; 7(0,t] onto D having the normalisation g¢(0) = 0 and g;(0) > 0.

The previous differential equation is called multiple slit radial Loewner ODE. Anal-
ogously to Section 1.1, it is easy to see that the inverse function h; := g, L satisfies a
partial different equation, called multiple slit radial Loewner PDE. Obviously, it is pos-
sible to consider multiple slits in the chordal setting as well. Moreover, it is important
to note that Peschl considered already slits having branch points, for example two slits
have a branch point on T if 73 (0) = 72(0) but ~1(0, 7] and ~2(0, T are still disjoint.

Nowadays multiple slit Loewner equations have several applications. First let us
have a rough look at Mathematical Physics. Herein, multiple slit Loewner equations are
used to describe Laplacian growth models. For example, see [Sel99] or [CMO02] where it
is assumed that ~,(t) expands in terms relative to the Laplacian field. Moreover, the
considered slits can have branch points as well. One can see that the functions (),
k€ {1,...,m}, represent growth factors indicating ‘how fast a slit grows’. Models where
the growth of multiple slits is restricted to a channel were studied in [GSO08].

Another application of multiple slit Loewner equations is due to D. Prokhorov.
Herein, Prokhorov used multiple slit Loewner equations from an control-theoretical point
of view to study coefficient extremal problems for univalent functions, see [Pro93]. An
important theorem for his approach is the following.

Theorem F. Let (I'1,T'2) denote a tuple of disjoint radial unparametrised slits in D.
Moreover, assume I'y, 'y are piecewise analytic.

5
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Then there is a unique T > 0, unique parametrisations vy1,7v2 : [0,T] — Ty and
unique constants A1, Ao € (0,1) with \y + Ao = 1 such that for each z € D\ (T'y UT3),
t — gi(z) is differentiable on [0, T] and fulfils the following differential equation

: )
9(2) = 9:(2) Y Mg h— s

k=1

forall z €D\ (I'1 UTs) and all t € [0, T,

where, for each k € {1,2}, t — Uk(t) € T is continuous on [0,T]. Herein, for each
t € (0,77, g+ denotes the unique conformal mapping from € = D\ (71(0,t] U~2(0,¢])
onto D having the normalisation g:(0) = 0 and g;(0) > 0.

Under the conditions of Theorem F, the differential equation gives us easily g;(0) = e

for all t € [0, 7.

Note that the unique parametrisations from the previous theorem can be seen as a
canonical parametrisation of the two unparametrised slits I'y and I's. In the single slit
case, there is a unique parametrisation satisfying g;(0) = e’ for all ¢t € [0,7T] as well.
Thus Theorem F represents the natural generalization of Loewner’s original theorem
to multiple slits, see also the introduction of Chapter 3. Recently, O. Roth and S.
Schleilinger found a proof of Theorem F in the chordal case. Herein, they were able to
drop the assumption of I'; and I's to be piecewise analytic, see [RS14].

Finally, the multiple slit equation was used to define Schramm-Loewner evolution
for multiple slits, see [KLO7] for more details. There are a lot of papers concerning SLE
for multiple slits, see [dMS15] for a recent reference.

1.4 Loewner equations in multiply connected domains

Nowadays, there are several generalizations of Loewner’s differential equation to multiply
connected domains. The first person who considered multiply connected domains was
Yisaku Komatu (2 January 1914 — 30 July 2004), see his doctoral thesis [Kom43],
which was supervised by M. Tsuji. Detailed informations concerning Komatu’s life
and mathematical work can be found in [Tak05]. In [Kom43], Komatu established
a Loewner equation in a doubly connected annulus and he used this result to study
distortion properties (see §4, §5 and §6 in [Kom43]). Later Komatu considered a general
n-connected slit annulus case, n € N, as well, see [Kom50].

In this context, let © denote a circular slit annulus, i.e. an annulus Ag := {z €
C | @ < |z| < 1} minus n — 2 disjoint proper concentric circular arcs (centred at 0).
Moreover, let v : [0,7] — QU T be a simple continuous curve such that v(0) € T and
~v(0,7] € Q. Note that there are mapping theorems for multiply connected domains
analogously to Riemann’s mapping theorem for simply connected domains, see Section
2.1 for more details. Using a suitable normalisation (see the next theorem), there is a
unique conformal mapping from Q; := Q\~(0, t] onto a circular slit annulus D; with inner
radius ¢; > 0 for each ¢t € [0,7]. Komatu found out that it is important to parametrise
I’ := 4[0,7] in such a way that ¢t — ¢ is differentiable. In particular, it is possible to
find a unique parametrisation such that ¢; = Qe!. Then Komatu proposed the following
theorem, see page 30 in [Komb50].
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Theorem G. Let ) denote a circular slit annulus with inner radius Q and 7 : [0,T] —
QUT is a continuous and simply curve such that y(0) € T and v(0,T] C Q. Moreover,
for each t € [0,T], we denote by g, the unique conformal mapping from Q := Q\ v(0, ]
onto the circular slit annulus Dy such that g; associates Tg with Tg,, g: associates the
outer boundary of U with T, and ¢:(Q) = . Assume 7y is parametrised in such a way
that ¢t = Q - €' for all t € [0,T] .

Then, for each t € [0,T) and each z € Q, t — gi(z) is differentiable from the left
and satisfies the following differential equation

N OFp,(Uy, OFp, (U, a
0 gi(2) =—gt(2)( D, ( tgt(Z)) D, (Ut qt) +ZRD1, (g:(=

(t)
8n1 8711 ) (13)

mg
my(t)
for all z € Qp and t € [0,T). Herein, for each t € [0,T], Fp,(-,w) is a multivalent
function such that the real part denotes Green’s function of Dy with pole at w. For each
ke {l,...,n} and t € [0,T], Rp,. is a multivalent function such that the real part
is the harmonic measure of Dy where RRp,., = 1 on Ci(t) and 0 otherwise Cr (1),
ke {1,...,n}, describes the boundary components of Dy where Cy(t) = Ty, and Cy(t) =
T. my(t ) denotes the radius of C(t), z e. my(t) = dist(0,Ci(t)) and t — my(t) is
differentiable from the left. Finally, 8n denotes the derivative along the unit inner
normal of the first variable.

The previous differential equation is called bilateral (single-slit) Komatu-Loewner
ODES.

In 2005, R. Bauer and R. Friedrich found similar results in the radial and chordal
case, see [BF06] and [BF08]. In the radial case the canonical class is the unit disk minus
disjoint proper concentric circular arcs, while in the chordal case one takes the upper
half-plane minus disjoint proper closed line segments slits parallel to the real axis, see
also Figure 2.1 in Section 2.1. The annulus case (see Theorem G), is also called bilateral
case. Moreover, in [BF08|, Bauer and Friedrich gave the first rigorous proof of Theorem
G. Following Komatu’s ideas they only proved differentiability in the left sense.

On top of this Bauer and Friedrich used their results to define candidates for SLE
in multiply connected domains. In this context, they considered all the three different
cases (radial, bilateral and chordal). Recently, there are several papers concerning SLE
in multiply connected domains, see for example [Lawll] and [Drell].

Simultaneously to the authors research, Z. Chen, M. Fukushima and S. Rhode found a
way to establish (left and right) differentiability of g in the chordal setting, see [CFR13].
Note that their proof is based on probabilistic arguments. A new proof of the doubly
connected bilateral case, i.e. the annulus without interior slits, using methods related to
Komatu’s original ideas was given recently by M. Fukushima and H. Kaneko, see [FK14].
In the general n-connected bilateral case they proved differentiability analogously to the
approach of Bauer and Friedrich, only in the left sense. This problem led them to the
following question, see Section 6 in [FK14]:

SThroughout in this thesis, Komatu-Loewner equations represent the multiply connected case, while
Loewner equations represent the simply connected case.

7
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‘In the case where n > 2 so that the degree of the multiplicity of the circular slit
annulus 0 is equal or greater than 3, the problem of proving the equation (1.3)
to be a genuine ODE remains open, although Komatu [Komb0] tried to do so
by an induction in n > 2 not quite successfully.’

Beside the previously mentioned works, there were many other contributions to Loewner’s
differential equation in multiply connected domains. For example, in 1951, G. Goluzin
found a way how to prove Komatu’s results in the doubly connected case without using
the theory of elliptic functions, see [Gol51]. A completely different setting was considered
by Kufarev in terms of covering maps of the unit disk, see [KK55].

In the annulus case, M. Contreras, S. Diaz-Madrigal and P. Gumenyuk established
recently a general Loewner theory, see [CDMG13] and [CDMG11].

Finally, let us mention a survey paper about the evolution of Loewner theory, see
[ABCDM10].

1.5 Outline of the thesis

The main object of this thesis is to generalise all previously mentioned theorems to
multiply connected domains and multiple slits. Concerning this matter, our approach
is purely function-theoretic. As far as possible, we will prove the theorems in all three
cases (radial, bilateral and chordal) simultaneously. Moreover, we are going to separate
between disjoint and branched slits and surprisingly, we will see that some statements
are not valid in the branch point case any more.

In Chapter 2 we are going to generalise Theorem A, G and D to multiply con-
nected domains and multiple slits. First of all, we summarise some important tools and
notations, see Section 2.1. Herein, we discuss the concept of kernel convergence for mul-
tiply connected domains. This method will be key for our approach. In Section 2.2 we
will study the kernel function ®, ¢ o in all three cases, which appeared in the bilateral
case already on the right-hand side of the differential equation in Theorem G. Beside
an analytic representation in terms of relatives to Green’s function we will mainly use a
geometric characterisation of ®, ¢, see Proposition 2.17. Together with the extended
kernel theorem, this representation will give us more flexibility, in particular for proving
the right differentiability.

Next, we are going to prove Theorem G, see Section 2.6. In this context, we will prove
left and right differentiability, so this will solve the previous question by Fukushima and
Kaneko. Note that we will give a universal proof, i.e. we prove the radial, bilateral and
chordal case simultaneously. On top of this, in the context of this proof we will consider
already multiple slits. Finally, we obtain Theorem 2.30, 2.31 and 2.36 generalizing
Theorem A, G and D to multiply connected domains and multiple slits, see also Remark
2.6. Preliminary to Section 2.6, we prepare all the important facts regarding the radial
case in Section 2.3, the bilateral case in Section 2.4 and the chordal case in Section 2.5.
In order to prove Theorem 2.30, 2.31 and 2.36 simultaneously, we summarise these facts
in the beginning of Section 2.6, see Subsection 2.6.1.

Subsequently, we are going to consider arbitrary parametrisation of multiple slit. In
this regard, we will show that differentiability still holds almost everywhere, see Theorem

8



CHAPTER 1. INTRODUCTION TO LOEWNER THEORY

2.52, 2.53 and 2.54 in Section 2.7. Finally, we will discuss an important subadditivity
property known to be true in the simply connected cases, see Section 2.8. This property
will be an important tool for our further approach. Unfortunately, we do not know if
this is also true in case of multiply connected domains, see Question 1.

The goal of Chapter 3 is to generalise Theorem F to the radial, bilateral and chordal
case for multiply connected domains. We will be able to drop the assumption of piecewise
analytic slits in here as well. In Section 3.1 we are going to discuss the disjoint case, see
Theorem 3.2, 3.3 and 3.4. Note that the given proof will be universal, i.e. we will prove
the radial, bilateral and chordal case simultaneously.

Subsequently, see Section 3.2, we consider the branch point case. Herein, we study
all three cases simultaneously as well and we are going to prove the existence of constant
coefficients in case of multiply connected domains. Unfortunately, we were not able to
prove the uniqueness of these constant coefficients and their corresponding parametrisa-
tions in the multiply connected setting. However, we will give a uniqueness proof in the
simply connected case. The reason for this is that we have the subadditivity property of
the appropriate capacity available for simply connected domains only, see Section 2.8.

The major goal of Chapter 4 is to generalise Theorem E to the radial, bilateral and
chordal case in multiply connected domains. In Section 4.1 we will consider the disjoint
case where we will describe all parametrisations in the multiply connected multiple slit
case leading to (continuously) differentiable mapping functions. In this context, we will
obtain a characterisation of the differentiability set in the multiply connected multiple slit
case by differentiability sets in simplified single slit cases, see Theorem 4.1 and Corollary
4.2. In the following, we will use this Theorem to construct parametrisations leading to
continuously differentiable mapping functions, see Proposition 4.4 and Theorem 4.6.

Next, we are going to discuss the branch point case, see Section 4.2. We will see
that the previous characterisation is not true in general, see Theorem 4.8. The given
counterexamples are based on self-similarity.

Note that the previous chapters considered slit mappings only, so in the final Chap-
ter 5 we will study the growth of general hulls in multiply connected domains. As a
reason of technical difficulties, we will restrict this to the radial case. Nevertheless, it
is possible to establish analogous results in the bilateral and chordal case, in a similar
way, as well. In Section 5.2 we are going to generalise Theorem C to multiply connected
domains, see Theorem 5.1. Unfortunately, we need to restrict this theorem to hulls that
do not swallow interior boundary components, see Example 5.1 pointing out a reason
why this is necessary. Finally, it is possible to sharpen one direction of Theorem 5.1
to general hulls, allowing them to swallow interior boundary components, see Theorem
5.2.






Chapter 2

Komatu—Loewner equations for
canonical domains

First of all, let us define the following classes of domains:

(a) A circular slit disk is the unit disk D minus a finite number of disjoint proper
concentric circular arcs centred at 0 with radii in (r,1).

(b) A circular slit annulus is an annulus A, := {z € C | r < |2| < 1}, with » € (0, 1),
minus a finite number of disjoint proper concentric circular arcs centred at 0 with
radii in (r,1).

(¢) An upper (or right) parallel slit half-plane is the upper (right) half-plane minus a
finite number of disjoint proper closed line segments parallel to the real (imaginary)
axis.

A domain 2 is called canonical if it is a circular slit disk, a circular slit annulus or an
upper parallel slit half-plane, see Figure 2.1.

(a) (b) (c)

FIGURE 2.1: Triply connected canonical domains: circular slit disk, circular slit annulus
and upper parallel slit half-plane

2.1 Some important tools and notations

We denote by Co, := C U {0} the Riemann sphere. Let Q2 C Co be a finitely con-
nected domain. Then (2 is called nondegenerate if each boundary component of 2 with

11
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respect to Co consists of more than a single point®. Obviously, each canonical domain
is nondegenerate. In the following we denote by con(f2) the connectivity of the domain
Q. Moreover, we use the abbreviations cl(£2) and clo(€2) to indicate the closure of the
domain 2 with respect to the standard topology on C and C,,, respectively. Note that
cl(Q) = cloo () if @ C C is bounded and cl(Q2) U {oo} = cl(£2) if © C C is unbounded.
A (parametrised) Jordan curve (in Q@ C C) is a continuous 7 : [a,b] — Q, a < b, such
that v(¢) = ~v(s) if and only if s = ¢ or |s — t| = b — a. Moreover, v : [a,b] = C is a
(parametrised) Jordan curve (in Cy) if there is a ¢ € C such that ¢t — 1/(y(t) —c¢) is a
parametrised Jordan curve in C. Sometimes we call the trace y[a,b] a Jordan curve as
well. The Jordan curve theorem shows that every Jordan curve I' in C divides the plane
C into two domains: the interior int(I") and the exterior ext(I'). Finally, a bounded do-
main 2 C C is called analytic Jordan domain if each boundary component is an analytic
Jordan curve in C.

Riemann mapping theorems and extremal properties

The well-known Riemann mapping theorem shows that each simply connected domain
Q) # C can be mapped by a conformal mapping ¢ onto the unit disk. Moreover, this
mapping is unique if we claim a — g(a) = 0 and ¢’'(a) > 0 with some arbitrary a € Q.
An iteratively application of this theorem gives us the following lemma.

Lemma 2.1 ([Con95], Theorem 15.2.1). Let Q be a nondegenerate n-connected domain
with n € N. Then there is a conformal mapping g : 0 — D such that D is an analytic
Jordan domain where T is the outer boundary component of D.

Obviously, the mapping from Lemma 2.1 mapping is not unique. For instance, we
find for every boundary component A of €2 a conformal mapping ¢ such that g associates
A with T. Nevertheless, in case of multiply connected domains, there are analogous
theorems to Riemann’s mapping theorem for simply connected domains.

Proposition 2.2 ([Con95], Theorem 15.6.2). Let Q2 be a nondegenerate n-connected
domain with n € N, a € Q and F is a connected component of 0,,82. Then there is
a unique circular slit disk D and a unique conformal mapping g : Q@ — D such that g
associates E with T, g(a) =0 and ¢'(a) > 0.

Proposition 2.3 ([Con95], Theorem 15.5.1). Let Q0 be a nondegenerate n-connected
domain withn > 2, a € Q and E and F are two different connected components of 0xo§2.
Then there is a unique v > 0, a unique circular slit annulus D with inner radius r and
a unique conformal mapping g : 8 — D such that g associates E with T, g associates F
with T, and ¢'(a) > 0.

Proposition 2.4. Let Q C H be a nondegenerate n-connected domain with n € N and
assume H \ Q is bounded. Then there is a unique upper parallel slit half-plane D, a
unique a € C and a unique conformal mapping g : Q@ — D with

g(z) =2+ % +0(]2]7?) around oo.

SFor example C is not nondegenerate.
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Proof. This theorem follows easily from Theorem 3.5.2 in [Gru78]. First let Q* C C be
the domain that arise from €2 by a reflection along the real axis. Consequently, co € Q*
and con(Q2*) = 2n — 1 where n := con(f2). Using Theorem 3.5.2 in [Gru78], we find a
unique conformal mapping g* : Q* — D* where D* is the Riemann sphere minus 2n — 1
bounded disjoint proper closed line segments parallel to real axis and ¢g*(z) —z — 0
as z — co. Note that g*(z) = g*(2) for all z € Q*. Otherwise, h(z) := ¢*(z) would
contradict the uniqueness of g*. Finally, g := ¢*|q is the unique mapping function we
were looking for. O

Remark 2.1. Note that the previous proof showed that the function g in Proposition
2.4 is well defined in a neighbourhood around co by the Schwarz reflection principle.
Moreover, a > 0 as real values around oo are mapped by g(z) = z + % + O(|z|72) to real
values around oo and the orientation is preserved. The previous normalisation is called
hydrodynamic normalisation.

These three mapping theorems will build our foundation for studying expanding
families of multiply connected domains:

(a) Proposition 2.2 will be used in Section 2.3 in order to establish a radial Komatu—
Loewner equation.

(b) Proposition 2.3 will be used in Section 2.4 in order to establish a bilateral Komatu—
Loewner equation.

(c) Proposition 2.4 will be used in Section 2.5 in order to establish a chordal Komatu—
Loewner equation.

Beside these theorems we need one further canonical mapping that will represent the
kernel in Komatu—Loewner equations.

Proposition 2.5 (Theorem 2.3 in [Cou77]). Let Q be a nondegenerate n-connected do-
main with n € N such that Q) is locally connected, and the outer or unbounded bound-
ary component Cy is an analytic Jordan curve in Co. Assume ¢ € Cy \ {oco} and
a € cleo(Q) \ {¢}-

Then there is a unique conformal mapping w — P, o(w) that maps Q@ onto a right
parallel slit half-plane with the normalisation ®, ¢ q(a) > 0 and |®q ¢ o(w)(w — ()| — 2
as w — C.

It is easy to see that ®, o — Pp ¢ = ic with ¢ € R whenever a,b € clo(€2) and
¢ € Cy\{a,b,00}. Note that ®, ¢ o(a) is well defined since 0£2 is locally connected, see
Theorem 2.1 in [Pom92]. Moreover, the limit lim,, ¢ [®q¢0(w)(w — ()| is well-defined
as well. To see this let us have a look at the function h(w) := 1/®,¢a(w), w € €.
Since C; is an analytic Jordan curve, we are able to reflect h along Cy, so h has an
analytic extension to an open neighbourhood of {. Finally, an easy calculation shows
limy—y¢ Poc0(w)(w — ) = 1/h'({) where h'({) # 0 as a consequence of the univalence.

From now on and for the rest of this thesis, we will use the notation ®, ¢ o(w) in
order to represent the conformal map from the previous proposition.
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Remark 2.2. In case of Q =D and ( € T we get
Sl

(1)0747]@(’(0) = C—w for all w € D.
Analogously, with Q = H and ¢ € R, we find
2i
O cm(w) = - for all w € H.

Finally, we are going to discuss some extremal properties related to the conformal
mappings from Proposition 2.2, 2.3 and 2.4.

Lemma 2.6 (Theorem IX.26 in [Tsu75]). Let Q2 be a nondegenerate n-connected bounded

domain, n € N and a € Q. Assume E C 02 denotes the outer boundary component of
Q and

F:={f:Q— D|f univalent, f(a) =0, f'(a) >0, f associates E with T}.

Then the unique mapping g € F from Proposition 2.2 fulfils the extremal property ¢'(a) =
max;er f/(a).
Alternatively see Chapter VIL.2 in [Neh52].

Remark 2.3. In the previous definition of F we require f to be univalent. What if we
drop the univalence? Let us consider the following class

F:={f:Q— D|f analytic, f(a) =0, f'(a) > 0}

and consider the extremal problem supc f'(a). Using Montel’s theorem, it is easy to
see that there is an analytic extremal function f*. If Q # C is simply connected, f*
coincides with g, but if n = con(£2) > 1 this is not the case. In particular, f* is the so
called Ahlfors function that maps €2 onto the n-sheeted unit disk, see Theorem XI.3.1 in
[Gol69]. Consequently, f* is not univalent if n > 1.

Lemma 2.7 (Theorem IX.29 in [Tsu75]). Let Q2 be a nondegenerate n-connected bounded
domain withn > 2 and E and F' are two different boundary components of 2. Moreover,
we set

F = U Fry Fr=A{f:Q—=D| f univalent,
re(0,1) f associates E with T and F with T,}.

Then the unique mapping g € F from Proposition 2.3 fulfils the extremal property g € F,
with F = 1 Frand ro € (0,1) .

re(0,r0

Lemma 2.8. Let Q C H be a nondegenerate n-connected domain with n € N such that
H\ Q is bounded. Moreover, we set

F:={f:Q— H| f univalent, R is the unbounded connected component of 0f(Q2),
f)=z+%+ O(|2]72) around co}.

Then the unique mapping g € F from Proposition 2.4 fulfils the extremal property ay =
maxXyfcr af.
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Proof. Obviously, each f € F can be extended to a function f : Q* — C, such that
Q* arise from the reflection of €2 along the real axis. Thus oo is an inner point of Q.
Note that the extended mapping g from Proposition 2.4 maps 2* onto C,, minus disjoint
proper closed line segments parallel to the real axis. Finally, we get the asserted extremal
property by applying Theorem 3.5.2 in [Gru78] to the class F* :={f : Q* = C | f|q €
F} and the extended function g : 2" — C. O

Kernel convergence

Kernel convergence due to Caratheodory is a very powerful and important tool in geo-
metric function theory, see Section 1.4 in [Pom75] or Section 3.1 in [Dur83] where the
concept is explained in case of simply connected domains.

In case of multiply connected domains we refer to Section 15.4. in [Con95]. Let
(2)nen C C be a sequence of domains such that 0 € €, for almost all n € N. The
kernel (with respect to 0) of the sequence (2, )nen is the connected component of the set

K:={2€C|3>0InenVn>n: Br(z) C Qn} (2.1)

that contains 0 if there is a connected component that contains 0. Otherwise the sequence
does not have a kernel. We say that the sequence (£2,)nen converges to €2 in terms of
Q, =5 Qif Q is the kernel of each subsequence of (Qn)nen. Moreover, let (Q¢).c(0,7) be a
family of domains. Then ¢ +— € is continuous at ty (with respect to kernel convergence)
if Qy, X, 4, for each sequence (tn)neny C [0,7] with ¢, — to. In this case we write
Q5 Q4, as well. On top of this we call the family (Q:).e(o,) continuous (with respect
to kernel convergence) if t — € is continuous at each ¢ € [0, T.

According to this definition it is not surprising that monotone sequences converge to
their kernels.

Lemma 2.9. Let (2,)nen satisfy 0 € Q,, € Qi1 for alln € N or De C Qp4q C Q,, for
all nke N with an arbitrary e > 0. Then the sequence (Qp)nen does have a kernel Q0 and
Q, — Q.

Proof. First of all, it is clear that K = J,cnyQn if Q, € Q41 for all n € N and
K = MNyen O if Qnp1 € Q, where K is defined as in Equation (2.1). Moreover, we
obtain the same set K if we consider subsequences of (£2;,)nen-

Consequently, there is an € > 0 such that D, C 2, for all n € N in either case. Thus
D. C K as well. Summarising, (£2,,)nen converges to the connected component of K
that contains 0, which we denote by (2. O

A very important property of kernel convergence is the following.

Lemma 2.10. Let (2,)nen be a sequence of domains such that €, £y Q. Assume
a € 02 is fized. Then we find a sequence (ap)nen with a, € 0y, such that a, — a as
n — 0o.

Proof. This follows immediately from Exercise 15.4.5 from [Con95]. O
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Next, we are going to combine the concept of kernel convergence with sequences of
analytic functions. Therefore, let us assume that f, : Q,, — D, is a conformal mapping
for each n € N and 2, £, Q. Then we say that (fn)nen converges locally uniformly on
Q to f:Q — C or uniformly on compact sets of Q to f : Q — C if for every compact
subset K C Q and for every ¢ > 0, there is an N € N such that |f,(z) — f(2)| < ¢ for
all z € K and all n > N. When this happens f : 2 — D is either conformal or constant
and we write f, -2 f on (.

On top of this, let (Qt)te[o 1) be a continuous family with respect to kernel conver-
gence and (ft)ejo,r) With fr : Q — C analytlc Then t — f; is called contmuous at to
(with respect to compact convergence) if fi BN fro on ), ie. if we have fy RN Jt, on
€y, for each sequence (t,)nen C [0,7] with ¢, — to. Furthermore, t — f; with ¢ € [0,T]
is called continuous (with respect to compact convergence) if t — f; is continuous at each
te[0,T].

An interesting question is if there is any connection between the convergence of
(fn)nen and the convergence of the image domains (Dy,)nen = (fn(2n))nen. The follow-
ing proposition gives an answer.

Proposition 2.11 (Theorem 15.4.10 in [Con95)). Assume f,, : Q, — D,, is conformal
for each n € N, Q, %5 Q # C, and fn(0) = 0 and f(0) > 0 for almost all n € N.
Thenk there is a conformal mapping f : Q — D such that f ST f on Q if and only if
D, — D.

What if the sequence €2, does not have a kernel or does not satisfy 0 € Q,7 Let
(Qn)nen be a sequence of domains (not necessarily having 0 € Q,, for all or at least
almost all n € N). Then we can not define the kernel of (€2,,),en as we did previously.
Nevertheless, we can still define the set K from Equation (2.1) what we call the weak
kernel of (Qp)nen if K is non-empty.

Let Q be the weak kernel of (,)nen and denote by A an arbitrary connected
component of 2. Then we find easily, Q,—a XK. A—q for each a € A. Herein,
A—a:={z€ C| z+a€ A}. Moreover, let f, : Q, — D,, be a conformal mapping for
each n € N. Then we say (fy,)nen converges locally uniformly on A to f : A — C if there
is an a € A such that h,, 1wy hon A—a with hn : Qu—a — Dy, hy(2) :== fu(z2+a) and
h:Q—a— C, h(z) := f(z + a). If this happens, we write f, Lo, f on A as well.

Consequently, Proposition 2.11 gives us the following corollary.

Corollary 2.12. Let A # C and Q,, n € N, be domains such that Q,—a LAy
for some a € A. For each n € N, we denote by f, : Q0 — Dy, a conformal mapping.

Moreover, assume fy, Lu, f on A with a conformal mapping f : A — D. Then
Dy—b %5 D—b for all b € D.

Proof. Let a € A and €, := Q,, — a. Then €, =+ A’ := A — a. Note that f,(a) — f(a)
and f/(a) — f’(a) # 0. This gives us h, — h on A’ where h,(2) := (fu(z + a) —
fn(a))/fl(a) for all z € Q) and h(z) := (f(z +a) — f(a))/f'(a) for all z € A", Tt is
necessary to choose n € N large enough in order to guarantee a € €,. Then h,(0) =0
and h/,(0) =1 > 0, so we find together with Proposition 2.11 (Dy, — fu(a))/f!(a) =
(D — f(a))/f'(a). This shows Dy,—b = D—b for all b € D as well. O
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Finally, a convergent sequence of canonical domains converges to a canonical domain:

Lemma 2.13. Let (Dy)nen be a sequence of circular slit disks with D, -5 D and
con(D,,) = con(D) for alln € N. Assume D is nondegenerate. Then D is a circular slit
disk.

Proof. Note that D is bounded by 1 as all D,, are bounded by 1. We denote by Fy, ... E,
the connected components of C\ D where E, is the unbounded connected component.
For each Ej, k € {1,...,n}, we find a Jordan curve Ay C D such that Ay separates
Ej, from Ej with j € {1,...,n} \ {k}. Moreover, we can choose Ay in such a way that
dist(Ag, Aj) > 6 whenever j # k. We set E,CA = ApUint(Ag), k € {1,...,n— 1} and
ER := Ay Uext(A,). Consequently, dist(EZ, EJA) > 0 for all k£ # j as well. Note that
DA := D\Uj_, E£ is an n-connected domain. D is the kernel of the sequence (Dy,)nen
and cl(D?) is a compact set in D, so we find cI(D?) C D, for all n > N with N € N
large.

Next, let be a € dFy with k € {1,...,n}. Using Lemma 2.10, we find a sequence
an € OD,, such that a, — a. Since D® C D,, and con(D,,) = con(D), it is necessary that
for all large n > N, the n — 1 bounded connected components of dD,, are distributed

one-to-one to the bounded connected components of C\ D, i.e. if Fi,..., F,_1 denote
the bounded connected components of C\ D,,, then Fj, C EIA(k) forall ke {1,...,n—1}
where I : {1,...,n—1} — {1,...,n— 1} is one-to-one. This gives us

n—1
D\ (U E,?) C D, for all largen > N.
k=1

Consequently, we get E, = C\ D, i.e. T is the outer boundary of D.

On top of this, let Ex, k € {1,...,n— 1} be an arbitrary bounded connected compo-
nent of C\ D. Thus we proved already that for each large n € N exactly one (bounded)
connected component of C\ D,, is a subset of EkA. Note that all the bounded connected
components of C\ D, are disjoint proper concentric circular arcs. As mentioned before,
for each a € 0Ey, we find a sequence a,, € dD,, such that a,, — a. Finally, all sequences
|an| are independent of a, so |a| is constant for each a € Fy, i.e. Ej is a concentric
circular arc. O

Lemma 2.14. Let (Dy,)nen be a sequence of circular slit annuli, D is a nondegenerate
domain with con(D,,) = con(D) for all n € N, and D,—a £y D—a for some a € D.
Then D is a circular slit annulus.

Lemma 2.15. Let (Dy,)nen be a sequence of upper (or right) parallel slit half-planes, D
is a nondegenerate domain with con(Dy,) = con(D) for alln € N, and Dp—a -5 D—a

for some a € D. Then D is an upper (or right) parallel slit half-plane.

Proof of Lemma 2.1/ and 2.15. This works in the same way as the proof of Lemma
2.13 (]
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Normal families

Let (fn)nen be a sequence of conformal maps f, : Q, — D,, and Q, X. Q. In order to
find locally uniformly convergent sequences or at least subsequences, a great tool is the
concept of normal families, see [Sch93] as a useful reference.

By FC{f:Q — C| f analytic} we denote a locally bounded family, i.e. for each
compact set K C Q we find an M > 0 such that ||f||x < M for all f € F. Herein,
| fllx := max,cx |f(z)|. Then Montel’s famous theorem states that F is a normal family,
i.e. we find for each sequence (f,)nen € F a subsequence (fy, )xen such that f,, Lu., f
on ) where f : 2 — C is an analytic function or f,, tends uniformly on compacts of 2
to infinity. If (f,)nen is locally bounded, the second case can not occur, so fy, Lu, f
on 2 where f:Q — C is analytic.

In our case we have to deal very often with functions f, : £, — D,, so we can not
apply Montel’s theorem directly. Nevertheless, it is not hard to adapt the fundamental
concept to our case. Therefore, let f, : €2, — C be a sequence of analytic functions with
Qn X, Q. Then the sequence (fn)nen is called locally bounded if for every compact set
K CQ, we find an N € N and M > 0 such that ||f,||[x < M for all n > N.

When this happens it is not hard to see that there is a subsequence (fy, )ren such
that f,, Lu, f on Q with an analytic function f : 2 — C. To prove this, it is enough
to study an increasing sequence of compact sets (K;);en such that K; C Ky for all
l € Nand Q = |J;2; K;. Finally, we obtain the stated subsequence by using a diagonal
argument combined with Montel’s theorem applied to each Kj.

Some useful harmonic functions

Let Q C C be a domain and zp € 2. Then G : Q x Q — clo(R) is called Green’s function
of Q if the following three conditions are satisfied.

(i) For each z € Q, ( — G((, z) is harmonic on Q \ {z}.
(ii) For each z € Q, ( — G((,2) +In|( — z| is harmonic on €.
(iii) For each z € Q, lim¢5_ 0 G((,2) = 0.

Note that there is at least one Green function corresponding to a domain 2 C C.
Moreover, it is not hard to show that each nondegenerate finitely connected domain
does have a Green function. This is mainly based on the fact that (¢, z) — G(f((), f(2))
represents Green’s function of the domain £’ where f : ' — Q is a conformal mapping
and G is Green’s function of 2. An important property of Green’s function is it’s
symmetry property, i.e. G((,z) = G(z,() for all (¢,z) € Q x Q, see [GMO05], Chapter
I1.2 for more details. On top of this, Green’s function can be used to generalise Poisson’s
formula for D as follows.

Proposition 2.16 (Generalised Poisson formula, see Theorem I1.2.5 in [GMO05]). Let
Q be an n-connected analytic Jordan domain with n € N. Moreover, the function u :
cl(Q) — R is continuous on cl(Q) and harmonic on Q. Then
1
wo) - L [06E2)

“5- Tncu(g)]dd for all z € Q

o0
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where n¢ denotes the unit outer normal at ( € 0N2.

Note that 0G(¢, z)/9n¢ is well-defined for each ¢ € 052, as ( — G((, z) has a harmonic
extension to cl(€).

