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Abstract

In this dissertation, we develop and analyze novel optimizing feedback laws for control-affine
systems with real-valued state-dependent output (or objective) functions. Given a control-
affine system, our goal is to derive an output-feedback law that asymptotically stabilizes
the closed-loop system around states at which the output function attains a minimum
value. The control strategy has to be designed in such a way that an implementation
only requires real-time measurements of the output value. Additional information, like the
current system state or the gradient vector of the output function, is not assumed to be
known. A method that meets all these criteria is called an extremum seeking control law.
We follow a recently established approach to extremum seeking control, which is based on
approximations of Lie brackets. For this purpose, the measured output is modulated by
suitable highly oscillatory signals and is then fed back into the system. Averaging techniques
for control-affine systems with highly oscillatory inputs reveal that the closed-loop system
is driven, at least approximately, into the directions of certain Lie brackets. A suitable
design of the control law ensures that these Lie brackets point into descent directions of the
output function. Under suitable assumptions, this method leads to the effect that minima
of the output function are practically uniformly asymptotically stable for the closed-loop
system. The present document extends and improves this approach in various ways.

One of the novelties is a control strategy that does not only lead to practical asymptotic
stability, but in fact to asymptotic and even exponential stability. In this context, we focus
on the application of distance-based formation control in autonomous multi-agent system
in which only distance measurements are available. This means that the target formations
as well as the sensed variables are determined by distances. We propose a fully distributed
control law, which only involves distance measurements for each individual agent to stabilize
a desired formation shape, while a storage of measured data is not required. The approach is
applicable to point agents in the Euclidean space of arbitrary (but finite) dimension. Under
the assumption of infinitesimal rigidity of the target formations, we show that the proposed
control law induces local uniform asymptotic (and even exponential) stability. A similar
statement is also derived for nonholonomic unicycle agents with all-to-all communication.
We also show how the findings can be used to solve extremum seeking control problems.

Another contribution is an extremum seeking control law with an adaptive dither sig-
nal. We present an output-feedback law that steers a fully actuated control-affine system
with general drift vector field to a minimum of the output function. A key novelty of the
approach is an adaptive choice of the frequency parameter. In this way, the task of deter-
mining a sufficiently large frequency parameter becomes obsolete. The adaptive choice of
the frequency parameter also prevents finite escape times in the presence of a drift. The
proposed control law does not only lead to convergence into a neighborhood of a minimum,
but leads to exact convergence. For the case of an output function with a global minimum
and no other critical point, we prove global convergence.

Finally, we present an extremum seeking control law for a class of nonholonomic systems.
A detailed averaging analysis reveals that the closed-loop system is driven approximately
into descent directions of the output function along Lie brackets of the control vector



fields. Those descent directions also originate from an approximation of suitably chosen Lie
brackets. This requires a two-fold approximation of Lie brackets on different time scales.
The proposed method can lead to practical asymptotic stability even if the control vector
fields do not span the entire tangent space. It suffices instead that the tangent space is
spanned by the elements in the Lie algebra generated by the control vector fields. This
novel feature extends extremum seeking by Lie bracket approximations from the class of
fully actuated systems to a larger class of nonholonomic systems.
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1 Introduction

1.1 Some general remarks on extremum seeking control

In many applications it is desired to stabilize a dynamical system about a reference trajec-
tory or a set point that is optimal with respect to a certain performance criterion. This
task is especially challenging if the optimization problem is complicated by uncertainties
and a limited amount of available information. Take, for example, an anti-lock braking
system in an automobile [6, 120]. In this case the objective is to maximize the friction
force coefficient between the wheel and the ground in order to stop the vehicle as fast as
possible while preventing the wheels from locking up. The braking system has to provide
the optimal breaking torque. Clearly, if the breaking torque is too weak, then the fric-
tion force coefficient is below its optimal value. On the other hand, if the breaking torque
is too strong, then the wheels start to lock and the friction force coefficient suffers due
to dangerous slipping. Under suitable assumptions, the friction force coefficient can be
characterized by the vehicle’s current linear acceleration, which can be measured with an
accelerometer. Based on these real-time measurements, the breaking system has to provide
a breaking torque such that the linear acceleration attains an extreme value. Note that a
functional dependence of the linear acceleration on the breaking torque is, in general, not
known due to uncertainties like the road conditions and humidity. This situation requires
a suitable feedback law that regulates the breaking torque in such a way that the measured
performance function attains its (unknown) extreme value. Any solution to this real-time
optimization problem can be considered as an example of an extremum seeking control law.

A mathematically rigid definition of extremum seeking control is difficult to state. In
particular, it is not always possible to make a clear distinction between extremum seeking
control and other optimization approaches. A common feature of extremum seeking control
laws is the intention to steer a control system in such a way that a certain performance-
evaluating function (or objective function) attains an extreme value. Methods have been
proposed for discrete-time system [23, 42, 66] and continuous-time system [55], [44] [3T].
In general, the objective function may depend on the time parameter, the system state,
and the controls. It is usually assumed that the objective function only depends on the
current values of the system state and the controls, but not on their prehistory. However,
in some studies, such as [44], an additional cost functional takes past system states and
control values into account. Moreover, it is frequently required that an extremum seeking
control law only relies on real-time measurements of certain quantities and that it adapts
to changing conditions. For this reason, extremum seeking control is associated with the
fields of real-time optimization [6] and adaptive control [9] 10]. The description gets more
difficult when it comes to the question what kind of information about the system and the
performance function may be used to design and implement an extremum seeking control
law. In the most ideal form, an extremum seeking control law would be a universally
applicable control strategy that requires no other information than the current value of the
performance function. It is clear that such a universal strategy does not exist. All known
control laws rely on very specific assumptions on the system and its performance function.
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The same is true for the results in the present document. There is no generally valid rule
in the literature on what kind of assumptions may (or may not) be made. Sometimes, a
method is referred to as an extremum seeking control law even if its implementation requires
more information than just the current value of the performance function, such as partial
information about the system state and the system dynamics [44] or the current gradient
vector of the objective function [I19]. As a general rule, one can say that the notion of
extremum seeking control involves the desire to rely on a minimum amount of information
about the system and the objective function. The goal is to provide real-time optimization
for dynamic systems in the presence of uncertainties.

Over the past decades many different approaches to extremum seeking control have been
proposed in the literature. Most of the studies are motivated by particular real-world prob-
lems. For example, one of the earliest papers [61] from the year 1922 addresses the elec-
trification of railways by means of alternating currents of high frequency. Other examples
are maximum power point tracking [63, [16], PID tuning [53], cam timing [89], electrome-
chanical valve actuation [88]. Also, from a theoretical point of view, many directions have
been pursued to design extremum seeking control. For example, there are methods based
on sliding mode control [87, 118], parameter estimation techniques [44] 2], [43], or methods
from numerical optimization [I17, 52]. The existing strategies and applications are doc-
umented in various survey articles [12, [102), [115] and textbooks [0, [65 08, 120]. Every
approach requires certain assumptions on the control system and the performance func-
tion. A frequently studied extremum seeking control problem is described by the following
continuous-time input-output model [6, [115]:

z = f(z,u), (1.1)

y = (). (1.2)
It consists of a control system and a performance-evaluating output The right-
hand side of is assumed to be given by a vector field f that depends smoothly on
the system state z € R™ and a vector u € R™ of input channels for a control law. In
the following sections and chapters of this document, we will also impose the additional
assumption that has a control-affine structure. For the moment, however, we consider
the more general nonlinear control system The performance output is assumed
to be given by a smooth real-valued function v on the system state, which will be referred
to as the output function. This contains the assumption that the performance of the system
does not depend on the time parameter or the input vector. The assumption that v does
not depend on the inputs will be important for the method that we apply in this document.
Extensions to moderately time-dependent output functions are possible, see [39], but not
further addressed here. To get a well-defined optimization problem, we assume that
attains a local (or even global) extreme value y* € R at a certain system state z* € R™;
without loss of generality we always consider the case of a minimum. The current system
state, the vector field f as well as the gradient of ¢ are treated as unknown quantities.
Moreover, the optimal state z* and the optimal value y* are not assumed to be known.
Only real-time measurements of the current output value are available. The ambitious
goal is to find an output-feedback control law such that the unknown state z* becomes
asymptotically stable for the closed-loop system. Before we start to explain the method
that is used in the present document, we briefly indicate one of the other existing approaches
that can be used to obtain extremum seeking control for This will also highlight
some of the conceptual differences of the method that is used here compared to other
approaches.



1.1 Some general remarks on extremum seeking control

A natural approach to derive extremum seeking control for is to determine
descent directions of the output function. For this reason, many extremum seeking strate-
gies involve suitable perturbation signals in order to extract gradient information from
the response of the output signal [6]. The approach in the present document also be-
longs to this class of methods, but there is the following important difference. In contrast
to the approach that we use here, the stability of many perturbation-based extremum
seeking control schemes relies on the existence of a so-called steady-state input-output
map [55], 90, 23, 44, 116l 118]. To be more precise, it is assumed that, for each constant
input vector u € R™, a certain point I(u) € R™ is asymptotically stable for This
is usually referred to as a steady-state assumption. In particular, whenever the input w is
kept (at least approximately) constant, then the system state will converge to the unknown
point [(u). The so-defined map [: R™ — R™ does not need to be known but should be
at least sufficiently smooth. Moreover, to obtain a well-defined optimization problem, it
is assumed that the composition 3 o [ attains a strict minimum value at some u* € R™.
Note that I(u*) is not necessarily a point at which 1 attains a minimum value. Since, for
each u € R™, the point I(u) is a steady state of the system, the function 1 o[ is called the
steady-state input-output map. For an approximately constant input u, the output will con-
verge to some approximately constant output value ¢(I(u)). Consequently, one can probe
the response of the steady-state input-output map by inducing sufficiently slow variation
of the input vector. This can be done in a systematic way by feeding in certain sinusoidal
perturbation signals with sufficiently small amplitudes and low frequencies. As a result,
the input u slowly moves into a descent direction of ¢ ol. A suitable averaging analysis
reveals [55] [1T6] that such an extremum seeking controller causes the input vector u to con-
verge to some neighborhood of the optimal input vector «*. The attracting neighborhood
around u* shrinks with decreasing amplitudes and frequencies of the perturbation signals.
On the other hand, small amplitudes and frequencies also lead to the effect that the speed
of convergence of u towards u* decreases. Therefore, small amplitudes and frequencies lead
to a trade off between accuracy and speed of convergence.

While the accuracy of the approach in the previous paragraph improves in the small-
amplitude, low-frequency limit, the method that we study in the present document requires
exactly the opposite limit. It also involves suitable perturbation signals for the inputs, but
the amplitudes and frequencies need to be sufficiently large. The method does not rely
on a steady-state assumption but can be applied to potentially unstable system. The
strategy is to overpower unstable dynamics of the system and to force the system into a
descent direction of the output function. Clearly, large amplitudes and high frequencies
are not suitable for certain applications. However, the method does not lead to the trade
off between accuracy and speed of convergence as in the previous paragraph. In fact,
any prescribed accuracy and speed of convergence can be achieved by using sufficiently
strong perturbations signals. An additional advantage of the method is that the underlying
formalism for the analysis and the design of extremum seeking controllers is very general
and rather easy to apply. We explain this method in the following two sections. The
employed perturbation signals have the purpose to steer the control system into directions
of certain Lie brackets. This property can be revealed by a suitable averaging analysis,
which is indicated in The Lie brackets can be chosen in such a way that they
point into descent directions of the output function. Under suitable assumptions, this leads
to the effect that the closed-loop system is asymptotically stable around states at which the
output functions attains a minimum value. The design of such an extremum seeking control

law is explained in We also give references to related works and approaches.
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The ideas and concepts in [Sections T.2)and [I.3] will be used in all subsequent chapters, which
is outlined in For later references, we collect basic definitions and notation at
the end of the chapter in

1.2 Lie brackets and averaging

In this section, we introduce the averaging method that is used in the entire document.
The strategy in each of the subsequent is to approximate the directions of
certain Lie brackets in order to solve a particular optimization problem. For this reason,
we now briefly recall the differential geometric definition of Lie brackets and explain how
this is related to the averaging approach that we use to obtain approximations of Lie
brackets. Suitable textbook reference on Lie brackets and their role in control theory are,
for example, [3| [I8, 50]. To provide an easy-to-understand introduction, the subsequent
considerations are kept on a very elementary level. We only need the notion of flow maps,
which are recalled in the next paragraph.

Let f be a smooth vector field on R™. Then, for each point ¢ of R”, there exists a unique
maximal solution of the ordinary differential equation © = f(x) that passes through the
initial value xg at initial time 0. This maximal solution is denoted by ¢ +— @{ (zp). Since
t— (ID{ (xo) originates from integrating # = f(x), such a maximal solution is also called a
mazximal integral curve of f. The domain of ¢ — (I>{ (x0) is not necessarily equal to R but
at least an open interval containing the initial time 0. Since f is assumed to be smooth,
it is known from ordinary differential equations that the solutions of & = f(z) depend
smoothly on the initial value xg and the time parameter t. Let D(f) denote the set of all
(t,x) € R x R™ at which @{(x) exists. This set is an open subset of R x R™. The smooth
map D(f) — R"™ that assigns to each (¢,x) € D(f) the point @{(:p) € R" is called the flow
of f. Using the uniqueness of solutions, one can easily prove that, for each zg € R”, there
exists an open neighborhood U of xg in R™ and a sufficiently small € > 0 such that, for
each t € (—¢,¢), the map U — R", = — <I>{ (z) is a well-defined diffeomorphism onto its
image. In the next paragraph we will use a suitable composition of flow maps to define the
Lie bracket of two smooth vector fields.

For the rest of this section, let f; and fo be two smooth vector fields on R™. As in the
previous paragraph, we denote their flows by ®/1 and ®/2, respectively. For the moment,
fix an arbitrary point xg of R™. Then, there exists some sufficiently small € > 0 such that,
for each t € (—¢,¢), the following construction can be carried out. First, we start at 2y and
follow the integral curve of fi that passes through z( at time 0 to the point z7 := @{1 (z0).
Next, we follow the integral curve of fo that passes through x; at time 0 to the point
To = @{2 (z1). Then, we repeat the procedure but along the reverse directions of — f; and
—fo; l.e., we go from zo along —f; to x3 := <I>t_f1 (z2), and finally from z3 along —fo to
xy = D, F2 (z3). In other words, x4 is obtained by applying the composition of <I>{ ' @{2,
@t_ﬁ, and <I>t_f2 to xg. This composition can be applied to zg for each t € (—e,¢), which
leads to the curve t — x4(t) in R". Since the flows of fi and f» are smooth, also ¢ — x4(t)
is smooth. Consequently, we obtain a tangent vector to R™ at xg if we take the derivative
t4(0) of t + w4(t) at t = 0. Note that the linearization of an integral curve ¢ (I){(QZ)
reads ®(z) = z + tf(x) + O(t?), where O(t?) is the usual Landau symbol for remainders
that tend to zero like t? as ¢t — 0. The particular combination of £ f; and % f5 in x4 leads
to a cancellation of the linear terms, and therefore x4(t) = zg + O(t?). Thus, we have



1.2 Lie brackets and averaging
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Figure 1.1: Illustration of the curve Y in with initial value xo = 1 for the partic-
ular choice of the one-dimensional vector fields fi, fa that are given by |(1.35). The flow

maps &1 &2 also appear in in the context of extremum seeking control.

—-1/2 4

#4(0) = 0. This means that ¢ — z4(¢) runs through the point zy with zero velocity. To get
a possibly nonzero velocity, we accelerate the curve around ¢ = 0 by choosing a different
parametrization. For this purpose, we define a continuous transformation o: R — R of the
time parameter ¢ by o(t) ;= —/|t| for t < 0 and by o(t) := ++/]t| for t > 0. Note that
small changes of the time parameter ¢ around 0 lead to infinitely large changes of the new
time parameter o(t). If we consider ¢ — x4(¢) in the new time scale o, then

f1 o<IJf2

— —f - !
T(t) = (@, 00 o ®k oalt ) (w) (1.3)

o(t)
defines a continuous curve in R” with domain (—¢2,£?) that passes through the point xg
at time 0. The definition of the curve T is illustrated in [Figure 1.1} Since ¢ — x4(t) is
a smooth map with vanishing derivative at ¢ = 0, it follows that T = x4 o ¢ is at least
differentiable. Thus a tangent vector to R™ at xq is given by the derivative

[f1. fol(zo) = T(0) (1.4)

of T at 0, which is called the Lie bracket of fi and fo at xg. The velocity vector of T
at 0 is also shown in A direct computation of the Lie bracket from its definition
in is, in general, not possible since the flow maps ®/1 and ®/2 are usually not explicitly
known. However, there is a much easier and direct formula to compute the Lie bracket; see
equation below. At this point, we could simply state this formula without proof by
giving a reference to a textbook on differential geometry, such as [I]. Indeed, the formula can
be easily proved using a suitable expansion of T around ¢ = 0. However, in the following, we
present an alternative proof in the next paragraphs. This procedure is certainly more labor
intense than the traditional way to prove the Lie bracket formula, but, on the other hand, it
provides an alternative interpretation of the Lie bracket in terms of dynamical systems. In
particular, we will see that the Lie bracket arises naturally from a suitable averaging
analysis. Moreover, the subsequent procedure can be seen as the simplest possible example
of the method that is used in the entire document. All results in the remaining chapters
can be interpreted as generalizations of this strategy.

We continue to study the Lie bracket [f1, fo](xzo) of the smooth vector fields fi, fo at
some point xy of R™. We have introduced the Lie bracket in as the velocity vector of
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Figure 1.2: Graphical definition of the 4/j- Figure 1.3: Graphical definition of the 4/7-
periodic functions uj in|(1.5)| periodic functions UVJ in|(1.8)}

the curve YT given by Note that, for every smooth vector field f, every time t, and
every point z, at which the flow <I>{ (x) exists, the scaling property <I>f () = @] / )\( x) holds
for every nonzero real number \. Thus, if we evaluate Y at t = 4/5 for some sufficiently
large positive real number j, then we have

T(4/5) = (72 0 @Y1 0 Y55 0 0y 1) (a).

To obtain the point Y(4/j), we start at 2y and then we move on time intervals of length 1/j
along integral curves of the vector fields /47 f1, V47 f2, —+/4j f1, and —/4j fo. This tra-
jectory can also be generated by a dynamical system. For this purpose, we introduce the
4/j-periodic time-varying functions w},u in Now consider the time-varying
System ‘ ‘

& = wi(t) fi(z) + uy(t) fa(x) (1.5)

on R™. For every j > 0, let 7/ be the maximal solution of |(1.5) m with 77 (0) = x¢. It is easy
to see that the particular choice of the functions u], u} ensures that the vector fields f1, fa
on the right-hand side of are “turned on and off” in such way that +7/(4/5) = Y(4/5)
for sufficiently large 57 > 0. Thus, we obtain from that the Lie bracket of f; and fo
at xg is given by ‘
J(4/5) —
1o fellan) = Jim T (1.6

This formula establishes a first connection between the Lie bracket and the trajecto-
ries of the dynamical system In the next two paragraphs, we present an averaging
technique that can be applied to extract the behavior of systernin the large-amplitude,
high-frequency limit j — oco. As an immediate consequence, this will lead us to a well-known
formula for the Lie bracket.

For the moment, let v be any solution of for some j > 0, and fix arbitrary ¢, to in
the domain of 7. Let ¢ be a smooth real-valued function on R™. Using the fundamental
theorem of calculus for the composition of v and ¢, we obtain that

p(1(t2)) = e(r(h) 2/2'ﬁ¢<» (17)

i=1,2

where f;o denotes the Lie derivative of ¢ along f; for i = 1,2; i.e., for every z € R, we
let (fi¢)(x) denote the real number that originates from applying the derivative of ¢ at x
to the vector f;(x). In other words, we interpret the vector fields f; as linear differential
operators ¢ — f;p. Next, we use integration by parts in the above integral to average
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Figure 1.4: Illustration of the 4/j-periodic functions ugl I/JT/fQ in |(1.8b).

the 4/j-periodic functlons u]. For this purpose suitable 4/ - peI'IOdlC antiderivatives U V]

of the functions —u’ are defined in The notation UV] is taken from [68 [69].
Moreover, for all i1,i2 € {1,2}, we denote the Lie derivative of the smooth function f;,¢
along the vector field f;; by fi,(fi,). Since ~ is a solution of |(1.5), integration by parts

in leads to
olu(12) = ely(t) — 3 [0V (o) r(e)] (1.80)

t=t
i=1,2 !

s X [l @TLO e a) d, (1.8b)

i1,0=1,2"711

where we use a notation of the form [a(t)]ijf to denote the difference a(t2) — «(t1). The
integrals in ’m contain the products uj l/ﬂvfj with i1,i2 € {1,2}. It can be seen in
Figure 1.4] that the products ujl ﬁ‘v/] and u2 U V] are 4/j- perlodlc functlons with zero
averages v1 1 := 0 and vy 9 := 0, respectively. The products u] U VJ2 and u) U le are also
4/j-periodic functions but with nonzero averages vy 2 := 1 and v 1 := —1, respectively. If
we add and subtract the averages v;, ;, to the products ugl uv 52 in m then we obtain

p(v(t2)) = e(y(t)) = > [fff/{(t) (fz-go)(’y(t))}z:zj (1.92)
1=1,2
+ D /2%722 (fir (fi0)) ((£)) dt (1.9b)
i1,i2=1,2
= Y [ e - OTVLO) G (190
i1,0=1,2"711

The terms in [(1.9b)| represent the averaged contribution of [(1.5)] while the terms in

and (1.9¢)|are remainders, which will be shown to become small with increasing j. To obtain
an easy estimate for the contribution in we apply integration by parts a second
time. For this purpose, suitable antlderlvatlves UVJ i, of the functions (Viy g — ] U VJ ,)
are defined in Moreover, for all iy, 12,13 E {1,2}, we denote the Lie derlvatlve
of the smooth function fio(fis) along the vector field f;, by fi, (fi,(fis¢)). Since 7 is a
solution of integration by parts in leads to

t=to

p(1(t2)) = (1) = [(Dl)(t2(1)] (1.10a)

t=t1
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Figure 1.5: Graphical definition of the 4/j-periodic functions UVZl i 1|(1.10)]

> / “visa (fin () (1 (1) dt + / “(Dig)(ty(H)dt,  (1.10)

i1,i2=1,2 1

where the time-varying functions D{gp, Dggoz R x R™ — R are defined by

(Dip)(t,x) = > UVIW) ()@ + D UVI () (fu (o) (@), (1.11)

i=1,2 i1,i2=1,2
(Dye)(t,x) o= Y ul, (0 UVT, 5, (1) (i (fir (fia)) (@) (1.12)
11,42,i3=1,2

On a more abstract level, one can interpret |(1.11)| and |(1.12)| as the definitions of two
time-varying differential operators DJ and D} that act on smooth real-valued functions.

The notation D{ and Dg and the interpretation as differential operators can also be found
in [80].

Now we derive estimates for the remainders and in the integral expan-
sion From and we obtain that there exists a positive constant a

such that

W] < ajz, |UVIW)] < aj7r [UVE 0] < a7t (113)

1 712

for every j > 0, all 7,i1,i2 € {1,2}, and every t € R. Moreover, since the vector fields f;
and fo are assumed to be smooth, for every smooth real-valued function ¢ on R and every
compact subset K of R”, there exists a positive constant b such that

{(fugp)(x)’ < b, |(f21(f12(10))($)| < b, }(fu(fm(flsso)))(mﬂ <5 (1'14)

for all i1,49,i3 € {1,2} and every z € K. Using the definitions in [(1.11)| and |(1.12)] it
follows that, for every smooth real-valued function ¢ on R™ and every compact subset K
of R™, there exist positive constants c1, co such that

N[
N[

[(Dle)(t@)] < erj™ and  |(Dyp)(t, )| < e2j” (1.15)

for every j > 0, every t € R, and every x € K. The above estimates ensure that the remain-
ders in |(1.10)

converge locally uniformly to zero as j tends to infinity. If we interpret Df
and D} as time-varying differential operators, then estimates |(1.15)| are closely related to
the concept of “DO-convergence” in [80], where DO abbreviates differential operator.

Now we return to our initial objective to derive a simple formula for the Lie bracket -
via averaging. From |Figures 1.3|and |1_5L we obtain that the functions U Vj and UV? . van-

11,12

ish at integer multiples of 4/5. By|(1.11 |7 this implies (D{@)(O, x) = 0and (D{go)(él/j, x)=0




1.2 Lie brackets and averaging

for every j > 0, every smooth real-valued function ¢ on R™, and every x € R™. As in|(1.6)|

let v be the maximal solution of with 77(0) = x9. Using with t; = 0 and
to =4/j as well as[(1.15)| we conclude that

Jim @(vﬂ(i//é))_—o@(wo) = > v (fa(fu@)(ao) (1.16)

i1,49=1,2

for every smooth real-valued function ¢ on R". Recall that the averaged coefficients v;, ;,

in are given by

1)171 = 0, ’1)172 = 1, V21 = —1, Vo9 = 0. (1.17)

) )

Moreover, note that |(1.16)| is in particular true if ¢ is any of the component functions of
the identity map on R™. Therefore, we obtain from|(1.6),|(1.16), and|(1.17)| the well-known
formula

[f1, f2l(z0) = Dfa(wo) f1(zo) — Dfi(zo)f2(w0) (1.18)

for the Lie bracket of f; and fo, where Df; denotes the derivative of f; for ¢ = 1,2. In
particular, we have shown that the Lie bracket arises naturally as the averaged vector field
of the right-hand side of in the large-amplitude, high-frequency limit. Thus, in the
limit 7 — oo, we may consider

z = f®x) = [fi, fo](x) (1.19)

as the averaged system of [(1.5)l Using|(1.10)} [(1.15) |(1.18)} and the Gronwall inequality, it
is now easy to prove the following approximation result (see, e.g., Proposition 8.3 in [68]).

Proposition 1.1. For every compact subset K of R™ and every time span T > 0, there
exist ¢,jo > 0 such that, for every initial time tg € R and every maximal solution ~*°
of the following implication holds: if ¥v*° exists on [to,to + T| with v*°(t) € K for
every t € [to,to + T, then, for every j > jo, also the mawimal solution ~7 of |(1.5)| with
initial condition 47 (tg) = Y (to) exists on [to,to + T| and the estimate

N

) =+l < ej™
holds for every t € [to,to + T, where || - || denotes the Fuclidean norm on R™.

Note that we have shown much more than just formula for the Lie bracket.
states that the trajectories of approximate the trajectories of locally
with increasing parameter value j. This approximation property can be extended to a much
more general situation and can be explained by a well-established averaging theory. The
notation and the approach that we have used in the preceding paragraphs is taken from
one of the mile stones [69] of this averaging theory. A short review of some of the known
results is given in the remaining paragraphs of this section.

One of the earliest results on the connection between Lie brackets and averaging of
dynamical systems can be found in [57]. Therein, the authors consider a time-varying

system of the form
m

b= ul(t) fi(x) (1.20)

=1
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on R", where the f; are smooth vector fields and the time-varying functions uz

by

are given

ul(t) = \/2j cos(jt + ), (1.21)
where j is a positive real parameter and the phase shifts 1J; are arbitrary real numbers.
Note that if m = 2, ¥1 = 0, and 2 = 7/2, then the sinusoids u](t) = /2j cos(jt) and
u%(t) = /2jsin(jt) can be interpreted as smoothed versions of the rectangular shaped
functions in [Figure 1.2 It is natural to expect that a similar approximation property holds
as in [Proposition 1.1L Indeed, it is shown in [57] that the trajectories of with the u]
as in |(1.21)| approximate the trajectories of the averaged system

= > sin(Wk — ) [, fil @) (1.22)

i<k

with increasing parameter value j. Again, if m = 2, ¢ = 0, and ¥9 = 7/2, then [(1.22)
coincides with |(1.19)} In particular, this shows that the geometric shape of the functions u]
provides a certain degree of freedom. It is also possible to obtain the same result with

square waves or triangular waves (see [99]). A further extension of the theory was done
iu 21)|

in [56]. Instead of the functions uj are now assumed to be of the form

Z)\zk 2j sin(jwg it + Vi) + ZA”“ 2j sin(jw; gt + Vi k), (1.23)
k<i k>1
where the amplitudes \; ;, and phase shifts ¥; ;, are real numbers, and the frequency coef-
ficients w; 1, @ < k, are pairwise distinct positive real numbers. It turns out that, in the
limit j — oo, only sinusoids with the same frequency coefficients give rise to Lie brackets
in the averaged system. Conversely, sinusoids with different frequency coefficients do not
resonate and therefore do not contribute to the averaged system. It is shown in [56] that the
trajectories of with the u] as in approximate the trajectories of the averaged
system
= ) Nk Ak sin(W — 94 [, fil (@) (1.24)
i<k
with increasing parameter value j. We will use a similar choice of sinusoids as in in
and [3] The content of requires an even more general approach, which
is indicated in the next paragraph.

The above methods for approximations of Lie brackets can be extended even further. It
is not only possible to approximate Lie brackets of pairs of vector fields as in but also
iterated Lie brackets of arbitrary order. This was mainly done in the papers [58, 107, [68] 69]
and in the Ph.D. thesis [67] by Wensheng Liu. To approximate iterated Lie brackets, the
functions u] in have to satisfy certain averaging conditions in the limit j — oco. To
be more precise, it is required that certain iterated integrals of the uj converge uniformly to
zero as j tends to infinity. For example, if we consider the rectangular waves in [Figure 1.2}
then the iterated integrals are represented by the functions U Vj and U VJ Ly D
and [1.5] E respectively. We have seen in [(1.13)|that the iterated 1ntegrals converge uni ormly
to zero as j tends to infinity. General deﬁnltlons of suitable iterated integrals can be found
in [58, 69] and also in |Subsect10n 4.6. 2| of the present document. If the functions u] satisfy
those averaging conditions in the limit j — oo, then one can prove that the traJectorles
of approximate the trajectories of an averaged system of the form

Z Z Vig,oig fn’”'[fik_lﬁfik]'”](m)7 (1.25)

=1141,...,ip=1

10



1.3 Lie brackets and extremum seeking control

where the v;, . ;, are certain real numbers that depend on the choice of the ui . A system
of the form is also called an extended system of because its right-hand side
does not only contain the initial vector fields f1,..., f;, but also their iterated Lie brackets.
It is shown in [69] that the approximation of an extended system can be explained on a
purely algebraic level in terms of the so-called Chen-Fliess series determined by the wu].
Note that Chen-Fliess series techniques have been widely used in control theory, e.g., by
Chen [22], Fliess [36], and Sussmann [105]. Reference [68] provides an explicit recipe on
how to choose the function u] in m such that the extended system |(1.25)| contains
prescribed coefficients v;, . ;. We will use the results from [68] in to design
extremum seeking control for nonholonomic systems. It is worth to mention that the
approximation property also holds if contains an additional drift vector field and if
the control vector fields display a moderate time-dependence. We will encounter such a

situation in [Chapter 3

1.3 Lie brackets and extremum seeking control

In the previous section, we have seen that directions of Lie brackets can be approximated
by a dynamical system with a suitable highly oscillatory right-hand side. Now we explain
how this approximation property can be used for the purpose of extremum seeking control.
First, we describe the idea by a very simple toy example. Then, we indicate the general
approach and give an overview on some of the existing results on extremum seeking control
by Lie bracket approximations.

As an introductory example, we consider the one-dimensional single-input single-output
system

i = u, (1.26)
y = Y(z), (1.27)

where u is a real-valued input channel, x is the scalar system state, and y is a real-valued
output channel. We suppose that the output is given by a smooth real-valued function
on the system space R. We also assume that the output can be measured constantly while
the system state x and an analytic expression for the function v are not known. Our
goal is to find an output-feedback control law that asymptotically stabilizes the closed-loop
system around states at which 1) attains a minimum value. It is clear that for the simple toy
model the problem could be solved by an easier method than what we describe
in the following. However, in order to explain the underlying principles of extremum seeking
control by Lie bracket approximations, this toy model serves as a good prototype for more
general problems.

To solve above extremum seeking control problem, we return to system |(1.5)l Recall
that the periodically time-varying functions u],u? on the right-side of defined
in The parameter j determines the amplitudes and frequencies of u{, u% The
right-hand side of also involves the not further specified smooth vector fields fi, fo
on R"”. With respect to our one-dimension toy example we will make a
particular choice of the vector fields fi, fo in dimension n = 1 below. It is already known
from [Proposition 1.1|{that the trajectories of the highly oscillatory system approximate
the trajectories of the averaged system for sufficiently large values of j. The averaged
system is driven into the direction of the Lie bracket [f1, f2]. For our objective to steer the
control system towards a state at which the output attains a minimum value,

11
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it is certainly helpful to know descent directions of the output function . This information
is provided by the negative gradient of ¢, which is denoted by —V1. Note that, in our one-
dimensional toy model, the gradient of ¢ is just a real-valued function. However, we do not
have direct access to the gradient of ¥». We can only measure the value of ¢ at the current
system state and this system state is also not known. To circumvent the problem, we use
the approximation property from [Proposition 1.1l We will choose the vector fields fq, fo in
such a way that their Lie bracket [fi, f2] coincides with the negative gradient of 1. Then,
the averaged system is constantly driven into a descent direction of ¢, which in turn
implies that the same is also true (at least approximately) for the oscillatory system
To carry out this plan, we first need to know how to choose fi, f2, and secondly, we also
need a time-varying output-feedback control law for such that the closed-loop system
coincides with

The above idea to obtain extremum seeking control by Lie bracket approximations can
be realized as follows. We introduce two smooth design functions hi, he: R — R, which
are not rather specified at the moment. In order to obtain a closed-loop system of the
form we choose the parameter-dependent, time-varying output-feedback control law

u = u(t) hi(y) + uh(t) ha(y) (1.28)

for [(1.26), where ujl,uj2 are given by |[Figure 1.2| and y denotes the output [(1.27)] Note

that an implementation of |(1.28)[ does not require any other information than real-time
measurements of the output signal. Moreover, the closed-loop system can be written in the
form [(1.5)|if we define the two vector fields fi, fo on R by

fi(z) = hi(y(x)), (1.29a)
fa(z) = ha((x)). (1.29b)

Using equation |(1.18)] we can compute the Lie bracket of f; and fy at any x € R, which
leads to

[f1, fol () = [h1, ho](¥(2)) VY (2), (1.30)

where the function [hi, ho]: R — R is defined by
[h1, ho](y) == Ro(y) ha(y) — hi(y) ha(y). (1.31)
Thus, if we want to ensure that [f1, fo] = —V, then we have to choose the design functions

hi,he in such a way that [hy, ho| is identically equal to —1. There are infinitely many
different ways to satisfy this property. For example, we can define

hi(y) = v, ha(y) = 1, or (1.32)
hi(y) = sin(y), ha(y) = cos(y), or (1.33)
hi(y) == e¥/V2, holy) == e7¥/V2. (1.34)

Definitions |(1.32)] |(1.33) and |(1.34)| appeared for the first time in [31], [96], and [41],

respectively. We will discuss the choice of hi, ho again when we study a more general
problem. For our introductory example, we choose the design functions as in Def-
inition of hi,hs is also used with certain variations in the subsequent chapters. In
contrast to[(1.32)]and[(1.34)} the definition in|[(1.33)|ensures that control law [(1.28)|leads to
bounded input signals even if y attains large values, which might be preferable for practical
implementations.

12
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Figure 1.6: The trajectory of control system with output y = x? under the j-
dependent control law with initial condition x(0) = 1 is drawn in blue for j = 4,
in cyan for j = 16, and in green for j = 128. In the limit j — oo, the trajectories of the
closed-loop system converge locally uniformly to the trajectories of. The trajectory
of ((1.36)| with initial condition x(0) =1 is drawn in red.

We conclude the introductory example by discussing the behavior of the closed-loop sys-
tem in some more detail. For the sake of simplicity, we suppose that the output function

is simply given by (z) := 22. Then, the optimal point z* is the origin. Following the

construction of control law [(1.28)] the closed loop-system [(L.5)| consists of the time-varying
functions u}, v} in|Figure 1.2{and, according to |(1.29)| and |(1.33)L contains the vector fields

f1, fo given by

fi(z) = cos(z?), (1.35a)
fa(z) = sin(z?). (1.35b)

The averaged system simply reads
T = fPx) = =Vy(r) = —2=x. (1.36)

It is clear that the optimal point x* = 0 is asymptotically stable for Using the
approximation property in [Proposition 1.1} this implies (see [78] for a proof) that z* is
practically uniformly asymptotically stable for the closed-loop system, where the word uni-
formly means that the stability property is uniform with respect to the time parameter,
and the word practically indicates the dependence on the parameter j. shows
how the solutions of the closed-loop system approximate the solutions of the averaged sys-
tem with increasing value of the parameter j. Note that the trajectories of the closed-loop
system only converge into a certain neighborhood of x*. Such a behavior of solutions is
usually studied in the context of practical stability theory; see, e.g., [60]. However, the
approximation property improves with increasing parameter j. Therefore, the attracting
neighborhood of z* can be made arbitrary small by choosing j sufficiently large. Since x*
is in fact globally asymptotically stable for one can also ensure that the domain
of attraction for the closed-loop system is an arbitrary large compact neighborhood of z*
by choosing j sufficiently large. Consequently, the output-feedback law @ is indeed

an extremum seeking control law, at least for the toy example [(1.26), [(1.27) The prac-
tical stability result can be also derived directly from the integral equation {JL.lOE for the

13



1 Introduction

trajectories of [(1.5), which becomes

() = v(r(t) = [(DIw)(E ()]

t=to t2
t1

+ / (F=9) (+(1)) dt + / (D)t (1)) dt

t=t1 t1
(1.37)

for ¢ = 9, where the Lie derivative of ¥ along f°° is given by
(f0)(@) = —4a?. (1.39)

We know from |(1.15)| that the remainders D{w, Dgw converge uniformly to zero as j tends
to infinity. Thus, outside x* the negative averaged term dominates the right-hand
side of This leads to a decay of the value of ¥ along trajectories of In the
next paragraphs we will see that this strategy can be also applied to more complex control
systems.

