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List of Symbols

N the set of natural numbers

R the set of real numbers
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R™ the set of n-dimensional vectors

! transposition of a vector x € R”

|| := vz Tz, the Euclidean norm of x € R”

C(J;R™)  the set of continuous functions f : J — R"
defined on the open set J C R
11 :=sup|f(t)|, norm of f:J — R (sometimes, we write ||f]|| if the set J
teg

is clear from the context)

PC(J;R™) the set of piecewise continuous (right continuous) functions f : J — R"
defined on the open set J C R

AC(J;R™) the set of absolutely continuous functions f : J — R™ defined on the open
set J

Loo(J;R™)  the set of essentially bounded measurable functions f : J — R" defined on
the open set J C R

n

| A| = max > |ai |, matrix norm of A € R™*"
1= ,---,njzl

P :={y: Ry — R, | 7is continuous, 7(0) =0, and v(s) > 0 for s > 0}
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KL ={f Ry xRy - R, | B(-,t) e LVt>0, [(s,-) € LVs >0}

For any z,y € R" we define x >y : < x; > y;, foralli=1,--- n.
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Introduction

In many applications from areas such as opinion dynamics [68], biosciences [34, 42,
82|, economics [6, 59, Chapter 2|, ecology [46], one assumes, that rate of change of the
system’s state at current time ¢ is determined not only by the present state, but also by
the past state of the system. Therefore one deals with model with time-delays. Gen-
eral class of such problems is called retarded functional differential equations (RFDE)
and they have the form

ot
where z(t) e R", n € N, h € R, and z; € C([—h,0]; R") is defined by
i (0) = x(t+46), 6¢€[-h0].

By #(t) we mean the right-hand derivative of x at ¢.
Equation (1) is a general type of differential equation which includes the following
classes of equations.

e Ordinary differential equations (ODE) if

F(t,z,) = f(t,z(t)), t>0.

e [Functional integro-differential equations, for example if

0
F(t, ;) == /g(t,@,x(t +46))do, t>0.
“h

e Pantograph equation if
F(t,z;) := ax(t) + bx(At), t >0,

where 0 < A < 1. It describes the mechanical properties of a current collection
of a locomotive |75, 55]. And also arises in application to bioscience [42].

e State dependent-delay differential equations (SD-DDE)
F(t,xy) :== f(t,x(t — h(t,x))), h:[0,00) x [0,00) = R,.

Sometimes it also called autorequlative functional differential equations.
Particular cases of SD-DDE are
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— delay differential equations (DDE) with constant delay if
Flt,z) = f(t,a(t - b)), heR,.
Note that sometimes such equation is also called differential difference equa-
tion 38, p.37;

— delay differential equations with time varying delay
F(t,xy) := f(t,x(t — h(t))), h:[0,00) = Ry;
— differential equations with mazximum

F(t,z;) := f(t, max xz(s)), t>0.

SE[t—h,t] -
Function h(-) is called delay function or lag.

The systematic study of RFDE started at the 1950s with contributions from Myshkis’s
work [20] (see also its translation into German [72|) in USSR and from works of
Bellman and Danskin [16] and Bellman and Cooke [15] in the USA. We mentioned
about the monography of J.Hale [38] and its further edition with S.Verduyn Lunel
[40], which present the basic theory of equation (1). Up to now, this is the most cited
book about RFDE.

Differential equations with maximum

In this thesis we focus on SD-DDE perturbed by an input, where the dynamics
depends on the maximum of the solution taken over a past time interval

(t) = f(t,x(t), max x(s),u(t)), te€][0,00), (2)

s€t—h,t]

where x(t) € R", n € N, h > 0 and

-
serﬁl%it]x(s) = <serft1§;z{,t] x1(8), - 78£3(ﬂ xn(s)) ,

and the input function u € L ([0, 00); R™), m € N. With initial condition
z(t) = ¢(t), te[=h0]

where ¢ € C([—h,0];R") is the initial function. The state-space of the dynamical
system (2) is the Banach space C([—h,0]; R™) therefore (2) is an infinite-dimensional
dynamical system. Such kind of RFDE is called differential equation with mazimum
[11]. Observe that the max-operator is nonlinear. Indeed, for any h > 0

27t 27t 27t

2mt
V2= o, (sin S5 cos 5E) # ma, sin S+ s cos 5 =2
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therefore if f is a linear function, the equation (2) does not possess properties of
linear equation i.e., it may happen that the sum of two solutions of the equation (2)
is not a solution to (2). We observe in Chapter 2 that system (2) is a system of state
dependent, piecewise continuous delay differential equations. Qualitative theory and
some methods for analysis of unperturbed differential equations with maximum are
presented in [11].

Systems of type (2) appear in modeling of various practical processes.

Financial market model. Stochastic model of financial market, proposed
in [6], is based on three main principles:

e comparison current price of stock with reference level;
e comparison local maximum of over past time interval with the current price;

e trading on latest news (which is treated as a noise in a model).

Let r(t) be an instantaneous return at time ¢ of the stock price S(t) at time ¢ then

It is assumed that market consists of M, reference and My technical level traders.
Furthermore, it is supposed that none of the traders change their trading strategies
and they are endowed with infinite lives.

Reference traders act according to the comparison current return with some refer-
ence level r, € R, [ = 1,--- My, M; € N. In particular, if return is higher (lower)
then 7, (level 7, in general, different for different traders) this is a signal of future
increasing (decreasing) return and therefore traders buy (sell) stocks. The planned

instantaneous excess demand of all reference traders over time interval (¢,t + dt) is
My
> ay(r(t) — r)dt, where oy € R, I =1,--- , My. The sign of oy depends on strategy

=1
of [-th trader.

Technical traders possess memory. They compare maximum instantaneous return
over the past A > 0 time periods with some tolerant level 7; € R, j = 1,---, My,
M, € N. In particular, if maximum of instantaneous return is lower then 7; then the
stock’s price will increase. In this case the planned instantaneous excess demand of

Ms
all technical traders over the time interval (¢, t+dt) is Y, §;( rflax ]T(S) —r(t)—7;)dt,
i=1 s€[t—h,t
where 5; > 0, j = 1,---,M;. Which means, that if ( r%1ax }r(s) —r(t) — 7;)dt is
sE[t—h,t

positive (negative) then traders buy (sell) stocks.

Both groups of traders react on the news which is independent of the past return.
Let B be one-dimensional Brownian motion, & > 0. Therefore the stocks’ price is
given by

dr(t) = (Zl ay(r(t) —r) + Zlﬁj( max 7(s) —r(t) — 73)) dt +&dB(t), t>0.

SE[t—h,t]
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The discrete model of financial market with maximum is discussed in details in [88,
Chapter 5|.

Bioscience. Differential equations with maximum are used to describe the vision
process in the compound eye of a horseshoe crab [34|, where the presence of max in
a model is required by biological features of such animals. Chemostat model, which
involves maximum and minimum of the state is proposed in [52] (see Example 1.2.2,
pp. 7-8). Application of difference equations with maximum to medicine are available
in [19].

Photovoltaic model. In [9, 8] an application of equations with supremum to
the maximum power point tracking control of solar energy plant is discussed.

Further applications are available in |2, p.166] and [81]. Moreover, scalar differential
inequality with maximum in the linear form, well known as a Halanay inequality, is
a helpful tool for the stability analysis of systems with delays [36, §4.5], [18, 66], to
name just a few.

Observe that differential equations with maximum possess different properties than
constant DDE.

Example 1. Compare

(t) = max xz(s), t>0, h>0, (3)
SE[t—h,t]
with
#(t) =a(t—h), t>0, h>0. (4)

For any nondecreasing initial condition, mazimum in equation (3) is attained in the
right end of the interval [t — h,t| for all t € [0,00) therefore equation (3) reduces to
the ODE @(t) = x(t) for allt € [0,00). However, equation (4) cannot be reduced to
an ODFE for any initial condition and for any h > 0.

The next example illustrates the influence of maximum presence on stability prop-
erty.

Example 2. Consider the following delay differential equation
yt) = —y(t —2), t=0, ()
where y(t) € R. With the initial condition
o(t) =1, t € [-2,0]. (6)

Its solution is given by (see [72, p.8], [20, p.21])

y(t) _ Z <_1)][t _2(3 - 1)]]

7!

—
~J
~—

J=0
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for2(n—1) <t <2n; n=12,---. Using (7) one can write down the solution to
the problem (5),(6) on [0, 6], that is

1—t, t€10,2],
y(t) = %(t_2)2_t+15 le [274]:
—Lt—4P+ it -2 —t+1, tel4,6].

Now consider differential equation with maximum

(1) = — t>0 8
() = — max a(s), 20, (8)

where x(t) € R. With the same initial condition (6). On [0,t*] solutions to problems
(5),(6) and (8),(6) coincide, where t* = 6 — 2\/§ satisfies Se{l;gla%(t*]x(s) = z(t*) and
z(t* —2) = x(t*). Then for all t € [t*,00) the solution to problem (8),(6) coincides
with the solution to the problem of the ODE &(t) = —x(t) with x(t*) = xy € (—00,0).
Observe, that the solution to equation (5) oscillates while for the same value of delay
h = 2 the trajectory of equation (8) does not and, moreover, approaches zero (see
Figure 1) (in section 3.4, it is proved that it approach zero as an exponential function).
These examples illustrate that behavior of the equations with constant delays and the
ones of equations with maximum are different. So, the independent study of stability
properties of the equations with mazimum is absolutely necessarily.

15 T
N\
—x=x(t) 7
1
10 - -y=y(t) ’1 bl
[N 1
51 LA ! i
o~ / \ 1
- N M \ !
=~
of Pid > e \ L ' !
~ ’ \ / ' ’
~_L7 \ ’ \ 1
\ ’ \ I’
L N \ |
5 ~7 \ ;
\ 1
\ 7
10 N7 4
-15 I I L I I I
0 5 10 15 20 25 30

FIGURE 1: Graphs of solutions to the problem with delay (5),(6) and
to the problem with mazimum (8),(6).

Stability theory of differential equations with maximum with usage of Razumikhin
function is given in [11, Chapter 4]. Where authors proposed the extension of Razu-
mikhin method, in order to generalize considerations, two different measures for initial
functions and for solutions are used and fundamental results for different types of sta-
bility are obtained.

Some earliest results dedicated to the stability of equations with maximum by
trajectory approach are available in [93, 10|. Where authors compare asymptotic
stability of linear constant DDE and differential equations with maximum in a linear
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form, and proved that in spite of the complicated structure, equations with maximum
possess better stability property then constant DDE. This result is recalled in the
section 3.6. of this thesis. We refer to [7] where convergence of solution to differential
equations with max-operator in a linear form is studied and to [48, 13, 79| for some
further stability results without usage of any methods of Lyapunov function.

Very little is known about systems with maximum perturbed by an external input.
For instance, observation and stabilization problems for systems involving supremum
are studied in [3]. Optimal control associated with class of system with supremum
in the linear form is considered in [9] where for such problem the Pontryagin-like
Minimum Principle is proved. See also [91] for advances in optimal control prob-
lem of differential equations with supremum. Observe that stability of systems with
maximum with respect to perturbing signal has not been studied yet.

Input-to-state stability

Robust stability of infinite-dimensional dynamical systems plays important role
in applications. The input-to-state stability (ISS) framework, originally introduced
for finite-dimensional systems in [83], describes global stability properties of an equi-
librium in case of perturbations and seems to be promising for infinite-dimensional
systems as well. This property is invariant under nonlinear coordinate transformations
and extends the classical global asymptotic stability of an equilibrium to the case of
systems that have external perturbing signals. If an unperturbed system possesses a
global asymptotically stable equilibrium point (which is by definition invariant and
attracting set) then, in case of perturbation, the ISS property of the system means
that instead of the equilibrium point there is an invariant and globally attracting do-
main. The size of this domain is a nonlinear function of the norm of input function.
This framework was very successful in studying nonlinear interconnected systems and
construction of ISS-Lyapunov functions for them [24].

During the last five years the ISS framework was actively developed for infinite-
dimensional systems [69, 23, 71, 70, 53]. The reason of these activities is the success
of this framework in many applications to finite-dimensional case. There are some
works devoted to ISS property of systems with delays, where the Lyapunov-Krasovskiy
functional [78] or the Razumikhin function [89] is applied. However, none of them
provides explicit expressions for the ISS gain functions. Note that for applying Lya-
punov method one should guess a Lyapunov function, which is, sometimes, matter
not only of experience, but also of luck. The alternative way can be a trajectory
approach, which is, to the best of author’s knowledge, is not available for the ISS
analysis of SD-DDE systems. In Chapter 3 we study ISS of dynamical system gov-
erned by differential equations with maximum and derive an explicit expression of the
ISS estimate. Neither Lyapunov-Krasovskiy technique nor Razumikhin technique is
used for this purpose.

Approximation methods

Differential equations with maximum in the linear form do not possess properties of
a linear equations due to nonlinearity of the max-operator. Analytic solutions of such
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equations can hardly be obtained, therefore we have to address to approximations
methods. In [44, 28, 45| approximation methods for differential equations with maxi-
mum, which are based on the method of successive approximation, are proposed. The
most general of these results is given in [44], where authors study behavior of lower
and upper solutions with different initial time intervals and applied Euler method
for the suggested scheme to calculate numerical solution. See also [1] for method
of successive approximation for difference equations with maximum. To the best of
author’s knowledge there are no ready-made functions in computational systems, like
for example Matlab, to solve numerically differential equations with maximum. There
exist a lot of works devoted to methods of numerical approximations of SD-DDE [14,
54, 29, 33, 26, 47, 43, Chapter 9]), just named a few. Nevertheless, cited methods re-
quire smoothness of delay function, which due to properties of max-operator obtained
in Chapter 1, cannot be satisfied for differential equations with maximum. In this
work, we suggest a numerical method for computing solutions to differential equa-
tions with maximum. Our method is based on the rectangle method that requires
only continuity of the first derivative of the solution, no additional assumptions about
delay function are assumed. Recall that for others methods, for example trapezoid or
Simpson method more regularity of solution is required.
Another type of approximation methods is the averaging method.

Averaging method for ISS analysis

Initially, averaging method appeared with need to solve the problems of celestial
mechanics. The idea of averaging method is, that the right hand side of a time varying
system of ODE, which describes, for example oscillations, is replaced by an averaged
one, i.e. without explicit time dependence. To the best of author’s knowledge, the
first averaging schemes were considered by Gauss [27] and Fatou [25]. However, they
proposed particular schemes and the general method was developed by Bogolybov
and Mitropolskiy in 1934 [60]. They showed that under certain change of coordinates,
which allows us to exclude ¢ from right hand side of equation, solution of time-varying
(original) system is approximated by a solution of time-invariant (averaged) system.

The first works devoted to the averaging method for RFDE appeared in 1960s |35,
37, 39]. Within cited papers the most general results are obtained by Hale [39], where
author showed that time-varying system of RFDE with small parameter may be ap-
proximated by a time-invariant ODE. Later Lehman and Weibel [65] proposed another
approach. Using local averaged, authors showed, that approximation of REFDE by an
averaged RFDE leads, compare with Hale’s approach, to the more accurate error of
approximation (see Ex.5.2 [65]).

The general method for infinite-dimensional systems is available in [41]. Some av-
eraging schemes for differential equations with maximum are given in [80, 11, chapter
7], where authors used techniques of proofs that differ from the idea of the proof which
is applied in [65].

Mentioned above literature about averaging is devoted to results of approximation
on an finite time interval. This method can also be extended on an infinite time
interval [12| and, furthermore, it is used for stability analysis of ODE [32], of RFDE
[64].



16

The idea to apply averaging method in order to analyze the stability of dynamical
system with input is initially used in [73]|, where authors introduced the notation
of averaged system of ODE with input (strong averaged and weak averaged, which
differ by the roles played by an input function) and shown that the existence of ISS-
Lyapunov function

e for strong averaged system implies uniform semi-global practical stability of the
original system;

e for weak averaged system implies weaker, so called, "ISS like’ property.

The second results is weaker, nevertheless, the advantage to use weak averaged is,
that it exists for wider then the strong average class of functions, and in addition,
'ISS like’ result is useful for analysis of singular perturbed systems [73].

Such framework has been successfully used for different classes of problems [96,
98, 97, 74, 90, 63, 95, 94|. Yang and Wang [98] considered time-varying RFDE
with input and proved that if a strong averaged system of RFDE admitted an ISS-
Razumikhin function, then time-varying (original) system is semi-globally input-to-
state practically stable.

Observe that averaging is applied for ISS analysis only under assumption of ex-
istence of a Lyapunov function (for ODE) or a Razumikhin function (for RFDE),
justification of applying averaging method for RFDE with input are not available in
the literature. In chapter 3 of this thesis we fill this gab by providing, without usage of
any Lyapunov techniques, the justification of averaging method for controlled systems
with maximum and apply these results to investigate ISS properties of time-varying
systems with maximum.

Contribution of this Thesis

The main achievements of this dissertation are the following:

1. It is proved that system with maximum and input may change infinite-dimension
on an one-dimension along its solution.

2. Comparison lemma for differential equations with maximum is obtained.

3. The ISS of system in the linear form is proved, the explicit expression of the
ISS estimate is derived. Neither Lyapunov-Krasovskiy method nor Razumikhin
method is used for this purpose.

4. The classical averaging method is extended to a system of differential equations
with maximum affected by an input. ISS property of nonlinear system with
maximum is studied without usage of any Lyapunov techniques in the context
of the averaging method.

5. A numerical method of the first order for differential equations with maximum
is developed.
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Outline of this Thesis

This thesis contains four main chapters, one introduction chapter and one con-
cluding chapter. At the beginning of chapters 1, 2 we introduce all necessary basic
notions and notations. Each chapter ends with specific comments to the results from
the chapter.

