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1 | INTRODUCTION

In nonlinear systems control, the Lyapunov direct method provides a way to analyze the stability of the system without
having to explicitly solve it. Fractional calculus helped modeling systems in a different way. Many of the real sys-
tems have fractional behavior, therefore they can be adequately described through fractional models (see viscoelastic
polymers,! semi-infinite transmission lines with losses,? dielectric polarization,? etc). In engineering, for example, the dig-
ital fractional-order controller was designed to control temperature in Reference 4, the fractional-order PID controller was
used in Reference 5 to control the trajectory of the flight path and stabilization of a fractional-order time delay nonlinear
systems in Reference 6. For stability and stabilization of fractional-order systems we refer to the series of papers.”1°

Recently, Lyapunov stability theory and Razumikhin method were modified and applied to fractional systems with
time dependent delays in References 11-13.

The analysis of bounded input bounded output (BIBO) stability of systems is very important for its possible appli-
cation in many aspects such as single/double-loop modulators, or issues connected with bilinear input/output maps,
and so forth. The BIBO stability for 2D discrete delayed systems is studied in Reference 14, for networked control sys-
tems with short time-varying delays in Reference 15, for retarded systems in Reference 16, for switched uncertain neutral
systems with constant delay is considered in Reference 17, for perturbed interconnected power systems in Reference 18,
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for feedback control system with time delays,? and for Lurie system with time-varying delay in Reference 19. Recently,
input-to-state stability was extended to Caputo fractional models in Reference 20, robust stability to uncertain multiorder
fractional systems in Reference 21 and BIBO stability to fractional-order controlled nonlinear systems in References 22,23.

In this article we study a nonlinear Caputo fractional system with bounded time-varying delay and nonlinear output.
Regarding the significant dependence of the Caputo fractional derivative on the initial time, we define uniform bounded
input-bounded output (UBIBO) stability and UBIBO with input threshold. In the case of UBIBO with input threshold, a
special number provides a threshold so that, for any input with the norm below this threshold, the UBIBO estimate holds.
We apply quadratic Lyapunov functions and their fractional derivatives among the given system to study the stability
properties as in Reference 23. But the presence of the delay into the system requires the application of the fractional
modification of Razumikhin method and so called Razumikhin condition. Note that the direct Lyapunov method is not
applicable for systems with any types of delays. Also, we study very general case of bounded delay which includes the
case of constant delays!” and variable delays.>!® Several types of sufficient conditions for UBIBO are obtained. Explicit
bounds of the output are given. All bounds depend on the fractional order and on the bound of the input.

2 | STATEMENT OF THE PROBLEM

In what follows, we denote by t, the initial time. The physical meaning of the independent variable ¢ is time in differential
equations, so we will assume ¢, € R, = [0, 00).
In this article we will use Caputo fractional derivative of order g € (0, 1)+

t

1 _

ngm(t) = Ao q)/(t -8 Im'(s)ds, t>ty,
fy

where m € C!([ty, ), R) and I'(.) is the Gamma function.

The fractional derivatives for scalar functions could be easily generalized to the vector case, by taking fractional
derivatives with the same fractional order for all components.

We will use the following norm

|Ixl],, = \/xf +X2+ .+,
with x=(x1,X,, ... ,X,). For any m-dimensional function u € L,,, we use the supremum norm
lullo = sup [[u®)lm,
t>0
and we consider the Frobenius norm

”A“nxm =

foramatrix A € R™™, Given a symmetric matrix A € R™", we denote Ayin (A) and Apax (A) the minimal and the maximal
eigenvalue of matrix A, respectively.
Let r > 0 be a given number and let Cy = {u € C([-r,0],R")}, with a norm

llullo = max [[u(®)ln,
te[-r,0]

and BCy(B) = {u € C([-r,0],R"™) : |lullo < f}, where f is a positive real number.
Consider the following nonlinear Caputo fractional delay differential equation with input (FrDDEI) and
fractional-order g € (0, 1):
ngx(t) = F(t,x(t),x;, u(t)), fort> to,
y(t) = F(t,x(t)) + h(t,x(®)u(t), fort>t, (1)
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where

1. x € C}([0, ), R") and x,(s) =x(t +5), s€[-r,0];
2. F:[0,00) xR*xR*"XxR™ - R", F : [0,00) X R" > R" and h : [0, c0) X R" — R™™;
3. u:[0,00) > R™ u € Ly,istheinputandy : [0, c0) — R" is the output of the system.

Remark 1. Note that if x € C([0, o0), R") then for any fixed ¢ > 0 the function x; € C.