The idea of using Lie bracket approximations for the purpose of extremum seeking control
appeared for the first time in the Master Thesis [26] by Hans-Bernd Diirr. Since then, the
approach has been extended into various directions. An overview on some of the existing
literature is given at the end of this section. The results in the present document also
contribute to this field of research. To explain the method for a more general situation
than for the toy example we consider a control-affine system of the form

=Y ), (1.39)
=1

where the uy are real-valued input channels for a control law, and the g; are smooth control
vector fields on R™. All of the control systems that we study in the present document are
assumed to have a control-affine structure (possibly with an additional drift vector field,
which is omitted in for the sake of simplicity). However, it is worth to mention that
the Lie bracket approach can be also extended to certain systems that are not affine in
control; see [I00]. As in the introductory example, we assume that the only information
about the current system state is provided by a real-valued output channel

y = (), (1.40)
where 1) is a smooth real-valued function on the state space R", called the output function.
Again, the goal is to derive an output-feedback control law for |(1.39)| that asymptoti-
cally stabilizes the closed-loop system around states at which the output [(1.40)| attains a
minimum value. It turns out that we can use basically the same strategy as for the toy

model |(1.26)}, |(1.27), which is described in the following paragraphs.
To obtain an extremum seeking control law for the more general problem |(1.39)] [(1.40)]

we return to the design function hi, hy for the toy model Recall that the
functions h1, he have to be chosen in such a way that the Lie bracket vector in points
into a descent direction of the output function. This can be easily extended to
as follows. For every k € {1,...,m}, define two smooth vector fields fy 1), f(x,2) on R" by

fan (@) = m@(x))grk(z), (1.41a)
fr2)(@) == ha(¥(z)) gr(). (1.41b)

Note that|(1.41)|reduces in dimension n = 1 to|(1.29)|if gx(z) = 1 as in|(1.26)} As in|(1.30)
we compute the Lie bracket of f(; 1) and f(;2) using For every k € {1,...,m}, we
obtain

1), fre)l(@) = [ha, ho](¥(2)) (919) (%) gr(2), (1.42)
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1.3 Lie brackets and extremum seeking control

where the function [hq, ho] is defined by [(1.31), and gxt denotes the Lie derivative of 1
along g (i.e., (gx?)(x) is the derivative of w at z applied to gi(z); cf. [Section 1.2)). Note
that the product (gr1)gx of the real-valued function gxi and the vector field gy on the
right-hand side of is again a vector field on R™. If we take the Lie derivative of
along (gx)gk, then we obtain the nonnegative function (gxt)? on R™. For the purpose of
extremum seeking control, we are interested in descent directions of ¥. To ensure that the
Lie bracket vector in points into a descent directions of v, we need that the factor
[h1, ho](¢(x)) is always negative; i.e., we have to choose the design functions hq,hy such
that

[h,hal(y) < O (1.43)

for every y € R. For example, we can define hy, hy by [(1.32)| |(1.33)] or|(1.34)} A general
study on suitable choices of hj,hy can be found in [4I]. Next, we explain how the Lie
brackets in can be approximated by time-varying output feedback.

As explained in the previous paragraph, we are interested in the directions of the Lie
brackets in |(1.42)| because they contain valuable information about descent directions of @Z)

For the toy model- - ), this can be done by choosing a control law of the fo

with suitable highly oscillatory functions ujl,uj2 Then, the closed-loop system |(1.5) ap-

proximates the averaged system - (1.19)[ with increasing parameter value j. We know from
that this approximation property is not restricted to a single pair of vector
fields but can be extended to several pairs of vector fields by choosing suitable highly os-
cillatory functions with distinct frequency coefficients as, for example, in For each
ke {1,...,m}, we choose two suitable time-varying functions uzm), u%k,z) to approximate
the Lie bracket of f 1), f(x,2). For example, one can choose the sinusoids

u{k’l)(t) = \/2jwyg cos(j (1.44a)
u{k,z) (t) == V/2jwg sin(jwgt), (1.44Db)

where wq, . . ., wy are pairwise distinct positive real frequency coefficients. Differently shaped
highly oscillatory functions can be found, for example, in [99, [IT1]. For each k € {1,...,m},
we propose the parameter-dependent, time-varying output-feedback control law

Wi = () ha(y) + ) (6) ha(y) (1.45)

for |(1.39), where y denotes the output |(1.40)l Then, the closed-loop system reads

= > () () 1) (@) + uly ) () fin) (@), (1.46)

k=1

which is of the form [(1.20)l The same averaging methods as in [Section 1.2 shows that the
trajectories of [(1.46)| approximate the trajectories of the averaged system

&= ) [fe) f))(@) (1.47)

k=1

with increasing frequency parameter j. Let z/; denote the derivative of the output function v
along solutions of |(1.47)l Using|(1.42)| for the Lie brackets in |(1.47)| we obtain that

d(x) = [h,ho](¥(2)) Y (gt (@
k=1
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Recall that the design functions hi, ho are chosen to satisfy|(1.43)] Consequently, we obtain

the estimate
m

d(x) < = (gk)(@)* <0
k=1

for the derivative of 1 along solutions of Under suitable assumptions on the con-
trol vector fields g and the output function ), one can use 1 as a Lyapunov function
and prove that a minimum point z* € R™ of ¢ is asymptotically stable for Be-
cause of the approximation property, this in turn implies that z* is practically uniformly
asymptotically stable for as explained earlier for the toy model Therefore, the
proposed output feedback has the desired properties of an extremum seeking control
law for [(1.39)]

The first journal paper that introduces the above approach to extremum seeking control
by Lie bracket approximations is [31]. This paper provides local and semi-global practical
stability results for a more general situation than what we discussed in the preceding para-
graphs. As mentioned earlier, the approach can be also extended to time-varying control-
affine systems with a possible drift. Also the choice of the highly-oscillatory functions
can be relaxed from sinusoids as in to a larger class of time-varying functions that
can be characterized by suitable averaging conditions. All these extensions are addressed
in [31]. In some earlier conference paper, the method is applied to various problems, such
as distributed positioning of autonomous mobile sensors [33], source seeking [32], distance-
based synchronization [30], and obstacle avoidance [29]. Inspired by the results in [31],
also other research groups started to investigate Lie bracket approach to extremum seeking
control. For example, in [95] the output function plays the role of a control Lyapunov
function for the purpose of practical stabilization. This allows practical stabilization of lin-
ear time-varying system without explicit knowledge of the system’s matrices or the system
state [93], and applications to the problem of tracking [94]. In the present document, we
will also consider the output function as a Lyapunov function to prove stability properties of
closed-loop systems. A real-world implementation of a Lie bracket-based extremum seeking
algorithm, which optimizes the rise time of the output voltage of a high voltage converter
modulator, is documented in [92]. As explained earlier, an extremum seeking control law of
the form provides a certain degree of freedom in the choice of the highly-oscillatory
functions and the design functions hq, he. For example, non-sinusoidal oscillations are ap-
plied in [99, 111]. The smooth design functions in |(1.32)|and |(1.33) were introduced in [31]
and [96], respectively. A first non-smooth definition of 1, hy appears in [97]. Under certain
additional assumptions, such non-smooth design functions do not only lead to practical sta-
bility but to asymptotic stability [41], 1T13] or even exponential stability [IT11]. We will study
such control laws in A completely different choice of the oscillatory inputs and
the design functions is proposed in [109]. The approach in [109] provides the first extremum
seeking control law with an adaptive frequency parameter. While all other studies involve
the uncertainty of a sufficiently large value of j in the method in [109] chooses j
adaptively and leads to guaranteed convergence to an optimal state. We will study this
control law in

There are many other extensions and applications of the Lie bracket approach to ex-
tremum seeking control from [31]. For example, extensions to control systems on sub-
manifolds of the Euclidean space are studied in [34] [75] [76]. We will see throughout the
document that the Lie bracket approach allows a coordinate-free description of extremum
seeking control on arbitrary smooth manifolds. A frequently studied application of the
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1.3 Lie brackets and extremum seeking control

Lie bracket approach is the problem of source seeking, both theoretically [91] and exper-
imentally [40]. Other applications include iterative learning [2I], numerical optimization
methods [35], and distributed optimization over graphs [72] [73], where the latter requires an
approximation of iterated Lie brackets as in We will use approximations of iterated
Lie brackets in to derive extremum seeking control for nonholonomic systems.
Lie brackets of higher order are also approximated in [59] for the purpose of Newton-based
extremum seeking. Interestingly, it is also possible to establish a connection between the Lie
bracket averaging theory and singular perturbation theory, which is used to analyze classi-
cal extremum controllers as in [55] under a steady state assumption; see [27], [28]. A suitable
rescaling of the time parameter reveals that the large-amplitude, high-frequency sinusoids
in are related to the small-amplitude, low-frequency sinusoids in other extremum
seeking control schemes.

All of the above references consider first-order control system; i.e., the first derivative of
the system state is controlled directly through the input channels. In the present document,
we also restrict our studies to such first-order (or kinematic) models. Extensions of the Lie
bracket approach to second-order control systems, like mechanical systems, or higher-order
control systems can be found in [70, [71]. However, this results into even larger amplitudes
and frequencies of the employed oscillatory signals than for first-order control systems,
which might be undesirable for practical implementations. However, for some applications
to second-order mechanical system, there is a suitable alternative. Instead of approximating
Lie brackets, one can also approximate so-called symmetric products of vector fields by
using the class of vibrational signals from [I7]. Recent studies [I08], 114}, 112] show that an
approximation of symmetric products can be used to design extremum seeking control for
mechanical systems, which causes smaller amplitudes and frequencies than the Lie bracket
approach.

Finally, it is worth to mention that the Lie bracket approach to extremum seeking control
can be viewed as a particular case of a stabilization method that was already pursued in
earlier references than [31]. Instead of using output feedback of the form it is also
possible to apply a state feedback control law of the form

up = Zufkﬂy)(t) H, ) (@) (1.48)

to a control-affine system of the form|(1.39), where the u{,w) are suitable highly oscillatory
inputs, and the H ,) are smooth real-valued design functions on the state space. Note
that reduces to if the summation index v is restricted to v € {1,2} and if
Hy(w) = hy(i(x)). If we apply [(1.48)| to |(1.39), then the closed-loop system is of the
form where the vector fields f; in [(1.20)| originate from the products of the func-

tions H ;) and the control vector fields g in 1 1.39 )l By choosing suitable highly oscillatory
inputs u{kw, we can induce that the trajectories of the closed-loop system approximate the
trajectories of an extended system of the form This in turn implies that if the ex-
tended system is asymptotically stable, then the closed-loop system is at least practically
asymptotically stable. Thus, a control-affine system of the form can be stabilized
around a given point x* if we can find suitable highly oscillatory inputs u{k’y) and design
functions Hy, ) in @ such that z* is asymptotically stable for the extended system of
the closed-loop system. Such a procedure is described, for example, in [68]. The particular
notion of practical asymptotic stability, which is used in this context, can be traced back
to [77, [78]. For example, the same arguments as in [78] to conclude practical asymptotic

17



1 Introduction

stability for the closed-loop system from asymptotic stability for the averaged system are
also used in [31] in the context of extremum seeking control. Stabilizing state feedback by
Lie bracket approximation is intensively studied for homogeneous systems [80, [81], [79]. For
homogeneous systems, the approach does not only lead to practical asymptotic stability,
but in fact to asymptotic stability or even exponential stability. In particular, the approach
in [80] to design state feedback for nonholonomic control systems is closely related to the
extremum seeking control law in A more recent study on exponential stabiliza-
tion of nonholonomic systems by means of Lie bracket approximations can be also found
in [I21I]. All of these stabilization methods are based on the Lie bracket averaging theory
from [58] 68, [69]; cf. This is in particular true for the findings and the results
in the present document.

1.4 Outline

The considerations in the preceding and have shown that the Lie bracket
approach provides a general tool to design extremum seeking control. In many cases,
stability properties of the closed-loop system can be proved in a systematic way. Indeed,
the procedures in the subsequent chapters follow basically the same pattern as for the
toy example [(1.26)| |(1.27)| in [Section 1.3 The main steps are summarized in
To allow an easy comparison, the table in lists the most relevant equations,
definitions, and statements in each of the chapters.

The subsequent summarizes basic definitions and notations that are used in
all later chapters. The rest of the document is organized as follows.

addresses an optimization problem which is usually not associated with ex-
tremum seeking control, namely formation shape control. In this case the control system is
a team of autonomous point agents with the common goal to establish a certain formation
shape. The formation shape is defined by prescribed distances between the agents. The
standard way to solve this problem is a gradient-based control law. For this purpose, each
agent is assigned with a suitable local potential function. An implementation of the control
law assumes that each agent knows the gradient direction of its local potential function.
A computation of the gradient requires measurements of relative positions. However, this
means that much more variables need to be sensed (relative positions) than the variables
that are actively controlled (relative distances). It is therefore natural to ask whether the
formation shape control problem can be also solved if only distance measurements are avail-
able. We will see in that this can be done by using ideas from extremum seeking
control. Measurements of inter-agent distances provide already enough information so that
each agent can compute the current value of its local potential function. Therefore, we can
apply the Lie bracket approach to extract the gradient directions from the current values
of the local potential functions. In this case, the Lie bracket approach does not only lead
to practical stability but to the novel feature of asymptotic stability and even exponential
stability. Additionally, we extend the distance-only formation control law for point agents
to a team of nonholonomic unicycles under the assumption of all-to-all communication. As
for point agents, we show that the proposed control law induces exponential stability. We
also explain how this method can be extended to other optimization problems. We improve
the existing extremum seeking methods, which only lead to practical asymptotic stability,
by presenting the first extremum seeking control law that can lead to exponential stability.

A common feature of all the existing Lie bracket-based extremum seeking control laws
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1.4 Outline
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in the table refer to the list in the text on the left-hand side.
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1 Introduction

is that they require the choice of a sufficiently large frequency parameter for the employed
perturbation signals. Otherwise no stability property can be guaranteed and even finite
escape times can occur. This is certainly a problem in practical implementations. All of the
existing studies do not provide explicit information on how large the frequency parameter
has to be chosen for a successful implementation. The proposed method in
provides the first solution to this problem. The idea is to choose the amplitudes and
frequencies of the oscillatory signals in an adaptive fashion. An increase of the measured
output value automatically leads to larger amplitudes and frequencies. This way, the control
law itself chooses a suitable frequency parameter. Under suitable assumptions, the proposed
control strategy does not only lead to convergence of the system state into a neighborhood
of the optimal state but to exact convergence. Moreover, the control law has the ability
to compensate the influence of an arbitrary drift vector field. In particular, finite escape
times cannot occur.

As explained in the Lie bracket approach to extremum seeking control gives
access to descent directions of the output function along the control vector fields of a system.
A proof of (practical) asymptotic stability for the closed-loop system usually requires that
the averaged Lie bracket system is asymptotically stable. For this reason, many studies
implicitly assume that the linear span of the control vector field contains a proper descent
direction of the output function. The same is true for the results in and
In general, however, this condition requires that the control system is fully actuated; i.e.,
the control vector fields span the entire tangent space. Otherwise, the averaged system
might have undesired equilibrium points at which all Lie derivatives of the output function
along the control vector fields vanish. In this case, the existing results cannot guarantee
stability properties of the closed-loop system. This problem motivates the investigations on
extremum seeking control for nonholonomic system in[Chapter 4 There are many examples
of control-affine systems which are not fully actuated, but have at least the property that
the Lie brackets of their control vector fields span the entire tangent space (also known as
the Lie algebra rank condition). This feature can be used to design an extremum seeking
control law that leads to the same practical asymptotic stability results as for fully actuated
systems. The idea is to induce a two-fold approximation of Lie brackets. In the first step, we
approximate Lie brackets of the control vector fields. For a suitable class of nonholonomic
systems, this gives access to all directions of the tangent space. In the second step, we
use the ideas from and approximate descent directions of the output function
along Lie brackets of the control vector fields. Under standard assumptions on the output
function, this approach leads to practical asymptotic stability for the closed-loop system.

1.5 Global definitions and notation for the entire document

By a smooth manifold we mean a second-countable Hausdorff space endowed with a real
finite-dimensional smooth structure; see [62]. The word smooth always means of class C°.
The word function will be only used for maps whose codomain is the set of real numbers.
The notion of a smooth manifold allows the definitions of basic objects like tangent spaceﬂ

Let C°°(M) denote the algebra of smooth functions on a smooth manifold M. For the objectives in the
present document it is convenient to treat a tangent vector to M at a point x of M as a derivation
on C*(M) at z; i.e., a linear function vy on C°° (M) such that vz (p¥) = (v2¢)¥(z) + ¢(x)(ve1)) for
all p, 9 € C*(M)
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1.5 Global definitions and notation for the entire document

vector ﬁeldsEL smooth mapsEL and so on, which are not recalled here. Instead we refer the
reader to standard textbooks like [I], [18], and [62].

Let 9 be a function on a smooth manifold M. For every real number y, we denote the
fiber of ¥ over y by ¥~ 1(y); i.e., the set of all x € M with ¢(x) = y. Let r be either a
real number or the symbol +00. We denote the 7-sublevel set of ¥ by 1~ 1(< r); i.e., the
(possibly empty) set of all z € M with ¢(z) < r. Let 2* € M. We define a set ¢~ 1(< r, z*)
as follows. If 2* is not contained in 1~1(< r), then ¢~ }(< r,2*) denotes the empty set,
and otherwise, it denotes the connected component of 1»~!(< r) containing z*. We say
that ¥ attains a local minimum at x* if there exists a neighborhood V of x* in M such
that ¢ (z*) < 9(z) for every x € V.

Let v, be a tangent vector at some point x of M. If there exists a real number, denoted
by vz, such that, for every smooth curve ~ from an open interval around 0 into M
with v(0) = = and 4(0) = v, the derivative of 9 o y exists at 0 and coincides with v,
then v, is called the directional derivative of ¢ along v,. Let f be a vector field on M.
If the directional derivative of ¢ along the tangent vector f(z) exists, then we denote it
by (f¢)(z) := f(x)y and call it the Lie derivative of 1 along f at x. If the Lie derivative
of ¢ along f exists at every point of M, then the resulting function fi on M is called the
Lie derivative of 1 along f. Suppose that 1 is differentiable at . Then, the derivative of ¥
at x is the linear function Dy (x) on the tangent space to M at x such that Dy(x)v, = v
for every tangent vector v, at x. Moreover, the Lie derivative of f along ¢ at z is then
given by the well-known formula

(f)(x) = Dip(x)f(x).

If Dy(x) = 0, then z is said to be a critical point of ¢, and otherwise it is said to be a
reqular point of 1. Let g be another vector field on M. Suppose that, for every smooth
function ¢ on M, both the Lie derivative of gy along f and the Lie derivative of f¢ along g
exist at x. Then, there exists a unique tangent vector [f,g](x) to M at z, called the Lie
bracket of f and g at x such that

£, 9l(x)e = (f(gp))(x) — (9(f¥))(x)

for every smooth function ¢ on M. For example, if f, g are locally Lipschitz continuous and
if f, g vanish at x, then their Lie bracket exists at x and vanishes there. If f, g are smooth,
then one can show that the above algebraic definition of the Lie bracket coincides with the
geometric definition of the Lie bracket in

Suppose that 1 is smooth and that x € M is a critical point of ¥. Then, ([f, g]¢))(z) =0
and therefore (f(gv))(x) = (g(fv))(x) for all smooth vector fields f,g on M. It is now
easy to show that there exists a unique symmetric bilinear function D% (z) of the tangent
space to M at x, called the second derivative of 1 at x, such that

D*y(2)(f(2), 9(2)) = (flg¥))(x) = (9(f¥))(z)

for all smooth vector fields f, g on M; see, e.g., [74]. The second derivative of ¢ at x is said
to be positive definite if D*(x)(vg,v,) > 0 for every nonzero tangent vector v, to M at x.
The following statements are known from real analysis; see, e.g., [18].

2For the objectives in the present document it is convenient to treat a vector field on a smooth manifold M
as a derivation on the algebra C°° (M) of smooth functions on M; i.e., a linear map f from C*°(M) into
the algebra of functions on M such that f(py) = (f) + o(f) for all p, ¢ € C(M).

3For instance, a vector field f on a smooth manifold M is smooth if and only if, for every smooth function ¢
on M, an application of the derivation f to ¢ results into a smooth function fy on M.
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Remark 1.2. Let 9 be a smooth function on a smooth manifold M. Suppose that 1
attains a local minimum value y* € R at some x* € M and that the second derivative of 1
at x* is positive definite. Then the following statements hold.

(i) The function v attains a strict local minimum at x*; i.e., there exists a neighborhood V'
of * in M such that ¢ (z) > y* for every z € V with = # x*.

(ii) There exists a neighborhood V' of z* in M such that every z € V with z # z* is a
regular point of 1.

(iii) For every neighborhood V of z*, there exists § > %* such that ¢ ~'(< 7,2%) is a
compact subset of V. O

If a is function on an interval I and if ¢1,t2 € I, then we use the notation
t=ta
[a(t)]t:t1 = a(ta) — a(ty).

Additionally, if a is locally integrableﬂ then we use the standard convention

/ttg a(t) dt = —/:1 at) dt

for the integral if t1 > to. If A, B are locally absolutely continuous functionsﬂ on an
interval I, and if ¢1,to € I, then, using the above notation, integration by parts can be
written as

/ T AW Bt = [A@) B / A By ar.

t1 t1
For multiple later references, we state the well-known trigonometric identity
sin(a + ) = cos(a) sin(B) + sin(a) cos(B) (1.49)

for all a, 8 € R.

4Every integral in the present document is meant as the standard Lebesgue integral. Recall that a function a
on an interval [ is said to be locally integrable if, for all real numbers ¢; < 2 in I, the integral of a over
the compact interval [t1,t2], denoted by [, :12 a(t) dt, exists as a real number.

5Recall that a function A on an interval I is said to be locally absolutely continuous if its derivative A exists
almost everywhere on I as a locally integrable function and fttf A@t)dt = [A(t)]:zf for all t1,t2 € I.
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2 Distance-based formation control

The content of this chapter is an extended version of [I11] and [I13].

2.1 Introduction and motivation

Distance-based formation control is an extensively studied subject in the field of autonomous
multi-agent systems. The wish to achieve and maintain prescribed distances among au-
tonomous agents in a distributed way arises in various applications such as leader-follower
systems or in the context of formation shape control [86]. This task becomes especially
difficult if the agents can measure only distances to other members of the team but not
their relative positions.

In this chapter, we focus on the model of kinematic points in the Euclidean space of
arbitrary dimension. The interaction topology is described by an undirected graph, where
each node represents one of the agents. When we connect the current positions of the agents
by line segments according to the edges of the graph, we obtain a graph in the Euclidean
space, which is also referred to as a formation. We study the problem of distance-based
formation control; i.e., the target formations are defined by distances. To be more precise,
a target formation is reached if, for each edge of the graph, the distance between the
corresponding pair of agents is equal to a desired value. These distances are the actively
controlled variables. The aim is to find a distributed control law that steers the agents into
one of the target formations. The agents have to accomplish this goal without any shared
information like a global coordinate system or a common clock to synchronize their motion.

A well-established approach to solve the above problem is a gradient descent control
law [54, 24], [85] 82, T03]. For this purpose, every agent is assigned with a local potential
function. These functions penalize deviations of the distances to the prescribed values.
Each local potential function is defined in such a way that it attains its global minimum
value if and only if the distances to the neighbors are equal to the desired values. Thus, a
target formation is reached if all agents have minimized the values of their local potential
functions. To reach the minimum, every agent follows the negative gradient direction of
its local potential function. It is shown in [54) 24 [85] that this approach can lead to local
asymptotic stability with respect to the set of desired states. In fact, by imposing suitable
rigidity assumptions on the target formations, one can prove local exponential stability;
see, e.g., [82] 103].

An implementation of the gradient descent control law requires that all agents should
be able to measure the relative positions to their neighbors in the underlying graph. It is
clear that relative positions contain much more information than distances. In other words,
the amount of sensed variables exceeds the amount of actively controlled variables. It is
therefore natural to ask whether distance-based formation control is still possible even if the
sensed variables coincide with the controlled variables. This means that each agent can only
use its own real-time distance measurements to steer itself into a target formation. We also
remark that distance sensing and measurement has emerged as a mature technique through
the development of many low-cost, high precision sensors, such as ultrasonic sensors or
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2 Distance-based formation control

laser scanners (see, e.g., the survey in [46]). Therefore, it motivates us to explore feasible
solutions to formation control with distance-only measurement, which also finds significant
applications in relevant areas, e.g., multi-robotic coordination in practice.

To our best knowledge, there are just a few studies on formation control by distance-
only measurements. The idea in [4] is to compute relative positions directly from distance
measurements. However, in order to do so, the agents need more information than just
the distances to their neighbors in the underlying graph. It is shown in [4] that if the
target frameworks are rigid, and if each agent also has access to the distances to its two-hop
neighbors, then they can compute the relative positions by means of a Cholesky factorization
of a suitable matrix, which is obtained from distance measurements. Since this factorization
is only unique up to an orthogonal transformation, each agent also has to harmonize these
relative positions with its individual coordinate system. This requires a certain ability to
sense bearing. Thus, it is not sufficient to sense only the actively controlled distances.

Another approach is presented in [19]. In contrast to the above strategy, it suffices that
each agent measures the distances to its neighbors in the underlying graph. The multi-
agent system is divided into subgroups. Following a prescribed schedule, only one of these
subgroups is active at a time while the other agents remain at their positions. This requires
that the agents share a common clock. It is assumed that the agents of the currently
active group have the ability to first localize the resting neighbors of the team by means
of distance measurements, and then move into the best possible position. Note that the
strategy requires that each agent can map and memorize its own motion within its own local
coordinate system. For a minimally rigid graph in the plane, this algorithm leads locally to
the desired convergence. However, a generalization to higher dimensions is limited, since the
strategy requires a minimally rigid graph that can be constructed by means of a so-called
Henneberg sequence [5], which is, in general, possible only in two dimensions.

A recent attempt to control formation shapes by distance-only measurements can be
found in [51]. In this case, the agents perform suitable circular motions with commensurate
frequencies. Using collected data from distance measurements during a prescribed time
interval, each agent can extract relative positions and relative velocities of its neighbors
by means of Fourier analysis. As in [19], the approach in [51] relies on the assumption
that the agents share a precise common clock to synchronize their motions. The proposed
strategy leads to convergence if certain control parameters are chosen sufficiently small.
However, only existence of these parameters can be ensured but there is no explicit rule
how to obtain them. Moreover, the control law only induces convergence to the set of
desired formations but not convergence to a single static formation. In general, a common
drift of the multi-agent system remains. An extension to higher dimensions is not obvious,
since the extraction of relative positions and velocities relies on the geometry of the plane.

A common feature of all of the above strategies is that the agents should be able to
compute or infer relative positions from distance measurements. In this chapter, we use
a different approach. To explain the idea, we return to the gradient descent control law.
In this case, each agent tries to minimize its own local potential function by moving into
the negative gradient direction. A computation of the gradient requires measurements of
relative positions. However, the value of each local potential function can be computed
from individual distance measurements, and is therefore accessible to every agent. This
leads to the question of whether an agent can find the minimum of its local potential
function when only the values of the function are available. To solve this problem, we use
an approach that was recently introduced in the context of extremum seeking control, see,
e.g., [31 B4, 27, ©5, 07, 96]. The reader is referred to for an introduction to
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2.1 Introduction and motivation

this method. By feeding in suitable sinusoidal perturbations, we induce that the agents are
driven, at least approximately, into descent directions of their local potential functions. On
average, this leads to a decay of all local potential functions, and therefore convergence to a
target formation. The proposed control law for each agent needs no other information than
the current value of the local potential function. Under the assumption that the target
formations are infinitesimally rigid (see for the definition), we can ensure local
uniform asymptotic stability. Our control strategy is fully distributed, and can be applied
to point agents in any finite dimension.

An earlier attempt to apply Lie bracket approximations to the problem of formation
shape control can be found in [I11]. The control law therein requires a permanent all-to-all
communication between the agents for an exchange of distance information. The control
law in this chapter is based on individual distance measurements and works without any
exchange of measured data. Moreover, the results in [I11] contain an unknown frequency
parameter for the sinusoidal perturbations. It is assumed that the frequency parameter is
chosen sufficiently large; otherwise convergence to a desired formation cannot be guaranteed.
The results in the above paper provides only the existence of a sufficiently large frequency
parameter, but there is no explicit rule on how to find that value. The control law in
this chapter can lead to local uniform asymptotic stability even if the frequency parameter
is chosen arbitrarily small. We discuss the influence of the frequency parameter on the
performance of our control law in the main part.

The idea of using Lie bracket approximations to extract directional information from dis-
tance measurements can also be found in several other studies. The range of applications
includes, among others, multi-agent source seeking [32], synchronization [30], and obstacle
avoidance [29]. A common feature of the above papers and the content of this chapter is
that the desired states are characterized by minima of (artificial) potential functions. An-
other similarity is that a purely distance-based control law is derived by using Lie bracket
approximations in order to get access to the direction of steepest decent. However, the
above studies only guarantee practical asymptotic stability, and depend on the unknown
frequency parameter that we mentioned in the previous paragraph. Our results for forma-
tion shape control are stronger because they can lead to local asymptotic stability without
the dependence on the frequency parameter. Thus, our findings might also be of interest
to the above fields of applications.

The chapter is organized as follows. In we introduce basic definitions and
notations, which we use throughout the chapter. As indicated above, our approach involves
the notion of infinitesimal rigidity, which is recalled in We also derive suitable
estimates for the derivatives of the potential functions in this section. The distance-only
control law and the main stability results are presented in which are supported
by numerical simulations in the same section. A detailed analysis of the closed-loop system
and the proofs of the main theorems are carried out in In addition to forma-
tion control for point agents, we show in that the Lie bracket approach can be
extended to nonholonomic unicycles under the additional assumption of all-to-all commu-
nication among the agents. Again, we present a stability result under the proposed control
strategy and then prove the theorem in Finally, in we indicate
how the approach can be extended for the purpose of extremum seeking control. If the
minimum value of the output function is known, then basically the same control strategy
as for point agents can be applied to a more general type of control-affine system. Under
suitable assumptions, this approach leads to asymptotic (and even exponential) stability
for the closed-loop system.

25



2 Distance-based formation control

2.2 Local definitions and notation for the chapter

To emphasize the difference between points and tangent vectors in the notation, we use the
notion of a Euclidean space P = R™ of (finite and nonzero) dimension n with underlying
translation space T' = R™ (see [84]). The elements of P are called points and the elements
of T are called translations. The Euclidean inner product on 7" is denoted by ((-,-)) and the
induced norm is denoted by || - ||. Let ¢ be a map from an open subset U of P into R™.
If ¢ is k-times differentiable at some point x of U, then we denote its kth derivative at x
by D¥¢(z), which is a k-linear map of 7" into R™. The induced operator norm of D¥¢(z) is
denoted by || D¥¢(x)||. As usual, for any subset S of U, we say that ¢ is Lipschitz continuous
on S if there exists a Lipschitz constant L > 0 such that ||¢(z2) — ¢(x1)|| < L||ze — 1] for
all 1, x9 in S, where we use the same symbol for the norm on R™ and the norm on 7. If
each point of U has a neighborhood on which ¢ is Lipschitz continuous, then ¢ is said to be
locally Lipschitz continuous. Equivalently, ¢ is locally Lipschitz continuous if and only if ¢
is Lipschitz continuous on every compact subset of U. If a function ¢ on U is differentiable
at some point x of U, then the gradient of ¢ at x is the unique translation vector Vo(z) € T
that satisfies Do(x)(v) = (Ve(z),v)) for every v € T. For later references, we collect the
following statements on nonnegative smooth functions.

Lemma 2.1. Let ¢ be a nonnegative smooth function on an open subset U of a Euclidean
space P. Then the following statements hold.

(a) The square root of ¢ is locally Lipschitz continuous.

(b) For every compact subset K of U, there exists c; > 0 such that |V (z)|* < c1 ¢(x)
for every x € K.

(c) Suppose that, for some xz* € U, we have p(z*) = 0 and the second derivative of ¢
at x* is positive definite. Then, there exist cg > 0 and a neighborhood V' of z* in U
such that |V (z)||* > co (z) for every z € V.

Proof. Statement @ is a particular case of the more general result that every nonnegative
definite matrix-valued smooth map has a locally Lipschitz continuous square root. The
proof can be found in [37]. A proof of statements [(b)] and for nonnegative smooth
functions on Riemannian manifolds can be found in [I§]. O

Since we restrict our considerations to a Euclidean space P with translation space T,
each tangent space to P can be identified with T'. Therefore, a vector field on P can be
simply considered as a map from P into 1. For example, the gradient of a differentiable
function on P is a vector field on P. If f, g are vector fields on P and if g is differentiable
at some = € P, then the (“covariant”) derivative Dg(x)f(z) of g with respect to f at x is
denoted by Vyg(x).

2.3 Infinitesimal rigidity and gradient estimates

2.3.1 Infinitesimal rigidity

In this subsection, we recall several definitions and statements from [7, [§].
An (undirected) graph G = (V,E) is a set V. = {1,..., N} together with a nonempty
set E of two-element subsetdd of V. Each element of V is referred to as a vertez of G and

!Note that self-loops are excluded by requiring that E consists of two-element subsets of V.
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2.3 Infinitesimal rigidity and gradient estimates

each element of E is called an edge of G. As an abbreviation, we denote an edge {i1,i2} € E
simply by i1i2. A framework G(p) in P consists of a graph G with N vertices and a point

p:(pl""apN)EPX"'XP:: PN

Note that for a framework G(p) in P, we may have p;, = p;, for i; # is.

Consider a graph G = (V, E) with N vertices and M edges, that is, V = {1,..., N},
and FE has M elements. Order the M edges of G in some way and define the edge map
eq: PN — RM of G by

ec®) = (s |Pis — i 1%, DivineE

for every p = (p1,...,pn) € PN. Thus, the value of eg at any (p1,...,pn) € PV is a vector
that collects the squared distances ||p;, — p;, ||? for all edges iyio € E. A point p € PV is
said to be a regular point of eg if the rank of Deg attains its global maximum value at p.
For later references, we state the following result from [7], which is an easy consequence of
the Inverse Function Theorem.

Proposition 2.2. Let G be a graph with N vertices and M edges. If p € PN is a regular
point of e, then there exists an open neighborhood U of p in PN such that the image of U
under eq is a smooth submanifold of RM of dimension rank Deg(p).

The complete graph with N wvertices is the graph with N vertices that has each two-
element subset of {1,..., N} as an edge.

Definition 2.3. Let GG be a graph with N vertices, let C' be the complete graph with N
vertices, and let p € PV. The framework G(p) in P is said to be rigid if there exists a
neighborhood U of p in PV such that

e (ea(p) NU = eg'(ec(p))NU,

where e;! (e (p)) denotes the fiber of e over eq(p) and e (ec(p)) denotes the fiber of e
over ec(p). O

Thus, a framework G(p) is rigid if and only if, whenever ¢ sufficiently close to p with
llgiy, — qiy || = llpiy — i, || for every edge i1ia of G, we have in fact ||¢;, — i, || = ||piy, — Pyl
for all vertices 1,42 of G. Another result from [7] is the following.

Proposition 2.4. Let C be the complete graph with N vertices. For every p € PN, the set
eal(ec(p)) is a smooth submanifold of PN .

The manifold e;' (ec(p)) is actually analytic and one can derive an explicit formula for its
dimension; see again [7]. As in [§], we use the manifold structure of e (ec(p)) to introduce
the notion of infinitesimal rigidity.

Definition 2.5. A framework G(p) in P is said to be infinitesimally rigid if the tangent
space to the smooth submanifold 651 (ec(p)) at p coincides with the kernel of Deg(p). ¢

To make the notion of infinitesimal rigidity more intuitive, we recall a geometric inter-
pretation from [38]. For this purpose, we consider smooth isometric deformations of a
given framework G(p); i.e., smooth curves from an open time interval around 0 into the set
eq'(ec(p)) passing through p at time 0. By definition, each such curve v = (y1,...,7n)
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2 Distance-based formation control

preserves the squared distances ||y, (t) — 74, (t)|? for all edges i1i2 of G, and we have
ecq(v(t)) = eq(p) for every t in the domain of . By the chain rule, this implies that the
velocity vector 4(0) of v at time 0 is an element of the kernel of Deg(p) (which is termed
rigidity matriz in the literature of graph rigidity; see, e.g., [§]). This explains why vectors
in the kernel of Deg(p) are referred to as infinitesimal isometric perturbations of G(p).
On the other hand, for the complete graph C, the tangent space to the smooth mani-
fold eal(ec(p)) at p consists of the velocities of all smooth curves in eal(ec(p)) passing
through p. By definition, the curves in e&l(ec(p)) preserve the squared distances for all
vertices of G. Thus, infinitesimal rigidity of G(p) means that, for every smooth curve ~ of
the form ~(t) = p+tv with v being an infinitesimal isometric perturbations of G(p), changes
of the squared distances ||7i,(t) — i, (t)||? are not detectable around t = 0 in first-order
terms for all vertices i1, i of G.