Chapter 1. We introduce max and arg max operators and study several of their
properties, which are used in next chapters. In particular, we prove that max-operator
is sublinear, periodic, monotonic, nondifferentiable and Lipschitz continuous; arg max
is nondecreasing, piecewise continuous operator.

Chapter 2. In preliminaries of Chapter 2 we remark some properties of systems
of differential equations with maximum, which follow immediately from results of
Chapter 1. In section 2.2 comparison lemma for differential equations with maximum
is proved. Next, in section 2.3 we show that perturbed system with maximum in the
linear form may change its infinite dimension to a finite one along its solution, i.e.
infinite-dimensional system reduces to an ODE. We deal with so called Multi-Mode
Multi Dimensional systems (see [49]). In section 2.4, we compare stability properties
of scalar differential equations with maximum with constant delay equation. Using
the result from section 2.3 we prove that global exponential stability of equation
with maximum does not depend on the length of the past time interval, which is not
true for DDE with constant delay. In section 2.5, using neither Lyapunov-Krasovskiy
method nor Razumikhin method, we provide the input-to-state stability results for
time-varying systems of differential equation with maximum in the linear form. More-
over, the explicit expressions for the ISS gain function is obtained. Several examples
are considered in subsection 2.5.1.

Some results from this Chapter were presented on the 20th IFAC World Congress
2017, [22].

Chapter 3 is devoted to the ISS analysis of systems of differential equations with
maximum via averaging method. In section 3.1 we briefly recall the classical averaging
method for ODE system. The notations of weak averaged and strong averaged systems
are introduced in section 3.2. The difference between these definitions is discussed and
an illustrative example is considered. In section 3.3, we prove that the solutions to
strong averaged and weak averaged systems approximate a solution to original time-
varying system on a finite time interval. In the next section we extend the results from
the section 3.3 to infinite time interval and, moreover, without usage of any Laypunov
techniques, prove that exponential incremental ISS (edISS) of strong averaged and
weak averaged systems implies exponential input-to-state practical stability (eISpS)
of the original system.

Chapter 4. A numerical approximation method of solutions to differential
equations with maximum is suggested in Chapter 4. The proposed method is based
on the left rectangle method that requires only continuity of the first derivative of the
solution, no additional conditions about delay function are assumed. The method is
illustrated by an example. Observe that the suggested method is an extension of the
one from [21], where only constant initial functions were considered.
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Chapter 5. In the last chapter, results of the whole thesis are summarized and
possible directions for future research are provided.
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Chapter 1

Properties of max-operator

In this chapter max-operator and arg max are introduced, some of their properties
are studied. In particular, it is shown that max is sublinear, periodic, monotonic,
nondifferentiable, Lipschitz continuous operator; arg max is nondecreasing, piecewise
continuous operator. Several examples are provided to illustrate some properties.

1.1 Preliminaries

Let h > 0, tg € R be given and [t — h,T) C R, tg < T < oo be a time interval.
For a scalar valued function g € C([to — h,T'); R), we introduce the map

max : C([to — h,T);R) = C([to, T);R), g~ g/, (1.1)
where
Vt € [to,T): g/ (t) := rl[fgazct]g(s) € R. (1.2)
selt—nh,

Similarly for a vector valued function g € C([to — h,T);R"), n € N we define
component-wise

vt e fto, T): gy (t) = (9Vn(t), 50 (D), -, gln(t)) € R (1.3)

Sometimes, we write g¥ instead of g’ to simplify notation, if the value h is clear from
the context.
For a € C([to — h,T); R) we introduce the map

arg max

argmax : C([to — h,T);R) — PC([to,T);R), « F— argmaxa,

Vt € [to,T) : (argmax «)(t) := sup {T €to—h,T): max afs)= CY(T)} eR,

SE[t—h,t]
(1.4)
similarly, for a vector valued function o € C([ty — h,T); R") we define

Vit € [to,T): (argmaxa)(t) = ((arg max aq)(t), - - - ,(.eurgrrlemozn)(t))T € R™
(1.5)



20

Chapter 1. Properties of max-operator

Using the definition (1.5) we can rewrite the definition (1.3) as follows

g (t) = (91((arg max gl)(t)>, T ,gn((argmax gn)(t)))T.

(1.6)

From (1.4) it follows that arg max « is piecewise right continuous function satisfying

t —h < (argmax a)(t) < t,

t > to.

To illustrate the above definitions, consider the following example.

Example 3. Let g(t) =sint on [—1,6] and h = 1. Then we have

sint, te |0, 3], t,
1 tel3,5+1 . z
gl (t)=<"] 25 1, (arg max sin)(t) = ¢ 2’
sin(t — 1), te[5+1,t%), t—1,
sint, t € [t*, 6] t,
1 —
0.8 - A N - -g=sin(t)
0.6 * —max(g)
0.4 AN
0.2 \\
o \\\
0.2} I/ N
04 /'/
06f
-0.8 N
L 0 1 2 2 waes 4 : 3:/2; t 6
FIGURE 1.1: The graphs of g(t) =sin t, g{(t) = n[aa:i( ]g(s).
se|t—1,t

—argmax(g)
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FIGURE 1.2: The graph of (arg max sin)(t).

[0, 51,
15,5 + 1,
5+ 1,t%),
[t*, 6],

where t* := (3w +1) is the unique solution of sin ¢ = sin(t—1) on [2+1, 6] (Figures

1.1,1.2).
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Proposition 1. Let h > 0, to € R, T € (tg,00) and g € C([to — h,T);R). Then
argmax ¢ : [to, 7)) — R is nondecreasing function on [ty,T).

Proof. Let t1,ty € [to, T) be such that ¢; < t5. Set
71 := (argmax g)(t;), 7o := (argmax g)(t2).

Consider possible cases
Case 1. Let h > 0 be such that t; — h <ty — h <ty < ty. Then if

1. 71 € [t1 — h,ty — h] it follows 71 <ty — h < 7o;
2. Ty, Ty € [ta — h,t1], by (1.4) it follows 71 = 7o;
3. Ty € [t1,to] it follows 7y < t; < 7.

Case 2. Let h > 0 be such that t; — h < t; <ty — h < ty. Then it follows 7 < 7.
Case 3. Let t; = t5. Then by (1.4) it follows 7 = 7.
Hence 11 < 5. The proposition is proved. ]

1.2 Properties of max-operator

Let h > 0, tg € R. Max-operator possesses the following properties:

1. Sublinearity.
For continuous functions g,n : [to—h,T) — R", tg < T < oo the following holds

Vte[to,T): (g+n)"(t) < g’(t) +n7(1). (1.7)

Indeed, fix any ¢ € [ty,T). Fix any i € {1,--- ,n}. Let t1,ts,t3 € [to,T) be such
that

gi(ty) +mi(t) = (g +m)" (1), gi(t2) = g:" (1), mi(ts) = ;" (2).

Then we have

(gi +m)"(t) = gi(tr) +ni(tr) < 95" (t) + " (1) = gilt2) + mits). (1.8)

Inequality (1.8) holds for any i € {1,--- ,n}, hence (1.7) is proved.
Moreover, for any o € R, the map defined by (1.1) satisfies

(a+g)y=a+g,, (ag)) =ag,.

2. Monotonicity.
Let &g € C([to — h,T);R"), to < T < oo. If £(t) > g(t) for all t € [ty —
h,T), then &/ (t) > g\ (t) for all t € [to,T). Moreover, if for any i = 1,2,--- ., n
function g; is nondecreasing (nonincreasing) for all [ty — h, T'), then function g’
is nondecreasing (nonincreasing) for all ¢ € [tg, 7). In this case for all ; >t it
follows that g¥(t1) > g"(t2) (vesp. g"(t1) < g"(t2)).



22 Chapter 1. Properties of max-operator

3. Periodicity
Let g € C([ty — h,00); R) be periodic with period 7" > 0. Then for any h > 0,
the function g, is periodic on [ty, c0) with the same period 7". Indeed, for all
te [to, OO)

L(t) = = T = =gy (t+T).
gn (1) Sgtlg;;ﬂg(S) Sgg;iﬂg(ﬁ ) Se[t_hmgT),{HT/]g(S) gt +1T)

4. Nondifferentiability.
M azx-operator does not preserves smoothness. Indeed, consider function g(t) =
sint, t € [—3Z Z]. Take h = m, then for all t € [-3Z Z] we obtain

272 272
1, tel-%, -1,
g (t) = {sin(t —7), t€[5,0]
sin ¢, tel0,5]

— -max(sin )

0.5

-0.5

-1 I I I I I I I
-57/2 -6 -37/2 -4 -2 0 2 4 3x/2

FIGURE 1.3: The graph of g(t) = sin t and its mazimum for h = 7.

where the one side derivatives are

V(t) — gY (0 int
t—0+ t t—0+ ¢
in(t — int
°=(0) = lim sin(t — ) —  lim sint vy
t—0— t t—0— ¢

5. The next Lemma provides useful, for the work with max-operator estimate.

Lemma 1. Leth > 0, tg € R, tc < T < 400, n € Nand g € C([to—h,T); R").
Then for all t € [ty, T')

n max l9(s)] =: nlg”|(t) = [g"(t)] = |g”I(®). (1.9)
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Proof. For any fixed ¢ € [tg, T) we have

9O = I(g1(arg_max g1(s)),..,ga(arg max gu(s)))']

= ZgZ arg max gi(s)) > Zgl(arg max [g(s)|)

€[t—h,t] €[t—h,t]

= |g(arg max |g(s)|)| = |g"|(t).
sE[t—h,t]

This implies the second inequality in (1.9). To prove the first one observe that
for any ¢+ = 1,...,n the following holds

ng

Taking the sum left and right for all i = 1,...,n, and using that > " ¢ >
V2o ¢t holds for any ¢; > 0,4 = 1,...,n, and |g;(s)| > ¢i(s) for any s, we

) >  nax lgi(s)].

max |g(s)] = max max

s€t—h,t] SE[t—h,t]

obtain
> 2
n max, l9(s)| = ; max, |9:(s)| = \ ;(Séﬁaﬁ] 19i(s)1)
(1.10)
> i 2 == — v t .
> || 2l O = By o] = "0
0

6. Lipschitz continuity.

Definition 1. Let (X, || - ||x) and (Y,]|| - ||y) be two normed spaces. A map
X : X — Y is called Lipschitz continuous if there exists a Lipschitz constant
L > 0 such that for all xy, 25 € X the following holds

[Ix(21) = x(2)lly < Ly = @5 |x.

Lemma 2. Let h > 0, tg € R, t9 < T < 400, n € N. Max-operator is
Lipschitz continuous with Lipschitz constant L = n i.e.

Vo,we C([tg — h, T);R™) o) — w)||igery < nllv — wllgg—nr).  (1.11)
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Proof. For short we denote v’ =: v¥. We obtain

0" = ey = sup [0V(1) —w¥(D)] = sup |(0—w+w)"(t) — w” (D)
te(to,T) te(to,T)
(1.7) (1.10)
< sup | max (v(s) —w(s))| < n sup max |v(s)—w(s)|

tefto,T) |SEL—h:1] tefto—h,T) SE[t—ht]

=n sup |u(t) —w(t)] = nllv—wl|gg—n1).
te[to—h,T)

Lemma is proved. [

1.3 Concluding remarks

In this chapter some properties of max and arg max operators are studied. In the
next chapters we use them to investigate behavior of systems with maximum.
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Chapter 2

Stability of the systems of differential
equations with maximum in the linear
form

In this chapter we study stability properties of dynamical systems governed by
differential equations with maximum and, in particular robustness with respect to
perturbation. Such systems are nonlinear and infinite-dimensional. Stability of sys-
tems with maximum without input is studied in [11, Chapter 4], [93, 10|. There are a
few works [2, 3, 9, 22, 91, 8] studying such systems perturbed by an input, and none
of cited works provides input-to-state stability (ISS) analysis. Although there are re-
sults devoted to the ISS study of systems with delay where the Lyapunov-Krasovskiy
functional [78| or the Razumikhin function [89] is applied, nevertheless, neither of
these works provides an explicit expressions for the ISS gain function.

This chapter is organized as follows: in the next section we introduce all necessary
basic notions and notations and prove that the equation with maximum does not pos-
sess backward uniqueness property. In section 2.2, we review comparison results for
constant and time-varying DDE, and prove comparison lemma for equation with max-
imum. Next, in section 2.3 we study the behavior of scalar differential equations with
maximum and perturbing signal. It is proved that infinite dimension of such system
may change to a finite along its solution i.e., we deal with Multi-Mode Multi Dimen-
sional systems [49]. In section 2.4, stability properties of scalar differential equations
with maximum and constant delay are compared. Using results from the previous sec-
tion, it is proved that for equation with maximum global exponential stability does
not depend on the length A of the past time interval, which is not true for the con-
stant delay equations. In section 2.5, we study ISS properties of dynamical systems
with maximum in the linear form. Using neither method of Lyapunov-Krasovskiy
functional nor Razumikhin approach the exponential ISS of such systems is proved,
the explicit expression for ISS gain function is derived. Furthermore, we prove that
zero-exponential global asymptotic stability of such systems implies exponential ISS.
Several examples are discussed in subsection 2.5.1. In the last section we conclude
the results of this chapter and sketch possible directions for future research.
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2.1 Preliminaries

Let A > 0. Consider the system of differential equations with max-operator and
input u € Loo([0,00); R™), m € N of the form

@(t) = f(t,z(t), z)(t),u(t)), t>0, (2.1)
where z(t) € R, f € C([0,00) x R" x R™ x R™; R™) with initial condition
z(t) = ¢(t), te[=h,0], (2.2)

where ¢ € C([—h,0];R"). By @(t) we mean the right-hand side derivative of z at t.

Remark 1. Note that (2.1) is a system of retarded functional differential equations
with state-dependent piecewise continuous delay. The state-space of this system is
C([—h,0];R™), therefore we deal with an infinite-dimensional dynamical system.

Remark 2. Since max is sublinear operator, system (2.1) is, in general, nonlinear i.e.,
it can happen that the sum of two solutions of the problem (2.1),(2.2) is not a solution
to (2.1),(2.2).

Definition 2. For every input u € L. ([0,00); R™) and for every initial function
p € C([—h,0];R™), a function z(-) = z(-; ¢, h,u) is called a solution to the problem
(2.1), (2.2) if there is a Ty € (0,00] such that © € C([—h,T});R™), z(t) = p(t) for
all t € [—h,0], = is absolutely continuous on [0,7}) and satisfies differential equation
(2.1) almost everywhere on [0, T%); x is a mazimal solution if it has no right extension
that is also a solution.

For each input u € L ([0,00);R™) the function F' : [0,00) x R" x R" — R" is
defined by F(t,z(t),z) (t)) := f(t, z(t), ) (t), u(t)).

Suppose that €2 is an open subset of [0,00) x R™ x R™. The function F : Q — R"
is said to satisfy the Carathéodory conditions on € if

(i) for each fixed t € Ry, function F(t,-,-) is continuous;
(i) for each fixed &1,& € R™ function F(-,&;, &) is measurable;

(iii) for any fixed (¢,&1, &) € Q there is a neighborhood W (t, &, &,) and a Lebesgue
integrable function ( : [0,00) — R, such that

’F(tagiaféﬂ S C(t) for all <t7£17£é) € W<t7£17£2);

(iv) for each compact subset Q C 2 there is a locally integrable function  : [0, c0) —
R such that

IP(6,6) - F(t,8,8)] < 10) (116 - &l + & - &ll),

for all &,&,&,& €€, and for almost all ¢ € [0, 00).



2.1. Preliminaries 27

FIGURE 2.1: Graphs of a function ¢ and a function (.

Existence of unique maximal solution to RFDE (1) under Carathéodory conditions is
given in [40] (see Theorems 2.1, 2.3, 3.1, 3.2). Recall that differential equation with

maximum @(t) = F(t,x(t),z)(t)), t>0,
z(t) = (1), tel=ho,

where z(t) € R", h > 0, ¢ € C([=h,0;R"), F' : [0,00) x R* x R" — R", is a
particular case of RFDE considered in [40] with z; := z)/, moreover, mazx-operator is
Lipschitz continuous, by Lemma 2, therefore under Carathéodory conditions imposed
on function F' existence of solution x(-) = z(-;p,h) of the problem (2.3) follows
from Theorem 2.1 [40], its uniqueness from Theorem 2.3 [40], its extension to maxi-
mal solution from Theorems 3.1, 3.2 [40]. Therefore we can formulate the following
theorem.

Theorem 2. Let h > 0, ¢ € C([—h,0];R"). Assume F' : [0,00) x R" x R* — R"
satisfies the Carathéodory conditions. Then there exists a unique solution

z: [=h,Tf) - R*, Ty € (0,00] of the problem (2.83), and every solution can be
extended to a mazimal solution.

(2.3)

For any function ¢ € C([—h, 0];R") we define the function ¢ € C([—h,0]; R™) by

¥(t) == max p(s), te€[—h,0]. (2.4)

s€[t,0]

Here max is taken component-wise as in (1.3). Note that each component of the
function (- ) defined by (2.4) is a nonincreasing function (see Figure 2.1).
Indeed, let t1,t2 € [—h,0] be such that t; < ¢;. Then we have

P(tr) = max p(s) > max p(s) = P(t2),

s€[t1,0] s€[t2,0]
and
Vt € [—h,0] : max p(s) = P(t) = max ¥(s), (2.5)
s€[t,0] s€[t,0]
holds. Also,

Vi e [=h, 0] P(t) = o(t),
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and
¥(0) = »(0).

Consider the equation with maximum (2.1) with the initial condition
$(t) = ¢(t)> te [_ha 0]7 (26)
where the function 1 is defined by (2.5).

