
� ��� ����� 	�
��������� ����� ��� ��������� ��	 	 �!����
���� �

�"�#� $�% �&��� �!����'��!�!�(%)� �*���*����� � +�%�,

� �-% �-� +#
.�����/+#%�0�' 
-+1�2�3�4% �

57698-8/:<;/=/>?=/69@BA

Zur Erlangung des akademischen GradesCEDGFIHJDIK�LNM&K1O�PQH9RSK&T2U9V�V�M&WXV&Y3ZSP\[�H]M�W
^`_�acb aedJacb f3gihcbkj

Bayerische Julius-Maximilians-Universität Würzburg

Fakultät für Mathematik und Informatik

lnm f

Daniel Meister

gio3pBq\dJf3g

rtso�aeuJv�o�aew3x3y{z�q|gi}�aed�~i�\�n�





y

�����������
	

�������������������� �!�"$#%�'&)(�*+�$"&-,'�/.��'�102#3.���4657��5�#3.8&-,'�:9;���<��5'=>.7�'�@?A�B(8CED��1FG�H��# IJ�'#LK
����57"M4N57�PO5Q,6I/#3��,'�SRG��57"N��T�2OD��6*+�8&-,'�U�"V&W�YXZ��.�&-D�[]\Z.��'���'&)(7�'#^*`_a&`,'�S��OD��'*+�V&-,'�b�'"c#L&-,'�7*W�
"6DJ#3.��'�'#�C��'�"'*B�J#3.d#L5��A�'&W#deQ���J�]f��HD�,'I��6# �Gg��6*h4i�6#j�# ���J_a*W"�[k0T":(J&l#7(m57�n�'&l#%�/XZ�W=ND��'�
.��'�ZXZ�H,6�7*W"6,'�7�H�'&Bo'5�#7(�[��6,'�]�2O�J*-*+�<"N,'��D�,6Ii&-�6�'*p"��'&W#q�rO5�""N�'# �
9;���G�"��J5Q,'���
C��6�9;���W=G��o��'�ps��'K
.��'#A9T�'&W*+�6�H�'#ut$�H.���#LI��'#v��#U.���":wP�Q�6�:�:57#LC��'�H4�O5�(J_x&-,'���;.��/�6&l#y�6�z"��'&W*W">&l��{3*`�H�H|!�'#LC��'�I���7�
\$oH��,'��*T5�#3.�}<5'=�/�'�I�"N���8I��'&`*TD�o��6�z"6*+�~t$��oHDJ*+�8"&W#3.�5�#3.S��#y.��'���'�z"��'&`*W"G&`,'��4N57C�D��c#L&B�cCED�#
"6DJ_),'� �'�_��'&TXZ�`=6D��'�/o��"6*`�H��o657#7(7�'#kC��'�'#3�����8��"NDv.���|�.�D�,'�d���H,'�7*$"6,6��#y�'_W_pIi_����:"N�6&l#��856|
*+��
.��H|u&-,'�]��&-,'� l dJa ��OD��'*
�Q�J*-*+��[��
�'&W*�C��'�"'*`�'&`,'���p5�#3.�.���"�wP�Q�6�:�/*`����*!#L&-,'�7*p9!&B�H.��'�M&W#q�/�'&l#
f>�'9!5'|
*W"N�6&l#y[�� D����'�"'*+�

?~&B��"N,'��_a&l����9;���8�"8.���#L# �2�J_�"8�":�'&l#%�"�wL��(7�"�.�Di,'�v.��i4N5qI����8�29;��"V��57"��Q�'5Q*`&)(��6�
{^&-,'�7*T#3�J*�O5��_a&-,'�S57#LC��'��/�'&-.Q_a&`,6�~9;�J�N�Z�G&B��FG5�_)*`5�"'�8&W#L&l"'*+�'�co��'"6,'��_�D�""N�'#��'&W#y��XZ�`=6D��'��.7�'�
XZ�H,6�7*W"6,'�7�H�'&Bo'5�#7(��].�&B�U.���#L#�&W�`(��6#3.�9!&B�q5��G(��"��6*h4N*V9T�'�H.��'#�"6DJ_l_)*+��[��6,6�uI���#L#k(����A#^&`,'��*
(��'#y��5:"6�i(��'# ��9!&B�<.���"8wP�Q�'���8.�������_x"�&W#S.��'� O\%�<�'#^*`_a&`,6��I��'&`*poz�����#3.7�'_a*�9!5���.��'��&-,'�89;�J��s6�
"6,6��_x&B�`|�_x&-,'�G#3Di,'��=�'&l"6,'�Q�6�!{3*`5 .��'#^*357#y.Z�Q�J*-*+�T��&W*^{3*`5 .�&l5���4N5c*`5�#y[:��&B�'_W_��6&`,'��*^9;�����"2��5 ,'�
"6D���.��H|m�'�"'*��'&W#L����_J(�����#L&-,'�7*W"�eQ��""&B�'�'*+�'�P.��c.�&B��#y�65 �'#�XZ�-(7�'_x#q�'�"'*�#y��,'�:�6&l#y�6�!(7�'9!&h""N�'#
O�poz�'�`(���#7(�"W=�'&h"6*PC��6�No'&W#3.Q_a&-,'�89!5��H.��'#�57#3.VCEDJ�$��_l_��'�1#^57��=PO57���%OD��<�'#^*`_a&`,6�Q��02&l#^�&-,'�7*`5�#7(��'#!�h�
9!&B�c.��/9/O�����'#UCED��c��_W_��6��{y,'��5�_��'#v5�#3.8f<���OD���.7�'#y[

�U��#~I���#L#A.����PO5Lo��'�>"Be �'Ii57_a&B�'�H�6# ��9;��"bO5Lo��'�����5iey*;.��6��}<57"_NOD�"N�6�<9;����!�6&l#y�>"6D�_�,'�Q�<XZ�'K
=ND������#Q4657"'*`���'#7(��'#%[2�6,6�/��D��<�'�T.��H|r�"M#L&-,'�7*;.��J����#U_���(��;.��H|�.�&B�M_��6*h4�*+�<XZ�`=6D��'��#3D�,6��&W�
F8��&l"N�'�'�H�6&`,'��o��"N,'��_�D�"z"��'#/9!5���.7���.��'#L#/"6DM���W=ND��'�2='���'5Q.J&)(G9;�����:�J#�&l#��V�'5Q*W"6,6��_)�J#3.M&W#].��'#
#y�'5�#�4N&)(��6�;�7���7�H�'#�.��";C��6�`(��J#7(��'#y�6#/�7���7�z��5�#3.��6�'*W"�#L&-,'�7*+[:?qD��PO5Lo��'�Z�"2�7o��'�TI��'&W#y�'��{�e �Ii5�K
_��J*`&`DJ#y�'#Ao��H.��J�l=�p"&W#3.�.�&-�$}<5�"'9!&l�Ii5�#7(��'#A.�&B�"��'��XZ�`=6D��'�/[G�`�c��"]?qD��6*y� d6� m aez I�D����:*�"6D
�2O��5'��(�CEDJ�z��*B�J*W"%O��,6��_x&-,'�Uo��69!&l�IE*2#L&-,'�7*3sN�H.7�GXZ�W=ND��'���'&W#y�v?A�'#3.�5�#7(�4N57� o��"z"��'���'#y[¢¡£g~O5��
��&`,6�:e �'�"%OD�#^_x&-,'�AI���#L#£&-,'�v"6��(��6# �$.��H|�"&-,'�A�/�'&W#y�VF8�6#L#^*`#L&l"z"���.��'�V�8�'5�*W"N,'�Q�'#£{y,'���'& ='*`K
"Bey����,6�Q�8"6*B���zI�C��'��o��""N�'�6*����7o��'# �<.��S&`,'�mo��'&W��¤P�"��'#j�'&W#y�"qw^�H¥�*+�"c(���469!5�#7(��6#£9;���8�Q�'�'K
��57"H4N5��#y.��'# �
9T�'_),6�Q�'#qXZ�-(��'_a#d.��'�psN�69T�'&l_a&�(��$}<5Q*BD��
=6D�_¢(J*+��!5��Y#L57#v9!&-��.��'�'57��4N5�9!&l"z"��'# �
9;��"2(7�'#3��5q�'�>�J5�""6��(��6#q9;D�_W_a*+��[T�V�6#L#3D�,'�]9;���$&-,'�]D�=6*�(��'#L5J(���&W*!.��6�§¦2�HD�o'_��'�¨I�D�#i=�HD�#LK
*`&B�'�'*W��#L&-,'�7*�(��6#3��5m465u9!&h""N�'# �GD�oq�'":}�o"'&`,'��*<9;�J��D�.��6�/�P5'=6�J_l_x�c.��H|©.��U"'*B�J#3.��M9;��"�.��
"'*B�J#3.�[ª��#3.b.�&B�"�&l"'*<9;D���_2�'&W#y�'�~.��'��(��%OD�|�*+�'#«� DJ�9]O5��l=����.��'#k����#£¦�D�_a&W*`&lI��'�'#u�:��,'�Q�'#
I���#^#y��.��H|«"&B�£o��69!5'|
*]�'&W#y�£�6&l# "6*`����_�"S�QD���D�(��'#y�d57#y.j&l#�9T�'&W*+�6#¨w^�'&W_��'#©o��'�Q�'�'�z"N,'�7*+�
{y,'�7�& ='*W"+e3�H��,'�Q�b.��6�����6*G4i�'�'�PO5�*-*+�6*8�Q��o��'# �].��H|1IJ�'&l#¬#yD������_��'���5�*h4E�'�q� �'5�*h4N5�*B�i(��q(��B(��'#
g��'��_��6�c(��W=��'&W*Z&h"6*W�Z.J&-��CED���#L&-,'�7*$�J_l_®465b_���#7(��'�8�
�'&`*<�J5�"H(��"6,6��_)D�"z"N�6#£9;�����'#y[]�6,'�vC��6�z"6*+��Q�
{y,'�7�& ='*�5�#3.S{y,'���'& =6*W"Bey����,6�Q����_x"VFc57_)*`57�-(;O5Q*+�'���2OD�,6��"'*+�'�Vf>�H.��65�*`5�#7(�[r��#y.S&-,'�b.��6# I���>.7�'�
���G(��J#7(U��&W*>&l��#y�'#£4i�65�(J*MC�D�#¯.��'�j?A�'�6*W"6,'��O�J*h465�#7(��c.�&B�]&h�7#y�'#¯�'#^*�(7�-(��'#7(7��o'�H��,'�7*c9!&l�H.�[
}�o��'�8.����'57�Y"ND�_l_��'">�7&-�'�!sN�]�6&)(��6#^*`_x&-,'��(����G#^&`,'��*�(���Q�6#y[

?~&B�"6DS����o���&`,6�d��oz�'�/.���"vwP�Q�'���]X$�H,'�7*W"N,'�����'&-o6�H�W=ND��'�@��5'=H(��-(��'& �<�6#�5�#3.A.�����&W*<oz�'K
(�D�#^#y�'#�°m0T"�&h"6*<�'&W#d"N��7�:��IE*`5 �6_l_��"vwP�Q�'�����Z5�#3.A�":&l"'*$�'&W#�wP�Q�'������9T�'_�,'�Q�'"���&-,'�q"��'&W*
4i�'��#U���������'#vI�D�# "6*B��#^*To��'"6,'�2O�H='*`&�(J*+[��6,'�~���J*-*+�V.���"�t�_�O5Q,6I���57�Y02�&-,'�/FuO��"'*`#y�6�z"q?qD��6*+�<4N5
CE���'&W&-�'���'# �T�J5=�465�9;��,'��"��'# �Z�B#^&`,'��*;.�D��6*W��9;D:�v&l_�,'�~57#3.�RGDJ#L&)(�CED�#m.��'#qfvO��57�/�'#b*`�HDeE=��'# �
"6DJ#3.��'�'#J¡~9;D]Fc57#L"'*Z5�#3.~Fc57_)*`57�]�6&l#y�:�Q�'�H��57"�H��(��'#y.���X�D�_W_��:"Be3&B�'_��'# �Z9;Dq"&B�/±N5Q��"'&;465��



y{y

e �'�"%OD�#^_x&-,'�Q�'#q{%�'_�o"'*`C��6�z"6*�O��#3.�#L&l"2(��'�2OD����'#y[�G��*�O57�'_x&-,'�/�/�'&W#y�>&-,'�S.���"M#L&`,6�7*3eQ��57"6,'�Q��_��!5�#3.
.�&B�T¤P�65�*+�>_a&B�W=N�6#]#L&-,'�7*
.�5���,'�].J&-�VtZ��""N�'#btZDi�6*W�Q�$5�#3.c{y,'��&W_W_��'������4N&W*`&B�'���'#3.V&l#q�'&W#y�'��=ND��6*+[
�V�6#L#3D�,'��*`�& �Z*
�:�J#�eQ��57"N�'#^_)D�"���5'=�Fc5�_a*`5��N[��6,'�/����o����8&W�>�J_�"<{^&l#^#yo'&W_).:.���"�¦����J��� o��{heo�a
o�f���� giheo�a (��'9/O����_)*W�M57#3.S(7�'#3��5j.���"~o��'"6,'�����'&Bo6*W�G9;��"���&W��o��"ND�#3.��'�"/9!&-,'�7*`&�(U&h"6*+[¬��#3.
#3�J*�O5��_a&-,'�$(���2OD��6*L465���f>�'���'&`,6�MFc57_)*`57�T{y,'�7�& ='*W"+e3�H��,'�Q��y57#y.$#y�J*�O57�'_a&`,'�G��56|A.�&B�"N�;�QD�,'�Q�'#3*`K
9!&`,6I��'_)*W��.�& �<�6�H�'#Q46&B�'�H�6#3.�����57"6.��'5Q,6I�"l=�O����&�(M"��'&l#%[�?~&-��"&B��7*��"Z.��'#^#:�Q�'5Q*+�G�W(��'��O�H|d.��'�;XZ�6K
=6DJ��>¡>.��J�8&`*P��57"7°	�v?A�'#L#�����#��6&l#L����_ .���C�D�#]��o"'&-�'�7*W��.��H|vI��'&W#y�'�Z.�&B�Z��IE*`5 �6_l_��'#�X$�-(��'_a#
I��'#L#3*W�2.��S�'&W#�=6��,'��Ci&-�'_�465S��O��5�
(S���YXZ�`=6D��'��9T�'�I8� �'�5����H�`=6D��'��&-�6�'*;9!57�H.���TI�D����:*2.��6�
}>"+e �IE*���& �<�'���'#�46&B�'��oH���I��'&`*�
Q}<57"6.��'5Q,6I�"l=�O����&�(�I��'&`*<�'&W#�=N��,'�q465bIi5��H4E[]}<5 ,'�b9;���/�"]�'&W#L����_
"6D��B5�#3.u&l"'*:�"A#3Di,'��&l� *�O��(�_a&`,6�Q�'#1t$��o'�H��5 ,'��¡E�].��H|«"&-,'�r.�&-�A{%,'���'& =6*8�J#¬.7�'�q{Jey����,6�Q�
D��'&-�'#3*`&-�'�6*+��[q�V����&`*$9;�����V�'5Q*W"6,6�£�6&l#y��.��6�/9T�'#L&�(��'#u{Jey����,6�Q�'# ��.�&-�~�"S�'�_���5Lo6*+�'# �MCED��
(��"N,'���'&-��oz�'#y�'#¨?qD��'*M���H,'��*M"6,'�7#y�'_W_���5'=�}<5�""Be3�H��,'�Q�~57#3.b{^&l#^#�465�"6,'��_a&B�`|p�6#y[�?A�'_),6�Q�'#
XZ�-(��6_x#d"ND�_W_P����#m.��'#L#£.��J#L#£o��'&�?qD��'*`5�#7(��N*�O57�/�'#b9!&B�A�-e3_��J*h46&B�'���'#p��Di.��'��3=PO57��.��'#m*W�Q�HDJK
�H�N*`&h"N,'�Q�'#q�#�=ND�����J*`&lI��'��(���#Q4G9!&-,'�7*`&�(�� � #L5����/�'�&B�'���'# � =ND�_ (7�'#�°btZ��#�4>465~"6,6��9T�'&�(��'#UCED�#
.��'�8"N�6�:�J#^*`&h"N,'�Q�'#��L�6�No'&W#3.�5�#7(�469!&l"6,'�Q�6#� � giheuJdJf 5�#3. � ey_)�J*h4N&-�6�H�'# � [~�Q�H.��'#i=6��_W_x":o'&W#£&-,'�
.��'�c�b�'&W#L57#�(���.���|�.�&B��¦�D�_a&`*`&hIV(��6����.7�8��&B�'��o��'&Zo��'9!&B�"N�'#m���J*W��.��H|r&l���V�:�J#3,'�Q�SwP�Q�'�/�'#L�
.�&B�<D��m4N&-�6_l_�(��J#�4MD�o��'#q��5'=���Di,'��(���Q��_a*+�6#y�'#]gP����#y�'#]"'*+�� �'# ��C�D�#]5�#^*+�'�-(��HDJ��.�#%�6*+�'�Zf<�H.7�'57K
*`57#�(:"'&l#3.7[

�6,'�8I
OD�#L#^*+�'��.�&-�>�'&W#y�'#�9!&h""N�'#S�"z�p.�&-�<��#3.7�'�H�6#/I
ODJ#L#y�'#S�"�"&-,'�8_���o�Q��='*�CED��"'*+�'_W_��'# �%4N5
.�&B�"N�'� wP�Q�6�:�U�'&W#y��_NO��#7(��6�H��}�o���J#3.Q_a57#7(SC��'�W=6��""N�'#%[]�P57� t�_�O5 ,'I�#%����/�'#£��&W���J#3.��'���
.�&B�"N�q}<��o��'&`*/��oi[¨�6,6�A��#3.��'�~�'&W#ª9T�'#L&�(£f>�'9;�������'#ªI���#L# ��5 ,'��#L&`,6�7*V"6,'����.��'#y[Y}�o��'�
.���"G"ND�_W_P��&B�'�;sN��#L&-,'�7*2#L5��G"6*+��Q�'#y[8{y,'��_a&-�-|�_a&`,6�q&h"6*�.J&-�VCEDJ�_a&-�B(��'#3.��V}<�Noz�'&W*�.��6��f>�'���'&-,'�
wP�Q�HD����6*`&l"6,'�Q���#�=ND��'���J*`&hI24N5J4N5QDJ��.�#%�'# �P5�#3.8�6&)(��6#^*`_x&-,'����OD�,'�7*+�$.��'�T¤P�"��'�<��#~.�&B�"N�'��{y*+�'_l_��
9!&h""N�'#L�
9T�'��.��'�<}<5Q*BD���� y�� } &W#U.7�'�¨gP�J_l_����S.���#LIE*+[

0T"A&l"'*V"6,6��9!&-�6�&�(��].�&B�"A&W#�CED�_W_��'� ���2=N��#7(d4N5r"N��(��'#y[«�6,'�k���J*-*+�d.���"A5�#7(��'�/�'&W#y�
t�_�O5 ,'I��:C�&B�'_����C�&B�'_��b�7���7�H�vCEDJ�U.��'� }�o'&`*`57�bo��'���'&W*W"q465¯9!&h""N�'# �:.��H|«&`,'��5�#yo���.�&l#�(J*G�#LK
=6DJ����J*`&lIq"'*`5 .�&B�'���'#¯9;DJ_l_)*+��[�02&W#y�'#kXZ�H,'�7#y�'�S����*-*+�~&-,'�k.��d#3D�,6�u#L&-,'�7*W�V&`,'�u���J*-*+�A��5 ,'�
#3D�,'�S#L&-,'�7*2��#m�'&l#%�'��(��"��"z"��'#y[Z�6,6��I���#L#^*+�MXZ�H,6��#y�'�G#^57�V�J5�"V.��6�¨g��'�'# "���Q�'#b5�#3.�9;�J�
.��'#L#yD�,'�<=N��"�46&W#L&-�6�'*+[�02"M9;�J���J_�"ND:#L&-,'�7*P(��ioHDJ*+�'# �T#3��,'�]{y,'��5�_)�7o"6,'�7_x56|r�'�"'*T�'&W#L����_P�'&W#y�'#
{%�'_�o"'* �;#3.�5�#7(�"Bey��Di4E�`|S465:&W#L&W*`&W&B�'�H�6# ��57�©�Q�6����57"H4N5�;#3.��'# �P9;��"2&-,'��.7�'#L#~�6&)(��6#^*`_x&-,'�VI
OD�#L#y�i[
GD��'����_��'�9T�6&h"��V"6D�_W_)*+��.���#^#u.�&B�/o��69!5'|
*+�u?q����_�.��'�d��#L&WC��'�"&`*�O�J*�(��6*`�HD��<�'#u9T�'�H.��'#y[��6,'�
(�&W#7(v4N&-�'��_a&`,6�qe3�H��(����J*`&l"6,'�uCED��S5�#3.£9/O����_)*+�q.�&B�k��#L&M#3��,'���'&W#y�'� #3��� �'_x&B�-(��6#3.��'#�Fc�&WK
*+�'�'&l5��/[]�6,'�UI�D�#^#^*+��sN�A#L&`,6�7*Z9!&l"z"��'# �$.��H|�.J&-�8}<5�"'9;����_;�'&W#j�7o"6D�_a5Q*+�"S\�e%*`&l��5�� 9/O���H�i[
�6,'�doz�-(���#L#k��_x"6Dv��#u.��6�Gg��&B�H.��'&-,'��KB{%,'��&W_l_��'�'Ki��#^&lC��6�z"'&W*�O�J*+[���#3.~&-,'�A�Q�J*-*+�/.���"~t�_�O5 ,'I��>o��'&
�Q�'�'CED��'���i(��'#3.��6#V�cDi4E�'#^*+�'#m� D��'_��"5�#7(��'#]oz�"5 ,'�Q�'#�465GIpOD�#L#y�'#L�%.�&B�T��&`,'��&W��¤��J5=��2�/�'&W#y�"
{3*`5 .�&l5��8"8��IE*`&WC�5�#3.VeQ��"z"&WC����H|%(���o'_a&-,'�do��z�'&l#��T56|�*+�6#y[��P5v#y�6#L#y�'#b"'&l#3.��G&B�6*+�'�cFc���J*W"N,'�
57#y.mt$�'�H.�?A�H,6��"5�#7(�[]f<�'&-.��:��&B�'_a*+�6#u.�&B�/o��'"'*+�'#§� D��'_��"'57#�(��'#£�/�'&W#y�"G(��"N���:*+�'#d{3*`5 .�&WK
57�8"��5�#3.�.���&l"'*;�'"�sN����5 ,'�/I��6&l#r?~5�#3.��6�z��.��H|���&`,'�~.�&-�c�'#^*W"Bey�H�H,6�Q�'#3.��6#uwP�Q�'�/�'#A#yD�,'�
&l���/�'�vo��'"6,'�2O�H='*`&�(��'#y[ �� O5Lo'�'&)(��6#ªo6&l#�&-,'�S=�HD�����.��H|Y�"v.�&B�uwP�Q��D��H�N*`&h"N,'�Q�q�#�=ND��'���J*`&hI
(�&Bo6*W�2��#3.7�'�#i=6��_W_x"M9/O�J�H�c&-,'�Uo��"6*`&l���:*�#L&-,'�7*;"6D�(�_�O5 ,'Ii_a&`,'�§O5 o��6�c�/�'&W#y�G{3*`5Q.J&-�'#^9;����_^(��'9T�6K
"N�'#%[G�`}�o��'�G9;���7�z"N,'�Q�'&W#L_a&`,'�S.�D�,'� [ ¡

� o��{heo�a?o�f����Bgiheo�a �~.���C�D�#~(���oV�'"M���'&-,'��_a&`,6���!57#3./&-,'�:(7�'#3DH|r�"�[�M&-,'�7*p"ND:&W#^*+�'# "'&lC
57#y.�oz�'9!5'|
*p9!&B�$�Q�'5Q*+��!�7o��'��.��'#L#3Di,'�Q[���#3.8&-,'�:9;��(��Z4N5�o�����J5�ey*+�6# �!.��H|�.�&B�"��"/����=��'_�.��



y{y{y

9;��"�#L&-,'�7*p465�_��6*h4�*2�J5Q,'�v.J57�H,'�/(��HDH|p�St$�"6,'�7&`,'��*+�$(�� e3�%O�i(J*29!57�H.���;��&-,'�~"'*B���I]o����'&W# �25'|
*+�
5�#3.]&l#b��&l��_a&B�-(��'#3.7�'#v}<#L_���(��'#A465��Y}<57"No6�5 ,'�qC��'�����_ =�[M�P5��Y¤P�6&`.�9T�'"N�'#b"ND��:�J#3,'�q��#LK
.��'���'��[

�V�H|u&`,'�~.���#L#q#y��,'��?�O5��H4Eo'5��`(�I����8�p9;���<9T��.��'�c�'&W#y�M_�D�(�&l"6,'� �$gPDJ_ (���#3D�,'��02�-(���o'#L&l"
o��'9!56|
*+�'�c¦2_)�J#L57#�(��'#y[G02"c9;���8�H�'&W#y�'�c�P5=N��_W_�[b��#3.S.���"c9;����(�5�*2"ND�[G}<��¤P����"'*`57��_
CED�#
Fc_)�J5�"]?q�i(�#y�'�<_x&B�`|£"&-,'�:�Q�'�'CED��'���i(��'#3.cg�D��"6,'��5�#7(�o��N*`�H�'&Bo��'#L��.J&-�>C�D��_a&B�-(��'#3.7�Z}<�Noz�'&W*
_��-(J*
.���C�D�#q�
�'5J(�#L&l"G��o�[2�z���Y&h"6*!CED��G��_W_��6��=PO5���.���"�t$�6_x&W#7(��'#~465q.���# IJ�'#y[2}�o��'�c��5 ,'�]�/�'&W#y�'#
F8D�_W_��-(7�'# �c.�&B�]#3D�,'��.��b"&W#3.bD�.��'�~��5Q,6�m"6,'�QD�#k#L&-,'�7*<���'���z�Z(���o�O5����6*<�V��# I�[b}<_)*�(��H.�&B�'#^*
"&W#3. � ���'&h"6*`&`�J#q57#y.c02_a�:�J�N[��A&`*!oz�'&`.7�'#A�Q�J*-*+�>&-,'�]�/�'&W#y�'#v�'�"'*+�6#~F8D�#�=��'���'#�4ioz�'&W*`�H��(�[�02_aK
��������5'|
*+�8��56|p�'�H.��'��"6D/����#3,'� �~���G&l"zIi57"z"'&`D�#!�G�6�'�6*`����(7�'#p� [Zf<�6�# �Q����.]��56|¯o��"ND�#3.��'�"
�'�'9/O����#^*V9T�'�H.��'# ��#^&`,'��*c9T�-(7�'#�.��'�S��&l"zIi57"z"'&`DJ#y�'# �8"6D�#y.��'�'#�9T�6&l_>�6�b�'&W#y�'#rf>�'&W*`�H��(£4N5
.�&B�"N�6��}<��o��'&`*�(��'_��'&l"'*+�6*
�Q�J*+[�{��'&l#%�'#�g�O����&�(�I��'&`*+�'#q&l"'*!.��6�<"N,'�2OD�#%�Zf<�69T�'&h"$465�¤P�'��������[l���
465/C��'�H.���# I��6#y[�{y*+�+e^�Q�'#���OD�,'�7*+�$&-,'����&B�'�>�'�'9/O����#y�6#y[8��#L"N�'����f<�I���#L#^*W"N,'����=6*3(��'�7*!��5=M�'&l#
{yD����/�'�W=N�'"'*;465��PO5Q,'Ii���'�"'*`���H,'IE*+�/"'&`,6�1O5Lo��'���6&l#y�8�G&®e3_�D�������o��'&`*�5�#3.q�rO5�#3.��6*+��&W��c��o��6#LK
46&W���/�'�:�B9T�'#L#v&`,6�S.���"c�6&l#L����_%"ND:"N��_�De�e£��o'���'& |!�'#m.����W=�¡�[��6,'�:(J_)��5Lo���2����#3,'������_y"6*`�H�'&WK
*+�'#]9!&l�2�Q�W=6*`&�(/�B"N�'_�o"'*`C��'�z"6*�O��#3.Q_a&-,'�c#L5���C��'��oH��_ ¡uO5 oz�'�������'��_)D�"��cwP�Q�'�/�'#L�
��o��'�M�"�*`��O��(J*%465��
�b�'&W#L5�#7(�"�o'&l_�.�5�#7(�"6*B���I�o��6&-[

0T"/(�&Bo6*V�7o��'�q#L&-,'�7*c#L5��]}<�No��6&W*]�B5�#3.£.���"~�/�'&W#y�q&`,6�u&W� 02�'# "'*�5�#3.£#L&-,'�7*G9!&`*h46&�(��
&W��D�#^&h"N,'�SDi.��'�G��&`*
RM&W#^*+�'�-(��H.���# I��'#�¡J[Zf>�"6DJ#3.��'�"�&l�©ey�&WCE�J*+�'#�����=��'_�.:"'&l#3.��b�'#L"6,'�Q�6# �
g%���'5�#3.���
f>�I��J#L#^*+��c�L�'�'9;��#3.J*+����4N5S#y�'#L#%�'# ��.�&-�!=PO5��c.���":t$�'_a&l#�(��'#AC�D�#A5�# "6,6�2O�J*h4io����H�6�
f>�H.��'5Q*`57#�(d9;�����'#�5�#3.v"&W#3.�[d�6,6�m����o��~_)��#�(��ªO5Lo��'�'_��-(�*W�8��o��'�~&-,'�£#y�6#L#y��I��'&W#y��c���/�'#y[
02&W#y�'�"N�'&`*W"Z&l"'*��8&W�Z&W�����6�$9!&B�H.��'�M��5=H(��W=N��_W_��6# �p.���|�.��'�G�'&W#y�<C��'�-(��""N�'#A9!57�H.���D�.7�'�<#^&`,'��*
(���o�O5������'#3.do��69T�'�'*W"N,'�2O�J*h4�*�9!5���.��'�>��#3.��6�H�'�"N�6&W*W"������!#L5�#/sN��[]{3*+�6_l_aC��'�6*`�H�N*+�'#3.voz�H.���# IJ��&-,'�
��&`,6�/�Q�'��46_a&-,'��"'*�o��'&T�J_l_��'# �;.�&B�M"'&`,6�~��#7(7�"Be3�HD�,'� �'#�=�O57��_��'#doz�'&;.��'�>0��9/O���7#L57#�(:CED�#b���6#3��K
?A�'&W�����c5�#3./�G�H�'"6.��'#%[VFc5�_a*`5��V5�#3./c�J*`5��V&W#d&h�7�H�'�V"6,6�2OD�# "6*+�'#vgPD��'�/[c�VD�,'�U#3D�,'�Q��.7�'�
gP�J�8&W_a&-��[

rtso�aeuJv�o�aew3x
	J��b ���&b ~i�\�n�
^� o3p9v-dcp9pedJaeo�f�w\dJf�giz�	��3b ����b ~i�\�n�nj





� >����9: @���� @ A =/:<A =/8

	�
��� � ������������������������
 �!����"!#$�%��&(')������
 *+#,����
 -/. 0

132465 798�:<; =?>$7?:A@$BDC EA79FG@�> H
	\b 	 I�dJz v/dJa9pe}�y �� a m v��{dJz2p ���������������������������������������������������������������������������������������������������������KJ
	\b ~ L m z � m pey{hey m f�aeo��{dcpXgif�� m o�h��{y{f�d m � he}�d he}�dcpey p ��������������������������������������������� ��������������� 	J�
	\b � M<o�v��{y p9}�z!dJf h ������������������������������������������������������������������������������������������������������������������������� 	c~

132465 798�:ON PQ:A4K5 2DRS7928K@T:U8K79FVE�WXC> BD4TYZ8�>,794T[V\ ;KH
~&b 	 ] o�v�w\a9g � }3pcx&y p m z m a � }�y pez gif�� f�dJy{w\} v m o�ae} m|m ��p ������������������������������������� ������������������� 	c�~&b ~ r g �G^&pcx � gihe}3pcx �A_ � �{dcpXgif���� m f�f�d � hey l y{h)_ ������������������������������������������������������������������������� 	�`~&b � a m � m � m w\y��Jg � m a �&dJaey{f�wnpXgif���g �A_ � �{y���w\a9g � }3p ������������������������������������������������������������������� ~i�

132465 798�:Ob 13@�Y�5 [G8�c,FG7edfRS7928�@T:A8�79FVEgWXC> BD4TYZ8K>$794T[V\ N�b
�&b 	 � gif�� m z g � � dcp9pXgif��haNo�aey{f�w!z2g � }�y{f�dcp ������������������������������������������������������������������������� ~ �
�&b ~ L m z � �{dAi&y{he_ � � g\p9pedcp ������������������������������������������������������������������������������������������������������������� ~�j
�&b � � d �&o�� y{v�y �{y{hey{dcp gif���� m z � �{dJhed � a m v��{dJz2p ������������������������������������������������������������������������� �\~

	�
��� ��� k��l���/��#m�K#f�f�����K#$���n.�&!.���#$*+. o�p

132465 798�:gq rs28<EA@�Y�5 [G8�c$FG7)dt@�W�4TCDc$FG[GFG46:Udn5:A@Tu [G8�Yv\ qfb
�3b 	 �Bo�z v/dJa?w m �/wSx?g �G^�pXgif�� � m x dJa?w m ��w z2giheaeyyi � a m v��{dJz2p ����������������������������������������������������� ���
�3b ~ a?}�d � m z � �{dAi&y{h)_ m � f�o�z v-dJa?w m ��wSx g �G^&p?gif�� � m x dJa?w m ��w z2giheaeyyi � a m v��{dJz2p ����������������� �f`
�3b � azx m �{Msw � m z � �{dJhed � a m v��{dJz2p ��������������������������� ���������������������������������������������������������������|J�J

132465 798�:OH =?>$7?:A@$BDC EAFG>}�~ >FG798�:U86EACD:�:A8�>,7�\?d$\?798KYv\ �$;
J b 	 �Baey{he}�z!dJhey��Jg � � y{a � o�y{h9p ��������������������������������������������������������������������������������������������������������� � 	
J b ~ � y{f�y{hed aed � o�aeaedJf�h p9_�p9hedJz2p m l dJaXpedJh9p m � f3giheo�a9g � f o�z v-dJa9p � ��������������������������������������� � �
J b � I�dJz v/dJa9pe}�y �� a m v��{dJz2p2� m az�3f�y{hed aed � o�aeaedJf h p9_&pehedJz2p � ����������������������������������������������� ���
J b � I�dJz v/dJa9pe}�y �� a m v��{dJz2p2� m a giaey{he}�z!dJhey��Jg � � y{a � o�y{h9p ��������������������� ��������������������������������� �i~

132465 798�:O� �Q8KEAFVBD46u [G8OYZ8�Y�u�8�:A\?2Fy5h5:A@Tu [G8�Yv\ �TH
�&b 	 � m f��&dJhedJaez!y{f�y pehey���� m wngiaey{he}�z!y�� p � g � d*g � � d � h9giv��{d z!dJz v-dJa9pe}�y ��� a m v��{dJz2p ����������� � J�&b ~ � m f��&dJhedJaez!y{f�y pehey�� � m �G_�f m z!y g � hey{z!d*g � � d � h9giv��{d z!dJz v-dJa9pe}�y ��� a m v��{dJz2p ������������� j ��&b � M m �G_�f m z!y g �Qp � g � d��&d � y���giv��{d z!dJz v/dJa9pe}�y � � a m v��{dJz2p ������������������������������������������������� ` ��&b � �-o�aehe}�dJa � m �G_�f m z!y g �Qp � g � d }3gia � z!dJz v/dJa9pe}�y ��� a m v��{dJz2p ��������������������������������������� 	J�|j�&b J azx m o�f�� � g\p9peyy�3d � z!dJz v-dJa9pe}�y ��� a m v��{dJz2p ������������������������������������������������������������������� 	 	J�



132465 798�: � � > BD86EAFVBD4Ku [G8�YZ8�Y�u�8�:A\?2Fy5h5:A@Tu [G8�Yv\ ;�;Kb
��b 	 �<f�o�z!dJa9gihey{f�w��$w heo � �{dcp m �"f3giheo�a9g � f�o�z v-dJa9p ����������������������������������������� ��������������������� 	 	 �
��b ~ a?}�d��&dcp � aey � hey m f m �<g � m z � m f�dJf�h ��������������������������������������������������������������������������������� 	 	�`
��b � �Bp pedJz v��{y{f�w � m z � m f�dJf h9p ������������������������������������������������������������������������������������������������� 	c~ �
��b � � f��&d � y���giv�y �{y{h)_ aedcpeo��{h9p ����������������������������������������������������������������������������������������������������� 	c~�j

	Q
��� ����� � �l����* 
 -s���6��
 ������-�
D���/� �!. 	�
�0

132465 798�:� 132@T:�BD4T[�}T:U465 2 \�4T> B YZFG>FGYZ4T[�7?:UFG4T>}�C[G4T79FG@�> \ ;Kb�H
j&b 	 I�y{f�y{z2g � l dJaehedAi ped � gia9gih m a9p � ������������������������������������������������������������������������������������������� 	 � J
j&b ~ ��dJhehey{f�w!h m ^�f m x � } m a ��g � w\a9g � }3p ����� ��������������������������������������������������������������������������� 	 ���
j&b � L }3gia9g � hedJaey p9gihey m f3p m � z!y{f�y{z2g � heaey gif�w\o�� gihey m f3p m �<giaev�y{hea9gia9_�w\a9g � }3p ������������������� 	��|~
j&b � a?}�d z!y{fDw a"aey z!dJz v/dJa9pe}�y ��� a m v��{dJzY� m aXgiaev�y{hea9gia9_ w\a9g � }3p ������������������������������������� 	��|�
j&b J r y��&he} � gia9giz!dJhedJa9p ������������������������������������������������������������������������������������������������������������� 	�� �

132465 798�:� ~��
2
RSWV:A8�8<}T:U465 2 \ ;KH$;

`&b 	 ��dJhehey{f�w!h m ^�f m x)~��
2

w-�`aedJd w\a9g � }3p ������������������������������������������������������������������������������� 	 J 	
`&b ~ L }3gia9g � hedJaey p9gihey m f3p m � z!y{f�y{z2g � heaey gif�w\o�� gihey m f3p m �S~��

2

w-� aedJd w\a9g � }3p ��������������������� 	 J �
`&b � ] m � l y{f�w!he}�d z!y{fDw aNaey z!dJz v-dJa9pe}�y � � a m v��{dJz ��������������������������������������������������������������� 	 J j
`&b � � �{w m aey{he}�z!y���g ��� �{y��Jgihey m f3p ����������������������������������������������������������������������������������������������� 	c� 	

132465 798�:�;�� ��8�:UY<C794T79FG@�>h}T:U465 2 \ ;K��H
	J��b 	 ��dJhehey{f�w!h m ^�f m x � a w-�`aedJd*gif�� � dJaez o�h9gihey m f w\a9g � }3p ��������������������������������������������� 	c� J
	J��b ~ L }3gia9g � hedJaey pey{f�w!z!y{f�y{z2g �Qped � gia9gih m a9p m � � dJaez o�h9gihey m f w\a9g � }3p ����������������������������� 	 �i~
	J��b � M m hedJf hey g � z2g6i&y{z2g � � �{y��|o�dcp m � � dJaez o�h9gihey m f w\a9g � }3p ��������������������������������������������� 	 � J
	J��b � L }3gia9g � hedJaey p9gihey m f3p m � z!y{f�y{z2g � heaey gif�w\o�� gihey m f3p m � � a w-� aedJd w\a9g � }3p ��������������������� 	�j\~
	J��b J ] m � l y{f�w!he}�d z!y{fDw aNaey z!dJz v-dJa9pe}�y � � a m v��{dJz � ����������������������������������������������������������� 	�j��
	J��b � � �{w m aey{he}�z!y���g ��� �{y��Jgihey m f3p ��������������������������������������������������������������������������������������������� 	�`\~
	J��b � � f hedJaedcpehey{f�w � a m v��{dJz2p ����������������������������������������������������������������������������������������������������� 	�`\�

132465 798�:�;�; � r RSWV:A8�8�EA[G4��zRSWX:U8K8O}T:A4K5 2 \ ;��|�
	 	\b 	 a?}�d������� "!$#�%'&'(�) g �{w m aey{he}�z ����������������������������������������������������������������������������������������� 	�`��
	 	\b ~ I m � �{dAi&dcp gif�� he}�d��*���� "!$#+%,&'(�) g �{w m aey{he}�z ������������������������������������������������������������� ~i�n~
	 	\b � ��dJhehey{f�w!h m ^�f m x � a w-�`aedJd�� � g�xzw-�`aedJd w\a9g � }3p ����� ������������������������������������������������������� ~i���
	 	\b � L }3gia9g � hedJaey p9gihey m f3p m � z!y{f�y{z2g � heaey gif�w\o�� gihey m f3p m � � a w-� aedJd�� � gKxzw-� aedJd w\a9g � }3p � ~ 	 	
	 	\b J L dJaehey)�l_ y{f�w!aed � m w\f�y{hey m f m � � a m � dJa y{f�hedJa l g �Iw\a9g � }3p ������������������������������������������������� ~ 	 �
	 	\b � ] m � l y{f�w!he}�d z!y{fDw aNaey z!dJz v-dJa9pe}�y � � a m v��{dJz � ����������������������������������������������������������� ~\~\~
	 	\b � � �{w m aey{he}�z!y���g ��� �{y��Jgihey m f3p ��������������������������������������������������������������������������������������������� ~\~\�
	 	\b j � f hedJaedcpehey{f�w � a m v��{dJz2p ����������������������������������������������������������������������������������������������������� ~\~�j



�Z����-l��� �%�K
���"�& 0 
 	

� 
D��"!#$* 
D�����|
 - .�&�*�� ��-l��.�* 0 
��

�3��.��Z��'
	?��#$�f��.��������
�������-�#$* . 0 
��

���!��#�� 0 o�	





	



~

���������

	 %)�!�!� , ' � �2�3�4% +�% , �2��� ��� � � ' % , +#� ��%)��+#
/�

wP�Q�S*W�Q�'"&l"]&l"ceQ�J�'*`&`*`&`DJ#y�H.b&W#^*BDd*W��������eQ���6*W"z�8�J#3.£�'C��6��
~e ���'*�e3��DJC�&`.7�"S��=�H���/�>=ND��S*W�Q�
,�D�#^*B�J&l#y��.�,'���e%*+�'�z"�[]?���&l_��Z¦��J�'*W"Z�H�M��#3.c�H�H�>�����c.7�H.�&-,��J*+�H.]*BD�#y�'9k���"'57_)*W"z��¦����6*��<����"M�
e3���+eQ���H�J*BD���
A,'�����H��,N*+�6�N[ � DJ�$e ���H��.A*BD�¦����6*W"G�H����#y.]�H�H�z��&W*�&l":�J_�"ND�"z��DJ�'*W�$&`*Z,�D�#L"&l"'*W"�DH=
D�#L_
�*W�������8,'���ey*+�6�z"�[

� ���ey*+�'�c��&h"G�:���H��_�&l#^*`�HD�.�5 ,N*`&-D�#q&W#^*BD:*W�Q�c*BDe3&-,cDH=M*W� �G*W�Q�'"&l"N[2�'*!&h"G�H¥e3_���&W#y�H./9p���J*
9T�coH��"&-,���_W_�
:�/�H��#do�
/*W�Q� � m z � �{dAi�y{h)_ m � � a m v��{dJz2p ��#3.�9p���J*!�/�'�/o��'�"z�7&®e]e3��D7o'_��6�V"G�����
��#3.m��D�9Y*W�Q��
�.J&h"6*`&l#7(J57&l"z��=�HD�� D�*W�Q�'��e3�HD�o'_��'�8"z�/�"+e �H,6&-��_W_�
�9!&W*W�j�H�'"Be �H,�*:*BD�*W� �q9T�6_l_aK
Ii#3D�9!#j.��H,6&l"&-D�#Ae3�HD�o'_��'�8"N[jwP�Q�/�:�J&l#£*BD'e3&`,�D�=�*W��&l":*W�Q�"&l":&h"/�U,�D��<e3_��H¥�&`*�
v��#3�J_�
�"&l"�DH=
"Be ��,6&`�J_��/�'�/o��'�"z��&�ebe3��D7o'_��6�V"�M��#y.A*W�Q�'"N�/�/�'�/o��'�"z��&�ebe3��D7o'_��6�V"]�J�H�/&W#�=6DJ�����_W_�
~&W#^*`�HD�K
.�5 ,z�H.£�J#3.v�H�'_��J*+�H.£*BD/e3���'C�&-D�5�"�9;D��I�[¬wP�Q�S.��W�;#L&W*`&-D�#kD�=]*W� �<��#L&`*+�]�H�H,N57�'�H�6#^*M"�
�"6*+�'�8"z�
*W���J*Z������,zD�# "&-.��'���H.A&l#b¦����6*;�H�z�2&l":oH��"N�H.UD�# y{f�hedJw\dJa dAi � aedcp9pey m f3p ��*W����*�9T�'�H��&W#^*`��Di.�5Q,�H.
o�
:{3*BDi,'Ii�/��
��'�c��#3.��b��
��'��[2�# � ���e%*+�'�V�E�;*W�Q�V,�D�#L#%�H,N*`&-D�#v&l"c�"'*B��o6_x&l"z�Q��.�[

wP�Q�V=6DJ_l_�D�9!&W#7(u*`9;Du,6���ey*+�'�"U�����dD��H.�&W#3����
Se3���'_a&l��&W#3����
�,'���'ey*+�'�"U��"v*W�Q��
u,���#©o��
�H¥e ��,N*+�H.]&l#b�'C��'��
:���J*W�Q�'���J*`&-,���_y*+�H¥J*+[��# � ���ey*+�6�����p*W�Q�!=5�#3.��J���6#^*B��_^#yDJ*`&`DJ# "<D�=�(����'e^�
*W�Q�HD���
d���H�q.��W��#y��.v"5 ,'����"�.�&W���H,N*+�H.���#3.U5�#3.�&W�H�H,�*+�H.q(��H�e^��"�*W�Q�'�8"N�'_aC��"��9;��_�Ii"z�TeQ�J*W��"�
,�
�,6_��"z�$.�& �<�'���'#^*�"'5 o-(J���e3�U#3D�*`&`D�#L"8��#3.M=ND��'�8"8D�=�,�D�#L#%�H,N*`&WC�&W*�
�[�{^&W#3,z�:9T�89!&l_W_!,�D�# "'&`.��6�
9;��_xI�"z�<eQ�J*W��"�:,�
J,N_��"q&W#ª.�&W�H�H,�*+�H.k��"q9T�'_W_$��"q&W#¯5�#3.�&W�H��,N*+�H.m(��H�e^��"z�:*W�Q�"N�b�J#3.�='5��'*W�Q�6�



�

.��W�;#L&W*`&-D�# "��Q��C��:*BDvo��:����.7�2=6DJ�:oHD�*W�U*�
e �":D�=M(J���e3��"N[��U��# 
���D����:.��`��#L&`*`&`D�#L"V�e�e �H�J�
&W#b*W� �:,'���e%*+�'�z"�D�=M¦��J�'*��H�H�z�;9p�Q�6�H�:�S_)DJ*�D�=M(��H�e^�U,6_���""N�"8�J�H�:.7�W��#y�H.7[GRc�'����Z�]"Be ��,6&`�J_
=ND�,657"<&l"�"N�6*�D�#A��,�
�,6_x&-,Z(��H�e^��"z��"'&l#y,z�M*W�Q�"���(��H�e^��"M���H�M&l�<eQD��6*B��#^*
*W���HD�5J(���D�5Q*�*W�Q�>*W�Q�'"&l"N[

� ���ey*+�6� � &l"�.���.�&`,z�J*+�H.�*BD/,�DJ�$ey_��H¥J&W*�
�*W�Q��D���
�[ � D��<e3_��H¥�&`*�
�*W�Q�HD���
/��#3./*W�Q�c�J#3��_
E"'&h"
D�=Ze3��D7o'_��6�V"�������oH��"��H.ADJ#���_¢(�D��'&W*W���8"�[qwP�Q��#3D�*`&`D�#mD�=:��#��J_ (�DJ�&`*W����&h"�ey�H�H,N&h"��H.vo�
S*`9;D
.�& �<�'���'#^*���_¢(�D��'&W*W�7� ��D�.7�'_�"���*W�Q� a9gif�� m z g � � dcp9p z2g � }�y{f�d ��#3.k*W� � a"o�aey{f�w z2g � }�y{f�d [
X���#y.�D�� ��,�,z�""�����,'��&W#y�"8,z��#jo��],�D�#L"&-.��'���H.q���J*W� �'���J*`&`,z��_���D�.7�'_�":D�=8�H�H�J_;,�D��<e35Q*+�'�z"�[
�#�*W�Q��D���
��]*W� ��
r�����b57"N�H.A=6DJ�b��#y��_�
�"'&l#7(k�J_ (�DJ�&`*W���8"N[¨�# ,�D�#3*`����"6*W�bwQ5��'&l#7(�����,'��&W#y�"
.��'C��'_)D'e �H.V=�HD�� ,�DJ# "&-.��'�H�J*`&-D�# "��7oHD�5Q*$*W�Q�:9;� 
A,�D��<e35Q*B�J*`&-D�# "��J�H���H¥��H,N5�*+�H.mo�
S��5��:�J# "N[
wP�Q��
q�����$e3���W=��'����H.q9p�Q�'#:='57#3.����/�'#^*B��_�,�DJ�$ey5�*B��o6&l_a&W*�
S±65L�"'*`&-D�# "����H�:*`�H�H��*+�H.�[cf<��"��H.qD�#
oHDJ*W��#yDJ*`&`DJ# "S,zD��<e3_���¥�&W*�
u#3DJ*`&-D�# "q,���# oz�d.��W��#%�H.�[ �# � ���e%*+�'� � �:9T�A9!&W_l_<.7�W��#y�v*W�Q�
,�D��<e3_��H¥�&`*�
�,6_���"z"��">*W����*�9T��9!&l_W_L57"N��&l#q*W��&l"<*W�Q�'"&l"z�p�J#3.�9T�>9!&W_l_%.��W��#%�>*`9;D��H��.�5Q,N&-o'&W_a&W*`&B�"
��#3.],�D��<e3_��6*+��e3�HD�o'_��'�8"N[



�



J

� "!
�����#f� 	

�&AB=G;G@����<�N=G69@ A

a?}�dBhey{h��{d m �Qhe}�dBhe}�dcpey p peh9gihedcp y{h � aed � y ped �G_�� wP�Q�G,�D��<e3_��H¥�&`*�
:DH=$�/�'�/o��'�"z��&�e:e3�HD�o'_��'�8"�=ND��
��#L&`*+�$�H��,657�'���'#^*!"�
�"'*+�'�8"<��#3.8��&W#L&W�:�J_L*`�&-��#7(�5�_��J*`&`DJ# " y p peheo��&y{d � b � fQ� m aeheo�f3gihed �G_|x m f��G_2g
�`d�x � d m � �{d*y{f he}�d x m a������Jgif y{z2giw\y{f�d xX}3gihXhe}�y p?z!dcgif3p	� a?}�d z2g�_�v-d v/dcpeh�^ f m xXf hed � }Dwf�y��Jg �-hedJaez m � he}�dBhey{h��{d�
 y{h y p he}�d�x m a �� � m z � �{dAi&y{he_�� y{f�z<_ m � y{f�y m f�
#g �{aedcg �D_ � a m �&o�� dcpdAi � d � h9gihey m f3pcxIgif���he}�d�_�z2gK_�{dcg ��y{f h m he}�d�aey{w\} h �&y{aed � hey m fQb�L m z � �{dAi&y{he_ he}�d m a9_ y p he}�d
�3d ��� m �Ihe}�d m aedJhey��Jg ��� m z � o�hedJa p � y{dJf�� d�xX}�y�� } he}�d � m f hedJf�h9p m �Ghe}�y p<he}�dcp9y p z o3peh<v/d � m �Jgihed �y{fQbE^ �g^�f m x x d � � he}3gih he}�d g �{w m aey{he}�z2p � giaeh m � he}�d he}�dcpey p � m dcp��3h<x d � � y{f h m he}�dt�3d ���
��_¢(�D��'&W*W�7�V" m �Nhe}�d m aedJhey��Jg � � m z � o�hedJaXp � y{dJf�� d gif���he}3gih?he}�dQ�3d ��� �J_ (�DJ�&`*W���8" z2g�_!v/d � m fDwpey��&dJaed � �&y��IdJaedJf h�� a m z � m z � �{dAi&y{he_*he}�d m a9_ x v�o�h m f�d � m dcp f m h<}3g l d h m v/d p m peheaey�� hcbkj�] y{f�� d
� a m v��{dJz2p giaed!z!dJf�hey m f�d � � �Jgif d l dJf � aed � y ped!gif��(p � dcgT^ m � � m z � o�h9gihey m f3g � � m z � �{dAi�y{h)_he}�d m a9_|b � f � m f hea9g\p9h"h m peheaeo�� heo�a9g � � m z � �{dAi�y{h)_ he}�d m a9_|x � m z � o�h9gihey m f3g ��� m z � �{dAi�y{h)_ he}�d m a9_y p y{f hedJaedcpehed ��y{f he}�d ,�D��<e3_��H¥�&`*�
 m � � giaehey�� o�� gia � a m v��{dJz2p y{f3p9hedcg � m �!xX} m �{d giv3pehea9g � h � a m vDw
�{dJz � � g\p9p9dcpcbva?}�d � m z � �{dAi&y{he_ m � g � a m v��{dJz y p*z!dcg\peo�aed � v,_�he}�d�giz m o�f h m �Xaedcp m o�a � dcphe}3gihXgiaed�� m f3peo�z!d � v$_ g�v-dcpehXg �{w m aey{he}�z he}3gih p m � l dcp he}�d � a m v��{dJz�b �Bp9o3g � �G_|x|he}�dJaed y p?f m
� v-dcp9h	�Gg �{w m aey{he}�z�� m a g � a m v��{dJz.v�o�h g�� � g\p p m �?g �{w m aey{he}�z2p he}3gih giaed�w m|m ��dJf m o�w\}�y{f�gpedJf3ped he}3gihXhe}�d�_ �Jgif v-d�� m f3pey��&dJaed � v/dcpehcb

L m z � �{dAi&y{he_ aedcp m o�a � d�z!dcg\p9o�aedcp �Jgif�v/d�v3g\ped � m f giaev�y{hea9gia9_� m z � o�h9gihey m f � gia9giz!dAwhedJa9pcx\v�o�h o3pedJa9p m � aedcg �yw dAi�y p9hey{f�w�� m z � o�hedJa9p<z m peh��G_�g\p9^ giv m o�h hey{z!dBgif�� ^ z!dJz m a9_�j p � g � dhe}3gih<giaedXf�dJd �&d �8� m a �Jgiaea9_�y{f�w m o�h � m z � o�h9gihey m f3pcb � f�he}�y p he}�dcpey pcx *W�Q�<,�D��<e3_��H¥�&`*�
VD�=��/�'��K
o��'�"z�7&®e~e3�HD�o'_��'�8";=ND��!��#L&`*+�����H,65��'�H�'#3*2"�
�"'*+�'�8"c��#3./��&l#^&l����_�*`�'&`��#�(�57_��J*`&-D�# " y p gif3g �G_�p9d �
y{f he}�d�pedJf3p9d he}3gih w m|m � g �{w m aey{he}�z2pT� m a p m � l y{f�w he}�d � a m v��{dJz2p xXy � �Gv-d � aedcpedJf�hed � b ] o�aed �G_ xhe}�y p � m dcp<f m h<}3g l d h m z!dcgif!he}3gih<he}�d�_�giaed�� v-dcp9h�� dAi � d � h
� m a<he}�d �Jg\pedXhe}3gih<y{hSy p m v l y m o3p b
� f�� y{f��&dJd � x he}�y p �Jg\pedhxXy � �X}3g ��� dJfQb �B��he}�y p �Jg\ped� m dcp!f m h!}3g ��� dJfQx y b dnb{x y)��y{h�y p!f m h
m v l y m o3p he}3gih gif g �{w m aey{he}�z y p v/dcpeh � m p9pey{v��{dvxXy{he} aedcp � d � h*h m � o�aeaedJf hO^�f m x �{d �&w\dnxQy{h*y p
� a m l d ����� l dJa9_ v m �D_�^ f m x p he}3gih p9o�� } � a m m �`p�dAi�y peh m f��G_U� m a l dJa9_ l dJa9_ dcg\p _ � a m v��{dJz2p^`gif�� � g\p9peo�aed he}3gih he}�d � a m v��{dJz2p�heaedcgihed � y{f�he}�y p�he}�dcpey p�giaed�f m h m � he}�d l dJa9_ l dJa9_ dcg\p9_
^�y{f��-j]b3a?}3gih y p{xX}$_ he}�d � a m m �`pZ� m aXv/dJy{f�w�v/dcpehBg �{w m aey{he}�z p9} m x�he}3gih v/dJhehedJa g �{w m aey{he}�z2pdAi&y peh m f��G_�y)�Bp m z!dJhe}�y{f�w o�f�dAi � d � hed � }3g ��� dJf3pcb+] o�� } g\p peo�z � hey m f3p�giv m o�h o�f�dAi � d � hed �d l dJf�h9p y{f� m z � �{dAi�y{h)_�he}�d m a9_ giaed � m � o�� gia gif���� m z!z m fQb

	�� 	 � #$*�� #f�K.�"���� �������-�#$* .

] m � giacx he}�d!aedcg �&dJaO^�f m x p f m x he}3gih�g �{w m aey{he}�z!y��!p m �{o�hey m f3p m � � m f�� aedJhed � a m v��{dJz2p }3g l dh m v-d�dAi � d � hed ��y{f�he}�y p�he}�dcpey pcb�� o�h�pehey � � x*� �&y�� f m h p9g�_ xX}3gih�he}�dcped � m f�� aedJhed � a m v��{dJz2pgiaednb�� dJh?o3p p9h9giaeh3xXy{he} he}�d � � g\p peyy� �Jgihey m f�� z!dJz v-dJa9pe}�y � � a m v��{dJz���b M<a m v��{dJz2p y{f w\dJf�dJa9g �giaed p9y{z � �G_EpedJh9p m � m v� d � h9pcxXgif�� y{f � m z � o�hedJa p � y{dJf�� d m f�d m � hedJf#aedcpeheaey�� h9p h m pedJh9p m �f3giheo�a9g �-f�o�z v-dJa9p m a h m p9dJh9p m �!x m a ��p m l dJa gif g � � }3giv/dJhcxfxX}�y�� } giwngiy{f �Jgif v/d � m f3pey��&dJaed �pedJh9p m � f3giheo�a9g �Xf o�z v-dJa9p b"! f�d�Jgif1y{z2giw\y{f�d�z2gif$_ �|o�dcp9hey m f3p�he}3gih2pe} m o���� v-d�p m � l d �
� m aBg � a m v��{dJz�x^� m aBy{f3peh9gif�� d�w\dJf�dJa9gihey{f�w gif�d �{dJz!dJf�h�� a m z he}�d � a m v��{dJz p9dJh m a l dJaey)��_�y{f�w



�

xX}�dJhe}�dJa!g w\y l dJf m v� d � h�^ f o�z v-dJa j�v-d � m f�wnp�h m he}�d pedJhcb � f he}�d pedJhehey{f�w m � he}�d m aedJhey��Jg �
� m z � o�hedJaNp � y{dJf�� d<he}�d �3a9p9h��|o�dcpehey m f y pQa9gihe}�dJaQo�f�y{f hedJaedcp9hey{f�w3x pey{f�� dp� m aQd l dJa9_�^ f m fDw heaey l y g � j
� a m v��{dJz gif g �{w m aey{he}�z �Jgif v-d � m f3peheaeo�� hed ��he}3gih m o�h � o�h9p gif d �{dJz!dJf h m � he}�d � a m v��{dJz
xXy{he} m o�h?o3pey{f�w!g �{z m pehXgif$_2aedcp m o�a � dcpcb a?}�d p9d � m f�� � o�dcpehey m fQx�y{f�� m f hea9g\p9hcx y p he}�d w\dJf�dJa9g �
�&dcp � aey � hey m f m � g �&d � y p9y m f � a m v��{dJz � w\y l dJf gif m v� d � hcx&y p?y{hXz!dJz v-dJa m � he}�d � a m v��{dJz�pedJh �
� � m p9pey{v��{d�p m �{o�hey m f g �{w m aey{he}�z y p �&y{aed � h��G_Eg\p9p m � y gihed �(xXy{he}#he}�d � a m v��{dJz gif��#p m �Jgif}3g l d g � � � m p9pey{v��{d�^`gif��<�3f�y{hed �G_ dJf�� m ��giv��{d j ^�f m x �{d �&w\dXgiv m o�hShe}�d � a m v��{dJz�b I�dJz v-dJa9pe}�y �
� a m v��{dJz2p giaed m ��g pey{z!y � giat^�y{f�� v�o�h z2g�_1v/d � m f3p9y��&dJaed � w\dJf�dJa9g �{y p9gihey m f3p m � �&d � y pey m f
� a m v��{dJz2p	�2w\y l dJf g�pedJh�o3pey{f�w gif g ��� a m � aey gihed gif�� x d � �yw �&dA�3f�d � aed � aedcpedJf�h9gihey m f z m �&d �gif���gif m v� d � hcx"y p�he}�d m v� d � h�z!dJz v-dJa m � he}�d�aed � aedcpedJf�hed �(pedJh � � } m � d�he}�d �&y��GdJaedJf�� dh m �&d � y pey m f � a m v��{dJz2p y p�� �{dcgia	� g �{w m aey{he}�z2p p m � l y{f�w��&d � y pey m f � a m v��{dJz2p y{z � �{y�� y{h��G_m^�f m xhe}�d pedJh he}�d�_ �&d � y��&dnx xX}�dJaedcg\p g �{w m aey{he}�z2p p m � l y{f�w�z!dJz v-dJa9pe}�y � � a m v��{dJz2p �{dcgiaef giv m o�hhe}�d pedJh�� m azxX}�y�� } he}�d z!dJz v/dJa9pe}�y � �|o�dcpehey m f y pXh m v/d�gif3p9x dJaed � m f��G_ gih?y{f � o�hXhey{z!dnb a m
�Jgio3ped�g �{y{heh��{d � m fQ�`o3pey m fQxGz!dJz v-dJa9pe}�y � � a m v��{dJz2p giaed!p � d � y g � �&d � y p9y m f � a m v��{dJz2p �By{f � o�hpedJh!gif�� m v� d � h�� m a!g z!dJz v-dJa9p9}�y � � a m v��{dJz giaed� m z � m ped � y{f�h m gif m a �&dJaed � � giy{a2gif��
v-d � m z!d!y{f � o�h�� m a g��&d � y pey m f � a m v��{dJz�bn] m x he}�d	� � g\p peyy� �Jgihey m f �/�'�/o��'�"z��&�eAe3�HD�o'_��'� m a
.��H,6&l"&-D�#�e3��D7o'_��6� �&d � dJf���p m f he}�d � m y{f h m � l y{d�x�gif�� aed � o�y{aedcp �3f�d �&y pehey{f�� hey m fQb
r d � � xNh m � m z � �{dJhed �G_ o�f l dJy � xX}3gih*he}�y p�he}�dcp9y p y p giv m o�hcx y{h*aedJz2giy{f3p�h m � aed � y ped�he}�d

�&dA�3f�y{hey m f3p m �"he}�d pedJh9p2� m azxX}�y�� } he}�d z!dJz v/dJa9pe}�y � � a m v��{dJz2pzxXy � � v-d*p m � l d � b�a?}�d z!dJz�wv-dJa9pe}�y � � a m v��{dJz2p!� m as�3f�y{hed aed � o�aeaedJf h p _�pehedJz2p giaedBz!dJz v-dJa9pe}�y � � a m v��{dJz2p giv m o�h pedJh9p m �f3giheo�a9g � f o�z v-dJa9p x he}�d z!dJz v-dJa9p9}�y � � a m v��{dJz2p�� m a?z!y{f�y{z2g � heaey gif�w\o�� gihey m f3p giaed z!dJz v-dJa?wpe}�y �� a m v��{dJz2p giv m o�h pedJh9p m �<w\a9g � }3pcb � w\a9g � }�y p �Jg � �{d � � } m a ��g �Qy)�Sy{h � m dcpBf m h � m f h9giy{fg � } m a � �{dcp9p �A_ � �{d m � �{dJf�w\he} gih �{dcg\peh �3bX^S] m z!d�w\a9g � } f m hey m f3p?giaed o3ped � y{f he}�d>� m � � m xXy{f�w3xgif�� � �Jgif m f��G_ aed6�`dJa h m � gihedJa � }3g � hedJa9p�� m aXdAi&g � h �&dA�3f�y{hey m f3pcb�� m x d l dJacx&y{hXy pXf m h f�d � dcp?wp9gia9_�h m o�f��&dJa9peh9gif���d l dJa9_�he}�y{f�w*}�dJaedBh m w\dJh gif�y��&dcg m � he}�d � a m v��{dJz pedJhehey{f�w3bkj � m h d l dJa9_giaev�y{hea9gia9_!w\a9g � }�y p�� } m a ��g � ^ � } m a ��g �{y{h)_�y pSf m h?g*heaey l y g �-w\a9g � } � a m � dJaeh)_�j]x v�o�h��`a m z�giaev�yywhea9gia9_*w\a9g � }3p � } m a ��g ��w\a9g � }3p �Jgif v-d m v�h9giy{f�d � v$_�g ���&y{f�w�d �&w\dcpcb a?}�y p m � dJa9gihey m fQxng ���&y{f�wd �&w\dcp h m g w\a9g � }!h m z2gT^nd?y{h � } m a ��g � xny p �Jg � �{d � *`�&-��#7(J57_��J*`&-D�# m a *`�&-��#7(�5�_��J*`&l#�(c�>(����'e^� m a
����Ii&W#7(]�8(��H�e^�A,'��DJ��.��J_ b a?}�d m v�h9giy{f�d �� } m a ��g � w\a9g � }�y p �Jg � �{d ��g!heaey gif�w\o�� gihey m f m � he}�dpeh9giaehXw\a9g � }Qbsa m!m v�h9giy{f�g ��&l#^&l����_%*`�&-��#7(J57_��J*`&-D�# m � g2w\a9g � }Qx�gif�y{f�� �{o3pey m fDw z!y{f�y{z2g �QpedJh
m �/d �&w\dcp<y p o3p9d �8� m a heaey gif�w\o�� gihey{f�w he}�dXw\a9g � }Qbs] o�� }!gif!y{f�� �{o3pey m fDw z!y{f�y{z2g �3p9dJh m �Id �&w\dcp y p
�Jg � �{d ��g �8&W#L&W����_N��_W_xK &l# b ] m x|d l dJa9_ w\a9g � } �&dA�3f�dcp he}�d�pedJh m � y{h9p z!y{f�y{z2g �-heaey gif�w\o�� gihey m f3pcxhe}3gih giaed he}�d�aedcpeo��{h9p m � z!y{f�y{z2g �3��� �yw y{f m � dJa9gihey m f3p b �Bf�� he}�y p y p�xX}3gih y p aed �|o�y{aed �m� m az!dJz v/dJa9pe}�y � � a m v��{dJz2pcb��BdJf�� dnx he}�d�z!dJz v/dJa9pe}�y � � a m v��{dJz�� m a z!y{f�y{z2g � heaey gif�w\o�� gihey m f3py p �&dA�3f�d � g\p	� w\y l dJf g � giy{a����
	 m � w\a9g � }3pcx&y p�	 g�z!y{f�y{z2g � heaey gif�w\o�� gihey m f m ����x&y b dnb{x&y p
	 g�z!dJz v-dJa m � he}�d*pedJh m �"z!y{f�y{z2g �Qheaey gif�w\o�� gihey m f3p m �� �

a?}�d m he}�dJaSh)_ � d m �Gz!dJz v-dJa9pe}�y � � a m v��{dJz2p y p<v3g\ped � m f�p9dJh9p m �Gf3giheo�a9g �3f�o�z v-dJa9pSgif��y p m � he}�y p�� m aez �<w\y l dJf�g!f3giheo�a9g �Qf�o�z v-dJa gif���g2p9dJh m � f3giheo�a9g �Nf o�z v-dJa9pXaed � aedcp9dJf hed � y{fg�p � d � y g �%� m aez�x�y p?he}�d w\y l dJf f�o�z v-dJa?z!dJz v/dJa m �"he}�d*pedJh � � h?aedJz2giy{f3p?h m � aed � y ped he}�d pedJhaed � aedcpedJf�h9gihey m f�z m �&d � b�� l dJf�he} m o�w\} � �&y���f m h p � dcgT^�giv m o�h y{h<� m aBhe}�d w\a9g � } � a m v��{dJzy{h y p � �{dcgia he}3gihBhe}�d � m z � �{dAi�y{hey{dcp m � he}�d�z!dJz v/dJa9pe}�y ��� a m v��{dJz2pBgiaed*z2giy{f��G_��&dJhedJaez!y{f�d �v$_�he}�d�aed � aedcp9dJf h9gihey m f�z m �&d � m � he}�d pedJhcb r dtxXy � � y{f�hea m �&o�� d g aed � aedcpedJf�h9gihey m f m �BpedJh9p
m � f3giheo�a9g � f o�z v-dJa9p�he}3gih�y p v3g\p9d � m f &l#3*+�-(��'�/�H¥ey�H�""&-D�# " b � f y{f hedJw\dJa�dAi � aedcp9pey m f�y p g



Chapter 1
� f hea m �&o�� hey m f �

x d � �yw �&dA�3f�d � dAi � aedcp9p9y m f he}3gih y p?y{f��&o�� hey l d �G_ �&dA�3f�d � g\p�� m � � m x p �
^`g|j�������� m a��2g�f3giheo�a9g �Nf o�z v-dJa?y p gif y{f�hedJw\dJaXdAi � aedcp pey m f
^ v/j �{dJh��tv/d*gif�y{f�hedJw\dJa dAi � aedcp9pey m fQx�he}�dJf � y pXgif�y{f hedJw\dJa?dAi � aedcp9pey m f
^ � j �{dJh	�

1

gif��
�
2

v-d y{f�hedJw\dJa?dAi � aedcp9p9y m f3pcx|he}�dJf�^��
1 �
�

2

j]xQ^��
1 
�

2

j]x ^��
1 �
�

2

j
gif���^��

1 �
�

2

j giaed y{f�hedJw\dJaXdAi � aedcp9pey m f3p
^ �-j/�`o�aehe}�dJaXy{f hedJw\dJa?dAi � aedcp9pey m f3p � m f m hXdAi&y pehcb

� f hedJw\dJa dAi � aedcp pey m f3p�x dJaed y{f hea m �&o�� d � v,_ ] h m � ^�z!d�_ndJa gif�� I�d�_ndJa g\p�he}�d y{f�hedJw\dJa ^ v3g6w
pey��Jg � �G_1f3giheo�a9g � j�gif3g � m w\o�d m � aedJw\o�� gia dAi � aedcp9pey m f3p�� �T`�� b ^la?}�d�_ �&y��#f m h � m f3pey��&dJa he}�dz o��{hey � �{y��Jgihey m f m � dJa9gih m a � x xX}�y�� } y p gif(g ���&y{hey m f m � g peo�v3ped � o�dJf h�x m a9^�v,_ I � � dJf�uJy{d
gif�� r giw\f�dJa	� � 	�� bkjOa?}�d?z!dcgif�y{f�w m �/gif y{f�hedJw\dJa"dAi � aedcp9pey m fQx y b dnb{x he}�dXpedJh"he}3gih y p �&dcp � aey{v-d �v,_ gif y{f�hedJw\dJaNdAi � aedcp9pey m fQx y p"ped �)��w dAi � � giy{f�y{f�w dAi � d � h�� m a"he}�d��&dA�3f�y{hey m f m �3he}�d giaey{he}�z!dJhey��Jg �
m � dJa9gihey m f3pXg ���&y{hey m f�^ � j gif�� z o��{hey � �{y��Jgihey m f�^ � j]b a?}�d��&dA�3f�y{hey m f m �"v m he} m � dJa9gihey m f3p y pdAi&hedJf��&d �2h m pedJh9p m �"f o�z v-dJa9p y{f�he}�d�o3peo3g �Ipehe_ �{d ��� m a���gif����tp9dJh9p m �Nf3giheo�a9g �Gf o�z v-dJa9p x
�
�
�ty p he}�d pedJh � m f h9giy{f�y{f�w he}�d�p9o�z2p m �Nf�o�z v-dJa9p xX}�dJaed m f�d m � dJa9gif�� y p h9gT^ndJf]� a m z��gif�� he}�d m he}�dJaXy p h9gT^|dJf/�`a m z�� b ] y{z!y � gia��G_|x he}�d � a m �&o�� h m ��� gif��
� x�� � � x y p �&dA�3f�d �g\pShe}�d pedJh m � � a m �&o�� h9p m � g � � � giy{a9p m �If o�z v-dJa9p�� a m z���gif���� b �B� pedJh l giaey giv��{dcp giaedBg ���&yywhey m f3g � �G_ g � � m x d � g\pXy{f hedJw\dJaXdAi � aedcp9pey m f3p xfx d m v�h9giy{f � gia9giz!dJhedJaey ped � y{f�hedJw\dJaXdAi � aedcp9p9y m f3pcx

m a pey{z � �G_��`o�f�� hey m f3pcb ] o�� }c�`o�f�� hey m f3p�xXy � ��v/d��Jg � �{d ��� � �  � � � � � ��w-� o�f�� hey m f3pcx pey{f�� d he}�d�_giaed �&dA�3f�d � o3pey{f�w m f��G_ he}�dcped m � dJa9gih m a9pcb(^ �QgihedJacx ��xXy � � f m h�g � � m x pey{f�w �{dJh m f pedJh9pcxQy b dnb{x
� m f3peh9gif�h9pcxQy{f he}�d �&dA�3f�y{hey m f m ��� � �  � � � � � ��w-�`o�f�� hey m f3pcx"v�o�h*he}�y pOxXy � � f m h*z2gT^nd�gif,_�&y��IdJaedJf�� dnbkj

�+� g��
�
�

� �
�
�
�
��w-� o�f�� hey m f � �&d � dJf���p m f"! l giaey giv��{dcp x xX}�dJaedh� � hey l d l giaey giv��{dcpgiaed�g � � m x d � x y{h y p�Jg � �{d ��gif#! w gia9_r�`o�f�� hey m fQb a?}�dJfQx g � giy{a� m z � m ped � m � gif$! w gia9_

�
�
�

� �
�
�
�
��w-�`o�f�� hey m f �)gif��"! pedJh9p%�

1

� ����� �&�
n
m �*f3giheo�a9g � f�o�z v/dJa9p �&dA�3f�dcp g pedJh

m �Nf3giheo�a9g �Gf o�z v-dJa9p x|xX}�y�� } y p he}�d�aedcpeo��{h m �"he}�d�g ��� �{y��Jgihey m f m �'� h m ^��
1

� ����� �&�
n

j]b � l dJfy)�(�
1

� ����� �&�
n

giaed!aedcpeheaey�� hed ��h m �Jgia �&y{f3g �{y{he_ m f��G_ 	 he}�d!z!dJz v/dJa9pe}�y � � a m v��{dJz.v-d � m z!dcp
�&y*) � o��{hcx g\pNy{h!x?g\pNp9} m xXf*v,_O] h m ��^ z!d�_ndJa"gif��OI�d�_ndJa(� �T`�� b � o�h �GdAi&hedJf�� he}�d � m x dJa m ��dAi$w
� aedcp9pey l dJf�dcp9p m �Iy{f�hedJw\dJaSdAi � aedcp9pey m f3p v,_ �&dA�3f�y{f�w ��#L&`*+�$�H�H,N57�'�H�6#^*
"�
�"'*+�6�V" b � f2he}�dBpedJhehey{f�wgiv m l dnx f m he}�y{f�w(}3g\p v-dJdJfEp giy�� giv m o�h!he}�d peheaeo�� heo�aed m �Bhe}�d m � dJa9gif��1pedJh9p+�

1

� ����� �&�
n

b
a?}�d�_ p9}3g � � v/d he}�d aedcpeo��{h9p m �,� � �  � � � � � ��w-� o�f�� hey m f3pcb � � aed � y ped � g �3f�y{hed aed � o�aeaedJf h�
�
�

� �
�
�
�
��w p _�pehedJz m � �&y{z!dJf3pey m f-! y p g � giy{a � m z � m ped � m �.!/! w gia9_0� � �  � � � � � ��w�`o�f�� hey m f3pNgif��1!�pey{f�w �{dJh m f p9dJh9p m �3f3giheo�a9g ��f o�z v-dJa9pcb �1pedJh m �3f3giheo�a9g � f o�z v-dJa9p"y p �&dA�3f�d �v,_ peo�� }2g��3f�y{hed aed � o�aeaedJf�hSp9_�p9hedJz v,_ y{hedJa9gihed �!g ��� �{y��Jgihey m f m �3�`o�f�� hey m f3p<h m pedJh9p b
�?h �3a9pehcxhe}�dV� o�f�� hey m f3p giaed�pey{z o��{h9gif�d m o3p �G_�g ��� �{y{d ��h m he}�d w\y l dJf pey{f�w �{dJh m f pedJh9pcx xX}�y�� } _�y{d ����p2!pedJh9p m �Bf3giheo�a9g � f�o�z v/dJa9p g\p aedcpeo��{h9pcb a?}�dcped p9dJh9p*v-d � m z!d he}�d y{f � o�h9p m � he}�d]� o�f�� hey m f3p

� m a he}�d ped � m f�� y{hedJa9gihey m fQx�gif�� giwngiy{fQx&he}�y pz_�y{d ����p3! pedJh9p m � f3giheo�a9g �Gf�o�z v-dJa9pcb � dJaed y pXgifdAi�giz � �{dnb azx m ~Kw gia9_]� o�f�� hey m f3pXgiaed��&dA�3f�d � g\p�� m � � m x p	�
�
1

^54 �76�j.8
def

^54
�
6�j

�
2
^54 �76�j.8

def
^e^56
�
6�j

4Gj �

a?}�d h)x m �`o�f�� hey m f3pXgiaed�g ��� �{y{d � h m he}�d*pey{f�w �{dJh m f�pedJh9p*^9� ~:� ��� J � j gif�� � a m �&o�� d�g�� hedJa m f�d



j

y{hedJa9gihey m f � �
1

^9� ~:� ��� J � j 8 ^9� ~:� � � J � j 8 � ~ � J ��
2
^9� ~:� ��� J � j 8 ^e^9� J � � � J � j  � ~:� j�8 ^9��	J� �  � ~:� j 8 � �

a?}�d!aedcpeo��{h9p�� m m ^ � aedJheh)_ � m|m acx gif��(d l dJf(g�ped � m f�� y{hedJa9gihey m f � m dcp f m h � }3gif�w\d!he}�d2y{z�w
� aedcp9pey m f he}3gihXhe}�d��&dA�3f�d � p9_&pehedJz y pXg�a9gihe}�dJa o�f�y{f�hedJaedcpehey{f�w m f�d �

�
1

^9� ~ � J � � � j 8 ^9� ~ � J � � � j 8 � ~ � J �
�
2
^9� ~ � J � � � j 8 ^e^ � � � j


� ~ � J � j 8 � �

] y{f�� d(he}�d aedcpeo��{h9p m � he}�d(ped � m f��4y{hedJa9gihey m f)giaed(he}�d�p giz!d g\p he}�d(aedcp9o��{h9p m � he}�d��3a9peh
y{hedJa9gihey m fQxfx dBf m x ^ f m xEd l dJa9_�he}�y{f�w giv m o�h he}�dQ�3f�y{hed aed � o�aeaedJf�h p _�pehedJz ^�� �

1

� �
2 � �c^ ~ � J jej]b��aedJz2gia9^��Nv,_ �&dA�3f�y{hey m f �Spe} m o����nxXaey{hed!^9� ~:� ��� J � jSy{f3pehedcg � m � ^ ~ � J j v�o�h �So3ped he}�d z m aed

� m f l dJf�y{dJf h �&dJf m h9gihey m fQb
� f he}�d �&dA�3f�d � pedJf3pednxche}�d y{hedJa9gihey m f��Jgif*v-d �Jgiaeaey{d � m o�hQgiaev�y{hea9giaey �G_ m �`hedJfQx gif���g �Gx gK_�p xhe}�y p � a m � dcp9p�_�y{d ����p ! pedJh9p m �3f3giheo�a9g � f o�z v-dJa9pcb
��� o�f�� hey m f y p"ped �{d � hed �*he}3gih"pe}3g � � � a m �&o�� dgif m o�h � o�h pedJhcxGgif��S� m a g p � d � yy�3d ��f o�z v-dJa m �Sy{hedJa9gihey m f3pcx-he}�d m o�h � o�h pedJh � a m �&o�� d ��v,_he}�d*ped �{d � hed �]� o�f�� hey m f y p?he}�d*p9dJh �&dA�3f�d � v,_�he}�dg�3f�y{hed aed � o�aeaedJf�h p9_&pehedJz g�� hedJaXhe}�d w\y l dJff o�z v-dJa m � y{hedJa9gihey m f3pcb � m aXhe}�d dAi�giz � �{dnx m f�d�� m o���� p9gK_�he}3gih��`o�f�� hey m f��

2

p9}3g � � � a m �&o�� dhe}�d m o�h � o�hcb
�Z� hedJa h)x m y{hedJa9gihey m f3pcx � y p he}�d?aedcpeo��{hcb r }�dJf�he}�dXy{hedJa9gihey m f � a m � dcp9p y p �Jgiaeaey{d �
m o�h<v3g � ^,x?gia ��pcx y b dnb{x�xX}�dJf�� o�f�� hey m f3p giaed peo � dJa � m ped ��y{f3pehedcg � m � g ��� �G_ y{f�w he}�dJzth m y{f � o�hpedJh9pcx he}�d �i�d � f�o�z v/dJa!y{hedJa9gihey m f �&dA�3f�dcp2gif1y{f�hedJw\dJa!dAi � aedcp pey m fQxShe}3gih2aed � aedcp9dJf h9p�he}�d
m o�h � o�h pedJhcb � wngiy{f�he}�d dAi�giz � �{d � h)x m y{hedJa9gihey m f3p�_�y{d ��� he}�d y{f hedJw\dJaXdAi � aedcp9pey m f

^e^e^e^9� J � � � J � j  � ~:� j � ^e^9� J � � � J � j  � ~:� jej  ^9� ~:� � � J � jej �
xX}�y�� }�y pSd l g �{o3gihed �2h m he}�d dJz � he_!pedJhcxfxX}�y�� }2y p f m h m v l y m o3p b ] m x m f�d �Jgif p g�_ he}3gihs�3f�y{hedaed � o�aeaedJf h p9_&pehedJz2p$� m aQ�i�d � f�o�z v/dJa y{hedJa9gihey m f3p aed � aedcpedJf�hBaedJw\o�� gia��G_�peheaeo�� heo�aed � y{f hedJw\dJadAi � aedcp pey m f3p y{f�g � m f�� y�� dM� m aez�b

� w m!m f�d pehed � � o�aehe}�dJa gif�� �&dA�3f�d�g!ped � m f�� z m �&d ��� m aXaed � aedcp9dJf hey{f�w2pedJh9p m �<f3giheo�a9g �f o�z v-dJa9p?v,_n�3f�y{hed*aed � o�aeaedJf h p _�pehedJz2p b � f d l dJa9_ y{hedJa9gihey m f he}�d�ped �{d � hed � m o�h � o�hZ� o�f�� hey m f
� a m �&o�� dcp g aedcpeo��{hcb a?}�d�o�f�y m f m � he}�dcped�pedJh9p�h9gT^ndJf m l dJaBd l dJa9_�f o�z v-dJa m � y{hedJa9gihey m f3p�y phe}�d�p9dJh aed � aedcp9dJf hed � v$_!he}�d��3f�y{hed aed � o�aeaedJf�h?p _�pehedJz�b a?}�y p?pedJh z2g�_2v/d y{fD�3f�y{hednx�gif���y{h?y p
f m h � �{dcgia�xX}�dJhe}�dJa peo�� } p9dJh9p �Jgif v-d*aed � aedcpedJf�hed � v$_ y{f hedJw\dJaXdAi � aedcp9pey m f3p b

a?}�d � m z � �{dAi&y{he_ m �Sz!dJz v-dJa9pe}�y � � a m v��{dJz2p$� m a{�3f�y{hed�aed � o�aeaedJf�h p9_&pehedJz2p y p�peheo��&y{d �f m h m f��G_G� m a<w\dJf�dJa9g �D�3f�y{hedXaed � o�aeaedJf h�� � �  � � � � � ��w p9_&pehedJz2p v�o�h<dcp � d � y g � �G_V� m aSp _�pehedJz2phe}3gih giaed �&dA�3f�d ��o3pey{f�w m f��G_2peo�v3pedJh9p m �Qhe}�d m � dJa9gih m a?pedJh	� � �  � � � � � �|b a?}�d �&dA�3f�y{hey m fm � � m aeaedcp � m f��&y{f�w]�`o�f�� hey m f3p�y p pehea9giy{w\}�h�� m a9x?gia � b� h heo�aef3p m o�h he}3gih�he}�d � m z � �{dAi&y{hey{dcp m �z!dJz v/dJa9pe}�y � � a m v��{dJz2p�� m a*aedcpeheaey�� hed ��aed � o�aeaedJf h�p _�pehedJz2p a9gif�w\d m l dJa*g xXy��&dv�3d ��� b � �ywaedcg �D_t] h m ��^ z!d�_ndJaSgif��nI�d�_ndJa��&y��!f m h � m f3p9y��&dJa y{f�hedJw\dJaSdAi � aedcp pey m f3p m � m f��G_!he}�dBw\dJf�dJa9g �
� m aez v�o�h�g � p m � m a�g�aed �&o�� d � m � dJa9gih m a p9dJh � �T`�� bgI � � dJf�uJy{d�gif�� r giw\f�dJa�dAi&hedJf��&d ��he}�y p
x m a9^�h m gif g �{z m p9h � m z � �{dJhed	� m z � �{dAi&y{h)_�peheo��D_ � � 	�� b<a?}�d � a m v��{dJz.pedJhehey{f�w g\pgx d � �<g\phe}�d aedcpeo��{h9p � aedcpedJf�hed � }�dJaed*giaed z2giy{f��G_ y{f3p � y{aed � v,_�he}�dcp9d�h)x m � g � dJa9pcb

� f �Jg\p9d m � he}�d � m z � �{dAi&y{h)_ m �?z!dJz v/dJa9pe}�y � � a m v��{dJz2pM� m a z!y{f�y{z2g �Sheaey gif�w\o�� gihey m f3pcxhe}�dJaed y p�f m �&y{aed � h � aed l y m o3p<x m a9^Gb a?}�d � a m v��{dJz�x<w\y l dJf h)x m w\a9g � }3p � gif�� 	 x<y p�	



Chapter 1
� f hea m �&o�� hey m f `

g(z!y{f�y{z2g � heaey gif�w\o�� gihey m f m � �!x }3g\p�v-dJdJf � m f3p9y��&dJaed �1v-d6� m aed m f��G_1g\p�gif g ��� �{y��Jgihey m fQb
a?}�dJaed dAi�y p9h9p gif dcg\p9_ � }3gia9g � hedJaey p9gihey m f m �"z!y{f�y{z2g �Iheaey gif�w\o�� gihey m f3p m �"g w\a9g � } � w\a9g � } 	y p�g�z!y{f�y{z2g � heaey gif�w\o�� gihey m f m �Bg�w\a9g � } � y)�Bgif�� m f��G_ y)� 	 y p � } m a ��g � xNy p g�p � gif�f�y{f�wpeo � dJaew\a9g � } m ��� gif�� he}�d��&d �{dJhey m f m � d l dJa9_�d �&w\d m � 	 he}3gih y p?f m hBgif d �&w\d m �� _ y{d ����p
g2w\a9g � } he}3gih y pBf m h � } m a ��g �(� �i��� b � v3giaea9g � m f3pey��&dJaed � he}�d �|o�dcpehey m f � } m xª� g\peh �Jgif�y{h v-d
�&d � y��&d � xX}�dJhe}�dJa*g� } m a ��g �<w\a9g � }�aedJz2giy{f3p�� } m a ��g �Sg��`hedJa �&d �{dJhey m f m �?g�p � d � yy�3d �(d �&w\d
� � � � � � d p9} m x d � he}3gihcx3w\y l dJf�he}�d � } m a ��g �Qw\a9g � }�o3p9y{f�w gif g ��� a m � aey gihed aed � aedcpedJf�h9gihey m fQxhe}�y p�|o�dcp9hey m f �Jgif v-d �&d � y��&d ��y{f hey{z!d�� ^5!Nj]x�xX}�dJaed ! �&dJf m hedcp�he}�d�f�o�z v/dJa m � l dJaehey�� dcp
m � he}�d w\a9g � }Qb ��y l dJf g w\a9g � } � gif�� g�w\a9g � } 	 xzxX}�dJaed 	 y p g�� } m a ��g �Bp � gif�f�y{f�wpeo � dJaew\a9g � } m ����he}3gih � m f�h9giy{f3p ��g ���&y{hey m f3g � d �&w\dcpcx � v3giaea9g � pBaedcp9o��{h9p�p9} m x he}3gih y{h �Jgifv-d �&d � y��&d ��y{f hey{z!d�� ^ � !�����jgxX}�dJhe}�dJa 	 y p g�z!y{f�y{z2g � heaey gif�w\o�� gihey m f m � �!x�xX}�dJaed
� �&dJf m hedcp�he}�d�f�o�z v/dJa m � d �&w\dcp m � �!b a?}�d g �{w m aey{he}�z y p*dcg\p9_��V� m a*d l dJa9_ g ���&y{hey m f3g �d �&w\d m � 	 x"g\p9^�xX}�dJhe}�dJa he}�d �&d �{dJhey m f m �Xhe}�y p d �&w\d2aedcpeo��{h9p*y{f g � } m a ��g �Sw\a9g � }Qb �+�Xg � �
� o�dcpehey m f3p�giaed gif3p9x dJaed � � f m �{x 	 y p g�z!y{f�y{z2g ��heaey gif�w\o�� gihey m f m � � �&o�d h m he}�d � y{hed �
� }3gia9g � hedJaey p9gihey m fQb � h y p m f��G_ aedJz2gia9^nd � he}3gih hey{z!d�� ^5!��	�
� � j?y pBf�dJd �&d ��h m w\dJf�dJa9gihedhe}�d aed � o�y{aed � aed � aedcpedJf h9gihey m f�� m a 	 b

a?}�dJaed giaedZ� o�aehe}�dJa g �{w m aey{he}�z2p he}3gih g � p m gif3p9x dJa he}�d �|o�dcp9hey m f�giv m o�h v-dJy{f�w�z!y{f�y{z2g �heaey gif�w\o�� gihey m fQb � o�h he}�dJy{a<gif3p9x dJa9p giaed y{f��&y{aed � h m f�dcpcb a?}�d m aey{w\y{f3g � � a m v��{dJz y p<g\p�� m � � m x p �w\y l dJf�g w\a9g � } � gif���g w\a9g � } 	 x!xX}�dJaed 	 y p*g � } m a ��g � p � gif�f�y{f�w�peo � dJaew\a9g � } m � ��x
� m z � o�hed2g z!y{f�y{z2g �<heaey gif�w\o�� gihey m f m ����he}3gih y p g peo�v�w\a9g � } m � 	 b�a?}�y p � a m v��{dJz x g\p
�&dcg �{h�xXy{he}�v,_ ��� giy{acx � dJw\w\dJaef�dcpcx a"d � �{d
� ���<gif�� _ gi}��{}3gio3p � ~ ��� b a?}�dJy{a g �{w m aey{he}�z2pQx m a9^y{f�hey{z!d f m h�v-dJhehedJa�he}3gif�� ^5!���j�xX}�dJaed ! gif��� �&dJf m hed he}�d f�o�z v-dJa9p m � l dJaehey�� dcp gif��d �&w\dcpcxGaedcp � d � hey l d �G_|x m � w\a9g � } �!b�] m xIy)� he}�d m o�h � o�h w\a9g � }�y p�d �|o3g � h m y{f � o�h�w\a9g � } 	 x
	 y pXg �{aedcg �D_ g�z!y{f�y{z2g � heaey gif�w\o�� gihey m f m ���b

] y{z!y � giaNh m he}�d �Jg\ped m ��z!dJz v-dJa9pe}�y ��� a m v��{dJz2p�� m a��3f�y{hedSaed � o�aeaedJf�hNp9_&pehedJz2pcx � xXy � �|f m h
� m f3pey��&dJa he}�d?z!dJz v/dJa9pe}�y � � a m v��{dJz � m a"z!y{f�y{z2g �&heaey gif�w\o�� gihey m f3p�� m a giaev�y{hea9gia9_ w\a9g � }3p"v�o�h
� m a aedcpeheaey�� hed ��w\a9g � } � � g\p9pedcp b�a?}�dcped w\a9g � } � � g\p9p9dcp giaedBhe}�d � � g\p9p m �"~��

2
w-� aedJdBw\a9g � }3pcx|he}�d

� � g\p9p m � � dJaez o�h9gihey m f w\a9g � }3p gif���he}�d � � g\p p m � � a w-� aedJd � � gKxzw-� aedJd w\a9g � }3pcb M giaehey�� o�� gia��G_he}�d � � g\p9p m � � dJaez o�h9gihey m f w\a9g � }3pSy pSg�x d � �yw p9heo��&y{d ��w\a9g � } � � g\p9pcxngif���z2gif$_ � a m v��{dJz2p giaeddcg\p9_/� m a?he}�dcped w\a9g � }3p*^`pedJdnx�� m a?y{f3peh9gif�� d gif���� m aXpeh9gif���gia � � a m v��{dJz2pcx � m �{o�z v�y�� � p v m m ^
� � J � j]b a m f3giz!d�he}�d2z2g  m a�aedcpeo��{h9p	�M� m a�g � �She}�aedJd2w\a9g � } � � g\p9pedcpcx � �Jgif � aedcpedJf h��{y{f�dcgia?whey{z!d�g �{w m aey{he}�z2pBhe}3gih p m � l d he}�d�z!dJz v/dJa9pe}�y �� a m v��{dJz2pcx�y)�<y{h y pBf m hBf�d � dcp9p gia9_�h m�l dJaey)��_he}3gih y{f � o�h w\a9g � } ��v/d � m f�wnp h m he}�d!aed �|o�dcpehed � w\a9g � } � � g\p9p v�o�h y{h y p�pey{z � �G_ g\p9p9o�z!d � b
a?}�d g �{w m aey{he}�z2p giaed�v3g\p9d � m f � }3gia9g � hedJaey p9gihey m f3p m � z!y{f�y{z2g � heaey gif�w\o�� gihey m f3p m �Xw\a9g � }3p
�`a m z)he}�dcpedSw\a9g � } � � g\p pedcpQhe}3gihNg � � m x�d ) � y{dJf�hQaed � aedcpedJf�h9gihey m f3p m ��z!y{f�y{z2g �nheaey gif�w\o�� gihey m f3pcxgif�� � m f3pey��&dJa9giv��{d2giz m o�f�h m �zx m a9^�y p��&d lnm hed � h m�m v�h9giy{f�p9o�� } � }3gia9g � hedJaey p9gihey m f3pcbva?}�dgiv m l dAw � y{hed � � }3gia9g � hedJaey p9gihey m f m � z!y{f�y{z2g � heaey gif�w\o�� gihey m f3p m � giaev�y{hea9gia9_ w\a9g � }3p�� m dcp f m hpeo�) � dnb



	J�

	��X0 � ��* � �%.��/������� �K��-�#f.t
 ��� � ����-l�l�!#m��'���"!#m��"!#$.���.

a?}�d � aedcpedJf�h he}�dcp9y p y p � giaehey{hey m f�d ��y{f�h m he}�aedJd�z2g  m a3M giaeh9p gif���d �{d l dJf L }3g � hedJa9p x giz m f�w
xX}�y�� } he}�ds�3a9peh m f�dSy p � o�aeaedJf�h��G_ aedcg � b � l dJa9_ � }3g � hedJa y p � giaehey{hey m f�d � y{f�h m ped l dJa9g �nped � hey m f3pcb
M giaeh �?y p z2giy{f��G_�&d �&y��Jgihed ��h m he}�d�y{f�hea m �&o�� hey m f gif���he}�d � aedcpedJf�h9gihey m f m ���`o�f���giz!dJf h9g �
�&dA�3f�y{hey m f3p�gif��(aedcp9o��{h9pM� a m z he}�dZ�3d ����p m �?w\a9g � } he}�d m a9_1^SL }3g � hedJa ~nj gif���� m z � �{dAi�y{h)_he}�d m a9_)^SL }3g � hedJa �nj]b �+� he}�d�aedcg �&dJa/� dJd � p/�`giz!y �{y giatxXy{he} v3g\pey���f m hey m f3p m � v m he}��3d ����p
L }3g � hedJa9p ~�gif������Jgif v-d p ^ y ��� d � b � heaey{d ��h m aed �Jg � � �&dA�3f�y{hey m f3p he}3gih pedJdJz�peh9gif���gia �2v�o�hz2g�_(f�d l dJaehe}�d �{dcp9p �&y��IdJa y{f �&dJh9giy � pc� a m z �&dA�3f�y{hey m f3p�v,_ m he}�dJa�gio�he} m a9p�xX}�dJf he}�d�_ giaedf�dJd �&d � y{f M giaeh9p � ��gif�� � � � x p m he}3gih�y{h*pe}3g � �<v-d2dcg\p9y{dJa h m aedJz!dJz v/dJa�gif�� o�f��&dJa9peh9gif�� b
a?}�d�� m � � m xXy{f�w�p9}3g � �Npeo�z!z2giaey ped*he}�d�z2giy{f � giaeh9p m �<he}�d*he}�dcp9y pBgif�� }�y{w\}��{y{w\}�hBy{z � m aeh9gif haedcpeo��{h9pXgif�� g � }�y{d l dJz!dJf h9p b

��PIK3H���� y p �&d �&y��Jgihed � h m he}�d � m z � �{dAi&y{h)_ m �*z!dJz v/dJa9pe}�y � � a m v��{dJz2p/� m at�3f�y{hed
aed � o�aeaedJf hXp9_&pehedJz2pcb a?}�y p � giaeh � m f3pey p9h9p m ��� m o�a � }3g � hedJa9pcb
�����
	�������
I�dJz v-dJa9pe}�y � � a m v��{dJz2p$� m aQ�3f�y{hed aed � o�aeaedJf�h1� � ��w?gif��/� � ��w p9_&pehedJz2p heo�aef m o�h h m v-d�aedAw� gihed ��h m � a m v��{dJz2p*he}3gih g\p ^v� m a*he}�d f o�z v-dJa9p m ��x g �G^&p y{f �&y{aed � hed � w\a9g � }3pcb ] m w �Jg � �{d �f o�z v-dJa9p9w m �/wSx?g �G^�p � a m v��{dJz2p giaed y{f�hea m �&o�� d � x<gif�� he}�dJy{a � m z � �{dAi&y{hey{dcp giaed��&dJhedJaez!y{f�d � b
� � � � a m v��{dJz2p �Jgif�v-d�p m � l d � y{f � m �G_�f m z!y g �Qhey{z!dnxxX}�y�� } z2gT^ndcp?he}�dJz�dcg\p9_ y{f�g	� dJaeh9giy{fpedJf3pednb�] m z!d m �<he}�dJz giaed�d l dJf � m z � �{dJhedc� m aBf m f��&dJhedJaez!y{f�y pehey���� m wngiaey{he}�z!y�� p � g � dnx-gif��he}�y p�aedcp9o��{h*y p�f�dJd �&d � � gihedJaG� m a � a m l y{f�w�}3gia �&f�dcp9p m � z!dJz v/dJa9pe}�y ��� a m v��{dJz2pcb � f m he}�dJa
� a m v��{dJz y p"y{f�hea m �&o�� d � xihe}3gih g\p9^�pP� m a p9gihey p?�-giv�y �{y{h)_ m �-g p _�pehedJz m � � m f�w\aeo�dJf�� d?d �|o3gihey m f3pcb
a?}�y p � a m v��{dJz �Jgif!v-d � m f3pey��&dJaed �!g��&d � y pey m f3g ��w\dJf�dJa9g �{y p9gihey m f m �Ghe}�d�L }�y{f�dcped � dJz2giy{f��&dJa
a?}�d m aedJz�gif�� heo�aef3p m o�h � m z � �{dJhedM� m a f m f��&dJhedJaez!y{f�y p9hey�� � m �G_�f m z!y g � hey{z!dnb
�����
	�������
� y{f�y{hed!aed � o�aeaedJf h*p9_&pehedJz2p giaed:� m aez2g � �G_�y{f�hea m �&o�� d � x gif�� z!dJz v-dJa9pe}�y � � a m v��{dJz2pG� m ag�wf�y{hed*aed � o�aeaedJf�h �

�
�

� �
�
�
�
��w p9_&pehedJz2pXgiaed �&dA�3f�d � b � ��� dJa � m z � �{dAi�y{h)_ v m o�f���pZ� m a he}�dw\dJf�dJa9g � z!dJz v-dJa9p9}�y � � a m v��{dJz2p�giaed � a m l d � b � }3g l d m f��G_ p � m ^ndJf m � p m � l y{f�w z!dJz v-dJa?wpe}�y � � a m v��{dJz2pcx xX}�y�� }�y{z � �{y{dcp�he}�d dAi&y pehedJf�� d m � g �{w m aey{he}�z2p�y{f he}�d�o3peo3g � � m f�hedAi�hcb a?}�do ��� dJa v m o�f�� he}�dJf y p �&y p9g ��� m y{f hey{f�w y{f he}�d!pedJf3ped he}3gih�y{h�� m dcp f m h � a m l y��&d�g � aedcg � � 
dAi�d � o�h9giv��{d�
#g �{w m aey{he}�z�v�o�h m f��G_�gif g �{w m aey{he}�z.he}3gih }3g\p m a9g � �{d2g � � dcp9p h m he}�d!}3g �{hey{f�w3x

m a g�aed � gihed � x � a m v��{dJz�b
�����
	�������
I�gif,_�z!dJz v/dJa9pe}�y � � a m v��{dJz2p;� m a aedcpeheaey�� hed �Z�3f�y{hed aed � o�aeaedJf h p9_&pehedJz2pSgiaed � � g\p peyy�3d �vxXy{he}aedcp � d � h�h m he}�dJy{a � m z � �{dAi&y{hey{dcpcb � f z m peh �Jg\pedcpcx � m z � �{dJhedJf�dcp9p aedcp9o��{h9p�giaed m v�h9giy{f�d �d� m ahe}�d � m z � �{dAi&y{h)_�� � g\p9pedcp � � x �{M7gif�� M3],M �{L � b � z m f�w he}�d aedcpeo��{h9p m ��he}�y p � }3g � hedJacx
� m f h9giy{f�z!dJf�h y{f �{M m � z!dJz v-dJa9pe}�y � � a m v��{dJz2p>� m ag�3f�y{hed!aed � o�aeaedJf h+�  � � ��w p _�pehedJz2p�aedAw�|o�y{aedcp�g f o�z v-dJa m � � giaehey g � aedcpeo��{h9pcb � l dJf�z m aed � m z � �{dAi�y p he}�d � a m m � m ��� m f�h9giy{f�z!dJf hy{f M3],M �{L � m � z!dJz v/dJa9pe}�y � � a m v��{dJz2p�� m az�3f�y{hed aed � o�aeaedJf�h � � � � � � ��w p9_&pehedJz2pcb
�����
	�������
a?}�aedJd�z!dJz v-dJa9pe}�y � � a m v��{dJz2p giaed � m f3pey��&dJaed �j� m atxX}�y�� }Ehe}�dJaed � m f m h�dAi&y peh �&d � y pey m fg �{w m aey{he}�z2pcb a?}�y p � giaehey�� o�� gia��G_�pe} m x p he}3gih he}�d o ��� dJa � m z � �{dAi�y{h)_ v m o�f�� m v�h9giy{f�d � y{f



Chapter 1
� f hea m �&o�� hey m f 	 	

L }3g � hedJa J y p f m h*p m v3g �(g\p y{h*pedJdJz!d � b<a?}�d!aedcpeo��{h y p m v�h9giy{f�d � v$_ aed �&o�� y{f�w g ^�f m xXfo�f��&d � y���giv��{d � a m v��{dJz�h m he}�d z!dJz v-dJa9p9}�y � � a m v��{dJz2pcb a?}�d � } m pedJf o�f��&d � y���giv��{d � a m v��{dJzy p?he}�d�p9gihey p9�-giv�y �{y{he_ � a m v��{dJzY� m a _�y m � }3gif hey{f�d d � o3gihey m f3pcb
��PIK3H � � � y p �&d �&y��Jgihed �2h m he}�d � m z � �{dAi&y{he_ m � z!dJz v/dJa9pe}�y � � a m v��{dJz2p�� m aSz!y{f�y{z2g �heaey gif�w\o�� gihey m f3pcb a?}�y p � giaeh � m f3pey p9h9p m ��� m o�a � }3g � hedJa9pcb

�����
	����� �
a?}�d � � g\p p m � � } m a ��g �"w\a9g � }3p y p w m h h m ^�f m x*b � �{hedJaef3gihey l d � }3gia9g � hedJaey p9gihey m f3p m � � } m a ��g �w\a9g � }3p giaed � aedcp9dJf hed � b I�y{f�y{z2g �Qheaey gif�w\o�� gihey m f3pBgiaed��&dA�3f�d ��gif���hex m � }3gia9g � hedJaey p9gihey m f3p xhe}3gih giaed o3ped �(y{f � gihedJa � }3g � hedJa9pcx giaed p9h9gihed � b a?}�d z!dJz v-dJa9p9}�y ��� a m v��{dJz � m a�z!y{f�y{z2g �heaey gif�w\o�� gihey m f3p m � giaev�y{hea9gia9_ w\a9g � }3pXy p �&dA�3f�d � b
�����
	�������
a?}�d � � g\p9p m �?~��

2
w-� aedJd w\a9g � }3p�y p �&dA�3f�d � xIgif���p m z!d � a m � dJaehey{dcp giaed�p9} m xXfQb�azx m � }3gia?wg � hedJaey p9gihey m f3p m �Bz!y{f�y{z2g �Xheaey gif�w\o�� gihey m f3p m � ~��

2

w-�`aedJd w\a9g � }3p!giaed � a m l d � b�! f�d aedcpeo��{h
� }3gia9g � hedJaey pedcp�he}�d�pedJh m ��z!y{f�y{z2g �Xheaey gif�w\o�� gihey m f3p m � ~��

2

w-�`aedJd w\a9g � }3p�y{f1w\dJf�dJa9g � x gif��
he}�d m he}�dJa�aedcp9o��{h y p g � }3gia9g � hedJaey p9gihey m f m � he}�d�z!y{f�y{z2g � heaey gif�w\o�� gihey m f3p m � g p9y{f�w �{d�~��

2

w
�`aedJd�w\a9g � }Qb � pey{f�w!he}�d*ped � m f���� }3gia9g � hedJaey p9gihey m fQx�he}�d z!dJz v/dJa9pe}�y � � a m v��{dJzY� m aXz!y{f�y{z2g �heaey gif�w\o�� gihey m f3p m �<~��

2
w-� aedJd w\a9g � }3p?y pBp m � l d � b

�����
	���������
a?}�d � � g\p9p m � � a w-� aedJd w\a9g � }3p gif��£�`o�aehe}�dJa peo�v � � g\p9pedcp giaed �&dA�3f�d � b � f � giaehey�� o�� giacx he}�d
� � g\p9p m � � dJaez o�h9gihey m f w\a9g � }3p?y pXg!peo�v � � g\p9p m � he}�d�� � g\p9p m � � a w-�`aedJd w\a9g � }3pcb a?}�d�� dJf hea9g �aedcpeo��{h m �Xhe}�d � }3g � hedJa y p*g� }3gia9g � hedJaey p9gihey m f m �Xhe}�d2z!y{f�y{z2g �Sheaey gif�w\o�� gihey m f3p m � g pey{f�w �{d
� dJaez o�h9gihey m f�w\a9g � }Qb a?}�y p � }3gia9g � hedJaey p9gihey m f y p v3g\ped � m f � m hedJf�hey g ��z2g6i�y{z2g � � �{y��|o�dcp xhe}3gih giaed � }3gia9g � hedJaey p9d � v$_ gif dcg\p9_ � a m � dJaeh)_|b � dcpey��&dcpXhe}�d p m �{o�hey m f m �<he}�d�z!dJz v-dJa9pe}�y �
� a m v��{dJz � m a!z!y{f�y{z2g � heaey gif�w\o�� gihey m f3p m � � dJaez o�h9gihey m fEw\a9g � }3pcx �{y{f�dcgia?w hey{z!d�g �{w m aey{he}�z2p
� m a�� m z � o�hey{f�w heaedJd�xXy��&he} gif�� z!y{f�y{z o�z ��� �yw y{f m � � dJaez o�h9gihey m f�w\a9g � }3p giaed2y{z � m aeh9gif haedcpeo��{h9pcb
�����
	���������
a?}�d � dJf�hea9g �Qaedcpeo��{hcx-g � }3gia9g � hedJaey p9gihey m f m �<z!y{f�y{z2g �Nheaey gif�w\o�� gihey m f3p m � � a w-� aedJd � � gKxzw-�`aedJdw\a9g � }3pcx y p v3g\p9d � m f g�v�aedcg �&he}n�3a9peh?pedcgia � } peh)_ �{dBg �{w m aey{he}�z�x he}3gih y p��Jg � �{d � ������ "!$#�%'&'(�)-b
a?}�y p�g �{w m aey{he}�z x m a9^&p m fEw\a9g � }3p gif��1w\dJf�dJa9gihedcp l dJaehedAi m a �&dJaey{f�wnp:� m a2y{f � o�h2w\a9g � }3pcb
a?}�dcped m a �&dJaey{f�wnp*giaed!peheo��&y{d ����he}�d�_ giaed � }3gia9g � hedJaey ped � gif�� � a m � dJaehey{dcp�giaed � a m l d � b � fy{z � m aeh9gif�h<gioDi�y �{y gia9_�aedcpeo��{h y p"he}3gih �*���� "!$#+%,&'(�)g�3f���p<g�z m � �{dAi m �Ghe}�d?y{f � o�h w\a9g � }Qxihe}3gihy p g�p � d � y g � � �{y��|o�d�xX} m ped!f�dJy{w\}�v m o�ae} m m �(y p�g z!y{f�y{z2g �Sped � gia9gih m acb�� f m he}�dJa�gioDi&y �{y gia9_aedcpeo��{h�y p g�aed � m w\f�y{hey m f(g �{w m aey{he}�z�� m a g � } m a ��g � p9o�v � � g\p9p m � � a w-�`aedJd � � gKxzw-�`aedJd w\a9g � }3pcxhe}3gihXy pXv3g\ped � m f �*���� "!$#+%,&'(�)Gb

a?}�d2he}�dcpey p*y p � m f�� �{o��&d �(v,_�g�{y peh m � � y{hed � � g � dJa9p ^
	����������� � �
	 ��� j]xQg��{y peh m � o3ped �z2gihe}�dJz2gihey��Jg � p _ z v m � p gif�� �&dA�3f�y{hey m f3p ^
� � � � �� � � �
� � ��� ��� �� ���!� � j]x"g �{y peh m � �&dA�3f�d �
�&d � y pey m f � a m v��{dJz2pXgif�� gif y{f��&dAi b

�Xheaey{d � h m � aedcgihed�h)x m � giaeh9pcx�� p � dcgT^ m �3a?}�dcpey p�M giaeh9p� �Xgif�� � � �]x3he}3gih giaed � m z � g6wa9giv��{dnb I�gif,_��`o�aehe}�dJa?aedcpeo��{h9p � m o���� }3g l d v/dJdJf � a m l d � b � o�h �&o�d h m he}�d*pey{uJd he}�d � aedcpedJf�hhe}�dcpey p g �{aedcg �D_�}3g\p x ���&d � y��&d �(h m aedcpeheaey�� h m f aedcp9o��{h9p he}3gih giaed2f�d � dcp p9gia9_U� m a�g � }�y{d l y{f�w



	c~

he}�d!he}�d m aedJz2pcb�! f��G_�y{f �Jg\ped m �zM giaeh � � �]xIaedcpeo��{h9p v-d�_ m f���he}�d�p m �{o�hey m f m �?z!dJz v-dJa9pe}�y �
� a m v��{dJz2p giaed�� m f3pey��&dJaed � x3p9y{f�� d he}�d�_ giaed m � z2g  m aXy{z � m aeh9gif�� d*y{f he}�d � m f�hedAi&h m � z!y{f�yywz2g �Nheaey gif�w\o�� gihey m f3pcb�! f�he}�d � m f�hea9gia9_|x � �&y���f m h � gK_ h m|m z o�� }�gihehedJf�hey m f�h m p � g � dnb � fp m z!d �Jg\p9dcpcxNy{h�x g\p f�d � dcp9p9gia9_ h m aed � a m l d�he}�d m aedJz2p�^�f m xXfm� a m z he}�d �{y{hedJa9giheo�aednx pey{f�� dhe}�d�_ � a m l y��&d � o3p9d6� o��<y{f3pey��&d m acx � giaehey�� o�� gia��G_ y{f M giaeh � � �]x gif�g �{w m aey{he}�z h m xX}�y�� }(y{h y paed6� dJaeaed � bO] m x*�X}3g � he}�d�y��&dcg�h m aed � a m l dG�`o�aehe}�dJa � y{hed ��he}�d m aedJz2pcx/y)� he}�d � a m|m � p�giaed�f m hh m|m p � g � dAw � m f3p9o�z!y{f�w3b � �{yG^nd y{hXhe}�y p�x?g�_ x gif�� � pehea m f�w �G_�v/d �{y{d l d he}3gihXhe}�d he}�dcpey p � a m �3h9pz o�� }�� a m z he}�y p �&d � y p9y m fQb

� y{f3g � �G_|xche}�d��&d � dJf��&dJf�� y{dcp giz m f�wBhe}�d �&y��IdJaedJf�h � giaeh9p"gif�� � }3g � hedJa9p m ��he}�y pNhe}�dcpey p x g\p
� pedJdBhe}�dJz�x�giaed�p9} m xXf2y{f � y{w\o�aed 	\bs] y{f�� dgL }3g � hedJa ��y{f M giaeh � � � m f�h9giy{f3p m f��G_2gioDi&y �{y gia9_aedcpeo��{h9p�xXy{he} aedcp � d � h"h m he}�d z2giy{f g\p � d � h9p m �3he}�d he}�dcpey p x y{h y p f m h � m f3p9y��&dJaed � � dJf�hea9g � b�a?}�d
��� �{d ��aedJw\y m f3p<z2gia9^�he}�d � giaeh9p m �Ghe}�dXhe}�dcpey p � m f h9giy{f�y{f�w he}�d z2giy{f!aedcpeo��{h9p m a �&dA�3f�y{hey m f3p m �f�d�x m v� d � h9pcx�g\p?y{h?y p?he}�d��Jg\ped>� m a�L }3g � hedJa J bsL }3g � hedJa{j�y p?he}�d z!y{f�y{z2g �Iheaey gif�w\o�� gihey m f3pgif3g � m w\o�d m � L }3g � hedJa J b � o�hXpey{f�� d�L }3g � hedJa{j y p �&d �&y��Jgihed � h m he}�d � aedcp9dJf h9gihey m f m � m f��G_
� aed �{y{z!y{f3gia9_ �&dA�3f�y{hey m f3p gif�� aedcp9o��{h9pcx�y{h y pXg � p m f m h � m f3pey��&dJaed ��� dJf�hea9g � b

	���
 	�� � -l�/.K"�*+#,���

] m z!d m �<he}�d*aedcpeo��{h9pBhe}3gihBgiaed � m f�h9giy{f�d � y{f�he}�y p he}�dcp9y p }3g l d*g �{aedcg �D_ v/dJdJf � aedcpedJf�hed ��gih
� m fQ� dJaedJf�� dcp m aBv-dJdJf � o�v��{y pe}�d � y{f�g2aed6� dJaedJd �� m o�aef3g � bsa?}�d z2giy{f�aedcpeo��{h9p m � L }3g � hedJa 	 	
x dJaed � o�v��{y pe}�d � y{f

���������
	�����
� x XZ�H,�Dz(�#L&`*`&`D�#¬��#3.£,�D��<e35Q*B�J*`&`DJ#�D�=���&l#L&W����_T*`�'&-��#7(�5�_)��*`&`D�#L"$=6DJ�
}�w�K�='�H����,6_)�J9!K�='�H���/��#3.~,�D�K�,�D��<eQ���H��o'&W_a&W*�
�(��H�e^��" x/_�y p � aedJhed � ��� �{y{d � I�gihe}�dJz2g6w
hey��Jp 	��|�&x ��� b 	�` ����~ 	�j&x3~i�\� J b

I�gif,_ aedcpeo��{h9p m �3L }3g � hedJa 	J��g\pQx d � � g\p he}�d z2giy{f � giaeh9p m �She}�dZL }3g � hedJa9p J gif�� �vx dJaed
� aedcpedJf�hed � gihXy{f�hedJaef3gihey m f3g � � m fQ�`dJaedJf�� dcpXgif�� � o�v��{y pe}�d � y{f� m fQ� dJaedJf�� d � a m � dJd �&y{f�wnp	�

���������
	�����
� x � D��<e35Q*`&W#7(dwQ�����'9!&-.J*W�U��#3.]�v&l#L&W��57��g;&W_l_aK+&W#�=6DJ�>¦Z�'�'��5�*B�J*`&-D�#
t����'e^��"~&l#k¤
&l#%�H���uw�&W��� x3M<a m � dJd �&y{f�wnp m � he}�d � 	Jpeh�� f�hedJaef3gihey m f3g � r m a9^�pe} m �
m f ��a9g � }Dw a?}�d m aedJhey��gL m f�� d � h9p y{fhL m z � o�hedJa�] � y{dJf�� dnx�� d � heo�aed � m hedcp y{fhL m z�w
� o�hedJaQ] � y{dJf�� d ���Tj���x ��� b ` 	�� 	J�n~&x%] � aey{f�w\dJa?w��<dJa�� giw3x-~i�\� J

���������
	�����
� x �8�H,6&-.���o6_��$�b�6��oz�'�z"��&�e/¦2�HD�o'_��'�8"�=6DJ�Tg�&W#L&`*+�;XZ��,657�'���'#^*�{ 
�"'*+�'�8"
D�C��'�A{%�6*W"AD�=�c�J*`5�����_x" x�MSa m � dJd �&y{f�wnp m � he}�d 	 J he} � f�hedJaef3gihey m f3g ��]$_�z � m pey{o�z
m f �3o�f���giz!dJf�h9g � p m �sL m z � o�h9gihey m f a?}�d m a9_|x � d � heo�aed � m hedcpXy{f L m z � o�hedJa�] � yywdJf�� d �\�\~ �&x ��� b ji���,` 	\x%] � aey{f�w\dJa?w��<dJa�� giw3x-~i�\� J b

a?}�d z2gif3giw\y{f�w v m gia ��p m ��he}�d _�d � giaehez!dJf h m ��L m z � o�hedJa ] � y{dJf�� d m � he}�d �?gK_ndJaey p � }�dq\o��{y{o3p?w I g6i�y{z!y �{y gif3p?w �Bf�y l dJa9pey{h sgih rtso�aeuJv�o�aew*d �&y{hSg hed � }�f�y��Jg ��aed � m aeh9p pedJaey{dcp f3giz!d � �?� m a?wp � } o�f�wnpev/dJaey�� }�hed	��b I m p9h m ��he}�d�aedcpeo��{h9p m � he}�d�he}�dcpey pcx he}�d�g �{aedcg �D_ � o�v��{y pe}�d �1aedcpeo��{h9p
y{f�� �{o��&d � x�giaed�� m f h9giy{f�d � y{f hed � }�f�y��Jg �Iaed � m aeh9p��3f m pcb �i�n~&x �\~�j&x � �\�&x �\� 	\x �\��`&b



Chapter 1
� f hea m �&o�� hey m f 	 �

1

32

4

Part II Part III

5 8

Part I

7

6

11

10

9

� FG}�CD:A8�; � m x giaed � giaeh9p gif�� � }3g � hedJa9p m ��he}�d he}�dcp9y pQaed � gihed �*h m dcg � } m he}�dJa �
a?}�dn��� �{d ��aedJw\y m f3p z2gia9^(he}�d � }3g � hedJa9p m � he}�d he}�dcpey p � m f h9giy{f�y{f�w he}�d z2giy{faedcpeo��{h9p b�a?}�d � m hehed ��giaea m x p pe} m x � m f�� d � hey m f3g � � m aeaedcp � m f��&dJf�� dcp�v-dJh)x dJdJfhe}�d�� }3g � hedJa9p m � M giaeh � � gif��hM giaeh � � �]b



	��



	 J

� "!
�����#f� 0
� ;I>������\=�� :<@ ;I: =/6 � � � A�� >	��:<A =/>��98

� pey{z � �{d�o�f��&y{aed � hed ��w\a9g � } �ty pBgif m a �&dJaed � � giy{a ^�
��&� j m �SpedJh9p�xX}�dJaed�
ty p he}�d p9dJh m �
l dJaehey�� dcp m � � gif���� y p he}�d pedJh m �Qd �&w\dcp m � ��b �Bf d �&w\d m � � y p g pedJh�� m f�h9giy{f�y{f�w�dAi�g � h��G_h)x m d �{dJz!dJf h9p8�`a m z
!x y b dnb{xSh)x m�l dJaehey�� dcp m � ��b � f1d �&w\d���� ��� �|xsxX}�dJaed��Egif���� giaed
�&y pehey{f�� h l dJaehey�� dcpcx�y p?v�aey{d�� _ �&dJf m hed � g\p����/b �+����� y p gif d �&w\d m � ��xDx d p9gK_�he}3gih���gif����giaed ��.�sN��,z�'#^* m a he}3gih�� y p ��.�s6��,z�'#^*�9!&`*W� �GbQ� m a gif�d �&w\d���� m � ��x%x d �Jg � ����gif���� he}�d
�'#3.'eQD�&W#^*W" m �����Gb a?}�d l dJaehedAi�gif�� d �&w\d pedJh9p m � � giaed g � p m �&dJf m hed � g\p	
2^ �*j gif��
��^ �*j]xaedcp � d � hey l d �G_|b �+� w\a9g � }3p�giaed�y{f�hedJf��&d ��h m v-d f m h�pey{z � �{dnx-he}�dJy{aBd �&w\d�pedJh9pBgiaed f m h pedJh9p m �peo�v3pedJh9p m � l dJaehedAi�pedJh9p�v�o�h<� giz!y �{y{dcp m � peo�v3pedJh9p m � l dJaehedAi pedJh9pcb �BdJaednx�x d m f��G_ � m f3pey��&dJapey{z � �{d*w\a9g � }3p b �B��
 y p�gZ�3f�y{hed p9dJhcx �ty pBgZ�3f�y{hed w\a9g � }Qb � dJaednx�x d m f��G_�� m f3pey��&dJa��3f�y{hedw\a9g � }3pcb r d m f��G_�aedJz2gia9^ he}3gih g w\a9g � }�xX}�y�� }�y p<f m h<pey{z � �{d?z2g�_ }3g l d?g��3f�y{hed l dJaehedAi pedJhv�o�h<y{fD�3f�y{hed �G_�z2gif$_ d �&w\dcpcb � m a<g w\y l dJf!w\a9g � } �!x ! gif���� o3peo3g � �G_ �&dJf m hedXhe}�d f o�z v-dJa9p
m � l dJaehey�� dcp gif�� d �&w\dcp m ����x�aedcp � d � hey l d �G_|b � h�xXy � �Qf m h v-d*f�d � dcp p9gia9_ h m g ��� y{f��&y�� dcp h m !
m a �(b

�tpey{z � �{d �&y{aed � hed � w\a9g � } ��y p�gif m a �&dJaed � � giy{a2^�
 �&� j m � pedJh9p�xX}�dJaed 
 y p he}�d pedJh
m � l dJaehey�� dcp m � � gif�� � y p he}�d pedJh m � gia �Jp m � ��b �Bf gia � m � � y p�gif m a �&dJaed � � giy{a m �
l dJaehey�� dcp m ��!x-gif���y{h y pBf m h aed �|o�y{aed ��he}3gihBv m he} l dJaehey�� dcp giaed �&y pehey{f�� h$� a m z�dcg � } m he}�dJacb
� a �Jp�xXy{he} v m he} l dJaehey�� dcp�he}�d p9giz!d giaed �Jg � �{d � _�D�De3" b �+�*^!� ���&j y p gif gia � m � ��x�x d�p9gK_he}3gih��(y p ��.Hs6��,�'#^*�*BD �/b� f he}�y p �Jg\pednx��(y p g e3���H.��H,�"z"ND�� m �"�/xIgif��#� y p g "5 ,�,z�""6D�� m �
�Nbh�-o�aehe}�dJaez m aednx ^!� ����j y p�gif &l#^K ,�D���&W#7( gia � m ��� gif�� gif D�5�*`K`(�D�&W#7( gia � m ���Nb��<dJaehedAi
gif��1gia � pedJh9p m � �.giaed g � p m �&dJf m hed � g\p$
 ^ �*j gif�� � ^ ��j]xSaedcp � d � hey l d �G_|b r d xXy � �Xf m h
� m f3pey��&dJa �&y{aed � hed �2w\a9g � }3pShe}3gih giaedBf m h pey{z � �{dnb r }�dJfnx dBp � dcgT^ m � � w\a9g � }3p ��x|x dBg �Gx gK_&pz!dcgif o�f��&y{aed � hed � w\a9g � }3p b �-o�aehe}�dJaez m aednx x d �&dA�3f�d he}3gih!g w\a9g � } m f ! l dJaehey�� dcp ^ he}�y p
xXy � �?g �Gx gK_�p�z!dcgif he}3gih he}�d w\a9g � } }3g\p dAi&g � h��G_ ! l dJaehey�� dcp j�}3g\p l dJaehedAi�pedJh���	 � ����� �7! �|b
a?}�dJfQx/he}�d f�o�z v/dJa9p giaed he}�d #y���/�" m �She}�d l dJaehey�� dcp x xX}�y�� } � �{dcgia��G_ z o3pehBv/d � m f3pey��&dJaed �p9_�f m f$_�z m o3p�� m a v/dJy{f�w l dJaehedAi�y{h9ped �)� b � m hed he}3gih�he}�y p � m dcp�f m hBz!dcgif�he}3gih d l dJa9_ w\a9g � }}3g\p l dJaehedAi(p9dJh ��	 � ����� �7!'�/� m a�p m z!d f o�z v-dJa !<x v�o�h�x d �Jgif g\p9peo�z!d2he}3gih y{h�y p g �Gx gK_&pgE^/�3f�y{hed j peo�v3pedJh m ��%�b ^ � peo3g � �G_|x l dJaehedAi pedJh9p �Jgif1v/d�pedJh9p m � giaev�y{hea9gia9_ m v� d � h9pcbkj � f
p � d � y g � �Jg\pedcpcx�x dBgiheh9g � }2z2gia9^&p<h m*l dJaehey�� dcpcxnd �&w\dcp gif��2gia �Jpcx|gif��2he}�dcpedXz2gia9^&p giaed �Jg � �{d �
� � giv-d � p ��he}�dJfQb

��a9g � }3p*g ��� dcgia�y{f z2gif$_ � m f hedAi&h9pcb �Sp � d � y g � �G_ �&y{aed � hed ��w\a9g � }3p*aed � aedcpedJf�h v�y{f3gia9_
aed � gihey m f3p m l dJa*g �3f�y{hed pedJhcb �Bf��&y{aed � hed � w\a9g � }3p �Jgif v/d � m f3pey��&dJaed � aed � aedcpedJf�h9gihey m f3p m �v�y{f3gia9_�p9_�z!z!dJheaey��Saed � gihey m f3p m l dJa"g{�3f�y{hed?pedJhcxihe}3gih"z2gK_ v-d?aed��3dAi&y l d m a y{aeaed��3dAi&y l d�^�x d�� mf m h g � � m x � m|m � pXy{f o�f��&y{aed � hed � w\a9g � }3p j]b a?}�y p � m f�f�d � hey m f�h m v�y{f3gia9_�aed � gihey m f3pXy p g�w m m �dAi � � gif3gihey m f<xX},_*w\a9g � }3p<giaedXo3ped � y{f!p m z2gif,_ �&y��IdJaedJf h giaedcg\p m � � m z � o�hedJaSp � y{dJf�� dnb
� f��he}�y p*y p g � p m xX},_ � o�aed �G_(giv3pehea9g � h � a m v��{dJz2p m f�w\a9g � }3p giaed peheo��&y{d � gif���p m � l d � b I m peh
m �?he}�dJz giaed!z m hey l gihed ��v$_ aedcg �ywSx m a���� � a m v��{dJz2p bva m f3giz!d m f��G_�g~�`d�x*x � m � m o�aey{f�w�he}�d
l dJaehey�� dcp m � g w\a9g � } xXy{he} he}�d �{dcg\peh � m p9p9y{v��{d f�o�z v-dJa m ���&y��IdJaedJf h�� m � m o�a9pcx �&dJhedJaez!y{f�y{f�w
� giaew\dcpeh pedJh9p m � z o�heo3g � �G_�g �  g � dJf�h m a z o�heo3g � �G_ f m fDw g �  eg � dJf h l dJaehey�� dcp�giaed giz m f�w he}�dz m peh2�`o�f���giz!dJf h9g � � a m v��{dJz2p m f w\a9g � }3pcb



	c�

� f y{z � m aeh9gif�h � o�dcpehey m f y{f�� m f�f�d � hey m fhxXy{he}�� m z � o�h9gihey m f3p?h m o�� }�dcp aed � aedcp9dJf h9gihey m fg\p � d � h9p b � dJh � v-d(gif o�f��&y{aed � hed �#w\a9g � }Qb � m a�dcg � } l dJaehedAi"4 m � �!xXhe}�d ��.�s6��,z�'#3,�

_x&l"'* giheh9g � }�d ��h m 4 y p he}�d pedJh m � l dJaehey�� dcp m � � he}3gih giaed�g �  eg � dJf h�xXy{he}�4Nb � � y peh	�/o3peo3g � �G_z!dcgif3pNhe}3gih he}�y p pedJhNy p"y{z � �{dJz!dJf hed � o3pey{f�w�g �{y peh peheaeo�� heo�aednb �BdJf�� dnxiy)�-gBw\a9g � } y p"w\y l dJf�v,_
� g �  g � dJf��A_ �{y peh9p���x he}�y p z!dcgif3p he}3gih he}�d?w\a9g � }�y p aed � aedcpedJf�hed ��v,_�g �{y peh m �Gg �  eg � dJf��A_��{y peh9pcb
� f �Jg\ped m � �&y{aed � hed ��w\a9g � }3pcx ��.Hs6��,�'#3,�
V_x&l"'*����+e3���"��'#^*B�J*`&-D�# y p �&dA�3f�d �2gif3g � m w m o3p �G_|b�a?}�dJaedgiaedU� o�aehe}�dJa w\a9g � }4aed � aedcpedJf h9gihey m f3p 
#p m z!d m � he}�dJz giaed(peo�y{h9giv��{dU� m a w\dJf�dJa9g � w\a9g � }3pcx
m he}�dJa9p*giaed�peo�y{h9giv��{d m f��G_U� m a*p � d � y g � w\a9g � }3pcb��+�?g�aed � aedcpedJf h9gihey m f(z m �&d �!� m a*w\a9g � }3p y pf m h p � d � yy�3d � dAi � �{y�� y{h��G_|x,x d g �Gx?gK_�p?g\p9peo�z!d*g �  eg � dJf��A_ �{y p9h aed � aedcp9dJf h9gihey m fQb

a?}�y p � }3g � hedJa � m f�h9giy{f3p�g � �Xy{fQ� m aez2gihey m f�
 z2giy{f��G_ �&dA�3f�y{hey m f3p 
#giv m o�h!w\a9g � }3p�he}3gih
x d xXy � �Nf�dJd � y{f�he}�y pXhe}�dcp9y pcb r dOxXy � � �&dA�3f�dOx?g �G^�pcx � gihe}3p x��A_ � �{dcp y{f �&y{aed � hed ��g\p�x d � �Qg\p
o�f��&y{aed � hed ��w\a9g � }3pcb �3a m z he}�y pcx x d�xXy � � �&dJaey l d �&y��GdJaedJf�h � m f�f�d � hey l y{h)_ f m hey m f3pcxIgif�� x d
xXy � � �&dA�3f�d!w\a9g � } � gia9giz!dJhedJa9pcb���p � d � y g � peo�v � � g\p9p m � �&y{aed � hed �(w\a9g � }3p y p �&y p � o3p9ped �(gihhe}�d dJf�� m �"he}�d�� }3g � hedJacb

0�� 	 � � � �%�K
���"�.�� ��.���* �%� � "���.�* 
 �����!#,� ��" � �����K"!������.

� f m o�h9p9h9gif��&y{f�w � a m � dJaeh)_ m �S^/�3f�y{hed j w\a9g � }3p<y p he}�d � m p9pey{v�y �{y{h)_ m � l y peo3g �{y{ucgihey m fQb � f m he}�dJa
x m a ��p x gif�� z m aed � aed � y p9d �G_|xJw\a9g � }3p �Jgif�v-d �&a9gKxXf m f�g p9}�dJdJh m � � g � dJacx gif�� z2gif$_�f m hey m f3p
�Jgif v-d �&dcp � aey{v-d � m f�p9o�� }�&a9gKxXy{f�wnpcb3] m x&he}�d*f m hey m f m � g!w\a9g � } y pBdcg\pey �G_�dAi � �{y��Jgiv��{d*v,_dAi&giz � �{dcp b � y{w\o�aed�~ pe} m x p z2gif$_ w\a9g � }3p�xXy{he} m f��G_ gv�`d�x l dJaehey�� dcpcb a m o�f��&dJa9peh9gif��he}�d�&a9g�xXy{f�wnp x l dJaehey�� dcp!giaed aed � aedcpedJf�hed � v$_ � m h9p!gif��1g �  eg � dJf��A_ y p!dAi � aedcp9ped � v,_ �{y{f�d
pedJw\z!dJf�h9p2v-dJh)x dJdJf h)x m � m h9p x?y b dnb{x l dJaehey�� dcpcb �<dJaehey�� dcp ^ � m h9p j!he}3gih giaed f m h  m y{f�d �Ev,_g �&y{aed � h �{y{f�d p9dJw\z!dJf h�giaed z!dcgif�h�f m fDw g �  eg � dJf hcb a?}�d h)x m p � d � y g � w\a9g � }3p giaed p9giz � �{dw\a9g � }3p�he}3gih<xXy � � v/d f�dJd �&d � � gihedJacb+] m z!d�w\a9g � }3p�g � p m }3g l d�f3giz!dcp peo�� } g\p he}�d � � g�x*b
��a9g � }��

4

y p p m z!dJhey{z!dcp��Jg � �{d � "N±65Q�J�H� b � z m f�w he}�d �&d � y�� hed � w\a9g � }3pcxIh)x m w\a9g � }3p��Jgifv-d � m f3p9y��&dJaed � z2g6i�y{z2g � � �"�
1
gif�� �

4
b a?}�d�� m aez!dJa w\a9g � } � m dcp f m h � m f�h9giy{f�gif,_ d �&w\dnxgif���he}�d � gihehedJa m f�d � m f�h9giy{f3pBg � � � m p9p9y{v��{d�d �&w\dcpcb�a m w\y l d�f3giz!dcpcx3he}�d o'_���# I w\a9g � } m f�!

l dJaehey�� dcp<y p he}�dBw\a9g � }txXy{he} l dJaehedAi!pedJh���	 � ����� �7!'��gif���dJz � he_�d �&w\dBpedJhcx gif��2he}�d ,�D��<e3_��6*+�w\a9g � } m f ! l dJaehey�� dcpSy pShe}�d w\a9g � }vxXy{he} l dJaehedAi p9dJh	��	 � ����� �7!'� gif��2g � � � m p9pey{v��{d d �&w\dcpcbs] m x
�"�

1

gif�� �
4

giaed�he}�d�v�� gif^ gif�� � m z � �{dJhed�w\a9g � }3p m fv� m o�a l dJaehey�� dcpcxGaedcp � d � hey l d �G_|b a?}�d
�'�<ey*�
c(��H�e^� y p?he}�d w\a9g � }hxXy{he} m o�hBgif$_ l dJaehedAi gif�� d �&w\dnb

� dJh � 8�^�
 �&� jBgif�� 	 8�^�� ����j?v-d w\a9g � }3pcb r d p g�_ he}3gih �ty p g "5Lo-(��H�e^� m �	 x
�&dJf m hed � g\p �
	 	 xIy)��
�	�� gif��0�	��!b �B� m f�d m � he}�d�y{f�� �{o3pey m f3p�y p peheaey�� hcx ��y p g
e3�HDe �'� peo�v�w\a9g � } m � 	 x��&dJf m hed � g\p ��� 	 b �+� ��	 	 x d��Jg � � 	 g "5ie �'�-(��H�e^� m � ��b �+�
��	 	 gif�� 
 8��7x%x d �Jg � � �7g "+eQ��#L#^&l#7( peo�v�w\a9g � } m ��	 gif�� 	 he}�dJf�y pBg "+eQ��#L#L&W#7(peo � dJaew\a9g � } m ���b �+� � y p g!peo�v�w\a9g � } m � 	 gif���� m f�h9giy{f3p g � � � m p9p9y{v��{d d �&w\dcp m � 	 x � y pgif &l#3.J5Q,z��. peo�v�w\a9g � } m � 	 b MSaed � y ped �G_|x � y p he}�d*p9o�v�w\a9g � } m � 	 &l#y.�5Q,�H. v,_ 
!x��&dJf m hed �g\p�	 � 
 � xny)�ex�� m aSd l dJa9_ � giy{a"� ��� m � l dJaehey�� dcp m � ��x ����� � y)� gif�� m f��G_ y)� �������!b � f��&o�� d �peo�v�w\a9g � }3p giaed2he}�d!aedcpeo��{h9p m � l dJaehedAi �&d �{dJhey m f m � dJa9gihey m f3p b r d�p9gK_�he}3gih � gif�� 	 giaedd �|o3g � y)��
 8�� gif��0��8��!bOa?}�y p�y p d �|o3g � h m ��	 	 gif�� 	�	 ��b �7aed � g6i�gihey m f m �d �|o3g �{y{h)_!y p � a m l y��&d �2v,_2y p m z m a � }�y p9z�b r d p9gK_!he}3gih�� gif�� 	.giaed &h"ND���D��Be3��&`, x �&dJf m hed �



Chapter 2
� a9g � }Dw he}�d m aedJhey��>� o�f���giz!dJf�h9g � p 	 �

�"�
1

~��
1

� �
2

�
1

���
3

~��
2

�
4

�
1

� �
3

� � gKx �
4

� gKx �
4 ���

�
4

�
5

�
5

�
6

p � d � y g � w\a9g � } 	 p � d � y g �Qw\a9g � }�~

� FG}�CD:U8 N I�gif,_ p9z2g � � w\a9g � }3pcb



	�j

g\p����8 	 x�y)�Sgif�� m f��G_ y)��� 
�� 8�� ���&gif�� he}�dJaed*y pBg!v�y  d � hey l dM� o�f�� hey m f����`a m z 
7h m �peo�� }�he}3gihcxL� m aBd l dJa9_ � giy{a � ��� m � l dJaehey�� dcp m � �!x������ �
	��?^!�Gj��?^!�&j � �!b � fQ� m aez2g � �G_ x
� gif�� 	 giaed*y p m z m a � }�y�� y)� 	 �Jgif v/d m v�h9giy{f�d �~�`a m z � v$_ pey{z � �G_�aedJf3giz!y{f�w l dJaehey�� dcp b

� dJh�$8 ^�
 �&� j v-d g�w\a9g � }Qxngif�� �{dJh �2v-d g l dJaehedAi m � ��b a?}�d #y�'&�(��QoHDJ57���D�D�. m ���2y{f
��x �&dJf m hed � g\p�

G

^!�Gj]x�y p he}�d�pedJh m � l dJaehey�� dcp m � ��he}3gih?giaed�g �  eg � dJf�h xXy{he} �Nb a?}�d ,6_�D�"��H.
#y�'&�(��QoHDJ57���D�D�. m � �Nx��&dJf m hed � g\p�

G

� � � x y p�he}�d�pedJh�
G

^!�Gj
�
��� �|b a m dJz � }3g\pey ped he}�d

�&y pehey{f�� hey m fQx he}�dBf�dJy{w\}�v m o�ae} m|m � m �Ng l dJaehedAi!y p g � p m �Jg � �{d � y{h9p De �'# f�dJy{w\}�v m o�ae} m|m � b � dJh
��	 
 v/d g pedJh m � l dJaehey�� dcp m � �!b�a?}�d�f�dJy{w\}�v m o�ae} m|m � m �.� y p �&dA�3f�d ��g\p�

G

^���j(8
def�

u∈A


G

^!�Gj�� � x|gif��!he}�d � � m ped ��f�dJy{w\}�v m o�ae} m m � m � �Ey p�
G

� �	� 8
def


G

^���j
�
� b �B� �2y p

g �  g � dJf�h xXy{he}!d l dJa9_ m he}�dJa l dJaehedAi m � ��x\y b dnb{x\y)��
G

� � � 8 
2x�x d �Jg � ����g 5�#L&lC��'�z"N��_ l dJaehedAiIb
� dJy{w\}�v m o�ae} m m ���Jgif g � p m v-d �&dA�3f�d �d� m a*d �&w\dcp b�� dJh

� 1
8 ���

1

���
1

� gif��
� 2
8����

2

���
2

�
v-d*d �&w\dcp m ��!b r d*p9gK_ he}3gih

� 1
gif��

� 2
giaed ��.�sN��,z�'#^* y)��� ���

1

���
1

�

���

2

���
2

��� 8 	\x�y b dnb{x3y)�
� 1
gif��

� 2
giaed �&y��GdJaedJf�h?d �&w\dcp�xXy{he}�g	� m z!z m f dJf�� � m y{f�hcb �+� l dJaehedAi ��y p gif�dJf�� � m y{f�h m �d �&w\d

�
x x d!p9gK_ he}3gih ��gif��

�
giaed &l#y,6&`.7�'#^* b � m a g pedJh � m � l dJaehey�� dcp m � ��x x d �Jg � � � g

,6_a&`±65L� y{f � y)�"d l dJa9_ � giy{a m � l dJaehey�� dcp?y{f � y p g �  eg � dJf h?y{f ��b � f m he}�dJa�x m a ��p x �)y{f��&o�� dcpg � m z � �{dJhed!peo�v�w\a9g � } m � ��b �+� d l dJa9_ � giy{a m � l dJaehey�� dcp y{f � y p f m fDw g �  eg � dJf�h y{f ��x �7y pgif &l#y.��+e �'#y.��'#^*p"��6* y{f ��b � f he}�y p �Jg\pednx�� y{f��&o�� dcp g�v�� gif^ peo�v�w\a9g � } m � ��b � � �{y�� o�d m �
� y p g!pedJh m � l dJaehey�� dcp m �� he}3gih y p g � �{y�� o�d y{f�� b � � �{y�� o�d m �� y p ����¥�&W����_ y)� y{h y pXf m h
� a m � dJa��G_� m f�h9giy{f�d � ^ v,_ y{f�� �{o3pey m f/j?y{f gif,_ m he}�dJa � �{y�� o�d m � ��bQa?}�d�z2g6i&y{z o�z pey{uJd m � g
� �{y��|o�d m � �4y p �Jg � �{d �!he}�d ,6_a&`±N5 �<#L5��/o��'� m � ��gif�� �&dJf m hed �2g\p�� ^ ��j]b ] y{z!y � gia��G_|xnz2g6i�y{z2g �y{f��&d � dJf��&dJf�hSpedJh9p m � �4giaed �&dA�3f�d �2g\p x d � �3g\p<he}�d &l#y.��+e �'#y.��'#^*P"N�6*�#L57�/o��6� m � � �&dJf m hed �g\p�� ^ �*j]b a?}�d ,�D��<e3_��'�/�'#^* m � ��x �&dJf m hed � g\p � xGy p�he}�d w\a9g � } m f he}�d l dJaehedAi�pedJh m � ��xgif�� hex m l dJaehey�� dcp�� gif�� � m � � giaed g �  eg � dJf h?y{f � y)� gif�� m f��G_�y)� he}�d�_ giaed f m fDw g �  eg � dJf hy{f ��b � h } m ����pBhe}3gih�� ^ ��j(8��B^ �*j]x-p9y{f�� d�y{f��&d � dJf��&dJf�h p9dJh9p m ���7giaed � �{y��|o�dcp m � � x/gif��
l y�� d l dJa9p g�b

� f(z2gif,_ �Jg\p9dcpcx y{h y p�� m f l dJf�y{dJf�h h m �&dA�3f�d2p9o�vDw m a*peo � dJaew\a9g � }3p m �Xg w\y l dJf(w\a9g � }v$_ g ��� �{y��Jgihey m f m �Sv3g\pey�� m � dJa9gihey m f3pcb � dJh � 8 ^�
��&� jBv-d g�w\a9g � }Qb �QdJh�� 	 
 v-d�g�pedJh
m � l dJaehey�� dcp m ����b � _ ����� xDx d��&dJf m hed he}�d*peo�v�w\a9g � } m ��� he}3gih?y p m v�h9giy{f�d ��� a m z � v,_
�&d �{dJhey{f�w�he}�d l dJaehey�� dcp y{f � gif�� g � � d �&w\dcpBy{f�� y��&dJf�h{xXy{he} l dJaehey�� dcp y{f � b� f m he}�dJa�x m a ��pcx
�!�"� 8 � � 
#��� � y p he}�d�peo�v�w\a9g � } m � � y{f��&o�� d � v$_�
$��� b � dJh�� v-d g l dJaehedAi m � ��b�� _
�
�
�Nx,x d �&dJf m hedBhe}�d peo�v�w\a9g � } m � �)he}3gih y p m v�h9giy{f�d �:�`a m z �)v$_ �&d �{dJhey{f�w l dJaehedAi � gif��g � �Qd �&w\dcpXy{f�� y��&dJf�h�xXy{he}��Nx-y b dnb{x �

�
� 8 �%����� � 8 � � 
&����� � � b �QdJh

�
v/d�gif�d �&w\d m ���b

� _ �
� �
x$x d �&dJf m hed he}�d peo�v�w\a9g � } m � � m v�h9giy{f�d � v$_	�&d �{dJhey m f m �

�
b � m a �2g l dJaehedAi2he}3gihy p f m h�g l dJaehedAi m ���tgif�����gif�d �&w\d*he}3gih y pBf m hBgif d �&w\d m ����x � � � gif�� � ��� �&dJf m hedhe}�d*w\a9g � }3p m v�h9giy{f�d �S� a m z �7v$_ g ���&y{f�w l dJaehedAi�� gif�� d �&w\d1� x�aedcp � d � hey l d �G_|b � m hed�he}3gihy{f �Jg\p9d m � � � �(he}�d f�dJy{w\}�v m o�ae} m m � m �	�(f�dJd ��pV� o�aehe}�dJa � aed � y pey m fQb � f p m z!d �Jg\pedcpcx y{hz2g�_�v-d�g �{aedcg �D_ �&dA�3f�d � v$_ � m f hedAi&hcb�� dJh � v-d�g�pedJh m � d �&w\dcpXpeo�y{h9giv��{dM� m a �7peo�� } he}3gih

�

��^ ��j38 � b a?}�dJfQx �

�
� 8

def

^�
2^ �*j �&��^ ��j
�
��j]b � dJh 	 v/d gif m he}�dJaBw\a9g � }Qbza?}�d

.�&l"lsND�&l#3*;5�#L&-D�# m � � gif�� 	 x �&dJf m hed �(g\p�� � 	 xIy p��&dA�3f�d �(g\p>� m � � m x p	�Bhe}�d l dJaehedAi pedJhm � � � 	 }3g\p'� 
2^ �*j(� ��� 
�^ 	�j(� z2gif,_ l dJaehey�� dcpcx�gif�� he}�d�_ giaed � giaehey{hey m f�d � y{f�h m h)x m pedJh9pm f�d m �3xX}�y�� } � m aeaedcp � m f���p h m 
 ^ �*j]x he}�d m he}�dJa h m 
�^ 	�j]bZazx m l dJaehey�� dcp m � � � 	 giaedg �  g � dJf�h*y)� gif�� m f��G_(y)� he}�d�_ giaed�y{f he}�d p9giz!d � giaehey{hey m f � � g\p9p�gif�� he}�d � m aeaedcp � m f��&y{f�w
l dJaehey�� dcpSy{f � m a�	.giaed g �  eg � dJf�hcb �QdJh � gif��$��v/d l dJaehey�� dcp m � ��b ��a9g � } � ′

y p he}�dBaedcpeo��{h



Chapter 2
� a9g � }Dw he}�d m aedJhey��>� o�f���giz!dJf�h9g � p 	�`

m � (J_x5L�'&W#7(�*BD�(7�6*W�Q�'� ��gif�� �/x�y)� g � � l dJaehey�� dcp?g �  eg � dJf hzxXy{he}��2y{f � v-d � m z!d*g �  eg � dJf�h g � p m
xXy{he} � gif���� y p �&d �{dJhed � b � m hed he}3gihcx|y)� � gif�����giaedBg �  g � dJf�hcx\he}�y p p9giz!dXd �&w\d y pSy{w\f m aed � b

0��X0 � 
 -���. � ��
D��"!.�� ��&!�f-�#$.Z
 �!� �f������#f���������/� &

� m aXhe}�d��&dA�3f�y{hey m f3pBy{f he}�y pBped � hey m fQxDx d m �`hedJf }3g l d h m �&y p9hey{f�w\o�y pe} he}�d��Jg\pedcp �&y{aed � hed � m ao�f��&y{aed � hed ��w\a9g � }Qb r d�v-dJw\y{f xXy{he} �&dA�3f�y{hey m f3p$� m a o�f��&y{aed � hed ��w\a9g � }3pcb �QdJh � 8�^�
 �&� jv-dXgif�o�f��&y{aed � hed � w\a9g � }Qb � dJh ���E��x\gif�� �{dJh �2gif�� �*v/d l dJaehey�� dcp m � ��b �QdJh 4
0

� ����� �74
k

v-d
� � 	 l dJaehey�� dcp m ����x�he}3gih � m f m hX}3g l d h m v-d �&y pehey{f�� hcbsa?}�d*ped � o�dJf�� d � 8 ^54

0

� ����� �74
k

j
y p g � ��� K+9;��_xI y{f � y)�'4

0
8 ��gif�� 4

k

8 � gif��
4
i

4
i+1
� �1� m aXd l dJa9_�� � � � � ����� � �

�
	 �|b

� � ���|wSx?g �G^ � y{f ��y pSg � ��� K�eQ�J*W� y{f ��y)� � � m dcpSf m h � m f�h9giy{f2z o��{hey � �{d m � � o�aeaedJf�� dcp m �
l dJaehey�� dcp��ny{f � giaehey�� o�� giacx'��� !<b�� y{f3g � �G_|x|g � ���|w � gihe}2y{f ��y p g ,�
�,6_�� y{f ��y)� ����� ��b a?}�d
_��'#7(J*W� m � g x?g �G^ m a g � gihe}�y p m f�d �{dcp9p�he}�d�f o�z v-dJa m � � m f�h9giy{f�d � l dJaehey�� dcpcb a?}�d _��'#7(J*W�
m �Xg�A_ � �{d!y p�he}�d2f�o�z v/dJa m � � m f�h9giy{f�d � l dJaehey�� dcpcb � �{hedJaef3gihey l d �G_|x m f�d �Jgif p9gK_�he}3gih*he}�d
�{dJf�w\he} m � gvx?g �G^Gx/g � gihe}QxGg �A_ � �{d�y p he}�d f o�z v-dJa m � g ��� dcgiaey{f�w d �&w\dcp ^�xX}�dJaed � � } m a ��p �giaed f m h � m o�f�hed �-j]b � dJh � 87^54

0

� ����� �74
k

j v/d�g � gihe}�y{f ��bsa?}�d d �&w\d 4
	 m � � y p g ,'��DJ��.y{f � y)� he}�dJaed giaed�� �� �0� � � ����� � � �|x����8��3x�peo�� } he}3gih�4
i

8 4�gif��
4
j

8�	�gif��!� �
�
� ��� ~&b

� f m he}�dJa�x m a ��pcx�� } m a ��p giaed*d �&w\dcp  m y{f�y{f�w2f m fDw � m f3ped � o�hey l d l dJaehey�� dcp m � �!b �Bp�g2p � d � y g �
�Jg\pednx y)��4

0

4
k

y p�gif dJw �&d m � � ^`gif�� ��� ~nj]x<he}�dJf 4
0

4
k

y p�g � } m a � y{f �!b L } m a ��p y{f
�A_ � �{dcp giaed	�&dA�3f�d �(pey{z!y � gia��G_|b � dJh ��8 ^54

1

� ����� �74
k

j v/d2g��A_ � �{d!y{f �!b<a?}�d!d �&w\d 4
	 m �
��y p g ,'��D��H. y{f���y)� he}�dJaed!giaed�� �� �"��	 � ����� � � �|x����8��-x peo�� }�he}3gih�4

i

8 4�gif���4
j

8�	
gif�� ~���� �

�
� �
� �

�
~&b r d }3g l d�h m v-d �Jgiaed6� o�� xIpey{f�� d 4

1
4

k

y p � dJaeh9giy{f��G_�f m h�g � } m a �y{f �!b � � gihe} m a�g �A_ � �{d2y{f � y p ,'�QD���. _��"" y)� � � m dcp f m h � m f�h9giy{f gif d �&w\d�he}3gih�y p�g
� } m a � y{f(he}�d � gihe} m a he}�d	�A_ � �{dnb � dJh ��� 	\bZa?}�d ,6��D��H.Q_��'"z"<eQ�J*W� m f � l dJaehey�� dcp�y p he}�dw\a9g � } ^9��	 � ����� � � � ����	c~ �9~ � � ����� �c^ �

�
	 j � � j]b r }�dJf x d p � dcgT^ m � � � } m a � �{dcp9p � gihe}3p�� g\py{f��&o�� d ��peo�v�w\a9g � }3p�he}�dJf+x d2z!dcgif g�w\a9g � } y p m z m a � }�y��!h m g � } m a � �{dcp9p � gihe}Qbh] y{z!y � gia

�&dA�3f�y{hey m f3pX} m ����� m a � } m a � �{dcp9p �A_ � �{dcpcb
� m x*x �{dJh � 8 ^�
 �&� j v-d�g �&y{aed � hed � w\a9g � }Qb r g �G^�p x � gihe}3p!gif�� �A_ � �{dcp�y{f ��giaed

�&dA�3f�d � gif3g � m w m o3p��G_�h m he}�d!o�f��&y{aed � hed � �Jg\pednb�� dJh ��� ��x gif�� �{dJh � gif�� ��v-d l dJaehey�� dcp
m � ��b � dJh 4

0

� ����� �74
k

v-d ��� 	 l dJaehey�� dcp m � �!b a?}�d ped � o�dJf�� d � 8 ^54
0

� ����� �74
k

j*y p g
� ��� K+9;��_xI y{f �ty)�.4

0

8 �(gif���4
k

8 ��gif�� ^54
i

�74
i+1

j � �©� m a d l dJa9_�� ��� � � ����� � �
�
	 �|b

�+� � � m dcpBf m h � m f�h9giy{f g l dJaehedAi hexXy�� dnx-y{h y p g � ��� K�eQ�J*W� y{f ��b �Bf���y)� ^54
k

�74
0

j �0��x �
y pBg ,�
�,6_�� y{f ��b � dJf�w\he}3p m � x?g �G^�p x � gihe}3pcx �A_ � �{dcpBgiaed �&dA�3f�d � pey{z!y � gia h m he}�d �{dJf�w\he}3p y{fo�f��&y{aed � hed � w\a9g � }3pcb

� dJh � 8 ^�
 �&� j�v-d�gifEo�f��&y{aed � hed �Ew\a9g � }Qb r d�p9gK_ he}3gih ��y p ,zD�#L#y�H,�*+�H. y)� x;� m ad l dJa9_ � giy{a�� ��� m � l dJaehey�� dcp m ���!x&he}�dJaed y pXg � ���|w � gihe}�y{f �!b � m hed he}3gih he}�y p � m f��&y{hey m f y pd � o�y l g �{dJf�h h m aed � o�y{aey{f�w x g �G^&pcb �+����y p f m h�� m f�f�d � hed � xIz2g6i&y{z2g � � m f�f�d � hed �E^ y{f��&o�� d �-jpeo�v�w\a9g � }3p m � �)giaed �Jg � �{d � ,�D�#L#y��,N*+�H.�,�DJ�$e D�#y�'#^*W" m � ��b � dJf�� dnx � m f�f�d � hed � � m z � m f�dJf h9p
m �<w\a9g � }3p giaed�w\a9g � }3pcb�a?}�d .�&l"'*B�J#3,z� m � l dJaehey�� dcp���gif��#� m ��!x �&dJf m hed ��g\p �&y peh

G

^!� ���&j]x
y p he}�d �{dJf�w\he} m � g1p9} m aehedcpeh � ���|w � gihe}�y{f � ��y)��� gif�� � giaed(y{f �&y��IdJaedJf�h � m f�f�d � hed �
� m z � m f�dJf�h9pcx�y b dnb{x-y)�She}�dJaed*y p f m � ���|w � gihe} y{f ��x%x d�p9dJh �&y peh

G

^!� ���&j38���b � m hed�he}3gihBy{fo�f��&y{aed � hed ��w\a9g � }3p x �&y peh
G

^!� ����j38 �&y peh
G

^!� ���Gj]b{� y{f3g � �G_|x-he}�d .�&-���/�6*+�'� m ����x �&dJf m hed ��g\p



~i�

�&y giz�^ �*j]x�y pXhe}�d z2g6i�y{z2g � �&y peh9gif�� d v/dJhex dJdJf gif$_ � giy{a m � l dJaehey�� dcp m ��� �&y{f � giaehey�� o�� giacx&y)�
� y p?f m h � m f�f�d � hed � x��&y giz�^ �*j 8���b

� f �Jg\ped m � �&y{aed � hed ��w\a9g � }3pcxx d �&y pehey{f�w\o�y p9}�hex m f m hey m f3p m � � m f�f�d � hey l y{he_ b � dJh � 8^�
 �&� j<v/d g �&y{aed � hed ��w\a9g � }Qb r d p9gK_ he}3gih � y p "6*`��DJ#7(�_
�,�DJ#L#y�H,N*+��. y)� x�� m a d l dJa9_ � giy{a � ���
m � l dJaehey�� dcp m ���!x�he}�dJaed�giaed�g�� ���|wSx?g �G^ g\p�x d � �Ng\p g � ���wSx?g �G^ y{f ��b � f� m f�hea9g\pehcx&y)� x � m ad l dJa9_ � giy{a � ��� m � l dJaehey�� dcp m � �!x/he}�dJaed y p�g$� ���fwSx g �G^ m a g � ���wSx?g �G^Gx�x d p9gK_ he}3gih � y p
9T�H��Ii_
q,�D�#L#%�H,N*+�H. b � m hed he}3gih p9hea m f�w � m f�f�d � hey l y{he_ y{z � �{y{dcp�x dcgT^� m f�f�d � hey l y{h)_|x/v�o�h f m h
l y�� d l dJa9p g y{f w\dJf�dJa9g � b

0���
 � �� ��-�� � ���|
 -s������#$�K�l����.v
 �!� 
��&!�f-l��� �%�K
���"!.

� dJh � 8 ^�
 �&� jSv-d g*w\a9g � } he}3gih z2gK_ v/d �&y{aed � hed � m a o�f��&y{aed � hed � b � C��'�6*+�H¥�DJ��.��6�&W#7( � m a
�4y p gif m a �&dJaey{f�w m � he}�d l dJaehey�� dcp m � �!b �QdJh �4}3g l d	! l dJaehey�� dcp xngif�� �{dJh 4

1

� ����� �74
n

v/dBhe}�d
l dJaehey�� dcp m � ��b��3o�aehe}�dJaez m aednx �{dJh��!v/d g v�y  d � hey l d z2g ��� y{f�wZ�`a m z ��	 � ����� �7!'� h m ��	 � ����� �7!'�|b
r dtxXy � ���Jg � � z2g ��� y{f�wnp��{yG^|d�� g � p m e �'�'�85Q*B�J*`&-D�# " � gihedJacb a?}�dJfQx�� 8 �54

π(1)

� ����� �74
π(n) ��&dA�3f�dcp?g l dJaehedAi m a �&dJaey{f�w8� m a��!b � m a gif,_ � giy{a�� ��� m � l dJaehey�� dcp m � ��x ���

σ

�!y)�"gif�� m f��G_y)� ����� xX}�dJaed�� 8�4
π(i)

gif�� ��8 4
π(j)

b r d2g � p m p9gK_�he}3gih � y p *BDv*W�Q��_��`='* m ���mxXy{he}
aedcp � d � h�h m � b r d�g � p m o3ped he}�d�hedJaez _��`='*`��D�"6*�C��'�6*+�H¥S9!&`*W�A���"Be ��,N*$*BD � b � l dJaehedAi 4(y p
�{d6� hez m p9h{xXy{he}�aedcp � d � h�h m � gif�� g w\y l dJf � a m � dJaeh)_|x-y)�.4(}3g\p he}�y p � a m � dJaeh)_�gif���he}�dJaed y pf m l dJaehedAi 	 peo�� }�he}3gih 	�}3g\p he}�d � a m � dJaeh)_2gif���	��

σ

4Nb � m a � �0��	 � ����� �7!'�|x	� ^ � j.8 4
π(i)y p he}�d l dJaehedAi�gih � m pey{hey m f�� y{f
� gif��
�

−1
^54

π(i)

j 8 � y p he}�d � m pey{hey m f y{f�� m � l dJaehedAi�4
π(i)

b
a?}�d �H�6C��'�"N�H.jD��H.��'�'&l#�( m ���#y p�� 8 �54

π(n)

� ����� �74
π(1) � b �<dJaehedAi m a �&dJaey{f�wnpZxXy � � � � gK_ gpey{w\f�yy� �Jgif�h a m �{d y{f�M giaeh � � � m �She}�y p he}�dcpey pcx%xX}�dJaed p � d � y g � m a �&dJaey{f�wnp � a m l y��&d y{f hedJaedcpehey{f�w

� }3gia9g � hedJaey p gihey m f3p m �"w\a9g � }� � g\p9pedcp b � x d � �ywS^�f m xXf m a �&dJaey{f�w	� }3gia9g � hedJaey p9gihey m f m � g �A_ � �{y��w\a9g � }3p?y pXw\y l dJf y{f he}�dM� m � � m xXy{f�w3b
� z m f�w he}�d �&y{aed � hed ��w\a9g � }3pcx/he}�d � � g\p9p m � g �A_ � �{y�� w\a9g � }3p � � g�_&p g � a m z!y{f�dJf�h a m �{dnb_�y��GdJaedJf�h*h m gif$_ m he}�dJa � � g\p9p m � �&y{aed � hed � w\a9g � }3pcx x?g �G^�p y{f g �A_ � �{y���w\a9g � }3p giaed g �Gx gK_�p

� gihe}3pcb � f!g � dJaeh9giy{f!pedJf3p9d ^ he}3gih z2gK_*v-d � �{dcgiaedJa � gihedJa j]x\g �A_ � �{y�� w\a9g � }3p �Jgif�v-d � m f3pey��&dJaed �o�f�yyw �&y{aed � hed � b
� #�� ���/���/� � 	 ¤P�6* �$8 ^�
��&��j o��c�:.�&W�H�H,�*+�H.c(��H�e^� [/?A�$"N� 
�*W���J* � &h"���������������& =>��#3.
D�#L_
:& = � .�Di�"G#yDJ*;,�D�#3*B��&l#b�~,�
�_),z�i[

� f m he}�dJasx m a ��p xny{f�gif g �A_ � �{y��Xw\a9g � } y{h y p f m h � m p9p9y{v��{d h m �3f�� g x g �G^�he}3gih�� m f h9giy{f3pg l dJaehedAi*hexXy�� dnb
�Bp<g aeo��{dnxTxX}�dJf�x d p � dcgT^ m �/g �A_ � �{y�� w\a9g � }3pcx6x d?g\p9peo�z!d he}�d w\a9g � }�h m v-d
�&y{aed � hed � b � f �Jg\p9d m �3o�f��&y{aed � hed � w\a9g � }3pcx he}�d � m aeaedcp � m f��&y{f�w f m hey m f m �-g �A_ � �{y�� f�dcp p �&dA�3f�dcphe}�d � � g\p9p m �!� m aedcpeh9p ^ �&y p  m y{f�hBo�f�y m f3p m �SheaedJdcp j]b r d � m|m ^~� m a�gif dcg\pey{dJa � }3gia9g � hedJaey p9gihey m f
m � g �A_ � �{y�� w\a9g � }3pcb � f]� g � hcx&he}�y p � }3gia9g � hedJaey p9gihey m fhxXy � � v-d v,_ p � d � y g � l dJaehedAi m a �&dJaey{f�wnp b
� #�� ���/���/� � 0 ¤P�6* � 8 ^�
��&��j o����S.�&l���H,N*+��.�(��H�e^���Z��#3.]_��6* � o��:��C��'�6*+�H¥qDH= � [v?A�
"6� 
�*W���J* � &l"8��� ��!#"$�&%vD�= � & =V��#3.SDJ#L_�
�& = � ����"V#3D�&l#^K ,�D���&W#7(~���H,'"N[V}<#3��_�D�(�D�57"_
�� �
&h"G,���_W_��H.~���'�)(�*AD�= � & =G��#y.]D�#^_�
:& = � �Q��"�#3D/D�5Q*`KW(�D�&l#�(]���H,'"�[



Chapter 2
� a9g � }Dw he}�d m aedJhey��>� o�f���giz!dJf�h9g � p ~ 	

� #,* * 
 0�� 	 	?' � - �!-/����# �
�  � �$8 ^�
��&��j�  ��� � � � � ���
��� � �
	 ������� ��	� � � � � � � � � � � � ��
 � � ��

	O�K���%'� r d w\y l dBgif g �{w m aey{he}�z�he}3gih?peo�aed �G_��3f���p g p m o�a � d m � ��b�� dJh34 v/d�gif,_ l dJaehedAi m �
��b �B��4�y p g2p m o�a � dnx�he}�d � a m|m �<y p � m f�dnb ! he}�dJa9xXy pednx � }3g\p g l dJaehedAi
4 ′ he}3gih y pBg �  eg � dJf�hh m 4Nb �Sy{he}�dJa 4 ′ y p�g p m o�a � d m � ��x m a�he}�d�g �{w m aey{he}�z � a m � d �&dcpcb ] y{f�� d ��y p*g �A_ � �{y��\x �
� m f�h9giy{f3p�f m �A_ � �{dnxS}�dJf�� d he}�d�&dcp � aey{v/d �1g �{w m aey{he}�z z o3peh�dJf�� xXy{he}1g l dJaehedAi xXy{he} m o�hy{fDw � m z!y{f�w2gia �\x&y b dnb{xDxXy{he}�g2p m o�a � dnb

� f y{z!z!d �&y gihed � o�dcpehey m f2y p xX}�dJhe}�dJa he}�d p9h9gihedJz!dJf h m � � dJz!z2g ~&b 	 �Jgif�v/d peheaedJf�w\he}DwdJf�d �Eh m g�� }3gia9g � hedJaey p9gihey m f m �*g �A_ � �{y���w\a9g � }3pcb a?}�y p2y p � dJaeh9giy{f��G_1f m h � m p pey{v��{dnb � o�h
� dJz!z2g2~&b 	 y{z � �{y{dcp p9o�� } g � }3gia9g � hedJaey p9gihey m fQb
� #�� ���/������� 
 ¤P�6* �$8 ^�
��&��j o��M�V.J&l���H,N*+�H.�(J���e3���p��#y.G_��6* � o��M�cC��'�6*+�H¥:D��H.��'�'&l#7(T=ND��
� [/?A�<"6� 
�*W�Q�J* � &h"���� ��� ��� ��� � �&��� ��"�� %�" �)(��G=ND�� � & =M��#3.�DJ#L_�
8& =z�Q=6DJ�M�'C��6��
>eQ�J&l� � ���
D�=�C��6�'*`&-,z�"VD�= � �!�QD�_).�"N�

^!� ���&j � � 8�� ���
σ

� �

��"�#f����#$* 0��V0 	?'e��- �!-��%�K#��
��� � �� � �� � � � �
	 � �!� � � � � ���
� ��� ��� � � � � � ��� � ����� � � � � 	 � �������
� � � � � � �� � � � �

	O�K���%'� �QdJh � 8 ^�
��&��j v/d�g �&y{aed � hed � w\a9g � }Qx gif�� �{dJh��#v-d�g�h m � m � m w\y��Jg � m a �&dJaey{f�w
� m a���b ] o ��� m ped ��y p f m h g �A_ � �{y��\x"y b dnb{x�� � m f h9giy{f3p g �A_ � �{d � 8 ^54

1

� ����� �74
r

j]x���� 	\b
r y{he} m o�h � m p p m � w\dJf�dJa9g �{y{he_ x 4

1

y p?he}�d l dJaehedAi m � � �{d6� hez m peh xXy{he} aedcp � d � hXh m � b � f m he}�dJa
x m a ��pcx 4

1

�
σ

4
i

� m a d l dJa9_�� ��� ~ � ����� ���:�|b �+� �+8 	 he}�dJf � 8 ^54
1

j]xGgif�� ^54
1

�74
1

j y p gif
gia � y{f �!bz] y{f�� d14

1

��
σ

4
1

gif�����y p g!h m � m � m w\y��Jg � m a �&dJaey{f�w:� m a ��x!� �4~&b � h } m ����p he}3gih^54
r

�74
1
j � ��b �<dJaehedAi%4

r

y pXhe}�d � aed �&d � dcp9p m a m �'4
1
m f �!b � � � m a �&y{f�w!h m he}�d��&dA�3f�y{hey m f m �h m � m � m w\y��Jg � m a �&dJaey{f�wnpcx 4

r

�
σ

4
1

xDxX}�y�� } � m f hea9g �&y�� h9pXhe}�d�� } m y�� d m ��4
1

b a?}�o3pcx � �Jgif�f m h
� m f�h9giy{f�g �A_ � �{dnx&gif�� � y p g �A_ � �{y��\b

� m a he}�d � m f l dJa9p9dnx �{dJh � v/d g �A_ � �{y��\b r d � a m l d�he}�d�dAi�y pehedJf�� d m � g h m � m � m w\y��Jg �
m a �&dJaey{f�w]� m a �tv,_ y{f��&o�� hey m f m l dJaBhe}�d f�o�z v/dJa m � l dJaehey�� dcp m � ��b��B� � }3g\p dAi&g � h��G_ m f�d
l dJaehedAi x<p9gK_ 4Nx �54 � y p!g�h m � m � m w\y��Jg � m a �&dJaey{f�wU� m a ��b ] m x �{dJh � }3g l d�! � ~ l dJaehey�� dcp b
� _ � dJz!z2g ~&b 	\x� � m f�h9giy{f3p g p m o�a � dnx<p g�_ l dJaehedAi 4Nb+L m f3pey��&dJa w\a9g � } � ′

8
def

�
�
4Nb

� h*y p � �{dcgia*he}3gih �
′
y p�g � p m g �A_ � �{y��\x gif�� g ��� �G_�y{f�w�he}�d2y{f��&o�� hey m f }$_ � m he}�dcpey p x � ′

}3g\p�g
h m � m � m w\y��Jg � m a �&dJaey{f�w3x-p9g�_ �

′
8 �!�

1

� ����� ���
n−1 � b � m hed he}3gih g � � f�dJy{w\}�v m o�a9p m � 4�y{f � giaed� m f�h9giy{f�d � y{f ���

1

� ����� ���
n−1

�|b3a?}�dJfQx�� 8
def

�54 ���
1

� ����� ���
n−1 � y p g2h m � m � m w\y��Jg � m a �&dJaey{f�w� m a �!b



~\~



~ �

� "!
�����#f� 


� @	� ���9:���6 =����i= � :<@ ;I: =/6 � � � A�� >	��:<A =/>��98

� �{dJhehedJa y pBg!p9_�z v m � b �Bf�g � � }3giv-dJh y p g��3f�y{hed�gif���f m fDw dJz � he_ pedJh m � �{dJhehedJa9pcb � dJh��#v-dgif�g � � }3giv/dJhcb � x m a � m l dJa��4y pBg��3f�y{hed�p9d �|o�dJf�� d m � �{dJhehedJa9p��`a m z���b a?}�d�pedJh m � x m a ��p
m l dJa	� y p �&dJf m hed � g\p
� ∗

b a?}�d��{dJf�w\he} m � g�x m a � y p?he}�d�f�o�z v-dJa m � p9_�z v m � p y{h � m f h9giy{f3p b
� � gif�w\o3giw\d m l dJa���y p g�pedJh m � x m a ��p m l dJa���b�M<a m v��{dJz2p m l dJa��)giaed � gif�w\o3giw\dcp m l dJa���b
M<a m v��{dJz2p giaed�he}�d z2giy{f m v� d � h9p*he}�d m aedJhey��Jg � � m z � o�hedJa p � y{dJf�� d gif���z m peh � giaehey�� o�� gia��G_
� m z � �{dAi&y{he_ he}�d m a9_4^ y{f1he}�d v�a m g �&dcpeh2p9dJf3ped j �&dcg ��xXy{he}Qb(azx m � o�f���giz!dJf�h9g � �|o�dcpehey m f3pgiv m o�h � a m v��{dJz2p giaed2y{f(he}�d�� m � o3p m ��� m z � �{dAi&y{h)_�he}�d m a9_��gxX}3gih y p*g�^ l dJa9_3j w m m ��g �{w m waey{he}�z¨� m aXg w\y l dJf � a m v��{dJz�gif�� } m x �&y*) � o��{hXy p?g�w\y l dJf � a m v��{dJz xXy{he} aedcp � d � hXh m m he}�dJa
� a m v��{dJz2p �

] heaeo�� heo�a9g � � m z � �{dAi&y{h)_ he}�d m a9_ �&d l d � m � d �j� a m z v3g\pey��� m f3pey��&dJa9gihey m f3p giv m o�h � m fDw
� aedJhed � a m v��{dJz2pcb � f�peheaeo�� heo�a9g ��� m z � �{dAi&y{he_ he}�d m a9_|x � m f�� aedJhed � a m v��{dJz2p giaed m � m f��G_ z!y{f m ay{f�hedJaedcpeh��\a9gihe}�dJa � a m � dJaehey{dcp m � � � g\p9pedcp m � � a m v��{dJz2p giaed y{f l dcpehey{wngihed ��gif�� � a m v��{dJz � � g\p9pedcp
giaed�aed � gihed ��h m dcg � } m he}�dJacb�I gif$_ � a m � dJaehey{dcp he}3gih �&dA�3f�d � m z � �{dAi&y{he_�� � g\p9p9dcp giaed�v3g\ped �
m f g �i�d � f m hey m f m � g �{w m aey{he}�z2p	� he}�dna"o�aey{f�w�z2g � }�y{f�dnbha?}�dJaed giaed g � p m�m he}�dJac� m aez2g �
�&dA�3f�y{hey m f3p m � g �{w m aey{he}�z2p 
 a9gif�� m ztg � � dcp9p<z2g � }�y{f�dcp<giaed m �y� o�f���giz!dJf�h9g ��y{z � m aeh9gif�� d y{fhe}�ds�3d ��� m � � aedcg � �Bg �{w m aey{he}�z2pcx y b dnb{xig �{w m aey{he}�z2p"he}3gih"giaed �&dcp9y{w\f�d ��� m aNv-dJy{f�w y{z � �{dJz!dJf hed �
m f�aedcg �ywSx m a���� � m z � o�hey{f�w �&d l y�� dcpcb �Bd l dJaehe}�d �{dcp9pcx � m z � �{dAi�y{h)_�� � g\p9p �&dA�3f�y{hey m f3p giaed�peoQ��w
� � y{dJf�h��G_�a m v�o3peh�y{f z m peh �Jg\p9dcp p9o�� } he}3gih�he}�d�_ � m f m h�aedcg � �G_ aed �G_ m f he}�d o�f��&dJa��G_ y{f�wg �{w m aey{he}�z �&dA�3f�y{hey m fQb

� f he}�y p � }3g � hedJacx x d xXy � ���&dA�3f�d a9gif�� m z g � � dcp9p z2g � }�y{f�dcp�gif�� aNo�aey{f�w�z2g � }�y{f�dcp x
xX}�y�� } m o�aQhe}�d m aedJhey�� � m f3p9y��&dJa9gihey m f3pNgiaedSv3g\ped � m fQb �Sp � d � y g � �G_>� m aQhe}�d aedcpeo��{h9p m � M giaeh � � m �he}�y p he}�dcpey pcx p � d � y g � � m z � �{dAi&y{he_	� � g\p9p9dcp giaed�f�dJd �&d � x&gif���he}�d�_�giaed �&dA�3f�d � }�dJaednb �"y{f3g � �G_ x
x d � aedcpedJf�hShe}�d�f m hey m f3p he}3gih giaed f�dJd �&d ��� m a aed � gihey{f�w gif�� � m z � giaey{f�w � a m v��{dJz2pcx|f3giz!d �G_
x d�xXy � � �&dA�3f�d aed �&o�� y{v�y �{y{hey{dcp gif�� }3gia �&f�dcp9pXgif���� m z � �{dJhedJf�dcp9p?f m hey m f3pcb


�� 	 �t
 ����� * 
�|�|#$.�.Z
 �!� � �!�K�l� � *+
�T"��l��#f.

a?}�dJaed giaed z2gif,_ g ��� a m g � }�dcp<h m � m aez2g �{y{uJd g �{w m aey{he}�z2pcb � f!he}�d m aedJhey��Jg � � m z � o�hedJaSp � y{dJf�� dnxh)x m z m �&d � p�giaed m �!�`o�f���giz!dJf h9g �"y{z � m aeh9gif�� d�xX}�dJf � m f�� aedJhed � a m v��{dJz2p�giaed � m f3pey��&dJaed � b
� f he}�d��3d ��� m � g �{w m aey{he}�z2p�he}�d a9gif�� m z�g � � dcp9p�z2g � }�y{f�d y p�o3ped � xGy{f�he}�d��3d ��� m ��^`peheaeo��Uwheo�a9g � gif�� � m z � o�h9gihey m f3g � j � m z � �{dAi&y{he_ he}�d m a9_ he}�d a"o�aey{f�w�z2g � }�y{f�d�y p2o3p9d � b � a9gifDw
� m z g � � dcp9p z2g � }�y{f�d�y p � m f3p9y��&dJaed � g w m|m � z2gihe}�dJz2gihey��Jg �Gz m �&d �{y{ucgihey m f m �Naedcg �yw dAi�y p9hey{f�w
� m z � o�hedJa9p*v3g\p9d � m f l|m fDw � dJo�z2gif�f gia � }�y{hed � heo�aednbha"o�aey{f�w�z2g � }�y{f�dcp�giaed�z m aed m a �{dcp9p
� o�aed �G_�z2gihe}�dJz2gihey��Jg � m v� d � h9pcxIgif�� he}�d�_�z m �&d � � m z � o�h9gihey m f3p he}3gihgx m a9^ m f he}�d!p9_�z�wv m �{y�� ^ aed � aedcpedJf�h9gihey m f�y{f3pehedcg � m �/y{fQ� m aez2gihey m f/j �{d l d � b I m p9h hedAi&h v m|m ^&p<giv m o�h<he}�d m aedJhey��Jg �
� m z � o�hedJa p � y{dJf�� d y{f�hea m �&o�� dzaNo�aey{f�w z2g � }�y{f�dcp"gif���a9gif�� m z g � � dcp9pNz2g � }�y{f�dcp��Tx d aed6�`dJaNh m
M g � g �&y{z!y{heaey m o � p?v m m ^ giv m o�h � m z � o�h9gihey m f3g � � m z � �{dAi&y{he_/� m a2�`o�aehe}�dJaXy{fQ� m aez2gihey m f/� ��j�� b

� ���J#3.�D��§��,�,z�'"z"��:��,'��&W#y� � m f3pey p9h9p m �3gif�y{fD�3f�y{hed pedJh m �3aedJw\y pehedJa9p"gif���g � a m w\a9giz!z!dnb



~ �

a?}�d aedJw\y p9hedJa9p�� m f�h9giy{f f3giheo�a9g �Gf�o�z v-dJa9p m �"giaev�y{hea9gia9_ pey{uJdnx�gif�� he}�d�_ giaed �&dJf m hed � g\p � �gif�� � � xX}�dJaed �Gy pNgBf3giheo�a9g �|f�o�z v/dJacb � dJw\y pehedJa � � y pNg p � d � y g � aedJw\y pehedJaNgif���y{f��&y��JgihedcpNhe}�d
f�dAi�h � a m w\a9giz!z!d�y{f3peheaeo�� hey m f he}3gih y p h m v-d!dAi&d � o�hed � b�MSa m w\a9giz!z!dcp m � a9gif�� m z g � � dcp9pz2g � }�y{f�dcp giaedt�3f�y{hed ped � o�dJf�� dcp m � y{f3peheaeo�� hey m f3p b r d �&y pehey{f�w\o�y pe} giaey{he}�z!dJhey��Jg � y{f3peheaeo��Uwhey m f3pcx/hea9gif3p � m aeh9gihey m f�y{f3peheaeo�� hey m f3p�gif�� � m f�hea m �Ny{f3peheaeo�� hey m f3p bgL m f�hea m �"y{f3p9heaeo�� hey m f3p giaed
 o�z � y{f3peheaeo�� hey m f3pBgif�� he}�dg�3f3g � y{f3peheaeo�� hey m fQx�gif�� he}�d�_ g �Id � h � a m w\a9giz!z!d dAi�d � o�hey m fQb

������� �
e3�HD�(��H�������8�H¥���,65�*`&-D�#£,�DJ#^*`&l#^5 �"M9!&`*W��&W# "'*`�'5 ,N*`&`DJ#q#L5���oz�'� �

��� � �'8�� �	� #�� ���
��� �
& =����-(�&l"'*+�'�G� � ,�DJ#^*B��&W# "��E�>*W�Q�>ey��D�(J�������/���H¥��H,65Q*`&-D�#j,zD�#^*`&W#L5 �'"�9!&`*W�A&W# "'*`�'5 ,6K
*`&`DJ#S#L57�/o��6� � ��DJ*W�Q�'�'9!&l"N�;e3�HD�(��H�����/�G�H¥���,65�*`&-D�#d,�D�#^*`&W#L5L�"$9!&`*W�/*W�Q�p=ND�_W_)DJ9!&l#7(
&l#L"'*`�'5Q,N*`&-D�#

� ���

e3�HD�(��H�������8�H¥���,65�*`&-D�#b"6*BDe^"

a?}�d��3a9peh y{f3peheaeo�� hey m f(y p*gif(o�f�� m f��&y{hey m f3g �  o�z � x�xX}�dJaedcg\p*he}�d2ped � m f�� y{f3peheaeo�� hey m f(y p*g
� m f��&y{hey m f3g �  o�z � b � hXy p � �{dcgia he}3gih he}�d � m f��&y{hey m f3g �  o�z � z2gK_�v/d�aedcpeheaey�� hed � h m �&d � dJf��
m f��G_ m f�g<�i&d � aedJw\y pehedJacb

aNa9gif3p � m aeh9gihey m f y{f3peheaeo�� hey m f3p?z m l d���gih9g�v-dJh)x dJdJf aedJw\y p9hedJa9pcb r d��&y pehey{f�w\o�y pe}�&y{aed � hgif�� y{f��&y{aed � h g ���&aedcp9pey{f�w3b
� ��� � ��

��D�C��:*W� ��,�D�#3*+�'#^*ZD�=8�H�B(�&h"6*+�'�G� � *BDS���-(�&l"'*+�'��� � �<,�D�#^*`&W#L5L��9!&`*W�v*W�Q��=ND�_W_)DJ9!&l#7(
&l#L"'*`�'5Q,N*`&-D�#

� ��� � � � � �
��D�C��/*W�Q�/,zD�#^*+�'#^*>D�=:*W�Q���H�-(J&h"6*+�'��9p��D�"��:#^57�/o��'�:&l"/,�D�#^*B�J&l#y��.S&W#£���-(�&l"'*+�'�c� �
*BD����-(�&l"'*+�6�$� � �T,�DJ#^*`&l#^5 ��9!&W*W�S*W�Q��=6D�_W_�D�9!&l#�(�&l#L"'*`�'5Q,N*`&-D�#

� ��� � � � ��
��D�C��/*W�Q�/,zD�#^*+�'#^*>D�=:���-(�&l"'*+�'�c� � *BDA*W�Q�����-(�&l"'*+�'��9p�QD�"N��#L5���oz�'�:&h"/,�DJ#^*B��&W#y�H.
&l#v�H�B(�&h"6*+�'�$� � �T,�D�#^*`&W#L5L��9!&`*W��*W�Q��=ND�_l_�D�9!&W#7(:&W# "6*`�5 ,N*`&-D�#

� y{f3g � �G_|x\giaey{he}�z!dJhey��Jg ��y{f3peheaeo�� hey m f3p z m �&y)�l_ � m f hedJf�h9p m �GaedJw\y pehedJa9p b r dXaedcpeheaey�� h<h m he}�dv3g\pey�� m � dJa9gihey m f3p g ���&y{hey m f gif�� p9o�v�hea9g � hey m fQx"gif�� g�aedJw\y pehedJa �Jgif v/d y{f�y{hey g �{y{uJd � xXy{he} g
� m f3peh9gif�hcb

� ���
� # � � �
"'*BD����G#L57�/o��6� � &W#A���-(�&l"'*+�'�<� � �T,�D�#3*`&l#L5L�M9!&`*W�S*W�Q�!=ND�_W_)DJ9!&l#7(:&l# "6*`�5 ,N*`&-D�#

����� � ��
��.�.S*W� �:,�D�#^*+�6#^*$D�=V�H�-(J&h"6*+�'�G� � *BDq*W�Q��#L5��/o��'��&W#d�H�-(J&h"6*+�'��� � �$*W�Q�:,zD�#^*+�'#^*ZDH=
�H�B(�&h"6*+�'��� � ��=6*+�'�~��¥��H,65Q*`&`DJ#�&h"�*W�Q�]�H�'"5�_a*GD�=�*W�Q�S��.�.�&W*`&-D�# �c,�DJ#^*`&l#^5 �]9!&`*W�£*W�Q�
=6DJ_l_�D�9!&W#7(�&W# "'*`�'5Q,�*`&`D�#

����� � ��
"5Lo6*`�H��,N*G*W�Q�A,�D�#^*+�6#^*cD�=��H�B(�&h"6*+�'�:� � =�HD�� *W�Q�A,�D�#^*+�'#3*GD�=]���-(�&l"'*+�6��� � ��& =~*W�Q�
,�D�#^*+�6#^*VD�=�� � &l"/(����H�J*+�'�A*W�Q��#�*W� �A,�DJ#^*+�'#^*8D�=�� � ��*W�Q�A�H�"'57_)*V9!&l_W_$o�� �E�/*W�Q�



Chapter 3
L m z � �{dAi&y{he_$w he}�d m aedJhey��<� o�f���giz!dJf�h9g � p ~ J

,�D�#3*+�'#^*�D�=$� � ��='*+�6�8�H¥��H,N5�*`&-D�#m&l"V*W�Q�V���"5�_)*�DH=V*W�Q�c"'5 o6*`�H��,N*`&-D�# ��,�D�#^*`&W#L5L�V9!&W*W�
*W�Q��=6DJ_l_�D�9!&W#7(:&W# "'*`�'5 ,N*`&`DJ#

�?g\pey��Jg � �G_|x\a9gif�� m z�g � � dcp9pSz2g � }�y{f�dcp � m z � o�hedZ�`o�f�� hey m f3p m l dJa<he}�d f3giheo�a9g �/f o�z v-dJa9p b
� f � o�h � gia9giz!dJhedJa9pNgiaed peh m aed � y{f�he}�ds�3a9pehNaedJw\y pehedJa9pQy{f g ��� a m � aey gihed m a �&dJacx gif�� � a m w\a9giz!z!ddAi&d � o�hey m f2peh9giaeh9p xXy{he}2he}�dz�3a9peh<y{f3peheaeo�� hey m f m �Ihe}�d � a m w\a9giz!z!dBped � o�dJf�� dnb�� m aSpey{z � �{y�� y{h)_|xhe}�d �3a9peh�y{f3peheaeo�� hey m f }3g\p�f o�z v-dJa!��b � i�d � o�hey m f � m f�hey{f�o�dcp g\p � m f�w�g\p � m p9pey{v��{dnb a?}�d
� m f�hedJf h m �BaedJw\y pehedJa � � y p he}�d f o�z v-dJa m � he}�d f�dAi�h y{f3peheaeo�� hey m f y{f he}�d ped � o�dJf�� d he}3gihy p�h m v/d�dAi�d � o�hed � �Iy{h�y p�z m �&yy�3d ��v$_ he}�d�dAi&d � o�hey m f m � d l dJa9_�pey{f�w �{d y{f3peheaeo�� hey m fQb �B�She}�d
� ���
 y{f3peheaeo�� hey m fEy p!dJf�� m o�f�hedJaed � m a�� � � m f�h9giy{f3p2g(f�o�z v/dJa!he}3gih!y p	� giaew\dJa!he}3gifEhe}�d
� giaew\dcpeh?y{f3peheaeo�� hey m f f�o�z v/dJacx � a m w\a9giz!z!d dAi�d � o�hey m f�peh m � p b a?}�d aedcp9o��{h m � he}�d dAi�d � o�hey m fy p � m f�h9giy{f�d � y{f aedJw\y pehedJa � ��b

� �&y��IdJaedJf h � m z � o�h9gihey m f z m �&d �Iy p �&dA�3f�d � v$_naNo�aey{f�w z2g � }�y{f�dcpcb w 57�'&l#�(�����,'��&W#y�"
� m f3pey peh m � g peh m a9giw\d(gif��4g � a m w\a9giz!z!dnb a?}�d(peh m a9giw\d y p z m �&d � �{d �4v,_Eh9g � dcpcb ! o�a
a"o�aey{f�w z2g � }�y{f�dcp }3g l d�h)x m h9g � dcp �*gif�y{f � o�h h9g � d gif���g x m a9^�y{f�w h9g � dnb �Sg � }(h9g � d2y pgiaev�y{hea9giaey �G_�� m f�w�y{f�v m he} �&y{aed � hey m f3pcx/gif���he}�d�_�giaed � giaehey{hey m f�d ��y{f�h m d � o3g � �G_ pey{uJd � � d � � pcb
� l dJa9_ � d � � �Jgif(v-d!dJz � h)_ ^ he}�dJf(y{h�� m f�h9giy{f3p he}�d o'_���# I�"�
��/oHD�_ j]x m a y{h�� m f h9giy{f3p dAi�g � h��G_
m f�d�p9_ z v m � bga?}�dJaed�giaed�hex m g � � }3giv/dJh9p	� m f�dV� m a�y{f � o�h�x m a ��p�gif�� gif m he}�dJa$� m aQxXaey{hey{f�w
m f�he}�d�x m a9^�y{f�w�h9g � dnb �Sg � }�h9g � d }3g\p�g2}�dcg ��he}3gih aedcg ��p�p9_�z v m � pBgif���z2g�_ xXaey{hednb�! f
he}�d�y{f � o�h h9g � d�he}�dJaed�y p�g aedcg �,w m f��G_�}�dcg � x m f he}�d�x m a9^ y{f�w h9g � d�he}�dJaed�y p g aedcg �,wSxXaey{hed}�dcg � b � ���&y{hey m f3g � �G_|xG}�dcg ��p �Jgif�z m l dnx/gif���y{f�g � m z � o�h9gihey m f�p9hed � xGg }�dcg � z2g�_�peh9gif��pehey � � x z m l d m f�d	� d � �<h m he}�d �{d6� h m a m f�d	� d � �<h m he}�d!aey{w\}�hcb�� dcg ��p z m l d y{f��&d � dJf��&dJf�h m �dcg � } m he}�dJacb �-o�aehe}�dJaez m aednx"he}�d aedcg �,w m f��G_(}�dcg � m f he}�d�y{f � o�h�h9g � d y p m f��G_�g � � m x d �(h maedcg ��p9_�z v m � p m �<he}�d y{f � o�h�x m a ��gif�� he}�d dJz � h)_ � d � � p  o3pehXh m he}�d��{d6� hBgif���h m he}�d*aey{w\} h
m �Qhe}�d�y{f � o�h x m a � m f he}�d y{f � o�h h9g � dnb � f�d l dJa9_ � m z � o�h9gihey m f pehed � x|he}�d�aNo�aey{f�w z2g � }�y{f�dw\dJh9p<y{f�h m g peh9gihednx\he}3gih<aed � aedcpedJf�h9p m f�d m �Gg��3f�y{hed f�o�z v-dJa m � � m p9pey{v��{d�� y{f�f�dJa�� pey{heo3gihey m f3p b

� f3peheaeo�� hey m f3p m �gaNo�aey{f�w�z2g � }�y{f�dcp }3g l d g pey{z � �{d�� m aez�b ��pey{heo3gihey m f m � g aNo�aey{f�wz2g � }�y{f�d ^l� m a g �i�d ��y{f � o�h j y p�� m f3pehey{heo�hed � v,_�he}�d � m f�hedJf h9p m � he}�dZx m a9^�y{f�w h9g � dnxQhe}�dz2g � }�y{f�d � p peh9gihed�gif�� he}�d � m pey{hey m f3p m � he}�d*}�dcg ��p m f�he}�d*y{f � o�hBgif�� x m a9^�y{f�w!h9g � dcpcbz� m ad l dJa9_ � m p9pey{v��{d pey{heo3gihey m fQx&g<a"o�aey{f�w z2g � }�y{f�d � p � a m w\a9giz!z!d�� m f h9giy{f3p gif y{f3peheaeo�� hey m fQb � fy{f3peheaeo�� hey m f �Jgif v/d �Jgiaeaey{d � m o�hcxGy)� y{h�y p�g ��� �{y��Jgiv��{d y{f�he}�d � o�aeaedJf�h�p9h9gihed gif�� he}�d }�dcg ��paedcg � he}�d�� m aeaed � h p9_�z v m � pcb M<aed � y ped �G_|x&gZa"o�aey{f�w!z2g � }�y{f�d � p?y{f3p9heaeo�� hey m f }3g\p?he}�dM� m aez
	 ���

���
	
′ ��� 	

xX}�dJaed�	�gif�� 	
′
�&dJf m hed peh9gihedcp m �<he}�d z2g � }�y{f�dnx ��y p g�p9_�z v m � m �<he}�d�y{f � o�h�g � � }3giv-dJhcx��gif�� � giaed p9_ z v m � p m � he}�d�x m a9^�y{f�w�g � � }3giv/dJhcx gif�� � gif�� 	 aed � aedcpedJf�hSz m l dJz!dJf�h9p m �Ihe}�d}�dcg ��p m f�he}�d y{f � o�h gif�� x m a9^ y{f�w�h9g � dcpcx&aedcp � d � hey l d �G_|b �Bdcg ��p �Jgif z m l d h m he}�d��{d6� h�^ �"j]xh m he}�d aey{w\}�h ^ � j m a peh9gif�� pehey � � ^`�|j]b �+� gZa"o�aey{f�w z2g � }�y{f�d y pXy{f�peh9gihed 	�x&he}�d }�dcg � m f he}�dy{f � o�h h9g � d!aedcg ��p p9_�z v m �.� ^�xX}�y�� } z2g�_�g � p m v/d!he}�d!v�� gif^ p9_�z v m � jBgif�� he}�d }�dcg � m fhe}�dZx m a9^ y{f�w h9g � d!aedcg ��p p _ z v m ��� x he}�dJf(he}�y p y{f3peheaeo�� hey m f(y p��Jgiaeaey{d � m o�h v,_�w m y{f�w y{f h mpeh9gihed 	

′
x!xXaey{hey{f�w�p9_�z v m � � m f(he}�d	� o�aeaedJf�h � m pey{hey m f m �?he}�d!}�dcg � m f(he}�d�x m a9^�y{f�w h9g � dgif�� z m l y{f�w�he}�d h)x m }�dcg ��p g � � m a �&y{f�w!h m � gif�� 	 b

L m z � o�h9gihey m f3p m � a"o�aey{f�w2z2g � }�y{f�dcpBpeh9giaeh�xXy{he}�he}�d�y{f�y{hey g �"peh9gif���gia � pey{heo3gihey m f �She}�d
x m a9^ y{f�w(h9g � d�y p2dJz � h)_|x y b dnb{x?d l dJa9_ � d � � � m f h9giy{f3p�he}�d�v�� gif^1p9_�z v m � x he}�d y{f � o�h2h9g � d



~\�

� m f h9giy{f3p m f��G_#v�� gif^#p9_�z v m � p dAi � d � h�� m a g �3f�y{hed f�o�z v/dJa m � � m f3ped � o�hey l d � d � � p he}3gih
� m f h9giy{f he}�d�y{f � o�h�x m a � b a?}�d*y{f � o�h�x m a ��� m dcp f m h � m f h9giy{f v�� gif^ p9_�z v m � pcbsa?}�d*}�dcg �
m f he}�d x m a9^�y{f�w h9g � d y p�p m z!d�xX}�dJaednx gif�� he}�d }�dcg � m f he}�d y{f � o�h h9g � d y p m f he}�d�� d � �
� m f h9giy{f�y{f�w�he}�dO�3a9peh�p9_ z v m � m �She}�d�y{f � o�h{x m a � b �+� he}�d y{f � o�h{x m a ��y p dJz � he_ x�he}�d�}�dcg �peh9gif���p m f�g � d � � � m f h9giy{f�y{f�w he}�d�v�� gif^�p9_�z v m � b�a?}�d peh9gihed m �<he}�d z2g � }�y{f�d y pBg p � d � y g �peh9giaehBpeh9gihednb _�o�aey{f�w g � m z � o�h9gihey m fQx/y{f3peheaeo�� hey m f3p giaed�dAi&d � o�hed ��g\p � m f�w g\p � m p9pey{v��{dnb �
� m z � o�h9gihey m f(dJf���pcx y)� he}�d!z2g � }�y{f�d!y p y{f�g p � d � y g �<dJf��(peh9gihednxQgif�� y{h ��,�,z�+ey*W" gif(y{f � o�hy)� gif�� m f��G_ y)� he}�d�}�dcg � m f(he}�d!y{f � o�h h9g � d2p9h9gif���p m f(he}�d��3a9peh y{f � o�h*p9_ z v m �<gif�� he}�d
x m a9^�y{f�w�h9g � d y pXdJz � h)_|b

� aNo�aey{f�w*z2g � }�y{f�d y p �Jg � �{d � #3D�#y.��6*+�'�'��&l#L&l"'*`&-, xiy)� y{h � m f�h9giy{f3pSh)x m y{f3peheaeo�� hey m f3psxXy{he}he}�d p9giz!d �{d6� h�pey��&dnb � dJf�� dnx y{f he}�y p pey{heo3gihey m f he}�d z2g � }�y{f�d �Jgif � dJa�� m aez m f�d m � he}�dcpedy{f3peheaeo�� hey m f3pcb � fb�`g � hcx v m he} giaed � dJa�� m aez!d �(pey{z o��{h9gif�d m o3p��G_�gif�� y{f��&d � dJf��&dJf h��G_|x!xX}�y�� }aedcpeo��{h9p<y{f f m f��&dJhedJaez!y{f�y pehey�� � m z � o�h9gihey m f3pcb �B� he}�dJaed y p dAi&g � h��G_ m f�d y{f3p9heaeo�� hey m f2he}3gih �Jgifv-d � dJa�� m aez!d � y{f d l dJa9_ pey{heo3gihey m fQx&he}�dOa"o�aey{f�w!z2g � }�y{f�d y p �Jg � �{d � .��N*+�'���&W#L&l"'*`&-, b
� m a a9gif�� m z g � � dcp p z2g � }�y{f�dcp�gif��+aNo�aey{f�w z2g � }�y{f�dcpcx�x d	�&dA�3f�d � m z � �{dAi&y{h)_ z!dcg6wpeo�aedcpcb � dJh��7v-d�g2a9gif�� m z g � � dcp9p z2g � }�y{f�dnx-gif�� �{dJh�!�v/d gif y{f � o�hBf�o�z v/dJacb � _���^5!Nj

x d��&dJf m hed he}�d�� m z � o�h9gihey m f m ��� m f y{f � o�h�!<b a?}�dJfQx
hey{z!d

R

^5!Qj 8
def

z!y{f � � ���!^5!Nj }3g �{h9p g��`hedJa � � m z � o�h9gihey m f�pehed � p��
y p he}�d�f�o�z v/dJa m � � m z � o�h9gihey m f pehed � p he}3gih giaed f�dJd �&d � v$_�� h m }3g �{h m f y{f � o�h(! �|y)����^5!Nj
� m dcpBf m h dJf�� x�hey{z!d

R

^5!Qj?y p f m h �&dA�3f�d � b r d*aedcpeheaey�� h m f�a9gif�� m z g � � dcp9pXz2g � }�y{f�dcp�xXy{he}
m f��G_ m f�d*y{f � o�h � gia9giz!dJhedJacx/pey{f�� d*z o��{hey � �{d*y{f � o�h � gia9giz!dJhedJa9p �Jgif v-d dJf�� m �&d ��y{f�h m2m f�d
� gia9giz!dJhedJacb
� #�� ���/���/� � o ¤P�6*��coz�V�Z=5�#3,N*`&-D�#vDJC��'� % [�¤P�6* � o��8�:�H��#3.�D�� ��,�,z�'"z"G����,'��&W#y��[/?A�
"6� 
�*W���J* �
	 ��"'* ���)( � ��� %�>& =>�J#3.�D�#L_
8& =M*W�Q�'���M&l">��,�DJ# "'*B��#3* � "'5Q,'�~*W���J*W�Q=6DJ�M�'C��6��

#L5���oz�'� � ′

� � ��#3.£�'C��'��
£&l#�ey5�*M#L5��/o��'� ! �c& =~*W� �Ao'&W#3����
b�H�+ey�H�"��'#^*B�J*`&-D�#�D�= ! �Q��"
�H¥���,�*`_�
 � ′ .J&)(�&`*W"�*W�Q�'# hey{z!d

R

^5!Nj � � ^ � ′
j [

� o�f�f�y{f�w!hey{z!d gif3g �G_�p9y p m � g �{w m aey{he}�z2p?y{f M giaeh � � � xXy � � v-d v3g\ped � m f a9gif�� m z�g � � dcp9pz2g � }�y{f�dcp b � h�y p	� �{dcgia2he}3gihvx dhxXy � � f m h2w\y l d�g �{w m aey{he}�z2p g\p!a9gif�� m z g � � dcp9p2z2g � }�y{f�d
� a m w\a9giz!z!dcpcx3gif�� y{f � o�h9p�xXy � �Nf m h v/d*f3giheo�a9g �Qf�o�z v/dJa9pcb�� m x d l dJacx&y{h y p f m h �&y*) � o��{hBh mpedJd he}3gih he}�y p x m o�����v/d � m p9pey{v��{dnb I�giy{f m v3peh9g � �{dcp giaed?aedcg ��giv�y �{y{h)_�gif�� � m z � aedJ}�dJf3p9y{v�y �{y{he_|b

� m a�a"o�aey{f�wXz2g � }�y{f�dcpcx�x d �&dA�3f�dSh)x m � m z � �{dAi&y{h)_Bz!dcg\peo�aedcp gif����&y p9hey{f�w\o�y pe} v-dJh)x dJdJf
�&dJhedJaez!y{f�y pehey��*gif���f m f��&dJhedJaez!y{f�y pehey�� � m z � o�h9gihey m f3pcb �QdJh�� v-d�g	�&dJhedJaez!y{f�y pehey���aNo�aey{f�wz2g � }�y{f�dnx gif��	�{dJh34 v/d�gif y{f � o�h x m a � b � _�� ^54Ij]xfx d �&dJf m hed he}�d � m z � o�h9gihey m f m ��� m fy{f � o�h	4Nb a?}�dJfQx

�&hey{z!d
M

^54Gj 8
def

z!y{f � � ��� ^54Gj }3g �{h9pBg�� hedJa � � m z � o�h9gihey m f�pehed � p��
�&dJf m hedcp�he}�d f o�z v-dJa m � � m z � o�h9gihey m fEp9hed � p m ��� h m }3g �{h m f y{f � o�h 4 � y)��� ^54Ij � m dcpf m h dJf�� x �&hey{z!d

M

^54Ij*y p f m h �&dA�3f�d � b � f g�pey{z!y � giaV�`g\pe}�y m fQx x d �&dA�3f�d he}�d "Be ��,z� he}3gihy p�f�dJd �&d � v$_�g � m z � o�h9gihey m fQb�� _ ��p � g � d
M

^54Gj]x x d �&dJf m hed�he}�d!f�o�z v/dJa m � � d � � p m � he}�d



Chapter 3
L m z � �{dAi&y{he_$w he}�d m aedJhey��<� o�f���giz!dJf�h9g � p ~��

x m a9^ y{f�w(h9g � d m � � he}3gih�giaed l y pey{hed � �&o�aey{f�w�he}�d � m z � o�h9gihey m f m � � m f"4Nx?y)� � ^54GjdJf���pcb ! he}�dJa9xXy pednx&y b dnb{x&y)� � ^54Gj � m dcp f m hXdJf�� xDxX}�y�� } y p?d � o�y l g �{dJf�h h m �&hey{z!d
M

^54Gj y p?f m h
�&dA�3f�d � x ��p � g � d

M

^54Ij�y p*f m h��&dA�3f�d � bhL dJaeh9giy{f��G_|xQhe}�dJaed giaed � m z � o�h9gihey m f3p he}3gih � m f m hdJf���v�o�h l y pey{h m f��G_�gt�3f�y{hed�f�o�z v/dJa m ��� d � � p m f he}�d�x m a9^�y{f�w h9g � dnxIv�o�h he}�y p f�o�z v/dJa y pf m h �&d � y���giv��{dV� m a giaev�y{hea9gia9_�f m fDw dJf��&y{f�w � m z � o�h9gihey m f3p b � m a � m z � �{dAi�y{h)_ z!dcg\peo�aedcpcx�x daed � o�y{aedG�`o��y��� �{z!dJf h m � ���{o�z � p�g6i�y m z2p x3he}3gih � giaehey�� o�� gia��G_ aed � o�y{aed g � dJaeh9giy{f �&d � y���giv�y �{y{h)_
� a m � dJaeh)_ � � � b
� #�� ���/������� � ¤P�6*��b��#3.�/oz�Z='5�#3,N*`&-D�# "�DJC��'� % [�¤P�6* � o����v.��N*+�'���&W#L&l"'*`&-,AwQ5��&W#7(
����,'��&W#y��[�?A�>"N� 
:*W���J* � 	 ��"'* � �)( � � � %�M& =M��#3.�DJ#L_�
8& =>*W�Q�6�H��&h"���,�D�# "6*B��#^* � "5 ,'�
*W���J*W�P=ND��/�'C��6��
v#L57�/o��6� � ′

� � ��#3.S&W#�e35Q*Z9;DJ��. 4 �$& =�*W� �:_��'#7(J*W�mD�= 4 &h"/�H±65 ��_;*BD � ′

*W�Q�'# �&hey{z!d
M

^54Gj � � ^ � ′
j [2}<#3��_�D�(�DJ5�"'_�
���9T�<"N� 
�*W���J* � 	 ��"'*	����( � � ��� %���& =<�J#3.:D�#L_


& =c*W�Q�'���V&h"���,zD�# "'*B�J#^* ! "5 ,'�A*W����*W�^=6DJ���'C��6��
�#L5���oz�'� ! ′ � ! �J#3.]&l#�ey5�*T9;D��H. 4 �T& =c*W�Q�
_��'#7(J*W�qD�= 4 &h"V�H±65 ��_�*BD ! ′ *W�Q�'# ��p � g � d

M

^54Gj � � ^5! ′ j [
� f �Jg\p9d m � f m f��&dJhedJaez!y{f�y pehey���aNo�aey{f�w z2g � }�y{f�dcp xIhe}�d �&dA�3f�y{hey m f3p m � hey{z!d�gif�� p � g � d

� m z � �{dAi&y{hey{dcp giaed!z m aed	�&d �{y��Jgihednb�� dJh � v/d2g f m f��&dJhedJaez!y{f�y pehey��Za"o�aey{f�w z2g � }�y{f�dnxQgif��
�{dJh%4�v-d(gif#y{f � o�h x m a ��� m a �tb � _ � ^54Gj]x{x d �&dJf m hed he}�d � m z � o�h9gihey m f m � � m fy{f � o�h 4Nb L m f3pey��&dJa ��^54Gj]b a?}�dJaed�z2g�_ v-d � m z � o�h9gihey m f � gihe}3p2he}3gih2dJf�� x?gif��1he}�dJaedz2gK_ v-d � m z � o�h9gihey m f � gihe}3p he}3gih � m f m h�dJf�� bQ�-o�aehe}�dJaez m aednx/p m z!d��3f�y{hed � m z � o�h9gihey m f
� gihe}3p g � � d � hcx m he}�dJa9p aed  d � hcb ! f�d �Jgif �&dA�3f�d�hey{z!d(gif��#p � g � dq� m a f m f��&dJhedJaez!y{f�y pehey��
� m z � o�h9gihey m f3p*v,_ � m f3pey��&dJaey{f�w m f��G_(g � � d � hey{f�w � m z � o�h9gihey m f � gihe}3pcb r d2o3p9d g�peheaey�� hedJa
�&dA�3f�y{hey m fQb � dJh
f�hey{z!d

M

^54Gj 8
def
z!y{f � � �id l dJa9_ � m z � o�h9gihey m f � gihe} m � � ^54Ij }3g �{h9pXg�� hedJa �.pehed � p��

�&dJf m hed�he}�d��{dcg\peh�f o�z v-dJa2peo�� }1he}3gih2f m � m z � o�h9gihey m f � gihe} m ����^54Gj }3g\p!z m aed � m z�w
� o�h9gihey m fEpehed � p�� y)� he}�dJaed y p!g f m fDw dJf��&y{f�w � m z � o�h9gihey m f � gihe} m ��� ^54Gj]x f hey{z!d

M

^54Gj y p
f m h �&dA�3f�d � bn�"y{f3g � �G_ x f3p � g � d

M

^54Gj �&dJf m hedcp he}�d	�{dcg\p9h f o�z v-dJa�p9o�� } he}3gih*f m � m z � o�h9g6whey m f m f(gif$_ � m z � o�h9gihey m f � gihe} m � ��^54Gj l y p9y{h9p z m aed � d � � p m f he}�dZx m a9^�y{f�w h9g � dnxIy)� g � �
� m z � o�h9gihey m f � gihe}3p m � � ^54Gj dJf�� b ! he}�dJa9xXy p9dnx f3p � g � d

M

^54Ij y pXf m h �&dA�3f�d � b
� #�� ���/��������� ¤P�6*��V�J#3. �<o��P=5�#3,N*`&-D�# "2DJC��'� % [;¤��6* � o��<��#3D�#y.��6*+�'�'��&l#L&l"'*`&-,�wQ5��&W#7(
����,'��&W#y��[�?A�>"N� 
:*W���J* � 	 ��"'* � �)( � � � %�M& =M��#3.�DJ#L_�
8& =>*W�Q�6�H��&h"���,�D�# "6*B��#^* � "5 ,'�
*W���J*W�P=ND��/�'C��6��
v#L57�/o��6� � ′

� � ��#3.S&W#�e35Q*Z9;DJ��. 4 �$& =�*W� �:_��'#7(J*W�mD�= 4 &h"/�H±65 ��_;*BD � ′

*W�Q�'# f�hey{z!d
M

^54Gj � � ^ � ′
j [2}<#3��_�D�(�D�57"_
���9T�<"6� 
8*W����* � 	 ��"'*	����( � � ��� %��:& =>�J#3.:D�#L_


& =c*W�Q�'���V&h"���,zD�# "'*B�J#^* ! "5 ,'�A*W����*W�^=6DJ���'C��6��
�#L5���oz�'� ! ′ � ! �J#3.]&l#�ey5�*T9;D��H. 4 �T& =c*W�Q�
_��'#7(J*W�qD�= 4 &h"V�H±65 ��_�*BD ! ′ *W�Q�'# f3p � g � d

M

^54Gj � � ^5! ′ j [
_�d � dJf��&y{f�w m f�he}�d � m z � o�h9gihey m f z m �&d m �Sg aNo�aey{f�w z2g � }�y{f�dnx%x d p � dcgT^ m � #3DJ#3.��'K

*+�'�'��&l#L&l"'*`&-,8*`&l�/� m a .7�6*+�'�'�8&W#L&l"'*`&-,c"BeQ��,� b�] y{z!y � gia h m a9gif�� m z�g � � dcp9pBz2g � }�y{f�dcpcx aNo�aey{f�wz2g � }�y{f�dcpXgiaed�f m h �&dA�3f�d � v,_ � aedcpedJf�hey{f�w �&dJh9giy �{d � � a m w\a9giz!z!dcpcb � f3pehedcg � xfx d xXy � �Iy{fQ� m a?wz2g � �G_ �&dcp � aey{v-d he}�d v/dJ}3g l y m o�a m � gZa"o�aey{f�w!z2g � }�y{f�dnb
� f�y{z � m aeh9gif�h l giaey gihey m f m � aNo�aey{f�w!z2g � }�y{f�dcpXgiaed*p m w �Jg � �{d �ha"o�aey{f�w!hea9gif3p �&o�� dJa9pcb � h

y p � �{dcgia��`a m z he}�d �&dA�3f�y{hey m f he}3gih a"o�aey{f�wBz2g � }�y{f�dcp �Jgif�f m h � m z � o�hed2�`o�f�� hey m f3p"pey{f�� d he}�d�_



~�j

giaed�f m h giv��{d�h m � a m �&o�� d m o�h � o�hcb a?}�d m f��G_ z!d � }3gif�y p9z � m a aedcg � x m a����(y{f�hedJa9g � hey m f y py{h9pXg � � d � h9gif�� d �&d � y pey m fQb � m aT�`o�f�� hey m f3pcxDx d��{yG^nd h m }3g l d g!p9y{z!y � gia � m z � o�h9gihey m f z m �&d � b
� wQ5��'&l#7(m*`����#L"6.�5 ,z�'� � m|m ^&p �{yG^|d gif m a �&y{f3gia9_ a"o�aey{f�w z2g � }�y{f�d v�o�h�}3g\p gif1g ���&y{hey m f3g �h9g � d�
 he}�d D�5Q*xe35Q*G*B�e � b a?}�d m o�h � o�h!h9g � d y pZxXaey{hedAw m f��G_|x gif�� he}�d }�dcg � m f1he}�y p�h9g � d
� dJa�� m aez2p m f��G_ m f�dAw p9hed � aey{w\}�hBz m l dcpcxxX}�dJf g p _ z v m �Qy pQxXaey{hehedJfQb�� f m f�d � m z � o�h9gihey m fpehed � x3g p9_ z v m �Nz2g�_ v-d�xXaey{hehedJf m a f m hcx-gif���he}�y pBy pBp � d � yy�3d ��y{f he}�d�y{f3peheaeo�� hey m f3pcb � h y p
� �{dcgiaShe}3gih g � � � m z � �{dAi&y{h)_ �&dA�3f�y{hey m f3p �Jgif2v-d hea9gif3p�� dJaed ��h m aNo�aey{f�w*hea9gif3p �&o�� dJa9p xXy{he}�he}�d
m f��G_�aedcpeheaey�� hey m f he}3gih m o�h � o�hXh9g � d�p � g � d y p?f m h � m f3pey��&dJaed � b


��X0 � ��* ��-�#����/� & �f-�
.�.�#$.

