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Zusammenfassung

Proximale Methoden sind iterative Optimierungsverfahren für Funktionale J = J1 + J2,
die aus einem differenzierbaren Teil J2 und einem möglicherweise nichtdifferenzierbaren
Teil bestehen. In dieser Arbeit werden proximale Methoden für endlich- und unendlich-
dimensionale Optimierungsprobleme diskutiert. In endlichen Dimensionen lösen diese
`1- und TV-Minimierungsprobleme welche erfolgreich in der Bildrekonstruktion der Ma-
gnetresonanztomographie (MRT) angewendet wurden. Die Konvergenz dieser Methoden
wurde in diesem Zusammenhang bewiesen. Die vorgestellten proximalen Methoden wur-
den mit einer geteilten proximalen Methode verglichen und konnten ein besseres Signal-
Rausch-Verhältnis erzielen. Zusätzlich wurde eine Anwendung präsentiert, die parallele
Bildgebung verwendet.
Diese Methoden werden auch für unendlichdimensionale Probleme zur Lösung von nicht-
glatten linearen und bilinearen elliptischen und parabolischen optimalen Steuerungspro-
blemen diskutiert. Insbesondere wird die schnelle Konvergenz dieser Methoden bewiesen.
Außerdem werden abgeschnittene proximale Methoden mit einem inexakten halbglatten
Newtonverfahren verglichen. Die numerischen Ergebnisse demonstrieren die Effektivität
der proximalen Methoden, welche im Vergleich zu den halbglatten Newtonverfahren in
den meisten Fällen weniger Rechenzeit benötigen. Zusätzlich werden die theoretischen
Abschätzungen bestätigt.

Abstract

Proximal methods are iterative optimization techniques for functionals, J = J1 + J2,
consisting of a differentiable part J2 and a possibly nondifferentiable part J1. In this
thesis proximal methods for finite- and infinite-dimensional optimization problems are
discussed. In finite dimensions, they solve l1- and TV-minimization problems that are
effectively applied to image reconstruction in magnetic resonance imaging (MRI). Con-
vergence of these methods in this setting is proved. The proposed proximal scheme is
compared to a split proximal scheme and it achieves a better signal-to-noise ratio. In
addition, an application that uses parallel imaging is presented.
In infinite dimensions, these methods are discussed to solve nonsmooth linear and bilin-
ear elliptic and parabolic optimal control problems. In particular, fast convergence of
these methods is proved. Furthermore, for benchmarking purposes, truncated proximal
schemes are compared to an inexact semismooth Newton method. Results of numerical
experiments are presented to demonstrate the computational effectiveness of our proxi-
mal schemes that need less computation time than the semismooth Newton method in
most cases. Results of numerical experiments are presented that successfully validate
the theoretical estimates.
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1. Introduction
The rise of compressed sensing in the last decade has paved the way for new possibilities
in the field of signal acquisition and reconstruction, where l1-based optimization and
sparsity have been exploited to successfully recover ‘functions’ from few samples; see,
e.g., [CRT06b, DE03]. In particular, it was shown [CW05] that l1-based inverse problems
in signal recovery can be very efficiently solved by proximal iterative schemes pioneered
by Rockafellar [Roc76] and Nesterov [Nes83]. Nowadays, these iterative schemes are the
method of choice in magnetic resonance imaging for solving finite dimensional optimiza-
tion problems of the following form

min
x∈Rn
‖Ax− b‖2

2 + λ‖Φx‖1,

where the rectangular measurement matrix A represents a blur operator [LDP07], x is the
signal to reconstruct, b is the measurement vector and Φ represents some sparsification
matrix.
We remark that the research and successful application of proximal schemes is at-

tracting attention of many scientists and practitioners, which results in many new de-
velopments in this field. We refer to, e.g., [LBR15] for recent results and additional
references.
One of the most famous representative of proximal methods is the fast iterative soft

thresholding algorithm (FISTA) that was introduced by Beck et al. in [BT11]. In
addition to `1-minimization, proximal methods are also used to minimize total variations
(TV) functionals [BT09] or a combination of TV and `1 minimization [HZM10] of the
following form

min
x∈Rn
‖Ax− b‖2

2 + λ‖Φx‖1 + µ‖x‖TV . (1.0.1)

This formulation plays an important role in image reconstruction due to the ‘smoothness’
of natural images.
Recently, Ochs et al. [OCBP14] introduced a variant of proximal method called iner-

tial proximal iterative algorithm for nonconvex optimization (iPiano) to solve nonconvex
problems of the following structure

min
x∈Rn

f(x) + β‖x‖1,

where f : Rn → R is differentiable bounded from below and possibly nonconvex.
One of the purposes of our work is the efficient solution of the `1-TV-optimization

problem (1.0.1) with a proximal method and thus to contribute to the field of image
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1. Introduction

reconstruction problems. Therefore, we introduce new optimization variables such that
equation (1.0.1) can be solved by the FISTA scheme. This new algorithm is called
FISTA-TV. We apply this method to medical MRI images.
Simultaneously to the development of `1-based optimization in finite dimensions, a

great research effort has been made to solve infinite dimensional optimization problems
governed by partial differential equations (PDEs); see, e.g., [BS11, Trö09, Ulb11] and
references therein. In many cases, this research has focused on objective functionals
with differentiable L2 terms and non-smoothness resulted from the presence of control
and state constraints. However, more recently, the investigation of L1 cost functionals
has become a central topic in PDE-based optimization [Sta09, WW10, IK03, CHW12],
because they give rise to sparse controls that are advantageous in many applications
like, e.g., optimal actuator placement [Sta09]. A representative formulation of optimal
control problems with L1 control costs is the following

min
(y,u)∈H1

0 (Ω)×L2(Ω)

1
2‖y − z‖

2
L2 + α

2 ‖u‖
2
L2 + β‖u‖L1

s.t. c(y, u) = 0, ua ≤ u ≤ ub a.e. in Ω,
(1.0.2)

where c(y, u) = 0 represents a PDE for the state y including the control u. This prob-
lem has been discussed in, e.g., [Sta09, WW10, IK03, IK04] for the case where c(y, u)
represents a linear elliptic operator, in [CHW12] for the case where c(y, u) represents a
nonlinear elliptic operator, and in [HSW12, CCK13] for the case where c(u, y) represents
a parabolic operator. However, most of these works focus on PDEs with a linear control
mechanism. An investigation of L1 bilinear control problems in quantum mechanics can
be found in [CB16]. Concerning the optimization methodology for (1.0.2), the semi-
smooth Newton (SSN) method has been the solver of choice in all these references; see
also the equivalent primal-dual active set method discussed in [IK04].
One of the purposes of our work is to combine the finite dimensional point of view

with the infinite dimensional point of view and thus contribute to the field of PDE-based
optimization with L1 control costs by investigating proximal methods in the infinite-
dimensional setting. In particular, we aim at implementing and analyzing proximal
schemes for solving (1.0.2), where c(y, u) is an elliptic or parabolic PDE with linear or
bilinear control mechanism. Notice, that the latter has been a much less investigated
problem. Our investigation is motivated by the fact that proximal methods may have
a computational performance that is comparable to that of SSN methods. However, in
contrast to the latter, proximal schemes do not require the construction of second-order
derivatives and the implementation of, e.g., a Krylov solver.
We present a detailed implementation of different proximal schemes for solving our

PDE control problems that is similar to the spirit of iPiano. Further, we extend the
theoretical investigation in [OCBP14] for unconstrained finite-dimensional optimization
problems, to our infinite-dimensional setting. In particular, we prove that our proxi-
mal schemes provide minimizing sequences that converge strongly to a local minimizer.
Furthermore, we prove an O(1/

√
k) convergence rate of the so-called proximal residual

(that is closely related to a generalized gradient), where k is the number of proximal
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1. Introduction

iterations. This notion of convergence is used in `1 -based optimization and in some
application fields [WSS+16]. In addition, in a particular case, one can even prove an
O(1/k2) convergence rate of the value of reduced cost functional.
We remark that the application of proximal schemes to large-scale PDE control prob-

lems requires the iterative solution of the underlying PDEs. Therefore we focus on two
inexact variants of our proximal schemes, where the PDE problems are solved up to a
given tolerance and prove their convergence. For these variants, we obtain the same rate
of convergence as in the exact case for a specific truncation strategy.
To validate our proximal schemes, we benchmark them with the state-of-the-art SSN

scheme. However, in the case of large scale problems also a truncated version of the SSN
scheme is required. We refer to it as the inexact SSN (ISSN) scheme and we prove its
convergence for a specific truncation strategy.
We remark that many arguments in our analysis are similar to those presented in the

finite-dimensional case. However, some additional arguments are necessary in infinite
dimensions, especially regarding the structure of our differential constraints and the
discussion of our inexact proximal schemes. We refer to [LBR15] for further results
concerning the formulation of proximal schemes for infinite-dimensional optimization
problems from a different perspective.
This thesis is organized into two parts. The first part covers proximal methods in

the finite dimensional setting of image reconstruction and compressed sensing, whereas
the second part addresses proximal methods in the infinite dimensional setting of sparse
optimal control problems. The first part is subdivided in the following three chapters.
In Chapter 2, we discuss the role of sparse vectors in image compression and image

reconstruction. Furthermore an introduction to compressed sensing is given, which is a
mathematical theory of exact reconstruction of undersampled signals.
In Chapter 3, we discuss proximal methods in finite dimensions. These methods solve

`1-minimization problems that arise in compressed sensing. In particular, a special prox-
imal method, the FISTA and a corresponding O(1/k2) convergence theorem is presented.
We extend FISTA to FISTA-TV, such that it can also be used for a combination of `1-
and total variation minimization. A theorem of convergence of the FISTA-TV method
is proven.
In Chapter 4, the application of proximal methods for the reconstruction of magnetic

resonance images is discussed. First, the theory of magnetic resonance imaging (MRI) is
introduced. Then, the FISTA-TV is applied on 2D and 3D images and compared with
another proximal method called FCSA that was introduced in [HZM10]. Lastly, our
FISTA-TV method is adapted to a 4D real-time reconstruction of videos from mouse
heartbeats. The second part of the thesis is organized in the following five chapters.
In Chapter 5, we discuss linear and bilinear elliptic and parabolic optimal control

problems, where for completeness, some conditions for the existence of a unique control-
to-state operator and its properties are considered.
Chapter 6 is devoted to the formulation and analysis of L1 nonsmooth optimal control

problems governed by elliptic and parabolic equations with linear and bilinear control
mechanisms. In particular, we study conditions for convexity and the characterization
of the optimal control solution as the solution to optimality systems for the linear and

13



1. Introduction

bilinear control cases.
In Chapter 7, we present a general truncated inertial proximal method (TIP) and four

special variants of it, namely the CTIP and VTIP method, that differ in the choice of the
stepsize strategy, and the FTP and FTPB method, that represent an infinite dimensional
extension of the FISTA method. Furthermore the convergence of the function values is
proven together with the convergence rate of the proximal residual. For the FTP and
FTPB method the convergence rate of the objective values is shown to be O(1/k2).
In Chapter 8, an ISSN method in function spaces is presented as the state of the

art method for comparison purposes. For completeness, the theory of this method is
extended to the case of elliptic and parabolic bilinear control problems.
In Chapter 9, a numerical comparison of the FTP, FTPB, CTIP, VTIP and ISSN

schemes is presented. The results of this comparison demonstrate the competitiveness
for our proximal schemes. Furthermore, results of numerical experiments are reported
to validate our theoretical estimates.
A chapter of conclusion completes this work.

The results presented in this thesis formed the basis of the following publications

• A. Schindele and A. Borzì. Proximal Methods for Elliptic Optimal Control Prob-
lems with Sparsity Cost Functional. Applied Mathematics, 2016.

• A. Schindele and A. Borzì. Proximal methods for parabolic optimal control prob-
lems with a sparsity promoting cost functional, submitted.

• T. Wech, N. Seiberlich, A. Schindele, V. Grau, L. Diffley, M. L. Gyngell, A. Borzì,
H. Köstler, and J. E. Schneider. Development of real-time magnetic resonance
imaging of mouse hearts at 9.4 Tesla – simulations and first application. IEEE
Transactions on Medical Imaging, 35(3):912–920, 2016.

• V. Ratz, T. Wech, A. Schindele, A. Dierks, A. Sauer, J. Reibetanz, A Borzì, T.
Bley, H. Köstler. Dynamic 3D MR-Defecography, submitted.
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2. Sparsity and compressed sensing
The Shannon sampling theorem [Sha49] states that the sampling rate has to be at least
twice as high as the maximum frequency of a signal in order to guarantee exact recon-
struction of the signal from the sampling. If the sampling rate is below this threshold,
the signal is called to be undersampled. The theory of compressed sensing, however, can
guarantee exact reconstruction also for undersampled signals under some conditions. In
this section, the mathematical theory of compressed sensing is introduced. For a more
detailed discussion, we refer to [FR14, CRT06a]. We first give an overview of the concept
of sparsity and image compression that are essential to understand compressed sensing.

2.1. Sparsity and image compression
In this section the term sparsity is defined and we introduce the compression of a sparse
signal. Let x ∈ CN be a complex valued vector. Then, we define

‖x‖0 := | supp(x)|,

where supp(x) := {j : xj 6= 0}. It is common to call ‖x‖0 the `0-norm of x, even if it does
not fulfill the requirements of a quasi-norm. Now, we are able to define the k-sparsity
of a vector x ∈ CN .
Definition 2.1.1. (k-sparsity) The vector x is called k-sparse if ‖x‖0 ≤ k for k > 0.
The set of k-sparse vectors is denoted by

Σk := {x ∈ CN : ‖x‖0 ≤ k}.

Furthermore, we define the best k-term approximation error in `p as follows.
Definition 2.1.2. The best k-term approximation error in `p is defined by

σk(x)p := inf
z∈Σk
‖x− z‖p,

where ‖ · ‖p denotes the p-norm, ‖v‖p = (∑i v
p
i )

1/p.
The signal x is called compressible if for k << N the best k-term approximation

error σk(x)p is reasonably small. In order to obtain a compressed signal x[k] where
‖x− x[k]‖p = σk(x)p, we use the rearrangement r(x) := (|xi1|, . . . , |xiN |)T , where |xij | ≥
|xij+1|, j = 1, . . . , N − 1. Then, we have the following

σk(x)p =
 N∑
j=k+1

rj(x)p
 1

p

.

17



2. Sparsity and compressed sensing

We construct

(x[k])i =
{
xi for |xi| ≥ rk(x)
0 else .

This sparse vector satisfies the following

x[k] = arg min
z∈Σk

‖x− z‖p.

2.2. Exact reconstruction of undersampled signals –
compressed sensing

In image compression, one acquires the whole signal and then compresses it, thus costly
acquired information is given away. Now, we only consider m << N linear, nonadaptive
measurements. The goal is to exactly reconstruct the signal from these incomplete
measurements under the assumption of a small σk(x)p.
The acquisition of m linear measurements b ∈ Cm is equivalent to applying the mea-

surement matrix A ∈ Cm×N on the signal x ∈ CN

b = A · x.

If σk(x)p is not small enough but there exists a basis (φ1, . . . , φN) = ΦT ∈ CN×N and a
xΦ ∈ CN where x = ΦT · xΦ such that σk(xΦ)p is small, we have

b = AΦT · xΦ. (2.2.1)

This system is highly underdetermined, since m << N . However, we have additional
information on xΦ since we assume that it is nearly k-sparse, or in other words σk(xΦ)p
is small. So in order to reconstruct the signal from the measurements, one can calculate
the sparsest vector xΦ that solves (2.2.1). This problem is represented in the following
combinatorial minimization problem

min
x∈CN

‖Φx‖0 s.t. Ax = b,

or equivalently

min
z∈CN

‖z‖0 s.t. AΦT z = b, (2.2.2)

where the reconstructed signal is given by x = ΦT z∗. This problem is in general NP-hard;
see, e.g., [FR14]. Therefore the following convex relaxation is considered

min
x∈CN

‖Φx‖1 s.t. Ax = b. (2.2.3)

or equivalently

min
z∈CN

‖z‖1 s.t. AΦT z = b. (2.2.4)

18



2. Sparsity and compressed sensing

AΦT x = y

ℓ1-unit
ball

Figure 2.1.: Minimizing the `1-norm leads to sparsity.

As a motivation for this relaxation, one can consider the special case of N=2, m=1, that
is illustrated in Figure 2.1.
Notice, that the solution of (2.2.2) coincides with the solution of (2.2.4) if the kernel

of AΦT is not parallel to one of the surfaces of the `1 unit ball. This intuition of a
connection between `1-minimization and sparsity will be analyzed in an exact way in
the next section. From now on, we write Â := AΦT and refer to it as the measurement
matrix.

2.2.1. Restricted isometry property
In this section, the connection between `1-minimization and sparsity, which is the essen-
tial idea of compressed sensing, is analyzed. The following property is needed.

Definition 2.2.1. (Restricted isometry property – RIP)
The restricted isometry constant δk of a matrix Â ∈ Cm×N is the smallest number, such
that the following holds

(1− δk)‖z‖2 ≤ ‖Âz‖2 ≤ (1 + δk)‖z‖2, (2.2.5)

for all z ∈ Σk, where we denote with ‖ · ‖ := ‖ · ‖2 for the 2-norm. The matrix Â has
the RIP of order k with constant δk if δk ∈ (0, 1).

The following theorem states a connection between the `1-minimization problem with
noisy measurements and the best k-term approximation error.
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2. Sparsity and compressed sensing

Theorem 2.2.1. [Fou10, FR14] Let Â fulfill the RIP of order k with constant

δ2k <
3

4 +
√

6
Furthermore, let x ∈ CN , b = Âx+ e, ‖e‖ ≤ η and x∗ the solution of

min
z∈CN

‖z‖1 s.t. ‖Âz − b‖2 ≤ η.

Then, we have

‖x− x∗‖ ≤ C1η + C2
σk(x)1√

k
,

where C1 and C2 only depend on δ2k.
We see that if the product of measurement matrix and sparsification matrix MΦ

fulfills the RIP, the `1-minimization provides a good signal reconstruction.

2.2.2. Coherence
In this section, the coherence is introduced, which is a helpful tool to analyze recovery
ability of matrices in the special case of normed matrix columns.
Definition 2.2.2. (Coherence) Let Â = (a1, . . . , aN) ∈ Cm×N be a matrix where ‖al‖ =
1 ∀ l ∈ {1, . . . , N}. Then, we define

µ := max
l 6=k
| 〈al, ak〉 |,

the coherence of Â.
Theorem 2.2.2. [FR14] Let µ be the coherence of Â. Then, Â fulfills the RIP of order
k and δk ≤ (k − 1)µ.
Several matrices with µ = 1√

m
are known, such as

Â = (Im|F ) ∈ Cm×2m, (2.2.6)
where Im is the identity matrix and F is the unitary Fourier matrix Fij = 1√

m
exp(2π(i−

1)(j − 1)k/m)). From Theorem 2.2.2, we have that the restricted isometry constant of
(2.2.6) is given by

δk ≤
k − 1√
m
, (2.2.7)

and in order to use Theorem 2.2.1, the following must hold

δ2k ≤
2k − 1√

m
< δ, (2.2.8)

which is equivalent to
(2k − 1)2 ≤ δ2 ·m. (2.2.9)

As far as we know, this quadratic dependence between k andm, could not be improved
by now for deterministic matrices.
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2. Sparsity and compressed sensing

2.2.3. Random matrices
In order to improve the quadratic dependence between k and m, we introduce random
matrices.

Definition 2.2.3. (Random matrix) Let (Ω,Σ,P) be a probability space and Xij : Ω→
C, i = 1, . . . ,m, j = 1, . . . , N be random variables. Then, Â := Â(ω) where Âij :=
Xij(ω) is called a random matrix.

The following definition plays an important role to study the RIP of real-valued ran-
dom matrices.

Definition 2.2.4 (Concentration inequality). Let Â ∈ Rm×N be a random matrix where
E(‖Âx‖2) = ‖x‖2, ∀x ∈ RN and E is the expectation value. Then, the concentration
inequality for a constant c0 > 0 is defined by

P
(∣∣∣‖Âx‖2 − ‖x‖2

∣∣∣ ≥ δ‖x‖2
)
≤ 2e−c0δ2m, 0 < δ < 1. (2.2.10)

There are several random matrices that fulfill the concentration inequality, such as
the Gauss matrix, whose entries Âij are independent, identically distributed Gaussian
random variables, Xij ∼ N(µ, σ2) with µ = 0 and σ2 = 1/m. Another example is the
Bernoulli matrix, whose entries Âij are independent, identically distributed ±k-Bernoulli
random variables with k = 1/

√
m. This means that each entry Âij has the value +1/

√
m

or the value −1/
√
m with the same probability.

The following theorem connects the concentration inequality with the restricted isom-
etry property.

Theorem 2.2.3. [FR14] Let Â ∈ Rm×N be a random matrix that fulfills the concentra-
tion inequality (2.2.10) and let

m ≥ Cδ−2(k log(N/m) + log(ε−1)),

for some constant C, that only depends on c0. Then, Â fulfills the RIP (2.2.1) with the
restricted isometry constant δk < δ with a probability of 1− ε.

Consequently, the condition δ2k < δ from Theorem 2.2.1 holds with high probability,
if

m ≥ C ′k log(N/m),

with some constant C ′ > 0.
Another important class of random matrices are the random partial Fourier matrices,

where m rows of a discrete Fourier matrix F ∈ CN×N with Fij = 1√
N
e2π(i−1)(j−1)k/N are

chosen randomly.
In applications, the random partial Fourier matrix plays an important role. Let there-

fore x ∈ CN be a signal, that nearly consists of only k different frequencies, i.e. for
xf = Fx the best k-term approximation error σk(xf )1 is small enough. We furthermore
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2. Sparsity and compressed sensing

consider the measurement matrix Â to be the random partial Fourier matrix. Then we
have that the measurements y ∈ Cm are given by y = Âxf = Idm×N · Fxf = Idm×N · x,
where Idm×N are m randomly chosen rows of the identity matrix. So, the measurements
y are m randomly chosen measurements of the frequencies of the original signal x.
The following theorem states how many measurements are needed for exact recon-

struction.

Theorem 2.2.4. [CRT06a] Let Â ∈ Cm×N be a random partial Fourier matrix, C ≥ 29.6
and let

m ≥ Ck log(N/ε).

Then, the solution of the `1-minimization problem (2.2.4) is an exact reconstruction of
an arbitrary vector x ∈ Σk with probability greater or equal 1− ε.
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3. Proximal methods
In Chapter 2, we have seen that the `1-minimization (2.2.3) of the form

min
x∈R2N

‖Φx‖1 s.t. Ax = b, (3.0.1)

often results in a sparse solution. The complex-valued space CN is identified with the
equivalent real-valued space R2N and the corresponding equivalent lp-norms. In the
following, we will write RN instead of R2N for convenience.
Now, we consider the following unconstrained minimization problem

min
x∈RN

λ‖Φx‖1 + 1
2‖Ax− b‖

2. (3.0.2)

In [DT06] it is shown that the solution xλ of (3.0.2) is equal to zero if λ is big enough
and that limλ→0 xλ = x∗, where x∗ is the solution of (3.0.1).
In this Chapter we discuss first-order proximal methods to solve a larger class of this

nonsmooth optimization problem. Proximal methods originate from the proximal point
algorithm introduced by Rockafellar in [Roc76], where the proximal function is used to
solve a nonsmooth minimization problem of the general form

min
x∈H

f(x),

where f(x) is a lower semicontinuous, convex, and nondifferentiable functional and H
is a Hilbert space. Nesterov [Nes07] as well as Beck and Teboule [BT11] developed two
different methods that use an additional composite structure of the functional in order
to accelerate the proximal point method.

3.1. Fast iterative soft thresholding algorithm –
FISTA

In this section we focus on the proximal method of [BT11] that is called iterative soft
thresholding algorithm (ISTA) and its fast extension FISTA.
The starting point to discuss proximal methods consists in identifying a smooth and

a nonsmooth part in the objective functional. That is, we consider the following opti-
mization problem

min
x∈RN

f1(x) + f2(x), (3.1.1)
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3. Proximal methods

where f1(x) is continuous, convex, and possibly nonsmooth and f2(x) is a smooth, convex
function with Lipschitz continuous gradient as follows

‖∇f2(x)−∇f2(y)‖ ≤ L(f2)‖x− y‖ ∀x, y ∈ RN , (3.1.2)

where L(f2) > 0 is the Lipschitz constant. Notice, that our `1-minimization problem
(3.0.2) has the additive structure (3.1.1), where f1(x) = λ‖Φx‖1 and f2(x) = 1

2‖Ax−b‖2.
The following lemma is essential in the formulation of proximal methods.

Lemma 3.1.1. Let f2 be differentiable, convex and it has Lipschitz continuous gradient
with Lipschitz constant L(f2). Then, for all L ≥ L(f2), we have

f2(x) ≤ f2(y) + 〈∇f2(y), x− y〉+ L

2 ‖x− y‖
2, ∀x, y ∈ RN . (3.1.3)

Proof.

f2(x) = f2(y) + 〈∇f2(y), x− y〉+
∫ 1

0
〈∇f2(y + t(x− y))−∇f2(v), x− y〉 dt

≤ f2(y) + 〈∇f2(v), x− y〉+
∫ 1

0
‖∇f2(y + t(x− y))−∇f2(y))‖ ‖x− y‖dt

≤ f2(y) + 〈∇f2(v), x− y〉+
∫ 1

0
Lt‖x− y‖2dt

≤ f2(y) + 〈∇f2(v), x− y〉+ L

2 ‖x− y‖
2.

The following is valid for all L ≥ L(f2) ∈ R+. Furthermore if f2 is twice differentiable,
the Lipschitz constant of the gradient is given by L(f2) = ‖∇2f2‖l2,l2 , see [RW97, The-
orem 9.7]. This can be once evaluated by a power iteration [Wil88]. Because of Lemma
3.1.1, we have that

min
x∈RN

f2(x) ≤ min
x∈RN

{
f2(y) + 〈∇f2(y), (x− y)〉+ L

2 ‖x− y‖
2
}
,

and

arg min
x∈RN

{
f2(y) + 〈∇f2(y), (x− y)〉+ L

2 ‖x− y‖
2
}

= y − 1
L
∇f2(y) =: sf2(y).

Therefore 1/L is the approximation to the optimal steplength for the steepest descent
step to minimize f2. Now, we can extend this method to the function f = f1 + f2 and
obtain the following

arg min
x∈RN

{
f1(x) + f2(y) + 〈∇f2(y), (x− y)〉+ L

2 ‖x− y‖
2
}

= arg min
x∈RN

{
f1(x) + L

2 ‖x− (sf2(y))‖2
}

=: proxf1/L(sf2(y)), (3.1.4)

24



3. Proximal methods

where we introduce the proximal function

proxf (y) = arg min
x∈RN

{
f(x) + 1

2‖x− y‖
2
}
.