Assumption 1. For any initial function ¢ € C([—h,0];R™), h > 0 and any input
u € Ly([0,00);R™) there exists unique solution xz(-) = x(-;¢, h,u) of the problem
(2.1), (2.2) defined on [0, 0).

Lemma 3. Let h > 0 and Assumption 1 be satisfied. Then for any ¢ € C([—h,0]; R™)
and any input u € L ([0,00); R™) the solution of the problem (2.1), (2.2) coincides
with the solution of the problem (2.1), (2.6) on [0, c0).

Proof. Let h > 0, ¢ € C([—h,0];R™) and u € Ly([0,00);R™). By the Assumption
1 for any initial function there exists solution to the problem (2.1),(2.2) on [0, c0),
therefore denote by z1(+) = z(-; ¢, h,u) and x9(-) = x(-;%, h,u) the solutions to the
Cauchy problems (2.1), (2.2) and (2.1),(2.6) on [0,00), resp. Let ¢t € [0, h]. Then we
have

:tl(t) = f(tvxl(t)7x\1/h(t)7u> = f(taml(t)7max{ max 90(8)7 max xl(s)}au)
’ s€[t—h,0] s€[0,t]
(2.5)
= t t .
ft 2 )71““{5;%3%0]“5)753%?5 z1(s)},u)

Therefore, z1(-) = x(-; ¢, h,u) is the solution to the Cauchy problem (2.1),(2.6) on
[0, h]. By the Assumption 1 there exists unique solution of (2.1) with initial condition
(2.6), hence

Vt € [0, h] : ZEl(t) = [L’Q(t) (27)

Let ¢t > h. Consider equation (2.1) for all ¢ > h with the initial condition
YVt e [0,h] 1 x(t) = x1(t). (2.8)

By the Assumption 1 there exists unique solution z;(-) to the problem (2.1), (2.8)
and in conjunction with (2.7) we conclude that x1(-) = z3(-) on [h,00), where xa(-)
is the solution to (2.1) with initial condition x(t) = z5(t) for all ¢ € [0, h]. Therefore,
x1(t) = x2(t) on [0,00). This proves the lemma. O

Remark 3. Lemma 3 shows that, without loss of generality we can restrict our con-

sideration to the case of nonincreasing initial functions.

The following notion of stability, originally introduced for ODEs in [83], is used in
this chapter:
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Definition 3. System (2.1) is called input-to-state stable from u to x if there exist
a function vy of class K, and a function [ of class KL such that for each input
u € Loo([0,00); R™) and each initial function ¢ € C([—h,0];R™), h > 0 the unique
solution z(+) = z(-; ¢, h,u) to (2.1),(2.2) exists for all ¢ € [0,00) and furthermore it
satisfies

2(0)] < BUIpll, &) + (L), > 0. (2.9)

The function 7 is called ISS-gain.

Definition 4. If in Definition 3 function 3(s,t) = Me s, for any s,t € R, and
some M > 0, A > 0, then system (2.1) is called ezponentially ISS (eISS).

Throughout this Chapter we assume, that f(¢,0,0,0) = 0, for all ¢ > 0 so that,
z(t) = 0 is an equilibrium of (2.1).

Definition 5. The solution x = 0 of the system (2.1) with v = 0, is said to be zero
stable if for any € > 0, there exists a 6 = §(e) > 0 such that ||¢|| < § implies |z(t)| < €
for all t € [0,00). It is said to be zero asymptotically stable if it is zero stable, and for
some d > 0 ||¢|| < ¢ implies tlLrgo z(t) = 0. Tt is zero globally asymptotically stable (0-

GAS) if it is zero asymptotically stable with 0 = co. It is zero globally exponentially
stable (0-GES) if there exist ¢ > 0, k > 0 such that for any ¢ € C([—h,0;R") a
solution satisfies |z(t)| < ce |||, for all ¢ € [0, 00).

In the special case when f has no input signal
#(t) = f(t, x(t), 2 (1), t=>0, (2.10)

instead of 0-GAS (0-GES) of x = 0 we say that = = 0 is globally asymptotically stable
(GAS) (globally exponentially stable (GES)).

2.2 Comparison lemmas

In many problems of mathematical control theory one needs to compute bounds of
a solution z(-;u) to equation & = f(¢,z,u) without knowing the solution itself. One
of the powerful tools, which is widely used for this purpose, is a comparison lemma
(see [56, Lemma 3.4, p.102| and e.g. [85, 84| for its applications).

In the literature there are some comparison results for delay equation in the form

T(t) = — > q(t)x(t — (1)), t>0, (2.11)
i=1
with initial condition
2(t) = ¢(t), te| min inf(s —7(s)),0]. (2.12)

where 7; € C([0,00);Ry), i = 1,--- n, p € C([;I{lin ilgg(s — 7:(s)),0];R;). For
example, in [62] the equation (2.11) in case 7;(t) = 7 € R is studied. The authors
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consider two different initial conditions and compare corresponding solutions. In [61]
the case of continuous variable delays is considered and the following comparison
result is obtained:

Theorem 3. Let 7; € C([0,00);Ry), i =1,--+,n, ¢ € C([ min mf(s 7;(s)),0]; R,),

=1,

L € (0,00]. Assume z(t) > 0 for all t € [0,L) satisfies (2. ]]) and (2.12) on [0, L).
Suppose y € C’([ min inf(s — 7;(s));R) and y € C1([0,0); R) satisfies

=1,--,ns>0

y(t) = =2 eyt —m(t), ¢ =0,

) e [min inf(s — 7()). 0],

with y(0) = ¢(0) > 0. Then y(t) > x(t) for all t € [0, L), where the interval can be
closed if L s finite.

To the best of our knowledge, comparison results for general state-dependent delay
differential equation are not available in the literature.
Here we propose a comparison lemma for differential equations with maximum in

the form
@(t) = ft,x(t), z(t), t>0,

z(t) = o(t), t € [=h,0],
where z(t) € R, h > 0, ¢ € C([—h,0];R).

(2.13)

Assumption 2. f € C([0,00) X R x R;R) satisfies the implication
v <yo = f(t,x,y1) < f(t,x,y2) forall t>0,z€R.
Lemma 4. Let h > 0, ¢ € C([—h,0];R). Suppose
e the Assumption 2 holds;
e there exists x(-) = z(-; ¢, h) solution to (2.13) on [—h,T),0 < T < oo;

e there isy € C([—h,00);R) such that y is right differentiable on [0,00), satisfies

gt) < f(ty(t),yy (1), te[0,T), (2.14)
and y(t) < p(t) for allt € [=h,0]. Then y(t) < x(t) for all [0,T).

Proof. For t = 0 we have y(0) < z(0) and y(0) < z)/(0). Consider the function
r(t) == x(t) —y(t) on [0,T). Assume there exists t* € (0,7) such that r(t*) = 0 and
r(t) > 0 for all ¢ € [0,¢*). Note that 7(0) > 0. Then there exists ¢ > 0 such that r is
nonincreasing on (t* — ¢,t*|, therefore 7(¢*) < 0. On the other hand, by Assumption
2 we have

Yt) < F(E,y(t),yy (1) < O o(t7), 2y (87)) = 2 (7). (2.15)
It follows from (2.15) that 7(¢*) > 0 which contradicts 7(¢*) < 0. Thus, such t* does
not exist. This proves the lemma. O
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2.3 Scalar differential equations with maximum and
input
Consider the scalar problem with max-operator and input in the linear form

(t) = ax(t) + by (t) + u(t), t >0,

2(t) = o(t), £ e [—h,0], (2.16)

where z(t) € R, h > 0, a,b € R, u € L([0,00);R), ¢ € C([—h,0];R). Recall that
system (2.16) defines an infinite-dimensional dynamical system. Since the right-hand
side of the problem (2.16) satisfies Carathéodory conditions, Theorem 2 assures that
for every input u € L ([0,00);R) and every initial function ¢ € C([—h,0];R) there
exists a unique maximal solution z(-) := z(-;¢, h,u) on [0,7f), Ty > 0. Remark
that the the right-hand side of (2.16) is sublinear hence 7 = 400 (see §2.2 [58]). We
define, for this z(-)

Dy = {t€]0,00) | x(t) < Z(t)},
}

Note that by these definitions for any solution z(:) to the problem (2.16) it holds
DI(.) N GI(.) = J.

Theorem 4. Let h > 0, u € Ly([0,00);R) with u(t) < 0 for all t € [0,00) and
a,b € R be such that
a+b<0. (2.17)

Let z(-) be unique solution of the problem (2.16) on [0,00). Then

[O, OO) = Dx(.) U Gx(.). (2.18)
Proof. By the definition of sets D,y and G, the following holds

[0, OO) D Dm(.) U Gm(.).
We will prove that

[0, OO) C Dx(.) U Gx(.). (2.19)
Assume there exists ¢; € [0,00) such that t; ¢ D,y U G,y which indicates that

z(ty) = z)/(t;) > 0. (2.20)

Then
i(ty) = ax(ty) + bay (t1) + u(ty) = z(t1)(a + b) + u(t1).
Since u(t) < 0 for all ¢ > 0 and taking into account (2.17) it follows that there

exists ¢ > 0 such that @(tf) < 0 almost everywhere on (t; — ¢,t; + ¢). Assume
a,b € (t; —e,t; + €) such that

i< b= z(a) < x(b), (2.21)
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then

b

z(b) — z(a) = /:'c(t)dt <0,

a

which contradict to (2.21). Therefore, z is strictly decreasing on (t; —¢,t; +¢) =
x(t1) < x)/(t1). This contradicts (2.20). Hence inclusion (2.19) is obtained. O

Remark 4. From the proof of Theorem 4 it follows that if D, is bounded then there
exists t* € [0, 00) such that the solution z(-) to the problem (2 16) satisfies the ODE
(t) = (a+ b)x(t) + u(t) for all t > t*. In this sense the infinite-dimensional system
(2.16) reduces to one-dimensional after t*.

Example 4. Consider the following problem

w(t) —22)/(t) +u(t), t>0

2 h ) —_ Y

(1) =0, ¢ € [=h0), 222
with h = 2, u € Lyo([0,00);R). The condition (2.17) holds and let u(t) :== —e =1 < 0
for allt € [0,00). The analytic solution to the problem (2.22) is

—Best 4 2ot 42, t €10,2],
z(t) =< (—e —215295)62 +5lest 4 7Bt 110, te (2,32,
_3t — 2 97
—17274e" 2 —2¢ : -, t € [355,00).-

The point t* = 3% satisfies x(t*) = x(t* —h) and z(t*) = z)](t*) i.e., x(t) < z)/(t) for
all t < t*, which indicates that the equation (2.22) reduces to ODE for all t* > 3%

100
i.e., we have D,y = [0,325) and Gyy = [3155,00) (see Figure 2.2).
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FIGURE 2.2: Sets D,y and G,y for the solution to (2.22).

In the considered example differential equation reduces to an ODE at t* and remains
ODE for all ¢ > t*. However, in general, dimension of system with maximum and
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input may change back from one to infinity. For example, let us consider the following
Cauchy problem
#(t) = —x3(t) —u(t), te€[0,00),

o(t) = 0 te[-2,0. (2.23)

Choose u(t) = —|sint| < 0 for all ¢ > 0. By Theorem 2 there exists unique maximal
solution x(-) on [0, 00) of (2.23) for which, by Theorem 4, we have

[O, OO) = Dx(.) U Gx(.).

The sets D,y and G,y are shown in the Figure 2.3.

FIGURE 2.3: Sets D,y and Gy for the solution to the problem (2.23).

Lemma 5. Let a,b € R, t* >0, h > 0, p € C([t* — h,t*];R) be given and function
z € C([t* — h,00);R) be such that

t(t) = ax(t) + bx)(t), t>1t*,
z(t) = ¢(t), teft —ht']. (2.24)

Assume (2.17) holds and
on(t) = o(t") < 0. (2.25)

Then for all t € [t*,00) the solution to the problem (2.24) coincides with the solution
of

©(t) = (a+b)z(t), t>1t

z(t") = (") < 0.
Proof. 1t follows from (2.25) that there exists ¢ > 0 such that the solution to the
problem (2.24) coincides with the solution to the problem (2.26) for all ¢ € [t*,t* +¢].
By (2.17) and continuity of & we obtain &(t) > 0 for all ¢t € [t*,t* + €] then = is
nondecreasing on [t*,t* + ¢] and, therefore, maximum is attained at the right end of
[t — h,t] for all t € [t*,#* + ¢]. Since the solution to (2.26), x(t) = @(t*)el@tD 1" ig
nondecreasing function for all ¢ > t*, max is taken at the right end of [t — h,¢t] for
all ¢ > t*, thus the solution to the problem (2.24) coincides with the solution of the
problem (2.26) for all ¢ > ¢*. O

(2.26)
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Remark 5. Lemma 5 shows that the problem with maximum (2.24) reduces to an
ODE for all t > t*.

Proposition 5. Assume tyg > 0, h > 0, b > 0 and function x € C([to — h,);R) is

such that
x(t) = —be(t), t € [to, 00),

Y (to) = K < 0. (2.27)

Then x is increasing function for all t € [tg,00) and x(t) < 0 for allt € [ty, 00).

Proof. Let t; = sup{t >ty : z(s) <0 for all s € [ty — h,t]}. Then z)(t) < 0 for all
t € [to,t1), &(t) > 0 for all ¢ € [to,t;) therefore z is increasing function on [ty ;).
Assume t; < oo, then z(t;) = 0 and there exists ty € [tg,t;] such that z(ty) = K.
Then x)(t) = 2(t) for all t € [ts,t,] and by Lemma 5 it follows x(t) = Ke (2=t —
x(t)) = Ke™®271) =£ . Hence 2(t) < 0 for all t € [ty, 00) and z is increasing function
on [tg, 00). O

2.4 Stability for one dimensional differential equa-
tion with max-operator

Here we consider scalar equations with maximum without input. In [99] it is proved
that the trivial solution to the constant delay equation

#(t) = —ba(t —h), te[0,00), h>0,b>0,

is GES if and only if bh € [0, ). The following theorem shows that GES of the trivial
solution to the equation with maximum does not depend on the value of h.

Theorem 6. Let h > 0, b > 0, ¢ € C([—h,0;R). Suppose x(-) = x(-;¢,h) is the
solution to the Cauchy problem

#(t) = —ba)(t), t>0
x(t) = (1), [, 0],

Then the trivial solution to the problem (2.28) is GES.

(2.28)

Proof. By Theorem 3.1 93] it follows that the trivial solution of the problem (2.28)
is asymptotically stable. Notice, that system (2.28) is a particular case of (2.16) for
which Theorem 4 holds. Assume that D, is bounded, then for some t* > 0 by
Remark 4 and Lemma 5, it follows that the solution to the problem (2.28) coincides

with the solution to
B(t) = —bx(t), t> 1,
x(t*) = x)(t).

Then |z(t)| < |2 (t*)]e %) for all + > ¢* and therefore, there is ¢ = c(p, b, t*) > 0
such that |z(t)] < ce ||| for all ¢ > 0. Next, assume D, is unbounded, then
by definition of D,y for all ¢ > 0 the solution for problem (2.28) coincides with the
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solution to the delay differential equation

#(t) = —ba(t—h), t>0

2(t) = o(b), t € [=h,0]. (2:29)

By Remark 2.2 [57] asymptotic stability of DDE (2.29) is equivalent to GES of (2.29).
Thus theorem is proved. O]

Proposition 7. Let c € R, h > 0 and ¢ € C([—h,0];R). Then the trivial solution to

z(t) = —bx)(t) + ¢, t>0,

() = (t), te =0, (2.30)
18 GES.
Proof. Denote z(t) := x(t) — . Then
5(t) = —b2(t), >0,
() = @(t) — &, te[h0]. (2.31)

Applying Theorem 6 to the problem (2.31) we obtain the GES of the system (2.31)
and, therefore, of (2.30).

O]
Stability of the problem
&(t) = —ax(t) — bx)/(t), t >0,
#(t) = (1), te [-h,0], (2:32)

where a,b € R, h > 0, ¢ € C([—h,0];R) is studied in [93]. There it is shown that the
trivial solution of the system (2.32) is GAS if and only if a, b satisfy

b> —a, for a>—1/h,
b > %e‘“h_l, for a < —1/h. (2.33)
See Figure 2.4.
Recall that the trivial solution to the delay differential equation in the form
&(t) = —ax(t) — bx(t —h), t>0,
o(t) = (1), t€[~h0) (2349
where a,b € R, h > 0, ¢ € C([—h,0];R), is GAS if and only if a, b satisfy
1
a>-—3, —a< b<r(a),

where r(a) = A(hsin A)™!, X is the unique root of @ = —Ah~!cotg) in the interval
(0,7) [5], [40, pp.134-135]. See Figure 2.5.
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I

e

FIGURE 2.4: Shaded region stands for the set of parameters for which
the trivial solution to the problem (2.32) is GAS.

SR

FIGURE 2.5: Shaded region stands for the set of parameters for which
the trivial solution to the system (2.34) is GAS.

Compare shaded regions on the Figure 2.4 and Figure 2.5 one observes that the
set of parameters a, b, h for which the trivial solution to the problem with maximum
(2.32) is GAS includes the one to the problem with delay (2.34).

2.5 Input-to-state stability of the systems with max-
imum in the linear form

Consider the following system of differential equations with maximum in the linear
form
(t) = A(t)x(t) + B(t)z)(t) + u(t), t>0,
z(t) = (1), t e [—h,0],

where z(t) € R", A, B € C([0,00); R™™), initial function ¢ € C([—h,0];R™), input
u € Loo([0,00); R™).

t) =
1) =

(2.35)
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The right-hand side of (2.35) satisfies Carathéodory conditions thus by Theorem 2,
for every input u € Ly ([0, 00); R") and every initial function ¢ € C([—h, 0]; R™) there
exists a unique maximal solution z(-) := z(-; ¢, h, u) to the problem (2.35) on [0,7%),
Ty > 0. Since the right-hand side of (2.35) is sublinear, Ty = +o00 (see §2.2 [58]).

