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Zusammenfassung

In der vorliegenden Arbeit untersuchen wir Nanobauteile auf der Basis von topologischen
Isolatoren. Diese neue Materialklasse zeichnet sich in erster Linie durch ein isolierendes
Inneres aus, während gleichzeitig die Oberfläche leitende Eigenschaften besitzt. Zustän-
de, welche mit diesen leitenden Eigenschaften in Verbindung gebracht werden, können in
niedrigster Ordnung durch eine Dirac-Theorie beschrieben werden. Im Falle eines zwei-
dimensionalen topologischen Isolators impliziert das, zusammen mit Zeit-Umkehr Sym-
metrie, eine helikale Natur dieser Randzustände. Interessante Physik entsteht dann ins-
besondere, wenn zwei solcher helikalen Randkanalzustände in einer Verengung zusam-
mengeführt werden. Dies hat verschiedene Konsequenzen. Innerhalb der Verengung fin-
det man die gleiche Anzahl an fermionischen Feldern wie man sie auch in einem Quan-
tendraht erwartet. Gleichzeitig besitzt eine solche Konstruktion aber mehr Symmetrien
verglichen mit gewöhnlichen Quantendrähten. Außerdem kann eine Verengung in einem
zwei-dimensionalen topologischen Isolator auf natürliche Weise helikal kontaktiert wer-
den, so dass spin-aufgelöste Transportmessungen durchgeführt werden können. Diese ein-
zigartige Kombination von Eigenschaften impliziert verschiedenste physikalische Effekte.
Wie wir in dieser Arbeit zeigen entsteht in engen Schlitzen, welche in einen homogenen
zwei-dimensionalen topologischen Isolator tranchiert werden, eine topologisch supraleiten-
de Phase mit nicht-Abelschen Majorana Moden an den Systemrändern. Diese exotischen
Teilchen können mit einem relativ einfachen Transportexperiment nachgewiesen werden,
indem man diesen sogenannten Anti-Quantendraht schwach mit einem helikalen Rand-
kanal koppelt und dort die Transportcharakteristiken misst. Die Präsenz von Majorana
Moden ist verknüpft mit dem Entstehen von unkonventioneller Supraleitung, insbeson-
dere von sogenannter odd-frequency Supraleitung. Wir zeigen, dass dies vielmehr eine
allgemeine Erscheinung in derartigen supraleitenden Strukturen ist. Symmetrien sind von
elementarer Bedeutung für viele physikalische Effekte. So führt zum Beispiel die natürlich
auftretende Ladungs-Konjugation Symmetrie zusammen mit einem zeit-periodischen elek-
tromagnetischen Feld in topologischen Anti-Quantendrähten zu einer topologischen Flo-
quet Nichtgleichgewichts-Phase, welche wiederum durch Transportmessungen detektiert
werden kann. Symmetrien spielen auch und insbesondere für Wechselwirkungseffekte eine
wichtige Rolle. Hier ist besonders die Existenz eines Dirac-Punktes von großer Bedeutung.
In dessen (energetischer) Nähe ist es möglich wechselwirkungs-induzierte Bandlücken zu
erzeugen. Anders als Einteilchen-Bandlücken können wechselwirkungs-induzierte Band-
lücken zu einer hohen Grundzustandsentartung führen. Diese wiederum ermöglicht die
Entstehung komplexer nicht-Abelscher Teilchen, falls zusätzlich supraleitende Ordnung
vorhanden ist. Interessanterweise können derartige Vielteilchen-Bandlücken in unserem
System schon bei nur schwacher elektronischer Wechselwirkung auftreten. Dieses untypi-
sche Verhalten ermöglicht letztendlich die Entstehung von Z4 parafermionen an Grenzflä-
chen unterschiedlicher Ordnung.
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Summary

In this thesis we discuss the potential of nanodevices based on topological insulators. This
novel class of matter is characterized by an insulating bulk with simultaneously conducting
boundaries. To lowest order, the states that are evoking the conducting behavior in TIs are
typically described by a Dirac theory. In the two-dimensional case, together with time-
reversal symmetry, this implies a helical nature of respective states. Then, interesting
physics appears when two such helical edge state pairs are brought close together in a
two-dimensional topological insulator quantum constriction. This has several advantages.
Inside the constriction, the system obeys essentially the same number of fermionic fields
as a conventional quantum wire, however, it possesses more symmetries. Moreover, such
a constriction can be naturally contacted by helical probes, which eventually allows spin-
resolved transport measurements.
We use these intriguing properties of such devices to predict the formation and detection
of several profound physical effects. We demonstrate that narrow trenches in quantum
spin Hall materials – a structure we coin anti-wire – are able to show a topological super-
conducting phase, hosting isolated non-Abelian Majorana modes. They can be detected
by means of a simple conductance experiment using a weak coupling to passing by helical
edge states. The presence of Majorana modes implies the formation of unconventional
odd-frequency superconductivity. Interestingly, however, we find that regardless of the
presence or absence of Majoranas, related (superconducting) devices possess an uncon-
ventional odd-frequency superconducting pairing component, which can be associated to
a particular transport channel. Eventually, this enables us to prove the existence of odd-
frequency pairing in superconducting quantum spin Hall quantum constrictions. The
symmetries that are present in quantum spin Hall quantum constrictions play an essen-
tial role for many physical effects. As distinguished from quantum wires, quantum spin
Hall quantum constrictions additionally possess an inbuilt charge-conjugation symmetry.
This can be used to form a non-equilibrium Floquet topological phase in the presence
of a time-periodic electro-magnetic field. This non-equilibrium phase is accompanied by
topological bound states that are detectable in transport characteristics of the system.
Despite single-particle effects, symmetries are particularly important when electronic in-
teractions are considered. As such, charge-conjugation symmetry implies the presence of
a Dirac point, which in turn enables the formation of interaction induced gaps. Unlike
single-particle gaps, interaction induced gaps can lead to large ground state manifolds. In
combination with ordinary superconductivity, this eventually evokes exotic non-Abelian
anyons beyond the Majorana. In the present case, these interactions gaps can even form
in the weakly interacting regime (which is rather untypical), so that the coexistence with
superconductivity is no longer contradictory. Eventually this leads to the simultaneous
presence of a Z4 parafermion and a Majorana mode bound at interfaces between quantum
constrictions and superconducting regions.
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1 Introduction and Motivation

The 19th and 20th century were mainly dedicated to the formation of functional industrial
societies. With the end of the cold war and ideology induced distortions, this development
came to its contemporary summit. Nowadays, societies undergo a similar transformation
as in the 19th century. However, rather than changing from a hierarchical to an indus-
trial society, the change happens from an industrial to an information based society. In
such a post-industrial society, information eventually becomes the source and currency
of economical and political power. Although, there is currently no universally accepted
definition of the term information society, it is clear that it comes along with an econom-
ical and cultural transition. For the American sociologist Daniel Bell, the informational
character of an society is strongly correlated to the number of employees involved in the
creation of non-tangible goods. Alain Touraine, research director at the École des Hautes
Études en Sciences Sociales in Paris, went beyond that already in 1988 by recognizing
that "industrial society had transformed the means of production: post-industrial society
changes the ends of production, that is, culture.". What he meant by that becomes clear
nowadays. A rapidly increasing number of aspects of modern human life as well as their
framing societies are based on the availability and processing of information by intelligent
machines. A prominent example of which is the smart phone. Rather than just being an
industrial product, with approximately 3.5 billion smartphone users around the globe, it
has already become a cultural good, redefining communal life.
An even more profound ongoing cultural change, accompanied with the transformation
towards the information society, is the shift of authorities from humans to machines and
the development of artificial intelligence. With access to huge pools of information, ma-
chines are able to take measured decisions much better than humans. Giving decisional
power to machines carries enormous potential, such as for autonomous driving, just to
name the tip of the iceberg. Artificial intelligence, constructed from information based
learning algorithms, is already able to outperform humans in various disciplines ranging
from complex games, such as chess or Go, over image recognition to comprehension and
translation of languages. The application list of artificial intelligence and machine learning
is long and does not seem to find an end soon. Recently, even applications in theoretical
physics have been revealed [CT17].
Processing huge amounts of information is at the heart of all of these 21st century tech-
nologies. Progress is therefore fundamentally based on the continuous improvement of
hardware components necessary for computations – integrated circuits –. They are built
from transistors, clustered to form logical gates on a semiconductor plate, typically called
chip. In 1965, G. Moore proposed that the transistor count – the number of transistors
that can be placed on a single chip – would double each two years [Moo69]. Together
with the so-called Dennard scaling, which proposes constant power density of metal oxid
semiconductor field-effect-transistors (MOSFETs), this lead to the anticipation of a chip
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1 Introduction and Motivation

performance doubling every 18 months [DGY+74]. Over more than three decades, this
anticipation turned out to be roughly correct and chip producers were able to keep up
this pace of chip improvement. Around the year 2006, however, Dennard scaling ended.
The primary reason for this breakdown is the problem related to the dissipation of waste
heat, generated during computations. With an ongoing growing transistor count, more
and more transistors are condensed on a single chip and leakage currents threat a "thermal
runaway" of the chip. The temporary solution found by chip producing companies to con-
tinue the performance scaling of their chips was the development of multi-core processors
with still increasing transistor count per core. However, it is obvious that Moore’s law
can not be continued forever, but will terminate at a natural barrier set by the length
scale on which quantum effects render conventional transistors ineffective. This barrier is
expected to be hit already within the next decade [Wal16]. Then, the only (conventional)
way of improving the computational power of chips, i. e. to use more logical elements, is
to increase the area of the chip and thus, eventually also the power consumption. Today,
7% of globally produced electricity is dedicated to computations [ABC17b]. This num-
ber is expected to raise up to 13% already within the next decade. The end of Moore’s
law will even accelerate this development and, in a pessimistic scenario, progress will be
substantially slowed down and eventually come to a halt.
Avoiding this scenario to eventuate, new technologies beyond the conventional architecture
of the chips have to be explored. This might be achieved by the use of novel materials, such
that waste heat production can be significantly reduced and Dennard scaling is regained,
or by changing the paradigms of computing as a whole towards quantum computation. In
a quantum computer, unlike a classical computer, information is stored and processed via
qubits, the elementary unit consisting of a generic physical two-level system with states
|0〉 and |1〉. In contrast to classical computers, quantum computers use entanglement and
superposition to perform calculations. By means of that, many quantum algorithms ex-
ceed the calculation scope of classical computers by orders of magnitude – a property often
coined quantum supremacy [BIS+18]. Recently, a very important step towards a generic
quantum computer was taken: Google announced to have reached quantum supremacy
for the very first time [AAB+19]. With a quantum processor containing 54 supercon-
ducting qubits, they solve a task in 200 seconds which would keep the fastest classical
supercomputer occupied for around 10000 years to finish. Although, the task itself –
producing random numbers – is not particularly useful, it impressively demonstrates that
quantum computation is in principle possible and not spoiled by any unknown physical
laws. However, for a practically useful quantum computer, that can implement the im-
portant quantum algorithms, such as Shor’s code [NC00], several obstacles remain to be
overcome. They include practical ones, as for instance how to engineer an universal set
of gates or how to initialize qubits effectively, but also theoretical ones, such as how to
overcome quantum decoherence. Suppressing quantum decoherence typically means to
isolate the system from its environment as the main source of decoherence. Perfect isola-
tion is however an illusion and, hence, time-consuming tasks might always be corrupted
by decoherence. This problem might be resolved by an alternative approach to quantum
computing – topological quantum computation [Kit03, NSS+08].
Topological quantum computing uses profound properties of particles called anyons. Anyons
are particles that do neither reflect the statistical properties of fermions nor the ones of
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bosons, but constitute a third class of particles, strictly defined only in two spatial di-
mensions. The reason for this restriction is fundamental: 2D systems are peculiar in
the sense that the winding of particles around each other is well defined, which is not
the case in a three-dimensional system (or higher), where closed trajectories of particles
can always be continuously deformed to a point without cutting through other particles
[LM77, Wil82a]. This peculiarity of 2D systems eventually allows exotic statistics of emer-
gent particles. The idea of statistics ranges among the fundamental concepts of quantum
physics. It emerges from the properties that can be attached to particle wave functions.
Under looping one particle around another in a fixed manner (clockwise or counterclock-
wise), the wave function eventually has to return to its original form up to phase 2θ. In
three spatial dimensions, by the topological reasons pointed out above, θ = 0,π, which
results in two types of particles (statistics): bosons (θ = 0) and fermions (θ = π). In
2D, where the winding of particles around each other can be tracked, the statistical an-
gle θ can in principle take any value, which is why the corresponding particles are called
anyons [Wil90]. However, not all anyons are useful for topological quantum computations.
In particular, non-Abelian anyons are desired [NSS+08, Ste08, DSFN15]. Non-Abelian
anyons, unlike their Abelian counterparts, live in a degenerate Hilbert space. This has
crucial consequences: When a non-Abelian particle is looped around another one, due to
the degenerate Hilbert space in which the particles live, the state of the system is not
required to return to its initial state, rather it can terminate in any of the states of the
degenerate subspace. Thus, the process of looping a non-Abelian particle around another
one is mathematically described by an unitary transformation. Notably, up to an (unim-
portant) Abelian phase, such transformations only depend on the topology of the path
taken [WZ84]. The idea behind topological quantum computing is to construct quantum
gates out of these unitary transformations. Since this involves adiabatic particle exchange,
it is typically coined braiding [ZR99, NSS+08]. The outstanding advantage of topological
quantum computing is already stated above. For a given configuration of non-Abelian
anyons, the resulting state after performing the computation, i. e. after performing braid-
ing operations, does not depend on the details, but only on the topology of the path taken
during particle exchange. Hence, computations experience a topological protection at the
quantum level. This protection persists as long as the only way of non-trivial unitary evo-
lution (from one degenerate state to another) is a braiding operation and all perturbations
on the system have vanishing matrix elements among the different degenerate states.
Fueled by their possibly immense potential for applications in quantum computation,
since their first conception in the early eighties, non-Abelian anyons aroused increasing
interest. This was especially supported by proposals of non-Abelian states in feasible
physical systems, such as fractional quantum Hall systems at filling factor of ν = 5/2
[MR91, LP93, Wen91]. With a mapping to px + ipy SCs, the anyonic states in this sys-
tem were identified as Ising anyons [GWW91, GWW92, RR96, NW96, RG00] with non-
trivial braiding relations [DSFN05]. Subsequently, also other systems, such as Sr2RuO4
[DSNT06], px + ipy superfluids of cold atoms [GRA05, TDSN+07] or the A phase of 3He
films [Vol94], were proposed to be possible candidates for the realization of px + ipy SCs,
hosting non-Abelian states. In particular, it was recognized that Ising anyons consti-
tute topological defects in such kind of superconductors, consequently coined topological
superconductivity. This terminology obtained an extra flavor with the seminal work by
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1 Introduction and Motivation

Kitaev [Kit01], where he proposed the formation of isolated and topologically protected
Majorana zero modes in a simple, though rather artificial 1D model, which paved the
way for the search of anyons in 1D systems. Some years later, his idea turned out to
find application in several physical systems, such as magnetic chains on top of s-wave SCs
[NPDBY13, PGvO13, LCD+14] or semiconductor nanowires including SOC with proxim-
ity induced superconductivity under the influence of magnetic fields [ORvO10, LSDS10,
STL+10, SLTDS10]. The field obtained a boost in 2012, when signatures of Majoranas
were announced to be seen in related systems [MZF+12]. Although, a whole pool of pos-
sible transport signatures are predicted for Majoranas, ranging from electric-conductance
[LLN09, WADB11, PSJA12], noise [BD07, LCL15, Bee15, HBvOO15], thermal conduc-
tance [WAM+10, ADH+11, SH16], and ac-Josephson effect [JPA+11, SJPA12, PN12], a
conclusive proof for the non-Abelian nature of these low-energy BSs is still missing. Espe-
cially, one source of confusion is the discrimination between trivial-Andreev BSs and topo-
logical Majorana modes [KMB12, FDTZT18, MST18]. In principle, however, although
experimental challenging, topological qubits could be formed from nanowire T-junctions
[AOR+11, AHM+16a] and employed for topological quantum computations. Braiding
would then be implemented by moving around Majorana modes, either physically, or by
a selective changing coupling parameters [SCT11, KPRvO15].
Certainly, 1D topological superconducting systems are just one way to engineer non-
Abelian excitations. Other promising ideas are based on more "synthetic" constructions,
i. e. combining materials (with maybe contradictory properties) to find interesting ef-
fects at their interfaces. Especially, with the advent of TIs [KM05a, KM05b, BHZ06,
FKM07, FK07, MB07, KWB+07, KBM+08, Roy09, HXQ+09, XQH+09, KDS11, SND+14,
RLD+17], this approach found a new playground. TIs are a class of matter which is char-
acterized by an insulating bulk and metallic edges. They can be classified by topological
invariants, depending on the symmetry class of the system [AZ97, Zir96, CTSR16]. For
2D TIs, the presence of edge states can be understood by means of a band-inversion as
for instance in quantum wells formed from HgTe/CdTe layers. By virtue of SOC, the
edge states of 2D TIs possess helical nature, that is, states with opposite moving direction
carry orthogonal spin. This intriguing property, together with their (to good approxima-
tion) linear dispersion, allows for a description in terms of a 1D Dirac theory. Kinked
mass terms can hence lead to non-trivial BSs [JR76]. In that way, Josephson junctions
[FK09, BHM11, HMBG13], but also hetero-junctions built from a ferromagnet and a s-
wave SC [Ali12, Bee13], based on a 2D TI, can synthesize a Majorana Kramers pair,
Majorana BS, respectively. Interestingly, edge theories can also be particularly useful
when it comes to the formation of more complex non-Abelian anyons beyond Majoranas.
At the helical edge, interaction induced mass terms can gap out the spectrum in the case
of strong interactions [ZK14]. In a hetero-junction with proximity induced s-wave super-
conductivity, this generates a fourfold ground state degeneracy, enabling the formation of
symmetry protected Z4 parafermions [KYL14, OTMS15]. Similar ideas can be applied
to fractional quantum Hall edge states, where the resulting parafermions are topologi-
cally protected, but the coexistence of very strong magnetic fields and SCs is required
[LBRS12, CAS13, AF16], or even to systems of quantum wires [KL14].
From a theoretical perspective, the concepts introduced above are extremely rich, how-
ever many are not experimentally feasible. The vision of a topological quantum computer
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rests, on one side, on our understanding of these exotic particles, but certainly also on
the accessibility and feasibility of these concepts for experiments. It is therefore of signif-
icant importance to find the right frames, ideally connecting the intriguing physics with
measurable signatures. This thesis is dedicated to address this task.
Motivated by the developments in the field, we briefly discuss problems in current pro-
posals for the realization of topological superconductivity in nanowires for the formation
and detection of the constituent Majorana modes [FDTZT18]. We demonstrate that an
alternative realization based on QSH trenches is able to overcome detection problems of
Majorana modes by virtue of an unambiguous transport signature when coupled to adja-
cent helical edge states [FTZCT20]. Related systems, namely superconducting QCs on the
basis of a QSH insulator, can exhibit even more exotic particles: When interactions are in-
cluded, Z4 parafermions can emerge. While typically, those particles can only form in the
case of very strong electron-electron interactions, in our system they are even present for
moderate interactions [FTZT19]. Interestingly, recent experiments indicate the presence
of such interactions in related nanodevices [SWF+20]. The full comprehensiveness of QSH
QCs is certainly not only restricted to the formation of non-Abelian anyons, but extends
over various other related topics, such as odd-frequency superconductivity [FZT18], or
Floquet topology [FZP+20].
The thesis is organized as follows: In Chap. 2 we give a general overview of the physical
concepts that are used throughout the thesis. In particular, we investigate the theory of
non-Abelian anyons starting from first principles. We discuss how non-Abelian particles
naturally emerge in degenerate 2D quantum theories and derive their intriguing properties.
In addition, we outline the abstract formulation of anyon theories and their application
to topological quantum computation. Subsequently, we focus on more concrete cases and
discuss explicit condensed matter models that serve as hosts for non-Abelian anyons. To-
wards the end of Chap. 2, we focus on the relation of these particles to exotic types of
superconducting pairing. In Chap. 3, we review the fundamental methods that are used in
subsequent chapters. We study the theory of Luttinger liquids, describing interacting 1D
systems of fermions. We derive all fundamental relations, starting from the formulation of
bosonic fields up to the description of spinful Luttinger liquids. Additionally, we inspect
RG theory applied to sine-Gordon models. Subsequently, we continue with scattering
theory, Green functions in linearly dispersed systems and non-stationary Floquet theory.
Chap. 4 is dedicated to the results of the thesis. First, we briefly analyze limiting factors
in quantum wires, which are proposed to serve as platform for exotic quantum matter.
Next, we move on with the description of QSH QCs, where we demonstrate that such
structures might be interpreted as symmetry enriched quantum wires. We investigate the
formation of topological superconductivity in QSH anti-wires as well as transport signa-
tures that prove the existence of Majorana end modes. Thereafter, we study the formation
and detection of odd-frequency superconductivity in related systems. This is followed by
the discussion of Floquet topology. We conclude the chapter examining carefully the for-
mation of Z4 parafermions in a hetero-junction formed from SCs in combination with an
interacting QSH QC. Eventually, we discuss the influence of interactions in recent exper-
iments performed on QSH QPCs. In Chap. 5 we give a summary of all results together
with a brief outlook on interesting open questions. Throughout the thesis we use ~ = 1.
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2 Non-Abelian anyons

Resolving the elementary constituents of matter is among the most elementary challenges
of physics. With the development of quantum mechanics, our understanding of matter
experienced a radical change. The quantum mechanical view on the world is basically de-
termined from a handful of fundamental rules, derived from elementary principles. Quan-
tum statistics is at the heart of this paradigmatic change. In three spatial dimensions,
it distinguishes two fundamental classes of particles on the basis of simple symmetry ar-
guments. Imagine to have two identical quantum mechanical objects described by a TP
wave function ψ(r1,r2), where r1 and r2 represent the positions of particle 1 and 2 in
space. Under an exchange of particle 1 and 2 in a, say, counterclockwise manner, the wave
function, due to indistinguishability of particle 1 and 2, can only change by a phase, such
that the probability density remains unchanged

ψ(r2,r1) = eiθψ(r1,r2).

In a second counterclockwise exchange, along the same line of reasoning, the wave function
is required to return to its initial form up to a phase of 2θ

ψ(r1,r2)→ e2iθψ(r1,r2).

In a three dimensional world, the closed loops that the particles have performed undergoing
the above exchange processes can always be disentangled and continuously (i. e. without
cutting or gluing the world-lines) shrinked to points. Then, obviously, the wave function
after the exchange processes cannot be different from the initial wave function, which
restricts θ to only two possible values: θ = 0 or θ = π, corresponding to bosons and
fermions. Numerous (even daily-life) phenomena rest on this simple symmetry property
of wave functions in three spatial dimensions. For fermions, it implies the Pauli principle,
which eventually explains the existence of metals and ferromagnets [Lan57b, Lan57a,
Sto39]. In the case of bosons, it leads, for instance, to superfluidity and superconductivity
or Bose-Einstein condensates [Ein24, BCS57, Vol94]. In two spatial dimensions, however,
the situation is dramatically different. The notion of one particle wrapping around another
one obtains a fundamental new meaning as loops cannot be contracted to points without
cutting and gluing. Therefore, winding can be well defined and the state of system is not
required to return to its initial form, but is allowed to change by a non-trivial phase. If
this phase θ is not 0, nor π, but any other value, the particle is coined anyon [Wil82a].
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2 Non-Abelian anyons

Figure 2.1: Anyons as charge-flux composites: A charge q is bound to a flux, confined to a tube.
Reprinted figure from Ref. [LP17].

2.1 Basic concepts

Of course, the formation of anyons requires special conditions and not every particle, which
is constrained to live in a 2D world, is a priori an anyon. The notion of anyons can be
illustrated by means of a simple toy model [Wil82b, LP17].
Consider a composite particle, built from a charge q which is attached to a locally confined
flux Φ (Fig. 2.1). When one such particle encircles another, by virtue of the Aharonov-
Bohm effect, the wave function of the system acquires a phase of e2iqΦ [AB59]. Since the
flux is confined to a solenoid, as long as the composite particles do not merge, this phase
factor is independent of the specific local details of the path. The exchange statistics is
hence described by R= eiqΦ . Especially, for qΦ , nπ with n ∈ Z, which might be realized
by either fractional charge or fractional flux, these composite particles are anyons, in
particular, Abelian anyons. The term Abelian relates to the fact that the transformation,
describing the exchange process (i. e. R), is a U(1) operation. On the other hand, if
the exchange is described by a U(N) operation (with N > 1), the corresponding anyons
are coined non-Abelian as different U(N) operations do not necessarily commute. We will
see throughout the next sections that such a U(N) operation is obtained for an exchange
of particles in the presence of degeneracies. The best approach to this is to extend our
notion of flux. In the above toy model, a magnetic flux was generated by virtue of an
electro-magnetic vector potential A

Φ =
∮
∂S

dlA =
∫
S

dS ∇×A,

where the integral runs over the surface ∂S, the area S of the solenoid in Fig. 2.1,
respectively. In the context of the toy model, the flux is therefore a very basic example
of a geometric phase (it is acquired along a path due to the presence of A). In a more
abstract, though similar way, geometric phases can appear as the "flux" of an abstract
vector potential generated for a closed path. This concept of geometric phases was first
recognized by Micheal Berry [Ber84, Sim83].
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2.2 Abelian and non-Abelian Berry phases

Consider a generic non-degenerate HamiltonianH(t), subject to the time dependent Schrö-
dinger equation, with the system being in the state |ψ(t)〉

H(t)|ψ(t)〉= i∂t|ψ(t)〉. (2.1)

The Hamiltonian is furthermore expected to vary slowly enough such that the adiabatic
theorem holds for every point in time [BF28]. We can expand the state of the system in
terms of instantaneous eigenstates |n(t)〉, that satisfy H(t)|n(t)〉= En(t)|n(t)〉

|ψ(t)〉=
∑
n

cn(t)|n(t)〉e−iφnD(t)

with the expansion coefficients cn. n runs over all instantaneous eigenstates and φnD(t) =∫ t
t0

dτEn(τ) is a dynamical phase, associated with the time evolution of the system. Using
this expansion in Eq. (2.1), after multiplying from the left by 〈m(t)|, we obtain an equation
for the expansion coefficients cn(t)

∂tcm(t) =−〈m(t)|∂t|m(t)〉cm(t)−
∑
n,m

cm(t)〈m(t)|∂t|n(t)〉e−i[φnD(t)−φmD (t)]. (2.2)

In the absence of degeneracies, the time derivative of the instantaneous eigenstate equation
H(t)|n(t)〉= En(t)|n(t)〉 for two states |m(t)〉 and |n(t)〉 yields

〈m(t)|∂t|n(t)〉= 〈m(t)| (∂tH(t))
En(t)−Em(t)|n(t)〉.

From the adiabatic theorem, we require

∣∣〈m(t)|(∂tH(t)) |n(t)〉
∣∣� |En(t)−Em(t)|

∆Tnm
,

where ∆Tnm is a characteristic time scale on which a transition between the states |m(t)〉
and |n(t)〉 happens. In the adiabatic limit, ∆Tnm →∞. Hence, with these assumptions,
the second term in Eq. (2.2) cancels out, which yields a simplified equation for the
expansion coefficients cn(t), solved by integration

cn(t) = cn(0)e−
∫ t
t0

dτ〈n(t)|∂τ |n(t)〉
. (2.3)

The time dependence in Eq. (2.3) might be parametrized by the trajectory of the particle
|n(t)〉 → |n(r(t))〉. Consequently, we obtain

cn(rf ) = cn(ri)e
i
∫
Γr

drAn(r)
, (2.4)
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2 Non-Abelian anyons

where ri and rf are the initial and final vectors along the trajectory Γr. The purely real
so-called Berry connection An(r) is given by

An(r) = i〈n(r)|∇r|n(r)〉.

For a long time it was believed that the geometric phase of Eq. (2.4) can always be removed
by a gauge transformation, which is true in the case of an open trajectory Γr. Under
the gauge transformation |n′(r)〉 → e−iβ(r)|n(r)〉 with β(r) ∈ R, the Berry connection
changes at every point An(r)→A′n(r) = An(r) +∇rβ(r). However, the geometric phase
γn(Γr) =

∫
Γr

drA(r), acquired along a given path Γr, only traces the initial and final points
of the gauge field β(r)

γn(Γr)→ γ′n(Γr) = γn(Γr) +
(
β(rf )−β(ri)

)
.

An adiabatic evolution along a closed path Γr, hence, comes along with a gauge invariant
geometric phase. The meaning of this phase becomes clear under the application of Stokes’
theorem

γn(Γr) =
∫
Γr

drAn(r) =
∫
S
Fnµνdrµ ∧drν ,

where the Berry curvature Fnµν is defined as

Fnµν =−i(〈∂µn(r)|∂νn(r)〉− 〈∂νn(r)|∂µn(r)〉) = 2Im [〈∂µn(r)|∂νn(r)〉]

with shorthand notation |∂µn(r)〉= d
drµ |n(r)〉 and the area S bounded by the closed curve

Γr. The Berry curvature behaves like a flux density penetrating through a surface S. As a
consequence, the value of the geometric phase, or Berry phase, γn(Γr) does not depend on
the specific path taken, but on the "flux" encircled. As in our simplified toy model above,
a fractional "flux" yields anyonic statistic. This time, however, the "flux" is not related to
an electro-magnetic vector potential, but reflects the inner-geometrical properties of the
states |n(r)〉.
The above description of Berry phases in terms of U(1) gauge fields rests on the assumption
of a non-degenerate instantaneous eigenspectrum of the corresponding Hamiltonian. The
incorporation of degeneracies complicates the above derivation since we cannot use the
standard adiabatic theorem anymore, rather a more refined version of the latter is required.
This generalization was first presented by Kato in 1950 [Kat50] known as the degenerate
adiabatic approximation. He demonstrated that, by slowly varying through parameter
space, the system is bound to remain in the same degenerate subspace as long as no
crossings between different degenerate subspaces appear along the way. Consider a generic
explicitly time-dependent Hamiltonian H(t) with orthonormal instantaneous eigenstates
|ngn〉, with the index gn = 0,1, ...,dn− 1 labeling the different degenerate states within a
given eigenspace Hn of dimension dn and eigenenergy En(t). During the evolution dn is
assumed to be constant. A generic state of such a system can be formulated by [RO10]

|ψ(t)〉=
∑
n

∑
gn

e−iφ
D
n (t)bn(t)Ungnhn(t)|ngn(t)〉 (2.5)
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with a dynamical phase φDn (t) =
∫ t
t0

dτEn(τ). Similar to the non-degenerate case, bn(t)
constitute expansion coefficients among the different subspaces. Additionally, the state can
evolve within each subspace, captured by the coefficients Unhngn(t). Inserting the ansatz
of Eq. (2.5) in the time dependent Schrödinger equation and multiplying from the left by
〈mkm(t)|, this yields

[∂tbm(t)]Umkmhn(t) + bm(t)
[
∂tU

m
kmhn(t)

]
=−

∑
n

∑
gn

e−i(φ
D
n (t)−φDm(t))Ungnhn(t)bn(t)Mmn

kmgn(t)

(2.6)
with Mmn

kmgn
(t) = 〈mkm(t)|∂t|ngn(t)〉. For m , n, we might rewrite

Mmn
kmgn(t) = 〈mkm(t)| ∂tH(t)

En(t)−Em(t) |ngn(t)〉.

In the degenerate adiabatic approximation, couplings between different eigenspaces Hn
are neglected by the same line of reasoning as in the non-degenerate case. This implies

Mmn
kmgn(t) = δmnM

mn
kmgn(t)≡Mn

kngn(t), bn(t) = bn(0) ∀ t.

Simplification of the indices, using gn→ α, kn→ β, hn→ γ, produces

∂tU
n
βγ(t) =−

∑
α

Mn
βα(t)Unαγ(t).

The above equation can formally be solved by integration. Using a parametrization along
the trajectory Γr, we obtain

Un(rf ) =Wn[Γr]Un(ri), (2.7)

where Un(rf/i) is a matrix, containing all the elements Unαγ(rf/i). Furthermore, we define

Wn[Γr] = T ei
∫
Γr

drAn(r)

with the time-ordering operator T and the non-Abelian Berry connection [WZ84]

Anαβ(r) = i〈nα(r)|∇r|nβ(r)〉.

Wn[Γr] is often referred to as Wilson loop [ADB14]. From Eq. (2.7) we see that adia-
batic evolution in the presence of degeneracies is significantly different than in the non-
degenerate case. Instead of a simple U(1) transformation, a U(dn) transformation appears
for a dn dimensional degenerate subspace. Degenerate adiabatic evolution can therefore
change the state of the system among the different degenerate states. This property is the
defining ingredient of non-Abelian anyons. Living in a degenerate subspace, when adia-
batically interchanged (in a definite manner, meaning clockwise or counterclockwise) they
acquire a path dependent geometric U(dn) transformation that eventually changes their
state. Under a local change of basis |nα(r)〉 =

∑
γ χ

n
γα(r)|nγ(r)〉 with an unitary matrix

11
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χn(r) a non-Abelian gauge field transforms as

Anαβ(r)→A′nαβ(r) = χnαγ(r)∗Anγδ(r)χnδβ(r) + iχnαγ(r)∗∇rχ
n
γβ(r).

For an infinitesimal small path dr, the non-Abelian Berry phase then transforms up to
first order in dr like

eidrAn(r)→ eidrA′n(r) ' (χn(r))† eidrAn(r)χn(r−dr).

Along consecutive infinitesimal path steps, neighboring transformations cancel out, which
yields the gauge covariance of the Wilson loop along a closed path

Wn[rf← ri]→W ′n[rf← ri] =
(
χn(rf )

)† eidrAn(rf ) . . .eidrAn(ri+dr)eidrAn(ri)χn(ri).

Hence, for a closed path, the action of an arbitrary gauge transformation is just a local
change of basis at the starting point of a given loop. Indeed, since the non-Abelian Berry
phase is a U(dn) transformation, if it would be independent of the basis, it could not
have a physical meaning. It would imply that choosing a particular basis to describe a
given degenerate subsystem determines the action of the transformation. Observables,
related to this geometric phase, would hence as well depend on the basis, which is deeply
unphysical. From the above analysis, we see that this is not the case and the non-Abelian
Berry phase transforms well under a local change of basis. However, the operational form
of the Wilson loop depends on the basis of the starting point in a closed loop, which might
not be the same everywhere along the path. Basis independent properties, such as the
trace or the eigenvalue spectrum are unaffected by this and, thus, they are the ones that
carry intriguing physical information.

2.2.1 Importance of geometric phases for topology

Let us note at this point that, throughout the last decades, geometric phases have become
an important tool for the characterization of matter [XCN10, HK10, QZ11]. The reason for
this is located in the fact that Berry phases are insensitive to smooth local variations of the
path in parameter space. In that sense they are able to capture the topological properties
of a given system, which might be interpreted as global geometric phases. This quantized
phase remains unchanged upon smooth deformations. In a physical system, described by a
many-body Hamiltonian with an energy gap, separating the ground state from all excited
states, a smooth deformation can be defined as a change in the Hamiltonian that does not
close the gap between ground state and excited states. This principle can be applied to all
gapped Hamiltonians, as for instance insulators or SCs [QZ11]. The topological properties
of a given system, which are properties of the bulk, can be uniquely related to observable
boundary effects by means of the so-called bulk-boundary correspondence [Hal82, Vol94],
which itself can be formulated in terms of Wilson loops.
An instructive way to see how this comes about is to investigate the properties of the
position operator, projected onto the occupied bands of a generic translational invariant
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lattice Hamiltonian. In particular, we are interested in solving the eigenvalue problem(
Poccx̂Pocc− θ

2π

)
Ψ (x) = 0,

where Pocc projects to the occupied subspace. Ψ (x) can be expanded in the subspace of
occupied Bloch bands

Ψ (x) =
nocc∑
n=1

∫
dk

2πfn,kψ
n
k (x)

with Bloch eigenfunctions ψnk (x) = eikxunk(x). With periodic boundary conditions in the
Brillouin zone, a straight forward calculation yields [ADB14]

nocc∑
n=1
Wmn[k+ 2π← k]fn,k = eiθfm,k.

The eigenspectrum of Poccx̂Pocc, hence coincides with the phases of the eigenspectrum
of the Wilson loop [Zak89, FK06, ADB14]. Upon smooth deformations, the topological
properties of a given Hamiltonian are not changed. We might therefore rewrite the Hamil-
tonian as a flat-band Hamiltonian with two accumulation points, separating the bands in
occupied and empty

Hflat = 1− 2Pocc. (2.8)

Next, we introduce a boundary along x direction, splitting the system in two halves. On
one side, x < 0, we want all bands to be empty, while on the other side, x > 0, we retain
Eq. (2.8). This might be expressed as

Hbdr = PoccV (x̂)Pocc + 1−Pocc

with V (x̂) = −1 for x > 0 and V (x̂) = 1 for x < 0. The boundary spectrum is hence
associated with the operator PoccV (x̂)Pocc. It can be demonstrated that this operator
can be smoothly deformed to the projected position operator. This implies that the
eigenspectrum of the edge is topologically equivalent to the Wilson loop eigenspectrum as
long as the form of the boundary itself does not break the symmetries that protect the bulk
spectral flow [FJK11, NS18]. A non-gapped Wilson loop spectrum implies a non-trivial
topology of the bulk system that manifests itself as edge modes, connecting empty and
occupied bands.

2.3 Anyon models, braiding and topological quantum computing

The fact that the adiabatic exchange of non-Abelian anyons is described by U(N) trans-
formations that do not depend on the details of the path, but only recognize its topology,
turns out to be an extremely powerful property. This eventually allows to employ non-
Abelian anyons as building-blocks of topological quantum computers, where the ultimate
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2 Non-Abelian anyons

goal is to design an universal set of quantum gates solely from the U(N) operations that
emerge from adiabatic particle exchange. As we will derive below, typically two anyons
are not sufficient for this task. Rather, many-anyon system with larger ground state de-
generacies are required. This clearly complexifies the description of adiabatic particle
exchange, or braiding, in terms of non-Abelian Berry phases. However, there is maybe a
more elegant, albeit also more formal, approach to describe many-anyon theories that we
will review below.

2.3.1 Fusion tree representation of anyon models

Before we write down an explicit anyon model, let us think about the basic requirements
that such a model has to obey. For sure, a specific anyon model will always contain different
kinds of anyons. In a system with Abelian anyons of kind θ (meaning they acquire a phase
of eiθ when exchanged), necessarily also particles of kind k2θ (k ∈ N) need to exist. The
simple reason for those ’higher’ particle species is that we might always bring k anyons
of kind θ close together, i. e. fuse them. When two of such new composite anyons are
exchanged, each of the k constituent anyons of composite anyon 1 is exchanged with each
constituent of composite anyon 2. The composite anyon can thus be seen as a new anyon
of kind k2θ. This can be captured in general form by fusion rules. For Abelian anyons of
kind π/m, they simply read [NSS+08]

n2 π

m
× k2 π

m
= (n+ k)2 π

m
,

where × denotes the fusion. In the case of non-Abelian anyons, the situation is more
subtle. Due to the degeneracy, there might not be an unique way of how non-Abelian
anyons can be fused, i. e. how their topological quantum numbers are combined. This is
typically expressed by

φa×φb =
∑
c

N c
abφc

for anyons of kind a, b and c. Anyons of kind a and b fuse to an anyon of kind c through
the fusion channel N c

ab whenever N c
ab , 0. For Abelian anyons, N c

ab is only non-zero
for one specific c and zero else, while the theory is non-Abelian if there is at least one
combination of a and b such that there are multiple fusion channels with N c

ab , 0. The
fusion multiplicities N c

ab are typically 0 or 1. However, in principle it can also happen that
N c
ab > 1. This implies multiple distinct ways how a and b can fuse to c.