For our purposes, it is more convenient to characterize the notion of infinitesimal rigidity
by the following result from [§].

Theorem 2.6. A framework G(p) in P is infinitesimally rigid if and only if p is a regular
point of eq: and if G(p) is rigid.

It follows that the notions of rigidity and infinitesimal rigidity coincide at regular points
of the edge map. Finally, we note that it is also possible to characterize infinitesimal rigidity
of G(p) in P by means of an explicit formula for rank Deg(p); see again [g].

2.3.2 Gradient estimates

In this subsection, G = (V, E) is a graph with N vertices and M edges. Let eg: PN — RM
be the edge map of G. For each edge i1i2 € E, let d;,;, be a nonnegative real number.
Define d := (dzzlig)’ili2€E € RM where the components of d are ordered in the same way as
the components of eg. Define a nonnegative smooth function g 4 on PN by

1 1 2
voa) = plec) =dI* = 3 37 (v —pal?® - di,) (2.1
i1i2€R
for every p = (p1,...,pn) € PY. This type of function will appear again in the subsequent

sections as local and global potential function of a system of N agents in P. Our aim is
to derive boundedness properties for the gradient of 1g 4. As in we denote
the r-sublevel set of ¢ 4 by wg;ld(g T).

Proposition 2.7. For the function ¢¥g 4 on pN in the following statements hold.
(a) For every r > 0, the square root of a4 is Lipschitz continuous on ¢5}d(§ r).
(b) For every r > 0, there exists ¢c; > 0 such that
IVYca@)? < e1veap) (2.2)
for every p € ¢5’1d(§ r).
(¢) For every r > 0 and every integer k > 2, there exists ca > 0 such that
| D gl < e (2.3)

for every p € ¢5}d(§ r).
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2.3 Infinitesimal rigidity and gradient estimates

(d) Suppose that, for each p € 1/15161(0), the framework G(p) is infinitesimally rigid. Then,
there exist ro, co > 0 such that

IVeaa@)? > cova.alp) (2.4)

for every p € wg}d(g T0).

Proof. For the proof of |Proposition 2.7, we need some additional facts from differential
geometry, which can be found in [62]. An isometry of P is a map a: P — P such that
|la(z2) — a(xy)|| = ||lx2 — 1] for all 1,29 € P. It is known that the set E(n) of all
isometries of P forms a Lie group, called the Euclidean group. For each o € E(n), we define
oV PN — PN by oV (p) = (a(p1),...,alpy)) for every p = (p1,...,py) € PN. It is
known that the map E(n) x PV — PN (a,p) = o”(p) is a smooth group action of E(n)
on PN. For every subset S of PV, we let SE(™ denote the set of all o™ (p) with p € S
and o € E(n). In particular, for a single point p € PV, the set {p}E(”) is called the orbit
of p under the action of E(n). The set PV /E(n) of all orbits endowed with the quotient
topology is called the orbit space. Note that ¥q g is invariant under the action of E(n);
i.e., we have 1g g © alV = Y q for every o € E(n). It is easy to check that every sublevel
set of ¥ 4 can be reduced to a compact set by isometries; i.e., for every r > 0, there exists
a compact subset K of PV such that wg}d(g r) = KB,

To prove parts @, @ and |(c), fix an arbitrary > 0. Then, there exists a compact
subset K of PN such that wa, J<r) =K E(n) Suppose for the sake of contradiction

that 1g q is not Lipschitz continuous on ¢51d(§ r). Then, using the invariance of ¢ 4
under the action of E(n) and the compactness of K, it follows that there exist sequences
of points p/, ¢/ in ¢51d(§ r) with p/ # ¢/ that converge to a common point p>* € K and

such that |1/J1G/fl(qj) - wé/?l(pjﬂ/qu — p?|| tends to infinity as j — oo. However, this would

contradict @, which states that the square root of 1g 4 is at least locally
Lipschitz continuous. Next, we prove part By there exists ¢; > 0 such
that holds for every p € K. Note that the derivative of any o € E(n) is identically
equal to an orthogonal map of T" and therefore leaves the norm on 7T invariant. By the
chain rule, we obtain that ||(Vigq) o V| = || Viig.4| for every a € E(n), which implies
that holds in fact for every p € KB Let k > 2 be an integer. Since 1G4 is smooth,
there exists co > 0 such that holds for every p € K. As for the gradient, it follows
from the invariance of ¥ 4 under the action of E(n), the chain rule, and the invariance of
the norm under orthogonal transformations that holds for every p € KE™),

It remains to prove part For the rest of the proof, we suppose that G(p) is infinites-
imally rigid for every p € wa’d(()). Note that ¢5,1d(0) = e&l(d), where eq is the edge map

from |Subsection 2.3.1L For the moment, fix an arbitrary g € 651 (d). We will show that there
exist a neighborhood W of ¢ in PV and some constant co > 0 such that holds for every
p € W. By [Proposition 2.2| and [Theorem 2.6| there exists an open neighborhood U of ¢
in PV such that the image eq(U) of U under eg is a smooth submanifold of RM of dimen-
sion k := rank Deg(q). After possibly shrinking U around ¢, we can find a parametrization
¢:V — eq(U) for the entire manifold eq(U). Then, ég := (¢ Loeg)|y: U — V is a smooth
map with rank Dég(q) = k. Define a smooth function gq on V by gq(z) := ||¢(z) — d||*/4
for every x € V. Then, the restriction of g4 to U equals g4 o €g, and by the chain rule,
we obtain

Via(p) = Dec(p)' Vaa(ea(p))

29



2 Distance-based formation control

for every p € U, where Deg(p) " : R¥ — TN denotes the adjointﬂ of Dég(p): TV — R* with
respect to the inner products on R* and T%. Since p — Dé(;(p)T is continuous and has
maximum rank k at g, there exis‘rE| a neighborhood W of ¢ in U and a constant ¢, > 0 such
that || Deg(p) "v| > cj|jv|| for every p € W and every v € R¥. In particular, this implies

IVée.a@ll = < IVgaeap))ll

for every p € W. Using ¢(z) = d at z := ég(q) € V, a direct computation shows that
D2g4(2)(v,v) = || Dp(2)v]|?/2 for every v € R¥. Since rank D¢(z) = k, it follows that the

second derivative of g4 at z is positive definite. Because of we can shrink W
sufficiently around ¢ and find some ¢ > 0 such that

IVga(ea®)II> > ¢ 9a(ec(p)) = c&§ve,a)

for every p € W. Thus, holds for every p € W with ¢ := (c)? cf.

Let m: PV — PN/E(n) be the projection onto the orbit space. Let C' be the complete
graph with N vertices. For the edge map e. of C, it is known (see [84]) that e;'(ec(p)) =
{p}E(”) for every p € PN. Note that both ec and eg are continuous, and also invariant
under the action of E(n); i.e., we have ec o o = ec and eg o o = eg for every a € E(n).
Thus, there exist unique continuous maps éc, éq: PN /E(n) — RM such that ec = écom
and eq = ég o (see [62]). The assumption of rigidity means in the orbit space that,

for every orbit p € eGl(d), there exists a neighborhood U of p in PN /E(n) such that
e (d)NU = é; (éc(p)) NU. Since é5'(d) is compact, and since é;'(éc(p)) = {p}, it
follows that éal(d) only consists of finitely many orbits. Thus, there exists a finite set
F C eg'(d) such that e;'(d) = FEM_ Since F is finite, we obtain from the previous
paragraph that there exist a neighborhood W of F in P and some constant ¢y > 0 such
that holds for every p € W. Since both ¢ 4 and ||V 4| are invariant under the
action of E(n), we conclude that holds for every p € WE®™ The proof is complete, if
we can show that there exists rg > 0 such that wéb(g ro) C WEM) | Since Va.a: PN 5 Ris
continuous and invariant under the action of E(n), there exists a unique continuous function
1/~JG’d on PV /E(n) such that ¢¢ g4 = z/?G’d om. Since the projection map 7 is open (see [62]),
the set W := m(W) is a neighborhood of P := 7(P) = 1;6,151(0) in PV /E(n). Since 9g q is
continuous and has compact sublevel sets, there exists a sufficiently small ¢ > 0 such that
;Eg}d(g o) € W. Thus, @Z)&}d(g o) € WEM  which completes the proof. O

Remark 2.8. In general, the noncompact set 1/151(1(0) of global minima of ¢ 4 might have
a complicated structure. However, the proof of [Proposition 2.7| reveals that under the
assumption of infinitesimal rigidity, the set wéld(O) is simply the union of orbits of finitely

many points in PV under action of the Euclidean group. It therefore suffices to consider Ya.a
in a small neighborhood of a single point of each orbit. A similar strategy is also applied
in several other studies on formation shape control (see, e.g., [48, [82]). The assumption of
infinitesimal rigidity allows us to derive the lower bound for the gradient of 1g 4 on
a noncompact sublevel set. This estimate will play an important role in the proofs of our
main results. O

2By the adjoint of Déa(p): TV — R*, we mean the unique linear map Dég(p) " : R¥ — TV that satisfies
the property (Dég(p)v,w) = (v, Dég(p) w)) for every v € TV and every w € R¥, where {(-,-)) denotes
the inner product on 7% and on R*.

3Note that the dimension k is less than or equal to the dimension of TV.
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Figure 2.1: A system of N = 3 point agents in n = 2 dimensions. Their current dis-
tances ||pi, — pi, || are indicated by dotted lines. The agents do not share information about
a global coordinate system. Instead, each agent navigates with respect to its individual body
frame, which is defined by the orthonormal velocity directions b; .

2.4 Formation control for point agents

2.4.1 Problem description

We consider a system of N point agents in the n-dimensional Fuclidean space P. For
each i € {1,...,N}, let b; 1,...,b;, be an orthonormal basis of the underlying translation
space T. We assume that the motion of agent ¢ € {1,..., N} is determined by the kinematic
equation

Pio= Y uikbik, (2.5)
k=1

where each u; 1 is a real-valued input channel to control the velocity into direction b; ;.. The
situation is depicted in It is worth to mention that the directions b;; do not
need to be known for an implementation of the control law that is presented in the next
subsection.

Suppose that the agents are equipped with very primitive sensors so that they can only
measure distances to certain other members of the team. These measurements are described
by an (undirected) graph G = (V, E); see [Subsection 2.3.1 for the definition. If there is
an edge 7112 € E between agents i1,i2 € V, then it means that agent ¢; can measure the
Euclidean distance ||p;, — pi,| to agent is and vice versa. Note that the agents cannot
measure relative positions p;, — p;; but only distances. For each edge i1i2 € E, let d;;4, > 0
be a nonnegative real number, which is the desired distance between agents ¢; and iy. We
assume that these distances are realizable in P; i.e., there exists p = (p1,...,pn) € PV such
that ||pi, — pi, || = diyi, for every ijip € E. We are interested in a distributed and distance-
only control law that steers the multi-agent system into such a target formation. The
control law that we propose in [Subsection 2.4.2| requires only distance measurements and
can be implemented directly in each agent’s local coordinate frame, which is independent
of any global coordinate frame.

We remark that, throughout the chapter, we consider an undirected graph for modeling
a multi-agent formation system, as it is commonly assumed in the literature on multi-
agent coordination control (see the surveys [86l 20]). This assumption is motivated by
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2 Distance-based formation control

various application scenarios. In practice, agents are often equipped with homogeneous
sensors that have the same sensing ability, e.g., same sensing ranges for range sensors.
Therefore, it is justifiable to assume bidirectional sensing (described by an undirected graph)
in modeling a multi-agent system. Undirected graphs also enable a gradient-based control
law for stabilizing formation shapes, which may not be possible for general directed graphs.
Extensions of the current results to directed graphs will be a content of future research.

2.4.2 Control law and main statement

The control law will be composed of the following constituents.

. . . . N
yaes s i
(1) For each i € {1 N}, define a local potential function ¢; on P" by

v = 1 X (e —wl? - &) (26)

eVii'eE

for every p = (p1,...,pn) € PN with distances d;z > 0 as in [Subsection 2.4.1}

(2) Let a be a smooth and bounded function on R such that a(0) = 0 and a/(0) # 0.

Define two functions hi, he on R by hi(y) := ha(y) := 0 for y < 0 and by

hi(y) = a(y) sin(logy), (2.72)
ha(y) = a(y) cos(logy) (2.7b)
for y > 0.
(3) Choose nN pairwise distinct positive real frequency coefficients w; j, fori € {1,..., N}

and k € {1,...,n}. Moreover, for every j > 0, every i € {1,...,N}, and every
k€ {1,...,n}, define two sinusoids u{z & 1),u?i 52 R — R by

Ul () = V/2jwik cos(jwikt +@ik), (2.8a)

“%i,k,z) (t) = /2jwik sin(jwirt + ik) (2.8b)

with arbitrary shifts ¢; 1 € R.

Remark 2.9. We briefly give some preliminary comments on the above functions without
going into details here.

(1) Note that agent 7 only needs to measure the distances ||p; — p;|| to its neighbors i' € V
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with 7’ € F in order to compute the current value of its local potential function ;.
In particular, the requirements of a distributed distance-only control law are met if
each agent only uses the current value

Yi = ¥i(p) (2.9)

of its local potential function in the feedback loop. In the context of extremum
seeking control, one can interpret as an output channel for agent i. A computa-
tion of the current value of the local potential function corresponds to a measurement
of For this reason, the local potential function ; plays the role of an output
function for agent i. We are interested in a control law that asymptotically stabilizes
the agents at states at which the output functions attain their minimum value 0.
Moreover, note that, for each i € {1,..., N}, the local potential function v; is of the
form if we consider the graph that originates from G by keeping only the edges
to the neighbors of the vertex i in G.
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(2) An admissible choice of the function a in|(2.7)|is, for example, given by a := tanh.
The particular combination of sine and cosine in [(2.7)| leads to the Lie bracket

[hi, ho)(y) == Rhy(y)haly) — Ri(yhaly) = —aly)®/y (2.10)

for every y > 0. This Lie bracket can be extended to a locally Lipschitz continuous
function on R if we let [h1, ha](y) := 0 for every y < 0.

(3) The choice of pairwise distinct frequency coefficients w; ;, for the sinusoids u{iJw)
in has the purpose to excite certain Lie brackets of vector fields, which are
directly linked to the Lie bracket of hy, hy in This fact is revealed by a suitable
averaging analysis in O

Given real numbers £ > 1/2 and j > 0, we propose the control law
win = ) () h(E) + s ) (0) halyl) (2.11)

for every i € {1,..., N} and every k € {1,...,n}, where y¥ denotes the xth power of the
current value[(2.9)of the local potential function ;. Whenever y; > 0, we can write control

law |(2.11)| also as
uik = \/2jwik a(y;) sin(jwikt + @ik +logy;), (2.12)
where we have used the trigonometric identity |(1.49)]

Remark 2.10. An implementation of control law requires that each agent knows
the desired inter-agent distances to its neighbors, and its own pairwise distinct frequencies
(and arbitrary shifts). Such information can be embedded into the memory of each agent
prior to an implementation of the control law. Also, each agent needs to measure the
current inter-agent distances (in contrast to relative positions, as assumed in most papers
on formation shape control) relative to its neighbors in order to compute the value of its local
potential The setting of such a control scenario is common in most distributed control
laws, which is acknowledged by the term ‘centralized design, distributed implementation’,
which does not contradict with the principle of distributed control (see, e.g., the surveys [20,
86]). Therefore, the proposed control law is fully distributed.

It is also important to note that we allow arbitrary phase shifts ¢;  in the sinusoids
The phase shifts for one agent are not assumed to be known to the other members of the
team. In particular, this means that the control law requires no time synchronization
among the agents. Moreover, since we merely assume that the frequency coefficients w; j
are pairwise distinct, it is not necessary that the sinusoids have a common period. %

It is shown later in [Lemma 2.18 @ that, for every i € {1,..., N} and every v € {1,2},

the function h, o 9! is locally Lipschitz continuous. It therefore follows from standard
theorems for ordinary differential equations that system |[(2.5)[ under the control law
has a unique maximal solution for any initial condition. These solutions do not have a finite

escape time because [(2.11)|is bounded. In summary, we have the following result.

Proposition 2.11. For any initial condition, system|(2.5)| under control law |(2.11)| has a
unique global solution, which we call a trajectory of|(2.5)| under|(2.11),
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To state our main result, we introduce the global potential function ¢ = g 4 on pN

with 9g q as in i.e., we define
1

2
o) = 7 2 (o= palP - 2., (213)
i112€F
Note that the fiber of ¥ over 0,
¢_1(0) = {(pb S 7pN) e PN ’ Viiig € E: Hpi2 _pi1H = diliz}v (2'14)

is the set of desired formations. Since we assume that the distances d;,;, are realizable in P,

the set [(2.14)|is not empty.

Theorem 2.12. Suppose that, for every point p of [(2.14)|, the framework G(p) is infinites-
imally rigid. Let k = 1/2. Then, there exist pu,r > 0 such that, for every A > 1, there exists
jo > 0 such that, for every j > jo, every to € R, and every po € ¥ ~1(< 1), the trajectory p

of system [(2.5)| under control law|(2.11)| with initial condition p(ty) = po has the following
two properties: p(t) converges to some point of|(2.14)| as t — oo, and the estimate

D(p(t) < Atb(po)e #t0) (2.15)

holds for every t > ty.

Theorem 2.12|states that, under the assumption of infinitesimal rigidity, control law|(2.11)|

with k = 1/2 leads to local exponential stability if the frequency parameter j is sufficiently
large. If we increase the exponent k in to a value > 1/2, then this has the following
two effects. On the one hand, an increase of k reduces the speed of convergence to a desired
state, and therefore we only get asymptotic stability instead of exponential stability. On the
other hand, this also leads to the effect that the quality of approximation of the averaged
system (which is presented below) improves the closer the agents are to a desired formation.
This phenomenon allows us to circumvent the assumption that the frequency parameter j
is chosen sufficiently large. The averaging analysis in will reveal why an increase
of k changes the speed of convergence and the quality of approximation. We will discuss
this in more detail at the end of the averaging analysis in For k > 1/2, the
following statement holds.

Theorem 2.13. Suppose that, for every point p of|(2.14)|, the framework G(p) is infinitesi-
mally rigid. Let k > 1/2 and let j > 1. Then, there exists p > 0 such that, for every A > 1,
there exists 7 > 0 such that, for every to € R and every pg € "1 (< 1), the trajectory p of

system |(2.5)| under control law|(2.11)| with initial condition p(ty) = po has the following two
properties: p(t) converges to some point of|(2.14)| as t — oo, and the estimate

b)) < A (po) : (2.16)

(14 2k = 1) ¥(po)® =t p(t — to)) ™7

holds for every t > ty.

Detailed proofs of [Theorems 2.12] and [2.13] are presented in At this point, we
only indicate the reason why the set |(2.14)| becomes locally uniformly asymptotically stable

for system [(2.5)| under control law Note that the closed-loop system is an ordinary
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Figure 2.2: Simulation on stabilization control of a four-agent rectangular formation
shape. We denote the positions by p; = (x;,y;) for i = 1,...,4. The initial formation
is indicated by dotted lines, and the finial formation is indicated by dashed lines.

differential equation in the product space P, which consists of the coupled differential
equations

n 2
Pi = Y > i () hu(UF(p) big (2.17)
k=1v=1

on P for ¢ =1,...,N. One can interpret the right-hand side of as a time-varying
linear combination of the state dependent maps p — h, (¢ (p)) b; , with highly oscillatory
functions u%l k)" When we consider the closed-loop system in the product space, each of
the maps p — hy, (V] (p)) b; . defines a vector field f(; ;. ,,) on PN . The analysis in
will show that the trajectories of are driven into directions of certain Lie brackets of
the vector fields f(; ). To be more precise, the particular choice of the sinusoids u{i,k,y)
with pairwise distinct frequencies w; j, causes the trajectories of o follow Lie brackets
of the form [f(; 1), f(i,k,2)]- The ordinary differential equation on P~ with the sum of all
Lie brackets %[ f(ik,1)s f(i,k,2)) on the right-hand side is referred to as the corresponding Lie
bracket system; cf. A direct computation shows that the Lie bracket system is
given by the coupled differential equations

pi = =k (0) Yi(p)* " Vi (p) (2.18)

on P fori=1,...,N, where V,,: PN — T is the gradient of the global potential func-
tion 1 with respect to the ith position variable, and h(¢f(p)) denotes a certain positive
factor for ;(p) > 0 sufficiently close to 0. Thus, in a neighborhood of , the system
state of is constantly driven into a descent direction of . The assumption of in-
finitesimal rigidity ensures that the decay of i along trajectories of is sufficiently
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Figure 2.3: Ezxponential decay of the global potential function for the multi-agent

system in on the time interval [0, 10].

fast. Since the trajectories of |(2.17)| approximate the behavior of in a neighborhood
of|(2.14)} this in turn implies that also the value of ¢ along trajectories of |(2.5)[under|(2.11)|
decays on average.

Remark 2.14. We emphasize that both [['heorem 2.12| and [Theorem 2.13| are local but
not global stability results. Both theorems ensure convergence to a desired formation for
initial points from a certain neighborhood of the set if j is sufficiently large. The
size of the domain of attraction y~!(< r) is characterized by the sublevel r > 0. The
value of r depends on the choice of the frequency parameter j. An increase of j leads to
an increase of r. An upper bound for r is naturally given by the domain of attraction
of the averaged system Note that a gradient-based control law can lead to unde-
sired equilibria at critical points of the potential function. Therefore we cannot expect
global asymptotic stability for and also not semi-global uniform asymptotic stability

for under |(2.11)] O

2.4.3 Simulation examples

In this subsection, we provide two simulation results to demonstrate the behavior of
under We consider a rectangular formation shape in two dimensions and a double
tetrahedron formation shape in three dimensions. One can check that the corresponding
frameworks are infinitesimally rigid by means of the rank condition in [§] for the derivative
of the edge map. The same formations are also considered in [103] for system under
the well-established negative gradient control law. Note that in contrast to the method in
this chapter, relative position measurements are required in [103] to stabilize the desired
formation shapes.

Our first example is a system of N = 4 point agents in the Euclidean space of dimension
n = 2. For each i € {1,..., N}, the orthonormal velocity vectors of agent i in are
given by b;1 = (cos ¢;,sin ;)" and b;2 = (—sin¢;,cos¢;) ', where ¢; = iﬂ/3 We let G
be the complete graph of N nodes. This means that each agent can measure the distances
to all other members of the team. The common goal of the agents is to reach a rectangular
formation with desired distances dis = d34 = 0.3, dog = di4 = 0.4, and dy3 = dog = 0.5.
The initial conditions are given by p1(0) = (0.0,0.0), p2(0) = (—0.1,0.4), p3(0) = (0.5,0.3),
and p4(0) = (0.3,0.0). The amplitude a of the functions h, in is chosen as a := tanh.

4To distinguish points and tangent vectors in the notation we write points as row vectors and tangent
vectors as column vectors.
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2.4 Formation control for point agents

Figure 2.4: Simulation on stabilization control of a double tetrahedron formation. We
denote the positions by p; = (zi,yi, i) fori =1,...,5. The initial formation is indicated
by dotted lines, and the finial formation is indicated by dashed lines.

The frequency coefficients w; j for the sinusoids ufi,k,u) in |(2.8)| are chosen as the pairwise
distinct integers w;, = (i —1)n+k fori =1,...,N and k = 1,...,n. For the sake of
simplicity, the phase shifts ¢; j are all set equal to zero. To obtain local exponential stability
as in the exponent  in is chosen to be k = 1/2. It turns out that
the initial positions are not in the domain of attraction if we choose j = 1. As indicated in
the domain of attraction becomes larger when we increase j. The trajectories
for j = 10 are shown in [Figure 2.2 An exponential decay of the global potential function
can be observed in

In the second example, we consider a system of NV = 5 point agents in the Euclidean space
of dimension n = 3. For each i € {1,..., N}, the orthonormal velocity vectors of agent i
in are given by b; 1 = (sin 6; cos ¢;, sin 6; sin ¢;, cos 0:)7, bi2 = (—sin ¢;, cos ¢;, 0)", and
biz = (—cosb;cos ¢, —cosf;,sin6;) ", where ¢; = im/3 and 6; = in/6. We let G be the
graph that originates from the complete graph of N nodes by removing the edge between
the nodes 4 and 5. The common goal of the agents is to reach a formation shape of a double
tetrahedron with desired distances d;,;, = 0.2 for every edge 142 of G. The initial conditions
are given by p1(0) = (0, —0.1,0.05), p2(0) = (0.18,0.16, —0.01), p3(0) = (—0.02,0.18,0.005),
p4(0) = (0.12,0.19,0.17) and p5(0) = (—0.1, —0.15, —0.12). The functions h,, the frequency
coefficients w; 1, the phase shifts ¢; ;,, and the exponent x are chosen as in the first example.
Again, the initial positions are not within the domain of attraction of |(2.5)[ under |(2.11)| for
j = 1. However, for j = 10, one can see in that the trajectories converge to the
desired formation shape.

One may interpret the oscillatory trajectories in the simulations as follows. Each agent
constantly explores how small changes of its current position influences the value of its local
potential function ;. This way an agent obtains gradient information. On average this
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2 Distance-based formation control

leads to a decay of all local potential functions. Sufficiently fast oscillations are necessary in
our approach to ensure that every agent can explore its neighborhood properly. If the value
of 1; is small, then the terms sin(log¢F) and cos(log!) in induce sufficiently fast
oscillations. When 1); is not small, then an increase of the global frequency parameter j can
compensate the lack of oscillations. It is clear that the energy effort to implement is
much larger than for a gradient-based control law. This is in some sense the price that we
have to pay when we reduce the amount of utilized information from the gradient of 1; to
the values of ;.

2.5 Local asymptotic stability analysis for point agents

The aim of this section is to prove [Theorems 2.12] and 2.13] In the first step, we rewrite
system under control law as a control-affine system under open-loop controls.
For this purpose, we have to introduce a suitable notation. Recall that, for every i €
{1,...,n}, the velocity directions b; 1,...,bin € T inare assumed to be an orthonormal
basis of T'. For every i € {1,..., N} and every k € {1,...,n}, let g; x(p) € T" be the vector
with b;;, € T as its kth component and all other (N — 1) components are equal to 0 € T'.
Then, we can write the multi-agent control system equivalently as the control-affine
system

N n
b= 33 wikgir(p) (2.19)

i=1 k=1

on PV It is clear that the vectors g; (p) form an orthonormal basis of TV at any p € PV.
Moreover, it follows directly from the definitions that, for every i € {1,..., N} and every
k € {1,...,n}, the Lie derivatives of the local potential function v; and global potential
function v along g; j, coincide; i.e., g; x¥ = g; x1;. As an abbreviation, we define an indexing
set A to be the set of all triples (i, k,v) withi € {1,..., N}, k € {1,...,n}, and v € {1,2}.
For each ¢ = (i, k,v) € A, define a vector field f, on PV by

few) = h (Y7 () 9ik(p)- (2.20)
When we insert |(2.11)|into |(2.5), the closed-loop system can be written as
b= ftp) = Y ut) flp), (2.21)
LeA

which may be interpreted as a control-affine system with control vector fields f, under
open-loop controls ;.

2.5.1 Estimates for the Lie derivatives

In this subsection, we derive suitable boundedness properties of (iterated) Lie derivatives
of the global potential function v along the control vector fields f; in These bound-
edness properties will ensure later in [Subsection 2.5.4{that certain remainder terms become
small when the agents are close to the set of target formations.

For later references, we collect the following properties of the functions h, in which
easily follow from their definitions.

Lemma 2.15. For every v € {1,2}, the following statements hold:
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2.5 Local asymptotic stability analysis for point agents

(a) hy is smooth on (0, 00),
(b) hy is locally Lipschitz continuous on R,

(¢c) limsup, o ) (y)y| < oo.

Let W7y, Wy be subsets of a Euclidean space, and let W be a subset of the (possibly
empty) intersection of Wi, Wa. Let b be a nonnegative function on Wj. For the sake of
convenience, we introduce the following terminology. We say that a function a on Wy is
bounded by a multiple of b on W if there exists ¢ > 0 such that |a(x)| < ¢b(x) for every
x € W. We say that a vector field f on Wy is bounded by a multiple of b on W if there
exists ¢ > 0 such that || f(x)|| < ¢b(z) for every z € W.

Note that the vector fields f; in are, in general, not differentiable at every point
of PN. However, we will show that the f; are at least locally Lipschitz continuous. For this
purpose, it turns out to be convenient to use the notion of a pointwise Lipschitz constant. In
non-smooth calculus [47], this quantity provides an upper bound for the difference quotient
of a function. It is known from [25] that local Lipschitz continuity can be characterized as
follows.

Lemma 2.16. A function a on an open subset U of a Euclidean space is locally Lipschitz
continuous if and only if, for each x € U, the pointwise Lipschitz constant

L(a)() = limsup [2&) =@l

r#r' —x Hl‘/ - $H

of a at x exists as a nonnegative real numbeﬁ and if, for each compact subset K of U,
the function L(a) is bounded by a constant on K. The same statement holds for a vector
field f on U with respect to the pointwise Lipschitz constant

L(f)(z) := limsup w

r#T =z |2/ —

of f at x.

The following rules help in estimating the pointwise Lipschitz constant for a function
constructed from other functions with known pointwise Lipschitz constants.

Lemma 2.17. Let o, aq, ag be locally Lipschitz continuous functions on an open subset U
of a Fuclidean space and let 8 be a locally Lipschitz continuous function on R. Then, the
following inequalities hold on U :

(a) L(a1 + az) < L(ag) + L(az) (sum rule),
(b) L(ay - a2) < L(a1) - [ag| 4 |oa| - L(e2)  (product rule),
(¢) L(Boa) < (L(B)oa)- L(a) (chain rule).

Moreover, if « is differentiable at some x € U, then

L(a)(z) = [[Va(z)[.

®By its definition, the upper limit lim sup % = liﬂ)l sup {% ‘ v#a eU: |z’ —a| <r}
r#z' —x T

is either a nonnegative real number or the symbol +oco.
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2 Distance-based formation control

We leave a verification of the above rules to the reader. Next, we use
and to prove the following technical result.

Lemma 2.18. Let { = (i,k,v) € A, let k > 1/2, and let r > 0.

(a) The function hy, o ¥f is locally Lipschitz continuous and the following boundedness
properties hold:

(1) hy o f is bounded by a multiple of f on zp,;l(g r);
(11) L(hy, o ¥F) is bounded by a multiple of 1/)?71/2 on b H(< 7).

(b) The Lie derivative fpp of 1 along fy is differentiable with locally Lipschitz continuous
derivative and the following boundedness properties hold:

(i) feb is bounded by a multiple of wa/Q on ; (< r);

(i) V(fe) is bounded by a multiple of ¥ on ;7 (< r);
(i1i) L(V(fe))) is bounded by a multiple of @bf—l/z on b (< 7).

(c) If kK > 1/2, then h, o ¥ is differentiable and V(h, o ¢!) is bounded by a multiple
of i~ on (< 7).

Proof. 1t follows from [Lemma 2.15 @ and h,(0) = 0 that h, is bounded by a multiple of
the identity y +— y on [0, 7], which implies part (i)| of statement @ We already know from

[Proposition 2.7 @ that the square root of v; is Lipschitz continuous on its sublevel sets.
Therefore, L(v; 2) is bounded by constant on v, 1(< 7). Note that ¢ is the composition
of the functions 1/12-1 /2 and y +— y**. By the chain rule in [Lemma 2.17L we conclude that

L(vf) is bounded by a multiple of ¢f_1/2 on 9; 1(< 7). Because of [Lemma 2.15 m L(h,)
is bounded by a constant on [0,7"]. Again, by the chain rule, it follows that L(h, o ¢f) is
bounded by a multiple of wf_l/ % on (I (< 7). In particular, h, o Yf is locally Lipschitz
continuous. If x > 1/2, then partof statement@limplies that h, 01 is also differentiable
at every p € ¥;1(0) with V(h, o 4¥)(p) = 0. It now follows from part |(ii)| of statement [(a)
and [Lemma 2.17| that V(h,, o ¢*) is bounded by a multiple of ¥ "/% on 7 1(< r). This
completes the proofs of statements [(a)] and Next, we prove statement @

It follows from [Proposition 2.7]|(b)| that g; xtb = g; xt; is bounded by a multiple of ¢/
on ¢, (< 7). Using|[Lemma 2.18 we conclude that fpip = (hy, o ¥F)(9i k%) is bounded
1

by a multiple of 1[)?“ ? on ;" (< 7). Since k > 1/2, this in turn implies that fy1) is differ-
entiable at every p € ¢, (0) with V(fs)(p) = 0. Outside of 1, *(0), fr is a composition

of differentiable functions and therefore we may compute
V(fe) = (b, o ¥f) (gixt) VOF + (hy 0 F) V(gixt))-

It follows from [Lemma 2.15|[(b)| that %], is bounded by a constant on (0,7*]. Thus, h}, 0¥ is
also bounded by a constant on 1), <) \ ¥, 1(0). We already know that g; 1 is bounded

by a multiple of 1/11-1 /% on (o 1(< 7). Moreover, it follows from |Proposition 2.7“@' that VFf
is bounded by a multiple of 7,/1'7_1/2 on 1, (< 7) \ ;7 1(0). By [Lemma 2.18”(:)L hy o

i (A
is bounded by a multiple of ¥ on ), 1(< r). Finally, it follows from IProposition 2.7|
that V(g; 1Y) = V(9ix%:) is bounded by a constant on w;l(g r). Consequently, V(fu))
is bounded by a multiple of 1% on ¢; *(< )\ 1;1(0). Since V(fs)) = 0 on 1;*(0), this

implies part of statement @
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2.5 Local asymptotic stability analysis for point agents

It is left to prove part of statement @ Because of previous part there exists
¢ > 0 such that

IV(feb)(p) = V(Fe) (") < cldi(p) — ¢ ()] (2.22)

for every p* € 1»~1(0) and every p € ¥, *(< r). We have already argued that ¢} is locally
Lipschitz continuous and that L(y¥) is bounded by a multiple of ¢} 2 on G}
Because of |(2.22) we conclude that L(V(fe))) is bounded by a multiple of @b'-ﬂ_l/Q

; on
¥~1(0). Outside of ;- 1(0), we know that V(fst)) is composition of differentiable maps and

therefore, using we obtain

L(V(fet)) < L(h, 0 F) |gintb] VO + |, 0 F| L(gawtd) [ Vr |
+ |, 0 U |19 x| L(VYF) + Lihy 0 OF) [V (gix0) | 4 by 0 UF | L(V (gi,1%))

outside of 1, L0). It follows from |[Lemma 2.15 that h! is bounded by a multiple of

y — y~ ! on (0,7%]. We already know that L(¢f) is bounded by a multiple of wﬁfl/? on

1

(7 1(< r). By the chain rule, we conclude that L(h;, oY) is bounded by a multiple of ), 1/2
on ¥, (< 7) \ ¥;1(0). Tt follows from [Proposition 2.7| that L(g; xv) and L(V(girt))
are bounded by constants on w;l(g r) and that L(VF) is bounded by a multiple of wf_l
on ;7 (< 7) \ 1;1(0). For the remaining constituents on the right-hand side of the above
estimate for L(V(fs))), we have already derived suitable upper bounds. This allows us to

conclude that L(V(fs))) is bounded by a multiple of 1/1'.{_1/2 on ¢; (< )\ 1; 1(0), which

)

completes the proof. O

Note that, for every i € {1,..., N}, we have ¢; < 1 on PY. This implies that ¢ ~}(< r)
is a subset of w;l(g r) for every r > 0 and every i € {1,..., N}. In the next step, we use

to derive the following result.
Lemma 2.19. Let l,, = (i, km,vm) € A form = 1,2, let kK > 1/2, and let r > 0.

(a) (i) fo, is locally Lipschitz continuous and bounded by a multiple of " on =1 (< 7).
(ii) L(fs,) is bounded by a multiple of = 1/2 on =1 (< r).
(b) (i) fe, 0 is differentiable, has a locally Lipschitz continuous gradient, and is bounded
by a multiple of *1/2 on (< 7).

(i3) fo,(fo,0) is locally Lipschitz continuous and bounded by a multiple of 1>~ on
P ).
(iii) L(fo,(fe,0)) is bounded by a multiple of 1?1/ on =1 (< r).

¢) If k > 1/2, then fy, is differentiable and Vy, fo, is bounded by a multiple of y?*—1/2
1 fep J 1
on (< 7).

Proof. By definition, we have fy, = (hy, o ¥} )gi, r,- Since g;, x, is constant, statement
is an immediate consequence of [Lemma 2.18][(a)] Moreover, part [(i)| of statement [(b)] follows

immediately from @ Since fy,7 is differentiable, we may compute
ffz(fflw) - <<V(f€1¢)af€2>>

Using [Lemma 2.18 @ and [Lemma 2.19 @, we obtain part of statement @ We
obtain from [Lemma 2.18 that V(fs,1) is bounded by a multiple of ¥ on ¥~1(< 7)
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2 Distance-based formation control

and that L(V(fe,¢)) is bounded by a multiple of 1*~1/2 on ¢~ (< r). We also know
from statement . that fg, is bounded by a multiple of ¥* on ¢~}(< r) and that L(f,)
is bounded by a multiple of ¥*~1/2 on ¢~1(< r). Using the sum and the product rule
in @ thls implies the remalmng part m (ii1)| of statement @ If Kk > 1/2, then

we know from [Lemma 2.18 . that (h,, o1f ) is differentiable and therefore also f, is
differentiable and we may compute

VféQ fel = <<V(hV1 © Wl), f@z» iy k-

Finally, it follows from [Lemma 2.18 and part of [Lemma 2.19| @ that the inner
product of V(h,, o%f ) and fy, is bounded by a multiple o f 2~1/2 which completes the

proof. O

Lemma 2.20. For every, i € {1,...,N} and every k € {1,...,n}, the Lie bracket of f(; 1)
and f(; k2 exists as a locally Lipschitz continuous vector field on PN with

[finn) Fara) = —r(ho ) ¥2* (g kts) gig, (2.23)
where h: R — R is defined by

_ d(0)?  fory <0,
hy) = { a(y)?/y*  fory>0.