Let © be an n-connected analytic Jordan domain with the boundary components
C4,...,Cy, n € N. Here, C, denotes the outer boundary component. In general, Green’s
function of a finitely connected domain €2 does not have a (single-valued) conjugate
harmonic function. A reason for this is a nonvanishing period of G(-, z) around z. To
be more precise, the period is 27, i.e.

0G(¢, z)

d¢| =2 2.2
e lac] = 27, (22)

0B:(2)

with a small € > 0 and n¢ pointing towards z. On top of this, there are additional
nonvanishing periods if n > 2:
—27tw(z) 1= MHQ, Ee{l,...,n—1}.
8n<

Tk
Here, 7y is a circuit around C} and n¢ denotes the unit outer normal, i.e. n¢ points
towards Ck. Next, we are going to remove these additional periods. Note that this is
only necessary in the case n > 2.

For each k € {1,...,n — 1}, the function z — wy(z) is harmonic on 2 and is called
harmonic measure of Q with respect to Cy. Using Proposition 2.16, wk(z) tends to 1
if z approaches Cy and wg(z) tends to 0 if z approaches 9 \ Cy. The vector &(z) :=
(w1(2),...,wn_1(2))T is called harmonic measure vector of §2.

Next, we denote the periods of wy around C; by 27P;, i.e.

2P :/a“g(z)mzy

n
Vi

Using the symmetry property of Green’s function, it is a straightforward calculation to
see that the matrix P := (pj,k)j,kzl,...,nfl is symmetric and positive definite. This matrix

is called period matriz of 2.
Finally, assume ¢ € ) and let us have a deeper look at the function

2= —G(¢2) — &) T PTIE(C), zeq.

It is not hard to show that this function is harmonic and has vanishing periods around
each C; with j € {1,...,n—1}. The only remaining nonvanishing period (like in the case
n = 1) appears on circuits around ¢. Using the symmetry property of Green’s function
and Equation (2.2), we can see that this period is precisely 27. In the case n =1 it is
not necessary to add additional functions to Green’s function, so we may define & = 0
and P =1 in this case.

Nevertheless, the harmonic conjugate of z — —G((, 2) — &(2)T P71&G(¢) is multiple-
valued in either case. As we have seen before, the conjugate function changes by 27 if z
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describes a small circle around ¢. Thus by applying the exponential function we get a
(single-valued) analytic function g :  — C with

l9(2)| = exp (=G((, 2) — &(z)TP~ta5(¢))  for all z € Q. (2.3)

It is not hard to prove that the function g : Q@ — C is univalent, so g : Q — ¢(Q) is
conformal. Moreover, |g(z)| is constant with values ¢; < 1 if z approaches an arbitrary
point on Cj with j € {1,...,n}. In particular |g(z)| = 1 if z approaches Cy, so T is the
outer boundary component of D. On top of this, g({) = 0 and the conjugate function
can be chosen in such a way that ¢’({) > 0 holds. Summarising, g coincides with the
unique Riemann mapping function form Proposition 2.2. This construction goes back
to M. Schiffer, see Chapter 1 of the Appendix of [Cou77] for more details.

Obviously, the representation |g(z)| = exp (—G((, z) — &(z)T P~1&5(¢)) holds for ar-
bitrary nondegenerate n-connected domains Q' as well. For this, Lemma 2.1 shows that
there is a conformal mapping f : € — € such that Q is an analytic Jordan domain.
Then it is easy to see that G(f((), f(z)) represents Green’s function of @', wi(f(z)) is
the harmonic measure of {2’ with respect to the k-th boundary component of ' and the
period matrix P is invariant under conformal mappings.

2.2 The kernel function @, ¢

The goal of this section is to describe ®, ¢ o in terms of relatives to Green’s function.

Proposition 2.17. Let ) be a nondegenerate n-connected domain with n € N such
that 0N) is locally connected and the outer or unbounded boundary component Cy is an
analytic Jordan curve in Co. Assume ¢ € Cy \ {00} and a € cloo(2) \ (. Then we have

94 (¢)
one¢

%(@a’gg(w)) = —aGa(fL;w) — (I}‘(w)Tpfl

for all w € Q.

Note that the right-hand side does not depend on a, as ®, ¢ o(a) > 0 determines the
additive imaginary constant in a unique way.

Proof. 1) First of all, we assume that  is an analytic Jordan domain having T as it
outer boundary component.

Let us denote by G((,z) Green’s function, &(z) is the harmonic measure vector and P
stands for the period matrix of 2. Moreover, we set

f__ é’ with ¢,z € D.

Thus the function ¢ — F((,z2) := H({,z) — G((, z) is harmonic and positive on D for
each z € D, as F((,z) =0 for all ( € T and F((,z) > 0if ( € 9D \ T. Moreover,
F(¢,z) = F(z,() for all ¢,z € D, as G and H are Green functions, so z — F((,z) is
harmonic and positive on D for each { € D as well.

H((,z):=—1n
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Let be (o € T. We extend z — F((, 2) to a harmonic function on B.({p) for all ( € D
by using the Schwarz reflection principle if € > 0 is small enough. To be more precise,

—F(¢,1/z) forall z € B-(¢) N{C € C[I[C| > 1},

2z F((,2) = {
0 for all z € B.((o) NT.

Analogously, we reflect the function ¢ — F((,z) to B(¢o) N {¢ € C | |{] > 1} by

¢+ F(¢,2):= —F(1/C,2) for all z € B.(¢y). Consequently, the function z — F((, 2) is

harmonic on B.({p) for all ¢ € B.({p) \ T. Moreover, z — F((p,z) = 01if {y € B:({p)NT,

so z — F((,z) is harmonic on B.((p) for all { € B.({p). Conversely, { — F((,z) is

harmonic on B.({p) for all z € B.((p) as well.

Let be (p € T and denote by h,, a positive sequence converging to 0. Then

_F(CU + hnC07Z) - F(C(),Z) _F(CO(]- + hn),Z)

2 =

ho, b,

is a sequence of positive harmonic functions, which is normal by Montel’s theorem. See
[Sch93], Theorem 5.4.3 for further details. Thus we find a locally uniformly convergent
subsequence converging to the function z — —0/0n¢,F({o, 2), which needs to be har-
monic in B.((p) as well. Herein, d/0n¢, stands for the outward pointing derivative with
respect to the unit circle. Moreover, —0/0n¢, F (o, 2) = 0 if z € T. Note that an easy
calculation yields 8/9n¢, H(Co, 2) = —R(LEZ) for all z € D. Consequently, we find

Co—z
2z V(Co,2) = —aGa(sz’ 2 ﬁ(z)TPla;Sfo)
_ G+z OF(C0,2)  ~/ 1 p—1095(C0)
= (Co - z) * one, —w(z) P ong,

with z € Q. It is important to mention that & can be continued along T, so the derivative
of the harmonic measure vector is well-defined.

A straightforward calculation shows that z — V'((p, z) has vanishing periods, so there
exists a harmonic conjugate. Summarising, we have an analytic function ¥ : Q — C
with R(¥(z)) = V((o, 2) for all z € Q.

On top of this z — V((p, 2z) is constant on each boundary component of Q. This can be
seen by using the definition of V' in case of the inner boundary components of 2 and the
alternative representation of V' (involving F') in case of the outer boundary component
T. Herein, z — V((p, z) has the constant value 0 on Cj,. Finally, by using the argument
principle together with the previous results it is not hard to see that z — ¥(z) maps Q2
conformal onto a right parallel slit half-plane with |¥(z)(z — {p)| — 2 if z tends to (p.

2) Next, let us assume that € is an n-connected domain such that the outer boundary
component Cy, is an analytic Jordan curve in C, and & € Cy\ {oo}. By Lemma 2.1, there
is a conformal map T : Q — € such that Q' is an n-connected analytic Jordan domain
with T as the outer boundary component. Without loss of generality we may assume
T(¢) =1 € T. In particular T" associates Cy with T. Note that 7" can be extended to an
analytic function on Q U C}, by the Schwarz reflection principle.
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By Go/(¢, z) we denote Green’s function of €' and Gq (&, w) is the Green function of €.
Obviously, we have G (&, w) = Go/(T'(§),T(w)) = Go/ (¢, z). We have similar relations
for the harmonic measure and the period matrix, i.e. wo(w) = wo/(T(w)) = wqr(z) and
P = Pyr. Consequently, we get

V(€)= — 200 B — i ()T 22
0Gqy 5 w N _ Oy

_( 9Ga(1,T(w)) 7 p—1 0 (1

Using the first part, w — V(§,w) is the real part of a conformal mapping ¥ from
onto a right parallel slit half-plane. Moreover, we have

Vor(1, T(w)) = R (HT w) —i—Zak (w—¢) )

T(w)
:%<

1 Zbkw g)

for all w € B.(§) with a small € > 0 and (ag)ken, (br)reny € C. Combining this with the
previous equation we get

Vg(é,w)zﬁ‘%(mﬁ +Zb w—¢€) )

Consequently, we get lim,,_,¢ ¥(w)(w —§) = 2 ‘;:Eg‘ = 2¢'¢ with £ = re!®. Summarising,
RY = %@a@g).
O

Lemma 2.18. Let (Dy)nen be a sequence of circular slit disks with D, £ D and
con(D,,) = con(D) for alln € N. Moreover, assume D is nondegenerate and ((p)neny € T
with ¢, — Co. Then Po¢, D, BLTIN D 0,0 on the circular slit disk D as n — oo.

Lemma 2.19. Let (Dy)nen be a sequence of circular slit annuli, for each n € N, qy, is
the inner radius of Dy, and D is a nondegenerate domain having con(D,,) = con(D)
for all n € N. Moreover, D,—a £ D—a for some a € D. Assume (, — (o with
(Cn)nen € T. Then g, — q € (0,1) and Py, ¢, D, Lo, 40,0 on the circular slit
annulus D as n — oo.

Lemma 2.20. Let (Dy)nen be a sequence of upper parallel slit half-planes and D is a
nondegenerate domain having con(D,,) = con(D) for all n € N. Moreover, D,—a N
Lu

D—a for some a € D and assume (¢, — (o € R with ((n)neny € R. Then @ ¢, .p, —
Do co,p 0N the upper parallel slit half-plane D as n — oo.
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Proof of Lemma 2.18, 2.19 and 2.20. We denote by ®,, the corresponding mapping func-
tion, i.e. ®, = ®g ¢, p,.s Pn = Py, ¢, 0, OF P = g ¢, b, for all n € N. Using Lemma
2.13, 2.14 or 2.15, D is a circular slit disk, a circular slit annulus or an upper parallel slit
half-plane. hy, :=1/(®, + 1) is a bounded sequence, so we find with Montel’s theorem a
subsequence (hy, )ken converging locally uniformly to the analytic function h : D — C.
Note that h is either univalent or constant.

Using the proof of Lemma 2.13, each z — hy,, (z) can be extended by the Schwarz
reflection principle to a univalent function on B.((p) with a small € > 0. We calculate
[Py, ()| = % for all k € N. Note that hy,, converges locally uniformly on the reflection
as well. This is based on the fact, that h,, is bounded on B.((y) by Koebe’s distortion
theorem for univalent functions. Consequently, h fulfils |h/({o)| = %, so h can not be
constant. We have ®,,, 1% & on D as well where & := 1/h—1,s0 ®:D — R is
conformal as well. Consequently, we find

2¢®
d(w) = + O(1) around (p,
w — Co
so [P(w)(w — (o)| — 2 as w — (. Since ® : D — R is a conformal mapping, R is
necessarily a nondegenerate domain having con(R) = con(D) = con(D,) = con(R,)
with R, := ®,(D,,) for all n € N.

Using Corollary 2.12, we find R,, —a X R—aforalla € Rask — co. On top of
this Lemma 2.15 yields that R is a right parallel slit half-plane. It is easy to see that
®(a) > 0if a =0, a = q or @ = co. Summarising, & = ®, ¢, p-

As all convergent subsequences (®y, )ren converge to the same function ®, ¢, p also
the whole sequence (®,,)nen converges locally uniformly to ®,¢, p on D. O

Finally, we are going to prove an extension of Schwarz integral formula to multiply
connected domains.

Proposition 2.21. Let  be a nondegenerate n-connected bounded domain with n €
N and C1,...,Cy representing the boundary components of Q). Assume 082 is locally
connected and the outer boundary component Cy is an analytic Jordan curve. Moreover,
F : Q — C is analytic, R(F) is continuous on cl(?) and R(F) is constant on each Cj,
with k€ {1,...,n—1}.

Then the following representation holds for each a € cl(Q) \ Cy:

-ﬂ@=é;/%@ﬂm-@%mamq+m for all z € Q
Ch

In this context, the constant ¢ € R depends only on the choice of a.

Note that for each z € Q, ¢ — ®,¢0(z) is continuous on Cy. To see this let
a € c(Q)\Cyand T : Q@ — € be a conformal mapping such that Q' is a circular
slit disk. We find T in such a way that T associates C, with T. Moreover we set
R:=T71:Q'— Q. An easy calculation gives us ®q ¢ 0(2) = T"(¢)®7(q)r(c) (2). By a
reflection, ¢ — T'(¢) is analytic on Cy, so ¢ — T"(¢) as well as ( — T'(¢) are continuous
on Cy. Thus ¢ — @, ¢ q(z) is continuous on Cy by Lemma 2.18.

The proof of Proposition 2.21 follows the ideas of [Kom50] and the proof of Theorem
5.1 in [BF06]
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Proof. 1) First of all, we going to assume that 2 is an analytic Jordan domain where
the outer boundary component of €2 is C;y = T. The other boundary components are
denoted by C4,...,Ch_1.

Then z — RF(z) is harmonic on 2 and continuous on cl(€2), so Poisson’s formula (see
Proposition 2.16) gives us

1

R(F(2)) = —5- R(F(Q))

o0

MMQ for all z € Q,
n

where G((, z) denotes the Green function of Q with pole at z. Since F' is an analytic
function, the periods with respect to Cy, k € {1,...,n — 1}, vanish. Thus, for all
ke{l,...,n—1}, we get

ORF ORF
0= [ Gac (i aé 1() G (€Ol =8£ RE(C)

Ck

wi,(C)
2%l

where wy(¢) denotes the harmonic measure of Q w.r.t. Cj. Note that the last equation
is an application of Green’s theorem. By combining these two equations we find

R(F(z2)) = /§R <8G8(7f; ?) +Q(Z)TP_18(;U( )> |d¢| for all z € Q,

where & denotes the harmonic measure vector. The matrix P is the period matrix.
Using Proposition 2.17, we find

_0G(¢,2)

0 T -
Inc d(z)' P

=R(Poc0(2)) for each z € Q.

Herein, ®, ¢ o(z) denotes the unique mapping from Proposition 2.5 with some a € cl(£2)\
Cy. Obviously, ¢ — R(F(¢)) is constant on each Cy and ¢ — G((, z) +&(2) P~1w(() has
vanishing periods on circuits around each Cy with k € {1,...,n —1}. Consequently, we
get

1
:%/%(F(O) Poca(z))]d¢]  forall z € Q.
Using the open mapping theorem, we find

= o [RF@)Pacalldcl +ie  forallzeq

where ¢ € R (depends on the choice of a).

2) Next let 2 be an n-connected bounded domain such that the outer boundary
component Cy is an analytic Jordan curve and 0fQ is locally connected. Using Lemma
2.1, we find a conformal mapping T : Q — ' where € is an analytic Jordan domain
having T as the outer boundary component. Moreover, we can find 7" in such a way that
T associates C, with T. We denote the inverse function by R, i.e. R:=T"1: Q' — Q.
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Using the first part, we find with some a € cl(2) \ Cy:

(FoR)(z)= % / R((F o R)(C))®r(a)c,o0(2)|d¢| +ic  forall z € Y.
T

Note that T can be extended to an analytic function on Cy. Proposition 2.17 yields
Dr(a) 00 (2) = [R(Q)|Pa,r(c),0(R(2)) for each ¢ € T. Consequently, we get with z =
T'(w) and a simple substitution

1

T o

F(w) /?R(F(C))Cba,gg(wﬂdd +ic for all z € ,

Cn

so the proof is complete.

2.3 Radial case

In order to study radial Komatu—Loewner equations we take an arbitrary circular slit
disk Q as our initial domain. A subset $ C Q\ {0} is called (compact) radial hull in 2 or
(compact) radial Q-hull if QN cl(H) = H, Q\ $H is a domain and T U cl(§) is connected”.
By gg we denote the unique conformal mapping that maps Q \ $ onto a circular slit
disk Dg normalised in such a way that gs(0) = 0, g¢(0) > 0 and gg associates the outer
boundary component of Q \ $ with T, see Proposition 2.2. We will call this function
normalised radial mapping function on Q '\ $ . On top of this we define the so called
logarithmic mapping radius by lmr(g) := In ¢’(0) for each function g that is analytic at 0
with ¢’(0) > 0. Sometimes we also write lmrqg () := lmr(gg) where gy is the normalised
radial mapping function on Q \ $.

Next, let (9¢)iepo,r] S © be a family of radial Q-hulls, i.e. $¢ is a radial Q-hull
for each t € [0,T]. Then we say ($t).ejo,r) is an increasing family of radial Q-hulls if
H: € Hs whenever 0 <t < s < T and $Hy = (). Moreover, (ﬁt)te[o,T} is called continuous
family of radial Q-hulls if (Qt).ejo,r), With € := Q\ $;, is continuous with respect to
kernel convergence on [0, T7.

2.3.1 Single slit Komatu—Loewner equation

For now let us restrict ourself to slits, i.e. we do not treat general hulls (which we
will study in Chapter 5). Let v : [0,7] — cl(©2) \ {0} be simple and continuous with
7(0,T] € Q and v(0) € T. Obviously, (v(0,])co,7] is an increasing continuous family
of radial Q-hulls. For each t € [0,7], we set € := Q\ v(0,t] and denote by g; the
normalised radial mapping function from §2; onto the circular slit disk D;.

Later (see Lemma 2.24 and 2.25) we will see that the function ¢ — Imr(g;) is strictly
increasing and continuous on [0,T]. Since gy = id, i.e lmr(ggp) = 0, it is not a great
restriction to assume ¢ — lmr(g;) = ¢ for all ¢t € [0,T]. Otherwise we can reparametrise

"In the simply connected case this definition is equivalent to the usual definition of a radial D-hull,
see [Law05], Section 3.5.
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. Moreover, we are going to show later that ¢ — Uy := ¢¢((¢)) is continuous on [0, T,
see Lemma 2.29. Note that g;(7(¢)) is well-defined. Finally, by w — @y, p,(w) we
denote the mapping function from Proposition 2.5 that maps the circular slit disk Dy
onto a right parallel slit half-plane with a = 0, see Figure 2.2.

Ut
gt (pO,Ut,Dt T |
~

FIGURE 2.2: Mapping behaviour of z +— g¢(z) and w — ®o y, p,(w) in the radial single
slit case

T T

Then we have the following theorem.

Theorem 2.22. Let Q be a circular slit disk and ~ : [0,T] — cl(Q2) \ {0} be simple and
continuous with v(0,T] C  and v(0) € T. Moreover, we set € := Q\ v(0,t]. Assume
gt : Q¢ — Dy is the normalised radial mapping function from €y onto Dy with lmr(g,) =t
for each t € [0,T7].

Then t — g¢(z) is continuously differentiable on [0,T] for each z € Qp, and we get

9t(2) = gi(2) - Po,v,.p, (9:(2)) for allt € [0,T] and all z € Q, (2.4)
where t — Uy := gi(y(t)) € T is continuous on [0,T].

Equation (2.4) is called radial (single slit) Komatu—Loewner ordinary differential
equation, whereas t — Uy is called driving term.
Remark 2.4. As mentioned in the introduction, see Section 1.4, Bauer and Friedrich
proved the differential equation (2.4) in the left sense, see Theorem 5.1 in [BF06]. More-
over, they used the different representation of the kernel, in terms of relatives to Green’s
function, on the right-hand side of Equation (2.4) to work with, see Proposition 2.17.

If we do not assume lmr(g;) = ¢ for all t € [0,T], we get the following theorem, which
can be seen as a pointwise version of the previous theorem.

Theorem 2.23. Let Q be a circular slit disk and ~v : [0,T] — cl(Q2) \ {0} be simple
and continuous with v(0,T] C Q and v(0) € T. Moreover, for each t € [0,T], we set
Q= Q\v(0,t]. gt : Q¢ — Dy is the normalised radial mapping function from £y onto
Dy for allt € [0,T] and assume t — c(t) := lmr(g:) is differentiable at to.

Then the function t — g.(2) is differentiable at to for each z € 4, and satisfies

Gto (Z) = é(to) " Gto (Z) ’ ¢07Ut07Dt0 (gto (w)> for all z € QtO’
with a continuous function t — Uy =: g.(v(t)) € T for allt € [0,T].

Obviously, Theorem 2.22 follows immediately from Theorem 2.23. Here, the conti-
nuity of ¢ — §;(z) comes from Lemma 2.18. Before we are able to prove Theorem 2.23
we need some preliminary lemmas.
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Lemma 2.24. Let Q be a circular slit disk and A,B C Q\ {0} be radial Q-hulls with
A C B. Thenlmr(gy) < lmr(gy) where gy and gy denote the normalised radial mapping
functions on Q\ A and Q \ B, respectively.

Proof. First of all, we denote the unbounded connected component of C\ gy (2 \ B) by
F. Note that C\ F' C D is a simply connected domain, so there is a unique conformal
mapping h : C\ F — D with h(0) = 0 and A/(0) > 0. Since h~! fulfils the condition of
Schwarz lemma, we necessarily get h’(0) > 1. Thus we have h o gy € F where

F:={f:Q\B — D] f univalent, f(0) =0, f/(0) > 0, f associates IF with T}.
Using the extremal property corresponding to JF, see Lemma 2.6, we find

1'(0) - g (0) = (h o ga)'(0) < g3(0),
i.e. Imr(h) + Imr(gy) < lmr(gy) with Imr(h) > 0. O

Lemma 2.25. Let Q be a circular slit disk, ($¢)icjo,r] be an increasing family of radial
Q-hulls and g, denotes the normalised radial mapping function from Q\ $; onto the
circular slit disk Dy for each t € [0,T]. Let (tn)nen C [0,T] with t,, — to € [0,T] and let
Q. Q. Moreover, assume con(Y, ) = con(€,) for all n € N. Then gy, SLIEN Jto
on Qy as n — 0o. Moreover, Imr (g, ) — lmr(gy,) as n — oo.

Corollary 2.26. Let ) be a circular slit disk, (ﬁt)te[o,T] be an increasing and continuous
family of radial Q-hulls and g; denotes the normalised radial mapping function on 2\ ¢
for each t € [0,T). Furthermore, we assume con(€l;) = con(Q) for all t € [0,T]. Then
t — g¢ is continuous on [0,T]. Moreover, t — lmr(g;) is continuous on [0,T] as well.

Remark 2.5. Later we will see that the assumption
con(€2, ) = con(§),) for all n € N

in Lemma 2.25 can be dropped without substitution, see Proposition 5.6. In order to do
so, we will need a stronger version of Lemma 2.13 as well, see Lemma 5.5.

Proof of Lemma 2.25. By Montel’s theorem h,, := ¢, is normal in {;,, so we find a
locally uniformly convergent subsequence (hy, )ren on Q. The limit function h : Q;, —
C is either univalent or constant. Using Lemma 2.24, h/,(0) > 1 for all n € N, so h
can not be constant, i.e. h : Q — D =: h(},) is conformal. This shows that D
is nondegenerate. Next, Proposition 2.11 yields Dy, X, D where Dy, = hn, (S, ).
Using Lemma 2.13, D needs to be a circular slit disk, as con(Dy, ) = con(D) for all
k e N.

Summarising, h is a conformal mapping from €2, onto the circular slit disk D with
h(0) = 0 and h’(0) > 0. Moreover, h associates the outer boundary component of €,
with T. To see this let us consider a circuit K around an inner boundary component of
Q,, say K = {z € D | dist(C, z) = ¢} where § > 0 is small. Herein, we choose § small
enough such that K is a Jordan curve in €, and the winding number of K around 0 is 0.
Then the compact set K is mapped by h to h(K), which surrounds an inner boundary
component of D, as the winding number of h(K) is 0 as well. Using the pigeonhole
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principle, h associates the inner boundary component of €);, with the inner boundary
components of D.

Finally, h = g¢s,. As all convergent subsequences (hy, )ken converge to the same
function g, also the whole sequence (g, )nen converges locally uniformly on 2, to
Jto- O

Lemma 2.27. Let Q be a circular slit disk and $) is a radial Q-hull such that 0 is
locally connected with Qg := Q\ . Then

1
tmr(gs) = 5 [ 1nlg5 " (€)]dc]
T

where gg s the normalised radial mapping function from Qg onto the circular slit disk
Dyg.

Note that the integral is well defined as gg has a continuous extension to the bound-
ary. This is a consequence of the local connectedness of (2 \ $), see Theorem 2.1 in
[Pom92].

Proof. Let n := con(€2y). Note that there is an analytic branch of the logarithm such
that z +— log(ggl(z) /z) is an analytic function. This follows immediately from the
mapping behaviour of gg together with simple calculations of winding numbers. By

Cauchy’s integral formula, we find
-1
) (52)
z=0 z

1 95 (O d¢ 1 95" ()
i [ (E) L ] e

oDy, 8Dy,

gﬁl(o'dargc.
¢

d _
~tmn(gs) = 1og (052 B

1

= — In
2
oDy

Note that the last equality is a consequence of lmr(gg) > 0. The boundary 0Dy, consists
of T = C); and disjoint proper concentric circular arcs C1,...Cy_1. Herein, the function
¢+ 1In |gg1(C)/C\ is constant on each Cj, with k € {1,...,n—1}. Thus we find

—1 -1
217T/1n gﬁc(g)‘ 1. |94 (Co) /darg(jzo
C

darg(zﬂln %

& Ck

for each k € {1,...,n — 1}, as we integrate on both sides of the arc Cy. Here, (p is
arbitrarily chosen from C%. Summarising we find

1 9;)1(0 1 -1
—1mr<gﬁ>—%T/1n\C\dargc—%w/ln\gﬁ ©l14¢.
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Lemma 2.28. Let Q be a circular slit disk and $ is a radial Q-hull such that 0y is
locally connected with Qg := Q\ 9. Then we have

9'(z) 1 3
log o - 2 In ‘gﬁ (9] (IDO’CvDJ‘) (2) [dC| for each z € Dg,

T

where gg 1s the normalised radial mapping function from Qg onto Dyg.

Like in the proof of previous lemma there is an analytic branch of the logarithm on
the left-hand side.

Proof. Dg is a circular slit disk with boundary components Ci,...,C, = T and we
consider the function
95 (2)
z F(z) :=log , 2 € Dg,
z

which is analytic in Dg. Moreover, there is a continuous extension of F' to 0€, as 0f is
locally connected. Then R(F) is constant on Cj, for each k € {1,...,n — 1}, so we can
apply Proposition 2.21 with a = 0 to get

~1 ~1
1
log 95 (%) = — /ln 95 (©) Qo ¢.p,, (2) || +ic for each z € Dy
z 27 ¢ AR

with ¢ € R. Finally, we set z = 0 to get ¢ = 0, as ®g¢,p,(0) > 0 for all ¢ € T and
log(g5"(2)/2)]2=0 = —mr(gs) < 0. O

Lemma 2.29. Let v :[0,7] — cl(Q)\{0} be simple and continuous with v(0,T] C Q and
~v(0) € T, and for each t € [0,T], g+ : % — Dy denotes the normalised radial mapping
function on Q := Q\ v(0,t]. Moreover, we set

U= g:(v(#),  sp7:=g:(V[t, 1), 0<t<t<T.
Then s,z — Uy, as t — tg < t. On top of this t — Uy is continuous on [0,T).

The image g;([t,]) represents the image of both sides of the slit, i.e. s,; = {a € T |
g{l(a) € v[t,t]}, see also Remark 2.9.

Proof of Lemma 2.29. This is a special case of Lemma 2.43, which we are going to prove
later. O

Proof of Theorem 2.23. Using Proposition 2.11 and Corollary 2.26, (D¢).c[o,7 is a con-
tinuous family, since ()07 is a continuous family with con(€2;) = con(Q) for all
t €[0,T]. Let us define g, ; := g; 0 g{l with 0 <t <# < T. Thus g,; maps Dy \ S, ; onto
the circular slit disk D; where Sy7 = gt(v(L,t]) is a slit starting in U;. Obviously, S, ; is
a locally connected radial D;-hull, so we are able to apply Lemma 2.28 to get

g;gl(z)

1 _
log =5 /ln ]gﬁl(g)\ ®o,¢,p,(2) |dC] for all z € D;.
T
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Next, we set s,; := g;([t,t]) = {a € T | g{l € [t t]}, so s,; is a compact connected
subset of T. Applying z = g;(w) gives us

gt(w 1 _
t( ) - / In |g§7z1(<')’ (I)07C,Dz (gz(w)) ’dc’ for each w € QZ'

log =
gi(w) 2

St

Note that ¢ — ®o¢ p, (gi(w)) is continuous by Lemma 2.18 and ¢ ~ In \g;;(g)| < 0 for
all ¢ € s;7, so we find with the mean value theorem i

o8 2428 = (R0, ((0) + 9%, (3(w)) 5 [ Il Q11

Sti

for all w € ©; where (1,(2 € s;3. Using Lemma 2.27, we see that the remaining integral
on the right-hand side coincides with — Imr(g,;) = —1In g;i(O) = Imr(g¢) — lmr(g;). Let
w € Q, be fix. If we choose t and ¢ close to ty, we get w € €, and using Lemma 2.25
we find a branch of the logarithm in order to get

log g;(w) — log g¢(w)
t—t

- <%@07<1,Dz (9:(w)) +i3Po.c,,p, (gz(w))) lmr(gti — 1mr(gt).

Using Lemma 2.29, we see s,; — Uy, =t gry(y(to)) as 't ~to = tort \ to = t.
Consequently, ¢; — Uy, (j € {1,2}). Finally, we find with Lemma 2.25 and 2.18 and
D; 55 Dy, as O\ to:

Gto (W) = gty (w) - o,u,,,D1, (gto (w)) - ¢(to) for all w € U,

and c(t) := lmr(g;). Note that the continuity of ¢t — U, follows immediately from Lemma
2.29. O

2.3.2 Multiple slit Komatu—Loewner equation

Next, we are going to extend the previous theorems to multiple slits. Let  be an
arbitrary circular slit disk and 7" > 0. For each k € {1,...,m} with m € N, let ~ :
[0,T] — c1(£2)\ {0} be simple and continuous with (0, 7] C Q2 and 74 (0) € T. Moreover,
assume [0, T] N[0, T] = ) whenever k # j. Then we call (1, ...,Ym)ico,1] @ tuple of
disjoint radial (parametrised) slits in Q. Obviously, ($¢):ejo,71, With ¢ := U2, (0, ],
is an increasing and continuous family of radial Q2-hulls.

We denote by g; : Q = Q\ 9 — D; the normalised radial mapping function on
Q) for all t € [0,7T]. Using Corollary 2.26 and Lemma 2.24, the function ¢ — lmr(g;)
is continuous and strictly increasing. Later we will see that in this case ¢ — ¢g; is not
necessarily differentiable at a point tg if ¢t — Imr(g;) is differentiable at ty, see Example
4.1.

In order to give a necessary condition we need some further abbreviation. Therefore,
for each t,7 € [0,T] and k € {1,...,m}, we set H(t,7) := U?:L#k v;(0, 7] U v(0, t].
Since $x(t,7) is a radial Q-hull, we may define

Jrtr : Qu(t,7) = Q\ Hr(t,7) = Dyi(t, 1),
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as the normalised radial mapping function from Qg (¢, 7) := Q\ $Hx (¢, 7) onto the circular
slit disk Dy(t,7), see Figure 2.3. Note that in this case gt = fre, 0 = Qi(t,t) and
Dy = Dy(t,t) (independent of k).

fk;t,T
VR

Qk(t, T)

FIGURE 2.3: Normalised radial mapping function fi.r : Q(t,7) = Dy(t,T)

Theorem 2.30. Let Q2 be a circular slit disk, (71,...,%m)iejo,r] be a tuple of disjoint
radial slits in Q with m € N, and let ty € [0,T]. For eacht,7 € [0,T] andk € {1,...,m},
frtr @ Qu(t,7) = Dy(t,7) and g : Q; — Dy denote the normalised radial mapping
functions on Qi(t,7) == Q\ (v(0,t] U U, ., 7(0,7]) and Q = Qu(t,t), respectively.
Then the following three statements are equivalent.

(i) The limit A\ (to) := limy_, hnr(f'“t’to1:1?“’”0’%) exists for each k € {1,...,m}.

(i) The function t — g4(z) is differentiable at to for every z € Q.

(i1i) The function t — g¢(z) is differentiable at ty for each z € Qy, and fulfils

m

9t0(2) = 910(2) D Mlt0) P00 10).04y (910 (2))  for all z € Quy,
k=1

where for all k € {1,...,m}, Ax(to) > 0 and the driving term Uy (t) := gi(vx(t)) is
continuous on [0, 7.

When this happens, t — lmr(g;) is differentiable at to with derivative > ;- A (to).

Remark 2.6. In case of one slit, i.e. m = 1, this theorem is more or less equivalent
to Theorem 2.23. To be more precise, Theorem 2.30 generalises Theorem 2.23 in the
case m = 1 slightly, as it shows that t — g¢; is differentiable at ¢y if and only if ¢t —
lmr(g;) is differentiable at ty. Obviously, Theorem 2.30 contains Theorem 2.22 as well.
Consequently, we will discuss only the multiple slit version in the upcoming bilateral
and chordal case.

The proof of Theorem 2.30 can be found in Section 2.6.

2.4 Bilateral case

Next, let us switch to the bilateral case where we take a circular slit annulus €2 as our
initial domain. Let @ € (0, 1) denote the inner radius of Q. A subset $ C Q is called
(compact) bilateral hull in Q or (compact) bilateral Q-hull if QN cl(H) = H, Q\ H is
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a domain, T U cl($)) is connected and dist($), Tg) > 0. By gy we denote the unique
conformal mapping that maps Qg := Q \ $ onto a circular slit annulus Dg with inner
radius ¢ € (0,1) such that gg associates the outer boundary of Qg = Q\ $ with T
and g4(Q) = g5, see Proposition 2.3. Then we call gg the normalised bilateral mapping
function on Q\ 9.