� f�he}�dBz m pehSw\dJf�dJa9g �GpedJf3pednxng ,�D��<e3_��H¥�&`*�
�,N_)��"" y p g�pedJh m �Npeo�v3pedJh9p m � � ∗
b I m peh�� m z � �{dAi$wy{he_ � � g\p9pedcp?giaed��&dA�3f�d � v$_2f m fDw heaey l y g � p9_�f h9g � hey�� m aXpedJz2gif hey�� � gif�w\o3giw\d � a m � dJaehey{dcp b � f��y{f z2gif,_ �Jg\pedcp x|he}�dcped��&dA�3f�y{f�w � a m � dJaehey{dcpXgiaed v3g\ped � m f � a m � dJaehey{dcp m ��a"o�aey{f�w�z2g � }�y{f�dcpcb

� � ��� m z � �{dAi�y{h)_ � � g\p pedcp he}3gihOx d2f�dJd ��giaed p9_ f�h9g � hey�� � � g\p9pedcp xQgif���z m peh giaed �&dA�3f�d ��v,_v m o�f��&y{f�w he}�d p � g � d m a�hey{z!d�o3ped ��v$_ a"o�aey{f�w�z2g � }�y{f�dcpZ� m a �&d � y��&y{f�w m a g � � d � hey{f�w � gifDww\o3giw\dcpcb � dJh � v-d�gZa"o�aey{f�w!z2g � }�y{f�dnb a?}�d _)�J#7(�5 ��(��8.��H,6&-.��H.So�
 � y pXhe}�d*p9dJh m � y{f � o�h
x m a ��p*he}3gih giaed g � � d � hed � v$_ � b�^lI m peh��G_|xP� m a �&d � y��&y{f�w g� gif�w\o3giw\d y{h�y p g ���&y{hey m f3g � �G_aed �|o�y{aed ��he}3gih he}�d z2g � }�y{f�d }3g �{h9p m f�d l dJa9_�y{f � o�hcb a?}�y p �3f�d �&y p9hey{f�� hey m f2y pSf m hSf�d � dcp p9gia9_}�dJaednbkj � dJh  v-d g�f m f��&dJhedJaez!y{f�y pehey��Oa"o�aey{f�w!z2g � }�y{f�dnbsa?}�d _)��#�(�5Q�i(��8��,�,z�+e%*+�H.Ao�
  y p
he}�d*pedJh m � y{f � o�h�x m a ��p�4S� m a�xX}�y�� } he}�dJaed y pXgif�g � � d � hey{f�w � m z � o�h9gihey m f � gihe} y{f  ^54Gj]b
� #�� ���/���/� � � ¤P�6* �~��#3. �coz��='5�#3,N*`&-D�# "GD�C��'� % [
� �¡ªwP�Q�Z,�DJ�$ey_��H¥J&W*�
G,6_���"z" _ga �eI �B^ � j &h"�*W�Q�2"��6*PD�=2_)��#�(�5Q�i(��"ZD�C��'� � *W����*P,���#~oz�$.���,6&`.7�H.

o�
Uw 57�'&l#�(�����,'�7&l#y�'">&W#v*`&W�/� ��[
� �N¡ªwP�Q�d,�D��<e3_��H¥�&`*�
k,6_)��"z" _O],M �{L � ^ � j &l"v*W�Q�A"��6*:D�=A_���#7(�5 ��(��'"UD�C��'� � *W���J*:,���#©o��

.��H,6&-.��H.So�
bwQ5��&W#7(/�:��,'��&W#y�"M&l#v"BeQ��,z� �7[
� � ¡ªwP�Q�/,zD��<e3_���¥�&W*�
b,6_���"z" �{a �)I � ^ � j &h":*W�Q��"N�6*>D�=:_���#7(�5 ��(��"/D�C��'� � *W�Q�J*<,��J#ko�����,NK

,z�+ey*+��.~o�
/#3D�#y.��6*+�'�'��&l#L&l"'*`&-,�wQ5��'&l#7(/����,'��&W#y�"M&W#v*`&W��� �N[
�h��¡ªwP�Q�d,�D��<e3_��H¥�&`*�
k,6_)��"z" �g],M �{L ��^ � j &l"v*W�Q�A"N�N*�D�=q_���#7(�5 ��(��"dD�C��'� � *W���J*:,���#©o��

��,�,z� ey*+�H.qo�
�#yD�#3.��6*+�6���&W#L&h"6*`&`,]wQ5��&W#7(/�:��,'��&W#y�"M&l#A"BeQ��,� ��[

�3o�f�� hey m f3p � gif�� � giaed��Jg � �{d � �H�"ND�5���,z�G='57#3,�*`&`D�#L" p9y{f�� d he}�d�_�v m o�f�� aedcp m o�a � dcp m �z2g � }�y{f�dcp b � _ g � m z v�y{f3gih m aey g � aedcpeo��{hcx hey{z!dAw*gif�� p � g � dAw v m o�f��&d � � m z � �{dAi�y{h)_ � � g\p9pedcp
�Jgif v-d aed � gihed � b
� #,* *+
 
 � 	 	?' � -��!-�����#��
�  � � � � m w   � �� ����
 � �  ��
 � � � ��� ��� �  � �   � � � � �  ���� � � � �!� � �
� � 
 � � � � � � � � � � 
� � ��� � � � � � � 	 � �  � � ��� ��	� � � ��� �!� � � � � � � ��� � ��� 	 � 
�� � � ��� � � � � � �� �� � 4�� � ∗ � ��� � � ���
�!� ��� � � �  	�� � � � � � � 	 
 � � � ��� � 	 � � � � � � ^54Gj � � ���� � ��� �!� ��� � � �  	�� � � � � � � 	 
 � � � ��� �
	 � � � � � � �� � � � � � � ��� � ~

c·s(|x|) �
	 �



Chapter 3
L m z � �{dAi&y{he_$w he}�d m aedJhey��<� o�f���giz!dJf�h9g � p ~�`

	O�K���%'� �QdJh,� v-d�he}�d!f o�z v-dJa m �Xp9_ z v m � p m �?he}�dZx m a9^�y{f�w g � � }3giv-dJh m � �tx�xX}�dJaed!he}�dv�� gif^ p9_ z v m � y pBy{f�� �{o��&d � x3gif����{dJh 	!v-d�he}�d�f o�z v-dJa m �<peh9gihedcp m � �tb � dJh�4 � � ∗
b3a?}�d

}�dcg � m f(he}�d�x m a9^�y{f�w h9g � d l y pey{h9p gih�z m p9h � ^ � 4 � j � d � � p��&o�aey{f�w he}�d � m z � o�h9gihey m f � ^54Gj]b
� dJf�� dnx � m f y{f � o�h34 �Jgif � a m �&o�� d�gih z m p9h3� s(|x|) z2gif,_ � m fD�3w\o�a9gihey m f3p m �Qhe}�d{x m a9^�y{f�wh9g � dnx,xX}�y�� }�z2gT^ndcp � ^ � 4 � j�� � s(|x|) z2gif$_2p9y{heo3gihey m f3p m f he}�dQx m a9^ y{f�w h9g � d!^ he}�d � m fD�3w\o�a9g6whey m f m � he}�dOx m a9^ y{f�w!h9g � d�gif�� he}�d � m p9y{hey m f m �<he}�d }�dcg �-j]b3a?}�d }�dcg � m f�he}�d*y{f � o�hXh9g � d
�Jgif l y p9y{h?gihXz m p9h � 4 � � ~ � d � � pcb ] m x�he}�dJaed*giaed m f��G_�	��\^ � 4 � � ~nj�� � ^ � 4 � j�� � s(|x|) � ~ c·s(|x|)z2gif,_ p9y{heo3gihey m f3p � m p pey{v��{d �&o�aey{f�w he}�d � m z � o�h9gihey m f m � � m f y{f � o�h�4"xzxX}�dJaed � � 	
�&d � dJf��&y{f�w m f��G_ m f�� gif�� 	�b

� m x*x �{dJh � 8 � �
0
� ����� � �

r � �&dJf m hed g � m z � o�h9gihey m f � gihe} m � � ^54IjvxX}�dJaed � r

y p
he}�d g � � d � hey{f�w dJf���� m fD�3w\o�a9gihey m fQb �+�Xhe}�dJaed giaed�� ����$� � � ����� ��� � peo�� }(he}3gih � � � gif��
�

i

8
�
j

he}�dJf �
′
8

def

� �
0

� ����� � �
i

� �
j+1

� ����� � �
r � y p�g � p m g � m z � o�h9gihey m f � gihe} m � � ^54Gj]xhe}3gihBy p g � � d � hey{f�w3b � hZ� m � � m x p he}3gih�� ^54Gj }3g\p�gif�g � � d � hey{f�w � m z � o�h9gihey m f � gihe}mxXy{he} m o�hdJf�� m o�f�hedJaey{f�w he}�d!p9giz!d�pey{heo3gihey m f�hexXy�� dnb � _�he}�d � m f3pey��&dJa9gihey m f3p�giv m l dnxGhe}�d!peh9gihedJz!dJf�h

� m � � m x pcb

r d2dAi&hedJf�� he}�d �&dA�3f�y{hey m f m �?aedcp m o�a � dAw v m o�f��&d � � m z � �{dAi�y{h)_ � � g\p9pedcp h m pedJh9p m �?aedAwp m o�a � d2�`o�f�� hey m f3pcb � dJh�� �0� _ga �eI � �e_O],M �{L �����{a �)I � ���g],M �{L �	�|x\gif�� �{dJh��tv-d g pedJh
m �<aedcp m o�a � d��`o�f�� hey m f3pcb � _��<^�� j]x�x d �&dJf m hed he}�d � m z � �{dAi&y{he_�� � g\p9pXhe}3gih y p he}�d o�f�y m f m �he}�d � m z � �{dAi&y{h)_� � g\p9pedcp	�<^ �\j�xX}�dJaed ���
��b � pey{f�w�he}�dcp9d�w\dJf�dJa9g � �&dA�3f�y{hey m f3pcx%x d �&dA�3f�d
� m f�� aedJhed � m z � �{dAi�y{h)_ � � g\p9p9dcpcb � dJhOM m � �&dJf m hed�he}�d2pedJh m � � m �G_�f m z!y g � p y{f m f�d l giaey giv��{dnxgif�� �{dJh � ^ � m w&j �&dJf m hed he}�d pedJh m �P�`o�f�� hey m f3p m �"he}�d<� m aez � ^54Gj 8 � � � m w34 ���V� m a f3giheo�a9g �f�o�z v/dJa9p � gif���-b
� #�� ���/��������� � �'¡ �08

def

_O],M �{L � ^ � ^ � m w&jej [
� ��¡ � � 8

def

��],M �{L �B^ � ^ � m w�jej [
� � ¡ M 8

def

_ga �eI �B^lM m � j [
�h�J¡ �{M 8

def

�{a �)I ��^lM m � j [
���6¡ M3],M �{L � 8

def
_O],M �{L �B^lM m � j [

� �'¡ �{M ],M �{L ��8
def

��],M �{L �B^lM m � j [
� m a g � m z � �{dAi�y{h)_ � � g\p p�� x-he}�d ,6_���"z"VD�=c,zD��<e3_��6���6#^*W" m ��� x �&dJf m hed ��g\p � m � � x3y p he}�dpedJh m � � m z � �{dJz!dJf�h9p ^�xXy{he}1aedcp � d � h�h m � ∗

j m � � gif�w\o3giw\dcp�y{f�� b �/giz m o3p�p � d � y g � �Jg\pedcpgiaed he}�d � m z � �{dJz!dJf h�� � g\p9p9dcp � m � �tgif�� � m �{M b � h y p y{z!z!d �&y gihed(he}3gih��&dJhedJaez!y{f�y pehey��
� m z � �{dAi&y{he_ � � g\p9p9dcp giaed � � m ped �#o�f��&dJa h9gT^ y{f�w � m z � �{dJz!dJf h9p xXy b dnb{x he}�d�_ giaed he}�dJy{a m xXf
� � g\p9pedcp m � � m z � �{dJz!dJf h9p b a?}�dM� m � � m xXy{f�w!y{f�� �{o3pey m f3p?} m ��� b
��"�#f����#$* 
 �V0 	?'e��- �!-��%�K#��
� 	 � � 	(M 	 �QM 	(M3],M �{L � �

a?}�d�h)x m � m � � m xXy{f�w�d �|o�y l g �{dJf�� dcp2giaed x d � �ywS^�f m xXf1v�o�h2aed � o�y{aed�z m aed � m z � �{y��Jgihed �
� m f3peheaeo�� hey m f3pcb



�i�

��"�#f�%�K#$* 
���
 	 � 
 ���/���6" ��� � ��� �
M3],M �{L � 8 �{M ],M �{L � �

��"�#f�%�K#$* 
��Go 	?��* * #f�6*+
 � ��� o � ��� ���|#,-/# � �|.
	#,��&�� ��� �%p�� �
� �-8 � m � � �

a?}�d � m z � �{dAi&y{he_�� � g\p9pQM3],M �{L � � m f h9giy{f3p � a m v��{dJz2pBhe}3gih�giaed aedcg � �G_ }3gia � b � o�hQx d
xXy � �If�dJd ��� m z � �{dAi�y{h)_ � � g\p9pedcp he}3gih�^ � a m v3giv��G_3j � m f h9giy{f d l dJf }3gia �&dJa � a m v��{dJz2pcb � _ ~ Pol

x
x d �&dJf m hed he}�d pedJh m �P� o�f�� hey m f3p m � he}�d<� m aez ~ p � m a
 g � m �G_ f m z!y g �%�`a m z M m � b ] y{z!y � gia��G_|x~
2Pol y p �&dA�3f�d � g\p?he}�d�pedJh m �
� o�f�� hey m f3p ~ 2p � m a��g � m �G_�f m z!y g �%� a m z M m � b
� #�� ���/���/� � � � �¡ ����M 8

def

_ga �)I �B^ ~
Pol
j [

� �N¡ � ����M 8
def

�{a �)I ��^ ~
Pol
j [

� � ¡ ���QM ],M �{L ��8
def

_O],M �{L �B^ ~
Pol
j [

�h��¡ ~Kw � ����M 8
def

�{a �)I ��^ ~
2Pol j [

��"�#f�%�K#$* 
�� � 	?'e��- �!-��%��# �
M3],M �{L � 	 ����M 	 � ���QM 	 ���QM3],M �{L � 	 ~Kw � ���QM �

] y{z!y � giaSh m � m z � �{dAi&y{he_ � � g\p9pedcp x�x d �Jgif �&dA�3f�d��`o�f�� hey m f � � g\p9pedcpcb � dJh � v-d�g aedcp m o�a � d
� o�f�� hey m fQb�� _t� _O],M �{L �B^ � j]x,x d �&dJf m hed he}�d pedJh m �P�`o�f�� hey m f3p he}3gih �Jgif v-d�� m z � o�hed � v,_
aNo�aey{f�w!hea9gif3p �&o�� dJa9pXhe}3gih�x m a9^ y{f�p � g � d � b �Bf�y{z � m aeh9gif h p � d � y g � �Jg\ped*y p he}�d � � g\p9p����Sxhe}3gih y p he}�d pedJh m ���`o�f�� hey m f3p he}3gih��Jgif v-d�� m z � o�hed � v$_ � m wngiaey{he}�z!y��Uw p � g � dga"o�aey{f�w�hea9gif3p?w
�&o�� dJa9pcx }�dJf�� dv���"8 � _O],M �{L � ^ � ^ � m w&jej]bZ�3o�aehe}�dJa>�`o�f�� hey m f � � g\p9pedcp giaed �&dA�3f�d � � gihedJacb
� i�giz � �{dcpZ� m a � m f�� aedJhedV� o�f�� hey m f3p y{f�� � giaed�g ���&y{hey m f�gif���z o��{hey � �{y��Jgihey m f m �Sh)x m f o�z�wv-dJa9p y{f v�y{f3gia9_�aed � aedcpedJf�h9gihey m f � j ��� b � h d l dJf } m ����p g pehea m f�w\dJa aedcpeo��{hcb � _�� ������� x d
�&dJf m hed he}�d<�`o�f�� hey m f he}3gih � m z � o�hedcp he}�d � a m �&o�� h m �"g�w\y l dJf ped � o�dJf�� d m �"f o�z v-dJa9pcb a?}�dgiv�v�aed l y gihey m f peh9gif���p�� m a &`*+�'����*+�H.]�85�_)*`&®e3_a&-,��J*`&-D�# b
��"�#f�%�K#$* 
�� � 	�� #$.�.�# ��� -l-/#,�!��#f� 
 �!� � � � �<
�K�K�l���%����� ��� o 0�� �
�  ������ �!� � � ��� �

� #,* *+
 
 ��� 	 � 
 ���X���T" ��� � ��� �
�  � � � � m w ��� � � �)y��   �� ����
 � �  ��
 � � � ��� � � � �  � �   � � � � �  ���� � � � �!� � �
� � 
 � � � �
� � � � � �  � � ��� � � � � � � 	 � �  � ��� � � � �  � ����� ��� �!� � ��
 � � � ��� � � � � _O],M �{L � ^ � � � m w � j
��
�� � � ��� � � � � ���� �� � 4 � � ∗ � � ^54Gj 8t^ ����� ���&j � � ��� � �!� ��� � � � � ���
� � � �
	 � ��� � � ��� �
� � �� � �� � �
�  � � � � ��� � � �  � 
 �  �� � � � ����� 	 � � � � � � � �� 
 � �!� � �  � 
 �  �� � � � � �  	�� � � �
� � � 	 
 � � � ��� � 	 � � � � � � � ^54Ij �
	O������'� � dJh+4 � �

∗
x gif�� �{dJh � 8

def
� 4 �Nv/d he}�d��{dJf�w\he} m � 4Nb�� dJh��/8

def
� ^ � j gif��

� 8
def

� ^ � j]b r d<xXy � � �&dA�3f�d2gif(g �A_ � �{y�� w\a9g � } xX} m p9d l dJaehey�� dcp � m aeaedcp � m f�� h m � giy{a9p m �he}�dZ� m aez ^ � �7!Nj xX}�dJaed � y p g � m fD�3w\o�a9gihey m f m ��� ^54Ij<gif���! � �(b � l dJa9_ � m fD�3w\o�a9gihey m f
�&dcp � aey{v-dcp g�pey{heo3gihey m f m � ��^54Gj*gif�� � m f3pey peh9p m � he}�d }�dcg � � m pey{hey m f m f he}�d�y{f � o�h h9g � d^�x dgxXy � �Qg �{hedJaef3gihey l d �G_�o3ped he}�d�� m aeaedcp � m f��&y{f�w �{dJhehedJa m �'4Gj]x&he}�d�� m f hedJf�h9p m �"he}�d x m a9^ y{f�w



Chapter 3
L m z � �{dAi&y{he_$w he}�d m aedJhey��<� o�f���giz!dJf�h9g � p � 	

h9g � dnx&he}�d }�dcg � � m pey{hey m f m f he}�d x m a9^ y{f�w�h9g � d*gif�� he}�d z2g � }�y{f�d � pXpeh9gihednb<_�d � dJf��&y{f�w m fhe}�d f o�z v-dJa m �"peh9gihedcp m ��� gif�� he}�d pey{uJd m � �#gif���he}�dgx m a9^ y{f�w h9g � d g � � }3giv/dJhcx&he}�dJaed y pg � m f3peh9gif h � peo�� }�he}3gih d l dJa9_	� m fD�3w\o�a9gihey m f m ����^54Gj �Jgif v-d�aed � aedcpedJf�hed �2o3pey{f�w � ^ � � 	 jv�y{h9pcb{] m x/he}�d*w\a9g � } �the}3gih{x d�xXy � � � m f3peheaeo�� h�xXy � �"}3g l d ~ c(r+1)
� � l dJaehey�� dcpcx3gif���he}�d�_

�Jgif v-d�xXaey{hehedJf� m xXf o3pey{f�w � ^ � � 	 j � � m w ��v�y{h9pcb
� m a he}�d pedJh m � gia �Jpcx l dJaehey�� dcp�� m aeaedcp � m f��&y{f�w!h m ^ �

1

�7!
1

j gif��(^ �
2

�7!
2

j giaed g �  eg � dJf�h
y)� gif�� m f��G_�y)��!

2

8 !
1

� 	 gif�� m f�d m � he}�d h)x m �Jg\p9dcp?} m ����p
^ 	 j pey{heo3gihey m f �

2

�Jgif�v-d m v�h9giy{f�d �b�`a m z pey{heo3gihey m f �
1

y{f#^ dAi&g � h��G_3j m f�d � m z � o�h9gihey m fpehed �
^ ~nj �

1

8 �
2

y p?he}�d*g � � d � hey{f�w�dJf���� m fD�3w\o�a9gihey m fQb
� dJf�� dnx/w\a9g � } � �Jgif v-d � m z � o�hed ��v,_ g/�`o�f�� hey m f�he}3gihBo3p9dcp m f��G_�p � g � d � � � m w �(b � _he}�y p �&dA�3f�y{hey m fQx-y{h�y p � �{dcgia�he}3gih � y p�g �A_ � �{y��\x/gif�� x-y)�Sf�dJd �&d � xGg�h m � m � m w\y��Jg � m a �&dJaey{f�w m �he}�d l dJaehey�� dcp m ��� �Jgif dcg\pey �G_ v-d m o�h � o�h	� �3a9peh�g � � l dJaehey�� dcp�xX} m p9d�� giv-d � p }3g l d*�2y{f�he}�dJy{aped � m f���� m z � m f�dJf hcx�he}�dJf g � � l dJaehey�� dcpzxX} m ped�� giv/d � p }3g l d�	 y{f�he}�dJy{aBped � m f���� m z � m f�dJf hcxgif�� p m!m fQb

� dJh
s
gif��

a
�&dJf m hed2he}�d l dJaehey�� dcp m ��� he}3gih � m aeaedcp � m f��(h m he}�d�o�f�y�� o�d�peh9giaeh�gif��g � � d � hey{f�w2dJf��� m fD�3w\o�a9gihey m f m � ��^54Gj]x�aedcp � d � hey l d �G_|b � f � giaehey�� o�� giacx3he}�d ped � m f���� m z � m wf�dJf�h9p m � he}�d � giv-d � p m �

s
gif��

a
giaed�� gif����(b� l dJa9_

s
�
a
w � gihe}�y{f � � m aeaedcp � m f���p�h m gifg � � d � hey{f�w � m z � o�h9gihey m f � gihe} m � � ^54Gj]x/gif�� l y�� d l dJa9p9g�b3a?}�y p � m aeaedcp � m f��&dJf�� d�y p 	Uw h m w 	^`g�v�y  d � hey m f/j]x�gif�� x d�� m f�� �{o��&d*he}�d��{dJz!z2g�b

� _����Sx�x d �&dJf m hed(he}�dv� m � � m xXy{f�w��`o�f�� hey m f � � g\p9pcb �3o�f�� hey m f$� y p� m f�h9giy{f�d �#y{f
���#y)� he}�dJaed�y p g�f m f��&dJhedJaez!y{f�y pehey�� � m wngiaey{he}�z!y��Uw p � g � dna"o�aey{f�w�z2g � }�y{f�d � x m a9^ y{f�w�y{f
� m �G_�f m z!y g � hey{z!d peo�� }�he}3gihcx^� m a d l dJa9_
4 � � ∗

x-he}�d f o�z v-dJa m � g � � d � hey{f�w � m z � o�h9gihey m f
� gihe}3p m ����^54Gj�y p�d �|o3g �?h m � ^54Gj]b � dJz!z2g �&b � dcpeh9giv��{y pe}�dcp�gif y{f hedJaedcp9hey{f�w � m f�f�d � hey m fv-dJh)x dJdJf���� w-�`o�f�� hey m f3p gif�� ��� w o�f�y)� m aez��`giz!y �{y{dcp m �"g �A_ � �{y��Bw\a9g � }3pcbX^la?}�y p hedJaez�y p f m fDwpeh9gif���gia � x&v�o�h y{h9p z!dcgif�y{f�w!y pXd l y��&dJf�h�xXy{he} he}�d�� m aez o�� gihey m f m � � dJz!z2g �&b ��bkj �?g\ped � m f
��� w-�`o�f�� hey m f3pcx,x d��&dA�3f�d h)x m �`o�aehe}�dJa � m z � �{dAi&y{he_ � � g\p9pedcpcb
� #�� ���/������� 	,p ¤P�N* � o��8��"N�6*�D�C��6� � [
� �'¡ � &h"d,�D�#^*B��&W#y�H.�&l# M � & =U��#y.�D�#L_
j& =b*W�Q�'���m������� ��� K�='5�#3,N*`&-D�# � ��#3.r��# ��� K

='57#3,�*`&`D�#��A"'5Q,6�S*W�Q�J*W� =6D��c�'C��'��
 4�� � ∗ � 4 � ����� � ^54Ij � � ^54Gj [
� ��¡ � &l"q,zD�#^*B��&W#y�H.�&W# L

=

� & =A��#y.�D�#^_�
m& =q*W�Q�'���U�����v� ��� Kx=5�#3,N*`&-D�# � ��#3.j��# ��� K
='57#3,�*`&`D�#��A"'5Q,6�S*W�Q�J*W� =6D��c�'C��'��
 4�� � ∗ � 4 � ����� � ^54Ij 8 � ^54Gj [
a?}�d m aey{w\y{f3g � �&dA�3f�y{hey m f m � M � y{f lnm � l dcp � a m v3giv�y �{y p9hey�� aNo�aey{f�w!z2g � }�y{f�dcpcx�gif�� y{h y p gpehea m f�w!aedcpeo��{h?he}3gih m o�a �&dA�3f�y{hey m f�y p?d � o�y l g �{dJf h*^`pedJd�� 	�� j]b

��"�#f����#$* 
 � � 	 � -l-�#$�!��#f� 
 �!��� ���l"�
��
 � � 	 ��� �<������� ��� � � ��� � 
 ��� 	���� � #,����#f� �
� 	D0�� �
� ��	�L

=

� 	(M � 	(M �



�\~

� � m z � �{dJhed �G_��&y��IdJaedJf h � a m v��{dJz � � g\p9p y p �&dA�3f�d � gih he}�d dJf�� m � he}�y p p9d � hey m fQb � f
�Jg\ped m � g �{w m aey{he}�z2pcx"g\pOx d2}3g l d2g �{aedcg �D_�z!dJf�hey m f�d � x � m z � �{dAi�y{h)_�gif3g �G_&pey p y p�v3g\ped � m fa9gif�� m z g � � dcp9pXz2g � }�y{f�dcpXy{f3pehedcg � m � a"o�aey{f�w!z2g � }�y{f�dcpcx3gif�� z m peh��G_ hey{z!d � m z � �{dAi&y{he_ y p
� m f3pey��&dJaed � b � _a&l#%�H���'K *`&W���$��_¢(�D��'&W*W��� y p<gif�g �{w m aey{he}�z ^�xX}�y�� }!y p<y{f�� g � hSg a9gif�� m z g � � dcp9pz2g � }�y{f�d jShe}3gihzx m a9^&p y{f hey{z!d � � y��]� m a p m z!d � m f3p9h9gif h � � 	\b � peo3g � �G_|x�he}�y p hey{z!d v m o�f��y p �&dJf m hed � g\p � ^5!Qj]b � f��Jg\ped m �"w\a9g � }�g �{w m aey{he}�z2pcx�he}�d y{f � o�h pey{uJd y p �&dJhedJaez!y{f�d � v,_�he}�df o�z v-dJa9p m � l dJaehey�� dcp�gif���d �&w\dcp m � he}�d�y{f � o�h w\a9g � }Qx gif���he}�dJaed6� m aednx �{y{f�dcgia hey{z!d8� m a gifg �{w m aey{he}�z m f2w\a9g � }3p y p �&dJf m hed �2g\p � ^5! ����j�� m a.!�gif���� he}�d f�o�z v/dJa9p m � l dJaehey�� dcpSgif��d �&w\dcp m � he}�d w\a9g � }Qx&aedcp � d � hey l d �G_|b


���
 �t#$���!�$� � �l-��/����#f.t
 �!� �|��* ��-�#|��# �������-�#$* .

� dcpey��&dcpBhe}�d!peheo��D_ m � y{f�� �{o3pey m f � a m � dJaehey{dcp m � � m z � �{dAi&y{h)_� � g\p9pedcpcxGhe}�d�aed � gihey m f3pe}�y � v-dAwhex dJdJf � a m v��{dJz2pSy p m f�d m � he}�d z2g  m aSh m � y��JpSy{f � m z � �{dAi�y{h)_ he}�d m a9_|b�a?}�d z m pehSy{z � m aeh9gif haed � gihey m f3pe}�y � aed � gihedcp�he}�d"� �&d � y pey m f y{f heaey��Jg � y{dcp � m � h)x m � a m v��{dJz2p!h m dcg � } m he}�dJacb a?}�df m hey m f m � �H��.�5Q,N&-o'&W_a&W*�
 y p y{f hea m �&o�� d � xGgif���he}�y p�f m hey m f �{dcg ��p�h m he}�d�f m hey m f m ��� m z � �{dJhed
� a m v��{dJz2p2� m a � m z � �{dAi&y{h)_ � � g\p9pedcp b

� v�y{f3gia9_ aed � gihey m f�� m l dJa he}�d pedJh m � peo�v3pedJh9p m � � ∗
y p �Jg � �{d � g �H�H.J5Q,6&Bo'&W_x&`*�
 xGy)�Sy{hBy p

aed��3dAi�y l d?gif��2hea9gif3pey{hey l dnxiy b dnb{x\y)� �Ey pSg � o3g\pey � giaehey g � m a �&dJa m l dJa he}�d � m x dJa pedJh m � � ∗
b r d

p9gK_2he}3gih�� ���H.�5 ,z�" h m ��y{f he}�d*pedJf�� d m � �*x�y)�'���"� b �+� � �"��g\p�x d � �Qg\p	� � � xDx dp9gK_ he}3gih(��gif���� giaed &l"6D���D��+e^��&-, xXy{he} aedcp � d � h h m aed �&o�� y{v�y �{y{h)_ �*b a?}�dJfQxfx d g � p m xXaey{hed
��� � x�xX}�dJaed���y p gif2g ��� a m � aey gihedBp9_�z v m � b � f!he}�y p<he}�dcpey pcx|x d g ��� �G_ hex m aed �&o�� y{v�y �{y{hey{dcpcxdcg � } m �!xX}�y�� } o3pedcp m f��G_ � m wngiaey{he}�z!y�� p � g � dnb a?}�dQ�3a9peh m f�d y p��&dA�3f�d � p9hea9giy{w\} h�� m a9x gia � �G_ b
� #�� ���/���/� � 	 	 ¤P�6* � �&� 	 �

∗ o��b*`9;Dqe3�HD�o'_��'�8"N[@?A�A"N� 
�*W����* � � ������" � ��� � �����
� � � �&% � ��( ��� ��( % "$% ��!#� % �£*BD � �].��'#yDJ*+�H.k��" � �

L
m

� �:& =v��#3.jD�#L_
£& =A*W�Q�6�H�U&l"v�
=5�#3,N*`&-D�# � ����� "5 ,'�A*W���J*W�y=6D����'C��'��
 4 � � ∗ � 4 �0� ��� � ^54Gj �0� [M�l= � �J#3. � �����
&h"ND���D��+e^��&-,M9!&W*W���H�'"Be �H,�*2*BD/���H.�5 ,6&-o6&l_a&W*�
 � L

m

��9T�G9!�&`*+� ���
L
m

� [

� m a � m f�� aedJhed � a m v��{dJz2p x|x d o3pedXaed �&o�� y{v�y �{y{hey{dcp!� m aSh)x m � o�a � m pedcpcb r d �Jgif p9} m x1he}3gihg w\y l dJf � a m v��{dJz�y p giz m f�w he}�d�}3gia �&dcpeh m � g � m z � �{dAi&y{h)_ � � g\p9pcxIgif�� x d �Jgif(pe} m x he}3gihg � a m v��{dJz y p � m f�h9giy{f�d � y{f g � m z � �{dAi&y{h)_ � � g\p9pcx pey{f�� d y{h2y p2f m h2}3gia �&dJa2he}3gif gif m he}�dJa
� a m v��{dJz m ��xX}�y�� } � m f h9giy{f�z!dJf�h<y{f�he}�d � m z � �{dAi&y{h)_ � � g\p9p y pSg �{aedcg �D_�^ f m xXfQb a?}�y p ped � m f��g ��� �{y��Jgihey m f � m dcp f m h g �Gx?g�_&p�x m a9^ � y{h"z o3peh v-d ^ f m xXf he}3gih he}�d aed �&o�� y{v�y �{y{he_ y p�� peo�y{h9giv��{d	�
� m a he}�d!y{f lnm � l d � � m z � �{dAi�y{h)_ � � g\p pcb�a?}�y p f m hey m f(y pM� m aez2g �{y{uJd �(g\p>� m � � m x pcb � dJh�� v-d�g
� m z � �{dAi�y{h)_ � � g\p pcxNgif�� �{dJh��tv-d g aed �&o�� y{v�y �{y{he_ b r d�p9gK_�he}3gih � y p ,6_�D�"N�H. o�f��&dJa �*xNy)� x
� m a d l dJa9_ � giy{a1� �&� m �Bpeo�v3pedJh9p m � � ∗

x y)����y p � m f�h9giy{f�d ��y{f�� gif��/� � � he}�dJf � y p
� m f h9giy{f�d � y{f � b
� #,* *+
 
 � � 	?' � -��!-�����#��
���  � � � 	 � 
	 � �!� � � � � �  ��� � � � � M � �{M ��� � M3],M �{L � � �� � �����  � 
 � � �� ����� � � � � ��� �
� �
� 	 � � 
� ����� � � �  �� � 
�� �������� ���!�



Chapter 3
L m z � �{dAi&y{he_$w he}�d m aedJhey��<� o�f���giz!dJf�h9g � p � �

� f�he}�y p � m f�hedAi�hcx3he}�d�f m hey m f m � � m z � �{dJhed � a m v��{dJz2pBf3giheo�a9g � �G_ g ��� dcgia9pcb � dJh �(v-d g
� m z � �{dAi&y{he_ � � g\p9pcx �{dJh�� v-dBg aed �&o�� y{v�y �{y{h)_|x\gif�� �{dJh3� v/d g � a m v��{dJz�b r dBp9gK_ he}3gih.��y p�� K
�����H. xXy{he}�aedcp � d � h"h m �*x y)�exN� m aQd l dJa9_ pedJh ��y{f � x � �"��b � fQ� m aez2g � �G_ p � m ^|dJfQx � y pNgih �{dcg\pehg\p }3gia �1^�xXy{he}(aedcp � d � h h m � j g\p d l dJa9_ � a m v��{dJz�y{f
� b �+� x g ���&y{hey m f3g � �G_ x �7y p�� m f h9giy{f�d �y{f � x�� y p�g
� K ,�D��<e3_��6*+� pedJhvxXy{he}#aedcp � d � h h m �*b ] y{f�� d�}3gia �&f�dcp9p gif�� � m z � �{dJhedJf�dcp9p
xXy � �Ng �Gx?g�_&p v-d*o3p9d � xXy{he}�aedcp � d � hBh m � m wngiaey{he}�z!y��Uw p � g � d*z2gif,_fw m f�d aed �&o�� y{v�y �{y{h)_|xDx d xXy � �pe} m aeh��G_ p � dcgT^ m � ��w }3gia �&f�dcp9p gif�� �%w � m z � �{dJhedJf�dcp pcb

� m a g � ��� m z � �{dAi&y{he_ � � g\p pedcp he}3gih g ��� dcgia y{f�he}�y p he}�dcpey pcx � m z � �{dJhed � a m v��{dJz2p giaed
^�f m xXfQb�� m a � a m l y{f�w � m z � �{dJhedJf�dcp9p m � g � a m v��{dJz�xGhe}�dJaed giaed hex m � m p9pey{v��{d�x gK_�p b � dJh �v-d*g � m z � �{dAi&y{h)_ � � g\p9pcx&gif�� �{dJh�� v-d�g � a m v��{dJz�b
^ 	 j ! f�d pe} m x p�he}3gih ��y p � m f�h9giy{f�d � y{f��#gif�� he}3gih he}�dJaed y p g�aed �&o�� y{f�wv� o�f�� hey m f�
#g

���H.�5 ,N*`&`DJ# 
�� a m z d l dJa9_ � a m v��{dJz y{f � h m ��x&y b dnb{x�pe} m xXy{f�w �%w }3gia �&f�dcp9p m � ��b
^ ~nj ! f�dBpe} m x pShe}3gih3�#y p � m f h9giy{f�d �2y{f ��gif��2he}3gihShe}�dJaed y p g � a m v��{dJz � he}3gih y ps^�f m xXfh m v-d �%w }3gia � gif���he}3gih aed �&o�� dcp�h m ��b���w }3gia �&f�dcp9p m �3�©� m � � m x pBv$_�hea9gif3pey{hey l y{h)_ m �he}�d y{f lnm � l d � aed �&o�� y{v�y �{y{he_|b
� h y p � �{dcgia he}3gihBz!dJhe} m � ^ ~nj �Jgif m f��G_ v-d�g ��� �{y{d ��y)�Sg2}3gia � � a m v��{dJz y pBg �{aedcg �D_h^�f m xXfQb
I�dJhe} m ��^ 	 j/y p �Jgiaeaey{d � m o�h v,_ �&dA�3f�y{f�w p m w �Jg � �{d � ����"6*+�'�!���H.�5 ,N*`&`DJ# " xKxX}�y�� } giaed<aed �&o�� hey m f3phe}3gih giaed o3peo3g � �G_ v3g\ped � m f� m z � o�h9gihey m f3pcb

� m a he}�d � m z � �{dAi&y{he_ � � g\p9p�� �Sx$x dBw\y l d he}�aedJd�^ m a � l d j � m z � �{dJhed � a m v��{dJz2pcx he}3gih giaedv3g\ped � m f w\a9g � }3pcbza?}�d (��H�e^�v��,�,z�""&Bo'&l_a&`*�
Ge3�HD�o'_��'������� y p he}�d pedJh m �Sheaey � �{dcp ^ ����� ���&j
xX}�dJaed �.y p g �&y{aed � hed �Ew\a9g � }�gif�� � m f�h9giy{f3p�g � ���fw � gihe}Qb a?}�d�y{f l dJa9ped � a m v��{dJz�x?he}�d
(��H�e^��&l#3��,�,z�""&Bo'&l_a&`*�
Ze3�HD�o'_��'��� � � x y p he}�d pedJh m �"heaey � �{dcp�^ ����� ���&jsxX}�dJaed � y p?g �&y{aed � hed �w\a9g � }�gif�� � m dcp f m h � m f h9giy{f g	� ���|w � gihe}Qb � dJz!dJz v/dJa"he}3gih dAi&y pehedJf�� d m � � gihe}3p"y{f �&y{aed � hed �w\a9g � }3p"y pQf m h d �|o3g �nh m � m f�f�d � hey l y{he_�|o�dcp9hey m f3pcb�� y{f3g � �G_|x he}�d ��,�
�,6_a&-,6#y�""Pe3�HD�o'_��'���	��
��y p?he}�d�pedJh m �<g �A_ � �{y��!^ �&y{aed � hed �-j w\a9g � }3p b
��"�#f����#$* 
 � 	Dp 	 � 
 ���X���T" ��� � ��� �
��� �!� � �
� � � � 	 �  ����

	O�K���%'� � dJh ^ ����� ���&j*v-d gif y{f3peh9gif�� d m � ��� b � dJh1! v-d he}�d f�o�z v/dJa m � l dJaehey�� dcp m �
��b � m a �&dJhedJaez!y{f�y{f�w xX}�dJhe}�dJa�� � m f h9giy{f3p g�� ���|w � gihe}Qx w\o�dcp9p xNpeh9giaehey{f�w�gih l dJaehedAi �Nx"gped � o�dJf�� d ^54

1

� ����� �74
n

j m � ! l dJaehey�� dcp p9o�� } he}3gih he}�dJaed y p gif gia �Z�`a m z�4
i

h m 4
i+1

� m a d l dJa9_
� �0��	 � ����� �7!

�
	 �|b � � � d � hXy)� gif�� m f��G_�y)�Nhe}�d*ped � o�dJf�� d � m f h9giy{f3p �/b ] y{f�� d he}�d �{dJf�w\he} m �he}�d y{f � o�hNy p gih �{dcg\peh !<x h)x m � m f3ped � o�hey l d l dJaehey�� dcp m �3he}�d w\o�dcp9ped � ped �|o�dJf�� d��Jgif v/d3xXaey{hehedJf

m f2he}�d�x m a9^�y{f�w*h9g � d o3pey{f�w m f��G_ � m wngiaey{he}�z!y��Bp � g � dnxngif�� g �  g � dJf��A_ �Jgif2v/d � }�d � ^nd ��g � p mo3pey{f�w m f��G_ � m wngiaey{he}�z!y�� p � g � dnb � dJf�� dnx ����� y pXy{f� � b
� m a!}3gia �&f�dcp pcx �{dJh � � � �Sx gif�� �{dJh � v/d�g f m f��&dJhedJaez!y{f�y pehey��ha"o�aey{f�w(z2g � }�y{f�d

g � � d � hey{f�w
�7y{f � m wngiaey{he}�z!y�� p � g � dnb _�o�d h m �QdJz!z2g �&b 	\xGhe}�dJaed�y p�g � m �G_ f m z!y g � �peo�� }he}3gihcx�� m a*d l dJa9_�4 � � ∗
x���^54Gj�� m f�h9giy{f3p�gif g � � d � hey{f�w � m z � o�h9gihey m f � gihe} y)� gif�� m f��G_y)� � ^54Gj � m f�h9giy{f3p gif�g � � d � hey{f�w � m z � o�h9gihey m f � gihe} m � �{dJf�w\he}�gih z m peh�"^ � 4 � j]b � ��� �G_ y{f�w

� dJz!z2g �&b ��x&he}�dJaed y p gif ��� w-�`o�f�� hey m f aedcg �{y pey{f�w!he}�d aed �&o�� hey m f~�`a m z�� h m ����� b



� �

� �%�K��-l-�
��& 
�� 	 	
� � � �!� � � � � � � 	 �  ����

	O������'� r d pe} m x he}3gih � � � y p � m f�h9giy{f�d � y{f � m � � b � dJh�^ ����� ����j v/d gif y{f3peh9gif�� d m �
� � � b a?}�d g �{w m aey{he}�z m ��a?}�d m aedJz �&b 	J�(pe} m xXy{f�w ��� � � � �Jgif1v-d o3ped � x gif�� x d
m v�h9giy{f � � � �� m � �Sb �Bf3g � m w m o3p?h m he}�d aed �&o�� hey m f y{f he}�d � a m m � m � a?}�d m aedJz �&b 	J��x � � �
y p � m � �!w � m z � �{dJhednx�gif�� }�dJf�� d�� ��w � m z � �{dJhed*g ��� �G_�y{f�wva?}�d m aedJz �&b �3b

r d m f��G_�aedJz2gia9^ he}3gih ����� gif�� � � � giaed � ��w � m z � �{dJhed d l dJf!y)�Ghe}�d�_�giaed aedcpeheaey�� hed �h m g �A_ � �{y���w\a9g � }3pcx�g\p he}�d � a m|m � m �Za?}�d m aedJz �&b 	J�1pe} m x p xBpey{f�� d y{h y p v3g\ped � m f�he}�d
� m f3peheaeo�� hey m f m �Sgif g �A_ � �{y�� w\a9g � }�y{f � dJz!z2g��&b ��bza?}�dcped�hex m � a m v��{dJz2pBgiaed �&dJf m hed ��g\p
������� ��� gif�� ������� � � � x�gif�� x d xXy � � o3ped he}�dJz � gihedJa�� m a � a m l y{f�w }3gia �&f�dcp p?aedcpeo��{h9pcb
��"�#f�%�K#$* 
�� 	D0 �	��
 � �!� � � � � � � 	 �  ����

	O������'� �QdJh � v/d gif�y{f3p9h9gif�� d m � �	� 
 � b � dJh2! �&dJf m hed*he}�d�f�o�z v-dJa m � l dJaehey�� dcp m ����b
� h } m ����p he}3gih���y p f m h g �A_ � �{y��Xy)�Ngif�� m f��G_!y)� he}�dJaed y p g ped �|o�dJf�� d ^54

1

� ����� �74
n+1

j m � ! � 	
l dJaehey�� dcp m ��� peo�� }�he}3gih ^54

i

�74
i+1
jXy p gif�gia � m � �§� m a d l dJa9_�� � ��	 � ����� �7!'�|b � m hed he}3gihcxy)�"peo�� } g�ped � o�dJf�� d�dAi�y peh9p x|y{h z o3p9h�� m f�h9giy{f g l dJaehedAi2hexXy�� dnx&gif�� � }3g\pXg �A_ � �{dnb � dJo3pey{f�whe}�d g �{w m aey{he}�z m �3a?}�d m aedJz �&b 	J��x/peo�� } g ped � o�dJf�� d �Jgif�v-dV� m o�f���y{f � m wngiaey{he}�z!y�� p � g � dnxgif�� �	��
�� �� m � � x&y b dnb{x �	��
 � �� � �&o�d h m a?}�d m aedJz �&b �3b

� m a }3gia �&f�dcp9p m � �	��
�� x �{dJh+� � � � b �QdJh� v-d g�aNo�aey{f�w�z2g � }�y{f�d g � � d � hey{f�w
he}�d � m z � �{dJz!dJf�h m ��� o3pey{f�w m f��G_�� m wngiaey{he}�z!y�� p � g � dnb+] o�� } g z2g � }�y{f�d dAi&y peh9p �&o�d h m
a?}�d m aedJz �&b �3b � ��� �{y��Jgihey m f m � �QdJz!z2gih9g �&b 	 gif�� �&b ��pe} m x p he}�d dAi&y pehedJf�� d m ��gif ��� w
� o�f�� hey m f he}3gih m o�h � o�h9pcx m f y{f � o�h34Nx�gif g �A_ � �{y�� w\a9g � } � gif�� l dJaehey�� dcp"� gif�� �!peo�� }�he}3gih
��}3g\p g�� ���|w � gihe}2y)� gif�� m f��G_�y)� � ^54Gj }3g\p gif�g � � d � hey{f�w � m z � o�h9gihey m f � gihe}Qx|y)�Igif�� m f��G_y)� 4 � m dcp?f m h v/d � m f�w!h m ��b � dJh � ′

dJz!dJaew\d>� a m z � v$_ g ���&y{f�w!gia ��^!� ���Gj]x�he}3gih � m dcp?f m hv-d � m f�w h m ��b a?}�dJfQx � ′
y p g �A_ � �{y�� y)� gif�� m f��G_�y)� � ′

� m dcp�f m h�}3g l d g$� ���|w � gihe}QxIy)� gif��
m f��G_�y)� � � m dcp f m h }3g l d g�� ���|w � gihe}Qx y)�?gif�� m f��G_ y)�34 � � b�a?}�d	�&dcp � aey{v-d � aed �&o�� hey m f
�Jgif v-d � dJa�� m aez!d � v,_ gif ��� w-�`o�f�� hey m fQb

I m aed � m z � �{dJhed � a m v��{dJz2pcx\dcp � d � y g � �G_G� m a he}�d � m z � �{dAi�y{h)_ � � g\p9p9dcp �QM�gif���M3],M �{L �Bx
xXy � �|v/d �&dA�3f�d �*y{f�he}�d�� m � � m xXy{f�w � }3g � hedJa9pcxKxX}�dJaed he}�d�_ giaed f�dJd �&d � b�I m peh m ��he}�d � a m v��{dJz2p
�&dA�3f�d � y{f M giaeh � �Sheo�aef m o�hXh m v/d�� m z � �{dJhedM� m a g ��� a m � aey gihed�� m z � �{dAi&y{he_ � � g\p9pedcpcb

� m a he}�d ped � m f�� aed �&o�� y{v�y �{y{h)_|x x d f�dJd �m�`o�f�� hey m f3p he}3gih �Jgif v-d � m z � o�hed � v$_(f m fDw
�&dJhedJaez!y{f�y pehey���� m wngiaey{he}�z!y��Uw p � g � d<a"o�aey{f�w�hea9gif3p �&o�� dJa9p b{�3o�f�� hey m f3p � m z � o�hed � v$_ f m f��&dAwhedJaez!y{f�y pehey��ma"o�aey{f�w hea9gif3p �&o�� dJa9pcx?} m x d l dJacx?g �Gx?g�_&p	�Jgio3ped � m fQ� o3p9y m fQx he}3gih y pnxX}$_1he}�d
f m f��&dJhedJaez!y{f�y pez y p pe}�y)�`hed � h m gif m a9g � �{dnb3] m xDx d v-dJw\y{f�v,_ �&dA�3f�y{f�w�aed � gihey l y{uJd ��^ f m f��&dAwhedJaez!y{f�y pehey�� j � m z � o�h9gihey m f3p b � f D��H��,6_��GwQ5��'&l#7(��:��,'��&W#y� � xXy{he} m a9g � �{d pedJh � y p"gQaNo�aey{f�wz2g � }�y{f�d?he}3gihSg ���&y{hey m f3g � �G_ }3g\p<g he}�y{a ��h9g � dnx\he}�d DJ����,N_�� h9g � dnx m fZxX}�y�� } ±65L�'�&B�" h m pedJh �giaed�xXaey{hehedJfQb a?}�d �|o�dJa9_ h9g � d y psxXaey{hedAw m f��G_|xngif���he}�d }�dcg � m �Ihe}�y p<h9g � d�pey{z � �G_�aeo�f3p!� a m z
�{d6� h h m aey{w\}�h!^ �{yG^ndG� m a he}�d m o�h � o�h�h9g � d m �3aNo�aey{f�w hea9gif3p �&o�� dJa9p j]b�� m a y{f hedJa9g � hey m fQxGhe}�dJaed



Chapter 3
L m z � �{dAi&y{he_$w he}�d m aedJhey��<� o�f���giz!dJf�h9g � p � J

giaed?he}�aedJd�� o�aehe}�dJa<peh9gihedcp m �Ghe}�d?z2g � }�y{f�d?v-dcp9y��&dcp<he}�d?o3peo3g ��peh9gihedcp	�Ng\p ^ y{f�w g �|o�dJa9_ x � o�dJa9_y p � m pey{hey l d �G_2gif3p9x dJaed � x$� o�dJa9_!y p f�dJwngihey l d �G_2gif3p9x dJaed � b �+� x �&o�aey{f�w g � m z � o�h9gihey m f m ���txhe}�dgx m a � m f he}�d �|o�dJa9_�h9g � d pe}3g � �Iv-d*g\p9^|d � x � w m dcpXy{f h m he}�d �|o�dJa9_ peh9gihednb � f he}�d f�dAi�hpehed � xIhe}�d � o�dJa9_�y p gif3p9x dJaed ���By)����y p he}�d�x m a � m f he}�d �|o�dJa9_�h9g � dnx�� � �ty p he}�d �|o�dcp9whey m fQb � w m dcp?y{f�h m he}�d g ��� a m � aey gihed gif3p x dJa?peh9gihednx � �{dcgia9p?he}�d m a9g � �{d h9g � d gif�� � m f�hey{f o�dcpy{h9pgx m a9^Gb � � aeo�� y g � � m y{f h y p�he}�d � m z � o�h9gihey m f(z m �&d�xX}�dJf w\dJf�dJa9gihey{f�w m a9g � �{d �|o�dJaey{dcp b
� � � m a �&y{f�w h m he}�d*aeo��{d*y{f�hea m �&o�� d ��v$_ � o�uJu m x�] y{z m fQx�a m z � g�x3he}�d*z2g � }�y{f�d�y pXaed �|o�y{aed �h m x m a9^ �&dJhedJaez!y{f�y pehey��Jg � �G_+xX}�dJf w\dJf�dJa9gihey{f�w(g � o�dJa9_|x y b dnb{x�� a m z he}�d pehed � xXaey{hey{f�w�he}�d
�3a9peh!p9_�z v m � m � he}�d m a9g � �{d � o�dJa9_ m f1he}�d � o�dJa9_ h9g � d h m he}�d�p9hed � xX}�dJf1he}�d � o�dJa9_�y p
g\p9^nd � � � � � b�a?}�y p aedcp9heaey�� hey m f y p m f��G_ m � y{z � m aeh9gif�� d�� m a m a9g � �{d a"o�aey{f�w z2g � }�y{f�dcp�he}3gih}3g l d m f��G_�g�p9z2g � ��x m a9^ y{f�w2h9g � dnx-y b dnb{x/y)�She}�d � o�dJa9_hx m a � �Jgif�f m hBv/d w\dJf�dJa9gihed � �3a9peh m fhe}�dgx m a9^�y{f�w h9g � d*gif�� he}�dJf pey{z � �G_ � m � y{d � h m he}�d �|o�dJa9_2h9g � dnb a?}�d hey{z!d�� m z � �{dAi�y{h)_ m �gif m a9g � �{dQaNo�aey{f�w z2g � }�y{f�d y p �&dA�3f�d ��g\p o3peo3g �-v,_ � m o�f�hey{f�w�he}�dBf o�z v-dJa m � � m z � o�h9gihey m fpehed � pcb�� m aBhe}�d p � g � d � m z � �{dAi&y{he_ m � m a9g � �{d�aNo�aey{f�w2z2g � }�y{f�dcp m f��G_ he}�d�x m a9^�y{f�w�h9g � d�y ph9gT^ndJf y{f�h m g � � m o�f hcb ! a9g � �{dOaNo�aey{f�w!hea9gif3p �&o�� dJa9pBgiaed��{yG^nd m a9g � �{d�a"o�aey{f�w!z2g � }�y{f�dcpcx&he}3gihg ���&y{hey m f3g � �G_ }3g l d g m f�dAwSx?g�_nxXaey{hedAw m f��G_ m o�h � o�hXh9g � dnb

] m x v$_ he}�d �&dA�3f�y{hey m f m � m a9g � �{d3a"o�aey{f�w hea9gif3p �&o�� dJa9pcx y{hNy p � �{dcgiaN} m x g ^ �&dJhedJaez!y{f�y pehey�� j
� m wngiaey{he}�z!y��Uw p � g � d m a9g � �{d�a"o�aey{f�w�hea9gif3p �&o�� dJa3x m a9^&p	� m f y{h9p3x m a9^�y{f�w�h9g � d m f��G_ � m wngiaey{he}Dwz!y��Jg � �G_�z2gif,_ � d � � p�giaed l y pey{hed � �&o�aey{f�w�g�� m z � o�h9gihey m fQxQgif�� he}�d �{dJf�w\he}3p m � �|o�dJaey{dcp�� mf m h � m o�f�hcb
� #�� ���/������� 	D0 ¤P�N* � o��]�M=5�#3,N*`&-D�#y[m?A�8"N� 
�*W�Q�J* � � � � � & =:��#3.SD�#^_�
~& =V*W�Q�'����&h"
��"N�6* � �� � ��#3.]��_�D�(��J�&`*W����&`,NKB"Be ��,z�VD�����,6_��~w 57�'&l#�(/*`�H��# "N.�5Q,�'� � "5 ,'�~*W�Q�J* � 9!&W*W�
D��H��,6_�� � ,zD��<e35�*+�'" � [

a?}�d �&dA�3f�y{hey m f m �*he}�dq�`o�f�� hey m f � � g\p pn� � � y p�z m hey l gihed �#v$_1gif#y{f�� �{o3pey m f aedcpeo��{h
� m a � � b���pedJh � y p y{f � NL

y)� he}�dJaed!y p�g pedJh � � � � gif��(g � m wngiaey{he}�z!y��Uw p � g � d m a9g � �{d
a"o�aey{f�wXz2g � }�y{f�d � peo�� } he}3gih�� xXy{he} m a9g � �{d3� �&d � y��&dcp � b
� f3g � m w m o3p��G_|xche}�d � m z � �{dAi�y{h)_
� � g\p9p �

P
y p �&dA�3f�d � xihe}3gih<g � � m x p"z m aed � m x dJa��`o�� m a9g � �{dXpedJh9p b�a?}�d � m z � �{dAi�y{h)_ � � g\p9pedcp � NLgif�� �

P
giaed g � p m �Jg � �{d �*he}�d _)Dz(����'&W*W����&-,6KB"+eQ��,z�cwQ5��&W#7(�,6_�D�"5����" m ��� � gif��OM x aedcp � d � hey l d �G_|b

� _ � � NL x�x d	�&dJf m hed!he}�d2pedJh m � � a m v��{dJz2p ��� m a xX}�y�� } he}�dJaed2giaed2g f m f��&dJhedJaez!y{f�y pehey��
� m wngiaey{he}�z!y��Uw p � g � d m a9g � �{d a"o�aey{f�w z2g � }�y{f�d � gif�� g p9dJh � �� � peo�� }�he}3gih���y p"g � � d � hed �v,_ � xXy{he} m a9g � �{d � b
��"�#f����#$* 
 � 	�
 �

NL
	 � � NL 	 � � 	 � P

	(M �

	O�K���%'� a?}�d��3a9peh gif��2he}�y{a ��y{f�� �{o3pey m f3p giaed � �{dcgiacx|p m he}3gih y{h peo�) � dcp h m pe} m xEhe}�d ped � m f��gif��v� m o�aehe} y{f�� �{o3pey m f3p b r d�v-dJw\y{f xXy{he}(he}�d!ped � m f�� y{f�� �{o3p9y m fQb � dJh � � � � NL b�a?}�dJfQxhe}�dJaed2y p*g�pedJh,�
� � �#gif�� g f m f��&dJhedJaez!y{f�y pehey�� � m wngiaey{he}�z!y��Uw p � g � d m a9g � �{dnaNo�aey{f�w�z2g6w
� }�y{f�d � peo�� } he}3gih�� xXy{he} m a9g � �{d ��g � � d � h9p+� b r d�� m f3peheaeo�� h�g�f m f��&dJhedJaez!y{f�y pehey��
� m wngiaey{he}�z!y��Uw p � g � d a"o�aey{f�w z2g � }�y{f�d � ′

he}3gih2g � � d � h9p � b � dJh 
1
gif���

2
v-d�f m f��&dAwhedJaez!y{f�y pehey���� m wngiaey{he}�z!y��Uw p � g � dOaNo�aey{f�w2z2g � }�y{f�dcp g � � d � hey{f�w�� gif�� � x�aedcp � d � hey l d �G_|b � dAwz!dJz v-dJa he}3gih�

2

dAi�y p9h9p �&o�d�h m a?}�d m aedJz��&b �3b ! f y{f � o�h�4Nx � ′
x m a9^&p g\p<� m � � m x p	� � ′v3g\pey��Jg � �G_�p9y{z o�� gihedcp�he}�d�x m a9^ m � � m f y{f � o�h 4Nb�� o�dJa9_�w\dJf�dJa9gihey m f(y p y{w\f m aed � b r }�dJf



�\�

� ^54Gj<g\p9^�p<g �|o�dJa9_|x��
′
^54Ij w\o�dcp9pedcp xX}�dJhe}�dJa he}�dBgif3p9x dJa<y p � _ndcp	� m a � f m �ngif���g � � m a �&y{f�w �G_pey{z o�� gihedcp 

1
m a�

2

b � m x d l dJacxihe}�d � o�dJa9_�x m a ��}3g\p<f m hs_ndJh v/dJdJf2w\dJf�dJa9gihed � b r }�dJf�d l dJa


1
m a�

2

x?gif h9p h m aedcg � g p9_�z v m � m �Qhe}�d�|o�dJa9_Zx m a � x � ′
w\dJf�dJa9gihedcp he}�y p?p9_ z v m � b a?}�y p

�Jgif v-d�� m f�d y{f � m wngiaey{he}�z!y�� p � g � dnx&pey{f�� d � ^54Gj3x m a9^&p m f��G_ y{f � m wngiaey{he}�z!y�� p � g � dnb � m hedhe}3gihXhe}�d�pey{z o�� gihey m f��Jgif�f m hBg �Gx gK_&p?v-dJw\y{f xXy{he} he}�d�p9h9giaeh pey{heo3gihey m fQx�pey{f�� d � o�dJa9_ w\dJf�dJa?wgihey m f z2gK_�v/d�g ��g � hey l dnx-y b dnb{xGy{h z2g�_�&d � dJf�� m f � aed l y m o3p��|o�dJaey{dcpcb a?} m o�w\}QxGy{h peo�) � dcph m pey{z o�� gihed�� o�dJa9_ w\dJf�dJa9gihey m f£� a m z he}�d v-dJw\y{f�f�y{f�w m �?he}�d g � heo3g � � o�dJa9_�w\dJf�dJa9gihey m f m �
� ^54Gj]b a?}�d � m aeaedcp � m f��&y{f�w � m fD�3w\o�a9gihey m f �Jgif2v/d p9g l d � y{f	� m wngiaey{he}�z!y�� p � g � dnb � h<y p � �{dcgiahe}3gih<dJy{he}�dJaShe}�dBpey{z o�� gihey m f m ��

1
m aShe}�dBp9y{z o�� gihey m f m ��

2

dJf���p xXy{he} g � � d � hey m fQx|gif��!he}�dpey{z o�� gihey m f m ��� ^54Gj<y p � m f�hey{f�o�d � m f��G_ m f g � � d � hey{f�w � m z � o�h9gihey m f � gihe}3pcb � f2h m h9g � x m f��G_
� m wngiaey{he}�z!y���p � g � d y p o3p9d � x/}�dJf�� d�� ′

y p g f m f��&dJhedJaez!y{f�y pehey�� � m wngiaey{he}�z!y��Uw p � g � dZaNo�aey{f�wz2g � }�y{f�d g � � d � hey{f�w�� b
a?}�d y{f�� �{o3p9y m f � P

	(M y p a9gihe}�dJa dcg\p9_|b � m hedXhe}3gih g � m wngiaey{he}�z!y��Uw p � g � d m a9g � �{d�aNo�aey{f�wz2g � }�y{f�d y p g � p m g � m �G_ f m z!y g �yw hey{z!d�z2g � }�y{f�dnb � dJh �� � P
b � dJh � v-d2g � m wngiaey{he}�z!y��Uwp � g � d m a9g � �{d�aNo�aey{f�w�z2g � }�y{f�dXgif�� �{dJh ��� M(p9o�� } he}3gih � xXy{he} m a9g � �{d��#g � � d � h9p � b � dJh

 v-d?g � m �G_ f m z!y g �yw hey{z!d�a"o�aey{f�wBz2g � }�y{f�d��&d � y��&y{f�w���b r d � m f3peheaeo�� h"g � m �G_�f m z!y g �yw hey{z!d
aNo�aey{f�w z2g � }�y{f�d��

′
he}3gih �&d � y��&dcp(� b ! f y{f � o�h34Nx �{dJh � ′

pey{z o�� gihed���^54Gj]x$xX}�dJaed m a9g � �{d
�|o�dJaey{dcp giaed�xXaey{hehedJf�y{f!g ped � gia9gihedXgiaedcg m �/he}�dzx m a9^�y{f�w h9g � dnb r }�dJf�d l dJa g� o�dJa9_*y p<g\p9^nd �h m he}�d m a9g � �{dBv,_��^54Gj]x � ′

y{f hedJaeaeo � h9p he}�d pey{z o�� gihey m f m ����^54Gj<gif�� pey{z o�� gihedcp he}�d{x m a9^
m �  m f he}�d �|o�dJa9_ b ] y{f�� d ��^54Gj �Jgif w\dJf�dJa9gihed gih z m peh � m �G_�f m z!y g � �G_�z2gif,_ �|o�dJaey{dcpcx
pey{f�� d d l dJa9_ �|o�dJa9_(y p m � p9y{uJd � m �G_ f m z!y g � y{f he}�d �{dJf�w\he} m ��4Egif��$ y p g � m �G_ f m z!y g �ywhey{z!dta"o�aey{f�w�z2g � }�y{f�dnx"he}�d m l dJa9g � �Spey{z o�� gihey m fQxQy b dnb{x"he}�d � m z � o�h9gihey m f m � � ′

^54Gj]x"h9gT^ndcp
m f��G_ � m �G_�f m z!y g �Nhey{z!dnb �BdJf�� dnx � ′

y p y{f��&dJd ��g � m �G_�f m z!y g �yw hey{z!d�a"o�aey{f�w�z2g � }�y{f�dnx-gif��
� �hM b

a?}�y p � a m|m � g � p m pe} m x p�he}3gih � � � w-�`o�f�� hey m f3p �Jgif v/d � m z � o�hed ��v,_�f m f��&dJhedJaez!y{f�y p?whey�� � m wngiaey{he}�z!y��Uw p � g � dhaNo�aey{f�w(hea9gif3p �&o�� dJa9pcb � h�y p � �{dcgia!he}3gih!he}�dJaed z2gK_ v-d�f o�z!dJa m o3p
� m z � o�h9gihey m f � gihe}3p he}3gih � a m �&o�� d2gif m o�h � o�hcxGv�o�h he}�d�_ g � � � a m �&o�� d he}�d!p9giz!d m o�h � o�hcb
a?}�d>� o�f�� hey m f� � g\p9p�� � � x g\p � m f3pey��&dJaed � v,_��� � l giaedJunx �?g �����giucgiacx�q\dJf�f�dJacx�gif�� he}�d�_ wng l d
� o�aehe}�dJa � }3gia9g � hedJaey p9gihey m f3p m � he}�y p � � g\p9p,� ��� b

� _�o3p9y{f�w{� � � xKx d �&dA�3f�d gBf m f��&dJhedJaez!y{f�y pehey��Sgif3g � m w\o�d m ��� m wngiaey{he}�z!y��Uw p � g � d z2gif,_fw
m f�d aed �&o�� y{v�y �{y{he_ b
� #�� ���/���/� � 	$
 ¤P�6* ���&� 	 � ∗ o��$*`9;D2ey��D�o6_��'�8"�[:?A�2"N� 
G*W���J* � ( ��(�� % � %�"�� �)( �)��� � �
� ������" � ��� � ����� � � ��� % � ��(�� � ��( % "$%���!#� %���*BD � ��.��'#yDJ*+�H.q��" ��� NL

m

� �T& =8��#y.SD�#L_
]& =
*W�Q�'���c&h"G�Z='5�#3,N*`&-D�# � � � � � "5 ,'�q*W���J*W� =ND��V�'C��'��
 4 � � ∗ � 4 � � ��� � ^54Gj � � [
� #,* *+
 
 � 	$o � � �!��� �����  � 
 � � �� � � � �  ���� � � � �!� � �
� ����� � � � � ��� �
� �
� 	 � �  � ��� � � � �  �� �
� 
�� �������� ���!�

	O������'� � dJh%� � � �Sx?gif�� �{dJh�� v/d g�p9o�v3pedJh m � � ∗
b � p9peo�z!d�he}3gih�� �

NL
m

� l y gaed �&o�� y{f�w£�`o�f�� hey m f#�"b � _Ehe}�d � a m|m � m ��a?}�d m aedJz �&b 	 �&xXhe}�dJaed y p g f m f��&dJhedJaez!y{f�y pehey��
� m wngiaey{he}�z!y��Uw p � g � dZaNo�aey{f�w hea9gif3p �&o�� dJa�� � m z � o�hey{f�w�� b r d �&dA�3f�d2g f m f��&dJhedJaez!y{f�y pehey��



Chapter 3
L m z � �{dAi&y{he_$w he}�d m aedJhey��<� o�f���giz!dJf�h9g � p ���

� m wngiaey{he}�z!y��Uw p � g � d m a9g � �{d�a"o�aey{f�w z2g � }�y{f�d � g\p
� m � � m x p	��� m f�y{f � o�h 4�p9y{z o�� gihedcp � ^54Gj]xgif��(y{f3pehedcg � m �zxXaey{hey{f�w he}�d m o�h � o�h m � � ^54Gj m f�he}�d m o�h � o�h�h9g � dnx � xXaey{hedcp�y{h m f he}�d
� o�dJa9_!h9g � dnb � f he}�d � g\p9h v�o�h?ped � m f���pehed � x � g\p9^&pShe}�d�|o�dJa9_|x|gif���y{h?g � � d � h9p y)�Ngif�� m f��G_y)� he}�d �|o�dJa9_�y p � m pey{hey l d �G_�gif3p9x dJaed � b�Bpey{f�w
�tg\p m a9g � �{d!pedJhcx ��}3g\p�v-dJdJf(pe} m xXf�h m v-dy{f� � NL xDxX}�y�� } y p d �|o3g � h m � � �&o�d*h m a?}�d m aedJz �&b 	 �&b



��j



��`



�n�

��������� �

� �/%��&��� �!�(��'��!�!��%�� �*���*����� �

XZ�-(�5�_����<_���#7(J5Q��(7�"MD�C��'�G�2��¥��H.��J_ e^�Q��o��6*;�J�H�<"��6*W">D�=<9;D��H.�">*W����*p�J�H�>&W#3.�5 ,N*`&WC��'_
�.7�W��#y�H.7�
wP�Q�:�'�<ey*�
]"N�6*���#3.]"'&l#�(�_��N*BD�#U"N�6*W"8,zD�#^*B��&W#L&W#7(~D�#L_
/_��6*-*+�'�";=�HD���*W�Q����_ e^����oz�6*Z�����8�H�B(�57K
_)�J�8_���#7(J5Q��(7�"N[��l=89T�8�Q��C��/*`9;D~�H�B(�57_�����_���#7(J5Q��(7�"z�$*W�Q�6&l�857#^&`D�#u��#3.A,zD�#3,��J*+�6#3�J*`&-D�#������
�H�B(�57_����G_���#7(J5Q��(7�"c��"�9T�'_l_P��"<Fc_����'#y�c&`*+�'����*`&`D�#bD�=M�H�B(�57_����G_���#7(J5Q��(7�"N[Z{^5 ,'�q.��"6,N�&�ey*`&-D�# "
�����c,��J_l_��H. aedJw\o�� giaXdAi � aedcp pey m f3p [;�'*�&h"c�:9T�6_l_aKBIi#yD�9!#c=N��,N*T*W���J*!���-(�5�_)�J�c_���#7(�5 ��(��"c������s57"'*
*W�Q�<_���#7(�5 ��(��"M*W���J*!,���#voz�G��,�,�+ey*+�H.~o�
2��#L&`*+�<�J5�*BD����J*B�7[cwLDc(��6*���#S&-.��H�2��#^&W*+�M��5Q*BD����J*B�
,���#mo��8,�D�# "'&`.7�'�H��.bw 57�'&W#7(�����,6��&l#%�"M*W�Q�J*�57"N�c#3D:"BeQ��,��D�#v*W�Q�c9;D��Ii&W#7(�*B�'e ��[

{3*BD�,'IE����
��6�~��#y.U�b��
��'�~9T�'���~&W#^*+�'���"'*+��.b&l#¯*W�Q�q,�DJ�$ey5�*B�J*`&-D�#3�J_2,�D��<e3_��H¥�&`*�
£D�=~*W�Q�
e3�HD�o'_��'�8�y(�&WC��'#q�V�H�-(J57_����M��¥e3���"z"'&`D�#q��#y.V�c9;D��H.���&l"�*W� �Z9;DJ��.�,�D�#3*B��&l#%�H.G&W#~*W�Q�$_)��#�(�5Q�i(��
.��"N,6�&Bo��H.�o�
:*W�Q�G�H¥'e3�H�'"z"&-D�#y[��'*p*`5��#y��./D�5Q*!*W���J*p*W��&l"�e3�HD�o'_��'�Y&l"$�����H.���#y.�o��H,�D��/�"V�'C��'#
�����H.��'�]& =�='57�6*W�Q�'��De �'�H�J*`&-D�# "]�����~��_W_)D�9T��.v"5 ,'����":"6±N5Q���'&W#7(��<9p�7&`,'�d&l"]��#���o�o'���'C�&-�J*`&-D�#
=6DJ�V,�D�#3,z�J*+�'#3�J*`&W#7(q��_���#7(J5Q��(7�89!&W*W�S&`*W"N�'_ =���������[��# "Bey&l���H.So�
S*W��&l"c*�
zeL�:D�=�e3�HD�o'_��'�8"z��*W�Q��

.��W��#%�H.T=5��'*W� �'��"6DJK ,���_W_��H.8�/�'�/o��'�"z��&�e�e3��D7o'_��6�V"P=ND��<D�*W�Q�'�>�'#^C�&l�HD�#L�/�'#3*W"N[��#S*W�Q�>,�D�#3*+�H¥J*
D�=�D�57�c,zD�# "&-.��'�H�J*`&-D�# "�
*W�Q�G��D�"'*p&W# �25 �'#y,6&`�J_%.��`��#L&`*`&`D�#L"Z9T�'�H�G�/�'�/o��'�"z��&�e/ey��D�o6_��'�8"p=6DJ�
&l#3*+�-(��'�m�H¥e3���""&-D�# "z�/*W�Q�J*������m�H¥e3���""&-D�# "v&W#ª*W�Q�v"6*�
�_��dDH=A���-(�5�_)���£�H¥'e3�H�'"z"&-D�# "U9p�Q�'���
57#^&`D�#L����.�.�&`*`&`DJ#~��#y.V,�DJ�$ey_��'�/�'#3*B�J*`&`DJ#U�+9!&W*W���H�'"Be �H,�*!*BDV*W� ��"��6*pD�=Z#3�J*`5��H��_L#L5��/o��'�"+¡V�����
�e�e3_a&B�H.M*BD>&l#^&W*`&-��_W_�
�"'&l#7(J_��6*BDJ#V"��6*W"2,�DJ#^*B��&W#L&l#�(>DJ#L_�
<#3�J*`5����J_�#L5��/o��'�"N[��#^*+�B(��'�Z�H¥e3���"z"'&`DJ# "



� 	

���+e3���"N�'#3*y"N�6*W"2DH=;#3�J*`5��H��_�#L5��/o��'�"N[�f 
M*W�Q�29;� 
��P��.�.�&`*`&`DJ#�D�=2*`9;D<"N�6*W"�D�=;#3��*`57�H��_�#^57�/o��'�"
&l"�.��`��#y�H.S�'_��'�/�'#^*`9!&l"N��[

f<��"N�H.�D�#b*W�Q�M9;DJ�zI�D�=>{3*BD�,'IE����
��6�c��#3.��d��
��'�z�!�b,zF��'#�46&B�G�J#3.m?q��(J#y�'�Vo'�HD���.��6#y�H.
*W�Q�$"��6*W"<D�=$#y�J*`57�H��_L#^57�/o��'�"�=ND��Z9p��&-,'�:�/�'�/o��'�"z��&�eUD�=<�M(�&WC��'#S#^57�/o��'�$"z���J_l_yoz��.��H,6&-.��H.7[
�# "6*+�H��.SD�=:.��W��#^&l#7(/"��6*W":o�
~&W#^*+�-(��6�:�H¥'e3�H�'"z"&-D�# "��*W� ��
~5�"��H.q���'&W*W�7���N*`&`,��J_p,6&W�H,657&`*W"c9p��&-,'�
e3�HD�C�&-.��V��#b�'C��'#v��D����>"'5Q,z,6&l#y,N*����+e3���"N�6#^*B�J*`&-D�#UD�=>"��6*W"�DH=>#y�J*`57�H��_%#L5��/o��'�"M9!&`*W�/���"BeL�H,N*
*BD>&W#^*+�-(��'�Z�H¥ey�H�""&-D�# "�[�}<#3.M�<"N�H,zD�#3.G��"+e �H,N*%9;��";��D�.�& �2�H.�[�f>�"'&`.��'"T*W�Q����_a���H��. 
M&W#LCED�_aC��H.
De �6���J*`&-D�# "�5�#L&-D�# ����.�.J&W*`&-D�#��J#3.V,zD��<e3_��6���6#^*B�J*`&-D�# ����_x"6Dc&l#^*+�6�z"��H,N*`&-D�#~�J#3.G��5�_a*`&�e3_a&`,z�J*`&`DJ#
D�=]"N�6*W"~9T�'���q,�DJ# "&-.��'���H.�[¯�b,zF��'#�46&B�S��#y.ª?q��(�#%�'�]&W#LC��'"'*`&�(��J*+�H.£*W�Q�q,�DJ�$ey_��H¥J&W*�
£D�=~*W�Q�
�/�'�/o��'�"z��&�e�e3�HD�o'_��'�8�%(�&WC��'#A�8#3��*`57�H��_L#L5��/o��'�M��#3.���#A���'&W*W�7���N*`&`,��J_3,6&W��,65�&`*�9p��D�"N�<&W#�e35Q*
C��'�6*`&-,z�"<�����$_)��oz�'_l_��H.V9!&`*W�8#3��*`57�H��_ #L5��/o��'�"Z�J#3.�9p��D�"N�Z&l#L#%�'��C��'�6*`&`,�"<�����$�J*-*B��,'�Q�H.V_���o��'_x"
='��D��¨*W�Q�$"N�N*pDH=<*W�Q����C��MDe �'�H�J*`&-D�# "z�
9p�Q�6*W�Q�6�<*W�Q�<#L5��/o��'�>&h"<,zD�#^*B��&W#y�H.8&W#S*W�Q�$"N�6*!.��`��#y�H.
o�
b*W�Q�S,6&W�H,657&`* � ��� �N[�wP�Q�S�J5�*W��DJ�z"�.J&h"6*`&l#7(J57&l"z�Q��.U�U#^57�/o��'�~D�=�,z��"N�"qo�
U�H�"6*`�&-,N*`&W#7(b*W�Q�
"N�N*pDH=>De �6���J*`&-D�# "<C��'�6*`&`,z�'"MD�=M,6&l�H,65�&W*W"������>_)�7o��'_W_��H.:9!&W*W���!��#3.�*W�Q��
�D�oN*B��&l#%�H.:,�D��<e3_��6*+�'#y�'"z"
���"5�_a*W"!=ND���9T�'_W_xK+Ii#3D�9!#b,�D��<e3_��H¥�&`*�
],6_���"z"��"M"5 ,'�q��" � � � �QM ��#3. M ],M �{L � [

�#d*W��&l"G"N�'�'&B�"z��D�57�V9;D��I���*W�Q�J*2&h"�e3���"��'#^*+�H.~&W#m*W��&l"�eQ���6*�D�=V*W�Q�:*W�Q�"&l"z���H¥J*+�'#3.�"8*W�Q�
e3���'C�&-D�57"G.7�W��#L&`*`&`DJ# "M��#y.]±65L�"6*`&`D�#L"N[/?A������&W#L_
:,zD�# "&-.��'�M"��6*W"cD�=M#3�J*`5����J_�#L57�/o��6�z"G*W���J*
������(��6#y�'�H�J*+�H.jo�
d&W*+�6���J*+��.£�e�ey_x&-,��J*`&-D�#rD�=>=5�#3,N*`&-D�# "�*BDb"N�N*W"~D�=�#3�J*`5����J_T#L5��/o��'�"N[©wP�Q�
���J*W�Q�'���J*`&-,���_Q"6*`�5 ,N*`5��H�>*W�Q�J*�=ND��'�:�J_l_
V.��W�;#y�"Z*W��&l"�ey��D�,�"z"$&l"<,���_W_��H.:� aed � o�aeaedJf hSp9_&pehedJz [
XZ�H,N57�'�H�6#^*T"�
�"'*+�'�8"c�����c&l# "+e3&W�H�H.~o�
]5�"'5Q��_��H��,657�'���'#3,z�"�[<g�D��G���H,65�����'#^*T"�
E"6*+�'�8"z��&B[l�i[)�L=ND��
"N�N*W"GDH=>#y�J*`57�H��_�#L5��/o��'�"G*W���J*;�����c�H� e3�H�'"N�'#^*+��.~o�
��H��,657�'���'#^*;"�
�"'*+�'�8"�
9T�G&l#^C��"'*`&�(��J*+�c*W�Q�
,�D��<e3_��H¥�&`*�
/D�=M*`9;D:*�
e �"GD�=;e3��D7o'_��6�V"��2(�&lC��'#U��#y�J*`57�H��_%#L5��/o��'�G��#3.����H��,657�'���'#^*;"�
�"'*+�'�8�
&l"$*W�Q�>#L5��/o��'�>,zD�#^*B��&W#y�H.8&W#S*W�Q�$"N�6*!*W�Q�J*�&l"2(��6#y�'�H�J*+�H./o�
�*W�Q�<"�
�"'*+�'�Y��='*+�6�<�e�e3_a&-,��J*`&-D�#qD�=
�/"Be ��,6& ���H.�#L5���oz�'�8D�=�&`*+�'�H�J*`&-D�#A"6*+�+e^"�2��#3.]&l"�*W� �<(J&lC��6#d#L57�/o��6�V,�D�#^*B�J&l#y��./&W#v"6D��/�G"N�6*
*W���J*�&l"M(7�'#y�'�H�J*+�H.U��=6*+�'������#L&`*+�V#L57�/o��6�:DH=V&`*+�'�H�J*`&`DJ#d"'*+�+e3"7°�wP�Q��"N�H,zD�#3.A±N5 �"6*`&`DJ#m��� 

o��V5�#3.��'�"'*BDiD�.S��"c*W�Q��±65L�"6*`&`D�#b9p�Q�N*W�Q�'�V�:(�&WC��'#b#L5��/o��'��,���#�o��M(��6#y�'�H�J*+�H.Ao�
�*W�Q�M(�&WC��'#
���H,65�����'#^*Z"�
�"'*+�'�/[£?A��.�DS#3DJ*Z,�D�#L"&-.��'��(��'#y�'�H��_!���H,65�����'#^*Z"�
�"'*+�6�V":o'5�*Z�H�"6*`�&-,N*�*W�Q��"N�6*
D�=pe D�"z"'&-o'_��>De �'�H�J*`&-D�# "<��#y.�"6*`5Q. 
8*W�Q�>,�D��<e3_��H¥�&`*`&-�'"<D�=$*W�Q�"��$�H�"6*`�&-,N*+�H.$ey��D�o6_��'�8"�[�{^&W��&l_����
*BDU*W�Q�/9;D��IqDH=��U,zF��'#�4N&-����#3.¯?q��(�#%�'�z�>9T�/9!&l_W_;��_x"6DUD�o6*B��&W#j,zD��<e3_��N*+�'#y�""��H�"'57_)*W"$=ND��
*W�Q�V,�D��<e3_��H¥�&`*�
],6_���"z"��" � � � �{M ��#3. M3],M �{L � [

wP�Q�G"'*`5 . 
]D�=G*W� �V,zD��<e35�*B��*`&`D�#y��_P,�D��<e3_��H¥�&`*�
�D�=G*W�Q�c�/�'�/o��'�"z�7&®e�e3�HD�o'_��'�8"G&l# "+e3&W�H�H.
*W�Q�:.7�W��#L&`*`&`DJ#dDH=T='57�6*W�Q�'�$e3�HD�o'_��'�8"8*W����*Z�e�e �H�J�:��"���5J¥�&W_x&-����
cey��D�o6_��'�8"2=6D��:.��6*+�6���&W#L&l#�(
,�D�#3*B��&l#^���6#^*�D��8�����H.�#y�"":D�=:�S�/�'�/o��6�z"��&®eve3�HD�o'_��'�/[U\�#y��D�=�*W�Q�"��>ey��D�o6_��'�8"���"zIi"2=ND��
#L5��/o��'�"2D�=�9;��_xI�";&W#�����o'&W*`�H����
>.�&W���H,N*+�H.Z(J���e3��"N[VwLD�D�o6*B�J&l#���.��H,N&h"'&`D�#<e3�HD�o'_��'�1.��W�;#L&W*`&-D�# �
9T�S,�DJ# "&-.��'��*`9;DUCE���'&`��#3*W"N�q&h"]*W� ��#L5���oz�'�~DH=/9;��_xI�"�D�=�(�&WC��'#�_��'#7(J*W�]=�HD�� �UC��'�6*+�H¥m*BD
��#3D�*W�Q�'�:C��'�6*+�H¥moHDJ57#3.7�H.mo��'_�D�9«o�
U�~(�&WC��'#j#L5��/o��'��MD��/&h":&`*>�H±65 ��_�*BDv�~(�&WC��'#j#L5��/o��'��[
wP�Q�8,�D��<e3_��H¥�&`*�
�D�=M"'5Q,6�Vey��D�o6_��'�8"�&l">"6*`5Q.J&-�H.���9p�Q�'���V9T�c.�&l"'*`&W#7(�5�&l"z�Soz�6*`9T���'#d5�#3����
]��#3.
o'&W#3����
:�H� e3�H�'"N�'#^*B��*`&`D�#dD�=�*W�Q�8±65L�'�'&-�H.]#L5��/o��'�"cD�=�9;��_xI�"N[



�|~



���

� "!
�����#f� o
� � : � @	� �<� :���6 = � @��(> � ��6 � 69> ; � � ;I@����9:"��8

r d xXy � �Bp9heo��D_ he}�d � m z � �{dAi&y{h)_ m � hex m h)_ � dcp m � � a m v��{dJz2p �h�3a9pehcx3x dmxXy � � y{f l dcpehey{wngihedp � d � y g �Sf o�z v-dJa?w m ��wSx?g �G^�p � a m v��{dJz2pcx ped � m f�� x�x dZxXy � ��� m f3pey��&dJa�g � a m v��{dJz g\p9^�y{f�w~� m a�gp m �{o�hey m f m �Sg pedJh m �<d �|o3gihey m f3p b ! o�aBf o�z v-dJa?w m ��wSx g �G^&p � a m v��{dJz2p v3g\pey��Jg � �G_ g\p ^ xX}�dJhe}�dJa
g�w\y l dJf �&y{aed � hed � w\a9g � } }3g\p!gih �{dcg\peh�g�w\y l dJf f�o�z v-dJa m �{x?g �G^�p m �Bw\y l dJf �{dJf�w\he}u� a m z
m f�d�h m gif m he}�dJa l dJaehedAiIbma?}�dcped � a m v��{dJz2p��3h�x d � � y{f�h m g�pedJaey{dcp m � � g\peh�x m a9^Ib �?h he}�dv-dJw\y{f�f�y{f�w3x he}�d w\a9g � } g � � dcp9p9y{v�y �{y{he_ � a m v��{dJz �Jgif v-d pedJdJfQx he}3gih g\p9^&pOxX}�dJhe}�dJa�g�w\y l dJf
�&y{aed � hed � w\a9g � } }3g\pXgih �{dcg\peh m f�dgx g �G^/� a m z m f�d h m gif m he}�dJa l dJaehedAiIb � m hed he}3gih?g �{dJf�w\he}y p f m h�p � d � yy�3d � b � f gif3g � m w m o3p�� o�dcpehey m f �Jgif�v/d g\p9^|d ��� m a o�f��&y{aed � hed ��w\a9g � }3pcx/gif��hx d
m v�h9giy{f he}�d � m f�f�d � hey l y{h)_ � a m v��{dJz�b � d � dJf h��G_ x � dJy{f�w m ��� pe} m x d �(he}3gih*he}�d � m f�f�d � hey l y{h)_
� a m v��{dJz y p l dJa9_2dcg\p9_txXy{he} aedcp � d � h?h m�m o�a � m z � �{dAi�y{h)_2z!dcg\peo�aedcp x|y{f~� g � h?y{h y p �&d � y���giv��{d
y{f�� m wngiaey{he}�z!y�� p � g � dnx&y b dnb{x�� m f�h9giy{f�d � y{f � � �i~�� b

�1f�o�z v/dJa m �Igio�he} m a9p peheo��&y{d �G�`o�aehe}�dJa � a m v��{dJz2p g\p9^ y{f�w<� m a p � d � y g �Dx g �G^&p y{f w\a9g � }3pcb
� f�dcgia��G_#aedcpeo��{h y p v$_ �Sg �{y gif hcb � d(y{f l dcpehey{wngihed �#he}�d � m z � �{dAi�y{h)_ m � � m z � o�hey{f�w1he}�df�o�z v/dJa m ��� p9d �)�/w g lnm y��&y{f�w � gihe}3p��/�`a m z m f�d�h m gif m he}�dJa p � d � yy�3d � l dJaehedAi�y{f �&y{aed � hed � g\p
x d � �Ig\p o�f��&y{aed � hed � w\a9g � }3pcb �Sg �{y gif�h	� p?f m hey m f m � ped �)��w g l|m y��&y{f�w � gihe}3p � m aeaedcp � m f���p?h m m o�a
�&dA�3f�y{hey m f m � � gihe}3p	�Ng ped �)��w g lnm y��&y{f�w � gihe}Qx m aNp9d �)�/w g lnm y��&y{f�w�x?g �G^�xXy{he} m o�a �&dA�3f�y{hey m f3pcx y pNg
x?g �G^ he}3gih l y pey{h9pNg l dJaehedAi gihNz m peh m f�� dnb �Sg �{y gif h"pe} m x d � he}3gihQ}�y p � a m v��{dJz2pQv m he} giaed �<M w
� m z � �{dJhed<xXy{he}�aedcp � d � h h m gif�g ��� a m � aey gihed aed �&o�� y{v�y �{y{he_/� j\~�� xGhe}3gih�y pBv3g\p9d � m f m o�a�� L

m

w
aed �&o�� y{v�y �{y{h)_|b � y �p9^�y{d�xXy�� unx ! w\y{}3gia9g�xKa m ��gXaedcpeheaey�� hed � �Sg �{y gif�h	� p � a m v��{dJz2pQh m p � d � y g �\w\a9g � }3pgif��(g\p9^nd �A� m a � gihe}3p2^`ped �)�/w g lnm y��&y{f�w x g �G^&p j m �?g p � d � yy�3d � �{dJf�w\he}QbZa?}�d�_ g � p m m v�h9giy{f�d �
�<M w � m z � �{dJhedJf�dcp9p aedcpeo��{h9p1� J � � b � y{f3g � �G_|x � � �{dJf��&dJacx � dJy{f�}3gia �&hcx � } m o � m f3pey��&dJaed � g �A_ � �{y��w\a9g � }3pSgif��!g\p9^|d �G� m a<he}�dXf o�z v-dJa m � � gihe}3pp�`a m z m f�dXh m gif m he}�dJa p � d � yy�3d � l dJaehedAi b ] y{f�� d
x?g �G^�p y{f g �A_ � �{y���w\a9g � }3p�� m f�h9giy{f(d l dJa9_ l dJaehedAi gih z m peh m f�� dnxNhe}�d�_(giaed2g �{aedcg �D_ � gihe}3pcb
a?}�d gio�he} m a9p p9} m x d �2he}3gih?g\p9^�y{f�w g � m x dJa v m o�f���w\y l dJf y{f o�f3gia9_2aed � aedcpedJf�h9gihey m f�� m a he}�df�o�z v/dJa m � � gihe}3p y p � � w � m z � �{dJhed � ~�� b ! o�a f�o�z v/dJa?w m �/wSx?g �G^&p � a m v��{dJz2p � m f3pey��&dJa{x?g �G^�p
m �"w\y l dJf��{dJf�w\he} v�o�h giaev�y{hea9gia9_ �&y{aed � hed � w\a9g � }3pcb

a?}�d*ped � m f�� h)_ � d m � � a m v��{dJz2p x3g\p9^�y{f�wV� m a g!p m �{o�hey m f m �<g2pedJh m � � m f�w\aeo�dJf�� d d �|o3g6whey m f3pcx �Jgif*v-d he} m o�w\} hNy{f3p � y{aed � v,_ he}�d�L }�y{f�dcped � dJz2giy{f��&dJa a?}�d m aedJz�b�a?}�y p��`o�f���giz!dJf�h9g �aedcpeo��{h�pe} m x pBhe}3gih g � � � m f�w\aeo�dJf�� d d � o3gihey m f3p m � g p9_�p9hedJz m � � m f�w\aeo�dJf�� d�d � o3gihey m f3p �Jgifpey{z o��{h9gif�d m o3p��G_�v/d2p9gihey p?�3d � xGy)� he}�d!z m �&o��{ySgiaed � giy{a9xXy p9d aed � gihey l d �G_ � aey{z!dnb �B� x d�aed � g6ihe}�d!aed � o�y{aedJz!dJf h m � aed � gihey l d �G_ � aey{z!d!z m �&o��{y x he}�d!dAi&y pehedJf�� d m � g p m �{o�hey m f�y p f m h w\o3gia?wgif�hedJd � b�a m � o�aehe}�dJa��G_� m z � �{y��Jgihed m o�a � a m v��{dJz�x�x d�g � � m x ped l dJa9g � � m p9pey{v��{d aedcpey��&o�dcp$� m ad l dJa9_�z m �&o��{dnb(a?}�d� m z � �{dAi&y{he_ m � he}�y p2gif��1gif1y{f�hedJaedcpehey{f�w aed � gihed � � a m v��{dJz xXy � �Xv-d
�&dJhedJaez!y{f�d � b

o � 	 �m��* � #$��� �%'�����
 - ��.Z
 �!� � ����#f��� �%'	� * 
D���K� � �������-�#$* .

� � � dcp pey{v�y �{y{he_�y{f w\a9g � }3pX}3g\p?v-dJdJf�p9heo��&y{d �/� m aXg � m f�w!hey{z!dnb a?}�d z m peh � m � o�� gia � a m v��{dJzy p?he}�d w\a9g � } g � � dcp9pey{v�y �{y{h)_ � a m v��{dJz�x�he}3gih?g\p ^�pT� m a he}�d dAi&y pehedJf�� d m � g � gihe} y{f�g �&y{aed � hed �



� �

w\a9g � }m�`a m z m f�d h m gif m he}�dJa�w\y l dJf l dJaehedAi b � � �{dJf��&dJacx � dJy{f�}3gia �&hcx � } m o aedcpeheaey�� hed ��he}�d
� � g\p9p m ��� m f3pey��&dJaed � w\a9g � }3p!v�o�h2dAi&hedJf��&d � he}�d � a m v��{dJz � he}�d�_ g\p9^nd ��� m a!he}�d f o�z v-dJa
m � � gihe}3pG� a m z m f�d2h m gif m he}�dJa�w\y l dJf l dJaehedAi m �Xgif g �A_ � �{y���w\a9g � } � ~�� b r d2dAi&hedJf��(he}�y p
� g\peh z!dJf�hey m f�d � � a m v��{dJz xXy{he} aedcp � d � hBh m hex m g\p � d � h9p	� x d � m f3pey��&dJa giaev�y{hea9gia9_�&y{aed � hed �w\a9g � }3p gif�� g\p9^�� m a he}�d�f o�z v-dJa m �!x g �G^&pcb � dJh �$8 ^�
��&��j v-d g �&y{aed � hed � w\a9g � }Qx�gif�� �{dJh
� gif�� ��v-d l dJaehey�� dcp m ����b �Bf�� � � K 9;��_�I m � �{dJf�w\he} ��y{f �ty pBg�p9d �|o�dJf�� d ^54

0

� ����� �74
k

j m �
l dJaehey�� dcp m � � xX}�dJaed�4

0

8 � gif�� 4
k

8 �?gif�� ^54
i

�74
i+1

j � �¯� m aSd l dJa9_ � �0� � � ����� � �
�
	 �|b

� m hed he}3gih l dJaehey�� dcp z2gK_ }3g l d!z o��{hey � �{d m � � o�aeaedJf�� dcp y{f he}�d p9d �|o�dJf�� dnb azx m � � � wSx g �G^&pgiaed d �|o3g �Iy)�<gif�� m f��G_ y)� he}�d�_ � m y{f�� y��&d y{f d l dJa9_ � m p9y{hey m fQb
M<a m v��{dJz �&dA�3f�y{hey m f3p
����� ^ �"jT� m a�� �0��	 �9~:� ^ f�o�z v-dJa m ��x?g �G^&p?y{f�g�w\a9g � }/j]b
���	��
������� ^ ��� � ��� ��� ����j3xX}�dJaed �$8 ^�
 �&� j y p g!pey{z � �{dg�3f�y{hed��&y{aed � hed � w\a9g � }Qx�� �����

 gif�� � ��� � %�x gif�� � y p!w\y l dJf1y{f v�y{f3gia9_ aed � aedcpedJf�h9gihey m fEgif���� y p�w\y l dJf y{f � w gia9_aed � aedcpedJf�h9gihey m fQb
��� ����
������ �Baed*he}�dJaed�� � ���fwSx g �G^&p m � �{dJf�w\he} � y{f � �
��� � � ^ �"jT� m a�� �0��	 �9~:� ^ f�o�z v/dJa m ��x?g �G^�p?y{f�g�z2gia9^|d � w\a9g � }/j]b
���	��
������� ^ ��� � � � ��� ��� ���&j�xX}�dJaed � 8 ^�
 �&� j�y p2g�p9y{z � �{dh�3f�y{hed �&y{aed � hed �1w\a9g � }Qx
� 	 
�x � ��� � 
 gif�� � ��� ��%�x gif�� ��y p w\y l dJf2y{f v�y{f3gia9_!aed � aedcpedJf�h9gihey m f�gif����2y p w\y l dJfy{f�� w gia9_ aed � aedcpedJf�h9gihey m fQb
��� ����
������ �Baed he}�dJaed���� ���fwSx g �G^&pSy{f �)dcg � } m ��xX}�y�� } � m f�h9giy{f�y{f�w�dAi�g � h��G_ � l dJaehey�� dcp
� a m z pedJh � �

� dJh � 8 ^�
��&��j2v-d g �&y{aed � hed �#w\a9g � }Qx gif�� �{dJh � 	 
 v-d�he}�d�p9dJh m ��z2gia9^nd �
l dJaehey�� dcp m � �!b �B� � y p�g�x g �G^ y{f � � m f�h9giy{f�y{f�w(dAi&g � h��G_ � z2gia9^nd � l dJaehey�� dcpcx x d�p9gK_he}3gih � y p�g � K �����zIJ�H. x g �G^(y{f ��bm�-a m z he}�d giv m l d � a m v��{dJz2p�x d �&dJaey l d he}�dJy{a �H¥���,N*
l giaey gif�h9p! ����� ^ �"j�gif��" �#� � � ^ �"j y{f he}�d�� m � � m xXy{f�w x?g�_��$ �#�%� ^ � j y p he}�d!pedJh m �heo � �{dcp!^ ��� � ��� ��� ���&jZ�`a m z �#�%� ^ � jQxX}�dJaed�he}�dJaed�giaed dAi�g � h��G_&� � ���|wSx?g �G^�p m � �{dJf�w\he} �y{f � ��g!pey{z!y � gia �&dA�3f�y{hey m f�} m ����p2� m a' ��� � � ^ �"j]b

�?h �3a9pehcx�x d�p9} m x�p m z!d y{f hedJaedcp9hey{f�w aed � gihey m f3p v-dJh)x dJdJf�he}�dcp9d � a m v��{dJz2pcb � dJh �v-d2gif ! w gia9_ � m m �{dcgifd� o�f�� hey m fQb r d2p9gK_�he}3gih � _)D�(����&`*W����&-,6KB"+eQ��,z�]*`�'5�*W��K *B��o'_��:���H.�5 ,z�"
h m � C�&-� � x �&dJf m hed ��g\p � �

L
h
heh � x y)� he}�dJaed y p gif ��� w-�`o�f�� hey m f�he}3gihcx m f4y{f � o�h
4Nx

m o�h � o�h9p	!�x m a ��p�6
1

� ����� �76
n

peo�� } he}3gih	4 ��� y)�<gif�� m f��G_ y)� � ^ �
B

^56
1

j � ����� � �
B

^56
n

jej.8 	\b
! v3pedJa l d he}3gihcxQ� m a d l dJa9_ � m m �{dcgifq�`o�f�� hey m fQx�� � gif�� M giaed � � m ped � o�f��&dJa��i&d �,w-� o�f�� hey m f
� m wngiaey{he}�z!y��Uw p � g � d!heaeo�he}Dw h9giv��{d2aed �&o�� y{v�y �{y{h)_|b�^l� yyi�d �,w-�`o�f�� hey m f � m wngiaey{he}�z!y��Uw p � g � d2heaeo�he}Dwh9giv��{d�aed �&o�� y{v�y �{y{h)_1y p g p � d � y g � �Jg\ped m ��� m wngiaey{he}�z!y��Uw p � g � d a"o�aey{f�w aed �&o�� y{v�y �{y{h)_|x?o�f��&dJa
xX}�y�� }�� � gif��hMEgiaed�� � m ped ���&o�d h m a?}�d m aedJz �&b 	 �&bkj
� #,* *+
 o � 	 �  � �/^54

1

�74
2

j 8
def

^54
1 (*)

4
2

j �,+ � � � �0��	 �9~:� �
- �/.  ����� ^ �"j � L

a
heh ����� ^ �"j �

-10 .  ��� � � ^ �"j � L
a
heh ��� � � ^ � j �



Chapter 4
a?}�d�� m z � �{dAi�y{h)_ m �<gioDi&y �{y gia9_ � a m v��{dJz2p � J

	O�K���%'�?r d � a m l d p9h9gihedJz!dJf h ^ 	 j m �3he}�d �{dJz!z2g
� he}�d � a m m � m ��p9h9gihedJz!dJf h ^ ~nj y pNgif3g � m w m o3pcb
� dJh ^ ��� � ��� ��� ���&j<v-d�gif�y{f3peh9gif�� d m �% �#�%� ^ � j]b ^ ��� � ��� ��� ����j �� ����� ^ �"jSy)� gif�� m f��G_y)� ^ ��� � ��� ��� ����j � ����� ^ �"j<gif���^ ��� � ��� � 	 ��� ����j �� ����� ^ �"j]b � ���&y{f�w g � m f3peh9gif�h<h m gf�o�z v/dJa �Jgif�v/d � m f�dBy{f � m wngiaey{he}�z!y��Bp � g � d$� m aSo�f3gia9_!g\p x d � �Gg\pSv�y{f3gia9_�f o�z v-dJa p9_�p9hedJz�b

�Eped � m f�� xigih��3a9peh w � gif�� d z m aed?peo�a � aey pey{f�w aedcpeo��{h aed � gihedcp"f�o�z v-dJa?w m ��wSx g �G^&p � a m v��{dJz2p
� m a z2gia9^nd � gif�� o�f�z2gia9^nd ��w\a9g � }3pcbZa?}�dJaed!y p*gif(y{z!z!d �&y gihed	�&y{aed � hey m fQxQhe}3gih x d � a m l d
�3a9pehcb
� #,* * 
 o �X0 �  � ���0��	 �9~:� �
- �/. �#�%� ^ �"j � L

m

��� � � ^ �"j �
-10 .  �#�%� ^ �"j � L

m

 �#� � � ^ �"j �
	O�K���%'� � h peo�) � dcp?h m � a m l d peh9gihedJz!dJf�h*^ 	 j ��peh9gihedJz!dJf�h ^ ~nj y p � a m l d � � m z � �{dJhed �G_ gif3g � m ww m o3pcb �QdJh ^ ��� � ��� ��� ����j v-d�gif�y{f3p9h9gif�� d m � �#�%� ^ � j]b � dJh 
 �&dJf m hed he}�d�p9dJh m � l dJaehey�� dcp
m � ��b � h�} m ����p he}3gih � y p g � ���|wSx?g �G^ m � �{dJf�w\he} �1y)� gif�� m f��G_1y)��y{h�y p g � ���|wSx?g �G^
� m f�h9giy{f�y{f�w(dAi&g � h��G_ ��� 	 l dJaehey�� dcpcb �BdJf�� dnx ^ ��� � ��� ��� ���&j�� ����� ^ �"j�y)� gif�� m f��G_ y)�^ ��� 
�� � � 	 ��� ��� ���&j � �#� � � ^ �"j]b

a?}�d m he}�dJa �&y{aed � hey m fQx3�`a m z he}�d z2gia9^nd ��h m he}�d o�f�z2gia9^nd � � a m v��{dJz l dJa9pey m fQx3f�dJd ��pg z m aed!p m � }�y pehey��Jgihed � � m f3peheaeo�� hey m fQb � h �Jgif v/d �&dcp � aey{v-d � g\p>� m � � m x pcb � h y p��&dJhedJaez!y{f�d �
xX}�dJhe}�dJa he}�d�f o�z v-dJa m � x g �G^&p�y p y{fD�3f�y{hednxQgif�� y)� f m h*g f�d�x7w\a9g � } he}3gih � aedcpedJa l dcp he}�df�o�z v/dJa m � x?g �G^�p"gif��OxXy{he} m o�h z2gia9^nd � l dJaehey�� dcp"y p � m f3p9heaeo�� hed � b�a m g � }�y{d l dShe}�y pcxKx d }3g l dh m �&d � y��&d�xX}�dJhe}�dJa g w\a9g � } � m f�h9giy{f3p g � dJaeh9giy{f�x?g �G^ m � w\y l dJf �{dJf�w\he}Qb�� dJh���8�^�
��&��jv-d�g �&y{aed � hed � w\a9g � }Qb{� m aBh)x m�l dJaehey�� dcp � ��� � 
�gif�� g�f�o�z v-dJa�� � %�x �{dJh �

G

v/d he}�d
�`o�f�� hey m f peo�� }(he}3gih �

G

^
� ���� � �3j �$� � ��	 � gif�� �

G

^
� ���� � �3j 8 	!y)� gif�� m f��G_ y)�Xhe}�dJaed2y p�g

� ���fwSx g �G^ m � �{dJf�w\he} � y{f ��b r y{he} �
G

xDx d g\p9p m � y gihed he}�d��&d � y pey m f � a m v��{dJz � � ��� he}3gihy pXhe}�d*pedJh m � heo � �{dcp�^ ����� ��� � �3j3xX}�dJaed �$87^�
��&��j y pBg �&y{aed � hed � w\a9g � }Qx � ����� 
!x � ��%y p w\y l dJf y{f v�y{f3gia9_(aed � aedcpedJf�h9gihey m f gif�� �
G

^
� ���� � �3j 8 	\b � m a gif g �A_ � �{y�� pey{f�w �{dAw p m o�a � dw\a9g � } ��8 ^�
 �&��jQx d �&dA�3f�d he}�d .�� ey*W� m � g l dJaehedAi#� m ����g\p he}�d �{dJf�w\he} m � g � m f�w\dcpeh

� gihe}m�`a m z he}�d p m o�a � d l dJaehedAi h m � y{f ��b � m hed he}3gih�g �A_ � �{y���p9y{f�w �{dAw p m o�a � d2w\a9g � }3p�giaed
� m f�f�d � hed � b��3_ � ���
�� x d �&dJf m hed he}�d�pedJh m �Sheaey � �{dcp�^ � ��� � � j�xX}�dJaed � 8 ^�
��&��jBy p gifg �A_ � �{y�� pey{f�w �{dAw p m o�a � d w\a9g � }Qx�gif������ 
t}3g\p �&d � he} ��y{f ��b
� #,* * 
 o ��
 � � ��� ��� � � ���
�� � �� � � � � �

	O�K���%'� � m a he}�d � m z � �{dAi&y{he_ m � � � ��� x �{dJh ^ ����� ��� � �3j v-d gif(y{f3peh9gif�� d m � � � ��� b�� dJh
� 8 ^!�

0

� ����� ���
k

j v/d g�� ���fwSx g �G^2y{f ��b �+� � � ^5! � 	 j
2
x d �Jgifn�3f�� g<x g �G^2pehea9giy{w\}�h�� m a?w

x?gia � �G_ v,_!peh9giaehey{f�wOxXy{he} � gif��!w\o�dcp9pey{f�w � � m f3ped � o�hey l d l dJaehey�� dcp b � m x*x �{dJh � � ^5! � 	 j 2 b
� dJh � � � � � ����� �7!

�
	 �(peo�� }�he}3gih he}�dJaed y p��� !

�
� gif�� �

r

8 �
r+d

b L m f3pey��&dJahe}�d l dJaehedAi ped �|o�dJf�� d�^!�
r

���
r+d

���
r+2d

� ����� ���
r+ed

j�xX}�dJaed �
�
� � � �

�
��� �Ib � m hedhe}3gih

� � !4gif��Ehe}3gih!he}�dJaed�giaed � �� ����	 � ����� � � �|x ��� �3x?peo�� }1he}3gih�� r+id

8 �
r+jd

b



�|�

a?}�dJfQx ^!�
0

� ����� ���
r+d

8 �
r

� ����� ���
r+d

8 �
r

� ����� ���
r+id

���
r+jd+1

� ����� ���
k

j�y p2g � ���|wSx?g �G^
m ���{dJf�w\he} � y{f ��b � hedJa9gihed � g ��� �{y��Jgihey m f m �Xhe}�y p*giaew\o�z!dJf h pe} m x p*he}3gih*he}�dJaed2y p�g�� ���|w
x g �G^ �

′
8 ^!�

0

� ����� ���
k

j3xX}�dJaed �
i

8 �
i

� m a g � � � �0� � � ����� ��� � ����gif����
r+jd

8 �
r

� m a g � �
� � � � � ����� �

���
!�� 	 �|bta?}�y p � }3gia9g � hedJaey p9gihey m f(w\y l dcp g f m f��&dJhedJaez!y{f�y pehey�� � m wngiaey{he}�z!y��Uwp � g � d?g �{w m aey{he}�z h m p m � l d he}�d � a m v��{dJz�b�� y{a9pehcx w\o�dcp9p l dJaehedAi�� m � ��gif�� � � ! gif�� l dJaey)�l_he}�d dAi�y p9hedJf�� d m �<g�x?g �G^(^��

0

� ����� ���
d

j3xX}�dJaed��
0

8��
d

8���b a?}�dJfQx l dJaey)�l_�he}�d�dAi�y pehedJf�� d
m � g x g �G^ ^54

0

� ����� �74
m

j{xX}�dJaed � � ! � ^5!
�
	 j � � � �%8 ! ��^ � � 	 j]x�� � � ^ z m � � j]xgif�� he}3gihXhe}�dJaed y p � � !(peo�� } he}3gih	4

i

8�� b
� m a?he}�d � m z � �{dAi&y{he_ m � � ���
�� x��{dJh�^ ����� � � j v/d�gif y{f3peh9gif�� d m � � ���
�� b � f f m f��&dAwhedJaez!y{f�y pehey�� � m wngiaey{he}�z!y�� p � g � dnx&y{h �Jgif v-d��&dJhedJaez!y{f�d � v,_ p9h9gif���gia � � a m � d �&o�aedcp�xX}�dJhe}�dJa

��y p*g�� m f�f�d � hed ��g �A_ � �{y��!pey{f�w �{dAw p m o�a � d!w\a9g � }Qb�� dJh � v-d2he}�d!o�f�y�� o�d2p m o�a � d l dJaehedAi m �
��b?_�dJhedJaez!y{f�d*he}�d � giaew\dcpehBf o�z v-dJa ��peo�� } he}3gih �

G

^
� �� � � �3j 8 	\x%xX}�y�� } �Jgif�v-d � m f�d�y{f

� m wngiaey{he}�z!y��!p � g � dvxXy{he} m a9g � �{d�g � � dcp p h m � � ��� b �B� he}�d	� giaew\dcpeh f�o�z v/dJa y p d � o3g �<h m �g � � d � hcx m he}�dJa9xXy ped aed  d � hcb a?}�y p�w\y l dcp�g f m f��&dJhedJaez!y{f�y p9hey�� � m wngiaey{he}�z!y��Uw p � g � d!g �{w m aey{he}�z
�&o�d h m a?}�d m aedJz �&b 	 �&b

��"�#f�%�K#$* o �Go �  � � �0��	 �9~:� �
- �/. ��� � � ^ �"j � NL

m

�#�%� ^ � j �
-10 .  ��� � � ^ �"j � NL

m

 �#�%� ^ � j �
	O������'�)r d �3a9peh � a m l d�peh9gihedJz!dJf�h ^ 	 j m � he}�d he}�d m aedJz �Bhe}�d � a m|m � m ��peh9gihedJz!dJf�h ^ ~njy p �&y p � o3p ped �Egih�he}�d dJf�� b � dJh ^ ��� � � � ��� ��� ���&j�v/d�gif#y{f3peh9gif�� d m � �#� � � ^ �"j]b � dJh
! 8

def

� 
 �"v/d he}�d f o�z v-dJa m � l dJaehey�� dcp m � ��b �B��he}�dJaed y p!g l dJaehedAi/4�� 
 peo�� } he}3gih^54 �74Gj ��� x-aed � � g � d he}�y p � m m � v,_ he}�d�x?g �G^(^54 �����74Gj�� m a�p m z!d*f�d�x l dJaehedAi�� b �B� � �� �he}�dJf g ��� g�f�d�x l dJaehedAi � ′ h m ��he}3gih�y p g �  g � dJf�h*h m d l dJa9_(peo�� � dcp9p m a m � �"x g ��� � ′ h m
� gif���y{f�� aedcg\ped � v,_ 	 ���

′
v/d � m z!dcpBhe}�d f�d�x p9h9giaeh l dJaehedAi b �B� ���� � he}�dJf g ����g2f�d�x

l dJaehedAi�� ′ h m �)he}3gih y p p9o�� � dcp9p m a m �Qd l dJa9_ � aed �&d � dcp9p m a m � �/x�g ���$� ′ h m � gif���y{f�� aedcg\ped��v$_ 	 ���
′
v-d � m z!dcp he}�d*f�d�x dJf�� l dJaehedAiIbz] m x xXy{he} m o�h � m p p m �<w\dJf�dJa9g �{y{he_ x d g\p9peo�z!d*he}3gih

� y p � m|m � w-�`aedJd*gif���� ��� ���tb
[G contains infinitely many k-marked u, v-walks.]� m aSd l dJa9_14�� � x �{dJh �

x

8
def

� � ^ � � � 4 � j]b � f m he}�dJa x m a ��pcx �
x

y pShe}�d�peo�v�w\a9g � } m � �
xX}�dJaed g � � l dJaehey�� dcp��`a m z � dAi�� d � h
� m a'42giaed �&d �{dJhed � b�� m a"d l dJa9_ � giy{a'4 � 	 � � m �/z2gia9^nd �
l dJaehey�� dcpcx �{dJh � ′

xz

�&dJf m hed*he}�d�pedJh m � l dJaehey�� dcp���� 
1� m a�xX}�y�� }�he}�dJaed�dAi�y peh gif�4 ����w � gihe}y{f �
x

gif���g	��� 	Tw � gihe}�y{f �
z

b � f m he}�dJa�x m a ��pcx � ′
xz

y pXhe}�d*p9dJh m � o�f�z2gia9^nd � l dJaehey�� dcp m �
��he}3gih g ��� dcgia m f ~Kw z2gia9^nd � 4 � 	6wSx g �G^&pSy{f ��b�� dJh �

xz

8
def

�
′
xz �
� 4 � 	 �|x|y)� �

′
xz

�8 � m a^54 � 	|j �0� � m he}�dJa9xXy ped �{dJh�
xz

8
def

�
′
xz

8 � b r y{he} m a9g � �{d�pedJh � � ��� y{h �Jgif�v-d hedcpehed �
xX}�dJhe}�dJa �

xz

y p*dJz � h)_|b ] o ��� m ped�he}�dJaed�giaed�4 � 	 � � peo�� }�he}3gih � � � ′
xz

� }3g\p�g �A_ � �{dnb
a?}�dJfQx�he}�dJaed giaed y{fD�3f�y{hed �G_2z2gif,_ ~Kw z2gia9^nd ��4 � 	6wSx?g �G^&p y{f ��bs] o�� } l dJaehey�� dcp 4�gif�� 	 �Jgifv-d�� m o�f�� y{f� m wngiaey{he}�z!y�� p � g � d xXy{he} m a9g � �{d*g � � dcp pXh m � � ��� b �B� he}�dJaed�giaed*g �

1

w z2gia9^nd �
� �74wSx?g �G^2gif�� g �

2

w z2gia9^nd ��	 ���|wSx?g �G^!peo�� } he}3gih �
1

� �
2

8 �!he}�dJf he}�dBy{f � o�h heo � �{d�z o3peh
v-d g � � d � hed � b+a m l dJaey)��_ he}�d dAi�y p9hedJf�� d m �Bhe}�dcp9dnx?g �G^�p�x d � m f3peheaeo�� h�w\a9g � } � ∗

xX}�y�� }



Chapter 4
a?}�d�� m z � �{dAi�y{h)_ m �<gioDi&y �{y gia9_ � a m v��{dJz2p � �

� m f�h9giy{f3pBg � m � _ m �Sd l dJa9_ l dJaehedAi y{f � gif���gia � ^  � �ij�� m aBh)x m2l dJaehey�� dcp� � � � � y)� gif��
m f��G_�y)���

pq

y p"f m h dJz � h)_|b�� m a� � � � � xX}�dJaed �
pq

�8 � x �{dJh�
′
pq

v-dXhe}�d �&y p  m y{f h o�f�y m f m �h)x m � m � y{dcp m � � ∗
xX}�dJaedXhe}�d l dJaehey�� dcp m �Ghe}�dz�3a9peh � m � _�}3g l d?y{f��&dAi 	zxX}�dJaedcg\p he}�d l dJaehey�� dcp

m �Qhe}�d ped � m f�� � m � _!}3g l dBy{f��&dAi ~ gif�� he}3gih�� m f�h9giy{f3p he}�d gia ��^ 
1

� �
2

j]b a?}�dJfQx � � m f h9giy{f3pg��$w z2gia9^nd ��� ���|wSx?g �G^ � m f�h9giy{f�y{f�w �gif�� � g\p � m f3ped � o�hey l d l dJaehey�� dcp�� a m z � y)�Sgif�� m f��G_y)� �
′
pq

� m f h9giy{f3p�g$�
1

���
2

wSx?g �G^ m � �{dJf�w\he} �Ib�� m a d l dJa9_ � giy{a m � l dJaehey�� dcp24 � 	 � � xX}�dJaed
� � �

′
xz

� � m f�h9giy{f3p g �A_ � �{d l dJaey)�l_hxX}�dJhe}�dJa �
′
xz

}3g\p�g �
1

���
2

wSx?g �G^ m � �{dJf�w\he} �Ibga?}�y p �Jgifv-d � m f�d*o3pey{f�w � � ��� g\p m a9g � �{dnb �+�Speo�� }�gvx?g �G^ }3g\pBv-dJdJfq� m o�f�� m o�h � o�hBp m z!d*d �{dJz!dJf h
m � �#�%� ^ �"j]b
[G contains only finitely many k-marked u, v-walks.]� dJh?y{h?v-d he}�d��Jg\ped�he}3gih f m peo�� }nx?g �G^2dAi&y peh9p ^`gif�� }3g\p v/dJdJf~� m o�f��-j]b � m a d l dJa9_ � giy{a�4 � 	
m � z2gia9^|d � l dJaehey�� dcp m � ��x �{dJh��

xz

dJz!dJaew\d�� a m z � � �
xz

� xX}�dJaednxQy{f �Jg\p9d m �(4��8 	�x gia �Jp
m � he}�d8� m aez2p�^�� �74Gj gif�� ^ 	 ����j giaed �&d �{dJhed � b �B� 4 �8�	 gif�� �

xz

y p f m h g �A_ � �{y��\x �{dJh �
xzv-d dJz � h)_|b �+� �

xx

��^�
�� � 4 � j y p f m h g �A_ � �{y��\x �{dJh �
xx

v-d dJz � h)_|bm� m a�d l dJa9_ � giy{a m �
l dJaehey�� dcp+4 � 	 � � x.4 �8 	�x �&dJhedJaez!y{f�d�he}�d�&d � he} m � 	 y{f �

xz

b � dJz!dJz v/dJa!he}3gihcx v,_
� m f3peheaeo�� hey m fQx��

xz

y p	� m f�f�d � hed � x?g �A_ � �{y�� gif��Epey{f�w �{dAw p m o�a � d ^ y)� f m h2dJz � h)_3j]b"� dJh2he}�d
z2g6i&y{z o�z l g �{o�d�v/d	�&dJf m hed � v,_-� ′ b<� m a�d l dJa9_ 4 � � x �&dJhedJaez!y{f�d�he}�d �&d � he} m � d l dJa9_
� aed �&d � dcp9p m a m ��4 y{f �

xx

y{f �
xx

��^�
�� � 4 � j]b � dJh�he}�d�z2g6i�y{z o�z v-d �&dJf m hed ��v,_0� ′′ b
� dJh � 8

def

z2g6i ���
′
� �

′′
� 	 �|b r y{he} m a9g � �{d g � � dcp p*h m � ���
�� x � �Jgif v-d �&dJhedJaez!y{f�d � y{f

� m wngiaey{he}�z!y�� p � g � dnb ! v3pedJa l d�he}�dM� m � � m xXy{f�w � � dJh � 8 ^��
0

� ����� ���
`

j v-d*g �$w z2gia9^nd � � ���|w
x?g �G^(y{f ��x<gif����{dJh�� 	 � � � ����� ����� peo�� } he}3gihcx�� m a�g � � � �$� � � ����� ��� �|x �

i

� � y)�Bgif��
m f��G_ y)� �����-b a?}�dJfQx!� m a � m f3ped � o�hey l d��

i

x �
j

x � �� ���/x ^��
i

���
i+1

� ����� ���
j

j y p!g�x?g �G^
y{f �

wiwj

^ aedJz!dJz v/dJaBhe}3gih�he}�dO�3a9peh �Jg\pednx � m f3pey��&dJaed ��y{f he}�d � gia9giw\a9g � } giv m l dnx-}3g\pBf m hv-dJdJf g ��� �{y��Jgiv��{d j]b r d2g ���(f�d�x l dJaehey�� dcp h m z2gT^ndZx g �G^&p v-dJh)x dJdJf l dJaehey�� dcp>� a m z � m �d � o3g � �{dJf�w\he}Qb�� dJh 4 � 	 � � b�� dJh 	
xz

dJz!dJaew\d:�`a m z �
xz

g\pM� m � � m x pcb 	
xz

� m f h9giy{f3p*g
� m � _ m � d l dJa9_ l dJaehedAi�y{f �

xz

b ^ r d2g ���A�`o�aehe}�dJa l dJaehey�� dcp gif��(gia �Jpcbkj � m a d l dJa9_ � giy{a m �
l dJaehey�� dcp �gif�� � xX}�dJaed!^  � �ij y p?gif gia ��y{f �

xz

x�y)� 4 �8�	 �&dJhedJaez!y{f�d he}�d��&d � he}3p m �  gif��
� y{f �

xz

x-y)��4�8 	2gif�� ���8$4 �&dJhedJaez!y{f�d he}�d �&d � he}3p m ���gif�� � y{f �
xx

� ^�
���� 4 � j]x-y)�
4%8 ��8�	��&dJhedJaez!y{f�dXhe}�d �&d � he} m ���y{f �

xx

�<^�
	�+� 4 � j]b�� dJh he}�d �&d � he}3p<v-d f�o�z v-dJa9p �
pgif�� �

q

x/aedcp � d � hey l d �G_|b �+� � �8 	�x �{dJh���8
def

�
q �

�
p �

	 �/y)� �18 	�x �{dJh�� 8
def

�
�
�
p �

	\b
� dJh36

1

� ����� �76
d

v-dBf�d�x l dJaehey�� dcpcb
� ���nx g �G^�^  �76
1

� ����� �76
d

� �ijSh m 	
xz

b ! v3pedJa l dXhe}3gih he}�dJaedy p�g 	Uw h m w 	 � m aeaedcp � m f��&dJf�� d v-dJh)x dJdJf he}�d
4 � 	6wSx?g �G^�p y{f �
xz

gif�� 	
xz

b � dJh 	 v/d he}�d
o�f�y m f m �Sg � � 	

xz

� m a�4 � 	 � � xX}�dJaed g � � � m � y{dcp m �<he}�d�p giz!d l dJaehedAi�� a m z � giaed�w �{o�d �
h m w\dJhe}�dJacb � m hed�he}3gih�	 y p g w\a9g � } p9y{z!y � giaSh m � ∗

x|he}3gih p9hey � � � m f h9giy{f3p y{fQ� m aez2gihey m f�giv m o�hhe}�d f o�z v-dJa m � x g �G^&pcb � h } m ����pBhe}3gih�he}�d �$w z2gia9^|d ��� ���fwSx g �G^&p y{f � � m aeaedcp � m f�� h m he}�d
� ���fwSx g �G^&p m � �{dJf�w\he}�� � ^ �

�
	 j<y{f 	 gif�� l y�� d l dJa9p9g�b 	 �Jgif�v/d � m z � o�hed �2y{f	� m wngiaey{he}�z!y��p � g � d o3pey{f�w m a9g � �{d�pedJh9p � � ��� gif�� � ���
�� b��BdJf�� dnx ^ ��� � � � ��� ��� ���&j � �#� � � ^ �"j y)�gif�� m f��G_ y)� ^ 	 � � � ^ �

�
	 j ��� ��� ����j � ����� ^ �"j]b � m hed he}3gih3� � ^ �

�
	 j �Jgif2v/d � m z � o�hed �!y{f

� m wngiaey{he}�z!y�� p � g � dnxipey{f�� d z o��{hey � �{y��Jgihey m f y p"gif���� w-� o�f�� hey m fQb � hNy p d l dJf � m p9pey{v��{d h m � } m|m ped
�!g\pXg � m x dJa m �<~&x$xX}�y�� } z2gT^ndcp z o��{hey � �{y��Jgihey m f heaey l y g � b r d � m f�� �{o��&d peh9gihedJz!dJf�h ^ 	 jSv,_
� dJz!z2g �3b �&b



�fj

� m a�p9h9gihedJz!dJf h ^ ~nj]x?y{h peo�) � dcp h m m v3pedJa l d�he}3gihcx?y)�*he}�dJaed giaed�y{fD�3f�y{hed �G_1z2gif$_ �$w
z2gia9^nd ��� ���|wSx?g �G^&pcxihe}�d y{f � o�h<z o3peh<v-dXaed  d � hed � b a?}�dXaedJz2giy{f�y{f�w*aed �&o�� hey m f!y pSgif3g � m w m o3ph m he}�d�� m f3peheaeo�� hey m f�giv m l dnb

r dS}3g l d<pedJdJf*he}3gihQy{hQv3g\p9y��Jg � �G_�peo�) � dcpQh m � m f3pey��&dJa m f��G_�he}�d � a m v��{dJz2p�� m aQo�f�z2gia9^nd �w\a9g � }3pcb a?}�dcped � a m v��{dJz2p giaed*g � p m aed � gihed � h m � a m v��{dJz2p2� m a � m x dJa9p m � z2giheaey�� dcpcb
M<a m v��{dJz �&dA�3f�y{hey m f
��� � ^ � j;� m a ���0��	 �9~:� ^ d �{dJz!dJf h m � g � m x dJa m � g�z2giheaeyyi3j]b
���	��
������� ^ � � � � � � � �� j{xX}�dJaed!he}�dJaed�y p�! � 	!gif�� � y p gif ! �-! z2giheaeyyi m l dJa�%�x
� � ��� ��x � �� � ��	 � ����� �7! �|b � � ��dJf heaey{dcp m � � gif���� x � gif�� �Egiaed w\y l dJfEy{f#v�y{f3gia9_aed � aedcpedJf�h9gihey m fQx�gif�� �2y pXw\y l dJf y{f�� w gia9_ aed � aedcpedJf�h9gihey m fQb
��� ����
������ ^ �

k
j
ij

� � �

] y{z!y � gia h m he}�d!f�o�z v/dJa?w m �/wSx?g �G^�p � a m v��{dJz2p x�x d2g � p m � m f3pey��&dJa*gif�dAi�g � h l giaey gif�h m �
��� � ^ � j]x&he}3gih y p �&dJf m hed � g\p  ��� � ^ � j gif�� m v�h9giy{f�d � v,_�pey{z � �G_�aed � � g � y{f�w � � � y{f he}�d
� a m v��{dJz �&dA�3f�y{hey m f m � ��� � ^ � j?v,_ � 8��{b a?}�d*aed � gihey m f3p m � ��� � ^ �"j gif��� ��� � ^ � j?h m
����� ^ �"j?gif��  ����� ^ �"j]x�aedcp � d � hey l d �G_|x&giaed*v3g\ped � m f g�aedcpeo��{h�� a m z w\a9g � }�he}�d m a9_|b � dJh
� 8 ^�
 �&� jBv-d�g �&y{aed � hed ��w\a9g � }Qb � dJh ! v-d�he}�d f o�z v-dJa m � l dJaehey�� dcp m � ��b � _�� � �-^ �*j
x d �&dJf m hed�he}�d%! �0!Ez2giheaeyyi � m l dJa � � ��	 �/� m aOxX}�y�� } } m ����p �

ij

8 	2y)� gif�� m f��G_ y)�^ � �� j � �ª� m a � �� �0��	 � ����� �7!'�|b�� � �-^ �*j y p �Jg � �{d � he}�d ��.Hs6��,�'#3,�
����J*`�'&�¥ m � ��b
� #,* *+
 o � � 	?' � -��!-�����#��
�  � � 8�^�
 �&� j�  � � � �� � �� � � � �
	 ��� �  � ! 8

def

� 
 �  �� �  � 
 �  �� � � � �� � �
�  � � ��� �
��� � �  � � � 	 ��� � � �� � ��	 � ����� �7!'� � �  � � 8

def
� � �-^ �*j   � � �� ��� � � �� � � � � � � � 	 � �

� ����� ��	� ^ �
k
j
ij

�!� � �  � 
 �  �� � � � �� � � � � � � � � � �� � � � � � � � �

	O������'� r d � a m l d he}�d2peh9gihedJz!dJf�h v$_�y{f��&o�� hey m f m l dJa �Ib�� m a ��8t��x�� k
8 �

0
y p he}�d

z2giheaeyyi � m f�h9giy{f�y{f�w 	 � p m f��G_ m f�he}�d z2giy{f�&y giw m f3g � x3gif�� he}�d*peh9gihedJz!dJf�hX} m ����pcb � m x*x��{dJhy{hSv-dBheaeo�d he}3gih ^ �
k
j
ij

y p<he}�dBf o�z v-dJa m ��� ���wSx g �G^&p m � �{dJf�w\he} ��y{f ��b a?}�dJfQxnhe}�dBf o�z v-dJa
m � � ���wSx g �G^&p m � �{dJf�w\he} � � 	 y{f � y p he}�d*peo�z m � he}�d f�o�z v/dJa9p m � � �� ′ wSx g �G^&p m � �{dJf�w\he} �y{f ��� m a*g � � � aed �&d � dcp9p m a9p�� ′ m � �3bn] m xNhe}�d2peh9gihedJz!dJf h>� m � � m x p v,_�he}�d �&dA�3f�y{hey m f m � he}�d
� a m �&o�� h � k

� � b

� #,* *+
 o � � �  � ������	 �9~:� �
- �/. ����� ^ �"j � L

m

��� � ^ �"j �
-10 .  ����� ^ �"j � L

m

 ��� � ^ � j �
	O������'� r d m f��G_ � a m l d p9h9gihedJz!dJf h ^ 	 j ��he}�d � a m m � m ��peh9gihedJz!dJf�h ^ ~nj y p�gif3g � m w m o3pcb
a?}�d � a m v��{dJz �#�%� ^ �"j�aed �&o�� dcp h m ��� � ^ �"j �&o�d h m �QdJz!z2g �3b J v$_ � m z � o�hey{f�w z2g6wheaeyyi�� � �/^ �*j]x!xX}�y�� }(y p � m p pey{v��{d2y{f � m wngiaey{he}�z!y��!p � g � dnb ] m x �{dJh ^ � � � ��� ��� ���&j�v/d�gif�y{fDw



Chapter 4
a?}�d�� m z � �{dAi�y{h)_ m �<gioDi&y �{y gia9_ � a m v��{dJz2p �f`

peh9gif�� d m � ����� ^ �"j]bsa?}�dJfQxI^ ��� � ��� ��� ����j y{f ����� ^ �"j y)�Ngif�� m f��G_!y)� ^ � � �/^ �*j � � ��� ��� ���&jy{f ��� � ^ � j]b � dJz!dJz v-dJaXhe}3gih l dJaehey�� dcp�� gif���� giaed f3giheo�a9g �Qf�o�z v/dJa9pcb
� m a he}�d�� m f l dJa9ped aed �&o�� hey m fQx �{dJh ^ � � � � � � � �� j v-d gif y{f3peh9gif�� d m � ��� � ^ � j]x�gif�� �{dJh

�#v/d he}�d�pey{uJd m �She}�y p y{f3p9h9gif�� dnb�L m f3pey��&dJa he}�d g �A_ � �{y���w\a9g � } �&d � y�� hed ��y{f�� y{w\o�aed �&b � � �
� ���fw gif�� � ����wSx g �G^&p?}3g l d he}�d p giz!d �{dJf�w\he}�gif�� he}�dJaed giaed dAi�g � h��G_ 	 � j 8 `�� ���|wSx?g �G^�p
gif�� 	c� � � �18 ji� � ����wSx?g �G^�p b ��a9g � }3p m � he}�dM� m aez m � �

6

x�g\p y{hXy p �&dJf m hed � y{f �"y{w\o�aed �&x
� � gK_�he}�d � dJf hea9g � � giaeh y{f m o�a�aed �&o�� hey m fQb �©� m aez2g � �&dA�3f�y{hey m f�y p g\p<� m � � m x p b � _ �

0

x d
z!dcgif�g2pey{f�w �{d l dJaehedAi x&gif�� �

s

y pXdAi�hedJf��&d � h m �
s+1

v,_�w �{o�dJy{f�w2h m w\dJhe}�dJaXhe}�d pey{f^ m � �
sxXy{he}!he}�d p m o�a � d l dJaehedAi 	 m �Ihe}�dXw\a9g � } �

1

8
def

^9��	 �9~ � � � ��� ��� ^ 	 �9~nj �c^ 	 � �nj �c^ ~ � � j �c^ � � � j � j]b
� m hed?he}3gih l dJaehey�� dcp"}3g l d h m v/d?aedJf3giz!d � b � dJh'!�8

def
�&y{z � x gif�� �{dJh � �&dJf m hed?he}�d �{dJf�w\he}

m � he}�d � giaew\dcp9h dJf hea9_�y{f � x y b dnb{x he}�d!f�o�z v/dJa m � v�y{h9p aed � aedcpedJf�hey{f�w he}�d � giaew\dcpeh dJf�hea9_ m �
�tb r d � m f3peheaeo�� h w\a9g � } �tg\pZ� m � � m x pcbz� m a d l dJa9_�4 � ��	 � ����� �7! �|x �{dJh �7}3g l d g l dJaehedAi
xXy{he} f3giz!d 4 gif�� g � m � _ m � he}�d w\a9g � } �

r−1

b � ��� gif�gia �>� a m z�4�h m he}�d�p m o�a � d l dJaehedAi
m � y{h9p �

r−1

� m � _|b � m a d l dJa9_�dJf�hea9_ �
ij
m ��� g ��� x�g\p y{hXy p pe} m xXf y{f � y{w\o�aed �&x � gihe}3pXh m

��peo�� }�he}3gih he}�d f�o�z v-dJa m � � ��Tw � gihe}3p m � �{dJf�w\he}�~��2y p�dAi�g � h��G_ he}�d f�o�z v/dJa��
ij

b � m hedhe}3gih�� }3g\p�gih z m peh�! � ��� ��! 2 � ~�� l dJaehey�� dcpcx/gif���d l dJa9_ l dJaehedAi�}3g\p g f3giz!d m � �{dJf�w\he}
� m wngiaey{he}�z!y���y{f � b � h y p�� �{dcgia he}3gih � �Jgif(v-d	� m z � o�hed ��o3pey{f�w m f��G_ � m wngiaey{he}�z!y��!p � g � dgif�� he}3gih$� o�aehe}�dJa l dJaehey�� dcpXhe}3gih giaed f m hBg �  g � dJf�h h m gif,_ m he}�dJa l dJaehedAi��Jgif�v/d g ���&d ��h m
�7p9o�� } he}3gih he}�dO�3f3g �Qw\a9g � } � m f�h9giy{f3pXdAi&g � h��G_ � � � � m w���� J � ! 2 l dJaehey�� dcp�^ y{f m a �&dJa h mz2gT^nd*he}�d f3giz!dcp m �She}�d l dJaehey�� dcpBg � m z � �{dJhed�y{f�hedJa l g � m �"%�j � �{dJh � ′

v/d he}�d��3f3g �"w\a9g � }Qb
a?}�dJfQx3he}�d f o�z v-dJa m � � ��TwSx?g �G^�p m � �{dJf�w\he}�~+���!y{f � ′

y p d � o3g �Nh m ^ � k
j
ij

b�a?}�d � a m �&o�� h~+����Jgif v-d � m z � o�hed ��y{f � m wngiaey{he}�z!y���p � g � dnx pey{f�� d z o��{hey � �{y��Jgihey m f y p gif ��� w-� o�f�� hey m fQb
a?}�dJfQxQ^ � � � � � � � �� j y{f � � � ^ �"j y)�<gif�� m f��G_�y)� ^ � ′

�9~+��� � � � � ���jSy{f �#�%� ^ � j]b

o �X0 ��"�#m�|� * � -/# ���/� & �%'{� ��*�� #$��� �%'�� �<
 - ��.v
 �!� � � �<#f���9��'	� *+
D���6� � �������-�#$* .

� m a he}�d � m z � �{dAi�y{h)_ m � m o�a � a m v��{dJz2pcx{x d �&y pehey{f�w\o�y pe}�v-dJh)x dJdJf�� 8 	 gif���� 8 ~&b
a m v/d�z m aed � aed � y pednx y{f �Jg\ped m � � 8 	\x�x d�xXy � � �&dJhedJaez!y{f�d(he}�d � m z � �{dAi&y{h)_ m � he}�d
� a m v��{dJz ����� ^ 	 j]x\gif��G�`a m z he}�y p � m z � �{dAi&y{he_ x�x d3xXy � � m v�h9giy{f�g � ���`o�aehe}�dJa �&dcp9y{aed ��aedcpeo��{h9p b
� f��Jg\ped m � � 8 ~&x�x dvxXy � �Sy{f3p9hedcg � � m f3pey��&dJa*he}�d z2giheaeyyi � a m v��{dJz2p gif�� �&dJhedJaez!y{f�d�he}�d
� m z � �{dAi&y{hey{dcp m � � � � ^ ~nj�gif��" ��� � ^ ~nj]b r d2peh9giaeh xXy{he}(he}�d	�Jg\ped � 8 	\b�� � dJf hea9g �
y��&dcg2y pBh m o3ped gif�y{f�hedJaedcpehey{f�w2aedcpeo��{hBv$_h�3aed �&z2gifQx � m z � �m pcx ] uJdJz!dJa �d �&y x%xX}�y�� } y pBpeh9gihed �y{f � dJz!z2g �3b ��b
� #,* * 
 o ��� 	?k!�K#f��* 
 � ��� � * - 	�%.<
 �!�����f#$*+#$� 	#$��� ��� 0���� �
�  � ��	 %&�,� � �  �� � � � �� 	��!� ��� ��� � � ���� �  � ! 8

def

� � � � ��� � �  � � 8
def

z2g6i � �
��� ��	� � � ��� �!� ��	 � � �  � 
 �  ��  � ! 2 � m w � ��
�� � � ��� � � � � � �  � �� �� � ��� � � ���  � � � � 
� ���  �� � � � 
  � � � � � � � � 
����  �



J �

u

v w

Z 6

� FG}�CD:A8 b ��w\a9g � }nxXy{he} f�y{f�d�� ���fwSx g �G^&p gif�� ji� � ����wSx g �G^&pcx gif�� g � �Ghe}�dcped
x?g �G^�p?}3g l d�he}�d*p9giz!d��{dJf�w\he}Qb



Chapter 4
a?}�d�� m z � �{dAi�y{h)_ m �<gioDi&y �{y gia9_ � a m v��{dJz2p J 	

	O�K���%'� � dJh�� 8 � 4
1

� ����� �74
n

�|b � dJh

� 8
def

� n�
i=1

4
i � � � �

1≤i<j≤n

^54
i �
4

j

j � �
� h y p � �{dcgiaXhe}3gih

� m w�� � ��� ! � m w � ��� ! ~�� � m w � 8�� ! � 	
~�� � m w � � ! 2 � m w � �

� m a?g f o�z v-dJa�4Nx �{dJh
	!^54Ij �&dJf m hed he}�d pedJh m � � aey{z!d f�o�z v/dJa9p?pez2g � �{dJa?he}3gif%4"b a?}�dJfQx v,_p m z!d f�o�z v/dJa?w he}�d m aedJhey�� aedcpeo��{hcx&y{hX} m ����pXhe}3gih
� m w � �

q∈Q(x)

� � 8 4 ��� ^54Gj �
y b dnb{x

! 2 � m w � � � m w � �
q∈Q(n2 log m)

� � �
� dJf�� dnxihe}�dJaed y p p m z!d � aey{z!d f o�z v-dJa  y{f	!^5! 2 � m w ��j he}3gih � m dcp"f m h �&y l y��&d ��b � hP� m � � m x phe}3gihSf m f�o�z v-dJa!�`a m z � �{y{dcpSy{f�he}�d aedcpey��&o�d � � g\p9pS� z m �&o�� m  gif���f m hex m f�o�z v/dJa9pp� a m z
� �{y{d*y{f he}�d*p9giz!d aedcpey��&o�d�� � g\p p?z m �&o�� m NxDxX}�y�� } � a m l dcp he}�d��{dJz!z2g�b

� � �{dJf��&dJacx � dJy{f�}3gia �&hcx � } m o � m f3pey��&dJaed ��g�aedcpeheaey�� hed � l giaey gif h m � � a m v��{dJz �#�%� ^ 	 j]b
a?}�d�_Ox dJaed?y{f hedJaedcpehed � y{f�he}�d?f o�z v-dJa m � � gihe}3p y{f!g �A_ � �{y�� w\a9g � }3p b�a?}�d�_�o3p9d ���QdJz!z2g �3b �h m m v�h9giy{f gif � � w g �{w m aey{he}�z � ~�� b � f m o�a��Jg\pednx x d }3g l d�h m aedcp m � l d he}�d � a m v��{dJz�} m x h m
�3f���peo�) � y{dJf h��G_ z2gif$_ x?g �G^�p m � g � dJaeh9giy{f �{dJf�w\he}Qx y)��he}�y p �{dJf�w\he}�y p w\y l dJf#y{f�v�y{f3gia9_aed � aedcpedJf�h9gihey m fQb�a?}�d�� m � � m xXy{f�w aedcpeo��{h pe} m x p�he}3gih�x d m f��G_�}3g l d h m �3f�� dJf m o�w\}�x?g �G^�p
m � g � dJaeh9giy{f "z��D��6* �{dJf�w\he}Qb
� #,* * 
 o � � �  � � 8 ^�
 �&��j  �� � � �� � �� � � � �
	 �	� ��� � �  � ! 8

def

� 
 � � �  � � ��� ��% �
~ !

2
� ��� �

�
! � ��� � �  � �

1

8 ^!�
0

� ����� ���
k

j ��� � �
2

8 ^!�
0

� ����� ���
k

j   � � � � � � � � � �
� ��
�� ��� ��� � �

i

8 �
i

� � � � ��� � � � � � ����� ��� � � ��� � ��� � � r+1
�8 �

r+1
� ��� ��	� � � ����� ��

�
′
�0���

�
~ !

2
� ����� ���

�
	 � ��� � � � � � � � 8 ^��

0

� ����� ���
k

j � � � ��
�� � � ��� � �
i

8��
i

� � � � ���
� �0� � � ����� ��� ′ � � ��� � ��� � � r′+1

�8��
r′+1

�

	O�K���%'� � dJh �
1
� �

2
� ���

�
~ !

2
� � � ����� ���

�
~ !

2
� !'�|x �

1
� �

2
x"peo�� }(he}3gih��

s1

8 �
s2

b
� dJh ��8

def
�
2 �

�
1

b �B�She}�dJaed y p g �
s1

���
s2

wSx?g �G^ m � �{dJf�w\he}
� y{f �7he}3gih�y p �&y��IdJaedJf�h�� a m z
�

u

8
def

^!�
s1

���
s1+1

� ����� ���
s2

j]x?aed � � g � d he}�y p�ped � o�dJf�� d�y{f �
1

v$_ he}�d m he}�dJatx?g �G^ gif��
m v�h9giy{f �7b ! he}�dJa9xXy pednx �

u

y pXhe}�d o�f�y��|o�d �
s1

���
s2

wSx g �G^ m � �{dJf�w\he} �!y{f �!b
L m f3pey��&dJa�he}�d ped � o�dJf�� d��

s2

���
s2+d

���
s2+2d

� ����� ���
s2+ed

xX}�dJaed �
�
��� �

2

�
�
��� ��b

� m hed�he}3gih
�
�$!<b � dJf�� d�he}�dJaed!giaed �

1

� �
2

�"� � � ����� �
�
�|x �

1

� �
2

x peo�� } he}3gih��
s2+a1d

8
�

s2+a2d

b �B�2�
1

gif�� �
2

�Jgif v/d � } m pedJf peo�� } he}3gih he}�dJaed y p � � ���
1

� ����� � �
2

� peo�� } he}3gih
�

s2+ad

�8 �
s2

xIhe}�dJf�dAi&hea9g � h2^!�
s2+a1d

���
s2+a1d+1

� ����� ���
s2+a2d

j$� a m z �
1
xIy{f3pedJaeh �

2 �
�
1



J ~

� m � y{dcp m � �
u

g��`hedJa��
s2

gif�� m v�h9giy{f �tb ! he}�dJa9xXy pednx �
s1

8 �
s2

8�
s2+d

8 � � �,8
�

s2+(e−n+1)d

b
� dJh �

1

� �
2

� ���
�
! � ����� � � �|x �

1

� �
2

x�p9o�� }�he}3gih��
c1

8 �
c2

x gif�� �{dJh �
′
8

def
�
2 � �

1

b � m hed�he}3gih � ′ � � �
! � 	\b ! v�h9giy{f �

′
�`a m z �

1

v$_ �&d �{dJhey{f�w1he}�d�peo�vDw
x g �G^ ^!�

s1+1
���

s1+2
� ����� ���

s1+d′d

j gif�� g ���&y{f�w �� m � y{dcp m ��^!�
c1+1

���
c1+2

� ����� ���
c2

j gih � m wpey{hey m f �
1

y{f �
1

btL dJaeh9giy{f��G_ x �
′
y p*g��

0

���
k

wSx g �G^ m ���{dJf�w\he} �Ib �+� � ′
y p �&y��GdJaedJf�h>� a m z

�
1

xDx dM� m o�f�� x g �G^ �7b ! he}�dJa9xXy pednx �
s1

8 �
s2

8 �
s2+d

8 �
s2+2d

8 � � � 8 �
s2+(e+1)d

v,_
y{f��&o�� hey m fQb

� m x*x �
1

gif�� �
2

�&y��IdJaXy{f��
r+1

gif�� �
r+1

b ] m xDx d aed � dcgihXhe}�d�� m f3peheaeo�� hey m f m � he}�d
� g\peh �Jg\ped{xXy{he} �

2
y{f3pehedcg � m � �

1
gif�� m v�h9giy{f�he}�d �&dcpey{aed �vx g �G^ �7x�pey{f�� d �

u

y p o�f�y��|o�dnb

� m a g �&y{aed � hed �2w\a9g � } �$8 ^�
��&��j gif��!h)x m*l dJaehey�� dcp � ��� m � �!x �{dJh �
G

^
� ���� � �3j �&dJf m hedhe}�d f o�z v-dJa m � � ���|wSx?g �G^&p m � �{dJf�w\he} ���E��y{f ��b

� �%�K��-l-�
��& o � � �  � �$8 ^�
��&��j   � � � �� � �� � � � �
	 �	� ��� � �  � ! 8
def

� 
 � � �  � � ����� 

  � � � � �� � �
�  � � � � ����� � �  � � ��� � �   ��
�� � � ��� � � � ~ � ! 2 � ! � � ��� � ��� �

G

^
� ���� � �3j �

� � ��
��� �

x,z∈V

�
G

^
� �� 4 �9~ � ! 2 j � � G

^
� �4 	 � � �

~ � ! 2 � !Nj � � G

^
� �	 � �7!Nj �

	O������'� ! v3pedJa l d he}�dM� m � � m xXy{f�w�d � o3g �{y{he_|b � hX} m ����pXhe}3gih
� 8 �

x,z∈V

�
G

^
� �� 4 �9~ � ! 2 j � � G

^
� �4 	 � � �

~ � !
2 �
!Nj � �

G

^
� �	 � �7!Nj �

� m a � a m l y{f�w he}�d � � giy{z!d ��y{f�d � o3g �{y{he_|x!x d	�&y pehey{f�w\o�y p9}(hex m �Jg\pedcpcb � dJh 4 � 	 � 
 v/d�h)x m
l dJaehey�� dcp m ���7peo�� } he}3gih

�
G

^
� �� 4 �9~ � ! 2 j � �

G

^
� �4 	 � � �

~ � !
2 �
!Nj � �

G

^
��	 � �7!Nj � ~ �

a?}�dJfQxIhe}�dJaed!giaed!hex m � ���|wSx?g �G^�p m � �{dJf�w\he} � y{f ��he}3gih�� m y{f�� y��&d m f�he}�d��3a9p9h ~ � ! 2 � 	
l dJaehey�� dcp gif�� �&y��GdJa y{f�g � m p9y{hey m f�he}3gih y p f m h�giz m f�w he}�d � g\peh
! � 	 m f�dcpcb � dJf�� dnx
� dJz!z2g �3b j �Jgif(v-d2g ��� �{y{d � x�xX}�y�� }(pe} m x p he}�d!dAi&y pehedJf�� d m � g�� ���|wSx?g �G^ m ���{dJf�w\he} ��y{f
� he}3gih �&y��IdJa9pc� a m z he}�d hex m �3a9peh�x?g �G^�p f m h v-d6� m aed � m pey{hey m f1~ � ! 2 � ~ ! 2 b � d � dcgihed �g ��� �{y��Jgihey m f m ��� dJz!z2g �3b j(p9} m x p�he}�d�dAi&y pehedJf�� d m ����� ���fwSx g �G^&p�he}3gih � giy{a9xXy p9d�&y��GdJap m z!d�xX}�dJaed*gih he}�d �3a9p9h ~ � ! 2 � 	 � m p9y{hey m f3pcb a?}�dcped�x g �G^&pXgiaed � giaehey{hey m f�d � y{f�h m o � h m !pedJh9p he}3gih giaed��&dJhedJaez!y{f�d � v,_2he}�d l dJaehedAi�gih � m pey{hey m f�~ � ! 2 � 	\b a?}�dJfQx he}�d�� � giy{z¨� m � � m x py{z!z!d �&y gihed �G_|b

� m x*x�g\p9peo�z!d he}3gihcx�� m aXd l dJa9_ � giy{a	4 � 	 m � l dJaehey�� dcp m ����x
�

G

^
� �� 4 �9~ � ! 2 j � � G

^
� �4 	 � � �

~ � ! 2 � !Nj � � G

^
��	 � �7!Nj � 	 �

a?}�dJfQx�� m a d l dJa9_ � giy{a 4 � 	 m � l dJaehey�� dcp m � ��x\y)�/he}�dJaed?y p<gif 4 � 	TwSx g �G^ m � �{dJf�w\he}��
�
~ � !

2 �
!

y{f ��x&he}�dJf y{hXy p?o�f�y�� o�dnx m a m f�d m � he}�d m he}�dJaXaed � o�y{aed � x g �G^&p � m dcpXf m hXdAi&y pehcb �BdJf�� dnx
�

G

^
� �4 	 � � �

~ � ! 2
�
!Qj 8 �

G

^
� �4 	 � � �

~ � ! 2
�
!Nj



Chapter 4
a?}�d�� m z � �{dAi�y{h)_ m �<gioDi&y �{y gia9_ � a m v��{dJz2p J �

� m a!d l dJa9_ � giy{a 4 � 	 m � l dJaehey�� dcp8� m aZxX}�y�� } �
G

^
� �� 4 �9~ � ! 2 j�8 � G

^
��	 � �7!Nj 8 	\x gif�� he}�d

y{f�d � o3g �{y{he_ y{f~�`g � h?y p gif d � o3g �{y{he_ b

a m p m � l d?he}�d � a m v��{dJz �#�%� ^ 	 j x d�xXy � �-g ��� �G_ he}�d z!dJhe} m � m � � � �{dJf��&dJacx � dJy{f�}3gia �&hcx
� } m o � ~�� b � dJh � v/d g	�&y{aed � hed ��w\a9g � }Qb ! o�a � } m pedJf aed � aedcpedJf�h9gihey m f m ��� dcpeh9giv��{y pe}�dcp gif
m a �&dJaey{f�w m f!he}�d l dJaehey�� dcp m � �4v$_ he}�dJy{aSf3giz!dcpcb ] m xnd l dJa9_�x g �G^ y{f � �Jgif�o�f�y��|o�d �G_ v-d y{fDw
hedJa � aedJhed �2g\p g f3giheo�a9g �3f�o�z v/dJa<w\aedcgihedJa he}3gif�� y{f�^5! � 	 j w gia9_ aed � aedcpedJf�h9gihey m fQx�xX}�dJaed�! y phe}�dBf�o�z v-dJa m � l dJaehey�� dcp m � �!b �BdJf�� dnxfx d �Jgif �&dJhedJaez!y{f�dBhe}�dBaedcp9y��&o�d � � g\p9pSz m �&o�� m p m z!df�o�z v/dJa�� m a�d l dJa9_�x g �G^Ib � dJh�� � ��	�� � � ����� � ��� v/d�he}�d pedJh m � heo � �{dcp ^ � � � � � ��� ��� ����j
xX}�dJaed ��8�^�
��&��j y p�g�&y{aed � hed �(w\a9g � }Qx � � � ��� � % x �(gif�� � giaed2w\y l dJf(y{f(o�f3gia9_�aed � waedcpedJf�h9gihey m f�gif�� � gif�� ��giaed l dJaehey�� dcp m � ��gif�� he}�dJaed�y p g � ���fwSx g �G^ m ���{dJf�w\he} ��y{f �
xX} m ped!^5! � 	 j w gia9_2f o�z v-dJa aed � aedcpedJf�h9gihey m f�� m a3!�he}�d�f o�z v-dJa m � l dJaehey�� dcp m � � �{y{dcp y{f he}�d
aedcpey��&o�d�� � g\p9p � z m �&o�� m � b
� #,* * 
 o � 	,p � � ��	�� � � ����� � ��� �!��� � � � �

	O�K���%'� � dJh2^ ��� � � � ��� ��� ���&j v-d2gif y{f3peh9gif�� d m ��� � ��	�� � � ����� � ��� b �B� � � � � m z � o�hed
�
′
��� � � ����� � �

�
	 � peo�� }1he}3gih �

′
� �1^ z m � �ij!gif��1aed � � g � d ��v,_ � ′ b ��o�dcp9p�g � ���|w

x?g �G^ m ���{dJf�w\he} � y{hedJa9gihey l d �G_|x y b dnb{x l dJaehedAiEv,_ l dJaehedAi xXgif�� � m z � o�hed�y{h9p�aedcp9y��&o�d � � g\p9pz m �&o�� m �2o3pey{f�w he}�d peh9gif���gia � �&y l y p9y m f g �{w m aey{he}�z�b ] y{f�� d�� gif�� � giaed2w\y l dJf y{f(o�f3gia9_aed � aedcpedJf�h9gihey m fQx�he}�y p g �{w m aey{he}�z f�dJd ��p m f��G_ � m wngiaey{he}�z!y���p � g � dnb

��"�#f����#$* o � 	 	 ����� ^ 	 j��!��� � � � �

	O�K���%'� � dJh�^ ��� � ��� ��� ���&j v/d�gif2y{f3p9h9gif�� d m � ����� ^ 	 j]b �QdJh !�8
def

� 
 � b�� _ � dJz!z2g �3b �&x
� � ��� y pSy{f � � b a m �&d � y��&d�xX}�dJhe}�dJa �

G

^
� ���� � �3j ����y{h peo�) � dcpcx �&o�dBh m L m a m � � gia9_ �3b `&xnh mw\o�dcp9pIf�o�z v/dJa9p��

w

��� gif�� �
′
w

���<� m aQg � � l dJaehey�� dcp � m � � p9o�� } he}3gih �
w

� �
G

^
� �� � �9~ � ! 2 jgif����

′
w

� �
G

^
� �� � �7!Nj gif��

��� �
x,z∈V

�
x

� �
G

^
� �4 	 � � �

~ � ! 2 � !Nj � � ′z �

� dJz!dJz v-dJa he}3gih � y p w\y l dJf y{f�o�f3gia9_Eaed � aedcpedJf�h9gihey m fQxXp m he}3gih he}�d�w\o�dcp9ped � f o�z v-dJa9p
�Jgif�v-d aed � aedcpedJf hed ��y{f v�y{f3gia9_~� m aez y{f � m wngiaey{he}�z!y�� p � g � dnbQa m l dJaey)��_ he}�d peo�) � y{dJf��A_ m �dcg � } w\o�dcp9p9d � �

w

� m aQxX}�y�� } �
G

^
� ��	� � � �

~ � !
2 �
!Qj	8 	 } m ����p�x d g ��� �G_�he}�dV� m � � m xXy{f�w

� m wngiaey{he}�z!y��Uw p � g � d�g �{w m aey{he}�z xXy{he} m a9g � �{d�� � ��	�� � � ����� � ��� b � m hed he}3gih g � �sx?g �G^&p m �
�{dJf�w\he}�~ � !

2
}3g l d g�f�o�z!dJaey��Jg � aed � aedcpedJf h9gihey m f xXy{he} l g �{o�d f m hXdAi � dJd �&y{f�w�^5!�� 	 j 2νn2 8

~
2νn2·log(n+1)

� ~
2νn3 b
� ��� �G_�y{f�w � dJz!z2g �3b ��x�x d }3g l d<h m �3f��*g � aey{z!dSf�o�z v/dJa� pez2g � �{dJahe}3gif�^ �

w

j
2
�n~ � !

3
p9o�� }�he}3gih he}�dJaed giaed*�

w

aedcp9y��&o�d � � g\p9pedcp�z m �&o�� m  dcg � }�� m f h9giy{f�y{f�whe}�d�f�o�z!dJaey��Jg �Xaed � aedcpedJf�h9gihey m f m � g � ����wSx g �G^ m � �{dJf�w\he}#~ � ! 2 b a?}�y p	�Jgif v-d � m f�d�y{f
� m wngiaey{he}�z!y��(p � g � dnb a?}�d f o�z v-dJa9p��

′
w

giaed l dJaeyy�3d �4pey{z!y � gia��G_|b ] y{f�� d �
NL
8 � �tv,_

a?}�d m aedJz �&b 	 �&x �#�%� ^ 	 j y pXy{f� � b



J �

� �%�K��-l-�
��& o � 	0 ����� ^ 	 j �  ����� ^ 	 j � ��� � � ^ 	 j ��� �  ��� � � ^ 	 j ��� � ��� � ^ 	 j
��� �  ��� � ^ 	 j � �� � �
� � � � 	 �  ����
	O������'� � m a }3gia �&f�dcp9p x x d �3a9pehBpe} m x)he}3gih ����� ^ 	 jXgif��� �#�%� ^ 	 j giaed � �!w }3gia � b � dJh^ ����� ����j�v-d�gif y{f3peh9gif�� d m � ��� gif�� � � � b � h } m ����p*he}3gih � � m f h9giy{f3p�g�� ���|w � gihe} y)�gif�� m f��G_�y)�?he}�dJaed�y p � � !j� m a !1he}�d2f�o�z v-dJa m � l dJaehey�� dcp m � � peo�� }(he}3gih � � m f h9giy{f3pg � ���fw � gihe} m � �{dJf�w\he} �Ib � dJh � ′

dJz!dJaew\dG�`a m z �tv$_ g ���&y{f�w he}�d � m m � ^!� ���Gj]b � dJf�� dnx �}3g\p g � ���fw � gihe}�y)� gif�� m f��G_ y)�� ′
}3g\p g � ���|wSx?g �G^ m � �{dJf�w\he} !<x�y b dnb{xQ^ ����� ���&j y{f ����� y)�gif�� m f��G_�y)� ^ � ′

�7! ��	 ��� ���&j y{f �#�%� ^ 	 j]b � f �Jg\ped m �� ����� ^ 	 j]x y{h?} m ����p he}3gih ^ ����� ���&j y{f
� � � y)� gif�� m f��G_�y)��^ � ′

�7! �e� ��� ���&jBy{f  �#�%� ^ 	 j]b � ��� �G_�y{f�w �QdJz!z2gih9g��3b ~ gif�� �3b �&x x d
� m f�� �{o��&d�� �!w }3gia �&f�dcp9p2� m aXg � � � a m v��{dJz2pcb
_�o�d�h m a?}�d m aedJz �3b 	 	\x �#�%� ^ 	 j y pXy{f�� � b � ��� �G_�y{f�w�� dJz!z2g �3b 	\x  �#�%� ^ 	 j y pXy{f

� �Sb �3_ � dJz!z2g �3b �&x � � � ^ 	 jXgif��  � � � ^ 	 jXgiaed y{f � � b�� y{f3g � �G_|x3pey{f�� d � � y p � � m ped �o�f��&dJa��
NL
m

w aed �&o�� y{v�y �{y{h)_��&o�d�h m � dJz!z2g��&b 	��3x ��� � � ^ 	 jXgif��  �#� � � ^ 	 j giaed�y{f � �
�&o�d h m a?}�d m aedJz �3b �3b

! o�a p m �{o�hey m f m � �Jg\p9d � 8 ~&x y b dnb{x �&dJhedJaez!y{f�y{f�w he}�d�� m z � �{dAi&y{he_ m � � a m v��{dJz2p �{yG^nd
����� ^ ~nj]x�y p �{dcp pXdAi&g � hXhe}3gif�he}�d �Jg\ped � m f3pey��&dJaed � v/d6� m aednb r dOxXy � �"f m h w\y l d*g	� m z � �{dJhedp m �{o�hey m fQx pey{f�� dZx d�xXy � � m f��G_�v-d2giv��{d!h m w\y l d�o ��� dJa�gif�� � m x dJa�� m z � �{dAi�y{h)_�v m o�f���p�� m a
����� ^ ~nj he}3gih � m f m hSz!dJdJhSdcg � } m he}�dJacb � � m z � �{dJhed p m �{o�hey m f2aedJz2giy{f3p m f�d m �Ihe}�dBz2g  m a
m � dJf � a m v��{dJz2p m � he}�y pXhe}�dcpey pcb
� #,* *+
 o � 	$
 � � � ^ ~nj �!� � � M �

	O������'� � dJh ^ � � � � � � � �� j v/d�gif�y{f3peh9gif�� d m � ��� � ^ ~nj]b � dJh�! v-d�he}�d �&y{z!dJf3pey m f m � �tb
r dB}3g l dBh m gif3p9x dJa he}�d�|o�dcp9hey m ftxX}�dJhe}�dJa ^ �

k
j
ij

� � � m dcp } m ��� b�� dJh � ′
dJz!dJaew\d<� a m z

� v,_ aed � � g � y{f�w�d l dJa9_ dJf hea9_ he}3gihBy p � giaew\dJa he}3gif���v,_ � � 	\b r d �&dJf m hed*he}�y p m � dJa9gihey m fv$_0� � �
≤a

x&y b dnb{x � �#�
≤a

8 �
′
b a?}�dJfQxQ^ �

k
j
ij

� ��y)� gif�� m f��G_ y)�X^e^ � ′
j
k
j
ij

� �3b � h?} m ����phe}3gih
� �

r
�
≤a

8 � � �
i
�
≤a

� � �
r−i
�
≤a

�
≤a

� m a d l dJa9_ � �t��gif���� � � � � ����� ��� �|b ! v3pedJa l d�he}3gih*he}�d �{d6� h*}3gif��(p9y��&d2z2giheaeyyi �Jgif v-daed � aedcpedJf�hed � o3p9y{f�w m f��G_ � � !
2
v�y{h9p�xX}�dJaed � y pXhe}�d f�o�z v/dJa m � v�y{h9p�� m aXaed � aedcpedJf�hey{f�w � � 	y{f v�y{f3gia9_/� m aez�b �3o�aehe}�dJaez m aednx7� m a ���E��x � 2r

8 �
r
� �

r
gif����

2r+1
8 �

r
� �

r
� �tb

I�o��{hey � �G_�y{f�w2h)x m z2giheaey�� dcpBh9gT^ndcp � m �G_�f m z!y g �Nhey{z!dnx-gif�� � m z � o�hey{f�w-� � �
≤a

h9gT^ndcp � m �G_ f m wz!y g � hey{z!dnb<] y{f�� d � �
k
�
≤a

�Jgif(v-d � m z � o�hed ��o3pey{f�w gih z m peh*~ � z2giheaeyyi�z o��{hey � �{y��Jgihey m f3p
xX}�dJaed � y p<he}�d f�o�z v/dJa m �<^`pey{w\f�yy� �Jgif�h j �&y{w\y{h9p m �Ihe}�d v�y{f3gia9_ aed � aedcp9dJf h9gihey m f m ���Ix � � k

�
≤a�Jgif�v-d � m z � o�hed �(y{f � m �G_�f m z!y g � hey{z!dnb � dJf�� dnx he}�d�p9y{uJd m �Xhe}�d l g �{o�d m ��^ � k

j
ij

xXy{he}
aedcp � d � hXh m � �Jgif v-d �&dJhedJaez!y{f�d � y{f � m �G_ f m z!y g � hey{z!dnb

a?}�d!z2giy{f m v3pedJa l gihey m f(he}3gih x d!}3g l d�h m z2gT^nd�y{f�� m f�f�d � hey m f xXy{he}(he}�d�g �{w m aey{he}�z
m � � dJz!z2g �3b 	 � y p he}3gih y{h?y p f m h � m p9p9y{v��{d h m �&y{aed � h��G_ � m z � o�hed�� k

� m a?g z2giheaeyyi � gif��g�f�o�z v/dJa �Ix pey{f�� d dJf heaey{dcp m � � k
�Jgif v-d � m z!d l dJa9_ � giaew\d]� m a � giaew\d �Ib �3o�aehe}�dJaez m aednx



Chapter 4
a?}�d�� m z � �{dAi�y{h)_ m �<gioDi&y �{y gia9_ � a m v��{dJz2p J�J

y{h y pBdcg\p9_ h m pedJd*he}3gih � a m v��{dJz ��� � ^ ~nj �Jgif�v-d�z m �&yy�3d ��peo�� } he}3gihBhe}�d �|o�dJaey{d � dJf�hea9_
m � he}�d�z2giheaeyyi � m x dJa2y p m o�h � o�hcx y)� y{h � m dcp2f m h�dAi�� dJd �1f�o�z v/dJa��3b ] m x x d m v�h9giy{f#g
�`o�f�� hey m f � a m v��{dJz � m aeaedcp � m f��&y{f�w h m  � � � ^ ~nj]b � �{hedJaef3gihey l d �G_|x o3pey{f�w � � � ^ ~nj2gif��v�y{f3gia9_ pedcgia � }Qx x d�JgifEg � p m � m z � o�hed he}3gih l g �{o�d y{f � m �G_ f m z!y g �Xhey{z!dnx y)� y{h � m dcp!f m hdAi�� dJd � �3b
��"�#f����#$* o � 	,o ����� ^ ~nj � �#� � � ^ ~nj ��� � ��� � ^ ~nj � �� � � M ��� � M �
� ��� � � �

	O�K���%'� ] y{z!y � giaQh m he}�d � a m|m � m ��L m a m � � gia9_ �3b 	c~&x he}�d � a m v��{dJz2p ����� ^ ~nj]x �#� � � ^ ~nj gif��
��� � ^ ~nj giaedXy{fvM��&o�d h m � dJz!z2g �3b 	 �&b � m a }3gia �&f�dcp9pcxiy{hSp9o�) � dcp h m pe} m x he}3gih �#�%� ^ ~njy p M ��w }3gia � x�pey{f�� d�}3gia �&f�dcp9p hea9gif3p � gihedcp h m he}�d m he}�dJa � a m v��{dJz2p �&o�d h m � dJz!z2gih9g �3b ~�gif��
�3b �&b �QdJh2��� M �SbQa?}�dJfQx3he}�dJaed�giaedG�`o�f�� hey m f3p2��� ��� gif�� � ����� peo�� }�he}3gih�4 � � y)�
gif�� m f��G_ y)�(� ^54Gj � � ^54Gj]b � dJh �(v/d � m z � o�hed � v$_ f m f��&dJhedJaez!y{f�y p9hey�� � m wngiaey{he}�z!y��Uw p � g � d
a"o�aey{f�w�z2g � }�y{f�d��tb � ��� �G_ y{f�w � dJz!z2g �&b ��x y{f � m wngiaey{he}�z!y�� p � g � dnxfx d m v�h9giy{f gif g �A_ � �{y��w\a9g � } �

M,x

gif�� l dJaehey�� dcp � gif���� m � �
M,x

p9o�� }!he}3gihShe}�dBf o�z v-dJa m � � ���fw � gihe}3pSy{f �
M,xy p d � o3g ��h m � ^54Gj]b � ���&y{f�w*g � m m � h m l dJaehedAi �Gx�x d m v�h9giy{f � ′

M,x

x\gif���he}�dJaedXy p<g � m f3peh9gif�h �y{f��&d � dJf��&dJf�h m � 4 peo�� }2he}3gih	� ^54Ij y p d �|o3g �3h m he}�dBf�o�z v-dJa m � � ���fwSx g �G^&p m � �{dJf�w\he} � 4 � c y{f
�

′
M,x

b��BdJf�� dnx�4 � � y)� gif�� m f��G_ y)�X^ � ′
M,x

� � 4 �
c
� � ^54Gj ��� ���&j � ����� ^ ~nj]xDxX}�y�� }�&dA�3f�dcp g

� m wngiaey{he}�z!y��Uw p � g � d aed �&o�� hey m fQb

� �%�K��-l-�
��& o � 	 �  �#�%� ^ ~nj �  �#� � � ^ ~nj ��� �  ��� � ^ ~nj � �� � � M ��� � L
=

� � ��� � � �

	O�K���%'� a?}�d � a m m �!� m a � m f�h9giy{f�z!dJf�hBgif�� }3gia �&f�dcp9pBy pBgif3g � m w m o3p h m he}�d � a m m � m � a?}�d m waedJz �3b 	��3b � h m f��G_ }3g\p?h m v-d�h9gT^ndJf y{f h m g � � m o�f�hXhe}3gih�� � L
=

��y)� gif�� m f��G_ y)� he}�dJaed*giaed
�`o�f�� hey m f3p�� � ��� gif�� � � ����peo�� } he}3gih	4�� �)y)�<gif�� m f��G_ y)� � ^54Gj 8 � ^54Gj]b

o ��
 � �<� �{M � �|��* ��-�#|��# �������-�#$* .

a?}�dJaed y p g }�o�w\d f�o�z v/dJa m � �QM w � m z � �{dJhed � a m v��{dJz2pcxigif�� m f��G_ g l dJa9_M�`d�x m �/he}�dJz �Jgif v-d
� m o�f�� y{f he}�d � � g\p9pey��Jg �iv m m ^ v$_ � giaed�_ gif�� q m }�f3p m f�� � 	�� b�a?}�d<z m p9h � m � o�� giaNgiz m f�wXhe}�dcped
� a m v��{dJz2p y p�� �  x he}�d � a m v��{dJz.he}3gih*g\p9^&p>� m a p9gihey p9�-giv�y �{y{he_ m � � m|m �{dcgifb� m aez o�� g\p w\y l dJfy{f� m f  o�f�� hey l d f m aez2g ��� m aez�b r y{he} m o�h � m p9p m � w\dJf�dJa9g �{y{h)_|x,x d*g\p9p9o�z!d�he}3gihBy{f3peh9gif�� dcp m �
� �  � m f m h � m f�h9giy{f � � gio3pedcp�xXy{he} h)x m g ��� dcgia9gif�� dcp m �-he}�d?p9giz!d l giaey giv��{dnb
� f�y{f hedJaedcp9hey{f�wgif�� l dJa9_ o3ped6�`o�� aedcpeheaey�� hey m f m �<y{f3peh9gif�� dcp m ��� �  y p �&dJf m hed ��v$_������ �  ������� �  � m f h9giy{f3pg � � d �{dJz!dJf�h9p2� a m z	� �  he}3gihX}3g l d dAi�g � h��G_�he}�aedJd��{y{hedJa9g � p � dJa � � gio3pednb
��"�#f����#$* o � 	 � 	 � ��� � ����	�� � �
� �  ��� � ����� �  � �� �{M � � � � 	 �  ����

r d �&dA�3f�d?hex m f�d�x � a m v��{dJz2p he}3gih heo�aef m o�h h m v/d �{M w � m z � �{dJhednxnh m|m b a?}�d3�3a9p9h m f�d
�Jgif�v/d � m f3p9y��&dJaed ��g �&d � y pey m f3g � l giaey gif�hBgif���w\dJf�dJa9g �{y p9gihey m f m �She}�dZL }�y{f�dcped � dJz2giy{f��&dJa



J �

a?}�d m aedJz�b�a?}�d�L }�y{f�dcped � dJz2giy{f��&dJa a?}�d m aedJz w\o3gia9gif hedJdcp"he}�d dAi&y pehedJf�� d m �-g�p m �{o�hey m fc� m ag�p9_&pehedJz m � � m f�w\aeo�dJf�� d�d � o3gihey m f3p{xX}�dJaed he}�d y{f lnm � l d � z m �&o��{y giaed � giy{a9xXy ped aed � gihey l d �G_
� aey{z!d*f�o�z v/dJa9pcb3azx m f3giheo�a9g �Qf�o�z v-dJa9p giaed �H�'_��J*`&WC��'_
�e3�'&W��� y)� he}�dJy{a w\aedcgihedcpeh � m z!z m f
�&y l y p m a y p 	\b
��"�#f�%�K#$* o � 	 � 	 � "��l�!#$.�# �n#$*+
 �l����#f� ��"�#f�%�K#$* �
�  � �

1

� ����� � �
k

 �	 � � � � �!�  �� � � � � �  � � 	 � � �  � 
 �  �� � � ��� � �  � !
1

�7!
2

� % � �  � �,8
def�

i

�
i

� ��� ��	� !
1

� !
2

^ z m � �]j ��� ��� � � � � � ��� !
1

� !
2

^ z m � �
i

j	� � � �� �� � � �0��	 � ����� � � � �
� m a m o�a � a m v��{dJz�x�he}3gih xXy � �Gv/d �Jg � �{d � � �
 ��� ��� x$x d g � � m x�giaev�y{hea9gia9_2z m �&o��{y gif�� gpedJh m � aedJz2giy{f��&dJa9pBgif�� g\p9^�� m aXp9gihey p�� g � hey m fQb

M<a m v��{dJz �&dA�3f�y{hey m f
� �
 ��� ��� ^`p9gihey p?�-giv�y �{y{h)_ m �<g!pedJh?w p9_&pehedJz m � � m f�w\aeo�dJf�� d d � o3gihey m f3p j]b
���	��
������� ^e^��

1

� �
1

j � ����� �c^��
k

� �
k

jejsxX}�dJaed �
1

� ����� �&�
k

giaed{�3f�y{hed pedJh9p m �Nf3giheo�a9g �Gf o�z�wv-dJa9pcx\gif�� �
1

� ����� � �
k

giaed f3giheo�a9g �&f�o�z v/dJa9pNw\aedcgihedJa he}3gif 	 w\y l dJf�y{f�o�f3gia9_*aed � aedcp9dJf h9gihey m fQb
��� ����
������ �Baed he}�dJaed !�� % gif��-�

1

� �
1

� ����� � �
k

� �
k

p9o�� } he}3gih�! � �
i

^ z m � �
i

j
� m aXg � � � �0��	 � ����� � � � �

� m hed2he}3gih y{h*y p*f m h�y{z � m aeh9gif�h*h m aed � o�y{aed!v�y{f3gia9_ aed � aedcpedJf h9gihey m f m � he}�d f o�z v-dJa9py{f/�
1
� ����� �&�

k

b � m x d l dJacx�x d g\p9peo�z!d�g�v�y{f3gia9_�aed � aedcp9dJf h9gihey m f m � he}�dJz�x m f��G_(h m �i gp9_&pehedJz�b�� m a f o�z v-dJa9p � � � � % gif��(p9dJh � 	 % x!x d�p g�_ he}3gih � � � ^ z m � �]j } m ����p*y)�he}�dJaed2y p1� �"� peo�� }(he}3gih � ��� ^ z m � �]j]b �BdJf�� dnxNhe}�d �|o�dcpehey m f m � � �
 ��� ��� �Jgif v-d
aed6� m aez o�� gihed � g\p	� � p?he}�dJaed ! ��% p9o�� } he}3gih	! � �

i

^ z m � �
i

j;� m a g � � � �0��	 � ����� � � � �
� #,* *+
 o � 	 � ����� �  � L

m

� �
 ��� ��� �
	O������'� � dJh 	 8 	 ^54

1

� ����� �74
r

j v-d�gifEy{f3p9h9gif�� d m � ����� �  x y b dnb{x g � m|m �{dcgifk� m aez o�� gy{f � m f  o�f�� hey l d f m aez2g �2� m aez xXy{he} dAi&g � h��G_ he}�aedJd �{y{hedJa9g � p � dJa � � gio3pednxSgif�� f m l giaey giv��{dg ��� dcgia9pXh)xXy�� d y{f�g � � gio3pednb a?}�d l giaey giv��{dcpXy{f 	 giaed 4
1

� ����� �74
r

b
[Construction of an instance of Set-SCE.]� dJh � v-d!he}�d!f�o�z v/dJa m ��� � gio3pedcp y{f 	 xQgif�� �{dJh �

1
� ����� � �

k

v-d�he}�d	� � gio3pedcp�y{f 	 b � dJh


1

� ����� � 
r

v/d � � aey{z!d f�o�z v/dJa9pcb�� _�y{f��&y�� dcpcx�he}�dJaed y p g 	Uw h m w 	�� m aeaedcp � m f��&dJf�� d v-dJh)x dJdJfhe}�d l giaey giv��{dcp m � 	 gif�� he}�d � aey{z!d f�o�z v-dJa9pcb � m a?d l dJa9_ � �0��	 � ����� � � �|x �{dJh	�

�
j

8
def

r�
i=1

� 
i

x&y)�'4
i

y p l giaey giv��{d y{f �
j	 x&y)�'4

i

y pXf m h l giaey giv��{d y{f �
j

b
�Sgiaey giv��{dcp y{f dcg � } � � gio3ped�giaed m a �&dJaed � g � � m a �&y{f�w h m he}�dJy{a y{f��&y�� dcp��|he}�y p z!dcgif3p he}3gih he}�dJaedy p�gm�3a9p9hcxSg(ped � m f�� xSg�he}�y{a � l giaey giv��{d y{f dcg � } � � gio3pednb� dJh��

j

8 �
j

^ 	
1

� 	
2

� 	
3

j�v-d he}�d
� m|m �{dcgifm�`o�f�� hey m f �&dA�3f�d � v$_ �

j

x xX}�dJaed�	
1

� m aeaedcp � m f���p h m he}�dt�3a9pehcx 	
2

� m aeaedcp � m f���p
h m he}�d!ped � m f�� gif�� 	

3

� m aeaedcp � m f���p h m he}�d�he}�y{a � l giaey giv��{d�y{f �
j

b � dJh�4 (1)
j

�74 (2)
j

�74 (3)
j

v-d
he}�d l giaey giv��{dcp*y{f �

j

x"gif����{dJh� (1)
j

�  (2)
j

�  (3)
j

v-d he}�d � m aeaedcp � m f��&y{f�w � aey{z!dcpcb � dJh 
j

v-d
he}�d pedJh m �Sf3giheo�a9g � f o�z v-dJa9p � pez2g � �{dJa he}3gif �

j

p9o�� } he}3gih�� ��� � ��	 � ^ z m �  (i)
j

j2� m a�g � �



Chapter 4
a?}�d�� m z � �{dAi�y{h)_ m �<gioDi&y �{y gia9_ � a m v��{dJz2p J �

� � ��	 �9~ � �:�|b�� m hed he}3gihcx v$_ he}�d L }�y{f�dcp9d � dJz2giy{f��&dJa�a?}�d m aedJz�x 
j

� m f�h9giy{f3p*dAi�g � h��G_dJy{w\}�h*f o�z v-dJa9p xNgiz m f�w�he}�dJz � gif�� 	\b r d �&dA�3f�d��
j

g\p�he}�d�pedJh m �Xf�o�z v/dJa9p,��� 
jpeo�� } he}3gih��

j

^ � (1)
j,a

� � (2)
j,a

� � (3)
j,a

j 8 	gxX}�dJaed

� (i)
j,a

8
def � 	 x&y)� � ����^ z m �  (i)

j

j
� x&y)� � � 	2^ z m �  (i)

j

j
� m a � �0��	 �9~ � �:�|b a?}�dJfQx��

H

8
def

^e^��
1

� �
1

j � ����� �c^��
k

� �
k

jej y pBgif y{f3peh9gif�� d m � � �
 ��� ��� b
[Satisfiability of H translates to SH .]� dJh��4v-d g p9gihey pH��_�y{f�w�g\p9pey{w\f�z!dJf�h�� m a 	 b _�o�d h m he}�d L }�y{f�dcped � dJz2giy{f��&dJa<a?}�d m aedJzhe}�dJaed y p g�f�o�z v/dJa�! ��

1
� � � 

r

he}3gih p9gihey p?�3dcp?he}�d�� m f�w\aeo�dJf�� d d � o3gihey m f3p
! � 	

�
� ^54

i

j ^ z m � 
i

j
� m a�g � � ��� ��	 � ����� ��� �|b � dJh�� � ��	 � ����� � � �|xSgif�� �{dJh  (1)

j

�  (2)
j

�  (3)
j

� m aeaedcp � m f�� h m he}�d
l giaey giv��{dcp�4 (1)

j

�74 (2)
j

�74 (3)
j

y{f �
j

b � dJh��
j

� �
j

p9gihey p��l_

�
j

� 	
�
� ^54 (i)

j

j ^ z m �  (i)
j

j
� m a d l dJa9_���� ��	 �9~ � �:�|b ! v3p9dJa l d he}3gih �

j

� �
j

b ] y{f�� d he}�d aedJz2giy{f��&dJa9p m � �
j

gif���!
� m aeaedcp � m f�� m f  (1)

j

x  (2)
j

gif��  (3)
j

x'! � �
j

^ z m � �
j

j��&o�d h m he}�d L }�y{f�dcp9d � dJz2giy{f��&dJa
a?}�d m aedJz�b � dJf�� dnx !�y pXg!p m �{o�hey m f m ���

H

b
[Satisfiability of SH translates to H .]� dJh	! v-d g!p m �{o�hey m f m ���

H

b r d*pe} m x4he}3gih�� x��&dA�3f�d � g\p� ^54
i

j 8
def

� 	 x&y)�'! ����^ z m � 
i

j
� x&y)�'!������^ z m � 

i

j
� m a*g � � � � ��	 � ����� ���:�|xNp gihey p?�3dcp 	 b � dJh1�

j

�"�
j

peo�� }(he}3gih ! � �
j

^ z m � �
j

j]xNgif�� �{dJh
4

i

v/d g l giaey giv��{d�y{f �
j

peo�� } he}3gih	��� � 4
i

�
)
4

i

� y p �{y{hedJa9g � y{f �
j

gif��
��8 4
i

y)�Bgif��
m f��G_ y)� �

j

����^ z m � 
i

j]bza?}�dJfQx�� 8 4
i

y)� gif�� m f��G_ y)� ! �)��^ z m � 
i

jXv$_ he}�d<L }�y{f�dcped
� dJz2giy{f��&dJa�a?}�d m aedJz�b a?}�dJaed6� m aednx �

j

y pBp9gihey p?�3d � v$_�� b
[Logarithmic-space computable reduction.]� h aedJz2giy{f3pQh m pe} m x(he}3gihQhe}�dSaed �&o�� hey m fQxi� a m z 	�h m �

H

x �Jgif*v/d �Jgiaeaey{d � m o�hQy{f�� m wngiaey{he}�z!y��p � g � dnb a?}�dXf o�z v-dJaSp9dJh�� ~ � ����� ��� 2 � � m f�h9giy{f3p � � aey{z!dcp ^ y)� ��� ~nj]xnp m he}3gih<y{f	� m wngiaey{he}�z!y��p � g � d � � aey{z!dXf o�z v-dJa9p �Jgif!v/d�� m o�f�� b�a?}�d pedJh9p �
1

� ����� �&�
k

gif���he}�dXf�o�z v/dJa9p��
1

� ����� � �
k�Jgif v/d � m f3p9heaeo�� hed � v,_(pehea9giy{w\} h�� m a9x?gia �(dJf o�z!dJa9gihey m f gif�� l dJaeyy� �Jgihey m f�y{f � m wngiaey{he}�z!y��p � g � dnb

! o�a�ped � m f�� � a m v��{dJz y p�� � m ped �G_#aed � gihed �4h m � �
 ��� ��� b a?}�y p � a m v��{dJz y p��Jg � �{d �
� � � � � gif���g\p9^&pBg �|o�dcpehey m f giv m o�h g w\y l dJf p9_&pehedJz m � aedJw\y pehedJa9pcb�^la?}�dcped aedJw\y pehedJa9p giaed
�&y��IdJaedJf h$� a m z aedJw\y pehedJa9p m � a9gif�� m z g � � dcp p z2g � }�y{f�dcpcbkj � ���-(�&l"'*+�'� � m � pey{uJd � � 	 y p�g
l d � h m agxXy{he} � � m z � m f�dJf h9pcbZa?}�d!dJf�heaey{dcp m � � giaed	�&dJf m hed �(g\p �!^ 	 j � ����� � ��^ �3j]b � _��W='*



J j

�&W#7(�K+"z��& =6* m � dJa9gihey m f y p � dJa�� m aez!d � m f g aedJw\y p9hedJa�v,_�z m l y{f�w he}�d � m f hedJf�h9p m � d l dJa9_�v�o�hhe}�d �3a9peh � m z � m f�dJf h9p m f�d � m pey{hey m f h m he}�d��{d6�`hBgif�� he}�d � aed l y m o3p��G_n�3a9pehXdJf�hea9_ y p z m l d �h m he}�d aey{w\} hez m peh ^ _)��"6* j � m p9y{hey m fQb r d g\p9p9o�z!d2he}3gih�he}�d � m f3pey��&dJaed �(aedJw\y pehedJa y p�p � aedcg �
� a m z �{d6�`hXh m aey{w\} hcx&y b dnb{x��`a m z �!^ 	 j m f he}�d��{d6� hXpey��&d h m �!^ �3j m f he}�d aey{w\}�h pey��&dnb
M<a m v��{dJz �&dA�3f�y{hey m f
� � � � � ^`pey{z o��{h9gif�d m o3p?w m f�dcp?aey{f�wTw pe}�y)�`h?aedJw\y pehedJa9p � a m v��{dJz j]b
���	��
������� � p9dJh�� �

1

� ����� � �
k

� m � aedJw\y pehedJa9p?he}3gih � m f�h9giy{f f3giheo�a9g � f o�z v-dJa9pcb
��� ����
������ � p*he}�dJaed g�f�o�z v/dJa � � ��peo�� }�he}3gihcx g�� hedJa � dJa�� m aez!y{f�w � �{d6� h aey{f�wTw pe}�y)� h
m � dJa9gihey m f3p m f dcg � } aedJw\y pehedJacx&g � � aedJw\y pehedJa9pX}3g l d�dJf hea9_ 	 y{f he}�d��{d6�`hez m peh � m z � m f�dJf�h �

] y{z!y � gia��G_�h m he}�d � a m v��{dJz � �
 ��� ��� x y{hSy p f m hSf�d � dcp9p9gia9_ h m �i2g f�o�z v/dJaSaed � aedcpedJfDwh9gihey m f�p9_&pehedJz«� m a � � � � � x&v�o�h�� m aXpey{z � �{y�� y{h)_|x,x d g\p9p9o�z!d�v�y{f3gia9_ aed � aedcpedJf�h9gihey m fQb
� #,* *+
 o � 	 � � �
 ��� ��� � L

m
� � � � � �

	O������'� �QdJh ^e^��
1

� �
1

j � ����� �c^��
k

� �
k

jej v/d gif2y{f3peh9gif�� d m � � �
 ��� ��� b � m hed he}3gihcx|pey{f�� d �
i

y p
w\y l dJf y{f o�f3gia9_/� m aez�x�� m a d l dJa9_�v�y{f3gia9_ f o�z v-dJa��2y{h �Jgif v-d �&dJhedJaez!y{f�d � g�f�o�z v-dJa�� ′ �� � � ����� � �

i �
	 � peo�� } he}3gih�� � �

′
^ z m � �

i

j o3pey{f�w m f��G_ � m wngiaey{he}�z!y���p � g � dnb � dJf�� dnx y{f
� m wngiaey{he}�z!y���p � g � dnxGpedJh9p2� ′

1

� ����� �&� ′
k

�Jgif�v-d �&dJhedJaez!y{f�d ��peo�� }�he}3gih �
′
i

	 � � � ����� � �
i �
	 �|x

� � ��	 � ����� � � �|x/gif��0� ′ � � ′
i

y)� gif�� m f��G_ y)�She}�dJaed y p ���0�
i

peo�� }�he}3gih�� � �
′
^ z m � �

i

j]b
r d �&dA�3f�d �(aedJw\y p9hedJa9p �

1

� ����� � �
k

xX}�dJaed �
i

y p m �Bpey{uJd �
i

� m a�g � � � � ��	 � ����� � � �|b�a?}�d
aedJw\y pehedJa9p�� m f�h9giy{f���gif�� 	2g\p*dJf heaey{dcpcx"gif�� �

i

^ ��j 8 	\x � � ��	 � ����� � � �|x
� � ��	 � ����� � �
i

�|x
y)�?gif�� m f��G_ y)� �

�
	 � �

′
i

b ! v3pedJa l d!he}3gih �
1

� ����� � �
k

�Jgif�v/d � m z � o�hed �(y{f � m wngiaey{he}�z!y��p � g � dnb
� _ �&dA�3f�y{hey m f m � he}�d �{d6�`h aey{f�wTw pe}�y)� h m � dJa9gihey m f)gif��#he}�d(aedJw\y p9hedJa9pcx y{h } m ����p he}3gih

�
i

^ 	 j�8 	�g�� hedJa g ��� �{y��Jgihey m f m � � � � �{d6�`h aey{f�wTw p9}�y)� h m � dJa9gihey m f3p y)�?gif�� m f��G_�y)� he}�dJaed�y p
� �0��	 � ����� � �

i

� peo�� }�he}3gih �
i

^ ��j 8 	 gif�� �
�
	 � � ^ z m � �

i

j]b a?}�dJfQx|he}�dJaed�y p?g�f�o�z v-dJa �
peo�� }2he}3gihcx g��`hedJa g ��� �{y��Jgihey m f m �����{d6� h aey{f�wTw pe}�y)� h m � dJa9gihey m f3p m f g � �/aedJw\y pehedJa9pcx|g � �GaedJw\y pehedJa9p
� m f h9giy{f 	*y{f�he}�dJy{a �{d6�`hez m peh � m z � m f�dJf�h9pXy)�Sgif�� m f��G_ y)� he}�dJaed�giaed1�

1

� ����� � �
k

gif�� � peo�� }
he}3gih+�

i

� ��	 � ����� � �
i

�|x �
i

^ �
i

j+8 	 gif�� �
i �
	 � � ^ z m � �

i

j�� m a d l dJa9_�� � ��	 � ����� � � �|b
� dJf�� dnx � �

1

� ����� � �
k

� � � � � � � y)� gif�� m f��G_ y)�?^e^��
1

� �
1

j � ����� �c^��
k

� �
k

jej � � �
 ��� ��� b

��"�#f�%�K#$* o �X0 p � �
 ��� ��� ��� � � � � � � � �� �QM � � � � 	 �  ����

	O������'� �{Msw }3gia �&f�dcp9p m � v m he} � a m v��{dJz2p:� m � � m x p�� a m z � dJz!z2gih9g �3b 	�j gif�� �3b 	�`�gif��
a?}�d m aedJz �3b 	c�&b ] m x y{hQpeo�) � dcp h m pe} m x he}3gih � � � � � �Jgif*v/dSg � � d � hed � y{f f m f��&dJhedJaez!y{f�y pehey��
� m �G_�f m z!y g � hey{z!dnb

� dJh%� �
1
� ����� � �

k

� v/d�gif1y{f3peh9gif�� d m � � � � � � x gif�� �{dJh �
1
� ����� � �

k

v/d he}�d�pey{uJdcp m �he}�d*aedJw\y pehedJa9p �
1

� ����� � �
k

x-aedcp � d � hey l d �G_|b ! v3pedJa l d he}3gihcx3y)�<he}�dJaed�y p � �#��p9o�� }�he}3gih g�� hedJag ��� �{y��Jgihey m f m � � �{d6� h aey{f�wTw pe}�y)� h m � dJa9gihey m f3pBh m he}�d*aedJw\y pehedJa9p peo�� } he}3gih dcg � }�aedJw\y pehedJa }3g\p
	 y{fEy{h9p �{d6�`hez m peh � m z � m f�dJf hcx he}�dJaed�y p�peo�� }#g(f o�z v-dJa � pez2g � �{dJa�he}3gif �

1

� � � �
k

b ] m x



Chapter 4
a?}�d�� m z � �{dAi�y{h)_ m �<gioDi&y �{y gia9_ � a m v��{dJz2p J `

y{h2peo�) � dcp�h m � }�d � ^ xX}�dJhe}�dJa2he}�dJaed y p � � �
1

� � � �
k

peo�� } he}3gihZx d m v�h9giy{fEg � � �{d6� hez m p9h
� m z � m f�dJf�h9pg��� �{d � xXy{he} 	!g�� hedJa�g ��� �G_�y{f�w � �{d6� h*aey{f�wTw p9}�y)� h m � dJa9gihey m f3p�h m he}�d2aedJw\y pehedJa9p b
�+� he}�y p �JgifEv-d � }�d � ^nd � y{f � m �G_�f m z!y g �Bhey{z!dnx x d m v�h9giy{f gif m l dJa9g � �Xf m f��&dJhedJaez!y{f�y pehey��
� m �G_�f m z!y g �yw hey{z!d*g �{w m aey{he}�z�b
r d �Jgif aedcpeheaey�� h h m he}�d � o�dcpehey m fQx w\y l dJf g aedJw\y pehedJa � m � p9y{uJd �!gif�� g f o�z v-dJa ��x

xX}�dJhe}�dJa��!^ 	 j � m f�h9giy{f3p 	Sg��`hedJaNg ��� �{y��Jgihey m f m �!� �{d6�`hQaey{f�wTw pe}�y)�`h m � dJa9gihey m f3pcb � f � m �G_ f m z!y g �hey{z!dnxQf�o�z v-dJa1� � ��p9o�� }(he}3gih � ��� ^ z m � � j �Jgif�v/d � m z � o�hed � x"gif�� g � � d � h*y)�?gif��
m f��G_�y)� �!^ � � 	 j 8 	\b a?}�y p � m f�� �{o��&dcp he}�d � a m|m �eb



�i�



� 	

� "!
�����#f� �
�&AB=G;G@����<� 6 A���� A 6 =/: ;I: ��� ;I;I:<A = 8 �*83=/:"��8

� d � o�aeaedJf�� dcp m a!aed � o�aeaedJf h2d � o3gihey m f3p2g ��� dcgia2y{fEz2gif,_ �3d ����p m � he}�d m aedJhey��Jg � � m z � o�hedJap � y{dJf�� dnx"z2gihe}�dJz2gihey��Jpcx � },_&pey��Jp 
 y{f��3d ����pOxX}�dJaed �&y p � aedJhed � a m � dcp9pedcp*giaed z m �&d � �{d � gif��peheo��&y{d � b a?}�dz�3a9pehSgif���xXy��&d �G_<^ f m xXf�aed � o�aeaedJf�� d �&dA�3f�dcp<he}�d pedJh m � � y{v m f3g � � y3f o�z v-dJa9p �he}�y p ped �|o�dJf�� d peh9giaeh9p xXy{he} hexXy�� d f o�z v-dJa 	\x gif���d l dJa9_8� o�aehe}�dJa d �{dJz!dJf h y pShe}�d peo�z m � y{h9ph)x m � aed �&d � dcp9p m a9pcx y b dnb{x,x d m v�h9giy{f 	\x 	\x�~&x �&x J xj&x 	 �&x�gif�� p m m fQb � l dJf he} m o�w\} he}�d��3a9peh
�`d�x f�o�z v/dJa9p � m f m h pedJdJz�pedJf3p9gihey m f3g � x|he}�d�� y{v m f3g � � yGf�o�z v/dJa9p heo�aef m o�h l dJa9_�o3ped6�`o��-y{fz2gif,_ giaedcg\p m �<p � y{dJf�� d ^`pedJdnx � m a y{f3peh9gif�� dnx w�� ��g�&BoHD�#y��,�,6&�±65Q�J�'*+�'�'_
 x-he}3gih y pBg p � y{dJf�heyy� �
 m o�aef3g � �&d lnm hed � h m he}�dO�"y{v m f3g � � y f o�z v-dJa9pXgif���aed � gihed � �|o�dcpehey m f3p]j]b

� f�he}�d �Jg\ped m ��� y{v m f3g � � y f o�z v-dJa9pcx m f��G_ m f�d2aed � o�aeaedJf h�d �|o3gihey m f�y p*y{f lnm � l d � b � f
m he}�dJa �Jg\pedcpcx m f�d�z2gK_vx?gif h h m peheo��D_!f o�z v-dJa?ped � o�dJf�� dcp xX} m p9d�d �{dJz!dJf�h9p giaed�w\dJf�dJa9gihed �v,_ h9gT^�y{f�w d �{dJz!dJf�h9p:�`a m z m he}�dJa f o�z v-dJa ped � o�dJf�� dcp2he}3gih giaed�w\dJf�dJa9gihed �Ev,_1g ��� �G_ y{f�w
�&y��IdJaedJf h w\dJf�dJa9gihey m f�aeo��{dcp b ] m xXhe}�d hea9gif3pey{hey m fr�`a m z pey{f�w �{d aed � o�aeaedJf�� d�d � o3gihey m f3p h maed � o�aeaedJf�h2p9_�p9hedJz2pcx<p9_&pehedJz2p m � � m p9pey{v��G_ f�dcp9hed � aed � o�aeaedJf�� d d �|o3gihey m f3pcx y p�f3giheo�a9g � b �
� m aez2g � �&dA�3f�y{hey m f�y p � aedcpedJf�hed � y{f(he}�d�ped � m f��(ped � hey m f m �?he}�y p�� }3g � hedJacb r dvxXy � �<w\y l d2ga9gihe}�dJa w\dJf�dJa9g � �&dA�3f�y{hey m f m �Qaed � o�aeaedJf h p9_�p9hedJz2pcb�� m a m o�a y{f l dcpehey{wngihey m f3p x�x dQxXy � �-aedcpeheaey�� hh m p � d � y g � m f�dcpcx&he}3gihz�3h�x d � � y{f�h m g!pedJaey{dcp m � � aed l y m o3pzx m a9^Gb
r dgxXy � �/f m h � m f3pey��&dJa?aed � o�aeaedJf�h p _�pehedJz2p g\p he}�d z2giy{f m v� d � h m � m o�a?y{f l dcp9hey{wngihey m f3pcxv�o�h<x dnxXy � � o3ped he}�dJz � m a � m f�� y ped �G_ �&dA�3f�y{f�w pedJh9p m � f o�z v-dJa9pcx giv m o�h�xX}�y�� } x dtxXy pe}

h m2m v�h9giy{f y{fQ� m aez2gihey m fQb a?}�d � m aeaedcp � m f��&y{f�w � a m v��{dJz2pBgiaed p m w �Jg � �{d � z!dJz v-dJa9pe}�y �� a m vDw
�{dJz2pcx&gif�� x d xXy � � �&dA�3f�d�h)x m l dJa9pey m f3pcb r d xXy � �Qg\p9^txX}�dJhe}�dJa g�w\y l dJf aed � o�aeaedJf�hXp9_�p9hedJzw\dJf�dJa9gihedcp g*w\y l dJf2f�o�z v-dJa y{f p m z!dBy{hedJa9gihey m f pehed � m a3xX}�dJhe}�dJa he}�dJaed y p gif y{hedJa9gihey m f pehed �y{fvxX}�y�� }!he}�d w\y l dJf�f�o�z v/dJa<y pSw\dJf�dJa9gihed � b M<aed � y ped �&dA�3f�y{hey m f3pSgif��Z�3a9peh<aedcpeo��{h9pSgiaed w\y l dJfy{fm] d � hey m f J b �&b a m w\y l d gif y��&dcg�x&he}�d � o�dcpehey m f3p z2g�_2v/d xX}�dJhe}�dJaXg w\y l dJf f�o�z v/dJa y p?he}�d
�$w he} � y{v m f3g � � y f�o�z v/dJa m a�xX}�dJhe}�dJaXy{h &h" gZ� y{v m f3g � � y f�o�z v-dJacb

L m z � �{dAi&y{he_$w he}�d m aedJhey�� aedcpeo��{h9p*g �Gx?g�_&p �&d � dJf�� m f�y{f � o�h aed � aedcp9dJf h9gihey m fQbt] y{f�� d2aedAw
� o�aeaedJf�hBp9_&pehedJz2p � m f3pey peh m � d �|o3gihey m f3p x m a��`o�f�� hey m f3p�^ �&d � dJf��&y{f�w m f�he}�d � m y{f�h m � l y{d�x j]x
x d � } m|m p9d*g ��� a m � aey gihed*giaey{he}�z!dJhey��Jg � � y{a � o�y{h9p g\p?aed � aedcpedJf�h9gihey m f z m �&d � pcb a?}�dcped�� y{a � o�y{h9pgiaed �&dA�3f�d ��y{f2he}�d�� m � � m xXy{f�w�p9d � hey m fQb�a?}�d � }3g � hedJaSdJf���psxXy{he} g*peo�z!z2gia9_ m � � m z � �{dAi�y{h)_aedcpeo��{h9p m � � a m v��{dJz2p?he}3gih giaed � � m ped �G_ aed � gihed � h m!m o�aXz!dJz v/dJa9pe}�y ��� a m v��{dJz2pcb

� � 	 �n�K�/��"�* #|�����|
 - �f�����f���/��.