The different fusion channels might further be used to define the degenerate space in which
the anyons live. Since the degeneracy of the system is one-to-one related to the number
of possible fusion outcomes, we can define a set of orthogonal states |ab;c〉 with

〈ab;c|ab;d〉= δcd,

spanning the degenerate space, often coined fusion space [LP17]. The state |ab;c〉 refers
to a system with two anyons a and b that yield c when fused. In that sense c describes the
topological charge of the anyon system formed from a and b. In a naive approach, one could
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Figure 2.2: (a) Fusion tree diagram of a state |(ab)c;ec;d〉. Vertical direction defines the time,
increasing from top to bottom. Horizontal direction defines space. (b) Fusion tree diagram of
|a(bc);af ;d〉. (c) Fusion tree diagram for |(ba)c;ec;d〉 with interchanged initial positions of particle
a and b. (d) Fusion tree diagram for |(ab)c;ec;d〉 with interchanged initial positions of particle b
and c.

suggest the set of states |ab;c〉 with distinct fusion outcomes to built a topological qubit.
This is however not possible. The reason for this is that braiding – the operation that is
wanted to determine qubit manipulations – is not able to change the global topological
charge. For the system prepared in the state |ab;c〉, it is hence impossible to ever reach
the state |ab;d〉 (for d , c) using braiding operations. Thus, two anyon systems are only
sufficient to form one ordinary qubit, but not to encode one topological qubit. Instead,
more than two anyons are required, such that various different ways of fusion are possible,
all with the same final outcome (i. e. same topological charge) and the same fusion order.
For instance, in a model with the three anyons a, b and c, a state |(ab)c;ec;d〉 describes a
fusion order where first a and b fuse to e, while subsequently c fuses with e to d, which
determines the global topological charge. The fusion tree basis for this model is given by
the set of orthonormal states with distinct intermediate fusion outcome e. A convenient
way to illustrate such a fusion tree basis state is a fusion tree diagram (see Fig. 2.2 (a)).
Each intersection represents one fusion process, where the labeling of the branches gives
the fusion input, outcome, respectively. Distinct degenerate states, for our three-anyon
model with anyons a, b and c and topological charge d, can be uniquely labeled by the
different possible values of e.
Evidently, starting with particles a, b and c, the fusion order described by the states
|(ab)c;{e}c;d〉 is not the only possible one, leading to global topological charge d. In
another fusion order, where first b is fused with c, the fusion tree basis states would
consequently read |a(bc);a{f};d〉. Distinct fusion orders can be interpreted as different
bases, that can be related by means of the so called F -matrices, capturing the change in
the fusion order

|(ab)c;ec;d〉=
∑
f

(F dabc)ef |a(bc);af ;d〉, (2.9)

where the summation runs over all possible fusion channels given for the fusion of b and
c. F -matrices are specific to the anyon model. They can be obtained from consistency
equations, known as pentagon equations, which make use of generic cyclic relations [Kit06,
RSW09]. The action of a F -matrix is best visualized in a fusion tree diagram. In Fig. 2.2,
(a) and (b) are related by a F -move, i. e. the application of a F -matrix according to Eq.
(2.9). This changes the alignment of the fusion branches, but keeps the initial particle
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Figure 2.3: Consecutive application of F yields a non-trivial cyclic relation in the case of four
anyons. 1, 2, 3, and 4 correspond to the different anyons of the theory with topological charge 5.

configuration as well as the topological charge unchanged. The pentagon equation is a
direct consequence of this. Since any F -matrix changes the alignment of only one branch
in the fusion tree at a time, consecutive application for four anyons yields a non-trivial
cyclic relation. Fig. 2.3 illustrates this generic relation. In terms of formulas, Fig. 2.3 is
equivalent to the matrix equation

(F 5
12c)ad(F 5

a34)bc =
∑
e

(F 5
234)ec(F 5

1e4)bd(F 5
123)ae. (2.10)

Eq. (2.10) appears to be very cumbersome to be solved in general. Already in the case of
the simplest anyon model (discussed in Sec. 2.3.3), where we have two kinds of particles,
there are 25 different F -matrices. Fortunately, many of them actually correspond to trivial
fusion trees such that Eq. (2.10) simplifies and yields a solution for the remaining non-
trivial F -matrices. However, this is certainly not always the case.
The fusion tree basis is particularly useful to describe braiding for many-anyon models. As
discussed in Secs. 2.1 and 2.2, adiabatic exchange of particles, living in a degenerate space,
is accompanied by an unitary transformation. The form of this unitary transformation
is given by the non-Abelian Berry phase, capturing an abstract notion of curvature in
the corresponding Hilbert space. Furthermore, unitarity implies the existence of a basis in
which the transformation will become a diagonal matrix. This basis can be found by using
the fusion tree construction of a basis. As all different degenerate states in a many-anyon
model with fixed topological charge are labeled by distinct intermediate fusion outcomes,
the states diagrammatically represented by Fig. 2.2 (a) and (c) are linearly dependent.
In Fig. 2.2 (c), however, anyons a and b are exchanged in a counterclockwise manner. It
follows readily

|(ba)c;ec;d〉=Reab|(ab)c;ec;d〉, (2.11)

where Reab is a U(1) phase, describing the exchange process a and b. In contrast to
the Abelian case, the non-Abelian exchange not only depends on the types of anyons,
but also on their fusion channel e. In the fusion tree basis, Reab are consequently the
elements of a diagonal matrix R, capturing the action of counterclockwise exchange of
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Figure 2.4: Diagrammatic action of the braid group generator bj on the strands j and j+1 and its
inverse. The difference between clockwise and counterclockwise exchange of worldlines is illustrated
by a cut in the respective worldline.

anyons a and b. Similar to F -matrices, R-matrices can be fully determined from the
corresponding anyon model by solving a set of consistency equations, known as hexagon
equations [MS89, Kit06, RSW09].
Let us for a moment return to the initial two anyon system formed from anyon a and b.
The fusion tree basis of such a system would be similar to the one shown in Fig. 2.2 (a),
just that the diagram would end at the intermediate outcome e, with e representing the
global topological charge in this scenario. As derived above, the R-matrix, describing an
exchange of a and b is diagonal in the basis of Fig. 2.2 (a). As readily seen from Eq.
(2.11), application of R yields a U(1) phase and is, thus, not able to flip the value of e.
Consequently, two anyons are not enough to encode a topological qubit, as braiding in the
two-anyon model (i. e. application of R) is insufficient for computations.
Given a specific basis, braiding of anyons can only take a diagonal form for one pair of
anyons. In the above example, with the basis pictorially represented by Fig. 2.2 (a),
braiding of anyon a and b is described by the diagonal R-matrix. Evidently, braiding of
anyon b and c in the same basis requires more analysis. For that, we first apply F dabc to
change the basis to the fusion order of Fig. 2.2 (b), subsequently we braid b and c in the
new basis by applying R, and finally we change back to the initial basis with

(
F dabc

)−1
.

The combined action of F and R is often called braid matrix Bbc =
(
F dabc

)−1
RbcF

d
abc. The

resulting state has the diagrammatic form of Fig. 2.2 (d).
Full knowledge of the F and R-matrices in a given many-anyon model allows to efficiently
describe all possible braiding operations, as all generators of the corresponding braid group
are constructed from F and R matrices.

2.3.2 The braid group

The braid group of N strands BN is the group of equivalence classes of braids, formed
from the N strands. The group operation is the composition of braids. The generators of
the group are the elementary operations, necessary to obtain any group element using the
group operation. The braid group BN is thus generated by braids bj describing pairwise
exchange of neighboring strands (or world-lines) j and j + 1 (see Fig. 2.4). Importantly,
if bj constitutes a clockwise exchange of strands, then b−1

j represents a counterclockwise
exchange. The braid group BN is therefore generated by N − 1 elementary braiding
operations {b1, ..., bN−1} with the mutual relations [NSS+08]

bibj = bjbi for |i− j| ≥ 2, bjbj+1bj = bj+1bjbj+1 for 1≤ j ≤N − 1.
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2 Non-Abelian anyons

Figure 2.5: Fusion tree basis states for global topological charge τ .

The crucial difference from the permutation group is that b2j , 1, which implies an infinite
number of elements (unlike the permutation group SN , which has N ! elements).
For the abstract three anyon model of the last section with anyons a, b and c, the associated
braid group generators are bab ≡Rab and bbc =

(
F dabc

)−1
RbcF

d
abc. Any braid is built from

composites of these generators and their inverse.

2.3.3 Fibonacci anyons

To illustrate this quite abstract analysis, let us discuss a concrete anyon model. The
simplest model of anyons to imagine consists of only two fields, one anyon of kind τ and
the vacuum 1 [FW02, BHZS05, HZBS07, STL08]. The only non-trivial fusion rule is the
fusion of two τ anyons

τ × τ = 1 + τ . (2.12)

Explained in words, Eq. (2.12) tells that two τ particles behave like particle and antipar-
ticle when they fuse to the identity, while in the second fusion channel they behave like a
single τ particle. Based on that fusion rule, repeated associative application shows that
the fusion space, i. e. the number of distinct ways to reach final topological charge 1 or
τ , grows according to the Fibonacci sequence. That is, for a theory consisting of N τ
anyons, fusion yields �

N

τ = FN−11 +FNτ

with the Fibonacci sequence elements FN = FN−1 +FN−2. Where�
N

τ = τ × τ × ... × τ

denotes the associative fusion of all N fields τ . Let us fix the global topological charge
to τ and the fusion order to that shown in Fig. 2.5. Then, three τ are able to encode
one topological qubit as the fusion space dimension is two (F3 = 2). The 2D fusion tree
basis is spanned by the states |(ττ )τ ;1τ ;τ 〉 ≡ |1〉 and |(ττ )τ ;ττ ;τ 〉 ≡ |τ 〉. The solution
of the hexagon and pentagon equations for the three τ model in the basis (1,0)T = |1〉,
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2.3 Anyon models, braiding and topological quantum computing

(0,1)T = |τ 〉 produces [BHZS05, NSS+08]

F ττττ =
(
ϕ−1 ϕ−1/2

ϕ−1/2 −ϕ−1

)
, Rττ =

(
e−i4π/5 0

0 −e−i2π/5

)
, (2.13)

where ϕ = (1 +
√

5)/2 is the golden ratio. Using the definitions in (2.13), we can readily
find the generators of the associated braid group

b1ττ =Rττ , b2ττ = (F ττττ )−1RττF
τ
τττ =

(
−e−iπ/5/ϕ −ie−iπ/10/

√
ϕ

−ie−iπ/10/
√
ϕ −1/ϕ

)
, (2.14)

where in the basis defined by Fig. 2.5, b1ττ braids the leftmost two τ ’s and b2ττ the right-
most two. Then, any unitary operation that results from braiding can be represented by
composition of b1ττ and b2ττ and their inverse. Importantly, to use braiding as building
blocks of quantum computations, the ability to construct the required quantum gates,
necessary for universal quantum computing [NC00], from the generators of the associ-
ated braid group is fundamental. In respect thereof, the Fibonacci anyon theory hides
something remarkable. The braid group, generated by b1ττ and b2ττ , is dense in SU(2)
[FW02], which implies that any desired unitary can be approximated to arbitrary accu-
racy (up to a global phase) using braiding operations. This intriguing property enables
Fibonacci anyons to support universal quantum computing solely by braiding and indeed
distinguishes them from most other anyon models.

2.3.4 Quantum computing with Fibonacci anyons

Although theoretical possible, from the definitions in (2.14), it is not obvious how to
construct useful single- and two-qubit gates from composition of b1ττ and b2ττ . A convenient
method how to find reasonable approximations for specific single qubit gates is a brute force
search on a classical computer, that determines all possible braids up to a given length,
looking for a braid which resembles the desired unitary in good approximation. The
number of possible braids, however, grows exponentially in the length of the braid, which
makes this method unfeasible for high-accuracy long braids or two-qubit gates, where the
corresponding full Hilbert space (in the Fibonacci case) is already 13. Fortunately, it is
possible to find good approximations for single-qubit gates, built from polylogarithmically
long braids in the allowed error distance, using iterative algorithms [KSV99, NC00].
Single qubit gates are, however, not adequate for universal quantum computing [NC00].
An important brick of any quantum computer is the entangling of different qubits with
two-qubit gates [NC00, BDD+02]. For that, even the techniques used to obtain single
qubit gates might not be sufficient anymore. This is the moment to leave aside the brute
force method. A neat way to construct two-qubit gates was suggested by Bonesteel et al.
[BDD+02]. Let us start with a single qubit, formed from three τ fields, and search for
a braid whose action on the Hilbert space corresponds to a braid exchanging two of the
three τ fields, say τ field 2 and τ field 3, twice (see Fig. 2.6 (a)). While it is obvious that
such a braid can be constructed from applying the corresponding generator of the braid
group twice, this is not what we are looking for. Instead, we want to find a combination
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Figure 2.6: Construction of a single- and two-qubit gate. Time flows from left to right. For ease of
notation, we have dropped the τ indices of the braid group generators, i. e. bνττ ≡ bν for ν = 1,2.
(a) Winding the blue τ field in the given order through the two ’stationary’ τ fields effectively
yields an approximate operation on the ’stationary’ fields with a distance of ε' 2.3×10−3 from the
desired braid. (b) Usage of a second τ in the winding process produces a controlled-b21 operation.
Reprinted figure with permission from Ref. [BHZS05]. Copyright 2020 by the American Physical
Society.

of braiding operations that does solely involve the weaving of the remaining τ field (1)
around the stationary ones (2 and 3), but not the direct braiding of τ 2 and 3 [SBF+06].
Finding such a braid in good accuracy is a computationally tractable task (see Fig. 2.6
(a)). The effort is by all means rewarded for the construction of two-qubit gates. Two-
qubit gates typically consist of one control qubit and one target qubit. In the target qubit,
we aim to execute a tangible operation, depending on the value of the control qubit.
Instead of winding one τ field around two others, we use the same braiding sequence found
for the single-qubit gate, but now, we weave two τ fields of the control qubit around two
τ fields of the target qubit (see Fig. 2.6 (b)). When the control qubit is in state |1〉, the
braid is ineffective since we are winding around the vacuum. Then, only a U(1) phase is
acquired. However, if the control qubit is in state τ , we can think of the pair of τ particles
as a single τ particle. Hence, the action of the braid causes the same non-trivial braid
as for the single-qubit case and returns a rotation on the target qubit. Thus, the state of
the target qubit is modified in dependence of the state of the control qubit and the above
scheme represents a controlled-rotation gate.
This manual can also be applied to more fundamental gates, such as the controlled-NOT
(CNOT) gate. In the first step we find an appropriate single-qubit NOT gate by weaving
one τ in a three τ system with the remaining stationary τ ’s (Fig. 2.7 (b)). Unlike for the
controlled-rotation gate, the weaving τ of the NOT operation is the central τ of the qubit.
If we want to access it from another qubit, we need an injection weave that propagates
a τ particle to the right position, but acts as unity in the computational Hilbert-space,
leaving all quantum numbers invariant (Fig. 2.7 (a)). Weaving now two τ particles from
the control qubit in a scheme compiled of injection - NOT - ejection with the τ particles
of the target qubit, this yields an approximation for the desired CNOT gate (see Fig.
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Figure 2.7: (a) Injection weave approximating unity in an error distance of ε ' 1.5× 10−3. This
operation does not change the underlying quantum numbers but injects a field from the control
qubit into the target qubit. (b) Braiding scheme that approximates a logical NOT gate in error
distance ε ' 8.5× 10−4. (c) CNOT operation winding two τ fields of the control qubit through
the target qubit. Reprinted figure with permission from Ref. [BHZS05]. Copyright 2020 by the
American Physical Society.

2.7 (c)). The distance of the approximate CNOT gate from the true CNOT operation is
controlled by the length of the braiding sequence. Higher precision requires more braiding
operations in each sequence. For two unitary matrices U and V of dimension n, we can
quantify their distance using

ε(U,V ) =

√
1− |tr

(
UV †

)
|

n
.

If both unitaries are identical up to a global phase U = eiφV , then ε(U,V ) = 0. For a de-
sired error distance ε, it can be shown that the minimum required length of compiled braid
group generators scales polynomial in log(1/ε) [HRC02, KBS14]. Good approximations
for quantum gates can therefore reached within reasonable length of braids.
There are, however, some caveats that spoil the immediate use of Fibonacci anyons for
topological quantum computation. One obvious is that the approximation of even sim-
ple single qubit gates becomes complicated very soon and requires sequences of many
subsequent braiding operations [BHZS05, HZBS07, BBS10]. The approximation of quan-
tum gates also implies a small leakage error in every calculation step, which might be-
come a problem in longer computations. Moreover, another caveat is the missing ten-
sor product structure of the computational Hilbert space. A single qubit requires three
Fibonacci anyons to create a computational Hilbert space of dimension 2. Two qubits
are consequently encoded from six Fibonacci anyons. The associated fusion space is of
dimension 5 in the vacuum sector and 8 in the τ sector. Qubits and computations,
therefore, reside only in a subspace of the fusion space and the remaining part of the
fusion space needs to be carefully avoided throughout the computational process. More-
over, the simplicity of the Fibonacci anyon model does by no means correlate with the
feasibility of possible models that are able to support them as effective low energy ex-
citations. Indeed, literature provides only a small number of reasonable proposals for
Fibonacci anyons in physical systems. Apart from possible realizations in fractional quan-
tum Hall systems at specific fractional filling [RR99], more recent works propose their
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existence in artificial lattice models [SCMA15] or domain wall structures formed at the
edge of Abelian fractional quantum Hall states [MCA+14]1. In fact, the complexity of
a given anyon model is not necessarily coupled to the complexity of possible systems
realizing those anyons in real condensed matter settings. The most prominent exam-
ple of which are Ising anyons, that might have already been realized in 1D p-wave SCs
[Kit01, ORvO10, LSDS10, STL+10, SLTDS10, MZF+12, AHM+16b].

2.3.5 Ising anyons and beyond

Similar to the Fibonacci anyon model, the Ising anyon model contains only one non-
Abelian particle σ. Additionally, however, also an Abelian field ψ is present. The non-
trivial fusion rules for this composite Abelian-non-Abelian model are given by [LP17]

ψ×ψ = 1,
ψ×σ = σ, (2.15)
σ×σ = 1 +ψ.

An interpretation of the above fusion rules might be provided by fermions and Majorana
particles. Two fermions ψ fuse together to the ground state 1, which might be vacuum or,
in the case of a p-wave SC, the Cooper-pair condensate. As any fermion can be represented
in terms of two Majorana particles, it is clear that three Majorana particles behave in the
same way as one Majorana [Maj37]. The third line of (2.15) expresses the non-Abelian
nature of Majorana particles: they either fuse to the identity 1 or to ψ. In the above
interpretation, this means that when two Majorana particles are fused, the so formed
fermion can either be empty (1) or occupied (ψ).
Unlike in the Fibonacci anyon model, the fusion space of the Ising anyon model has a clear
tensor product structure. From an associative application of the fusion rules in (2.15) for
N fields σ, we obtain�

N=2n−1
σ = 2n−1σ,

�
N=2n

σ = 2n−1 (1 +ψ) , ∀ n ∈ N. (2.16)

Hence, the computational Hilbert space for a given set of qubits exploits the full fusion
space. For fixed topological charge, the minimum number of Majorana particles, required
to form a topological qubit, is three. In this scenario, the topological charge is forced to
be σ with the fusion tree basis states |(σσ)σ;1σ;σ〉 ≡ |1〉 and |(σσ)σ;ψσ;σ〉 ≡ |ψ〉. The
solution to the pentagon and hexagon equations yield [LP17]

Fσσσσ = 1√
2

(
1 1
1 −1

)
, Rσσ = e−iπ/8

(
1 0
0 eiπ/2

)
,

where we used the representation |1〉= (1,0)T , |ψ〉= (0,1)T . Consequently, the generators

1We will discuss the condensed matter realization of non-Abelian anyons in more detail in Sec. 2.4
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of the braid group are given by

b1σσ =Rσσ, b2σσ = (Fσσσσ)−1RσσF
σ
σσσ = 1√

2
eiπ/8

(
1 −i
−i 1

)
. (2.17)

Compared to the Fibonacci case, with the above generators it is now much more obvious
how to construct logical quantum gates. In particular, elementary compositions directly
lead (up to a global phase) to the Hadamard gate H, the phase gate S and the three Pauli
gates X, Y , Z

H ∼ b1σσb
2
σσb

1
σσ, S ∼ b1σσ

X ∼ b2σσb
2
σσ, Y ∼ b1σσb1σσ

(
b2σσ

)−1(
b2σσ

)−1
, Z ∼ b1σσb1σσ.

Notably, as opposed to the Fibonacci case, the above gates are exact and now leakage error
occurs. Using six σ fields, it is furthermore possible to design exact two-qubit gates, such
as the CNOT gate, from comparatively simple combinations of braid group generators
[Geo08, FDG10].
However, the braid group generators in (2.17) are not able to compile arbitrary unitaries
and, unfortunately, the Ising anyon theory has one major weakness. Universal quantum
computing requires a fundamental set of gates [NC00]. This set of gates consists of those
which are required to build a controlled-controlled-NOT (CCNOT) gate, also called Toffoli
gate. Any reversible circuit can then be constructed from Toffoli gates. On the quantum
level, designing a Toffoli gate requires Hadamard gates, CNOT gates and T gates, with the
property T 2 = S [AGW09]. While it is relatively easy to compile Hadamard and CNOT
gates, the Ising anyon model fails to represent the T gate using braiding operations.
Thus, quantum computing on the basis of Ising anyons needs to be supplemented by non-
topological operations implementing this missing brick [BCNS10]. This in turn requires
error-correction, which entails significant computational overhead [Bra06]. Despite this
fundamental lack in accessing all relevant quantum gates for universal quantum computing,
Ising anyons are still the most promising candidate theory to explore and test the principles
of anyonic theories.
On the other hand, the weakness of Ising anyons for universal quantum computing en-
couraged the investigation of their generalizations. Let us think of the following specific
generalization [HWL15, CMA18]

σ×σ =
m∑
g=0

ψg,

ψg ×ψh = ψg⊕h, (2.18)
ψg ×σ = σ,

where g and h are defined mod(m). In the case of m = 1, the above model is identical
to the Ising anyon model of (2.15). If m > 1, instead of having one Abelian field as for
the Ising anyons, now we have m (ψ0 is identified with the vacuum 1). Such a theory is
referred to as parafermion theory. Eqs. (2.18) imply that now there are m+ 1 distinct

23



2 Non-Abelian anyons

topological charge sectors. Consecutive associative application of the fusion rules in Eqs.
(2.18) for N σ particles yields�

N=2n−1
σ = (m+ 1)n−1σ,

�
N=2n

σ = (m+ 1)n−1
m∑
g=0

ψg, ∀ n ∈ N.

Compared to Ising anyons, the fusion tree degeneracy is hence increased for m > 1. For
instance in the case m = 3, three σ particles provide a large enough space to encode
two-qubit gates. However, a striking difference to the case of m = 1 is that there is no
non-trivial solution to the pentagon and hexagon equations anymore, which complicates a
generic description of braiding operations. As such, a theory with the fusion rules (2.18)
only obeys projective non-Abelian statistics, that is, the statistics of the particles is not
universal but becomes path dependent. This property does not necessarily spoil their use
for topological quantum computation. However, the construction of quantum gates from
braid group generators becomes model specific [OTMS15, HL16]. Some related models,
the so-called metaplectic anyons, even allow for universal quantum computing [HNW13].

2.4 Condensed matter realization of non-Abelian anyons

All conventional matter that we know so far consists of Abelian particles. It is therefore
a fair question how, if ever, it is possible to obtain non-Abelian particles when all con-
stituents are Abelian particles. The answer to this highly non-trivial question is twofold.
Firstly, it is necessary to set the right frames, that is, as we know from Sec. 2.1, a 2D
world, as only there the statistics of particles can deviate from that of fermions and bosons.
Secondly, in this 2D world, we need to find a way, such that the relevant excitations are
particles with anyonic character, which is not guaranteed in general.
Condensed matter physics equips us with the building blocks to achieve both tasks. Obvi-
ously, it is not possible to change the paradigms of space as a whole, however, we can think
of a condensed, spontaneously symmetry broken system of atoms that form a crystal. The
movement of electrons in such a system would be constrained to the dimensions of the
crystal and, for a 2D crystal, the electrons hence experience a 2D world. Still, all the con-
stituent particles are of Abelian nature. This, however, is not always one-to-one related
to the nature of the relevant excitations. In particular, strongly interacting systems can
drastically reorganize the many-body Fock space and lead to exotic emergent particles.
In this Section, we will shed some light on different models that support non-Abelian
anyons as low-energy excitations in various condensed matter systems. Despite the im-
mense comprehensiveness of two dimensional models, such as Kitaev’s honeycomb model
[Kit06], in view of the scope of the thesis our focus will be set on 1D models. In fact,
in one spatial dimension exchange of particles is not well defined. Still, we can define
non-Abelian anyons just by their emergent properties. Braiding and related operations,
however, always require a second dimension. One of the simplest and simultaneously most
fundamental models of such kind is the toy model of the 1D spinless p-wave SC [Kit01].
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2.4 Condensed matter realization of non-Abelian anyons

2.4.1 Splitting the fermion in halves

As starting point, let us think about a single ordinary fermion with a creation operator ĉ.
This fermion might be represented in terms of two Majorana operators as [Maj37]

ĉ= 1
2 (γ̂1 + iγ̂2) . (2.19)

To ensure the fermionic commutation relations, different Majorana operators obey fermionic
anti-commutation

{γ̂j , γ̂k}= 2δjk. (2.20)

More importantly, as opposed to usual fermions, the same Majorana operators satisfy

γ̂†j = γ̂j , γ̂2
j = 1. (2.21)

Up to a global phase, Majorana particles are identical with the non-Abelian Ising anyon
field σ. To see how this relation comes about in the language of fusion, let us consider the
fermionic occupation number operator n̂ = ĉ†ĉ. In terms of Majorana modes, we readily
obtain

n̂= i

2 γ̂1γ̂2 + 1
2 . (2.22)

The fermion occupation number operator applied onto an occupation number state yields
the two possibilities n̂|0〉= 0|0〉, n̂|1〉= 1|1〉, corresponding to the presence of either 0 or 1
fermion. Consequently, the occupation number states are also eigenstates to the operator
P =−iγ̂1γ̂2, which is identified as the fermion parity operator due to

P|0〉= |0〉, P|1〉=−|1〉. (2.23)

In the language of fusion, the product operator γ̂1γ̂2 can be seen as the fusion of operators
γ̂1 and γ̂2. The fusion process has two eigenstates |0〉 and |1〉, corresponding to the
two different possible fusion outcomes. Either the two Majoranas fuse to the vacuum,
represented by 1 in the fusion language and |0〉 in the fermion occupation number basis,
or to one fermion, depicted by ψ, |1〉, respectively. In that respect, the fusion rules of
Majoranas coincide exactly with the ones of the σ field in the Ising anyon model, given in
Eq. (2.15).

From the identification (2.19), using ĉ†|0〉 = |1〉, we further deduce that Majoranas act
as creation operators on the manifold |0〉, |1〉, whereas twofold consecutive application of
the same Majorana operator leaves the state invariant. This profound property reflects
the non-Abelian nature of Majoranas. Note also that the anti-commutation of Majorana
operators is not directly related to the R matrix describing a braiding process. Rather it
appears as a consequence of (2.21). From

γ̂2
j γ̂k = γ̂kγ̂

2
j , ∀j,k,
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it follows that commutation of two Majoranas must yield a square root of one. As we build
the Majorana from a fermion, this root is fixed to +1, producing Eq. (2.20). Since fusion
of two Majoranas is captured by the product operator γ̂j γ̂k, commutation of Majoranas is
an operation that takes place when the two Majoranas are already fused. It happens at
the fusion tree level, where the branches of γ̂j and γ̂k are already merged. In contrast to
that, braiding operations take place at least one tree level above, where the world-lines of
γ̂j and γ̂k are still separated (see Fig. 2.2 (a), (c) and (d)).
Typically, quantum mechanics desires hermitian operators, and single fermionic operators
are not expected to appear in any valid Hamiltonian. Provided the theory is based on
fermions, hermitian operators are expected to always contain (at least) pairs of Majorana
operators. In that sense, we can always describe the system in terms of non-Abelian
Majorana particles, however, we expect to find them paired (or fused) to form Abelian
particles, but not unpaired. We will see in the following that this expectation is not always
guaranteed.

2.4.2 Spinless p-wave superconductors

Consider a 1D system of fermions on a lattice of length L described by the following
second-quantized Hamiltonian

HK =
L−1∑
j=1

[
−tK ĉ†j ĉj+1−µ

(
ĉ†j ĉj −

1
2

)
+∆ĉj ĉj+1

]
+ h.c., (2.24)

where ĉ†j (ĉj) creates (annihilates) a spinless fermion on site j. tK is a hopping con-
stant, µ a chemical potential and ∆ = |∆|eiθ an induced superconducting gap. Using the
transformation of Eq. (2.19) for any lattice fermion

ĉj = 1
2e
−iθ/2 (γ̂2j−1 + iγ̂2j) , (2.25)

we bring the Hamiltonian to the form

HK = i

2
∑
j

[−µγ̂2j−1γ̂2j + (tK + |∆|)γ̂2j γ̂2j+1 + (−tK + |∆|)γ̂2j−1γ̂2j+2] .

In principle, the above change of basis can be applied to any system of fermions. The
spinless p-wave SC hides something remarkable though.
Let us discuss two limits. First, the trivial case with |∆| = tK = 0 and µ < 0. In this
scenario, the Hamiltonian simply becomes

HK =−µ
L∑
j=1

(
ĉ†j ĉj −

1
2

)
= −iµ2

L∑
j=1

γ̂2j−1γ̂2j .

Majorana operators from the same site (i. e. the same fermion ĉj) are paired together
and no unpaired Majoranas appear throughout the chain. In the second scenario, let us
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fix |∆|= tK > 0 and µ= 0. This readily leads to

HK = itK

L−1∑
j=1

γ̂2j γ̂2j+1. (2.26)

Now, Majorana modes are paired across different sites. This has a remarkable consequence:
In the case of open boundary conditions, the Majorana modes γ̂1 and γ̂2L are not part of
the Hamiltonian anymore. Evidently, they are part of the system though. It is easy to
verify itK L−1∑

j=1
γ̂2j γ̂2j+1, γ̂1

=

itK L−1∑
j=1

γ̂2j γ̂2j+1, γ̂2L

= 0, (2.27)

where [., .] denotes the commutator. Eq. (2.27) implies that γ̂1, γ̂2L and the Hamiltonian
HK have a common set of eigenvectors and by applying γ̂1 or γ̂2L it is not possible to
add energy to the system. Ground states are hence characterized by the two unpaired
Majorana modes. When we interpret a composition of γ̂1 and γ̂2L as a single non-local
fermion d̂= (γ̂1+iγ̂2L)/2, then the occupation number operator of this non-local fermion is
proportional to an operator describing the fusion of γ̂1 and γ̂2, n̂d = d̂†d̂= i/2γ̂2Lγ̂1 +1/2.
The outcome of the fusion (i. e. the eigenvalues of the operator −iγ̂1γ̂2L) can take two
possible values, corresponding to this non-local fermion being empty or occupied. Both
fusion outcomes take the same energy, reflecting the ground state degeneracy.

Let us formulate this in a more precise way. The Hamiltonian of Eq. (2.26) can be
rewritten in terms of a new set of fermions f̂j = e−iθ/2(γ̂2j + iγ̂2j+1)/2

HK = 2tK
L1∑
j=1

(
f̂ †j f̂j −

1
2

)
. (2.28)

Furthermore, since [n̂d,HK ] = 0, we can characterize the eigenstates of the system by occu-
pations of fermions in the bulk n̂f =

∑L−1
j f̂ †j f̂j and (non-local) fermions at the boundary:

|nf ,nd〉. The ground states of Eq. (2.28) are obviously the ones with nf = 0. How-
ever, since n̂d is not part of the Hamiltonian, we find the two degenerate ground states
|nf = 0,nd = 0〉 = |0〉 and |nf = 0,nd = 1〉 = |1〉. Importantly, these ground states are
also eigenstates to the fermion parity operator P = e

iπ
∑

j
ĉ†j ĉj and might be as well rep-

resented by equal weight superpositions of all possible states with fixed fermion parity
[TPB11, IMR+15]. Then, it can be shown that no local perturbation in the bulk is able to
distinguish the different ground states, since in any finite region, for both ground states,
the parity can locally be either even or odd. The only way to distinguish between the
different ground states are either non-local operators or terms that directly compare the
different ends of the wire, i. e. boundary terms.

For instance, in the case of periodic boundary conditions, the extra boundary term in the
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Hamiltonian adds the missing fermion to the system

HK = itK

L−1∑
j=1

γ̂2j γ̂2j+1 + itK γ̂2Lγ̂1 = 2tK
L1∑
j=1

(
f̂ †j f̂j −

1
2

)
+ 2tK

(
n̂d−

1
2

)
,

where the term itK γ̂2Lγ̂1 attributes different energy to the formerly degenerate ground
states. The degeneracy is hence removed, and now the only ground state corresponds to
the one with all fermionic states being empty. In that sense, the ends of the wire can
be viewed as defects that bind non-Abelian Majorana modes. Removing the defects, by
enforcing periodic boundary conditions, also removes the unpaired Majorana modes.
The two limiting cases |∆| = tK > 0 and µ = 0 or |∆| = tK = 0 and µ > 0 demonstrate
that the Hamiltonian of the spinless p-wave superconducting wire supports two distinct
topological phases. Formally, these phases can be described by a topological invariant
[Kit01] showing that the system undergoes a phase transition from topological to trivial
at 2tK = |µ| (for tK = |∆|). Consequently, in the whole parameter regime 2tK > |µ|
non-Abelian Majorana modes are bound to the ends of the wire. Away from the point
µ= 0, rather than being localized on a single site (1 or 2L), the Majorana modes acquire
a finite decay length and are exponentially localized. The decay length is controlled by
the spectral gap (i. e. ∼ |∆|). As the system approaches the phase transition, the spectral
gap closes and exactly at 2tK = |µ| the decay length of the Majorana becomes infinite and
boundary modes disappear.

2.4.3 Spin-orbit coupled quantum wires

The spinless nature that Kitaev assumed for the fermions in his model posed a major
obstacle that prevented a direct implementation of his idea in more realistic condensed
matter systems and so it took almost a full decade until Kitaev’s seminal work was trans-
formed into feasible systems. By this time it was recognized that coupling the spin of
electrons to their momentum can effectively render them spinless. Then, even ordinary
s-wave superconductivity is able to induce topological superconductivity since the Rashba
SOC mixes s- and p-wave components of the pairing. An effective model for such a situa-
tion is found by SOC quantum wires under the influence of an external magnetic field and
proximity induced s-wave superconductivity, described by [ORvO10, LSDS10, STL+10]

HSOW =
∫

dx

[
Ψ̂ †(x)

(
p̂2

2m −µ(x) +αS(x)σxp̂+B(x)σz

)
Ψ̂ (x) +∆(x)ψ̂↑(x)ψ̂↓(x)+h.c.

]
,

(2.29)
where σj (j ∈ x,y,z) are Pauli matrices acting on spin space and Ψ̂ (x) = (ψ̂↑(x), ψ̂↓(x))T
are fermionic field operators. B(x) is a magnetic field aligned along z-direction and ∆(x)
constitutes an ordinary s-wave pairing. The Rashba SOC term, αS(x)σxp̂, couples the
spin of the fermions with their moving direction. Microscopically, this term can emerge as
a relativistic correction in first order of (v/c)2 (with the speed of light c and the electron
group velocity v) as electrons move in a spatially inhomogeneous electric potential [RS15].
In crystals, such terms can naturally appear as the motion of electrons is affected by
the total ensemble of atomic cores. The kind and direction of SOC is thereby strongly
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2.4 Condensed matter realization of non-Abelian anyons

dependent on the crystalline symmetries. In modern SOC wires, the direction of Rashba
SOC is typically perpendicular to the wire axis.

Applying a BdG transformation [Bog58], we can rewrite Eq. (2.29) to obtain

HSOW = 1
2

∫
dxΨ̂ †BdG(x)

[(
p̂2

2m−µ(x)
)
τzσ0+αS(x)p̂τzσx+B(x)τ0σz+∆(x)τxσ0

]
Ψ̂BdG(x)

(2.30)
with the new Pauli matrices τj (j ∈ x,y,z) acting in the space of particles and holes
and the BdG spinor Ψ̂BdG(x) = (ψ̂↑(x), ψ̂↓(x), ψ̂†↓(x),−ψ̂†↑(x))T . Furthermore, we use σ0 =
τ0 = 12×2. The BdG transformation is a convenient trick to deal with superconducting
systems, where the Hilbert space is doubled by introducing "hole-like" particles. In that
way, the Hamiltonian of Eq. (2.29), which is quadratic in fields Ψ̂ (x), is transformed into
a Hamiltonian of double space, which is linear in new BdG fields Ψ̂BdG(x). The BdG
transformed Hamiltonian of Eq. (2.30) can now be readily diagonalized using appropriate
unitary transformations.

Consider the translational invariant case with µ(x) = µ, B(x) = B, αS(x) = αS and
∆(x) = ∆. In this scenario, we can use a mode expansion of the fermionic fields in Eq.
(2.30) Ψ̂BdG(x) =

∑
k Ĉke

ikx with Ĉk = (ĉk,↑, ĉk,↓, ĉ†k,↓,−ĉ
†
k,↑)

T to rewrite the Hamiltonian
in momentum space

HSOW = 1
2
∑
k

Ĉ†kHSOW(k)Ĉk, (2.31)

where we introduced the Hamiltonian density

HSOW(k) =
(
k2

2m −µ
)
τzσ0 +αSkτzσx +Bτ0σz +∆τxσ0. (2.32)

For the case of vanishing superconducting pairing ∆ = 0, diagonalization of Eq. (2.32)
yields the dispersion relation schematically illustrated in Fig. 2.8. When no magnetic
field is applied, the SOC shifts the different spin bands horizontally in momentum space
with a crossing at k = 0 (Fig. 2.8 (a)). Switching on a magnetic field opens a partial
spectral gap around this crossing point (Fig. 2.8 (b)). It furthermore couples states
of different spin, which leads to the fact that states at opposite momentum do no longer
carry opposite spin, but a small "tilting" is acquired. In particular, when the magnetic field
becomes the largest energy scale, as compared to the spin-orbit energy and the chemical
potential B� αS ,µ, the states of the different branches become more and more polarized
along the direction of the magnetic field. In this scenario one of the two bands is displaced
in energy by a magnitude of the order of B (see Fig. 2.8 (c)). The effective low-energy
physics is then captured by only one of the two bands. In a BdG sense, this band can
be described by two states, |e〉 and |h〉. In a zeroth order expansion in αS/B, these two
states are spin-z eigenstates, where in the basis of Eq. (2.31) we have

|e〉= (1,0,0,0)T , |h〉= (0,0,0,1)T .
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2 Non-Abelian anyons

Figure 2.8: Schematic dispersion of energy bands from Eq. (2.31) in three different limits: (a)
B = 0, (b) αS � B and (c) B � αS . In all three panels ∆ = 0. The arrows indicate the spin
direction of the eigenstates.

Consider now to turn on a s-wave pairing according to the corresponding term in Eq.
(2.32). In the subspace of the spin-z eigenstates |e〉, |h〉, the matrix elements of s-wave
pairing vanish

〈h|∆τxσ0|e〉= 〈e|∆τxσ0|h〉= 〈h|∆τxσ0|h〉= 〈e|∆τxσ0|e〉= 0.

This changes when we include the first order correction in αS/B to the states |e〉 and |h〉.
Then, we find [vOPP14]

|e〉= 1/Nk(1,−αSk/(2B),0,0)T , |h〉= 1/Nk(0,0,−αSk/(2B),1)T

with Nk =
√

1 + k2/(4B2). Repeating the calculation of the matrix elements of the pairing
readily leads to two non-zero elements

〈h|∆τx|e〉= 〈e|∆τx|h〉=− αSk∆
2BN2

k

.

In the subspace of |e〉 and |h〉, the corresponding Hamiltonian density including first order
corrections in αS/B hence resembles to the leading order in k the continuum version of a
spinless p-wave superconducting wire discussed in the former section

HSOW(k)'
(
k2

2m −µ
)
τz −

αSk∆

2BN2
k

τx.

Consequently, at least in the regime where the applied Zeeman field constitutes the largest
energy scale, the SOC quantum wire with proximity induced ordinary s-wave supercon-
ductivity resembles a topological superconducting phase, hosting non-Abelian Majorana
modes at its ends or at phase boundaries. As the phase properties are expected to remain
unchanged upon smooth deformations of the Hamiltonian, we do expect to find these
topological boundary modes as long as no gap closing appears. Indeed, we can discrimi-
nate the topological superconducting phase from the trivial by investigating the spectral
properties of Eq. (2.31) corresponding to the eigenvalues of Eq. (2.32), which can be
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2.4 Condensed matter realization of non-Abelian anyons

straightforwardly obtained [ORvO10]

E2
± =B2 +∆2 + ξ2

k + (αSk)2± 2
√
B2∆2 +B2 + ξ2

k + (αSk)2ξ2
k

with ξk = k2/(2m)−µ. E± has two low-energy points: one around k = 0 and another one
close to the Fermi momenta following ξk ±αSk = 0. Assuming finite ∆, the gap around
the Fermi momenta never closes, however, at k = 0, the above expression simplifies and we
find that a gap closing appears in E− for B =

√
∆2 +µ2. Hence, we can conclude that for

all values of B >
√
∆2 +µ2 the system remains in the topological superconducting phase.

There, we expect to find Majorana modes, bound to topological defects. Such a defect
can be modeled in the simplest fashion by a phase boundary. This might be achieved
for instance by a spatial variation of either of the control parameters B, µ or ∆. Let us
give a spatial dependence to the applied Zeeman field B = B(x) = ∆ + bx, generating a
topological defect at x = 0. Furthermore, assume to choose b > 0 but small enough, such
that the relevant length scale lb on which the spectral properties change follows lb� 1/kr,
where kr are relevant momenta around the low energy points. Then, in an area lb around
x= 0, we can approximate the Hamiltonian density of Eq. (2.30) up to linear order in p̂,
resulting in the Hamiltonian density

HSOW,eff(x) = αS p̂τzσx−µτzσ0 +B(x)τ0σz +∆τxσ0. (2.33)

A convenient way to diagonalize the above Hamiltonian density uses a mapping to the
harmonic oscillator. For that, we first square Eq. (2.33) to obtain [ORvO10]

H2
SOW,eff = (αS p̂)2 +B(x)2 +∆2 + 2∆B(x)τxσz −αSbτzσy,

where the last term appears as a result of the anti-commutator of p̂ with the spatially
dependent B(x), {αS p̂τzσx,B(x)τ0σz} = −τzσyαSb. Upon an unitary transformation Ub,
H2

SOW,eff becomes diagonal with entries (αS p̂)2 + (∆±B(x))2 ± αSb. Now, for the case
∆−B(x), we obtain the Hamiltonian of a harmonic oscillator, whose energy levels are given
by E2

n,± = 2αSb(n+ 1/2)± αSb. Hence, there exists a single zero energy solution E2
0,−,

where the eigenfunction corresponds to the ground state wave function of the harmonic
oscillator. From the respective entries of the unitary Ub we obtain the corresponding BdG
operator. This eventually leads to a BS, localized around x= 0, of the form

γ̂(x) = b

(αSπ)1/4 e
−bx2/(2αS)

[
fψ̂↑(x) + f∗ψ̂†↑(x) + f∗ψ̂↓(x) + fψ̂†↓(x)

]
,

where f = (1 + i)/(2
√

2). One can readily check that γ̂(x) = γ̂†(x), proving the Majorana
nature of the computed solution. Evidently, similar constructions of a Majorana solution
can be derived for spatial variation of any of the remaining control parameters ∆ and µ.
In condensed matter physics, non-Abelian particles, such as the Majorana solution above,
appear as effective collective excitations of a system formed from more fundamental par-
ticles, which are mostly fermions. Fusion of all non-Abelian particles in a given system
is hence required to yield an Abelian total topological charge. For the case of Majorana
modes, as evident from Eq. (2.16), this implies an even number of Majorana modes in
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any given fermion based system.