Next, let (9¢):ejo,m € 2 be a family of bilateral Q-hulls, i.e. $; is a bilateral (-hull
for each t € [0, T]. Then we say (¢)ic[o,7] is an increasing family of bilateral Q-hulls if
H: € Hs whenever 0 <t < s < T and Hy = (). Moreover, (ﬁt)te[o,T} is called continuous
family of bilateral Q-hulls if (Q—a)icor), With Q; == Q\ §; and some a € Qr, is
continuous on [0,7] with respect to kernel convergence. This definition ensures that
we consider the connected component of the weak kernel that has Tg as a boundary
component.

Let A, B C D be domains where the inner boundary component is a circle (with radii
ga and ¢p) and f is a conformal mapping from A onto B that associates T,, with Ty,.
Then we set lem(f) := Ingp — Inqa, what we call the logarithmic conformal modulus.
Let Q be a circular slit annulus and ) be a bilateral Q-hull. Then we use the abbreviation
lemq(9) = lem(gy) as well where gg denotes the normalised bilateral mapping function
on O\ 9.

As mentioned in Subsection 2.3.2, see Remark 2.6, Theorem 2.23 follows from Theo-
rem 2.30, so we will skip the single slit case in the bilateral setting. Consequently, will go
directly to the multiple slit case. Let €2 be an arbitrary circular slit annulus and for each
ke{l,...,m} with m € N, v : [0,7] — C is continuous and simple with ~;(0,7] C Q
and 7;(0) € T. Moreover, assume 7;[0,7] N 7,[0,7] = 0 whenever k # j. Then we
call (y1,---,Ym)eejo,r) @ tuple of disjoint bilateral (parametrised) slits in 2. Obviously,
(9¢)eeio,r) with $; == Ui, 7(0,], is a family of increasing and continuous bilateral
hulls in 2.

Next, let (v1,...,%m)icp,r] be a tuple of disjoint bilateral slits in a circular slit
annulus . Then we set Hx(t,7) = UjL; ;4 7(0, 7] U~k(0,¢] with t,7 € [0,7] and
ke {1,...,m}. Since H(t,7) is a bilateral Q-hull as well, we may define

Jrr : Qu(t,7) == Q\ H(t,7) = Dy(t, 1)

as the normalised bilateral mapping function from Qg (t,7) := Q \ H(¢,7) onto the
circular slit annulus Dg(¢,7) with ¢,7 € [0,7] and k € {1,...,m}. Herein, the inner
radius of Dy(t,7) is denoted by gi(t,7). Moreover, we set g; := frt+, Qi = Qi(t,1),
Dy := Dy(t,t) and ¢ := qx(t,t) (independent of k) for each ¢ € [0, T7.

Then we have the following theorem

Theorem 2.31. Let Q be a circular slit annulus, (y1, ... 77m)te[0,T] be a tuple of dis-
joint bilateral slits in Q with m € N, and let to € [0,T]. For each t,7 € [0,T] and
ke{l,....,m}, frar: Qu(t,7) = Dy(t,7) and g; : Q4 — Dy denote the normalised bi-
lateral mapping functions on Qy(t, 7) == Q\ (7(0,8] UU, 2, 75(0,7]) and Q := Q(t, 1),
respectively. Then the following three statements are equivalent.

(i) The limit A\i(to) := limy_ys, lcm(fk‘t’toi:zm(fk;to’to) exists for each k € {1,...,m}.

(ii) The function t — gi(z) is differentiable at to for each z € Q.
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(iii) The function t — g+(z) is differentiable at to for each z € Qy, and fulfils
gto (z) = Gto (z) Z )‘k(to)cbqto,Uk(to),DtO (gto (Z)) fOT all z € Qto: (2'5)
k=1
where for all k € {1,...,m}, M\(to) > 0 and the driving term Ug(t) := g (v (t)) is
continuous on [0,T]. Here q; denotes the inner radius of Dy, t € [0,T].

When this happens, t — lem(gy) is differentiable at to with derivative Y p- Ag(to)-

As in the previous section, w Py Ui (to) Drg (w) denotes the unique mapping from
Proposition 2.5, see also Figure 2.4.

Qf Uy (t) Dy L |
/\ 1 |

FIGURE 2.4: Mapping behaviour of z — gi(2) and w +— @y, 17, 1), p,(w) in the bilateral
multiple slit case

The proof of Theorem 2.31 can be found in Section 2.6. In order to do so, we need
some preliminary lemmas.

Lemma 2.32. Let Q be a circular slit annulus and A, B C Q be bilateral Q-hulls with
A C B. Then lem(gy) < lem(gw) where gy and gu denote the normalised bilateral
mapping function on Q\ A and Q\ B, respectively.

Proof. First of all, we note that the functions gy and g are related to an extremal
property, see Lemma 2.7. Moreover, we denote by @ the inner radius of 2

Note that € := go(B \ ) is a compact bilateral hull in Dy = gg (€2 \ ). Herein,
go is the inner radius of the circular slit annulus Dg. Next, we find a unique conformal
mapping h : Ay \ € — Ay having h(ga) = ¢* > 0, see also Proposition 2.3. Then
gu < ¢* by Theorem 3, Chapter V.1. of [Gol69].

Using the notation from Lemma 2.7 with Q\ B as the initial domain, E as the outer
boundary component of Q \ B and F := Tg we find h o gy, g € F. Consequently, we
find ¢* < gp where ¢y is the inner radius of Dy = g (2 \ B). Summarising, we get

g < g- 0

Lemma 2.33. Let Q be a circular slit annulus, (55t)te[0,T] be an increasing family of
bilateral Q-hulls and g; denotes the normalised bilateral mapping function on Q\ $; for
each t € [0,T]. Let (tn)nen C [0,T] with t, — to, assume con($,) = con(€Y,) for all
n € N and Q, —a — Q,—a for some a € Q.

Then g;, % g1, on 4, as n — co. Moreover, lem(gy, ) — lem(gy,) as well.
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Proof. Let () denote the inner radius of (2. By definition Q; —a LN Qi —a if t, — 1o
for some a € Q.

By Montel’s theorem h,, := g;, is normal, so we find a locally uniform convergent
subsequence (hy, )geny on €. The limit function h : €, — C is either univalent or
constant.

Note that dist($)¢, Tg) > dist($7,Tg) > 0 for all ¢ € [0,7]. Using the Schwarz
reflection principle, we can extend each h, analytically to Ag_s¢o with some > 0
small. Moreover, g;, (Tq) = Ty, where ¢;, € [Q,1) by Lemma 2.32. Herein, g;,, denotes
the inner radius of Dy, = g, (2 \ $4,). Consequently, hy, converges uniformly on Tq to
Ty with ¢* > @, so the limit function i can not be constant. Since h : () — D is a
conformal mapping, Corollary 2.12 yields Dtnk —a X5 D—a for some a € D. Note that
con(D) = con(€Y,) = con€), = con(Dy,) for all n € N, so D is a circular slit annulus
by Lemma 2.14. Since h,,, converges uniformly on Tg to Ty, h associates Tg with the
inner boundary component Ty« of D and h(Q) = ¢* > 0.

On top of this each (interior) proper concentric circular arc of €, is mapped by
h to an (interior) proper concentric circular arc of D. This can be seen by using the
argument principle, see for instance the proof of Lemma 2.25. Hence, h associates the
outer boundary of €, with T. Summarising, h = g¢,. As all convergent subsequences
(hn,, )ken converge to the same function gy, also the whole sequence (g, )nen converges
locally uniformly to g;, on €y,. Obviously, ¢, — ¢* = exp(lem(gy,)) as well. O

Lemma 2.34. Let Q) be a circular slit annulus and $) be a bilateral Q-hull such that 02
is locally connected with Qg := Q\ 9. Then

1
lem(go) = — - / In[g5"(¢)]I¢],
T

where gg s the normalised bilateral mapping function from Qg onto the circular slit
annulus Dg.

Proof. Herein, we denote by ¢ € (0,1) the inner radius of Dg. In particular we have
q € (Q,1) by Lemma 2.32. Cauchy’s theorem yields

1 95 () d¢ 1
dDg d

Dy,

95 ()
¢

darg(.

Like in the radial case, the logarithm is well-defined. The last equality is an immediate
consequence of the fact that each connected component of 9Dy is a concentric circular
arc centred at 0. Note that log |g§1(§“) /€| is constant on each connected component of
0Dy, so we find

1 het 1 hg!
0:% In 5<( darg(—2/ln L(C) darg(.
T T,
Finall t - o |" Oldarg¢ = —1n 2 = lem(gg) O
inally, we get —o- [ In = arg ¢ = —In = = lem(gy



CHAPTER 2. KOMATU-LOEWNER EQUATIONS FOR CANONICAL DOMAINS

Lemma 2.35. Let Q2 be a circular slit annulus and $ be a bilateral Q-hull such that 082
is locally connected with Qg := Q\ . Then we have

957 (2) 1 »
log R In \955 (O] Pyq.¢,04 (2) [dC] for all z € Dy,

T

where gg denotes the normalised bilateral mapping function from Qg onto Dg. Herein,
qs denotes the inner radius of Dyg.

Proof. Let us consider the function

—1
z
F(z):=log L(), z € Dg,
z
which is analytic on Dg. We denote by C4,...,Cy, = T the boundary components of
Dg. Note that F' can be extended continuously to 0Dy and R(F') is constant on each

Ck, k€ {1,...,n—1}. Hence we find with Proposition 2.21 and a = gy,

—1 —1
9 (2) 1 9 (€)
T

40,4114+ ic

where ¢ € R. Finally, let us apply z = g5 to get ¢ = 0, as @, ¢ p,(g5) > 0 and
10g(95 " (2)/2)]2=¢5, = — lem(gg) < 0. O

2.5 Chordal case

Finally, we are going to discuss the chordal case. In this context we take an upper parallel
slit half-plane € as our initial domain. A bounded subset £ C € is called (compact)
chordal hull in Q or (compact) chordal Q-hull it QN cl(H) = H, 2\ H is a domain and
R U cl($) is connected. By gy we denote the unique conformal mapping that maps
Qg :=Q\ H onto an upper parallel slit half-plane Dg such that

gn(z) =z + Gon O(|z]72), around oo.
z

We call this function normalised chordal mapping function on '\ $). Herein, the
value hcap(gg) := ag = ag, is called half-plane capacity of gs. Sometimes we write
hcapq($) := hecap(gg) as well if gg is the normalised chordal mapping function on 2\ .
Moreover, let g be a function that is analytic on B.(00), with some £ > 0, having an ex-
pansion g(z) = z+ % 4+ O(|z|72?) around co. Then we call hcap(g) := |a,| the half-plane
capacity of g as well. On top of this, a, > 0 if there are constants d1,d2 > 0 such that
Bs, (00) NH C g(B(o0) NH) C By, (c0) NH.

Next, let (9¢)icp,r) € © be a family of chordal Q-hulls, i.e. $; is a chordal Q-
hull for each ¢ € [0,T]. Then ($¢)cjo,r is called increasing family of chordal Q-hulls
if 9; C Hs whenever 0 <t < s < T and $Hy = (). Moreover, (ﬁt)te[O,T} C Q is called
continuous family of chordal Q-hulls if (Q¢—a),c(o, 17, With ; := Q\ H; and some a € Qr,
is continuous with respect to kernel convergence.
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As in the bilateral setting, we will go directly to the multiple slit case. Let 2 be an
upper parallel slit half-plane and for each k € {1,...,m} with m € N, 74 : [0,7] — C is
continuous and simple with (0,77 € Q and ~,(0) € R. Moreover, v;[0, T]N;[0,T] = 0
whenever k # j. Then we call (71, .. .,Ym):e[o,) & tuple of disjoint chordal (parametrised)
slits in Q. Obviously, (9¢)ico,r], With $; := UL, %(0,t] is a family of increasing
continuous chordal Q-hulls.

Let (71, .. 7'7m)te[0,T] be a tuple of disjoint chordal slits in an upper parallel slit half-
plane Q. For each ¢,7 € [0,T] and k € {1,...,m}, we set H;(t,7) := UjL; ;44 7(0,7]U
v(0,t]. Since H(t, ) is a chordal Q-hull as well, we may define

Jrtr : Qu(t,7) = Q\ Hr(t,7) = Dyi(t, 1),

as the normalised chordal mapping function from Q\ (¢, 7) onto the upper parallel slit
half-plane Dy(t,7) with ¢,7 € [0,7] and k € {1,...,m}. Moreover, for each ¢t € [0,T],
we set independently of k € {1,...,m}, g := fu.e, Qi := Qi(t, ) and Dy := Dy (¢, 1).

Q
t ¢ gt Uk(?) Do U, (1),D,
Vi — ~— ~—
W ! ) s ‘Df 0
00 0 0o

FIGURE 2.5: Mapping behaviour of z — gi(2) and w — @y, 1),p,(w) in the chordal
multiple slit case

Then we have the following theorem

Theorem 2.36. Let Q be an upper parallel slit half-plane, (71, ... v'Vm)te[O,T] be a tuple
of disjoint chordal slits in Q with m € N, and let to € [0,T]. For each t,7 € [0,T] and
ke d{l,....m}, frar: Qu(t,7) = Di(t,7) and g; : Q — Dy denote the normalised
chordal mapping functions on Qu(t,7) := Q\ (v (0, t]UU; 2, 75 (0, 7]) and Qq := Qi (t, 1),
respectively. Then the following three statements are equivalent.

(i) The limit A\ (to) := limy_s, hcap(fk‘t’totilocap(fk;to’to) exists for each k € {1,...,m}.

(ii) The function t — g,(z) is differentiable at ty for each z € Q.

(iii) The function t — g+(z) is differentiable at to for each z € Qy, and fulfils
: i
gto(2) = — Z Ak(to)q)oo,Uk(to),Dto (gto (Z)) for all z € Oy,

2
k=1

where for each k € {1,...,m}, X\g(to) > 0 and the driving term Uy (t) := g¢(7k(t))
is continuous on [0, 7).

When this happens, t — hcap(g:) is differentiable at to with derivative > ;" | Ag(to).

As before, w — @, 1, (t0),Dy, (w) denotes the unique mapping function from Propo-
sition 2.5, see also Figure 2.5.
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Remark 2.7. Let Q = H and (7)c[o,7) be a chordal slit in H parametrised in such a way

that hcap(g;) = 2t for all ¢t € [0, 7] where, for each t € [0,T], g; denotes the normalised

heap(gt)—hcap(gty)
o = 2 for

chordal mapping function on Q\ v(0,t]. Then A(tg) := lim;_,
all tg € [0,T], so Theorem 2.36 and Remark 2.2 give us Theorem D.

The proof of Theorem 2.36 can be found in Section 2.6. In order to do so, we need
some preliminary lemmas.

Lemma 2.37. Let Q) be an upper parallel slit half-plane and A, B C Q be chordal Q-hulls
with A C B. Then hcap(gy) < hecap(gs) where gy and gy denote the normalised chordal
mapping function on Q\ A and Q \ B, respectively.

Proof. First of all, we note that the functions gy and gy are related to an extremal
property, see Lemma 2.8.

¢ = gy(B \ 2A) is a compact chordal hull in Dy = gg(Q2 \ ). Using Riemann’s
mapping theorem (for simply connected domains), we find a unique conformal mapping
h:H\ € — H having h(z) —z — 0 as z — co. Hence h(z) = z + % + O(|z|*) around oo
with aj, > 0, see [Law05], Section 3.4. Consequently, (h o go)(z) = z + 2592 + O(|z|?)
around oo where agy = hcap(gy).

Next, let us use the notation from Lemma 2.8 with 2\ 9B as the initial domain. Then
9, h o gy € F and we find hcap(gy) + an < hcap(gm), so hcap(gy) < heap(gs). O

Lemma 2.38. Let Q be an upper parallel slit half-plane, (t)co,m) be an increasing
family of chordal Q-hulls and for each t € [0,T], g denotes the normalised chordal
mapping function on Q\ $;. Let Sctn)nEN C [0,T] with t, — to, assume con(Qy, ) =
con(Qy,) for alln € N and 4, —a — Qy—a for some a € Q.

Then gy, Ly Gto on Qy, as n — oco. Moreover, hcap(gy, ) — heap(ge,) as well.

Proof. First of all, by definition ;, —a X, Q,—a if t, — to for some a € Q7. Next, we
set gn := g1, and note that each g, has an analytic continuation to B.(co) with € > 0
small. Thus we find with h,(2) :=1/(gn(1/2) +1):

hn(2) = 2z — i2% — (heap(gn) + 1)2° + O(]z|*) around z = 0.

Using Koebe’s distortion theorem, (h;,)nen is a bounded sequence on 1/, U U where
1/, :={2€C|1/z € Q} and U is a small neighbourhood of 0. Consequently, we find
a locally uniform convergent subsequence (hy, )xen where hy,, u s ont /4, UU. h can
not be constant as we have h(z) = z—i22+0(|23|) around 0. Thus g, (2) = 1/hy, (1/2)—i
converges locally uniformly on €, to the univalent function g(z) = 1/h(1/z) —i. An
easy calculation yields g(z) —z — 0 as z — 0.

Next, we set D, = g,(Q\ 9¢,), i.e. D, is an upper parallel slit half-plane. Since
g: Y, — D := g(§,) is conformal we find, by Corollary 2.12, D,,, —a %5 D—a for some
a € D. Note that con(D) = con(2) = con(§2,,) = con(Dy, ), so D is an upper parallel
slit half-plane, by Lemma 2.15. Together with the previous calculation, we find g = gy,.

As all convergent subsequences (gn, )ren converge to the same function g, also
the whole sequence (gn)nen converges locally uniformly to gy on €2,. In this case
heap(gn) — heap(ge,) as well, as ¢4,(2) = 1/h(1/2) — i. O
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Lemma 2.39. Let Q2 be an upper parallel slit half-plane and $ be a chordal Q2-hull such
that 0Qg is locally connected with Qg = Q\ $. Then we have

heap(gs) = © / S(g51(0)) ldc],

OH

where gg denotes the normalised chordal mapping function on Q.

Note that there is an Ry > 0 such that %(ggl(g)) =0 for all ¢ € OH with |{| > Ry,
so the previous integral is well-defined.

Proof. First of all, we note that gg : Q\ $ — Dy can be reflected along the real line to a
function g, : Q*\ H* — D*. Herein, Q*, D* and $* come out of reflecting 2, Dy and $
on the real line, respectively . Thus con(2*) = 2n — 1 where n = con(f2). Consequently,
oo is an inner point of Q* \ $* and D*.

Together with Cauchy’s formula we find

4 1 Q) —-¢,. 1 9.1 () —¢
z.(g* (Z)_Z)_ZZTri/(—z dC_Qm/C_l d¢
oD~ dD* ®

for each z € D*. Next, we apply z = co. Alternatively we could substitute z = %

apply w = 0. In either way we find

and

1 1
-1y _ 1 —1/ _ Y
heap(s; ) =~ [ 971 ©) = ¢ac= 5o [ e O - de.
oD* oD*
Moreover, we denote the connected components of dD* by Cy, ..., Can—1 where I(Cp) =
0. Since hcap(g; ') > 0 we find
1 1 2n—1
-1\ - o~/ —1 _ - _ (1 _
heap(s; ) = —5- [ S(1€) = 0dc =~ > [ 060 - e
oD* kZOCk

Moreover, for each k # 0, ¢ — (g5 1(¢) — ¢) is constant on Cf, so the integrals over Cj,
vanish, as we have to consider both sides of the line segments C%. Consequently, we find
by symmetry

1

heap(gs) = —heap(s:") = 5= [ 8650~ Olac] =+ [ Slaz"(@lacl

Co OH

O]

Lemma 2.40. Let 2 be an upper parallel slit half-plane and $ be a chordal Q2-hull such
that 00 is locally connected with Qg = Q \ $. Then we have
i _
=5 [ 9(51(Q) Poecny ()¢ for all € D,
OH

95" (2) — =

where gg denotes the normalised chordal mapping function from g onto Dyg.
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Like in the previous lemma, there is an Ry > 0 such that %(ggl(g‘)) = 0 for all
¢ € OH with || > Ry, so the previous integral is well-defined.

Proof. Let T(z) := 1 —1i, F(z) := —i(ggl(T(z)) —T(z)) and R(w) := T ' (w) = w1+i

mapping Dg onto D" C By 5(—i/2). Then Proposition 2.21 gives us with some a € D":

F(z)=— / R(F(Q)) - Pac,pr(2)|d¢| +ic  forall z € D'

0B /5(-i/2)

Note that we find a connected subset s C 9B, 5(—i/2) such that

R(F(Q)) = S(g5(T(C) = T(C)) =S(g5 (T(¢))) =0 for all ¢ € Byya(—i/2) \ s.

As T maps 0B /5(—i/2) \ {0} onto R and 0 to oo, we choose s in such a way that
dist(s,0) > 0. Consequently, we find

F(z) ! /%(gﬁl(T(C))) - Do ¢ pr(2)|dC| +id for all z € D’

T or
S

where d € R. Note that ® ¢ p/ and ®,¢ ps differ only in an imaginary constant and
0 ¢ s. It is easy to see that ®o ¢ p/(2) = |T'(C)] - Poo,(c),ny (T(2)). Hence an easy
substitution yields for all z € D’

F(z) = o / (651 (T(C)) - Pooirer.y (TENIT(CN1AC] +id

T or
S

1

" or
T(s)

3(95(€)) - Pooc.y (T())]] + id.

We apply z = 0 to get d = 0. Finally, a substitution w = T'(z) completes the proof. [J

2.6 A universal proof for multiple slit Komatu—Loewner
equations

As mentioned previously we are going to prove Theorem 2.30, 2.31 and 2.36 simultane-
ously. Herein, let 2 be a canonical domain, i.e. € is a circular slit disk, a circular slit
annulus or an upper parallel slit half-plane. We say ) is an appropriate hull in € if §) is
a radial Q-hull when € is a circular slit disk, $) is a bilateral 2-hull if Q2 is a circular slit
annulus and $) is a chordal Q-hull if €2 is an upper parallel slit half-plane. In particular,
(Y15 -+ Ym)eejo,r 1s called tuple of disjoint appropriate slits in 2 if (y1,...,Ym)ie[o,1]
is a tuple of disjoint radial slits in a circular slit disk €, (y1,...,Ym)ejo,) s a tuple
of disjoint bilateral slits whenever 2 is a circular slit annulus, or (vq,... 7’Ym)te[0,T] is
a tuple of disjoint chordal slits if € is an upper parallel slit half-plane. Obviously,
9 = Uit %(0,t,], with ¢, € [0,T], is an appropriate Q-hull if (y1,...,Vm)icp1) is a
tuple of disjoint appropriate slits in €Q.
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A family ($¢)eo,7) of appropriate (2-hulls is called increasing if $; C s whenever
t <sand $ = 0. (91)efo,r) is called continuous if (4—a)ejo 77, With € := Q\ H; and
some a € {7, is continuous. If (v1,...,Vm)elo,r] is a tuple of disjoint appropriate slit in
Q, then (Uj; 7x(0, t])tefo,7) is clearly a family of increasing continuous Q-hulls.

Let $) be an appropriate hull in 2. We call gg : Q\ $ — Dy, the normalised appropri-
ate mapping function on Q\ $ if gg is the normalised radial mapping function on Q\ 9
when (2 is a circular slit disk, gg is the normalised bilateral mapping function on Q\ § if
() is a circular slit annulus, and gg is the normalised chordal mapping function on Q \ $
if Q is an upper parallel slit half-plane. Consequently, Dy, := g5 (2\ $) and 2 do always
have the same canonical type. Next, let gy be the normalised appropriate mapping
function on Q \ $. Analogously, we denote by ¢(gg) the logarithmic mapping radius of
gs if underlying we have the radial case, the logarithmic conformal modulus of gg in the
bilateral case, and the half-plane capacity of gg if underlying we have the chordal case,
respectively. In this context, we call ¢(gg) appropriate capacity of gs. Moreover, we use
the abbreviation cq($) := c(gg) as well where gg denotes the normalised appropriate
mapping function on Q \ .

Note that the implication (iii)=-(ii) of Theorem 2.30, 2.31 and 2.36 is trivial. We are
going to prove the implication (i)=-(iii) in Subsection 2.6.2 and the implication (ii)=-(i)
in Subsection 2.6.3.

Before we can do so we need some preliminary lemmas.

2.6.1 Some preliminary lemmas

Summarising Lemma 2.24, 2.32 and 2.37 we find the following lemma.

Lemma 2.41. Let Q) be a canonical domain, A, B be appropriate hulls in ) satisfying
A C B, and gy and gp denote the normalised appropriate mapping function on Q '\ 2A
and 2\ B, respectively. Then ¢(gy) < ¢(gn).

In the same way we find with Lemma 2.25, 2.33 and 2.38 the following.

Lemma 2.42. Let Q) be a canonical domain, (9¢)c(o,r) be an increasing family of appro-
priate Q-hulls, and for each t € [0,T], g+ denotes the normalised appropriate mapping
function from Qy := Q\ $; onto the canonical domain Dy. Let (t,)nen C [0,T] with
tn, — to, assume con(Y, ) = con(§,) for all n € N, and Qy,—a LN Qy,—a for some
a € Qrp.

Then gy, SN g, on yy and Dy, —a LN Dy,—a for all a € Dy, as n — co. More-
over, ¢(gt,) — ¢(gt,) as well. Additionally, assume t — $; is continuous on [0,T] and
con(€) = con(R2) for allt € [0,T]. Then t — g; is continuous on [0,T] and there is
a 6 > 0 such that for each t € [0,T], dist(C;(t),Ck(t)) > 6 whenever j # k. Here,
Ci(t),...Cu(t) denote the boundary components of Dy.

Proof. Note that D;, —a X Dy, —a for all a € Dy, follows immediately from Corollary
2.12, so it only remains to prove the second part. This can be done by using the same
idea as in the proof of Lemma 2.25 where we proved that the inner boundary components
are mapped to the inner boundary components.
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In order to do so let C1,...,Cy1—1 denote the inner boundary components of §2. For
each small p > 0, we set Cf := {z € C | dist(z,Cx) = p}. Since dist($Hr,Cy) > 0 for
each k € {1,...,n— 1}, we find a small p > 0 such that C]’? NCy =0 and each CYf is a
Jordan curve in  separating Cj, from Cj, j # k.

Suppose there is a sequence (t,)nen such that minjy dist(Cj(t,), Ck(tn)) — 0.
Without loss of generality we can assume that t, — to € [0,7]. Since Cf is a com-
pact set, we get g;,(Ch) — g4,(C}), so there is an N € N such that for each k €
{1,...n—1} and all n > N, Ci(t,) is surrounded by gtO(Cf(k)). Herein, I :{1,...,n—
1} — {1,...,n — 1} is one-to-one. Consequently, min;, dist(C;(t,), Ci(tn)) > ¢ =:
minjp, dist (g, (CF), g1, (Cf)) > 0, so this yields a contradiction. O

Lemma 2.43. Let Q) be a canonical domain and (71, . . . ,'ym)te[oﬂ be a tuple of disjoint
appropriate slits in Q.  Assume fi.i., with k € {1,...,m} and t,7 € [0,T], is the
normalised appropriate mapping function from Qi (t,7) = Q\(LJT:L]-;,HC 7v;(0, 7]Uvx(0, t])
onto the canonical domain Dy(t, 7). Next, we set Up(t,7) := fi.er(7x(t)) and

Sk:;;,i,r = fk;LT (’Wf (t’ ﬂ) v Skitir T fk;fﬂ' (’WC [L ﬂ)

forallk e {1,...,m}, 0<t<t<T and 7 €[0,T]. Then the function (t,7) — Ug(t,T)
is continuous on [0, T)? and

Skittor — Uk(to,70) as (t,7) — (to,70) (wheret 7 tg),
Skitot,r — Uk(to, 10) as (t,7) = (to,70) (where t \ to).

Remark 2.8. Obviously, the same is true if we consider the image of v; under fi.; -
Withj 7& k, i.e. fk;tﬂ-(’yj(’i', 7'0]) — fk;to,TO(Vj(TO)) if (t,T) — (to,T()) with 7 /‘ 70, and
Jrtr(Vi170, 7)) = frto, o (V5 (70)) if (¢, 7) = (to, 70) With 7\ 79. Analogously, we receive
the continuity of (¢,7) — fr+,(7;(7)), with j # k, as well.

Proof. Since there is no risk of confusion, we omit the index k. We will only show
Stio,r — Ulto,10) as (t,7) = (to,70) where t  ty. The other case sy, — Ul(to, 70)
as (t,7) — (to,70) where t \, to follows in the same way. Since U(t,7) € Sy, and
U(t,T) € sty,t,7, the continuity of U follows immediately.

Let to € (0, 7). As mentioned before, we will show that for every £ > 0, there is a
d > 0 with Si4,r € B:(Ul(to, 1)) for all t € [tg — 6,t0] and 7 € [r9 — d, 70 + 0] N[0, T7.
Note that z — fi, -, (2) has a continuous extension to the boundary with respect to
the two sides of the slit, see also Remark 2.9. Thus for each small ¢ > 0, we find a
91 > 0 such that s; 4, C B:(U(to,70)) for all t € [tg — d1,p]. Moreover, the function
fir o ftg’lm converges by Lemma 2.42 locally uniformly to the identity if (¢,7) tends
to (to,70). Using the Schwarz reflection principle and Lemma 2.42, we see that these
functions can be extended analytically to Ba. (U (to,70)) \ St if € and [to —t| are small
enough, see also Figure 2.6. Considering the uniform convergence on 0B. (U (to, 70)), we
find a 0 € (0,61) such that Sy, » € B:(Ul(to, 10)) for all 7 € [19 — §, 79 + ] U [0,T] and
all t € [to — 4, to}.

The proof of the remark works in the same way. O
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-/ N

ft,’T’() fyk to,To0

U(t()? 70
A

FIGURE 2.6: Mapping behaviour of fir, fio.r fto,ro and fir, in the proof of Lemma 2.43
in the radial case.

The previous lemma shows that the image of each tip fi. - (7% (t)) is continuous w.r.t
t. This is true also for every other boundary point a on the outer or unbounded boundary
component of €;. Consequently, we have the following lemma

Lemma 2.44. Let Q be a canonical domain and (1, - .., Ym)eo,r] be a tuple of disjoint
appropriate slits in Q2. For each k € {1,...,m} and t,7 € [0,T], frsr is the normalised
appropriate mapping function from Qp(t,7) :== Q\ (UjL; ;4 75 (0,7] Uk (0,]) onto the
canonical domain Dy(t, 7). Moreover, (tp)nen and (Tn)nen are convergent sequences
with limits to and 19, respectively. Assume a € C (with respect to prime ends) where C
denotes the outer or unbounded boundary component of Q(to, 10).

Then fit, m,(a) = fritor(a) when n — oco.

Remark 2.9. If a € v4[0,t9) or a € v;[0,79) with j # k, then a is either on the one or
on the other side of the slit, so fi., (@) and fi4,,-, (a) are well-defined. An extensive
discussion of the boundary behaviour of slit mappings can be found in Section 2.3 in
[dMG13].

Proof. Note that the case a = vi(to) or a = v;j(to) with j # k follows immediately from
Lemma 2.43 and Remark 2.8.

For the rest let us consider the function h, := fi.4, 5, © fl;;tlo, o’ which tends locally
uniformly on Dy(tg, 79) to the identity, see Lemma 2.42. Moreover Lemma 2.43 gives us

frsto, 7o (Ve[min(tn, to), max(ty, to)]) = frito.m(Ve(to)) = Uk(to, 7o)
fkﬁfoﬂ'o (’Yj [min(TanO)amaX(TnaTO)]) — flc;tO,ro (’Yj(TO))v J#Fk.

Note that we find an N € N and an € > 0 such that there is an analytic continuation of
hp, t0 Be( fiity.ro(a)). Herein, h,, converges locally uniformly on B.(a) to the identity as

well. Consequently, fi.t, r,(a) = hn(frsto,m (@) = frtor (@) O

Summarising Lemma 2.27, 2.34 and 2.39 we get the following result.
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Lemma 2.45. Let Q be a canonical domain and $) is an appropriate hull in ) such that
00, with Qg := Q\ 9, is locally connected. By gg we denote the normalised appropriate
mapping function from Qg onto the canonical domain Dg. Then we have

cl99) = ~5- [ RF(55(0) 1]
C

Herein, C denotes the outer or unbounded boundary component of Dy, and F(w) := 2iw
with w € C in the chordal case and F(w) := log(w) with w € C\ {0} in the radial or
bilateral case.

Note that, w — Rlog(w) = log |w| does not depend of the branch of the logarithm.
Finally, we get with Lemma 2.28, 2.35 and 2.40

Lemma 2.46. Let 2 be a canonical domain and $ is an appropriate hull in Q such that
00, with Qg := Q\ 9, is locally connected. By g5, : Qo — Dg we denote the normalised
appropriate mapping function from g onto the canonical domain Dg. Then we have

Flg5'(2)) = F(2) = 5 [ RE(351(0) - ®ucon (2)ldd| for all = € Dy,
C

Herein, C denotes the outer or unbounded boundary component of Dy, and F(w) := 2iw
with w € C in the chordal case and F(w) := log(w) with w € C\ {0} in the radial or
bilateral case. Moreover, a := 0 in the radial case, a := q in the bilateral case where q is
the inner radius of the circular slit annulus Dy and a := oo in the chordal case.

Note that there is always a branch of the logarithm in order to get, independently
of the branch of the logarithm, an analytic function on the left side.

Lemma 2.47. Let A, B C D be bounded domains. Assume there exists an R > 0 such
that AN Br(1) =D N Bgr(1) and BN Br(1l) =D N Bgr(1). Moreover, let T : A — B be
a conformal mapping from A onto B satisfying T(1) =1 and

’(i(log (T'(2)) — clog z) <0 for all z € B:(1) N A,

with some small e >0, 6 >0 and ¢ :=T'(1). Then ¢ =T"'(1) > 0 and the inequality
[2F < |T(2)] < |27
holds for all z € AN B:(1).

If ¢ > 0 is small enough we do always find a branch of the logarithm in order to get an
analytic function z — log(T'(z)) — clog z. Moreover, the derivative does not depend on
a particular branch, so we can see z — log(7T'(z)) — clog(z) as a multiple-valued function
as well.
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Proof. First of all, we extend the function 7" to an analytic map on B.(1) for a small
e > 0, by using the Schwarz reflection principle. The small arc T N B.(1) is mapped into
T with T'(1) = 1, so the property ¢ :=T"(1) > 0 is obviously true.