In general, it is impossible or too expensive to calculate the proximal function apart
from particular f1. In the particular case of (3.0.2), we have an explicit form of the
proximal function as stated in Lemma 3.1.2. The soft thresholding function is defined
in the following definition.

Definition 3.1.1. We define the soft thresholding function by the following

Sτ (y)i :=


yi − τ for yi > τ

0 for |yi| ≤ τ

yi + τ for yi < −τ
.

Lemma 3.1.2. Let Φ ∈ RN×N be an orthogonal matrix, then the following holds

arg min
x∈RN

{
τ‖Φx‖1 + 1

2‖x− y‖
2
}

= ΦTSτ (Φy) for any y ∈ RN .

Proof. With the substitution x̂ = Φx have that

arg min
x
{τ‖Φx‖1 + 1

2‖x− y‖
2} = ΦT arg min

x̂
{τ‖x̂‖1 + 1

2‖Φ
T x̂− y‖2}.

Then, there exists a γ(x̂) ∈ ∂‖x̂‖1, the subdifferential of ‖ · ‖1, such that the solution
x̂ := arg minx

{
τ‖x‖1 + 1

2‖Φ
Tx− y‖2

}
fulfills the following variational inequality; see,

e.g., [ET99];

〈x̂− Φy + τγ(x̂), x− x̂〉 ≥ 0, ∀x ∈ RN . (3.1.5)

Now, we show that x̂ := Sτ (Φy) fulfills (3.1.5). The following investigation of the
different cases is meant to be pointwise. We have

• (Φy)i − τ > 0:
It follows that x̂i = (Φy)i − τ > 0 and γ(x̂)i = 1 such that
(x̂i − (Φy)i + τ)(xi − x̂i) = 0.

• |(Φy)i| ≤ τ :
It follows that x̂i = 0 and γ(x̂)i = (Φy)i

τ
∈ B1(0) such that(

x̂i − (Φy)i + τ
(

(Φy)i
τ

))
(xi − x̂i) = 0.

• (Φy)i + τ < 0:
It follows that x̂i = (Φy)i + τ < 0 and γ(x̂)i = −1 such that
(x̂i − (Φy)i − τ)(xi − x̂i) = 0.
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3. Proximal methods

Based on this lemma, we conclude that the solution to (3.1.4) is given by

arg min
x∈RN

{
f1(x) + L

2

∥∥∥∥x− (y − 1
L
∇f2(y)

)∥∥∥∥2}
= ΦTS λ

L

(
Φ
(
y − 1

L
∇f2(y)

))
,

that provides an approximation to the optimal x sought. Therefore we can use this
result to define an iterative scheme as follows

xk ← ΦTS λ
L

(
Φ
(
xk−1 −

1
L
∇f2(xk−1)

))
,

starting from a given x0. The Algorithm 1 implements this proximal scheme, the so-
called ISTA method.
This scheme is discussed in [BT11] and we give the following convergence result.

Theorem 3.1.3. [BT11] Let {xk} be a sequence generated by Algorithm 1 and x∗ be the
solution to (3.0.2). Then, for every k ≥ 1, the following holds

f(xk)− f(x∗) ≤ L(f2)‖x0 − x∗‖2

2k .

Algorithm 1 (ISTA)
Require: λ, f2, x0, K
Calculate L = L(f2);
while 1 ≤ k ≤ K do
xk ← ΦTS λ

L

(
Φ
(
xk−1 − 1

L
∇f2(xk−1)

))

end while

Algorithm 2 (FISTA)
Require: λ, f2, x0, K
Calculate L = L(f2); y0 = x0; t0 = 1
while 1 ≤ k ≤ K do
xk ← ΦTS λ

L

(
Φ
(
yk−1 − 1

L
∇f2(yk−1)

))
tk = (1 +

√
1 + 4t2k−1)/2

yk = xk−1 + ( tk−1−1
tk

)(xk−1 − xk)
end while

In [Nes83], an acceleration strategy for proximal methods applied to convex optimiza-
tion problems fulfilling (7.0.3) is formulated, that improves the rate of convergence of
these schemes from O(1/k) to O(1/k2). Specifically, one defines the sequence {tk, yk}
with

t0 = 1, tk := 1 +
√

1 + 4t2k−1/2, (3.1.6)

and

y0 := x0, yk := xk + (tk−1 − 1)
tk

(xk − xk−1). (3.1.7)

Correspondingly, the optimization variable xk is updated by the following

xk ← ΦTS λ
L

(
Φ
(
yk−1 −

1
L
∇f2(yk−1)

))
.

This procedure FISTA is summarized in Algorithm 2.
We have the following error estimation for the FISTA-algorithm.
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3. Proximal methods

Theorem 3.1.4. [BT11] Let {xk} be a sequence generated by Algorithm 2 and x∗ be the
solution of (3.1.1), then for every k ≥ 1, the following holds

f(xk)− f(x∗) ≤ 2L(f2)‖x0 − x∗‖2

(k + 1)2 .

3.2. Total variations and l1-minimization
In this section, the model function (3.0.2) is extended by a total variation term as follows

min
x∈RN

λ‖Φx‖1 + µ‖x‖TV1 + 1
2‖Ax− b‖

2, (3.2.1)

where

‖x‖TV1 =
n1∑
i1=1
· · ·

nd∑
id=1

d∑
j=1
|∇jx̂i1...id |,

with the finite differences ∇j : Rn1×···×nd →: Rn1×···×nd and ∇jx̂i1...id := x̂i1...ij+1...id −
x̂i1...ij ...id for ij ∈ {1, . . . , nj − 1} and ∇jxi1...id := 0 for ij = nj, N = n1 · · · · ·nd, λ, µ ≥ 0,
and Φ ∈ RN×N orthogonal. Here, we use the following bijective relation between x ∈ RN

and x̂ ∈ Rn1×···×nd

x̂i1,...,id = x
i1+
∑d

j=2((ij−1)
∏j−1
k=1 nk). (3.2.2)

The optimization problem (3.2.1) results in good reconstructed images as shown in
[LDP07] for a slightly different model function. In fact instead of the TV1-seminorm,
they use the isotropic TV2-norm

‖x‖TV2 :=
n1∑
i1=1
· · ·

nd∑
id=1

√√√√√ d∑
j=1

(∇jx̂i1...id)
2.

Problem (3.2.1) was solved for λ = 0 in [BT09] by a dual method and in [OBG+05]
by a split Bregman method. As far as we know, the most efficient algorithm to solve
(3.2.1) is the fast composite splitting algorithm (FCSA) which was presented by Huang
et al. in [HZM10]. The FCSA method is implemented in Algorithm 3.
The main difficulty of (3.2.1) is that there exists no explicit form of the proximal

function of the combination of TV1 and `1 minimization f1(x) = λ‖Φx‖1 + µ‖x‖TV1 .
The FCSA calculates the proximal functions for the `1-norm and the TV1-seminorm
separately. The drawback of this method is the expensive estimation of the proximal
function of the TV1-seminorm.
In the algorithm that we present in this thesis, new optimization variables

ĝj ∈ Rn1×···×nd , ĝji1,...,id := ∇jx̂i1,...,id , j ∈ {1 . . . , d}
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are introduced in order to replace the TV1-seminorm by the `1-norm. So the TV1-
seminorm becomes

‖x‖TV1 =
n1∑
i1=1
· · ·

nd∑
id=1

d∑
j=1
|ĝji1...id | = ‖(g

1, . . . , gd)T‖1 =: ‖g‖1,

with g ∈ RN ·d, g = (g1, . . . , gd)T and the same equivalence between ĝj and gj as in
(3.2.2).
With this setting, we arrive at the following optimization problem, which is equivalent

to (3.2.1),

min
x,g

f1(x, g) + f2(x, g), s.t. c(x, g) = 0, l ≤ x ≤ u, (3.2.3)

where

f1(x, g) := ‖(λΦx, µg)T‖1,

f2(x, g) := 1
2‖Ax− b‖

2
2,

and

c(x, g) := (∇̂1x− g1, . . . , ∇̂dx− gd)T = ∇̂x− g,

where ∇̂j ∈ RN → RN is obtained by the equivalence between ∇̂jx and ∇jx̂, see
(3.2.2). Furthermore, we define ∇̂ : RN ·d → RN ·d, ∇̂x := (∇̂1x, . . . , ∇̂dx)T . We can
solve this constrained optimization problem by using the differentiable penalty function
p(x, g) := 1

2‖c(x, g)‖2
2 that results in the following optimization problem

min
x,g

f1(x, g) + f2(x, g) + α

2 ‖c(x, g)‖2
2, s.t. l ≤ xi ≤ u (3.2.4)

where

f1(x, g) := ‖(λΦx, µg)‖1,

p2(x, g) := 1
2‖Ax− b‖

2
2 + α

2 ‖c(x, g)‖2
2, α ∈ R+

In order to obtain a relationship between (3.2.3) and (3.2.4) we use Theorem 5.6(e) in
[CG02] to state the following.

Theorem 3.2.1. The sequence (αk) is strictly monotone increasing, αk → ∞, the set
{(x, g) ∈ R(d+1)N , c(x, g) = 0} is nonempty and (xk, gk) is a sequence of solutions of
the optimization problem (3.2.4) with α = αk. Then, the sequence (xk, gk) is converging
to the unique solution of (3.2.3) and therefore xk is converging to a unique solution of
(3.2.1).

Proof. According to Theorem 5.5(e) in [CG02], every accumulation point (x∗, g∗) of
(xk, gk) is a solution of (3.2.3). Since f1+p2 is strictly convex, it has a unique solution and
therefore, every accumulation point of the sequence (x̄k, ḡk)k→∞ is the unique solution
of (3.2.4). Hence, (x̄k, ḡk)k→∞ is converging to the solution (x∗, g∗) of (3.2.4).
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Now the total variation term can be written as a `1 − norm and thus it is possibly
to apply Algorithm 2. Therefore, we separate the functions f1 and sp2 according to the
variables x and g to obtain

fx1 := λ‖Φx‖1, f g1 := µ‖g‖1,

and

sxp2(x, g) := x− 1
L
∇xp2(x, g)

sgp2(x, g) := g − 1
L
∇gp2(x, g).

Furthermore, we need the Lipschitz constant of the gradient of p2 w.r.t. (x, g) given by

L(p2) = ‖∇2p2‖l2,l2 =
∥∥∥∥∥
(
ATA+ α · ∇̂T ∇̂ −α∇̂T

−α∇̂ α · IN ·d

)∥∥∥∥∥
l2,l2

.

These considerations are summarized in Algorithm 4 that implements our new FISTA-
TV method.

Algorithm 3 (FCSA)
Require: A, b, x0, λ, µ, l, u
Calculate L = ‖ATA‖l2,l2
Set y0 = x0; t0 = 1
while 0 ≤ k ≤ K − 1 do
x1
k+1 = ΦTS λ

L

(
Φ
(
yk − 1

L
∇xp2(yk, hk)

))
x2
k+1 = proxµ‖x‖TV1

L

(
yk − 1

L
∇xf2(yk, hk)

)
xk+1 = (x1

k+1 + x2
k+1)/2

tk+1 = (1 +
√

1 + 4t2k)/2
yk+1 = xk + tk−1

tk+1
(xk − xk+1)

end while

Algorithm 4 (FISTA–TV)
Require: A, b, x0, g0, λ, µ, α, l, u
Calculate L = ‖∇2p2‖l2,l2
Set y0 = x0; h0 = g0; t0 = 1
while 0 ≤ k ≤ K − 1 do
xk+1 = ΦTS λ

L

(
Φ
(
yk − 1

L
∇xp2(yk, hk)

))
gk+1 = S µ

L
(hk − 1

L
∇gp2(yk, hk))

tk+1 = (1 +
√

1 + 4t2k)/2
yk+1 = xk + tk−1

tk+1
(xk − xk+1)

hk+1 = gk + tk−1
tk+1

(gk − gk+1)
end while

In the following theorem, the convergence of the FISTA-TV scheme is proved.

Theorem 3.2.2. For every given accuracy ε > 0 there exists an α(ε) such that for every
α > α(ε) the FISTA-TV method provides a sequence xk that converges to a limit x̄ with
‖x̄− x∗‖ < ε, where x∗ is a minimizer of (3.2.1).

Proof. Let αk be a strictly monotone increasing sequence. According to Theorem 3.1.4,
the FISTA-TV scheme provides a sequence that is converging to a minimizer (x̄k, ḡk) of
(3.2.4) for α = αk. By using Theorem 3.2.1, we see that x̄k is converging to the solution
x∗ of (3.2.1) as k →∞. Thus, for every ε > 0 there exists a K such that for all k ≥ K
and therefore for all αk ≥ αK =: α(ε) we have that ‖x∗ − x̄k‖ ≤ ε.
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4. Proximal methods for image
reconstruction – MRI

4.1. A Short introduction to MRI
In this section, we illustrate magnetic resonance imaging (MRI), which is a widely used
imaging method to obtain clinical images of organs and soft tissues. For more detailed
information, we refer to [WKM06].
MRI uses the properties of the hydrogen atom H1. The nuclei of these atoms are

protons and have an intrinsic spin with a magnetic moment showing in the direction
of the spinning axis. If these nuclei are exposed to a strong magnetic field B0 in the
direction of the z-axis, their moments tend to align parallel to this field and add up to a
measurable magnetization Mz. However, precession occurs, which means that the mean
moments rotate around the z-axis with a specific frequency proportional to the strength
of the magnetic field B0. This frequency is called Larmor frequency ω0 = γB0, where
γ = 42.58 MHz/T for the protons.
Now, assume the protons are in a stable state. By applying an electromagnetic wave

of the same frequency as the Larmor frequency, the moments can be flipped by 90 ◦ into
the x-y-plane, synchronously spinning around the z-axis. These transversal moments
generate an alternating voltage of the same frequency as the Larmor frequency in a
receiver coil, the magnetic resonance (MR) signal. The absence of phase differences
between the so-called magnetic moments is called phase coherence. However, the MR
signal reduces due to two independent processes T1 relaxation and T2 relaxation. T1
relaxation occurs because the transversal moments in the x-y-plane slowly realign with
the magnetic field B0 in the direction of the z-axis. T2 relaxation occurs because the
phase coherence of the spinning transversal moments is lost after some time, and thus
the nonsynchronous moments cancel each other.
In the different tissues of the body, the protons are part of different molecular struc-

tures such that the MR signals reduce at different speeds. This fact results in the
contrast of the MR image.
Now, we know how the MR signal is produced and the remaining question is how

to obtain an image from this signal. In particular, it is necessary to gain information
about the spatial positions of the protons with the different MR signals. Therefore, the
strength of the magnetic field B0, and therefore the Larmor frequency of the protons,
is not constant any more but varies in the z-direction. By choosing a specific frequency
of the electromagnetic wave ωem, one is exciting only the protons of a specific z-slice,
where the strength of the magnetic field equals Bz = ωem/γ. In the y-direction, one is
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applying another variation of the strength of the magnetic field such that the precession
frequency of the moments around the z-axis vary in the y-direction. After removing the
variation in the y-direction, there is a phase difference between the rotation uniquely
defining the y-position. Now, also in the remaining x-direction, one applies a magnetic
variation such that the precession frequency uniquely defines the x-position. This phase-
frequency space is called k-space. A 2D inverse Fourier transformation defined in Section
4.2, transforms the data from the fully-sampled k-space to the spatial space and provides
the MR image. In the following section, we discuss undersampled data sets in the k-
space.

4.2. Comparison of selected proximal methods in
image reconstruction

In this section, we compare Algorithm 3 and Algorithm 4 to reconstruct undersampled
2D and 3D medical images. That means, instead of measuring the MR signal in the
whole k-space, only some phases and frequencies are chosen according to a random mask.
An example of this mask is shown in Figure 4.1. For the 2D comparison we are using
the same images and parameters as in Huang et al. [HZM10]. We also use the algorithm
FCSA published by Huang on his webpage1. The images of Figure 4.2 are also taken
from this page.

Figure 4.1.: Mask in the k-space.

4.2.1. 2D MRI reconstruction
We first apply the algorithm to the 2D images shown in Figure 4.2. We reconstruct
an image with N = 256 · 256 pixels with only m << N measurements b ∈ Rm. In
our case we use the sampling rate m/N ≈ 0.158. These measurements represent the m
MR signals in the k-space that are chosen by some random mask shown in Figure 4.1.
We use the same mask that is also used in [HZM10, MYZC08], consisting of randomly
chosen information concentrated around the center in the k-space (low frequencies are
more often chosen than high frequencies).

1http://ranger.uta.edu/~huang/codes/FCSA_MRI1.0.rar
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The 2D Fourier matrix F ∈ CN×N is given by

ˆ(Fx)kl := 1√
N

n1−1∑
m=0

n2−1∑
n=0

x̂mn · exp
(
−2πikm

n1

)
exp

(
−2πinl

n2

)
,

where x̂ ∈ Cn1×n2 is the equivalent 2 dimensional form of the signal x ∈ CN as described
in Section 3.2. Our measurement matrix is A ∈ Cm×N = M · F and the mask M ∈
{0, 1}m×N consists of m lines of the identity matrix corresponding to the white pixels in
Figure 4.1. The matrix Φ ∈ CN×N is chosen as the 2-dimensional wavelet transform,
that lead to good sparsity for images as shown e.g. in [LDP07].
We measure the accuracy of the FCSA and FISTA-TV method by the signal-to-noise

ratio defined by the following equation

SNR(x, xex) := 10 log10
Var(xex)

E[(x− xex)2] .

Here, the expectation value estimator is defined by E[x] := 1
N

∑N
i=1 xi and the variance

estimator by Var(x) := 1
N−1

∑N
i=1(xi −E[x])2 and xex is the exact image, x is the image

we obtain from the algorithm.
We first compare the FCSA algorithm with the FISTA-TV where we additionally use

the maximal range of possible greyscale values of the image x ∈ [0, 255] by projecting x
in the same way as Huang in [HZM10]. We have

x← max{min{x, 255}, 0}.

The chosen parameters are λ = 0.035, µ = 0.001 as in [HZM10]. The starting value
is always the zero vector x0 = (0, . . . , 0). We determine undersampled images from
the exact images. The reconstructed images are shown in Figure 4.3 and Figure 4.4.
The accuracy results and the convergence history are shown in Figure 4.5. We see that
initially the FCSA iteration gains better results but after enough iterations the FISTA-
TV method is much more accurate. The final signal-to-noise ratios are shown in Table
4.1.

4.2.2. 3D MRI reconstruction
In this section, we compare the FCSA and FISTA-TV method for a 3D image reconstruc-
tion. We consider a three dimensional image of a human heart with N = n1 · n2 · n3 =
256 · 256 · 10 pixels. So it consists of ten 2D image slices. Figure 4.6 shows the real part
of four different slices of this image. A ∈ Cm×N consists of m lines of the partial 3D
Fourier transform and Φ ∈ CN×N represents a 2-dimensional wavelet transformation for
each of the ten slides as follows

Φ :=


W 0 . . . 0
0 W

. . . ...
... . . . . . . 0
0 . . . 0 W

 ,
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(a) Chest (b) Renal arteries (c) Heart (d) Brain

Figure 4.2.: 2D Test Images

(a) Chest (b) Renal arteries (c) Heart (d) Brain

Figure 4.3.: 2D Reconstruction by the FCSA scheme

(a) Chest (b) Renal arteries (c) Heart (d) Brain

Figure 4.4.: 2D Reconstruction by the FISTA-TV scheme
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Figure 4.5.: The signal-to-noise ratio of the FCSA and FISTA-TV algorithms for the 2D
images.
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Figure 4.6.: 3D Test Images

Figure 4.7.: 3D Reconstruction by the FCSA scheme

Figure 4.8.: 3D Reconstruction by the FISTA-TV scheme
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Figure 4.9.: The signal-to-noise ratio of the two algorithms for the 3D image

SNR FCSA FISTA-TV
Chest 16.2 17.2
Renal arteries 23.8 24.9
Heart 17.7 19.0
Brain 20.4 21.4
Heart 3D 18.35 24.48

Table 4.1.: Comparison of the SNR between FCSA and FISTA-TV schemes.

where W ∈ C(n1·n2)×(n1·n2) is the discrete two-dimensional wavelet transform. We use
again a random mask which is concentrated around the center in the frequency domain.
The sampling rate is m/N ≈ 0.225. The chosen parameters are λ = 0.008, µ = 0.03
and α = 0.3. The reconstructed images are shown in Figure 4.7 and Figure 4.8 and the
corresponding signal-to-noise ratios and the convergence history in Figure 4.9.
We observe that in the first 17s the FCSA method leads to better results than our

FISTA-TV scheme. However, after 17s the FISTA-TV increases the SNR and the solu-
tion is more accurate than the best possible solution of FCSA.

4.3. A MR application with parallel imaging
Our FISTA-TV was successfully applied to assess real-time information of the cardiac
function in mice from parallel coil data. The results are published in [WSS+16]. In this
work, several receiver coils are placed side by side for the simultaneous acquisition of the
MR signal that consists of undersampled radial measurements, the projections. On this
data the generalized radial autocalibrating partially parallel acquisitions (GRAPPA)
technique [SED+11] is applied in order to increase the number of initial projections per
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time frame. Then, the radial information is assigned from the radial grid to a Carte-
sian grid by GRAPPA operator gridding [SBB+08] which exploits the variation of the
coil sensitivities to perform small changes in k-space. This results in the Cartesian un-
dersampled multicoil k-space information b. In the linearly segmented (LS) case, the
projections were equiangularly distributed with an increment between adjacent projec-
tions of ∆ϑ = π/nproj, where nproj is total number of projections. In addition, a Golden
Angle (GA) acquisition is discussed, where the increment between consecutive projec-
tions was set to ∆ϑ = 2π/(

√
5 + 1), guaranteeing optimal profile distribution for any

arbitrary number of projections used in the reconstruction.
We consider the following minimization problem to determine fully sampled data.

min
x
‖∇tSx‖1 + µ

2‖b− Ax‖
2
2, (4.3.1)

where x ∈ CN×ncoils is the resulting fully sampled image from the ncoils different coils,
S : CN×ncoils → CN holds the information of the coil sensitivities and is a coil combina-
tion operation [WMG00] resulting in one single complex valued image, A is a discrete
Fourier transform for each coil and each time frame and b is the undersampled k-space
information after applying GRAPPA and GRAPPA operation gridding. Furthermore
∇t denotes the temporal, discrete total variation operator.
To solve (4.3.1) we use the strategy developed in Chapter 3 and apply the FISTA-TV

algorithm. Therefore, we introduce new optimization variables g such that with
c(x, g) = ∇tSx− g,

p2 = α

2 ‖c(x, g)‖2
2 + µ

2‖b− Ax‖
2
2.

Further, we have

L(p2) =
∥∥∥∥∥
(
µATA+ α · ST∇t

T∇tS −αST∇t
T

−α∇tS α · IN ·d

)∥∥∥∥∥
l2,l2

.

With this setting, Algorithm 4 provides a solution to the following minimization problem

min
x,g
‖g‖1 + µ

2‖b− Ax‖
2
2 + α

2 ‖c(x, g)‖2
2, (4.3.2)

whose solution, for sufficiently large α, is close to a solution of (4.3.1).
It is shown in [WSS+16] that this method enables real time cardiac imaging in mice,

significantly reduces the scan time, and enables the investigation of small animal models
with ventricular arrhythmias for the first time.
Representative end-diastolic (top row) and end-systolic (bottom row) frames are shown

in Figure 4.10 for conventional (left column) and real-time acquisitions, respectively.
While the left-ventricular wall and cavity were well resolved in all cases, the linear sam-
pling schemes showed better image quality compared to the golden angle acquisitions.
The left-ventricular functional parameters obtained by blinded analysis in a mid-

ventricular slice are listed in Table 4.2, and show generally good agreement between
real-time undersampled and fully-sampled data. The spread of the left-ventricle mass as
measured in the real-time data was larger than for the conventional data, while it was
comparable for the volumes.
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Figure 4.10.: Mid-ventricular slice through the same mouse thorax showing the heart
in short-axis orientation, acquired with a prospectively-gated Cartesian
multiframe sequence (left column) and with the radial real-time sequence.
Top row: end-diastole; bottom row: end-systole. Scale bar - 5 mm.

fully-sampled LS GA
end-diastolic mass in mg 14.5± 0.8 16.9± 2.5 17.9± 2.9
end-diastolic volume in µl 9.6± 1.2 9.1± 1.0 8.8± 2.2
end-systolic mass in mg 18.5± 0.5 20.1± 2.8 18.6± 2.9
end-systolic volume in µl 2.9± 1.5 2.5± 1.3 1.7± 0.8

stroke volume in µl 6.7± 1.1 6.6± 0.9 7.1± 2.6
ejection fraction in % 70± 13 73± 12 79± 12

Table 4.2.:
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5. Partial differential equation
models

In this section, we discuss elliptic and parabolic PDE models with linear and bilinear
control structures. Notice that these models are already discussed in many references;
see, e.g., [Eva10, KV09, Lio71, Trö09]. However, our focus is the presence of a control
function that will be determined by proximal schemes.

5.1. Elliptic models
We start our discussion with linear elliptic equations.

5.1.1. Linear control mechanism
Consider the following boundary value problemAy + u = f in Ω

y = 0 on ∂Ω,
(5.1.1)

where Ω ⊂ Rn, with n ≤ 3, is a bounded domain and f ∈ L2(Ω). The operator
A : H1

0 (Ω) → H−1(Ω) represents a second-order linear elliptic differential operator of
the following form

Ay = −
n∑

i,j=1

∂

∂xj

(
aij

∂

∂xj
y

)
+ a0y,

such that ai,j, a0 ∈ L∞(Ω), and ai,j satisfies the coercivity condition
n∑

i,j=1
aij(x)ξ1ξ2 ≥ θ

n∑
j=1

ξ2
j a.e. in Ω, (5.1.2)

for some θ > 0 and a0 ≥ 0, for any ξ1, ξ2 ∈ R. For the existence and uniqueness of
solutions to (5.1.1) see [Eva10, Section 6].

5.1.2. Bilinear control mechanism
Further, we consider the following bilinear elliptic control problemAy + uy = f in Ω

y = 0 on ∂Ω.
(5.1.3)
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In both linear and bilinear control settings, we require u ∈ Uad, with the following set
of feasible controls

Uad := {u ∈ L2(Ω) : ua ≤ u ≤ ub a.e. in Ω}, (5.1.4)

where ua ≤ 0 ≤ ub, ua < ub.
Now, we discuss the existence of a unique weak solution to (5.1.3). For this purpose,

we need the Poincaré-Friedrichs lemma; see, e.g., [Eva10].