Proof. Since the vector fields f(; Z k1) and f(; r ) are locally Lipschitz continuous and since
both vector fields Vanlsh on ;(0 ), also their Lie bracket Vamshes on ¢;1(0). Since also
(9i,kti) vanishes on v, 1(0), we conclude that|(2.23)| mholds on 1, 1(0). A direct computation,
using (2.10)|, shows that also holds outside ; (0).

It is left to show that [f(z,k,l) f(i,k,2)] is locally Lipschitz continuous. By this
follows if we can show that the pointwise Lipschitz constant of [f; x.1y, f(ix,2)] is bounded
by a constant on each sublevel set of ;. Fix an arbitrary r > 0. Since a is assumed to
be smooth with a(0) = 0, we may conclude that h is bounded by a constant on [0, r"].
We also conclude from |Pr0p051t10n 2. 7|. that g; r1; is bounded by a multiple of 1/}1/ 2
on 1; 1(< r). Because of |(2.23)] we obtain that [f(i,k1)> f(i,k,2)] 13 bounded by a multiple

fz/J?'i 2 on w;l(g r). Thus, there exists ¢ > 0 such that

1 Gknys k) ®) = iy Fara) @) < el 2 (p) — w22 (%)

for every p* € ¢1(0) and every p € 1(< 7). Since k > 1/2, we conclude from

M . and m that L(¢ 2h 1/2) is bounded by a multiple of wz'{ L on

(< 7). Therefore, L([f 1), f(27k72)]) is bounded by a multiple of ¢?** on v;1(0).
Out81de of 17 1(0), we conclude from |(2.23)| and [Lemma 2.17| that

L([farny faro)) < &0 o f| V()07 gipbil
+ K [ F VY2 ginbil + 6 [ o W[ IV (giwtti) |,

where we have used that g; ;. is identically equal to a constant vector of length 1. We already
know that h is bounded by a constant on (0,7%]. Since a is assumed to be smooth with
a(0) = 0, it is easy to check that A’ is bounded by a multiple of y — 3~ on (0,7%]. It

follows from |Proposition 2.7”( |that Vi and Vw% L are bounded by a multiples of Qﬁ’i 1/2
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2.5 Local asymptotic stability analysis for point agents

g on ; <) \ ¥, 1(0), respectively, and that gi ki is bounded by a multiple
of 1/)3/2 on 1/1;1(§ r). We also conclude from |Proposition 2.7| that V(g; x1s) is bounded
by a constant on 1; '(< r). Consequently, L([f(ik,1)5 f(i,k,2)]) is bounded by a multiple of
Y21 on 1 (< r) \ ;7 1(0). Thus, the same is true on ;' (< r), and, since & > 1/2, it

7

follows from [Lemma 2.16| that [f(; 1. 1), f(i k,2)] is locally Lipschitz continuous. O

Because of |Lemma 2.20| a well-defined locally Lipschitz continuous vector field f* on PV
is given by

N n
£ =0 awy fama)- (2.24)

i=1 k=1

Using and g; x¥; = g kY, we can write f°° also as
N n
[ = =k (o) v N> (gikth) gik (2.25)
i=1 k=1

with the function h defined in Using that the vector fields g;; form an
orthonormal frame of 7%, it is now easy to see that the differential equation p = f°°(p)
on PV coincides with the N coupled differential equations on P. Asindicated earlier,
in a neighborhood of the set the system state of is constantly driven into a
descent direction of ¥. We make this statement more precise by providing an estimate for

the Lie derivative of ¢ along f°°:

Lemma 2.21. There exist c,r > 0 such that

() (p) < —c|Ve(p)|*

for every p € 1< 7).

Proof. Since a is assumed to be smooth with a(0) = 0 and a’(0) # 0, there exist ¢, 7 > 0
such that h(y) > cpy for every y € [0,r"]. Because of [(2.25)| this implies

N n
U < e Y Y (gin)?

i=1 k=1

on ¢¥~1(< r). We obtain from [Proposition 2.7|@ that, for every i € {1,..., N}, there
exists ¢; > 0 such that, for every k € {1,...,n}, we have

Vi > ||Vl > ci(girbi)? = ci(gixt)?

on ¥~ 1(< 7). Thus, there exists ¢ > 0 such that

o < —é (k)™ (2.26)

N n
i=1 k=1

on 1~ 1(< r). For each a > 1 and each v € R™, the a-norm of v is defined as usual to
be the ath root of the sum of the ath powers of the components of v. Note that the sum
on the right-hand side of [(2.26)|is equal to the (4x)th power of the 4x-norm of the vector
in R™Y with components g; 1. On the other hand, we have || V|2 = SN ST (gip1b)?

since the vector fields g; , form an orthonormal frame of TV. Using that all norms on R™V
are equivalent, we obtain the asserted estimate. ]
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2.5.2 Averaging of the sinusoids

The next step in the analysis of the closed-loop system |(2.21)| addresses the sinusoids u%
therein. Instead of the differential equation |(2.21)} it is more convenient to consider the
corresponding integral equation. Repeated integration by parts on the right-hand side of
this integral equation will reveal that the functions UZ give rise to an averaged vector field,
which is given by the sum of Lie brackets of the f;. A much more general treatment
of this averaging procedure can be found in [58, (68, [69]. In the following, we introduce the
notation from [68, [69]. For every ¢ = (i,k,v) € A, define two complex-valued constants
Ntw; .0 as follows. If v =1, let nyy, , 0 = \/2w; eti¥ik /2 and otherwise, i.e., if v = 2, let
Ntw; o b 7= /205 eTi¥ik /(2i), where i denotes the imaginary unit and e denotes Euler’s
number. Moreover, let Q(¢) := {£w; 1 }.
Let ¢ € A. Using the above notation, we can write ug(t) in|(2.8) as

=52 ) el (2.27)

weN(f)

for every t € R. When we integrate —uZ, we get

t=to

- / Tudwa - [ovm] " (2.28)

t=t1

where - )
UVi(t) = —j 2 Z Nl gt (2.29)
wet

Let /1,05 € A. When we multiply ugl (t) by UV%2 (t), we get

uzl(t) UV%Q(t) = Vg, 4o —Uﬁ%lb(t), (2.30)
where

N1 01 Mhws b2
= — R 2.31
Veq,L2 Z i s ) (2.31)

(wl,OJQ)EQ(fl)XQ(fg)
w1+wa=0

— Nt 01 Moo o 4

W) = 3 elial il 232
(w1,w2)EQ(L1)xQ(€2)
w1 +w2#£0

for every t € R. When we integrate 1’[17%17 0, We get

2 y t=ts
/ uv&,@z( )dt - [Uvél,fg( ):| ) (233)

t1 t=t1

where - -
Uvy () = j¢ Moty My (e +wa)t. 9 34
£17£2( ) J Z i2 WQ(WQ —+ Wl) ¢ ( )

(w1,w2)€Q(L1)xQ(L2)
w1 +w27#0

It is easy to see that the functions in |(2.27)] |(2.29)| and |(2.34)| satisfy the following
estimates.
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2.5 Local asymptotic stability analysis for point agents

Lemma 2.22. There exists ¢ > 0 such that
()| < cj2,
UVi(t)] < ¢j 3,
UV, 0] < ej!
for every 7 > 1, all £,£1,05 € A, and every t € R.

This means that the functions UV g and UV zl 4, converge uniformly to 0 as the global
frequency parameter j tends to co. Moreover, a direct computation shows that the vy, 4,

in|(2.31)|are given as follows.
Lemma 2.23. For all {1 = (i1, k1,v1), 02 = (i2, ko, 12) € A, we have

+1  if (i1, k1) = (i, ko) and vy = 1 and vo = 2,
Voyly = =1 if (i1, k1) = (i2, k2) and vy =2 and v = 1,
0 otherwise.

Because of [Lemma 2. we have

=

n

> v fu(fne) = DD faky furale = ¢ (2.35)

01,026 =1 k=1

for every smooth function ¢ on PV, where the vector field f> on PV is given by

2.5.3 Integral expansion

For the moment, fix an arbitrary j > 0, let v: R — P~ be a trajectory of and let
t1,t2 € R. The fundamental theorem of calculus applied to the composition of v and
implies that

B(1(t2)) = v((t) +Z/2ug (fe) (4(1)) dt
leA

We know from |[Lemma, 2.19 @ that each of the Lie derivatives fyy is differentiable. Thus,
we may apply integration by parts, which leads to

bO(t)) = w(v(t) = D [V () (1(1))]

leA

t=to

t=t1

£ 3 [TV Galfa)o0) i

01,02

where we have used [(2.28)| and that v is a solution of [(2.21)}] We know from [Lemma 2.19|[(b)|

that each of the Lie derivatives fy, (fs,%) is locally Lipschitz continuous. Since v is con-
tinuously differentiable, the composition of v and fy, (fz,%) is locally Lipschitz continuous,
and therefore, in particular, locally absolutely continuous. Consequently, fo, (fr, %) oy is
differentiable almost everywhere on R with a locally integrable derivative, which will be
denoted by (fe, (fe,70) o«y). This justifies that we may apply again integration by parts,
which leads to

wte) = v = [PfeA] )+ 3 [ G Ua)6o)ar

- AN
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2 Distance-based formation control

to .
+ Z UV, 0, (fr, (fea) 0 ) (2) dt,
01,02eA” T

where we have used first [(2.30)] and then |(2.33)|as well as that v is a solution of |(2.21)} The
function D{v on R x PV is defined by
(D) (tp) = YUV O Fa)®)+ Y UV, () (Fu(fuad)®).  (236)
l1eN 6175261\
If fo, (fe,10) 0y is differentiable at some ¢ € R, then the local Lipschitz continuity of fy, (fe,®)
implies that

(e ezt 0 1)) = 1 = (o, () ((0) + 53(0) — (e Feat)) (1(0)).

s—0 s

Let f7 be the time-varying vector field on PV defined by Then 5(t) = f7(t,~(t)) for
every t € R. The above equation, for the derivative of fy, (fr,%) o v motivates us to define
the (fixed-time) Lie derivative of fy, (fs,1) along f7 by

(P Fe)tp) = T~ (G o+ 5 60) — o)) (2:37)

for every t € R and every p € PY at which the limit on the right-hand side of exists.
Then, obviously, we have

(e (fe ) 0 0)(8) = (F (feu (fes0))) (8, (2))

for almost every t € R. Therefore, we define

(DE)(tp) == D UV 0, (0) (F (fur ()t p) (2.38)

1,02

for every t € R and every p € PV at which the finitely many (fixed-time) Lie derivatives
FI(fe, (fo,10)) exist. Consequently, we have

UVe; 0, () (e, (fe10) o)1) dt = / 2(Dg¢)(t,7(t))dt.
1,02 t1

Because of |(2.35), we have derived the following integral expansion for the propagation of
along trajectories of [(2.21) cf. equation |(1.37)|in [Chapter 1]

Proposition 2.24. For every j > 0, every trajectory v: R — PN of[(2.21), and all t1,t; €
R, we have

t=to

s [ [0

t=t1 t1 t1

() = b(yv(h) = [(D)(tA(1)]

where >, D{z/), and D%z/; are given by|(2.35)|, |(2.36)|, and|(2.38)|, respectively.

|Proposition 2.24] implies that the propagation of 1) along trajectories of [(2.21)|is domi-
nated by the averaged term f° if the contributions of the remainder terms D ¢ and D3
are small compared to fv. A lower bound for the magnitude of f° is given in the
following result.
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2.5 Local asymptotic stability analysis for point agents

Proposition 2.25. Suppose that, for every point p of |(2.14), the framework G(p) is in-
finitesimally rigid. Then, there exist ro,co > 0 such that

() () < —coyp(p)™

for every p € 1< rp).

Proof. The result is an immediate consequence of [Lemma 2.21] and [Proposition 2.7[(d)] O

For the proofs of [heorems 2.12] and [2.13] we also need the subsequent estimates for the
remainders D]t and D}y in [Proposition 2.24]

Proposition 2.26. (a) For every r > 0, there exists ¢y > 0 such that
- 1
IDi(t,p)| < erj2 o(p)"
for every j > 1, every t € R, and every p € Y=< 7).
(b) For every r > 0, there exists ca > 0 such that
j 1 _
[D3(t,p)| < eaf2 (p)*
for every j > 1, every t € R, and every p € v~ r) at which exists.

Proof. We already know estimates for the Lie derivatives fy, 1, fr, (fe,%) and the sinusoids

WZI, UVZMQ from [Lemma 2.19 M and [Lemma 2.22 respectively. If we apply those

estimates to the constituents of DJt in |(2.36)|7 then we immediately obtain part of
[Proposition 2.26 Moreover, from [Lemma 2.22{and |(2.38)} we derive that there exists ¢ > 0
such that

‘Délﬂ(tap)‘ < Cjil Z ‘(fj(ffl(fbw)))(tapﬂ

l1,02€A

for every j > 1, every t € R, and every p € PV at which exists. We know from
@ that each of the functions fy, (fe,1) is locally Lipschitz continuous. Using
[Cemma 2.17], it is easy to check that, for all £1,f5 € A, every j > 1, every t € R, and every
p € PV at which (2.37)| exists, we have

(7 (fer (Fe0)))(&0)] < Lfey (fe ) (0) 1 (2, ),

where L( fr, (fe,1))(p) is the pointwise Lipschitz constant of fy, (fz,v) at p from
We know from [(b)] that L(fz, (f,%)) is bounded by a multiple of ¥ 1/% on
1~1(< 7). Using the definition of f7 in|(2.21)| [Lemma 2.22| and [Lemma 2.19||@|7 it is easy
to see that there exists ¢/ > 0 such that ||f7(t,p)| < ¢/ jY/2 9" for every j > 1, every t € R,
and every p € ¢~ 1(< r). This implies statement @ and completes the proof. O

Remark 2.27. The above[Propositions 2.25|and [2.26]give a detailed description on how the
frequency parameter j and the exponent x influence the remainders D+ and D%t compared
to the averaged term f°° in the integral expansion of [Proposition 2.24] To induce a decay
of the potential function ¢ along solutions of the closed-loop system, we need that the
negative contribution of f*4 is sufficiently large compared to the contributions of Dy

and D%ﬁ/}. We distinguish the following two cases, which correspond to [Theorem 2.12f and
respectively.
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2 Distance-based formation control

Suppose that kK = 1/2. Then, the exponents of 1)(p) in the estimates of |Propositions 2.25|
and are all equal to 1. This means that contribution of both the averaged term [
and the remainders D{@b and ng; vanish with the same speed as the value of ¥ tends
to the optimal value 0. To ensure that the contribution of f°°1 is much larger than the
contribution of D{l/} and D%ﬁ/}, we have to choose a sufficiently large value of j. If we apply
the estimates in [Propositions 2.25| and 2.26] to the integral expansion in [Proposition 2.24]
and take the limit j — oo, then we obtain an estimate of the form

b(1(t)) < V(r(t) - / S0 (1)) dt.

t1

This indicates why ensures an exponential decay of 1 under the assump-
tion of a sufficiently large frequency parameter j. A more precise argument is given in
o] TR

Suppose that £ > 1/2. Then, the exponents of 1)(p) in the estimates of |Propositions 2.25|
and are all greater than 1. Moreover, the exponent 3k — 1/2 of ¥(p) in the estimate
for D} is greater than the exponent 2k in the estimate for f°°t). Thus, even if j is not

large, the contribution of the D%l/} becomes arbitrary small compared to f*°v when
is sufficiently close to the optimal value 0. This explains why ensures a
decay of 1) for an arbitrary value of j, but under the assumption that the initial value
of v is already sufficiently close to 0. If we increase the frequency parameter j, then the
remainders become smaller and therefore a decay of ¢ also occurs for larger initial values
of 1. If we apply the estimates in [Propositions 2.25| and [2.26] to the integral expansion in
[Proposition 2.24] and take the limit j — oo, then we obtain an estimate of the form

b(r(t2)) < Dlr(tr)) - / S b(y(t) dt,

t1

where 2k > 1. This indicates why does not ensure an exponential decay of ¥
but only a power law decay. A more precise argument is given below. O

2.5.4 Proofs of [Theorems 2.12] and 2.13

Suppose that, for every point p of the framework G(p) is infinitesimally rigid. Then,
there exist rg,co > 0 as in [Proposition 2.25l For this sublevel rq, there exist c1,co > 0 as
in [Proposition 2.26|[(a)| and [(b)] From [Proposition 2.24] we conclude that, for every j > 1,
every trajectory v: R — PN of (2.21 )|, and all £; < t5 in R, the following implication holds:
if v(t) € v~1(< rg) for every t € [t1,ts], then

D(y(ta) < Y(y(t)) + 1 i 7 O(v(2)) T2 4 e 52 (1)) (2.39a)

- /t " (eo —e2d B U0 Y2) (1) dt. (2.39D)

1

Next, we distinguish two cases.

[Theorem 2.12|
Suppose that k = 1/2. If j > 1/c2, then inequality can be written as

_ j % t2
Y(y(t)) = DRI E [ (y(#)) dt.
1l—c1j72 Ju

1+caj™
1—c1j™

P(y(t2) <

Nl=[ o=
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2.5 Local asymptotic stability analysis for point agents

Let r :=ro/2, p € (0,¢0/2) and A € (1,2). It is now clear that we can find a sufficiently
large jo > 0 such that, for every j > jo, every trajectory v: R — PV of and all
t; <tz in R, the following implication holds: if v(¢) € ¥ ~1(< 2r) for every t € [t1,t2], then

Y(v(t2)) < AY(v(t1)) —Ap Qw(v(t))dt.

t1

Now a standard comparison argument for integral inequalities implies that inequality [(2.15)]
holdsﬂ Moreover, the exponential decay of 1 along ~ implies that ~(t) converges to some
element of ~1(0) as t — co.

[Theorem 2.13]
Suppose that k > 1/2 and that j > 1. If ¥(v(t2))"* /2 < j1/2/¢;, then inequality

can be written as

1 e _1 o
1+ cij 29p(y(t)) 1/2¢( (t) — /t2 co — caj 29(7(t)) 1/21/)(7@))2%75
=Sy AL Ty (1)1 |
c1j 29 (v(t2)) ((t2))
Let p € (0,¢0/2) and A € (1,2). It is now clear that we can find a sufficiently small » > 0

such that, for every trajectory v: R — PV of and all ¢; < t9 in R, the following
implication holds: if y(t) € ¢ ~1(< 2r) for every t € [t1,t2], then

Y(y(t2)) <

11—y 2

Y(v(t2)) < AP(y(t)) — Ap 2z/;(y(t))%oht.

t1

Now a standard comparison argument for integral inequalities implies that inequality
holdsﬂ It is left to prove that the trajectories of with initial values in ¢~ (< r) con-

verge to some point of|(2.14). For this purpose, fix a trajectory « of [(2.21)|with ¥ (y(t9)) < r
for some ty € R. We already know from |(2.16)| that ¥ (y(t)) < 2r for every ¢t > ty. By inte-

grating we obtain that
At = at) = 3 [ ud(o) o) a

e

for all t9 > t1 > tg. Note that the above equation is understood as an equation on the

translation space TV of PY. We know from [Lemma 2.19|[(c)| that each of the vector fields f;
is differentiable. This justifies that we may apply integration by parts in the above integral.

Using and that ~ is a solution of we obtain
Y(t2) =y(t1) = =D UVit2) felr(t2) + D UVi(t) felr(tr)

leA Le
ta .
s / i (OVE (£) Vg, fro (1(1)) dt
0,02en 7t

To see this, use the fact that y(t) := 1(y(to)) e **~*0) defines a function y: [to,o0) — R that satisfies the
integral equation y(t2) = y(t1) — p fttlz y(t) dt for all t2 > t1 > to.

"To see this, use the fact that y(t) := 1(v(to)) (1+ (2 — 1)t (y(t0))** " p(t—to)) ~ 25T defines a function
y: [to,00) — R that satisfies the integral equation y(t2) = y(¢1) — p f:f y(t)?® dt for all to > t1 > to.
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2 Distance-based formation control

for all to > t; > to. It now follows from [Lemmas 2.19| and [2.22| that there exist ¢}, ¢} > 0
such that

to

[7v(t2) — ()] < c’lz/;(fy(tQ))'“v+C/1¢(7(t1))ﬁ+/ b (£)2F 12 dt

t1

for all to > t; > t9. Now we apply estimate and obtain that

20\ t2 cy \2RT1/2
I(t2) ()] < ==t 20
(T+po(t —t0)>1  Jn (1+ po (t —to)) 1

for all t > t1 > to, where Ao := A¥(7(tg)) and po := (26 — 1)9(v(t0))?*~! u. Note that for
the exponent of the denominator in the above integral, we have 2’;;_1{2 > 1. This allows us
to conclude that, for every € > 0, there exists T > to such that ||y(t2) — v(t1)| < € for all
ty > t1 > T. It follows that v(t) converges to some p* € P as t — oo. Since 1 (y(t)) — 0

as t — 0o, we conclude that p* is an element of |(2.14)]

2.6 Extension to formation control for unicycles with all-to-all
communication

In this section, we propose an extension of the control strategy in for point
agents to the case of nonholonomic unicycles.

2.6.1 Problem description

We consider a system of N unicycles in the Euclidean plane. In local coordinates with,
a vector p; € R? for the position and an angle §; € R for the orientation, the kinematic
equations for the ith unicycle read

pi = Uqy <C0S0i>> (240&)

sin HZ

0 = ui, (2.40b)

where u;, and u; 4 are real-valued input channels for the translational and the rotational
velocity, respectively. As in[Subsection 2.4.1] we suppose that the agents are equipped with
sensors so that they can measure the distances to other members of the team according
to an (undirected) graph G = (V, E) of N vertices. For each edge i1i2 € E, let d;;i, > 0
be a nonnegative real number, which is the desired distance between agents ¢; and io. We
assume again that these distances are realizable in the two-dimensional space. In contrast
to the situation described in [Subsection 2.4.1} we additionally require that the agents have
the ability to exchange measured data so that each agent knows the values of all current
distances ||p;, — pi, || with i1i2 € E at any given time. This means that we require all-to-all
communication. For this situation, we are interested in a distance-only control law that
steers the multi-agent system into a target formation with ||p;, —p;, || = di,i, for all iyia € E.
Note that a target formation does not impose any constraints on the orientations of the
unicycles. In particular, a target formation does not exclude time-varying orientations.
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2.6 Extension to formation control for unicycles with all-to-all communication

The entire multi-agent system of N unicycles is a system on the N-fold product SE(2)"
of the special Euclidean Groupﬁ SE(2) of dimension 2. For each ¢ € {1,...,N}, let G,
and G, denote the smooth vector fields on SE(2)" that describe the direction of the
translational and the directional velocity of the ith unicycle, respectively; i.e., in the local
coordinates of we have

G;, = cos(b; + sin(6; , 2.41
)= cos(t) g sl 5 (24D
0
‘ Gz <L = 879 (242)
Now, the N equations in [(2.40)| can be combined to the control-affine system

N

&= > (uiy Gig(®) + i« Gia(z)) (2.43)
i=1

on SE(2)". For the rest of this section, we proceed in the coordinate-free description

2.6.2 Control law and main statement
The control law for |(2.43)[ will be composed of the following constituents.

(1) Let ¢: PV — R be the global potential function defined by Since we assume
all-to-all communication, each agent knows the current value

y = ¥(p) (2.44)

of ¢ at any given time.

(2) Let a: R — R be a smooth function and bounded such that a(0) = 0 and a’(0) # 0.
Let the functions hq, ho on R be defined as in |(2.7)]

(3) Let n1,ne,... denote the prime numbers in increasing order; i.e., n; = 2,n9 = 3,....
For every i € {1,..., N} and every j > 0, define three sinusoids u?l 1)’ uzz 2),u€i 3) by

j 3

wlipy () = (Ja)? cos(jwent + i), (2.452)
j 3

u{z‘,z) (t) == (Jwa2))? sin(jweayl + ¢i), (2.45D)
j . 3 :

“Zi,g) (t) = 2"%/5(j w(i,3)) 4 cos(j wiz)t + ©i) (2.45¢)

with arbitrary shifts ¢; € R and frequency coefficients

Wiig) = 3y/Mip1 + 2/ 20441, (2.46a)
W@E,2) = VMt (2.46b)
OJ(Z-73) = 2 \/TT—H + 2774.;,.1. (2.46C)

Remark 2.28. We briefly give some preliminary comments on the above functions without
going into details here.

8For the objectives in this section it is convenient to treat the three-dimensional smooth manifold SE(2)
as the Cartesian product of the two-dimensional Euclidean space (to describe the position) and the unit
circle (to describe the orientation).
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2 Distance-based formation control

(1) In contrast to|Subsection 2.4.2) we do not use local potential functions but the global
potential function v for the distance-only control law. A computation of the current
value of 1 by the agents requires all-to-all communication. The reason for using a
global potential function instead of local potential functions is of rather “technical
nature”. The stability analysis of the proposed control method in requires
an extension of to iterated Lie derivatives of v along more than just two
vector fields. However, due to non-smoothness, those higher-order Lie derivatives do
not necessarily exist if the vector fields depend on the values of the local potential
functions. @ already indicates that iterated Lie derivatives of ¢ along
two vector fields are locally Lipschitz continuous but, in general, not differentiable.
It turns out that this problem can be circumvented by using the global potential
function for each agent. A suitable stability analysis for a fully distributed control
law with local potential functions is left to future research.

(2) To obtain a global potential function on the state manifold SE(2)", we introduce the
canonical projection
7: SE(2)N — PN

of SE(2)" onto PV, where P = R? is the underlying Euclidean space of dimension 2.
Now we can define the global potential function

U = ¢om: SEQ2)Y - R. (2.47)
It follows from @ that, for each v € {1,2}, the composition
h, o U2 SE(2)N - R
is locally Lipschitz continuous, where ¥!/2 denotes the square root of .

(3) As for point agents, the choice of the sinusoids has the purpose to approximate certain
Lie brackets. While the approach for point agents is based on an approximation of Lie
brackets of two vector fields, the approach for unicycles will involve approximations
of (iterated) Lie brackets of four vector fields. This strategy is further explained in

the text after O
Given a real number j > 0, we propose the control law

Uiy = ugi’l)(t) ha (y1/2) + u{i,Z) (t) h2(y1/2)7 (2.48&)

Ui = uf; g (t) (2.48b)

for every i € {1,..., N}, where y'/2 denotes the square root of the value y as in Note
that a computation of y = ¥U(7(z)) only requires measurements of inter-agent distances at
the current system state z € SE(2)". Whenever 3 > 0, we can write control law also
as

Uige = /25 wiig a(y™?) sin(jwr t + @i +logy'/?), (2.49)
where we have used the trigonometric identity [(1.49) Because of [Remark 2.28) and the

boundedness of hi, ho, we obtain the following result from standard existence and unique-
ness properties for ordinary differential equations.

Proposition 2.29. For any initial condition, system|(2.40)| under control law |(2.48)| has a
unique global solution, which we call a trajectory of|(2.40)| under|(2.48),
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2.6 Extension to formation control for unicycles with all-to-all communication

For unicycles, the set of desired states is the preimage of the set |(2.14)| for point agents
under the projection map ; i.e., the set ¥=1(0). Similar to [Theorem 2.12, we will prove

exponential stability under the assumption of infinitesimal rigidity:

Theorem 2.30. Suppose that, for every point p of [(2.14)|, the framework G(p) is infinites-
imally rigid. Then, there exist p,r > 0 such that, for every X > 1, there exists jo > 0
such that, for every j > jo, every to € R, and every zg € ¥~1(< 1), the trajectory x of

system |(2.40)| under control law|(2.48)| with initial condition x(tg) = xo has the following
two properties: w(x(t)) converges to some point of |(2.14)| as t — oo, and the estimate

U(z(t)) < AU(zg)e HE—t) (2.50)
holds for every t > tg.

At this point, we only indicate why control law leads to local exponential stability.
A detailed proof of[Theorem 2.30|is given in[Section 2.7l Recall that the team of unicycles is
described by the control system |(2.43)|on the state manifold SE(2)" with the control vector
fields Gy, G; .« given by for every ¢ € {1,..., N}. Each of the G; 4 describes
the rotation of a unicycle around its axis. Such rotations do not influence the value of the
global potential function ¥. This means that the Lie derivative of ¥ along each of the G; 4 is
identically equal to zero. Changes of ¥ are induced by motions along the current alignment
of the unicycles, which are described by the vector fields G; . However, the vector fields G;
do not give immediate access to all directions on the underlying space PY. In particular,
the steepest descent direction of ¥ at some x € SE(2)" is not necessarily in the span of the
vectors G, (z),...,Gn,(x). Therefore, a gradient-based strategy as in for point
agents cannot be applied directly. An approximation of the steepest descent direction of W
would require that the unicycles can also move perpendicular to their current alignments.
These directions are described by the Lie brackets

G@L = [GLQ, Gi,”] = —sin(@i) + COS(G )

2.51
Pi,1 apz 2 ( )

fori =1,..., N, where the expression on the right-hand side uses the same local coordinates
as in|(2.41) and |(2.42). The averaging analysis in will reveal that the particular
choice of the sinusoids in allows the unicycles to move (approximately) along the
directions of the iterated Lie brackets

(h 0 UY/2)Gi,, (G [(he 0 W2 Gy Gil]] = —=(hoW2) (Go W) Gry (2.52)
b b b) ) 2 ) )
[[Gias (1 0 UYA)Gy, ], [Girar (ha 0 BVGy ] = —%(h o W!/?) (G V)Gl (2.53)

for ¢ = 1,..., N, where the function A on R is defined in To be more pre-
cise, one can prove that, in the limit ;7 — oo, the trajectories of the closed-loop system
approximate the trajectories of the averaged system

&= F®(z), (2.54)

where the averaged vector field

N
e .— hoqn/z )Y (Giy®) Giy + (G 0) G 1) (2.55)
i=1
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Figure 2.5: Simulation result for a team of four unicycle agents under control law |(2.48)|
The initial positions and the desired distances are the same as for the team of point agents

on SE(2)" is the sum of the Lie brackets in |(2.52)| and [(2.53)l It is easy to check that, in
local coordinates, system |(2.54)| reads

) 1

pi = —5h(*(9) Vo b(p), (2.562)

0; = 0 (2.56b)
fori=1,..., N, where V1 is coordinate representation of the gradient of ¢ with respect

to the ith position variable. Thus, in the limit j — oo, the nonholonomic unicycles approx-
imate the behavior of fully actuated kinematic points under a gradient-based control law.
For this reason, we get the same local exponential stability for unicycles as in
for point agents.

Remark 2.31. It is also possible to derive a control law that leads to asymptotic stability
without the dependence on the frequency parameter j as in for point agents.
For this purpose, the exponent 1/2 in control law has to be replaced by an exponent
k > 1/2. In this case, the proof of asymptotic stability is a suitable combination of the

arguments in and O

Before we begin with the stability analysis, we present some numerical results. We
consider a team of N = 4 nonholonomic unicycles with all-to-all communication. The
communication graph G, the desired distances d;;, and the initial positions p;(0) are the
same as in [Subsection 2.4.3| for the team of non-communicating point agents. The initial
orientations are given by 6;(0) = ¢; with the same angles ¢; as in |[Subsection 2.4.3| for
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2.7 Local asymptotic stability analysis for unicycles
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Figure 2.6: Exponential decay of the global potential function for the multi-agent

system in on the time interval [0, 10].

i =1,...,N. The simulation results are generated for the frequency parameter j = 10.

It can be seen in and that the unicycles converge exponentially fast to a
desired formation. The speed of convergence is approximately the same as for point agents

in [Figures 2.2 and (23

2.7 Local asymptotic stability analysis for unicycles

For the moment, fix an arbitrary trajectory v: R — SE(2)" of|(2.40)| under [(2.48)| for some
initial value y(tg) € SE(2)" at some initial time ¢y € R. If y(ty) is an element of ¥~1(0),
then |(2.48a)| and the uniqueness of solutions imply that 7 o «y is identically equal to some
point Thus, there is nothing to show for initial values in ¥~1(0). Conversely,
if v(to) is outside ¥~1(0), then v will never enter ¥~1(0) at any time. For this reason, it
suffices to study the closed-loop system on the open submanifold

M = {z e SEQ)N | ¥(z) > 0}

of SE(2)V. For the rest of the section, we restrict ¥ to the submanifold M and denote
the restriction again by the symbol ¥. Thus, in particular, for any r > 0, the sublevel set
U~1(< r) only contains the points x € M with ¥(z) < r.

For every i € {1,..., N}, define three smooth vector fields F{; 1), F{; 2), F(;,3) on M by

Fin(x) = hi(¥%(2)) G, (2), (2.57a)
Figy(x) = ho(9'?(2)) G (), (2.57b)
Fis(z) = Giq(). (2.57¢)

As an abbreviation, we define an indexing set A to be the set of all pairs (i,r) with i €
{1,..., N} and v € {1,2,3}. It is now easy to see that the restriction of system |(2.40)[under
the control law [(2.48)[ to the submanifold M can be written as the closed-loop system

& o= ) uj(t) Fy(x) (2.58)
LeN

on M, which may be interpreted as a control-affine system with control vector fields Fy
under open-loop controls ué. For every r > 0, let ¥=1(< r) denote the set of all x € M
with W(z) < r. The statement of follows immediately if we can show the
subsequent result.
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2 Distance-based formation control

Proposition 2.32. Suppose that, for every point p of the framework G(p) is in-
finitesimally rigid. Then, there exist p,r > 0 such that, for every A > 1, there exists
jo > 0 such that, for every j > jo, every to € R, every xg € V"Y<L r), and every trajec-
tory v: R = M of [(2.58)] with initial condition (ty) = xo, we have

U(y(t)) < AW(xp)e HEt0)

holds for every t > ty.

2.7.1 Estimates for the Lie derivatives

Since the vector fields Fy in|(2.57)|are smooth, for every positive integer k, all £1,--- , f € A,
and every smooth function ¢ on M, we may define the iterated Lie derivative

Fop o = Fo (- (Fp) )

of ¢ along Fy,,...,Fy,, which is again a smooth function on M. As in [Subsection 2.5.1]
for a subset S of M, a function ¢ on M, and a nonnegative function b on M, we say
that ¢ is bounded by a multiple of b on S’ if there exists some positive constant ¢ such that
lo(x)| < cb(z) for every xz € S .

Lemma 2.33. For every r > 0, every k € {1,...,5}, and all {1,...,0, € A, the iterated
Lie derivative Fy, 4,V is bounded by a multiple of ¥ on U< ).

Proof. We only indicate the proof for Kk = 1 and k = 2. A similar strategy, which requires
considerably more computational effort, can be applied for k& = 3,4, 5.

Let r > 0 and ¢; = (i1,v1), 02 = (i2,12) € A. If vy = 3, then F}, VU is identically equal to
zero. It therefore suffices to consider the case in which vs € {1,2}. Then,

Fp, U = (hy, o UY?)(Gi,, D).

If follows from [Lemma 2.15|[(b)] and h,,(0) = 0 that h,, is bounded by a multiple of the
[0, r1/2]

identity y — ¥y on Therefore, h,, o U1/2 is bounded by a multiple of ¥/2 on
U~1(< ). Tt follows from [Proposition 2.7]|(b)| that G;,,, ¥ is bounded by a multiple of W!/2
on U~1(< 7). Thus, Fy,¥ is bounded by a multiple of ¥ on ¥~1(< 7).

For the Lie derivative of F,, ¥ along Fj,, we distinguish three cases. Again, we only
consider the nontrivial case with v» € {1,2}. First, suppose that v; = 3 and i; = i3. Then,
we have

Fyy (Fi @) = (hyy 0 O2) (Giy «(Gip V).

A direct computation leads to Gy, «(Gi,, V) = G;,, 1 V. It follows from [Proposition 2.7|@
that G;, | ¥ is bounded by a multiple of ¥'/2 on W~1(< r). Therefore, Fy, (Fy, V) is bounded
by a multiple of ¥ on ¥~!(< 7). Second, suppose that vy = 3 and i1 # i3. Then, Fy, (Fy,¥)
is identically equal to zero. It remains to consider the case in which v # 3. Then,

Fi, (F, ) = (hy, o UY2) (R, 0 BY2) (Gy, , 91%) (G, D)
+ (hwy 0 WY2) (hyy 0 WY2) (G (G, ).

We already know that h,, o W'/2, h,, o ¥1/2 and G, ¥ are bounded by multiples of /2
on U~1(< 7). By the chain rule, we conclude that G;, ,¥'/? is bounded by a constant on

U—1(< 7). It follows from [Lemma 2.15 that hj, o W1/2 is also bounded by a constant on
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2.7 Local asymptotic stability analysis for unicycles

¥~1(< r). Finally, we obtain from [Proposition 2.7] that Gy, (Gi,, V) is again bounded
by a constant on ¥~1(< 7). We conclude that Fy, (Fy,¥) is bounded by a multiple of ¥ on
i< ).