Next, we set vg(r) := r - ¢! for all » € [rg, 1] and all || < ¢. In this context we can
choose 79 < 1 close enough to 1 and ¢ > 0 small enough to get vy(r) € B-(1) for all
r € [ro,1] and all § € (—¢, ¢). Moreover, for each § € (—¢, ¢), we define

(i TOOD Y _ [ T00()
holr) =R <1°g m(r))c) =1 ‘ o)

Some simple calculations give us for all § € (—¢, ¢) and all r € [rg, 1]:

, Tre [’I“o,l].

‘;he(T) =R (;zlog (TZ(CZ)> i '79(@)‘
k(99 )
= 1;8 E ] =

We have hy(1) =0, so we find
In(r?) = 61In(r) < ho(r) < —6In(r) = In(r=°) for all 0 € (—¢, @), r € [ro, 1].

Finally, we get In(|z]?) < ‘TZ(C) < In(|z|7%) for all z € {r € | r € [ro, 1], 0 € (—¢, )},

so the proof is complete. O

Lemma 2.48. Let A, B C H be domains and assume there exists an R > 0 such that
ANDr =HNDgr, BNDr =HNDg. Moreover, let T : A — B be a conformal mapping
from A onto B with T'(0) =0 and

d

e (T(z) - cz) < 9, forall ze DN A,

where € > 0 is small, § > 0 and ¢:=T'(1). Then ¢ =T'(0) > 0 and the inequality
(c—0)3(z) < QT(2) < (c+0)(2)
holds for all z € AN B:(0).

Proof. First of all, we can extend T along Dg to an analytic function. Herein, it is easy
to see that ¢ = T"(0) > 0 holds. Let v4(t) := a + it and hq(t) := S(T(7a(t)) — ¢7a(t))
for all a € [—ag, ag] and t € [0, ty] with ag,to > 0. We choose ag and tp in such a way
that 7,(t) € D. N A for all ¢ € [0,%p] and all a € [—ayp, ag]. Consequently, we find

0 .
|5iha®)] = [3((T(a) = 9 1) | < IT'(u(t) = el <&
Hence, —dt < ho(t) < o0t. Finally, the proof is complete by substituting z = ~,(¢). O
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Summarising Lemma 2.47 and 2.48 we find the following lemma.

Lemma 2.49. Let G := D or G := H and (1,(o € 0G. A, B C G are domains and
assume there is an R > 0 such that ANBr(¢1) = GNBR(¢1) and BNBr({2) = GNBR({2).
Moreover, let T : A — B be a conformal mapping where T((1) = (2 and

S (PEE) - P@)| <6 poraiz e Ba)nG. (26)

where € > 0 is small, § > 0 and ¢ :=T'((1). Herein, F(w) := 2iw with w € C if G =H
and F(w) := log(w) with w € C\ {0} if G =D
Then the inequality

(lel + O)RF(2) < RF(T(2)) < (le] — )RF(2)
holds for all z € B:((1) NG.
Remark 2.10. In the chordal case Equation (2.6) is equivalent to
Q‘T'(z) - \CH =2|T"(2) —c| =2|T'(2) = T'(¢1)| <6 forall z € B-((1) NH

as c:=T'(¢1) > 0.

In the radial case Equation (2.6) is equivalent to
T'(z) _|el| _
T(z) =

T(2) 2

!
‘T (Giz) el <& forall ze B.(1)ND,

T(Gz) Gz

with T(z) := T8 e 7(1) = 1.

2.6.2 Proof of Theorem 2.30, 2.31 and 2.36: (i)=-(iii)

Proof fort \,to. Let bety < t and foreacht,7 € [0,T]and k € {1,...,m}, fi.: denotes
the normalised appropriate mapping function from Q(t,7) := Q\ (UL 4, 75(0, 7] U
7:(0,t]) onto the canonical domain Dy(t,7). Moreover, we write g; = frs, & =
Qx(t,t), Dy := Dy(t,t) and

Skitotr = fritor (’Yk(to,t])7 Skito,t,r = fhit,r (’)’k[t07ﬂ)-

On top of this we define si(to,t) := Sgiott and Sk(to,t) := Skiott,- Finally, we set
Jtot = gt © Gy, ! so this is the normalised appropriate mapping function from Dy, \
Use; Sk(to,t) onto D;. Using Lemma 2.46, we find

1 m
Flah) ~F() = 5230 [ RE(G40)  uc ()1C] for all 2 € D,

T k=1,
sk (t.to)

with F(w) := log(w), w € C\ {0}, in the radial and bilateral case and F'(w) := 2iw,
w € C, in the chordal case. a; := 0 in the radial case, a; := ¢; in the bilateral case
where ¢; is the inner radius of the circular slit annulus Dy, and a; := oo in the chordal
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case. Note that ¢ — ®,, ¢ p,(2) is continuous on si(to,t) by Lemma 2.18, 2.19 or 2.20.
¢ — ?RF(g%lt(C)) is continuous on sk (tp,t) as well and %F(g;o’lt(g)) < 0, so the mean
value theorem gives us

F(gyu(2) = F(2) =

Z < at,Ck,Dt )) + i%(q)at,Ck,Dt 27.‘. / RE( gtot Nid¢l (2.7)

k=1 w(to,t)

for all z € D; and some Ci € sp(to,t), 7 € {1,2}. For each k € {1,...,m}, we denote
the remaining integral by 2mcy(to, t).

For now let us fix k € {1,...,m} and t > to, and consider the function z + h; ! :=
fretto09; b, which can be extended analytically to B.(Ug(to)), with € > 0 small, by using
the Schwarz reflection principle and Lemma 2.42 and 2.43. In this context, Lemma 2.42
ensures that the interior boundary components of D; come not to close to T. Moreover,

fk;t,to

Sksto,t,to
FIGURE 2.7: Radial mappings gy, g¢, he and fi.i4, in the proof of Theorem 2.30, 2.31,
2.36 (i)= (iii) in the case t > tg

Lemma 2.42 shows that h; ! (as well as hy) tends to the identity locally uniformly on
Dy, ast N\, to. On top of this the local uniform convergence holds on B.(Ug(to)) as well.
If t is close to ty, we get by substitution

altot) =50 [ RE@LON = 5o [ R0 (O]l

2
s (to.t) Skitg,t,tg
1 —
= o / RE (g5 © frp1(Q)) - IM4(Q)]1dC].
Skitg,t,tg

Moreover, ¢ + %F(Qtoofl;tlto (¢)) and ¢ — |hy(¢)| are continuous on Sg.¢, ++, and RF (g, 0
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f,;;to (¢)) <0 so the mean value theorem yields

1
culto ) = W(O5r [ RF(an o 5k, (©) 4]

Skitg,t,tg

where (* € Sp.10.4.4,- Note that fr. ¢, og,;)1 is the normalised appropriate mapping function
from Dy, \ Sk (to,t) onto Dy(t,10), so we find with Lemma 2.45

cr(to, ) = Wi (C) (=e(frstto © 9 ) = —IR(CN (e frstto) — ¢(Frstorto))- (2.8)

We have (* € Sg.o.410 © Be(Ce(to)) if ¢ is close to tg, so we find hy(C*) — 1 as t N\, to.
Summarising, we get

o Gt t) . Ukitte) = C(fistoto)

= —X(to)- 2.9
tNto t— 1o t\dto t— 1o K 0) ( )
Obviously, we can do this for each k € {1,...,m}.
Next, Equation (2.7) with z := g;(w) and w € Q; yields
F(ge(w) = Flge(w)) _ - : ck(to, t)
S = 3 (R(®a, ., (00(w)) +19 (R4, 2.0, (0(w))) ) T

k=1

for all t > t9. As mentioned before, for each j € {1,2}, C,z € si(to,t) and sg(to,t) —
Uk(to), see Lemma 2.43. Consequently, Ck — Ug(to) as t N to. Using Lemma 2.42, we
get Dy—b LN D,,—b for each b € D;,. Thus we find with Lemma 2.18, 2.19 or 2.20 in
either case
Lu.
(I)atyCith - (I)“foka(tO)tho on Dy,.

As mentioned already, Lemma 2.42 gives us g; Lu, gt, on Oy, as t N\ tg, so we find

. Flgi(w)) — Fg (
tl{‘rglo ro— 0 Z Ak(to) * Payy Uiy, Dr, (gto (w)) for all w € Q.

Finally, note that g, + = g¢ © gt_o1 is the normalised appropriate mapping function from
Dy, \ Uty Sk(to,t) onto Dy, so we can apply Lemma 2.45 to get

c(90) ~ c(g1y) = (tos) = —5- / RE( gt0t< 0)1d¢| =
T m
D SR AR VUAIE) R )
k 1Sk(t07t) k=1
for all ¢t > tg. Using Equation (2.9), we find
- e(ge) —<gr) _ 1
lim ——=—=~ = A (t
Jimg == ; k(to),
so the proof is complete. O
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As a nice side effect, Equation (2.8) immediately yields the following lemma.

Lemma 2.50. Let Q be a canonical domain and denote by (v1,...,%m)ico,] @ tuple
of disjoint appropriate slits in Q. For each t,7 € [0,T] and k € {1,...,m}, denote
by frit,r the normalised appropriate mapping function on '\ (vx(0,t] U U, 7;(0,7]).
Moreover, we set gy := fi.er for all t € [0,T] and si(to,t) := gi(x[to,t]) for all t > to
and k € {1,...,m}. Then for all k € {1,...,m}, we find

_Ck(th t) t\.to ) o i o
c(fk;;t7t0) _ C(fk;to’to) 1 with Ck(t07t) = o / %F((gto 9; )(C))‘d<’7

s (to,t)

where F(w) = 2iw for all w € C in the chordal case and F(w) := log(w) for all
w € C\ {0} in the radial and bilateral case.

Proof fort /ty. Assume t < ty and k € {1,...,m}. We use the same abbreviation
as in the previous case t \, tg, so for each t,7 € [0,T] and k € {1,...,m}, fi:, is the
normalised appropriate mapping function from Qy(t,7) := Q\ (UL . 75(0, 7]U7£(0,2])
onto the canonical domain Dy (t,7) and g; = frus, U = Q(t,t), Dy := Di(t,1).
Moreover, we write

Sk;t,toﬂ' = fk;t,T (/Yk(ta to]), Skt to, 7 *— fk‘;t(),’?’ (’Yk [t, to]), T E [Ov T]

On top of this we set s (t,t0) 1= Skit.10.4, a0d Sk(t,t0) := Skt ty¢- Finally, we set gy, :=
Gto 09y ! so this is the normalised appropriate mapping function from D \ Uiy Sk(t, to)
onto Dy,. Like the previous case we find by using Lemma 2.46 and the mean value
theorem

F(gize(2)) = F(2) =

> (BBt () +19(Bay 0, () [ RGN @210

k=1 sk (t,to)

with C,z € sk(t,ty), j € {1,2}. Herein, ay, := 0 in the radial case, ay, := ¢ in the
bilateral case where ¢ is the inner radius of the circular slit annulus Dy, and a4, := oo in
the chordal case. We denote the remaining integral on the right-hand side in Equation
(2.10) by 2me(t, to).

Next, let us consider the function h, L.— fritto 09 ! which is the normalised appro-
priate mapping function from D; \ U#k S;(t,to) onto Dy(t,to). Using Lemma 2.43 and
2.42, we find a small £ > 0 such that there is an analytic continuation of h; to B:(Ug(to))
for all ¢ < ¢y close enough to tg. Moreover, h; tends locally uniformly on Dy, (as well as
on the extension B.(Ug(tp))) to the identity if ¢  ty. Obviously, we have

1

alteto) = 5 [ RP@LON =50 [ RE(eo fussy 0 5)(C)(AC).

sk (t,to) s(t,to)

Note that (fge, © g%l)(g) € cl(Skittor) if ¢ € sip(t,tg). On top of this Skys ¢ —
Ug(to) =: (o if t /' tp by Lemma 2.43. Hence we find a compact set K C B.({p) such
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gt,to

gt/A

Gto
N\

sk(t, to)

R Vi (t)

Uk(to)  ~k(to) e

Be(Uk(to)) &

FIGURE 2.8: Radial mappings gi,, gt, ht and fi.i s, in the proof of Theorem 2.50, 2.31,
2.36 (i)=(iii) in the case t < to

that Skt € K for all t close enough to tg. h; converges uniformly on K to the
identity as t 7 tg, so using Remark 2.10, we find for each § > 0 a t* < tg such that
!%(F(ht(z)) h;(Co)|F(2))| < & for all t € [t*,t9] and all z € K. Using Lemma 2.49,
we find

(|hi(Co)| + RE(2) < RF (he(2)) < ([hi(Co)| — ) REF(2)

for all z € K and all t € [t*,to]. Note that |hj({p)| — 1 as t  to. Summarising, we get

(ol + )5 [ RE (s 2900
sk(tto)
< aulteto) < (@)l - 8) 5= [ RF(tar 0 5)OW0)  (2.10)
sk(tto)

for all ¢ € [t*,to]. Like in the previous case, gi, © f. tl +, is the normalised appropriate
mapping function from Dy (t,to) \ Skit.t+ Onto Dy, so we get with Lemma 2.45

/ RE(fistto © 92 )((AC) = =e(gto © frpsy) = = ((fritorto) = <(rstto))-

sk (t,to)

Hence, limy c’;gtff) = —Ai(to). Obviously, we can do this for each k € {1,...,m}.

Next, Equation (2.10) with z := g, (w) and w € Qy, gives us

F , tO m . ci(t ,t
(g¢(w )i_tog Zl< Dy 1 0iy (900())) +13(R0, 2, (910 (w)))) ];(—Oto)'

As mentioned before C,JC € sp(t,to), 7 € {1,2} and si(t,t0) — Uk(to), see Lemma 2.43.
Consequently, (i — Ui(to) as ¢t \, to. Using Lemma 2.18, 2.19 or 2.20, we find in either
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Lu. .
case qjathi,Dto e D, Un(to), Dy O Dio as t 7 to. Finally, we find
. Flgi(w)) — F(g(
th/‘nt’t [ — to 2 Z Ak tO atO,Uk(to),DtO (gto (U)))
for all w € Q. O

As a nice side effect, Equation (2.11) immediately yields the following lemma.

Lemma 2.51. Let Q be a canonical domain and denote by (71, . .. s Ym)telo,T] @ tuple of
disjoints appropriate slits in . For each t,7 € [0,T] and k € {1,...,m}, frt, denotes
the normalised appropriate mapping function on Q\ (7x(0,t]U U#k v (0,7]). gt = frr
for allt € [0,T] and sk(to,t) == gi, ([t to]) for allt < tg and k € {1,...,m}. Then we
find

—Ck(t, to)
c(fk;to,to) - c(fk;t,to)

, 1 _
t/%to 1 with Ck(t, t(]) = % / §RF((gt ° gtol)(C)) ’dd,
Sk(t»to)

where F(w) = 2iw for all w € C in the chordal case and F(w) := log(w) for all
w € C\ {0} in the radial and bilateral case.

2.6.3 Proof of Theorem 2.30, 2.31 and 2.36: (ii)=(i)

Proof for t \ to. We use the same notations as in the proof of (i)=-(iii), i.e. for each
t,7 € [0,7] and k € {1,...,m}, fr+, denotes the normalised appropriate mapping
function on Q\ (7x(0,t] U U4 75(0,7]). Moreover, g := fi;tt, sk(to,t) := ge(vkto,t])
and Ug(t) := gi(yx(t)) for all t € [0,T] and all k € {1,...,m}.

Let ty < t. Applying the real part on Equation (2.7) with z = g¢;(w), for each
ke{l,...,m} and all w € Q;, we get

RF (g1(w)) — RF (gio (w)) = Z% oD (010 / REF (g1, 0 i) (C) |dC|

(tovt)

> 5 R gnaw) [ RF(gn 0070 ldc| 2 0
(t07t)
Here (i, € si(to,t), and F(w) := 2iw for all w € C in the chordal case and F'(w) := log(w)
for all w € C\ {0} in the radial and bilateral case. a; := 0 in the radial case, a; := ¢ in
the bilateral case where ¢; is the inner radius of the circular slit annulus D; and a; := oo

in the chordal case. Next, let us denote the remaining integral on the right-hand side
by 2mek(to, t), so we find with ¢ > ¢

RF(g1(2)) — RF(g1,(2))
t—to

ck(to,t) >0
t—ty '

2 _%(I)atkath (gt('z))
Analogously to the proof of (i)=-(iii), for all k£ € {1,...,m}, we have
Lu.
Dy, (4,0, © Gt = q)atO,Uk(to),DtO o g, on
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when ¢ \ to, as (x € si(to,t) — Uk(to). Since t — RF(g:(2)) is differentiable at tg, each

t— cl;(_t%t), k € {1,...,m}, is bounded on (ty,T]. Summarising, for each w € €, we
find

RE(ge(w)) = RF (g1o(w)) = =Y RPa, 1), (t0),Dsy (9t (w)) ek (Lo, ) + ([t — to]).
k=1

Using Lemma 2.50, we see that

c( [ — ¢( [k to,1
lim (Fiitto) = <(frto to) exists if and only if  lim c(to, )
t\ito t—to tNto T —1g

exists.

Consequently, we are going to prove the existence of the limits limg 4, th(_t’t?), k €
{1,...,m}.

For this purpose, we show that we can find wy, ..., w,, € {4, such that each cx(t, o)
can be represented as a linear combination of the functions

RE(ge(w1)) = RE (g (w1)), -y RE(ge(wm)) — RE (gt (wi))-
This is equivalent to the question whether it is possible to find wq,...,wy, € 4, such
that the vectors vy, ..., v, € R™ are linear independently where

U = <§R(I)at0,U1 (t0), Dt (gto (wk))7 T %q)“fo’Um(tO)’D’/O (gto (wk))) '

Since Py, v, (10), D4, (90 (W (t0))) = 00 and NPy, v, (10),04, (910 (75(t0))) = 0if j # k, we
find wy, € Q(tg) close enough to vk (tg) in order to get

RP4,, U (t0), D1, (910 (wi)) =1, RPy,, U (t0). Dy (g0 (wg)) < L for all j # k.

This is based on the fact that we may consider the preimage of the curve d(x) := 1+ ix,
x > 0 under the mapping z — (I)ato,Uk(to),DtO (gto (z)) and choose x large enough in order

to find a suitable wy € Qy,, see Figure 2.9. Consequently, the matrix (v ,...,v1) is a
[ ] [ ]
P, Uk (t0), e, © Gto D@,y U; (to), Deg © to
— —
FIGURE 2.9:  The preimages of 6(x) := 1 + x wunder the mapping z +>
Dy, Ui(to),Dey (gto (z)) in the radial case
diagonally dominant matrix, so it is invertible as well. O

Proof fort /ty. This works in the same way as in the case t \, tg with Lemma 2.51
instead of Lemma 2.50. U
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2.7 Almost everywhere differentiability

In this section we are going to show that a family ¢, : Q — Dy, with Q; = Q\
U 7(0,t] and disjoint appropriate slits (71, ... s Ym)telo,r) 10 €2, is least for almost
every t € [0,T] differentiable.

Theorem 2.52. Let Q be a circular slit disk and (1, . . . ,’ym)te[O,T} is a tuple of disjoint
radial slits in Q with m € N. For each t € [0,T], g; : & — D, denotes the normalised
radial mapping function from Q; = Q\ Uy, 7£(0,t] onto the circular slit disk D;.

Then there is a null set N of [0, T] such that t — g(2) is differentiable on [0, T]\ N
for each z € Qp and satisfies

9t(2) = g1(2) Z)\k(t)(I)O,Uk(t),Dt (9¢(2)) for allt € [0,T)\ N and all z € Qp,
k=1

where, for each k € {1,...,m}, the driving term t — Uy (t) := g¢(x(t)) is continuous on
[0,T] and \,(t) > 0 for each t € [0,T] \ N. Moreover, t — lmr(g;) is differentiable on
[0, T\ N with derivative ;" | A (t).

We have the same in the bilateral case.

Theorem 2.53. Let Q be a circular slit annulus and (v1,. .. 77m)te[O,T] is a tuple of
disjoint bilateral slits in Q with m € N. For each t € [0,T], g¢ : Q — D, denotes the
normalised radial mapping function from Q¢ = Q\ Uy, 7(0,t] onto the circular slit
annulus Dy with inner radius q.

Then there is a null set N of [0,T] such that t — g4(2) is differentiable on [0,T]\ N
for each z € Qr and satisfies

= gi(z Z)\k D, v, (t),0. (9:(2))  for allt € [0,T]\ N and all z € Qr,

where, for each k € {1,...,m}, the driving term t — Uy (t) := gi(yx(t)) is continuous on
[0,T] and \,(t) > 0 for each t € [0,T] \ N. Moreover, t — lem(g;) is differentiable on
[0, T)\ N with derivative Y ;" | Mg(t).

Finally, we have the following theorem in the chordal case.

Theorem 2.54. Let Q be an upper parallel slit half-plane and (71, ... ,’}/m)te[07T] is a
tuple of disjoint chordal slits in Q with m € N. For each t € [0,T], g : Q — D, denotes
the normalised chordal mapping function from Q; := Q\ Ui, 7(0,t] onto the upper
parallel slit half-plane Dy.

Then there is a null set N of [0, T] such that t — g(2) is differentiable on [0, T]\ N
for each z € Qp and satisfies

= —72)% Do ()00 (96(2)),  for allt € [0, T\ N and all z € Qr,

where, for each k € {1,...,m}, the driving term t — Uy (t) := gi(yx(t)) is continuous on
[0,T] and M\g(t) > 0 for each t € [0,T)\ N. Moreover, t — hcap(g;) is differentiable on
[0, 7]\ N with derivative ;" | A (t).
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Before we are able to prove this theorems, we need a preliminary proposition. There-
fore, we introduce some notation as follows.

Let © be a canonical domain. Then we set Q° := D if Q is a circular slit disk,
QS := Ag if Q is a circular slit annulus with inner radius @ € (0,1) and Q° := H if Q
is an upper parallel slit half-plane. We call Q° the simplification of . Note that Q°
comes out of by erasing all concentric circular arcs of {2 in the radial and bilateral
case or by erasing all bounded parallel arcs of € in the chordal case. Consequently, QS
is a canonical domain as well whereas con(Q%) < con(f).

Let (71, --,Ym)tefo,r] be a tuple of disjoint appropriate slits in Q. (y1, ..., %m)efo,7)
is a tuple of disjoint appropriate slits in Q° as well. For each t € [0,T]and k € {1,...,m},
we denote by Ay, the normalised appropriate mapping function on e \ 7%(0,t]. Hence,
hiye : D\ v,(0,t] — D in the radial case, hy; : Ag \ V,(0,t] = A, in the bilateral case
and hy,y : H\ 74(0,¢] — H in the chordal case.

Proposition 2.55. Let €2 be canonical domain and (1, - .., VYm)ejo,r) be a tuple of dis-
joint appropriate slits in Q with m € N. For each t,7 € [0,T] and k € {1,...,m}, frr
is the normalised appropriate mapping function from Qp(t,7) := Q\ (U;n:L#k v;(0, 7] U
7,(0,t]) onto Dy(t, 7). Moreover, for each t € [0,T] and k € {1,...,m}, hiy denotes
the normalised appropriate mapping function on Q5 \ 4(0,t]. Assume (£,)nen, (tn)nen
and (Tn)nen are convergent sequences in [0, T] with 7, — 70, tn — to + tn and t, < t,
for alln € N. Then

c(fkinﬂ'n) - c(fk;inﬂ'n) n—o0
C(hk;fn) - c(hk;ﬁn)

For each k € {1,...,m}, (t,7) = |og(t,7)| = [(frye.r © h,;%)’('rk(t))\, with Y (t) =
hit(vk(t)), is continuous and positive on [0,T]2.

ok (to, m0)| for all k€ {1,...,m}.

Note that ag(t,7) = (frur © h,;%)’(Tk(t)) is well-defined, as fg,; . o h,;i can be
extended analytically to B.(Tx(t)) with € > 0 small, see Lemma 2.42. Moreover, see
Figure 4.2 illustrating ag(t,t).

Remark 2.11. In the chordal single slit case a similar result was established by S. Dren-
ning, see Proposition 6.25 in [Drell], where the proof is based on probabilistic arguments.

Proof of Proposition 2.55. Let k € {1,...,m} be fix. First of all, f,; o fk*tln ;. is the
normalised appropriate mapping function from Dy (tn, Tn) \ Sk, 7, -, O0t0 Dy (tn, T0), S0
we find by Lemma 2.45

c(fk;fn,’rn) - c(fk§£n7’rn) = c(fk;in,Tn o fk_;;ln,rn)

1 _
o / RE(Fistom © Frt Q1AL

Skitn tn,mn

Herein, for each t,t,7 € [0,T] with ¢t < %, sp7, = fri,(W[t,f]) and Sy 7. =
frstr(V(t, 1)) are defined like in Lemma 2.43. 7 7

Next, we consider the function R, := f; . o h];%n and for each t,t € [0,7] with
t <t, weset oy, 7 = hz(Wlt,1]) and Xy, 5 = hgy(7x(L,2]). Note that Lemma 2.43 is
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Uk;tn in\
h =

7 tr
4,

kitn,mn it

Vi

kitn ’En sTn

FI1GURE 2.10: Radial mappings fit, r,, ki, Pri, and fig, .. in the proof of Proposi-
tion 2.55

applicable to Yy (t), Opy 7 and Xy, 7 as well. Lemma 2.42 and 2.44 show that each R,, can
be extended analytically to B.(Yx(t)) if € > 0 is small and n is large enough. T
Tk (to), so we can assume o 3 C Be(Tk(to)) for all large n as well. Consequently, we
find with an easily substitution and the mean value theorem

1
(i) = Uitan) = =5 | RFUitom o S 0 R)OIRLCIAC

Uk?in,zn

1
— o R [ RE (g, ok NG

Tkstn,tn

with ¢ € oy, 7 - Thus ¢, — Ti(to), ie. and [R;(Gu)| — |ou(to, 70)| as R, tends to
frstomo © h,;io locally uniformly on B.(Yx(to)), see Lemma 2.42.

Next, let us define T}, := fi.4, -, © h];%n Analogously, we are able to extend T,
analytically to B:(Y,) with a small ¢ > 0 for all large n € N. Using Lemma 2.42,
T, converges locally uniformly on B: (T (to)) to fr:to,m © h,;%o as well. On top of this,
we find e, > 0 with &, — 0 such that ¥, ; C B, (Tx(tg)) for all large n € N, as
Lemma 2.43 yields %, ; — Tg(to). Using Remark 2.10, we find for each 6 > 0 an
N € N such that for all z € B, (T(to)) and all n > N, %(F(Tn(z)) —|e|F(2))| <o
with ¢ := T, (T (to)). This is based on the fact that z — (fity.m © h,;%o)(z) as well

as 2 = (fito,m © h,;,}/o)’(z) are continuous on B.(Y(t9)) and T, LN Trsto.mo © h,;_%o on
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B.(Tk(to)). Hence, Lemma 2.49 yields

— o B (Tt =) [ RE(hg, o] (Ol

< (frtnr) = Uhitar) = =5 [ RG] / RE(Ty 0 hisy,, © hyy )(C)ld]
<- IR (Gl (|7 (Th(t ))j | 5) RE (kg © by )¢
>~ 27_‘_| n\&n n k\LO + kitn it C .

Tkitn tn
Note that hyz o h;%n is the normalised appropriate mapping function on Q° \ ket B
so Lemma 2.45 gives us
R (o)l (|15 (Tr(to))] = 0) (e(hieg,, © higy, )) < c(fkfn;rn) - (fk~tn,7n)
Summarising, c(hz, © h,;én) = ¢(hyg,) — c(hky,) > 0 yields
c(fk;inﬂ'n) - c(fk'ytnﬂ_n)
c(hyz,) — <(hs,,)

Note that R}, (¢,) — ax(to, 70) as well as T (Tr(to)) — ag(to, 70)-

Finally, as a consequence of the univalence on the continuation, ay(t,7) # 0 for all
t,7 € [0,T]. On top of this, (t,7) — ax(t,7) is continuous on [0,7T]%. This follows
immediately from Lemma 2.42 and 2.43. O

[R5, (Gl (| T (Tr(t0))| = 8) <

<R, ()| (|T0(Tr(to))| +6).

Now it is very easy to prove the three theorems.

Proof of Theorem 2.52, 2.53 and 2.5/. First of all, note that the continuity of ¢t — Uj(t)
follows immediately from Lemma 2.43.

Let © be a canonical domain and (7, ... ,wm)te[Qﬂ be a tuple of disjoint appropriate
slits in Q. Obviously, (71,...,9m) is a tuple of disjoint appropriate slits in Q° as well
where QF is the simplification of €.

As before, for each k € {1,...,m} and t € [0,T], we denote by hj; the normalised
appropriate mapping function on Q5 \ 74(0,¢]. Moreover, for each k € {1,...,m} and
t,7 € [0,T], f:t,r is the normalised appropriate mapping function on €\ (Ujﬂ€ v;(0, T]U
Y(0,¢]).

For now let us fix £ € {1,...,m}. Using Lemma 2.41, the function t — c¢(hgy) is
strictly increasing. Thus we find a null set N, such that ¢ — c(hy,) is differentiable on
[0, 7]\ Ni. Let be tg € [0,7] \ N}, and denote by u(to) the derivative of ¢ — ¢(hy) at
to. Note that ug(tg) > 0. Assume (tn)nen C [0,77] is a sequence with ¢, — to. Using
Proposition 2.55 with 7, := tg, t, := to and ¢, := t,, we find

(Shitnto) = (fhitote) _ Ufhitnto) = (fhitorte)  (hksty) = (st )
tn —to c(hk;tn) - c(hk;to) tn —to

2% 1o (to, to)] - p(to) > 0.
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Consequently, the limit Ag(to) := limy_y, c(f'“t"’tgz:zgfk;to’to) exists for all ¢y € [0, T\ Nk.
We can do this for each £ € {1,...,m}, so the limit A\x(t9) exists for each k €
{1,...,m} and all ¢y € [0,T]\ N where N := [ J;"_; NV}. Finally, we apply Theorem 2.30,

2.31 or 2.36 what completes the proof. ]

2.8 A subadditivity property in simply connected domains

The following lemma is well-known, see [Law05], Proposition 3.42.

Lemma 2.56 (Proposition 3.42 in [Law05]). Let Q := H and denote by A and B two
chordal hulls in H such that AU B is a chordal H-hull as well. Assume gq, g and
gauss denote the normalised chordal mapping functions on H\ A, H\ B and H\ (AU*B),
respectively. Then

hcap(gaus) < heap(ga) + heap(ge)-
We have an analogous subadditivity property in the radial case as well.

Lemma 2.57. Let 2 := D and denote by A and B two radial hulls in D such that
AUB is a radial D-hull as well. Assume gg, g and gy denote the normalised radial
mapping functions on D\ A, D\ B and D\ (AU B), respectively. Then

Imr(gaus) < Imr(gs) + Imr(gs).

Proof. Let A:=DUTU{z€C|1/z€ A} and B:=DUTU{z€C|1/z€B},s0 A,B
are bounded connected compact sets. Using Renggli’s theorem in [Ren61], we find

cap(AN B) - cap(AU B) < cap(A) - cap(B), (2.12)

whereas cap denotes the logarithmic capacity, see Chapter 9.3 in [Pom92] for a definition.
Note that

Z = gy(0)z + O(1) around oo

9 ()
maps {|z| > 1} U {oo} conformally onto Co \ A. Using Corollary 9.9. from [Pom92], we
find cap(A) = g4(0). Analogously, we find cap(B) = g4 (0) and cap(A U B) = gy ,5(0).
Moreover, using the monotonicity of the logarithmic capacity, see Equation (9) from
Chapter 9.3 in [Pom92], cap(A N B) > cap(TUD) = 1, so by applying the logarithm
the proof is complete. O

Remark 2.12. As we have seen in the previous proof, Lemma 2.57 is an easy consequence
of the strong submultiplicativity of the logarithmic capacity, see Equation (2.12). To the
best of our knowledge, the first proof of this property goes back to Renggli, see [Ren61].

Unfortunately, we have the connection (Corollary 9.9, from [Pom92]) between the
logarithmic mapping radius Ilmr and the logarithmic capacity cap only in the case of
simply connected domains.

Quite recently O. Roth and D. Kraus found a new proof of the strong submultipli-
cativity of the Poincaré metric, see [KR14]. This leads to a definition of the so-called
Poincaré capacity pcap that coincides with the logarithmic capacity cap in the case of
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simply connected domains and has a strong submultiplicativity property as well, see
Remark 1.4 and Corollary 1.2 in [KR14]. Moreover, the Poincaré capacity has a connec-
tion with conformal maps (even in multiply connected domains). Unfortunately (for our
purpose), an equivalent way to define pcap is related to the universal covering map, so
we can not use this result to find a formulation of Lemma 2.57 for multiply connected
domains.

Right now we do not know if there is a generalization of Lemma 2.56 and 2.57 to
multiply connected domains as well:

Question 1. Do we have a subadditivity property in multiply connected domains as well?
This leads to the following three cases:

(i) Let © be a circular slit disk, 2l and B be radial Q-hulls such that 2U B is a radial
Q-hull as well, and denote by gy, g and ggus the normalised radial mapping
functions on Q\ A, 2\ B and Q \ (AU B), respectively. Do we have

Imr(gaus) < Imr(ge) + Imr(gs)?

(ii) Let © be a circular slit annulus, 2 and B be bilateral 2-hulls such that A U B is
a bilateral Q-hull as well, and denote by gg, g and ggus the normalised bilateral
mapping functions on 2\ 2, Q\ B and Q\ (AU B), respectively. Do we have

lem(gaus) < lem(ga) + lem(gos)?

(iii) Let © be an upper parallel slit half-plane, 20 and B be chordal -hulls such that
A U B is a chordal 2-hull as well, and denote by gy, g and gyus the normalised
chordal mapping functions on Q\ 2, Q\ B and Q\ (AU B), respectively. Do we
have

heap(gauss) < heap(ge) + heap(gp)?
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Chapter 3

Constant Coeflicients

Let 2 be a canonical domain. A tuple (I'1,...,T',), with m € N, is called tuple of disjoint

appropriate unparametrised slits in § if there is a T > 0 and a tuple (v, .. . ,’ym)[oﬂ of
disjoint appropriate slits in Q such that 1;[0,7] = 'y for each k& € {1,...,m}. In this
case, each (V1,...,vm)jo,7 is called admissible parametrisation of (I'1,...,['y).