The scalar case of the system (2.35) with a periodic input wu(-) is studied in [48, 13]
where several stability properties are obtained.

Now we investigate whether the system (2.35) is ISS and what is the corresponding
gain function.

First, derive the following auxiliary result for the scalar case.
Consider the differential inequality

i(t) < —a(t)x(t) + b(t)z) (t) + w(t), ¢>0, (2.36)
with a non-negative initial function
where z(t) € R; ¢ € C([=h,0;Ry); b > 0, a,b € C(]0,00);(0,00)), input w €
Lemma 6. Let x € AC([0,00);Ry) be a solution to (2.56),(2.37). Assume a,b €
C(]0,00); (0,00)) are such that
Vt € [0,00) : a(t) —b(t) >0 >0,

where § := inf (a(t) — b(t)). Then there exists A > 0 such that

te[0,00)
e wll
z(t) <max{1l,h} ||p| e ™ + 5 t > 0. (2.38)
Proof. Define the function H : R, x R, — R as follows:
H(t,\*) ==X —a(t) +b(t)er", N eR, teR,. (2.39)
Set
te[0,00) ’
Then
F(0) = sup H(t,0) = sup (—a(t) + b(t))
te[0,00) te[0,00) (2 41)
= —(= sup (=la(t) =b@®)])) = = inf (a(t) = b(t)) = =0 <0 '
te[0,00) t€[0,00)
Write
a:= inf a(t), b:= inf b(t),
te(0,00) B te(0,00)
a:= sup a(t), b:= sup b(t),

t€[0,00) . t€[0,00)
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since functions_ a,b are bounded on [0,00) by assumption a,a@,b,b € R, are finite
numbers. Set F(\*) := \* —a +be*", F(N\*) := \* —a + be* " then

FO\) < F\) < F(\Y), M eR,.
Since F(\*) — oo, F(\*) — 0o, when \* — oo, one obtains
F(\") — 00, as A" — oo. (2.42)

Let 0* be such that 0 < 0* < §. Then from (2.41), (2.42) and by the continuity of F
it follows that there exists A > 0 such that,

F(\) = sup H(t,\) = sup (A —a(t) +b(t)e) = —6* < 0.

tE[0,00) tE[0,00)
Hence
Vt €[0,00): A —a(t) +bt)eM < —6* <0. (2.43)
For any £ > 0 define the function ¢ € C([—h,00); R, ) by
]
5
Observe that ¢(t) > x(t) for all t € [—h,0] by this definition. We prove that ¢(t) >
x(t) for all t € (0,00). Suppose this is not true, i.e., there exists t; > 0 such that

q(t1) = z(t1) and q(t) > x(t) for all t € (0,¢1). Therefore, for the left side derivative
the following holds

q(t) := [max{1, h} ||¢|| + e e +

¢(ti—) < (ti—).
At the same time
G(t1—) = =Ae™ [max{1, h} lo|| + €] > (—a(tr) + b(t2)e)e™" [max{1, h} [|¢]| + €]
= —a(ty)e " [max{1, h} ||l + €] 4 b(t1)eMe ™ [max{1, h} [l¢|| + €]
= —atty) fate) = 51 o) oo =y - 150

= —a(ty)x(t1) + b(t1)q(ty — h) — (—a(ty) + b(t1)) Ll

Let ¢ € [ty — h,t1] be such that z)/(t1) = x(t').

In case t; > h we have t' > 0 and from the choice of the point ¢; and monotonicity
(decreasing) of the function g on [0, 00) we obtain z(#') < ¢(t') < q(t, — h).

In case t; < hif ¢/ < 0 then z(t') < ||¢|| < q(t1 — h). Therefore,

G(t1—) > —a(ty)x(tr) + b(t1)zy (t) + lw]| > @(t1—).

The obtained contradiction proves the inequality ¢(t) > z(t) for all t € (0,00) and
the claim of lemma. O]
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Remark 6. Let a,b € (0,00) with a — b > 0, h € Ry, w € Ly([0,00);R), and
¢ € C([—h,0];R). Then Lemma 6 is also true for the following integral inequality

o] < llelle™ + [ 0 (blal(r) + () Jar, € o.00) (244

To see this observe, that for the constant coefficients a, b differential inequality (2.36)
is equivalent to

t

z(t) < p(0)e™ ™ + /e_a(t_ﬂ <bx%(7’) + w(7)>dT, t €[0,00).

Then for all ¢ € [0, 00) we obtain

2@ < el + [ e (b)) + ()| )dr (2.45)

(1.10) o
< llelle™ +

t
o/
t
/ e (bl |(7) + (7)) dr. (2.46)
0
Assume that the following assumption hold for the system (2.35):

Assumption 3.

(i) Let b € Ry, B € C([0,00); R™ ") in (2.85) be such that |B(t)|| < b for all
t € [0,00).

(ii) Let there exist a function

ViR™ =R, y—V(y) =y Py,

where P € R™™ s a positive definite, symmetric matric P € R™" 4.e. for
some constants ay > aq > 0

al\yP <V(y) < agly\Q for all y € R™. (2.47)

(i1i) The inequality
yT(PA(t) + AT(t)P)y < —as|y|? for allt >0, y e R",

holds with

ag > 2nl~)m%, (2.48)
a

where « = min{1, a1}, m = ||P|].
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Theorem 8. Let b € R.,n € N, h,\,a,m,as,as > 0, Assumption 8 hold, u €
Lo([0,00); R™) and ¢ € C([—h,0];R™). Then the following estimate for the solution
to the problem (2.35) holds

20om

1
r(t)] £ —max{1,h e M4 — ||u||, t > 0.
)] < = max{L, ]} llgl e + =Tl 2

Proof. Compute the derivative V(x(t)) along the solution z
V(a(t)) ZxT(t)( ()+AT(?5) ) x(t)
+ (BT a(1) +a (1) Palt) + o7 (0P (B0 +ult)  (2.49)
< —ag la(t )I +2[z(@)] | BE) P (lﬂ?h(tﬂ) +2[z@) [1P[ [l

Let € > 0 be an arbitrary small number. Define the function R : [—h,o0) — (0, 00)
such that
Vi(x(t t>0
R2(t) = (IQHE’ =" (2.50)
|(20(t)| +&, te [_h70)
From (2.47) it follows that for all ¢ € [0, c0)
Vi(z(t Vi(z(t R2(t R(t R(t
< JVa®) Vet e [r0 _ro _ Ro.
(03] (0%} (03] \/a_l \/a

Let £ € [—h,00) be such that I{lazc ] |z(s)] = |x(§)|. Assume t € (h,00). Then £ > 0
sE(t t
and by (1.9) we obtain

o VR
() < e [o(0)] = nla(©)] < ¥ -
VT _ RO RO RO
v e s 2 e
Now, let ¢ € [0, h]. If £ € (0, 00) then inequality (2.51) holds. If £ € [—h, 0] then
(0] < 0 [o(6)] = nlo(€)] = nlol©)] < nR(e) < n 1 < L.
Then for all ¢ € [0, 00) we obtain
2ROR) = V(a(0) < ~as = 4 2m0) " 1) + 20
() < —as D) ”b—mRh (t) + el
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By Lemma 6 with

« nbm m |ul|
a(t) = 27?27 b(t) = — w(t) = N

there exists A > 0 such that

(2.52)

2
R(t) < max{1, h} || e M + —V ).
aag — 2aenbm

Since € > 0 is an arbitrary number we can take the limit for ¢ — 0 and obtain

V@) < max{1, b} gl e + 222V

aas — 2aanbm

Therefore from |z(t)| < —V‘\/(ﬁx(t» for all t € [0, 00) we obtain
a1

1 20om
x(t)| < — max{1,h e M4 — ||ull .
oft)) <z max{L 4} lil ™ 4 =2 )

]

Remark 7. Note that from the proof of the Theorem 8 it follows that system (2.35)
is not only ISS but even elSS.

Corollary 9. The inequality (2.48) implies 522 > b > ||B(t)|| for all t € [0, 00).

2nmao

Therefore Theorem 8 provides upper bound for ||B(t)|| such that GES of i(t)
A(t)x(t) implies elSS of the problem with mazimum (2.35).

The next statement follows immediately from the Theorem 8.
Corollary 10. Let problem (2.35) be elSS. Then problem (2.35) is 0-GES.

In case of constant coefficients the proof of the Theorem 8 can be sufficiently
simplified. Consider system

i(t) = Az(t) + Bx) (t) + u(t), t>0, (2.53)
where h > 0, A, B € R"", u € L([0,00); R™). With initial condition
z(t) =¢(t),  te[-h0],

where ¢ € C([—h,0];R").

Theorem 11. Let h > 0,n € NJA € R™" and B € R"™". Assume there exist
k>0, >0 such that

[e|| < ke ™ for all t € [0, 00), (2.54)

and
B —. 2.55
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Then system (2.53) is elSS.

Proof. Multiplying equation (2.35) from the both sides by e~ we obtain
Vt>0: e Mi(t) = AeMa(t) + e M(Ban(t) 4+ u(t)),
and, hence
VE>0: (e Ma(t)), = e By (t) + u(t)). (2.56)
Take the integral on [0, ¢] from the both sides of (2.56) we have

VE>0: z(t) = p(0)et + / eA ) (Bz) (s) 4 u(s))ds. (2.57)

Take norm from (2.57), for all ¢ € [0, c0)

[zt < HSOHHeAtH+/H€A(t‘s’H(HBH\wX(S)H\U(S)!)dS (2.58)

t
k’lls&IIe—“t+k/6_“(t_s)(n||3|| [zp|(s) + Ju(s)])ds.  (2.59)
0

(2.54),(1.10)

Under the assumptions p, k& > 0 and (2.55), the assertions of the Lemma 6 are satisfied
for inequality (2.58), therefore from the Remark 6 and Lemma 6 it follows that there
exists A > 0, such that for all ¢ € [0, 00) the following holds

()] < kmax {1, h}[|p[le™ +
[ —
Which proofs the theorem. n

2.5.1 Examples

Example 5. Let h >0, a > b > 0, u € Ly([0,00);R), ¢ € C([—h,0];R). Consider
a scalar system with input

(t) = —ax(t) + bx) (t) + u(t), ¢t >0,

x(t) = p(t), t € [—h,0],
Applying Theorem 8 with A(t) = —a, B(t) =b, P=m =1, 0y =as =1, ag = 2a >
2b we get v = ﬁ and

|2(t)] < max{1,h}[l¢] e + Jull, =0,

a—>

for some A > 0 i.e., the considered problem is elSS.
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Example 6. Consider

t(t) = —2x(t) +sintx) (t) +u(t), t >0,

o) = 1. £ € [—h,0]. (2.60)

for b = 2. Check the elSS property. Apply Theorem 8 in case A(t) = =2, B(t) = sint,
|sint] < 1=:b for allt € [0,00) and check the conditions of the Theorem §:

(i) choose V(x) =x* then P=1=m and oy = ay = a = 1;

(ii) A(t) = —2 then 2x(—2x) = —4x* and the inequality az = 4 > 2 holds.

Since the conditions of Theorem 8 hold then by Theorem 8 there exists A > 0 such
that

1 _ -
Bllell, ) = \/—@—lmax{l,h} lelle™ =2¢7, t>0.

200om
Y(l[ull) = — [Jul] = [lu],
ooz — 2canbm

and, therefore
2 (t)] < 27 + ||ul], t=>0.

One can check that X = 0.27 satisfies X — 2 + e2* < 0. The Figure 2.6 illustrates
the behavior of solution to the problem (2.60) and its input-to-state estimate in case
u(t) = cost for all t € [0,00).

3 ® T

—x=x(t)

2t < = = B(xlt)+y(ul

time(s)

FIGURE 2.6: Graph of the solution to the problem (2.60) and its bound-
edness.

Example 7. Consider the following system

(t)
x(t)

Ax(t) + B(t)z) (t) + u(t), t>0

(L), te[=h,0. (2.61)
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() =t ) - ()

h=1, ¢ € C([-1,0];R?), u € L([0, oo);Rf) Find the ISS estimate for the solution
of the problem (2.61) using Theorem 8. Let b := 5 = ||B(t)|| for all t € [0,00). Check

Assumption 8 (ii),(iii). Define
2 0
r=(02);
1

V(z)=a" (0 (1)> r =222 4 2235 for all x € R%

where

then ||P|| = m =2 and

Then the estimate (2.47) holds for cy = as = 2. Find as such that the following
inequality holds

[ B =l

—-12 2 -
= ( 3 38) 2= =2"Qr < —Xin(Q)|2] = —as|a|’,
2

_ (12 —3)
-5 %),

and ag = S\mm(Q) = min{):l, ):1} Here )\ = %, Ny = % are eigenvalues of ). Notice
that Assumption 3 (ii),(ii) holds with as = 2 > 1. Hence, the conditions of the
Theorem 8 hold and one obtains the following estimate for the solution of the problem

(2.61)

where

1 _ 48
|z(t)] < EH%@H@ Yl t>0,

‘ 15 | 4\
where A > 0 satisfies A — 2 + ze* < 0.

2.6 Concluding remarks and open problems

In this chapter we have provided analysis of robustness properties of dynamical sys-
tems with maximum using neither Lyapunov-Krasovskiy approach nor Razumikhin
approach. Nevertheless, many questions in the context of perturbed dynamical sys-
tems with maximum remain to be solved. Just a few are named.

1. In section 2.3 we have proved that infinite-dimensional systems in the linear
form may reduce to an one-dimensional system along its solution. It is likely
that the time instance t* of changing dimension depends on parameters a, b, h
and input function, to find this dependence is of interest.
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2. Extension of the result of Theorem 4 to the case of the system
z(t) = f(t,x(t), z)(t),u(t)) is of avenue for future research.

3. Under Assumption 3 the trivial solution to the ODE @(t) = A(t)z(t) is asymp-
totically stable and therefore A(t) # 0 for all ¢ € [0, 00). Hence Theorem 8 does
not cover the case of system z(t) = B(t)x) (t) + u(t).

Some results from this chapter were presented on the 20th IFAC World Congress
[22].
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Chapter 3

Input-to-state stability for differential
equations with maximum via
averaging method

Averaging method appeared with need to solve the problems of celestial mechanics.
The idea of the averaging method is, that the right-hand side of a time varying
system of differential equations is replaced by averaged one, i.e. without explicit
time dependence. The justification of averaging method was proposed in works [17,
60]. There authors shown that under certain conditions a solution of a time-varying
(original) system is approximated by a solution of time-invariant (averaged) system.

Observe that averaging method is an effective tool to study the stability of time-
varying systems [31, 32, 30, 4]. Its application to the stability analysis of ODE
systems under the action of some perturbations is introduced in [73]. Where for
nonautonomous (original) systems with input, definitions of strong averaged and weak
averaged systems are introduced. It is shown that existence of ISS-Lyapunov function
of weak averaged and strong averaged systems provides some ISS properties of original
system. Extension of these results to RFDE systems is available in [98, 97]. In
particular, in [98] it is shown that existence of ISS-Razumikhin function for strong
averaged system of RFDE implies ISpS of original system.

To the best of our knowledge, either the proof of closeness solutions of original
and averaged systems or ISS analysis of RFDE system via averaging is available in
the literature only with usage of Lyapunov technique. In this chapter, on the base
of trajectory approach, we obtain the justification of averaging method for system
of differential equations with maximum and input, and apply averaging for the ISS
analysis.

This chapter is organized as follows: the classical averaging method for ODEs
system is recalled in section 3.1. In section 3.2 definitions of strong and weak averaged
systems are introduced, the difference between them is discussed. Next, in section 3.3,
without usage of any Lyapunov techniques, we obtain the justification of averaging
method for differential equations with maximum and input on a finite time interval.
Both cases (the existence of strong and weak averages) are considered. An illustrative
example is provided. In section 3.4 the results from the previous section are extended
to an infinite time interval, and by the trajectory estimate it is proved that exponential
incremental input-to-state stability (edISS) of averaged (strong averaged and weak
averaged) system implies exponential input-to-state practical stability (eISpS) of the
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original system. In the last section we conclude results of this chapter and provide
possible direction for future research.

3.1 Averaging method for ODE

The classical averaging method is applied to the system of ODE in the standard
(by Bogolyubov) form
(t) =eF(t,z(t)), t>0,

x(0) = o,
where € > 0 is a parameter, o € R", F': R, x D — R", D C R™.

(3.1)

Definition 6. [50, p.36] Suppose that F': R, x D — R" is continues and uniformly
bounded such that |F(t,z)| < K for all (t,z) € Ry x D, F is Lipschitz continuous
ie, for all (t,2') € Ry x D and for all (¢,2%) € R, x D there exists a ) > 0 such that
|F(t,x') — F(t,2?)| < Q||z* — 2?||. Furthermore, suppose that the average

T

— 1
F(z) = %EEO?/F(T, x)dr, T >0, (3.2)
0

exists uniformly for all x € D. Then F is called KBM-vectorfield (KBM stands for
Krylov, Bogolyubov, Mitropolskiy).

The following time-invariant system

— F(y(t), t>0,
y(0) = zo. (3:3)

is called averaged system.
Theorem 12. [17, §26]. Assume
1. F is KBM-vectorfield with average F.