Remark 2. Note that, for a fixed initial time t,, the functions in the right side parts of (1) are necessarily to be defined
only for t > ty, but in connection with the following study of the stability properties, we will assume that all of them are
defined for ¢ > 0.

We will study the following special cases of (1):
Case 1: Function F is given by
F(t,x(t), x;, u(t)) = f(£,x(8)) + G(t, x;) + g(t, x)u(®),
where f,G : [0,00) X R" — R", g : [0,00) X R" — R™™ that is, the system is

L DIx(t) = f(t. (D) + G(t,x:) + gt X)u(®),
y(t) = F(t, x(t)) + h(t,x()u(t), fort> ty; 2)

Case 2: Function F is given by

F(t,x(8), X, u(t)) = Ax(t) + H(x(1)) + G(£, x;) + g(t, x)u(d),

where A is nxn dimensional matrix, H :R" > R", G:[0,0)xR" > R", g:[0,00)xR"* - R™™M,
that is,

gD?x(t) = Ax(t) + H(x(t)) + G(t, x;) + g(t, xp)u(t),
y(t) = F(t,x(t)) + h(t,x()u(t), fort>t,. 3)

For the FrDDEI (2) and (3), we consider the initial condition

x(t+1to) = ¢o(t), te[-r0], )

where ¢y € Cy.
We denote the solution of the initial value problem (IVP) (2) and (4) (respectively, (3) and (4)) by (x,y), with x(t) =
x(t; to, o, w) and y(£) = y(t; to, o, w), for t > to —r.

Remark 3. We will assume that, for any initial function ¢, € Cy, for any initial time ¢y, > 0, and for any input u € L, the
corresponding IVP for FrDDEI (2) and (4) (respectively, (3) and (4)) has a solution. For existence and uniqueness results
to Caputo fractional differential equations with delay, see, for example, References 26-28.

Next, we will give the definition of bounded input bounded output (BIBO) stability to FrDDEI (2) and FrDDEI
(3). Note that Caputo fractional derivatives depend significantly on the initial time, making the behavior of the solu-
tions different than the case of ordinary derivatives. This requires slight changes in the classical definitions of BIBO
stability. Motivated by the definition of BIBO stability presented and studied in References 2,14, we introduce the next
definition.

Definition 1. The FrDDEI (2) (respectively, FrDDEI (3)) is said to be
- uniformly bounded input bounded output (UBIBO) stable with input threshold y,, if there exist positive constants ay,

such that, for any initial time ty, >0, any initial function ¢y € BCy(a;), and any input u € Ly, with ||u]| < 74, the
corresponding output y satisfies |[y(t)|| < g, for all ¢ > to;
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- uniformly bounded input bounded output (UBIBO) stable if, for any initial time ¢y, any positive constants a;, @, any
initial function ¢y € BCy(a1), and any input u € L, with ||u]l. < a2, the corresponding output y is bounded, that is,
there exists a positive constant f = (a1, az) > 0 such that ||y(¢)|| < p, for all £ > ¢,.

Remark 4. The bounds a;, @, in the definition for UBIBO stability are arbitrary and independent on the initial time ¢,.
Also, the constant g depends on the chosen bounds a;, a, and it is increasing w.r.t. both.

Remark 5. One of the main properties of Caputo fractional derivative is its significant dependence on the initial time
to. The change of the initial time points leads to a change not only in the initial condition but also in the differential
equations, therefore in the solution. Uniform BIBO defined in Definition 1 provides bounds for the solutions of equations
with different fractional derivatives.

Remark 6. In the definition for UBIBO with input threshold, if the input is larger than the threshold, then the estimate
for the output is not guaranteed.

Note that sometimes BIBO stability is called externally input-output stability.

One approach to study BIBO stability properties of nonlinear Caputo fractional differential equations with input is
based on using Lyapunov functions. Note that there are two basic approaches in applying Lyapunov method for studying
stability properties. One is the Krasovskii method based on the application of Lyapunov functionals, the other is the Razu-
mikhin method based on the application of Lyapunov functions. In this article we will use the second one. In connection
with this we need an appropriate definition of its derivative among the studied fractional differential equation.

3 | LYAPUNOV FUNCTIONS AND COMPARISON RESULTS FOR CAPUTO
FRACTIONAL DELAY DIFFERENTIAL EQUATIONS

In this section, we will give some known results concerning the application of Lyapunov functions to the following IVP
for the Caputo fractional delay differential equation (FrDDE)
E)’qu(t) = g(ta xt)s fOr te (t07 T]s
x(to +5) = ¢(s), s€[-r0], (5)
where x € C'([ty, ), R"), ¢ € Cy, and G : [fy, T] x R* - R™.
Note that T < oo and, in the case T = oo, the interval J = [t, —r, T] is half-open.