Let m = 1, i.e. T is an appropriate unparametrised slit in the canonical domain
Q. First of all, let v : [0,7] — T" denote an arbitrary admissible parametrisation of
I'. Moreover, for each ¢ € [0,7], we denote by ¢; : @\ v(0,¢f] — D, the normalised
appropriate mapping function from €, := Q\ 7(0, ] onto the canonical domain D;.

Using Theorem 2.52, 2.53 or 2.54, we find a null set N such that ¢ — g¢(z) is
differentiable on [0, 7]\ N for each z € Qp and satisfies

9t(2) = E(g:(2)) - A1) - @ap,v,,0, (9¢(2))  forallt € [0, 7]\ N and all z € Qp,

with values A(t) > 0 for each ¢t € [0,7] \ N and U; := g(y(t)). Herein, a; := 0 in the
radial case, a; is the inner radius of D; in the bilateral case and a; := oo in the chordal
case. Moreover, for all w € C, we set E(w) := w in the radial and bilateral case and
E(w) := 3 in the chordal case.

One might ask the natural question if there is a reparametrisation v(s) : [0, L] —
[0, T] with L > 0 such that s > g, is (everywhere) differentiable on [0, L] with "nice’
values A(t). In the single slit case we may argue as follows: Using Lemma 2.42 and 2.41,
we see that t — ¢(g;) is strictly increasing and continuous with ¢(gg) = 0 and ¢(g7) =: L.
Let v~ (t) := ¢(g¢) for all £ € [0,T], so ¢(gy(s)) = s for all s € [0, L]. Then Theorem 2.22

yields that s+ g,5)(2) is differentiable on [0, L] for each z € Q\ I with

d
ggv(s)(z) = E(gv(s)(z)) . (I)O,Uu(s),Dv(s) (gv(s)(z)) for all s € [0, L] and all z € Q\ T,

where s = Uy (s) = gu(s)(7(v(5))) is continuous on [0, L]. Note that the reparametrisation
v(s) is unique with respect of getting A = 1.
Summarising, we have the following corollary.

Corollary 3.1. Let ) be a canonical domain and denote by I' an appropriate unparam-
etrised slit in Q). Then there is a unique L > 0 and a unique admissible parametrisation
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v:[0,L] = T of T such that for each z € Q\ T, t — g4(z) is continuously differentiable
on [0, L] and satisfies

9t(2) = E(9¢(2)) * Pay,v,,0, (9:(2)) forallt €[0,L] and all z € Q\ T

where, for each t € [0, L], g; is the normalised appropriate mapping function from €\
v(0,t] onto Dy and Uy := g,(y(t)) is the continuous driving term. Herein, a; := 0 in the
radial case, a; is the inner radius of Dy, in the bilateral case and a; == oo in the chordal
case. Moreover, for all w € C, we set E(w) := w in the radial and bilateral case and

E(w) := 4 in the chordal case.

Sometimes this parametrisation is called Loewner parametrisation of I'.

The follow-up question is: what if we do have more than one slit, i.e. m > 17 Do we
have parametrisations like the Loewner parametrisation in the single slit case? We will
give an answer to this question in the following section.

3.1 Disjoint slits

Theorem 3.2. Let Q2 be a circular slit disk and (I'1,T2) be a tuple of disjoint radial
unparametrised slits in 2. Then there is a unique L > 0, unique (constants) A1, a2 > 0
with \1 + Ao = 1, and a unique admissible parametrisation (1, 72)te[0,L} of (I'1,T'a) such
that for each z € Qr, t — gi(2) is continuously differentiable on [0, L] and satisfies

2

9t(2) = g1(2) Z Me®0 v, (1),0, (9¢(2))  for all t € [0, L] and all z € Q.
k=1

Herein, for each t € [0, L], g; is the normalised radial mapping function from € =
Q\Ui:1 (0, t] onto the circular slit disk Dy. Moreover, for each k € {1,2}, the driving
function t — Ug(t) := g¢(vx(t)) is continuous on [0, L].

Remark 3.1. As mentioned already in the introduction, this theorem goes back to
Prokhorov, see Theorem F. He considered the simply connected case, i.e. €2 = D and
piecewise analytic slits I'1, I's, see Theorem 1 and 2 in [Pro93].

Theorem 3.3. Let Q be a circular slit annulus with inner radius Q € (0,1) and (I'1, ')
be a tuple of disjoint bilateral unparametrised slits in Q. Then there is a unique L > 0,
unique (constants) A\, Ao > 0 with \y + Ao = 1, and a unique admissible parametri-
sation (v1,72)eo,r) of (I'1,T'2) such that, for each z € Qr, t — gi(2) is continuously
differentiable on [0, L] and satisfies

2
9t(2) = g1(2) Z)‘kq)qt,Uk(t),Dt (9¢(2)) for allt €[0,L] and all z € Q.
k=1

Herein, for each t € [0, L], g¢ is the normalised bilateral mapping function from € =
Q\Ui:1 vk (0,t] onto the circular slit annulus Dy. q; is the inner radius of Dy, t € [0, L],
and for each k € {1,2}, the driving function t — Ug(t) := g:(7k(t)) is continuous on
[0, L].
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Theorem 3.4. Let Q be an upper parallel slit half-plane and (I'1,T'2) be a tuple of disjoint
chordal unparametrised slits in Q. Then there is a unique L > 0, unique (constants)
A1, A2 > 0 with Ay + A2 = 1, and a unique admissible parametrisation (y1,72)ic(o,r] of
(T'1,T2) such that for each z € Qr, t — g:(z) is continuously differentiable on [0, L] and
satisfies

.2
) i
g(z) = ~3 Z Me®@ oo, (4),D (9¢(2)) for allt €[0,L] and all z € Q.
k=1

Herein, for each t € [0,L], g is the normalised chordal mapping function from Q; =
Q\Uizl (0, t] onto the upper parallel slit half-plane D;. Moreover, for each k € {1,2},
the driving function t — Ug(t) := g¢(vk(t)) is continuous on [0, L].

Remark 3.2. O. Roth and S. Schleiflinger found the first proof of Theorem 3.4 in case of
simply connected domains without assuming piecewise analytic slits, see [RS14]. During
a summer school in Sevilla (‘Complex Analysis and Related Areas’, February 2013)
Sebastian Schleiffinger presented their proof. This was the beginning of a collaboration
of S. Schleifiinger and the author of this thesis, see [BS15al. In this context, ideas from
[RS14] were combined with methods from [BL14| resulting in a proof of Theorem 3.2.
The advantage of this approach is that the proof is universal, in the sense that the proof
in the radial, bilateral and chordal case differs not really. See Subsection 3.1.2 where we
prove Theorem 3.2, 3.3 and 3.4 simultaneously.

Remark 3.3. Note that Theorem 3.2, 3.3 and 3.4 prove the existence and uniqueness of
constant coefficients for two disjoint unparametrised slits (I';,I'3). One might ask the
question if the same is true for more than two disjoint unparametrised slits (I'y,...,I'y,)
with m > 2. Following the steps of the existence proof (see Subsection 3.1.2) we can see
that the existence of constant coefficients can be received in the same way as in the two
slit case. Unfortunately, the uniqueness of constant coefficients in the case m > 2 can
not be reasoned in the same way as in two slit case. Moreover, we do not know how to
prove the uniqueness otherwise, so there is still the following open problem.

Question 2. Is there a similar result of Theorem 3.2, 3.3 and 3.4 in the case of more
than two slits?

Finally, let us mention [Sch15], Subsection 3.6.5 with a lot of useful remarks about
constant coefficients in the simply connected chordal case. Most of these remarks hold
in the multiply connected cases as well.

3.1.1 Some preliminary lemmas

Lemma 3.5. Let Q be a canonical domain and (71,...,’ym)t€[0ﬂ denotes a tuple of
disjoint appropriate slits in Q. For each k € {1,...,m} and t,7 € [0,T], frr denotes
the normalised appropriate mapping function on 0\ (v&(0,¢] U, 7;(0, 7]).

Then for each € > 0, we find a § > 0 such that

C(fk;i,?) — (frr)
o c S C(fk;i,z) - C(fk;é,[) S ! e

forallt,t, 7,7 € [0,T) with0<t—t<d and0<T—7 < and all k € {1,...,m}.

1
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Proof. Suppose the opposite is true, so there is a k € {1,...,m} and sequences (¢, )nen,
(tn)nen, (Tn)nen and (Tpn)nen with t, < t, and 7,, < 7 such that

C(fk;{n,?n) — (fritn,7n)
c(fk;in,zn) = (frstn,n)

for all n € N. Obviously, we can assume without loss of generality that each sequence
is convergent, i.e. t, — to < t, and 7, — 79 & Tp. For all k € {1,...,m} and
all t € [0,7T], let us denote by hy; the normalised appropriate mapping functions on
Q\ (0, t]. Using Proposition 2.55, we find

—1|>¢

n—00 C(fk;in,zn) - c(fk§§n’zn)
c(hy,) — (P, )

c(fk;in,?n) - c(fk§§n)Fn) n—oo,
(it ) = <(hnst,)

Consequently, we get

c(fk;fn,?n) - c(fk;tnfn) c(fk;fnfn) - C(fk;ﬁnfn> c(hk;fn) - C(hk7tn) n—oo

| (to, 70))|

_ . 1.
C(fk’;in;ln) - c(fk';tn>zn) C(hk;fn) - c(hk‘;tn) c(fk‘;%n,zn) - c(f’ﬁén:ln)

This is a contradiction, so the proof is complete. O

Lemma 3.6. Let Q be a canonical domain and (71,...,7m)t6[07T} denotes a tuple of

disjoint appropriate slits in Q. For each k € {1,...,m} and t,7 € [0,T], frt, is the
normalised appropriate mapping function on Q\ (v,(0,t] U#k v;(0,7]). Moreover, we set
Gt := fre for each t € [0,T] independently of k € {1,...,m}. Assume Z = {to,...,tn},
with tg = 0 and t, =t, is a partition of the interval [0,t], i.e. tog <t1 <...<t, and

|
—_

n

S(fi:t, Z) == c(fk;tl+17tl) - c(fk;tl,tz)'

!

Then for each t € [0,T] and k € {1,...,m}, S(fx,t,Z) — ck(t) > 0 as |Z| — 0, whereas

|Z| denotes the norm of the partition Z, i.e. |Z| := maxj—y, . n—1ti41 — t;. Moreover,

each t — ci(t), k € {1,...,m}, is continuous and strictly increasing on [0,T], and for
each ty € [0,T],

Il
o

ck(t) = ck(to)
(frstto) = ¢(frstoto)
Finally, assume ¢(g:) =t for all t € [0,T]. Then each t — ci(t), k € {1,...,m}, is
Lipschitz continuous on [0,T] and > ;" cx(t) =t for all t € [0,T].

—1 as t — tg.

Proof. 1) First of all, we are going to show S(fx,t, Z) — cx(t) as |Z]| — 0. Therefore,
let £ € {1,...,m} and t € [0,T] be fix. Let us consider two partitions Z1 = {tj,...,t; }

and Zy of the interval [0,¢] with |Z;],|Z2| < § where § > 0. Denote by Z = {t¢,...,tn}
the union of Z; and Z,. By adding zeros we achieve

’S(flwta Z) _S(fk7t7 Zl)‘ <

n

|
—

le(frstint) = rstne)] = e trno0) — (o)

T
=
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where ¢(t;) := t; if t; € [t;,t;,) with I € {0,...,n — 1} and p € {0,...,n1 — 1}.
Consequently, |¢(t;) — ;| < |Zl| < 6. Thus we get

|S(fk)t7 Z) (fkut Zl)‘
n—1
(frstrir,ot) — (Frsto0t))
C . — C . . 1 — i1 l sUL l )
£ | (fk,tz+17tz) (fk,tz,tz)| c(fk;tl+1,tl) _ C(fk;tl,tl)

For any given £ > 0, we can choose § > 0 (by using Lemma 3.5) in such a way that
Urstr) = Uit om)
c(fk§tz+1,tz) - c(fk;thtz)

holds for all I € {0,...,n—1}. Lemma 2.41 gives us ¢(fr;,, ,,001) > (frstiprt) > (st
for all l € {1,...,n —1}. Thus we have

1—-e< <l+e

‘S(fk,t7Z) _S(szta Zl) E fktl+1 b (fk;tl,tl))
=0
n—1

<e Z fk) tl+1,tl+1 - C(fk;tl,tl))

=& ( ¢(frstnstn) — (fk:;to,to)) =é&- (C(gt) - C(go))-

Replacing Z; with Z; we get |S(fr,t,2) —S(fi,t, Z2)| < e(c(g¢) — ¢(go)) as well. Conse-
quently, we have |S(fx,t, Z1) — S(fr.t, Z2)| < 2e(c(g) — ¢(g0)), so S(fx,t, Z) converges
to a value ¢ (t) € [0,00) if |Z] — 0.

2) Next, we are going to prove that t — cx(t) is strictly increasing. Therefore, we
fix k € {1,...,m}. Let ¢ > 0, ty € [0,7] and choose ¢t € [0,7] in such a way that

0<|t—to| <6 Where 0 > 0 is chosen according to Lemma 3.5 with respect to €. Assume
Z = {ty ==ty + E(t —to) | k € {0,...n}}. Thus we get

n—1
(Srst.to) — <(fhsto,to) Z <(fk; tl+1»tl — (frstit)
=0
n—1
Z fk‘ tl+1,t0 - c(fk’;tl,to)] - [c(fk;tl+1,tl) - c(fk’;thtl)])‘ = %
=0

where the first equality follows by adding zeros. Using Lemma 3.5, we find

c(fk;tl+1,tl) - c(fk;tl,tl)
c(fk;tl+1,to> - c(fk§tl7t0)

|
—

n

* < |C(fk;tl+1,t0) - C(fk;tl,to)| : '1 -

l

I
o

n—1
<€ Z |c(fk§tl+1’t0) - c(fk;tl,to)‘-
=0

Letting n — oo gives us
|cr(t) = cr(to) — (¢(fritto) = ¢(fritorto))| < €le(frstto) — €(frstorto)]-
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Consequently, we find

el zal) |, (3.1)

(fritto) = (frsto.to)
as t — to and ¢ — 0 simultaneously such that |t — tg| < d(e) with d(¢) > 0 depending
on ¢, see Lemma 3.5. Moreover, this shows that ¢ — ¢k (t) can not be constant on a
small interval [¢,to] or [to,t], as t — ¢(frus,) i strictly increasing on [0,7]. Otherwise
the previous limit would not be zero.

3) Now we will show that the function t +— ¢ (t) is continuous. Let k € {1,...,m},
O0<ti <t <T, Zl(n) = {O, %, %, .. ,tl}, ZQ(TL) : {tl,t1+t2;tl,t1+2%, .. ,tg} =:

{t§, ..., tn} with t] =t <t} <... <t =tg, and Z(n) := Z1(n) U Z3(n). Thus we have

cr(t2) — cx(t1) = 7}3208(]0]67t1>z(n)) — S(fr, t2, Z1(n))

n—1 n—1
= nlgroloz (frstr, ) = (St ) < > (frst, tr,) = (st ) = c(g2) — c(g8,)-
1=0 1=0

Note that t — ¢(g¢) is continuous on [0, 7], see Lemma 2.42. Consequently, t — cg(t) is
a continuous real-valued function.

Next, let us assume ¢(g;) = ¢ for all ¢ € [0,7]. Using the previous estimation, ¢(gs,) —
¢(gt,) = ta — t1, so t — ¢x(t) is Lipschitz continuous on [0,7]. Consequently, t — c(t)
is almost everywhere differentiable, i.e. there is a null set N}y such that ¢ — ¢ (t) is
differentiable on [0, 7]\ Ny. Moreover, Equation (3.1) gives us

Ai(to) := lim “Uitao) = WUistotn) _ ér(to)  for all tg € [0, 7]\ Ny
t—to t— to

Obviously, we get this for each k € {1,...,m}, so each limit A\;(to), k € {1,...,m},
exits for all to € [0,7] \ N with N := ;- ; Nj. Using Theorem 2.30, 2.31 or 2.36,
we find Y 3 Ap(to) = 1 for all ¢t € [0,7] \ N. Summarising, Y -, ¢x(to) = 1 for all
to € [0,T]\ N, s0 >0 ex(t) =t for all t € [0,T].

O

Remark 3.4. Note that Lemma 3.6 leads to an alternative proof of Theorem 2.52; 2.53
and 2.54:

Let €2 be a canonical domain and (71, .. .,%m)te[o,r] denotes a tuple of disjoint ap-
propriate slits in . Using the same notation as in Lemma 3.6, for each k € {1,...,m},
we get an increasing functions t +— ¢ (t) on [0,7]. Consequently, each t +— c(t),
ke {1,...,m}, is differentiable on [0, T] \ N} where N}, is a null set of [0,7]. Summaris-
ing, ¢ — ¢ (t) is differentiable on [0, T]\N for each k € {1,...,m} where N := | J;- | Nj.
Using Lemma 3.6, each limit

lim ¢(fritto) — (frsto,to)
t—to t— to

) ke{l,...,m}, to € [0,T]\ N
exists. Finally, Theorem 2.30, 2.31 or 2.36 completes the proof.
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3.1.2 Proof of Theorem 3.2, 3.3 and 3.4

Let 2 be a canonical domain and (y1,72)¢c[o,7] be an admissible parametrisation of
(I'1,T2). Moreover, for each t,7 € [0,T], we denote by f;, the normalised appropriate
mapping function on  \ (y1(0,t] U~2(0,7]) and we define g; := fi4 for all ¢t € [0,T].
On top of this we set ¢(¢,7) := ¢(fi+), so (t,7) — c(t,7) is strictly increasing in each
variable and continuous on [0, 72, see Lemma 2.41 and 2.42.

Note that all functions ¢ — ¢; that satisfy a multiple slit Komatu—Loewner equation
with normalised weights, i.e. for each ¢t € [0,T], A\ () + A2(t) = 1, fulfil ¢(g;) = ¢ for all
t € [0,T], see Theorem 2.30, 2.31 or 2.36.

With the notation from Theorem 3.2, 3.3 and 3.4, we find L = ¢(7,T') independently
of T.

Let u,v : [0,L] — [0,T] be increasing homeomorphisms, ¢,z € [0,L], t < ¢, and Z
denotes an arbitrary partition of the interval [¢,¢]. During this subsection we will use
the following abbreviations

n—1
Sl(”? U, [L ﬂa Z) = c(u(tl+1)> U(tl)) - c(u(tl)v U(tl))>

t (3:2)
So(u, v, [t, 8], Z) ==Y c(uty),v(tig1)) — c(u(ty), v(tr)).

T
=

Moreover, we set Si(u,v,t,2Z) := Si(u,v,[0,t], Z) with k € {1,2} and a partition Z of
the interval [0,¢]. Note that for each k € {1,2}, t — Sk(u,v,t, Z) tends pointwise to an
increasing and continuous function on [0, L] if | Z| — 0, see Lemma 3.6.

In order to proof Theorem 3.2, 3.3 and 3.4, we split the proof into the existence
part and the uniqueness part. We will discuss both parts separately. First, we will
prove the existence part. In this context, we are going to show that we find increasing
homeomorphisms w,v : [0,L] — [0,T] such that the admissible parametrisation (7 o
U, 72 0 V)seo,z) Satisfies a Komatu-Loewner equation with A1(t) = Ag and A2(t) = 1 — Ao
for all t € [0, L]. The proceeding of this proof is as follows.

1) First of all, we will use a Bang-Bang method introduced in [RS14] to construct two
sequences (up)nen and (vp)nen of increasing homeomorphisms of w,, v, : [0, L] —
[0,7].

2) By using a diagonal argument on u,, and v, we will find two subsequences (u,)nen
and (v})nen which converge pointwise on a dense set S C [0, L] to increasing func-
tions u and v respectively. The functions v and v can be extended to continuous
functions defined on [0, L] with w(L) = T = wv(L). Furthermore, we will get
Ao € [0,1] by the construction of u and v.

3) On top of this we show Ag € (0,1) and the strict monotonicity of ¢ — w(t) and
t+— v(t) on [0,L] .

4) Next, we will derive a connection between the sum S;(u), vy, t,Z) and the sum
S1(u,v,t, Z) for a given partition Z of the interval [0, ¢].
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5) Moreover, we will find a connection between S (u;,, v}, t, Z) and Ag.
6) By combining these results, we will find S1(u,v,t,Z) — Aot if |Z| — 0.

7) Finally, we will obtain a Komatu-Loewner equation with constant coefficients Ag
and 1 — A\ for the admissible parametrisations « and v.

Proof (Ezistence). 1) Let (71,72):ejo,r) be an arbitrary admissible parametrisation of
(I'1,I'2). Moreover, for each t,7 € [0,T], we denote by f;, the normalised appropriate
mapping function on Q\ (71(0,t] U~2(0,7]). On top of this we write ¢(t,7) = ¢(frr).
Assume u, v : [0, L] — [0,T] are increasing homeomorphisms and Z denotes an arbitrary
partition of the interval [¢,¢] C [0,7T]. Then for each k € {1, 2}, we define Si(u,v, [t,t], Z)
in the same way as in Equation (3.2) and we set Si(u,v,t, Z) := Si(u,v,|0,t], Z) for any
partition Z of the interval [0,¢] C [0,T]. To construct u, and vy, we first extend ~; and
72 to an interval [0,7%], T* > T, such that 1[0, 7] and 72[0, T™] are still disjoint slits
and ¢(77*,0) > L, ¢(0,7*) > L. Let n € N and X € [0,1]. We let to,, = 70, = 0, and for
ke {1,...,n}, we define t;,, > 0 and 75, > 0 recursively as the unique values with

1-A
—

c(tk‘,na Tk—l,n) - c(tk—l,na Tk:—l,n) = LE> c(tk,rw Tk,n) - c(tk,rw Tk—l,n) =L

Since (t,7) — ¢(t, ) is strictly increasing in both variables, see Lemma 2.41, we get

(tnnsTan) = L < c(T7,0) < o(T", T.m),
(tnnsTon) = L < ¢(0,T%) < c(tnn, TF).

Consequently, t,, n, Tnn < T

Furthermore, note that the values ¢y ,, = t »(\) and 7, = 75, () depend continuously
on A: This follows easily by induction and the continuity and strict monotonicity of the
function (¢,7) — c(t,7), see Lemma 2.42 and 2.41. Consequently, for every n € N, we
find a value A, € (0,1) with ¢, ,(\,) =T. Now we define functions u, : [0, L] — [0,y ]
and vy, : [0, L] — [0, 7). For each n € N, we set

) 1= ton(Aon), Un(Lﬁ

k
(L
“( on

o ) 1= Tpon (A2n)

for all k € {0,...,2"}. The values of u, and v, between the supporting points are

defined by linear interpolation. An immediate consequence of this construction is

k

c<un (L%),Un (L:n)) = ¢(tran (an), Thn (Aon)) = L. (3.3)

for all & € {0,...,2"}.

2) Xan is bounded, so we find a subsequence (my )ken of (n)nen such that (Agmeo )ken
is convergent with the limit Ag € [0,1]. Next, we set

S = gsn, S, = {Lzﬁn\k e {O,...,Q"}}.
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S is a dense and countable subset of [0, L]. Denote by a : N — S a bijective mapping.
Since the sequences (um, ,(a1))ken and (vm, ,(a1))ren are bounded (by T*), we find
a subsequence (my,1)ken Of (M o)ren such that (um, (a1))ken and (vmk,l(al))keN are
convergent.

Inductively, we define (my;)ren, [ € N, to be a subsequence of (my—1)ren such that
(umk’l (a1))ken and (Umk,l(al))kzeN are convergent.

Consequently, we define sequences uy, := Up,,, and v}, := vp,,, ,, which are (pointwise)
convergent on S. We denote by v and v the limit functions, i.e.

u(t) := lim w;(t), o(t):= lim v} () forallt e S.

n—o0 n—o0

Moreover, we set A}, := Agmnn and Sy := Sy, .. By using Equation (3.3), we get
c(u* (1), v;';(t)) =t for t € S if n is big enough. Consequently, Lemma 2.42 yields

n

c(u(t),v(t)) = Jim c(up(t),vp(t)) =t  foralltes. (3.4)

rrn

Furthermore, since t — w} (t) and t — v (t) are strictly increasing, the functions ¢ — u(t)
and t — v(t) are increasing too. Moreover, u and v can be extended in a continuous and
unique way to [0, L]. To see this, let tg € (0, L) and define

t1:= lim w(t), to:= lim w(t), 7 := limv(t), 72:= lim v(t).

t, 't t\ito t, "t t\ito
tes tesS tesS tes

Thus we find by Lemma 2.42 and Equation (3.4)

c(t1,m1) = lim c(u(t),v(t)) = to = lim c(u(t),v(t)) = c(t2, 72).

t o N\t

tes tes
Since (t,7) + ¢(t, 7) is strictly increasing in both variables and t; < to and 71 < 7o, we
find t; =t and 71 = 7. If {9 € {0, L} we can argue in the same way, so t — u(t) and
t — v(t) are continuous on [0, L]. Summarising, v and v are continuous and increasing
on [0, L] with u(L) = T and v(L) = T. For later use, we define hz[fnT] = fux (t)0x (r) and
ht77 = fu(t),v(T) forall t, 7 € [0, L}.

3) Next, we are going to show that ¢ — w(t) and t — wv(t) are strictly increasing on

[0, L] and A\ € (0,1).
Using Lemma 3.5, we find a § > 0 corresponding to € = % The functions ¢ +— u(t) and
t — v(t) are (uniformly) continuous on [0, L], so we have:

>0 [T =t < p=u) —u@)], o) —v(t)] < §.
Assume t,t € S with 0 < £ —t < p. Consequently, |u(t) —u(t)| < % and |[v(t) —v(t)| < %,
so we get:

dng € NVn 2 no : Jug, (£) — up, ()], vp(8) — vp(B)] <6,

as u’(t) and v} (t) are pointwise convergent on S. Moreover, we choose ng large enough
to satisfy ¢,# € S}, . Then for any n > ng we get

L ), () — c(un(n), v (0) 3
=TS ), on () — c(un (), on(m) T2
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for all I € {0,...,s — 1} where S}([t,t]) := {t1,...,ts} = [t,t] N S}:. Consequently, we
get by summing over all [ € {0,...,s — 1}

(v, £, 2], S ([, 7])) <

-1 =18
() = c(up (8), v, () < 581 (up, vy, [L. 2], S5([L 1)) = SAL(E — 1)

¢(up (1),
Letting n — oo we find with Lemma 2.42

Dot — 1) < e(u(B), o(t) — c(u(),v(t) < $ralF — 1). (3.5)

Note that ¢ — wu(t) is continuous and increasing with u(0) = 0 and u(L) = T so we
find t,t € S with 0 < # —t < p and u(t) < u(t). Using Lemma 2.41, c(u(t),v(t)) —
c(u(t),v(t)) > 0, so (3.5) yields A9 # 0. On top of this Equation (3.5) gives us
c(u(t),v(t)) — c(u(t),v(t)) > 0 whenever 0 < t —t < p, i.e. t +— wu(t) is strictly in-
creasing on [0, L]. Analogously, we find

lg
2
v

L1 = M) — ) < c(ut),v(®) — c(u(t), v(t)) < 3(1 — A)(E— 1),
forallt,t € S with 0 <t—¢ < psot+ v(t) is strictly increasing on [0, L] and 1 —\g # 0
as well. Summarising, ¢ — u(t), t — v(t) are strictly increasing and A\ € (0, 1).

4) Next, we show that for every fixed € > 0, fixed ¢ € S and fixed partition Z C S of
the interval [0, ¢], there exists an ng € N such that

|S1(uy,vn t, Z) — S (u,v,t, Z)| <

n» vn’

holds for all n > ny.

Fix ¢ > 0 and Z = {to,t1,...,ts}. As the function (¢£,7) — ¢(¢,7) is (uniformly)
continuous on [0, 7*]? by Lemma 2.42, there exists § > 0 such that

le(t, T) — (¢, 7)| < 23 whenever |t — |, |1 — 7| < 4.
s

Since Z C S is finite, we find an ng € N such that |u)(t;) — w(t)|, |v}i(t) —v(t)] <6
holds for all [ € {0,...,s} and all n > ngy. Consequently, for all n > ng, we find

|S1 (uy,, vy tZ) Si(u,v,t, Z)|

n» vn’

—
»
|

1

Sl ) — bl -
=0 l

S—

(]

c(htl-u,tl) - C<htzvtl)

Il
w O

—_
—_

n n 13
‘c(hglil,tl) (htl+17tl)| + }c(hgl,]tl) - c(htlatl)| S 28?8 =&
=0

IN

=

o

5) For now we fix t € S, t > 0. We show that for all £ > 0, we find a p > 0 such that
for all partitions Z C S of [0,t] with |Z] < p, there exists an mg € N such that for all
n > mgy, we have

|Sl(u v t, Z) )\0t| <e.

ny Yno
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Let t € S and € > 0. Then there exists § > 0 such that the inequality from Lemma 3.5
holds. Since the functions ¢ — () and t — v(t) are (uniformly) continuous on [0, t], we
get:

G >0t = < p=fult) —u@) o) — o) < 5.

Denote by Z = {to,...,ts} a partition of [0,¢] with |Z| < g and Z C S. Then we find
an no € N such that for all n > ng, we get Z C S;; and

lur (t) — w(ty)], |vs(t) —v(t)| < g for all I € {0,...,s} and all n > ny.

As a consequence we get

|y, (t141) — up (t)]
< g (1) — wtien)] + Jutien) — uty)] + Ju(t) —uh(t)| < S+ 5+ 3 =6

for all n > ng and all [ € {0, ..., s}. In the same way we find |v};(¢;41) — vy (¢;)] < 6 for

all n > ng and all [ € {0,.. s} Next, for each n € N, we set S*( ) == SrN[0,t]. Sk(t)
is a partition of the interval [0,t] and we write S} (t) = {t,...,ti}. For each n > ny,
we find
|)‘:Lt_81(umvn’t Z)| = ’Sl(umvmt S*( )) - Sl(umvmtvz)‘
s*—1
[n] [n] [n] ]
— Z ‘ h p+1’t* - c(ht;,t;)] - [ (h 1,¢(t*)) - c(ht;@(t;))”v

where ¢(t;) := t; if t5 € [t;,t;11) with p € {0,...,s* —1} and I € {0,...,5 —1}. Thus
we get

|Ant—S1(uy,vn . t, Z)

. ] g
s*—1
= D e ) = eliys)] - |1 - Uy o) ~ Vo)
1ty tth h[n} B h[n]
p=0 (P i) = Bz )

Since |uy, (t;11) — uy(ty)] < 6 and |vy,(¢(ty)) — vi(ty)| < 0 for all n > ng and all p €
{0,...,s*}, Lemma 3.5 gives us

s*—1
NGt — Sy (uh, vt Z)| < e ZO (c(h,ﬁglpt;) —c(hil.)) < Le
p:

for all n > ng. The last inequality is a consequence of the monotonicity of (¢,7) — ¢(t, 7):

Z c(htl ) = c(hiths) gz Y ) —e(hi)) =t < L.

p+1’ p+1
p=0 p=0
The assertion follows now, since A} converges to Ag.

69



CHAPTER 3. CONSTANT COEFFICIENTS

6) If we put 4) and 5) together, we find for every t € [0,7] and € > 0, a > 0 such
that for all partitions Z C S of the interval [0,¢] with |Z| < u, the inequality

|S1(u,v,t, Z) — Mot| < e (3.6)

holds.

7) Since u and v are strictly increasing homeomorphisms of [0, L] to [0,7], we can
apply Lemma 3.6 to the admissible parametrisation (1 ou,y2 ©v).[o,z] to get Lipschitz
continuous and increasing functions ¢; and ¢z with ¢ + ¢ = id, as c(u(t),v(t)) =t for
all t € [0, L]. Equation (3.6) gives us

c1(t) = Aot,  ca(t) =t —c1(t) = (1 — M)t

for all t € S. Since S is dense on [0, L], this relation holds for all ¢ € [0, L]. On top of
this we find with Lemma 3.6

i eto) — <hegty) _ o, lim ¢(hig,t) = (Pt t)

=1— )Xo
t=to t—to t—to t—to

for all ty € [0,L]. For each t € [0,L], we set g; := hyy, Dy := g(Q\ (71(0,u(t)] U

72(0,1)(16)])), and Uy (t) = g1(71(u(t))) and Us(t) := gi(y2(v(t))). Finally, we can apply
Theorem 2.30, 2.31 or 2.36 to find

9t(2) = E(g(2)) (Aoq)at,Ul(t),Dt (9:(2)) + (1 = M) Py, 5(1), D, (gt(Z)))v te [0, L]

with continuous driving terms ¢ — Ui(t), k € {1,2}, see Lemma 2.43. Herein, for all
w € C, E(w) := w in the radial and bilateral case and E(w) := 2 in the chordal case.
Moreover, for all t € [0,T], a; := 0 in the radial case, a; := ¢ in the bilateral case where
¢ is the inner radius of the circular slit annulus Dy and a; := oo in the chordal case.

O]

Proof (Uniqueness). Let (v1,72)[0,r] be a tuple of disjoint appropriate slits in Q. For
each t,7 € [0,T], fir : Q(t,7) — D(t,7) denotes the normalised appropriate mapping
function from Q(¢,7) := Q\ (71(0,¢] U y2(0, 7]) onto the canonical domain D(¢,7) and
c(t,7) := ¢(frr). Moreover, we set Ui(t,7) := fr-(71(t)) and Us(t,7) := fr-(72(7))
for all ¢t,7 € [0,T]. Let u,v : [0,L] — [0,7] be increasing homeomorphisms and Z
denotes an arbitrary partition of the interval [t,#] C [0,T]. Then for each k € {1,2}, we
define Sg(u, v, [t, ], Z) in the same way as in Equation (3.2) and we write Sg(u,v,t,Z) :=
Sk(u,v,[0,t], Z) for any partition Z of the interval [0,¢] C [0,T]. Moreover, for all w € C,
E(w) := w in the radial and bilateral case and F(w) := % in the chordal case.