Lemma 5.1.1. (Poincaré-Friedrichs inequality) Let Ω ⊂ Rn be a bounded Lipschitz
domain, which is contained in the cube C := I1 × · · · × In, where I1, . . . In are intervals
and let cΩ :=

(∑n
i=1

2
|Ii|2

)−1
, then∫

Ω
y2dx ≤ cΩ

∫
Ω
|∇y|2dx, (5.1.5)

holds for all y ∈ H1
0 (Ω).

We denote with ‖ · ‖ := ‖ · ‖L2(Ω) for the L2(ΩT )-norm in the Hilbert space L2(Ω)
induced by the inner product 〈·, ·〉 := 〈·, ·〉L2(Ω).

Theorem 5.1.2. Let u ∈ Uad, where

ua > −a0 −
θ

cΩ
. (5.1.6)

Then, there exists a unique weak solution y ∈ H1
0 (Ω) to the bilinear elliptic problem

(5.1.3) and the following property holds

‖y‖H1(Ω) ≤ C1‖f‖, (5.1.7)

Proof. Problem (5.1.3) can be written as follows

〈Ay + uy, v〉 = 〈f, v〉 for all v ∈ H1
0 (Ω).

We define a(y, v) := 〈Ay + uy, v〉 and κ := ua+a0+θ/cΩ
cΩ+1 > 0, then by using (5.1.2), u ≥ ua,

and (5.1.5), we have

a(y, y) = 〈Ay + uy, y〉 =
∫

Ω

 n∑
i,j=1

aij
∂y

∂xj

∂y

∂xi
+ (a0 + u)y2

 dx

≥
∫

Ω

(
θ|∇y|2 + (a0 + ua)y2

)
dx

= κcΩ

∫
Ω
|∇y|2dx + (θ − κcΩ)

∫
Ω
|∇y|2dx +

∫
Ω

(a0 + ua)y2dx

≥ κcΩ

∫
Ω
|∇y|2dx +

(
θ

cΩ
− κ

)∫
Ω
y2dx +

∫
Ω

(a0 + ua)y2dx

≥ min
(
κcΩ, ua + a0 + θ

cΩ
− κ

)
‖y‖2

H1 = κcΩ‖y‖2
H1 .
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In the forth line the Poincaré-Friedrichs was used. With κ := ua+a0+θ/cΩ
cΩ+1 > 0, we have

that κcΩ = ua + a0 + θ/cΩ − κ and thus, we have

〈Ay + uy, y〉 ≥ C0‖y‖2
H1 for C0 := κcΩ, (5.1.8)

and therefore

‖y‖2 ≤ ‖y‖2
H1 ≤ C−1

0 〈Ay + uy, y〉 = C−1
0 〈f, y〉 ≤ C−1

0 ‖f‖‖y‖.

Therefore we obtain (5.1.7) with C1 := C−1
0 . Furthermore, one has

|a(y, v)| ≤
∑

i,j

‖aij‖L∞ + ‖a0 + ub‖L∞
 ‖y‖H1‖v‖H1 .

We can use the Lemma of Lax-Milgram with V = H1
0 (Ω) to complete the proof.

Remark 5.1.1. In the case of Ω = (0, 1)n, n ≤ 3, and A = −∆, including homogeneous
Dirichlet boundary conditions, we have a0=0, θ = 1 and cΩ = 1/2n such that we can
ensure invertibility for ua > −2n.

Remark 5.1.2. In order to ensure a unique solution, we require condition (5.1.6) for
the choice of ua in the bilinear case.

Next, we recall the following theorem stating higher regularity of solutions to (5.1.3);
see [Gri85, Theorem 4.3.1.4].

Theorem 5.1.3. Let Ω ⊂ Rn, n ≤ 3, be a convex and bounded polygonal or polyhedral
domain. If in addition to the assumptions of Theorem 5.1.2, we have that ai,j ∈ C1(Ω̄),
then y ∈ H1(Ω) ∩H2(Ω) and the following holds

‖y‖H2(Ω) ≤ C̃ (‖f‖+ ‖y‖) ≤ C‖f‖, (5.1.9)

for some appropriate constants C, C̃ > 0 that only depend on Ω.

Remark 5.1.3. Because H2(Ω) can be embedded in L∞(Ω) [Ada75], for n ≤ 3 and using
(5.1.9), we obtain

y ∈ L∞(Ω) and ‖y‖L∞(Ω) ≤ C‖f‖. (5.1.10)

Theorem 5.1.2 and Theorem 5.1.3 ensure the existence of a unique control-to-state
operator

S : Uad → H1
0 (Ω) ∩H2(Ω), u 7→ S(u), (5.1.11)

where in the linear case S(u) = A−1(f −u) represents the unique solution to (5.1.1) and
in the bilinear case S(u) = (A+ u)−1f is the unique solution to (5.1.3).
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Remark 5.1.4. For the bilinear case, the control-to-state operator S(u) is not Fréchet-
differentiable in the L2 topology since for every ε > 0 there is always an h ∈ L2(Ω)
with ‖h‖ ≤ ε such that u + h /∈ Uad and therefore it is not necessarily defined. How-
ever, we only need the following weaker form of differentiability, which is a directional
differentiability in all v ∈ Uad in the directions (u − v) for u ∈ Uad. This is called
Q-differentiability; see [KV09].
Definition 5.1.1. (Q-Differentiability). Let U ⊂ X be a convex set and T : U → Y .
Then T is called to be Q-differentiable in v ∈ U , if there exists a mapping T ′U(v) ∈
L(X, Y ), such that for all u ∈ U the following holds

‖T (v + u− v)− T (v)− T ′U(v)(u− v)‖Y
‖u− v‖X

→ 0 if ‖u− v‖X → 0.

In the following, we omit the index U and write T ′ = T ′U .
The Q-derivatives of S(u) have the following properties in the bilinear case.

Lemma 5.1.4. The control-to-state-operator S is at least two times Q-differentiable in
Uad and its derivatives have the following properties for all directions h1, h2 ∈ L2(Ω):
(i) S ′(u)(h1) ∈ H1

0 (Ω) ∩H2(Ω) is the solution y′ of
Ay′ + uy′ = −h1S(u). (5.1.12)

(ii) S ′′(u)(h1, h2) ∈ H1
0 (Ω) ∩H2(Ω) is the solution y′′ of
Ay′′ + uy′′ = −h2S

′(u)(h1)− h1S
′(u)(h2). (5.1.13)

(iii) The following inequalities hold
‖S ′(u)(h1)‖ ≤ C2‖h1‖‖f‖, (5.1.14)

‖S ′′(u)(h1, h2)‖ ≤ C3‖h1‖‖h2‖‖f‖. (5.1.15)

Proof. Part (i) and (ii) can be shown by direct calculation (see [KV09, Lemma 2.9]).
So part (iii) is left to be proved. If y′ := S ′(u)(h1) ∈ H1

0 (Ω) ∩H2(Ω) is a solution to
Ay′ + uy′ = −h1S(u),

for u ∈ Uad and f ∈ L2(Ω), by using (5.1.10), we obtain
‖y′‖ ≤ C‖y′‖L∞ ≤ C̄‖h1S(u)‖ ≤ C̄‖h1‖‖S(u)‖L∞(Ω) ≤ C2‖h1‖‖f‖, (5.1.16)

where the constants depend on the measure of Ω and not on y. Therefore, we obtain
(5.1.14) and y′ ∈ L∞(Ω).
Furthermore, let y′′ := S ′′(u)(h1, h2) ∈ H1

0 (Ω) ∩H2(Ω) be a solution to the following
problem

Ay′′ + uy′′ = −h2S
′(u)(h1)− h1S

′(u)(h2),
for u ∈ Uad and f ∈ L2(Ω). With the same argumentation as above and using (5.1.16),
we obtain

‖y′′‖ ≤ C‖h2S
′(u)(h1) + h1S

′(u)(h2)‖ ≤ 2C3‖h1‖‖h2‖‖f‖.
Therefore, we obtain (5.1.15), which completes the proof.
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5.2. Parabolic models
In this section, we discuss parabolic models with linear and bilinear control mechanism.

5.2.1. Linear control mechanism
Consider the following boundary value problem

∂ty + Ay + u = f in ΩT = Ω× (0, T )
y = y0 on Ω× {t = 0}
y = 0 on Σ = ∂Ω× (0, T ).

(5.2.1)

where Ω ⊂ Rn is a bounded domain, n ≤ 3, f ∈ L2(ΩT ), and y0 ∈ H1
0 (Ω). The operator

∂t + A : L2(0, T ;H1
0 (Ω)) → L2(0, T ;H−1(Ω)) represents a second-order linear parabolic

differential operator, where

Ay = −
n∑

i,j=1

∂

∂xj

(
aij

∂

∂xi
y

)
+ a0y,

such that ai,j, a0 ∈ L∞(ΩT ), and ai,j satisfies the coercivity condition
n∑

i,j=1
aij(x, t)ξ1ξ2 ≥ θ

n∑
j=1

ξ2
j a.e. in ΩT , (5.2.2)

for some θ > 0 and a0 ≥ 0.
Here, we define L2(0, T ;B) := {v : (0, T )→ B such that

∫ T
0 ‖v(t)‖2

Bdt <∞} for some
Banach space B. For the existence and uniqueness of solutions to (5.2.1) see [Eva10,
Section 7].

5.2.2. Bilinear control mechanism
Further, we consider the following bilinear parabolic control problem

∂ty + Ay + uy = f in ΩT

y = y0 on Ω× {t = 0}
y = 0 on Σ.

(5.2.3)

In both linear and bilinear control settings, we require u ∈ Uad, with the following set
of feasible controls

Uad := {u ∈ L2(ΩT ) : ua ≤ u ≤ ub a.e. in ΩT} ⊂ L∞(ΩT ), (5.2.4)

where we choose ua ≤ 0 ≤ ub, ua < ub.
The following theorem from [BA15] ensures existence and uniqueness of (5.2.3).
In the parabolic case, we denote with ‖ · ‖ := ‖ · ‖L2(ΩT ) for norms in the Hilbert space

L2(Ω) induced by the inner product 〈·, ·〉 := 〈·, ·〉L2(ΩT ).
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Theorem 5.2.1. [BA15] Suppose that u ∈ L∞(ΩT ) and f ∈ L2(ΩT ), and the initial
condition y0 ∈ H1

0 (Ω). Furthermore, let Ω ⊂ Rn, n ≤ 3, be a convex and bounded
domain with Lipschitz boundary. Then there exists a unique weak solution y to (5.2.3)
such that y ∈ H2,1(ΩT ), where H2,1(ΩT ) = L2(0, T ;H2(Ω) ∩ H1

0 (Ω)) ∩ H1(0, T ;L2(Ω))
and it fulfills the following inequality

‖y‖L∞(0,T ;L2(Ω)) ≤ c1
(
‖y0‖L2(Ω) + ‖f‖

)
, (5.2.5)

where c1 depends on ub. Theorem 5.2.1 ensures the existence of a unique control-to-
state operator

S : Uad → H2,1(ΩT ), u 7→ S(u). (5.2.6)

We note that in the linear case this operator is affine linear, such that its first Fréchet-
derivative is independent of u and we have S ′(u)(h) = S(h) + t for some constant t
independent of u and h. The Fréchet-derivatives of S(u) in the bilinear case have the
following properties.

Lemma 5.2.2. The control-to-state-operator S is at least twice Fréchet-differentiable in
Uad with respect to the L2(ΩT )-topology and its derivatives have the following properties
for all directions h1, h2 ∈ L∞(ΩT ):

(i) S ′(u)(h1) ∈ H2,1(ΩT ) is the solution y′ of

∂ty
′ + Ay′ + uy′ = −h1S(u), y′(·, 0) = 0. (5.2.7)

(ii) S ′′(u)(h1, h2) ∈ H2,1(ΩT ) is the solution y′′ of

∂ty
′′ + Ay′′ + uy′′ = −h2S

′(u)(h1)− h1S
′(u)(h2), y′′(·, 0) = 0. (5.2.8)

(iii) The following inequalities hold

‖S ′(u)(h1)‖ ≤ c2‖h1‖
(
‖f‖+ ‖y0‖L2(Ω)

)
. (5.2.9)

‖S ′′(u)(h1, h2)‖ ≤ c3‖h1‖‖h2‖
(
‖f‖+ ‖y0‖L2(Ω)

)
. (5.2.10)

Proof. Part (i) is proven in [BA15], so we sketch the proof of part (ii). From (5.2.5) we
have the following estimates for the solution y′ of (5.2.7) and y′′ of (5.2.8).

‖y′‖ ≤ ‖y′‖L2(0,T ;H1
0 (Ω)) ≤ C1‖h1‖ ≤ C1‖h1‖L∞(ΩT ),

and therefore

‖y′′‖ ≤ C2‖h1‖L∞(ΩT )‖h2‖L∞(ΩT ).
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It follows that the bilinear mapping L∞(ΩT )×L∞(ΩT )→ H2,1(ΩT ) ⊂ L2(ΩT ), (h1, h2) 7→
y′′ is continuous with respect to the L2(ΩT )-topology. Next, we have that ỹ = S ′(u +
h2)(h1)− S ′(u)(h1) satisfies

∂tỹ + Aỹ + uỹ = −h1(S(u+ h2)− S(u))− h2S
′(u+ h2)(h1), ỹ(·, 0) = 0,

such that the following estimate holds

‖ỹ‖ ≤ C3‖h1‖L∞(ΩT )‖h2‖L∞(ΩT ).

We conclude the proof by an estimate of w := ỹ − y′′ which satisfies

∂tw + Aw + uw =− h1(S(u+ h2)− S(u)− S ′(u)(h2))− h2ỹ, ỹ(·, 0) = 0,

such that

‖w‖ ≤ C4‖h1‖L∞(ΩT )‖h2‖2
L∞(ΩT ).

Thus, we obtain

‖S ′(u+ h2)(h1)− S ′(u)(h1)− y′′‖ ≤ C‖h1‖L∞(ΩT )‖h2‖2
L∞(ΩT ),

which shows that y′′ is indeed the Fréchet-derivative of S ′(u)(h1) with respect to the
L2(ΩT )-topology. Part (iii) follows directly from (i), (ii) and (5.2.5).
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6. Optimal control problems with
Sparsity Functionals

In this chapter, we discuss optimal control problems governed by the linear- and bilinear-
control elliptic and parabolic equations discussed in the previous chapter. We consider
the following cost functional

J(y, u) := 1
2‖y − z‖

2 + α

2 ‖u‖
2 + β‖u‖L1 , (6.0.1)

where u ∈ Uad, α, β > 0. Furthermore z ∈ L2(Ω), y ∈ H1
0 (Ω) for the elliptic case and

z ∈ L2(ΩT ), y ∈ H2,1(ΩT ) for the parabolic case.
This functional is made of a Fréchet-differentiable classical tracking type cost with

L2-regularization and a nondifferentiable L1-control cost. Using the control-to-state
operator (5.1.11) in the linear-control and (5.2.6) in the bilinear-control case, we have
the following reduced optimal control problem

min
u∈Uad

Ĵ(u) := 1
2‖S(u)− z‖2 + α

2 ‖u‖
2 + β‖u‖L1 . (6.0.2)

6.1. Nonsmooth analysis in function space
For the analysis that follows, we need the definition of derivative for nonconvex, nons-
mooth functions that is introduced below.

Definition 6.1.1. Let X and Y be Banach spaces, D ⊂ X be open and F : D → Y
be a nonlinear mapping. We say that F is generalized differentiable in an open subset
U ⊂ D if there exists a set-valued mapping ∂∗F : D ⇒ L(X, Y ) with ∂∗F(x) 6= ∅ for all
x ∈ D such that

lim
h→0

1
‖h‖X

‖F(x+ h)−F(x)− G(x+ h)h‖Y = 0, (6.1.1)

for every G ∈ ∂∗F and for every x ∈ U . We call ∂∗F the generalized differential and
every G ∈ ∂∗F a generalized derivative.

This definition is similar to the semismoothness stated in [Ulb11] and also known
under the name ’slant differentiability’; see, e.g., [CNQ00].
For convex functionals on Hilbert spaces, the generalized differential is equivalent to

the following subdifferential.
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6. Optimal control problems with Sparsity Functionals

Lemma 6.1.1. Let H be a Hilbert space, D ⊂ H be open and F : D → R be a convex
functional. The mapping ∂F : H ⇒ H∗ given by

∂F(x) := {γ ∈ H∗ : 〈γ, y − x〉H∗,H ≤ F(y)−F(x) for all y ∈ H}

is called the subdifferential of F in u and it holds ∂∗F = ∂F .

Proof.

’⊂’: Let γ ∈ ∂∗F . We first show that the mapping g : (0, 1]→ R defined by

g(t) := F(x+ t(y − x))−F(x)
t

.

is monotonically increasing. Therefore, consider t1, t2 with 0 < t1 < t2 < 1 and
define t′ := t1

t2
∈ (0, 1) and z = x + t2(y − x). Due to the convexity of F , it holds

that

F(x+ t′(z − x)) ≤ t′F(z) + (1− t′)F(x).

Inserting t′ := t1
t2
∈ (0, 1) and z = x+ t2(y − x) yields

F(x+ t1(y − x))−F(x)
t1

≤ F(x+ t2(y − x))−F(x)
t2

,

and, hence, that g is monotonically increasing. Furthermore, by replacing h =
t(y − x), one has that

0 = lim
h→0

1
‖h‖H

|F(x+ h)−F(x)− 〈γ(x+ h), h〉 |

= lim
t→0

|F(x+ t(y − x))−F(x)− t 〈γ(x+ t(y − x)), y − x〉 |
t‖y − x‖

= lim
t→0

|g(t)− 〈γ(x+ t(y − x)), y − x〉 |
‖y − x‖

.

Hence,

〈γ(x), y − x〉 = lim
t→0
〈γ(x+ t(y − x)), y − x〉 = lim

t→0
g(t) ≤ g(1) = F(y)−F(x).
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6. Optimal control problems with Sparsity Functionals

’⊃’: Let γ ∈ ∂F . Then, 〈γ(x), y − x〉 ≤ F(y)−F(x), and we have

lim
h→0

1
‖h‖H

|F(x+ h)−F(x)− 〈γ(x+ h), h〉 |

= lim
y→x

1
‖y − x‖H

|F(y)−F(x)− 〈γ(y), y − x〉 |

= lim
y→x

1
‖y − x‖H

(
〈γ(y), y − x〉+ F(x)−F(y)

)

= lim
t→0

(
〈γ(x+ t(y − x)), t(y − x)〉+ F(x)−F(x+ t(y − x))

)
t‖y − x‖

= 1
‖y − x‖H

(
〈γ(x), y − x〉 − lim

t→0

F(x+ t(y − x))−F(x)
t

)

≤ 1
‖y − x‖H

(
〈γ(x), y − x〉 − lim

t→0

t 〈γ(x), y − x〉
t

)
= 0,

where the third equality is due to the fact, that F(y) − F(x) − 〈γ(y), y − x〉 =
〈γ(y), x− y〉 − (F(x)−F(y)) ≤ 0. Hence, γ ∈ ∂∗F .

6.2. Convexity of the cost functional
The nondifferentiable part Ĵ1(u) := β‖u‖L1 is convex. Therefore, in order to discuss
local convexity of the reduced functional Ĵ(u), we investigate the second derivative of
the differentiable part Ĵ2(u) := 1

2‖S(u)− z‖2 + α
2 ‖u‖

2. We have

Ĵ ′′2 (ū)(v, w) = 〈S ′(ū)(v), S ′(ū)(w)〉+ 〈S(ū)− z, S ′′(ū)(v, w)〉+ α 〈v, w〉 .

In particular, in the linear case, we have

Ĵ ′′2 (ū)(v, v) = ‖S ′(u)(v)‖2 + α‖v‖2 > 0, for all v ∈ L2(Ω), ‖v‖ 6= 0. (6.2.1)

We conclude that the reduced functional is strictly convex in the linear case.
In the bilinear case, we have a non-convex optimization problem. However, local con-

vexity can be guaranteed under some conditions. To be specific, we chose the sufficient
condition stated in the following theorem.

Lemma 6.2.1. Let C ′′(u) := sup‖v‖≤1 ‖S ′′(u)(v, v)‖, if the following inequality holds

C ′′(u)‖S(u)− z‖ < α, (6.2.2)

then the reduced functional Ĵ(u) is strictly convex in a neighborhood of u ∈ U bil
ad .

Proof. Since Ĵ1(u) := β‖u‖L1 is convex, we have to prove that Ĵ2(u) := 1
2‖S(u)− z‖2 +

α
2 ‖u‖

2 is strictly convex in u. Therefore we show that the reduced Hessian is positive
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6. Optimal control problems with Sparsity Functionals

definite in Uad as follows

Ĵ ′′2 (u)(v, v) = 〈S ′(u)(v), S ′(u)(v)〉+ 〈S(u)− z, S ′′(u)(v, v)〉+ α 〈v, v〉
≥ (α− C ′′(u)‖S(u)− z‖)‖v‖2,

and thus Ĵ(u) is strictly convex in u.

We remark that the result of Lemma 6.2.1 is well known. It expresses local convexity
of the reduced objective when the state function is sufficiently close to the target and
the weight of the quadratic L2 cost of the control is sufficiently large. Indeed, local
convexity may result with much weaker assumptions. However, for the investigation of
the fast proximal schemes (FTIP), see Chapter 7, we need strict convexity of the cost
functional. Therefore, we make the following strong assumption that is required in the
formulation of the FTIP method.

Assumption 1. We assume that (6.2.2) holds for all u ∈ Uad.

Remark 6.2.1. Because of Lemma 5.1.4, this assumption holds if the regularization
parameter α > C3‖f‖(C‖f‖ + ‖z‖) for the elliptic case and because of Lemma 5.2.2 it
holds for α > c3

(
‖f‖+ ‖y0‖L2(Ω)

) [
c1
(
‖f‖+ ‖y0‖L2(Ω)

)
+ ‖z‖

]
for the parabolic case.

6.3. Optimality conditions
To characterize the optimal control sought, we discuss in the following the first-order
optimality conditions.

6.3.1. Elliptic models
In this section, we investigate the convexity conditions and optimality conditions for
(6.0.2), where S(u) is the control-to-state operator of the elliptic model (5.1.11).
In the next step, the optimality conditions of (6.0.2) are derived. From [ET99, Remark

3.2], we obtain that ū is a solution of (6.0.2) if and only if there exists a λ̄ ∈ ∂Ĵ1(ū) such
that 〈

S ′(ū)∗(S(ū)− z) + αū+ λ̄, u− ū
〉
≥ 0, for all u ∈ Uad, (6.3.1)

where ∗ denotes the adjoint operator. From (6.3.1) one can derive the optimality system
by using the Lagrange multipliers λ̄a, λ̄b ∈ L2(Ω) (see [Sta09, Theorem 2.1]):

Theorem 6.3.1. The optimal solution ū of (6.0.2) is characterized by the existence of
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(λ̄, λ̄a, λ̄b) ∈ L2(Ω)× L2(Ω)× L2(Ω) such that

S ′(ū)∗(S(ū)− z) + αū+ λ̄+ λ̄b − λ̄a = 0, (6.3.2)
λ̄b ≥ 0, ub − ū ≥ 0, λ̄b(ub − ū) = 0, (6.3.3)
λ̄a ≥ 0, ū− ua ≥ 0, λ̄a(ū− ua) = 0, (6.3.4)
λ̄ = β a.e. on {x ∈ Ω : ū > 0}, (6.3.5)
|λ̄| ≤ β a.e. on {x ∈ Ω : ū = 0}, (6.3.6)
λ̄ = −β a.e. on {x ∈ Ω : ū < 0}. (6.3.7)

If one introduces the parameter µ̄ := λ̄ + λ̄b − λ̄a, it is shown in [Sta09] that the
conditions (6.3.3)-(6.3.7) are equivalent to

B(ū, µ̄) = 0, (6.3.8)

where

B(ū, µ̄) :=ū−max{0, ū+ c(µ̄− β)} −min{0, ū+ c(µ̄+ β)}
+ max{0, ū− ub + c(µ̄− β)}+ min{0, ū− ua + c(µ̄+ β)},

where c > 0 is arbitrary. With this setting (6.3.2)-(6.3.7) reduces to

S ′(ū)∗(S(ū)− z) + αū+ µ̄ = 0, (6.3.9)
B(ū, µ̄) = 0. (6.3.10)

Next we discuss the linear control mechanism (5.1.1). In the linear control case, the
equation (6.3.9) becomes the following

−A−∗(A−1(f − ū)− z) + αū+ µ̄ = 0, (6.3.11)

where A−∗ = (A∗)−1. By setting ȳ = A−1(f− ū) and p̄ := −A−∗(ȳ−z) equation (6.3.11)
can be written as follows

p̄+ αū+ µ̄ = 0.

We summarize the previous considerations into the following theorem.

Theorem 6.3.2. (Linear optimality conditions) The optimal solution (ȳ, ū) ∈ H1
0 (Ω)×

L2(Ω) to (6.0.2) in the linear control case is characterized by the existence of the dual
pair (p̄, µ̄) ∈ H1

0 (Ω)× L2(Ω) such that

Aȳ + ū− f = 0 (6.3.12)
A∗p̄+ ȳ − z = 0 (6.3.13)
p̄+ αū+ µ̄ = 0 (6.3.14)
B(ū, µ̄) = 0. (6.3.15)
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Furthermore, the explicit gradient and the Hessian of Ĵ2(u) are given by

∇Ĵ2(u) = αu+ p (6.3.16)

and

∇2Ĵ2(u) = αI + A−∗A−1 (6.3.17)

Next, we discuss the bilinear elliptic control mechanism (5.1.3). For the bilinear
system, we have S ′(u)(h1) = −(A + u)−1[h1(A + u)−1f ] and therefore S ′(u)∗(h1) =
−(A+ u)−1f(A+ u)−∗h1 such that equation (6.3.9) becomes the following

−(A+ ū)−1f(A+ ū)−∗((A+ ū)−1f − z) + αū+ µ̄ = 0. (6.3.18)

By setting ȳ = (A+ ū)−1f and p̄ := −(A+ ū)−∗(ȳ − z) this can be written as follows

ȳp̄+ αū+ µ̄ = 0.

We summarize the previous considerations into the following theorem.
Theorem 6.3.3. (Bilinear optimality system) The optimal solution (ȳ, ū) ∈ H1

0 (Ω) ×
L2(Ω) to (6.0.2) in the bilinear control case is characterized by the existence of the dual
pair (p̄, µ̄) ∈ H1

0 (Ω)× L2(Ω) such that

Aȳ + ūȳ − f = 0
A∗p̄+ ȳ + ūp̄− z = 0
ȳp̄+ αū+ µ̄ = 0
B(ū, µ̄) = 0.