The above construction of a topological defect using spatially varying control parameters
gives the impression of a single Majorana solution. This is however not true. A second
Majorana mode is acquired due to boundary conditions [JR76]. If the space is compact-
ified with periodic boundary conditions, we obtain a second topological defect from the
discontinuous jump of the spatially varying control parameter. In the case of open bound-
ary conditions, the second Majorana solution is bound to the topological end of the wire
[KL12].

2.4.4 Edge theory hetero-junctions

SOC in combination with ordinary s-wave superconductivity is at the heart of the con-
struction of non-Abelian anyons in condensed matter systems. This eventually condenses
in the effective Hamiltonian given in Eq. (2.33). In recent years, similar effective Hamil-
tonians earned a lot of attention in the context of TIs.

Different from the conventional classes of matter, these novel kind of materials are charac-
terized by an insulating bulk and metallic edges. The first example of such kind of systems
was found in 2D systems by the integer and fractional quantum Hall effect, where, due
to the presence of strong out of plane magnetic fields, Landau levels form and currents
can only propagate along the edges of the sample [KDP80, Hal82, TSG82, Lau83]. The
states associated with these currents possess a chiral character. Backscattering is thus ex-
ponentially suppressed in the width of the quantum Hall sample leading to an exceedingly
precise conductance quantization. The notion of Landau levels as initiator of quantized
conductance is convenient. However, as recognized by Haldane, rather than the presence
of Landau levels, the breaking of TR symmetry generates non-zero quantized edge con-
ductance. He was able to demonstrate this effect in a gapped lattice model based on
Graphene. Thereby, TR symmetry is broken by two terms that mimic a flux. The net
flux, however, is kept zero [Hal88]. Still, Haldane demonstrated that a quantized edge
conductance exists in his model, provided TR symmetry is broken. However, Haldane’s
model did not account for the spin of the particles. This gap was eventually closed by
Kane and Mele [KM05a, KM05b]. In that, they restored time reversal symmetry, suggest-
ing vanishing edge conductance. Yet, each spin sector separately resembles the Haldane
model. As such, helical counter-propagating edge currents are obtained. Unlike for the
quantum Hall effect, backscattering is now prevented by TR symmetry. This might appear
as a weak point, however, as we will discuss below, it can also evoke interesting physics if
we explicitly break TR symmetry and generate backscattering. Inspired by the Kane and
Mele model, this phenomenon, called QSH effect, was proposed [BHZ06, FK07, LHQ+08]
and realized in different material systems such as HgTe/CdTe quantum wells [KWB+07],
InAs/GaSb bilayers [KDS11, SND+14] or Bismuthene on SiC substrates [RLD+17]. Since
then, especially the edge states of this novel material class have been subject of intense
research.
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2.4 Condensed matter realization of non-Abelian anyons

Figure 2.9: (a) Schematic of a Josephson junction based on a QSH ring pierced by a flux. (b) Zoom
in of (a). The space dependence of the mass terms is assumed to be B(x) =Mθ(x+L/2)θ(L/2−
x) and ∆(x) =

[
∆θ(−L/2−x) +∆eiϕθ(x−L/2)

]
. At the interfaces between M and ∆ regions,

Majorana BSs γ̂1 and γ̂2 form. (b) Similar junction as in (b) with M(x)→ ∆(x), ∆(x)→M(x)
and ϕ= 0.

Majorana bound states from superconductor-ferromagnet hetero-junctions

In lowest order, the effective Hamiltonian describing the edge states of a QSH material is
given by [WBZ06]

HQSH =
∫

dx Ψ̂ †(x) [vF p̂σz] Ψ̂ (x) (2.34)

with Ψ̂ (x) =
[
ψ̂↑(x), ψ̂↓(x)

]T
. When we proximitize the edge of a QSH insulator with a

s-wave SC and expose it to magnetic fields, we end up with a Hamiltonian that is, up
to an unitary transformation, identical to the one given in Eq. (2.33) [FK08, FK09]. As
opposed to the quantum wire case, we do not need to enforce the slow spatial variation of
the control parameters for the validity of the respective effective Hamiltonian. We could
hence imagine a hetero-junction, schematically illustrated in Fig. 2.9 (a): a QSH ring
pierced by a magnetic flux and proximitized by a s-wave SC for x < −L/2 and x > L/2
that induces a pairing amplitude in the helical edge states. The SC repels the magnetic
field but acquires a phase in the order parameter, which eventually evokes the celebrated
Josephson effect [Jos62]. In between the SCs (i. e. for −L/2 < x < L/2), the magnetic
field enters in the Hamiltonian. Hence, the system is effectively described by the hetero-
junction sketched in Fig. 2.9 (b), where the Hamiltonian density takes the same form as in
Eq. (2.33), however, with modified spatial dependence B(x) =Mθ(x+L/2)θ(L/2−x) and
∆(x) =

[
∆θ(−L/2−x) +∆eiϕθ(x−L/2)

]
. At the interfaces between SC and magnetically

ordered area, (Majorana) BSs are forming. Finite M leads (in general) to a hybridization,
wherefore the low-energy physics can be captured in a two level system. By virtue of PH
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symmetry, we find for L� vF /∆ [FK09]

HFK = 2i
√
D∆cos(ϕ/2)γ̂1γ̂2 (2.35)

with the Majorana operators γ̂j (j ∈ 1,2) and D = 1/
[
1 + (M sinh(κL)/κ)2], where κ =√

M2−µ2. Let us assume two limits: M = 0 and κL → ∞. In the case of M = 0,
the system restores TR symmetry for the exceptional points ϕ = nπ with n ∈ Z. TR
symmetry, in turn, enforces Kramers degeneracy. This is realized as the spectrum of
Eq. (2.35) touches the bulk spectrum whenever the superconducting phase takes an even
multiple of π, while for odd multiples of π, the hybridization vanishes leading to a Kramers
pair of Majorana modes. In the case of M , 0, TR symmetry is always absent. Then,
however, hybridization of the two Majorana modes is exponentially suppressed in κL with
one Majorana mode bound to each interface of SC and magnetically ordered region (Fig.
2.9 (b)). In this limit, the low-energy physics is insensitive to the specific arrangement of
superconducting and magnetic regions as long as proper boundaries between the two can
be found. For ease of understanding, in the remainder of this section, we will therefore
work with the hetero-junction illustrated in Fig. 2.9 (c) where a single superconducting
region is embedded by magnetic regions.

In particular, let us investigate the hetero-junction of Fig. 2.9 (c) from the perspective of
ground state degeneracies. While in its present fermionic form, it is not obvious in what
way the Hamiltonian obeys a ground state degeneracy, this can be revealed by virtue of
bosonization.

1D quantum systems of fermions have the remarkable property that they are equivalently
described in terms of bosons. Originally, the mapping from fermions to bosons is moti-
vated by electron-electron interactions. The principles that lead to Fermi liquid theory do
not apply in 1D and excitations are always of bosonic nature. Pictorially this might be
understood from the fact that interacting fermions cannot disperse freely in 1D systems
without affecting their neighbors. Then, the relevant excitations are of collective nature,
such as density waves, described by bosons. Nowadays, bosonization is a widely used
mathematical tool to efficiently describe 1D interacting systems of fermions. For now we
are concerned with the physical aspects and consequences of this mapping in the context
of non-Abelian anyons. A detailed review of the principles of bosonization will be given
in Sec. 3.1.

While the reformulation of 1D fermionic systems in terms of bosons is of particular use
when electronic density-density interactions are present, the mapping itself is not restricted
to interacting systems and does also apply to the non-interacting case. In particular, the
bosonization identity states [Gia03, vDS98]

ψ̂r(x) = Fr√
2πa

eirkFxe−i(rφ̂(x)−θ̂(x)) (2.36)

with r =↑,↓= +,− and the hermitian bosonic field operators φ̂(x) and θ̂(x). Fr are called
Klein factors, lowering the number of fermions by one and a is cutoff to avoid divergencies.
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2.4 Condensed matter realization of non-Abelian anyons

The bosonic fields φ̂(x) and θ̂(x) obey the commutation relation[
φ̂(x), θ̂(x′)

]
= iπθ(x′−x) (2.37)

with the Heaviside step function θ(x−x′). Using Eq. (2.36), we can transform Eq. (2.34)
into its bosonic form

HQSH = 1
2π

∫
dx
[
u

K

(
∂xφ̂(x)

)2
+uK

(
∂xθ̂(x)

)2
]
. (2.38)

K is a dimensionless parameter capturing the strength of electron-electron interactions and
u is a renormalized Fermi velocity. In particular K = 1 and u= vF in the non-interacting
case, while K < 1 (K > 1) for repulsive (attractive) interactions. Starting from Eq. (2.34),
we clearly have K = 1. However, in the perspective of further discussions, it is useful to
keep it in the Hamiltonian. Next, we can investigate the mass terms in view of Eq. (2.36)

H∆ =
∫

dx∆(x)
[
ψ̂↑(x)ψ̂↓(x) + h.c.

]
=
∫

dx
∆(x)
2πa

[
F↑F↓e2iθ̂(x) + h.c.

]
,

HB =
∫

dxB(x)
[
ψ̂†↑(x)ψ̂↓(x) + h.c.

]
=
∫

dx
B(x)
2πa

[
F†↑F↓e

2iφ̂(x)e−2ikFx + h.c.
]
. (2.39)

Klein factors do not carry any spatial dependence. Consequently, they do not contribute
to the space-time dependence of correlation functions, which is totally controlled by the
bosonic fields [Gia03]. In the thermodynamic limit, we can hence ignore the Klein factors
in the above equations2 and obtain

H∆ = ∆

πa

∫ L/2

−L/2
dx cos

[
2θ̂(x)

]
, (2.40)

HB = HB,−+HB,+ = M

πa

[∫ −L/2
−∞

+
∫ ∞
L/2

]
dx cos

[
2φ̂(x)−2kFx

]
, (2.41)

where we used the spatial dependence of B(x) and ∆(x) as depicted in Fig. 2.9 (c). Here,
since the relevant length scales are infinitely long at least for HB, we require kF → 0 to
obtain HB as a relevant term. Otherwise, integration renders the energy contribution of
HB irrelevant3.
The full Hamiltonian of the hetero-junction is compiled by the sum of Eqs. (2.38), (2.40)
and (2.41). Our goal is to determine the ground states of this system. On the first sight
this gives the impression of a difficult task. However, there are some neat shortcuts. Let
us assume to be far away from any boundary of the system, say x�−L/2. In this region
of space, the ground states of the system are determined by HQSH and HB,−. The cosine
part, HB,−, would like to lock the field φ̂(x) and abandon its spatial dependence φ̂(x)→ φ̂,
such that the eigenvalues of the new phase field φ̂ correspond to the minimum of the
cosine potential. Then, also in the kinetic part ∂xφ̂ → 0. However, Eq. (2.37) implies

2This subtle point will be discussed in detail in Sec. 3.1.4
3Note that, in general, finite kF with kF � 1/L leads to a reduction of the overall energy contribution
of Eq. (2.41) by (at least) a factor ∼ 1/(kFL).

35



2 Non-Abelian anyons

strong fluctuations in the field θ̂(x), increasing the kinetic energy. In conclusion, if HB
gives the biggest portion to the ground state energy, then, the corresponding states will be
characterized by eigenstates of the phase fields φ̂. In contrast, if the kinetic energy term
HQSH dominates, ground states will be determined by spatially fluctuating fields φ̂(x) and
θ̂(x). A systematic way to resolve these competing interests is to use a RG ansatz.
RG theory is a comprehensive fundamental method to obtain the low-energy behavior
of a given system4. The overall idea is to obtain an insight in low-energy properties of a
system by rescaling and integrating out high energy contributions of the partition function.
Often times this has to be done perturbatively around a fixed point [Car96, GNT98,
Gia03, Fra13]. For our case, this fixed point is given by HQSH and the corresponding
Gaussian action, obtained upon a Legendre transformation and a rescaling of the fields
φ̂(x)→ φ̃(x) = 1/(

√
πK) φ̂(x) and θ̂(x)→ θ̃(x) =

√
K/π θ̂(x). Then, the action of HQSH

is found to be

SQSH[φ̃]≡ S0[φ̃] = 1
2

∫
dxdt

[1
u

(∂tφ̃(x,t))2−u(∂xφ̃(x,t))2
]
. (2.42)

The perturbation for which we aim to apply the perturbative RG procedure is found by
the action of HB

S1[φ̃] = g

∫
dxudt cos

[
βφ̃(x,t)

]
, (2.43)

where β = 2
√
πK and g = M/(πau). To treat Eq. (2.43) as a perturbation to Eq. (2.42)

we need to assume that the coupling constant g is initially small. Now the question to
answer is: What is the effective action when only low-energy contributions are included
in the partition function? The answer is found by perturbatively integrating out the
high energy contributions up to an ultra-violet cutoff. If the system under consideration
is renormalizable, which is the case here, the effective action obeys exactly the same
structure as the original one but with a new set of coupling constants. This results in a
set of differential equations that relate the new coupling constants, after performing the
renormalization procedure, to the original ones. For the present case, in first order, we
obtain an equation capturing the change in the coupling constant g upon integrating out
high energy modes of the portion dl (where dl itself is dimensionless) [GNT98]

g′ = g(1 + (2− d)dl) (2.44)

with the scaling dimension d= β2/(4π). Eq. (2.44) results in the differential equation

dg(l)
dl

= (2− d)g(l) (2.45)

with the boundary condition g(l = 0) = g and the solution g(l) = e2−Kg. Hence, forK < 2,
the cosine perturbation introduced by HB becomes more important at lower energies with
coupling constants scaling as g(l)→∞. In this scenario, HB is a RG relevant perturbation.

4In this section we are concerned with physical aspects. A more detailed review of RG theory for sine-
Gordon models can be found in Sec. 3.1.6.
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Figure 2.10: Schematic of the RG scaling. The RG flow happens along the direction set by the
arrows. Different lines correspond to different initial conditions. (a) RG diagram in first order.
(b) RG diagram in second order.

In contrast to that, for K > 2, the coupling constant scales as g(l) → 0 and HB is RG
irrelevant. Fig. 2.10 (a) depicts this scaling behavior. If we include the second order in our
perturbative RG analysis, Eq. (2.45) gets complemented by another differential equation,
accounting for a change in the scaling dimensions. Then, the scaling behavior is captured
by the set of coupled differential equations

dg(l)
dl

= (2− d(l))g(l), dd(l)
dl

=−Ag2(l)d3(l) (2.46)

with a numerical real and positive constant A. The solution to the above equation set
(2.46) is depicted in Fig. 2.10 (b). Starting with an initially small coupling constant g in
the regime K < 2, g flows to strong coupling while at the same time K → 0. Typically,
the RG flow is not continued forever, but instead it is terminated (in the infrared regime)
at the largest characteristic energy scale of the system (such as the energy scale associated
with temperature or system size). Lower energy scales are hidden.

Let us now come back to the initial problem of determining the ground states ofHQSH+HB.
The RG flow suggests that as we observe the system at low energies, the cosine gains
relevance as its coupling constant grows. At the same time, since K → 0, the (∂xφ̂(x))2

contribution to the kinetic energy is RG relevant, while the (∂xθ̂(x))2 contribution becomes
RG irrelevant. Therefore we can drop it for the subsequent discussion

HQSH
RG flow−−−−−→ HQSH,RG = 1

2π

∫
dx

u

K

(
∂xφ̂(x)

)2
. (2.47)

Obviously, now it is possible to simultaneously minimize the kinetic energy (2.47) and
HB from Eq. (2.41) using the phase field ansatz φ̂(x) → φ̂−. Then, the kinetic energy
vanishes, while the cosine is minimized when we demand the eigenspectrum of φ̂− to span
across the different minima of the cosine. Then, we have

HQSH,RG +HB,−
φ̂(x)→φ̂−−−−−−−→ Heff,B,− = gu

∫ −L/2
−∞

dxcos(2φ̂−). (2.48)
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Analogously, for x� L/2, we obtain

Heff,B,+ = gu

∫ ∞
L/2

dxcos(2φ̂+)

with the phase field φ̂+.
Naively, the periodicity of the cosine with respect to a shift of 2nπ with n ∈ Z in the
fields φ̂± would suggest an infinitely large ground state manifold. However, from the
definition of the fermionic fields in Eq. (2.36), for fixed particle number it is clear that φ̂±
is only uniquely defined on [0,2π[. Then, on this fixed particle number circle, there are
two minima, each of which represent an eigenvalue of the state |nφ,±〉 with

φ̂±|nφ,±〉=
π(2nφ,±+ 1)

2 |nφ,±〉, (2.49)

where nφ,± = 0,1 (modulo 2). Eq. (2.49) corresponds to the parametrization φ̂± =
(π/2)(2n̂φ,± + 1) with the integer valued operator n̂φ,± with n̂φ,±|nφ,±〉 = nφ,±|nφ,±〉.
HB,± induces a magnetic order in the system. Hence, from a physical viewpoint, a ground
state degeneracy of two for each ordered region is a reasonable result. The different states
represent the two different values (±) the magnetization can take along a fixed direction.
Let us now extend the above discussion and include the superconducting regime. Deep
inside the superconducting regime (x∼ 0), we can draw the same line of reasoning as for
the magnetically ordered regions. Provided K > 1/2 with initially small coupling constant
δ∆ = ∆/(πau), H∆ constitutes a RG relevant perturbation and scales to strong coupling.
In second order we find that also K is rescaled, where this time K →∞. This renders
(u/K)(∂xφ̂)2 in the kinetic part (HQSH) RG irrelevant and leads to the effective low-energy
Hamiltonian

Heff,∆ = δ∆u

∫ L/2

−L/2
dxcos(2θ̂) = δ∆uLcos(2θ̂) (2.50)

with the phase field θ̂.
In total, the effective Hamiltonian is then compiled from the three parts Heff,B,± and
Heff,∆, resulting in

Heff,tot = δ∆uLcos(2θ̂) + gu

∫ −L/2
−∞

dx cos(2φ̂−) + gu

∫ ∞
L/2

dxcos(2φ̂+). (2.51)

Naively, one could now suppose that the total ground state manifold is just given by the
multiplication of the degeneracies of the different constituent parts, i. e. 2× 2× 2 = 8.
However, this conjecture is not correct as it disregards the commutation relations of the
phase fields induced by Eq. (2.37)[

φ̂+, θ̂
]

= 0,
[
φ̂−, θ̂

]
= iπ. (2.52)

Hence, θ̂ and φ̂− cannot have a common set of eigenstates and ground states of each
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2.4 Condensed matter realization of non-Abelian anyons

ordered region are not immediately also ground states of the composite system. Still, we
know that Eq. (2.51) holds all information about the low-energy spectrum. Moreover,
using (2.52), straightforward calculations yield[

Heff,tot,e
iφ̂±
]

=
[
Heff,tot,e

iθ̂
]

= 0.

This implies that neither eiφ̂± nor eiθ̂ projects the system out of the eigenspace of Heff,tot.
However, since [eiφ̂− ,eiθ̂] , 0, they cannot be used at the same time to characterize the
ground states. Instead, we have to find a maximum set of operators that commute with
the Hamiltonian and among each other. Typically, there are different operator sets that
fulfill these requirements and it is usually only a matter of choice which one to pick. For
us, the two possible sets are found by either {eiφ̂+ ,eiθ̂} or {eiφ̂− ,eiφ̂+}. Note that we could
always complement these sets by operators ei2θ̂ or ei2φ̂± , however, such operators only
carry the eigenvalue −1. Thus, they are not able to discriminate among different ground
states and cannot be relevant for their characterization.
Let us choose for convenience {eiφ̂− ,eiφ̂+}. If we demand no additional boundaries in the
system (upon space compactification), the phase fields φ̂− and φ̂+ originate from the same
magnetic region, which implies that they cannot be independent. Rather, either of the
two fields is sufficient to characterize the ground states. However, by virtue of (2.52), we
can not equal the two fields. Instead, we require

φ̂+ = φ̂−+ Q̂, (2.53)

where the operator Q̂ ensures (2.52) with[
Q̂, θ̂

]
=−iπ. (2.54)

Q̂ has a profound physical interpretation as the charge trapped between the two magnet-
ically ordered regions. This is understood by means of the basic bosonization identity re-
lating the spatial derivative of the field φ̂(x) and the charge density ρ̂(x), ∂xφ̂(x) =−πρ̂(x)
[vDS98, Gia03]. Thus, in the region −L/2< x < L/2, we obtain∫ L/2

−L/2
dx ρ̂(x) = −1

π

∫ L/2

−L/2
dx ∂xφ̂(x) = 1

π

(
φ̂(−L/2)− φ̂(L/2)

)
= 1
π

(
φ̂−− φ̂+

)
=−Q̂

π
.

While Q̂ itself does not commute with the effective Hamiltonian, eiQ̂ does. The eigen-
spectrum of eiQ̂ = eiπn̂Q is determined from Eqs. (2.49) and (2.53) to be ±1 with the
corresponding eigenstates |nQ〉 with nQ = 0,1. This readily allows for the identification of
eiQ̂ with the fermion parity operator P.
Either of the three operators, eiφ̂− , eiφ̂+ , eiQ̂ = P, is sufficient to discriminate among
different ground states, yielding a two-fold degeneracy. Interestingly, in analogy to the
Kitaev chain model, also in this quite abstract approach, the fermion parity operator
appears as the profound generator of degeneracy.
Notably, the above approach is not only comprehensive to determine ground states, but
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2 Non-Abelian anyons

also to obtain the corresponding non-Abelian BS operators. As we expect them to live
in the ground state manifold, it is obvious that they should not project the system out
of the same. Hence, they are expected to commute with the effective Hamiltonian of Eq.
(2.51). Consequently, they can only be formed from non-trivial operators that obey the
same property, i. e. eiφ̂± and eiθ̂. Moreover, they should satisfy the Majorana conditions
of Eqs. (2.20) and (2.21) and act as creation operators on the ground state manifold.
For that, let us investigate the action of eiθ̂ on the ground states |nQ〉. Using the commu-
tation relation of Eq. (2.54), we straightforwardly obtain

eiπn̂Q
(
eiθ̂|nQ〉

)
= eiπ(nQ+1)

(
eiθ̂|nQ〉

)
,

eiπn̂Q
[(
eiθ̂
)2
|nQ〉

]
= eiπn̂Q

[
e2iθ̂|nQ〉

]
= eiπ(nQ)

(
e2iθ̂|nQ〉

)
.

This readily allows the identifications

eiθ̂|nQ〉= |nQ + 1〉,
(
eiθ̂
)2
|nQ〉= |nQ + 2〉= |nQ〉.

Thus, operators ∝ eiθ̂ act as creation operators on the ground state manifold with the
property (eiθ̂)2 ∝ 1. This strongly suggest to utilize eiθ̂ for the construction of interface
Majorana operators. Solely eiθ̂ is, however, not sufficient as we expect to obtain a single
Majorana mode bound to each interface, where we demand the different Majoranas to
anti-commute. To incorporate the anti-commutation relations, we need to include eiφ̂−
and eiφ̂+ . This leads to the interface operators [CAS13]

γ̂1 = eiπ/2e−iθ̂e−iφ̂− , γ̂2 = eiθ̂eiφ̂+ (2.55)

with the mutual property γ̂1γ̂2 =−γ̂2γ̂1, while γ̂2
1 = γ̂2

2 = 1.
Let us investigate the operators of (2.55) against the background of fusion. We could
imagine to adiabatically shrink the length of the superconducting region and bring the
two Majoranas closer together until they fuse as L→ 0. The result of this fusion process
is

γ̂1γ̂2 = e−iπ/2eiQ̂ ≡−iP.

In the same way as for the Kitaev model based on lattice fermions (see Eqs. (2.22) and
(2.23)), fusion of Majorana particles produces the operator that generates the ground state
manifold, namely fermion parity. The different outcomes of the fusion process are then
equivalent to the distinct eigenstates of P.

Parafermions

The excessive use of formalism in the above discussion might raise the impression of
using a sledgehammer to crack a nut. The formation of Majorana modes can be decently
demonstrated already on the single particle fermionic level without too much formalism.
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2.4 Condensed matter realization of non-Abelian anyons

However, when we want to understand the formation of more complex anyons, in particular
parafermions, the fermionic picture is not sufficient any more. This is the regime where
the above formalism expands its comprehensiveness.
Let us recapitulate the properties of parafermions from their fusion rules, given in (2.18).
Instead of 2 distinct fusion outcomes, such as for the Majoranas or Ising anyons, fusion
of two particular parafermions yields m (with m> 2) different fusion outcomes, implying
a degeneracy of m in the presence of two parafermions. For Majoranas, the non-Abelian
nature condenses in the relation γ̂2 = 1 (with the Majorana γ̂). Then, Majorana operators
act as creation operators on the degenerate manifold. The straightforward generalization
of this property in the presence of m ground states naturally yields

χ̂mj = 1, (2.56)

where the application of the parafermion operator χ̂j projects from a given ground state
|nj〉 to |nj + 1〉, while the m-fold application of χ̂j leaves the state invariant. This cyclic
relation then also implies

χ̂†j = χ̂m−1
j . (2.57)

Moreover, from χ̂mj χ̂k = χ̂kχ̂
m
j , we deduce the exchange relation of two parafermion oper-

ators to yield a m-th root of 1

χ̂jχ̂k = χ̂kχ̂je
(2iπ/m)sign(k−j). (2.58)

By virtue of the above relation, we coin these particles Zm parafermions [CAS13, OTMS15,
AF16]. Note also that, while for the Majorana it is easy to find a modest descriptive
representation in terms of fermions, similar considerations yield much more cumbersome
relations for parafermions [CO14, CMSS18]. Accordingly, finding physical fermion based
models supporting parafermionic excitations is also significantly harder. However, with
the discussion of the last section, we are provided with the appropriate tools to directly
construct Zm parafermions.
Let us reiterate the SC-ferromagnet hetero-junction of the last section. The topological
ground state degeneracy was basically evoked by virtue of cosine potentials. In particular,
the interplay between cos(2θ̂) and cos(2φ̂±) provokes a two-fold ground state degeneracy,
sufficient for the formation of two Majoranas, bound at the interfaces. In view of this
awareness, the most logical step towards a m-fold ground state degeneracy is to recycle
the above model with replacing cos(2φ̂±)→ cos(mφ̂±). This scenario produces the effective
Hamiltonian

Hm
eff,tot = gu

∫ −L/2
−∞

dxcos(mφ̂−) + gu

∫ ∞
L/2

dxcos(mφ̂+) + δ∆uLcos(2θ̂). (2.59)

Instead of 2 minima within [0,2π[, each region, ordered according to cos(mφ̂±), produces
m minima. When we demand no additional boundaries in the system, we can again char-
acterize the different ground states from eigenstates of the operator P = eiQ̂ = ei(φ̂+−φ̂−).
P still commutes with the Hamiltonian, however, now it comes along with m distinct
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2 Non-Abelian anyons

eigenvalues and eigenstates. Let us use the parametrization φ̂± = (π/m)(2n̂φ,±+ 1) with
the integer valued operator n̂φ,± taking the m eigenvalues 0, ...,m−1 (modulo m). Then,
consequently, we obtain

P|nQ〉= ei(2π/m)nQ |nQ〉 with P = eiQ̂ = ei(2π/m)(n̂φ,+−n̂φ,−) = ei(2π/m)n̂Q ,

where we introduced the operator n̂Q = n̂φ,+− n̂φ− with the eigenvalues nQ = 0, ...m− 1
(modulo m). The so formed m-fold ground state degeneracy offers room for non-Abelian
particles with the properties of Eqs. (2.56-2.58). Along the lines of the Majorana case,
we can construct them, utilizing the set of non-trivial operators that commute with the
effective Hamiltonian of Eq. (2.59). With the commutation relations of (2.52), we can
readily derive [

Hm
eff,tot,e

iφ̂±
]

=
[
Hm

eff,tot,e
i(2/m)θ̂

]
= 0.

Note that, due to the increased multiplicity m of the fields φ̂±, already the exponential
of the 2/m-th fraction of iθ̂ commutes with the Hamiltonian. With (2.52) it is then
straightforward to demonstrate that ei(2/m)θ̂ acts as a creation operator on the ground
states |nQ〉

ei(2π/m)n̂Q
(
ei(2/m)θ̂|nQ〉

)
= ei(2π/m)(n̂Q+1)

(
ei(2π/m)θ̂|nQ〉

)
= ei(2π/m)(n̂Q+1)|nQ + 1〉.

This leads to the interface operators

χ̂1 = eiπ(m−1)/me−i(2/m)θ̂e−iφ̂− , χ̂2 = ei(2/m)θ̂eiφ̂+

with the mutual relations

χ̂2χ̂1 = χ̂1χ̂2e
(2/m)[θ̂,φ̂−] = χ̂1χ̂2e

−i(2/m)π.

More importantly, we obtain the desired non-Abelian properties due to

χ̂m1 = χ̂m2 = 1.

Again, fusion of two Zm parafermions yields the operator that generates the ground state
manifold

χ̂2χ̂1 = eiπ(m−1)/mP,

where the distinct fusion outcomes correspond to the m distinct eigenstates of P.

Let us now investigate how an effective Hamiltonian of the kind (2.59) might physically
emerge. For the simplest case, m = 2, the mapping of Eq. (2.36) implies the equivalence
(up to Klein factors) of single particle fermionic mass terms and cos(2φ̂(x)) in the bosonic
language. Evidently, each fermionic field operator contributes +1 φ̂(x) in the argument
of the cosine. Consequently, to design a cos(mφ̂(x)) with m > 2, we require at least m
fermionic field operators. If we demand an overall even number of fermionic fields in
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each term of the Hamiltonian, such terms are m/2-particle interaction terms. Then, the
simplest extension of the m= 2 case is given by m= 4. In the fermionic language, such a
term corresponds to the so-called correlated TP backscattering [WBZ06, OTMS15]

H2pbs = g2pbs

∫
dx

(
ψ̂†↑(x)ψ̂†↑(x+ a)ψ̂↓(x+ a)ψ̂↓(x) + h.c.

)
, (2.60)

where a small shift a is required to prevent Pauli principle annihilation. As opposed to SP
backscattering, in the presence of TP backscattering, TR symmetry is only spontaneously
broken. From that point of view, H2pbs seems to be compatible with the elementary
symmetries of QSH insulators. However, since it scatters two ↑ particles in two ↓ particles,
it furthermore requires broken axial spin symmetry [WBZ06, SRvOG12, OTMS15]. Given
these conditions, it can be demonstrated that H2pbs is generated in a second order RG
analysis from only ordinary density-density interaction terms [OTMS15].
In principle, one could imagine similar terms generating cosines with even higher multi-
plicities m. However, there are some caveats. First of all, the scaling dimension d of a
term like cos(mφ̂(x)) is given by

d(m) = m2K

4 .

Thus, in an one-loop RG approach, we find that cos(mφ̂(x)) is RG relevant provided

K <
8
m2 .

For the case of m = 4, this produces K < 1/2, which already implies strong repulsive
electron-electron interactions. Moreover, even if K can be tuned to small enough values,
such that m> 4 terms become RG relevant, the m= 4 term would (in a RG sense) grow
with the fastest rate as d(m= 4)< d(m> 4). Assuming initially small coupling constants
of the same order of magnitude, it follows that after the RG flow is stopped at the largest
characteristic energy scale of the system, the m = 4 term most likely constitutes the
dominant contribution to the low-energy effective Hamiltonian. Ground states will hence
be ordered according to the minima of the m= 4 term.
However, even m = 4 has a catch when it comes to the formation of Z4 parafermions.
In contrast to Majoranas, which are topologically protected, Z4 parafermions are only
symmetry protected. A breaking of TR symmetry leads to the collapse of parafermionic
modes into Majoranas [CMA18]. Such a TR breaking term is for instance given by a
magnetic impurity in y-direction, ∼ δ(x)sin(2φ̂(x)), which splits the formerly degenerate
minima of the cos(4φ̂(x)) in two groups. Then a simultaneous minimization of sin(2φ̂(x))
and cos(4φ̂(x)) leads to only two global minima. This finding is related to an important
work by Fidkowski and Kitaev, in which they prove that the only non-trivial zero-mode,
based on 1D fermionic systems, is a Majorana [FK11]. Although this seems to rule out
even the possibility of symmetry protected parafermions, we have to keep in mind that the
edge states of QSH insulators are emerging as a consequence of the topological properties
of a 2D system. The surrounding vacuum is then non-trivial, wherefore such systems are
not constrained by Fidkowski and Kitaev’s classification [CAS13]. On the other hand,
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Figure 2.11: Schematic illustration of a hetero-junction formed from two coupled fractional quan-
tum Hall systems with filling factor ν = 1/m.

a breaking of TR symmetry leads to topological trivial vacuum. Then, Fidkowski and
Kitaev’s prove applies and interface BSs turn into Majorana modes.

A workaround to this limitation is to utilize edge states of 2D topological systems that are
not symmetry protected. In that way, topologically non-trivial vacuum is not bound to the
presence of symmetries. Then, non-Abelian anyons beyond the Majorana can also emerge
as topologically protected excitations [CAS13, AF16]. The most prominent example of
such a state of matter is the fractional quantum Hall effect, supporting chiral edge states
of fractionally charged quasi-particles [STG99].

To construct parafermions as BSs at the interfaces between gaps of different character, a
single chiral edge state is insufficient since it cannot be gapped out. Instead, two counter-
propagating modes are required. For fractional quantum Hall systems we therefore need
to consider a system sketched in Fig. 2.11: Two adjacent fractional quantum Hall systems,
each with filling factor ν = 1/m are proximitized to each other and to a SC. In the region
of the SC (−L/2 < x < L/2) particles of each edge assemble into Cooper pairs forming a
superconducting gap at the edge. Outside the superconducting region (−L < x < −L/2
and L/2< x < L), wave function overlap leads to ordinary backscattering. Similar to the
edge states of QSH insulators, such a composite system can be described in terms of a
bosonic Hamiltonian. The kinetic part becomes [Wen04, CAS13]

HFQH = mvF
2π

∫
dx
[(
∂xφ̂(x)

)2
+
(
∂xθ̂(x)

)2
]
,

where the fields φ̂(x) and θ̂(x) now obey[
φ̂(x), θ̂(x′)

]
= i

π

m
θ(x′−x).

Neglecting Klein factors, the mass terms of ordinary backscattering and superconducting
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order are found to be described by

HM ∼ M

[∫ −L/2
−L

+
∫ L

L/2

]
dx cos(2mφ̂(x)),

H∆ ∼ ∆

∫ L/2

−L/2
dx cos(2mθ̂(x)).

For the case of m = 1, the Hamiltonian describes integer quantum Hall systems and
the emergent BSs are Majoranas. For m> 1, the BSs carry parafermionic character. The
major difference of this approach with respect to QSH based junctions is that emergent Zm
parafermions are now topologically protected excitations. This happens as we cannot find
any local order parameter that distinguishes between the m different ground states as long
as we remain in the ν = 1/m phase. In this scenario, rather than the internal instability
of parafermions, the major obstacle to be overcome is the experimental realization as the
formation of a fractional quantum Hall phase typically requires very strong out-of-plane
magnetic fields. This in turn collides with the required presence of superconducting order.

2.5 Relation of anyons and unconventional superconductivity

2.5.1 Time as label for the classification of paired states

All the above realizations of anyonic excitations rest on the presence of superconductivity.
However, conventional superconducting order, as described by BCS theory [BCS57], is not
sufficient. Instead, unconventional p-wave type superconductivity is required. By virtue of
such pairing, non-Abelian BSs form at phase boundaries, where the field operators of these
particles necessarily carry information about the incorporated superconducting order. In
the BdG language, they are built from electron- and hole-like states, while in the language
of bosonization, they contain the pinned field θ̂ as an ambassador of superconducting order.
The intriguing properties of non-Abelian anyons are thus deeply related to unconventional
superconductivity. Let us shed some light on this link.
Superconducting order is expressed in terms of anomalous correlation functions for two
fermions ψ̂α,a(r, t) and ψ̂β,b(r′,0) at the space-time coordinates (r, t), (r′,0), respectively
[LB19]

Gαβ,ab(r,r′, t) = 〈T ψ̂α,a(r, t)ψ̂β,b(r′,0)〉. (2.61)

T constitutes a time-ordering operator, indicating that operators that follow it are to be
ordered with increasing time arguments from right to left. 〈...〉 denotes a many-body ex-
pectation value. If Gαβ,ab(r,r′, t) , 0, we name the corresponding thermodynamic ground
state a paired state. More formally, a paired state of a matter field operator Ô is defined
such that 〈Ô〉 = 0, yet the anomalous correlation function 〈Ô(1)Ô(2)〉 , 0, but obeys a
long-range order in terms of the labels 1 and 2 [LB19].
Let us now think of the time ordered Green function of a Majorana particle γ(r, t) bound
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to an interface such that r = 0 is fixed for all times

G(t) = 〈T γ̂†(0, t)γ(0,0)〉.

From the defining property of Majorana excitations, γ̂†(r, t) = γ̂(r, t), we deduce that
G(t) is equivalently describing the pairing of Majoranas. In particular, this pairing has
the intriguing property to be odd in time [TSN12, AT13]

G(t) =−G(−t),

which follows directly from the definition of time-ordering irrespectively of the Majorana
nature of the operators [HWB15, KSBT17, LB19]. The Majorana carries no further quan-
tum numbers, such as spin or orbital degrees of freedom. Hence, time constitutes the
only label that is able to give a classifying character to the symmetry of the pairing. In
particular, the odd-time character implies that the pairing only happens delayed in time
but never at equal times. This is in stark contrast to conventional paired states, such as
the BCS pairing, which is always even in time.
Paired states of matter are among the most fascinating physical effects. Beside the fun-
damental aspects, the interest in such states of matter is also fueled by possible ground-
breaking technological applications. While conventional paired states (where the term
conventional mostly refers to BCS type pairing) is fairly understood today, this does not
equally apply to unconventional pairing. The unconventional odd-in-time character of
paired states was first proposed in the context of spin 1 superconducting states in He3

[Ber74]. At the time, Berezinskii recognized that time, in the same way as space, spin
or orbital degrees of freedom, complements the notion of Pauli’s principle. That is, for a
paired state of fermions, the anomalous correlation function of Eq. (2.61) has to be an
odd function upon exchange of all labels. In the conventional case Gαβ,ab(r,r′, t) is even in
time. This means that pairing can also happen at t= 0 and Pauli principle is provided by
the remaining quantum numbers. If, on the other hand, Gαβ,ab(r,r′, t) is an odd function
of t, time is among the determinative labels. This further implies that pairing cannot
happen locally in time.
Odd-time, or equivalently in Fourier space odd-frequency, pairing has many profound phys-
ical consequences. First of all, it implies that the equal-time pairing amplitude vanishes.
Hence, paired particles are not found at the same space-time coordinate. In the case of
electrons, this mitigates Coulomb repulsion, wherefore strongly interacting systems might
condensate in an odd-frequency paired state [CMT93]. Moreover, odd-frequency paired
states can behave quite exotic in heterojunctions to normal metals [TG07, TTG07], con-
ventional superconductors [TGKU07] or ferromagnets [BVE01, BVE05]. In particular,
they can coexist with ferromagnetic order. This happens as odd-frequency pairing allows
in turn for equal spin pairing. Then, ferromagnetic order is ineffective in splitting up
the Cooper pairs. Along the same lines of reasoning, external magnetic fields are not
repelled by odd-frequency states, leading to an anomalous paramagnetic Meißner effect
[YTN11, LLM17]. Returning to non-Abelian anyons, the required p-wave superconduc-
tivity, necessary for topological superconductivity, is an effectively even orbital pairing.
Often times it is generated from ordinary s-wave superconductivity by virtue of SOC.
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Then, the pairing carries a strong even orbital equal spin component, which naturally pro-
motes its odd-frequency character and eventually allows (odd-frequency) Majorana modes
to appear.