Assume u1,v; and ug, vy are increasing homeomorphisms from [0, L] onto [0, 7] such
that the functions g¢ := fy, ()0, (1) @nd ht := fu,(1),00(¢) Satisty the differential equations

31(2) = B(9u(2) (MParir0.6: (91(2) + (1= M)y o (90(2)) ).

hi(z) = E(hi(2)) (/\2‘I’bt,<1(t),Ht(ht(z)) +(1- >\2)‘I>bt,cz(t),Ht(ht(z)))
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for all t € [0, L] with coefficients A;, A2 € (0,1), continuous driving functions & (t) :=
U(ur(t),v1(t)), Cr(t) = Ur(ua(t),v2(t)), k € {1,2}, and Gy := g:(Q(us(t), v1(t))) =
D(ui(t),vi(t)), He == ge(Qu2a(t),v2(t))) = D(ua(t),va(t)) for all t € [0,T]. Moreover,
for each ¢ € [0,T7], a; := 0 in the radial case, a; is the inner radius of G; in the bilateral
case and a; =: oo in the chordal case. Analogously, b; := 0 in the radial case, b; is the
inner radius of H; in the bilateral case and b; := co in the chordal case for all t € [0, L].
Using Theorem 2.30, 2.31 or 2.36, we find ¢(g¢) = ¢(hy) =t for all ¢ € [0, L] and

c(u1(t),v1(to)) — c(u1(to), v1(to))

A1 = lim )
t—to t—to (37)
N = 1 c(ua(t), v2(to)) — c(ua(to), va(to))
o = lim
t—to t— to

for all ¢y € [0, L].
1) First of all we will show A\ = A2, so suppose A1 > Ag. Therefore, we set
2(t) == c(ug(t), ve(0)) = c(ug(t),0), ke {1,2}.

Denote by 0 < tp < L the first positive time when w;(tg) = u2(tgp). Consequently,
v1(to) = wva(to) and x1(tp) = x2(tp) by normalisation and the monotonicity of (¢t,7) —
¢(t,7) in each variable. Equation (3.7) gives us

xl(O) = )\1 > /\2 = iz(O),

so we have x1(t) > x2(t) and uq(t) > ua(t) for all t € (0,%p). Consequently, we have also
c(u1(t),v1(to)) > c(uz(t),v2(to)) for all t € (0,ty). Thus we get

C(’LLQ(t),UQ(to)) < c(ul(t),vl(to)) < C(ul(to), V1 (to)) =19 = C(Ug(to),UQ(to))
if t < tp. This implies

¢(u1(to), vi(to)) — ¢(u1(t), v1(to)) - ¢ (ua(to), va(to)) — c(ua(t), v2(to))

to —t to—t

for all t < ty. If t tends to tg, we get A1 < Ay by Equation (3.7). This is a contradiction,
SO )\1 = )\2 =: A\

2) Next, we are going to prove the uniqueness of the parametrisation. The following
idea goes back to a work of O. Roth and S. Schleifinger, see [RS14]
Let (u,v)(t) := (u1,v1)(¢) for all t € [0, L], or (u,v)(t) := (ugz,v2)(t) for all t € [0, L]. We
are going to derive a differential equation for z(t) := ¢(u(t),0) on [0, L]. Note that v(t) is
uniquely determined by x(t) and ¢, as ¢(u(t),v(¢)) =t for all t € [0, L]. Consequently, we
write @(z) and 0(x,t) such that c(u(x),v(z,t)) =t and ¢(a(z),0) = z for all z,t € [0, L]
with < ¢.® Obviously, % and @ are continuous.

8In order to get @ and ¥ well-defined for each z,t € [0,L] with 2 < ¢, we extend 71 and 72 to an
interval [0, L*] such that ¢(L*,0) > L and ¢(0, L") > L.
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Using Proposition 2.55, we find immediately

@_1 (fun0) = (fuw o) Joa(u(),0)> 1
A

Tt c(fu () v(t)) - c(fu(t),v(t)) ‘051 u(t)v ’U(t))’2 ’(fu(t),v(t) o f;(%)70)’(z)‘2

with z = Uj(u(t),0). Note that we can interpret the right-hand side as a function of
(z,t), so we write

0(337 t) = {(fu(t),v(t) © f;(i)yo)/(z)‘ {(fu (z),0(z,t) f;(i)p)/(zx)’

with z < t.

fu(x ),0(x,t fu(:r:

|

Ul(x,t) 2y

FIGURE 3.1: Radial mapping functions fg(a)s(z,e) and fa(z),0 in the uniqueness proof of
Theorem 8.2, 8.8 and 3.4

It is easy to see that (x,t) — C(z,t) is continuous and positive on {(z,t) € [0, L]? | # <

t}.

For now let us fix z € [0, L) and we set h¢ := fi(2),5(a,t) © fﬂ_(i),O' Consequently, for each
€ [z, L], hy is the normalised appropriate mapping function on D(u(x),0) \ I'; with

Iy = fﬂ(m),0(72[0’6(xat)]) for all ¢ > z. Moreover, c(ht) = C(fﬂ(x),f;(m,t)) - c(fﬂ(m),O) =

t — z. Using Theorem 2.30, 2.31 or 2.36, t — hy(z) is differentiable for all ¢ € [z, L] and

all z € D(a(z),0) \ I'r, and satisfies

hi(z) = E(ht(z))<I>0t,0($7t)7[~)(x7t)(ht(z)) for all t € [z, L] and all z € D(u(x),0)\ Tz,
(3.8)

where U(z,t) := Us(a(z), o(z,t)) and D(z,t) := D(a(x),(z,t)). Herein, for all w € C,
E(w) := w in the radial and bilateral case and E(w) := % in the chordal case. Moreover,
¢t := 0 in the radial case, c¢; is the inner radius of D(x,t) in the bilateral case and
¢ := o0 in the chordal case. Using Schwarz reflection principle, Equation (3.8) holds for
all z € B.(z,) as well with a small € > 0. This gives us

hi(2) = B(he(2))®,, 5o e (Pe(2))  for all 2 € Be(z,).
Note that the right-hand side is continuous: assume z,, — xg and t,, — tg, so we get

¢Ctn70(xnvtn)7[)(wn7tn) © ht Q)CtO,U(IQ,to),D(xO,to) © htO on BE(ZCUO)?

see Lemma 2.18, 2.19 or 2.20. Obviously, the same is true for the derivative w.r.t. z,
and by Lemma 2.43, © — 2, is continuous as well. Summarising, (z,t) — %hg(zx) is
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continuous on A := {(z,t) € [0, L]? | x < t}. Consequently, (z,t) — C(z,t) = |h}(2;)| is
continuously differentiable on A w.r.t. ¢ (uniformly in z), as (z,t) — h}(z,) is continuous
and positive on A.

Finally, 1 and xo satisfy the differential equation i(t) = \/C?(x,t). Using Theorem
2.7 from [CP03], the solution needs to be unique, i.e. 1 = x9. Obviously, u; = ug and
V1 = V2.

O]

Remark 3.5. In the simply connected case it is possible to give an ’easier’ proof of the
uniqueness of constant coefficients. The reason for this is an additional tool (see Lemma
2.57 and 2.56) available in simply connected domains only. We refer to the proof of
Theorem 3.8 where we will prove the uniqueness in the simply connected case for slits
having branch points. Note that this proof holds in the disjoint case word by word as
well.

3.2 Slits having branch points

Next, let us consider slits that may have a branch point. In particular, we are going
to study the case where two slits start at a common point. Let {2 be a canonical
domain and denote by C' the outer or unbounded boundary component of 2. Moreover,
each v, : [0,T] — cl(R?), k € {1,2}, is continuous and simple, 71(0,7] U (0,7 is
an appropriate Q-hull, v1(0) = 72(0) = Uy € C and ~1(0,7] N 42(0,7] = @. Then
we call (71,7%2)epo,r] & tuple of branched appropriate slits in . Obviously, (y1(0,t] U
Y2(0,%])¢efo,r) is an increasing and continuous family of appropriate (2-hulls. Moreover,
(I'1,Tg) (with ', Ty C cl(2)) is called tuple of branched appropriate unparametrised
slits in € if there is a T' > 0 and a tuple (’Yb%)te[o,T] of branched appropriate slits in
Q such that T'y = [0, 7] with k € {1,2}. In this case (v1,72):e(o,7] is called admissible
parametrisation of (I'1,T'2).

—\n\A

FI1GURE 3.2: Tuple of branched unparametrised slits in canonical domains

Theorem 3.7. Let Q be a canonical domain and (T'1,T3) be a tuple of branched appro-
priate unparametrised slits in . Then there is a unique L > 0, constants A1, Ao > 0
with A1 + Ao = 1, and an admissible parametrisation ('717'72)156[0,L] of (I'1,Ty) such that
for each z € Qp, t — gi(2) is continuously differentiable on [0, L] and satisfies

2

9t(2) = E(g:(2)) Z M@, 01,0, (9:(2))  for allt € [0,L] and all z € Q.
k=1
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Herein, for each t € [0, L], g : Q¢ — Dy is the normalised radial mapping function on
Q= 0\ Ui:l Yk (0,t] and for each k € {1,2}, Ug(t) := gi(k(t)) denotes a continuous
driving function on [0, L]. Moreover, for allw € C, E(w) := w in the radial and bilateral
case and E(w) := % in the chordal case. For each t € [0,T], a; := 0 in the radial case,
at := q¢ where q; denotes the inner radius of Dy in the bilateral case and a; := oo in the
chordal case.

Note that Theorem 3.7 gives an existence statement only. Unfortunately, we are able
to prove uniqueness only for simply connected domains.

Theorem 3.8. Let Q be a simply connected canonical domain and (I'1,T'2) be a tuple of
branched appropriate unparametrised slits in Q. Assume (vl,vg)te[oﬂ is an admissible
parametrisation of (I'1,T's) from Theorem 3.7 with constant coefficients X and 1 — A,
A € (0,1). Then the weight A and the admissible parametrisation (y1,72):c(o,r] 8 unique.

In order to prove these theorems we need some preliminary lemmas.

3.2.1 Some preliminary lemmas

Lemma 3.9. Let Q2 be a canonical domain and denote by (v1,72)ejo,r] @ tuple of
branched appropriate slits in Q). For each t, T € [0,T], fi denotes the normalised appro-
priate mapping function from Q(t, 1) := Q\ (71(0,t]U~2(0,7]) onto the canonical domain
D(t, 7). Moreover, for each t € [0,T], we set g = frr, QU = Q(t,t) and Dy := D(t,t).
Assume to € (0,T].

Then the following two statements are equivalent.

(i) For each z € Qu,, t — gi(2) is differentiable at to and fulfils

[\

gto (Z) = E(gto (Z)) Z)‘k(to)@atO,Uk(to),DtO (gto (z)) fmn all z € th
k=1

where each Ug(t) := gi(vk(t)), k € {1,2}, is continuous on [0,T] and \i(to) > 0,
ke {1,2}.

(1) Ai(to) := limy_yy, w and A2(to) = limy_y, c(ﬁ(’#:éﬁo’to) exist.

When this happens, t — ¢(g¢) is differentiable at to with derivative A\1(to) + A2(to).
Herein, for all w € C, E(w) := w in the radial and bilateral case and E(w) := 3 in
the chordal case. Moreover, for each t € [0,T], a; := 0 in the radial case, a; is the inner

radius of Dy in the bilateral case and a; := oo in the chordal case.

Proof. This proof is quite easy. First of all, we choose € > 0 in such a way that ¢ < .
Next, we set h = g, G := h(Q:) and Ap = h(yle,T]) with k£ € {1,2}. Conse-
quently, (A1, Ag) is a tuple of unparametrised disjoint slits in the canonical domain G and
(1,02)se[0,7—) 1s an admissible parametrisation of (A1, Ag) where 0x(s) := h(yk(s+¢))
for all s € [0,T —¢] and k € {1,2}. For each s,0 € [0,T — ¢], we denote by hs, the
normalised appropriate mapping function on G, := G\ (01(0, s]Ud2(0, 0]), and for each
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s € [0,T — €], hs is the normalised appropriate mapping function from G, := G, s onto
the canonical domain H,. Obviously, we have

c(fto-l-S—S(),to) - c(fto,to) - c(hS,So) - c(hso,so) for all s € [07T - E],

with sg := tg — €, as foteore = hso o h for all s,0 € [0,T — ¢]. Note that Ug(ty) =
hso(0%(S0)), Dty = Hs,. Using Theorem 2.30, 2.31 or 2.36, the function s — hs(w) is
differentiable at so = tg — ¢ for all w € G, with

2
hso(w) = E(hgy(w)) Zﬂk(SO)q)ato,Uk(to),Dto (hso(w))  for all w € Gy, (3.9)
k=1

and p11(s0), p2(so) > 0 if and only if the following two limits exist:

. C(hs s ) — C(hs s ) . C(hs s) - C(hs s )
e 1 350 0,50 = 1 0, 0,50 .
11 (so) Pt s — s ) 112(s0) s s — s

Finally, by substituting w = h(z) in Equation (3.9) we get the stated equivalence.  [J
At ty = 0 we have the following lemma.

Lemma 3.10. Let Q be a canonical domain, (v1,72)icjo,r) be a tuple of branched ap-
propriate slits in Q0 and denote by g, t € [0,T], the normalised appropriate mapping
Junction from Qy := Q\ (71(0,t] U~2(0,¢t]) onto the canonical domain D;.

Then the following two statements are equivalent.

(i) For each z € Q, t — g(2) is differentiable at 0 and fulfils
9o0(2) = ANE(2) 4.4, 0),0 () forallz e
with some A > 0

(ii) t — ¢(g¢) is differentiable at 0 with derivative X.

Herein, for allw € C, E(w) := w in the radial and bilateral case and E(w) := 3 in the

chordal case. Moreover, a := 0 in the radial case, a := Q) where Q) is the inner radius of
Q in the bilateral case and a := oo in the chordal case.

Proof. First of all, using Lemma 2.46 we find

Flgr! () = Fw) = - [ RF(67(0) - Bacn(w)dg] ¢ 0, we D
C

Here, C' denotes the outer or unbounded boundary component of D;. F(w) := log(w),
w € C\ {0}, in the radial and bilateral case, and F(w) := 2iw, w € C, in the chordal
case. Moreover, a; := 0 in the radial case, a; denotes the inner radius of D; in the
bilateral case and a; := oo in the chordal case.

Let € > 0 be small. We can choose ty > 0 small enough in order to have S; :=
71(0,¢] N 72(0,t] € B:(Up) for all t € [0,tp] with Uy := +1(0) = ~2(0). Using the
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Schwarz reflection principle, for each t < ¢y, we extend g; analytically to a neighbourhood
0B (Uy). Using Lemma 2.42, we find g¢; LU id on Q. We have uniform convergence on
0B:(Uy) as well, so we find s; := g4(S¢) C B.(Up) for all ¢ small enough. This gives us
St — UO if t \1 0.

Let t > 0. Together with the mean value theorem and Lemma 2.45, we get

F(gr () = F(w) = (R g,0.(0) + 90, 60,(0)) 5 [ RF(57(0))1d¢

= - (éR(I)at,Cth (w) + %(I)at,Cth (w)> c(gt)

for all w € Dy and some (1,2 € s¢. Next, let us substitute w = g;(z) so we get for each
RS Qt

F(gu(2)) = Flg0(2)) = (R®a 1,00 (01(2)) + S®ay 0, (01(2)) ) - (clgn) = €(g0))-  (3.10)

Using Lemma 2.18, 2.19 or 2.20, for each k € {1,2}, we find ®,, ¢, p, Lu Q1,0 ON
Q. Summarising, as (1, (s € sy — Uy, the proof is complete. O

Remark 3.6. Using Equation (3.10), we easily see that the following statement is equiv-
alent to (i) and (ii) of Lemma 3.10.

(11i) There is a zg € Q\ {0} such that t — gi(z0) is differentiable at t = 0.

Note that in the chordal and bilateral case we can write zy € €2 instead of zy € '\ {0}.
Moreover, the proof of Lemma 3.10 shows that s; := g:(71[0,t] U 12[0,t]) — Up :=

71(0) = 72(0) as ¢ 0.

Lemma 3.11. Let Q2 be a canonical domain and (71, yg)tE[O,T] denote a tuple of branched
appropriate slits in Q. For each t, 7 € [0,T], fir is the normalised appropriate mapping
function on Q\ (71(0,t] U~2(0,7]). Moreover, we set g; := fs for allt € [0,T]. Assume
Z ={to,...,tn} with to = 0 and t,, =t is a partition of the interval [0,t] C [0,T], i.e.
to<ti1 <...<ty, and

I
—
|
—

n n

81(f7t7 Z) = c(ftl+17tl) - c(ftl,tz% 82(f7t7 Z) = c(ftz,tz+1) - C(ftl,tz)-

l l

Il
o
I
o

Then for each t € [0,T] and k € {1,2}, Sp(f,t,Z) — cx(t) > 0 as |Z| — 0 whereas
|Z| denotes the norm of the partition Z, i.e. |Z| := maxj—g, . n—1ti41 — t;. Moreover,
each t — ci(t) is continuous and strictly increasing on [0,T], cx(0) = 0, and for each
to € (0,T] and k € {1,2},

C1 (t) — C1 (to) Co (t) — C2 (to)
(fr.t0) = (fro,t0) ¢(fro.t) = (fro,t0)

Finally, assume ¢(g;) =t for allt € [0,T]. Then each t — ci(t), k € {1,2}, is Lipschitz
continuous on [0,T] and Y x_, cx(t) =t for all t € [0, T).

—1last—ty and — 1 ast —tp.
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Proof. 1) First of all, we will prove the existence of the functions ¢, k € {1,2}. In
order to do so, we set

|
—

|
-

n n

Sl(f? [L ﬂv Z) = c(ftz+1,tz) - c(ftz,tz)ﬂ SQ(fa [L ﬂ? Z) = C(ftzytz-;_l) - C(ftl,tz)v

l l

Il
=)
Il
=)

with 0 <t <t < T and a partition Z := {t¢,...,t,} of the interval [¢,?]. Let p > 0.
By Lemma 2.42, the function ¢ — ¢(g;) is continuous on [0,77], so we find an € > 0 such
that ¢(g;) < £ holds for all ¢ € [0,¢]. Next, we set h := g.. Consequently, A;, Ay with
Ay := h(vk[e, T]) are disjoint appropriate unparametrised slits in the canonical domain
G = h(Q\ (71(e, T]U2(e,TT)). On top of this (1, 02)sc(0,7—c], With dx(s) := h(yk(s+e€))
for all s € [0,T — €], is an admissible parametrisation of (A1, Ag). Moreover, for each
s,0 € [0,T — ¢], we denote by hs, the normalised appropriate mapping function on
G\ (61(0, 5] U d2(0, a]).

Let t € (g, T] be fix. Obviously, this allows us to apply Lemma 3.6, so we find a p > 0
such that

’81(f7 [€7t]721) _Sl(f) [€7t]7Z2)’ = |Sl(h7t —E,Zf) _Sl(hvt_57228)| < %

for all partitions Z1, Zs of the interval [e, t] with |Z1|,|Z2| < p and Z} := Zj, —e. Finally,
let Z1, Z5 be partitions of the interval [0,t] C [0,T] with |Z1],|Z2| < u, so we get

|Sl(f7 [Ovt]’Zl) *Sl(fv [Ovt]aZZ)| <
|Sl(f7 [0’6]7Z1 N [0,8])| + |81(fa [075]722 N [0’5])‘
+[S1(f, e, t], Z1 N [e, T)) = Si(f, e, t], Ze N[, T < §+ 5+ 5 =p,

as we can assume without loss of generality ¢ € Z1 N Zs. We can do the same for So
instead of S1 to get the existence of c¢s.

2) Next, let us fix tg € (0,7] and 0 < € < t9. We use the same notations as in the
first part, i.e. h := g, and for all s,0 € [0,T — €], hs, is the normalised appropriate
mapping function on G \ (81[0, s] U 02[0,0]) with G := h(Q2\ (71(0,e] U ¥2(0,¢])) and
Ok(s) == h(vk(e + s)). On top of this we set cj,(s) := lim |z o Sk(h, s, Z) for all s €
[0, — €] and cx(t) = lim 7o Sk(f,t, Z) for all t € [0,T] with k& € {1,2}. Obviously,
ci(s +¢€) = ci(s) + cx(e) for all s € [0,T — ¢]. Thus we find with Lemma 3.6

a(t) —alt) — clt—¢g)—cilto—e) _ ci(s) —ci(s0)  s=so

C(ft,to) - C(fto,to) B C(ht—&to—é) - C(fto—&to—é) B C(hs,SO) - c(f80750)

with sg := tg—e and s := t —e. Moreover Lemma 3.6 shows that for each fixed ¢ > 0 and
k€ {1,2}, s — c}(s) is continuous on [0,T — ¢]. Together with ci(s +¢) = ¢}.(s) + ci(e)
for all s € [0,7 — ¢] and k € {1,2}, we easily see that each t — ¢ (t) is continuous and
strictly increasing on [0,7]. Finally, assume ¢(g¢) =t for all ¢t € [0,T]. Then c(hs) = s
for all s € [0, — ¢], so Lemma 3.6 gives us 3 »_; cx(s +¢) = Yo7, (c5(s) + cr(e)) =
5+ 32 cx(e) for all s € [0, T — ¢]. Letting ¢ — 0 and by using the continuity, we find
22:1 ck(t) =t for all t € [0,T]. Obviously, t — c(t), k € {1,2}, is Lipschitz continuous
on [0, 7] in this case as well, as ¢x(t) > 0 for all ¢t € [0,T].

1

g
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3.2.2 Proof of Theorem 3.7 and 3.8

In order to prove Theorem 3.7, we are going to use the disjoint case (and the correspond-
ing proof) in a major way.

Note that we can apply step 1) and 2) of the existence proof of Theorem 3.2, 3.3
and 3.4 on branched slits as well. We call (uy,, vy, u,v)¢cpo,r] bang-bang functions cor-
responding to (71,72)tcfo,r]- Using the notation of Theorem 3.7, step 1) and 2) give us
L = ¢q(I'y UT'y) like in the disjoint case.

Unfortunately, we can not apply step 3), 4) and 5) (directly) in the branch point
case. The reason for this is that we proved Proposition 2.55 in the disjoint case only.
Consequently, one might ask the question if Proposition 2.55 is true in the branch point
case as well. In general, this is not the case, so there are counterexamples, see Section

4.2. Nevertheless, we can use step 3), 4) and 5) in order to find the following lemma.

Lemma 3.12. Let Q be a canonical domain, (’71a’72)te[0,T] be a tuple of branched ap-
propriate slits in Q and for each t,7 € [0,T], fir denotes the normalised appropriate
mapping function on 0\ (v1(0,t] U2(0,7]). Assume (uy,, vy, u,v)iecp0,r) are bang-bang
functions corresponding to (v1,72):ejo,1)-

Then u,v : [0, L] — [0,T] are continuous and strictly increasing, c(f,,
all t € [0, L] and S1(u,v,[t,t],Z) — (t — )X and Sz2(u,v,[t,t],Z) — (t —
t,t€ S =Upen{mL | k€{0,....,2"}}, 0<t <t A€ (0,1) and L = c(f

Herein, for the definition of Sk(u,v, [t,t], Z) see Equation (3.2).

(t),v(t) ) =t for
t)(1 — \) with
T,T)

Proof. Summarising, step 1) and 2) yield that ¢ — wu(t) and t — v(t) are continuous and
increasing on [0, L] and ¢(fy(),0(r)) =t for all t € [0, L]. As mentioned before, this gives
us L = C(fT T)

Let t,t € S with 0 < ¢t < . Then either u(t) # 0 or v(t) # 0. Thus we find an
e > 0 such that € < u(t) or ¢ < v(t). Without loss of generality we assume ¢ < u(t).
Then we set h := f.0, G := h(Q\ m[0,¢]), A1 := h(mle,T]) and Ay := h(12[0,T7).
Obviously, A1, As are disjoint appropriate unparametrised slits in the canonical domain
G. Moreover, we find an ng € N in order to get u}(t) > ¢ for all n > ng. Since A,
and Ay are disjoint we can apply step 3), 4) and 5), so t — wu(t) and ¢t — v(t) are
strictly increasing on [t, L], S1(u, v, [t,t],Z) — (t —t)\ as |Z| — 0 with A\ € (0,1) and
Sao(u,v,[t,t],Z) — (t —t)(1 — ) as |Z] — 0. Note that ¢ > 0 is arbitrary, so ¢t — u(t)
and t — v(t) are strictly increasing on [0, L]. O

Now we are able to prove Theorem 3.7.

Proof of Theorem 3.7. Let € be a canonical domain and (71,72),;6[077«] be appropriate
branched slits in Q. For each t,7 € [0,7] we denote by f:, the normalised appropriate
mapping function on Q(t,7) := Q\ (71(0,¢] Uy2(0,7]). Assume (uy,, v}, u,v)selo,1] are
bang-bang functions corresponding to (v1,72)ejo,r) With L = ¢(fr,r). We set hy, :=
fut)w() forallt, 7 € [0, L]. Using Lemma 3.11, we find strictly increasing and continuous

functions

cx(t) = lim Sg(h,t,Z):= lim Si(u,v,t,2) for all ¢ € [0, L] and k € {1,2}.
|Z|—0 |Z|—0
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Next, Lemma 3.12 gives us ¢1(t) —ci1(e) = (t — )X and c2(t) — c2(e) = (t —¢)(1 — A) for
all e,t € S with 0 < & < t, and some A € (0,1). Letting ¢ N\, 0 we get c¢1(t) = At and
ca(t) = (1 —=MNtforallt e S. t— cx(t) is continuous on [0, L], so we find ¢;(t) = At and
ca(t) = (1 — M)t for all t € [0, L]. Using Lemma 3.11, for each ¢y € (0, L], we find

lim c(ht,to) - C(hto,to) =), lim c(hto,t) - C(hto,to)
t—to t— 1o t—to t—1o

=1—-A

For all t € [0, L], we set g; := hyy and D, := g,(€2(¢,¢t)). Consequently, Lemma 3.9 yields

2

9e(2) = E(he(2)) > MePay 00,0, (9¢(2)), forall t € (0,L] and all 2 € Qp,
k=1

with A\; := XA and Ay = 1 — A. Herein, for all ¢t € [0, L], a; := 0 in the radial case, a;
denotes the inner radius of D; in the bilateral case and a; := oo in the chordal case.
Herein, for all w € C, E(w) := w in the radial and bilateral case and E(w) := 5 in the
chordal case. Moreover, Uy (t) := gi(7y1(u(t))) and Ua(t) := g:(72(v(t))) for all ¢ € [0, L].
Note that ¢(ht) = t, so Lemma 3.10 gives us

§0(2) = E(2)®a9 1 (0),0(2) forall z € Q.

71(0) = 72(0) = U1(0) = U2(0), Do = €2, so we find

2

go(z) = E(go(2)) Z Me®@ g, 17,.(0), D0 (90(2)) forall z € Q.
k=1

Summarising, g;(z) satisfies a Komatu-Loewner equation with constant coefficients. [

Lemma 3.13. Let () be a canonical simply connected domain and denote by (71,72)tec(0,1]
a tuple of disjoint or branched slits in Q. For each t,7 € [0,T], we denote by f; the
normalised appropriate mapping function on Q\ (71(0,t]U~2(0,7]) and we set ¢(t, ) :=
¢(ftr). Assume 0 <t <t<T and0<71 <7 <T. Then

C(t?) - C(t,?) < C(iaI) - C(LI)-
Proof. Assume 0 <t <t <Tand 0 <7 <7 <T. Let h:= fi,, G:=h(Q\ (71(0,¢]U
72(0,7])) and Ay := h(y1(t,]) and Az := h(y2(7,7]). Note that Aj, As and A U Ay
are appropriate hulls in the canonical domain G and we denote by ha,, ha, and ha,ua,
the normalised appropriate mapping functions on G \ A1, G \ Ay and G\ (A1 U Ag),

respectively.
Consequently, we can apply Lemma 2.56 and 2.57 to get

c(hAlLJAz) < c(hAl) + c(hAQ)'

Note that ¢(ha,un,) = c(t,7) — ¢(t, 1), c(ha,) = ¢(t,7) — c(t,7) and c(ha,) = c(t,T) —
¢(t, ), so the proof is complete. O
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Proof of Theorem 3.8. 1) First of all, let Q2 be a simply connected canonical domain,
(71, 72)tejo,r) be appropriate branched slits in Q and let L := cq(I'y UT2). For each
t,7 € [0,T], we denote by f;, the normalised appropriate mapping function on Q \
(71(0, t]U~2(0,¢]). Assume uy, vy : [0, L] — [0,T] and ug, v : [0, L] — [0, T] are increasing
homeomorphisms having c¢(u1(t),v1(t)) =t = c(uz(t), v2(t)) for all ¢ € [0, L], and for each
to € [0,L] and k € {1,2}, t — c(ux(t), vg(to)) and t — c(ug(to), vi(t)) are differentiable
at tg with constant derivatives A\p and 1 — Ak, respectively. Using Lemma 3.9 and 3.10,
this is equivalent to claim that each ¢ — f, 1), () fulfils a multiple slit Loewner equation
with constant coefficients A\, and 1 — A, k € {1,2}.

2) Next, suppose A1 > Ao. Note that ¢ — c¢(ug(t),T) is differentiable at t = L

with derivative \g, k& € {1,2}. Moreover, ¢(ui(L),T) = L = c(u2(L),T), so we find
c(u1(t),T) < c(ug(t),T) for all t € (L —¢,L) with a small € > 0, as \; > 2. Using
Lemma 2.41, we find ui(t) < wua(t) for all t € (L —¢,L) as well. Let us denote by
to € [0,L) the unique time such that to := sup{t € [0,L) | ui(t) = ua(t)}. Using
ui(t) < ug(t) for all t € (L — e, L), we find {9 < L. Consequently, u;(t) < ua(t) for all
t e (to, L).
Next, let Zy := {to,...,t,} be a partition of the interval [to, L], say t; = to + %(L — o)
for all [ € {0,...,n}. Moreover, we find unique values 7,...,7, € [to, L] such that
ui(m) = ua(ty) for alll € {1,...,n}. Thus Z; := {70, ...7,} is a partition of the interval
[to, L]. Using ui(t) < ua(t) for all ¢t € (to, L), we find 77 > ¢; for all [ € {0,...,n}. Since
c(ua(ty),va(ty)) = t; < 7 = c(ui(m),v1(n)), Lemma 2.41 gives us vi(7;) > va(t;) for all
1 €{0,...,n}. Using Lemma 3.13, we find

¢(ua(ti+1),v2(tr)) — c(ua(tr), va(tr)) > ¢(ua(tivr), vi(n)) — c(uz(tr), vi(m))
= c(u1(74+1),v1(m)) = e(ur(m), v1(m))

for all I € {0,...,n — 1}. Consequently, we get

|
—

|
—

n n

¢(ua(tizr), va(tr)) = c(ua(ts), va(t)) > > c(ur(mgr),v1(n)) — c(ui(m), vi(n)).

l l

Il
o
I
o

Using Lemma 3.11, we see that the term on the left-hand side tends to Ao(L — tp), while
the right-hand side tends to A1(L — tp), so we find Ao > A;. This is a contradiction, as
Ao < A1, 80 A1 = g =: A,

3) Finally, we are going to show u;(t) = ua(t) for all t € [0, L]. Let ¢t € [0, L] be fix and
suppose ui(t) < ua(t). As before we find a unique ¢y := sup{7 € [0,%) | ui(7) = ua(7)}.
Using the continuity of u; and wug, we find ¢ty < t. Consequently, ui(7) < ug(7) for all
T E (to,t].

Next, let {tg,...,t,} be a partition of the interval [to,t]|, say t; = to + %(t — tg) with
1 €{0,...,n} and some n € N. Moreover, we find unique values 79, ..., 7, € [tg, L] such
that ua(t;) = ui(m) for all I € {0,...,n}. Note that Z; := {79,...,7,} is a partition of
the interval [to, 7] where T € (to, L] satisfies u;(7) = ua(t). Consequently, 7 > ¢ as well
as 7; > t; for all [ € {0,...,n}. Like in the previous part, we get va(t;) < vi(7) for all
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1=40,...,n}, so, together with Lemma 3.13, we find

—
|
—

n

c(ua(ti+1),v2(tr)) — c(ua(ts),v2(ts)) = ) e(ur(mi41), v1(m)) — e(ui(m), vi(m)).
1= l

n—

Il
=)

Using Lemma 3.11, the left-hand side tends to A(t —tp), while the right-hand side tends

to AM(7 — tp), so we get t > 7. This is a contradiction as t < 7, so the proof is complete.
O
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Chapter 4

Komatu—Loewner equations vs.
Loewner equations

Let 2 be a canonical domain and denote by (71, ..., vm)welo,r] @ tuple of disjoint ap-
propriate slits in 2. For each ¢ € [0,7], we denote by g; the normalised appropriate
mapping function on Q; := Q\ Uy, 7(0,t]. Moreover, for each k € {1,...,m} and
t € [0,T], we set hyy as the normalised appropriate mapping function on Q5 \ 7(0,2].
In this context Q° is the simplification of €, i.e. Q% := D if Q is a circular slit disk,
Q% := H if Q is an upper parallel slit half-plane, and Q° :=Ag ={z € C| Q < |2| < 1}
if Q is a circular slit annulus with inner radius @ € (0,1), see also Section 2.7.

Then one might ask whether there is a connection between differentiability of ¢ — g,
and differentiability ¢ — hy, with k£ € {1,...,m}? See also Figure 4.1 where we put g,
side by side to hj..

We will discuss this question in the disjoint case and in the branch point case sepa-
rately.

4.1 Disjoint slits

Theorem 4.1. Let Q be a canonical domain and denote by (y1,. .. a’Ym)te[o,T} a tuple of
disjoint appropriate slits in Q. For each t € [0,T], we denote by g; the normalised appro-
priate mapping function on Q; := Q\ Ui, 7(0,t]. Moreover, for each k € {1,...,m}
andt € [0,T], we set hyy as the normalised appropriate mapping function on Q°\~x(0,].
Let to € [0,T]. Then the following two statements are equivalent.

(i) t — g:(2) is differentiable at t = to for each z € .

(i) Each t — hy(2), k € {1,...,m}, is differentiable at t = to for each z € Q% \
Wk‘(ovtO]

Proof. Basically, this follows immediately from Proposition 2.55 and Theorem 2.30, 2.31
and 2.36. Therefore, for each t,7 € [0,T], frt, denotes the normalised appropriate
mapping function on @\ (v(0,¢] U U, 7;(0,7]). Let ¢y € [0,T]. Using Proposition
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2.55, we get for each k € {1,...,m}:

i Ukitte) = Ukstone) iy SUst) = (o)
Ai(to) == tlg% — exists < ug(to) :== tIL% P—

exists.