(6.3.19)

Furthermore, the explicit gradient and the Hessian of Ĵ2(u) are given by

∇Ĵ2(u) = αu+ py (6.3.20)

and

Ĵ ′′2 (u)(v1, v2) =
〈
v1,∇2Ĵ2(u)v2

〉
, (6.3.21)

where

∇2Ĵ2(u)(·) = y(A+ u)−∗(A+ u)−1(y(·))− y(A+ u)−∗(p(·))− p(A+ u)−1(y(·)) + α(·).

6.3.2. Parabolic models
In this section, we investigate the convexity conditions and optimality conditions for
(6.0.2), where S(u) is the control-to-state operator of the parabolic model (5.2.6).
In the next step the optimality conditions of (6.0.2) are derived. From [ET99, Remark

3.2] we obtain that ū is a solution of (6.0.2) if and only if there exists a λ̄ ∈ ∂Ĵ1(ū) such
that 〈

S ′(ū)∗(S(ū)− z) + αū+ λ̄, u− ū
〉
≥ 0, for all u ∈ Uad, (6.3.22)

where ∗ denotes the adjoint operator. From (6.3.22) one can derive the optimality system
by using the Lagrange multipliers λ̄a, λ̄b ∈ L∞(ΩT ) (see [Sta09, Theorem 2.1]):
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Theorem 6.3.4. The optimal solution ū of (6.0.2) is characterized by the existence of
(λ̄, λ̄a, λ̄b) ∈ L2(ΩT )× L∞(ΩT )× L∞(ΩT ) such that

S ′(ū)∗(S(ū)− z) + αū+ λ̄+ λ̄b − λ̄a = 0, (6.3.23)
λ̄b ≥ 0, ub − ū ≥ 0, λ̄b(ub − ū) = 0, (6.3.24)
λ̄a ≥ 0, ū− ua ≥ 0, λ̄a(ū− ua) = 0, (6.3.25)
λ̄ = β a.e. on {x ∈ Ω : ū > 0}, (6.3.26)
λ̄ ≤ β a.e. on {x ∈ Ω : ū = 0}, (6.3.27)
λ̄ = −β a.e. on {x ∈ Ω : ū < 0}. (6.3.28)

If one introduces the parameter µ̄ := λ̄+ λ̄b− λ̄a, it is shown in [Sta09] that conditions
(6.3.24)-(6.3.28) are equivalent to

B(ū, µ̄) = 0, (6.3.29)

where we define

B(ū, µ̄) :=ū−max{0, ū+ c(µ̄− β)} −min{0, ū+ c(µ̄+ β)}
+ max{0, ū− ub + c(µ̄− β)}+ min{0, ū− ua + c(µ̄+ β)}.

With this setting (6.3.23)-(6.3.28) reduces to

S ′(ū)∗(S(ū)− z) + αū+ µ̄ = 0, (6.3.30)
B(ū, µ̄) = 0. (6.3.31)

For the linear parabolic problem (5.2.1), we define ȳ := S(ū) and introduce the adjoint
operator p̄ as a solution to

−∂tp̄+ A∗p̄+ ȳ − z = 0, p̄(·, T ) = 0

From standard arguments, e.g., [Trö09], we see that equation (6.3.30) can be written as
follows

p̄+ αū+ µ̄ = 0

We summarize the previous considerations into the following theorem.

Theorem 6.3.5. (Optimality conditions for the parabolic linear control problem) The
optimal solution (ȳ, ū) ∈ H2,1(ΩT ) × L∞(ΩT ) to (6.0.2), in the linear control case, is
characterized by the existence of the dual pair (p̄, µ̄) ∈ H2,1(ΩT )× L∞(ΩT ) such that

∂tȳ + Aȳ + ū− f = 0 in ΩT (6.3.32)
− ∂tp̄+ A∗p̄+ ȳ − z = 0 in ΩT (6.3.33)
p̄+ αū+ µ̄ = 0 in ΩT (6.3.34)
B(ū, µ̄) = 0 in ΩT (6.3.35)
ȳ = y0 on Ω× {t = 0} (6.3.36)
p̄ = 0 on Ω× {t = T} (6.3.37)
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Furthermore, in the linear control case, the explicit gradient of Ĵ2(u) is given by

∇Ĵ2(u) = αu+ p (6.3.38)

For the bilinear parabolic problem (5.2.3), we define ȳ = S(ū) and introduce the
adjoint operator p̄ as a solution of

−∂tp̄+ A∗p̄+ ūp̄+ ȳ − z = 0, p̄(·, T ) = 0.

From standard arguments, e.g., [Trö09] we see that equation (6.3.30) can be written as

ȳp̄+ αū+ µ̄ = 0.

We summarize the previous considerations into the following theorem.

Theorem 6.3.6. (Optimality conditions for the parabolic bilinear control problem) The
optimal solution (ȳ, ū) ∈ H2,1(ΩT ) × L∞(ΩT ) to (6.0.2), in the bilinear control case, is
characterized by the existence of the dual pair (p̄, µ̄) ∈ H2,1(ΩT )× L∞(ΩT ) such that

∂tȳ + Aȳ + ūȳ − f = 0 in ΩT (6.3.39)
− ∂tp̂+ A∗p̄+ ȳ + ūp̄− z = 0 in ΩT (6.3.40)
ȳp̄+ αū+ µ̄ = 0 in ΩT (6.3.41)
B(ū, µ̄) = 0 in ΩT (6.3.42)
ȳ = y0 on Ω× {t = 0} (6.3.43)
p̄ = 0 on Ω× {t = T} (6.3.44)

Furthermore, in the bilinear control case, the explicit gradient of Ĵ2(u) is given by

∇Ĵ2(u) = αu+ py (6.3.45)
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7. Proximal methods in function
spaces

In this section, we discuss first-order inertial proximal methods to solve our linear and
bilinear optimal control problems. The starting point to discuss proximal methods
consists of identifying a smooth and a nonsmooth part in the reduced objective Ĵ(u).
That is, we consider the following optimization problem

min
u∈Uad

Ĵ(u) := Ĵ1(u) + Ĵ2(u), (7.0.1)

where we assume

Ĵ1(u) is continuous, convex and nondifferentiable (7.0.2)
Ĵ2(u) is Q-differentiable with respect to Uad,

and has Lipschitz-continuous gradient:
‖∇Ĵ2(u)−∇Ĵ2(v)‖ ≤ L(Ĵ2)‖u− v‖, ∀u, v ∈ Uad, (7.0.3)

where L(Ĵ2) > 0. The following lemma is essential in the formulation of proximal
methods.

Lemma 7.0.1. Let J2 be Q-differentiable with respect to Uad and it has Lipschitz con-
tinuous gradient with Lipschitz constant L(J2) (7.0.3). Then for all L ≥ L(J2), the
following holds.

Ĵ2(u) ≤ Ĵ2(v) +
〈
∇Ĵ2(v), u− v

〉
+ L

2 ‖u− v‖
2, ∀u, v ∈ Uad. (7.0.4)

Proof.

Ĵ2(u) = Ĵ2(v) +
〈
∇Ĵ2(v), u− v

〉
+
∫ 1

0

〈
∇Ĵ2(v + t(u− v))−∇Ĵ2(v), u− v

〉
dt

≤ Ĵ2(v) +
〈
∇Ĵ2(v), u− v

〉
+
∫ 1

0

∥∥∥∇Ĵ2(v + t(u− v))−∇Ĵ2(v))
∥∥∥ ‖u− v‖dt

≤ Ĵ2(v) +
〈
∇Ĵ2(v), u− v

〉
+
∫ 1

0
Lt‖u− v‖2dt

≤ Ĵ2(v) +
〈
∇Ĵ2(v), u− v

〉
+ L

2 ‖u− v‖
2.

Notice that L := L(Ĵ2) represents the smallest value of L such that (7.0.4) is satisfied.
We remark that the discussion that follows is valid for L ≥ L(Ĵ2) as in (7.0.4). However,
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as we discuss below, the efficiency of our proximal schemes depends on how close is
the chosen L to the minimal and optimal value L(Ĵ2). Now, since this value is usually
not available analytically, we discuss and implement below some numerical strategies
for determining a sufficiently accurate approximation of L(Ĵ2). In particular, we con-
sider a power iteration [Wil88], and the backtracking approach discussed in Algorithm
8. Further, notice that also in the case of choosing L >> L(Ĵ2), our proximal scheme
still converges with the same convergence rate as shown in Section 7.3. However, the
convergence constant grows considerably as L becomes larger and therefore the conver-
gence of the proximal method appears recognizably slower. On the other hand, if L is
chosen smaller than the Lipschitz constant, then convergence cannot be guaranteed.
The strategy of the proximal scheme is to minimize an upper bound of the objective

functional at each iteration, instead of minimizing the functional directly. Lemma 7.0.1
gives us the following upper bound for all v ∈ Uad. We have

min
u∈Uad

{
Ĵ1(u) + Ĵ2(u)

}
≤ min

u∈Uad

{
Ĵ1(u) + Ĵ2(v) +

〈
∇Ĵ2(y), u− v

〉
+ L

2 ‖u− v‖
2
}
,

where we have equality if u = v. Furthermore, we have the following equation

arg min
u∈Uad

{
Ĵ1(u) + Ĵ2(v) +

〈
∇Ĵ2(v), u− v

〉
+ L

2 ‖u− v‖
2
}

= arg min
u∈Uad

{
Ĵ1(u) + L

2

∥∥∥∥u− (v − 1
L
∇Ĵ2(v)

)∥∥∥∥2}
. (7.0.5)

In the optimal control problems stated in Chapter 6, we have Ĵ1(u) = β‖u‖L1 and
(7.0.5) has an explicit solution, that we discuss in the following lemma.

Lemma 7.0.2. The following equation holds

arg min
u∈Uad

{
τ‖u‖L1 + 1

2‖u− v‖
2
}

= SUadτ (v) for any v ∈ L2(Ω),

where the projected soft thresholding function is defined as follows

SUadτ (v) :=


min{v − τ, ub} on {x ∈ Ω : v(x) > τ}
0 on {x ∈ Ω : |v(x)| ≤ τ}
max{v + τ, ua} on {x ∈ Ω : v(x) < −τ}

.

Proof. There exists a γ(ū) ∈ ∂‖ū‖L1 , the subdifferential of ‖ · ‖L1 such that the solution
ū := arg minu∈Uad

{
τ‖u‖L1 + 1

2‖u− v‖
2
}
fulfills the following variational inequality; see,

e.g., [ET99];

〈ū− v + τγ(ū), u− ū〉 ≥ 0, ∀u ∈ Uad. (7.0.6)

Now, we show that û := SUadτ (v) fulfills (7.0.6). The following investigation of the
different cases is meant to be pointwise. We have

60



7. Proximal methods in function spaces

• v − τ > ub ≥ 0:
It follows that û = ub and therefore γ(û) = 1 such that
(ub − v + τ)(u− ub) ≥ 0, ∀u ∈ Uad.

• 0 < v − τ < ub:
It follows that û = v − τ > 0 and γ(û) = 1 such that
(û− v + τ)(u− ub) = 0, ∀u ∈ Uad.

• |v| ≤ τ :
It follows that û = 0 and γ(û) = v

τ
∈ B1(0) such that(

û− v + τ
(
v
τ

))
(u− û) = 0, ∀u ∈ Uad.

• ua < v + τ < 0:
It follows that û = v + τ < 0 and therefore γ(û) = −1 such that
〈û− v − τ, u− û〉 = 0, ∀u ∈ Uad

• v + τ < ua ≤ 0:
It follows that û = ua and therefore γ(û) = −1 such that
(ua − v − τ)(u− ua) ≥ 0, ∀u ∈ Uad.

Based on this lemma, we conclude that the solution to (7.0.5) is given by

arg min
u∈Uad

{
Ĵ1(u) + L

2

∥∥∥∥u− (v − 1
L
∇Ĵ2(v)

)∥∥∥∥2}
= SUadβ

L

(
v − 1

L
∇Ĵ2(v)

)
,

thus obtaining an approximation to the optimal u sought. Therefore we can use this
result to define a general iterative scheme as follows

uk+1 ← SUadβ·sk

(
uk − sk∇Ĵ2(uk) + θk‖uk − uk−1‖

)
, (7.0.7)

starting from given u0 = u−1. For sk := 1
L

and θk = 0 we have the iterative scheme
discussed above that. We investigate requirements on the steplength sk and the inertial
parameter θk such that the general method provides convergence towards a solution of
our optimal control problem.
The update step (7.0.7) requires the solution of (6.3.12) and (6.3.13), resp. (6.3.39)

and (6.3.40), to get y and p for the calculation of

∇Ĵ2(u) = p+ αu (linear)
resp. ∇Ĵ2(u) = py + αu (bilinear).

However, the exact inversion of a discretized differential operator A := A in the elliptic
case resp. A := ∂t +A in the parabolic case, may become too expensive. Therefore one
has to estimate an approximate solution; e.g., the conjugate gradient method [HS52].
For this reason, we discuss a truncated version of the proximal scheme where the equality
constraints and the corresponding adjoint equations are solved up to a given tolerance
quantified by ε > 0. In the following, we denote by ∇εĴ2(u) the truncated gradient that
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corresponds to a truncated integration of the equation Ay = f − u, resp. (A+ u)y = f ,
that results in an approximated state variable yε, resp. pε, in the following sense

‖Ayε − f + u‖ ≤ ε, resp. ‖Ayε + uyε − f‖ ≤ ε.

Hence, there exists an ẽ ∈ L2(Ω) with ‖ẽ‖ < ε such that

Ayε = f − u+ ẽ, resp. Ayε + uyε = f + ẽ. (7.0.8)

We denote the truncated inversion method for the problem By = g, with an error
‖Byε−g‖ ≤ ε, with inv(B, g, ε). With this notation, the truncated gradient computation
is illustrated in Algorithm 5 and 6.

Algorithm 5 (Calculation of the truncated gradient ∇εĴ2(u)) – elliptic case
Require: A, f , z, ε, u
1. yε = inv(A, f − u, ε), resp. yε = inv(A+ u, f, ε)
2. pε = inv(A∗, z − yε, ε), resp. pε = inv(A∗ + u, z − yε, ε)
3. ∇εĴ2(u) = pε + αu, resp. ∇εĴ2(u) = pεyε + αu

Algorithm 6 (Calculation of the truncated gradient ∇εĴ2(u)) – parabolic case
Require: A, f , z, ε, u
1. yε = inv(∂t + A, f − u, ε), resp. yε = inv(∂t + A+ u, f, ε)
2. pε = inv(−∂t + A∗, z − yε, ε), resp. pε = inv(−∂t + A∗ + u, z − yε, ε)
3. ∇εĴ2(u) = pε + αu, resp. ∇εĴ2(u) = pεyε + αu

7.1. Inertial proximal algorithms
With this preparation, we formulate our general truncated inertial proximal schemes
given by Algorithms 7 8 & 9.
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Algorithm 7 (General truncated inertial proximal (GTIP) method)
Require: β, Ĵ2, u0 = u−1, Uad, TOL, c1, c2, c3 > 0 close to 0;
Initialize: B0 = 1, k = 0;
while ‖Bk−1‖ > TOL do
1. uk+1 ← SUadβ·sk

(
uk − sk∇Ĵεk2 (uk) + θk(uk − uk−1)

)
where sk ≥ c1, θk ≥ 0 are chosen such that δk ≥ γk ≥ c2 + c3, defined by

δk := 1
sk
− Ln

2 −
θk
2sk

and γk := 1
sk
− Ln

2 −
θk
sk

with Lk satisfying

Ĵ2(uk+1) ≤ Ĵ2(uk) +
〈
∇Ĵ2(uk), uk+1 − uk

〉
+ Lk

2 ‖uk+1 − uk‖2,

εk ≤ (γk − c2)‖uk−uk−1‖2
c(ub−ua) , c > 0 is the constant defined in Lemma 7.4.4,

and (δk)k is monotonically decreasing.
2. µk = −αuk − S ′(uk)∗(S(uk)− z) (6.3.9)
3. Bk = B(uk, µk)
4. k = k + 1

end while

This scheme is discussed in [OCBP14] for the case of finite-dimensional optimization
problems. The convergence results for Algorithm 7 presented in [OCBP14] can be ex-
tended to our linear and bilinear parabolic control problems.
The following algorithm is a special case of Algorithm 7 in the case that it is possible

to calculate the a priori Lipschitz constant of the gradient directly.

Algorithm 8 (Constant truncated inertial proximal (CTIP) method)
Require: β, Ĵ2, u0 = u−1, Uad, TOL, ε0;
Initialize: Set B0 = 1, k = 0, choose θ ∈ [0, 1) and some small c2 > 0;
Calculate the Lipschitz constant L(Ĵ2) = λmax(∇2Ĵ2) and set s < 2(1− θ)/(L+ 2c2).
while ‖Bk‖ > TOL do
1. uk+1 ← SUadβ·s

(
uk − s∇εk Ĵ2(uk) + θ(uk − uk−1)

)
2. εk+1 =

(
1
s
(1− θ)− L

2 − c2
)
‖uk−uk−1‖2
c(ub−ua) , where c > 0 is defined in Lemma 7.4.4.

3. µk+1 = −αuk+1 − S ′(uk+1)∗(S(uk+1)− z) (6.3.9)
4. Bk+1 = B(uk+1, µk+1)
5. k = k + 1

end while
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Algorithm 9 (Variable truncated inertial proximal (VTIP) method)
Require: β, Ĵ2, u0 = u−1, Uad, TOL, η > 1, L0 > 0, ε0
Initialize: B0 = 1, k = 0, choose θ ∈ [0, 1) and some small c2 > 0;
while ‖Bk‖ > TOL do
1. Backtracking: Find the smallest nonnegative integer i such that with

L̃ = ηiLk−1

Ĵ2(ũ) ≤ Ĵ2(uk) +
〈
∇Ĵ2(uk), ũ− uk

〉
+ L̃

2 ‖ũ− uk‖
2

where ũ = SUadβ·s

(
uk − s∇εk Ĵ2(uk) + θ(uk − uk−1)

)
, s < 2(1− θ)/(L̃+ 2c2),

2. Set Lk = L̃ and sk < 2(1− θ)/(Lk − 2c2).
3. uk+1 = SUadβ·sk

(
uk − sk∇εk Ĵ2(uk) + θ(uk − uk−1)

)
4. εk+1 =

(
1
s
(1− θ)− L

2 − c2
)
‖uk−uk−1‖2
c(ub−ua) , where c > 0 is defined in Lemma 7.4.4.

5. µk+1 = −αuk+1 − S ′(uk+1)∗(S(uk+1)− z) (6.3.9)
6. Bk+1 = B(uk+1, µk+1)
7. k = k + 1

end while

It is easily verified that Algorithm 8 and Algorithm 9 are special cases of Algorithm
7, i.e., they fulfill all the requirements of Algorithm 7.

7.2. A special case – The fast truncated proximal
scheme (FTP)

Now, we would like to discuss the special case, where sk = 1
L
and θk = 0 because this

will lead to a faster convergence if Assumption 1 is fulfilled as we will see in Subsection
7.3.2.
The following Algorithm implements a proximal scheme
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Algorithm 10 (Truncated proximal (TP) method)
Require: β, Ĵ2, u0, Uad, TOL, ε0
Initialize: v0 = u0; t0 = 1; B0 = 1; k = 1
Calculate L(Ĵ2) = λmax(∇2Ĵ2)
while ‖Bk−1‖ > TOL do
1. εk := ε0

k

2. uk = SUadβ
L

(
uk−1 − 1

L
∇εk Ĵ2(uk−1)

)
3. µk = −αuk − S ′(uk)∗(S(uk)− z) (6.3.9)
4. Bk = B(uk, µk)
5. k = k + 1

end while

This scheme is discussed in [BT11] for the case of finite-dimensional optimization
problems without the truncation.
In [Nes83], an acceleration strategy for proximal methods applied to convex opti-

mization problems fulfilling (7.0.3) is formulated, that improves the rate of convergence
of these schemes from O(1/k) to O(1/k2). We will see in Subsection 7.3.2 that this
also holds for the infinite dimensional truncated version. Specifically, one defines the
sequence {tk, vk} with

t0 = 1, tk := 1 +
√

1 + 4t2k−1/2, (7.2.1)

and

v0 := u0, vk := uk + (tk−1 − 1)
tk

(uk − uk−1). (7.2.2)

Correspondingly, the optimization variable uk is updated by the following

uk ← SUadβ
L

(
vk−1 −

1
L
∇Ĵ2(vk−1)

)
.

This procedures is summarized in the following algorithm.
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Algorithm 11 (Fast truncated proximal (FTP) method)
Require: β, Ĵ2, u0, Uad, TOL, ε0
Initialize: v0 = u0; t0 = 1; B0 = 1, k = 1;
Calculate L(Ĵ2) = λmax(∇2Ĵ2)
while ‖Bk−1‖ > TOL do
1. εk := ε0

(k+1)3

2. uk = SUadβ
L

(
vk−1 − 1

L
∇εk Ĵ2(vk−1)

)
3. µk = −αuk − S ′(uk)∗(S(uk)− z) (6.3.9)
4. Bk = B(uk, µk)
5. tk = 1+

√
1+4t2

k−1
2

6. vk = uk +
(
tk−1−1
tk

)
(uk − uk−1)

7. k = k + 1
end while

7.3. Convergence analysis of truncated inertial
proximal methods

In this section, we investigate the convergence of our truncated proximal schemes. In
the following we assume that the error of the truncated gradient has the following upper
bound

‖∇εĴ2(u)−∇Ĵ2(u)‖ ≤ cε. (7.3.1)

This assumption is discussed in the next section for our elliptic and parabolic optimal
control problems separately. We refer to the estimation error of the truncated gradient
in step k as follows

ek := ∇εk Ĵ2(uk)−∇Ĵ2(uk), where ‖ek‖ ≤ cεk.

7.3.1. Convergence of the GTIP method
In this section, we investigate the convergence of our GTIP scheme and therefore also
for CTIP and VTIP. Notice that our analysis differs considerably from that presented
in [OCBP14] where finite-dimensional problems and exact inversion are considered.
In order to prove the convergence of the GTIP method, we use the strategy of

[OCBP14] and extend it to the case of infinite dimensions and non-exact inversion.
First, we need the following two lemmas.

Lemma 7.3.1. Let v1, v2 ∈ Uad and let w be given by

w = SUadβ·sk

(
v1 − skĴ ′εk2 (v1) + θk(v1 − v2)

)
.
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Then, there exists γ(v1, v2) ∈ ∂Ĵ1(w), such that , for all u ∈ Uad, the following holds〈
γ(v1, v2) + 1

sk
(w − v1) +∇Ĵ2(v1) + ek −

θk
sk

(v1 − v2), u− w
〉
≥ 0. (7.3.2)

Proof. Inequality (7.3.2) is the variational inequality that characterizes the solution to
the following problem

w = arg min
u∈Uad

{
Ĵ1(u) + 1

2sk

∥∥∥u− (v1 − skJ ′εk2 (v1) + θk(v1 − v2)
)∥∥∥2

}
.

The next Lemma is an extension of Proposition 4.7 in [OCBP14]. Therefore, we define

Hδ(u, v) := Ĵ(u) + δ‖u− v‖2 and ∆k := ‖uk − uk−1‖.

Lemma 7.3.2.
(a) We have that

Hδk+1(uk+1, uk) ≤ Hδk(uk, uk−1)− γk∆2
k + cεk(ub − ua).

(b) The sequence (Hδk(uk, uk−1))k is monotonically decreasing and thus converging.

(c) It holds that ∑∞k=0 ∆2
k <∞ and therefore limk→∞∆k = 0.

Proof.
(a) Using inequality (7.0.4) and (7.0.3) with u = uk+1 and v = uk, we obtain

Ĵ(uk+1) ≤ Ĵ(uk) +
〈
∇Ĵ2(uk), uk+1 − uk

〉
+ Lk

2 ‖uk+1 − uk‖2 + 〈γ(uk, uk−1), uk+1 − uk〉 ,

and using (7.3.2) with u = uk, v1 = uk, v2 = uk−1 and w = uk+1 in the above
inequality, we have

Ĵ(uk+1) ≤ Ĵ(uk)−
( 1
sk
− Lk

2

)
‖uk+1 − uk‖2

+θk
sk
〈uk − uk−1, uk+1 − uk〉 − 〈ek, uk+1 − uk〉

≤ Ĵ(uk)−
(

1
sk
− Lk

2 −
θk
2sk

)
‖uk+1 − uk‖2

+ θk
2sk
‖uk − uk−1‖2 + cεk(ub − ua),

where in the second inequality, we used 2 〈a, b〉 ≤ ‖a‖2 +‖b‖2, the Cauchy-Schwarz
inequality, and ‖uk+1 − uk‖ ≤ (ub − ua). Now, with δk = 1

sk
− Ln

2 −
θk
2sk and

γk = 1
sk
− Ln

2 −
θk
sk

as in Algorithm 7, we have

Ĵ(uk+1) + δk∆k+1 ≤ Ĵ(uk) + δk∆2
k − γk∆2

k + cεk(ub − ua).

Hence the claim follows, since δk is monotonically decreasing.
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(b) From (a), we can conclude that the sequence (Hδk(uk, uk−1))k is monotonically
decreasing if −γk∆2

k + cεk(ub − ua) ≤ 0 which is fulfilled due to the algorithms
requirement εk ≤ (γk − c2)‖uk−uk−1‖2

c(ub−ua) . Furthermore (Hδk(uk, uk−1))k is bounded
from below by Ĵ ≥ 0 and therefore converges.

(c) Summing up the inequality in (a) from k = 0, . . . , K gives

K∑
k=0

γk∆2
k ≤

K∑
k=0

(
Hδk(uk, uk+1)−Hδk+1(uk+1, uk)

)
+ c(ub − ua)

K∑
k=0

εk

= Ĵ(u0)−HδK+1(uK+1, uK) + (ub − ua)
K∑
k=0

εk

≤ Ĵ(u0) +
K∑
k=0

(γk − c · c2)∆2
k.

Since c, c2 > 0 by the algorithm requirements, the claim follows by letting K tend
to infinity.

Now, we can prove the following theorem.

Theorem 7.3.3.

(a) The sequence (Ĵ(uk))k converges.

(b) There exists a weakly convergent subsequence (ukj)j .

(c) If in addition Assumption 1 hold, then any weak limit u∗ of (ukj)j is a critical point
of (7.0.1) and Ĵ(u∗) ≤ lim infj→∞ Ĵ(ukj).

Proof.