2. The solution y(-) of the problem (3.3) belongs to an interior subset of D on
[thOO)'

Then for arbitrary smalln > 0 and arbitrary large L > 0 there exists e = €o(n, L) > 0
such that for all € € (0,&0), and for all t € [0, %] the estimate |x(t) — y(t)| < n holds.

Theorem 12 is known as Bogolyubov’s theorem.

Theorem 13. [12] Let conditions 1,2 of Theorem 12 hold. Assume that there exists a
trivial solution to the problem (3.3) and it is asymptotically stable. Then for arbitrary
small n > 0 there exists ¢ = €o(n, L) > 0 such that for all € € (0,&0], and for all
t €0,00) the estimate |x(t) — y(t)| < n holds.

Remark 8. [17, §26]. If domain D is bounded then the Bogolyubov’s theorem remains
valid in case uniform existence of the limit (3.2) is relaxed to the existence of it for
every fixed x € D.
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First extension of averaging method to RFDE system is based on coordinate trans-
formation and assumption that value of delay h in averaged system can be neglected
[39] (see also [35] for earliest results). Later in [65] it is shown that, in some cases,
approach from [39] leads to a big error (see Ex.5.2 in [65]) and an alternative result is
proved. Some averaging results for differential equations with maximum are available
in the literature [80, 11, chapter 7].

3.2 Weak and strong averages

In this section we introduce the definitions of weak and strong averages originally
discussed for ODEs system with input [73].
Let to € R, h > 0. Consider the dynamical system defined as

B(t) = ef (t, x(t), ) (t),u(t)), t € [to,00),
z(t) = ¢(t), t € [to — h, to), (3.4)

where parameter € is positive, state variable z(-) takes value in D C R™ (D is any
domain), u € Lu([to,00);U), U C R™. Let ¢ € C([to—h, to]; D) be an initial function.
Suppose f satisfies:

Assumption 4. f € C([ty,00) x D x D x U;R") is uniformly bounded that is there
exists 1 > 0 such that | f(t,z,y,u)| < n for all (t,z,y,u) € [ty,00) x D x D x U.

Assumption 5. f : [tg,00) x D x D x U — R" is Lipschitz continuous that is, for
all (x,y,u) € D x D x U and for all (x,y',u") € D x D x U there exists M > 0 such
that

|f(t,x,y,u) - f(t,:v’,y’,u’)| < M(H{L‘ - CL‘/H + ||y - y/” + ||’LL - ul||> :

Under Assumptions 4, 5 imposed on f, by Theorem 2 for every u € Lo ([to, 00); U),
and for every ¢ € C([tg — h,to]; D), h > 0 there exists a unique solution

I(';to,gﬁ, h?“) : [t07OO> = D7

to the problem (3.4).

Definition 7. (Weak average) A Lipschitz function f,, : D x D x U — R" is said
to be a weak average of map t — f(t,z,y,u) if there exist function (., € KL and
T* > 0 such that, for all 7" > T* and for all ¢ > 0 the following holds:

T
Va,y € D,)Yu € U : | fua(z,y,u) — % / f(r,z,y,u)dr (3.5)
t
< Pav(max {|z], |yl, lul, 1}, T).
In case the map f in (3.4) admits weak average the system
(1) = = Fua((2), (), u(t)), ¢ € [t0,00), 56

y(t) = o(1), t € [to = h o],
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is called weak averaged system to the system (3.4).

Definition 8. (Strong average) A Lipschitz function fs, : D x D x U — R" is said
to be a strong average of map t — f(t,z,y,u) if there exist function S,, € KL and
T* > 0 such that for all u € Lu([to,00);U), for all T > T and for all ¢ > 0 the
following holds:

t+T
1

Va,y € D,Yu € Loo([ty, 00); U) : | = / (fsa(x,y,u(T)) . f(T,x,y,u(T)))dT

T (3.7)

t

< Bav(max {[z], |y, [Jul], 1}, T).

In case the map f admits strong average the following system is called strong
averaged system to the system (3.4)

(1) = efsaly(t), yy (1), u(t), € [to,00),
z(t) = @(t),y ’ t € [ty — h, to). (3.8)

The difference between these two definitions of average is that in (3.5) input w is
treated as a constant wheres in (3.7) u is a function from L ([t, 00); U).

Observe that in case u = 0 strong and weak averages coincide.
Consider the following example

Example 8. Consider the nonautonomous scalar differential equation

2+t
U
1+1

x(t) = (—x(t) + (t)) , t>0, (3.9)

where h > 0, x(t) € R, u € Ly([0,00);U). We show that
fwa(z,u) = —2 + u, (3.10)
24

is the weak average of f(t,x,u) = —x + Tu as it is defined in the Definition 7.

Indeed, for all T > 0 and for allt > 0 the following holds
T t+T
_+_l/ _+2—|—7' gl — _E/ 2—|-7‘d
Ttu— = x 1+Tu TI= =7 T T
t

t
U t+1
“In(—-—-
T t+T+1

— ‘u—?(T—ln(t+T+1)+ln(t+1))‘ —

u
< % lIn (t +1)| = Bay(max {|ul, 1}, 7).
: _ 2
Now we show that (3.10) also is the strong average for f(t,x,u) = —x + THu  as

it is defined in the Definition 8. To see that, note that for all T > 0, for all u €
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Loo([0,00);U) and all t > 0 the following holds

= 7T<—x+u(7) to— i:u(f)) ar| = |7 ?Tu(f) <_1i7) ir
|“||/1+T |“||(1n(t+T+1) In (¢ + 1)) = 14l ” (1+t%)

TR in (147) = fofmac {lull, 1} 7).

In the considered example the strong average coincides with the weak one, but
this is not always the case. Moreover, the existence of the strong average implies the
existence of the weak one, however the opposite is not true (see Example 1 in [73]).
Some properties of weak and strong averages are considered in [73].

3.3 Averaging method for differential equations with
maximum and input on a finite time interval

In this section we consider system (3.4) and we show that under certain conditions
imposed on f solutions to averaged systems (weak averaged (3.6) and strong averaged
(3.8)) approximate solution of the problem (3.4) on a finite time interval.

Definition 9. Let U C Lo ([tg, 00); U). The family of functions U is called uniformly
equicontinuous if for every A > 0 there exists § > 0 such that |u(7) — u(s)| < A for
every u € U and for all points 7, s with |7 — s| < 4.

Theorem 14. Let ty € R, h > 0. Consider system (3.4). Suppose
1) Assumptions 4 and 5 hold;
2) uel;
3) there exists a weak average fuq of f;

4) for every input signal u € U, for every ¢ € C([to — h,to]; D) the solution
Ywa (5 t0, @, hyu) to the problem (3.6) belongs to an interior subset of D on

[to, OO)

Then for any ¢ > 0, and any L > 0 there exists eg = eo(c, L) > 0, such that for all
e € (0,0, and all t € [to, to + £]:

sup |x(;to, p, hyu) — Yuwalt; to, @, hyu)| < c. (3.11)
t€lto,to+L]

Proof. For simplicity, set z(-) := z(-; to, ¢, h, ), y(*) := Yuwa(*; to, ¢, h, u). By Assump-
tions 4,5 solutions x(-) and y(-) to problems (3.4) and (3.6) resp. exist for all £ > ¢,.
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Write (3.4) and (3.6) in integral forms

V>t :c(t):<p(t0)+a/f(T,x(T),:c){(T),u(T))dT,

Vit y(t) = plte) + ¢ / Fualy(r), Y (7). u(r))dr.

Subtract y(-) from x(-), add f(¢,y(t),y, (t),u(t)) and —f(t, y(t),y;(t), u(t)) to the
right part of equation. Then, for all t > ¢,

t

o) = y(t) = [ (#(rar).i(7)u(r) = 7. 0(r), 03 (7),u(r)) )

w2 [ (FE0) 60 0(0) = Fualy(r) () () )

to

By the Assumption 5

€ [t0,00)  [o(t) ~ y(0)] < &M [ (Jalr) = y()] + k() — ()] ) dr

t (3.12)
we| [ (S04, 00) = Faaly(e). i (7)) ).
Notice that
Ve ltoo0) : Lel(t) —ul(0)] = (e — y+ 9L () — (O] 'S I(w — )} (0)]
(1.10) (3.13)
< ntes[tu}zo) lz(t) — y(t)|.

Then for inequality (3.12) we obtain

t

V€ [t00): Ja(t) — y()] < eM(1+n) / sup [e(s) = y()ldr +110), (.19

where

Vt € [tg,00) : I(t):=¢
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Find an approximation of I(t) for all t € [to, o + £]. Divide [to, o + £] into p equal
parts such that ¢; = tg + %, i=0,---,p. Lett € [ty,tpy1) forall k =0,---,p—1,
then

kZ / (F9(). (). () = Fualy(7), (), () )

N\ /

@ (3.15)

+5/ ‘f(T,y(T)vyi\z/<7')au(T>) - fwa(y(f),yg(7)7u(7))‘d7_

J/

-~

(0)
Observe that, the length of interval [ty,t] may be smaller then £

(1) For simplicty, set () = . w/(k) = - Add £{t.y0,u), and
+ fua(¥i, Yy, w;), then

k—1 tit1

€ Z/ (f(T,y(T);y}vL(T),u(T)) —fwa(y(7'>,y}\:(7'),u(7'>)>d7'

tit1

<e| [ (7w w) = funlanosl’ ) ar

(a1)
ti (3.16)
+s/\ffy ), ) = £ )
(a-2)
tit1
+5/ ‘fwa(yiayiv7ui>_fav( ( ) yh( ’dT’
ti

(a-3)
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(a.1): Split integral into two integrals and by the Definition 7 we have

tit1

3 /(f(ﬂyi,yiv,ui)—fwa(yz,y%ui)>d7

t;
tit1 t;

= / <f(T> ymyz\/vuz) - fwa(yiayyaui))dT - / (f(T7 Yi, yl\/’ ul) - fwa<y’i>y7>/7ui)>d7—
to to
tit1 t;

<e / (f(T> yzayz\/uuz) - fwa(yivy;/7ui)>d7— +e€ / (f(T, yuyz\/7uz) - fwa(yiayzyaui)>d7—
to to

::€ti g
< 2etyflar(max {yy], [ul, 1} £:) *=" 26 fau(max {[yy], [u], 1}, 2)

S
<2 suwp (fulmax{lyl, Jul, 1}, %)
€[t to+L] <

Function  sup (gﬁav(maxﬂy,ﬂ, lul, 1}, g) —0ase—0.

c€lto,to+L]
(a.2): By the Assumption 5, using equicontinuity of inputs and by the inequality
(3.13) we obtain

tit1

e [ 17 u 0. ar) = 1)

tit1

<eM / ('Z/(T) — vl 4+ |y (1) =y | + |u(r) — u¢|>d7'

t;

tit1
AL
< M — 1) =y
b (24 [ (o) =l + k) = ) ar
t;
I tit1
<eM | A—+(n+1) sup |y(s) — yildr
Ep y sE[to,T]
I tit1 s
<eM [ A=+ (n+ 1)/ sup |y —6/fwa(y(9),y;¥(9),U(9))d9—yz- dr
Ep . SE[t(),T] .
tivi T tit1
Assum.4, L L
< eM Ag——l—en(n—i—l)//deT =eM )\E—Jrsn(n—l—l) /(T—ti)d’r
b ti  t; p ti
L 1 LM 1)nL
g (AL e, e S EM (et Dl
Ep 2 P 2p

(3.17)
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(a.3): By the approach used for integral (a.2) we obtain

: / 1!fwa<yi,yy,ui> = Fuay(r), (1), u(r))|dr < % (“

(n+ l)nL) .

2p

(b): Using inequality |v — o| < |v| + |g| for all v, o, and taking into account that for
all
t € [to,to + 2], ts —t < Z we have

Ve ltoto+ 2] = [ |00 (0. 0r) = faalo(r) i), ulr) | dr < 2

Therefore we obtain

I(t) <2p sup (gﬁav(maxﬂym, lul, 1}, g) +2LM ()\ +

S€lto,to+L]

nL L -
M)Hn_ _.d
2m m

Inequality (3.14) holds for all ¢ € [tg, 00), then for all ¢ € [to, o + £]

SE[to,t} SE[to,T]

sup |z(s) —y(s)] < (1+ n)aM/ sup |z(s) — y(s)|dr + d. (3.18)

It is easy to check that assumptions of the Gronwall’s lemma hold for the inequality
(3.18), therefore

~ erth ~
sup |x(t) —y(t)| <de o < deME.
t€fto,to+L]

Choose p, such that

1)nL L
M (opng (ag WEDILY o B o€
2p D 2
Then fix p and choose 5 > 0 such that for all € € (0, g(]
ML v N ¢
2pe gﬁav(max{‘yh‘v|u|vl}75) < 5
Therefore  sup |z(t) — y(t)| < ¢. Theorem is proved. O

L
sG[to,to-‘r;]

The next theorem proves the closeness of solutions to original (3.4) and strong
averaged (3.8) systems. Observe that under assumption of existence of strong average
fsa one can remove the assumption of uniformly equicontinuous of set U.

Theorem 15. Let tyo € R, h > 0, U C R™, D C R". Consider system (3.8) and
suppose
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1. Assumptions 4 and 5 hold;
2. there exists strong average fs, of f ;

3. for every uw € Luoo([to,00);U) and every ¢ € C([tg — h,to]; D) the solution
Ysa(+; to, 0, hyu) to the problem (3.8) belongs to an interior subset of D on [ty,00).

Then for any ¢ > 0, and any L > 0 there exists eg = €o(¢, L) > 0, such that for all
e € (0,e0), and all t € [to, to + £]:

sup  |x(t;to, @, hyu) — ysa(t; to, o, hyu)| < ¢ (3.19)

te[to,to+L£]

Proof. Set z(-) := z(-;to, 0, h,u), y(-) = ysa(*;t0, 0, hyu). The proof is similar to
the proof of the Theorem 14 with the following changes: instead of (3.16) for all
t € [to, to + L] we have:

b tit1

Z/( 7),yp (7), u(r ))—fsa(y(T)ayX(T),U(T))>dT

<e / (£ 00, w(7) = foalio s u(r)) ) dr

J

~

(a)

-I-»SZ/H)f (7, y(7),yp (1), u(r ))—f(T,yi,yiV7u(7-))‘dT

J/

-~

©

tit1

re f

Faawi ! () = Feay() (7). ()

[\ J/
-~

(c)

w2 [ o)) ) = Faly(e). o (), utr) i

S

v~

(d)
(a): Then by the Definition 8,

tit1

| [ (7o) = Falnosl ) )dr| €2 sup (B (I [ul] 1}, 2.

GE[to,to+L]
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(b): Similarly to (3.17), we obtain

tit1 tit1

/ £y ) u() = e )|ar <[ (lor) =l + 1) = o) dr

tit1
< e?M(1+n)n /(T —t;)dr =

t;

M(1 + n)nL?
2p? '

For (c) and (d)

tit1

|

ti

M(1+ n)nL?
2p? ’

Foalss Y 0(7)) = Faaly(7), 3 (7) (7)) |dr <

and

t
L
e [ | i 70D = Faayl) i), ) [ < 20
tr
resp. Hence, for all t € [to, ty + £] we obtain

s, Ln
R(t)<p sup (Bea(max{|y;l,|[ull,1},>)+—
GE[to,to+L] € p

(M(l +n)L + 2).

N

Similar to the Theorem 14, choose p, such that e (f( (1+n)L+ 2))
]

Then fix p and choose ¢y > 0 such that for any e € (0,g0] we obtain

peME sup  (¢Bsa(max {|yy], [[ul,1}, %) < §. Therefore estimate (3.19) is obtained.
Ce[to,t0+L]

]

Example 9. Consider differential equation with mazimum

&(t) = e(—z(t)sint — x)/(t) — u(t)), te€]0,00), (3.20)
z(t) =0, te[-1,0], '
where x(t) € R, h > 0, € > 0. Consider continuous inputs u : [0,00) — R such that,
lu(t)| < 1 for allt € [0,00), denote such space by U. Notice, that r.h.s of (3.20) is
continuous function on each argument and it is Lipschitz continuous with constant
M =1, indeed for all t € [0,00), for all x,y,x),y),u,v € R

|f(t,l’,$;{,ﬂ) _f(tay7yi\1/7v)| = | —xsint—xx —u—- (_ySIHt_yi\z/ —’U)|
<z —yl+ 1y — apl + lu—0l.

Then by the Theorem 2 there exists unique mazimal solution z(-) := z(-;h,u) to
(3.20) for all t > 0. Observe that fs(y',u) = —y — u is a strong average for
f(t,x,x),u) = —xsint — x) — u. Indeed, for all T > 0, for every u € U, and for all
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t>0
4T t+T
: N - " ar| = |2 [ sinrar| < 22 . T
flryx,zp,u(r)) — f(r, 9y, u(r)) Jdr| = sinTdr| < =: Buo(|z|, T).
T T T
t t

Hence, the strong averaged system to the system (3.20) is given by

J(t) = e(—yp (1) —u(t)), te€0,00),
5(75) —0, ’ te[-1,0]. (3.21)

Let ¢ = %, L =10 then by the proof of the Theorem 15 we may choose p such that,

eME (% (M(1+n)nL + 2?7)) <-. (3.22)

o |

Constant M = 1 is already found. In order to find n consider (3.20) in the integral
form

Vte[0,00): () = —e/ (g;(f) sinT+xX(T)+u(7))dT.