L m z � �{dAi&y{he_*he}�d m a9_�^ f m x p �&y��GdJaedJf�h z2gihe}�dJz2gihey��Jg � m v� d � h9p
� m a � a m l y{f�w o ��� dJaSgif�� � m x dJa
� m z � �{dAi&y{he_2v m o�f���pcb �)aey�� } gif��]� dJaehey �{d��3d ��� y p � aedcgihed � v$_�he}�d*peheo��D_ m � � y{a � o�y{h9p b �Sp � dAw
� y g � �G_|xIhe}�d � m z � �{dAi&y{h)_ m � v3g\p9y��!giaey{he}�z!dJhey��Jg � m � dJa9gihey m f3pcx �{yG^|d2g ���&y{hey m fQx z o��{hey � �{y��Jgihey m fgif�� �&y l y pey m fQx �Jgif(v-d	�Jg � heo�aed �(g �&d � o3gihed �G_|b � � p m x � y{a � o�y{h�� m z � �{dAi&y{he_�y p�giv��{d h m z2gT^|d
�3f�dJa �&y pehey{f�� hey m f3p � m z � giaed � h m � � g\p9pey��Jg � � m z � �{dAi�y{h)_�z!dcg\peo�aedcp v3g\ped � m f a"o�aey{f�w�z2g6w
� }�y{f�dcpcxT� m a2y{f3p9h9gif�� dnb � w m m � y{f hea m �&o�� hey m f h m gif��#peo�a l d�_ m f � y{a � o�y{h � m z � �{dAi&y{h)_ y p



�\~

� a m l y��&d � v$_ � m � �{z!dJa	� pXv m m ^ m f he}3gih p9o�v� d � h,� j ��� b
� dJaednx } m x d l dJacx!x dvxXy � � f m h peheo��D_(giaey{he}�z!dJhey��Jg ��� y{a � o�y{h9p*he}�dJz2ped � l dcp xQf m aOxXy � �3x dpedJd�^~� m a aedcpeo��{h9p�giv m o�h he}�dJz�b� f3pehedcg � x%x d<xXy � �"o3ped he}�dJz m f��G_S� m a aed � aedcpedJf�h9gihey m f � o�a?w

� m pedcp b � fQ� m aez2g � �G_ p � m ^ndJfQx�giaey{he}�z!dJhey��Jg � � y{a � o�y{h9pBgiaed�g �A_ � �{y�� w\a9g � }3p�xX} m ped l dJaehey�� dcp giaed
� giv-d � �{d � b r dg�3a9peh �&dA�3f�d*giaey{he}�z!dJhey��Jg � � y{a � o�y{h9p y{f�g l dJa9_�w\dJf�dJa9g �Qpeh)_ �{dnb
� #�� ���/���/� � 	$o ¤P�6*

M
o��G�V"��6*��+*W� � o�f�y l dJa9ped ¡E�
��#3.8_��6*

F
o��c�8"N�N*�D�=>DeL�'����*`&`D�#L">D�C��'�

M
[q¤P�N* !�� 	 [v}<# ! � ��" � ��" � ��� � % � � �&���

F
� � ��"$� ! � �VD�C��'�

M
&h"]�U*`5ie3_�� ^ � � � � � � �"j

9p�Q�'��� �$8 ^�
��&��j &l"��J#]��,�
�,6_a&`,T(��H�e^�c�Q��C�&W#7(G�J*�_��H��"6* ! "6D�5��H,z��C��'�'*`&-,z�"� � &h"������e�e3&W#7(
*W���J*!_���o��6_�"G*W�Q�V���H,'"cD�= � 9!&`*W�]#L5��/o��'�">"'5Q,6�~*W����*!#3D>e ��&l�GD�=G���H,'"�&l"���""&�(�#y�H./*W�Q��"6���/�
#L5���oz�'�z� �A.��'#3DJ*+�'"Z�VC��6�'*+�H¥/D�= � ��*W����*�&l"$,���_W_��H.�*W� � m o�h � o�h l dJaehedAi ���J#3. � &h"$�V���e�e3&W#7(
*W���J*!_���o��6_�"GC��6�'*`&-,z�"VD�= � 9!&`*W�S�'_��'�/�'#^*W"!='��D��

F �
��	 � ����� �7! � &l#U*W�Q�;=6DJ_l_�D�9!&W#7(�9;� 
��

� �'¡j*W�Q�G#L57�/o��6�z"!='��D�� ��	 � ����� �7! � �����c��""&�(�#y�H.]*BD ! .�& �<�'�H�6#^*�C��6�'*`&-,z�"
� o ¡~=6DJ�G�6C��'��
/C��'�6*+�H¥ 4 D�= � �

��o��¡j& = � ^54Gj �0��	 � ����� �7!'� *W�Q�6# 4 &h"c��"6D�5��H,z�cC��'�6*+�H¥��2��_x"6D�,���_W_��H.~��# y{f � o�h l dJaehedAi
��o��N¡j& = � ^54Gj �

F
��#3. 4 ����" � &l#^K ,�D���&W#7(/�J��,'"G*W�Q�6# � ^54Gj &l"c� � K�����
]De �'�H�J*`&-D�#y[

� f3p9hedcg � m ��g �Gx gK_&p2p � dcgT^�y{f�w m � ! w gia9_1giaey{he}�z!dJhey��Jg �
F
w � y{a � o�y{h9pcx x d�g � p m p � dcgT^ m �

���'&W*W���/�6*`&-,���_�,6&W��,N57&`*W" x;� m a!pe} m aehcx y)� !�gif��
F
giaed f m h � aed � y p9d � b �Baey{he}�z!dJhey��Jg � � y{a � o�y{h9paed � aedcpedJf�h��`o�f�� hey m f3pcx\y{f � giaehey�� o�� giacxngiaey{he}�z!dJhey��Jg �

F
w � y{a � o�y{h9p<aed � aedcp9dJf hp�`o�f�� hey m f3p<he}3gih giaedv�o�y �{h m f��G_ v,_ o3pey{f�w m � dJa9gihey m f3p<� a m z

F
b�a?}�d d l g �{o3gihey m f m � g�� o�f�� hey m f�aed � aedcpedJf�hed ��v,_gif�giaey{he}�z!dJhey��Jg � � y{a � o�y{h m f(g w\y l dJf y{f � o�h y p��&dA�3f�d �(g\p>� m � � m x pcb�� dJh ��8 ^ � � � � � � �"jv-d2gif ! w gia9_ giaey{he}�z!dJhey��Jg �

F
w � y{a � o�y{h m l dJa p m z!d2pedJh

M
b � dJh�^ �

1

� ����� � �
n

jBv-d2he}�d!y{f � o�hcx
xX}�dJaed2�

1

� ����� � �
n

giaed d �{dJz!dJf h9p!� a m z
M
b a?}�dBd l g �{o3gihey m f/� o�f�� hey m f ��g\p9pey{w\f3pSgif�d �{dJz!dJf h

� a m z � h m d l dJa9_ l dJaehedAi�4 m � �)y{f he}�d>� m � � m xXy{f�w<x gK_�^ � �{dcgia��G_|x y{h?y p g\p peo�z!d ��he}3gih
M
y p

� � m ped � o�f��&dJa g � � m � dJa9gihey m f3p y{f
F
j��

� y)� � ^54Gj �0��	 � ����� �7!'�|x&he}�dJf � ^54Gj 8
def

�
i

xX}�dJaed��'8 � ^54Gj
� y)�"� ^54Gj �

F
gif���4�}3g\p ��y{fDw � m z!y{f�w gia �Jp�gif��

� 1
� ����� �

� k
giaed he}�dcped gia �Jpcx�xX}�dJaed<x d

g\p9peo�z!d��(^
� 1
j�� � � � � ��^

� k
j]xSgif�� 4

1

� ����� �74
k

giaed he}�d � aed �&d � dcp9p m a9p m ��4 � m aeaedAwp � m f��&y{f�w!h m
� 1
� ����� �

� k
x&aedcp � d � hey l d �G_ x|he}�dJf � ^54Ij 8

def
� � ^54Gj � ^ � ^54

1
j � ����� � � ^54

k

jej]b
�B��he}�d l dJaehey�� dcp!giaed � a m � dcp9ped �1g � � m a �&y{f�w�h m g�h m � m � m w\y��Jg � m a �&dJaey{f�wd� m a ��x y{h2y p	� �{dcgiahe}3gih he}�d2g\p9pey{w\f�z!dJf�h �1y p x d � �yw �&dA�3f�d � b<a?}�dJfQx he}�d�aedcpeo��{h m � he}�d8�`o�f�� hey m f(aed � aedcpedJf hed �v$_ � y{a � o�y{h � g ��� �{y{d � h m ^ �

1

� ����� � �
n

j�y p � ^ � j]x<y b dnb{xShe}�d l g �{o�d he}3gih�y p!g\p9p9y{w\f�d � h m he}�d
m o�h � o�h l dJaehedAi m � ��b ��a9g � } � m � ��y p g � p m �Jg � �{d �(he}�d!w\a9g � } 5�#3.��'�'_
�&W#7( �!b � h�z o3peh
v-d�aedJz2gia9^nd � he}3gih he}�d�w\a9g � }�o�f��&dJa��G_�y{f�w gif(giaey{he}�z!dJhey��Jg � � y{a � o�y{h�� m dcp f m h�}3g l d h m v-d
� m f�f�d � hed � b�� � p m xNhe}�dJaed	� m dcp�f m h*g �Gx gK_�p�}3g l d�h m v-d�g � gihe}b�`a m z.d l dJa9_ y{f � o�h l dJaehedAi
m � � h m he}�d m o�h � o�h l dJaehedAiIb �3o�aehe}�dJaez m aednx � z2gK_ � m f�h9giy{f p m o�a � d l dJaehey�� dcp?he}3gih giaed f m h
� giv-d � �{d � y{f � o�h l dJaehey�� dcp x y)�

F
� m f�h9giy{f3pX�6w gia9_ m � dJa9gihey m f3pcb

� #,* *+
 � � 	 �  � !   � � 
 �  �� ����� � �  �
F

  � �  � � ��� 	��� � � ��� � � � ��� �	 � � �� �� �
��� � �� � � 
 	 �  �$8 ^ ��� � � � � �"j � �  � � � � � � � �  � � �� � �!� ��� ! � � � � � � � � ���  � �
� � �

F
� � � � � 
�� �

�!��� � � � �



Chapter 5
� f�hea m �&o�� y{f�w<�3f�y{hed aed � o�aeaedJf�h p9_�p9hedJz2p � �

	O�K���%'� � f � m wngiaey{he}�z!y��!p � g � dnx y{h��Jgif(v/d l dJaeyy�3d � xX}�dJhe}�dJa he}�d!y{f � o�h y p m � he}�d	� m aeaed � h
� m aez�x?y b dnb{xzxX}�dJhe}�dJa y{h aed � aedcpedJf h9p g�heo � �{d xX} m ped � m z � m f�dJf h9p giaed g �&y{aed � hed � w\a9g � }Qxg�z2g ��� y{f�wb� a m z gia �Jp�h m f�o�z v/dJa9pcxSg l dJaehedAi gif��1gif m he}�dJa�z2g ��� y{f�wb�`a m z l dJaehey�� dcp h m
��	 � ����� �7!'� � F

x xX}�dJaed he}�d d �{dJz!dJf�h9p m �
F
giaed aed � aedcpedJf�hed � g ��� a m � aey gihed �G_ b �+� y{h y p he}�d

�Jg\pednxx d �Jgif�g\p peo�z!d he}3gih ^ ��� � � � � � j?y p he}�d�y{f � o�hcb � � p m y{f� m wngiaey{he}�z!y�� p � g � dnx�y{h �Jgifv-d l dJaeyy�3d � xX}�dJhe}�dJa�� g\p pey{w\f3p!d l dJa9_ f o�z v-dJa�h m gih�z m peh m f�d�gia � m � ��x xX}�dJhe}�dJa �y p g l dJaehedAi m � ��gif���xX}�dJhe}�dJa �Ez2g � p l dJaehey�� dcp h m ��	 � ����� �7!'� � F
y{f(he}�d	� m aeaed � h x?gK_|b

� dJf�� dnxiy{h"aedJz2giy{f3pNh m � }�d � ^gxX}�dJhe}�dJa��1y p g �A_ � �{y��\b�a?}�y p �Jgif v/d�� m f�d y{f f m f��&dJhedJaez!y{f�y pehey��
� m wngiaey{he}�z!y�� p � g � d��&o�d?h m a?}�d m aedJz �&b 	c~&b � dJf�� dnx|x d m v�h9giy{f�gif m l dJa9g � �|f m f��&dJhedJaez!y{f�y pehey��
� m wngiaey{he}�z!y�� p � g � d*g �{w m aey{he}�z�b

�Bp g �{aedcg �D_ z!dJf hey m f�d � xzx d xXy � � o3ped�giaey{he}�z!dJhey��Jg � � y{a � o�y{h9p m f��G_u� m a aed � aedcpedJf�hey{f�w
�`o�f�� hey m f3pcb
� p g*v3g\pey�� � a m � dJaeh)_ m �Qhe}�d m � dJa9gihey m f pedJh he}3gih xXy � �-v-d y{f l|m � l d � y{h } m ����pShe}3gihd l dJa9_ m � dJa9gihey m f�y p � m z!z o�h9gihey l dnx&y b dnb{x�he}�d m a �&dJa m �<he}�d*y{f � o�h l g �{o�dcpXy pBf m hBpey{w\f�yy� �Jgif�hcb
] m x6x d3xXy � � � m f3pey��&dJa giaey{he}�z!dJhey��Jg � � y{a � o�y{h9p m f��G_*g\p"heaey � �{dcpcx�xX}�dJaed x d peo ��� aedcp9pNhe}�d ped � m f��
� m z � m f�dJf�hcx&z2g ��� y{f�w��(x m � m o�a m aey{w\y{f3g � �&dA�3f�y{hey m fQb

� f#y{z � m aeh9gif�h m � dJa9gihey m fr� m a giaey{he}�z!dJhey��Jg � � y{a � o�y{h9p2y p peo � dJa � m pey{hey m fQb I m aed � aedAw
� y ped �G_|x|w\y l dJf hex m �`o�f�� hey m f3p aed � aedcpedJf�hed �2v,_�giaey{he}�z!dJhey��Jg � � y{a � o�y{h9pcx|} m x � m x d m v�h9giy{f gifgiaey{he}�z!dJhey��Jg ��� y{a � o�y{h aed � aedcpedJf hey{f�w he}�dXpeo � dJa � m pey{hey m f m �-he}�dcped2�`o�f�� hey m f3p � a?}�y p m � dJa9gihey m fy p a9gihe}�dJa p9y{z � �{dnx�p9y{f�� d y{h?peo�) � dcp h m � m z � o�hed he}�d �&y p  m y{f h o�f�y m f m �Nhe}�d h)x m o�f��&dJa��G_ y{f�ww\a9g � }3p<gif�� w �{o�dXh m w\dJhe}�dJa he}�d m o�h � o�h l dJaehedAi m �-he}�d m f�d � y{a � o�y{h xXy{he}�he}�d?g ��� a m � aey gihedXy{fDw
� o�h l dJaehedAi m �-he}�d m he}�dJa � y{a � o�y{hcb _�d � dJf��&y{f�w m f!he}�dXg � heo3g �&p9y{heo3gihey m fQxiy{f � o�h l dJaehey�� dcp"z2gK_}3g l d*h m v/d w �{o�d � h m w\dJhe}�dJa m aBf m hcb �Bf dAi�giz � �{d y p � a m l y��&d ��y{f � y{w\o�aed �3bQa?}�d � y�� heo�aedpe} m x p�� m o�a p � }�dJz!dcp m � giaey{he}�z!dJhey��Jg � � y{a � o�y{h9p	� he}�aedJd �Kw gia9_� y{a � o�y{h9pcx �

1

x �
2

gif���gif�o�fDw
f3giz!d � m f�d ^ he}�dBaey{w\} hez m peh � y{a � o�y{hSy{f2he}�d � y�� heo�aed j]x gif��2g�~Kw gia9_ � y{a � o�y{hcx ��b�� dJh(�

C1

x:�
C2gif��1�

C

�&dJf m hed he}�dT� o�f�� hey m f3pNaed � aedcpedJf�hed �*v,_ �
1

x �
2

gif�� ��x aedcp � d � hey l d �G_|b!a?}�dJfQx he}�d o�fDwf3giz!d � � y{a � o�y{h aed � aedcpedJf�h9p��`o�f�� hey m f � ^54
1

�74
2

�74
3

j	8 �
C

^ �
C1

^54
1

�74
2

�74
3

j � �
C2

^54
1

�74
2

�74
3

jej]b
� m hed he}3gihBhe}�d*y{f � o�h l dJaehey�� dcp m � �t}3g l d v/d � m z!d p m w �Jg � �{d � &l#L#%�'��C��'�6*`&`,�" x/y b dnb{x l dJaehey�� dcphe}3gih giaed f m hXy{f � o�h l dJaehey�� dcpcx�v,_ g�w �{o�dJy{f�w m � dJa9gihey m fQb

� �X0 k��l���/��#m�K#f�f�����K#$���n.�&!.���#$*+.�����#$�t.�#f��.Z�%'{��
D���!�K
 -�� ��*�� #f��.

� aed � o�aeaedJf�� d�y p g � giy{a � m z � m ped � m ��gd� o�f�� hey m f�gif�� g p9dJh m � y{f�y{hey g � l g �{o�dcpcb �Bpey{f�w
aed � o�aeaedJf�� dcpcx m f�d �Jgif w\dJf�dJa9gihed y{fD�3f�y{hed ped �|o�dJf�� dcp m � m v� d � h9p v,_ g ��� �G_�y{f�w�he}�dc� o�f�� hey m fh m � dJaeh9giy{f m � g �{aedcg �D_�w\dJf�dJa9gihed � m v� d � h9pcb � peo3g �"aed � o�aeaedJf�� dcp giaed �&dA�3f�d � m l dJaBf3giheo�a9g � xaedcg � m a � m z � �{dAi2f�o�z v/dJa9p gif�� y{f lnm � l d m f��G_!v3g\pey��Bgiaey{he}�z!dJhey��Jg � m � dJa9gihey m f3p �{yG^nd g ���&y{hey m fgif���z o��{hey � �{y��Jgihey m fQb r d dAi�hedJf�� he}�y p f m hey m f�h m aed � o�aeaedJf h�p9_&pehedJz2p m l dJa pedJh9p m �Sf3giheo�a9g �f�o�z v/dJa9pcb � dJz!dJz v/dJaXhe}3gihB��y pXg � p m g�f3giheo�a9g � f�o�z v/dJacb
� #�� ���/������� 	 � ¤P�N* !�� 	 [�}���( � � % "$%&��! " "$%�( � � ����� % � D�C��6�G"N�N*W"GDH=�#3�J*`5�����_�#L57��K
o��'�"cD�=�.�&l�/�'#L"&-D�# ! &h"��>eQ�J&l� � 8 ^�� �&��j 9p�Q�'��� � 8 � �

1

� ����� � �
n � =ND�� � 1 � ����� � � n ! K�����
='57#3,�*`&`D�#L"�D�C��6��"N�6*W"�D�=�#3�J*`5����J_
#^57�/o��'�"���#3. �
� % n [£wP�Q�].�&l�/�'#L"&-D�# ! D�=��H��,657�'���'#^*



� �

C 1

1 2 3

C 2

1 2 3

1 2

C

3

2

1

C

C 1 C 2

� FG}�CD:A8 q L y{a � o�y{h"aed � aedcpedJf h9gihey m f m �3he}�d peo � dJa � m pey{hey m f m �Q�`o�f�� hey m f3pcb � f � o�h
l dJaehey�� dcpXgiaed aed � aedcpedJf�hed � g\pXp � o3giaedcpcb



Chapter 5
� f�hea m �&o�� y{f�w<�3f�y{hed aed � o�aeaedJf�h p9_�p9hedJz2p � J

"�
�"6*+�'� � &l"G.��'#3DJ*+��.]��" �&y{z � [
� y{f�y{hed�aed � o�aeaedJf�h p9_&pehedJz2p��&dA�3f�d ped � o�dJf�� dcp m � heo � �{dcp m � pedJh9p m �Xf�o�z v/dJa9pcb a?}�dcpedheo � �{dcp giaed�w\dJf�dJa9gihed �Ev,_ � gia9g � �{d � �G_Eg ��� �G_ y{f�w he}�dq�`o�f�� hey m f3p��`a m z ��b � m aez2g � �G_ x he}�y p

� a m � dcp p y p �&dA�3f�d �(g\p<� m � � m x p b � dJh � 8 ^�� �&��jBv-d2gn�3f�y{hed!aed � o�aeaedJf�h�p9_&pehedJz m l dJa�pedJh9p
m �Nf3giheo�a9g �Gf o�z v-dJa9p m � �&y{z!dJf3pey m f�!mxX}�dJaed � 8 � �

1

� ����� � �
n � gif��%� 8 ^ � 1 � ����� � � n j]b r d�&dA�3f�dnx�� m aXd l dJa9_ � �E� �

�
i

^`�|j.8
def

��� �
i

� ^`�|j 8
def

���
i

� ��� �0��	 � ����� �7!'�
�

i

^ � � 	 j 8
def
��� �

i

� ^ � � 	 j 8
def
�
i

^ �
1
^ � j � ����� � �

n

^ � jej ��� �0��	 � ����� �7!'�
��^ � j 8

def

^ �
1

^ � j � ����� � �
n

^ � jej
�?^ � j.8

def
�

n

^ � j �
� f<x m a ��pcxig�aed � o�aeaedJf h<p9_&pehedJz m l dJa pedJh9p m �Gf3giheo�a9g ��f�o�z v-dJa9p w\dJf�dJa9gihedcp heo � �{dcp � m f h9giy{f�y{f�wpedJh9p m �Qf3giheo�a9g �/f�o�z v/dJa9pSy{f dcg � } � m z � m f�dJf�hcbs] h9giaehey{f�w�xXy{he} he}�d y{f�y{hey g � l g �{o�dcpcx|he}3gih giaed
�&dJhedJaez!y{f�d � v,_�he}�d ped � m f���� m z � m f�dJf�h m � g��3f�y{hed aed � o�aeaedJf�h p9_&pehedJz�x|he}�dM�`o�f�� hey m f3p m � gaed � o�aeaedJf�hNp9_&pehedJz)giaed pey{z o��{h9gif�d m o3p��G_ g ��� �{y{d � h m he}�d � g\peh m v�h9giy{f�d �*heo � �{dnb L m z � m o�f��&y{f�whe}�d aedcpeo��{h9p m ��g � ���`o�f�� hey m f3p�_�y{d ����p g f�d�x heo � �{dnx he}3gih�y p!g � p m he}�d y{f � o�h�� m a�he}�d f�dAi�hy{hedJa9gihey m f2pehed � b �+��x d �&dA�3f�d � m f�� aedJhed aed � o�aeaedJf hSp _�pehedJz2p xiy{h<y p<f m hSg �Gx gK_&p v-dcpeh<h m �&dJf m hedhe}�d!y{f lnm � l d �S�`o�f�� hey m f3p g\p,�

1
� ����� � �

n

b � f3pehedcg � x x d!z2gK_�w\y l d�z m aed	� m f l dJf�y{dJf�h f3giz!dcpcxgif�� he}�d��&dJf m h9gihey m f ��� � �"y pXg ��� �{y{d � y{f he}�dcped��Jg\pedcpcb
a m w\y l d f3giz!dcpcx�x d m � hedJf p9gK_ he}3gih��

n

y p he}�d D�5�*xey5�*%='57#y,N*`&`DJ#dDH= � b �-o�aehe}�dJaez m aednx
x d �Jg � � �

i

^ � j he}�d ���"5�_)*;D�=M*W�Q� � K *W�$='57#3,�*`&`D�#ADH=<���H,65�����'#^*;"�
�"6*+�'� � &l#q*W�Q� �K *W�]&`*+�'����*`&`D�#
"'*+� e x<gif��#�?^ � j�y p�he}�d �H�'"5�_a*GD�=�*W�Q�/"�
�"6*+�'� &W#k*W�Q� �'K *W�m&`*+�'����*`&`D�#j"6*+�+e b L m z � m o�f��&y{f�whe}�d!aedcpeo��{h9p m � he}�d2p9_�p9hedJz m �?g � �<y{hedJa9gihey m f�pehed � pcxIy b dnb{x � m z � m o�f��&y{f�w�he}�d!aedcpeo��{h9p m � he}�d
m o�h � o�hT� o�f�� hey m f m � � x,x d m v�h9giy{f g p9d �|o�dJf�� d m �"pedJh9p m �Qf3giheo�a9g �If o�z v-dJa9p�� he}�y p?ped � o�dJf�� dy p ���+e3���"��'#^*+�H. m a .��`��#y�H. v$_ � b � _
� � � x$x d �&dJf m hedBhe}�d o�f�y m f m � he}�dcpedBpedJh9pcxny b dnb{x � � � 8

def�
t≥0

�?^ � j]b ] m x&g��3f�y{hed aed � o�aeaedJf�h?p9_�p9hedJz �&dA�3f�dcp?g p9d �|o�dJf�� d m �NpedJh9p m �Qf o�z v-dJa9p?g\p3x d � �g\p g�pedJh m �Qf�o�z v/dJa9pcb r d giaedBy{f�hedJaedcpehed ��y{f�h)x m � a m v��{dJz2p he}3gih giaed y{z!z!d �&y gihed �G_ y{z � �{y{d �v,_ m o�a �&dA�3f�y{hey m f3pcb ! f�d �Jgif�g\p ^ xX}�dJhe}�dJa�g!f�o�z v/dJa ��y p w\dJf�dJa9gihed ��y{f�y{hedJa9gihey m f p9hed � �
m a�xX}�dJhe}�dJa � y p?w\dJf�dJa9gihed � y{f�p m z!d y{hedJa9gihey m f�pehed � gih g � � b

] d l dJa9g �Igio�he} m a9p?peheo��&y{d � p m w �Jg � �{d ��z!dJz v-dJa9pe}�y � � a m v��{dJz2pT� m a?pedJh9p m �Nf3giheo�a9g �Gf o�z�wv-dJa9p he}3gih��Jgif4v-d v�o�y �{h]� a m z pey{f�w �{dJh m f4pedJh9p v$_Eg ��� �G_�y{f�w he}�d�pedJh m � dJa9gihey m f3p o�f�y m fQxy{f�hedJa9ped � hey m fQx�� m z � �{dJz!dJf�h9gihey m f�gif�� he}�d*h)x m giaey{he}�z!dJhey��Jg �NpedJh m � dJa9gihey m f3pBg ���&y{hey m f gif��z o��{hey � �{y��Jgihey m fQx��&dJf m hed � v,_ � gif�� � x�aedcp � d � hey l d �G_|x � �T`�� x � j � � x � j�� � x � � 	�� b � ���&y{hey m f gif��z o��{hey � �{y��Jgihey m f m f�pedJh9p giaed �&dA�3f�d ��d �{dJz!dJf h)xXy ped y{f�he}�dM� m � � m xXy{f�w2p9dJf3pednb � dJh2���&��	 %�b
a?}�dJfQx

�
�
� 8

def

��� � � ��� � � gif�� � � � �
�
�
� 8

def
����� � � � � � gif�� � � � � �

� dJh � 	 �
�
�

� �
�
�
�
�|b�� f ! w gia9_��Ow-�`o�f�� hey m f/� 8 � ^54

1

� ����� �74
n

j y p*g��`o�f�� hey m f m l dJahe}�d l giaey giv��{dcp 4
1

� ����� �74
n

�&dA�3f�d ��v$_�o3p9y{f�w m f��G_ m � dJa9gihey m f3p>�`a m z � b r d<xXy � � � m f3pey��&dJa
�3f�y{hed aed � o�aeaedJf�h p9_�p9hedJz2p he}3gih giaed v�o�y �{hXo3p9y{f�w m f��G_ � � �  � � � � � ��w-�`o�f�� hey m f3pcb



�\�

� #�� ���/���/� � 	 � ¤P�6* � 	 � �
�

� �
�
�
�
� ����#3.v_��6* ! � 	 [U} ��( � � % "$%&��! " "$%�( � � �

�'� ��� % � � 8 ^�� �&��j D�C��'�>"N�6*W"�D�=<#y�J*`57�H��_y#L5���oz�'�z"�D�=�.�&l�/�'#L"&-D�# ! &l"M����#L&`*+�<�H�H,N57�'�H�6#^*
"�
�"'*+�6��DJC��'�M"N�N*W"�D�=M#3��*`57�H��_%#L5���oz�'�z"GD�=G.�&W�/�'# "&-D�# ! 9p�Q�6�H�8�'C��'��
Z='57#y,N*`&`DJ#q&l# � &h"���#
� K�='57#3,�*`&`D�#%[

] y{f�� d3x d xXy � ��z m peh��G_��&dcg �,xXy{he}��3f�y{hed aed � o�aeaedJf�h.� � �  � � � � � ��w p _�pehedJz2p m l dJaNpedJh9p m �f3giheo�a9g �&f o�z v-dJa9p x dzxXy � ��}�dJf�� d6� m aehe} �Jg � ��he}�dJz �H��,657�'���'#^*�"�
�"'*+�6�V" xE� m a<pe} m aehcb �B� x dzx?gif hh m aedcp9heaey�� h he}�d�y{f l|m � l d �8� o�f�� hey m f3p h m p � d � y g � m � dJa9gihey m f pedJh9p x|x dQxXy � �Ip � dcgT^ m � �H�H,N57�'�H�6#^*
� KB"�
�"6*+�'�8" y{f3pehedcg � m ���e�3f�y{hed aed � o�aeaedJf�h �Ow p9_&pehedJz2p m l dJaXpedJh9p m � f3giheo�a9g �Qf�o�z v/dJa9p���b

� h!y p�}�y{w\} hey{z!d h m �&y p � o3p9p!gif1dAi�giz � �{dnb a?}�d � m p pey{v��G_ z m peh�� giz m o3p!aed � o�aeaedJf�� d
^ f m xXf y{f z2gihe}�dJz2gihey��Jp �&dA�3f�dcp?he}�dO� y{v m f3g � � yQf�o�z v-dJa9pcb a?}�dg�3a9peh��`d�x l g �{o�dcpXgiaed �

	 � 	 � ~ � � � J ��j � 	 � � ~ 	 � � � � J�J ��j�` � ����� �
y{f w\dJf�dJa9g � x �2^5!�4~nj 8

def

�2^5!� 	 j � �2^5!Nj]x�! � ��x xX}�dJaed �2^`�|j+8
def

�2^ 	 j+8
def

	\b
� dJaednxGhe}�d f3giheo�aed m � g�o3peo3g � aed � o�aeaedJf�� d y pQx d � � � m z � aedJ}�dJf3p9y{v��{dnb r d�x?gif h h m �&dA�3f�d!gaed � o�aeaedJf h p9_�p9hedJz he}3gih � m z � o�hedcp he}�d p9giz!d�ped � o�dJf�� dnb � h y p g �{aedcg �D_ � �{dcgia v$_��&dA�3f�y{hey m fhe}3gih aed � o�aeaedJf h*p _�pehedJz2p�� m f m h�w\dJf�dJa9gihed!f o�z v-dJa9p v�o�h*p9dJh9p m � f�o�z v-dJa9pcb � m x d l dJacx y{f
�Jg\ped m � p9y{f�w �{dJh m f�pedJh9pXg � m aeaedcp � m f��&dJf�� d y p dcg\p9_�h m dcpeh9giv��{y p9}Qb �QdJh

� 8
def

� �
1

� �
2 � xX}�dJaed �

1

^54
1

�74
2

j 8
def

4
2

gif��$�
2

^54
1

�74
2

j 8
def

4
1 �
4

2�#8
def

^`� ��	 j �
! v3pedJa l d he}3gih �

1

gif�� �
2

giaed ~Kw gia9_ �
�
��w-� o�f�� hey m f3p b �Bpey{f�w � gif�� � x�x d �&dA�3f�d he}�d

� m � � m xXy{f�w�aed � o�aeaedJf�h1� � ��w p9_�p9hedJz � � 8 def
^�� �&��j]bOL m f3pey��&dJa�he}�d d l g �{o3gihey m f m � he}�d��3a9peh

� d�x4y{hedJa9gihey m f�pehed � p m � � �
�

1

^`�|j 8 � � �
�?^`�|j.8��

2

^`�|j 8 ��	 �
�

1

^ 	 j 8 �
1

^ �
1

^`�|j � �
2

^`�|jej 8 �
1

^9� � � ����	 � j 8 ��	 �
�?^ 	 j.8��

2

^ 	 j 8 �
2

^ �
1

^`�|j � �
2

^`�|jej 8 �
2

^9� � � ����	 � j 8 � � �
�
��	 � 8 ��	 �

�
1

^ ~nj 8 �
1

^ �
1

^ 	 j � �
2

^ 	 jej 8 �
1

^9��	 � ����	 � j 8 ��	 �
�?^ ~nj.8��

2

^ ~nj 8 �
2

^ �
1

^ 	 j � �
2

^ 	 jej 8 �
2

^9��	 � ����	 � j 8 ��	 �
�
��	 � 8 � ~:� �

] m xGy{h } m ����p�he}3gih �?^`�|j�8�� �2^`�|j �|x �?^ 	 j�8�� �2^ 	 j �|x �?^ ~nj	8 � �2^ ~nj �|xIgif���v,_�y{f��&o�� hey m fQxy{h �Jgif y{f��&dJd � v-d�p9} m xXf he}3gih��?^ � j 8 � �2^ � j �G� m a?d l dJa9_ � �E��b
� f m � dJa9gihey m fQx&he}3gihXy pXo3ped � p m z!dJhey{z!dcpcx�y p?he}�d dAi&hedJf3pey m f m � g�aed � o�aeaedJf�h?p _�pehedJz v,_

� o�aehe}�dJa � m z � m f�dJf�h9pcbm� m aez2g � �G_|xQhe}�y p y p �&dA�3f�d � g\pc� m � � m x pcb �QdJh � 	 � � �  � � � � � �|b� dJh � 8 ^�� �&��j v-d g aed � o�aeaedJf h �Ow p9_&pehedJz m � �&y{z!dJf3pey m f�!<x,xX}�dJaed � 8 � �
1

� ����� � �
n � gif��� 8t^ �

1

� ����� � �
n

j]b � dJh
� ′
8

def

^54
1

� ����� �74
n

�74
n+1

j]x��{dJh�� 8$� ^
� ′
j v-d�gif � w-�`o�f�� hey m fQx3gif��

�{dJh2����%�b a?}�d*aedcpeo��{h m �Sg ���&y{f�w � � � � � g\p�^5!�� 	 j w he} � m z � m f�dJf hBh m � y p he}�d�aed � o�aeaedJf h
�Ow p9_�p9hedJz �

′
8�^��

′
�&�

′
jgxX}�dJaed �

′
8 � �

′
1

� ����� � � ′
n

� �
n+1 � gif�� � ′ 8�^ � 1 � ����� � � n � ��j gif���

′
i

^
� ′
j 8 �

i

^54
1
� ����� �74

n

j%� m a d l dJa9_ � �0��	 � ����� �7!'�|b � hNy p m v l y m o3p"he}3gih"g ���&y{f�w g � m z � m f�dJf h



Chapter 5
� f�hea m �&o�� y{f�w<�3f�y{hed aed � o�aeaedJf�h p9_�p9hedJz2p ���

h m g aed � o�aeaedJf�h*p9_&pehedJz �Jgif�v-d � m f�d!v,_ g � m wngiaey{he}�z!y��Uw p � g � d � m z � o�h9giv��{d��`o�f�� hey m fQb �
l dJa9_2gif3g � m w\o�d��&dA�3f�y{hey m f } m ����p?y)�Nh)x m ^ m a?z m aed j � m z � m f�dJf�h9pXgiaed g ���&d � h m g aed � o�aeaedJf hp9_&pehedJz�b

� ��
 � #$*�� #f�K.�"���� �������-�#$* .Z' ��� � ���X��# ��#$�f�!�K��#$��� .�&!.���#,*+.

� m aXaed � o�aeaedJf�hBp9_&pehedJz2pzx d �&dA�3f�d*h)x m h)_ � dcp m �<z!dJz v-dJa9pe}�y �� a m v��{dJz2p b3a?}�d ��¥�&h"6*+�'#^*`&-��_
�/�'�/o��'�"z��&�e�e3�HD�o'_��'� I

ex

� m a aed � o�aeaedJf�h?p9_�p9hedJz2p g\p9^&pcx|w\y l dJf g aed � o�aeaedJf�h p9_&pehedJz � gif��g f�o�z v/dJa � x�xX}�dJhe}�dJa � y p � m f�h9giy{f�d �(y{f pedJh%� � ���&dA�3f�d �(v,_ aed � o�aeaedJf h�p _�pehedJz � bha?}�d
�H¥���,N*��/�'�/o��'�"z��&�eGe3�HD�o'_��'� I

tm

g\p9^&pcx w\y l dJf�g aed � o�aeaedJf h p9_�p9hedJz � gif��*f�o�z v/dJa9p � gif�� � x
xX}�dJhe}�dJa �?y p � m f�h9giy{f�d �2y{f he}�d�aedcpeo��{h m �Qhe}�d � w he} y{hedJa9gihey m f p9hed � m � � b r dQx gif�h h m peheo��D_he}�d � m z � �{dAi&y{hey{dcp m �&he}�dcpedSz!dJz v-dJa9pe}�y ��� a m v��{dJz2p!xXy{he}*aedcp � d � hNh m he}�dSy{f lnm � l d �<� o�f�� hey m f3p b
a?}3gih y p�xX},_+x d �&dA�3f�d�� � g\p9p9dcp m �BdAi&y pehedJf�hey g � gif�� dAi&g � h�z!dJz v-dJa9pe}�y � � a m v��{dJz2pcb � dJh
� 	 �

�
�

� �
�
�
�
�|b

I
ex

^ � j 8
def

� ^ � � �]j � � g�aed � o�aeaedJf�h �Ow p9_�p9hedJz�gif�� � �/� � � �
I

tm

^ � j 8
def
� ^ � � � � � j � � g�aed � o�aeaedJf�h �Ow p9_�p9hedJz�gif�� � � �?^ � j��

� f3pehedcg � m � xXaey{hey{f�wvI
ex

^9�
�
�

�
�
� j3x d xXy � ��xXaey{hedOI

ex

^
�
�

�
�
j]x � m aXpe} m aeh���pey{z!y � gia��G_/� m ag � � m he}�dJa � a m v��{dJz2pcb

a?}�d � m z � �{dAi&y{hey{dcp m � m o�a � a m v��{dJz2p�pehea m f�w �G_ �&d � dJf�� m f�he}�d�y{f � o�h aed � aedcpedJf�h9gihey m fQb
r d?g\p9peo�z!d he}3gih f3giheo�a9g �&f�o�z v/dJa9p"giaed?w\y l dJf y{f v�y{f3gia9_�aed � aedcpedJf�h9gihey m f gif��V�`o�f�� hey m f3p giaedaed � aedcpedJf�hed ��v,_2giaey{he}�z!dJhey��Jg � � y{a � o�y{h9pzxXy{he} g ��� a m � aey gihed � giv/d � pcb ] m x�h m w\y l d�gif dAi&giz � �{dnxg �
�
�
�
�
�
��w-�`o�f�� hey m f�y p aed � aedcpedJf�hed �2v,_�gif giaey{he}�z!dJhey��Jg � � y{a � o�y{h3xX} m ped l dJaehey�� dcpShe}3gih giaedf m h�y{f � o�h l dJaehey�� dcp giaed � giv/d � �{d � xXy{he}

�
x
� m a � b�� m a � y{a � o�y{h9p�x d�aed � o�y{aed gif�dJf�� m �&y{f�whe}3gih � dJaez!y{h9p g �  g � dJf��A_(hedcpeh9pc� m a�h)x m l dJaehey�� dcp gif�� �&dJhed � hey m f m � � giv/d � p m � l dJaehey�� dcp*y{f

�&dJhedJaez!y{f�y pehey�� � m wngiaey{he}�z!y���p � g � dnb�^� � giv/d � �{y peh�gif���f�dJy{w\}�v m o�ae} m m � aed � aedcpedJf�h9gihey m f v,_g �  eg � dJf��A_ �{y peh9p �Jgif v-d�g\p9peo�z!d � bkj ] m xShe}�d pey{uJd m � he}�d aed � aedcpedJf�h9gihey m f m ��g � y{a � o�y{h�y p
m � m a �&dJa he}�d f o�z v-dJa m � l dJaehey�� dcp�gif�� gia �Jp m � y{h9p�o�f��&dJa��G_ y{f�w w\a9g � }Qb � h �Jgif v/d l dJaeyy�3d �y{f f m f��&dJhedJaez!y{f�y pehey�� � m wngiaey{he}�z!y���p � g � d{xX}�dJhe}�dJa?gif y{f � o�h aed � aedcpedJf�h9p gif �Ow-� o�f�� hey m f/� m a
� 	 �

�
�

� �
�
�
�
��^ � dJz!z2g J b 	 j]b � dJz!dJz v/dJa he}3gih he}�dXo ��� dJa<p � g � d � m z � �{dAi�y{h)_ v m o�f��y pXz m peh��G_ aed �|o�y{aed ��� m a l dJaey)�l_ y{f�w�he}3gihXhe}�d w\a9g � } o�f��&dJa��G_�y{f�w!he}�d�� y{a � o�y{hXy p g �A_ � �{y��\b a?}�d

� m � � m xXy{f�w m v3pedJa l gihey m f y pXdcg\p9_|b
� #,* * 
 � �X0 �  � � 	�� ′

	 �
�
�

� �
�
�
�
� �

- �/. I
tm

^ ��j �
L
m

I
tm

^ �
′
j

-10 . I
ex

^ ��j �
L
m

I
ex

^ �
′
j �

	O�K���%'� �+� g�w\y l dJf1y{f � o�h � m dcp�f m h��`o��y��� �Xv3g\pey�� aed � o�y{aedJz!dJf h9p:� m a2v/dJy{f�w gifEy{f3peh9gif�� d
m � I

tm

^
�
�

� �
�
�
�
j m a�I

ex

^
�
�

� �
�
�
�
j]x/y{h �Jgif�pey{z � �G_ v-d m o�h � o�hBv,_ he}�d aed �&o�� y{f�w

�`o�f�� hey m fQb � �A_ � �{y�� f�dcp p m �<he}�d�y{f�hedJf��&d �� y{a � o�y{h9p y p f m h p9o�� }�g�v3g\pey�� aed � o�y{aedJz!dJf hcb �+�<gify{f � o�h � � m|m ^&p�� �{yG^ndXgif!y{f3peh9gif�� dnxiy{hSpeo�) � dcp h m l dJaey)��_*he}3gihSg ��� dcgiaey{f�w�� giv-d � pSgiaed m f��G_c� a m zpedJh � xxX}�y�� } �Jgif� dJaeh9giy{f��G_ v-d � m f�d y{f�� m wngiaey{he}�z!y�� p � g � dnb



��j

� h pe} m o����2v/dBz!dJf�hey m f�d �2}�dJaed he}3gih y{f3peh9gif�� d l dJaeyy� �Jgihey m f�v-d � m z!dcp dcg\p9_|x\y)�Ng ���&y{hey m fDwg � �G_�g � dJaeheyy� �Jgihedc� m a�v-dJy{f�w g �A_ � �{y��*y p aed �|o�y{aed �A� m a he}�d � y{a � o�y{h9pcb ] o�� } g � dJaeheyy� �Jgihed �Jgifv-d�g�h m � m � m w\y��Jg � m a �&dJaey{f�w m � he}�d l dJaehey�� dcp ^la?}�d m aedJz.~&b ~nj]b�a?}�dJfQx/y{f3p9h9gif�� d l dJaeyy� �Jgihey m f
�Jgif v/d�� m f�d�y{f � m wngiaey{he}�z!y�� p � g � dnb � m x d l dJacx g � � � m z � �{dAi�y{h)_!aedcpeo��{h9p he}3gihzx d�xXy � � � a m l d
� m a z!dJz v-dJa9pe}�y � � a m v��{dJz2pM� m a aed � o�aeaedJf h*p _�pehedJz2p�aedJz2giy{f heaeo�d2g\p he}�d�_ xXy � �<v-d2peh9gihed � b
� f m he}�dJa x m a ��pcx he}�d	� m z � �{dAi&y{h)_ m �?y{f3peh9gif�� d l dJaeyy� �Jgihey m f � m dcp�f m h }3g l d�gif,_�d �Gd � h m fhe}�d�� m z � �{dAi�y{hey{dcp m � m o�a � a m v��{dJz2pcb

�Bp��3a9peh�� m z � �{dAi&y{h)_�aedcpeo��{h9p>� m a z!dJz v/dJa9pe}�y � � a m v��{dJz2p>� m a aed � o�aeaedJf�h p9_�p9hedJz2pcx x d
xXy � � � a m l d�o ��� dJa�v m o�f���p�� m a*he}�d2w\dJf�dJa9g � � a m v��{dJz2p b�� f hedJaedcpehey{f�w �G_ x y{h*y p*gif m � dJf gif��
�&y*) � o��{h �|o�dcp9hey m f xX}�dJhe}�dJavI

tm

^
�
�

� �
�
�
�
j*y p � m z � o�h9giv��{dnb r d��Jgif � a m l d m f��G_ g

x dcgT^|dJaQaedcpeo��{h"gif�� � � g � d he}�d � a m v��{dJz y{f he}�d�� m x dJaQaedJw\y m f3p m �3he}�d?giaey{he}�z!dJhey��Jg � }�y{dJa9gia � }$_ b
� o�h v-d6� m aednx,x d �&dA�3f�d g peo�aed �G_	�&d � y���giv��{d l giaey gif h m ��I

tm

^
�
�

� �
�
�
�
j]b � f3p9hedcg � m �Nhe}�d

xX} m �{d2pedJh m �?f3giheo�a9g �Sf o�z v-dJa9p x he}�d l giaey gif h h9gT^ndcp aed � o�aeaedJf�h*p9_&pehedJz2p�he}3gih�giaed �&dA�3f�d �
m f��G_ m l dJas�3f�y{hedBy{f�hedJa l g � p m � %�b�� dJh(����%�b ���3f�y{hed aed � o�aeaedJf�h p9_&pehedJz � m l dJa	� � � ����� � ���y p	�&dA�3f�d � p9y{z!y � gia2h m o3peo3g � aed � o�aeaedJf�h�p9_&pehedJz2p m f��G_ he}3gih:�`o�f�� hey m f3p�giaed �&dA�3f�d � m f��G_
m l dJa
� � � ����� � ���|b � m a m o�a m � dJa9gihey m f3pcxzx d � aed � y ped�g\p�� m � � m x pcb � dJh�� 	 % v-d�g�pedJhcxgif�� �{dJh � gif�� � v-d(y{f�hedJw\dJa dAi � aedcp pey m f3p�he}3gih�giaed v�o�y �{h o3pey{f�w m � dJa9gih m a9p~� a m z he}�dpedJh �

�
�

� �
�
�
�
�|b a?}�dJfQx

� ���
≤a

8
def
�

� � � ����� � ���

� �
�
� �

≤a

8
def

� �,�
≤a �

� �2�
≤a� �


� �

≤a

8
def

� �,�
≤a 

� �2�
≤a

� �,�
≤a

8
def

^&� �,�
≤a

j

� � � ����� � ���

� �
�
� �

≤a

8
def

^&� �,�
≤a �

� �2�
≤a

j

� � � ����� � ���

� �
�
� �

≤a

8
def

^&� �,�
≤a �

� �2�
≤a

j

� � � ����� � ��� �

] m x � � �  � � � � � ��w-� o�f�� hey m f3p m l dJa�� � � ����� � � � � m z � o�hed peo�v3pedJh9p m � � � � ����� � ���|x�dcp � d � y g � �G_gih�d l dJa9_ l dJaehedAi m ��he}�d aed � aedcpedJf�hey{f�w � y{a � o�y{h9pcb�� dJh2g�I
tm

^
�
�

� �
�
�
�
j v/d he}�d pedJh m �heo � �{dcp�^ � � � � � � �]jhxX}�dJaed � y p g aed � o�aeaedJf h p9_&pehedJz�x2�-x � gif�� � giaed(f3giheo�a9g � f o�z v-dJa9p

w\y l dJf�y{f�v�y{f3gia9_�aed � aedcpedJf�h9gihey m f gif�� � � � �?^ � j �
≤a

b �Sgiaey gif�h9p m � g�I
tm

^
�
�

� �
�
�
�
j�� m aaed � o�aeaedJf h<p9_&pehedJz2p xXy{he}!aedcpeheaey�� hed �!pedJh9p m � m � dJa9gihey m f3pSgiaed �&dA�3f�d ��y{f!he}�d?o3peo3g �3p9he_ �{dnb r d}3g l d�h m dJz � }3g\pey ped he}�d8�`g � h he}3gih � � � �?^ � j �

≤a

y p �&y��GdJaedJf�h$�`a m z � �$�?^ � j  � � � ����� � ���|ba?}�y p?d �Gd � hXy p y � �{o3pehea9gihed � v$_ he}�dM� m � � m xXy{f�w!dAi&giz � �{dnx,xX}�dJaed x d�� } m m ped,�18 ��8 	 �

	 � ^e^e^9��	 �9~:�

� ~ � �:� j

�
� � � j

�
��	 � j


� � ��	 � 8 ��	 �

v�o�h
	 �� � � ��� � ��	 �9~:� �

≤1 
� � ~ � �:� �

≤1 � � � � � � � ≤1 �  � � ��	 � � � � ��	 � � ≤1 �  � � ��	 � 8 � �

� f m he}�dJa dAi&giz � �{d m � g�v m o�f��&d � � y{a � o�y{h d l g �{o3gihey m f2y p��&d � y�� hed �2y{ft� y{w\o�aed J b a?}�d v m o�f��y pBpedJh h m ��8 	 	\b�a?}�d aedcpeo��{hBy pBhe}�d pedJh m � � aey{z!d f�o�z v/dJa9p f m hBw\aedcgihedJa he}3gif 	 	\xGgif���y{h



Chapter 5
� f�hea m �&o�� y{f�w<�3f�y{hed aed � o�aeaedJf�h p9_�p9hedJz2p ��`

y p?dcg\p9_2h m!l dJaey)��_!he}3gihcx�� m a?d l dJa9_	� } m p9dJf v m o�f�� x&he}�d aedcpeo��{h?y p?he}�d*pedJh m � � aey{z!d f o�z v-dJa9pf m hXw\aedcgihedJaXhe}3gif he}�d*p � d � yy�3d � v m o�f�� b
� #,* * 
 � ��
 g�I

tm

^
�
�

� �
�
�
�
j �!� � � ���QM �

	O�K���%'� �QdJh ^ � � � � � � �]j v-d�gif(y{f3peh9gif�� d m �Xg�I
tm

^
�
�

� �
�
�
�
jQxX}�dJaed�� 8 ^�� �&��j y p*g

aed � o�aeaedJf�h*p9_�p9hedJz m � �&y{z!dJf3pey m f !<x � 8 � �
1

� ����� � �
n � b �QdJh � 1

� ����� � �
n

v-d�giaey{he}�z!dJhey��Jg �
�
�
�

� �
�
�
�
��w � y{a � o�y{h9p?aed � aedcp9dJf hey{f�w!he}�dM�`o�f�� hey m f3p��

1

� ����� � �
n

x&aedcp � d � hey l d �G_|b�� dJhz�3f3g � �G_
� �&dJf m hed he}�d�p9o�z m ��he}�d f�o�z v/dJa9p m � l dJaehey�� dcp!g ��� dcgiaey{f�w�y{f �

1

� ����� � �
n

b�a m(m v�h9giy{f
� �?^ � j �

≤a

x x d }3g l d�h m � m z � o�hed ^&� �
1

^ � j �
≤a

� ����� � � �
n

^ � j �
≤a

jT� m aXd l dJa9_�� � � b3M dJa y{hedJa9gihey m fpehed � x x d }3g l d�h m � m z � o�hed ��y{f�hedJaez!d �&y gihed aedcpeo��{h9pcxGhe}3gih � m aeaedcp � m f���h m he}�d l dJaehey�� dcp m �he}�d � y{a � o�y{h9p b � l dJa9_ p9y{f�w �{d�aedcpeo��{h �Jgif#v-d m v�h9giy{f�d �k�`a m z g �{aedcg �D_ � m z � o�hed � m f�dcp2y{fdAi � m f�dJf�hey g �-hey{z!d!^ z!dcg\peo�aed �2y{f he}�d pey{uJd m �Qhe}�d y{f � o�h j]x�p m he}3gih g � � � m z � o�h9gihey m f3p m � m f�dy{hedJa9gihey m f�pehed � �Jgif v/d � dJa�� m aez!d � y{f hey{z!d
� � "^ � �c~ log a

j � ~
q(log ν+log a) 84~ q(log ν·a)

� m a p m z!d � m �G_�f m z!y g � p
 gif�� �|b �-o�aehe}�dJaez m aednx m f��G_2dAi � m f�dJf�hey g � �G_!z2gif,_!y{hedJa9gihey m f pehed � p}3g l d h m v-d � dJa��`dJaez!d � xDxX}�y�� } z2gT^ndcp?dAi � m f�dJf hey g �Ihey{z!d y{f h m h9g � b

r d x gif�h�h m pe} m x he}3gih g�I
tm

y p f m h gif4giaev�y{hea9gia9_1z m �&yy� �Jgihey m f m ��I
tm

v�o�h g
o3peo3g � 
#g 5�"��W='57_ 
 m f�dnb r d f�dJd � g�hed � }�f�y��Jg � aedcpeo��{hcx he}3gih!g �{aedcg �D_�� m f�h9giy{f3p he}�d z2giy{f
� a m � dJaeh)_]� m a?he}�y pXh m � y��\b
� #,* * 
 � �Go �  � ! � 	 � �  � � 8 � ^54

1
� ����� �74

n

j   ��� !�� � � � � � �  � � � � � � � � 
 � � � ��� �	���� � �  � �
1

� ����� � �
n

� % � �  ��� 8
def

^9���
1

� � ����� �����
n

� j � ��� ��	��� � ��� �!� � � � � � � ��� � � � 	
��
�� � � ��� � � � � ���� �� � � � � � � � � � ���

� � ^ � j �
≤a

8 � ^ � j  � � � ����� � �
��� �

� � � ^ � j � % 8�� � � � � ^ � j �
≤a

� � � � ����� � ��� �

	O�K���%'� � dJh
�
8

def

^54
1

� ����� �74
n

j]b r d � a m l d he}�d(peh9gihedJz!dJf h v$_ y{f��&o�� hey m f m l dJa�he}�d
� m f3peheaeo�� hey m f m ��� b � dJh�� � ��	 � ����� �7! �2peo�� }�he}3gih,� ^ �

j28 4
i

x y b dnb{x � y p pey{z � �{dnb r d!pedJh
� 8

def
�
i

� 	\bsa?}�dJfQx�� m a?d l dJa9_%� � � �

� � ^ � j �
≤a

8 ���
i

�

� � � ����� � ����8 � ^ � j  � � � ����� � ����8 ��� i � �

�3o�aehe}�dJaez m aednx&pey{f�� d � � � ^ � j � %)gif�� � � � � ^ � j �
≤a

� � � � ����� � ���|x�he}�d peh9gihedJz!dJf�h } m ����p
� m a he}�y p �Jg\pednb � m hed he}3gih � 8 �

i

� 	 y p?f�d � dcp9p gia9_�� m aXhe}�d��Jg\ped �
i

8���b
� m x*x��{dJh%��v/d � m z � m p9y{hednb r y{he} m o�h � m p9p m � w\dJf�dJa9g �{y{h)_|x3x d �Jgif g\p9peo�z!d�he}3gih%�

� m dcp f m h o3ped  x3pey{f�� d he}�y p m � dJa9gih m a �Jgif v/d*v�o�y �{h��`a m z o3pey{f�w m f��G_ � gif�� bsa?}�dJaed�giaed



� �

10

10 119876543210

10 119876543210

10 119876543210 10 119876543210

10 119876543210

10 119876543210

10 119876543210

� FG}�CD:A8 H _�d � y�� hed ��y p gif�giaey{he}�z!dJhey��Jg �1� � � � � � � ��w � y{a � o�y{hcb � h y p d l g �ywo3gihed �Ey{f�he}�d p9dJf3ped m ��g�I
tm

^
�
� �
�
�
�
jvxXy{he} v m o�f�� � 8 	 	\x?y b dnb{x m f��G_f�o�z v/dJa9pXf m hBw\aedcgihedJa he}3gif 	 	*giaed�h9gT^|dJf�y{f h m g � � m o�f hcb � f � o�h l g �{o�dcp giaed �gif�� 	\x�gif�� he}�d aedcpeo��{h9p m � dcg � } l dJaehedAi giaed*gif�f m h9gihed � b



Chapter 5
� f�hea m �&o�� y{f�w<�3f�y{hed aed � o�aeaedJf�h p9_�p9hedJz2p � 	

! w gia9_A�`o�f�� hey m f3p1�
1

gif�� �
2

�`o��y��� �{y{f�w�he}�d g\p9peo�z � hey m f3p o3pey{f�w�he}�d � m f3peh9gif h9p �
1

gif�� �
2

x
aedcp � d � hey l d �G_|b r d��&y pehey{f�w\o�y pe}�� m o�a �Jg\p9dcpcb
^`g|j � dJh�� ^

�
j 8 �

1

^
�
j]b r d p9dJh � 8

def
�
1

b r d }3g l dBh m!l dJaey)�l_!he}�d � a m � dJaehey{dcpcb � dJh�� � � b
� � ^ � j �

≤a

8 �{^ �
1
^ � jej �

≤a

8 � �
1
^ � j �

≤a 
� � � ����� � � �

8 �
1

^ � j  � � � ����� � ���  � � � ����� � � �8 �
1

^ � j  � � � ����� � ��� 8 � ^ � j  � � � ����� � ���
a?}�d p9d � m f�� � a m � dJaehe_ y{z!z!d �&y gihed �G_ } m ����p"v$_ he}�d �&dA�3f�y{hey m f m �3he}�d�� m z � �{dJz!dJf h9gihey m f
m � dJa9gihey m fQb

^ v/j � dJh�� ^
�
j(8 �

1
^

�
j
�
�
2
^

�
j]b � ��� �G_�y{f�w�he}�d y{f��&o�� hey m f�},_ � m he}�dcpey pcx�y{h } m ����p�� m a d l dJa9_

� �1z2g6i � �
1

� �
2

� �

� � ^ � j �
≤a

8 � �
1

^ � j �
≤a �

� �
2

^ � j �
≤a

8 ^ �
1

^ � j  � � � ����� � ��� j � ^ � 2 ^ � j  � � � ����� � � � j8 ^ �
1
^ � j � � 2 ^ � jej  � � � ����� � ���8 � ^ � j  � � � ����� ��� �

� m a � a m l y{f�w he}�d(ped � m f�� � a m � dJaeh)_|x�x d�}3g l d�h m v-d�z m aed �Jgiaed6� o�� b �Bp peo�z!d he}3gih� ��� ^ � j]b a?}�dJfQx � ���
1

^ � j m a � � �
2

^ � j]x<gif�� p m � � � � ^ � j �
≤a

� m a d l dJa9_ ���z2g6i � �
1

� �
2

� v$_ he}�d g\p peo�z � hey m f3p?giv m o�h��
1
m a	�

2

b �+�"he}�dJaed y pXg f o�z v-dJa � ��%)peo�� }
he}3gih ���� � ^ � j]x he}�dJf"� � ^ � j �

≤a

�8 � � � ����� � ���:� m a d l dJa9_-� � z2g6i � �
1
� �

2
� � �|b r d!pedJh

� 8
def

z2g6i � �
1

� �
2

� � �|b
^ � j � dJh2� ^

�
j38$�

1

^
�
j
�
�
2

^
�
j]b � ��� �G_�y{f�w2he}�d*y{f��&o�� hey m f }$_ � m he}�dcpey p x&y{h } m ����p�� m aXd l dJa9_

� �1z2g6i � �
1

� �
2

� �

� � ^ � j �
≤a

8 ^&� �
1

^ � j �
≤a �

� �
2

^ � j �
≤a

j

� � � ����� � ���

8 ^e^ �
1

^ � j  � � � ����� � ��� j � ^ � 2 ^ � j  � � � ����� � ��� jej  � � � ����� � ���8 ^ �
1

^ � j � � 2 ^ � jej  � � � ����� � � � 8 � ^ � j  � � � ����� � ��� �
� m hed he}3gih he}�d � g\peh v�o�h ped � m f��#d � o3g �{y{he_1} m ����p �&o�d h m he}�d z m f m h m f,_ � a m � dJaeh)_
m � g ���&y{hey m fQb a?}�d��&dA�3f�y{hey m f m �Bhe}�d p m o�w\} h � m f3peh9gif�h gif�� he}�d l dJaeyy� �Jgihey m f m �Bhe}�dped � m f�� � a m � dJaehe_(giaed2pey{z!y � gia*h m he}�d � aed l y m o3p��Jg\p9dnb�� dJh � � � ^ � j]xNy b dnb{xQhe}�dJaed�giaed
f�o�z v/dJa9p �

1

���
1

^ � j gif�� �
2

� �
2

^ � jBpeo�� } he}3gih �
1

� �
2

� � ^ � j]b��BdJf�� dnx �
1

� �
2

�
� � ^ � j �

≤a

� m a!d l dJa9_ ��� z2g6i � �
1

� �
2

� �
1

� �
2

�|b ] y{z!y � gia��G_|x y)� he}�dJaed y p � � % peo�� }
he}3gih ���� � ^ � j]x he}�dJf � �� � � ^ � j �

≤a

� m a!d l dJa9_�� � z2g6i � �
1

� �
2

� � �|b a?} o3pcx x d pedJh
� 8

def
z2g6i � �

1
� �

2
� �

1
� �

2
� � �|b

^ �-j � dJh�� ^
�
j38$�

1

^
�
j
�
�
2

^
�
j]bza?}�y p y p he}�d �Jg\ped*he}3gih �Jgio3pedcpXz m peh �&y*) � o��{hey{dcp b�] y{z!y � giah m he}�d��Jg\ped � x d m v�h9giy{f~� m aXd l dJa9_
� �1z2g6i � �

1
� �

2
� �

� � ^ � j �
≤a

8 ^&� �
1

^ � j �
≤a �

� �
2

^ � j �
≤a

j

� � � ����� � ���

8 ^e^ �
1

^ � j  � � � ����� � ��� j � ^ � 2 ^ � j  � � � ����� � ��� jej  � � � ����� � ���8 ^ �
1
^ � j � � 2 ^ � jej  � � � ����� � � � 8 � ^ � j  � � � ����� � ��� �



�i~

� h y p � �{dcgia he}3gih g � � d �|o3g �{y{hey{dcpB} m ���q� m aBz m p9h �Jg\pedcpBv�o�h���b�� m x d l dJacx3v$_��&dA�3f�y{hey m fQxy)� � �$� ^ � j]x<he}�dJf f�dJy{he}�dJa �
1

^ � j�f m a+�
2

^ � j*giaed dJz � h)_ gif�� p m x v$_�y{f��&o�� hey m f },_fw
� m he}�dcpey p x f�dJy{he}�dJa+�

1

^ � j  � � � ����� � ��� f m a � 2 ^ � j  � � � ����� � ����giaed dJz � he_b� m a d l dJa9_
� � z2g6i � �

1

� �
2

�|b�a?}�d l dJaeyy� �Jgihey m f m � he}�d2ped � m f�� � a m � dJaehe_ gif�� he}�d �&dA�3f�y{hey m f m �he}�d�� m f3peh9gif�h?giaed*p9hea9giy{w\} h�� m a9x gia � gif�� pey{z!y � giaXh m he}�d��Jg\ped � b

��"�#f�%�K#$* � � � �  � ! � 	 � �  � �  �� �� � 
 � ���� � � � � ���� ����� � �  � � ��� � �   ��� � 
 � � �
� 
 �  �� � � ��� � � � � � � ��� � � � �?^ � j ��� ��� � � � � � ��� � � ��� �!� � � 	 ��
�� � � ��� � � � � � ������� � �^ � � � � � � �]j ��g�I

tm

^
�
�

� �
�
�
�
j �

	O������'� r y{he} m o�h � aed � y ped �G_ dAi � � giy{f�y{f�w*he}�d � m f�f�d � hey m fQxfx d �Jgif�aedcpeheaey�� h m f!he}�dBpey{heo3gihey m f
� 8 	\b a?}�d�v3g\pey�� y��&dcg�y p h m aed � � g � d he}�d aed � o�aeaedJf h p9_�p9hedJztv$_!g pey{f�w �{dZ�`o�f�� hey m fQb r dQxXy � �dJf�� m o�f hedJa he}�y p � m f3p9heaeo�� hey m ftxX}�dJf x dQxXy � � � a m l d � m �G_ f m z!y g �Ip � g � d �&d � y���giv�y �{y{h)_!aedcpeo��{h9p^�x d�� m z � o�hed he}�d � � y{a � o�y{hXaed � aedcpedJf�h9gihey m f � m ���?^ � j v,_ � w-� m ��� peo � dJa � m pey{hey m f/j]b � o�hXhe}�dJfQxhe}�d�aedcpeo��{h$� m � � m x p$� a m z � dJz!z2g J b � o3pey{f�w gif,_�� �4z2g6i � � � � ��xX}�dJaed � y p he}�d � m f3peh9gif h
m �"he}�d��{dJz!z2g�b

a?}�d � m z � �{dAi�y{h)_ � � g\p9p �
2
m � he}�d(ped � m f�� �{d l d � m � he}�d(giaey{he}�z!dJhey��Jg � }�y{dJa9gia � },_Ey p

�&dA�3f�d ��g\p he}�d � � g\p9p m �SpedJh9p�� m �<he}�d�� m � � m xXy{f�w�� m aez �She}�dJaed�giaed g	�&d � y���giv��{d�pedJh�� gif��f o�z v-dJa9p � � � �E�!p9o�� } he}3gihcx�� m aXd l dJa9_�4
1
� ����� �74

k

� �
∗
�

^54
1

� ����� �74
k

j � � ��� �:6
1
����� �:6

r �
	
1
�����

�
	
s

^54
1

� ����� �74
k

�76
1

� ����� �76
r

� 	
1

� ����� � 	
s

j � � �
� m hed he}3gihXhe}�d � o3gif heyy�3dJa9pXgiaed o�f��{y{z!y{hed � x3y b dnb{x&he}�d�_�a9gif�w\d m l dJa?he}�d xX} m �{d*pedJh�� ∗

b
� �%�K��-l-�
��& � � � 	�� -/
�� #f� ��� 
%o�� �
I

tm

^
�
�

� �
�
�
�
j ��� � I

ex

^
�
�

� �
�
�
�
j � �� � � � � � � �  � � � �

2
�

� �Go � #,*�� #f��.K"���� ������� -�#$*+.t' �%�t
�K�/��"�* #|�����|
 -3�f�����f���X��.

a?}�d p9heo��D_ m � z!dJz v-dJa9pe}�y � � a m v��{dJz2p }3g\p!g � m f�w hea9g �&y{hey m fQb ] h m ��^ z!d�_ndJa gif�� I�d�_ndJacx
g �{aedcg �D_�y{f he}�d dJy{w\}�he}��&d �Jg �&d m � he}�d � g\peh � dJf�heo�a9_|x � m f3pey��&dJaed � pedJh9p m � f3giheo�a9g � f o�z v-dJa9phe}3gih	�JgifEv-d�v�o�y �{h2v$_ o3pey{f�w(he}�d m � dJa9gih m a9p � x gif�� � g ��� �{y{d �1h m pey{f�w �{dJh m fEpedJh9p m �f3giheo�a9g � f�o�z v/dJa9p-� �T`�� b � f m o�a�f m h9gihey m fQx�] h m ��^ z!d�_|dJa2gif�� I�d�_|dJa:� m aez!d � pedJh9p!o3pey{f�wgiaey{he}�z!dJhey��Jg �.�

�
� �
�
��w � y{a � o�y{h9pcx%xX}�dJaed he}�d o�f��&dJa��G_�y{f�w�w\a9g � }3p�giaed�heaedJdcp b�] o�� } � y{a � o�y{h9p

x dJaed��Jg � �{d � =ND��'�85�_���" v,_nI � � dJf�uJy{d gif�� r giw\f�dJa,� � 	�� b
� v�a m g �&dJa 
#g �{z m p9h � m z � �{dJhed�
 y{f l dcpehey{wngihey m f m �?peo�� }(z!dJz v-dJa9pe}�y � � a m v��{dJz2p�x g\po�f��&dJaeh9gT^ndJf(v,_ I � � dJf�uJy{d gif�� r giw\f�dJacb a?}�d�gio�he} m a9p�p9heo��&y{d � z!dJz v/dJa9pe}�y � � a m v��{dJz2p

� m a pedJh9p he}3gih �Jgif�v/d �&dA�3f�d �#v,_#� � �  � � � � � ��w � y{a � o�y{h9p gif�� w-� m aez o�� g\pcb ] y{z!y � gia h m
m o�a<z!dJz v/dJa9pe}�y �	� a m v��{dJz2pcxnhe}�d�_ aedcpeheaey�� hed �2he}�dBpedJh9p m � � m p9p9y{v��{d m � dJa9gihey m f3pSh m giaev�y{hea9gia9_peo�v3pedJh9pQgif�� m v�h9giy{f�d � � m z � �{dJhedJf�dcp9pNaedcpeo��{h9p�� m aQz2gif,_�� m z � �{dAi�y{h)_ � � g\p pedcpcb!a m v/d � aed � y pednx



Chapter 5
� f�hea m �&o�� y{f�w<�3f�y{hed aed � o�aeaedJf�h p9_�p9hedJz2p � �

I � � dJf�uJy{d(gif�� r giw\f�dJa �&dA�3f�d �#he}�dU� m � � m xXy{f�w � a m v��{dJz2pcb � dJh�� 	 � � �  � � � � � �|ba?}�dJfQx
I�L ^ ��j 8

def
� ^�� �&� � �]j � � y pXgif�giaey{he}�z!dJhey��Jg � �Ow � y{a � o�y{h gif�� � �/� �!^�� j � �

xX}�dJaed ��y p!g heo � �{d�� m f�h9giy{f�y{f�w�f3giheo�a9g �Xf�o�z v-dJa9p!peo�y{h9giv��{d�� m a � y{a � o�y{h���x gif��$� �!^���j �
�&dJf m hedcpShe}�d pedJh<he}3gihSy p �&dA�3f�d �2v$_ � y{a � o�y{h � xX} m p9dXy{f � o�h l dJaehey�� dcpSgiaed � giv/d � �{d �vxXy{he}2he}�d
� m aeaedcp � m f��&y{f�w�dJf�heaey{dcp m �.��b � ���&y{hey m f3g � �G_ x �ty p��`o�aef�y pe}�d � xXy{he} g�h m � m � m w\y��Jg � m a �&dJaey{f�w
m �Qhe}�d l dJaehey�� dcp m �"y{h9p o�f��&dJa��G_�y{f�w w\a9g � }]� m a d ) � y{dJf�h y{f � o�h l dJaeyy� �Jgihey m fQbs] m x$I�L ^ ��j �Jgif
v-d � m f3pey��&dJaed � he}�d�pedJh9p m � heo � �{dcp ^ � � � � � j y{f I

tm

^ ��j�xX}�dJaed � 8 	\b r d2aedAw dJz � }3g\pey p9d
he}3gihQI�L ^ ��j?aed � o�y{aedcpBh m � m � m w\y��Jg � m a �&dJaey{f�wnp��-f�d l dJaehe}�d �{dcp pXhe}�d � a m v��{dJz2p giaed � m z � gia9g6wv��{dnb � f+� y{w\o�aed �&x"he}�d � m z � �{dAi&y{he_ aedcpeo��{h9pM� m a*he}�d � y{a � o�y{h*z!dJz v-dJa9pe}�y ��� a m v��{dJz2pM� a m z
� � 	��Xgiaed p9h9gihed � b �B� � m x dJa gif�� o ��� dJa � m z � �{dAi&y{he_(v m o�f���p m � g � a m v��{dJz � m y{f�� y��&dnx<he}�d
� a m v��{dJz�y p � m z � �{dJhedG� m a he}�y p � � g\p9p b3a?}�d � m z � �{dAi&y{h)_ � � g\p9p � m � y p g � a m v3giv�y �{y pehey���� m z�w
� �{dAi&y{he_� � g\p9p�gif���g peo�v � � g\p9p m � � m �{MBb� hBy p�y{f�hedJaedcpehey{f�w�he}3gih�y{h y p�f m h�^ f m xXfmxX}�dJhe}�dJa
I L ^
�
�

� �
�
�
�
j"y p �&d � y���giv��{dnb � h<pedJdJz2p z m aed �{yG^nd �G_*he}3gih<he}�y p y p f m h he}�d �Jg\ped*^ � m f3pey��&dJahe}�d��&y p � o3p9p9y m f y{f/� � 	�� j]b

��"�#f����#$* � � � 	 � � � #,� �f��# 
 �!� � 
 � �!#f� ��� ��	 � �
��� ��� ��
�� � � � � + � � 
 �� ��� � � � �

� h�y p y{f hedJaedcpehey{f�w he}3gih z m p9h � m z � �{dAi&y{he_ � � g\p9p9dcp*he}3gih�g ��� dcgia�y{f a?}�d m aedJz J b ��giaed
y{z � m aeh9gif�hZ� m a m o�a z!dJz v/dJa9pe}�y �� a m v��{dJz2pcx-h m|m b r d�xXy � �"pedJd*he}3gihcx-y{f p m z!d �Jg\pedcpcx�d l dJfhe}�d dAi�y pehedJf�hey g �Nz!dJz v-dJa9p9}�y � � a m v��{dJz � m dcp f m h�y{f�� aedcg\ped he}�d � m z � �{dAi�y{h)_|b�M giaehey�� o�� gia��G_ xhe}�y p3xXy � �G} m ���/� m a�� � � � � � ��w � y{a � o�y{h9p?gif���aed � o�aeaedJf�h�� � � � � � ��w p _�pehedJz2p b�a?}�y p v-dJ}3g l y m o�apedJdJz2pSp9o�a � aey pey{f�w3x|gif��!he}�d � a m|m ��xXy � �-v/d m f�d m �Ihe}�dBz m pehSy{f lnm � l d � m f�dcp m � he}�dZ� m � � m xXy{f�w
� }3g � hedJacb



� �

� � #$��
D������� .�#|� � �����f���X�t* #$*�� #f�K.�"���� �������-�#$* I L

Lower bound Upper bound

�� � �
� ���QM �

�� � �
� ���QM

� � �
M ],M �{L �

 � �
M � m �

� �
M

�� �
M ],M �{L �

�� �
M ],M �{L �

� �
�QM

 �
L
=

�

�
L
=

�

�� �
M ],M �{L �

�� �
M ],M �{L �

� �
�QM

 �
L
=

� M

�
� �

��
M

��
M

�
� �


� �

� FG}�CD:A8 � � m x dJa2gif��1o ��� dJa � m z � �{dAi�y{h)_ v m o�f���p:� m a!z!dJz v/dJa9pe}�y � � a m vDw
�{dJz2p�� m aXgiaey{he}�z!dJhey��Jg � � � �  � � � � � ��w � y{a � o�y{h9pcb � f z m peh �Jg\pedcpcx�y)� � m x dJaXgif��o ��� dJa v m o�f���p<giaed d � o3g � xihe}�d � a m v��{dJz2p<giaed � m z � �{dJhedT� m a he}�d?p � d � yy�3d � � m z�w
� �{dAi&y{he_ � � g\p9pcb � h y p f m hQ^ f m xXf xX}�dJhe}�dJa he}�d�w\dJf�dJa9g �Nz!dJz v-dJa9p9}�y �� a m v��{dJzy p �&d � y���giv��{dnb



� J

� "!
�����#f� �
57: � 6�� >����9: ��:"� � :<;G8�� 6 � ��;I@��<� :"��8

! o�a2z!dJz v-dJa9pe}�y � � a m v��{dJz2p�� m a!aed � o�aeaedJf�h�p9_&pehedJz2p �JgifEv/d � giaehey{hey m f�d �1y{f�h m h)x m pedJh9p
xXy{he} aedcp � d � h h m �&d � y���giv�y �{y{h)_|b � f��{yG^|dq� m a2z!dJz v/dJa9pe}�y � � a m v��{dJz2p/� m a � � �  � � � � � ��w� y{a � o�y{h9pcx g\p!he}�d�_ x dJaed peheo��&y{d � v,_ I � � dJf�uJy{d gif�� r giw\f�dJacx x d xXy � � pedJd he}3gihZx d�Jgif
� a m l d o�f��&d � y���giv�y �{y{he_ m � p m z!d�z!dJz v/dJa9pe}�y � � a m v��{dJz2pcb�� m x d l dJacx�he}�dcp9d*he}�aedJd � a m v��{dJz2pgiaedXg � �&dAi�y pehedJf�hey g ��z!dJz v/dJa9pe}�y � � a m v��{dJz2pcx\gif�� he}�d�_OxXy � ��v-d?heaedcgihed � y{f!he}�d?f�dAi�h � }3g � hedJacb
a?}�y p � }3g � hedJaXz2giy{f��G_ �&dcg � pzxXy{he} �&d � y���giv��{d � a m v��{dJz2p b
r d xXy � � m v�h9giy{f�g�f�o�z v/dJa m � � m z � �{dJhedJf�dcp pXaedcpeo��{h9p2� m aXhe}�d�� m z � �{dAi�y{h)_ � � g\p9p9dcp � � x

�{M gif���M3],M �{L �BxQgif�� dcg � } m � he}�dcped � m z � �{dAi&y{he_ � � g\p9pedcp g ped � hey m f m � he}�y p�� }3g � hedJa y p
�&d �&y��Jgihed ��h m b{a?}�d�z2giy{f�aedcp9o��{h9p�xXy � �"p9} m x)o ��� dJa � m z � �{dAi&y{h)_ v m o�f���pZ� m a z!dJz v-dJa9pe}�y �
� a m v��{dJz2pcb � gia �&f�dcp9p y{f z m peh �Jg\p9dcpc� m � � m x p v,_�a9gihe}�dJa dcg\p9_�aed �&o�� hey m f3pcxSd l dJf he} m o�w\}he}�d � a m m ��� m a pe} m xXy{f�w M3],M �{L � w }3gia �&f�dcp9p2y p�f m h pey{z � �{dnb �Bz m f�w he}�d � ��w � m z � �{dJhed
� a m v��{dJz2pcx�he}�d z2giy{f � giaeh y p �&d �&y��Jgihed � h m I

tm

^
�
j]x�he}�d dAi&g � h z!dJz v-dJa9pe}�y � � a m v��{dJz¨� m aaed � o�aeaedJf�h �

�
��w p9_&pehedJz2pcx"gif��+x dtxXy � � o3p9d�he}�d�f�o�z v-dJa?w m ��wSx g �G^&p � a m v��{dJz  ��� � � ^ 	 j

� m a?p m � l y{f�w!y{hcb
� f2he}�dBped � m f��!ped � hey m fQx|he}3gihSy p �&d �&y��Jgihed �2h m � a m v��{dJz2p p m � l giv��{dXy{f2f m f��&dJhedJaez!y{f�y pehey��

� m �G_�f m z!y g � hey{z!dnx{x d xXy � � � m f�� dJf�hea9gihed m f�p m �{o�hey m f3p]� m a he}�d � a m v��{dJz2p I
tm

^
�
j�gif��

I
tm

^

�
�
j]b3a?}�dG� m aez!dJa � a m v��{dJz�y pBaed � gihed � h m he}�d�gioDi&y �{y gia9_ � a m v��{dJz2p$ ��� � ^ ~nj?gif��

 �#� � � ^ ~nj]bO� m a p m � l y{f�w�he}�d � gihehedJa � a m v��{dJz�x x d �&dA�3f�d!g�f�d�x � � g\p9p m � � a m v��{dJz2p<� m aaed � o�aeaedJf�h p9_�p9hedJz2p 
 he}�d dJz � hey{f�dcp9p � a m v��{dJz2pcbsa?}�dcp9d � a m v��{dJz2p giaed*y{f3p � y{aed � v,_ pey{z!y � gia
� a m v��{dJz2pT� m aXgiaey{he}�z!dJhey��Jg � � y{a � o�y{h9p?y{f�hea m �&o�� d � v$_nI � � dJf�uJy{d*gif�� r giw\f�dJacb r d�xXy � � pedJd
he}3gihXhe}�d � a m v��{dJz2p�I

ex

^
�
j gif��hI

ex

^

�
�
j giaed��{Msw � m z � �{dJhednb

M3],M �{L � w � m z � �{dJhed z!dJz v/dJa9pe}�y � � a m v��{dJz2p giaed � m f�� y��&dJaed �Ey{f#he}�d�he}�y{a �Eped � hey m fQb
a m f3giz!d(hex m1m � he}�d(aedcp9o��{h9pcx�x d xXy � � � a m l d he}3gihmI

ex

^
�
�

j y p M3],M �{L � w }3gia �)gif��

I
ex

^
�
�
�
�
�
j?y p � m �G_�f m z!y g �yw p � g � d �&d � y���giv��{dnb L m f�h9giy{f�z!dJf h y p v3g\ped � m f�gif3g �G_&pey{f�w�p m w

�Jg � �{d � � m z � o�h9gihey m f heaedJdcp x he}3gih aed � aedcpedJf�h d �{dJz!dJf h9pc� a m z he}�d m o�h � o�h p9dJh m �By{hedJa9gihey m fpehed � p m ��aed � o�aeaedJf h
� � � � � � ��w p9_&pehedJz2pcb L m z � �{dJhedJf�dcp9p8� m a�he}�y p2gif��u� o�aehe}�dJa � a m v��{dJz2p
� m � � m x p2�`a m z dcg\p9_�aed �&o�� hey m f3pcb

a?}�d�� g\pehXh)x m ped � hey m f3p giaed��&d �&y��Jgihed � h m � a m v��{dJz2p he}3gih }3g l d�f m h{_ndJhXv-dJdJf�heaedcgihed �g �&d � o3gihed �G_|b I m peh m � he}�dJz�giaedOM3],M �{L � w }3gia � m a �&d � y���giv��{dnb

��� 	 � � �!��#f��#f�6* �l����.������ -�� ��
�K�/��"�* ��� . ��
�|# 
�|�|# ����
���-�# *+#$*�� #$��.�"�� � ���K��� �
-�#$* .

a?}�d � a m v��{dJz2p he}3gihsx d{xXy � �3y{f l dcpehey{wngihedXy{f2he}�y p p9d � hey m f�giaed he}�d dAi�g � hSz!dJz v-dJa9pe}�y �	� a m vDw
�{dJz2p�I

tm

^ j]x I
tm

^ j]xI
tm

^
�
j]xI

tm

^

j gif�� I

tm

^
�
j gif�� he}�d dAi&y pehedJf hey g �Iz!dJz v-dJa9pe}�y �

� a m v��{dJz2pgI
ex

^ j]x I
ex

^ j gif�� I
ex

^
�
j]b � dJz!dJz v/dJa he}3gihgI

tm

^ jBgif�� I
ex

^ jBz!dcgif he}3gih
�`o�f�� hey m f3p � m f m h�� m f�h9giy{f(gif$_ m � dJa9gihey m fQb � � �<he}�d�z!dJf hey m f�d � � a m v��{dJz2p giaed � m f h9giy{f�d �y{f1he}�d� m z � �{dAi&y{he_ � � g\p9p � �Sx gif�� z2gif,_ m � he}�dJz giaed d l dJf � ��w � m z � �{dJhed �?he}�d m he}�dJa9p



�i�

giaed � m f�h9giy{f�d � y{f��Sb ! f�d�z!y{w\}�h p9o3p � d � h he}3gih f m f��&dJhedJaez!y{f�y pehey�� � m wngiaey{he}�z!y�� p � g � d�y pz m peh��G_�f�dJd �&d � v/d �Jgio3ped m � he}�d!y{f � o�h aed � aedcpedJf�h9gihey m f he}3gih x d�}3g l d � } m pedJfQb � pgx d2g �ywaedcg �D_2z!dJf�hey m f�d � I � � dJf�uJy{d gif�� r giw\f�dJa g ���&y{hey m f3g � �G_�aed �|o�y{aed � g h m � m � m w\y��Jg � m a �&dJaey{f�w
m � he}�d l dJaehey�� dcp m ��he}�d� y{a � o�y{h9p�h m � }�d ��^d� m a�g �A_ � �{y�� f�dcp9p y{f �&dJhedJaez!y{f�y pehey�� � m wngiaey{he}�z!y��p � g � dnb � f m o�a �Jg\pednx|} m x d l dJacxnhe}�y p x m o�����f m h � m x dJa he}�d o ��� dJa � m z � �{dAi&y{h)_!v m o�f�� g\p x d
xXy � �-pedJdnb �?hs�3a9peh<w � gif�� d�peo�a � aey pey{f�w �G_|x�I

tm

^ j �Jgif2f�d l dJaehe}�d �{dcp p<v-dBp m � l d ��y{f�^ �&dJhedJaez!y{fDwy pehey�� j � m wngiaey{he}�z!y���p � g � dnx|v�o�h?he}�y p y p �&o�d�h m he}�d<�`g � h he}3gih � ��w-�`o�f�� hey m f3p?giaed l dJa9_�dcg\pey �G_aed � aedcpedJf�h9giv��{dnb
� #,* *+
 � � 	 I

tm

^ j �!� � � � �

	O������'� � ��w �3o�f�� hey m f3p giaed�aed � aedcpedJf�hed ��v,_ � y{a � o�y{h9p�he}3gih giaed�o�f�y m f3p m � �&y{aed � hed ��heaedJdcpcb
� l dJa9_ l dJaehedAi m � peo�� }1g � y{a � o�y{h!he}3gih!y p!f m h2gif1y{f � o�h l dJaehedAi }3g\p�dAi�g � h��G_ m f�d � aed �&dAw
� dcp9p m a�^ v�o�h!z2gK_ }3g l d ped l dJa9g �Xpeo�� � dcp9p m a9p]j]xSgif�� m aey{dJf h9gihey m f3p � m y{f h g�x?g�_m� a m z y{f � o�h
l dJaehey�� dcpcb1^� f dAi�giz � �{d y p�w\y l dJf y{f � y{w\o�aed ��bkj �BdJf�� dnxSp9_�f h9g � hey��Jg � � m aeaed � hef�dcp9p m �By{fDwpeh9gif�� dcp m �sI

tm

^ j �Jgif�v-d�hedcp9hed � y{f� m wngiaey{he}�z!y��*p � g � dnb � � o3g � �G_ y{f� m wngiaey{he}�z!y��*p � g � dnxw\y l dJf gif%! w gia9_ � ��w-� o�f�� hey m f � ^ �
j]x

�
8 ^54

1

� ����� �74
n

j]x�y{h �Jgif v/d �&dJhedJaez!y{f�d � y{f��&dAi f o�z�w
v-dJa � ����	 � ����� �7!'� peo�� } he}3gih%� ^ �

j%8 4
j
m a�� ^ �

j%8 4
j

x xX}�y�� } � dJaeh9giy{f��G_ � m dcp�dAi�y pehgif��(y p*o�f�y�� o�dnx gif�� l dJaeyy�3d � xX}�y�� } m �Xhe}�dcped �Jg\p9dcp*} m ����pcb r d p g�_�he}3gih � �&d � dJf���p m fy{f � o�h � m z � m f�dJf�h �-bz] h9giaehey{f�w/� a m z he}�d m o�h � o�h l dJaehedAi x&he}�d*o�f�y��|o�d*p m o�a � d ^ y b dnb{x3y{f � o�h j
l dJaehedAi m � he}�d	� m f�f�d � hed � � m z � m f�dJf h��Jgif(v/d	�&dJhedJaez!y{f�d ��y{f � m wngiaey{he}�z!y��!p � g � d!g\pgx d � �g\p he}�d � giaey{h)_ m � he}�d �{dJf�w\he} m �<he}�d � gihe}Qb � l dJf � giaey{h)_ z!dcgif3pBgif�d l dJf f o�z v-dJa m � � m z�w
� �{dJz!dJf h9gihey m f m � dJa9gihey m f3p!g ��� �{y{d � h m he}�d y{f � o�h � m z � m f�dJf�h�� pey{z!y � gia��G_m� m a m ��� �{dJf�w\he}
� giaey{he_ b

� m x*x �{dJh ^ � � � � �]j�v/d gif�y{f3peh9gif�� d m ��I
tm

^ jvxX}�dJaed � 8 ^�� �&��j2y p g aed � o�aeaedJf h
� ��w p9_&pehedJz m � �&y{z!dJf3pey m f !Egif�� � 8 � �

1

� ����� � �
n � gif�� � 8�^ � 1 � ����� � � n j]b � dJh �

8
def^54

1

� ����� �74
n

j]b � h } m ����p he}3gih � � �
i

^`�|j�y)� gif�� m f��G_Ey)� � 8 �
i

x � � ��	 � ����� �7!'�|xBgif��
� ���

i

^ � ′ � 	 j]x � ′ � ��x y)� gif�� m f��G_ y)� � ���
j

^ � ′ j]x y)� �
i

^
�
j%8 4

j

x?gif�� ����
�
j

^ � ′ j]x y)��
i

^
�
j28 4

j

b�L m f3p9y��&dJa he}�d2ped � o�dJf�� dcp �
`

8
def

^ �
0

� ����� ���
`

j m � f o�z v-dJa9p<�`a m z ��	 � ����� �7!'�
� m a � �E�gxX}�dJaed$�

`

8
def

!�gif�� �
νi+1

^
�
j 8 4

νi

m a3�
νi+1

^
�
j 8 4

νi

� m aSg � � � �0� � � ����� ���
�
	 �|b

L m f3pey��&dJa �
n

b ! v3p9dJa l dBhe}3gih �
n

y p he}�d��3f3g � � giaeh m �Nd l dJa9_2ped � o�dJf�� d �
t′
� m a � ′ � !<x&pey{f�� dd l dJa9_b�`o�f�� hey m f m ��� �&d � dJf���p m f y{h9p o�f�y��|o�d y{f � o�h � m z � m f�dJf�hcb�� m hed he}3gih he}�dJaed giaed

� giaew\dcpeh��� � ��� � � ����� �7!'�|x � � � xIpeo�� } he}3gih!�
α

8 �
ω

y{f �
n

b� f � m wngiaey{he}�z!y���p � g � d�x d
�Jgif �&dJhedJaez!y{f�d � gif�� �Xb��B� � � � ! x � �%�?^ � j �Jgif(v/d �&d � y��&d �(pehea9giy{w\}�h�� m a9x?gia � �G_|b�� dJh
� � � !<b � m hed he}3gih y{f � m wngiaey{he}�z!y�� p � g � dQx d �Jgif�f m h g �Gx?gK_�p � m o�f h hey � � � b � m x d l dJacx|pey{f�� d^ �

ω

� ����� ���
α

j y p�o�f�y��|o�dnx/he}�y p �A_ � �{d�g ��� dcgia9p�z2gif,_ hey{z!dcp y{f �
t

xIgif���g�� hedJa � g\p9pey{f�w hexXy�� d
he}�y p �A_ � �{dnx he}�dSaedcp9o��{hQy p he}�d p9giz!d g\pQv-d6� m aednb ] m x he}�dSv3g\pey�� y��&dcgBy p h m aed �&o�� d p9o�� } �A_ � �{dcp y{f
�

t

b"_ dJhedJaez!y{f�d � �0� � � ����� �9~��
�
	 �|x���8

def

�
�
�Xxipeo�� } he}3gih � � !

�
� � �*^ z m � ~��ij]xKxX}�y�� }

�Jgif v/d � m f�d y{f � m wngiaey{he}�z!y�� p � g � dnb � h } m ����p he}3gih � � �?^ � j"y)�Ggif�� m f��G_�y)� � � �?^5!
�
� � �nj]x

xX}�y�� }��Jgif v/d �&d � y��&d � y{f�� m wngiaey{he}�z!y�� p � g � dnx�pey{f�� d !
�
� � ��� � !<b

] y{f�� d x d m f��G_ � m f3p9y��&dJa � L
m

w aed �&o�� y{v�y �{y{h)_|xsx d�dcg\pey �G_ � m f�� �{o��&d � w � m z � �{dJhedJf�dcp9p m �
I

tm

^ jZ� a m z � dJz!z2g �&b 	\b � h�y p � �{dcgia he}3gih he}�y p � m a m � � gia9_�y p�a9gihe}�dJa�o�f�y{f hedJaedcpehey{f�w3xIgif��



Chapter 6
_�d � y���giv��{d z!dJz v/dJa9pe}�y � � a m v��{dJz2p � �

x1

g

x2

C

x1

g

x2

C

� FG}�CD:A8(� a?}�d �{d6�`h � y{a � o�y{h aed � aedcpedJf�h9p�he}�d � ��w-�`o�f�� hey m f � ^54
1

�74
2

j-8 4
2xX}�dJaedcg\p he}�dBaey{w\}�h peheaeo�� heo�aedBy p f m h g � y{a � o�y{h��&o�d h m gif y{f�� m aeaed � h��G_ m aey{dJf hed �gia �\b � l dJaehedAi � giv/d � �{d �hxXy{he} �Jgif�f m hX}3g l d hex m y{fDw � m z!y{f�w2gia �Jpcb



�Tj

� m a g2z m aed�y{f�hedJaedcpehey{f�w � m z � �{dJhedJf�dcp p aedcpeo��{hcx%x d pe} m o���� o3ped�p9hea m f�w\dJaBaed �&o�� y{v�y �{y{hey{dcpcxL� m ay{f3peh9gif�� d v3g\ped � m f pez2g � � � y{a � o�y{h9p�^`gO�3a9peh m l dJa l y{d�x1z2g�_�v/d � a m l y��&d �2v$_ � m � �{z!dJa	� p v m|m ^
m f� y{a � o�y{h � m z � �{dAi�y{h)_�� j ��� j]b
� #,* *+
 � �X0 - �/. I

tm

^
�
j �

L
m

I
tm

^
�
j �

-10 . I
tm

^

j �

L
m

I
tm

^
�
j �

	O������'� �QdJh ^ � � � � � j v-d�gif y{f3peh9gif�� d m �sI
tm

^
�
jzxX}�dJaed � 8t^�� �&��jXy p g2aed � o�aeaedJf�h �

�
��w

p9_&pehedJz m � �&y{z!dJf3pey m f�!�gif�� � 8 � �
1

� ����� � �
n � gif�� � 8 ^ � 1 � ����� � � n j]b �-o�f�� hey m f3p � ′i

x
� �#��	 � ����� �7!'�|x giaed m v�h9giy{f�d �b�`a m z �

i

v$_ aed � � g � y{f�w m � dJa9gihey m f � v$_ � b �3o�aehe}�dJaez m aednx� m a d l dJa9_ � � ��	 � ����� �7!'�|x � ′
i

8
def

��xBy)� �
i

8 � x gif�� �
′
i

8
def

	\xBy)� �
i

�8 � b a?}�dJfQx
�
′
8

def

^��
′
�&�

′
jOxX}�dJaed �

′
8

def

� �
′
1

� ����� � � ′
n � gif�� � ′ 8 def

^ �
′
1

� ����� � � ′
n

j*y p!g aed � o�aeaedJf h
�
�
��w p9_&pehedJz�b r d<xXy � � pe} m x v,_ y{f��&o�� hey m f�he}3gih � � �

i

^ �3j�� m a d l dJa9_�� � ��	 � ����� �7!'��gif��
� � � y)� gif�� m f��G_�y)� � �#� ′

i

^ �3j]b � _ �&dA�3f�y{hey m f m �3� ′ xIhe}�d � � giy{z�y p�heaeo�d8� m a �-8 � gif��g � � � �0��	 � ����� �7!'�|b � dJh ���E��x�gif�� �{dJh � ����	 � ����� �7!'�|b � dJh � ′
i

v-d*he}�d*giaey{he}�z!dJhey��Jg ���
�
��w

� y{a � o�y{h he}3gih aed � aedcpedJf�h9p � � ��w-�`o�f�� hey m f � ′i
xSgif�� �{dJh �

i

v-d he}�d giaey{he}�z!dJhey��Jg � �
�
��w � y{a � o�y{h

he}3gih*aed � aedcpedJf�h9p,�
i

b a?}�dJfQx � �&�
′
i

^ ��� 	 j y)� gif�� m f��G_ y)�Xhe}�dJaed�y p � � ��	 � ����� �7!'� peo�� }he}3gihBhe}�d � w he}�y{f � o�h l dJaehedAi m � � ′
i

y pBpeh9giaeh l dJaehedAi m � g � gihe}�h m he}�d m o�h � o�h l dJaehedAi m � � ′
igif�� � � �

′
s

^ �3j]x�gif�� he}�y p?} m ����p y)�"gif�� m f��G_ y)�Nhe}�dJaed y p � �0��	 � ����� �7!'�*peo�� } he}3gih?he}�d ��w he}y{f � o�h l dJaehedAi m � �
i

y p p9h9giaeh l dJaehedAi m � g � gihe} h m he}�d m o�h � o�h l dJaehedAi m � �
i

gif�� � � �
r

^ �3j]b
� _ � m f3peheaeo�� hey m f m � � ′ x ��gif�� � �Jgif v-d�� } m pedJf d � o3g � b � dJf�� dnx&� � � ′

i

^ � � 	 j y)�"gif�� m f��G_y)� � � �
i

^ � � 	 j]x�gif���^ �
′
� � �e�|j � I

tm

^
�
j y)� gif�� m f��G_ y)�X^ � � � � �]j � I

tm

^
�
j]b

� f �Jg\ped m �{I
tm

^

j]x x d �Jgif1g ��� �G_ g�pey{z!y � gia aed �&o�� hey m fQb r d m f��G_�}3g l d�h m z2gT^ndhe}�d�� m � � m xXy{f�w2z m �&yy� �Jgihey m fQb � dJh ^ � � � � �]j v-d gif�y{f3peh9gif�� d m � I

tm

^

j�xX}�dJaed � 8�^�� �&��j

gif���� 8�^ �
1

� ����� � �
n

j]x ! 8 �&y{z � b�� m a d l dJa9_�� � ��	 � ����� �7!'�|x � ′′
i

8
def

	\x-y)�3�
i

8 � xIgif��
�
′′
i

8
def

��xQy)�	�
i

�8 � b��QdJh �
′′
8

def

^ �
′′
1

� ����� � � ′′
n

j � �
′′
y p m v�h9giy{f�d �U�`a m z �.g\p �&dcp � aey{v-d �

giv m l dnx�xX}�dJaed y{f�hedJa9ped � hey m f m � dJa9gihey m f3p giaed aed � � g � d �!v$_ � b�� dJh�� ′′ 8 def

^��
′′
�&�

′′
j]b a?}�dJfQx

^ �
′′
� � ��	 j � I

tm

^
�
j y)�Bgif�� m f��G_(y)��^ � � � � � j�� I

tm

^

j v,_(g � a m m � pey{z!y � gia*h m he}�d m f�dgiv m l dnb

� m aXpe} m xXy{f�w!he}3gih�I
tm

^
�
j y p � m f h9giy{f�d � y{f� � xDx d w\y l d g � m wngiaey{he}�z!y��Uw p � g � d*g �{w m waey{he}�z he}3gih�}3g\p g � � dcp pBh m gif � ��w pedJh m a9g � �{dnbQa?}�y p m a9g � �{d p9dJh{xXy � � v-d# ��� � � ^ 	 j]xGhe}�d

� a m v��{dJz�g\p9^�y{f�wV� m aXhe}�d dAi�g � hXf o�z v-dJa m � z2gia9^nd � x g �G^&p2� a m z m f�d h m gif m he}�dJa p � d � yy�3d �
l dJaehedAimxX}�dJaed!he}�d � o�dJaey{d ��f o�z v-dJa y p w\y l dJf�y{f(o�f3gia9_�aed � aedcp9dJf h9gihey m fQb � f g ���&y{hey m fQx!x d}3g l d h m � m z � o�hed � a m �&o�� h9p m � f3giheo�a9g �<f o�z v-dJa9p�y{f�pez2g � � p � g � dnb��3_ &W*+�'�H�J*+�H.A��57_)*`&�e3_x&WK
,��J*`&-D�# x x d z!dcgif(he}�d � m z � o�h9gihey m f m � he}�d � a m �&o�� h m � x � m p9pey{v��G_�z m aed�he}3gif h)x m xIw\y l dJff o�z v-dJa9p b a?}�y p � a m v��{dJz �&dA�3f�dcp g:�`o�f�� hey m f�he}3gih�x d�}3g l d��Jg � �{d � � ������� b � dJz!dJz v-dJahe}3gih �  ������ y p gif ��� w-�`o�f�� hey m f ^la?}�d m aedJz �&b �nj]b

� d6� m aed x d w\y l d he}�d � a m m � m ��I
tm

^
�
j � � � x3x d��&y p � o3p p�he}�d z2giy{f1y��&dcg\p m ��he}�d

� a m|m � m f�g*p9z2g � ��dAi&giz � �{dnbsL m f3pey��&dJa<he}�d,� � ��w � y{a � o�y{hSy{ft� y{w\o�aedQj&b a?}�d �&d � y�� hed � � y{a � o�y{h
aed � aedcpedJf�h9pQhe}�d��`o�f�� hey m f � ^54

1

�74
2

�74
3

j 8 ^54
1

j
3
� ^54

2

j
2
� 4

3

b�! v3pedJa l dShe}3gih"he}�d � m x dJa9p m �3he}�d
l giaey giv��{dcp � m aeaedcp � m f���h m he}�d f�o�z v/dJa9p m � � gihe}3p<�`a m z he}�d y{f � o�h l dJaehey�� dcp h m he}�d m o�h � o�h



Chapter 6
_�d � y���giv��{d z!dJz v/dJa9pe}�y � � a m v��{dJz2p �T`

l dJaehedAi �
C

�2� m a y{f3p9h9gif�� dnxShe}�dJaed�giaed ^ dAi�g � h��G_�j�he}�aedJd 4
1

� �
C

w � gihe}3pcb(] m x�� m a�d l g �{o3gihey{f�w
�
�
��w � y{a � o�y{h9pcx �&dJhedJaez!y{f�y{f�w he}�d f�o�z v/dJa9p m � � gihe}3pV� a m z y{f � o�h l dJaehey�� dcp h m he}�d m o�h � o�h

l dJaehedAi!y p y{z � m aeh9gif�hcb a?}�y p y��&dcg*}3g\p v-dJdJf o3ped ��v$_ZI � � dJf�uJy{d gif�� r giw\f�dJa h m p9} m xEhe}3gih
I L ^
�
jBy p�y{f � � ^&� � 	��<gif���a?}�d m aedJz J b �\j]b ! o�a � a m|m �T� m a pe} m xXy{f�w�he}3gih I

tm

^
�
jBy p y{f

� � dAi�hedJf���p?he}�y p?y��&dcg�b
� #,* * 
 ����
 I

tm

^
�
j �!� � � � � �

	O�K���%'��r d�xXy � �Npe} m x)he}3gih{I
tm

^
�
j �Jgif�v-d �&d � y��&d ��y{f� m wngiaey{he}�z!y��*p � g � dOxXy{he} g � � dcp9ph m m a9g � �{d  �#� � � ^ 	 j]b�� dJh�^ � � � � �]j�v/d�gif(y{f3peh9gif�� d m �zI

tm

^
�
jQxX}�dJaed � 8 ^�� �&��j y p

g aed � o�aeaedJf h1�
�
��w p9_&pehedJz m ���&y{z!dJf3pey m f�! gif�� � 8 � �

1
� ����� � �

n � gif��0� 8�^ � 1 � ����� � � n j]b� dJh �
1

� ����� � �
n

v-d he}�d*giaey{he}�z!dJhey��Jg �'�
�
��w � y{a � o�y{h9pXaed � aedcp9dJf hey{f�w �

1

� ����� � �
n

x&aedcp � d � hey l d �G_|b
r d m v�h9giy{f(g��&y{aed � hed � w\a9g � } �«� a m z �

1

� ����� � �
n

y{f(he}�d8� m � � m xXy{f�w x?g�_��Bw �{o�d!h m w\dJhe}�dJahe}�dXy{f � o�h l dJaehey�� dcp � m aeaedcp � m f��&y{f�w h m he}�d p9giz!dXy{f � o�h � m z � m f�dJf�hB^ y b dnb{xnw �{o�dXh m w\dJhe}�dJa<he}�d
l dJaehey�� dcpXy{f �

1

� ����� � �
n

� giv-d � �{d � 	\x3w �{o�d h m w\dJhe}�dJa he}�d l dJaehey�� dcpXy{f �
1

� ����� � �
n

� giv-d � �{d � ~&x
gif��*p mBm f/j]x gif���w �{o�dSh m w\dJhe}�dJaNd l dJa9_ m o�h � o�h l dJaehedAigxXy{he}�he}�d y{f � o�h l dJaehedAi�� m aeaedcp � m f��&y{f�wh m y{h9p�� y{a � o�y{h f o�z v-dJa2^ dnb w3b{x m o�h � o�h l dJaehedAi m � �

1

y p w �{o�d ��h m w\dJhe}�dJa xXy{he} y{f � o�h l dJaehedAi
� giv-d � �{d � 	 j]b �B�?he}�dJaed2y p�gif m o�h � o�h l dJaehedAi he}3gih*y p�g � p m gif�y{f � o�h l dJaehedAi xNgif gia �2y p*pedJhy{f3pehedcg � x y b dnb{x�y)� x�� m a y{f3peh9gif�� dnx he}�d y{f � o�h l dJaehedAi m � �

1

� giv-d � �{d � xXy{he} �*y p?g � p m he}�d m o�h � o�h
l dJaehedAi m � �

1

x�gif gia �>�`a m z y{f � o�h l dJaehedAi � h m y{f � o�h l dJaehedAi 	 y pXp9dJh y{f �!b �QdJh � v-d he}�dpedJh m � l dJaehey�� dcp m � � he}3gih giaed�� giv-d � �{d ��y{f � o�h l dJaehey�� dcpcb � dJh 	
1

� ����� � 	
n

v/d*he}�d l dJaehey�� dcpXy{f
�txIhe}3gihgx d �Jg � � z2gia9^nd � xIgif���	

i

y p�he}�d y{f � o�h l dJaehedAi � giv-d � �{d � � b � m hed�he}3gihcxy� m a�d l dJa9_
� giy{a � �� m � f o�z v-dJa9p:� a m z ��	 � ����� �7!'�|x he}�d�f�o�z v/dJa m � ~Kw z2gia9^|d ��	

i

� 	
j

wSx?g �G^&p�y{f � y p
dAi�g � h��G_2he}�d f o�z v-dJa m � � gihe}3p y{f �

j

� a m z y{f � o�h l dJaehedAi	� giv/d � �{d ��� h m he}�d m o�h � o�h l dJaehedAi b
� m x*x��{dJh �

1

� ����� � �
n

v-d f3giheo�a9g �Nf�o�z v-dJa9pBp9o�� }�he}3gihcx^� m a d l dJa9_�� �/��	 � ����� �7!'�|x �
i

y p
he}�d*f�o�z v/dJa m � ^ � � 	 j w z2gia9^|d � 	

i

� 	
n

wSx?g �G^&pXy{f ��b � hX} m ����pBhe}3gih � � �?^ � j?y)�Sgif�� m f��G_ y)�
�	8 � n

i=1

^ �
i

j
ci
b r d�g\p peo�z!d � 0 8 	\bs� m a l dJaeyy� �Jgihey m f m � he}�y p � m f��&y{hey m fQx x d��&y pehey{f�w\o�y p9}he}�aedJd��Jg\pedcp	�

^��j �+� ��8���x&y{hBpeo�) � dcp?h m �3f���� �0��	 � ����� �7!'�*peo�� } he}3gih��
i

8��!gif�� �
i

�8���b
^ � j �+� ��8 	\x&y{h�p9o�) � dcp�h m�l dJaey)�l_�he}3gih �

i

8 ��} m ����pV� m a g � � � � ��	 � ����� �7!'��� m a�xX}�y�� }
�
i

�8 	 � m dcp } m ��� b � dJz!dJz v-dJa he}3gihcx v,_ �&dA�3f�y{hey m f m � � y{a � o�y{h9pcxBhe}�dJaed z o3peh v-d
� �0��	 � ����� �7! ��p9o�� } he}3gih �

r
� ��b

^SLXj �+� � � ~&x&y{h�z o3peh v-d l dJaeyy�3d � he}3gihcxP� m a�g � � � �#��	 � ����� �7! �|x��
i

8�� y{z � �{y{dcp �
i

8���x
gif�� �

i

� � m w � xQy)���
i

�t~&bta?}�dJfQx �
i

� m a1�
i

�8 ��giaed �&dJhedJaez!y{f�d � xNgif�� v,_ y{hedJa9gihed �
z o��{hey � �{y��Jgihey m f he}�d l g �{o�d m ���?^ � j �Jgif v/d � m z � o�hed � b

� � � he}�aedJd �Jg\pedcp	�Jgif v-d�}3gif�� �{d �Ey{f � m wngiaey{he}�z!y���p � g � d�o3pey{f�w  �#� � � ^ 	 j�g\p m a9g � �{dnb
L g\ped!^SLXjSp9hea m f�w �G_ �&d � dJf���p m f he}�d$� g � h he}3gih y{hedJa9gihed � z o��{hey � �{y��Jgihey m f y p?gif ��� w-� o�f�� hey m f
�&o�d�h m a?}�d m aedJz �&b �&b<] y{f�� d  ��� � � ^ 	 jBy p y{f � � �&o�d�h m L m a m � � gia9_ �3b 	c~&x!I

tm

^
�
j �

�
NL
8 � � b



ji�

x1 x2 x3

Cg

� FG}�CD:A8 � ���
�
��w � y{a � o�y{hXaed � aedcpedJf hey{f�w�he}�dM�`o�f�� hey m f�� ^54

1

�74
2

�74
3

j 8 ^54
1

j
3
^54

2

j
2
4

3

b



Chapter 6 �
 � � � � ��  � ��  �� � � � 	 	 � � �� �� � j 	

� m hed�he}3gih �Jg\pedcp2^��j gif�� ^ � j m � he}�d	� g\p9h � a m|m � p m � l d�he}�d � a m v��{dJz2pOI
tm

^
�
j gif��

I
tm

^

j]x aedcp � d � hey l d �G_|x g�� hedJa g ��� �{y��Jgihey m f m �!he}�d aed �&o�� hey m f3p �&dA�3f�d �)y{f)he}�d � a m|m � m �

� dJz!z2g2�&b ~&b
� m x*xDx d��Jgif�pe} m x � m z � �{dJhedJf�dcp9p2� m aXhe}�aedJd dAi�g � h z!dJz v-dJa9p9}�y ��� a m v��{dJz2pcb

��"�#f����#$* � �yo I
tm

^
�
j � I

tm

^

j ��� � I

tm

^
�
j � �� � � � � � � 	 �  ����

	O�K���%'� L m f�h9giy{f�z!dJf h�y{f � � m �Bg � � he}�dcped � a m v��{dJz2p y p �&o�d h m � dJz!z2gih9g��&b ~�gif�� �&b �&b
� m a!}3gia �&f�dcp pcx x d aed �&o�� d ������� ����� h m I

tm

^
�
j�gif�� ������� � � � h m I

tm

^

j]x xX}�y�� }

dcpeh9giv��{y pe}�dcp he}�d �&dcpey{aed �#aedcpeo��{h9pcb � dJh(^ ����� ����j2v/d(gif#y{f3peh9gif�� d m � ������� ����� xX}�dJaed
� 8 ^�
 �&��j*y p�g �&y{aed � hed ��w\a9g � } gif�� � gif�� �(giaed l dJaehey�� dcp m � �!b r d�}3g l d!h m �&d � y��&d
xX}�dJhe}�dJa ��y p�g �A_ � �{y�� gif�� � m f�h9giy{f3p g$� ���fw � gihe}Qb�� dJh �

1

gif�� �
2

v/d�f�d�x l dJaehey�� dcp b r d
m v�h9giy{f 	 �`a m z ��v,_ g ���&y{f�w��

1
gif�� �

2
h m ��gif�� gia �Jp>�`a m z �

1
h m � gif��v� a m z ��h m

�

2

b ! v3pedJa l d he}3gih �t}3g\pBg$� ���|w � gihe} y)�Sgif�� m f��G_ y)��	 }3g\p�g	�
1

���
2

w � gihe}Qb r d � m f l dJaeh
	 y{f�h m g w\a9g � } xX} m ped l dJaehey�� dcpBg � � }3g l d gih z m peh h)x m y{fDw � m z!y{f�w gia �Jp	�?y)�.4 y p�g l dJaehedAi
m � 	�he}3gih y p dJf�� � m y{f�h m � � � � gia �Jpcx�aed � � g � d24 v,_��

�
	 f�d�x l dJaehey�� dcp v,_�g ��� �{y��Jgihey m f m �he}�d*z!dJhe} m � dAi�d � o�hed � m f g2pez2g � � dAi�giz � �{d y{fm� y{w\o�aed�` ���{dJh 	

′
v/d�he}�d aedcpeo��{hey{f�w2w\a9g � }Qb

a?}�dJfQxIy{h } m ����p he}3gih2^ ����� ����j � ������� ����� y)� gif�� m f��G_�y)� ^ 	 ′
���

1
���

2
j � ������� ��� b

� m x*x �{dJh 	 v-d!g f�d�x l dJaehedAi b r d�g ����	 h m 	 ′
gif�� gia �Jp>� a m z 	 h m d l dJa9_ l dJaehedAimxXy{he}

dAi�g � h��G_ m f�d y{fDw � m z!y{f�w gia � �sx d m v�h9giy{f 	 ′′
bma?}�dJfQxX^ 	

′
���

1

���
2

j � ������� ����� y)�Bgif��
m f��G_�y)� ^ 	 ′′

���
1

���
2

j � ������� ����� b
�3a m z 	

′′
x d � m f3peheaeo�� h�g � � ��w � y{a � o�y{h ��b�� dJh � v/d he}�d f o�z v-dJa m � l dJaehey�� dcp m �	 ′′

xXy{he} m o�h�gif,_ y{fDw � m z!y{f�w gia �Jpcb�� _ � m f3peheaeo�� hey m fQx � �7~&b � l dJa9_ l dJaehedAi m � 	 ′′
xXy{he}�y{fDw

� m z!y{f�w gia �Jp y p � giv-d � �{d ��xXy{he}
�
x gif���d l dJa9_ l dJaehedAimxXy{he} m o�h y{fDw � m z!y{f�w gia �Jp y p � giv-d � �{d �y{f � o�h l dJaehedAi x�xX}�dJaed �

1

pe}3g � �<v-d he}�dZ�3a9pehcb a?}�d m o�h � o�h l dJaehedAi m � � y p��
2

b � m a � m fDwpeheaeo�� hey{f�w(g�aed � o�aeaedJf h!p9_&pehedJz�x �{dJh � ^54
1

� ����� �74
s

j*v/d he}�d��
�
��w-� o�f�� hey m f aed � aedcpedJf�hed � v,_

��b r d �&dA�3f�d*he}�dc� o�f�� hey m f3p m � m o�a aed � o�aeaedJf�h � � ��w p9_&pehedJz g\p�� m � � m x pcb a?}�d�p _�pehedJz xXy � �
}3g l d �&y{z!dJf3pey m f � � 	\b�^ r d�o3ped he}�y p�y{f�d ) � y{dJf�h�� m f3peheaeo�� hey m fQxIpey{f�� d�x d<x gif�h�h m aedJo3pedy{h	� gihedJacbkj � m a�d l dJa9_ � � ��	 � ����� � � �|x �{dJh%�

i

^54
1

� ����� �74
s+1

j
8
def

4
i

b �-o�aehe}�dJaez m aednx �{dJh
�
s+1
^54

1
� ����� �74

s+1
j�8

def
� ^54

1
� ����� �74

s

j]b � dJh � 8
def

� �
1
� ����� � �

s+1 � x � 8 def
^ 	 �e� � ����� �e�|j

gif�� � 8
def

^�� �&� j]bOa?}�dJfQx 	 �$�?^ 	 jBy)� gif�� m f��G_�y)��^ 	 ′′
���

1

���
2

j � ������� ��� xIy b dnb{xGy)�
gif�� m f��G_ y)��	 ′′

y p g �A_ � �{y��*gif�� � m f h9giy{f3p g �
1

���
2

w � gihe}Qb � dJf�� dnx ^ ����� ����j � ������� ���
y)� gif�� m f��G_�y)� ^ � ��	 ��	 j � I

tm

^
�
j]b

a?}�d�aed �&o�� hey m fr�`a m z ������� � � � h m I
tm

^

j2o3pedcp he}�d�p giz!d aed �&o�� hey m f xXy{he}#h)x mp��{y{w\}�h z m �&yy� �Jgihey m f3p	��� ′ dJz!dJaew\dcp<�`a m z �#v,_�aed � � g � y{f�w d l dJa9_ � v$_  x gif�� ^ � ��� ���&j �

������� � � � y)�*gif�� m f��G_1y)�2^ � ′ ��	 �e�|j � I
tm

^

j]xXpey{f�� d�g � ���fw � gihe} y{f � x m o����1y{z � �G_

�
′
^ 	 j 8 � m a�� ′ ^ 	 j 8 ��	 �|b

� f hedJaedcpehey{f�w �G_ x m f��G_ m f�d dAi&y pehedJf�hey g �&z!dJz v/dJa9pe}�y �	� a m v��{dJz7heo�aef3p m o�h h m v-d � m z � �{dJhed
� m a � � b a?}�d h)x m�m he}�dJa9p giaed;� gia z m aed�� m z � �{y��Jgihed � ^ o�f��&dJa aedcg\p m f3giv��{dXg\p9peo�z � hey m f3p peo�� }g\p � ��� �{M?j]b



j\~

a b c

a

cb

(in H) (in H )’

� FG}�CD:A8 � � i�giz � �{dS� m a2he}�d � m f3peheaeo�� hey m f1y{f he}�d � a m|m � m � a?}�d m aedJz �&b �3b
a?}�d��{d6�`h pey{heo3gihey m f y pXaed � � g � d � v$_ he}�d aey{w\} h m f�dnb



Chapter 6
_�d � y���giv��{d z!dJz v/dJa9pe}�y � � a m v��{dJz2p j �

��"�#f����#$* � � � - �/. I
ex

^ j �!� � � � �
-10 . I

ex

^
�
j �!� � �
� � � � 	 �  ����

	O�K���%'� � m a*p9h9gihedJz!dJf h ^ 	 j]x �{dJh ^ � � � j v/d gif y{f3p9h9gif�� d m �zI
ex

^ j]x ! 8
def

�&y{z � b a?}�d
� a m|m � m � �QdJz!z2g��&b 	Xg �{aedcg �D_ pe} m x p he}3gih � �/� � �-y)�Ggif�� m f��G_ y)��� � �?^ � j
� m a<p m z!d � � � ! b
� f �&dJhedJaez!y{f�y p9hey�� � m wngiaey{he}�z!y�� p � g � dnx&y{h �Jgif v-d hedcpehed � xX}�dJhe}�dJa m f�d m �X^ � �e� � �]j]x"^ � ��	 � �]j]x
����� x�^ � � � ! � �]jNy p � m f h9giy{f�d � y{f�I

tm

^ j o3pey{f�w�I
tm

^ jNg\p m a9g � �{dnb � dJf�� dzI
ex

^ j � �
L
8 �Sb

� m a peh9gihedJz!dJf�h ^ ~nj]x �{dJh�^ � � � j*v/d gif y{f3peh9gif�� d m �{I
ex

^
�
j�xX}�dJaed � 8 ^�� �&��j*y p g

aed � o�aeaedJf�h��
�
��w p9_&pehedJz m � �&y{z!dJf3p9y m f�!�gif�� � 8 � �

1
� ����� � �

n � gif��%� 8 ^ � 1 � ����� � � n j]b r dpe} m x�he}3gih � � � � �Ny)�Sgif�� m f��G_ y)� � � �?^`�|j � � � � � �?^5! � 	 j]b a?}�d � a m|m �<y pXv3g\ped � m f�he}�d� m f3peheaeo�� hey m f m � �QdJz!z2g �&b �&b r d p9gK_ he}3gih��
i

.��+e �6#3.�"8D�#d&W#�e35Q* �3x � �� � ��	 � ����� �7! �|x-y)� x
� m a d l dJa9_��

1

� ����� �&�
n

	 %�x�� ���
i

^��
1

� ����� �&�
i−1

��� � � �&�
i+1

� ����� �&�
n

j]b � f m he}�dJa�x m a ��pcx �
i�&d � dJf���p m f�y{f � o�h �3xGy)�She}�d � y{a � o�y{h aed � aedcpedJf�hey{f�w��

i

� m f�h9giy{f3p g � gihe}A�`a m z y{f � o�h l dJaehedAi
� giv-d � �{d � � h m he}�d m o�h � o�h l dJaehedAi b r d � m f3peheaeo�� h�gif gioDi�y �{y gia9_ w\a9g � } � g\p�� m � � m x p	� �
� m f�h9giy{f3p�! l dJaehey�� dcp f3giz!d � 	 � ����� �7!<xQgif�� he}�dJaed!y p gif�gia �V�`a m z l dJaehedAi�� h m l dJaehedAi �Xy)�gif�� m f��G_�y)���

i

�&d � dJf���p m f y{f � o�h��3b � m hed�he}3gih ��y p g aed �&o�� d � l dJa9pey m f m � w\a9g � }�� m �
� dJz!z2g��&b �&x�xX}�dJaedvx d m f��G_ ^|dJd � y{fQ� m aez2gihey m f�giv m o�h g � � dcp9pey{v�y �{y{h)_�v�o�h�f m h�giv m o�h*he}�df�o�z v/dJa m � � gihe}3pcb �QdJh��

r

8 �/� m a2p m z!d � ����	 � ����� �7!'�|b � h!} m ����p2he}3gih � � �?^ � j y)�gif�� m f��G_ y)�She}�dJaed y p gif � �7! wSx g �G^ y{f � m � �{dJf�w\he} � x-y b dnb{x � m f�h9giy{f�y{f�w � � 	 l dJaehey�� dcpcb � dJh
� 8 ^!�

0

� ����� ���
t

jSv-d gif � �7!�wSx?g �G^ m � �{dJf�w\he} � y{f ��b��3_�he}�d � y{w\d m f } m �{d � aey{f�� y � �{dnx he}�dJaedy pXg � p m gif � �7! w � gihe} y{f � he}3gih � m f h9giy{f3pXgihXz m p9h	! l dJaehey�� dcp x$xX}�y�� } � a m l dcp he}3gih�I
ex

^
�
j

y p?y{f �
NL
8 � �+xXy{he}�gif�giaew\o�z!dJf�hXpey{z!y � giaXh m peh9gihedJz!dJf�h*^ 	 j]b

� m aB}3gia �&f�dcp9pcxx d*aed �&o�� d ������� ����� h m I
ex

^
�
j]b � dJh�� 8�^�� �&��j?v/d�he}�d ^ � � 	 j w

�&y{z!dJf3pey m f3g � aed � o�aeaedJf�h
� � ��w p9_&pehedJz �&dA�3f�d �1y{fEhe}�d � a m|m � m �ga?}�d m aedJz �&b �3b � dJh � 8^�� �&��j2gif�� � 8 � �
1

� ����� � �
s+1 � b � dJh%� ′1

^54
1

� ����� �74
s+1

j 8
def

4
2

b a?}�dJfQx �{dJh �
′
8

def� �
′
1

� �
2
� ����� � �

s+1 � b � dJh�� ′ 8 def
^��

′
�&� j]b � m hed*he}3gih�� ′

i

^ � j38 � � �G� m aXd l dJa9_ � � ��	 � ����� � � �gif�� � � 	\b a?}�dJfQx"^ ����� ���&j � ������� ��� y)�<gif�� m f��G_ y)�X^ � ��	 ��	 j �mI
tm

^
�
j y)�Sgif�� m f��G_y)�?^ �

′
��	 j � I

ex

^
�
j]b

���X0 � � �!��#f��#f�6* �l����.������ � ��-/&��!� * ��
 -!���l* #n
�|�f# �!��
�� -�# *+#$*�� #$��.�"�� � ���K��� -/#,*+.

I�giy{f��G_ x�x d!y{f l dcpehey{wngihed!aed � o�aeaedJf h �  � � ��w p9_�p9hedJz2p*gif��(he}�d � m z � �{dAi&y{hey{dcp m �Xhe}�d � m aeaedAwp � m f��&y{f�w2z!dJz v/dJa9pe}�y �� a m v��{dJz2pcb �Bp g!v$_$w � a m �&o�� h�x d�g � p m �&dJhedJaez!y{f�d�he}�d � m z � �{dAi�y{h)_
m �She}�d dAi�y pehedJf�hey g �Qz!dJz v-dJa9pe}�y � � a m v��{dJz � m aBaed � o�aeaedJf�h1� � ��w p9_�p9hedJz2pcb��3o�aehe}�dJaez m aednx%x dy{f�hea m �&o�� d�he}�d �'�<ey*`&l#%�"z" � a m v��{dJz�� m a aed � o�aeaedJf�h�p _�pehedJz2p x-he}3gih g\p9^&p�xX}�dJhe}�dJacxIy{f�p m z!dy{hedJa9gihey m fEpehed � x he}�d dJz � he_ pedJh!y p�he}�d�aedcp9o��{hcb"! o�aZ�3a9peh	� m f3pey��&dJa9gihey m f3pcx } m x d l dJacxSgiaedz2g �&d d l dJf�� m aXaed � o�aeaedJf h �  � � � � ��w p9_&pehedJz2pcb

� f y{z!z!d �&y gihed � a m � dJaeh)_ m ���  � � � � ��w-� o�f�� hey m f3pXy pBhe}3gih he}�d�_��Jgif � m z � o�hed�p9dJh9p m ��Jgia �&y{f3g �{y{h)_ gih!z m peh 	\x y)� he}�d�_1giaed�g ��� �{y{d �1h m pey{f�w �{dJh m fEpedJh9p m f��G_|b�] y{f�� d�he}�d aedcpeo��{h
z2gK_ g � p m v/d*dJz � h)_|x&z o��{hey � �{y��Jgihey m fhxXy{he} �	�Jgif v-d � m f3pey��&dJaed � gif�dJz � hey{f�dcp9pXhedcp9hcb � f��



j �

�&d � y��&y{f�w dJz � hey{f�dcp9p<xXy � � v/d g z2g  m a � a m v��{dJz h m p m � l d y{f he}�y p � m f hedAi&hcb � f � m f hea9g\pehcxz o��{hey � �{y��Jgihey m f xXy{he}4�m� m a � � � � � � ��w-�`o�f�� hey m f3p y p�f m he}�y{f�w d � ped�he}3gif�gif4g � � dcp9pey{v�y �{y{h)_� a m v��{dJz�x�pey{f�� d peo�� }~� o�f�� hey m f3p �Jgif�f m h � m z � o�hed dJz � h)_ pedJh9p b
� y{a9pehcx|x d{x?gif h h m o�f��&dJa9p9h9gif�� �  � � � � ��w-�`o�f�� hey m f3pcb�a?}�d�y{f�hedJa9ped � hey m f m � dJa9gihey m f y{fhe}�y p � m f�hedAi�h �Jgif2v/dBaedJwngia �&d �2g\p gif2d �|o�y l g �{dJf�� dXhedcpehcb r y{he} he}�y p<f m hey m f2y{f2z!y{f��Zx d �Jgifaed�xXaey{hed �

�
�
�
�
��w-�`o�f�� hey m f3p�v,_(p9_&pehedJz2p m � � � � � ��w-�`o�f�� hey m f3p*y{f g�p � d � yy� � p9dJf3ped�he}3gihy p � aed � y ped ��y{f�he}�d8� m � � m xXy{f�w �{dJz!z2g�b � m hed�he}3gih*g�� � � � ��w-�`o�f�� hey m f�y p g � m �G_ f m z!y g � y{fped l dJa9g � l giaey giv��{dcp xXy{he} f3giheo�a9g � � m d ) � y{dJf�h9pcb � � � � � ��w-�`o�f�� hey m f m l dJa�� y pXg � m �G_ f m z!y g �y{f�ped l dJa9g � l giaey giv��{dcp�xXy{he} y{f hedJw\dJa � m d ) � y{dJf�h9pcb{] y{f�� d�d l dJa9_ pedJh y{f lnm � l d � y{f he}�y pBped � hey m fy p m � �Jgia �&y{f3g �{y{h)_ gih z m peh 	\x�x dnxXy � � g lnm y�� � o�z v-dJa9p m z!d�p9dJh*v�a9g � dcpcbha?}�d2z!dcgif�y{f�w m �d l dJa9_2hedJaez xXy � �Ng �Gx?gK_�p v-d�� �{dcgia��`a m z he}�d�� m f�hedAi�hcb

� #,* *+
 � � � �  � � 	 � �
�
�
� � ��� � �  � �#8 � ^54

1

� ����� �74
k

j   � ��� � � � ^9�  � � ��j��� 
 � � � ��� ��� ��� ��	� � � ��� � �� � ��� � � � � � ��
 � � � ��� � � ′ ��� � ��� � � � � � � 
 � � � ��� � � �
1
� ����� � �

r� � �� � � � ��% � ��
�� � � ��� � � � � � � ��� � ��% k �

�
i

^ � j 8��8� m a g � � � �0��	 � ����� ���:� 8�� � ^ � j 8 � ′ ^ � j
�
i

^ � j �8��8� m a p m z!d�� �0��	 � ����� ���:� 8�� � ^ � j 8 � �

	O������'� r d � a m l d he}�d � � giy{z v$_�y{f��&o�� hey m fQb �B��� ^54
1

� ����� �74
k

j 8 4
j

� m a � � ��	 � ����� � � �he}�dJf ���`o��y��� � p he}�d peh9gihedJz!dJf�h o3pey{f�w �
′
8

def

� gif�� � 8
def

��b � dJh �
1

gif�� �
2

v-d ^9�

�
�
��j w

� o�f�� hey m f3p peo�� }�he}3gih � 8 �
1 
�
2
m a � 8 �

1 �
�
2
m a �
8 �

1 �
�
2

b � _*y{f��&o�� hey m f },_ � m he}�dcpey pcxhe}�dJaed giaed �$w gia9_ �Ow-�`o�f�� hey m f3p � ′
1

x �
′
2

x � 1
1

� ����� � � 1
r1

gif�� � 2
1

� ����� � � 2
r2

x �
1
���

2
� ��xIpeo�� } he}3gihcx

� m aXg � � � ��% k
x
� 1
i

^ � j 8��8� m a g � � � �0��	 � ����� ���
1
� 8�� �

1
^ � j 8 � ′

1

^ � j
� 2
i

^ � j 8��8� m a g � � � �0��	 � ����� ���
2

� 8�� �
2

^ � j 8 � ′
2

^ � j
� 1
i

^ � j �8��8� m a p m z!d � �0��	 � ����� ���
1

� 8�� �
1

^ � j 8 �
� 2
i

^ � j �8��8� m a p m z!d � �0��	 � ����� ���
2
� 8�� �

2
^ � j 8 � �

�B���$8 �
1 �
�
2
m a��$8 �

1 �
�
2

he}�dJf � }3g\p!he}�d�� � giy{z!d � � a m � dJaeh)_ o3pey{f�w � ′
1 �
�
′
2
m a

�
′
1 �
�
′
2

x-aedcp � d � hey l d �G_|x3gif�� � 1
1

� ����� � � 1
r1

� � 2
1

� ����� � � 2
r2

b{] m x �{dJh��-8 �
1 
�
2

b � dJh �
′
8

def

�
′
1

x
�
i

8
def
� 1
i

� m a�� � ��	 � ����� ���
1

�|x �
r1+i

8
def
� 2
i

� m a�� � ��	 � ����� ���
2

� gif�� �
r

8
def

�
′
1 �
�
′
2

x
� 8

def
�
1
� �

2
� 	\b r d � a m l d � m aeaed � hef�dcp9p m � he}�d � m f3peheaeo�� hey m fQb �QdJh �

i

^ � j 8��M� m a � ��% kgif���g � � � � ��	 � ����� ��� �|b�a?}�dJf��
1

^ � j �8 � x �
2

^ � j��8 � x �
1

^ � j�8 � ′
1

^ � j]x �
2

^ � j	8 � ′
2

^ � j gif��
�
1

^ � j
�
�
2

^ � j18���x }�dJf�� d
� ^ � j 8 �
1

^ � j18 �
2

^ � j,8 � ′ ^ � j]b �B� he}�dJaed y p � � ��	 � ����� ��� �peo�� } he}3gih �
i

^ � j��84��� m a � ��% k
he}�dJf��

1

^ � j.8 � m a2�
2

^ � j38 � m a2�
1

^ � j �8#�
2

^ � j]b�� dJf�� dnx
� ^ � j 8 � b

] y{f�� dzx d g\p9p9o�z!d;�`o�f�� hey m f3p h m v-dXaed � aedcpedJf�hed � v$_ giaey{he}�z!dJhey��Jg ��� y{a � o�y{h9pcx � dJz!z2g*�&b �
� a m l y��&dcp�gEp9y{z � �{d � m �G_�f m z!y g �yw hey{z!d g �{w m aey{he}�z he}3gih�aed �&o�� dcp �  � � � � ��w-�`o�f�� hey m f3p�h m�
�
�
�
��w-� o�f�� hey m f3p v,_ pey{z � �G_ �&d �{dJhey{f�wEg � �


w l dJaehey�� dcp y{f4he}�d � y{a � o�y{h9pcb M<aed � y ped �G_|xXy)���



Chapter 6
_�d � y���giv��{d z!dJz v/dJa9pe}�y � � a m v��{dJz2p j J

y pXg

w � giv-d � �{d � l dJaehedAi�y{f peo�� } g � y{a � o�y{hXhe}�dJf x d��&d �{dJhed ��gif���� m f�f�d � h m f�d � aed �&d � dcp9p m a

m � � h m g � �"peo�� � dcp9p m a9p m � �Gbz�"y{f3g � �G_ x3g � � l dJaehey�� dcp��`a m z xX}�y�� }�he}�d m o�h � o�h l dJaehedAi �Jgif�f m hv-d�aedcg � }�d ��giaed �&d �{dJhed � b a?}�dZ�`o�f�� hey m f � m z � �{dAi&y{he_ � � g\p9p � M � m f�h9giy{f3p g � �^�`o�f�� hey m f3p he}3gih
�Jgif v-d � m z � o�hed � y{f � m �G_�f m z!y g � hey{z!d v$_ aNo�aey{f�w!hea9gif3p �&o�� dJa9p b
� �%�K��-l-�
��& � ��� �  � � 	 � �

�
�
� � �  � �  �� �� � 
 � ���� � ^9�  � � ��j��
� � � ���� � ��� ��	�� � ��� �!� � �� � 
 � ���� � � �
� � � ���� �
′
� � � � � �� � ��� � �&y{z � ��
�� � � ��� � � � � � �� �� � � � % �

�?^ � j �8 � � � 	 ���  ���?^ � j.8�� ′ ^ � j � ��� � � ′ � ���   � � � 	 
 �� �  � ��� � M � ��
 � � � ��� ���

	O�K���%'� � dJh � 8 ^�� �&��j]b �QdJh�! 8
def

�&y{z � gif���� 8 � �
1

� ����� � �
n � b � dJh � ′

8
def� �

′
1

� ����� � � ′
n � xX}�dJaed
� ′i

x � �#��	 � ����� �7!'�|x"y p*he}�d��`o�f�� hey m f�� m aeaedcp � m f��&y{f�w�h m �
i

g � � m a �&y{f�wh m �QdJz!z2g �&b �&b a?}�d/� o�f�� hey m f3p�y{f � ′
�Jgif v-d � m z � o�hed ��y{f � m �G_�f m z!y g � hey{z!dnx p m he}3gih

�
′
8

def

^��
′
�&� j��Jgif v/d � m z � o�hed � v$_(g � m �G_�f m z!y g �yw hey{z!d��`o�f�� hey m fQb � f��&o�� hey m f m l dJa �pe} m x p he}3gih2�
i

^ � j �8 � y{z � �{y{dcp��
i

^ � j 8 � ′
i

^ � j]x � �0��	 � ����� �7!'�|b

L m a m � � gia9_ �&b � � a m l y��&dcp g � m p9pey{v��{d�x gK_!h m }3gif�� �{dgI
tm

^

�
�
j�� r dQxXy � �Gw\y l d g � m z�w

� �{dAi&y{he_ o ��� dJa v m o�f��A� m agI
tm

^
�
jBgif���pe} m x } m x h m �&d � y��&d�xX}�dJhe}�dJa�he}�d�aedcpeo��{h m � he}�daed �&o�� d � aed � o�aeaedJf�h�p _�pehedJz �

′
�Jgif v-d heaeo3pehed � b a?}�d � gihehedJa m � he}�d h)x m h9g\p9^&p aed �|o�y{aedcphe}�d p9heo��D_ m �Ngif g ��� a m � aey gihedBdJz � hey{f�dcp9p � a m v��{dJz�x|xX}�y�� }�v/d � m z!dcp � m z � �{y��Jgihed � gif��vxXy � �v-d2p m � l d ��}�dJaed m f��G_ � giaehey g � �G_|b<a?}�d�� m aez!dJa h9g\p9^IxI} m x d l dJacxGy p�� � m p9d �G_�aed � gihed � h m dAi&g � h

� m x dJa?w m �/w z2giheaeyyi gif�� f�o�z v-dJa?w m ��wSx g �G^&p � a m v��{dJz2p�gif�� }3g\p xShe}�dJaed6� m aednxSv-dJdJfEp m � l d � y{f
� giaew\d � giaeh9pcb
� #,* * 
 ��� � - �/.  � � � ^ ~nj � L

m

I
tm

^
�
j �

-10 . I
tm

^
�
j �

L
m

 �#� � � ^ ~nj �
	O�K���%'� ^ 	 j � dJh2^ � � � � � � � �� jBv-d2gif y{f3peh9gif�� d m �  ��� � ^ ~nj]b �QdJh ! v-d!he}�d �&y{z!dJf3pey m f
m � � x y b dnb{x he}�d�f�o�z v/dJa m ��� m �{o�z!f3pcb�� dJh �

1

� ����� � �
n

v/d!a m x l d � h m a9p m l dJa %tpeo�� }�he}3gih
�

T
8�^ �

1

� � � �
n

j]x�xX}�dJaed �
T
�&dJf m hedcp he}�d�hea9gif3p � m ped m � �tb � _�g � m f3peheaeo�� hey m f�he}3gihy p v3g\pey��Jg � �G_2he}�d p9giz!d g\p o3ped � y{f he}�d � a m m � m � � dJz!z2g �3b �&x,x d �Jgif�� m f3peheaeo�� h?gif g �A_ � �{y��w\a9g � } xXy{he} ! p m o�a � d l dJaehey�� dcp�� m a�d l dJa9_ �

i

x � � ��	 � ����� �7!'�|xXpeo�� }1he}3gih�he}�d f o�z v-dJa9p
m � � gihe}3p:�`a m z p m o�a � d l dJaehey�� dcp!h m he}�d�pey{f^ l dJaehedAi�^ he}�d �&dcpey{w\f3gihed � m o�h � o�h l dJaehedAi m �he}�d �&dJaey l d ��giaey{he}�z!dJhey��Jg � � y{a � o�y{h j�� m aeaedcp � m f�� h m he}�d2dJf�heaey{dcp m � �

i

bh�-o�aehe}�dJaez m aednxNhe}�d
� m f3peheaeo�� hey m f _ y{d ����p g�w\a9g � } xX}�dJaed l dJaehey�� dcp*}3g l d�dJy{he}�dJa uJdJa m�m a h)x m y{fDw � m z!y{f�w�gia �Jpcb
� _ he}�dnx?g�_ x!x d � m f m h }3g l d2h m z2gT^|d2he}�d �{dJf�w\he}3p m �Bg � � y{f � o�h?w l dJaehedAi,w m o�h � o�h?w l dJaehedAi
� gihe}3p d � o3g � b a?}�dJfQx x d�� giv-d � g � � l dJaehey�� dcp�xXy{he} hex m y{fDw � m z!y{f�w gia �Jp{xXy{he} � gif�� m v�h9giy{fgiaey{he}�z!dJhey��Jg ���

�
��w � y{a � o�y{h9p �

1

� ����� � �
n

peo�� }(he}3gihcx%� m a d l dJa9_ � � % n
x �

i

^ � j�8 �

i

� � � m ad l dJa9_�� � ��	 � ����� �7!'�|x�xX}�dJaed �
i

�&dJf m hedcp he}�dc� o�f�� hey m f �&dA�3f�d ��v,_ � y{a � o�y{h �
i

b � m hed he}3gih
�

1
� ����� � �

n

�Jgif�v/d � m f3peheaeo�� hed � o3p9y{f�w m f��G_ � m wngiaey{he}�z!y���p � g � dnb � h he}�dJf4} m ����p he}3gihcx
� m a d l dJa9_ � � % n

x � � � 8 ^ �
1

^ � j � � � �
n

^ � jej
T
8 ^ �

1
� � � � �

n

� j
T
b � m x*x �{dJh ��8^�� �&��j*v-d he}�d�aed � o�aeaedJf�h �

�
��w p9_&pehedJz xX}�dJaed � 8

def

� �
1

� ����� � �
n � x aed � aedcpedJf�hed �(v$_(he}�d� y{a � o�y{h9p �

1

� ����� � �
n

xSaedcp � d � hey l d �G_|x gif���� � � � ��	 � n � m f�h9giy{f�y{f�w 	 dAi&g � h��G_�y{f he}�d �Tw he}
� m z � m f�dJf�hcb � h�� m � � m x pBhe}3gih�� k

� � 8�^e^ �
k
j
1j

� � ��^ �
k
j
nj

j
T
8�^ �

1

^ �3j � � ���
n

^ �3jej
T
b



j\�

] m x&y{hXaedJz2giy{f3pXh m aedAw y{f��&dAi he}�dG� o�f�� hey m f3pXgif�� y{f � o�h9p p9o�� } he}3gih��
i

v/d � m z!dcp he}�d m o�h � o�h
� o�f�� hey m f m ��� b � dJf�� dnxN^ � � � � � � � ���j �� ��� � ^ ~nj y)�<gif�� m f��G_ y)�X^ � � � � � j � I

tm

^
�
j]b

^ ~nj � dJh14 v/d gif y{f � o�h�x m a � b � f � m wngiaey{he}�z!y���p � g � dnx�x d �Jgif�� }�d � ^�xX}�dJhe}�dJa 4 y p
m � he}�d8� m aez�peo�� }�he}3gih y{h z2g�_ aed � aedcp9dJf h gif y{f3peh9gif�� d m � I

tm

^
�
j]b�] m x x d �Jgif y��&dJf hey)�l_

� m z � m f�dJf�h9p m �/he}�d � m p9p9y{v��{d y{f � o�h heaey � �{d?he}3gih aed � aedcpedJf h � gif�� � m �/y{f3peh9gif�� dcp m ��I
tm

^
�
j]b

r d �Jgif g � p m y��&dJf�hey)�l_�peheaeo�� heo�aedcp �
1

� ����� � �
n

he}3gih � m m ^ �{yG^nd giaey{he}�z!dJhey��Jg �2� � ��w � y{a � o�y{h9pgif��1g(heo � �{d�� 8 ^ �
1

� ����� � �
n

j]x xX}�dJaed !)pe} m o���� v-d�he}�d �&y{z!dJf3pey m f m ��he}�d � m f h9giy{f�d �aed � o�aeaedJf h2p _�pehedJz � b ] m x y{h m f��G_ aedJz2giy{f3p!o�f�� dJaeh9giy{f�he_ giv m o�h�he}�d�g �A_ � �{y�� f�dcp9p m ��he}�dw\a9g � }3p �
1

� ����� � �
n

o�f��&dJa��G_ y{f�w he}�d � m p9pey{v��{d	� y{a � o�y{h9p �
1

� ����� � �
n

xNaedcp � d � hey l d �G_ bZ] m x!x d}3g l d h m l dJaey)�l_�h)x m � a m � dJaehey{dcp ���
1
� ����� � �

n

giaed!g �A_ � �{y��\xQgif�� x y)� p m x �?^ � j 8 � bZ� m a he}�d
� m � � m xXy{f�w � m f3peheaeo�� hey m fQxDx d�heaedcgihXhe}�dcp9d �|o�dcpehey m f3pXp9d � gia9gihed �G_|b
[We assume that G1, . . . , Gn all are acyclic. So, x = (S, t, b) is an instance of Mtm(⊕).]r d � m f3p9heaeo�� h g z2gia9^nd �2w\a9g � } 	

1

gif�� y��&dJf hey)�l_!h)x m l dJaehey�� dcp � gif�� � peo�� }�he}3gih 	
1

}3g\p
dAi&g � h��G_ � ^ � � 	 j w z2gia9^nd � � � � wSx?g �G^&p y)�?gif�� m f��G_ y)��^ � � � � � j y p*y{f+I

tm

^
�
j]b r d m v�h9giy{fpeo�v�w\a9g � } 	 ′

1
m � 	

1

�`a m z he}�d w\a9g � }3p �
1

� ����� � �
n

y{f he}�aedJd�p9hed � p	�
^`g|j m v�h9giy{f*he}�d �3a9peh y{f�hedJaez!d �&y gihedSw\a9g � }�g\pQhe}�d �&y p  m y{f h o�f�y m f m �&he}�dSw\a9g � }3p �

1

� ����� � �
n

x
^ v/j m v�h9giy{fEhe}�d p9d � m f��1y{f hedJaez!d �&y gihed�w\a9g � }Ev$_ w �{o�dJy{f�w h m w\dJhe}�dJa�he}�d l dJaehey�� dcp m � he}�dw\a9g � }3p �

1

� ����� � �
n

he}3gih�giaed � giv-d � �{d ��y{f��
1

� ����� � �
n

xXy{he} he}�d!p9giz!d f o�z v-dJa9pcxGy b dnb{x
w �{o�dSh m w\dJhe}�dJaNhe}�d ! l dJaehey�� dcp � giv/d � �{d ��g\pQy{f � o�h l dJaehedAi 	\x w �{o�d h m w\dJhe}�dJaNhe}�d ! l dJaehey�� dcp
� giv-d � �{d � g\pXy{f � o�h l dJaehedAi ~&x�gif�� p m�m fQx3gif�� � giv/d � he}�dcped w �{o�d � l dJaehey�� dcpXg\p?z2gia9^nd � x

^ � j m v�h9giy{f�he}�dQ�3f3g �/w\a9g � } v$_2g ���&y{f�w gia �Jp��`a m z�he}�d m o�h � o�h l dJaehedAi m � �
i

h m he}�d l dJaehedAihe}3gih!y p!he}�d�aedcpeo��{h m � w �{o�dJy{f�w(h m w\dJhe}�dJa�g � �Xy{f � o�h l dJaehey�� dcp � giv-d � �{d � xXy{he} �c� m a2g � �
� ����	 � ����� �7!'�|b

� dJz!dJz v-dJa he}3gih x d o3p9d �(g pey{z!y � gia�� m f3peheaeo�� hey m f(y{f(he}�d � a m|m � m � �QdJz!z2g��&b �&b � dJh �
�&dJf m hed!he}�d2pedJh m �?z2gia9^nd � l dJaehey�� dcp m � 	 ′

1

xQgif�� �{dJh�he}�dJz.v-d 4
1

� ����� �74
n

x!xX}�dJaed 4
i

� m a?waedcp � m f���p h m he}�d z2gia9^nd � l dJaehedAi m v�h9giy{f�d �]� a m z�w �{o�dJy{f�w�h m w\dJhe}�dJa g � ��� w � giv-d � �{d � l dJaehey�� dcpcb
� m x*x m v3pedJa l d he}3gihcxp� m a g � � � giy{a9p�� �� m �Bf�o�z v-dJa9pV� a m z ��	 � ����� �7!'�|x<he}�d f o�z v-dJa m � ~Kwz2gia9^nd ��4

i

�74
j

wSx?g �G^�p y{f 	
′
1

y p d � o3g �Ih m he}�d f o�z v-dJa m � � gihe}3p?y{f �
j

�`a m z y{f � o�h l dJaehedAi��
m � �

j

h m he}�d m o�h � o�h l dJaehedAi m � �
j

b
� ped � m f��!p9o�v�w\a9g � } 	 ′′

1
m � 	

1

y p m v�h9giy{f�d �8� a m z7he}�dXf�o�z v-dJa9p m � �Ev,_�he}�d�� m � � m xXy{f�w
� m f3peheaeo�� hey m fQb � dJh�	 ′′

1

v/d�gif�g �A_ � �{y���w\a9g � } m f�gih��{dcg\peh !�� 	 l dJaehey�� dcpcx!xX}�dJaedZx d!h9giw
l dJaehey�� dcp � � �

1

� ����� � �
n

x&peo�� } he}3gih�	
′′
1

}3g\p dAi&g � h��G_��
i

� � �
i

w � gihe}3p2� m a d l dJa9_ � �0��	 � ����� �7!'�|b
r y{he} m o�h � m p9p m � w\dJf�dJa9g �{y{he_|x x d �Jgif g\p9peo�z!d he}3gih � y p�g�p m o�a � d m � 	 ′′

1

gif�� �
1

� ����� � �
ngiaed pey{f^&pcb�a?}�d � m f3peheaeo�� hey m f m �	 ′′

1

y pBv3g\pey��Jg � �G_ d � o3g �Nh m he}�d m f�d o3ped ��y{f he}�d � a m m � m �
� dJz!z2g �3b � g\p x d � � g\p y{f(he}�d � a m m � m �?peh9gihedJz!dJf h2^ 	 j]b � m x*x m v�h9giy{f 	

1

�`a m z 	
′
1

gif��
	

′′
1

g\p*he}�d �&y p  m y{f�h o�f�y m f m � 	 ′
1

gif�� 	
′′
1

gif�� v,_�g ���&y{f�w�gia �Jp>�`a m z �
i

h m 4
i

� m a d l dJa9_
� �/��	 � ����� �7!'�|b � _�g�p9hea9giy{w\} h�� m a9x gia � y{f��&o�� hey m fQx/y{h �Jgif v-d�pe} m xXf�he}3gihBhe}�d f o�z v-dJa m �^ � ′ � 	 j w z2gia9^nd � � �74

i

wSx g �G^&pSy{f 	
1

y p d � o3g �-h m �
i

^ � ′ j
� m a d l dJa9_ � ′ �E� gif�� � �0��	 � ����� �7!'�|x
� a m z xX}�y�� } he}�d�� � giy{z�giv m o�h 	

1
� m � � m x p b



Chapter 6
_�d � y���giv��{d z!dJz v/dJa9pe}�y � � a m v��{dJz2p j��

[Verifying that G1, . . . , Gn all are acyclic.]r d � m f3p9heaeo�� hBg2w\a9g � } 	
2

� a m z �
1

� ����� � �
n

gif���y��&dJf�hey)��_ hex m2l dJaehey�� dcp	� ��� m ��	
2

peo�� }
he}3gih�	

2

}3g\pBdAi�g � h��G_ m f�d � ���fwSx g �G^Ix3y)���
1

� ����� � �
n

g � � giaed g �A_ � �{y��\x-gif���y{fD�3f�y{hed �G_ z2gif,_
� ���fwSx g �G^&pcxSy)� p m z!d m � he}�d w\a9g � }3p �

1

� ����� � �
n

y p!f m h2g �A_ � �{y��\b � dJh��
1

� ����� ���
n

�&dJf m hedhe}�d�f�o�z v-dJa9p m � l dJaehey�� dcp m ���
1
� ����� � �

n

x-aedcp � d � hey l d �G_ b �QdJh � 1
1

� ����� � � ν1

1

� �
2
2

� ����� � � νn
n

v-d
� m � y{dcp m � �

1

� ����� � �
n

b r d m v�h9giy{f 	
2

�3a9p9h g\p*he}�d �&y p  m y{f h o�f�y m f m ��� 1
1

� ����� � �
νn
n

gif��
ped � m f��!v,_!g ���&y{f�w�he}�d�� m � � m xXy{f�w�gia �Jp	� gif gia ���`a m z l dJaehedAi 	 m � � 1

1

h m*l dJaehedAi2~ m � � 2
1

x|gif
gia �2�`a m z l dJaehedAi�~ m � � 2

1

h m l dJaehedAi � m � � 3
1

xngif��!p m�m fQxnw\dJf�dJa9g � �G_|x\gif2gia �2� a m z l dJaehedAi�� m �
�

i
j

h m�l dJaehedAi�� � 	 m ��� i+1
j

� m a d l dJa9_ � �0��	 � ����� �7!'�*gif�� d l dJa9_ � �0��	 � ����� ���
j �

	 �|x�gif��
he}�dJf2g ���!gif2gia �2�`a m z l dJaehedAi#�

j
m � � νj

j

h m l dJaehedAi�	 m � � 1
j+1

� m a<d l dJa9_ ���0��	 � ����� �7!
�
	 �|b

r d�g ���&aedcp9pBhe}�d l dJaehey�� dcp m � 	
2

v$_ heaey � �{dcp m �<he}�dc� m aez ^ �� ���� j�xX}�y�� }�z!dcgif3p l dJaehedAi �
m �Bw\a9g � } � β

γ

b r d g ��� g � m m � h m�l dJaehedAi#^ 	 ��	 ��	 j�gif�� z2gia9^(he}�y p l dJaehedAi b a?}�dJfQx y{h y phe}�d �Jg\p9d2he}3gih�he}�dJaed y p*dAi�g � h��G_ m f�d�^ � � 	 j w z2gia9^nd � ^ 	 ��	 ��	 j �c^ �
n

���
n

�7!Nj wSx g �G^�y{f 	
2

x"y)�
�

1

� ����� � �
n

g � � giaed g �A_ � �{y��\b�! he}�dJa9xXy pednxGy b dnb{x-y)� he}�dJaed y p ��� ��	 � ����� �7!'��p9o�� } he}3gih �
j

y p
f m h g �A_ � �{y��\x 	

2
� m f�h9giy{f3p*y{fD�3f�y{hed �G_(z2gif,_�peo�� } x g �G^&pcx pey{f�� d�g �A_ � �{d � m f�h9giy{f�d ��y{f �

j�Jgif v-d � o�h giaev�y{hea9giaey �G_�z2gif,_ m �`hedJf y{f h m d l dJa9_�^ 	 ��	 ��	 j �c^ �
n

���
n

�7!Nj wSx?g �G^ m � 	
2

b
[Concluding the construction by combining the two constructed graphs.]� y{f3g � �G_|xTx d m v�h9giy{f2w\a9g � } 	 g\pShe}�d aedcpeo��{h m � he}�d�� m � � m xXy{f�w h)x m m � dJa9gihey m f3p	���3a9pehcx m v�h9giy{fhe}�d �&y p  m y{f�hXo�f�y m f m ��	

1

gif�� 	
2

x3gif���ped � m f�� x��{dJh
a
gif��

e
v-d f�d�x l dJaehey�� dcpcx�g ��� he}�dJzh m 	 gif�� g ��� gia �Jp�� a m z

a
h m � m � 	

1

gif���^ 	 ��	 ��	 j m � 	
2

gif�� gia �Jp�� a m z�4
n
m � 	

1

gif��
^ �

n

���
n

�7!Qj m � 	
2

h m
e
b � _!he}�d��&y p � o3p9p9y m f3p gif�� aedcpeo��{h9p?giv m l dnx 	 � m f�h9giy{f3p dAi&g � h��G_ � � 	

^ � � 	 j w z2gia9^nd �
a
�
e
wSx g �G^&p<y)� gif�� m f��G_�y)�<^ � � � � �]j � I

tm

^
�
j]b � h<y pSa9gihe}�dJa m v l y m o3p he}3gih	

�Jgif�v-d m v�h9giy{f�d ��y{f � m wngiaey{he}�z!y���p � g � dG�`a m z � x�xX}�y�� }�dcpeh9giv��{y pe}�dcp�g � m wngiaey{he}�z!y��Uw p � g � daed �&o�� hey m f~�`a m z I
tm

^
�
j h m  �#� � � ^ ~nj]b

� �%�K��-l-�
��& � � � I
tm

^
�
j �!� � � M ��� � L

=
� � ��� � � �

	O�K���%'� _�o�d h m L m a m � � gia9_ �3b 	 J x� ��� � � ^ ~nj y p	� m f h9giy{f�d � y{f(MBb�] y{f�� d Mty p � � m ped �o�f��&dJa �
L
m

w aed �&o�� y{v�y �{y{h)_|x$I
tm

^
�
j y p � m f�h9giy{f�d � y{fhM �&o�d h m � dJz!z2g2�&b j&b a?}�d�L

=

� � m x dJa
� m z � �{dAi&y{he_�v m o�f�� aedcp9o��{h9p%� a m z aed �&o�� y{f�w	 ��� � ^ ~njGh m I

tm

^
�
jIgif�� v,_ L m a m � � gia9_ �3b 	 J b

a?}�d aedcpeo��{h m � L m a m � � gia9_ �&b ` �Jgif v/d m v�h9giy{f�d � v,_ g�z o�� } dcg\pey{dJa � m f3peheaeo�� hey m f he}3gifhe}�d m f�d he}3gih�y p v3g\ped � m f � dJz!z2g��&b j&b a?}�y p dcg\p9y{dJa�g �{w m aey{he}�z�x } m x d l dJacx x m o���� m f��G_
� a m l d�gif�o ��� dJa � m z � �{dAi&y{he_ v m o�f��mxXy{he} m o�h dJz � }3g\pey pey{f�w2he}�dc�`g � h he}3gihBhe}�dG� m o�a � a m vDw
�{dJz2p* �#�%� ^ ~nj]x� ��� � ^ ~nj]x! �#� � � ^ ~nj gif�� I

tm

^
�
j �Jgif�v-d � m f3pey��&dJaed �4d � o3g � �G_

� m z � �{y��Jgihed � y{f p m z!d pedJf3p9dnb a?}�y p y{f�dAi�g � hef�dcp9p y p z2giy{f��G_��Jgio3ped � v$_(he}�d aed � gihey m f v-dAwh)x dJdJfEhe}�d � a m v��{dJz2p  �#� � � ^ ~nj�gif��  ����� ^ ~nj�dcpeh9giv��{y pe}�d �Ev$_ gif � NL
m

w aed �&o�� hey m f^la?}�d m aedJz �3b � j]b
] y{f�� d he}�d ped � m f��*z!dJf�hey m f�d �Ox?gK_ h m pe} m x � m �G_�f m z!y g �yw hey{z!d��&d � y���giv�y �{y{h)_ m �I

tm

^
�
j

y p y{f�hedJaedcpehey{f�w2y{f�y{h9p m xXf�aey{w\} h v�o�hBg � p m2m �<y{z � m aeh9gif�� dG� m aZ� m � � m xXy{f�w	� m f3peheaeo�� hey m f3p xx d
�&y p � o3p9p y{h9p z2giy{f � giaehcb � dJh�� 8 ^�� �&��j�v/d g aed � o�aeaedJf�h�� � ��w p9_&pehedJz m � �&y{z!dJf3pey m f !



j�j

xX}�dJaed � 8 � �
1

� ����� � �
n � gif�� � 8 ^ � 1 � ����� � � n j]b"� dJh

�
8

def

^54
1

� ����� �74
n

j]b(� m a!dcg � }
� � ��	 � ����� �7!'�|x3y{h } m ����pBhe}3gih �

i

^
�
j38�� n

j=1
� i
j

� 4
j

� m a � i
j

� %�x�� �/��	 � ����� �7! �|b{] y{f�� d �
iy p w\y l dJf g\pBgif�giaey{he}�z!dJhey��Jg � � y{a � o�y{h �

i

x � i
j

y pBd �|o3g �Nh m he}�d�f�o�z v-dJa m � � gihe}3p y{f �
i

� a m zhe}�d y{f � o�h l dJaehedAivxXy{he} � giv-d � � h m he}�d m o�h � o�h l dJaehedAi b r d �&dA�3f�d gif�! ��!�z2giheaeyyi � g\p	�
�

ij

8
def

� i
j

� m a g � � � �� �0��	 � ����� �7! �|b r d{xXy � � �Jg � � ��he}�d ='57#3,�*`&`D�#����J*`�'&)¥ m � � b � hS} m ����p
� m aXd l dJa9_ � � �!he}3gih��?^ � j387^ � t

� j
n

b �B� x d x?gif�h h m�m v�h9giy{f�gif y{f3peh9gif�� d m �� ��� � ^ ~nj]x
x d��&dA�3f�d*gif m he}�dJa z2giheaeyyi  g\p

 8
def

���� � 11 � 1
2

����� � 1
n

�
1bbb bbb b b b bbb bbb

� n
1

� n
2

����� � n
n

�
n� � ����� � �

����� �

� h m v l y m o3p �G_�} m ����p�^ � k
��j

n

8 ^ 
k+1
j
n,n+1

� m a � �7��b � h y p f m h��&y*) � o��{h h m pedJd!he}3gihz2giheaeyyi  �Jgif�v-d � m z � o�hed �(y{f � m �G_�f m z!y g �Shey{z!d:�`a m z � bta?}�y p � m f3peheaeo�� hey m f(y p y � �{o3p?whea9gihed ��v,_ m o�a � aed6�`dJaeaed � dAi&giz � �{dnx-he}�d�� y{v m f3g � � y"f o�z v-dJa9p b � dJhQ� y{v 8 ^��
Fib

�&�
Fib

jXv-d
g�aed � o�aeaedJf h �

�
��w p9_&pehedJz xX} m ped�� m z � m f�dJf h9pXgiaed��&dA�3f�d ��g\p2� m � � m x p	�
�

Fib
8

def
� �

1
^54

1
�74

2
j 8

def
4

2
� �

2
^54

1
�74

2
j 8

def
4

1 �
4

2 ��
Fib

8
def

^`� ��	 j �
r d g �{aedcg �D_�dJf�� m o�f�hedJaed ��he}�y p dAi&giz � �{dXy{fnL }3g � hedJa J b a?}�d � m f3peheaeo�� hey m f3p m �Gz2giheaey�� dcp �gif��  giv m l dg_�y{d ��� he}�dM� m � � m xXy{f�w �

� 8
def
� � 	
	 	 � gif��  8

def 	 � 	 �
	 	 	
� � ��
 �

� m a?he}�dg�3a9peh��`d�x � m x dJa9p m �  xDx d m v�h9giy{f�he}�dcped aedcpeo��{h9p	�


1
8 	 � 	 �

	 	 	
� � ��


 2 8 	 � 	 �
	 	 	
� � ��
 � 	 � 	 �

	 	 	
� � ��
 8 	 	 	 	

	 ~ 	
� � ��


 3 8 	 � 	 �
	 	 	
� � ��
 � 	 	 	 	

	 ~ 	
� � ��
 8 	 	 ~ 	

~ � ~
� � ��


 4 8 	 � 	 �
	 	 	
� � ��
 � 	 	 ~ 	

~ � ~
� � ��
 8 	 ~ � ~

� J �
� � ��
 �

� dJz!dJz v-dJa*he}3gihcx"v$_ � m f3peheaeo�� hey m fQxNhe}�d m o�h � o�h m a*aedcp9o��{h m � dcg � }�y{hedJa9gihey m f p9hed � y p*he}�d~ � �Kw dJf hea9_ m �"he}�d�� m aeaedcp � m f��&y{f�w � m x dJa m �  b
a?}�d�z2g  m a2w m g � m � he}�y p�ped � hey m f y p!h m �&dJhedJaez!y{f�d�he}�d � m z � �{dAi�y{h)_ m �OI

tm

^

�
�
j]b

L m a m � � gia9_��&b � pe} m x p g � m p9p9y{v��{d�x gK_|b � psx d }3g l d?dAi � � giy{f�d � x\he}�d p m �{o�hey m fvxXy � � � m f3pey p9h m �



Chapter 6
_�d � y���giv��{d z!dJz v/dJa9pe}�y � � a m v��{dJz2p j�`

h)x m � giaeh9pcx&gif���he}�d��3a9peh � giaeh?}3g\p f m x4v/dJdJf � m f�� �{o��&d � v,_2he}�d aedcpeo��{h9p m � L m a m � � gia9_ �&b `&b
a?}�d(ped � m f�� � giaeh z2giy{f��G_ � m f3pey peh9p m � g p m �{o�hey m f m � he}�d � o�dcpehey m fQxXw\y l dJf�g aed � o�aeaedJf h
�

�
�
��w p9_&pehedJz�� gif��2g�f o�z v-dJa � xfxX}�dJhe}�dJa��?^ � j.8 � b a?}�y p � a m v��{dJz�y p �Jg � heo�aed �2v,_ he}�d

� m � � m xXy{f�w �&dA�3f�y{hey m fQb
M<a m v��{dJz �&dA�3f�y{hey m f
��� �
 � ^ � j;� m a � 	 � � �  � � � � � � ^ dJz � hey{f�dcp9p � a m v��{dJz�� m a?aed � o�aeaedJf h �Ow p9_&pehedJz2p j]b
���$��
������� ^ � � � j<xX}�dJaed � y p!g aed � o�aeaedJf�h�� w p _�pehedJz gif�� � � ��x gif�� � y p!w\y l dJf y{fv�y{f3gia9_ aed � aedcpedJf h9gihey m fQb
��� ����
���� � �?^ � j.8 � �

� h y p � �{dcgia!he}3gih!he}�d dJz � hey{f�dcp9p � a m v��{dJz v-d � m z!dcp �&y*) � o��{h m f��G_£� m a�he} m ped aed � o�a?waedJf�h�p9_&pehedJz2p he}3gih � m f�h9giy{f�y{f�hedJa9ped � hey m f m a � m z � �{dJz!dJf h9gihey m f m � dJa9gihey m f3pcx pey{f�� d�aed � o�a?waedJf�h �
�
�
�
�
�
��w p9_&pehedJz2p	� m z � o�hed m f��G_1f m fDw dJz � he_Ep9dJh9pcb � dJaednx{x d�giaed�y{f�hedJaedcpehed �Ey{fhe}�d � m z � �{dAi&y{he_ m � ��� �
 � ^  � � j]b � fQ� m aeheo�f3gihed �G_|xx d��Jgif�f m h w\y l d*gif d ) � y{dJf h �&d � y pey m fg �{w m aey{he}�z � m a ��� �
 � ^  � � j]b � m x d l dJacx�� m a �&d � y��&y{f�w I tm

^

�
�
j*y{f � m �G_�f m z!y g � hey{z!dy{h�peo�) � dcp�h m � m f3pey��&dJa m f��G_�g peo�v3p9dJh m � ��� �
 � ^  � � j]b a?}�y p�peo�v3pedJh y p ped �{d � hed � v$_�gpeheaeo�� heo�a9g � � a m � dJaehe_ m � aed � o�aeaedJf�h p9_&pehedJz2pcb

� dJh��#8 ^�
��&��j v/d g �&y{aed � hed � w\a9g � }Qb � �A_ � �{d m � �{dJf�w\he} � y{f � y p?g!ped � o�dJf�� d �$8^54
1
� ����� �74

k

j m � l dJaehey�� dcp m � � peo�� }�he}3gih ��y p gif 4
1
�74

k

w � gihe} y{f � gif���^54
k

�74
1
j � ��b

� dJf�� dnx �A_ � �{dcp � m f h9giy{f gih �{dcg\peh m f�d l dJaehedAi b � dJh � 8 ^�� �&� j*v/d g�aed � o�aeaedJf�h��  � � ��wp9_&pehedJz m � �&y{z!dJf3pey m f ! xX}�dJaed � 8 � �
1

� ����� � �
n � b r d m v�h9giy{f$� ′ �`a m z ��v,_ aed � � g � y{f�wd l dJa9_  y{f he}�d��`o�f�� hey m f3p m ���)v$_ � ��� ′ y p g�aed � o�aeaedJf�h � � ��w p _�pehedJz�b �QdJh � ′

v/d he}�d
�`o�f�� hey m f2z2giheaeyyi m � � ′ x|g\p y{h y p �&dA�3f�d � giv m l dnb � f m fDw uJdJa m dJf hea9_ y{f � ′

z!dcgif3p dAi�y p9hedJf�� d
m � g � gihe}A�`a m z y{f � o�h�h m�m o�h � o�h l dJaehedAi y{f�g � y{a � o�y{h�aed � aedcpedJf h9gihey m fQb r d �Jgif y{f hedJa � aedJh
�

′
g\p he}�d!g �  g � dJf��A_ z2giheaeyyi m � g��&y{aed � hed ��w\a9g � }Qb�� dJh��

S

8 ^9��	 � ����� �7!'� �&�
S

jBv-d!he}�d
w\a9g � } m f l dJaehey�� dcp�	 � ����� �7!(xX}�dJaed ^ � �� j � �

S

y)�Bgif�� m f��G_(y)� � ′
ij

�8���b � �|o�y l g �{dJf�h��G_|x^ � ���j � �
S

y)� gif�� m f��G_ y)� �
i

�&d � dJf���p m f!y{h9p ��w he}2y{f � o�h � m z � m f�dJf�hcb��-o�f�� hey m f��
i

�e�e �H���"
&W#d�S,�
J,N_�� m � �{dJf�w\he} �Ix-y)� he}�dJaed y p g �A_ � �{d m � �{dJf�w\he} � y{f �

S

� m f�h9giy{f�y{f�w l dJaehedAi�� b�a?}�d
� a m v��{dJz�� � ��� �
 � ^  � � jXy p he}�d p9dJh m � � giy{a9p!^ � � � j y{f ��� �
 � ^  � � j�xX}�dJaed he}�d m o�h � o�h�`o�f�� hey m f m � � g ��� dcgia9pXy{f�g �A_ � �{dnb

� y{a9pehcx|x dBpe} m x1he}3gih�� � ��� �
 � ^  � � j �Jgif2v/d �&d � y��&d �2y{f � m �G_�f m z!y g �-hey{z!dnx|xX}�y�� }2y p}�dcg l y �G_ v3g\ped � m f�g �{dJz!z2g m � �{y{f�dcgia g �{w\dJv�a9g�b � dJh��Ev-d g 	 � !(z2giheaeyyi m l dJa � x !�� 	\b
� dJh,� ���

=0
8

def

�
�
���

n
�	�

�
8�� � �&dJf m hed he}�d }$_ � dJa � � gif�d m �
� n

�&dA�3f�d � v,_��Bb
� #,* * 
 ��� 	,p �  � �   ��� ! � ! � � � � � 	 � � �� % � ��� � �  � �   � 	 � ! � � � � � 	 � � ��
� � �  � � � % n � � � � i

� � � ��� =0
� � � � ��� � � � � � ����� �7!

�
	 � � � �� �

i
� �#� ��� =0

� � � � ���
� �E� �
	O�K���%'� �QdJh ��� !

�
	�v-d pez2g � �{dcpeh � m p9pey{v��{d p9o�� }�he}3gih � k+1 �

8 � k
i=0

�
i

���
i
� � m ap m z!d �

0

� ����� � �
k

��� b �3_ y{f��&o�� hey m fQx<y{h } m ����p�he}3gihcx
� m a d l dJa9_ � � � � 	\x he}�dJaed giaed
4

0

� ����� �74
k

���peo�� } he}3gih �
m
� 8 � k

i=0

4
i

� �
i
� � � dJh�4

0

� ����� �74
k

��� peo�� } he}3gih



`i�

�
r
� 8 � k

i=0

4
i

� �
i
� � m a � � � � 	\b a?}�dJfQx

�
r+1 �

8 k�
i=1

^54
i−1

� 4
k
�
i

j � �
i �
� 4

k
�
0

� �
0 � �

� _ g\p9peo�z � hey m fQx � i
� �/� ��� =0

x � � �Ib a?}�dJfQx �
i
� �/� ��� =0

� m aXd l dJa9_ � �1��b

� #,* *+
 � � 	 	 � � ��� �
 � ^  � � j �!��� � M �

	O������'� � dJh�^ � � � j?v-d gif y{f3peh9gif�� d m � � � ��� �
 � ^  � � j xX}�dJaed � 8 ^�� �&��j y pBg�aed � o�aeaedJf h�

�
�
��w p9_&pehedJz m � �&y{z!dJf3p9y m f1! gif�� � 8 � �

1

� ����� � �
n � b r d g ��� �G_ � dJz!z2g �&b � gif�� m v�h9giy{f� o�f�� hey m f3p3� ′

1

� ����� � � ′
n

gif�� � 1
1

� ����� � � 1
r1

� � 2
1

� ����� � � n
rn

p9o�� }!he}3gihcx�� m aSd l dJa9_�� �0��	 � ����� �7!'� gif��d l dJa9_ � ��% n
x
� i
j

^ � j 8��8� m aXg � � ���0��	 � ����� ���
i

� 8�� �
i

^ � j 8 � ′
i

^ � j
� i
j

^ � j �8��8� m aXp m z!d � �0��	 � ����� ���
i

� 8�� �
i

^ � j 8 � �
r d m v3pedJa l d he}�d�� m � � m xXy{f�w2y{z � m aeh9gif�hBgif�� dcg\p9_ � a m � dJaeh)_��!� m aXd l dJa9_ � � ��	 � ����� �7!'� gif��
� ��%�x ��� �

i

� ^ � � 	 j 8 � y)�"gif�� m f��G_!y)�'� ′
i

^���^ � jej 8 � m a he}�dJaed y p � �0��	 � ����� ���
i

� peo�� }�he}3gih
�
i
j

^���^ � jej �8 ��b � dJh � � ! v-d he}�d pez2g � �{dcp9hBf�o�z v/dJa peo�� }�he}3gih �
n

g ��� dcgia9p�y{f g �A_ � �{d m �
�{dJf�w\he} �Ib �B� he}�dJaed�y p � ′ ��~ ! 2 peo�� }�he}3gih��?^ � ′ j 8 � gif�� � ′ � � ^ z m � �3j]x-he}�dJf �?^ � j(8 � b
r d xXy � �Qpe} m x�he}3gihXhe}�y p y{z � �{y��Jgihey m f�Jgif v-d�peheaedJf�w\he}�dJf�d � h m gif d � o�y l g �{dJf�� dnb

� dJh � � ~ ! 2 x gif����{dJh �?^ � j+8 � b �QdJh � 8
def

^ �
0

���
1

� ����� ���
r

j*v-d g � m f�w\dcp9h�x?g �G^y{f �
S

peo�� } he}3gih �
0

8 !1gif��!��� �
νi

� ^ �
�
� j28 � x � � � � � ����� ��� �|b � m hed!he}3gih � � � gif��

�
νr

� m dcp f m h �&d � dJf�� m f(g l giaey giv��{d+4
i

peo�� }�he}3gih ��� �
i

� ^ �
�
�
�
	 j�8 � b r d�z!y{w\} h p9gK_

he}3gih ��� �
νr

� ^ �
�
�\j 8 � ,���57"N�" �?^ � j,8 � x�xX}�y�� } y p � a m l dJf(v$_ x?g �G^ �tbmL m f3pey��&dJa*he}�dpeo�v3ped � o�dJf�� d�� 8

def

^ �
0

���
k

� ����� ���
sk

j m � � xX}�dJaed � ��� � ���7^ � � 	 j ���Ib �B�Sg�f o�z v-dJa
g ��� dcgia9pBhexXy�� d*y{f �Xx/p9gK_ �

j

gif��&�
j′

x�� � �
′
x-he}�dJf �

′
8

def

^ �
0

���
1

� ����� ���
j

���
j′+1

� ����� ���
r

j
� a m l dcpShe}3gih��?^ �

�
^ �

′ �
� jej 8���� �

n

� ^ �
�
^ �

′ �
� jej 8 � b � m hed he}3gih � � �

�
^ �

′ �
� j�^ z m � �3j]b

r d�g ��� �G_#he}�y p giaew\o�z!dJf h aed � dcgihed � �G_#gif���g\p m �`hedJf4g\p � m p9pey{v��{dnxBy b dnb{x{x d aed �&o�� d he}�df o�z v-dJa m � d �{dJz!dJf h9p?y{f � ′
h m gihXz m p9h�^5!

�
	 j � � 	\x�gif�� m v�h9giy{f he}3gihcx&y)����� �

νr

� ^ � ′ j 8 �
� m a � ′ � %�xIhe}�dJf!�?^ � ′′ j�8 � � m a � ′′ � � ′ xX}�dJaed � ′′ � � ′ � ��^ z m � �3jBgif�� � ′ � � !

�
� �

� ′′ � � ′ � � ! � � ′ ��! 2 b � dJh �
0

�0��	 � ����� � � ��p9o�� } he}3gih �
0

� �
�
� ^ z m � �3j]b a?}�dJfQx�� m a g � �

� ��� peo�� }�he}3gih �
0

� � � � �
�
��x/y{h�} m ����pBhe}3gih ��� �

νr

� ^ �
0

��� �3j��8 � v$_ he}�d z2g6i�y{z2g �{y{h)_
m � �tb

� dJh � v/d he}�d��`o�f�� hey m f z2giheaeyyi v/d � m f�w\y{f�w h m he}�d��`o�f�� hey m f(ped � o�dJf�� d � �
′
1

� ����� � � ′
n � b� dJh � 8

def

�
k
gif�� �

t0

8
def

�
t0−1
��b(_�o�d h m � dJz!z2g(�&b �&x y)� ��� �

νr

� ^ �
0

j �8 � he}�dJf
��� �

νr

� ^ �
0

j-8 �
′
νr

^��
t0

j]b � m a�� � !<xBy)����� �
νr

� ^ �
0

��� �3j �8 � he}�dJf���� �
νr

� ^ �
0

��� �3j-8
�
′
νr

^ �
i
�

t0

j]b �-o�aehe}�dJaez m aednx���� �
νr

� ^ �
0

� � �3j �8 � y)�Bgif�� m f��G_(y)� � νr

j

^ �
i
�

t0

j+8��A� m a g � �
� �$��	 � ����� ���

νr

�|b r d g ��� �G_ �QdJz!z2g �&b 	J��gif�� m v�h9giy{f he}3gih ��� �
νr

� ^ �
0

� ^5!
�
	 j � �3j��8 �

y)�?gif�� m f��G_�y)� � νr

j

^ �
i
�

t0

j 8��S� m a�g � � � � � � � ����� �7!
�
	 � gif�� � � ��	 � ����� ���

νr

�|b ] y{f�� d
��� �

νr

� ^ �
�
�nj%8 � x he}�dJaed�y p ��� !�peo�� }1he}3gih ��� �

νr

� ^ �
0

��� �3j�8 � x xX}�dJaed �
0

��� ���
� � ^5!

�
	 j �+��� !