(a) With the definition of Hδ(u, v), it holds that

H−δk(uk, uk−1) ≤ Ĵ(uk) ≤ Hδk(uk, uk−1) (7.3.3)

and

H−δk(uk, uk−1) = Hδk(uk, uk−1)− 2δk∆2
k

So we can use Lemma 7.3.2 (b) and (c) to show that

lim
k→∞

H−δk(uk, uk−1) = lim
k→∞

Hδk(uk, uk−1)− 2δk∆2
k = lim

k→∞
Hδk(uk, uk−1)

and with (7.3.3) and the squeeze theorem this yields

lim
k→∞

Ĵ(uk) = lim
k→∞

Hδk(uk, uk−1).
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(b) Since Hδ0(u0, u−1) = Ĵ(u0) and (Hδk(uk, uk−1))k is monotonically decreasing by
Lemma 7.3.2 (a) it holds that the sequence (uk)k is contained in the level set
{u ∈ Uad : 0 ≤ Ĵ(u) ≤ Ĵ(u0)} and therefore bounded due to the fact that Ĵ(u)→
∞ as ‖u‖ → ∞. Now we can use [Bre11, Theorem 3.18] on weakly converging
subsequences and the fact that L2(ΩT ) is reflexive to state that there exists a
weakly converging subsequence (ukj)j.

(c) Let u∗ be the weak limit of the sequence ukj . Then, from ‖uk+1−uk‖ → 0 we have
that ukj+1 ⇀ u∗. From ∂Ĵ(u) = ∇Ĵ2(u) +∂Ĵ1(u) and Lemma 7.3.1, it follows that〈

∇Ĵ2(ukj+1) + γj − ξj, u− ukj+1
〉
≥ 0 ∀u ∈ Uad (7.3.4)

where γj ∈ ∂Ĵ1(ukj+1) and

ξj := − 1
skj

(ukj+1 − ukj)−∇Ĵ2(ukj)− ekj +
θkj
skj

(ukj − ukj−1) +∇Ĵ2(ukj+1).

Therefore we have the following

‖ξj‖ ≤
1
skj

∆kj+1 +
θkj
skj

∆kj + ‖∇Ĵ2(ukj+1)−∇Ĵ2(ukj)‖+ εkj

≤
(

1
skj

+ L

)
∆kj+1 +

θkj
skj

∆kj + εkj .

By Lemma 7.3.2 (c) it follows that limj→∞ ξj = 0. From Assumption 1, we have
the convexity of Ĵ2 and it follows the monotonicity of ∇Ĵ2, see, e.g., [Kac60]; The
convexity of Ĵ1 and the monotonicity of ∇Ĵ2 together with [KT09, Remark 3(b)]
provides the equivalence between inequality (7.3.4) and〈

∇Ĵ2(u)− ξj, u− ukj+1
〉

+ Ĵ1(u)− Ĵ1(ukj+1) ≥ 0 ∀u ∈ Uad. (7.3.5)

Now, letting j pass to infinity , we obtain from the lower semicontinuity of Ĵ1, that〈
∇Ĵ2(u), u− u∗

〉
+ Ĵ1(u)− Ĵ1(u∗) ≥ 0 ∀u ∈ Uad,

that is, due to [KT09, Remark 3(b)], equivalent to〈
∇Ĵ2(u∗) + γ, u− u∗

〉
≥ 0 ∀u ∈ Uad,

where γ ∈ ∂Ĵ1(u∗), such that each weak limit u∗ of the sequence (ukj)j is a
critical point of (7.0.1). Furthermore, since Ĵ is convex, we have that Ĵ(u∗) ≤
lim infj→∞ Ĵ(ukj).

Next, we define the proximal residual and state its convergence rate.
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Definition 7.3.1. The proximal residual is defined by

r(u) := u− SUadβ

(
u−∇Ĵ2(u)

)
Note that

r(u) = 0⇔ u = SUadβ (u−∇Ĵ2(u)) = arg min
v∈Uad

{
β‖v‖L1 + 1

2
∥∥∥v − (u−∇Ĵ2(u)

)∥∥∥2
}

⇔ ∃γ(u) ∈ ∂‖u‖L1 :
〈
βγ(u) +∇Ĵ2(u), ū− u

〉
≥ 0 for all ū ∈ Uad

which is exactly the optimality condition, see (6.3.1). To prove the convergence rate, we
need the following two lemmas.

Lemma 7.3.4. Let u, v ∈ L2(ΩT ), then the function p : R+ → R+ with

p(s) := 1
s

∥∥∥u− SUads·β

(
u− s∇Ĵ2(u)

)∥∥∥ ,
is decreasing in s and the function q : R+ → R+ with

q(s) :=
∥∥∥u− SUads·β

(
u− s∇Ĵ2(u)

)∥∥∥ ,
is increasing in s.

Proof. See [Nes13, Lemma 2].

Lemma 7.3.5. Let s > 0, then∥∥∥SUads·β (u)− SUads·β (v)
∥∥∥ ≤ ‖u− v‖ for all u, v ∈ L2(ΩT ).

Proof. See [BC11, Proposition 12.27].

The next Lemma gives a relationship between the ∆k from Lemma 7.3.2 and the
proximal residual r(uk).

Lemma 7.3.6. Let (uk)k be a sequence that is produced from Algorithm 7, then

K∑
k=0
‖r(uk)‖ ≤

2
c1

K∑
k=0

∆k+1.

Proof. From Lemma 7.3.4, we have

1 ≤ s⇒ q(1) ≤ q(s), (7.3.6)

and

1 ≥ s⇒ p(1) ≤ p(s). (7.3.7)
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Then by using Lemma 7.3.5 and the linearity of S, we obtain

θk‖uk − uk−1‖ =
∥∥∥uk − s∇Ĵ2(uk) + θk(uk − uk−1)− (uk − sk∇Ĵ2(uk))

∥∥∥
≥
∥∥∥uk+1 − SUadskβ

(
uk − sk∇Ĵ2(uk)

)∥∥∥ . (7.3.8)

Now, we can use this to obtain the following inequalities

‖uk+1 − uk‖ ≥ ‖uk+1 − uk‖ − θk‖uk − uk−1‖+
∥∥∥uk+1 − SUadskβ

(
uk − sk∇Ĵ2(uk)

)∥∥∥
≥
∥∥∥uk − SUadskβ

(
uk − sk∇Ĵ2(uk)

)∥∥∥− θk‖uk − uk−1‖
≥ min(1, sk)‖r(uk)‖ − ‖uk − uk−1‖
≥ c1‖r(uk)‖ − ‖uk − uk−1‖

where the first inequality uses (7.3.8), the second uses the triangular equation, and the
third arises from (7.3.6), (7.3.7) and θk < 1. The claim follows by summing both sides
for k = 0, . . . , K and applying u−1 = u0.

Now we can state the desired convergence result.

Theorem 7.3.7. Let (uk)k be the sequence generated by Algorithm 7, then the following
holds

min
0≤k≤K

‖r(uk)‖2 ≤ (c1c2)−1 2Ĵ(u0)
K + 2

Proof. Summing up the inequality of Lemma 7.3.2 (a), for k = 0, . . . , K+1, and applying
u0 = u−1 and Ĵ(uK+1) ≥ 0 gives

0 ≤ Ĵ(u0)−
K+1∑
k=0

γk‖uk − uk−1‖2 + (ub − ua)
K+1∑
k=0

εk

≤ Ĵ(u0)−
K+1∑
k=0

γk‖uk − uk−1‖2 +
K+1∑
k=0

(γk − c2)‖uk − uk−1‖2

≤ Ĵ(u0)−
K+1∑
k=0

c2‖uk − uk−1‖2 ≤ Ĵ(u0)− c2(K + 2) min
0≤k≤K

∆k+1.

By using this and Lemma 7.3.6, we obtain

min
0≤k≤K

‖r(uk)‖2 ≤ 2
c1

min
0≤k≤K

∆k+1 ≤ (c1c2)−1 2Ĵ(u0)
K + 2 .

7.3.2. Fast convergence of the FTP method
In this subsection we investigate the faster convergence of the FTP method. To prove
this, we need convexity of the differentiable part Ĵ2 such that (7.0.4) holds. Therefore
we require Assumption 1 to be fulfilled.
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First, we define

QL(u, v) := β‖u‖L1 + Ĵ2(v) +
〈
∇Ĵ2(v), u− v

〉
+ L

2 ‖u− v‖
2,

Qe
L(u, v) := β‖u‖L1 + Ĵ2(v) +

〈
∇Ĵ2(v), u− v

〉
+ L

2 ‖u− v‖
2 + 〈e, u− v〉 ,

and

peL(v) := arg min
u∈Uad

{Qe
L(u, v)} , (7.3.9)

such that one step of Algorithm 10, resp. Algorithm 11, can be written as follows

uk = P
ek−1
L (uk−1), resp. uk = P

ek−1
L (vk−1).

In order to prove the convergence of the TP method, we need the following two
lemmas.

Lemma 7.3.8. For any v ∈ Uad, one has w = P e
L(v) iff there exists γ(v) ∈ ∂‖w‖L1, the

subdifferential of ‖ · ‖L1, such that〈
∇Ĵ2(v) + L(w − v) + βγ(v) + e, u− w

〉
≥ 0, ∀u ∈ Uad. (7.3.10)

Proof. This is immediate from the variational inequality of (7.3.9). For a proof see, e.g.,
[ET99].

Lemma 7.3.9. Let v ∈ Uad and L > L(Ĵ2), then for any u ∈ Uad, we have

Ĵ(u)− Ĵ(P e
L(v)) ≥ L

2 ‖P
e
L(v)− v‖2 + L 〈v − u, P e

L(v)− v〉+ 〈P e
L(v)− u, e〉 .

Proof. From (7.0.4), we have

Ĵ(P e
L(v)) ≤ QL(P e

L(v), v),

and therefore

Ĵ(u)− Ĵ(P e
L(v)) ≥ Ĵ(u)−QL(P e

L(v), v). (7.3.11)

Now, since β‖ · ‖L1 and Ĵ2 are convex, we have

β‖u‖L1 ≥ β‖P e
L(v)‖L1 + 〈u− P e

L(v), βγ(v)〉
and Ĵ2(u) ≥ Ĵ2(v) +

〈
u− v,∇Ĵ2(v)

〉
.

Summing the above inequalities gives

Ĵ(u) ≥ β‖P e
L(v)‖L1 + 〈u− P e

L(v), βγ(v)〉+ Ĵ2(v) +
〈
u− v,∇Ĵ2(v)

〉
, (7.3.12)
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thus using (7.3.10), (7.3.12), and the definition of QL in (7.3.11) gives the following

Ĵ(u)− Ĵ(P e
L(v)) ≥ −L2 ‖P

e
L(v)− v‖2 +

〈
u− P e

L(v),∇Ĵ2(v) + βγ(v)
〉

≥ −L2 ‖P
e
L(v)− v‖2 + L 〈u− P e

L(v), v − P e
L(v)〉+ 〈P e

L(v)− u, e〉

= L

2 ‖P
e
L(v)− v‖2 + L 〈v − u, P e

L(v)− v〉+ 〈P e
L(v)− u, e〉 .

Now, we prove an O(1/k) convergence rate for Algorithm 10 (TP scheme).

Theorem 7.3.10. Let (uk) be the sequence generated by Algorithm 10 and u∗ be the
solution of (6.0.2) with linear or bilinear elliptic equality constraints; let c be determined
by (7.4.3) resp. (7.4.5). Then for any k ≥ 1, we have

Ĵ(uk)− Ĵ(u∗) ≤ L(Ĵ2)‖u0 − u∗‖2 + 2c‖ub − ua‖ · ε0

2k . (7.3.13)

Proof. Using Lemma 7.3.9 with u = u∗, v = un and L = L(Ĵ2) we obtain
2
L

(J(u∗)− J(un+1)) ≥ ‖un+1 − un‖2 + 2 〈un − u∗, un+1 − un〉+ 2
L
〈un+1 − u∗, ek〉

= ‖u∗ − un+1‖2 − ‖u∗ − un‖2 + 2
L
〈un+1 − u∗, ek〉

Summing this inequality over n = 0, . . . , k − 1 gives

2
L

(
kJ(u∗)−

k−1∑
n=0

J(un+1)
)

≥ ‖u∗ − uk‖2 + ‖u∗ − u0‖2 + 2
L

k−1∑
n=0
〈un+1, ek〉 −

2
L
k 〈u∗, ek〉 . (7.3.14)

Using Lemma 7.3.9 one more time with u = v = un, we obtain
2
L

(J(un)− J(un+1)) ≥ ‖un − un+1‖2 + 2
L
〈un+1 − un, ek〉

Multiplying this inequality by n and summing again over n = 0, . . . , k − 1 gives

2
L

k−1∑
n=0

(nJ(un)− (n+ 1)J(un+1) + J(un+1))

≥
k−1∑
n=0

n‖un − un+1‖2 + 2
L

k−1∑
n=0

(−n 〈un, ek〉+ (n+ 1) 〈un+1, ek〉 − 〈un+1, ek〉),

which simplifies to the following

2
L

(
−kJ(uk) +

k−1∑
n=0

J(un+1)
)
≥

k−1∑
n=0

n‖un − un+1‖2 + 2
L
k 〈uk, ek〉 −

2
L

k−1∑
n=0
〈un+1, ek〉 .

(7.3.15)
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Adding (7.3.14) and (7.3.15) together, we get

2k
L

(J(u∗)− J(uk)) ≥ ‖u∗ − uk‖2 +
k−1∑
n=0

n‖un − un+1‖2 − ‖u∗ − u0‖2 + 2
L
k 〈uk − u∗, ek〉 ,

and hence with εk = ε0
k
and ua ≤ uk, u

∗ ≤ ub it follows that

J(uk)− J(u∗) ≤ L‖u0 − u∗‖2

2k + L 〈u∗ − uk, e〉 ≤
L‖u0 − u∗‖2

2k + c‖u∗ − uk‖ · εk

≤ L(Ĵ2)‖u0 − u∗‖2 + 2c‖u∗ − uk‖ · ε0

2k

≤ L(Ĵ2)‖u0 − u∗‖2 + 2c‖ub − ua‖ε0

2k .

Next, we present a convergence result for the FTP method. For this purpose, we need
the following lemma.

Lemma 7.3.11. Let (uk), (vk) and (tk) be the sequences generated by Algorithm 11, let
ek be the error of the truncated gradient, and let u∗ be the solution to (6.0.2), then for
any k ≥ 1, we have

2
L
t2k−1wk −

2
L
tkwk+1 ≥ ‖rk+1‖2 − ‖rk‖2 + 2

L
tk 〈rk+1, ek〉 ,

with wk := J(uk)− J(u∗), rk := tk−1uk − (tk−1 − 1)uk−1 − u∗.

Proof. We apply Lemma 7.0.1 at the points (u := uk, v := vk) and likewise at the points
(u := u∗, v := vk). We obtain the following

2L−1(wk − wk−1) ≥ ‖uk+1 − vk‖2 + 2 〈uk+1 − vk, vk − uk〉+ 2L−1 〈uk+1 − uk, ek〉 ,
−2L−1wk−1 ≥ ‖uk+1 − vk‖2 + 2 〈uk+1 − vk, vk − u∗〉+ 2L−1 〈uk+1 − u∗, ek〉 ,

where we used the fact that uk+1 = peL(vk). Now, we multiply the first inequality above
by (tk − 1) and add it to the second inequality to obtain the following

2
L

((tk − 1)wk − tkwk+1)

≥ tk‖uk+1 − vk‖2 + 2 〈uk+1 − vk, tkvk − (tk − 1)uk − u∗〉

+ 2
L
tk 〈uk+1 − uk, ek〉+ 2

L
〈uk − u∗, ek〉 .

Multiplying this inequality by tk and using t2k−1 = t2k − tk, which holds due to (7.2.1),
we obtain

2
L

((t2k−1wk − t2kwk+1)

≥ ‖tk(uk+1 − vk)‖2 + 2tk 〈uk+1 − vk, tkvk − (tk − 1)uk − u∗〉

+ 2
L
tk 〈tkuk+1 − (tk − 1)uk − u∗, ek〉 .
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Applying the Pythagoras relation

‖a− b‖2 + 2 〈b− a, a− c〉 = ‖b− c‖2 − ‖a− c‖2,

to the right-hand side of the last inequality with

a := tkvk, b := tkuk+1, c := (tk − 1)uk + u∗,

we obtain
2
L

((t2k−1wk − t2kwk+1)

≥ ‖tkuk+1 − (tk − 1)uk − u∗‖2 − ‖tkvk − (tk − 1)uk − u∗‖2

+ 2
L
tk 〈tkuk+1 − (tk − 1)uk − u∗, ek〉 .

Therefore, with vk (see (7.2.2)) and rk defined as

tkvk = tkuk + (tk−1 − 1)(uk − uk−1), rk := tk−1uk − (tk−1 − 1)uk−1 − u∗,

it follows that
2
L
t2k−1wk −

2
L
tkwk+1 ≥ ‖rk+1‖2 − ‖rk‖2 + 2

L
tk 〈rk+1, ek〉 .

We also have the following lemmas.

Lemma 7.3.12. The positive sequence (tk) generated by the FTP scheme via (7.2.1)
with t0 = 1 satisfies (k + 2)/2 ≤ tk ≤ k + 1 for all k ≥ 0.

Proof. The proof is immediate by mathematical induction.

Lemma 7.3.13. Let (ak) and (bk) be positive sequences of reals and (ck) be a sequence
of reals satisfying

ak + bk ≥ ak+1 + bk+1 + ck+1 ∀k ≥ 1 and a1 + b1 + c1 ≤ d, d > 0.

Then, ak ≤ d−∑k
n=1 cn.

Proof. The proof is immediate by mathematical induction.

Now, we can prove a convergence rate of O(1/k2) for Algorithm 11 (FTP scheme).

Theorem 7.3.14. Let (uk) be the sequence generated by Algorithm 11, let u∗ be the
solution to (6.0.2) with linear or bilinear elliptic equality constraints; let c be determined
by (7.4.3) resp. (7.4.5). Then for any k ≥ 0, the following holds

J(uk)− J(u∗) ≤ 2L(Ĵ2)‖u0 − u∗‖2 + 2c‖ub − 2ua‖ε0

(k + 1)2 (7.3.16)
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Proof. Let us define the quantities

ak := 2
L
t2k−1wk, bk := ‖rk‖2, ck := 2

L
tk−1 〈rk, ek〉 , d := ‖u0 − u∗‖2.

As in Lemma 7.3.11, we define wk := J(uk) − J(u∗). Then, by Lemma 7.3.11, the
following holds for every k ≥ 1

ak − ak+1 ≥ bk+1 − bk + ck+1 ⇔ ak + bk ≥ ak+1 + bk+1 + ck+1,

and hence assuming that a1 + b1 + c1 ≤ d holds true, invoking Lemma 7.3.13, we obtain

2
L
t2k−1wk ≤ ‖x0 − x∗‖2 + 2

L
tk−1k max

n=1,...,k
(‖rn‖)‖en‖,

which combined with tk−1 ≥ (k + 1)/2 (Lemma 7.3.12) gives the following

wk ≤
2L‖u0 − u∗‖2

(k + 1)2 + 2c max
n=1,...,k

(‖rn‖) · εk. (7.3.17)

Furthermore with Lemma 7.3.12 and ua ≤ u∗, uk ≤ ub, we have that

‖rn‖ = ‖tn−1un − (tn−1 − 1)un−1 − u∗‖ ≤
∥∥∥∥nub − (n− 1

2 ua + ua

)∥∥∥∥ ≤ n‖ub − 2ua‖,

which combined with (7.3.17) and εk = ε0
(k+1)3 gives the following

wk ≤
2L(Ĵ2)‖u0 − u∗‖2 + 2c‖ub − 2ua‖ε0

(k + 1)2 .

What remains to be proved is the validity of the relation a1 + b1 + c1 ≤ d. Since t0 = 1,
we have

a1 = 2
L
t20w1 = 2

L
w1, b1 = ‖r1‖2 = ‖u1 − u∗‖2, c1 = 2 〈u1 − u∗, e1〉 .

Applying Lemma 7.0.1 to the points u := u∗ and v = v0 = u0, we get

2
L

(J(u∗)− J(u1)) ≥ ‖u1 − v0‖2 + 2 〈v0 − u∗, u1 − v0〉+ 2
L
〈u1 − u∗, e1〉

= ‖u1 − u∗‖2 − ‖v0 − u∗‖2 + 2
L
〈u1 − u∗, e1〉 ,

that is, −a1 ≥ b1 − d+ c1 ⇔ a1 + b1 + c1 ≤ d holds true.

Remark 7.3.1. The TP and FTP methods converge also replacing L with an upper
bound of it. In particular, we can prove O(1/k2) convergence of the FTP method using
a backtracking stepsize rule for the Lipschitz constant (Step 1 in Algorithm 11) as in
Algorithm 9.
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We complete this section formulating a fast inexact proximal scheme where the Lips-
chitz constant L is obtained by forward tracking, (nevertheless we call it backtracking as
in [BT11]), thus avoiding any need to compute the reduced Hessian. Our fast truncated
proximal backtracking (FTPB) method is presented in Algorithm 12.

Algorithm 12 (Fast truncated proximal backtracking (FTPB)
method)
Require: β, Ĵ2, u0, Uad, TOL, ε0, η > 1, L0 > 0
Initialize: v0 = u0; t0 = 1; B0 = 1, k = 1;
while ‖Bk−1‖ > TOL do
1. Backtracking: Find the smallest nonnegative integer i such
that with

L̃ = ηiLk−1

Ĵ2(ṽ) ≤ Ĵ2(vk−1) +
〈
∇Ĵ2(vk−1), ṽ − vk−1

〉
+ L̃

2 ‖ṽ − vk−1‖2

where ṽ = SUadβ

L̃

(
vk−1 − 1

L̃
∇εĴ2(vk−1)

)
2. Set Lk = L̃
3. εk := ε0

(k+1)3

1 4. uk = SUadβ
Lk

(
vk−1 − 1

Lk
∇εĴ2(vk−1)

)
5. µk = −αuk − S ′(uk)∗(S(uk)− z) (6.3.9)
6. Bk = B(uk, µk)
7. tk = 1+

√
1+4t2

k−1
2

8. vk = uk +
(
tk−1−1
tk

)
(uk − uk−1)

9. k = k + 1
end while

7.4. Proximal methods in optimal control
In this section, we will show that the ’reduced’ optimal control problem (6.0.2) fulfills
the requirements of the algorithms in the previous section.
First, notice that (6.0.2) has the additive structure (7.0.2)-(7.0.3) where (7.0.2) holds

for Ĵ1(u) = β‖u‖L1 , and Ĵ2(u) = 1
2‖S(u)− z‖2 + α

2 ‖u‖
2 is at least twice Q-differentiable,

it is convex under appropriate conditions discussed in the previous section, and it has
Lipschitz-continuous gradient as we prove in the next subsections for the elliptic and
parabolic cases separately.
Furthermore, we show that the truncation error of the gradient is bounded from above

by inequality (7.3.1).
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Now, we discuss the case of elliptic models. First, we prove that the differentiable
part of our elliptic optimal control problem has a Lipschitz continuous gradient.

Lemma 7.4.1. The functional Ĵ2(u) = 1
2‖S(u)−z‖2 + α

2 ‖u‖
2 has a Lipschitz-continuous

gradient for S(u) = A−1(f−u) (linear-control case) and for S(u) = (A+u)−1f (bilinear-
control case).

Proof. For the linear-control case, we have

‖∇Ĵ2(u)−∇Ĵ2(v)‖ = ‖α(u− v) + A−∗A−1(u− v)‖
≤ α‖u− v‖+ ‖A−∗A−1‖‖u− v‖
= (α + ‖A−∗A−1‖L2,L2)‖u− v‖,

such that we have the Lipschitz-constant L(Ĵ2) = (α + ‖A−∗A−1‖L2,L2).
For the bilinear-control case, we use the mean value theorem. There exists a ξ ∈ Uad

such that

‖∇Ĵ2(u)−∇Ĵ2(v)‖ ≤ sup
h∈L2(Ω),‖h‖≤1

|∇Ĵ2(u)(h)−∇Ĵ2(v)(h)|

= sup
h∈L2(Ω),‖h‖≤1

|Ĵ ′′2 (ξ)(h, u− v)|

= sup
h∈L2(Ω),‖h‖≤1

|〈S ′b(ξ)(u− v), S ′b(ξ)(h)〉

+ 〈S ′′b (ξ)(u− v, h), Sb(ξ)− z〉+ α 〈u− v, , h〉|
≤
(
C2

2‖f‖2 + C1C3‖f‖2 − C3‖f‖‖z‖+ α
)
‖u− v‖, (7.4.1)

for the last inequality, we use (5.1.7),(5.1.14),(5.1.15), that completes the proof.

Now, we investigate the error of the truncated gradient ∇εĴ2(u).

Lemma 7.4.2. The following estimate holds∥∥∥∇εĴ2(u)−∇Ĵ2(u)
∥∥∥ ≤ cε,

for some c>0.

Proof. In the linear-control case, we have ∇Ĵ2(u) = −A−∗(A−1(f − u)− z) +αu. Using
(7.0.8) there exist the errors ẽ1, ẽ2 ∈ L2(Ω) with ‖ẽ1‖, ‖ẽ2‖ < ε such that∥∥∥∇εĴ2(u)−∇Ĵ2(u)

∥∥∥ =
∥∥∥−A−∗(A−1(f − u+ ẽ1)− z + ẽ2) + A−∗(A−1(f − u)− z)

∥∥∥
=
∥∥∥−A−∗A−1ẽ1 + A−∗ẽ2

∥∥∥ < cε, (7.4.2)

where

c =
∥∥∥A−∗A−1

∥∥∥+
∥∥∥A−∗∥∥∥. (7.4.3)
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In the bilinear-control case, we have ∇Ĵ2(u) = −(A + u)−∗((A + u)−1f − z)(A +
u)−1f + αu. Furthermore, Theorem 5.1.2 implies that the solution ỹ := (A + u)−1g of
the equation Aỹ + uỹ = g has the following property

‖(A+ u)−1g‖ ≤ C1‖g‖, for all g ∈ L2(Ω). (7.4.4)

Since A∗ also fulfills (5.1.2) with the same θ, we also have

‖(A+ u)−∗g‖ = ‖(A∗ + u)−1g‖ ≤ C1‖g‖.

We have errors ẽ1, ẽ2, ẽ3 ∈ L2(Ω) with ‖ẽ1‖, ‖ẽ2‖, ‖ẽ3‖ < ε such that, using (7.0.8) the
following holds∥∥∥∇εĴ2(u)−∇Ĵ2(u)

∥∥∥ =
∥∥∥−(A+ u)−∗

(
(A+ u)−1(f + ẽ1)− z + ẽ2

)
(A+ u)−1(f + ẽ3)

+(A+ u)−∗((A+ u)−1f − z)(A+ u)−1f
∥∥∥

=
∥∥∥−(A+ u)−∗

(
(A+ u)−1ẽ1 + ẽ2

)
(A+ u)−1(f + ẽ3)

−(A+ u)−∗
(
(A+ u)−1f − z

)
(A+ u)−1ẽ3

∥∥∥
≤
∥∥∥(A+ u)−∗

(
(A+ u)−1ẽ1 + ẽ2

)∥∥∥ (∥∥∥∥y∥∥∥∥+
∥∥∥(A+ u)−1ẽ3

∥∥∥)
+
∥∥∥(A+ u)−∗

(
(A+ u)−1f − z

)∥∥∥ ∥∥∥(A+ u)−1ẽ3
∥∥∥

≤ C1
∥∥∥(A+ u)−1ẽ1 + ẽ2

∥∥∥ (C1‖f‖+ C1‖ẽ3‖)
+ C1 (‖y‖+ ‖z‖)C1‖ẽ3‖

≤ C2
1

[
C1ε+ ε)(‖f‖+ ε) + (C1‖f‖+ ‖z‖)ε

]
≤ cε,

where

c = C2
1

[
2C1‖f‖+ ‖f‖+ C1 + 1 + ‖z‖

]
. (7.4.5)

For the three last inequalities, we use (7.4.4), (5.1.7), and ε < 1.