Using (i)« (ii) from Theorem 2.30, 2.31 or 2.36, we find: ¢ — g.(2) is differentiable at ¢
for each z € €, if and only if each limit A\g(¢p), k € {1,...m}, exists. In the same way,
for each k € {1,...,m}, t — hy,(2) is differentiable at ¢ for all z € Q5 \ v1(0, to] if and
only if the limit py(to) exists. O

g Po,uy(t),00 |
— T

Pt D T () —w
— 5 —

FIGURE 4.1: The mapping functions g; and hy. in the radial case; note that 09 =D
and @y, v, (1),8,0) (W) = (Ti(t) +w)/(Ti(t) — w)

We find easily with (ii)<>(iii) from Theorem 2.30, 2.31 or 2.36:

Corollary 4.2. Let Q2 be a canonical domain and denote by (y1, ... ,’ym)te[oyT} a tuple
of disjoint appropriate slits in . For each t,7 € [0,T] and k € {1,...,m}, we denote
by frir the normalised appropriate mapping function from Qp(t,7) := Q\ (7(0,¢] U
Uj2k 75 (0,7]) onto the canonical domain Dy(t, 7). Independently of k € {1,...,m},
we set g = frar, U = Q(t,t) and Dy := Dy(t,t) for all t € [0,T]. Moreover, for

each k € {1,...,m}, we set hy, as the normalised appropriate mapping function from
Q5 \ 71(0,1] onto A(t) with t € [0,T]. Finally, let E(w) := w in the radial and bilateral
case and E(w) := 3. in the chordal case. Let ty € [0,T]. Then the following two

statements are equivalent.
(i) t — gi(z) is differentiable at t = to for each z € 4, and satisfies
t0(2) = E(g1,(2)) Z Ae(t0) Py (o), Dy (910(2))  for all 2 € Qy,
k=1

with A\, (to) > 0 and Ug(t) := g¢(v(t)) continuous on [0,T). Herein, a; := 0 in the
radial case, a; is the inner radius of D; in the bilateral case and a; := oo in the
chordal case.
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(i) Eacht v hiy(2), k € {1,...,m}, is differentiable at t = to for all z € 25\ (0, 0],
and satisfies

hiesto (2) = E (gt (2)) 1 (£0) Poy, 1 (t0).An (t0) (Phsto (2))  for all z € Q5 \ %(0, %),

with pk(to) > 0 and Yp(t) = hi(Vk(t)) continuous on [0,T]. Herein, by := 0 in
the radial case, by is the inner radius of Ag(t) in the bilateral case and by := 0o in
the chordal case.

When this happens, A\y(to) = |ai(to)| px(to) for all k € {1,...,m} where each t
lak ()] == |(g¢ 0 hipy ) (Yk(t))] is a positive continuous function on [0, T].

In this context, each ¢ — |aZ(t)| represents a distortion factor. Note that positivity
and continuity of ¢ — |ag(t)| is an immediate consequence of Proposition 2.55.

I

\—//

FIGURE 4.2: The mapping g; o h;i involved in the distortion factor t — |ag(t)]

Next, we will use the previous results to give an idea how to find admissible parametri-
sations of unparametrised slits, in order to get Komatu—Loewner equations with differ-
entiability everywhere.

Corollary 4.3. Let Q2 be a canonical domain and denote by (I'y,...,I'y) a tuple of dis-
joint unparametrised appropriate slits in Q. Then we find an admissible parametrisation
(Y15 > Ym)eelo,r) such that for each z € 4, t — g4(z) is (continuously) differentiable
on [0, L] and satisfies

9t(2) = E(q:(2)) - Z Ak ()@, 1 1),0, (9¢(2)) for all z € Qr and all t € [0, L],
k=1

where t — Uk(t) := g:(vk(t)) and t — Ag(t) > 0 are continuous on [0, L] for each k €
{1,...,m}. Moreover, \1,..., A\ are normalised in the following sense: Y i Ap(t) =1
for all t € [0, L].

For each t € [0,L], g; denotes the normalised appropriate mapping function from
Q= Q\ Ui, 7(0,t] onto the canonical domain Dy. Moreover, for all w € C, we set
E(w) := w in the radial and bilateral case and E(w) := 5 in the chordal case. a; :=0
in the radial case, ay is the inner radius of Dy in the bilateral case, and a; := oo in the

chordal case for all t € [0, L].

Proof. First of all, let us fix k € {1,...,m} and T' > 0. Note that we find an admissible
parametrisation 0y : [0,7] — I'y such that ¢ — c(hyy) = Lk% with Ly = ¢q(Tx) > 0
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for all t € [0,T]. For each t € [0,T], hy, denotes the normalised appropriate mapping
function on Q5 \ 6,(0,¢]. To see this, let 6 be an arbitrary parametrisation of I'y, so
O [0,Ty] — T'x with T}, > 0. Let izk;t be the normalised appropriate mapping function
on %\ 05(0,]. Then t > ¢ (t) := c(hpy) is an increasing homeomorphism from [0, Tj]
onto [0, Ly]. Next, let 8 (t) := (o) o e ) (L), so ¢(hyy) = Ly for all ¢ € [0, 7).

Note that we can do this for each & € {1,...,m}, s0 (1, ..., 0m)[ 7] is an admissible
parametrisation of the tuple (I'y,...,T,;). Using Theorem 2.30, 2.31 or 2.36 applied
to the single slit case, hiy, ..., hm satisfy condition (ii) of Corollary 4.2 for each ¢y €
[0,T]. For each t € [0,T], g+ denotes the normalised appropriate mapping function on
Q\Upz; 0%(0,¢] and we set ¢; := ¢(g¢). Using Corollary 4.2, t — §¢(z) is differentiable on
[0,T7] for all z € @\, I'x. Moreover, t — ¢ is an increasing homeomorphism of [0, 7]
onto [0, L] with L > 0 and ¢ — ¢ is continuously differentiable with positive derivative
on [0,T]. Note that the positivity and continuity is a consequence of the positivity and
continuity of the distortion factor together with Theorem 2.30, 2.31 or 2.36. We set
di == ¢ for all t € [0, L].

Finally, let us define v (t) := 0(d;) for all ¢ € [0,L] and k € {1,...,m}. Note
that, for each k € {1,...,m}, t — c(hpq,) = %dt is continuously differentiable on
[0,L]. Again hj.q,,...,hm.a, satisfy condition (ii) of Corollary 4.2, so using Corollary
4.2, g; = ggq, satisfies condition (i). Using the same notations as in Corollary 4.2, each
t — pg(t) is continuous on [0, 77, as iy (t) := Le(hga,) = %dt > 0. Hence, t — Ag(t) is
continuous and positive on [0, L] as well. Moreover, ¢(g:) = ¢(gq,) = (cod)(t) =t for all
te€[0,T],s0 >t A\ =1 O

The previous corollary gives a construction how to find tuples of multiple slits that
lead to continuous normalised Komatu—Loewner equations, i.e. the mapping function
g¢ fulfils a differential equation everywhere (and not only almost everywhere) with nor-
malised A\;. The idea was to start with m € N single slit Loewner equations that are
everywhere differentiable. Using Corollary 4.2, we get differentiability in the multiple
slit setting as well. Finally, a normalisation afterwards gives us normalised weights A.

Next, we are going to construct tuples of multiple slits leading to continuous Komatu—
Loewner equations that are already normalised. Again, this is based on single slit
Loewner equations. Unfortunately, we can do this in simply connected domains only.
The reason for this is that we need the subadditivity of ¢, see Lemma 2.57 and 2.56.

Proposition 4.4. Let Q be a simply connected canonical domain and denote by (I'1,T2)
a tuple of branched or disjoint unparametrised appropriate slits in Q. Moreover, L :=
c(l'1 UT2). Assume (71)icp,r) 8 an admissible parametrisation of I'y such that t
c¢(hiy) ts Lipschitz continuous on [0, L] with a Lipschitz constant K < 1. Herein, for
each t € [0, L], hiy denotes the normalised appropriate mapping function on €\ v1(0,1].

Then we find a unique admissible parametrisation (v2)iejo,z) of I'2 such that ¢(g:) =
t for all t € [0,L] where g; denotes the normalised appropriate mapping function on
Q\ (71(0,t] U~a(0,¢]) for all t € [0, L].

Moreover, assume 't NTo = 0, i.e. (['1,T2) is a tuple of disjoint unparametrised
appropriate slits in Q. For each t € [0,L], hoy denotes the normalised appropriate
mapping function on Q\ v2(0,t]. Then t — hyy is differentiable at to if and only if
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t > hay ort i g is differentiable® at t.

Proof. 1) First of all, let (d2)e[0,z) be an arbitrary admissible parametrisation of I's.

Moreover, we denote by f; » the normalised mapping function on £\ (y1(0,t] U d2(0, 7])
with ¢,7 € [0, L]. Note that ¢(h1,;) <t for all ¢ € [0, L]. Consequently, for each ¢ € [0, L],
we find a unique 7 € [0, L] such that ¢(f;,,) = t. Hence, we get a unique continuous
function 7 : [0, L] — [0, L] such that ¢(f;,,) =t for all t € [0, L], and 79 = 0 and 77, = L.
Note that the continuity is an immediate consequence Lemma 2.42.

Next, we set y2(t) := d2(r¢) for all ¢ € [0, L]. Consequently, it remains to prove that
v2 : [0,L] — T is bijective. In order to prove the bijective correspondence let 0 <
t1 < to < L and assume 72(t1) = 72(t2). For each ¢,7 € [0,T], we denote by f;, the
normalised appropriate mapping function on €\ (71(0,¢] U~2(0,7]). Lemma 3.13 gives
us

o —t1 = c(ft27t2) - c(ftl,tl) = c(ftz,h) - c(ft1,t1)
< ¢(fra0) — ¢(fr1,0) = c(hie,) — c(h1y,) <t2 —t1.

This is a contradiction, so 2 needs to be bijective.

2) Additionally, assume (I'1,I'2) is a tuple of disjoint unparametrised appropriate slits
in Q.

Let be Z = {so,...,sp} be a partition of the interval [0, ¢] C [0, L] and we set:

|
—
;f
—

n

Sl(f7t7 Z) = c(fSl+1,Sl) - c(fsl,sl)a 82(f’ t? Z) = c(fsl,SlJrl) - c(fsl,Sl)‘

l l

Il
=)
Il
=)

By Lemma 3.6, each limit c(t) := lim 4,0 Sk(f,t, Z), k € {1,2}, exists and forms an
increasing and Lipschitz continuous function ¢t +— ¢ (t). Moreover, Lemma 3.6 gives us
c1(t) +ca(t) =t forall t € [0, L] as ¢(g;) =t for all t € [0, L]. Using Proposition 2.55 and
Lemma 3.6, for each k € {1,2}, ¢t — ¢4(t) is differentiable at o if and only if ¢ — hy,
is differentiable at ty. For each ¢t € [0,T], we have co(t) = t — c1(t), so t — ca(t) is
differentiable at ¢ if and only if ¢ — ¢(t) is differentiable at ty. Summarising, ¢ — hoy
is differentiable at g if and only if ¢ — hy; is differentiable at ¢y3. Using Theorem 4.1,
t — g; is differentiable if and only if ¢ — hy and ¢ — ho, are differentiable at ¢

O

Ezample 4.1. Let Q be a simply connected canonical domain and denote by (I'1,I'2) a
tuple of disjoint unparametrised slits in € with ¢q(I'y UT') = 1. Using Lemma 2.41,
L1 :=¢q(T'1) < 1 as well as Ly := ¢q(I'2) < 1. Consequently, we find an £ > 0 such that
L1+ ¢ <1 as well. Then we define

(L1 +e)t if t € [0, 3],

Uy [O7 1] — [O,Ll], t— ul(t) = {(Ll _€)t+5 ift e (l 1]
2

For each ¢ € [0,77], let f; be analytic on €, and assume (£2;);c[o,7) is continuous. We say ¢ — fi is
differential at to if for every z € Qy, t — fi(z) is differentiable at ¢o.
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Obviously, we find a unique admissible parametrisation (1);c(o,1] of I'1 such that c¢(h1) =
uy(t) for all ¢ € [0,1]. Again, for each t € [0,1], h1,; denotes the normalised appropri-
ate mapping function on D\ 41 (0,t]. Obviously, ¢(h1,t) = u1(t) is Lipschitz continuous
with Lipschitz constant L; + ¢ < 1. Using Proposition 4.4, we find a unique admissible
parametrisation (y2)¢co,1) of I'2 such that ¢(g;) = ¢ for all ¢ € [0,1]. Herein, g; is the
normalised appropriate mapping function on Q \ (v1(0,¢] U~2(0,¢]), ¢t € [0, 1].

Then the function ¢ — hj, is not differentiable at ¢ = %, see Theorem 2.30, 2.31 and
2.36. Using Proposition 4.4, t — hoy; and t — g; are not differentiable at ¢y as well.
Nevertheless, ¢(g;) = t is differentiable at tp, so this example shows that differentiability
of t — ¢(g;) at a point tg is not sufficient to get differentiability of t — g at tg.

Next, we will have a deeper look at ’nice’ slits, i.e. slits that are two times continu-
ously differentiable and regular. In this context, regular means that the first derivative
does not vanish. In the radial simply connected single slit case the following result, due
to C. Earle and A. Epstein, see [EE01], is already known.

Lemma 4.5 (Theorem 3, see [EEO1]). Let (v)icpo,r) be a radial slit in D with v €
C2([0,T]) and v regular, i.e. t — ~(t) is two times continuously differentiable on [0,T)
with 4(t) # 0 for allt € [0,T]. For eacht € [0,T], we denote by hy the normalised radial
mapping function on D\ (0, t].

Then t — hy is (continuously) differentiable on [0,T] and satisfies

Ty + he(2)

h(2) = he(u(t)Poce, o (he(2) = hal@®) 5 5

z2e€D\~(0,T], t €[0,T]
where, for all t € [0,T], T; := hy(y(t)) € T and u(t) > 0. On top of this T € C*([0,T])
and p € C([0,T7).

Next, we are going to generalise this result to multiply connected domains and several
slits.

Theorem 4.6. Let Q be a circular slit disk and (71, ... s Ym)telo,r) be radial slits in ).
For each k € {1,...,m}, assume v, € C*([0,T)) and ~y is regular. Moreover, we denote
by g+ the normalised radial mapping function on Q := Q\ UL, (0,1t for all t € [0,T).

Then for each z € Qp, t — gi(2) is continuously differentiable on [0,T] and satisfies

m

9t(2) = g1(2) Z Ak(8) @00, (1),0, (9¢(2))  for all z € Qp and all t € [0,T],
k=1

where, for each k € {1,...,m} and t € [0,T], Ux(t) := g:(7k(t)) and Ag(t) > 0. On top
of this, for each k € {1,...,m}, U, € C([0,T]) and \ € C([0,T)).

Proof. For each t € [0,T], we denote by hy,; the normalised radial mapping function on
D\ v(0,t] onto D. Using Lemma 4.5, for each k € {1,...,m} and z € Qp, t = hy,(2)
is continuous differentiable on [0, 7] and satisfies

f‘Lk;t(Z) = hk;t(z)ﬂk(t>q)0,’rk(t),]l)) (hkyt(z)) for all z € QT and t € [O,T], (4.1)
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with Yg(t) := hgt(ve(t)) and px(t) > 0. Moreover, Yy € C1([0,7]) and wy € C([0,T))
for each k € {1,...,m}. Then Corollary 4.2 shows that for each z € Qp, t — g(2) is
differentiable on [0, 7] as well and satisfies

91(2) = g1(2) > Me()@0 17 (1),1, (9¢(2))  for all z € Qp and t € [0, T, (4.2)
k=1

where A\ (t) = |ag(t)|>ur(t) and |ay| is positive and continuous on [0, 7]. Consequently,
each t — Mg (t), k € {1,...,m}, is continuous and positive on [0, 7.

Finally, for each k € {1,...,m}, we are going to prove Uy € C([0,T]). Therefore,
we fix k € {1,...,m}. Note that Ug(t) = gi(hy (Tr(t))) holds for all ¢ € [0, L], and
Y, € CY([0,T]). Let ty € [0,T]. Using Lemma 2.42 and 2.44, there is an ¢ > 0 and
a d > 0 such that z — (g o h,:%)(z) has an analytic continuation to Be(Yj (o)) for all
t € (to—0,to+0)N[0,T]. For each z € B-(YTy(to)) "D, t — (gi 0 h;%)(z) is continuously
differentiable on (top —d,t9+d)N[0,T]. An easy calculation together with Equation (4.1)
and (4.2) shows that ¢ — (g;0 h;%)(z) is continuous differentiable on B (Y (to)) as well.
Thus ¢ — Ug(t) needs to be continuously differentiable on (tg — d,to + ) N[0, 7] as well.
Summarising, Uy € C1([0,T7) O

4.2 Slits having branch points

Next, let us consider the branch point case. Is there a theorem like Theorem 4.1 as well?
In order to simplify the notations we take into consideration two branched slits only.

Let (I'1,T'2) be a tuple of branched unparametrised appropriate slits in Q. Here, 2
is a canonical domain and Q° denotes the simplification of Q. Assume (v, Y2)telo,T] 1
an admissible parametrisation, and for each t € [0,7], denote by hiy, hey and g; the
normalised appropriate mapping functions on %\ v1(0,¢], 25\ 72(0,¢] and Q\ (y1(0,t]U
v2(0,t]), respectively. Let to > 0. Then it is easy to see that ¢ — g; is differentiable at
to if and only if ¢ — hy; and t — ho, are differentiable at to. Note that we can trace
this problem back to the disjoint case. In particular, we apply g. with € < tg to get two
disjoint slits 0x(t) := g-(Vk(t +¢)), k € {1,2} and ¢t € [0,T — ¢]. Then we use Theorem
4.1 to get the desired statement. We used this method already in Section 3.2. Hence,
we have the following corollary.

Corollary 4.7. Let Q) be a canonical domain and denote by (Wl,vg)te[oﬂ a tuple of
branched appropriate slits in Q. For each t € [0,T], we denote by g; the normalised
appropriate mapping function on Q := Q\ (71(0,t] U~2(0,t]). Moreover, for each k €
{1,2} and t € [0,T], we set hyy as the normalised appropriate mapping function on
Q5 \ 7%(0,t]. Let tg € (0,T]. Then the following two statements are equivalent.

(i) t — gi(z) is differentiable at t = to for each z € Q.
(ii) For each k € {1,2}, t > hy(2) is differentiable at t = to for all z € Q% \ 71 (0, o).

It remains to have a look at the case tg = 0. In this case Theorem 4.1 is not true in
general, as we have the following result.
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Theorem 4.8. Let Q = H. Then we find a tuple (v1,72)iecjo,1) of branched chordal slits
in H such that for each z € H\ v(0,T] and k € {1,2}, t — hy,(2) is continuously
differentiable on [0,T], while, for each z € H, t — g:(z) is not differentiable at t = 0.
Herein, for each t € [0,T], hiy, hoy and g denote the normalised chordal mapping
functions on H \ ~v1(0,¢], H\ 72(0,t] and H\ (71(0,t] U~2(0,t]), respectively.

Proof. Let Q =H, 0 <e < % and let A be the closed set that connects the points

e 1, e 3. 1 3. 1. .
54-51, 5—1—11, 1—1—11, Z-i-l, €+1

by straight line segments, so A is the union of four closed straight line segments. Then we
set I'y := {0}UlJ2, 57 A. Note that £ANA = {£+£}, so 'y is a chordal unparametrised
slit in €2, see Figure 4.3. Then we find an admissible parametrisation of v, : [0,7] — T';
such that hcap(hiy) =t for all ¢ € [0,T]. In this context, for each ¢ € [0,T], h1,+ denotes
the normalised chordal mapping function on H \ 71 (0, ¢]. Obviously, 7' = hcapy(I'1) in
this case.

Iy

;

FIGURE 4.3: A andI'y fore =0

Next, we reflect I'; along the imaginary axis, so I'y ;= {z € C | —z € I'1}. We
parametrise o : [0,7] — I'y in the same way as I'y, i.e. hcap(hoy) =t for all ¢t € [0,T7.
Analogously, ho;s denotes the normalised chordal mapping function on H \ (0, ¢]. For
reasons of symmetry, v,(t), with ¢ € [0, T, is the reflection of v, (¢) along the imaginary
axis. Thus, for each k € {1,2} and z € Q\ I'y, t — hy,(2) is continuously differentiable
on [0, 7], see Theorem 2.36 applied to the single slit case.

On top of this, 'y and T’y are self-similar, i.e. %Fk C T'y with £ € {1,2}. Let
k € {1,2}. For each t € [0, T, there is a t* € [0, T] such that 7,(0,¢*] = 37x(0,t]. Note
that

heapy (d$)) = d? heapg($)) for all d > 0 and all chordal hulls § in H. (4.3)
Consequently, t* = hcap(hy,+) = +heap(hy) = $t. Thus we have (%) = 34 (t) for
all t € [0, 7). Inductively, we get V(1) = 5=7(t) for all t € [0,7] and all n € N.
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Next, for each ¢t € [0,T7], let us denote by g; the normalised chordal mapping function
on 2\ H(t) where $H(t) is the smallest chordal H-hull containing 1 (0, ¢] U~2(0,t]. Note
that $(¢) = 71(0,t] U~2(0,¢] whenever € > 0. On the other hand, the complement of the
union has bounded connected components if ¢ = 0. In either case, for each t € [0,7],
H(t) is self-similar in the sense that $(t) C $(t). To be more precise, () = 5=9(t)
for all t € [0,7] and all n € N, as () = 3(t), k € {1,2}. Next, let us define
c(t) == hcap(g;) for all t € [0,7]. Again Equation (4.3) gives us (&) = fc(t) for all
t € [0,7] and all n € N. Thus we may write

(7)) e
t

for all n € N and ¢ € (0, 7). (4.4)

t
4n

Suppose t — ¢(t) is differentiable at ¢ = 0. Then Equation (4.4) gives us c(t) = ¢(0) - ¢
for all t € [0,T7, i.e. cis linear. As T = hcap(hi,7) < hcap(gr) = ¢(T) = ¢(0) - T we
have ¢(0) > 1.

Let t5 and 1 be defined by v1(t1) = 3i + § and 71 (t2) = 2i + 5. From [LMR10],
Lemma 4.10, it follows that ta,¢1,c(t2), c(t1) depend continuously on €. For ¢ = 0 we
have $¢, \ 9, = 71(t1,t2] and we set A := hy, (He, \ 71(0,¢1]) and B := hyy, (71(0,22] \
71(0,t1]) = h1y, (71(t1,t2]). Note that A, B and AU B are chordal hulls in H. Using
Lemma 2.56, we get hcapy (2 U B) < hcapy () + hcapy(B). Moreover, heapy(2A) =
heap(gy,) — heap(hay, ), heapy(B) = hcap(hiy,) — heap(hig,) and heapy (A U B) =
hcap(gt,) — heap(hiy, ). Summarising, we find

c(ta) — ¢(t1) = heap(gs,) — heap(gy,) < heap(hiy,) — heap(hiy, ) = to — t1.
Now choose € > 0 small enough sucht that we still have

c(tz) — c(th)

Pas— < ¢(0) € (1, 00).

This is a contradiction as ¢(t) = ¢(0)t for all ¢ € [0,7]. Thus ¢ — ¢(t) := ¢(g¢) can not
be differentiable at ty. Finally, Lemma 3.10 and Remark 3.6 show that for each z € H,
t — ¢:(#) is not differentiable at ¢ = 0. O

Note that Theorem 4.8 is restricted to the chordal case. One reason for this is that
Equation (4.3), which is known as scaling property of hcap, is available only in the chordal
case. Another reason is Lemma 2.56 that is only available in the simply connected case.
Summarising, the previous counterexample is restricted to H. Nevertheless, we will use
this counterexample to find counterexamples in all other (even multiply connected) cases
as well. In order to to so let us have a look at the next lemma.

Lemma 4.9. Let (61,02):cj0,m) be a tuple of branched chordal slit in H with 61(0) =
0 = 62(0). Assume Q is a canonical domain. For each k € {1,2}, we set y(t) =
exp (V2idx(t)) in the radial and bilateral case and vi(t) := 0x(t) in the chordal case.

Then we find a to € (0,T] such that (y1,7%2)te(o,,] 5 @ tuple of branched appropriate
slits in 2. Moreover, let us consider one of the following two cases.

(i) ¢ :=1(0,t] and $H; := 6;(0,t] for all t <ty and some k € {1,2}.
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(ii) 9t = 71(0,1] U2(0,1] and $; := 61(0,t] U 62(0,] for all t < tg.

In either case, t v+ c(t) := cq($¢) is differentiable at t = 0 if and only if t — d(t) :=
hcapy (9:) is differentiable at t = 0. When this happens ¢(0) = d(0).

Proof. Obviously, we find a tg € (0, 7] such that v (0, t] NOQ = () for all k € {1,2}. For
each t € [0, 1], we denote by g; the normalised appropriate mapping function on €\ $;.
Moreover, g is the normalised chordal mapping function on H \ $ with t € [0, tp]. On
top of this we set s; := ¢;(9¢) and §; := gt(s%t) with ¢ € [0,%0]. Using Remark 3.6,
st = 71(0) = 72(0) and §; — 61(0) = 02(0) =0 as t \, 0.

Let € > 0 be small and let us consider the function

T(0) gt(exp (v2i- g;l(g))) in the radial or bilateral case,
H(C) =
9:(3,(0)) in the chordal case,
which is, by reflection and Lemma 2.42, univalent on D, for all ¢ € [0,¢*] with a small

t* < tp and small € > 0. In the radial and bilateral case we are able to write g, l(C ) =
—i% log (g; YTy(¢ ))) with a suitable branch of the logarithm and small ¢t. Using Lemma

2.39, we find with a substitution and the mean value theorem

)=+ [ 3 Ol =+ [ (=108 (9 (1)) ]

_ L [ R 3| L
- ﬂﬂ_ét/l ‘gt (Tt(C))“dq ﬂﬂ’!l ’gt (5)”T{(Tt—1(§))’|d€|
_ V2 1 nle? —7\/5 c

=~ Taitcan | e @1l = e

St

for all small ¢t < t* where (; € 5;. Note that the last equality follow immediately from
Lemma 2.27 and 2.34. Analogously, we have in the chordal case together with Lemma

2.39
1

i) = 2 [ 3 @)lact = - [ 3(s (10004l = et

St St

and (; € 5;. Note that ¢, L5 44 on Q and gt LUy id on H as ¢ N\, 0, so it is easy to see
that |T}(¢;)| — v/2 as t \, 0 in the radial and bilateral case, and |T}({;)| — 1 as t \, 0
in the chordal case. O

Combining Lemma 4.9, Theorem 4.8 and Lemma 3.10, we find the following corollary.

Corollary 4.10. Let Q be a canonical domain and denote by QS the simplification of
Q. Then we find a tuple (v1,72)tco,1) 0f branched appropriate slits in Q such that each
t > hi(2), k € {1,2}, is differentiable at 0 for all z € Q°, while, for each z € Q\ {0},
t — g is not differentiable at t = 0. Herein, for each t € [0,T], hiy, hoy and g
denote the normalised appropriate mapping functions on Q% \ v1(0,t], Q% \ 12(0,t] and
QN (71(0,t] U~2(0,¢]), respectively.
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On the other hand we also give a condition that ensures differentiability of ¢ — g; at
t = 0 whenever ¢ — hy; and t — hg, are differentiable at ¢ = 0. In order to do so, we
need the following definition. Therefore, let ¢ € (0,7). Assume (7)c(or) is a chordal
slit in the upper parallel slit half-plane 2. Then we say v approaches R at x € R in
¢-direction if for every € > 0, there is a tp > 0 such that

Y(0,t0] C{zeH | ¢p —e <arg(z —z) < ¢ +¢}.

Analogously, let ) be a circular slit disk or circular slit annulus and let ()07 be an
appropriate silt in . Then we say v approaches T at & € T in ¢-direction if for every
€ > 0, there is a g > 0 such that

7(0,t0] C{z €D | ¢ —e <arg(v(0) — 2) +arg(y(0)) — F < ¢ +¢}.

Theorem 4.11. Let (71,7%2)eo,r] be branched chordal slits in H. Assume y1 and 72
approach R at v1(0) = 72(0) in ag-direction with oy, € (0,7), k € {1,2}. For each
k € {1,2}, we denote by hiy the normalised chordal mapping function on H \ (0, ]
with t € [0,T], and assume that each t — hy4(2), k € {1,2}, is differentiable at t = 0
for all z € H. Then for each z € H, t — g.(2) is differentiable at t = 0 where g; denotes
the normalised chordal mapping function on 0\ (71(0,t] U~2(0,t]) with t € [0,T].

Proof. See Theorem 3 in [BS15b] O

Obviously, using Lemma 4.9 and 3.10 we find the following corollary.

Corollary 4.12. Let Q) be a canonical domain and let ('71772)te[0,T] be branched appro-
priate slits in ). Assume 1 and o approach the outer or unbounded boundary of €2
at v1(0) = 72(0) in ag-direction with o, € (0,7), k € {1,2}. For each k € {1,2}, we
denote by hy. the normalised appropriate mapping function on Q\~;(0,t] with t € [0,T7,
and assume that each t — hpy4(2), k € {1,2}, is differentiable at t = 0 for all z € Q.
Then for each z € Q, t — g4(z) is differentiable at t = 0 where g; denotes the normalised
appropriate mapping function on Q\ (71(0,t] U~2(0,t]) with t € [0,T].

Finally, it is worth to mention that the inverse of Theorem 4.11 or Corollary 4.12 is
not true.

Ezample 4.2. Let (I'1,T'2) be a tuple of branched chordal unparametrised slits in H,
and assume there is an admissible parametrisation (d1, 02)sj0,) such that for each k €
{1,2}, d; approaches R at 0;(0) = d2(0) in ay-direction with oy, € (0, 7). By definition
7 approaches R at v1(0) = 72(0) in ay-direction as well if (y1,72)icp,z) is another
admissible parametrisation of (I'1,T'2).

Without loss of generality we may assume L := hcapy(I';y UT2) = 1. Moreover, let
Ly, := heapy (T'y) with k € {1,2}. Then Ly < 1, so we find an £ > 0 such that L; +¢& < 1.
Next, we define:

(L1 +e)t if t € [0, ],

@ :[0,1] — [0, L], tHa(t)::{(Ll—s)H—e ifte (1
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We will use @ to construct another increasing homeomorphism w : [0, 1] — [0, L1]:
u(t) == (2t —1)+ 51 ift e (&, &) withn € N,
0 if t =0,

see Figure 4.4. We have |u(t2) — u(t1)| < (L1 +¢€)(ta — 1) for all 0 < t; < t9 < 1,
so w is strictly increasing and Lipschitz continuous on [0,1] with Lipschitz constant
L1+ ¢ < 1. Then we find a unique admissible parametrisation (VI)te[O,l} of I'y such that
heap(hiyt) = u(t) for all ¢t € [0,1]. In this context, for each t € [0,T], hi; denotes the
normalised chordal mapping function on Q \ ~;(0,¢]. Using Proposition 4.4, we find a
unique admissible parametrisation (72);g[o,1] of I'2 such that heap(g;) = t for all £ € [0, 1].
Analogously, g; denotes the normalised chordal mapping function on Q\ (71 (0, t]U~2(0, t])
with ¢ € [0,1]. Note that ¢(g;) = t is differentiable at ¢ = 0, so using Lemma 3.10, for
each z € H, t — ¢;(z) is differentiable at ¢ = 0. However, using Remark 3.6, t — h;4(2)
is not differentiable at ¢y for any z € H, as t — hcap(h1,t) = u(t) is not differentiable at
t=0.
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FIGURE 4.4: The function u from Example 4.2
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Chapter 5

Generalization to hulls with local
growth

Theorem 5.1. Let ) be a circular slit disk and denote by (9¢)ic(0,1) @ family of increas-
ing radial Q-hulls such that con(Q\ $¢) = con(Q) for all t € [0,T]. For each t € [0,T],
gt denotes the normalised radial mapping function from Q; := Q\ $; onto the circular
slit disk Dy. Moreover, assume lmr(g;) = t for all t € [0,T]. Then the following two
statements are equivalent:

(i) For eacht € [0,T], t — g is (continuously) differentiable and fulfils the differential
equation

9(2) = gi(2) - Po,v,,p, (9¢(2)) for allt € [0,T] and all z € Q,
with a continuous function t — U, € T.

(ii) For every ¢ > 0, there exists a § > 0 such that whenever t € [0,T — 0], some
cross-cut E of Q with diam(E) < € separates 0 from $i15\ 9.

In this context, a cross-cut E of the domain € is an open Jordan arc in Q'° such
that cl(E) = E'U {a,b} with a,b € 9. Let Q be a circular slit disk and let (£;)cjo,7)
be a family of increasing radial 2-hulls. Then we say (ﬁt)te[o,T} satisfies the local growth
property if condition (ii) from Theorem 5.1 is fulfilled. If & > 0 in condition (ii) is
sufficiently smalll!, the two endpoints a, b of the cross-cut E need to be part of the outer
boundary component of €, see Theorem V.11.7 and Exercise V.11.4 in [New52].

Unfortunately, Theorem 5.1, in particular the direction (i)=-(ii), does only hold for
hulls satisfying con(Q\ $;) = con(?) for all ¢ € [0, T]. We will give an example of a family
(9t)tefo,r) of increasing hulls such that ¢ — g; is differentiable, while (¢);c[0,7] does not
satisfy the local growth property. See Example 5.1 for more details. Nevertheless, the
direction (ii)=-(i) is true in general, see the next theorem.

10An open Jordan arc in € is the trace of a simple and continuous v : (a,b) = Q, a < b.

Hlet Cy,...,Cy denote the connected components of Q where C, = T. For each j € {1,...,n —
1}, we denote by z;,w; the two tips of C;. Moreover, we set mi := min’;;l1 |z; — w;| and mg =
min';;ll dist(C},0). Then € > 0 is sufficiently small if £ < min(my,m2).
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FIGURE 5.1: The concentric circular arc Cy gets swallowed by the hull $Hy,

Theorem 5.2. Let ) be a circular slit disk and denote by (9t)ic(0,1) @ family of increas-
ing radial Q-hulls satisfying the local growth property. For each t € [0,T], g; denotes the
normalised radial mapping function from 4 = Q\ $; onto the circular slit disk Dy, and
assume lmr(g;) = t.