2
b �BdJf�� dnxNy)� �?^ � j,8 � he}�dJf�he}�dJaed2y p � ′ �t~ ! 2 peo�� }(he}3gih �?^ � ′ j�8 �



Chapter 6
_�d � y���giv��{d z!dJz v/dJa9pe}�y � � a m v��{dJz2p ` 	

gif�� � � � ′ ^ z m � �3j]b � h h9gT^ndcp � m �G_�f m z!y g �<hey{z!d!h m � m z � o�hed ��^`�|j � ����� � ��^ ~ ! 2 j]x�xX}�y�� }
� m f�� �{o��&dcpXhe}�d � a m m � b

� d6� m aed�x d��3f3g � �G_� m f3pey��&dJagI
tm

^

�
�
j]x%x d<x gif�hBh m y � �{o3pehea9gihed he}�d � m f3peheaeo�� hey m f m �he}�d � a m|m � m �Nhe}�d>� m � � m xXy{f�w he}�d m aedJz v,_	�&y p � o3p9p9y{f�w gif dAi�giz � �{dnb L m f3p9y��&dJaz� y{w\o�aed�	J��b � hy pSpe} m xXf!w\a9g � } �

S
m �Ig�`Kw �&y{z!dJf3p9y m f3g ��aed � o�aeaedJf h	�  � � ��w p _�pehedJz � b � m a<y{f3p9h9gif�� dnx�� o�f��Uwhey m f �

1

�&d � dJf���p m f��G_ m f%4
1

xfxX}�dJaedcg\p2�`o�f�� hey m f
�
2

�&d � dJf���p m f%4
1

gif���4
2

b �QdJz!z2g��&b 	 	
pe} m x p he}3gih x d	�Jgif �&d � y��&d�� m a d l dJa9_ � � � y{f � m �G_ f m z!y g � hey{z!dZxX}�dJhe}�dJa ��� �

2
� ^ � j�8 �

m agxX}�dJhe}�dJa ��� �
5

� ^ � j�8 � b r d�x?gif h�h m �&d � y��&d�xX}�dJhe}�dJa'��� �
9

� ^ ~i�|j 8 j&b�a?}�dJfQx y{h z o3p9h
} m ���(he}3gih ��� �

2

� ^ 	�jnj �8 � x ��� �
5

� ^ 	�jnj��8 � x ��� �
5

� ^ 	�`nj��8 � gif�� ��� �
6

� ^ 	�jnj��8 � bt�-o�aehe}�dJa?w
z m aednx ��� �

2

� ^ 	�jnj]x���� �
5

� ^ 	�jnj]x ��� �
5

� ^ 	�`nj gif�� ��� �
6

� ^ 	�jnj z o3peh f m h�g � � }3g l d l g �{o�dcpBw\aedcgihedJahe}3gifmj&b � ��� �G_�y{f�w�he}�d z!dJhe} m � m � L m a m � � gia9_ �&b ��xDx d m v�h9giy{f�g�aed � o�aeaedJf h � � ��w p9_&pehedJz � ′he}3gih y p�d � o�y l g �{dJf�h�h m � y{f y{hedJa9gihey m f pehed � p he}3gih � m f m h � a m �&o�� d he}�d dJz � h)_ pedJhcb �Bp?wy{f�w�he}�d/� o�f�� hey m f z2giheaeyyi m � � ′ x x d �Jgif � m z � o�hed he}�dcped l g �{o�dcp*y{f � m �G_�f m z!y g � hey{z!d m a
�&d � y��&d!he}3gih m f�d m �?he}�dJz.dAi � dJd ��pOj�^ aedJz!dJz v-dJa he}�d	�&y p � o3p9pey m fU� m � � m xXy{f�w he}�d � a m|m � m �
� dJz!z2g �3b 	 �nj]b � y{f3g � �G_|x x d��Jgif1pehea9giy{w\}�h�� m a9x?gia � �G_(d l g �{o3gihed ��� �

7

� ^ 	�`nj]x���� �
8

� ^ 	�`nj gif��
��� �

9

� ^ ~i�|j y{f � m �G_�f m z!y g � hey{z!dnb
��"�#f����#$* � � 	0 I

tm

^

�
�
j �!��� � M �

	O�K���%'� �QdJh ^ � � � � �]j�v-d gif y{f3p9h9gif�� d m �{I
tm

^

�
�
jgxX}�dJaed � 8 ^�� �&��j*y p g�aed � o�aeaedJf h

�

�
�
��w p9_&pehedJz m ���&y{z!dJf3pey m f,! gif�� � 8 � �

1

� ����� � �
n � b � dJh � ′ 8 ^�� ′

�&��j v-d he}�d aed � o�aeaedJf h
�
�
��w p9_&pehedJz he}3gih y p m v�h9giy{f�d ���`a m z � v,_ g ��� �{y��Jgihey m f m � L m a m � � gia9_ �&b ��b � hX} m ����pXhe}3gihXy)�

�?^ � j �8 � he}�dJf �
′
^ � j.8��?^ � j]b �+�/he}�d m o�h � o�hp�`o�f�� hey m f��

n
m ����y p � m f�h9giy{f�d ��y{f2g �A_ � �{dXhe}�dJf^ � � � � � j � I

tm

^

�
�
jBy)� gif�� m f��G_�y)� ^ � ′ � � � �]j � I

tm

^
�
j gif��1^ � � � j��� � � ��� �
 � ^  � � j]xxX}�y�� } �Jgif�v-d l dJaeyy�3d � y{f � m �G_�f m z!y g �Qhey{z!d��&o�d h m L m a m � � gia9_ �&b `�gif�� � dJz!z2g2�&b 	 	\b

] m x��{dJh2�
n

v-d*f m h � m f h9giy{f�d � y{f g	�A_ � �{dnb �B� � � !<x �?^ � j �Jgif v-d � m z � o�hed ��pehea9giy{w\}�h?w
� m a9x gia � �G_|b � dJh � � !<b L m f3pey��&dJaXw\a9g � } �

S

b ] y{f�� d l dJaehedAi%! � m dcpXf m h g ��� dcgia y{f�g �A_ � �{dy{f �
S

he}�dJaed*y pBg�z2g6i&y{z2g � � m f�f�d � hed ��peo�v�w\a9g � } � ♦ m ���
S

he}3gih � m f�h9giy{f3p l dJaehedAi�!�gif��he}3gih � m dcpSf m h � m f�h9giy{f�g l dJaehedAi�he}3gih g ��� dcgia9pSy{f�g��A_ � �{dnb?^ � ft� y{w\o�aed 	J�*he}�y p peo�v�w\a9g � }!y p
y{f��&o�� d � v$_!he}�d l dJaehedAi2pedJh2� � � j � `:�|bkj � h } m ����p he}3gih d l dJa9_ l dJaehedAi2y{f � ♦

}3g\p?g � aed �&d � dcp?w
p m a y{f �

S

x�gif���g � �/he} m ped � aed �&d � dcp9p m a9pShe}3gih � m f m h m � � o�a y{f � ♦
giaed � m f�h9giy{f�d �2y{f �A_ � �{dcpy{f �

S

b � dJh
F
v/d he}�d�pedJh m � � aed �&d � dcp9p m a9p m � l dJaehey�� dcpBy{f � ♦

he}3gih giaed f m h � m f�h9giy{f�d ��y{f
�

♦
b�^ � f�� y{w\o�aed 	J��he}�y p y p he}�d�pedJh,� ~ � J �9�:�|bkj � ♦

y p�g �A_ � �{y��\xGgif���he}�dJaed6� m aed�d l dJa9_hx?g �G^
y{f �

♦
� m f h9giy{f3p �{dcp9pBhe}3gif-! l dJaehey�� dcpcb �B�sx d�^�f m x g � � l g �{o�dcp ��� �

i

� ^ � ′ j�xX}�dJaed�� � F
gif��

�
�
!�� � ′ � � x d �Jgif � m z � o�hed���� �

n

� ^ � j]b � m x d l dJacx�� m a � giaew\d � he}�dcped l g �{o�dcp �Jgif v-d � m z!d
� giaew\dnb � h peo�) � dcp he} m o�w\} h m � m f3pey��&dJa m f��G_!f�o�z v-dJa9p he}3gih giaed�f m h � giaew\dJa he}3gif � x&pey{f�� d �y p z m f m h m f�d�^ y{h � m dcp<f m h z2gihehedJa xX}�dJhe}�dJa"��� �

n

� ^ � j.8 � m a"��� �
n

� ^ � j � � x\y)� ��� �
n

� ^ � j �8 �]j]b
�Bp9y{f�w he}�d:� o�f�� hey m f(z2giheaeyyiU� m a � ′ x�x d	�Jgif � m z � o�hed2he}�dcp9d l g �{o�dcp y{f � m �G_ f m z!y g �Shey{z!d
� m aSg � �Q� o�f�� hey m f3p xXy{he}2y{f��&dAi y{f

F
^ aedJz!dJz v-dJa<he}�d �&y p � o3p pey m f�y{f2he}�d � aed � d �&y{f�w dAi&giz � �{d j]b

�+����� �
i

� ^ � ′ j � ��x d �Jgif g � p m g\p9p9o�z!d ��� �
i

� ^ � ′ j 8 � xXy{he} m o�h �Jgio3pey{f�w�gif,_ dJaea m aG� m a m o�a
� a m v��{dJz�b � f � m �G_�f m z!y g � hey{z!dnx ��^ �

�
! � 	 j � ����� � ��^ � j �Jgif v-d � m z � o�hed � ^�xX}�dJaed f o�z v-dJa9pw\aedcgihedJa�he}3gif � giaed aed � � g � d � v$_ � j]bg� y{f3g � �G_|xGg � � d � h y)� gif�� m f��G_�y)�She}�d � g\peh � m z � m f�dJf h



`\~

1

2
3

8

9

5

4
6

7

� FG}�CD:U8�;�� ��a9g � } �
S

� m a p m z!d p9giz � �{d aed � o�aeaedJf�h p9_�p9hedJz � b



Chapter 6
_�d � y���giv��{d z!dJz v/dJa9pe}�y � � a m v��{dJz2p ` �

m � ��^ � j y p?d �|o3g � h m � x&y b dnb{x�y)� gif�� m f��G_ y)���?^ � j.8 � b
� h*aedJz2giy{f3p�h m � m f3pey��&dJa�he}�d � a m v��{dJz2p m �Xw\dJf�dJa9gihey{f�w �

S

gif��
F
b �+� g l dJaehedAi y{f g

�&y{aed � hed � w\a9g � } y p � m f�h9giy{f�d � y{f�g �A_ � �{dnx&he}�dJaed y pBg �A_ � �{d m � �{dJf�w\he}�gih z m peh?he}�d f o�z v-dJa
m � l dJaehey�� dcp m �Nhe}�d�w\a9g � }Qb �BdJf�� dnx��&dJhedJaez!y{f�y{f�w�xX}�dJhe}�dJa?g l dJaehedAi�g ��� dcgia9p y{f g �A_ � �{d �Jgifv-d � m f�d�y{f f m f��&dJhedJaez!y{f�y pehey�� � m wngiaey{he}�z!y���p � g � dnb�] h9giaehey{f�wmxXy{he} l dJaehedAi !Ey{f �

S

x �
♦

�Jgif2v/d w\dJf�dJa9gihed �!pehea9giy{w\}�h�� m a9x?gia � �G_|b�] dJh
F
y pSg � p m � m z � o�hed �!dcg\p9y �G_�v,_ �&dJhedJaez!y{f�y{f�w*he}�d

� aed �&d � dcp9p m a9p m �Nd l dJa9_ l dJaehedAi!y{f � ♦
gif�� � } m m pey{f�w he} m p9dBhe}3gih � m f m h g ��� dcgia?y{f g �A_ � �{dnb

� � � he}�y p �Jgif v-d � m f�d y{f � m �G_ f m z!y g � hey{z!dnb

��"�#f����#$* � � 	�
 I
ex

^

j � I

ex

^
�
j � I

ex

^
�
j ��� � I

ex

^

�
�
j � �� �QM � � � � 	 �  ����

	O�K���%'� � m a?}3gia �&f�dcp9p m � he}�d � a m v��{dJz2p�x dQ�3a9p9h pe} m x�he}3gih � � � � � aed �&o�� dcp?h m I
ex

^

j]b

� dJh� 8 � �
1
� ����� � �

k

� v-d gif�y{f3peh9gif�� d m � � � � � � � �{dJh��
1
� ����� � �

k

v-d aedJw\y pehedJa9p m �pey{uJdcp �
1

� ����� � �
k

x\aedcp � d � hey l d �G_|b r d �&dA�3f�dXg aed � o�aeaedJf�h3�  ��w p _�pehedJz�� 8 ^�� �&��j"g\p
� m � � m x p b� m a?d l dJa9_ � �0��	 � ����� � � �|x�� m aXd l dJa9_ � �0� ~ � ����� � �
i

�|x �{dJh
� (i)
j−1

^
�
j 8

def

4 (i)
j

gif�� � (i)
bi

^
�
j 8

def

4 (i)
1

xX}�dJaed
�
8

def
^54 (1)

1

� ����� �74 (1)
b1

�74 (2)
1

� ����� �74 (k)
bk

�74
′
j]b � dJh � 8

def
^ � (1)

1

� ����� � � (k)
bk

�e�|jvxX}�dJaed
� (i)
j

� � � ��	 ��gif�� � (i)
j

8 	 y)� gif�� m f��G_ y)� �
i

^ ��j38 	\b��3o�aehe}�dJaez m aednx �{dJh � ′ ^ �
j38

def

4 (1)
1 

� � �

4 (k)

1

gif�� � 8
def

� � (1)
1

� ����� � � (k)
bk

� �
′ � b � fQ� m aez2g � �G_ p � m ^ndJfQx�xX}�dJf�x dSaedJwngia ��w\a9g � } � S

x
d l dJa9_2aedJw\y p9hedJa m ��� � m aeaedcp � m f���pXh m g �A_ � �{d�y{f �

S
m � �{dJf�w\he} he}�d*pey{uJd m � he}�d aedJw\y pehedJacb � h} m ����p he}3gih���� � (i)

j

� ^ � j38 	*y)�Sgif�� m f��G_ y)� �
i

^ ��j38 	*g��`hedJa g ��� �{y��Jgihey m f m � � �{d6�`h aey{f�wTw pe}�y)�`h
m � dJa9gihey m f3p h m �

i

x&gif������ �
′
� ^ � � 	 j 8 	�y)� gif�� m f��G_ y)� ��� � (1)

1

� ^ � j 8 � � � 8���� � (k)
1

� ^ � j.8 	\b
� dJf�� dnx ^ � ��	 j � I

ex

^

j?y)�Sgif�� m f��G_ y)��� � � � � � ��b{] m x-v$_ha?}�d m aedJz �3b ~i��x�I

ex

^

j y p

�{Msw }3gia � b
r d f m x aed �&o�� dhI

ex

^

j�h m I

ex

^
�
j gif�� I

ex

^
�
j]b� dJh�^ � � � j v-d�gif y{f3peh9gif�� d m �

I
ex

^

j3xX}�dJaed � 87^�� �&� j]b r d��&dA�3f�d*aed � o�aeaedJf�h�� � ��w gif��0� � ��w p9_&pehedJz2p�� ′ gif���� ′′ g\p� m � � m x pcb � dJh � ′

gif�� �
′′
dJz!dJaew\d��`a m z ��v$_ aed � � g � y{f�w�dcg � } m � � o�aeaedJf�� d m �  v$_ � gif��

�
x\aedcp � d � hey l d �G_|x y b dnb{x|x d m f��G_ � }3gif�w\d l dJaehedAi � giv/d � pcb�� dJh.� ′ dJz!dJaew\d��`a m z � v,_�aed � � g � y{f�w

� v$_�� gif��(g � � m he}�dJa f�o�z v/dJa9p v$_ 	\bn] y{z!y � gia��G_|x m v�h9giy{f/� ′′ �`a m z ��v$_ aed � � g � y{f�w ��v,_
	 gif�� g � � m he}�dJa f o�z v-dJa9p v,_���b � dJh � ′ 8

def

^��
′
�&�

′
j�gif�� �

′′
8

def

^��
′′
�&�

′′
j]b+a?}�dJfQx

^ � � � j � I
ex

^

j y)�*gif�� m f��G_ y)��^ � ′ �e�|j � I

ex

^
�
j�y)� gif�� m f��G_ y)�2^ � ′′ ��	 j � I

ex

^
�
j]b

� y{f3g � �G_|x�I
ex

^
�
j aed �&o�� dcp h m I

ex

^

�
�
j �&o�d!h m � dJz!z2g J b ~&b � dJf�� dnx�I

ex

^
�
j]x�I

ex

^
�
j

gif��hI
ex

^

�
�
j giaed��{Msw }3gia � b

� m a � m f�h9giy{f�z!dJf hcxDx d*pe} m x4he}3gih�I
ex

^

�
�
j gif��mI

ex

^
�
j giaed�� m f�h9giy{f�d � y{f�{M b � fv m he} �Jg\pedcp x�x d3xXy � �$�3f�� g�p9o�) � y{dJf h��G_ pez2g � ��f o�z v-dJa � ^ � � �]j"peo�� }�he}3gihcx�� m a � g aed � o�aeaedJf h

�

�
�
��w m a � � ��w p9_&pehedJz�x � �/� � �Ny)�<gif�� m f��G_ y)� he}�dJaed y p � � � ^ � � �]jXgif�� � � �?^ � j]b �"y{a9p9hcx

x d f�dJd � g hed � }�f�y��Jg � �&dA�3f�y{hey m fQb �QdJh � 8 � ^54
1

� ����� �74
k

jBv/d�g-�

�
�
��w-�`o�f�� hey m fQxIgif�� �{dJh

� � �
′
� %�x �

′
� � b �QdJh �

1

� ����� �&�
k

	 %�v/d pedJh9p m � �Jgia �&y{f3g �{y{h)_�gih�z m peh 	\b � m a*d l dJa9_
� �0��	 � ����� � � �|xiy{h } m ����p he}3gihcx\y)� �

i

	 %
�
� � � 	 �|xihe}�dJf � ^��

1

� ����� �&�
k

j 8 � �
′
�Xy)�/gif�� m f��G_y)�'� ^��

1
� ����� �&�

i−1
� � �&�

i+1
� ����� �&�

k

j 8 � �
′
�|b � f he}�y p?pedJf3pedQx d p9gK_!he}3gih ^��

1
� ����� �&�

k

jSgif��



` �

^��
1

� ����� �&�
i−1

� � �&�
i+1

� ����� �&�
k

j giaed "'&l��&W_)�J�<9!&`*W�]���"BeL�H,N*�*BD ���Dx d dAi�hedJf�� he}�d��&dA�3f�y{hey m f
m �Ip9y{z!y � gia<heo � �{dcp<h m he}�d hea9gif3pey{hey l d � � m peo�aednb � m x*x �{dJh"�/8 ^�� �&� j"v-dBg*aed � o�aeaedJf h��  � � ��wp9_&pehedJz m � �&y{z!dJf3pey m f !<b � dJh �

1

� �
2

�E��x �
1

� �
2

x�p9o�� } he}3gih ��^ �
1

j gif�� ��^ �
2

j giaed*pey{z!y � gia
xXy{he} aedcp � d � h h m � b a?}�dJfQx ��^ �

1

� 	 jQgif�� ��^ �
2

� 	 j"giaed g � p m pey{z!y � gia xXy{he} aedcp � d � h h m � b � m agif2o ��� dJa v m o�f�� m f2he}�d f�o�z v/dJa m � y{hedJa9gihey m f pehed � p<he}3gih giaed f�d � dcp9p9gia9_ h m w\dJf�dJa9gihed � ′ v,_
� xny)� � m p9p9y{v��{dnxny{h peo�) � dcpSh m �&dJhedJaez!y{f�d he}�d z2g6i&y{z2g ��f o�z v-dJa m �Gy{hedJa9gihey m f�p9hed � p<v-d6� m aed��w\dJf�dJa9gihedcpSg heo � �{d ��^ � j he}3gihSy p p9y{z!y � giasxXy{he}2aedcp � d � hSh m � h m gif�g �{aedcg �D_�w\dJf�dJa9gihed �!heo � �{dnb
�Sg � }!heo � �{dX}3g\p !�� m z � m f�dJf�h9pcxngif��!dcg � } � m z � m f�dJf�h �Jgif	� m f h9giy{f � � ~ �&y��IdJaedJf�h l g �{o�dcp	�
� � � � ����� ��� � ��gif�� � ^�xX}�y�� } y p2pey{z!y � gia�xXy{he}1aedcp � d � h!h m � h m � � ��	 � ��� � � ~:� � ����� j]b a?}�y pf o�z v-dJa peo�z2p o � h m ^ � ��~nj n ��~ 1+n log b

x�xX}�y�� } y p m � � m �G_�f m z!y g � pey{uJd�y{f�he}�d �{dJf�w\he}
m ��� gif�� � b�] y{f�� dmI

tm

^

�
�
j � M x g f m f��&dJhedJaez!y{f�y pehey�� � m �G_�f m z!y g �yw hey{z!d�g �{w m aey{he}�z

�Jgif �&d � y��&d xX}�dJhe}�dJa ^ � � �]j�� I
ex

^

�
�
j v$_ � }�d ��^ y{f�w ^ � � � � � j � I

tm

^

�
�
j�� m a d l dJa9_

� � ~ 1+n log b
b � dJf�� dnx I

ex

^

j]xI

ex

^
�
j gif��hI

ex

^

�
�
j giaed��{M w � m z � �{dJhednb

� h aedJz2giy{f3p h m �3f���g � m z � �{dAi&y{he_ o ��� dJa�v m o�f���� m ahI
ex

^
�
j]b � dJh ^ � � � j v-d gif

y{f3peh9gif�� d m �3I
ex

^
�
j]b r d � m f3pey��&dJa h)x m �Jg\pedcp b �B� � 8 ��x x d �Jgif o3ped�he}�d�g �{w m aey{he}�z�� m a

I
ex

^
�
j]x"pey{f�� d�y{f3peh9gif�� dcp m ��I

ex

^
�
j m �Xhe}�d�� m aez ^ � ′ �e�|j dcg\pey �G_�aed �&o�� d2h m y{f3peh9gif�� dcp m �

I
ex

^
�
j�� p9y{z � �G_ aed � � g � d d l dJa9_ � y{f he}�dG�`o�f�� hey m f3p m �"�Ev$_ � gif�� m v�h9giy{f � ′′ b � h } m ����phe}3gih �?^ � j18���y)�Xgif�� m f��G_ y)� � �&� ′′ ^ � j<� m a*d l dJa9_ � ����x�xX}�y�� }��Jgif�v/d pe} m xXf(v$_(gifdcg\p9_ y{f��&o�� hey m fQb�] m x �{dJh ��� 	\bOa?}�dJfQxG} m x d l dJacx x d �Jgif � a m � dJd � g\p�giv m l dnb r d �&dA�3f�dgif�gif3g � m w\o�d f m hey m f m � pey{z!y � giaey{h)_|x xX}�dJaed�g ���&y{hey m f3g � �G_�� y pBh m v-d�heaedcgihed � �{yG^nd f o�z v-dJa9pw\aedcgihedJa�he}3gif � b a?}�d f o�z v-dJa m � he}�d�� m aeaedcp � m f��&y{f�w(d �|o�y l g �{dJf�� d � � g\p9pedcpV� m a+! w heo � �{dcpy p*v m o�f��&d � giv m l d!v,_ ^ � � 	 j

n
b ] m x I

ex

^
�
j y p*y{f��QM �&o�d h m � dJz!z2g��&b � gif���}�dJf�� d

�{M w � m z � �{dJhednb

����
 	Q� -/&��!��* ��
 - . ��
�f#m��#$�f����
�� -/#�*+#,*�� #f��.K"���� ������� -�#$*+.

� dcpey��&dcpBhe}�d�gif�f m o�f�� d ��M3],M �{L � w � m z � �{dJhedJf�dcp9p�aedcpeo��{h9pcx x d�xXy � � pe} m x he}�aedJd he}�d m aedJz2phe}3gih2giaed�y{f�hedJaedcpehey{f�w(y{fEhe}�dJy{a m xXf1aey{w\} hcb��"y{a9p9hcx x dhxXy � � pe} m x he}3gih2he}�d�p9gihey p?�-giv�y �{y{h)_
� a m v��{dJz � m a � o3gif heyy�3d ��� m|m �{dcgif�� m aez o�� g\p x �&dJf m hed �!g\p ��� � x\aed �&o�� dcp h m I

ex

^
�
�

j]b a m ww\dJhe}�dJa�xXy{he} he}�dOM3],M �{L � w � m z � �{dJhedJf�dcp9p m � ��� �?xDx d��Jgif� m f�� �{o��&dOM3],M �{L � w }3gia �&f�dcp9p

m �OI
ex

^
�
�

j!gif��(I

ex

^
�
�

� j]b ] d � m f�� xzx dhxXy � ��pe} m x he}3gih�he}�d�dAi�g � h2z!dJz v-dJa9pe}�y �

� a m v��{dJz1� m a aed � o�aeaedJf�h�� � � � � � ��w p9_&pehedJz2p �Jgif�v-d �&d � y��&d �2y{f � m �G_�f m z!y g �/p � g � dnb a?}�y p y ppeo�a � aey pey{f�w<xX}�dJfnx d aedJz!dJz v/dJa he}3gih�I�L ^
�
�
�
�
�
j]x|he}�d z!dJz v-dJa9pe}�y � � a m v��{dJz�� m aXgiaey{he}Dwz!dJhey��Jg � �

�
�
�
�
�
��w � y{a � o�y{h9pcx-y p{M3],M �{L � w � m z � �{dJhed
� j�� �?^`pedJd�g � p m a?}�d m aedJz J b �\j]b�a?}�y{a � x

x d xXy � � pe} m x he}3gih g aed � o�aeaedJf�h�� � � � � � ��w p9_&pehedJz � m � �&y{z!dJf3pey m f ! f�dJd ��p gih z m peh^ � � 	 j � ~
n3 y{hedJa9gihey m f pehed � pSh m w\dJf�dJa9gihed f o�z v-dJa � x|y)�Qy{hSy p � m p9pey{v��{dnb � f2he}�dBdJf�� x|he}�y p xXy � �

�{dcg � h m g � m �G_�f m z!y g �yw p � g � d��&d � y pey m f g �{w m aey{he}�z�� m a�I
ex

^
�
�
�
�
�
j]b

� m a m o�a��3a9p9h w m g � x � m f3p9y��&dJa"he}�d2� m � � m xXy{f�w �&dA�3f�y{hey m fQb � ±65Q�J#^*`& ���H.<f<D�D�_��H��#>=6DJ���5�_)�
y p!g �3a9peh?w m a �&dJa � m w\y���� m aez o�� g xXy{he} m o�hV�`o�f�� hey m f3pcx � aed �&y��Jgihedcp�gif��£�`aedJd l giaey giv��{dcp b r dg\p9peo�z!d he}3gihXd l dJa9_ �|o3gif�heyy�3d � � m m �{dcgif~� m aez o�� g�	 y p m � he}�dM� m aez

	 8 	
1
4

1
����� 	

n

4
n

	 ′ ^54
1
� ����� �74

n

j



Chapter 6
_�d � y���giv��{d z!dJz v/dJa9pe}�y � � a m v��{dJz2p ` J

xX}�dJaed 	
1

� ����� � 	
n

� � � �
�
��gif�� 	

′
^54

1

� ����� �74
n

j�y p*g � m|m �{dcgifm� m aez o�� g xXy{he} ( x � gif��
)
gif�� d l dJa9_ ) g ��� �{y{dcp m f��G_ h m!l giaey giv��{dcp�4 i x � �0��	 � ����� �7!'�|b � l dJa9_ � o3gif heyy�3d � � m|m �{dcgif

� m aez o�� g d l g �{o3gihedcp h m *`�5L� m a =6�J_�"�� ^ 	 m aX��x�aedcp � d � hey l d �G_�j]b a?}�d � a m v��{dJz ���z� y p?he}�d�pedJh
m � heaeo�d �|o3gif�heyy�3d � � m|m �{dcgif�� m aez o�� g\pcb a?}�y p � a m v��{dJz x g\p y{f hea m �&o�� d � v,_ ] h m ��^ z!d�_|dJagif��hI�d�_|dJa,� �T`�� b

� m a�g�aed �&o�� hey m fu� a m z ���z� h m I
ex

^
�
�

j]x x d f�dJd � h m dJf�o�z!dJa9gihed g � �?v�y{f3gia9_ !�wheo � �{dcp m l dJa+�N� g � ped � heaeo�d ��y{hedJa9gihey l d �G_|b ] y{f�� d � � �  ��w-�`o�f�� hey m f3p�� m z � o�hed p9dJh9pcxQhe}3gih*z2gK_� m f�h9giy{f2z m aed he}3gif m f�dBp9y{f�w �{d d �{dJz!dJf hcx|he}�d � m|m �{dcgif l g �{o�dcp giaedBaed � aedcpedJf hed ��v,_�gif3p9x dJa9ph m g ��� a m � aey gihed�� m f�h9giy{f�z!dJf h � o�dcpehey m f3pcbsL m f3pey��&dJaXhe}�dM� m � � m xXy{f�w%� � �  ��w-�`o�f�� hey m f3p	�

�
1

^ � � � �
�
�
�
� � � � j 8

def

^e^e^ �
 �
j
�
^ �
 �
jej
 �
j
�
^
�. �
j gif��

�
2

^ � � � �
�
�
�
� � � � j 8

def

^e^e^ �
 �
j
�
^ �
 �
jej
 �
j
�
^
�. �
j �

a?}�dZ� m � � m xXy{f�w �{dJz!z2g*y p dcg\p9_�h m � a m l dnb a?}�d m � dJa9gih m a�� �&dJf m hedcp he}�d�p9_�z!z!dJheaey�� �&y��GdJa?wdJf�� dnx&y b dnb{x&he}�d*pedJh?w he}�d m aedJhey�� gif3g � m w\o�d m � he}�d � m|m �{dcgif i m a?w-� o�f�� hey m fQb
� #,* * 
 ��� 	$o �  � ���&� � � ��� �&� ����	 % ��� � � ��% �
� � � � ^������!j  ^������ j  ^��	� ��j � � ��- �/. � � �

1
^�� �&� � � ��� �&� ����j
� �

2
^�� �&� � � ��� �&� ����j

-10 . � � �
1

^�� �&� � � ��� �&� ����j
� � ��� ��� � � � � � ��� � � �

� �

	O�K���%'� a?}�d � � giy{z �Jgif�v-d � a m l d � v$_�p9y{z � �G_ � }�d ��^ y{f�w g � �NdJy{w\}�hBy{f � o�h pey{heo3gihey m f3pcb r dw\y l d2g h9giv��{d � m f�h9giy{f�y{f�w�g � � pey{heo3gihey m f3p m �?g f�o�z v-dJa ��xXy{he}�aedcp � d � h*h m he}�d2y{f � o�h�pedJh9p b
a?}�d*p9_�z v m ���*z!dcgif3pXhe}3gihXw\y l dJf f o�z v-dJa �By p � m f�h9giy{f�d � y{f he}3gih pedJhcb

� � �� ��� �
1

^�� �&� � � ��� �&� ����j �
2

^����&� � � ��� �&� ����j
� � � �
� ��� �
��� � �
��� � �

� � � �
� ��� �
� � � �
� � � �

] h9gihedJz!dJf�h�^ 	 jSy p m v l y m o3p v$_ � m z � giaey{f�w he}�d � g\peh hex m � m �{o�z!f3p m �Qhe}�d�h9giv��{dnb ] h9gihedAwz!dJf�h ^ ~nj?y pXpey{z!y � gia��G_�dcg\p9_ h m2m v3pedJa l dnb

�Bp9y{f�w:� o�f�� hey m f3p �
1

gif�� �
2

x d�� m f3p9heaeo�� hBg!aed � o�aeaedJf�h � � �  ��w p9_&pehedJz he}3gih dJf o�z!dJa?wgihedcpXg � �Qv�y{f3gia9_�!�w heo � �{dcp�� m a�! � 	\b � dJh�� 8
def

^!�
1

� �
1

� ����� ���
n

� �
n

j]b r d��&dA�3f�d �
�
1

^��3j 8
def

�
1� ′

1

^��3j 8
def

�
1�

i+1

^��-j 8
def
�
1

^!�
i

� �
i

� �
i

^��3j � � ′
i

^��3j ���
i+1

� �
i+1

j
� ′
i+1

^��-j 8
def
�
2
^!�

i

� �
i

� �
i

^��3j � � ′
i

^��3j ���
i+1

� �
i+1
j � � �0��	 � ����� �7!

�
	 � �



`\�

� l dJa9_��`o�f�� hey m f��Jgif v/d aed � aedcpedJf�hed ��v,_�g�� � �  ��w � y{a � o�y{h?o3pey{f�w!gih z m p9h � � ! l dJaehey�� dcp;� m ap m z!d�� m f3peh9gif�h � b ^� � � m ped � m|m ^ aed l dcg � p � � ~i��bkj�� dJh
�

n
enum

8
def

� �
1

� � ′
1

� ����� � �
n

� � ′
n ��

n
enum

8
def
^9� � � ����	 � � ����� ��� � � ����	 � j �

gif�� �{dJh��
n
enum

8
def
^��

n
enum

�&�
n
enum

j]b�a?}�dq� m � � m xXy{f�w �{dJz!z2g�pe} m x p�he}3gih � n
enum

^ � j�y{f
aed l dJa9ped � m a �&dJa��Jgif�v/d2y{f hedJa � aedJhed �(g\p�g aed � aedcpedJf�h9gihey m f m �?he}�d ! �{dcg\peh*pey{w\f�yy� �Jgif�h v�y{h9p
m �*he}�d v�y{f3gia9_1aed � aedcpedJf h9gihey m f m � � � % b �QdJh v�y{f

i

^ � j]x � � ��x �&dJf m hed�he}�d � w he} �{dcg\pehpey{w\f�yy� �Jgif�h v�y{h m �She}�d v�y{f3gia9_ aed � aedcpedJf�h9gihey m f m � � �Ghe}�d � m o�f h�peh9giaeh9p�xXy{he} ��x-y b dnb{x/v�y{f
i

^ � j
y p?he}�d�� m d ) � y{dJf�h m � ~ i y{f he}�d*v�y{f3gia9_ aed � aedcpedJf h9gihey m f m � � b
� #,* *+
 � � 	 � + � � �� �� � � ��% ��� � � �0��	 � ����� �7!'� �
- �/. � � ��	 � 8��

n
enum

� �
i

� ^ � j � � n
enum

� �
′
i

� ^ � j
-10 . 	 � �

n
enum

� �
i

� ^ � j ��� v�y{f
i−1

^ � j.8 	 �

	O������'� r d � a m l d*he}�d�peh9gihedJz!dJf�h9p m �<he}�d��{dJz!z2g�dcg � }�v,_ y{f��&o�� hey m f m l dJa � b�� m aBpeh9gihedAwz!dJf h ^ 	 j]x m v3pedJa l d�he}3gih?he}�d � � giy{z y p?heaeo�d>� m a � 8���gif�� g � ��� �0��	 � ����� �7!'� gif��]� m a �'8 	
gif�� g � � � �E��b � m x*x �{dJhXhe}�d peh9gihedJz!dJf�h v/d heaeo�dM� m a � �E��x&gif�� g\p9peo�z!d he}3gih?y{hX} m ����p2� m a
� � !<b r d x gif�h?h m � a m l d he}3gihXy{hX} m ����p�� m a � � 	 gif������ 	\b �3_ y{f��&o�� hey m f }$_ � m he}�dcp9y pcx

� � ��	 � 8��
n
enum

� �
i

� ^ � j � �
n
enum

� � ′
i

� ^ � j
8��

n
enum

� �
i

� ^ � � 	 j � �
n
enum

� � ′
i

� ^ � � 	 j
8��

n
enum

� �
i+1

� ^ � j � �
n
enum

� � ′
i+1

� ^ � j �
� dJf�� dnx�he}�d � aedJaed �|o�y p9y{hedcp m ��� dJz!z2g!�&b 	���giaed<�`o��y��� �{d � o3p9y{f�w ��gif�� 	\b � f�� x d�� m f�� �{o��&dhe}3gih

� � ��	 � 8��
n
enum

� �
i+1

� ^ � � 	 j � �
n
enum

� � ′
i+1

� ^ � � 	 j �
xX}�y�� } � a m l dcp?peh9gihedJz!dJf�h�^ 	 j]b

� m a<peh9gihedJz!dJf�hB^ ~nj]x m v3pedJa l d?he}3gih<he}�d � � giy{z7y pSheaeo�d�� m a �'8 	\b � dJh � � ! b � y{a9pehcx\f m hedhe}3gih �
n
enum

� �
i+1

� ^`�|j�8 � � �|b�L m f3pey��&dJa�� n
enum

� �
i+1

� ^ � � 	 j]b �+�Sv�y{f
i−1

^ � j ��v�y{f
i−1

^ � � 	 j
he}�dJf v�y{f

i

^ � j.8#v�y{f
i

^ � � 	 j]b � _ y{f��&o�� hey m f },_ � m he}�dcpey pcx�y{hX} m ����p?he}3gih
	 �� �

n
enum

� �
i

� ^ � j gif�� 	 �� �
n
enum

� �
i

� ^ � � 	 j m a
	 �� �

n
enum

� �
i

� ^ � j gif�� 	 � �
n
enum

� �
i

� ^ � � 	 j m a
	 � �

n
enum

� �
i

� ^ � j gif�� 	 � �
n
enum

� �
i

� ^ � � 	 j �
� ��� �G_�y{f�w � dJz!z2g(�&b 	��3xsxX}�y�� } z!dcgif3p 	���$�  � y{f1peh9gihedJz!dJf�h ^ ~nj]xsx d m v�h9giy{f1he}3gihdJy{he}�dJa 	 �&�

n
enum

� �
i+1

� ^ � j*gif�� 	 �&�
n
enum

� �
i+1

� ^ � � 	 j m a�	 ��&� n
enum

� �
i+1

� ^ � j*gif�� 	���
�

n
enum

� �
i+1

� ^ � � 	 j]x�xX}�y�� } � m f�� �{o��&dcp he}�y p �Jg\pednb �B� v�y{f
i−1

^ � j � v�y{f
i−1

^ � � 	 j he}�dJf
v�y{f

i

^ � j �8#v�y{f
i

^ � � 	 j]b � _ y{f��&o�� hey m f },_ � m he}�dcpey pcx
	 � �

n
enum

� �
i

� ^ � j gif�� 	 �� �
n
enum

� �
i

� ^ � � 	 j �



Chapter 6
_�d � y���giv��{d z!dJz v/dJa9pe}�y � � a m v��{dJz2p `��

gif�� g ��� �G_�y{f�w�� dJz!z2g2�&b 	��3xDxX}�dJaed 	 � �  � } m ����pcx,x d m v�h9giy{f
	 � �

n
enum

� �
i+1

� ^ � j � � n
enum

� �
i+1

� ^ � � 	 j �
xX}�y�� } p9} m x p?he}�d�� � giy{z�b

� dJh 	 8 	
1

4
1
����� 	

n

4
n

	
′
^54

1

� ����� �74
n

j�v/d(g � o3gif heyy�3d � � m m �{dcgifr� m aez o�� g�b � m a
� ��% gif���� �0� � � ����� �7!'�|x �{dJh

	
(i)
^ � j.8

def

	
n−i+1

4
n−i+1

����� 	
n

4
n

	
′
^ v�y{f

n−1

^ � j � ����� � v�y{f
i

^ � j �74
n−i+1

� ����� �74
n

j �
� m hedXhe}3gih<he}�d��`o�f�� hey m f3p v�y{f

i

giaed m a �&dJaed ��v$_ �&d � aedcg\pey{f�w y{f��&dAi<xX}�dJaedcg\p he}�d l giaey giv��{dcp�4
jgiaed m a �&dJaed �4v$_ y{f�� aedcg\pey{f�w1y{f��&dAiIb azx m � giaehey�� o�� gia��G_4p � d � y g ���Jg\pedcp giaed 	 (n)

^ � j gif��
	

(0)
^ � j��

	 (n) ^ � j 8 	
1
4

1
����� 	

n

4
n

	 ′ ^54
1
� ����� �74

n

j
	 (0) ^ � j 8 	 ′ ^ v�y{f

n−1

^ � j � ����� � v�y{f
0

^ � jej �
� _ �&dA�3f�y{hey m fQx&he}�d�� m � � m xXy{f�w d � o�y l g �{dJf�� dcp?} m �����	

1

8 � 8�� 	 � ^ 	 (n−1) ^`�|j � 	 (n−1) ^ ~ n−1 jej	
1

8
�
8�� 	 � ^ 	

(n−1)
^`�|j

(
	

(n−1)
^ ~

n−1
jej �

a?}�y p d l g �{o3gihey m f � a m � d �&o�aed y{f��&o�� hey l d �G_ �&dA�3f�dcp!gif d l g �{o3gihey m f heaedJd�� m a 	 x xX}�dJaed he}�d
l g �{o�dcp m � 	 (n−1)

^`�|j gif�� 	
(n−1)
^ ~

n−1
jSgiaed�he}�d l g �{o�dcp m �Nhe}�d � aed �&d � dcp9p m a9p m �"g��3f3g � � w

m a ( w l dJaehedAi x �&d � dJf��&y{f�w m f he}�d f3giheo�aed m � 	 1

b a?}�dJfQx 	
(n)
^`�|j �&dJf m hedcp he}�d l g �{o�d m �Nhe}�y p

�3f3g � l dJaehedAi b � dJf�� dnx 	 (i)
^ � j2� m a � �0� � � ����� �7!'��gif�� � �E��aed � aedcp9dJf h9p?he}�d l g �{o�d m � p m z!d

� w m a ( w l dJaehedAi y{f he}3gihXheaedJdnb
��"�#f����#$* � � 	 � ���z� �

L
m

I
ex

^
�
�

j �

	O�K���%'� � dJh�	 8 	
1

4
1
����� 	

n

4
n

	
′
^54

1

� ����� �74
n

j v/d g � o3gif heyy�3d �� m|m �{dcgifu� m aez o�� g�y{fhe}�d l giaey giv��{dcp(4
1

� ����� �74
n

b r dgxXy � � �&dA�3f�d g aed � o�aeaedJf�h � � �  ��w p9_�p9hedJz�he}3gih?d l g �{o3gihedcp he}�dd l g �{o3gihey m f heaedJd m � 	 b �QdJh�� 8
def

^�� �&��j xX}�dJaed
� 8

def

^9� � � ����	 � � ����� ��� � � ����	 � ����	 � ��� � � � ����� ��� � � ��� � � � ����� ��� � � ��� � � � ����� ��� � � j
� 8

def

� �
1

�/�
′
1

� ����� �'�
n

� �
′
n

�
� 0
�
� 1
� ����� �

� n
� �

0

� ����� � �
n

� �
0

� ����� � �
n �

�
8

def

^!�
1

� �
1

� ����� ���
n

� �
n

� �
0

� �
1

� ����� � �
n

� �
0

� ����� � �
n

� 	
0

� ����� � 	
n

j �
a?}�d��`o�f�� hey m f3p��

1

� �
′
1

� ����� � �
n

� �
′
n

giaed*h9gT^ndJf~�`a m z �
n
enum

8 � �
1

� �
′
1

� ����� � �
n

� �
′
n � x3gif�� he}�d�_giaed �&dA�3f�d � m f he}�d l giaey giv��{dcp �

1

� ����� � �
n

b a?}�d<� o�f�� hey m f3p
� i
� �

i

� �
i

giaed �&dA�3f�d � g\p�� m � � m x p b
� m a � �0��	 � ����� �7!'�|x �{dJh

� 0
^

�
j 8

def
�
0

� i
^

�
j 8

def � i−1

^
�
j

�
i

^
�
j

�
0
^

�
j 8

def
�
0

�
i

^
�
j 8

def

^!�
i  � i
j
�
	
i−1

�
0
^

�
j 8

def
l g �

H′

^
�
j

�
i

^
�
j 8

def � i
^

�
j

� ^ �

i

^
�
j
� � i−1

^
�
jej x&y)� 	

n−i+1
8 �

^ �
i

^
�
j
 � i−1

^
�
jej x&y)� 	

n−i+1
8

�
b



`�j

�3o�f�� hey m f l g �
H′

^
�
j3xXy � � v-d�p � d � yy�3d ��� gihedJacb a m w\y l d gif y��&dcg�x�he}�y p2� o�f�� hey m f d l g �{o3gihedcp 	 ′

� m a he}�d g\p9pey{w\f�z!dJf�h��&dA�3f�d �(v$_ �
b I m aed � aed � y ped �G_|x y{h�p9}3g � �S} m ���(he}3gih 	 � ��� �

0

� ^ � j 	
	

(0)
^ � j � 	\b r d xXy � �?pe} m x�he}3gih���� �

n

� ^ ~
n �

	 j�� m f�h9giy{f3p 	�y)�Bgif�� m f��G_�y)� 	 � ��� �?b
! v3pedJa l d�he}3gih 	 � ���

� i
� ^ � j;� m a � �E� y)� gif�� m f��G_�y)� v�y{f

i−1

^ � j 8 � � � 8#v�y{f
0

^ � j.8 	 �&o�d h m
� dJz!z2g2�&b 	 J b
� -�
 ��* � �QdJh � �0��	 � ����� �7!'� gif�� �

0

��%�peo�� } he}3gih 	 � ���
� i
� ^ �

0

j]b a?}�dJfQx 	 � ��� �
i

� ^ �
0

j
y)� gif�� m f��G_ y)� 	 ����� �

i−1

� ^ �
0 �
~
i−1
j]b

r d*pe} m x�v,_ y{f��&o�� hey m f m l dJa � �0� �
0 �
~
i−1
� 	 � ����� � �

0

�*he}3gih 	 � ��� �
i

� ^ � j y)�<gif�� m f��G_ y)�
	 � ��� �

i−1

� ^ �
0 �
~
i−1
j]b ] y{f�� d 	 �� ��� �

i

� ^ �
0 �
~
i−1
jIy{h"} m ����pQhe}3gih 	 � ��� �

i

� ^ �
0 �
~
i−1
��	 j 	

	 � ��� �
i−1
� ^ �

0 �
~
i−1
j]b � dJh � � � �

0 �
~
i−1
� 	 � ����� � �

0 �
	 �|b 	 �� ���

� i−1
� ^ � j }�dJf�� d

	 �� ��� �
i−1

� ^ � j]b r d m v�h9giy{f �
	 � ��� �

i

� ^ � � 	 j ��� 	 � � ��� �
i

� ^ � j  ��� � i � ^ � j � � ��� � i−1

� ^ � j
��� 	 � ��� �

i

� ^ � j
��� 	 � ��� �

i−1

� ^ �
0 �
~
i−1 j �

� -�
 ��* � �QdJh �
0

� % p9o�� }(he}3gih 	 � ���
� n
� ^ �

0

j]bna?}�dJfQx 	 � ��� �
n

� ^ �
0

j�y)� gif�� m f��G_�y)�
	 � 	\b
r d pe} m xtv,_ y{f��&o�� hey m f m l dJa�� � � � � ����� �7! � he}3gihG� m a�d l dJa9_ � � % xX}�dJaed 	 �����

� i
� ^ � j

} m ����p	� 	 � ��� �
i

� ^ � j ��� 	
(i)
^ � j � 	\bn� m a�� 8 � he}�d � � giy{z } m ����p*v,_ �&dA�3f�y{hey m fQb � dJh

� �0� � � ����� �7!
�
	 �|b �B� 	

n−i

8 � he}�dJf
	 � ��� �

i+1

� ^ � j ��� 	 � ���
� i+1

� ^ � j  ^ ��� � i+1

� ^ � j � ��� � i

� ^ � jej
��� 	 � ��� �

i+1
� ^ � j � ��� � i

� ^ � j
��� 	 � ��� �

i

� ^ �
�
~
i
j
�
��� �

i

� ^ � j
��� 	 (i) ^ � � ~ i j � 	 m a 	 (i) ^ � j � 	

��� 	 (i+1) ^ � j � 	 �

�B� 	
n−i

8
�
he}�d � a m m � y p p9y{z!y � gia h m he}�d �fw �Jg\p9dnb

a m�m v�h9giy{f8� o�f�� hey m f l g �
H′

x d y{f�hea m �&o�� d?f�d�x l giaey giv��{dcp 4
1

� ����� � 4
n

h m 	 ′
gif�� aed � � g � d

d l dJa9_ m � � o�aeaedJf�� d m � ) 4 i v,_ 4 i b ^ � dJz!dJz v/dJa he}3gih ) y{f �|o3gif�heyy�3d � � m|m �{dcgif�� m aez o�� g\p
m f��G_�g ��� �G_�h m l giaey giv��{dcpcbkj � d � � g � y{f�w � gif�� ( v,_ � gif��  x aedcp � d � hey l d �G_|x gif�� 4 i gif��4

i

v$_ �
n−i+1

gif�� �
n−i+1

xQaedcp � d � hey l d �G_|x x d m v�h9giy{f(he}�d:�`o�f�� hey m f l g �
H′

xX}�y�� }(}3g\p he}�d
�&dcpey{aed � � a m � dJaeh)_|b � 8�^�� �&��j �Jgif v-d � m z � o�hed �(v,_ gif+� ��w-� o�f�� hey m fQbva?}�dJfQx"y{h } m ����phe}3gih 	 � ���z� ��� ^ � ��	 j � I

ex

^
�
�

j]b

r d � a m l y��&d�g�pez2g � �/dAi&giz � �{d he}3gih p9}3g � �-y � �{o3pehea9gihed he}�d � m f3peheaeo�� hey m f m �Qhe}�d � a m m � m �
a?}�d m aedJz �&b 	c�&b r d�� } m m ped he}�d � o3gif heyy�3d � � m|m �{dcgif~� m aez o�� g�	 g\p

	 8 �:4
1 �
4

2
�:4

3
^e^54

1 (*)
4

2
j � ^ ) 4 3 ( 4 1 jej �

a?}�y pV� m aez o�� g m v l y m o3p �G_(d l g �{o3gihedcp h m 	\b � f � y{w\o�aed 	 	 he}�d aedcpeo��{h m �Bhe}�d hea9gif3p�� m aez2g6whey m f � a m � dcp9p�y p � aedcpedJf�hed � v,_ z!dcgif3p m � g � y{a � o�y{h�aed � aedcpedJf�h9gihey m fQb a?}�d�� 3
enum

� giaeh�y p



Chapter 6
_�d � y���giv��{d z!dJz v/dJa9pe}�y � � a m v��{dJz2p `�`

f m h�y{f�� �{o��&d � y{f�h m he}�d � y�� heo�aed h m ^ndJd � he}�d � y�� heo�aed aedcg ��giv��{dnb !$� � m o�a9pednx d l dJa9_v� o�f��Uw
hey m f(z o3peh v/d2aed � aedcpedJf�hed ��v$_�y{h9p m xXf � y{a � o�y{hcx�xX}�y�� } �Jgif(v-d m v�h9giy{f�d �U�`a m z he}�d!w\y l dJf
� y�� heo�aed v$_ �&d �{dJhey{f�w g � � y{aeaed �{d l gif�h l dJaehey�� dcpcbga?}�d f3giz!d m � g/�`o�f�� hey m f � giv/d � p y{h9p m o�h � o�h
l dJaehedAi b �<dJaehey�� dcpgxXy{he}(he}�d!p9giz!d�f3giz!d!giaed	� m f3pey��&dJaed ��y��&dJf hey��Jg � x xX}�y�� }(g ��� �{y{dcp h m he}�d
l dJaehey�� dcp��

1
���

2
���

3
b � y{heh��{d*p � o3giaedcp?aed � aedcpedJf h?y{f � o�h l dJaehey�� dcp b

r d�f m x heo�aef h m aed � o�aeaedJf�h � � � � � � ��w p9_&pehedJz2pcb r dnxXy � � p9} m xthe}3gih he}�d dAi�g � h�g\p
x d � �Sg\p he}�d!dAi�y p9hedJf hey g � z!dJz v-dJa9pe}�y � � a m v��{dJz2pM� m a aed � o�aeaedJf h+� � � � � � ��w p _�pehedJz2p giaed!y{fM3],M �{L � b a m g � }�y{d l d he}�y p x d3xXy � �f�3a9p9h pe} m x he}3gih x d��Jgif v m o�f�� v$_*p m z!d � p�� m x �G_ w\a m xzwy{f�w �~�`o�f�� hey m f(he}�d2f�o�z v/dJa m � y{hedJa9gihey m f p9hed � p he}3gih*}3g l d�h m v-d � m f3p9y��&dJaed �b� m a � a m l y{f�whe}3gih?g�f�o�z v/dJa �Jgif v-d w\dJf�dJa9gihed � v$_2g w\y l dJf�aed � o�aeaedJf�h2� � � � � � ��w p9_�p9hedJz�b �Bp?gif gioDi�y �ywy gia9_2peheaeo�� heo�aed�x d f�dJd ��h m �3f���g p � d � y g � ,z�6�'*`& �T,��J*+� he}3gih � a m l dcp<z!dJz v-dJa9pe}�y � m �Ng�w\y l dJff�o�z v/dJa y{f�he}�d m o�h � o�hSpedJh m �Gg�aed � o�aeaedJf�h(� � � � � � ��w p9_�p9hedJz y{f!g p � d � yy�3d ��y{hedJa9gihey m f!pehed � b� dJh � 8.^�� �&��j�v/d g aed � o�aeaedJf�h �

�
�
�
�
�
��w p9_&pehedJz m � �&y{z!dJf3pey m f !<x � 8 � �

1

� ����� � �
n � xgif�� �{dJh � ��%�b r y{he} dcg � }G�`o�f�� hey m f m � � x d?g\p9p m � y gihed gif�giaey{he}�z!dJhey��Jg � � � � � � � ��w � y{a � o�y{hcbL m f3pey��&dJaXhe}�dM� m � � m xXy{f�w �&dA�3f�y{hey m f �

� (0)
i

^
�
j 8

def

4
i� (r+1)

i

^
�
j 8

def

�
i

^ � (r)
1

^
�
j � ����� � � (r)

n

^
�
jej � ���E� �

�3o�aehe}�dJaez m aednx�� m a d l dJa9_ � � ��x �{dJh,� (t) ^ �
j 8

def

� (t)
n

^
�
j]b r d m v�h9giy{f/� (t) v,_ � w-� m ���(gif��pey{z o��{h9gif�d m o3p?peo � dJa � m pey{hey m fQb ] y{z!y � gia��G_|x$x d m v�h9giy{fQx&v,_2w �{o�dJy{f�w�h m w\dJhe}�dJa l dJaehey�� dcpcx�g � y{a?w

� o�y{hNaed � aedcp9dJf h9gihey m f � m � � (t) b �Ngiv-d � �{y{f�w�he}�d y{f � o�h l dJaehey�� dcp m � �(xXy{he}�he}�d � m aeaedcp � m f��&y{f�wf�o�z v/dJa9p m � �4aedcpeo��{h9p y{f g � � � � � � ��w � y{a � o�y{h aed � aedcpedJf h9gihey m f � A
m � �?^ � j.8 � (t) ^���j]b a?}�d

=ND����5�_)�S�H�+ey�H�"��'#^*B�J*`&-D�# � m ���?^ � j y p m v�h9giy{f�d �A�`a m z �
A

v$_ 57#�=ND�_�.�&W#7( � y{a � o�y{h �
A

� � dJh
� �&dJf m hed!he}�d m o�h � o�h l dJaehedAi m � �

A

x"gif�� �{dJh � ′ gif�� � ′′ v-d2he}�d � aed �&d � dcp9p m a9p m � � b�� dJh
�

′
8

def

�
A �
� v/d!g � m � _ m � �

A

xXy{he} m o�h � xX}�dJaed � ′ y p � giv-d � �{d � m o�h � o�h l dJaehedAi b ] y{z!yyw
� gia��G_|x �

′′
8

def

�
A �
� y p g � m � _ m � �

A

xXy{he} m o�h � xXy{he} m o�h � o�h l dJaehedAi � ′′ b�� dJh � ′
gif�� �

′′v-d�he}�d aedcpeo��{h9p m � o�fQ� m ���&y{f�w�� ′
gif�� �

′′
x�aedcp � d � hey l d �G_|b a?}�dJfQx �7y pXhe}�d �&y p  m y{f�h?o�f�y m f m �

� � ��gif���� ′
gif�� �

′′
gif�� gia �Jp��`a m z he}�dM� m aez!dJa � aed �&d � dcp p m a9p m � � w m h m � b �Bf dAi&giz � �{dy p�p9} m xXf(y{f �"y{w\o�aed 	c~&b a?}�dt�3w\o�aed�pe} m x p he}�d2aedcpeo��{h m �?o�fQ� m ���&y{f�w�he}�d�� � ��w � y{a � o�y{h m �� y{w\o�aed�j&b � ,�DJ�$ey5�*B�J*`&-D�#q*`����� � m a � y p g z2g6i�y{z2g �Gpeo�v�heaedJd m � � peo�� }2he}3gih d l dJa9_ l dJaehedAi

xXy{he}�� giv/d �
�
}3g\p dAi&g � h��G_ m f�d � aed �&d � dcp9p m a�gif�� d l dJa9_ m he}�dJa l dJaehedAi ^ l dJaehey�� dcp�xXy{he} � g6wv-d � p

� m a � jS}3g\pSh)x m � aed �&d � dcp9p m a9pcb �B��x d g ���&y{hey m f3g � �G_ � giv/d � l dJaehey�� dcp m �Ng � m z � o�h9gihey m fheaedJdtxXy{he} he}�dJy{a l g �{o�dcpcx�xX}�y�� } y pc� m a y{f � o�h l dJaehey�� dcp�he}�d � giv/d � y{h9ped �)�ex�� m a l dJaehey�� dcpOxXy{he}
m f��G_ m f�d � aed �&d � dcp9p m a?he}�d l g �{o�d m � he}�d � aed �&d � dcp9p m a gif���� m aXhe}�d m he}�dJa l dJaehey�� dcp?he}�d*peo�z
m a � a m �&o�� h m � he}�d l g �{o�dcp m � he}�d � aed �&d � dcp9p m a9pcxGhe}�dJf he}�d�a m|m h l dJaehedAi�}3g\p g z!dJz v-dJa m �
�?^ � jSg\p l g �{o�dnb�a?}�d a m m h l dJaehedAi � m aeaedcp � m f���p h m he}�d m o�h � o�h l dJaehedAi m � �

A

b L m z � o�h9gihey m fheaedJdcp }3g l d�v-dJdJf�y{f�hea m �&o�� d � v,_ I � � dJf�uJy{d2gif�� r giw\f�dJa*h m gif3g �G_�p9d he}�d	� m z � �{dAi&y{h)_ m �
I L ^
�
�
�
j]b�� _	� m f3peheaeo�� hey m fQx|y{h y p � �{dcgia he}3gih g�f o�z v-dJa y pSy{f �?^ � j<y)�Ngif�� m f��G_�y)�Iy{h y p he}�d

l g �{o�d m �She}�d a m|m h l dJaehedAi m � g � m z � o�h9gihey m f heaedJd8� m a �!b a?}�d z2giy{f m v3p9dJa l gihey m f y p he}3gih
m f��G_ m f�dBf�o�z v-dJa m �Qhe}�d�pedJh he}3gih y p giheh9g � }�d �2h m g � w l dJaehedAi	� m f�heaey{v�o�hedcpSh m he}�d aedcpeo��{h gihhe}�d a m|m h l dJaehedAi m �<g � m z � o�h9gihey m f heaedJdnb



	J�\�

0

0

0

0

0

1

1

1

0

0

0

E A E

1

u2

u2

g1 g2 g3
e 2

s2 s3
h3

3

z 0

c 0

0

u1

u1

u3

u3

u1 u2 u3

_

_

_

e 1

s1
h1 h2

e

� FG}�CD:A8(;�; a?}�d aedcpeo��{h m �Nhe}�d aed �&o�� hey m f m �Nhe}�d � a m|m � m ��a?}�d m aedJz��&b 	c�G� m a
� m aez o�� g 	 8 �:4

1 �
4

2

�:4
3

^e^54
1 (�)

4
2

j � ^ ) 4 3 ( 4 1 jej]b3a?}�d �|o3gif�heyy�3dJa9p m ��	giaedXz m �&d � �{d ��v$_ he}�d��`a9giz!d � � giaeh9p<y{f2aed l dJa9ped � m a �&dJacx gif���he}�d�� m aez o�� g � giaeh
m � 	 �Jgif v-d�� m o�f�� m f he}�d��{d6� hXpey��&d m �"he}�d � y�� heo�aednb a?}�d dJf�o�z!dJa9gihey m f � giaeh
�

3
enum

y p?f m h �&d � y�� hed � b



Chapter 6
_�d � y���giv��{d z!dJz v/dJa9pe}�y � � a m v��{dJz2p 	J� 	

Cg

x1 x3x2x1 x2 x1

� FG}�CD:A8�;KN a?}�d*aedcpeo��{h m �<o�fQ� m ���&y{f�w�g � � ��w � y{a � o�y{h aed � aedcp9dJf hey{f�w2he}�dG� o�f��Uwhey m f�� ^54
1

�74
2

�74
3

j 8 ^54
1

j
3
^54

2

j
2
4

3

b



	J�n~

� #,* *+
 � � 	 � �  � � 8 ^�� �&��j   ���� � 
 � ���� � � � � � � � � �
� � � ���� � � � � � �� � ��� � ! � �  �
� ��% ����� ��	� � � � � � ��� ��� � � � � � ��� � � ��� �!� � � ^ � � 	 j �c~

n3 ��
�� � � ��� � � � �?^ � j �
	O������'� � dJh � 8 � �

1

� ����� � �
n � b �B�(! 8 	 he}�d	� � giy{z.y p�� �{dcgia	��+���

1

� m f h9giy{f3p f�dJy{he}�dJa �f m a � x-y{f � o�h d � o3g � p m o�h � o�hcb �+� � 1 � m f�h9giy{f3p � m a � x m f y{f � o�hBw\aedcgihedJa�he}3gif ��y{hBh9gT^ndcpgihXz m peh � y{hedJa9gihey m f�pehed � p?h m ^ f m x xX}�dJhe}�dJa � �Jgif v-d*w\dJf�dJa9gihed � b
� dJh ! �t~&b �B� � � 	!he}�dJf y{h*peo�) � dcp h m d l g �{o3gihed���y{f(he}�d:� m � � m xXy{f�whx?gK_|b � f � o�h

f o�z v-dJa9p w\aedcgihedJa he}3gif 	 giaed aed � � g � d ��v$_�~&b � f�d l dJa9_�y{hedJa9gihey m f pehed � � � 	\xIy{f3pehedcg � m �o3pey{f�w �
i

^ �
�
	 j g\p �Sw he}2y{f � o�hcxJ� m aSd l dJa9_ � �0��	 � ����� �7!'�|x�x dBo3ped�^ �

i

^ �
1 �

	 j

� � ��	 � j

�
� ~:�

g\p � w he}�y{f � o�hcb r d m v3p9dJa l d�he}3gihcx�� m a ��� 	\x � �%�?^ � j�y)�?gif�� m f��G_�y)� ��y p � m f h9giy{f�d � y{fhe}�d m o�h � o�h pedJh m �Ghe}�d � w he} �&dcp � aey{v/d �!y{hedJa9gihey m f p9hed � b ] y{f�� d he}�dJaed�giaed m f��G_ dJy{w\} h � m p9pey{v��{dpedJh9p;� m a dcg � } y{f � o�hcx|he}�d�f�o�z v/dJa m �Qy{hedJa9gihey m f pehed � p h m �&d � y��&d!^ � � � j � I
ex

^
�
�
�
�
�
j �Jgif

v-d*v m o�f��&d ��giv m l d v,_ j
n
8�~

3n
��~

n3 b � dJz!dJz v/dJa he}�d�giaew\o�z!dJf�h9gihey m f m � he}�d � a m m � m �
a?}�d m aedJz �&b 	 ��gif�� he}�d��&dA�3f�y{hey m f m � p9y{z!y � giaXheo � �{dcpcb

� dJh � ��~&b r d g\p9peo�z!d he}3gih f m �`o�f�� hey m f m � � y p m � he}�d£� m aez �?^ �
j 8 4

i

b
! he}�dJa9xXy pednxzx d�g ����gif ^5! � 	 j w he} � m z � m f�dJf�h ^ �

n+1

^
� ′
j-8

def

4
1 �
4

n+1

� � � 	 j�h m � x
� ′
8 ^54

1

� ����� �74
n+1

j]xIgif�� aed � � g � d�d l dJa9_~� o�f�� hey m f �
i

^
�
j�8 4

j

v$_��
′
i

^
� ′
j�8

def

4
j �
4

n+1

b
! v l y m o3p��G_|x he}�y p � m dcp f m h<d �Id � h"he}�d � o�dcpehey m f � �/� � �-gif�� y p m f��G_ m �Ghed � }�f�y��Jg ��g � l gif h9giw\dnb
� dJh � ���2v/d pez2g � �{dcpeh � m p9pey{v��{d peo�� } he}3gih � � �?^ � j]b � dJh �tv-d he}�dG� m aez o�� g2aed � aedcpedJf h9g6whey m f m ���?^ � j]x gif�� �{dJh � v-d!g � m z � o�h9gihey m f�heaedJdV� m a � xXy{he}�a m|m h l g �{o�d � bga?}�d ���H.�5 ,z�H.
� m z � o�h9gihey m f�heaedJd � m ����y pShe}�d z2g6i�y{z2g �-p9o�v�heaedJd m � � � m f�h9giy{f�y{f�w�he}�d a m m h l dJaehedAi m ���gif���he}3gih � m dcp�f m h � m f�h9giy{f l dJaehey�� dcp�xXy{he} l g �{o�d w\aedcgihedJa he}3gif���y{f g�p9o�v�heaedJd�xXy{he}�a m|m h
l dJaehedAi	� giv-d � �{d � xXy{he}

�
gif�� xXy{he} l g �{o�d ��b � f m he}�dJazx m a ��pcx y)��� y pXg l dJaehedAi2y{f �7he}3gih?y p

� giv-d � �{d �nxXy{he}
�
gif���}3g\p l g �{o�d ��x he}�dJf g � � � gihe}3p y{f
� �`a m z y{f � o�h l dJaehey�� dcpSh m ��� m f h9giy{f

m f��G_ l dJaehey�� dcpQxXy{he} l g �{o�d ��b r d �&dA�3f�d _��'C��'_�" m � ��g\p<� m � � m x p b �Sg � } l dJaehedAi m �3� he}3gih
� m aeaedcp � m f���p?h m he}�d m o�h � o�h l dJaehedAi m � he}�d�� y{a � o�y{hXaed � aedcpedJf�h9gihey m f m � p m z!d<�`o�f�� hey m f m � �y p � giv/d � �{d � xXy{he}�he}�d y{f��&dAi m �<he}�d � m aeaedcp � m f��&y{f�w:�`o�f�� hey m f �3he}�d y{f � o�h l dJaehey�� dcp m �.� giaed
� giv-d � �{d � xXy{he} he}�d y{f��&dAi m � he}�d � m aeaedcp � m f��&y{f�w l giaey giv��{dnb � m hed�he}3gih�p m z!d l dJaehey�� dcpBf m x}3g l d�h)x m ^ y{f���p m � � giv-d � p �Sf�o�z v/dJa9p�� a m z � m a � � � � � gif���y{f��&y�� dcp 	 � ����� �7!<b a?}�dJfQx � r� m f h9giy{f3p dAi�g � h��G_ he} m ped l dJaehey�� dcpBhe}3gih giaed � giv/d � �{d � xXy{he}�gif y{f��&dAi�gif���he}3gih �{y{d dcg � } m fg �{dcg��/w a m m h � gihe}�y{f � xXy{he} dAi&g � h��G_ � y{f��&dAi,w � giv-d � �{d � l dJaehey�� dcp � aed � d �&y{f�w y{hcb �Qdcg l dcp m ay{f � o�h l dJaehey�� dcp m �'� giaed�dAi&g � h��G_2he}�d l dJaehey�� dcp y{f��

0

xX}�dJaedcg\p he}�d a m m h l dJaehedAi m � �7y p?he}�d
m f��G_�z!dJz v-dJa m � �

t

b ! v3pedJa l d�he}3gihXd l dJa9_ �{dcg��/w a m m h � gihe} y{f � � g\p9p9dcp?he}�d*p9giz!d f o�z v-dJa
m �Gy{f��&dAi,w � giv-d � �{d � l dJaehey�� dcpcb � m hed he}�d�� m � � m xXy{f�w�� m aeaedcp � m f��&dJf�� d � y)� p m z!d l dJaehedAiV� a m z��

ry p � giv-d � �{d �hxXy{he} y{f��&dAi�� gif�� }3g\p l g �{o�d,�3x&he}�dJf���� �
i

^ �nj]b
� _ m o�a �&dA�3f�y{hey m f m � g�aed �&o�� d ��� m z � o�h9gihey m f heaedJd�he}�d l g �{o�d m �Bg l dJaehedAi(y{f � y pf m h�p9z2g � �{dJa�he}3gif he}�d l g �{o�d m � gif,_ m � y{h9p � aed �&d � dcp9p m a9pcb�� dJh ��gif�� � v-d l dJaehey�� dcp y{f �

xXy{he}(he}�d�p9giz!d l g �{o�d2peo�� }�he}3gih he}�dJaed�y p*g � gihe}d�`a m z ��h m �Nbna?}�dJfQxQd l dJa9_ l dJaehedAi m fhe}�d � ���w � gihe}�}3g\p he}�d*p9giz!d l g �{o�d*g\p���gif����/bz] o ��� m ped*he}�dJaed*giaed �
1

���
2

��% p9o�� } he}3gih
�
1

� ~
n3 � �

2

gif��8� m a<dcg � } l dJaehedAi��2y{f �
r1

he}�dJaedXy p<g l dJaehedAi�� � �
r2

y{f!he}�d peo�v�heaedJd m � �a m|m hed ��v$_ � peo�� }!he}3gih�� gif��$� }3g l d he}�d p9giz!d l g �{o�dnb ] o�� } l dJaehey�� dcp � m f3pehey{heo�hed � giy{a9pcb �+�
��}3g\p l g �{o�d w\aedcgihedJa he}3gif 	\x he}�dJaed y p m f��G_ m f�dBpeo�� } � giy{a!� m a"�Nb �QdJh ^!� ���&j<v-d�g � giy{a xXy{he}
l g �{o�d m � � w\aedcgihedJa he}3gif 	\bsL m f3pey��&dJa he}�d � ���w � gihe} �!b�� dJh ��v-d g l dJaehedAi m f � �&y��IdJaedJf h



Chapter 6
_�d � y���giv��{d z!dJz v/dJa9pe}�y � � a m v��{dJz2p 	J���

�`a m z �Gb �+� ��}3g\p�� giv-d � � he}�dJf y{h9p � aed �&d � dcp9p m a he}3gih�� m dcp f m h��{y{d m f � }3g\p l g �{o�d���x y)� �}3g\p � giv/d �
�
he}�d�aedcp � d � hey l d � aed �&d � dcp p m a }3g\p l g �{o�d 	\b � dJh ^!� ′ ��� ′ j v/d gif m he}�dJa � giy{aBpeo�� }he}3gih�� gif����
′
g\p�x d � �Qg\p�� gif����

′
}3g l d he}�d p9giz!d y{f��&dAi$w � giv/d � pcx&aedcp � d � hey l d �G_|b a?}�dJfQxDx d

�Jgif(aed � � g � d!he}�d2peo�v�heaedJd!a m m hed � v$_ � ′ v$_�g�� m � _ m � he}�d2peo�v�heaedJd!a m m hed � v$_ �NxQaed � � g � dhe}�d�peo�v�heaedJd a m m hed ��v,_$� y{f�he}�d � m � _ v,_ he}�d*peo�v�heaedJd*a m|m hed ��v$_ � ′ ^`pedJdO� y{w\o�aed 	 �nj?gif��
m v�h9giy{f�g aed �&o�� d � � m z � o�h9gihey m f!heaedJd�� m a � xXy{he}2a m|m h l g �{o�d � b r d aed � dcgih he}�y p � a m � d �&o�aed
� m a m he}�dJa � giy{a9p g\p � m f�w g\p � m p pey{v��{d gif�� m v�h9giy{f�g aed �&o�� d � � m z � o�h9gihey m f�heaedJd � ∗

� m a �
xXy{he}�a m m h l g �{o�d � he}3gih � m f�h9giy{f3p�gih*z m peh,! 2 �&y��IdJaedJf�h�peo�v�heaedJdcp v/dJhex dJdJf �

r1

gif�� �
r2a m|m hed � v,_ l dJaehey�� dcp�xXy{he} l g �{o�dcp w\aedcgihedJa he}3gif 	\b a m dcg � }��{d l d � �

r

x d g\p9pey{w\f g�heo � �{d
y{f��&y��Jgihey{f�w:� m a d l dJa9_�� �/��	 � ����� �7!'��xX}�dJhe}�dJa g l dJaehedAi y{f �

r

}3g\p � giv-d � � gif�� l g �{o�d�� m a
l g �{o�d 	 gif���� m aSd l dJa9_ � giy{a�^ � ���j �0��	 � ����� �7!'� 2 he}�dBy{f��&dAi m �Ihe}�d l dJaehedAi�y{f �

r
m � � ∗

he}3gih
y p � g\p9p9d � v$_ he}�d � gihe}�v/dJhex dJdJf�g l dJaehedAi y{f �

r2

xXy{he} � giv-d �
� gif�� l g �{o�d*w\aedcgihedJa he}3gif 	gif���g l dJaehedAi�y{f �
r1

xXy{he} � giv-d � � b a?}�dJaed�giaed�gih�z m peh ~ 2n
� !

n2 � ~ n3 �&y��GdJaedJf�hBheo � �{dcp
� m p pey{v��{dnb � h<� m � � m x p he}3gih he}�dJaed!z o3p9h v-d2h)x m �{d l d � p �

s1

gif�� �
s2

x��
1

� �
1

� �
2

� �
2

x
xXy{he}�he}�d*p9giz!d g\p9pey{w\f�d � heo � �{dnb a?}�dJfQx x d��Jgif �&d �{dJhed �{d l d � p �

s1

� ����� � �
s2−1
gif�� v�o�y ����g

aed �&o�� d � � m z � o�h9gihey m f�heaedJd�xXy{he} a m|m h l g �{o�d v�he}3gih � a m l dcp � � �?^ �
�
^ �

2 �
�
1

jej]x%xX}�y�� }
y pXg	� m f�hea9g �&y�� hey m f h m he}�d*g\p9peo�z � hey m f he}3gih � y pBpez2g � �{dcpeh � m p9p9y{v��{dnb

� m x*x|x d �Jgif � m f�� �{o��&dBhe}�d � a m|m �Qv,_��3a9p9h m v3pedJa l y{f�w he}�d�� m � � m xXy{f�w*y{z � m aeh9gif h � a m � wdJaehey{dcp	�
^ 	 j%� � m f h9giy{f3pXg �{dcg�� xXy{he} l g �{o�d w\aedcgihedJa he}3gif��
^ ~nj/� m a d l dJa9_ ��� ~ n3 he}�dJaed�y p g l dJaehedAi��(y{f �

r

peo�� } he}3gih d l dJa9_ l dJaehedAi�y{f �
r−2n3

y{f
he}�d peo�v�heaedJdBa m m hed � v,_ � }3g\p g pez2g � �{dJa l g �{o�d he}3gif he}�d l g �{o�d m ���Nx�gif��$� }3g\p l g �{o�dw\aedcgihedJa?he}3gif 	\b � m hed he}3gihcx�y)��� }3g\p l g �{o�d 	\x�he}�dJaed y pXg � gihe}��`a m z gif y{f � o�h l dJaehedAih m ��he}3gih � m f�h9giy{f3p m f��G_ l dJaehey�� dcpzxXy{he} l g �{o�d 	\b

�+� � ≥2 �
r

�&dJf m hedcp he}�d p9o�z m �Qhe}�d l g �{o�dcp m � he}�d l dJaehey�� dcpSy{f �{d l d � �
r

xXy{he} l g �{o�dBw\aedcgihedJahe}3gif 	\xiy{h } m ����p
� m a d l dJa9_ ��� � he}3gih � ≥2 �
r

� � ≥2 �
r+1

b � h�� m � � m x p he}3gih � ≥2 �
2n3

�
~&x � ≥2 �

2·2n3

� �&x�gif�� p m!m fQx�p m he}3gih � � � �c~
n3 b

�3a m z he}�d  o3peh � a m l d � �{dJz!z2g�x&y{h�� m � � m x p he}3gih � 8 �
�
�
�
�
�
� y pXg�z2g6i&y{z2g � pedJh m �

m � dJa9gih m a9p�� m a!xX}�y�� }�he}�d f�o�z v/dJa m ��y{hedJa9gihey m f pehed � pP� m aQaed � o�aeaedJf�h � w p9_&pehedJz2p h m w\dJf�dJa9gihedf�o�z v/dJa9p �Jgif2v-d v m o�f��&d � b I
ex

^
�
�

�
�
�
�
j gif��tI

ex

^
�
�

� �
�
�
�
j giaed o�f��&d � y���giv��{dnxng\p

x d xXy � �QpedJd y{f he}�d*f�dAi&h � }3g � hedJacb �?hz�3a9pehXw � gif�� dnx m f�d z!y{w\} h giaew\o�d he}3gih o�f��&d � y���giv�y �{y{h)_
m ��he}�d � gihehedJa � a m v��{dJz y p �&o�d�h m ^ he}�d�dAi � d � hed �-j�o�f��&d � y���giv�y �{y{he_ m � he}�d�f m fDw y{hedJa9gihed �
l giaey gif hhI L ^

�
�

� �
�
�
�
j]b � m x d l dJacxBd l dJa9_ v m o�f���� m a he}�d(w\dJf�dJa9g � � a m v��{dJz pedJa l dcpg\p v m o�f��U� m a g aedcpeheaey�� hed � l giaey gif�hcxI}�dJf�� dvI

ex

^
�
�

�
�
�
�
j{x m o�����v-d �&d � y���giv��{d �&o�d!h m

�&d � y���giv�y �{y{h)_ m � I
tm

^
�
�

�
�
�
�
j]b

a?}�d � a m v��{dJz2p�I
tm

^ ��j2� m a �
	 � � �  � � � � � � �Jgif v-d � m f3pey��&dJaed ��p9y{z!y � giaBh m he}�d� a m v��{dJz2p I L ^ ��j�xXy{he}4peo�� � y{f�� h2y{f � o�h aed � aedcpedJf�h9gihey m fQb � m a�z m p9h m �*he}�d � aed l y m o3p��G_peheo��&y{d � � a m v��{dJz2pBpeo�� � y{f�� hef�dcp9p �{d ��h m gif�y{f�� aedcg\pedJz!dJf�h m � � m z � �{dAi�y{h)_|b r y{he}�he}�y p � }�dAwf m z!dJf m f�y{f z!y{f���y{h y p peo�a � aey pey{f�w2he}3gihQx d �Jgif pe} m x he}3gih{I
tm

^
�
�
�
�
�
j y pBp m � l giv��{d*y{f

� m �G_�f m z!y g � p � g � dnb � h�y p�^ f m xXf(he}3gih�I�L ^
�
�
�
�
�
j�y p � m z � �{dJhed�� m a � m �G_�f m z!y g � p � g � d



	J� �

u u’

v v’

B B’

u’u

v v’

� FG}�CD:A8(;Kb a?}�d � m f3p9heaeo�� hey m f m ��� dJz!z2g �&b 	 ��b � ′
y p he}�d*aed �&o�� d ��� m z � oDwh9gihey m f heaedJd he}3gihXdJz!dJaew\d ���`a m z � v,_�he}�d aed � � g � dJz!dJf�h m � dJa9gihey m fQb



Chapter 6
_�d � y���giv��{d z!dJz v/dJa9pe}�y � � a m v��{dJz2p 	J� J

^la?}�d m aedJz J b �Bgif��
� j�� � j]b a m w\y l d?g pe} m aeh y{f�hea m �&o�� hey m f�h m he}�d z2giy{f�y��&dcg m �/he}�dT� m � � m xXy{f�w
� a m|m �ex � m f3pey��&dJa p m z!d aed � o�aeaedJf�h � � ��w p9_&pehedJz � xIgif���{dJh ��v-d he}�dc� m aez o�� g�aed � aedcpedJf�h9g6whey m f m � �?^ � j;� m a p m z!d � �E��b a?}�dJfQx � y p?g � p m g � m z � o�h9gihey m f heaedJdnx�gif�� he}�d l g �{o�d m �Nhe}�da m|m h l dJaehedAi2y p��&dJhedJaez!y{f�d � v$_!he}�d�f�o�z v/dJa m � � gihe}3pT�`a m z �{dcg l dcp h m he}�d a m|m h l dJaehedAi�^`pedJdg � p m he}�d	�&y p � o3p9pey m f y{f � m f�f�d � hey m f xXy{he} �QdJz!z2g �&b �nj]b �B�3x d!g ���&y{hey m f3g � �G_�}3g l d � wXgif��
�
w l dJaehey�� dcpcx�f m h g � � � gihe}3p?y{f he}�d�� m aez o�� g aed � aedcp9dJf h9gihey m f�� m f�heaey{v�o�hed h m he}�d aedcpeo��{hcb

��"�#f����#$* � � 	 � I
tm

^
�
�
�
�
�
j �!��� � M3],M �{L � �

	O�K���%'� � dJh�^ � � � � � j v-d gif y{f3peh9gif�� d m �QI
tm

^
�
�
�
�
�
j xX}�dJaed�� 8 ^�� �&��j*y p�g aed � o�a?w

aedJf�h �
�
�
�
�
�
��w p9_&pehedJz m � �&y{z!dJf3p9y m f !<x � 8 � �

1
� ����� � �

n � gif�� � 8.^ � 1 � ����� � � n j]b � dJh�
1

� ����� � �
n

v/d�he}�d � y{a � o�y{h�aed � aedcpedJf�h9gihey m f3p m ���
1

� ����� � �
n

x aedcp � d � hey l d �G_|b ] y{z!y � gia�h m he}�d
� m f3peheaeo�� hey m f y{f�he}�d � a m m � m ��� dJz!z2g �&b 	 ��xx d*g\p peo�z!d he}3gih f m � y{a � o�y{h }3g\p m o�h � o�h l dJa?whedAi�he}3gih y p gif y{f � o�h l dJaehedAi b � f he}3gih � a m|m �ex x d }3g l d pedJdJf he}3gihcx y)� ��� 	\x y{h peo�) � dcp
h m � m f3pey��&dJa m f��G_�peo�v3pedJh9p m � � � ��	 �9~:��g\p y{f � o�h*gif�� m o�h � o�h*pedJh9p m �?he}�d�� o�f�� hey m f3p2^`g � p maedJz!dJz v-dJaBhe}�d �&dA�3f�y{hey m f m �Sheo � �{dcp�pey{z!y � gia�xXy{he} aedcp � d � h h m p m z!d�w\y l dJf�f�o�z v/dJaBy{f�he}�d
� a m|m � m � a?}�d m aedJz �&b 	 �nj]b��BdJf�� dnx y{f � m �G_�f m z!y g �<p � g � dnx � �#�?^ � j �Jgif�v/d	�&d � y��&d ��v$_�gpehea9giy{w\}�h�� m a9x?gia � d l g �{o3gihey m fQb

� dJh � � ~&b � dJh � � �?^ � j]b�� dJh ��v-d he}�dc� m aez o�� g�aed � aedcpedJf�h9gihey m f m ���?^ � j m v�h9giy{f�d �v,_ o�fQ� m ���&y{f�w�he}�d � y{a � o�y{hBaed � aedcpedJf�h9gihey m f m ���?^ � j]xGgif�� �{dJh � v-d�g � m z � o�h9gihey m f�heaedJdc� m a
� xXy{he} a m m h l g �{o�d � b ! v3pedJa l d he}�dZ� m � � m xXy{f�w � gif$_ �{dcg���w a m|m h � gihe} he}3gih�� m dcp f m h�� m f h9giy{fg l dJaehedAihxXy{he} l g �{o�d � � m f�h9giy{f3p gih�z m peh�� � m w ��� � w l dJaehey�� dcpQxXy{he} m o�h � aed �&d � dcp p m a9p{xXy{he}l g �{o�d 	\b r d xXy � ��w\y l d gif�g �{w m aey{he}�z he}3gih l dJaeyy�3dcpQhe}�d dAi&y pehedJf�� d m �-g � m z � o�h9gihey m f heaedJd;� m a
� xXy{he}�a m|m h l g �{o�d � b a?}�d z2giy{f y��&dcg�y p g\p�� m � � m x pcb �QdJh3� ′

dJz!dJaew\d$�`a m z ��v$_!aed � � g � y{f�wd l dJa9_ � w l dJaehedAi m � � v,_�gif y{f � o�h l dJaehedAi m � he}�d p9giz!d l g �{o�dnb�^`_�d �{dJhed!g � � l dJaehey�� dcpBhe}3gihgiaed f m h g � � dcp9pey{v��{d<� a m z he}�d a m m hcbkj ! v l y m o3p��G_|x he}�d l g �{o�d m �"d l dJa9_ l dJaehedAi$��y{f � ′
y p?he}�d

peo�z m �<he}�d*y{f � o�h l dJaehey�� dcp y{f�he}�d�peo�v�heaedJd a m m hed ��gih�� gif�� y pXd � o3g � h m he}�d l g �{o�d m � he}�d
� m aeaedcp � m f��&y{f�w l dJaehedAi m � ��b � m x*x m v�h9giy{f�� �`a m z � ′

v,_(aedJz m l y{f�w g � � l dJaehey�� dcp�xXy{he}
l g �{o�d2��bva?}�dJfQx he}�dJaed�giaed2gih*z m p9h � �{dcg l dcp y{f � xQgif�� � w l dJaehey�� dcp z2gK_�}3g l d m f��G_ m f�d� aed �&d � dcp9p m acb

� l dJaehedAi m � �7y p �����I��H. y)�Ny{h � m aeaedcp � m f���p h m g l dJaehedAi!he}3gih dJz!dJaew\d ��y{f he}�d � y{a � o�y{haed � aedcpedJf�h9gihey m f m ���?^ � j$� a m z w �{o�dJy{f�w h m w\dJhe}�dJa gif�y{f � o�h gif�� gif m o�h � o�h l dJaehedAi bQa?}�dcpedz2gia9^nd � l dJaehey�� dcpQgiaed g ���&y{hey m f3g � �G_�� giv/d � �{d ��xXy{he} he}�dSf o�z v-dJa m ��he}�d m aey{w\y{f3g �|y{f � o�h l dJaehedAi b^ � d �Jg � � �"y{w\o�aed�� ��he}�d aey{w\} h � y{a � o�y{h � m f�h9giy{f3p*h)x m p9o�� } l dJaehey�� dcp he}3gih�dJz!dJaew\d �m� a m z gw �{o�d m � dJa9gihey m fQxSgif���he}�d�_ x m o�����v/d � giv/d � �{d � xXy{he} 	 gif�� ~&bkj r d � m f3pey��&dJa he}�d �{d l d � p
m �3� �&dA�3f�d ��y{f he}�d!p9giz!d<x gK_�g\p y{f he}�d � a m m � m � � dJz!z2g �&b 	 ��xIy b dnb{xIz2gia9^nd � l dJaehedAi#�v-d � m f�wnp h m �{d l d ���&x �&dJf m hed ��g\p��

r

x ���/� � � ����� � � �|x-y)� gif�� m f��G_ y)�"� y p � m f�h9giy{f�d ��y{f�he}�dpeo�v�heaedJd m ��� m � dAi&g � h��G_ �
�
� � 	 z2gia9^nd � l dJaehey�� dcpcb a?}�d a m|m h l dJaehedAi m � ��p m �{d �G_/� m aez2p

�
t

b r y{he} �
r

x d g\p9p m � y gihed gif1^5!�� 	 j w heo � �{d ^ � r
1

� ����� ��� r
n

� �
r
j�xX}�dJaed��

r
i

x
� � ��	 � ����� �7! �|x
�&dJf m hedcp he}�d f o�z v-dJa m ��z2gia9^|d � l dJaehey�� dcp�y{f �

r

xXy{he} � giv-d ���2gif�� �
r
y p he}�d(peo�z m �he}�d l g �{o�dcp m � g � �<z2gia9^nd � l dJaehey�� dcp�y{f �

r

b � m hed2he}3gih he}�y p peo�z�z2gK_�v/d2pez2g � �{dJa he}3gif �pey{f�� d!peo�v�heaedJdcp�xXy{he} a m|m h l dJaehedAi�g � w l dJaehedAi x dJaed � o�hcb�! o�a g �{w m aey{he}�z xXy � � y{hedJa9gihey l d �G_w\dJf�dJa9gihed�peo�� } heo � �{dcp�g\p9p m � y gihed � h m �{d l d � p2p9h9giaehey{f�wb� a m z �{d l d � � gif�� l dJaey)�l_�he}3gih2he}�d



	J�n�

�&y��GdJaedJf�� d v-dJh)x dJdJf he}�d l g �{o�dcp m �-he}�d � g\peh � m z � m f�dJf�h9pX^ he}�d � K�,�D��<eQD�#%�'#^*W" j m �/he}�d heo � �{dcpg\p9p m � y gihed � h m � m f3ped � o�hey l d �{d l d � p?y pXhe}�d peo�z m � he}�d l g �{o�dcp m �<g ��� a m � aey gihed � m z � o�h9gihey m fheaedJdcp�^ he} m ped he}3gih�x dJaed� o�h j]b a?}�d heo � �{d�^`� � ����� �e� ��	 � �]j y p!g\p9p m � y gihed � h m �{d l d � � b�� dJhheo � �{d ^ � r
1

� ����� ��� r
n

� �
r
j]x/g\p9p m � y gihed ��h m �{d l d � � � ��x-v-d<^ f m xXfQb r d �&dcp � aey{v-d } m x h m �3f��g*heo � �{d$� m a �{d l d � �

�
	\b � dJz!dJz v-dJa he}3gih f m l dJaehedAi!y{f�� }3g\p l g �{o�d���b�� dJh � �0��	 � ����� �7!'�v-d peo�� } he}3gih#�

r
i
� ��b _�d � aedcg\ped�� r

i

v,_ 	\b a?}�d g �{w m aey{he}�z w\o�dcp9pedcp*} m xtz o�� } g � m � _
m � g�� m z � o�h9gihey m f heaedJd m � he}�d�o�fQ� m ���&d � � y{a � o�y{h aed � aedcpedJf�h9gihey m f �

i
m ���

i

� m f heaey{v�o�hedcp h m
� r−1

8
def

^ � r−1
1

� ����� ���
r−1
n

� �
r−1
j]xSy b dnb{x xX}�y�� } l dJaehey�� dcpV�`a m z �

r−1

giaed�� m f�h9giy{f�d � y{f1gpeo�v�heaedJd a m|m hed � v,_�p m z!d l dJaehedAiS�`a m z �
r

z2gia9^nd � xXy{he} � giv-d � � b � dJh he}�d l dJaehey�� dcp m � �
iv-d m a �&dJaed ��giaev�y{hea9giaey �G_|b � f � m �G_�f m z!y g �/p � g � dQx d �Jgif dAi&giz!y{f�dBhe}�d � gihe}3p m � �

i
m f�d�g�� hedJahe}�d m he}�dJacb �+�Ng � gihe} � m f�h9giy{f3p g � w l dJaehedAi xnhe}�d peo�v�heaedJd m �QdAi�g � h��G_ m f�d � aed �&d � dcp9p m a z o3pehv-d � m f3p9y��&dJaed � b��+�?g � gihe} � m f h9giy{f3p*g � w l dJaehedAi he}�d l g �{o�d m �?he}�d � w l dJaehedAi(gih�pe} m aehedcpeh�&y peh9gif�� d h m he}�d m o�h � o�h l dJaehedAi z o3pehXv/d �&dJhedJaez!y{f�d � b a?}�y p l dJaehedAi he}�dJf � m aeaedcp � m f���p h mg �{dcg�� m �2� ′

he}3gih�aed � � g � d � g � w l dJaehedAi�y{f ��b a?}�y p�a m o�hey{f�d y p �&dcp � aey{v-d � y{f he}�d f�dAi�h� gia9giw\a9g � }Qb � m a dcg � } � w l dJaehedAi � y{h z o3peh v-d w\o�dcp9ped �txX}�dJhe}�dJa y{h?}3g\p l g �{o�d � m a?w\aedcgihedJahe}3gif���b�a?}�dG� m aez!dJa �Jg\ped �Jgif�v-d l dJaeyy�3d � y{f � m �G_�f m z!y g �"p � g � d�g\pZ� m � � m x pcb � dJh�� ′ v/d gpeo�vDw-�`o�f�� hey m f m �(�
i

he}3gih � m z � o�hedcp�he}�d l g �{o�d m ���Nb!^la?}�y p$�`o�f�� hey m f�y pBaed � aedcpedJf�hed � v$_�gpeo�vDw � y{a � o�y{h m � �
i

bkj�a?}�d�g �{w m aey{he}�z pey{z � �G_ l dJaeyy�3dcpB^ � ′ ��� �e�|j � I
tm

^
�
�
�
�
�
j xX}�dJaed �

′
y p

m v�h9giy{f�d �:�`a m z ��v,_2g ���&y{f�wG�`o�f�� hey m f
� ′ g\p ^5! � 	 j w he}/�`o�f�� hey m fQb �B� � y p �&d � y��&d �2h m }3g l d
l g �{o�d2��he}�dJf he}�d�peo�v�heaedJd�a m|m hed ��gih�� � m dcp�f m h*}3g l d!h m v-d � m f3pey��&dJaed �(gif���� m dcp*f m h
� m f heaey{v�o�hed h m�� r−1

b �+�"�(}3g\p l g �{o�d w\aedcgihedJa�he}3gif(� g � � �{dcg l dcp{xXy{he} l g �{o�d w\aedcgihedJa he}3gif� y{f y{h9pXpeo�v�heaedJd � m f�heaey{v�o�hed�h m�� r−1
b a?}�d g �{w m aey{he}�z aed � dcgih9p?he}�y p � a m � d �&o�aed o�f hey �Ihe}�dJaedy p*f m � �#��	 � ����� �7!'� peo�� } he}3gih�� r

i
� ��b ] dJh��

r−1
8

def

�
r
b aNo � �{d

� r−1
y p�w\dJf�dJa9gihed �

gif�� he}�d g �{w m aey{he}�z � a m � dJd ��p<xXy{he} he}�y p heo � �{d o�f hey � he}�d heo � �{d g\p9p m � y gihed ��h m �{d l d � � y p
m v�h9giy{f�d � b �B� � n

i=1

�
0
i

� �
i

8 �
0
he}�dJf(g � � d � hcb �B� ���� �?^ � j]x he}�d!dAi&y pehedJf�� d m � f m aed �&o�� d �

� m z � o�h9gihey m f�heaedJd�xXy{he}�a m|m h l g �{o�d � �Jgif�v/d � a m l d � b a?}�d�giv m l d �&dcp � aey{v/d � � giaeh m � m o�ag �{w m aey{he}�z f�dJd ��p m f��G_ ^ f m f��&dJhedJaez!y{f�y p9hey�� j � m �G_�f m z!y g �Qp � g � dnb
� hBaedJz2giy{f3pXh m pe} m x�} m x)h m2l dJaey)�l_ he}�d l g �{o�d m �Sg � w l dJaehedAi �Nb�] y{z!y � gia h m he}�d �Jg\pedm � g � w l dJaehedAinxXy{he} l g �{o�d ��xDx d �Jgif l dJaey)��_2y{f � m �G_ f m z!y g �Qp � g � d�xX}�dJhe}�dJa���}3g\p l g �{o�d*�

m a�	\b �QdJh �
1

gif�� �
2

v-d�he}�d � aed �&d � dcp9p m a9p m � �Nb �+��� }3g\p l g �{o�d  � 	�he}�dJf �
1

z o3peh
}3g l d l g �{o�d 

1
� � gif����

2

z o3p9h }3g l d l g �{o�d 
2
� �(peo�� } he}3gih #8 

1

� 
2

b � h �Jgif
v-d l dJaeyy�3d ��y{f � m �G_�f m z!y g �?p � g � d g\p �&dcp � aey{v-d � giv m l dnxX}�dJhe}�dJa�

1
8�	 m a�

2
8 	 �Jgif

v-d � } m pedJfQb �+� m f�d�y pBheaeo�dnx�� �Jgif�v-d heaedcgihed ��g\p � w l dJaehedAihxXy{he} m f�d � aed �&d � dcp9p m a }3g l y{f�w
l g �{o�dS��b�! he}�dJa9xXy ped<aed �&o�� d � r

v$_  gif�� he}�dSg �{w m aey{he}�z l dJaeyy�3dcpS^ � ′
1

��� � 
1

j � I
ex

^
�
�
�
�
�
j

gif��(he}�dJf#^ �
′
2

��� � 
2

j �(I
ex

^
�
�
�
�
�
j]x�xX}�dJaed��

′
1

gif�� �
′
2

dJz!dJaew\d�� a m z �4v$_ g ���&y{f�w�g\p^5! � 	 j w he} � m z � m f�dJf�h�he}�d�peo�vQ�`o�f�� hey m f3p m �1�
i

� m z � o�hey{f�w he}�d l g �{o�dcp m ���
1

gif�� �
2

x
aedcp � d � hey l d �G_|b � dJf�� dnx"he}�d�p � g � d!f�dJd �&d �(v,_�he}�d2g �{w m aey{he}�z �&d � dJf���p m f�he}�d2f�o�z v/dJa m �peo�� } l dJaeyy� �Jgihey m f3pNhe}3gih giaed �Jgiaeaey{d � m o�h gih he}�d p giz!d hey{z!dnb � h"} m ����p"he}3gih d l dJa9_*g ���&y{hey m f3g �
l dJaeyy� �Jgihey m f � a m � dcp9p � m aeaedcp � m f���p*h m p m z!d � w l dJaehedAi�gif���he}�dcp9d l dJaehey�� dcp*giaed � m f h9giy{f�d �y{f m f�d��{dcg���w a m|m h � gihe} m � �!b a?}�dJfQx�he}�dJaed �Jgif v-d�gihBz m peh � � m w � � l dJaeyy� �Jgihey m f � a m � dcp9pedcpaeo�f�f�y{f�w gih he}�d p9giz!d�hey{z!dnx�p9y{f�� d�~���

1

� 
2

� p
2

b a?}�y p w\y l dcp g � m �G_ f m z!y g �Ip � g � d�o ��� dJa
� m z � �{dAi�y{h)_2v m o�f��~� m aXhe}�d h m h9g �Qg �{w m aey{he}�z�b



Chapter 6
_�d � y���giv��{d z!dJz v/dJa9pe}�y � � a m v��{dJz2p 	J���

� dJz!z2g �&b 	 � gif�� a?}�d m aedJz �&b 	�j giaed }�y{w\}��G_(y{f lnm � l d �(gif�� � m z � �{dAi aedcpeo��{h9pcb � o�hf m x*x y{h y p dcg\p9_�h m � a m l d he}�d3�3f3g �&aedcpeo��{h9p m �-he}�y p ped � hey m fQxio3p9y{f�w he}�d2� m � � m xXy{f�w�x d � �ywS^�f m xXfhe}�d m aedJz�giv m o�hBhe}�d�� m z � �{dAi�y{h)_ m � he}�d �|o3gif�heyy�3d � � m m �{dcgifS� m aez o�� g � a m v��{dJz�b
��"�#f����#$* � � 	 � 	 ������� �!*+#f&�#f�t
 �!� � #|& #f� ��� ����� � ��� � �!��M3],M �{L � � � � � 	 �  ����

��"�#f����#$* � �V0%p I
ex

^
�
�

j ��� � I

ex

^
�
�

� j � � �  ��� � �

I
ex

^
�
�
�
j � I

ex

^
�
�
�
j � I

ex

^
�
�
�
j ��� � I

ex

^
�
�
�
�
�
j � �� M3],M �{L � � � � � 	 �  ����

	O�K���%'� r d<�3a9peh*p9} m x he}3gihOI
ex

^
�
�

� j y p�� m f�h9giy{f�d � y{f+M3],M �{L � b � dJh�^ � � � j�v-d2gif

y{f3peh9gif�� d m � I
ex

^
�
�

� j�xX}�dJaed ��8 ^�� �&��j y p g�aed � o�aeaedJf h1�

�
�

� ��w p9_&pehedJz m � �&y{z!dJfDwpey m f !<bza?}�dJaed giaed dAi&g � h��G_ ~ n � m p9p9y{v��{d � m fD�3w\o�a9gihey m f3p m � ��^ � j�xXy{he}�aedcp � d � h h m � x-pey{f�� d

� m a d l dJa9_�y{f � o�h�pedJh�� x3y{h y p m f��G_ y{z � m aeh9gif hBh m ^ f m x xX}�dJhe}�dJa � ��� m a � ���� b�] m xx d
�Jgif � m f3pey��&dJa"y{f � o�h pedJh9p m f��G_�g\p peo�v3pedJh9p m � � � �|x\gif�� ��^ � jP� m a"d l dJa9_ � �E� � m f�h9giy{f3p m f��G_ �
gif���� � � g\p dJf�heaey{dcpcbs] h9giaeh he}�d�d l g �{o3gihey m f � a m � dcp9p m � � b �+�Ng � m fD�3w\o�a9gihey m f g ��� dcgia9p he}3gih}3g\p g �{aedcg �D_�v/dJdJf(dJf�� m o�f hedJaed � he}�dJaed�xXy � �<v/d!f m f�d�x � m fD�3w\o�a9gihey m f m ����xXy{he}(aedcp � d � h
h m � b ���`hedJa*~ n d l g �{o3gihey m f�pehed � p�g � � � m p9pey{v��{d � m fD�3w\o�a9gihey m f3p he}3gih �Jgif�v-d�w\dJf�dJa9gihed ��v,_
� }3g l d2v-dJdJf dJf�� m o�f�hedJaed � b �3o�aehe}�dJaez m aednx he}�d aedcpeo��{h9p m � d l dJa9_(y{hedJa9gihey m f p9hed � �Jgif v-d
xXaey{hehedJf � m xXf o3pey{f�w m f��G_/!�v�y{h9pcx<p m he}3gihZI

ex

^
�
�

� j �Jgif v-d� m z � o�hed � o3pey{f�w m f��G_

� m �G_�f m z!y g �<p � g � dnxIy b dnb{x�I
ex

^
�
�

� jBy p�y{f+M3],M �{L � b<L m f�h9giy{f�z!dJf�h y{f M3],M �{L � m � g � �

m he}�dJa � a m v��{dJz2pXy p �&o�d h m � dJz!z2gih9g J b ~�gif����&b 	 � gif��ha?}�d m aedJz �&b 	�j&b
� m a }3gia �&f�dcp9pcx x d�pe} m x�he}3gih I

ex

^
�
�

j�aed �&o�� dcp h m I

ex

^
�
�
�
j]x�I

ex

^
�
�
�
j2gif��

I
ex

^
�
�
�
j]b � dJh�^ � � �]j v-d2gif(y{f3peh9gif�� d m �zI

ex

^
�
�

jQxX}�dJaed � 8 ^�� �&� j y p g aed � o�aeaedJf h

�
�
�

��w p9_&pehedJz m ���&y{z!dJf3pey m f ! gif�� � 8 � �

1

� ����� � �
n � b��QdJh,� ′i

x � �"��	 � ����� �7!'�|x dJz!dJaew\d
�`a m z �

i

v,_�aed � � g � y{f�w d l dJa9_  v,_ � gif�� d l dJa9_ � v,_ � b � dJh � ′ dJz!dJaew\d]� a m z � v,_aed � � g � y{f�w �Xv$_!� gif��2d l dJa9_ m he}�dJa f�o�z v-dJa v,_ 	\b�� dJh � ′ 8
def

^�� �
′
1

� ����� � � ′
n � �&� ′ j]b � hS} m ����phe}3gih�4 � 6 8���	 4%8 6+8��!gif��%4 � 6 8���	 4%8�� m a�6+8���b � _ y{f��&o�� hey m fQx y{h2� m � � m x phe}3gih � �#�?^ � j y)� gif�� m f��G_�y)� � �$� ′ ^ � j]x � � %*b �BdJf�� dnxS^ � � �]j � I

ex

^
�
�

jBy)� gif�� m f��G_y)��^ �

′
�e�|j � I

ex

^
�
�
�
j]b ] y{z!y � gia��G_ xsI

ex

^
�
�

j*aed �&o�� dcp h m I

ex

^
�
�
�
j gif�� I

ex

^
�
�
�
j]b

�Bgia �&f�dcp p m � g � � � a m v��{dJz2p�� m � � m x p?v$_ � dJz!z2g J b ~�gif��ha?}�d m aedJz2pB�&b 	�`�gif����&b 	c�&b

� �%�K��-l-�
��& � �X0*	 I
tm

^
�
�

j ��� � I

tm

^
�
�

� j � � �  ��� � �

I
tm

^
�
�
�
j � I

tm

^
�
�
�
j � I

tm

^
�
�
�
j ��� � I

tm

^
�
�
�
�
�
j � �� M3],M �{L � � � � � 	 �  ����

	O�K���%'� � dJh ^ � � � j?v-d gif�y{f3peh9gif�� d m �sI
ex

^
�
�

j xX}�dJaed � y p g!aed � o�aeaedJf�h��

�
�

��w p9_�p9hedJz

m � �&y{z!dJf3p9y m f ! b � dJz!dJz v-dJa<he}3gihB^ � � � j � I
ex

^
�
�

j"y)�Ggif�� m f��G_ y)� ^ � � � � �]j � I

tm

^
�
�

j

� m a p m z!d � � ~ n ^ � a m|m � m ��a?}�d m aedJz��&b ~i�|j]b � dJh �
8

def

^54
1

� ����� �74
n+1

j]x�gif�� �{dJh �
′
v/d�he}�d

pez2g � �{dcpehXf�o�z v-dJaBpeo�� } he}3gih �
′
�8 � b � ��� � m z � m f�dJf h ^ �

n+1

^
�
j 8

def

4
n �
4

n+1

� �
′
j h m �gif�� m v�h9giy{f � ′ bza?}�dJfQxN^ � � � j � I

ex

^
�
�

j y)�Sgif�� m f��G_ y)�B^ � ′ �9~ n � � j � I

tm

^
�
�

j]bz] y{f�� d

I
tm

^
�
�

j aed �&o�� dcp h m g � � m he}�dJa � a m v��{dJz2pcx he}�dXpeh9gihedJz!dJf�hN} m ����pcb � m hed?he}3gih � m f�h9giy{f�z!dJf�hy{f�M3],M �{L � m �-g � � � a m v��{dJz2p"y p �&o�d h m he}�d � a m|m � m ��a?}�d m aedJz �&b ~i��gif�� �&o�d h m � dJz!z2g J b ~gif��ha?}�d m aedJz �&b 	�j&b



	J�|j

���Go k��!����"!#$� � � -/&��!��* ��
 -s. ��
�|# "�
��� *+#$*�� #$��.�"�� � �������-�#$* .

� v m o�h�}3g �)� he}�d f�o�z v/dJa m � dAi�g � h gif���dAi&y pehedJf�hey g �Nz!dJz v-dJa9pe}�y � � a m v��{dJz2pZ� m a�aed � o�aeaedJf hp9_&pehedJz2p }3g\pSf m h _ndJh<v/dJdJf2heaedcgihed � b a?}�aedJd m �Ghe}�dcp9d � a m v��{dJz2p giaed � m f3pey��&dJaed �!y{f!he}�dBf�dAi�h
� }3g � hedJacx/he}3gih �&y p � o3p9pedcp o�f��&d � y���giv�y �{y{h)_ aedcpeo��{h9pcbQazx m � o�aehe}�dJa � a m v��{dJz2p giaed � m f3pey��&dJaed �y{f�he}�d2f�dAi&h�ped � hey m fQb � m a�he}�d2aedJz2giy{f�y{f�w � a m v��{dJz2pcxNhe}3gih�x d2heaedcgih*y{f he}�y p�ped � hey m fQx�x d
�Jgif�f m hNw\y l d�� o�� � � }3gia9g � hedJaey p9gihey m f3p m �3he}�dJy{a � m z � �{dAi&y{hey{dcpcb � f m he}�dJa�x m a ��pcx o ��� dJa m a � m x dJa
� m z � �{dAi�y{h)_*v m o�f���pShe}3gih xXy � ��v-dBw\y l dJf�}�dJaed giaedXf m hShey{w\} hcb �?h �{dcg\pehcxng � � � a m v��{dJz2p m �Ihe}�y pped � hey m f p9}3giaed he}�d � m|m ped � a m � dJaehe_ m �Qv/dJy{f�wZM3],M �{L � w }3gia � b r d v/dJw\y{f he}�d �&y p � o3p pey m f�v,_
� a m l y{f�w�he}�y p � a m � dJaeh)_|b
� #,* *+
 � �X0%0 - �/. I

tm

^
�
�

j �

L
m

I
tm

^ �
�
j ��� � I

ex

^
�
�

j �

L
m

I
ex

^ �
�
j �

-10 . I
tm

^
�
�

j �

L
m

I
tm

^ �
�
j ��� � I

ex

^
�
�

j �

L
m

I
ex

^ �
�
j �

	O������'� � m a � a m l y{f�w peh9gihedJz!dJf h�^ 	 j]x �{dJh � 8 ^�� �&� j�v-d g�aed � o�aeaedJf�h � � �  ��w p _�pehedJzm � �&y{z!dJf3pey m f/! gif�� � 8 � �
1

� ����� � �
n � b �QdJh � ′1

� ����� � � ′
n

v/d�he}�d/� o�f�� hey m f3p he}3gih�dJz!dJaew\d
� a m z �

1

� ����� � �
n

v$_ aed � � g � y{f�w d l dJa9_  v$_ � gif���d l dJa9_0� � � v$_ � � ��b � h�y p � �{dcgiahe}3gih he}�d2aed � � g � dJz!dJf�h�� m a � w l dJaehey�� dcp��&dcp � aey{v-dcp g �Tw l dJaehedAi � y{a � o�y{hcbna?}�d:� m � � m xXy{f�w h)x md �|o�y l g �{dJf�� dcp } m ��� b � dJh�� � ��	�%�b
� � �


� ��� � � �

�
� gif��

� � �
�
� ��� ���� � m a ���� �
��� ���� ^ �

�
�*j

��� � � �
�
� �

� dJh � ��%�b �QdJh �
′
dJz!dJaew\d!�`a m z � v$_�aed � � g � y{f�w �"v,_�� gif��*d l dJa9_ m he}�dJaNf o�z v-dJa v,_ 	\b � dJh

�
′
8

def
^�� �

′
1

� ����� � � ′
n � �&� ′ j]b � h he}�dJf } m ����pZ� m a d l dJa9_ � ′ ��� � � � �?^ � ′ j�	 ���!� ′ ^ � ′ j]x-y b dnb{x^ � � � � � j �mI

tm

^
�
�

j y)�Sgif�� m f��G_ y)�X^ � ′ � � �e�|j �mI

tm

^ �
�
j]b � �|o3g � �G_|x ^ � � � j �mI

ex

^
�
�

j

y)� gif�� m f��G_ y)�X^ � ′ �e�|j � I
ex

^ �
�
j]b

� m a2peh9gihedJz!dJf�h�^ ~nj]x x d o3p9d�g�pey{z!y � gia!aed �&o�� hey m fQb � dJh��7v-d�g(aed � o�aeaedJf�h � � �  ��wp9_&pehedJz�b ! v�h9giy{f �
′′
�`a m z �#v$_�aed � � g � y{f�w d l dJa9_ � v$_ � gif�� d l dJa9_��  ��v$_ � � ��b� dJh�� � ��	 %)v-d f m fDw dJz � h)_|b a?}�dJfQx

� � �
�
� ��� � � �

�
�

� � �

� ��� � � �

�
� �

� dJh � ��%�b r }�dJf<x dSaed � � g � d d l dJa9_ � y{f1� v$_ � gif��*d l dJa9_ m he}�dJaNf�o�z v/dJaQv,_ 	\x he}�y p�_ y{d ����p
�
′′
x\he}�dXy{f�y{hey g ��f�o�z v/dJa p9dJh m ��� ′′ xngif���y{h<} m ����pcx�� m a d l dJa9_ � ′ �E��x�� � �?^ � ′ j 	 � � � ′′ ^ � ′ j]b

! f�d p � d � y g � �Jg\ped y{f he}�y p � m f3peheaeo�� hey m f }3g\p�h m v/d l dJaeyy�3d � x<y{fu�`g � hcx he}3gih � �Jgif�f m h�v-d
� m z � o�hed � x?h m �`o��y��� � he}�d � aedJaed � o�y pey{hedcp m � he}�d d �|o�y l g �{dJf�� dcp�giv m l dnb � dJz!dJz v/dJa he}3gihcx
�&o�aey{f�w2he}�dO�3a9p9h y{hedJa9gihey m f pehed � x3he}�dG�`o�f�� hey m f3p m �"� ′′ giaed g ��� �{y{d ��h m pey{f�w �{dJh m f pedJh9p m f��G_� � � gif�� ��	 �|b � _(y{f��&o�� hey m fQx<y{h aedJz2giy{f3p h m � a m l d�he}3gih d l dJa9_ � m p pey{v��{d � m z � o�hed � pedJh
� m dcp f m h � m f h9giy{f �*gif�� 	\b a?}�y p<y p � �{dcgia�� m a<he}�d � m z � �{dJz!dJf�h9gihey m f m � dJa9gihey m fQb�� o�h pey{f�� d



Chapter 6
_�d � y���giv��{d z!dJz v/dJa9pe}�y � � a m v��{dJz2p 	J�|`

	 � �
�
�1� m aBd l dJa9_ � � � 	 % y)� gif�� m f��G_ y)� 	 � �  �!x/he}�d aed � o�y{aed � � a m � dJaehe_�g � p m} m ����pM� m a � b �BdJf�� dnx ^ � � � � � j � I

tm

^
�
�

j�y)�Xgif�� m f��G_ y)�*^ � ′′ � � �e�|j � I

tm

^ �
�
j]xNgif��

^ � � � j � I
ex

^
�
�

j y)� gif�� m f��G_ y)�X^ � ′′ �e�|j � I

ex

^ �
�
j]b

��"�#f����#$* � �V0 
 I
tm

^ �
�
j � I

tm

^
�
�

�
�
j ��� � I

tm

^
�
�

� �
�
j � � �  ��� � �

I
tm

^ �
�
j � I

tm

^
�
�

�
�
j ��� � I

tm

^
�
�

� �
�
j � � �  ��� � �

I
tm

^

�
�
�
�
j ��� � I

tm

^ �
�
�
�
j � �� M3],M �{L � � ��� � � �

	O�K���%'� I
tm

^
�
�

jBy p M3],M �{L � w }3gia � �&o�d h m L m a m � � gia9_ �&b ~ 	\b�_�o�d h m �QdJz!z2g �&b ~\~&xIy{h

� m � � m x p�he}3gih g � �Speh9gihed � � a m v��{dJz2p dAi � d � h>� m agI
tm

^

�
�
�
�
j giaedZM3],M �{L � w }3gia � b �Bgia �,w

f�dcp9p m � I
tm

^

�
�
�
�
j �&y{aed � h��G_/� m � � m x pT� a m z M3],M �{L � w }3gia �&f�dcp9p m � I

tm

^
�
�
�
j ^ d � o3g � �G_

L m a m � � gia9_ �&b ~ 	 j]b

��"�#f����#$* � �V0 o I
ex

^ �
�
j � I

ex

^
�
�

�
�
j ��� � I

ex

^
�
�

� �
�
j � � �  ��� � �

I
ex

^ �
�
j � I

ex

^
�
�

�
�
j ��� � I

ex

^
�
�

� �
�
j � � �  ��� � �

I
ex

^

�
�
�
�
j � �� M3],M �{L � � ��� � � �

	O�K���%'� �Bp9y{f�w � dJz!z2g �&b ~\~�gif��+a?}�d m aedJz �&b ~i��x"he}�d � a m|m � y p�pey{z!y � gia*h m he}�d � a m|m � m �
a?}�d m aedJz �&b ~ �&b

r d2}3g l d � a m l d � � m x dJa v m o�f���pcb � m x*x�x d2pe} m xtp m z!d � m z � �{dAi&y{h)_�o ��� dJa v m o�f���paedcpeo��{h9pcb �?hg�3a9pehcx!x d	� m f3pey��&dJa h)x m aedcpeo��{h9p he}3gih � m f m h heaey l y g � �G_v� m � � m x©�`a m z � aed l y m o3paedcpeo��{h9p*^ v�o�hXhe}�d hed � }�f�y��|o�dcpXgiaed dcg\p _�j]b
� #,* * 
 ���X0 � I

tm

^
�
�

� �
�
j �!��� � ���QM �

	O�K���%'� � dJh ^ � � � � � j v/d gif y{f3p9h9gif�� d m ��I
tm

^
�
�

� �
�
j]bha?}�d�z2giy{f m v3p9dJa l gihey m f�he}3gih}3g\p2h m v-d z2g �&d�}�dJaed�y p he}3gih ^ � � � � � j � I

tm

^
�
�

� �
�
j�y)��gif�� m f��G_1y)��^ � � � � � � �]j �g�I

tm

^
�
�

� �
�
j]b�a?}�y pBy p he}�d �Jg\ped pey{f�� d f o�z v-dJa9p � giaew\dJa�he}3gif ��� m f m h � m f�heaey{v�o�hed�h mhe}�d aedcpeo��{h9p�xXy{he} aedcp � d � h h m he}�d �|o�dcp9hey m f � � �?^ � j]b�] y{f�� d�g�I

tm

^
�
�

� �
�
j y p�y{f ���QM

�&o�d h m � dJz!z2g J b �&xDx d�� m f�� �{o��&d he}�d � a m|m �eb

� #,* * 
 ���X0 � I
ex

^
�
�

� �
�
j �!� � � ���QM ],M �{L � �

	O�K���%'� � dJh ^ � � � j?v/d gif y{f3peh9gif�� d m �sI
ex

^
�
�

� �
�
jzxX}�dJaed � y p m � �&y{z!dJf3pey m f-!<b a?}�d

� a m|m � m � � dJz!z2g �&b ~ J pe} m x p he}3gih m f��G_ peo�v3pedJh9p m � � � � ����� � � � f�dJd � h m v-d�� m f3pey��&dJaed � b
] y{f�� d he}�dJaedBgiaed m f��G_�^ ~ b+1

j
n
84~

n·(b+1)
! w heo � �{dcp m l dJa %Ehe}3gih giaed �&y��IdJaedJf�h xXy{he}2aedcp � d � hh m he}�d � o�dcpehey m f � �/� � � x�y{h�� m � � m x p?he}3gih � �/� � �Ny)� gif�� m f��G_ y)� he}�dJaed y p � � ~ n·(b+1)

peo�� }
he}3gih � ���?^ � j]b � f dAi � m f�dJf�hey g �?p � g � dnx ^ � � � � � j�� I

tm

^
�
�

� �
�
j��Jgif v-d l dJaeyy�3d �m� m ad l dJa9_ � � ~ n·(b+1)

b ] y{f�� d2y{f � o�h��{dJf�w\he}�y p �&dJhedJaez!y{f�d �(v,_ ^ � � � j]xNy{h�h9gT^ndcp dAi � m f�dJf hey g �



	 	J�

p � g � d h m xXaey{hed�� m xXf he}�dcped f o�z v-dJa9p x�gif�� h m w\dJhe}�dJa{xXy{he} he}�d � a m|m � m � � dJz!z2g �&b ~ J xDx d
� m f�� �{o��&d he}�d � a m|m �eb

� h3x m o�����v-d f�y�� d�h m }3g l d g pey{z!y � gia aedcp9o��{h�� m a he}�d�dAi�y p9hedJf hey g �3z!dJz v-dJa9p9}�y � � a m v��{dJz
� m a?aed � o�aeaedJf�h�� � �  � � � ��w p9_&pehedJz2pcb � m x d l dJacx�he}�d d �|o�y l g �{dJf�� d

� � �
�
� ��� � � ^��


� � � ����� � � � j � ^��  � � � ����� � � � j

� m dcp f m h } m ���U� m a � 8t��xQgif���he}�y p f m fDw z m f m h m f�d!v-dJ}3g l y m o�a m � z o��{hey � �{y��Jgihey m f �Jgio3pedcpz m peh � a m v��{dJz2p>� m a gif3g �G_�p9y{f�w � m aeaedcp � m f��&y{f�w z!dJz v/dJa9pe}�y � � a m v��{dJz2pcb � f �Jg\p9d m � dAi&g � hz!dJz v/dJa9pe}�y � � a m v��{dJz2p xfx d m v�h9giy{f � m z � �{dAi�y{h)_�o ��� dJa?v m o�f���p v,_�hea9gif3p�� dJaey{f�w aedcpeo��{h9p;� m ahe}�d f m fDw y{hedJa9gihed � z!dJz v/dJa9pe}�y ��� a m v��{dJz2p�I L4h m!m o�a � a m v��{dJz2pcb
� #,* *+
 � �X0 � - �/. I

tm

^

�
�
j �!��� � ����M �

-10 . I
tm

^

�
�
�
�
j �!� � � � m � ����M �

-�� . I
tm

^
�
�

� �
�
j �!� � � ����M3],M �{L � �

- ��. I
tm

^
�
�

�
�
�
�
j �!� � � ~Kw � ����M �

	O������'� � � �She}�dcped � a m v��{dJz2p giaed m v�h9giy{f�d � o3pey{f�w he}�d�� m � � m xXy{f�w � m f3p9heaeo�� hey m fQbv� m a'�4gaed � o�aeaedJf h?p9_&pehedJz gif�� �Xgif�� � f�o�z v/dJa9pcx|he}�d� o�dcpehey m f � � �?^ � j y p d � o3g �/h m he}�d �|o�dcpehey m f
� �#�

′
^ 	 jQxX}�dJaed �

′
dJz!dJaew\dcp>� a m z �#v,_ � w-� m ��� peo � dJa � m pey{hey m f m � he}�d!y{f lnm � l d � � y{a � o�y{h9pcxy b dnb{xIg p9y{f�w �{d � y{a � o�y{h�y p � m f3peheaeo�� hed � b �B� � �&dJf m hedcp he}�d�peo�z m � he}�d�f o�z v-dJa9p m � l dJaehey�� dcp

m �"he}�d�� y{a � o�y{h9p m � � x � ′ ^ 	 j y p?aed � aedcpedJf�hed � v$_�g � y{a � o�y{h m � � �/� l dJaehey�� dcpcx|y b dnb{x&v,_�g � y{a � o�y{h
m � p9y{uJd dAi � m f�dJf hey g � y{f he}�d*pey{uJd m � y{f3peh9gif�� dcp m � dAi�g � hXz!dJz v/dJa9pe}�y ��� a m v��{dJz2pcb � ��� �G_ y{f�w
a?}�d m aedJz J b ��xDx d m v�h9giy{f�he}�d�� � giy{z!d ��� m z � �{dAi&y{h)_�v m o�f���p b

� �%�K��-l-�
��& ���X0 � I
ex

^
�
�

� �
�
j ��� � I

ex

^
�
�

�
�
�
�
j � �� � � � 	 
 � � �� ��

	O������'� � m a<d l dJa9_ aed � o�aeaedJf h p _�pehedJz���gif��!d l dJa9_ f o�z v-dJa � x � �/� � �Gy)� gif�� m f��G_ y)� he}�dJaedy p � �E��peo�� } he}3gih � � �?^ � j]bz] y{f�� dOI
tm

^
�
�

� �
�
j?gif��hI

tm

^
�
�

�
�
�
�
j giaed �&d � y���giv��{d

�&o�d?h m � dJz!z2g �&b ~���x\he}�dXz!dJf hey m f�d � dAi&y pehedJf�hey g � z!dJz v-dJa9pe}�y � � a m v��{dJz2p<giaed � m z � o�h9giv��{dnb

��� � � �<� �����f-�
.�.�� ��#$��*+#,*�� #f��.K"���� ������� -�#$*+.

azx m z!dJz v-dJa9p9}�y ��� a m v��{dJz2pX}3g l d�f m h{_ndJhXv-dJdJf � m f3p9y��&dJaed � b � � heo3g � �G_|x3he}�y pXy pXf m h � m z�w
� �{dJhed �G_�heaeo�dnxnp9y{f�� dT� m a m f�d m �/he}�dcped � a m v��{dJz2pcx|x d?}3g l d g �{aedcg �D_ � a m l d � gif!o ��� dJa<v m o�f�� b
a?}�d � a m v��{dJz2pcxnhe}3gih x d p � dcgT^ m �I}�dJaednx|giaedBhe}�d dAi&g � hSgif��2dAi�y pehedJf�hey g �&z!dJz v/dJa9pe}�y �	� a m vDw
�{dJz§� m a<aed � o�aeaedJf h	�  � � ��w p _�pehedJz2p b r d aed �Jg � � xX}3gih x d�^�f m xEp m � giaSgiv m o�h he}�d � m z � �{dAi$wy{hey{dcp m � v m he} � a m v��{dJz2p	�
^ 	 j I

tm

^

�
�
j y p � �!w }3gia � v$_ a?}�d m aedJz �&b �2gif���� m f h9giy{f�d � y{f ����MEv,_ � dJz!z2g2�&b ~��



Chapter 6
_�d � y���giv��{d z!dJz v/dJa9pe}�y � � a m v��{dJz2p 	 	 	

^ ~nj I
ex

^

�
�
j y p �{M w }3gia � v$_ a?}�d m aedJz �&b 	 ��gif���� m z � o�h9giv��{d v$_hL m a m � � gia9_ �&b ~�j&b

r d m v3pedJa l d }�o�w\dSwng � p v/dJhex dJdJf*o ��� dJaNgif���� m x dJa v m o�f���pcb � m x d l dJacxche}�d gio�he} m aNpehea m f�w �G_v-d �{y{d l dcp he}3gihcx�p9y{z!y � gia h m aed � o�aeaedJf�h �  � � ��w p9_�p9hedJz2pcxnhe}�d�� m z � �{dAi&y{he_�o ��� dJaXv m o�f���p �Jgifv-d aed �&o�� d ��� � m ped h m he}�d � y{hed � � m x dJa*v m o�f���pcb � f��Jg\ped m ��I
ex

^

�
�
j]x he}�y p*z2giy{f��G_ �&dAw

� dJf���p m f�pez2g � � l g �{o�dcp>� m a he}�d!f�o�z v/dJa m �?y{hedJa9gihey m f�pehed � p he}3gih }3g l d�h m v-d � dJa�� m aez!d �
� m a �&d � y��&y{f�w xX}�dJhe}�dJa g � o�dJaey{d �1f�o�z v/dJa �Jgif�v-d w\dJf�dJa9gihed � b � f �Jg\ped m � I

tm

^

�
�
j]x

L m a m � � gia9_��&b � �&dcp � aey{v-dcp g � m p9pey{v��{d�x gK_|b � fA�`g � hcx/y{h�p9dJdJz2pBhe}3gih�y{h�p9o�) � dcpBh m p m � l d�he}�ddJz � hey{f�dcp9p � a m v��{dJz¨� m a aed � o�aeaedJf�h��  � � ��w � a m v��{dJz2pcb � m x d l dJacx|y{f� m f�hea9g\peh?h m aed � o�aeaedJf h�

�
�
��w p9_&pehedJz2pcx g � giaehey g �Sp m �{o�hey m f m � ��� �
 � ^  � � jQx m o���� f m h y{z!z!d �&y gihed �G_�y{z � �G_�gp m �{o�hey m f~� m a�I

tm

^

�
�
j]b



	 	c~



	 	 �

� "!
�����#f� �

�tA�� : � 6�� >����9: ��:"� � :<;I8�� 6 � � ;I@����9:"��8

� pehea m f�w�z m hey l gihey m fm� m a�he}�d peheo��D_ m � ^ dAi�y p9hedJf hey g � j�z!dJz v-dJa9p9}�y � � a m v��{dJz2pG� m a�aed � o�a?waedJf�h,�
�
�

� �
�
�
�
��w p9_�p9hedJz2p{x?g\pBhe}�d�z2g  m a m � dJf �|o�dcp9hey m fA� m a z!dJz v-dJa9p9}�y � � a m v��{dJz2p

� m a giaey{he}�z!dJhey��Jg �.� � �  � � � � � ��w � y{a � o�y{h9p	� � pQI L ^
�
�

� �
�
�
�
j �&d � y���giv��{d � �BpQx d*}3g l dpedJdJf��&d � y���giv�y �{y{h)_ m ��dAi&g � h z!dJz v-dJa9p9}�y ��� a m v��{dJz2p%� m a aedcpeheaey�� hed � aed � o�aeaedJf hQp _�pehedJz2pGhea9gif3p?w

� gihedcp �&y{aed � h��G_�y{f�h m �&d � y���giv�y �{y{he_/� m a?he}�d�� m aeaedcp � m f��&y{f�w � y{a � o�y{h � a m v��{dJz�x&gif�� l y�� d l dJa9p g�b
] m �`giacx he}�dJaed }3g\p�f m h<_ndJh v-dJdJf1g � a m m � m � o�f��&d � y���giv�y �{y{h)_ m �Bgif$_ m � he}�dcped � a m v��{dJz2pcb
� dJf�� dnx-g<�3a9peh pehed � h m a m o�w\}��G_ � giaehey{hey m f � a m v��{dJz2pXy{f h m � � g\p pedcp m � �&d � y���giv��{d�gif�� o�f��&dAw
� y���giv��{d � a m v��{dJz2p y p he}�d�� m f3pey��&dJa9gihey m f m �Nhe}�y p � o�dcpehey m f/� m a he}�d�dAi&y pehedJf�hey g �-z!dJz v-dJa9pe}�y �
� a m v��{dJz2pcb

� f hedJaedcpehey{f�w �G_ x x d �Jgif pe} m x o�f��&d � y���giv�y �{y{h)_~� m a�dAi�y p9hedJf hey g �"z!dJz v/dJa9pe}�y � � a m v��{dJz2pcb
M<aed � y ped �G_ x o�f��&d � y���giv�y �{y{h)_ �Jgif2gif��<xXy � ��v/d pe} m xXf8� m a I

ex

^
�
�

�
�
�
�
j"gif��ZI

ex

^ �
�
�
�
j]b

a?}�d(dAi�g � h z!dJz v-dJa9p9}�y � � a m v��{dJz � m aeaedcp � m f��&y{f�w1h m he}�dU� m aez!dJa � a m v��{dJz y p heaey l y g � �G_
�&d � y���giv��{dnx pey{f�� d m f��G_��3f�y{hed�pedJh9p giaed(y{f l|m � l d � b ^ � h y p d l dJf4y{f�he}�d � � m x � � m z � �{dAi$wy{h)_ � � g\p9p�~Kw � ���QM bkj _ d � y���giv�y �{y{h)_ m � he}�d(dAi&g � h z!dJz v-dJa9pe}�y � � a m v��{dJzn� m a aed � o�aeaedJf h
� �
�
�
�
��w p _�pehedJz2p x|} m x d l dJacx|}3g\pXf m h�_|dJh v/dJdJf � a m l d � m a �&y p � a m l d � b

! o�aNo�f��&d � y���giv�y �{y{h)_ � a m|m � p giaed v3g\ped � m f g aed �&o�� hey m fG�`a m z he}�d � 	 � ��� ��� �	 � � � a m vDw
�{dJz�bOa?}�y p � a m v��{dJz y p�g � p m ^�f m xXf g\p RM&W_�oz�'�'*�� ":����*W�:e3�HD�o'_��'� x xX}�y�� } g\p9^&pZ� m a gif g �{w m waey{he}�z �&d � y��&y{f�w xX}�dJhe}�dJa�g�w\y l dJf�_�y m � }3gif�hey{f�d2d � o3gihey m f�}3g\p�g�f3giheo�a9g � ^`g �{hedJaef3gihey l d �G_��y{f�hedJw\dJa j?p m �{o�hey m f � ����� b � v m o�h�ped l dJf h)_v_ndcgia9p g��`hedJa � y �{v/dJaeh	� pZ� giz m o3pBp � dJd � }Qx I�giheyG_|g\p9dAw
l y�� } � a m l d ��o�f��&d � y���giv�y �{y{h)_ m � � 	 � ��� ��� �	 � � b ! o�a�aed �&o�� hey m f�xXy � � v-d � m f�d�y{f�ped l dJa9g �pehed � pcb�a?}�d z2giy{f � a m v��{dJz�y p h m w\dJf�dJa9gihed!g � � �$w heo � �{dcp m l dJa he}�d!f3giheo�a9g � f�o�z v-dJa9pcb r d
xXy � ���3a9peh w\y l d�gif dJf�o�z!dJa9gihey m f g �{w m aey{he}�z�x&gif�� peh9giaehey{f�wc�`a m z he}�y p xfx d{xXy � � �&dA�3f�d aed � o�a?waedJf�h p _�pehedJz2p he}3gih<giaed g\p9pedJz v��{d � h m aedcg �{y ped?he}�d dJf�o�z!dJa9gihey m f m �Gg � � �$w heo � �{dcpcb a?}�d?z2g  m a
� a m v��{dJz he}3gih3x d{xXy � �-}3g l dXh m p m � l dXy p h m aedcg �{y p9d peo�v�hea9g � hey m fQb r }�dJf � a m l y{f�w�M3],M �{L � w}3gia �&f�dcp9p m �OI

ex

^
�
�

j�y{f he}�d � aed l y m o3p � }3g � hedJacx x d aedcg �{y ped �Eg aed � gihed �1dJf o�z!dJa9gihey m fg �{w m aey{he}�z � w\dJf�dJa9gihey{f�w2g � � v�y{f3gia9_ �$w heo � �{dcpcb

� � 	 �g� ��*+#$��
D���l��� � �9��� ��-�#$.v�%'{��
D���!�K
 -�� ��*�� #f��.

r d�x?gif�h h m �&d � y��&d�xX}�dJhe}�dJa g2w\y l dJf�_�y m � }3gif hey{f�d d �|o3gihey m f }3g\pBg2f3giheo�a9g � p m �{o�hey m f�v,_o3pey{f�w aed � o�aeaedJf h?p9_&pehedJz2pcb�a?}�d�y��&dcg y p h m hea9_!d l dJa9_ � m p9p9y{v��{d y{f � o�h;� m a he}�d d � o3gihey m f gif��h m � }�d � ^ xX}�dJhe}�dJa y{h y p*g p m �{o�hey m fQbv] m x y{h y p f�d � dcp p9gia9_�h m w\dJf�dJa9gihed2g � � y{f � o�h9pcx y b dnb{xQg � �
�$w heo � �{dcp m l dJa he}�d�pedJh m �?f3giheo�a9g �Sf�o�z v/dJa9pcx�xX}�dJaed�� �&dJf m hedcp he}�d�f o�z v-dJa m � l giaey giv��{dcpy{f�he}�d d � o3gihey m fQb � pey{z � �{d*g �{w m aey{he}�z�y pXaedcg �{y p9d � v$_ � f�dcpehed � � ��� w � m m � pBw\dJf�dJa9gihey{f�w3x�y{fa m o�f�� �&x"g � � �$w heo � �{dcp*v-dJh)x dJdJf ^`� � ����� �e�|j gif��#^ � � ����� ���\j]b � h*y p�� �{dcgia*he}3gih d l dJa9_ pey{f�w �{dheo � �{d�y p w\dJf�dJa9gihed � y{fD�3f�y{hed �G_ m � hedJf v$_!he}�y p g �{w m aey{he}�z�b r d � } m|m p9d g z m aed�p m � }�y p9hey��Jgihed �g ��� a m g � }Qx pey{f�� d�x d�xXy pe} h m g ��� �G_ gif(g �{w m aey{he}�z.he}3gih � dJaez!y{h9p w\dJf�dJa9gihey m f m � d l dJa9_ �$w
heo � �{d dAi�g � h��G_ m f�� dnb r d �&dA�3f�d gif2dJf�o�z!dJa9gihey m f2g �{w m aey{he}�zty{f2h)x m pehed � p	���3a9p9hcx�x d �&dA�3f�dgif�gioDi&y �{y gia9_ g �{w m aey{he}�z�x3he}3gihBg � p m w\dJf�dJa9gihedcp heo � �{dcp v�o�h m � m f��G_ g!aedcp9heaey�� hed ��� m aez�x3gif��



	 	��

ped � m f�� x,x d��&dJaey l d<�`a m z he}�d*gioDi&y �{y gia9_ g �{w m aey{he}�z he}�d��&dcpey{aed � dJf�o�z!dJa9gihey m f�g �{w m aey{he}�z�b
a?}�d2gioDi�y �{y gia9_ w\dJf�dJa9gihey m f g �{w m aey{he}�z pe}3g � �<w\dJf�dJa9gihed m f��G_�z m f m h m f�d!heo � �{dcpcbZa?}�y pz!dcgif3p	��g�heo � �{d�^ �

1

� ����� � �
k

j�y p ��D�#3DJ*BD�#%� y)� �
1

� � � � � �
k

b r d �Jgif m a �&dJa�z m f m h m f�d
�$w heo � �{dcp y{f�he}�d:� m � � m xXy{f�whx gK_ �2^ �

1

� ����� � �
k

j � ^ �
1

� ����� � �
k

j�y)� gif�� m f��G_ y)�?he}�dJaed2y p�� �
��	 � ����� � � � peo�� }*he}3gih �

i

� �
i

gif��1�
j

8 �
j

� m aNg � � � �0� � � 	 � ����� � � �|b ] m x he}�d m a �&dJaNaed � gihey m f
m �"h)x m heo � �{dcp?y p �&dJhedJaez!y{f�d � v$_ he}�d aey{w\} hez m peh � m z � m f�dJf�hXy{f xX}�y�� } v m he} heo � �{dcp �&y��GdJacb
L dJaeh9giy{f��G_|x3x d }3g l d�&dA�3f�d �Eg �{dAi&y�� m w\a9g � }�y�� m a �&dJa m f he}�d�pedJh m � z m f m h m f�d �$w heo � �{dcp
m l dJa %�b�! o�a g �{w m aey{he}�z xXy � �Nw\dJf�dJa9gihed�g � �"z m f m h m f�d �$w heo � �{dcp m l dJa % y{f�he}�d m a �&dJa  o3peh
�&dA�3f�d � bZa?}�d2g �{w m aey{he}�z.y p��Jg � �{d ���$#+��# � � � #

k

xQgif�� y{h y p w\y l dJf�y{f+� y{w\o�aed 	��3b � f d l dJa9_y{hedJa9gihey m f#pehed � xBg �$w heo � �{d�y p m o�h � o�hcb r d � m f3p9y��&dJa�heo � �{d1^`� � ����� �e�|j�h m v-d m o�h � o�h y{fy{hedJa9gihey m f�pehed � � ^`g �{w m aey{he}�z �{y{f�d � j]b�� d6� m aed�x d � a m l dXhe}�d aedcpeo��{h!� m a��$#+��# � � � #
k

x|x d w\y l dg�h9giv��{d�� m f h9giy{f�y{f�w!he}�d m o�h � o�h9p m � he}�dg�3a9pehXy{hedJa9gihey m f�pehed � p m ���$#+��# � � � #
3

b

f � 	�~ � � J � �(j ` 	J� 	 	 	c~ 	 � 	�� 	 J 	c� 	 � 	�j 	�`1~i�E~ 	�~\~1~ �1~ �
y

�
�1~ 	 �1~ 	�~ 	 	 � ~ 	 ~ 	 	 ~ 	 	 	 � ~ 	 ~ 	

�
3

� 	 	 	�~1~1~1~ ~1~ � � � � � � � � � � � � � � �
�
2

� � 	 	(� 	 	�~ ~1~ � 	 	 ~ ~ ~ � � � � � 	 	 ~ ~
�
1

� �1� 	(�1� 	(� 	�~ � � 	 � 	 ~ � 	 ~ � � � 	 � 	

� #,* *+
 � � 	 �  � ��� 	 � �  � � 8 ^ �
1
� ����� � �

k

j  ���� � � � � � �  ��� � 
 	 �  � � �� % ����� ��	�
� � ��� �!� 
	 � � � � � � �  ! �E� ��
�� � � ��� � ��#�� # � � � #

k

��
 � 	 
 � � � � � � ���� � � ��� � � �� 	 ! �

	O������'� r d � a m l d he}�d �{dJz!z2g y{f he}�aedJd p9hed � p	�!�3a9p9hcx$x d pe} m x#he}3gih?he}�d w\dJf�dJa9gihed � heo � �{dcpgiaed z m f m h m f�dnxiped � m f�� x6x d pe} m x�he}3gih he}�d w\dJf�dJa9gihed � heo � �{dcp"giaed m a �&dJaed � g � � m a �&y{f�w h m he}�d
�&dA�3f�d � m a �&dJa �*x\gif�� he}�y{a � xTx d pe} m x he}3gih d l dJa9_ z m f m h m f�d �$w heo � �{d m l dJa�% y p w\dJf�dJa9gihed � b
[Generatek outputs monotone k-tuples.]r d p9} m x�he}�d � � giy{z v$_ y{f��&o�� hey m f m l dJaNhe}�d y{hedJa9gihey m f pehed � p b � f�y{hedJa9gihey m f�pehed � ��x3^`� � ����� �e�|jy p m o�h � o�hcx gif�� he}�y p�heo � �{d�y p g z m f m h m f�d heo � �{dnb<] m x �{dJh�^ �

1

� ����� � �
k

j v/d�he}�d m o�h � o�h y{fp m z!d y{hedJa9gihey m f pehed � !<b � _ g\p9p9o�z � hey m fQx ^ �
1
� ����� � �

k

j y p2z m f m h m f�dnx y b dnb{x(�
1
� � � ���

�
k

b �QdJh ��v/d he}�d l g �{o�d m � l giaey giv��{d�� m ���$#+��# � � � #
k

y{f y{hedJa9gihey m f pehed � !�� 	\b � dJf�� dnx
�
1

8 � � �	8 �
j

gif�� �
j

� �
j+1

b a?}�dJfQx(�
j

� �
j

� 	 � �
j+1

� � � � � �
k

x?gif��1he}�d
m o�h � o�h�^`� � ����� �e� � �

j

� 	 � �
j+1

� ����� � �
k

j m � y{hedJa9gihey m f�pehed � !�� 	 y p?z m f m h m f�dnb
[Generatek outputs k-tuples according to order < .]� dJh � 8 ^ �

1
� ����� � �

k

jQv-d?he}�d m o�h � o�h m ����#�� # � � � #
k

y{f y{hedJa9gihey m f pehed � ! �E��b � _ �&dA�3f�y{hey m f
m ���$#+��# � � � #

k

x/he}�dJaed y p � ����	 � ����� � � �!peo�� } he}3gih � ′ 8�^`� � ����� �e� � �
i

� 	 � �
i+1

� ����� � �
k

j y p
he}�d m o�h � o�h y{f�y{hedJa9gihey m f pehed � ! � 	\x�xX}�dJaed � ′ y p z m f m h m f�dnbQ] y{f�� d �

i

�#�
i

� 	\x � � � ′
b

� _�y{f��&o�� hey m fQx\y{hp� m � � m x p he}3gih<he}�d �$w heo � �{dcp m o�h � o�h<v,_���#���# � � � #
k

giaed m a �&dJaed �!g � � m a �&y{f�wh m �*b



Chapter 7
� f��&d � y���giv��{d�z!dJz v/dJa9pe}�y ��� a m v��{dJz2p 	 	 J

�$#+��# � � � #
k �

1
� # � ���

2
�
k+1 � �

���
3

�
1 � ���

�������	� �
k � ���

�
4

� � �	 � � ^ �
1

� ����� � �
k

j��
5

� ��� �
� ��
 ��� � � �

6
�
� �
z!y{f � � �0��	 � ����� � � � � �

i

� �
i+1

���
7

�
i � �

�
i  


�
8

�
1 � ���

��������� �
i−1 � ���

�
9

� � �	 � � ^ �
1
� ����� � �

k

j
10

#�� � � ���

11
#�� � �

� FG}�CD:A8�;�q a?}�d2dJf heaey{dcp m � g�z m f m h m f�d �$w heo � �{d m l dJa he}�d pedJh m �Xf3giheo�a9g � pgiaed m a �&dJaed �2v$_��*b
� �{w m aey{he}�z ��#���# � � � #
k

w\dJf�dJa9gihedcp g � ��z m f m h m f�d �$w heo � �{dcp
m l dJa�%�b



	 	c�

[Generatek outputs every monotone k-tuple.]] y{f�� d�x d }3g l d pe} m xXf he}3gih he}�d �$w heo � �{dcp m o�h � o�h v,_ �$#+��# � � � #
k

giaed m a �&dJaed � g � � m a �&y{f�wh m � gif���p9y{f�� d he}�dJaed giaed m f��G_n�3f�y{hed �G_ z2gif$_ z m f m h m f�d �$w heo � �{dcpBp9z2g � �{dJaXhe}3gif g!w\y l dJfz m f m h m f�d�$w heo � �{d�xXy{he} aedcp � d � h h m �*x�y{h peo�) � dcp h m pe} m x he}3gihcx7� m a d l dJa9_ ! �E��x�y)� �
1

y p
m o�h � o�hQy{f�y{hedJa9gihey m f pehed � !�gif�� �

2
y p m o�h � o�hNy{f y{hedJa9gihey m f�pehed � ! � 	\x he}�dJaed y pNf m z m f m h m f�d

�$w heo � �{d � peo�� } he}3gih �
1

� � � �

2

b�� dJh � � ��	 � ����� � � ��peo�� } he}3gih �
1

8 ^ �
1

� ����� � �
k

j
gif�� �

2

8 ^`� � ����� �e� � �
i

� 	 � �
i+1

� ����� � �
k

j]b �+� � peo�� } he}3gih �
1

� � � �

2

xShe}�dJf�� � ~&x
� 8�^ � ′

1

� ����� � � ′
i−1

� �
i

� ����� � �
k

j gif���he}�dJaed2y p ��� ��	 � ����� � �
�
	 � peo�� }(he}3gih �

j

���
′
j

gif��
�
j′

8 �
′
j′

� m a g � � � ′ �"� � � 	 � ����� � �
�
	 �|b�� _ �&dA�3f�y{hey m f m � �$#�� # � � � #

k

x �
1

8 � � � 8 �
i

b
� o�h?p9y{f�� d � � � x �

′
j
� �

i

x�gif�� � �Jgif�f m h v-d*g�z m f m h m f�d �$w heo � �{dnb

�3a m z�g �{w m aey{he}�z �$#�� # � � � #
k

x x d dcg\pey �G_ m v�h9giy{f�gif�g �{w m aey{he}�z he}3gihBw\dJf�dJa9gihedcpBg � � �$wheo � �{dcp m l dJa�%�b a?}�y p<g �{w m aey{he}�z7y p v3g\ped � m f!he}�d2� m � � m xXy{f�w aedcpeo��{hcxnhe}3gih �&dA�3f�dcp<g v�y  d � hey l dz2g ��� y{f�w�v/dJhex dJdJf he}�d pedJh m � z m f m h m f�d �$w heo � �{dcp m l dJa	% gif�� he}�d p9dJh m ��^`giaev�y{hea9gia9_3j �$wheo � �{dcp m l dJa % b
� #,* *+
 � �X0 �  � ��� 	 � ���  � 
 � � � ��� � � ��� � � �
	 � � � � � � � �  ��� � 
 	 �  � ^ �

1
� ����� � �

k

j � �
^ �

1

� �
2 �
�
1

� ����� � �
k �
�
k−1

j �  � �  � � �� �  � � ��� �   � � 
�� � �  �  � � � � � � � � � � �  ��� � 
 	 �  �
� � �� % ��� � ��� � 
 	 �  � � � �� % �

	O������'� � dJh�� �&dJf m hed�he}�d�z2g ��� y{f�w3b �QdJh�� 8 ^ �
1
� ����� � �

k

j�v-d�g �$w heo � �{d m l dJa %�b
a?}�dJfQx��.y p he}�d�aedcpeo��{h m �?g ��� �G_ y{f�w � h m ^ �

1

� �
1

� �
2

� ����� � �
1

� � � � � �
k

j]x xX}�y�� } y p
g z m f m h m f�d��$w heo � �{d m l dJa�%�b�� dJf�� dnx � y p peo�a  d � hey l dnb � m x*x �{dJh �

1

8 ^ �
1

� ����� � �
k

j�gif��
�

2

8 ^ �
′
1

� ����� � � ′
k

j v-d peo�� } he}3gih1� ^ �
1

j 8 � ^ �
2

j]b � _ �&dA�3f�y{hey m f m �	� x'�
1

8 �
′
1

xQgif��(v,_
y{f��&o�� hey m fQx �

i

8 �
′
i

� m a g � � � � ��	 � ����� � � �|b �BdJf�� dnx �
1

8 �

2

x-gif��-�(y pBy{f  d � hey l dnb{] y{f�� d �y p?h m h9g � x � y pXv�y  d � hey l dnb

a?}�d m aey{w\y{f3g �-g �{w m aey{he}�z�he}3gihsx d{xXy pe}!h m*m v�h9giy{f��`a m z �$#+��# � � � #
k

aedcg �{y p9dcp<he}�dBz2g � w
� y{f�w��&dA�3f�d ��y{f�� dJz!z2g ��b ~&b � m x d l dJacxiy{h xXy � ��f m h<v-d g v�y  d � hey m fQb a?}�d?g �{w m aey{he}�z�x|xX}�y�� }y p �Jg � �{d ���'� � � # � � � #

k

x�y p � aedcpedJf�hed � y{fm� y{w\o�aed 	 J b r d m v3pedJa l d g!f�o�z v/dJa m � �&y��GdJaedJf�� dcpv-dJh)x dJdJf �$#+��# � � � #
k

gif����'� � � # � � � #
k

xGv�o�h he}�dcped�giaed m f��G_�p��{y{w\}�hBz m �&yy� �Jgihey m f3p b I m pehy{z � m aeh9gif�h y p y{h�h m pedJd�he}3gih he}�d �$w heo � �{dcp m l dJa�%7he}3gihgx d�xXy pe} h m dJf�o�z!dJa9gihed�giaed � m fDwh9giy{f�d ��y{f(he}�d l giaey giv��{dcp �
1

� ����� � �
k
m ���'� � � # � � � #

k

b�a m gif3g �G_&ped��,� � � # � � � #
k

x!x d!p9gK_
he}3gih he}�d l g �{o�d m � g l giaey giv��{d y{f p m z!d y{f��&o�� hey m f pehed � y p he}�d l g �{o�d y{h � m f�h9giy{f3p gih�he}�ddJf�� m � he}�d � m|m � b � d6� m aed�x dZ� m aez2g � �G_�dcpeh9giv��{y pe}!he}�d � m f�f�d � hey m f�v-dJh)x dJdJf �$#+��# � � � #

k

gif��
�,� � � # � � � #

k

x�� m f3pey��&dJa!he}�d �3a9peh8�`d�x y{f��&o�� hey m fEpehed � p m ���'� � � # � � � #
3

b � m ��� y{hedJa9gihey m fpehed � f�o�z v/dJa9pXz2gia9^ y{hedJa9gihey m f�pehed � pBy{fmxX}�y�� } l giaey giv��{d � }3g\p l g �{o�d�w\aedcgihedJa he}3gif 	\b r d
xXy � �QpedJd he}3gihXhe}�dcped y{hedJa9gihey m f�pehed � p � m aeaedcp � m f�� h m y{hedJa9gihey m f�pehed � p m ���$#+��# � � � #

k

b



Chapter 7
� f��&d � y���giv��{d�z!dJz v/dJa9pe}�y ��� a m v��{dJz2p 	 	 �

�,� � � # � � � #
k �

1
� # � ���

2
�
k � ���

�
3

�
1 � ���

�������	� �
k � ���

�
4

�
k+1 � �

���
5

� �
� �
� ��� ��� � � �

6
�
� �
z!y{f � � �0��	 � ����� � � � 	 � � �

i

� 	 ���
7

�
i � �

�
i

 
 �
8

�
i−1 � �

�
i−1
�

9
�
i−1 � �

�
i−1  


�
10

�
1 � � 


�������	� �
i−2 � ��


�
11

� � �	 � � ^ �
1

� ����� � �
k

j
12

#�� � � �
�

13
#+� � �

� FG}�CD:A8�;KH � g\p9d � m f!he}�d �&dA�3f�y{hey m f m � �$#+��# � � � #
k

x �'� � � # � � � #
k

w\dJf�dJa9gihedcp
g � � �$w heo � �{dcp m l dJa he}�d*pedJh m � f3giheo�a9g � pcb



	 	�j

f � ; N b � H(�(� j ��;�� 	 	 ;KN 	 � 	�� ;KH�;K��;6� 	�j ;�� N�� ~ 	 N�N ~ �1~ �
y � � �1~ 	 � �1~ 	 � ~ 	 ~ 	 	 � � ~ 	 � ~ 	 ~ 	 	

�
3

	�~1~1~1~ � � � � � � � � � � � � � � � � � � � �
�
2

	 	�~1~1~ 	 ~1~1~ � � � � � � 	 ~ ~ ~ � � � � � �
�
1

	 	 	�~1~ 	 	�~1~ 	 ~ ~ � � � 	 	 ~ ~ 	 ~ ~ � � �

�
3

� 	(�1�1�E~ 	 	 	(� � � � � � � ~ ~ ~ 	 	 	 	 	 	
�

2

�1� 	(�1�1� 	(�1�E~ 	 	 � � � � 	 � � ~ 	 	 � � �
�

1
�1�1� 	(�1�E� 	(�1� 	 � ~ 	 � � � 	 � � 	 � ~ 	 �

� _*g e^�Q��"N� m � �,� � � # � � � #
k

xKx d z!dcgif�gif y{hedJa9gihey m f pehed � y{f<xX}�y�� } �G}3g\p l g �{o�d w\aedcgihedJahe}3gif 	\x|gif���v,_ � }3g\p9d	! m � �,� � � # � � � #
k

x�x dXz!dcgif�he}�d	!Ghe} � }3g\p9d m � �'� � � # � � � #
k

x|xX}�dJaed
x d peh9giaeh�xXy{he} !�8���b
� #,* *+
 � ��
 �  � � � 	 � �  � ! �E� �
- �/. � ���$#�� # � � � #

k

��
 � 	 
 � � ^ �
1
� ����� � �

k

j � � � ���� � � ��� � � �� 	 ! � � � �� �
1
� 	 � ����� � �

k

� 	 � ��
� �  � � � 
  � � � � �  � � � � � ��  � �

1

� ����� � �
k

� � 	 ��� �  ! � � �'� � � # � � � #
k

�
-10 . � �'�

1

� ����� � �
k

� �� � �  � � � 
  � � � � �  � � � � � ��  � �
1

� ����� � �
k

� ��	 ��� �  ! � ���,� � � # � � � #
k

�
�� � 	� � � � �  � � � ^ �

1 �
	 � �

2 �
�
1

� ����� � �
k �
�
k−1

j �!� ��
 � 	 
 � � � 	 ��� �  ! � � �,� � � # � � � #
k

�

	O������'� r d p9} m x1v m he}�peh9gihedJz!dJf�h9pSpey{z o��{h9gif�d m o3p��G_|b ! v3pedJa l dXhe}3gihcx\y)� xny{f�p m z!d y{hedJa9gihey m fpehed � ! m � �'� � � # � � � #
k

x �/}3g\p l g �{o�d 	\x he}�dJf,! � 	 gif���he}�d l g �{o�dcp m � �
1

� ����� � �
k

y{f�y{hedJa9gihey m fpehed � !�giaedXd � o3g �3h m he}�d l g �{o�dcp m � �
1

� ����� � �
k

y{f�y{hedJa9gihey m f2pehed � !
�
	\x|aedcp � d � hey l d �G_ ^ �{y{f�dcp3`gif�� 	J� m � �,� � � # � � � #

k

j]b �#p9y{z!y � giaSd �|o3g �{y{h)_�} m ����p!� m a l giaey giv��{dcp �
2

� ����� � �
k

y{f2y{hedJa9gihey m fpehed � p�!(gif��
!
�
	2^ �{y{f�dcp � gif�� j m � �'� � � # � � � #

k

j]b
� dJh�!-84��b � _ �&dA�3f�y{hey m fQx ��#�� # � � � #

k
m o�h � o�h9p heo � �{d ^`� � ����� �e�|j]b �3_ he}�d �&dA�3f�y{hey m f

m ���'� � � # � � � #
k

x ��}3g\p l g �{o�d � � 	�y{fEy{hedJa9gihey m f#pehed � ��x gif�� �
1

8 � � ��8 �
k

8 	�gif��
�

1

8 � � � 8��
k

8���b � dJf�� dnx�he}�d*peh9gihedJz!dJf�h?} m ����p�� m a(!�8���b
� dJh ! � ��b � dJh ��v/d�he}�d l g �{o�d m � l giaey giv��{d ��y{f � }3g\p9d ! m � �,� � � # � � � #

k

b � _
�&dA�3f�y{hey m fQx �

1

8 � � � 8��
j−1

8�� gif�� �
j
� � y{f � }3g\ped	! � 	 m � �,� � � # � � � # k

b � ��� �G_ y{f�w
he}�d?y{f��&o�� hey m f },_ � m he}�dcpey pcx �

1

8 � � � 8 �
j−1

� �
j

� m a he}�d m o�h � o�h y{f�y{hedJa9gihey m f!pehed � !
�
	 m �

�$#+��# � � � #
k

b � dJf�� dnx � y p he}�d l g �{o�d m � l giaey giv��{d � m � ��#���# � � � #
k

y{f�y{f�hedJa9gihey m f pehed � !<x gif��peh9gihedJz!dJf�h ^ 	 j y p heaeo�dZ� m a.!<b � m a peh9gihedJz!dJf�h ^ ~nj]xny{h aedJz2giy{f3p h m pedJdBhe}3gih �
1

8 �
1 �

	�8��
gif�� �

2

8 � � � 8 �
j−1

8)� 8 �
2 �

�
1

8 � � � 8 �
j−1 �

�
j−2

y{f � }3g\ped,! m � �,� � � # � � � #
k

b
�3o�aehe}�dJaez m aednx �

j �
�
j−1

8��
j

y{f � }3g\ped ! m � �,� � � # � � � #
k

b�] y{f�� d he}�d l g �{o�dcp m � �
j+1

� ����� � �
kgiaed�d � o3g �Qy{f � }3g\p9dcp�!�gif���!

�
	 m � �'� � � # � � � #

k

g\pQx d � �"g\p m ����#���# � � � #
k

x/he}�d �{dJz!z2g
� m � � m x pcb

� m hed he}3gihBhe}�d m o�h � o�h m � d l dJa9_ � }3g\p9d m �Sg �{w m aey{he}�z �,� � � # � � � #
k

y p m v�h9giy{f�d �q� a m zhe}�d l g �{o�dcp m � he}�d l giaey giv��{dcp �
1
� ����� � �

k
m � �'� � � # � � � #

k

v,_�g ��� �{y��Jgihey m f m �?he}�d!aeo��{d2he}3gih
x g\p �&dA�3f�d � y{f �QdJz!z2g ��b ~&b



Chapter 7
� f��&d � y���giv��{d�z!dJz v/dJa9pe}�y ��� a m v��{dJz2p 	 	�`

� �%�K��-l-�
��& � �Go �  � � � 	 � � � ��� � � � ��� �,� � � # � � � #
k

��
 � 	 
 � � �� �� � ��� � 
 	 �  � � �� � � 
�  � � � ��� � 
 � � � � 
 �  �� � �

	O�K���%'� � dJh � v-d g��$w heo � �{d m l dJa %�b � dJh � ′ v-d he}�dSz m f m h m f�d �$w heo � �{d he}3gihNy pNz2g ��� d �*h m �g � � m a �&y{f�w*h m he}�d �&dA�3f�y{hey m f m ��� dJz!z2g ��b ~&b � _ � dJz!z2g ��b 	\x � ′ y p m o�h � o�hSv,_���#���# � � � #
k

x
gif����&o�d h m � dJz!z2g ��b �&x � y p m o�h � o�hXv,_ �,� � � # � � � #

k

y{f�p m z!d � }3g\pednb

� dJz!dJz v-dJa?he}3gihcx&y)���'� � � # � � � #
k
m o�h � o�h9p m f��G_�y{f � }3g\pedcpcx y b dnb{x�y{f y{hedJa9gihey m f p9hed � p y{f

xX}�y�� }�� }3g\p l g �{o�d w\aedcgihedJaXhe}3gif 	\x&y{h m o�h � o�h9p d l dJa9_ �$w heo � �{d m l dJa�%)dAi&g � h��G_ m f�� dnb

� �X0 ��"�#m��#f.��|�6���!���������%'�
 �|� * � � �!#$���

r d }3g l d �&dA�3f�d � gif g �{w m aey{he}�z he}3gih w\dJf�dJa9gihedcp�g � � �$w heo � �{dcp m l dJa %Y� m a ��� 	\b a?}�y p
g �{w m aey{he}�z o3p9dcp m f��G_Egd�`d�x m � dJa9gihey m f3p	�(g\p9pey{w\f�z!dJf�h9pcx�� m f��&y{hey m f3g �Bhedcpeh9p ^/�3f��&y{f�w he}�dz!y{f�y{z o�z j gif�� g ���&y{hey m f gif�� peo�v�hea9g � hey m fQb r dgx gif�h?h m p9y{z o�� gihed�he}�d v-dJ}3g l y m o�a m �Nhe}�y pg �{w m aey{he}�z v,_ aed � o�aeaedJf�h�p _�pehedJz2p b � m x d l dJacx<y{h!h9gT^ndcp � m f3pey��&dJa9giv��{d d � m aeh!h m pey{z o�� gihedpeo�v�hea9g � hey m fQb � f�he}�y p�ped � hey m fQx�x dtxXy � � �&dA�3f�d�g�aed � o�aeaedJf h�p _�pehedJz.he}3gih �Jgif �&d � aedcg\ped�g
f�o�z v/dJaBv,_ 	\b�a m z2gT^nd�he}�d<x m a9^ dcg\p _|x x d�xXy � � h9g �G^�giv m o�h gif m he}�dJa�he_ � d m �Saed � o�aeaedJf hp9_&pehedJz2pcb �QdJh ���&� 	 %�b r d �&dA�3f�dT� o�f�� hey m f w\acx6xX}�y�� } pe} m o����*v/d o�f��&dJa9peh m m � g\p � �� � ����
� ����� x-g\pZ� m � � m x p	� y)� ��	 � � % he}�dJf w\a ^����&�!j38 def

� � � � m he}�dJa9xXy ped*w\a ^����&�!j(8
def

��	 �|b
� _ 	\xDx d�^`g � p m j �&dJf m hed*he}�d�� m f3peh9gif�hX�6w gia9_��`o�f�� hey m f 	\b
� #�� ���/������� 	 � ¤P�N* ! � 	 [«}���#L&`*+�v�H��,657�'���'#^*:"�
�"'*+�'� � 8�^�� �&��j DJC��'�U"N�6*W"bD�=
#3�J*`5��H��_�"bD�=b.J&l�/�'# "'&`DJ# ! &l"U� ��( � � % "$% � !#" "$% (�� �cw\a � � � � ��	 � � �'� ��� % � DJC��'�U"N�6*W"bD�=
#3�J*`5��H��_�"�D�=Z.�&W���6# "&-D�# ! & =���#3.cD�#L_
>& =Z�'C��'��
�='57#3,�*`&`D�#:&W# � &l"�� �cw\a � � � � ��	 � K�='57#3,�*`&`D�#%[

� h y p�dcg\p _�h m pedJd he}3gih�aed � o�aeaedJf h
�cw\a � � � � ��	 ��w p9_&pehedJz2pcx g\p�x d xXy � � �Jg � �3�3f�y{hed aedAw� o�aeaedJf�h��cw\a �
�
�
�
��	 ��w p9_�p9hedJz2p m l dJaXpedJh9p m � f3giheo�a9g � p�� m a pe} m aeh?}�dJf�� d6� m aehe}Qx��Jgif w\dJf�dJa9gihed

m f��G_�pey{f�w �{dJh m f pedJh9p y{f d l dJa9_!y{hedJa9gihey m f pehed � b a?}3gih y p xX}$_Zx dQxXy � �Gf m h o3ped�p9dJh v�a9g � dcp;� m apey{f�w �{dJh m f�p9dJh y{f � o�h9pBgif�� aedcp9o��{h9pcbz� m a � m f l dJf�y{dJf�� dnxDx d �&dA�3f�dO� l d*gioDi&y �{y gia9_�� o�f�� hey m f3p b
� dJh�� �&� 	 %�b a?}�dJfQx

o�d �I^����&�!j 8
def
w\a ^����&�!j

�
w\a ^�� �&��j

m a ^����&�!j 8
def

o�d �I^��
�
� �e�|j

f m ^�� j.8
def

o�d �I^�����	 j
d �I^����&�!j 8

def

f m ^ o�d �I^����&�!jej
�,8

def

f m ^ 	 j �
� m hedXhe}3gih<o�d � peh9gif���p
� m a 
 � �� 
 � � xif m peh9gif���p
� m a he}�d � m m �{dcgif � f m h	�{x\d ��peh9gif���p
� m a �� 
 � �gif�� m aBp9h9gif���p�� m aXhe}�d � m m �{dcgif � m a	�{b �3o�aehe}�dJaez m aednx�d l dJa9_/� o�f�� hey m f�z2g � pXh m dJy{he}�dJaB� m a
	\xDxX}�y�� } z2g�_ v-d o�f��&dJa9peh m m ��g\p � m|m �{dcgif � �`g � ped �&gif�� � heaeo�d �{b



	c~i�

� #,* *+
 � � � �  � � �&� 	 % �
- �/. w\a ^����&�!j 8 	 ��� ��� � � � � � ���"z!y{f�� � z!y{f�� �
-10 . o�d �/^�� �&��j.8�� � � o�d �G^����&�!j.8 	 �

��� � o�d �/^�� �&��j.8 	 ��� ��� � � � � � ��� z!y{f�� �8#z!y{f�� �
-�� . m a ^����&�!j 8 	 ��� ��� � � � � � ���2���� � � � ���� � �
- ��. f m ^���j 8 	 ��� ��� � � � � � ����z!y{f�� �8 	 �

	O������'� ^ 	 j �+�<w\a ^����&�!j�8 	\x/y b dnb{x � �	#�
�
%�x/he}�dJf�z!y{f�� � z!y{f�� b �+�Sw\a ^����&�!j(8 ��xy b dnb{x � 	"�

�
%�x&he}�dJf z!y{f����1z!y{f�� b

^ ~njg] y{f�� d!w\a ^����&�!j28 	 y{z � �{y{dcp w\a ^�� �&� j28t��x o�d �I^����&�!j28t� m a o�d �/^����&�!j 8 	\b
� _ p _ z!z!dJhea9_|x �{dJh o3p g\p9p9o�z!d�z!y{f�� � z!y{f�� b �B�Xz!y{f�� 8�z!y{f�� x he}�dJf w\a ^����&�!j18
w\a ^�� �&� j 8 ��b �B�2z!y{f�� � z!y{f�� x*he}�dJf w\a ^����&�!j"8 �4gif�� w\a ^�� �&��j 8 	\x�y b dnb{x
o�d �/^�� �&��j.8 	\b
^ �nj �B� � � �


� x he}�dJfE� � �

�
� x gif�� z!y{fN^��

�
�!j�8.z!y{f � � �|b ! he}�dJa9xXy pednx

z!y{fN^��
�
�!j � z!y{f � � �|x�gif�� o�d �G^�� � � �e�|j 8 	\b

^ � j � dJh z!y{f�� 8 	\b a?}�dJf � 	 	
�
% gif�� ��	 � 	 �

�
% x m a w\a ^ 	 �&��j 8 �gif�� w\a ^�� ��	 j18 ��b a?}�y p z!dcgif3p he}3gih o�d �G^�� ��	 j18�f m ^���j 8���b�� m a�he}�d � m f l dJa9p9dnx �{dJhz!y{f�� �8 	\b �B�<z!y{f�� 8 ��x/he}�dJf-� �	 	

�
% x-y)�<z!y{f�����~&x-he}�dJf/��	 � �	 �

�
%�b � dJf�� dnx

o�d �/^�� ��	 j.8#f m ^���j 8 	\b

a?}�d aed � o�aeaedJf h �cw\a �
�
�
�
��	 ��w p9_&pehedJz�x he}3gihzx dgxXy � � �&dA�3f�dnxDxXy � �Iv-d �

M

8 ^��
M

�&�
M

j
gif��mxXy � � v-d m � �&y{z!dJf3pey m f J b� f he}�d f�dAi&h ped � hey m fQxGz2gif$_� m � y{dcp m � he}�y p�p9_�p9hedJz xXy � � v-d
� m z � m ped ��h m g f�d�x m f�dnx gif�� he}�dcp9d � m � y{dcpgxXy � � �&d � dJf�� m f dcg � } m he}�dJacb�a?}�y p � m z!z oDwf�y��Jgihey m f�xXy � �<v-d!aedcg �{y ped ��v,_q�`o�f�� hey m f3pcb � f he}�d�� m � � m xXy{f�w p9_�p9hedJz�xIhe}�dcped8� o�f�� hey m f3pgxXy � �g �{aedcg �D_ v-d � aedcpedJf�hBv�o�hgxXy{he} m o�h g � aed � y ped �&dA�3f�y{hey m fQb a?}�d�_�giaed �Jg � �{d ���

a′

� �
b′

� �
c′

gif��
}3g l d he}�dM� m � � m xXy{f�w � a m � dJaehey{dcpcb � dJh � �E��b

�
a′

^`�|j 8
def

�
b′

^`�|j 8
def

�
c′

^`�|j 8
def

�
�
a′

^ � � 	 j 8
def
�
a′

^��
M

^ � jej
�
b′

^ � � 	 j 8
def

�
b′

^��
M

^ � jej
�
c′

^ � � 	 j 8
def

�
c′

^��
M

^ � jej

�3o�aehe}�dJaez m aednx,x d o3ped hex m gioDi�y �{y gia9_]� o�f�� hey m f3p�� ′ gif�� � ′′ b � dJh �
8

def

^ � � � � � � � � ��j gif��

� ′ ^ �
j 8

def

o�d �/^ � ��	 � ^ � � f m ^ � c′

^
�
jejejej

� ′′ ^ �
j 8

def
^ �
�
f m ^ �

c′

^
�
jejej
�
^ � ′ ^ �
j
�
o�d �/^ � � � � f m ^ � c′

^
�
jejejej �



Chapter 7
� f��&d � y���giv��{d�z!dJz v/dJa9pe}�y ��� a m v��{dJz2p 	c~ 	

� m x*x �{dJh �
M

8
def

� �
a

� �
b

� �
c

� �
h

� �
m � xX}�dJaed

�
a

^
�
j 8

def

d �G^ � � ��j � f m ^ � c′

^
�
jej

�
b

^
�
j 8

def

^ �
a′

^
�
j
�
� j
� m a ^ f m ^ � a′

^
�
jej � �

c′

^
�
jej

�
c

^
�
j 8

def
�
c′

^
�
j
�
d �/^ � �e�|j

�
m

^
�
j 8

def

�
a′

^
�
j
�
�
′′
^

�
j

�
h

^
�
j 8

def

^ �
a′

^
�
j
�
^e^ � ′ ^ �

j
� � j � ^ f m ^ � ′ ^ �

jej
�
� ′′ ^ �
jejejej
�
^ f m ^ �

a′

^
�
jej
�
�
b′

^
�
jej �

� y{f3g � �G_|x �{dJh �
M

8
def

^`� �e� �e� �e� �e�|j]b r d xXy � � � m f hey{f�o�d<v$_ � a m l y{f�wXy{z � m aeh9gif�h � a m � dJaehey{dcp m �he}�d?v-dJ}3g l y m o�a m � �
M

b�a?}�d � a m|m � p<giaed l dJa9_*hed � }�f�y��Jg � b � dJz!dJz v/dJa<he}3gih<f m �cw\a � � � � ��	 ��w�`o�f�� hey m f m f m f��G_�f m fDw dJz � h)_�y{f � o�hBpedJh9p �Jgif m o�h � o�hXhe}�d dJz � h)_ p9dJhcb
� #,* * 
 � � � - �/. � � �

M

� �
b

� ^ 	 j 	 %
�
	 ��� � �� �

M

� �
b

� ^ � j 	 % � 	 � � � �� �� � � � 	 �
-10 . �

M

� �
h

� ^ � j 	 �
M

� �
m

� ^ � j � % � � ���� �� � � �E� �
	O�K���%'��r d � a m l d he}�d � � giy{z2p v$_ y{f��&o�� hey m f m l dJa � b � m aXpeh9gihedJz!dJf�h ^ 	 j]x �{dJh��

M

� �
b

� ^ � j 	
%
�
	\b �+�<� �� �

a′

^ � � 	 j]x3he}�dJf �
a′

^ � � 	 j
�
�

M

� �
b

� ^ � j 	 % � 	\b �+� ��� � a′

^ � � 	 j]x-he}�dJf
f m ^ �

a′

^ � � 	 jej 8 	\x�gif����
M

� �
b

� ^ � � 	 j 	 %
�
	\b

� m aSp9h9gihedJz!dJf h ^ ~nj]x\f m hed he}3gih"�
M

� �
m

� ^`�|j 8��
M

� �
h

� ^`�|j 8���x|p9y{f�� d��
a′

^`�|j 8 �
b′

^`�|j 8
��b � m a he}�d(y{f��&o�� hey m f pehed � x �{dJh �

M

� �
h

� ^ � j 	 �
M

� �
m

� ^ � j � %�b � y{a9pehcx � m f3pey��&dJa he}�d
�Jg\ped � � �

a′

^ � � 	 j]b a?}�dJfQx*� � �
M

� �
m

� ^ � � 	 j]x�gif�� �
M

� �
m

� ^ � � 	 j
�
% 8 %�b

� m x*x��{dJh � �� �
a′

^ � � 	 j]b �+�!f m ^ � ′ ^��
M

^ � jejej�8 	\x he}�d � � giy{z m v l y m o3p��G_�} m ����pcb �+�
f m ^ � ′ ^��

M

^ � jejej�8���x y b dnb{x3� ′ ^��
M

^ � jej�8 	 v,_ �&dA�3f�y{hey m f m � � ′ xShe}�dJf �
M

� �
h

� ^ � � 	 j 	
�
a′

^ � � 	 j
�
�

M

� �
h

� ^ � j]b �B�<f m ^ �
c′

^ � � 	 jej38���x-he}�dJf � 8 �
′′
^��

M

^ � jej m a 	 8 � ′′ ^��
M

^ � jej]x
gif���he}�d � � giy{zt} m ����pcb ] m xng\p9p9o�z!d f m ^ �

c′

^ � � 	 jej.8 	\b �+�/o�d �I^ �
M

� �
h

� ^ � j � �
M

� �
m

� ^ � jej.8���x
he}�dJf��

′′
^��

M

^ � jej�8 �
M

� �
m

� ^ � j]xGgif���he}�d � � giy{z } m ����p �&o�d h m y{f��&o�� hey m f�},_ � m he}�dcpey pcb{] m x
�3f3g � �G_|x �{dJh o�d �G^ �

M

� �
h

� ^ � j � �
M

� �
m

� ^ � jej�8 	\xIy b dnb{x z!y{f��
M

� �
h

� ^ � j �87z!y{f��
M

� �
m

� ^ � j]xQgif��
�
′′
^��

M

^ � jej 8��
M

� �
m

� ^ � j � 	\b � _�y{f��&o�� hey m f }$_ � m he}�dcp9y pcx � M

� �
h

� ^ � j 	 �
M

� �
m

� ^ � j � % xcy b dnb{xz!y{f��
M

� �
h

� ^ � j�� z!y{f��
M

� �
m

� ^ � j]xNp m he}3gih x d m v�h9giy{f(z!y{f��
M

� �
h

� ^ � j � z!y{f��
M

� �
m

� ^ � j]x
gif�� he}�d�� � giy{z } m ����pcb

� #,* * 
 � ��� �  � � � �
1

� �
2
�

- �/. �  � �
M

� �
a

� ^ �
1

j 8 �
a′

^ �
1

j 8 	 ��� � �
c′

^ �
1

j 8�� �
� � �

a′

^ �
1

� 	 j	8 	 ��� � �
c′

^ �
1

� 	 j	8 � � � � �� �
M

� �
a

� ^ �
1

� 	 j�8 	 � �
M

� �
c

� ^ �
1

� 	 j	8 � �
�

M

� �
b

� ^ �
1

� 	 j 8��
M

� �
b

� ^ �
1

j ��� � �
M

� �
m

� ^ �
1

� 	 j 8��
M

� �
m

� ^ �
1

j �
-10 . � ���

a′

^ � j+8 � ��� � �
b′

^ � j�	 % � 	 � � � � ��� � � � �
1
� ����� � �

2
� ��� � �

c′

^ �
1
j+8�	 ��� � ��

�
M

� �
a

� ^ � j 8�� � � � � ��� � �0� �
1

� ����� � �
2

� �

	O�K���%'� L m f3pey��&dJa!he}�d g\p9peo�z � hey m f3p m � he}�dh�3a9peh	� � giy{z�b�_�o�d�h m �&dA�3f�y{hey m fQx	�
a′

^`�|j�8
��x�}�dJf�� d �

1
� ��b �-o�aehe}�dJaez m aednxBf m hed(he}3gih�f m ^ �

c′

^ �
1
jej 8 	\b � _ �&dA�3f�y{hey m f m � �

a

x
�

M

� �
a

� ^ �
1

j 8 	 y{z � �{y{dcp��
M

� �
h

� ^ �
1 �

	 j 8��
M

� �
m

� ^ �
1 �

	 j]x�p m he}3gih
�

M

� �
m

� ^ �
1
j 8 � ′′ ^��

M

^ �
1 �

	 jej 8��
M

� �
m

� ^ �
1 �

	 j �



	c~\~

] y{f�� d
�

M

� �
h

� ^ �
1

j 8 � � M

� �
h

� ^ �
1 �

	 j x&y)� �
′
^��

M

^ �
1 �

	 jej 8 	
�
′′
^��

M

^ �
1 �

	 jej x&y)� �
′
^��

M

^ �
1 �

	 jej 8��
y{h8� m � � m x p�he}3gih �

M

� �
h

� ^ �
1

j 8 �
M

� �
m

� ^ �
1

j]x xX}�y�� } aedcpeo��{h9p y{f%�
M

� �
a

� ^ �
1

� 	 j 8 	 gif��
o�d �/^ �

M

� �
h

� ^ �
1

j � �
M

� �
m

� ^ �
1

jej.8#��b � _ g\p9peo�z � hey m fQx �
a′

^ �
1

� 	 j 8 	\x�p m he}3gih
�

M

� �
m

� ^ �
1

� 	 j 8 � ′′ ^��
M

^ �
1

jej 8��
M

� �
m

� ^ �
1

j �
a?}�d�� � giy{z2p2� m a��

M

� �
c

� ^ �
1

� 	 j gif����
M

� �
b

� ^ �
1

� 	 j;� m � � m x�heaey l y g � �G_�v,_ �&dA�3f�y{hey m fQb
� m a � a m l y{f�w he}�d!ped � m f�� � � giy{z�x m v3pedJa l d he}3gih,�

c′

^ �
1

j28 	�y{z � �{y{dcp �
M

� �
a

� ^ �
1

j287��b
�3o�aehe}�dJaez m aednx pey{f�� d��

a′

^ � j�8 �(gif�� �
b′

^ � j 	 % � 	 v$_ g\p9peo�z � hey m fQx �
M

� �
m

� ^ � j�8 �
gif����

M

� �
h

� ^ � j 	 % � 	 v,_ �&dA�3f�y{hey m fQx xX}�y�� }h_�y{d ����p?d �G^ �
m

^ � j � �
h

^ � jej.8���gif�� he}�dJaed6� m aed
�

M

� �
a

� ^ � j 8��8� m a �
1

� � � �
2

b

� #,* *+
 � � � � � � 
 �  � � � � � ��� � � � � �
c′

^ � � 	 j�8 	 � � 	 ���  � �
M

� �
a

� ^ � j�8 	 � ��� � ���
�
a′

^ � j 8 	 ��� � �
a′

^ � � 	 j 8�� � � � �� �
c′

^ � � 	 j 8 	 �
�  � �

0
�)�   ��
�� � � ��� � �

M

� �
a

� ^ �
0
j	8 � ��� � �

a′

^ �
0
j	8 	 ����� ��� �!� �

1
� �

0
��
�� � � ��� �

�
M

� �
a

� ^ �
1

j 8 	 � � � �
1

�!� � � � ���  � � 	 ��� � ����  ��� � d �G^ �
M

� �
h

� ^ �
0

j � �
M

� �
m

� ^ �
0

jej 8�� � � ��
d �/^ �

M

� �
h

� ^ �
0

j �c^ �
M

� �
m

� ^ �
1

j
�
	 jej 8 	 �

	O������'� � dJh ���E��v-d�he}�d l g �{o�d peo�� } he}3gih
d �/^ �

M

� �
h

� ^ �
0

j �c^ �
M

� �
m

� ^ �
0

j
�
��� � jej�8 	 �

a?}�d dAi�y p9hedJf�� d m � � y p �&o�d h m � dJz!z2g ��b �&b r d*pe} m x�he}�d�� � giy{z v,_�y{f��&o�� hey m f m l dJa �Ib
� dJh � 8 ��b � h�} m ����p he}3gih��

M

� �
a

� ^ �
0

� 	 j18 � y{z � �{y{dcp �
c′

^ �
0

� 	 j,8 	 v$_ �&dA�3f�y{hey m f
m �1�

a

gif�� �
M

� �
a

� ^ �
0

j�8 	 v$_#g\p9peo�z � hey m fQb ] m x pey{f�� d �
M

� �
a

� ^ �
0

j 8 � y p g\p9peo�z!d � x
�

M

� �
a

� ^ �
0

� 	 j38 	\xGgif�� �
1

8
def
�
0

� 	G� o��y��� � pBhe}�d � � giy{z�b{�3o�aehe}�dJaez m aednx �
1

y p�pez2g � �{dcpeh
� m p9p9y{v��{d�xXy{he} he}�y p � a m � dJaeh)_ gif����

M

� �
m

� ^ �
1

j 8��
M

� �
m

� ^ �
1 �

	 j]b
� dJh � � 	\b L �{dcgia��G_��

M

� �
a

� ^ �
0

� 	 j 8���x&gif��
�
a′

^ �
0

� 	 j 8 	�gif�� �
c′

^ �
0

� 	 j 8�� �&o�d h m
m o�a g\p9peo�z � hey m f3pcb r d �&y pehey{f�w\o�y p9} h)x m �Jg\p9dcpcb
� dJh � 8 	\b � h } m ����p he}3gih

� ′ ^��
M

^ �
0

� 	 jej 8#o�d �I^ �
M

� �
h

� ^ �
0

� 	 j �c^ 	
�
�

M

� �
m

� ^ �
0

� 	 jejej 8��
gif��

�
M

� �
h

� ^ �
0

� 	 j 8��
M

� �
m

� ^ �
0

� 	 j 8 �
′′
^��

M

^ �
0

� 	 jej 8��
M

� �
m

� ^ �
0

j �
� m x*xXd �/^ �

M

� �
h

� ^ �
0

� 	 j � �
M

� �
m

� ^ �
0

� 	 jej�8 	\x gif��#he}�d�dAi&y pehedJf�� d m � �
1
� �

0

peo�� }
he}3gih'�

M

� �
a

� ^ �
1

j28 	8� m � � m x p�v,_ g ��� �G_�y{f�w��Jg\ped��-8 ��b��3o�aehe}�dJaez m aednx �
1

8 �
0

� ~ gif��
�

M

� �
m

� ^ �
1

j 8��
M

� �
m

� ^ �
1 �

	 j 8��
M

� �
m

� ^ �
0

j]b � dJf�� dnx
d �I^ �

M

� �
h

� ^ �
0
j �c^ �

M

� �
m

� ^ �
1
j
�
	 jej 8 	 �



Chapter 7
� f��&d � y���giv��{d�z!dJz v/dJa9pe}�y ��� a m v��{dJz2p 	c~ �

� dJh ��� ~&b r d�� m f�� �{o��&d he}3gih�� ′ ^��
M

^ �
0

jej 8 	\x�gif��
�

M

� �
m

� ^ �
0

� 	 j 8 � ′′ ^��
M

^ �
0

jej 8��
M

� �
m

� ^ �
0

j
�
	

gif����
M

� �
h

� ^ �
0

� 	 j 8��
M

� �
h

� ^ �
0

j]b � h?} m ����pXhe}3gihXhe}�d f o�z v-dJa � ′ peo�� } he}3gih
d �/^ �

M

� �
h

� ^ �
0

� 	 j �c^ �
M

� �
m

� ^ �
0

� 	 j
�
���

′
� jej 8 	

y p m f�d �{dcp9p he}3gif �Ix&gif��nx d��Jgif�� m f�� �{o��&d he}�d � a m m �"v,_�g ��� �G_�y{f�w he}�d�y{f��&o�� hey m f }$_ � m he}Dwdcpey pcb

� ��
 �n.�.�#$*�� -��l� �+�|��* � ����#$����.