For k = 3,4,5, the asserted boundedness properties can be derived from explicit com-
putations of Fy, ., ¥ as above. This requires suitable estimates for derivatives of higher
order. For instance, it is easy to check that, for every v € {1,2} and every integer k > 2,
the kth derivative of h, is bounded by a multiple of y — y*~! on (0,7’1/ 2]. Moreover,
boundedness statement for iterated Lie derivatives of ¥ and W'/2 along more than one
vector fields can be derived from [Proposition 2.7)[(c)] and the chain rule. O

2.7.2 Averaging of the sinusoids

An averaging analysis for the sinusoids uz in |(2.45)[ requires the following two technical
lemmas on integer linear combinations of the frequency coefficients wy, £ € A, in|(2.46)

Lemma 2.34. Let ni,no,... denote the prime numbers in increasing order; i.e., ng =
2,n0 = 3,.... Then, the real numbers /na,/2n2,/n3,v/2n3, ... are linearly independent
over the ring of integers.

Proof. The statement is an immediate consequence of the main result in [I1]. O

Lemma 2.35. The frequency coefficients wy in |(2.46)| with € ranging over A are pairwise
distinct. Moreover, for all wy,...,ws € {Z+wy | £ € A}, the following statements hold:

(1) we always have wy # 0;
(2) if wi +wa =0, then there exists £ € A such that {wi, w2} = {Fwe};
(3) we always have wi + wy + w3z # 0;

(4) if wi + -+ wys =0, then there exists a permutation o of 1,...,4 such that either
(i) We(1) + Wo(2) = 0 and wy(3) + wea) = 0, or
(ii) there existsi € {1,..., N} and s € {£1} such that wy(1) = SW(; 1), Wo(2) = SW(i,2),
Wo(3) = Wo(4) = —5W(1,3)-

Proof. For the proof, let I" denote the set of the six integer pairs +(3,2), £(1,0), and +(2, 1).
Note that, by [Lemma 2.34] for each k € {1,...,4}, there exist unique i, € {1,..., N} and

(zk,yx) € T such that
Wk = Tg/Mip+1 + Yk \/2nik+1. (2.59)

Statement is obvious. Statement follows immediately from the unique representa-
tion |(2.59)| and [Lemma 2.34] To prove statement suppose for the sake of contradiction
that wi + ws + w3 = 0. Then, implies that the numbers i1, 2,43 are all equal
and that the sum of the vectors (x1,y1), (x2,¥3), (x3,y3) is equal to (0,0). However, this is a
contradiction since one can easily check that the sum of three vectors from the set I' is never
equal to zero. Finally, to prove statement suppose that wy + -+ +wy = 0. It is easy
to see that cases and cannot be satisfied simultaneously. If the numbers i1,...,i4
inare not equal to some i € {1,..., N}, then and statementsand
imply that the canceling comes from pairs of the wy as in case It is left to consider the
case in which the numbers 41,...,74 in are all equal to some ¢ € {1,...,N}. Then,

because of [Lemma 2.34, the sum of the vectors (x1,y1),...,(24,y4) is equal to (0,0). It
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2 Distance-based formation control

is now easy to check that there are only the following two cases in which the sum of four
vectors from the set I' is equal to zero: either, each of the (xy,yx) is canceled by its neg-
ative, which corresponds again to case or, there exists s € {£1} such that the (zy,y)
are a permutation of the vectors s(3,2), s(1,0), —s(2,1), —s(2,1) which corresponds to

case O

In the following, we introduce the notation from [68] [69]. For every ¢ € A, define Q(¢) :=

{zxw} with wy > 0 as in|(2.46)| It follows from [Lemma 2.35|that the sets Q2(¢) are pairwise

disjoint. For every i € {1,..., N}, we define the six complex-valued constants
3 ) 3 ) 913/8 3 .
e 4 +ip; . - ,a Fip; . 1 +ip;
nﬁ:w(m) L 2 w(i,l) € 9 nﬂ:w(i’g) L :l:21 w(i,?) € 9 nﬂ:w(i’g) L 2 w(i’g) € 9

where i denotes the imaginary unit and e denotes Euler’s number.
Let ¢ € A. Using the above notation, we can write «}(¢) in |(2.45)| as

D et (2.60)

weN(0)

for every t € R. Note that w # 0 for every w € Q(f) by [Lemma 2.35 Thus, when we

integrate —ui, we get

]

uj(t) = j

t=to

- / Cuwa - [ovim] " (2.61)

t=t1

where - ) 0
J e a7 Nw ijwt
UVy(t) == —j 4 g A (2.62)
weN ()

Let 41,05 € A. When we multiply ugl (t) by ﬁ‘v/é (t), we get

up, UV, (1) = —uvy, 4 (1), (2.63)
where ) ) .
W) =gt Y el (2:64)

(w1 ,wg)GQ(fl) Xﬂ(fz)

for every t € R. Note that, for each pair (wi,ws) in Q(¢1) x Q(¢2), also (—w1, —we) is in
Q(41) x Q(£3). By definition of the 7,, we then have

Nwy M—wq N—wq Ty
- + —
i(—w) iwq

= 0.

Because of this pairwise canceling, the summation in |(2.64)| reduces to the elements of the
set
Q(ﬁl,fg) = {(wl,WQ) € Q(fl) X Q(fz) | w1 + wo 75 0}.

Thus, when we integrate uvy, ,,, we get

to . .
/t i, (0dt = [0V, 0] (2.65)
1 _

where . 2 Nwy 7
T () = -2 _ hn Thwe (@i twa)t 2.66
WAQ J1 Z P (w1 + wa) (266)
(w1,w2)EQ(01,£2)
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2.7 Local asymptotic stability analysis for unicycles

Let 41,063,035 € A. When we multiply ugl (t) by ET/ZQ’& (t), we obtain

“Zl(t)ﬁ/ﬁg,ér,(t) = _m‘zl,gz,fg(t)7 (2.67)
where _ 1 Mo Mooz Moos i (wn +ewntws)t
RO E Z me] (2.68)
(w1,w2,w3)6§2(€1,€2,€3)
and

Q(€1,€2,£3) = {(wl,WQ,W3) ‘ w1 € Q(fl), (LUQ,(U3) (S 9(62,53)}.
Because of [Lemma 2.35 we have wy + wz + w3 # 0 for every (w1, wa,w3) € Q({1, la,£3).

Thus, when we integrate %;1’42733, we get

ta . t=ty
/t (0 = [TV, i) (2.69)
where
UV, () == —j3 e Bt 2.70
41752,43( ) = —J Z BII(w) € (2.70)
&)GQ(@l,fg,eg,)
with the abbreviations
Mo = Nwy Nws Mws»
H((I)) = (/.)3(002 + ws3) (w1 + w2 + ws),
E(d}) = w1 tw2 +ws
for every @ := (w1, wa,w3) € Q(l1, o, l3).
Let {1, €a,€3,¢4 € A. When we multiply wj (t) by UV7, ,. , (t), we obtain
u%1 (t)UV%mf:a,fzx t) = Uty ,82,83,64 — %%1752753,@4 (®), (2.71)
where
N1 M
Vpy 02,0304 “— — Z i31_[1((5), (2.72)
(wh@})eﬂ(fl)xﬂ(fz,f&&;)
w1+3(w)=0
—j . N "o ij(wi+Z(@)t
WUy gy g0, (8) = > 136(5) @1 +3@))t (2.73)
(w1,0)EQ(L1)xQ(L2,03,04)
When we integrate %zl 0005050 W€ 8€
o — t=t2
/t W%y 05,05,04 (t)dt = |:UV‘€1,£2:‘€3’£4 (t)} =t (2.74)
) =
where
—— o Newy Tl ij(w1+3(@))t
UV o0, =] > Moo s c T e
(W1,@)€Q(€1)XQ(€2,€3,£4)
w143(@)7£0

The functions in [(2.60)} ((2.62)] ((2.66)}, |(2.70)| and |(2.75)| satisfy the following estimates.
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2 Distance-based formation control

Lemma 2.36. There exists ¢ > 0 such that

W

=
~ S,
=
IN

cJj4,
‘U/T/Zh...,ek(t)‘ < Cji

FNEY

for every j > 1, every k € {1,...,4}, all €, 4y,... 0 € A, and every t € R.
The coefficients vy, ¢, ¢5.0, in can be computed explicitly as follows.

Lemma 2.37. For all ¢1,...,04 € A, we have vy, . o, = 0 except for the coefficients

Y238 = _% \2’ vaszs); = T2- V2,
1 1
V1332, = 2 V(2,1,33); = +§+ﬁ’
Ves L), = —2- V2, V(2,33,1); = T2,
V31,23, = —L vE1s2; = +2+ V2,
V3213); = 1 Va2, = —2+ V2,
1 1 1 1
YE3L2: T T T Ty Va2 = t5 - 7
for everyi € {1,..., N}, where we have used the abbreviation
(v1,v9,v3,v4); = (i,11), (i,12), (i,v3), (i, 1)

for all vy, va,v3,v4 € {1,2,3}.

Proof. Let £1,...,04 € A. Suppose that w; € Q(¢1) and © = (wo,ws,wy) € Q(la,03,44)
satisfy wy+---4+ws = 0. Then, there exists a permutation of 1,...,4 such that we are either
in the situation of case or in the situation of case of Suppose that
we are in the situation of case[(i)] Note that also —w; € Q(¢1) and —@ € Q({s, (3, l4) satisfy
—w1 + X(—®) = 0. Then, by definition of the coefficients 7, we have 1., 1n; = N—wN—o-
Moreover, we have II(w) = —II(—), and therefore

Ty M N—w1 Mo
BlI(w) | BH(—w)

Thus, a necessary condition for a nonvanishing contribution by (w1, w) is that we are in the

situation of case in This implies that there exist i € {1,...,4} such
that (¢1,09,03,04) = (v1,v9,V3,14)i, Wwhere (v1,v9,v3,14) is one of the 12 permutations of
(1,2,3,3). A direct computations shows that those 12 coefficients coincide with the ones in
the list of [Cemma 2.37 D

Remark 2.38. There are at least two different ways to identify the vector fields Fy in|(2.57)]
and the coefficients vy, ,...p, in [Lemma 2.37| with the vector field F*° in |(2.55)l The first

option is a long but direct computation that leads to

Z Voy,.ts Py tsp = F&9 (2.76)
l1,...,04€EN
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2.7 Local asymptotic stability analysis for unicycles

for every smooth function ¢ on M, where, by a slight abuse of notation, the symbol F*
denotes restriction of the vector field in from SE(2)" to M. The second option is
less labor intense but requires a result from [69] that is also used later in
In the terminology of [69], the estimates in imply that the functions u] sat-
isfy the property of so-called GD(4)-convergence with respect to the coefficients vy, . g, in

The same algebraic argument as in [69], see also |[Lemma 4.14] implies that

1
Y vnuFuup = 1 Y v [Funle
l1,laEN Oy, laEN

for every smooth function ¢ on M, where [Fy, . 4,] abbreviates the iterated Lie bracket

-----

[Ffl,...,&] = [FZN [FZ27 [FE:;’ F€4m

for all 41,...,¢4 € A. The Lie brackets [Fy, . ,,] are easier to compute than the Lie deriva-
tives Iy, . ¢,¢. This leads to

[Fa233. = —[Fl2133), = 0,

[F(1,3,3,2)i] = _[F(1,3,2,3)¢] = _(h o \111/2) (Gi,H\II)Gi,m

[Fosia,) = —[Fassn) = —(hoU%)(Gi, )Gy,

[F(37172 3)l] = _[F(3,173,2)i] = +(h o \111/2)(G2'7“‘I/)Gi,” - (h 0 \Ill/Q)(Gi,J_\I/)Gi,J_’
[Fsoa) = —[Faosn,) = —(ho W) (G W)Gyy + (ho U'/2)(G; LU)Gy 1,
[Fa12:] = —[F3321).] = —2(ho WY/2)(Gy, 0)Gy, 4 2 (h o UY2)(G; L )Gy 1

on M for every i € {1,..., N} in the notation of [Lemma 2.37, Now, we easily obtain from
[Lemma 2.37| and [(2.55)| that

i > vt [Fon] = F®
ly,...La€N
holds on M. O
Using [(2.55)| and |(2.76)| with ¢ = ¥, we obtain that
1 N
(F*W)(z) = —5h(¥%(x) ) ((Giy¥)(@)? = (Gi1¥)(2)?)
i=1

for every x € M. Since the vector fields G;,,, G; | in generate an orthonormal
frame of the underlying space PV, and because of the definition of ¥ in this implies

(F=0)(z) = —%h((W/QOW)(:v)) 1((V) o ) ()2 (2.77)

for every x € M.

2.7.3 Integral expansion

For the moment, fix an arbitrary j > 0, let 7v: R — M be a trajectory of [(2.58) and let
t1,t2 € R. The fundamental theorem of calculus applied to the composition of v and ¥
implies that

V() = T+ Y [ el (Ba) at

eA 't
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2 Distance-based formation control

We apply integration by parts, which leads to

U(y(t2)) = Wly(t) = Y [UV) (F9)(2(1) z
i
> / o, () TV, (0) (Fe, (P, ) (1) .
£1,l2€A

where we have used first |(2.63)| and then [(2.65)| as well as that v is a solution of |(2.58)}
Next, we apply integration by parts three more times. In this context, we also use |(2.63)}
[(2.65)} |(2.67), |(2.69)], [(2.71)] and [(2.74)[ as well as that 7 is a solution of |(2.58)| This leads
to

W(y(ts)) = W(y(h)) — [(D{\If)(t,v(t))}i_:nL / (DI (1, A1) dt
" Z /t2 Vel (Fglw'@\ll)('y(t))dt,

0, LicA T

where the functions D{ v, D%\I/ on R x M are defined by

4

DIU)(ta) =Y > UV o) Frn, V(@) (2.78)
k=101,... 0, €A

(DEW)(t2) = Y wf (O UVY, (6 (Fiy, W) (@), (2.79)
£1,...05€A

Thus, we are basically in the same situation as in [Proposition 2.24] but with different
functions DJ\I/ and DJ\II Because of |(2.76)| with ¢ = ¥, we have derived the following
integral expansion for the propagation of v along trajectories of m

Proposition 2.39. For every j > 0, every trajectory v: R — M of|(2.58), and all t1,ts €
R, we have

t=to

Vr(t2)) = V() = (DI )]+ [T ERma@ae [ o),

where FW, D{\I/, and D%\IJ are giwen by |(2.77)|, [(2.78), and|(2.79)|, respectively.

As in [Proposition 2.25, we need an estimate for the Lie derivative of ¥ along F'°° under
the assumption of infinitesimal rigidity.

Proposition 2.40. Suppose that, for every point p of (2.14)|, the framework G(p) is in-
finitesimally rigid. Then, there exist ro,co > 0 such that

(F20)(x) < —cp U(a)
for every x € U< rp).

Proof. Since the potential function t in [(2.13)]is of the form [(2.1)] we know from

m. that there exist ¢y, 79 > 0 such that va( )H2 > cyp(p) for every p € (<
70). Recall that the function h is defined in Since a is assumed to be smooth

with a(0) = 0 and a’(0) # 0, there exist ¢; > 0 such that h(y) > cpy for every y € [0, ré/2].
The asserted estimate with ¢y := ¢jc, /2 now follows from the definition of ¥ in and

equation O
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2.8 Extension to extremum seeking control

The remainders D{\Il and D%‘li in |Pr0position 2.39| satisfy the following estimates.

Proposition 2.41. For every r > 0, there exist c¢1,co > 0 such that

(D{O)(t,2)] < j~*"er1 W(a),
(DO)(t,2)| < 574 U(2)

for every t € R and every x € ¥~1(< 7).

Proof. From|Lemma 2.33)and [Lemma 2.36, we already know estimates for the (iterated) Lie

derivatives Fy, ., ¥ and the sinusoids ui, U V%l R respectively. The asserted estimates

therefore follow immediately from the definitions of D{¥ and Dglll in |(2.78)[ and |(2.79),
respectively. O

2.7.4 Proof of [Proposition 2.32

Suppose that, for every point p of the framework G(p) is infinitesimally rigid. Then,
there exist rg,cg > 0 as in [Proposition 2.40, For this sublevel ry, there exist ci;,co > 0
as in [Proposition 2.41l From [Proposition 2.39, we conclude that, for every j > 1, every
trajectory v: R — PN of 52.58”, and all ¢; < t2 in R, the following implication holds: if
v(t) € U< rg) for every t € [t1,t3], then

U((t2)) < W(y(t1)) + 175 U(y(t2)) + e 577 W(y(th)) — / (oo — e2j ) Wiy () dt.

Thus, we are in the same situation as in the proof of [Theorem 2.12|in [Subsection 2.5.4}, and
the same argument as therein proves |Proposition 2.32|

2.8 Extension to extremum seeking control

So far, we have restricted our considerations to the problem of formation control. However,
control law for point agents can be also useful in the context of extremum seeking
control. To see this, we return to the control-affine system with output in
This means, we consider

&= > upgr(z), (2.80)
=1
y = ¢(2), (2.81)

where u1,...,u, are real-valued input channels for a control law, gi,..., g, are smooth
vector fields on a smooth manifold M, and the output channel y is given by a smooth
function ¢ on M. Note that reduces to the kinematic equation of a single point
agent if the control vector fields g form an orthonormal basis of the Euclidean space. In the
same way, the output function 1) can be considered as the individual potential function of an
agent. We already know fromthat an extremum seeking control law for is
given by Note that the extremum seeking control law is almost the same as the
formation control law for point agents. The only notational difference is that
contains the design functions y — h,(y) while |(2.11)| contains the functions y — h, (y")
with some additional exponent k > 1/2. Clearly, this is just a matter of notation: It is,
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2 Distance-based formation control

of course, also possible to write h,(y) instead of h,(y") in if we replace y by y* on
the right-hand side in the definition of the h, in Consequently, control laws
and have the same structure. It is therefore natural to ask whether it makes sense
to apply the formation control law to the more general input-output system
This is indeed a suitable control strategy if the following additional assumption is
satisfied, which is, at least for some applications, quite restrictive.

Assumption 2.42. The output function 1 attains a known minimum value y* at some
(not necessarily known) point z* of M. O

There are two reasons why we need [Assumption 2.42| Firstly, the definition of Ay, hs
in involves the logarithm, which is only defined for positive values. Secondly, the
functions hi, he are designed in such a way that their amplitude a(y) in vanishes if
y = 0. These two properties are crucial to obtain the full notion of asymptotic stability
and not only practical asymptotic stability as in If we know the minimum
value y* as in [Assumption 2.42] then it makes sense to consider the parameter-dependent
time-varying output-feedback control law

wi = uly (0 (g~ y™)%) + ) (8) ha((y — 7)), (2.82)

where the sinusoids uzk 1),u{k 5 are defined in|(1.44)| the design functions hq, hy are defined

in|(2.7)} and the constant x is > 1/2.

In the situation of [Assumption 2.42] we can apply exactly the same local asymptotic

stability analysis as in [Section 2.5 to system |(2.80) under control law [(2.82)] At the end,

this analysis leads to the same statements as in [Propositions 2.24] and [2.26, where the
averaged vector field f> on M is now given by

) = —rh($(@)") $(@)* Y (get) () grl) (2.83)
k=1

with the function h defined in|Lemma 2.20} Note that the right-hand side of|(2.83)|coincides
with the right-hand side of|(2.18)|if the g form an orthonormal basis of the Euclidean space.

To apply the same argument as in the proofs of [Theorems 2.12] and [2.13] we also need a
suitable replacement for [Proposition 2.25] This requires two additional assumptions. The
first assumption concerns the control vector fields g;. Note that point agents can be steered
instantaneously into any direction of the space. To get the same for control system
we need the following property.

Assumption 2.43. The vectors gi(z*),. .., gn(z*) span the tangent space to M at z*. ¢

If [Assumption 2.43|is satisfied, then, by continuity, for every x from a sufficiently small
neighborhood of z* in M, the vectors g1 (z), . .., gm(z) also span the tangent space at z. The
second assumption concerns the output function ¢. In the context of formation control,
the assumption of infinitesimal rigidity ensures that the gradient of the global potential

function satisfies the estimate in [Proposition 2.7|@ cf. also [Remark 2.8 It turns out
that we can apply basically the same argument as in the proof of [Proposition 2.7 @ if we

assume the following.

Assumption 2.44. The second derivative of 1) at x* is positive definite. O
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2.8 Extension to extremum seeking control

Recall from that the existence of a well-defined second derivative of 1) at z*
requires that x* is a critical point of v, which is ensured by |[Assumption 2.42] Using
we obtain the following replacement for [Proposition 2.25} If[Assumptions 2.42]
are satisfied, then there exist yo > y* and ¢y > 0 such that

(feU)(z) < —covo(z)*

for every x € ¥ ~1(< yo,2*). Now the same reasoning as in [Subsection 2.5.4| leads to the
following versions of [Theorems 2.12] and [2.13] for the purpose of extremum seeking control.

Theorem 2.45. Suppose that [Assumptions 2.4242.44| are satisfied. Let k = 1/2. Then,
there exist > 0 and y* > y* such that, for every X\ > 1, there exists jo > 0 such that,
for every j > jo, every ty € R, and every o € (< y+,x*), the mazimal solution x of

system |(2.80)| under control law |(2.82)| with initial condition x(ty) = xo has the following
two properties: x(t) converges to x* as t — oo, and the estimate

U(x(t) < Ap(ag) e HT10)

holds for every t > tg.

Theorem 2.46. Suppose that [Assumptions 2.4212.44| are satisfied. Let k > 1/2 and let
j > 1. Then, there exists . > 0 such that, for every X\ > 1, there exists y* > y* such that,
for every tg € R and every xo € v~ 1< yT,2*), the mazimal solution x of system
under control law with initial condition x(tg) = xo has the following two properties:
x(t) converges to z* as t — oo, and the estimate

bla(t) < A(zo) :

(14 (26 — 1))~ pu (t — tg)) 27

holds for every t > ty.

As explained in [Remark 2.27, the magnitude of the sublevel y™ > y* for the domain of
attraction 11 (< y T, 2*) in|{Theorems 2.45and [2.46{depends on the choice of the frequency
parameter j. An increase of j, will lead to the existence of a larger value of y*. In general,
however, we cannot expect that y™ grows unbounded with increasing j. We can merely
expect that y* tends to some upper bound > y* in the limit j — oo. This is due to
the fact that [Assumptions 2.421{2.44] only contain local conditions at the optimal point z*.
Therefore, we only get local stability results. Under suitable additional global assumptions
on the control vector fields g1, . . . , g and the output function 4, it is also possible to extend

[heorems 2.45] and [2.46] to semi-global stability results.

Example 2.47. To allow a visual comparison with the extremum seeking method in
we provide numerical results for the following situation. As in we

consider control system with output given by y = ¥(x) := 22. Then,

[sumptions 2.4212.44] are satisfied with y* = x* = 0. Thus, if we apply a control law of the

form [(2.82)| with x = 1/2, then [Theorem 2.45| ensures that z* locally uniformly exponen-
tially stable for the closed loop system. As explained in the choice of highly

oscillatory inputs is not restricted to the sinusoids |(1.44), It is also possible to emplo
the rectangular inputs u], v}, in [Figure 1.2l To ensure that the averaged vector field |(2.83)
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2 Distance-based formation control

zy = B (1)

T

1/4 1/2 3/4 1 5/4 3/2 7/4 2
Figure 2.7: Control system with output y = x® under the j-dependent control
law with u{, u% as in and hi, ho as in . The trajectory of the closed-
loop system with initial condition x(0) = 1 is drawn in blue for j = 4, in cyan for j = 16,
and in green for j = 128. As in the flow maps <I>§Ef” are indicated for j = 4,
where f,(x) := h,(|z|) for v =1,2. In the limit j — oo, the trajectories of the closed-loop

system converge locally uniformly to the trajectories of [(1.36)| The trajectory of|(1.36)| with
initial condition x(0) = 1 is drawn in red.

coincides precisely with the right-hand side of [(1.19), we choose slightly different design
functions hq, he compared to [(2.7)l We define hi(y) := ha(y) := 0 for y < 0 and

hi(y) := ysin(2logy), (2.84a)
ho(y) := y cos(2logy) (2.84b)

for y > 0. This corresponds to|(2.7)| with amplitude a defined by a(y) := y. The additional
factor 2 in the arguments of sine and cosine leads to an additional factor 2 on the right-
hand side of |(2.83)l For the simple case of a single input channel u in control system |(1.26)|

control law [(2.82)[ reduces to
u = u}(t) b (y'?) + ub(t) ha(y'/?). (2.85)

Then, the averaged system of[(1.26)| under control law |(2.85)|is given by [(1.36). In contrast

to the practical asymptotic stability in |[Figure 1.6 we can now observe exponential stability

in [Figure 2.7 0

An extremum seeking control law like that can lead to exponential stability was
proposed for the first time in [I11]. Later versions of this approach can be found in [41]
and [IT3]. A common assumption in all of these papers is that the minimum value y* needs
to be known to ensure exact convergence to the optimal state x*. Moreover, the uncertainty
in the choice of a sufficiently large parameter j for the dither signals causes difficulties in
practical implementations. These questions are addressed in the next chapter.
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3 Extremum seeking control with an
adaptive dither signal

The content of this chapter is an extended version of [109].

3.1 Introduction and motivation

For the sake of simplicity, we restrict our introductory discussion to a control-affine sys-
tem on R™ with a smooth drift vector field gyo: R™ — R”, smooth control vector fields
Jis---,9m: R?” — R™ and a smooth output function ¢: R® — R. Thus, we consider the
following control-affine system with output:

&= go(w)+ ) uk gi(), (3.1)
k=1

where u1,...,u, are real-valued input channels for a control law, and y is a real-valued
output channel given by 1. Again, to simplify the discussion, we assume for the moment
that 1 is a quadratic function of the form v¥(x) = y* + ||z — 2*||?, where || - || denotes
the Euclidean norm. Our goal is to derive (time-varying) output-feedback that steers|(3.1)]
to z*. The optimal point x* € R™, the optimal value y* € R™, as well as the current system
state of and the vector fields gg, g1, - - ., gm are treated as unknown quantities. Only
real-time measurements of the output value are available.

Note that the above extremum seeking control problem is more challenging than the one
in because, in contrast to there is also a possibly nonvanishing drift
involved in[(3.1)] For example, the drift could be of the form go(z) = x —2*, which leads to
the undesired effect that the system is driven into an ascent direction of 4 if the influence
of the control vector fields is too weak. One possible way to overcome this problem, is
to modify control law |(1.45)| in |Section 1.3| as follows. Instead of using the j-dependent
sinusoids u{k’l),uzk@ in [(1.44)] we introduce an additional parameter A > 0 and then, for

every k € {1,...,m}, we define “?}é{l)v uz\ng): R — R by

\j - .
uGly () = VG cos(jwt), (3.3a)
Aj o - .
Uy () = VAjwy sin(jwgt), (3.3b)
where w1, ...wy are again pairwise distinct positive real constants. Thus, the parameter A

provides an additional degree of freedom to enlarge the amplitudes of the sinusoids. If we
use this slight modification of the sinusoids, then control law |(1.45)| becomes

wi = () ha(y) + ) (1) ha(y) (3.4)
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3 Extremum seeking control with an adaptive dither signal

for k = 1,...,m, where y is the measured output signal |(3.2)| and the design functions

hi, he are chosen as in [Section 1.3 By applying control law |(3.4)| to control system |(3.1)
we obtain the closed loop system

m
)+ Y (u(?) (1) Fnny (@) + ull) () firz) (), (3.5)
k=1
where the vector fields f 1), fr,2) on R" are defined by If the drift gy vanishes
and if A = 2, then |(3.5)| reduces to |(1.46)l We already know that the trajectories of the
closed-loop system approximate the trajectories of the averaged system if the
parameter j is sufficiently large. A similar statement also holds for |(3.5) Because of the
additional drift gg and the parameter A, the averaged system of reads

¢=mM)AZMmf 2)(@). (3.6)

k=1

For the sake of simplicity, we assume for our further discussion that the design functions
hi, hy are given by |(1.32)} [(1.33), or |(1.34)l Then, using |(1.42)| the averaged system can
be also written as

m
b= gole) — 5 D (0x) ) s (a). (3.7)
k=1
In the subsequent paragraphs, we explain how the parameter \ in can be used to
compensate the possibly negative influence of the drift go.

For the purpose of extremum seeking control, we are interested in the case in which
the averaged system |(3.7)|is driven into a descent direction of ). Then the approximation
property ensures that the closed-loop system |(3.5) - )|displays a similar behavior for sufficiently
large j. To analyze the behavior of the averaged system, we consider the derivative ¢ along

solutions of |(3 which is given by
d(x) = (got)(x Z gi) (@
k:

Now assume that the vectors g1(x), ..., gm(z) span R™ at every x € R™. Recall that ¢ is
assumed to be of the form ¢ (z) = y* + ||z — 2*||>. For the moment, let K be the spherical
shell of all z € R" with r < ||x—xz*|| < R for certain radii R > r > 0. Since gyt is continuous
and since K is compact, there exists ¢ > 0 such that (go1)(z) < ¢ for every z € K. Using
the assumptions on g¢i,...,¢gm and ¥, a similar argument leads to the existence of some
d > 0 such that 37" (gxt))(x)? > d for every € K. Thus, if A > \g := 2¢/d, then ¢ only
takes negative values on K. In other words, for A > \g, the solutions of are driven into
a descent direction of ¢ within K. It is now easy to see that if A is sufficiently large, then
a neighborhood of z* becomes locally asymptotically stable for In the limit A — oo,
the attracting set shrinks to «* and the domain of attraction expands to R™. To be more
precise: For all compact neighborhoods K* C Ko C R" of z* and every T > 0, there exists
a sufficiently large A\g > 0 such that, for every A > )\g the solutions of with initial
values in K enter K* at latest after the time span T and then stay in K*. Next, we return
to the closed-loop system

As argued in the previous paragraph, a large amplitude A is needed to ensure desirable
stability properties of the averaged system with respect to the optimal point x*.
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3.2 Local definitions and notation for the chapter

On the other hand, the approximation of trajectories of by of trajectories of
suffers with increasing A\. To compensate this effect, one has to increase the frequency
parameter j sufficiently. This leads to the following result, which can be found, for example,
in [95], 96, [76]: For all compact neighborhoods K* C Ky C R™ of z* and every T > 0, there
exist sufficiently large A > 0, j > 0 (where the choice of j also depends on the choice of \)
such that the solutions of with initial values in Ky enter K* at latest after the time
span 1" and then stay in K*. However, there is no known rule so far on how large A, j have
to be chosen for given Ky, K*,T. Just the existence of certain lower bounds is ensured.
Moreover, finite escape times can occur if A, j are too small, or if the initial state is too
far away from x*. It is certainly difficult to implement successfully without knowing
suitable values for the parameters A, j.

The intention of this chapter is to propose a solution to the above problems. The idea
is to choose the amplitude A\ and the frequency j in an adaptive way. This means that A
and j increase automatically so that the system state z(t) of converges to the desired
state z* as t — co. We prevent finite escape times by introducing a dynamic funnel for the
output value. In this way, the system state is always contained in a prescribed sublevel set
of the output function . Under the assumptions of our introductory discussion, we can
ensure global convergence to the optimal state without the obstacle of unknown control
parameters. We will see that this convergence result also holds in a more general situation
than for the introductory example.

The rest of the chapter is organized as follows. In we recall some basic defi-
nitions, which are related to time-varying control-affine systems with drift. The extremum
seeking control law and the corresponding convergence result are presented in
We apply the main result to a nontrivial example in and also provide numerical
data. The proof of the convergence result is presented in

3.2 Local definitions and notation for the chapter

We briefly introduce some of the terminology from [I8|, [T0T], 106], which is used throughout
the chapter. Let M be a smooth manifold. A time-varying function on M is a function
whose domain is R x M. A Carathéodory function on M is a time-varying function o on M
with the property that, for each t € R, the function z — «(t,z) on M is continuous, and
that, for each x € M, the function ¢ — «a(t,z) on R is (Lebesgue) measurable. Let a be a
time-varying function on M. We say that « is uniformly bounded on a subset V of M if
there exists a constant ¢ > 0 such that |«(t,z)| < ¢ for every t € R and every z € V. We
say that « is locally uniformly bounded if every point of M has a neighborhood V' in M such
that « is uniformly bounded on V. We say that « is locally integrally Lipschitz continuous
if, for every x € M, there exist a smooth chart (U, ¢) for M around x and a positive locally
integrable function L on R such that |a(t,2”) — a(t,2")| < L(t) [|¢(z") — ¢(2)|| for every
t € R and all 2/,2” € U. We say that the time-varying function o on M is smooth if «
is smooth as a function on the product manifold R x M. If « is smooth, then, for each
x € M, we denote the derivative of s — «(s,z) at t € R by (9,a)(t,xz). This defines a
smooth time-varying function d.c on M, which we refer to as the time derivative of a. Tt
is clear that any given function ¥ on M can be considered as the time-varying function
(t,z) — 1(z) on M.

A time-varying vector field on M is a map f with domain R x M such that, for each t € R,
the map x — f(t,z) is a vector field on M. Suppose that « is a time-varying function on M,
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3 Extremum seeking control with an adaptive dither signal

and f, g are time-varying vector fields on M. If, for each ¢t € R, the function & — «(t,&) is
smooth, then we denote the fized-time Lie derivative of & — a(t,§) along the vector field
& f(t,&) at © € M by (fa)(t,z). This defines another time-varying function fa on M.
If, for each t € R, the vector fields & — f(t,£), £ — g(t, &) are smooth, then we denote their
fized-time Lie bracket at x € M by [f,g](t,x). This defines another time-varying vector
field [f, g] on M. We say that f is locally uniformly bounded if, for every smooth function ¢
on M, the time-varying function f¢ is locally uniformly bounded. In the same way, we
define the notions of a Carathéodory vector field, local integrally Lipschitz continuity, and
the property of being smooth for a time-varying vector field. It follows from Carathéodory’s
existence and uniqueness theorems for ordinary differential equations (see, e.g., [I01]) that
a locally uniformly bounded, locally integrally Lipschitz continuous Carathéodory vector
field has a unique maximal integral curve for any initial condition. As for functions, we
identify each vector field on M with its corresponding time-varying extension.

3.3 Main result

We consider a control-affine system

z = go(t,x) + Z ug gk (t, x) (3.8)
k=1
with output
y = () (3.9)

on M under the following assumptions (in the terminology of [Section 3.2)).

Assumption 3.1. Suppose that
(1) M is a smooth manifold,
(2) 1 is a smooth function on M,

(3) (a) go is a locally uniformly bounded and locally integrally Lipschitz continuous
Carathéodory vector field on M,

(b) g1,...,9m are smooth time-varying vector fields on M

such that, for all ki, ko, k3 € {1,...,m}, the time-varying functions g, v, O(gx,¥),
go(gklw)7 ng(gkll/})v 8t(gk2(gk1w))v gO(gkz(gkﬂ/}))? gks(glm(glﬂw)) on M are locally

uniformly bounded. O
Remark 3.2. If gg is a locally Lipschitz continuous vector field on M, and if ¢4, ..., g, are
smooth vector fields on M (all of them not time-varying), then property in
is satisfied for every smooth function v on M. O

In and we call = the system state, t the time parameter, gy the drift vector
field, g1, ..., gm the control vector fields, and uq, ..., u, the real-valued input channels for
a control law. The output function 1 converts the current state into an output value y. In
the context of extremum seeking control, only real-time measurements of y are available.
We are interested in an output-feedback law for so that y converges to a minimum
value of 1.
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3.3 Main result

Let w1, ...,wn be pairwise distinct positive real constants. We propose the control law
w 1
up = %sin(wkgf—l—i), k=1,...,m, (3.10)
(z—v) z—y

for system|(3.8)|with output|(3.9)} where the functions z, J are determined by the differential
equations

2 = —(z2—vy), (3.11)

J = —. 3.12

(z —y)° (3.12)

The following results gives sufficient conditions under which |(3.10)H(3.12)| minimizes the
output [(3.9)| of |(3.8)} We use the terminology and notation from and

Theorem 3.3. Suppose that [Assumption 3.1] is satisfied. Suppose that ¥ attains a local
minimum value y* at some point x* of M. Assume that there exist y*© with yv* < y™ < 0o
and a continuous function b on Y~ (< y*, x*) such that

> (gr)(t,2)* > b(z) > 0 (3.13)

k=1

for every t € R and every x € =1 (< yT,2%) with x # x*. Assume that Y1 (< §,2*%) is
compact for every § < yT. Then, for every to € R, every zo € v~ 1< y+,2*), and all
20, Jo € R with ¥(xg) < 20 < y*, there exist unique solutions x,z,J of system

under control law|(3.10){(3.12)| on the interval [to, 00) with initial values xg, 29, Jo at ty, and
the following holds:

(a) for everyt > to, we have y* < y(t) = (x(t)) < z(t),
(b) t > 2(t) is strictly decreasing with z(t) — y* as t — oo.

In particular, statements @ and @ of [Theorem 3.3|imply y(t) — y* as t — oo.

Remark 3.4. Suppose that the vector fields g1, ..., g, are time-invariant. Moreover, sup-
pose that there exists y* with y* < y© < oo such that, for every x € = 1(< yT, 2*)
with © # z*, we have (gy)(z) # 0 for some k € {1,...,m}. Then, the nonnegative
smooth function b := Y_7" (gr1)? on M satisfies for every x € = 1(< y*, z*) with
T # ¥ O

Because of [Remarks 1.2/ and a local VGI'SiOFH of [Theorem 3.3|can be stated as follows.

Corollary 3.5. Suppose that|Assumption 3.1|is satisfied and that the vector fields g1, . .., gm
are time-invariant. Assume that

1. the function ¥ attains a local minimum value y* at some point x* of M,
2. the second derivative of 1 at x* is positive definite,

3. the vectors gi(x*), ..., gm(z*) span the tangent space to M at z*.