For all t € [0, £]:

t

()] < e /(|x(7)\+|xx(7)|)d7+/|u(7)|d7 < L+2g/|xx|<7)d7. (3.23)

0

Take supremum from the both sides of (3.23) on [0, ]

t
L
forallt €]0,—]: sup |z(s)| < L+ 25/ sup |z,|(&)dr. (3.24)
€ s€[0,t] ; £€lo,7]

For inequality (3.24) conditions of Gronwall’s lemma hold therefore,

2 [dr

sup |z(t)| < Le © < Le*. (3.25)
te[0,L]

Then for all t € [0, %]:

[f(t 2,2y, w)| = [ —a(t) sint —xy () —u(t)] < [o(t)]+]zy](0) +u(®)] < 2Le* +1 =1,

Hence from (3.22)
p < 4e'%(440¢% 4 21).
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(3.25)
Fizp = 4¢'°(4402+21). Since Bu (||, T) := 28 <" 2222 e have 20e*°p sup % <
£€[0,10]

}1 = g9 < 8000e*p. Then for any ¢ € (0,8000e*p]

sup |z(t) —y(t)| <
te[0,12]

N =

See Figure 3.1 for the trajectory of (3.20) and (3.21) in case u(t) = cost, € =
h=1,¢(t)=1 forallt € [—h,0].

N |—=
-

-0.6

o . \
1

-0.8 I I I I = I
0 2 4 6 8 10 12 14 16 18 20

time(s)

FIGURE 3.1: The solutions of original (3.20) and averaged (3.21) sys-
tem.

3.4 Input-to-state stability via averaging method

Here we extend the results from the previous section. Consider system (3.4). We
prove the closeness of solutions to original and averaged (weak and strong) systems
on infinite time interval and, moreover, we show that edISS of averaged system (weak
and strong) implies eISpS of the original system.

Assume that
f(t,0,0,0) =0, forall t>t, (3.26)

so that z(t) = 0 is an equilibrium of he system (3.4).

Definition 10. The system (3.4) is exponentially input-to-state practically stable
(eISpS) if there exist @ > 0, u > 0, and K -function 7, and nonnegative con-
stant p such that for any initial function ¢ € C([to — h,to];R™) and any input

u € Loo([to, 00); R™) the unique solution z(-;tg, ¢, h,u) to (3.4) exists for all ¢ > ¢,
and furthermore it satisfies

z(t:t0, @, by w)| < Qe ||| + y([Jul]) + p,  t € [to, 00).
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Definition 11. The system (3.4) is exponentially incrementally input-to-state stable
(edISS) if there exist @@ > 0, u > 0, and K -function ~, such that for any initial
functions ¢, ¢ € C([tg — h,to]; R™) and any inputs u, @ € L ([tg,00); R™) the unique
solution y(-; to, @, h,u) to (3.6) exists for all ¢ > t,, and furthermore it satisfies

[Yuwa(t: to: @: s t) = Yua(tsto, @, by )| < Qe "o — G| +4(|[u—al]), ¢ € [to,00).

Since (3.26) is assumed, from the Definition 11 it follows that edISS implies eISS
just comparing an arbitrary solution with the trivial one.

Theorem 16. Assume conditions 1-4 of Theorem 14 hold. Let (3.26) hold and system
(5.6) be ed1SS. Then for any 6 > 0 there exists g = €o(0) > 0 such that for all
e € (0,&0] the following holds

sup |z(t; to, @, hy u) — Yua(t; to, p, hyu)| < 6. (3.27)

t>to
Moreover, the original system (3.4) is elSpS with respect to U.

Proof. Set x(-) := z(t;to, o, h, ), Ywa(*) = Yuwa(t;to, p, h,u). Consider the partition
of the time axis

L 2L kL (k+1)L

L
[to,to—f——]U[tO—f——,to—l——]UU[t0+—,t0+ ]U’ k:1727a
g g g g

where constant L > 0 is determined. On each interval [to—i-%, 150+@]7 k=1,2,---
we define y,qx(+) as a solution to

J(t) = € fua(y(t), ) (t), u(t)), t€ [to+ £, 00),
zwa,k(t;: xé)? " te [to + k?L — h,ty + %]a (328)

see Figure 3.2. Then
Vt € [to,00) 1 [2(t) = Yuwa(t)| < |2(t) — ywa,k<t)| + ’ywa,k(t) — Ywa(t)|. (3.29)
By Theorem 14, for any fixed L > 0,

kL (k+1)L

Vi € [t0+?,t0+ | VE=1,2,--: |2(t) = Yuwar(t)] < c

If £ =0, then
L
vVt € [t07 to + g] : ywa,0<t) = ywa<t)-
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tO_h 0 to—i‘% to‘i‘%

FIGURE 3.2: Solutions to original, strong averaged system and to the
system (3.28).

Without lost of generality, assume £ > h. Since (3.6) is edISS, for k& > 1, for all

g
kL (k+1)L7 .
t € [to+ " to + —] :

< e L
Buas(6) — ua£)] < Qe MO up 4 (8) — ()]
s€lto+EL —h,to+EE]
~ L
< Qe—u(t—(to—i-k;)) sup <|ywa,k(5> - ywa,k—l(s)l + |ywa<8) - ywa,k—l(s>|) )
s€[to+EL —h,to+ L]
(3.30)
where ) > 0 and x> 0. Then by the definition of Ywak(+),
Th. 14
sup |ywa,k(3) - ywa,k—1(8)| = sup |$(8) - ywa,k—1(8)| S C.
s€fto+EL —h,to+EL] s€[to+EE —h,to+EE]
For simplicity define d;_; := sup |Ywa(S) — Ywak—1(s)|, K =1,2,--- . Then

s€fto+EE —h,to+EE]

for (3.30), for all t € [ty + %7150 i (k+€1)L]:

|ywa,k’(t) - ywa(t)| S Qe—u(t—(to—kk%))(c + 5k—1)- (331)
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Taking sup on an interval [ty + ("+—1 h,to + "H 2221 from both sides of inequality
(3.31) we obtain
5k = sup |ywa,k(5) - ywa(s>|
se[t0+(k-{—51)L _h’to_i_(k-&-sl)L}
<Q sup 6_"(5_(750“‘:%))(0 + 0k—1) (3.32)

SQ%-I—%-%%-G—@}

Set q := Qe_“(%_h) and notice that dp = 0 hence

51 S CIC7
0y < qe(q + 1),
63 < qe(q® + g+ 1),

on < qe(@® + "+ 1).

Choose L sufficiently large so that ¢ < 1, then §; < , as k — 0o. Thus for (3.30)
kL k+1)L

e R I e ] (e
For any k =1,2,---, on each interval [t + %&, ¢ + (kH)L] we have

4q

(8) = e )] < o1 + ).

—dq

Then
Yt € [ty 00) : |Ywalt) — ()] < (1 + l%q) —. 0. (3.33)

Therefore estimate (3.27) holds. Moreover, observe since delSS of (3.6) implies ISS of
(3.6) and in conjunction with estimate (3.33) we obtain for all ¢t > ¢,

|[2(D)] < Ywa(B)] + |2() = ywa(t)] < B(llel], t = to) +~([[ul]) + 0
which proofs eISpS of the system (3.4). O

Theorem 17. Assume conditions 1-3 of Theorem 15 hold. Let (3.26) hold and system
(3.8) be ed1SS. Then for any 0 > 0 there exists ¢g = 9(f) > 0 such that for all
e € (0,g9] the following hold

sup |x(t7 tU? 2 h’ U’) - ysa(t; t07 P, hv U’)| S 0.
t>to

Moreover, the original system (3.4) is elSpS.
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The proof is similar to the proof of the Theorem 16.

3.5 Concluding remarks

In this chapter we have proposed extension of averaging method to the perturbed
system with maximum and we have applied it to ISS study of differential equations
with maximum affected by an input. In particular, without usage of any Lyapunov
techniques it has been shown that edISS of averaged systems implies eISpS of orig-
inal system. Remark that compare with eISS, e)ISS is more restrictive assumption.
Observe Theorems 14, 15 are interesting not only for the ISS analysis, they itself
provide valuable results regarding to averaging method for differential equations with
maximum and input. It is likely that the results from this chapter can be extended
on general RFDE systems.
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Chapter 4

Numerical method for differential
equation with max-operator

Numerical methods for SD-DDE are available in many papers and monographs (we
cited only some of them [14, 26, 29, 33, 47, 54, 43, Chapter 9]). For applying these
methods one should assume that delay function is smooth. Since the delay function
in problem

x'(t):f(t,x(t),x};(t)), te [OvT)v (4 1)
z(t) = p(t), t € [—h,0], '

where z(t) € R, h > 0, T' € (0,00], is piecewise continuous (see Remark 1) cited
methods are not applicable to the calculation a solution of the problem (4.1) and
therefore it is necessary to develop numerical method for differential equations with
maximum.

In this chapter, we propose a numerical method for computing the solution to
(4.1) which is based on the left rectangle method that requires only continuity of the
first derivative of the solution, no additional assumptions about a delay function are
assumed. Recall that for trapezoid or Simpson method more regularity of z is used.
Suggested in this chapter method is an extension of the one from [21], where only
constant initial functions were considered. We refer to 28| for a numerical method
for calculation a solution to the problem (4.1), which is based on construction of
approximation by lower and upper solutions to (4.1).

4.1 Equivalent problem to a problem of differential
equations with maximum

Let h > 0, T > 0. Consider Cauchy problem in the form (4.1). Assume the initial
function ¢ : [—h,0] — R is continuous, function f : [0,7) x R x R — R from (4.1)
satisfies the following

Assumption 6. (i) f: (t,z,y) — f(t,x,y) is continuous

(1) f:(t,x,y) — f(t,z,y) is Lipschitz continuous in (z,y) € RxR forallt € [0,T)
with Lipschitz constant L > 0.
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Theorem 18. Consider problem (4.1). Let Assumption 6 (i) hold. Then the problem
(4.1) is equivalent to the following problem

o(t), t € [—h,0]
o) = r(t [ o()dr +0(0), (Ofsv(f)df) () +¢(0)), te (), (42)
where Jnax Ofv(T)dT =: (Ofv(T)dT)h (t). If v e C(0,T);R) is a solution to the

problem (4.2) then

p(t), t € [=h,0],
Ofv(T)dT +¢(0), te(0,7),

solves the problem (4.1).

Proof. Let © € AC([0,T);R) be a solution to the problem (4.1). Set @(-) =: v(-) on
(0,7") and ¢(-) = v(-) on [—h,0]. Since z, as a solution to (4.1), is an absolutely con-
tinuous function, its derivative is defined almost everywhere, therefore z(t) — ¢(0) =

t s v
[v(r)dr, and z)/(t) = (f U(T)dT) (t) + »(0) for all t € (0,T). Since x(-) satisfies
0 0 h

(4.1) it follows that v(-) solves problem (4.2). Conversely, let v € C((0,7);R) be a

solution to (4.2). Define

(1), t € [=h,0],

o) = jv(T)dT + ¢(0), te(0,7).

0

Taking the right time derivative of z(-) on (0,7), @(t) = v(t) for all ¢t € (0,7, that

satisfies (4.1) due to (4.2). Thus, the theorem is proved. O
Let B > 0 be such that
sup |f(¢,0,0)] < B (4.3)
tel0,T)
and
sup |e(t)| < B. (4.4)
te[—h,0]

Consider the following integral equation

Vte [0,T): wu(t)= L/u(T)dT + B, (4.5)
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where B > 0. It is easy to check that

Vte[0,T): wu(t)= Be™. (4.6)

is a solution to (4.5). Define the sequences {z,(-)} —, as

t
Vt € [07T> Vn = 07 17 R Zn+1(t) = L/Zn(T)dT7
0

where 2o(t) := u(t) for all ¢ € [0, 7). Show that
Vie[0,T): 0<..< 2z < z(t) < ..o < z(t).

Indeed

t t

Vie[0,T): z(t) = L/ZO(T)dT < L/u(T)dT + B = u(t) = z(t).

Thus, z1(t) < zy(t) for all ¢ € [0,T"). Now, let 0 < z,(t) < z,_1(¢t) for all t € [0,T),

then
t t

Wemjy,%Mw:L/%@ng/%ﬂﬂmZ%@,
0 0
i.e, for all t € [0,T) we obtain z,1(t) < z,(t). Notice, z, € C([0,T);R), n=0,1,--- .
For all ¢t € [0, 7] the sequence {z,(-)} , is nonincreasing and bounded from below.
For this reason there exists measurable function z : [0,7") — R such that nlgr;() zp(t) =

Z(t) for all t € [0,T).
By Lebesgue’s dominated convergence theorem

t
vt e [0,T) - an:L/aﬂm. (47)

0
Compare (4.7) with (4.5) and conclude that there exists unique solution z(t) = 0
to the integral equation (4.7) on [0,7"). By the Dini theorem [51, Th.12.1, p.157],

the sequence {z,(-)} -, uniformly converges to Z(-) on [0, 7). Consider the sequence
{vn(-)}72, on [0,T) such that

p(t), tel=h0,
Uny1(t) = F(t, [va(m)dr + 0(0), (fs vn(r)dr> (t) +»(0)), te€]0,T),

0
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where vg(t) := 0 for all t € [-h,T). Let

and

_ )0, t € [—h,0],
Zlt) = {zn(t), tel0,7).

Theorem 19. Consider (4.1). Let [ satisfy Assumption 6. Then there exists contin-
uous solution v : [0,00) — R™ to the problem (4.2). Moreover,

Vi e [—-h,T): |v(t)| <ul(t), (4.8)

and
Vte [-h,T) Yn=0,1,2,---: |o(t) —v,(t)| < Z.(2). (4.9)

t)| <u(t) on [—h,T) for all n =0,1,2,.... Note that for

Proof. First let us show |v,(
<a(t ), and let by induction

\
allt € [=h,T), 0= |vy(t)

Un
|
VEe[0,T) Yn=0,1,2-: |v(t) <T(t). (4.10)

Proof that |v,41(t)] < @(t) for all ¢t € [0,7T), for any n = 0,1,2,.... Indeed, for all
t>0:

[vn41(2)] < f t,/vn(T)dTJrSO(O), /vn(T)dT () +#(0) | = f(#,0,0)
+ |/(2,0,0)]

+2LIp(0)| + |£(2,0,0)|

Assumﬁ (1)
/|Un )| dr + /wn |dT

(4.3),(4.4)
<

L /|Un(7')|d7' +B(2L+1) < L
0

(4.10) /
0
where B := B(2L + 1). Next, using induction we show that
Vie [0,T) Vp=0,1,2,---: |Upip(t) — 0n(t)] < 2n(2). (4.11)
If n =0 then
Vi [0,T): fup(t) = vo(t)] = |up(t)] < ult) =: 2(t).

Let n = k then
Vi€ [0,T): |vkgp(t) — vi(t)] < 2i(2). (4.12)

u(r)dr + B u(t) = (),
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Thus for all t € [0,7) :

opsren(®) — oo (O] = £ [ 1. / V(7Y + (0), / V(M) | () + 9 (0)
0 0 h
e / ok(F)dr + 0(0), / w(r)dr | (@) + 9 (0)
0 0 h

t

Assum.6(ii),(1.11) t (4.12)
< L/ |Vkp(T) — vp(7)| dT < L/Zk(T)dT = zZp41(t).
0 0

Thus we obtain (4.11). The sequence {z,(-)} -, uniformly converges to zero on [0, T),
hence according to (4.11) the sequence {v,(-)}, ., uniformly converge to v(-) on [0, T),
where v € C([0,T); R") which proves (4.8). Let p — oo in (4.11) then we have (4.9).
Uniqueness. Assume the opposite. Let besides a solution v(-) = v(+; ¢, h) to equation
(4.2) there exist another solution such that

where w € C([0,7); R), and by (4.8) |w(t)| < u(t) on [—h,T). Proof that
Vte[-h,T) Vn=0,1,---: [w(t) —v,(t)] < Zn(t). (4.13)

It is sufficient to show that (4.13) holds for all ¢ € [0,7"). Using induction, for all
t € 10,T) with n = 0 we have |w(t) — vo(t)| < u(t) = z9(t). Let for all t € [0,T) for
any n = 0,1,---, |w(t) — v,(t)] < z,(t), and show that |w(t) — v,11(t)] < 2p41(t) on
[0,7). Indeed, for all t € [0,T)

w(t) — v ()] = | f ta/w(T)dT‘f‘@(O), /w(T)dT> () + ¢(0)

0 0

0 0
t

Assum.6(ii) (4.13)
< L/ lw(T) — (1) dr < L/Zn(T)dT = Znt1(1).
0 0

n / on(7)dr + 5(0), / vnmm) () + (0)

Thus lim 7,(t) = w(t) converges uniformly for all ¢ € [0,7). Therefore v(t) = w(t)
n—o0

for all t € [0, 7).
Theorem 19 is proved. [
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4.2 Numerical method

The following definition is used to derive an error estimate of numerical method.

Definition 12. [100]. The continuity modulus of a function p: [0,7] - R, 0 < T <
oo with step [ € [0,7] is called a function w),(-) defined as follows

wu(l) = sup {[p(ty) — p(t2)]  t1,t2 € [0,T7]; [t1 — b2 <1}

Remark 9. From the definition 12 it follows that llirgl wyu(l) = 0 if and only if p €
—0.
C([0,T]; R).

Let [ be the step of integration, A = {to,t1, - ,tn, -+ ,tx =T = NI}, N € N be
a mesh of points, uy is approximation to u(t;). Then by the formula of left rectangles

[ eyt =13 e+ o)

k=0
From above equality

tei1

n—1 n—1 n—1
wte0.1): Il = | [ uodt =15 = | [ noit =Y puttin —

0 k=0 k=0 te k=0
n—1 tetl n—1 bt n—1 bt

=D pdt=> " [ mdt] = Y[ (u(t) — ) dt
k=0 iy k=0 ty k=0 i
n—1 b

< |p(t) — pu| dt
k=0 e

For all € [ty tya] we have [u(t) — pu| < [u(t) = pte)| + [p(tr) — i < wu(l) + 6
with 0y, := |u(ty) — x| . Hence

)] < o) + 13 65 (4.14)
k=0

This proves the following

Lemma 7. Let T € (0,00) and pn € C([0,T];R). Then for the error of left rectangle
method estimate (4.14) is valid.