Next, we discuss the case of parabolic models. We prove that the differentiable part
of our parabolic optimal control problem has a Lipschitz continuous gradient.

Lemma 7.4.3. The functional Ĵ2(u) = 1
2‖S(u)−z‖2 + α

2 ‖u‖
2 has a Lipschitz-continuous

gradient.

Proof. For the linear-control case, we have

‖∇Ĵ2(u)−∇Ĵ2(v)‖L2(ΩT ) = ‖α(u− v) + S∗S(u− v)‖L2(ΩT )

≤ α‖u− v‖L2(ΩT ) + ‖S∗S‖L2,L2‖u− v‖L2(ΩT )

= (α + ‖S∗S‖L2,L2)‖u− v‖L2(ΩT ),
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such that we have the Lipschitz-constant L(Ĵ2) = (α + ‖S∗S‖L2,L2).
For the bilinear-control case, we use the mean value theorem. There exists a ξ ∈ Uad

such that

‖∇Ĵ2(u)−∇Ĵ2(v)‖L2(ΩT ) ≤ sup
h∈L2(Ω),‖h‖≤1

|∇Ĵ2(u)(h)−∇Ĵ2(v)(h)|

= sup
h∈L2(Ω),‖h‖≤1

|Ĵ ′′2 (ξ)(h, u− v)|

= sup
h∈L2(Ω),‖h‖≤1

|〈S ′(ξ)(u− v), S ′(ξ)(h)〉

+ 〈S ′′(ξ)(u− v, h), S(ξ)− z〉+ α 〈u− v, , h〉|

≤
(
c2

2

(
‖y0‖L2(Ω) + ‖f‖

)2
+ c1c3

(
‖y0‖L2(Ω) + ‖f‖

)2

+ c3
(
‖y0‖L2(Ω) + ‖f‖

)
‖z‖+ α

)
‖u− v‖L2(ΩT ),

for the last inequality, we use (5.2.5),(5.1.14),(5.1.15), that completes the proof.

Furthermore, since Ĵ1 is convex, the generalized differential is identical to the subdif-
ferential (see Lemma 6.1.1) and we have

∂∗Ĵ1(u) = ∂Ĵ1(u) = {γ ∈ L2(u) : 〈γ, v − u〉 ≤ Ĵ1(v)− Ĵ1(u) for all v ∈ Uad} (7.4.6)

Now, we investigate the error of the truncated gradient ∇εĴ2(u) for the parabolic
model.

Lemma 7.4.4. The following estimate holds∥∥∥∇εĴ2(u)−∇Ĵ2(u)
∥∥∥ ≤ c · ε,

for some c>0.

Proof. We start considering the case of bilinear control. Since yε satisfies

∂ty
ε + Ayε + uyε = f + e1, yε(·, t) = y0,

for some e1 ∈ L2(ΩT ) and ‖e1‖ < ε, we have that ỹ := yε − y satisfies the following

∂tỹ + Aỹ + uỹ = e1, ỹ(·, 0) = 0,

and therefore, using Theorem 5.1.2

‖yε − y‖ ≤ C1‖e1‖ ≤ C1ε. (7.4.7)

Furthermore, pε satisfies

−∂tpε + A∗pε + upε = z − yε + e2, p̃(·, T ) = 0,
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for some e2 ∈ L2(ΩT ) and ‖e2‖ < ε and since A∗ also fulfills (5.1.2) , we can use Theorem
5.1.2 and obtain

‖pε‖ ≤ C2(‖z‖+ ‖f‖+ ‖y0‖L2(Ω) + 2ε).

In addition, we have that p̃ := pε − p satisfies

−∂tp̃+ A∗p̃+ up̃ = y − yε + e2, p̃(·, T ) = 0,

such that

‖pε − p‖ ≤ C3‖(y − yε) + e2‖ ≤ C3(C1ε+ ε) ≤ C4ε. (7.4.8)

Now, we can estimate the error of the gradient ∇Ĵ2(u) = py + αu.

‖∇εĴ2(u)−∇Ĵ2(u)‖ = ‖pεyε − py‖ = ‖pε(yε − y) + y(pε − p)‖ ≤ ‖pε‖C4ε+ ‖y‖C1ε

≤
(
C4C2(‖f‖+ ‖y0‖L2(Ω) + ‖z‖+ 2) + C1C5

(
‖f‖+ ‖y0‖L2(Ω)

))
ε ≤ cε

with c = C4C2(‖f‖+ ‖y0‖L2(Ω) + ‖z‖+ 2) + C1C5
(
‖f‖+ ‖y0‖L2(Ω)

)
.

Now, we prove the inequality for the linear-control case. For the unique solution to

∂ty + Ay = g, y(·, 0) = y0,

with g ∈ L2(ΩT ), we have the following estimate; see, e.g., [Eva10, Chapter 7];

‖y‖L2(0,T ;H1
0 (Ω)) ≤ C(‖g‖+ ‖y0‖L2(Ω)).

Since ỹ := yε − y satisfies

∂tỹ + Aỹ = e1, y(·, 0) = 0,

for some e1 ∈ L2(ΩT ) and ‖e1‖ < ε, we have that

‖yε − y‖ ≤ C1e1 ≤ C1ε.

Furthermore, p̃ = pε − p satisfies

−∂tp̃+ A∗p̃ = y − yε + e2, p̃(·, T ) = 0,

for some e2 ∈ L2(ΩT ) and ‖e2‖ < ε, such that

‖pε − p‖ ≤ C2‖(y − yε) + e2‖ ≤ C2(C1ε+ ε) ≤ C3ε. (7.4.9)

Now, we can estimate the error of the gradient ∇Ĵ2(u) = p+ αu.

‖∇εĴ2(u)−∇Ĵ2(u)‖ = ‖pε − p‖ ≤ C3ε

which finishes the proof.

We see, that both our elliptic and parabolic optimal control problem fulfill the as-
sumptions needed for convergence of the proximal methods.
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8. Inexact semismooth Newton
methods in function space

8.1. The semismooth Newton method
We consider the semismooth Newton method as a benchmark scheme for solving ellip-
tic and parabolic non-smooth optimal control problems.The inexact semismooth New-
ton (ISSN) method was presented in [MQ95] for finite-dimensional problems and in
[Ulb11] for infinite-dimensional problems. In this section, we discuss the ISSN method
for infinite-dimensional optimization problems and use it for comparison with our trun-
cated proximal schemes. In this section, to support our use of the ISSN scheme to solve
bilinear control problems, we extend two theoretical results in [Ulb11, Sta09].
Now, we discuss the solution of the following nonlinear equation

F(x) = 0.

We have the following theorem.

Theorem 8.1.1. [HIK02, Theorem 1.1] Suppose that x∗ is a solution to F(x) = 0
and that F is generalized differentiable in an open neighborhood U containing x∗ with a
generalized derivative G. If G(x) is invertible for all x ∈ U and {‖G(x)−1‖Y,X : x ∈ U}
is bounded, then the semismooth Newton (SSN) iteration

xk+1 = xk − G(xk)−1F(xk)

converges superlinearly to x∗, provided that ‖x0 − x∗‖ is sufficiently small.

An inexact version of the SSN scheme discussed in this theorem is formulated in
[Ulb11, Algorithm 3.19], where the direction update dk to xk is obtained as follows.
Choose a boundedly invertible operator Bk ∈ L(X, Y ) and compute

dk = −B−1
k F(xk). (8.1.1)

For this scheme, superlinear convergence is proven in [Ulb11, Theorem 3.20], provided
that there exists a Gk ∈ ∂∗F(xk) such that

lim
‖dk‖X→0

‖(Bk − Gk)dk‖Y
‖dk‖X

= 0.
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8. Inexact semismooth Newton methods in function space

However, this procedure is difficult to realize in practice. For this reason, in our ISSN
scheme, the ‘exact’ update step xk+1 = xk + dk with dk = −G(xk)−1F(xk), as discussed
in [HIK02], is replaced by xk+1 = xk + dk with dk satisfying the following inequality

‖G(xk)dk + F(xk)‖Y ≤ ηk‖F(xk)‖Y . (8.1.2)

Our ISSN scheme is given in algorithmic form in Algorithm 13.

Algorithm 13 (Inexact semismooth Newton (ISSN) method)
Require: F , x0 ∈ D
Initialize: k = 0;
while F(xk) = 0 do
1. Calculate the direction dk such that

‖G(xk)dk + F(xk)‖Y ≤ ηk‖F(xk)‖Y (8.1.3)

with ηk < 1 and ηk → 0
2. xk+1 = xk + dk
3. k = k + 1

end while

8.2. Convergence of the ISSN scheme
On the basis of the proof of Theorem 3.20 in [Ulb11], we prove the following theorem
that states convergence of Algorithm 13. We have

Theorem 8.2.1. Suppose that x∗ is a solution to F(x) = 0 and that F is generalized
differentiable and Lipschitz continuous in an open neighborhood U containing x∗ with a
generalized derivative G. If G(x) is invertible for all x ∈ U and {‖G(x)−1‖Y,X : x ∈ U}
is bounded, then Algorithm 13 converges superlinearly to x∗, provided that ‖x0−x∗‖X is
sufficiently small.

Proof. Let rk := G(xk)dk +F(xk) and vk := xk − x∗. Furthermore, let δ > 0 be so small
that ‖x0 − x∗‖X < δ and F is Lipschitz continuous in x∗ + δBX ⊂ U with L > 0. Now,
we show inductively that ‖xk+1 − x∗‖ < δ for all k. We assume that ‖xk − x∗‖ < δ for
some k ≥ 0. Then there holds

‖F(xk)‖Y ≤ L‖vk‖X .

We estimate the Y -norm of rk:

‖rk‖Y ≤ ηk‖F(xk)‖Y ≤ Lηk‖vk‖X , (8.2.1)
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Next, using F(x∗) = 0 we obtain

G(xk)vk+1 = G(xk)(dk + vk) = rk −F(xk) + G(xk)vk
= rk − [F(x∗ + vk)−F(x∗)− G(x∗ + vk)vk].

(8.2.2)

This result, the generalized differentiability of F at x∗, and (8.2.1), give the following

‖G(xk)vk+1‖Y = o(‖vk‖X) as ‖vk‖Y → 0. (8.2.3)

Hence, for sufficiently small δ > 0, we have

‖G(xk)vk+1‖Y ≤
1

2CG−1
‖vk‖X ,

with CG−1 = sup{‖G(x)−1‖Y,X : x ∈ U} and thus

‖vk+1‖X ≤ ‖G(xk)−1‖Y,X‖G(xk)vk+1‖Y ≤
1
2‖vk‖X .

This gives

xk+1 ∈ x∗ + ‖vk‖X2 B̄X ⊂ x∗ + δ

2BX ⊂ U,

which inductively gives xk → x∗ in Y . Now, we conclude from (8.2.3) that

‖vk+1‖X ≤ CG−1‖G(xk)vk+1‖Y = o(‖vk‖X),

which completes the proof.

8.3. Semismooth Newton methods in optimal
control

Our purpose is to solve the nonlinear and nonsmooth system (6.3.9)-(6.3.10) by the
semismooth Newton iteration. We introduce the operator

T : L2(ΩT )→ Ls(ΩT ), T (u) := I(S ′(u)∗(z − S(u))),

where I is the Sobolev embedding (see [Ada75, Theorem 5.4]) of H1
0 (Ω) into Ls(Ω) for

the elliptic case, resp. H1(ΩT ) ⊃ H2,1(ΩT ) into Ls(ΩT ) for the parabolic case, with
s > 2. This embedding is necessary to show that the function F defined in (8.3.2) is
generalized differentiable.
Now, by using µ̄ = −αū+ T (ū) from (6.3.9) and choosing c := α−1, equation (6.3.10)

becomes to

F(ū) = 0, (8.3.1)
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where

F(u) := u− α−1 max{0, T (u)− β} − α−1 min{0, T (u) + β}
+ α−1 max{0, T (u)− β − αub}+ α−1 min{0, T (u) + β − αua}.

(8.3.2)

The function F is generalized differentiable (see [Sta09, Theorem 4.2] for the elliptic
linear case, analogue for the parabolic and the bilinear case) and a generalized derivative
is given by

G(u)(v) = v − α−1χ(I−∪I+)(T ′(u)(v)), (8.3.3)

where

I− := {x ∈ ΩT : αua ≤ T (u) + β ≤ 0 a.e. in ΩT}
I+ := {x ∈ ΩT : 0 ≤ T (u)− β ≤ αub a.e. in ΩT}.

Using Theorem 8.2.1, we can prove the following theorem that guarantees the superlinear
convergence of the semismooth Newton method applied to our problems. To prove this,
we extend the proof of Theorem 4.3 in [Sta09].

Theorem 8.3.1. If

C ′′(u)‖S(u)− z‖ < α, (8.3.4)

with C ′′(u) := sup‖v‖≤1 ‖S ′′(u)(v, v)‖, then G(u) is invertible for all u ∈ Uad and
{‖G(u)−1‖L2,L2 : u ∈ Uad} is bounded.

Proof. We denote V = Ω for the elliptic case and V = ΩT for the parabolic case.
Furthermore, we define J := I− ∪ I+, and for D ⊂ V and v ∈ L2(ΩT ) the restriction
operator ED : L2(V ) → L2(D) by ED(v) := v|D. The corresponding adjoint operator
is the extension-by-zero operator E∗D : L2(D) → L2(V ). We assume that G(u)(v) = w.
From (8.3.3), we obtain that EV \Jv = EV \Jw. Thus, vJ := EJv ∈ L2(J) satisfies

vJ − α−1EJT ′(u)(E∗JvJ) = EJw + α−1EJT ′(u)(E∗V \JEV \Jw). (8.3.5)

Now, we define

g(ϕ) :=
〈
EJw + α−1EJT ′(u)(E∗V \JEV \Jw), ϕ

〉
L2(J)

,

and

a(v1, v2) := 〈v1, v2〉L2(J) + α−1
[
〈S(u)− z, S ′′(u)(E∗Jv1, E

∗
Jv2)〉L2(V )

+ 〈S ′(u)(E∗Jv1), S ′(u)(E∗Jv2)〉L2(V )

]
,

for ϕ, v1, v2 ∈ L2(J). We use〈
T ′(u)(w1), w2

〉
L2(V )

=
〈
z − S(u), S ′′(u)(w1, w2)

〉
L2(V )

−
〈
S ′(u)(w1), S ′(u)(w2)

〉
L2(V )

,
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to see that (8.3.5) is equivalent to

a(vJ , ϕ) = g(ϕ), for all ϕ ∈ L2(J). (8.3.6)

Using
〈
v1, v2

〉
L2(J)

=
〈
E∗Jv1, E

∗
Jv2

〉
L2(ΩT )

and S ′′(u)(h1, h2) = 0 in the linear case resp.
(8.3.4) in the bilinear case we have coercivity of a for u ∈ Uad and therefore the Lax-
Milgram-Lemma can be applied to show that (8.3.5) admits a unique solution vJ ∈
L2(J). Moreover, this solution satisfies

‖vJ‖L2(J) ≤ C̃‖g‖L2(J) ≤ C‖w‖L2(V ),

with a constant C independent of u. For the last inequality we use the fact that T ′(u) is
bounded due to the boundedness of S(u), S ′(u) and S ′′(u) as shown in (5.1.7),(5.1.14),
(5.1.15) for the elliptic case resp. (5.2.5),(5.2.9), and (5.2.10) for the parabolic case.

Remark 8.3.1. The assumption of Theorem 8.3.1 is equivalent to Assumption 1.
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9. Numerical experiments
In this section, we present results of numerical experiments to validate the computational
performance of our FTP method and to demonstrate the convergence rate of O(1/k2)
proved in Theorem 7.3.14. For benchmarking purposes, the FTP scheme is compared to
an inexact semismooth Newton method. Results of numerical experiments demonstrate
the computational effectiveness of truncated proximal schemes and successfully validate
the theoretical estimates.

9.1. Elliptic models
We start our discussion with the elliptic models. For validation purposes, we formulate
control problems for which we know the exact solution. We have

Procedure 1. (Linear case)

1. Choose ŷ ∈ H1
0 (Ω) and p̂ ∈ H1

0 (Ω) arbitrary

2. Set û :=


max{−p̂+β

α
, ua} on {x ∈ Ω : p̂(x) > β}

min{−p̂−β
α
, ub} on {x ∈ Ω : p̂(x) < −β}

0 elsewhere
.

3. µ := −p̂− αû

4. f := Aŷ + û

5. z := A∗p̂+ ŷ

Lemma 9.1.1. Procedure 1 provides a solution (ŷ, û) of the optimal control problem
(6.0.2) with the elliptic model and linear control mechanism.

Proof. We show that the optimality conditions (6.3.12)–(6.3.15) in Theorem 6.3.2 are
fulfilled. In fact, (6.3.12)–(6.3.14) are obviously fulfilled because of 3.– 5. in Procedure
1. Now, we consider different cases to show (6.3.15):

• |p̂| ≤ β: From 2. we have û = 0 and from 3. µ = −p̂ and therefore

B(û, µ) = 0−max{0, c(−p̂− β)} −min{0, c(−p̂+ β)}
+ max{0,−ub + c(−p̂− β)}+ min{0,−ua + c(−p̂+ β)} = 0.
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• p̂ > β:

? ua ≤ −p̂+β
α
≤ ub: From 2. we have û = −p̂+β

α
< 0 and from 3. we have

µ = −p̂− αû = −β, therefore

B(û, µ) = û−max{0, û− c(2β)} −min{0, û)}
+ max{0, û− ub − c(2β)}+ min{0, û− ua}

= û− 0− û+ 0 + 0 = 0.

? −p̂+β
α
≤ ua: From 2. we have û = ua and from 3. we have µ = −p̂ − αua,

therefore

B(û, µ) = ua −max{0, ua + c(−p̂− αua − β)} −min{0, ua + c(−p̂− αua + β)}
+ max{0, ua − ub + c(−p̂− αua − β)}
+ min{0, ua − ua + c(−p̂− αua + β)}

= ua − 0− (ua + c(−p̂− αua + β)) + 0 + c(−p̂− αub + β) = 0.

• p̂ < −β
? ua ≤ −p̂−β

α
≤ ub: From 2. we have û = −p̂−β

α
> 0 and from 3. we have

µ = −p̂− αû = β. So

B(û, µ) = û−max{0, û} −min{0, û+ c(2β)}
+ max{0, û− ub}+ min{0, û− ua + c(2β)}

= û− û− 0 + 0 + 0 = 0.

? −p̂−β
α
≥ ub: From 2. we have û = ub and from 3. we have µ = −p̂ − αub,

therefore

B(û, µ) = ub −max{0, ub + c(−p̂− αub − β)} −min{0, ub + c(−p̂− αub + β)}
+ max{0, ub − ub + c(−p̂− αub − β)}
+ min{0, ub − ua + c(−p̂− αub + β)}

= ub − (ub + c(−p̂− αub − β))− 0 + c(−p̂− αub − β) + 0 = 0.

Procedure 2. (Bilinear case)

1. Choose ŷ ∈ H1
0 (Ω) and p̂ ∈ H1

0 (Ω) arbitrary

2. Set û :=


max{−p̂ŷ+β

α
, ua} on {x ∈ Ω : p̂(x)ŷ(x) > β}

min{−p̂ŷ−β
α

, ub} on {x ∈ Ω : p̂(x)ŷ(x) < −β}
0 elsewhere

.
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3. µ := −p̂ŷ − αû

4. f := Aŷ + ûŷ

5. z := A∗p̂+ ŷ + ûp̂

Lemma 9.1.2. Procedure 2 provides a solution (ŷ, û) to the optimal control problem
(6.0.2) with the elliptic model and bilinear control mechanism.

Proof. The proof is similar to the one of the linear case.

Next, we specify the elliptic operator, the domain of computation, the choice of ŷ
and p̂, and some optimization and numerical parameters. We consider the following
examples.

Case 1. (1 dimensional) Ω = (0, 1), A = −∆, ua ≡ −1, α = 0.05, ŷ = sin(πx) and
p̂ = 2β sin(2πx). We discretize Ω with gridsize h = 1024. A is discretized by second-
order finite differences. Then we have cΩ = 1

2 , a0 = 0 and θ = 1 such that (5.1.6) holds.
The results are shown in Table 9.1.

Case 2. (2 dimensional) Ω = (0, 1)2, A = −∆, ua ≡ −1, α = 0.05, ŷ = sin(πx1) sin(πx1)
and p̂ = 4β sin(2πx1) sin(πx2). We discretize Ω with gridsize h = 1/256. A is discretized
by second-order finite differences. Then we have cΩ = 1

4 , a0 = 0 and θ = 1 such that
(5.1.6) holds. The results are shown in Table 9.2.

We compare the FTP, FTPB and ISSN schemes in terms of computational time. In the
FTP method, we calculate the smallest Lipschitz constant as the dominant eigenvalue of
∇2Ĵ2(u) with a power iteration. The power iteration is defined by the following scheme.

bk+1 = ∇2Ĵ2(u)bk
‖∇2Ĵ2(u)bk‖

.

. This power iteration is stopped if the difference between two iterates of the norm
‖∇2Ĵ2‖L2,L2 is less or equal than a tolerance of 10−5. For the FTPB method, we use
backtracking with η = 1.5 and L0 = 0.001. All algorithms are stopped if B(uk, µk) <
10−6. We can see in Table 9.1 and 9.2 that the computational performance of the FTP
and FTPB methods is comparable to that of the ISSN method.
In order to validate the theoretical rate of convergence of O(1/k2), the theoretical

upper bound of Theorem 7.3.14 and the actual error of the functional in correspondence
to Case 1 and Case 2 with β = 0.1 and α = 0.005, are plotted in Figure 9.1. We see
that the observed convergence rate may be faster than the theoretical prediction.

We conclude this section considering a challenging linear- and a bilinear-control case.
However the exact solutions are not known. In these cases the target function is not
attainable. We have
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linear case (ub ≡ 15β) bilinear case (ub ≡ 7β)
α β FTP FTPB ISSN FTP FTPB ISSN
0.5 0.1 0.441s 3.86s 0.591s 2.89s 8.62s 4.11s

0.01 0.333s 8.26s 0.587s 2.07s 9.57s 2.75s
0.05 0.1 2.33s 8.74s 2.56s 6.94s 17.8s 6.62s

0.01 1.82s 7.78s 1.26s 3.11s 19.42s 4.37s
0.005 0.1 6.48s 51.7s 2.49s 15.0s 7.2s 7.9s

0.01 6.48s 5.50s 2.68s 8.04s 7.15s 6.61s

Table 9.1.: Case 1 – Comparison of the FTP, FTPB and ISSN methods.

linear case (ub ≡ 15β) bilinear case (ub ≡ 7β)
α β FTP FTPB ISSN FTP FTPB ISSN
0.5 0.1 6.55s 34.0s 6.83s 58.3s 156s 123s

0.01 5.27s 28.6s 6.46s 44.9s 105s 75.3s
0.05 0.1 21.8s 42.3s 39.3s 77.7s 118s 117s

0.01 15.4s 38.9s 14.6s 55.8s 95.8s 112s
0.005 0.1 34.1s 47.8s 38.9s 268s 90.5s 172s

0.01 40.8s 59.5s 45.0s 104s 63.6s 139s

Table 9.2.: Case 2 – Comparison of the FTP, FTPB, and ISSN methods.
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(b) Case 1 - Bilinear problem
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(c) Case 2 - Linear problem
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(d) Case 2 - Bilinear problem

Figure 9.1.: Validation of the theoretical upper bound (Theorem 7.3.14).
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Case 3. (Linear case) Ω = (0, 1)2, A = −∆, ua ≡ −20, ub ≡ 20, z = 1+sin(2πx) sin(2πy)
/∈ H1

0 (Ω) and f ≡ 1. We discretize Ω with gridsize h = 1/256. A is discretized by second-
order finite differences.

Case 4. (Bilinear case) Ω = (0, 1)2, A = −∆, ua ≡ −10, ub ≡ 10, z = 1 +
sin(2πx) sin(2πy) /∈ H1

0 (Ω) and f ≡ 1. We discretize Ω with gridsize h = 1/256. A
is discretized by second-order finite differences.

In the Figures 9.2 and 9.3, we present the optimal controls obtained for the Cases
3 and 4, respectively. Notice that the controls obtained with the FTP, FTPB, and
ISSN schemes are indistinguishable. We observe that in the case of a small α there
is an abrupt change between u = 0 and u = ub, whereas for bigger α the change is
continuous. We also see that by increasing β the support of u decreases as expected.
The different computational times of the FTP, FTPB, and ISSN schemes are given in the
figure. We see that the FTPB scheme may outperform the ISSN scheme and vice versa.
We also have a case where the ISSN scheme has difficulty to converge; see Figure 9.3,
test case (c). Notice that very similar results are also obtained using a globalized version
[CB16] of the ISSN scheme. These results and further results of numerical experiments
demonstrate that fast truncated proximal schemes represent a valuable alternative to
semi-smooth Newton methods.

9.2. Parabolic models
In this section, we present results of numerical experiments to validate the computational
performance of our truncated proximal methods applied to parabolic methods and to
demonstrate the convergence rate of the proximal residual proved in Theorem 7.3.7.
Further, we benchmark our proximal methods with the ISSN scheme discussed in the
previous section. For validation purposes, we formulate control problems for which we
know the exact solution. We have

Procedure 3. (Linear control case)

1. Choose ŷ ∈ L2(0, T ;H1
0 (Ω)) and p̂ ∈ L2(0, T ;H1

0 (Ω)) arbitrary

2. Set û :=


max{−p̂+β

α
, ua} on {x ∈ ΩT : p̂(x, t) > β}

min{−p̂−β
α
, ub} on {x ∈ ΩT : p̂(x, t) < −β}

0 elsewhere
.

3. µ := −p̂− αû

4. f := ∂ty + Aŷ + û

5. z := −∂tp+ A∗p̂+ ŷ
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Figure 9.2.: Controls u of Case 3
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9. Numerical experiments

Lemma 9.2.1. Procedure 3 provides a solution (ŷ, û) of the optimal control problem
(6.0.2) with the parabolic model and linear control mechanism.