� f he}�y p<ped � hey m fQx6x dzxXy � �f�3f3g � �G_ m v�h9giy{f he}�d?aed � o�aeaedJf�h �cw\a � � � � ��	 ��w p _�pehedJz he}3gih<pey{z o�� gihedcp
�,� � � # � � � #

k

b r dQxXy � �/g\p9p9dJz v��{d � m � y{dcp m �Np9_&pehedJz��
M

b �QdJh � (1)
M

� ����� � � (k)
M

v/d��	� m � y{dcp m �
p9_&pehedJz �

M

b � _�� (i)
a

� � (i)
a′

� ����� � � (i)
h

� � (i)
m

x d��&dJf m hed he}�d>� o�f�� hey m f3p m ��� (i)
M

x � �0��	 � ����� � � �|b
L m f3pey��&dJaXhe}�dM� m � � m xXy{f�w �&dA�3f�y{hey m fQb

�
k
E

8
def

� � (1)
a

� � (1)
b

� � (1)
c

� � (1)
h

� � (1)
m

� � (2)
a

� ����� � � (k)
b

� � (k)
c

� � (k)
h

� � (k)
m

� �
A �

�
8

def

^ �
1

� �
1

� �
1

� �
1

���
1

� �
2

� ����� � �
k

� �
k

� �
k

���
k

� 4Gj �
�3o�aehe}�dJaez m aednx��{dJh
� (i)

a

^
�
j 8 �

a

^ �
i

� �
i

� �
i

� �
i

� �
i

j]xXgif��#pey{z!y � gia��G_j� m a�� (i)
b

� � (i)
c

� � (i)
h

� � (i)
m

x
��� ��	 � ����� � � �|b � y{f3g � �G_|x �{dJh��

A

^
�
j 8

def

4
�
� (k)
c

^
�
j]b � m x*xsx d��Jgif � aed � y ped he}�d��&d6�/w

y{f�y{hey m f3p m �,� (i)
a′

� � (i)
b′

� � (i)
c′

x?he}3gih g ��� dcgia y{f he}�d � m z � m f�dJf h9p � (1)
M

� ����� � � (k)
M

b � m a2d l dJa9_
� �0��	 � ����� � �

�
	 �|x �{dJh

� (i)
a′

^
�
j 8

def

� (i+1)
a

^
�
j

� (k)
a′

^
�
j 8

def

f m ^ � (k)
c

^
�
jej gif��

� (i)
b′

^
�
j 8

def

� (i+1)
b

^
�
j

� (k)
b′

^
�
j 8

def

�
A

^
�
j gif�� � (1)

c′

^
�
j 8

def

�
1� (i+1)

c′

^
�
j 8

def

� (i)
c

^
�
j �

� dJh �
k
E

8
def

^��
k
E

�&�
k
E

j�xX}�dJaed+�
k
E

8
def

^ 	 �e� �e� � ����� �e�|j]b ! v3pedJa l d*he}3gih g � ���`o�f�� hey m f3p giaed
x d � �yw �&dA�3f�d ��y{f he}�d pedJf3ped�he}3gih f m�l g �{o�d �&d � dJf���p m f y{h9ped �)� b r d v-dJw\y{f v,_�pe} m xXy{f�w p m z!dhed � }�f�y��Jg � � a m � dJaehey{dcp m ��� k

E

b
� #,* * 
 � � � �  � ��� 	 �
- �/. �

k
E

� � (1)
a

� ^ 	 j 8 � � � 8��
k
E

� � (k)
a

� ^ 	 j 8�� �
-10 . �

k
E

� � (1)
c

� ^ 	 j 8 � � � 8��
k
E

� � (k)
c

� ^ 	 j 8 	 �

-�� . �
k
E

� � (1)
b

� ^ � j � ����� � � k
E

� � (k)
b

� ^ � j 	 % � 	 � � ���� �� � � � 	 �

	O�K���%'� r d � a m l d he}�d��{dJz!z2g!v,_�y{f��&o�� hey m f m l dJa � b r d�v-dJw\y{f xXy{he}~�`o�f�� hey m f3p�� k
E

� � (i)
c

� b
! v3pedJa l dBhe}3gih�� k

E

� � (i)
h

� ^`�|j 8��G� m a g � � � �0��	 � ����� � � �|x�gif��2he}�dJaed6� m aednxnd �I^ � k
E

� � (i)
h

� ^`�|j �e�|j 8
	\b��3_ �&dA�3f�y{hey m fQx � (1)

c′

^ 	 j28 	\x }�dJf�� dnx �
k
E

� � (1)
c

� ^ 	 j28 	\b � m x*x �{dJh � k
E

� � (i)
c

� ^ 	 j�8 	\xy� m a



	c~ �

	�� � � �Ibt] y{f�� d��
k
E

� � (i+1)
c

� ^ 	 j 8 � (i+1)
c′

^ 	 j 8 �
k
E

� � (i)
c

� ^ 	 j28 	\x he}�d �{dJz!z2g } m ����p�� m a
�

k
E

� � (i)
c

� b � m hed?he}3gih x d }3g l d g � p m pe} m xXf � (i)
c′

^ 	 j 8 	\b � h y{z!z!d �&y gihed �G_�� m � � m x p he}�d?aedcpeo��{h9p
� m a2�`o�f�� hey m f3p � k

E

� � (i)
a

�Ngif����
k
E

� � (i)
b

�Qv$_ �&dA�3f�y{hey m f3pcb

� m hed�he}3gih'� k
E

� � (i)
a

� ^ � j � � (i)
a′

^ � j � � k
E

� � (i)
c

� ^ � j � � (i)
c′

^ � j � � � ��	 ��� m a d l dJa9_ � � ��	 � ����� � � �gif�� � �E��b �-o�aehe}�dJaez m aednx&d l dJa9_:�`o�f�� hey m f m � � k
E

g �Gx?g�_&p � m z � o�hedcp pey{f�w �{dJh m f pedJh9pcb
� #,* *+
 � � 	,p + � � �� �� � � �E� ��� � � �0��	 � ����� � � � �
- �/. ��� �

k
E

� � (i)
a

� ^ � j.8 	 ��� � �
k
E

� � (i)
a

� ^ � � 	 j 8�� � � �� � (i)
c′

^ � � 	 j 8 	

-10 . ���'� (i)
a′

^ � j.8�� � � �� � k
E

� � (i)
a

� ^ � j 8��
-�� . � (1)

c′

^ � � 	 j.8 	���� ��� � � � � � ��� �
k
E

� � (1)
a

� ^ � j 8 � � � 8�� k
E

� � (k)
a

� ^ � j.8 	 �

	O������'� ] y{f�� d � (1)
c′

^ � � 	 j�8��
k
E

� � (1)
a

� ^ � jBv$_ �&dA�3f�y{hey m fQx p9h9gihedJz!dJf h!^ 	 jX} m ����p>� m a ��8 	\b
r d pe} m x�he}�d?peh9gihedJz!dJf�h�� m a � � 	Sv,_ y{f��&o�� hey m f m l dJa � b
� p9peo�z!d he}3gih � k

E

� � (i)
a

� ^ � j 8 	 gif��
�

k
E

� � (i)
a

� ^ � � 	 j 8���b � h } m ����p he}3gih � � 	Bgif��
� (i)
c′

^ � j 8���b � f � giaehey�� o�� giacx � k
E

� � (i)
c

� ^ � j.8���b
] o ��� m ped � (i)

c′

^ � � 	 j 8���b a?}�dJfQx�d �I^ � k
E

� � (i)
h

� ^ � j � � k
E

� � (i)
m

� ^ � jej 8���x y b dnb{x � k
E

� � (i)
h

� ^ � j �8
�

k
E

� � (i)
m

� ^ � j]bN_�o�d h m � k
E

� � (i)
a

� ^ � j 8 	\x �
k
E

� � (i)
h

� ^ �
�
	 j'8��

k
E

� � (i)
m

� ^ �
�
	 j]x gif�� � (i)

a′

^ �
�
	 j 8 	\b

r d�xXy � � p9} m x he}3gih � (i)
a′

^ � j28 � z o3p9h } m ��� b�] o ��� m ped � (i)
a′

^ � j�8 	\b�a?}�dJfQx �
k
E

� � (i)
h

� ^ � j�8
�

k
E

� � (i)
h

� ^ �
�
	 j]b �+� f m ^ � (i)

c′

^ � jej 8 	\x he}�dJf&�
k
E

� � (i)
m

� ^ � j
8 �
k
E

� � (i)
m

� ^ �
�
	 j]x3xX}�y�� } � m fDw

hea9g �&y�� h9p he}�d2g\p9peo�z � hey m fQb�� dJf�� dnxQf m ^ � (i)
c′

^ � jej�8 ��x�xX}�y�� } � m f�hea9g �&y�� h9p'� k
E

� � (i)
a

� ^ � j�8 	\b
] m x.� (i)

a′

^ � j 8 ��b �+���18 �Ix"�
k
E

� � (k)
c

� ^ � j 8 	 v,_ �&dA�3f�y{hey m fQx xX}�y�� } � m f�hea9g �&y�� h9p he}�d g\p?w
peo�z � hey m fQb �QdJh 	 ��� � �Ib��3_�&dA�3f�y{hey m f m ��� k

E

x�x d m v�h9giy{f � k
E

� � (i+1)
a

� ^ �
�
	 j	8 	 gif��

�
k
E

� � (i+1)
a

� ^ � j 8���b
� ��� �G_ y{f�w he}�d y{f��&o�� hey m f }$_ � m he}�dcp9y pcx � (i+1)
c′

^ � j 8 	\xigif�� v$_��&dA�3f�y{hey m f
m � � k

E

x �
k
E

� � (i)
c

� ^ � j.8 	\xDxX}�y�� } y p g � m f hea9g �&y�� hey m fQb �BdJf�� dnx � (i)
c′

^ � � 	 j 8 	\b
r d � a m l d peh9gihedJz!dJf�h ^ ~nj]b ! v3pedJa l d�he}3gih � (i)

c′

^ � j 8 	 y{z � �{y{dcp �
k
E

� � (i)
a

� ^ � j 8 ��v,_
�&dA�3f�y{hey m fQb �BdJf�� dnx y{h peo�) � dcp h m pe} m x he}3gihcx y)� � (i)

a′

^ � j 8 ��xXhe}�dJf#� (i)
c′

^ � j�8 	\b r d
pe} m x he}�y p � � giy{z�v$_�y{f��&o�� hey m f m l dJa � b � dJh �(8 �Ib�] y{f�� d � (k)

a′

^ � j�8 f m ^ � k
E

� � (k)
c

� ^ � jej]x x d
m v�h9giy{f#� k

E

� � (k)
c

� ^ � j,8�	\b � f � giaehey�� o�� giacx � (k)
c′

^ � j18 	\b� m x*x �{dJh���� �Ib � _ �&dA�3f�y{hey m fQx
�

k
E

� � (i+1)
a

� ^ � j 8���x-gif�� v$_ y{f��&o�� hey m f�},_ � m he}�dcpey pcx � (i+1)
c′

^ � j38��
k
E

� � (i)
c

� ^ � j 8 � (i)
c′

^ � j38 	\x
xX}�y�� } � a m l dcp?peh9gihedJz!dJf�h�^ ~nj]b

� m aXpeh9gihedJz!dJf�h�^ �nj]x m v3pedJa l d he}3gih�� k
E

� � (1)
a

� ^ � j.8 	 y{z!z!d �&y gihed �G_ y{z � �{y{dcp�� (1)
c′

^ � � 	 j]b
] m xJ� m a he}�d � m f l dJa9p9dnx �{dJh(� (1)

c′

^ � � 	 j.8 	\xny b dnb{x �
k
E

� � (1)
a

� ^ � j.8 	\b�� _�y{f��&o�� hey m fQxfx d m v�h9giy{fhe}�d aedcpeo��{h2� a m z�p9h9gihedJz!dJf h*^ ~nj]b

� #,* *+
 � � 	 	 �  � �
0
�)� ��
�� � � ��� � � (1)

c′

^ �
0
j(8 	 � ��� ��	� � � ��� �!� �

1
� �

0
��
�� � � ��� �

�
k
E

� � (1)
a

� ^ �
1
j 8 	 �



Chapter 7
� f��&d � y���giv��{d�z!dJz v/dJa9pe}�y ��� a m v��{dJz2p 	c~ J

	O�K���%'� ! v3pedJa l d!he}3gihcx"y)��� (i)
c′

^ �
0

j 8 	\x"he}�dJf$�
k
E

� � (i)
a

� ^ �
0

j 8���b � dJh � � ��	 � ����� � � ��v-d
� giaew\dcpeh � m p9p9y{v��{d peo�� }�he}3gih � k

E

� � (i)
a

� ^ �
0
j�87��b r d�xXy � �<pe} m x he}3gih�he}�dJaed y p �

1
� �

0
peo�� }

he}3gih��
k
E

� � (k)
a

� ^ �
1

j 8 � � � 8��
k
E

� � (i)
a

� ^ �
1

j 8 	\b � hedJa9gihed �2g ��� �{y��Jgihey m f � a m l dcp he}�d�peh9gihedJz!dJf�hcb
� m hed he}3gih�he}�d�g\p peo�z � hey m f3p m � � dJz!z2g ��b j giaed��`o��y��� �{d �b� m a � m z � m f�dJf�h�� m ���

M

b
� m a�he}�d<�3a9peh g\p9peo�z � hey m fQxGf m hed he}3gih � (i)

c′

^ � � 	 j�8 	�y{z � �{y{dcp � (1)
c′

^ � � 	 j�8 	\xIgif�� �&o�d
h m � dJz!z2g ��b 	J��x � k

E

� � (i)
a

� ^ � j.8 	\b � m a he}�d ped � m f�� g\p9peo�z � hey m fQx y)� � 8 �Ix � (k)
a′

^ � � 	 j 8���x
he}�dJf#�

k
E

� � (k)
c

� ^ � � 	 j 8 	�gif�� � (k)
c′

^ � � 	 j 8 	\x"y)��� � �Ix � (i)
a′

^ � j 8 � k
E

� � (i+1)
a

� ^ � j,8 	
gif�� � (i)

a′

^ � � 	 j 8 �
k
E

� � (i+1)
a

� ^ � � 	 j 8 ��xSgif�� �&o�d h m � dJz!z2g ��b 	J��x3� (i+1)
c′

^ � � 	 j 8
�

k
E

� � (i)
c

� ^ � � 	 j 8 � (i)
c′

^ � � 	 j 8 	\b
� dJh��.8 �Ib _�o�d*h m � dJz!z2g���b 	J��x � (1)

c′

^ �
0
� 	 j.8 � (k)

c′

^ �
0
� 	 j.8��

k
E

� � (k)
c

� ^ �
0
� 	 j 8

��b ] y{f�� d/� (k)
a′

^ �
0

� 	 j08 f m ^ � k
E

� � (k)
c

� ^ �
0

� 	 jej v$_ �&dA�3f�y{hey m fQx�� (k)
a′

^ �
0

� 	 j08 	\b �+�
�

k
E

� � (k)
a

� ^ �
0

� 	 j 8.��x x d��JgifEg ��� �G_� dJz!z2g ��b j gif�� m v�h9giy{f �
1
� �

0

� 	 peo�� } he}3gih
�

k
E

� � (k)
a

� ^ �
1

j 8 	\b � dJh � � �Ib � _ �&dA�3f�y{hey m fQx � (i)
a′

^ �
0

j 8��
k
E

� � (i+1)
a

� ^ �
0

j]x�gif�� �&o�d
h m he}�d�z2g6i&y{z2g �{y{he_ m � � x�� k

E

� � (i+1)
a

� ^ �
0
j 8 	\b r d�g ��� �G_ � dJz!z2g ��b j gif�� m v�h9giy{f �

1peo�� } he}3gih'�
k
E

� � (i)
a

� ^ �
1

j�8 	\b � ��� �G_�y{f�w peh9gihedJz!dJf�h�^ ~nj m � � dJz!z2g ��b 	J��x x d m v�h9giy{f�he}3gih
�

k
E

� � (k)
a

� ^ �
1

j 8 � � � 8��
k
E

� � (i)
a

� ^ �
1

j 8 	\x�gif�� x d�� m f�� �{o��&d he}�d � a m|m �eb

] h9gihedJz!dJf�h9p ^ ~nj gif���^ �nj m ���QdJz!z2g ��b 	J� gif�� � dJz!z2g ��b 	 	  o3pehey)��_ he}�d]� m � � m xXy{f�w
�&dA�3f�y{hey m f m ��g � }3g\ped m � � k

E

b � e3����"N� m � � k
E

y p gif�y{f�hedJa l g �1� �
0

� �
1

�>� m a f o�z v-dJa9p �
0gif�� �

1

x �
0

� �
1

x�xX}�dJaed � (1)
c′

^ �
0

j 8 	\x��
k
E

� � (1)
a

� ^ �
1

j-8 	�gif�� � (1)
c′

^ � j-8 �£� m a d l dJa9_
� � � �

0

� 	 � ����� � �
1

�|b � f m he}�dJa x m a ��p x �
1

y p he}�d2p9z2g � �{dcpeh l g �{o�d2p9o�� } he}3gih �
1
� �

0

gif��
�

k
E

� � (1)
a

� ^ �
1

j	8 	\b � m hed he}3gih�� k
E

� � (1)
a

� ^ �
0

j	8 ��bg�-o�aehe}�dJaez m aednx-he}�dJaed y p�f m �
1

peo�� }�he}3gih
� � � �

1

� y p2g � }3g\ped m �'� k
E

b a?}�dS� m � � m xXy{f�w �{dJz!z2g�pe} m x p�he}�d � dJf hea9g �Xaedcp9o��{h�giv m o�h2he}�d
� m z � m f�dJf�h9p m ��� k

E

x&y{f~�`g � hcx&he}3gihXhe}�d�_ � dJa�� m aez peo�v�hea9g � hey m fQb
� #,* * 
 � � 	D0 �  � �

0
��� � �

1
� � � �

0

� �
1
�   ��
�� � � ��� � � �

0

� �
1

� �!� ��	 ��� �  � � �
k
E

� ��� �
�  � � � ��	 � ����� � � � ��
�� � � ��� � � (i)

c′

^ �
0

j�8 	 � � ���
k
E

� � (i)
c

� ^ �
0

j	8 � ��� � �� �
k
E

� � (i)
m

� ^ �
0 �

	 j(8
�

k
E

� � (i)
m

� ^ �
1
j
�
	 ��� � � �� � �!�  � (i)

b′

^ �
1
j 8��

k
E

� � (i)
m

� ^ �
1
j
�
	 �

	O�K���%'� _ o�d h m �&dA�3f�y{hey m fQx � k
E

� � (i)
a

� ^ �
0

j�8 ��b � _ he}�d �&dA�3f�y{hey m f m � g � }3g\pednx/he}�dJaed�y p�g
pez2g � �{dcpehNf o�z v-dJa � ′ xX}�dJaed �

0

� � ′ � �
1

p9o�� }*he}3gih'� (i)
a′

^ � ′ j 8 	\b � m hed he}3gih � k
E

� � (i)
a

� ^ � ′ j 8��
^`peh9gihedJz!dJf�h*^ ~nj m ��� dJz!z2g ��b 	J�!gif�� he}�d��&dA�3f�y{hey m f m ��� (i)

a

j]b
� dJh��

k
E

� � (i)
c

� ^ �
0
j 8���b a?}�dJfQx � ′ 8 �

0
�&o�d2h m p9h9gihedJz!dJf h�^ 	 j m � � dJz!z2g ��b 	J��x"gif��

�
k
E

� � (i)
h

� ^ �
0 �

	 j��8.��b�] y{f�� d �
k
E

� � (i)
a

� ^ �
0 �

	 j�8 	\x y{h2} m ����p�he}3gih � k
E

� � (i)
h

� ^ �
0 �
~nj�8

�
k
E

� � (i)
m

� ^ �
0 �
~nj]b � � p m x � (i)

a′

^ �
0 �

	 j+8 	 �&o�d h m peh9gihedJz!dJf�h ^ ~nj m � � dJz!z2g ��b 	J��xSgif��
� (i)
c′

^ �
0 �

	 j 8 ��b a?}�o3pcx��
k
E

� � (i)
h

� ^ �
0 �

	 j 8 �
k
E

� � (i)
h

� ^ �
0 �
~nj gif����

k
E

� � (i)
m

� ^ �
0 �

	 j 8
�

k
E

� � (i)
m

� ^ �
0 �
~nj]b �+���

k
E

� � (i)
h

� ^ �
0 �

	 j18 	\x he}�dJf �
k
E

� � (i)
h

� ^ �
0

j 8 �
k
E

� � (i)
m

� ^ �
0

j 8���x<gif��
�

k
E

� � (i)
a

� ^ �
0

� 	 j 8 	\bs] m x �{dJh�� k
E

� � (i)
h

� ^ �
0 �

	 j �8 	\b a?}�dJfQx �
k
E

� � (i)
h

� ^ �
0

j 8��
k
E

� � (i)
h

� ^ �
0 �

	 j



	c~\�

gif����
k
E

� � (i)
h

� ^ �
0

j �8��
k
E

� � (i)
m

� ^ �
0

j]x gif��tx d �Jgif g ��� �G_�� dJz!z2g ��b j&b �BdJf�� dnx|he}�dJaed y p �
1
� �

0peo�� }�he}3gih �
k
E

� � (i)
h

� ^ �
0

j�8 �
k
E

� � (i)
m

� ^ �
1

j
�
	\b �3_ he}�d aedcpeo��{h9p m � � dJz!z2g ��b ��x x d � m f�� �{o��&dhe}�y p �Jg\pednb

� m x*x �{dJh�� k
E

� � (i)
c

� ^ �
0
j 8 	\b a?}�dJfQx � ′ � �

0
b � m hed he}3gih � k

E

� � (i)
h

� ^ � ′ � 	 j 8 � (i)b′

^ � ′ � 	 jgif��'�
k
E

� � (i)
m

� ^ � ′ � 	 j 8���b � _ he}�d � } m y�� d m � � ′ x � (k)
b′

^ � ′ j 8 � (k)
b′

^ � ′ � 	 jIgif�� x p9y{f�� d � (i)a′

^ � ′ j 8 	
gif���� (i)

c′

^ � ′ j 8���x � (i)
b′

^ � ′ j 8 � (i)
b′

^ � ′ � 	 jp� m a � � �Ib �BdJf�� dnx � (i)
b′

^ �
1
j 8 � (i)

b′

^ � ′ � 	 j]b ] m x|he}�dpey{heo3gihey m f m � � m z � m f�dJf h �Sy{f � ′ d � o3g � pXhe}�d*pey{heo3gihey m f y{f �
0
m �"he}�d �3a9peh �Jg\p9dnx�gif�� x d��Jgif

� m f�� �{o��&d he}�d � a m|m �eb

� �%�K��-l-�
��& � � 	�
 �  � � �
0
� �

1
�   � 	 ��� �  � � �

k
E

����� � �  � ��� ��	 � ����� � � � ��
�� � � ��� �

�
k
E

� � (i)
c

� ^ �
0

j,8 	 � ��� ��	� �
k
E

� � (i)
b

� ^ �
1

j 8 � � � 8 �
k
E

� � (1)
b

� ^ �
1

j 8 	 ��� � �
k
E

� � (i−1)
m

� ^ �
1

j 8
� � � 8��

k
E

� � (1)
m

� ^ �
1

j 8�� �
	O������'� � dJh � � � �

0

� ����� � �
1

��v/d� giaew\dcpeh � m p9pey{v��{d�peo�� } he}3gih�� (i)
a′

^ � j�8 ��b � h2y p	� �{dcgia
he}3gih��

k
E

� � (i)
b

� ^ � j�8 	\b�] y{f�� d+� (i)
a′

^ � ′ j�8 	�gif���� (i)
c′

^ � j�87��� m a d l dJa9_ � � � � � 	 � ����� � �
1

�|x
�

k
E

� � (i)
b

� ^ �
1

j 8 	\b � _*y{hedJa9gihed � g ��� �{y��Jgihey m f m �-he}�dcp9d giaew\o�z!dJf�h9pcx6x d m v�h9giy{f�� k
E

� � (i)
b

� ^ �
1

j 8
� � � 8��

k
M

� � (1)
b

� ^ �
1

j 8 	\x�gif�� he}�d�� � giy{zY� m � � m x p2� a m z �QdJz!z2g ��b 	c~&b

r d �Jgif m a �&dJa he}�d � }3g\pedcp m � � k
E

g � � m a �&y{f�w h m he}�d �{d6�`h m a aey{w\} h dJf�� � m y{f�h9p gif��dJf o�z!dJa9gihed he}�dJz g � � m a �&y{f�w �G_*p9h9giaehey{f�w{xXy{he} � }3g\ped ��b � dJh � (n)
�&dJf m hed he}�d aey{w\}�h"dJf�� � m y{f h

m � � }3g\p9d !<x�y b dnb{x&he}�dJaed�y p g�f o�z v-dJa ��peo�� } he}3gih,� � � � (n)
�Qy p � }3g\p9d ! b � m hed*he}3gih � (n)

� 	
y p?he}�d��{d6� hXdJf�� � m y{f h m � � }3g\ped�! � 	\b a?}�dJfQx�� m aXd l dJa9_�! �E��x �{dJh

� ^5!Qj 8
def
^ �

k
E

� � (k)
m

� ^ � (n) j � ����� � � k
E

� � (1)
m

� ^ � (n) jej
� ^5!Qj 8

def

^ � (k)
b′

^ � (n) j � ����� � � (1)
b′

^ � (n) jej �
] y{f�� d he}�d dJf heaey{dcp m � � ^5!Nj giaed m f��G_ pey{f�w �{dJh m fEpedJh9pcx x d��JgifEp9gK_�he}3gih � ^5!Qj aed � aedcp9dJf h9pgif d �{dJz!dJf�h m ��% k

b r dmxXy � ��pe} m x he}3gih he}�d�ped �|o�dJf�� dcp �&dA�3f�d �Ev,_ � gif��Ew\dJf�dJa9gihed �v$_ �,� � � # � � � #
k

�Jgif v/d � m f3pey��&dJaed � d �|o3g � b I m aed � aed � y ped �G_ xQhe}�d � }3g\p9dcp m ��� k
E

dAi�g � h��G_
� m aeaedcp � m f�� h m he}�d y{hedJa9gihey m f�p9hed � p m � �'� � � # � � � #

k

b � m a?d l dJa9_�! �E��x �{dJh
� ^5!Nj 8

def

^ � (n)
k

� ����� � � (n)
1

j� ^5!Nj 8
def

^ � (n)
k

� ����� � � (n)
1

j

xX}�dJaed � (n)
j

gif�� � (n)
j

�&dJf m hed he}�d l g �{o�dcp m � l giaey giv��{dcp �
j

gif�� �
j

y{f y{hedJa9gihey m f(pehed � ! m �
�,� � � # � � � #

k

x aedcp � d � hey l d �G_|b�� m a v-dJy{f�w z2gihe}�dJz2gihey��Jg � �G_ � aed � y pednx � m f3pey��&dJa he}�d�� m � � m xXy{f�w
�&dA�3f�y{hey m fQb � dJh �

1

� ����� � �
k

� �
′
1

� ����� � � ′
k

� %�b a?}�dJfQxB^ �
1

� ����� � �
k

j�� ^9���
′
1

� � ����� ����� ′
k

� j�y)�
gif�� m f��G_�y)�.�

i

8 �
′
i

� m a g � � � ����	 � ����� � � �|b
	O���� �%.��/������� � � 	,o � � ���� �� � ! �E� � � ^5!Nj�� � ^5!Nj �



Chapter 7
� f��&d � y���giv��{d�z!dJz v/dJa9pe}�y ��� a m v��{dJz2p 	c~��

	O�K���%'� r d xXy � �Np9} m x4he}�d�� � giy{z�v,_�y{f��&o�� hey m f m l dJa?he}�d*y{hedJa9gihey m f�pehed � p m � �,� � � # � � � #
kgif���he}�d � }3g\pedcp m ��� k

E

b{a m g � }�y{d l d*he}�y p x x d�xXy � �"p9} m x g pehea m f�w\dJa aedcpeo��{hcx/y{fq� g � hcx3he}3gihcx
� m a d l dJa9_ !�� ��x � ^5!Nj � � ^5!Nj gif�� � ^5!Qj � � ^5!Nj]b�] o�v3ped �|o�dJf�h��G_|x � z!dcgif3p�he}�d l giaey giv��{d
m � �'� � � # � � � #

k

b
� _ �&dA�3f�y{hey m f m � �'� � � # � � � #

k

x � ^`�|j 8 ^`� � ����� �e�|j�gif�� � ^`�|j�8 ^ 	 � ����� ��	 j]bv� m a � k
E

x
� }3g\ped ��}3g\p �{d6� h dJf�� � m y{f�h 	\b _�o�d�h m � dJz!z2g ��b `&x�� k

E

� � (k)
c

� ^ 	 j 8�	\x<p m he}3gihcx �&o�d h m
L m a m � � gia9_ ��b 	 �&x � ^`�|j+8 ^ � k

E

� � (k)
m

� ^ � (0) j �e� � ����� �e�|j gif�� � ^`�|j+8 ^ � k
E

� �
A

� ^ � (0) j ��	 � ����� ��	 j]b
� _ � m f3peheaeo�� hey m f gif�� �&o�dBh m � dJz!z2g ��b 	J��x y{h } m ����p he}3gih � k

E

� �
A

� ^ 	 j 8��
k
E

� �
A

� ^ � (0) j 8 	\b
� y{f3g � �G_|x �

k
E

� � (k)
m

� ^ � (0) j 8���v,_ �QdJz!z2g ��b 	c~&b � dJf�� dnx�he}�d�� � giy{z } m ����p�� m a�!�8���b
� m x*x �{dJh,! �7��x"gif�� �{dJh � ^5!Nj � � ^5!Nj gif�� � ^5!Nj � � ^5!Nj]b�� dJh � � ��	 � ����� � � �2v-d

� giaew\dcpeh � m p pey{v��{d!peo�� }�he}3gih � (r)
c′

^ � (n)
� 	 j�8 	\b � d �Jg � �<he}3gih � (n)

� 	�y p he}�d �{d6�`h�dJf�� � m y{f h
m � � }3g\p9d ! � 	 gif�� he}3gih � k

E

� � (j)
h

� ^ � (n)
j 8��

k
E

� � (j)
m

� ^ � (n)
j!� m a?d l dJa9_ � �0��	 � ����� � � ���&o�d h m

he}�d �&dA�3f�y{hey m f m ��� o�f�� hey m f
� (j)
a

gif�� he}�d dJf�� m � g � }3g\ped m � � k
E

b �+� �
k
E

� � (k)
c

� ^ � (n)
� 	 j 8 	

he}�dJf � ^5!Nj�8�^`� � ����� �e�|j]x gif�� ��8 � � 	 y{f �,� � � # � � � #
k

y{f y{hedJa9gihey m f�pehed � ! � 	\b � dJf�� dnx
� ^5! � 	 j 8 ^ � (n)

k

�e� � ����� �e�|j gif�� � ^5! � 	 j 8 ^ � (n)
k

� 	 ��	 � ����� ��	 j]b<_�o�d h m �&dA�3f�y{hey m f m � � k
Egif�� pey{f�� d,� (k)

a′

^ � j.8 	>� m a d l dJa9_ � �0� � (n)
� ~ � ����� � � (n+1)

�|x
� (k)
b′

^ � (n+1) j 8 � (k)
b′

^ � (n) � 	 j 8 � (k)
b′

^ � (n) j � 	 �
�3a m z L m a m � � gia9_ ��b 	 �&xDx d m v�h9giy{f

� ^5! � 	 j 8�^ �
k
E

� � (k)
m

� ^ � (n+1) j �e� � ����� �e�|j
� ^5! � 	 j 8�^ � (k)

b′

^ � (n) j � 	 ��	 � ����� ��	 j �
gif�� � dJz!z2g ��b 	c~O_�y{d ����p��

k
E

� � (k)
m

� 8 � (k)
b′

^ � (n)
j]x�y b dnb{x � ^5! � 	 j 8 ^ � (k)

b′

^ � (n)
j �e� � ����� �e�|j]x&p mhe}3gihXhe}�d�� � giy{z } m ����pXy{f he}�y p �Jg\p9dnb

� m x*x��{dJh�� k
E

� � (k)
c

� ^ � (n)
� 	 j(8 ��bQ] m x 	 � � � �Ix �!y p he}�d �{dcg\peh f�o�z v/dJaZ� m a�xX}�y�� }

} m ����p�� k
E

� � (r)
m

� ^ � (n)
j��8 ��xIgif�� �2y pBd � o3g �Nh m he}�d l g �{o�d m � � y{f �,� � � # � � � #

k

y{f y{hedJa9gihey m fpehed � ! � 	\b � _ �&dA�3f�y{hey m f m � �,� � � # � � � #
k

x
� ^5!�� 	 j 8�^ � (n)

k

� ����� � � (n)
r+1

� � (n)
r �

	 � � (n)
r−1

�e� � ����� �e�|j� ^5!�� 	 j 8�^ � (n)
k

� ����� � � (n)
r

� � (n)
r−1

� 	 ��	 � ����� ��	 j �
� m a�� k

E

x-f m hed*he}3gih2� (r)
a′

^ � j 8 	M� m aBg � � � � � � (n)
� 	 � ����� � � (n+1)

��gif���� (r)
c′

^ � j 8��:� m aBg � �
� �0� � (n)

� ~ � ����� � � (n+1)
�|b �BdJf�� dnx&v$_ �&dA�3f�y{hey m f m � �

M

x
�

k
E

� � (r)
b

� ^ � (n+1) j 8�� k
E

� � (r)
b

� ^ � (n) � 	 j 8��
k
E

� � (r)
b

� ^ � (n) j � 	 �
�3o�aehe}�dJaez m aednx � k

E

� � (r)
m

� ^ � (n)
j�8��

k
E

� � (r)
m

� ^ � (n+1)
j
�
	�gif�� xIy)� � � 	\x �

k
E

� � (r)
b

� ^ � (n+1)
j�8

�
k
E

� � (r−1)
m

�
�
	��&o�d h m � dJz!z2g ��b 	c~&b � ��� �G_ y{f�w �QdJz!z2g ��b ��gif�� L m a m � � gia9_ ��b 	 �&x x d

�3f3g � �G_ m v�h9giy{f � ^5!�� 	 j�� � ^5!�� 	 j gif�� � ^5!�� 	 j�� � ^5!�� 	 j]b



	c~�j

� �%�K��-l-�
��& � � 	 � �  � ��� 	 � � � ���� �� � � ��% k � � ��� �!��! ��% ��
�� � � ��� � � � � ^5!Nj �
	O������'� � dJh � v/d*g �$w heo � �{d m l dJa %�b<_�o�d h m L m a m � � gia9_ ��b �3x&he}�dJaed y pXgif y{hedJa9gihey m f�p9hed � !peo�� } he}3gih��,� � � # � � � #

k
m o�h � o�h9p�heo � �{d � y{f�y{hedJa9gihey m f�p9hed � !<b � _(M<a m � m pey{hey m f ��b 	��3x

� � � ^5!Nj]b

� �Go �h�!��#$�f����
�� ��-l�/� &���#f.K��-/��.

a?}�dJaed�giaed!h)x m �3f�y pe}�y{f�w pehed � p he}3gih*aedJz2giy{fQbn�"y{a9p9hcx!x dZxXy � � pe} m x7he}3gih*he}�d2dAi&y pehedJf hey g �z!dJz v/dJa9pe}�y �� a m v��{dJz � m a aed � o�aeaedJf h �cw\a � � � � ��	 ��w p _�pehedJz2p y pBo�f��&d � y���giv��{dnx/gif���ped � m f�� xx d xXy � �naed �&o�� d he}�y p � a m v��{dJz h m v m he} he}�dSdAi&y pehedJf�hey g �nz!dJz v-dJa9pe}�y ��� a m v��{dJz2pP� m aNaed � o�aeaedJf h
�
�
�

�
�
�
�
��w p9_&pehedJz2p gif���aed � o�aeaedJf�h�� �

�
�
�
��w p9_&pehedJz2pcb a?}�d �3a9peh pehed � y p v3g\ped � m fhe}�dc� g � h he}3gih y{h y p o�f��&d � y���giv��{d�xX}�dJhe}�dJa g w\y l dJf�_�y m � }3gif�hey{f�d d � o3gihey m f }3g\p�g f3giheo�a9g �p m �{o�hey m fQb

� #�� ���/���/� � 	 � }��
� ��� � ��(�� �)( % %���!#� � ����(r&l"���#u�H±65 �J*`&-D�#uDJ#mCE���'&`�7o'_��'" 4
1

� ����� �74
kD�=$*W�Q�p=6D��'� "^54

1

� ����� �74
k

j 8 ��^54
1

� ����� �74
k

j 9p�Q�'���  ��#3. � ���H�TeQD�_
�#yD���&`��_x"�&l# 4
1

� ����� �74
k9!&W*W�u#3�J*`5����J_$,�Di� ��,6&B�'#^*W"�[�w�� ��ey��D�o6_��'� � 	 � ��� ��� �	 � � ��"I�"S9p�Q�6*W�Q�6�v�U�G&-De^����#3*`&l#y�

�H±65 �J*`&-D�#A�Q��"c�:"ND�_x5Q*`&-D�#A&W#A#3��*`57�H��_�#L5��/o��'�"N[

��"�#f�%�K#$* � � 	 � 	 � 
D���/&�
.�# �����6" ��� � ��� �
� 	 � ��� ��� �	 � � �!� 
 � �  � � � � �� ��

a?}�d<dAi�y p9hedJf hey g �iz!dJz v-dJa9pe}�y � � a m v��{dJz¬� m aIaed � o�aeaedJf h��cw\a � � � � ��	 ��w p9_&pehedJz2pGy p �&dA�3f�d �y{f he}�d o3peo3g � peh)_ �{dnx&gif�� y{hXy p �&dJf m hed � g\p�I
ex

^ w\a �
�
�
�
��	 j]b

� #,* *+
 � � 	 � � 	 � ��� ��� �	 � � � L
m

I
ex

^ w\a �
�
�
�
��	 j �

	O������'� � dJh "^54
1

� ����� �74
k

j	8 � ^54
1

� ����� �74
k

j v-d�gif y{f3p9h9gif�� d m � � 	 � ��� ��� �	 � � b�� hB} m ����phe}3gih*^54
i

j
r+a
8 ^54

i

j
r
�i^54

i

j
a
� m aXg � �	� gif�� �3b3] m x�y{f � m wngiaey{he}�z!y�� p � g � dnx,x d �Jgif� m z � o�hedg � y{a � o�y{hXaed � aedcpedJf�h9gihey m f]� m a��gif�� � gif�� g
�cw\a � � � � ��	 ��w-� o�f�� hey m f � p=q

peo�� } he}3gih
�
p=q

^9���
1
� � ����� �����

k

� j 8 	 ��� "^ �
1
� ����� � �

k

j 8 � ^ �
1
� ����� � �

k

j �
� m x*xDx d m v�h9giy{f he}�d aed � o�aeaedJf�h��cw\a � � � � ��	 ��w p9_&pehedJz �£� a m z � k

E

v,_ g ���&y{f�w2g�f�d�x � m z�w
� m f�dJf�h ^ �

p=q

�e�|j]x-gif����
p=q

�&d � dJf���p m f�he}�d l giaey giv��{dcp m ��� k
E

g\p p m � y gihed � xXy{he}�he}�dG� o�f��Uw
hey m f3p�� (1)

m

� ����� � � (k)
m

b � h } m ����pBhe}3gih 	 ��� � �Ny)�Sgif�� m f��G_ y)�<he}�dJaed�giaed1�
1

� ����� � �
k

�#% peo�� }
he}3gih�"^ �

1
� ����� � �

k

j 8 ��^ �
1
� ����� � �

k

j]b

� #,* *+
 � � 	 � - �/. I
ex

^ w\a �
�
�
�
��	 j �

L
m

I
ex

^
�
�

�
�
�
�
j �

-10 . I
ex

^ w\a �
�
�
�
��	 j �

L
m

I
ex

^ �
�
�
�
j �



Chapter 7
� f��&d � y���giv��{d�z!dJz v/dJa9pe}�y ��� a m v��{dJz2p 	c~�`

	O�K���%'� a?}�d z2g  m a � giaeh m � he}�d � a m|m � y p �&d �&y��Jgihed � h m aed � aedcpedJf�hey{f�wS�`o�f�� hey m f w\a�g\p g
� �
�
�
�
��w-�`o�f�� hey m f�gif�� g � � �  � � � � ��w-� o�f�� hey m fQb � m x d l dJacxNhe}�y p y p*h m m aedcpeheaey�� hey l dnb � fhe}�dG� m aez!dJa �Jg\pednx%x d�xXy � �No3pedc� o�aehe}�dJa � m f3p9h9gif h��`o�f�� hey m f3pcx�y{f he}�d � gihehedJa �Jg\pednx x d*w\y l d�gaed � aedcpedJf�h9gihey m f he}3gih pehea m f�w �G_ �&d � dJf���p m f�g�w\y l dJf aed � o�aeaedJf�h p9_�p9hedJz�b

r d�v-dJw\y{f(v,_�dAi � aedcp9pey{f�w w\a g\p g-� � � � � �e� ��	 ��w-� o�f�� hey m fQb�L m f3pey��&dJa he}�dV� m � � m xXy{f�w�&dA�3f�y{hey m f3p	�
�
1

^54 � 	|j 8
def

�
�
	
�
^e^54
�
	 j
�
^ 	
�
	
�
	 jej
�
�

�
2

^54 � 	|j 8
def

^ 	
�
	 j
�
�
1

^54 � 	|j
�
^e^e^ 	
�
	 j
�
�
1

^54 � 	|jej
�
	 j

�
3

^54 � 	|j 8
def

�
1

^54 � 	|j
�
	
�
�
2

^54 � 	|j �
� dJh	���&� 	 %�v-d f m fDw dJz � h)_�pedJhcb�� dJh��

0

8
def

z!y{f��)gif�� �
0

8
def

z!y{f�� b ! v3p9dJa l d he}3gih
� � � ����� � �

0
� 8 ��	 �9~ � ����� � � � � 0 � 8 � � � �

�3o�aehe}�dJaez m aednx % 8 	
�
	
�
	\x�gif��

���
0

� 	 �
�
% 8 � � � �

0

� 	 �9~ �
0

� ~ � ����� � 	 ^�� � 	 j � ^ 	 � 	 � 	 j 	 %$����� 0 � �
a?}�o3pcx

�
1

^�� �&��j 8�� % x&y)�.�
0

� �
0%

�
	 x&y)�.�

0
� �

0

b
_�y pehey{f�w\o�y pe}�y{f�w�he}�d h)x m �Jg\pedcpcx,x d m v�h9giy{f

�
2

^����&�!j 8 � ��	 � � � J � � � ` � ����� � x�y)� �
0

� �
0� � � � � J � � � ` � ����� � x�y)� �

0
� �

0

x
p m he}3gih�x d m v�h9giy{f

�
3

^�� �&��j 8 � % � ��	 � � � J � � � ` � ����� � x&y)�.�
0

� �
0^!%$����	 � j

�
� � � � � J � � � ` � ����� � x&y)�.�

0
� �

0

8 � � � � x&y)�.� 0 � �
0��	 � x&y)�.�

0
� �

0

x
xX}�y�� } p9} m x p he}3gih �

3

^����&�!j28tw\a ^����&�!j$� m a*g � � f m fDw dJz � h)_-� �&� 	 %�bt] m x �{dJh'��v-d2gaed � o�aeaedJf�h,�cw\a �
�
�
�
��	 ��w p9_&pehedJz�b�� _ aed � � g � y{f�w d l dJa9_ m � � o�aeaedJf�� d m � w\a y{f he}�dV� o�f�� hey m f3p

m ���4v,_U� o�f�� hey m f��
3
x�x d m v�h9giy{f g�aed � o�aeaedJf�h � � � � � �e� ��	 ��w p9_�p9hedJz�b � ���&y{f�w h)x m � o�a?whe}�dJa � m z � m f�dJf h9pXaed � aedcp9dJf hey{f�w2he}�d � m f3peh9gif h��`o�f�� hey m f3p �2gif�� 	\xx d m v�h9giy{f g!aed � o�aeaedJf h

� �
�
�
�
��w p _�pehedJz �

′
� m a�xX}�y�� } } m ����p��?^ � j 8�� ′ ^ � j;� m aXd l dJa9_ � �E��b

� m x*x x d pe} m x he}3gih�w\a��Jgif v-d!dAi � aedcp9ped � g\p g-� � �  � � � � �e� ��	 ��w-� o�f�� hey m f�y{f(g aedAwpeheaey�� hed � pedJf3pednx|he}3gih y p dAi � � giy{f�d �	� gihedJacb r d�}3g l dBh m z2gT^nd�p m z!d � aed �{y{z!y{f3gia9_ � m f3pey��&dJa9g6whey m f3pcb � dJh � v-d gif ! w gia9_��cw\a � � � � ��	 ��w-�`o�f�� hey m f�aed � aedcpedJf�hed � v,_ g	� y{a � o�y{h � m f h9giy{f�y{f�w��l dJaehey�� dcpcb ! v3pedJa l d he}3gih�� m az�3f�y{hed*gif�� f m fDw dJz � he_ pedJh9p��
1

� ����� �&�
n

	 %)y{hX} m ����pXhe}3gih
� ^��

1
� ����� �&�

n

j 	 � � � ����� �c^ �
0
� 	 j 2ν �



	 �i�

xX}�dJaed �
0

8
def

z2g6iI^��
1 �

� � �
�
�

n

j]b � dJh
d � ^54Ij 8

def

^e^e^ 	
�
4Gj
�
4Gj
�
4Ij �

a?}�dJfQx�� m a?d l dJa9_
� ��%)} m ����p �
d � ^9� � � ����� � � � j.8 � � � ����� � �-^ � �*~nj � �

� dJf�� dnxDx d��Jgif w\dJf�dJa9gihedM� o�f�� hey m f d �
ν

^54Gj3xX}�dJaed
d �

0

^54Gj.8
def

4
d �

r+1

^54Gj.8
def

d � ^ d �
r

^54Gjej
y{f�p � g � d �{y{f�dcgia y{f �Ix�gif���� m aXd l dJa9_�� ��% } m ����p�� � � ����� � � 2ν � 	1d �

ν

^9� � � ����� � ��� j]b
� dJh � 8�^�� �&� j?v/d g2aed � o�aeaedJf�h �cw\a �

�
�
�
��	 ��w p9_&pehedJz m � �&y{z!dJf3pey m f�! b �QdJh �

0

8
defz2g6i(� b � f�p � g � d �{y{f�dcgiaBy{f he}�d��{dJf�w\he} m � �

0

x d��Jgif w\dJf�dJa9gihed*g%�
�
�e� ��	 ��w-�`o�f�� hey m f � ^ �

j]x
xX}�dJaed

�
8 ^54

1

� ����� �74
n

j]x&y{f he}�dM� m � � m xXy{f�w�x gK_ peo�� } he}3gih�� � � ����� � �
0

� 	 � ^�� j��
� � ��	 �

�
� � ��	 � 8 � � ��	 �9~:�

� � ��	 �9~:�
�
� � ��	 �9~:� 8 � � ��	 �9~ � � � ���

� � ��	 �9~ � � � ���
�
� � ��	 �9~ � � � ��� 8 � � ��	 � ����� �9� � � � j:��

gif�� p m!m fQb � dJh	� �&dJf m hed he}�d � giaew\dcpehXf�o�z v/dJa m � l dJaehey�� dcp m �"he}�d�� y{a � o�y{hXaed � aedcp9dJf h9gihey m f3p
m �"he}�dM�`o�f�� hey m f3p m � � b � dJh�� ′ dJz!dJaew\dM� a m z � v,_ g ���&y{f�w!he}�d�� m z � m f�dJf h9p
^�� �

n+1

^
� ′
j 8

def

4
n+1

� �
n+2

^
� ′
j 8

def

4
n+2

� �
n+3

^
� ′
j 8

def

d �
ν

^ � ^54
n+1 �

4
n+3

jej � �c^ 	 �e� �e�|jej
xX}�dJaed

� ′
8

def

^54
1

� ����� �74
n

�74
n+1

�74
n+2

�74
x3

j]b a?}�dJfQx!� m a�d l dJa9_ � � ��x�� ′ � �
n+3

� ^ � � 	 j
� m f h9giy{f3p<g � �-f o�z v-dJa9p<he}3gih giaedXf m h � giaew\dJaShe}3gif�gif,_�f�o�z v/dJaShe}3gih �Jgif2v/d w\dJf�dJa9gihed �!v,_ g
�cw\a �
�
�
�
��	 ��w-� o�f�� hey m f aed � aedcpedJf�hed � v,_ g	� y{a � o�y{h m f�gih z m p9h � l dJaehey�� dcpXg ��� �{y{d � h m ��^ � j]b

a?}�d � m z v�y{f3gihey m f m �<g � �Nhe}�dcped aedcpeo��{h9p�_�y{d ����pXhe}�d�� m � � m xXy{f�w!y��&dJf�hey{h)_|bs� m aBd l dJa9_%� � � �#%he}3gih �Jgif�g ��� dcgiaXy{f ��^ � j��
w\a ^9����� ��� � � j.8 � ^9� � �


^9��� �

�
�
n+2

^ � � 	 jejej � � �
�
� ^e^9�����


^9� � �
�
�
n+2

^ � � 	 j � 	 jej � �|j � 	 � �
! v�h9giy{f �

′′
� a m z � ′ v,_�aed � � g � y{f�w�d l dJa9_ m � � o�aeaedJf�� d m � w\a�v$_ he}�d�giv m l d	�&dA�3f�d �(hedJaez�xhe}�dJf v$_ aed � � g � y{f�w d l dJa9_ m � � o�aeaedJf�� d m �?� gif�� 	 v,_�4

n+2

gif���4
n+1

x aedcp � d � hey l d �G_|xIgif��
�3f3g � �G_�v$_�z2gT^�y{f�w �

n

he}�d m o�h � o�h��`o�f�� hey m f m � � ′′ b � dJf�� dnx�� m a d l dJa9_ � �E��x��?^ � j.8�� ′′ ^ � j]xgif����
′′
�Jgif v/d m v�h9giy{f�d � o3pey{f�w m f��G_ � m wngiaey{he}�z!y�� p � g � dnb

��"�#f�%�K#$* � � 	 � I
ex

^
�
�

�
�
�
�
j ��� � I

ex

^ �
�
�
�
j � �� 
 � �  � � � � �� ��

	O������'� �Bf��&d � y���giv�y �{y{he_ y p gif�y{z!z!d �&y gihed � m f3ped �|o�dJf�� d m � � dJz!z2gih9g ��b 	�j!gif�� ��b 	 ��gif��
a?}�d m aedJz ��b 	c�&b



	 � 	



	 �\~

��������� � �

� ������� ���
	����������������	�������

�������� "!#�%$'&�(*)+�-,/.0�'1�23(4��15�62MD87:93231:;:9<.�9<;=$#>?2-�'9@$#.A!CBA>D$C2-9-D#.�15E"FG;H93.I93;=$#>J2-��9@$#.A!#BK>L$M2-9`D#.
D87N$O!C�8$'&�(*PQ9<1N$SR�(�DC�8)M$C>T1U&4$#.�.I9<.K!V1'BW&����@!#�%$'&�(¯D87PX1'B�R�(Y23(K$C2Z9-2[)�DW�'1N.3DC2Z(K$#���\$
&��HD'&����]1'BI^@!#�%$'&�(_23(K$C2`9<1a$C>b1NDc$dR�(QD#�8)+$#>e1f&4$#.I.I93.A!=1'BW&����@!#�%$'&�(vD87gPEgh�93.�Ri�[23(4���j�[9<1VD#.I>k 
$a,l.I932f�=.IBK;^j���]D87]!C�8$'&�(M1]D87m,on+�j)\�����62f�%n\.IBK;=^i���ipq23(4�=15�62>D87=;:93.I9<;=$#>?2-��9-$#.K!#BA>D$C2-9-D#.�1
D87_$\!#�8$�&�(�9r1Z,/.I9-2f�sE�t]�6�����623(4��>u�'1i1'p:23(4��&��HD+^�>u��;Hpa!#9<�#��.v$d&4$C9<�OwUP�x%y\zqD%7!#�8$�&�(M1ip�2BD
)+�%R69@)+��{?(4�623(4���qy|9<1H$N;H93.I93;=$#>e2-�'9@$#.A!CBA>D$C2-9-D#.£D87qPHpT9<1].3DM2m2-�'93�s9@$#>DEO}e(+9r1~&���DA^�>D�6;�{�9<>3>
^j�dRj$#>3>u�%)\23(4�;H93.LK5}4��9m;=�6;=^i���i1'(+9b&O&��HD+^�>u��;�76D#�$C�5^�9-2-�%$#�' c!#�8$�&�(M15E\h�2U$#�62-9<.A!UD#.I>k Z7���D#;
23(4�q)+�3,l.I932-9-D#.�pe9-2J9r1�.3DC2?R6>D�j$#��{?(��623(4���q23(4��;:9<.^K6}4��9e;��;^j���'1i(A9�&�&��HD+^�>u��;�9<1?&QD#>k �.yD#;:9-$#>aK
2-9<;�1ND#>���$+^�>u�sEjRGD#{`���#���ip]23(����%��9r1�$�R�(K$C�8$MRs2f���'9<16$M2-9`D#.rD%7";:93.I9<;=$#>`2-�'9@$#.A!#BK>D$C2-9`DC.�123(K$C2
9<;:;�%)#9@$C2f��>k :9<;�&�>k9U�'1Z$Z&QD#>k #.3D#;:9@$#>xK�2-9<;�Z)A�%R69<1'9-D#.V$C> !�DC�'9-23(+;E

�'.�1�2f�j$M)vD%7=9<.����'1�2-9D!M$C2-93.A!O23(4�H!+��.0�6�8$#>`;:9<.LK5}4��9m;��;^j���'1i(+9b&V&���DA^�>D�6;[pq{`�{�9<>3>lR�D#.^K
Ri��.�2-�%$C2f��D#.��j�'1�2-��9-Rs2f�%)O�����'1'9-D#.�15E�}e(4�"�j�'162-�'9@R52-9-D#.�1:{�9<>3>l$#>k{l$# �1=$%���%R52q23(4��� ,/�'1�2��:9<.C&�BK2
!#�%$'&�(MpJ9@E3�sEDpo23(4�T!#�%$'&�("23(4$C2J)A�3,/.0�'1�23(���15�62!D87~;:93.I93;�$C>I2-�'9@$#.A!#BK>D$C2-9`DC.�15EH�_��{�93><>0R�D#.�1�9-)+�6�
23(4�~;H93.LK5}4��9�;��;^j���'1i(A9�&[&���DA^�>D�6;�7ND#�/�#�

2
Kb7��%�i�`!C�8$'&�(M1ipe9UE<�WELpM7ND#�/!#�%$'&�(M1~23(K$C2J)�DZ.yDC2�R�D#.^K

2U$#93.O23(4�q�#�
2
$�1a93.�)#B�Ri�%)"1'BI^@!#�%$'&�(+p�&�����;:BK2U$C2-9-D#.�!#�%$'&�(M1[$#.0):FZ}�K�7'�j�j�:R6>D$#{!Kb7��j�j�q!#�%$'&�(M1sE

�'.�$#>3>�23(+�j�j�ORj$�1s�'1ip]{`��{�9<>3>2DA^62U$#93.Y>�93.0�%$C�K�2-9<;�"1ND#>�B42-9-D#.�1ipq9 7"{`�_$�1i1�BA;�d23(K$M2Z23(4�q,/�'1�2
9<.C&�BK20!#�%$'&�(c^j��>�D#.A!#1g2BDH23(4���j�%�6BI�'1�2f�%)[!#�%$'&�("R6>D$�1i1sEq�m23(4����{�9<15�'p�9UE3�sELpo9 7~9-2o;HBA1�2�^j�qR�(��%R'I#�%)



�����

{?(4�623(����a23(4�l,/�'1�2�93.#&�B42o!#�%$'&�(d(K$#1Z23(��Z�j�%�6BK9<�j�%)[&0��D'&I����2-9U�'1'p/�%�%RzDj!#.I9-2-9`DC. $C> !�DC�'9-23(+;H1�(4$#���
2BDd^j�H$'&M&�>k9@�j)�p`$#.�)23(4�];H93.LK5}4��9J;��;^j�6�i1'(+9�&"&��HD+^�>u��;H1q;=$# d^j�%R�D#;�[;�D#�j�])C9 �YR6BK>k2fE

}e(4�:>k93.0�%$#�'K 2-93;��$#> !�D#��9323(+; 7ND#�H16D#>k�s93.A!N$N�%�'162-�'9@R52f�%)N�����'1'9-D#.uD%7H23(4��;:9<.LK5}4��9l;��;�K
^j���'1i(A9�&V&��HD+^�>u��; 9r1c^%$#15�%)dD#.����YR69U��.�2qR�(K$C�8$MRs2f���'9<16$M2-9`D#.I1]D87�;:9<.I93;=$#>�2-�'9@$#.A!CBA>D$C2-9-D#.�1�D87
!#�%$'&�(M1:23(K$C2~^j��>�D#.A!N2BD�23(4�:R�D#.I1'9@)+���j�%)!#�%$'&�(VR6>L$#1i15E_}�(��'15��R6(K$#�%$MR52f����9r15$C2-9-D#.�1[$#�j��D87:)#9 7K
7s���%�6.�2q2- i&I�'15EV�'.YRj$�1s�SD87[�#�

2
K�7'�j�j��!C�8$'&�(M1ipa23(4�"���6��2f�%nV15�62�D87"$\;:93.I93;�$C>/2-�'9@$#.A!#BK>D$C2-9`DC.

D87d1�B4R�(�$\!#�%$'&�(�Rj$#. ^j�=&4$C��2-9-2-9`DC.0�%)*9<.�2BD*2-{;D 1s�6231ip=$#.�)uD#.0�vD87N23(4��&4$C��2-9-2-9`DC.�R6>D$�1i1s�'1
;:B+162J7'BK> ,l><>T$#. �%$�1�9<>k �R�(4�%R'I#$+^�>u�H&��HD'&��6��2- +E���D#�Z&I���';:B42U$C2-9-D#.*!#�%$'&�(M1'pa{`�c{�9<>3>`)+�-,/.0��$
1U&I�%R69@$#>o$MR6 MR6>k9@RZ!#�8$�&�(d1'B�R�(N23(K$C2m�������� ;=$sn#93;=$#>K&4$C23(AD87a23(A9r1]$MR6 MR6>k9@Rg!C�8$'&�(N�%�f&0�%�'1s��.�231[$
;:9<.�9<;=$#>J2-�'9@$#.A!#BK>D$C2-9`DC. 9<. $N{l$# N23(K$C2�$#><>�D#{?1=���YR69@�6.�2�R�D#.I1�2-��B4R52-9-D#.jD87H23(����j�f&��j�'15�6.�2f�%)
2-��9-$#.K!#BA>D$C2-9-D#.0E��l9<.0$#><>k �p�93.YRj$�15�AD87:FZ}�K�7'�j�j��R6>D$#{!K�7'�j�j�=!C�8$'&�(M1ipZ;:9<.�9<;=$#>/2-��9-$C.A!#BK>L$C2-9-D#.�1
$#�j�\R�(K$#�%$MR52f����9<15�%)Y^� �����62f�%nkD#�%)+����9<.K!�1N23(K$C2:Rj$#. ^j�d!+��. ���8$M2f�%)Y^� S$*1f&��%R69@$#>�$#> !�D#��9-23(+;
$'&M&0>�9U�%) 2BD 23(���!#93����. !#�%$'&�(�E�h%D�p[�������� N!#�8$�&�(�R6>D$�1'1"�j�%�6BK9<�j�'1_$�)#9 �����j��.�2a$'&M&0��Ds$+R�("7ND#�
16DC>��s93.A!23(4�]�%�'162-�'9@R52f�%)"���6�i1�9`D#.I1�D87a23(��Z;:93.LK6}��'9?;��;^j���'1i(+9b&&0��D+^6>D��;E

	g�'1'9@)+�'1"16D#>kBK2-9-D#.�1~7ND#�~D#BA��Ri��.�2-�8$#>o&��HD+^�>u��;H1ipZ{`�c{�93>3>2D+^62U$C9<.�$\.IBK;^j���SD87c�%�'1�BA>L231
23(K$C2q{�93>3>�$'&M&I�%$#�qD#.I>k �$�1d$#BCn#93>�9@$#�� 2BD�D#>�1�^�B42]$#�j�d93.�2f���j�'1�2-93.A!\93.�23(4��93�SD#{�.Y��9L!�(K2fE �_�
{�93><>M&��%��15��.�2`$#.V�%$#1' :�%�jR�Dj!#.I9-2-9-D#.V$C> !�DC�'9-23(+;�76D#�`&��HD'&��6�g93.�2f����� $#>�!#�%$'&�(M1sE�
���D�&����Z93.�2f����� $#>
!#�%$'&�(M1=$#�j�H1f&��%R69@$#>lR�(�DC�8)M$C>�!C�8$'&�(M15E }e(4�"$#> !�D#��9323(+; 9<1H;:BK>k2-9WKU1�{`�j�f&�^��j�%$M)M23(H,/�'1�2�1s�%$#�%R�(
^%$�1s�%)=$#.0)g!A��.0���%$C2f�'1Z$H�����62f�%n�D#�%)+����9<.K!H{�9323($�&��HD'&����62- :23(K$C2�R�(K$#�%$MR52f�6�'9<15�'1/&���D�&����g9<.�2f�6�K
� $#>K!#�8$�&�(M1ipo9 7m23(4��93.#&�B42�!#�%$'&�(�9<1m$MRs2-B4$#>3>k [$~&���D�&����~93.�2f����� $#>+!#�%$'&�(�pDC23(4�6�'{�9<15�'pe9UE3�sELpe9 7~23(4�
93.#&�B42?!C�8$'&�(O9<1].3DC2~$[&0��D'&I���[93.�2f����� $#>�!#�%$'&�(Mp~23(4�=$#> !�D#�'9-23(+; D#B42�&�BK231�$d�����62f�%n�15�62T{?(+9@R�(
&��HD#���'1=23(K$M2�23(4�=9<.C&�BK2`!#�8$�&�( Ri$#.I.3DC2q^j�c$H&��HD'&��6�=9<.�2f���'��$#>e!#�8$�&�(4ENh�B�R�( $C> !�DC�'9-23(+;H1:$#�j�
Rj$#>3>u�%)��URi���62-9 7� #9<.K!0�jp 1'93.�Ri��23(4�� [)�Da.3DM2�D#.I>k �&��HDs)#B�Ri�q$#.�$#.�1'{`�6�~^6BK2�&���DC����23(4��93��)+�%R69<1'9-D#.�1
^� "$�&M&��HD'&���9-$C2f�[Ri���62-9 ,`Rj$C2f�'1sE

�'.*Rj$�1s��D87�&�����;:BK2U$M2-9`D#._!C�8$'&�(M1ipT{`��)+����93���H1�9<;�&�>u�:$#.�)d>k93.0�%$#�'K 2-93;�:$#> !�D#�'9-23(+;H1l7ND#�
R�D#;�&�B42-93.A!g23(4��2-�%�i��{�9-)M23([$#.�)�;:9<.I93;:BA; ,l><>aKf93.�D87 &�����;:BK2U$M2-9`D#.a!#�%$'&�(+15Ea}e(4�'1s�T$#> !�D#��9323(+;H1
$#�j�Z;�Ds)C9 ,��j):1i(QD#��2f��1�2�&4$C23(+1Z$#> !�D#��9-23(+;H1q$#.�)={;D#�I�D#.\23(4�a$MR5 CR5>�9@R�!#�%$'&�(d{?(�D�1s�q;=$sn#93;=$#>
&4$C23(+1[�j�f&��j�'15��.�2m23(4�[15�52ZD87];:93.I9<;=$#>e2-��9@$#.A!#BK>L$M2-9`D#.I1VD87:$]&I���';:B42U$C2-9-D#._!#�%$'&�(4E��PD#�Z�#�

2
K

7��%�j�~!#�8$�&�(M1ip?2-�%�i��{�9-)M23("$#.�)[;:9<.I93;:BA;�,/><>aKf93.�)�DH.3DC2�^j�%R�DC;=�Z>�93.0�%$C�K�2-9<;�gR�D#;�&�B42U$+^�>u�'pl^�BK2
{`�a{�9<>3>e$C2/>u�%$�162TD+^62U$C9<.&QD#>k #.3D#;:9-$C>xK�2-9<;�Z$#> !�D#��9-23(+;H15E



�����



�����

�������
	�����
������������������������ ���!��#"%$&!�$'"%���)(*��$&�+!���,��&�-(.$&��!� 

/1032�0346587:9<;<0=582�>�?�7=589<03@�2BAC58;<DFE'G�@�;&H�587I>�;&58J�GBALKNMO>�;&58J�GP0=ACEQ587373D�HPERG�@�;&H�587I0TSU039CHV@�D�AW2�@�9
EX@�2Y9&58032Z5[E'G�@�;&HV73D�A&AUEX\VEX73D]@8S
73DQ2�>�9<G)589^73D�5�A&9 � K:M�EX\VEX73DW0=A^E'G�@�;&HV73D�A&AU0TS
@�2�73\_EX@�2BA<D�EX?�9<03`�D
`aDQ;<9<0=EXD�A)58;<Db5�Hdc<5�EXDQ2e9�KgfUG�@�;&H�587C>�;&58J�GBA)58;<Dh`aDQ;<\i032e9<DQ;<D�A&9<032�>j>�;&58J�GBA19<@kA<9<?BHV\�l+582BH
9<G�DQ\ZJ�;<@m`Y0=HVDC46582e\nE'GB58;&5�EX9<DQ;<0=A&589<03@�2BA�?BA<032�>FoB5�A<0=EN>�;&58J�G12�@�9<03@�2BA�KpM+4F@�2�>69<G�@aA<Dal�9<G�;<DQD
E'GB58;&5�EX9<DQ;<0=A&589<03@�2BAq58;<D�@8S�A&JrD�EX0=587�032Y9<DQ;<D�A<9�KIse@Bl�`�DQ;<9<0=EXD�A:@8S�E'G�@�;&H�587V>�;&58J�GBAtEQ582ForD�@�;&HVDQ;<D�H
A<?BE'G69<GB589p9<G�Du;<D�A<?�739<032�>v@�;&HVDQ;<032�>�GB5�AU582wD�5�A<0373\[`aDQ;<0Txr58o�73D+J�;<@�J*DQ;<9y\Nwz9<G�D�A<Du@�;&HVDQ;<032�>aAU58;<D
EQ587373D�H)J*DQ;{SzD�EX9�DQ73034F032B589<03@�2|A&ERG�DQ4FD�A�z}KUfUG�@�;&H�587�>�;&58J�GBA+58;<DCDX~�5�EX9<73\Z9<G�@aA<DN>�;&58J�GBA���G�@aA<D
4F032�0346587:A<DQJB58;&589<@�;&AW58;<D[EX730=�e?�D�A�KW�-G�0=A]D�A<9&58o�730=A<G�D�A]5ZorD�58?�9<0TS�?�7IEX@�2�2�D�EX9<03@�2P9<@Z9<G�D���0=HVD
xBDQ7=H1@8SpA&DQJB58;&589<@�;&A�K��I032B587373\�lBE'G�@�;&H�587
>�;&58J�GBA]58;<Dv9<G�Dv032Y9<DQ;&A<D�EX9<03@�21>�;&58J�GBAu@8S:S�584F037303D�A+@8S
A<?�o�9<;<DQD�A+@8S:9<;<DQD�ALK���DQ2BEXDal.ERG�@�;&H�587
>�;&58J�GBAu58J�J*D�58;u587=A<@w032�9<G�D�EX@�2Y9<DX~V9�@8Sq>�;&58J�G|EX7=5�A&A<D�A
��039<G)2�0=EXDC>�DQ@�4FDQ9<;<0=EW4F@eHVDQ7=ALK

�y2�9<G�0=ACE'GB58J�9<DQ;�l��^D���03737:J�;<D�A<DQ2Y9W>�DQ2�DQ;&587qHVDXxB2�039<03@�2BAC582BHP;<D�A<?�739&A]9<GB589W58;<DF2�DQD�HVD�H
S�@�;_9<G�0=A6JB58;<9Z@8SC9<G�D|9<G�D�A&0=A�K��hD|��03737+xB;&A<9wHVDXxB2�D|9<G�D�2�@�9<03@�2�@8SC4F032�0346587]A<DQJB58;&589<@�;&A
582BH�>�03`aDn?BA<DXS�?�7�ERGB58;&5�EX9<DQ;<0=A&589<03@�2BAF582BH�J�;<@�J*DQ;<9<03D�A�KkM�Sz9<DQ;F9<GB589�lp�UD)��03737�EX@�2BA<0=HVDQ;F9<G�D
EX7=5�A&Aw@8SvERG�@�;&H�587u>�;&58J�GBA�K��tA<JrD�EX0=587373\el-�UD���03737�S�@eEX?BAZ@�2iE'GB58;&5�EX9<DQ;<0=A&589<03@�2BAw@8SvERG�@�;&H�587
>�;&58J�GBAu9<GB589u��03737:58J�JrD�58;]7=589<DQ;u032|4F@eHV0TxBD�H|S�@�;<4gS�@�;uE'GB58;&5�EX9<DQ;<0=A&589<03@�2BA+@8SpA&?�o*EX7=5�A&A<D�A+@8S
E'G�@�;&H�587t>�;&58J�GBA�Kn�-G�DQ2�l
�^D6��03737to*D_J�;<DQJB58;<D�HbSz@�;vHVDXxB2�032�>�4F032�0346587p9<;<0=582�>�?�7=589<03@�2BA�KZM
4F032�0346587I9<;<0=582�>�?�7=589<03@�2�@8S^5_>�;&58J�G�0=A]@�o�9&58032�D�H|oY\15�H�HV032�>n582|032BEX73?BA<03@�2V��4F032�0346587qA<DQ9u@8S
D�HV>�D�A69<@�4658�aD)9<G�D�>�03`�DQ2�>�;&58J�GiE'G�@�;&H�587�Ki�hD���03737+>�03`aD19��^@h�UDQ737T���Y2�@m��2k582BH�?BA<DXS�?�7
E'GB58;&5�EX9<DQ;<0=A&589<03@�2BAN@8S�4F032�0346587p9<;<0=582�>�?�7=589<03@�2BALK)M�S�9<DQ;v9<GB589�lI�UD_��03737UHVDXxB2�D_9<G�Dw4F032V���
;<0
4FDQ4�orDQ;&A<G�03JCJ�;<@�o�73DQ4�S�@�;�58;<o�039<;&58;<\+>�;&58J�GBA�lL��G�0=ERGC0=A�9<G�Dp>�DQ2�DQ;&587�`aDQ;&A<03@�2W@8Se9<G�DqJ�;<@�o�73DQ46A
9<GB589+�^DN��0=A<G|9<@wA<@�73`�DC032�9<G�D�A&?�oBA<D���?�DQ2Y9�E'GB58J�9<DQ;&A�S�@�;uA<J*D�EX0=587
>�;&58J�G|EX7=5�ARA<D�A�K-�-G�Dv7=5�A<9
A<D�EX9<03@�2)@8Sq9<G�0=A�E'GB58J�9<DQ;���03737�o*DvHVD�HV0=EQ589<D�H)9<@69<G�;<DQDN>�;&58J�G�JB58;&584FDQ9<DQ;&A�9<GB589�9<?�;<21@�?�9�9<@
orD[;<DQ7=589<D�H�9<@n9<;<0=582�>�?�7=589<03@�2BA]@8Sp>�;&58J�GBA�KN�r?�;<9<G�DQ;]HVDXxB2�039<03@�2BAW582BH�;<D�A<?�739&AW58;<DFA<9&589<D�H�032
9<G�DNA<?�oBA<D��e?�DQ2Y9^E'GB58J�9<DQ;&A�lY��G�DQ;<DN9<G�DQ\w58;<DC2�DQD�HVD�H�K

��� 	 ���z����� �B�p�*��L	��a�k���e�
��m�V	� rL�

�B@�;�582B5873\VA<032�>�9<G�DNA<9<;<?BEX9<?�;<DW@8S�>�;&58J�GBA�lY039-0=A-?BA<DXS�?�7*9<@FJB58;<9<039<03@�2n9<G�DC>�;&58J�Gn032e9<@FA<46587373DQ;
J�03D�EXD�A�Kqse@�4FDuEX@�2BEXDQJ�9&A^58;<D��Y2�@m��2�le582BH69<G�D�4F@aA<9UJr@�J�?�7=58;U0=AtoB5�A<D�H_@�2_A<DQJB58;&589<@�;&A�KIM�2BH
S�@�;v@�?�;�J�?�;<Jr@aA<D�A�lqA&JrD�EX0=587-A<DQJB58;&589<@�;&A�58;<Dw@8S+G�03>�Gj034FJr@�;<9&582BEXDaKP¡�DQ9=P£¢ w�¤�x<¥HzNo*DZ5
>�;&58J�G�lB582BH)73DQ9u¦ 	 ¤FKU§^\�Pk¨+¦^l��UDNHVDQ2�@�9<Dv9<G�DvA<?�o�>�;&58J�G)@8SlP�032BHV?BEXD�H)oY\n¤�¨�¦^KU��S
¦h¢ª©�«�¬NS�@�;�A<@�4FDC`aDQ;<9<DX~_«|@8S�P[lV�^DN587=A<@[��;<039<D[P��«1032BA&9<D�5�Hn@8S/Pk¨�©�«�¬�K
® �a¯ �
� 	 �   � 	Y° ±e�52�P²¢�w�¤/x<¥[z�^j�d$�!#�%$'&�(Mpa$#.�)_>u�62�³Ix&´Zµ�¤Q^i�c�����62-9-R'�'1Z¶87HPE_F
�����62f�%n=15�62
¦ 	 ¤·¶87~P�9<1g$#.w³�x&´L¸'¹�º�»�¼r½�¼*¾&¿*½_¶87~P�9 7Z$#.�)F¶C.I>� :9 7-³O$#.�)N´:$#�j�aRR¶#.�2U$#93.0�%)
93.\)#9 �����j��.�2`RR¶#.I.0�%Rs2f�%)�R&¶#;�&V¶#. ��.�231v¶87�Pk¨�¦mE



�����

��@�9<D�9<GB589+9<G�DQ;<Dv465m\norD�`aDQ;<9<0=EXD�A+³Z582BH|´]@8Sp5_>�;&58J�G\P�¢ w�¤/x<¥[z-S�@�;���G�0=E'G�9<G�DQ;<D
0=AW2�@1³Ix&´&��A<DQJB58;&589<@�;C@8STP[K��-G�0=AW0=AW9<G�DFEQ5�A<D[0TS^582BH�@�2�73\�0TS�³1582BHh´v58;<DF5�Hdc<5�EXDQ2e9W032*P[K
�B@�;-2�@�2V��5�Hdc<5�EXDQ2e9�³w582BH1´Llr¤�¨+©m³Ix&´�¬N0=A�5873�-5L\VA-582�³Ix&´&��A<DQJB58;&589<@�;�@8S�PFK
® �a¯ ��� 	 �   ����� ±e�62�P·¢�w�¤�x<¥Hz�^j�d$d!#�8$�&�(Mpa$#.�)O>D�52-³�x&´Zµ�¤Q^j�"�#����2-9@Ri�'1)¶87HP=EOF
�����62f�%nV1s�62+¦ 	 ¤ ¶87�P 9<1d$��
	��	��b¼��U³�x&´��f15�f&�$#�8$M2�¶#��¶87:P 9 7d$#.�)h¶#.I>k \9 7c.*¶&��<¶'&����
1'BI^'15�52I¦ ′ � ¦�¶87u¦v9<1Z$#.)³Ix&´��U1s�f&4$#�%$C2�¶#��¶87�P=E

se032BEXD651HV0���DQ;<DQ2e9C2�@�9<03@�2h@8S-4F032�0346587U³Ix&´&��A<DQJB58;&589<@�;&Av465L\|orD_HVDXxB2�D�Hh`Y0=5)51EQ58;&HV0T�
2B5873039y\wJ�;<@�JrDQ;<9�\�lY@�?�;�4F032�0346587
³Ix&´&��A<DQJB58;&589<@�;&A�58;<DN587=A<@6EQ587373D�HV93.�R6>kBA1'9 ¶#.��f;:93.I93;�$C> K
® �a¯ ��� 	 �   ���*	 ±e�62JP�¢ w�¤�x<¥[zZ^i�a$a!#�%$'&�(�E`F �����62f�%n:1s�62�¦ 	 ¤g¶87mP�9r1q$��
	��	��b¼��
¹�º�»�¼r½�¼*¾&¿*½W¶%7�P 9 7�$C.�)N¶#.I>k g9 7T23(4���j�~$#�j�T�#����2-9@Ri�'1t³Ix&´uµ�¤ ¶87�P 1'B�R�(H23(K$M2r¦ 9r1m$q;:9<.I93;=$#>
³Ix&´��U1s�f&4$#�%$C2�¶#��¶%7�P=E

/1032�0346587:A<DQJB58;&589<@�;&AuGB5L`aD�5_?BA<DXS�?�7
E'GB58;&5�EX9<DQ;<0=A&589<03@�2�K]¡�DQ9qP ¢�w�¤/x<¥[z+orD[5_>�;&58J�G�l
582BH173DQ9N¦ 	 ¤ orD[5wA&DQ9+@8St`aDQ;<9<0=EXD�Au@8S�P[K]M�2b¦��b7�BA>3>?RR¶#;�&V¶#.0��.�2�@8STP 0=A+9<G�D[A<?�o�>�;&58J�G
@8SqP·032BHV?BEXD�Hjoe\b5�`aDQ;<9<DX~jA<DQ9�� 	 ¤%��G�DQ;<D��·032BHV?BEXD�A[5PEX@�2�2�D�EX9<D�H�EX@�4FJr@�2�DQ2Y9[@8S
P�¨-¦j582BHnDQ`aDQ;<\6`aDQ;<9<DX~Z032|¦�GB5�A�5[2�DQ03>�Geo*@�?�;�032��FKq�-G�DWSz@�7373@d��032�>[73DQ4F465[0=A-D�5�A<\w582BH
58J�JrD�58;&A�A&DQ`aDQ;&587*9<034FD�A�032)9<G�DC73039<DQ;&589<?�;<DaK

� � � � � ��� 	����  .�����z *L�! 
"$#&%oP�¢ w�¤/x<¥[z(')#(*,+.-/*103254!*&65798�#&%
³:*&657[´;'<#>=?#@-�%BABCD#DEGF?H�P�IJK=&#@-�%�#/LME@#&%
¦ 	 ¤KF?H�P
ANEO*;P�AQ6!AQPR*&8r³Ix&´DSBE@#�0T*&-/*U%�F?-VF?H�PWAQH5*&657MF?6!8YX:AQHePZ2[*\E(%^]_FR`B7.AQab#@-@#@63%dc^¦_SdH�e\8Q85CDF?P90$F?6�#@65%fE
]_2�#@-@#:%B2�#gF?6�#9CDF?63%h*&AQ6�E�³i*&657j%B2�#gF)%B2�#@-;CDF?65%h*&AQ6�E�´?I

k L �  �mlh¡�DQ96¦ o*Dw5�4F032�0346587-³�x&´<��A<DQJB58;&589<@�;�@8SgP[K1§^\bHVDXxB2�039<03@�2�lq³�582BH�´F58J�J*D�58;�032
HV0��.DQ;<DQ2Y9WEX@�2�2�D�EX9<D�H�EX@�4FJ*@�2�DQ2e9&A9�

a

582BHn�
b

@8SmP�¨+¦^l�;<D�A<JrD�EX9<03`aDQ73\eK�se?�J�Jr@aA<D[9<G�DQ;<D[0=A
«�µ�¦�9<GB589CGB5�AW2�@)2�DQ03>�GYor@�?�;C032��

a

KF�q`aDQ;<\�³�x&´<��JB589<G 032 P 9<GB589NEX@�2e9&58032BAW«jEX@�2e9&58032BA
582�@�9<G�DQ;�`�DQ;<9<DX~CSz;<@�4O¦^KI�+DQ2BEXDal�¦�¨*©�«�¬�0=AI587=A<@W582[³�x&´<��A<DQJB58;&589<@�;:@8S0P[l8��G�0=E'G[EX@�2e9<;&5�HV0=EX9&A
¦�orDQ032�> 4F032�0346587�KkM%A<034F037=58;658;<>�?�4FDQ2e9&589<03@�2�G�@�7=H�A60TSN¦�EX@�2Y9&58032BA65P`aDQ;<9<DX~�9<GB589FGB5�A
2�@P2�DQ03>�Geo*@�?�;�032o�

b

K �r@�;[9<G�DnEX@�2Y`aDQ;&A<Dal�xB;&A<9[2�@�9<Dn9<GB589_¦ 0=AF582k³Ix&´&��A<DQJB58;&589<@�;[@8SZP[K
�B?�;<9<G�DQ;<4F@�;<Dal�@�oBA&DQ;<`aD-9<GB589�l8Sz@�;pDQ`aDQ;<\v«1µ|¦^l�9<G�DQ;<D�0=At582_³�x&´<��JB589<Gw032"P EX@�2Y9&58032�032�>C@�2�73\
«_5�A:`aDQ;<9<DX~NS�;<@�4 ¦^Ktse@Bl�2�@CJ�;<@�JrDQ;tA<?�oBA&DQ9I@8S�¦�EQ5826A<DQJB58;&589<D�³N582BH6´mla582BH_¦|0=Aq4F032�0346587�K

�v rm *���z���p²��� � "#&%�Pg¢ w�¤�x<¥[zR'<#�*q+.-/*103254_*&657�8�#&%u¦ 	 ¤r'<#s*�=&#@-�%�#/LtE@#&%uF?H~P�I
v$2�#@654.¦�ANEw*:P�AQ6!AQPR*&8bE@#�0T*&-/*U%�F?-uF?H�PxAQH_*&657iF?6!8YXqAQH�Py2[*\E>%z]{F[¦_SdH^e\8Q8_CDF?P90F?6�#@63%fE?I

k L �  �ml6¡�DQ9N¦korDF5_4F032�0346587:A<DQJB58;&589<@�;u@8STP[K]§U\1HVDXxB2�039<03@�2�l.9<G�DQ;<D[58;<D�`�DQ;<9<0=EXD�Au³)582BH
´u@8S/P�A&?BERGn9<GB589]¦j0=A+5[4F032�0346587�³Ix&´&��A<DQJB58;&589<@�;�@8SlP[KO|]?�DC9<@_¡�DQ4F465~}VK � lB³_582BH�´]58;<D
EX@�2e9&58032�D�Hb032b9y�^@|¦
� S�?�737pEX@�4FJr@�2�DQ2Y9&AN@8S�P[Kn�B@�;C9<G�DwEX@�2e`aDQ;&A&Dal�73DQ9M�

1
582BH��

2
o*D_9��U@

¦
� Sz?�737IEX@�4FJr@�2�DQ2Y9&A+@8SmP[K+�-G�DQ2�lrSz@�;uDQ`aDQ;<\1³)µ ¤=wh�
1
z+582BH|´vµ ¤=wh�

2
z}l�¦k0=A]5_4F032�0346587

³Ix&´&��A<DQJB58;&589<@�;�@8SlP�HV?�DC9<@6¡�DQ4F465s}VK � lVG�DQ2BEXDN5[4F032�0346587�A<DQJB58;&589<@�;�@8SlP[K



Chapter 8
fUG�@�;&H�587�>�;&58J�GBA�582BHn4F032�0346587�9<;<0=582�>�?�7=589<03@�2BA �����

M�2)032Y9<DQ;<D�A<9<032�>F582BHn?BA<DXS�?�7�;<DQ7=589<03@�2)@m`aDQ;-9<G�DNA<DQ9-@8S:4F032�0346587�A<DQJB58;&589<@�;&A-@8SI5[>�;&58J�G
0=A-9<G�DvEX;<@aA&A&032�>�;<DQ7=589<03@�2�K

® �a¯ �
� 	 �   � �[� ±e�52lP�¢�w�¤�x<¥HzH^i��$�!#�%$'&�(Mpm$#.�)">D�52q¦
1
xR¦

2

	 ¤ ^j�H;:9<.�9<;=$#>015� &4$#�%$\�
2�¶#�'1F¶%7aPEY�_��16$# N23(4$C2U¦

1
$C.�)w¦

2 � ½�¿*¹d¹d9 7=$#.�)|¶#.I>k �9 7v¦ 2
R&¶C.�2U$#93.�1H�#����2-9@Ri�'1_¶87�2-{p¶

R&¶#.�.0�%R52f�%)dR&¶C;�&�¶#.0��.�231v¶87�P�¨�¦
1
E

�y9U0=A-EX73D�58;^9<GB589-EX;<@aARA<032�>�EQ582n587=A<@�orDCHVDXxB2�D�HwSz@�;-58;<o�039<;&58;<\_A<DQJB58;&589<@�;&A��e�^Du@�2�73\F?BA<D
9<G�DNEQ5�A<DC4F032�0346587�A<DQJB58;&589<@�;&ALK

� � � � � ��� 
 ��k ��LL� � �����
	 �
��� �e����� °��  
"$#&%?P ¢ w�¤�x<¥[zu'<#w*;+.-/*103254U*&657 8�#&%I¦

1
xR¦

2

	 ¤ '<# P�AQ6!AQPR*&83E@#�0T*&-/*U%�F?-mE�F?H�P�I v$2�#@654�¦
1*&657Z¦

2
Cm-@F&EmE AQH_*&657iF?6!8YXqAQHt¦

2
*&657Z¦

1
Cm-@F&EmE 4!A�I #\I 4 %B2�# Cm-@F&EmE AQ6U+�-@#@8 *U%BA�F?6 ANE(E�XUP�P~#&%B- ABC?I

k m �  �ml §^\�A&\e4F4FDQ9<;<\�l�039nA&?��_EXD�Aw9<@�J�;<@d`aD�@�2�73\i@�2�DP034FJ�730=EQ589<03@�2�K ¡�DQ9�¦
1
582BH ¦

2EX;<@aA&A�l
��G�0=ERGh4FD�582BAv9<GB589N9<G�DQ;<D_58;<D6`�DQ;<9<0=EXD�Av³�582BH�´�032j¦
2
582BH w�HV0���DQ;<DQ2e9'z]EX@�2�2�D�EX9<D�H

EX@�4FJr@�2�DQ2Y9&A{�
a

582BH��
b

@8S0PF¨Y¦
1
A<?BERGv9<GB589_�

a

EX@�2e9&58032BAI³W582BH:�
b

EX@�2Y9&58032BA�´mK��uoY`e03@�?BA&73\�l
¦

1
0=AI582�³�x&´<��A&DQJB58;&589<@�;�@8S�P[Kqse032BEXD-¦

2
0=A�5+4F032�0346587eA<DQJB58;&589<@�;�@8S0P[ld9<G�DQ;<DU58;<Dp9��^@W¦

2
� Sz?�737

EX@�4FJr@�2�DQ2Y9&A��
1
582BH��

2
@8SlPFlB582BH|³w582BH�´]GB5m`aDC2�DQ03>�Geo*@�?�;&A�032��

1
582BH1032��

2
K^�-G�DQ2�l

¦
1
4�?BA<9]EX@�2e9&58032|`aDQ;<9<0=EXD�A�S�;<@�4��

1
582BH��

2
l.A<032BEXD�@�9<G�DQ;<��0=A&D:P�¨u¦

1
�^@�?�7=H|EX@�2Y9&58032|582

³Ix&´&��JB589<G�582BH�¦
1
�^@�?�7=HZ2�@�9�A<DQJB58;&589<Dv³6582BH1´mK

�-G�D+4F@�;<D]032Y9<DQ;<D�A<9<032�>vEQ5�A<D+Sz@�;U4F032�0346587*A<DQJB58;&589<@�;&AU0=A�la0TS�9<G�DQ\6HV@�2�@�9UEX;<@aA&ALKI�y269<G�0=A
EQ5�A<DalV�^DCA<JrD�58�Z@8S`.*¶C.���R6�<¶�1'1'93.A!]4F032�0346587�A<DQJB58;&589<@�;&A�K

��� � � ��	Q	 �z� � 	�  � �   ��	 �
 r � �B� � L���I���
�-G�DNEX7=5�A&A^@8SIE'G�@�;&H�587�>�;&58J�GBA-0=A�5[`aDQ;<\6032Y9<DQ;<D�A<9<032�>[>�;&58J�G)EX7=5�A&A�K:�y2Z9<G�DCG�0=A&9<@�;<\_@8S�>�;&58J�G
9<G�DQ@�;<\�lY9<G�DvEX7=5�A&A-@8SqE'G�@�;&H�587�>�;&58J�GBA�J�7=5L\VA�5821034FJ*@�;<9&582e9�;<@�73DalBA&032BEXDC039�GB5�A�orDQDQ2�584F@�2�>
9<G�DFxB;&A<9v9<@�orD_�e2�@d��2 51EX7=5�A&AN@8S-J*DQ;{SzD�EX9�>�;&58J�GBA"wzJ*DQ;{SzD�EX9N>�;&58J�GBA�58;<D6@�2�73\P4FDQ2e9<03@�2�D�H
G�DQ;<DalY9<GB589U0=A^��GY\F�UD]HV@[2�@�9^HVDXxB2�D]9<G�Du9<DQ;<4 582BHw;<DXSzDQ;^9<@�9<G�Duo*@�@��_oY\��]@�73?�4�o�0=E�l! ���#" l
S�@�;N4F@�;<D_032VS�@�;<46589<03@�2�582BHbSz?�;<9<G�DQ;NG�0=A&9<@�;<0=E6;<DQ4658;<�VA'z}K)M�7=A<@BlI5173@�9�@8S�oB5�A<0=EFJ�;<@�o�73DQ46A�l
A<?BE'G�5�AZEX@�4FJ�?�9<032�> 9<G�D|EX730=�e?�D|582BH�032BHVDQJrDQ2BHVDQ2Y9wA<DQ9w2e?�4�orDQ;&ALl^58;<D|D�5�A<\�S�@�;_ERG�@�;&H�587
>�;&58J�GBA�K:�-G�DCA<9<;<?BEX9<?�;<DW@8SIE'G�@�;&H�587�>�;&58J�GBA-0=A^EX73@aA&DQ73\_;<DQ7=589<D�HZ9<@[9<;<DQD�A-032n5FEXDQ;<9&58032)A<DQ2BA&Dal
5�A��^Dv��03737IA<DQDv589u9<G�DvDQ2BH1@8Sq9<G�0=A]A<D�EX9<03@�2�lr582BH�9<G�0=A�J�;<@�J*DQ;<9y\)0=A+?BA<DXSz?�7
032�9<G�D�HVD�A&03>�21@8S
5873>�@�;<039<G�46A�Kq�y2)9<G�0=A�A<D�EX9<03@�2�lV�^DC��03737�A<?�4F4658;<0=A<DNA<@�4FDC034FJ*@�;<9&582e9�A&9<;<?BEX9<?�;&587�;<D�A<?�739&A^Sz@�;
E'G�@�;&H�587�>�;&58J�GBA�K

® �a¯ �
� 	 �   � � 
 F !#�8$�&�(:P�¢ w�¤/x<¥[zg9<1 �%$ ¿*½�&*¼���9 7g$#.0)6¶#.I>k [9 7TP�)�¶W�'1q.*¶C2�R&¶#.�2U$C9<._$
R�(Y¶C�8)4>u�'1'1aR5 CR5>D��¶87q>u��.A!C23(!#�j�%$C2f���[23(K$#.('AE

/1032�0346587^A<DQJB58;&589<@�;&Av582BH�ERG�@�;&H�587p>�;&58J�GBANorD�EX@�4FDw;<DQ7=589<D�HboY\P9y�^@1A<@�4FDQ��GB589vA<?�;{�
J�;<0=A<032�>6E'GB58;&5�EX9<DQ;<0=A&589<03@�2BA�K



��� }

� �
�� rm� � ����� �{®)� L� 	 �� ��� �  
J +.-/*1032 ANE;C�2�F?- 7<*&8TAQH*&657iF?6!8YX AQH*&8Q8TAh%fE(P�AQ6!AQPR*&8bE@#�0T*&-/*U%�F?-mE(*&-@# Cm8QA��!e #DE�I

k L �  �mlC¡�DQ9�P�¢ w�¤�x<¥[z^o*Dv5[>�;&58J�G�Kt¡�DQ9u¦ 	 ¤Oo*Dv5[4F032�0346587�A<DQJB58;&589<@�;�@8SlP[Kq��St¦j0=A
2�@�9
5�EX730=�e?�Dt032HP[lm9<G�DQ;<Dp58;<Dt9��^@�2�@�2V��5�Hdc{5�EXDQ2Y9�`aDQ;<9<0=EXD�A���582BH
	]032�¦^K$|]?�Dt9<@u¡�DQ4F465u}VK � l
�h582BH�	)GB5m`aDN2�DQ03>�GYor@�?�;&A]032P9��U@ZEX@�2�2�D�EX9<D�H|EX@�4FJ*@�2�DQ2e9&A]@8STP�¨+¦^l�582BH|9<G�DQ;<D�58;<D[9��U@
��x�	a��JB589<GBA�

1
582BH�

2
032VPOA<?BE'G)9<GB589�9<G�DQ\ZSz@�;<4·56ERG�@�;&HV73D�ARA�EX\YEX73Dv@8SI73DQ2�>�9<G�589�73D�5�A<9 �

032 PFKC��DQ2BEXDal�P 0=A]2�@�9WE'G�@�;&H�587�KNfU@�2e`�DQ;&A<DQ73\�lB0TSmP 0=A]2�@�9WERG�@�;&H�587�l.9<G�DQ;<D[0=AW5wE'G�@�;&HV73D�A&A
EX\YEX73D;� @8S�73DQ2�>�9<GZ589p73D�5�A<9 � 032dPFKI¡�DQ9p«)582BH��vorDu`aDQ;<9<0=EXD�At032 � 9<GB589^58;<D+2�@�2V��5�Hdc<5�EXDQ2e9�K
¡�DQ9
� 582BH�	|orDF9<G�DF2�DQ03>�GYor@�?�;&AC@8S-«b032��[KF�-G�DQ2�l�¦ ′ ¢

def
w�¤�¨u¤"wh�az%z��P©��ox�	B¬60=AN582

«�x��d��A<DQJB58;&589<@�;U@8SJP[K:�-G�DQ;<D+0=A�¦ 	 ¦ ′ 9<GB589U0=AU5v4F032�0346587*«�x��8��A<DQJB58;&589<@�;p@8SJP[K_�+@�9<Du9<GB589
¦�4�?BA&9-EX@�2Y9&58032���582BH�	.Kq��DQ2BEXDal*¦�0=A�2�@�9�5FEX730=�e?�DC032OP[K

�v rm *���z���p²��� � ��k ��Lm�b� ��� �!	 ���%� ��%�� � ° �  
J +.-/*1032"Pª¢ w�¤�x<¥[zANE C^2�F?- 7<*&8!AQHT*&657MF?6!8YX�AQH�PK7)F<#DE{6�F)%T2[*<=?#GP�AQ6!AQPR*&8�E@#�0T*&-/*U%�F?-mE(%B2[*U%
Cm-@F&EmE�I

k L �  �ml�¡�DQ9TP�GB5L`�D^9��^@]4F032�0346587*A<DQJB58;&589<@�;&Ap¦
1
582BH_¦

2
A<?BE'GF9<GB589U¦

1
582BH_¦

2
EX;<@aA&A�l�0�K DaK3l

9<G�DQ;<D�58;<D�`aDQ;<9<0=EXD�A��P582BH�	n032P¦
2
9<GB589u58J�J*D�58;u032|9y�^@_HV0���DQ;<DQ2e9]EX@�2�2�D�EX9<D�H�EX@�4FJr@�2�DQ2Y9&A

@8SeP|¨�¦
1
K��-G�DQ2�l��w582BH�	[58;<D�2�@�9p5�Hdc<5�EXDQ2e9:032cP[l�582BH"P�0=Aq2�@�9tE'G�@�;&H�587BoY\��-G�DQ@�;<DQ4 }VK � K

�B@�;-9<G�DNEX@�2Y`aDQ;&A<DalY73DQ9�P�orDC2�@�9�E'G�@�;&H�587�l�582BHn73DQ9,��¢ wz«
1
x������5x{«

r

z^o*DN5FERG�@�;&HV73D�ARA�EX\YEX73D
@8S�73DQ2�>�9<G �"! � 032�P[Khse032BEXDZ«

1
582BH�«

3
58;<D_2�@�2V��5�Hdc<5�EXDQ2e9�032�P[l:9<G�DQ;<DZ0=A�5�4F032�0346587

«
1
x{«

3
��A<DQJB58;&589<@�;Z¦�@8SaP[K��y9FG�@�7=H�A69<GB589w¦OEX@�2Y9&58032BAF«

2
582BH�582�@�9<G�DQ;6`aDQ;<9<DX~�« ′ Sz;<@�4

©�«
4
x������5x{«

r

¬�Kpse032BEXD]«
2
582BHZ« ′ 58;<DW2�@�2V��5�Hdc{5�EXDQ2Y9U032_P[l�¤k¨-©�«

2
x{«

4
x������5x{«

r

¬W0=A�582n«
2
x{« ′ �

A<DQJB58;&589<@�;+@8S�PFl*9<GB589WEX@�2Y9&58032BA+@�2�73\)«
1
582BH�«

3
@8SpEX\VEX73DM�[KW�+DQ2BEXDal*9<G�DQ;<D�0=AW5_4F032�0346587

«
2
x{« ′ ��A<DQJB58;&589<@�;v¦ ′ @8S~P EX@�2e9&58032�032�>n«

1
582BH�«

3
K��-G�DQ2�l�¦ ′ EX@�2Y9&58032BA]9y�^@Z`aDQ;<9<0=EXD�AuSz;<@�4

9y�^@FHV0��.DQ;<DQ2Y9�EX@�2�2�D�EX9<D�H)EX@�4FJr@�2�DQ2Y9&A�@8S�P�¨�¦^l�0�K DaK3lr¦j582BH|¦ ′ EX;<@aA&A�K

��2Y9<DQ;<D�A<9<032�>�73\�l*ERG�@�;&H�587:>�;&58J�GBACEQ582h587=A<@ZorD6E'GB58;&5�EX9<DQ;<0=A<D�H|oe\�A&JrD�EX0=587:`aDQ;<9<DX~�@�;&HVDQ;{�
032�>aA�K�#qDQ;<9<DX~P@�;&HVDQ;<032�>aACJ�7=5L\�582h034FJr@�;<9&582Y9N;<@�73DF032h9<G�0=ACJB58;<9N@8S^9<G�D69<G�D�A<0=A�l�A&032BEXDF9<G�DQ\
@8Sz9<DQ2n034FJ�73\ZD�5�A<\w582BHnD �_EX03DQ2Y9�5873>�@�;<039<G�46A�K
® �a¯ ��� 	 �   ��� � ±e�62JP�¢ w�¤�x<¥[z]^j�Z$a!#�%$'&�(+p�$#.0):>D�52$��^j�Z$:�#����2f�jn_¶87mP=E=�_�g16$# :23(K$C2
� 9<1N¹\	��n»_� 	 � 	y¼��o9<.�P 9 7a$#.�)Z¶#.I>k �9 7Z23(4�].0��9D!�(4^&¶#BA�'(Y¶�¶W)Z¶%7%� 9<1]$"R6>k9@�6B��]93.dP=E

�hD_>�03`aDw5)xB;&A<9�EX@�2�2�D�EX9<03@�2 orDQ9��^DQDQ2�A<034FJ�730=EX0=587t`�DQ;<9<0=EXD�Av582BH E'G�@�;&H�5873039�\�K)��2bS�5�EX9�l
A<034FJ�730=EX0=587�`aDQ;<9<0=EXD�A�HV@F2�@�9�032'&B?�DQ2BEXDC9<G�DvE'G�@�;&H�5873039y\_@8S:5[>�;&58J�G�K

� � � � � ��� � "$#&%]P ¢ w�¤�x<¥Hzq'<#i*j+.-/*103254V*&657
8�#&%�� ')#q*jEmAQP9038QABCmA *&8;=&#@-�%�#/L F?HqP�I
v$2�#@6540PxANE,C�2�F?- 7<*&8TAQH*&657qF?6!8YXqAQH�P�%�jANE,C^2�F?- 7<*&8�I
k L �  �ml�¡�DQ9lPiorD�E'G�@�;&H�587�K��-G�DQ2�ldS�@�;IDQ`aDQ;<\C`aDQ;<9<DX~N«F@8S P[l+P[�«F0=AIE'G�@�;&H�587�KqfU@�2e`aDQ;&A&DQ73\�l
73DQ9mP o*DW2�@�9-E'G�@�;&H�587�lV582BH_73DQ9w��¢ wz«

1
x�������x{«

r

ztorDN5�E'G�@�;&HV73D�A&A-EX\YEX73D]@8S
73DQ2�>�9<G��(! � 032



Chapter 8
fUG�@�;&H�587�>�;&58J�GBA�582BHn4F032�0346587�9<;<0=582�>�?�7=589<03@�2BA �����

P[K �uoBA<DQ;<`aD+9<GB589pDQ`aDQ;<\[`aDQ;<9<DX~[032q��GB5�Ap9��^@N2�@�2V��5�Hdc{5�EXDQ2Y9p2�DQ03>�GYor@�?�;&AU032dPFKI�+DQ2BEXDal�2�@
A<034FJ�730=EX0=587�`aDQ;<9<DX~w@8S/P�0=A�EX@�2Y9&58032�D�Hn032 �[l�582BHj��0=A�5_ERG�@�;&HV73D�A&A-EX\VEX73DC032OP�%�
K

M�2�@�9<G�DQ;p032e9<DQ;<D�A<9<032�>�EX@�2�2�D�EX9<03@�26orDQ9��UDQDQ26E'G�@�;&H�587B>�;&58J�GBAt582BH_A<034FJ�730=EX0=587B`aDQ;<9<0=EXD�A:0=A
A<G�@d��2woY\_9<G�DWS�@�7373@d��032�>�73DQ4F465�Kq�y9�A&5L\VA^9<GB589-4658�e032�>FA<034FJ�730=EX0=587�582)58;<o�039<;&58;<\_`�DQ;<9<DX~_@8S
5FE'G�@�;&H�587�>�;&58J�G)J�;<D�A<DQ;<`aD�A-ERG�@�;&H�5873039�\�K

� � � � � ����� ���  r��� � � ����Q� � � ��� ��� � �r�e���	��� �  "$#&%]P ¢Qw�¤/x<¥[z ')# *�C^2�F?- 7<*&8
+.-/*103254�*&657s8�#&% � ')#;*q=?#@-�%�#/L F?H�P�I_"$#&%

� ¢
def
©�	�
� 	�x�
ªµ��

G

w �0z-582BH�	��¢�
 582BH�	�
��µ1¥F¬ �
v$2�#@6540P ′ ¢

def
P � � ANE,C�2�F?- 7<*&8�I

k m �  �ml �uoBA<DQ;<`aDC9<GB589���0=A+A<034FJ�730=EX0=587
032\P ′ K�se?�J�J*@aA<DHP ′ EX@�2Y9&58032BA�56E'G�@�;&HV73D�A&A�EX\VEX73D:�
@8SU73DQ2�>�9<Gh589C73D�5�A<9 � KFse032BEXD��b0=ACA<034FJ�730=EX0=587:032*P ′ l � EQ582�2�@�9NEX@�2e9&58032��
K���S(� EX@�2e9&58032BA
589�4F@aA<9v@�2�DZ2�DQ03>�Geo*@�?�;�@8S���lG�g0=A[5|ERG�@�;&HV73D�A&A�EX\VEX73D_032YP[l:��G�0=ERG�0=A�2�@�9vJr@aARA<03o�73DwoY\
E'G�@�;&H�5873039y\w@8S/P[Kp��DQ2BEXDal3�OEX@�2e9&58032BA�DX~�5�EX9<73\_9��^@F2�DQ03>�Geo*@�?�;&A%	w582BH�
 @8S���lB582BH�	w582BH

O58;<D�5�Hdc<5�EXDQ2Y9+032�P ′ K]§^?�9u9<G�DQ2�l.EX\VEX73D�� ′ 9<GB589u0=A]5_4F@YHV0TxrEQ589<03@�2|@8S �O��G�DQ;<D �P0=AuA<DQ9
orDQ9��^DQDQ2�	)582BH�
�0=A]5wE'G�@�;&HV73D�A&AuEX\YEX73D�032 P @8St73DQ2�>�9<G�589u73D�5�A<9 � l*��G�0=E'G|EX@�2Y9<;&5�HV0=EX9&AqP
orDQ032�>wERG�@�;&H�587�K:�-GY?BA�lIP ′ 0=A+ERG�@�;&H�587�K

seDQ9 � @8S^¡�DQ4F465�}VK � 0=ACEQ587373D�HP9<G�D_)A�3,`R69U��.�R6 �@8SU`�DQ;<9<DX~��b032*P oY\���@aA<Dal��I58;�c<582�l
¡�?�DQ�aDQ;  �\�#" K

se@FS 58;�l��^DN�e2�@d� 9<GB589uE'G�@�;&H�587�>�;&58J�GBA�582BH|A<034FJ�730=EX0=587�`aDQ;<9<0=EXD�A�58;<D�;<DQ7=589<D�H)032�A<@�4FD
A<DQ2BA<DaKI�y9t;<DQ4658032BA�laG�@d�^DQ`aDQ;�l8@�JrDQ2w��G�0=ERG_E'G�@�;&H�587B>�;&58J�GBA^EX@�2e9&58032wA<034FJ�730=EX0=587B`aDQ;<9<0=EXD�A�K���2
o�;<03DXS<lV039�9<?�;<2BA-@�?�9�9<GB589�DQ`aDQ;<\wE'G�@�;&H�587�>�;&58J�G1EX@�2e9&58032BA�A&034FJ�730=EX0=587�`aDQ;<9<0=EXD�A�K

� �
�� *L� � ���3� �{®)� L� 	 �  �$���  
"$#&%]P ¢Xw�¤�x<¥[zq')# * C^2�F?- 7<*&8V+.-/*1032 %B2[*U%;ANEM6�F)%:CDF?P9038�#&%�#\I v$2�#@654mP 2[*\E %^]{F�6�F?6[S
*<7��D*<CD#@63%_E AQP9038QABCmA *&8O=?#@-�%BABCD#DE?I

k m �  �ml��hD1J�;<@d`aDn9<G�D�A<9&589<DQ4FDQ2Y9Foe\j032BHV?BEX9<03@�2k@d`aDQ;[9<G�D12Y?�4�o*DQ;6@8S]`�DQ;<9<0=EXD�AF@8S]9<G�D
>�;&58J�GBA�KU��9�0=AuEX73D�58;�9<GB589�9<G�DvA<9&589<DQ4FDQ2Y9�G�@�7=H�A-S�@�;+58737�>�;&58J�GBA�@�2|589�4F@aA<9�9<G�;<DQDN`aDQ;<9<0=EXD�ALl
A<032BEXDZ58737U9<G�D�A<DZ>�;&58J�GBA�58;<DZE'G�@�;&H�587�l:582BH D�5�E'G�2�@�2V��EX@�4FJ�73DQ9<DZ>�;&58J�Gj@�2j589�4F@aA<9�9<G�;<DQD
`aDQ;<9<0=EXD�A�EX@�2e9&58032BA�9y�^@12�@�2V��5�Hdc<5�EXDQ2e9�`aDQ;<9<0=EXD�AN��G�@aA&D_2�DQ03>�GYor@�?�;<G�@�@YH�AF58;<DwEX730=�e?�D�A�K�se@Bl
73DQ9~P GB5m`aD+589^73D�5�A<9tS�@�?�;^`aDQ;<9<0=EXD�A�KI¡�DQ9 �no*D]5�`aDQ;<9<DX~F@8SJP A<?BERG_9<GB589 �n0=AU2�@�9^A<034FJ�730=EX0=587�K
se?BE'G�5Z`aDQ;<9<DX~1DX~V0=A<9&A�l.A<032BEXD=P 0=AW5�A&A&?�4FD�H�9<@norD[2�@�2V��EX@�4FJ�73DQ9<DaKN¡�DQ9 	1582BH�
 o*D�2�@�2V�
5�Hdc<5�EXDQ2e9U2�DQ03>�Geo*@�?�;&Ap@8S ��KI�-G�DQ2�lY9<G�DQ;<D]0=AU5�4F032�0346587 	�x�
���A<DQJB58;&589<@�;�¦b@8SJP[le582BH)¦ 0=AU5
EX730=�e?�D]HV?�D]9<@F�-G�DQ@�;<DQ4 }VK � Kq¡�DQ9w�

1
582BHq�

2
032BHV?BEXD]9��^@�HV0���DQ;<DQ2e9�¦
� Sz?�737�EX@�4FJr@�2�DQ2Y9&A^@8S

P���G�DQ;<Du�^Du5�A&A&?�4FDala��039<G�@�?�9^73@aA&Ap@8S�>�DQ2�DQ;&5873039�\�l�9<GB589 �
1
GB5�A^589p4F@aA&9^5�AU46582e\[`aDQ;<9<0=EXD�A

5�Aw�
2
K:�hDNHV0=A<9<032�>�?�0=A<GnS�@�?�;�EQ5�A<D�A��

w�Mgz �
1
5�Aw�^DQ737u5�A��

2
EX@�2Y9&58032�589w73D�5�A<9w9��^@ `aDQ;<9<0=EXD�A�K ¡�DQ9NP ′

1

¢
def

P  �
1
��¦ " 582BH

P ′
2

¢
def

P  �
2
��¦ " Ku¡�DQ9]«

1
582BH�«

2
o*D�2�DQ� `aDQ;<9<0=EXD�A�K�¡�DQ9ZP

1
DQ4FDQ;<>�DvSz;<@�4�P ′

1

oY\



� ���

5�H�HV032�>�«
1
582BH 4658�Y032�>1039�5�Hdc<5�EXDQ2Y9N��039<G DQ`aDQ;<\P`aDQ;<9<DX~PS�;<@�4 ¦ �tA<034F037=58;<73\el
@�o�9&58032

P
2
Sz;<@�4 P ′

2

oY\�5�H�HV032�>)«
2
K:��@�9<DF9<GB589]P

1
582BH�P

2
EX@�2e9&58032P73D�A&A]`aDQ;<9<0=EXD�A]9<GB582 P[K

�B?�;<9<G�DQ;<4F@�;<Dal�2�@C`�DQ;<9<DX~�S�;<@�4 ¦�0=AtA<034FJ�730=EX0=587�032dP[lAP
1
@�;�P

2
K:�+DQ2BEXDalaoY\�032BHV?BEX9<03@�2

Ge\YJr@�9<G�D�A&0=A�l?P
1
582BH�P

2
D�5�E'G�EX@�2Y9&58032 9��U@|2�@�2V��5�Hdc{5�EXDQ2Y9�A&034FJ�730=EX0=587p`aDQ;<9<0=EXD�A�l:582BH

9y�^@[@8S�9<G�DQ4g58;<DvA&034FJ�730=EX0=587.032OPFK
w�§~z �

1
5�A]�^DQ737�5�A>�

2
EX@�2Y9&58032|DX~�5�EX9<73\1@�2�D�`aDQ;<9<DX~�Ku�-G�DQ2�l�9<G�D�A<D�9��U@w`aDQ;<9<0=EXD�Au58;<D[A<034[�

J�730=EX0=587�K
w�fmz �

1
EX@�2Y9&58032BA]DX~V5�EX9<73\1@�2�D[`aDQ;<9<DX~�582BH
�

2
EX@�2e9&58032BAW589W73D�5�A<9W9��U@Z`aDQ;<9<0=EXD�Au��G�DQ;<Ds�

20=An5�EX730=�e?�D|032vP[K�¡�DQ9n« 582BH � o*D|`�DQ;<9<0=EXD�A6S�;<@�4 �
2
KO��S �

G

 « " �	 �
G

 � " 582BH
�

G

 � " �	 �
G

 « " l/P EX@�2Y9&58032BAv5|EX\YEX73D6@8S�73DQ2�>�9<G � l
��G�0=E'G 0=Av2�@�9vJr@aARA<03o�73DaKn��DQ2BEXDal
�

2
EX@�2Y9&58032BAn5�`�DQ;<9<DX~���G�@aA<DPEX73@aA<D�H�2�DQ03>�GYor@�?�;<G�@e@eH�0=A)EX@�2Y9&58032�D�H�032�9<G�DhEX73@aA<D�H

2�DQ03>�Geo*@�?�;<G�@�@YH)@8SIDQ`�DQ;<\6@�9<G�DQ;�`aDQ;<9<DX~_S�;<@�4 �
2
l�582BH)A<@F9<G�0=A�`aDQ;<9<DX~_0=A+A<034FJ�730=EX0=587�K

wB|az �
1
EX@�2Y9&58032BAtDX~�5�EX9<73\�@�2�Du`aDQ;<9<DX~6582BHi�

2
EX@�2Y9&58032BAp589U73D�5�A<9p9��^@N`aDQ;<9<0=EXD�At��G�DQ;<Dg�

2
0=A

2�@�9�5FEX730=��?�DW032OP[Kpse@BlV9<G�DQ;<DN58;<Dv9y�^@[2�@�2V��5�Hdc{5�EXDQ2Y9-`aDQ;<9<0=EXD�A^«|582BH��[032 �
2
Kq¡�DQ9��

orD]5N4F032�0346587B«�x��8��A<DQJB58;&589<@�;p@8SoP[le582BH673DQ9 �
1
582BH��

2
orD���� Sz?�737*EX@�4FJr@�2�DQ2Y9&Ap@8SoP[K

��SU@�2�D�@8S^9<G�D�A<DFEX@�4FJr@�2�DQ2Y9&ACEX@�2e9&58032BAWDX~�5�EX9<73\1@�2�DF`aDQ;<9<DX~�l.9<G�0=AW`aDQ;<9<DX~�0=ACHV0���DQ;<DQ2e9
Sz;<@�4 9<G�DC`aDQ;<9<DX~Z032 �

1
582BH)587=A&@F2�@�2V��5�Hdc{5�EXDQ2Y9-��039<G)039�l�A<@[9<GB589��UDCGB5m`aDuSz@�?�2BHn9��U@

2�@�2V��5�Hdc{5�EXDQ2Y9�A&034FJ�730=EX0=587U`aDQ;<9<0=EXD�A�032�P[K �u9<G�DQ;<��0=A<Dal �
1
582BH �

2
D�5�ERG�EX@�2Y9&58032j589

73D�5�A<9�9��U@F`�DQ;<9<0=EXD�A�lB582BH)�^DvEQ582�58J�J�73\n9<G�D�EX@�2BA&9<;<?BEX9<03@�21@8StEQ5�A<Dw�Mgz�?BA<032�> �
1
582BH

�
2
032BA<9<D�5�HZ@8SO�

1
582BHj�

2
lV;<D�A<JrD�EX9<03`�DQ73\�K

�q`aDQ;<\[@8S
9<G�D+Sz@�?�;-EQ5�A<D�A^A<G�@m��Ap9<G�DuDX~V0=A<9<DQ2BEXDu@8S�9y�^@v2�@�2V��5�Hdc<5�EXDQ2e9^A<034FJ�730=EX0=587r`�DQ;<9<0=EXD�Ap032
P[KI�-G�DuEX@�2BA<9<;<?BEX9<03@�26@8S�EQ5�A<DHwB|Zzq;<DQ7303D�At@�269<G�D+S�5�EX9p9<GB589p4F032�0346587rA<DQJB58;&589<@�;&Ap@8S�ERG�@�;&H�587
>�;&58J�GBA�58;<DC2�@�2V��EX;<@aA&A<032�>6HV?�DC9<@wfU@�;<@�737=58;<\ }VK � K

�-G�DPDX~Y0=A<9<DQ2BEXD�@8S�A&034FJ�730=EX0=587]`�DQ;<9<0=EXD�Aw032 E'G�@�;&H�587W>�;&58J�GBAn0=An9<G�D|S�@�?�2BH�589<03@�2�@8S�5
ERGB58;&5�EX9<DQ;<0=AR589<03@�2Z@8SqE'G�@�;&H�587.>�;&58J�GBA�oe\w`aDQ;<9<DX~w@�;&HVDQ;<032�>aA�K

® �a¯ ��� 	 �   ����� ±e�62mP ¢ w�¤�x<¥[zc^j�c$d!#�%$'&�(Mpg$C.�)�>u�62�� ^j�c$O�����62f�%nP¶#�8)A���'93.A!]7X¶C�aPE
�_�c15$# �23(K$C2�� 9r1N$)»�ºe½	�aº � ¾|º<� 	z�
	��:¼r¾ 	�¿[�·¹ �%$ º �bº"7Q¶#�P 9 7�$C.�) ¶#.�>� V9 7g7Q¶#�_�����6�' 
2-�'9b&�>u� ��x�	0x�
g¶87Z�����62-9-R'�'1�¶87�P (Y¶#>D)�1�


��
σ

	��
σ


 582BH � 	Zµ1¥ 582BH � 
 µ1¥ ¢�� 	�
ªµ1¥ �

��9�S�@�7373@d��A.Sz;<@�4 9<G�DtHVDXxB2�039<03@�2N@8SVJrDQ;{S�D�EX9�DQ73034F032B589<03@�2vA&E'G�DQ4FD�A�9<GB589�lQS�@�;�DQ`aDQ;<\u`aDQ;<9<DX~�l
9<G�D]A&DQ9U@8S
2�DQ03>�GYor@�?�;&A-9<@�9<G�DW;<03>�Ge9US�@�;<46A^5�EX730=�e?�Du032n9<G�DW>�;&58J�G�K:��DQ2BEXDalYS�@�;mP�¢ w�¤/x<¥[z
5)>�;&58J�Gb@�2���`aDQ;<9<0=EXD�AN582BH��k¢��z«

1
x�������x{«

n � 51`aDQ;<9<DX~�@�;&HVDQ;<032�>�Sz@�;:P[l���0=A�51J*DQ;{SzD�EX9DQ73034F032B589<03@�2 A&E'G�DQ4FD[Sz@�;[P 0TS�582BHh@�2�73\|0TS�«
i

0=A�A<034FJ�730=EX0=587q032SP  ©�«
i

x������6x{«
n

¬ " S�@�;CDQ`aDQ;<\
� µP© � x������5x��I¬�K��y9���03737YorD-@�2�D^@8Sr@�?�;I4658032�>�@a587=AI9<@W>�DQ2�DQ;&589<DU`�DQ;<9<DX~N@�;&HVDQ;<032�>aA
S�@�;:A<JrD�EX0=587
>�;&58J�GBA-9<GB589�58;<DN5�A�EX73@aA<DC9<@FJ*DQ;{SzD�EX9�DQ73034F032B589<03@�21A&E'G�DQ4FD�A�5�A-Jr@aARA<03o�73DaK

�v rm *���z���p²��� ° ���  r��� � 	� ���  
J +.-/*1032 ANE;C�2�F?- 7<*&8TAQH*&657iF?6!8YX AQH Ah%_2[*\Eu*g0$#@- Hh#�C�%G#@8QAQP�AQ6[*U%BA�F?6jE C�2�#@P~#\I



Chapter 8
fUG�@�;&H�587�>�;&58J�GBA�582BHn4F032�0346587�9<;<0=582�>�?�7=589<03@�2BA � � �

k m �  �ml|¡�DQ9HPg¢ w�¤�x<¥HzWorDw5)>�;&58J�G�K_¡�DQ9 �jorDw5nJ*DQ;{SzD�EX9vDQ73034F032B589<03@�2 A&E'G�DQ4FD[Sz@�;[P[K
se?�J�Jr@aA&D�9<G�DQ;<DF0=AC5)E'G�@�;&HV73D�A&AWEX\VEX73Ds� ¢ wz«

1
x������5x{«

r

zu032*P @8S^73DQ2�>�9<G���! � K���039<G�@�?�9
73@aA&Ap@8S�>�DQ2�DQ;&5873039y\�l�«

1
0=AU73DXS�9<4F@aA<9p��039<Gw;<D�A<JrD�EX9^9<@ �IlY0�K DaK3l�«

1
�

σ

«
i

S�@�;U58737 � µP© �4x������5x���¬�K
��@�9<D]9<GB589^«

2
582BHw«

r

58;<D]2�DQ03>�Geo*@�?�;&Ap@8S�P[l�9<GB589-58;<D+9<@�9<G�D];<03>�Ge9U@8S
«
1
�Y�UDu465L\65�A&A&?�4FD

«
1
�

σ

«
2
�

σ

«
r

Kt|]?�Dw9<@�9<G�DnHVDXxB2�039<03@�2�@8S+J*DQ;{SzD�EX9�DQ73034F032B589<03@�2�A&ERG�DQ4FD�ALl
«
2
582BH�«

r4�?BA<9-orDv5�Hdc<5�EXDQ2e9-032OP[lV��G�0=E'G)EX@�2e9<;&5�HV0=EX9&A�9<G�DN5�A&A<?�4FJ�9<03@�2�K:��DQ2BEXDal�P�0=A+ERG�@�;&H�587�K
�B@�;U9<G�DuEX@�2Y`aDQ;&A<Dal�73DQ9~P�orDWERG�@�;&H�587�K��hDu>�03`�D+582w032BHV?BEX9<03`�D�J�;<@�@8S<K:��SJP�GB5�ApDX~�5�EX9<73\

@�2�DW`aDQ;<9<DX~ �
lY9<G�DQ2�� � � 0=A�5�JrDQ;{S�D�EX9-DQ73034F032B589<03@�2)A&ERG�DQ4FDuS�@�;~PFKq�B@�;^9<G�D]032BHV?BEX9<03@�2)A<9<DQJ�l73DQ9]P GB5m`aD�589W73D�5�A<9C9��^@w`aDQ;<9<0=EXD�ALK9|]?�D[9<@1�-G�DQ@�;<DQ4 }VK }Vl�P GB5�AC5nA<034FJ�730=EX0=587:`aDQ;<9<DX~��
K
fU@�2BA<0=HVDQ;�P ′ ¢

def
P�%�
K-fUDQ;<9&58032�73\�l�P ′ 0=A�E'G�@�;&H�587�582BH)GB5�A�73D�A&A�`�DQ;<9<0=EXD�A-9<GB582\P[Kp�-G�DQ;<D

0=Av5�JrDQ;{S�D�EX9vDQ73034F032B589<03@�2jA&ERG�DQ4FD �z«
1
x������5x{«

r � Sz@�;:P ′ oe\P032BHV?BEX9<03@�2�Ge\YJr@�9<G�D�A<0=ALKZ�-G�DQ2�l� ��x{«
1
x������5x{«

r � 0=A�5FJ*DQ;{SzD�EX9�DQ73034F032B589<03@�21ARERG�DQ4FD]S�@�;�P[K

�y9+0=A]EX73D�58;u9<GB589]5wA<034FJ�730=EX0=587�`aDQ;<9<DX~)@8Sp56>�;&58J�GPEQ582|o*DvS�@�?�2BH1032|Jr@�73\Y2�@�4F0=587�9<034FDal
0TSp9<G�DQ;<D�0=A]@�2�DaKN��@d�UDQ`�DQ;�lr039]0=A]2�@�9WEX73D�58;C589uxB;&A<9]>�7=582BEXDal���G�DQ9<G�DQ;u9<G�0=A]0=A]Jr@aA&A&03o�73D�587=A<@
032)73032�D�58;�9<034FDaKqM�2�DQ`aDQ2)A<9<;<@�2�>�DQ;�;<D�A<?�739-G�@�7=H�A�K

� �
�� *L� � ��� � � ���  *����� � �� �X� � � ��� ��� �<�r�e���	��� �  
v$2�#@-@# ANE *g8QAQ6�# *&-/S�%BAQP~#w*&8�+)F?- Ah%B2!P %B2[*U%^4�F?6~AQ6 0_e!%b+.-/*1032dP 4)+)#@6�#@-/*U%�#DE�*,0$#@- Hh#�C�%#@8QAQP�AQ6[*�S
%BA�F?6�E C�2�#@P~#wHfF?-�PxAQH_*&657iF?6!8YXqAQH�PxANE;C�2�F?- 7<*&8�I

M�2�@�9<G�DQ;n73032�D�58;{��9<034FDP5873>�@�;<039<G�4 S�@�;nEX@�4FJ�?�9<032�>�J*DQ;{SzD�EX9ZDQ73034F032B589<03@�2 A&ERG�DQ4FD�A6Sz@�;
E'G�@�;&H�587�>�;&58J�GBA-GB5�A�orDQDQ2)J�;<D�A<DQ2Y9<D�HnoY\w�I58;�c{582)582BH��p582�2B58�858�e0=A  } � " K
�v rm *���z���p·��� ��� ���  *����� � ����X� � � ��� ��� � �r�e���	��� �  
v$2�#@-@#uANEw*:8QAQ6�# *&-/S�%BAQP~#;*&8�+)F?- Ah%B2!P %B2[*U%_-@#�CDF�+.6!A��?#DE;C�2�F?- 7<*&85+.-/*1032�E�I

k m �  �mlj¡�DQ9=P£¢ w�¤�x<¥HzNo*D)5�>�;&58J�G�Kt|]?�Dw9<@P�-G�DQ@�;<DQ4 }VK ��� l:9<G�DQ;<DZ0=A[5�73032�D�58;{��9<034FD
5873>�@�;<039<G�4 Sz@�;^>�DQ2�DQ;&589<032�>F5�`aDQ;<9<DX~_@�;&HVDQ;<032�> �19<GB589-0=A-5�JrDQ;{S�D�EX9-DQ73034F032B589<03@�2nARERG�DQ4FDuSz@�;
P 0TSp582BH�@�2�73\�0TS�P 0=AWE'G�@�;&H�587�KWse@Bl.039];<DQ4658032BA]9<@w`aDQ;<0TS�\n032|73032�D�58;]9<034FD���G�DQ9<G�DQ; �b0=A]5
JrDQ;{S�D�EX9]DQ73034F032B589<03@�2PARERG�DQ4FDvSz@�;aP[KC�y9]EQ582�orDFA<G�@d��2�oY\1032BHV?BEX9<03@�2�9<GB589 � 0=A]5wJ*DQ;{SzD�EX9
DQ73034F032B589<03@�2nA&ERG�DQ4FD]0TS�582BHw@�2�73\60TS �10=A^5"�j�%)#B�Ri�%)N��>k9<;:93.�$C2-9 ¶#."16R�(4�6;=�pS�@�;~P[l�0�K DaK3leS�@�;^58737
��x�	wµ|¤Fl

734F;Ww �0z �
σ

	i582BH � 	wµ1¥ ¢�� 734F;Ww �0z 	wµ1¥
��G�DQ;<Dv734F;Ww � z�HVDQ2�@�9<D�Au9<G�D>u�37�2-;6¶�162l��9D!�(A2`.0��9D!�(4^<¶#BK��@8S �P��039<G�;<D�A<J*D�EX9+9<@ ��l*0TSq9<G�DQ;<Dv0=A
562�DQ03>�GYor@�?�;]«�@8S �PA&?BERG19<GB589�� �

σ

« �*@�9<G�DQ;<��0=A<Dal*734F;Ww �0z-¢
def
�
K]se032BEXD=PO0=Au>�03`aDQ21oY\

5�Hdc<5�EXDQ2BEX\1730=A<9&A�l�582BH�9<G�D�A<D[730=A<9&AWEQ582horDF@�;&HVDQ;<D�HP5�EQEX@�;&HV032�>n9<@ � 032h73032�D�58;]9<034FDal�039WEQ582
orDn9<D�A<9<D�H�032j73032�D�58;�9<034FDZ��G�DQ9<G�DQ; �k0=A[5|;<D�HV?BEXD�HjDQ73034F032B589<03@�2�ARERG�DQ4FDaK��hDZ@�o�9&58032�5
73032�D�58;{��9<034FDC;<D�EX@�>�2�039<03@�215873>�@�;<039<G�4 S�@�;�ERG�@�;&H�587�>�;&58J�GBA�K

MgE'GB58;&5�EX9<DQ;<0=A&589<03@�2 @8S]ERG�@�;&H�587^>�;&58J�GBAv@8S]5|EX@�4FJ�73DQ9<DQ73\ HV0���DQ;<DQ2Y9 &r5m`a@�?�;�l:589vxB;&A<9
>�7=582BEXDal*0=A+>�03`aDQ2�oe\)9<G�DvSz@�7373@d��032�>_9<G�DQ@�;<DQ41Ku��9]A<G�@m��A+9<GB589uE'G�@�;&H�587�>�;&58J�GBAuGB5m`aDN5_2�0=EXD



� � �

>�DQ@�4FDQ9<;<0=EW;<DQJ�;<D�A<DQ2Y9&589<03@�2n582BH�lV4F@�;<DQ@d`aDQ;�lY9<GB589�9<G�DQ\ZGB5L`aDW5[9<;<DQDX��7303�aDNA<9<;<?BEX9<?�;<DaK

� �
�� rm� � ��� � � ��� ��� � � � � �  � � ��� � �a�� � � � �� � ����� �B� 	��e��� � � �  
"$#&%lP�¢ w�¤/x<¥[zg'<#>* +.-/*1032 I(v$2�#@6540PxANE,C^2�F?- 7<*&8TAQH_*&657qF?6!8YXiAQH %B2�#@-@#uANE(*q%B-@#1# �K*&657~*
HB*&P�AQ8YX	� F?HE�e�'U%B-@#1#DEwF?H � E�e)C^2
%B2[*U%lPxANE>%B2�#uAQ65%�#@-mE@#�C�%BA�F?6i+.-/*1032 F?H
�~I

����� ������m� 	 	��� � �L�V	 �   � �w  �+���z����� �B�:	� � � �� � � �V	 �   � �6  � ���� � 	�m���p � L���I���

�-G�Du4658032Z@�oVc{D�EX9&Ap9<GB589^�UDu��0=A<GZ9<@�A<9<?BHV\6582BHw9<@[HVD�587*��039<Gn58;<Du4F032�0346587.9<;<0=582�>�?�7=589<03@�2BA
@8Sp>�;&58J�GBA�KN�-G�DQ\|58J�JrD�58;C032hHV0��.DQ;<DQ2Y9WEX@�2e9<DX~V9&A�l.582BH|032P9<G�D�Sz@�7373@d��032�>nA<D�EX9<03@�2BA�l.�UD[��03737
HV0=A&EX?BA&A�9��^@6@8Sq9<G�DQ41K���2�9<G�0=A+A<D�EX9<03@�2�lr�UD���03737�>�03`aDvHVDXxB2�039<03@�2BA�lr9y�^@6034FJ*@�;<9&582e9]ERGB58;&5�E}�
9<DQ;<0=A&589<03@�2BA-@8S:4F032�0346587�9<;<0=582�>�?�7=589<03@�2BA-@8S:58;<o�039<;&58;<\Z>�;&58J�GBA�582BHZSz?�;<9<G�DQ;�J�;<@�J*DQ;<9<03D�A�K

® �a¯ ��� 	 �   ��� � ±e�62~P·¢�w�¤�x<¥[z�^i�d$c!C�8$'&�(MpZ$C.�)N>u�62Ty ¢
w���x � zd^j�d$d!#�%$'&�(4E �_�
Rj$#>3>oy $P¾<½�	�¼[�����b� ¼*¾ 	y¿�� ¶87:P 9 7d$#.�)P¶#.I>k _9 7]y 9<1c$O1U&�$#.I.I93.A!N1'BW&����@!#�8$�&�(�¶87:P $#.�)
R�(Y¶#�%)M$#>uE

��2_@�9<G�DQ;p�^@�;&H�A�l�5v9<;<0=582�>�?�7=589<03@�2w@8S�5N>�;&58J�G�P 0=A^5N>�;&58J�GZHVDXxB2�D�H6@�2w9<G�Du`aDQ;<9<DX~FA<DQ9
@8S�P�582BH19<GB589�0=A�@�o�9&58032�D�HZSz;<@�4 P�oe\Z5�H�HV032�>[Sz?�;<9<G�DQ;�D�HV>�D�A�9<@F4658��D]039uERG�@�;&H�587�Kpse032BEXD
9<G�DvEX@�4FJ�73DQ9<DN>�;&58J�G1@�2�9<G�DN`aDQ;<9<DX~ZA&DQ9�@8S/PO0=A�56A<JB582�2�032�>wERG�@�;&H�587�A<?�J*DQ;<>�;&58J�G1@8S`P[lB5
9<;<0=582�>�?�7=589<03@�2h@8S~P DX~Y0=A<9&ALKF��S~P 0=AC2�@�9NE'G�@�;&H�587�l�DQ`aDQ;<\19<;<0=582�>�?�7=589<03@�2 @8S~P 0=Av5nJ�;<@�JrDQ;
A<?�JrDQ;<>�;&58J�GF@8S�P ��0TSeP 0=AtERG�@�;&H�587�039p0=At587=A<@N5W9<;<0=582�>�?�7=589<03@�26@8S�039&A<DQ7TS<K�M�A<4658737�DX~�584FJ�73D�@8S
5v>�;&58J�Gn582BH6@�2�D]@8S
039&AU9<;<0=582�>�?�7=589<03@�2BA^0=AUHVDQJ�0=EX9<D�Hw032Z�I03>�?�;<D ��� K:��9^465L\F2�@�9^orD]@�oY`e03@�?BA
589:xB;&A<9q>�7=582BEXD�9<GB589q9<G�D�;<03>�GY9tA<0=HVD�>�;&58J�G60=ApERG�@�;&H�587�l�o�?�9q?BA&032�>�fU@�;<@�737=58;<\�}VK � l�ERG�@�;&H�5873039�\
EQ582)orDCJ�;<@d`aDQ2nD�5�A<0373\�K

® �a¯ ��� 	 �   ��� � ±e�62TP ¢ w�¤/x<¥[z^j�$!#�%$'&�(+p~$C.�)d>u�62/y ¢ w�¤�x � z^i�=$N2-��9@$#.A!#BK>L$M2-9�¶#.
¶87:PE �_��Ri$#><>�y $
�
	��	��b¼���2-��9-$C.A!#BK>L$C2-9 ¶#.�¶87�P 9 7d$#.0)h¶#.I>k \9 7"23(����%��9r1".*¶"&��<¶'&����
1'BI^@!#�%$'&�(=y ′ ¶%7~y 23(4$C2/9<1Z$"2-��9-$#.K!#BA>D$C2-9 ¶#.�¶%7~PE

�hD�@�oBA<DQ;<`aD-9<GB589q4F032�03465873039�\�032F9<G�0=AtEX@�2Y9<DX~V9I0=ApHVDXxB2�D�HF5�At5CA<DQ9{��032BEX73?BA<03@�2FJ�;<@�J*DQ;<9y\�K
�-GB589F0=AF��GY\�032k9<G�D)73039<DQ;&589<?�;<Dal^9<G�D158o*@m`aD1HVDXxB2�D�Hk4F032�0346587�9<;<0=582�>�?�7=589<03@�2BA6465m\�587=A<@
orDCEQ587373D�H\9<.0R6>�BA1'9 ¶#.�� ;:9<.I93;=$#>r9<;<0=582�>�?�7=589<03@�2BALKI�-G�DCHVDXxB2�039<03@�2n@8S
4F032�0346587�9<;<0=582�>�?�7=589<03@�2BA
H�589<D�A�oB5�E'�u9<@u9<G�DtS�?�2BH�584FDQ2e9&587��^@�;<�W@8S ��@aA<Dald��58;�c<582�lm¡�?�DQ�aDQ;
58or@�?�9�JrDQ;{S�D�EX9
DQ73034F032B589<03@�2
J�;<@eEXD�A&A&D�A  �\�#" K
�r;<@�4ª582v5873>�@�;<039<G�4F0=EqJ*@�032e9�@8S�`Y03DQ�Nl�039�0=A�032e9<DQ;<D�A&9<032�>+5�A��^DQ737�5�A�034FJ*@�;<9&582e9
9<@N2�@�9<D�9<GB589U4F032�0346587B9<;<0=582�>�?�7=589<03@�2BAt@8S�5N>�;&58J�G_��039<G6@�2�73\F5CS�DQ�kD�HV>�D�Aq465m\�GB5m`aD�46582Y\
D�HV>�D�A�K��r584F@�?BAvA&?BERG�DX~V584FJ�73D�A�58;<DZEX@�4FJ�73DQ9<DZo�03JB58;<9<039<DZ>�;&58J�GBA�K|M >�;&58J�Gj0=A�^�9�&�$#��2-9-2f�
0TSq039&A�`aDQ;<9<DX~)A<DQ9uEQ582�orD�JB58;<9<039<03@�2�D�H)032e9<@w9y�^@F032BHVDQJrDQ2BHVDQ2Y9uA&DQ9&A�lB582BH�5_o�03JB58;<9<039<Dv>�;&58J�G
0=AR&¶#;�&�>u�62f�N0TS^039�EX@�2e9&58032BAN58737pD�HV>�D�AC��039<GbDQ2BHVJr@�032Y9&AN032 9<G�D69y�^@)HV0��.DQ;<DQ2Y9N032BHVDQJ*DQ2BHVDQ2e9
A<DQ9&A�K]��9]0=A]2�@�9uGB58;&H|9<@nA<DQD�9<GB589]4F032�0346587:9<;<0=582�>�?�7=589<03@�2BA]@8SpEX@�4FJ�73DQ9<D�o�03JB58;<9<039<D�>�;&58J�GBA
58;<Du@�o�9&58032�D�HwoY\65�H�HV032�>�58737.D�HV>�D�A^orDQ9��UDQDQ2Z`aDQ;<9<0=EXD�At@8S�DX~V5�EX9<73\F@�2�D]JB58;<9<039<03@�2)A<DQ9�K:��S�@�2�D
032BHVDQJrDQ2BHVDQ2Y9�A<DQ9�EX@�2e9&58032BA�@�2�73\_@�2�DC`aDQ;<9<DX~�lY9<G�DC>�;&58J�G)0=A�5873;<D�5�HV\wE'G�@�;&H�587�K

�B@�;u@�?�;uxB;&A&9]E'GB58;&5�EX9<DQ;<0=A&589<03@�2�@8Sp4F032�0346587�9<;<0=582�>�?�7=589<03@�2BA]@8SU58;<o�039<;&58;<\�>�;&58J�GBA�l.�UD
A<9&589<DC582)034FJr@�;<9&582Y9�JB58;<9<0=587�;<D�A<?�739�K



Chapter 8
fUG�@�;&H�587�>�;&58J�GBA�582BHn4F032�0346587�9<;<0=582�>�?�7=589<03@�2BA � ��

���������
	��� �-G�DCJ�0=EX9<?�;<DvA<G�@d��A-9y�^@F>�;&58J�GBA�Kp�-G�DC73DXS�9+A<0=HVDC>�;&58J�G|EX@�2e9&58032BA
E'G�@�;&HV73D�A&AvEX\VEX73D�AN@8S�73DQ2�>�9<G � 582BH � l�582BH�A<@�039�0=AN2�@�9[ERG�@�;&H�587�K)�-G�Dw;<03>�Ge9
A<0=HVD_>�;&58J�G 73@�@��VAN7303��D_51EX@�JY\�@8S�9<G�Dw73DXSz9vA&0=HVD6>�;&58J�G�lIo�?�9N039�EX@�2Y9&58032BAN9��U@
5�H�HV039<03@�2B587UD�HV>�D�A�l�9<GB589v58;<DZ5�EQEXDQ2e9<?B589<D�H 5�AN9<G�0=E'�|73032�D�A�Kn§^D�EQ58?BA<DF@8S�9<G�D�A<D
9��U@�5�H�HV039<03@�2B587BD�HV>�D�A�la9<G�Du;<03>�Ge9UA<0=HVD�>�;&58J�G60=AUERG�@�;&H�587�l�G�DQ2BEXD+9<G�D�;<03>�GY9pA<0=HVD
>�;&58J�G)0=A�5[9<;<0=582�>�?�7=589<03@�2)@8S:9<G�DC73DXS�9-A&0=HVDC>�;&58J�G�K



� � �

� � � � � ��� � � ���  *����� � ����Q� � � ���Z��� � �*�����	��� �  
"$#&%`P ¢ w�¤�x<¥Hz>'<#>*iC^2�F?- 7<*&85+.-/*1032 I�"$#&% � '<#g*�6�F?6[Sh#@P90_%QX�E@#&%�F?HO#�7�+)#DE HhF?-gP ]_2�#@-@#
¥�� � ¢��<4�*&657�8�#&%lP ′ ¢

def
P � � I��zHJP ′ ANE;C^2�F?- 7<*&8B4b%B2�#@6n%B2�#@-@#uANE(*&6 #�7�+)#��]µ � E�e)C^2

%B2[*U%lP ′ ��;ANE,C�2�F?- 7<*&8�I

k L �  �mln�hDFJ�;<@d`aD�9<G�D6A&9&589<DQ4FDQ2e9WoY\�032BHV?BEX9<03@�2h@d`aDQ;W9<G�DF2e?�4�orDQ;W@8SU`�DQ;<9<0=EXD�AW@8SmP[KF��S
P£GB5�AF589F4F@aA<9F9<G�;<DQD)`aDQ;<9<0=EXD�ALltDQ`aDQ;<\b>�;&58J�G�@�2�9<G�D)`aDQ;<9<DX~jA<DQ9[@8S]P£0=AFE'G�@�;&H�587�lU582BH
9<G�DFA<9&589<DQ4FDQ2e9WG�@�7=H�A�K6se@Bl�73DQ9]P 582BH*P ′ GB5m`aDF589]73D�5�A&9WSz@�?�;W`aDQ;<9<0=EXD�A�K���S~P ′ EX@�2e9&58032BAC5
A<034FJ�730=EX0=587
`�DQ;<9<DX~��PA<?BE'G�9<GB589���GB5�Au5_2�DQ03>�GYor@�?�;�	n032 P ′ 582BH�� 	1µ � l*9<G�DQ2 P ′ %� 	n0=A
ERG�@�;&H�587�lVA<032BEXD
��;<DQ4658032BA�A<034FJ�730=EX0=587�032OP ′ %� 	\w�fU@�;<@�737=58;<\ }VK � z}K

��@d�Nl-5�A&A<?�4FD19<GB589cP ′ HV@�D�A62�@�9ZEX@�2e9&58032i5bA<034FJ�730=EX0=587�`aDQ;<9<DX~���039<G�9<G�D�J�;<@�JrDQ;<9�\
58or@d`aDaK6�-G�DQ2�l�Sz@�;NDQ`�DQ;<\|A<034FJ�730=EX0=587q`aDQ;<9<DX~P« @8S�P ′ l �

G′

wz«0zC¢ �
G

wz« z}K6�hD_HVDXxB2�Dal�Sz@�;
DQ`aDQ;<\_`�DQ;<9<DX~w«�@8SlP ′ l �Owz«0zp¢

def
©�	�
 �µ1¥ � 	�x�
 µ��

G′

wz« z-582BH�	��¢ 
C¬�Kt�hDCxB;&A&9�A<G�@m�
9<GB589U9<G�DQ;<DW0=A^5[A<034FJ�730=EX0=587*`�DQ;<9<DX~6«Z032_P ′ A<?BERGZ9<GB589 � �	 �Owz«0z}K:¡�DQ9 �)o*DW582Y\6A<034FJ�730=EX0=587
`aDQ;<9<DX~1@8SmP ′ KN��S � �	 �Ow �0z}l�73DQ9 �ho*DFERG�@aA<DQ2�K �u9<G�DQ;<��0=A<Dal �
	 �\w �0z}Kv�y9]034F4FD�HV0=589<DQ73\
Sz@�7373@d��Aq9<GB589 � ¢ �\w �0z}Kq��DQ2BEXDal4P ′ DQ4FDQ;<>�D�H[S�;<@�4�P�oY\�4658�e032�> �nA<034FJ�730=EX0=587�Kqse032BEXD+9<G�D
EQ5�A<DW58or@d`aD]HV@eD�A^2�@�9^G�@�7=H�lYDQ`aDQ;<\6A&034FJ�730=EX0=587*`aDQ;<9<DX~w@8S?Pª0=A^A&034FJ�730=EX0=587.032NP ′ 582BHwGB5�A^9<G�D
A&584FDv2�DQ03>�GYor@�?�;<G�@e@eH�KN¡�DQ9 	)o*DF5wA<034FJ�730=EX0=587I`aDQ;<9<DX~1@8S�P[KC�-G�DQ2�l � �	 �\w 	4z�¢	�Vl�582BH
�UD]ERG�@e@aA<D 	F5�A �
Ktse@Bl �Z0=A^5�A<034FJ�730=EX0=587r`aDQ;<9<DX~6@8SJP ′ lY582BH � �	 �\w �0z}KpfU@�2BA<0=HVDQ;U9<G�Du9��U@
>�;&58J�GBAmy£¢

def
wUP[%�0z � �\w �0z^582BHdy ′ ¢

def
P ′ %�
K{�+@�9<DC9<GB589~P ���\w �0zU0=A�ERG�@�;&H�587�HV?�D

9<@F¡�DQ4F465s}VK � Kq�-G�DQ2�l�y 0=A�587=A<@6E'G�@�;&H�587�lV582BHcy ′ 0=A�5FE'G�@�;&H�587�A<?�JrDQ;<>�;&58J�G)@8S?y Kpse032BEXDy ′ GB5�AC73D�A&A]`aDQ;<9<0=EXD�AW9<GB582*P ′ l��UDFEQ582b58J�J�73\|9<G�DF032BHV?BEX9<03@�2hGe\YJr@�9<G�D�A<0=AW582BHP@�o�9&58032b582
D�HV>�D
�Wµ � ¨ �\w �0z^A<?BE'G)9<GB589~y ′ ��W0=A�E'G�@�;&H�587�Kq��DQ2BEXDal�P ′ ��]0=A�E'G�@�;&H�587�K

�B;<@�4g¡�DQ4F465~}VK ��� l�039�S�@�7373@m��A-9<GB589�lVS�@�;�DQ`aDQ;<\ZERG�@�;&H�587
>�;&58J�GOP�9<GB589�0=A�2�@�9+o�7=582��.l
PgEX@�2Y9&58032BA�582�D�HV>�D��ZA<?BERG 9<GB589�P���_0=A�587=A<@PERG�@�;&H�587�K|�-G�0=Av0=A�9<;<?�DwA&032BEXD_9<G�DZo�7=582��
>�;&58J�G)@�2)9<G�DC`aDQ;<9<DX~ZA&DQ9^@8SlP�0=A�EX73D�58;<73\nERG�@�;&H�587�K

�-G�DWxB;&A<9�E'GB58;&5�EX9<DQ;<0=A&589<03@�2n@8SI4F032�0346587�9<;<0=582�>�?�7=589<03@�2BA�@8Sq58;<o�039<;&58;<\_>�;&58J�GBA�9<GB589��UD
>�03`aDWG�DQ;<DC;<DQ7303D�A�@�21¡�DQ4F465s}VK ��� K

� �
�� rm� � ��� � � ���  r�L��� � �� �X� � � ���o� � �<�r��%�� � � �  
"$#&%�P�¢ w�¤/x<¥[zO*&657]y%¢�P�� � ')#�+.-/*1032�E(]_2�#@-@#-¥�� � ¢��!I"$#&%�y ')#uC�2�F?- 7<*&8�IVv$2�#@654
%B2�#uHfF?8Q8�F ]_AQ6U+sE�%h*U%�#@P~#@65%fE(*&-@#g# �Ue\Ah= *&8�#@63%�
`��Dc_y ANE(*:P�AQ6!AQPR*&8O%B- A *&6U+[e\8 *U%BA�F?6tF?H�P
`��?c�HfF?-w#&=?#@-^X��Wµ � 4��gANE>e\6!A��Ue #>C�2�F?- 7sAQ6j*~C�X3Cm8�#gF?H$8�#@6U+[%B2�� AQ6Ny
`��1c�HfF?-w#&=?#@-^X��Wµ � 4 %B2�#w+.-/*1032Ny ��;ANE 6�F)%VC�2�F?- 7<*&8�I
k L �  �ml]�hDCJ�;<@m`�D]9<G�DC9<G�DQ@�;<DQ4 oY\wA&G�@m��032�>[9<G�;<DQDC034FJ�730=EQ589<03@�2BA�K

(1)⇒(2)¡�DQ9 � �¢��Vl�582BH�73DQ9 � 	�µ � Kvse032BEXD:y 0=AW5_4F032�0346587I9<;<0=582�>�?�7=589<03@�2P@8S�P[l yb%� 	)0=A]2�@�9
ERG�@�;&H�587�KU�-G�DQ2�l�9<G�DQ;<DN4�?BA<9-orD�56ERG�@�;&HV73D�ARA�EX\YEX73D �O@8SI73DQ2�>�9<G1>�;<D�589<DQ;+9<GB582 � 032_y %� 	
9<GB589]EX@�2Y9&58032BA��P582BH�	*KW��St9<G�D�73DQ2�>�9<G�@8S � 0=A]>�;<D�589<DQ;u9<GB582 � l.@�2�73\1@�2�D�D�HV>�D[HV@�D�A]2�@�9



Chapter 8 � 2�F?- 7<*&85+.-/*1032�Ew*&657sP�AQ6!AQPR*&8O%B- A *&6U+[e\8 *U%BA�F?6�E � ���

A<?��_EXD�9<@_4658�aD]y  � 	1ERG�@�;&H�587 �rG�DQ2BEXDal5� GB5�A�73DQ2�>�9<G � K�¡�DQ9g�O¢ w ��x{«ox�	�x��+z}K��y9�G�@�7=H�A
9<GB589�«1582BH��F58;<DW2�@�2V��5�Hdc<5�EXDQ2e9-032Ny lVA<@[9<GB589%� 	w0=A-?�2�0=��?�DCE'G�@�;&HZ032)9<G�DNEX\YEX73D9� 032Ny K
(2)⇒(3)¡�DQ9 � �¢ �Vl*582BH|73DQ9 ��µ � KCse032BEXD �N0=Au?�2�0=�e?�D�E'G�@�;&H1032P5wEX\VEX73DM� @8St73DQ2�>�9<G � lT� HV@�D�A
2�@�9+GB5m`aDN5wERG�@�;&H�032Oyb��aK���DQ2BEXDal0yb ��EX@�2Y9&58032BA+5_E'G�@�;&HV73D�A&AuEX\YEX73D�@8S:73DQ2�>�9<G�589+73D�5�A<9
� lV0�K DaK3lV0=A�2�@�9�E'G�@�;&H�587�K

(3)⇒(1)se?�J�Jr@aA&Db9<G�DQ;<D 0=A|5k9<;<0=582�>�?�7=589<03@�2 y ′ @8SP 9<GB589�0=A|5�J�;<@�JrDQ;�A<?�o�>�;&58J�G�@8S=y K §^\
¡�DQ4F465�}VK ��� l�y EX@�2e9&58032BA�582jD�HV>�D��_9<GB589�0=A�2�@�9[EX@�2Y9&58032�D�Hb032�y ′ A<?BE'G 9<GB589:yb��_0=A
E'G�@�;&H�587�K��-G�0=A�l�G�@m�^DQ`aDQ;�l�EX@�2Y9<;&5�HV0=EX9&At9<G�D+5�ARA<?�4FJ�9<03@�2658or@�?�9�y l�582BH_A<@Bl+y·0=Ap5C4F032�0346587
9<;<0=582�>�?�7=589<03@�2)@8SlP[K

se9&589<DQ4FDQ2Y9"w � z]@8S��-G�DQ@�;<DQ4r}VK � � 034FJ�7303D�Av582 D�5�A<\|J*@�73\e2�@�4F0=587T��9<034FDw5873>�@�;<039<G�4 Sz@�;
9<D�A<9<032�>Bl^>�03`aDQ2k9��^@h>�;&58J�GBAcP 582BH y l^��G�DQ9<G�DQ;"y 0=A_5 4F032�0346587�9<;<0=582�>�?�7=589<03@�2�@8S[P �
A<034FJ�73\�E'G�D�E'�.l-S�@�;nDQ`aDQ;<\kD�HV>�D ��032�y 9<GB589n0=An2�@�9)582�D�HV>�D�032 P[lu��G�DQ9<G�DQ;�yb��|0=A
E'G�@�;&H�587�K�fUG�@�;&H�5873039�\ 9<D�A&9<032�>bEQ582�orD1HV@�2�D)032�73032�D�58;F9<034FDalp582BH�y EQ582�GB5L`�DZ589F4F@aA<9
� 2 46582Y\�D�HV>�D�A���G�DQ;<D ��0=Av9<G�Dw2e?�4�orDQ;�@8S-`�DQ;<9<0=EXD�AN@8SgP[K1�-G�0=A�>�03`aD�AN582��cw � 4 z���9<034FD
5873>�@�;<039<G�41Kj��2�EX@�2�2�D�EX9<03@�2���039<Gk¡�DQ4F465
}VK ��� lp587=A<@h5�Jr@�73\Y2�@�4F0=587T��9<034FD15873>�@�;<039<G�4 Sz@�;
4658�Y032�>15)9<;<0=582�>�?�7=589<03@�2b@8S�P 4F032�0346587qS�@�7373@m��A�KF�y9NA<?��_EXD�AC9<@|HVDQ73DQ9<DFD�HV>�D�Av5�AC73@�2�>15�A
9<G�DC2�DQ� >�;&58J�G)0=A�E'G�@�;&H�587�Kq��S:A<?BERG)582)D�HV>�DNEQ582�2�@�9�o*DNERG�@aA<DQ2�lY9<G�DC@�o�9&58032�D�Hn>�;&58J�G)0=A�5
4F032�0346587�9<;<0=582�>�?�7=589<03@�2)@8SlP[K

�u?�;tA<D�EX@�2BH[E'GB58;&5�EX9<DQ;<0=A&589<03@�2[@8S*4F032�0346587�9<;<0=582�>�?�7=589<03@�2BA:0=Aq5CA<9<;<?BEX9<?�;&587�;<D�A<?�739�l89<GB589
;<DQ7=589<D�A^4F032�0346587�A<DQJB58;&589<@�;&A-582BHw4F032�0346587�9<;<0=582�>�?�7=589<03@�2BA�K:�y9�ERGB58;&5�EX9<DQ;<0=A<D�A^A<DQ9&A^@8S
D�HV>�D�A
9<GB589�GB5m`aDW9<@6orD�5�H�HVD�H)9<@F@�o�9&5803214F032�0346587�9<;<0=582�>�?�7=589<03@�2BA�KU�B@�;�5[>�;&58J�G\P 582BH15FA<DQ9u¦
@8S�`aDQ;<9<0=EXD�Aq@8S�P[l�R&¶C;�&0>D�62-93.A!C¦Y9<.�2�¶H$�R6>k9-�5B��q4FD�582BAt9<G�D�EX@�2BA<9<;<?BEX9<03@�26@8S�5C2�DQ�k>�;&58J�GdP ′

9<GB589v0=Av@�o�9&58032�D�HhS�;<@�4 Pgoe\P5�H�HV032�>|58737UD�HV>�D�ANorDQ9��^DQDQ2 `aDQ;<9<0=EXD�AWS�;<@�4 ¦ 9<GB589�58;<D_2�@�9
EX@�2Y9&58032�D�HC032:P[ldA<@�9<GB589q¦n0=A�5+EX730=�e?�Dt032v9<G�Dt2�DQ��>�;&58J�G�K
�r@�;
5�S 584F0373\

F
@8SBA<DQ9&A�@8S�`aDQ;<9<0=EXD�A

@8SoP[l�EX@�4FJ�73DQ9<032�>�58737rA<DQ9&Ap032
F
032Y9<@vEX730=�e?�D�At4FD�582BAt9<GB589pDQ`aDQ;<\FA<DQ9t@8S

F
0=AUEX@�4FJ�73DQ9<D�HF032e9<@

5FEX730=�e?�DNA<DQJB58;&589<DQ73\�K

� �
�� *L� � ��� � � ��k ��mL�h� � � �
	 �
��� �e����� °��  
"$#&%lP�¢ w�¤/x<¥[zg')#g* +.-/*1032 I
`��Dcj"$#&%

S
')# * PR*?L)AQPR*&8:E@#&%~F?H90T*&AQ-�]_ANE@#
6�F?6[SzCm-@F&EmE AQ6U+oP�AQ6!AQPR*&8:E@#�0T*&-/*U%�F?-mEtF?H"P�I

� -/*1032Yy ANE~FU'U%h*&AQ6�#�7nHd-@F?P P '1XZCDF?P9038�#&%BAQ6U+nAQ65%�F�Cm8QA��!e #DEs*&8Q8wE@#�0T*&-/*U%�F?-mE�AQ6
S
I

v$2�#@654�y ANEu*:P�AQ6!AQPR*&8O%B- A *&6U+[e\8 *U%BA�F?6 F?H�P�I
`��?cj"$#&%0y�'<#�*(P�AQ6!AQPR*&83%B- A *&6U+[e\8 *U%BA�F?6�F?H�P *&657,8�#&%

S
'<#w%B2�#{E@#&%5F?H!P�AQ6!AQPR*&8)E@#�0T*&-/*U%�F?-mE

F?H?y�I;v$2�#@654
S
ANE,*MPR*?L)AQPR*&8bED#&%�F?H50T*&AQ-�]_ANED#,6�F?6[SzCm-@F&EmE AQ6U+sP�AQ6!AQPR*&8 ED#�0T*&-/*U%�F?-mEuF?H

P *&657y F?- A�+.AQ6[*U%�#DE H�-@F?P P '1X CDF?P9038�#&%BAQ6U+sAQ65%�FRCm8QA��!e #DEg%B2�#,E@#�0T*&-/*U%�F?-mE AQ6
S
I

M�2�@�9<G�DQ;UA<9<;<?BEX9<?�;&587VJ�;<@�JrDQ;<9�\�@8S�>�;&58J�GBAq582BHF9<G�DQ03;q4F032�0346587�9<;<0=582�>�?�7=589<03@�2BAq0=AqA<9&589<D�H
032)9<G�DWS�@�7373@m��032�>[9<G�DQ@�;<DQ41K



� � �

� �
�� rm� � ��� � � ��� �z [��� �  � � �  
"$#&%lP�¢ w�¤/x<¥[zg'<#>* +.-/*103254�*&657s8�#&%�y '<#;*:P�AQ6!AQPR*&8�%B- A *&6U+[e\8 *U%BA�F?6 F?H?P�I
`��Dc��3F?->#&=?#@-^Xq0T*&AQ-N³Ix&´MF?Hu=&#@-�%BABCD#DEgF?H�y
4bAQH^¦ 	 ¤ ANE>*RP�AQ6!AQPR*&8t³�x&´@SBE@#�0T*&-/*U%�F?- F?H�y
4

%B2�#@6|¦�ANEw*:P�AQ6!AQPR*&8
³Ix&´DSBE@#�0T*&-/*U%�F?-,F?H�P�I
`��?c��3F?-�#&=?#@-^XMP�AQ6!AQPR*&8[E@#�0T*&-/*U%�F?-^¦ F?H0y *&657M#&=?#@-^XiCDF?6!6�#�C�%�#�7sCDF?P90$F?6�#@65%$� F?H y�¨
¦G4

�xANE(*~CDF?6!6�#�C�%�#�7 CDF?P90$F?6�#@65%�F?H�Pk¨�¦ I
�I032B587373\�lB�^D�EX@�2BA<0=HVDQ;u9<G�Dv2�DQ03>�GYor@�?�;<G�@e@eH�A]@8St`aDQ;<9<0=EXD�Au032|5w>�;&58J�G|582BH|039&A+4F032�0346587

9<;<0=582�>�?�7=589<03@�2BA�KZM+Av5�A<JrD�EX0=587pEQ5�A&Dal��^D6@�o�9&58032b9<GB589vA<034FJ�730=EX0=587p`aDQ;<9<0=EXD�AC@8S�51>�;&58J�G 58;<D
A<034FJ�730=EX0=587^032�DQ`aDQ;<\h@8Su039&A�4F032�0346587-9<;<0=582�>�?�7=589<03@�2BA�K ��DQ4FDQ4�o*DQ;F9<GB589�9<G�DnDX~V0=A<9<DQ2BEXDZ@8S
A<034FJ�730=EX0=587�`aDQ;<9<0=EXD�A-0=A�2�@�9�;<D�A<9<;<0=EX9<D�Hn9<@F@�2�73\ZERG�@�;&H�587�>�;&58J�GBALK

� � � � � ��� � � "$#&%�P�¢ w�¤/x<¥[z,'<#u*g+.-/*103254�*&657:8�#&%Jy '<#,*gP�AQ6!AQPR*&8_%B- A *&6U+[e\8 *U%BA�F?6�F?H
P�I_"$#&% ��')#g*q=?#@-�%�#/LqF?H/P�I �zH �

G

w � zVANE(*~Cm8QA��Ue #uAQ6Nyn4 %B2�#@6��
G

w �0zt¢ �
H

w �0z I
k L �  �mlb§^\bHVDXxB2�039<03@�2 @8S�4F032�0346587U9<;<0=582�>�?�7=589<03@�2BA�l �

G

w �0z 	 �
H

w �0zN@�oY`e03@�?BA<73\�G�@�7=H�A�K
¡�DQ9 �

G

w �0ztorDW5�EX730=�e?�D+032dy lY582BH_73DQ9 � ¢
def
©�� 	 � 	_µ��

H

w �0z�¨ �
G

w �0zR¬WorD]2�@�2V��DQ4FJ�9y\�K
fU@�2BA<0=HVDQ;ay ′ ¢

def
y²¨ � KZfUDQ;<9&58032�73\�ley ′ 0=AN5nJ�;<@�J*DQ;vA<JB582�2�032�>1A<?�o�>�;&58J�Gh@8STy 582BHb5

A<?�JrDQ;<>�;&58J�G�@8S/P[KUM+A&A&?�4FD ��0=A�5FE'G�@�;&HV73D�A&A�EX\VEX73DC@8SI73DQ2�>�9<G|589�73D�5�A<9 � 032_y ′ KU�-G�DQ2�l��
EX@�2e9&58032BA �
leA&032BEXD�@�9<G�DQ;<��0=A<Dal<���U@�?�7=H6orDu5vERG�@�;&HV73D�A&ApEX\YEX73D�032"y ′ %�n¢�yb%�Z582BH6G�DQ2BEXD
032cy�K:§U?�9^9<G�DQ2�l�� 587=A<@�EX@�2Y9&58032BA^9y�^@v2�DQ03>�GYor@�?�;&A^@8S ��lY582BHnA<032BEXD �n0=A-A<034FJ�730=EX0=587*032�y ′ l
9<G�D�A<DN9��U@F2�DQ03>�GYor@�?�;&Au58;<D�5�Hdc<5�EXDQ2e9�K^�-G�DQ;<DXS�@�;<Dal3�OEQ582�2�@�9uorD�ERG�@�;&HV73D�A&A�@�;+0=A�@8Sq73DQ2�>�9<G
@�2�73\ � Kq�+DQ2BEXDalIy ′ 0=A�E'G�@�;&H�587�lY582BH�y EQ582�2�@�9�orDv5[4F032�0346587�9<;<0=582�>�?�7=589<03@�2�@8S�P[K

����� � �
� � ����� �  �-� � � �q��m�L� � �k��L ��I�z� � �  r6�� � � 	�L���p � m�����
�

�];&58J�GBAU465L\[GB5m`aDuA<DQ`�DQ;&587�la032Z4F@aA<9UEQ5�A<D�AU46582Y\�la4F032�0346587.9<;<0=582�>�?�7=589<03@�2BA�Ktse@Bl�9<G�DWA<DQ9U@8S
4F032�0346587q9<;<0=582�>�?�7=589<03@�2BAC@8S�5n>�;&58J�Gh465L\�orD�EX@�4FDF@8S�EX@�2BA<0=HVDQ;&58o�73D6A<0��QDal�582BHb039C465L\|orD
� HV0 �_EX?�739
	�9<@uHVD�EX0=HVDalm>�03`aDQ2N9��^@�>�;&58J�GBAJPk582BH]y lm��G�DQ9<G�DQ;oy 0=A
5+4F032�0346587a9<;<0=582�>�?�7=589<03@�2
@8S?P[KI�hDWG�03>�G�7303>�Ge9<D�Hw9<G�DW�U@�;&HV)#9 �YR6BA>L2^A<032BEXDu�^D]GB5L`aDW5873;<D�5�HV\_A<DQDQ2Z9<GB589-9<G�DC��?�D�A<9<03@�2
0=AFJr@�73\Y2�@�4F0=587T��9<034FD�HVD�EX0=H�58o�73D1?BA&032�>h9<G�D�ERGB58;&5�EX9<DQ;<0=AR589<03@�2�@8SW�-G�DQ@�;<DQ4 }VK � � l^582BH�9<G�D
Jr@�73\Y2�@�4F0=587�0=A-2�@�9^9<@e@F7=58;<>�DaKq��@d�UDQ`�DQ;�l��^DW73@�@��wSz@�;^S 5�A<9<DQ;^5873>�@�;<039<G�46ALKq§U?�9^xB;&A<9�lY73DQ9-?BA
Sz@�;<46587373\)HVDXxB2�D�@�?�;uJ�;<@�o�73DQ41K��-G�D";:9<.��5}4��9/;��;^j���'1i(+9b&�&��<¶+^�>u��; 7X¶#�:$#�s^�932-�%$#�� :!C�8$'&�(M1
0=A-9<G�DNA<DQ9�@8S�JB5803;&A[wUP:x%y\zU@8SI>�;&58J�GBA���G�DQ;<Day 0=A�5[4F032�0346587�9<;<0=582�>�?�7=589<03@�2)@8SlP[K

�-G�DQ;<DN58;<DN9<G�;<DQDv5873>�@�;<039<G�46A��Y2�@d��2)9<GB589+A<@�73`aDW9<G�DN4F032V����;<0�4FDQ4�o*DQ;&A<G�03J1J�;<@�o�73DQ41K
�-G�@�?�>�G�l+9��^@j@8S�9<G�DQ4 58;<Dh@�;<03>�032B587373\iHVD�A<03>�2�D�H�S�@�;)582�@�9<G�DQ;�l]4F@�;<Dh>�DQ2�DQ;&587CJ�?�;<Jr@aA<Dal
2B584FDQ73\h4658�e032�>�519<;<0=582�>�?�7=589<03@�2j@8S�5�>�;&58J�G�4F032�0346587�K�se@Bl:@�oBA<DQ;<`aD_9<GB589v039v0=A�D�5�A<\h9<@
HVD�EX0=HVDalL>�03`�DQ2v5�JB5803;`wUP:x%yVz�@8S�>�;&58J�GBA�lL��G�DQ9<G�DQ;oy 0=A
5�9<;<0=582�>�?�7=589<03@�2v@8S�P ��oe\WHVDXxB2�039<03@�2�l
y 0=A�5)9<;<0=582�>�?�7=589<03@�2b@8S�P 0TS�582BHh@�2�73\P0TS~y 0=Av51E'G�@�;&H�587pA<JB582�2�032�>�A&?�JrDQ;<>�;&58J�Gb@8S�P[K
fUG�@�;&H�5873039y\[582BH6o*DQ032�>�A<JB582�2�032�>�A<?�JrDQ;<>�;&58J�GZEQ5826orD]HVD�EX0=HVD�H6032673032�D�58;U9<034FD[wz73032�D�58;p9<034FD
ERG�@�;&H�5873039�\69<D�A<9<032�>F0=A+HV?�DC9<@6�-G�DQ@�;<DQ4 }VK ��� z}K



Chapter 8
fUG�@�;&H�587�>�;&58J�GBA�582BHn4F032�0346587�9<;<0=582�>�?�7=589<03@�2BA � � �

�B@�;w9<D�A<9<032�>Bl�>�03`�DQ2i5�JB5803;VwUP:x%yVzF@8S�>�;&58J�GBAw��G�DQ;<DVy 0=An5 9<;<0=582�>�?�7=589<03@�2�@8S:P[l
��G�DQ9<G�DQ;~y 0=A�5[4F032�0346587�9<;<0=582�>�?�7=589<03@�2)@8S/P[l�§^7=5803;�l���DQ>�>�DQ;<2�D�A�l���DQ7373DWJ�;<@�Jr@aA<DN58215873>�@8�
;<039<G�4 9<GB589-039<DQ;&589<03`aDQ73\_>�DQ2�DQ;&589<D�A�5[`�DQ;<9<DX~_@�;&HVDQ;<032�>F@8S/P 9<GB589�HVDXxB2�D�A�5[4F032�0346587�9<;<0=582V�
>�?�7=589<03@�21@8S`P�9<GB589+0=A+56A<?�o�>�;&58J�G�@8S�y  �#" K^M�2�@�9<G�DQ;u5873>�@�;<039<G�4²0=A�>�03`aDQ2)oY\ |]58G�73GB58?BALl
9<GB589N0=AN587=A&@)oB5�A<D�HP@�2b>�DQ2�DQ;&589<032�>)`aDQ;<9<DX~P@�;&HVDQ;<032�>aA  � �#" K_�-G�DF9<G�03;&H 5873>�@�;<039<G�4 A<034FJ�73\
58J�J�7303D�A^9<G�D]E'GB58;&5�EX9<DQ;<0=A&589<03@�2w@8S
4F032�0346587*9<;<0=582�>�?�7=589<03@�2BA^>�03`aDQ2w032Z�-G�DQ@�;<DQ4 }VK � � K:��oB58;<;&5
5�H�HV;<D�A&A<D�H 9<G�DwJ�;<@�o�73DQ4 @8S�4658032Y9&58032�032�>�D�5�A<\h;<DQJ�;<D�A<DQ2Y9&589<03@�2BAvSz@�;�ERG�@�;&H�587^>�;&58J�GBA�582BH
EX@�2BA<0=HVDQ;<D�HbA&DQ`aDQ;&587q?�J*H�589<032�>���?�D�A<9<03@�2BALKw�-G�D_�e?�D�A<9<03@�2b9<GB589v0=AN034FJr@�;<9&582Y9NS�@�;C@�?�;�58JV�
J�730=EQ589<03@�2BA�5�A<�VA�lY>�03`aDQ2)582)D�HV>�DalV��G�DQ9<G�DQ;�9<G�DC;<DQJ�;<D�A<DQ2Y9<D�Hw>�;&58J�G);<DQ4658032BA�E'G�@�;&H�587�0TS�9<G�D
A<J*D�EX0TxBD�H|D�HV>�D�0=AW;<DQ4F@d`aD�H�KW�-G�0=A]�e?�D�A<9<03@�2PEQ582PorDF582BA<�^DQ;<D�H�032�9<034FD �"w ��z  � � " l.��G�0=ERG
A<?�46A-?�J)9<@ �cw ���_zU9<034FDaK
� �
�� *L� � ��� � � ��� � � � %���1� ��� �� � ���6� � � � �e���z������ �  
v$2�#@-@#sANE:*&6 *&8�+)F?- Ah%B2!P %B2[*U%97)#�CmAB7)#DEq%B2�#�P�AQ6[Smv�- AGP~#@P '<#@-mEm2!A 0�03-@FU'&8�#@P HfF?-M*&-�'&Ah%B-/*&-^X
+.-/*1032�E 43A�I #\I 4�+.Ah=?#@6t*90T*&AQ-HwUP�x%y\zwF?H+.-/*1032�E 4_]_2�#&%B2�#@-gyrANE;*�P�AQ6!AQPR*&8�%B- A *&6U+[e\8 *U%BA�F?6
F?H
P 45AQ6 %BAQP~# �cw��?w����	��z%z9]_2�#@-@#
� 7)#@6�F)%�#DE:%B2�#>65e\Pq')#@-;F?HV#�7�+)#DE,AQ6�P *&657�� 7)#@6�F)%�#DE
%B2�#u65e\Pq')#@-uF?H_#�7�+)#DE AQ6Ny %B2[*U%O*&-@#u6�F)%G#�7�+)#DE AQ6OP�I
� �
�� *L� � ��� � ° �{® �B�
����� � � �� � � �  
v$2�#@-@#sANE:*&6 *&8�+)F?- Ah%B2!P %B2[*U%97)#�CmAB7)#DEq%B2�#�P�AQ6[Smv�- AGP~#@P '<#@-mEm2!A 0�03-@FU'&8�#@P HfF?-M*&-�'&Ah%B-/*&-^X
+.-/*1032�E 43A�I #\I 4�+.Ah=?#@6t*90T*&AQ-HwUP�x%y\zwF?H+.-/*1032�E 4_]_2�#&%B2�#@-gyrANE;*�P�AQ6!AQPR*&8�%B- A *&6U+[e\8 *U%BA�F?6
F?H
P 4 AQ6 %BAQP~# �"w ���_z:]_2�#@-@#�� *&657�Z7)#@6�F)%�#q%B2�# 65e\Pq')#@-mE9F?H #�7�+)#DE9*&657 =&#@-�%BABCD#DE9F?HmP 4
-@#DE�0#�C�%BAh=?#@8YXUI

� �
�� *L� � ��� �[� �� �
��Lm�
�� ��� �  
v$2�#@-@#sANE:*&6 *&8�+)F?- Ah%B2!P %B2[*U%97)#�CmAB7)#DEq%B2�#�P�AQ6[Smv�- AGP~#@P '<#@-mEm2!A 0�03-@FU'&8�#@P HfF?-M*&-�'&Ah%B-/*&-^X
+.-/*1032�E 43A�I #\I 4�+.Ah=?#@6t*90T*&AQ-HwUP�x%y\zwF?H+.-/*1032�E 4_]_2�#&%B2�#@-gyrANE;*�P�AQ6!AQPR*&8�%B- A *&6U+[e\8 *U%BA�F?6
F?H
P 45AQ6 %BAQP~# �cw�� �����_z9]_2�#@-@# ��*&657�� 7)#@6�F)%�#R%B2�#>63e\P '<#@-mEgF?H(=?#@-�%BABCD#DE;*&657�#�7�+)#DEgF?H
y
4�-@#DEz0$#�C�%BAh=?#@8YX 4�*&657�� 7)#@6�F)%�#DE>%B2�#u65e\Pq')#@-(F?HO#�7�+)#DEuF?HJy %B2[*U%O*&-@#u6�F)%G#�7�+)#DE AQ6OP�I

�u?�;p5873>�@�;<039<G�46A:S�@�;q4F032V����;<0�4FDQ4�o*DQ;&A<G�03J6J�;<@�o�73DQ46AqGB5m`aD^S�58;qo*DQ9<9<DQ;p;<?�2�2�032�>C9<034FD�A�K
�-G�DQ\ J�;<@8xB9�S�;<@�4 orDQ032�>b58J�J�7303D�H�9<@P@�2�73\ ;<D�A<9<;<0=EX9<D�H�EX7=5�A&A&D�A�@8S]>�;&58J�GBA�K ��DQ`aDQ;<9<G�DQ73D�A&ALl
EX@�;<;<D�EX9<2�D�A&A�582BH ;<?�2�2�032�>|9<034FD_032j9<G�DwEQ5�A<D�Av@8S+58;<o�039<;&58;<\h>�;&58J�GBA�5�A��UDQ737U5�Av;<D�A<9<;<0=EX9<D�H
>�;&58J�GnEX7=5�A&A<D�AU;<DQ73\6@�2Z58J�J�;<@�J�;<0=589<DWE'GB58;&5�EX9<DQ;<0=A&589<03@�2BAp@8S�4F032�0346587*9<;<0=582�>�?�7=589<03@�2BA�K:M+2BHZ5
EX@�2BA<0=HVDQ;&58o�73DCJB58;<9�@8S:D�5�ERG)E'GB58J�9<DQ;�0=A�HVD�HV0=EQ589<D�Hn9<@6HVD�HV?BEX032�>_582BHnJ�;<@d`e032�>FA<?BE'G)ERGB58;&5�E}�
9<DQ;<0=A&589<03@�2)9<G�DQ@�;<DQ46A�K

��� � �£� � 	L�k�
��m� � ��	���L�
/1032�0346587p9<;<0=582�>�?�7=589<03@�2BAv58;<D6032Y9<DQ;<D�A<9<032�>)@�oVc{D�EX9&AC032b9<G�DQ03;N@d��2h;<03>�Ge9�l�582BHh9<G�D_A<9<?BHV\|@8S
4F032�0346587a9<;<0=582�>�?�7=589<03@�2BA�582BHN;<DQ7=589<D�HNEX@�4FJ�?�9&589<03@�2B587Y5�A<JrD�EX9&A�EX;<D�589<D�HN5�;<0=E'GCxBDQ7=HN032N>�;&58J�G
9<G�DQ@�;<\F582BH_5873>�@�;<039<G�46A�K:§^?�9t9<G�DQ03;U032'&B?�DQ2BEXD+;<D�5�E'G�D�AqS�?�;<9<G�DQ;tJB58;<9&Ap@8S�>�;&58J�Gw9<G�DQ@�;<\�K:se@Bl
9<G�DQ\[587=A<@C58J�JrD�58;t0326EX@�2�2�D�EX9<03@�26��039<G65W2Y?�4�orDQ;q@8S.Sz?�2BH�584FDQ2Y9&587�582BH[�UDQ737T��A<9<?BHV03D�H[>�;&58J�G
2�@�9<03@�2BA�KU�-GB589�0=A+587=A<@F��GY\ZD�5�ERG1@8S:9<G�DCS�@�7373@m��032�>wERGB58J�9<DQ;&A�032�9<G�0=A�JB58;<9+EX@�2BEX73?BHVD�A���039<G



� � }

5wA&D�EX9<03@�2|58or@�?�9C58J�J�730=EQ589<03@�2BA]@8St9<G�D[@�o�9&58032�D�H�;<D�A&?�739&A�K+�hD[58;<D�032e9<DQ;<D�A<9<D�H�032P9<G�D�9<G�;<DQD
>�;&58J�G)JB58;&584FDQ9<DQ;&A-9<;<DQDQ��0=HV9<G�l�4F032�034�?�4 xB737T��032|582BHnoB582BHV��0=HV9<G�K

�-G�Dv9<;<DQDQ��0=HV9<G|@8Sp56>�;&58J�G�0=A+564FD�5�A&?�;<DNS�@�;+039&A � 9<;<DQDQ7303�aDQ2�D�A&A
	�K��y9��-5�A+032Y9<;<@eHV?BEXD�H
oe\ ��@�o*DQ;<9&A<@�2|582BH|seDQ\Y4F@�?�;�03219<G�DQ03;u�U@�;<�n58or@�?�9u>�;&58J�G�4F032�@�;&A  � � " K^�r@�;�HVDXxB2�032�>_9<G�D
9<;<DQDQ��0=HV9<G6@8S�5N>�;&58J�G�l��UD�?BA&D+5NHV0���DQ;<DQ2e9p58J�J�;<@a5�E'G�KI�B@�;p5C>�;&58J�G�P 582BHw5C`aDQ;<9<DX~[«w9<GB589
HV@�D�A+2�@�9u58J�JrD�58;u032VP[l P �u«PHVDQ2�@�9<D�A�9<G�Dv>�;&58J�G�9<GB589+DQ4FDQ;<>�D�A�S�;<@�4 P oe\)5�H�HV032�>6«P5�A
2�DQ� `�DQ;<9<DX~�KW�-G�D�2�DQ03>�Geo*@�?�;<G�@�@eHP@8SU«h4�?BA<9uorDFHVDXxB2�D�HPA<DQJB58;&589<DQ73\�KW�y2�A<@�4FD[EQ5�A<D�A�l�P
0=AN582h032BHV?BEXD�HhA<?�o�>�;&58J�Gh@8S�582�@�9<G�DQ;C>�;&58J�G�K6�-G�DQ2�l�9<G�DF2�DQ03>�GYor@�?�;<G�@e@eH @8S^«b0=AvEX73D�58;<73\
HVDQ9<DQ;<4F032�D�Hnoe\nEX@�2Y9<DX~Y9�Kt�y2nS 5�EX9�lV0TS/PO0=A�5FA<?�o�>�;&58J�G)@8S`P ′ 032BHV?BEXD�H)oe\)¤ � ¤=wUP ′ z-582BH
«1µ|¤=wUP ′ z�¨�¤_lV9<G�DQ2OP �u«14FD�582BA�9<G�DNA&?�o�>�;&58J�GZ@8SlP ′ 032BHV?BEXD�Hnoe\)¤ ��©�«�¬�K

® �a¯ ��� 	 �   ��� � ±e�62 � ! � EmF � ¸'¾<½�ºmºc9<1Z$:!#�%$'&�(N23(K$M2`Rj$#.*^j��¶+^52U$#9<. �%)"9<.�)CB4R52-93����>k c^� 
$'&M&�>k #9<.K!=23(4�/7X¶C><>3¶#{�93.A!�2-{p¶Z¶'&����%$C2-9 ¶#.�1�

����� 23(4�[R6>�9@�6BI��¶#. � � � �����62-9-R'�'1a9r1a$ � � 2-�j�j�
���	� >D�52�PG^j�]$ � � 2-�j�j�'pl$#.0):>D�52$� ^j�[$=R6>k9-�5B��v¶87�1�9�
 � � 93.cP��?>D�62 ��^j�]$������62f�%n23(K$C2/)a¶W��1

.*¶C2~$'&+&��%$#�:93.\P���23(4��.VP ����{�9-23( ��$+)�6$+Ri��.�2m{�9-23(V�%n+$MR52->k N23(4�:���6��2-9@Ri�'1:9<.��
9<1:$
� � 2-�j�j�sE
�
@h>�DQ96582�0=HVD�5h@8S � ��9<;<DQD�ALlt2�@�9<D19<GB589 � ��9<;<DQD�Aw58;<D[c�?BA<9F9<G�D)?BA&?B587�9<;<DQD�A�lt0�K DaK3l^9<G�D

EX@�2�2�D�EX9<D�Hk>�;&58J�GBAwEX@�2e9&58032�032�>�2�@�EX\VEX73D�A�K §^\*&�$#��2-9@$#> � ��2-�%�i�'16�UD�4FD�582iA<?�o�>�;&58J�GBA_@8S
� ��9<;<DQD�A��Y9<G�D�A<DNA<?�o�>�;&58J�GBA�EQ582)o*DN@�o�9&58032�D�Hnoe\w`aDQ;<9<DX~w5�A��^DQ737�5�A-D�HV>�DNHVDQ73DQ9<03@�2BA�K
® �a¯ ��� 	 �   ���B° ±e�62�P�¢ w�¤/x<¥[z�^i��$�!#�%$'&�(4EH}e(4��¾<½�ºdº��,	 &r¾ $ ¶87lP[po)A��.*¶C2f�%)H$�1q9��ZwUP]zip9r1Z23(4�Z1';=$#>3>D��1�2�.IBK;^j��� � 1'B�R�(�23(K$C2JP 9<1Z$Z&4$#�62-9-$C> � � 2-�j�j�sE

M�J�;<@�@8S�@8S�9<G�D+D��e?�03`85873DQ2BEXD�@8S�@�?�;^HVDXxB2�039<03@�2w@8S�9<;<DQDQ��0=HV9<Gw��039<G_9<G�Du@�;<03>�032B587.HVDXxB2�0T�
9<03@�2�032Y9<;<@eHV?BEXD�H�oY\ ��@�orDQ;<9&A<@�2F582BHFseDQ\e4F@�?�;IEQ582[orDUSz@�?�2BH�032  ���#" KI�-G�DUSz@�7373@d��032�>���`aDQ;<\
?BA<DXS�?�7��iERGB58;&5�EX9<DQ;<0=A&589<03@�2W@8S�9<G�Dp9<;<DQDQ��0=HV9<Gv@8S�5�>�;&58J�Gv0=A
582v034F4FD�HV0=589<DpEX@�2BA<D��e?�DQ2BEXDalm582BH
039�73032��YA-9<;<DQDQ��0=HV9<G1582BHn4F032�0346587�9<;<0=582�>�?�7=589<03@�2BALK

� � � � � ��� � � "$#&%lPª¢ w�¤�x<¥[zg')#g* +.-/*1032 I(v$2�#@654
9��awUPazq¢i4F032�©	��w-y\z �Cy 0=A�5[4F032�0346587�9<;<0=582�>�?�7=589<03@�2)@8S/P�¬� � �

��039<Gj9<G�Dw9<;<DQDQ��0=HV9<G�l:�^Dw587=A&@|5�A&A<@YEX0=589<Dw5�HVD�EX0=A<03@�2jJ�;<@�o�73DQ4 EQ587373D�H������������ �"!$#tl
9<GB589�0=A-9<G�DNA<DQ9�@8S:JB5803;&AawUP:x � zU��G�DQ;<D[P�0=A�5[>�;&58J�G�582BHn9��awUPaz&% � K

M�2�@�9<G�DQ;U>�;&58J�G_JB58;&584FDQ9<DQ;p9<GB589p0=AUEX73@aA<DQ73\[;<DQ7=589<D�HF9<@�4F032�0346587r9<;<0=582�>�?�7=589<03@�2BAp0=Ap9<G�D
4F032�034�?�4 xB737T��032�K

® �a¯ ��� 	 �   � � � ±e�62�P ¢�w�¤�x<¥Hz=^j�"$=!#�%$'&�(4E\}e(4���
	z�$	z� �b�('g��� ¸/	�� ¶87aP[p~)+��.*¶M2f�%)
$�1t4[xowUPazipJ9r1�23(���>D�%$#1�2J.IBK;=^i���]¶87Z�%)s!+��1g23(K$C2�(K$#�#�q2�¶=^j�Z$M)+)+�%):2�¶aP�2�¶[¶+^62U$#93.N$�R�(Y¶#�%)M$#>
!#�%$'&�(4E



Chapter 8
fUG�@�;&H�587�>�;&58J�GBA�582BHn4F032�0346587�9<;<0=582�>�?�7=589<03@�2BA � ���

�y2i@�9<G�DQ;n�^@�;&H�A�l�9<G�DP4F032�034�?�4 xB737T��032�>�03`aD�AZ9<G�DhA<46587373D�A<9Z2e?�4�orDQ;Z@8S�5�H�HV039<03@�2B587
D�HV>�D�AW584F@�2�>)58737�9<;<0=582�>�?�7=589<03@�2BAW@8SU5w>�;&58J�G�KN�-G�0=A]JB58;&584FDQ9<DQ;C582BH�9<;<0=582�>�?�7=589<03@�2BAu��039<G
9<G�0=A�2Y?�4�orDQ;�@8St5�H�HV039<03@�2B587
D�HV>�D�A+9<?�;<2�D�H1@�?�9u034FJr@�;<9&582Y9�032|EX@�2�2�D�EX9<03@�2|��039<G12e?�4FDQ;<0=EQ587
A<@�73?�9<03@�2BAF@8SW73032�D�58;6D��e?B589<03@�2kA<\VA<9<DQ46A[oe\ �W58?BA&A<0=582�DQ73034F032B589<03@�2 w�587=A<@bA<DQD  �8�#" z}K��-G�D
S�@�7373@m��032�>F58739<DQ;<2B589<03`aDCHVDXxB2�039<03@�21@8SI4F032�034�?�4 xB737T��032)0=A�@�oY`Y03@�?BA�K

� � � � � ��� �[� "#&%`P ¢ w�¤�x<¥[z9'<#;* +.-/*1032 I(v$2�#@654
4[xowUPazq¢i4F032�©�� ¥w-yVz��d�� ¥wUPaz�� �Cy 0=A�5[4F032�0346587�9<;<0=582�>�?�7=589<03@�2)@8S/P�¬ �

M�2B5873@�>�@�?BAU9<@v9<;<DQDQ��0=HV9<G�le�^DuEQ582w5�ARA<@eEX0=589<D]5vHVD�EX0=A<03@�2wJ�;<@�o�73DQ4 ��039<G_4F032�034�?�4 xB737T�
032�K^§U\�� ��� �	��
��� ������� ���tlB�^DNHVDQ2�@�9<Dv9<G�DvA<DQ9+@8SIJB5803;&AHwUP:x � z^��G�DQ;<DHPO0=A+5F>�;&58J�G�582BH
4[xowUPaz&% � K

�-G�D_9<G�03;&H�>�;&58J�G JB58;&584FDQ9<DQ;�l:9<GB589��UDw��0=A<G 9<@�EX@�2BA<0=HVDQ;�lI0=Av4F@�9<03`8589<D�HboY\b582 @�JV�
9<034F0=A&589<03@�2iJ�;<@�o�73DQ4 S�;<@�4 73032�D�58;w5873>�DQo�;&5�K �W03`aDQ2�5 �e?B5�HV;&589<0=E)46589<;<0T~�� lU0=Aw9<G�DQ;<D|5
JrDQ;<4�?�9&589<03@�2n46589<;<0T~ �A<?BE'Gw9<GB589�58737�2�@�2V� �QDQ;<@[DQ2Y9<;<03D�AU032�������  −1 58J�JrD�58;-@�2�73\w032n5
A<4658737�58;<D�5F58;<@�?�2BHn9<G�DC46580321HV0=58>�@�2B587����B@�;->�;&58J�GBA�lV�^DWGB5L`aDW9<G�DWS�@�7373@m��032�>FHVDXxB2�039<03@�2�K

® �a¯ �
� 	 �   � � � ±e�52oP�¢ w�¤�x<¥Hza^j�[$Z!#�8$�&�(n¶#. �����6��2-9@Ri�'1sE^±��62�����¤�� © � x������5x��I¬c^j�
$^�9 �s�%R52-93���g;=$'&M&�93.A! ���V9<1gRj$#>3>u�%)$��z¼��*¿���¾07Q¶#�TPE[}e(4� �;	 &r¾ $ ¶87 � p�)A��.*¶C2f�%)"$�1po�wUP:x!��zip9<1Z)+�-,/.0�%)d$�1

o�wUP:x!��zq¢
def
465d~.©��"�ew �0zI#��w 	4z�� � � 	wµ1¥[¬ �

}e(4�%$L¼���& �;	 &*¾ $ ¶87]P[pg)A��.*¶C2f�%)V$�1WoY�]wUPazip�9<1:23(4��1';=$#>3>u�'1�2m{�9@)C23(h¶#�����"$C><>?>D$# a¶#BK231m7Q¶#�P[p�9UE<�sEDp
oe�awUPazq¢

def
4F032�©�o�wUP�x!��z �&��0=A�5[7=5m\a@�?�9USz@�;ZP�¬ �

�y9�0=A:032Y9<DQ;<D�A<9<032�>]9<@]2�@�9<D-9<GB589:9<G�DQ;<D-0=A:582[58739<DQ;<2B589<03`�D^HVDXxB2�039<03@�2[@8Sr9<G�D-oB582BHV��0=HV9<G[@8S
5�>�;&58J�G�?BA<032�>]A<JrD�EX0=587Y9<;<0=582�>�?�7=589<03@�2BA�K
�-G�0=AIEX@�2�2�D�EX9<03@�2���03737eo*DUJ�;<D�A<DQ2Y9<D�HN032FfUGB58J�9<DQ; ��� K
fU73D�58;<73\�l��^DFEQ582 HVDXxB2�D65)HVD�EX0=A<03@�2hJ�;<@�o�73DQ4%S�@�;C9<G�DFoB582BHV��0=HV9<G�K6§^\('*)�� � ��� � ! #pl��UD
HVDQ2�@�9<DC9<G�DNA<DQ9�@8SIJB5803;&A]wUP:x � zU��G�DQ;<D[P�0=A�5[>�;&58J�G1582BHnoY�]wUPaz&% � K

M�737:9<G�;<DQD[HVD�EX0=A<03@�2�J�;<@�o�73DQ46A]58;<DM�,+t��EX@�4FJ�73DQ9<Dal.DQ`aDQ2���G�DQ2�9<G�DQ\�58;<D�;<D�A<9<;<0=EX9<D�H�9<@
A<4658737�>�;&58J�GPEX7=5�A&A<D�ALK^M�>�;&58J�G|0=A[R&¶��8^�9b&4$#�62-932f�Qlr0TSt039&A+`aDQ;<9<DX~1A<DQ9uEQ582|orDvJB58;<9<039<03@�2�D�H�032e9<@
9��U@FEX730=�e?�D�A�KtfU@8��o�03JB58;<9<039<DC>�;&58J�GBA�58;<DC9<G�DNEX@�4FJ�73DQ4FDQ2e9&A-@8S:o�03JB58;<9<039<DC>�;&58J�GBA�K

� �
�� *L� � ��� � � �.-  � �q r � �^�v r � � � �^� ��� k L *��� � m  � ��� � �  � �  
v$2�#97)#�CmANE A�F?6R03-@FU'&8�#@P ����������� �"! #
ANE(�,+VSzCDF?P9038�#&%�#uHfF?-;CDF\S '&A 0T*&-�%BAh%�#w+.-/*1032�E�I

� �
�� *L� � ��� � � �0/ � �
� �!�V�!� � � �� �r� �  
v$2�#97)#�CmANE A�F?6R03-@FU'&8�#@P1� ��� �	��
��� ������� ���nANE �,+VSzCDF?P9038�#&%�#uHfF?-;CDF\S '&A 0T*&-�%BAh%�#w+.-/*1032�E�I

� �
�� *L� � ��� �$� ��� �z [��� � � L�V	�� 	 ��� �����32� �z�z�e��� ��� �  
v$2�#97)#�CmANE A�F?6R03-@FU'&8�#@P3'*)�� � ��� �"!$#
ANEw�,+GSzCDF?P9038�#&%�#,HhF?-,CDF\S '&A 0T*&-�%BAh%�#w+.-/*1032�E�I



��� �



��� �

�������
	��� °
��� ����� ����� �������[�� 

�];&58J�G�EX7=5�ARA<D�A�EQ5821o*D�HVDXxB2�D�H1032|562Y?�4�o*DQ;�@8SqHV0���DQ;<DQ2Y9��^5m\VA�Kp�-G�DvA&034FJ�73D�A<9+582BH)4F@aA<9
032�D �_EX03DQ2Y9
46582�2�DQ;I0=A
9<@WA<DQ73D�EX9
>�;&58J�GBAI@�2�DUoe\C@�2�DaKI/1@aA<9<73\elLG�@d�UDQ`�DQ;�l�>�;&58J�GBA:58;<DUA<DQ73D�EX9<D�H
oY\ZA<J*D�EX0=587
J�;<@�J*DQ;<9<03D�A�lB4F@�;<D�J�;<D�EX0=A<DQ73\�lVoY\nA&9<;<?BEX9<?�;&587�J�;<@�JrDQ;<9<03D�A�K��-G�D�A&DvA<DQ73D�EX9<03@�21;<?�73D�A
465m\jo*D�@8SN582Y\j�Y032BH�K �B@�;_032BA<9&582BEXDal^o�03JB58;<9<039<D�>�;&58J�GBAZ58;<DO�m��EX@�73@�?�;&58o�73D�>�;&58J�GBA�l-0�K DaK3l
9<G�@aA<DC>�;&58J�GBA+9<GB589+5�HV4F039+EX@�73@�?�;<032�>aA�?BA<032�>w589�4F@aA<9�9��U@6EX@�73@�?�;&A�KUM+Au582�@�9<G�DQ;�DX~V584FJ�73Dal
E'G�@�;&H�587�>�;&58J�GBAW58;<D[9<G�D�>�;&58J�GBA]��G�@aA<D�032BHV?BEXD�HPERG�@�;&HV73D�ARAuEX\VEX73D�A]GB5L`aD�73DQ2�>�9<GBAW589u4F@aA<9
� K��-G�0=AW0=AC5ZA&9<;<?BEX9<?�;&587IJ�;<@�J*DQ;<9y\eK�M+739<DQ;<2B589<03`aDQ73\�l.�UDFEQ582hA&5m\19<GB589NE'G�@�;&H�587I>�;&58J�GBAC58;<D
DX~�5�EX9<73\C9<G�Dp>�;&58J�GBAI9<GB589IHV@u2�@�9IEX@�2Y9&58032�5]E'G�@�;&HV73D�A&A
EX\VEX73DU@8SB73DQ2�>�9<G[589I73D�5�A<9 � 5�A
032BHV?BEXD�H
A<?�o�>�;&58J�G�K:�-G�0=A^0=A-5�A<DQ73D�EX9<03@�2Z;<?�73D]oe\F>�03`Y032�>�5�A<DQ9^@8S�7Q¶#�5^69-)M)A��.�9<.0)#B4R'�%)�1�B�^U!#�8$�&�(M1}Kpse@Bl
�^DWHV0=A&9<032�>�?�0=A<G)>�;&58J�G1EX7=5�A&A<D�A-5�EQEX@�;&HV032�>69<@F9<G�DQ03;�HVDXxB2�039<03@�2BA�9<GB589�58;<DCoB5�A&D�Hw@�2
w � zZA<9<;<?BEX9<?�;&587�J�;<@�J*DQ;<9<03D�A
w@�Mz_S�@�;<o�0=H�HVDQ2)032BHV?BEXD�H)A<?�o�>�;&58J�GBA�K
�B@�;<46587373\elm�^D�A&5m\N9<GB589q5u>�;&58J�G6EX7=5�ARA�	nEQ582ForD�HVDXxB2�D�H[oY\CSz@�;<o�0=H�HVDQ2[032BHV?BEXD�HFA<?�o�>�;&58J�GBALl
0TSU9<G�DQ;<DF0=Av5)A<DQ9�
 @8S->�;&58J�GBACA<?BERGP9<GB589C>�;&58J�G P o*DQ73@�2�>aAC9<@1EX7=5�A&A�	�0TS^582BHP@�2�73\�0TSmP
HV@�D�A]2�@�9WEX@�2e9&58032�582e\)>�;&58J�G|S�;<@�4
 5�Au032BHV?BEXD�H|A<?�o�>�;&58J�G�K]�y2|9<GB589WEQ5�A<Dal*�UD�587=A<@wA&5m\
9<GB589t9<G�Du>�;&58J�GBAqS�;<@�4�	158;<D�
j��7'�j�j�XKq��S�
 EX@�2Y9&58032BAt@�2�73\[@�2�D+>�;&58J�G�l��UDu587=A<@N@�4F039to�;&5�EXD�A
9<@F034FJ�;<@d`aDW;<D�5�H�58o�0373039y\�K

/�582Y\6>�;&58J�G)EX7=5�A&A<D�A^EQ582norDCHVDXxB2�D�HZoe\[S�@�;<o�0=H�HV032�>�032BHV?BEXD�HZA&?�o�>�;&58J�GBA���4F@aA&9<73\�le582
032VxB2�039<DtA<DQ9�@8SYSz@�;<o�0=H�HVDQ2NA&?�o�>�;&58J�GBA�0=A�2�D�EXD�A&A&58;<\�lL5�A��UDqGB5m`aD:A<DQDQ2WS�@�;�ERG�@�;&H�587�>�;&58J�GBA���9<G�D
EX7=5�A&A�@8SqE'G�@�;&H�587�>�;&58J�GBA�0=A�D��e?B587�9<@69<G�DvEX7=5�A&A-@8S-©&�

4
x/�

5
x/�

6
x������ ¬Q� S�;<DQDC>�;&58J�GBA�Kt��SI>�;&58J�G

EX7=5�A&A<D�A�58;<DnHVDXxB2�D�H oY\PSz@�;<o�0=H�HVDQ2j032BHV?BEXD�HjA<?�o�>�;&58J�GBA�lI039[0=Av4F@aA<9�2B589<?�;&587^9<@�EX@�2BA<0=HVDQ;
xB2�039<D+A<DQ9&At@8S.S�@�;<o�0=H�HVDQ2_A<?�o�>�;&58J�GBALK�M+4F@�2�>NxB2�039<D+A<DQ9&ALlaA<4658737rA<DQ9&ALla582BHFG�DQ;<DQ032_A<032�>�73DQ9<@�2
A<DQ9&A�lV58;<DC@8S:G�03>�G)032e9<DQ;<D�A&9�K

fU@�>�;&58J�GBAuGB5L`aD�5_73@�9]@8SpERGB58;&5�EX9<DQ;<0=AR589<03@�2BA�K��u2�D�@8St9<G�DQ4·0=Auoe\nS�@�;<o�0=H�HVDQ2�032BHV?BEXD�H
A<?�o�>�;&58J�G �qEX@�>�;&58J�GBA�58;<DCDX~�5�EX9<73\_9<G�@aA&DC>�;&58J�GBA�9<GB589�HV@62�@�9�EX@�2Y9&58032)9<G�DNERG�@�;&HV73D�A&A-JB589<G
@�2WS�@�?�;�`aDQ;<9<0=EXD�A�l 

4
lL5�A�032BHV?BEXD�HvA<?�o�>�;&58J�G�K�fU@�>�;&58J�GBA�GB5m`aD:46582e\]032Y9<DQ;<D�A<9<032�>�J�;<@�JrDQ;<9<03D�A�l

DaK >BK3l
582hD �_EX03DQ2Y9C9<;<DQDF;<DQJ�;<D�A<DQ2Y9&589<03@�2�l���G�0=E'Gh0=AC@8S^>�;<D�589C034FJ*@�;<9&582BEXDFS�@�;C9<G�D_HVD�A<03>�2P@8S
5873>�@�;<039<G�46A�Kj�-G�D)��?�D�A<9<03@�2�58J�J*D�58;<D�H���G�DQ9<G�DQ;[A&@�4FDZ@8S]9<G�D�A<Dn032e9<DQ;<D�A&9<032�>P5873>�@�;<039<G�4F0=E
J�;<@�JrDQ;<9<03D�A+G�@�7=HnS�@�;�>�;&58J�G�EX7=5�A&A<D�A�9<GB589+HV@62�@�9uEX@�2Y9&58032)@�9<G�DQ;uE'G�@�;&HV73D�A&A-JB589<GBA�lr582BH�

5
�

S�;<DQD^>�;&58J�GBAt>�@�9q032e9<@C9<G�D-S�@eEX?BA:@8S�;<D�A<D�58;&E'G�K
�y2F9<G�D�7=5�A<9:\aD�58;&A�l89<G�D�A<9<?BHV\�@8S*>�;&58J�G6EX7=5�A&A<D�A
HVDXxB2�D�H1oY\n@�2�Dv@�;uSzDQ��Sz@�;<o�0=H�HVDQ2�A<?�o�>�;&58J�GBA�o*D�EQ584FD�4F@�;<D�582BH�4F@�;<D�Jr@�J�?�7=58;�K+�y219<G�0=A
A<D��e?�DQ2BEXDalB9<G�D��#�

2
l*��G�0=ERG|0=A+9<G�D[EX@�4FJ�73DQ4FDQ2e9u@8St9<G�D�E'G�@�;&HV73D�A&AuEX\YEX73D�@�2�S�@�?�;+`aDQ;<9<0=EXD�ALl

�
4
lYxB9&A-�UDQ737�K

° � � � ��	Q	 �z�� 	�  � �   � �#�
2
�m� L�e� � L�����
�

�-G�Dg�#�
2
0=AU9<G�D+>�;&58J�G_@�2_Sz@�?�;U`aDQ;<9<0=EXD�At9<GB589^EX@�2e9&58032BApDX~V5�EX9<73\F9��^@ND�HV>�D�A�l�582BH_9<G�D+D�HV>�D�A

58;<Dv2�@�2V��5�Hdc<5�EXDQ2Y9�K�se@Blr9<G�D[�#�
2
0=A�9<G�D�HV0=A c�@�032Y9�?�2�03@�2�@8Sq9��U@6EX@�2�2�D�EX9<D�H�>�;&58J�GBA�@�2�9��^@



��� �

`aDQ;<9<0=EXD�A�K]�-G�D:�#�
2
0=A]9<G�D[EX@�4FJ�73DQ4FDQ2e9]@8Sp9<G�D[ERG�@�;&HV73D�A&A]EX\VEX73D�@�2|Sz@�?�;]`aDQ;<9<0=EXD�A�lT�

4
KWM

EX@�Je\w@8S�9<G�D]�#�
2
EQ582)o*DCS�@�?�2BHn0321��03>�?�;<D]�VK

® �a¯ ��� 	 �   � � � F !#�%$'&�(O9r1g�#�
2
¸ ��½�ºdº�9 7[$#.�))¶#.�>� "9 7[932m)a¶W��1].*¶C2mR&¶#.�2U$#9<. 23(4�a�#�

2
$�1

9<.0)#B4R'�%)1'BI^@!#�%$'&�(4E
� � 	 	 ° � � �#�

2
SdHd-@#1#w+.-/*1032�E(*&-@# 

5
SdHd-@#1#\I

k L �  �ml ¡�DQ9\P ¢ w�¤�x<¥HznorD�5�>�;&58J�GªEX@�2e9&58032�032�>k5 
5
lC582BH�73DQ910391o*Db032BHV?BEXD�H oY\

©���x�	�x�
[x{«�x��Y¬ 	 ¤ A<?BE'G19<GB589:w ��x�	�x�
]x{«ox��+z�0=Au56JB589<G|032VP[K��-G�DQ2�l$�|0=Au562�DQ03>�GYor@�?�;u@8S
2�DQ039<G�DQ;�«�2�@�; ��l�582BH�	w0=A�5[2�DQ03>�GYor@�?�;�@8S:2�DQ039<G�DQ;�«12�@�;���Kq�+DQ2BEXDal�©���x�	0x{«�x��Y¬N032BHV?BEXDv5
�#�

2
032OP[K

��9:0=Aq032Y9<DQ;<D�A<9<032�>C9<GB589l�#�
2
� S�;<DQD->�;&58J�GBAt587373@d�kERGB58;&5�EX9<DQ;<0=A&589<03@�2BA:`Y0=5CA<9<;<?BEX9<?�;&587�J�;<@�JV�

DQ;<9<03D�A�KI�-G�0=AtS 5�EX9p465m\FA<?�J�Jr@�;<9U9<G�Du0=HVD�5v9<GB589��#�
2
� S�;<DQD+>�;&58J�GBA^58;<D+4F@�;<D � 2B589<?�;&587 	v9<GB582

9<G�DQ\wA<DQDQ4g589^xB;&A<9�>�7=582BEXDaKq��@�Sz@�;<4�?�7=589<DW9<G�DNA<9&589<DQ4FDQ2Y9^�^DC2�DQD�Hn9��U@[oB5�A<0=EWHVDXxB2�039<03@�2BA�K
¡�DQ9TPª¢ w�¤�x<¥[zporDW5N>�;&58J�G�Kq�-G�D]HV0=584FDQ9<DQ;U@8SJPFleHV0=584_wUPaz}le0=AU9<G�D+73DQ2�>�9<GZ@8S�9<G�D+73@�2�>�D�A<9
HV0=A<9&582BEXDForDQ9��^DQDQ2b9y�^@)`aDQ;<9<0=EXD�AC@8S�P �I0TS�P 0=A�HV0=A&EX@�2�2�D�EX9<D�Hh9<G�DQ2 HV0=584_wUPazC¢���Kn�-G�D
>�93.0�@!C�8$'&�(���wUPaz^@8SlP�EX@�2Y9&58032BA�5[`aDQ;<9<DX~wSz@�;�DQ`aDQ;<\wD�HV>�DC@8S/PFlB582BHn9y�^@F`aDQ;<9<0=EXD�A-@8S���wUPaz
58;<DN5�Hdc{5�EXDQ2Y9-0TSI9<G�DQ\ZEX@�;<;<D�A<Jr@�2BHn9<@65�Hdc<5�EXDQ2Y9�D�HV>�D�A-032OP[K
� � 	 	 ° � � "$#&%`P ¢ w�¤/x<¥[z>')#;* +.-/*1032 I(v$2�#uHfF?8Q8�F ]_AQ6U+RE�%h*U%�#@P~#@65%fE *&-@#g# �Ue\Ah= *&8�#@63%�
`��Dc\PxANE~�#�

2
SdHd-@#1#

`��?c�HfF?-(#&=?#@-^XiED#&%:¦ 	 ¤M4�Pj¨^¦ CDF?63%h*&AQ6�E *U%P~F&E�%OF?6�#>CDF?6!6�#�C�%�#�7qCDF?P90$F?6�#@65%V]_Ah%B2
%^]_F
=?#@-�%BABCD#DE

`��1c�HV0=584_w���wUPaz%z&%�� I
k L �  �ml]�hDNA<G�@d��9<GB589�A&9&589<DQ4FDQ2e9]w � zU0=A-D��e?�03`d5873DQ2Y9-��039<G1A<9&589<DQ4FDQ2Y9&Aaw@�Mz^582BH�w � z}K
(1) ⇔ (2)¡�DQ9n¦ 	 ¤_l-582BHk73DQ9dP�¨�¦OEX@�2Y9&58032k9��U@ EX@�2�2�D�EX9<D�HiEX@�4FJr@�2�DQ2Y9&A6��039<Gi9y�^@b`aDQ;<9<0=EXD�A�K
seDQ73D�EX9<032�>|5)JB5803;�@8S+5�Hdc{5�EXDQ2Y9N`aDQ;<9<0=EXD�AN032 DQ`aDQ;<\PEX@�2�2�D�EX9<D�H EX@�4FJ*@�2�DQ2e9�>�03`aD�Av5_�#�

2
5�A

032BHV?BEXD�H�A&?�o�>�;&58J�G�K|��S�9<G�DQ;<Dw0=A6¦ � ¤£A<?BE'G 9<GB5896¤ª¨v¦ 032BHV?BEXD�A�5\�#�
2
032YP[l/P�¨C¦

EX@�2e9&58032BA-9��^@[EX@�2�2�D�EX9<D�H)EX@�4FJ*@�2�DQ2e9&A���039<G)9y�^@[`aDQ;<9<0=EXD�A�K

(1) ⇔ (3)¡�DQ9[P orDc�#�
2
� Sz;<DQDal�582BHP73DQ9
�

1
x �

2
µ�¥go*DF9y�^@n2�@�2V��5�Hdc{5�EXDQ2Y9WD�HV>�D�A�K6se032BEXD"P 0=A]�#�

2
�

Sz;<DQDalI9<G�DQ;<DZ4�?BA&9vorDn582jD�HV>�D���µ�¥·9<GB589�0=A[5�Hdc{5�EXDQ2Y9v��039<G �
1
582BH �

2
l:��G�0=E'G >�03`�D�A�5

JB589<G�@8S]73DQ2�>�9<G��|orDQ9��^DQDQ2��
1
582BH �

2
032���wUPaz}K�fU@�2Y`aDQ;&A<DQ73\�lI73DQ9n©���x�	0x{«�x��Y¬1032BHV?BEXD15

�#�
2
032SP ��G�DQ;<D � 	�x{« �Pµ�¥6Kw�-G�DQ2�l � 	P582BHP«$�1A&GB58;<D62�@)2�DQ03>�Geo*@�?�;N032���wUP]z}l
G�DQ2BEXD

HV0=584_w���wUPaz%z
	��VK



Chapter 9
�#�

2
� S�;<DQDC>�;&58J�GBA �����

�hD6�-582e9C9<@|;<DQ7=589<D69<G�D_EX7=5�A&Av@8Sm�#�
2
� Sz;<DQD6>�;&58J�GBAv9<@1@�9<G�DQ;N>�;&58J�GjEX7=5�A&A<D�AN582BHbHVDX�

9<DQ;<4F032�Dv9<G�DQ03;u;<DQ7=589<03@�2BA<G�03JBA�K-�hD�5873;<D�5�HV\Z4FDQ2Y9<03@�2�D�H19<G�D�A<?�JrDQ;&EX7=5�ARA�@8S 
5
� S�;<DQDN>�;&58J�GBA�K

�B?�;<9<G�DQ;�>�;&58J�G1EX7=5�ARA<D�A�9<GB589�58;<DN@8S:032e9<DQ;<D�A&9�58J�JrD�58;�032�EX@�2�2�D�EX9<03@�2)��039<G|ERG�@�;&H�587�>�;&58J�GBA�K
�-G�DNEX@�4FJ�73DQ4FDQ2Y9&A-@8S:E'G�@�;&H�587�>�;&58J�GBA�58;<DR&¶\�8R�(Y¶#�%)M$#>TK
® �a¯ �
� 	 �   � ��� ±e�52JP�¢ w�¤/x<¥[z[^i�]$[!#�8$�&�(4E"�_�aRj$C><>�P $_¹}»��	�¾ �r½�¼a» $ 9 7Z$#.�)w¶#.I>k H9 723(4�g�#����2f�jn:15�52t¶87TP Ri$#.\^j�l&�$#��2-9-2-9 ¶#.0�%)H93.�2�¶�$#.�93.�)+�f&I��.�)+��.�2�1s�62�� $#.0)�$=R6>k9-�6BI�(�=EH}e(4�
&4$#�62-9-2-9�¶#. ���Tx/� � 9<1]Rj$#>3>D�j)c$w¹}»��	�¾�»�¼*½�¾ 	�¾ 	y¿��k¶87�P=E
® �a¯ �
� 	 �   � � � F�!C�8$'&�(=9r1 �Cºd¼��U��� ��$ ¿*½�&*¼�� 9 7g$#.�)[¶#.I>k ]9 7~9-2J$#.0)]9-231�R&¶#;�&�>u��;��.�2?)a¶.*¶C2`R&¶#.�2U$#93. $"R�(V¶#�8)�>D�'1'1]R6 MR6>D��¶#.O;6¶#�%�]23(K$#.H7Q¶#BA�Z�#����2-9@Ri�'1[$#1q93.�)#B�Ri�%)=1'BI^@!#�%$'&�(+15E

M Sz@�;<o�0=H�HVDQ2bA<?�o�>�;&58J�GbE'GB58;&5�EX9<DQ;<0=A&589<03@�2h@8S-�UD�58�Y73\|E'G�@�;&H�587q>�;&58J�GBAC0=AC034F4FD�HV0=589<Dal
582BHC9<G�0=A�A&DQ9�0=A�032VxB2�039<DaK
�y2vEQ5�A<Dq@8S�A<J�73039�>�;&58J�GBA�lm5�A<034F037=58;�E'GB58;&5�EX9<DQ;<0=A&589<03@�2C0=A�2�@�9�@�oY`e03@�?BALl
o�?�9p039p9<?�;<2BAp@�?�9t9<GB589^A<J�73039t>�;&58J�GBA^58;<D+A<J*D�EX0=587*E'G�@�;&H�587B>�;&58J�GBA�K:�q`aDQ2_5�ERGB58;&5�EX9<DQ;<0=AR589<03@�2
9<GB589�?BA<D�A-@�2�73\n5�xB2�039<DNA<DQ9�@8S
S�@�;<o�0=H�HVDQ2)032BHV?BEXD�H)A<?�o�>�;&58J�GBA-0=A��Y2�@d��2�K

� �
�� *L� � ° � � � � 2 .� � ���_� ��� ��� � � �e��  � � �  
v$2�#uHhF?8Q8�F.]_AQ6U+sE�%h*U%�#@P~#@65%fE(*&-@#g# �Ue\Ah= *&8�#@65%$HhF?-(* +.-/*1032OP 
`��Dc\PxANE(*ME�038QAh%+.-/*1032
`��?c\PxANE,C�2�F?- 7<*&8 *&657 CDF\SzC^2�F?- 7<*&8
`��1c\PxANE]© �#�

2
x/�

4
x/�

5
¬?SdHd-@#1#\I

�hD�58�Y73\ZE'G�@�;&H�587�>�;&58J�GBA�58;<DvEX73@aA&D�H)?�2BHVDQ;+EX@�4FJ�73DQ4FDQ2Y9&589<03@�2���9<G�0=A-S�@�7373@m��A�034F4FD�HV0T�
589<DQ73\PS�;<@�4 9<G�DnHVDXxB2�039<03@�2�KP��9�0=A�2�@�9[HV0 �_EX?�739�9<@�A<DQDw9<GB589�E'G�@�;&H�587^>�;&58J�GBA�58;<DZ�UD�58�Y73\
E'G�@�;&H�587 �VG�DQ2BEXDal�EX@8��ERG�@�;&H�587�>�;&58J�GBA�58;<DN587=A&@F�UD�58�Y73\wE'G�@�;&H�587�K:�hDNEQ5821;<DQ7=589<DC9<G�DNEX7=5�A&A<D�A
@8S?�#�

2
� Sz;<DQDal�EX@8��E'G�@�;&H�587�582BHn�UD�58�Y73\_E'G�@�;&H�587�>�;&58J�GBA�K

� � 	 	 ° ��� J�+.-/*1032HP ANEo�#�
2
SdHd-@#1#_*&657 ]{# *��<8YXMC^2�F?- 7<*&8 AQHU*&657;F?6!8YX>AQH�P ANE{CDF\SzC^2�F?- 7<*&8�I

k m �  �mlb��S�P²0=AH�#�
2
� S�;<DQDalI9<G�DZEX@�4FJ�73DQ4FDQ2Y9v@8S�P·EQ582�2�@�9�EX@�2Y9&58032 9<G�DZERG�@�;&HV73D�A&A�EX\YEX73D

@�2jSz@�?�;F`�DQ;<9<0=EXD�A�5�A[032BHV?BEXD�H�A&?�o�>�;&58J�G�K���SqP£0=A[�^D�58�e73\�ERG�@�;&H�587�lp9<G�DnEX@�4FJ�73DQ4FDQ2Y9[@8S
P EQ582�2�@�9wEX@�2e9&58032�5 ERG�@�;&HV73D�A&A_EX\YEX73D)@�2�589673D�5�A<9[xB`aD1`�DQ;<9<0=EXD�AF5�A6032BHV?BEXD�HkA<?�o�>�;&58J�G�K
��DQ2BEXDal.0TSTP 0=Aq�#�

2
� S�;<DQD�582BH|�UD�58�Y73\)ERG�@�;&H�587�l.9<G�D[EX@�4FJ�73DQ4FDQ2e9]@8S�P 0=AuE'G�@�;&H�587:582BHVP

0=A�EX@8��E'G�@�;&H�587�K
fU@�2Y`aDQ;&A<DQ73\�l�0TS�Pg0=Av2�@�9:�#�

2
� S�;<DQDal
9<G�DZEX@�4FJ�73DQ4FDQ2e9�@8S�P²EX@�2Y9&58032BAv5t�

4
K1��S�P 0=A

2�@�9+�^D�58�Y73\nE'G�@�;&H�587�lB9<G�D�EX@�4FJ�73DQ4FDQ2e9u@8S�P EX@�2Y9&58032BA+5wERG�@�;&HV73D�ARA+EX\VEX73Dv@�2|589u73D�5�A<9�xB`�D
`aDQ;<9<0=EXD�A�5�A�032BHV?BEXD�H�A<?�o�>�;&58J�G�Khse@Bl:0TSgPg0=A�2�@�9��#�

2
� Sz;<DQDZ@�;�2�@�9��UD�58�Y73\bE'G�@�;&H�587�l�9<G�D

EX@�4FJ�73DQ4FDQ2Y9�@8S�P�0=A�2�@�9�E'G�@�;&H�587�lV582BH_P�0=A�2�@�9�EX@8��E'G�@�;&H�587�K

�+A&032�>65�Sz@�;<o�0=H�HVDQ21A<?�o�>�;&58J�Gn2�@�9&589<03@�2�lB�*5�EX9 � K � EQ582)orDN;<D�A<9&589<D�Hn5�A-S�@�7373@d��A��
© �#�

2
¬Q� Sz;<DQD ��©&�

5
x �

5
x/�

6
x �

6
x������ ¬Q� S�;<DQDu¢ª© �

4
x �

5
x������ ¬Q� S�;<DQD �

se032BEXDC�^D]�Y2�@d�i9<GB589��#�
2
582BH �

4
HVDQ2�@�9<DC0=A<@�4F@�;<J�G�0=E]>�;&58J�G)5�A��UDQ737�5�Aw�

5
582BH �

5
l�582BH



�����

A<032BEXDj�
6
l �

7
l������q58737�EX@�2Y9&58032�9<G�D_�#�

2
5�A[032BHV?BEXD�H�A<?�o�>�;&58J�G�lp0�K DaK3lU5��#�

2
� Sz;<DQD)>�;&58J�G

EQ582�2�@�9�EX@�2e9&58032j�
6
l[�

7
l�������5�A�032BHV?BEXD�H)A<?�o�>�;&58J�GBA�lY9<G�DCD��e?�03`d5873DQ2BEXD]S�@�7373@m��A-D�5�A&0373\�K

�v rm *���z���p ° � � J +.-/*1032MANEG�
4
SdHd-@#1#�*&657R]_# *��)8YXsC^2�F?- 7<*&8UAQH5*&6579F?6!8YX:AQH[Ah%3ANEVC^2�F?- 7<*&8�I

k L �  �ml��y9tA<?��_EXD�Aq9<@C2�@�9<D�9<GB589p5W>�;&58J�G_0=AG�
4
� S�;<DQD�582BH[�^D�58�e73\�ERG�@�;&H�587�0TS�582BH[@�2�73\�0TS�039&A

EX@�4FJ�73DQ4FDQ2e9-0=A��#�
2
� Sz;<DQDC582BH)�^D�58�e73\wERG�@�;&H�587�Kq�-G�DNA<9&589<DQ4FDQ2Y9^Sz@�7373@d��A^S�;<@�4 �*5�EX9 � K � K

�I03>�?�;<D � � A&?�4F4658;<0=A<D�AN9<G�Dw;<D�A<?�739&Av@8S��-G�DQ@�;<DQ4 � K � l:�r5�EX9 � K � 582BHjfU@�;<@�737=58;<\ � K � K
��@�9<DC9<GB589�9<G�DNA<J�73039�>�;&58J�GBA+58;<DNEX@�2e9&58032�D�Hn032)DQ`aDQ;<\_4FDQ2e9<03@�2�D�Hn>�;&58J�G1EX7=5�A&ALK

° � � ������m� 	 	��� � �L�V	 �   � �w  �+���z����� �B�:	� � � �� � � �V	 �   � �6  ���#�
2
�m� m��� � L���I���

�B@�;C5n>�;&58J�G P[l�5V;:93.I93;�$C>A,/>3>Y�f93.wS�@�;[P 0=AC5n4F032�0346587tA<DQ9C@8S-D�HV>�D�AW9<GB589N58;<D_5�H�HVD�HP9<@
P·9<@P4658�aD�P£E'G�@�;&H�587�lq0�K DaK3lp9<@�@�o�9&58032k5�4F032�0346587-9<;<0=582�>�?�7=589<03@�2�@8SqP[K�se@Blt5�H�HV032�>b5
4F032�0346587pxB737T��032�EQ582jorD)EX@�2BA<0=HVDQ;<D�Hj582�@�JrDQ;&589<03@�2�@�2�>�;&58J�GBA�KP��2j9<G�0=A[A<D�EX9<03@�2�lq�^Dw��03737
582BA<�^DQ;�9<G�D��e?�D�A<9<03@�21032���G�0=E'G1�-5L\Z4F032�0346587�xB737T��032�5&�.D�EX9&A+9<G�D�A<9<;<?BEX9<?�;&587
J�;<@�JrDQ;<9<03D�Au@8S
�#�

2
� S�;<DQDF>�;&58J�GBA�Kw�y2b@�9<G�DQ;N�^@�;&H�A��C��GB589�58;<D69<G�D_4F032�0346587t9<;<0=582�>�?�7=589<03@�2BAv@8Sm�#�

2
� Sz;<DQD

>�;&58J�GBA�l�582BHhEQ582P9<G�DQ\�orDFE'GB58;&5�EX9<DQ;<0=A<D�H�2�@�2V��9<;<03`e0=587373\ ���hD[��03737:A&DQD�9<GB589a�#�
2
� S�;<DQDQ2�D�A&A

0=A-J�;<D�A<DQ;<`aD�HZoY\_4F032�0346587�xB737T��032�K

� �
�� rm� � ° � � J +.-/*1032iANE~�#�
2
SdH�-@#1#(AQH*&657~F?6!8YX~AQH_*&8Q83Ah%fE P�AQ6!AQPR*&8{%B- A *&6U+[e\8 *U%BA�F?6�E(*&-@#

�#�
2
SdHd-@#1#\I

k L �  �ml]�hDCJ�;<@m`�D]9<G�DNA&9&589<DQ4FDQ2e9-oY\wA<G�@d��032�>[9y�^@[034FJ�730=EQ589<03@�2BA�K

[A graph containing a 2K2 has a minimal triangulation that contains a 2K2.]¡�DQ9�P ¢ w�¤/x<¥[z:o*D+5C>�;&58J�G�l�582BH[73DQ9 � 	 ¤ 032BHV?BEXDu5]�#�
2
032cP[KI¡�DQ9ly ′ ¢

def
w�¤�x<¥ � � z

��G�DQ;<D � ¢
def
©�� 	��µ1¥��Y©���x�	B¬ �	 ��¬�Kpse032BEXDqy ′ 0=A^E'G�@�;&H�587�582BHw5�A<JB582�2�032�>[A<?�JrDQ;<>�;&58J�G

@8S�P[l+y ′ 0=At5W9<;<0=582�>�?�7=589<03@�26@8S�PFla582BH ��032BHV?BEXD�At5a�#�
2
032=y ′ K��y2FDQ`aDQ;<\N>�;&58J�G"P ′ ��G�DQ;<DP 	 P ′

	 y ′ l ��032BHV?BEXD�Au5�#�
2
K-��DQ2BEXDalr9<G�DQ;<Dv0=A�5_4F032�0346587�9<;<0=582�>�?�7=589<03@�2Oy 	 y ′ @8SP�9<GB589�EX@�2Y9&58032BA�5=�#�

2
K

[A 2K2-free graph cannot have a minimal triangulation that contains a 2K2.]¡�DQ9lP�¢ w�¤�x<¥Hz�orD�5]>�;&58J�G�l�582BH�73DQ9?y%¢�P�� � l � �+¥ ¢��Vl�o*D-5]4F032�0346587V9<;<0=582�>�?�7=589<03@�2
@8S?P[K:�hDW��03737�A<G�@d�i9<GB589�lY0TSJy EX@�2e9&58032BA-5��#�

2
lY9<G�DQ2_P�EX@�2e9&58032BA�5��#�

2
K:§^\wEX@�2Y9<;&58Jr@8�

A<039<03@�2�lY039-Sz@�7373@d��A-9<GB589��#�
2
� S�;<DQDC>�;&58J�GBA-@�2�73\wGB5m`aDa�#�

2
� S�;<DQDW4F032�0346587�9<;<0=582�>�?�7=589<03@�2BA�K

¡�DQ9[©���x�	0x{«�x��Y¬ 	 ¤g032BHV?BEXD65N�#�
2
032�y ��G�DQ;<D � 	�x{«$��µ�¥w-yVz}KF�hD_HV0=A<9<032�>�?�0=A<G

9<G�;<DQDvEQ5�A<D�A�KU��S � 	0x{«$�6µ|¥6l�©���x�	0x{«�x��Y¬v032BHV?BEXD�Au5�#�
2
032VP[lB582BH)9<G�DNJ�;<@e@8Sq0=A�xB2�0=A<G�D�H�K

¡�DQ9%� 	Zµ � 582BHn«$�[µ|¥6Kt��SI9<G�DQ;<DC0=A�5[2�DQ03>�GYor@�?�; 
 @8S��|9<GB589�0=A�5�Hdc<5�EXDQ2e9-��039<G12�DQ039<G�DQ;
«_2�@�; �N032cP[lB©���x�
]x{«�x��Y¬]032BHV?BEXD�Ap5]�#�

2
032cP[K �u9<G�DQ;<��0=A<Dal�0�K DaK3laDQ`aDQ;<\�2�DQ03>�Geo*@�?�;p@8S �w032

P�0=A�2�DQ03>�GYor@�?�;�@8S:«�@�; �[032VP[l �
G

w �0z^0=A+5FEX730=��?�DC032_y wz9y�^@[2�@�2V��5�Hdc{5�EXDQ2Y9�2�DQ03>�GYor@�?�;&A
@8S%�j032Sy �U@�?�7=H orDnEX@�2e9&58032�D�H 032�5�E'G�@�;&HV73D�A&A�EX\YEX73Dw��039<G"��582BHb«�@�; �Az}K|se032BEXD��j0=A
2�@�9u0=A&@�7=589<D�H1032�P[l ��GB5�AW5w2�DQ03>�Geo*@�?�;u032�P[K;|]?�Dv9<@n¡�DQ4F465 }VK � � lrG�@d�^DQ`aDQ;�l �bEQ582�2�@�9



Chapter 9
�#�

2
� S�;<DQDC>�;&58J�GBA �����

split

chordal co−chordal

C  −free 2

weakly chordal

2K  −free4

���������
	���� M #qDQ2�2�HV0=58>�;&584�;<DQ7=589<032�>u9<G�D-EX7=5�A&A�@8S0�#�
2
� S�;<DQDU>�;&58J�GBA�9<@]�UDQ737T�

�Y2�@m��2n@�9<G�DQ;�>�;&58J�G1EX7=5�A&A&D�A�K



�����

orDF5�Hdc<5�EXDQ2e9]��039<G�	1032 y l�A<@n9<GB589W9<G�DFA<039<?B589<03@�2�� 	|µ � 582BH|« �1µj¥ 0=AW2�@�9]J*@aA&A<03o�73DaK
�I032B587373\�l�73DQ9(� 	�x{«$�bµ � lI0�K DaK3lt©��ox�	�x{«�x��Y¬Z0=Av582�032BHVDQJrDQ2BHVDQ2Y9�A<DQ9N032�P[K ��@�9<Dw9<GB589v2�@�9
DQ`aDQ;<\N2�DQ03>�GYor@�?�;:@8S$�_032=Pi0=Aq5W2�DQ03>�GYor@�?�;:@8S.«6@�; �]032=y l�A<032BEXD-@�9<G�DQ;<��0=A<Dal��

G

w � z��U@�?�7=H
orD[5wEX730=�e?�Dv032Vy l.582BH��PEX@�?�7=H|2�@�9]orDF5�Hdc{5�EXDQ2Y9+��039<G�	)032\y HV?�D�9<@Z¡�DQ4F465i}VK � � ��73DQ9

 µ �

G

w �0z]A&?BERG�9<GB589 
�«�x�
�� �µj¥w-y\z}K��-G�DQ2�l:©���x�
[x{«�x��Y¬6032BHV?BEXD�AC5N�#�
2
032 y ��039<G

582)D�HV>�DN5873;<D�5�HV\_032\PFlY582BH1�UDCEQ582158J�J�73\Z9<G�DNA<D�EX@�2BH)EQ5�A<DaK

�v rm *���z���p ° ��� JZ+.-/*1032iANE`�#�
2
SdH�-@#1# AQH *&657�F?6!8YXRAQH *&8Q8[Ah%fE�P�AQ6!AQPR*&8_%B- A *&6U+[e\8 *U%BA�F?6�EV*&-@#