Definition 2. We will say that functionV : J X A - R, A c R", belongs to the class A(J, A) if V is continuous onJ X A
and it is locally Lipschitzian with respect to its second argument.

Letx(t) € A, t € [ty, T), be a solution of the FrDDE (5). We will use Caputo fractional derivative of Lyapunov function
V € A(J, A) among FrDDE (5) defined by

1

¢ DIV(L,x(1)) = =0

t
/(t - s)_q%(V(s, x(s))ds, te (ty, T]. (6)
[0

In our study we will use the Razumikhin condition for the Lyapunov function V € A(J, A) and any y € C([—z, 0], R"):

V(t+0,y(0) <V(t,y(0), ©¢€[-r0]

Lemmal (Comparison result). Assume that:

1. The function x = x(t; ty, ) € C*([to, T, A) is a solution of the IVP for FrDDE (5).
2. The function V € A([ty — 7, T], A), A C R" and for any point t € [ty, T], such that

V(t+s,x(t+5) < V(tx(®), se][-r0),
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the fractional derivative fODq V(t,x(t)) exists, and the inequality
B DIV (Ex(0) < —aV(t,x(0) + & (7
holds, where a > 0, £ > 0 are constants.

Then,

V(t,x(t)) < max V(ty+ s, P(s)) + é
se[-r,0] o

forallte[ty, T.

Proof. Denote

B = max V(ty + s, ¢(s)) + é’
se[-r,0] @

and m(t) = V(¢t,x(t)), for t € [ty — r, T]. Let € > 0 be an arbitrary number. We will prove that
m() <B+e, tel(t, Tl (8)
Let us assume that inequality (8) does not hold. Since

m(ty + ) = V(ty + s, P(s)) < max V(tg + s, P(s)) < max V(ty + s, p(s)) + < =B<B+e,
s€[—r,0] S€[-r,0] o

there exists a point t* € (ty, T) such that
m(t)<B+e, te[ty—r,t*), and m(t*)=B+e. 9
From inequality (9) and the definition of function m(t), it follows that V(¢*, x(t")) > V(t, x(t)), for all t € [t* — r, t"). Accord-
ing to condition 2, the fractional derivative fODq V(t*, x(t*)) exists. Therefore, the fractional derivative fOqu(t*) exists
and fOqu(t*) = fqu(m(t*) — B—¢). Then
fqu(m(t*) —B—-¢)>0 or fOqu(t*) > 0.
Therefore, V(¢*,x(t")) > V(t,x(t)), for all t € [t* — 1, {"). According to condition 2, we get
fquV(t*,x(t*)) < —aV({*",xt*)+E=—-a(B+e)+ €&
=—a < max V(¢ +s,qb(s)> + é +e)+ ¢
s€[-r,0] 04

= —a max V(ty + s, p(s)) — ae < 0. (10)
s€[—r,0]

The obtained contradiction proves the claim of Lemma 1. [

We will also need the following result:

Lemma 2 Reference 29, let P € R™" be a constant, symmetric and positive definite matrixand x : R, — R" be a function
for which Caputo derivative is defined. Then,

% DI (t)Px(t)) < xT(OPSDIx(D), Vit > 0.
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4 | BOUNDED INPUTBOUNDED OUTPUT STABILITY
4.1 | UBIBO stability of FrDDEI (2)

We will introduce the following assumptions:
Assumption (Al). There exist a symmetric positive definite matrix P € R"*" and constants y > 0, M > 0, such that

xTPfT(t,x) < —yxTx+ M, forallt>0, x € R".
Assumption (A2). The function G € C([0, o) X R", R") and there exists a constant C > 0 such that
|G, )|, <C, forallt>0, x eR"
Assumption (A3). The function G € C([0, 0) X R",R") and there exist a constant Lg > 0 such that
|G, %)||ln < Lgl|x|ln, forallt>0, x e R".
Assumption (A4). There exist constants a, b, L >0, p; > 1, and 0 < p, <1 such that
IFt 0|, < allx|?* + blix||? + L, forallt>0, x € R".

We will obtain several sufficient conditions depending on the type of the matrix function which are coefficients before
the input vector in FrDDEI (2).

41.1 | Bounded coefficients function before the input

For this section, consider the following new assumption:
Assumption (A5). The matrix functions g,h € C([0, c0) X R", R™"™) are bounded, that is, there exist constants
K;,K; >0 such that

Igt, ©)|lnxm < K1, |[AEX)|[ixm < K> forall t >0, x € R™.