Proof. We show that the optimality conditions (6.3.32)–(6.3.35) in Theorem 6.3.5 are
fulfilled. (6.3.32)–(6.3.34) are obviously fulfilled because of 3.– 5. in routine 3. Now, we
consider different cases to show (6.3.35):

• |p̂| ≤ β: From 2. we have û = 0 and from 3. µ = −p̂ and therefore

B(û, µ) = 0−max{0, c(−p̂− β)} −min{0, c(−p̂+ β)}
+ max{0,−ub + c(−p̂− β)}+ min{0,−ua + c(−p̂+ β)} = 0.

• p̂ > β:

? ua ≤ −p̂+β
α
≤ ub: From 2. we have û = −p̂+β

α
< 0 and from 3. we have

µ = −p̂− αû = −β, therefore

B(û, µ) = û−max{0, û− c(2β)} −min{0, û)}
+ max{0, û− ub − c(2β)}+ min{0, û− ua}

= û− 0− û+ 0 + 0 = 0.

? −p̂+β
α
≤ ua: From 2. we have û = ua and from 3. we have µ = −p̂ − αua,

therefore

B(û, µ) = ua −max{0, ua + c(−p̂− αua − β)} −min{0, ua + c(−p̂− αua + β)}
+ max{0, ua − ub + c(−p̂− αua − β)}
+ min{0, ua − ua + c(−p̂− αua + β)}

= ua − 0− (ua + c(−p̂− αua + β)) + 0 + c(−p̂− αub + β) = 0.

• p̂ < −β
? ua ≤ −p̂−β

α
≤ ub: From 2. we have û = −p̂−β

α
> 0 and from 3. we have

µ = −p̂− αû = β. So

B(û, µ) = û−max{0, û} −min{0, û+ c(2β)}
+ max{0, û− ub}+ min{0, û− ua + c(2β)}

= û− û− 0 + 0 + 0 = 0.

? −p̂−β
α
≥ ub: From 2. we have û = ub and from 3. we have µ = −p̂ − αub,

therefore

B(û, µ) = ub −max{0, ub + c(−p̂− αub − β)} −min{0, ub + c(−p̂− αub + β)}
+ max{0, ub − ub + c(−p̂− αub − β)}
+ min{0, ub − ua + c(−p̂− αub + β)}

= ub − (ub + c(−p̂− αub − β))− 0 + c(−p̂− αub − β) + 0 = 0.
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9. Numerical experiments

Procedure 4. (Bilinear control case)

1. Choose ŷ ∈ L2(0, T ;H1
0 (Ω)) and p̂ ∈ L2(0, T ;H1

0 (Ω)) arbitrary

2. Set û :=


max{−p̂ŷ+β

α
, ua} on {x ∈ ΩT : p̂(x, t)ŷ(x, t) > β}

min{−p̂ŷ−β
α

, ub} on {x ∈ ΩT : p̂(x, t)ŷ(x, t) < −β}
0 elsewhere

.

3. µ := −p̂ŷ − αû

4. f := ∂ty + Aŷ + ûŷ

5. z := −∂tp+ A∗p̂+ ŷ + ûp̂

Lemma 9.2.2. Procedure 4 provides a solution (ŷ, û) to the optimal control problem
(6.0.2) with the parabolic model and bilinear control mechanism.
Proof. The proof is similar to the one of the linear case.

Next, we specify the parabolic operator, the domain of computation, the choice of ŷ
and p̂, and some optimization and numerical parameters. We consider the following test
case.
Case 5. Ω = (0, 1)2, T = 1, A = −∆, ŷ = 5

√
βt sin(3πx1) sin(πx2), p̂ = 5

√
β(t −

1) sin(πx1) sin(πx2), ua ≡ −1 and ub = 2. The functions f and z are then given by
Procedure 3, resp. Procedure 4. We discretize Ω with gridsize h = 1/32 and δt = 1/1024.
A is discretized by second-order finite differences and the time derivative is discretized
by finite forward differences. The results are shown in Table 9.3.
The high temporal resolution is used to reduce the error of calculating the functional

in the VTIP method. However, in each step of the CTIP and the ISSN method, the
functional is not needed and the algorithms also converge for smaller temporal resolution.
We compare the CTIP, VTIP, and ISSN schemes in terms of computational time. In the
CIIP method, we calculate the smallest Lipschitz constant as the dominant eigenvalue
of ∇2Ĵ2(u) with a power iteration. The effort of this calculation is included in the total
CPU time. This power iteration is stopped if the difference between two iterates of
the norm ‖∇2Ĵ2‖L2,L2 is less or equal than a tolerance of 10−5. For the VTIP method,
we use backtracking with η = 1.5 and L0 = 0.0005. All algorithms are stopped if
‖B(uk, µk)‖ < 10−6. Furthermore, we used c2 = 10−3, θ = 0.5, εk = 1

(k+1)3 and the
stepsize s was chosen by s = 1.9 1−θ

L+2c2 . We can see in Table 9.3 that the CTIP and VTIP
methods result competitive to the ISSN method. In the case of a big α, the proximal
methods outperform the ISSN scheme, while in the case of a sufficiently small α, the
ISSN performs better.
In order to validate the theoretical rate of convergence of the proximal residual, the

theoretical upper bound of Theorem 7.3.7 and the actual error of the proximal residual
in correspondence to Case 5, with β = 0.1 and α = 0.001, are plotted in Figure 9.1. We
see that the actual convergence may even be faster than the theoretical prediction.
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9. Numerical experiments

linear case bilinear case
α β CTIP VTIP ISSN CTIP VTIP ISSN

0.01 0.1 98.3s 126s 102s 219s 288s 501s
0.01 99.2s 130s 131s 163s 227s 330s

0.001 0.1 69.4s 96.3s 114s 517s 225s 794s
0.01 78.8s 107s 128s 172s 192s 514s

0.0001 0.1 338s 530s 97.1s 8327s 1331s 1077s
0.01 368s 444s 141s 710s 521s 812s

Table 9.3.: Case 5 – Comparison of the CTIP, VTIP and ISSN methods.
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Figure 9.4.: Validation of the theoretical upper bound (Theorem 7.3.7).
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9. Numerical experiments

We conclude this section considering challenging parabolic linear bilinear control cases
where the exact solution is not known. In these cases, the target function is not attain-
able. We have

Case 6. Ω = (0, 1)2, T = 1, A = −∆, ua ≡ −0.1, ub ≡ 0.1, z = (1−t) sin(πx1) sin(2πx2),
f ≡ 5 and y0 = sin(πx1) sin(2πx2). We discretize Ω with gridsize h = 1/32 and
δt = 1/1024. A is discretized by second-order finite differences and the time deriva-
tive is discretized by finite forward differences.

In the Figures 9.5 - 9.10, we depict the optimal controls obtained for Case 6 in the
linear and bilinear cases, respectively. Notice that the controls obtained with the CTIP,
VTIP, and ISSN schemes are indistinguishable. We can see that choosing smaller values
of α, sharper edges between the regions u = 0 and u = ua and u = ub appear. We also see
that by increasing β the support of u decreases as expected. The different computational
times of the CTIP, VTIP, and ISSN schemes are also shown in the figures. We obtain
the same dependence as for Case 3 & 4 of the computational performance with respect
the optimization parameters. These results and further results of numerical experiments
demonstrate that fast truncated proximal schemes represent a valuable alternative to
the state-of-the-art semi-smooth Newton schemes.
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Figure 9.5.: Controls u of Case 6 with linear control mechanism, β = 10−3, α = 10−4.
CTIP: 354s, VTIP: 200s, ISSN: 259s.
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Figure 9.6.: Controls u of Case 6 with linear control mechanism, β = 10−2, α = 10−4.
CTIP: 300s, VTIP: 178s, ISSN: 254s.
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Figure 9.7.: Controls u of Case 6 with linear control mechanism, β = 10−2, α = 10−2.
CTIP: 117s, VTIP: 138s, ISSN: 82s.
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Figure 9.8.: Controls u of Case 6 with bilinear control mechanism, β = 10−3, α = 10−4.
CTIP: 566s, VTIP: 262s, ISSN: 249s.
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Figure 9.9.: Controls u of Case 6 with bilinear control mechanism, β = 10−2, α = 10−4.
CTIP: 350s, VTIP: 187s, ISSN: 330s.
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Figure 9.10.: Controls u of Case 6 with bilinear control mechanism, β = 10−2, α = 10−2.
CTIP: 118s, VTIP: 163s, ISSN: 229s.
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10. Conclusion
First-order proximal schemes were discussed for finite dimensional and infinite dimen-
sional applications. In finite dimensions they were used for solving l1- and TV-minimization
problems in image reconstruction with successful application to MRI. Convergence of
these methods in this setting was proved.
In infinite dimensions, first-order proximal schemes were used for solving nonsmooth

linear and bilinear elliptic and parabolic optimal control problems. A complete analysis
of these methods was presented and convergence of the function values as well as the
existence of a sequence that converges to a solution was proven. Furthermore, it was
shown that the proximal residual has convergence rate of O(1/

√
k), resp. O(1/k2), in

the fast case. For benchmarking purposes, the proposed truncated proximal schemes
were compared to an inexact semismooth Newton method. Results of numerical experi-
ments demonstrated the computational effectiveness of truncated proximal schemes and
successfully validated the theoretical estimates.
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A. Matlab Code
This PhD thesis is completed with a CD-ROM containing MATLAB codes for solving
the elliptic and parabolic control problems. To run the elliptic control solver type in the
MATLAB environment

» [u1,u2,u3]=CodeElliptic;

For the parabolic case type

» [u1,u2,u3]=CodeParabolic;

The parabolic solver is shown in Listing A.1.

Listing A.1: A parabolic optimal control example
1 %% Main func t i on ;
2 function [ u1 , u2 , u3 ] = CodeParabol ic
3 % RETURN: u1 [N,N,NTime ] Optimal Contro l o f CTIP method
4 % u2 [N,N,NTime ] Optimal Contro l o f VTIP method
5 % u3 [N,N,NTime ] Optimal Contro l o f ISSN method
6 % This s c r i p t i s s o l v i n g the p a r a b o l i c opt imal c o n t r o l problem
7 % min 1 / 2 | | y−z | |^2+ alph / 2 | | u | |^2+ be t | | u | | _L1
8 % s u b j e c t to
9 % y_t−l a p l a c e y+u =f in [0 ,T] x Omega ( l i n =0)

10 % resp . y_t−l a p l a c e y+uy=f in [0 ,T] x Omega ( l i n =1)
11 % y=y0 on t=0 x Omega
12 % y=0 on [0 ,T] x del l taOmega
13 % low<=u<=up
14

15 % Firs t−opt imize−then−d i s c r e t i z e s t r a t e g y %
16

17 close a l l
18

19 % Define the g l o b a l v a r i a b l e s :
20

21 % dimensions :
22 global N
23 global NTime
24 % parameters :
25 global bet
26 global alph
27 % bounds :
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28 global low
29 global up
30 % l i n =0 ( l i n e a r c o n t r o l ) , l i n =1( b i l i n e a r c o n t r o l )
31 global l i n
32 %t o l e r a n c e
33 global to l_stop
34

35 %% Set the g l o b a l v a r i a b l e s :
36

37 % dimensions :
38 Nexp = 5 ;
39 N = 2^Nexp+1;
40 NTime = 2^(Nexp+5)+1;
41 % parameters :
42 bet = 1e−1;
43 alph = 1e−2;
44 % bounds :
45 low = −1;
46 up = 2 ;
47 % l i n =0 ( l i n e a r c o n t r o l ) , l i n =1 ( b i l i n e a r c o n t r o l )
48 l i n =1;
49 % t o l e r a n c e :
50 to l_stop = 1e−6;
51

52 % Get t ing the t e s t cons tan t s z , f and y0
53 [ z , f , y0 , u_test ] = GetSystem ;
54

55 % I n i t i a l i z i n g the op t im i za t i on v a r i a b l e :
56 u0 = zeros (N,N,NTime ) ;
57 u=u0 ;
58

59 % maximum i t e r a t i o n s :
60 maxit = 1000 ;
61

62 % Exact f u n c t i o n a l f o r comparison
63 f_ex = fun c t i o n a l ( u_test , f , z , y0 ) ;
64

65 %% CTIP
66 t ic
67 L = power i t (50 , f , z , y0 , u0 ) ;
68 [ u1 ] = CTIP( f , z , y0 , u0 , L , maxit ) ;
69 toc
70

71 %% VTIP
72 t ic
73 [ u2 ] = VTIP( f , z , y0 , u0 , maxit ) ;
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74 toc
75

76 %% Semismooth Newton
77 t ic
78 [ u3 ] = ssnewton ( f , z , y0 , u0 , maxit ) ;
79 toc
80

81 end
82

83

84 %% t e s t problem
85 function [ z , f , y0 , u_test ] = GetSystem
86 % RETURN: z [N,N,NTime ] t a r g e t s t a t e
87 % f [N,N,NTime ] r i g h t hand s i d e
88 % y0 [N,N] s t a r t i n g s t a t e
89 % u_test [N,N,NTime ] t e s t c o n t r o l
90

91 % This func t i on c r e a t e s a t e s t problem i n c l u d i n g the s o l u t i o n
92

93

94 % Globa l v a r i a b l e s :
95 global h
96 global bet
97 global alph
98 global low
99 global up

100 global l i n
101 global N
102 global NTime
103

104 % Define the g r i d p o i n t s :
105 T = 1 ;
106 h = T / (N−1);
107 h2=h∗h ;
108 time_max = 1 ;
109 dtime = time_max / (NTime−1);
110 [ x_vec , y_vec , time_vec ]=meshgrid ( 0 : h : 1 , 0 : h : 1 , 0 : dtime : time_max ) ;
111

112 % D i s c r e t i z e the Laplace opera tor :
113 A = gallery ( ’ po i s son ’ ,N)/h2 ;
114

115

116 i f l i n==0 % l i n e a r c o n t r o l mechanism
117 % example :
118 y_test=5∗sqrt ( bet )∗ time_vec .∗ sin (3∗pi∗x_vec ) . ∗ sin (pi∗y_vec ) ;
119 p_test=5∗sqrt ( bet )∗ ( time_vec−1).∗ sin (pi∗x_vec ) . ∗ sin (pi∗y_vec ) ;
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120

121 % C a l c u l a t i n g the op t im i za t i on v a r i a b l e
122 u_test=zeros (N,N,NTime ) ;
123 ind = p_test>bet ;
124 u_test ( ind)=(−p_test ( ind)+bet )/ alph ;
125 ind=p_test<−bet ;
126 u_test ( ind)=(−p_test ( ind)−bet )/ alph ;
127 u_test=max( low ,min( u_test , up ) ) ;
128

129 % C a l c u l a t i n g the d e r i v a t i v e o f the s t a t e s wi th r e s p e c t to time
130 de l tay=y_test ;
131 de l tay ( : , : , 2 : end)=( y_test ( : , : , 2 : end)−y_test ( : , : , 1 : end−1))/ dtime ;
132 de l tay ( : , : , 1 )= y_test ( : , : , 2 ) ;
133 de l tay=reshape ( de ltay , [N∗N,NTime ] ) ;
134 de l tap=p_test ;
135 de l tap ( : , : , 1 : end−1)=(p_test ( : , : , 2 : end ) − . . .
136 p_test ( : , : , 1 : end−1))/ dtime ;
137 de l tap ( : , : , end)=−p_test ( : , : , end−1);
138 de l tap=reshape ( deltap , [N∗N,NTime ] ) ;
139

140 % C a l c u l a t i n g the r i gh t−hand−s i d e and the t a r t g e t−s t a t e
141 f=de l tay+A∗reshape ( y_test , [N∗N,NTime ] ) + . . .
142 reshape ( u_test , [N∗N,NTime ] ) ;
143 z=−de l tap+A∗reshape ( p_test , [N∗N,NTime ] ) + . . .
144 reshape ( y_test , [N∗N,NTime ] ) ;
145 f=reshape ( f , [ N,N,NTime ] ) ;
146 z=reshape ( z , [ N,N,NTime ] ) ;
147

148 else % b i l i n e a r c o n t r o l mechanism
149 % example :
150 y_test=5∗sqrt ( bet )∗ time_vec .∗ sin (3∗pi∗x_vec ) . ∗ sin (pi∗y_vec ) ;
151 p_test=5∗sqrt ( bet )∗ ( time_vec−1).∗ sin (pi∗x_vec ) . ∗ sin (pi∗y_vec ) ;
152

153 % C a l c u l a t i n g the op t im i za t i on v a r i a b l e
154 u_test=zeros (N,N,NTime ) ;
155 ind=(p_test .∗ y_test)>bet ;
156 u_test ( ind )=(−( y_test ( ind ) . ∗ p_test ( ind ))+bet )/ alph ;
157 ind=(y_test .∗ p_test)<−bet ;
158 u_test ( ind )=(−( y_test ( ind ) . ∗ p_test ( ind ))−bet )/ alph ;
159 u_test=max( low ,min( u_test , up ) ) ;
160

161 %C a l c u l a t i n g the d e r i v a t i v e o f the s t a t e s wi th r e s p e c t to time
162 de l tay=y_test ;
163 de l tay ( : , : , 2 : end)=( y_test ( : , : , 2 : end)−y_test ( : , : , 1 : end−1))/ dtime ;
164 de l tay ( : , : , 1 )= y_test ( : , : , 2 ) ;
165 de l tay=reshape ( de ltay , [N∗N,NTime ] ) ;
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166 de l tap=p_test ;
167 de l tap ( : , : , 1 : end−1)=(p_test ( : , : , 2 : end ) − . . .
168 p_test ( : , : , 1 : end−1))/ dtime ;
169 de l tap ( : , : , end)=−p_test ( : , : , end−1);
170 de l tap=reshape ( deltap , [N∗N,NTime ] ) ;
171

172 % C a l c u l a t i n g the r i gh t−hand−s i d e and the t a r t g e t−s t a t e
173 f=de l tay+A∗reshape ( y_test , [N∗N,NTime ] ) + . . .
174 reshape ( u_test , [N∗N,NTime ] ) . ∗ reshape ( y_test , [N∗N,NTime ] ) ;
175 z=−de l tap+A∗reshape ( p_test , [N∗N,NTime ] ) + . . .
176 reshape ( y_test , [N∗N,NTime ] ) + . . .
177 reshape ( u_test .∗ p_test , [N∗N,NTime ] ) ;
178 f=reshape ( f , [ N,N,NTime ] ) ;
179 z=reshape ( z , [ N,N,NTime ] ) ;
180 end
181 % C a l c u l a t i n g the s t a r t i n g s t a t e
182 y0=y_test ( : , : , 1 ) ;
183 end
184

185 %% cos t f u n c t i o n a l
186 function [ func ] = fun c t i o n a l ( u , f , z , y0 )
187 % INPUT: u [N,N,NTime ] c o n t r o l
188 % f [N,N,NTime ] r i gh t−hand−s i d e
189 % z [N,N,NTime ] t a r g e t s t a t e
190 % y0 [N,N] s t a r t i n g s t a t e
191 % RETURN: func [ 1 ] f u n c t i o n a l va lue
192

193 % This func t i on c a l c u l a t e s the a c t u a l f u n c t i o n a l va lue
194

195 global alph
196 global bet
197 global l i n
198 global N
199 global NTime
200

201 % C a l c u l a t i n g the s t a t e :
202 i f l i n==0 % l i n e a r c o n t r o l mechanism
203 [ y ,~]= l a p l a c e s o l v (−u+f , u , z , y0 , 1 e−8,u , u , 0 ) ;
204 else % b i l i n e a r c o n t r o l mechanism
205 [ y ,~]= l a p l a c e s o l v ( f , u , z , y0 , 1 e−8,u , u , 0 ) ;
206 end
207

208 % Get t ing func t i on hand les o f the L1−norm and the L2−norm
209 % using the t rape z r u l e
210 x=0:1/(N−1) :1 ;
211 x2=0:1/(NTime−1) :1 ;
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212 normL2sq=@(uu) trapz ( x2 , trapz (x , trapz (x , uu . ^ 2 ) ) ) ;
213 normL1=@(uu) trapz ( x2 , trapz (x , trapz (x , abs (uu ) ) ) ) ;
214

215 % C a l c u l a t i n g the f u n c t i o n a l va lue
216 func = 0.5∗ normL2sq (y−z)+alph ∗0 .5 ∗normL2sq (u)+bet ∗ normL1(u ) ;
217 end
218

219 %% grad i en t assembler ;
220 function [ grad ] = gradient ( u , y0 , p0 )
221 % INPUT: u [N,N,NTime ] c o n t r o l
222 % y0 [N,N,NTime ] s t a t e
223 % p0 [N,N,NTime ] a d j o i n t s t a t e
224 % RETURN: grad [N,N,NTime ] g rad i en t
225

226 % This func t i on c a l c u l a t e s the a c t u a l g rad i en t
227

228 % Get t ing the necessary g l o b a l v a r i a b l e s
229 global alph
230 global l i n
231

232 % C a l c u l a t i n g the g rad i en t
233 i f l i n==0 % l i n e a r c o n t r o l mechanism
234 grad=alph ∗u+p0 ;
235 else % b i l i n e a r c o n t r o l mechanism
236 grad=alph ∗u+y0 .∗ p0 ;
237 end
238

239 end
240

241 %%% C a l c u l a t i n g L i p s c h i t z cons tant
242 function Lu = power i t ( i t , f , z , y0 , u0 )
243 % INPUT: i t [ 1 ] maximum i t e r a t i o n s
244 % f [N,N,NTime ] r i gh t−hand s i d e
245 % z [N,N,NTime ] t a r g e t s t a t e
246 % y0 [N,N] s t a r t i n g s t a t e
247 % u0 [N,N,NTime ] c o n t r o l
248 % RETURN: Lu [ 1 ] L i p s c h i t z cons tant
249

250 % This func t i on c a l c u l a t e s the L i p s c h i t z cons tant
251 % using a power i t e r a t i o n
252

253 % Get t ing the necessary g l o b a l v a r i a b l e s
254 global alph
255 global l i n
256

257 %S e t t i n g the t o l e r a n c e s
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258 t o l=1e−6;
259 t o l 2=1e−4;
260

261 % I n i t i a l i z i n g the s t a r t va l u e s o f the power i t e r a t i o n
262 u = ones ( s ize ( f ) ) ;
263 Lu=u ;
264 y=u ;
265 p=u ;
266

267 % S t a r t i n g power i t e r a t i o n
268 for i = 1 : i t
269 Luold=Lu ;
270

271 i f l i n==0 % l i n e a r c o n t r o l mechanism
272 % C a l c u l a t i n g the Hessian
273 temp=l ap l a c e s o l v 2 (u , u0 , zeros ( s ize ( y0 ) ) , to l , y , 0 ) ;
274 hess = alph ∗u+l ap l a c e s o l v 2 ( temp , u0 , zeros ( s ize ( y0 ) ) , to l , y , 0 ) ;
275 else % b i l i n e a r c o n t r o l mechanism
276 % C a l c u l a t i n g the Hessian
277 [ y , p]= l a p l a c e s o l v ( f , u , z , y0 , to l , y , p , 1 ) ;
278 yprime=l ap l a c e s o l v 2 (−y .∗u , u , zeros ( s ize ( y0 ) ) , to l , y , 0 ) ;
279 pprime=l ap l a c e s o l v 2 (−p .∗u−yprime , u , zeros ( s ize ( y0 ) ) , to l , p , 1 ) ;
280 hess=alph ∗u+(y .∗ pprime+yprime .∗p ) ;
281 end
282

283 % Updating the Hessian
284 Lu = norm(hess ( : ) ) ;
285 u = hess/Lu ;
286

287 % Stopping i f s t ep i s sma l l enough :
288 i f norm(Lu(:)−Luold ( :)) < to l 2
289 break
290 end
291 end
292 end
293

294 function [ u ] = ssnewton ( f , z , y0 , u0 , maxit )
295 % INPUT: f [N,N,NTime ] r i g h t−hand s i d e
296 % z [N,N,NTime ] t a r g e t s t a t e
297 % y0 [N,N] s t a r t i n g s t a t e
298 % u0 [N,N,NTime ] c o n t r o l
299 % maxit [ 1 ] maximum number o f i t e r a t i o n s
300 % RETURN: u [N,N,NTime ] opt imal c o n t r o l
301

302 % This func t i on implements the inexac t semismooth Newton method
303
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304 % I n i t i a l i z i n g the g l o b a l v a r i a b l e s
305 global alph
306 global bet
307 global low
308 global up
309 global h
310 global to l_stop
311 global l i n
312 global N
313 global NTime
314

315 % Get t ing dimension
316 n2=N∗N∗NTime ;
317

318 % s t a r t i n g po in t
319 u = u0 ;
320 x0=zeros ( s ize (u ) ) ;
321 y=x0 ;
322 p=x0 ;
323

324 % t o l e r a n c e f o r the t runca t i on
325 tol_ex=1e−6;
326

327 % I n i t i a l i z e i t e r a t i o n s and s topp ing c r i t e r i o n
328 i t =1;
329 s topping=1;
330 de l t a=x0 ;
331

332 % Get t ing the s t a t e s
333 i f l i n==0
334 [ y , p]= l a p l a c e s o l v (−u+f , u , z , y0 , tol_ex , y , p , 1 ) ;
335 else
336 [ y , p]= l a p l a c e s o l v ( f , u , z , y0 , tol_ex , y , p , 1 ) ;
337 end
338

339 % S t a r t i n g i t e r a t i o n
340 while ( stopping>tol_stop)&&( i t<=maxit )
341 i f l i n==0 %l i n e a r c o n t r o l mechanism
342 % Get t ing f u n c t i o n a l F(u)=0
343 F=u+1./ alph∗(−max(0 ,−p−bet)−min(0 ,−p+bet ) . . .
344 +max(0 ,−p−bet−alph ∗up)+min(0 ,−p+bet−alph ∗ low ) ) ;
345

346 % Get t ing the g e n e r a l i z e d d e r i v a t i v e
347 ind=((−p+bet<=0 & −p+bet>alph ∗ low ) | . . .
348 (−p−bet<alph ∗up & −p−bet >=0));
349 ind=ind ( : ) ;

118



A. Matlab Code

350 temp=@(x ) l a p l a c e s o l v 2 (x , u , zeros ( s ize ( y0 ) ) , tol_ex , y , 0 ) ;
351 G=@(x )x+1./ alph ∗( sparse ( 1 : n2 , 1 : n2 , ind , n2 , n2 , n2 ) ∗ . . .
352 reshape ( temp( temp( reshape (x , [ N,N,NTime ] ) ) ) , [ n2 , 1 ] ) ) ;
353