E�038QAh%$+.-/*1032�E�I

k L �  �mlF��;<0=582�>�?�7=589<03@�2BA�@8St>�;&58J�GBA]58;<D�E'G�@�;&H�587�lr582BH�ERG�@�;&H�587?�#�
2
� S�;<DQDv>�;&58J�GBA]58;<D�A<J�73039

>�;&58J�GBA�HV?�DC9<@6�-G�DQ@�;<DQ4 � K � Kq�-G�DNA<9&589<DQ4FDQ2Y9-9<G�DQ2nSz@�7373@d��A^Sz;<@�4 �-G�DQ@�;<DQ4 � K � K

�B;<@�4 9<G�DCxB;&A&9�ERGB58;&5�EX9<DQ;<0=A&589<03@�2�@8SI4F032�0346587�9<;<0=582�>�?�7=589<03@�2BA+@8S��#�
2
� Sz;<DQDN>�;&58J�GBA��UD

EQ582�HVDQ;<03`aDw582�@�9<G�DQ;�E'GB58;&5�EX9<DQ;<0=A<9<03@�2�K1�-G�0=AvA&D�EX@�2BH E'GB58;&5�EX9<DQ;<0=A&589<03@�2bJ�;<@d`e0=HVD�A�514FD�582BA
2�@�9u@�2�73\�9<@nE'GB58;&5�EX9<DQ;<0=A<D��#�

2
� S�;<DQD�>�;&58J�GBAWA<034F037=58;<73\19<@n9<G�D[A<9&589<DQ4FDQ2Y9u@8SU�-G�DQ@�;<DQ4 � K �

o�?�9]587=A&@Z9<@)E'GB58;&5�EX9<DQ;<0=A<D�9<G�D�4F032�0346587:9<;<0=582�>�?�7=589<03@�2BAW@8SU5Z>�03`aDQ2�>�;&58J�G�KC�hD[��03737qA<G�@m�
9<GB589F9<G�DQ;<D)0=A65bA<9<;<@�2�>hEX@�;<;<D�A<J*@�2BHVDQ2BEXD1orDQ9��^DQDQ2�4F032�0346587�9<;<0=582�>�?�7=589<03@�2BAF@8SZ�#�

2
� Sz;<DQD

>�;&58J�GBA�582BHn465d~Y0346587�032BHVDQJ*DQ2BHVDQ2e9�A&DQ9&A�K
¡�DQ9gP�¢ w�¤�x<¥[z�orDv5[>�;&58J�G�KU��S/POEX@�2Y9&58032BA�589�4F@aA<9�@�2�DNJB5803;�@8Sq5�Hdc{5�EXDQ2Y9�`aDQ;<9<0=EXD�A�l

0�K DaK3l
589C4F@aA<9C@�2�D_D�HV>�Dal��^D6A&5L\|9<GB589HP 0=A�. �%$#��>� \^6>L$#.��mK_�r@�;]@�?�;�ERGB58;&5�EX9<DQ;<0=A&589<03@�2�l��UD
HVDXxB2�Dw5�A<DQ9��

G

@8S�032BHVDQJ*DQ2BHVDQ2e9[A<DQ9&AN@8SZP 032j9<G�D_S�@�7373@d��032�>��-5L\�K��B@�;vDQ`�DQ;<\ � 	 ¤6l
��µ��

G

0TSq582BHn@�2�73\_0TS ��A&589<0=A{xBD�A-9<G�DC9<G�;<DQDNEX@�2BHV039<03@�2BA��
w � � z ��0=A�5[465d~V0346587�032BHVDQJrDQ2BHVDQ2Y9�A<DQ9�@8S�P
w �g�Mz|©m³Fµ|¤����

G

w ³Az % � ¬ 	 �

w � � zZ0TS�9<G�DQ;<DW0=A�5�`aDQ;<9<DX~Z´uµ|¤k¨ ��A&589<0=A<Sz\Y032�> � �
G

w ´�z � � ��¢ � 582BH�¤k¨ � �	 �
G

 ´ "
9<G�DQ2)9<G�DQ;<DC0=A�2�@F`aDQ;<9<DX~Z³_µ ��A<?BE'Gn9<GB589 �

G

w ³Azq¢ ¤�¨ �[K
�hDP@�oBA<DQ;<`aD�9<GB589Z2�@�032BHVDQJ*DQ2BHVDQ2e9)A<DQ9n@8S�5�2�D�58;<73\ko�7=582��i>�;&58J�G���039<G�@�2�DhD�HV>�DhEQ582
A&589<0=A{S�\1EX@�2BHV039<03@�2BA=w � � z]582BH�w ���Mz]A&034�?�739&582�DQ@�?BA<73\eK�se032BEXD[@�?�;NA<D�EX@�2BH|E'GB58;&5�EX9<DQ;<0=A&589<03@�2
@8S�4F032�0346587*9<;<0=582�>�?�7=589<03@�2BAU@8So�#�

2
� S�;<DQD+>�;&58J�GBAU0=A^oB5�A<D�H6@�2w9<G�Du032BHVDQJ*DQ2BHVDQ2e9-A<DQ9&AU032��

G

l
9<G�0=AC465m\�J*@aA<D6J�;<@�o�73DQ46A�KZ��@d�^DQ`aDQ;�l�2�D�58;<73\Po�7=582��P>�;&58J�GBAv58;<D6D�5�A<0373\�0=HVDQ2Y9<0Txr58o�73Dal�582BH
A<032BEXD)9<G�DQ\�58;<D1ERG�@�;&H�587��^D1A<034FJ�73\ DX~�EX73?BHVD)9<G�DQ4 S�;<@�4 9<G�DnSz@�7373@d��032�>hEX@�2BA<0=HVDQ;&589<03@�2BA�K
��DQ2BEXDal�9<G�DF>�;&58J�GBAN9<@1o*D6;<DQ>a58;&HVD�HbA<?�oBA&D���?�DQ2Y9<73\|HV@)2�@�9vEX@�2Y9&58032 5�Hdc<5�EXDQ2e9C`�DQ;<9<0=EXD�AW@8S
HVDQ>�;<DQD � K

� � � � � ° �=� "$#&%lP�¢ w�¤/x<¥[zg'<#>*��#�
2
SdH�-@#1#w+.-/*1032n%B2[*U%_ANE 6�F)%_6�# *&- 8YXn'&8 *&6 �[4�*&657s8�#&%

��µ��
G

I(v$2�#@654Iy
U

¢
def
P � �

U

]_2�#@-@# �
U

¢
def
©�� 	��µ1¥�� ��x�	wµ|¤�¨ ��¬;ANE *:P�AQ6!AQPR*&8

%B- A *&6U+[e\8 *U%BA�F?6 F?H�PsI
k L �  �ml �+S
EX@�?�;&A&Dal+y

U

0=AU5vA<J�73039U>�;&58J�G � ��0=AU582w032BHVDQJrDQ2BHVDQ2Y9UA<DQ9^582BHZ¤b¨ ��0=Ap5�EX730=��?�D
032Sy

U

KP�-Ge?BALlJy
U

0=A�E'G�@�;&H�587U582BHj5|9<;<0=582�>�?�7=589<03@�2�@8SgP[K�|]?�D_9<@P�-G�DQ@�;<DQ4 }VK � � l:�UD



Chapter 9
�#�

2
� S�;<DQDC>�;&58J�GBA �����

��03737tA<G�@d��9<GB589NDQ`aDQ;<\1D�HV>�D6032 �
U

0=AC?�2�0=�e?�D[E'G�@�;&HP032b51EX\VEX73D[@8S^73DQ2�>�9<G � 032*y
U

K6�r@�;
DQ`aDQ;<\b`�DQ;<9<DX~ 032�¤ ¨ �Flt9<G�DQ;<Dn0=AF5�2�DQ03>�Geo*@�?�;F032 �£HV?�Dn9<@P9<G�D)465d~V03465873039y\b@8S �[K���S
9��U@6`�DQ;<9<0=EXD�A%��x�	)µb¤�¨ ��D�5�E'G�GB5m`aDN562�DQ03>�GYor@�?�;u032 ��2�DQ039<G�DQ;u@8Sq��G�0=ERG|0=A+5_EX@�4F4F@�2
2�DQ03>�GYor@�?�;I@8S �[582BH(	*lm9<G�DQ2 � 	_µ1¥6K:¡�DQ9�� 	wµ �

U

K��hD-5�A&A<?�4FD �
G

w �0z � � 	 �
G

w 	4z � �[K
��S ��GB5�Aw9��U@�2�DQ03>�Geo*@�?�;&Aw«ox�� µ � 9<G�DQ2�9<G�DQ\k58;<D�587=A&@�2�DQ03>�GYor@�?�;&Aw@8S 	*l�582BH � 	�0=A
?�2�0=�e?�DWE'G�@�;&Hn032)9<G�DNEX\VEX73D�wz«ox���x���x�	4z}K{�+@�9<DN9<GB589u¤�¨ � �	 �

G

 � " Kq��S �1GB5�A�DX~�5�EX9<73\_@�2�D
2�DQ03>�GYor@�?�;�«�032 ��9<G�DQ2�l�oY\WEX@�2BHV039<03@�2"w � � z*S�@�; ��o*DQ032�>�032 �

G

lm9<G�DQ;<Dq0=A
5-`aDQ;<9<DX~ 
�µ|¤[¨ �
9<GB589p0=Ap2�@�9p5�Hdc<5�EXDQ2e9t��039<Gw«
K:�-G�DQ2�l 
�0=Ap5�Hdc<5�EXDQ2Y9t��039<G �n582BH 	[582BH62�@�2V��5�Hdc<5�EXDQ2e9t��039<G
«1032Ny

U

l�582BH�� 	w0=A�?�2�0=��?�DCE'G�@�;&Hn032)9<G�DNEX\YEX73Dw �ox{«�x�	�x�
gz-032Ny
U

K

�-G�D�S�@�7373@d��032�>N73DQ4F465vA<9<;<@�2�>�73\FHVDQJ*DQ2BH�Ap@�2Z�-G�DQ@�;<DQ4 � K � K:�y2FS�5�EX9�l��UD]5�A&A<?�4FD�9<GB589
9<G�D]`aDQ;<9<DX~6A<DQ9U@8S
5�4F032�0346587.9<;<0=582�>�?�7=589<03@�2w@8S
5:�#�

2
� S�;<DQD+>�;&58J�GnEQ582wo*DuJB58;<9<039<03@�2�D�Hw032e9<@

5FEX730=�e?�DN582BH)582)032BHVDQJrDQ2BHVDQ2Y9�A<DQ9�K

� � � � � ° � ° "$#&%ZP%¢ w�¤�x<¥[zi'<#~*V�#�
2
SdH�-@#1#�+.-/*1032W%B2[*U%wANE:6�F)%u6�# *&- 8YXW'&8 *&6 �5It"$#&%

y£¢�P�� � 4 � �]¥�¢��<45'<# *,P�AQ6!AQPR*&8b%B- A *&6U+[e\8 *U%BA�F?6~F?HeP�I$"$#&% ���TxR¤�¨ � � '<# * 0T*&-�%BAh%BA�F?6F?Hv¤WAQ65%�F,*;E@#&% �y%B2[*U%5ANE_PR*?L)AQPR*&8Q8YX:AQ657)#�0$#@657)#@65%5AQ6=y *&657 * Cm8QA��Ue #-¤1¨ �ZAQ6=y IVv$2�#@654
��µ��

G

I

k m �  �mli|]?�D�9<@n�-G�DQ@�;<DQ4 � K � l�y 0=AW5nA<J�73039u>�;&58J�G�l�582BH�9<G�D[`aDQ;<9<DX~�A<DQ9W@8SUA&J�73039u>�;&58J�GBA
EQ582 o*DwJB58;<9<039<03@�2�D�H 032e9<@�582 032BHVDQJ*DQ2BHVDQ2e9[A<DQ9�582BH�5�EX730=�e?�D_oY\hHVDXxB2�039<03@�2�K���DQ2BEXDal:9<G�D
JB58;<9<039<03@�2 ���mxR¤F¨ � � 0=A��^DQ737T��HVDXxB2�D�H�K �+SBEX@�?�;&A<Dal � H

w � zq¢ �
G

w �0z�Sz@�;�DQ`�DQ;<\u`aDQ;<9<DX~ �1µ �[l
A<@69<GB589 ��0=A+56465d~Y0346587�032BHVDQJ*DQ2BHVDQ2e9uA<DQ9�032\P[lr9<@�@BK-M�2|0=A<@�7=589<D�H)`aDQ;<9<DX~Z@8S`P�4�?BA<9�orD
582b0=A<@�7=589<D�Hb`aDQ;<9<DX~�@8S~y�KZM `aDQ;<9<DX~P@8S�HVDQ>�;<DQD � 032�P GB5�AvHVDQ>�;<DQD � 032 y�Kw�+DQ2BEXDalI58737
`aDQ;<9<0=EXD�A]@8S^HVDQ>�;<DQD[73D�A&A]9<GB582*�w4�?BA<9WorDFEX@�2e9&58032�D�H�032 �[K ��DQ4FDQ4�orDQ;C9<GB589]P HV@�D�AW2�@�9
EX@�2Y9&58032k5�Hdc{5�EXDQ2Y9[`aDQ;<9<0=EXD�A[@8S]HVDQ>�;<DQD � K�se@Bl �·S�?�7TxB737=AFEX@�2BHV039<03@�2BA_w � � z[582BHvw �g�MzvSz@�;
orDQ032�>F4FDQ4�orDQ;�@8S �

G

Kq�I032B587373\�lY5�A&A<?�4FDW9<G�DQ;<DN58;<D ��x�	wµ|¤�¨ �OA<?BERGn9<GB589%�1GB5�A-DX~�5�EX9<73\
@�2�D62�DQ03>�GYor@�?�;C032 �g582BH ��582BH�	P58;<D62�@�2V��5�Hdc<5�EXDQ2e9W032SPFK_�-G�DQ2�l ��	 µ � l�582BH � 	�0=A
?�2�0=�e?�D�ERG�@�;&HF032w5NEX\YEX73D�@8S�73DQ2�>�9<G � HV?�D+9<@v�-G�DQ@�;<DQ4 }VK � � K:�-G�DQ;<D+58;<D�9��U@C2�@�2V��5�Hdc<5�EXDQ2Y9
EX@�4F4F@�2n2�DQ03>�Geo*@�?�;&A^@8S �1582BH 	6032cy�lV582BHw@�2�DW@8S
9<G�DQ4 0=A^2�@�9�EX@�2e9&58032�D�Hw032 �[K:��DQ2BEXDal
� S�?�7TxB737=A�EX@�2BHV039<03@�2*w � � z}l�9<GY?BA ��µ��

G

K

�-G�D�9y�^@w7=5�A&9u73DQ4F46589&5ZEX@�2BA<9<039<?�9<D�@�?�;WA&D�EX@�2BH|E'GB58;&5�EX9<DQ;<0=A&589<03@�2�@8SU4F032�0346587I9<;<0=582V�
>�?�7=589<03@�2BA�@8S��#�

2
� Sz;<DQDC>�;&58J�GBALK

� �
�� *L� � ° � � � "$#&%`P�¢ w�¤�x<¥[zg')#g*��#�
2
SdHd-@#1#w+.-/*1032 %B2[*U%_ANE 6�F)%_6�# *&- 8YX '&8 *&6 �[4�*&657

8�#&%Ty '<#M*R+.-/*1032 F?6 =?#@-�%�#/LjE@#&%�¤RIRv$2�#@654�y ANE;*~P�AQ6!AQPR*&8 %B- A *&6U+[e\8 *U%BA�F?6 F?HTP AQH�*&657
F?6!8YXiAQH %B2�#@-@#uANE ��µ��

G

E�e)C^2
%B2[*U%�y£¢�y
U

I

k m �  �ml���S�y 0=A:5]4F032�0346587V9<;<0=582�>�?�7=589<03@�2�@8S�P[l89<G�DQ2[9<G�DQ;<D^0=A ��µ��
G

A<?BE'G�9<GB589?y£¢�y
UHV?�DN9<@6¡�DQ4F465 � K � Kp��S?y%¢�y

U

Sz@�;�A&@�4FD ��µ �
G

lIy 0=A�5[4F032�0346587�9<;<0=582�>�?�7=589<03@�2�@8S/P
HV?�DC9<@6¡�DQ4F465 � K }VK



��� }

�v rm *���z���p ° � � � "$#&%JP ¢ w�¤/x<¥[zu'<#(*;+.-/*1032j%B2[*U%TANEO6�F)%b6�# *&- 8YXj'&8 *&6 �TI?PWANE`�#�
2
SdH�-@#1#

AQH,*&657�F?6!8YX AQHuHfF?-R#&=?#@-^X P�AQ6!AQPR*&8>%B- A *&6U+[e\8 *U%BA�F?6Yy F?HqP %B2�#@-@#~ANE � µ �
G

E�e)C^2 %B2[*U%
y·¢�y

U

I

k L �  �mlW��S�P�0=A~�#�
2
� Sz;<DQDalY9<G�DCA<9&589<DQ4FDQ2Y9UG�@�7=H�A-HV?�DW9<@6�-G�DQ@�;<DQ4 � K ��� KI��S?P 0=A-2�@�9~�#�

2
�

Sz;<DQDald9<G�DQ;<D-0=A:5]4F032�0346587e9<;<0=582�>�?�7=589<03@�2�y @8S P�9<GB589:0=AI2�@�9/�#�
2
� Sz;<DQD�HV?�D^9<@W�-G�DQ@�;<DQ4 � K � K

�-G�DQ2�lr9<G�DQ;<D�0=A]2�@_032BHVDQJrDQ2BHVDQ2Y9WA<DQ9 � @8S�P A<?BERG�9<GB589gy ¢ y
U

l.A<032BEXD[y
U

0=A]5873�-5L\VA+5
A<J�73039->�;&58J�G�lV0�K DaK3lB5FE'G�@�;&H�587.>�;&58J�G)2�@�9uEX@�2e9&58032�032�>F5=�#�

2
K

° ��� �  .� � ���� 	L��� � ��� � �  �-� � � �q�eL�L� � �k�
m ����z� �

�-G�DF4FDQ4�o*DQ;&A<G�03JbJ�;<@�o�73DQ4 9<GB589C�^D6��0=A<Gh9<@|A<@�73`aD[G�DQ;<D60=ANHVDXxB2�D�Hb5�ACSz@�7373@d��A��W>�03`aDQ2b5
JB5803;]wUP:x%y\zU@8SI>�;&58J�GBA�lV��G�DQ;<D[P�0=A�5=�#�

2
� S�;<DQDC>�;&58J�G�lV0=A~y 5[4F032�0346587�9<;<0=582�>�?�7=589<03@�2)@8S

P � �hD���03737IEQ58737�9<G�0=AuJ�;<@�o�73DQ4²9<G�Dc;:9<.[�6}4��9/;��;^j���'1i(A9�&�&��<¶+^�>u��; 7X¶C�g�#�
2
��7'�j�j�a!C�8$'&�(M1}K

Mk`858;<0=582e9:@8S.9<G�0=AqJ�;<@�o�73DQ4O0=AqEQ587373D�H[9<G�D�&��<¶#;:9r1s�T;:9<.[�6}4��9 ;��;^j���'1i(+9b&[&0�{¶+^6>D��; 7X¶C�l�#�
2
�

7'�j�j�m!C�8$'&�(M1t��G�DQ;<Du�^D+9<;<?BA&9p9<GB589^9<G�D+032�J�?�9^>�;&58J�G�P�0=A��#�
2
� Sz;<DQDaK:�y26S 5�EX9�la9<G�DWHV0��.DQ;<DQ2BEXD

orDQ9��UDQDQ2Po*@�9<GhJ�;<@�o�73DQ46AC0=AW9<GB589C�UD6587=A&@ZGB5m`aD�9<@1ERG�D�E'����G�DQ9<G�DQ;]P 0=Aa�#�
2
� Sz;<DQDF032h9<G�D

Sz@�;<4FDQ;ZEQ5�A<Dal-��G�DQ;<D�5�Aw032�9<G�D�7=589<9<DQ;wEQ5�A<Dal-9<G�0=AZEQ582io*D�5�ARA<?�4FD�H�K se@Bl�;<D�EX@�>�2�039<03@�2i@8S
�#�

2
� S�;<DQD]>�;&58J�GBA�orD�EX@�4FD�A�JB58;<9�@8S:9<G�DNHVD�EX0=A<03@�2)5873>�@�;<039<G�41K
�I03;&A<9�lp�^D1��03737�>�03`�D1582�5873>�@�;<039<G�4 S�@�;_A<@�73`Y032�>h9<G�D�J�;<@�4F0=A<D)4F032V����;<0�4FDQ4�orDQ;&A<G�03J

J�;<@�o�73DQ4 S�@�;��#�
2
� S�;<DQDC>�;&58J�GBA�9<GB589�;<?�2BA+03219y�^@6J�GB5�A<D�A �tERG�D�E'�Y032�>F��G�DQ9<G�DQ;�y 0=Au56A<J�73039

>�;&58J�G�l�582BHn9<G�DQ2�lBE'G�D�ER�Y032�>[��G�DQ9<G�DQ;�9<G�DC`aDQ;<9<DX~ZA<DQ9�@8S�y EQ582)o*DNJB58;<9<039<03@�2�D�H15�EQEX@�;&HV032�>
9<@)¡�DQ4F465 � K � KN�-G�D�Sz@�7373@d��032�>w;<D�A&?�739uJ�;<@d`e0=HVD�AW5n�e?�039<D�2�0=EXD[;<D�EX@�>�2�039<03@�2h5873>�@�;<039<G�4£Sz@�;
A<J�73039->�;&58J�GBA�K

� �
�� rm� � ° � � � � �1� � � ��F� ��� ����� ��  � ��� ��� �� ���  
"$#&%�P�¢ w�¤/x<¥[zO')#{*V+.-/*1032 F?6 ��=&#@-�%BABCD#DE�IeP ANE *(E�038QAh%)+.-/*1032>AQH�*&657,F?6!8YX>AQH3%B2�#@-@#ANE � % �
E�e)C�2 %B2[*U%p©���µ|¤ ���

G

w �0z&% ��¬,ANE *&6iAQ657)#�0$#@657)#@65%ED#&%bAQ6_Px*&657w©��1µ|¤����
G

w �0z
	 ��¬
ANE(*~Cm8QA��Ue #uAQ6OPsI(v$2�#,E@#�0T*&-/*U%BAQ6U+s63e\P '<#@- � C@*&6 '<#:CDF?P90_e!%�#�7sAQ6 8QAQ6�# *&->%BAQP~#\I

k L �  �mlP��S-9<G�DQ;<D_0=A �#µ © � x������6x���¬nA<?BE'Gh9<GB589 ���Tx/� � 0=Av51A<J�73039vJB58;<9<039<03@�2 @8S�P ��G�DQ;<D
� ¢

def
©���µ�¤ � �

G

w �0z % �|¬_582BH � ¢
def

©���µ�¤ � �
G

w �0z 	 ��¬�l�9<G�DQ2�P 0=AN5)A<J�73039
>�;&58J�G�KC��S�P 0=AW5nA<J�73039]>�;&58J�G�l*9<G�DQ;<D�DX~V0=A<9&A � 	 ¤ A<?BE'G|9<GB589 � 0=AW582�032BHVDQJ*DQ2BHVDQ2e9WA<DQ9
032\PO582BHt�ª¢

def
¤i¨ �O0=A+56EX730=�e?�DC032VPFKU�-G�DQ2�l �

G

w 	4z ! � � �d � S�@�;�DQ`aDQ;<\ 	wµ
�O582BH
�
G

w �0z % � � �VS�@�;WDQ`aDQ;<\�� µ �[KN��Sp9<G�DQ;<D�0=A 
 µ � A<?BE'G|9<GB589 �
G

w�
gzu¢ � � �� � l.9<G�DQ2�	
HV@�D�A^2�@�9-GB5L`�Du582Y\F2�DQ03>�Geo*@�?�;^032 �[lV582BH ��� �n©�
C¬+x/��¨-©�
C¬ � 0=A-587=A<@�5[A<J�73039^JB58;<9<039<03@�2Z@8SP[lB582BH�DQ`aDQ;<\w`�DQ;<9<DX~Z032
��¨u©�
C¬�GB5�A+5_2�DQ03>�Geo*@�?�;�032 � �|©�
C¬�K��-GY?BA�l�9<G�DQ;<Dv0=A � ′

	 ¤
A<?BE'G69<GB589���� ′ x/� ′ � l���G�DQ;<Dg� ′ ¢

def
¤ ¨ � ′ l�0=AU5vA<J�73039UJB58;<9<039<03@�2_@8SJP[le582BH6DQ`aDQ;<\[`aDQ;<9<DX~F032

� ′ GB5�A�5�2�DQ03>�GYor@�?�;-032 � ′ Kq��DQ2BEXDal��
G

w �0z&% � � ′ �aS�@�;^DQ`�DQ;<\ �1µ � ′ 582BH �
G

w 	4z ! � � ′ �aSz@�;
DQ`aDQ;<\ 	_µ � ′ Kq��S
9<G�DQ;<DC58;<DW9y�^@�`�DQ;<9<0=EXD�A �

1
x��

2
µ � ′ A&?BERGZ9<GB589 �

G

w �
1
zq¢ �

G

w �
2
zq¢ � � ′ � l

9<G�DQ2 �
G

w 	4z ! � � ′ � � � S�@�;WDQ`aDQ;<\�	hµ � ′ l�582BH � ¢
def

� � ′ �*0=AW9<G�D6A<DQJB58;&589<032�>n2e?�4�orDQ;�K
��Sq9<G�DQ;<D�0=A�2�@wA&?BERG1`�DQ;<9<DX~�l �

G

w �0z % � � ′ �d � S�@�;�DQ`aDQ;<\��Pµ � ′ l*582BH��%¢
def

� � ′ �d � 0=A



Chapter 9
�#�

2
� S�;<DQDC>�;&58J�GBA �����

9<G�DNA<DQJB58;&589<032�>[2Y?�4�o*DQ;�KI��S�9<G�DQ;<DC0=A-DX~�5�EX9<73\6@�2�DC`aDQ;<9<DX~���µ � ′ A<?BERGn9<GB589 �
G

w �0zp¢ � � ′ � l
9<G�DQ2 � ′ ��©���¬N0=A�5FEX730=�e?�DC032OP[l�582BH��g¢

def
� � ′ �m � 0=A-9<G�DvA<DQJB58;&589<032�>[2Y?�4�o*DQ;�K

�B@�;:EX@�4FJ�?�9<032�>]2e?�4�orDQ;��hl873DQ9 �
1
x�������x �

n

orD-9<G�D-HVDQ>�;<DQD�AI@8Sr9<G�D-`aDQ;<9<0=EXD�A
@8S�Pk��G�DQ;<D
�
1

%�������% �
n

KW�y9+S�@�7373@m��A+S�;<@�4·9<G�D[HV0=A&EX?BA&A<03@�2�58or@d`aDv9<GB589 � ¢�465d~r© �
i

� �
i
� �1 � ¬

EQ582)orD�ERG�@aA<DQ2�K:�-G�0=A-465d~V034�?�4 EQ582)o*DvHVDQ9<DQ;<4F032�D�Hn032)73032�D�58;�9<034FDaK

� �
�� *L� � ° � � � J(8�+)F?- Ah%B2!P������ �	��
����� ����������������������!4$+.Ah=?#@6�AQ6 �A�+[e\-@# ����4E@F?8h=&#DE
%B2�# 03-@F?P�ANE@#uP�AQ6[Smv�- A5P~#@Pq')#@-mE 2!A 0 03-@FU'&8�#@P HfF?-��#�

2
SdH�-@#1#(+.-/*1032�E AQ6 8QAQ6�# *&->%BAQP~#\I

k m �  �mlw¡�DQ9=wUP:x%y\z�orDF582�032BA<9&582BEXD�@8SU9<G�D�J�;<@�4F0=A&D�4F032V����;<0�4FDQ4�orDQ;&A&G�03J|J�;<@�o�73DQ4·Sz@�;
�#�

2
� S�;<DQDv>�;&58J�GBA�K]�y2�JB58;<9<0=EX?�7=58;�lePO0=A]5d�#�

2
� Sz;<DQD�>�;&58J�G�Ku�y2�73032�D�58;u9<034FDal*9<G�DvS�@�7373@d��032�>

EQ582�orD�9<D�A<9<D�H �n��G�DQ9<G�DQ;"P%582BHYy 58;<D1HVDXxB2�D�H�@�2k9<G�D1A&584FD)`aDQ;<9<DX~�A&DQ9�lp��G�DQ9<G�DQ;"P
EX@�2Y9&58032BAt589q4F@aA<9q@�2�D�D�HV>�D�582BHF��G�DQ9<G�DQ;`Pª¢�y l���G�DQ9<G�DQ;ly²0=At5NA<J�73039q>�;&58J�G�KI��S�58737�9<G�0=A
0=AC9<G�D6EQ5�A<Dal
5nJB58;<9<039<03@�2 ���TxR¤=w-yVz�¨ � � @8S-9<G�DF`aDQ;<9<DX~PA<DQ9C@8S�y EQ582horD_EX@�4FJ�?�9<D�HhHV?�D
9<@n�-G�DQ@�;<DQ4 � K � �VKW�y9uG�@�7=H�Au9<GB589 � 0=AW5w465d~Y0346587�032BHVDQJrDQ2BHVDQ2Y9]A<DQ9]@8Sly 0TSU582BH|@�2�73\)0TS
DQ`aDQ;<\w`aDQ;<9<DX~_032|¤"w-y\z�¨ ��GB5�A�5[2�DQ03>�GYor@�?�;�032 �FKq��DQ2BEXDal ��EQ5821o*DC465�HVDC465d~Y0346587�oY\
5�H�HV032�>[589U4F@aA<9^@�2�D]`aDQ;<9<DX~FSz;<@�4g¤=w-yVzB¨ �FK|]?�D]9<@�¡�DQ4F465 � K � 582BHZ�-G�DQ@�;<DQ4 � K ��� l4y
0=A-5�4F032�0346587.9<;<0=582�>�?�7=589<03@�2)@8S�P 0TSI582BHZ@�2�73\60TS ��µ��

G

KpfU@�2BHV039<03@�2BAqw � � z^582BH w ���MztSz@�;
orDQ032�>[032 �

G

EQ582wo*DW`aDQ;<0TxBD�H_032n73032�D�58;^9<034FDaKpfU@�2BHV039<03@�2�w � � zUEQ582wo*DW`aDQ;<0TxBD�Hw5�AUS�@�7373@m��A �
HVDQ9<DQ;<4F032�DC9<G�DN2Y?�4�o*DQ;-@8SI`aDQ;<9<0=EXD�A-032 ����G�@aA<DC2�DQ03>�Geo*@�?�;<G�@�@YH�A�032OPO58;<D�¤wUPaz�¨ �[Kt��S
9<G�DQ;<D]0=AUDX~�5�EX9<73\F@�2�DCA<?BE'G_`aDQ;<9<DX~ 
vlY2�@[`aDQ;<9<DX~60321¤=wUPaz*¨ �ª��039<G 
 9<G�Du@�2�73\62�DQ03>�GYor@�?�;
032 � A<GB58737�GB5m`aDNHVDQ>�;<DQD%� ¤�¨ � �Y032 P[K^�-G�0=A+EX@�2BHV039<03@�2�0=A+73032�D�58;{��9<034FDN`aDQ;<0Txr58o�73DaK^��DQ2BEXDal
����� ����
��� � �������!�������!�!�����w0=A�5[73032�D�58;{��9<034FDv5873>�@�;<039<G�41K

�y9u0=ACEXDQ;<9&58032�73\�EX73D�58;W9<GB589C5873>�@�;<039<G�4"����� �	�#
��� � �������!�������!�!����|HV@�D�AW2�@�9C5873�^5m\VA
EX@�;<;<D�EX9<73\k�^@�;<��@�2�>�;&58J�GBAw9<GB589nEX@�2Y9&58032�5��#�

2
KOMuAZ582�DX~�584FJ�73Dal+EX@�2BA<0=HVDQ; � A<JrD�EX0=587

>�;&58J�G � 	|582BH � A<J*D�EX0=587p>�;&58J�G�� 	1@8S+�I03>�?�;<Dc�VK�seJ*D�EX0=587U>�;&58J�G � EX@�2Y9&58032BAv5O�#�
2
lI582BH

A<J*D�EX0=587r>�;&58J�Gc�N0=Ap5v9<;<0=582�>�?�7=589<03@�2_@8S
A<J*D�EX0=587r>�;&58J�G � Ktse032BEXD]A<JrD�EX0=587*>�;&58J�G � 0=AUERG�@�;&H�587�l
A<J*D�EX0=587B>�;&58J�Gc�N0=At2�@�9p5v4F032�0346587B9<;<0=582�>�?�7=589<03@�2_@8S�A<J*D�EX0=587B>�;&58J�G � l�o�?�9tS 587=A<DQ73\�HVD�EX7=58;<D�H
5Z4F032�0346587q9<;<0=582�>�?�7=589<03@�2Poe\$����� �	��
����� ����������������������rKFse@Bl�S�@�;CA<@�73`e032�>Z9<G�D[4F032V���
;<0
4FDQ4�orDQ;&A<G�03J[J�;<@�o�73DQ4�S�@�;l�#�

2
� Sz;<DQD->�;&58J�GBA�l8�^D�GB5m`aDU9<@C`�DQ;<0TSz\N9<GB589q9<G�D-xB;&A&9I032�J�?�9q>�;&58J�G

0=Ad�#�
2
� Sz;<DQDaK��-G�DPEX?�;<;<DQ2e9<73\�o*D�A<9_�Y2�@m��2i;<D�EX@�>�2�039<03@�2�5873>�@�;<039<G�4 0=AwoB5�A<D�H�@�2i46589<;<0T~

4�?�739<03J�730=EQ589<03@�2�K�¡�DQ9&%�o*D�A&46587373D�A<9wA<?BE'G�9<GB589n9<G�D�J�;<@eHV?BEX9Z@8Sv9��U@�46589<;<0=EXD�AwEQ582�orD
EX@�4FJ�?�9<D�Hn032)9<034FD �cw � α z �V039�G�@�7=H�A�9<GB589'% � �'� ���\�  � } " K
� �
�� *L� � ° � � � ��� �z [��� � � L�V	�� 	 ��� �����32� �z�z�e��� � � �  
�#�

2
SdHd-@#1#(+.-/*1032�E;C@*&6 '<#,-@#�CDF�+.6!A��?#�7sAQ6n%BAQP~# �cw � α � � 1

2
(α+1) z I

�v rm *���z���p ° � � � v$2�#nP�AQ6[Smv!- A P~#@Pq')#@-mE 2!A 0 03-@FU'&8�#@P HfF?-V�#�
2
SdH�-@#1#�+.-/*1032�EnC@*&6 '<#

E@F?8h=?#�7�AQ6n%BAQP~# �cw �
α
� � 1

2
(α+1) z I



��� �

����� �	�#
������ ������������������������iP��Ny�� ���������
 �	�����
����
�

1 � �����#

2

�������'¤wUPaz �¢ ¤w-y\z�� �����&¥wUPaz �� ¥"w-y\z����	������

3

���������
 ����
��!�
4

��
�� �����
5

��� 
������
�� � 
���
����'P���������

6

���������
��iPª¢�y��
7

��
�� �����
8

��� 
������ �! �
��"� �!���� ����iP����#������

9

���������
 ����
��!�
10

��
�� �����
11

EX@�4FJ�?�9<D�5[465d~Y0346587�032BHVDQJrDQ2BHVDQ2Y9+A<DQ9 ��@8S�y
A<?BE'GZ9<GB589u¤"wUPaz�¨ ��0=A�5FEX730=�e?�DC032Ny$�

12
���������
%� ��µ��

G

�
13

��
��'&

���������
	 �)( Mª73032�D�58;{��9<034FDW5873>�@�;<039<G�4 S�@�;-A&@�73`e032�>�9<G�Du4F032V����;<0�4FDQ4�o*DQ;&A<G�03J
J�;<@�o�73DQ4%S�@�;]�#�

2
� Sz;<DQDF>�;&58J�GBALKF�B@�;CEX@�;<;<D�EX9<2�D�A&A�l�039C0=Av5�A&A<?�4FD�H�9<GB589C032�J�?�9

>�;&58J�GOP�0=A~�#�
2
� S�;<DQDaK



Chapter 9
�#�

2
� S�;<DQDC>�;&58J�GBA ��� �

k m �  �ml�¡�DQ9HwUP:x%yVz^orD�5FJB5803;�@8Sq>�;&58J�GBA�K |]?�DN9<@_�-G�DQ@�;<DQ4 � K � � l�P EQ582�orDv;<D�EX@�>�2�0��QD�H
5�A��#�

2
� S�;<DQDZ032�9<G�Dn>�03`aDQ2j9<034FDnor@�?�2BH�K ��S+9<G�Dn9<D�A<9�0=A[Jr@aA<039<03`�DQ73\ 582BA<�^DQ;<D�H�l:9<G�Dn5873>�@8�

;<039<G�4 ����� �	��
����� �����������������������6HVD�EX0=HVD�Ap��G�DQ9<G�DQ;�y£0=Ap5N4F032�0346587*9<;<0=582�>�?�7=589<03@�2w@8SoP
032P73032�D�58;u9<034FDFHV?�D[9<@n�-G�DQ@�;<DQ4 � K ��� K�se032BEXD % ! � G�@�7=H�A�l.9<G�D[��G�@�73DF5873>�@�;<039<G�4·�^@�;<�YA
032)9<G�DNA<9&589<D�Hn9<034FDaK

° ��� - � �  r � 	L� � � 	 ���
�I� � 	 �V	 �   � �
�u?�;nA<D�EX@�2BHiE'GB58;&5�EX9<DQ;<0=A&589<03@�2i@8Sv4F032�0346587u9<;<0=582�>�?�7=589<03@�2BAZ@8S[�#�

2
� S�;<DQD�>�;&58J�GBA_034FJ�7303D�A

D �_EX03DQ2Y9]5873>�@�;<039<G�46AuS�@�;]5w2e?�4�orDQ;]@8Sp4F032�0346587I9<;<0=582�>�?�7=589<03@�2BAWJ�;<@�o�73DQ46A�l*032�JB58;<9<0=EX?�7=58;�l
S�@�;-EX@�4FJ�?�9<032�>F5[4F032�0346587�9<;<0=582�>�?�7=589<03@�21582BHwSz@�;�HVDQ9<DQ;<4F032�032�>[9<;<DQDQ��0=HV9<G1582BHZ4F032�034�?�4
xB737T��032)@8S/�#�

2
� Sz;<DQDW>�;&58J�GBA�K

� �
�� *L� � ° � � � v$2�#@-@#MANE:* 8QAQ6�# *&-/S�%BAQP~#�*&8�+)F?- Ah%B2!PrHfF?-�CDF?P90_e!%BAQ6U+
*qP�AQ6!AQPR*&8u%B- A *&6[S
+[e\8 *U%BA�F?6jF?H*:�#�

2
SdHd-@#1#(+.-/*103254 ]_2�#@-@#9%B2�# %B- A *&6U+[e\8 *U%BA�F?6 ANE -@#�03-@#DE@#@65%�#�7�' X�* Ez038QAh%50T*&-�%BA S

%BA�F?6 I

k m �  �mlh¡�DQ9=P²¢ w�¤�x<¥[zNorDZ5O�#�
2
� S�;<DQD_>�;&58J�G�Kj|u?�Dw9<@|�-G�DQ@�;<DQ4 � K ��� l�039�A<?��_EXD�AN9<@

EX@�4FJ�?�9<D6582h032BHVDQJrDQ2BHVDQ2Y9vA<DQ9]S�;<@�4 A<DQ9 �
G

KF�y2h73032�D�58;C9<034FD69<G�D6HVDQ>�;<DQDF@8S^D�5�E'GP`aDQ;<9<DX~
EQ582�o*D�EX@�4FJ�?�9<D�H|582BH19<G�D�`aDQ;<9<0=EXD�A+EQ582|orD�@�;&HVDQ;<D�H�5�EQEX@�;&HV032�>�73\�K���S`PO0=Au2�D�58;<73\no�7=582��.l
P 0=AwE'G�@eH�587�K�¡�DQ9 � µ ¤ GB5m`aD�HVDQ>�;<DQD � Kª�-G�DQ2�l ��¤ ¨[©���¬+x}©���¬ � 0=AZ582�58J�J�;<@�J�;<0=589<DA<J�73039^JB58;<9<039<03@�2�K �u9<G�DQ;<��0=A<Dal�0TS�P�0=AU2�@�9^2�D�58;<73\6o�7=582��.lYEX@�4FJ�?�9<DW5v465d~V0346587*032BHVDQJ*DQ2BHVDQ2e9
A<DQ9 � @8S~P 5�ANSz@�7373@d��A��CE'G�@�@aA<032�>)9<G�D_`aDQ;<9<0=EXD�AW032b@�;&HVDQ;C@8S�9<G�DQ03;NHVDQ>�;<DQD�AvA<9&58;<9<032�>)��039<G
9<G�D6A<46587373D�A<9C582BHPJ�?�9N5Z`aDQ;<9<DX~�9<@)9<G�DF032BHVDQJrDQ2BHVDQ2Y9NA<DQ9W��G�DQ2�DQ`aDQ;W039C0=AWJr@aA&A<03o�73DaK[�-G�0=A
>�;<DQD�HV\n5873>�@�;<039<G�4 0=A-73032�D�58;{��9<034FDaKq�hDCGB5L`�Du9<@6A<G�@d��9<GB589 ��µ��

G

�

w�5+z � S�?�7TxB737=A�EX@�2BHV039<03@�2*w � � z^oY\wEX@�2BA&9<;<?BEX9<03@�2�K
wzo�z � EX@�2Y9&58032BA658737�`�DQ;<9<0=EXD�AF��039<G�HVDQ>�;<DQD � K se?�J�Jr@aA&D19<G�DQ;<D�0=A65b`aDQ;<9<DX~j@8SNHVDQ>�;<DQD �

9<GB589v0=Av2�@�9vEX@�2Y9&58032�D�Hb032 �[K)M 2�DQ03>�GYor@�?�;�4�?BA<9vGB5L`aDFo*DQDQ2�A<DQ73D�EX9<D�HbD�58;<7303DQ;�l�o�?�9
9<G�0=AvEX@�?�7=Hb@�2�73\�o*D_51`�DQ;<9<DX~|@8S�HVDQ>�;<DQD � l���G�0=ERGb�^@�?�7=Hh034FJ�73\�9<GB589:PgEX@�2e9&58032BAN5
EX@�2�2�D�EX9<D�H)EX@�4FJr@�2�DQ2Y9�@8S:DX~V5�EX9<73\w9y�^@[`aDQ;<9<0=EXD�A�582BHn��G�0=ERGn0=A�2�@�9�J*@aA&A<03o�73Dal�A<032BEXD]P
0=A�2�@�9�2�D�58;<73\wo�7=582��Z582BHN�#�

2
� S�;<DQDaKq��DQ2BEXDal ��Sz?�7TS�?�737=A�EX@�2BHV039<03@�2*w ���Mz}K

w�EWz se?�J�Jr@aA&DN9<G�DQ;<Dv0=A�56`aDQ;<9<DX~ ��µ �O9<GB589+0=A�5�Hdc<5�EXDQ2Y9���039<G1DQ`aDQ;<\Z`aDQ;<9<DX~w032h¤i¨ �[KU��S
9<G�DQ;<D[0=AW5_`aDQ;<9<DX~�	�032h¤ ¨ � A<?BERG�9<GB589 �h0=Au039&A]@�2�73\12�DQ03>�GYor@�?�;W032 � 582BH�9<GB589u0=A
2�@�9�5�Hdc{5�EXDQ2Y9-��039<G)58737�`aDQ;<9<0=EXD�A^0321¤�¨ �Fl'	64�?BA&9UGB5m`aDWA<46587373DQ;�HVDQ>�;<DQDC9<GB582 ��Kq§U?�9
9<G�DN5873>�@�;<039<G�4 �^@�?�7=HnGB5L`aDWE'G�@aA<DQ2�	6orDXS�@�;<D �
Kq�+DQ2BEXDal � S�?�7TxB737=A�EX@�2BHV039<03@�2*w � � z}K

�-G�DQ2�l ��µ��
G

l�582BH ���TxR¤�¨ � � 0=A�582158J�J�;<@�J�;<0=589<DvA&J�73039^JB58;<9<039<03@�2�K

�-G�DQ@�;<DQ4 � K ��� A<G�@d��AN9<GB589�9<G�Dw2Y?�4�o*DQ;v@8S�4F032�0346587U9<;<0=582�>�?�7=589<03@�2BAv@8S+5\�#�
2
� Sz;<DQD

>�;&58J�GC0=A�o*@�?�2BHVD�Hv58or@d`aD:oY\u9<G�Dq2Y?�4�o*DQ;�@8SY039&A�465d~Y0346587�032BHVDQJ*DQ2BHVDQ2e9
A&DQ9&A�K��B@�;�@�o�9&58032�032�>
D �_EX03DQ2Y9U5873>�@�;<039<G�46AUSz@�;^EX@�4FJ�?�9<032�>�9<;<DQDQ��0=HV9<GZ582BH_4F032�034�?�4 xB737T��032Z@8So�#�

2
� S�;<DQD+>�;&58J�GBA�l



��� �

�UDu��03737.A&034FJ�73\FDQ2e?�4FDQ;&589<D]58737*465d~V0346587*032BHVDQJ*DQ2BHVDQ2e9-A<DQ9&A^582BH_DX~VJ�730=EX039<73\6EX@�2BA<0=HVDQ;UDQ`aDQ;<\
4F032�0346587p9<;<0=582�>�?�7=589<03@�2�K1� �_EX03DQ2BEX\b@8S�9<G�0=A�5873>�@�;<039<G�4 0=AvoB5�A<D�H @�2 9<G�D_S�5�EX9�9<GB589H�#�

2
�

Sz;<DQDw>�;&58J�GBA�GB5L`aDw@�2�73\b5|A&4658737U2Y?�4�o*DQ;v@8S+465d~V0346587^032BHVDQJrDQ2BHVDQ2Y9�A<DQ9&ALlI582BH�9<G�DQ\ EQ582
D �_EX03DQ2e9<73\Po*Dw>�DQ2�DQ;&589<D�H�K1�-G�DZ5873>�@�;<039<G�4 0=A�oB5�A<D�Hh@�2j0=HVD�5�AN9<GB589��UDQ;<Dw032BHVDQJrDQ2BHVDQ2Y9<73\
?BA<D�H1oY\)�r58;<o*DQ;u582BH +q;<0=A<2�DQ;�S�@�;uA&G�@m��032�>w9<GB589u5d�#�

2
� Sz;<DQD�>�;&58J�G���039<G � D�HV>�D�AuGB5�Au589

4F@aA<9 � � � 465d~Y0346587�032BHVDQJ*DQ2BHVDQ2e9�A<DQ9&A  � �#" l� � � " K
� � � � � ° � � � v$2�#@-@# ANE9*&6 �cw ��� � 2 z�S�%BAQP~#M*&8�+)F?- Ah%B2!P %B2[*U%V+)#@6�#@-/*U%�#DE *&8Q8{PR*?L)AQPR*&8
AQ657)#�0$#@657)#@65%{E@#&%fEwF?H{*��#�

2
SdH�-@#1#(+.-/*1032 I

k L �  �ml)�hD6>�03`�D�G�DQ;<DF9<G�D_J�;<@�@8S-@8S-�*58;<orDQ;N582BH +q;<0=A&2�DQ;�l�9<GB589NJ�;<@d`e0=HVD[9<G�D_5873>�@�;<039<G�41K
¡�DQ9=P·¢ w�¤�x<¥[zvorDn5V�#�

2
� Sz;<DQDw>�;&58J�G�l:582BH 73DQ9�«

1
x������5x{«

n

orDZ9<G�DZ`aDQ;<9<0=EXD�AN@8SgP[K|�B@�;
9<G�D+S�@�7373@d��032�>�EX@�2BA<0=HVDQ;&589<03@�2BALl��^D]5�ARA<?�4FDu9<GB589�P HV@�D�A-2�@�9-EX@�2Y9&58032Z0=A&@�7=589<D�H_`aDQ;<9<0=EXD�A ��032
73032�D�58;:9<034FDal�9<G�DQ\�EQ582Fo*D�0=HVDQ2e9<0TxBD�H[582BH[HVDQ73DQ9<D�H�K:��DQ2BEXDalAPi0=AqEX@�2�2�D�EX9<D�HF582BH�� ! �u � K
�hD�>�DQ2�DQ;&589<D|9<G�D1465d~Y0346587u032BHVDQJrDQ2BHVDQ2Y9wA<DQ9&A_039<DQ;&589<03`aDQ73\�K��B@�; � � �:l-73DQ9w9<G�D|A<DQ9_@8S
465d~Y0346587
032BHVDQJrDQ2BHVDQ2Y9]A<DQ9&A+@8S�P

i

¢
def

P  ©�«
1
x������5x{«

i

¬ " orD�>�03`aDQ2�K�¡�DQ9 �Oo*D�5_465d~Y0346587
032BHVDQJrDQ2BHVDQ2Y9vA<DQ9N@8S�P

i+1
¢ P  ©�«

1
x������5x{«

i+1
¬ " EX@�2Y9&58032�032�>)«

i+1
KZ�q039<G�DQ; � ¨N©�«

i+1
¬_0=A

5F465d~V0346587
032BHVDQJrDQ2BHVDQ2Y9uA&DQ9�@8S`P
i

l*@�; ��¨u©�«
i+1
¬�0=A+J�;<@�JrDQ;<73\1EX@�2Y9&58032�D�H1032�5_465d~Y0346587

032BHVDQJrDQ2BHVDQ2Y9CA<DQ9 � ′ @8SmP
i

K[��2P9<G�D[7=589<9<DQ;NEQ5�A<Dal�9<G�DQ;<D[0=A
�jµ � ′ ���
G

wz«
i+1
z]A<?BERGP9<GB589

� ¨N©�«
i+1
¬Z¢·©�«

1
x������5x{«

i

¬u¨:w �
G

wz«
i+1
z ���

G

w �0z%z}K)�-GB589v9<G�D6;<03>�GY9NGB582BH�A<0=HVD_HVDXxB2�D�A
582�032BHVDQJ*DQ2BHVDQ2e9WA<DQ9+0=A]HV?�Dv9<@w9<G�D:�#�

2
� Sz;<DQDQ2�D�A&A+@8S�P[l.582BH19<G�D�032BEX73?BA<03@�21S�;<@�4²;<03>�GY9+9<@

73DXSz9[G�@�7=H�A[oY\ 465d~V03465873039y\�@8S �[Kkse@Blp0TSaP
i

GB5�A��
i

465d~V0346587-032BHVDQJrDQ2BHVDQ2Y96A<DQ9&A�l�P
i+1GB5�A��

i+1
%��

i

� �
G

wz«
i+1
zC465d~V0346587p032BHVDQJ*DQ2BHVDQ2e9[A<DQ9&A�K���DQ2BEXDal��

j

% � � � S�@�;�58737
� µP© � x������5x��I¬�K

�B@�;�5821D �_EX03DQ2Y9�034FJ�73DQ4FDQ2Y9&589<03@�21@8Sq9<G�Dv58or@d`aDNA<��DQ9&ERG�D�HZ>�DQ2�DQ;&589<03@�2|5873>�@�;<039<G�41lB�UD
A<9<@�;<D�9<G�D�032BHVDQJ*DQ2BHVDQ2e9^A<DQ9&Aq032Z582Ow�� � � z�� �)46589<;<0T~�l�D�5�ERG_;<@m�k;<DQJ�;<D�A&DQ2e9<032�>v5N465d~Y0346587
032BHVDQJrDQ2BHVDQ2Y9CA<DQ9�KN�y2�9<034FD �cw ���_z�039CEQ582PorD[032�039<0=58730��QD�HP��039<G � 032PDQ`aDQ;<\)Jr@aA<039<03@�2�K��B@�;
D�5�ERG�`aDQ;<9<DX~�l��^D_��DQDQJ�5|730=A<9�@8S+HVD�AREXDQ2BHV032�>|032BHV0=EXD�A�@8S+9<G�DZ032BHVDQJrDQ2BHVDQ2Y9�A<DQ9&A�032j��G�0=ERG
9<G�0=A_`�DQ;<9<DX~�58J�JrD�58;&A�K��-G�D|032BHVDX~i@8Sv582i032BHVDQJ*DQ2BHVDQ2e9nA<DQ9Z0=ANc{?BA<9_9<G�D�2Y?�4�o*DQ;_@8Sv9<G�D
EX@�;<;<D�A<Jr@�2BHV032�>�;<@d� 032j9<G�Dw46589<;<0T~�KP�
@|xB2BH�9<G�Dw032BHVDQJ*DQ2BHVDQ2e9FA<DQ9&A�@8SqP

i

9<GB589[EQ582jorD
DX~Y9<DQ2BHVD�HnoY\_«

i+1
9<@Fo*Dv5[465d~V0346587�032BHVDQJrDQ2BHVDQ2Y9�A<DQ9�032OP

i+1
lBA<9&58;<9���039<G15FHVD�A&EXDQ2BHV032�>

730=A<9)EX@�2e9&58032�032�>�9<G�DP032BHV0=EXD�An@8S�58737N5873;<D�5�HV\i>�DQ2�DQ;&589<D�H�032BHVDQJrDQ2BHVDQ2Y91A<DQ9&A)582BH�DX~VEX73?BHVD
032BHV0=EXD�AFoY\�;<?�2�2�032�>�9<G�;<@�?�>�Gk9<G�D1730=A<96@8SWD�5�E'Gk2�DQ03>�Geo*@�?�;6@8SC«

i+1
K�se032BEXD�58737u730=A<9&A658;<D

@�;&HVDQ;<D�H�lr9<G�0=A]9&58�aD�A+9<034FD �cw��3� �
G

wz«
i+1
z%z}KW�B@�;u58737I032BHVDQJrDQ2BHVDQ2Y9WA<DQ9&A+��DQJ�9+032�9<G�DvxB2B587

730=A<9�lY039-;<DQ4658032BA�9<@FERGB582�>�DC5[o�039-032)9<G�DW46589<;<0T~�lV��G�0=E'G)5�H�H�A-9<034FD �"w��_z}K_��@d�Nl�EX@�2BA<0=HVDQ;
9<G�DwA<DQ9&A � j

i+1

¢
def

©�«
1
x������5x{«

i

¬]¨:w �
G

wz«
i+1
z � �

G

wz«
j

z%zCSz@�;�«
j

µ��
G

wz«
i+1
zv582BH � %

� KPM�737-9<G�D�A<DnA<DQ9&A[58;<Dw032BHVDQJ*DQ2BHVDQ2e9FA<DQ9&ALl�o�?�9�2�@�2�Dn@8S+9<G�DQ4 0=A�465d~V0346587^032�P
i

lqG�DQ2BEXD
� j

i+1

�^©�«
i+1
¬p��G�DQ;<Dp«

j

µ��
G

wz«
i+1
z�582BH � % � HV@eD�A�2�@�9
58J�J*D�58;�032N9<G�Dp5873;<D�5�HV\W>�DQ2�DQ;&589<D�H

730=A<9W@8S^465d~V0346587q032BHVDQJrDQ2BHVDQ2Y9NA<DQ9&AW@8S�P
i+1
KF��9CG�@�7=H�AW9<GB589 � j

i+1

¢ � j′

i+1

0TS^582BHh@�2�73\|0TS
�

Gi

wz«
j

z�¨ �
G

wz«
i+1
zq¢ �

Gi

wz«
j′

z�¨ �
G

wz«
i+1
z}KI��2F73032�D�58;q9<034FD�D��e?B587�032BHVDQJrDQ2BHVDQ2Y9tA<DQ9&AtEQ582

orD60=HVDQ2Y9<0TxBD�H�K)se@Bl
039N;<DQ4658032BAv9<@)xB2BHh9<G�D6465d~V0346587pA<DQ9&Av584F@�2�>�9<G�D6;<DQ4658032�032�>1@8S�9<G�D
A<DQ9&A � 1

i+1

x������5x �
i
i+1

K6�hD6`�DQ;<0TSz\�Sz@�;CDQ`aDQ;<\ � µ�© � x������5x � ¬_��G�DQ9<G�DQ;CD�5�E'G A<DQ9NEX@�2Y9&58032BAN5
`aDQ;<9<DX~_S�;<@�4 �

G

 «
j
" K �uA<032�>_5�Hdc<5�EXDQ2BEX\w730=A<9&ALlV9<G�0=A�9&58�aD�A�9<034FD �cw�� � �

G

wz«
i+1
z%z}KUM+H�HV032�>

9<G�DNS�@�?�2BH)465d~V0346587
032BHVDQJrDQ2BHVDQ2Y9uA&DQ9&Au584F@�2�> � 1
i+1

x������5x �
i
i+1

9<@_9<G�D�730=A<9u582BH�?�J*H�589<032�>



Chapter 9
�#�

2
� S�;<DQDC>�;&58J�GBA �����

9<G�Dv032BHV0=EXD�A+730=A<9&A�9&58��D�A�9<034FD �cw � � �
G

wz«
i+1
z%z}lr��G�0=ERG|5�H�H�A+?�J|9<@ �cw�� � �

G

wz«
i+1
z%z-9<034FD

S�@�;^«
i+1

582BH �cw � � � 2 zpSz@�;�9<G�DC��G�@�73DNHVD�A&EX;<03o*D�H)5873>�@�;<039<G�41K

�v rm *���z���p ° � � � �3F?- *H�#�
2
SdH�-@#1# +.-/*1032_P 4 �

G

C@*&6
'<#(+)#@6�#@-/*U%�#�7:AQ6�%BAQP~# �cw � � � 2 z I
�zH?Px2[*\E � #�7�+)#DE 4 � �

G

��% � � � I

k m �  �mlW¡�DQ9�P�¢ w�¤/x<¥[zUorDN5��#�
2
� S�;<DQDu>�;&58J�G�Kq��S?P 0=A^2�D�58;<73\_o�7=582���lY@�?�9<J�?�9-9<G�D]DQ4FJ�9�\

A<DQ9�K��u9<G�DQ;<��0=A&Dal��UD6A&9&58;<9C��039<Gh9<G�D6730=A<9C@8S-465d~Y0346587q032BHVDQJ*DQ2BHVDQ2e9NA<DQ9&AN@8S~P >�DQ2�DQ;&589<D�H
oY\Z9<G�D�5873>�@�;<039<G�4·HVD�A&EX;<03o*D�H1032|9<G�DvJ�;<@�@8St@8Sp¡�DQ4F465 � K � � K��r@�;+DQ`aDQ;<\Z032BHVDQJrDQ2BHVDQ2Y9uA<DQ9�l
EX@�2BHV039<03@�2BA~w � ��� � z�GB5m`aD^9<@WorD�`aDQ;<0TxBD�H�KqfU@�2BHV039<03@�2BA~w � � zI582BH�w ���MzI58;<D�D�5�A&0373\vERG�D�E'�858o�73DaK
MkJ�;<@YEXD�HV?�;<D�S�@�;I`�DQ;<0TSz\Y032�>CEX@�2BHV039<03@�2_w � � z�0=Aq>�03`aDQ2[032F9<G�D�J�;<@e@8S.@8S��-G�DQ@�;<DQ4 � K ��� l���G�0=ERG
;<D�A<?�739&A-03215[73032�D�58;{��9<034FDN5873>�@�;<039<G�4 S�@�;-DQ`aDQ;<\_032BHVDQJ*DQ2BHVDQ2e9�A<DQ9�Kpse032BEXDC9<G�DQ;<DN58;<DC589�4F@aA<9
� � � 465d~Y0346587�032BHVDQJ*DQ2BHVDQ2e9+A&DQ9&A-@8S�P[lV�^DC@�o�9&5803215 �cw � � � 2 z���9<034FDN5873>�@�;<039<G�41K

� �
�� *L� � ° � � ° v!-@#1#&]_AB7[%B2Z*&657�P�AQ6!AQPqe\P��!8Q8 SdAQ6WF?Ha�#�
2
SdHd-@#1#~+.-/*1032�E C@*&6y'<#tCDF?PRS

0_e!%�#�7sAQ6n%BAQP~# �cw � � � 2 z I
k m �  �ml�¡�DQ9=y orD15bA<J�73039F>�;&58J�G�lU582BH�73DQ9 ���Tx/� � o*D�5hA<J�73039FJB58;<9<039<03@�2�@8SZy Kk�-G�DQ2�l� � � % ��w-y\z�% � � � � � ltA<032BEXD��²0=A[5�EX730=�e?�DZ032�y�lq582BH�589�4F@aA<9�@�2�Dn`aDQ;<9<DX~hS�;<@�4 �

EQ5821032BEX;<D�5�A<DNEX730=�e?�D:�[KU��DQ2BEXDalr9<G�DvEX730=��?�DC2Y?�4�orDQ;�@8Sq56A<J�73039�>�;&58J�G1EQ582�orD�HVDQ9<DQ;<4F032�D�H
032 73032�D�58;�9<034FD_S�;<@�4 5�A<J�73039NJB58;<9<039<03@�2�K |u?�Dw9<@PfU@�;<@�737=58;<\ � K � }�582BH��-G�DQ@�;<DQ4 � K ��� l�032
9<034FD �"w ��� � 2 z}l.9<G�D�A<46587373D�A&9]EX730=�e?�Dv2Y?�4�o*DQ; � 584F@�2�>)58737�4F032�0346587I9<;<0=582�>�?�7=589<03@�2BA]@8S
P�EQ582)o*DNHVDQ9<DQ;<4F032�D�H�Kt�-G�DC9<;<DQDQ��0=HV9<G)@8S�P�9<G�DQ2)0=A �  � K

�y21EQ5�A<DW@8SI4F032�034�?�4 xB737T��032�l��UDW@�oBA<DQ;<`�D]9<GB589�lYS�@�;-DQ`aDQ;<\ ��µ��
G

l

� ¥w-y
U

z���¢�� � ¤i¨ � �� � ���
u∈U

�
G

w �0z �

�-G�D[A<46587373D�A<9+2Y?�4�orDQ;W584F@�2�>Z58737I9<G�D�A<D�`d5873?�D�A]EQ582|o*D�HVDQ9<DQ;<4F032�D�H�032�9<034FD �cw ��� � 2 z
582BHn0=A�D��e?B587�9<@F4[xowUPaz � � ¥wUPaz�� K



�����



�����

�������
	��� � �
� �q��" ,v(*�-(*$R��!#���������� 

/�582Y\)032Y9<DQ;<D�A<9<032�>_>�;&58J�GPEX7=5�A&A<D�AuEQ582|o*D�HVDXxB2�D�H�5�A+032Y9<DQ;&A<D�EX9<03@�2|>�;&58J�GBAu@8Sp58J�J�;<@�J�;<0=589<D
>�DQ@�4FDQ9<;<0=E6@�oVc{D�EX9&A�K)MuAv�^D_GB5m`aD_A<DQDQ2�lIE'G�@�;&H�587p>�;&58J�GBAv58;<Dw9<G�D_032Y9<DQ;&A<D�EX9<03@�2 >�;&58J�GBAv@8S
S 584F037303D�AN@8S�A<?�o�9<;<DQD�AC@8S�9<;<DQD�Adw��-G�DQ@�;<DQ4r}VK � �Mz}l:582BHh9<;<DQD�AvEQ582jEXDQ;<9&58032�73\�o*DwEX@�2BA<0=HVDQ;<D�H
>�DQ@�4FDQ9<;<0=E�@�oVc�D�EX9&ALKv�B@�;]JrDQ;<4�?�9&589<03@�2P>�;&58J�GBA�l�9<G�DQ;<D[0=AC587=A<@)5Z2�0=EXD�032Y9<DQ;&A<D�EX9<03@�2�4F@eHVDQ7 �
JrDQ;<4�?�9&589<03@�2�>�;&58J�GBAF58;<Dn9<G�D)032e9<DQ;&A&D�EX9<03@�2j>�;&58J�GBA[@8SWA<DQ9&A[@8Su73032�D1A&DQ>�4FDQ2e9&A�9<GB589[GB5L`�D
DQ2BHVJr@�032Y9&A�@�2 9��U@1JB58;&587373DQ7U73032�D�A�K��-G�0=Av4F@eHVDQ7�lqEQ587373D�H &�����;HB42U$C2-9 ¶#.Y)#9@$s!#�%$#;Fl
J�;<@d`e0=HVD�A
58737q032VS�@�;<46589<03@�2b58or@�?�9N9<G�D6;<DQJ�;<D�A&DQ2e9<D�H�>�;&58J�Gb032b51EX@�2BEX0=A&D[Sz@�;<41K6�y9W0=AC@8S�9<DQ2h?BA<D�H�Sz@�;
5873>�@�;<039<G�4F0=EWJ�?�;<Jr@aA&D�A�582BHn9<G�DNHVD�A<03>�2)@8S�D �_EX03DQ2Y9�5873>�@�;<039<G�46A�032)46582Y\wEQ5�A<D�ALK

�y2|9<G�0=A]ERGB58J�9<DQ;�l.�^Dv��03737IJ�;<@m`�D�5w2�DQ��E'GB58;&5�EX9<DQ;<0=A&589<03@�2�@8SU4F032�0346587�9<;<0=582�>�?�7=589<03@�2BA
@8S�JrDQ;<4�?�9&589<03@�2j>�;&58J�GBA�K|�-G�0=A�E'GB58;&5�EX9<DQ;<0=A&589<03@�2 0=A�oB5�A<D�H @�2�9<G�DnEX@�2BEXDQJ�9v@8S+J*@�9<DQ2e9<0=587
465d~V0346587�EX730=��?�D�A�lV9<GB589+9<?�;<2)@�?�9�9<@ForD�?BA<DXSz?�7�2�@�9�@�2�73\wS�@�;�>�DQ2�DQ;&587�>�;&58J�GBA�Kt�-G�DN2�@�9<03@�2
@8Sv5bJ*@�9<DQ2e9<0=587u465d~Y0346587]EX730=��?�D|�^5�Aw032Y9<;<@eHV?BEXD�HkoY\�§^@�?BERG�039<9��D�582BH���@eHV032BEQ5  ���#" K�M
Jr@�9<DQ2Y9<0=587q465d~V0346587:EX730=�e?�DF@8S^5n>�;&58J�G P 0=AC5)A<DQ9C@8SU`aDQ;<9<0=EXD�AW9<GB589C0=AC5n465d~V0346587qEX730=��?�D
032P5_4F032�0346587I9<;<0=582�>�?�7=589<03@�2|@8S�PFK]�-G�D[58?�9<G�@�;&Au?BA<D�H�9<G�D�A&DvJr@�9<DQ2Y9<0=587I465d~Y0346587:EX730=��?�D�A
9<@hA<@�73`aDZ9<G�D)9<;<DQDQ��0=HV9<G�582BH�4F032�034�?�4 xB737T��032�J�;<@�o�73DQ46A[@�2��UD�58�Y73\ E'G�@�;&H�587^>�;&58J�GBA[032
Jr@�73\Y2�@�4F0=587�9<034FD  ���#" K

�hD)��03737�>�03`aD)582kD�5�A&\�E'GB58;&5�EX9<DQ;<0=A&589<03@�2�@8S]J*@�9<DQ2e9<0=587�465d~V0346587�EX730=�e?�D�AF@8S]J*DQ;<4�?V�
9&589<03@�2�>�;&58J�GBA�9<GB589�0=A�oB5�A<D�H�@�2�A<JrD�EX0=587-JB58;<9&A�@8S+J*DQ;<4�?�9&589<03@�2�HV0=58>�;&5846A�K �W03`aDQ2 9<G�0=A
E'GB58;&5�EX9<DQ;<0=A&589<03@�2�l:039FA<DQDQ46A�58734F@aA&9�2B589<?�;&587^9<@hHVDXxB2�Dn9<G�DZA<@8��EQ587373D�H*&V¶M2f��.�2-9@$#>l;=$sn#93;=$#>
R6>k9-�5B��'1]!#�%$'&�(w@8S-5ZJrDQ;<4�?�9&589<03@�2h>�;&58J�G�l�9<GB589C0=AC582b5�EX\VEX730=E�>�;&58J�Gb582BHP��G�@aA<D[465d~Y0346587
JB589<GBAqDX~�5�EX9<73\v;<DQJ�;<D�A<DQ2Y9:9<G�D�4F032�0346587�9<;<0=582�>�?�7=589<03@�2BAq@8S�9<G�D�>�;&58J�G�K �uA<032�>N9<G�0=A:;<DQJ�;<D�A<DQ2V�
9&589<03@�2�l*�UD�EQ582|A<@�73`aDv9<G�D�4F032V����;<0�4FDQ4�orDQ;&A<G�03J|J�;<@�o�73DQ4²S�@�;+J*DQ;<4�?�9&589<03@�2|>�;&58J�GBA�lr9<GB589
5�A<�VA�la>�03`�DQ2w5�JB5803;qwUP:x%yVz:@8S
>�;&58J�GBALl���G�DQ;<DaPª0=AU5�JrDQ;<4�?�9&589<03@�2w>�;&58J�G�lY��G�DQ9<G�DQ;Ty£0=A^5
4F032�0346587�9<;<0=582�>�?�7=589<03@�2)@8SlP[K

M+A�582�@�9<G�DQ;-G�03>�G�73\w032e9<DQ;<D�A<9<032�>[58J�J�730=EQ589<03@�2n@8S�@�?�;-D �_EX03DQ2Y9^4F032�0346587�9<;<0=582�>�?�7=589<03@�2BA
;<DQJ�;<D�A<DQ2Y9&589<03@�2)oe\nJ*@�9<DQ2e9<0=587�465d~V0346587
EX730=�e?�D�A�>�;&58J�GBA�l��^DvEQ582�A&@�73`aDC9<G�Dv9<;<DQDQ��0=HV9<G�582BH
4F032�034�?�4 xB737T��032)J�;<@�o�73DQ46A-@�2)JrDQ;<4�?�9&589<03@�21>�;&58J�GBA-032)73032�D�58;�9<034FDaK

� � � � � �a	Q	 ��� � 	�  � �   � - � �m� m����� ��� �q�� � � 	��V	 �   � � L�����
�

Mq�^� S�;<DQD]>�;&58J�GBA-GB5m`aD]orDQDQ2)032Y9<;<@eHV?BEXD�HnoY\_¡�DQ�Y�aDQ;<�aDQ;<�aDQ;^582BHn§U@�7=582BHZS�@�;�ERGB58;&5�EX9<DQ;<0=A&032�>
032Y9<DQ;<`d587^>�;&58J�GBA[5�A�A&JrD�EX0=587�ERG�@�;&H�587^>�;&58J�GBA  ���#" Kb�r@�;�5�73@�2�>�JrDQ;<03@eH�@8Su9<034FDaltMq�^� Sz;<DQD
>�;&58J�GBACGB5m`aDF2�@�9No*DQDQ2 EX@�2BA<0=HVDQ;<D�H�K_§^?�9N032 9<G�D67=5�A<9NHVD�EQ5�HVD6@8S�9<G�D69��UDQ2Y9<03DQ9<GhEXDQ2e9<?�;<\el
9<G�DCEX7=5�A&A^@8SIMq�^� S�;<DQDu>�;&58J�GBA-o*D�EQ584FDC9<G�DCEXDQ2e9<;<D]@8S�DX~V9<DQ2BA<03`aD]A<9<?BHV03D�A�lY9<GB589-�UDQ;<D]4658032�73\
032�039<0=589<D�Hwoe\F9<G�D]�U@�;<�VAU@8SIfU@�;<2�DQ037�l �u7=58;<03?�l�se9<DQ�-58;<9^58o*@�?�9-A&9<;<?BEX9<?�;&587rJ�;<@�JrDQ;<9<03D�A^@8S�Mq�^�
S�;<DQDC>�;&58J�GBA  � � " K



�����

® �a¯ ��� 	 �   � � � ±e�62TP ¢Gw�¤�x<¥[z"^j�$!#�8$�&�(4E=F 2-�'9b&�>u�6¶87H�����62-9-R'�'1
��x�	�x�
%¶87]P 9r1�$#.
¼r¹8¾&ºe½�¿[	 &*¼��v¾<½�	 »�zº ¶87=P 9 7c$#.0)b¶#.I>k O9 7d�6������ c&4$#93�n¶87c�����62-9@Ri�'11¶87"23(4�c15�62]©���x�	0x�
C¬*9<1
R&¶#.I. �%R52f�%)\^� N$[&4$C23(_93.OP 23(K$C2~)�¶W�'1[..¶C2mR&¶#.�2U$#93.*$d.0�69L!�(�^<¶#BK�[¶87:23(4�:23(A9<�%)c�����62f�%n+E �_�
16$# :23(K$C2�P � ¿���¾&¼�	��I¹�$#._$�162f���{¶C9-)M$C>02-��9�&0>D�g9 7g$C.�)6¶#.I>k H9 7g23(4���j�a$#�j�Z23(+�j�j�Z�����62-9-Ri��1 ��x�	0x�
¶87�P�1�B4R6(�23(4$C2���x�	0x�
 9r1a$#. $�1�2f���<¶#9@)M$#>�2-��9�&�>u��¶87�P=E

M�739<DQ;<2B589<03`aDQ73\el��UD�EQ582|A&5m\n9<GB589u5_9<;<03J�73D ��x�	0x�
�@8St`�DQ;<9<0=EXD�A�@8St5_>�;&58J�G P�¢ w�¤/x<¥[z
0=A6582k5�A<9<DQ;<@�0=H�587�9<;<03J�73D)@8S]P£0TSC582BH�@�2�73\�0TS<lqS�@�;FDQ`aDQ;<\�« µ ©���x�	�x�
C¬�lu©���x�	0x�
C¬v¨�©�«�¬
0=ANEX@�2Y9&58032�D�HP032b@�2�D6EX@�2�2�D�EX9<D�HbEX@�4FJr@�2�DQ2Y9N@8S�P�¨ �

G

wz«0z}K_�:~�584FJ�73D�AWS�@�;C>�;&58J�GBAN9<GB589
EX@�2e9&58032)5�A<9<DQ;<@�0=H�587�9<;<03J�73D�A+58;<DNHVDQJ�0=EX9<D�Hn0321��03>�?�;<D ��� K

® �a¯ ��� 	 �   � � � ±e�62/P�¢ w�¤�x<¥[z:^j�H$:!#�%$'&�(4Ec�_�a16$C 23(K$C2?P 9<1����^¸ ��½�ºdºc9 7]$#.�)Z¶#.I>k 
9 7�P )a¶W�'1Z.*¶M2`R&¶#.�2U$#9<.V$#. $�1�2f���<¶#9@)M$#>e2-��9�&0>D�sE

M�2h032Y9<DQ;<D�A<9<032�>n582BHP034FJr@�;<9&582Y9WEX7=5�ARAW@8SU>�;&58J�GBACEX@�2Y9&58032�D�H|032P9<G�D6EX7=5�A&A]@8S-Mq�^� Sz;<DQD
>�;&58J�GBA�0=A+9<G�D�EX7=5�A&A+@8S~RR¶sR&¶#;�&4$#�%$+^�93>k932- =!#�%$'&�(M1XK�¡�DQ9qP�¢�w�¤�x<¥[z�orD�56>�;&58J�G�K�M+2|@�;<03DQ2V�
9&589<03@�2|@8St9<G�D�D�HV>�D�Au@8STPO0=AW582P5�A&A<03>�2�4FDQ2Y9 %�@8St@�;<03DQ2Y9&589<03@�2BA+9<@ZDQ`aDQ;<\)D�HV>�D�@8S�P A<?BERG
9<GB589�lVS�@�;�DQ`aDQ;<\wD�HV>�D
��	w@8S`P[l�DQ039<G�DQ;'%`w � 	4z^¢ w ��x�	�z^@�; %`w � 	4zU¢ w 	�x��0z}KU�hDvA&5m\_9<GB589 %
0=A+5N2-�%$#.�1�932-93����¶#��9@�6.�2U$C2-9 ¶#.F@8S`P�0TSt582BH1@�2�73\n0TS<lVSz@�;+DQ`aDQ;<\w9<;<03J�73D(��x�	�x�
�@8Sq`aDQ;<9<0=EXD�A�@8S`P
��G�DQ;<D
� 	_µ1¥ 582BH�	�
�µ1¥_l�G�@�7=H�A��

%lw � 	�zt¢ w ��x�	4zZ582BH %`w 	�
gzU¢ w 	�x�
gz ¢�� � 
ªµ1¥ 582BH %`w � 
gzU¢ w ��x�
gz �
M R&¶C;�&�$#�8$A^�9<>k9-2- !#�8$�&�(w0=AC5n>�;&58J�Gh9<GB589CGB5�AN5n9<;&582BA&039<03`aD�@�;<03DQ2Y9&589<03@�2�KF�y9]0=AN032e9<DQ;<D�A<9<032�>
9<@�2�@�9<DW9<GB589�EX@�4FJB58;&58o�0373039�\F>�;&58J�GBA�EQ582wo*DWE'GB58;&5�EX9<DQ;<0=A<D�Hwoe\_`aDQ;<9<DX~6@�;&HVDQ;<032�>aA�K:��9^G�@�7=H�A
9<GB589�5�>�;&58J�GYP ¢ w�¤�x<¥[z�0=A[5�EX@�4FJB58;&58o�0373039y\b>�;&58J�G�0TSu582BH�@�2�73\b0TS+9<G�DQ;<Dn0=A[5|`aDQ;<9<DX~
@�;&HVDQ;<032�> �jS�@�;HP A&?BERGb9<GB589�l
S�@�;NDQ`aDQ;<\�9<;<03J�73D ��x�	0x�
 @8S�`aDQ;<9<0=EXD�AC@8S�P[l � �

σ

	��
σ


vl
� 	1µh¥ 582BH�	 
 µh¥ 034FJ�7303D�A�� 
 µh¥6K;��@d�Nl*5_>�;&58J�G|0=A]5\RR¶sR&¶#;�&4$#�%$+^�93>k932- =!#�%$'&�(el.0TSt039
0=A-9<G�DvEX@�4FJ�73DQ4FDQ2Y9�@8SI56EX@�4FJB58;&58o�0373039�\_>�;&58J�G�KUse034F037=58;<73\ele039+G�@�7=H�A�9<GB589�P�¢ w�¤�x<¥Hz-0=A�5
EX@eEX@�4FJB58;&58o�0373039�\6>�;&58J�Gn0TS�582BHZ@�2�73\60TS
9<G�DQ;<DW0=A-5�`aDQ;<9<DX~6@�;&HVDQ;<032�> �1S�@�;~PªA&?BERGZ9<GB589�leSz@�;
DQ`aDQ;<\69<;<03J�73D ��x�	0x�
ª@8S�`�DQ;<9<0=EXD�AU@8S/P[l ��

σ

	��
σ


vl'� 
ªµ1¥ 034FJ�7303D�A ��	_µ1¥O@�; 	�
 µ1¥
 ��� " Kpse?BERG)5[`aDQ;<9<DX~Z@�;&HVDQ;<032�>F0=A�EQ587373D�H�R&¶sRR¶#;�&4$#�%$+^�93>�9-2- Z¶#�%)+����93.A!�K
� � � � � � � � � � �  .� ��� � � 	 � �   �
� �P� � � � L r	Q	�������� � �  
� F)CDF?P90T*&-/*!'&AQ8QAh%NX~+.-/*1032�Ew*&-@#,Jwv_SdHd-@#1#\I

k L �  �mlC¡�DQ9gP ¢ w�¤�x<¥Hz-orD�56EX@eEX@�4FJB58;&58o�0373039�\w>�;&58J�G�lr582BHn73DQ9 ��orDv5_EX@eEX@�4FJB58;&58o�0373039�\
@�;&HVDQ;<032�>�S�@�;JP[KIse?�J�J*@aA<D�PkEX@�2e9&58032BA�582�5�A<9<DQ;<@�0=H�587a9<;<03J�73DalLSz@�;<4FD�HCoY\]9<G�Dt`aDQ;<9<0=EXD�A���x�	0x�
vK
�hD1465m\�5�ARA<?�4FD)9<GB589 � �

σ

	 �
σ


vK §^\jHVDXxB2�039<03@�2�l-9<G�DQ;<D�0=A_5 �ox�
���JB589<G  032�P
5L`�@�0=HV032�>w9<G�DF2�DQ03>�GYor@�?�;<G�@e@eHh@8S 	*KF�-G�DQ2�l�9<G�DQ;<D658;<DF5�Hdc<5�EXDQ2e9W`aDQ;<9<0=EXD�AW«�x��)@�2  A<?BERG
9<GB589F« �

σ

	 �
σ

��K�§^?�9[A&032BEXD ��0=AF5hEX@eEX@�4FJB58;&58o�0373039�\�@�;&HVDQ;<032�>hS�@�;P[lU«k@�; �P0=A65
2�DQ03>�Geo*@�?�;W@8S 	*l���G�0=E'GhEX@�2e9<;&5�HV0=EX9&A  o*DQ032�>15��ox�
���JB589<Gb5L`�@�0=HV032�>w9<G�DF2�DQ03>�GYor@�?�;<G�@e@eH
@8S 	.l�582BH_P�0=A�Mq�^� S�;<DQDaK



Chapter 10
+IDQ;<4�?�9&589<03@�2)>�;&58J�GBA �����

���������
	���� se9&582BH�58;&H >�;&58J�GBA[EX@�2Y9&58032�032�>�5�A<9<DQ;<@�0=H�587^9<;<03J�73D�A�Kh�y2j58737-9<G�;<DQD
>�;&58J�GBA�lr9<G�Dv9<G�;<DQD�`aDQ;<9<0=EXD�A���039<G|9<G�D�A<46587373D�A<9+2�DQ03>�Geo*@�?�;<G�@�@eH�AuS�@�;<4²5�A<9<DQ;{�
@�0=H�587�9<;<03J�73D�A�K



��� }

+IDQ;<4�?�9&589<03@�26>�;&58J�GBAU58;<DuEX@YEX@�4FJB58;&58o�0373039y\[>�;&58J�GBA�K:¡�DQ9 ��! � K:M &�����;:BK2U$M2-9�¶#.v@m`aDQ;
© � x������5x��I¬+0=At5Co�0 c{D�EX9<03`aD�4658J�J�032�>��ZS�;<@�4 © � x������5x��I¬+9<@F© � x������5x��I¬�K:M�A<G�@�;<9pHVD�A&EX;<03J�9<03@�2
@8S��n0=Ap9<G�D+A<D��e?�DQ2BEXD ����w � z�x������5x��?w ��z � K:§^\�� −1 l��UD�4FD�58269<G�D+032e`aDQ;&A&DUS�?�2BEX9<03@�26@8S��:l�0�K DaK3l
� −1 w � zq¢ � 0TS:582BHn@�2�73\w0TS��?w � zt¢ � K
® �a¯ ��� 	 �   � � � ±e�62 � ! � p�$#.�)d>u�62�� ^j�$:&�����;:BK2U$C2-9 ¶#.�¶C�����[© � x������5x��I¬KE�}e(4�N»�ºe½�¸
� ��¾&¼*¾ 	y¿�� �B½�¼�» $ &*º�'g�:º#& $&�	�op?)+��..¶C2f�%)�$�1�P�w��ezipo(K$�1~�����62f�%nH1s�62�© � x������5x��I¬CpJ$#.�)H2-{p¶�����62-9-R'�'1 � $#.�) � p � � � p+¶87qP=w���z=$#�%�$M)�5$MRi��.�2T9 7:$#.�)1¶#.�>� c9 7
��w � z 	���w � z5EHF !C�8$'&�(�P
¶#. � �#����2-9@Ri�'1H9r1[$�»�ºe½�� ��¾&¼r¾ 	�¿[� �B½�¼�» $ 9 7H$#.�))¶#.I>k 9 7]23(4�6�%�H9<1[$]&�����;:BK2U$M2-9�¶#.���¶#�����© � x������5x��I¬c1�B4R6(O23(K$C2/PO¢ P�w��ez5Ea�'.�23(+9<1HRj$#15�'pT{`��$#>�1X¶"15$# c23(4$C2lP 9r1:$�»�ºe½�� ��¾&¼*¾ 	y¿��
�B½�¼�» $ ¿�Vº�½1© � x������5x��I¬KE

�-G�D�HVDXxB2�039<03@�2�@8SNJ*DQ;<4�?�9&589<03@�2i>�;&58J�GBA69<GB589w�UD1?BA&D1G�DQ;<D�0=A_;&589<G�DQ;wA<9<;<0=EX9�l-A<032BEXD
9<G�D�EX7=5�ARA+@8SpJ*DQ;<4�?�9&589<03@�2�>�;&58J�GBA]0=A]2�@�9]EX73@aA<D�H|?�2BHVDQ;]0=A<@�4F@�;<J�G�0=A<41K]��@d�UDQ`aDQ;�lrS�@�;u@�?�;
EX@�2BA<0=HVDQ;&589<03@�2BA�lY9<G�0=A�EX03;&EX?�46A<9&582BEXDCEQ582)o*DN03>�2�@�;<D�H�K

� �
�� rm� � � � � � �{� 	 �v  �
� �e���p� � � � � ��� m� � ���� ���  
"$#&%HP ¢ w�¤/x<¥[z '<#�*
+.-/*1032 I���H]P ANEsANE@F?P~F?-�032!ABCt%�Fn*j0#@- Pie!%h*U%BA�F?6o+.-/*1032549%B2�#@6Z*
0$#@- Pqe!%h*U%BA�F?6���C@*&6 '<# CDF?P90_e!%�#�7sAQ6 8QAQ6�# *&->%BAQP~#,E�e)C�2n%B2[*U%lP��¢ P�w��ez I

�-G�DQ;<D|0=An5j2�0=EXD�;<DQJ�;<D�A<DQ2e9&589<03@�2�@8SvJ*DQ;<4�?�9&589<03@�2�>�;&58J�GBA�l�9<GB589Z0=AnEX73@aA<DQ73\k;<DQ7=589<D�H
9<@PJrDQ;<4�?�9&589<03@�2�A&D���?�DQ2BEXD�A�K ��9[0=AFEQ587373D�H*&�����;:BK2U$C2-9 ¶#. )C9-$s!C�8$#;FK�¡�DQ9P ¢ P�w��ezvorD15
JrDQ;<4�?�9&589<03@�2F>�;&58J�G[@�2 �Z`�DQ;<9<0=EXD�A�K �u2FD�5�E'G[@8S*9��U@WG�@�;<0��Q@�2Y9&587�73032�D�A�l84658;<� �nD��e?�0=HV0=A<9&582e9
Jr@�032Y9&A�K �u2 9<G�DZ?�J�JrDQ;[73032�DalI7=58orDQ7-9<G�DwJ*@�032e9&AvS�;<@�4 73DXS�9v9<@�;<03>�Ge9���039<G�9<G�DZ2Y?�4�o*DQ;&A �
9<G�;<@�?�>�G �:la@�2�9<G�D�73@d�^DQ;�73032�Dal�7=58o*DQ7�9<G�D�Jr@�032Y9&AISz;<@�4�73DXS�9:9<@];<03>�GY9q��039<G[9<G�D�2e?�4�orDQ;&A���w � z
9<G�;<@�?�>�G���w ��z}K
�I032B587373\�l{c{@�032N9<G�DtJ*@�032e9&A�@�2v9<G�Dt?�J�JrDQ;
582BHN73@m�^DQ;�73032�Dt��039<GC9<G�DpA&584FDp7=58orDQ7=A
oe\)73032�DFA<DQ>�4FDQ2Y9&A�KC�-G�D�;<D�A<?�739W0=A]9<G�D�J*DQ;<4�?�9&589<03@�2PHV0=58>�;&584%@8STP[l�582BH�039]��03737I@8S�9<DQ2�orD
HVDQ2�@�9<D�H)5�A

D
w��ez}KtM�2)DX~�584FJ�73DC0=A�HVDQJ�0=EX9<D�Hn0321�I03>�?�;<D]� � Kq��9�G�@�7=H�A-9<GB589+9y�^@[`aDQ;<9<0=EXD�A^@8S

P 58;<D+5�Hdc<5�EXDQ2Y9t0TS�582BH_@�2�73\[0TS.9<G�D]EX@�;<;<D�A<Jr@�2BHV032�>N73032�D]A<DQ>�4FDQ2Y9&Aq032e9<DQ;&A&D�EX9�K
�hD���03737r@8Sz9<DQ2
A<JrD�58�)@8St032Y9<DQ;&A<D�EX9<032�>Z73032�D�A&DQ>�4FDQ2e9&A�lrDQ`aDQ2�@8St032Y9<DQ;&A<D�EX9<032�>w`aDQ;<9<0=EXD�A+032BA&9<D�5�H1@8SU5�Hdc<5�EXDQ2e9
`aDQ;<9<0=EXD�A�K

� � � � � � � ��� ��kv� � �Y� � � � � � �q�Y�p� � ��� �*� � � 	� � �  
�O#@- Pie!%h*U%BA�F?6i+.-/*1032�Ew*&-@#9CDFUCDF?P90T*&-/*!'&AQ8QAh%QXq+.-/*1032�E�I

k L �  �mln¡�DQ9]P ¢�P�w��ez+¢Gw�¤�x<¥[zuo*D65wJ*DQ;<4�?�9&589<03@�2P>�;&58J�Gh@d`aDQ;N© � x������5x��I¬�K��hDFA<G�@m�
9<GB589� ¢

def
����w � z�x������5x���w �ez � 0=A)5�EX@eEX@�4FJB58;&58o�0373039�\k@�;&HVDQ;<032�>jS�@�;NPFK ¡�DQ9���x�	�x�
 orD

`aDQ;<9<0=EXD�A�@8S�PO��G�DQ;<D�� −1 w �0z � � −1 w 	4z � � −1 w�
qz}lr0�K DaK3l�� �
σ

	 �
σ


�l*582BH�73DQ9 � 
OµP¥6K
§^\�HVDXxB2�039<03@�2�l 
 � �
K[�-G�DQ2�l�0TS 	 � �
l�	|582BH��b58;<D65�Hdc{5�EXDQ2Y9�l�0TS 	 	 ��l�	�582BH 
 58;<D
5�Hdc{5�EXDQ2Y9�K]��DQ2BEXDal � 0=Au5nEX@eEX@�4FJB58;&58o�0373039�\1@�;&HVDQ;<032�>wSz@�;aP 582BHVP 0=AW5ZEX@eEX@�4FJB58;&58o�0373039�\
>�;&58J�G�K

��9uEQ582�DQ`aDQ21o*D�A<G�@d��219<GB589uJrDQ;<4�?�9&589<03@�2�>�;&58J�GBA+58;<D�DX~V5�EX9<73\n9<G�D�EX@eEX@�4FJB58;&58o�0373039�\
>�;&58J�GBA-9<GB589�58;<DN587=A<@6EX@�4FJB58;&58o�0373039�\_>�;&58J�GBA  � � " K



Chapter 10
+IDQ;<4�?�9&589<03@�2)>�;&58J�GBA �����

1 2 3 4 5 6 7 8 9

85 4 317 69 2

67 89

3

1

5

2

4

���������
	���� �-G�D�JrDQ;<4�?�9&589<03@�26>�;&58J�GcP�w	� � x � x � x � x � x � x � xm}4xj� � z:;<DQJ�;<D�A<DQ2e9<D�HoY\w5[J*DQ;<4�?�9&589<03@�21HV0=58>�;&584²582BHnoY\w5[?BA&?B587 � HV;&5m��032�> 	�K



� � �

�-G�DvEX7=5�A&A-@8StMq�^� S�;<DQDC>�;&58J�GBA�587=A<@_EX@�2Y9&58032BA�5821034FJ*@�;<9&582e9+EX7=5�ARA-@8SqE'G�@�;&H�587�>�;&58J�GBA�l
2B584FDQ73\_9<G�DNEX7=5�A&A�@8S�032Y9<DQ;<`d587�>�;&58J�GBA�K

® �a¯ ��� 	 �   � �r� F !#�%$'&�(P�¢ w�¤�x<¥[za9<1a$C. 	��I¾&ºe½ Y¼��
�r½�¼�» $ 9 7a$#.�)Z¶#.I>k �9 7Z23(4���j�]9r1a$� � 2�¶�� � R&¶#���%�'1f&V¶#.�)A��.�Ri�:^j�62-{`�i��.�23(4�a�����62-9-Ri��1�¶87�PG$#.0)$�76$#;:93>� 
I
¶87aR6>3¶�15�%)"93.�2f����� $#>�1C¶%7

23(4�q�j�%$#>�>k93.0�g1�B4R�(d23(K$C2/2-{p¶=�����62-9-R'�'1v¶87�P $#�j�]$+)�6$+Ri��.�2�9 7Z$#.�)_¶C.I>� :9 7g23(��]R&¶C�'�j�'1U&�¶#.�)#93.A!
9<.�2f���'��$#>b1�(K$#�#��$a.*¶#.��%��;�&02- q9<.�2f�6�i1s�%R52-9 ¶#.0Ea}e(4��75$#;:9<>k N¶87T9<.�2f�6�'� $C>b1T9r1~Rj$#>3>u�%)[$C.~	��I¾&ºe½ Y¼��
�b¿ &.º<�+7Q¶#��P[pl$#.�){`�a{��'9-2f��P=w

I
zZ2�¶c)+��.*¶C2f�]23(4�g!#�%$'&�(N)+�3,/. �%)�^� 

I
E

� �
�� rm� � � � � � ��� � �T�*��?�r��?�r�e_� ��� �  *�z� ��� �  � � �  
J +.-/*1032 ANEM*&6 AQ65%�#@-�=D*&8�+.-/*1032�AQH,*&657nF?6!8YX�AQHwAh%wANE~C�2�F?- 7<*&8VJwv_SdHd-@#1#�4OA�I #\I 4(C�2�F?- 7<*&8 *&657
Jwv_SdH�-@#1#\I

��9�0=A�032e9<DQ;<D�A<9<032�>�9<@��e2�@d� 9<GB589�032Y9<DQ;<`d587^>�;&58J�GBA[EQ582j587=A<@�orD)E'GB58;&5�EX9<DQ;<0=A<D�HboY\ 582
58J�J�;<@�J�;<0=589<DC`aDQ;<9<DX~w@�;&HVDQ;<032�>BlV9<GB589�0=A�EQ587373D�H1032e9<DQ;<`8587�@�;&HVDQ;<032�>BK

® �a¯ ��� 	 �   � � ° ±e�62mP ¢ w�¤�x<¥[zc^j�c$d!#�%$'&�(Mpg$C.�)�>u�62�� ^j�c$O�����62f�%nP¶#�8)A���'93.A!]7X¶C�aPE
�_�a16$# 23(4$C2 �Y9r1[$C.t	z��¾&ºe½ Y¼���¿*½�&*ºe½�	����H7Q¶#�gP 9 7[$C.�)w¶C.I>� 9 7'pI7X¶C�H�������� "2-��9b&�>D� ��x�	0x�

¶87q�����62-9-R'�'1�¶87�P[p�(Y¶C>L)�1 


� �
σ

	 �
σ


 582BH � 
ªµ1¥ ¢�� 	 
ªµ1¥ �

��9-0=A-034F4FD�HV0=589<DQ73\w@�oe`Y03@�?BA^9<GB589�032e9<DQ;<`8587�@�;&HVDQ;<032�>aA�58;<DNEX@eEX@�4FJB58;&58o�0373039�\_@�;&HVDQ;<032�>aA�K

� �
�� rm� � � � � � ��� �z�� � � � �� � �  
J +.-/*1032 ANEw*&6 AQ65%�#@-�= *&8�+.-/*1032 AQH{*&657iF?6!8YX AQH Ah%_2[*\Ew*&6 AQ65%�#@-�=D*&8 F?- 7)#@- AQ6U+�I

k L �  �ml+¡�DQ9TP�¢ w�¤/x<¥[zqo*Du5826032Y9<DQ;<`8587B>�;&58J�G�l�582BH_73DQ9
I
o*Du5WS 584F0373\[@8S�EX73@aA<D�HF032Y9<DQ;<`d587=A

@8St9<G�Dv;<D�587I73032�D�A&?BERG19<GB589aPO¢ P�w
I
z}K]M+H�HV039<03@�2B587373\�lr73DQ9���orD[5_`�DQ;<9<DX~n@�;&HVDQ;<032�>wS�@�;qP[K

�B@�;-DQ`aDQ;<\6`�DQ;<9<DX~w«1@8S/P[lV73DQ9��
x

¢  �Cwz«0z�x���wz«0z " o*DC9<G�DC032e9<DQ;<`8587�@8S
I
EX@�;<;<D�A<J*@�2BHV032�>69<@[«
K

�hD]HVDXxB2�DW5�`aDQ;<9<DX~6@�;&HVDQ;<032�> �1@8S?Pª0=AUS�@�7373@m��A�KI�B@�;^DQ`aDQ;<\FJB5803; ��x�	F@8S
`aDQ;<9<0=EXD�AU@8S?P[lY73DQ9
��

σ

	_0TS�582BHZ@�2�73\_0TS ��w �0z � ��w 	4zp@�;�lY0TS ��w �0zt¢ ��w 	4z}l ��
τ

	*Kq�r@�;^A<G�@d��032�>�9<GB589��|0=A�582
032e9<DQ;<`8587�@�;&HVDQ;<032�>FS�@�;�P[l�73DQ9��ox�	�x�
ªo*Dv`aDQ;<9<0=EXD�A-@8S`P���G�DQ;<D � �

σ

	��
σ


 582BH�� 
�µ�¥6K
§^\ZHVDXxB2�039<03@�2|@8S �Il ��w �0z % ��w 	4z % ��w�
gz}K�se032BEXD ��582BH�
�58;<Dv5�Hdc<5�EXDQ2Y9�032\P[l��

u

582BH��
w032e9<DQ;&A&D�EX9�le0�K DaK3l	�Mw�
gz % ��w �0z}Kt�-G�DQ2�l	�Mw�
gz % ��w 	4z}l�582BH�	w582BH 
�58;<DN5�Hdc{5�EXDQ2Y9-032\P[K

�B@�;]9<G�DFEX@�2e`aDQ;&A&Dalr73DQ9[P ¢ w�¤�x<¥HzuorD65Z>�;&58J�G�l�582BH�73DQ9 ��o*D[582P032Y9<DQ;<`d587:@�;&HVDQ;<032�>
Sz@�;mP[KI�hDuHVDXxB2�DW5CS 584F0373\

I
@8S�032Y9<DQ;<`8587=At@8S�9<G�D];<D�587r73032�DW5�AtS�@�7373@m��ALK��r@�;tDQ`aDQ;<\[`aDQ;<9<DX~6«

@8SJP[lY73DQ9-³
x

o*D]9<G�DWA<46587373D�A<9U2e?�4�orDQ;-A<?BE'G_9<GB589��?w ³
x

zt0=AUEX@�2Y9&58032�D�H_032 �
G

 « " Kq�-G�DQ2�lY73DQ9
�
x

¢
def

 ³
x

x � −1 wz« z " l�582BH|73DQ9 I
¢

def
©
�

x

¬
x∈V

K���9W0=AWEX73D�58;W9<GB589N³
x

% � −1 wz«0z+S�@�;]DQ`aDQ;<\
`aDQ;<9<DX~P« @8S�P[KZ�hD_A<G�@d�O9<GB589:Pg¢ P=w

I
z]G�@�7=H�A�Kn¡�DQ9 �ox�	�o*D6`aDQ;<9<0=EXD�AC@8S�P[l � �

σ

	*K
�I03;&A<9�l�73DQ9��

u

���
v

¢ �VKF§^\�HVDXxB2�039<03@�2h@8S
I
l � −1 w �0z � ³

v

l���G�0=ERGh4FD�582BAC9<GB589
�j582BH�	
58;<D62�@�9�5�Hdc<5�EXDQ2Y9N032SP[K�seD�EX@�2BH�l�73DQ9�

u

���
v

�¢ �VK)�-G�DQ2�l:³
v

% � −1 w �0z}l:582BH �j582BH"	
58;<Dv5�Hdc<5�EXDQ2e9�032\P HV?�DN9<@69<G�DvHVDXxB2�039<03@�2|@8SI032Y9<DQ;<`8587�@�;&HVDQ;<032�>aA�KU�+DQ2BEXDal

I
0=A�582�032Y9<DQ;<`d587

4F@eHVDQ7�S�@�;�P[K



Chapter 10
+IDQ;<4�?�9&589<03@�2)>�;&58J�GBA � � �

��@�9<D�9<GB589+9<G�D�J�;<@�@8St@8Sp�-G�DQ@�;<DQ4 ��� K � J�;<@d`Y0=HVD�A+5673032�D�58;{��9<034FD[5873>�@�;<039<G�4gS�@�;uEX@�4[�
J�?�9<032�>1582P032e9<DQ;<`8587:4F@eHVDQ7:S�@�;C582h032e9<DQ;<`8587�>�;&58J�GPS�;<@�4 5n>�03`aDQ2�032e9<DQ;<`8587:@�;&HVDQ;<032�>BK��-G�D
EX@�2Y`aDQ;&A<D]0=A�587=A<@[9<;<?�DalV0TS:A&@�;<9<032�>6EQ582)orDNHV@�2�DC032)73032�D�58;�9<034FDaK

M�2�@�9<G�DQ;]ERGB58;&5�EX9<DQ;<0=AR589<03@�21@8Sq032e9<DQ;<`8587�>�;&58J�GBA�0=A+>�03`aDQ2)oY\n5wA<JrD�EX0=587
J�;<@�JrDQ;<9�\Z@8Sq039&A
465d~V0346587�EX730=��?�D�A�K

® �a¯ �
� 	 �   � � � ±e�52HP ¢ w�¤�x<¥Hz*^j�*$*!#�%$'&�(Mp�$#.�)�>u�62��
1
x������5x��

r

^j��23(4�V;=$sn#93;=$#>
R6>k9-�5B��'16¶87aP=E �_�H15$# �23(K$C2lP (K$#1:$ � ¿���¹�º � ��¾ 	 Yº � � 	�� �
ºj¼r½�½�¼����rº<�bº �I¾q9 7:$#.0)1¶#.I>k 9 7q23(����%�[9<1a$Z&I���';:B42U$C2-9 ¶#. ��¶#�����C© � x������5x��e¬1�B4R6(�23(4$C23pI7X¶C�a�6������ �����62f�%n�«k¶87�P[p�9 7�«�9r1
�����62f�%nq93.��

π(i)
$#.0)��

π(j)
7X¶#� � % � % � % �]23(���.C«�9r1/�#����2f�jnq9<.��

π(i)
x��

π(i+1)
x������5x��

π(j)
E

}e(4�a15�%�5B���.0Ri� ���
π(1)

x������6x��
π(r) � 9r1a$ � ¿���¹�º � �
¾ 	 Vº � � 	�� ��º�¼*½�½�¼�� �*º �bº<�I¾e7Q¶#��P=E

� �
�� *L� � � � � � � �Z� � �  rm�1� ��� �1 
	 � � � � ���� �  
"$#&%aP ¢ w�¤�x<¥Hzq'<#i*j+.-/*1032 Iov$2�#@654TP ANE�*&6 AQ63%�#@-�= *&8G+.-/*1032 AQH,*&657 F?6!8YX AQHqP 2[*\EM*
CDF?6�E@#�C�e!%BAh=?#>Cm8QA��!e #,*&- -/*&6U+)#@P~#@63%mI

k m �  �ml)¡�DQ9 ���
1
x������5x��

r � orD65)EX@�2BA<D�EX?�9<03`�D�EX730=�e?�DF58;<;&582�>�DQ4FDQ2e9WS�@�;]P[K��hD[HVDXxB2�D6582032Y9<DQ;<`d587�4F@eHVDQ7
I
5�A-Sz@�7373@d��A�K:�B@�;-DQ`aDQ;<\w`aDQ;<9<DX~_«1@8SlP[lV73DQ9

�Cwz« zI¢
def
4F032N© � �8«�µ��

i

¬
�4wz«0zq¢

def
465d~r© � �8«�µ��

i

¬lx
582BH��

x

¢
def
 �Mwz«0z�x��4wz« z " K$�+@�9<Dt9<GB589�9<G�DQ;<Dt465m\uo*Dt032Y9<DQ;<`d587=A�EX@�2Y9&58032�032�>�@�2�73\]@�2�DtDQ73DQ4FDQ2e9�K

�B@�;�DQ`�DQ;<\_JB5803;%��x�	w@8SI`aDQ;<9<0=EXD�A-@8SlP[l ��	_µ�¥ 0TS:582BHn@�2�73\Z0TSI9<G�DQ;<Dv0=A � µh© � x������5x��e¬vA<?BE'G
9<GB589%��x�	wµ��

i

lV0TSI582BHn@�2�73\Z0TS �
u

� �
v

�¢��VKq�+DQ2BEXDal�P�¢�P�w
I
z}lV��G�DQ;<D

I
¢

def
©
�

x

¬
x∈V

K
�B@�;U9<G�D]EX@�2Y`aDQ;&A<Dal�73DQ9mPªo*DW582Z032Y9<DQ;<`d587*>�;&58J�G�lY582BHw73DQ9

I
¢ª©
�

x

¬
x∈V

orDC582w032Y9<DQ;<`8587
4F@eHVDQ7VS�@�;`P[K��hD�A<G�@d�j9<GB589U5CEX@�2BA<D�EX?�9<03`aD-EX730=��?�D�58;<;&582�>�DQ4FDQ2Y9:Sz@�;lP[la9<GB589tEX@�;<;<D�A<Jr@�2BH�A
9<@F9<G�DN>�03`aDQ2n032Y9<DQ;<`d587�4F@YHVDQ7�lBEQ5821o*DN@�o�9&58032�D�Hn032BHV?BEX9<03`aDQ73\�Kq��S�P�0=A+EX@�4FJ�73DQ9<Dal�9<G�DQ2���¤ �0=Aq5CEX@�2BA<D�EX?�9<03`aD�EX730=�e?�D�58;<;&582�>�DQ4FDQ2e9:S�@�;lP[K���S�P�0=A:2�@�9tEX@�4FJ�73DQ9<Dal�73DQ9 �]orD+5]`aDQ;<9<DX~[A<?BE'G
9<GB589+9<G�Dv;<03>�Ge9�DQ2BHVJ*@�032e9u@8S �

z

0=A+A<46587373D�A&9�Jr@aA&A&03o�73DaK^�-G�DQ2�l �
G

 � " 0=A+5_EX730=�e?�DN@8S`P[K�¡�DQ9
���

1
x������5x��

r � orDp5�EX@�2BA<D�EX?�9<03`�DtEX730=��?�Dt58;<;&582�>�DQ4FDQ2Y9�Sz@�;oP[ �-9<GB589
EX@�;<;<D�A<J*@�2BH�A�9<@ I
¨Y©
�

z

¬�K
�-G�DQ2�l��

1
EX@�2Y9&58032BA�58737
2�DQ03>�GYor@�?�;&A+@8S �BK^��S �

G

w �+zp¢�
1
lr9<G�DQ2�� �

G

 � " x��
2
x������5x��

r � 0=A+5EX@�2BA<D�EX?�9<03`aDCEX730=�e?�DC58;<;&582�>�DQ4FDQ2e9-S�@�;�P[l�582BHn0TS�9<G�DQ;<DC0=A�«1µ��
1
9<GB589�0=A�2�@�9�5[2�DQ03>�GYor@�?�;

@8S ��l � �
G

 � " x��
1
x������5x��

r � 0=A�56EX@�2BA<D�EX?�9<03`�DWEX730=�e?�DN58;<;&582�>�DQ4FDQ2Y9-Sz@�;�PO9<GB589�EX@�;<;<D�A<Jr@�2BH�A
9<@

I
K

�v rm *���z���p � � ��� ��� �z [����� � m�V	�� 	 ��� ��� � � �z� L� � �� �����  
"$#&%ZP·¢ w�¤�x<¥[z~'<#~*&6 AQ63%�#@-�= *&8{+.-/*103254�*&657 8�#&% ���

1
x������5x��

r � '<#~*�CDF?6�E@#�C�e!%BAh=&#~Cm8QA��Ue #*&- -/*&6U+)#@P~#@65%{HfF?-�PsI;v$2�#@654�¦ � ¤ ANE,*MP�AQ6!AQPR*&8 E@#�0T*&-/*U%�F?-,F?HlP AQH_*&657�F?6!8YXqAQH %B2�#@-@#,ANE
� µP© � x������5x��Y � ¬9E�e)C�2�%B2[*U%p¦h¢��

i

���
i+1

I

k m �  �mlh¡�DQ9 � µ © � x������5x��Y � ¬�K|fU@�2BA<0=HVDQ;[¦ª¢
def

�
i

���
i+1
K�se032BEXD��

i

582BH��
i+1

58;<D
465d~V0346587]EX730=�e?�D�A_@8S�P[l�9<G�DQ;<DP58;<DP`aDQ;<9<0=EXD�A �ox�	�@8S:P A<?BE'G�9<GB589�� µ��

i

¨��
i+1

582BH



� � �

	6µ��
i+1

¨ �
i

K{��@�9<DW9<GB589 �1582BH 	ForDQ73@�2�>[9<@�HV0���DQ;<DQ2Y9�¦
� S�?�737�EX@�4FJr@�2�DQ2Y9&AU@8S�P[K:��DQ2BEXDal
¦�0=A�5[4F032�0346587�A<DQJB58;&589<@�;�@8S/P�HV?�DC9<@6¡�DQ4F465R}VK � K

�B@�;:9<G�D+EX@�2Y`aDQ;&A<Dald73DQ9U¦�o*D+5W4F032�0346587BA<DQJB58;&589<@�;q@8S�P[K��-G�DQ2�la9<G�DQ;<D+58;<D�`aDQ;<9<0=EXD�At³Ix&´
@8SgPgA&?BERG�9<GB589F¦�0=A[514F032�0346587�³Ix&´&��A<DQJB58;&589<@�;�@8SZP[K|¡�DQ9 � x � µ © � x������5x���¬)A<?BE'G 9<GB589
³)µ �

i

582BHh´Nµ��
j

K]�i039<G�@�?�9]73@aARA+@8Sp>�DQ2�DQ;&5873039�\�l*�UD�5�A&A<?�4FD � % � l�582BHPA<032BEXDF³n582BH�´
58;<DN2�@�2V��5�Hdc<5�EXDQ2e9�032\PFl � � � K^¡�DQ9,�

a

582BHt�
b

orDN9<G�DvEX@�2�2�D�EX9<D�H�EX@�4FJr@�2�DQ2Y9&A�@8SlP�¨�¦
EX@�2e9&58032�032�>)³1582BHh´ml�;<D�A<JrD�EX9<03`�DQ73\�KC¡�DQ9 � ′ o*DF7=58;<>�D�A<9]Jr@aA&A<03o�73DFA<?BE'G�9<GB589 �

i′
EX@�2e9&58032BAW5

`aDQ;<9<DX~n@8SG�
a

�rA<034F037=58;<73\�lB73DQ9 � ′ o*D�A<46587373D�A&9�Jr@aA&A<03o�73D�A<?BE'G)9<GB589 �
j′

EX@�2e9&58032BA�5_`aDQ;<9<DX~n@8S
�

b

KZse032BEXD_³�582BHb´�orDQ73@�2�>�9<@1HV0��.DQ;<DQ2Y9NEX@�2�2�D�EX9<D�HhEX@�4FJr@�2�DQ2Y9&AC@8S�P�¨W¦^l � ′ � � ′ KF�hD
EX7=58034g9<GB589u¦ ¢ �

i′
���

i′+1
K-se032BEXDNDQ`aDQ;<\_`�DQ;<9<DX~w@8SU¦jGB5�A�2�DQ03>�GYor@�?�;&A+032t�

a

582BH �
b

l�039
0=A�EX73D�58;-9<GB589u¦ � �

i′
���

i′+1
KqM+2BHn0TS�9<G�DQ;<DW0=A-«1µ*w��

i′
� �

i′+1
z�¨-¦^lV9<G�DQ2Z«�orDQ73@�2�>aA�9<@

�
a

lV��G�0=E'GnEX@�2Y9<;&5�HV0=EX9&A�9<G�DNE'G�@�0=EXDW@8S � ′ K

� � � � ���
��L� 	 	��e � � ��� �j� ���
��� �B�p��������L�V	� *L�_  � �q�� � � 	��V	 �   � � L���I���

/1032�0346587.9<;<0=582�>�?�7=589<03@�2BA-582BH_4F032�0346587�A<DQJB58;&589<@�;&A^58;<D]EX@�2�2�D�EX9<D�Hwoe\6582Z032Y9<DQ;<D�A<9<032�>v;<DQ7=5d�
9<03@�2BA<G�03J�lL582BHv9<G�0=A�;<DQ7=589<03@�2BA<G�03Jv0=A
EX@�4FJ�73DQ9<DQ73\CERGB58;&5�EX9<DQ;<0=A&D�HWoe\W�-G�DQ@�;<DQ4x}VK ��� K���@d�UDQ`aDQ;�l
039tEQ582�2�@�9qorD�DX~VJrD�EX9<D�H6032F>�DQ2�DQ;&587�9<GB589p�-G�DQ@�;<DQ4 }VK ��� 034FJ�7303D�AqD �_EX03DQ2Y9t5873>�@�;<039<G�46A�laA<032BEXD
xB2BHV032�>�58737-4F032�0346587-A<DQJB58;&589<@�;&A�lqHVDQ9<DQ;<4F032�032�>�9<G�DQ03;[;<DQ7=589<03@�2BA<G�03JBAv��039<G�;<D�A<J*D�EX9�9<@P9<G�D
EX;<@aA&A<032�>[;<DQ7=589<03@�21582BH)>�DQ2�DQ;&589<032�>F465d~V0346587�A<DQ9&A-@8S:JB5803;<��0=A<DW2�@�2V��EX;<@aA&A<032�>F4F032�0346587�A<DQJV�
58;&589<@�;&At0=AU9<034FDX��EX@�2BA<?�4F032�>BK��DQ`aDQ;<9<G�DQ73D�A&ALla4F032�0346587*A&DQJB58;&589<@�;&Ap58;<D+@8S�>�;<D�589U034FJr@�;<9&582BEXD
032�9<G�0=AuERGB58J�9<DQ;�K��y9�0=Au032e9<DQ;<D�A&9<032�>69<GB589�lr032�EQ5�A<Dv@8SqJ*DQ;<4�?�9&589<03@�2|>�;&58J�GBA�lB9<G�DQ\)GB5m`aDND �F�
EX03DQ2e9^;<DQJ�;<D�A<DQ2Y9&589<03@�2BA�l�582BHZ9<G�DQ\_EQ582ZorD]S�@�?�2BH_D�5�A&0373\6032n9<G�DuJ*DQ;<4�?�9&589<03@�2)HV0=58>�;&5841K:�B@�;
9<G�0=A-J�?�;<Jr@aA<Dal�§^@YHV7=58DQ2BHVDQ;�l��W73@��YALl��W;&589&ARERGn032Y9<;<@eHV?BEXD�H\16Ri$#.I>k9<.0��1  } " K
® �a¯ ��� 	 �   � � � ±e�62�Pª¢�P�w��ezg^i�Z$~&�����;HB42U$C2-9 ¶#.=!#�%$'&�(Z¶#�#����© � x������5x��I¬KElFO¹ � ¼��$��	��:º¶87�P 9<1]$q&�$#9<�]w ³�x �WzZ{?(4���j�u³�x �WµP© � � � x � � � x������5x�� � 1

2

¬KE
¡�DQ9�P�¢�P�w��ezUorD�5�J*DQ;<4�?�9&589<03@�2)>�;&58J�G)@d`aDQ;u© � x������5x��I¬�l�582BHw73DQ9

D
¢

D
w��ezUorDC039&A

JrDQ;<4�?�9&589<03@�21HV0=58>�;&5841Kt¡�DQ9��W¢ w ³Ix � z-582BH�� ′ ¢ w ³ ′ x � ′ zUo*DvA&EQ582�73032�D�A-@8SlP[Kq�hDNA&5m\_9<GB589
� %�� ′ 0TSr582BHN@�2�73\C0TS*³�%�³ ′ 582BH � %�� ′ ��� � � ′ 0TSr582BH�@�2�73\C0TS	� %�� ′ 582BH
� �¢�� ′ K
§^\C032Y9sw�� z}l
�UDp4FD�582v9<G�D-A<DQ9�@8SB`aDQ;<9<0=EXD�A
«1µP© � x������5x��I¬UA<?BE'Gv9<GB589�w ³�]« z6w��Y � −1 wz« z%z � � lm0�K DaK3ld032Y9sw�� z
0=A�9<G�DNA<DQ9�@8S:`aDQ;<9<0=EXD�A�A&EQ582�73032�D�v032e9<DQ;&A&D�EX9&A-��039<G�Kp�y2)9<DQ;<46A�@8SIJ*DQ;<4�?�9&589<03@�21HV0=58>�;&5846ALl��
EQ582wo*DW9<G�@�?�>�Ge9-@8S�5�A-5�73032�D]A&DQ>�4FDQ2e9-582BHZ032e9sw�� zp0=A^9<G�DCA<DQ9^@8S
`aDQ;<9<0=EXD�A^032e9<DQ;&A&D�EX9<032�>���039<G
�aKI�hDCA&5m\F9<GB589^5�`aDQ;<9<DX~6«)0=Aq2�¶�23(4�Z>D�3762t¶87��W032

D
0TS�039-HV@eD�A^2�@�9U032Y9<DQ;&A<D�EX9^��039<G��C582BHw0=A

A<46587373DQ;�9<GB582�³rK�se034F037=58;<73\�l�5F`aDQ;<9<DX~n«|0=A]2�¶"23(��[�'9D!�(A2-¶87���032
D
0TSq039+HV@eD�A�2�@�9u032e9<DQ;&A<D�EX9

��039<G��C582BHZ0=AU>�;<D�589<DQ;-9<GB5821³BKq�y9^0=AUD�5�A&\69<@FA<DQDW9<GB589^032Y9sw�� zp0=A�5�A<DQJB58;&589<@�;-@8S?P[lY0TS�9<G�DQ;<D
58;<DF`aDQ;<9<0=EXD�AW9<@)9<G�D673DXS�9N582BHP9<@)9<G�D6;<03>�GY9C@8S���K6�B@�; �

1
x/�

2
� © � x������5x��I¬�l��_0=A^j�62-{`�j�6.

P  �
1
" 582BH\P  �

2
" l*0TSq9<G�Dv`aDQ;<9<0=EXD�A�032
�

1
58;<Dv9<@w9<G�Dv73DXS�9�@8S���582BH�9<G�Dv`aDQ;<9<0=EXD�A�032��

2
58;<D

9<@v9<G�D];<03>�Ge9^@8S��ale@�;^0TS�9<G�Du`aDQ;<9<0=EXD�Ap032 �
2
58;<D+9<@�9<G�Du73DXS�9p@8S��W582BH69<G�D]`aDQ;<9<0=EXD�At032��

1
58;<D

9<@F9<G�DN;<03>�GY9�@8S���Kp�y2)9<G�D�A<DNEQ5�A<D�A�lV032Y9Ww�� z^0=A+582�³Ix&´&��A<DQJB58;&589<@�;�@8S`P S�@�;�DQ`aDQ;<\_JB5803;u³�x&´u@8S
`aDQ;<9<0=EXD�A^��G�DQ;<Dv³6µ �

1
582BH1´+µ �

2
K



Chapter 10
+IDQ;<4�?�9&589<03@�2)>�;&58J�GBA � � �

® �a¯ �
� 	 �   � � � ±e�52�P ^i�$:&�����;HB42U$C2-9 ¶#.\!C�8$'&�(P¶#���6�[© � x������5x���¬KE�F 16Ri$#.I>k9<.0� ��¶%7ZP
9<1=Ri$#><>u�%)P¹}»�º � 	y¼��]9 7$#.�)P¶#.�>� N9 7�¦�¢ def

032Y9Ww�� z=9<1=$O;:93.I9<;=$#>J1s�f&4$#�%$C2�¶#�w¶%7[P $C.�) � 9r1
^j�62-{`�i��. 2-{p¶�¦���7'BK><>�RR¶#;�&V¶#.0��.�231N¶%7~PE

�hD1�-582e9[9<@b730=A&9658737+A<JrD�EX0=587uA&EQ582�73032�D�AF@8SC5PJrDQ;<4�?�9&589<03@�2k>�;&58J�G�K �u?�;_5873>�@�;<039<G�4
0=ACoB5�A<D�Hb@�2b51ERGB58;&5�EX9<DQ;<0=AR589<03@�2h@8S-A<J*D�EX0=587pA&EQ582�73032�D�AC9<GB589v9&58�aD�AW032e9<@|5�EQEX@�?�2e9C9<G�D62�D�58;
A<039<?B589<03@�2�032|9<G�D[J*DQ;<4�?�9&589<03@�2PHV0=58>�;&5841KC�-G�D_��.�R6>3¶�1'BK�j�u@8SU5wAREQ582�73032�D �[¢�w ³Ix � z���G�DQ;<D
³Ix ��µ © � � � x������5x��: 1

2

¬�0=A69<G�D�A<DQ9_DQ2�w�� z)¢
def

©m³� 1
2

x&³ � 1
2

x���w��8 1
2

z�x���w�� � 1
2

zR¬�K se@Bl-9<G�D
DQ2BEX73@aA<?�;<DC465m\wEX@�2Y9&58032norDQ9��UDQDQ2)9��U@F582BHZS�@�?�;�`aDQ;<9<0=EXD�A�K

� � � � � � � �=� "#&%?P�¢�P=w���zu'<#u*,0$#@- Pqe!%h*U%BA�F?6s+.-/*1032�F.=?#@-�© � x������5x���¬<IJ E C@*&6!8QAQ6�# �
F?H?PyANE(E�0$#�CmA *&8TAQH{*&657iF?6!8YXiAQHIDQ2�w�� z �w032Y9Ww�� zq¢��!I
k m �  �ml�¡�DQ9
�Z¢
w ³ � 1

2

x � � 1
2

z]orDZ51A&EQ582�73032�Dal � % ³Ix � � �:l�582BHh73DQ9[¦ ¢
def

032e9sw���z}KZ��S
DQ2�w�� z �b¦ ¢ �Vlp9<G�DQ2�³b582BH ��w��Wzvo*DQ73@�2�>b9<@P@�2�D1EX@�2�2�D�EX9<D�H�EX@�4FJr@�2�DQ2Y9s�

1
@8SaPª¨N¦

582BH�³ � � 582BH ��w�� � � zCo*DQ73@�2�>|9<@P582�@�9<G�DQ;�EX@�2�2�D�EX9<D�H�EX@�4FJ*@�2�DQ2e9s�
2
@8SqP�¨C¦^K se032BEXD

DQ`aDQ;<\w`aDQ;<9<DX~w032|¦jGB5�A-2�DQ03>�GYor@�?�;&A�032 �
1
582BHt�

2
l��

1
582BHj�

2
58;<D�¦
� S�?�737
EX@�4FJr@�2�DQ2Y9&A-@8S

P 582BH �60=AvorDQ9��UDQDQ2 �
1
582BH �

2
Kn��DQ2BEXDalq¦�0=Av5�4F032�0346587pA<DQJB58;&589<@�;N@8S�P[lI582BH �w0=Av5

A<J*D�EX0=587�A&EQ582�73032�DaK �+@m�Nlr73DQ9+DQ2�w�� z �1¦ �¢ �VK��-G�DQ2�lr9<G�DQ;<Dv0=A��hµ�DQ2�w�� z �1¦^l*582BH�DQ039<G�DQ; �
GB5�A�2�@w2�DQ03>�Geo*@�?�;+032|9<G�DvEX@�2�2�D�EX9<D�H�EX@�4FJ*@�2�DQ2e9&Au@8S`P�¨�¦�9<@_9<G�Dv73DXS�9�@8S ��@�; ��GB5�A�2�@
2�DQ03>�GYor@�?�;C032P9<G�D6EX@�2�2�D�EX9<D�HPEX@�4FJr@�2�DQ2Y9&AC@8SmP�¨]¦i9<@Z9<G�DF;<03>�GY9W@8S ��K��+DQ2BEXDal��F0=AW2�@�9
5_A&JrD�EX0=587:A&EQ582�73032�DaK(��@�9<D�9<GB589W¦k465m\Z2�@�9]orD�5_4F032�0346587IA<DQJB58;&589<@�;+@�;u9<GB589u9<G�DQ;<D�0=A+2�@
¦
� S�?�737�EX@�4FJr@�2�DQ2Y9�9<@F9<G�DC73DXSz9�@�;�;<03>�GY9�@8S���K

�v rm *���z���p � � � ° "$#&%lP�¢�P=w���z,')#;*,0#@- Pie!%h*U%BA�F?6i+.-/*1032jF =?#@-+© � x������5x��I¬�4[*&657�8�#&%��
'<#g%B2�#�63e\P '<#@-�F?Hb#�7�+)#DE�F?H PsI v$2�#@654�PZ2[*\EG*U%5P~F&E�%�4F032�© � ��� xsw n

2

zV �|¬�% 1
4

� �jw � � � z
E�0#�CmA *&8bE C@*&6!8QAQ6�#DE 4[*&657j%B2�#mXtC@*&6 ')#,8QANE�%�#�7�AQ6 8QAQ6�# *&-9%BAQP~#\I

k m �  �ml|�q`aDQ;<\PA<JrD�EX0=587pAREQ582�73032�DF@8S~PgEQ582horD_0=HVDQ2Y9<0TxBD�HPoY\�5nJ*@�032e9N@�2 9<G�D6?�J�JrDQ;N73032�D
582BHk5PJ*@�032e96@�2�9<G�D173@m�^DQ;F73032�D1@8SW9<G�D1JrDQ;<4�?�9&589<03@�2�HV0=58>�;&584 @8S]P[Ki�B@�;F032BA<9&582BEXDalU0TS
�|¢ w ³ � 1

2

x � � 1
2

zv0=AF5PA<JrD�EX0=587�A&EQ582�73032�Dn@8SqPFlq9<G�DQ2 �)EQ582�orD)0=HVDQ2Y9<0TxBD�H oY\b9<G�Dn`aDQ;<9<DX~
A<DQ9&A]©m³�x��?w�� zR¬v582BH�©m³Ix���w�� � � zR¬�Kq�y2n9<G�DWSz@�;<4FDQ;�EQ5�A<DalV9<G�D�A&DWA&DQ9&A�EQ582)orDC@8SIEQ58;&HV032B5873039�\ �
@�;_�Vl]582BH�0TS�9<G�DQ\iEX@�2Y9&58032 9��U@�`aDQ;<9<0=EXD�AZ9<G�D�A<DP`aDQ;<9<0=EXD�A)58;<Db5�Hdc<5�EXDQ2e9�K �y2�9<G�Dh7=589<9<DQ;
EQ5�A<Dalp9<G�D1A<DQ9&AF5873�^5m\VA�EX@�2Y9&58032�DX~�5�EX9<73\ 9��U@P2�@�2V��5�Hdc<5�EXDQ2e9[`aDQ;<9<0=EXD�A�K��+DQ2BEXDalTP·GB5�A6589
4F@aA<9������ A<J*D�EX0=587:AREQ582�73032�D�Au582BHP589]4F@aA<9=w n

2

zt � A&JrD�EX0=587qA&EQ582�73032�D�A�KC�r@�;u9<G�D�?�J�JrDQ;
or@�?�2BH�l.2�@�9<D�9<GB589�l.0TS � ! � l*4F032�© ��� �Vxsw n

2

z: ��¬�0=A]7=58;<>�D�A<9+J*@aA&A<03o�73D�0TS ����� D���?B587=A
w n
2

z-	�hl^582BH�9<G�0=AF0=AF9<;<?�DnS�@�; � ¢ 1
4

� ��w �b � z}Kk�B@�;F730=A<9<032�>h9<G�D1A&JrD�EX0=587+A&EQ582�73032�D�ALl
A<034FJ�73\kE'G�D�ER��lUSz@�;wDQ`aDQ;<\�`aDQ;<9<DX~k«�582BH�DQ`aDQ;<\�D�HV>�D � 	�@8SHP ��G�DQ;<D�� � 	*l���G�DQ9<G�DQ;
wz« � 1

2

x�� −1 wz«0z � 1
2

z�@�;gw 	 � 1
2

x�� −1 w �0z � 1
2

z:58;<DuA<JrD�EX0=587rAREQ582�73032�D�A�l8��G�0=ERG_;<D�A<?�739&Aq032_5C73032�D�58;{�
9<034FDC730=A<9<032�>65873>�@�;<039<G�41K



� � �

§^\�HVDXxB2�039<03@�2�lNA&JrD�EX0=587vA&EQ582�73032�D�A�;<DQJ�;<D�A<DQ2Y9)4F032�0346587vA<DQJB58;&589<@�;&A1@8SFJ*DQ;<4�?�9&589<03@�2
>�;&58J�GBA�K��hD)��03737�A<G�@m� 9<GB589F9<G�D)EX@�2Y`aDQ;&A<DZ0=AFD���?B587373\ 9<;<?�Dalp0�K DaK3lpDQ`aDQ;<\b4F032�0346587�A<DQJB5d�
;&589<@�;�0=A�;<DQJ�;<D�A<DQ2Y9<D�HnoY\w56A<J*D�EX0=587
A&EQ582�73032�DaKU�-G�0=A�0=A�oB5�A<D�Hn@�2�5673DQ4F465Foe\Z§^@eHV7=58DQ2BHVDQ;�l
�W73@��YALl �W;&589&ARERG�l-9<GB589w�UD|DX~Y9<DQ2BH�K �-G�D|EX@�2BA<9<;<?BEX9<03@�2i@8SN9<G�D�J�;<@�@8S�0=A_;<DQ7=589<D�H�9<@�9<G�D
EX@�2BA<9<;<?BEX9<03@�2n@8SI9<G�DCJ�;<@e@8SI@8SpfU@�;<@�737=58;<\ ��� K � K
� � � � � � � � � � ���   � � ��� ��� ���� � �  ����[� ��� � L�V	�� 	 � �� � �  
"$#&%HP ¢XP�w��ezj')#�*t0$#@- Pqe!%h*U%BA�F?6 +.-/*1032 F.=&#@-n© � x������5x���¬<I "$#&%��

1
x/�

2
� ¤rAQ657[e)CD#

CDF?6!6�#�C�%�#�7�E�e�'?+.-/*1032�EMF?H�P�I��zH �
G

 �
1
" �
�

2
¢ �<4 %B2�#@6W%B2�#@-@#sANE:* E�0$#�CmA *&8 E C@*&6!8QAQ6�# �

'<#&%^]_#1#@6dP  �
1
" *&657�P  �

2
" E�e)C^2 %B2[*U%I¦b¢

def
032Y9Ww�� z{ANE�*>P�AQ6!AQPR*&8���x�	USBE@#�0T*&-/*U%�F?- F?H�P HfF?-

E@F?P~# =?#@-�%BABCD#DE �1µ �
1
*&657 	_µ �

2
I

k L �  �mluse032BEXDw�
1
582BHs�

2
032BHV?BEXD�EX@�2�2�D�EX9<D�H�A&?�o�>�;&58J�GBA�@8S�Pi9<GB589:HV@W2�@�9qA<GB58;<D-5]`aDQ;<9<DX~�l

2�DQ039<G�DQ;+HV@69<G�DQ\)EX@�2Y9&5803212�DQ03>�Geo*@�?�;&A�@8SqD�5�E'G1@�9<G�DQ;�l��^Dv5�A&A<?�4FDN465d~(�
1
� 4F032u�

2
K^¡�DQ9

�1µ �
1
582BH�	_µ �

2
orD+`aDQ;<9<0=EXD�A:@8SePFK:se032BEXD]¦ ′ ¢

def
¤�¨�wh�

1
�>�

2
z�0=At582F«�x��d��A&DQJB58;&589<@�;q@8S

PiS�@�;t582e\�JB5803;q@8S.`�DQ;<9<0=EXD�AISz;<@�4 �
1
582BHR�

2
l�9<G�DQ;<D�0=Ap5C4F032�0346587 ��x�	a��A&DQJB58;&589<@�;U¦ � ¦ ′ @8SP[K
¡�DQ9��

1
582BH �

2
o*D^9<G�D-EX@�2�2�D�EX9<D�H[EX@�4FJr@�2�DQ2Y9&AI@8S Pw¨*¦1EX@�2Y9&58032�032�>]9<G�D^`�DQ;<9<0=EXD�A
@8S5�

1582BHi�
2
la;<D�A&JrD�EX9<03`aDQ73\�K���9UG�@�7=H�Ap9<GB589 �

1
582BH �

2
58;<DW¦
� S�?�737*EX@�4FJr@�2�DQ2Y9&AU@8SJP[l�582BH_DQ`aDQ;<\

`aDQ;<9<DX~u@8S*¦ZGB5�A
2�DQ03>�Geo*@�?�;&A�032 �
1
582BH �

2
K�¡�DQ9�³[¢

def
465d~ �

1
582BH
�u¢

def
465d~ � −1 w �

1
z}l

582BH�73DQ9 �F¢
def

w ³ � 1
2

x � � 1
2

z}K �uoBA<DQ;<`aDv9<GB589N³ � 4F032 �
2
582BH � � 4F032 � −1 w �

2
z}Kv�-G�DQ2�l

¦i¢ 032Y95w���z}l
582BH �F0=AC5)AREQ582�73032�DForDQ9��UDQDQ2P9��U@�¦
� S�?�737tEX@�4FJr@�2�DQ2Y9&AW@8SmP[K[��DQ2BEXDal �[0=AN5
A<JrD�EX0=587�AREQ582�73032�DaK

�v rm *���z���p � � � ��� "$#&%~P ¢ P�w��ezM'<#:*M0$#@- Pqe!%h*U%BA�F?6t+.-/*1032nF =?#@-v© � x������5x���¬�4$*&657 8�#&%
¦ � © � x������5x��I¬<I �zHI¦nANE *>P�AQ6!AQPR*&8TE@#�0T*&-/*U%�F?-(F?HoP 4b%B2�#@6t%B2�#@-@#(ANE *9Ez0$#�CmA *&8TE C@*&6!8QAQ6�# �>F?H
PyE�e)C�2
%B2[*U%p¦h¢i032e9Ww���z I
k L �  �ml ¡�DQ9F¦ªorDn5|4F032�0346587^A<DQJB58;&589<@�;�@8SqP[lq582BH 73DQ9��

1
582BH �

3
032BHV?BEXD\w�HV0���DQ;<DQ2e9'z

¦
� Sz?�737�EX@�4FJr@�2�DQ2Y9&A�@8S`P[K�fU@�2BA<0=HVDQ;gPi¨�¦^K��q`aDQ;<\Z`aDQ;<9<DX~n@8SlPi¨�¦�o*DQ9y�^DQDQ2t�
1
582BH �

3orDQ73@�2�>aA:9<@W582_¦
� Sz?�737�EX@�4FJr@�2�DQ2Y9:@8S P[KI¡�DQ9G�
2
o*D�9<G�D�¦
� S�?�737�EX@�4FJr@�2�DQ2Y9I@8S�P�EX@�2e9&58032�032�>

465d~ �
1
� � le��G�0=ERGZHV@�D�AU2�@�9torDQ73@�2�>�9<@[¦^K:M+J�J�73\e032�>�¡�DQ4F465 ��� K ��� 9<@M�

1
582BHi�

2
\e03DQ7=H�A

5FA<JrD�EX0=587�AREQ582�73032�D�C@8S�POA<?BERGn9<GB589]¦h¢i032Y9Ww�� z}K

��2�EQ5�A<D�@8StJrDQ;<4�?�9&589<03@�2|>�;&58J�GBA�l�EX;<@aA&A&032�>_@8Sp4F032�0346587:A<DQJB58;&589<@�;&A�l*��G�0=ERG|0=AW582|034[�
Jr@�;<9&582Y9�J�;<@�JrDQ;<9�\w032|EX@�2�2�D�EX9<03@�21��039<G)4F032�0346587�9<;<0=582�>�?�7=589<03@�2BA]w��-G�DQ@�;<DQ4 }VK ��� z}lrEQ582)orD
HVDQ9<DQ;<4F032�D�Hk032i9<G�D|J*DQ;<4�?�9&589<03@�2�HV0=58>�;&584 582BHi9<;&582BA<7=589<D�A6032Y9<@�5 J�;<@�JrDQ;<9�\�@8SvA<JrD�EX0=587
A&EQ582�73032�D�A�Khse@BlqA<JrD�EX0=587-A&EQ582�73032�D�A[58;<D � Sz?�737 	�;<DQJ�;<D�A<DQ2e9&589<03@�2BA�@8S+4F032�0346587-A<DQJB58;&589<@�;&A�@8S
JrDQ;<4�?�9&589<03@�21>�;&58J�GBA�l*A<032BEXDN9<G�DQ\nJ�;<D�A<DQ;<`aDN58737�032VSz@�;<46589<03@�2�l�9<GB589u�UDv2�DQD�H�lB@8Sq9<G�D�EX@�;<;<DX�
A<Jr@�2BHV032�>6A&DQJB58;&589<@�;&A�K

® �a¯ ��� 	 �   � � � }�{p¶16Rj$#.�>�93.0�'1��
1
$#.�) �

2
¶87]$a&�����;:BK2U$C2-9 ¶#.�!#�%$'&�("Pª¢ P�w��ez>	z��¾&ºe½�¸

¹�º � ¾T9 7]$C.�)_¶#.�>� =9 7q.0��9-23(4��� � 1 %��
2
.*¶C���

2
� �

1
E



Chapter 10
+IDQ;<4�?�9&589<03@�2)>�;&58J�GBA � �8�

�y2�@�9<G�DQ;+�^@�;&H�A�l*032e9<DQ;&A&D�EX9<03@�21@8SpA&EQ582�73032�D�A�lr9<GB589]HV@w2�@�9]A<GB58;<D�EX@�4F4F@�2�DQ2BHVJ*@�032e9&A�l
GB5�A-9<G�DN@�;<03>�032B587�>�DQ@�4FDQ9<;<0=EW4FD�582�032�>BK

� � � � � � � � � � "$#&%/P�¢�P�w��ez,'<#,*;0$#@- Pqe!%h*U%BA�F?6i+.-/*1032�F =?#@-+© � x������5x���¬<I"$#&%��
1
*&657

�
2
')#,E�0$#�CmA *&8bE1C@*&6!8QAQ6�#DEuF?H?P 4�*&657s8�#&%p¦

1
¢

def
032e9Ww��

1
z *&657)¦

2
¢

def
032e9Ww��

2
z I

`��Dc��zH �
1
*&657 �

2
7)F 6�F)%_AQ63%�#@-mED#�C�%V%B2�#@6|¦

1
*&657Z¦

2
*&-@#,6�F?6[SzCm-@F&E/E AQ6U+�I

`��?c��zH �
1
*&657 �

2
7)F AQ63%�#@-mED#�C�%V%B2�#@6|¦

1
*&657Z¦

2
Cm-@F&E/E I

k m �  �ml�§^\ HVDXxB2�039<03@�2�l-¦
1
582BHk¦

2
58;<Dn4F032�0346587-A&DQJB58;&589<@�;&A�@8SaP[Kb¡�DQ9 �

1
582BH �

2
HV@

2�@�9W032e9<DQ;&A&D�EX9�KN�hDF5�A&A<?�4FD �
1
� �

2
K�¡�DQ99�

1
x������5x/�

`

orDF9<G�DFEX@�2�2�D�EX9<D�HhEX@�4FJr@�2�DQ2Y9&A]@8S
P�¨u¦

1
l ��! �Vl���G�DQ;<D[9<G�D�`�DQ;<9<0=EXD�A+032 �

i

58;<DFA<46587373DQ;]9<GB582P9<G�D�`aDQ;<9<0=EXD�A]032n�
i+1

S�@�;]58737
� µP© � x������5x �8 � ¬�Kpse?�J�Jr@aA<DN¦

1
582BH1¦

2
EX;<@aA&A�le0�K DaK3l�9<G�DQ;<DC58;<D]9y�^@[EX@�2�2�D�EX9<D�HwEX@�4FJ*@�2�DQ2e9&A

@8S�P ¨]¦
1
9<GB589vEX@�2e9&58032 `aDQ;<9<0=EXD�A]Sz;<@�4 ¦

2
Knse@Bl
9<G�DQ;<D_0=A
� ! � A<?BE'Gh9<GB589
�

2
032e9<DQ;&A<D�EX9&A

��039<G `�DQ;<9<0=EXD�ACS�;<@�4 �
r

582BH �
r+1

K�se032BEXD �
1
� �

2
lI9<G�DZ`aDQ;<9<0=EXD�AN032�DQ2�w��

2
zW9<GB589[58;<D_9<@

9<G�DC;<03>�GY9�@8S��
2
58;<DC2�@�9+EX@�2Y9&58032�D�Hn0321032e9sw��

1
z}Kp��DQ2BEXDalB9<G�DQ;<DC0=A+5[JB589<G1o*DQ9y�^DQDQ215[`aDQ;<9<DX~

S�;<@�4 �
r

582BH)5F`�DQ;<9<DX~_S�;<@�4 �
r+1

lB582BHj�
r

582BHj�
r+1

EQ582�2�@�9+orDN0321HV0���DQ;<DQ2e9�EX@�2�2�D�EX9<D�H
EX@�4FJr@�2�DQ2Y9&Au@8STPi¨+¦

1
l*��G�0=E'G|EX@�2Y9<;&5�HV0=EX9&Au9<G�D�5�A&A&?�4FJ�9<03@�2�9<GB589N¦

1
582BHP¦

2
EX;<@aA&ALKu�r@�;

9<G�D6EX@�2Y`aDQ;&A<Dal.73DQ9�
1
582BH �

2
032Y9<DQ;&A<D�EX9�K �uoBA<DQ;<`aD�9<GB589C9<G�DF`aDQ;<9<0=EXD�A]@8S-DQ2�w��

1
z+orDQ73@�2�>19<@

9��U@[EX@�2�2�D�EX9<D�HnEX@�4FJr@�2�DQ2Y9&A-@8S�P�¨U¦
1
lV582BHZ@�2�DC`aDQ;<9<DX~FS�;<@�4 D�5�ERGn@8S�9<G�D�A&D]EX@�4FJ*@�2�DQ2e9&A

orDQ73@�2�>aA�9<@w¦
2
Kq�-G�DQ2�lr¦

1
582BH�¦

2
EX;<@aARA�K

�hD6;<DQ4658;<�P9<GB589v9<G�D_730=A<9<032�>|5873>�@�;<039<G�4 @8SufU@�;<@�737=58;<\ ��� K � HV@eD�AN2�@�9�@�?�9<J�?�9NDQ`aDQ;<\
4F032�0346587�A<DQJB58;&589<@�;_wz032jSz@�;<4 @8SW5hA<JrD�EX0=587�A&EQ582�73032�D z�DX~�5�EX9<73\b@�2BEXDalpA&032BEXDZ@�2�D)4F032�0346587
A<DQJB58;&589<@�;�465m\wo*DN;<DQJ�;<D�A<DQ2Y9<D�HZoe\nHV0��.DQ;<DQ2Y9�A&EQ582�73032�D�A�Kt�y2  ��� " lB5[73032�D�58;{��9<034FDv5873>�@�;<039<G�4
0=A�>�03`aDQ2)9<GB589uA<DQ73D�EX9&A�DX~�5�EX9<73\w@�2�DNA<J*D�EX0=587
A&EQ582�73032�DCS�@�;�D�5�E'G)4F032�0346587
A<DQJB58;&589<@�;�lBA<@F9<GB589
9<G�D+2Y?�4�orDQ;p@8S�4F032�0346587.A<DQJB58;&589<@�;&AU@8S
5NJrDQ;<4�?�9&589<03@�2Z>�;&58J�GwEQ582_o*D]EX@�4FJ�?�9<D�H_032w73032�D�58;
9<034FDaK6�r@�;]>�DQ2�DQ;&587q>�;&58J�GBALl�730=A<9<032�>n9<G�D64F032�0346587tA<DQJB58;&589<@�;&AW0=Av582h032e9<DQ;<D�A<9<032�>)J�;<@�o�73DQ41K
�W73@��VAI582BH �W;&589&A&E'G[A<G�@m�^D�HN9<GB589:9<G�0=AqEQ582�orD�HV@�2�D-032[Jr@�73\Y2�@�4F0=587V9<034FDUS�@�;:5u>�;&58J�GFEX7=5�A&ALl
0TSq9<G�DN2Y?�4�o*DQ;&A�@8Sq4F032�0346587
A<DQJB58;&589<@�;&A+@8S:039&A+>�;&58J�GBA+58;<DNJ*@�73\e2�@�4F0=587373\no*@�?�2BHVD�H1032�9<G�D
2Y?�4�o*DQ;&A-@8SI`aDQ;<9<0=EXD�A  � } " K

� � ��� k  B	�� � 	 � �B� � �V� �z� �B� 	 � � � � �e�F  � �q�e � � 	��V	 �   � � m�������

�y2BA<9<D�5�Hh@8S�?BA<032�>19<G�DZERGB58;&5�EX9<DQ;<0=A&589<03@�2 @8S-4F032�0346587p9<;<0=582�>�?�7=589<03@�2BAvoY\P465d~Y0346587pA&DQ9&AC@8S
JB5803;<��0=A<DN2�@�2V��EX;<@aARA<032�>F4F032�0346587�A<DQJB58;&589<@�;&ALlB§^@�?BERG�039<9��DN582BH|�
@YHV032BEQ5F032e9<;<@YHV?BEXD�Hd&V¶M2f��.��
2-9@$#>o;=$snC9<;=$#>�R6>k9-�6BI�'1]9<@nA&@�73`aD�J�;<@�o�73DQ46AW7303��D�9<;<DQDQ��0=HV9<Gh582BH�4F032�034�?�4£xB737T��032  ���#" K +�@8�
9<DQ2Y9<0=587B465d~Y0346587BEX730=�e?�D�Ap58;<DuA<DQ9&Aq@8S�`aDQ;<9<0=EXD�A�l�582BH_9<G�DQ\�9<?�;<26@�?�9U`aDQ;<\v?BA&DXSz?�7r587=A&@WSz@�;t@�?�;
J�;<@�o�73DQ46A�K:�y2_9<G�0=ApA&D�EX9<03@�2�l��^D+��03737.ERGB58;&5�EX9<DQ;<0=A<DuJr@�9<DQ2Y9<0=587r465d~V0346587*EX730=�e?�D�Ap@8S�J*DQ;<4�?�9&5d�
9<03@�2)>�;&58J�GBA�K



� �\�

® �a¯ ��� 	 �   � ��� ±e�62qP ¢Xw�¤/x<¥[z_^i�O$_!#�8$�&�(4EYF�15�62,� � ¤ ¶87c�����62-9-R'�'1�¶87P 9r1N$
»�¿*¾&º<��¾ 	�¼[�u�b¼��[	z�b¼[� � ��	�� �
º�¶%7ZP 9 7�$#.�)1¶#.�>� c9 7H23(4���j��9<1H$d;:93.I93;�$C>�2-�'9@$#.A!CBA>D$C2-9 ¶#.Ny
¶87�P�1�B4R6(�23(4$C2$� 9r1]$;�$Wn#9<;=$#>eR6>k9@�6B���¶87~y�E

�B@�;�@�?�;
J�?�;<Jr@aA<D�A�lm�^Dp2�DQD�HC9��U@�Sz?�;<9<G�DQ;
AREQ582�73032�D�A�9<GB589
�^DpHVD�EX7=58;<DU9<@+orD^A<JrD�EX0=587�K�¡�DQ9
P ¢�P�w��ezqo*D]5vJrDQ;<4�?�9&589<03@�2_>�;&58J�Gw@m`aDQ;�© � x������5x���¬�K:�-G�DQ2�le9<G�DuA&EQ582�73032�D�AUA

0
¢

def
w 1
2

x 1
2

z
582BHwA n

e

¢
def

w � � 1
2

x�� � 1
2

zU58;<D]587=A<@FA<J*D�EX0=587�K:¡�DQ9 �
1
582BH �

2
o*DC9y�^@�A&JrD�EX0=587�A&EQ582�73032�D�A^@8S?P

A<?BE'G_9<GB589 �
1
� �

2
KI§^\cP  �

1
x �

2
" �^D]HVDQ2�@�9<DW9<G�DCA<?�o�>�;&58J�GZ@8S?P 032BHV?BEXD�HZoe\F9<G�DW`aDQ;<9<0=EXD�A

9<GB589:032e9<DQ;&A<D�EX9:��039<G �
1
@�; �

2
@�;q9<GB589:7303D�o*DQ9y�^DQDQ2 �

1
582BH �

2
l�0�K DaK3l�9<@W9<G�D�;<03>�GY9:@8S �

1
582BH[9<@

9<G�DC73DXSz9�@8S �
2
Kp��039<G\P  �

1
x �

2
" �^Dv5�A&A<@YEX0=589<DC9<G�DCJrDQ;<4�?�9&589<03@�2�HV0=58>�;&584g@8SlP�;<D�HV?BEXD�H)9<@

@�2�73\�9<G�Du`aDQ;<9<0=EXD�A:@8SoP  �
1
x �

2
" KI�-G�D+2�@�2V��032e9<DQ;&A<D�EX9<032�>�A&EQ582�73032�D�A��

1
582BH �

2
58;<D].0��9D!�(4^<¶#BK�'1

0TS�9<G�DQ;<D60=AN2�@�A&JrD�EX0=587pA&EQ582�73032�D � ′ @8S�P A<?BE'Gb9<GB589 �
1
� � ′ � �

2
K_�hDZA&5L\�9<GB589 �

1
0=Av5

>D�-7�2�.0��9D!�(4^<¶#BK�W@8S��
2
582BH �

2
0=Av5 �'9D!�(A2�.0��9D!�(4^<¶CBA�W@8S �

1
K6��S��

1
582BH �

2
GB5m`aDF51EX@�4F4F@�2

DQ2BHVJr@�032Y9u9<G�DQ\158;<D�R6>3¶�15�+2�DQ03>�GYor@�?�;&A�K]§^\�� <
π

w�� z��^D�HVDQ2�@�9<D�9<G�D�A<DQ9u@8Sp73DXS�9+2�DQ03>�GYor@�?�;&A
@8SIA<J*D�EX0=587�A&EQ582�73032�D�C@8SlP[K
� � � � � � � � � � "$#&%�PO¢ P�w��ez '<# *90$#@- Pqe!%h*U%BA�F?6 +.-/*1032�F =?#@-C© � x������5x��I¬�4T*&657i8�#&% �
'<#9%B2�# 65e\Pq')#@- F?H$#�7�+)#DE F?H�P�I v$2�#@654IP 2[*\E�*U%$P~F&E�%J� � 0T*&AQ-mE F?HbEz0$#�CmA *&8�E1C@*&6!8QAQ6�#DEu%B2[*U%
*&-@#9Cm8�F&E@#w6�#@A�+.25')F)e\-mE�I

k L �  �ml�¡�DQ9 �u¢ w ³�x �Wz
orD�5]A<JrD�EX0=587�A&EQ582�73032�D^@8S P[KI�-G�DQ;<D^0=AI589:4F@aA<9I@�2�D-A<JrD�EX0=587�A&EQ582�73032�D
� ′ ¢ w ³�x � ′ z-@8S�P A<?BE'G19<GB589 ��582BH � ′ 58;<D�2�DQ03>�Geo*@�?�;&A+582BH � ′ � ��K]se034F037=58;<73\�lB9<G�DQ;<D�0=Au589
4F@aA<9C@�2�D6A<J*D�EX0=587pA&EQ582�73032�D � ′′ ¢
w ³ ′′ x �Wzu@8S�P A<?BE'GP9<GB589 �w582BH � ′′ 58;<DF2�DQ03>�Geo*@�?�;&Av582BH
³ ′′ � ³BK{��@�9<Du9<GB589p032wor@�9<GnEQ5�A<D�At9<G�DuDQ2BEX73@aA<?�;<D+@8S��u4�?BA&9pEX@�2e9&58032w9y�^@N`aDQ;<9<0=EXD�Ap9<GB589U58;<D
9<@F9<G�DC;<03>�Ge9-@8S �al�582BHn9<G�D�A<DC`�DQ;<9<0=EXD�A�58;<DN5�Hdc{5�EXDQ2Y9�K

� � � � � � � � � � "$#&%�P²¢ P=w���zv¢�w�¤�x<¥[z~'<#R*s0$#@- Pqe!%h*U%BA�F?6n+.-/*1032 F.=?#@-[© � x������5x��I¬<I
"$#&% �

1
4��

2
4��

1
*&657��

2
'<# E�0#�CmA *&8E1C@*&6!8QAQ6�#DE;F?H`P ]_2�#@-@# �

1
µ � <

π

w��
2
zu*&657��

1
µ � <

π

w��
2
z I

"$#&%p¦
1
¢

def
032Y9sw��

1
z *&657Z¦

2
¢

def
032Y9Ww��

2
z/4�*&657s8�#&%G��¢

def
¤=wUP  �

1
x �

2
" z I(v$2�#@6 

`��Dc��1µ �k¨qw�¦
1
�)¦

2
z�¢�� �

G

 � " ¢ �
`��?c��1µ|¦

1
¨�¦

2
582BH�	_µ|¦

2
¨�¦

1
¢�� � 	Zµ1¥

`��1ct��¢ ¤=wUP  �
1
x��

2
" z�¢�� �

1
¢��

1
582BH��

2
¢��

2
I

k L �  �mlv¡�DQ9���x�	nµ�� A<?BERG�9<GB589�� 	 �µ|¥6K-¡�DQ9��|µ
�k¨Zw�¦
1
�)¦

2
z}K-��S�	nµt�i¨Zw�¦

1
�1¦

2
z}l

9<G�DQ;<D+0=A^5�A&JrD�EX0=587�A&EQ582�73032�D+o*DQ9y�^DQDQ2dP  ©���¬ " 582BHdP  ©�	B¬ " oe\6¡�DQ4F465 ��� K ��� 9<GB589-HV@�D�A^2�@�9
032e9<DQ;&A&D�EX9C��039<Gb2�DQ039<G�DQ; �

1
2�@�; �

2
KZ��S 	 µi¦

1
l�9<G�DQ;<D60=Av51`aDQ;<9<DX~�
 032b9<G�D6DQ2BEX73@aA<?�;<D_@8S

�
1
9<GB589u0=A]9<@Z9<G�D�73DXS�9]@8S �

1
582BH|5�Hdc<5�EXDQ2Y9+��039<G�	1A<?BE'G�9<GB589]9<G�DQ;<D�0=A]5nA<JrD�EX0=587:A&EQ582�73032�D

orDQ9��UDQDQ2OP  ©�	�x�
C¬ " 582BHOP  ©���¬ " oe\Z¡�DQ4F465 ��� K ��� lB582BHn9<G�0=A+A&EQ582�73032�DNHV@�D�A�2�@�9+032e9<DQ;&A<D�EX9
��039<Gb2�DQ039<G�DQ; �

1
2�@�; �

2
Kw�-G�D_EQ5�A<D 	 µ�¦

2
0=AvA<034F037=58;N9<@�	bµi¦

1
K)se032BEXD �

1
582BH �

2
58;<D

2�DQ03>�Geo*@�?�;&AI9<G�DQ;<D^EQ582�2�@�9:orD�5WA<J*D�EX0=587YA&EQ582�73032�D^orDQ9��^DQDQ2�9<G�DQ41l�582BH[A<9&589<DQ4FDQ2Y9Tw � z�G�@�7=H�A�K
��S �hµ ¦

1
¨+¦

2
582BH�	1µ ¦

2
¨�¦

1
l*9<G�DQ;<D�58;<D�`aDQ;<9<0=EXD�A�«bµ�DQ2ow��

1
z�¨(� 582BH��ZµPDQ2�w��

2
z
¨w�

A<?BE'G69<GB589 �B«�µ1¥�582BH 	 �[µ1¥�582BH_9<G�DQ;<D+0=Ap5�A<JrD�EX0=587�A&EQ582�73032�D �]o*DQ9y�^DQDQ2 �
1
582BH �

2
HV?�D



Chapter 10
+IDQ;<4�?�9&589<03@�2)>�;&58J�GBA � � �

9<@6¡�DQ4F465 ��� K ��� l�58J�J�7303D�Hn9<@P  ©���x{«�¬ " 582BH_P  ©�	�x��Y¬ " K{�+@�9<DC9<GB589�¡�DQ4F465 ��� K ��� EQ582norD
58J�J�7303D�H�l.A<032BEXD_©�	0x��Y¬ � �

G

 ©���x{«�¬ " ¢ �VK]��@d�UDQ`aDQ;�l	�[EQ582�2�@�9uDX~V0=A<9�lrA&032BEXD �
1
582BH �

2
58;<D

2�DQ03>�GYor@�?�;&A�l�582BH�A<9&589<DQ4FDQ2e9�w@�Mz+G�@�7=H�A�Kg��@�9<D[9<GB589]9<G�0=AWEQ5�A<D�0=A]2�@�9WJr@aARA<03o�73Dal.0TS �
1
¢�A

0@�;��
2
¢�A n

e

l�A<032BEXD�¦
1
¢���@�;]¦

2
¢��VK

�B@�;UA<9&589<DQ4FDQ2e9�w � z:@�oBA<DQ;<`aD�9<GB589 �
1
HV@�D�Ap2�@�9p032Y9<DQ;&A<D�EX9q��039<G_2�DQ039<G�DQ; �

1
2�@�; �

2
l�A<032BEXD

@�9<G�DQ;<��0=A<D:� ′ ¢
def
¤=wUP  �

1
x��

2
" z-�^@�?�7=H1EX@�2Y9&580321`aDQ;<9<0=EXD�A�Sz;<@�4g9<G�D�DQ2BEX73@aA<?�;<DN@8S��

1
@�; �

2
K

M�2B5873@�>�@�?BA&73\�l �
2
HV@eD�A]2�@�9u032Y9<DQ;&A<D�EX9+��039<G�2�DQ039<G�DQ; �

1
2�@�; �

2
KNse@Bl�© �

1
x �

2
x��

1
x��

2
¬[0=A]5wA<DQ9

@8S:JB5803;<��0=A<DC2�@�2V��032e9<DQ;&A&D�EX9<032�>6A<JrD�EX0=587
AREQ582�73032�D�A�KUse032BEXD:� ′ 4�?BA<9�EX@�2e9&58032156`aDQ;<9<DX~w9<@69<G�D
;<03>�GY9�@8S��

1
9<GB589�orDQ73@�2�>aA�9<@F9<G�DvDQ2BEX73@aA<?�;<DC@8S��

1
l �

1
� �

2
�BA<034F037=58;<73\�l �

1
� �

2
l�582BHn9<G�0=A�0=A

@�2�73\_J*@aA&A<03o�73DC0TS �
1
¢��

1
582BH��

2
¢��

2
K

¡�DQ9��
1
582BH �

2
o*D�A<JrD�EX0=587rAREQ582�73032�D�A:@8SeP�¢�P=w���z���G�DQ;<D �

1
µ��

<
π

w��
2
z}KIMi`aDQ;<9<DX~�«1µ

© � x������5x��I¬C0=A�582 9<.I. �����#����2f�jnC@8S�P  �
1
x �

2
" 0TSI« �µ)032e9sw��

1
z �_032Y9sw��

2
z^582BHZ«1µ|¤"wUP  �

1
x �

2
" z}K

�y2�2�DQ;Z`�DQ;<9<0=EXD�AwJ�7=5m\i5�A<J*D�EX0=587C;<@�73Dh032�@�?�;1582B5873\YA<0=ALl+A<032BEXD �
G

 « " ¢ ¤wUP  �
1
x �

2
" zwoY\

¡�DQ4F465 ��� K � � K:�B@�;-5vJ*@�9<DQ2e9<0=587�465d~V0346587.EX730=�e?�D>��@8S�P[lY�UDWA&5m\F9<GB589U«1µ � 0=A-582\9<.�.0���
�����62f�%n[@8S � 0TS��

G

 « " ¢ �[KC�hD[J�;<@d`aD�5Z?BA<DXS�?�7IE'GB58;&5�EX9<DQ;<0=A&589<03@�2�@8SpJr@�9<DQ2Y9<0=587:465d~Y0346587
EX730=�e?�D�A-��039<G)032�2�DQ;�`aDQ;<9<0=EXD�A�K

� � � � � � � � � � "$#&%`P�¢ w�¤/x<¥[z>')#g* +.-/*103254�*&657R8�#&%:« '<#;* =?#@-�%�#/L�F?H�PsI �
G

 « " ANEw*
0$F)%�#@65%BA *&8 PR*?LUAQPR*&8OCm8QA��!e #9F?H`P AQHG*&657 F?6!8YXjAQH %B2�#@-@# *&-@#;6�F�=?#@-�%BABCD#DEu³�x&´Nµ �

G

wz«0zwE�e)C�2
%B2[*U% �

G

 « " ¨+©m³Ix&´�¬>ANEw*&6�³Ix&´DSBE@#�0T*&-/*U%�F?-uF?H/P�I
k m �  �ml�¡�DQ9{��¢

def
�

G

 « " orD�5]Jr@�9<DQ2Y9<0=587e465d~V0346587VEX730=��?�D^@8S P[l�582BH�73DQ9JygorD-5u4F032�0346587
9<;<0=582�>�?�7=589<03@�2_@8SJP�EX@�2e9&58032�032�>���5�Ap465d~Y0346587.EX730=��?�DaKI¡�DQ9�³�582BHw´^orD]`aDQ;<9<0=EXD�Aq032 � 9<GB589
58;<D�2�@�2V��5�Hdc{5�EXDQ2Y9u032*P[Kvse032BEXDR� 0=AW5nEX730=��?�D�032 y l�³�´N0=AC582|D�HV>�D[032Vy l�582BH|9<G�DQ;<D[58;<D
`aDQ;<9<0=EXD�A ��x�	CA<?BERGv9<GB589:³e´:0=A�?�2�0=�e?�DUE'G�@�;&HN032�EX\YEX73Dqw ³Ix���x&´ x�	4z�032[y HV?�Dp9<@W�-G�DQ@�;<DQ4x}VK � � K
��039<G�@�?�9�73@aA&AN@8S�>�DQ2�DQ;&5873039�\�l �jHV@eD�Av2�@�9No*DQ73@�2�>|9<@
� 582BH"	h¢ «�K1��DQ2BEXDalIDQ`aDQ;<\ ��x{«��
A<DQJB58;&589<@�;[@8Sgy 4�?BA&9�EX@�2Y9&58032k³b582BHk´mK �+@�9<D)9<GB589 �

G

wz«0z�0=AF5 ��x{«���A&DQJB58;&589<@�;F@8Sgy K
�-G�DQ2�le9<G�DQ;<D+0=A^5v4F032�0346587$��x{«���A<DQJB58;&589<@�; � � �

G

wz«0zt@8S�y K_|]?�D+9<@��-G�DQ@�;<DQ4 }VK ��� l �i0=A
5F4F032�0346587 �ox{«���A<DQJB58;&589<@�;�@8S`P[lB582BH � EX@�2e9&58032BA�or@�9<G�³w582BH�´mK-�-G�0=A�4FD�582BA�9<GB589�9<G�DQ;<D
58;<Du³�x�����582BH_´ x�����JB589<GBAt032"P 9<GB589pHV@C2�@�9pEX@�2Y9&58032F`aDQ;<9<0=EXD�A:S�;<@�4 �

G

 « " DX~�EXDQJ�9qS�@�;p³v582BH
´mlV;<D�A<JrD�EX9<03`aDQ73\eKI�-G�DQ2�l �

G

 « " ¨+©m³Ix&´�¬v0=A�2�@�9�582�³�x&´<��A<DQJB58;&589<@�;�@8SlP[K
�B@�;W9<G�D6EX@�2Y`aDQ;&A<Dal�73DQ9 �

G

wz« zWEX@�2e9&58032P2�@1`�DQ;<9<0=EXD�AW³�x&´�A<?BERGP9<GB589 �
G

 « " ¨N©m³�x&´Q¬60=A
582�³Ix&´&��A<DQJB58;&589<@�;�@8SlP[Kt�y2)@�9<G�DQ;��^@�;&H�A�leSz@�;�DQ`�DQ;<\_JB5803;u³�x&´+@8S:2�@�2V��5�Hdc<5�EXDQ2e9�`aDQ;<9<0=EXD�A-032
�

G

wz«0z}lV9<G�DQ;<DW0=A�582�³�x&´<��JB589<G)032_P�EX@�2Y9&58032�032�>[2�@�`�DQ;<9<DX~6Sz;<@�4 �
G

 « " ¨�©m³�x&´Q¬�KpfU@�2BA<0=HVDQ;
9<;<0=582�>�?�7=589<03@�2 y ′ ¢

def
P ��� ′ @8S�Pg��G�DQ;<D�� ′ ¢

def
©���	 �µi¥ ���ox�	��¢ «�¬�l�0�K DaK3l?y ′ �«

0=A�EX@�4FJ�73DQ9<DZ582BH �
H′

wz«0z[¢ �
G

wz«0z}KP¡�DQ9�y � y ′ o*DZ5|4F032�0346587U9<;<0=582�>�?�7=589<03@�2�@8SgP[K
�hDvJ�;<@d`aDC9<GB589 �

G

 « " 0=A]56EX730=�e?�Dv032\y K+se?�J�Jr@aA&Dv9<G�DQ;<D�58;<Dv`aDQ;<9<0=EXD�Au³�x&´Cµ �
G

wz«0z-9<GB589
58;<D_2�@�2V��5�Hdc<5�EXDQ2Y9N032 y�K1§^\b5�A&A<?�4FJ�9<03@�2�l�9<G�DQ;<D_0=Av582�³Ix&´&��JB589<G  ¢�w ³�x��

1
x������5x��

r

x&´�z
032Oy 9<GB589uHV@eD�A+2�@�9]EX@�2e9&58032�`aDQ;<9<0=EXD�A-S�;<@�4 �

G

 « " DX~VEXDQJ�9�Sz@�;W³w582BH�´LK-�i039<G�@�?�9u73@aARA�@8S
>�DQ2�DQ;&5873039�\�l  0=A�A<G�@�;<9<D�A<9CJr@aARA<03o�73DaK_�y9CG�@�7=H�AC9<GB589 � ! � K_�-G�DQ2�lTwz«�x&³Ix��

1
x������5x��

r

x&´6z]0=A
5nERG�@�;&HV73D�ARAuEX\VEX73D�@8SU73DQ2�>�9<GP589W73D�5�A<9 � l.��G�0=ERGhEX@�2Y9<;&5�HV0=EX9&A�y orDQ032�>)ERG�@�;&H�587�KC�+DQ2BEXDal
³
582BH)´+58;<DN5�Hdc<5�EXDQ2Y9^032�y�lY582BH��

G

 « " 0=A�5FEX730=��?�DW032�y Kpse032BEXD �
H

 « " ¢ �
G

 « " l �
G

 « " 0=A



� � }

5F465d~V0346587
EX730=��?�Dv032_y l�9<G�DQ;<DXS�@�;<Dv5_465d~Y0346587
EX730=�e?�DN032�564F032�0346587
9<;<0=582�>�?�7=589<03@�21@8S`P[l
0�K DaK3l�5[Jr@�9<DQ2Y9<0=587�465d~Y0346587�EX730=�e?�DW@8S/PFK

se9&58;<9<032�>vS�;<@�4 4F032�0346587*9<;<0=582�>�?�7=589<03@�2BALleJ*@�9<DQ2e9<0=587�465d~V0346587.EX730=�e?�D�AU��039<GZ032�2�DQ;-`aDQ;{�
9<0=EXD�A�58;<DCD�5�A<0373\Z0=HVDQ2e9<0Txr58o�73DaK

� � � � � � � � � � "$#&%�P�¢ w�¤/x<¥[z '<#>*�+.-/*1032545*&657i8�#&%/y '<#>*sP�AQ6!AQPR*&8G%B- A *&6U+[e\8 *U%BA�F?6
F?HTP�IM"#&% ��µ�¤ E�e)C^2 %B2[*U%g%B2�#@-@# ANE F?6!8YX F?6�# PR*?L)AQPR*&8 Cm8QA��!e #M� AQ6�y CDF?65%h*&AQ6!AQ6U+��$I
v$2�#@654 ��ANEw*&6 AQ6!6�#@->=?#@-�%�#/L�F?H_��I

k L �  �mlCse032BEXDN©���x�	r¬+S�@�;pDQ`aDQ;<\�	6µ��
G

w �0z:0=A^5vEX730=�e?�D+032cy l �
G

 � " � �[Ktse?�J�Jr@aA&Du9<G�DQ;<D
0=A 	_µ ��A<?BE'GF9<GB589 � 	��µ1¥_Kqse032BEXD�� 	_µ1¥"w-y\z}l ��	�0=Ap?�2�0=��?�D�E'G�@�;&HF032_5NEX\Y7=EXD[w ��x{«ox�	�x��+z
032]y oe\W�-G�DQ@�;<DQ4K}VK � � KI§U?�9�A<032BEXDq«�x��[µ �[lm«�582BH ��58;<Dp5�Hdc<5�EXDQ2Y9�032]y lmG�DQ2BEXDgw ��x{«ox�	�x��+z
EX@�2e9&58032BA-9��^@[E'G�@�;&H�A-032Ny lV��G�0=E'G1EX@�2Y9<;&5�HV0=EX9&A-9<G�DN5�A&A<?�4FJ�9<03@�2�K

� � � � � � � � � � "$#&%�P�¢�P�w��ez{')#{*{0$#@- Pqe!%h*U%BA�F?6g+.-/*1032:F =?#@-I© � x������5x��I¬<I�v$2�#@654+P 2[*\E
*U%P~F&E�% �i0T*&AQ-mEwF?H$Ez0$#�CmA *&8TE C@*&6!8QAQ6�#DEg%B2[*U%{*&-@#w6�#@A�+.25')F)e\-mE>'Ue!%$6�F)%�Cm8�F&E@#w6�#@A�+.2T'<F)e\-mE�I
k L �  �mlh¡�DQ9 �

1
582BH �

2
orDnA<JrD�EX0=587^A&EQ582�73032�D�AN@8SgPg9<GB589�58;<Dw2�DQ03>�Geo*@�?�;&Avo�?�9�2�@�9�EX73@aA<D

2�DQ03>�Geo*@�?�;&A�Kh�-G�DQ2�l`P  �
1
x �

2
" 4�?BA&9�EX@�2Y9&58032j582�032�2�DQ;[`aDQ;<9<DX~b« �^@�9<G�DQ;<��0=A<Dal:0�K DaK3ltDQ`aDQ;<\

`aDQ;<9<DX~|@8S~P  �
1
x �

2
" 032e9<DQ;&A&D�EX9&AW��039<G �

1
@�;�

2
l?P �^@�?�7=HPGB5L`aD[51A<J*D�EX0=587tA&EQ582�73032�DF9<GB589C0=A

EX73@aA<D_9<@ �
1
582BH �

2
lIG�DQ2BEXDworDQ9��UDQDQ2 �

1
582BH �

2
wz9<G�0=Av587=A<@�Sz@�7373@d��ACS�;<@�4 ¡�DQ4F465 ��� K � � l

A<9&589<DQ4FDQ2Y9Hw@�Mz%z}KN¡�DQ9�w��
1
x��

2
z+orDF5_JB5803;W@8SUA&JrD�EX0=587:A&EQ582�73032�D�A]@8STP ��G�DQ;<D �

1
� �

2
582BH �

1582BH �
2
58;<D�2�DQ03>�GYor@�?�;&Aqo�?�9q2�@�9tEX73@aA<D-2�DQ03>�GYor@�?�;&AtA&?BERG[9<GB589q«60=A:032�2�DQ;q`aDQ;<9<DX~�@8S�P  �

1
x��

2
" K

se?�J�Jr@aA<D�
1
582BH �

1
032Y9<DQ;&A<D�EX9�Kq�-G�DQ;<DN58;<DN9��^@�2�@�2V��5�Hdc<5�EXDQ2Y9�`aDQ;<9<0=EXD�A-@8SI9<G�DCDQ2BEX73@aA&?�;<DC@8S

�
1
9<GB589Uo*DQ73@�2�>�9<@�032Y9Ww��

1
z}lY582BHwHV?�D]9<@�¡�DQ4F465 ��� K � � lY9<G�DQ\658;<D]2�DQ03>�Geo*@�?�;&AU@8S�«
K:��DQ2BEXDal

�
1
032Y9<DQ;&A<D�EX9&A]��039<G�«�l���G�0=ERGP0=AW2�@�9WJr@aARA<03o�73DF582BH �

1
¢ �

1
KFse034F037=58;<73\�l �

2
582BH �

2
HV@)2�@�9

032e9<DQ;&A&D�EX9�K6��DQ2BEXDalp© �
1
x �

2
x��

1
x��

2
¬_0=Av51A<DQ9N@8S-JB5803;<��0=A<DF2�@�2V��032Y9<DQ;&A<D�EX9<032�>�A&EQ582�73032�D�AC@8S�P[l

A<032BEXD+« � A&DQJB58;&589<D�A
	 �
1
582BH �

1
Sz;<@�4 �

2
582BH �

2
Kpse032BEXD �

1
582BH��

2
5�AU�UDQ737�5�A �

1
582BH �

2
58;<D

2�DQ03>�Geo*@�?�;&A�lV039�S�@�7373@m��A�9<GB589��
1
¢ �

1
582BH �

2
¢ �

2
KU�-Ge?BALlYSz@�;�DQ`�DQ;<\_`aDQ;<9<DX~ �|@8SlP[l�9<G�DQ;<D

0=Ap589t4F@aA&9p@�2�D�JB5803;qw��
1
x �

2
zq@8S�A&JrD�EX0=587*AREQ582�73032�D�At@8SoP�9<GB589^58;<D+2�DQ03>�GYor@�?�;&Ato�?�9p2�@�9UEX73@aA<D

2�DQ03>�Geo*@�?�;&A�A<?BE'GZ9<GB589 �10=A�032�2�DQ;�`aDQ;<9<DX~_@8SlP  �
1
x �

2
" K

�-G�D�46580326;<D�A<?�739p@8S�9<G�0=AUA<D�EX9<03@�260=AU5NERGB58;&5�EX9<DQ;<0=AR589<03@�2F@8S�J*@�9<DQ2e9<0=587*465d~Y0346587*EX730=��?�D�A
@8SCJrDQ;<4�?�9&589<03@�2i>�;&58J�GBA_032�9<DQ;<46Aw@8SvA<JrD�EX0=587]A&EQ582�73032�D�A�K��hD���03737uEX@�2BA<0=HVDQ;69��^@�EQ5�A<D�A��
Jr@�9<DQ2Y9<0=587�465d~Y0346587�EX730=�e?�D�A-��039<G1582BHn��039<G�@�?�9�032�2�DQ;�`aDQ;<9<0=EXD�A�K

� � � � � � � � � � "$#&%�P ¢�P�w��ez�')#M*�0$#@- Pqe!%h*U%BA�F?6�+.-/*1032�F.=&#@-�© � x������5x��I¬<I:"$#&%u� �
© � x������5x��I¬~'<#;*>0F)%�#@63%BA *&8TPR*?LUAQPR*&8_Cm8QA��Ue #gF?H�P %B2[*U%{2[*\E(*&6�AQ6!6�#@->=&#@-�%�#/LTI v$2�#@654$%B2�#@-@#
*&-@#;E�0#�CmA *&8 E C@*&6!8QAQ6�#DE �

1
x �

2
F?HlP E�e)C^2n%B2[*U%��

1
µ �

<
π

w��
2
z(*&657 � ¢�¤"wUP  �

1
x �

2
" z/4]_2�#@-@#

�
1
*&657 �

2
*&-@#u6�F)%VCm8�F&ED#u6�#@A�+.25')F)e\-mE�I



Chapter 10
+IDQ;<4�?�9&589<03@�2)>�;&58J�GBA � � �

k m �  �mlC§^\wHVDXxB2�039<03@�2�lB9<G�DQ;<DC0=A�5[`aDQ;<9<DX~w«|@8S�P�A&?BERG)9<GB589 �
G

 « " ¢ �[Kq�hDWxB;&A<9�HVDXxB2�D
9��U@FA&EQ582�73032�D�A-@8SlP�5�A^S�@�7373@m��A�K:¡�DQ9

³
1
¢

def
465d~.©m³ � «��a³��µ��

G

wz«0zR¬ ��© � ¬
³
2
¢

def
4F032�©m³ 	�«��a³��µ��

G

wz«0zR¬ ��© � � � ¬
�
1
¢

def
465d~.© � � � −1 wz« z � �?w � z �µ��

G

wz«0zR¬ ��© � ¬
�
2
¢

def
4F032�© � 	 � −1 wz« z � �?w � z �µ��

G

wz«0zR¬ ��© � � � ¬lx
582BH173DQ9 �

1
¢

def
w ³

1
� 1

2

x �
1
� 1

2

z�582BH �
2
¢

def
w ³

2
 1

2

x �
2
 1

2

z}K�§^\)EX@�2BA<9<;<?BEX9<03@�2�l �
1
582BH �

258;<DWA<JrD�EX0=587�A&EQ582�73032�D�AU@8SJP�w ³
1
� � x������5x&³

2
 � 582BH ��w��

1
� � z�x������5x���w��

2
 � zq58;<DWEX@�2e9&58032�D�H

032 �
G

 « " z}K1�B?�;<9<G�DQ;<4F@�;<Dal��
1
� �

2
K�se?�J�Jr@aA<Dw9<G�DQ;<D_0=A�5�A<J*D�EX0=587UA&EQ582�73032�D �Z@8S�P²A<?BE'G

9<GB589 �
1
� � � �

2
K�§^\jHVDXxB2�039<03@�2�@8SC³

1
x&³

2
x �

1
x �

2
l �)4�?BA<9[orD�EX73@aA&D)2�DQ03>�Geo*@�?�;F@8S �

1582BH �
2
K1�-G�DQ2�lIDQ2�w�� zvEX@�2e9&58032BAvDX~V5�EX9<73\P9��U@|`aDQ;<9<0=EXD�AWS�;<@�4 �

G

wz« z}lq582BHb9<G�DQ\b58;<D_2�@�2V�
5�Hdc<5�EXDQ2e9�K:¡�DQ9]©m³Ix&´�¬W¢iDQ2�w���z�� �

G

wz« z}Kq§U\wEX@�2BA<9<;<?BEX9<03@�2n@8S��
1
582BH��

2
l �

G

 « " ¨-©m³�x&´Q¬N0=A
582�³Ix&´&��A<DQJB58;&589<@�;�@8S/P[Kq��DQ2BEXDal �

G

 « " EQ582�2�@�9�orDN5[Jr@�9<DQ2Y9<0=587�465d~V0346587�EX730=�e?�DW@8S�P�HV?�D
9<@_¡�DQ4F465 ��� K ��� lB��G�0=E'G�EX@�2Y9<;&5�HV0=EX9&A�9<G�D�5�A&A&?�4FJ�9<03@�2�K-se@Bl �

1
582BH �

2
58;<Dv2�DQ03>�GYor@�?�;<032�>

A<J*D�EX0=587�A&EQ582�73032�D�A-��039<G�@�?�9�EX@�4F4F@�21DQ2BHVJr@�032Y9�582BHj��¢�P  �
1
x �

2
" K

�B@�;�9<G�D^EQ5�A&Dp@8SBJr@�9<DQ2Y9<0=587Y465d~Y0346587YEX730=��?�D�A���039<G�@�?�9
032�2�DQ;I`aDQ;<9<0=EXD�A�lm�UDUGB5L`�Dt9<@u�Y2�@d�
4F@�;<D�58or@�?�9p9<G�D�A<9<;<?BEX9<?�;<D�@8S*4F032�0346587B9<;<0=582�>�?�7=589<03@�2BA:@8S�JrDQ;<4�?�9&589<03@�2F>�;&58J�GBA�KI��@d�UDQ`�DQ;�l
4F032�0346587�9<;<0=582�>�?�7=589<03@�2BA:@8S*J*DQ;<4�?�9&589<03@�2F>�;&58J�GBAq58;<D�EX@�2BA&0=HVDQ;<D�H[2�@�9Io*DXSz@�;<D�9<G�D-S�@�7373@d��032�>
A<D�EX9<03@�2�KI�
@CJ�;<D�A&DQ;<`aD�9<G�D+EX@�4FJr@aA&039<03@�26@8S.9<G�0=Ap9<G�D�A<0=A�l8�^D�?BA<D�5C;<D�A&?�739qG�DQ;<D�9<GB589t0=AtA<9&589<D�H
582BH)J�;<@d`aD�H)7=589<DQ;��^/1032�0346587�9<;<0=582�>�?�7=589<03@�2BA�@8SqJrDQ;<4�?�9&589<03@�2�>�;&58J�GBAu58;<Dv032Y9<DQ;<`d587�>�;&58J�GBA
w�fU@�;<@�737=58;<\ ��� K�� � z}K
� � � � � � � � � ° "$#&%�P ¢�P�w��ezM'<#M*�0$#@- Pqe!%h*U%BA�F?6�+.-/*1032 F =?#@-�© � x������5x���¬<IM"#&%w� �
© � x������5x��I¬t'<#~*s0F)%�#@63%BA *&8�PR*?L)AQPR*&8wCm8QA��Ue #sF?H�P ]_Ah%B2�F)e!%(AQ6!6�#@-i=?#@-�%BABCD#DE�I�v$2�#@654 %B2�#@-@#
*&-@#9P�AQ6!AQPR*&8{E@#�0T*&-/*U%�F?-mEv¦

1
xR¦

2
F?HmP E�e)C�2 %B2[*U%(� ¢ ¦

1
�|¦

2
I �$e\-�%B2�#@- P~F?-@#�4G%B2�#@-@# *&-@#

E�0#�CmA *&8bE C@*&6!8QAQ6�#DE �
1
x �

2
F?H?PyE�e)C�2
%B2[*U%��

1
µ�� <

G

w��
2
z/4�©d¦

1
xR¦

2
¬]¢ª©�032e9Ww��

1
z�x{032e9sw��

2
zR¬ *&657

��¢ ¤wUP  �
1
x �

2
" z I ��6s0T*&-�%BABC�e\8 *&- 4	�

1
*&657 �

2
*&-@#9Cm8�F&E@#u6�#@A�+.2T'<F)e\-mE�I

k m �  �mli¡�DQ9�y orD15P4F032�0346587�9<;<0=582�>�?�7=589<03@�2�@8SaP£A<?BE'Gj9<GB589~�·0=AF5P465d~V0346587�EX730=��?�D
@8S�y KP§^\�fU@�;<@�737=58;<\ ��� K�� � l�y#0=A�582�032Y9<DQ;<`8587p>�;&58J�G�KP¡�DQ9���

1
x������5x��

k � l � ! � l:o*Dn5
EX@�2BA<D�EX?�9<03`aD[EX730=�e?�D[58;<;&582�>�DQ4FDQ2Y9WS�@�;qy�K[¡�DQ9 � µi© � x������5x � ¬6A<?BE'G�9<GB589��

i

¢ �FKFse032BEXD
�

1
582BH �

k

GB5m`aDF032�2�DQ;�`aDQ;<9<0=EXD�A�l � ! � 582BH � � � � � K)¡�DQ9[¦
1
¢

def
�

i−1
� �

i

582BH
¦

2
¢

def
�

i

� �
i+1
K]§^\|fU@�;<@�737=58;<\ ��� K � l�¦

1
582BHh¦

2
58;<D�4F032�0346587IA&DQJB58;&589<@�;&A+@8Sly�l.582BH

oY\_�-G�DQ@�;<DQ4 }VK ��� lr¦
1
582BH1¦

2
58;<DW4F032�0346587�A<DQJB58;&589<@�;&A^@8S�P[Ktse032BEXDC9<G�DQ;<DW0=A-2�@[`aDQ;<9<DX~_«

032�� A&?BERGP9<GB589 �
G

 « " ¢ �[l
DQ`aDQ;<\�`�DQ;<9<DX~|@8Sw� 0=ANEX@�2Y9&58032�D�HP032 �
i−1
���

i+1
K6��DQ2BEXDal

� ¢ ¦
1
� ¦

2
K |]?�Dn9<@�465d~V03465873039�\b@8S;�[l-¦

1
�� ¦

2
582BHk¦

2
�� ¦

1
K ¡�DQ9 ��µK�ª¨N¦

1
l

	 µ �
i−1

¨W¦
1
582BH 
·µ � ¨W¦

2
l�«iµ �

i+1
¨W¦

2
w�A<DQD_�I03>�?�;<D"� � z}KZ�hD_5�A&A&?�4FD 	 � � �

0TS � � 	Z�^Dv?BA<D����
k

x������5x��
1 � 5�AuEX@�2BA<D�EX?�9<03`aDvEX730=�e?�Dv58;<;&582�>�DQ4FDQ2Y9�S�@�;�y 582BH19<G�DvA&584FD

`aDQ;<9<0=EXD�A���039<G|9<G�DQ03;�2�DQ�ª4FD�582�032�>aALK^�y9�G�@�7=H�A+9<GB589�	�x�
]x��ox{«�032BHV?BEXD�56E'G�@�;&HV73D�A&A�JB589<G�032
y l.582BH���582BH�
O58;<D�5�Hdc<5�EXDQ2e9u032VP[Ku�hDv�-582Y9+9<@nA<G�@m�ª9<GB589 
 � «
KCse?�J�Jr@aA&D 
 	�«
K
��DQ4FDQ4�orDQ;u9<GB589W¦

1
582BHP¦

2
58;<Dv4F032�0346587 ��x�	a�-582BH�
]x{«B��A<DQJB58;&589<@�;&A+032\y l*;<D�A<JrD�EX9<03`�DQ73\�l



� } �

582BH_032NPªoe\6�-G�DQ@�;<DQ4 }VK ��� K:��S�« � 	*le0�K DaK3l�« � 	 � �1582BH��n582BHw«)58;<Du2�@�2V��5�Hdc<5�EXDQ2Y9U032
P[ld9<G�DQ2�9<G�D ��x�	���A<DQJB58;&589<@�;q¦

1
587=A<@]A<DQJB58;&589<D�A��[582BH�«
l8��G�0=E'G�EX@�2Y9<;&5�HV0=EX9&A:�-G�DQ@�;<DQ4y}VK ��� l

A<032BEXD �b582BH|«h58;<D�EX@�2Y9&58032�D�H|032|9<G�D[A&584FD[EX@�2�2�D�EX9<D�H|EX@�4FJ*@�2�DQ2e9]@8S`yg¨+¦
1
KC��S 	 � «
l

0�K DaK3l�	 � « � 
 582BH 
 582BH�	|58;<D62�@�2V��5�Hdc<5�EXDQ2e9W032SPFl�A<034F037=58;<73\�l�¦
2
587=A&@nA&DQJB58;&589<D�A 


582BH�	1EX@�2Y9<;&5�HV0=EX9<032�>n�-G�DQ@�;<DQ4�}VK ��� KC�+DQ2BEXDal 
 � «�Kg|u?�D[9<@n�-G�DQ@�;<DQ4 }VK ��� l ��¨+¦
1
0=A

EX@�2e9&58032�D�HZ03215FEX@�2�2�D�EX9<D�H1EX@�4FJ*@�2�DQ2e9�@8S/Pk¨�¦
1
032BHV?BEXD�HnoY\��

1
K

[We construct two scanlines s1 and s2 of G, that shall define the potential maximal clique C.]¡�DQ9v³
1
¢

def
4F032�w �

1
zW582BH �

1
¢

def
4F032 � −1 w �

1
zW582BH �

1
¢

def
w ³

1
 1

2

x �
1
 1

2

z}K��uoBA<DQ;<`aD
9<GB589n³

1
 � 582BH ��w��

1
 � z6DX~Y0=A<9Z582BH 	 % ³

1
 � 582BH � −1 w 	4z % �

1
 � 582BH�³

1
 � 582BH

��w��
1
 � zU58;<DC9<@�9<G�DW73DXS�9U@8S��

1
Kpse032BEXDN³

1
µ �

1
582BH	��w��

1
zUµ �

1
lB³

1
582BH	�?w��

1
zp58;<DC9<@[9<G�D

;<03>�Ge9p@8S �
1
laG�DQ2BEXD �

1
0=AU5vA<J*D�EX0=587rA&EQ582�73032�Du@8S�PªHV?�D�9<@�¡�DQ4F465 ��� K }VK:¡�DQ9 � ′

1

032BHV?BEXD+9<G�D
EX@�2�2�D�EX9<D�HnEX@�4FJr@�2�DQ2Y9U@8S/P�¨U¦

1
EX@�2Y9&58032�032�>�	*Ktse032BEXDv¦

1
0=A�5�4F032�0346587 ��x�	a��A<DQJB58;&589<@�;-032

y 582BH�P[l.DQ`aDQ;<\1`aDQ;<9<DX~1032 ¦
1
GB5�A]5Z2�DQ03>�GYor@�?�;W032 �

1
582BH(� ′

1

l�582BHP¦
1
¢�032e9Ww��

1
z}KN§^\

56A<034F037=58;]EX@�2BA<9<;<?BEX9<03@�21?BA<032�>)¦
2
l*HVDXxB2�D �

2
582BH�� ′

2

582BH �
2
¢

def
w ³

2
� 1

2

x �
2
� 1

2

z}lr��G�DQ;<D
³
2
¢

def
465d~�w �

2
z�582BH �

2
¢

def
465d~ � −1 w �

2
z}K-�y9�G�@�7=H�A�9<GB589]¦

2
¢�032Y95w��

2
z}K�se032BEXD � � 


@�; � −1 w �0z � � −1 w�
gz}l�³
1

% � � 
 % ³
2
@�; �

1
% � −1 w �0z � � −1 w�
gz % �

2
lr582BH|A<032BEXD�¦

1582BHb¦
2
58;<DF2�@�2V��EX;<@aARA<032�>w4F032�0346587tA&DQJB58;&589<@�;&Au@8S~P HV?�D[9<@)�-G�DQ@�;<DQ4 }VK ��� l �

1
� �

2
oY\

¡�DQ4F465 ��� K � �VKq��DQ2BEXDal3� � ¤=wUP  �
1
x �

2
" z}K

[Scanlines s1 and s2 indeed define C.]se032BEXDy 0=AN5)4F032�0346587t9<;<0=582�>�?�7=589<03@�2�@8S~P[l
S�@�;CDQ`aDQ;<\|JB5803;�³Ix&´�@8S-`aDQ;<9<0=EXD�AC@8S�P ��G�DQ;<D
³ µ ¦

1
¨v¦

2
582BH�´bµ ¦

2
¨�¦

1
l�³j582BHi´n58;<D�5�Hdc{5�EXDQ2Y96032�P[K ��4658>�032�D�9<G�D|A<039<?B589<03@�2

032b9<G�D6J*DQ;<4�?�9&589<03@�2 HV0=58>�;&584 @8S�PFKnse?�J�J*@aA<D69<G�DQ;<D60=A �Pµi¤=wUP  �
1
x �

2
" z:¨;�[Kw�-G�DQ2�l �

4�?BA&9�o*D15�Hdc{5�EXDQ2Y9���039<Gk58737-`aDQ;<9<0=EXD�A�032�¦
1
@�;F58737�`aDQ;<9<0=EXD�A�032k¦

2
032�P[K�se032BEXD�� �µK�[l

��µ��
1
� ������� �

i−1
@�;��[µ��

i+1
������� � �

k

Kq��2Z9<G�D]Sz@�;<4FDQ;�EQ5�A<DalB¦
1
0=A�5 ��x�����A<DQJB58;&589<@�;�l

032P9<G�D�7=589<9<DQ;NEQ5�A&Dal
¦
2
0=AW5 
]x��8��A<DQJB58;&589<@�;W032�y 582BH�9<G�DQ;<DXSz@�;<D[032*P[K���DQ2BEXDal �ZGB5�AW2�@

2�DQ03>�Geo*@�?�;&A�032�¦
2
¨N¦

1
lq��G�0=E'Gj4FD�582BA�9<GB589 �|0=A�2�@�9�EX@�2Y9&58032�D�H 032 �

1
582BH 9<@P9<G�DZ73DXSz9

@8S �
1
l�@�;W032�¦

1
¨u¦

2
l���G�0=E'G�4FD�582BAW9<GB589 �Z0=AW2�@�9CEX@�2Y9&58032�D�H|032 �

2
582BH�9<@Z9<G�D[;<03>�GY9W@8S

�
2
Kuse@Bl ���µ�P  �

1
x �

2
" 582BHt��¢�¤=wUP  �

1
x �

2
" z}K��B?�;<9<G�DQ;<4F@�;<Dal �

1
582BH �

2
GB5L`�Dv5_EX@�4F4F@�2

DQ2BHVJr@�032BH�K

[Scanlines s1 and s2 are neighbours.]��S-³
1
¢ ³

2
� � l�9<G�DQ2P9<G�DQ;<DF0=A � µk© �

1
x������5x �

2
 � ¬_A<?BE'G|9<GB589 ��w��

1
z�x������5x���w � zNµ�¦

2
582BH

��w � � � z�x������5x���w��
2
zvµk¦

1
K6��S �

1
¢ �

2
� � l�9<G�DQ2 9<G�DQ;<DF0=A � µ�©m³

1
x������5x&³

2
 � ¬_A&?BERGh9<GB589

³
1
x������5x � µ|¦

2
582BH � � � x������5x&³

2
µ|¦

1
Kq�-G�DQ2�lV9<G�DQ;<DCEQ582�2�@�9�orDC5FA<JrD�EX0=587�A&EQ582�73032�D �vA<?BERG

9<GB589��
1
� � � �

2
l�582BH��

1
µ�� <

π

w��
2
z}K

se032BEXD+A&EQ582�73032�D�A��
1
582BH �

2
@8S�¡�DQ4F465 ��� K ��� 58;<D�?�2�0=��?�DalV¦

1
582BHw¦

2
@8S�¡�DQ4F465 ��� K ���

58;<DN587=A<@[?�2�0=��?�DC?�J)9<@F032BHV0=EXD�A+5�EQEX@�;&HV032�>F9<@6¡�DQ4F465 ��� K ��� K
� �
�� rm� � � � � �[� "$#&%/P�¢�P�w��ez;')#;*,0#@- Pie!%h*U%BA�F?6q+.-/*1032jF =?#@-u© � x������5x���¬<IJ =?#@-�%�#/L
E@#&%O� � © � x������5x��I¬>ANEw*g0$F)%�#@65%BA *&8TPR*?LUAQPR*&8_Cm8QA��Ue #gF?H�PxAQH_*&657iF?6!8YX AQH�%B2�#@-@#;*&-@#gE�0$#�CmA *&8
E C@*&6!8QAQ6�#DE �

1
*&657 �

2
F?H�PyE�e)C^2
%B2[*U% �

1
µ��

<
π

w��
2
z *&657i��¢ ¤"wUP  �

1
x �

2
" z I



Chapter 10
+IDQ;<4�?�9&589<03@�2)>�;&58J�GBA � } �

�
i−1

�ª¢��
i

�
i+1

v

w

u

x

¦
1

¦
2

���������
	�� � �-G�D�ERG�@�0=EXD�@8S�`aDQ;<9<0=EXD�A ��x�	0x�
]x{«Z03269<G�D�J�;<@�@8S�@8S�¡�DQ4F465 ��� K ��� K
�y2e9<DQ;<`8587=AvEX;<@aARA<032�>19<G�DZ9<G�032�73032�D�A�;<DQJ�;<D�A<DQ2Y9N`aDQ;<9<0=EXD�AvEX@�2Y9&58032�D�H�032�A<DQJB58;&5d�
9<@�;&Au¦

1
@�;u¦

2
K



� }C�

k L �  �mlF�-G�D � @�2�73\�0TS 	FJB58;<9u@8St9<G�D�9<G�DQ@�;<DQ4²G�@�7=H�AuoY\1¡�DQ4F46589&5 ��� K � }_582BH ��� K ��� Ku�B@�;
9<G�D � 0TS 	uJB58;<9:@8S.9<G�D�9<G�DQ@�;<DQ41l873DQ9��

1
582BH �

2
orD�A<J*D�EX0=587BA&EQ582�73032�D�AqA<?BE'G�9<GB589 �

1
µ�� <

π

w��
2
z}l

582BH�73DQ9>� ¢
def

¤=wUP  �
1
x �

2
" z}K �uoBA<DQ;<`aD�9<GB589C9<G�DQ;<D[58;<D �ox�	�µ � A<?BE'G|9<GB589
� �µ 032Y9Ww��

1
z

582BH 	��µ)032e9Ww��
2
z ���1582BH�	[465L\Fo*D]0=HVDQ2Y9<0=EQ587�K:¡�DQ9~P ′ DQ4FDQ;<>�DuSz;<@�4 P�oY\6EX@�4FJ�73DQ9<032�>�032e9<@

EX730=��?�D�A-032Y9sw��
1
z^582BHZ032Y9Ww��

2
z}K{|]?�DW9<@6¡�DQ4F465 ��� K � � l[��032BHV?BEXD�A�5FEX730=�e?�D]032OP ′ Kpse032BEXDC2�@

`aDQ;<9<DX~69<@�9<G�D]73DXS�9^@8S �
1
0=A-5�Hdc{5�EXDQ2Y9p��039<G��1582BHw2�@�`�DQ;<9<DX~69<@�9<G�D];<03>�Ge9-@8S��

2
0=A-5�Hdc<5�EXDQ2e9

��039<G 	*l��·0=A[5�465d~Y0346587�EX730=�e?�Dw@8SaP ′ K �uo�9&58032�P ′′ S�;<@�4 P ′ oY\b4658�Y032�>P5�Hdc<5�EXDQ2Y9�58737
`aDQ;<9<0=EXD�AC9<@|9<G�D673DXSz9�@8S��

1
��039<Gj58737p`aDQ;<9<0=EXD�AC032�032e9sw��

1
zC582BHb58737U`aDQ;<9<0=EXD�AN9<@19<G�Dw;<03>�Ge9v@8S

�
2
��039<Gb58737q`aDQ;<9<0=EXD�AW032h032Y9Ww��

2
z}K_se9<03737�l_� 0=AN5n465d~V0346587tEX730=��?�DF@8S�P ′′ Ks��@d�Nl�@�o�9&58032*y ′

Sz;<@�4 P ′′ oY\14658�Y032�>ZEX@�4FJ�73DQ9<D[DQ`aDQ;<\1EX@�2�2�D�EX9<D�HPEX@�4FJ*@�2�DQ2e9W@8STP ′′ ¨,�[K>�+@�9<D�9<GB589Zy ′

0=A�5[9<;<0=582�>�?�7=589<03@�2)@8S/P ′′ l�582BHj��0=A�5�465d~V0346587�EX730=��?�DC@8S?y ′ K�y ′ 0=A�587=A<@F5[9<;<0=582�>�?�7=589<03@�2
@8SqP ′ lq582BHj9<G�DQ;<Dw0=A[5�A<?�o�>�;&58J�GSy @8S�y ′ 9<GB589�0=A[5�4F032�0346587U9<;<0=582�>�?�7=589<03@�2�@8SqP ′ K �
0=Au5w465d~V0346587�EX730=�e?�Dv@8Sly l�582BH|A<032BEXD�DQ`�DQ;<\Z4F032�0346587I9<;<0=582�>�?�7=589<03@�2�@8S�P ′ 0=A]5_4F032�0346587
9<;<0=582�>�?�7=589<03@�21@8SlP[l���0=A�56465d~Y0346587�EX730=�e?�DN03215F4F032�0346587�9<;<0=582�>�?�7=589<03@�2�@8S/P[lr582BH ��0=A
5[Jr@�9<DQ2Y9<0=587�465d~Y0346587�EX730=�e?�DW@8S/PFK

�hD�HVD�HV?BEXD|582i032e9<DQ;<D�A&9<032�>b?�J�JrDQ;wor@�?�2BH�S�@�;69<G�D|2e?�4�orDQ;6@8SCJ*@�9<DQ2e9<0=587u465d~Y0346587
EX730=��?�D�A-@8SIJrDQ;<4�?�9&589<03@�21>�;&58J�GBA�K

�v rm *���z���p � � � � � J 0$#@- Pqe!%h*U%BA�F?6~+.-/*1032qF?6 ��! � =?#@-�%BABCD#DEG*&657i]_Ah%B2�� #�7�+)#DE�2[*\EV*U%
P~F&E�% � ��� � 0F)%�#@63%BA *&8TPR*?LUAQPR*&8_Cm8QA��!e #DE�I

k L �  �ml�¡�DQ9HPg¢�P�w��ez]orDZ5nJrDQ;<4�?�9&589<03@�2b>�;&58J�Gb@d`aDQ;�© � x������5x��I¬�K_¡�DQ9HP  �
1
x �

2
" o*Dw5

Jr@�9<DQ2Y9<0=587p465d~V0346587UEX730=�e?�D_@8S�P[l��
1
� �

2
582BH �

1
µ�� <

π

w��
2
z}K��-G�DQ2�lIDQ039<G�DQ; �

1
582BH �

258;<D�EX73@aA<Dv2�DQ03>�Geo*@�?�;&A+@�;ZP  �
1
x �

2
" GB5�A+582|032�2�DQ;+`aDQ;<9<DX~�K-M�J�J�73\Y032�>w¡�DQ4F46589&5 ��� K ��� 582BH

��� K � � lV�UDW@�o�9&5803219<G�DNHVD�A&03;<D�Hw;<D�A&?�739�K

� � � � ���
��L� 	 	��e � ���V	 �   � �6  �+�����
��� �B�t	� � � � � � �z�V	 �   � �_  �,- � �m� L��� � m�������

�-G�DwEX@�;<;<D�A<J*@�2BHV032�>�A&D�EX9<03@�2BANS�@�;H�#�
2
� S�;<DQD_>�;&58J�GBA�582BH Mq�^� S�;<DQDwEX7=5m�-� S�;<DQD_>�;&58J�GBA�D�5�ERG