By local version, we mean sufficient conditions to ensure the existence of some (possibly small) sublevel

yT > y* as in [Theorem 3.3
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3 Extremum seeking control with an adaptive dither signal

Then, there exists y© > y* such that the conclusions of |Theorem 3.3 hold.

Remark 3.6. Assume that we are in the situation of Suppose that we are
not interested in exact convergence to the optimal output value y* but only in reaching a
prescribed z*-sublevel set of v for some z* € (y*,y*). Then, one can modify the control
law |(3.10)H(3.12)| as follows. As soon as the value of the function z reaches the desired
value z* one can replace [(3.11)| by 2 = 0 to keep z at the constant value z*. Then, the
system state of |(3.8)| remains in p~1(< z*,2%), and the right-hand side of remains
bounded. We illustrate this modification by an example in the next section. O

Remark 3.7. Control law [(3.10)}(3.12)| bears a certain resemblance to the idea of funnel
control (see, e.g., [45], 49]). By [Theorem 3.3, the function z acts as an upper bound for
the output y. The condition 1(z) = y < z defines a performance funnel for the system
state x of The boundary of the funnel is described by z. The width of the funnel is
described by the positive function z — y*, where y* is the minimum value of . Under the
assumptions of the so-called “ultimate width”; i.e., the width of the funnel
in the limit ¢ — oo, is equal to zero. The modification in leads to the positive
“ultimate width” z* — y*. O

3.4 A numerical Example

As an example, we consider the following particular case of |(3.8)| and [(3.9)| on the state
manifold M := R2. The control-affine system consists of the drift vector field gy,
given by

go(t, (x1,x2)) := (sin(?t), cos(t))T,

and m := 2 time-invariant control vector fields g1, g2, given by

g1(x1,x0) = ( cos(z1 + x2), sin(x; + z2) )T,
g2(x1,0) = ( —sin(z1 + z2), cos(zy + 2) )T
The output function ¢ on R? is given by
(w1, m2) = (z1 —1)* + (w2 — 1)% + 2018,

It follows from that the assumptions of are satisfied with y™ := oo.
This means that control law |(3.10)H(3.12)[ will steer the system to the optimal state z* :=
(1,1) at which v attains its global minimum value y* = 2018. The numerical simulations in
confirm this statement. All results are generated with the frequency coefficients
wp =1, we :=2in and for the initial conditions z(0) = (0,0), z(0) = ¥ (z(0)) + 1,
J(0) = 0. The three plots in the left column of [Figure 3.1| show the trajectory x, the
output y, and the right-hand side j := 1/(z —y)> of é3.12é on the time interval [0, 4.5]. One
can observe that with increasing time parameter ¢, the trajectory z(t) converges to z*, the
output y(t) converges to y*, and the adaptive frequency parameter j(t) tends to infinity.
We also provide numerical data under the modification of in the right column
of The frequency coefficients and the initial conditions are the same as before.
Following equationis replaced by Z = 0 as soon as z(t) reaches a desired
value z*. The results are generated for the choice z* := 2018.5. The function z reaches the
value z* at t* ~ 2.55. This causes the output y(¢) to stay below the value ~ 2018.2 for
t > t*. The adaptive frequency parameter j(¢) remains below the value 400 for ¢ > ¢*.
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Figure 3.1: Simulation results for the example in |Section 3.4. Left column: implemen-
tation of control law [(3.10){(3.12)] to enforce convergence to the optimal value y* = 2018.

Right column;: control law|(3.10){(3.12)| with the modification in|Remark 3.6| for z* = 2018.2.
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3 Extremum seeking control with an adaptive dither signal

3.5 Convergence analysis

Throughout this section, we suppose that the assumptions of are satisfied.
We are interested in solutions of system |(3.8)] [(3.9)| under control law |(3.10)H(3.12)| for

which the condition ¢(x) < z is always satisfied. For this reason, we introduce the open
submanifold
P = {(z,2) ey (< yTa") xR | () <z <y"}

of the product manifold M x R. For the proof of we study the closed-loop
system

r = T Y ﬂ sin (w ; T

#= )+ (o + ) 96 2), (3.14)
2 = —(z—1¢(x)), (3.15)
. 1

e O (3.16)

on the state space P x R. It follows from standard existence and uniqueness theorems for
ordinary differential equations that system [(3.14)H(3.16){on P x R has a unique maximal
solution for any initial value in P x R at any initial time in R. At this point, we collect

several properties of the closed-loop system |(3.14)H(3.16)|, which are easy to check.

Remark 3.8. Suppose that ((z,2),J): I — P x R is a maximal solution of |(3.14){(3.16)
Then, the following statements hold.

(i) The function z is strictly decreasing (meaning that z(t;) > z(t2) for all t; < tg in I).

For every t € I, we have yt > z(t) > ¢(z(t)) > y*.

)
(ii) The function J is strictly increasing (meaning that J(¢1) < J(t2) for all t; < t9 in I).
(i)

)

(iv) If there is a finite escape time supl < oo, then there exists zo, > y* such that
2(t) > 2o for every t € I. O

In the next step, we rewrite equations|(3.14)[and |(3.15)|in a more suitable form. For this
purpose, we define two smooth design functions hi, he on (0, 00) by

hi(s) = ssin(1/s), (3.17a)
ha(s) := s cos(1/s). (3.17b)

Note that the functions hi, ho satisfy the property
[h1, ho](s) = hb(s) hi(s) — Ry (s) ha(s) = +1 (3.18)

for every s € (0,00), which is (up to the sign) the same as for the functions hi,heo
in|(1.32)} |(1.33)} and [(1.34)l Define a positive smooth function ¢ on P by

e(p) = z— () (3.19)

for every p = (x,z) € P. Next, we extend the time-varying vector fields go, g1, ..., gm in
the canonical way from M to the product manifold M x R, and then we restrict them to
the submanifold P. This results in time-varying vector fields go, g1,...,0m on P. In the
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same Way, we extended the standard vector field on R to M x R, and denote its restriction
to P by 2 5.+ Define a time-varying vector field fo on P by

fot:p) = ol )~ 9(p) o (). (3.20)

Then, we can combine |(3.8)| and |(3.11)| to the control-affine system

p = folt,p)+ D udr(t,p) (3.21)
k=1

on P. For every k € {1,...,m} and every v € {1, 2}, define a time-varying vector field f; )
on P by
fte)(t,0) = hu(@(p)) gr(t,p). (3.22)

Now, using the trigonometric identity [(1.49), we can combine |(3.14) and [(3.15)| to a single

equation so that the closed-loop system |(3.14)H(3.16)| can be written as the time-varying
System

b= folt.p) +Z (cos (i ) Sy (0) + sinfwi ) feoy(tp)),  (3:23)
1

. 1

L= or (324

on P x R. By a (mazximal) solution of|(3.23), we mean a curve p: I — P for which there
exists a function J: I — R such that (p,J): I — P x R is a (maximal) solution of |(3.23)

Let v: I — P be a solution of [(3.23)] We define two functions A and j on I by

1 . 1

At) = and jit)y = J(t) = ——=,

e((¢)) o(y(t))°
which will play the role of an adaptive amplitude and an adaptive frequency parameter,
respectively. Similar to|(3.3)| for every k € {1,...,m}, we define two functions u{k 1)’ uzk 2)

on I by

oy () = VA®) () wr cos(w T(1)), (3.25a)
Wy (8) = VAW (1) wr sin(wy I (1)). (3.25b)

Note that, in first order approximation, the frequency of cosine and sine in |(3.25)|is wxj(t).

Using |(3.17)}, [(3.25), and the trigonometric identity |(1.49)l we can write control law

also as
wi = ) (6) ha(p(p) + ) ) (1) Ralo(p)), (3.26)

which is basically of the same form as|(3.4)l If we apply [(3.26)| to control system |(3.21)]
then we obtain the closed-loop system

m

P = )+ (ug 1) t)fw1)(t,p) + u(k 2 (O).f2) (t,p)), (3.27)
k=1
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3 Extremum seeking control with an adaptive dither signal

which has the same structure as the closed-loop system|(3.5)] Note that, in contrast to|(3.5)|
the amplitude A\ and the frequency parameter j are not constant but depend on the curve +.
Both A(t) and j(t) tend to 400 when ¢(y(t)) approaches the value 0. As explained in

Section 3.1} the trajectories of approximate the trajectories of |(3.7) in the large-
amplitude, high-frequency limit. It turns out that a similar statement also holds for |(3.27)]

when j(t) becomes large. A detailed averaging analysis will reveal that the Lie bracket

system for |(3.27)| reads

A(t)
2

NE

p = fO(tvp)+ [f(k,l)vf(k,2)](tap)v (328)

B
Il
—

which is the counterpart to equation[(3.6)] Note that the time-varying amplitude X in[(3.28)
still depends on the solution v of A direct computation of the Lie brackets in |(3.28)
shows that if we write the system state of component-wise as p = (x, z), then the
differential equation for the component x on M can be written as

(t)
2

>/

T = go(t,x) — ngwtxgk(tx)

k=1

which is the counterpart to equation Thus, a sufficiently small value of ¢ o v causes
a large value of the amplitude \ for the descent vector field —(gg1))gx of 9.

As an abbreviation, we introduce the indexing set A of all pairs (k,v) with k € {1,...,m}
and v € {1,2}. Then, the closed-loop system can be written more compactly as

= folt,p) + > _uj(t) felt,p), (3.29)

LeA

which may be interpreted as a control-affine system with drift fo and control vector fields f,
under open-loop controls ui. In the following, we will frequently use the property that
every solution v of |(3.23)|is also a solution of |(3.29)|if the (state-dependent) functions w;

are defined as in |(3.25)]

3.5.1 Estimates for the Lie derivatives

Note that the function ¢ on P in is smooth. Moreover, the time-varying vector
fields f; on P in are smooth. Recall that the drift vector field fy on P is defined
in This allows us to compute the following (iterated) Lie derivatives along ¢ explic-
itly. For every t € R, every p = (x,z) € P, and all {; = (k;,v;) € A with ¢ = 1,2,3, we
have

(fop)(t,p) = —(90¥)(t, ) — ¢(p),
(fop)(t,p) = —hu (0()) (gr, ¥)(t, ),
(O(fr,0))(t,p) = —hu, (0(p)) (Oe(gr, V) (¢, ),
(fo(fu ) (t,p) = +h, (9(p)) (900)(t, %) (gr, ) (t, )
= T, (¢(p)) (909, ¥)) (t, )
+ hy, (0(p)) (g8, 0) (E, ) (D),
(fo (fer0))(t,p) = +huy (0(p)) hyy, (9(P)) (o) (E, ) (gry ) (2, )
= huy (0(P)) Py (2(P)) (o (912 ¥)) (E, ),
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3.5 Convergence analysis

Oc(fe (fr ) (8 p) =

(fo(feo (fe,0)))(t,0) =

The functions h, in|(3.17)|and their derivatives can be easily computed. By doing so, one

IV (t, @) (Oe(gr, ) (E, )
(0t (gr¥0)) (L, 2) (g ) (L, )
(0 (ghy (g1 ) (8, ),
9o)(t, @) (gr,¥) (¢, ) (9K, ) (t; )
(900) (¢ ) (gro ) (t: ) (gry ) (E, @)
(9r20) (t, ) (90 (9K, ) (¢, )
(90(grs ) (t, @) (gr, ) (¢, )
(900) (t, %) (gry (gry ) (, )
(90)(t; ) (ko (98, 90)) (2, )
(90(grs (g1, 9))) (E, 2),
(gro ) (t, ) (g1, ¥) (E, ) ()
(g% Ir, ¥)(t, ) o(p)
( (p)
( (p),
af) (gr ) (L, @) (g, ¥
@) (o) (t, @) (gry ¥
z) (

(
)
p))
(
)
)
)
)
)
)
)
)
)
)

) )
) () (g, )
)(t,z)
) v

¥)
)()

I

( ) )
(ks )(7 ) (Gks (gry 1)) (E
(9rs (o)) (8, ) (g ) (8, 2
(Grs ) () (Ghoy (s ) (t,
(Grs ) () (Ghy (g1y ) (E,
(9ks (Grs (g1, ) (t, ).

’

can verify that, for every 7 € (y*,y™), there exists ¢; > 0 such that

for every s € (0,7 —y*). Moreover, by [Assumption 3.1{and the assumptions of [Theorem 3.3

lhy(s)] < eps,
e, (s)] < en/s,
R (s)| < en/s®

for every g € (y*,y™), there exists ¢; > 0 such that

for every t € R, every x € ¢~

(g0 (¢, )| < g,
[(gr, ) ()] < e,
[(O(gr ) (t,2)| < e,
[(90(gk, ) (8, )| < ey,

(k2 (g1 ) (8, 2)| < ey
|(0(grs (91, ¥)) (E, )| < gy
[(90(gks (982 9))) (8 )| < ey,
| (Gks (Gka (91, ) (E, )| < g

(< g,2%), and all ky, ko, ks € {1,..., m}. Now it is straight

forward to derive the following estimates for the above Lie derivatives of (.

x)
)
)
)

(@,
(@,

x)
x)
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3 Extremum seeking control with an adaptive dither signal

Lemma 3.9. For every j € (y*,y™), there exists ¢ > 0 such that

|(fow)(t,p)| < ¢,
|(fep)(t,p)] < co(p),
[(0e(fep)) (t,p)] < co(p),
|(fo(fee))(t,p)| < ¢/o(p),

[(fe, (fe0)) (D) < e,

[(0(fo, (fea0))) (D) < e
[(folfo, () (8 2)| < ¢/ (p)?,
|(fer (fer (fes0))) (8, 0)| < ¢/p(p)

for all £,01,05,05 € A, everyt € R, and every p = (x,z) € P with z < .

The sum of Lie brackets on the right-hand side of |(3.28)] motivates us to define the
time-varying vector field
1 m
2= 2 [feny fo) (3.30)

2
k=1

on P. A direct computation, using |(3.18)] (3.19)[ and [(3.22) shows that the Lie derivative
of ¢ along f*° is given by

> (gt (t, ) (3.31)

k=1

N

(f=) =

for every t € R, every p = (z,2) € P.

3.5.2 Averaging of the sinusoids
Let v: I — P be a solution of |(3.23)l Define two functions j and ¢ on I by

O 1
0= oy 332
and .
W) = =50F (o) (t.7() + D wl(®) (fuo) (t,7(1))), (3.33)
leA

respectively. Since 7y is a solution of the function j is at least locally absolutely
continuous and therefore its derivative exists almost everywhere. Using that v is also a
solution of we obtain by the chain rule that the derivative of j coincides with ¢
almost everywhere on I. In the following, we introduce the notation from [68, [69]. For
every ¢ = (k,v) € A, define two complex-valued constants 7, ¢ as follows. If v = 1, let
Ntwg t := /Wk/2, and otherwise, i.e., if v = 2, let N4y, ¢ := /wi/(2i), where i denotes the
imaginary unit. Moreover, let Q(¢) := {£wy}. .
Let ¢ € A. Using the above notation, we can write «}(¢) in |(3.25)| as

w(t) = j(6)5 Y neee’® = —Uv)(t) (3.34)
weN(¥)
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3.5 Convergence analysis

for every t € I, where e denotes Euler’s number. Using integration by parts and J = j, we
get

ta . t=ty t2 __
/t Uvl(t)dt = [Uv;(t)] - /t uVi(t) dt,
1 1

t=t1
where
Save] ()% Nt iwJ (t)
OVi(t) = —i(t)™s D, e’ (3.35)
weN(0)
<7 2 LN —T Nw,e
J — = Hwt iwJ(t)
uVi(t) = S u(t)j()7s > e,
weN(f)
Finally, we let
() = uVi), (3.36)

avd(t) = uVi(t) + Uvl(t).

Then we have

wl(t) = vl(t) + 7)) — uvy(t), (3.37)
/t @) dt = [z?x“/;j(t)];:. (3.38)

This completes the definitions for a single index /.
Let £1,€5 € A. When we multiply wy (t) by UV, (t), we get

ugjl (t) UV@Q(t) = vzh@(t) —ng;hgz(t),

where
j oL Moo 1 Moo £
) = F S Mttt 559
(w1,w2)€Q(L1)xQ(L2)
w1+w2=0
. oy L N 0 Mwa by i J
u vél,zz(ﬂ = j(t)s Z M;T;QQQI(UJ1+UJ2) (t)
(w1,w2)ENL1)x QL)
w1+w2#0

Using integration by parts and J= 7, we get

to — — t=to to —
Uvl, (0 dt = [UV], (0] " - / Wi, (1) dt,
t1 1 t1
where
e o —4 Tw1 01 Thoo 0 i
UVJ t) = ¢ 4 1,41 2,62 1(w1+w2)J(t) 3.40
€1,€2( ) j( ) 5 Z i2w2(w2 +W1) € ; ( )
(w1,LU2)€Q(f1)><Q(f2)
w1 +wa#0
uV? (t) = —éb(t)j(t)_% Z Jeony Tole_ iwn-+en) J (1),
41,02 5 ing(w2+w1)
(whwg)éﬂ(fl)xfl(fg)
w1 +wa#0
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3 Extremum seeking control with an adaptive dither signal

Finally, we let

TZLZQ(t) = uvzl7fg(t)’ (341)
wvy, 4, (t) = uVy (1) +Uvy 4 (1)

Then we have

ul ()UVY () = vl (1) +7] . (t) —ww) , (1), (3.42)
t2 . — t=ty
/ @l (t)dt = [Uvéhez(t)]t_t : (3.43)
t1 =1

This completes the definitions for two indices £, £s.
The functions in |(3.33)H(3.36)] |(3.40)| and |(3.41)| satisfy the following estimates.

Lemma 3.10. For every g € (y*,y™), there exists ¢ > 0 such that

()] < e/olr(t))?,
(B < c/oly(t),
UVi()] < coly(t)?,
()] < e/e(v(1)),
UV, (O] < coly(1)",
1 ()] < co(r(t)

for all 001,05 € A, every tg € R, every py = (xo,20) € P with z9 < g, every solution
~v: I — P of|(3.23) with v(ty) = po, and every t >ty in I.

Proof. The estimates for uz, U V%, and U V% 0 follow from their definitions and the defi-
nition of j in [(3.32)) We know that the Lie der1vat1ves fop and frp satisfy the estimates
in [Lemma 3.9, Using the estimate for u}, we easily obtain the estimate for «. This in turn

implies the estimates for N Z and uV' Z e 0
1,42

A direct computation shows that the ’UZI 0, I (3.39)| are given as follows.
Lemma 3.11. For all {1 = (ky,v1),02 = (ka,12) € A, we have
+1 ifki=ksandvy =1 and v, =2,

—1 ifki=ky and vy =2 and 1p, =1,
0  otherwise.

Because of we have

N | =
<.
=

i
Yo 0s =

1 oo 11 ;
e = 535 ) Moy feale = Y v, fulfup) (3.44)

k=1 01,026

on I x P, where the time-varying vector field f°° is defined in |(3.30)]
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3.5 Convergence analysis

3.5.3 Integral expansion

For the moment, fix an arbitrary j > 0, let v: R — P be a solution of |(3.23)] and let
t1,to € R. Then, the curve 7 is locally absolutely continuous and solves [(3.29) The
fundamental theorem of calculus applied to the composition of v and ¢ implies that

p(1(t2) = @(r(tn)) + / o) (tr() di + 3 / "l () (o)t () .
e

Note that each of the functions t — (fep)(t,7(t)) is locally absolutely continuous. Thus,
we may apply integration by parts, which leads to

p(v(12) = p(o(tr) + / (o)t 7(1) dt + 3 / (1) (fe) (b () dt

e

=S [V @]+ X [TV @ @)

e 1 ten
ta
Y / TVAO GoldeoDEre) e+ 3 [, 000V (et 1)
LeA L1,l2€A

where we have used first[(3.37)|and then[(3.38)| as well as that ~ is a solution of[(3.29)] Note

that each of the functlons t = (fo (fez0), ))(t ~(t)) is locally absolutely continuous. Next,
we replace the product of wy (t) and UVJ ,(t) in the last integral of the above equation

by |(3.42)l and then we apply integration by parts. Using|(3 and the property that ~ is
a solutlon of |(3 - this leads to

t=to

+ / (Do) (tA(1)) dt

t=t1 t1

p(1(t2)) = ¢(v(t1)) — [(D{gp)(t,fy(t))}
£ Y [0 G a0

ISR SYSIN 1

where the functions D{go, Dggp on I x P are defined by

(Dip)(t.p) = EZAUV] (feg) tp>+”ZA5Vﬂil,g2<t> (for (fer0))(t,p), (3.45)
(Ddo)(t,p) = (j“oso )t p) +£z£7“g 11;;: )(t,p) +£;Aw1 0, (1) (fo, (fe,0)) (¢, D)
UZAUW a (Feo))(t, >+“ZA517VZ@@><at<fe1<fe2w>>><t,p>
;ZAUvg ) (Fo(fe))(t, >+;§Aﬁm<t> (Fo(For (Jer0))) (8, )

+ ;;QEAW YUV, 4t )(le(;e:?f43¢)))(t7p). (3.46)

Because of|(3.44), we have derived the following integral expansion for the propagation of ¢
along solutions of |(3.23)
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3 Extremum seeking control with an adaptive dither signal

Proposition 3.12. For every solution ~v: I — P of|(3.23)| and all ty,ty € I, we have

t=to

p(t2)) = ¢(r(t0) = [t (e)]

t2 1 ~ to ;
+/tl () (f sO)(t,v(t))dthr/t1 (Do) (t,~(t)) dt,

where [®p, Dip and Dio are given by|(3.31), |(3.45), and|(3.46)} respectively.

Since we assume that estimate [(3.13)| holds for the sum on the right-hand side of [(3.31)]
with some continuous function b on =1 (< y™, z*), we obtain the following result.

Proposition 3.13. For all yso,§ € (yv*,y") with yoo < 7, there exists co > 0 such that

(fF)(t,p) = <o

for every t € R and every p = (x,z) € P with yoo < () < 7.

Next, we derive estimates for the remainders D{ ¢ and D%go in |Pr0position 3.12l

Proposition 3.14. For every g € (y*,y"), there exist c1,c2 > 0 such that

I(D{:w)(m(t))! < (1),
(D) (t, ()] < e

for every ty € R, every po = (o, 20) € P with zy < g, every solution v: I — P of|(3.23)
with y(to) = po, and every t >ty in I.

Proof. Tt follows from [Lemmas 3.9 and [3.10] that there exists ¢ > 0 such that

UVI(t) (feo) (8,7 (1)] < ep(r(t)?,
UV 0, (@) (fe, (Fa @) (L) < colv(t),
77 (1) (fep) (t A1) < e
17 0,8 (o (fea0)) (87 ()] < cp(3(t)),
UVI() @Gr(fe)) (E 7] < cp(v(1))?,
UV 0, @) @r(fe, (Fa @) (7)< co(v(1),
UVI(#) (folfeo)) (t ()] < coly(t),
UV 0, () (fo(fe, (fea)) (L) < colyv(t),
[, (£) UV, . (8)(for (feo (fes0))) (E ()] < €

for every ty € R, every pp = (x0,20) € P with zp < g, every solution v: I — P of |(3.23)]
with y(to) = po, and every t > tg in I. The asserted estimates follow by applying the above
estimates to the terms in the definitions of D{gp and D} 1n| 3.45 |and| 3.46 |7 )} respectively.

(Note that we could get a slightly stronger estimate for D{¢ involving the third power of ¢
instead of the second, but we do not need this in the following.) O
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3.5 Convergence analysis

Figure 3.2: lllustration of the parameters and functions in |Subsection 3. 5.4|.

3.5.4 Proof of [Theorem 3.3

The proof of is complete if we can show that, for every maximal solution
p = (z,2): I = P of[(3.23)] we have supI = oo and z(t) — y* as t — oco. Assume for
the sake of contradiction that this is not satisfied. Then, by there exists a
maximal solution p = (z,z): I — P of [(3.23)] and some z,, > y* such that z(t) > 2o
for every t € I. Fix an arbitrary ¢y € I and define § := z(tp) > zoo. Moreover, let
Yoo = Y* + (200 — ¥*)/2 < 2oo. Then, there exists a constant ¢y > 0 as in [Proposition 3.13|
and there exist constants ci,ca > 0 as in [Proposition 3.14] Define ¢ := pop: I — (0, 00).
From [Proposition 3.12] we conclude that, for all to > t1 > tg in I, the following implication
holds: if 1 (z(t)) > yoo for every t € [t1,t2], then

1 —c1é(t1) 2 co/p(t) — o
¢(t2) > m¢(i1) +/t1 mdt. (3.47)

Define
1

e =5 min{g)il, o(to), Z—Z, zoo—yoo} > 0.
Now we show that ¢(t) > € for every t > to in 1. Assume for the sake of contradiction that
this is not true. Then, since ¢ is continuous with ¢(tg) > 2¢, there exist to > t1 > to in I
such that ¢(t1) = 2¢, ¢(t2) = ¢, and € < ¢(t) < 2¢ for every ¢t € (t1,t2). In particular,
it follows that ¢(t) < 2 < 2o — Yoo, and therefore (x(t)) = 2z(t) — ¢(t) > yoo for every
t € [t1,t2]. Now and the definition of ¢, lead to the contradiction ¢(t2) > €. Thus,
@(t) > € for every ¢ > t{ in I. This in turn implies that the curve p stays in a compact
subset of P on I N [ty,00). It follows that supl = co. Now ¢(t) > e for every t > ¢
and lead to the contradiction z(t) — —oo as t — oc.
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4 Extremum seeking control for a class of
nonholonomic systems

The content of this chapter is an extended version of [110].

4.1 Introduction and motivation

We return to the extremum seeking control problem |(1.39)] [(1.40)| in [Section 1.3] This
means that we consider again a multiple-input single-output system of the form

&= ) uifi(x), (4.1)
=1
y = (), (4.2)

where the u; are real-valued input channels and y is a real-valued output channel. The
control vector fields f; and the output function v are assumed to be smooth. We have seen
inthat a suitable output feedback law for which involves highly oscillatory
time-varying functions, leads to the effect that the trajectories of the closed-loop system,
denoted by 37, approximate the trajectories of an averaged system of the form

m

T = —Z(fﬂ/))@) fi(z) (4.3)

=1

if the frequency parameter j in 7 is sufficiently large. The approximation property can
be explained by the well-developed Lie bracket averaging theory from [58| 69] [68]; cf.
A consequence of the approximation property is that if a point x* of the state
manifold is asymptotically stable for then one can achieve that an arbitrary small
neighborhood of z* is asymptotically stable for ¥/ by choosing the frequency parameter j
sufficiently large. Thus, asymptotic stability for the averaged system implies practical
asymptotic stability for the closed-loop system. For the purpose of extremum seeking con-
trol it is therefore important to ensure that a minimum point z* of ¢ is asymptotically
stable for the averaged system

Suppose that the output function 1 attains a local minimum value at some point x*
of the state manifold, and assume that ¢ has no other critical point than z* in a certain
neighborhood of z*. As explained in the preceding paragraph, we may conclude that x* is
practically asymptotically stable for under the Lie bracket-based extremum seeking
control law if x* is asymptotically stable for the averaged system This is indeed the
case if is fully actuated at x*; i.e., if the control vector fields span the entire tangent
space at x*. Then, 1 is in fact (up to an additive constant) a local Lyapunov function
for around z*. The situation changes if is underactuated; i.e., not fully actuated.
Then, it might happen that there are undesired equilibria of arbitrary close to z*,
and therefore z* is not asymptotically stable for In this case stabilization cannot
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be guaranteed by the existing results. Many underactuated systems of the form are
nonholonomic; i.e., the distribution generated by the control vector fields is regular but not
closed under Lie bracketing. We refer to [64] 83] for examples of nonholonomic systems. To
the best of our knowledge, there is no universal approach to extremum seeking control for
nonholonomic control-affine systems in the literature so far. The intention of the chapter
is to propose a solution to the problem, at least for a certain subclass of control systems of
the form Many nonholonomic systems have the additional property that their control
vector fields satisfy the Lie algebra rank condition. This means that the tangent space is
spanned by Lie brackets of the control vector fields (see again [64, [83] for examples of such
systems). Under the assumption that the Lie algebra rank condition is satisfied at the
optimal point x*, the proposed method can ensure that an arbitrary small neighborhood
of * becomes locally asymptotically stable for the closed-loop system. In contrast to the
existing methods for extremum seeking by Lie bracket approximations, the novel control
law does not only steer the system into descent directions of the output function along the
control vector fields but also along Lie brackets of the control vector fields. The approach
uses a suitable combination of the approximation algorithm from [68] (to generate Lie
brackets of the control vector fields) and the Lie bracket-based extremum seeking strategies
from [31), ©5] (to get access to descent directions of the output function). This leads to
the first extremum seeking control law that gives access to descent directions of the output
function along Lie brackets of any desired degree.

The chapter is organized as follows. The subsequent contains some algebraic
concepts which are required to state the approximation algorithm from [6§]. In
we describe the control objective and outline the proposed strategy. The extremum seeking
control law is presented in [Section 4.4] The main results on approximation and stability are
stated in[Section 4.5] We also illustrate the stability result by a numerical simulation. Since
the proof of the approximation result requires some lengthy computations, it is carried out
at the end in and

4.2 Local definitions and notation for the chapter

We begin by recalling several algebraic concepts from [13], 14, 104]. Let X = {Xy,..., X}
be a nonempty finite set of m pairwise distinct objects X1, ..., X,,, called indeterminates.
A sequence of sets My(X) is defined by induction on ¢ = 1,2,... as follows. For ¢ = 1,
we let My(X) := X. For ¢ = 2,3,..., the set My(X) is defined as the disjoint union of
M (X) x My_x(X) with £ = 1,...,£—1. The disjoint union of all the sets My(X) is denoted
by M(X). Each of the sets M;(X) is identified with its canonical image in M(X). To give
an example: if m > 2, then ((X1, X1), X2) is considered to be an element of both M3(X)
and M(X). The set M(X) is called the free magma generated by X. However, for our
purposes, it is more suitable to refer to M(X) as the set of formal brackets generated by X.
For every B € M(X), there exists a unique positive integer, denoted by 0(B), such that
B € My(p)(X), called the degree of B. For every i € {1,...,m} and every B € M(X), the
degree of B in X;, denoted by §;(B), is the nonnegative integer that counts the number of
appearances of X; in B. To give an example: if B = ((X1, X1), X2), then we have §(B) = 3,
01(B) =2, and §2(B) = 1. For all B, B’ € M(X), the image of (B, B’) under the canonical
injection of Ms(p)(X) x Ms(p)(X) into M(X) is denoted by the same symbol and is called
the formal bracket of B and B'. Conversely, for every B € M(X) with 6(B) > 1, there exist
unique Bi, Bs € M(X) such that B = (B, By), where By and Bs are called the left and
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right factors of B, respectively. To give an example: if B = ((X3, X1), X2), then the left
factor of B is (X1, X1) and the right factor of B is Xo. A P. Hall set of M(X) is a subset B
of M(X), endowed with a total ordeIE| =, that satisfies the following properties:

PHL. if By € B, By € B, and (5(31) < (5(32), then By < Bo;

PH2. every indeterminate X; € M;(X) belongs to B, and a pair (X;,, X;,) € M2(X) belongs
to B if and only if X; < Xj,;

PH3. an element B € Mg (X) of degree k& > 3 belongs to B if and only if there exist
Bi1,By, B3 € B such that B = (Bl, (BQ,Bg)), (BQ,BQ,) € B, By X By < (BQ,Bg), and
By < Bs.

As in [68], we will additionally require the convenient property that
PH4. for all i1,i9 € {1,...,m} with i; < i9, we have X;; < X,,.
Note that can always be established by simply relabeling the indeterminates.

Proposition 4.1 (Proposition I11.2.11 in [I4]). For every finite set X of indeterminates,
there exists a P. Hall set of M(X).

The free non-unital associative algebra generated by X over R, denoted by Ag(X), is the
non-unital associative algebraﬂ of all linear combinations of monomials

X = X;, X

%

(4.4)

where I = (i1,...,4x) is any multi-index of length k& > 0 with iq,...,i € {1,...,m}.
As usual, for all p,q € Ag(X), the Lie bracket of p and q is defined by [p, q] := pg — qp.
It is well-known that the Lie bracket turns Ay(X) into a Lie algebraﬂ Let L(X) be the
Lie subalgebra of Ag(X) generated by X; i.e., the smallest Lie subalgebra of Ay(X) that
contains X. This Lie algebra is called the free Lie algebra generated by X over R. Let
pu: M(X) — L(X) denote the canonical map that replaces round brackets “(”, “)” by square
brackets “[”, “]”. For instance, u((X1,X1)) = [X1, X1] = 0 = [X2, Xo] = u((X2, X2)), but,
of course, (X1, X1) # (X2, X9).

Theorem 4.2 (Theorem I1.2.1 in [14]). Let (B, =) be a P. Hall set of M(X). Then, the
above map p is injective on B and the image of B under p is a basis of the vector space L(X).

Let M be a smooth manifold. The commutative algebra of smooth functions on M is
denoted by C*°(M). The set of smooth vector fields on M is denoted by X(M). If we apply
a smooth vector field f to a smooth function ¢, then the Lie derivative fy of ¢ along f
is again a smooth function. In this sense, every smooth vector field can be considered as
a vector space endomorphism on C*°(M), which gives X(M) the structure of a non-unital
associative algebra. It is well-known that the Lie bracket (cf. turns X(M)

YA partial order on B is a relation < on B with the following properties for all By, B2, B3 € B: (i) B1 < Bu;
(11) if Bl j BQ and BQ j Bl, then Bl = BQ; (lll) if Bl j BQ and BQ j Bg, then Bl j Bg. A total order
on B is a partial order < on B such that B; < B2 or Bs < By for all By, B2 € B. If we have B1 <X Bs
and B; # Bs for Bi, B2 € B, then we write B; < Ba.

2A non-unital associative algebra over R is a vector space Ag over R endowed with an associative bilinear
map Ao X Ao — Ao, (p,q) — pq, which is called the multiplication on Ag.

3A Lie algebra over R is a vector space L over R endowed with a bilinear map L x L — L, (z,y) — [z,y]
such that [z,z] =0 and [z, [y, 2]] + [v, [z, z]] + [2, [z,y]] =0 for all z,y,z € L
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4 Extremum seeking control for a class of nonholonomic systems

into a Lie algebra. Let f be a nonempty finite subset of X(A). We denote by L(f) the
Lie subalgebra of X(M) generated by f; i.e. the smallest Lie subalgebra of X(M) that
contains f. For every positive integer r, we define a subspace L'(f) of X(M) as follows.
For v = 1, let I}(f) be the R-span of f. By induction on r, define I’ "(f) to be the
span of all elements in I'(f) and all Lie brackets [g1, g2] with g1 € L''(f), g2 € L*(f),
and 71 +ro = 7 + 1. Clearly, the sets I}(f) C I?(f) C --- form an increasing sequence of
subspaces of L(f).

4.3 Problem statement and motivation of the proposed control
strategy

Throughout the chapter, we consider a control-affine system of the form
m
&= u fi(x) (4.5)
i=1

on a smooth state manifold M with smooth control vector fields fi,..., fm € X(M), real-
valued input channels u1,...,u,, and a real-valued output channel

y = ¢(x), (4.6)

where ¢ € C*°(M) is called the output function. We assume that the current value of
can be measured constantly while the system state of is an unknown quantity. More-
over, information about descent directions of 1 are not assumed to be known. The goal is
to derive an output-feedback control law for that asymptotically stabilizes the closed-
loop system around states at which the output function attains a local minimum value.
In the following paragraphs, we explain how the problem can be solved under suitable as-
sumptions on the control vector fields and the output function. We use the notation and
definitions from [Sections 1.5 and .2

Suppose that the output function v attains a local minimum value y* € R at some point
x* € M. For each x € M, a descent direction of ¢ at x is any tangent vector v, to M
at x such that dp(z)v, < 0. For our goal to asymptotically stabilize around z*,
it is certainly desirable to steer the control system (at least approximately) into descent
directions of . In order to do so, we need two additional assumptions. First, to ensure
the existence of descent directions around x*, we assume that ¢ has no other critical point
than z* in a certain neighborhood of z*. Second, to get access to those descent directions,
we assume that the control vector fields of satisfy the Lie algebra rank condition at x*;
i.e., the elements of the Lie algebra generated by the vector fields in f := {f1,..., f} span
the entire tangent space to M at x*. The latter assumption ensures that there exist a
sufficiently large positive integer r and vector fields g, € I'(f), £ € A", indexed by some
finite set A" such that, for every x in some neighborhood of x*, the vectors gy(z) with £ € A
span the tangent space to M at x. Because of the first assumption on v, it follows that
there exists some y* > y* such that ¥ ~1(< y*,2*) is compact and such that, for every
x € H(< yt a*) with z # 2%, there exists £ € A" such that (ge))(x) # 0. Note that if
(gew)(x) # 0, then —(getp)(z)? < 0, and therefore the tangent vector —(ge) () ge(z) is a
descent direction of ¢ at z. Using a standard Lyapunov argument, it is now easy to verify
that z* is locally asymptotically stable for the system

i o= = (9)(x) gela). (4.7)

e
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4.3 Problem statement and motivation of the proposed control strategy

Thus, if we can find an output-feedback control law for such that the trajectories of
the closed-loop system approximate the trajectories of sufficiently well, then we can
expect that this closed-loop system has similar desirable stability properties as This
is exactly the intention of the control law that we present An outline of the
approximation approach is given in the subsequent paragraphs.