2.5.2 Berezinskii classification of pairing
Symmetry is a central cornerstone in the theory of pairing that dictates the properties
of the corresponding condensate and goes back to the fundamental concepts of quan-
tum statistics. Let us concentrate specifically on superconducting pairing, built from two
fermions according to Eq. (2.61). For two fermions, Pauli principle enforces anti-symmetry
under exchange of all quantum numbers. This translates one-to-one to the pairing am-
plitude. Under permutation of all labels, Gαβ,ab(r,r′, t) has to behave anti-symmetric
[LB19]

(SOP ∗T ∗)Gαβ,ab(r,r′, t)(SOP ∗T ∗)−1 =Gβα,ba(r′,r,−t) =−∆αβ,ab(r,r′, t), (2.62)

where S and O permute the spins α and β, orbits a and b, respectively. P ∗ and T ∗ in-
terchange the relative space and time coordinates. Note that the latter two operations
are not equivalent to total space and time inversion, but merely permute relative coordi-
nates. T ∗ is hence not the same as TR, which would actually convert Gαβ,ab(r,r′, t) into
G†αβ,ab(r,r

′, t).
Most conveniently, the anti-symmetry of Eq. (2.62) is expressed using anomalous Green
functions. This has the advantage that we can get rid of the time-ordering operator
T , appearing in Eq. (2.61). Instead, we use the retarded (R) and advanced (A) Green
function, which directly relate to a given time-ordering. In Fourier space, they are defined
by

G
R/A
αβ,ab(r,r

′,ω) =
∫

dt ei(ω±i0
+)tG

R/A
αβ,ab(r,r

′, t)

with

GRαβ,ab(r,r′, t) =−iθ(t)〈{ψ̂α,a(r, t), ψ̂β,b(r′,0)}〉

and the mutual relation

GRαβ,ab(r,r′, t) =
(
GAαβ,ab(r′,r,−t)

)†
.

In that way, the symmetry constraint of Eq. (2.62) translates into [Ber74]

GRαβ,ab(r,r′,ω) =−GAαβ,ab(r′,r,−ω). (2.63)
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3 Methods

3.1 Luttinger liquid theory
Systems of interacting quantum particles are among the most challenging, but likewise
also among the most interesting and comprehensive problem sets in modern physics. The
systematic description of interacting systems requires elaborated techniques, which we will
discuss in detail in this section for 1D interacting fermions.
In fact, dimensionality plays a key role in the description of interacting systems. In par-
ticular, it was recognized by Landau [Lan57b, Lan57a] that (most often) electron-electron
interactions are only accorded a minor role in two or higher dimensional systems. This
happens as excitations are long-living quasi-particles that are still fermionic in nature.
The presence of interactions can then be incorporated using a perturbative approach. In
one dimension a similar ansatz generically fails and perturbation theory yields divergencies
[Gia03]. The reason for this failure originates from the fact that relevant excitations are
drastically different in 1D: Instead of individual quasi-particles, only collective excitations
are to be expected. Pictorially, this can be understood as, in the presence of interactions,
non of the 1D fermions can propagate freely without affecting its neighbors. Therefore
relevant excitations carry collective character with an overall bosonic nature. This pecu-
liarity was recognized early on by Tomonaga [Tom50]. Still it took a journey of over 30
years and the contribution and refinements of many famous authors until bosonization of
1D fermions was entirely understood [Lut63, Hal81a, Hal81b].

3.1.1 Bosonization

In this section, we reiterate the mapping of 1D interacting fermions to free bosons. The
section mainly follows the seminal review by von Delft and Schoeller [vDS98] and Gia-
marchi’s book [Gia03]. Bosonization wants to map a system of interacting fermions onto
a system of free bosons. This is generically only possible if the system of electrons obeys
a linear energy dispersion like

H0 =
∑

k,r=R,L
(rvF k− kF ) ĉ†r,k ĉr,k (3.1)

with the fermionic creation and annihilation operators ĉ†r,k and ĉr,k of species r = (R,L) =
(+,−), characterizing right- (R) and left-moving (L) particles. Under these conditions, all
PH excitations are only dependent on the relative momentum q (see Fig. 3.1 (a)). Thus,
collective PH operators of the form

b̂r,q ∼
∑
k

ĉ†r,k+q ĉr,k (3.2)
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Figure 3.1: Schematic of PH excitations for a linear dispersed theory (a) and quadratic spectrum
(b). (c) Illustrates the linearization of a quadratic model around the Fermi energy. Filled circles
denote particles, while empty circles illustrate holes.

are associated with the same dispersion relation as the fermions of Eq. (3.1). Hence,
instead of describing the system in terms of the fermionic operators ĉ†r,k and ĉr,k, we can
equivalently rewrite the theory in terms of the operators b̂r,q and b̂†r,q. As we will derive
below, these collective electron-hole excitations carry a bosonic character, which one might
already deduce as they are built from a product of two fermionic operators.
Such a reorganization of the many particle Fock space strongly relies on the linearity of
the spectrum. For non-linearly dispersed systems, PH symmetry is typically absent and
the spectrum of the fermionic Hamiltonian is not expected to coincide with the one found
for the operators b̂r,q. Fig. 3.1 (b) sketches the situation for a quadratic theory. Although
the illustrated PH excitation processes have the same excitation energy, they come along
with a different momentum transfer |q1| , |q2|. In this case, bosonization of the model
is still possible, however it is insufficient to solve interacting many-particle problems as
the mapping produces yet another interacting model, now in terms of bosons. Still, if we
are concerned with the low-energy physics around the Fermi level, we can linearize the
spectrum around kF and obtain a free-boson theory describing the low-energy properties
of the model (Fig. 3.1 (c)). This goes hand in hand with a momentum cutoff that
truncates high-energy states, which are not compatible with this approximation. The role
of curvature can be included perturbatively, however the low-energy properties remain
unchanged [Hal81b].
For either case (purely linear spectrum or approximately linear spectrum around kF ) the
fermionic fields are given by a mode expansion around the Fermi surface1

ψ̂r(x) = eirkFx√
L

∑
k

eirkxĉr,k. (3.3)

1Technically, this representation is only entirely correct for the purely linear spectrum. However we will
stick to this representation for the subsequent sections and postpone the detailed discussion to Sec.
3.1.5.
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3.1.2 Bosonic reorganization of the Fock space

The rewriting of a linear dispersed theory in terms of operators of the kind (3.2) is based
on a reorganization of the many-particle Fock space. The entire Fock space F spanned
by the set of operators {ĉ†r,k, ĉr′,k′} can be generically decomposed as a sum of N -particle
Hilbert spaces F =

∑
⊕NHN , where each Hilbert space HN has a defined total particle

number N as well as defined chiral particle numbers NR and NL. A generic state of a
given Hilbert space HN can hence be represented like

|N〉= f({ĉ†r,k ĉr,k′})|N〉0, (3.4)

where |N〉0 defines the ground state (i. e. the absence of excitations) in the presence
of N particles and f({ĉ†r,k ĉr,k′}) is an arbitrary function that only depends on bilinear
combinations of fermionic operators. Given that, in the next step one has to demonstrate
that these bilinear combinations of fermionic operators are indeed of bosonic nature and
that the corresponding space, spanned by this set of operators, is complete. However,
before we go on with that, let us clarify the meaning of finite N -particle states against the
background of unbounded spectra.

Fermionic normal ordering

Unbounded spectra lead to a number of unphysical divergencies. This is most evident
from the particle number operator

N̂r =
∑
k

ĉ†r,k ĉr,k, (3.5)

counting the number of occupied states below a given Fermi level. The Fermi sea con-
tributes an infinitely large number, which would produce a divergent particle number
regardless of the value of kF .

There are different schemes to regularize such unphysical divergencies and retain physically
meaningful quantities. The most common method of which is normal ordering. For that,
let us introduce the vacuum state |0〉0 as the many-particle state where all the states below
the Dirac point (kF = 0) are occupied and all the states above the Dirac point are empty.
|0〉0 serves as a reference state relative to which we define the occupations of all other
states in F . In particular, let us define normal ordering, denoted by ∗

∗Ô ∗∗ for an operator
Ô, so that

∗
∗Ô ∗∗ = Ô− 0〈0|Ô|0〉0. (3.6)

The subtraction of the expectation value of Ô with respect to the reference state |0〉0 now
yields a finite value for expectation values on states |N〉0 with excess particle number N .
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Bosonic operators

Keeping this in mind, let us now introduce the operators

b̂†r,q = i
√
nq

∑
k

ĉ†r,k+q ĉr,k, b̂r,q = −i
√
nq

∑
k

ĉ†r,k−q ĉr,k.

For a system of length L, all momenta are quantized. In particular, we have q = (2π/L)nq
with the positive integer nq ∈ Z+. b̂†r,q and b̂r,q consist of all possible PH excitations of
fixed momentum q. In that sense, they might be interpreted as creation and annihilation
operators of momentum q. Moreover, note that for q , 0, ∗∗ b̂r,q ∗∗ ≡ b̂r,q and ∗

∗ b̂
†
r,q
∗
∗ ≡

b̂†r,q. This implies that b̂r,q as well as b̂†r,q are well behaved and no divergencies appear.
Consequently, also the product of b̂r,q’s (b̂†r,q’s) is well behaved and we readily find[

b̂†r,q, b̂
†
r′,q′

]
=
[
b̂r,q, b̂r′,q′

]
= 0.

The commutator of b̂r,q with b̂†r′,q′ is more subtle. Straightforward manipulations, using
the standard fermionic commutation relations, yield[

b̂r,q, b̂
†
r′,q′

]
= δrr′

1
√
nqnq′

∑
k

(
ĉ†r,k+q−q′ ĉr,k− ĉ

†
r,k+q ĉr,k+q′

)
. (3.7)

For the case q , q′, the above product of fermionic operators is again well behaved. Shifting
k → k− q′ in the second term readily allows to subtract them from each other without
ambiguity to yield zero. If however q = q′, Eq. (3.7) consists of divergent operators and
we first have to construct normal ordered expressions. With the definition of Eq. (3.6) we
obtain [

b̂r,q, b̂
†
r′,q′

]
= δrr′δqq′

∑
k

1
nq

{
∗
∗ ĉ
†
r,k ĉr,k

∗
∗ − ∗∗ ĉ†r,k+q ĉr,k+q

∗
∗

+0〈0|ĉ†r,k ĉr,k|0〉0 − 0〈0|ĉ†r,k+q ĉr,k+q|0〉0
}
.

(3.8)

The first two terms on the right hand side do not produce divergent expectation values
anymore and cancel as evident with using k′ = k+ q in the second term. The terms in
the second line of Eq. (3.8) essentially count all occupied states up to k = 0, k = −q,
respectively. Thus,

0〈0|ĉ†r,k ĉr,k|0〉0 − 0〈0|ĉ†r,k+q ĉr,k+q|0〉0 = 1
nq

 0∑
nk=−∞

−
−nq∑

nk=−∞

= 1,

leading to [
b̂r,q, b̂

†
r′,q′

]
= δrr′δqq′ . (3.9)

The above result is a crucial cornerstone of bosonization as it complements the bosonic
commutation relations of the operators b̂r,q and b̂r′,q′ , built solely from linear combina-
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tions of PH excitations. Moreover, it once more illuminates the fundamental role of the
unbounded nature of the spectrum. Without this unboundedness, Eq. (3.9) would just
yield zero and no bosonic reorganization of the Fock space would be possible. Eq. (3.9)
belongs to the family of anomalous commutators, that yield non-zero values only in the
presence of an unbounded spectrum (i. e. for infinitely many particles) [GNT98]. Such
commutators play a central role in physics. A prominent example is, for instance, the
so-called chiral anomaly, where an anomalous non-conservation of the chiral particle num-
ber appears in the presence of electro-magnetic fields [Adl69, BJ69]. In particular, the
electro-magnetic response involves commutators that are closely related to the one of Eq.
(3.9).
As stated earlier, it is obvious that any state |N〉 of the Hilbert space HN can be con-
structed from bilinear combinations of fermionic operators (see Eq. (3.4)). Remarkably,
this quite generic statement can be refined and formulated on the basis of the operators
b̂†r,q. In particular, the following statement holds [vDS98]:

For every |N〉, there exists a function f(b̂†) of b̂†’s such that |N〉 = f(b̂†)|N〉0. i. e.
the b̂†’s, acting on |N〉0, span the complete N -particle Hilbert space HN .

This means that any state |N〉 ≡ |N ;{mq}〉 is fully characterized by the number of particles
N and the set of PH operations {mq} induced by f(b̂†). Assuming the correctness of the
above assertion, we can rigorously express all fermionic operators by combinations of b̂†r,q
and b̂r′,q′ . In particular, we can reformulate the Hamiltonian of Eq. (3.1) in terms of
bosons.
Straightforward manipulations yield[

H0, b̂
†
r,q

]
= vF rqb̂r,q, (3.10)

implying that if |E〉 is an eigenstate to H0 with eigenvalue E, then b̂†r,q|E〉 is also an
eigenstate of H0 with eigenvalue E + vF q. Furthermore, since H0 commutes with the
normal ordered particle number operator ∗∗N̂r ∗∗ (see Eq. (3.5)), any N -particle ground
state |N〉0 = |N ;0〉 is also an eigenstate of H0. Assuming periodic boundary conditions
with respect to length L, momenta are quantized according to q = (2π/L)nq with integers
nq. This implies the expectation value2

0〈N |H0|N〉0 = 2πvF
L

∑
r

Nr∑
nq,r=1

nq,r =
∑
r

πvF
L

Nr(Nr + 1). (3.11)

Combining the implications of Eqs. (3.10) and (3.11) together with the assertion that the
bosonic operators b̂†r,q acting on |N ;0〉 span the entire N -particle Hilbert space HN , we
can conclude

H0 =
∑
r,q,0

vF rq b̂
†
r,q b̂r,q + vFπ

L

∑
r

∗
∗N̂r

∗
∗( ∗∗N̂r ∗∗ + 1). (3.12)

2For ease of understanding, we assume Nr > 0. However, the result also holds for Nr < 0.
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This is a remarkable result. The Hamiltonian, which is quadratic in fermionic operators, is
also quadratic in terms of bosonic operators (which means quatric in fermionic operators).
This awareness is at the heart of bosonization.

Boson fields and the bosonization identity

On the basis of the bosonic operators b̂†r,q and b̂r,q, we can now define bosonic fields as

ϕ̂†r(x) =
∑
q>0

r
√
nq
eirqxb̂†r,qe

−aq/2, ϕ̂r(x) =
∑
q>0

r
√
nq
e−irqxb̂r,qe

−aq/2, (3.13)

where a is small real and positive regularization parameter to avoid divergencies due to
the unbounded spectrum and keep track of the correct bosonic and fermionic commutation
relations. In principle, a should be sent to zero at some point of a given calculation to
undo this modification3. In the following, it will be useful to work with the hermitian
combination of the bosonic fields in (3.13)

φ̂r(x) = ϕ̂r(x) + ϕ̂†r(x) =
∑
q>0

r
√
nq

(
e−iqrxb̂r,q + eiqrxb̂†r,q

)
e−aq/2.

The operator φ̂r(x) takes a central role in most of the elementary bosonization relations
such as for the normal ordered (chiral) electron density. With the fermionic field operators
of Eq. (3.3), we obtain

ρ̂r(x) = ∗
∗ ψ̂
†
r(x)ψ̂r(x) ∗∗ = 1

L

∑
q

eirqx
∑
k

∗
∗ ĉ
†
r,k−qcr,k

∗
∗

= 1
L

∑
q>0

i
√
nq
(
∗
∗e
irqxb̂r,q − eirqxb̂†r,q ∗∗

)
+ 1
L

∑
k

∗
∗ ĉ
†
r,k ĉr,k

∗
∗

a→0= 1
2π
∗
∗∂xφ̂r(x) ∗∗ + 1

L
∗
∗N̂r

∗
∗ .

(3.14)

Since ∗∗∂xφ̂r(x) ∗∗ ≡ ∂xφ̂r(x), normal ordering is irrelevant for this part and henceforth we
drop it for the chiral fields. Note also that, here, normal ordering renders a obsolete,
which is why the identification holds for a → 0. In a more field theoretical approach
on can get by without normal ordering and instead use a point splitting ansatz [vDS98]
∗
∗ ψ̂
†
r(x)ψ̂r(x) ∗∗ → ψ̂†r(x)ψ̂r(x− ia), where divergent terms appear as a→ 0.

Similar manipulations as in (3.14) allow us to express the Hamiltonian of Eq. (3.12) in

3Note that introducing a finite a is not the same as normal ordering. However, as we will see below when
deriving the bosonic form of the fermionic fields, un-normal ordered bosonic expressions are only well
defined for finite a. A detailed discussion about this cutoff can be found in Refs. [Hal81b] and [Gia03].
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terms of the bosonic fields φ̂r(x). Up to an unimportant constant, we obtain

H0 =
∑
r

vF
2π

∫ L/2

−L/2
dx

(
∂xφ̂r(x)

)2
+
∑
r

πvF
L

∗
∗N̂r

∗
∗

2

= vFπ

∫ L/2

−L/2
dx
(
ρ̂2
R(x) + ρ̂2

L(x)
)
.

(3.15)

To derive the second line, we made use of the relation (3.14) and the periodicity of φ̂r(x)
on the length L.
Next, let us derive the last missing brick – the fermionic field operator in terms of bosonic
fields – complementing the fundamental bosonization relations. Form the definition of the
bosonic operators b̂r,q and the fermionic field operators of Eq. (3.3), we straightforwardly
obtain [

b̂r,q, ψ̂r′(x)
]

= δrr′αq(x)ψ̂r(x),

where αq(x) = (i/√nq)eirqx. Now, since b̂r,q|N ;0〉 = 0, the above commutator implies
that ψ̂r(x)|N ;0〉 is an eigenstate of b̂r,q with eigenvalue αq(x). This in turn promotes the
formulation of ψ̂r(x)|N ;0〉 as a boson coherent state

ψ̂r(x)|N〉0 = exp

∑
q>0

αq(x)b̂†r,q

Frλ̂r(x)|N ;0〉= eirϕ̂
†(x)Frλ̂r(x)|N ;0〉, (3.16)

where we made use of (3.13). The operator Fr is a so-called Klein factor. Its purpose is
to lower the number of fermions by one. Only then we are allowed to equate left and right
side of Eq. (3.16)4. Strictly speaking, the identification exp

[∑
q>0αq(x)b̂†r,q

]
= irϕ̂r(x)

is only valid for vanishing regularization parameter a= 0, implying that no normal order
related problems appear here.
The phase operator λ̂r(x) can be derived from the definition of fermionic fields in combi-
nation with the expectation value 〈N ;0|F†r ψ̂r(x)|N ;0〉 = λr(x). This yields, for periodic
boundary conditions (q = (2π/L)nq)

λ̂r(x) = 1√
L
eirkFxeir(2πx/L) ∗∗ N̂r ∗∗ .

Now, from the action of ψ̂r(x) on a generic state |N,{mq}〉, we find its final form to be

ψ̂r(x) = Fr√
L
eirkFxeir(2πx/L) ∗∗ N̂r ∗∗ eirϕ̂

†
r(x)eirϕ̂r(x) = Fr√

2πa
eirkFxeir(2πx/L) ∗∗ N̂r ∗∗ eirφ̂r(x).

In the last step, we have redone normal ordering of the boson field exponentials to obtain
a more compact form. This requires the presence of a small cutoff a according to (3.13).
Subsequently, instead of using directly the chiral fields φ̂r(x), it makes sense to introduce

4We will discuss the role of Klein factors in more detail in Sec. 3.1.4
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a new set of canonical fields φ̂(x) and θ̂(x), defined by

φ̂(x) = −1
2
(
φ̂R(x) + φ̂L(x)

)
− πx
L

(
∗
∗N̂R

∗
∗ + ∗

∗N̂L
∗
∗

)
,

θ̂(x) = 1
2
(
φ̂R(x)− φ̂L(x)

)
+ πx

L

(
∗
∗N̂R

∗
∗ − ∗∗N̂L ∗∗

)
with the mutual commutation relation[

φ̂(x), 1
π
∂x′ θ̂(x′)

]
= iδ(x−x′), (3.17)

which suggests the field (1/π)∂xθ̂(x) as the canonically conjugate momentum of φ̂(x). In
the canonical representation, the fermionic field operators take the form

ψ̂r(x) = Fr√
2πa

eirkFxe−i(rφ̂(x)−θ̂(x)). (3.18)

The advantage of the canonical representation is mainly their simplified relation to electron
density operators [Gia03]

∂xφ̂(x) =−π (ρ̂R(x) + ρ̂L(x)) , ∂xθ̂(x) = π (ρ̂R(x)− ρ̂L(x)) . (3.19)

This allows a convenient formulation of H0 (Eq. (3.15))

H0 = vF
2π

∫ L/2

−L/2
dx
[(
∂xφ̂(x)

)2
+
(
∂xθ̂(x)

)2
]
.

3.1.3 Bosonizing interactions

So far, we have merely been concerned with bosonizing a free fermionic theory. Although
this is interesting from the mathematical and conceptional point of view, if that was the
scope of bosonization, its potential for application would be very limited. Fortunately, the
power of bosonization unfolds not before density-density interactions are considered. For
either chirality, there are two possible density-density interaction terms that can arise5

Hint =
∫ L/2

−L/2
dx

[
g2ρ̂R(x)ρ̂L(x) + g4

2 (ρ̂R(x)ρ̂R(x) + ρ̂L(x)ρ̂L(x))
]
.

For ease of understanding, we assume homogeneous interactions here. There is a hidden
subtlety though: in the current form, Pauli principle enforces the g4 term to vanish. g4
interactions are hence only expected to appear non-local in space, however, for demon-
stration purposes we shall keep it here in its present form. With the definitions of (3.19)
it is straightforward to demonstrate that also (and in particular) interaction terms are

5Luttinger liquids are typically introduced with four interaction terms with coupling constants g1-g4.
Thereby, g1 and g3 are non-density-density interactions and eventually enter the Hamiltonian only for
specific conditions. In view of the subsequent chapters, which regard mainly helical systems, these
terms need extra requirements that are not met in this thesis.
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quadratic in bosonic fields. The full Luttinger liquid Hamiltonian including interactions
then becomes [Gia03]

HLL =H0 +Hint = 1
2π

∫ L/2

−L/2
dx

[
u

K

(
∂xφ̂(x)

)2
+uK

(
∂xθ̂(x)

)2
]
, (3.20)

where

u= vF

√
(1 + g4/(2πvF ))2− (g2/(2πvF ))2, K =

√
1 + g4/(2πvF )− g2/(2πvF )
1 + g4/(2πvF ) + g2/(2πvF ) . (3.21)

Thereby, u can be interpreted as a renormalized Fermi velocity and K is a dimensionless
parameter characterizing the type and strength of interactions. In the absence of inter-
actions we clearly have K = 1 and u = vF . For repulsive interactions we have g4,g2 > 0,
which implies K < 1, whereas for attractive interactions the opposite happens, g4,g2 < 0,
leading to K > 1.
The Hamiltonian of Eq. (3.20) is the most commonly used Hamiltonian to describe 1D
interacting (Dirac) fermions. Even for K , 1, it describes a theory of free bosons. In fact,
with the gauge transformation φ̂(x)→ φ̃(x) = φ̂(x)/

√
K and θ̂(x)→ θ̃(x) =

√
Kθ̂(x), keep-

ing the canonical commutation relations of Eq. (3.17) invariant, we obtain the standard
Hamiltonian of a free boson theory [Gia03].
This changes when we consider interaction terms that do not resemble in a quadratic form
when rewritten in terms of bosons, which happens to be the case for most non-density-
density interactions. For the above theory, the simplest term that shows such a behavior
is a hybridization term of a right-moving and a left-moving fermion (named HB for the
helical QSH system in the former chapter, see Eq. (2.39))

HB =
∫ L/2

−L/2
dx B

[
ψ̂†R(x)ψ̂L(x) + h.c.

]
=
∫ L/2

−L/2
dx

B

2πa
[
F†RFLe

2iφ̂(x)e−2ikFx + h.c.
]
,

(3.22)
where we used Eq. (3.18). The exponentials of the field φ̂(x) in the above equation give
rise to infinite orders of φ̂(x), so that the resulting theory, formed from HLL +HB, now
describes a massive bosonic theory.
In its present form, Eq. (3.22) is not particularly tangible, which is mainly due to the
emerging combination of Klein factors. Indeed, often times Klein factors are tacitly ex-
cluded from the discussion, leading to simpler forms of non-density-density interactions
that are easier to treat as they are now purely of bosonic nature [Gia03]. However, ne-
glecting Klein factors is a subtle point, worth to be discussed in more detail.

3.1.4 On the role of Klein factors

In general, Klein factors Fη are necessary to complement the action of a fermionic field
ψ̂η(x), expressed in terms of bosonic fields, onto a given N -particle state. In particular,
they lower (raise) the number of η-fermions, Nη, by one. For a general state, composed of
PH excitations |N ;{mq}〉= f({b̂†η})|N ;0〉= f({b̂†η})|N1, ...,Nη, ...NM ;0〉0 (withM distinct
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fermion species), this yields

F†η |N〉= f({b̂†η})ĉ
†
Nη+1|N1, ...,Nη, ...,NM ;0〉= f({b̂†η})T̂η|N1, ...,Nη + 1, ...,NM ;0〉,

Fη|N〉= f({b̂†η})ĉNη |N1, ...,Nη, ...,NM ;0〉= f({b̂†η})T̂η|N1, ...,Nη − 1, ...,NM ;0〉,

where ĉ†Nη+1 (ĉNη) creates (annihilates) a fermion in the lowest empty (full) level of species
η. Furthermore, we used that Fη commutes with all bosonic operators. The operator T̂η
counts the number of minus signs picked up when commuting the fermionic operators ĉ†Nη
(ĉNη) to the appropriate position to create (annihilate) a fermion of kind η

T̂η = (−1)
∑η−1

η̄=1 N̂η̄ .

Then, Fη might as well be represented as

Fη =
∑

N1,..NM

∑
{mq}

|N1, ...,Nη − 1, ...,NM ;{mq}〉〈N1, ...,Nη, ...,NM ;{mq}|T̂η.

Klein factors do not yield any space or time dependence of measurable quantities. Those
are completely captured by the bosonic fields. Thus, in the thermodynamic limit, where
one particle more or less does not change the overall properties of the system, the action
of Fη is determined by T̂η. In this limit, it follows for the thermodynamic properties of
terms like Eq. (3.22) applied to a generic state of the Hilbert space

F†RFL|NL,NR;{mq}〉 = (−1)NL−1|NL− 1,NR + 1;{mq}〉 ∼ (−1)NL−1|NL,NR;{mq}〉,
F†LFR|NL,NR;{mq}〉 = −FRF†L|NL,NR;{mq}〉 ∼ (−1)NL−1|NL,NR;{mq}〉.

This implies that, in the thermodynamic limit, we can identify the Klein factors with a
Majorana-like operator F†η ,Fη→ γ̂η and factorize them (in the corresponding order). This
in turn allows us to rewrite Eq. (3.22) as a cosine [Gia03]. Klein factors then just yield
an overall sign, which can be absorbed in the coupling constant.

3.1.5 Spinless, spinful and helical Luttinger liquids

So far, we have mainly been concerned with bosonizing a linear theory consisting of one
unspecific right- and left-mover. Physically, there are (at least) two different scenarios
where such assumptions are reasonable: (i) In a system of 1D non-relativistic spinless
interacting fermions with large kF and (ii) for a 1D system of interacting relativistic
fermions (see Fig. 3.1 (a) and (c)).
In the first case, the theory needs to be linearized around the Fermi level to allow for a valid
description in terms of bosons. However, we have to keep in mind that the so constructed
right- and left-moving fermionic fields originate from the same physical fermion ψ̂(x)

ψ̂(x) = ψ̂R(x) + ψ̂L(x) = eikFxψ̃R(x) + e−ikFxψ̃L(x), (3.23)

where we used the definition of Eq. (3.3) and defined the slowly varying fields ψ̃r(x) =
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1/
√
L
∑
k e

irkxĉr,k. Thus, the (physical) fermion density is complemented by oscillating
contributions, typically called Friedel oscillations [Gia03]

ρ̂(x) = ∗
∗ ψ̂(x)†ψ̂(x) ∗∗ =

∑
r

∗
∗ ψ̃
†
r(x)ψ̃r(x) ∗∗ + e−2ikFxψ̃†R(x)ψ̃L(x) + h.c..

Away from half filling (i. e. for large kF ) the Hamiltonian of Eq. (3.20) is still valid since
those terms oscillate according to 4kF (remember that the Hamiltonian is quadratic in
density operators). Hence, in this scenario, they do not contribute energy to the system
and can be neglected in the Hamiltonian.

For the second scenario of 1D relativistic fermions, no such extra terms appear. Here,
physical fermions are represented as a vector ψ̂(x) =

(
ψ̂R(x), ψ̂L(x)

)T
. Thus, for any

value of kF the electron density is just given by

ρ̂(x) =
∑
r

∗
∗ ψ̂
†
r(x)ψ̂r(x) ∗∗ .

With relabeling the indices R →↑, L →↓, this case literally corresponds to the helical
system of a QSH edge.

Remarkably, the scope of bosonization goes even beyond these two cases and is able to
elegantly describe spinful interacting fermions. While this is clear for the kinetic part of
the Hamiltonian, where we find H0,SLL =H0,↑+H0,↓ with

H0,ν = vF
2π

∫ L/2

−L/2
dx
[(
∂xφ̂ν(x)

)2
+
(
∂xθ̂ν(x)

)2
]
,

dependent on the fields of each spin sector φ̂ν(x), θ̂ν(x) (ν =↑,↓), it is much less obvious
when interactions are considered. Then, we also obtain density-density interaction terms
that act non-diagonal in the spin sectors

Hint =
∑
ν

∫ L/2

−L/2
dx

[
g2‖ρ̂R,ν(x)ρ̂L,ν(x) + g2⊥ρ̂R,ν(x)ρ̂L,−ν(x)

]
+
∑
r

∑
ν

∫ L/2

−L/2
dx

[
g4‖
2 ρ̂r,ν(x)ρ̂r,ν(x) + g4⊥

2 ρ̂r,ν(x)ρ̂r,−ν(x)
]
.

(3.24)

However, as the theory is still quadratic in density operators, we can find an unitary
transformation that diagonalizes the combined Hamiltonian HSLL = H0,SLL +Hint. This
leads to a new set of bosonic fields, coined charge (ρ) and spin (σ) fields

φ̂ν(x) = 1√
2

(
φ̂↑(x) + νφ̂↓(x)

)
, θ̂ν(x) = 1√

2

(
θ̂↑(x) + νθ̂↓(x)

)
with ν = (ρ,σ) = (+,−). The terminology "charge" and "spin" fields is not only by chance
but carries a genuine physical meaning. The charge sector ρ contains information about
the full fermion density (current) as for instance ∂xφ̂ρ =−π/

√
2(ρ̂↑(x) + ρ̂↓(x)), while the

spin sector tracks the relative density (current), i. e. the net spin. Rewritten in these new
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fields, the Hamiltonian of the spinful Luttinger liquid becomes diagonal

HSLL =H0,SLL +Hint = 1
2π

∑
ν=σ,ρ

∫ L/2

−L/2
dx
[
uν
Kν

(
∂xφ̂ν(x)

)2
+uνKν

(
∂xθ̂ν(x)

)2
]

(3.25)

with different Luttinger parameter and velocity for each sector

uν =vF

√
(1 + g4ν/(2πvF ))2− (g2ν/(2πvF ))2, Kν =

√
1 + g4ν/(2πvF )− g2ν/(2πvF )
1 + g4ν/(2πvF ) + g2ν/(2πvF ) , (3.26)

where g2ν = g2‖+νg2⊥ and g2ν = g4‖+νg4⊥ (ν = (ρ,σ) = (+,−)). In a (1D) quantum wire
of spinful fermions, there is usually no reason why g2⊥ should be different from g2‖ and,
thus, typically one assumes Kσ = 1. The opposite extreme would be g2‖ = 0 while g2⊥ , 0,
which yields Kσ = 1/Kρ. Kρ, in turn, has the same parameter range as the Luttinger
parameter of a spinless or helical Luttinger liquid: 0 < Kρ < 1 for repulsive interactions
and Kρ > 1 for attractive interactions.
Spinful Luttinger liquids are not only useful to describe interacting spinful fermions in
a quantum wire. They might, for instance, as well be used to capture the physics of
interacting helical edge states, a situation that arises when two edges of a QSH system
are brought close to each other in QSH QPCs or QCs. For such a system, in contrast to
quantum wires, Kσ is typically expected to be larger than one since intra-edge interactions
(g2⊥ and g4‖) are expected to dominate over inter-edge interactions (g2‖ and g4⊥). The
deviation of Kσ from one can have important implications. In particular, as we will see
in Sec. 4.6, it allows new types of interaction terms, acting in the σ sector, to become
relevant in a RG sense.

3.1.6 Perturbative renormalization group theory for sine-Gordon models

RG theory constitutes a cornerstone method of modern many-body field theory that finds
application in various different areas and forms. A general introduction of the topic is far
beyond the scope of this thesis, which is why we will focus only on the specific application
of RG theory to sine-Gordon models following Refs. [GNT98, Gia03, Mal13]. A more
general approach can for instance be found in Ref. [Sha94, Car96, Fra13].
The basic idea behind RG theory is to derive an effective low energy theory via integrating
out the high energy parts of a given partition function and rescaling of the result. In this
way one obtains insight how operators behave when only low energies are considered.
Thereby, any RG procedure always follows the same three steps: (i) integrating out high
energy modes, (ii) rescaling of momenta and (iii) renormalization of the fields. Let us be
more concrete on this. Consider a generic partition function in momentum space

Z =
∫ ∏
|k|≤Λ

dφ̂(k) e−S[φ̂(k)], (3.27)

where k = (k,ω/v)T is a 2D momentum-frequency vector in Euclidean space (i. e. imag-
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inary time) and Λ is a high energy cutoff6. Let us assume we are only interested in the
low-energy properties of the above partition function, say for |k| < Λ/s with s > 1. This
suggests to split φ̂(k) in two parts: the slow- and the fast-modes

φ̂< = φ̂(k) for 0< |k|<Λ/s,

φ̂> = φ̂(k) for Λ/s < |k| ≤Λ.
(3.28)

By assumption we are only interested in measurable properties of the slow fields φ̂<(k).
Our goal is, thus, to find an effective action that only takes into account those slow modes
and reproduces all the low-energy correlation functions. With the split up of (3.28), the
action is expected to take the form

S[φ̂<, φ̂>] = S0[φ̂<] +S0[φ̂>] +S1[φ̂<, φ̂>], (3.29)

where S0 is of quadratic form in its argument and, as we will explicitly demonstrate below,
separates into slow and fast parts. S1 is a generic contribution to S without this property.
For the partition function, we straightforwardly obtain

Z =
∫ ∏

0≤|k|<Λ/s

dφ̂(k)
∏

Λ/s≤|k|<Λ

dφ̂(k) e−S0[φ̂<]e−S0[φ̂>]e−S1[φ̂<,φ̂>].

A simple reorganization leads to an effective action Seff[φ̂<], taking into account only the
slow fields

Z =
∫ ∏

0≤|k|<Λ/s

dφ̂(k) e−S0[φ̂<]Z0>〈e−S1[φ̂<,φ̂>]〉0> ≡
∫ ∏

0≤|k|<Λ/s

dφ̂(k) eSeff[φ̂<],

where we used

〈O〉0> = 1
Z0>

∫ ∏
Λ/s≤|k|<Λ

dφ̂(k) O e−S0[φ̂>].

As Z0> merely is a multiplicative constant, we can safely drop it for the subsequent
discussion of the effective action and define [GNT98]

Seff[φ̂<] = S0[φ̂<]− ln
[
〈e−S1[φ̂<,φ̂>]〉0>

]
. (3.30)

Seff[φ̂<] now captures the low energy behavior of the system, where the role of the high
energy modes is formally incorporated in the logarithm. The RG transformation is, how-
ever, more than just the definition of an effective action. In particular, the central goal is
to obtain an insight in how the system changes upon the above mode elimination. In doing
so, the problem is that one cannot directly compare the effective action with the original
one as they are each defined on a different kinematic region. To remedy this defect, we
6Working in imaginary time has the advantage that scalars in momentum-frequency space are given by
k2+ω2/u2. This implies for |k|<Λ that k and ω are bounded. In Minkovski space, |k| is still bounded,
however, k and ω are individually unbounded, leading to complications in integrations.
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need to rescale the momenta in the effective action k→ k′ = sk to retrieve the original
cutoff Λ. Finally, to avoid the trivial effects of multiplicative constants, we rescale the
fields φ̂(k′/s)→ φ̂′(k′/s) = ξ−1

s φ̂(k′/s), where we choose ξs such that a certain coupling
in the quadratic part of the action has a fixed coefficient.
This choice is not only by chance. The quadratic part of the action certainly takes a special
role, that is to say, it constitutes a fixed point under the RG transformation. Let us shine
some light on this important point. RG transformations define a mapping of actions
defined in the same phase space. Equivalently, the initial action might be interpreted as
a point in coupling constant space. Successive RG transformations then induce this point
to change or flow in the same space. In that sense, fixed point actions are the ones that
reproduce themselves and do not flow under the three-step RG transformation. Actions
with this property are separable in momenta, i. e. they do not contain parts that mix
different shells defined by |k| = const.. As evident from Eqs. (3.29) and (3.30), in case
the action only contains separable parts (S1[φ̂<, φ̂>] = 0), the effective action reproduces
exactly the initial one.
Let us be more specific on that and consider the action of the free Luttinger liquid Hamil-
tonian. Legendre transformation of Eq. (3.20) leads to the Lagrangian

L=
∫

dx
[ 1

2u
(
∂tφ̃(x,t)

)2
− u2

(
∂xφ̃(x,t)

)2
]
,

where the fields φ̃(x,t) are related to the ones in Eq. (3.20) by φ̃(x,t) = 1/
√
Kπφ̂(x,t).

After integration by parts, we obtain in imaginary time τ =−it

S0[φ̃] = 1
2

∫
d2x φ̃(x)∇2

xφ̃(x), (3.31)

where d2x= udτdx, ∇2
x = ∂2

x+1/u2∂2
τ and x= (x,uτ)T . Now we can split the field φ̃(x,τ)

in slow and fast oscillating parts

φ̃(x) = φ̃<(x) + φ̃>(x), (3.32)

where

φ̃<(x) =
∫
|q|<Λ/s

d2q

(2π)2 φ̃(q)eiqx, φ̃>(x) =
∫
Λ/s≤|q|<Λ

d2q

(2π)2 φ̃(q)eiqx (3.33)

with q = (q,ω/u)T . Using Eq. (3.32) in (3.31), this yields

S0[φ̃] = S0[φ̃<] +S0[φ̃>] + 2S0[φ̃<, φ̃>],

where

S0[φ̃<, φ̃>] = 1
2

∫
d2x φ̃>(x)∇2

xφ̃<(x).

Using the expansions of Eq. (3.33), one line of straightforward calculation produces
S0[φ̃<, φ̃>] = 0. Thus, the action of the free Luttinger liquid separates in fast and slow
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modes. Upon the three-step RG transformation, the partition function changes only by a
global constant, leaving all coupling constants invariant. The free Luttinger liquid, hence
constitutes a fixed point in RG sense.

This changes when we additionally consider a bosonic mass term with an action like7

S1[φ̃] =
∫

d2x g cos[βφ̃(x)]. (3.34)

Evidently, S1[φ̃] does not separate in fast and slow modes under the expansions of Eqs.
(3.32) and (3.33). Instead, the cosine produces infinite orders of mixed terms. In this
scenario, the effective action is formally given by Eq. (3.30). It is obvious that the second
term is difficult to treat if one desires an exact analytical result for the effective action.
However, for small coupling constants g, we can capture the effect of the second term
in good approximation by an expansion in powers of g. In a second order expansion we
obtain [GNT98]

Seff[φ̃<] = S0[φ̃<] + 〈S1[φ̃<, φ̃>]〉0>−
1
2
(
〈S2

1 [φ̃<, φ̃>]〉0>−〈S1[φ̃<, φ̃>]〉20>
)

+O(g3). (3.35)

Let us estimate the first order correction around the fixed point. With Eq. (3.34) we have

〈S1[φ̃<, φ̃>]〉0> = g

2
∑
σ=±

∫
d2x exp

[
iβσφ̃<(x)

]
〈exp

[
iβσφ̃>(x)

]
〉0>.

For s close to one (but s > 1), the above average yields

〈exp
[
iβσφ̃>(x)

]
〉0> = 1− β2

4πdl+O(dl2)

with dl =−ln(s). Thus, in first order approximation, we obtain an effective action like

S
(1)
eff [φ̃<] = S0[φ̃<] + g

(
1− β2

4πdl

)∫
d2x cos

[
βφ̃<(x)

]
. (3.36)

Now, to compare Eq. (3.36) to the original action we need to rescale all momenta in the
opposite direction. If we want to preserve the scalar product kx, this implies x→ x/s'
x(1 + dl). Likewise, in first order,

∫
d2x→ (1 + 2dl)

∫
d2x and ∇2

x→ (1− 2dl)∇2
x. Thus,

upon this transformation the Gaussian part S0[φ̃<] remains invariant. The mass term,
however, appears with a new coupling constant

g′ = g

[
1 +

(
2− β2

4π

)
dl

]
. (3.37)

The above equation might be reformulated in differential form using the dimensionless

7Note that here g has the dimension of momentum as d2x= udτdx
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coupling constant z = g/Λ

dz(l)
dl

=
(

2− β2

4π

)
z(l).