EX@�2e9&58032Z9��U@FE'GB58;&5�EX9<DQ;<0=A&589<03@�2BA^@8S
4F032�0346587�9<;<0=582�>�?�7=589<03@�2BA��I@�2�DCERGB58;&5�EX9<DQ;<0=A<D�A^9<G�DC��G�@�73D
A<DQ9^@8S
4F032�0346587*9<;<0=582�>�?�7=589<03@�2BA-582BHZ9<G�D]@�9<G�DQ;-E'GB58;&5�EX9<DQ;<0=A<D�AU9<G�D]A&DQ9U@8S
4F032�0346587�9<;<0=582�>�?V�
7=589<03@�2BA+@8S^5wA<032�>�73D�>�;&58J�G�KW�-G�0=AWA<D�EX9<03@�2|HV0���DQ;&AuSz;<@�4·9<GB589]A<9<;<?BEX9<?�;<D �+��2�9<G�DvxB;&A&9uJB58;<9�l
�UD_��03737UE'GB58;&5�EX9<DQ;<0=A<D69<G�D64F032�0346587U9<;<0=582�>�?�7=589<03@�2BAv@8S�Mq�^� S�;<DQD6>�;&58J�GBA�lI582BHb@�2�73\P032 9<G�D
A<D�EX@�2BH[JB58;<9�l��^D���03737BEX@�2BEXDQ2e9<;&589<D�@�2_JrDQ;<4�?�9&589<03@�2F>�;&58J�GBA�K�M-9p73D�5�A<9:03269<G�0=AtA<D�EX@�2BH[JB58;<9�l
�UDW��03737�4FDQDQ9�9<G�DN>�DQ2�DQ;&587�A&DQ9<9<032�>BK

�-G�DCERGB58;&5�EX9<DQ;<0=A&589<03@�2n@8S:4F032�0346587�9<;<0=582�>�?�7=589<03@�2BA�@8SIMq�^� S�;<DQDW>�;&58J�GBA�EQ582norDN?�2BHVDQ;{�
A<9<@�@YH|5�Au9<G�D�DQ2BH�@8SU5_73@�2�>ZA&DQ;<03D�A+@8Sp;<D�A&?�739&Au58o*@�?�9u4F032�0346587I9<;<0=582�>�?�7=589<03@�2BA]@8SpMq�^� Sz;<DQD
>�;&58J�GBA�K
§^@YHV7=58DQ2BHVDQ;:582BH�/��@�G�;<032�>CA<G�@d�^D�HN9<GB589I4F032�0346587Y9<;<0=582�>�?�7=589<03@�2BAI@8S*EX@�>�;&58J�GBA:58;<D
032e9<DQ;<`8587�>�;&58J�GBA  ��� " KI�-G�DQ2�ld§^@YHV7=58DQ2BHVDQ;�l �W73@��YA�l �W;&589&A&E'G�A<G�@d�^D�HN9<GB589I4F032�0346587e9<;<0=582�>�?V�
7=589<03@�2BA-@8S�J*DQ;<4�?�9&589<03@�2)>�;&58J�GBA�58;<DC032Y9<DQ;<`d587�>�;&58J�GBA  } " Kq�u58o�03o�582BHn/��@�G�;<032�>_EX@�2Y9<032e?�D�H



Chapter 10
+IDQ;<4�?�9&589<03@�2)>�;&58J�GBA � } �

��039<G 9<G�DZ;<D�A<?�739vSz@�;�EX@eEX@�4FJB58;&58o�0373039�\h>�;&58J�GBA  � } " K|M�2BH xB2B587373\�l�/ �@�G�;<032�>|J�;<@d`aD�Hh9<GB589
4F032�0346587p9<;<0=582�>�?�7=589<03@�2BA�@8S+58;<o�039<;&58;<\bMq�^� S�;<DQD_>�;&58J�GBA�58;<Dw032Y9<DQ;<`d587p>�;&58J�GBA  ���#" K +I58;<;&5
582BH sYE'G�D � DQ;vEX@�4FJ�73DQ9<D�HP9<G�0=AC;<D�A<?�739N9<@15�ERGB58;&5�EX9<DQ;<0=A&589<03@�2  ���#" K_M�2 58739<DQ;<2B589<03`aDFJ�;<@e@8S
@8S�/ �@�G�;<032�>�� A-9<G�DQ@�;<DQ4 �-5�A^>�03`aDQ2_oY\ �W73@��VA�l��W;&589&A&ERG�l�seJ�032�;&5�H  � � " lY@�2Z��G�0=E'GZ9<G�D]J�;<@e@8S
orDQ73@d� 0=A�oB5�A<D�H�K

� �
�� *L� � � � � �[� �{� 2 *�
 ��� � � �� � ���$k ��LL� � �����
	 �
��� �e����� °��  
J +.-/*1032jANE Jwv_SdH�-@#1#uAQH_*&657iF?6!8YXqAQH{*&8Q8TAh%fE P�AQ6!AQPR*&8O%B- A *&6U+[e\8 *U%BA�F?6�Ew*&-@#,Jwv_SdHd-@#1#\I

k m �  �ml�¡�DQ9qP�¢�w�¤�x<¥[z�orD�56>�;&58J�G|9<GB589uEX@�2Y9&58032BA+582�5�A<9<DQ;<@�0=H�587�9<;<03J�73DNS�@�;<4FD�H)oY\Z9<G�D
9<G�;<DQD-`aDQ;<9<0=EXD�A ��x�	0x�
vK:¡�DQ9�y ′ DQ4FDQ;<>�DUS�;<@�4 P�oY\vEX@�4FJ�73DQ9<032�>C032e9<@C5WEX730=�e?�D�¤�¨�©��ox�	�x�
C¬�K
se032BEXD
��x�	0x�
 58;<DCJB5803;<��0=A<DW2�@�2V��5�Hdc<5�EXDQ2e9�l�y ′ 0=A�E'G�@�;&H�587�l�582BH���x�	�x�
ªSz@�;<4 58215�A<9<DQ;<@�0=H�587
9<;<03J�73D]@8Soy ′ Kq�-G�DQ2�lY9<G�DQ;<Du0=A-5�4F032�0346587*9<;<0=582�>�?�7=589<03@�2�y%@8S?Pª9<GB589-0=A^5�A&?�o�>�;&58J�Gw@8Soy ′

582BHF9<G�DQ;<DXS�@�;<DuEX@�2Y9&58032BAt582w5�A&9<DQ;<@�0=H�587B9<;<03J�73D�S�@�;<4FD�H6oY\(��x�	0x�
vK:�hD+EX@�2BEX73?BHVDu9<GB589tDQ`aDQ;<\
>�;&58J�G EX@�2Y9&58032�032�>�582�5�A&9<DQ;<@�0=H�587t9<;<03J�73D6GB5�Av514F032�0346587p9<;<0=582�>�?�7=589<03@�2b9<GB589vEX@�2Y9&58032BAv582
5�A<9<DQ;<@�0=H�587�9<;<03J�73DaK

�B@�;u9<G�D�EX@�2Y`aDQ;&A<DalB73DQ9ZPO¢�w�¤�x<¥Hz�o*DF582|Mq�^� S�;<DQD�>�;&58J�G�l.582BH�73DQ9gy orD[5_4F032�0346587
9<;<0=582�>�?�7=589<03@�2 @8S�PFK se?�J�J*@aA<D y EX@�2e9&58032BA)582 5�A<9<DQ;<@�0=H�587W9<;<03J�73DPS�@�;<4FD�H�oe\k9<G�Dh`�DQ;{�
9<0=EXD�A��ox�	�x�
vK+se032BEXD �

H

w � z}l �
H

w 	4z-582BH��
H

w�
gz�58;<D(��x�	a�Rl 	0x�
��^582BH�
]x�����A<DQJB58;&589<@�;&A+@8S
y le;<D�A<J*D�EX9<03`aDQ73\�l�9<G�DQ;<DW58;<Du4F032�0346587 ��x�	��Rl�	0x�
��:582BH 
]x�����A&DQJB58;&589<@�;&A�¦

u

l�¦
v

582BHn¦
w

l�;<DX�
A<J*D�EX9<03`aDQ73\�laA<?BE'G_9<GB589�¦

u
� �

H

w �0z}l�¦
v
� �

H

w 	4zp582BH)¦
w
� �

H

w�
gz}Kq§^\6�-G�DQ@�;<DQ4 }VK ��� l
¦

u

l�¦
v

582BHP¦
w

58;<D�4F032�0346587�A<DQJB58;&589<@�;&A+@8S�P[lr582BHb©���¬�582BH ©�	�x�
N¬�orDQ73@�2�>Z9<@wHV0���DQ;<DQ2Y9
EX@�2�2�D�EX9<D�H�EX@�4FJr@�2�DQ2Y9&A[@8SZP ¨N¦

u

K �+DQ2BEXDalt9<G�DQ;<D)0=A[5 	�x�
���JB589<G�032�P·9<GB5896HV@�D�A[2�@�9
EX@�2Y9&5803215F2�DQ03>�Geo*@�?�;+@8S �
K�se034F037=58;<73\wS�@�;u¦

v

582BH�	Z5�A+�UDQ737�5�AW¦
w

582BH�
vK-�-G�DQ2�l �ox�	�x�

S�@�;<4 582n5�A<9<DQ;<@�0=H�587r9<;<03J�73Du@8S?P[la��G�0=E'GnEX@�2e9<;&5�HV0=EX9&Ap@�?�;^5�A&A&?�4FJ�9<03@�2�l�582BHcy·0=A^Mq�^� S�;<DQDaK

�v rm *���z���p � � � � � J +.-/*1032
ANEgJwv_SdH�-@#1#9AQH *&657tF?6!8YXtAQHV*&8Q8_Ah%fEgP�AQ6!AQPR*&8 %B- A *&6U+[e\8 *U%BA�F?6�E
*&-@#uAQ65%�#@-�=D*&83+.-/*1032�E�I

k m �  �ml(|]?�D^9<@]�-G�DQ@�;<DQ4 ��� K � l8032Y9<DQ;<`d587e>�;&58J�GBAq58;<DUDX~�5�EX9<73\N9<G�D-ERG�@�;&H�587VMq�^� S�;<DQDU>�;&58J�GBA�l
582BHn9<G�DNEX@�;<@�737=58;<\wSz@�7373@d��AUSz;<@�4g�-G�DQ@�;<DQ4 ��� K��C�VK

�v rm *���z���p � � � � � � =?#@-^XRP�AQ6!AQPR*&8$%B- A *&6U+[e\8 *U%BA�F?6�F?H$*,0$#@- Pqe!%h*U%BA�F?6s+.-/*1032iANE *&6~AQ63%�#@-/S
= *&8�+.-/*1032 I

k m �  �ml)¡�DQ9[P ¢ P=w���zuo*D65nJrDQ;<4�?�9&589<03@�2h>�;&58J�G�K |]?�DF9<@)¡�DQ4F465 ��� K � l�J*DQ;<4�?�9&589<03@�2
>�;&58J�GBA-58;<D]EX@YEX@�4FJB58;&58o�0373039y\_>�;&58J�GBA�le582BHnHV?�D]9<@�¡�DQ4F465 ��� K � lYEX@eEX@�4FJB58;&58o�0373039�\6>�;&58J�GBA
58;<D�Mq�^� S�;<DQDaK�M�J�J�73\Y032�>�fU@�;<@�737=58;<\ ��� K�� � l-�UD)@�o�9&58032i9<GB589_4F032�0346587�9<;<0=582�>�?�7=589<03@�2BA_@8S
JrDQ;<4�?�9&589<03@�2)>�;&58J�GBA�58;<DC032Y9<DQ;<`d587�>�;&58J�GBA�K



� } �

�u?�;+E'GB58;&5�EX9<DQ;<0=A&589<03@�21@8St4F032�0346587�9<;<0=582�>�?�7=589<03@�2BAu@8St56>�03`aDQ21J*DQ;<4�?�9&589<03@�2�>�;&58J�G�0=A
oB5�A<D�H�@�2jJ*@�9<DQ2e9<0=587�465d~V0346587-EX730=��?�D�A�K�¡�DQ9P ¢�P�w��ezvorD15�JrDQ;<4�?�9&589<03@�2�>�;&58J�G�@m`aDQ;
© � x������5x��I¬�K��-G�D�&V¶M2f��.�2-9@$#>m;=$sn#93;�$C>�R6>k9-�6BI�'1"!#�%$'&�(h@8SHP 0=A_5�HV03;<D�EX9<D�H�>�;&58J�Gi9<GB589_0=A
HVDQ2�@�9<D�HWoe\���	lw���z�582BHNHVDXxB2�D�HC5�A�S�@�7373@m��A ����	/w��ez�GB5�A�5-`aDQ;<9<DX~]S�@�;�DQ`aDQ;<\uA<J*D�EX0=587�A&EQ582�73032�D
@8SgP wz032BEX73?BHV032�>�A

0
582BHjA n

e

z}lI9<GB589�0=Av7=58o*DQ7373D�H ��039<G�9<G�0=A�A&EQ582�73032�Dal:582BH 9<G�DQ;<D_0=A�582j58;&E
Sz;<@�4 `�DQ;<9<DX~ ��9<@1`aDQ;<9<DX~�	�0TS�582BHh@�2�73\�0TS �

u

µ �
<
π

w��
v

z}l���G�DQ;<D �
u

582BH �
v

HVDQ2�@�9<D69<G�D
A<JrD�EX0=587�AREQ582�73032�D�A�9<G�DN`aDQ;<9<0=EXD�A ��582BH�	w58;<DN7=58o*DQ7373D�H)��039<G�l�;<D�A<J*D�EX9<03`aDQ73\�Kq�+DQ2BEXDal�9<G�DQ;<DN0=A
5 � ��9<@8� � EX@�;<;<D�A<J*@�2BHVDQ2BEXDCorDQ9��UDQDQ219<G�DCJ*@�9<DQ2e9<0=587
465d~Y0346587�EX730=�e?�D�A-@8S/P 582BHn9<G�Dv58;&EQA�032
��	�w��ez-HV?�DC9<@6�-G�DQ@�;<DQ4 ��� K�� � K
� � � � � � � � ��� "$#&%lP�¢�P�w��ez;'<#>*g0$#@- Pqe!%h*U%BA�F?6q+.-/*1032 F.=?#@-]© � x������5x��I¬<I
`��Dc���	�w��ezVANE(*<C�X5Cm8QABC?I
`��?cj"$#&% � ! � 4u*&657 8�#&%�«

0
x������5x{«

k

')# `B7.ANE�%BAQ65C�%dct=?#@-�%BABCD#DEqF?H�� 	lw��ez I �@%92�F?8B7 E %B2[*U%
wz«

0
x������5x{«

k

zOANE *9PR*?L)AQPR*&8!0T*U%B2qAQ6���	lw��ezGAQH$*&657sF?6!8YXqAQH
A
0
x �

1
x������5x �

k−1
x<A

n
e

*&-@# %B2�#
8 *!'<#@8NEsF?H�«

0
x������5x{«

k

4O-@#DE�0#�C�%BAh=?#@8YX 4G*&657j©LA
0
x �

1
x������5x �

k−1
x<A

n
e

¬ ANE�*jPR*?L)AQPR*&8 E@#&%gF?H
0T*&AQ-�]_ANE@#w6�F?6[SdAQ63%�#@-mED#�C�%BAQ6U+RE�0$#�CmA *&8bE C@*&6!8QAQ6�#DEwF?H/P�I

k L �  �ml��hD+J�;<@m`aD�A<9&589<DQ4FDQ2Y9�w � z}Kqse?�J�Jr@aA<DHwz«
1
x������5x{«

r

z}l � ! � 0=Ap5NEX\VEX73D�@8S���	�w��ez}K:¡�DQ9
�
1
x������5x �

r

orD]9<G�DuA&EQ582�73032�D�Ap9<G�Du`aDQ;<9<0=EXD�Ap@8S�9<G�D]EX\VEX73Du58;<Du7=58orDQ7373D�Hw��039<G�KI§^\6HVDXxB2�039<03@�2w@8S
��	�w��ez}l �

1
� ����� � �

r
� �

1
lr��G�0=E'G�0=Au2�@�9uJ*@aA&A<03o�73Dal.A<032BEXD � HVDXxB2�D�A]56JB58;<9<0=587I@�;&HVDQ;u@�2

9<G�DNA<DQ9-@8S:AREQ582�73032�D�A-@8S/P[Kq�+DQ2BEXDal���	/w��ezU0=A�5�EX\VEX730=E�K
�B@�;�A<9&589<DQ4FDQ2Y9]w@�Mz}lV73DQ9[wz«

0
x������5x{«

k

z^orDN56465d~Y0346587�JB589<G)032���	/w��ez}K �uoY`e03@�?BA<73\el�9<G�D
7=58orDQ7=Av@8S^«

0
582BHh«

k

58;<D_A
0
582BHbA

n
e

l�;<D�A&JrD�EX9<03`aDQ73\�l
A<032BEXD_A
0

% � % A
n
e

S�@�;NDQ`aDQ;<\PA<JrD�EX0=587
A&EQ582�73032�D ��@8S:P[K�¡�DQ9��

1
x������5x �

k−1
orDP9<G�D�7=58orDQ7=AZ@8Sv«

1
x������5x{«

k−1
l�;<D�A<J*D�EX9<03`aDQ73\�K�§^\

HVDXxB2�039<03@�2�@8S�� 	/w��ez}lY©LA
0
x �

1
x������5x �

k−1
x<A

n
e

¬-0=AI5u465d~Y0346587VA<DQ9I@8SrJB5803;<��0=A<Dp2�@�2V��032Y9<DQ;&A<D�EX9<032�>
A<JrD�EX0=587eA&EQ582�73032�D�A�@8S�P[K:fU@�2e`aDQ;&A&DQ73\�lX73DQ9I¦b¢

def
© �

0
x������5x �

k

¬porD^5�465d~V0346587�A<DQ9�@8S�JB5803;<��0=A<D
2�@�2V��032e9<DQ;&A&D�EX9<032�>1A<JrD�EX0=587^A&EQ582�73032�D�AC@8S�P ��G�DQ;<D��

0
� ����� � �

k

Kn�-G�DQ2�l��
i−1

µ �
<
π

w��
i

z
Sz@�;N58737 � µ�© � x������5x � ¬�lI582BH �

0
¢ A

0
582BH �

k

¢ A n
e

Kn�-G�0=A�l
G�@m�^DQ`aDQ;�l�?�2�0=�e?�DQ73\hHVDXxB2�D�Av5
465d~Y0346587�JB589<G)032���	lw��ez}K

�-G�D)Jr@�9<DQ2Y9<0=587�465d~V0346587�EX730=��?�D�AF>�;&58J�G�0=A65bEXDQ2Y9<;&587�A<9<;<?BEX9<?�;<D)@8S]@�?�;wERGB58;&5�EX9<DQ;<0T�
A&589<03@�2h@8S-4F032�0346587t9<;<0=582�>�?�7=589<03@�2BAC@8S�5nJrDQ;<4�?�9&589<03@�2b>�;&58J�G�K6�hD_��03737pA<G�@d��9<GB589vDQ`aDQ;<\
465d~Y0346587�A<DQ9+@8SqJB5803;<��0=A<D�2�@�2V��032e9<DQ;&A<D�EX9<032�>wA<JrD�EX0=587IA&EQ582�73032�D�A+EX@�;<;<D�A<J*@�2BH�A+9<@Z564F032�0346587
9<;<0=582�>�?�7=589<03@�2�l*582BH�?BA<032�>w¡�DQ4F465 ��� K�� � l*9<G�D�EX@�;<;<D�A<J*@�2BHVDQ2BEXD���039<G|9<G�Dv465d~V0346587
JB589<GBA
@8S�9<G�DCJ*@�9<DQ2e9<0=587�465d~V0346587�EX730=��?�D�A->�;&58J�G)0=A�@�oe`Y03@�?BA�K

¡�DQ9dP ¢XP=w���zn¢ w�¤/x<¥[zFo*D|5 JrDQ;<4�?�9&589<03@�2�>�;&58J�G�@d`aDQ;n© � x������5x��I¬�K �B@�;_DQ`aDQ;<\
465d~Y0346587�JB589<G�032	� 	lw��ez}lU�UD1HVDXxB2�D�582�032e9<DQ;<`8587�>�;&58J�G�Kk¡�DQ9  ¢ wz«

0
x������5x{«

k

z[orD�5
465d~Y0346587+JB589<G�032
��	lw��ez}l�582BH�73DQ9 �

0
x������5x �

k

orD|9<G�D|A<J*D�EX0=587uA&EQ582�73032�D�AF@8SHP 9<G�D�`aDQ;{�
9<0=EXD�A�«

0
x������5x{«

k

58;<Dv7=58orDQ7373D�H|��039<G�l*;<D�A<JrD�EX9<03`aDQ73\eKV|]?�D�9<@w¡�DQ4F465 ��� K�� � l�© �
0
x������5x �

k

¬�0=A
5)465d~V0346587pA<DQ9v@8S�2�@�2V��032Y9<DQ;&A<D�EX9<032�>�A<J*D�EX0=587pA&EQ582�73032�D�Av@8S�P²582BH �

i−1
µ � <

π

w��
i

z]S�@�;v58737
� µP© � x������5x � ¬�K:�B?�;<9<G�DQ;<4F@�;<Dal �

0
¢�A

0
582BH �

k

¢�A n
e

KI�t`aDQ;<\F`aDQ;<9<DX~6«n@8SJPª0=A^5�ARA<03>�2�D�H_582



Chapter 10
+IDQ;<4�?�9&589<03@�2)>�;&58J�GBA � } �

032Y9<DQ;<`d587 �
x

¢  �
x

x��
x
" 032)9<G�DWS�@�7373@m��032�>[�-5L\ �

�
x

¢
def
465d~*© � ���

i

¢ w ³
i

x �
i

zUµ|¦�582BH1³
i
� «|582BH��

i
� � −1 wz«0zR¬ � �

�
x

¢
def
4F032v© � ���

i

¢ w ³
i

x �
i

zUµ|¦�582BH1³
i

	�«|582BH��
i

	 � −1 wz«0zR¬ �
�hD�EQ582FA&5L\v9<GB589 �

x

HVDQ9<DQ;<4F032�D�A�9<G�D � ;<03>�GY9<4F@aA<9
	]A&EQ582�73032�D-9<@W9<G�D^73DXS�9:@8S*«
l�582BH[A<034F037=58;<73\el
�
x

HVDQ9<DQ;<4F032�D�A69<G�D � 73DXSz9<4F@aA&9
	hA&EQ582�73032�D19<@b9<G�D1;<03>�GY96@8SC«
K��y9F0=A6D�5�A<\j9<@ `aDQ;<0TS�\ 9<GB589
� % �

x

% �
x

% � 5873�-5m\YA�G�@�7=H�ALK�¡�DQ9gySw�]z-o*Dv9<G�Dv032Y9<DQ;<`8587
>�;&58J�G|HVDXxB2�D�H�oe\�©
�
x

¬
x∈V

l
582BH)73DQ9 �

i

¢
def
©�«�µP¤ � �

x

% � % �
x

¬NS�@�; � µ�© � x������5x � ¬�K-�B@�;�o*DQ032�>_4F@�;<DvJ�;<D�EX0=A&Dal��UD
A<G�@�?�7=H���;<039<D:y

π

w�]z�032BA&9<D�5�H1@8S`ySw�]z}K]§^?�9]9<G�D�EX@�2Y9<DX~V9+��03737:5873�^5m\YA+orDFEX73D�58;�l.A<@w9<GB589
�^DW5m`a@�0=H	�P5�A-S�?�;<9<G�DQ;�JB58;&584FDQ9<DQ;�K

� � � � � � � � � � `��Dc �
i

¢ ¤=wUP  �
i−1

x �
i
" z�HfF?- � µP© � x������5x � ¬<I

`��?c_y w�]z�ANEu*:P�AQ6!AQPR*&8O%B- A *&6U+[e\8 *U%BA�F?6 F?H�P�I
k m �  �mlw�B@�;uA&9&589<DQ4FDQ2e9�w � z}l.73DQ9 � µk© � x������5x � ¬�l*582BH�73DQ9 �

i−1
¢�w ³Ix � z+582BH �

i

¢�w ³ ′ x � ′ z}K
§^\wHVDXxB2�039<03@�2�l�039�G�@�7=H�A-9<GB589�«|µ|¤=wUP  �

i−1
x �

i
" zU0TS:582BHn@�2�73\Z0TS�«10=A�orDQ9��UDQDQ2 �

i−1
582BH �

i@�;-«1µ)032Y9Ww��
i−1
z$�6032e9sw��

i

z}K ��DQ4FDQ4�o*DQ;^9<GB589-o*@�9<GnEQ5�A&D�A�EQ582�2�@�9^GB58J�J*DQ2)A<034�?�739&582�DQ@�?BA&73\�K
�-G�DZSz@�;<4FDQ;�0=A�9<G�DZEQ5�A&DZ0TS]582BH @�2�73\�0TSHw �  � z � � ¢ �

x

¢ �
x

¢ � l:9<G�Dn7=589<9<DQ;[0=A�9<G�D
EQ5�A<D[0TS�582BHP@�2�73\|0TS �

x
� w �  � z � � ¢ � % �

x

@�; �
x

%�w �  � z � � ¢ � � �
x

KF��DQ2BEXDal
«1µ|¤wUP  �

i−1
x �

i
" zU0TSq582BHn@�2�73\w0TSI«�µ �

i

K
�B@�;WA<9&589<DQ4FDQ2Y9:w@�Mz}l�73DQ9 � 	�µ�¥_l � � 	.Kv�y9uG�@�7=H�AW9<GB589 ��µ��

`v

@�; 	�µ��
`u

w�A<@�4FD
EQ5�A<D�AN58;<DwHVDQJ�0=EX9<D�Hb032 �I03>�?�;<D"�C�Mz}KZ��DQ2BEXDal���582BH 	�58;<DZ5�Hdc{5�EXDQ2Y9C032*y w�]z}lI582BHbA<032BEXD
y w�]z+0=AC582P032Y9<DQ;<`d587:>�;&58J�GPoe\|HVDXxB2�039<03@�2�ley w�]z+0=ACE'G�@�;&H�587:582BHP5Z9<;<0=582�>�?�7=589<03@�2P@8SmP[K
��@ZA<G�@d�ª9<GB589ZySw�]z�0=AW5w4F032�0346587:9<;<0=582�>�?�7=589<03@�2�@8SmP[l.73DQ9�� 	�µ ¥w-ySw�]z%z�¨+¥6KN�-G�DQ2�l
9<G�DQ;<D[0=A � µk© � x������5x �  � ¬6A<?BE'GP9<GB589 ��x�	hµ��

j

���
j+1

l�A<032BEXD[@�9<G�DQ;<��0=A<D�� 582BH�	�58;<D
5�Hdc<5�EXDQ2e9-032OP oY\wA<9&589<DQ4FDQ2Y9aw � z^582BH)¡�DQ4F465 ��� K � � K{��@�9<DC9<GB589�9<G�DQ;<DC0=A�5[`aDQ;<9<DX~w032��

j9<GB589+0=A+2�@�9uEX@�2Y9&58032�D�H)032 �
j+1

w��
j

EX@�2e9&58032BA+56`aDQ;<9<DX~)@8Sq9<G�DvDQ2BEX73@aA<?�;<Dv@8S �
j

9<GB589+0=A�9<@
9<G�DF73DXS�9]@8S �

j

l�G�DQ2BEXDF2�@�9CEX@�2e9&58032�D�HP032 �
j+1

z ��582B5873@�>�@�?BA<73\�l�9<G�DQ;<DF0=AN5Z`aDQ;<9<DX~�032 �
j+19<GB589p0=AU2�@�9UEX@�2Y9&58032�D�H6032 �

j

K:�-G�DQ2�l�� 	[0=AU?�2�0=��?�D]ERG�@�;&H6032Z5�EX\YEX73Du@8S�73DQ2�>�9<G � 032dy w�]z}K
��DQ2BEXDal�y w�]zU0=A�5[4F032�0346587�9<;<0=582�>�?�7=589<03@�2)@8S/P�HV?�DC9<@6�-G�DQ@�;<DQ4 }VK � � K

|]?�Dw9<@�A<9&589<DQ4FDQ2Y9cw � zN@8Su¡�DQ4F465 ��� K�� � l �
1
x������5x��

k

58;<DZ9<G�DZ465d~Y0346587^EX730=��?�D�A�@8S
y w�]z^582BH ���

1
x������5x��

k � 0=A�5FEX@�2BA<D�EX?�9<03`aDWEX730=�e?�DN58;<;&582�>�DQ4FDQ2e9-S�@�;my w�]z}K��@d�NlB�^D�58;<D�;<D�5�HV\n9<@_J�;<@d`aDC@�?�;+4658032|9<G�DQ@�;<DQ4·58or@�?�9]4F032�0346587
9<;<0=582�>�?�7=589<03@�2BA+@8S
JrDQ;<4�?�9&589<03@�2)>�;&58J�GBA�K

� �
�� *L� � � � � � � "$#&%?P�¢�P�w��ez(')#w*u0$#@- Pqe!%h*U%BA�F?6s+.-/*1032 F.=?#@--© � x������5x��I¬<IJ(6~AQ63%�#@-/S
= *&8$+.-/*1032�y F?6 =?#@-�%�#/L E@#&%u© � x������5x��I¬�ANE9*~P�AQ6!AQPR*&8(%B- A *&6U+[e\8 *U%BA�F?6�F?HTP AQH *&657jF?6!8YX�AQH
%B2�#@-@#�ANEG*;PR*?LUAQPR*&8 0T*U%B2_wz«

0
x������5x{«

k

z$AQ6 ��	lw��ezE�e)C^2�%B2[*U% ���
1
x������5x��

k � ANEG* CDF?6�E@#�C�e!%BAh=&#Cm8QA��!e #w*&- -/*&6U+)#@P~#@65%bHhF?-�y ]_2�#@-@# �
i

¢
def
¤wUP  �

i−1
x �

i
" zV*&657 %B2�#(E�0#�CmA *&83E1C@*&6!8QAQ6�#DE �

i−1*&657 �
i

*&-@#M%B2�#u8 *!')#@8NEuF?H
«
i−1

*&6576«
i

AQ6���	/w���z HfF?-(*&8Q8 � µP© � x������5x � ¬<I



� } �

is is

u v

−1

isis
u v−1

u v +js− 11js

js

���������
	 � � �];&58J�G�y w�]z60=AZ5 9<;<0=582�>�?�7=589<03@�2�@8SHP[K �hD|037373?BA<9<;&589<D|9<G�;<DQD
EQ5�A<D�AFG�@d�²5�Hdc<5�EXDQ2e9_`aDQ;<9<0=EXD�A ��582BH 	j58J�J*D�58;_032i@�2�D1465d~Y0346587uEX730=��?�D1@8S
y w�]z}K



Chapter 10
+IDQ;<4�?�9&589<03@�2)>�;&58J�GBA � } �

k m �  �ml-§^\u¡�DQ4F465 ��� K�� � 582BHW9<G�DtHV0=A&EX?BA&A<03@�2BA�582BHCEX@�2BA&9<;<?BEX9<03@�2BA�orDXS�@�;<Dal�DQ`aDQ;<\u465d~Y0346587
JB589<G�@8S���	lw��ezFHVDXxB2�D�A_5 4F032�0346587+9<;<0=582�>�?�7=589<03@�2i@8SHP%032�9<G�D|;<D���?�03;<D�H�A<DQ2BA<Dal^��G�0=ERG
J�;<@d`aD�At@�2�D]HV03;<D�EX9<03@�2w@8S
9<G�Du9<G�DQ@�;<DQ41Kq�B@�;U9<G�D+@�9<G�DQ;�lY73DQ9`y%o*D]5�4F032�0346587*9<;<0=582�>�?�7=589<03@�2
@8S?P[K{|]?�DW9<@F�-G�DQ@�;<DQ4 ��� K��C�VlKy 0=A�582Z032Y9<DQ;<`8587*>�;&58J�G�lV582BHZoe\w�-G�DQ@�;<DQ4 ��� K � l�y%GB5�A�5
EX@�2BA<D�EX?�9<03`aDCEX730=�e?�DC58;<;&582�>�DQ4FDQ2e9 ���

1
x������5x��

k � K¡�DQ9q¦
0
¢

def
¦

k

¢
def
��582BH�¦

i

¢
def
�

i

���
i+1
l � µP© � x������5x �  � ¬�K�§^\NfU@�;<@�737=58;<\ ��� K � l

¦
1
x������6xR¦

k−1
58;<DC9<G�DC4F032�0346587�A<DQJB58;&589<@�;&A-@8S?y�l�582BHnoe\Z�-G�DQ@�;<DQ4 }VK ��� l.©d¦

1
x������5xR¦

k−1
¬

0=A�5�465d~Y0346587�A<DQ9-@8SIJB5803;<��0=A<DW2�@�2V��EX;<@aA&A<032�>�4F032�0346587�A<DQJB58;&589<@�;&A^@8S�P[Kpse032BEXD��
1
x������5x��

k58;<DvJ*@�9<DQ2e9<0=587�465d~Y0346587IEX730=��?�D�A+@8S�P[lB9<G�DQ;<D�58;<D�A<J*D�EX0=587�A&EQ582�73032�D�A �
1
x � ′

1

x �
2
x������5x � ′

k

@8S`P
A<?BE'G69<GB589��

i

¢ ¤"wUP  �
i

x � ′
i

" zt582BH �
i

µ��
<
π

w�� ′
i

z:Sz@�; � µP© � x������5x � ¬]HV?�Du9<@��-G�DQ@�;<DQ4 ��� K�� � K
se?�J�Jr@aA&D�9<G�DQ;<Dh58;<D � x � µ·© � x������5x � ¬�l � � � luA<?BE'G�9<GB589��

j

@�;�� ′
j

032Y9<DQ;&A<D�EX9&AZ��039<G �
i@�; � ′

i

Kªse032BEXD|582�032�2�DQ;_`�DQ;<9<DX~j@8SC9<G�D�@�2�D�A<DQ9_HV@eD�A62�@�9_o*DQ73@�2�> 9<@�9<G�D�@�9<G�DQ;_A<DQ9�l �
i582BH �

j

HV@b2�@�96EX@�2Y9&58032k032�2�DQ;6`�DQ;<9<0=EXD�ANwz;<DQ4FDQ4�o*DQ;_9<GB589�lU0TS{lpSz@�;_DX~V584FJ�73Dal �
i

GB5�A6582
032�2�DQ;�`aDQ;<9<DX~h«�582BH �

j

032Y9<DQ;&A<D�EX9&A���039<G � ′
i

lI9<G�DQ2j«j0=A�EX@�2Y9&58032�D�H 032�032e9Ww��
j

zv582BHb032 �
j

l
��G�0=E'GbEX@�2e9<;&5�HV0=EX9&AC9<G�DwHVDXxB2�039<03@�2b@8S�032�2�DQ;N`aDQ;<9<DX~�z}K6��DQ2BEXDal � � � � � � � 582BH �

i

¢
¦

i−1
��¦

i

582BH��
j

¢ ¦
j−1
��¦

j

K §^\�¡�DQ4F465 ��� K ��� lW©�032Y9Ww��
i

z�x{032e9Ww�� ′
i

zR¬k¢ ©d¦
i−1

xR¦
i

¬
582BH�©�032e9sw��

j

z�x{032Y9Ww�� ′
j

zR¬6¢ ©d¦
j−1

xR¦
j

¬�K�se@Bl �
i

x � ′
i

x �
j

x � ′
j

58;<D[JB5803;<��0=A<D[2�@�2V��032Y9<DQ;&A<D�EX9<032�>woY\
�-G�DQ@�;<DQ4K}VK ��� 582BHv¡�DQ4F465 ��� K � �VK���9�S�@�7373@m��A�9<GB589I¦b¢

def
© �

1
x������5x � ′

k

¬U0=A
5�A<DQ9
@8SYJB5803;<��0=A<D
2�@�2V��032Y9<DQ;&A<D�EX9<032�>uA<J*D�EX0=587YAREQ582�73032�D�A�@8S0PFK:se?�J�J*@aA<D�¦�0=A�J�;<@�JrDQ;<73\vEX@�2Y9&58032�D�H�032�5u465d~Y0346587
A<DQ9q¦ ′ @8SBJB5803;<��0=A<Dp2�@�2V��032Y9<DQ;&A<D�EX9<032�>]A<JrD�EX0=587YA&EQ582�73032�D�A
@8S0PFKI¦ ′ ?�2�0=�e?�DQ73\NHVDXxB2�D�A�5+JB589<G�032
��	lw���z�oY\v¡�DQ4F465 ��� K�� � l�582BHv73DQ9 	

S′

orD^9<G�D�A<DQ9�@8S*Jr@�9<DQ2Y9<0=587e465d~V0346587YEX730=�e?�D�AIHVDXxB2�D�H�oY\
¦ ′ wz0�K DaK3lL@�2C9<G�DpJB589<GC@8S ��	lw��ez�HVDXxB2�D�HWoe\N¦ ′ z}K
�y9�G�@�7=H�A�9<GB589�	

S

¢
def
© �

1
x������5x��

k

¬ � 	
S′

K
§^\1¡�DQ4F465 ��� K�� � l 	

S′

HVDXxB2�D�A]5_4F032�0346587I9<;<0=582�>�?�7=589<03@�2 y ′ @8S�PFl.582BH�A<032BEXD 	
S
� 	

S′

l
y 0=Av5)A<?�o�>�;&58J�Gh@8S�y ′ Kwse032BEXD=y 0=AN5n9<;<0=582�>�?�7=589<03@�2h@8S�P[ley 582BH y ′ 58;<DFD���?B587�l�582BH
	

S

582BH 	
S′

58;<DZD���?B587�lI582BH 9<G�Dw9<G�DQ@�;<DQ4 G�@�7=H�A�K|��9�4F03>�Ge9�587=A<@�o*Dw9<G�DZEQ5�A<D_9<GB5896¦�0=A
5w465d~Y0346587IA<DQ9+@8StJB5803;<��0=A<D�2�@�2V��032Y9<DQ;&A<D�EX9<032�>wA<J*D�EX0=587�A&EQ582�73032�D�Au@8S�P o�?�9�	

S
� 	

S′

K+�hD
A<034F037=58;<73\ZEX@�2BEX73?BHVDC9<GB589�9<G�0=A�0=A�2�@�9�Jr@aARA<03o�73DaK

� � � � �  *� � ��� � 	L�
� ���z��� �  �^� � � �q��m�L� � �k��L  ���z� �

�-G�DN4FDQ4�orDQ;&A<G�03J�J�;<@�o�73DQ4²9<GB589��^DN��0=A<G19<@ZA<@�73`aDC03219<G�0=AuA<D�EX9<03@�210=AuHVDXxB2�D�H15�A�S�@�7373@m��A �
>�03`aDQ2�5bJB5803;\wUP:x%yVz[@8SC>�;&58J�GBA�l^��G�DQ;<DVP 0=A_5 JrDQ;<4�?�9&589<03@�2�>�;&58J�G�l^0=A"y 5b4F032�0346587
9<;<0=582�>�?�7=589<03@�2h@8SmP �i�hD���03737tEQ58737:9<G�0=AWJ�;<@�o�73DQ4 9<G�Dd;:9<.[�6}4��9�;=�6;=^i���i1'(+9b&_&��<¶+^�>u��; 7Q¶#�
&�����;:BK2U$M2-9�¶#.\!#�8$�&�(M1}K[M `d58;<0=582Y9u@8S^9<G�0=AWJ�;<@�o�73DQ4 0=ACEQ587373D�H�9<G�DH&��{¶C;H9<15��;:9<.��5}4��9l;��;M�
^j���'1i(A9�& &��{¶A^�>D�6; 7X¶#�]&�����;:BK2U$M2-9�¶#.S!#�8$�&�(M1���G�DQ;<Dn�^Dn9<;<?BA<9[9<GB589F9<G�DZ032�J�?�9F>�;&58J�G�P·0=A
5wJrDQ;<4�?�9&589<03@�2|>�;&58J�G�KW�-G�D�032�J�?�9u0=AW5�H�HV039<03@�2B587373\)S�?�;<2�0=A<G�D�H1��039<G�9<G�D�JrDQ;<4�?�9&589<03@�2�A<DX�
�e?�DQ2BEXDvHVDXxB2�032�>_9<G�D�032�J�?�9�JrDQ;<4�?�9&589<03@�2�>�;&58J�G�lr0�K DaK3lB032�J�?�9+0=Au569<;<03J�73DdwUP:x��?x%y\z}lB��G�DQ;<D
P�¢�P�w��ez}K

�u?�;�5873>�@�;<039<G�46ANSz@�;�A<@�73`e032�>�9<G�D64F032V���
;<0p4FDQ4�o*DQ;&A<G�03JbJ�;<@�o�73DQ46AvSz@�;NJ*DQ;<4�?�9&589<03@�2
>�;&58J�GBAv58;<DwoB5�A<D�Hh@�2�9<G�D_ERGB58;&5�EX9<DQ;<0=AR589<03@�2b@8S�4F032�0346587p9<;<0=582�>�?�7=589<03@�2BA�@8S-J*DQ;<4�?�9&589<03@�2
>�;&58J�GBA1oY\�465d~Y0346587NJB589<GBA�@8SFJr@�9<DQ2Y9<0=587v465d~V0346587vEX730=��?�D�A1>�;&58J�GBA w��-G�DQ@�;<DQ4 ��� K�� � z}K



� }�}

�-G�DQ;<DXSz@�;<DalU5hEXDQ2e9<;&587�JB58;<9F0=AFHVD�HV0=EQ589<D�H�9<@h9<G�D�J�;<@�o�73DQ4 @8SuD �_EX03DQ2Y9<73\ >�DQ2�DQ;&589<032�>b9<G�D
Jr@�9<DQ2Y9<0=587q465d~Y0346587qEX730=�e?�D�AW>�;&58J�GP@8S-5Z>�03`aDQ2PJrDQ;<4�?�9&589<03@�2h>�;&58J�G�K[�B;<@�4%039&ANHVDXxB2�039<03@�2
582BH[fU@�;<@�737=58;<03D�A ��� K � 582BH ��� K�� � �UD^�Y2�@m��9<GB589�039I465L\Co*DUJ*@aA&A<03o�73D^9<@u>�DQ2�DQ;&589<D^9<G�D^Jr@�9<DQ2V�
9<0=587�465d~Y0346587�EX730=�e?�D�AU>�;&58J�Gn032n73032�D�58;�9<034FDalV582BH1fU@�;<@�737=58;<\ ��� K � 5873;<D�5�HV\wA<9&589<D�A^9<GB589�9<G�D
A<DQ9+@8S^A<JrD�EX0=587:A&EQ582�73032�D�A]EQ582|o*D�730=A<9<D�H|032�73032�D�58;u9<034FDaKNse@Bl.9<G�D�465dc{@�;+J�;<@�o�73DQ4£;<DQ4658032BA
9<@F730=A<9-9<G�DNA<DQ9�@8Sq58;&EQA�K

� � � � � � � � � � "$#&%`P�¢vP=w���z>'<#g*>0#@- Pie!%h*U%BA�F?6q+.-/*1032�F.=?#@-]© � x������5x��I¬R%B2[*U%{2[*\E �
#�7�+)#DE�I ��6 %BAQP~# �cw � � �_z/4V%B2�#;0F)%�#@63%BA *&8{PR*?LUAQPR*&8VCm8QA��Ue #DEg+.-/*1032 � 	/w��ez>F?HTP C@*&6o'<#
+)#@6�#@-/*U%�#�7�I

k L �  �mlw|]?�D�9<@FfU@�;<@�737=58;<\ ��� K � la9<G�DuA&DQ9t@8S�A<JrD�EX0=587rAREQ582�73032�D�At@8SoP EQ582worD+730=A&9<D�HF032_73032�D�58;
9<034FDal�0�K DaK3lV03219<034FD �cw � � �_z}Kt�y9�0=A+EX73D�58;�oY\Z�-G�DQ@�;<DQ4 ��� K�� � 9<GB589�9<G�DvA<DQ9&A � <

π

w���zUS�@�;��
5�A&JrD�EX0=587�A&EQ582�73032�D]@8S�P[lYA

0
� �alY;<DQJ�;<D�A<DQ2Y9U9<G�DC58;&EWA<DQ9^@8S ��	lw���z}Kpse@BlY039-A<?��_EXD�A^9<@FA<G�@m�

9<GB589p9<G�D�A<D]2�DQ03>�GYor@�?�;&A^A<DQ9&AUEQ582worDW>�DQ2�DQ;&589<D�H6032Z73032�D�58;^9<034FDaK��hDWHVDXxB2�DW582_@�;&HVDQ;�� @�2
9<G�D]A&JrD�EX0=587�A&EQ582�73032�D�Ap@8S�Pª5�ApS�@�7373@m��A���@�;&HVDQ;^9<G�D]A<J*D�EX0=587.AREQ582�73032�D�Ap032BEX;<D�5�A<032�>�73\_oe\F9<G�DQ03;
?�J�JrDQ;]DQ2BHVJr@�032Y9&Au582BH���039<G�032�582|D���?�03`85873DQ2BEXD�EX7=5�ARA�oY\)9<G�DQ03;+73@d�UDQ;uDQ2BHVJr@�032Y9&A�K+�y2�@�9<G�DQ;
�U@�;&H�ALlQS�@�;�A&EQ582�73032�D�A �u¢ w ³Ix � z�582BH
� ′ ¢ w ³ ′ x � ′ z}l ��� � ′ 0TSB582BHN@�2�73\C0TSr³ � ³ ′ @�;�ld0TS*³�¢�³ ′ l
� � � ′ Kpse034F037=58;<73\�lV�^DCHVDXxB2�DC@�;&HVDQ; � � � � � ′ 0TSq582BHw@�2�73\Z0TS�� � � ′ @�;�lV0TS��u¢ � ′ lB³ � ³ ′ K
��@�9<DC9<GB589�� 582BH � HVDXxB2�DC73032�D�58;+@�;&HVDQ;&A�lVG�DQ2BEXDC@�;&HVDQ;<032�>aA�l�582BHn9<G�DQ\nEQ582)orDN@�o�9&58032�D�H
032|73032�D�58;]9<034FDaK]�B?�;<9<G�DQ;<4F@�;<Dal�� 582BH � 9<@�>�DQ9<G�DQ;WHVDXxB2�D[5_J*DQ;<4�?�9&589<03@�2�>�;&58J�G�l�582BH|5
JrDQ;<4�?�9&589<03@�2hHV0=58>�;&584%EQ582Po*D[EX@�4FJ�?�9<D�H�032P73032�D�58;W9<034FD �+@�2P9<G�D[?�J�JrDQ;C73032�Dal���;<039<D[9<G�D
A<JrD�EX0=587�AREQ582�73032�D�A�5�EQEX@�;&HV032�>69<@F@�;&HVDQ;���l�@�2)9<G�Dv73@m�^DQ;�73032�Dal���;<039<DC9<G�DvA<J*D�EX0=587
A&EQ582�73032�D�A
5�EQEX@�;&HV032�>F9<@F@�;&HVDQ; � l8c{@�032Z9��^@FJr@�032Y9&A-��039<G19<G�DNA&584FDCA&EQ582�73032�DC7=58orDQ7�Kp��9�0=A�D�5�A&\_9<@6A<DQD
9<GB589�lVS�@�;�9y�^@6A<JrD�EX0=587�AREQ582�73032�D�A��v582BH � ′ @8S/PFl � � � ′ 0TSt582BHn@�2�73\w0TS���� � ′ 582BH � � � ′ K
�-G�0=AC587=A<@)4FD�582BAC9<GB589�_582BH � ′ 032e9<DQ;&A&D�EX9]0TS�582BHP@�2�73\�0TS^DQ039<G�DQ;��� � ′ @�;� � � ′ KF�hD
5�A&A<@YEX0=589<Du��039<GZ9<G�0=A^JrDQ;<4�?�9&589<03@�2nHV0=58>�;&584 5�JrDQ;<4�?�9&589<03@�2ZA&D���?�DQ2BEXDW582BHw5�J*DQ;<4�?�9&589<03@�2
>�;&58J�GP9<GB589]0=AW@�o�9&58032�D�H�oY\|A<034FJ�73\�;<DQJ�7=5�EX032�>Z9<G�D6AREQ582�73032�D�7=58o*DQ7=AWoe\�2B589<?�;&587q2e?�4�orDQ;&A�K
M�2)DX~�584FJ�73DC0=A->�03`aDQ2)0321�I03>�?�;<Da� � K

�hD+HVDXxB2�D�9��U@WS�?�2BEX9<03@�2BA	��582BH�
�K:¡�DQ9���5�A&A<03>�2F9<@NDQ`aDQ;<\�A<JrD�EX0=587*A&EQ582�73032�D �aleA
0
� �al

9<G�DN;<03>�GY9<4F@aA<9+A<J*D�EX0=587�A&EQ582�73032�DN��039<G|;<D�A<JrD�EX9u9<@ � 9<GB589]HV@�D�Au2�@�9�032Y9<DQ;&A<D�EX9���039<G ��582BH
0=A[9<@P9<G�D)73DXSz9[@8S ��K��y2�@�9<G�DQ;[�U@�;&H�A�l���w�� z � �1582BH�lqS�@�;[DQ`aDQ;<\ A<J*D�EX0=587�A&EQ582�73032�D�� ′ @8SP[l:0TS��w���z � � ′ � ��lq9<G�DQ2 � ′ 032e9<DQ;&A<D�EX9&A���039<G �aKn�+@�9<DZ9<GB589[�^DZEX@�?�7=HjGB5m`aD_?BA&D�H��
58739<DQ;<2B589<03`aDQ73\�582BHh@�o�9&58032�D�HP9<G�D6AR584FD�S�?�2BEX9<03@�2��rKF�r@�;NEX@�2e`aDQ2�03DQ2BEXDal�73DQ9��0w�A

0
zu¢

def
A
0
K

§^\�
�lp�UD1HVDQ2�@�9<D)9<G�D)4658J�J�032�>h9<GB58965�ARA<03>�2BA[9<@hDQ`aDQ;<\ A<J*D�EX0=587+A&EQ582�73032�D���9<G�D1A<JrD�EX0=587
A&EQ582�73032�D�� ′ 9<GB589F0=A[;<03>�Ge9<4F@aA&9���039<G�;<D�A&JrD�EX9[9<@ � ��G�DQ;<D�� ′ � ��582BH�9<GB589F032Y9<DQ;&A<D�EX9&A
��039<G �aKw��S-9<G�DQ;<D60=AC2�@|A<?BERGbAREQ582�73032�Dal�73DQ9�
�w���zC¢

def
�aK_�hD_EX7=58034 9<GB589�l�Sz@�;v58737UA<JrD�EX0=587

A&EQ582�73032�D�A �C@8SlP[l�A
0
� ��lVG�@�7=H�A

� <
π

w�� zq¢ª©�
 i w���w���z%z � � ! � ¬ ��© � ′ � �8¬
��G�DQ;<D�
 0 w���w���z%z_¢

def
�0w�� z[582BH�
 i+1 w���w���z%z_¢

def

�w�
 i w���w���z%z%z}K��
@P`aDQ;<0TS�\b9<G�D)032BEX73?BA<03@�2

Sz;<@�4 73DXSz9N9<@|;<03>�Ge9�l
xB;&A<9�@�oBA<DQ;<`aDF9<GB589�l�Sz@�;�A<JrD�EX0=587^A&EQ582�73032�D �alI9<G�DZA&EQ582�73032�D�AN032 � <
π

w�� z
58;<DnJB5803;<��0=A<Dn032e9<DQ;&A<D�EX9<032�>BlqA&D�EX@�2BH�lq9<G�D)DQ73DQ4FDQ2e9�032 � <

π

w�� z�;<03>�GY9<4F@aA<9���039<G�;<D�A<JrD�EX9F9<@
� 0=A���w���z �v73DQ9 � <

π

w�� zN¢²© �
1
x������6x��

r

¬_��G�DQ;<D �
r
� ����� � �

1
l�9<G�DQ2�
 i w��0w�� z%zN¢ �

i+1
Sz@�;



Chapter 10
+IDQ;<4�?�9&589<03@�2)>�;&58J�GBA � } �

se9<DQJ � �q¡�0=A<9<032�>6A<J*D�EX0=587�A&EQ582�73032�D�A

s 0 s21s s3 s4 s5 s6

1 2 3 4 5 6 7 8 9

45 7 1 3 9 6 8 2

se9<DQJ_� �{|]DXxB2�032�>65[JrDQ;<4�?�9&589<03@�21HV0=58>�;&584
s3 s4 s5 s6s2 1s

1s s2 s3 s4 s5 s6s0

s0

se9<DQJ � �pfU@�2BA<9<;<?BEX9<032�>65[JrDQ;<4�?�9&589<03@�21A<D��e?�DQ2BEXD

1 2 3 4 5 6 7

1 23 4 5 6 7

���������
	���� �B@�;]>�;&58J�G P ¢�P�w	� � x � x � x � x � x � x � xm}4xj� � z+�UD�@�o�9&58032h9<G�DF58?V~e�03730=58;<\i>�;&58J�G P�w	� � x � xj�4x � x � x � x � � z6Sz@�;n>�DQ2�DQ;&589<032�>�9<G�DhJr@�9<DQ2Y9<0=587W465d~Y0346587EX730=�e?�D�A->�;&58J�G)@8S/P�?BA<032�>[9<G�Dv5873>�@�;<039<G�4 @8S�9<G�DCJ�;<@e@8S:@8S:¡�DQ4F465 ��� K���}VK



��� �

58737 � % �6 � K �-G�D�032BEX73?BA<03@�2�S�;<@�4 ;<03>�Ge9_9<@ 73DXS�960=A_EX73D�58;woe\�HVDXxB2�039<03@�2�@8S���582BH 
�K
se@BlI0TS��P582BH�
jEQ582�o*DZEX@�4FJ�?�9<D�H�032 73032�D�58;�9<034FDal:4F@�;<D_J�;<D�EX0=A&DQ73\�lI0TS��UDZEQ582jEX@�4FJ�?�9<D
58;<;&5L\VAt;<DQJ�;<D�A&DQ2e9<032�>�or@�9<GwSz?�2BEX9<03@�2BA�l�9<G�D]A&DQ9&A�� <

π

w���ztEQ582ZorDWEX@�4FJ�?�9<D�Hw032_@d`aDQ;&58737r73032�D�58;
9<034FDalVA<032BEXD ��	lw��ezUEX@�2e9&58032BA-589-4F@aA<9 � ��� �%58;&EQA-HV?�DW9<@6fU@�;<@�737=58;<\ ��� K�� � K{��@�9<DW9<GB589-0TS

 i w���w�� z%z �µP© � ′ ��� ′ � �8¬N9<G�DQ2 
 i+1 w���w���z%z �µP© � ′ ��� ′ � �8¬�K

�B;<@�4 @�;&HVDQ;&A � 582BH � l^�^D1GB5L`�D1HVDXxB2�D�Hk5hJrDQ;<4�?�9&589<03@�2�>�;&58J�G�K��y960=AFD�5�A<\�9<@
A<DQD�9<GB589C9<G�D�;<D�A&?�739&Au@8SUSz?�2BEX9<03@�2BA�
h582BH �)9<G�DQ2hEX@�;<;<D�A<J*@�2BHP9<@)EX73@aA<D�A<9]73DXSz9W2�DQ03>�GYor@�?�;&A
582BHn2�@�2V��2�DQ03>�Geo*@�?�;&A�l�;<D�A<J*D�EX9<03`aDQ73\�K:¡�DQ9gP=w ��z-orDv5FJ*DQ;<4�?�9&589<03@�2)>�;&58J�G�@m`aDQ;]© � x������5x � ¬�K
¡�DQ9]«�o*DF5_`aDQ;<9<DX~)@8STP=w ��z}KW�-G�D�R6>3¶�15�'162T>D�-7�2�.0��9D!�(4^&¶#BA�u@8St«h0=A+9<G�D�`aDQ;<9<DX~��ZA<?BE'G�9<GB589
� −1 w �Az � � −1 wz« z:582BH[«w582BH �C58;<D�5�Hdc<5�EXDQ2Y9t582BH[9<G�DQ;<D�0=Aq2�@C2�DQ03>�GYor@�?�; 
i@8S.«_A&?BERGF9<GB589
� −1 w �Az � � −1 w�
gz � � −1 wz«0z}K_��SU9<G�DQ;<D60=AN2�@)73DXSz9C2�DQ03>�GYor@�?�;N@8S-«
l
�UD6A&5m\�9<GB589v«b0=AC039&A
@m��2ZEX73@aA<D�A<9^73DXSz9^2�DQ03>�GYor@�?�;�K:�-G�D]HVDXxB2�039<03@�2n@8S
EX73@aA<D�A&9U73DXS�9U2�@�2V��2�DQ03>�GYor@�?�;^0=A-A<034F037=58;��e�UD
@�2�73\h;<DQJ�7=5�EXD � 5�Hdc<5�EXDQ2Y9
	�582BH � 2�DQ03>�Geo*@�?�;
	�oY\ � 2�@�2V��5�Hdc{5�EXDQ2Y9
	�582BH � 2�@�2V��2�DQ03>�GYor@�?�;
	�l
;<D�A<JrD�EX9<03`�DQ73\�K$�+@m�Nl�EX@�2BA&0=HVDQ;�9<G�DWSz@�7373@d��032�>F5873>�@�;<039<G�4 9<GB589�0=A�58J�J�7303D�Hn9<@"P�w �Iz �
w � zw032�039<0=58730��QDN5FA<9&5�E'�_��039<G)`85873?�D � � �
w@�Mz_Sz@�; � ¢ � x������5x � �6HVDQ73DQ9<Dn58737^`aDQ;<9<0=EXD�ACS�;<@�4 9<G�DnA<9&5�E'�P9<GB589�58;<DnA<46587373DQ;v9<GB582 ��w � z}l

5�A&A<03>�2[9<G�D�9<@�JV��@8Sz��A<9&5�E'�vDQ73DQ4FDQ2Y9t5�ApEX73@aA<D�A<9:73DXS�9t2�DQ03>�GYor@�?�;q9<@ ��w � z}l�J�?BA<G ��w � zI@�269<G�D
A<9&5�E'�

w � z_Sz@�;^«�µP© � x������6x � ¬��:0TS
«�GB5�A � � � 5�A�EX73@aA<D�A&9U73DXS�9-2�DQ03>�Geo*@�?�;�l�5�A&A<03>�2Z«15�A�EX73@aA<D�A<9^73DXSz9
2�DQ03>�Geo*@�?�;�9<@F«
K

�-G�D^HVD�AREX;<03orD�H[5873>�@�;<039<G�4�;<?�2BA�032[9<034FD �cw � z}K��r@�;�9<G�D�EX@�;<;<D�EX9<2�D�A&ALlm@�oBA&DQ;<`aDp9<GB589:`aDQ;<9<0=EXD�A
9<GB589Z58;<DhHVDQ73DQ9<D�H�032 A<9<DQJ���58;<DP2�@�2V��2�DQ03>�GYor@�?�;&AZ@8S�9<G�DPEX?�;<;<DQ2Y9Z`�DQ;<9<DX~�582BHi9<GB589)58737
;<DQ4658032�032�>1`aDQ;<9<0=EXD�AC032 9<G�DwA<9&5�E'��wzDX~�EXDQJ�9CS�@�; � � � zC58;<D673DXS�9N2�DQ03>�GYor@�?�;&Av@8S-9<G�DwEX?�;<;<DQ2e9
`aDQ;<9<DX~�K���9q0=AqEX73D�58;:9<GB589q9<G�D-9<@�JV��@8Sz��A<9&5�ER�vDQ73DQ4FDQ2e9:0=A:;<03>�GY9<4F@aA<9:032 �[584F@�2�>N58737�`aDQ;<9<0=EXD�AI032
9<G�DUA<9&5�E'�=w�A<032BEXDp039I0=A�7=589<D�A<9
J�?BA<G�D�H�z�582BH�A&@+0=A�9<G�DUEX73@aA<D�A<9�73DXSz9�2�DQ03>�Geo*@�?�;�K��r@�;�EX@�4FJ�?�9<032�>
9<G�D�EX73@aA&D�A<9+73DXS�9+2�@�2V��2�DQ03>�GYor@�?�;�l.?BA<D�9<G�D�AR584FD�5873>�@�;<039<G�4£@�2|J*DQ;<4�?�9&589<03@�2�>�;&58J�G P=w � ′ z
��G�DQ;<D � ′ ¢

def
� � �  ��KP�-G�DZJr@aA<039<03@�2j@8S+9<G�DnEX73@aA<D�A<9v73DXS�9v2�DQ03>�GYor@�?�;�@8S � ′ w � zC0=A�9<G�D

Jr@aA<039<03@�2)@8SI9<G�DvEX73@aA<D�A<9-73DXS�9-2�@�2V��2�DQ03>�Geo*@�?�;�@8S ��w � z}K

� �
�� rm� � � � � �r° ���  � B	L��� � � � � � �*��%�  � � �  
"$#&%JPª¢ w�¤�x<¥[zu'<#u*;+.-/*1032 I �z6R8QAQ6�# *&-u%BAQP~#�4UAh%{C@*&6�'<#>=?#@- A ��#�7i]_2�#&%B2�#@-mP ANEV*&6~AQ65%�#@-�=D*&8
+.-/*1032 I �$e\-�%B2�#@- P~F?-@#�4?AQH�P ANE*&69AQ65%�#@-�=D*&8\+.-/*103254.*&6>AQ65%�#@-�=D*&8.P~FU7)#@8

I
E�e)C^2s%B2[*U%0P�¢�P�w

I
z

C@*&6 '<#w+)#@6�#@-/*U%�#�7RAQ6 8QAQ6�# *&->%BAQP~#\I

� �
�� rm� � � � � � � v$2�#@-@#,ANEw*:8QAQ6�# *&-/S�%BAQP~#>*&8�+)F?- Ah%B2!P HfF?-(EDF?8h=�AQ6U+j%B2�# 03-@F?P�ANED#uP�AQ6[Smv!- A
P~#@Pq')#@-mE 2!A 0q03-@FU'&8�#@P HhF?-{0#@- Pie!%h*U%BA�F?6q+.-/*1032�E?I

k L �  �ml)¡�DQ9wUP:x��?x%yVzuorD6582h032BA<9&582BEXD[@8S-@�?�;]J�;<@�4F0=A&DF4F032V���
;<0:4FDQ4�orDQ;&A<G�03JhJ�;<@�o�73DQ41K
�hD1EQ582�5�A&A<?�4FDOP ¢ P�w��ez}Ko|]?�D19<@ ¡�DQ4F465 ��� K���}Vlp9<G�D�Jr@�9<DQ2Y9<0=587�465d~Y0346587uEX730=��?�D�A
>�;&58J�G ��	lw��ezC@8SZPg0=A[EX@�4FJ�?�9<D�H�032�73032�D�58;�9<034FDaKh��S�y#0=A[5�4F032�0346587-9<;<0=582�>�?�7=589<03@�2j@8S
P[lt9<G�DQ2Yy 0=AF582�032e9<DQ;<`8587->�;&58J�GkHV?�D)9<@bfU@�;<@�737=58;<\ ��� K�� � K���2�73032�D�58;F9<034FDalU039FEQ582�orD



Chapter 10
+IDQ;<4�?�9&589<03@�2)>�;&58J�GBA ��� �

`aDQ;<0TxBD�Hw��G�DQ9<G�DQ;my%0=A�582w032Y9<DQ;<`d587.>�;&58J�G�lV582BHZ0TS�A<@BlV582)58J�J�;<@�J�;<0=589<D]032Y9<DQ;<`8587*4F@YHVDQ7�EQ582
orDv>�DQ2�DQ;&589<D�H1HV?�DC9<@_�-G�DQ@�;<DQ4 ��� K�� � Kp�r?�;<9<G�DQ;<4F@�;<Dal��-G�DQ@�;<DQ4 ��� K � >�03`aD�A�5F73032�D�58;{��9<034FD
5873>�@�;<039<G�4·Sz@�;WEX@�4FJ�?�9<032�>)5ZEX@�2BA&D�EX?�9<03`aD�EX730=�e?�D�58;<;&582�>�DQ4FDQ2Y9 ���

1
x������5x��

k � Sz@�;qy Sz;<@�4
9<G�DW032e9<DQ;<`8587.4F@eHVDQ7�KtMuEQEX@�;&HV032�>�9<@6�-G�DQ@�;<DQ4 ��� K�� � lY�^D]GB5m`aD]9<@�xB2BHZ5�465d~V0346587�JB589<GZ032
��	lw���z�9<GB589uHVDXxB2�D�A]A<DQ9�© �

1
x������5x��

k

¬F5�A+J*@�9<DQ2e9<0=587I465d~Y0346587IEX730=��?�D�Au@8S�P[K+�hD�5�A&A&?�4FD
9<GB589~y 0=A�5[9<;<0=582�>�?�7=589<03@�2�@8S�P[K

�B@�;vDQ`aDQ;<\|`�DQ;<9<DX~|«j@8S�PFl
73DQ9�³�wz«0zCHVDQ2�@�9<Dw9<G�D62Y?�4�o*DQ;N@8S�465d~Y0346587pEX730=�e?�D�AC@8S~y
EX@�2Y9&58032�032�>�«
K��+@�9<Dw9<GB589�lI0TS � !��VlI9<G�DQ;<Dw58;<D_9��^@1`aDQ;<9<0=EXD�AN«�582BHb« ′ @8SgPgA&?BERGb9<GB589
³�wz« z�¢£³�wz« ′ z�¢ � K ��@�?�>�G�73\�l:@�?�;[5873>�@�;<039<G�4 �U@�;<�VAv5�A�S�@�7373@m��A��FA&DQ73D�EX9�5|`aDQ;<9<DX~ �jSz@�;
��G�0=E'G6G�@�7=H�AU³�w �0zt¢ � l�xB2BHw582_58J�J�;<@�J�;<0=589<Du58;&E�032_9<G�D�J*@�9<DQ2e9<0=587*465d~Y0346587rEX730=�e?�D�At>�;&58J�G
@8S?P[l�5�Hdc{?BA<9^9<G�DW`d5873?�D�A^@8S:³�wz«0ztSz@�;-9<G�DCA<9<03737�?�2BA<DQ73D�EX9<D�HZ`aDQ;<9<0=EXD�A^582BHn;<DQJrD�589-?�2Y9<037.9<G�DQ;<D
0=A]2�@w`�DQ;<9<DX~173DXSz9�KC�-G�D�`d5873?�DF³�wz« z�032PDQ`aDQ;<\)039<DQ;&589<03@�2PHVDQ2�@�9<D�A]9<G�D[2e?�4�orDQ;u@8Sp465d~Y0346587
EX730=�e?�D�At@8Sey²032w��G�0=ERG_«Z58J�J*D�58;&Ap582BH6��G�@aA&D+EX@�;<;<D�A<Jr@�2BHV032�>�58;&EQAt032�� 	/w��ez:GB5m`aD�2�@�9p\�DQ9
orDQDQ2nS�@�?�2BH�K

��DQ4FDQ4�orDQ;U9<GB589U58737�58;&EQAt@8S ��	�w��ezt��039<GwA<9&58;<9U`aDQ;<9<DX~[7=58orDQ7373D�Hw��039<GwA
0
5�AU�^DQ737r5�AU58737

58;&EQA]��039<G|DQ2BH|`aDQ;<9<DX~17=58o*DQ7373D�H|��039<GPA n
e

EX@�;<;<D�A<J*@�2BH�9<@ZJr@�9<DQ2Y9<0=587I465d~Y0346587:EX730=��?�D�Au@8STP
��039<G�032�2�DQ;u`aDQ;<9<DX~�K+M�`�DQ;<9<DX~1«���039<Gh³�wz« z�¢ � 0=Au032�2�DQ;u`�DQ;<9<DX~1@8Sp5_J*@�9<DQ2e9<0=587I465d~Y0346587
EX730=�e?�D^@8SeP�582BH�9<G�DQ;<DXSz@�;<D-;<DQJ�;<D�A<DQ2Y9&A:5u?�2�0=�e?�D-Jr@�9<DQ2Y9<0=587V465d~Y0346587�EX730=�e?�D^@8SeP[KI/�58;<��58737
58;&EQA:@8S � 	/w��ezI9<GB589tEX@�;<;<D�A<J*@�2BH[9<@]465d~V0346587BEX730=�e?�D�A:@8S0yg��039<GF032�2�DQ;q`�DQ;<9<DX~cwz0TS.J*@�9<DQ2e9<0=587
465d~V0346587:EX730=�e?�D�AW@8SmP HV@)2�@�9CEX@�;<;<D�A<J*@�2BHP��039<GP465d~Y0346587tEX730=�e?�D�A]@8S�y l�9<G�D�032�J�?�9NEQ582
orDZ;<D{c{D�EX9<D�H�z}K|�y9vG�@�7=H�A�9<GB589:y 0=A[5�4F032�0346587U9<;<0=582�>�?�7=589<03@�2j@8SgP²0TS+582BH @�2�73\b0TS�9<G�DQ;<D
0=A+56JB589<G�032���	lw��ez-EX@�2e9&58032�032�>w58737�5873;<D�5�HV\n4658;<�aD�H)58;&EQA���G�@aA&Dv58;&EQA+EX@�;<;<D�A<J*@�2BH19<@69<G�D
465d~V0346587.EX730=�e?�D�A^@8SJy K �u2)A<?BE'GZ5�JB589<G�lY?�2�4658;<�aD�HZ58;&EQA-4�?BA&9^EX@�;<;<D�A<J*@�2BHZ9<@�J*@�9<DQ2e9<0=587
465d~V0346587�EX730=��?�D�A-@8S/P���039<G�@�?�9�032�2�DQ;�`aDQ;<9<DX~�K

�hD[HVD�A&EX;<03orDF582P039<DQ;&589<03@�2�A&9<DQJ�KC¡�DQ9
 ¢ w �
0
x������5x��

r

z+orD[9<G�D�JB589<GP032 ��	lw��ez�9<GB589
A<9&58;<9&A�589
9<G�DpA<@�?�;&EXDt`aDQ;<9<DX~W@8S�� 	lw��ez}ldEX@�2e9&58032BA�@�2�73\W4658;<�aD�HC58;&EQA�582BHC0=A�73@�2�>�D�A&9�Jr@aA&A<03o�73DaK
��DQ2BEXDal�� ! � K^�hD��e2�@d� 9<GB589+DQ`aDQ;<\n58;&EC@�2  EX@�;<;<D�A<J*@�2BH�A�9<@_5_465d~Y0346587
EX730=�e?�DN@8S/y K
�hDpGB5m`aDt9<@]A<DQ73D�EX9�5uA<?BEQEXD�A&A<@�;
@8S$�

r

K
��SB9<G�DQ;<Dp0=A�@�2�73\C@�2�DpJr@aARA<03o�73DUE'G�@�0=EXDalL9<G�D^2�DX~V9�`aDQ;<9<DX~
0=A^ERG�@aA<DQ2�le9<G�DW58;&E�0=A^4658;<�aD�H_582BHw9<G�D+`85873?�D�A-³�wz«0zU58;<DW5�Hdc�?BA<9<D�H�Kqse?�J�Jr@aA&Du9<G�DQ;<DW58;<Du9��^@
Jr@aARA<03o�73D�ERG�@�0=EXD�A � ′ 582BH � ′′ K:¡�DQ9��+orD�9<G�D�A&EQ582�73032�D�`�DQ;<9<DX~��

r

0=A:7=58orDQ7373D�H6��039<G�K #qDQ;<9<0=EXD�A � ′
582BH � ′′ 58;<D�7=58o*DQ7373D�H6��039<GZA&EQ582�73032�D�A�l�73DQ9t9<G�DQ4 orD � ′ 582BH � ′′ l�9<GB589p58;<D+EX73@aA<D�2�DQ03>�GYor@�?�;&Ap@8S
�aK:��S�y%0=AU5�4F032�0346587.9<;<0=582�>�?�7=589<03@�2w@8S?P�DQ039<G�DQ;�¤wUP  �+x � ′ " zq@�;�¤=wUP  �Mx � ′′ " zt0=A^5v465d~Y0346587
EX730=�e?�DF@8S~P[KNw��r@�;C032BA<9&582BEXDal�� ′ 582BH � ′′ ;<DQJ�;<D�A&DQ2e9NEX;<@aA&A&032�>Z4F032�0346587tA&DQJB58;&589<@�;&A�Kbz ��@�9<D
9<GB589-9<G�DQ;<DW0=A�5�`�DQ;<9<DX~_«nSz;<@�4 9<G�DWDQ2BEX73@aA<?�;<DW@8S�� ′ @�;�� ′′ A<?BE'GZ9<GB589�³�wz«0zq¢ � K �+A<032�>[9<G�0=A
`aDQ;<9<DX~�lV9<G�D�EX@�;<;<D�EX9+58;&E�EQ5821orD�A<DQ73D�EX9<D�H�K-M+A&A&?�4FDN9<GB589��^DvA<DQ73D�EX9�� ′ K��B@�;�5�Hdc{?BA<9<032�>69<G�D
`85873?�D�A]³�wz«0z�Sz@�;]DQ`aDQ;<\)`aDQ;<9<DX~1«
l.039];<DQ4658032BA]9<@nEX@�2BA&0=HVDQ;+`aDQ;<9<0=EXD�Au9<GB589C58;<D�EX@�2Y9&58032�D�H�032
¤=wUP  �Mx � ′ " z}lY582BH69<G�D�A<Du`aDQ;<9<0=EXD�At58;<DW58737r2�DQ03>�GYor@�?�;&AU@8S�9y�^@v`aDQ;<9<0=EXD�AqSz;<@�4 ¤=wUP  �+x � ′ " z}l�@�2�D
S�;<@�4 9<G�D]DQ2BEX73@aA<?�;<D+@8S ��l�9<G�D]@�9<G�DQ;USz;<@�4 9<G�DuDQ2BEX73@aA<?�;<Du@8S�� ′ K:�q`aDQ;<\F`aDQ;<9<DX~6EQ582ZorD]032Z589
4F@aA<9u9y�^@_A<?BE'G1JB5803;&A�l*A<?BERG�9<GB589u5�Hdc{?BA<9<4FDQ2e9+9&58�aD�A�@�2�73\)73032�D�58;u9<034FDaK���G�0373D[5�Hdc�?BA&9<032�>Bl
`aDQ;<9<0=EXD�A[S�@�;6��G�0=E'Gk@�2�73\�@�2�D�465d~V0346587+EX730=�e?�D1;<DQ4658032BA6?�2�GB582BHV73D�HkEQ582iorD�Sz@�?�2BHk582BH
A<9<@�;<D�Hn03215[730=A<9�lVA<@F9<GB589�9<G�DNHVD�AREX;<03orD�H)5873>�@�;<039<G�4 orD�EX@�4FD�A+73032�D�58;{��9<034FDaK



��� �

�B@�;vA&@�73`e032�>19<G�Dw4F032V���
;<0U4FDQ4�o*DQ;&A<G�03J J�;<@�o�73DQ4 Sz@�;�JrDQ;<4�?�9&589<03@�2 >�;&58J�GBA�lI039�4�?BA<9
orDC`aDQ;<0TxBD�Hw��G�DQ9<G�DQ;�>�;&58J�G_P @8S�032�J�?�9]wUP:x%yVzp0=A�5�J*DQ;<4�?�9&589<03@�2)>�;&58J�G�Kq�+@m�^DQ`aDQ;�l�Sz@�;�5
73032�D�58;{��9<034FD�A<@�73?�9<03@�2��UDN;<DQ7=5d~19<G�0=Au��?�D�A&9<03@�2�582BH)@�2�73\);<D��e?�03;<DN9<GB589qPO0=A]9<1X¶#;6¶#�f&�(+9@R-9<@
5�JrDQ;<4�?�9&589<03@�2Z>�;&58J�G�Kq�y9^0=A-2�@�9-EX73D�58;�lY>�03`aDQ2n5�JrDQ;<4�?�9&589<03@�2n>�;&58J�GNP�wz032n@�?�;-;<D�A<9<;<0=EX9<D�H
A<DQ2BA<D z}ld��G�DQ9<G�DQ;t5]JrDQ;<4�?�9&589<03@�2 �nEQ582�o*D�>�DQ2�DQ;&589<D�H[032[73032�D�58;q9<034FD�A<?BERG�9<GB589`P ¢�P�w��ez}K
� �
�� rm� � � � � � � v$2�#@-@#�ANEG*;8QAQ6�# *&-/S�%BAQP~# *&8�+)F?- Ah%B2!P HfF?-OE@F?8h=?AQ6U+R%B2�# `Q-@#@8 *?L[#�7�cOP�AQ6[Smv!- A
P~#@Pq')#@-mE 2!A 0q03-@FU'&8�#@P HhF?-{0#@- Pie!%h*U%BA�F?6q+.-/*1032�E?I

k L �  �mlb¡�DQ9�wUP:x%yVzCo*DZ582�032BA<9&582BEXDw@8S�@�?�;�4F032V���
;<0U4FDQ4�o*DQ;&A<G�03JjJ�;<@�o�73DQ41K|�y2 73032�D�58;
9<034FDal�039+EQ582|orDN;<D�EX@�>�2�0��QD�H���G�DQ9<G�DQ;gP�0=A�0=A&@�4F@�;<J�G�0=EC9<@w5FJ*DQ;<4�?�9&589<03@�2�>�;&58J�G�lr582BH1582
58J�J�;<@�J�;<0=589<D�JrDQ;<4�?�9&589<03@�2 �)EQ5826o*D�>�DQ2�DQ;&589<D�HF032673032�D�58;q9<034FDuHV?�D�9<@v�-G�DQ@�;<DQ4 ��� K��VKI¡�DQ9
P ′ 582BH_y ′ DQ4FDQ;<>�DCSz;<@�4�PO582BHOy oY\n;<DQ2B584F032�>_9<G�DN`aDQ;<9<0=EXD�A+5�EQEX@�;&HV032�>_9<@ �:K��y9�G�@�7=H�A
9<GB589�y ′ 0=Au5F4F032�0346587�9<;<0=582�>�?�7=589<03@�2�@8S`P ′ 0TSt582BH)@�2�73\n0TS�y 0=Au5F4F032�0346587�9<;<0=582�>�?�7=589<03@�2
@8S`P[K��y2|582�@�9<G�DQ;+73032�D�58;u9<034FDalr039]EQ582�o*D�`aDQ;<0TxBD�H1oe\n9<G�D�J�;<@�4F0=A<DN4F032V����;<0
4FDQ4�orDQ;&A<G�03J
J�;<@�o�73DQ4 ��G�DQ9<G�DQ;cy ′ 0=An5 4F032�0346587u9<;<0=582�>�?�7=589<03@�2�@8S:P ′ l�0�K DaK3l���G�DQ9<G�DQ; wUP ′ x��Jx%y ′ z60=A
DQ73DQ4FDQ2e9-@8S:9<G�DCJ�;<@�4F0=A<DC4F032V����;<0.4FDQ4�orDQ;&A&G�03J)J�;<@�o�73DQ4 Sz@�;�J*DQ;<4�?�9&589<03@�2)>�;&58J�GBA�K

� � � � - � �  r � 	L� � � 	 ���
�I� � 	 �V	 �   � �
�+A<032�>F9<G�DWJ*@�9<DQ2e9<0=587�465d~V0346587�EX730=��?�D�A->�;&58J�Gn@8Sq5[JrDQ;<4�?�9&589<03@�2)>�;&58J�G�lV�UDCEQ5821EX@�4FJ�?�9<D
9<;<DQDQ��0=HV9<Gi582BHi4F032�034�?�4 xB737T��032�032�73032�D�58;_9<034FDaK��-G�0=A_034FJ�;<@d`aD�AF9<G�D�J�;<DQ`Y03@�?BA<73\�orD�A<9
�e2�@d��2�5873>�@�;<039<G�46A]9<GB589];<?�2�032�9<034FD�A �cw � �L9y�]wUPaz%z-Sz@�;]9<;<DQDQ��0=HV9<G|582BH �cw � 2 z^S�@�;u4F032V�
034�?�4 xB737T��032  �#" Kb�hDn;<DQ4658;<��9<GB589�9<G�D1EX@�4FJ�73DX~V039�\hSz@�;[EX@�4FJ�?�9<032�>h9<G�DnoB582BHV��0=HV9<G�@8S
JrDQ;<4�?�9&589<03@�2P>�;&58J�GBAW0=A]A&9<03737I@�J*DQ2�l�0�K DaK3l�039W0=A]2�@�9CDQ`aDQ2|�Y2�@d��2|��G�DQ9<G�DQ; '*)�� � ��� �"!$#�0=A
Jr@�73\Y2�@�4F0=587T��9<034FDNA<@�73`858o�73D�wz0321EQ5�A&DC@8S + �¢Z� +`z}K

�hD�A<G�@d�ª9<GB589u9<;<DQDQ��0=HV9<G�582BH�4F032�034�?�4²xB737T��032�EQ582|orD[A<@�73`aD�H15�A]A<J*D�EX0=587��^DQ03>�Ge9<D�H
A<G�@�;<9<D�A<9[JB589<GBA[J�;<@�o�73DQ46A�Kj¡�DQ9"P ¢ P�w��ez�orD15PJrDQ;<4�?�9&589<03@�2�>�;&58J�G�@d`aDQ;_© � x������5x��I¬�K
�-G�DN{`��9D!�(A2f�%)6Jr@�9<DQ2Y9<0=587p465d~V0346587tEX730=��?�D�Av>�;&58J�Gb@8S�P 0=A ��	lw��ez]9<GB589v5�H�HV039<03@�2B587373\PGB5�A
`aDQ;<9<DX~1582BHP58;&Ev�^DQ03>�Ge9&A �-`aDQ;<9<DX~1«P��G�@aA<D�AREQ582�73032�D�7=58o*DQ7�0=A �[0=Au�UDQ03>�GY9<D�H|��039<G � 032Y9sw�� z�� l
9<G�D_EQ58;&HV032B5873039�\�@8S�032Y9Ww�� z}lI582BH 58;&E\wz«�x{« ′ z]��G�DQ;<D �Z582BH � ′ 58;<D69<G�Dw7=58orDQ7=A�@8S-«�582BHh« ′ l
;<D�A<JrD�EX9<03`�DQ73\�lB0=Au�UDQ03>�GY9<D�H1��039<G � ¤"wUP  �Mx � ′ " z�� l.9<G�D[EQ58;&HV032B5873039y\)@8Sp9<G�D�Jr@�9<DQ2Y9<0=587I465d~Y0346587
EX730=��?�DW@8SlP�HVDXxB2�D�HnoY\ �N582BH�� ′ K

� � � � � � � ��� � "$#&%lP ¢�P�w��ez;'<#;*g0#@- Pie!%h*U%BA�F?6q+.-/*1032jF =?#@-+© � x������5x��I¬<I(v$2�#9C@*&- 7.A S
6[*&8QAh%BA�#DEwF?HF032e9 HhF?-g%B2�#,E�0$#�CmA *&8$E C@*&6!8QAQ6�#DEwF?H?P C@*&6 ')# CDF?P90_e!%�#�7sAQ6 8QAQ6�# *&->%BAQP~#\I

k L �  �ml�§U\ fU@�;<@�737=58;<\ ��� K � l�9<G�D_A<DQ9N@8S�A<J*D�EX0=587pA&EQ582�73032�D�AN@8S�P EQ582�orD6730=A&9<D�Hh032 73032�D�58;
9<034FDaKN�B@�;WDQ`aDQ;<\1A&JrD�EX0=587qA&EQ582�73032�D �[@8STP[l��^D�JB58;<9<039<03@�2�9<G�DFEX@�4FJ�73DQ4FDQ2Y9W@8Sp032e9Ww���z+032e9<@
9y�^@WA<?�oBA<DQ9&Aq582BH[EX@�4FJ�?�9<D�9<G�DQ03;tEQ58;&HV032B5873039<03D�AqA<DQJB58;&589<DQ73\
��9<G�D�EQ58;&HV032B5873039y\�@8S*032Y9sw�� z�0=Aq9<G�D
;<D�A<?�739]@8SU582|D�5�A&\�EQ587=EX?�7=589<03@�2�KC¡�DQ9 ��¢ w ³Ix �Wz�orDF5nA&EQ582�73032�D�@8STP�w��ez}KC§^\��32Y9 < w���z�¢

def©�« � ³ � � −1 wz«0z � �8¬�lV�UDCHVDQ2�@�9<DC9<G�DNA<DQ9�@8SI`aDQ;<9<0=EXD�A-@8S�P�9<GB589�58;<DNA<46587373DQ;-9<GB582�³_582BH



Chapter 10
+IDQ;<4�?�9&589<03@�2)>�;&58J�GBA �����

9<GB589C58;<DF2�@�9CEX@�2e9&58032�D�H�032P032e9Ww���z}K�§^\��32Y9 > w�� zu¢
def

©�« 	�³ � � −1 wz«0z 		�d¬�l��^D[HVDQ2�@�9<D
9<G�DFA<DQ9]@8SU`aDQ;<9<0=EXD�A]>�;<D�589<DQ;W9<GB582b³n@�?�9&A<0=HVD[032e9sw���z}Kv�hD�xB;&A<9WHVD�A&EX;<03orDF582h5873>�@�;<039<G�4£Sz@�;
EX@�4FJ�?�9<032�>F9<G�DNEQ58;&HV032B5873039<03D�A�@8S �32e9 < K

�hD_5�A&A&?�4FDF9<GB589N9<G�D_A&EQ582�73032�D�AN58;<D_@�;&HVDQ;<D�HbHVD�EX;<D�5�A<032�>�73\Poe\�9<G�D673@d�UDQ;CDQ2BHVJ*@�032e9�K
wz�hDhEQ582i?BA&D�@�;&HVDQ; � @8S�9<G�D�J�;<@�@8S�@8S�¡�DQ4F465 ��� K���}�032i;<DQ`�DQ;&A<D�H�@�;&HVDQ;�Kbz �hD���03737
039<DQ;&589<03`aDQ73\w46582�03J�?�7=589<DN5[730=A<9-@8SIA<DQ9&A�lV��G�0=E'Gn0=A-032BA<J�03;<D�HnoY\_JrDQ;<4�?�9&589<03@�21HV0=58>�;&5846A�Kq¡�DQ9
� w ��ztorDC582n@�;&HVDQ;<D�H_730=A&9U@8S�A&032�>�73DQ9<@�2ZA<DQ9&A-EX@�2Y9&58032�032�>�9<G�DW2Y?�4�o*DQ;&AtS�;<@�4 � 9<@ �qK:M+A&A<03>�2
9<@PDQ`aDQ;<\bA<DQ9�9<G�D)EX@�2e9&58032�D�H�2e?�4�orDQ;F5�A�7=58orDQ7�K���9<DQ;&589<03`�DQ73\�l
@�o�9&58032 � w � zNSz;<@�4 � w � � � z}l
� µP© � x������5x��: � ¬�lVoe\w9<G�DCS�@�7373@m��032�>[J�;<@eEXD�HV?�;<D �
w�5�z_xB2BH�A<DQ9 ��032 � w � � � z+EX@�2Y9&58032�032�> ��w � � � z[wz039u��03737IorD[9<G�D[A<46587373D�A<9uDQ73DQ4FDQ2e9]032|9<GB589

A<DQ9'z �V73DQ9 ��GB5m`aDW7=58orDQ7
³
wzo�z_xB2BH)A<DQ9 � ′ 032 � w � � � zU��039<G)9<G�DC7=58;<>�D�A<9�7=58orDQ7
A&46587373DQ;^9<GB582�³
w{E+zZ5�H�Hn9<G�DCDQ73DQ4FDQ2Y9&A-@8S ��9<@ � ′
w�H�zZHVD�EX;<D�5�A<DCoY\ � 9<G�DC7=58o*DQ7=A�@8S:58737�A&DQ9&A-032 � w � � � zU��039<G)7=58o*DQ7�>�;<D�589<DQ;�9<GB582�³
w�DAzZHVDQ73DQ9<Dwz2�@d� DQ4FJ�9y\ZA<DQ9'z
��K
�B@�;ZDQ`aDQ;<\ � w � z}l � µg© � x������5x��I¬�l�9<G�D�7=58orDQ7373032�>�2Y?�4�o*DQ;&A_@8Sv9<G�DhA<DQ9&AZ58;<D�@�;&HVDQ;<D�Hi032V�
EX;<D�5�A<032�>�73\�582BH�A<?BEQEXD�ARA<03`aDQ73\vwz;<DQ4FDQ4�o*DQ;)9<GB589n�UD�GB5L`�D|730=A<9&AZ��G�@aA<DPDQ73DQ4FDQ2Y9&An58;<D�@�;{�
HVDQ;<D�H�oe\�9<G�DQ03;Z7=58o*DQ7=A'z}K ��9n0=AZ9<G�DhEQ5�A<DP9<GB589Z9<G�DhEQ58;&HV032B5873039�\�@8S �32e9

<
w�� z_S�@�;Z5�A&EQ582V�

73032�D �_¢ w ³ � 1
2

x � � 1
2

zu0=AC9<G�DF7=58orDQ7p@8SU9<G�D_A<DQ9W032 � w��Wzu9<GB589vEX@�2Y9&58032BAN³BK��u?�;N5873>�@�;<039<G�4
EX@�;<;<D�A<J*@�2BH�A�9<@_9<G�DvSz@�7373@d��032�>6J�;<@YEXD�HV?�;<Dv@�2�J*DQ;<4�?�9&589<03@�2�HV0=58>�;&5846A��pSz@�; � µ © � x������5x���¬
032[HVD�EX;<D�5�A<032�>+@�;&HVDQ;�l8032[A<9<DQJ � HVDQ73DQ9<D^`aDQ;<9<DX~���w � z}KI�B@�;�5]A&EQ582�73032�D �]¢ w ³�x �Wz}l858737e`�DQ;<9<0=EXD�A
«
��G�DQ;<D � −1 wz«0z
	��CHV@F2�@�9�EX@�2Y9<;<03o�?�9<DC9<@ �32Y9 < w���z}K

�hD�xB;&A<9NA<G�@d� 9<GB589 � w ��z�x������5x � w � zuEQ582horD6EX@�4FJ�?�9<D�H�032h73032�D�58;W9<034FDaK��hD[HV@)2�@�9
A&5m`aDWDQ`aDQ;<\ � w � z^o�?�9�46582�03J�?�7=589<Dv@�2)9<G�DvA&584FDN@�oVc{D�EX9�Kp�y21582�58;<;&5m\�lYJr@�032Y9<DQ;&A�9<@69<G�DC730=A<9
DQ73DQ4FDQ2Y9&AI58;<D^�aDQJ�9I9<@C5�ERG�03DQ`aD^EX@�2BA<9&582Y9�9<034FD-5�EQEXD�A&AI9<@W9<G�D^A<DQ9&AIoY\N>�03`aDQ2�7=58orDQ7�K:�q`aDQ;<\NA<DQ9
0=Au�aDQJ�9u5�A]5_E'GB58032�D�H�730=A&9�K+�-G�DQ2�l*039u0=A]EX73D�58;u9<GB589]A<9<DQJBA:wzo�z�582BHSw�EWz�9&58�aD�@�2�73\1EX@�2BA<9&582Y9
9<034FDalqA<032BEXD � ′ GB5�A�7=58orDQ7�³� � 582BH EX@�4FJ�?�9<032�>�9<G�DZ?�2�03@�2�032�A<9<DQJ�w�EWzC0=A�4FDQ;<DwJ*@�032e9<DQ;
46582�03J�?�7=589<03@�2�K:��@d�UDQ`�DQ;�la032BA<9<D�5�HF@8S
5�H�HV032�> �j9<@�� ′ la�^Du5�H�H � ′ 9<@ ��Kq�B@�;pE'GB582�>�032�>v9<G�D
7=58orDQ7=A:032FA<9<DQJ�w�H�z}l�J*@�032e9<DQ;&AI032[9<G�D�58;<;&5L\v582BH�9<G�D-7=58orDQ7=A:9<G�DQ46A&DQ73`aD�A
GB5m`aDU9<@]o*D�5�Hdc�?BA&9<D�H�K
�uoBA<DQ;<`aDv9<GB589uDQ`aDQ;<\1A&DQ9+032 � w � � � z���039<G|7=58o*DQ7I>�;<D�589<DQ;]9<GB582h³nEX@�2e9&58032BA]562�DQ03>�GYor@�?�;]@8S
��w � z}l:��G�0=E'G�>�03`aD�A�73032�D�58;�9<034FDaK���@�J�;<@m`Y0=HVDwEX@�2BA<9&582Y9v9<034FDn5�EQEXD�A&A�9<@|9<G�Dn7=58o*DQ7U@8S+9<G�D
A<DQ9]EX@�2e9&58032�032�>Z56>�03`aDQ212Y?�4�orDQ;�l*�UD��aDQDQJ�582�@�9<G�DQ;u58;<;&5m\1EX@�2Y9&58032�032�>w56J*@�032e9<DQ;uS�@�;�D�5�ERG
2Y?�4�o*DQ;�Sz;<@�4 © � x������5x��I¬v9<@_9<G�D�A<DQ9uEX@�2Y9&58032�032�>_039�K+se9<DQJBA:w�EWz�582BHSwzD z-;<D��e?�03;<DN?�J*H�589<032�>
9<G�D�A<DFJ*@�032e9<DQ;&A�l�o�?�9vA<032BEXD658737qo�?�9N9<G�D6A<46587373D�A&9CDQ73DQ4FDQ2e9&AC032 � ′ 58;<D_2�DQ03>�Geo*@�?�;&AC@8S ��w � zwz9<G�DQ\n58;<DNA<46587373DQ;-9<GB582��?w � z^o�?�9�GB5L`�Duo*DQDQ2�HVDQ73DQ9<D�HnorDXS�@�;<D z}lV�UDNA&9<03737�GB5L`aD]73032�D�58;�9<034FDaK

��@vEX@�4FJ�?�9<D�9<G�D+EQ58;&HV032B5873039<03D�Ap@8S �32Y9
>
la�^D�?BA<D�9<G�D+AR584FD+5873>�@�;<039<G�4 @�26J*DQ;<4�?�9&589<03@�2

A<D��e?�DQ2BEXD � ′ ¢
def
� � � �  �?w ��z�x������5x�� � �  ��w � z � K_��@�9<D]9<GB589TP�w��ezq582BHdP�w�� ′ zt58;<D+0=A<@�4F@�;{�J�G�0=E�lYA<032BEXD+�^D+GB5m`aD+@�2�73\F4F03;<;<@�;<D�Hw9<G�D+J*DQ;<4�?�9&589<03@�2nHV0=58>�;&584 @8SJP[K:�-G�DQ;<DXSz@�;<Dale039pG�@�7=H�A

9<GB589"w ³�x&´�z]0=Av51A<JrD�EX0=587UA&EQ582�73032�DF@8S�P�w��ez]0TS-582BHb@�2�73\|0TSaw � � � +³Ix�� � � ��Wz]0=Av51A<JrD�EX0=587
A&EQ582�73032�D�@8SoP�w�� ′ z}K:�I032B587373\�l��^D�@�o�9&5803269<G�DuEQ58;&HV032B5873039<03D�Ap@8S�032e9toY\[9<G�D�S�@�7373@m��032�>CS�@�;<4�?�7=5 �
� 032Y95w���z��a¢ �n � �32e9 < w�� z��m�� �32Y9 > w�� z�� K



�����

� � � � � � � ����� "$#&%`P�¢vP=w���z>'<#g*>0#@- Pie!%h*U%BA�F?6q+.-/*1032�F.=?#@-]© � x������5x��I¬R%B2[*U%{2[*\E �
#�7�+)#DE�I ��6
%BAQP~# �cw � � �_z/4T%B2�# ]{#@A�+.23%�#�7>0$F)%�#@65%BA *&8TPR*?LUAQPR*&8 Cm8QA��!e #DE�+.-/*1032 F?HJP C@*&6n'<#
+)#@6�#@-/*U%�#�7�I

k L �  �ml-§^\W¡�DQ4F465 ��� K���}Vlm�UDpEQ582�>�DQ2�DQ;&589<Dt9<G�DpJ*@�9<DQ2e9<0=587�465d~Y0346587�EX730=�e?�D�A�>�;&58J�G ��	�w��ez
@8S?P 032n73032�D�58;-9<034FDaKI§^\Z¡�DQ4F465 ��� K � �Vle�^DWEQ582Z�^DQ03>�GY9UDQ`aDQ;<\_`aDQ;<9<DX~6@8S ��	/w���zU��039<Gn9<G�D
EQ58;&HV032B5873039y\v@8Sr9<G�D-4F032�0346587VA&DQJB58;&589<@�;I@8S�Pi;<DQJ�;<D�A<DQ2e9<D�H�oY\N039&AqA&EQ582�73032�D^7=58orDQ7�K:��9I;<DQ4658032BA
9<@65�H�HZ9<G�DC�UDQ03>�GY9&A-9<@F9<G�DN58;&EQA�KtfU@�2BA<0=HVDQ;�9<G�DWS�@�7373@m��032�>[D��e?�03`d5873DQ2BEXDaK:¡�DQ9��

1
¢ w ³

1
x �

1
z

582BH �
2
¢ w ³

2
x �

2
ztorDWA<JrD�EX0=587�A&EQ582�73032�D�AU@8S?P[l �

1
µ�� <

π

w��
2
z}le582BHw73DQ9 �ª¢

def
¤=wUP  �

1
x �

2
" z}l

¦
1
¢

def
032Y95w��

1
z^582BH�¦

2
¢

def
032Y9Ww��

2
z}Kq�-G�DQ2�lV�UDNEX7=58034 9<GB589

� � ��¢ �
� ��� � ¦ 1

� � � ¦
2
� ��w ³

2
 ³

1
z ��w��

2
 �

1
z����

�
@FA<DQDC9<G�0=A-D��e?B5873039�\�lY2�@�9<DC9<G�DWSz@�7373@d��032�> �
� DQ`aDQ;<\6`aDQ;<9<DX~Z032|¦

1
�)¦

2
EX@�2e9<;<03o�?�9<D�A�DX~�5�EX9<73\c��9<@ � ¦

1
� � � ¦

2
�

� DQ`aDQ;<\6`aDQ;<9<DX~Z032 �k¨qw�¦
1
�)¦

2
z^EX@�2e9<;<03o�?�9<D�A-DX~�5�EX9<73\���9<@_w ³

2
 ³

1
z ��w��

2
 �

1
z

� DQ`aDQ;<\Z`aDQ;<9<DX~)032Sw�¦
1
�1¦

2
z
¨Zw�¦

1
��¦

2
z�EX@�2e9<;<03o�?�9<D�AuDX~V5�EX9<73\ � 9<@(� ¦

1
� � � ¦

2
�B582BH19<@

w ³
2
 ³

1
z ��w��

2
 �

1
z

� `aDQ;<9<0=EXD�A^2�@�9+EX@�2Y9&58032�D�Hw032 �OHV@F2�@�9�EX@�2e9<;<03o�?�9<DC9<@F9<G�DNA<?�41K
��DQ2BEXDal8S�;<@�4�9<G�D-7=58orDQ7=Aq582BH[�^DQ03>�Ge9&AI@8S*9<G�D�A<9&58;<9q582BH�DQ2BH[`aDQ;<9<DX~N@8S.DQ`aDQ;<\v58;&E�l�039&A:�^DQ03>�Ge9
EQ582PorD6EX@�4FJ�?�9<D�H�032hEX@�2BA<9&582e9W9<034FDaK[se032BEXD ��	lw��ez]EX@�2e9&58032BAW589W4F@aA<9 ����� � 58;&EQALl��UD
@�o�9&58032_5C73032�D�58;{��9<034FD]5873>�@�;<039<G�4OSz@�;UEX@�4FJ�?�9<032�>v9<G�D��^DQ03>�Ge9<D�H[J*@�9<DQ2e9<0=587*465d~Y0346587*EX730=��?�D�A
>�;&58J�G)@8S�P[K

� �
�� rm� � � � � ��� v�-@#1#&]_AB7[%B2o*&657 P�AQ6!AQPie\P �!8Q8 SdAQ6oHfF?-90#@- Pie!%h*U%BA�F?6 +.-/*1032�E�C@*&6 '<#
CDF?P90_e!%�#�7sAQ6 8QAQ6�# *&->%BAQP~#\I

k L �  �ml ¡�DQ9_P ¢ P=w���z_o*DP5jJ*DQ;<4�?�9&589<03@�2�>�;&58J�G�@m`�DQ;1© � x������5x��I¬�K ¡�DQ9�� orDh9<G�D
�UDQ03>�GY9<D�H)J*@�9<DQ2e9<0=587I465d~Y0346587IEX730=��?�D�Au>�;&58J�G�@8S�PFKu|]?�Dv9<@Z¡�DQ4F465 ��� K�� � l�� 0=A]5�EX\YEX730=E
582BH�9<G�DQ;<DXSz@�;<D�GB5�A)5j9<@�Jr@�73@�>�0=EQ587C@�;&HVDQ;<032�>BK �uoBA&DQ;<`aD�9<GB589n@�;&HVDQ; � @8Sv9<G�DPJ�;<@�@8S�@8S
¡�DQ4F465 ��� K���}PHVDXxB2�D�AFA<?BE'G�5P9<@�Jr@�73@�>�0=EQ587�@�;&HVDQ;<032�>Blp9<GB5896EQ582�orD1>�DQ2�DQ;&589<D�H�032�73032�D�58;
9<034FDaK

�B@�;[EX@�4FJ�?�9<032�>P9<G�DZ9<;<DQDQ��0=HV9<G�@8SaP[lq039FA<?��_EXD�A�9<@�xB2BHj5�4F032�0346587-9<;<0=582�>�?�7=589<03@�2
@8SHP ��039<G�A&46587373D�A<9wEX730=�e?�D|2Y?�4�orDQ;n584F@�2�>�58737]4F032�0346587]9<;<0=582�>�?�7=589<03@�2BAw@8S�P HV?�DP9<@
¡�DQ4F465R}VK�� � K-�-G�D�EX730=�e?�DC2Y?�4�o*DQ;�@8St56>�;&58J�G10=A+9<G�DN465d~Y0346587�A<0��QDv584F@�2�>6039&A+465d~Y0346587
EX730=��?�D�ALK�se@Bl�58J�J�73\Y032�>n�-G�DQ@�;<DQ4 ��� K�� � l��^D[GB5L`�D�9<@ZxB2BHh5Z465d~Y0346587:JB589<GP032�� ��G�@aA<D
7=58;<>�D�A<9N58;&E[�^DQ03>�Ge9W0=ANA<46587373D�A&9N584F@�2�>158737q465d~Y0346587qJB589<GBAC032�� Kwse?BERGb51JB589<GbEQ582horD
@�o�9&58032�D�H oY\bHV\Y2B584F0=E_J�;<@�>�;&584F4F032�>h582BH�J�;<@eEXD�A&A<032�>�9<G�DZ`aDQ;<9<0=EXD�Av@8S�� 5�EQEX@�;&HV032�>P9<@
� 032�9<G�D_S�@�7373@m��032�>��^5m\�K�|]?�;<032�>�9<G�DwJ�;<@eEXD�A&ALl�DQ`�DQ;<\�`�DQ;<9<DX~P@8S	� 0=A�7=58orDQ7373D�H���039<Gj5
2e?�4�orDQ;+9<GB589uA<GB58737�;<DQJ�;<D�A&DQ2e9�9<G�D�A<46587373D�A<9�465d~V0346587
58;&Ev�UDQ03>�GY9+584F@�2�>_58737�JB589<GBA�@8S
�
9<GB589IA&9&58;<9:589I9<G�D�A<@�?�;&EXD^`aDQ;<9<DX~�582BH�DQ2BH�032[9<GB589:`aDQ;<9<DX~�K��hD-7=58orDQ7V9<G�D�A<@�?�;&EXD^`aDQ;<9<DX~�ld9<G�D



Chapter 10
+IDQ;<4�?�9&589<03@�2)>�;&58J�GBA �����

`aDQ;<9<DX~n7=58orDQ7373D�H|��039<G�A&EQ582�73032�D�A
0
lB��039<G�2Y?�4�orDQ; � K��r@�;+56`aDQ;<9<DX~n«�@8S � lB73DQ9+«

1
x������5x{«

rorD�039&A]J�;<D�HVD�EXD�A&A<@�;&Au582BH�73DQ9C³
1
x������5x&³

r

orD�9<G�DQ03;u2Y?�4�orDQ;]7=58orDQ7=A�l.;<D�A<J*D�EX9<03`aDQ73\�Kuse032BEXD��UD
J�;<@eEXD�ARA�9<G�Dt`aDQ;<9<0=EXD�A�5�EQEX@�;&HV032�>+9<@ � lL9<G�D�A&Dt2e?�4�orDQ;�7=58o*DQ7=A�GB5m`aDt5873;<D�5�HV\]orDQDQ2�EX@�4FJ�?�9<D�H�K
�B?�;<9<G�DQ;<4F@�;<DalY73DQ9+´

1
x������5x&´

r

HVDQ2�@�9<DC9<G�DC�^DQ03>�Ge9&A^@8Sq58;&EQA]wz«
1
x{«0z�x������sxswz«

r

x{«0z}Kq�-G�DQ2�l
4F032�©�465d~*©m³

i

x&´
i

¬ � � % � % �e¬

0=Aq9<G�D�7=58o*DQ7B@8S�«
KI�hD�@�o�9&58032F9<GB589t9<G�D�2Y?�4�o*DQ;q7=58orDQ7B@8S�9<G�D+A<032���`aDQ;<9<DX~�@8S � l�9<G�D�`aDQ;<9<DX~
9<GB589N0=AC7=58o*DQ7373D�Hb��039<G AREQ582�73032�D_A

n
e

l
0=AN9<G�D_EX730=�e?�D6A<0��QD6@8S�5)4F032�0346587t9<;<0=582�>�?�7=589<03@�2�@8S~P
9<GB589�GB5�A�A<46587373D�A&9-EX730=�e?�DCA<0��QDN584F@�2�>658737�4F032�0346587�9<;<0=582�>�?�7=589<03@�2BA�@8SlP[K

�B@�;-EX@�4FJ�?�9<032�>F9<G�DW4F032�034�?�4 xB737T��032�lV�^DWEQ582nJ�;<@YEXDQD�Hw03215�S 5�A<G�03@�2nA<034F037=58;-9<@[EX@�4[�
J�?�9<032�>_9<G�D�9<;<DQDQ��0=HV9<G�K]fU@�2BA<0=HVDQ;u9<G�DNS�@�7373@m��032�>_@�oBA<DQ;<`d589<03@�2�K+¡�DQ9 �

1
x������5x��

k

orD[5_EX@�2V�
A<D�EX?�9<03`aDCEX730=�e?�DC58;<;&582�>�DQ4FDQ2e9�@8Sq582)032e9<DQ;<`8587�>�;&58J�GNy Kq�r@�;^DQ`�DQ;<\ � µP© � x������6x � ¬��
� ¥w-y  �

0
� ����� ���

i
" z�� � � ¥w-y  �

i−1
���

i
" z���¢ � ¥w-y  �

0
� ����� ���

i−1
" z�� � � ¥"w-y  �

i
" z���x

��G�DQ;<D �
0
¢

def
�VKCse032BEXD �

i−1
� �

i

0=A]5_4F032�0346587IA&DQJB58;&589<@�;u@8Sly|wzDX~�EXDQJ�9�S�@�; � ¢ � l*@8S
EX@�?�;&A<D z�HV?�D-9<@vfU@�;<@�737=58;<\ ��� K � lCy  �

i−1
� �

i
" 0=A:EX@�4FJ�73DQ9<DaK:se@Bl�0TS*9<G�D^2Y?�4�orDQ;&A:@8Sr`aDQ;<9<0=EXD�A

@8S/y  �
i−1

� �
i
" 582BHOy  �

i
" 58;<Dv�Y2�@m��2�l�039u0=A�D�5�A<\n9<@ZHVDQ9<DQ;<4F032�Dv9<G�Dv2Y?�4�orDQ;&A�@8SqD�HV>�D�A

@8St9<G�D�A<D�>�;&58J�GBA�K���DQ2BEXDal.5wJB589<G�@8S ��	�w��ez�9<GB589+;<DQJ�;<D�A<DQ2Y9&A+5w4F032�0346587
9<;<0=582�>�?�7=589<03@�2|@8S
P ��039<G�9<G�D�A&46587373D�A<9�2Y?�4�o*DQ;�@8StD�HV>�D�A+584F@�2�>Z58737
4F032�0346587
9<;<0=582�>�?�7=589<03@�2BAu@8S�POEQ582|orD
S�@�?�2BHv032�9<G�DpS�@�7373@d��032�>+�-5L\�K��hDU7=58o*DQ7YDQ`�DQ;<\]`�DQ;<9<DX~N��039<G�5u2e?�4�orDQ;�K
�hD-7=58orDQ7Y9<G�D^A<@�?�;&EXD
`aDQ;<9<DX~)@8S � ��039<G|2Y?�4�orDQ; � KW�r@�;u56`�DQ;<9<DX~1«�@8S
� lr73DQ9]«

1
x������5x{«

r

o*D�039&AuJ�;<D�HVD�EXD�A&A<@�;&A
582BHj73DQ9[³

1
x������5x&³

r

orDn9<G�DQ03;[2e?�4�orDQ;�7=58orDQ7=A�lt;<D�A<JrD�EX9<03`aDQ73\eK��r?�;<9<G�DQ;<4F@�;<Dal:73DQ96´
1
x������5x&´

rHVDQ2�@�9<D[9<G�D��^DQ03>�GY9&A+@8S-58;&EQA:wz«
1
x{« z�x������5xswz«

r

x{«0z}l.;<D�A<JrD�EX9<03`aDQ73\el*582BH�73DQ9 �
1
x������5x �

r

HVDQ2�@�9<D
9<G�DC�^DQ03>�Ge9&A-@8SI9<G�DC`aDQ;<9<0=EXD�A-«

1
x������5x{«

r

lV;<D�A<JrD�EX9<03`�DQ73\�K��-G�DQ2�l

4F032
�
³
i

� � ´ i� �  � � i� � � � % � % ���
0=A�9<G�DN7=58o*DQ7�@8S:«
K^se034F037=58;�9<@F9<;<DQDQ��0=HV9<G|58or@d`aDalV039�S�@�7373@m��A-9<GB589�9<G�DC2Y?�4�orDQ;�7=58o*DQ7�@8SI9<G�D
A<032��[`aDQ;<9<DX~F@8S � >�03`aD�Aq9<G�DuA&46587373D�A<9p2Y?�4�o*DQ;t@8S�D�HV>�D�AU032w5N4F032�0346587*9<;<0=582�>�?�7=589<03@�2_@8SJP[l
582BHn9<G�DN4F032�034�?�4 xB737T��03219<G�DQ210=A�9<G�DNHV0���DQ;<DQ2BEXDNo*DQ9y�^DQDQ2)9<G�0=A�2Y?�4�o*DQ;�582BH)9<G�DC2e?�4�orDQ;
@8S�D�HV>�D�A�@8S/P[K

§^\)9<G�D�HVDXxB2�039<03@�2�@8St9<G�D[5873>�@�;<039<G�46A+S�@�;uEX@�4FJ�?�9<032�>Z9<;<DQDQ��0=HV9<GP582BH�4F032�034�?�4²xB737T�
032�la�^D+EQ5826DQ`�DQ26EX@�4FJ�?�9<D+4F032�0346587B9<;<0=582�>�?�7=589<03@�2BAp@8S�9<G�D+>�03`aDQ2FJrDQ;<4�?�9&589<03@�2_>�;&58J�G69<GB589
;<D�58730��QD)039&A[9<;<DQDQ��0=HV9<Gk582BH�4F032�034�?�4 xB737T��032�oe\jA&5L`Y032�>�9<G�D1ERG�@aA<DQ2�J�;<D�HVD�EXD�A&A&@�;�lq��G�0=ERG
HVDXxB2�D�A�582)58J�J�;<@�J�;<0=589<DW465d~Y0346587�JB589<G�K{|]?�DW9<@[�-G�DQ@�;<DQ4 ��� K�� � lY�^D]@�o�9&58032)EX@�2BA<D�EX?�9<03`�D
EX730=�e?�D�58;<;&582�>�DQ4FDQ2Y9&A�S�@�;]9<G�D�4F032�0346587I9<;<0=582�>�?�7=589<03@�2BA�l*Sz;<@�4£��G�0=E'G|039]0=A+D�5�A&\19<@w@�o�9&58032
032Y9<DQ;<`d587�4F@eHVDQ7=ALK



�����

� � � � Q� 	���m���Q	 ��� � �
m ��I� � � �

§^@eHV7=58DQ2BHVDQ;�l��W73@��YALl��W;&589&A&E'Gb?BA<D�H 9<G�DwA&EQ582�73032�DZ58J�J�;<@a5�ERG�9<@|EX@�4FJ�?�9<Dw9<;<DQDQ��0=HV9<Gj582BH
4F032�034�?�4²xB737T��032|@8StJ*DQ;<4�?�9&589<03@�2�>�;&58J�GBA  } " K]�-G�0=Au4FDQ9<G�@eH|�-5�A+DX~V9<DQ2BHVD�H�oY\)§^@eHV7=58DQ2V�
HVDQ;�l �W73@��YALl��W;&589&ARERG�lV/ �?�7373DQ;u9<@6A<@�73`aDW9<G�DC9<;<DQDQ��0=HV9<G1582BHn4F032�034�?�4 xB737T��032)J�;<@�o�73DQ46A�Sz@�;
�8��9<;&58J*D �Q@�0=HF>�;&58J�GBA� �#" K:M ����9<;&58JrD �Q@�0=HF>�;&58J�GFGB5�AU5W>�DQ@�4FDQ9<;<0=E�4F@eHVDQ7r9<GB589t0=At5C>�DQ2�DQ;&58730T�
A&589<03@�2[@8S*J*DQ;<4�?�9&589<03@�26HV0=58>�;&5846A�K �u2[D�5�ERG[@8S � � � G�@�;<0��Q@�2e9&587V73032�D�A:4658;<�H� �nJ*@�032e9&Aq582BH
7=58orDQ7�9<G�D�A<DWJr@�032Y9&A-��039<Gn9<G�DW2e?�4�orDQ;&A^S�;<@�4 � 9<@ �PA<@�9<GB589^D�5�E'Gn2e?�4�orDQ;�58J�J*D�58;&A-9y��0=EXDaK
�-G�DQ2�l8@�2FDQ`aDQ;<\N73032�D�582BH�S�@�;qDQ`aDQ;<\N«1µP© � x������5x��I¬�l89<G�DQ;<D�0=Aq5W73DXS�9:582BH[5W;<03>�GY9:@eEQEX?�;<;<DQ2BEXD
@8St«
K��a@�032�9<G�D�Jr@�032Y9&A+@�2|2�DQ03>�Geo*@�?�;<032�>_73032�D�Au��039<G|9<G�D�A&584FDv7=58o*DQ7Twz2Y?�4�o*DQ;u582BH � 73DXSz9
	
@�; � ;<03>�GY9
	+zqoY\[73032�D]A&DQ>�4FDQ2e9&A�KI�-G�D]73032�D�A�c{@�032�032�>�9<G�Du73DXSz9^@eEQEX?�;<;<DQ2BEXD�AU@8S
«)582BH69<G�D]73032�D�A
c�@�032�032�>F9<G�D�;<03>�Ge9�@YEQEX?�;<;<DQ2BEXD�A+@8S:«�DQ2BEX73@aA&Dv5[xB>�?�;<DalB9<GB589uEQ5821orD�EX@�2BA<0=HVDQ;<D�H)9<G�DN?�2�03@�2
@8S �_9<;&58JrD �Q@�0=H�ALKU�y9��^5�A+A<G�@m��2)9<GB589+4F032�0346587�A<DQJB58;&589<@�;&A�@8S �8��9<;&58J*D �Q@�0=H1>�;&58J�GBA�EQ582�orD
@�o�9&58032�D�HvoY\vA&EQ582�73032�D�A  �#" KI��DQ2BEXDal8039:0=AI2B589<?�;&587V9<@]5�A<�v��G�DQ9<G�DQ;I@�?�;:58J�J�;<@a5�E'GvS�@�;qA<@�73`e032�>
9<G�D+9<;<DQDQ��0=HV9<G_582BH_4F032�034�?�4 xB737T��032_J�;<@�o�73DQ46AtSz@�;UJrDQ;<4�?�9&589<03@�2_>�;&58J�GBApEQ582worDuDX~Y9<DQ2BHVD�H
9<@F034FJ�;<@m`�DuJ�;<DQ`Y03@�?BA�;<D�A<?�739&A^S�@�; �8��9<;&58JrD �Q@�0=H1>�;&58J�GBA�K



�����

�������
	��� � �

��� ��� �������:�&��� ��� ����� �+�.������ 

�hD]GB5L`aD]A<9<?BHV03D�Hw4F032�0346587*9<;<0=582�>�?�7=589<03@�2BA^@8S�JrDQ;<4�?�9&589<03@�2n>�;&58J�GBA�K:�-G�D]EX7=5�ARAp@8S
J*DQ;<4�?V�
9&589<03@�2h>�;&58J�GBAW0=AC5)A<?�o.EX7=5�A&AW@8SU9<G�D6EX7=5�A&AW@8S-Mq�^� Sz;<DQD[>�;&58J�GBA�K[�y2P9<G�0=ACERGB58J�9<DQ;�l�582�@�9<G�DQ;
A<?�o.EX7=5�A&A+@8SpMq�^� S�;<DQDv>�;&58J�GBAuorD�EX@�4FD�A]9<G�D[EXDQ2e9<;<D�@8St@�?�;u032Y9<DQ;<D�A<9�Ku�-G�D�EX7=5�A&Au@8SpMq�^� Sz;<DQD
EX7=5m�-� Sz;<DQDu>�;&58J�GBAU0=A^9<G�DCA<DQ9^@8S�>�;&58J�GBA^9<GB589-58;<DWMq�^� S�;<DQD]582BHZHV@[2�@�9^EX@�2Y9&58032w9<G�DCEX7=5m�i5�A
032BHV?BEXD�H)A<?�o�>�;&58J�G�KUse@BlB9<G�DNEX7=5�A&A�@8SqMq�^� Sz;<DQDNEX7=5m�-� Sz;<DQDW>�;&58J�GBA�0=A+HVDXxB2�D�H)oe\ZEX@�4�o�032�032�>
5ZA<9<;<?BEX9<?�;&587���039<GP5_Sz@�;<o�0=H�HVDQ2�032BHV?BEXD�H|A&?�o�>�;&58J�G|J�;<@�J*DQ;<9y\�K]�y9+G�@�7=H�A]9<GB589u9<G�D[EX7=5�A&Au@8S
JrDQ;<4�?�9&589<03@�2�>�;&58J�GBA�0=A�2�@�9FEX@�2Y9&58032�D�H 032�9<G�D)EX7=5�A&A�@8SuMq�^� S�;<DQDnEX7=5m�-� S�;<DQD_>�;&58J�GBA�lt582BH
`Y0=EXD]`�DQ;&A&5�K

se034F037=58;v9<@|J�;<DQ`e03@�?BA�ERGB58J�9<DQ;&ALl��^D_��03737p>�03`�D_51E'GB58;&5�EX9<DQ;<0=A&589<03@�2 @8S�4F032�0346587p9<;<0=582V�
>�?�7=589<03@�2BA�@8S:Mq�^� Sz;<DQDNEX7=5m�-� Sz;<DQDW>�;&58J�GBA�Kq�-G�0=A�E'GB58;&5�EX9<DQ;<0=A&589<03@�2)��03737�o*DCoB5�A<D�Hn@�21A<JrD�EX0=587
`aDQ;<9<DX~b@�;&HVDQ;<032�>aA�K��-G�D�A<DZ@�;&HVDQ;<032�>aA[��03737^;<DQJ�;<D�A&DQ2e9�4F032�0346587-9<;<0=582�>�?�7=589<03@�2BA�lt582BHj9<G�DQ\
58;<DC>�DQ2�DQ;&589<D�HnoY\w58215873>�@�;<039<G�41lV9<GB589�0=A-oB5�A<D�Hn@�215FA<J*D�EX0=587�73DX~Y0=EX@�>�;&58J�G�0=E]o�;<D�5�HV9<GnxB;&A<9
A<D�58;&E'G)A<9<;&589<DQ>�\_032BA<J�03;<D�HnoY\����
	������rKq�-G�0=A�5873>�@�;<039<G�4 0=A�EQ587373D�H ����
������	������.KqMªEX@�2BA<0=HY�
DQ;&58o�73D[JB58;<9W@8Sp9<G�0=AWERGB58J�9<DQ;W0=AWHVD�HV0=EQ589<D�H�9<@Z9<G�DFA<9<?BHV\�@8SpJ�;<@�JrDQ;<9<03D�AW@8Sp@�;&HVDQ;<032�>aAW9<GB589
58;<D�>�DQ2�DQ;&589<D�H1oY\ �	��
�����
	������*KCse034F037=58;u9<@����
	������rl��	�#
�����
	������)5873�-5L\VA�2Y?�4�o*DQ;&A�7=5�A<9
9<G�D-`aDQ;<9<0=EXD�A:@8S.5]4F@�J�73DX~�@8S*9<G�D�032�J�?�9:>�;&58J�G�K:�-G�0=A:4F@�J�73DX~�J�;<@�JrDQ;<9�\v@8S.`aDQ;<9<DX~v@�;&HVDQ;<032�>aA
>�DQ2�DQ;&589<D�H[oY\ �	�#
�����
	������v0=Aq5CA<9<;<@�2�>CA<9<;<?BEX9<?�;&587V;<D�A<?�739q582BH[@8S.>�;<D�589qG�DQ73J���G�DQ2FJ�;<@d`Y032�>
@�9<G�DQ;�;<D�A<?�739&A�58o*@�?�9�9<G�D�A<DW@�;&HVDQ;<032�>aA�K

M�2�@�9<G�DQ;W;<D�A<?�739�l.9<GB589C58J�JrD�58;&AW@�2�73\|5�A]58?V~V03730=58;<\�l*0=AC5wA&034FJ�73D�582BHPA<J*D�EX0=587I;<D�EX@�>�2�0T�
9<03@�2_5873>�@�;<039<G�4OS�@�;tJ�;<@�J*DQ;p032Y9<DQ;<`d587�>�;&58J�GBA�K +q;<@�J*DQ;p032Y9<DQ;<`d587�>�;&58J�GBAU58;<D�032Y9<DQ;<`d587�>�;&58J�GBA�l
582BHw9<G�DQ\FGB5L`aDu032e9<DQ;<`8587r4F@YHVDQ7=A^��039<G�@�?�9U032Y9<DQ;<`d587=Ap9<GB589^58;<D]J�;<@�JrDQ;<73\wEX@�2e9&58032�D�Hw032w@�9<G�DQ;
032Y9<DQ;<`d587=A�K +q;<@�JrDQ;W032Y9<DQ;<`d587�>�;&58J�GBAu58;<D�;<DQ7=589<D�H|9<@ZMq�^� S�;<DQD�EX7=5m�-� S�;<DQDv>�;&58J�GBA]5�Au032Y9<DQ;<`8587
>�;&58J�GBA_58;<D|;<DQ7=589<D�Hk9<@jMq�^� Sz;<DQD1>�;&58J�GBALlU0�K DaK3l-J�;<@�J*DQ;_032Y9<DQ;<`d587+>�;&58J�GBAw58;<D|9<G�D�ERG�@�;&H�587
Mq�^� S�;<DQDNEX7=5L�-� S�;<DQDW>�;&58J�GBA�KqMª2Y?�4�orDQ;�@8S�J�;<@�J*DQ;�032Y9<DQ;<`d587�>�;&58J�G);<D�EX@�>�2�039<03@�215873>�@�;<039<G�46A
0=AN�Y2�@d��2bS�;<@�4 9<G�D_73039<DQ;&589<?�;<DalIo�?�9�4F@aA<9N@8S�9<G�DQ4 58;<DZ51o�039�9<D�ERG�2�0=EQ587�K��u2�73\h;<D�EXDQ2Y9<73\
582BHk032BHVDQJ*DQ2BHVDQ2e9<73\elU2�DQ�²;<D�EX@�>�2�039<03@�2i5873>�@�;<039<G�46Aw�UDQ;<D�HVDQ`�DQ73@�JrD�H�9<GB589Z58;<D�oB5�A<D�H�@�2
73DX~V0=EX@�>�;&58J�G�0=E-o�;<D�5�HV9<G[xB;&A<9tA<D�58;&E'G[582BH[9<G�DQ;<DXS�@�;<D�orD�EX@�4FD�A&@�4FDQ��GB589 � 2�0=EXDQ;
	�K �u?�;t5873>�@8�
;<039<G�4O5�H�HV039<03@�2B587373\�o*DQ73@�2�>aA:9<@N5]2�DQ��EX7=5�ARA:@8S*;<D�EX@�>�2�039<03@�265873>�@�;<039<G�46A�l82B584FDQ73\dRi���62-9 7� #9<.A!
5873>�@�;<039<G�46A�K[�-G�DF4658032h0=HVD�5n0=AW9<GB589C9<G�D65873>�@�;<039<G�4 J�;<@d`aD�A]039&ANHVD�EX0=A<03@�2 �]032bEQ5�A<D[@8S-5�E}�
EXDQJ�9&582BEXDC5�A-�UDQ737�5�A-;<D{c{D�EX9<03@�2�KI/�@aA<9�;<D�EX@�>�2�039<03@�2)5873>�@�;<039<G�46A-J�;<@m`�D+@�2�73\_@�2�DW@8SI9<G�D]9��^@
Jr@aARA<03o�73D)HVD�EX0=A<03@�2BA�K�fUDQ;<9<0TS�\e032�>P5873>�@�;<039<G�46AF58;<Dn4F@�;<Dn;<DQ730=58o�73DaK �u?�;FEXDQ;<9<0TS�\e032�>�J�;<@�JrDQ;
032Y9<DQ;<`d587�>�;&58J�G1;<D�EX@�>�2�039<03@�2�5873>�@�;<039<G�4 0=A�JB58;<9�@8SI9<G�Dv5873>�@�;<039<G�4 S�@�;�A<@�73`Y032�>F9<G�DC4F032V���
;<0
4FDQ4�orDQ;&A<G�03J)J�;<@�o�73DQ4 S�@�;�Mq�^� Sz;<DQDNEX7=5m�-� Sz;<DQDW>�;&58J�GBA�K

��� � � � ��� �	��
�����
	������ �B� �  * � 	L� �

�-G�0=AZA<D�EX9<03@�2i0=AZHVD�HV0=EQ589<D�Hi9<@�J�;<D�A<DQ2Y9<032�> 9<G�D �	�#
�����
	�������5873>�@�;<039<G�4 582BH�HV0=A&EX?BA&A&032�>
034FJr@�;<9&582Y9
J�;<@�J*DQ;<9<03D�A�KI�-G�DU5873>�@�;<039<G�4��U@�;<�VA�@�2�>�;&58J�GBA�582BHv>�DQ2�DQ;&589<D�A
`aDQ;<9<DX~C@�;&HVDQ;<032�>aA�K
M�2 D�58;<73\�`�DQ;&A<03@�2h@8S �	��
�����
	������|�-5�AC032Y9<;<@eHV?BEXD�Hh032  ���#" l�o�?�9N9<G�0=A�5873>�@�;<039<G�4 �U@�;<��D�H



��� }

@�2�73\_@�2ZS 584F037303D�A-@8S�xB2�039<DNA<DQ9&A�K_��DQ`�DQ;<9<G�DQ73D�A&A�lY5873;<D�5�HV\_9<G�DCD�58;<73\6`aDQ;&A&03@�2w@8S �	��
�����
	������
A<G�@d�UD�H�EX@�2�2�D�EX9<03@�2BAq9<@C9<G�D��^DQ737T���e2�@d��2 ���
	������v5873>�@�;<039<G�4O032Y9<;<@eHV?BEXD�H6oe\ ��@aA<Dala�I58;�c{582�l
¡�?�DQ�aDQ;  �\�#" KF�-G�0=ACEX@�2�2�D�EX9<03@�2b032BA<J�03;<D�H�9<G�D[xB2B587tHVD�A<03>�2h@8S �	�#
�����
	�������5�AW�^DQ737t5�AW039&A
2B584FDaK

M�73>�@�;<039<G�4 ����
������	������C0=AqHVDXxB2�D�HF5�Aq5]JB58;<9<039<03@�2F;<DXxB2�DQ4FDQ2Y9q5873>�@�;<039<G�41l8��G�0=ERGF587=A<@
>�?B58;&582e9<DQD�Av582bD �_EX03DQ2e9C034FJ�73DQ4FDQ2Y9&589<03@�2�KZ�B@�;<46587373\�l�039v�U@�;<�VAW@�2 5)730=A<9v@8S^`aDQ;<9<DX~hA<DQ9&A�l
A<DQ73D�EX9&A:A<032�>�73D-`aDQ;<9<0=EXD�A:582BH�JB58;<9<039<03@�2BAqA<DQ9&A:032[039<DQ;&589<03@�2[A&9<DQJBA�K
�hD-2�DQD�H[A<@�4FD�HVDXxB2�039<03@�2BA�K
¡�DQ9
�j¢ �h�

1
x������5x/�

k � o*D]5v730=A<9p@8S�2�@�2V��DQ4FJ�9�\FA<DQ9&A�KI�-G�D+DQ73DQ4FDQ2Y9&Ap@8S ��58;<DuEQ587373D�HV^<¶sn+�'1XK�hDNA&5m\69<GB589�or@m~ �
i

0=AZ2�¶23(��Z>u�3762U¶87Uor@m~��
j

l�HVDQ2�@�9<D�H)5�Aw�
i

� �
j

lV0TSq582BHn@�2�73\_0TS � � � K
�
@[@�o�9&58032)5[2�DQ��730=A<9^Sz;<@�4���oY\6JB58;<9<039<03@�2�032�>BlV�^D�&4$#�62-932-9 ¶#.F5�or@m~ �

i

oY\_A<@�4FDW;<?�73DN582BH
@�o�9&58032j� ′ 582BH�� ′′ lVHVDXxB2�D � ′ 9<@Fo*DC9<@[9<G�DC73DXSz9-@8S{� ′′ l�EQ58737 � ′ 9<G�DH>u�3762 &4$C��2-9-2-9�¶C.\^<¶sn�l[� ′′

9<G�D��'9D!�(A2?&4$#�62-932-9 ¶#.S^<¶Wn�l�582BHP@�o�9&58032h9<G�DF2�DQ�O730=A&9 �h�
1
x������5x/�

i−1
x/� ′ x/� ′′ x/�

i+1
x������5x/�

k � K�-G�0=A)@�JrDQ;&589<03@�2ª��03737NA<G�@�;<9<73\io*D EQ58737g&4$#�62-9-2-9�¶#.�9<.A!��
i

93.�2�¶ �h� ′ x/� ′′ � 582BH HVDQ2�@�9<D�H oY\� �~�
i
� �h� ′ x/� ′′ � Kj�p5�ERG�A<?BE'G�730=A<9FEX@�2e9&58032BA[@�2�73\�2�@�2V��DQ4FJ�9y\�or@m~YD�A�lt��G�0=ERG�4FD�582BA9<GB589CDQ4FJ�9y\|or@m~YD�ALl�9<GB589C465L\P58J�JrD�58;�5�AC73DXSz9W@�;N;<03>�GY9CJB58;<9<039<03@�2hor@m~�l�58;<D6032BA<9&582Y9<73\�;<DX�

4F@m`�D�H�K]�-G�Dd��9L!#(A2-;6¶�1�2�or@m~�032 ��0=A]9<G�D�o*@L~|9<GB589]0=A]2�@�9W9<@n9<G�D[73DXSz9]@8SU582Y\1@�9<G�DQ;Wor@m~�K
M�73>�@�;<039<G�4 �	�#
�����
	������F?BA<D�At9<G�0=AUJB58;<9<039<03@�2Z@�JrDQ;&589<03@�2��Y039p0=AUJ�;<D�A<DQ2Y9<D�H6032w�I03>�?�;<DZ� � K:M+A
HVDXxB2�D�Hh58or@d`aDal�DQ4FJ�9�\|o*@L~VD�A�l�9<GB589C465m\P58J�JrD�58;v5dS�9<DQ;NA<DQ73D�EX9<032�>)9<G�D67=5�A<9C`�DQ;<9<DX~|032b9<G�D
;<03>�Ge9<4F@aA&9�or@m~)@�;+5dSz9<DQ;uJB58;<9<039<03@�2�032�>Blr58;<D�;<DQ4F@m`aD�HZS�;<@�4g9<G�D�730=A<9�K��-G�0=A�4FD�582BA+730=A<9 �i@8S
�	�#
�����
	������|5873�-5L\VACEX@�2Y9&58032BAW@�2�73\|2�@�2V��DQ4FJ�9�\�o*@L~VD�A�KF��S{l�S�@�;NA<@�4FD6A<DQ73D�EX9<D�H�`aDQ;<9<DX~ �
l
9<G�D_9��U@|JB58;<9<039<03@�2�o*@L~VD�A�58;<D_2�@�2V��DQ4FJ�9�\�lI�UDZA&5L\P9<GB589 ��15�f&4$C�8$C2f��1N«�582BH ��Sz@�;�DQ`aDQ;<\
« µ ��¨ �

G

w �0zw582BH ��µ ��� �
G

w �0z}K��hDP;<DQ4658;<�k9<GB589 ����	�������0=AZ@�o�9&58032�D�H�Sz;<@�4
�	�#
�����
	������_oY\_JB58;<9<039<03@�2�032�> 	���	 ���_or@m~n032BA<9<D�5�HZ@8S�@�2�73\Z9<G�DC73DXSz9<4F@aA<9-o*@L~nEX@�2e9&58032�032�>65
2�DQ03>�Geo*@�?�;]w�A<DQDC587=A<@� �\�#" 582BH  ��� " z}K

M+A�582hDX~V584FJ�73DFS�@�;C9<G�D6�^@�;<�|@8S �	�#
�����
	�������@�2h>�;&58J�GBA�l
EX@�2BA&0=HVDQ;N9<G�D6>�;&58J�G HVDX�
J�0=EX9<D�Hh@�2b9<G�D673DXS�9vA<0=HVDF@8S��I03>�?�;<D"� � KZ�-G�DFxB;&A<9CS�DQ�O039<DQ;&589<03@�2�A&9<DQJBAC@8S-5&�	��
�����
	������
;<?�2|@�2�9<G�0=Au>�;&58J�GP58;<D[HV@eEX?�4FDQ2Y9<D�H|@�2|9<G�D�;<03>�Ge9WA<0=HVD�@8SU�I03>�?�;<D:� � KW�y2|D�5�E'G|A<9<DQJ�l.9<G�D
?�J�;<03>�Ge9^58;<;<@m�iJr@�032Y9&Ap9<@�9<G�DuEX?�;<;<DQ2Y9<73\6E'G�@aA<DQ2_`aDQ;<9<DX~�la582BHw9<G�D]EQ58J�039&587*73DQ9<9<DQ;&A^;<DQJ�;<D�A<DQ2e9
039&A�A<9<03737�?�2BA&DQ73D�EX9<D�Hn2�DQ03>�Geo*@�?�;&A�KU��@F9<G�DN;<03>�GY9�@8S:9<G�DN?�J�;<03>�Ge9+73032�Dal�9<G�DCxB2B587
A<D��e?�DQ2BEXDC0=A
039<DQ;&589<03`aDQ73\N>�DQ2�DQ;&589<D�H�KI§^@�9<GF9<G�D^730=A&9&A:9<@]9<G�D�73DXS�9q582BH[9<@W9<G�D�;<03>�Ge9:@8S*9<G�D-73032�D�58;<D�@�;&HVDQ;<D�H
Sz;<@�4£73DXS�9u9<@Z;<03>�Ge9�KC�-G�D�2�DX~V9]E'G�@aA<DQ2�`aDQ;<9<DX~1��03737�o*D ��KC�-G�D[;<D�A<?�739<032�>Z`aDQ;<9<DX~1@�;&HVDQ;<032�>
��03737torD ��
ex � x � x ��x �Mx ��x ��x � x&´Wx&³ � KZ�y2hS 5�EX9�l
DQ`�DQ;<\�4F032V��¡�DX~V§-�ts���@�;&HVDQ;<032�>1@8S�9<G�D_J�0=EX9<?�;<D�H>�;&58J�G69<GB589pDQ2BH�Ap��039<G6`aDQ;<9<DX~_³�A<9&58;<9&At��039<Gw9<G�D+A<D��e?�DQ2BEXD ��
ex � x � � la��G�0=E'G_EQ582_o*D+`aDQ;<0TxBD�Hoe\w9<;<\e032�>F58737�J*@aA&A<03o�73DC;<?�2BA�Kq�y2n9<G�DCDX~V584FJ�73DalV`aDQ;<9<DX~)´+A&DQJB58;&589<D�A �w582BH���K

® �a¯ ��� 	 �   � � � ±e�62�P·¢�w�¤�x<¥Hz�^j�d$�!#�%$'&�(4E\F �
	��I¸��tº �	��
�I¸'¿*½�&*ºe½�	�����7Q¶#�HP 9<1
$��#����2f�jn�¶#�8)A���'93.A! � ¶%7N23(4���#����2-9@Ri�'1P¶87"PQ23(4$C2[Rj$C.v^i�d!+��.0���%$C2f�%)Y^6 &�	�#
�����
	������ª¶#.
9<.C&�BK2JP=E

se034F037=58;+9<@w9<G�DvHVDXxB2�039<03@�2�@8St4F032V��¡�DX~�§-�ts���@�;&HVDQ;<032�>aA��^DvHVDXxB2�D[±e�jn 	 �/h[�{¶#�%)+����9<.A!#1}l
0�K DaK3lp`�DQ;<9<DX~j@�;&HVDQ;<032�>aAF9<GB589wEQ582korD1>�DQ2�DQ;&589<D�Hkoe\ ����	������BK��y9FG�@�7=H�A69<GB589F9<G�D�A<DQ9&A6@8S
¡�DX~�§^�ts��u582BH 4F032V��¡�DX~�§^�ts���@�;&HVDQ;<032�>aANSz@�;�51>�;&58J�G 465m\hHV0��.DQ;�032 9<G�DZA<DQ2BA<D69<GB589�D�5�ERG
A<DQ9pEX@�2Y9&58032BAt@�;&HVDQ;<032�>aAU9<GB589U58;<Du2�@�9^EX@�2Y9&58032�D�HF032_9<G�D]@�9<G�DQ;UA&DQ9�K�M+2wDX~�584FJ�73D+0=AU5873;<D�5�HV\



Chapter 11
Mq�^� S�;<DQDWEX7=5m�-� S�;<DQDC>�;&58J�GBA �����

�	�#
�����
	��������'P�� ��������
�� � �
1 � � ���#

2

� ��� ��¤wUPaz � �
3

����� � ��� � ¤"wUPaz�� �����
���� � ���
4

J�0=ER�n582158;<o�039<;&58;<\_`aDQ;<9<DX~ �)S�;<@�4 9<G�DC;<03>�Ge9<4F@aA<9-o*@L~n@8S ���
5

�Jw � z ��� � �
6

73DQ9,� orDN9<G�DC73DXS�9<4F@aA<9-or@m~n032 �kEX@�2e9&58032�032�>65[2�DQ03>�GYor@�?�;�@8S � �
7

� � � � �h�k¨ �
G

w �0z x[� � �
G

w � z �
8

��
�� �����

9
��
 �'&

���������
	���� �-G�D �	��
�����
	������w5873>�@�;<039<G�41K

a

c

f

i

b

e

h

d

g

j

a B C e f g h i jD

aFE g h i j DCb

G h i j DcFE

jih g Fe d c

a

b

c

b , a

, b , a

� ������� 	���� M�>�;&58J�G1582BHn9<G�DNo*DQ>�032�2�032�>F@8S:5 ����
������	������_;<?�2)@�2)039�K



� � �

J�;<@m`Y0=HVD�H[oY\�9<G�Du>�;&58J�G_032_�I03>�?�;<Dq� � KI�t`aDQ;<\�¡�DX~V§-�ts���@�;&HVDQ;<032�>CS�@�;t9<G�0=Ap>�;&58J�G_9<GB589pDQ2BH�A
��039<G6`aDQ;<9<DX~6³�A<9&58;<9&At��039<G ��
ex � x � � K��r@�; �	�#
�����
	������F582BH ����	�������;<?�2BAt@�2_032�J�?�9p>�;&58J�GBA�l�UDu587=A<@�A<J*D�58�F@8S�1'{`�j� &�1}Ktse@BleDQ`aDQ;<\ �	��
�����
	������6A<�UDQDQJ_@�2_9<G�D]>�;&58J�G_032w�I03>�?�;<Dq� � 9<GB589
A<9&58;<9&A���039<GP³_>�DQ2�DQ;&589<D�Au5_A<D��e?�DQ2BEXDC��039<G ��
�x � x � � 5�A�9<G�Dvo*DQ>�032�2�032�>Bl*582BH1DQ`aDQ;<\����
	������A<�^DQDQJb@�2 9<G�0=Av>�;&58J�G�J�;<@YHV?BEXD�Av@�2�73\hA<D��e?�DQ2BEXD�AN��039<G ��
ex � x � � 5�A�9<G�D_orDQ>�032�2�032�>BlI0TS�9<G�DA<�^DQDQJnA&9&58;<9&A-��039<G�³BK

M+Av�UDwGB5L`aD6A&DQDQ2b032 9<G�DwDX~V584FJ�73D_58o*@m`�Dal�9<G�DwE'G�@�0=EXD6@8S+5)`�DQ;<9<DX~PoY\ �	��
�����
	������
465L\|2�@�9NorD_?�2�0=��?�DaKF�-G�0=AC0=AN9<G�D_EQ5�A<Dal�0TS-9<G�D6;<03>�GY9<4F@aA<9Wor@m~PEX@�2Y9&58032BAC4F@�;<DF9<GB582b@�2�D
`aDQ;<9<DX~�K
�hDC9&58�aDCEQ58;<DC@8S:9<G�0=A-D �.D�EX9�582BH)5m`a@�0=HZ9<G�0=Aq.*¶#.0)+�62f����;:9<.I9<1�2-9@RporDQGB5m`e03@�?�;�oY\_9<G�D
Sz@�7373@d��032�>�HVDXxB2�039<03@�2�Kq¡�DQ9 ����
������	������ ∗ o*DW5�`858;<0=582e9^@8S��	�#
�����
	������69<GB589^>�DQ9&A^5�A^032�J�?�9
5N>�;&58J�GNP�582BHw5v`�DQ;<9<DX~[@�;&HVDQ;<032�> �ZS�@�;mPª582BH69<GB589^�^@�;<�YAp7303�aD �	�#
�����
	������[o�?�9-5873�^5m\YA
ERG�@e@aA<D�AC9<GB589N`�DQ;<9<DX~�032b9<G�D_;<03>�Ge9<4F@aA<9Co*@L~h9<GB589N0=Av73DXSz9<4F@aA&9C032��IKw�hDwEX@�?�7=HbA&5m\|9<GB589
9<G�DNERG�@aA&DQ2Z`�DQ;<9<DX~_GB5�Aq(+9D!�(4�'1620&��j�37s���%�6.�Ri����039<G);<D�A<JrD�EX9�9<@ ��584F@�2�>F9<G�DC`aDQ;<9<0=EXD�A-032)9<G�D
EX?�;<;<DQ2e9F;<03>�GY9<4F@aA<9Fo*@L~�K �+A&032�> �	�#
�����
	������ ∗ lU�UD|HVDXxB2�D)9y�^@h4�?�739<0T��A&�UDQDQJk5873>�@�;<039<G�4
EX7=5�A&A<D�A�l�9<GB589UHV0���DQ;U@�2�73\F032Z9<G�D+�-5m\F9<G�D+xB;&A<9^A<�^DQDQJ_0=AUJrDQ;{S�@�;<4FD�H�KI¡�DQ9mPªorDW5�>�;&58J�Gw@�2
9<G�DC`aDQ;<9<0=EXD�A � x������5x��ql�582BHn73DQ9 � ! � �

� �	��
�����
	������ ∗ wUP:x ��zq¢
def
�

w � � � z �	��
�����
	������ ∗ wUP:x ��zq¢
def

����
������	������ ∗ wUP:x � �	�#
�����
	������ ∗ wUP:x ��z%z �
�B?�;<9<G�DQ;<4F@�;<DaleS�@�; � ! � �

� �	�#
�����
	�������wUP]zq¢
def

� �	�#
�����
	������ ∗ wUP:x � � x������5x�� � z� �!����� ��	�#
�����
	������ wUP]zq¢
def

w �  � z �	�#
�����
	������ ∗ wUP:x ����
������	������0wUPaz%z �
�B@�; � ! � l8@�;&HVDQ;<032�>aA:9<GB589qEQ582ForD->�DQ2�DQ;&589<D�H[oe\ � �	��
�����
	������v58;<D�EQ587373D�H � ;H93.�� ±e�%n 	 �/h[�
¶#�%)+����9<.A!#1}K se034F037=58;<73\�l � 7��%�i�D�f;:93.���±e�jn 	 �/h[�{¶#�%)+����9<.A!#1�58;<D)HVDXxB2�D�H�Kb��9�G�@�7=H�A�9<GB589 � Sz;<DQDX�
4F032V��¡�DX~�§^�ts���@�;&HVDQ;<032�>aAN58;<DWc{?BA<9C4F032V��¡�DX~�§-�ts���@�;&HVDQ;<032�>aA�K_�y2bEX@�2e9<;&5�A&9�l � 4F032V��¡�DX~�§-�qs��
@�;&HVDQ;<032�>aA)58;<DhA<JrD�EX0=587C4F032V��¡�DX~�§-�ts���@�;&HVDQ;<032�>aA�l�2B584FDQ73\k9<G�@aA&D�9<GB589158;<DP>�DQ2�DQ;&589<D�H�oY\
�	�#
�����
	������jA&�UDQDQJBAF��G�DQ;<D|`aDQ;<9<0=EXD�A658;<D�ERG�@aA<DQ2���039<Gi;<D�A<JrD�EX9_9<@�w �  � zy4F032V��¡�DX~�§^�ts��
@�;&HVDQ;<032�>aA�K
�y9�0=A�EX73D�58;
9<GB589�DQ`aDQ;<\W>�;&58J�GNGB5�A
DX~V5�EX9<73\W@�2�D � 4F032V��¡�DX~V§-�ts���@�;&HVDQ;<032�>BK
�y2vEX@�2V�
9<;&5�A<9�l � Sz;<DQDX��4F032V��¡�DX~�§-�ts���@�;&HVDQ;<032�>aAp58;<D]2�@�9p?�2�0=�e?�Dale582BHwDQ`aDQ;<\ � 4F032V��¡�DX~�§^�ts���@�;&HVDQ;<032�>
0=A�5 � Sz;<DQDX��4F032V��¡�DX~V§-�ts���@�;&HVDQ;<032�>BK

k L *�q r� � 	 �   � ��� � � �{� � � ��	���������� �  
�3F?-{#&=?#@-^X � ! � 4<*&8�+)F?- Ah%B2!P � �	�#
�����
	������MC@*&6q')#{AQP9038�#@P~#@65%�#�7:%�F(-�e\6:AQ698QAQ6�# *&- %BAQP~#\I

k L �  �ml-��9�0=A
EX73D�58;�9<GB589�039�A<?��_EXD�A�9<@�>�03`aDt5-73032�D�58;{��9<034FDp034FJ�73DQ4FDQ2e9&589<03@�2C@8S�	�#
�����
	������ ∗ K�]DQ2�DQ;&587373\�l��^D[?BA<D[9<G�DF034FJ�73DQ4FDQ2e9&589<03@�2h9<GB589C�-5�AWJ�;<D�A<DQ2Y9<D�H|032  �\�#" S�@�; ����	������BKF�p5�ERG
or@m~b0=Av;<DQJ�;<D�A&DQ2e9<D�H�oe\h5�ERGB58032�D�H�730=A<9�582BH 0=A�589<9&5�ERG�D�H�9<@P5|A<@8��EQ587373D�H�A<DQ9�G�D�5�HVDQ;�EXDQ737�K
�-G�D�A<DuEXDQ737=A-58;<DW�aDQJ�9U032Z5�ERGB58032�D�Hw730=A<9^9<@�D�A&9&58o�730=A<Gw9<G�D]@�;&HVDQ;<032�>�@8S
9<G�Duo*@L~VD�A�Ktse032BEXD]�UD
�^582Y9^9<@FJB58;<9<039<03@�21589�4F@aA<9-@�2�D]o*@L~nD�5�E'GZ9<034FDalV�^DWGB5L`�Du9<@F�Y2�@m����G�0=E'G)0=A-9<G�DC73DXSz9<4F@aA<9
@�2�DaKn�t5�ERGjA<DQ9NG�D�5�HVDQ;�EXDQ737�wzD�5�ERG�orDQ032�>|9<G�D6G�D�5�Hb@8S�51o*@L~�z]0=A�5�H�HV039<03@�2B587373\PSz?�;<2�0=A<G�D�H
��039<Gb9��U@12Y?�4�orDQ;&A��v9<G�D_9<@�9&587t2Y?�4�o*DQ;v@8S�DQ73DQ4FDQ2Y9&Awz`aDQ;<9<0=EXD�A'z]032 9<G�D_or@m~VD�AC9<@�039&Av73DXSz9
582BH�9<G�D�2Y?�4�orDQ;6@8SNDQ73DQ4FDQ2Y9&AF032�039&Aw589<9&5�ERG�D�H�or@m~�K��-G�D|or@m~�9<@�orD|JB58;<9<039<03@�2�D�HkGB5�A



Chapter 11
Mq�^� S�;<DQDWEX7=5m�-� S�;<DQDC>�;&58J�GBA � � �

9<G�DnA<46587373D�A<9v9<@�9&587^2Y?�4�o*DQ;�@8S+`�DQ;<9<0=EXD�AN032jor@m~YD�A�9<@�039&Av73DXS�9�KP�-G�DwJB58;<9<039<03@�2j@�JrDQ;&589<03@�2
GB5�A�9<@|EX;<D�589<Dw5�2�DQ� o*@L~ 582BH ?�J*H�589<DZ9y�^@12Y?�4�o*DQ;&A�K)�B@�;NDQ`�DQ;<\PA&DQ73D�EX9<D�Hb`aDQ;<9<DX~�l�9<G�0=A
9&58�aD�A+9<034FD�73032�D�58;W032�039&AuHVDQ>�;<DQDal.��G�0=E'G|5�H�H�A]?�J|9<@Z73032�D�58;]9<034FD�032�9<@�9&587�KW��9u;<DQ4658032BAu9<@
xB2BHh9<G�Dw`aDQ;<9<DX~���039<G G�03>�G�D�A<9NJ�;<DXS�DQ;<DQ2BEXD6032 9<G�D6;<03>�GY9<4F@aA<9Co*@L~�KnM 9<G�@�;<@�?�>�G�582B5873\YA<0=A
@8Sq9<G�DN034FJ�73DQ4FDQ2Y9&589<03@�2�A<G�@d��A�9<GB589�lr5dS�9<DQ;�JB58;<9<039<03@�2�032�>w5_or@m~�lB9<G�DN`aDQ;<9<0=EXD�A�032|9<G�DN;<03>�Ge9
JB58;<9<039<03@�2�o*@L~158J�J*D�58;+03219<G�D�A&584FDN@�;&HVDQ;u5�A+9<G�DQ\)58;<DN�aDQJ�9�03219<G�D�5�Hdc{5�EXDQ2BEX\n730=A<9+@8S:9<G�D
`aDQ;<9<DX~69<GB589-EQ58?BA<D�Hw9<G�DuJB58;<9<039<03@�2 wz0�K DaK3lY@8S�9<G�D]EX?�;<;<DQ2Y9<73\_E'G�@aA<DQ2_`aDQ;<9<DX~�z}KI��2Z73032�D�58;U9<034FDal
�^D-EQ582[@�;&HVDQ;q9<G�D-`aDQ;<9<0=EXD�AI032[9<G�D�5�Hdc{5�EXDQ2BEX\v730=A<9&A:@8S�P�582BH�9<G�D�032�039<0=58730��Q032�>Wor@m~F¤_K��-G�DQ2�l
9<G�D]xB;&A<9-`aDQ;<9<DX~6032n9<G�DW730=A<9�EX@�;<;<D�A<Jr@�2BHV032�>[9<@[9<G�DW;<03>�Ge9<4F@aA<9-o*@L~_0=A�5873�-5m\YAU9<G�DW@�2�D]��039<G
G�03>�G�D�A<9�J�;<DXS�DQ;<DQ2BEXDaK

�hDN�-582e9�9<@_J�;<D�A<DQ2e9�56?BA<DXSz?�7�J�;<@�J*DQ;<9y\Z@8Sq4F032V��¡�DX~�§^�ts���@�;&HVDQ;<032�>6582BH)>�03`�DN56ERGB58;{�
5�EX9<DQ;<0=A&589<03@�2n@8S�9<G�D�A&DC@�;&HVDQ;<032�>aA�K:¡�DQ9�P�¢ w�¤�x<¥Hz^orDN5[EX@�2�2�D�EX9<D�Hn>�;&58J�G�l�582BHn73DQ9��[orDN5
`aDQ;<9<DX~_@8S�P[KqM�`aDQ;<9<DX~w@�;&HVDQ;<032�> ��S�@�;�P 0=A^5 	 �/h[��¶C�8)+�6�'93.A!:{�9-23("�<¶�¶C2l�����62f�%n���Sz@�;~P 0TS{l
S�@�;^DQ`�DQ;<\6JB5803;%��x�	6@8SI`aDQ;<9<0=EXD�A^@8S�P � ��

σ

	 � HV0=A<9sw ��x�� z !kHV0=A<9Ww ��x�	4z}KqM 	 �/h[�{¶#�8)A���'93.A!
S�@�;�P²0=A�5�§-�ts���@�;&HVDQ;<032�>���039<G�;<@e@�9�`aDQ;<9<DX~ A&@�4FDw`aDQ;<9<DX~b@8SgPFKh�-G�D 	 �/h[�f>u������>�1N@8SqP
��039<GZ;<D�A<JrD�EX9-9<@ ��58;<DCHVDXxB2�D�Hwoe\_9<G�DuJB58;<9<039<03@�2 ��¦

0
x������5xR¦

k � @8S?Pª��G�DQ;<Dv¦ i

EX@�2Y9&58032BA^58737
`aDQ;<9<0=EXD�A�589�HV0=A<9&582BEXD � 9<@ �BK
� � � � � ��� � � "#&%�Pª¢ w�¤�x<¥[z '<#>*qCDF?6!6�#�C�%�#�7s+.-/*103254T*&657R8�#&% � ')#g*�P�AQ6[SB"$#/L�� ���US
F?- 7)#@- AQ6U+sHhF?-�P�I(v$2�#@654 � ANEw*�� ���UShF?- 7)#@- AQ6U+sHhF?-�P�I
k m �  �ml�se?�J�J*@aA<D ��0=A�2�@�9�5_§^�ts���@�;&HVDQ;<032�>[S�@�;�P[Kp¡�DQ9]¦

0
x������5xR¦

k

o*DN9<G�Dv§-�ts���73DQ`aDQ7=A^@8S
Pi��039<GF;<D�A<J*D�EX9q9<@ �?w ��z}K:�-G�DQ2�l89<G�DQ;<D�58;<D�9y�^@]`aDQ;<9<0=EXD�A���x�	�A<?BE'G[9<GB589 � �

σ

	�582BH(�|µ|¦
i582BH 	_µ|¦

j

582BH � � � KI��039<G�@�?�9q73@aA&AI@8S*>�DQ2�DQ;&5873039�\�ld�^D-5�ARA<?�4FD �_9<@CorD-;<03>�Ge9<4F@aA&9:584F@�2�>
58737�9<G�@aA<DW`aDQ;<9<0=EXD�AUS�?�7TxB7373032�>F9<G�0=A�EX;<039<DQ;<03@�2�K:��G�DQ2)9<G�DC;<03>�GY9<4F@aA<9-2�DQ03>�Geo*@�?�; 
 @8S �1��039<G
;<D�A<J*D�EX9N9<@ ��0=ANE'G�@aA<DQ2hoY\ ����
������	������.l ��582BH 	�58;<D6or@�9<GjEX@�2e9&58032�D�Hh032 9<G�D673DXSz9<4F@aA&9
or@m~�K]�-G�0=A]`aDQ;<9<DX~�A&DQJB58;&589<D�A 	1582BH �
l�A<032BEXD 	)0=A]2�@�2V��5�Hdc{5�EXDQ2Y9+��039<G 
O032�P[KC��DQ2BEXDal 	
0=A�032)9<G�DN73DXS�9�JB58;<9<039<03@�21o*@L~)582BH���0=A�032�9<G�DC;<03>�Ge9�JB58;<9<039<03@�21o*@L~�lV��G�0=E'G1EX@�2e9<;&5�HV0=EX9&A�9<G�D
5�A&A<?�4FJ�9<03@�2�K

¡�DQ9P%¢ w�¤�x<¥[zvorD)5�>�;&58J�G�lq582BH�73DQ9 ��orDn5�`aDQ;<9<DX~b@�;&HVDQ;<032�>|Sz@�;=P[Kh�B@�;�DQ`aDQ;<\
`aDQ;<9<DX~n«|@8S�PFlBoY\w734

G,σ

wz«0z-�^DvHVDQ2�@�9<Dv9<G�D�2�DQ03>�Geo*@�?�;+@8Sq«�032VP 9<GB589+0=A�73DXS�9<4F@aA<9���039<G
;<D�A<J*D�EX9u9<@ ��K]��S:«hHV@eD�Au2�@�9uGB5L`�Dv582e\)73DXS�9+2�DQ03>�GYor@�?�;]734

G,σ

wz«0z-¢
def
«�K+�-G�D�032BHV0=EXD�AqP

582BH��58;<Dv5�H�HVD�Hn@�2�73\_0TS:9<G�DNEX@�2Y9<DX~Y9-;<D��e?�03;<D�A�A<JrD�EX0TxrEQ589<03@�2�K
® �a¯ �
� 	 �   � � � ±e�52[P ¢ w�¤�x<¥Hz�^j��$ !C�8$'&�(4E F �#����2f�jn�¶#�%)+����9<.K! � ¶87dP (4$�1O23(4�
�a¼*½�¾ $ ºe½F½�	 � $ ¾ �:º 	 � $ $m¿���½]»:½�¿a»�ºe½�¾.�:9 7m$#.�)N¶C.I>� g9 7ipC7Q¶#�m�6������ �&4$#93� ��x�	)¶87�.*¶#.��8$M)�5$MRi��.�2�����62-9@Ri�'1�¶87�P[p/23(4�l7Q¶#>3>T¶#{�93.A!H(V¶#>L)#1�
�9 7-734_w 	�z �

σ

� �
σ

	 23(4��.V23(4���j�a9<1a$. ��9L!#(4^<¶#BK� 
g¶87
��2�¶23(4�]��9L!#(A2p¶87%	\1'B�R�(�23(K$C2�734_w 	�z �

σ

734_w�
gz5E
�y9+0=A]032e9<DQ;<D�A&9<032�>_9<@Z@�oBA<DQ;<`aDv9<GB589]032Y9<DQ;<`d587�@�;&HVDQ;<032�>aAuGB5m`aD�9<G�DvS 58;<9<G�DQ;+;<03>�GY9u2�DQ03>�GV�

or@�?�;WJ�;<@�J*DQ;<9y\�l.A<032BEXD�9<G�D�J�;<DQ4F0=A&D�0=AW5873�-5L\VA�S 587=A<DaKW��DQ2BEXDal�9<G�DQ;<D[58;<D�>�;&58J�GBA]9<GB589]GB5L`�D



� � �

`aDQ;<9<DX~�@�;&HVDQ;<032�>aA6��039<Gk9<G�D�S�58;<9<G�DQ;6;<03>�GY962�DQ03>�GYor@�?�;6J�;<@�J*DQ;<9y\eKi�hD|EQ582�DQ`aDQ2kA<G�@d�²5
A<9<;<@�2�>�DQ;];<D�A<?�739���DQ`aDQ;<\�>�;&58J�G�GB5�AW5Z`aDQ;<9<DX~1@�;&HVDQ;<032�>n��039<GP9<G�D�S�58;<9<G�DQ;];<03>�Ge9W2�DQ03>�GYor@�?�;
J�;<@�JrDQ;<9�\�KWM�2BH��^D�EQ582hA<G�@d��582�DQ`aDQ2PA<9<;<@�2�>�DQ;];<D�A<?�739�� ����
������	������nDX~�5�EX9<73\1>�DQ2�DQ;&589<D�A
9<G�D�A<DW@�;&HVDQ;<032�>aA�K

� �
�� rm� � ��� � � "$#&%�P ¢Gw�¤�x<¥[zM')#M*s+.-/*1032 I9J =?#@-�%�#/L
F?- 7)#@- AQ6U+� HhF?-aP ANE>*~P�AQ6[S
"$#/L�� ���UShF?- 7)#@- AQ6U+�HhF?-�PxAQH*&657iF?6!8YX AQH �t2[*\E>%B2�#uHf*&-�%B2�#@- - A�+.23%_6�#@A�+.2T'<F)e\-G03-@F 0#@-�%QX!I
k L �  �ml_¡�DQ9 � orDF5w4F032V��¡�DX~V§-�ts���@�;&HVDQ;<032�>wSz@�;ZP[KvfU@�2BA<0=HVDQ;]9<G�D�>�DQ2�DQ;&589<03@�2�@8S �IKC¡�DQ9
� 582BH�	1o*DF2�@�2V��5�Hdc{5�EXDQ2Y9W`aDQ;<9<0=EXD�A�l�734_w 	4z �

σ

� �
σ

	*K[�-G�DQ2�l�734_w 	�z+582BH���EQ582�2�@�9CorD
EX@�2e9&58032�D�H�032[9<G�D�A&584FDUo*@L~���G�DQ2 	v0=AIE'G�@aA<DQ2�oe\ �	��
�����
	������*K �u9<G�DQ;<��0=A<Dal 	NA<DQJB58;&589<D�A��
582BH[734_w 	4z���G�0=E'G6EX@�2e9<;&5�HV0=EX9&At734_w 	4z �

σ

��K��+DQ2BEXDala9<G�DQ;<D�0=At5W2�DQ03>�GYor@�?�; 
�@8S �
l 	 �
σ


vl
9<GB589NA<DQJB58;&589<D�AC734_w 	�zW582BH��
K �uoY`Y03@�?BA<73\�l�734_w�
gzC0=AC032h9<G�D6;<03>�GY9CJB58;<9<039<03@�2bor@m~�l
7303�aD��
K
�-G�DQ;<DXSz@�;<DalY734_w 	�z �

σ

734_w�
gz}K
�B@�;�9<G�D^EX@�2e`�DQ;&A<Dal�73DQ9 �ForD-5�`�DQ;<9<DX~W@�;&HVDQ;<032�>+Sz@�;�P���039<G�9<G�DtS 58;<9<G�DQ;
;<03>�GY9
2�DQ03>�GYor@�?�;

J�;<@�JrDQ;<9�\�Kqse?�J�Jr@aA<D]9<GB589��|EQ582�2�@�9^orDW>�DQ2�DQ;&589<D�H_oY\ �	�#
�����
	������rKq�-G�DQ2�le9<G�DQ;<D]0=A^5vxB;&A<9
`aDQ;<9<DX~�	|9<GB589vA<DQJB58;&589<D�AW9��U@)`�DQ;<9<0=EXD�A ��582BHh«
l
0�K DaK3l ��0=AC032h9<G�D673DXS�9�l�« 0=AC032 9<G�DF;<03>�Ge9
JB58;<9<039<03@�2�o*@L~�l�582BHk« �

σ

��K �y2�JB58;<9<0=EX?�7=58;�l�«�0=AZ5b2�DQ03>�GYor@�?�;Z@8S 	k582BH ��0=Aw2�@�9Z5
2�DQ03>�Geo*@�?�;6@8S
	*K���039<G�@�?�9w73@aA&A6@8SC>�DQ2�DQ;&5873039�\�lU�UD�5�ARA<?�4FD)« ¢ 734_w 	4z}K �uoe`Y03@�?BA<73\�l �
EQ582�2�@�9�orDNE'G�@aA<DQ2)orDXS�@�;<DC«1oY\ ����
������	������*Kt§^\_9<G�DWS 58;<9<G�DQ;�;<03>�Ge9-2�DQ03>�GYor@�?�;�J�;<@�J*DQ;<9y\�l
9<G�DQ;<DC0=A�5[2�DQ03>�Geo*@�?�; 
ª@8S��
l'	 �

σ


vl�9<GB589�0=A-2�@�9�5[2�DQ03>�GYor@�?�;�@8S�«�Kpse032BEXD
�|582BHn«�58;<D
EX@�2e9&58032�D�HZ032n@�2�DCor@m~w��G�DQ2 
�0=A�E'G�@aA<DQ2�w 	_A<DQJB58;&589<D�A �1582BHn«�l�582BH 
ª0=A�ERG�@aA<DQ2no*DXSz@�;<D
	4z}l 
ªA&DQJB58;&589<D�A�«�582BH��
Kq�-G�0=A�EX@�2Y9<;&5�HV0=EX9&A-9<G�DN5�A&A<?�4FJ�9<03@�2�K

��� � � �  r�I� �������F� � � 	L�
� �	�#
�����
	������ �B� �  r � 	L� �
§^DQ;<;<\Z582BH1§^@�;&H�589�032Y9<;<@eHV?BEXD�H)9<G�Dv2�@�9<03@�21@8S:564F@�J�73DX~�KUMª4F@�J�73DX~n0=A�5FJ*@aA&A<03o�73DN>�DQ2�DQ;{�
58730=A&589<03@�2Yw�582BHPA<034�?�739&582�DQ@�?BA&73\1;<D�A<9<;<0=EX9<03@�2�z+@8S^5)A<034FJ�730=EX0=587:`aDQ;<9<DX~�K9|]03;&5�EFA<G�@d�^D�H�9<GB589
DQ`aDQ;<\W2�@�2V��EX@�4FJ�73DQ9<D^E'G�@�;&H�587Y>�;&58J�G�EX@�2Y9&58032BA
9��^@+2�@�2V��5�Hdc<5�EXDQ2e9IA<034FJ�730=EX0=587e`�DQ;<9<0=EXD�A�w��-G�DX�
@�;<DQ4 }VK }Mz}Kq§^DQ;<;<\w582BH)§^@�;&H�589�A<G�@d�UD�Hw9<GB589�DQ`aDQ;<\ ���
	������_;<?�2)2Y?�4�o*DQ;&A-9<G�DC`aDQ;<9<0=EXD�A^@8S
5W4F@�J�73DX~�7=5�A<9  �#" K:�y9�S�@�7373@d��A:9<GB589qDQ`aDQ;<\N2�@�2V��EX@�4FJ�73DQ9<D�>�;&58J�GFGB5�Aq9��U@W2�@�2V��5�Hdc<5�EXDQ2e9:4F@8�
J�73DX~YD�ALK^�-G�0=A+>�DQ2�DQ;&58730=A<D�Aw|]03;&5�E � A+9<G�DQ@�;<DQ41K��-Ge?BA�lr4F@�J�73DX~YD�A�J�;<@m`Y0=HVDvA<9<;<?BEX9<?�;&587�032BA<03>�Ge9
032e9<@W9<G�D�J�;<@�J*DQ;<9<03D�Aq@8S.¡�DX~�§-�ts���@�;&HVDQ;<032�>aA�K��y2[9<G�0=AqA<D�EX9<03@�2�l��^D-��03737BA<DQD�9<GB589 �	��
�����
	������
587=A<@W2e?�4�orDQ;&A:7=5�A&9q9<G�D�`aDQ;<9<0=EXD�A:@8S�5W4F@�J�73DX~�KI�-G�0=A:0=At5W2�@�2V��9<;<03`e0=587�;<D�A&?�739I��039<G_;<D�A<JrD�EX9q9<@
9<G�DW�U@�;<�6@8S:§^DQ;<;<\w582BHn§^@�;&H�589�Kq�-G�DWHVDXxB2�039<03@�2)@8S�4F@�J�73DX~YD�A-;<DQ7303D�A-@�2)A<J*D�EX0=587�4F@eHV?�73D�A�K

® �a¯ ��� 	 �   � � � ±e�62/P�¢ w�¤/x<¥[z:^j�:$H!#�8$�&�(4E�}e(4�]�����62f�%n"15�52 � � ¤ 9r1]$i�b¿ & �b�zºZ¶%7
P 9 7a$#.�)Z¶#.I>k �9 7?7Q¶#�]$#>3>A&4$#93�i1%��x�	b¶87Z���6��2-9@Ri�'1a93. � 
 �

G

w �0z�¨ � ¢ �
G

w 	4z�¨ ��E
��2�@�9<G�DQ;��^@�;&H�A�lm9<G�DU`�DQ;<9<0=EXD�A
@8Sr5u4F@eHV?�73D-EQ582�2�@�9�o*D�HV0=A<9<032�>�?�0=A<G�D�HCS�;<@�4ª@�?�9&A&0=HVDU9<G�D

4F@eHV?�73Dal�A<032BEXDW9<G�DQ\ZGB5L`�D]A&584FDW2�DQ03>�GYor@�?�;<G�@e@eH�A�Kt�r@�;-DX~V584FJ�73DalVEX@�2�2�D�EX9<D�H)EX@�4FJr@�2�DQ2Y9&A
@8S^5n>�;&58J�Gh@�;C039&ANEX@�4FJ�73DQ4FDQ2Y9C58;<DF4F@eHV?�73D�A�K_se032BEXDFDQ`�DQ;<\�`aDQ;<9<DX~�039&A<DQ7TS^582BHP9<G�DF��G�@�73D



Chapter 11
Mq�^� S�;<DQDWEX7=5m�-� S�;<DQDC>�;&58J�GBA � � �

`aDQ;<9<DX~�A<DQ9658;<D14F@YHV?�73D�A�l^DQ`aDQ;<\�>�;&58J�G�GB5�AF4F@eHV?�73D�A�K�/1@YHV?�73D�AwEX@�2Y9&58032�032�>b9<G�D1��G�@�73D
`aDQ;<9<DX~PA<DQ9N58;<D_EQ587373D�HY2-��9<�W9-$#>TK_w�se@�4FDQ9<034FD�A�l
4F@eHV?�73D�Av@8S-A<0��QD6589v4F@aA<9 � 58;<D_587=A<@1EQ587373D�H
9<;<03`Y0=587�KbzvM�4F@eHV?�73D � @8S�5�>�;&58J�G_P�0=A-5c;=$sn#93;=$#>�4F@eHV?�73DW0TS
039-0=A^2�@�9^EX@�2Y9&58032�D�Hw032n582Y\
@�9<G�DQ;-4F@eHV?�73DaKtMª4F@eHV?�73DC0=AZR&¶#.�.0�%R52f�%)N0TS�039�032BHV?BEXD�A�5[EX@�2�2�D�EX9<D�Hn>�;&58J�G�K:/1@YHV?�73D�A��UDQ;<D
HV0=A&EX@d`aDQ;<D�Hb032BHVDQJ*DQ2BHVDQ2e9<73\jA<DQ`aDQ;&587^9<034FD�A�K �C58737=580-A&G�@m�^D�H 9<GB589[D�5�E'G�EX@�2�2�D�EX9<D�H�>�;&58J�G
��G�@aA<DZEX@�4FJ�73DQ4FDQ2e9�0=A�587=A&@|EX@�2�2�D�EX9<D�HjEQ582 ?�2�0=�e?�DQ73\horDZJB58;<9<039<03@�2�D�H 032Y9<@�039&A�465d~Y0346587
2�@�2V��9<;<03`Y0=587I4F@YHV?�73D�A  � � " K[�-G�D�039<DQ;&589<03`�D�J�;<@YEXD�A&AW@�2h9<G�D[465d~Y0346587:4F@eHV?�73D�AN0=A]EQ587373D�Hh5
4F@eHV?�7=58;�HVD�EX@�4FJr@aA<039<03@�2�K�w���DQ;<DaldEX@�2�2�D�EX9<D�HCEX@�4FJr@�2�DQ2Y9&A�@8SY9<G�Dp>�;&58J�GC@�;�039&A�EX@�4FJ�73DQ4FDQ2e9
587=A<@]GB5L`�Dp9<@]orD-9<;<D�589<D�H�5�HVD��e?B589<DQ73\�KbzN�B?�;<9<G�DQ;I032VSz@�;<46589<03@�2[58or@�?�9:4F@eHV?�73D�A:582BH�4F@eHV?�7=58;
HVD�EX@�4FJr@aA&039<03@�21EQ582)orDCS�@�?�2BHZ032  � � " 582BH  � � " K
® �a¯ �
� 	 �   � �*� ±e�520P�¢ w�¤/x<¥[z�^j�g$�!#�8$�&�(4E]}e(4�m�����62f�%n]15�62 � � ¤ ¶87�P 9r1~$ � � 	�� ��º�¸�b¿ &��b�zºb¶87�P 9 7"$C.�)P¶#.I>k _9 7 � 9<1c$\;6¶s)#BK>D�d$�1"{`��><>T$�1"$ R6>k9-�5B��)¶%7:P=EV�<7 � 9<1.*¶M2
&��<¶'&�����>k �RR¶#.�2U$#93.0�%)H93._$#.*¶C23(����gR6>k9@�6B�� �f;6¶s)#BK>D�v¶87TPHp � 9<1g$M�b¼ �[	��b¼��oR6>k9@�6B�� �f;6¶s)#BK>D�N¶87
P=E � 9<1H$ �b¿�»�zº ��¶87ZP 9 7H$#.�))¶C.I>� c9 7*� 9<1H$d;=$snC9<;=$#>?R6>�9@�6BI�D�f;6¶s)CBA>u�6¶87aP
$#.�)�93231
.0��9D!�(4^&¶#BA�'(Y¶�¶W) �

G

w � zq9<1]$=;:93.I93;�$C>�1s�f&4$#�%$C2�¶#�v¶87�PE
�B@�;CA<034FJ�730=EX039�\�l*0TSmP 0=ACEX@�4FJ�73DQ9<Dal�9<G�D[��G�@�73D[`aDQ;<9<DX~|A&DQ9N¤ 0=AC5Z4F@�J�73DX~|@8SmP
w�582BH

9<G�DC@�2�73\Z@�2�D z}K:�hDNEQ58737�5[`aDQ;<9<DX~Z5d;6¶'&�>u�%n�����62f�%nv0TS�039�o*DQ73@�2�>aA�9<@65[4F@�J�73DX~�KqMª4F@�J�73DX~
0=A:1�9<;�&�>k9-R59-$#>U0TS^039&AN2�DQ03>�Geo*@�?�;<G�@�@eH 0=Av5)EX730=�e?�DaK_�-G�DQ2�lI5)>�;&58J�Gh0=AvE'G�@�;&H�587q0TS�582BHP@�2�73\
0TSp@�2�DFEQ582P;<DQJrD�589<D�HV73\�;<DQ4F@m`�D�A<034FJ�730=EX0=587:4F@�J�73DX~VD�A+S�;<@�4%9<G�D[>�;&58J�G�?�2Y9<037I9<G�D�>�;&58J�GP0=A
DQ4FJ�9�\  �#" K
� � 	 	 ��� � � ���  ��q�e�	�� ��	� � �  
"$#&%qPg¢�w�¤�x<¥HzR')#s*q+.-/*103254O*&657 8�#&% �

1
*&657(�

2
')#MPR*?LUAQPR*&8(Cm8QA��!e # SdP~F)7[e\8�#DE:F?H�P�I

v$2�#@654 �
1
*&657 �

2
*&-@#g#@Ah%B2�#@-,# �Ue.*&8 F?-;7.ANE � F?AQ65%mI

k m �  �mlN¡�DQ9�«|582BH��6orDN9��U@F`�DQ;<9<0=EXD�A-@8S:56EX730=�e?�DX��4F@eHV?�73Dv@8S/P[KU�-G�DQ2�l �
G

 « " ¢ �
G

 � " l
A<032BEXD�«P582BH �wGB5L`aDv9<G�D�A&584FDdw�EX73@aA<D�H�z-2�DQ03>�GYor@�?�;&Au032BA<0=HVD�9<G�D�4F@YHV?�73D�582BH|@�?�9&A<0=HVDv9<G�D
4F@eHV?�73DaKFse?�J�Jr@aA&D �

1
582BH �

2
58;<D[2�@�9WHV0=A c�@�032Y9�Kv¡�DQ9 ��µ �

1
� �

2
l�582BH�73DQ9 	Pµ �

1
K

�y9NG�@�7=H�AN9<GB589 �
G

 � " ¢ �
G

 	 " l�9<G�DQ;<DXS�@�;<D �
G

 
 " ¢ �
G

 	 " Sz@�;vDQ`aDQ;<\�
£µ �
2
KZ��DQ2BEXDal

�
2
� ©�	r¬w0=Av5�EX730=�e?�DX��4F@eHV?�73D_J�;<@�J*DQ;<73\bEX@�2e9&58032�032�>(�

2
l���G�0=ERG�0=Av2�@�9�Jr@aA&A&03o�73DwHV?�D_9<@

465d~V03465873039y\|@8S��
2
K_�y9WSz@�7373@d��AC9<GB589 �

1
� �

2
l
582BHhD��e?B5873039y\|G�@�7=H�ACoY\|465d~V03465873039y\|@8S

�
1
K

�-�^@v4F@�J�73DX~VD�AU58;<D�$M)�5$MRi��.�2q0TS
@�2�D]4F@�J�73DX~_EX@�2e9&58032BA^5v2�DQ03>�GYor@�?�;^@8S�9<G�D]@�9<G�DQ;��e9<G�D
?�2�03@�2b@8S�9��U@15�Hdc<5�EXDQ2e9v4F@�J�73DX~YD�AWS�@�;<46Av5�EX730=��?�DaKw�hD_>�03`aD6512�DQ� E'GB58;&5�EX9<DQ;<0=A&589<03@�2h@8S
E'G�@�;&H�587�>�;&58J�GBA-oe\w4FD�582BA�@8S�4F@�J�73DX~VD�A�K

� � 	 	 ��� � � Jo+.-/*1032~ANE C�2�F?- 7<*&8[AQHb*&657�F?6!8YXsAQH{%B2�#@-@# ANEG6�F;AQ657[e)CD#�7ME�e�'?+.-/*1032iF?H�P %B2[*U%
CDF?65%h*&AQ6�Eg%z]{F:*<7��@*<CD#@65%P~F 038�#/L�#DE�I

k m �  �ml1�y2b51E'G�@�;&HV73D�A&AWEX\YEX73DF@8S-73DQ2�>�9<G 589C73D�5�A<9 � DQ`�DQ;<\�465d~V0346587tEX730=��?�DF0=AC9<G�DF?�2�03@�2
@8SU9��^@n5�Hdc<5�EXDQ2Y9u4F@�J�73DX~VD�A�KFfU@�2e`aDQ;&A&DQ73\�l*A&032BEXD[5n>�;&58J�GP0=ACE'G�@�;&H�587:0TS-582BH�@�2�73\�0TS^DQ`aDQ;<\



� � �

032BHV?BEXD�H1A<?�o�>�;&58J�G)@8S:039�0=A�E'G�@�;&H�587�l�039�A<?��_EXD�A�9<@wA<G�@m� 9<GB589+2�@6ERG�@�;&H�587�>�;&58J�G|EX@�2e9&58032BA
5�Hdc{5�EXDQ2Y9N4F@�J�73DX~VD�A�K)¡�DQ9�P·¢ w�¤�x<¥[zNorDZ5�E'G�@�;&H�587p>�;&58J�G�K|se?�J�J*@aA<D �

1
582BH#�

2
58;<D

5�Hdc{5�EXDQ2Y9]4F@�J�73DX~YD�A]@8STP[Kv��9WG�@�7=H�A]9<GB589 �
1
� �

G

w �
2
z}K�se032BEXD �

G

w �
2
z�0=AC5Z4F032�0346587

A<DQJB58;&589<@�;[@8SZP[lp9<G�DQ;<D158;<D)9y�^@ �
G

w �
2
z�� S�?�737�EX@�4FJr@�2�DQ2Y9&A[032 P[lt582BH�DQ`aDQ;<\ `aDQ;<9<DX~�032

�
1
0=A�5�Hdc<5�EXDQ2e9-��039<Gn9y�^@[2�@�2V��5�Hdc{5�EXDQ2Y9-`aDQ;<9<0=EXD�A�KI��DQ2BEXDal �

G

w �
1
zU0=A-2�@�9�5[EX730=��?�DW032OP[l

��G�0=ERG)EX@�2Y9<;&5�HV0=EX9&A��-G�DQ@�;<DQ4 }VK � K

��2�9<G�D^Sz@�7373@d��032�>Bl8�^DU��03737�A<G�@d��9<GB589:9<G�D^xB;&A<9:`aDQ;<9<DX~N@8S.DQ`aDQ;<\C4F032V��¡�DX~�§^�ts���@�;&HVDQ;<032�>
orDQ73@�2�>aA�9<@w5[4F@�J�73DX~�l�582BH158737�`�DQ;<9<0=EXD�A-@8SI9<G�0=A�4F@�J�73DX~)58;<DC>�DQ2�DQ;&589<D�H1EX@�2BA<D�EX?�9<03`�DQ73\�K:M+A
4FDQ2e9<03@�2�D�HZ58or@d`aD]9<G�DCA&584FDuJ�;<@�J*DQ;<9y\wG�@�7=H�AUSz@�;-¡�DX~�§^�ts���@�;&HVDQ;<032�>aA  �#" lV582BH ���
	������[GB5�A
orDQDQ2�A<@[S�58;+9<G�Dv@�2�73\n5873>�@�;<039<G�4²�Y2�@m��2)��039<G|9<G�0=A�J�;<@�JrDQ;<9�\�K �u?�;�J�;<@�@8Sq?BA<D�A+0=HVD�5�A�9<GB589
58;<DvA<034F037=58;�9<@w9<G�DN@�2�D�A�?BA<D�H)oY\n§UDQ;<;<\n582BH1§^@�;&H�589�S�@�;+A<G�@d��032�>F9<G�DQ03;�;<D�A<?�739�l�o�?�9+or@�9<G
J�;<@�@8S A�587=A<@6HV0���DQ;�032)9<G�DQ03;-xB2B587�DX~YD�EX?�9<03@�2�K

� � � � � � � � � "$#&%TPª¢ w�¤�x<¥[z '<#g*qCDF?6!6�#�C�%�#�7R+.-/*1032543*&657i8�#&% � '<#9*MP�AQ6[SB"$#/L�� ���US
F?- 7)#@- AQ6U+sHfF?-�P�I_"#&%p³�¢

def
�?w � z *&657���¢

def
�?w �ez I

`��Dcj"$#&% � ¢%©m³Ix �?w@�Mz�x������sx �?w � zR¬�4 � µª© � x������5x��| � ¬�4w')#R*
CDF?6!6�#�C�%�#�7 P~F)7[e\8�#iF?H�P�I
v$2�#@6543%B2�#uF?- 7)#@- AQ6U+ � ′ ¢ � ³Ix �?w@�Mz�x������sx �?w � z � ANE�*gP�AQ6[SB"#/L � ���UShF?- 7)#@- AQ6U+ HhF?-�P ′ ¢

defP  "� " I
`��?cj"$#&%lP� ��')# 7.ANE CDF?6!6�#�C�%�#�7!4�*&657s8�#&%G� ')#g*~CDF?6!6�#�C�%�#�7 CDF?P90$F?6�#@65%�F?H/P����Iwv$2�#@654

� ′ F?- A�+.AQ6[*U%BAQ6U+
H�-@F?P � '1X�-@#DE�%B- ABC�%BA�F?6W%�F %B2�#j=&#@-�%BABCD#DEMF?H,� � �jANE�*jP�AQ6[SB"$#/L�� ���US
F?- 7)#@- AQ6U+sHfF?-�P ′ ¢

def
� � ��I

`��1cj"$#&% 	n')#>* =?#@-�%�#/L�4�³ �
σ

	�45E�e)C^2�%B2[*U%OHhF?-;#&=?#@-^Xn=?#@-�%�#/L�
 %�F %B2�#;- A�+.25%VF?H 	q2�F?8B7 E 

ªµ��

G

w ³Kz � 
ªµ��
G

w 	�z I(v$2�#@654 � ¢ª©m³�x �Jw@�Mz�x������Wx�	B¬>ANE(*:P~F)7[e\8�#9F?H?P�I
` ��cj"$#&%
 '<#q* �ox��.SQ0T*U%B254�³ �

σ

�T4 6�F)%9CDF?65%h*&AQ6!AQ6U+�*t6�#@A�+.2T'<F)e\-~F?H]³ #/L�CD#�0_%;HhF?-��$I
v$2�#@654�%B2�#@-@#VANEG*
��x��.SQ0T*U%B2  ′ ¢ w ��x��

1
x������6x��

r

x��+zE�e)C^2�%B2[*U%T6�F:=&#@-�%�#/LsF?H  ′ #/L�CD#�0_%
HfF?- � ANE(*:6�#@A�+.25')F)e\-,F?HI³~*&657 ��

σ

�
1
�

σ

����� �
σ

�
r

�
σ

�[I

k L �  �ml�w ��� �Mzv¡�DQ9(��x�	�µ�¤wUP ′ z}l � 	 �µ ¥6lt582BH�734
G′,σ′

w 	�z �
σ′

� �
σ′

	*K �uoY`e03@�?BA<73\el
734

G′,σ′

w 	4zw¢ 734
G,σ

w 	4z}Kise032BEXD ��0=A_5P4F032V��¡�DX~V§-�ts���@�;&HVDQ;<032�>BlU0�K DaK3lp0396GB5�A69<G�DnS�58;<9<G�DQ;
;<03>�Ge9u2�DQ03>�Geo*@�?�;uJ�;<@�J*DQ;<9y\1HV?�D�9<@n�-G�DQ@�;<DQ4 ��� K � l*9<G�DQ;<D�0=A]5w2�DQ03>�Geo*@�?�; 
�@8S �P032 P 9<@
9<G�DU;<03>�GY9I@8S$	C��039<G[;<D�A<JrD�EX9I9<@ �69<GB589:0=AI2�@�9:5u2�DQ03>�GYor@�?�;:@8Sr734_w 	�z}KIse032BEXD�� 0=Aq5u4F@eHV?�73Dal
DQ`aDQ;<\�2�DQ03>�Geo*@�?�;p@8S��w9<@�9<G�D+;<03>�GY9t@8S �?w � z:0=A^5C2�DQ03>�GYor@�?�;p@8S�734_w 	�z}l�9<@e@BKI�+DQ2BEXDal�
 µ�� l
��G�0=ERGZJ�;<@d`aD�A�w � z}Kq�y2wEQ5�A<D]@8S�w@�Mz}lV58737.2�DQ03>�Geo*@�?�;&A-@8S �)032�P�58;<DW587=A<@[EX@�2e9&58032�D�Hw032�P ′ lYA<@

�0=A�EX@�2Y9&58032�D�Hn032OP ′ 582BHn9<@F9<G�DC;<03>�Ge9�@8S�	*K

w � zvse?�J�J*@aA<D_9<G�DQ;<DZ0=A�5�`aDQ;<9<DX~ ��o*DQ9y�^DQDQ2j³P582BH"	P9<GB589�GB5�A�512�DQ03>�GYor@�?�;�9<@|9<G�D
;<03>�Ge9_@8S 	j9<GB589_0=A_2�@�9w5h2�DQ03>�GYor@�?�;w@8S
	�w�582BHi³Az}K �-G�DQ2�l 	jGB5�A_5b2�DQ03>�GYor@�?�;w9<@b039&A
;<03>�Ge9Hwz9<G�DNS 58;<9<G�DQ;�;<03>�Ge9u2�DQ03>�Geo*@�?�;�J�;<@�JrDQ;<9�\)@8S ��z-9<GB589+0=A+2�@�9u5_2�DQ03>�Geo*@�?�;+@8Sp³w��G�0=ERG
EX@�2e9<;&5�HV0=EX9&A+9<G�DvJ�;<DQ4F0=A<Dv@8St9<G�D�A<9&589<DQ4FDQ2Y9�K���S 	ZGB5�Au5_2�DQ03>�Geo*@�?�;+«�9<@_039&Au;<03>�Ge9+9<GB589+0=A
2�@�9]5Z2�DQ03>�GYor@�?�;W@8S^5w`aDQ;<9<DX~���l�³�

σ

���
σ

	*l �hGB5�AW5Z2�DQ03>�GYor@�?�; 
O9<@n9<G�D�;<03>�GY9]@8SU«
9<GB589U0=A^2�@�9�5�2�DQ03>�Geo*@�?�;^@8S:³F582BH_9<G�DQ;<DXS�@�;<D]@8S 	*Kq�-G�DQ2�l 	FGB5�A-5v2�DQ03>�GYor@�?�;-9<@[9<G�D];<03>�Ge9
@8S 
 9<GB589�0=A�2�@�9�5[2�DQ03>�Geo*@�?�;�@8Sq³6DQ039<G�DQ;�lV��G�0=ERG)0=A�5FEX@�2Y9<;&5�HV0=EX9<03@�2�K



Chapter 11
Mq�^� S�;<DQDWEX7=5m�-� S�;<DQDC>�;&58J�GBA � �a�

w � zC¡�DQ9v«jorDZ9<G�D_;<03>�GY9<4F@aA<9N2�DQ03>�GYor@�?�;v@8S+³rK1M�737U`aDQ;<9<0=EXD�A �j9<GB589�58;<Dw2�@�9v9<@�9<G�D
73DXS�9p@8S�«ZGB5L`aDuA<?BERGw5�HVD�A<03;<D�H ��x��d��JB589<G�lYA<032BEXD��)0=AU5�§-�qs���@�;&HVDQ;<032�>�HV?�D+9<@�¡�DQ4F465 ��� K��VK
se?�J�Jr@aA&DC9<G�DQ;<DC0=A%��

σ

«|A<?BERGn9<GB589�9<G�DQ;<DC0=A�5��ox��d��JB589<G��2�@�9�EX@�2e9&58032�032�>65[2�DQ03>�GYor@�?�;
@8S�³�DX~VEXDQJ�9pSz@�; �
lYo�?�9p2�@�A<?BERGwJB589<G_0=AU@8S�9<G�DuHVD�A<03;<D�H6Sz@�;<4 �e�^DuE'G�@�@aA<D��w;<03>�GY9<4F@aA<9U582BH
5�A&A<?�4FD  9<@)o*D_ERG�@�;&HV73D�ARA�K�§^\|9<G�D6ERG�@�0=EXDF@8S �
l�9<G�DF2�DQ03>�GYor@�?�;
	|@8S �b032  0=AC9<@)9<G�D
73DXS�9^@8S �
l�582BHZ9<G�DQ;<DW58;<DW9��U@[5�Hdc<5�EXDQ2e9^`aDQ;<9<0=EXD�A�´Wx � 032�OA<?BE'Gw9<GB589�´��

σ

��
σ
� Kq§^\69<G�D

S 58;<9<G�DQ;+;<03>�GY9+2�DQ03>�GYor@�?�;]J�;<@�JrDQ;<9�\)@8S �b582BH�� � �µh¥6l.9<G�DQ;<D�0=Au5_2�DQ03>�Geo*@�?�; 
�@8S �hA<?BE'G
9<GB589v³ �

σ

734_w � z �
σ

734_w�
gz �
σ
� �

σ


vK6§^\P5�A&A<?�4FJ�9<03@�2�l�9<G�DQ;<DF0=AN5 
[x��d��JB589<Gh@8S^9<G�D
HVD�A<03;<D�HZS�@�;<41K:��DQ2BEXDal�9<G�DQ;<DC0=A�5��ox��d��JB589<G� ′ @8S:9<G�DNHVD�A<03;<D�HZS�@�;<41K

��SC5"��x��d��JB589<G�032�P 0=A6@8SN9<G�D�Sz@�;<4 @8S  ′ l-��G�0=E'G�4FD�582BAw9<GB589wA<9&58;<9<032�>j589 ���UD
5873�-5L\VAv>�@P9<@b5�;<03>�GY9�2�DQ03>�GYor@�?�;[��039<G�;<DQ>a58;&H�9<@ �Ilt�^DZ��03737�EQ58737-039F5��'9D!�(A2B� ;6¶#.*¶C2�¶#. �
JB589<G�K �+S]EX@�?�;&A<Dalq0TS+�^Dn73@�@aA<DQ2�9<G�Dn;<D�A<9<;<0=EX9<03@�2�@8S+2�@�9[JB5�A&A<032�>�2�DQ03>�Geo*@�?�;&A[@8S]³P9<G�D�A<D
JB589<GBA�9<;<03`Y0=587373\ZDX~Y0=A<9+oe\n§-�qs���J�;<@�J*DQ;<9<03D�A�K-�B;<@�4 w � z}lr�UDvEX@�2BEX73?BHVDv9<GB589u58737�`aDQ;<9<0=EXD�A�@8Sq5
4F@eHV?�73D�EX@�2e9&58032�032�>6³w58;<DC2e?�4�orDQ;<D�HnEX@�2BA<D�EX?�9<03`aDQ73\woe\ �	�#
�����
	������*K

��@)J�;<@m`aDF9<GB589C9<G�D6xB;&A<9C`aDQ;<9<DX~P@8S-5)4F032V��¡�DX~V§-�ts���@�;&HVDQ;<032�>)orDQ73@�2�>aAv9<@�5n4F@�J�73DX~�l
�^D+587=A<@vGB5m`aD�9<@�0=HVDQ2e9<0TS�\�5v4F032�0346587*A<DQJB58;&589<@�;�K ��DQ4FDQ4�orDQ;^9<GB589�l�S�@�;p5N>�;&58J�G�P[l�5�A<DQ9^¦
@8S�`aDQ;<9<0=EXD�Ap@8S?P 0=A^5�4F032�0346587.A<DQJB58;&589<@�;U0TS
582BH_@�2�73\F0TS�9<G�DQ;<DW58;<D]9y�^@[¦
� S�?�737*EX@�4FJ*@�2�DQ2e9&A
@8STP[K;�+@�9<D�9<GB589W0TSTP 0=A]2�@�9WEX@�2�2�D�EX9<D�H�9<G�DQ2 ¦k¢��w0=A]5w4F032�0346587:A<DQJB58;&589<@�;]@8STP[KC§^\
HVDXxB2�039<03@�2�lVDQ`aDQ;<\ZA<DQJB58;&589<@�;�EX@�2e9&58032BA�5[4F032�0346587�A&DQJB58;&589<@�;�K

� � � � � ��� ��� "#&%lP�¢ w�¤�x<¥[z>'<#g* +.-/*103254�*&657s8�#&% � � ¤ '<#;*:6�F?6[S�%B- Ah=?A *&85P~F)7[e\8�#
F?HlP�I "$#&%-¦ � � ')#>*sP�AQ6!AQPR*&8 E@#�0T*&-/*U%�F?-;F?HlP  "� " I>v$2�#@654�¦����

G

w � z ANEu*�P�AQ6!AQPR*&8
E@#�0T*&-/*U%�F?-uF?H�P�I
k m �  �ml-¡�DQ9�¦Zo*Dp5-4F032�0346587�A<DQJB58;&589<@�;�@8S�P  "� " K��-G�DQ2�lL9<G�DQ;<Dt58;<Dq9��^@u¦
� Sz?�737aEX@�4FJ*@�2�DQ2e9&A
032:P  "� " 032BHV?BEXD�Hvoe\9��582BH �|KIse032BEXD��

G

wh�azX¨ � � �
G

w � z�582BH �
G

w �dzX¨ � � �
G

w � z}l
� 582BH � 58;<D_EX@�2�2�D�EX9<D�H EX@�4FJr@�2�DQ2Y9&AC@8S�P�¨Hw�¦ ���

G

w � z%z}Kw�r?�;<9<G�DQ;<4F@�;<Dal�039N0=AvEX73D�58;
9<GB589vDQ`�DQ;<\|`aDQ;<9<DX~P032 �

G

w � zWGB5�A�512�DQ03>�GYor@�?�;�032 �g582BH 032 �|l�A<@�9<GB589vDQ`aDQ;<\�`aDQ;<9<DX~
032b¦����

G

w � z�GB5�Au5w2�DQ03>�Geo*@�?�;u032n� 582BH�032(��l*0�K DaK3lb� 582BH�� 58;<Ddw�¦����
G

w � z%z�� Sz?�737
EX@�4FJr@�2�DQ2Y9&A�032OP[l�582BH�¦�� �

G

w � zU0=A�5[4F032�0346587�A<DQJB58;&589<@�;�@8S/P[K

�+5m`Y032�>_J�;<@d`aD�H)¡�DQ4F46589&5 ��� K � 582BH ��� K � lr�UD�EQ582�J�;<@d`aDN9<G�D�4658032�9<G�DQ@�;<DQ4²@8Sq9<G�0=A
A<D�EX9<03@�2�Kq�-G�D:1�9�
 �U@8S:5[4F@�J�73DX~Z4FD�582BA�9<G�DC2e?�4�orDQ;�@8SI`aDQ;<9<0=EXD�A-032)9<G�DC4F@�J�73DX~�K
� �
�� *L� � � � �=� "$#&%oP ¢ w�¤/x<¥[z(')# * CDF?6!6�#�C�%�#�7g+.-/*103254)*&657>8�#&% ��'<# *,P�AQ6[SB"$#/L�� ���US
F?- 7)#@- AQ6U+~HhF?-gP�I>v$2�#@654_%B2�#@-@#;ANE � ! � E�e)C^2�%B2[*U% � ¢�© �?w � z�x������sx �?w �MzR¬ ANE,*�P~F 038�#/L F?H
P F?HE A��?#��UI

k m �  �mlj�hDn��03737-J�;<@m`aDw9<G�Dn9<G�DQ@�;<DQ4 oY\b032BHV?BEX9<03@�2�@m`�DQ;v9<G�Dn2e?�4�orDQ;�@8S+`aDQ;<9<0=EXD�A�@8Su5
>�;&58J�G�Kk�-G�D1A<9&589<DQ4FDQ2Y9[0=AF9<;<?�DnS�@�;658737�EX@�2�2�D�EX9<D�H�>�;&58J�GBAF@�2k589F4F@aA<9F9<G�;<DQD)`aDQ;<9<0=EXD�ALK
�B?�;<9<G�DQ;<4F@�;<DalI039�0=Av9<;<?�D_Sz@�;�58737^EX@�4FJ�73DQ9<Dw>�;&58J�GBA�K�¡�DQ9 � ! � lq582BH 73DQ9v9<G�DnA<9&589<DQ4FDQ2Y9



� �.�

orD19<;<?�D�Sz@�;w58737�>�;&58J�GBA6@�2�589_4F@aA<9 �: � `aDQ;<9<0=EXD�A�Ki¡�DQ9dP ¢ w�¤�x<¥HzFo*D�5 EX@�2�2�D�EX9<D�H
>�;&58J�G_@�2 �1`aDQ;<9<0=EXD�AU9<GB589p0=AU2�@�9^EX@�4FJ�73DQ9<DalY582BHw73DQ9��1orDW5v4F032V��¡�DX~�§-�ts���@�;&HVDQ;<032�>NS�@�;TP[K
¡�DQ9v³1¢

def
�?w � z]582BH �n¢

def
�?w ��z}KF¡�DQ9 � orDF9<G�D6EX@�2�2�D�EX9<D�HhEX@�4FJ*@�2�DQ2e9C@8S~P� �n9<GB589

EX@�2e9&58032BA^³BKq��S
³�� �µ1¥�582BH�P���v0=A^HV0=A&EX@�2�2�D�EX9<D�H�l�73DQ9mP ′ ¢
def

� � �BKI�-G�DQ2�leDQ`aDQ;<\FA<?�oBA<DQ9
@8S �

G

w ³Az�0=AW5_4F032�0346587:A<DQJB58;&589<@�;u@8S�P 0TSp582BH|@�2�73\10TSt039]0=Au5w4F032�0346587:A<DQJB58;&589<@�;+@8STP ′ K
��S:³��[µ1¥6lV9<G�DQ2���0=A-?�2�03`aDQ;&AR587�K:seDQ9+¦ � ¤�¨�© �Y¬C0=A�5�4F032�0346587�A&DQJB58;&589<@�;^@8S�P� ��0TSI582BH
@�2�73\�0TS+¦��P© �Y¬60=AC5n4F032�0346587UA<DQJB58;&589<@�;W@8S~P[KF��@nor@�9<G EQ5�A&D�A�l��UD658J�J�73\�¡�DQ4F465 ��� K �
582BH1EX@�2BEX73?BHVD�HV?�D�9<@_032BHV?BEX9<03@�2|Ge\YJr@�9<G�D�A<0=ALKV�+@�9<Dv9<GB589u9<G�D�EQ5�A<D(�_?�2�03`aDQ;&A&587�582BHVP� �
EX@�2�2�D�EX9<D�Hn034F4FD�HV0=589<DQ73\wG�@�7=H�A-oY\_032BHV?BEX9<03@�2)GY\YJr@�9<G�D�A<0=A�K

��@d�Nl.73DQ9
�wo*D�2�@�9]?�2�03`aDQ;&A&587�l*0�K DaK3l�³�� �µ ¥6l�582BH|73DQ9aP[ �_o*DFEX@�2�2�D�EX9<D�H�KC¡�DQ9 	)orD
9<G�D�;<03>�GY9<4F@aA<9u`aDQ;<9<DX~1��039<G|;<D�A&JrD�EX9]9<@ �bSz?�7TxB7373032�> �

G

 ³ " ¢ �
G

 	 " K;�+@�9<D�9<GB589C³)582BH�	
58;<D_D��e?B587U@�;[5�Hdc<5�EXDQ2e9�582BH�³ ¢ 734_w 	4z}K�¡�DQ9 � ¢

def
©m³�x �Jw@�Mz�x������Wx�	B¬�K��-G�DQ2�l � 0=A[5

4F@eHV?�73DNoY\n¡�DQ4F465 ��� K � K^��S<lYS�@�;+A<@�4FD
�
l.³ �
σ

� �
σ

	.l ��0=A�2�@�9+5�Hdc<5�EXDQ2e9���039<G�	w9<G�DQ;<D
4�?BA&9torDW5v2�DQ03>�GYor@�?�;^@8S �n9<@v9<G�D];<03>�Ge9U@8S 	F9<GB589p0=AU2�@�9^5�2�DQ03>�GYor@�?�;p@8S:³BlYEX@�2e9<;&5�HV0=EX9<032�>
� orDQ032�>15w4F@eHV?�73DaK���DQ2BEXDal�� 	�µ ¥g582BHh³ ��µ ¥ Sz@�;]DQ`aDQ;<\�� �

σ

	.KN��SU9<G�DQ;<D[58;<D[9��U@
2�@�2V��5�Hdc{5�EXDQ2Y9]`aDQ;<9<0=EXD�A �ox�
 µ � l�³ �

σ

� �
σ


 �
σ

	*l �h4�?BA<9uGB5m`aD�5w2�DQ03>�GYor@�?�;W«h9<@
9<G�D�;<03>�GY9+@8S 
O9<GB589]0=Au2�@�9]5w2�DQ03>�Geo*@�?�;u@8S-³BK]�-G�DQ2�l*«hEQ582�2�@�9]orD�9<@w9<G�D�;<03>�GY9u@8S 	)oY\
� o*DQ032�>65F4F@eHV?�73Dal�582BH)«|EQ582�2�@�9�orDN9<@F9<G�DC73DXS�9�@8S�	ZA<032BEXDC58737�`aDQ;<9<0=EXD�A^orDQ9��^DQDQ2�³_582BH
	Z58;<D�5�Hdc{5�EXDQ2Y9���039<GP³BK���DQ2BEXDal$� 
OµP¥6lr582BH � 0=A+5_EX730=�e?�DX��4F@eHV?�73DaK��r?�;<9<G�DQ;<4F@�;<DalBoY\
9<G�DCERG�@�0=EXD]@8S 	.l � 0=A^5�465d~V0346587�EX730=��?�DX��4F@YHV?�73DaKq��9^;<DQ4658032BA-9<@FA<G�@m��9<GB589 �

G

w � zp0=A�5
4F032�0346587�A<DQJB58;&589<@�;�@8S�PFK

¡�DQ9U´UorD+9<G�D�;<03>�Ge9<4F@aA<9q2�DQ03>�GYor@�?�;p@8S�³v��039<GF;<D�A<JrD�EX9p9<@ �IKqse032BEXD�P 0=Aq2�@�9pEX@�4FJ�73DQ9<D
582BH1EX@�2�2�D�EX9<D�H�l*´Cµ��

G

w � z}K^¡�DQ9+«�o*Dv9<G�D�73DXSz9<4F@aA<9�`�DQ;<9<DX~wS�@�;���G�0=E'G19<G�DQ;<DN0=A+582|«�x��d�
JB589<G� 032dP EX@�2Y9&58032�032�>v2�@v2�DQ03>�GYor@�?�;^@8S�³�DX~VEXDQJ�9pSz@�;U«n039&A<DQ7TS{KqfU73D�58;<73\�l�	 �

σ

« �
σ

´-@�;
«Z¢�´mKq§U\Z¡�DQ4F465 ��� K � lV�UDC5�A&A&?�4FD �9<@[orDC;<03>�GY9{��4F@�2�@�9<@�2�DaK:�hDCA<G�@d��9<GB589^S�@�;-DQ`aDQ;<\
`aDQ;<9<DX~��
l�« �

σ

���
σ

´ml�9<G�DQ;<D[0=AC5_;<03>�GY9{��4F@�2�@�9<@�2�D���x��d��JB589<GP9<GB589CHV@�D�AW2�@�9WEX@�2e9&58032h5
2�DQ03>�Geo*@�?�;N@8S+³|DX~VEXDQJ�9CS�@�; �
K1se?�J�J*@aA<D_9<G�DQ;<D60=A�51`aDQ;<9<DX~��
l�« �

σ

� �
σ

´Ll
Sz@�;v��G�0=ERG
9<G�DQ;<Du0=AU2�@[A<?BERG ��x��d��JB589<G��Y73DQ9 �no*Du;<03>�GY9<4F@aA<9p��039<GZ9<G�0=AUJ�;<@�JrDQ;<9�\�K:¡�DQ9 � x ��orDC5�Hdc<5�EXDQ2e9
`aDQ;<9<0=EXD�A�@�2  A<?BE'G�9<GB589 � �

σ

���
σ

�BKW��S � �)µb¥6l��^DvGB5m`aD�582P58J�J�;<@�J�;<0=589<D ��x��d��JB589<G��
0TS � � �µ�¥_l�9<G�DQ;<DF0=AN5n2�DQ03>�GYor@�?�; 
 @8S � 9<@)9<G�D6;<03>�Ge9W@8S �)9<GB589N0=AW2�@�9�5n2�DQ03>�Geo*@�?�;C@8S
³BKw��S 
 0=AN9<@19<G�D6;<03>�GY9C@8S�´ml
�^DFGB5m`aD[Sz@�?�2BHh5�A<?�039&58o�73DFJB589<G�l
0TS 
 0=AC9<@19<G�D673DXS�9C@8S�´ml
9<G�DQ;<D60=AN5�
[x��d��JB589<Gb2�@�9vEX@�2Y9&58032�032�>�5)2�DQ03>�GYor@�?�;N@8S�³BKZ��S^9<G�DQ;<D60=AN2�@12�DQ03>�Geo*@�?�;N@8S�³
orDQ9��UDQDQ2 	 582BHj«
lt58737-`aDQ;<9<0=EXD�A�032 �

G

w � zv58;<Dno*DQ9y�^DQDQ2�«k582BH�´Owz«k582BH�´6032BEX73?BHVD�H�z}K
�-G�DQ2�loP�¨ �

G

w � zuEX@�2e9&58032BAW9��^@ �
G

w � z�� S�?�737:EX@�4FJ*@�2�DQ2e9&A=wz@8S~Paz}l�2B584FDQ73\ P  "� " 582BH
9<G�DNEX@�4FJr@�2�DQ2Y9�EX@�2e9&58032�032�> �BKq��DQ2BEXDal �

G

w � zU0=A�5[4F032�0346587�A<DQJB58;&589<@�;�@8S�PFK
�I032B587373\�l^�UD�A&G�@m�g9<GB589Z58737+`aDQ;<9<0=EXD�A_9<@ 9<G�D|73DXSz96@8SN«�58;<D|EX@�2Y9&58032�D�H�032i9<G�D|A&584FD

4F@eHV?�73DaKtse?�J�Jr@aA&D+9<G�DQ;<D+0=AU5N`aDQ;<9<DX~��Z9<@N9<G�D+73DXS�9t@8S�«_9<GB589UGB5�Ap5v2�DQ03>�Geo*@�?�;p9<@N9<G�Du;<03>�Ge9
@8S^«j@�;N«�039&A<DQ7TS^9<GB589�0=AC2�@�9v5)2�DQ03>�GYor@�?�;�@8S�³rKn�-G�DQ2�l
9<G�DQ;<D60=A�5���x��d��JB589<G�EX@�2e9&58032�032�>
2�@|2�DQ03>�GYor@�?�;[@8S]³hDX~VEXDQJ�9�Sz@�; �
ltEX@�2Y9<;&5�HV0=EX9<032�>P9<G�DZE'G�@�0=EXDZ@8S+«
K�se?�J�J*@aA<Dn9<G�DQ;<DZ0=A[5
2�DQ03>�Geo*@�?�; 
ª@8St³Bl � �

σ


vlr9<GB589�0=A�2�@�9�5F2�DQ03>�GYor@�?�;�@8S �
Kp�-G�DQ2�l'�|GB5�A�5[2�DQ03>�GYor@�?�;�9<@
9<G�Dv;<03>�GY9�@8S 
�9<GB589+0=A+2�@�9u562�DQ03>�GYor@�?�;u@8SU³Bl*��G�0=ERG|EX@�2e9<;&5�HV0=EX9&A+9<G�D�A<9&589<DQ4FDQ2Y9+o*DXSz@�;<DaK
�-G�DQ;<DXSz@�;<Dal � ′ ¢

def
©���� � �

σ

«�¬[0=A]564F@eHV?�73DaKW¡�DQ9 � ′ HVDQ2�@�9<D�9<G�Dv;<D�A<9<;<0=EX9<03@�2�@8S �h9<@
9<G�D+`aDQ;<9<0=EXD�AU@8S�� ′ K_|]?�Du9<@�¡�DQ4F465 ��� K � l � ′ 0=A^5v4F032V��¡�DX~V§-�ts���@�;&HVDQ;<032�>NS�@�;mP  "� ′ " le582BH



Chapter 11
Mq�^� S�;<DQDWEX7=5m�-� S�;<DQDC>�;&58J�GBA � �%�

oY\�032BHV?BEX9<03@�2�Ge\YJr@�9<G�D�A&0=A�l �
G

w � z �(� ′ 0=A�514F032�0346587^A<DQJB58;&589<@�;v@8S�P  "� ′ " K*w���S,� ′ 0=A
2�@�9U5�EX@�2�2�D�EX9<D�H_4F@YHV?�73Dal��^DuEQ582wD�5�A<0373\[;<D�A<9<;<0=EX9p9<@�9<G�D]EX@�2�2�D�EX9<D�HwEX@�4FJr@�2�DQ2Y9p@8SJP  "� ′ "
EX@�2Y9&58032�032�>N9<G�D�`aDQ;<9<0=EXD�Aq@8S � la��G�0=E'G60=Ap5NEX730=�e?�D�032�P[KbzNM+J�J�73\e032�>�¡�DQ4F465 ��� K � l �

G

w � z
0=A�5F4F032�0346587�A<DQJB58;&589<@�;-@8SlP[l�582BHn�^DWEX@�2BEX73?BHVDv9<G�DC9<G�DQ@�;<DQ41K

�hDF�Y2�@m��2�@d��9<GB589 ���
	������|582BH ����
������	�������0=HVDQ2e9<0TS�\�4F@�J�73DX~VD�A�K[�yAW039C9<;<?�DF9<GB589
or@�9<G�5873>�@�;<039<G�46A�xB2BH19<G�D�A&584FD�4F@�J�73DX~YD�A �h�-G�0=Au�e?�D�A<9<03@�2�587=A<@_;<DQ7=589<D�A�9<@_9<G�D���?�D�A&9<03@�2
��G�DQ9<G�DQ;q@�?�;t;<D�A<?�739:S�@�; �	�#
�����
	������N0=Ap582 � D�5�A<\ 	]EX@�;<@�737=58;<\�@8S�9<G�D�;<D�A<?�739:S�@�; ���
	������BKI�
@
582BA<�^DQ;�o*@�9<GF��?�D�A<9<03@�2BALlmEX@�2BA<0=HVDQ;:9<G�D^>�;&58J�GFHVDQJ�0=EX9<D�H�032[�I03>�?�;<D~� � K��-G�0=AI>�;&58J�GFEX@�2e9&58032BA
DX~�5�EX9<73\wxB`�DC4F@�J�73DX~YD�A+7=58orDQ7373D�H1��039<G�9<G�Dv73DQ9<9<DQ;&Au³�x&´Wx � x ��x ���i58737
4F@�J�73DX~VD�A�@8Sq9<G�Dv>�;&58J�G
GB5m`aD^A&0��QD � KI��2BHVDQJ*DQ2BHVDQ2e9:@8S.9<G�D-A&9&58;<9I`�DQ;<9<DX~�l
����	������CEQ582[>�DQ2�DQ;&589<D-@�;&HVDQ;<032�>aA:��039<G[@�2�73\
´�@�; �[5�AUxB;&A<9^`aDQ;<9<DX~�le��G�DQ;<D�5�A �	�#
�����
	������F2e?�4�orDQ;&A^@�2�73\w³F@�; � 7=5�A<9�K:/1@�J�73DX~�© �8¬WEQ582
orDC>�DQ2�DQ;&589<D�H1oe\w2�DQ039<G�DQ;�@8S�or@�9<G|5873>�@�;<039<G�46A�K

��� ��� � �a	Q	 ��� � 	�  � �   � - � �m� m��� 	 �z� � �m� m��� � L���I���

�-G�D�EX7=5m�Nl�@�;g�
1,3
lB0=A+9<G�Dv>�;&58J�G1@�2�Sz@�?�;�`�DQ;<9<0=EXD�A�9<GB589+EX@�2Y9&58032BA�9<G�;<DQD�D�HV>�D�A+582BH19<G�;<DQD

JB5803;<��0=A<D^032BHVDQJrDQ2BHVDQ2Y9:`aDQ;<9<0=EXD�A�K��y2�@�9<G�DQ;I�^@�;&H�A�ld9<G�D-EX7=5m�j0=A�9<G�D^>�;&58J�G[9<GB589�0=AIo�?�03739�Sz;<@�4
582�032BHVDQJ*DQ2BHVDQ2e9WA<DQ9u@8SUA<0��QD � 582BH|582P5�H�HV039<03@�2B587
?�2�03`�DQ;&A&587
`aDQ;<9<DX~�K�MOEX@�JY\)0=AuHVDQJ�0=EX9<D�H
0321�I03>�?�;<D]�VK
® �a¯ �
� 	 �   � � ° F !#�%$'&�(d9r1 � �z¼ �W¸ ��½�ºdº"9 7Z$#.�)w¶#.I>k :9 7g932`)a¶W�'1q.*¶C2lRR¶#.�2U$#93._23(4�]R6>L$C{ $�1
93.�)#B�Ri�%)1'BI^@!#�%$'&�(4E

�-GY?BA�l:A<034F037=58;v9<@ �#�
2
� S�;<DQDw>�;&58J�GBA�l:EX7=5m�-� Sz;<DQDw>�;&58J�GBA[58;<DZHVDXxB2�D�H�oe\h5�Sz@�;<o�0=H�HVDQ2

032BHV?BEXD�H�A&?�o�>�;&58J�G1@�2)S�@�?�;�`aDQ;<9<0=EXD�A�K^��@d�UDQ`�DQ;�lBEX7=5L�-� S�;<DQDQ2�D�A&A�HV@eD�A�2�@�9u>�?B58;&582e9<DQDvEX@�4[�
JB58;&58o�73Dn;<@�o�?BA<9FA<9<;<?BEX9<?�;&587-J�;<@�JrDQ;<9<03D�A65�A��#�

2
� S�;<DQDQ2�D�A&A�K�M+AF582�DX~�584FJ�73Dalt9<G�D)EX7=5�A&A�@8S

EX7=5m�-� Sz;<DQDC>�;&58J�GBA+0=A�2�@�9+EX73@aA<D�H1?�2BHVDQ;�4F032�0346587�xB737T��032�K-�
@wA<DQDC9<G�0=A�lBEX@�2BA<0=HVDQ;+9<G�DvERG�@�;&HY�
73D�A&A[EX\VEX73Dw@�2�A<0T~ `�DQ;<9<0=EXD�A�lG�

6
K��-G�0=A�>�;&58J�Gj0=A[EX7=5m�-� Sz;<DQDaK /�58�Y032�>�@�2�Dn@8S+039&A�`aDQ;<9<0=EXD�A

?�2�03`aDQ;&A&587�lIHVDXxB2�D�A[5�4F032�0346587^9<;<0=582�>�?�7=589<03@�2j@8S,�
6
lq582BH 9<G�0=A�9<;<0=582�>�?�7=589<03@�2jEX@�2Y9&58032BA�5

EX7=5m�NK��y9t0=AtD�5�A&0373\�A<DQDQ2_9<GB589t73032�D�>�;&58J�GBAt@8S�58;<o�039<;&58;<\�>�;&58J�GBAp58;<D+EX7=5m�-� S�;<DQD �
9<G�DQ;<D+EQ582�2�@�9
orD_9<G�;<DQD6D�HV>�D�AN032 51>�;&58J�Gb9<GB589v58;<D64�?�9<?B587373\|2�@�2V��5�Hdc<5�EXDQ2Y9N582BHb58;<D_5�Hdc<5�EXDQ2e9C��039<G 5
EX@�4F4F@�2)2�DQ03>�GYor@�?�;<032�>FD�HV>�DaK

�hD�;<D�A<9<;<0=EX9+@�?�;WEX@�2BA<0=HVDQ;&589<03@�2BAu9<@Z5ZA<?�o*EX7=5�ARA�@8Sp9<G�D[EX7=5�A&A�@8S^EX7=5L�-� S�;<DQDv>�;&58J�G�K]M+A
�^D]��03737�A<DQDalY9<G�0=A�EX7=5�A&A-J�;<@d`e0=HVD�A-DQ2�@�?�>�G1A<9<;<?BEX9<?�;<DW9<@6DQ2BA&?�;<D];<@�o�?BA&9�J�;<@�JrDQ;<9<03D�A�K

® �a¯ �
� 	 �   � ��� F�!C�8$'&�(�9r1 ���^¸ ��½�ºdº � �z¼ �W¸ ��½�ºdº�9 7O$#.0)�¶#.I>k *9 7_9-2]9<1dFZ} �b7��%�i��$#.�)
R6>D$#{{�b7��j�j�sE

��DQ2BEXDal�9<G�DuEX7=5�A&At@8S�Mq�^� S�;<DQD+EX7=5m�-� Sz;<DQD�>�;&58J�GBAp0=A�c{?BA<9t9<G�D�032Y9<DQ;&A<D�EX9<03@�2F@8S�9<G�D+EX7=5�A&A<D�A
@8S*Mq�^� S�;<DQD�582BH�EX7=5m�-� S�;<DQDU>�;&58J�GBA�K��-G�D�A<D->�;&58J�GBA:582BH�9<G�DQ03;:J�;<@�J*DQ;<9<03D�A:GB5L`aD^orDQDQ2FA<9<?BHV03D�H
oY\�A<DQ`aDQ;&587�58?�9<G�@�;&Aq032F9<G�D�JB5�A&9� ���#" l  � � " l  ��� " KIMiA&9<;<?BEX9<?�;&587BERGB58;&5�EX9<DQ;<0=A&589<03@�2F@8S�Mq�^� Sz;<DQD
EX7=5m�-� Sz;<DQDu>�;&58J�GBAU�-5�A^>�03`aDQ2_oY\ �W73@��VA�l �W;&589&ARERG�lY/ �?�7373DQ;  ���#" K:M >�;&58J�Gn0=Aq2-�'9@$#.A!#>u�D��7'�j�j�p0TS



� � }

e

c d

b a

���������
	 �� ��At039^9<;<?�D+9<GB589 ���
	�������582BH �	�#
�����
	������F5873�-5L\VA:xB2BH69<G�D]A&584FD
4F@�J�73DX~VD�A � � �+@��3lY039�0=A�2�@�9�K



Chapter 11
Mq�^� S�;<DQDWEX7=5m�-� S�;<DQDC>�;&58J�GBA � � �

039-HV@�D�AU2�@�9^EX@�2Y9&58032_9<G�D]9<;<0=582�>�73D]5�AU032BHV?BEXD�HZA<?�o�>�;&58J�G�l�0�K DaK3le0TS�039-HV@�D�A^2�@�9^EX@�2Y9&58032_9<G�;<DQD
JB5803;<��0=A<DN5�Hdc<5�EXDQ2e9-`aDQ;<9<0=EXD�ALK

� �
�� *L� � � � � ° ��� �z [��� � � L�V	�� 	 ��� �����32� �z�z�e��� � ° �  
J CDF?6!6�#�C�%�#�79+.-/*1032sANEOJwv_SdHd-@#1#uCm8 *<]OSdH�-@#1#�AQHb*&657MF?6!8YXsAQH3Ah%TANE�*MCm8 * ]OSdHd-@#1#wCDF)CDF?P90T*&-/*!'&AQ8QAh%NX
+.-/*1032 F?->%B2�#9CDF?P9038�#@P~#@65%GF?H*q%B- A *&6U+.8�# SdHd-@#1#w+.-/*1032 I

M�2�@�9<G�DQ;Z032Y9<DQ;<D�A<9<032�> A<9<;<?BEX9<?�;&587uJ�;<@�JrDQ;<9�\j@8SvMq�^� S�;<DQD|EX7=5m�-� S�;<DQD1>�;&58J�GBA_GB5�A_orDQDQ2
>�03`aDQ2ioe\���DQ4FJ*DQ7C582BH��W;&589&A&E'G  ��� " K �hD�A&9&589<D�9<G�DQ03;Z;<D�A<?�739_032�5 �-5L\�9<GB589Z0=A_4F@�;<D
>�DQ2�DQ;&587�K #qDQ;<9<DX~��F@8S:9<G�DWSz@�7373@d��032�>F73DQ4F465[GB5�A�o*DQDQ21;<D���?�03;<D�HnoY\n��DQ4FJrDQ7�582BH��W;&589&A&E'G
9<@WorD�9<G�D^xB;&A<9:@8S.5W¡�DX~�§-�ts���@�;&HVDQ;<032�>Bl8��G�0=ERG[0=Aq5]4F@�J�73DX~�`aDQ;<9<DX~vHV?�D�9<@W;<D�A<?�739&AIoY\�§^DQ;<;<\
582BH)§^@�;&H�589  �#" K
� � � � � ��� � � � � �1� � �q�e�^� ��� � L�V	�� 	 � �� � ���  
"$#&%?P ¢ w�¤�x<¥[zu'<#w*MCDF?6!6�#�C�%�#�7 Jwv_SdHd-@#1#uCm8 *<]OSdH�-@#1#�+.-/*103254!*&657 8�#&% �i'<#w*;P~F 038�#/L�=?#@-�%�#/L
F?H/P�IO"$#&%^¦

0
x������5xR¦

k

')#�%B2�# � ���USd8�#&=?#@8NEwF?H/P ]_Ah%B2�-@F F)%u=?#@-�%�#/L��[Iuv$2�#@654$%B2�#,HhF?8Q8�F ]_AQ6U+
2�F?8B7 E 
`��Dc�¦

0
xR¦

2
x������5xR¦

k

*&-@#9Cm8QA��!e #DE AQ6OP
`��?c�HhF?-u#&=?#@-^XM0T*&AQ-���x�	 F?H 6�F?6[Sf*<7��D*<CD#@63% =&#@-�%BABCD#DE�Hd-@F?P·¦

1
4 � *&657 	R2[* =?#w6�#@A�+.2T'<F)e\-mE AQ6

¦
2
I

k m �  �mln¡�DQ9 � � ¤ o*DF9<G�D[4F@�J�73DX~|@8STP EX@�2Y9&58032�032�>���Kv�y9WG�@�7=H�AW9<GB589 � � ¦
0
��¦

1
K

��SI9<G�DQ;<D�58;<Dv9��U@F2�@�2V��5�Hdc<5�EXDQ2e9+`aDQ;<9<0=EXD�A%�P582BH�	Z032P¦
1
lB2�DQ039<G�DQ;u@8S:9<G�DQ4·orDQ73@�2�>aAu9<@ � l

0�K DaK3lY9<G�DQ\_58;<DWEX@�2e9&58032�D�HZ032 �
G

w � z}Kpse032BEXD �
G

w � zq0=A-5�4F032�0346587.A&DQJB58;&589<@�;U@8S?PFl �1582BH
	_o*@�9<G)GB5L`�D]2�DQ03>�GYor@�?�;&A�@�?�9&A<0=HVD �

G

 "� " lVG�DQ2BEXDC032|¦
2
Kq�-G�0=A�J�;<@d`aD�A-A<9&589<DQ4FDQ2Y9aw@�Mz}K

�B@�;]J�;<@d`e032�>nA<9&589<DQ4FDQ2Y9�w � z}l�73DQ9]P ′ ¢
def

P�¨ �
G

w � z}KN¡�DQ9
�b582BH 	1o*D�`�DQ;<9<0=EXD�Au032
¦

2
K:��S �1582BH�	_GB5L`aD]5[EX@�4F4F@�2Z2�DQ03>�GYor@�?�; 
 032�¦

1
lY9<G�DQ2�©���x�	�x�
]x��V¬W032BHV?BEXD�A�5[EX7=5m�i032

P 0TS^582BH�@�2�73\|0TS � 	 �µ�¥6KFse032BEXD"P 0=AWEX7=5L�-� S�;<DQDal � 	Pµ�¥_K�¡�DQ9 � 582BH 	�HV@n2�@�9WGB5m`aD�5
EX@�4F4F@�2Z2�DQ03>�Geo*@�?�;U0321¦

1
Kq��S�9<G�DQ\658;<DWEX@�2e9&58032�D�H_032w9<G�DWA&584FD]EX@�2�2�D�EX9<D�HwEX@�4FJ*@�2�DQ2e9^@8S

P ′ la9<G�DQ;<Du0=Ap5
��x�	���JB589<G_032cP�5L`�@�0=HV032�>N9<G�D�2�DQ03>�GYor@�?�;<G�@�@YH_@8S ��leA<@N9<GB589 �ox�	�x��WS�@�;<46Ap582
5�A<9<DQ;<@�0=H�587.9<;<03J�73Du032_Pª0TS�582BHw@�2�73\60TS � 	��µ1¥6Kq��S �)582BH�	658;<D]2�@�9�EX@�2e9&58032�D�Hw032Z9<G�D]A&584FD
EX@�2�2�D�EX9<D�HZEX@�4FJr@�2�DQ2Y9U@8S?P ′ lYA<@�4FD]2�DQ03>�Geo*@�?�;U0321¦

1
@8S �n@�;^@8S 	F4�?BA<9pGB5m`aD�2�DQ03>�GYor@�?�;&A

032�¦
2
9<GB589�58;<DC032Z9��^@[EX@�2�2�D�EX9<D�HnEX@�4FJ*@�2�DQ2e9&A-@8S/P ′ l�582BHZ�^DWGB5L`aDW5FEX7=5m��032_P[l�A&@�9<GB589

9<G�0=AWEQ5�A<D�0=Au2�@�9WJ*@aA&A<03o�73DaK ��DQ4FDQ4�orDQ;W9<GB589 �
G

w � z�0=AW5Z4F032�0346587IA<DQJB58;&589<@�;W@8STPFl.582BH
589]73D�5�A<9+@�2�D�@8St9<G�D�EX@�2�2�D�EX9<D�H�EX@�4FJr@�2�DQ2Y9&A]@8S�P ′ 0=A �

G

w � z�� Sz?�737�032 P[K]��DQ2BEXDal�¦
2
0=Au5

EX730=�e?�D�032*P[K ��@d�Nl�73DQ9 �b582BH 	1o*DF`aDQ;<9<0=EXD�Au032b¦
i+1

S�@�; � µ�© �4x������5x �  � ¬�KvM+>a58032�l�0TS �
582BH�	)GB5L`aD�5wEX@�4F4F@�2P2�DQ03>�GYor@�?�;]032h¦

i

l.9<G�DQ\14�?BA&9+orD[5�Hdc<5�EXDQ2e9]@�2 PFK]��S �h582BH�	1HV@
2�@�9^GB5L`aDu5�EX@�4F4F@�2Z2�DQ03>�Geo*@�?�;U0321¦

i

l��ox�	�x��vSz@�;<4 582w5�A&9<DQ;<@�0=H�587*9<;<03J�73D]032�Pª0TS
582BHw@�2�73\
0TS ��	��µ1¥6Kq�+DQ2BEXDal*¦

i+1
0=A�5FEX730=��?�DaK

§-5�A<D�Hi@�2 9<G�D�;<D�A&?�739Z@8S[¡�DQ4F465 ��� K ��� lu�+DQ4FJrDQ7N582BH��W;&589&A&E'G A<G�@m�^D�Hi9<GB589Z9<G�D
HV0=584FDQ9<DQ;�@8Sq5821Mq�^� Sz;<DQDCEX7=5m�-� Sz;<DQDC>�;&58J�G1EQ582)o*DNHVDQ9<DQ;<4F032�D�H)?BA<032�>[4F@�J�73DX~Z`�DQ;<9<0=EXD�A�K



� ���

�v rm *���z���p ��� � ��� � �1� � �q�e�U� ��� � m�V	�� 	 � �� � � �  
"$#&%�P ¢ w�¤�x<¥[z�')#t* CDF?6!6�#�C�%�#�7 Jwv_SdHd-@#1#�Cm8 *<]OSdH�-@#1# +.-/*103254;*&657 8�#&%�� '<#t* P~F 038�#/L
=?#@-�%�#/LWF?H�P�I "#&%_¦

0
x������5xR¦

k

'<# %B2�# � ���USd8�#&=?#@8NE�F?H�P ]_Ah%B2Z-@F<F)% =?#@-�%�#/L �[I v$2�#@654
HV0=584_wUPazq¢ � I

k L �  �ml���SeP�0=AqEX@�4FJ�73DQ9<Dal � % � 582BHFHV0=584_wUPazq¢ � Kqse@Bl�73DQ9�P�o*D�2�@�2V��EX@�4FJ�73DQ9<DaK:��DQ2BEXDal
� ! �VKw��-G�0=Au0=A]HV?�D[9<@Z9<G�D[4F@�J�73DX~�J�;<@�JrDQ;<9�\1@8S ��l.0�K DaK3l.9<G�DQ;<D�0=A]5Z`aDQ;<9<DX~1@8SmP 9<GB589]0=A
2�@�2V��5�Hdc{5�EXDQ2Y9I��039<G �BKbzN¡�DQ9 �6582BH 	No*D�`aDQ;<9<0=EXD�AI@8S�P[KI��Sr9<G�DQ\�58;<D-032[9<G�D�A&584FD�§^�ts���73DQ`aDQ7�l
9<G�DQ\w58;<DN5�Hdc<5�EXDQ2e9-@�;�GB5m`aDC5FEX@�4F4F@�2)2�DQ03>�Geo*@�?�;�HV?�DC9<@6¡�DQ4F465 ��� K ��� K �u9<G�DQ;<��0=A<DalV73DQ9
� x � % � A<?BE'Gj9<GB589 � � � 582BH ��µ�¦

i

582BH 	iµ�¦
j

K�¡�DQ96« µ�¦
i

A<?BERGj9<GB589F9<G�DQ;<D)0=A
582�«ox�	a��JB589<G 032YP²@8S�73DQ2�>�9<G �  � K���S � ! �Vl:9<G�DQ;<Dw0=A�5���x�	a��JB589<Gj@8S�73DQ2�>�9<Gj589�4F@aA<9
�  � � � % �  � 032OPOHV?�DN9<@6¡�DQ4F465 ��� K ��� Kt��S �Z¢ �Bl'�n¢i«�582BHn9<G�DQ;<DN0=A�5 ��x�	a��JB589<G
@8S�73DQ2�>�9<G�589�4F@aA<9 � 032�P[K|��9�;<DQ4658032BAv9<G�DZEQ5�A<D � ¢ � K�¡�DQ9 � orDZ9<G�D_4F@�J�73DX~b@8SgP
EX@�2e9&58032�032�>���KC��S � µ � l �h582BH|«b58;<D[5�Hdc<5�EXDQ2e9�l�582BH|9<G�DQ;<D�0=AW5���x�	a��JB589<GP@8Sp73DQ2�>�9<Gh589
4F@aA<9 � K���S�� µ �

G

w � z}l �jGB5�A[5|2�DQ03>�Geo*@�?�; 
 032�¦
2
lq582BHj9<G�DZ«�x�	a��JB589<G�EX@�2e9&58032BA[5

`aDQ;<9<DX~�S�;<@�4 ¦
2
KF�hD_EQ582bEX@�2BA<9<;<?BEX9N5���x�	a��JB589<Gh@8S-73DQ2�>�9<G 589C4F@aA<9 � K6�+DQ2BEXDalJPgHV@�D�A

2�@�9�EX@�2e9&58032)A<G�@�;<9<D�A&9�JB589<GBA-@8SI73DQ2�>�9<G)4F@�;<DC9<GB582 � K

�B@�;�9<G�D�A<9<?BHV\n@8St4F032�0346587
9<;<0=582�>�?�7=589<03@�2BAu@8SpMq�^� Sz;<DQD�EX7=5L�-� S�;<DQDv>�;&58J�GBA�lr�UD�2�DQD�H�5
A<?�o*EX7=5�ARA-@8SIE'G�@�;&H�587�>�;&58J�GBA�lVDQ`aDQ2n@8S�032Y9<DQ;<`d587�>�;&58J�GBALK

® �a¯ ��� 	 �   � � � F !#�%$'&�(N9<1[$�»I½�¿�»�ºe½�	��I¾&º�½ V¼�� �B½�¼�» $ 9 7[$C.�)n¶#.I>k =9 7]932`9r1]$#.V93.�2f���D�� $#>?!#�8$�&�(*23(K$C2�(K$�1c$C.S93.�2f����� $#>l;F¶W)+��>/1�B4R6(*23(K$C2�.*¶\9<.�2f���'��$#>/9<1q&��{¶�&�����>� R&¶#.�2U$C9<.0�j)\9<.
$#.*¶C23(����5E

�hD���03737BA<DQD-7=589<DQ;q9<GB589qJ�;<@�JrDQ;t032Y9<DQ;<`8587Y>�;&58J�GBA:DX~�5�EX9<73\[EX@�;<;<D�A<Jr@�2BH[9<@NMq�^� S�;<DQD�EX7=5L�-�
Sz;<DQDq>�;&58J�GBA�032N9<G�DtA<DQ2BA<Dq@8SV9<G�Dt;<DQ7=589<03@�2BA<G�03JCo*DQ9y�^DQDQ2C032e9<DQ;<`8587�>�;&58J�GBA�582BHNMq�^� S�;<DQDq>�;&58J�GBA
w��-G�DQ@�;<DQ4 ��� K��C�Mz}K:�hDC>�03`aDC5�xB;&A<9�E'GB58;&5�EX9<DQ;<0=A&589<03@�2n@8SIJ�;<@�J*DQ;�032e9<DQ;<`8587�>�;&58J�GBA�K
� �
�� rm� � ��� � � � ���   �q���	����� � � �  
J +.-/*1032 ANEw*g03-@F 0#@-(AQ65%�#@-�=D*&83+.-/*1032 AQH*&657 F?6!8YXiAQHAh%_ANE,C^2�F?- 7<*&8bJwv_SdHd-@#1#9Cm8 * ]OSdHd-@#1#\I

se034F037=58;q9<@W032e9<DQ;<`8587V>�;&58J�GBA�l�J�;<@�JrDQ;q032Y9<DQ;<`8587Y>�;&58J�GBApEQ582�o*D+E'GB58;&5�EX9<DQ;<0=A<D�H�oe\�A<JrD�EX0=587
`aDQ;<9<DX~_@�;&HVDQ;<032�>aA�K

® �a¯ ��� 	 �   � �[� ±e�62 P ¢ w�¤�x<¥[z�^j�~$�!#�%$'&�(Mp�$#.�)Z>D�62 ��^j�~$q�#����2f�jn�¶#�%)+����93.A!?7Q¶#��PE��_�
16$# [23(K$C2 ��9<1�$u»I½�¿�»�ºe½R	z��¾&ºe½ V¼[�t¿*½�&*ºe½�	����g7Q¶#�`P�9 7�$#.�)[¶#.I>k a9 7�7X¶#�q�������� H2-��9b&�>D� ��x�	0x�

¶87q�����62-9-R'�'1�¶87�P (Y¶#>D)�1�


��
σ

	��
σ


 582BH � 
�µ1¥ ¢�� � 	_µ1¥ 582BH 	�
ªµ1¥ �

��2|@�9<G�DQ;+�^@�;&H�A�lr5w`aDQ;<9<DX~)@�;&HVDQ;<032�> �hSz@�;]5_>�;&58J�G P 0=Au5_J�;<@�JrDQ;]032e9<DQ;<`8587
@�;&HVDQ;<032�>
Sz@�;�PO0TS:582BH1@�2�73\Z0TSq039+582BH1039&A�;<DQ`aDQ;&A<DalV��G�0=E'G)4FD�582BA�9<GB589 �h0=A�;<D�5�HnS�;<@�4g;<03>�Ge9�9<@_73DXSz9�l



Chapter 11
Mq�^� S�;<DQDWEX7=5m�-� S�;<DQDC>�;&58J�GBA � ���

58;<D]032e9<DQ;<`8587*@�;&HVDQ;<032�>aApS�@�;mP[K:�y9^587=A&@vS�@�7373@m��AU9<GB589��10=A-5�J�;<@�JrDQ;-032e9<DQ;<`8587r@�;&HVDQ;<032�>�S�@�;mP
0TSI582BH1@�2�73\_0TS:039&A-;<DQ`aDQ;&A<DW0=A�5[J�;<@�JrDQ;�032Y9<DQ;<`8587.@�;&HVDQ;<032�>6Sz@�;�P[K
� �
�� *L� � � � � � � ���  �  � �e�[� ��� � �z�� � � �  � � �  
JW+.-/*1032iANE(*u03-@F 0#@- AQ63%�#@-�= *&8[+.-/*1032iAQH*&657RF?6!8YX~AQHbAh%2[*\E *,03-@F 0$#@- AQ65%�#@-�=D*&8TF?- 7)#@- AQ6U+�I

k m �  �mlW¡�DQ9�P�¢ w�¤/x<¥[zUorDN5�J�;<@�JrDQ;-032Y9<DQ;<`d587.>�;&58J�G�l�582BHZ73DQ9
I
o*DN582n032e9<DQ;<`8587*@�;&HVDQ;<032�>

S�@�;mP A<?BE'G_9<GB589-2�@�032e9<DQ;<`8587*0=A^J�;<@�J*DQ;<73\_EX@�2e9&58032�D�Hw032)582�@�9<G�DQ;�K_��@�9<DW9<GB589-9y�^@v032Y9<DQ;<`d587=A
465m\_orDCD��e?B587�Kq¡�DQ9��ZorDN5[`�DQ;<9<DX~_@�;&HVDQ;<032�>[Sz@�;�P[Kq¡�DQ9��

x

¢  �Mwz«0z�x���wz«0z " orDC9<G�DC032Y9<DQ;<`8587
S�@�;�«�µ�¤6Kp¡�DQ9 ��o*Dv5[`aDQ;<9<DX~Z@�;&HVDQ;<032�>FSz@�;�POA<?BERG)9<GB589�l�Sz@�;�DQ`aDQ;<\wJB5803;���x�	w@8SI`aDQ;<9<0=EXD�A
@8S�PFl�� �

σ

	k0TSF582BH�@�2�73\�0TS(��w �0z � ��w 	4zw@�;�lu0TS(��w �0zb¢ ��w 	4z}l �Cw �0z � �Mw 	4z_@�;�lu0TS
��w �0z�¢ ��w 	4z+582BH��Mw �0z�¢ �Mw 	4z}l ���

τ

	.KW�hD�A&G�@m��9<GB589 � 0=AW5_J�;<@�J*DQ;W032e9<DQ;<`8587�@�;&HVDQ;<032�>
S�@�;aPFKFse@Bl�73DQ9 �ox�	�x�
 o*DF`aDQ;<9<0=EXD�A]@8SmP A&?BERGP9<GB589 � �

σ

	 �
σ


 582BH�� 
 µ�¥6KF�-G�DQ2�l
��w �0z % ��w 	4z�% ��w�
gz]oY\�9<G�D6HVDXxB2�039<03@�2h@8S���582BH �Cw�
gz�% �4w �0z}KF�-G�DQ2�l �

v

582BH �
w

GB5L`�D
562�@�2V��DQ4FJ�9�\n032e9<DQ;&A&D�EX9<03@�2�lB0�K DaK3l$	�
Oµh¥6K]se032BEXD

I
HV@eD�A]2�@�9uEX@�2Y9&58032|582�032Y9<DQ;<`8587�9<GB589+0=A

J�;<@�JrDQ;<73\nEX@�2Y9&58032�D�Hn0321582�@�9<G�DQ;�l	�Cw 	�z % �Mw�
gz % ��w �0z}l�582BH�� 	wµ1¥6K
�B@�;^9<G�DCEX@�2e`�DQ;&A<Dala73DQ9�P�¢ w�¤/x<¥[zUorDC5�>�;&58J�Gw@�2 ��`aDQ;<9<0=EXD�A�le582BHw73DQ9 ��orDN5�J�;<@�JrDQ;

032Y9<DQ;<`d587:@�;&HVDQ;<032�>ZSz@�;[PFKv�hD6EX@�2BA<9<;<?BEX9C582b58J�J�;<@�J�;<0=589<DF032Y9<DQ;<`d587I4F@eHVDQ7tSz@�;]P S�;<@�4��IK
�B@�;+DQ`aDQ;<\w`�DQ;<9<DX~Z«�@8S`P[lB73DQ9W³

x

HVDQ2�@�9<DN9<G�D�A<46587373D�A<9�2Y?�4�orDQ; � µ © � x������5x��I¬�A&?BERG19<GB589
�?w � z�µ �

G

 « " K)se034F037=58;<73\�l�73DQ9�´
x

HVDQ2�@�9<D69<G�D_7=58;<>�D�A<9N2Y?�4�o*DQ; � µ�© � x������5x���¬ZA<?BERGh9<GB589
�?w � z|µ �

G

 « " K �-G�DQ2�l^S�@�;6DQ`aDQ;<\�`aDQ;<9<DX~�«�@8S]PFl-73DQ9 �Mwz«0zn¢
def

³
x

� � � � −1 wz«0zF582BH
��wz«0z)¢

def
´
x

� � � � −1 wz«0z}K �-G�0=AwEX@�2BA<9<;<?BEX9<03@�2�GB5�Aw5873;<D�5�HV\jo*DQDQ2�?BA<D�H�032k9<G�D�J�;<@e@8S
@8S��-G�DQ@�;<DQ4 ��� K � l
A&@19<GB589N�^D6�e2�@d�O9<GB589

I
¢

def
©
�

x

¢
def

 �Cwz«0z�x���wz«0z " ¬
x∈V

HVDXxB2�D�Av582
032Y9<DQ;<`d587�4F@YHVDQ7�S�@�;�P[KU�y9�;<DQ4658032BA+9<@_A<G�@d� 9<GB589�2�@6032Y9<DQ;<`d587�@8S

I
0=A+J�;<@�JrDQ;<73\)EX@�2e9&58032�D�H

032i582�@�9<G�DQ;�K�se?�J�Jr@aA<D|9<G�DQ;<D|58;<D|`aDQ;<9<0=EXD�A � 582BH 	�@8SHP A<?BE'Gk9<GB589 �Mw 	4z % �Mw �0zF582BH
��w �0z % �4w 	�zC582BH @�2�Dw@8S�9<G�D�A<Dw;<DQ7=589<03@�2BAv0=A�A<9<;<0=EX9�K���S%� �

σ

	.lI0�K DaK3l � −1 w �0z � � −1 w 	4z}l
�Mw 	4z % �Mw �0zv4FD�582BA��Mw 	4z � �Cw � zN582BH �

G

 	 " EX@�2Y9&58032BA�5|`aDQ;<9<DX~b9<GB589�0=A�S�58;<9<G�DQ;�9<@|9<G�D
73DXS�9���039<Gj;<D�A<JrD�EX9[9<@ �k9<GB582�582Y\h`aDQ;<9<DX~b032 �

G

 � " w ³
v
� ³

u

z}Kh�-G�0=ALl:G�@m�^DQ`aDQ;�l�0=A�2�@�9
Jr@aARA<03o�73DalBA<032BEXD �h0=A+5FJ�;<@�J*DQ;+032Y9<DQ;<`d587�@�;&HVDQ;<032�>BK-��S 	 �

σ

�
lB�^DvA<034F037=58;<73\nEX@�2BEX73?BHVDv9<GB589
��w �0z&% �4w 	�zp4FD�582BA-9<GB589 �

G

 	 " EX@�2e9&58032BA�5�`aDQ;<9<DX~69<GB589-0=A^S 58;<9<G�DQ;-9<@�9<G�DW;<03>�GY9-9<GB582n582Y\
`aDQ;<9<DX~Z032��

G

 � " lV��G�0=E'G)0=A�2�@�9�Jr@aA&A&03o�73DaKI�+DQ2BEXDal��^DNEX@�2BEX73?BHVDC9<G�DC9<G�DQ@�;<DQ41K

�uoBA<DQ;<`aD-9<GB589t9<G�D�J�;<@e@8S�@8S��-G�DQ@�;<DQ4 ��� K ��� J�;<@m`Y0=HVD�Aq5W73032�D�58;{��9<034FD+5873>�@�;<039<G�41la>�03`�DQ2
5�>�;&58J�GOP�582BHn5[J�;<@�JrDQ;�032Y9<DQ;<`d587�@�;&HVDQ;<032�>�S�@�;�P[lY9<@6EX@�4FJ�?�9<DW582)032Y9<DQ;<`8587.4F@YHVDQ7�Sz@�;�P
9<GB589�HV@�D�A�2�@�9�EX@�2e9&580321582)032Y9<DQ;<`d587�9<GB589�0=A�J�;<@�J*DQ;<73\ZEX@�2Y9&58032�D�Hn0321582�@�9<G�DQ;�K

��� ��� ���
��L� 	 	��e � ���V	 �   � �ª  � � ���
��� �B�)	� � � �� � �z�V	 �   � ��  �#- � �m� L�e� 	 � � � �m� L�e�
� m�����
�

�hDC��03737�J�;<D�A<DQ2Y9�9��U@6E'GB58;&5�EX9<DQ;<0=A&589<03@�2BA-@8S:4F032�0346587�9<;<0=582�>�?�7=589<03@�2BA�@8StMq�^� Sz;<DQDNEX7=5m�-� S�;<DQD
>�;&58J�GBA�K��-G�DtxB;&A<9�@�2�Dt0=A�9&58��DQ2WSz;<@�4�9<G�Dp73039<DQ;&589<?�;<Dp582BHC0=A�9<G�DpMq�^� S�;<DQDpEX7=5m�-� Sz;<DQDt582B5873@�>�?�D
9<@w�-G�DQ@�;<DQ46A � K � 582BH ��� K��C�VK+�-G�DvA<D�EX@�2BH�E'GB58;&5�EX9<DQ;<0=A&589<03@�2�EQ582|orD�EX@�2BA<0=HVDQ;<D�H)9<G�D�Mq�^�



� � �

Sz;<DQD�EX7=5L�-� S�;<DQD�EX@�?�2Y9<DQ;<JB58;<9+@8Sp�-G�DQ@�;<DQ46A � K ��� 582BH ��� K�� � K]��@d�UDQ`�DQ;�lB9<G�D�E'GB58;&5�EX9<DQ;<0=A<032�>
4FD�582BA-0=A�EX@�4FJ�73DQ9<DQ73\nHV0��.DQ;<DQ2Y9��:��9-032Y`a@�73`aD�A^4F032V��¡�DX~�§^�ts���@�;&HVDQ;<032�>aA�K

� �
�� rm� � ��� � � � ��k ��mL�b� � � �
	 �
��� �e����� °��  
J +.-/*1032 ANE(Jwv_SdHd-@#1#>Cm8 * ]OSdHd-@#1#wAQH_*&657iF?6!8YXqAQH_*&8Q8TAh%fE P�AQ6!AQPR*&8O%B- A *&6U+[e\8 *U%BA�F?6�Eu*&-@#,Jwv_SdH�-@#1#
Cm8 * ]OSdHd-@#1#\I

k L �  �mlW¡�DQ9�P�¢ w�¤�x<¥HzUorDN5�>�;&58J�G�K{|]?�D]9<@6�-G�DQ@�;<DQ4 ��� K��C�VlIP�0=A-Mq�^� S�;<DQD]0TS:582BHZ@�2�73\
0TSU58737I4F032�0346587I9<;<0=582�>�?�7=589<03@�2BA]@8STP 58;<D[Mq�^� S�;<DQDal*G�DQ2BEXD[032Y9<DQ;<`d587�>�;&58J�GBA�KN�y9u;<DQ4658032BA]9<@
A<G�@d��9<GB589�lB0TS/PO0=A�Mq�^� Sz;<DQDal�PO0=A�EX7=5m�-� Sz;<DQDW0TSt582BHn@�2�73\w0TSq58737�4F032�0346587�9<;<0=582�>�?�7=589<03@�2BA�@8S
P�58;<DvEX7=5m�-� Sz;<DQDaKq¡�DQ9gP�orDv2�@�9+EX7=5L�-� S�;<DQDal�582BHn73DQ9C©��

1
x��

2
x��

3
x�	B¬N032BHV?BEXDv56EX7=5m�NKt�-G�DQ2�l

©��
1
x��

2
x��

3
x�	r¬N032BHV?BEXD�A�5FEX7=5L� 032Ny ′ ¢

def
P � � ′ ��G�DQ;<D

� ′ ¢
def
©�«$� �µ1¥ �8« �¢ �F582BH � ©�«�x��Y¬ ��©��

1
x��

2
x��

3
x�	B¬���% � ¬ �

y ′ 0=ANE'G�@�;&H�587�l�DQ`aDQ2b582 032e9<DQ;<`8587q>�;&58J�G�KZse032BEXD)©��
1
x��

2
x��

3
x�	B¬_032BHV?BEXD�Av51EX7=5L�O032 DQ`aDQ;<\

>�;&58J�G_P ′ 9<GB589-0=A-o*DQ9y�^DQDQ2_P�582BHdy ′ lV0�K DaK3l�P � P ′ � y ′ lV9<G�DQ;<DC0=A�5�4F032�0346587�9<;<0=582�>�?�7=5d�
9<03@�2�y � y ′ @8S�P 9<GB589�EX@�2Y9&58032BA^5FEX7=5m�NK_��@d�NlY73DQ9~y orDC5�4F032�0346587�9<;<0=582�>�?�7=589<03@�2n@8S�P
9<GB589qEX@�2e9&58032BA:5WEX7=5L�NK:se032BEXD�Pi0=AqMq�^� Sz;<DQDal#y 0=Aq582[032Y9<DQ;<`d587Y>�;&58J�GBA�K
¡�DQ9����

1
x������5x��

k � orD56EX@�2BA<D�EX?�9<03`aDNEX730=�e?�Dv58;<;&582�>�DQ4FDQ2Y9�S�@�;�y K-¡�DQ9v©��
1
x��

2
x��

3
x�	B¬�032BHV?BEXDv5_EX7=5m��032_y�lr582BH

73DQ9 	_orDW9<G�Du`�DQ;<9<DX~_5�Hdc{5�EXDQ2Y9U��039<G �
1
x��

2
x��

3
032�y K:¡�DQ9 ��µP© � x������5x � ¬]o*DCA<46587373D�A<9-A<?BERG

9<GB589 	hµ �
r

l�582BHP73DQ9 �Zµi© � x������5x � ¬ForD67=58;<>�D�A<9CA<?BE'GP9<GB589 	hµ �
s

K6se032BEXDn©��
1
x��

2
x��

3
¬

0=A�582n032BHVDQJrDQ2BHVDQ2Y9-A&DQ9^032Ny�l �
1
x��

2
x��

3
58J�JrD�58;�@�2�73\w032)HV0��.DQ;<DQ2Y9-465d~Y0346587�EX730=��?�D�A-@8S?y K

��DQ2BEXDal��
� � � �aK[¡�DQ9 

1
µ �

r

¨ �
r+1

582BH 

3
µ �

s

¨ �
s−1

KM�+@�9<D69<GB589 

1
582BH 


358;<D�5�Hdc<5�EXDQ2e9+��039<G�	n032VP[K+¡�DQ9 � ¢
def

w��
r+1
�(����� � �

s−1
z�¨Zw��

r

� �
s

z}Ku��Sq9<G�DQ;<D�0=Au5
`aDQ;<9<DX~ 


2
µ�� 9<GB589^0=Ap5�Hdc<5�EXDQ2e9U��039<G 	[032dP�9<G�DQ2|©�


1
x�


2
x�


3
x�	B¬]032BHV?BEXD�AU5�EX7=5L�i032dP[K

�hDC��03737�A<G�@d��032)9<G�DCJB58;&58>�;&58J�G)o*DQ73@m� 9<GB589�582�@�9<G�DQ;uEQ5�A<DW0=A�2�@�9�Jr@aA&A&03o�73DaK
�hDv5�A&A<?�4FDv9<GB589�	n0=A+5�Hdc<5�EXDQ2e9���039<G|2�@_`aDQ;<9<DX~ZSz;<@�4 � K�fU@�2BA<0=HVDQ;�>�;&58J�G\y

1
¢

defy ¨ �
r

Kt¡�DQ9 � ′
r+1

¢
def
�

r+1
¨ �

r

582BH�� ′
s

¢
def
�

s

¨ �
r

KUse?�J�J*@aA<D�� ′
r+1

��� ′
s

¢��VlB582BH
9<G�D[`aDQ;<9<0=EXD�A+@8S � ′

r+1

582BH � ′
s

58;<D[032hHV0��.DQ;<DQ2Y9WEX@�2�2�D�EX9<D�H�EX@�4FJ*@�2�DQ2e9&AW@8S�y
1
��73DQ9 � orD

9<G�DuEX@�2�2�D�EX9<D�HZEX@�4FJr@�2�DQ2Y9p@8S�y
1
EX@�2Y9&58032�032�>v9<G�D]`aDQ;<9<0=EXD�Ap@8S � ′

r+1

Kq�-G�DQ2�l+y�¨p©�	e«��8«1µ
¤=w �dzR¬u0=A^5NJ�;<@�JrDQ;-A<?�o�>�;&58J�Gw@8S�Pª582BH_E'G�@�;&H�587�le0�K DaK3le5v9<;<0=582�>�?�7=589<03@�2_@8SJP[l���G�0=ERGw0=Ap2�@�9
Jr@aA&A&03o�73DvHV?�DN9<@_4F032�03465873039�\n@8S/y K^�hDvEX@�2BEX73?BHVDv9<GB589u9<G�DN`aDQ;<9<0=EXD�A�@8S � ′

r+1

582BH�� ′
s

58;<D
2�@�9t032_HV0���DQ;<DQ2e9tEX@�2�2�D�EX9<D�H_EX@�4FJr@�2�DQ2Y9&At@8Sey

1
Kqse034F037=58;<73\el�039qS�@�7373@m��Aq9<GB589p9<G�D�`aDQ;<9<0=EXD�Aq032

� ′
r

¢
def
�

r

¨ �
s

582BH � ′
s−1

¢
def
�

s−1
¨ �

s

58;<DC2�@�9�0321HV0��.DQ;<DQ2Y9�EX@�2�2�D�EX9<D�H)EX@�4FJr@�2�DQ2Y9&A
@8S?y

2
¢

def
y ¨ �

s

KU�-G�DQ2�l 

1
x�


2
x�


3
lB��G�DQ;<D 


2
µ � lYS�@�;<4²582�5�A&9<DQ;<@�0=H�587�9<;<03J�73DN032\P[l

��G�0=ERGn0=A�2�@�9�J*@aA&A<03o�73DCoY\w5�A&A&?�4FJ�9<03@�2�K

�hD_EQ582 HV;&5m�O9<G�DFS�@�7373@m��032�>);<D�A<?�739NSz;<@�4 9<G�D6J�;<@e@8S�@8S-�-G�DQ@�;<DQ4 ��� K � � ��¡�DQ9HP orD
56>�;&58J�G�l.582BH�73DQ9gy orD[5_4F032�0346587�9<;<0=582�>�?�7=589<03@�2|@8S�P 9<GB589+0=A]582|032Y9<DQ;<`8587�>�;&58J�G�K+��Sly
EX@�2e9&58032BAC5)EX7=5m�O9<G�DQ2 P EX@�2Y9&58032BAC5)EX7=5L�O@�;N582b5�A&9<DQ;<@�0=H�587q9<;<03J�73DaKFM�>a58032�l��^D6A<DQDF9<GB589
w�582BHn��Ge\Izp9<G�DNEX7=5�A&A-@8SqEX7=5L�-� S�;<DQDW>�;&58J�GBA�0=A-2�@�9�EX73@aA<D�Hn?�2BHVDQ;�4F032�0346587�xB737T��032�K

�hDu��03737�J�;<@d`aD+@�?�;-5873>�@�;<039<G�4F0=EWERGB58;&5�EX9<DQ;<0=AR589<03@�2w@8S
4F032�0346587.9<;<0=582�>�?�7=589<03@�2BA-@8S�Mq�^�
Sz;<DQD�EX7=5L�-� S�;<DQDb>�;&58J�GBA|032ª9��U@kA<9<DQJBALK ��03;&A&9�lC�UD ��03737�A<G�@d� 9<GB589\�mS�;<DQDX��4F032V��¡�DX~�§-�qs��



Chapter 11
Mq�^� S�;<DQDWEX7=5m�-� S�;<DQDC>�;&58J�GBA � ���

@�;&HVDQ;<032�>aA+Sz@�;WMq�^� Sz;<DQD�EX7=5L�-� S�;<DQDv>�;&58J�GBA];<DQJ�;<D�A<DQ2Y9+4F032�0346587I9<;<0=582�>�?�7=589<03@�2BAu032�5ZA<JrD�EX0=587
�-5L\�K)��@�J�;<D�EX0=A&D_9<G�0=A�0=HVD�5�l��^D_4658��D69<G�D_S�@�7373@d��032�>�HVDXxB2�039<03@�2�K|¡�DQ9:P£¢ w�¤�x<¥HzNo*DZ5
>�;&58J�G�l8582BHv73DQ9 �Fo*D^5u`aDQ;<9<DX~C@�;&HVDQ;<032�>+S�@�;?PFK
§^\ay£¢ wUP:x ��z}ld�^DUHVDQ2�@�9<D^9<G�Do,/>3>u�%)t>�;&58J�G
@8S?P ��039<Gn;<D�A<J*D�EX9^9<@ �Il�582BHdy%0=A-9<G�D];<D�A&?�739U@8S
9<G�D]S�@�7373@m��032�>[EX@�4FJ�73DQ9<03@�2nJ�;<@eEXD�A&ALKI��S?P
EX@�2Y9&58032BAt2�@N`aDQ;<9<DX~�l�9<G�DQ2cy£¢

def
P[K:��S �Z0=At9<G�Du73DXSz9<4F@aA&9t`aDQ;<9<DX~[@8S�P ��039<G_;<D�A<J*D�EX9p9<@ �Il

73DQ9TP ′ orD]9<G�D+>�;&58J�GZ@�o�9&58032�D�HFS�;<@�4�P�oe\[4658�Y032�>v032Y9<@v5�EX730=�e?�D�9<G�D]2�DQ03>�Geo*@�?�;<G�@�@YH_@8S �
582BHF;<DQ4F@d`e032�>
��K�¡�DQ9 � ′ o*D�@�o�9&58032�D�H[S�;<@�4 �noY\v;<DQ4F@d`e032�>
�
K:�-G�DQ2�lAy£¢

def
wUP ′ x � ′ z � �

��G�DQ;<D��hGB5�A]9<G�D[AR584FD�2�DQ03>�GYor@�?�;<G�@e@eHP032 y 5�AW032 PFKN��2�@�9<G�DQ;W�U@�;&H�ALl0y 0=Au@�o�9&58032�D�H
S�;<@�4�P�oe\F4658�Y032�>v`aDQ;<9<0=EXD�AUA<034FJ�730=EX0=587*582BH_J�;<@eEXD�A&A&032�>�9<G�DQ4 5�EQEX@�;&HV032�>�9<@ ��K{�+@�9<Du9<GB589
�n0=AU5NJrDQ;{S�D�EX9tDQ73034F032B589<03@�2ZA&ERG�DQ4FD�Sz@�;ly�laG�DQ2BEXDgy²0=AUERG�@�;&H�587�le582BHy·0=Ap5N9<;<0=582�>�?�7=589<03@�2
@8SlP[KU��S�y 0=A+564F032�0346587�9<;<0=582�>�?�7=589<03@�21@8SlP[l��^DvEQ58737��P5�;:93.I9<;=$#>e��>k9<;:93.�$C2-9 ¶#.N15R�(4��;�
S�@�;�P[K:��S �)0=AU5C4F032�0346587rDQ73034F032B589<03@�2ZA&E'G�DQ4FD�Sz@�;TP 582BH_582w032e9<DQ;<`8587B@�;&HVDQ;<032�>CS�@�;gwUP�x � z}l
�^DWEQ58737
039�5d;H93.I93;=$#>�93.�2f����� $#>o��>k93;H93.�$C2-9 ¶#.d15R�(4��;�^S�@�;�P[K
� � � � � ��� � � � "$#&%ZP£¢ w�¤/x<¥[zi'<#i*
CDF?6!6�#�C�%�#�7
Jwv_SdHd-@#1#iCm8 *<]OSdH�-@#1#�+.-/*103254�*&657t8�#&%
� ')#9* �&H�-@#1# SdP�AQ6[SB"$#/L�� ���UShF?- 7)#@- AQ6U+RHfF?-qP�I9v$2�#@654 �
ANE,*sP�AQ6!AQPR*&8 AQ65%�#@-�=D*&8#@8QAQP�AQ6[*U%BA�F?6
E C�2�#@P~#wHfF?-�P�I
k m �  �ml�¡�DQ9Jy£¢

def
wUP�x � z}KI¡�DQ9q¦

0
x������5xR¦

k

o*Dp9<G�D^§^�ts���73DQ`aDQ7=A�@8S0P���039<Gv;<@e@�9�`�DQ;<9<DX~
�v¢
�?w ��z}K��hD���03737BA&G�@m��9<GB589 �Z0=Aq5W4F032�0346587B032Y9<DQ;<`d587VDQ73034F032B589<03@�26A&E'G�DQ4FD^Sz@�;`PFK��-G�0=AqJ�;<@e@8S
0=AW5�EQEX@�4FJ�730=A<G�D�H1032P9<G�;<DQD[A<9<DQJBA��^xB;&A<9�l.�^D�A<G�@d��9<GB589u9<G�D[§-�qs���73DQ`�DQ7=A�@8STP 58;<D[587=A<@w9<G�D
§-�ts���73DQ`aDQ7=At@8Soy�lVA<D�EX@�2BH�l��^DWA<G�@m��9<GB589��10=A-582Z032e9<DQ;<`8587*@�;&HVDQ;<032�>�S�@�;�y�le582BHZ9<G�03;&H�le�UD
A<G�@d��9<GB589���0=A�5[4F032�0346587�DQ73034F032B589<03@�2�A&E'G�DQ4FDuS�@�;�P[K
w � z ¡�DQ9]¦ ′

0

x������6xR¦ ′
`

orDv9<G�Dv§-�qs���73DQ`�DQ7=A-@8S?y ��039<G1;<@�@�9��BK ��DQ4FDQ4�orDQ;�9<GB589���0=A�5F§-�qs��
@�;&HVDQ;<032�>NS�@�;�P�HV?�D+9<@v¡�DQ4F465 ��� K��VKtse?�J�Jr@aA<Du9<G�DQ;<D+0=A � A<?BE'G69<GB589^¦

i

�¢ ¦ ′
i

�a73DQ9 � orD
A<46587373D�A<9]Jr@aARA<03o�73DaKC��9]0=AWEX73D�58;u9<GB589v¦

0
¢ ¦ ′

0

l�582BHPHV?�D�9<@n¡�DQ4F465 ��� K ��� l�¦
1
¢O¦ ′

1

K
��DQ2BEXDal � !��VK+se032BEXD�¦

i−1
¢ ¦ ′

i−1

l.¦
i
� ¦ ′

i

lr582BH19<G�DQ;<Dv0=A+56`aDQ;<9<DX~ ��µb¦ ′
i

¨+¦
i

K-§^\
HVDXxB2�039<03@�2)@8S�y lV9<G�DQ;<DN4�?BA<9-orDN`�DQ;<9<0=EXD�A 	_µ|¦

i−1
582BHn«
l�«�

σ

�
lBA<?BE'Gn9<GB589�«10=A�5
EX@�4F4F@�212�DQ03>�GYor@�?�;u@8S ��582BH�	Z032VP[K^�-G�DQ2�lB«�µP¦

i

lB582BH�oe\Z« �
σ

�
l��|µh¦
i

l�9<@�@Bl
��G�0=E'G1EX@�2e9<;&5�HV0=EX9&A-9<G�DN5�A&A&?�4FJ�9<03@�2�K

w@�Mz ��DQ4FDQ4�orDQ;�9<GB589 �F0=A�5_`aDQ;<9<DX~w032�5F4F@�J�73DX~ � @8S`P[K^M+EQEX@�;&HV032�>w9<@_¡�DQ4F465 ��� K ��� l
¦

2
0=A]5ZEX730=��?�D�032VP[K]¡�DQ9 �hµb¦

2
orD�;<03>�Ge9<4F@aA&9+��039<G�;<D�A<JrD�EX9u9<@ �IK,|u?�;<032�>w9<G�DvxB737

J�;<@eEXD�ARA�@8STwUP:x ��z}l ��orD�EX@�4FD�A�5�Hdc<5�EXDQ2e9���039<G)DQ`�DQ;<\6`aDQ;<9<DX~w032��
G

w � z}Kpse@Bl���G�DQ2��
0=ACJ�;<@YEXD�A&A<D�H�l �

G

w � zuorD�EX@�4FD�A�5)EX730=��?�DaKw��DQ2BEXDal:¦
1
0=AN51EX730=�e?�DF032*y l�0�K DaK3l
DQ`aDQ;<\

§-�ts���73DQ`aDQ7q0=Av51EX730=�e?�D6032*y HV?�D_9<@|¡�DQ4F465 ��� K ��� 582BH �)orDQ032�>�5)4F@�J�73DX~h`aDQ;<9<DX~�K
se?�J�Jr@aA&Dw9<G�DQ;<D)58;<DZ`aDQ;<9<0=EXD�A �ox�	�x�
 µª¤Fl � �

σ

	 �
σ


vlUA<?BERG�9<GB589(� 
 µ ¥w-y\z
582BH 	 
 �µk¥w-y\z}KZ�-G�DQ2�l �ox�	 µ�¦

i

582BH 
²µ�¦
i−1

S�@�;NA<@�4FD � ! �Vl
582BH � 	 µ�¥6K
M+EQEX@�;&HV032�>w9<@F9<G�DCxB7373032�>6J�;<@YEXD�A&A+HVDXxB2�D�H)oY\ wUP:x ��z-582BH�� 
�µ�¥w-yVz}l ��582BH�
�58;<D
5�Hdc<5�EXDQ2e9[��G�DQ2 ��0=AFE'G�@aA<DQ2�9<@horD�465�HVD1A<034FJ�730=EX0=587�K��-G�0=AFEX@�4FJ�73DQ9<03@�2�lpG�@d�^DQ`aDQ;�l
5�H�H�A�D�HV>�D
	 
vKpse@Bl ��0=A�582)032Y9<DQ;<`d587�@�;&HVDQ;<032�>[S�@�;~y K

w � z ��@�A<G�@d�O9<GB589 ��0=A�5)4F032�0346587pDQ73034F032B589<03@�2 ARERG�DQ4FDFS�@�;HP[l
039�A<?��_EXD�Av9<@�A<G�@d��Sz@�;
DQ`aDQ;<\ZD�HV>�Dv032 �O¢

def
¥w-yVz
¨-¥ 9<GB589�039u0=A+?�2�0=�e?�DvE'G�@�;&H1032�5wEX\YEX73D�@8Sq73DQ2�>�9<G � 032

y HV?�DF9<@)�-G�DQ@�;<DQ4 }VK � � K�¡�DQ9
� 	hµ �Fl � �
σ

	.l���µ�¦
j

l 	hµ�¦
i

l � % � K���9WG�@�7=H�A



� � �

9<GB589U734
G

w 	�z �
σ

�noe\F9<G�DWHVDXxB2�039<03@�2w@8S`wUP�x � z �Y@�9<G�DQ;<��0=A<Dale2�@v`�DQ;<9<DX~_EQ582w032Y9<;<@eHV?BEXD
D�HV>�D � 	�9<@_y Kw��S � ¢ � l�9<G�DQ2 � ¢ � ¢ � l
A<032BEXD_58737q@�9<G�DQ;�§^�ts���73DQ`aDQ7=AC58;<DwEX730=��?�D�A
032\POHV?�Dv9<@w¡�DQ4F465 ��� K ��� K-��S��P582BH�	ZGB5L`�DN56EX@�4F4F@�212�DQ03>�GYor@�?�;+«�µP¦

2
lB«�582BH

��58;<DZ2�@�9F5�Hdc<5�EXDQ2e9�032�y wz;<DQ4FDQ4�orDQ;[9<GB589P£582BHSy GB5L`aDw9<G�D)A&584FD)§^�ts���73DQ`aDQ7=A
��039<Gk;<@�@�9��+z}l-582BH � 	j0=A6?�2�0=�e?�D�E'G�@�;&H�032k9<G�D�EX\YEX73D w �ox{«�x�	�x��+z}K �u9<G�DQ;<��0=A<Dal^73DQ9

 582BH «�Sz;<@�4 ¦

2
o*Dw2�DQ03>�GYor@�?�;&A�@8S���582BH 	.l�;<D�A&JrD�EX9<03`aDQ73\�K�se032BEXDcy 0=A�ERG�@�;&H�587�l

�B«Pµ�� @�;�	�
�µ � 4�?BA<9�G�@�7=H�K��-G�DQ2�l�� 	n0=A�?�2�0=�e?�DvERG�@�;&H1032�9<G�DvEX\VEX73Dcw ��x{«ox�	�x��+z
@�;:w �ox�
]x�	�x��+z}K]¡�DQ9 � % � � � KW�-G�DQ2�l � ¢ � � � l*582BH|734

G

w 	4zuµ ¦
j

582BH1734
G

w 	�z-0=A
5FEX@�4F4F@�212�DQ03>�GYor@�?�;�@8S �|582BH�	w032\P�oY\Z¡�DQ4F465 ��� K ��� KUse032BEXD ��GB5�A�9<G�DNS�58;<9<G�DQ;
;<03>�Ge9�2�DQ03>�GYor@�?�;[J�;<@�JrDQ;<9�\�l ��GB5�AF5|2�DQ03>�Geo*@�?�; 
²9<@�9<G�Dn;<03>�GY9�@8S�	b��039<G�;<D�A<JrD�EX9
9<@ ��9<GB589w0=A62�@�9Z5�Hdc{5�EXDQ2Y96��039<Gk734

G

w 	�z�032 y w�HV?�D19<@�734
G

w 	�z �
σ

734
G

w�
gz}l�2�@
`aDQ;<9<DX~_9<@F9<G�DC73DXS�9-@8SI734

G

w 	4zUEQ582)032Y9<;<@eHV?BEXDN582)D�HV>�DCo*DQ9y�^DQDQ2n734
G

w 	4zU582BH 
gz}lB582BH
	)582BH�
O58;<D�EX@�2Y9&58032�D�H|032�9<G�D[A&584FD�§-�ts���73DQ`aDQ7�K��-G�DQ2�l$� 	)0=Au?�2�0=��?�D�ERG�@�;&H�032|9<G�D
EX\YEX73D=wz734

G

w 	�z�x���x�
]x�	4z}K

��2P9<G�DFJ�;<@e@8S^@8S�¡�DQ4F465 ��� K ��� l��^D[GB5L`aDFA<G�@d��2P9<GB589�l�S�@�;aP 582bMq�^� Sz;<DQD6EX7=5m�-� Sz;<DQD
>�;&58J�Gj582BH �i5\�mS�;<DQDX��4F032V��¡�DX~�§-�qs���@�;&HVDQ;<032�>Bl:9<G�Dn§-�ts���73DQ`aDQ7=Av@8SZP²58;<D)587=A<@�9<G�Dn§^�ts��
73DQ`aDQ7=A:@8SlwUP:x ��z}K:�-G�0=AqJ�;<@�JrDQ;<9�\�l�032FS 5�EX9�l�G�@�7=H�AtSz@�;t58;<o�039<;&58;<\[>�;&58J�GBAp582BHF§-�ts���@�;&HVDQ;<032�>aA�l
A<032BEXDN2�@_A&JrD�EX0=587
J�;<@�J*DQ;<9y\nGB5�A+orDQDQ2�?BA&D�H�KU�hDv�^582Y9�9<@_A<G�@d��2�DX~V9�9<GB589+DQ`�DQ;<\w4F032�0346587
9<;<0=582�>�?�7=589<03@�2�@8St582|Mq�^� S�;<DQDvEX7=5m�-� Sz;<DQDv>�;&58J�G|EQ582�o*Dv@�o�9&58032�D�H�032�9<G�Dv�-5m\wJ�;<@�J*@aA<D�H1032
¡�DQ4F465 ��� K ��� Ku��@Z5�E'G�03DQ`aDN9<G�0=ALlr�^DvGB5m`aDv9<@nA<G�@d�ª582�@�9<G�DQ;];<D�A<?�739]58o*@�?�9]§-�ts���73DQ`aDQ7=A+@8S
Mq�^� Sz;<DQDCEX7=5m�-� Sz;<DQDC>�;&58J�GBALK

� � � � � � � � � � "$#&%/P�¢ w�¤�x<¥[z;')#,*sCDF?6!6�#�C�%�#�7sJwv_SdHd-@#1#>Cm8 * ]OSdHd-@#1# +.-/*103254[*&657�8�#&%?y
'<#9*MP�AQ6!AQPR*&8G%B- A *&6U+[e\8 *U%BA�F?6�F?HlP�I�"$#&% �j'<#9*MP~F 038�#/Ln=?#@-�%�#/LjF?H?yn45*&657R8�#&%^¦

0
x������5xR¦

k'<# %B2�# � ���USd8�#&=&#@8NE F?Hoy ]_Ah%B2q-@F F)% =?#@-�%�#/L���I(v$2�#@654*¦
0
x������5xR¦

k

*&-@#9%B2�# � ���USd8�#&=?#@8NE F?H?P
]_Ah%B2 -@F F)% =?#@-�%�#/L���I

k L �  �ml�¡�DQ9p¦ ′
0

x������5xR¦ ′
`

o*D�9<G�D^§-�ts���73DQ`aDQ7=A�@8S�P���039<G[;<@�@�9:`aDQ;<9<DX~ �BK��uoY`e03@�?BA&73\�ld¦
0
¢ ¦ ′

0

K
se032BEXD"P 0=AN5)A&JB582�2�032�>1A<?�o�>�;&58J�Gh@8S~y l � ! � KZse?�J�Jr@aA<D69<G�DQ;<DF0=A � µ�© � x�������x � ¬ZA<?BERG
9<GB589]¦

i

�¢ ¦ ′
i

�r73DQ9 � orD�A&46587373D�A<9�Jr@aARA<03o�73DaK-��9�G�@�7=H�A+9<GB589]¦ ′
i

� ¦
i

�*73DQ9��PµP¦
i

¨+¦ ′
i

lr��G�0=ERG
4FD�582BA�9<GB589��PHV@�D�A+2�@�9�GB5L`�DW562�DQ03>�Geo*@�?�;+032�¦

i−1
¢�¦ ′

i−1

032VP[KU��S � ¢ � l �$�60=A�?�2�0=��?�D
ERG�@�;&H�032|5wEX\YEX73D�@8St73DQ2�>�9<G � 032Vy HV?�Dv9<@Z�-G�DQ@�;<DQ4 }VK � � KWse032BEXD �_0=Au5_4F@�J�73DX~1`aDQ;<9<DX~�l
¦

1
0=AC5ZEX730=�e?�DF032 y l�582BH �$�1EQ582�2�@�9CorDF?�2�0=�e?�D[E'G�@�;&H�032hA<?BERGh5)EX\VEX73DaK��+DQ2BEXDal � ! �VK

�hDZHVDQ73DQ9<Dn58737^D�HV>�D�A�o*DQ9y�^DQDQ2 �k582BH `aDQ;<9<0=EXD�AvS�;<@�4 ¦
i−1

032�y 582BH�@�o�9&58032�>�;&58J�G�y ′ K
se?�J�Jr@aA<D�9<G�DQ;<D�0=A]5ZE'G�@�;&HV73D�A&A+EX\VEX73D�� @8St73DQ2�>�9<Gh589]73D�5�A<9 � EX@�2e9&58032�032�> �
KW�y9u0=A]D�5�A<\)9<@
A<DQD]9<GB589(��EQ582)EX@�2Y9&58032)589^4F@aA&9^9��^@�`aDQ;<9<0=EXD�ApS�;<@�4g¦

i

l�A<032BEXDqy 0=A�582)Mq�^� Sz;<DQDCEX7=5m�-� Sz;<DQD
>�;&58J�G�HV?�Dv9<@w�-G�DQ@�;<DQ4 ��� K � � 582BH�¦

i

0=A+5_EX730=�e?�DvHV?�DN9<@Z¡�DQ4F465 ��� K ��� K�§^?�9�9<G�DQ2
��0=A
5nERG�@�;&HV73D�A&A]EX\VEX73D�032 y ′  ¦

i

� ����� ��¦
k
" ¢ y  ¦

i

� ����� �|¦
k
" ��G�0=ERGPEX@�2Y9<;&5�HV0=EX9&Agy orDQ032�>

ERG�@�;&H�587�K



Chapter 11
Mq�^� S�;<DQDWEX7=5m�-� S�;<DQDC>�;&58J�GBA � ���

�B;<@�4O9<G�0=At73DQ4F465�l��UD�EQ582wHVDQ;<03`aD�5826032e9<DQ;<D�A&9<032�>WEX@�;<@�737=58;<\ �I�B@�;`P�5826Mq�^� S�;<DQD�EX7=5L�-�
S�;<DQDC>�;&58J�G�lV039�G�@�7=H�A�9<GB589�9<G�DN4F032�0346587�9<;<0=582�>�?�7=589<03@�2BA�@8SlP�GB5m`aDW9<G�DNA&584FDNHV0=584FDQ9<DQ;�5�A
P[Kpse032BEXDCJ�;<@�J*DQ;�032e9<DQ;<`8587�>�;&58J�GBA�58;<DNMq�^� Sz;<DQDCEX7=5m�-� Sz;<DQDW>�;&58J�GBA�HV?�DC9<@6�-G�DQ@�;<DQ4 ��� K � �Vl
§-�ts���73DQ`aDQ7=A���039<G�;<@�@�9:`aDQ;<9<DX~v5u4F@�J�73DX~v`aDQ;<9<DX~C>�03`aDU9<G�D-HV0=584FDQ9<DQ;:HV?�D^9<@CfU@�;<@�737=58;<\ ��� K ��� K
�-G�0=A-2Y?�4�o*DQ;�0=A�D���?B587�9<@F9<G�DNHV0=584FDQ9<DQ;�@8S/P[K

�-G�D6EX7=58034 @8S�¡�DQ4F465 ��� K ��� EQ582horD_A&9&589<D�HP032b582�@�9<G�DQ;C�^5m\�K���9C0=ACA&580=HP9<GB589�l
0TSmP
0=A-5[EX@�2�2�D�EX9<D�HZMq�^� S�;<DQDCEX7=5L�-� S�;<DQD]>�;&58J�Gn582BHdy%0=A�5�4F032�0346587�9<;<0=582�>�?�7=589<03@�2n@8S?P[lYDQ`aDQ;<\
§-�ts���@�;&HVDQ;<032�>PSz@�;=y 9<GB5896DQ2BH�AF��039<Gk5h4F@�J�73DX~�`aDQ;<9<DX~�0=A65h§-�ts���@�;&HVDQ;<032�>hSz@�;"PFKkM
A<034F037=58;�leo�?�9U�^D�58�aDQ;�leEX@�;<;<D�A<Jr@�2BHVDQ2BEXD]G�@�7=H�AUSz@�;^4F032V��¡�DX~�§^�ts���@�;&HVDQ;<032�>aA�Kqse032BEXD]9<G�0=A^EX@�;{�
;<D�A<J*@�2BHVDQ2BEXDC032e`a@�73`�D�A��mS�;<DQDX��4F032V��¡�DX~�§^�ts���@�;&HVDQ;<032�>aA�le�^D]GB5m`aDW9<@[�e2�@d����GB589�J�;<@�JrDQ;<9<03D�A
9<G�D�A<DC@�;&HVDQ;<032�>aA-GB5m`aDaK

� � � � � ��� � � � "$#&%gP²¢�w�¤�x<¥[z~'<#R*tCDF?6!6�#�C�%�#�7j+.-/*103254O*&657j8�#&%�� '<#R* �&H�-@#1# SdP�AQ6[S
"$#/L�� ���UShF?- 7)#@- AQ6U+ HhF?-[P�I ��H���ANEg6�F)%(*&6
AQ63%�#@-�= *&8GF?- 7)#@- AQ6U+�HfF?-]P 4V%B2�#@6 P CDF?63%h*&AQ6�E>*&6
*\E�%�#@-@F?AB7<*&8O%B- A 038�#�4�*~C�2�F?- 7.8�#DEmE,C�X5Cm8�#,F?H8�#@6U+[%B2j*U%_8�# *\E�% ��F?-w*~Cm8 *<](I

k m �  �ml�¡�DQ9 �N¢
def
�?w ��z}la582BH[73DQ9U¦

0
x������5xR¦

k

o*D�9<G�D�§-�ts���73DQ`aDQ7=AI@8S�P���039<GF;<@e@�9t`aDQ;<9<DX~ ��K
��S �_0=AI2�@�9:582[032e9<DQ;<`8587e@�;&HVDQ;<032�>]9<G�DQ;<D-4�?BA&9�o*D-5];<03>�GY9<4F@aA<9
`�DQ;<9<DX~ 
�A<?BE'Gv9<GB589:9<G�DQ;<D-0=AI5
;<03>�GY9<4F@aA<9p`aDQ;<9<DX~ 	[S�@�;p��G�0=E'G_G�@�7=H�AU734_w�
gz �

σ

	 �
σ


 582BH�	�
 �µ1¥_Kq¡�DQ9 �)¢
def
734_w�
gz}K

��@�9<Dw9<GB589(� �¢ 
�KZ¡�DQ9 	 µi¦
j

582BH 
£µi¦
i

K1se032BEXD � 
·µk¥6l � % � % � % � � � Kn¡�DQ9
� ¢ � ¢ � KIse032BEXD �+0=AI5�4F@�J�73DX~C`aDQ;<9<DX~�l�	C582BH 
�58;<Dp2�@�9IEX@�2e9&58032�D�HN032v9<G�Dp4F@�J�73DX~vHVDXxB2�D�H
oY\ �BleA<@�9<G�DQ\FGB5L`�D+2�DQ03>�GYor@�?�;&AU032n¦

2
K:��S�9<G�DQ\FGB5m`aD+5�EX@�4F4F@�2_2�DQ03>�GYor@�?�;�³Blr©m³Ix�	0x�
]x��Y¬

032BHV?BEXD�A�5FE'G�@�;&HV73D�A&A-EX\YEX73DC@8S:73DQ2�>�9<G � 032OP[Kq��S�9<G�DQ\nHV@F2�@�9�GB5L`�DW5FEX@�4F4F@�2)2�DQ03>�GYor@�?�;
032�¦

2
l 	h582BH 
 GB5m`aD62�DQ03>�GYor@�?�;&AN032�@�2�DZEX@�2�2�D�EX9<D�H�EX@�4FJr@�2�DQ2Y9v@8S�P ′ ¢

def
P�¨ �  � " l

582BH�9<G�DQ;<D[0=AC5ZA&G�@�;<9<D�A<9�	0x�
���JB589<G  032 P ′ ��	�x�
vK��hD[@�o�9&58032P5nE'G�@�;&HV73D�A&AWEX\YEX73D� � �
@8Su73DQ2�>�9<G�589F73D�5�A<9 � Kj¡�DQ9 � ¢ � ! �VKj¡�DQ9[«ªµ�¦

i−1
orD15�2�DQ03>�GYor@�?�;[@8S�	.K�§^\ 9<G�D

E'G�@�0=EXD]@8S�	_582BH 
vlV«)0=A�5[2�DQ03>�GYor@�?�;-@8S 
ª582BHZGB5�A-039&A<DQ7TSI5�2�DQ03>�GYor@�?�;+³6µ|¦
i−2
lYA&@�9<GB589

©�	�x�
[x{«�x&³V¬N032BHV?BEXD�A�5[EX7=5m�i032_P[Kq¡�DQ9 � % � � � Kq�-G�0=A^JB58;<9<0=EX?�7=58;<73\_4FD�582BA-9<GB589 �1µ|¦
j

K
§^\_9<G�DWS 58;<9<G�DQ;-;<03>�Ge9-2�DQ03>�GYor@�?�;�J�;<@�JrDQ;<9�\_@8S �Il�9<G�DQ;<DW0=A�5�2�DQ03>�Geo*@�?�;+³6µ�¦

i

@8S 	69<@F9<G�D
;<03>�GY9C@8S 
 9<GB589C0=AC2�@�9N5n2�DQ03>�Geo*@�?�;N@8S �
K6§^\�9<G�D_E'G�@�0=EXDF@8S 	�582BH 
vlI³10=AN5)EX@�4F4F@�2
2�DQ03>�GYor@�?�;W@8S 	�582BH 
vK���S ��	|µ ¥_l:©���x�	�x�
[x&³V¬6032BHV?BEXD�AW5nERG�@�;&HV73D�A&A]EX\VEX73D�@8SU73DQ2�>�9<G � K
¡�DQ9 � 	 �µb¥6Kv�-G�DQ2�l�©���x�
[x&³Ix�	B¬6032BHV?BEXD�AW5ZERG�@�;&HV73D�ARA+JB589<GP@8Sp73DQ2�>�9<G � KC��S � ! � l�9<G�DQ2
�
l'	.l ��Sz@�;<4g58215�A&9<DQ;<@�0=H�587.9<;<03J�73DaKq�I032B587373\�lY73DQ9 � ¢��VlV0�K DaK3lB³Ix�
 µ|¦

1
582BH�	�x��1µ|¦

2
Kq��S �

582BH�	158;<D�EX@�2Y9&58032�D�H�032�9<G�D[A&584FD�EX@�2�2�D�EX9<D�HPEX@�4FJr@�2�DQ2Y9]@8S�Pi¨u¦
1
l*9<G�DQ2 �
l 	*l��6Sz@�;<4

582P5�A<9<DQ;<@�0=H�587:9<;<03J�73DaKC��Sp9<G�DQ\|58;<D�2�@�9CEX@�2Y9&58032�D�H�032�@�2�DFEX@�2�2�D�EX9<D�H|EX@�4FJ*@�2�DQ2e9�l�³n@�; 

wzorDQ032�>�2�DQ03>�Geo*@�?�;&At@8S �+zI4�?BA<9tGB5m`aD-2�DQ03>�Geo*@�?�;&At03269��^@vHV0��.DQ;<DQ2Y9tEX@�2�2�D�EX9<D�H6EX@�4FJ*@�2�DQ2e9&A
@8S]Pª¨v¦

1
wzo*D�A<0=HVD�AF9<G�D�EX@�2�2�D�EX9<D�H�EX@�4FJ*@�2�DQ2e9wEX@�2e9&58032�032�>"�+z}l^A<032BEXD|¦

1
0=AF5h4F032�0346587

A<DQJB58;&589<@�;�K^�-G�DQ2�l*³_@�; 
�GB5�A�9��U@F2�@�2V��5�Hdc<5�EXDQ2e9+2�DQ03>�Geo*@�?�;&A�032�¦
2
lB582BH1�UDCxB2BH�56EX7=5L�

032OP[K



� ���

� � � � � � � � � � "$#&%qP%¢ w�¤�x<¥Hz~')#R*nCDF?6!6�#�C�%�#�7nJwv_SdH�-@#1#qCm8 * ]OSdHd-@#1#:+.-/*103254 *&657t8�#&%
y ')#�*iP�AQ6!AQPR*&8w%B- A *&6U+[e\8 *U%BA�F?6 F?H~P�I�"$#&% � '<#�*��&Hd-@#1# SdP�AQ6[SB"$#/L�� ���UShF?- 7)#@- AQ6U+�HhF?-ay�I
v$2�#@654 � ANEw* � H�-@#1# SdP�AQ6[SB"#/L � ���UShF?- 7)#@- AQ6U+�HfF?-�P�I
k L �  �ml�se032BEXDNy 0=A65PJ�;<@�JrDQ;F032Y9<DQ;<`d587->�;&58J�GkHV?�D)9<@b�-G�DQ@�;<DQ4 ��� K � � lpG�DQ2BEXD1ERG�@�;&H�587
Mq�^� Sz;<DQDhEX7=5m�-� Sz;<DQDPHV?�DP9<@k�-G�DQ@�;<DQ4 ��� K � �Vl�� 0=A)582�032e9<DQ;<`8587W@�;&HVDQ;<032�>jSz@�;�y HV?�Dh9<@
¡�DQ4F465 ��� K � � K�¡�DQ9w¦

0
x������6xR¦

k

o*D)9<G�D1§-�qs���73DQ`�DQ7=A�@8SaP£��039<G�;<@�@�9F`�DQ;<9<DX~ ��¢��?w ��z �
�P0=AF5P4F@�J�73DX~�`aDQ;<9<DX~�Kj�hD)9<;<\j9<@h>�DQ2�DQ;&589<D ��oe\j5 �	�#
�����
	�������;<?�2�@�2 PFlt0�K DaK3lU�UD
9<;<\)9<@Z5873�-5m\YAuERG�@e@aA<Dv9<G�D�`aDQ;<9<DX~1HVDQ9<DQ;<4F032�D�H�oY\ �IKu�y2�@�9<G�DQ;+�^@�;&H�A�lr�^Dv�-582Y9+9<@nA<G�@m�
9<GB589 � ¢ ����
������	������ ∗ wUP:x����z}l���G�DQ;<D��� 0=AW9<G�D[;<DQ`aDQ;&A&D�@8S �IK6se?�J�Jr@aA&D�9<GB589W9<G�0=AW0=AW2�@�9
Jr@aA&A&03o�73DaKt�-G�DQ2�lV9<G�DQ;<DN0=A�5[;<03>�GY9<4F@aA<9�`aDQ;<9<DX~Z«19<GB589�lBHV?�;<032�>69<G�DC>�DQ2�DQ;&589<03@�21J�;<@YEXD�A&A�oY\
�	�#
�����
	������ ∗ l�A<DQJB58;&589<D�A]`aDQ;<9<0=EXD�A�	�582BH �h��G�DQ;<D(� �

σ

	*KC�i039<G�@�?�9]73@aARAu@8SU>�DQ2�DQ;&5873039y\�l
�UDW5�A&A<?�4FD��Z¢i734

G

wz«0z}Ktse032BEXD �10=A-5�§-�qs���@�;&HVDQ;<032�>�S�@�;mP HV?�DW9<@�¡�DQ4F465 ��� K ��� l �1582BH
	14�?BA<9WorD_EX@�2Y9&58032�D�HP032h9<G�D6A&584FD[73DQ`aDQ7p¦

i

Sz@�;CA<@�4FD � ! � KF��S � ¢ � l�9<G�DQ2h«�x��ox�	�58;<D
`aDQ;<9<0=EXD�A^032��

G

w �+zqwz« �¢ �Bl�A<032BEXD 	�« �µ1¥[z}lr582BHn«1GB5�A�5[2�DQ03>�Geo*@�?�;�032|¦
2
oe\w9<G�DC4F@�J�73DX~

J�;<@�JrDQ;<9�\�@8S%��l���G�0=E'GPEX@�2Y9<;&5�HV0=EX9&A � ¢O734
G

wz«0zNµk¦
1
KFse@Bl � ! �Vl�«�µ�¦

i−1
582BH�� 582BH

	�58;<DZ5�Hdc{5�EXDQ2Y9vHV?�D69<@�¡�DQ4F465 ��� K ��� K)§^\P9<G�D_HVDXxB2�039<03@�2�@8S-032Y9<DQ;<`8587t@�;&HVDQ;<032�>aA�l�DQ`aDQ;<\
2�DQ03>�Geo*@�?�;W@8S �h9<@)9<G�D[;<03>�Ge9W@8S 	1��039<GP;<D�A<JrD�EX9C9<@��0=AW5n2�DQ03>�Geo*@�?�;W587=A&@Z@8S 	*l�582BHPA<@Bl
	�«�µ�¥"w-y\zt¨]¥6Kbse032BEXDcy#0=A�5|4F032�0346587p9<;<0=582�>�?�7=589<03@�2j@8SqP[lI9<G�DQ;<Dn58;<Dw2�@�2V��5�Hdc<5�EXDQ2e9
`aDQ;<9<0=EXD�AW³)582BHh´Ll�³ �

σ

´ml�A<?BE'G|9<GB589 	e«�0=A]?�2�0=�e?�DFERG�@�;&H|032P9<G�D�EX\VEX73DNw ³Ix�	�x&´ x{«0z+032 y K
�-G�DQ2�la³ �

σ

	 �
σ

« �
σ

´ml�582BH(�F0=A:2�@�9:9<@W9<G�D-;<03>�Ge9I@8S�³rK:se032BEXD �6582BHF´U58;<D^2�@�9q5�Hdc<5�EXDQ2e9
032y%582BH_A<032BEXD+734

H

w ´6zq¢i734
G

w ´�zq0=Ap2�@�9U9<@N9<G�D+;<03>�GY9p@8S�	*l�9<G�DQ;<D+0=AU5N`aDQ;<9<DX~[9<@v9<G�Du;<03>�Ge9
@8S�«|9<GB589�A<DQJB58;&589<D�A%��582BH�	Vwz039�465L\worD�´u@�;�0=A�5[`�DQ;<9<DX~w9<@69<G�DC;<03>�GY9�@8Sq´u5�EQEX@�;&HV032�>69<@
9<G�D-S�58;<9<G�DQ;q;<03>�GY9q2�DQ03>�GYor@�?�;qJ�;<@�JrDQ;<9�\�@8S���z}la��G�0=E'G6EX@�2Y9<;&5�HV0=EX9&A:9<G�D+5�A&A<?�4FJ�9<03@�2�K���DQ2BEXDal
�|0=A�5 � Sz;<DQDX��4F032V��¡�DX~V§-�ts���@�;&HVDQ;<032�>�Sz@�;�P[K

� � � � � � � � � ° "$#&%aP ¢ w�¤/x<¥[zq'<#i*nCDF?6!6�#�C�%�#�7nJwv_SdH�-@#1# Cm8 * ]OSdHd-@#1#�+.-/*1032 I
"$#&%qy
'<#i*tP�AQ6!AQPR*&8g%B- A *&6U+[e\8 *U%BA�F?6oF?HqP 4 *&657�8�#&% �y'<#q*&6 AQ65%�#@-�=D*&8(F?- 7)#@- AQ6U+
HfF?-�y IZv$2�#@654
y·¢ wUP:x ��z I
k L �  �ml�¡�DQ9�y ′ ¢

def
wUP:x ��z}K ��DQ4FDQ4�orDQ;u9<GB589�y ′ 0=AuERG�@�;&H�587�K+se?�J�J*@aA<D[y ′ �� y Kuse032BEXDy²0=AU5C4F032�0346587r9<;<0=582�>�?�7=589<03@�2w@8SoP[la9<G�DQ;<D�4�?BA<9to*Du5826D�HV>�Du032"y ′ 9<GB589U0=At2�@�9t032cy KI¡�DQ9

�wo*Du9<G�Du73DXSz9<4F@aA&9p`aDQ;<9<DX~F��039<G_;<DQ>a58;&H_9<@ �)9<GB589^EQ58?BA<D�AU582_D�HV>�D]orDQ9��UDQDQ2w9y�^@N`aDQ;<9<0=EXD�A 	
582BH�
 HV?�;<032�>w9<G�DvxB737IJ�;<@eEXD�A&Au9<GB589]0=A+2�@�9]582|D�HV>�D�032Oy�Ku§^\)9<G�D[ERG�@�0=EXD�@8S �
lr039]G�@�7=H�A
9<GB589 � 	v582BH � 
�58;<D�D�HV>�D�AI032�y Kqse032BEXD%�F0=A:73DXSz9<4F@aA&9�lm�^D�EQ582F5�A&A<?�4FD^9<GB589�� �

σ

	 �
σ


vK
§^?�9-A&032BEXD ��0=A�582)032e9<DQ;<`8587�@�;&HVDQ;<032�>[Sz@�;my�l'	�
ª0=A+582)D�HV>�DC032Ny lV��G�0=E'GnEX@�2Y9<;&5�HV0=EX9&A�9<G�D
5�A&A<?�4FJ�9<03@�2�Ktse@Bl�y ′ � y l�582BHn9<GY?BAmy ′ ¢�y K

��@d�Nl8039q0=A:D�5�A<\N9<@NE'GB58;&5�EX9<DQ;<0=A<D^9<G�D�4F032�0346587Y9<;<0=582�>�?�7=589<03@�2BA:@8S�5826Mq�^� Sz;<DQD�EX7=5m�-� Sz;<DQD
>�;&58J�G�K



Chapter 11
Mq�^� S�;<DQDWEX7=5m�-� S�;<DQDC>�;&58J�GBA � � �

� �
�� *L� � � � � ��� "$#&%qP ')#s*tCDF?6!6�#�C�%�#�7�Jwv_SdH�-@#1#~Cm8 *<]OSdHd-@#1# +.-/*103254{*&657 8�#&%�y '<#s*
+.-/*1032 I�v$2�#@654ey ANE,*RP�AQ6!AQPR*&8V%B- A *&6U+[e\8 *U%BA�F?6 F?H`P AQHG*&657jF?6!8YX AQHw%B2�#@-@#>ANE,* �&H�-@#1# SdP�AQ6[S
"$#/L�� ���UShF?- 7)#@- AQ6U+ �tHhF?-�PxE�e)C�2n%B2[*U%�y·¢ wUP:x ��z I
k m �  �ml���S �60=AI5q�mSz;<DQDX��4F032V��¡�DX~�§-�ts���@�;&HVDQ;<032�>+S�@�;?P[l �_0=A�5u4F032�0346587V032e9<DQ;<`8587�DQ73034F032B589<03@�2
A&E'G�DQ4FD-Sz@�;`P HV?�D�9<@v¡�DQ4F465 ��� K ��� K:�y2FJB58;<9<0=EX?�7=58;�l�wUP:x ��zI0=At5N4F032�0346587B9<;<0=582�>�?�7=589<03@�2F@8S
P[Kq�r@�;U9<G�DNEX@�2Y`aDQ;&A<Dale73DQ9~y orDN5[4F032�0346587�9<;<0=582�>�?�7=589<03@�2)@8S/P[K{|]?�DC9<@[�-G�DQ@�;<DQ4 ��� K � � l
y 0=AW5ZJ�;<@�JrDQ;C032Y9<DQ;<`d587I>�;&58J�G�l�582BHPHV?�D[9<@)�-G�DQ@�;<DQ4 ��� K ��� l�9<G�DQ;<D[0=AC5ZJ�;<@�JrDQ;C032Y9<DQ;<`8587
@�;&HVDQ;<032�> �_Sz@�;?y KI��9:G�@�7=H�A:9<GB589 �w582BH ��:l89<G�D-;<DQ`aDQ;&A&DU@8S���laGB5L`aDU9<G�D^S�58;<9<G�DQ;:;<03>�GY9I2�DQ03>�GV�
or@�?�;WJ�;<@�J*DQ;<9y\�l�582BH � ¢ ����
������	������ ∗ w-y_x ���zu582BH �� ¢ �	�#
�����
	������ ∗ w-yOx ��z}Kv��DQ2BEXDal �
582BH ���58;<D]�mSz;<DQDX��4F032V��¡�DX~�§-�ts���@�;&HVDQ;<032�>aApS�@�;my 582BH � S�;<DQDX��4F032V��¡�DX~V§-�ts���@�;&HVDQ;<032�>aAUSz@�;�P
HV?�DC9<@6¡�DQ4F465 ��� K � }VKq�r?�;<9<G�DQ;<4F@�;<Dal �)¢ �	�#
�����
	������ ∗ wUP:x ��ez}Kq�-G�DQ;<DXS�@�;<Dal ��0=A�5=�mSz;<DQDX�
4F032V��¡�DX~�§-�qs���@�;&HVDQ;<032�>wS�@�;qP[KNse032BEXD �h0=AW582�032e9<DQ;<`8587
@�;&HVDQ;<032�>ZS�@�;�y l y ¢�wUP:x ��z+HV?�D
9<@6¡�DQ4F465 ��� K ��� K

��� � � �v�e�	 �d� p ���� L� 	   �.�
� 	 �   �   � �
m r�q�� ��� 	�������B� � m�����
�
�B@�;IA<@�73`Y032�>�9<G�DU4F032V����;<0�4FDQ4�orDQ;&A&G�03JvJ�;<@�o�73DQ4�S�@�;�Mq�^� S�;<DQDUEX7=5m�-� S�;<DQDp>�;&58J�GBA�ld�^Dt2�DQD�H�582
5873>�@�;<039<G�4 9<GB589p;<D�EX@�>�2�0=A<D�AUJ�;<@�JrDQ;^032e9<DQ;<`8587r>�;&58J�GBA^582BHZ5�H�HV039<03@�2B587373\F>�DQ2�DQ;&589<D�A^5vJ�;<@�JrDQ;
032Y9<DQ;<`d587u@�;&HVDQ;<032�>BK �y2�9<G�D�73039<DQ;&589<?�;<Dal�9<G�DQ;<DP58;<D�5 2e?�4�orDQ;w@8SvJ�;<@�JrDQ;Z032e9<DQ;<`8587+>�;&58J�G
;<D�EX@�>�2�039<03@�2�5873>�@�;<039<G�46A�lqA<?BE'G�5�A�032  � � " l  � � " l  � � " l  ��� " KPM+737^9<G�D�A&DZ5873>�@�;<039<G�46A�58J�J�73\
5Zo�;<D�5�HV9<G�xB;&A<9CA<D�58;&ERGPA<9<;&589<DQ>�\|4F@�;<D�@�;W73D�A&AWHV03;<D�EX9<73\�l�582BH�9<G�DQ\1>�DQ2�DQ;&589<D658J�J�;<@�J�;<0=589<D
;<DQJ�;<D�A<DQ2Y9&589<03@�2BA�Kp�+@m�^DQ`aDQ;�l�9<G�D�A&DN5873>�@�;<039<G�46A+58;<Dv;&589<G�DQ;+032e`a@�73`�D�H�Kp�y21EX@�2e9<;&5�A<9�lB�UDN��03737
J�;<D�A<DQ2Y9F582�D�5�A<\�5873>�@�;<039<G�4 9<GB5896EX@�4FJ�?�9<D�A65PJ�;<@�J*DQ;F032e9<DQ;<`8587-@�;&HVDQ;<032�>PSz@�;F9<G�D)032�J�?�9
>�;&58J�G�l]0TS�039)0=A)5�J�;<@�J*DQ;1032e9<DQ;<`8587W>�;&58J�G�K �u?�;15873>�@�;<039<G�4 0=AnoB5�A<D�H�@�2 �	�#
�����
	������rK
�y2BHVDQJrDQ2BHVDQ2Y9<73\�lBfU@�;<2�DQ037�HVDQ`aDQ73@�JrD�H)5FA<034F037=58;�5873>�@�;<039<G�4 9<GB589�0=A-oB5�A&D�Hn@�2 ���
	������� ���#" K

�-G�D-J�;<@�JrDQ;q032Y9<DQ;<`d587Y>�;&58J�GF;<D�EX@�>�2�039<03@�2F5873>�@�;<039<G�4O032[9<G�0=AqA<D�EX9<03@�2[GB5�AI58265�H�HV039<03@�2B587
J�;<@�JrDQ;<9�\���039<Gk;<D�A<J*D�EX969<@ 58737u5873>�@�;<039<G�46A_EX039<D�H�S�;<@�4 9<G�D173039<DQ;&589<?�;<DaK�M�737+;<D�EX@�>�2�039<03@�2
5873>�@�;<039<G�46AN58o*@m`aDFJ�;<@d`Y0=HVD[5�A<@8��EQ587373D�H � EXDQ;<9<0TxrEQ589<D 	nS�@�;C9<G�D6EQ5�A<DF9<G�D6032�J�?�9C>�;&58J�Gb0=AN5
J�;<@�JrDQ;�032e9<DQ;<`8587q>�;&58J�G�Kn��@d�UDQ`�DQ;�l�0TS�9<G�D_032�J�?�9N>�;&58J�Gb0=Av2�@�9v51J�;<@�J*DQ;N032Y9<DQ;<`d587t>�;&58J�G�l
9<G�DQ\[c{?BA<9uA&5m\ � 2�@ 	�l*582BH�9<G�D�?BA&DQ;+GB5�Au9<@_9<;<?BA<9]9<G�D�5873>�@�;<039<G�41K �u?�;u5873>�@�;<039<G�4£9<;<03D�A+9<@
R&¶#.��s9<.0Ri��9<G�Dn?BA<DQ;�@8Su039&A�HVD�EX0=A&03@�2�l:032j9<G�Dn5�EQEXDQJ�9<032�>h5�A��UDQ737-5�A�032j9<G�DZ;<D{c{D�EX9<032�>�EQ5�A<DaK
/1@�;<D�J�;<D�EX0=A<DQ73\�lB0TSt9<G�D�032�J�?�9u>�;&58J�G|0=A]56J�;<@�J*DQ;u032Y9<DQ;<`d587
>�;&58J�G�lr9<G�D[5873>�@�;<039<G�4²@�?�9<J�?�9&A
5wJ�;<@�JrDQ;W032e9<DQ;<`8587I@�;&HVDQ;<032�>_S�@�;u9<G�D�>�;&58J�G�l.0TSp9<G�D[032�J�?�9u>�;&58J�G�0=A]2�@�9C5_J�;<@�J*DQ;]032Y9<DQ;<`8587
>�;&58J�G�ld9<G�D�5873>�@�;<039<G�4 @�?�9<J�?�9&AI5WERG�@�;&HV73D�A&A�EX\YEX73D^@8Sr73DQ2�>�9<G[589�73D�5�A&9 � l�582[5�A<9<DQ;<@�0=H�587e9<;<03J�73D
@�;�5FEX7=5m�NKq�-G�0=A�58J�J�;<@a5�ERG)0=A-4F@�9<03`8589<D�Hnoe\Z�-G�DQ@�;<DQ46A ��� K � �[582BH ��� K ��� K

fUDQ;<9<0TS�\e032�>�5873>�@�;<039<G�46A�le5�A^9<G�0=A^EX7=5�A&A^@8S
5873>�@�;<039<G�46A^0=AUEQ587373D�H�lV58;<D]G�03>�G�73\6032e9<DQ;<D�A&9<032�>
032vJ�;&5�EX9<0=EXDaldD�A<J*D�EX0=587373\W0TSB9<G�DQ03;
J�;<@�@8S A�@8S�EX@�;<;<D�EX9<2�D�ARA�@�;
9<G�DQ03;I034FJ�73DQ4FDQ2Y9&589<03@�2BA
58;<Dp;&589<G�DQ;
EX@�4FJ�730=EQ589<D�H�@�;)0TSv9<G�Dh?BA<DQ;n;<D��e?�03;<D�AZ5jG�03>�G 73DQ`aDQ7]@8S�A&D�EX?�;<039y\  } �#" l  � � " K �-G�DQ;<DP58;<D
@�2�73\wSzDQ��A<?BE'G15873>�@�;<039<G�46A��Y2�@m��2�l�584F@�2�>_9<G�DCxB;&A<9�@�2�D�A�0=A+9<G�DC�UDQ737T���Y2�@m��2);<D�EX@�>�2�039<03@�2
5873>�@�;<039<G�4 S�@�;po�03JB58;<9<039<D]>�;&58J�GBA�K:�y9p@�?�9<J�?�9&Ap5:�m��EX@�73@�?�;<032�>v@8S�9<G�D]032�J�?�9p>�;&58J�GZ@�;U5�EX\YEX73D



� � }

@8SC@eH�Hk73DQ2�>�9<G�K �y9_EQ582iD�5�A<0373\�o*D|`�DQ;<0TxBD�H���G�DQ9<G�DQ;_9<G�D|EXDQ;<9<0TxrEQ589<D|J�;<@m`�D�A[9<G�D�;<D�A<?�739�K
��D�EXDQ2Y9<73\�l��W;&589&A&E'G�l�/|ELfU@�2�2�DQ7�le/�DQG�73G�@�;<2�lVseJ�032�;&5�H_J�;<D�A<DQ2e9<D�H_EXDQ;<9<0TSz\Y032�>�5873>�@�;<039<G�46AtSz@�;
9<G�Du;<D�EX@�>�2�039<03@�2n@8SI032e9<DQ;<`8587*>�;&58J�GBA-582BHZJrDQ;<4�?�9&589<03@�2n>�;&58J�GBA  ���#" Kq�-G�DQ03;^032Y9<DQ;<`8587*>�;&58J�G
;<D�EX@�>�2�039<03@�265873>�@�;<039<G�4 0=A:oB5�A<D�H[@�26�-G�DQ@�;<DQ4 ��� K � 582BH[@�?�9<J�?�9&Ap5826032e9<DQ;<`8587V4F@eHVDQ7�l�0TS.9<G�D
032�J�?�9p>�;&58J�GZ0=A-582_032Y9<DQ;<`d587*>�;&58J�G�l�@�;-582Z5�A&9<DQ;<@�0=H�587r9<;<03J�73D]@�;^5�ERG�@�;&HV73D�ARApEX\VEX73D+@8S
73DQ2�>�9<G
>�;<D�589<DQ;W9<GB582 � l�0TSU9<G�DF032�J�?�9C>�;&58J�Gh0=AW2�@�9C582h032Y9<DQ;<`d587:>�;&58J�G�K[¡�589<DQ;�l��+DQ737t582BHh��?B582�>
J�;<D�A<DQ2Y9<D�H6582�@�9<G�DQ;^EXDQ;<9<0TS�\Y032�>v;<D�EX@�>�2�039<03@�2n5873>�@�;<039<G�4 S�@�;pJ�;<@�J*DQ;U032Y9<DQ;<`d587*>�;&58J�GBA�le9<GB589p0=A
oB5�A<D�HZ@�2 ����	������  ���#" K

�u?�;N;<D�EX@�>�2�039<03@�2 5873>�@�;<039<G�4 0=A�A<034FJ�73D � � ����
������	������|>�DQ2�DQ;&589<D�Av5)J�;<@�J*DQ;v032Y9<DQ;<`d587
@�;&HVDQ;<032�>bS�@�;69<G�D�032�J�?�9w>�;&58J�G�0TSv582BH�@�2�73\�0TSW039w0=Aw5 J�;<@�JrDQ;w032e9<DQ;<`8587�>�;&58J�G�K���SC039_0=A
2�@�9_5bJ�;<@�J*DQ;w032Y9<DQ;<`8587�>�;&58J�G�l^9<G�D|5873>�@�;<039<G�4 @�?�9<J�?�9&ALl-032BA<9<D�5�H�@8SN5b`aDQ;<9<DX~�@�;&HVDQ;<032�>Bl
EXDQ;<9<0TxrEQ589<D�ANJ�;<@d`e032�>)9<G�D_;<D�A<?�739�Kw�-G�D � ��A<�UDQDQJho�;<D�5�HV9<G xB;&A<9NA<D�58;&E'G 58J�J�;<@a5�E'GhGB5�Av587=A<@
orDQDQ2k?BA&D�H�oe\kfU@�;<2�DQ037�S�@�;6G�0=AFJ�;<@�J*DQ;_032Y9<DQ;<`d587�>�;&58J�Gi;<D�EX@�>�2�039<03@�2�5873>�@�;<039<G�4  ���#" K�M
A<034F037=58;�58J�J�;<@a5�ERG�lY0�K DaK3lV4�?�739<0T��A<�^DQDQJwo�;<D�5�HV9<GnxB;&A<9�A<D�58;&E'G�lY�^5�A^?BA<D�HZoY\nfU@�;<2�DQ037�l �u7=58;<03?�l
se9<DQ�^58;<9�S�@�;�;<D�EX@�>�2�0=A<032�>�032Y9<DQ;<`8587a>�;&58J�GBA  �C� " K ��D�EXDQ2e9<73\�lm§^;<DQ9&A&ERG�DQ;�l8fU@�;<2�DQ037�lm�u58o�03o�l +:58?�7
?BA<D�H65v4�?�739<0T��A<�^DQDQJ6o�;<D�5�HV9<G_xB;&A<9pA<D�58;&E'G_58J�J�;<@a5�E'G6S�@�;t9<G�D+;<D�EX@�>�2�039<03@�2w@8S
EX@�>�;&58J�GBA�la9<G�D
>�;&58J�GBA-��039<G�@�?�9�032BHV?BEXD�H�

4
 ���#" Kq�y2Y9<DQ;<D�A<9<032�>�73\�le9<G�DQ03;�5873>�@�;<039<G�4 0=A�587=A<@FEXDQ;<9<0TSz\Y032�>BK

�hD[>�03`aD�5nA<G�@�;<9CA<��DQ9&ERG|@8SU@�?�;C5873>�@�;<039<G�41Kv�y9W�U@�;<�VA+032h9��^@wJ�GB5�A<D�A �+EX@�2BA<9<;<?BEX9<03@�2
582BHv`�DQ;<0TxrEQ589<03@�2�K
�-G�D-EX@�2BA<9<;<?BEX9<03@�2�J�GB5�A&DU0=A:5 � �	��
�����
	������C��G�DQ;<D^9<G�DUxB;&A<9:A<�^DQDQJNxB2BH�A
5C4F@�J�73DX~6`aDQ;<9<DX~[@8S�9<G�D�032�J�?�9p>�;&58J�G�le9<G�DuA&D�EX@�2BH6A<�^DQDQJ_EX@�2BA<9<;<?BEX9&Ap582w032e9<DQ;<`8587B@�;&HVDQ;<032�>
582BHb9<G�Dw9<G�03;&H A<�^DQDQJhxB2B587373\bEX@�2BA<9<;<?BEX9&A�51J�;<@�JrDQ;�032Y9<DQ;<`d587t@�;&HVDQ;<032�>BK��-G�D_`aDQ;<0TxrEQ589<03@�2
J�GB5�A<D)`aDQ;<0TxBD�A[��G�DQ9<G�DQ;69<G�D�@�?�9<J�?�96@8S]9<G�D1xB;&A<96J�GB5�A<D)0=A6582�032e9<DQ;<`8587�@�;&HVDQ;<032�> 582BHk5
;<DQ`aDQ;&A<D�H�032e9<DQ;<`8587u@�;&HVDQ;<032�>BK ��Sv2�@�`Y03@�7=589<03@�2iGB5�AZo*DQDQ2 DQ2BEX@�?�2e9<DQ;<D�H�l+9<G�D|@�;&HVDQ;<032�>�0=A
032BHVDQD�HP5wJ�;<@�J*DQ;W032e9<DQ;<`8587�@�;&HVDQ;<032�>Bl
582BH|9<G�D[032�J�?�9W>�;&58J�GP0=AW5�EQEXDQJ�9<D�H�K �u9<G�DQ;<��0=A<Dal�9<G�D
5873>�@�;<039<G�4 HVDQ9<DQ;<4F032�D�AF582�5�A<9<DQ;<@�0=H�587-9<;<03J�73Dalq5PEX7=5L� @�;F5|E'G�@�;&HV73D�A&A[EX\VEX73Dw@8S+73DQ2�>�9<G�589
73D�5�A<9 � 5�ACEXDQ;<9<0TxrEQ589<D[Sz@�;W2�@�2V��4FDQ4�orDQ;&A<G�03J�K�§^DXSz@�;<D[�^D�J�;<@d`aD�9<G�DFEXDQ2e9<;&587:73DQ4F465�l�039W0=A
2�D�EXD�A&A&58;<\Z9<@6�Y2�@m��9<GB589u9<G�DCxB;&A<9+582BH�7=5�A<9�`aDQ;<9<0=EXD�A�@8Sq5c�d4F032V��¡�DX~�§^�ts���@�;&HVDQ;<032�>FS�@�;+582
032e9<DQ;<`8587�>�;&58J�G158;<DN589�465d~Y0346587�HV0=A&9&582BEXDale��G�0=E'G)�^DC��03737�J�;<@m`aDuxB;&A<9�K

� � � � � � � � � � "$#&%oP�¢ w�¤�x<¥Hz('<#w* CDF?6!6�#�C�%�#�79AQ65%�#@-�=D*&8U+.-/*103254!*&657>8�#&% �
'<# * �&H�-@#1# S
P�AQ6[SB"$#/L�� ���UShF?- 7)#@- AQ6U+sHhF?-�P�IO"#&%U¦

0
x������5xR¦

k

')#M%B2�# � ���USd8�#&=?#@8NEwF?H�P ]_Ah%B2 -@F F)% �v¢
def�?w �ez I �5F?-w#&=?#@-^X ��x�	wµ|¦

i

4 � ! � 4 �t*&657 	R2[*<=?#u*~CDF?P�P~F?6 6�#@A�+.25')F)e\-(AQ6|¦
i−1

I

k L �  �ml]¡�DQ9 � ′ o*D+9<G�D];<D�A<?�739p>�DQ2�DQ;&589<D�H_oe\F9<G�D+xB;&A<9 ����
������	������FA&�UDQDQJ�KI¡�DQ9�¦ ′
0

x������5xR¦ ′
`orD[9<G�DF§-�qs���73DQ`�DQ7=A+@8STP ��039<G�;<@�@�9�[¢

def
� ′ w ��z}K ��DQ4FDQ4�orDQ;W9<GB589 �w¢ � ′ w � z}KN��S � % �

9<G�DQ2 �60=Av5n?�2�03`aDQ;&A&587:`aDQ;<9<DX~|032 PFK6��S �[¢ � l�9<G�DQ2 �)µk¦
1
l
582BHhDQ`aDQ;<\�`�DQ;<9<DX~|032�¦

1
0=A

5�Hdc{5�EXDQ2Y9���039<G �P582BHjDQ`aDQ;<\h`�DQ;<9<DX~ 032�¦
2
lq0TS � 	 � lq0=AF5�Hdc<5�EXDQ2e9���039<G �aK�se@Bl:Sz@�;[9<G�D

;<DQ4658032�032�>_J�;<@e@8S{l*�UD�5�A&A<?�4FD � ! � !v�VK,��@�9<D�9<GB589 �[µ ¦
2
�(����� �1¦

k

Ku�hDNxB;&A<9uJ�;<@m`aD
9y�^@FEX7=580346A-9<GB589�G�@�7=HnS�@�;-58;<o�039<;&58;<\Z>�;&58J�GBA�K
w � z �hDFA<G�@m��9<GB589C9<G�DQ;<D658;<DF5)EX@�2�2�D�EX9<D�HhEX@�4FJr@�2�DQ2Y9 � @8S�P�¨]¦

1
582BHh5Z`aDQ;<9<DX~ � µ

¤=wh�az �)¦
2
A<?BE'G)9<GB589�Sz@�;+DQ`aDQ;<\_`aDQ;<9<DX~�	ZµP¦

2
¨�¤wh�az � �

G

w � z �1¦
1
� �

G

w 	4z}KU¡�DQ9
� µ|¦

2
orD�5u`aDQ;<9<DX~N@�2�5]A<G�@�;<9<D�A<9��Mx��8��JB589<G�ld582BH�73DQ9O��orD-9<G�D^EX@�2�2�D�EX9<D�H[EX@�4FJ*@�2�DQ2e9

@8S~P�¨]¦
1
9<GB589vEX@�2Y9&58032BA �_582BH � K6��DQ2BEXDal � µ�¦ ′

`−2

582BH �
G

w � z �|¦
1
� ¦ ′

`−1

K_��9



Chapter 11
Mq�^� S�;<DQDWEX7=5m�-� S�;<DQDC>�;&58J�GBA � ���

0=A�EX73D�58;�9<GB589F¦
1
� ¦ ′

`−1

�h¦ ′
`

l:582BH 039�S�@�7373@m��Av9<GB589[¦
2
¨C¤"wh�az � ¦ ′

`

l:A<032BEXDwDQ`aDQ;<\
A<G�@�;<9<D�A<9 	�x �Q��JB589<GZSz@�; 	_µ|¦

2
¨U¤wh�azUEX@�2e9&58032BA-5�`aDQ;<9<DX~FS�;<@�4 ¦

1
Kpse?�J�J*@aA<DW9<G�DQ;<Du0=A

56`�DQ;<9<DX~�	�µb¦
2
¨+¤=wh�]z-9<GB589]0=A+2�@�9]5�Hdc{5�EXDQ2Y9+��039<G�A<@�4FDv`aDQ;<9<DX~�
 µ �

G

w � z �1¦
1
K

§^\hEX@�2BA<9<;<?BEX9<03@�2�l 	jµi¦ ′
`

l 
·µ�¦ ′
`−1

l�G�DQ2BEXD � �
σ′

	��
σ′


vK |]?�D69<@|9<G�DFS�58;<9<G�DQ;
;<03>�GY9U2�DQ03>�GYor@�?�;-J�;<@�JrDQ;<9�\6@8S � ′ 9<G�DQ;<DW0=A^5�2�DQ03>�GYor@�?�;-«)@8S 	F9<@[9<G�DW;<03>�Ge9^@8S 
���039<G
;<D�A<J*D�EX9�9<@ � ′ 9<GB589�0=A�2�@�9�5|2�DQ03>�Geo*@�?�;�@8S��BK�se032BEXD 
 µ ¦ ′

`−1

582BH 
��
σ′

«�582BH
	�«�µ1¥6lV«1µ|¦ ′

`−1

Kq§^\_EX@�2BA<9<;<?BEX9<03@�2�w 	_µ|¦
2
z}lY«�µ|¦

1
�n¦

2
�n¦

3
K{��@�9<DC9<GB589��Nµ|¦

`582BH�9<GB589C« 582BH �658;<D6589CHV0=A<9&582BEXD �+ � K[se032BEXDF« �µk¤=wh�az}l�@�9<G�DQ;<��0=A&D 	Pµk¤=wh�az}l
«�µ|¦

1
HV?�DC9<@_9<G�DCDX~Y0=A<9<DQ2BEXDW@8Sq582)«�x �X��JB589<G�@8SI73DQ2�>�9<G �^ � Kt§^?�9�9<G�DQ21«14�?BA<9-orD

5[2�DQ03>�GYor@�?�;�@8S �[��G�0=ERG)EX@�2Y9<;&5�HV0=EX9&A-9<G�Dv5�A&A<?�4FJ�9<03@�2�K
w@�Mz �hDuA&G�@m�i9<GB589p9<G�DQ;<D+0=A^589p4F@aA&9p@�2�DWEX@�2�2�D�EX9<D�H_EX@�4FJr@�2�DQ2Y9p032NPh¨:¦

1
9<GB589-EX@�2e9&58032BA

`aDQ;<9<0=EXD�AuS�;<@�4 ¦
3
KFse?�J�Jr@aA<D[9<G�DQ;<DF58;<D[9y�^@nEX@�2�2�D�EX9<D�HhEX@�4FJr@�2�DQ2Y9&AW032�P�¨]¦

1
9<GB589

EX@�2Y9&58032�`�DQ;<9<0=EXD�A]Sz;<@�4 ¦
3
K ��DQ4FDQ4�orDQ;C9<GB589C9<G�DQ;<DF0=A � ! �nA&?BERGP9<GB589�Zµk¦

i

KF§^\
@�?�;_5�A&A&?�4FJ�9<03@�2�lU9<G�DQ;<D|0=A_5h`�DQ;<9<DX~j«Oµ ¦

3
9<GB589_0=A62�@�9_032�9<G�D|A&584FD�EX@�2�2�D�EX9<D�H

EX@�4FJr@�2�DQ2Y9t@8S�P�¨�¦
1
5�A �alaA<@C9<GB589UHV0=A<9

G

w��Mx{«0z ! �  � ���N¢ � � � 	 � ¢�HV0=A<9
G

w ��x � z}K
§^?�9�9<G�DQ2�l �FEX@�?�7=Hn2�@�9�orD�EX@�2e9&58032�D�HZ032|¦ ′

`

K
�B@�;
J�;<@m`Y032�>+9<G�DU73DQ4F465�lm73DQ9 � !��VKI��03;&A&9�lL73DQ9 ��x�	_µ|¦

i

o*Dp`aDQ;<9<0=EXD�A
032�9<G�D^A&584FDUEX@�2�2�D�EX9<D�H
EX@�4FJr@�2�DQ2Y9;� @8S�P�¨+¦

i−1
K �uoBA<DQ;<`aDN9<GB589 �

G

wh�az-0=A]564F032�0346587IA<DQJB58;&589<@�;+@8S`P 582BH�A<@
0=AN5)EX730=�e?�DF032SP�w��-G�DQ@�;<DQ4 }VK � z}Knse?�J�Jr@aA<DF9<G�DQ;<D_58;<D6512�DQ03>�Geo*@�?�;v³Pµ�¦

i−1
@8S � 9<GB589

0=A�2�@�9u562�DQ03>�GYor@�?�;�@8S 	n582BH1562�DQ03>�GYor@�?�;u³ ′ µP¦
i−1

@8S 	Z9<GB589+0=A�2�@�9]5F2�DQ03>�GYor@�?�;+@8S �
K
��S � 582BH�	�58;<D65�Hdc<5�EXDQ2e9]9<G�DQ2�©���x�	0x&³Ix&³ ′ ¬6032BHV?BEXD�AC5nE'G�@�;&HV73D�A&AWEX\YEX73D��
@�9<G�DQ;<��0=A<D���x�	�x��
S�@�;<4%582b5�A&9<DQ;<@�0=H�587I9<;<03J�73DaK[�+DQ2BEXDal �

G

w �0z ��¦
i−1

� �
G

w 	4zu@�; �
G

w 	�z ��¦
i−1

� � w �0z}K
seD�EX@�2BH�l�73DQ9 ��x�	 µi¦

i

o*D_`aDQ;<9<0=EXD�AC032�HV0��.DQ;<DQ2Y9NEX@�2�2�D�EX9<D�HbEX@�4FJr@�2�DQ2Y9&AN@8S�P ¨W¦
i−1
��032

JB58;<9<0=EX?�7=58;�l'� 	��µ1¥6Kt��S � ¢��VlV73DQ9u��orDC9<G�DvEX@�2�2�D�EX9<D�H)EX@�4FJ*@�2�DQ2e9�@8SlPk¨�¦
1
EX@�2e9&58032�032�>

�C582BH � Kq��S
2�DQ039<G�DQ; �12�@�; 	6o*DQ73@�2�>F9<@R�[lYDQ`aDQ;<\62�DQ03>�GYor@�?�;�032�¦
1
@8S � 0=A�5�2�DQ03>�GYor@�?�;-@8S

�h582BH�	.lrG�DQ2BEXD�9<G�DQ\)GB5L`aD�5wEX@�4F4F@�2|2�DQ03>�Geo*@�?�;u032h¦
1
K+��S{lr��039<G�@�?�9u73@aA&A+@8St>�DQ2�DQ;&5873039y\el

� o*DQ73@�2�>aAv9<@��[l �j582BH � GB5L`�D651EX@�4F4F@�2b2�DQ03>�GYor@�?�; 
 032j¦
1
lIA<032BEXD69<G�DQ\P58;<D_032b9<G�D

A&584FDNEX@�2�2�D�EX9<D�H|EX@�4FJr@�2�DQ2Y9�@8S/Pi¨�¦
1
KU�+DQ2BEXDal 
�0=A�56EX@�4F4F@�212�DQ03>�GYor@�?�;+@8S ��582BH�	*K

��S � ! � l�� 582BH 	�58;<D�032h9<G�D6AR584FD[EX@�2�2�D�EX9<D�HPEX@�4FJ*@�2�DQ2e9C@8S~P�¨]¦
1
K���S^9<G�DQ\�GB5m`aD�2�@

EX@�4F4F@�2)2�DQ03>�GYor@�?�;�032|¦
i−1
l'��x�	�x��[Sz@�;<4 58215�A<9<DQ;<@�0=H�587�9<;<03J�73DaK

�v rm *���z���p � � � �[� "#&%�Pª¢ w�¤�x<¥[z;')#;*sCDF?6!6�#�C�%�#�7�AQ65%�#@-�=D*&8�+.-/*1032 I_"$#&% � '<#,* �&H�-@#1# S
P�AQ6[SB"$#/L�� ���UShF?- 7)#@- AQ6U+~HfF?-�P 4T*&657R8�#&%p³F¢

def
�Jw � zw*&657 �[¢

def
�?w ��z Igv$2�#@654*HV0=584_wUPazp¢

HV0=A<9
G

w ��x&³Kz I
k m �  �ml�¡�DQ9)¦

0
x������5xR¦

k

o*D�9<G�D1§-�ts���73DQ`aDQ7=AF@8S]P%��039<Gk;<@e@�9���K���S � % � l^9<G�DQ2�P£0=A
EX@�4FJ�73DQ9<Dal�582BHi9<G�D|A<9&589<DQ4FDQ2Y9_G�@�7=H�ALK ¡�DQ9 � ! �Vl+582BH�73DQ9�� µ ¦

i

582BH 	�µ ¦
j

Sz@�;
� % � K ��S � ¢ � l-��G�0=ERG�4FD�582BA69<GB589 � ¢ ��l^9<G�DQ2�HV0=A<9

G

w ��x�	�z % � K���S � ¢ � 9<G�DQ2
HV0=A<9

G

w ��x�	�z�% � l�A<032BEXDw¦
1
0=Av5n4F032�0346587UA<DQJB58;&589<@�;N@8S�P 582BHhG�DQ2BEXD_51EX730=�e?�DaK6��S � ! �

9<G�DQ21HV0=A<9
G

w ��x�	�z&% �  � ��� % � HV?�DC9<@6¡�DQ4F465 ��� K�� � K



�C� �

�-G�Dp4658032�;<D�A<?�739�@8S�9<G�0=A�A&D�EX9<03@�2N0=A�EX@�2Y9&58032�D�HC032�9<G�DtS�@�7373@m��032�>�73DQ4F465�KI��@d�^DQ`aDQ;�l�@�2�D
JB58;<9�@8SB039:GB5�AI5873;<D�5�HV\NorDQDQ2[J�;<@d`aD�H���039�0=A:¡�DQ4F465 ��� K � � K
�-G�D�EX@�4�o�032B589<03@�2v@8Sr9<G�D^J�;<@�@8S A
@8SUo*@�9<Gb73DQ4F46589&5)HVD�A&EX;<03orD�Av582b5873>�@�;<039<G�4 9<GB589CxB2BH�AC582 5�A<9<DQ;<@�0=H�587:9<;<03J�73Dal
5)E'G�@�;&HV73D�A&A
EX\YEX73D]@8S
73DQ2�>�9<G)589^73D�5�A<9 � @�;-5[EX7=5L��032)5v>�;&58J�GZS�@�;U��G�0=E'G � ������ #����
������	������wHV@�D�A-2�@�9
>�DQ2�DQ;&589<DC5[J�;<@�JrDQ;�032Y9<DQ;<`d587.@�;&HVDQ;<032�>BK ��DQ4FDQ4�orDQ;-9<GB589�5�J�;<@�JrDQ;�032Y9<DQ;<`d587�@�;&HVDQ;<032�>F0=A�582
@�;&HVDQ;<032�>F9<GB589�0=A�582)032Y9<DQ;<`d587�@�;&HVDQ;<032�>65�A��^DQ737�5�A�5[;<DQ`aDQ;&A<D�Hw032e9<DQ;<`8587�@�;&HVDQ;<032�>BK

¡�DQ9�P�¢ w�¤�x<¥HzUorDC5�>�;&58J�G�lY582BHw73DQ9 �1o*DN5v`�DQ;<9<DX~_@�;&HVDQ;<032�>�Sz@�;~P[K:�B@�;-5�`aDQ;<9<DX~_«
@8SePFl�� +

G

wz«0zqHVDQ2�@�9<D�At9<G�D+A<DQ9q@8S�2�DQ03>�GYor@�?�;&Aq@8S�«w9<GB589p58;<D�9<@N9<G�D�;<03>�GY9t@8S�«w��039<G_;<D�A<JrD�EX9
9<@ �IKpse034F037=58;<73\�l � −

G

wz«0z-HVDQ2�@�9<D�A-9<G�DNA<DQ9�@8S:73DXS�9^2�DQ03>�GYor@�?�;&A�@8SI«
K
� � � � � � � � � � "$#&%�P²¢ w�¤�x<¥[zR'<#s*
CDF?6!6�#�C�%�#�7�+.-/*103254G*&657j8�#&% � '<#s*���H�-@#1# SdP�AQ6[S
"$#/L�� ���UShF?- 7)#@- AQ6U+:HfF?-~P�I ��H ��ANEV6�F)%*,03-@F 0$#@- AQ65%�#@-�=D*&8TF?- 7)#@- AQ6U+:HhF?-TP 4b%B2�#@6NP CDF?63%h*&AQ6�E
*&6j*\E�%�#@-@F?AB7<*&8{%B- A 038�#�43*~C�2�F?- 7.8�#DEmEuC�X3Cm8�#gF?H8�#@6U+[%B2j*U%_8�# *\E�% �sF?-w*~Cm8 *<](I

k L �  �mlWM+A&A&?�4FDC9<GB589���0=A�2�@�9�5[J�;<@�JrDQ;�032Y9<DQ;<`d587�@�;&HVDQ;<032�>FS�@�;�P[Kq¡�DQ9 �v¢
def
�?w ��z}lB582BH

73DQ9+¦
0
x������5xR¦

k

orDC9<G�DC§-�ts���73DQ`aDQ7=Ap@8S/P ��039<Gn;<@�@�9�`aDQ;<9<DX~���Kpse032BEXD �|0=A-587=A<@F5��mSz;<DQDX��4F032V�
¡�DX~�§^�ts���@�;&HVDQ;<032�>BlY¡�DQ4F465 ��� K � � A<G�@d��AU9<GB589�lY0TS ��0=A^2�@�9�582n032e9<DQ;<`8587�@�;&HVDQ;<032�>�Sz@�;�P[lIP
EX@�2e9&58032BAW582b5�A<9<DQ;<@�0=H�587:9<;<03J�73Dal�5)E'G�@�;&HV73D�A&AWEX\YEX73D[@8S^73DQ2�>�9<GP589C73D�5�A&9 � @�;N5nEX7=5m�NK �+@m�Nl
5�A&A<?�4FD�9<GB589 �b0=AW582P032e9<DQ;<`8587I@�;&HVDQ;<032�>wS�@�;]P[l.0�K DaK3l�P 0=AW582�032Y9<DQ;<`8587�>�;&58J�G�K[se032BEXD � 0=A
2�@�9+5FJ�;<@�J*DQ;�032e9<DQ;<`8587�@�;&HVDQ;<032�>Bl �h0=A�2�@�9+5F;<DQ`aDQ;&A&D�Hn032e9<DQ;<`8587�@�;&HVDQ;<032�>Blr582BH)9<G�DQ;<Dv4�?BA<9
orDN5F73DXS�9<4F@aA<9-`aDQ;<9<DX~ �1µ�¤FlV039&A�;<03>�Ge9<4F@aA<9�2�DQ03>�GYor@�?�; 
�lB582BH)5[73DXSz9<4F@aA&9�`aDQ;<9<DX~�	ZA<?BERG
9<GB589�� �

σ

	 �
σ


�582BH���	 �µ�¥6K-��S:9<G�DQ;<DN0=A�562�DQ03>�Geo*@�?�;+«�@8S 
 9<@69<G�Dv;<03>�GY9�@8S 
 9<GB589
0=A+2�@�9W5w2�DQ03>�Geo*@�?�;+@8S 	.lr9<G�DQ2�©���x�	�x�
[x{«�¬F032BHV?BEXD�Au5ZEX7=5L� 032 PFKu�+@�9<D�9<GB589�l�A<032BEXD �h0=A
582)032e9<DQ;<`8587�@�;&HVDQ;<032�>Bl'	�« �µ�¥ 034FJ�7303D�A��B« �µ�¥_Kp�y2)9<G�DC;<DQ4658032�032�>6JB58;<9�@8SI9<G�DvJ�;<@�@8S<lV�UD
��03737�A<G�@d��9<GB589 � +

G

w�
gz � �
G

w 	�zU0=A-2�@�9�Jr@aA&A<03o�73DalV��G�0=E'G1EX@�4FJ�73DQ9<D�A-9<G�DNJ�;<@e@8S{K
�hD|EQ582�5�A&A<?�4FD�9<GB589 � ! �Vl�A<032BEXD|@�9<G�DQ;<��0=A<DVP �U@�?�7=H�orDPEX@�4FJ�73DQ9<D�w�582BH ��5

J�;<@�JrDQ;-032Y9<DQ;<`d587.@�;&HVDQ;<032�>Az}Kq¡�DQ9�³�¢
def
�Jw � z}Kq¡�DQ9 
 µ|¦

i

S�@�;^A&@�4FD � ! � Kpse032BEXD 
 0=A-9<G�D
;<03>�Ge9<4F@aA&9p2�DQ03>�GYor@�?�;-@8S �
l �1µ|¦

i+1
KI�hD]5�ARA<?�4FD � +

G

w�
gz � �
G

w 	�z}Kqse@Bl 	F0=A-587=A<@�032)¦
i

l
582BHW9<G�DQ;<DXSz@�;<D � ! � K��hDqxB;&A<9�@�oBA&DQ;<`aD:9<GB589�734_w�
gzq¢ �
ldA<032BEXDt5�2�DQ03>�GYor@�?�;�@8S 
 9<@+9<G�Dq73DXSz9
@8S��w4�?BA<9p587=A<@vorDW5C2�DQ03>�Geo*@�?�;p@8S 	���G�0=ERGw034FJ�7303D�A �ZorDQ032�>�5N2�DQ03>�GYor@�?�;p@8S�	[oY\ �)orDQ032�>
582|032Y9<DQ;<`8587�@�;&HVDQ;<032�>BKvse034F037=58;<73\�l.734_w 	�z�0=AWA<9<;<0=EX9<73\19<@n9<G�D�;<03>�Ge9]@8S �
K�se032BEXD[58737I`aDQ;<9<0=EXD�A
orDQ9��UDQDQ2 �[582BH 
�58;<Dp2�DQ03>�GYor@�?�;&A�@8S 
�l � −

G

w 	4z � �
G

w�
gz}KI��SB9<G�DQ;<Dp0=A
5uA<G�@�;<9<D�A<9�³�x��d��JB589<G
EX@�2e9&58032�032�>
�Z@�;p5C`�DQ;<9<DX~vS�;<@�4 ¦

i+1
9<@N9<G�D�;<03>�GY9t@8S ��la9<G�DQ269<G�DQ;<D�0=AU5NA<G�@�;<9<D�A<9p³�x�����JB589<G

@8S
73DQ2�>�9<G �  �  � oY\69<G�DCERG�@�0=EXDW@8S�� �Y0TS�9<G�DQ;<DC58;<DW@�2�73\wA<G�@�;<9<D�A<9�³Ix��8��JB589<GBA�EX@�2e9&58032�032�>
5[`aDQ;<9<DX~ZSz;<@�4·¦

i+1
9<@69<G�DN73DXS�9�@8S �
l�9<G�DQ2�HV0=A&9

G

w ³�x��0zt¢ �  � lBA<032BEXDCDQ`aDQ;<\Z`aDQ;<9<DX~wSz;<@�4
¦

i+1
9<@[9<G�D]73DXSz9-@8S �)0=A-5�Hdc<5�EXDQ2e9^��039<G��
K:��S
9<G�DQ;<DW0=A-5821³Ix�
���JB589<G)@8S�73DQ2�>�9<G �  � lY9<G�DQ;<D

4�?BA&9�orD[582P³�x�
���JB589<G�@8St73DQ2�>�9<G �  � EX@�2Y9&58032�032�> ��l*A<032BEXD(��¢ª734_w�
gz}K]��9+Sz@�7373@d��A�9<GB589
HV0=A<9

G

w ³Ix�
gzU¢�HV0=A<9
G

w ³�x��0z � � Kq��S�9<G�DQ;<DC0=A�582�³Ix�	���JB589<G)@8S�73DQ2�>�9<G �  � 9<G�DQ2n9<G�DQ;<DC0=A�582
³Ix�����JB589<G|@8St73DQ2�>�9<G �  �  � K��y9�S�@�7373@d��A�9<GB589uHV0=A&9

G

w ³�x��0z � HV0=A<9
G

w ³�x�
gz %�HV0=A&9
G

w ³�x�	4z}K
¡�DQ9�¦

u

582BH�¦
w

orD_9<G�DwA<DQ9&AN@8S�`aDQ;<9<0=EXD�AN589�HV0=A<9&582BEXD_HV0=A<9
G

w ³Ix�� zC582BH HV0=A&9
G

w ³�x�
gzC9<@�³Bl
;<D�A<JrD�EX9<03`�DQ73\�K��q`aDQ;<\]`aDQ;<9<DX~W032[¦

u

58J�J*D�58;&A�9<@u9<G�Dt73DXSz9
@8S'	.lL��G�0=E'GCS�@�7373@m��A�Sz;<@�4 58;<>�?�4FDQ2e9&A
58or@d`aD1582BH�734_w�
gzn¢ �
l�A<@h9<GB589 �

G

w 	4z � ¦
u
� �

G

w�
gz}K��B@�;FDQ`aDQ;<\j`aDQ;<9<DX~�«�µ ¦
u

l

�µ��

G

wz« zU034FJ�7303D�A �
G

w �0z �)¦
w
� �

G

wz«0z}lBA<032BEXD ��0=A�582)032Y9<DQ;<`d587�@�;&HVDQ;<032�>BK



Chapter 11
Mq�^� S�;<DQDWEX7=5m�-� S�;<DQDC>�;&58J�GBA �C� �

M+At�UD�GB5m`aD�A<DQDQ2�l 	��µ|¦
k

l���G�0=E'GF4FD�582BAq9<GB589 �Z@�2w¦
k

0=Aq5CJ�;<@�JrDQ;q032Y9<DQ;<`d587�@�;&HVDQ;<032�>BK
se032BEXD�³hGB5�AF5P2�DQ03>�GYor@�?�;F032�¦

k−1
l-¦

k

0=AF5hEX730=��?�DaK���SC¦
k

EX@�2e9&58032BA[9��U@P4F@�J�73DX~VD�A�l`P
EQ582�2�@�9�o*DvERG�@�;&H�587�HV?�Dv9<@_�r5�EX9 ��� K � lB582BH19<G�DQ;<DXSz@�;<DalB³_0=A�`aDQ;<9<DX~n03219<G�DC@�2�73\n4F@�J�73DX~Z032
¦

k

KU�r?�;<9<G�DQ;<4F@�;<Dalr¦
k

EX@�2Y9&58032BA�58737�`�DQ;<9<0=EXD�A�589+HV0=A<9&582BEXDvHV0=584_wUP]z^9<@���K-fU@�;<@�737=58;<\ ��� K��C�
A<G�@d��A-9<GB589�9<G�DvA<D�EX@�2BH)A<�^DQDQJn@8S � ������ #����
������	������Z4�?BA<9�GB5m`aD]A&9&58;<9<D�Hn��039<G�5[`aDQ;<9<DX~
S�;<@�4 ¦

k

l.J�;<D�EX0=A<DQ73\�lB��039<Gh5w`aDQ;<9<DX~1@8Sp9<G�D�4F@�J�73DX~|EX@�2Y9&58032�D�H�032b¦
k

KNse032BEXD �	�#
�����
	������
EQ582P2e?�4�orDQ;C4F@�J�73DX~�`aDQ;<9<0=EXD�A]032b582e\�@�;&HVDQ;�l��UDFEX@�2BEX73?BHVDF9<GB589v³n0=AN9<G�D�4F@�J�73DX~�`aDQ;<9<DX~
��039<G�73D�5�A&9�J�;<03@�;<039y\)HV?�;<032�>w9<G�Dv9<G�03;&H�A&�UDQDQJ�l�G�DQ2BEXD�9<G�Dv`aDQ;<9<DX~n9<GB589uA&9&58;<9<D�H19<G�DvA<D�EX@�2BH
A<�^DQDQJ�K_��@d�Nl�EX@�2BA<0=HVDQ;-9<G�DNA<D�EX@�2BHnA<�UDQDQJn@8S � �!���� ��	��
�����
	������.Kq§^DXS�@�;<DW5[`�DQ;<9<DX~6Sz;<@�4
¦

u

0=A]E'G�@aA<DQ21oY\)9<G�D�5873>�@�;<039<G�41l$	n582BH�
�;<DQ4658032�032�9<G�D�73DXS�9<4F@aA<9�or@m~�Ku¦
u

EX@�2Y9&58032BA�2�@
`aDQ;<9<DX~b9<GB589[0=AF5�2�DQ03>�Geo*@�?�;[@8S 	bo�?�9[2�@�9[@8S 
vK�M+A[73@�2�>h5�A���GB5�A�2�@�9�o*DQDQ2kERG�@aA&DQ2�l

 ;<DQ4658032BAW032P9<G�D[73DXSz9<4F@aA&9uo*@L~�9<GB589WEX@�2Y9&58032BA]2�DQ03>�Geo*@�?�;&AW@8S �
KFse@Bl���G�DQ2��b0=AuxB2B587373\
E'G�@aA<DQ2�l�9<G�D6o*@L~hEX@�2Y9&58032�032�>�
 4�?BA<9Co*D_JB58;<9<039<03@�2�D�H�KZ�q039<G�DQ; 	P582BH 
 58;<D_A<9<03737t032b9<G�D
A&584FD�or@m~�l*9<G�DQ2��hA<DQJB58;&589<D�A 	1582BH�
vl�@�;W5wJ�;<DQ`e03@�?BAWA<DQ73D�EX9<03@�2�EQ58?BA<D�H|5nA<DQJB58;&589<03@�2|@8S
	|582BH 
�KF�-G�D6A<D�EX@�2BHPA<�UDQDQJP9<G�DQ;<DXS�@�;<D65�A&A<03>�2BAWG�03>�GPJ�;<03@�;<039�\|9<@�	1��039<Gh;<D�A&JrD�EX9C9<@�
vK
|]?�;<032�>v9<G�D]9<G�03;&H_A<�^DQDQJ_@8S � ��������#����
������	�������l 	[EQ582�2�@�9^orDWEX@�2Y9&58032�D�H6032w5�or@m~F9<@�9<G�D
73DXS�9C@8S-5)o*@L~hEX@�2Y9&58032�032�>�
 oY\�5�A&A&?�4FJ�9<03@�2 � +

G

w�
gz � �
G

w 	4z}Kw��S 	|582BH 
 58;<D_5873�^5m\VA
EX@�2Y9&58032�D�H[032F9<G�D+A&584FD�or@m~�l 	�4�?BA<9:orD+E'G�@aA<DQ2[orDXS�@�;<D 
�HV?�D�9<@N039&AqG�03>�G�DQ;qJ�;<03@�;<039�\�K
�-G�0=A
EX@�2Y9<;&5�HV0=EX9&A 	 �

σ


�K

� �
�� *L� � � � � � � v$2�#@-@# ANE�*g8QAQ6�# *&-/S�%BAQP~#;CD#@-�%BAQHNX!AQ6U+9-@#�CDF�+.6!Ah%BA�F?6q*&8�+)F?- Ah%B2!P HhF?-$03-@F 0$#@-
AQ65%�#@-�=D*&8[+.-/*1032�Eu%B2[*U%{F)e!%N0_e!%fEV*,03-@F 0$#@- AQ65%�#@-�=D*&8TF?- 7)#@- AQ6U+!4!*&6 *\E�%�#@-@F?AB7<*&8%B- A 038�#�4�*�C^2�F?- 7<S
8�#DEmE,C�X5Cm8�#gF?H 8�#@6U+[%B2j*U%_8�# *\E�% ��F?-w*~Cm8 *<](I

k m �  �ml]M�>�;&58J�Gw0=A-5vJ�;<@�JrDQ;-032e9<DQ;<`8587r>�;&58J�GZ0TS
582BHw@�2�73\F0TS�DQ`aDQ;<\6EX@�2�2�D�EX9<D�HwEX@�4FJ*@�2�DQ2e9
@8Sp039]0=AW5_J�;<@�J*DQ;]032Y9<DQ;<`8587�>�;&58J�G�K �]03`�DQ2|5w>�;&58J�G P[l�58J�J�73\ � ����
������	������19<@wD�5�E'G�EX@�2V�
2�D�EX9<D�H6EX@�4FJ*@�2�DQ2e9q@8SoP[KI�-G�D�xB;&A<9qJB58;&58>�;&58J�G6@8S�9<G�D�J�;<@e@8S�@8S�¡�DQ4F465 ��� K�� � HVD�A&EX;<03orD�At5
73032�D�58;{��9<034FDu5873>�@�;<039<G�4 9<GB589p`aDQ;<0TxBD�Aq��G�DQ9<G�DQ;p9<G�D+>�DQ2�DQ;&589<D�H6`�DQ;<9<DX~�@�;&HVDQ;<032�>aAU58;<D�J�;<@�JrDQ;
032Y9<DQ;<`d587*@�;&HVDQ;<032�>aA^582BH_xB2BH�A-582Z5�A&9<DQ;<@�0=H�587*9<;<03J�73DalV5�ERG�@�;&HV73D�A&A^EX\VEX73Du@8S
73DQ2�>�9<Gn589^73D�5�A<9 �
@�;�5FEX7=5m�NlV0TS�@�2�DC0=A�2�@�9�5[J�;<@�J*DQ;�032e9<DQ;<`8587�@�;&HVDQ;<032�>BK

��039<Gv73039<9<73DqD �.@�;<9�lL039
EQ582CorDpA&G�@m��2W9<GB589
5 � 4F032V��¡�DX~�§-�ts���@�;&HVDQ;<032�>�@8SV5�HV0=A&EX@�2�2�D�EX9<D�H
>�;&58J�G60=AUEX@�4FJr@aA<D�H_@8S � 4F032V��¡�DX~V§-�ts���@�;&HVDQ;<032�>aA:S�@�;tDQ`aDQ;<\[@8S�039&ApEX@�2�2�D�EX9<D�H6EX@�4FJ*@�2�DQ2e9&A�K
se@Bl�@�?�;W;<D�EX@�>�2�039<03@�2b5873>�@�;<039<G�4 HV@�D�AC2�@�9WGB5m`aD[9<@)HVD�EX@�4FJr@aA<DF9<G�D[032�J�?�9C>�;&58J�GP032e9<@n039&A
EX@�2�2�D�EX9<D�H)EX@�4FJr@�2�DQ2Y9&A�lVo�?�9�EQ5821HV03;<D�EX9<73\ZorDN58J�J�7303D�Hn9<@F039�K

� �
�� *L� � � � � ��� "$#&% P ')#O*,CDF?6!6�#�C�%�#�7 03-@F 0$#@-bAQ65%�#@-�=D*&8.+.-/*1032 IbJW=?#@-�%�#/L9F?- 7)#@- AQ6U+wHfF?-
P ANE *u03-@F 0#@-�AQ65%�#@-�=D*&8bF?- 7)#@- AQ6U+MHfF?-~P AQH *&657sF?6!8YX~AQH Ah% ANE * ��H�-@#1# SdP�AQ6[SB"$#/L�� ���UShF?- 7)#@- AQ6U+
HhF?-~PsI
k m �  �mlg|]?�DC9<@_¡�DQ4F465 ��� K�� � 582BH1�-G�DQ@�;<DQ4 ��� K � �Vl�DQ`aDQ;<\ � Sz;<DQDX��4F032V��¡�DX~�§-�ts���@�;&HVDQ;<032�>
S�@�;TPª0=A-5vJ�;<@�J*DQ;U032Y9<DQ;<`d587*@�;&HVDQ;<032�>�Sz@�;mP[K:�B@�;^9<G�D]EX@�2Y`aDQ;&A<Dal�73DQ9���orDW5vJ�;<@�J*DQ;^032Y9<DQ;<`8587



�C�C�

@�;&HVDQ;<032�>NS�@�;TP[le9<GB589^DX~Y0=A<9&AUHV?�D+9<@[�-G�DQ@�;<DQ4 ��� K ��� K:�-G�DQ2�l ��Il�9<G�D];<DQ`aDQ;&A<D�@8S��IlY0=A^587=A<@�5
J�;<@�JrDQ;I032e9<DQ;<`8587a@�;&HVDQ;<032�>+Sz@�;�P[K:se032BEXDUJ�;<@�JrDQ;I032e9<DQ;<`8587a@�;&HVDQ;<032�>aA
Sz@�;�Pk58;<DU4F032V��¡�DX~�§^�ts��
@�;&HVDQ;<032�>aAuSz@�;]P[l�039WG�@�7=H�A]9<GB589 � ¢ ����
������	������ ∗ wUP:x����z+582BH �� ¢ �	�#
�����
	������ ∗ wUP:x ��z}Kwz�hD|GB5m`aD�5873;<D�5�HV\iA<DQDQ2�9<G�D�A<DP58;<>�?�4FDQ2Y9&A_032�9<G�D|J�;<@e@8Sv@8S��-G�DQ@�;<DQ4 ��� K�� � Kbz ��DQ2BEXDal
�)¢ � �	��
�����
	������ ∗ wUP:x ���z}lV0�K DaK3l �|0=A�5 � S�;<DQDX��4F032V��¡�DX~�§^�ts���@�;&HVDQ;<032�>�S�@�;�P[K

��� � � �  *� � ��� � 	L��� � ����� �  �^� � � �q��L�m� � ����L ��I�z� �

�-G�DC4FDQ4�o*DQ;&A<G�03JnJ�;<@�o�73DQ4 9<GB589��UDW��0=A<Gn9<@6A<@�73`�D]032)9<G�0=A�E'GB58J�9<DQ;-0=A�HVDXxB2�D�H)5�A^S�@�7373@m��A��
>�03`aDQ2|5ZJB5803;=wUP:x%yVz�@8Sp>�;&58J�GBALl*��G�DQ;<DP 0=AW582hMq�^� Sz;<DQD[EX7=5L�-� S�;<DQD�>�;&58J�G�l�0=Agy 5Z4F032�0T�
46587
9<;<0=582�>�?�7=589<03@�2|@8S�P �h�hD���03737�EQ58737�9<G�0=A+J�;<@�o�73DQ4·9<G�D;:93.��6}��'9/;��;^j�6�i1'(+9�&d&��<¶+^�>u��;
7X¶C�[FZ}b��7'�j�j��R5>L$#{{��7'�j�j�:!#�%$'&�(+1}K)M `d58;<0=582Y9N@8S�9<G�0=ANJ�;<@�o�73DQ4 0=AvEQ587373D�H 9<G�D:&��<¶#;:9r1s�=;:93.��
}4��9l;��;^j���'1i(A9�&�&��<¶+^�>u��; 7X¶C�qFZ} �b7��%�i��R6>D$#{{�b7��%�i�a!#�%$'&�(M1���G�DQ;<D��UD�9<;<?BA<9+9<GB589u9<G�D�032�J�?�9
>�;&58J�GOP�0=A�Mq�^� S�;<DQDNEX7=5m�-� Sz;<DQDaKtM-9+9<G�DCDQ2BH�l��UDC��03737�HV0=A&EX?BA&A-9<GB589�034FJB5�EX9�@8Sq582�58739<DQ;<2B5d�
9<03`aD];<DQJ�;<D�A<DQ2e9&589<03@�2n@8S?y lV0�K DaK3lV5[;<DQJ�;<D�A<DQ2Y9&589<03@�2Z9<GB589-0=A-2�@�9�HVDXxB2�D�HZoY\w5�Hdc<5�EXDQ2BEX\_730=A<9&A�l
@�2)9<G�DNEX@�4FJ�73DX~Y039�\_@8SI9<G�DC4FDQ4�o*DQ;&A<G�03J)J�;<@�o�73DQ46A�K

� �
�� rm� � ��� � � � v$2�#@-@#,ANEw*:8QAQ6�# *&-/S�%BAQP~#>*&8�+)F?- Ah%B2!P HfF?-(EDF?8h=�AQ6U+j%B2�# 03-@F?P�ANED#uP�AQ6[Smv!- A
P~#@Pq')#@-mE 2!A 0q03-@FU'&8�#@P HhF?- Jwv_SdHd-@#1#9Cm8 *<]OSdH�-@#1#(+.-/*1032�E�I

k L �  �ml+�-G�D�EXDQ2Y9<;&587�J�;<@eEXD�HV?�;<D+��G�0=ERGF@�?�;p5873>�@�;<039<G�4 ;<DQ7303D�Aq@�2F0=AtHVDQJ�0=EX9<D�HF0326�I03>�?�;<D�� � K
�-G�0=A
J�;<@YEXD�HV?�;<DU�^@�;<�VA�S�@�;�EX@�2�2�D�EX9<D�H�>�;&58J�GBA�K
¡�DQ9mwUP:x%yVz�orD�5+JB5803;�@8SB>�;&58J�GBA���G�DQ;<DmPk0=A
EX@�2�2�D�EX9<D�HwMq�^� S�;<DQDuEX7=5m�-� S�;<DQDaKI��S�y£0=A-5v4F032�0346587.9<;<0=582�>�?�7=589<03@�2w@8SJPFl�9<G�DQ2dy%0=AU5�A<JB582V�
2�032�>FA<?�JrDQ;<>�;&58J�Gn@8S�PFle��G�0=E'GZ0=A-`aDQ;<0TxBD�H_032n73032�D�A~� � � @8S ����� ����
��� � �����!�������
������!������K
�B?�;<9<G�DQ;<4F@�;<Dal�0TS�y·0=Ap5v4F032�0346587r9<;<0=582�>�?�7=589<03@�2w@8S�PFla9<G�DQ2"y£0=AU5vE'G�@�;&H�587rMq�^� Sz;<DQDuEX7=5L�-�
Sz;<DQDF>�;&58J�G�w��-G�DQ@�;<DQ4 ��� K � � z}l�0�K DaK3l
5nJ�;<@�J*DQ;N032Y9<DQ;<`d587q>�;&58J�G�w��-G�DQ@�;<DQ4 ��� K � �Mz}K_��DQ2BEXDal
� �	�#
�����
	������b032�73032�D � >�DQ2�DQ;&589<D�AF5�J�;<@�J*DQ;F032e9<DQ;<`8587U@�;&HVDQ;<032�> ��S�@�;:y HV?�D)9<@h�-G�DQ@8�
;<DQ4 ��� K�� � K[��STy 0=AC5n4F032�0346587q9<;<0=582�>�?�7=589<03@�2h@8SmPFl�DQ`aDQ;<\\�mS�;<DQDX��4F032V��¡�DX~�§-�qs���@�;&HVDQ;<032�>
Sz@�;Jy 0=A:5 � S�;<DQDX��4F032V��¡�DX~�§^�ts���@�;&HVDQ;<032�>uSz@�;/P[ld0�K DaK3l�5u4F032V��¡�DX~V§-�ts���@�;&HVDQ;<032�>uSz@�;�P�HV?�D-9<@
¡�DQ4F465 ��� K � }VKu��2|73032�D�A � � ��� @8S ����� �	�#
������ ������������
����������.lr039u0=A+9<D�A<9<D�H���G�DQ9<G�DQ;��
582BH ��_58;<DU4F032V��¡�DX~V§-�ts���@�;&HVDQ;<032�>aA�S�@�;?PFK
��S �6JB5�A&A&D�A�9<G�D^9<D�A<9�ld039�0=AI5g�mS�;<DQDX��4F032V��¡�DX~�§-�qs��
@�;&HVDQ;<032�>1S�@�;HP[l:582BH wUP�x � zC0=Av5�4F032�0346587p9<;<0=582�>�?�7=589<03@�2j@8S�P²HV?�D_9<@��-G�DQ@�;<DQ4 ��� K�� � K
se032BEXD � 0=An582�032e9<DQ;<`8587u@�;&HVDQ;<032�>jS�@�;cy 582BH�0TS:y 0=AZ5j4F032�0346587W9<;<0=582�>�?�7=589<03@�2�@8S:P[l
y·¢ wUP:x ��z^HV?�DC9<@6¡�DQ4F465 ��� K ��� Kq��Soy 0=A-2�@�9�5[4F032�0346587�9<;<0=582�>�?�7=589<03@�2�lewUP:x ��z^EQ582�2�@�9
D���?B587�y K:�-G�D+HVD�A&EX;<03o*D�H6J�;<@eEXD�HV?�;<D]0=Ap5N73032�D�58;{��9<034FDu5873>�@�;<039<G�41lYA<032BEXD�DQ`aDQ;<\[A<9<DQJwEQ582_orD
JrDQ;{S�@�;<4FD�H�032h73032�D�58;]9<034FDaKM�+@�9<DF9<GB589]D��e?B5873039�\1032h73032�D � � EQ582�o*DF`aDQ;<0TxBD�H�oe\|ERG�D�E'�e032�>
��G�DQ9<G�DQ;~y � wUP:x ��zUG�@�7=H�A�lV��G�0=E'G)EQ582)orDvHV@�2�DC032)73032�D�58;�9<034FDaK

��@d�Nl�73DQ9=wUP:x%y\zuo*D65nJB5803;W@8S^>�;&58J�GBAW��G�DQ;<D"P 0=AC582b58;<o�039<;&58;<\�Mq�^� Sz;<DQD6EX7=5m�-� Sz;<DQD
>�;&58J�G�K:��9UG�@�7=H�Ap9<GB589�y·0=A^5�4F032�0346587r9<;<0=582�>�?�7=589<03@�2Z@8SJP 0TS
582BH_@�2�73\F0TS�9<G�DQ;<D+0=A^5 � ��9<@8� �
EX@�;<;<D�A<Jr@�2BHVDQ2BEXD[o*DQ9y�^DQDQ2|9<G�DFEX@�2�2�D�EX9<D�HPEX@�4FJr@�2�DQ2Y9&AW@8STP 582BHVy A<?BE'G|9<GB589W9<G�D[@�2�D�A
58;<D[4F032�0346587q9<;<0=582�>�?�7=589<03@�2BAW@8SU9<G�D[@�9<G�DQ;&A�Kv�-G�0=ACEX@�;<;<D�A&Jr@�2BHVDQ2BEXD6EQ582PorD6EX@�4FJ�?�9<D�HP032
73032�D�58;�9<034FDal*0TS:039+0=A+J*@aA&A<03o�73DaK-�-G�DQ2�l������ ����
��� � �����!��������
�� ���!�����Z0=A]58J�J�7303D�H)9<@wDQ`aDQ;<\



Chapter 11
Mq�^� S�;<DQDWEX7=5m�-� S�;<DQDC>�;&58J�GBA �C� �

����� ����
��� � �����!�������
������!�������iP ��y � ���������
�� ������
�����
 �

1 � ��� ��

2

�#�����R¤"wUPaz �¢ ¤=w-yVz�� ��� �<¥"wUPaz �� ¥w-yVz�����������

3

���������
 ����
����
4

��
 � �#� �
5


���� �1¢
def

� �	�#
�����
	��������jy�� �
6

�#��� �O0=A-2�@�9�J�;<@�J*DQ;�032e9<DQ;<`8587�@�;&HVDQ;<032�>FS�@�;~P � ������

7

���������
 ����
����
8

��
 � �#� �
9


���� � ′ ¢
def

�	�#
�����
	������ ∗ �iP � ���� �
10


���� � ′′ ¢
def

�	�#
�����
	������ ∗ �'P�� � � �
11

�#����� � �¢ � ′ � ��� � �� �¢ � ′′ ��������

12

���������
 ����
����
13

��
 � �#� �
14

���������
��jy£¢ wUP:x ��z��
15

��
�� &

���������
	�� � �-G�DZ73032�D�58;{��9<034FD)5873>�@�;<039<G�4 9<GB589FA<@�73`aD�A�9<G�DnJ�;<@�4F0=A<Dn4F032V���
;<0
4FDQ4�orDQ;&A<G�03J)J�;<@�o�73DQ4 S�@�;�EX@�2�2�D�EX9<D�H)Mq�^� S�;<DQDWEX7=5m�-� S�;<DQDC>�;&58J�GBA�K



�C� �

JB5803;�@8SIEX@�2�2�D�EX9<D�H1EX@�4FJ*@�2�DQ2e9&ALlY582BHn�^DC@�o�9&58032)@d`aDQ;&58737�73032�D�58;�9<034FDaK

�B@�;NA<@�73`Y032�>19<G�D64F032V����;<0t4FDQ4�orDQ;&A<G�03J�J�;<@�o�73DQ4 S�@�;vMq�^� Sz;<DQDwEX7=5L�-� S�;<DQD6>�;&58J�GBA�l
�UD
GB5L`�D]9<@_�e2�@d� ��G�DQ9<G�DQ;+032�J�?�9�>�;&58J�GVP�0=A�Mq�^� S�;<DQDvEX7=5m�-� Sz;<DQDaKU�-G�0=A�J�;<@�o�73DQ4g�-5�A�A<@�73`aD�H
oe\Z��DQ4FJ*DQ7
582BH �W;&589&A&E'G�K

� �
�� rm� � ��� � � � � �1� � �q�e�U� ��� � L�V	�� 	 � �  � � �  
v$2�#@-@#wANE(*&6j*&8�+)F?- Ah%B2!P %B2[*U%_-@#�CDF�+.6!ANED#DEVJwv_SdHd-@#1#9Cm8 *<]OSdH�-@#1# +.-/*1032�E AQ6n%BAQP~# �"w � 2.376 z I

�-G�Dn9<034FDZ@8Su9<G�DZ;<D�EX@�>�2�039<03@�2�5873>�@�;<039<G�4 0=AFHVDQ9<DQ;<4F032�D�Hjoe\ 4�?�739<03J�730=EQ589<03@�2j@8Su9��U@
o�032B58;<\ A&�e?B58;<D_46589<;<0=EXD�A[582BH�;<D�EX@�>�2�039<03@�2�@8S+9<;<0=582�>�73DX� S�;<DQDZ>�;&58J�GBA�Kh�-G�DZ58?�9<G�@�;&A[5�H�HV0T�
9<03@�2B587373\)A<G�@m�^D�Hn9<GB589u582Y\)Mq�^� Sz;<DQD�EX7=5L�-� S�;<DQDN>�;&58J�GBA�;<D�EX@�>�2�039<03@�2�5873>�@�;<039<G�4²��039<G|�U@�;&A<9
EQ5�A<D^9<034FD��Kw � 2.376 z��^@�?�7=HN034FJ�;<@d`aDU9<G�D^9<034FDUS�@�;�;<D�EX@�>�2�039<03@�2[@8Sr9<;<0=582�>�73DX� S�;<DQDU>�;&58J�GBA  ��� " l
��G�0=ERGn0=A�5FE'GB587373DQ2�>�032�>F9&5�A<��lVA<032BEXD]xB2BHV032�>69<;<0=582�>�73D�A-0=A�5[�^DQ737T��A<9<?BHV03D�HZJ�;<@�o�73DQ41K

� �
�� rm� � ��� � � � v$2�#sP�AQ6[Smv!- AVP~#@Pq')#@-mE 2!A 0 03-@FU'&8�#@P HhF?- Jwv_SdHd-@#1#qCm8 *<]OSdHd-@#1#:+.-/*1032�E
C@*&6 '<#,E@F?8h=&#�7MAQ6n%BAQP~# �cw � 2.376 z I
k L �  �mlZ¡�DQ9=wUP:x%y\z�orDF5ZJB5803;W@8Sp>�;&58J�GBA�KN�-G�D[JB5803;WGB5�A]9<@Zo*DF5�EQEXDQJ�9<D�H|0TS^582BH|@�2�73\�0TS
P�0=A�582�Mq�^� S�;<DQDNEX7=5m�-� Sz;<DQDC>�;&58J�G1582BHNy 0=A�5F4F032�0346587�9<;<0=582�>�?�7=589<03@�21@8SlP[KU�-G�DWSz@�;<4FDQ;
EX@�2BHV039<03@�2wEQ582ZorD]9<D�A<9<D�Hw032_9<034FD �"w � 2.376 zpHV?�D+9<@[�-G�DQ@�;<DQ4 ��� K�� � le9<G�D]7=589<9<DQ;^EX@�2BHV039<03@�2
EQ582)orDC9<D�A<9<D�Hn032)73032�D�58;�9<034FDNHV?�DC9<@6�-G�DQ@�;<DQ4 ��� K�� � K

�hDu�-582Y9p9<@[HV0=A&EX?BA&A^5v`858;<0=582e9^@8S�5873>�@�;<039<G�4 ����� �	�#
��� � ������������
����������.le9<GB589^0=A
EQ587373D�H ����� �	��
����� �����!��������
�� ���!����� �)�������w582BHZHVDQJ�0=EX9<D�H_032)�I03>�?�;<Dq��}VK:�y9U`858;<03D�ApSz;<@�4
����� �	�#
������ ������������
����������|@�2�73\|032b9<G�D6EX@�2BHV039<03@�2�589C9<G�D6DQ2BHP@8S^9<G�DFJ�;<@YEXD�HV?�;<D �N039
0=A�2�@�9�`�DQ;<0TxBD�H ��G�DQ9<G�DQ; ���0=A�5 �mS�;<DQDX��4F032V��¡�DX~�§^�ts���@�;&HVDQ;<032�>BKh�hDn��03737-A<G�@d� 9<GB589[9<G�0=A
`d58;<0=582Y9-0=A-2�DQ`aDQ;<9<G�DQ73D�A&A�EX@�;<;<D�EX9�K

� �
�� rm� � ��� � �r° "$#&%TPO¢�w�¤/x<¥[z '<# * CDF?6!6�#�C�%�#�7qJwv_SdH�-@#1#MCm8 * ]OSdHd-@#1#u+.-/*103254b*&657i8�#&%
y '<#w+.-/*1032 I(v$2�#@654������ ����
��� � ������������
�����!���� �)�������q*<C1CD#�0_%fEVAQ6 0_e!%TwUP�x%y\zGAQH*&657
F?6!8YXiAQH?y ANE(*:P�AQ6!AQPR*&8O%B- A *&6U+[e\8 *U%BA�F?6tF?H�P�I
k L �  �mlP�hD6;<D�EX@�2BA<0=HVDQ;�9<G�D_J�;<@e@8S-@8S+�-G�DQ@�;<DQ4 ��� K�� � 582BHb@�oBA&DQ;<`aD69<GB589v039v;<DQ4658032BAv9<@
A<G�@d��9<GB589awUP:x ��zp0=A^5�4F032�0346587�9<;<0=582�>�?�7=589<03@�2Z@8S�P[le0TSoy£¢ wUP�x � zpG�@�7=H�A�K �uoBA<DQ;<`�Du9<GB589�l
032n73032�D � ��@8S�9<G�DC5873>�@�;<039<G�41lV�UDW�Y2�@m��9<GB589��|0=A�5[4F032V��¡�DX~�§-�qs���@�;&HVDQ;<032�>�S�@�;�P[lVo�?�9-�UD
HV@_2�@�9u�e2�@d����G�DQ9<G�DQ;��h0=Au5c�mSz;<DQDX��4F032V��¡�DX~�§-�ts���@�;&HVDQ;<032�>FSz@�;ZP[K�M�9<G�@�;<@�?�>�G|582B5873\VA<0=A
@8SI9<G�DvJ�;<@�@8Sq@8St¡�DQ4F465 ��� K ��� A<G�@d��A-9<GB589[wUP:x ��z�0=A�5F4F032�0346587�9<;<0=582�>�?�7=589<03@�21@8S`P[lB0TS �
0=AN5)4F032V��¡�DX~�§-�ts���@�;&HVDQ;<032�>nSz@�;HP 9<GB589NDQ2BH�AC��039<G 5)4F@�J�73DX~h`aDQ;<9<DX~�Kwse@Bl
039vA<?��_EXD�AC9<@
A<G�@d� Sz@�;u@�?�;u;<D�A&?�739+9<GB589
�6¢ �?w ��z�0=A]5_4F@�J�73DX~1`aDQ;<9<DX~1@8S�P[Ku¡�DQ9gy ′ ¢

def
wUP�x � z}l�582BH

73DQ9�y ¢�y ′ K^¡�DQ9W¦
0
x������5xR¦

k

orD�9<G�Dv§-�qs���73DQ`�DQ7=A-@8SlPO��039<G1;<@�@�9+`aDQ;<9<DX~��BKU�-G�DNJ�;<@e@8Sq@8S
¡�DQ4F465 ��� K ��� A<G�@m��A�9<GB589+9<G�D�§-�ts���73DQ`aDQ7=A-@8S`P 582BHNy ′ ��039<G|;<@�@�9 �_58;<DvD��e?B587�K-��DQ2BEXDal
�

G

w �+zq¢ �
H′

w �+z:¢ �
H

w �+z}K:se?�J�J*@aA<D � % � KI�-G�DQ2�l��W0=Aq5W?�2�03`aDQ;&A&587V`aDQ;<9<DX~�032"P�582BH�y l



Chapter 11
Mq�^� S�;<DQDWEX7=5m�-� S�;<DQDC>�;&58J�GBA �C� �

����� ����
��� � �����!�������
������!����� �)������� �iP �_y�� ���������
�� ������
�����
 �

1 � ��� ��

2

�#�����R¤"wUPaz �¢ ¤=w-yVz�� ��� �<¥"wUPaz �� ¥w-yVz�����������

3

���������
 ����
����
4

��
 � �#� �
5


���� �1¢
def

� �	�#
�����
	��������jy�� �
6

�#��� �O0=A-2�@�9�J�;<@�J*DQ;�032e9<DQ;<`8587�@�;&HVDQ;<032�>FS�@�;~P � ������

7

���������
 ����
����
8

��
 � �#� �
9


���� � ′ ¢
def

�	�#
�����
	������ ∗ �'P�� �� � �
10

�#��� � �¢ � ′ ��������

11

���������
 ����
����
12

��
 � �#� �
13

���������
��jy£¢ wUP:x ��z��
14

��
�� &

���������
	���( M�2�@�9<G�DQ;+73032�D�58;{��9<034FD�5873>�@�;<039<G�4²9<GB589]A<@�73`aD�A�9<G�D�J�;<@�4F0=A<Dv4F032V�
��;<0�4FDQ4�o*DQ;&A<G�03JnJ�;<@�o�73DQ4 S�@�;-EX@�2�2�D�EX9<D�H)Mq�^� S�;<DQDNEX7=5m�-� Sz;<DQDW>�;&58J�GBA�K



�C� �

582BH)A<032BEXD ��0=A�5FJ�;<@�J*DQ;�032Y9<DQ;<`d587�@�;&HVDQ;<032�>[S�@�;�y l�y 0=A�EX@�4FJ�73DQ9<DaKp��SlP�0=A�2�@�9+EX@�4FJ�73DQ9<D
9<G�DQ;<Dv0=Au56`aDQ;<9<DX~)032VP 9<GB589+0=Au2�@�9u5�Hdc<5�EXDQ2Y9���039<G �?w � z+HV?�Dv9<@_9<G�D�4F@�J�73DX~1J�;<@�JrDQ;<9�\n@8S
�?w � z}K���DQ2BEXDal0y ′ 0=A+2�@�9uEX@�4FJ�73DQ9<Dal�y �¢�y ′ lr582BH)9<G�DQ;<DXS�@�;<D � !��VK-¡�DQ9 � � ¦

1
o*Dv9<G�D

A<DQ9]@8Sp`aDQ;<9<0=EXD�A+Sz;<@�4 ¦
1
��039<G�@�?�9W5w2�DQ03>�GYor@�?�;W032 ¦

2
Kv§U\�9<G�D[HVDXxB2�039<03@�2P@8SgwUP�x � zHw�582BH

A<032BEXD_�^Dw5�ARA<?�4FD"y ¢ y ′ z}lI9<G�Dw`aDQ;<9<0=EXD�Av032 � HV@�2�@�9vGB5m`aDw2�DQ03>�Geo*@�?�;&Av032k¦
2
032�y K

se032BEXD ��0=AW5wJ�;<@�JrDQ;C032Y9<DQ;<`d587I@�;&HVDQ;<032�>_S�@�;Zy l�58737:`aDQ;<9<0=EXD�Au032 � 58;<D[9<@n9<G�D�;<03>�Ge9]@8S^58737
`aDQ;<9<0=EXD�AI032w¦

1
¨ � 032 �IK:¡�DQ9 �_o*D�9<G�D�`aDQ;<9<DX~vS�;<@�4 ¦

1
73DXSz9<4F@aA&9I��039<G_;<D�A<JrD�EX9q9<@ �IK:��S �60=A

2�DQ03>�Geo*@�?�;�@8S�DQ`aDQ;<\w`aDQ;<9<DX~_S�;<@�4 � 032OP�582BHnoY\_9<G�DNS�58;<9<G�DQ;-;<03>�GY9�2�DQ03>�Geo*@�?�;�J�;<@�JrDQ;<9�\
@8S ��l � 0=A^5vEX730=�e?�D+032dPFKI�+DQ2BEXDal�� �F© �V¬]0=A^5N4F@YHV?�73Dal�DQ`aDQ2w5v465d~V0346587rEX730=�e?�DX��4F@eHV?�73D
@8S�P[K:�I032B587373\�lB¦

2
0=A�5[EX730=��?�DW032_P[l�A<@[9<GB589+¦

1
¨ � 0=A�5�4F032�0346587�A<DQJB58;&589<@�;-@8S/P[lY��G�0=ERG

4FD�582BA-9<GB589,� 0=A�5[4F@�J�73DX~Z@8S/PFl�582BH��[0=A�5[4F@�J�73DX~Z`�DQ;<9<DX~w@8S�PFK

M-9W9<G�DFDQ2BH|@8S^9<G�0=ACA<D�EX9<03@�2�l��^D��-582Y9]9<@)HV0=A&EX?BARAu9<G�DF034FJB5�EX9W@8S^;<DQJ�;<D�A<DQ2e9&589<03@�2P@�2
9<G�Du9<034FD]EX@�4FJ�73DX~Y039�\F@8S
5873>�@�;<039<G�4 ����� �	�#
������ ���!��������
�� ����������KI�y2_9<G�D]@�;<03>�032B587*Sz@�;<4
@8SI9<G�D�5873>�@�;<039<G�41lBo*@�9<G1>�;&58J�GBAgP 582BH_y 58;<DN>�03`aDQ2)oY\n5�Hdc<5�EXDQ2BEX\Z730=A<9&A�KU�hDN�e2�@d��9<GB589
y²EQ5826GB5m`aD�A<03>�2�0TxrEQ582Y9<73\v4F@�;<D+D�HV>�D�Aq9<GB582cP[Ktse@Bl�9<G�D�;<DQJ�;<D�A&DQ2e9&589<03@�2F@8Sey²EQ582_orD�EX@�4FD
4F@�;<D+A<?BEQEX032BEX9�l�0TS��^D�;<D��e?�03;<D�y·9<@NorDu>�03`aDQ2Foe\F5826032Y9<DQ;<`8587B4F@eHVDQ7*��039<G�@�?�9t032e9<DQ;<`8587B9<GB589
0=A:J�;<@�JrDQ;<73\[EX@�2e9&58032�D�H[0326582�@�9<G�DQ;�KI�hD�5�A&A&?�4FD^9<GB589q9<G�D�032Y9<DQ;<`8587YDQ2BHVJ*@�032e9&Ap58;<D-Sz;<@�4O9<G�D
A<DQ9�© � x������5xj� �I¬�l���G�0=ERGh0=Av5n;<D�5�A<@�2B58o�73D65�A&A<?�4FJ�9<03@�2�K[�y2h9<034FD �"w ��z}l�5nJ�;<@�JrDQ;N032Y9<DQ;<`d587
@�;&HVDQ;<032�> �bS�@�;gy EQ582�orDFEX@�4FJ�?�9<D�H�l�582BH|032|73032�D�58;W9<034FD���039<G�;<D�A&JrD�EX9]9<@�P[l.039CEQ582�orD
`aDQ;<0TxBD�H[��G�DQ9<G�DQ; �1582BH ��)58;<D�4F032V��¡�DX~�§-�ts���@�;&HVDQ;<032�>aAqS�@�;�P[K �]03`aDQ2F9<G�D+032Y9<DQ;<`8587�4F@eHVDQ7�l
5�Hdc{5�EXDQ2BEX\nEQ582�o*Dv9<D�A<9<D�H�032�EX@�2BA<9&582Y9�9<034FDalrA&@_9<GB589�9<G�D�A<?�o�>�;&58J�G1;<DQ7=589<03@�2BA<G�03J P � y
EQ582wo*DC9<D�A<9<D�Hw032Z73032�D�58;-9<034FD]��039<Gn;<D�A<JrD�EX9-9<@P[K:��9^;<DQ4658032BA-9<@�`aDQ;<0TSz\=y%¢ wUP:x ��z}Kq��9^0=A
EX73D�58;�9<GB589+9<G�0=A+D���?B5873039�\)EQ582�2�@�9+o*Dv9<D�A<9<D�H)oY\n`aDQ;<0TxrEQ589<03@�21@8SqD�5�E'G1D�HV>�DaK���@d�UDQ`�DQ;�l �P0=A
5821032Y9<DQ;<`d587�@�;&HVDQ;<032�>FS�@�;~y 582BHnSz@�;]wUP�x � zawzJ�;<@�@8Sq@8St¡�DQ4F465 ��� K ��� z}lBA<@_9<GB589�039+A<?��_EXD�A
9<@6EX@�4FJB58;<DC73DXSz9<4F@aA&9^2�DQ03>�GYor@�?�;&ALKq�-G�0=A-0=A�HV@�2�DC032)73032�D�58;�9<034FDC��039<G1;<D�A<J*D�EX9�9<@"P[K

��� � � - � �  r � 	L� � � 	 ���
�I� � 	 �V	 �   � �
��2kEX@�2Y9<;&5�A<9[9<@b9<G�D)>�;&58J�G�EX7=5�ARA<D�AFEX@�2BA<0=HVDQ;<D�H�orDXS�@�;<D wz9<G�D1EX7=5�A&A&D�A[@8SZ�#�

2
� S�;<DQD)>�;&58J�GBA

582BHhJrDQ;<4�?�9&589<03@�2b>�;&58J�GBA'z}lI58737t9<G�;<DQDwJ�;<@�o�73DQ46A�l ����������� �"! #pl � ��� ����
��� ������� ����582BH
'*)�� � ��� �"!$#tl858;<DV� +q��EX@�4FJ�73DQ9<DpSz@�;:Mq�^� Sz;<DQD^EX7=5L�-� S�;<DQDp>�;&58J�GBATw��-G�DQ@�;<DQ46A{}VK�� � l�}VK�� � 582BH
}VK�� � z}l*A&032BEXD�EX@8��o�03JB58;<9<039<Dv>�;&58J�GBA]58;<D[Mq�^� Sz;<DQD�EX7=5L�-� S�;<DQDaK��hDv��03737IJ�;<D�A<DQ2Y9+5ZA<034FJ�73D�582BH
S�5�A&9-5873>�@�;<039<G�4 S�@�;�58J�J�;<@m~Y0346589<032�>[9<G�DCoB582BHV��0=HV9<G)@8SqMq�^� Sz;<DQDCEX7=5m�-� Sz;<DQDC>�;&58J�GBA�K

Mj2e?�4�orDQ;�@8S�5873>�@�;<039<G�46A
S�@�;�58J�J�;<@m~Y0346589<032�>�9<G�DUoB582BHV��0=HV9<Gv@8SrMq�^� S�;<DQDp>�;&58J�GBA
GB5L`aD
orDQDQ2ZJ�;<@�Jr@aA<D�Hw032Z9<G�Du73039<DQ;&589<?�;<DaKq�-G�DQ\658;<D]oB5�A<D�Hw@�2_9<G�DuSz@�7373@d��032�>v032Y9<DQ;<D�A<9<032�>�or@�?�2BH�A�K
§^\:P 2 l��^D�HVDQ2�@�9<D^9<G�Dq15�6B�$#�%�q@8S*>�;&58J�G"P ¢ w�¤/x<¥[z}la0�K DaK3l�9<G�D�>�;&58J�GF@�2[`aDQ;<9<DX~�A<DQ9U¤�9<GB589
GB5�A�582nD�HV>�DCorDQ9��UDQDQ2n`aDQ;<9<0=EXD�A �1582BH�	60TS:582BHw@�2�73\w0TS ��582BH�	w58;<DWEX@�2�2�D�EX9<D�HnoY\_5[JB589<G
@8S�73DQ2�>�9<G � @�;T�N032dP[K:�-G�DWA&��?B58;<D+@8SJP�EQ582worDWEX@�4FJ�?�9<D�H_oY\FA&��?B58;<032�>v9<G�Du46589<;<0T~69<GB589
DQ4FDQ;<>�D�A]Sz;<@�4%9<G�D65�Hdc<5�EXDQ2BEX\�46589<;<0T~P@8SmP oY\�5�H�HV032�> � � AC@�2h9<G�D[4658032bHV0=58>�@�2B587�KF�-G�D
EX@�4FJ�?�9<D�HPA&��?B58;<D�@8SU9<G�D[46589<;<0T~�;<DQJ�;<D�A<DQ2e9&A]9<G�DF5�Hdc<5�EXDQ2BEX\�46589<;<0T~|@8SmP ��G�DQ;<DFDQ2e9<;<03D�A
@�269<G�D+4658032ZHV0=58>�@�2B587*58;<Du03>�2�@�;<D�H6582BH6D�HV>�D�AU58;<D+;<DQJ�;<D�A<DQ2Y9<D�HFoY\�2�@�2V� �QDQ;<@�DQ2e9<;<03D�ALK��-G�D



Chapter 11
Mq�^� S�;<DQDWEX7=5m�-� S�;<DQDC>�;&58J�GBA �C� �

A&�e?B58;<D6@8S+5146589<;<0T~bEQ582jorDZEX@�4FJ�?�9<D�Hb032j9<034FD �cw � 2.376 z  � } " K1§^\���wUPaz}lI9<G�D_7=58;<>�D�A<9
2Y?�4�o*DQ;^@8S:2�DQ03>�GYor@�?�;&A�@8S:5[`aDQ;<9<DX~w@8SlP 0=A�HVDQ2�@�9<D�H�K

� � � � � ��� ��� � � �   ���z� � ��� �  *�z Y��� 	 � �  � � �  
"$#&%lP ')#g*&6�Jwv_SdHd-@#1# +.-/*1032 I(v$2�#@654 1

4

��wUP 2 z&%�oe�]wUPaz %���wUP 2 z I
�v rm *���z���p � � ��� � v$2�#@-@#_ANE$*��\Sf*10!03-@F1LUAQPR*U%BA�F?69*&8�+)F?- Ah%B2!P HhF?-G%B2�# '�*&657[]_AB7[%B2,03-@FU'&8�#@P
F?6�Jwv_SdHd-@#1#w+.-/*1032�Eg%B2[*U%_-�e\6�E AQ6n%BAQP~# �cw � 2.376 z I

�-G�D�9<034FD�o*@�?�2BH6@8S�9<G�D+5873>�@�;<039<G�4 @8S�fU@�;<@�737=58;<\ ��� K � � 0=Aq4658032�73\FHVDQ9<DQ;<4F032�D�HFoY\�9<G�D
EX@�4FJ�?�9&589<03@�2 @8S�9<G�DZA&�e?B58;<D6@8S�9<G�D_032�J�?�9�>�;&58J�G�K|se@Bl
9<G�Dn58?�9<G�@�;&Av5�A&�aD�Hh��G�DQ9<G�DQ;v9<G�D
465d~V0346587�HVDQ>�;<DQDN@8SI9<G�D�A&��?B58;<DW@8St5[>�;&58J�G�EQ5821o*DvEX@�4FJ�?�9<D�HnS 5�A<9<DQ;�Kt�r@�;�@�?�;�J�?�;<Jr@aA<D�A�l
039wA&?��_EXD�A_9<@�xB2BH�582�5873>�@�;<039<G�4 S�@�;wAR��?B58;<D�A_@8SvMq�^� Sz;<DQD�EX7=5L�-� S�;<DQD�>�;&58J�GBA�K M�2�@�9<G�DQ;
58J�J�;<@a5�E'G)032e`a@�73`�D�Ap4F032�0346587�9<;<0=582�>�?�7=589<03@�2BA�K

� � � � � ��� ��� � ��� �z [��� � � L�V	�� 	 �i� �����12� ���z��%�� �[� �  
"$#&%�P ')#j*&6WJwv_SdHd-@#1#i+.-/*103254,*&657 8�#&%[y '<# * P�AQ6!AQPR*&8:%B- A *&6U+[e\8 *U%BA�F?6 F?H[P�I v$2�#@654
oY�ZwUP]z&%�oe�]w-yVz&%�� �Xoe�awUPaz I
�v rm *���z���p � � ����� v$2�#@-@#_ANE$* ��Sf*10!03-@F1LUAQPR*U%BA�F?69*&8�+)F?- Ah%B2!P HhF?-G%B2�# '�*&657[]_AB7[%B2,03-@FU'&8�#@P
F?6�Jwv_SdHd-@#1#w+.-/*1032�Eg%B2[*U%_-�e\6�E AQ6n%BAQP~# �cw � �_z I

Mj9<G�03;&HN58J�J�;<@a5�E'GN�^5�A�?BA<D�HCoY\u9<G�Dp58?�9<G�@�;&A
@8S  � � " 9<@�@�o�9&58032v5-S 5�A<9 � ��58J�J�;<@m~V0346589<03@�2
5873>�@�;<039<G�4 �*039+0=AuoB5�A<D�H)@�21xB2BHV032�>Z5_A<J*D�EX0=587�A<JB582�2�032�>w9<;<DQDv9<GB589]58J�J�;<@L~V0346589<D�A+A<G�@�;<9<D�A&9
JB589<GBA�o*DQ9y�^DQDQ2nDQ`aDQ;<\_JB5803;�@8SI`aDQ;<9<0=EXD�A�K

� �
�� *L� � � � ��� � ��� �z ���� � � m�V	�� 	 �k� �����32� ���z����  �����  
v$2�#@-@#wANE(* �\Sf*10!03-@F LUAQPR*U%BA�F?6q*&8�+)F?- Ah%B2!P HhF?-g%B2�# '�*&657[]_AB7[%B2s03-@FU'&8�#@P F?6 Jwv_SdHd-@#1# +.-/*1032�E
%B2[*U%_-�e\6�E AQ6n%BAQP~# �cw�� ���W73@�> ��z I

�u?�;65873>�@�;<039<G�4 S�@�;FMq�^� Sz;<DQD1EX7=5m�-� Sz;<DQD)>�;&58J�GBA60=A[032BA<J�03;<D�H�oe\�¡�DQ4F465 ��� K � �VKise@Bl
�^D�GB5m`aD�9<@1EX@�4FJ�?�9<DF9<G�DFoB582BHV��0=HV9<GP@8S-5Z4F032�0346587q9<;<0=582�>�?�7=589<03@�2h@8S^582bMq�^� S�;<DQDFEX7=5L�-�
S�;<DQD1>�;&58J�G�K |]?�D19<@��-G�DQ@�;<DQ4 ��� K � � l^9<G�D�A<D1>�;&58J�GBA658;<D1J�;<@�J*DQ;_032Y9<DQ;<`d587�>�;&58J�GBALl^582BH
9<G�D�Sz@�7373@d��032�>w;<D�A&?�739]A<G�@d��Au9<GB589]9<G�D�oB582BHV��0=HV9<GP@8SU5wJ�;<@�JrDQ;W032e9<DQ;<`8587I>�;&58J�G|0=A]D�5�A<\19<@
HVDQ9<DQ;<4F032�DaK��r@�;+56>�;&58J�G P ¢�w�¤�x<¥[z}l.9<G�Da&��{¶�&�����&4$C23(+{�9@)C23(�@8S`P[l*HVDQ2�@�9<D�H�5�AuJ�Je�awUPaz}l
0=AC@�2�D673D�ARAC9<GB582h9<G�D_A<46587373D�A<9NEX730=�e?�DF2Y?�4�o*DQ;N584F@�2�>�58737t9<;<0=582�>�?�7=589<03@�2BAC@8S�P 9<GB589v58;<D
J�;<@�JrDQ;+032e9<DQ;<`8587�>�;&58J�GBA�K

� � � � � ��� ��� � ��� �����z� � � � ��� ��� w� ��� � �� �X� � �� � � �  
"$#&%lP�¢ w�¤/x<¥[zg')#g* +.-/*1032 I(v$2�#@654Boe�]wUP]zq¢iJ�Je�awUPaz I
�v rm *���z���p � � ��� � "#&%lP '<#g*g03-@F 0#@- AQ63%�#@-�= *&85+.-/*1032 I(v$2�#@654BoY�ZwUP]zq¢ �~wUP]z� � I

k m �  �ml|se032BEXD"P 0=AN5nJ�;<@�JrDQ;N032Y9<DQ;<`8587I>�;&58J�G�l?P 0=AC9<G�DF@�2�73\�4F032�0346587q9<;<0=582�>�?�7=589<03@�2h@8S
P[K:��DQ2BEXDalV9<G�D]9<;<DQDQ��039<Gn@8S?P D��e?B587=Ap9<G�DWJ�;<@�JrDQ;-JB589<GY��0=HV9<Gn@8S?P[lY582BHw9<G�DW9<;<DQDQ��0=HV9<GZ@8S
5FE'G�@�;&H�587.>�;&58J�G)0=A�@�2�DC73D�A&A-9<GB582)039&A�EX730=��?�DC2Y?�4�orDQ;�Ktse@BlVJ�Je�]wUP]zq¢ �~wUP]z� � l�582BHn9<G�D



�C��}

EX7=58034 Sz@�7373@d��A^oe\n¡�DQ4F465 ��� K ��� K

� �
�� rm� � ��� � � � v$2�#@-@# ANE9*i8QAQ6�# *&-/S�%BAQP~# ��Sf*10!03-@F1LUAQPR*U%BA�F?6
*&8�+)F?- Ah%B2!P HfF?-�%B2�# '�*&657<S
]_AB7[%B2R03-@FU'&8�#@P F?6�Jwv_SdH�-@#1#9Cm8 *<]OSdHd-@#1# +.-/*1032�E?I

k L �  �mlC¡�DQ9gP ¢ w�¤�x<¥Hz-orD�5821Mq�^� Sz;<DQDNEX7=5m�-� Sz;<DQDC>�;&58J�G�KU��2)73032�D�58;+9<034FDalI���	��
�����
	������
EX@�4FJ�?�9<D�A)5�4F032�0346587C032e9<DQ;<`8587]DQ73034F032B589<03@�2 @�;&HVDQ;<032�> ��S�@�;OP HV?�Dh9<@k¡�DQ4F465 ��� K ��� K
�-G�DQ2�lgwUP�x � z[0=A_5h4F032�0346587�9<;<0=582�>�?�7=589<03@�2�@8SaP 582BHk5PJ�;<@�JrDQ;w032e9<DQ;<`8587�>�;&58J�G�HV?�D19<@
�-G�DQ@�;<DQ4 ��� K � � K:�y2_73032�D�58;^9<034FDale582w032e9<DQ;<`8587r4F@YHVDQ7BS�@�;gwUP:x ��zpEQ582_orDWEX@�4FJ�?�9<D�H�lY582BH_032
9<034FD �cw ��z}la9<G�DuEX730=�e?�D�2Y?�4�o*DQ; � @8SlwUP:x ��zqEQ5826o*DuHVDQ9<DQ;<4F032�D�H�K_|]?�D�9<@[fU@�;<@�737=58;<\ ��� K ��� l
9<G�D6oB582BHV��0=HV9<Gb@8SawUP:x ��zWD��e?B587=A �  � lI582BHbHV?�D69<@�¡�DQ4F465 ��� K � �Vl�oY�]wUPaz % �  � %
� �Xoe�awUPaz}K

� �
�� rm� � ��� � �*� ��k ��mL�b� � � �
	 �
��� �e����� °��  
"$#&%lP ')#;*&6�Jwv_SdH�-@#1#9Cm8 *<]OSdH�-@#1#(+.-/*1032 I(v$2�#@654rJ�JY�awUPazq¢i9��]wUPaz I
k L �  �mlb�r@�;vDQ`aDQ;<\P>�;&58J�GYP[lIJ�Je�]wUPaz ! 9��awUPaz}K��B@�;�582jMq�^� Sz;<DQDZEX7=5L�-� S�;<DQD_>�;&58J�GYP[l
DQ`aDQ;<\64F032�0346587�9<;<0=582�>�?�7=589<03@�210=A�5[J�;<@�J*DQ;�032Y9<DQ;<`d587�>�;&58J�G�lVG�DQ2BEXDC9��]wUPaz !�J�Je�awUPaz}K

�v rm *���z���p ��� ��� ° v$2�#@-@#sANE�*�8QAQ6�# *&-/S�%BAQP~# ��Sf*10!03-@F1L)AQPR*U%BA�F?6 *&8�+)F?- Ah%B2!P HhF?-~%B2�# %B-@#1# S
]_AB7[%B2R03-@FU'&8�#@P F?6�Jwv_SdH�-@#1#9Cm8 *<]OSdHd-@#1# +.-/*1032�E?I

��� �3� Q� 	���m���Q	 ��� � �
m ��I� � � �

��2F9<G�DuJ�;<DQ`e03@�?BApA<D�EX9<03@�2BA�l��^D�J�;<@d`aD�HF5C2Y?�4�o*DQ;t@8S�;<D�A<?�739&At58or@�?�9U4F032V��¡�DX~�§^�ts���@�;&HVDQ;<032�>aA
Sz@�;658;<o�039<;&58;<\�582BH�A<J*D�EX0=587�>�;&58J�GBA�Kk�y96A<DQDQ46AF9<GB589F9<G�0=A[xBDQ7=Hk@8S];<D�A<D�58;&E'G�0=AF;<0=E'G�Kk�B@�;
DX~V584FJ�73Dal+�UDhA&5m�%9<GB589N�mSz;<DQDX��4F032V��¡�DX~�§-�ts���@�;&HVDQ;<032�>aA_S�@�;nJ�;<@�JrDQ;)032Y9<DQ;<`d587W>�;&58J�GBA)58;<D
032e9<DQ;<`8587]@�;&HVDQ;<032�>aAVw�¡�DQ4F465 ��� K � � z}l+G�DQ2BEXDPJrDQ;{S�D�EX9ZDQ73034F032B589<03@�2 A&E'G�DQ4FD�A�K���Aw9<G�DQ;<Dh5
2e?�4�orDQ; � A&?BERGW9<GB589 � ��4F032V��¡�DX~�§-�ts���@�;&HVDQ;<032�>aA�@8SVE'G�@�;&H�587�>�;&58J�GBA�58;<DqJrDQ;{S�D�EX9�DQ73034F032B589<03@�2
A&E'G�DQ4FD�A �

�hD�587=A&@�A&5m�²9<GB589�l-S�@�;NP 5jEX@�2�2�D�EX9<D�H�Mq�^� Sz;<DQD�EX7=5L�-� S�;<DQD|>�;&58J�G�l�y 5 4F032�0346587
9<;<0=582�>�?�7=589<03@�2w@8SJPª582BH �15�J�;<@�JrDQ;^032e9<DQ;<`8587r@�;&HVDQ;<032�>�Sz@�;�y l ��582BH ���58;<Du4F032V��¡�DX~�§^�ts��
@�;&HVDQ;<032�>aAISz@�;lP w�¡�DQ4F465 ��� K � }Mz}KI�y9:G�@�7=H�A:9<GB589 �1¢����	�#
�����
	������ ∗ wUP:x ��z}KI�-G�0=Aq032BA<J�03;<D�A
9<G�D�HVDXxB2�039<03@�2P@8Stx�~VD�H|Jr@�032Y9&Au@8S ����
������	������ �+¡�DQ9ZP ¢�w�¤�x<¥[zuo*D[5w>�;&58J�G�l�582BH�73DQ9 �
orDv56`aDQ;<9<DX~w@�;&HVDQ;<032�>FS�@�;�P[Kp�hDvA&5m\_9<GB589 �P0=A+5Z,on+�%)a&V¶C9<.�2�@8Sl������
������	������ ∗ Sz@�;�P[lB0TS�|¢ ���	�#
�����
	������ ∗ wUP:x ��z-G�@�7=H�ALK-��GB589u58;<D�9<G�D�A<DCx�~VD�H)Jr@�032Y9&A�S�@�;u58;<o�039<;&58;<\n@�;]A<JrD�EX0=587
>�;&58J�GBA �W|]@n9<G�DQ\�J�;<@d`e0=HVDFA<9<;<?BEX9<?�;&587:032VS�@�;<46589<03@�2b58or@�?�9C9<G�DF>�;&58J�G �W|]@n9<G�DQ\P5873�^5m\YA
DX~Y0=A&9�l
582BHbEQ582 5)x�~YD�HhJ*@�032e9vorD_>�DQ2�DQ;&589<D�HhS�5�A<9 ����AN9<G�DQ;<Dw5)2e?�4�orDQ; �

G

S�@�;N>�;&58J�GSP
A<?BE'GZ9<GB589 �

G

�	��
�����
	������0wUPazU0=A�5�x�~VD�HZJr@�032Y9 �



Chapter 11
Mq�^� S�;<DQDWEX7=5m�-� S�;<DQDC>�;&58J�GBA �C� �

�hD6GB5m`aD[4FDQ2e9<03@�2�D�HP9<GB589 �	��
�����
	�������582BH ���
	������|58;<D6;<DQ7=589<D�Hb5873>�@�;<039<G�46ALK6M�;<D
¡�DX~�§-�qs��+582BHb4F032V��¡�DX~V§-�ts���@�;&HVDQ;<032�>aAC;<DQ7=589<D�H���M+;<D_9<G�DQ;<DOwz2�@�2V��9<;<03`Y0=587<zu>�;&58J�G EX7=5�A&A<D�A
S�@�;���G�0=ERG|¡�DX~V§-�ts���@�;&HVDQ;<032�>aA�58;<DN4F032V��¡�DX~V§-�ts���@�;&HVDQ;<032�>aA�@�;�`Y0=EXDN`aDQ;&AR5&��M�2B5873@�>�@�?BA�9<@
9<G�DCHVDXxB2�039<03@�2)@8S � ����
������	������*lY5873>�@�;<039<G�46A-032Y`a@�73`Y032�> ���
	������6582BH �	��
�����
	������wEQ582norD
HVDXxB2�D�H�K:��GB589uEQ582)orDNA&580=H)58o*@�?�9�9<G�DQ4 �

�B@�;l�#�
2
� Sz;<DQD�>�;&58J�GBAp582BHFJrDQ;<4�?�9&589<03@�2_>�;&58J�GBA�la�UD�E'GB58;&5�EX9<DQ;<0=A<D�HF4F032�0346587B9<;<0=582�>�?V�

7=589<03@�2BA]032h5_�-5L\�9<GB589uDQ2B58o�73D�H � D �_EX03DQ2Y9
	_DQ2Y?�4FDQ;&589<03@�2P@8SU58737�4F032�0346587:9<;<0=582�>�?�7=589<03@�2BA��
D �_EX03DQ2BEX\_A<GB58737*4FD�582n9<GB589U9<G�DW5873>�@�;<039<G�4 ;<?�2BAUS 5�A<9pJ*DQ;-4F032�0346587*9<;<0=582�>�?�7=589<03@�2�Kq�y2wEQ5�A<D
@8S�Mq�^� Sz;<DQD�EX7=5m�-� Sz;<DQD->�;&58J�GBA�l�A<?BERGF5WS 5�A<9q5873>�@�;<039<G�4O0=Aq2�@�9t034F4FD�HV0=589<DaKI��A:9<G�DQ;<D+5W�^5m\v9<@
D �_EX03DQ2Y9<73\|>�?�0=HVD"�������� #����
������	�������9<@1>�DQ2�DQ;&589<Dw58737`�mSz;<DQDX��4F032V��¡�DX~V§-�ts���@�;&HVDQ;<032�>aA]Sz@�;
5821Mq�^� S�;<DQDNEX7=5L�-� S�;<DQDW>�;&58J�G �



� � �



� � �

�F� ��� �   � m������p

[1] E. Allender, M. Ogihara, Relationships among PL, #L, and the Determinant,

Informatique théorique et Applications 30, No. 1, pp. 1–21, 1996.

[2] E. Allender, K. Reinhardt, Sh. Zhou, Isolation, Matching, and Counting

Uniform and Nonuniform Upper Bounds, Journal of Computer and System Sciences 59,

pp. 164–181, 1999.
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