As motivated above, we are interested in an output-feedback control law for such
that the trajectories of the closed-loop system approximate the trajectories of Note
that information about the Lie derivatives gy1 on the right-hand side of is not directly
accessible from measurements of current value of ¢. To circumvent this problem, we use the
extremum seeking control approach from For the sake of completeness and for
later references, we recall the steps in the following. Asin|(1.42) we write each of the vector
fields —(get0) g¢ as the Lie bracket of two vector fields f(é,l)v f@’g) that only depend on gy
and the current value of 1. As in for every ¢ € A, we define f(m), f(w) € X(M) by

feny(@) = h(P(x)) ge(2), (4.8a
4

fea (@) = ha(¥(x)) ge(x),
where the smooth design functions hi, hy on R are given by ie.,

hi(y) = sin(y), (4.9a)
ha(y) = cos(y). (4.9b)

A direct computation shows that

[fienys fe)(@) = —(ge) () ge() (4.10)

for every x € M. Next, choose pairwise distinct positive real frequency coefficients cwy,
e X', and, as in|(1.44), for every j > 0, define sinusoids ﬂge 1) ﬂ& 9: R = R by

M=

@y (1) = (27 @) cos(j ), (4.11a)

N
Uiy (t) = (27 @)2 sin(jwet), (4.11b)

where the precise dependence of j on j will be defined later in The amplitudes and
frequencies of the sinusoids ﬂ{z 1),71% (,2) BTOW with increasing parameter j. Then, we know

from that the trajectories of
i = 3 (alyy (O Fieny (@) + @y ) () Fron) (@) (4.12)

LeN

approximate the trajectories of |(4.7) if j is sufficiently large. One can interpret |(4.12) as
the closed-loop system that originates from the fictitious control-affine system

&= Y urge(z) (4.13)

LeN

under the control law
/ 1 = i -
up = ﬂzm)(t) hi(y) + ﬂgm) (t) ha(y) = (2jwe)? sin(jwet +y) (4.14)

with y = ¢ (), where we have used the trigonometric identity [(1.49)|in the last equality.
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4 Extremum seeking control for a class of nonholonomic systems

As indicated in the preceding paragraph, a suitable choice of vector fields f(g’l,) and highly

oscillatory signals Q{M ensures that the trajectories of [(4.12)| approximate the trajectories
of if the parameter j is sufficiently large. Note that system |(4.12)| has the beneficial
feature that its right-hand side does not depend on Lie derivatives of ¢ but only on the
current value of ¢, which is a first step toward an output-feedback law for However,
the vector fields ininvolve the elements gy from the Lie algebra generated by the control
vector fields f;, which are not necessarily in the linear span of the f;. To circumvent this
problem, we can use again highly oscillatory signals to approximate the vector fields gy.
Based on the approximation algorithm in [68], we will construct a time-varying output-
feedback control law u; = uf (t;y) for such that the trajectories of the closed-loop
system

b= Y ul(ty) fix) (4.15)
i=1

approximate the trajectories of [(4.12)|if the parameter j is sufficiently large. In summary,
our approach to extremum seeking control involves the following two approzimation prop-
erties for sufficiently large values of the parameter j:

AP1. system |(4.15)| approximates the behavior of system |[(4.12)] and
AP2. system |(4.12)| approximates the behavior of system |(4.7)]

At this point we merely note that the parameter j will be defined in such a way that it au-
tomatically increases with increasing j. This is made precise later in A consequence
of and is that approximates the behavior of system for sufficiently
large j. Thus, if a point z* € M is asymptotically stable for we can expect that x*
is at least practically asymptotically stable for |(4.15), where the word practically indicate
the dependence on the parameter j.

The above approximation properties and require oscillating signals with suf-
ficiently large amplitudes and frequencies. However, an approximation of the vector fields
in also requires that the output value varies sufficiently slow compared to oscillations
that lead to Otherwise, the approach would lead to an approximation of vector fields
which involve undesired Lie derivatives of ¢». On the other hand, an approximation of the
Lie brackets in requires that the output value varies sufficiently fast compared to the
oscillations that lead to To avoid undesired resonances, the control law in
is designed in such a way that it induces a certain separation of time scales. With increasing
parameter j, the amplitudes and frequencies that lead to grow faster than the ampli-
tudes and frequencies that lead to For this reason, the signals associated with
will be called “fast oscillations” and the signals associated with [AP2] will be called “slow
oscillations”. It is clear that this is a slightly misleading terminology because the ampli-
tudes and frequencies of both types of signals grow with increasing parameter j. In order
to “slow down” the variations of the output value sufficiently, we introduce a first-order
hold of the output signal with a suitable sampling rate. With increasing parameter j, the
sampling rate becomes slow compared to the fast oscillations and fast compared to the slow
oscillations. The precise definitions are given in the next section.

4.4 Control law

Let m be the number of input channels in [(4.5)| and let 7 be the maximum degree of Lie
brackets of the control vector fields in |(4.5) that shall be approximated. As explained in
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4.4 Control law

the approximation approach involves slow and fast oscillations as well as a
first-order hold of the output signal.

4.4.1 Definition of the slow oscillations and the first-order hold

As in[Section 4.2] let X = {Xj,..., X,,} be a finite set of m indeterminates, and let (B, <)
be a P. Hall set of M(X). For every positive integer n, let B,, denote the elements of B of
degree n. Divide each B,, into equivalence classes by declaring two of its members B1, By
equivalent if, for every i € {1,...,m}, we have 0;(B1) = 6;(B2). Let &, be the set of
all equivalence classes of B,. For every E € &, and every i € {1,...,m}, we can define
I(E), 0;(E) to be 6(B), 6;(B) for an arbitrary representative B of E. Note that £ consists
precisely of the singletons {X;} with i € {1,...,m}. Because of the set & consists
precisely of the singletons {(Xj,, X;,)} with i1,i2 € {1,...,m} and i; < 3. The set

N = {{=(E,p) |Ec&U---UE, pe{l,....|E]}}

will play the role of the indexing set for the vector fields gy in the averaged system |(4.7)]
where the gy are specified later in
The time scale of the fast oscillations will be defined by a parameter 7 > 0, and

j= g (4.16)
will define the time scale of the slow oscillations. Choose a positive real constant A. Let )
denote the set of all functions on half-open intervals of the form [0,7"), where T is either a
positive real number and otherwise +00. For every such function y: [0,7) — R and every
j > 0, we define a function 97: [0,T) — R, called the first-order hold of y with sampling
time A/j2, by

J
t—Tj ;

P) = y(r_)+ ﬁ(?/(ﬁg) —y(ri_1)) (4.17)
/J
for every integer k > 0 and every t € [Tg, Tngrl) with ¢ < T, where 7‘{1 :=0 and
. Y
™ = kA/jc
This means that 3/ is just a linear interpolation of the values of y at Tg , 7'{ ,.... For large j,

we have the separation of time scales 1 < j < j2/A < j"! = j of the control-vector fields,
the slow oscillations, the first-order hold, and the fast oscillationsﬁ

Choose pairwise distinct positive real frequency coefficients w, with £ € A'. For every
t=(E,p) € N,every k € {1,...,6(E)}, every j > 0, and every y € ), define a function
Ciﬂ,p’k(gy) on the domain of y by

G pultiy) = 27908 (279 sin (21T ngg DT )
Using standard trigonometric idemtitiesﬂ7 one easily obtains that
5(E)
Gtsy) = T Chpnty) = @0 (0) (i (1) + @y (8) Pa(F (1)), (4.19)
k=1

4In the “trivial” case r = 1, we do not need fast oscillations to generate the vector fields g¢, and therefore
we only have the three time scales 1 < j < j2/A.

To be more precise, we use the trigonometric identities |(1.49)| and sin(a) = 2" ' []y_, sin (
with n =§(F) and a = jawet + 7 (¢).

a+(k71)7r)
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4 Extremum seeking control for a class of nonholonomic systems

Where hl, ho are defined by ((4.9)| and the a{e 1),ﬂ{e 5y are defined by (4.11), The sinusoids

Z 1)U Z ) Serve as the slow oscillations to induce the approximation property [AP2|in [Sec-
The first-order hold %’ in has the purpose to “slow down” the variations of
the output signal sufficiently. It is left to specify the fast oscillations to induce the approx-
imation property For this purpose, we use the approximation algorithm from [68],
which is summarized in the following subsection.

4.4.2 Definition of the fast oscillations

The cardinality of a finite set F' is denoted by |F|. Let F' be a finite subset of R \ {0}.
The set F' is said to be canceling if the sum of all the members of F' is equal to 0. The
set F' is said to be properly noncanceling (PNC) if every proper nonempty subset of F' is
not canceling. The set F' is said to be minimally canceling (MC) if, for all integers a,, with
Y wer law] < |F|, the following equivalence holds: »° . a,w = 0 if and only if the a,, are
all equal (in which case, of course, they all have to be equal to 0, 1, or —1). It is clear that
MC implies PNC. Finally, F is said to be symmetrically minimally canceling (SMC) if it is
symmetric, i.e. F'= —F, and if it contains an MC subset of cardinality |F'|/2.

For every i € {1,...,m} and every w € R\ {0}, define gx,(w) := 1. For a formal bracket
B € B of degree > 2, we define gp inductively as follows. Since (B, <) is a P. Hall set,
there exists a unique positive integer x and unique By, By € B such that B = ad’p, (B2),
where B; < By and either §(Bg) = 1 or the left factor By € B of By satisfies Bs =< By
(here ad, denotes the x-fold application of the map adp,: M(X) — M(X) defined by
adp,(Z) = (B,Z))ﬂ Then, for all pairwise distinct wi,...,wsp) € R\ {0} that form a
PNC set, the assignment

R . 9B, (W(g=1)6(B1)+1> - - - »Wgs(By))
g, Ws(8) = 9B (WnaBry 1 Wa(B) o H Wg—1)6(B1)+1 + * F Wes(By)
gives a well-defined real number. For every B € B, we also define a map ggp as fol-
lows. Let Yp denote the list of §(B) indeterminates that originates from B by deleting
all round brackets. For each ¢ € {1,...,m}, let 6p; be the (possibly empty) set of those
ke {1,...,0(B)} for which the indeterminate X; is at the kth position of ¥ 5. For each i €
{1,...,m}, let I ; denote the (possibly empty) set of integers from 6;(B)+---+d;—1(B)+1
to 81(B)+---+9;(B). Let Pp be the set of all permutations of {1,...,(B)} that map 0p;
to Ip,; for every i € {1,...,m}. Let S1,..., Sy be (possibly empty) pairwise disjoint sub-
sets of R\ {0} such that |S;| = 6;(B) for every i € {1,...,m} and such that S; U---U Sy,
is PNC. Then, the assignment

98(St, ., Sm) == Y 3B(We(1)s - - W(s(B) (4.20)

WEPB

gives a well-defined real number, where wi,...,wsp) is any listing of the elements of S; U
-+ U Sy, such that S; = {wy, k € Ip,;} for every i € {1,...,m}.

5To obtain the unique decomposition B = adf, (B2), one can use the following procedure from [104]. Let
L; and R; denote the left and the right factor of B, respectively. If §(R1) = 1, then the procedure stops
with k := 1, By := L1, and Bz := R;. Otherwise, i.e. if §(R1) > 1, then we may define L;y1 and R;11
inductively to be the left and the right factor of R;, respectively, for i = 1,2, ... as long as the conditions
0(R;) > 1 and L; = L4 are satisfied. The number & is the smallest positive integer for which §(R.) =1
or L, # Li+1. Then, we define By := L1 =--- = L, and Bz := R,.
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4.4 Control law

Let A, denote the set of (E,p) € A" with 6(F) > 2. For every (F,p) € A, and every
ie{l,...,m}, let Qg ,; be a symmetric subset of R\ {0} of cardinality 2J;(F) such that
FCL1. for each fixed (E, p) € A, the following holds:

(a) if 6(E) = 2; ie., B = {(X;,,X;,)} for some iy,i2 € {1,...,m} with iy < i, then
QEpi; = QE piss

(b) if 6(F) > 2, then the sets Qg ,1,...,QE m are pairwise disjoint.

For every (n,i) € {2,...,7} x {1,...,m}, define Q(n,i) := Upee, ULE:|1 Qg i, which is a
finite symmetric subset of R\ {0}. We require that

FC2. the sets Q(n,i) with (n,i) € {3,...,r} x {1,...,m} are pairwise disjoint.

For every (E,p) € A, define Qp, = ", Qg,:, which is a finite symmetric subset
of R\ {0}. Note that |Q2g ,| = 2 for 6(F) = 2 and that |Qg ,| = 26(F) for 6(E) > 2. We
require that

FC3. for every (E,p) € A, with §(E) > 2, the set Qp , is SMC.

It is also required that the sets Qp , with (E, p) € A, are independent with respect to r in
the following sense.

FC4. The sets Qg , with (E, p) € A'| are pairwise disjoint and the following implication
holds: if Z(E,p)ef\ﬁ ZweQE,p lay| < 7 and Z(E7p)eA7‘+ ZweQE,p ayw = 0 for any integers ay,,
then ZwGQE,p a,w = 0 for every (E,p) € A,

For every E € |J,_, &y, every B € E, and every p € {1,...,|E|}, we define real con-
stants éB,p as follows. If §(F) = 1;i.e., E = {B} and B = X; for some ¢ € {1,...,m}, then
we let £p, = 1. If §(E) = 2; i.e., E = {B} and B = (X;,, X;,) for some 41,15 € {1,...,m}
with 4; < ig, then there exists wg > 0 such that Qg , = {*wg}, and we let éBW = é Fi-
nally suppose that 6(E) > 2. Because of there exists an MC subset Fg , of Qf , of car-
dinality |Qg ,|/2 = §(E). Because of the intersections Fr ,NQE p1,.-.. FE,NQE pm
are pairwise disjoint subsets of R\ {0} with |Fg ,NQEg | = 6;(F) for every i € {1,...,m}
and their union coincides with F ,. Thus, for every B € E, we can define

€y = 9B(FE,NQEp1, - FEp N QE pm),

where the right-hand side is given by |(4.20), We require that
FC5. for every E € | _5 &y, the square matrix (§B,p)BeB,1<p<|B| 18 invertibl

Theorem 4.3 ([68]). It is always possible to satisfy FC|.

Let i = v/—1 denote the imaginary unit. For every E € |J _; &,, every j > 0, and every
y € Y, we use the real-valued functions (7, ,x(5y) from |(4.18)] to define complex-valued
functions on the domain of y according to the subsequent choices
CHI. If 6(F) = 1; ie., E = {X;} for some i € {1,...,m}, then we define
mo(ty) == Chaalty).
CH2. If 6(F) = 2; i.e., E = {(X;,,X,,)} for some i1,i2 € {1,...,m} with i; < ia, then

we define

j §(E)-1,j S(E)—1 =575y ~J
My (ty) = (1IN o (ty) = 0T 27E ¢ (),

“A natural order of the rows of the matrix (éB,p)BeEJSpSm is given by the total order < on B.
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4 Extremum seeking control for a class of nonholonomic systems

Mopin B Y) = 00 (GY) = 2750 (g 5 (ty).

CH3. If (FE) > 2, then, for every p € {1,...,[El}, we let wg p1,...,wWE ,5(E) denote the
d(E) elements of Fg , (in an arbitrary order), and define

j j N
Mo, (Gy) = (=D°E gl (y) = PET2TTE ¢ (4y),
j ; i
ngJE’p’k (t7y) = n‘in,p,k (t,y) = 2 B CjE',p,k(t; y)
for every k € {2,...,0(E)}.

4.4.3 Control law and closed-loop system

For the moment, fix arbitrary ¢ € {1,...,m} and j > 0. Note that by |[CH2, for every
w € Q(2,1), the complex conjugate of nfu- is given by nj_w. Moreover, by CH3L for every

n e {3,...,r} and every w € Q(n,i), the complex conjugate of 77, is given by . Thus,

for every y € Y, a purely real-valued function u!(-;y) on the domain of y is given by
T
. . -l . .. .D . ..
ul(ty) = nloty)+i2 > 0By e 4D 5N T plty) e (4.21)
weN(2,3) n=3 w€eN(n,i)
where e denotes Euler’s number. For the ith input channel u; of |(4.5)] we propose the j-

dependent time-varying output-feedback control law
w = ul(ty) with  y = (@), (4.22)

where y € Y is the measured output signal

It follows from standard existence and uniqueness theorems for ordinary differential equa-
tions that, for every frequency parameter j > 0 and every initial state xg € M, there exists
a unique mazimal solution of the initial value problem

&= > ul(ty) fi(x),  x(0) = xg (4.23)
=1

with y = ¥ (x). We denote this maximal solution by
7:‘{‘0 : [0’ ngo) — M’ L= 7%0 (t)v (424)

where the maximum time of existence ngo is either a positive real number and otherwise +oco.
The output signal associated with |(4.24)|is denoted by

Vot [0.TE) = R, te w(vd, (1)), (4.25)

which is an element of V.

4.5 Main results

For the rest of the chapter, we fix constants and functions as described in The
only control parameter that remains variable is the frequency parameter j. For every formal
bracket B € M(X), let [fp] denote the smooth vector field on M that originates from B by
replacing the round brackets “(”, ¢)” by square brackets “[”, “|” and by “plugging in” the f;
for the X;. For instance, if B = (X1, (X1, X2)), then [fg] = [f1,[f1, f2]]. An immediate

consequence of is the following statement.
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4.5 Main results

Corollary 4.4. The vector fields [fg] with B € |J;,_; By, span L'(f).

In the notation of for every £ = (E, p) € N, define g, € X(M) by

ge(x) = Y Ep,lfal@). (4.26)

BeE

Since, for each E € |J;,_; &, the matrix (éB,p)BeE,lgpglEl is assumed to be invertible, we

can also state as follows.
Corollary 4.5. The vector fields gy with ¢ € A span I'(f).

Our first main result states that the trajectories of [(4.5) under control law [(4.22)] ap-
proximate the trajectories of [(4.7)[ with the gy given by [(4.26)} As an abbreviation, let f>°
denote the vector field on the right-hand side of [(4.7); i.e.,

fo) = = (9e) () ge(w) (4.27)

LeN

for every x € M. Using the notation |(4.24)|for the maximal solutions of|(4.23) the following
holds.

Theorem 4.6. Let ¢ € C®°(M) and 1,62 > 0. Suppose that fi,..., fm are compactly
supportedﬂ Then, there exists jo > 0 such that, for every j > jo, every xg € M, and all
to > t1 > 0, we have

o)) = o (0)) = [0 < 1t alta—to),

[2)
1

The proof of is given in and [4.7] A consequence of
is the subsequent that addresses stability properties of the closed-loop system.
Since we are interested in minimizing the output value, we do not state the result in terms
of a distance function on the state manifold but in terms of the sublevel sets of the output

function (using the notation of [Sections 1.5(and .

Theorem 4.7. Suppose that i attains a local minimum value y* € R at some point *€ M.
Assume that there exists y+ with y* < y* < +oo such that, for every x € v~ yt, %)
with x # z*, we have (g)(z) # 0 for some g € I (f). Moreover, assume that ¢~ (< 7, z*)
is compact for every § < y*. Then, the point x* is practically asymptotically stable for
under meaning that, for all €,6 > 0 and every § € (y*,y™), there exist jo,0 > 0
such that, for every j > jo and every xo € v~ 1< §,2*%), we have

o Vo (t) € WY (< (xo) + £, 2*) for every t > 0 (stability and boundedness),

e i, (t) € v H< y* +6,2%) for every t > o (attraction).

The proof is given in [Subsection 4.7.4}

Remark 4.8. Suppose that 9 attains a local minimum value at z*€ M. From
we can conclude that x* is (locally) practically asymptotically stable for|(4.5) under
if the following condition is satisfied: for each x # z* in a neighborhood of x*, we have

8 A vector field on M is said to be compactly supported if it vanishes outside a compact subset of M.
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4 Extremum seeking control for a class of nonholonomic systems

(9¢)(x) # 0 for some g € L'(f). A similar statement can be found in [95] for a closely
related control law under the above condition for » = 1. In general, however, the above
condition is not satisfied for » = 1 if |(4.5)|is nonholonomic; for instance, in the situation

of [Example 4.10, In this case, Lie brackets of higher order (i.e. r > 1) are needed to get
access to descent directions of . O

A local Versionﬂ of [Theorem 4.7 can be given as follows.

Corollary 4.9. Assume that
1. the function v attains a local minimum value y* at some point z* of M,
2. the second derivative of 1 at x* is positive definite,

3. the vectors g(z*) with g € I'(f) span the tangent space to M at x*.
Then, there exists y© > y* such that the conclusions of hold.

Example 4.10. As a toy example, we consider Brockett’s integrator from [I5]; i.e.,
.fl = ui, 1"2 = U2, x'g = U1 T2 — U X1 (4.28)

on M := R3. Note that is of the form if we define m := 2 control vector
fields fi and f by fi(z) := (1,0,22)" and fa(x) := (0,1, —z1) ", respectively. Since we
have [f1, fo](z) = (0,0,—2)T for every = € R3, the Lie brackets of degree < r := 2 span R3.
Let z* € R3 and y* € R. Suppose that the output function 1 is given by

v(x) = y*+ %Hx —z*||?, (4.29)

where ||-|| denotes the Euclidean norm. Clearly, 1 has no other critical point than z* and all
sublevel sets of ¢ are connected and compact. Therefore, the assumptions of
are satisfied with y* := +o0o. In the terminology of we conclude that the
optimal point z* is practically asymptotically stable for |(4.28)[ under |(4.22)}

To generate numerical data, we choose the following control parameters. For the slow os-
cillations we choose the frequency coeflicients wx,} 1) == 1, O(x,}1,1) = 2, O({(X1,X2)},1) i=
3. The only frequency coefficient for the fast oscillations is chosen as wy(x, x,); := 1. For
the simulation, we choose the optimal value y* := 0, the optimal point z* := (1,1,1), the

*

frequency parameter j := 103, the sampling time 27/j, and the initial state zg := —z*.
The result is shown in [Figure 4.1 O

4.6 Averaging of the fast oscillations

4.6.1 lterated Lie derivatives and Lie brackets

Recall from that M(X) denotes the free magma generated by the set of inde-

terminates X = {X1,..., X,,} over R. As in [Theorem 4.2 we denote by u the canonical
map from M(X) into free Lie algebra L(X) generated by X over R. The surrounding free

non-unital associative algebra generated by X is denoted by Ag(X). On the other hand,

9By local version, we mean sufficient conditions to ensure the existence of some (possibly small) sublevel

y* >y as in[Theorem 47
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/

+14

X1
.

-1 0 +1

Figure 4.1: Numerical simulations for the particular situation in |Ezample 4.10. Left:
decay of the output y(t) = ¥ (x(t)) as a function of the time parameter t. Right: image of

the trajectory t — x(t) on the time interval [0,1].

also the set X(M) of smooth vector fields on M is a non-unital associative algebra if we
consider each f € X(M) as the differential operator on the algebra C°°(M) of smooth
functions on M that assigns to each ¢ € C*°(M) to the Lie derivative fo € C*°(M) of ¢
along f. For every ¢ € C*°(M) and every multi-index I = (i1,...,1i) of length |I| := k > 0
with i1,...,4, € {1,...,m}, we use the notation

fIQO = fnflk()o = fh((flk(p)) (4'30)

for the iterated Lie derivative of ¢ along the control vector fields f;,, ..., fi,. Since Ag(X)
has the universal property, there exists a unique algebra homomorphism Ev: Ag(X) —
X(M), called evaluation map, such that Ev(X;) = f; for every ¢« € {1,...,m}. In other
words, for every v € Ay(X), the differential operator Ev(v) is obtained from v by “plugging
in the f; for the X;”. For example, if ¢ € C°°(M) and if v; € R for every multi-index
I=(i1,... i) of length |I| =k € {1,...,r} with iy,...,ix € {1,...,m}, then we have

(EV( Z UIX]))go = Z vr (fre). (4.31)

o<|II<r o<|II<r

Recall from that, for every formal bracket B € M(X), we denote by [fg] the
(iterated) Lie bracket that originates from B by replacing the round brackets “(”, “)” by
square brackets “[”, “]” and by “plugging in” the f; for the X;. By composing the canonical
map p: M(X) = L(X) € Ag(X) and the evaluation map Ev: Ay(X) — X(M), we can write

(/8] = (Evou)(B) (4.32)

for every B € M(X).
Since the control vector fields fi, ..., fi, are assumed to be smooth, we can give estimates
for iterated Lie derivatives as follows.
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4 Extremum seeking control for a class of nonholonomic systems

Lemma 4.11. Suppose that f1,..., fm are compactly supported. Then, for every ¢ €
C>®(M) and every multi-index I = (i1,...,1) of length k > 0 with i1,... i, € {1,...,m},
there exists ¢ > 0 such that

[(fro)(@)] < ¢
for every x € M.

Since the vector fields gy, £ € A", in |(4.26)| are R-linear combinations of Lie brackets of
the vector fields fi, ..., fin, we immediately conclude the following estimates.

Lemma 4.12. Suppose that f1,..., fm are compactly supported. Then, for every ¢ €
C>®(M), there exists ¢ > 0 such that

[(gep)(@)] < ¢

for every £ € A" and every x € M.

4.6.2 Averaging of the sinusoids

Let y: [0,7) — R be an element of Y. For every j > 0, the first-order hold ¢’ of y
is piecewise continuously differentiable. It is clear that we can extend its derivative to
a function on [0,T") by taking the right-handed limit of the difference quotient at every
le € [0,7) with k € {0,1,...}. The resultant piecewise constant derivative of 3’ on [0,T)
is denoted by ¢/. We also use the notation dom(y) for the domain [0, T) of .

In this subsection, let j > 0 and y € ). For every multi-index I = (i1, ...,i) of length
ke {l,...,r} with i,...,9 € {1,...,m}, we define certain functions v}(-;y), ﬁ/]](,y),
r?(-; y) on dom(y) that will appear again in |Subsection 4.6.3| in the integral expansion for
the solutions of under As in [68], the functions will be chosen in such a way
that they satisfy

— t=t2 2 j j
[UVZ-1 (t; y)} = / (Uil (ty)dt +rf (ty) dt — uy (¢ y))dt,

t=t1 t1

P t=to t2 ) . ) .
[Uvil,...,ik(t;y)}t:tl =/t (Vi) 70, () =l (B9) UV, () )t
1

for all #1,t2 € dom(y). The definitions coincide in large parts with the ones in [68] up to

some slight modifications of the uv JI(, y) and r7(-;y) in order to derive suitable estimates
at the end in We begin with the definitions for indices I of length k = 1.

Let i € {1,...,m}. We write|(4.21)| as

ul(tiy) = vl(ty) — Uvl(ty),

where
vi(ty) = nly(ty), (4.33)
T
—_~ . 'l . .. -E o ..
Uvl(tiy) == —j2 > nlty)e™ => "% Y nl(ty) e’ (4.34)
weN(2,7) n=3 weN(n,i)

Since w # 0 for all of the terms in|(4.34), integration by parts leads to

to . . t=to t2 __ .
/ Uity at = [UVity)| - / aVi (8 y) dt,
t1 t1

t=t1
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4.6 Averaging of the fast oscillations

where
UVity) = =72 Y Toi38) gyor _ Z]’ﬁ > m’ty e (4.35)
we(2,i) weQ(n,i)
2J (4. r .j
T (4 — —1 nw,i(t’y) ijuwt - MG Y) gt
uVi(tiy) == —j=2 Z Teuw —Z] g Z Telw. (4.36)
weQ(2,1) n=3 weQ(n,i)

In((4.36)| the symbols r']ii(t; y) and 77, (t; ) denote the derivatives of the functions nim(, Y)
and ni(g y) at t, respectively. Finally, we let

rl(ty) = uVity), (4.37)
Wl (ty) = uVi(ty) + Uvl(ty). (4.38)
Then we have
wl(ty) = vl(ty) +rl(ty) — avl(ty), (4.39)
/ " ) dt = Vi y)}t_f (4.40)

This completes the definitions for a single index i. -
Now in order to show the idea how the general v}, 77, and UV are defined, let us proceed

one more step and construct vf iz and U Vfl i, explicitly for two indices 4,42 € {1,...,m}.

When we multiply v/ (ty) by UV ,(t;y), we get

ul (by) UV (ty) = ul o(ty) UV (ty) +b] .+ s
where
: (1, i) E59)
"Zl,ig — Z w1,11 Twa,ig e](wl-l—wg)t’

. . )
(w1,w2)€Q(2,i1) x2(2,i2)

r ( J J .
' S Mo iy Tw2) (BY) 1
cz? L= = ]l_é_i E Wl—elj(w1+w2)t
1,22 -
n=3

. . 1w2
(w1,w2)EN(2,i1)XQ(n,i2)

r J o .
11 Ty i) G Y) i1 taom)
=) T > N T
n=3

. . w2
(w1,w2)EQ(N,i1)x0Q(2,i2)

, o
Z jl—nil—% Z (77&177'&2)@39) oli(witwa)t

; . w2
ni,n2=3 (w1,w2)€Q(n1,i1)xQ(n2,i2)

The terms in bg in that correspond to wi + wg = 0 are denoted by

J J
. . A .
gl’iQ( ;y) N Z (nwhzlnia:j,zz)( y) elj(w1+w2)t' (441)
(w1 ,w2) EQ(2,i1) X Q(2,i2) 2
w1+w2=0
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4 Extremum seeking control for a class of nonholonomic systems

Note that, for the first two summations in the right-hand side of czl iy WE always have

w1 + wo # 0. The third summation in the right-hand side of cfl’m can contain terms with
w1 + w2 = 0. However, we will show that they add up to 0, that is

5 v
Z o 5 (01 Mion ) (B3 Y) bt _ )

, . wo
ni,n2=3 (wl,wz)GQ(nl,zl)XQ(TLQ,%Q)
w1+two2=0
. . My’ nd. 12 . .
To see this, we use the following symmetry argument: If ——— = =1 is in the summa-
‘ iwn iwq
Ty o sy 12
. . LMy N .
tion, then, by the symmetry of the sets 2(n, ), also “ = — i is in the summation.

So they add up to 0. Thus, we have

b iy T Clay = Ui, (ty) = U (By),

where

J J .
[/]\—’(/)j . (t y) = E ]1_%_% Z (nwlvilnw2)<t’ y) eij(wl—‘,—wg)t
21,22\ :

i(,UQ
n=3 (wl,UJQ)EQ(Q,il)XQ(n,iQ)

J .
+ 2]1_%_% Z (77w1 nwg,iQ)(ta y) eij(wl-‘er)t

’ . )
n=3 (w1,w2)€Q(n,i1)xQ(2,i2)
, .
-1_%_% (ng-)lng-)Q)(t?y) ij(LU1+OJ2)t
* Z o Z . lwg ¢
ni,n2=3 (w1,w2)EQ(n1,i1)xQ(n2,i2)
w1+w2750
+Uwy 4, (ty) (442)
with the additional contribution
. (1, i) (59
U, (ty) = 3 s Tns G0 st (4.43)
(w1,w2)€Q(2,i1) xQ(2,i2)
w1+w27#0

compared to [68]. Since w; + wg # 0 for all of the terms in |(4.42)| and |(4.43)| integration
by parts leads to

ta __ t=ty la __ .
/t Uv] 4, (ty)dt = [UVfl,m( ;y)} _/t uVi, i, (ty) dt,

1 t=t1 1

where

J J
UV o (ty) =Y j 3w > iy iy Me2) (B Y). 00,y

11,12 32
14(Ww1 + wa)w
n—3 (w1,w02)EQ(2,i1) X Unsiz) (w1 + wa)ws

r J .
n Z]_%_% Z (77W177w2,i2)(t7y) (w1 tw)t

2
(w1,w2)EQ(mi) XQU(2sia) (w1 + wa)w

i g
N Z o T (1) (6Y) o+t

12
1“(w1 + wa))w
ni,na=3 (w1,w2)EQ(n1i1) X Qna,iz) (w1 + wa)uwn
w1 +w2#0
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e
uvilﬂé

(t;y)

+UWY, (), (4.44)

J J V(4
= Z]_%_% Z 4(77w1,i177w2)(t; y) el (witwa)t

i2 (w1 + w2>uJ2

with the additional contributions

UW?

11,82

uW?

11,82

n=3 (wl,wg)EQ(Z,il)Xﬂ(n,ig)
Jo.J (4.
n i]_%_% Z (77“,1770)2’1-2)(75, Y) (w1 tw2)t
12
n=3 orn) i x @iz | 1T @)W
+ ZT: j—ﬁ—% Z (772)177512).(15; y) eij(w1+w2)t
12
ni,n2=3 (w1,w2)EN(N1,i1)xQ(n2,i2) ! (W1 + WQ)WZ
w1 Fw2#£0
+uW ., (ty) (4.45)
J J .
(t y) o j*l Z (nwlailnw2ai2)(t’y) eij(W1+UJ2)t (4 46)
e i2(wy + wo)ws ’ ’
(w1,w2) E(2,i1) X 2(2,i2)
w1 +w2#0
J J (4.
(t, y) = j_l Z (nwl,ilnwg,ig)(tyy) eij(wl+w2)t (447)

12
(w1.w2)ED21) XU 2s0a) (Wi +w2)ws

w1+w27é0

compared to [68]. In the above definitions, the expression (77511 ilngjz,)'(t; y) denotes the

derivative of the product of ngzl,il('; y) and 10, (-;y) at t. The expressions (772}1773;2,1-2)'(15; Y)

and (77&1 m, )(t;y) are defined correspondingly. Finally, we let

Then, we have

2 ) .
/t1 @, () dt = [0V, ()]

rflh(t; y) = ’7@]'1,0@?3/) uvi (ty) —i—uV‘Zhh(t;y), (4.48)
wy g, (Gy) = uVi L (Gy) +Uv] (G y). (4.49)
ul, (by) UV, () = ol (y) +1) 4 (6y) — v, (6y), (4.50)

=" 4,51
— (4.51)

This completes the definitions for two indices i1, io.
To the state the definitions for multi-indices of length > 2, we introduce the following
notation from [68] for each k € {2,...,r}.

(1) For every n = (nq, ...

;i) € {2,...,7}* and every @ = (w1, ...,w;) € R¥ we write

H((i)) = (w1 + -+ wk) oo (wk,1 + wk) Wi

(2) We define the sets

Q1(k) -

Qa(k)

{nef2...

{nes

7} | oy, < 1 and precisely one entry of 7 is equal to 2},

conrt L an < 1)
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4 Extremum seeking control for a class of nonholonomic systems

(3) For every i = (n1,...,nx) € {2,...,7}, every I = (i,...,i) € {1,...,m}*, let

Q(ﬁ,[) = {(wl,...,wk) S Q(nl,il) X - X Q(nk,zk) ‘ H((I)) 75 0}

(4) For every 7 = (ny,...,nx) € Q(k), every I = (i1,...,i) € {1,...,m}* and every
W= (wi,...,wg) € Qn,I), we write

L ty) = nl ()l Gyl Gyl EGy) -, (G ),

where 7 is the unique element of {1,...,k} for which n, = 2. For every n € Qa(k), every
Ie{l,...,m}*, and every & = (wy,...,wy) € Qn,I), we write

m(ty) = 0l (ty) -0l (Gy).

(5) If k£ > 2, then, for every multi-index I = (i1,...,4) with i1, ...,ix € {1,...,m}, define

j
. T (¢: e
UVi(tiy) == (D)% Y 57 > Memz(“)t (4.52a)
AE (k) LeQ(m, 1) (@)
K TGY) sis@r | o
+(=DF Y e o 228 R L Wt y) (4.52D)
A€ (k) o) | (@)

with an additional contribution UW ]I'(t; y) (compared to [68]) that will be specified later
in [(4.60)

Note that ﬁ\‘//]}(t; y) in|(4.52)|is well-defined since the denominators IT(w) are nonzero by
definition of the sets (7, I). Moreover, for k = 2, we have already defined UVY ; (t;y) of

(2

the form |(4.52)| in |(4.44)| with the additional contribution ﬁ/‘glﬂé (t;y) given by [(4.46)

We proceed with the definitions by induction on the length k& of multi-indices. The
base case k = 2 was already carried out. For the induction step, let k € {3,...,r} and
I = (i1,...,i) with iy,...,3, € {1,...,m}. Define the multi-index I := (ia,...,i}) of

length k — 1. When we multiply u] (t;y) by ﬁ/jj(t; y) we get

ul, () UV Y) = 0l o(6y) UVy) +af +b] + ) + ]
+ (uf, (ty) —nf, o(ty)) UWHE ),

where
J J
; _ A—1_q (nw K nof)) t’ y) ij(w w
ap = (D YT g > gy o 48y
e (k—1) (w1,0)€Q(2,i1) xQn,T)
J J
_ Al (M i 1) B Y) o me
bj[ = (_1>k ! Z ]1 2 Z illc—lln(d)) e]( 1+ ))t’
nEQa(k—1) (w1,@)E€Q(2,i1) xQ(7, 1)
. k-1 . 1--L—a; (% Wi)(t;y) i (w1 +S(@))t
c; = (1) Z Z jom Z ikl_lﬂ(dj) el (w143 ))’
n1=3 A€ (k—1) (w1,@)EQ(n1,i1) x Q7 T)
: R 1oy (A (B ) sz
dp= (=Dt > g > me“ 1+E(@))t,
n1=3 €N (k—1) (w1,0)EQ(Nn1,i1) x Q7 T)
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4.6 Averaging of the fast oscillations

The definition of the set 1 (k — 1) implies that

1 1
1—=—ap < —= 4.54
9 Op > ” ( )
for every n € Q1(k — 1). In particular, all j-powers in aJ} are negative. Because of the
independence of the sets Qf , in for all the terms in b} and ¢}, we know that wy +
(@) # 0. The terms in d} that correspond to wi+X(w) = 0 can be written as the sum of the
following three contributions. The first contribution originates from terms with j-powers

1-— n% — aip = 0, which is denoted by

| " I
vilty) = (DM YD Y >, (?:1?“;1&)1/). (4.55)

n;=3 ﬁGQQ(k—l) (wh )EQ(TLl,’Ll)XQ(TL I)
w1+X(w)=0

1 —
17H7aﬁ—0

The remaining two contributions

Zj i1 1- 1 ap () (5 )
d‘} = Z Z J " Z ik’flwn(d)) )
n1=3 A€y (k—1) (w1,0)€Q(n1,i1) X Q(7,])
w1 +3(@)=0
1f%faﬁ>0

r J o
T 1)kl 1-L oy (i 15,) (5 )
o= (DY, D D 116 (4.56)
n1=3 TLGQ2(I€—1) (w1,)EQ(N1,i1) X QR T)
w1 +2(@)=0
I,L,aﬁ<0
n
contain the positive and the negative j- powers, respectively.