In spite of wide usage of rectangle method the proof of the Lemma 7 has not been
found in the literature devoted to numerical methods.

By x) we denote the approximation of solution z () to the problem (4.1) at t = t,
also by vy we denote the approximation of solution v(tx) of (4.2). Assume, that zj
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and v, k =0, --- ,n are already found. Show how x,,,1,v,1 can be calculated. Note,

~+

that z(t) — ¢(0) = [v(r)dr for all ¢ € [0,T). By the left rectangle formula
0

tnt1 n teE1
(tns1) /v )dT + (0 Z/ v(T)dr + (0 Nlka+<p
2 k=0 ;.
Hence z,41 =1 Z vk + ¢(0). Then
k=0
n trt1 n n bt n
|x(tni1) — Tpia| = Z / v(T)dr — lka = Z / v(T)dr — Uk (g1 — L)

k=0 ;. k=0 k=0 ] k=0
n tetl n bt n TRl

= Z / v(T)dT — Z / vpdT| < Z / |o(T) — vg| dr
k=0, k=0 k=0

(4.15)
Denote 6 := |v(tx) — vg| then
vVt € [tk‘atk’—i-l] . ”U(t) - Uk‘ S |U(t) - U(tk)‘ + ‘U(tk) — Uk| S wv(l) -+ (Sk (416)

From (4.15), (4.16) and Lemma 7 it follows that

|2 (tns1) = Tngr| 1D 6k + Twy(1). (4.17)
k=0
t s v
By (4.2) for all t > 0, v(t) = (t,fv Yt + ¢(0), (f ’U(T)dT) (t) + ga(O)) . Then
0 0 h
V(tpyr) = [ (tpyr, (n+1) V(tns1)) . Let S be such that x(35) = x)(tn41). Calcu-
late an approximation z,, of (5). If 5 € [=h,0] N [ty41 — h,tyqa], then z(5) =

Tnt1 = @(t) since v(t) = ¢(t) for all t € [—h,0]. Let s belong to one of the intervals
[tni1kytnio k], 1 < k < % and t,,1_x > 0. If § = t,,,1_4, then by the formula of left
rectangles

2(5) = B(tsr i) = / o(r)dr + p(0) = i / o(7)dr + (0)

~ 1) o(t) + 9(0) ~ lZvi +¢(0) =

1=0
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From here and till the end of this chapter for simplicity set zy,,, =: z),,, and
xy =:z¥. From (4.17)

n—k

|2(5) — 2y | 1D 6+ Tw, (1), (4.18)

=0

Now consider the case t,11_ <S < tp19_. Then

tnti—k s
x(3) = / v(T)dT + / v(T)dT + ©(0)
0 tnt1-k
n—=k n+l1—k
~ ZZ v(ti) + v(tnt1-k) (5 — tnp1-k) + 0(0) = 1 Z v(t;) +¢(0)
i=0 i=0
n+l—k
~ vi +p(0) =z, 4.
=0
The following estimate holds
n+1l—k
|2(3) — 2y, | <1 D 6+ Tw(D). (4.19)
i=0

n+l—k
If 5 = t, 10—, then similarly it follows that /., =1 >~ v;4+¢(0) and estimate (4.19)
i=0

is valid. .
Let now k = 1,5 € [t, tp41). In this case 2, = 1> v; + (0),
i=0

|2(5) — 2| ST 65+ Tw, (D). (4.20)
=0

Therefore, in all considered cases x,,, approximates T = )/ (t,41). For Z,41 the
estimate (4.20) is valid. Hence,

Un+1 ::j(tn+17xn+laxx+1)' (4'21>

In order to prove the convergence of numerical method we need the following auxiliary
result.

Lemma 8. Let I > 0, T € (0,00), N € N. Consider the uniform mesh A =
{tr =kl,k=0,1,--- N, Nl =T}. Assume functions q : A — R, oy : A — R,

are such that )

|@u(tns1)] < LI Z |au(te)| + B, (4.22)

k=0
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n—1
Qtns) > L1 ay(ty) + Bon=0,1,--- N —1. (4.23)
k=0

where q(to) = 0,a;(te) = B > 0,L > 0. Then |q(t,)| < ai(tn). Moreover, (4.23) is
satisfied by oy(t ) u(ty), where u(+) is a solution to (4.5).

Proof. By assumption of Lemma |g;(¢9)| < ay(to). Let |qi(tr)] < au(te), k =0,1,--- ,n.
Then |q(tnt1)] < au(tn41) follows from (4.22) and (4.23).

Next, we show that «o(t,) = u(t,), n = 0,1,--- | N satisfies (4.23). From (4.6) it
follows that u(t) > 0 for all ¢ € [0,7] and it is increasing for all ¢ € [0,7]. Then from
(4.5) we obtain

" [N n tri1
u(tnﬂ):LZ/ u(r )dT+B>LZ/ (tr)dr + B
k=0 tn k=0 tn

=LY uty)(trer —t) + B =LY u(ty) + B
k=0 k=0

Hence, Lemma is proved. ]

A similar result to the Lemma 8 was obtained in [92] in order to show the conver-
gence of numerical method for differential equations of fractional order.
Now we can prove the following theorem.

Theorem 20. Let f satisfy Assumption 6. Then

]\}gnoo Jmax |v(ty) — vk| = 0, (4.24)
A}linoo Jmax |z(ty) — xx| =0, (4.25)

hold for the approzimation of solutions to (4.1) and (4.2) resp.

Proof. Using our previous notation and from (4.17), (4.20) we have

Ony1 = |V(tns1) = Vnga| = [f(tnrr, 2(tnga), 27 (tns1)) = ftnss, Ty, SCXH)’
Assum.6(ii)
< L(|2(tar) — @] + |2V (Fasr) — 2)4)) (4.26)
=L <l > o+ va(l)) :
k=0

Applying Lemma 8 to (4.26) in case B = LTw,(l) we obtain

6, < u(t,) = Bel' < BelT (4.27)
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If | =L — 0, then by Remark 9 w,(l) — 0, then lim  max_ §, =0. From (4.17)
N—ocon=0,1,--- ,N—1
and (4.27) follows that

n

|x(tns1) — x| <1 BelT 4 Tw,(l) = T(BeLT + wy (1)),
k=0

and hence ]\}5{1)0 nzog}%},{Nfl |z (t,) — zn| = 0. O

4.3 Results of numerical experiments

To illustrate the proposed method we consider scalar differential equation with
maximum. The analytic solution is derived and it is compared with numerical ap-
proximation for different values of step integration.

Example 10. Consider the following differential equations with maximum

i(t) = —a(t),  teo,00),
o(t) = —sint + 1, te[-1,0]. (4.28)
The analytic solution to the problem (4.28) can be written as follows
—t —cos(1 —t) +cosl+1, t € 0,1],
0 L — (2+cosl)t —sin(2—t)+ L +2cos 1 +sinl, tel,2),
T = 2
—§+% — 3t — (t—3)sin 1+cos(3—t) —3cos 1(t—1)— 1, te€[2,1+3]
— Lottt te 142, 00]
(4.29)

Figure 4.1 illustrates analytic solution and numerical solution with step integration
[ = 0.1 to the problem (4.28) on |—1,5] . Table 4.1 shows the values of xy -numerical
solution by the proposed method and x(ty) - the analytic solution calculated at points
tx. In the same table the difference between analytic and numerical solutions for steps
[ =0.5,1=0.1,1 = 0.05,] = 0025 are presented. In particular, for the step | = 0.5
we get mazimum value of |x(ty) — xx| on an interval [0,5] which is 0.3211, for the
step I = 0.1 the maximum value is 0.0515, for I = 0.05 is 0.0237, and for | = 0.0025
is 0.0030. Thus for step | we can point numbers ; such that |z (ty) — x| < €, and
go.5 = 0.3211, £9.1 = 0.0515, .05 = 0.0237, £9.0025 = 0.0030.

4.4 Concluding remarks and open problems

In this chapter we have extended method proposed in [21] to the case of nonconstant
initial conditions. The approximation methods of higher order are of interest.
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5

analytic solution

numerical solution
with step 1=0.1

time(s)

FIGURE 4.1: Plots of analytic solution and numerical solution with
step [ = 0.1 of the problem (4.28).

TABLE 4.1: Estimate of the difference between analytic and numerical
solutions of the problem (4.28).

tk Qi’(tk) = 05, Tk, = 01, Tl l = 005, T, l = 00025, T,
2 () — @il | o(te) — @l | |o(te) — o] | |o(te) — @]
0.5 | 0.1627 0.2603 0.1811 0.1718 0.1632
0.0976 0.0184 0.0091 0.0005
1.0 | -0.4597 -0.3997 -0.4172 -0.4386 -0.4586
0.0600 0.0425 0.0211 0.0011
1.5 ] -0.7328 -0.8359 -0.7843 -0.7429 -0.7337
0.1031 0.0515 0.0101 0.0009
2.0 | -0.6802 -0.8699 -0.7070 -0.6598 0.6805
0.1897 0.0268 0.0204 0.0003
2.5 ] -04721 -0.7500 -0.4273 -0.4484 -0.4727
0.2779 0.0448 0.0237 0.0006
3.0 | -0.2863 -0.3801 -0.3268 -0.2648 -0.2893
0.0938 0.0405 0.0215 0.0030
3.5 | -0.1737 -0.3277 -0.1532 -0.1901 -0.1760
0.1540 0.0205 0.0164 0.0023
4.0 | -0.1053 -0.3184 -0.0917 -0.0950 -0.1068
0.2131 0.0139 0.0103 0.0014
4.5 | -0.0639 -0.3850 -0.0545 -0.0549 -0.0655
0.3211 0.0094 0.0090 0.0016
5.0 | -0.0388 -0.0238 -0.0329 -0.0335 -0.0393
0.0150 0.0059 0.0053 0.0005
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Chapter 5

Conclusion

In this thesis we have provided analysis of robustness properties of dynamical sys-
tems governed by differential equations with maximum of solution taken over past
time interval. We have shown that such systems are particular case of SD-DDE with
piecewise continuous delay function, they are infinite-dimensional and nonlinear. We
have obtained comparison lemma (Lemma 4) for differential equations with maximum
and we have proved that infinite-dimensional system with maximum may reduce to
one-dimensional (Theorem 4, Lemma 5). By these results we have shown that global
exponential stability of scalar equation with maximum is independent on h (Theorem
6, Propositions 7).

We have accomplished ISS analysis of systems with maximum with usage neither
Lyapunov-Krasovskiy technique nor Razumikhin technique but on the base of tra-
jectory estimate. Particularly, for system in the linear form we proved ISS theorem
(Theorem 8), which provides an explicit formula of the ISS gain function. To obtain
this, we have proved the auxiliary lemma (Lemma 6), which gives an estimate from
above of solution to differential inequality with maximum. For nonlinear system ISS
study is achieved via averaging method (Theorems 16,17). Justification of averaging
method has been also obtained (Theorems 14,15). Furthermore, we have proposed
the numerical method for differential equations with maximum which is based on the
rectangle method integration.

Open problems
A lot of open problems in context of differential equations with maximum, especially
in nonzero input case, remain to be solved. In addition to remarks in the end of each
chapter we listed other open questions.

1. It is likely that the results from Chapter 3 can be extended to general SD-
DDE. Also, observe that in [98] ISS analysis is provided via averaging method
with usage ISS-Razumikhin approach. Application ISS-Lyapunov-Krasovskiy
method is of interest.

2. In future one may study other robustness properties of differential equations with
maximum, such that asymptotic gain property (every trajectory must ultimately
stay not far from zero) and global stability (small initial states and controls
produce uniformly small trajectory).
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Chapter 5. Conclusion

3. In this thesis we have studied RFDE in the form (2), however in the literature

differential equation with maximum in the following form are considered

x(t) = f(t,x(t),srg[%’)tﬁ x(s),u(t)), t>0, (5.1)

(see |76, 77| for zero input case), which, together with equation (2), is a partic-
ular case of
Bt = f(to(t), _max a(s)u), ¢ 0, 52)
s€lg(t),7(®)]
where ¢(t) < y(t) <t,t € [0,00), u € Ly(]0,00); R™). Qualitative analysis of
system (5.2) without input is provided in [11], stability analysis is available in
[10, 7, 11], however ISS of system (5.2) are of avenue for future research.

. One may consider problem (5.2) in case functions g, depend on the state of the

system. To the best of author’s knowledge such problem has not been studied
yet.

. In this work we have considered only continuous time systems. There are some

works devoted to the stability of difference equations with maximum [87, 86,
67], nevertheless, robust stability is completely unstudied topic.



79

Bibliography

19]

[10]
[11]

[12]

Ravi P Agarwal et al. “Monotone-iterative method for mixed boundary value
problems for generalized difference equations with “maxima”. In: Journal of

Applied Mathematics and Computing 43.1-2 (2013), pp. 213-233.

Aftab Ahmed. “Infinite dimensional nonlinear systems with state-dependent
delays and state suprema: Analysis, observer design and applications”. PhD
thesis. Georgia Institute of Technology, 2017.

Aftab Ahmed and Erik I Verriest. “Nonlinear Systems Evolving with State
Suprema as Multi-Mode Multi-Dimensional (M3D) Systems: Analysis & Ob-
servation”. In: vol. 48. 27. Elsevier, 2015, pp. 242-247.

Brian Anderson et al. Stability of Adaptive Systems: Passivity and Averaging
Analysis. MIT press, 1986.

A.A. Andronov and A.G. Maier. “The simplest linear systems with retarda-
tion”. in Russian. In: Avtomatika i Telemekhanika 7.2-3 (1946), pp. 95-106.

J.A.D. Appleby and H. Wu. “Exponential growth and Gaussian—TIlike fluctua-
tions of solutions of stochastic differential equations with maximum function-
als”. In: Journal of Physics: Conference series. Vol. 138. 1. IOP Publishing.
2008, pp. 1-25.

John Appleby. “Exact and memory-dependent decay rates to the non-hyperbolic
equilibrium of differential equations with unbounded delay and maximum func-
tional”. In: Electronic Journal of Qualitative Theory of Differential Equations
2017.40 (2017), pp. 1-65.

V. Azhmyakov et al. “Optimization of affine dynamic systems evolving with
state suprema: New perspectives in maximum power point tracking control”. In:
2017 IEEE 3rd Colombian Conference on Automatic Control (CCAC). 2017,
pp- 1-7.

Vadim Azhmyakov, Aftab Ahmed, and Erik I. Verriest. “On the optimal control
of systems evolving with state suprema”. In: 2016 IEEE 55th Conference on
Decision and Control. 2016, pp. 3617-3623.

D.D. Bainov and H.D. Voulov. Differential Equations with Maximum.: Stability
of Solutions. Impulse "M’ Sofia, 1992.

Drumi Bainov and Snezhana Hristova. Differential Equations with Maxima.
New York:CRC Press, 2011.

Carlo Banfi. “Sull’approssimazione di processi non stazionari in meccanica non
lineare.” In: Bollettino dell’Unione Matematica Italiana 22.4 (1967), pp. 442
450.



80

BIBLIOGRAPHY

[13]

[14]
[15]

[16]

[17]

18]

[19]

20]

21]

[22]

23]

[24]

[25]

[26]

N.R. Bantsur and O.P. Trofimchuk. “On the existence and stability of peri-
odic and almost periodic solutions of quasilinear equations with maxima”. In:
Ukrainian Mathematical Journal 50.6 (1998), pp. 847-856.

Alfredo Bellen and Marino Zennaro. Numerical Methods for Delay Differential
Equations. Oxford University Press, 2002.

Richard Ernest Bellman and Kenneth L Cooke. Differential-Difference Equa-
tions. Academic Press, 1963.

Richard Ernest Bellman and John M Danskin. A survey of the mathematical
theory of time-lag, retarded control, and hereditary processes. Tech. rep. The
Rand Corporation, R-256, 1954.

N.N. Bogolyubov and Yu.A. Mitropol’skii. Asimptoticheskie Metody v Teorii
Nelineinykh Kolebanii, (Asymptotic Methods in the Theory of Non-linear Os-
cillations). (2nd edition: 1958; English translation: Gordon and Beach, New
Yourk, 1961). 1955.

Delphine Bresch-Pietri, Jonathan Chauvin, and Nicolas Petit. “Invoking Ha-
lanay inequality to conclude on closed-Loop stability of processes with input-
varying delay.” In: 10-th IFAC Workshop on Time Delay Systems. 2012, pp. 266—
271.

David M Chan et al. “A proposal for an application of a max-type difference
equation to epilepsy”. In: International Conference on Differential & Difference
Equations and Applications. Springer. 2017, pp. 193-210.

Myshkis A. D. Linear Differential Equations with Retarded Argument. (in Rus-
sian). Tekhniko-Teoriticheskay Literatura, Leningrad, 1951.

S. Dashkovskiy O. Kichmarenko, K. Sapozhnikova, and A. Vityuk. “Numerical
solution to initial value problem for one class of differential equation with

maximum”. In: International Journal of Pure and Applied Mathematics 109.4
(2016), pp. 1015-1027.

S. Dashkovskiy S. Hristova, O. Kichmarenko, and K. Sapozhnikova. “Behavior
of solutions to systems with maximum”. In: /FAC-PapersOnLine 50.1 (2017),
pp. 12925-12930.

Sergey Dashkovskiy and Andrii Mironchenko. “Input-to-state stability of infinite-
dimensional control systems”. In: Math. Control Signals Systems 25.1 (2013),
pp. 1-35.