Let us interpret this result. With decreasing the energetic scale that we assume to be
relevant for the theory, the coupling constant of a given cosine perturbation can either
grow, in case β2/(4π) < 2, or shrink when β2/(4π) > 2. If we obtain a growing coupling
constant, it means that the given perturbation gains relevance as we observe lower energies.
Hence, we coin such a perturbation a RG relevant perturbation. Likewise, terms that flow
to vanishing coupling constants under the three-step RG transformation are RG irrelevant.
Typically, the solution to Eq. (3.37) is visualized as a scaling portrait in the z−β plane.
As β is not renormalized in first order, this produces a rather trivial picture, shown in
Fig. 2.10 (a). This changes when we include the second order terms of Eq. (3.35) in
the discussion. Upon similar, albeit more sophisticated calculations as done for the first
order, we derive a second differential equation, which this time describes the flow of β. In
combination with first order, this produces a system of coupled differential equations

dz(l)
dl

= [2− d(l)]z(l), dd(l)
dl

=−12π
Λ3 z

2(l)d3(l)

with the replacement d(l) = β2(l)/(4π). The trajectories of the solution are schematically
illustrated in Fig. 2.10 (b). Similar to the first order approximation, d(l) = 2 constitutes
a special point in parameter space. Let us therefore discuss the trajectories in the vicinity
of this point. There, two separatrices , ±1/

√
2(d(l)−2)≡±κ, divide the parameter space

in three regimes: (i) weak-coupling, for z(l) ≤ κ and d(l) > 2, (ii) strong-coupling, for
z(l) ≤ −κ and d(l) < 2, and (iii) crossover regime, for −z(l) < κ < z(l). In the weak-
coupling regime, z(l) flows to a stable fixed point with z(l) → 0. In contrast, in the
strong-coupling regime z(l) = 0 constitutes an unstable fixed point. Here, the RG flow
promotes z(l)→∞, while at the same time β(l)→ 0. In the third regime, the crossover
regime, no fixed points exist at all.
Hence, for the crossover and the strong-coupling regime, one could anticipate the RG
flow to continue forever. This, however, would imply that only infinitely low energies are
considered to participate in the theory. In reality, this is of course not the case. Therefore,
the RG flow needs to be stopped at the largest energy scale set by the system, such as
temperature or system size. Energies below these characteristic energy scales are hidden.

3.2 Scattering theory and quantum transport

Obtaining insight in the profound physical properties of a given system is a core discipline
of physics. Pictorially speaking, the typical protocol to approach this task is to "throw"
something on the system and observe the response. A convenient ansatz for that is to
couple the system of interest to particle reservoirs and perform quantum transport mea-
surements. Thereby, the response of the system is controlled by the scattering matrix. By
virtue of the deep connection between the scattering matrix and the Hamiltonian of a given

64



3.2 Scattering theory and quantum transport

system, the characteristics obtained from such measurements often times carry revealing
and instructive information. The physical quantity of interest for such a measurement is
the current operator.

Let us assume a mesoscopic system based on fermions that acts as a scatterer when con-
nected to Nr macroscopic reservoirs. The fermions of each reservoir α are described by
field operators ψ̂α(x,t)8. Depending on whether we are dealing with relativistic or non-
relativistic electrons, ψ̂α(x,t) takes a different form. While in the non-relativistic case
ψ̂α(x,t) sums up right- and left-moving components (see Eq. (3.23)), in the relativistic
case, ψ̂α(x,t) has a spinor structure. Moreover, also the current operators are different
in both cases. However, as we have seen already against the background of bosonization,
linearization provides a valid and comprehensive approximation of the systems behavior
around the Fermi surface, provided kF is large enough9. Thus, a system of non-relativistic
fermions might be approximated around the Fermi surface by a linear (Dirac-like) the-
ory. Under these assumptions, the current operator of (a relativistic or non-relativistic)
fermionic lead α is given by [Mos11]

Îα(t) = e

2π

∫ ∫
dEdE′ei(E−E

′)t
[
b̂†α(E)b̂α(E′)− â†α(E)âα(E′)

]
, (3.38)

where â†α(E) (b̂†α(E)) creates an incident (scattered or outgoing) electron at energy E
in lead α10. When we assume the mesoscopic scatterer not to affect the equilibrium
properties of the reservoirs, we obtain the measurable current that flows into lead α as
the quantum-statistical average of Eq. (3.38) Iα = 〈Îα〉. Let us assume that the reservoirs
are adiabatically connected to the scattering region and no correlations appear among
electrons of different reservoirs. Then, for the incoming particles, which are assumed to
be equilibrium particles, averaging yields

〈â†α(E)âβ(E′)〉= δαβδ(E−E′)fα(E)

with the Fermi-Dirac distribution fα(E) = (1 + e(E−µα)/(kBTα))−1. Here, kB is the Boltz-
mann constant, Tα the temperature and µα the chemical potential of lead α. In contrast,
particles associated with the operators b̂†α(E) and b̂α(E) are scattered and are, thus, in
general non-equilibrium particles. However, by virtue of the scattering matrix Sαβ(E), we
can relate the outgoing operators b̂†α(E), b̂α(E) to all incoming operators via

b̂α(E) =
Nr∑
β=1

Sαβ(E)âβ(E).

8For ease of understanding, we assume 1D reservoirs and connections to the scattering region.
9A more rigorous derivation of this statement starting from the definition of the current operator can for
instance be found in Ref. [Mos11].

10We have switched here the notation from right- and left-moving to incident and outgoing as right- and
left-moving loses meaning in the presence of many leads.
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Thus, averaging the outgoing contributions in Eq. (3.38) yields

〈b̂†α(E)b̂α(E′)〉= δ(E−E′)
Nr∑
β=1
|Sαβ(E)|2fβ(E).

Now, together with the unitarity of the scattering matrix,
∑Nr
β=1 |Sαβ(E)|2 = 1, we find

the insightful formula [Bü86, Bü92]

Iα = e

2π

∫
dE

Nr∑
β=1
|Sαβ(E)|2

(
fβ(E)− fα(E)

)
.

Let us assume small voltage differences among different reservoirs µα = µ0 + eVα with
eVα � µ0 and Tα = T0 for all α. Having |eVα| � kBTα we can approximate the Fermi
distributions around µ0 by

fα(E) = f0(E)− eVα
∂f0(E)
∂E

+O(V 2
α ),

where f0(E) is the Fermi distribution with chemical potential µ0 and temperature T0.
With recognizing limT0→0∂Ef0(E) = −δ(E − µ0), we obtain the conductance as [Bü86,
Bü92]

Gαβ = dIα
dVβ

= e2

2π |Sαβ(µ0)|2. (3.39)

It is clear that the above conductance formula can only hold in two scenarios: first, for
vanishingly small applied bias eVα → 0 or, second, for a finite applied bias, when the
energy dependence of the scattering matrix around µ0 is negligible, Sαβ(E)' Sαβ(µ0).

3.2.1 Relation of Hamiltonian and transfer matrix

Next, let us shine some light on the question why quantum transport measurements,
i. e. measurements of the scattering matrix elements, carry profound physical infor-
mation of the system properties. Let us therefore consider an arbitrary effectively 1D
time-independent Hamiltonian linear in momentum like

H =
∫ L/2

−L/2
dx Ψ̂ †(x) [Ap̂x +V (x)] Ψ̂ (x) (3.40)

with the fermionic field operators Ψ̂ †(x) and Ψ̂ (x) being 2Nr dimensional spinors, Ψ̂ (x) =(
ψ̂1,a(x), ψ̂1,b(x)..., ψ̂Nr,a(x), ψ̂Nr,b(x)

)
consisting of Nr different kinds, each of which hav-

ing an "incoming" (a) and "outgoing" (b) field. V (x) and A are Hermitian 2Nr× 2Nr ma-
trices capturing all present single particle potentials. We strive to diagonalize Eq. (3.40).
Thus, we need to solve the associated single particle problem [Ap̂x+V (x)]Ψ (x) = EΨ (x).
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By virtue of the linearity in p̂x, we find the solution by integration

Ψ (x) = U(x,x0)Ψ (x0), (3.41)

where we defined the transfer matrix

U(x,x0) = Ŝ← exp
[
i

vF

∫ x

x0
dx′A−1 (E−V (x′)

)]
(3.42)

with the spatial-ordering operator Ŝ←, ordering all appearing spatial coordinates ascend-
ing from right to left. Now, let us couple each of the 2Nr different fermions to a lead.
We demand that also the leads are well approximated by a Hamiltonian that is linear
in momentum. This implies continuity of the wave functions at the interfaces between
system and leads. Lead fermions in the regime x < −L/2 are thus connected to the ones
for x > L/2 by U(L/2,−L/2). Upon linear transformations, the transfer matrix can easily
be transformed into the scattering matrix. Thus, scattering matrices contain all the pro-
found information about the Hamiltonian of the system. Knowledge about the transfer or
scattering matrix determines all fermionic correlations, captured by the Green function.

3.2.2 McMillan Green function

Green functions describe the fundamental correlations of many-body theory. Indeed, by
virtue of Wick’s theorem, any N -point correlation function (for a system described by
a quadratic Hamiltonian) can eventually be decomposed into a collection of two-point
correlation functions, i. e. Green functions or propagators [Wen04]. In general, the Green
function is the solution of a given differential equation exposed to the delta inhomogeneity.
This rather unspecific condition allows for several solutions, implying that the Green
function is not unique, which eventually gives rise to the physically motivated retarded
and advanced Green functions, that describe forward or backward temporal correlations.
Let us explicitly monitor how this ambiguity emerges. Retarded (R) and advanced (A)
fermionic Green functions are defined as

Gν(x,x′, t) =−νiθ(νt)〈{Ψ̂ (x,t), Ψ̂ †(x′,0)}〉,

where ν = (R,A) = (+,−). {..., ...} is the anti-commutator and Ψ̂ (x,t) is a fermionic field
operator annihilating a fermion at position x at time t. In Fourier space, we obtain

Gν(x,x′,ω) =
∫

dt ei(ω±i0
+)tGν(x,x′, t). (3.43)

Then, all Green functions are determined from two defining equations

[ω−H(x, p̂x)]Gν(x,x′,ω) = δ(x−x′), Gν(x,x′,ω)
[
ω−H(x′, p̂x′)

]
= δ(x−x′), (3.44)

where H(x, p̂x) is the Hamiltonian density of the system. For any x , x′, the above
equations imply that Green functions might be represented in terms of eigenfunctions of

67



3 Methods

H(x, p̂x) and its transposed H̄(x′, p̂x′) =HT (x′,−p̂x′)11 with the eigenvalue ω [McM68]

Gναβ(x,x′,ω) =
∑
i,j

aνijφi,α(x,ω)φ̃j,β(x′,ω), (3.45)

where we demand H(x, p̂x)φj(x,ω) = ωφj(x,ω) and H̄(x′, p̂x′)φ̃j(x′,ω) = ωφ̃j(x,ω). The
index j characterizes the different linearly independent eigenfunctions. The indices α and β
specify the α-th and β-th component of the corresponding eigenfunction. aνij are expansion
coefficients yet to be determined. With inserting Eq. (3.45) in (3.44), we readily see that
any combination of eigenfunctions solves the problem for x , x′. The implementation of
the delta distribution on the right hand sides of (3.44) requires more care. Imagine a
Hamiltonian density of the form

H(x, p̂x) =
k∑
`=0

A`p̂
`
x, (3.46)

where A` are generic Hermitian n×n matrices12 for a given spinor basis of dimension n.
Integration of (for instance) the left equation in (3.44) from x′ − ε to x′ + ε in the limit
ε→ 0 yields the k determining equations

lim
ε→0

[
∂k−1
x G(x,x′,ω)

∣∣
x=x′+ε− ∂

k−1
x G(x,x′,ω)

∣∣
x=x′−ε

]
= −(i)kA−1

k , (3.47)

lim
ε→0

[
∂k−jx G(x,x′,ω)

∣∣
x=x′+ε− ∂

k−j
x G(x,x′,ω)

∣∣
x=x′−ε

]
= 0, for 1< j ≤ k. (3.48)

The above equations set n2×k additional conditions on the Green function. In particular,
in the limit ε→ 0, they specify the x′ dependence for an assumed x dependence. Let us
slightly rewrite Eq. (3.45)

Gναβ(x,x′,ω) =
∑
i,j

aνijφi,α(x,ω)φ̃j,β(x′,ω)≡
∑
i

φi,α(x,ω)gνi,β(x′,ω), (3.49)

where we defined gνi,β(x′,ω) =
∑
j a

ν
ij φ̃j,β(x′,ω). Now, to obtain a discontinuous jump in

∂k−1
x Gν(x,x′,ω) we use the ansatz

Gναβ(x,x′,ω) =Gν,<αβ (x,x′,ω)θ(x−x′) +Gν,>αβ (x,x′,ω)θ(x′−x), (3.50)

where each part is of the form of Eq. (3.49)

G
ν,</>
αβ (x,x′,ω) =

∑
i

φi,α(x,ω)gν,</>i,β (x′,ω)

11Here, transposing acts also on the operators. If we think of transposing only as a matrix operation, we
need to set p̂x′ →−p̂x′ , which would yield HT (x′, p̂x′).

12For convenience, we assume A` to be independent of x for ` , 0. Instead, for having A` ≡ A`(x) also
for ` , 0, we need to replace the Hamiltonian density by H(x, p̂x) →

∑k
`=0{A`(x), p̂`x} to preserve

hermicity.
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3.2 Scattering theory and quantum transport

with gν,</>i,β (x′,ω) =
∑
j a

ν,</>
ij φ̃j,β(x′,ω). The differential equation, defined by Eq. (3.46),

produces n× k linearly independent solutions φi(x,ω) (with i ∈ 1, ...n× k). On the other
hand, our ansatz of Eq. (3.50) gives 2n2× k free (x′ dependent) parameters g</>j,β (x′,ω).
However, from Eqs. (3.47) and (3.48), we obtain only n2×k determining equations. Thus,
the Green function is underdetermined by a factor of 2. In the end, it is this ambiguity that
allows the definition of different Green functions, such as retarded, advanced or causal.
To resolve the underdetermination, additional conditions are required. Those can be
obtained from boundary behavior of the Green function. The retarded Green function is
defined in the upper half complex plane (see Eq. (3.43)). If we assume an infinitesimal
dissipation in the leads, we have limx→±∞GR(x,x′,ω+ i0+) = 0. This gives a selection
rule how to distribute the eigenfunctions in the two regimes x > x′ and x < x′ and exactly
yields the missing factor of 2. In the literature, such boundary conditions are often called
outgoing wave boundary conditions [KT00, HBY10, CBT15].
Let us now assume the scattering problem of the former section. The scatterer is defined
by Eq. (3.40) and for x < −L/2 and x > L/2 we assume the presence of leads. In either
lead, the form of the scattering states is easily determined using the ansatz of incoming
and outgoing states. Together with outgoing wave boundary conditions and the continuity
of wave functions at each interface, this yields the retarded Green function in the leads,
GR(x0,x′0,ω) at the lead coordinates x0 and x′0. Now, by virtue of the linearity of Eq.
(3.40) and the resulting transfer matrix (Eqs. (3.41) and (3.42)), we get access to the
Green function for any set of coordinates x and x′

GR(x,x′,ω) = U(x,x0)GR(x0,x
′
0,ω)ŨT (x′,x′0), (3.51)

where ŨT (x′,x′0) is the transfer matrix associated with H̃(x, p̂x). Eq. (3.51) can be
extremely useful when it comes to the characterization of electronic correlations in complex
scattering systems, where the explicit form of the wave functions is cumbersome but the
general solution, formulated in terms of transfer matrices, is not.

3.2.3 Non-stationary scattering theory
So far, the main focus has been set on time-independent Hamiltonians. Especially for scat-
tering theory, time-independence is necessary as all the above derivation requires energy
conservation, which is induced by time translation invariance of the system. For explicitly
time-dependent Hamiltonians, this is clearly not provided. However, there is a class of
Hamiltonians that constitute a hybrid case, namely, time-periodic Hamiltonians [Shi65].
For such systems, energy is not conserved in general, however, discrete time translational
invariance implies energy conservation up to multiples of the driving frequency.

Blueprint of Floquet theory

Let us briefly sketch the theory of time-periodic systems following Ref. [EA15]. Consider
a generic T -periodic Hamiltonian H(x,t) = H(x,t + T ). Because of the explicit time
dependence ofH(x,t), the system is described by the time dependent Schrödinger equation

i∂tψ(x,t) =H(x,t)ψ(x,t). (3.52)
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The time-periodicity of H(x,t) implies that the probability density of corresponding eigen-
states is also invariant under time-translation by T . Hence, eigenfunctions of Eq. (3.52)
are given by

ψα(x,t) = e−iεαtuα(x,t) with uα(x,t+T ) = uα(x,t).

Inserting the above ansatz in Eq. (3.52), this readily produces an eigenvalue problem for
the so-called quasi-energy operator Q(x,t) =H(x,t)− i∂t,

Q(x,t)uα(x,t) = εαuα(x,t). (3.53)

Thereby, the Floquet states uα(x,t) form a complete set of orthonormal states in an
extended Hilbert space R⊗LT , formed from the Hilbert space R of square integrable
functions on the configuration space and the space LT of time-periodic functions with
period T = 2π/Ω. Thus, we can expand

uα(x,t) =
∞∑

n=−∞

∑
k

cnα,kϕk(x)einΩt, (3.54)

where the functions ϕk(x) (einΩt) form a complete orthonormal set of states in R (LT ).
The expansion (3.54) readily implies that εα is only defined up to multiples of Ω as evident
from a shift of the index n. Henceforth, we use the notation ϕk(x)einΩt ≡ |ϕk,n〉〉 and
uα(x,t) = |uα(x,t)〉〉. Then, we define the inner product in R⊗LT as

〈〈ϕj ,m|ϕk,n〉〉= 1
T

∫ T

0
dt 〈ϕj |ϕk〉ei(n−m)Ωt = δkjδnm

with the standard inner product 〈...|...〉 defined on R. The expansion coefficients cnα,k
represent an unitary map from ϕk(x)einΩt to uα(x,t). Thus, also the states uα(x,t) form
a complete set in R⊗LT 13. Using Eq. (3.54) in (3.53) and multiplying from the left by
1 =

∑
l,m |ϕl,m〉〉〈〈ϕl,m|, this yields an effectively time-independent infinite dimensional

eigenvalue problem for the Floquet expansion coefficients cmα,l
∞∑

n=−∞

∑
k

〈ϕl|Qn,m|ϕk〉cnα,k = εαc
m
α,l, (3.55)

where we defined

Qn,m = 1
T

∫ T

0
dt H(x,t)ei(n−m)Ωt + δnmnΩ.

13Note that for each t ∈ [0,T [ there is one extended Hilbert space R⊗LT . This will become important
for the time-evolution operator
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3.2 Scattering theory and quantum transport

Next, let us investigate the time-evolution operator. Generically, for explicitly time de-
pendent Hamiltonians, time-evolution is described by

K(t, t0) = T exp
[
−i
∫ t

t0
dt′H(x,t′)

]
.

With the special properties of Floquet Hamiltonians being periodic in time T , we readily
find

K(nT,0) =K(T,0)n, K(t+T,0) =K(t,0)K(T,0).

In particular, note that in general K(t,0) does not commute with K(T,0) except at times
t = nT . Let us be more specific about the form of K(tf , ti). The time dependence of a
generic state is governed by the Floquet modes (3.54). Thus, at time t, a generic state
might be represented as

ψ(x,t) =
∑
α

dαe
−iεαt|uα(x,t)〉〉

with time independent expansion coefficients dα. Then, consequently, the time-evolution
operator, capturing the time propagation from ti to tf , must be given by

K(tf , ti) =
∑
α

e−iεα(tf−ti)|uα(x,tf )〉〉〈〈uα(x,ti)|. (3.56)

Although the above relation looks similar to the time-evolution in a stationary system,
there is a subtle difference. Namely, the Floquet states |uα(x,t)〉〉 do not built an orthogo-
nal set of states at different times t. Hence, in general, Eq. (3.56) cannot be represented as
the matrix exponential of a time-independent Hamiltonian. However, the Floquet states
are by definition periodic in time T . Thus, for a time propagation by a full period T we
can replace tf with ti +T . Consequently, |uα(x,tf )〉〉 ≡ |uα(x,ti)〉〉, so that

K(ti +T,ti) =
∑
α

e−iεα(tf−ti)|uα(x,ti)〉〉〈〈uα(x,ti)| ≡ exp[−iTHF (x,ti)] ,

where HF (x,ti) is the so-called time-independent Floquet Hamiltonian

HF (x,ti) =
∑
α

εα|uα(x,ti)〉〉〈〈uα(x,ti)|.

Note that, in a certain sense, there is an analogy of Floquet theory to Bloch theory of
crystals. In Bloch theory, discrete translational invariance leads to a Bloch Hamiltonian
where momentum is only defined up to multiples 2π/aL with a lattice spacing aL. In
Floquet theory, something similar happens due to discrete time translational invariance.
However, instead of momentum, now energy is only defined up to multiples of Ω = 2π/T .
The analogy of the Bloch Hamiltonian, describing the motion of fermions in the crystal,
is the Floquet Hamiltonian, responsible for time-translations by a full period.
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Floquet scattering theory

The fact that energy is conserved up to multiples of the driving frequency allows for a
modified formulation of stationary scattering theory for Floquet systems [MB02]. Let
us consider a time-periodic scatterer, adiabatically connected to stationary leads. Since
energy is well defined in each lead, the current operator of Eq. (3.38) is still valid. For
reasons that will become clear below, it is convenient to change to frequency space. This
produces [Mos11]

Îα(ω) = e

∫
dE

[
b̂†α(E)b̂α(E+ω)− â†α(E)â(E+ω)

]
.

Now, as opposed to the stationary case, the energy of electrons can change by multiples
of the driving frequency while passing the scatterer. Thus,

b̂α(E) =
∞∑

n=−∞

Nr∑
β=1

SF,αβ(E,En)âβ(En)

with a similar relation for b̂†α(E). SF,αβ(E,En) represents the Floquet scattering matrix,
describing all possible transitions from incoming to outgoing fermions with a change in
energy from E to En = E + nΩ. Notably, while scattered, the energy of the fermions
cannot change by any other value than the nΩ. Under performing a quantum-statistical
averaging, this leads to the average current [Mos11]

〈Îα(ω)〉= Iα(ω) =
∞∑

l=−∞
2πδ(ω− lΩ)Iα,l,

where

Iα,l = e

2π

∫
dE

 Nr∑
β=1

∞∑
n=−∞

S†F,αβ(En,E)SF,αβ(El,En)fβ(En)− δl0fα(E)

 .
An important implication of the two above equations is that even in the absence of thermal
or voltage differences between the leads, a dynamical scatterer generates an alternating
time-dependent current

Iα(t) =
∞∑

l=−∞
e−ilΩtIα,l.

Of course, when averaging over time, all oscillating contributions vanish, leaving behind
only the time-independent current Iα,0. Since also the Floquet scattering matrix has to
obey unitarity, we find an intuitively clear expression for the time-independent current
[Mos11]

Iα,0 = e

2π

∫
dE

Nr∑
β=1

∞∑
n=−∞

[
|SF,αβ(En,E)|2fβ(E)− |SF,βα(En,E)|2fα(E)

]
.
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The current into lead α is determined by the difference of two electron flows. The first
consists of the sum of various electrons scattered from all leads β into lead α. The second
describes the flow of electrons incident from lead α into leads β. Notably, the probabilities
|SF,αβ(En,E)|2 and |SF,βα(En,E)|2 are not necessarily equivalent. In particular, such
a situation is given for an inversion asymmetric scatterer. Then, even in the absence
of voltage or temperature differences between the leads, a time-independent current can
appear, known as a quantum pump [Mos11].
When we assume spatial inversion symmetry of the scatterer, quantum pumps are ab-
sent. Then, a time-independent current is generated only in the presence of voltage or
temperature differences. For small voltage differences, similar to the stationary case, the
conductance matrix is determined by the scattering matrix [ABC17a]

Gαβ = dIα,0
dVβ

= e2

2π

∞∑
n=−∞

|SF,αβ(En,E)|2. (3.57)

Obtaining insight in the quantum transport characteristics of a dynamical scatterer re-
quires knowledge of the infinite dimensional Floquet scattering matrix. For that, we need
to solve Eq. (3.55), which can become a very formidable task as we are dealing with infinite
dimensional matrices. Formally, electrons can change their energy while being scattered
by any multiple n of energy quanta Ω. However, in practice, the transmission probability
converges to zero as n→±∞. Thus, there is a nmax such that transmission probabilities
for absorbing/emitting nmax + 1 energy quanta is negligible for a given accuracy. This is
generically the case if the amplitude of a dynamic scattering potential δU is much smaller
than nmaxΩ. Then, the matrix elements connecting the different sectors where δn > nmax
in the (quasi-) Schrödinger equation (3.55) become negligible. This leads to an effective
equation with only 2nmax + 1 sectors, centered around n= 0.
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4 Quantum spin Hall quantum constrictions as
a novel platform for exotic quantum matter

4.1 Limitations of spin-orbit coupled quantum wires

With the proposal of Majorana end modes in quantum wires [ORvO10, LSDS10, STL+10]
and promising subsequent experiments [MZF+12], the search for non-Abelian anyons in
condensed matter systems reached a new level. Since then, the fast developing field was
fueled by rapid improvements of experimental samples leading to exciting experimental
signatures [CAJ+15, AHM+16b]. During this process, however, it was recognized that it
is by far not a trivial task to discriminate among truly non-Abelian particles and trivial
low-energy Andreev BSs. Indeed, in real systems, it is very likely that both, Majoranas
and low energy Andreev BSs, can appear and continuously transform into each other.
Such a situation is for instance generated when the control parameters, that are able
to bring the system to the topological regime, carry a significant spatial dependence.
For SOC quantum wires, those control parameters are given by the externally applied
magnetic field B, the chemical potential µ and the induced superconducting pairing am-
plitude ∆. While it is unlikely that the magnetic field varies significantly on the length
scale of the quantum wire, this cannot be a priori assumed for µ and ∆. In modern SOC
quantum wire samples, the SC is grown as a (partial) shell on top of the wire, cover-
ing only a portion of the full wire [CAJ+15, AHM+16b]. Thus, the proximity induced
pairing amplitude is expected to vary significantly throughout the wire. While this is in
principle not a problem for the topological properties of the system, it can lead to the
formation of non-topological Majorana modes that are localized at one end of the wire
only. The missing topological protection then leads to strong hybridization of these non-
topological Majorana modes, which in turn destroys their non-Abelian nature. However,
in some circumstances, these non-topological Majorana modes yield similar signatures as
compared to topological ones so that discriminating them from each other is somewhat
elusive. Typically, low-energy modes in these systems are associated with exponentially
protected Majorana modes. However, an increasing number of works indicate that this
strict assignment must be relaxed, especially in the presence of spatially varying potentials
[KMB12, FDTZT18, MZST18]. Consequently, also the believed characteristic quantized
zero-energy peak in the local conductance as a signature of topological Majorana modes
looses its significance. Throughout the last years, a number of proposals were suggested
to overcome this obstacle [LSDS18, VNAW19, ZS20], however, so far no conclusive exper-
imental evidence was reached.
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matter

Figure 4.1: (a) Schematic of a QC of length L based on a QSH insulator. (b) Spectrum of an
infinitely long QSH QC including all TR invariant SP processes. Different colors represent states
with orthogonal spin. ε denotes energy eigenvalues of the Schrödigner equation.

4.2 The quantum spin Hall quantum constriction – a
symmetry-enriched quantum wire

The difficulties emerging in quantum wire based topological SCs are manifold. Even
despite the fact that spatially varying potentials complicate the readout of Majorana as-
sociated signals, proving the existence of Majoranas in quantum wires is cumbersome. The
main reason for complications is naturally given by the fact that true quantum wires are
only quasi 1D objects and the Hamiltonian of Eq. (2.29) constitutes only an approxima-
tion. In true quantum wires, higher sub-bands exist and contribute to the physics at low
energies [HTZC+17, WAvH+19]. Moreover, even for the simplified purely 1D Hamiltonian,
detection schemes suffer from the absence of symmetries in the wire and, particularly, in
the leads.
Fortunately, topological superconductivity is not exclusively attached to SOC wires, but
may also be realized in various other hybrid systems, ranging from atomic chains placed on
s-wave SCs [NPDBY13, PGvO13, LCD+14] over quantum Hall based systems [FGSJ18]
to hetero-junctions on the basis of 2D TIs [FK09]. Among those, from the perspective of
present symmetries, in particular 2D TI based hetero-junctions are interesting. Taking into
account only the low-energy effective Hamiltonian describing the surface states, 2D TIs
possess TR and chiral symmetry. Spin and propagation direction are intimately related by
TR symmetry, which in principle allows for new spin-selective detection schemes. However,
on the other hand, such hetero-junctions drastically lack experimental feasibility mainly
due to difficulties in realizing ferromagnetic ordering at the helical edge.
Interestingly and largely overlooked, helical edge based devices can realize topological
superconductivity and even more exotic phenomena also in the absence of ferromagnetic
ordering. The enabling requirement is the presence of a second helical edge, so that both
edges can hybridize and interact. Such a device – a QSH QC – unites the best properties
of two worlds. Consider the device sketched in Fig. 4.1 (a). The edge states of a QSH
insulator are guided into a narrow constriction. Within the constriction, 0 < x < L, the
system can be interpreted as a linearized version of a spinful quantum wire. Clearly, the
device obeys the same number of fermionic fields, while at the same time, due to the
linear dispersion, the system naturally possesses a charge-conjugation symmetry. Outside
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the constricted region, isolated helical edge states provide an intimate relation of spin
and propagation direction. This enables a whole new variety of insightful spin-selective
transport experiments.
Consider an infinitely extended QC. Then, we retain momentum as an eligible quantum
number. In good approximation, the kinetic part of the system is described by two copies
of HQSH (Eq. (2.34)) with opposite helicity

Hp =
∫ ∞
−∞

dx Hp(x) =
∫ ∞
−∞

dx
∑
ν,σ

ψ̂†ν,σ(x)(−ivFσν∂x−µ)ψ̂ν,σ(x), (4.1)

where ψ̂ν,σ(x) are annihilating fermionic fields carrying spin-index σ ∈ {↑,↓}= {+,−} and
edge-index ν ∈ {1,2}= {+,−}; µ acts as a chemical potential and vF is the Fermi velocity.
Let us assume the constriction to be narrow enough to provide a finite overlap of wave
functions from states of different edges. In the presence of TR symmetry, two SP terms
emerge [TK09, LBRT11, LPBL16, Dol11, SRvOG12]

Ht0 =
∫ ∞
−∞

dx Ht0(x) =
∫ ∞
−∞

dx t0(x)
∑
σ

[
ψ̂†1,σ(x)ψ̂2,σ(x) + h.c.

]
, (4.2)

Htc =
∫ ∞
−∞

dx Ht0(x) =
∫ ∞
−∞

dx tc(x)
∑
ν

[
νψ̂†ν,↑(x)ψ̂−ν,↓(x) + h.c.

]
. (4.3)

While Eq. (4.2) describes a hybridization of fermionic states with the same spin associated
to different edges and does not require further symmetry breaking with respect to Hp, Eq.
(4.3) is only finite if axial spin symmetry is absent and takes the role of an effective SOC
across the constriction [WBZ06]. Using t0(x) = t0 and tc(x) = tc, the spectrum associated
with H0 = Hp +Ht0 +Htc is depicted in Fig. 4.1 (b). Notably, either parameter regime
ε > 0 and ε < 0 shares essential ingredients with the spectrum of a SOC quantum wire.
In this sense, QSH QCs, including relevant SP scattering terms, might be interpreted as
symmetry enriched SOC quantum wires. As we will see below, the additional symmetries
that the system obeys with respect to ordinary quantum wires have important physical
consequences not only in the SP picture but, particularly, when interactions are considered.
Then, despite the fact that the linear dispersion increases the scope of bosonization, the
existence of a Dirac point becomes of fundamental importance for the relevance of bosonic
mass terms.

4.3 Topological superconductivity in quantum spin Hall anti-wires
Let us now explore how the above properties of such devices can be used to create and
unambiguously detect topologically protected Majorana modes. To invoke topological
superconductivity in quantum wires, despite SOC, superconducting order as well as a
Zeeman field are required. Since QSH QCs possess very similar spectral properties as
compared to SOC quantum wires, we can guess that such a device will similarly acquire
a topological phase in the presence of s-wave superconductivity and Zeeman coupling as
well.
Adding both contributions to the Hamiltonian, we obtain H =Hp+Ht0 +Htc +HB +H∆,
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Figure 4.2: (a) Spectrum of H0. The different colors represent states with orthogonal spin. (b)
Phase diagram as function of µ and Bz (under the choice t0 = tc = 1, ∆/t0 = 0.3, vF = 1).
(c) Dependence of the topological phase on tc. The different curves correspond to tc/t0 =
0.2,0.4,0.6,0.8,1.0 (red to blue), ∆ = 0.3t0, t0 = 1, vF = 1. (d) Dependence of the topological
phase on t0. The curves correspond to t0/tc = 0.2,0.4,0.6,0.8,1 (red to blue), ∆/tc = 0.3, tc = 1,
vF = 1.

where

HB =
∫ ∞
−∞

dx HB(x) =
∫ ∞
−∞

dx Bz(x)
∑
ν,σ

σψ̂†ν,σ(x)ψ̂ν,σ(x), (4.4)

H∆ =
∫ ∞
−∞

dx H∆(x) =
∫ ∞
−∞

dx ∆(x)
∑
ν

[
ψ̂†ν,↑(x)ψ̂†ν,↓(x) + h.c.

]
. (4.5)

The gyro-magnetic factor for the edge states is predicted to be g ∼ 10 [SPAW18] for typical
QSH materials so that magnetic fields compatible with the presence of superconductivity
are sufficient for our purposes.
Indeed, for the translational invariant case where all coupling constants are x-independent,
we find that the corresponding Hamiltonian undergoes a topological phase transition,
indicated by a gap-closing and reopening depending on the control parameters µ and Bz
(see Fig. 4.2 (b)). The coupling strength tc that appears in Eq. (4.3) hardly affects the
topological parameter regime (see Fig. 4.2 (c)). However, it controls the magnitude of the
gaps in the topological regime and therefore the decay length of possible low-energy BSs
in the presence of boundaries. By contrast, Eq. (4.2) has less influence on the magnitude
of the gaps, but strongly affects the shape of the topological regime (Fig. 4.2 (d)). While
a concrete estimation of the magnitude of t0 is difficult, it is clear that it can be tuned up
to the magnitude of the bulk gap, by reducing the width of the constriction [MB07].
There are different possible schemes how a QSH QC with the above properties could be
realized in the laboratory. The natural straightforward way would be, of course, to cut
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Figure 4.3: Schematic illustration of the system: A QSH anti-wire, covered by a s-wave SC under
the influence of a magnetic field weakly coupled to helical edge states at the boundary of the QSH
stripe.

out a constriction from a 2D TI stripe as shown in Fig. 4.1 (a). Yet another, maybe more
powerful design can be found by carving narrow trenches in an elsewhere homogeneous
QSH insulator. Henceforth we call such a structure anti-wire (see Fig. 4.3). In that way,
natural boundaries would directly be given to the system. Moreover, such a method could
have the advantage that, once it is possible to construct a single trench, the positioning
of many such trenches is most likely straightforward. Therefore, such systems possess
a natural scalability, that is of importance when it comes to quantum computing. Since
different anti-wires emerge from the same underlying 2D system, it is possible to tune their
coupling strength via external gate voltages applied between two anti-wires. Hence, the
link between the two anti-wires might be changed from an insulating (chemical potential
inside the bulk gap of the 2D TI) to a conducting (chemical potential inside the conduction
band) region, allowing for controllable fusion of the Majoranas at the end of different anti-
wires.

4.3.1 Majorana end modes in quantum spin Hall anti-wires

As numerously discussed in this thesis, boundaries take an outstanding role in topological
systems. In particular, 1D topologically superconducting systems are characterized by
Majorana zero modes, bound at each end of the system. To investigate the presence of
topological BSs, boundaries are thus inevitable. Therefore, henceforth we focus on a QSH
anti-wire with a finite length L1. To model boundaries, it is convenient to consider the
additional Hamiltonian density

HT (x)= Tb [δ(x)+δ(x−L)]
∑
σ

[
ψ̂†1,σ(x)ψ̂2,σ(x)+h.c.

]
, (4.6)

which describes a strong hybridization of states from different sides of the anti-wire at
x = 0 and x = L. Then, in the limit Tb → ∞, the system within 0 < x < L becomes
completely isolated from the outside world, forming an autonomous anti-wire. Such a
decoupling comes along with the formation of boundary conditions for the involved fields.

1All coupling constants are assumed to be x-independent for the extend of the anti-wire.
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Consider the kinetic part of the Hamiltonian including impurity scattering at x = 0 and
x= L

H̃p=
∫

dx
∑
ν,σ

ψ̂†ν,σ(x)(−ivFσν∂x)ψ̂ν,σ(x)+Tb
∫

dx [δ(x)+δ(x−L)]
∑
σ

[
ψ̂†1,σ(x)ψ̂2,σ(x)+h.c.

]
.

(4.7)
We can formally diagonalize the Hamiltonian (4.7) with eigenfunctions from the associated
SP problem

h̃p(x)Ψ (x) = εΨ (x), (4.8)

where h̃p(x) = −ivF ηzσz∂x + Tb [δ(x) + δ(x−L)]ηxσ0 with Pauli matrices ηj , σj (j ∈
{x,y,z}) acting on edge-, spin-space, respectively, and the basis
Ψ (x) = (ψ1,↑(x),ψ1,↓(x),ψ2,↑(x),ψ2,↓(x))T . In vicinity ε close to the impurities with ε→ 0,
Eq. (4.8) is solved by

Ψ (−ε) = eTbηyσzΨ (ε), Ψ (L+ε) = e−TbηyσzΨ (L−ε).

In the limit Tb→∞, this results in the boundary conditions

ψ1,σ(0) = iψ2,σ(0), ψ1,σ(L) =−iψ2,σ(L).

They are satisfied by the functions ψν,σ,q(x) =−iψ−ν,σ,q(−x) with
ψν,σ,q(x) = (1/

√
L)exp[iqx] and the quantization condition q = (π/L)(nq − 1/2). By ap-

plying an expansion of the fermionic fields in terms of the functions ψν,σ,q(x), namely
ψ̂ν,σ(x) =

∑
qψν,σ,q(x)ĉq, we obtain the boundary conditions for the fields to be

ψ̂ν,σ(x) =−iψ̂−ν,σ(−x). (4.9)

Clearly, from the quantization of q, the fields need to be anti-periodic with respect to 2L

ψ̂ν,σ(L) =−ψ̂ν,σ(−L).

Now, we can use Eq. (4.9) to specify the Hamiltonian of an anti-wire of length L. Gener-
ically, the anti-wire Hamiltonian is given by

HAW =
∫ L

0
dx [Hp(x) +Ht0(x) +Htc(x) +HB(x) +H∆(x)] .

Inserting Eq. (4.9) reduces the number of fermionic fields by a factor of two, but like-
wise also leads to an unfolded Hamiltonian of double system size, including non-local
contributions

HAW = 1
2

∫ L

−L
dx Φ̂†(x)

[
− ivF∂x + τzσzBz + τzσ0µ+ τzσx sign(x)tc

]
Φ̂(x)

− 1
2

∫ L

−L
dxΦ†(x)

[
τxσy∆+ i sign(x)t0

]
Φ̂(−x), (4.10)
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where τj (j ∈ {x,y,z}) are Pauli matrices acting on PH space and2

Φ̂(x) = (ψ̂1,↑(x), ψ̂2,↓(x), ψ̂†1,↑(x), ψ̂†2,↓(x))T .

Our goal is to determine the eigenfunctions Uε(x) with energy eigenvalue ε of the Hamil-
tonian density in Eq. (4.10), which at first sight seems to be a cumbersome task since
HAW contains non-local contributions. However, we can overcome its non-locality by the
ansatz

Uε(x) = uε(x)θ(x) + vε(−x)θ(−x), (4.11)

where uε(x) and vε(x) are spinors in the given basis. From the continuity of the solutions
Uε(x) at x = 0 as well as from the anti-periodicity of the system with respect to 2L, the
solution needs to obey the boundary conditions uε(0) = vε(0) and uε(L) = −vε(L). The
SP problem associated with Eq. (4.10) becomes equivalent to the set of equations for the
functions uε(x) and vε(x)[
− ivF∂xszτ0σ0 + s0τzσzBz + s0τzσ0µ+ szτzσxtc− sxτxσy∆+ syτ0σ0t0

]
χε(x) = εχε(x),

(4.12)
where we defined the basis function χε(x) = (uε(x),vε(x))T and the Pauli-matrices sj
acting on the space spanned by uε(x) and vε(x). The general solution of (4.12) can be
found by integration

χε(x) = Mε(x,x0)χε(x0), (4.13)

where

Mε(x,x0) = exp
[∫ x

x0
dx′

i

vF
szτ0σ0

(
ε− (s0τzσzBz + s0τzσ0µ+ szτzσxtc

− sxτxσy∆+ syτ0σ0t0)
)]
.

Not every energy ε is compatible with the boundary conditions. For the topological phase,
however, in the limit L→∞, there should be a decaying solution for ε→ 0 of the form
Γ (0) = (ζ(0), ζ(0)) (i. e. fulfilling the BCs at x= 0). Thus, in this limit, Eq. (4.13) turns
into an eigenvalue problem for ζ(0) of the form

lim
L→∞

M0(L,0)Γ (0) != 0. (4.14)

If we further demand the solution to be a Majorana, we require
ζ(0) =

(
f(0),g(0),f∗(0),g∗(0)

)T . For ε= 0, PH symmetry implies

%̂M0(x,x′)%̂−1 =M0(x,x′)

2Note that now edge and spin space are somewhat merged in the new basis. For convenience, we associate
the Pauli matrices σj with j ∈ {x,y,z} to this new space.
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Figure 4.4: (a) λM (yellow) and δΓλM (blue) as a function of L. (b) |U0(x)|2 according to Eq.
(4.11) with U0(0) = νλ. (c) Schematic illustration of the probability distribution in the (folded)
anti-wire. The parameters of the calculation are: B/t0 = 0.6, µ/t0 =

√
2, ∆/t0 = 0.3, tc = t0 = 1,

vF = 1.

with the PH symmetry operator %̂. Thus, demanding the Majorana solution for ζ(0),
implies that ζ(x) obeys Majorana form for any point x.
For finite L, Eq. (4.14) does not hold anymore. However, we expect to find an approximate
Majorana solution that tends exponentially towards the true Majorana solution upon
increasing L. This means thatM0(L,0) possesses an eigenvalue λM ∼ exp(−αL) (α ∈ R+)
whose corresponding eigenvector νλM fulfills the BC at x = 0. Its deviation from the
Majorana solution should thereby be exponentially suppressed. It can be measured with

δΓλM = 1
2
∣∣∣∣s0(1− τxσ0)Re[νλM ]+s0(1 + τxσ0)Im[νλM ]

∣∣∣∣.
Indeed, we find that such a solution exists in the topological regime (see Fig. 4.4 (a)).
The probability density associated to this wave function is illustrated in Fig.4.4 (b,c).