In order to take care of the terms d] and dJI, we notice the following fact. Let (w,...,wy)
be a k-tuple of real numbers such that {w1,...,wi} is a subset of U™, Ul _,Q(n,i). Because
of the minimal cancellation requirement in of each F' € Qg := {£FE,} and the linear
independence of the sets Qg , in [FC4} a cancellation wy + - -+ 4 wg = 0 is possible only in
the following three cases (cf. [68]):

(a) k is even and each w; is canceled out by its negative —w;. This case will be referred
to as pure cancellation by pairs;

(b) there exist £ € Uy, _3&,, p € {1,...,|E|}, and F € Qg,, such that F = {w,...,wr};
this case will be referred to as pure cancellation by F;

(¢) mized cancellation; i.e., some of the w; are canceled out by —w;, and some others are
canceled out because the set of them is equal to some F' € Qg .
Suppose that ny € {3,...,r}, 1 € Qa(k — 1), w1 € Q(n1,i1), and & € Q(n, I) such that
w1+X(w) = 0. If we have pure cancellation by some F' € Qg ,, then this implies n%—i—aﬁ =

Thus, pure cancellation cannot happen in Jj or in jj Next, suppose that we have pure
cancellation by pairs. Then, in particular the length k of I has to be even. But now, by

the symmetry of the Q(n1,i1) and the Q(n, I'), we know that if kn“jll.?[]f ) is in dl, then since
Newi M- = Ny Mo and II(—w) = ~II(w), also
T T XA

I (—w)  RII(@)
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4 Extremum seeking control for a class of nonholonomic systems

is in JJI'. So they add up 0; i.e., the contribution of each term and that of its negative
cancel. The same argument also can be applied to EJI Thus, only mixed cancellation can
give a possibly non-vanishing contribution in CZJI‘ or in c/i\]l So finally, suppose that we have a
mixed cancellation. Then, there exists an w; that is canceled out by —w;, and there exists
a set of some others that is canceled by some F' € Qg ,. Thus, |F| < k — 2, which implies
that nil + ap > % + 1. Thus, mixed cancellation cannot occur in JJI', and therefore, we have

JJI' = 0. Moreover, we have
1
1_771_0% < -z (4.57)

Yy 3o

for the j-powers of the noncanceling contributions in d]I'.
In summary, we have

b+ +dp = Uv(tiy) +vi(tiy) + dy,

where
J J\(+.
Uvj(tiy) = (-1)F 3 jimaos weu(wﬁm))t
nEQ2(k—1) (w1,0)E€Q(2,i1)xQ(A,T) ! H(w)
17%70(71>0
ki 3 e 3 (7%?5;)(?@1) i (@1 (@))t
n1=3neQ;(k—1) (w1, )EQ(nl,zl)XQ(nI) ! H(W)
17—17aTL>0
r J 0d\(+.
YD A 3 (7?:1?@)@] Y) i +s@)e
n1=3 neQs(k—1) (w1,0)EQ(n1,i1)xQ(7,T) ! H(w)
w1+2(@)#0
l—i—aﬁ>0
ny
+ %Jl(t; Y) (4.58)
with the additional contribution
Fe— k P (77w1,zl77w)(7 v) ij(w1+E(@))t
le(t;y) = (_1) Z J 2 Z k- 11_[(@) e
nEQ2(k—1) (w1,@)€Q(2,i1) x (7, T)
1-1-0;<0
r J o
. 1-1a, (1 17,) (5 y) LR@)t
RPN > TR s
n1:3ﬁ€ﬂl(k—l) (wl, )EQ(n1,’L1)XQ(TL 1)
1—%—an<0
1-A—a () () 5 :
DYy A > o © T @)
n1=3 AeQy (k—1) (w1,@)€U(n1,i1) xQ(A,T)
w145(@)#0
1—%—%30

compared to [68]. Since w; + X (@) # 0 for all terms in |(4.59)] integration by parts leads to

to

) t=to t2 .
le1 o(Ly)dt = [UW{IJQ( ,y)} - —/ qul i (ty) dt,
t1 t=t1 t1
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4.6 Averaging of the fast oscillations

where

J VAYZS
TWA () = (—1)F —3—on oy )Y i +m@pe
Wity = G 2 R e D@ @

AEQa(k—1)  (w1,@)EQ(2,i1)x (7, T)

1-1-0;<0
k XT: Z j_%l_a" Z (nwlnw)( 73/) eij(wl—l-E(d)))t
Y(w)) (@
n1=3neQ;(k—1) (w1, )eﬂ(nl,u)XQ(nI) (W1+ (W)) (W)
1--L—0;<0
ni
k i Z jinilian Z (’r/wl’r/w)( ) el](wl-‘rz(@}))t
) i* (w1 + 2(w)) (@)
n1:3n692(k71) (wl, )EQ(nl,zl)XQ(n I)
w1+2(@)#0
1—%—%@
(4.60)
is the additional contribution to |(4.52)| compared to [68] and
J J (4
1 —ay (nw17i177®)(t7y) ij(wl«l»z(c:)))t
ulWi(t:y) NP 2 Fuiro)nE
n€Q2(k 1) (w1,0)EQ(2,i1) x QN 1)
1-1-0;<0
Z > e 5 _ (77w177§)§ 7yr>[ i+ S
ni= SnGQl k—1) (wl, )eﬂ(nl,zl)XQ( )1 (W1+ (W)) (W)
1—%—an<0
Z Z jfﬁfcm Z . (772-)1772%)?73/12[ _ eij(wﬁ-z( )
n1=3 neQy(k—1) (w1,cD)EQ(n1,i1)><Q(ﬁ,f)l (W1+ <w)) (w)
w1+2(tf))750
1—711—06;50
(4.61)

In the above definition, the expression (nf;w-lné)’(t; y) denotes the derivative of the product
of nzjl’il(';y) and né (-;y) at t. The expression (nﬂ;lné)'(t; y) is defined correspondingly. By
definition of the sets (k) and Qa(k), we can write |(4.52)| also as

. I I (¢ Y) . .
J (+- - (-1 k L1, (T,wlﬂlnw)( ’ ij(wi1+X(0))t
UVi(ty) (-1) A E J 2 A E : R (e + 2(0) TI(@) €
AEQ(k—1)  (w1,0)€Q(2,i1)xQ(A,T)
1-1—a;>0

1 (”70-)1 nw)( ) 1](w1+2(421))t

k; - .7E7an e
> 2 2 i (w1 + 2(@)) (@)

n1=3 neQ (k—1) (w1,0)EQ(n1,i1)xQ(7, I)
1--L—a;>0
ni
r —L N M )L Y ij(w w
DD DRV 2. (ofliz()é)) )( jerE
n1=3ney(k—1) (w1,0)EN(N1,i1) xR, I)
w1+3(w)#0
1—i—aﬁ>0
ny
+ UWS(t;y).
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4 Extremum seeking control for a class of nonholonomic systems

Thus, integration by parts leads to

2= ey =t [T
/t1 Uvil,ig(t;y) dt = [UVi17i2(t;y)} —/t1 uViM-Q(t;y) dt,

t=t1
where
Wity = (0 Y e Y T s (4.62a)
T\ y) - ) J L R II(@) )
neQ (k) weQ(n,I)
g (4.
s G Y) s | o
1)k an Jo\» J) (jE(@)t J (¢ 4.
neQa (k) weQ(n,I)

with the additional contribution uW J}(t; y) in [(4.61)| compared to [68]. Finally, we let

ri(ty) =l o(ty) UVt y) + af +uVi(ty) + d) + (ul, (ty) =l o(ty) UW(Ey),

(4.63)
avi(t:y) = uVi(t:y) + Uv(t:y). (4.64)
Then, we have
ul () UVity) = vi(ty) +r)(ty) — woi(ty), (4.65)
/ @ e = [TVEn] (4.66)
4 t=t
This completes the definitions for multi-indices of length 3,..., 7.

We will need the following estimates for the above functions in the next subsection.
Lemma 4.13. There exists ¢ > 0 such that

|uj ()|

UVI(ty)| < ejrjor,

A < e max G370}

IN
o

.
3

<
[~}
3

for everyi € {1,...,m}, k€ {1,...,r}, every I € {1,...,m}*, every j > 1, everyy € Y,
and every t € dom(y).

Proof. 1t follows from the definitions of the functions ngyo(-;y), nii(-;y), and nfi,(-;y) in
Subsection 4.4.2| that there exists some sufficiently large ¢, > 0 such that

‘Wg,o(t;y)‘ < cnﬁ and ‘ﬁio(ﬁy)‘ S Cnﬁ max{j’§j<t)}

for every i € {1,...,m}, every j > 1, every y € ), and every t € dom(y);

)| < @it andility)] < et max {5.5(0)

for every i € {1,...,m}, every w € Q(2,1i), every j > 1, every y € ), and every ¢t € dom(y);

W(ty)| < epjzm and  |id(ty)| < e i max {5, ()}
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4.6 Averaging of the fast oscillations

for every n € {3,...,r}, every w € U ,Q(n,i), every j > 1, every y € Y, and every
t € dom(y). Using the above estimates, we conclude from the definition of the functions
n’(-;y) that there exists ¢; > 0 such that

[y < e and  JilGy)] < e max {7, (1)}

for every k € {2,...,r}, every I € {1,...,m}*, every i € Qy (k) UQa(k), every & € Q(n, I),
every j > 1, every y € ), and every t € dom(y).
Because of[(4.16) we obtain for the functions in|(4.21)|that there exists ¢, > 0 such that

for every i € {1,...,m}, every j > 1, every y € J, and every t € dom(y). Similarly, for the
functions in ((4.46)} |(4.47)}, |(4.60)| and |(4.61), we obtain that there exist cyw, cuw > 0 such
that

UWi(ty)| < cowi™  and  |[uWi(ty)] < caw i " max{j, 5 (1)}

for every k € {2,...,7}, every I € {1,...,m}¥ every j > 1, every y € Y, and every
t € dom(y). Since ay > k/r for every 7 € {2,...,7}¥, we obtain for the functions in
[(4.36)] [(4.44)} [(4.45)}, [(4.52)| and |(4.62)| that there exist cyv, ¢,y > 0 such that

V)| < covi™ 5 and uVihy)] < ew T max {5,570}

for every k € {1,...,7}, every I € {1,...,m}*

t € dom(y). This in turn implies that

, every j > 1, every y € ), and every

. — =1_(._q\yr+l k-1 -_1_ 1
oGy UV )| < cpepy 2 D50 < epepy i,

_ . 1 .
(ul (ty) = ot 9) UW(ty) < (cu+cp) cow 2

N

N

for every k € {2,...,r}, every I = (i1,...,0x), every i1,...,ix € {1,...,m}, every j > 1,
every y € ), and every t € dom(y). Now the asserted estimates for |(4.21)} |(4.35)} [(4.37)]
|(4.44)} [(4.48)] and |(4.52)| are clear. To complete the proof, we have to show the asserted
estimate for |(4.63)} For this purpose, it is left to derive suitable estimates for the terms aJI
and c/l\JI in the right-hand side of which are given by |(4.53)| and |(4.56)|7 respectively.
To this end, we use the above estimates and also the estimates |(4.54)| and |(4.57)| for the j-
powers in [(4.53)| and ((4.56), respectively. This leads to the existence of ¢,,cq > 0 such
that

|a]I'\ < cqj 272 and ‘JJI‘ < cdj_%_%,

for every k € {3,...,r}, every I = (i1,...,1x), every i1,...,ix € {1,...,m}, every j > 1,
every y € Y, and every t € dom(y), where the dependence on ¢ and y is suppressed in the
notation. Now the asserted estimate for |(4.63)| follows and the proof is complete. O

As in [68], for every j > 0, every E € |J,_, &y, every B € E, and every y € Y, we define
a function v} (+;y) on the domain of y as follows:
If 6(F) =1;ie., E={B}, B= X, for some i€ {1,...,m}, then

vp(tiy) = nj,(ty).
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4 Extremum seeking control for a class of nonholonomic systems

If 6(E) = 2; ie., E={B}, B=(X,,,X;,) for i1,is € {1,...,m} with i; < iy, then
. L 1 . . ) .
vh(ty) = i) on (s DN i (GY) =0 s (GY) M,y (B59)).

If 6(E) > 2, then

|E|

= > > (@), [ nty).

p=1o=% weoFg ,

In any case, the above definitions lead to

|E]

vpty) = D €8y, (ty), (4.67)
p=1

where C (t y) is given by [(4.19)

Since the above functions vé(.; y) and the functions vl 1n| 4.33 |, | 4. 41)| and |(4.55)|
are defined in the same way as in [68], one can apply the same argument as therein to
conclude that following algebraic identity holds on Ay (X).

Lemma 4.14. For every j > 0, every y € YV, every t € dom()), we have

vaty szBty

o<|I|<r n=1 BEB,

where the sum on the left-hand side ranges over all multi-indices I = (i1, ... i) of length
ke{l,...,r} withiy,...,ix € {1,...,m}, and the X1 are given by|(4.4).

4.6.3 Integral expansion

For the moment, fix a frequency parameter j > 0 and an initial state zg € M. Recall that we
use the notation in [(4.24)] and [(4.25)| for the maximal solution of [(4.23)| and the associated
output signal, respectively. Let ¢ € C°°(M) and let ti,t3 € [0,7%,). The fundamental
theorem of calculus applied to the composition of 7, and ¢ implies that

o, (1)) = (b)) + 3 / "l () (Fio) (o () .

i=1"7t

Note that each of the functions ¢ — (fi@)(72,(t)) is differentiable. Thus, we may apply
integration by parts, which leads to

PR (1) = ey t) - 3 [V, (e, )]
=1
+Z/2vf(t; yio)(fw)(vio(t))dtJrZ/Qrf(t; yly) (fie) (v, (1)) dt
i=1v1 =171

m 12 . . —_— . .
2 Y0 [ ) TV 6,) ()0 (1)

i1,49=1 t1
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4.6 Averaging of the fast oscillations

where we have used first and then as well as that 'yxo is a solution of m

Note that each of the functlons t — (fi, fwgo)('ymo( )) in the last integral of the above
equation is differentiable. Thus, we may apply again integration by parts, which leads to

P0d, () = el () = 3 [V 4d,) (i), ()],
=1 !
m ) t=ty
= 0 OV twd) (i fu) (0 (¢ >>L
il,ig—l
/ : t y;vo flso)(’)/%o( dt+ / Vi, 12 t ya:o (f11f1280)(’7gv0(t))dt
11,i2=1
Z () (frp) (o, (1)) dt + / () (fa fia) (02, (1) dt
i1,i2=1

m

ta . . .
b3 [ ) UV, (50,) (i i) G ()

11,82,i3=1 t1
where we have used first and then as well as that ’y%o is a solution of
We repeat this procedure (r —2) times. First we insert|(4.65)|and then we apply integration
by parts using and that 77, is a solution of This leads to

o (1)) = (i (b)) + 3 / it y) (fre) (v, (£) dt (4.68a)

o<|I|<r
t=to

- [l @)+ [ " (Dhe) b, (sl At (4.68D)

=t t

where the time-varying differential operators D{, Dg on C*°(M) are defined by

(Dip)(t,my) == > UVIty) (f10)(@), (4.69)
o<|I|<r

(DIt msy) = Y rilty) (fre)@) + Y ul(ty) UViLy) (fifre))  (4.70)
0<|I|<r |il|=r+1

for every y € ), every t € dom(y), and every x € M. As in [69], by “plugging in the f;
for the X;”, we obtain from [Lemma 4.14] and [(4.31)] ((4.32)| that the sum of the integrals

in can be written as
to
Z / UI t nyO fISO)(’YCCO Z Z / UB t y:l:o fB} )(’Yxo( ))

o<|I|<r n=1BeB,

This motivates us to define a time-varying vector field G’ (-, -;3) on M by

GI(t, ;) = ZZvBty [fB](x) (4.71)

n=1 BEB,

for every y € ), every t € dom(y), and every € M. Naturally, G’(-,-;y) acts as a time-
varying differential operator on C*°(M) by taking (fixed-time) Lie derivatives. Using

109



4 Extremum seeking control for a class of nonholonomic systems

and |(4.67), we obtain that

itasy) = > Gty) gela (4.72)
LeN”

In summary, we have derived the following integral expansion for the propagation of smooth
functions along solutions of

Proposition 4.15. For every j > 0, every xg € M, and all t1,ts € [(),Tgo), we have

t=to

(0 (12) = @(od, (1) = (D) (8.2, (i3] +/2(D§¢)(t77£0(t);yi0)dt

=t t

+/ (G7o)(t, 1, (t);y2,) dt,

t1

where D], D}, and G7 are given by |(4.69)} |(4.70), and|(4.72)|, respectively.

The subsequent estimates for the remainder terms |(4.69)| and |(4.70)| follow immediately

from [Cemmas 4.11] and {131

Proposition 4.16. Let ¢ € C*°(M). Suppose that fi,..., fm are compactly supported.
Then, there exist c1,co > 0 such that

(Do)t 25y)| < g,
|(Dhe)(t,asy)| < e2d™' 7 max{j, i (1))
for every j > 1, everyy € Y, every t € dom(y), and every x € M.
The averaged term is analyzed in the next section.

4.7 Averaging of the slow oscillations

In this section, we apply a similar procedure as in to the time-varying vector
field defined in |(4.72) which arises in [Proposition 4.15| as the averaged contribution of the

fast oscillations. Because of |(4.19), we can write as
Gltzsy) = Y Wy, (O h (P (1) gilx) (4.73)

Lv)edr

for every j > 0, every y € Y, every t € dom(y), and every x € M, where

e the indexing set J” consists of all pairs (¢,v) with £ € A" and v € {1, 2},

e the sinusoids u( ,) R = R are defined in (4.11),

e the functions h,: R — R are defined in |(4.9)]
e the first-order hold 7/: dom(y) — R of ¥ is defined in
e the vector fields gy on M are defined in ((4.26)|

Note that |(4.73) does not depend on any of the fast oscillations on the time scale j but
only on the slow oscillations a{e ») on the time scale j, where j is given by |(4.16)
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4.7 Averaging of the slow oscillations

4.7.1 Averaging of the sinusoids

We repeat the procedure from [Subsection 2.5.2]in a slightly different notation. Recall that
the sinusoids % ») in [(4.11)[ are determined by the pairwise distinct frequency coefficients

wy > 0. For every v = ({,v) € J", define two complex-valued constants 7+, as follows. If
v =1, let iy, = \/2we/2, and otherwise, i.e., if v = 2, let 74y, = £v/2we/(2i), where i

denotes the imaginary unit. Moreover, let Q(v) := {£w,}.
Let ¢ € J". Using the above notation, we can write @ (t) in as

% Z nwLe

@eQ(v)

for every t € R. When we integrate uL, we get
t2 — t=to
- [Cawe = [T7e]
t1 t=t1

where
TVi(t) = —j+ Z T i,
wGQ

Let t1,19 € J”. When we multiply @, (t) by W{Q (t), we get

al, () UV () = Ty — 0], ,, (8),

L1,L2
where
_ L 77017&1 77&)27@
vl,l,LQ = — ]
L B 1009
(@01,02)€Q(e1) xQ(e2)
w1+w2=0
~ - Neov,i1 Nwasea i7(@1 +ao)t
vy, ,, (t) = Z Y )

- _ 109
(a)l ,QQ)GQ(Ll) XQ(LQ)
@1-1-&)27&0

for every t € R. When we integrate ﬁfbm we get

b2 __ t=to
/ v, (1) dt = [UV{M( )} -
t t=ty
where i i
UVZ1,L2<) = 371 Z Meii(@1+@2)t.

oy w22+ &
(@1,02)€0(01) X e2) 2 (W + w1)
w1 4wa#0

The functions in [(4.74)] |(4.76)| and |(4.81)| satisfy the following estimates.

Lemma 4.17. There exists ¢ > 0 such that

&
—~
~
~—
IA
o
.
=

S
<
~ o
—~
~

~—
IN
)

|

|
N[

UV, @] < ej™!

for every 7 > 1, all t,t1,10 € J", and every t € R.
Y

(4.74)

(4.75)

(4.76)

(4.77)

(4.78)

(4.79)

(4.80)

(4.81)
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4 Extremum seeking control for a class of nonholonomic systems

This means that the functions UV? and U VZIM converge uniformly to 0 as the global
frequency parameter j tends to co. Moreover, a direct computation shows that the v,, ,,

in |(4.78)| are given as follows.

Lemma 4.18. For all 1y = ({1,v1),t2 = (b2,102) € J", we have

+1 ifby =0y and vy =1 and v = 2,
Uiy = =1 ifly =4y and vy =2 and vy = 1,
0  otherwise.

Because of and equation [(4.10), we have
Z Uiy 0 ﬁl(fm‘:p) = Z([]F(Z,l)af(éﬁ)]%p) = [P (4.82)

L1,62€J7 LeN

for every ¢ € C°°(M), where the vector field f*° on M is given by [(4.27)|

4.7.2 Estimate for the output variations

Recall from [Section 4.4] that measurements of the output |(4.6)| are conducted at the time
h(4.16)

instances 7 = kA/j? for k = 0,1,..., where j is given by and A is a positive
constant. Our next goal is to derive an estimate for the variation of the output signal yio
in on time intervals between two subsequent output measurements. For this purpose,
we first need the following estimate for the Lie derivative of a smooth function along the

time-varying vector field given in |(4.73)]

Lemma 4.19. Suppose that f1,..., fmm are compactly supported. Then, for every ¢ €
C>®(M), there exists c3 > 0 such that

y =1
[(G7p)(t,z3y)| < e3j2
for every y € Y, every t € dom(y), and every x € M.

Proof. By the definitions in |(4.9), the functions h, are bounded by a constant. Therefore,
the asserted estimate follows immediately from equation |(4.73)|and [Lemmas 4.12|and [4.17]
U

Lemma 4.20. Suppose that f1,..., fm are compactly supported. Then, there exists jo > 1
such that

1 o :
W}yio(t)*yio(ﬁi)l < J

for every j > jo, every xg € M, every nonnegative integer k, and every t € [Tg,TIZ+1].

Proof. Let c1,c9 > 0 and ¢3 > 0 be the constants from |Proposition 4.16| and [Lemma 4.19|
for ¢ = 1, respectively. Choose a sufficiently large jo > 1 such that

201 =1

A ]
for every j > jo. To verify the asserted estimate for the output, fix arbitrary j > jo,
xo € M, and write y = y%,. From |Proposition 4.15| with ¢ = v, we conclude that

oty te3g? <

]. 261 —.17L —.,]_,L = 24 =1 t2 - tl
W’y(h) - y(tl)’ < TJ r + (02.7 2r max{j,yj(t)} + 0332) W (4-83)
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4.7 Averaging of the slow oscillations

for all to > t; > 0. By definition of the first-order hold, we have 3’(t) = 0 for ¢ € [Tg, Tf ].
Using and the choice of jp, this implies that the asserted estimate holds for every
te [7’0 , 7'1} Now we proceed by induction on k. Suppose that the asserted estimate is true
for every t € [Tk, T +1] with some nonnegative integer k. Then, in particular, the estimate
is true for t = 7] 41+ By definition of the first-order hold, this implies 7 (t) < j for every
t e [Tk 1 Th +2] Now it follows again from m and the choice of jy that the asserted
estimate also holds for every t € [Tk w10 Th +2] O

For every j > 0, the right-hand side of defines a time-varying vector field F7 on M,
which is given by

Fi(ta) == Y al(t) file) = Y il () (@) o), (4.84)
LeJr (Lv)edr

where we have used the definition of the vector fields f, in[(4.8) Our next goal is to replace
the averaged term (G9¢)(t, v3, (t); %, ) in [Proposition 4.15|by (F7¢)(t,~4,(t)). This requires
a suitable estimate for their difference. For this reason, we define a time-varying differential
operator DI on C>(M) by

(Dho)(t.asy) = (Dyp)(t,zsy) + (GU)(t, a3y) — (Fip)(t, ) (4.85)

for every y € ), every t € dom(y), and every x € M, where Dg is given by |(4.70)

Lemma 4.21. Suppose that f1,..., fm are compactly supported. Then, there exists jo > 1
such that, for every ¢ € C°(M), there exists ¢3 > 0 such that

fag 1 ; ~ =1
[(D3e) (t,70, (8 93,)| < G2 2
for every 7 > jo, every xg € M, and every t > 0.

Proof. Choose jo > 1 as in Then, in particular, by definition of the first-order
hold, we have |§7(t)| < j for every j > jo, every zg € M, and every ¢t > 0, where y abbre-
viates y2,. Fix an arbitrary ¢ € C°°(M). Then, by the choice of jy and |Proposition 4.16L
there exists co > 0 such that

1

[(D3e) (72, s y2)| < oo

for every j > jo, every xg € M, and every t > 0. To complete the proof, it suffices to show
that there exists ¢4 > 0 such that

1

()t A, (Bi38,) — (Pt 0)] < 657

for every j > jo, every xg € M, and every t > 0. By |(4.73)| and |(4.84)] we have

(Gt o) — (B < S (@0 O] (@ 0) - b)) | 00)@)
v)edr

for every j > 0, every y: [0,00) — R, every ¢ > 0, and every x € M. The functions
h,: R—Rin are globally Lipschitz continuous with Lipschitz constant 1. From the
definition of the first-order hold and |L it is easy to derive that |37 (t) — y(t)| <
2A/ j for every J = Jjo, every xg € M, and every t > 0, where y abbreviates ymo Since

' 3 <j 2 for j > 1, the asserted estimate for the difference of G/¢ and F’¢ now follows
from [Lemma 4.12 and [Lemma 4.17 O
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4 Extremum seeking control for a class of nonholonomic systems

Using |(4.85), we obtain from [Proposition 4.15| the equation

o, (1)) = (i (b)) + 3 / "ai () (o) () e (4.868)

veJr

~ (Do)t (00,

t=to

+ [ Dbt i) d asob)

t=t1 t1

for every j > 0, every @ € M, and all ¢1,t5 € [0, TY,).

Remark 4.22. We already know from [Proposition 4.16| and [Lemma 4.21] that the contri-
bution in becomes small with increasing j. Thus, only the contribution in
remains for large values of j. Note that an integral equation of the form (without
the contribution in describes the propagation of ¢ along a solution of This
implies the approximation properties [AP1]in [Section 4.3} It is left to extract the averaged
contribution of This is done in [Subsection 4.7.3| O

4.7.3 Integral expansion

Define two time-varying differential operators D7, Dg on C*(M) by

(DIg)(t,m1y) = @(z) + (D{p)(t,z;y), (4.87)
(Dle)(t,25y) = (Dip)(t,my) — Y @ (t) (D](f.0))(t, 21y) (4.88)
e Jm

for every y € Y, every t € dom(y), and every = € M. Then, equation |(4.86)| can be written
as

(D7) (ta, vhy (t2); yd,) = (DI)(tr,ho (t1); 4d,) + / Q(Déw)(trvio(t);yio)dt (4.89a)

t1

+ 3 [T a0 Gt 50, de (4.89b)

weJr Ut

for every j > 0, every ¢ € C®°(M), every xg € M, and all t1,ty € [O,Tgo). By the
fundamental theorem of calculus, [(4.89)| means that the locally absolutely function

= (DY) (6,72, ()5 4,) (4.90)
is an antiderivative of the locally integrable function
= (DY) (8,7 (1) yho) + D 1 (£) (D7 (£usp)) (£, 73, ()3 0h)- (4.91)
e Jr

Thus, if we apply integration by parts in |(4.89b)|, then we obtain

. " . " . " t2 . . .
(D7) (t2, 72, (t2);y2,) = (Djw)(tl,’yio(tl);yio)Jr/t (D) (t, 73, (t);y2,) dt
1

-3 [UV’ ) (D? fbcp))(t%o(t);yio)]t:tQ

t=t
LeJr !
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+ 30 [TV, (000, de

eJr /i

2 . . . .
s [ OTVL0 (D)6 05,
L1,L2€J7 t1

where we have used [(4.75) and that |(4.90)| is an antiderivative of |(4.91)] Next, we in-
sert [(4.77) in the last integral of the above equation. Then, we apply integration by parts

using |(4.80)| and that |(4.90)|is an antiderivative of |[(4.91), This leads to

to
o, (1)) = (i (b)) + 3 / Bovsn (o o) (2 (1))

L1,L2€JT
t=to

4 ) . t2 _ . .
o L R W A [ AR T

t=t1 t1

where the time-varying differential operators D{ and Dg on C*°(M) are defined by

(Dig)(t,z:y) = (Dip)(t,ziy) + ZJ TVI(t) (D (Fuo))(t,:m) (4.922)
+ ZJ TV, (6 (D (Jo fua) (t 23 9) (4.92D)
L1,L2€JT
and
(Dye)(t,w5y) = (Df)(t,x59) + ZJ Dir iz (D] (for furrtp)) (£ 3 ) (4.93a)
L1,L2€JT
+ zJ:UVj )(DY(fu0)) (s ;) + ZJ UV% o (W(DY(f fr) (L 25y)  (4.93D)
e J” L1,L2€JT
+ D ) @, (8) OV, o (8) (DY (For FoaFoy ) (8 23) (4.93¢)

for every y € ), every t € dom(y), and every x € M. Because of |(4.82)] we have derived
the following integral expansion for the propagation of smooth functions along trajectories

of [(1:23)
Proposition 4.23. For every j > 0, every xg € M, and all t1,ts € [O,T;go), we have
t=to

0y (12)) = @y (11) = (DI}t (50d,)] )

+ / () (o, (1)t + / (Dl (tAd, (040, dt,

t1 t1

where [, DI, and D} are given by|(4.27), |(4.92), and |(4.93)|, respectively.

Proposition 4.24. Suppose that the assumptions of [Theorem .7 are satisfied. Then, for
all g=, g7 € (y*,y") with g~ < g*, there exists co > 0 such that

(fZY)(x) < —co
for every x € =1 (< g, %) with ¥(x) > §~.
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Proof. Suppose that the assumptions of are satisfied, and fix arbitrary 5=, 57 €
(y*,yT) with 7= < §T. Then, theset K of allz € v~ 1(< §T, 2*) with ¢)(x) > §~ is compact.

Moreover, implies that f>°1) only takes negative values on K. Since > is

continuous, we can choose ¢y > 0 as the maximum of — f>°y on K. O

The remainders D{cp and Dggo in |Proposition 4.23| satisfy the subsequent estimates.

Proposition 4.25. Let ¢ € C*°(M). Suppose that fi,..., fm are compactly supported.
Then, there exist jg,c1,Co > 0 such that

.1
2,

|(Di@)(t, v, (O):0h,)] < e~
~J ] 1 I
|(Dyo) (b, 7, (8); )| < E2j 2
for every j > jo, every xg € M, and every t > 0.

Proof. Let F be the finite set of all the functions ¢, f,, ¢, fblfwgp,‘ and fﬁ\lfwﬁg)go with
t1,t2,t3 € J'. We already know that the differential operators D] and D} satisfy the
estimates in [Proposition 4.16| and [Lemma 4.21| for every smooth function on M. Thus, we
can find sufficiently large jo, c1, ¢ > 0 such that

. . . - _L 1 : ¥ o~ *._L
[(D10)(t, 73, (1) yh)| < er™' 72 and  [(D3d) (8,03, (1) vh,)| < Gj o

for every ¢ € F, every j > jo, every xo € M, and every ¢ > 0. Since the vector fields

fi,..., fm are assumed to be compactly supported, also the vector fields f,, « € J", are

compactly supported. Using the definition of D7 in it follows that there exists ¢ > 0
such that

(D7) (t, 73, (1) 4h,)| < ¢

for every ¢ € F\ {p}, every j > jo, every xo € M, and every ¢t > 0. Using [Lemma 4.17
ﬁ(4.88)

and the definition of D} in it follows that there exists ¢y > 0 such that

j 1 1 -_ 1
(D)) (t, 7, () yd,)| < coj 2
for every ¢ € F, every j > jo, every xg € M, and every ¢ > 0. From [Lemma 4.17, we know

estimates for the sinusoids 7, W{:, and W{l,m in|(4.92) and |(4.93)l Now we have suitable
estimates for all constituents of D{p and Dj¢p to conclude that the statement is true. [

The two-step averaging procedure is complete. follows immediately from
[Propositions 4.23] and [£.25]

4.7.4 Proof of [Theorem 4.7|

Suppose that the assumptions of are satisfied with certain z* € M and y* <
yT < +oo as therein. Fix arbitrary small €,6 > 0 and an arbitrary large g € (y*,y™).
After possibly shrinking ¢, we may assume that §* := § + & < y™. Then, the set K :=
Y=< g, 2*) is compact. After multiplication by a suitable smooth bump functionﬂ
we may suppose that the vector fields fi,..., fin are compactly supported and that they

197t is known from differential geometry [62] that, for every compact subset K of a smooth manifold M,
there exists a compactly supported smooth function on M that is identically equal to 1 on K. Such a
function is usually referred to as a bump function.
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4.7 Averaging of the slow oscillations

Figure 4.2: Illustration of the parameters and functions in |Subsection 4.’7.4|.

coincide with the initially given control vector fields on K. After possibly shrinking §, we
may assume that y* + 6 < g. Let 1 := min{e,0/2} and §~ := y* + ;. Let K’ denote the
compact set of all z € K with ¥ (z) > . Then, there exists ¢y > 0 as in [Proposition 4.24]
Let €9 := ¢p/2. We conclude from with ¢ = ¢ that there exists jo > 0 such
that, for every j > jo, every zg € K, and all to > t1 > 0, the following implication holds: if
Y2, (t) € K’ for every t € [t1,t2], then

(v, (t2)) < V(v (1)) +e1 —e2(t2 —t1).

It is now easy to see that the above inequality and the choice of €1, imply the asserted

statements on stability, boundedness, and attraction in with o := (7 —y*)/e2.
In particular, every solution of that starts in ¢~ (< g, z*) stays in the compact set K

on which the vector fields f1, ..., fi, coincide with the initially given control vector fields.
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Possible directions for future research

Over the past years, approximations of Lie brackets have been successfully used to solve
a variety of optimization problems. However, there are still many promising directions
that should be investigated in the future. The following paragraphs collect some of these
directions.

Nowadays, modern control systems are highly interconnected and involve analog and
digital components. This goes along with a range of novel challenges such as sampled
measurements, quantized inputs, discrete-time systems or local information. However, a
major limitation of many extremum seeking control schemes, including the Lie bracket
approach, is that they are not capable of dealing with these situations in an integrative
manner. By further developing the Lie bracket approach, a long-term vision would be
a general framework for analyzing and designing extremum seeking algorithms for such
modern interconnected control systems consisting of digital and analog components. This
would allow completely novel areas of application, which are not feasible with the existing
state of the art extremum seeking schemes.

Closely related to the directions in the previous paragraph is the study of robustness
against disturbances. Most of the existing theoretical studies on extremum seeking control
assume that the output signal can be sensed accurately at any given time and that the
control law is fed into the system without any disturbances. In particular, this is required
for the existing extremum seeking results obtained by Lie bracket approximations. How-
ever, in many real-world applications, such ideal conditions are not satisfied. The question
of robustness arises naturally, for example, when the output measurements are corrupted
by noise. Moreover, any deviation from a prescribed continuous-time control law due to
a digital implementation can be interpreted as a disturbance. An investigation of robust-
ness properties of the Lie bracket approach could lead to helpful guidelines in practical
implementations of such a control strategy.

The majority of the existing extremum seeking strategies by means of Lie bracket approx-
imations require a first-order kinematic control system, meaning that the first-order time
derivative of the system state can be directly controlled through the input channels. How-
ever, many extremum seeking control problems involve higher-order control systems such
as mechanical systems or integrator chains. For example, in applications to source seeking
with an acceleration-controlled robot. It is therefore desirable to extend the Lie bracket
approach to a larger class of non-kinematic models. The known Lie bracket-based meth-
ods lead to rapidly increasing velocities with increasing frequency parameter. A promising
goal would be a less invasive control strategy, which ensures bounded velocities even in the
high-frequency limit. This in turn can lead to a reduced vulnerability to disturbances and
to an improved performance in case of digital implementations.

Another promising (but very challenging) direction would be an extension to non-smooth
and infinite-dimensional optimization problems. This includes extremum seeking control
for systems modeled by partial differential equations. The existing Lie bracket-based meth-
ods only give access to finite-dimensional subspaces of descent directions and their stability
analysis heavily relies on a certain degree of smoothness. As a first step, one could in-
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4 Extremum seeking control for a class of nonholonomic systems

vestigate the behavior of closed-loop systems with a certain class of non-smooth output
functions on finite dimensional state spaces. This probably requires suitable mathematical
tools, like the subdifferential, from non-smooth optimization.
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