354 % Get t ing the t o l e r a n c e depending on the f u n c t i o n a l va lue
355 tol_ex2=norm(F ( : ) ) / ( i t +1);
356 i f tol_ex2>1
357 tol_ex2 =0.5;
358 end
359

360 % C a l c u l a t i n g the s t ep
361 [T, d e l t a ]= eva l c ( ’ gmres (G,F ( : ) , [ ] , tol_ex2 ,N, [ ] , [ ] , d e l t a ( : ) ) ’ ) ;
362 de l t a=reshape ( de l ta , [ N,N,NTime ] ) ;
363

364 % Updating the op t im i za t i on v a r i a b l e
365 u=u−de l t a ;
366 else % b i l i n e a r c o n t r o l mechanism
367 % C a l c u l a t i n g the f u n c t i o n a l F(u)=0
368 py=p .∗ y ;
369 F=u+1./ alph∗(−max(0 ,−py−bet)−min(0 ,−py+bet ) . . .
370 +max(0 ,−py−bet−alph ∗up)+min(0 ,−py+bet−alph ∗ low ) ) ;
371

372 % Get t ing the g e n e r a l i z e d d e r i v a t i v e
373 ind=((−py+bet<=0 & −py+bet>alph ∗ low ) | . . .
374 (−py−bet<alph ∗up & −py−bet >=0));
375 ind=ind ( : ) ;
376 i f l i n==0
377 [ y , p]= l a p l a c e s o l v (−u+f , u , z , y0 , tol_ex , y , p , 1 ) ;
378 else
379 [ y , p]= l a p l a c e s o l v ( f , u , z , y0 , tol_ex , y , p , 1 ) ;
380 end
381 yprime=@(x ) l a p l a c e s o l v 2 (−y .∗ x , u , zeros ( s ize ( y0 ) ) , tol_ex , y , 0 ) ;
382 pprime=@(x ) l a p l a c e s o l v 2 (−p .∗ x−yprime (x ) , u , . . .
383 zeros ( s ize ( y0 ) ) , tol_ex , p , 1 ) ;
384 hess=@(x )y .∗ pprime (x)+yprime (x ) . ∗ p ;
385 G=@(x )x+1./ alph ∗( sparse ( 1 : n2 , 1 : n2 , ind , n2 , n2 , n2 ) ∗ . . .
386 reshape (hess ( reshape (x , [ N,N,NTime ] ) ) , [ n2 , 1 ] ) ) ;
387

388 % Get t ing the t o l e r a n c e depending on the f u n c t i o n a l va lue
389 tol_ex2=norm(F ( : ) ) / ( i t +1)^2;
390 i f tol_ex2>1
391 tol_ex2 =0.5;
392 end
393

394 % C a l c u l a t i n g the s t ep
395 [T, d e l t a ]= eva l c ( ’ gmres (G,F ( : ) , [ ] , tol_ex2 ,N, [ ] , [ ] , d e l t a ( : ) ) ’ ) ;
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396 de l t a=reshape ( de l ta , [ N,N,NTime ] ) ;
397

398 % Updating the op t im i za t i on v a r i a b l e
399 u=u−de l t a ;
400 end
401

402 % C a l c u l a t i n g the s topp ing c r i t e r i o n
403 i f l i n==0
404 [ y , p]= l a p l a c e s o l v (−u+f , u , z , y0 , tol_ex , y , p , 1 ) ;
405 mu=−p−alph ∗u ;
406 else
407 [ y , p]= l a p l a c e s o l v ( f , u , z , y0 , tol_ex , y , p , 1 ) ;
408 mu=−y .∗p−alph ∗u ;
409

410 end
411 B=u−max(0 , u+mu−bet)−min(0 , u+mu+bet)+max(0 , u−(up)+mu−bet )+ . . .
412 min(0 , u−(low)+mu+bet ) ;
413 s topping=1/sqrt (h∗( length ( f )−1))∗norm(B ( : ) ) ;
414

415 % C a l c u l a t i n g the f unc i ona l va lue
416 func = fun c t i o n a l ( u , f , z , y0 ) ;
417

418 % Plot
419 fpr intf ( ’ i t ␣=␣%d␣ stop ␣=␣%.3e␣ func ␣=␣%.10e␣\n ’ , . . .
420 i t , s topping , func ) ;
421

422 i t=i t +1;
423 end
424 end
425

426 %% VTIP method
427 function [ u ] = VTIP( f , z , y0 , u0 , maxit )
428 % INPUT: f [N,N,NTime ] r i g h t−hand s i d e
429 % z [N,N,NTime ] t a r g e t s t a t e
430 % y0 [N,N] s t a r t i n g s t a t e
431 % u0 [N,N,NTime ] c o n t r o l
432 % maxit [ 1 ] maximum number o f i t e r a t i o n s
433 % RETURN: u [N,N,NTime ] opt imal c o n t r o l
434

435 % This func t i on implements the v a r i a b l e t runca ted i n e r t i a l
436 % proximal method
437

438 % I n i t i a l i z i n g the g l o b a l v a r i a b l e s
439 global alph
440 global bet
441 global low
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442 global up
443 global h
444 global l i n
445 global to l_stop
446 global N
447 global NTime
448

449 % Parameters f o r e s t ima t ing the L i p s c h i t z cons tant
450 L=1e−4;
451 eta =1.5 ;
452 % Get t ing the i n e r t i a l parameter
453 par2 =0.5 ;
454

455 % I n i t i a l i z i n g
456 c2=1e−3;
457 u = u0 ;
458 i t =1;
459 uuold=u ;
460 s topping=1;
461 y=zeros ( s ize (u ) ) ;
462 p=y ;
463 eps=1e−2;
464 L0=L ;
465

466 % C a l c u l a t i n g the g rad i en t
467 i f l i n==0
468 [ y , p]= l a p l a c e s o l v (−u+f , u , z , y0 , eps , y , p , 1 ) ;
469 else
470 [ y , p]= l a p l a c e s o l v ( f , u , z , y0 , eps , y , p , 1 ) ;
471 end
472 grad=gradient (u , y , p ) ;
473

474 % Get t ing func t i on hand les f o r the norms us ing the t rape z r u l e
475 x=0:1/(N−1) :1 ;
476 x2=0:1/(NTime−1) :1 ;
477 normL2sq=@(u) trapz ( x2 , trapz (x , trapz (x , u . ^ 2 ) ) ) ;
478 sca lprodL2=@(u , v ) trapz ( x2 , trapz (x , trapz (x , u .∗ v ) ) ) ;
479

480 % S t a r t i n g i t e r a t i o n
481 while ( stopping>tol_stop)&&( i t<=maxit )
482

483 % Est imat ing L i p s c h i t z cons tant
484 i f i t <2
485 L=L0 ;
486 end
487
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488 % Get t ing update
489 utemp = u − 1 ./L .∗ grad ;
490 utemp = prox (utemp ,L ) ;
491 utemp=max(utemp , low ) ;
492 utemp=min(utemp , up ) ;
493

494 % C a l c u l a t i n g new grad i en t
495 i f l i n==0
496 [ ytemp , ptemp]= l a p l a c e s o l v (−utemp+f , utemp , z , y0 , eps , y , p , 1 ) ;
497 else
498 [ ytemp , ptemp]= l a p l a c e s o l v ( f , utemp , z , y0 , eps , y , p , 1 ) ;
499 end
500 gradtemp=gradient (u , y , p ) ;
501

502 % Get t ing r equ i r ed f u n c t i o n a l va l u e s
503 J2const =0.5 ∗ normL2sq (y−z)+alph ∗ 0 .5 ∗ normL2sq (u ) ;
504 f v a l = 0 .5 ∗ normL2sq (ytemp−z)+alph ∗ 0 .5 ∗ normL2sq (utemp ) ;
505 QL=J2const +0.5∗L∗normL2sq (utemp−u)+scalprodL2 ( gradtemp , utemp−u ) ;
506

507 % Updating L i p s c h i t z cons tant
508 while ( f va l−QL>1e−3)
509 L=eta ∗L ;
510 utemp = u − 1 ./L .∗ grad ;
511 utemp = prox (utemp ,L ) ;
512

513 utemp=max(utemp , low ) ;
514 utemp=min(utemp , up ) ;
515 i f l i n==0
516 [ ytemp , ptemp]= l a p l a c e s o l v (−utemp+f , utemp , z , y0 , . . .
517 eps , ytemp , ptemp , 1 ) ;
518 else
519 [ ytemp , ptemp]= l a p l a c e s o l v ( f , utemp , z , y0 , . . .
520 eps , ytemp , ptemp , 1 ) ;
521 end
522 f v a l = 0 .5∗ normL2sq (ytemp−z)+alph ∗0 .5∗ normL2sq (utemp ) ;
523 QL=J2const +0.5∗L∗normL2sq (utemp−u )+ . . .
524 sca lprodL2 ( gradtemp , utemp−u ) ;
525 end
526

527 % Get t ing the g rad i en t
528 grad=gradtemp ;
529

530 % C a l c u l a t i n g the L i p s c h i t z cons tant
531 Lt=(L+2∗c2 )/1.9/(1− par2 ) ;
532

533 % Truncation t o l e r a n c e
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534 eps=1/( i t +1)^3;
535

536 % Updating the op t im i za t i on v a r i a b l e
537 u = u − 1 ./ Lt .∗ grad+par2 ∗(u−uuold ) ;
538 u = prox (u , Lt ) ;
539 u=max(u , low ) ;
540 u=min(u , up ) ;
541 uuold=u ;
542

543 % Get t ing the s topp ing c r i t e r i o n
544 i f l i n==0
545 [ y , p]= l a p l a c e s o l v (−u+f , u , z , y0 , eps , y , p , 1 ) ;
546 mu=−p−alph ∗u ;
547 else
548 [ y , p]= l a p l a c e s o l v ( f , u , z , y0 , eps , y , p , 1 ) ;
549 mu=−y .∗p−alph ∗u ;
550 end
551 B=u−max(0 , u+mu−bet)−min(0 , u+mu+bet)+max(0 , u−(up)+mu−bet )+ . . .
552 min(0 , u−(low)+mu+bet ) ;
553 s topping=1/sqrt (h∗( length ( f )−1))∗norm(B ( : ) ) ;
554

555 % Get t ing the f u n c t i o n a l va lue
556 func=fun c t i o n a l ( u , f , z , y0 ) ;
557

558 % P l o t t i n g
559 fpr intf ( ’ i t ␣=␣%d␣ stop ␣=␣%.3e␣ func ␣=␣%.10e␣\n ’ , . . .
560 i t , s topping , func ) ;
561

562 i t=i t +1;
563 end
564

565 end
566

567 %% Proximal f unc t i on
568 function [ out ] = prox ( u ,L )
569 % INPUT: u [N,N,NTime ] c o n t r o l
570 % L [ 1 ] L i p s c h i t z cons tant
571 % RETURN: out [N,N,NTime ] proximal f u n c t i o n a l va lue
572

573 % This func t i on implements the proximal f u n c t i o n a l
574 % to the f u n c t i o n a l \ | u \ |_L1
575

576 % g l o b a l v a r i a b l e :
577 global bet
578

579 % Get t ing the a b s o l u t e va lue :
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580 abs_ = abs (u ) ;
581

582 % Not d i v i d i n g by zero :
583 abs_(abs_==0)=bet /L ;
584

585 % Proximal f u n c t i o n a l :
586 out = max( abs_−bet /L , 0 ) . ∗ ( u . / abs_ ) ;
587

588 end
589

590 %% CTIP method
591 function [ u ] = CTIP( f , z , y0 , u0 , L , maxit )
592 % INPUT: f [N,N,NTime ] r i g h t−hand s i d e
593 % z [N,N,NTime ] t a r g e t s t a t e
594 % y0 [N,N] s t a r t i n g s t a t e
595 % u0 [N,N,NTime ] c o n t r o l
596 % L [ 1 ] L i p s c h i t z cons tant
597 % maxit [ 1 ] maximum number o f i t e r a t i o n s
598 % RETURN: u [N,N,NTime ] opt imal c o n t r o l
599

600 % This func t i on implements the cons tant t runca ted i n e r t i a l
601 % proximal method
602

603 % I n i t i a l i z i n g the g l o b a l v a r i a b l e s
604 global alph
605 global bet
606 global low
607 global up
608 global l i n
609 global to l_stop
610 global h
611

612 % Get t ing the i n e r t i a l parameter
613 par2 =0.5 ;
614

615 % I n i t i a l i z i n g
616 c2=1e−3;
617 u = u0 ;
618 uold=u ;
619 t =1. ;
620 i t =1;
621 s topping=1;
622 y=zeros ( s ize (u ) ) ;
623 p=y ;
624

625 % Get t ing the t runca t i on t o l e r a n c e
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626 eps=2/( i t +1)^3;
627

628 % C a l c u l t a t i n g the s t a t e s
629 i f l i n==0
630 [ y , p]= l a p l a c e s o l v (−u+f , u , z , y0 , eps , y , p , 1 ) ;
631 else
632 [ y , p]= l a p l a c e s o l v ( f , u , z , y0 , eps , y , p , 1 ) ;
633 end
634

635 % C a l c u l a t i n g the s t e p l e n g t h 1/Lt :
636 Lt=(L+2∗c2 )/1.9/(1− par2 ) ;
637

638 % S t a r t i n g i t e r a t i o n
639 while ( stopping>tol_stop)&&( i t<=maxit )
640

641 % C a l c u l a t i n g the g rad i en t
642 grad=gradient (u , y , p ) ;
643

644 % Get t ing the t runca t i on t o l e r a n c e
645 eps=1/( i t +1)^3;
646

647 % Updating the op t im i za t i on v a r i a b l e
648 u = u − 1 ./ Lt .∗ grad+par2 ∗(u−uold ) ;
649 u = prox (u , Lt ) ;
650 u=max(u , low ) ;
651 u=min(u , up ) ;
652 uold=u ;
653

654 % Get t ing the s topp ing c r i t e r i o n
655 i f l i n==0
656 [ y , p]= l a p l a c e s o l v (−u+f , u , z , y0 , eps , y , p , 1 ) ;
657 mu=−p−alph ∗u ;
658 else
659 [ y , p]= l a p l a c e s o l v ( f , u , z , y0 , eps , y , p , 1 ) ;
660 mu=−y .∗p−alph ∗u ;
661 end
662 B=u−max(0 , u+mu−bet)−min(0 , u+mu+bet)+max(0 , u−(up)+mu−bet )+ . . .
663 min(0 , u−(low)+mu+bet ) ;
664 s topping=1/sqrt (h∗( length ( f )−1))∗norm(B ( : ) ) ;
665

666 % Geting the f u n c t i o n a l va lue
667 func=fun c t i o n a l ( u , f , z , y0 ) ;
668

669 % P l o t t i n g
670 fpr intf ( ’ i t ␣=␣%d␣ stop ␣=␣%.3e␣ func ␣=␣%.10e␣\n ’ , . . .
671 i t , s topping , func ) ;
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672

673 i t=i t +1;
674 end
675 end
676

677 %% Solve the Laplace problem
678 function [ y , p ] = l a p l a c e s o l v ( f , u , z , y0 , eps , y , p , both )
679 % INPUT: f [N,N,NTime ] r i g h t−hand s i d e
680 % u [N,N,NTime ] c o n t r o l
681 % z [N,N,NTime ] t a r g e t s t a t e
682 % y0 [N,N] s t a r t i n g s t a t e
683 % eps [ 1 ] t runca t i on t o l e r a n c e
684 % y [N,N,NTime ] e s t ima t ion o f s t a t e
685 % p [N,N,NTime ] e s t ima t ion o f a d j o i n t s t a t e
686 % both [ boo l ] both=1 ( Ca l cu l a t e y and p )
687 % both=0 ( Ca l cu l a t e y )
688 % RETURN: y [N,N,NTime ] s t a t e
689 % p [N,N,NTime ] a d j o i n t s t a t e
690

691 % This func t i on implements the t runca ted s o l u t i o n o f the p a r a b o l i c
692 % Laplace Problem with con juga te g rad i en t
693 % y_t−l a p l a c e y + u = f ( l i n =0)
694 % y_t−l a p l a c e y + uy= f ( l i n =1)
695 % y=0 on d e l t a Omega
696

697 %I n i t i a l i z i n g the g l o b a l v a r i a b l e s
698 global l i n
699 global NTime
700 global N
701

702 % Get t ing the time d i f f e r e n c e
703 dtime = 1 / (NTime−1);
704

705 n2 = (N−1)∗(N−1); % computing n^2
706

707 % Cutt ing f , z and y
708 f = f ( 2 :end−1 ,2:end−1 , : ) ; f=reshape ( f , (N−2)∗(N−2) ,NTime ) ;
709 z = z ( 2 :end−1 ,2:end−1 , : ) ; z=reshape ( z , (N−2)∗(N−2) ,NTime ) ;
710 y=y ( 2 :end−1 ,2:end−1 , : ) ;
711 y ( : , : , 1 )= y0 ( 2 :end−1 ,2:end−1);
712 y=reshape (y , (N−2)∗(N−2) ,NTime ) ;
713

714 % Cutt ing p i f necessary
715 i f both==1
716 p=p ( 2 :end−1 ,2:end−1 , : ) ; p=reshape (p , (N−2)∗(N−2) ,NTime ) ;
717 p ( : , NTime)=0;
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718 end
719

720 % Set l a p l a c e :
721 A = (n2∗gallery ( ’ po i s son ’ ,N−2)) ;
722

723 % Ca lcu l a t e the Inver se :
724 i f l i n==0 % l i n e a r c o n t r o l mechanism
725 NN=(N−2)^2;
726 U = 1/dtime∗speye (NN,NN) ;
727 for time=2:NTime
728 func_A=@(x ) (A+U)∗x ;
729 y ( : , time)=cg ( func_A , f ( : , time)+y ( : , time−1)/dtime , eps , . . .
730 y ( : , time−1) ,N∗N∗NTime ) ;
731 end
732 i f both==1
733 for time=NTime−1:−1:1
734 func_A=@(x ) (A+U)∗x ;
735 p ( : , time)=cg ( func_A , . . .
736 z ( : , time)−y ( : , time)+p ( : , time+1)/dtime , . . .
737 eps , p ( : , time+1) ,N∗N∗NTime ) ;
738 end
739 end
740 else % b i l i n e a r c o n t r o l mechanism
741 for time=2:NTime
742 U = u ( 2 :end−1 ,2:end−1, time ) ; U = U( : ) ;
743 U = spdiags (U+1/dtime , 0 , length (U) , length (U) ) ;
744 func_A=@(x ) (A+U)∗x ;
745 y ( : , time)=cg ( func_A , f ( : , time)+y ( : , time−1)/dtime , eps , . . .
746 y ( : , time−1) ,N∗N) ;
747 end
748 i f both==1
749 for time=NTime−1:−1:1
750 U = u ( 2 :end−1 ,2:end−1, time ) ; U = U( : ) ;
751 U = spdiags (U+1/dtime , 0 , length (U) , length (U) ) ;
752 func_A=@(x ) (A+U)∗x ;
753 p ( : , time)=cg ( func_A , . . .
754 z ( : , time)−y ( : , time)+p ( : , time+1)/dtime , . . .
755 eps , p ( : , time+1) ,N∗N) ;
756 end
757 end
758 end
759

760 % F i l l i n g y
761 y = reshape (y ,N−2,N−2,NTime ) ;
762 y = horzcat ( zeros ( [N, 1 ,NTime ] ) , v e r t c a t ( zeros ( [ 1 ,N−2,NTime ] ) , y , . . .
763 zeros ( [ 1 ,N−2,NTime ] ) ) , zeros ( [N, 1 ,NTime ] ) ) ;
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764

765 % F i l l i n g p i f necessary
766 i f both==1
767 p = reshape (p ,N−2,N−2,NTime ) ;
768 p = horzcat ( zeros ( [N, 1 ,NTime ] ) , v e r t c a t ( zeros ( [ 1 ,N−2,NTime ] ) , . . .
769 p , zeros ( [ 1 ,N−2,NTime ] ) ) , zeros ( [N, 1 ,NTime ] ) ) ;
770 end
771 end
772

773 function y = l ap l a c e s o l v 2 ( f , u , y0 , eps , y , i f p )
774 % INPUT: f [N,N,NTime ] r i g h t−hand s i d e
775 % u [N,N,NTime ] c o n t r o l
776 % y0 [N,N] s t a r t i n g s t a t e
777 % eps [ 1 ] t runca t i on t o l e r a n c e
778 % y [N,N,NTime ] e s t ima t ion o f s t a t e
779 % i f p [ boo l ] i f p =1 ( Ca l cu l a t e p )
780 % i f p =0 ( Ca l cu l a t e y )
781 % RETURN: y [N,N,NTime ] s t a t e
782

783 % This func t i on implements the t runca ted s o l u t i o n o f the p a r a b o l i c
784 % Laplace Problem with gmres
785

786 %I n i t i a l i z i n g the g l o b a l v a r i a b l e s
787 global l i n
788 global NTime
789 global N
790

791 %Get t ing the time d i f f e r e n c e
792 dtime = 1 / (NTime−1);
793

794 n2 = (N−1)∗(N−1);
795

796 %Cutt ing f and y or p
797 f = f ( 2 :end−1 ,2:end−1 , : ) ; f=reshape ( f , (N−2)∗(N−2) ,NTime ) ;
798 y=y ( 2 :end−1 ,2:end−1 , : ) ;
799 i f i f p==0
800 y ( : , : , 1 )= y0 ( 2 :end−1 ,2:end−1);
801 y=reshape (y , (N−2)∗(N−2) ,NTime ) ;
802 else
803 y ( : , : , NTime)=0;
804 y=reshape (y , (N−2)∗(N−2) ,NTime ) ;
805 end
806

807 % Set l a p l a c e :
808 A = (n2∗gallery ( ’ po i s son ’ ,N−2)) ;
809
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810 % Ca lcu l a t e the Inver se :
811 i f l i n==0 % l i n e a r c o n t r o l mechanism
812 NN=(N−2)^2;
813 U = 1/dtime∗speye (NN,NN) ;
814 i f i f p==0
815 for time=2:NTime
816 func_A=@(x ) (A+U)∗x ;
817 [T, y ( : , time ) ] = eva l c ( ’ gmres ( func_A , . . .
818 ␣␣␣␣␣␣␣␣ ␣␣␣␣␣␣␣␣ ␣␣␣␣␣␣␣␣ ␣␣␣␣␣␣␣␣ f ( : , time)+y ( : , time−1)/dtime , . . .
819 ␣␣␣␣␣␣␣␣ ␣␣␣␣␣␣␣␣ ␣␣␣␣␣␣␣␣ ␣␣␣␣␣␣␣␣ [ ] , eps ,N , [ ] , [ ] , y ( : , time−1)) ’ ) ;
820 end
821 else
822 for time=NTime−1:−1:1
823 func_A=@(x ) (A+U)∗x ;
824 [T, y ( : , time ) ] = eva l c ( ’ gmres ( func_A , . . .
825 ␣␣␣␣␣␣␣␣ ␣␣␣␣␣␣␣␣ ␣␣␣␣␣␣␣␣ ␣␣␣␣␣␣␣␣ f ( : , time)+y ( : , time+1)/dtime , . . .
826 ␣␣␣␣␣␣␣␣ ␣␣␣␣␣␣␣␣ ␣␣␣␣␣␣␣␣ ␣␣␣␣␣␣␣␣ [ ] , eps ,N , [ ] , [ ] , y ( : , time+1)) ’ ) ;
827 end
828 end
829 else % b i l i n e a r c o n t r o l mechanism
830 i f i f p==0
831 for time=2:NTime
832 U = u ( 2 :end−1 ,2:end−1, time ) ; U = U( : ) ;
833 U = spdiags (U+1/dtime , 0 , length (U) , length (U) ) ;
834 func_A=@(x ) (A+U)∗x ;
835 [T, y ( : , time ) ] = eva l c ( ’ gmres ( func_A , . . .
836 ␣␣␣␣␣␣␣␣ ␣␣␣␣␣␣␣␣ ␣␣␣␣␣␣␣␣ ␣␣␣␣␣␣␣␣ f ( : , time)+y ( : , time−1)/dtime , . . .
837 ␣␣␣␣␣␣␣␣ ␣␣␣␣␣␣␣␣ ␣␣␣␣␣␣␣␣ ␣␣␣␣␣␣␣␣ [ ] , eps ,N , [ ] , [ ] , y ( : , time−1)) ’ ) ;
838 end
839 else
840 for time=NTime−1:−1:1
841 U = u ( 2 :end−1 ,2:end−1, time ) ; U = U( : ) ;
842 U = spdiags (U+1/dtime , 0 , length (U) , length (U) ) ;
843 func_A=@(x ) (A+U)∗x ;
844 [T, y ( : , time ) ] = eva l c ( ’ gmres ( func_A , . . .
845 ␣␣␣␣␣␣␣␣ ␣␣␣␣␣␣␣␣ ␣␣␣␣␣␣␣␣ f ( : , time)+y ( : , time+1)/dtime , . . .
846 ␣␣␣␣␣␣␣␣ ␣␣␣␣␣␣␣␣ ␣␣␣␣␣␣␣␣ [ ] , eps ,N , [ ] , [ ] , y ( : , time+1)) ’ ) ;
847 end
848 end
849 end
850

851 % F i l l i n g y
852 y = reshape (y ,N−2,N−2,NTime ) ;
853 y = horzcat ( zeros ( [N, 1 ,NTime ] ) , v e r t c a t ( zeros ( [ 1 ,N−2,NTime ] ) , y , . . .
854 zeros ( [ 1 ,N−2,NTime ] ) ) , zeros ( [N, 1 ,NTime ] ) ) ;
855
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856 end
857

858 %% Conjugate g rad i en t
859 function [ x ] = cg ( A, b , to l , x , maxit )
860 % INPUT: A [ func t i on handle ] d i f f e r e n t i a t i o n opera tor
861 % b [N∗N∗NTime ] r i g h t−hand s i d e
862 % t o l [ 1 ] t runca t i on t o l e r a n c e
863 % x [N∗N∗NTime ] s t a r t i n g va lue
864 % maxit [ 1 ] maximum number o f i t e r a t i o n s
865 % RETURN: x [N,N,NTime ] So lu t i on o f Ax=b
866

867 % This func t i on implements the con juga te g rad i en t method
868 % to s o l v e Ax=b
869

870 i f nargin<5
871 maxit=length (b ) ;
872 end
873

874 r=b−A(x ) ;
875 h=r ;
876 d=h ;
877

878 for i t =1:maxit
879 z=A(d ) ;
880 a=r ’∗h/(d ’∗ z ) ;
881 x=x+a∗d ;
882 r o ld=r ;
883 r=r−a∗z ;
884 hold=h ;
885 h=r ;
886 b=r ’∗h/( ro ld ’∗hold ) ;
887 d=r+b∗d ;
888 i f norm( r)< t o l
889 break
890 end
891 end
892 end
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