Sergey N. Dashkovskiy, Bjorn S. Riiffer, and Fabian R. Wirth. “Small gain
theorems for large scale systems and construction of ISS Lyapunov functions”.
In: STAM Journal on Control and Optimization 48.6 (2010), pp. 4089-4118.

Pierre Fatou. “Sur le mouvement d’un systeme soumis ‘a des forces a courte
periode”. In: Bull. Soc. Math 56 (1928), pp. 98-139.

Alan Feldstein and Kenneth W Neves. “High order methods for state-dependent
delay differential equations with nonsmooth solutions”. In: SIAM journal on
numerical analysis 21.5 (1984), pp. 844-863.



BIBLIOGRAPHY 81

27]

28]

[29]

[30]

[31]

32]

33

[34]

[35]

136]

137]

[38]

[39]

[40]

[41]

Carl Friedrich Gauss. Theoria Motus Corporum Coelestium in Sectionibus Coni-
cis Solem Ambientium. Vol. 7. Perthes et Besser, 1809.

A. Golev, S. Hristova, and A. Rahnev. “An algorithm for approximate solving of
differential equations with "maxima".” In: Comp. and Math. with Application.
60 (2010), pp. 2771-2778.

Aleksei Denisovich Gorbunov and Viktor Nikolaevich Popov. “On methods of
Adams type for the approximate solution of the Cauchy problem for ordinary
differential equations with time lag”. (in Russian). In: Zhurnal Vychislitel’'noi
Matematiki © Matematicheskoi Fiziki 4.14 (1964), pp. 135-148.

G Grammel. “Robustness of exponential stability to singular perturbations and
delays”. In: Systems & Control Letters 57.6 (2008), pp. 505-510.

G. Grammel and I. Maizurna. “A sufficient condition for the uniform expo-
nential stability of time-varying systems with noise”. In: Nonlinear Analysis:
Theory, Methods € Applications 56.7 (2004), pp. 951 —960.

G Grammel and Isna Maizurna. “Exponential stability and partial averaging”.
In: Journal of Mathematical Analysis and Applications 283.1 (2003), pp. 276
286.

I Gyori, F Hartung, and J Turi. “Numerical approximations for a class of dif-
ferential equations with time and state-dependent delays”. In: Applied mathe-
matics letters 8.6 (1995), pp. 19-24.

Karl Hadeler. “Functional Differential Equations and Approximation of Fixed
Points.” In: ed. by Heinz-Otto Peitgen and Hans-Otto Walther. Vol. 730. Lec-
ture Notes in Mathematics. Springer, Berlin, Heidelberg, 1979. Chap. Delay
equations in biology, pp. 136-156.

A Halanay. “The method of averaging in equations with retardation”. In: Rewv.
Math. Pur. Appl. Acad. RPR 4 (1959), pp. 467-483.

Aristide Halanay. Differential Equations: Stability, Oscillations, Time Lags.
Vol. 23. Academic press: New York and London, 1966.

Aristide Halanay. “On the method of averaging for differential equations with
retarded argument”. In: Journal of Mathematical Analysis and Applications
14.1 (1966), pp. 70-76.

Jack Hale. Theory of Functional Differential Equations. Vol. 3. Appied Math-
ematical Sciences. Springer-Verlag New York, 1977, p. 374.

Jack K Hale. “ Averaging methods for differential equations with retarded argu-
ments and a small parameter”. In: Journal of Differential Equations 2.1 (1966),
pp. H7-73.

Jack K Hale and Sjoerd M Verduyn Lunel. Introduction to Functional Dif-
ferential Equations. Vol. 99. Springer Science & Business Media, New York,
1993.

JK Hale and SM Verduyn Lunel. “Averaging in infinite dimensions”. In: The
Journal of integral equations and applications (1990), pp. 463-494.



82

BIBLIOGRAPHY

[42]

|43

|44]

[45]

[46]

147]

48]

[49]
[50]
[51]
[52]

[53]

[54]

[55]

[56]

[57]

A.J. Hall and G.C. Wake. “A functional differential equation arising in mod-
elling of cell growth”. In: The ANZIAM Journal 30.4 (1989), pp. 424-435.

Ferenc Hartung et al. “Functional Differential Equations with State-Dependent
Delays: Theory and Applications”. In: Handbook of Differential Equations: Or-
dinary Differential Equations. Vol. 3. Elsevier, 2006, pp. 435-545.

S. Hristova and A. Golev. “Monotone-Iterative Method for the Initial Value
Problem with Initial Time Difference for Differential Equations with “Max-
ima™”. In: Abstract and Applied Analysis 2012 (2012), pp. 1-17.

S Hristova and K Stefanova. “Monotone-iterative method for a mixed nonlinear
boundary value problem for differential equations with" maxima"”. In: AIP
Conference Proceedings. Vol. 1497. 1. AIP. 2012, pp. 99-106.

G Evelyn Hutchinson. “Circular causal systems in ecology”. In: Annals of the
New York Academy of Sciences 50.4 (1948), pp. 221-246.

Kazufumi Ito and Franz Kappel. “Approximation of semilinear Cauchy prob-
lems”. In: Nonlinear Analysis: Theory, Methods € Applications 24.1 (1995),
pp. 51-80.

Anatoli Ivanov, Eduardo Liz, and Sergei Trofimchuk. “Halanay inequality,
Yorke 3/2 stability criterion, and differential equations with maxima”. In: To-
hoku Mathematical Journal, Second Series 54.2 (2002), pp. 277-295.

Erik I.Verriest. “Pseudo-continuous multidimensional multi-mode systems”. In:
Discrete Event Dynamic Systems 22 (2012), pp. 27-59.

J.A.Sandres and F.Verhulst. Averaging Methods in Nonlinear Dynamical Sys-
tems. Springer-Verlag: New York, 1985.

Jiirgen Jost. Postmodern Analysis. Third. Springer Science & Business Media,
Heidelberg, 2006.

Iasson Karafyllis and Zhong-Ping Jiang. Stability and Stabilization of Nonlinear
Systems. Springer Science & Business Media: London, 2011.

Iasson Karafyllis and Miroslav Krstic. “ISS with respect to boundary distur-
bances for 1-D parabolic PDEs”. In: IEEE Trans. Automat. Control 61.12
(2016), pp. 3712-3724.

A Karoui and R Vaillancourt. “Computer solutions of state-dependent delay
differential equations”. In: Computers € Mathematics with Applications 27.4
(1994), pp. 37-51.

Tosio Kate and John B. McLeod. “The functional-differential equation y/(z) =
ay(Ax)+by(x)”. In: Bulletin of the American Mathematical Society 77.6 (1971),
pp- 891-937.

Hassan K. Khalil. Noninear Systems. Third. Prentice Hall Upper Saddle River,
New Jersey, 2002.

Vladimir Kharitonov. Time-Delay Systems: Lyapunov Functionals and Matri-
ces. Springer Science & Business Media, 2012.



BIBLIOGRAPHY 83

[58] V Kolmanovskii and A Myshkis. Applied Theory of Functional Differential
Equations. Vol. 4. Kluwer Academic Publishers:Dordrecht, 1992.

[59] V. Kolmanovskii and A. Myshkis. Introduction to the Theory and Applications
of Functional-Differential FEquations. Vol. 463. Springer Science & Business
Media: Dordrecht, 1999.

[60] Nikolay Krylov and Nikovay Bogolyubov. Introduction to Non-linear Mechan-
ics. Princeton University Press, 1947.

[61] Man Kam Kwong and William T. Patula. “Comparison theorems for first or-
der linear delay equations”. In: Journal of differential equations 70.2 (1987),
pp- 275-292.

[62] Gerasimos Ladas, Y. G. Sficas, and Ioannis Stavroulakis. “Nonoscillatory functional-
differential equations”. In: Pacific Journal of Mathematics 115.2 (1984), pp. 391
398.

[63] Dina Shona Laila and Alessandro Astolfi. “Input-to-state stability for discrete-
time time-varying systems with applications to robust stabilization of systems
in power form”. In: Automatica 41.11 (2005), pp. 1891-1903.

[64] B Lehman and SP Weibel. “Averaging theory for functional differential equa-~
tions”. In: Decision and Control, 1998. Proceedings of the 37th IEEE Confer-
ence on. Vol. 2. IEEE. 1998, pp. 1352-1357.

[65] Brad Lehman and Steven P. Weibel. “Fundamental theorems of averaging for
functional differential equations”. In: Journal of differential equations 152.1
(1999), pp. 160-190.

[66] Bo Liu, Wenlian Lu, and Tianping Chen. “New criterion of asymptotic stability
for delay systems with time-varying structures and delays”. In: Neural Networks
54 (2014), pp. 103-111.

[67] Wanping Liu and Stevo Stevi¢. “Global attractivity of a family of nonau-
tonomous max-type difference equations”. In: Applied Mathematics and Com-
putation 218.11 (2012), pp. 6297-6303.

[68] Jianquan Lu, Daniel WC Ho, and Jirgen Kurths. “Consensus over directed
static networks with arbitrary finite communication delays”. In: Physical Re-
view E 80.6 (2009), p. 066121.

[69] Andrii Mironchenko. “Input-to-state stability of infinite-dimensional control
system”. PhD thesis. Mathematik & Informatik. Der Universitdt Bremen, 2012.

[70] Andrii Mironchenko. “Local input-to-state stability: characterizations and counter
examples”. In: Systems Control Lett. 87 (2016), pp. 23-28.

[71] Andrii Mironchenko and Hiroshi Ito. “Characterizations of integral input-to-
state stability for bilinear systems in infinite dimensions”. In: Math. Control
Relat. Fields 6.3 (2016), pp. 447-466.

[72] A.D. Myschkis. Lineare Differentialgleichungen mit Nacheilendem Argument.
VEB Deutscher Verlag der Wissenschaften, Berlin, 1955.



84

BIBLIOGRAPHY

(73]

[74]

[75]

[76]

[77]

78]

[79]

[80]

[81]

[82]

[83]
[84]
[85]
[36]

187]

D Nesi¢ and Andrew R Teel. “Input-to-state stability for nonlinear time-varying
systems via averaging”. In: Mathematics of Control, Signals and Systems 14.3
(2001), pp. 257-280.

Dragan Nesic and Dina Shona Laila. “A note on input-to-state stabilization for
nonlinear sampled-data systems”. In: I[EEE Transactions on Automatic Control
47.7 (2002), pp. 1153-1158.

John R Ockendon and Alan B Tayler. “The dynamics of a current collection
system for an electric locomotive”. In: Proc. R. Soc. Lond. A 322.1551 (1971),
pp. 447-468.

Diana Otrocol. “On the asymptotic equivalence of a differential system with
maxima’. In: Rendiconti del Circolo Matematico di Palermo Series 2 65.3

(2016), pp. 387-393.

Diana Otrocol. “Systems of functional-differential equations with maxima, of
mixed type”. In: Electronic Journal of Qualitative Theory of Differential Equa-
tions 2014.5 (2014), pp. 1-9.

P. Pepe and Z.-P. Jiang. “A Lyapunov-Krasovskii methodology for ISS and ilSS
of time-delay systems”. In: Systems and Control Lett. 55.12 (2006), pp. 1006
1014.

Manuel Pinto and Sergei Trofimchuk. “Stability and existence of multiple peri-
odic solutions for a quasilinear differential equation with maxima”. In: Proceed-
ings of the Royal Society of Edinburgh Section A: Mathematics 130.5 (2000),
pp. 1103-1118.

Victor A Plotnikov and Olga D Kichmarenko. “A note on the averaging method
for differential equations with maxima”. In: Iranian Journal of optimization 2.1
(2009), pp. 132-140.

Suresh P Sethi and Timothy W Mcguire. “Optimal skill mix: an application
of the maximum principle for systems with retarded controls”. In: Journal of
Optimization Theory and Applications 23.2 (1977), pp. 245-275.

Hal L. Smith. Monotone dynamical systems. Vol. 41. Mathematical Surveys
and Monographs. An introduction to the theory of competitive and cooperative
systems. Providence, RI: American Mathematical Society, 1995, pp. x-+174.

Eduardo D Sontag. “Smooth stabilization implies coprime factorization”. In:
IEEE transactions on automatic control 34.4 (1989), pp. 435-443.

Eduardo D. Sontag and Yuan Wang. “New characterizations of input-to-state
stability”. In: IEEE Trans. Automat. Control 41.9 (1996), pp. 1283-1294.

Eduardo D. Sontag and Yuan Wang. “On characterizations of the input-to-
state stability property”. In: Systems Control Lett. 24.5 (1995), pp. 351-359.

Stevo Stevié. “Global stability of a difference equation with maximum”. In:
Applied Mathematics and Computation 210.2 (2009), pp. 525-529.

Stevo Stevi¢. “Global stability of a max-type difference equation”. In: Applied
Mathematics and Computation 216.1 (2010), pp. 354-356.



BIBLIOGRAPHY 85

33

[89)]

[90]

[91]

[92]

193]

[94]

[95]

196]

197]

193]

[99]

[100]

Catherine Swords. “Stochastic delay difference and differential equations: ap-
plications to financial markets”. PhD thesis. Dublin City University, 2009.

Andrew R. Teel. “Connections between Razumikhin-type theorems and the ISS
nonlinear small gain theorem”. In: IEEE Trans. Automat. Control 43.7 (1998),
pp. 960-964.

Andrew R Teel, Luc Moreau, and Dragan Nesic. “A unified framework for
input-to-state stability in systems with two time scales”. In: IEEE Transactions
on Automatic Control 48.9 (2003), pp. 1526-1544.

Erik Verriest and Vadim Azhmyakov. “Advances in optimal control of differ-
ential systems with the state suprema”. In: Proceedings of 56th IEEE Conf. on
Decision and Control. 2017, pp. 739-744.

Olexsandr Vitjuk and Olexsandr Golushkov. “Cauchy problem for evolution-
ary equations with operators of generalized differentiation”. (in Ukrainian). In:
Naukovy Visnyk Chernivetskogo Universitetu: Zbirnyk Naukovyh Prats. 314-
315 (2006), pp. 22-28.

HD Voulov and DD Bainov. “On the asymptotic stability of differential equa-
tions with “maxima””. In: Rendiconti del Circolo Matematico di Palermo 40.3
(1991), pp. 385-420.

Wei Wang. “Averaging and singular perturbation methods for analysis of dy-
namical systems with disturbances”. PhD thesis. 2011.

Wei Wang and Dragan Nesic. “Input-to-state stability and averaging of linear
fast switching systems”. In: IEEFE Transactions on Automatic Control 55.5
(2010), pp. 1274-1279.

Wei Wang, Dragan Nesi¢, and Andrew R.Teel. “Input - to-state- stability for
a class of hybrid dynamical systems via averaging”. In: Math.Control Signals
Syst 23 (2012), pp. 223-256.

Yang Yang, Yuandan Lin, and Yuan Wang. “Stability analysis via averaging
for singularly perturbed nonlinear systems with delays”. In: 12th IEEE Inter-
national Conference of Control and Automation. 2016, pp. 92-97.

Yang Yang and Yuan Wang. “Stability analisys via averaging for nonlinear
systems with delays”. In: 53rd IEEE Conference on Decision and Control. Dec.
2014, pp. 2334-2339.

James A Yorke. “Asymptotic stability for one dimensional differential-delay
equations”. In: Journal of Differential equations 7.1 (1970), pp. 189-202.

VV Zhuk and GI Natanson. “Seminorms and continuity modules for functions
defined on a segment”. In: Journal of Mathematical Sciences 118.1 (2003),
pp. 4822-4851.






Index

AC([0,0); Ry), 37
PC([to, T); R™), 19
KL, 29, 49
Koo, 29, 59

argmax, 19
average
strong, 50
weak, 49
averaged system
strong, 47, 50, 55, 58, 62
weak, 47, 50

Carathéodory conditions, 26, 31, 37
comparison lemma, 29, 30
continuity modulus, 70

differential equation
autoregulative functional, 9
constant delay, 10, 34
functional, 9
functional integro-, 9
state dependend delay, 9-11, 14,
15, 30, 65

eigenvalues, 44

function
delay, 10, 65
[SS-gain, 29, 37, 77
[SS-Lyapunov, 14, 47

87

KBM-vectorfield, 48

lag, 10
Lipschitz continuity, 23, 27, 48, 49, 57

max, 19, 21, 23, 26, 27, 31
maximal solution, 26, 27, 37
method
averaging, 47, 48
numerical, 65, 70
rectangle, 65, 70

stable, 29
asymptotically, 29
exponentially
input-to-state, 41-43
globally
asymptotically, 29
exponentially, 29, 34, 35, 41
input-to-state, 29, 40
incremental, 59
practicaly, 59
zero, 29
asymptotically, 29
globally asymptotically, 29
globally exponentially, 29
state-space, 10, 26
sublinearity, 21, 26

uniformly equicontinuous, 51, 55



	Acknowledgements
	List of Symbols
	List of Abbreviations
	Introduction
	Properties of max-operator
	Preliminaries
	Properties of max-operator
	Concluding remarks

	Stability of the systems of differential equations with maximum in the linear form
	Preliminaries
	Comparison lemmas
	Scalar differential equations with maximum and input
	Stability for one dimensional differential equation with max-operator
	 Input-to-state stability of the systems with maximum in the linear form
	Examples

	Concluding remarks and open problems

	Input-to-state stability for differential equations with maximum via averaging method
	Averaging method for ODE
	Weak and strong averages
	Averaging method for differential equations with maximum and input on a finite time interval
	Input-to-state stability via averaging method
	Concluding remarks

	Numerical method for differential equation with max-operator
	Equivalent problem to a problem of differential equations with maximum
	Numerical method
	Results of numerical experiments
	Concluding remarks and open problems

	Conclusion
	Bibliography
	Index