4.3.2 Conductance properties and unambiguous detection of Majorana
zero-modes

Interestingly, the anti-wire setup shown in Fig. 4.3 allows us to perform novel transport
experiments that are impossible for quantum wire based systems. When the anti-wire
is brought in proximity to other boundaries of the surrounding 2D TI sample, a weak
coupling between outer helical edge states and anti-wire develops that allows for spin-
resolved transport experiments. The only adjustment to model such an open system is to

82
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Figure 4.5: (a) Two-terminal conductance as function of energy ε and Zeeman field Bz. (b-c)
Multi-terminal conductance between contacts 1 and 2 with respect to Fig. 4.3 (a), as a function
of µ and Bz (b), ε and Bz (c), respectively. In (b), all values G21 > 0 are colored in blue. In
(c), all values G21 < 0 are colored in red. Other parameters of the plots are: L = 20vF /t0,
∆/t0 = 0.3, µ/t0 =

√
2 ((a) and (c)), ε= 0 (b), t0 = tc = 1 vF = 1. For computational reasons, the

delta distribution, separating the anti-wire from the leads, is replaced with its step function series
δa(x) = rect(x/a)/a with a= 0.1. Moreover, Tb/t0 = 1.5 for (a-b) and Tb/t0 = 2 for (c).

keep the amplitude Tb in Eq. (4.6) finite. Then, the full Hamiltonian reads

Hopen =
∫ +∞

−∞
dx[Hp(x) +HT (x)] +

∫ L

0
dx [Ht0(x) +Htc(x) +H∆(x) +HB(x)],

where the kinetic terms for x < 0 and x > L describe the two outer helical edges.
There are two distinct transport regimes that yield potentially interesting physical insight.
The first one is the two-terminal conductance, obtained when contacts 1 and 2 of Fig. 4.3
(a), as well as 3 and 4, are each coupled to reservoirs with local chemical potentials µ12
and µ34, respectively. For small voltage differences eV = µ12 − µ34, the two-terminal
conductance can then be calculated in terms of elements of the corresponding scattering
matrix (see Eq. (3.39)). Note, however, that contact 1 and 2, as well as 3 and 4, are
treated as the same lead. Then, incident particles of such a combined lead, let us call it
lead 12, can thus only be transmitted to lead 34 or reflected back into lead 12. In this sense,
transmission from contact 1 to contact 2 is ill-defined. This suggests to define reflections
and transmission only with respect to the leads 12 and 34 (instead of 1 2 3 and 4). Note
that such composed helical edge leads might be interpreted as spinful quantum wire leads.
According to the notation of Eq. (3.39), the reflection coefficients carry an extra index,
which now characterizes the edge into which incident particles get reflected/transmitted.
This eventually results in the conductance

G12→34 = dI12
dV12

= e2

2π

2 +
∑
j∈1,2

[
|reh

12,12, j |2− |ree
12,12, j |2

] , (4.15)

where reν
12,12, j are normal (ν = e) and Andreev reflection amplitudes (ν = h) in lead 12

and edge j. Note also that, since hole-like particles carry opposite charge with respect to
electrons, their contributions to the conductance enter with opposite sign. The elements
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Figure 4.6: Schematic illustration of a Majorana mode side-coupled to a helical edge.

of the scattering matrix are computed numerically by integration of Hopen. Fig. 4.5
(a) shows the two-terminal conductance as a function of excitation energy ε and applied
Zeeman field Bz. Whenever an anti-wire BS is on resonance, a peak in the two-terminal
conductance emerges. From that, it is also clearly visible where the system enters (leaves)
the topological phase, indicated by a forming (resolving) prominent zero energy peak in
the two-terminal conductance.
Even though clearly visible, such a signature is not sufficient as a proof for the associ-
ated BS to be a Majorana. Instead, a signature exclusively attached to the Majorana is
desirable. We show below that such a signature exists in our setup. It is related to the
multi-terminal conductance between contacts 1 and 2 of Fig. 4.3 (a). In this scenario,
contacts 1 and 2 are treated as independent leads. Then, we restore the notation of Eq.
(3.39)

G21 = dI2
dV1

= e2

2π
[
|tee

21|2− |teh
21|2

]
, (4.16)

where tνν′21 is the transmission amplitude of a ν′ particle from lead 1 to a ν particle in
lead 2. G21 can either take positive or negative values, depending on which scattering
process dominates. Below we demonstrate that a negative signal at zero energy can be
unambiguously associated with a Majorana BS. Figs. 4.5 (b-c) show that, when the anti-
wire is in the topological phase and features Majoranas at its ends, the multi-terminal
conductance G21 at zero-energy is indeed negative. Moreover, Fig. 4.5 (c) shows that the
negative signal (highlighted in red) is prominently seen at zero energy. There are, however,
also some scattering events at non-zero energy with the same property, which implies that
the negative signal alone is not sufficient as a proof for the presence of a Majorana.
Evidently, the above model is rather complicated to study analytically. However, since
we are interested in condensing the transport properties that are related to topological
Majorana modes, forming at the ends of the anti-wire, it is convenient to employ a simpler
toy model, capturing the essential physics. To this end, we use the model schematically
depicted in Fig. 4.6. A single helical edge, described by the Hamiltonian density Hp(x) of
Eq. (4.1) (with ν = 1), is coupled to the Majorana mode, say γ̂1 = d̂+d̂† with the fermionic
creation (annihilation) operators d̂† (d̂), via the tunneling Hamiltonian (at x= 0)

Hc =
∑
σ

tσ
[
γ̂1ψ̂1σ(0) + h.c.

]
.
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The spin-dependent coupling constants tσ account for the spin-texture of the Majorana
mode [PASJ17, CSH+18]. Such a coupling between anti-wire Majorana mode and heli-
cal edge is reasonable since TR symmetry is absent in the anti-wire, and no symmetry
constraints exist. The second Majorana mode is γ̂2 = id̂− id̂†. While γ̂2 is not directly
coupled to the helical edge, it can (weakly) hybridize with γ̂1 via

Hd =−iεd2 γ̂1γ̂2.

The actual setup requires the presence of a Zeeman field. Thus, it is reasonable to include
it as well in the nearby helical edges of the toy model. Then, in total, the Hamiltonian
of the toy model is given by HTM = Hp(ν = 1) +HB(ν = 1) +Hc +Hd. To determine the
transport properties according to Eq. (4.16), we need to compute the scattering matrix
of the system. In particular, we are interested in the conducting properties of the helical
edge that passes by the anti-wire. Thus, we need to reformulate the scattering problem so
that we obtain determining equations for the eigenstates in the helical edge. To this end,
let us first rewrite HTM like

HTM = 1
2

∫
dx Ψ̃ †(x)hTM(x)Ψ̃ (x) (4.17)

with Ψ̃ (x) =
(
ψ̂↑(x), ψ̂↓(x), ψ̂†↑(x), ψ̂†↓(x), d̂, d̂†

)T and the replacement

hTM(x)=vF



−i∂x− µ
vF

+Bz
vF

0 0 0 t↑(x) t↑(x)
0 i∂x− µ

vF
−Bz
vF

0 0 t↓(x) t↓(x)
0 0 −i∂x+ µ

vF
−Bz
vF

0 −t↑(x) −t↑(x)
0 0 0 i∂x+ µ

vF
+Bz
vF
−t↓(x) −t↓(x)

t↑(x) t↓(x) −t↑(x) −t↑(x) εd
vF

0
t↑(x) t↓(x) −t↑(x) −t↑(x) 0 − εd

vF


,

where tσ(x) = (tσ/vF )δ(x). To diagonalize Eq. (4.17), we expand Ψ̃ (x) in eigenfunctions
of the Hamiltonian density

Ψ̃ (x) =
∑
k,d

Uk,d(x)χ̂k,d (4.18)

with matrices Uk,d(x) and fermionic annihilation operators χ̂k,d = (Ĉk, Ĉd)T with Ĉk =
(ĉ↑,k, ĉ↓,k, ĉ†↑,k, ĉ

†
↓,k) and Ĉd = (ĉd, ĉ†d). Inserting Eq. (4.18) in Eq. (4.17), this yields

HTM = 1
2

∑
k,k′,d,d′

χ̂k′,d′
∫

dx U †k′,d′Ξ(x) Uk,d(x)χ̂k,d,

where we defined

Ξ(x) =
(
hBp (x) ηδ(x)
η†δ(x) εdσz

)

85



4 Quantum spin Hall quantum constrictions as a novel platform for exotic quantum
matter

with

hBp (x) =−ivF∂xτ0σz −µτzσ0 +Bzτzσz

and

η =
(
t↑ t↓ −t↑ −t↑
t↑ t↓ −t↑ −t↑

)T
.

When the columns of Uk,d(x) are formed by orthogonal eigenfunctions of Ξ(x), the problem
becomes diagonal. Hence, we need to search for functions (Φk(x),Φd), such that(

hBp (x)Φk(x) + ηδ(x)Φd
η†Φk(0) + εdσzΦd

)
= ε

(
Φk(x)
Φd

)
, (4.19)

where in the second row, we performed the integration of Eq. (4.17) right away as it
contains no differential forms. From Eq. (4.19), we obtain an equation for the solutions
Φk(x) by solving the second row for Φd and inserting the result in the first one

hBp (x)Φk(x)+δ(x)η
( 1
ε−εd 0

0 1
ε+εd

)
η†Φk(0) = εΦk(x). (4.20)

This equation might be solved in the following way [PKA16]. When x , 0 the equa-
tion reduces to hBp (x)Φk(x) = εΦk(x) which is solved by plane waves. Moreover, the
δ-distribution implies a discontinuous jump of the solutions at x = 0. Hence, for x > 0,
x < 0 and x = 0, the solution takes different values. This can be incorporated by the
ansatz

Φk(x) =
(
Φe
k(x),Φh

k (x)
)

(4.21)

with

Φe
k(x) =

( (
φ̄e↑+ sign(x)δφe↑

)
ei(k+Bz−µ)x(

φ̄e↓+ sign(x)δφe↓
)
e−i(k+Bz+µ)x

)
,Φh

k (x) =
( (

φ̄h↑ + sign(x)δφh↑
)
ei(k−Bz+µ)x(

φ̄h↓ + sign(x)δφh↓
)
e−i(k−Bz−µ)x,

)
(4.22)

where

φ̄
e/h
↑/↓ =

(
φ
e/h
↑/↓,2 +φ

e/h
↑/↓,1

)
/2, (4.23)

δφ
e/h
↑/↓ =

(
φ
e/h
↑/↓,2−φ

e/h
↑/↓,1

)
/2. (4.24)

Thereby, the indices 1 and 2 refer to the lead to which the corresponding scattering state
amplitudes are adiabatically connected to. Integration of Eq. (4.20) using Eqs. (4.21-
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4.24), from x= 0− to x= 0+, this results in

−ivF

(
σz 0
0 σz

)
φe↑,2−φe↑,1
φe↓,2−φe↓,1
φh↑,2−φh↑,1
φh↓,2−φh↓,1

+ 1
2η
( 1
ε−εd 0

0 1
ε+εd

)
η†


φe↑,2 +φe↑,1
φe↓,2 +φe↓,1
φh↑,2 +φh↑,1
φh↓,2 +φh↓,1

= 0. (4.25)

Eq. (4.25) can now be reorganized such that we obtain the scattering matrix.
φe↓,1
φh↓,1
φe↑,2
φh↑,2

= S


φe↑,1
φh↑,1
φe↓,2
φh↓,2


with

S =
(
R11 T12
T21 R22

)

and

Rνν′ =
(
reeνν′ rheνν′
rehνν′ rhhνν′

)
, Tνν′ =

(
reeνν′ rheνν′
rehνν′ rhhνν′

)
.

The scattering amplitudes are given by

reeνν = rhhνν =−rehνν =−rheνν =
t↑t↓ε

ε(t2↑+ t2↓− ivF ε) + ivF ε
2
d

,

tee21 = thh21 =
t2↑ε

ε(t2↑+ t2↓− ivF ε) + ivF ε
2
d

−1, teh21 = the21 =
−t2↑ε

ε(t2↑+ t2↓− ivF ε) + ivF ε
2
d

, (4.26)

tee12 = thh12 =
t2↓ε

ε(t2↑+ t2↓− ivF ε) + ivF ε
2
d

−1, teh12 = the12 =
−t2↓ε

ε(t2↑+ t2↓− ivF ε) + ivF ε
2
d

, (4.27)

where ε is the energy at which the scattering process takes place.
For ε being sufficiently close to ±εd, we find that t↑ > t↓ implies G21 < 0 (compare to Eq.
(4.16) and (4.26)). This property essentially emerges as a consequence of spin-momentum-
locking at the helical edge. Notably, G21 < 0 implies G12 > 0 (which is related to the
elements (4.27)) and, likewise, for the opposite scenario with t↑ < t↓, we obtain G21 > 0
but G12 < 0. We can test the validity of our simple toy model against this property by
numerically computing the conductance G21 and G12 in the full model. The result is
shown in Fig. 4.7. While for G21 there is a dominant negative signal around ε = 0, for
G12 no such signal is obtained, but instead G21 > 0. This confirms the validity of the
employed toy model for low energies.
Remarkably, note that the scattering matrix elements and, as a consequence, also the
conductances are independent of the values of µ and Bz as both parameters do not open
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Figure 4.7: Non-local conductance’s G21 (a) and G12 (b) as a function of energy ε. The parameters
are the same as given in Fig. 4.5 (c). All negative values are colored in red.

spectral gaps within the helical edge states passing by the anti-wire. In the presence of Bz,
the symmetry protection against impurity scattering is lost as the Zeeman term breaks
TR symmetry. This, however, does not influence the universality of our result as impurity
scattering should affect electronic states in the same way as hole-like states. Hence, even
though the transmission amplitudes might be reduced due to impurity scattering, the ratio
|teeν̄ν |/|tehν̄ν | is expected to be (on average) constant. Hence, also the non-local conductance
G21 (G12) is not expected to loose its qualitative information (based on its sign) in the
presence of impurity scattering. Moreover, long mean free path have been reported in the
new generation of QSH systems [BSH+18]. This implies a low level of impurity scattering.
Thus, in conclusion, as long as we couple to a single Majorana (at any energy), where
the coupling constant has a spin texture which is not polarized perpendicular to the spin
quantization axis 3, either G21 or G12 has to be negative.
Now, we want to extract the particularity of a Majorana zero-mode. To do so, let us first
extend the simple toy model for higher energies by replacing the hybridization Hamiltonian
Hd by the Hamiltonian of a spin-less p-wave SC (Eq. (2.24)). We assume the tunneling
to happen only on the first site. Then, the corresponding tunneling Hamiltonian can be
written as

Hc =
∫

dx
∑
σ=↑,↓

[
tσδ(x)ψ̂†σ(x)ĉ1 + h.c.

]
.

For the combined system, HTM = Hp(ν = 1) +HB(ν = 1) +Hc +HK , we can numerically
compute the scattering matrix along the lines of the above derivation. The corresponding
conductance results for G21 are shown in Fig. 4.8 (a). Again, for the topological regime
of the Kitaev chain, |µ| < 2tK , where we expect to find topological Majorana modes
bound to the ends of the chain, a prominent negative signal is obtained in the non-local
conductance G21. However, even higher energy states (in particular close to µ = 0) can
also return negative conductance G21. Let us try to understand this result on the level of
the toy model Hamiltonian. For the present case, the full Hamiltonian might be written
3In the anti-wire, with both Zeeman field and spin-flip scattering, spin-directions are not preserved.
Hence, it is not possible to have a Majorana spin-texture perpendicular to the z-axis.
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Figure 4.8: (a) Non-local conductance G21 in units of e2/(2π) for a helical edge, side-coupled to
a Kitaev chain a function of the chemical potential µ in the chain and energy ε. Negative values
are colored red. (b) Eigenstates of the Kitaev chain as a function of the system parameters µ and
ε. The color code represents the absolute difference of electronic (ζ(e)

α,1) and hole-like wave function
(ζ(h)
α,1) at the first site of the chain normalized to the maximum value reached for all eigenstates

indexed by α. Further parameters of the plots are: tK = ∆ = 0.5, the number of sites is N = 15.

in the form

HK
TM = 1

2

∫
dx Ψ̃ †(x)

(
hBp (x) Γ (x)
Γ †(x) hK

)
Ψ̃ (x) (4.28)

with the Hamiltonian density of the Kitaev chain hK4 and the basis

Ψ̃ (x) =
(
ψ̂↑(x), ψ̂↓(x), ψ̂†↑(x), ψ̂†↓(x), ĉ1, ĉ†1, . . . , ĉN , ĉ

†
N

)
.

Moreover, Γ (x) is the Hamiltonian density of the coupling Hamiltonian Hc, which can be
written as

Hc = 1
2

∫
dx

(
ψ̂†↑(x), ψ̂†↓(x), ψ̂↑(x), ψ̂↓(x)

)
Γ (x)


ĉ1
ĉ†1
...

ĉ†N


with

Γ (x) = δ(x)


t↑ 0 0 . . . . . . 0

t↓ 0 0 . . . 0

0 −t↑ 0 . . . 0
0 −t↓ 0 . . . . . . 0

 .

4With Hamiltonian density of the Kitaev chain we just mean the matrix elements of Eq. (2.24) in the
given basis divided by the system size
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We can now apply an unitary transformation to Eq. (4.28) that diagonalizes hK

F =
(

1 0
0 UK

)
.

Then, Eq. (4.28) becomes

HK
TM = 1

2

∫
dx Ψ̃ †(x)F

(
hBp (x) Γ (x)UK
U †KΓ †(x) U †KhKUK

)
F †Ψ̃ (x).

Since UK diagonalizes hK , it is formed from the eigenstates of hK

UK =
(
ζ1, ζ2, . . . ζ2N

)
,

where ζα = (ζ(e)
α,1, ζ

(h)
α,1, ..., ζ

(e)
α,N , ζ

(h)
α,N )T (with the number of sites N) are column vectors

with the property hKζα = εαζα. Thus, the transformed coupling Hamiltonian contains
the elements of the eigenfunctions at the first site. Consequently, in a low energy approx-
imation around an eigenenergy εα of hK , the coupling only happens to the first site of the
corresponding eigenstate ζα. If we want to preserve PH symmetry, it also has to connect to
its PH partner at −εα, %̂ζα with the PH operator %̂= 1⊗σxK̂, where K̂ denotes complex
conjugation. Then, the effective Hamiltonian reads

Hα = 1
2

∫
dx Ψ̃ †α(x)

(
hBp (x) Γα(x)
Γα(x) εασz

)
Ψ̃α(x) (4.29)

with the basis Ψ̃α =
(
ψ̂↑(x), ψ̂↓(x), ψ̂†↑(x), ψ̂†↓(x), d̂α, d̂†α

)
where d̂†α creates a fermion in the

Kitaev chain at energy εα. The coupling matrix Γα(x) is given by

Γα(x)=δ(x)

 t↑ζ
(e)
α,1 t↓ζ

(e)
α,1 −t↑ζ

(h)
α,1 −t↓ζ

(h)
α,1

t↑ζ
(h)∗
α,1 t↓ζ

(h)∗
α,1 −t↑ζ

(e)∗
α,1 −t↓ζ

(e)∗
α,1

T .
This effectively corresponds to the coupling to a particle χ= ζ

(e)∗
α,1 d

†
α+ζ(h)

α,1d̂α. In particular,
for ζ(e)

α,1 ≡ ζ
(h)
α,1 = 1, it corresponds to the side-coupled Majorana toy model.

Now, we solve the scattering problem defined by the effective Hamiltonian of Eq. (4.29)
and use the result to compute the conductance G21. The results are depicted in Fig.
4.9 (a-c) as a function of ζ(e)

α,1 and ζ(h)
α,1, which we parametrize by ζ(e)

α,1 = (1/N)cos(ξ) and
ζ

(h)
α,1 = (1/N)sin(ξ) (we omit a complex phase since the result is completely independent
of it). Since ζ(e/h)

α,1 only represent the eigenfunction at the first site of the Kitaev chain, N
can differ from 1. In particular, for spatially spread eigenfunctions N is a large number.
For this case, N effectively renormalizes the coupling constants t↑ and t↓.

A negative conductance G21 (on resonance i.e. ε = εα) is reached when δζ = ||ζ(e)
α,1| −

|ζ(h)
α,1|| < κ. This explains why there are scattering events away from zero-energy (where

the corresponding wave function is not expected to be particularly close to the Majorana
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Figure 4.9: (a) Conductance G21 around the energy εα = 0 as a function of ζ(e)
α,1 = 1/N cos(ξ)

and ζ
(h)
α,1 = 1/N sin(ξ) (N = 1). t↑ = 1.2t↓ with t↓ = 0.2. (b-c) Non-local conductance G21 for

the coupling to a generic eigenstate of a PH symmetric system χ= ζ
(e)
α,1d̂α + ζ

(h)∗
α,1 d̂†α on resonance

ε = εα. In (b) N = 1, while εα/t↑ = 2, 0.2, 0.02, and 0.002 (blue to red). In (c) εα/t↑ = 0.002,
while N = 100, 10, 5, 1 (blue to red). Further parameters are t↓ = (3/5)t↑ with t↑ = 0.5.

form) that yield a negative non-local conductance value (compare to Figs. 4.5 (b-c) and
4.8 (a)). From the numerical side, we can confirm our above analysis by computing κ
for each eigenstate of the Kitaev chain and compare it against the obtained conductance
G21. The results are depicted in Fig. 4.8 (a) and (b). Whenever the eigenstates of the
Kiteav chain are sufficiently close to the Majorana form (at the first site), G21 returns
a negative signal. For µ = 0, all the eigenstates satisfy the Majorana condition and so
G21 < 0 throughout the spectrum. Increasing µ leads to a finite κ for most of the states
and consequently the negative signal is lost. The topological Majorana modes at zero-
energy preserve their Majorana form until eventually µ/tK → 2. Throughout this regime,
a prominent negative signal is produced by G21.
Away from zero-energy (for µ , 0), the threshold κ (to see negative G21) is in general not
particularly small and not directly related to the magnitude of the coupling constants t↑
and t↓ (see Fig. 4.9 (b)).
An exclusion to that ambiguity is the behavior close to εα = 0. There, the parameter
regime in which we find negative conductance (with fixed N , t↑, and t↓) becomes sharply
centered around the Majorana case so that κ→ 0 (see Fig. 4.9). This, in turn, implies that
a mid-gap state (εα→ 0) that produces a negative G21 has to be a Majorana excitation,
i.e. it has to be self-adjoint. At zero energy, the negative signal is thus an unambiguous
signature of an isolated Majorana mode. Effectively, this important result rests on two
fundamental assumptions: (i) the helical nature of the QSH edge leads, and (ii) the fact
that the topological Majorana modes couple differently to spin-up and spin-down states.
This is reasonable since the spin perpendicular to the spin quantization axis of the leads
cannot be a good quantum number in the presence of both, Zeeman field and SP scattering
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terms in the QSH QC.
Of course, the effects that complicate the story in the quantum wire case, such as spatially
varying potentials, can also affect the spectral properties in the anti-wire system. However,
in our system we are equipped with a tool to discriminate among (topological) Majorana
modes and trivial Andreev BSs by means of a simple conductance experiment.
Moreover, this conductance regime (G21) cannot only serve as an indicator of the Majo-
rana, rather it even contains profound physical information regarding the superconducting
pairing. In particular, G21 < 0 implies that there is a transport channel in which incoming
electrons are transmitted as holes. In combination with spin-momentum locking at the
helical edge, this then implies the creation of an equal spin Cooper pair in the supercon-
ducting condensate. As we will subsequently derive, a symmetry analysis shows that such
Cooper pairs typically have (partially) an odd-frequency character.

4.4 Formation and detection of odd-frequency superconductivity

As discussed in Sec. 2.5, there is deep physical connection between non-Abelian anyons
and unconventional superconductivity. However, the relation is unilateral. The pres-
ence of unconventional superconductivity is a necessary yet not sufficient condition for
the presence of Majorana modes. In that sense, proving the existence of unconventional
superconductivity in a physical system does not imply the presence of Majorana modes,
however, it may qualify this system as a potential platform for the latter. Since we know
already that QSH QCs are a suitable platform for topological superconductivity, we also
expect to find unconventional superconductivity. However, the interesting question, that
is yet to be answered, is whether one can directly detect the presence of unconventional
superconductivity in those system, regardless of the presence or absence of Majorana
modes.
In what follows, we address this question systematically and demonstrate that a direct
detection of unconventional superconductivity is indeed accessible for QSH QCs. Thereby,
we closely follow the derivations and results presented in Ref. [FZT18]. In particular, we
will explicitly compute the pairing amplitudes for the different superconducting symme-
try classes and show that specific multi-terminal conductance experiments can prove the
presence of odd-frequency superconductivity, generated by the QSH QC in combination
with ordinary proximity induced s-wave superconductivity. To this end, we apply the
formalism discussed in Sec. 3.2.2. This enables us to efficiently compute all fermionic
two-point correlation functions.
More specifically, we find that the QSH QC, including all TR invariant SP scattering terms,
generates unconventional (odd-frequency) non-local equal spin-triplet pairing across the
hetero-junction. The equal spin nature of this pairing term, in turn, implies CAR ampli-
tudes, i. e. the transmission of an incoming electron as a hole. While it is not uncommon
to obtain CAR processes in hetero-junctions [MBB06], in QSH based systems, they are
typically related to TR symmetry breaking terms [CBT15]. Moreover, the experimental
verification of CAR scattering processes, via multi-terminal conductances, can be challeng-
ing. This happens as CAR processes compete with EC processes that typically dominate
over CAR [MBB06]. In this scenario, since EC contributes with an opposite sign to the
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Figure 4.10: Schematic of a QSH QC in proximity to a s-wave SC.

multi-terminal conductance, the latter cannot be used to indicate the presence of CAR.
Interestingly, this is not the case for QSH QCs. Instead, CAR dominates over EC for a
large regime in parameters space. This ultimately facilitates the proof of the presence of
unconventional superconductivity by means of simple conductance experiments.

4.4.1 Scattering state Green function for quantum spin Hall quantum
constrictions

The system we investigate is a slightly modified version of the anti-wire setup: a QC,
described by Eqs. (4.1-4.3) in proximity to an ordinary s-wave SC (see Fig. 4.10). The
SP scattering terms are modeled as step functions, extending over the length lq. Likewise,
the SC is placed outside the constricted region over the length ls. For the scheme shown
in Fig. 4.10, we have ∆(x) = ∆θ(x)θ(ls−x), t0(x) = t0θ(x−xq)θ(xq + lq −x) and tc(x) =
tcθ(x−xq)θ(xq + lq−x) with θ(x) the Heaviside function. For the subsequent discussion,
it is convenient to formulate the (SP) Hamiltonian in compact form

H(x) = −ivF∂xηzτzσz −µ(x)η0τzσ0 +∆(x)η0τxσ0

+ t0(x)ηxτzσ0 + tc(x)ηyτzσy, (4.30)

where we use the basis Φ̂(x) =
(
Ψ̂1(x), Ψ̂2(x)

)T
with

Ψ̂λ(x) = (ψ̂λ,↑(x), ψ̂λ,↓(x), ψ̂†λ,↓(x),−ψ̂†λ,↑(x))T . (4.31)

Note that, for reasons that will become clear throughout the next sections, by Eq. (4.31)
we use a different basis as compared to former sections. The Pauli matrices ηi, τi and σi
with i ∈ {x,y,z} act on edge, PH and spin space.
Our goal is to determine the symmetries of the superconducting pairing amplitudes. For
that, we ultimately need to compute the anomalous propagator. From Sec. 3.2.2, we know
that this can be done in a convenient way upon solving the SP scattering problem defined
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by the first order differential Schrödinger equation H(x)Φ(x) = ωΦ(x). From

∂xΦ(x) = i

vF

[
h(x) + ηzτzσzω

]
Φ(x)

with

h(x) = ηzτzσz
[
µ(x)η0τzσ0−∆(x)η0τxσ0− t0(x)ηxτzσ0− tc(x)ηyτzσy

]
,

we find the general solution

Φ(x) = S←U(x,x0)Φ0(x0), (4.32)

where
U(x,x0) = exp

[
i

vF

∫ x

x0
dx(h(x) + ηzτzσzω)

]
. (4.33)

In Eq. (4.32), Ŝ← is a spatial-ordering operator. As we only apply piecewise constant
potentials, we can neglect Ŝ← whenever the integration runs within a homogeneous section.
The continuity of the wave functions at each interface allows us to rewrite the scattering
problem, defined by the Hamiltonian (4.30), in terms of transfer matrices

Φright,k(xq + lq) = Ut(xq + lq,xq)U0(xq, ls)USC(ls,0)Φleft,k(0), (4.34)

where the transfer matrices Ut(xt,x′t), U0(x0,x′0) and USC(xSC ,x′SC) are defined according
to Eq. (4.33) in the bounds {xt,x′t} ∈ [xq,xq + lq], {x0,x′0} ∈ [ls,xq], and {xsc,x′sc} ∈ [0, ls]
(see also Fig. 4.10). The form of the vectors Φleft,k(x) and Φright,k(x) are fixed by spin
momentum locking, together with the basis of Eq. (4.31)5. However, we still need to select
a channel for an incident particle, whose amplitude we fix to unity [ADH+11]. In that way,
we obtain eight linearly independent scattering states denoted by the index k ∈ [1, ...,8].
They are classified according to the incoming amplitude: incoming electron/hole from the
right/left from lead 1,2,3,4. An incoming particle χ ∈ {e,h} from lead λ can be reflected
as an electron with amplitude rχeλ′λ(ω) or as a hole with amplitude rχhλ′λ(ω) into edge λ′.
Likewise, transmission is possible with an amplitude tχeλ′λ(ω) and tχhλ′λ(ω). One half of the
scattering states, Φleft,1−4(x), represent a particle incident from the left. At x= 0 we have

Φleft,1(0) =
(
1, ree11(ω), reh11(ω),0, tee21(ω),0,0, teh21(ω)

)T
,

Φleft,2(0) =
(
0, rhe11(ω), rhh11 (ω),1, the21(ω),0,0, thh21 (ω)

)T
,

Φleft,3(0) =
(
0, tee12(ω), teh12(ω),0, ree22(ω),1,0, reh22(ω)

)T
,

Φleft,4(0) =
(
0, the12(ω), thh12 (ω),0, rhe22(ω),0,1, rhh22 (ω)

)T
.

(4.35)

They are connected by the transfer matrices to the corresponding outgoing modes at

5Note that the labeling of states with "right" and "left" does not relate to their propagation direction.
Rather, it describes whether a state is associated with the region right- or leftmost of the scatterer.
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x= xq + lq

Φright,1(xq + lq) =
(
tee31(ω),0,0, teh31(ω),0, tee41(ω), teh41(ω),0

)T
,

Φright,2(xq + lq) =
(
the31(ω),0,0, thh31 (ω),0, the41(ω), thh41 (ω),0

)T
,

Φright,3(xq + lq) =
(
tee32(ω),0,0, teh32(ω),0, tee42(ω), teh42(ω),0

)T
,

Φright,4(xq + lq) =
(
the32(ω),0,0, thh32 (ω),0, the42(ω), thh42 (ω),0

)T
.

Each transmission amplitude has to be multiplied by a phase factor containing the position,
energy and chemical potential. Since such phases neither change the transport properties,
nor enter in the lead Green function (for a convenient choice of initial parameters), we can
safely absorb these phases in the amplitudes.

A complementary set of yet another four independent scattering states is built from states
describing an incident particle from the right Φright,5−8(x)

Φright,5(xq + lq) =
(
ree33(ω),1,0, reh33(ω),0, ree43(ω), reh43(ω),0

)T
,

Φright,6(xq + lq) =
(
rhe33(ω),0,1, rhh33 (ω),0, rhe43(ω), rhh43 (ω),0

)T
,

Φright,7(xq + lq) =
(
ree34(ω),0,0, reh34(ω),1, ree44(ω), reh44(ω),0

)T
,

Φright,8(xq + lq) =
(
rhe34(ω),0,0, rhh34 (ω),0, rhe44(ω), rhh44 (ω),1

)T
.

Their transmitted counterparts leftmost to the scatterer read

Φleft,5(0) =
(
0, tee13(ω), teh13(ω),0, tee23(ω),0,0, teh23(ω)

)T
,

Φleft,6(0) =
(
0, the13(ω), thh13 (ω),0, the23(ω),0,0, thh23 (ω)

)T
,

Φleft,7(0) =
(
0, tee14(ω), teh14(ω),0, tee24(ω),0,0, teh24(ω)

)T
,

Φleft,8(0) =
(
0, the14(ω), thh14 (ω),0, the24(ω),0,0, thh24 (ω)

)T
.

(4.36)

Each scattering problem of the form of Eq. (4.34), is therefore a 8× 8 linear eigenvalue
problem. The complexity of the propagators Ut(x,x′), however, requires a numerical
treatment of the problem.

Having solved the scattering problem, we can construct the scattering state Green function
by applying the formalism described in Sec. 3.2.2. From Eq. (3.45), we know that any
Green function of the hetero-junction can be represented in the form

G
R/A
n,m (x,x′,ω) =

∑
i,j

a
R/A
i,j (ω)φi,n(x,ω)φ̃j,m(x′,ω),

where R and A label retarded and advanced Green function, respectively. φi,n(x,ω),
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φ̃j,m(x′,ω) are the n-th, m-th, component of the i-th, j-th eigenstate6. The indices i, j run
over all independent scattering states. Furthermore, Eq. (3.47) enforces a discontinuity
of the Green functions as x→ x′

lim
ε→0

[
ĜR/A(x′+ ε,x′,ω)− ĜR/A(x′− ε,x′,ω)

]
=− i

vF
ηzτzσz. (4.37)

A promising ansatz that is able to implement this discontinuous jump looks like

G
R/A
αβ (x,x′,ω) =G

R/A,<
αβ (x,x′,ω)θ(x−x′) +G

R/A,>
αβ (x,x′,ω)θ(x′−x),

where each part is of the form of Eq. (3.49)

G
R/A,</>
αβ (x,x′,ω) =

∑
i

φi,α(x,ω)g</>i,β (x′,ω)≡
∑
i,j

a
R/A,</>
i,j (ω)φi,n(x,ω)φ̃j,m(x′,ω).

However, Eq. (4.37) is not sufficient to determine all x- and x′-independent coefficients
a
R/A
i,j (ω). For that, we additionally need to include the assumed boundary behavior of the

Green function. If we aim for the retarded Green function, and we assume an infinitesimal
dissipation in the leads, this yields the additional condition

lim
x→±∞

GR(x,x′,ω+ i0+) = 0. (4.38)

The latter condition implies a selection rule how the eigenfunctions need to be split up in
the two groups x < x′ and x > x′ and eventually allows us to fully determine the retarded
Green function.

Now, let us be more explicit. From Eq. (3.51), we know that, while having access to the
transfer matrix of the system, it is sufficient to determine the Green function in a single
set of points x0,x′0. Subsequently, obtaining the Green function at any given other set of
points x,x′ is a matter of matrix multiplications.

For our system, a convenient choice for an initial set of points is given (for instance)
anywhere in the left leads x,x′ < 0. There, the wave functions are reasonably simple so
that their boundary behavior is clear. Indeed, as no gap-inducing parameters are present
in the leads, the wave functions are characterized by plane waves ∼ exp[±iωx]7. Thereby,
right-moving particles carry a + sign, while left-moving particles obey a minus sign in the
exponent. The correct boundary behavior for the retarded Green function, following Eq.
(4.38), is thus obtained by using the states of (4.36) for x < x′ and the ones of (4.35) for
x > x′. Thus, we have

6Note that φ̃j,m(x′,ω) are eigenstates of the transposed Schrödinger equation.
7Here, we are only interested in the behavior as a function of ω and neglect possible dependence on the
chemical potential.

96



4.4 Formation and detection of odd-frequency superconductivity

ĜR,>(x,x′,ω) = Φleft,1(x,ω)gT1 (x′,ω) +Φleft,2(x,ω)gT2 (x′,ω)
+ Φleft,3(x,ω)gT3 (x′,ω) +Φleft,4(x,ω)gT4 (x′,ω), (4.39)

ĜR,<(x,x′,ω) = Φleft,5(x,ω)gT5 (x′,ω) +Φleft,6(x,ω)gT6 (x′,ω)
+ Φleft,7(x,ω)gT7 (x′,ω) +Φleft,8(x,ω)gT8 (x′,ω) (4.40)

with the unknown vectors gTj (x′,ω). Furthermore, the eigenstates Φleft,j(x) are given by

Φleft,j(x) = U0(x,0)Φleft,j(0).

Inserting Eqs. (4.39) and (4.40) into Eq. (4.37), this results in a linear equation system
for the vectors gj(x′,ω). Finally, reinserting the solution into Eqs. (4.39) and (4.40), we
obtain the retarded Green function leftmost of the scattering region (x,x′ < 0). In general,
it consists of four blocks

GR(x,x′,ω) =
(
GR11(x,x′,ω) GR21(x,x′,ω)
GR12(x,x′,ω) GR22(x,x′,ω)

)
.

Each ĜRλλ′(x,x′,ω) is itself a 4× 4 matrix, representing the intra-edge Green function for
λ = λ′ and inter-edge Green function for λ , λ′, respectively. Leftmost of the scattering
region x,x′ < 0, we find

GR11(x,x′,ω)=−i
vF


e
i
vF
δx(µ+ω)

θ(δx) 0 0 0
e
− i
vF
x(µ+ω)

ree11 e
− i
vF
δx(µ+ω)

θ(−δx) 0 e
− i
vF

(δxµ+xω)
rhe11

e
i
vF

(δxµ−xω)
reh11 0 e

i
vF
δx(µ−ω)

θ(−δx) e
i
vF
x(µ−ω)

rhh11

0 0 0 e
− i
vF
δx(µ−ω)

θ(δx)

 ,
(4.41)

GR22(x,x′,ω)= −i
vF


e
− i
vF
δx(µ+ω)

θ(−δx) e
− i
vF
x(µ+ω)

ree22 e
− i
vF

(δxµ+xω)
rhe22 0

0 e
i
vF
δx(µ+ω)

θ(δx) 0 0
0 0 e

− i
vF
δx(µ−ω)

θ(δx) 0
0 e

i
vF

(δxµ−xω)
reh22 e

i
vF
x(µ−ω)

rhh22 e
i
vF
δx(µ−ω)

θ(−δx)

 ,
(4.42)

GR21(x,x′,ω) = −i
vF


0 0 0 0
0 e

− i
vF
x(µ+ω)

tee12 e
− i
vF

(δxµ+xω)
the12 0

0 e
i
vF

(δxµ−xω)
teh12 e

i
vF
x(µ−ω)

thh12 0
0 0 0 0

 , (4.43)
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and

GR12(x,x′,ω) = −i
vF


e
−i
vF
x(µ+ω)

tee21 0 0 e
− i
vF

(δxµ+xω)
the21

0 0 0 0
0 0 0 0

e
i
vF

(δxµ−xω)
teh21 0 0 e

i
vF
x(µ−ω)

thh21

 (4.44)

with δx = x− x′ and x = x+ x′. Furthermore, we dropped the ω dependence of the
scattering amplitudes to save space. Finally, the Green function at any desired set of
points x and x′ can be obtained from the above Green function according to Eq. (3.51)
just by matrix multiplication with the SP propagators of the system, defined in Eq. (4.33).

4.4.2 Symmetries of superconducting pairing amplitudes

Each of the above blocks possesses the general structure

ĜRλλ′(x,x′,ω) =
(
ĜRλλ′,ee(x,x′,ω) ĜRλλ′,eh(x,x′,ω)
ĜRλλ′,he(x,x′,ω) ĜRλλ′,hh(x,x′,ω)

)
.