Then, for each z € Qp, t — gi(z) is (continuously) differentiable on [0,T] and
satisfies the differential equation

9t(2) = g1(2) - Po,u,,p, (9¢(2)) for allt € [0,T] and all z € Qp,
with a continuous driving function t — U, € T, t € [0,T].

Ezample 5.1. Let Q := D\ C with C := {(1 —7)e’® | ¢ € [~,a]}, and a € (0,7) and
r € (0,1). Thus Q is a (doubly connected) circular slit disk. Moreover, we define an
increasing family of radial D-hulls ($)¢).¢[0,) as follows. We set $; := {1 —7 | 7 € (0,¢]}
if t € [0,7) and $, := (r,1). Note that ; := Q\ $; is doubly connected whenever
t € [0,7), while Q, := Q\ (r,1) is simply connected. As usual, for each ¢t € [0,r], we
denote by g; the normalised radial mapping function from €2; onto the circular slit disk
D;. Obviously, ($¢)se[o,] is continuous, so using Proposition 5.6, ¢ = g; and t + lmr(g;)
are continuous on [0, 7] as well. On top of this ¢ — lmr(g;) is strictly increasing on [0, 7],
see Lemma 2.24. Without loss of generality, we may assume lmr(g;) = ct for all ¢ € [0, r]
with ¢ := ¢q(9,)/r > 0. Otherwise we reparametrise $);. Using Theorem 2.30 (applied
to the single slit case) or Theorem 2.23, we find

9t(2) = cgi(2)@o,u,,0, (9¢(2)) for all z € Q, and all t € [0, 7). (5.1)

For symmetry reasons, we get Uy = ¢g.($:) = 1 for each t € [0,7). Moreover, using
Proposition 5.6 together with Proposition 2.11, we find Dy X Dast A

Let (tn)nen C [0,7) be a sequence with ¢, — r and we set h,, := ®q1,p, foralln € N.
Montel’s theorem gives us a subsequence (hy, )ken of (hy)nen such that hy,, L% b oon
D. The limit function A is either univalent or constant. Suppose h is constant. For each

w € C\{—-1}, we write T'(w) := g—:&, so each T o hy,, maps Dy, univalent into D where
T is associated with T. Using Equation (5.1), we find ®g 1 p,(0) = 1 for all £ € [0,r).

This gives us h = 1, and T o h = 0 as well. This is a contradiction to Wolff’s lemma'?.

To see this let g € T be fix and define E () := hn, (0B:(¢o) N Dy, ) for all k € N. Then
Wolff’s lemma gives us inf,¢., /) diam (Ek(r)) < 2m/+/log1/e for each ¢ € (0,1) and
k € N. We choose ¢ € (0, 1) small enough in order to get 2my/log1/e < 3. On the other

128ee [Pom92], Proposition 2.2.

96



CHAPTER 5. GENERALIZATION TO HULLS WITH LOCAL GROWTH

hand hy,, (K') tends uniformly to 0 for any compact set in K C . In particular there is
a k € N such that dist (hy, (Ti1—c),0) < 1/2, contradicting inf, ¢ (., /z) diam(Eg(r)) < :.
Summarising, A can not be constant, so h is univalent.

Next, we will show that A(D) = {z € C | R(z) > 0}. Therefore, let R,, := hy,(Dy,)
for all n € N, so R,, is doubly connected. In particular it is easy to see that R, = {z €
C | R(z) > 0} \ E,, where E, = {x, + 1y | |y| < yn} and z,,y, > 0, i.e. E, is a proper
closed line segments parallel to the imaginary axis. Thus it is enough to prove x,, — oc.
D;, =D\ C, is a circular slit disk where r,, := dist(C,,0) — 1 if n — co. Note that this
follows immediately from Dy =5 D if ¢ 2 7. Thus T(zy) = (T o hy)(ry) — 1 by Wolf’s
lemma used in the same way as before.

Summarising, h maps D conformal onto H with h(0) =1, so h(w) = (1 +w)/(1 —w)
for all w € D. Note that we can do this for each locally uniformly convergent subsequence
of (hn)nen, so the whole sequence h,, tends to h, i.e. hy, LWy 4 on D. Thus

1+ gr(2)
1—g:(2)

Finally, we find together with the mean value theorem

cgi(2)®0.0,,0, (9:(2)) 2 cgr(2) onDast 7r.

1+ gr(2)
1—gr(2)

Consequently, ¢ — ¢ is continuously differentiable on [0,r], while the corresponding
family of radial D-hulls (ﬁt)te[o,r} does not satisfy the local growth property.

9r(2) = cgr(2) for all z € Q\ 9,.

5.1 Some preliminary lemmas

Lemma 5.3. Let Q be a circular slit disk and let (9¢)ico,1) be an increasing family of
radial Q-hulls satisfying the local growth property. Then the family (55t)te[0,T] 18 contin-
UOUS.

Proof. First of all, let us define Q; := Q\ $; with ¢ € [0, T]. Using the monotonicity, see
Lemma 2.24, we need to study only the following two cases: t,, * to and t, \, to.

1) t, N\ to: Using Lemma 2.9, the increasing sequence (£, )necn has a kernel K.
Obviously, Q;, € K C (), for all n € N.

Let € > 0. Then the local growth property gives us an N € N such that whenever
n > N, some cross-cut F of {, with diam(FE) < € separates 2y, \ Q, = 9, \ Hy, from
0. Note that Q¢ \ K C Qy, \ 4, for all n € N, so E separates 2, \ K from 0 as well.
Letting € — 0 we find K = ().

2) t, / to: Again using Lemma 2.9, the decreasing sequence (€, )nen has a kernel
K. Obviously, Q;, € K C €y, for all n € N.

Let € > 0. Using the local growth property, we find an N € N such that whenever
n > N, some cross-cut E of ), with diam(E) < € separates Q, \ €, from 0. Note that
K\ Q CQ \ Q for all n € N, so E separates K \ 2, from 0 as well. Letting ¢ — 0
we find K = (.
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Summarising, €2, is the kernel of (£, )nen. O

Let © be a circular slit disk and let (¢);cj0,r) be an increasing family of radial
hulls in Q. Moreover, we denote by C,...,Cy_1, with n = con(Q2) € N, the interior
boundary components of Q. Let C' € {C1,...,Cy_1} and let ¢ty € (0,7]. Then we say C
is swallowed by $y, if dist($y,, C) = 0, see also Figure 5.1

Lemma 5.4. Let Q be a circular slit disk, ($¢)iejo,r) be a family of continuous and
increasing radial Q-hulls, and we set Q = Q\ 9y for all t € [0,T]. Then the step
function t — con(Qy), t € [0,T], is decreasing, continuous from the right and of finite
range.

Proof. First of all, the monotonicity is an immediate consequence of the property $; C
$Hs for all 0 < ¢ < s <T. The fact that ¢ — con(€);) is a step function of finite range is
trivial.

Next, let be ¢ty € [0,T) and denote by C' € {C1,...,Cy} an arbitrary boundary com-
ponent satisfying dist(9¢,,C’) > 0, i.e. C' is not swallowed by the hull $);,. Consequently,
we find a small § > 0 such that C° := {z € D | dist(z,C) < 6} is not swallowed by $,
as well, i.e. dist(£),,C°) > 0. Consequently, dC° C Q, if § is small enough. Assume
(tn)nen C [0,7T] with ¢, N\, to. Since €y, is the kernel of the sequence €, we find
oC% C Q, for all m > N € N. Thus we have 0 < dist($),,C°) < dist($),,C) for all
n > N. Using the monotonicity of the family ($¢).ejo,r), We get dist($:, C) > 0 for all
t € [to, tn]. Finally, since we are able to do this for each C' that is not swallowed by £,
we find con(€) = con(y,) for all t € [to, t*] with t* > tg, so t — con(€);) is continuous
from the right. O

Lemma 5.5. Let Q be a circular slit disk and ($¢)cjo,m) i an increasing family of
radial Q-hulls. For each t € [0,T], g+ denotes the normalised radial mapping function
from Q == Q\ H; onto the circular slit disk Dy. Let (tn)nen C [0,T] be a sequence
converging to to € [0,T] and assume S, LN Q, and Dy, Xy D. Then D is a circular
slit disk.

Proof. First of all, we set m := con(£,) and s := lim,,_,o con(€Y, ). Using Lemma 5.4,
we get s > m. We will separate the following two cases:

1) s = m: In this case con(£2,) = con(€Y,) for all n large enough. By assumption
Q. X Q,, SO g, Lo, gt, on £y, see Lemma 2.25. Using Proposition 2.11, we find
91, () = Dy, =5 Dy = g4, (), 80 Dy, = D is a circular slit disk.

2) s > m: In this context we use the same abbreviation as in the proof of Lemma
2.13. Since t — con(§) is a step function, we are able to find an N € N such that
con(€Y,, ) = s for all n > N. Again, Lemma 5.4 gives us t,, < to for all n > N.

First of all, we are going to show that there is an r € (0,1] such that %D is a circular
slit disk. We denote by Fji,...E,, the connected components of C\ D where E,, is
the unbounded connected component. Analogously to the proof of Lemma 2.13, we
find for each Fy, k € {1,...,m}, a Jordan curve Ay C D such that Ay separates Ej
from E; with j € {1,...,m} \ {k}. Moreover, we can choose Aj in such a way that
dist(Ag, Aj) > 0 whenever j # k. We set B2 := Ay Uint(Ag), k € {1,...,m — 1} and
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ES = Ay Uext(Ay,). Then D2 := D\ |JJL, E2 is an m-connected domain. Note that
D is the kernel of the sequence (Dy, )nen and cl(D?) is a compact set in D, so we find
cl(D?) C Dy, for all n > N with some N € N.

Next, we denote by Fi,..., Fs the connected components of C\ D;, where Fy = {z €

C | |z] > 1} is the unbounded connected component. Consequently, F1,...,Fs_; are
concentric circular arcs. Obviously, we find Fy C Ef‘(k) for all £ € {1,...,s} where
I:{1,...,s} — {1,...,m} is onto. Let E be an arbitrary connected component of

C\ D. Then for each a € JF we find a sequence a,, € 9D;, with a,, — a, see Lemma
2.10. Suppose a,b € OF with |a| # |b|. Lemma 2.10 gives us sequences (ay,), (by,) C 0Dy,
such that a,, — a and b, — b. Consequently, |ay| # |b,| for all n > M with M € N.
Since Fi, ..., Fy are circular arcs, there are at most s different sequences (|ay|)n>n, so
the set {|a| | @ € OF} is finite. This proves that |a| is constant for each a € JF. Since
D CD, E;...Ep,_ are circular arcs, while 0F,, = T, with r € (0, 1].

Finally, we are going to show » = 1, so D is a circular slit disk. Suppose r < 1. We set
hy = ggll for all n € N. Using Proposition 2.11, we find h, vk on D. Moreover,
h: D — €, is conformal, as ¢;(0) € [1,¢7(0)] for all ¢t € [0,T], see Lemma 2.24. Then
we are able to find a subsequence (Dtnk Jken of (Dy,, )nen such that for some 1,79 € (r,1)
with ry <7, Ay, :={2 €D | r < |z| <12} C Dy, forall k € N. Using Montel’s
theorem, we find a subsequence (A, )ken Of (hn, )ken such that (A, )keny converges
locally uniformly on A, ., to the function hA* : A, ,, — C, which is either univalent
or constant. In order to show that h* can not be constant, we set (1) := rge'” for all
7 € [0,27] and some 1 € (r1,72), so I' := [0, 27] is a compact set in A, ,,. Moreover,
v has winding number 1 around 0. Suppose h* is constant. Then (hy,, )gen converges
uniformly on I' to 0. This is a contradiction to the fact that h,, is conformal. On the
other hand, suppose h* is univalent. Then I' is mapped to the Jordan curve h*(T).
Note that hy,, (') separates T U $,,, from 0 and $,,, (I') converges uniformly to h*(T'),
so h*(I') € Q,. On the other hand gy, (h*(I')) converges uniformly to a compact set
K C D. This is a contradiction, since I' € Ay, ,, and g4, is univalent.

O]

Proposition 5.6. Let ) be a circular slit disk, (ﬁt)te[oﬂ be an increasing family of
radial Q-hulls and let tg € [0,T]. For each t € [0,T], g+ denotes the normalised radial
mapping function from Q := Q\ ¢ onto the circular slit disk Dy. Then the following
three statements are equivalent.

(i) t — Q is continuous at t.
(i) The real-valued function t — lmr(g;) is continuous at to.
(7ii) t — gy is continuous at to.

Proof. First of all, note that (iii)=-(ii) is trivial.

In order to prove (i)=-(iii) let us assume €, LN y, for some sequence t,, — tg. By
Montel’s theorem we find a subsequence (£, )ren of (¢, )nen such that g, LNA
on Q. Herein, h : @, — D is a conformal map, as g; (0) > 1 for all n € N. Using
Proposition 2.11, Dy, X, D as k — co. Thus Lemma 5.5 shows that D is a circular slit
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disk. Analogously to the proof of Lemma 2.25 we easily see h = g4,. Thus g, Lo, Gto
on {1, as well.

Finally, let us have a look at (ii)=-(i). Let us assume ¢ — lmr(g;) is continuous at
to. Denote by (tn)neny C [0,7] a sequence converging to to € [0,7]. Without loss
of generality we may assume t, ' to or t, N\, to. In either case, (€, )nen has a
kernel K, see Lemma 2.9. As a consequence of Montel’s theorem we find a subsequence
(¢, Jken of (¢, )nen such that g;, convergences locally uniformly to g : K — D. Since
Imr(gy,,) — lmr(gy,), we find Imr(g,) = lmr(g). Moreover, K C €, or 4, C K, so we
find K = 4, together with Lemma 2.24. O

Lemma 5.7. Let Q) be a circular slit disk and denote by C1,...,Cy_1, n € N, the interior
boundary components of Q2. Moreover, let (th)te[O,T] be an increasing and continuous
family of radial Q-hulls, and for each t € [0,T], we denote by g; the normalised radial
mapping function on Q= Q\ H;. Assume C € {C,...,Ch_1} with cl(H;)NC =10 for
all t < tg. Then t — dist(0, g:(C)) is continuous on [0,1y).

Proof. Let t* < tg. Thus we find a Jordan curve I' C Q4+ around C' with I" close enough
to C such that dist(ge(2), g+ (C)) < €/2 for all z € I with some small € > 0. Using
Proposition 5.6, we get g; —— g4 on 4+ as t — t*. In particular, we find g; — g4
uniformly on I'. So thereis a d > 0 such that |g:(z) — g (2)| < /2 forallt € (t*—6,t*+0)
and all z € I'. Consequently, dist(g:(2),g+(C)) < € for all t € (t* — 0,t* 4+ J) and all
z € I'. Since g:(C) is part of the interior of g.(I"), we find dist(g:(C), g+ (C)) < € for all
t € (t" —0,t* + 9) as well. Both sets g,(C) and ¢4+ (C) are circular arcs, so the proof is
complete. O

Lemma 5.8. Let ) be a circular slit disk. Assume ($t)co,r) 8 an increasing family
of radial Q-hulls. Moreover, for each t € [0,T], g; is the normalised radial mapping
function from Q := Q\ $; onto the circular slit disk Dy.

Then the following two statements are equivalent.

(i) (9¢)iejo,r) satisfies the local growth property.

(ii) For each e > 0, there exists a § > 0 such that whenevert € [0,T—46], some cross-cut
F of Dy with diam(F) < e separates 0 from gi(9¢1s \ Ht)-

Proof. 1) (i)=(ii): Let ($¢):c[o,7] be a family of increasing Q2-hulls satisfying the local
growth property. Let ¢ > 0 be small. We find a § > 0 such that whenever ¢ € [0, T — §],
some cross-cut E of ; with diam(FE) < € separates 0 from $;45\ 9. Assume a € E. For
each r € [g,+/¢], C, := 0B,(a) N separates E in Q; from 0. Obviously, C, separates
Kiis\ K¢ in ©y from 0 as well. Using Wolff’s lemma, we find inf, (. 7z diam(g:(C)) <

4m/+/log1/e. Let F := hy(E), so we get diam(F') < 47/+/log1/e as well.

2) (ii)=(i): This works in the same way by Wolff’s lemma.
U

Remark 5.1. In the simply connected case, (i) and (ii) from Lemma 5.8 are equivalent
to the statement
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(ii1) For each e > 0, there exists a 0 > 0 such that whenevert € [0,T—0], diam(g:(He4s5\
.ﬁt)) < €.

Unfortunately, this is not the case if we consider multiply connected domains, see Ex-
ample 5.1 where condition (iii) is satisfied, while (i) or (ii) are not.

Obviously, the implication (ii)=-(iii) is true. When this happens, we are able to
define U; = (Ny=oCl (9¢:(He4s \ $H:)) for all ¢ € [0,7). Analogously to the previous
chapters t +— U, is called driving term or driving function.

Lemma 5.9. Let Q be a circular slit disk and let (9t)ico,1) be an increasing family of
radial Q-hulls satisfying the local growth property. Then for each t € [0,T], cl($;) is
connected.

Proof. First of all keep in mind that o = 0 as (9t)tefo,7) 1s an increasing family of radial
Q-hulls. Suppose there is a tg € (0,7 such that cl($,) is not connected. Then there
are proper compact sets A and B such that AN B = () and AU B = cl($,). We set
ta:=1inf{t € [0,t0] | ANcl($H:) # 0} and tp := inf{t € [0,t0] | BNcl(H:) = 0}. Without
restricting generality we may assume t4 > tp. Note that t4 < tg. Otherwise t — (),
with Q; := Q\ £, is not continuous at ¢ = ¢ty contradicting Lemma 5.3. Using the same
argument, AN, = 0.

If t4 = 0, we immediately find go($9:) N A # 0 and go($H-) N B # (). Consequently,
diam($.) > dist(A, B) for all € > 0. This yields a contradiction to the local growth
property, see also Remark 5.1.

Next, assume t4 > 0. Obviously, we find an open set £ C €, such that cl(A N
Niy+er) € EUT and dist(OE \ T, AN $Hy,4e) > 0 with some small ¢/ > 0. For each
t € [0,ta], we reflect g; on T := TN cl(E), so g is analytic on Q;, U E with E := {w €
C | 1/w € E}. Then Proposition 5.6 gives us g;,—« Lu., gr, on , UEUTE as e \, 0.
Let E' := g, (E). This shows diam(g¢,—c(tte \ Ney—e)) > dist(ge, (e 1o N A), OE")
for all small ¢ < ¢’ yielding a contradiction to the local growth property, see Remark
5.1. O

Lemma 5.10. Let Q2 be a circular slit disk and ($¢)ejo,r) be an increasing family of
radial Q-hulls satisfying the local growth property. For each t € [0,T], g; denotes the
normalised radial mapping function on Q := Q\$;. Assume Uy := (520 ¢l (g:(Hi45\H¢))
with t € [0,T).

Then t = Uy is uniformly continuous on [0,T). Furthermore, the limit lim; »7 Uy =:
Ur exists.

Proof. We are going to prove the following statement:
Ve>030>0V0<t<s<Twiths—t<d: |U—Us| <e.

For each 0 <t < s < T, we set St := g:(Hs \ Ht).

Let us assume the opposite, so there are sequences (¢, )nen and (S, )neny With ¢, < s,
and |t, —sp| — 0 such that |Us, — Uy, | > ¢ for all n € N and some € > 0. Without loss of
generality we assume that the sequences (t,)nen, (Sn)nen and (Uy, )nen are convergent
with limits g = sg and U™, respectively.
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Next, we denote by C1, ..., Cy_1 the interior concentric circular arcs of 02. Each Cj
that gets not swallowed by £, fulfils dist(gs, (C),0) > p for all large n € N and some
p > 0 with p < e. If C} gets swallowed by $, such that dist(Cy, $¢,) > 0 for at least
infinite n € N, we get dist(S;,, ¢y, 9+, (C)) = 0 and ¢, < to for almost all n € N. Thus any
small cross-cut F' that separates Sy, s, from 0 separates g;, (C) from 0 as well.

Using Lemma 5.8, we choose N € N large enough such that whenever n > N, some
cross-cut I, of Dy, separates S, max(sn,to) from 0 with diam(F,) < 2. Moreover, we
enlarge N in such a way to get Uy, —U*| < § for alln > N.

A

FIGURE 5.2: Mapping behaviour of gs, and gy,

As mentioned before, for any k£ € {1,...,n—1} and large n > N, dist(gy, (Ck),T) =0
(i.e. C) was already swallowed by the hull), dist(g¢, (Cx), T) > p, or F,, separates g, (Cy)
from 0

In either case, hy, 1= gs, 09y Ll can be continued in an analytic way to a neighbourhood
V of OB, )5(U*) for all n > N, as |[U* — Uy, | < 4, Uy, € cl(St,,s,) and diam(Sy, s,) <
diam(F,) < § for all large n > N. Using Proposition 5.6, h, convergences uniformly
on 0B, /5(U*) to the identity. Thus we find hy,(0B,/2(U*)) C Bs,/4(U*) for all large n.
Moreover, we set

Stoysn = cl{z € T|3r > 03(zx)pen C Ds,: 2 — 2z and |h, ' (2)] < 1—r},

so we have sy, s, C Bs,/q(U*) and Us, € sy, 5, for all large n. Consequently, we find
\Us,, — U, | < |Us, —U*| +|U* = U, | < % + & = p < e. This is a contradiction, so the
proof is complete. O

Remark 5.2. As another consequence, we have seen in the previous proof that s;, s, —
Ui, whenever t, — to < s,. Herein, s;, s, is defined in the same way as before.

Let €2 be a circular slit disk and let $) be a radial -hull. Note that we can not apply
Lemma 2.27 or 2.28, as Q \ § is not necessarily locally connected. In the following we
will deduce a way to circumvent this problem. Therefore, we denote by g the normalised
radial mapping function from Q\ $ onto the circular slit disk D. Moreover, let us assume
cl($) is connected. Using Lemma 5.9, this is always the case if the hull $ comes from a
family that satisfies the local growth property. Next we set

sg:=cl{z €T|3r>03(2x)ken € D: 2 — z and lg7 (z1)| < 1—r}. (5.2)
sg is a connected and compact subset of T. On top of this we define
9 :=HU{g7(2) | z € D, dist(z,s4) < ¢},
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FIGURE 5.3: The e-extension of a hull $

what we call the e-extension of § in (), see Figure 5.3. Note that $° is a radial Q-hull
as well if € > 0 is small enough.

In contrast to $, $H° is locally connected. This allows us to apply Lemma 2.27 and
2.28 followed by the limit process € — 0. See the following three lemmas for more details

Lemma 5.11. Let Q be a circular slit disk, $ be a radial Q-hull such that cl($)) is con-
nected, and for each small € > 0, H® denotes the e-extension of $. Moreover, we denote
by g and g° the normalised radial mapping function on Q\ $ and Q \ H°, respectively.

Then g° Lo, g on § as e — 0. Moreover, sgq= — Sg as € = 0 where sg and sge are
defined by Equation (5.2).

Proof. Obviously, 2\ $H° X0 \ $ as € — 0, so Proposition 5.6 gives us ¢° Lu, g on
Q\ $ as ¢ — 0. Consequently, h. := go (¢g°)~! tends to the identity, so sg- — s follows
immediately with an reflection of h. on T. O

Lemma 5.12. Let Q be a circular slit disk and let $ be a radial Q-hull such that cl(9)
is connected. Moreover, g denotes the normalised radial mapping function from Q\ $
onto the circular slit disk D. Then

1 / I |(¢)(C)] - @ocpe (=) |d¢| for all = € D,

Spe

where H° denotes the e-extension of §, ¢° is the normalised radial mapping function
from Q\ $° onto the circular slit disk D¢, and sge is defined by Equation (5.2).

Proof. This follows immediately from Lemma 2.28 and 5.11. 0

Lemma 5.13. Let Q) be a circular slit disk and let $ be a radial hull in Q such that
cl($)) is connected. Moreover, g denotes the normalised radial mapping function from
Q\ $ onto the circular slit disk D. Then

Imr(g) = — lim 2i / In ‘(gg)_l(C)’ |d¢],

e—=0 21
855

where H° denotes the e-extension of §), g° is the normalised radial mapping function on
O\ H°, and sge is defined by Equation (5.2).

Proof. This follows immediately from Lemma 2.27 and Lemma 5.11. O
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5.2 Proof of Theorem 5.1 and 5.2

Proof of Theorem 5.2. First of all, for each t € [0,T7, cl($);) is connected, as ($t).e(0,7
satisfies the local growth property, see Lemma 5.9. Moreover, U; is defined as in Lemma
5.10 for each ¢t € [0,T]. Let 0 <t < ¢t < T be fixed, so 97 = ga = g5 O g7 ! is the
normalised radial mapping function on D, \ 2, with 2 := g;($3; \ $;), onto the circular
slit disk D;. Obviously, 2 is a radial D;-hull, so the mapping function is well-defined.
Using Lemma 5.12, we find

= lim QL / In |gi§(§)‘ - ®g ¢ pe(2) |d¢| for all z € Dy,

Sq(e
where 2° denotes the e-extension extension of 2, gge denotes the normalised radial
mapping function from D, \ 2° onto the circular slit disk D and sg- is defined by
Equation (5.2). As a consequence of Lemma 2.18, ¢ — ®q ¢ p<(z) is continuous on sge,
so the mean value theorem yields

g;gl(z)
og —

: . 1 1
= 251(1] (g)fE((I)O,Cf,DE (Z)) + 1%((1)07C§,D5(Z))) % / In |ng5 (C)’ |dd, S Df
S9e
where (f,(5 € sg=. Note that (5, (5 are bounded, so we find a sequence (&, )neny With
en, — 0 and C;” — (j, j € {1,2}, as n — oo. Moreover, Lemma 5.11 yields ¢; € sq,
j €{1,2}. Using Lemma 5.11, we find D*» X D; with con(D®") = con(Dy) if n is large
enough. Letting n — oo, Lemma 2.18 and 5.13 give us
g;zl(z) .
log — = —(?R((I)O,§17Dz(z)) + 16(@07427]3{(;:))) Imr(gy) for all z € D;.

Using Imr(gy) = Imr(g, ;) = lmr(g;) —Imr(g;) = £ — ¢ and by applying 2z = g;(w), we find

~

g(w
gz (w

t—t
For each j € {1,2}, (j € sy, s0 = Uy if t "yt and (;f — U; if t 7 t, see Remark 5.2.
Letting t /¢, Lemma 2.18 shows

—log

N

= %((I)O:CLD{ (gg(w))) + i%(tIDO,CQ’Dz (gg(w))) for all w € Q.

Lu. 7
q’&(pDz ° g; — ©07U27DZ © g; on Qf ast /‘ t.

On the other hand let ¢ N\, t. Then Lemma 5.4 yields con(D;) = con(D;) if ¢ is close
enough to t. Consequently, we can use Lemma 2.18 once again together with Proposition
5.6 to obtain

Lu. 7
cI)Oij,Dz ° g; — @Q’UbDé °© g on Q; ast \‘ t.

Note that the continuity of ¢ — ®¢ ¢, p, follows analogously to the proof of Lemma
2.18 combined with Wolff’s lemma (applied in the same way as in Example 5.1). Sum-
marising, the proof is complete as t — U, is continuous by Lemma 5.10. U
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Proof of Theorem 5.1. Note that the previous proof showed already (ii)=- (i), so we need
to prove (i)=-(ii) only.

1) First of all, t — Q; and t — g, are continuous on [0,7] by (ii)=-(i),(iii) from
Proposition 5.6. Let us denote by Ci(t),...,Cq(t) the boundary components of D;
where Cy(t) = T. As con(€2;) = con(f?) for all ¢ € [0,7], Lemma 2.42 gives us a p > 0
such that dist(Ck(t),T) > p for all t € [0,T] and all k € {1,...,n —1}.

2) Next, we are going to prove |®g 1, p,(w)| < ﬁ for all w € D, and all t € [0, 7]
with some K > 0. Using the definition of ®q 1, p,, we find Ri(w) := ®o v, p, (W) - (w—Uy)
is bounded on D;. Suppose there is no K > 0 fulfilling the previous condition. Thus
there is a sequence (t,)neny C [0,7] and a sequence (wp)neny With wy, € Dy, such that
Ry, (w,) — oo. By boundedness, we may assume t, — to € [0,7]. Using Proposition
211, Dy, TN Dy, so together with con(Dy,) = con(Dy,) and Lemma 2.18 we find
0.0, D, SN ®o,0,,,01, 00 Dy, Thus Ry 1%y Ry, on Dy, as well. Since dist(Cy(t), T) >
p for all t € [0,T], we are able to reflect each @ s, p,, t € [0,T], along T, so we are able
to continue each R; analytically to A 14, with p > 0 defined in Part 1.

Let r € (1,1 + p), so Ry, converges uniformly on T, to Ry, (T,). Obviously, R, (T;) is
bounded and we have |Ry, (w,)| < max.cqm,) R, (2)] = maxcer, [Ry, (). This is a
contradiction.

3) In order to continue the proof, we follow the first part of Pommerenke’s proof,
see proof of Theorem 1 in [Pom66]. Therefore, we set Sy = g:(9s \ H¢), whenever
0<t<s<T,andlete > 0.t U is uniformly continuous on [0,T], so we find a
6<85—I2(suchthat U —Us| < §forall 0 <t <s<T withs—t<6. Here K > 01is
defined like in Part 2

We are going to show v(s) := |U; — (gsog; ') (w)] > 5 whenever w € Di\ Sys, lw—Uy| > ¢
and 0 < s —t < §. Suppose this is false, i.e. we find ¢t,s € [0,7] with 0 < s —t < ¢ and
w € Dy \ Sis, |[w—Us| > e such that v(s) < 5. Note that v(t) = |[U; — w| > €, so we find
a first time ¢; € (¢, s] such that v(t1) = 5. This follows immediately from the fact that
7+ v(7) is continuous on [t, s|]. Consequently, we get

|U; = (g- 0 g7 ) (w)| > Uy = (g7 0 g, ) (w)| = |Ur = U]
=u(r) = |Ur Ui 2 5= 5 =%

for all 7 € [t, t1]. Using the differential equation, we find together with the previous part
| &v(D)] < [(gr 0 g ()] - [Pou,,p, (9- 0 g H(w))] < 1- 2

for all 7 € [¢,t1]. Summarising, we find the following contradiction

2
< (-0 <ot < K-

E—¢— £
7 = ¢ 2 5.

rolm

<u(t)—v(t) = ‘/tlt dy(r)dr

Unfortunately, we can not apply further parts of Pommerenke’s proof, so we need to
argue in an another way.
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4) Next, we are going to show that for each ¢ > 0, there is a p© > 0 such that
diam(S;s) < 3e, whenever t,s € [0,7] with 0 < s —¢ < p. In order to prove this,
suppose there are sequences (t,)neN, (Sn)nen C [0,7] and an € > 0 such that ¢, — s, — 0
and diam(S, s,,) > 3¢ for all n € N. By boundedness, we may assume that (¢,) and (sy,)
are convergent with limit ¢y € [0,7]. Thus we find w, € Dy, \ Si, s, (close enough to
Si,..5,) such that |w, — Uy,| > € and |(gs, © g;.")(wn)| > v/|wn] for all n € N. Moreover,

we write g¢, (2n) = Wy, so we have |gs, (2n)| > v/|9t, (2n)|. Using Part 3, we are able to
choose n large enough in order to get 0 < s, —t,, < § where § < 8‘3—;( is defined as in Part
3. Thus we find

v(s) = |Ut, = (95 © ge,) " (wn)| = [Us,, = gs(2a)| > §  for all s € [tn, su].

g

Moreover, using |U; — Us| < § whenever [t — s| < 6, we find |Us — gs(2,,)| > § for all
S € [tn, sn]. For each n € N, we get

1 1 . 11 1 Gsp(2n) | _
4 <|gin(z7l)‘ 1) é 22 ln gtn(z”) gtn(z'fl) o

In|gs, (2n)| — In|gs, (2n)] = (55 — tn)%(DO,Ugn,Dgn (gén (Zn)) (5.3)

<In

with &, € [tn,sn]. Here, the last equality is a consequence of the differential equation.
In particular we used the mean value theorem applied to the real part of the logarithmic
derivative. Notice, Equation (5.3) together with Part 2 show that |g:,(z,)] — 1 if
n — oo, as Ug, — ge,(2n) > 5. Moreover, |g¢,(2n)| < |ge,(2n)| for all n € N. This
follows from the fact that t — In|g.(2)| is increasing, as g, satisfies the given differential
equation while R®q y, p,(2) > 0. Consequently |ge, (2n)] — 1 if n — oo.

Obviously, we have &, — tg, and we may assume without loss of generality ge, (2,) —
Co € T. Consequently, [(o — Uy| > §. Once again the mean value theorem yields

R0, D, (96, (2n)) = RPo,v, D, (ngEZ;I)

96 (o) <[y, e, ()] (5.4)

9eu (20) = 1o )]

with G, € {(ge, (2n)/|9¢, (2n)| = gen (2n))t + ge, (zn) |t € [0,1]} and n € N large. Herein,
Cn — Co as well. Using Lemma 2.18, we find @y, p, Lu, ®o,17,,.0;, ON Dy,. Using
the fact |Uy, — Co| > 0, each w — ®07U§n7Dfn (w) can be extended analytically to a small
neighbourhood around (j if n is large enough. Thus <I>/07U£n7Dsn (Cn) — (1)6,Ut0,DtO (€o), so

we get ‘¢6,U€ De (Cn)| < L for all n € N large enough with L > 0.
Combined with Equation (5.3) and (5.4), we find

% <m - 1) < (sn — tn)L|ge, (2n)| (m - 1) < (sn —tn)L (m - 1) :
(5.5)

Finally, Equation (5.5) yields a contradiction, as s, — t, — 0 when n tends to infinity.

5) Using the previous part, we find a x4 > 0 such that diam(S;s) < e, whenever
0<t<s<Twith0 < s—t < u. Here, we can choose € < p where p is defined according
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Thus 0B:(a) ND is a cross-cut in Dy separating S; s from 0. Using Lemma 5.8, the proof
is complete.

to Part 1. Let a € TUcl(S;s). Consequently, Sy s C B:(a) and B.(a) N Dy = B.(a) ND.

O]
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