While ĜRλλ′,ee(x,x′,ω) and ĜRλλ′,hh(x,x′,ω) constitute the normal part of the Green func-
tion, the anomalous parts, ĜRλλ′,eh(x,x′,ω) and ĜRλλ′,he(x,x′,ω), carry all information
about the superconducting pairing. In particular, in the absence of superconducting order,
those correlation functions typically vanish. As a basic example, consider the above Green
function in the left lead. We can decompose each block (Eqs. (4.41-4.44)) into normal and
anomalous parts. Then, the anomalous parts depend on the different electron-hole reflec-
tion coefficients. Although there is no explicit superconducting order present for x,x′ < 0,
the correlation function can still recognize the proximity effect since electron-hole reflec-
tion amplitudes (i. e. the Cooper-pair creation amplitudes) are non-zero in the presence
of superconductivity elsewhere in the scattering region.
More importantly, the form of the anomalous Green function contains profound informa-
tion about the symmetries of the superconducting pairing. According to the Berezinskii
classification of pairing amplitudes (see Sec. 2.5.2), the pairing amplitudes have to be
anti-symmetric under exchange of all constituent labels. In our system, pairing is labeled
by four quantities: the edge indices, the spatial coordinates, spin, and frequency (or time).
In what follows, we are only interested in intra-edge pairing, i. e. λ= λ′. This effectively
reduces the number of labels to three: frequency, spin, and orbit.
For the basis we have picked in Eq. (4.31), we can directly illustrate the spin-texture of
the pairing with the decomposition into Pauli matrices

GRλλ,eh(x,x′,ω) = fRλλ,0(x,x′,ω)σ0 + fRλλ,j(x,x′,ω)σj ,

where j ∈ {x,y,z}. fRλλ,0(x,x′,ω) is the singlet (S) component of the pairing, relating to the
anti-symmetric spin configuration (↑↓−↓↑). Likewise, the triplet (T) components relate
to the symmetric spin configuration with fRλλ,z(x,x′,ω) with (↑↓+↓↑), and the equal spin
pairing fRλλ,↑↑ = fRλλ,x(x,x′,ω) − ifRλλ,y(x,x′,ω), fRλλ,↓↓ = fRλλ,x(x,x′,ω) + ifRλλ,y(x,x′,ω),
having ↑↑, ↓↓ configuration, respectively. The Berezinskii symmetry constraint of Eq.
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(2.63) now translates to the different spin components like

fRλλ,0(x,x′,ω) = fAλλ,0(x′,x,−ω), (4.45)
fRλλ,j(x,x′,ω) = −fAλλ,j(x′,x,−ω) (4.46)

with j ∈ {x,y,z}. Here, fAλλ,l(x′,x,ω) (l ∈ {0,x,y,z}) are the singlet and triplet compo-
nents of the advanced pairing amplitudes derived from the advanced Green function. We
can further decompose the symmetry requirements of Eqs. (4.45) and (4.46) into orbital
and frequency symmetries. Therefore, we split up the pairing amplitudes in even and odd
orbital parts

fRλλ,l(x,x′,ω) = ζR,+λλ,l (x,x
′,ω) + ζR,−λλ,l (x,x

′,ω) (4.47)

with even (E) and odd (O) parts defined as ζR,±λλ,l (x,x
′,ω) = 1/2(fRλλ,l(x,x′,ω)±fRλλ,l(x′,x,ω)).

To ensure Eqs. (4.45) and (4.46), the symmetries in ω are then required to be

ζR,±λλ,0(x,x′,ω) = ±ζA,±λλ,0(x,x′,−ω), (4.48)

ζR,±λλ,j(x,x
′,ω) = ∓ζA,±λλ,j(x,x

′,−ω), (4.49)

where j ∈ {x,y,z} and ζA,±λλ,j(x,x
′,−ω), ζA,±λλ,0(x,x′,−ω) are the even and odd orbital parts

of the advanced pairing amplitudes. Eq. (4.48) and (4.49) describe all possible symmetry
classes, that are, coined in the order frequency, spin, orbit as: ESE (ζR,+λλ,0(x,x′,ω)), OSO
(ζR,−λλ,0(x,x′,ω)), ETO (ζR,−λλ,j(x,x

′,ω)) and OTE (ζR,+λλ,j(x,x
′,ω)).

4.4.3 Non-local odd-frequency pairing

The absence of translational invariance in hetero-structures inevitably leads to a mixture of
even and odd orbital parts in the pairing amplitudes. Moreover, spin-momentum locking
of helical edge states implies the formation of triplet pairing. In combination, we thus
deduce that, by construction, ETO and OTE pairing amplitudes are expected to appear.
In bare superconducting QSH hetero-junctions, triplet pairing exists only in the form of the
amplitude fRλλ,z(x,x′,ω) corresponding to the spin configuration (↑↓+↓↑). Spin sensitive
conductance measurements are ineffective in discriminating this triplet amplitude from
their singlet counterparts. This dilemma resolves if equal spin pairing is present in the
hetero-junction. Then, there is a transport process, namely CAR across the junction,
which is usually suppressed by spin-momentum locking [AGC+10], that is directly related
to the injection of a Cooper pair with ↑↑ (↓↓) spin texture. Typically, equal spin pairing
is generated at the helical edge in the presence of TR breaking ferromagnetic ordering
[CBT15]. Interestingly, in our setup, we can design an equal spin pairing in the absence of
TR breaking terms, just by means of a QSH QC. This is possible, due to the simultaneous
presence of the two TR invariant SP coupling terms, given in Eqs. (4.2) and (4.3). In
particular, Eq. (4.2) leads to Andreev BSs between SC and QSH QC (see Fig. 4.10), that
extend over both edges. Additionally, Eq. (4.3) mixes ↑ and ↓ fermions across the edges.
In combination with Eq. (4.2), this eventually allows for ↑↑- and ↓↓-pairing in a single
edge.
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Figure 4.11: Superconducting pairing in the hetero-junction of Fig. 4.10 as a function of position
x and energy ω. (a) and (b) illustrate the local singlet and triplet (↑↓+ ↓↑) pairing, while (c) and
(d) show the even- and odd-frequency equal spin pairing with x′ = x+ξ and ξ = 0.5ξ∆. We use the
parameters: µ = 0, t0/∆ = tc/∆ = 0.4, ls = 4ξ∆, lq = 3ξ∆ and xq = 10ξ∆ with ξ∆ = vF

∆
. Reprinted

figure with permission from Ref. [FZT18]. Copyright 2020 by the American Physical Society.

To demonstrate this effect, we proceed with the calculation of the pairing amplitudes. We
apply Eq. (3.51), with GR(x0,x′0,ω) for x0, x′0 → 0− 8 and the transfer matrices of Eq.
(4.33) and calculate the amplitudes fR11,j(x,x,ω) with j ∈ {0, z} and x ∈ [0,xq+lq] (see Fig.
4.11 (a) and (b)). As x = x′, we naturally compute the even orbital parts of the pairing,
ESE and OTE. Notably, in contrast to SC-ferromagnet hetero-junctions at the helical
edge, we find that local equal spin correlations are totally suppressed throughout the whole
junction so that fR11,σσ(x,x,ω) = 0. Typically, local equal spin pairing is related to the
amplitude of electron-electron (hole-hole) reflection ree11(ω) (rhh11 (ω)), which is suppressed
by TR symmetry in our system. Interestingly however, non-local equal spin correlations
are generated in the form of fR11,σσ(x,x+ ξ,ω) with x ∈ [0,xq + lq − ξ]. The results are
shown in Fig. 4.11 (c) and (d). We find a non-local equal spin pairing fR11,σσ(x,x+ ξ,ω)
in the system, whenever there is at least one point χ with χ ∈ [x,x+ ξ] that belongs to
the constricted region. This is realized in two scenarios: (i) When at least one of the two
spatial coordinates of the corresponding correlation function is part of the constriction, i.

8Strictly speaking, x0 = x′0 is ill-defined in the Green function. Instead, we have to choose x0 = x′0±0+.
Here, we pick x0 = x′0 +0+. In particular, a chosen order should be kept also when using Eq. (3.51) to
compute the Green function in another set of points as the transfer matrices are not able to account
for the discontinuous jumps that appear in the Green function as x→ x′.

100



4.4 Formation and detection of odd-frequency superconductivity

- 1.0 - 0.5 0.0 0.5 1.0
0.000

0.005

0.010

0.015

0.020

0.025

x

f +
(x
,x
,ω
)

Figure 4.12: (a) OTE part of the pairing amplitude |fR11,↑↑(0,xq + lq,ω)| as a function of coupling
strength t0/∆ = tc/∆ and energy ω/∆. (b) Line cut from (a) for t0/∆ = tc/∆ = 0.4 and the other
parameters given in Fig. 4.11. Reprinted figure with permission from Ref. [FZT18]. Copyright
2020 by the American Physical Society.

e. x,x+ ξ ∈ [xq,xq + lq] (see Fig. 4.11 (c) and (d)). (ii) When the pairing happens across
the whole constriction (Fig. 4.12). In both cases, even- and odd-frequency parts appear.
Importantly, the presence of both SP coupling terms (Eqs. (4.2) and (4.3)) is crucial for
finite non-local equal spin pairing amplitudes at a single edge (Fig. 4.13).
Typically, the presence of Andreev BSs enhances the odd-frequency components of the
pairing [LB19]. Indeed, also our system possesses an increased non-local pairing
fR11,↑↑(0,xq + lq,ω), whenever the energy of an Andreev BS is matched (see Fig. 4.12).
Note, in particular, that the energy of Andreev BSs can be controlled by a superconducting
phase shift applied between the SC at edge 1 and 2. Especially, for a shift of π (mod 2π),
this energy becomes zero for one Andreev BS that is then turned into a Kramers pair of
Majoranas, bound in between the SCs and the constricted region [LPBL16].
In general, we obtain that the non-local equal spin pairing across the junction is equally
composed of OTE and ETO parts. This turns out to be a very generic result, originating
from spin-momentum locking. As the retarded Green function implements time-ordering,
non-local equal spin pairing from x = 0 to x′ = xq + lq represents a correlation acting
forward in time and forward in space, while correlations from x = xq + lq to x′ = 0 de-
scribe the corresponding process backward in space. For a defined pairing amplitude
(fRλλ,↑↑(0,xq + lq,ω) or fRλλ,↓↓(0,xq + lq,ω)) at the helical edge, only one of the two pro-
cesses is finite due to spin-momentum locking. This behavior inverts as x and x′ are
exchanged. Consequently, Eq. (4.47) implies that ETO and OTE pairing necessarily
appear with equal amplitudes.

4.4.4 Transport signatures

The spin-momentum locking at the helical edge equips us with an observable that is
directly related to the non-local equal spin pairing: the CAR process. However, CAR
processes compete with EC processes. Since both processes contribute with opposite
charges to the overall current, they enter with an opposite sign in the corresponding
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Figure 4.13: Non-local ↑↑-pairing as a function of ω for different amplitudes of SP scattering. We
introduce the dimensionless parameter ratio κt = tc/t0. Other parameters are the same as in Fig.
4.11. Reprinted figure with permission from Ref. [FZT18]. Copyright 2020 by the American
Physical Society.

conductance. To read out whether CAR processes contribute to the tunneling for a given
scatterer, this requires CAR to dominate over EC. Only then, the non-local conductance
provides evidence for such kind of scattering.
For concreteness, the non-local differential conductance we are interested in is G31(ω),
measuring the transmission between contacts 1 and 3 of Fig. 4.10 at excitation energy ω.
By definition G31(ω) is given as the differential change of the current at contact 3, when
a voltage V1 is applied at contact 1 (see also Eq. (3.39))

G31(ω) = e2

2π
(
|tee31(ω)|2− |teh31(ω)|2

)
.

If EC processes dominate, which is typically the case, no evidence for CAR is obtained
from G31(ω). In turn, a negative non-local conductance G31(ω) is only possible if CAR
processes are finite. Unfortunately, most often this is not the case [MBB06]. Especially
not at the helical edge, where CAR is additionally assigned to the creation of an equal
spin Cooper pair [CBT15].
In that respect, superconducting QSH QCs possess two major advantages: First, they
provide non-local odd-frequency equal spin pairing across the junction in a TR invariant
manner, directly related to teh31(ω). Second, as the constriction involves the second edge
by virtue of the SP hybridization terms, there are now three open channels available for
EC. As a consequence, this yields a reduced rate teeλλ′(ω) for each individual channel. The
combination of those two effects leads to a domination of CAR over EC in a large domain of
parameter space and eventually produces a non-local conductance G31(ω)< 0 (Fig. 4.14).
Notably, unlike other proposals, in superconducting QSH QCs nearly no fine-tuning is
needed in order to measure CAR. Moreover, comparing Figs. 4.12 and 4.14 (a), we notice
that the presence of Andreev BSs leads to an enhanced (or resonant) CAR that is signaled
as a dip in the non-local conductance.
So far, we have excluded the influence of a finite chemical potential from the discussion
by choosing µ = 0. However, finite chemical potential can play an important role for the
detection of CAR processes in the junction. In particular, we find that finite µ yields an
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Figure 4.14: (a) Non-local conductance G31(ω) in units of e2/(2π) for the setup shown in Fig.
4.10 with the parameters of Fig. 4.11. In the gray area we obtain G31(ω)> 0, while in the colored
region we have G31(ω) < 0. (b) Line cut for t0/∆ = 0.4. Reprinted figure with permission from
Ref. [FZT18]. Copyright 2020 by the American Physical Society.
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Figure 4.15: (a)-(b) Dispersion relation of the QPC with the parameters t0/∆ = tc/∆ = 0.6, and
µ/∆ =−1 in (a) and µ/∆ = 1 in (b). Electron-like excitations are shown in blue, hole-like excita-
tions in red. (c)-(d) Non-local conductance G31(ω) in units of e2/(2π) for the parameters ls = 3ξ∆,
lq = 2ξ∆, xq = 9ξ∆ and µ/∆ = −1 in (c), µ/∆ = 1 in (d) with ξ∆ = vF /∆. Reprinted figure with
permission from Ref. [FZT18]. Copyright 2020 by the American Physical Society.
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asymmetry of the non-local conductance signature G31(ω) with respect to ω → −ω (see
Fig. 4.15 (c) and (d)): with positive chemical potential, negative excitation energies are
favored to for enhancing CAR over EC and vice versa. An explanation for this effect might
be found on the basis of the dispersion relation of the (infinitely long) QSH QC (Fig. 4.15
(a) and (b)). While the forward scattering Htc (Eq. (4.3)) is insensitive to µ, the net effect
of the spin-preserving scattering Ht0 (Eq. (4.2)) is reduced by finite chemical potential.
Moreover, since µ acts in the opposite way to electron- and hole-like excitations, we can
emphasize or suppress backscattering on electron- and hole-like states using excitation
energies ω , 0. To eventually obtain G31(ω) < 0, it is important to maximize tehνν′ (i. e.
the transmission of incident electronic states as hole-like particles) and likewise suppress
teeνν′ . Comparing this against Fig. 4.15 (a) and (b), we see that the favorable regime for
positive chemical potential is given by negative excitation energies and vice versa. Then,
hole-like states can freely propagate through the constriction, while the transmission of
electronic states is exponentially suppressed. Certainly, the full complexity of the problem
is not completely captured in this simplified picture. Interestingly however, it is indeed
consistent with our numerical results (see Fig. 4.15 (c)-(d)).

4.5 Floquet topology

Odd-frequency superconductivity and the related topological superconductivity constitute
just two examples for how QSH QCs can provide a novel and comprehensive platform for
exotic quantum matter. Indeed, the symmetries that are present in such devices allow
a whole family of fascinating physical effects. Yet another interesting example emerges
in the context of Floquet theory [FZP+20]. Actually, topological superconductivity is
a stationary phase of matter. Interestingly, however, such a phase can be imitated in
QSH QCs with a time-periodic non-stationary Hamiltonian completely without the use of
superconductivity. To this end, the role of superconductivity is replaced by an oscillating
electro-magnetic field. Of course, superconducting systems obey PH symmetry, which is
not expected to be found in the absence of superconducting order. However, QSH QCs
are equipped with a similar symmetry, namely, charge-conjugation. Thus, any state at
energy ε has a counterpart with the same quantum numbers at −ε (see Fig. 4.1 (b)).
Hence, if we excite negative energy states by a fixed energy, say Ω, they can hybridize
with their counterpart at positive energy and open a hybridization gap. The resulting
spectrum obeys similar properties as induced by superconductivity with the difference
that no pairing is present. In other words, using an oscillating electro-magnetic field,
we generate a conduction-valence band symmetry centered around quasi-energy ε = Ω/2
that imitates PH symmetry. Similar ideas have been employed for quantum wires as well
[TLK17, KMP+19], however, there the existence of a suitable valence band is not justified
as no supporting symmetries are present.
For small amplitudes eA of the electro-magnetic field (with electron charge e), the in-
teresting physics happens around the drive-induced conduction-valence band symmetric
points at quasi-energy ε= Ω/2 (mod Ω). Around those quasi-energy values, hybridization
gaps of amplitude ∝ |eA| are formed. Similar to the static case, an additionally applied
Zeeman field Bz competes with the drive-induced gap. This eventually leads to a gap
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Figure 4.16: (a) QSH QC eigenvalue spectrum with additional Zeeman field. The coupling induced
by external electromagnetic radiation with resonant frequencyΩ = 2

√
t2c + t20 (t0 = tc) is also shown

by means of the arrow. (b)-(d) Quasi-energy spectrum εr = ε−Ω/2 of the effective quasi-energy
operator based on the extended Floquet-Hilbert space with (b) eA/Bz = 0.5, (c) eA/Bz = 1, (d)
eA/Bz = 2. The topological phase is characterized by 0 < eA/Bz < 1. The colors in the spectra
(b-d) function as a guide to the eye to visualize band inversion. Reprinted figure with permission
from Ref. [FZP+20]. Copyright 2020 by the American Physical Society.

closing-reopening, which indicates the topological phase transition in the Floquet spec-
trum. In accordance with the stationary case, the Floquet topological phase, found on
resonance for 0 < eA/Bz < 1, is accompanied by topological Floquet BSs at the end of
the QSH QC. Although such states share similarities with non-Abelian Majorana modes –
their stationary counterparts – they can only obey non-Abelian properties for very specific
conditions [KL13, TLK17].
Interestingly, if the time-periodic part of the Hamiltonian is limited to the constricted
region, so that fermion distributions are well defined in the isolated helical edge leads,
the presence of Floquet topological BSs can be detected by means of standard transport
experiments.
In what follows, we closely follow the results presented in Ref. [FZP+20]

4.5.1 Time-periodically driven quantum spin Hall quantum constrictions

The system we investigate is given by a QSH QC with the kinetic part given by Eq. (4.1).
We furthermore assume the presence of all TR invariant SP scattering processes, described
by Eqs. (4.2) and (4.3), as well as Zeeman field like Eq. (4.4). The so generated spectrum
(for a translational invariant QSH QC, i. e. t0(x) = t0, tc(x) = tc and Bz(x) = Bz) is
depicted in Fig. 4.16 (a). The presence of a natural charge conjugation symmetry in our
system suggests the possibility to engineer topological properties related to this symmetry
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with a periodically driven external electro-magnetic field. The Hamiltonian associated
with the driving is

HA(t) =
∫ ∞
∞

dx Ψ̂ †(x)(−eAcos(Ωt)ηzσz)Ψ̂ (x), (4.50)

where we use the basis Ψ̂ (x) = (ψ̂↑,1(x), ψ̂↓,1(x), ψ̂↑,2(x), ψ̂↓,2(x))T . ηz and σz are Pauli-
matrices, acting on edge- and spin-space. Eq. (4.50) is able to induce a non-equilibrium
topological phase transition. The most constructive way to understand such a dynamical
transition is to apply the Shirley-Floquet theory of periodically driven systems, described
in Sec. 3.2.3. Then, the problem boils down to the computation of the effective quasi-
energy operator of the full Hamiltonian HF =Hp+Ht0 +Htc +HB +HA(t) =Hstat +HB +
HA(t).

The quasi-energy operator Q and the associated quasi-stationary Schrödinger equation
are defined in Eq. (3.55)9. With the cosine drive of Eq. (4.50), the quasi-energy operator
has only three non-zero contributions, resulting in an infinite dimensional tridiagonal ma-
trix. The stationary part of the Hamiltonian can be directly identified with the diagonal
elements of Q

Qn,n =Hstat +HB +nΩ. (4.51)

The time-periodic part of the Hamiltonian, HA(t), produces elements on the two semi-
diagonals

Qn,n+1 =Qn,n−1 = 1
2

∫ ∞
−∞

dx(−eA)Ψ̂ †(x)ηzσzΨ̂ (x). (4.52)

Each diagonal block Qn,n is separated by an energy Ω from its neighboring blocks, where
the different blocks are coupled by Qn,n±1. Since, for the QSH QC, there are positive as
well as negative energy states and the spectrum is unbounded10, we will find degeneracies
among different diagonal blocks. If, additionally, the matrix elements that capture a
connection between the eigenstates of the different blocks are non-zero, a hybridization
gap forms (see Fig. 4.16 (b)).

More explicitly, the Fermi field operators in the constricted region read Ψ̂ (x) =
∑
k Ĉke

ikx

with creation operators Ĉk = (ĉk↑1, ĉk↓1, ĉk↑2, ĉk↓2)T . We apply an unitary transformation
U such that Hstat becomes diagonal. The new creation operators D̂k = UĈk are then
associated with the eigenvalues ±E(±k) = ±

√
t20 + (tc± kvF )2 (see Fig. 4.16 (a)). In

particular, let us denote d̂±±k as the fermion with eigenvalue ±E(±k). In terms of those

9We work in a second-quantized picture here. Q thus represents the second-quantized operator with
respect to the one defined in Eq. (3.55).

10Strictly speaking, the spectrum is bounded by the magnitude of the bulk bandgap. The physics discussed
in this section thus requires energy scales that are significantly smaller than this bandgap.
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transformed fermions D̂k, HB and Qn,n±1 become in the basis D̂k =
(
d̂−−k , d̂−+

k , d̂+−
k , d̂++

k

)
HB =

∑
k

D̂†k
[
B0(k)τ0σx+B1(k)(τxσx−τyσy)

2 + B2(k)(τxσx+τyσy)
2

]
D̂k,

Qn,n±1 =
∑
k

D̂†k
[∆0(k)τx(σ0−σz)

2 + ∆0(−k)τx(σ0 +σz)
2

+ ∆1(k)(τzσ0− τzσz)
2 −∆1(−k)(τzσ0+τzσz)

2
]
D̂k (4.53)

with ∆0(k) = −eA|t0|/
√
t20 + (tc + kvF )2 and ∆1(k) = −eA(tc + kvF )/

√
t20 + (tc + kvF )2.

The explicit k-dependence of B0 ,B1 and B2 can be derived analytically but is too lengthy
to be presented here. However, these parameters obey B0, B1, B2 ∝Bz. In the resonant
case withΩ = 2

√
t2c + t20 (see Fig. 4.16 (a)), drive-induced non-equilibrium gaps are opened

around the degenerate points in the eigenvalue spectrum of the quasi-energy operator (see
Fig. 4.16). The magnitudes of these gaps are controlled by the corresponding matrix
elements. Provided eA,Bz �Ω, matrix elements describing the coupling between states
that are separated by at least Ω in quasi-energy can be safely neglected for quasi-energies
close to the resonance point. This eventually yields the effective quasi-energy operator

Qeff =
∑
k

D̃†k


E(−k) B0(k) ∆0(−k) 0
B0(k) E(k) 0 ∆0(k)
∆0(−k) 0 −E(−k)+Ω B0(k)

0 ∆0(k) B0(k) −E(k)+Ω

D̃k,

where D̃k =
(
d̂+−
k , d̂++

k , d̂−−k , d̂−+
k

)T
. Remarkably, on resonance (Ω = 2

√
t2c + t20) at quasi-

energy ε = Ω/2, we find a gap-closing and reopening around eA = Bz, indicating a topo-
logical phase transition in the Floquet spectrum (Fig. 4.16 (b-d)). Even for driving
frequencies that are not perfectly on resonance, but shifted by an imbalance δΩ, i. e.
Ω = 2(

√
t20 + t2c − δΩ), we still find a similar behavior, however, now the gap-closing and

reopening takes place at Zeeman field strength

Bz =±
√

(eA)2 + (δΩ)2(1 + (tc/t0)2). (4.54)

In that sense, the imbalance δΩ takes a similar role as the chemical potential does for the
formation of topological superconducting phases in the stationary case of a SOC quantum
wire or a QSH anti-wire. Here, however, the necessary condition is that Ω is larger than
the SP induced gaps, so that valence band states can be excited to conduction band states
and hybridize (compare to Fig. 4.16 (a)).

4.5.2 Transport properties and topological Floquet bound states

Next, let us investigate a system schematically depicted in Fig. 4.17 (a). If the periodically
driven electro-magnetic field acts only locally in the constricted region, Fermi distributions
are well defined in the leads. Then, for the structure shown in Fig. 4.17 (a), the phase
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Figure 4.17: (a) Schematic sketch of the system: a QSH QC (a) without TR invariant barriers
and (b) with TR invariant barriers at the ends of the constriction. (b) corresponds to the anti-wire
setup of Sec. 4.3. In both scenarios, the QSH QC is exposed to electro-magnetic radiation, while in
the leads no time dependent terms appear. Reprinted figures with permission from Ref. [FZP+20].
Copyright 2020 by the American Physical Society.

transition derived above can be detected by means of photon-assisted transport. For
simplicity, we assume the potentials in the constriction to be step functions t0(x) = tc(x) =
t0θ(x)θ(L− x). This assumption is valid, provided the Fermi wave length λF is much
smaller than the smoothing length Ls that describes the build-up of the constriction
potentials which itself should be smaller than L. Hence, we require λF � Ls � L11.
Moreover, also the driven electro-magnetic field is modeled in terms of step functions,
extending over the area of the constriction, eA(x,t) = eA(t)θ(x)θ(L−x).
The conducting properties can be accessed upon solving the SP scattering problem of the
hetero-junction defined by

Q(x)|ν(x)〉= ε|ν(x)〉. (4.55)

Q(x) is the associated SP quasi-energy operator with respect to Eqs. (4.51) and (4.52),
where we now use the x-dependent SP scattering potentials. Eq. (4.55) can be formally
solved by integration. For that, we first rewrite the eigenvalue problem as

P∂x|ν(x)〉= i

vF
(ε−Q1(x))|ν(x)〉

with P = 1∞ηzσz and Q1(x) = Q(x) + ivFP∂x. Upon integration, we find the (infinite
dimensional) transfer matrix associated with the driven QSH QC

M(L,0) = exp
[∫ L

0
dx

i

vF
P−1(ε−Q1(x))

]
.

An incoming mode can be scattered in any sector with photon number m and lead index
j. However, transitions including high numbers of photons are considerably less probable
and the reflection-/transmission-amplitudes rmjj(ε), tmjj′(ε) vanish with increasing photon

11Note that our result is not explicitly dependent on the exact shape of the potentials in the constriction.
Rather, as we will show below, it gives a measure for the Floquet topological properties of the con-
striction. Those are expected to be independent of the exact shape of the potentials as long as we keep
eA,Bz �Ω.
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number m. This allows us to compute the conductance with only a finite number m of
harmonics by extracting the matrix Mm(L,0) = exp

[
i/vF

∫ L
0 dx P−1

m (ε−Q1,m(x))
]
out of

the infinite dimensional matrix M(L,0).
The approximate transfer matrix Mm(L,0) defines a 4(2m+ 1) dimensional scattering
problem. To solve it, we need to propose appropriate incoming and outgoing states
ψαin,m(x), ψαout,m(x) (with the lead index α). Since our scattering problem possesses a
spatial symmetry with respect to the center of the QSH QC, the Floquet scattering ma-
trix is expected to reflect this symmetry, so that SF,βα(En,E) = SF,αβ(En,E) [Mos11].
Thus, we only need to find half of all scattering amplitudes. For that, we choose to work
with incoming states for x < 0 (lead index 1 and 2 in Fig. 4.17) and outgoing states for
x > L (lead index 3 and 4 in Fig. 4.17). In the approximation up to photon number m,
those are given by

ψαin,m(x) = Mp
m(x,0)

[
Dm,α+1m×m

(η0σ0− ηzσz)
2 Sm,α

]
,

ψαout,m(x) = Mp
m(x,0)

[
1m×m

(η0σ0 + ηzσz)
2 Sm,α

]
with

Sm,1 = (tm31(ε), rm11(ε), tm21(ε), tm41(ε), . . . , t−m31 (ε), r−m11 (ε), t−m21 (ε), t−m41 (ε))T ,
Sm,2 = (tm32(ε), tm12(ε), rm22(ε), tm42(ε), . . . , t−m32 (ε), t−m12 (ε), r−m22 (ε), t−m42 (ε))T ,

Dm,α =
4∑
l=1

δl,α2 ê
(2m+1)
m+1 ⊗ ê(4)

l ,

where ê(4)
l are (4 dimensional) Cartesian basis vectors associated with the operators Ĉk,

while ê(2m+1)
m+1 is a (2m+1 dimensional) Cartesian basis vector associated to photon space.

α ∈ {1,2} defines the lead index for incoming particles. The matrixMp
m(x,0) is the transfer

matrix calculated from the system without the potentials of the constriction, i.e.

Mp
m(x,0) = exp

[∫ x

0
dx

i

vF
P−1
m (ε−Qpm)

]
with the matrix elements [Qpm]k,l = δk,lkω for |k| ≤ |m|. The scattering amplitudes rmαα(ε)
and tmαβ(ε) describe scattering processes that take into account an absorption (emission)
of m photons, i. e. rmαα(ε) = rαα(ε+mΩ, ε).
Their values are obtained upon solving Mm(L,0)ψαin,m(0) = ψαout,m(L). Then, the different
conductances can be obtained from Eq. (3.57). In particular, we identify two interesting
transport regimes: (i) the local linear conductance in a single lead, given by

Gmα (ε) = e2

2π
[
1−

m∑
m=−m

|rmαα(ε)|2
]
. (4.56)

(ii) The two-terminal conductance in both leftmost leads. Similar to the stationary case,
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Figure 4.18: (a) Two terminal conductance evaluated from Eq. (4.57) and (b) four terminal con-
ductance from Eq. (4.56) in units of e2/(2π) for quasi-energy ε =

√
t20 + t2c − δΩ and driving

frequency Ω = 2(
√
t20 + t2c − δΩ). Additional parameters are L = 27 vF /γ0, m = 10, vF = 1 and

t0 = tc = 1. The red line corresponds to the gap-closing-reopening of the effective quasi-energy
operator (Eq. (4.54)) indicating the topological phase transition. Reprinted figure with permission
from Ref. [FZP+20]. Copyright 2020 by the American Physical Society.

in the latter case, contact 1 and 2 are treated as one lead 12. Again, scattering amplitudes
are additionally labeled according to the edge into which they get reflected/transmitted
(compare to Eq. (4.15)). Hence, we obtain for the two-terminal conductance

Gm(ε) = e2

2π
[
2−

m∑
m=−m

∑
j∈1,2

|rm12,12, j(ε)|2
]
. (4.57)

The results for the four-terminal (Gmα (ε)) as well as the two-terminal conductance (Gm(ε))
are shown in Fig. 4.18 (a)-(b). Both are evaluated for εr = 0 with εr = ε−Ω/2 and
Ω = 2(

√
t20 + t2c − δΩ). For the case of vanishing driving amplitude eA, the conductance

approaches its stationary value. By turning on a finite eA, small Floquet hybridization
gaps are forming. In the regime eA� (vF /L), the decay length of the associated Floquet
modes is expected to be larger than the length of the constriction. This results in an
oscillating pattern, emerging from Fabry-Pérot resonances. Driving amplitudes in the
regime (vF /L)< eA�Ω block the two-terminal transport through the constriction. This
results in zero conductance for sufficiently large constriction potentials (Fig. 4.18 (a)).
Finite conductance is only restored close to the phase transition (see the light-blue curve).
There, the spectral Floquet gap around k = 0 closes and allows a finite transmission
through the constriction.
In case of a four terminal measurement, the two phases are more prominently separated:
In the trivial phase, the conductance is fixed to e2/(2π) per channel, which implies the
absence of backscattering in the channel of the incoming state. In this regime, TR sym-
metric processes dominate the physics and backscattering in the same channel is strongly

110



4.5 Floquet topology

suppressed. When the system undergoes the Floquet topological transition by crossing
the red line of Fig. 4.18 (b), perfect conductance quantization is lost since the scattering is
dominated by the TR breaking Zeeman field. Then, the conductance significantly differs
from e2/(2π). This unusual reflection is a direct consequence of a topological boundary
state forming at the ends of the constriction at quasi-energy ε= Ω/2.
In topological systems, typically, distinct topological phases are distinguishable also in the
two-terminal sector, such as it is for instance the case for SOC quantum wires or even QSH
anti-wires, the stationary (superconducting) counterpart of the current model. This is
different here. Topological and trivial regime produce exactly the same transport signature
in the two-terminal sector for both phases. The reason for the indistinguishability of the
topologically distinct phases in this transport sector is inbuilt in the particular coupling
to the leads: Each helical edge is strongly coupled to the constricted region, however,
only to half of the channels. This selective coupling directly affects the visibility of the
topological phase. A convenient way to understand how this comes about is to investigate
the complementary detection scheme shown in Fig. 4.17 (b). Additionally to the setup
discussed before, we add TR invariant barriers of length Lbar and strength Tb at each end
of the constriction. These barriers are described by the Hamiltonian

Hbarrier = Tb

[∫ 0

−Lbar

dx+
∫ L+Lbar

L
dx
]
Ψ †(x)ηxσ0Ψ (x).

The resulting Hamiltonian exactly corresponds to the anti-wire model of the Sec. 4.3.
The inclusion of the barriers has two effects: (i) The coupling to the leads is suppressed
by a factor exp(−TbLbar/vF ). (ii) The upper and lower helical edges merge at the barrier.
Likewise, in the constriction, the developing boundary conditions for increasing barrier
strength lead to a well defined eigenspectrum of the QSH QC. Then, as far as the two-
terminal conductance is concerned, the weak coupling to the leads allows us to resolve
these eigenstates. The results are shown in Fig. 4.19 (a-b). For weak coupling (see Fig.
4.19 (a)) the localized eigenstates within the QPC region are clearly visible in the two
terminal conductance. In fact, around eA/Bz = 1, the Floquet gap closes and the system
enters the topological phase for eA/Bz < 1, where a topological mid-gap state is formed.
Note that as eA → 0 yet another transition appears as the system becomes effectively
static in this limit.
For finite eA, the physics is dominated by tunneling processes. This leads to an enhanced
transmission, whenever the energy of the incoming particles matches a quasi-energy level
in the weakly coupled driven anti-wire. For decreasing barrier strength Tb, the visibility
of the topological BS is reduced as the system gets more and more coupled to each helical
edge separately (Fig. 4.19 (b)). Then, a prominent signature is found in the conductance
of an isolated helical edge as compared to the combined signal of two edges. Indeed,
stronger coupling increases the visibility of the topological mid-gap state in the four-
terminal conductance, where it appears as a finite reflection into the same channel at
the resonant frequency (Fig. 4.19 (c-d)). This reflection can be interpreted as a direct
consequence of the Floquet topological BSs that form at the ends of the driven anti-wire
as we will subsequently demonstrate.
Having solved the scattering problem, we can visualize these topological BSs for the quasi-
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Figure 4.19: (a-b) Two-terminal and (c-d) four-terminal conductance in units of e2/(2π) through
a decoupled QPC under the influence of driven electro-magnetic vector field eA. εr = ε−Ω/2,
Ω = 2

√
t20 + t2c , L = 120 vF /t0, Lbar = 1/2 vF /t0, vF = 1, m = 5, t0 = tc, t0 = 0.5, eA = 0.1.

Further parameter choices are (a) Tb/t0 = 10, (b) Tb/t0 = 6, (c) Tb/t0 = 6, and (d) Tb/t0 = 4.
Reprinted figure with permission from Ref. [FZP+20]. Copyright 2020 by the American Physical
Society.

112



4.5 Floquet topology

open case with strong barriers, i. e. Tb� t0, tc . However, as we are working within the
framework of an open system, we find a solution to the scattering problem for any ε and
thus, strictly speaking, the notion of a BSs is not well defined in such systems. However,
we can label a particular solution a BS when there is a local maximum that grows as the
gap-inducing parameters, Tb, t0 and tc, are increased [FKTTZ18]. This ensures that such
a state becomes a true BS with vanishing decay length in the limit of infinite gap strength.
For our time-dependent problem, the solutions to the time-dependent Schrödinger equa-
tion are generically given by

Ψm
ε (x,t) = e−iεt

m∑
m=−m

umε,m(x)e−imΩt,

where the Floquet mode umε,m(x) of the photon sector m is the solution to the scattering
problem at quasi-energy ε. We find that since umε,m(x)→ 0 already for moderately large m,
the solution depends only weakly on time. Thus, for ease of illustration, we choose t= 0.
The results are shown as a function of space and rescaled quasi-energy in Fig. 4.20. In the
trivial regime (Fig. 4.20 (a)), the system is gapped and no mid-gap BSs appear. In turn,
when the parameters are tuned to the topological regime, we find exponentially localized
BSs at each end of the driven anti-wire (Fig. 4.20 (b)). Moreover, these topological
boundary states possess a dominant spin projection perpendicular to the spin quantization
axis of the underlying helical edge states (Fig. 4.20 (c)). Thus, when scattering into such
states from the helical edge leads, the dominant process is not resonant tunneling but
backscattering into the same channel. This is possible, since TR symmetry is explicitly
broken in our system by the applied Zeeman field.
Although the Floquet topological BSs share some similarities with topological Majorana
modes, they can only have a non-Abelian character under very specific conditions [KL13,
TLK17]. Obviously, the most striking difference with respect to non-Abelian Majorana
modes is that Floquet BSs are built from electrons of different bands, instead of electrons
and holes in the Majorana case. Thus, in general, the operator γF , that is associated with
such a BS, cannot obey γ†F = γF – the defining property of a non-Abelian Majorana. In
other words, since zero-energy has no meaning in the absence of superconductivity, the
Floquet BSs do, by no means, represent the ground state of the system. Hence, having
such a state occupied or unoccupied makes a severe difference in contrast to the Majorana
case. The only case, where a topological degeneracy is restored, is given when the chemical
potential is exactly aligned with the quasi-energy of the topological Floquet BSs.
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Figure 4.20: (a) Probability density according to Eq. (4.58) in units t0/(vF ), as a function of
position and quasi-energy for m = 5, Tb = 5t0, eA = 0.2t0, B = 0.1t0, tc = t0 and L = 35vF /t0(b)
Same as (a), with m = 5, Tb = 5t0, eA = 0.1t0, B = 0.2t0, tc = t0 and L = 35vF /t0 (c) Spin
densities, green, orange and blue for the x,y,z components respectively, in units t0/(vF ), as a
function of position. Other parameters as in panel (b). Reprinted figure with permission from Ref.
[FZP+20]. Copyright 2020 by the American Physical Society.

114



4.6 Z4 parafermions in interacting superconducting quantum spin Hall quantum
constrictions

4.6 Z4 parafermions in interacting superconducting quantum spin
Hall quantum constrictions

The symmetries that are present in QSH edge theories take an important role not only
for SP effects but in particular also when electronic interactions are considered. Notably,
the existence of a Dirac point with kF = 0 is a crucial property that leads to interesting
physical implications. Namely, it allows the formation of interaction induced gaps for
kFL� 1, where L is the length on which a particular interaction term is present. Such
interaction induced gaps can invoke high ground state degeneracies and eventually lead
to parafermionic BSs in combination with s-wave SCs [OTMS15]. However, a central
point of criticism that limits the experimental feasibility of parafermions is the required
interaction strength. For instance, in Ref. [OTMS15] very strong interactions with a
Luttinger parameter K < 1/2 are required to reach the regime where the desired gap
terms constitute RG relevant perturbations. Even if such strong interactions could be
reached at the helical edge, it is unlikely that it is possible to induce superconducting
order, which is only RG relevant for K > 1/2.
Interestingly, QSH QCs provide room for an intriguing workaround of this problem. This
ultimately originates from the increased number of fermionic fields that interact in the
constricted region, which has two major effects: (i) TP scattering terms can now appear
in various fashions. Typically, each of such terms gaps half of the free channels in the con-
striction. Thus, to entirely gap out the interacting constriction, at least two TP scattering
terms of different kind will be needed. (ii) Each of these terms is RG relevant even for
only weak repulsive electron-electron interactions. Consequently, weakly repulsive inter-
acting QSH QCs simultaneously suffice as platform for both, superconducting order and
TP scattering terms. In a hetero-junction built from superconducting and TP scattering
regimes, a large ground state manifold forms, which eventually allows for a Majorana and
a Z4 parafermion to form at interfaces.
While this looks very promising at first sight, there is a subtle point that needs to be
treated carefully. Namely, from the analysis of the non-interacting QSH QC we know
that, likely, there are naturally appearing TR invariant SP scattering terms (see Eqs.
(4.2) and (4.3)). A RG analysis shows that in particular Eq. (4.2) also constitutes a
relevant perturbation for weak repulsive interactions. This generates a problem: SP and
TP terms invoke drastically different physical low energy properties (for instance in terms
of ground state degeneracies). Thus, only one of the two kind of terms can dictate the
low-energy properties. If both are RG relevant, typically the one that grows faster under
RG flow dominates at low energies. In this naive ansatz, the SP terms dominate for
most of the weakly interacting regime. However, the latter ansatz implies a roughly
equal initial coupling strength of all terms under comparison. Fortunately, this does not
have to be true here. The SP coupling terms emerge from wave function overlap. Thus,
increasing the width of the constriction, they decay exponentially on length scales υ. The
TP terms, on the other hand, emerge from long-range electron-electron interactions so
that coupling constants decay only as a power-law. In that way, TP terms can dominate
the SP hybridization terms in constrictions of width w > υ. In the next sections we explain
the underlying physics and mathematics of such systems carefully and follow closely the
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analysis and results presented in Ref. [FTZT19].

4.6.1 Two-particle scattering in quantum spin Hall quantum constrictions

By definition, interactions always include at least two particles or, equivalently, four field
operators. However, there are severe differences among the various possible TP interac-
tions. The most common family of TP interactions are density-density interactions. In
1D systems of fermions, density-density interactions can be treated conveniently using
bosonization (see Sec. 3.1). Then, the interacting theory of fermions becomes a non-
interacting theory of bosons.
Due to the linear dispersion relation, QSH QCs, described by Eq. (4.1), are naturally
predestined for bosonization. Using the formalism derived in Sec. 3.1 we can bosonize the
effectively spinful fermionic theory of a QSH QC using the bosonization identity, written
in terms of spin (σ) and charge (ρ) bosonic fields [Gia03]

ψ̂r,ν(x) = Fr,νe
iνrkFx

√
2πa

e
− i√

2 [rνφ̂ρ(x)−θ̂ρ(x)+rφ̂σ(x)−νθ̂σ(x)], (4.58)

where r = 1,2 = +,− and ν =↑,↓= +,−. Fr,ν are Klein factors lowering the number of
fermions by one. Moreover, a denotes a high-energy cutoff. The conjugate bosonic fields
φρ/σ(x), θρ/σ(x) are linear combinations of bosonic fields on the upper and lower edge
(designated by the indices 1 and 2): φ̂ρ = 1/

√
2(φ̂1(x)+ φ̂2(x)), φ̂σ = 1/

√
2(θ̂2(x)− θ̂1(x)),

θ̂ρ = 1/
√

2(θ̂1(x)+ θ̂2(x)), θ̂σ = 1/
√

2(φ̂2(x)− φ̂1(x)). They obey the mutual commutation
relations (compare also to Eq. (3.17))[

φ̂ν(x), θ̂µ(y)
]

= iπ θ(y−x)δνµ. (4.59)

Including all kinds of density-density interactions, the Hamiltonian takes the form of Eq.
(3.25)

HSLL = 1
2π

∑
ν=σ,ρ

∫ L/2

−L/2
dx
[
uν
Kν

(
∂xφ̂ν(x)

)2
+uνKν

(
∂xθ̂ν(x)

)2
]

with renormalized velocities uν and Luttinger interaction parameters Kρ and Kσ char-
acterizing the interaction strength. For helical Luttinger liquids, where spin-rotation in-
variance is broken, Kρ < 1 and Kσ > 1 for repulsive interactions; likewise, Kρ > 1 and
Kσ < 1 for attractive interactions. For vanishing inter-edge interaction strength, the in-
teraction parameters of both channels (charge and spin) are coupled to each other by
Kρ = 1/Kσ ≡ K [HKC09]. If we switch on repulsive inter-edge interactions, we obtain
Kρ < 1 and Kσ < 1/K. On the other hand, if inter-edge interactions are equally strong
compared to intra-edge interactions (this would correspond to the quantum wire situa-
tion), this implies Kσ = 1. Thus, as we deal with QCs of finite width, we expect to find
Kσ ranging in between these two limits 1 < Kσ < 1/K. Indeed, the fact that Kσ , 1
in our system has important implications for the formation of TP scattering terms that
represent bosonic mass terms.
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To be more concrete, there are two TP scattering terms that (i) preserve TR symmetry,
(ii) are able to open a (partial) gap, and (iii) are relevant in the RG sense even for weak
repulsive interactions. In fermionic representation, they are given by

Hum =
∫

dx gum(x)ψ̂†R,↑(x)ψ̂†R,↓(x)ψ̂L,↓(x)ψ̂L,↑(x) + h.c., (4.60)

Hpbs =
∫

dx gpbs(x)ψ̂†R,↑(x)ψ̂L,↓(x)ψ̂†L,↑(x)ψ̂R,↓(x) + h.c.. (4.61)

Note that the Umklapp scattering term (4.60) [Gia03] is a spin-preserving process, while
the pair backscattering term (4.61) [GJPB05, CT11, SKS13] requires breaking of axial
spin symmetry [WBZ06]. Applying the bosonization identity (4.58) to Eqs. (4.60-4.61)
and neglecting Klein factors, we obtain the bosonized Hamiltonians

Hum =
∫

dx g̃um(x)cos[2
√

2φ̂ρ(x)−2k̄Fx], (4.62)

Hpbs =
∫

dx g̃pbs(x)cos[2
√

2θ̂σ(x)+2δkFx] (4.63)

with g̃um(x) = gum(x)/(2π2a2), g̃pbs(x) = gpbs(x)/(2π2a2), k̄F = (kF,1 + kF,2) and δkF =
(kF,1−kF,2), where kF,1, kF,2 represent the chemical potential in edge 1 and 2, respectively.
Now, let us investigate the RG behavior of the above scattering terms. For that we can
straightforwardly apply the perturbative RG approach for sine-Gordon models, described
in detail in Sec. 3.1.6. Assuming that the couplings g̃um and g̃pbs are initially small, an
one-loop RG analysis rescales them according to

dyum

dl
= (2− 2Kρ)yum, (4.64)

dypbs

dl
= (2− 2/Kσ)ypbs (4.65)

with the rescaled coupling constants yum = g̃um/(πuρ), ypbs = g̃pbs/(πuσ), and the flow
parameter l. Eq. (4.64) implies thatHum scales to strong coupling for the whole repulsively
interacting regime Kρ < 1. Likewise, Eq. (4.65) states the RG relevance of Hpbs for
Kσ > 1. In the presence of electron-electron interactions, with the reasonable assumption
that intra-edge interactions are stronger than inter-edge interactions, both conditions are
satisfied.

4.6.2 Single-particle vs. two-particle scattering

From the discussions of the former sections, we know that there are two kinds of TR
invariant SP scattering terms that are likely to appear in narrow QSH QCs. Thereby,
Eq. (4.2) describes a hybridization of fermionic states with the same spin, that initially
belong to different edges of the constriction. In contrast to that, Eq. (4.3) constitutes a
forward scattering that allows particles to jump across the constriction, while keeping their
propagation direction. In that sense, Eq. (4.3) might also be interpreted as an effective
SOC term. The main difference between the two SP terms is that Eq. (4.2) opens a
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spectral gap, while Eq. (4.3) does not.
In the language of bosonization, both terms resemble in a cosine form. However, this is
not necessarily a contradiction to the behavior described above. Indeed, a cosine term in
a bosonic theory does not a priori imply a spectral gap. Instead, what matters is whether
the fields that are contained in the argument of the cosine can be pinned simultaneously
in the same region of space, which is only possible if all contained fields commute12. Using
the bosonization identity of Eq. (4.58) with neglecting Klein factors, we find

Ht0 =
∫

dx t̃0(x)cos[
√

2φ̂ρ(x)− k̄Fx]cos[
√

2φσ(x)], (4.66)

Htc =
∫

dx t̃c(x)cos[
√

2φ̂σ(x)]cos[
√

2θ̂σ(x)] (4.67)

with t̃0(x) = 2t0(x)/(πa) and t̃c(x) = 2tc(x)/(πa). Evidently, while the fields in Eq. (4.66)
can be pinned simultaneously in the same region of space, this is not equally possible for
Eq. (4.67). In general, the pinning of bosonic fields is possible if the corresponding term
constitutes a RG relevant perturbation and if it can be assumed that it dominates the
low-energy physics (particularly in terms of ground states). In turn, terms that cannot be
pinned are marginal for the low-energy properties of a system, especially in the presence
of other terms that can be pinned. In that respect, we can exclude Htc from the following
discussion of the ground states. Ht0 , on the other hand, cannot be excluded. In an
one-loop RG analysis, we find for that term

dyt

dl
=

[
2− 1

2 (Kρ +Kσ)
]
yt (4.68)

with the rescaled coupling constant yt = t̃0/(πuσ). Now, let us investigate the three first
order RG equations (4.64) (4.65) and (4.68). First, let us assume we have Kσ = 1/Kρ.
Then, Eq. (4.68) flows to strong coupling provided 2−

√
3<Kρ < 2 +

√
3. If we relax the

relation of Kρ and Kσ, we obtain the more general condition Kσ+Kρ < 4. For instance, if
Kσ = 1, which describes the situation in a quantum wire, we find Kρ < 3 to obtain yt as a
relevant coupling. Apparently, however, there is a regime where all three scattering terms
(Eqs. (4.62), (4.63) and (4.66)) simultaneously represent RG relevant perturbations.
This constitutes a problem because Hum and Hpbs commute with each other but both do
not commute with Ht0 . Hence, they cannot be ordered simultaneously in the same region
of space. Pinning of the bosonic fields in the strong coupling regime is thus only possible
if either SP or TP scattering dominates the physics. In particular, for the emergence of
parafermions, it is mandatory that at least one of the two TP scattering terms (Hum or
Hpbs) provides the dominant interaction. As we will derive below, only then the required
ground state degeneracy is present.
A convenient way to order the relative importance of different competing RG relevant
perturbations is to compare their scaling dimensions. Under the assumption of initially
small and roughly equal coupling constants, their growing rates, controlled by the scaling
dimension, determine which term will dominate when the RG flow is eventually stopped.

12See also Sec. 2.4.4 for a detailed discussion on the pinning of bosonic fields.
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Figure 4.21: Illustration of the conditions obtained from the RG analysis of the various terms. The
lines correspond to Kσ = 3Kρ (green), Kσ = −Kρ/2 +

√
K2
ρ/4 + 4 (red), Kσ = 1/Kρ (blue). The

light and dark blue shaded areas mark the parameter regime where TP terms are RG-dominant.
The black arrow indicates how the interaction parameters change when the case of isolated edge
states is compared to the QC case. Reprinted figure with permission from Ref. [FTZT19]. Copy-
right 2020 by the American Physical Society.

This ordering produces the following inequalities between Kρ and Kσ for the regime in
parameter space where TP terms dominate the low-energy physics

Kσ > 3Kρ, (4.69)

Kσ > −Kρ/2 +
√
K2
ρ/4 + 4. (4.70)

In particular, if Eq. (4.69) (Eq. (4.70)) is satisfied, then Hum (Hpbs) dominates over Ht0

in the RG sense. The conditions are illustrated in Fig. 4.21 in the Kρ-Kσ plane. Together
with the restrictions for Kσ (1 < Kσ < 1/Kρ) as an additional bound, the shaded areas
represent the parameter space for which at least one of the two TP processes dominates
the low-energy physics. Remarkably, it is indeed sufficient that either Hpbs or Hum is
more relevant than Ht0 to enable the formation of parafermions.
To be more precise, let us consider different scenarios. First, assume that Hum is the most
relevant interaction, i. e. Eq. (4.69) is satisfied. Then, we first pin φ̂ρ(x) to minimize the
contribution from the dominating term Hum. It turns out that for any eigenvalue of the
resulting phase field φ̂ρ, Ht0 vanishes exactly. Due to this property, we are subsequently
also allowed to pin the bosonic field operators that characterize Hpbs .
For the second scenario, consider to have Hpbs stronger than Ht0 . Consequently, we
introduce a phase field θ̂σ. This in turn implies that Ht0 cannot be pinned anymore in
the same region of space (on the basis of Eq. (4.59)) and eventually allows us to neglect
Ht0 on the basis of energetics [KSYL13]. The lowest energy states, which are degenerate
in the absence of Ht0 , are then obtained by pinning Hum.
Fig. 4.21 suggests that Kρ = 1/

√
3 constitutes the upper bound such that TP backscat-

tering dominates over SP scattering. This range of Kρ still corresponds to rather strong
Coulomb interactions. In particular, if this value is compared to the relevance condition
of TP backscattering, which emerges at a single helical edge for K < 1/2 [OTMS15], we
do not gain a significant advantage. However, note that we are comparing apples with
oranges here, since Kρ and K (the Luttinger parameter of single helical Luttinger liquid,
i. e. a single helical edge) are different parameters. To actually compare the differ-
ent relevance conditions, we need to reformulate all the conditions that ultimately result
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in Fig. 4.21 in terms of K. In the absence of inter-edge interactions, Kρ and Kσ are
related by Kσ = 1/Kρ ≡ 1/K and are aligned on the blue curve in Fig. 4.21. By switch-
ing on the inter-edge interactions and starting from some point on the blue curve with
K = Kρ > 1/

√
3, we can at most reach the darker blue shaded region, since typically we

expect to find Kρ < K and Kσ < 1/K (Fig. 4.21). Thus, in principle, Eq. (4.69) can
tolerate slightly larger values of K as compared to 1/

√
3. To quantify this consideration,

let us express the Luttinger parameters Kρ and Kσ, given explicitly in Eq. (3.26), in terms
of the Luttinger parameter K of an isolated helical edge

Kρ =

√√√√ g̃4⊥− g̃2‖+ (2 + g̃4⊥− g̃2‖)K2

2 + g̃2‖+ g̃4⊥+ (g̃2‖+ g̃4⊥)K2 , (4.71)

Kσ =

√√√√2− g̃2‖− g̃4⊥− (g̃2‖+ g̃4⊥)K2

g̃2‖− g̃4⊥+ (2 + g̃2‖− g̃4⊥)K2 , (4.72)

where g̃ν = gν/(2πvF ) are the coupling constants of intra- and inter-edge interactions (see
Eq. (3.24)). From inserting Eqs. (4.71) and (4.72) into Eq. (4.69), we obtain a relation
for g2‖ and g4⊥ that depends on the initial value of K. Assuming g2‖, g4⊥ ≤ g2⊥,g4‖ (i.
e. Kσ > 1), we find that there is a parameter regime, such that Eq. (4.69) is fulfilled, up
to K ∼ 0.65. Nevertheless, there is still no substantial gain by these refined arguments in
terms of a reduction of the required interaction strength.

Fortunately, there are two physical scenarios that lead to a dominance of TP backscattering
over SP processes even in the regime 1/

√
3<Kρ < 1: (i) The coupling constants of the SP

and TP terms have different physical origins. In fact it is very unlikely that the amplitude
of all coupling constants are initially of the same magnitude, so that the simple comparison
of the scaling dimensions remains a valid method to select the dominant scattering process.
SP scattering is related to the overlap of the wave functions of edge states originating
from different sides of the constriction. Thus, its coupling constant decays exponentially
on length scales υ, which characterizes the decay of edges states towards the bulk of the
QSH insulator. Contrary to that, the amplitude of TP scattering is related to Coulomb
interactions following a power-law decay. Thus, we expect to find a geometric regime
defined by the width w of the constriction such that w > υ, where SP scattering can be
neglected compared to TP scattering [DRT+10, BTM14]. Of course, this scenario requires
sufficiently small chemical potentials, k̄F � L−1 and δkF � L−1 with L being the length
of the constriction, such that the effect of Eqs. (4.62-4.63) is not rendered ineffective due
to spatial oscillations. (ii) In narrow QCs, the latter arguments do not apply. However,
there we can profit from a finite k̄F . Assuming w ≤ υ, the electrostatic environment is
expected to be approximately the same for both edges and consequently δkF = 0. Then,
a finite chemical potential only affects Ht and Hum, but leaves Hpbs invariant. If the flow
is analyzed at fixed chemical potential, we find a finite chemical potential range in which
Ht and Hum are still relevant [Gia03]. However, for k̄FL & π the energy contribution of
these terms is reduced at least by a factor of 1/(k̄FL). This reduction shifts the power
ratio of the different terms and can ultimately lead to a crossover for which Hpbs becomes
the dominant scattering process.
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Figure 4.22: Schematic of the system: A QSH QC is brought in vicinity to two regions with prox-
imity induced s-wave superconductivity. Reprinted figure with permission from Ref. [FTZT19].
Copyright 2020 by the American Physical Society.

4.6.3 Formation of Z4 parafermions

Ĺet us henceforth assume that TP scattering dominates the low-energy physics so that we
can exclude SP scattering. For convenience and since the relative weight of g̃um and g̃pbs
does not influence the number of existing minima of corresponding cosine potentials we
choose gpbs(x) = gum(x) = g(x). This allows us to reorganize Eqs. (4.62) and (4.63) into

H2p =Hum +Hpbs =
∫

dx g̃(x)cos[2φ̂1(x)]cos[2φ̂2(x)] (4.73)

with g̃(x) = g(x)/(π2a2). Let us focus on the setup sketched in Fig. 4.22. We consider
three regimes characterized by different terms. The first regime extends from x = 0 to
x = L and defines the QSH QC. In this part of the system, TP scattering is active, and
we assume g̃(x) = g̃θ(x)θ(L−x). In the second regime with L < x < Ls,1, no gap-opening
terms are present. Here the constriction evolves into isolated helical edge states. Finally,
in the third regime, for Ls,1 < x < Ls,2, we proximity induce s-wave superconductivity in
each edge. In a BCS mean field approach, the latter is captured in fermionic form by Eq.
(4.5) with ∆(x) = ∆θ(x−Ls,1)θ(Ls,2 − x). In bosonic form, neglecting Klein factors, we
obtain

H∆ =
∫

dx ∆̃(x)
{

cos
[
2θ̂1(x)

]
+ cos

[
2θ̂2(x)

]}
(4.74)

with ∆̃(x) = ∆(x)/(πa). For convenience, let us further assume the limit Ls,1 − L→ 0.
Then, assuming 1/2<K,Kρ < 1, weak repulsive interactions i. e., both terms, Eq. (4.73)
as well as Eq. (4.74), constitute RG relevant perturbations that each flow to strong
coupling. Along the lines of the discussion presented in Sec. 2.4.4, the effective low-energy
Hamiltonian then becomes13

Heff =H2p +H∆ =
∫ L

0
dx g̃ cos[2φ̂1] cos[2φ̂2] +

∫ Ls,2

Ls,1
dx ∆̃

{
cos

[
2θ̂1
]

+ cos
[
2θ̂2
]}
,

13This assumes L→ Ls,1.
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where we introduce the phase fields φ̂1/2 and θ̂1/2 that are defined on a circle [0,2π[ (mod
2π) [ZK14]. Their eigenvalues correspond to the minima of the associated cosine. To find
the ground state manifold, we have to count the different possibilities that independently
minimize the above effective Hamiltonian. By doing so, we readily recognize that, since
the TP scattering (present in region I) involves both edges, there is a strong correlation
between φ̂1 and φ̂2. Indeed, minimization of Eq. (4.73) is achieved whenever one of the two
cosines is maximized while the other is minimized. This constraint eventually condenses
in the relation

φ̂2 =−φ̂1−π/2 +πl̂, (4.75)

where φ̂1 takes the eigenvalues φ1 ∈ {0,π/2,π,3/2π} and the integer valued operator l̂
with eigenvalues l ∈ {1,2} (mod 2) relates φ̂1 and φ̂2. The commutation relations of the
original fields (Eq. (4.59)) then imply

[l̂, θ̂1] = [l̂, θ̂2] = i, [φ̂1, θ̂1] = iπ, [φ̂1, θ̂2] = 0, [φ̂1, l̂] = [φ̂2, l̂] = 0.

Furthermore, with Eq. (4.75), the TP scattering term of Eq. (4.73) transforms into

H2p =− g̃2L
(
cos[4φ̂1− 2πl̂] + cos[2πl̂]

)
.

Using the above form, the Hamiltonian looks familiar with respect to the ones that are
typically required to design interface parafermionic BSs (compare for instance to Eq.
(2.59)). The major difference in our case stems from the presence of the operator l̂. Indeed,
we can already guess the combined effect of φ̂1 and l̂ on the ground state manifold: Since
φ̂1 carries four eigenvalues it is likely that it will eventually invoke a Z4 parafermion.
Likewise, l̂ appears with two eigenvalues and, thus, this will result in an extra Majorana
interface mode.

Let us be more concrete. We find that the operators {ei(π/2)Ŝ ,eiπl̂}, where πŜ = θ̂1− θ̂2,
commute with the Hamiltonian and among themselves. They induce the degenerate set of
eigenstates |s, l〉, each of which obeying ei(π/2)Ŝ |s, l〉= ei(π/2)s|s, l〉 and eiπl̂|s, l〉= eiπl|s, l〉
with distinct eigenvalues s ∈ {0,1,2,3} (mod 4) and l ∈ {1,2} (mod 2). Given that, it is
straightforward to demonstrate that the operators

χ̂s = eiπ/4eiφ̂1eiπ/2Ŝ , χ̂l = e−i/2(θ̂1+θ̂2)eiπl̂ (4.76)

commute with the effective Hamiltonian and describe creation operators on the ground
state manifold spanned by the quantum numbers s and l

χ̂s|s, l〉=ei(π/2)s|s+ 1, l〉, χ̂l|s, l〉= e−i(π/2)seiπl|s, l+ 1〉. (4.77)

In this representation, the operators obey the parafermionic exchange relations

χ̂sχ̂l = eiπ/2χ̂lχ̂s, (4.78)

Then, from Eq. (4.77) we get that χ̂4
s = 1. Moreover, up to a Ŝ dependent phase, χ̂2

l acts
as unity on the l-part of the ground state manifold. We can get rid of this phase by a
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Figure 4.23: Schematic of the modified system: A QSH QC, pinched off by an impurity is brought
in vicinity to two regions with proximity induced superconductivity. Reprinted figure with per-
mission from Ref. [FTZT19]. Copyright 2020 by the American Physical Society.

simple gauge transformation χ̂l→ χ̃l = e−i(π/2)Ŝχ̂l. Then, we also have χ̃2
l = 1. Note that

such a transformation does not change the role of χ̃l as a creation operator of the quantum
number l, however, the mutual exchange relation with χ̂s (Eq. (4.78)) transforms into the
Majorana exchange relation

χ̂sχ̃l = eiπχ̃χ̂s.

The above relations imply the simultaneous presence of a Z4 parafermion (χ̂s) as well as
a Majorana mode (χ̃l). With Ŝ and l̂, both operators contain phase fields that describe
excitations on both edges of the constriction. Thus, the associated interface BSs constitute
non-local objects, delocalized across the upper and lower edge of region II in Fig. 4.22.
Interestingly, we can get rid of this non-locality if we slightly modify the setup according
to Fig. 4.23. The physical situation corresponds to a pinched off constriction, which is
either realized by a strong impurity or a physical boundary of the structure. In either
scenario, we can model it with a Hamiltonian similar to Eq. (4.6)

Himp(x)= Tb

∫
dx δ(x)

∑
σ

[
ψ̂†1,σ(x)ψ̂2,σ(x)+h.c.

]
.

In the limit Tb→∞, the above impurity Hamiltonian induces boundary conditions. Most
conveniently, they can be derived in the fermionic picture, explicitly done in Sec. 4.3
(compare Eq. (4.9)). Eventually, we obtain

ψ̂2,↑(x) =−iψ̂1,↑(−x), ψ̂2,↓(x) = iψ̂1,↓(−x).

Adapting bosonization, the above relations imply that the number of Klein factors is
reduced by half due to the boundary conditions. Then, together with the bosonization
identity of Eq. (4.58), the above relations are straightforwardly translated into bosonic
language as

φ̂2(x) =−φ̂1(−x)−π/2, θ̂2(x) = θ̂1(−x). (4.79)
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Figure 4.24: Schematic of the unfolded system in the presence of impurity scattering at x = 0.
Reprinted figure with permission from Ref. [FTZT19]. Copyright 2020 by the American Physical
Society.

Instead of the operator l̂, now the boundary conditions enforce a correlation between the
fields φ̂1(x) and φ̂2(x), however, the similarity to Eq. (4.75) is apparent.

Now, let us discuss the influence of Eq. (4.79) on the ground state manifold. The physical
setup, depicted in Fig. 4.23, can be equivalently mathematically described by an unfolded
model of the double system size sketched in Fig. 4.24. The resulting sine-Gordon model
contains the following mass terms

H∆ = H∆−+H∆+ = ∆̃

[∫ −Ls,1
−Ls,2

+
∫ Ls,2

Ls,1

]
dx cos[2θ̂1(x)],

H2p = −g̃
∫ L

−L
dx cos[2φ̂1(x)]cos[2φ̂1(−x)]. (4.80)

In general, Eq. (4.80) is difficult to treat due to its non-local nature. However, as we are
only interested in the ground state properties of the system, the non-locality of Eq. (4.80)
takes only a minor role. Indeed, minimization of Eq. (4.80) requires a constant field as
any modulation as a function of space would add an energy ∝ g̃ and push the system out
of the ground state manifold. Thus, we have φ̂1(x) = φ̂1(−x) = φ̂1. Hence, in combination
with the superconducting phase fields θ̂±, which refer to the SC right (+) and left (−) of
the origin in Fig. 4.24, we obtain the effective Hamiltonians

H∆± = ∆̃(Ls,2−Ls,1)cos[2θ̂±],

H2p,j = −g̃pbsL
(
cos[4φ̂1] + 1

)
.

The relevant bosonic field operators obey the following commutation relations

[φ̂1, θ̂−] = 0, [φ̂1, θ̂+] = iπ.

It is straightforward to demonstrate that the operators

ξ̂− = eiφ̂1e(i/2)θ̂− , ξ̂+ = eiφ̂1e(i/2)θ̂+

commute with the Hamiltonian and obey the standard parafermionic exchange relations

ξ̂−ξ̂+ = e−iπ/2ξ̂+ξ̂−, ξ̂4
± = 1,

124



4.6 Z4 parafermions in interacting superconducting quantum spin Hall quantum
constrictions

while they act as creation operators on the corresponding ground state manifold. In
contrast to the case without boundary, the latter is reduced by a factor of two, which
affects the operator χ̂l that is now obsolete. Indeed, the different ground states can be
fully characterized by eigenstates of the fusion operator ξ̂†−ξ̂+ = e(i/2)(θ̂+−θ̂−). Moreover,
as a side effect, the parafermionic interface operators ξ̂± are now purely local operators,
bound in region II of Fig. 4.23 (Fig. 4.24 respectively), where each helical edge is occupied
by a single parafermion.
From a more physical perspective, the change of the ground state manifold in the presence
of an additional impurity can be understood as follows. In the scenario without boundary
term, the system is actually not complete in the sense that we have neglected the discus-
sion of a second Majorana-Z4-parafermion pair left of the constriction. This goes along
the discussion of isolated Majorana modes (or likewise parafermionic modes) in hetero-
junctions. When we construct these exotic particles solely from (interacting) fermions,
it is not possible to obtain an odd number of them, so that the total topological charge
is fixed to an Abelian particle. In that sense, isolated non-Abelian excitations inevitably
possess a displaced partner, which might eventually appear upon a compactification of the
space. The addition of extra boundaries necessarily changes the way one can potentially
compactify the space. For our specific case, this means that the world definitely ends at
the impurity. Thus, one can only compactify the space towards the right. Eventually, we
can adiabatically connect the (superconducting regions on the) upper and lower edge at
x→∞ so that no extra boundaries emerge. Thus, the result of having two parafermions
in the unfolded picture is reasonable.

4.6.4 Experimental signatures of interaction induced gaps

The immense comprehensiveness of QSH QCs and quantum point contacts (QPCs) equally
inspires theorists and experimentalists. Recently, a very important step towards the un-
derstanding of such devices was accomplished by the experimental group of Laurens W.
Molenkamp. They were able to use a novel nanostructuring method which allowed them
to manufacture the first quantum point contact on the basis of HgTe based QSH insulators
[SWF+20]. This itself constitutes a major scientific breakthrough since the common way
of designing QPCs, using purely electrostatic gating, is ineffective in QSH insulators due
to Klein tunneling [KNG06]. Instead, one needs to physically carve the quantum point
contact structure out of a homogeneous QSH insulator. To get to the interesting regime,
i. e. the bulk band gap, where one expects to see the physics of the helical edge states,
electrostatic gating is required. This, however, also hides some experimental impediments
as the density of states strongly differs between the QPC region and the plain QSH insu-
lator outside the quantum point contact. Thus, with a single gate extending over more
than only the QPC, it is challenging to tune the parameters so that the chemical potential
in the QPC and the surrounding QSH insulator are simultaneously positioned in the bulk
band gap. This lead to the experimental setup, depicted in Fig. 4.25: A QPC on the basis
of a QSH insulator that is gated in the regime of the QPC. This setup allows to measure
the transport characteristics, such as the conductance, as a function of the applied gate
voltage. Interestingly, this leads to three transport regimes for the two-terminal conduc-
tance (see Fig. 4.25 (c)): in the first, the typical QPC conductance steps in units of 2e2/h
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Figure 4.25: (a) SEM picture of the experimental system under investigation: A QSH QPC that is
exposed to an externally applied gate over the extend of the QPC. (b) Schematic illustration of the
QPC design and measurement setup. (c) Measured gate voltage dependence of the conductance
at 1.4K performed on QPCs with quantum well thickness of dQW = 10.5nm. Reprinted figure from
Ref. [SWF+20].
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Figure 4.26: Band structure calculations for different quantum well thickness dQW: black lines
indicate the bulk band structure. The colored dots represent calculations performed on a finite
ribbon with a width of 150nm in the y direction. The color code shows the wave function standard
deviation σy in the y direction. Reprinted figure from Ref. [SWF+20].

(here we restore h for convenience) were observed [vWvHB+88]. With increasing applied
gate voltage, consecutively less sub-bands contribute to the transport through the QPC.
This continues until eventually the bulk band-gap is reached. There, as a characteristic
of QSH insulators, the conductance is determined by the two remaining edge channels,
resulting in a conductance of 2e2/h. Remarkably, as the gate voltage is further increased,
an unexpected third transport regime is identified. There, the conductance drops to a
stable value of 1e2/h for a large regime of applied gate voltages14. As we will see below,
this interesting and novel transport regime is difficult to explain on the SP level. However,
there might be an explanation including interaction induced gaps.
The main reason why SP effects fail to explain the missing 1 e2/h in the conductance is
obtained from band structure calculations performed with realistic parameters on a HgTe
based QSH insulator stripe that mimics the QPC (see Fig. 4.26). The main finding of this
calculation is that the Dirac point of the helical edge states is buried deep inside the valence
bulk bands, so that kF ∼ 0.1 nm−1 15. With a typical QPC length L ∼ 100− 200 nm,
this implies that SP gap terms, such as for instance Eq. (4.2), cannot open a spectral gap
as they should average out. Most prominently, this is seen from the bosonic form of Eq.
(4.2), given in Eq. (4.66). Ht0 oscillates with a frequency of 2kF as a function of space.
Thus, having kFL∼ 10−20 implies that 3-6 full periods fit in the gated QPC region. This
renders SP gap-opening terms ineffective.
Indeed, this is a generic conclusion not specific to SP terms. Any gap-opening term that
couples to kF cannot be accountable for the conductance reduction. However, beyond SP
physics, there are also gap-opening interaction terms that do not couple to kF . Represen-
tatives of this class of interaction terms might thus be used to find an explanation of the

14A detailed discussion of the experiment is far beyond the scope of this thesis. Here we just summarize
the main experimental results. For a more refined description, we refer the reader to Ref. [SWF+20].

15Note that 1e2/h was only measured in samples with dQW = 10.5nm. A second series of samples with
dQW = 7nm did not show this transport regime.
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effect on the basis of helical edge states.
One of these terms is given by Eq. (4.61). It preserves the number of right- and left-movers
and, hence, assuming the same chemical potential in each edge, effectively no momentum
transfer emerges upon scattering according to Eq. (4.61). This is particularly evident from
the bosonic form of Eq. (4.61), provided in Eq. (4.63). Assuming δkF � 1/L, this term
is insensitive to finite values of kF and can, thus, also appear at large chemical potentials.
Certainly, it is a necessary condition that a particular term can in principle appear, i.
e. it is (for instance) not forbidden by symmetry constraints, yet this is not a sufficient
condition on an equal footing. Interestingly, a sufficient condition for the presence of Eq.
(4.63) can be directly deduced from the simultaneous presence of Rashba SOC within each
edge in combination with ordinary inter-edge density-density interactions [Dol16]. Then,
the coupling constant of Eq. (4.63) is related to the latter underlying effects by

gpbs = 1
2 sin2

[
arctan

(
αS
vF

)](
g2‖− g4⊥

)
,

where αS characterizes the coupling constant of Rashba SOC within each edge and g2‖ and
g4⊥ are the corresponding inter-edge electron-electron interaction amplitudes (compare to
Eq. (3.24)). Thus, in this approach, Eq. (4.61) only appears for g2‖ , g4⊥ which relates
to the absence of SU(2) symmetry. More importantly, though, gpbs grows for increasing
Rashba SOC strength αS . Rashba SOC, in turn, can emerge from externally applied
electric fields. Thus, increasing the gate voltage enhances αS and hence also gpbs. To
that effect, the band structures of Fig. 4.26 (b-c) hide an important subtlety: Increasing
the gate voltage lowers the chemical potential until it eventually aligns with the bulk
valence bands at high kF . Then, due to the high density of states in those flat bands, a
further increase of the gate voltage is pretty much ineffective and the chemical potential
is pinned. Bulk-band transport in this regime is, however, sufficiently blocked due to
the large momentum mismatch between valence and conduction bands, so that the only
possible transport can happen via helical edge states.
This effect, typically coined Fermi pinning of the chemical potential, allows αS and con-
sequently gpbs to grow significantly in the dQW = 10.5nm samples. Note in particular that
in the dQW = 7nm samples, no such effect appears and also no conductance reduction to
1e2/h emerges. But this is not the only consequence of the band structure calculations.
A second conclusion that we obtain is that the localization length υ of the edge states is
much smaller that than the width of the QPCs w. This subtle point ultimately allows us
to recognize Eq. (4.63) in a charge transport experiment.
Eq. (4.63) depends only on the spin field θ̂σ(x). Thus, in a charge transport experiment
performed on a quantum wire (or equivalently on a QPC with υ ∼ w) Eq. (4.63) does not
lead to a conductance reduction although it blocks half of the channels. Here however,
the situation is different. The strong localization of the edge states with υ� w allows us
to treat each edge independently as particle transfer between the edges should be strongly
suppressed. In this scenario, only correlated scattering processes that do not involve
particle transfer among the edges matter. For Eq. (4.61), these describe backscattering
processes: a right-mover in edge 1 is scattered into a left-mover of the same edge, where
simultaneously in edge 2 a left-mover is scattered into a right-mover (see Fig. 4.27 (a)).
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Figure 4.27: Schematic of the correlated scattering processes induced by Eq. (4.63). (a) correlated
backscattering in each edge separately. (b) correlated forward scattering across the edges.

In turn, the second possible physical process, i. e. a right-mover in edge 1 is scattered
into a right-mover in edge 2 and, simultaneously, a left-mover in edge 2 is scattered into a
left-mover in edge 1 (see Fig. 4.27 (b)), should be suppressed. Then, the mass in half of
the channels is indeed effective and reduces the conductance to 1e2/h.
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5 Conclusion and outlook

5.1 Conclusion
In this thesis, we have demonstrated that QSH QCs are a powerful and comprehensive
alternative to SOC quantum wires and are an eligible platform to show profound physics.
In particular, such devices might be interpreted as symmetry enriched versions of quantum
wires. In an effective low-energy theory, they are described by a 1 + 1 dimensional Dirac
theory of four fermions, distinguished by moving-direction and spin. Their main advantage
over quantum wires originates from the existence of a charge-conjugation symmetric point
in combination with the helical nature of isolated edge states. Eventually, this not only
allows for a number of profound physical effects, but also to detect them by virtue of novel
transport experiments, which directly make use of the helical nature of the leads.
On the SP level, TR invariant hybridization gaps can induce spectral properties that are
closely related to the ones found in SOC quantum wires. Including s-wave superconduc-
tivity and magnetic Zeeman fields, this eventually leads to the formation of a topological
superconducting phase. Such a phase typically comes along with isolated Majorana modes,
located at the boundaries of the corresponding system. In QSH QCs, such boundaries can
be constructed for a device design which we call QSH anti-wire – a narrow trench that is
carved in an elsewhere homogeneous QSH sheet. Notably, it is not only possible to design
topological superconductivity in QSH anti-wires, but also to unambiguous detect it by
means of a simple transport experiment: the non-local conductance in a helical edge that
is weakly coupled to the topological superconducting anti-wire. In particular, when it is
coupled to a Majorana mode at zero-energy, where spin-up and spin-down states couple
differently, then the non-local conductance changes sign and becomes negative. Essentially,
this means that an incoming electron is transmitted as a hole, or in other words, an equal
spin Cooper pair is injected into the superconducting condensate. Such a Cooper pair can
possess very interesting and unconventional superconducting pairing symmetries. Indeed,
topological superconductivity is inextricably linked with the appearance of unconventional
superconductivity. In particular, odd-frequency pairing is profoundly related to Majorana
modes. However, the relation is unilateral: the presence of Majorana modes implies the
presence of odd-frequency pairing, but odd-frequency pairing is not sufficient to provide
for isolated Majoranas. Nevertheless, odd-frequency superconductivity (i. e. supercon-
ducting pairing that behaves odd in its temporal arguments) already itself constitutes an
intriguing piece of physics. In particular, a proof of odd-frequency superconductivity in
a certain system certifies its potential for the formation of exotic quantum matter from
many perspectives. Since we know that superconducting QSH QCs can serve as a platform
for topological superconductivity, we expect to also find odd-frequency components. More
unexpectedly, we can even find a transport signature that is related to this unconventional
superconducting pairing regardless of the presence of Majorana modes: the non-local con-
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ductance in a single edge, measured across a hetero-junction which is built from a s-wave
SC and a QSH QC including SP scattering. By virtue of spin momentum locking, this
transport channel is directly related to the creation of an equal spin Cooper pair in the
hetero-junction. A symmetry analysis of the pairing amplitudes then shows that such a
Cooper pair carries an even- as well as an odd-frequency component. In analogy to this
finding, it is very likely that also the conductance signature used to identify the Majorana
mode in the anti-wire model can equivalently serve as a direct evidence of odd-frequency
pairing. The necessary step to prove this hypothesis is to explicitly compute the systems
Green function and perform a full symmetry analysis of the pairing amplitudes.
Although topological superconductivity is a stationary phase of matter, by virtue of the
existence of charge-conjugation symmetry, it is possible to mimic this intriguing phase of
matter in QSH QCs in a non-stationary ansatz. The presence of a time-periodic electro-
magnetic field with the right frequency excites electronic states in the conduction band
with negative energies to their charge-conjugated partner in the valence band with positive
energies. In that way, particle-hole symmetry can be imitated. Then, the role of supercon-
ductivity is replaced by non-stationary Floquet hybridization gaps. In combination with
applied (stationary) Zeeman fields, this eventually evokes to the formation of a Floquet
topological phase, characterized by the presence of topologically protected Floquet end
states. As zero-energy has no meaning in the absence of superconductivity, it is hardly
surprising that these topological states appear at finite quasi-energy. In particular, they
form at the quasi-energy of the dynamically created charge-conjugation symmetric point.
Notably, the presence of these states can be directly seen in simple conductance mea-
surements. Namely, as the Floquet topological states possess a dominant spin-projection
perpendicular to the spin quantization axis of the helical edge states to which they are
coupled from the outside, a backscattering appears, signaling their presence.
Electronic interactions significantly complexify the study of (topological) BSs in hetero-
systems. This happens as a consequence of the reorganization of the Fock space. Rele-
vant interactions are no longer of fermionic kind but carry a bosonic character. Isolated
fermionic (bound) states are thus difficult to describe. However, the inclusion of electronic
interactions also contains enormous potential, especially for the formation of more complex
anyons beyond the Majorana. Thereby, the limiting factor is given by the ground state de-
generacy. Without electronic interactions, 1D systems cannot show any other non-Abelian
anyonic excitation than the Majorana. Even in the presence of interactions, this can be
challenging for purely 1D systems (such as quantum wires are) by fundamental consider-
ations as demonstrated by Fidkowski and Kitaev [FK11]. In turn, systems that emerge
as a boundary theory from topological properties of a higher dimensional system are not
constrained by Ref. [FK11]. In the latter scenario, interaction terms can induce a high,
symmetry protected ground state manifold that enables the formation of parafermionic
BSs in proximity to s-wave superconductivity. However, the typically strong interactions
that are required to obtain the latter interactions as RG relevant perturbations often
times constitutes a challenge and a main point of criticism. In QSH QCs, this criticism
is definitely inappropriate. There, due to the increased number of fermions, gap-inducing
interaction terms can appear as RG relevant perturbations even for only weak repulsive
electron-electron interactions. In combination with superconductivity, this leads to the
formation of an eightfold ground state degeneracy that makes room for the formation of
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one parafermion and one Majorana mode, bound at the interfaces. Interestingly, recent
transport experiments, performed on QSH QPCs indeed indicate the presence of inter-
action induced gaps in the form of a conductance reduction of an integer conductance
quantum e2/h. In particular, the term that we associate with this reduction takes also a
central role for the formation of parafermions.

5.2 Outlook
Despite the findings presented in this thesis, many questions still search for their answers.
QSH anti-wires constitute an eligible alternative platform for the formation of topological
superconductivity. Moreover, we were able to find an unambiguous transport signature
that proves the presence of Majorana modes. However, the immense potential of such
nanostructures is by far not exhausted with these results. An open and interesting ques-
tion would for instance be, whether one can find a signature that proves the topological
separation of the Majorana modes (located at the ends of the anti-wire). Such a proof
would clearly constitute a powerful proposal that goes far beyond existing ones. When
it comes to the formation of parafermions in such structures it would further be an in-
teresting question if (at all) there exists a transport signature that discriminates them
from Majoranas. So far the only existing proposal addressing this question is given in
Ref. [ZK14], where the authors describe a 8π-periodic Josephson effect in the presence
of Z4 parafermions. The main reason for the lack of proposals in this direction is that
parafermions are typically constructed as interface BSs and not as end modes of topolog-
ical system. This emerges only partially from computational reasons. More conceptually,
it is difficult to engineer ends in edge state based systems, inherent to a higher dimensional
topological system. The anti-wire model constitutes an exception from that. Thus, from
a conceptional point of view, one could consider the QSH anti-wire toy model setup (see
Fig. 4.6), where the Majorana is replaced by a parafermion, and compute the conducting
properties of this structure.
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Acronyms

1D one-dimensional
2D two-dimensional
BCS Bardeen-Cooper-Schrieffer (theory)
BdG Bogoliubov-De-Gennes
BS bound state
CAR crossed Andreev reflection
EC electron co-tunneling
PH particle-hole
QC quantum constriction
QPC quantum point contact
QSH quantum spin Hall
RG renormalization group
SC superconductor
SOC spin-orbit coupled/coupling
SP single-particle
TI topological insulator
TP two-particle
TR time-reversal
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