In the case when both functions g, k in (2), as well as the delay term, are bounded, we obtain the following result:

Theorem 1. Let the assumptions (A1), (A2), (A4), (A5) be satisfied. Then, the FrDDEI (2) is UBIBO stable.

Proof. Let the positive constants a;, @, be arbitrary fixed and the initial function ¢y € BCy(a;), and the input u € L, with
[lu]l < @z. Let ty > 0 be an arbitrary point and consider the solution (x(t), y(t)), t > to, of the IVP for FrDDEI (2) and (4),
with x(t) = x(t; to, po, U), Y(t) = y(t; to, o, u), for t > to—r.

Consider the quadratic function V(t,x)=x"Px for x € R". Then Apin(P) |x||2 < V(t,X) < Amax(P) ||X]12,
V(t x) < ”P”an ||x||2 ”P”nxn > /lmax(P) and for ¢0 € BCO(#) we have the inequality Sup@)e[—r,O]V(tO + ®» d)O(@)) <

V(tx(t V(tx(t
Amax(P)\Ihollo, X117 > T2 and [Ix(0)][} < 72 for £ fo.

We will apply Lemma 1 to prove the claim. In connectlon with this we have to check condition 2 of Lemma 1.

Let the point ¢t >ty be such that the Razumikhin condition be satisfied, that is, the inequality V(¢ + 0,x(t + ©)) <
V(t,x(t)) holds for ® € [—r,0], or x(t + ®)TPx(t + ®) < x(t)TPx(t) for ® € [—r,0]. Then from Lemma 2 and inequality
2ab < a® + b?%, a,b € R we get for the above chosen point ¢ :

ng V(t,x(1) < 2x" ()P ngx(t)
= 2xT()Pf(t, x(1)) + 2x" (t)PG(t, x,) + 2x” (£)Pg(t, x;)u(t)

< 2yxT(t)x(t)+2M+2(\/025 () |]) X ” Il r2xn

1/0.25y
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[Pl nxn K1 [u()|lm
+ 2(1/0.25y [|x()|l»)
! 1/0.25y

4C?||PII; N APl 7o KT Ml

nxn
14

< =7lx@)ll7 +2M +

41|PII2,, (C> +K?a2

nxn
14

4P|, (C? + K2a2
<——"1 _vitx)+2M+ — 127
Amax (P) Y

< —rlIx®lln +2M +

amn

According to the inequality (11) condition 2 of Lemma 1 is satisfied with the constants

2 2 2,2
a= 1 pmoyy M (€ T E)
Amnax (P) y

According to Lemma 1 we obtain that for all ¢ > ¢,

4111

nxn

(C*+K}a2)
4
Y
Amax (P)
4||P||%,, (C*+Kiad) )
Y

2M +
V(t,x(t)) < sup V(i + 0,x(®)) +
Oc[-r,0]

Amax(P) <2M +

< )«max (P)||¢0”0 + v . (12)

Therefore,

Amax (P) o 4. Pl G
”x(t)”n S max o N ‘ | (13)
Amin (P) .

and from assumptions (A4) and (A5), we obtain an upper bound for the output:

V2
4||P||%,., K? 2My + 4||P|3,., C?
”y(t)”n S a J ﬂmax (P) (al + || ”nXl’l 1 az + Y || ”an

)«min (P) yz 2 yz

P>

p| | Amax ®) 4Pl KT 2 2My + 4||P||;,,,C?

1
/1min (P) 72 2 7/2

+ L+ Ky, fort>t. (14)

Inequality (14) proves that the FrDDEI (2) is UBIBO stable. n

Remark 7. Note that all conditions (A1)-(A5) do not depend on the delay. Therefore, the sufficient condition in Theorem 1
is true for any type of a bounded delay.

Example 1. Let n=1,m=2 and consider the scalar nonlinear FrDDEI

ngx(t) = —x(t) + M + A; cos(x(t — =(t)))uq(t) + A, sin(x(t — z(t)))u,(t),

O B0

m 1+ |x(t)| u,(0), for t > to, (15)

y(©) = ax(t) + B

where x € C'([0, ), R), g€(0,1), and 7 € C([0, 0),[0,7]) is the delay. Also, M, C,A;,B; are constants, for i=1,2,
u=(uy,u,) is the control input, and y is the output of the system. In this case, b=0,p; =1,L=0, P=1, g(t,x)=(g1,82),
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&1(t,x;) = Ay cos(x(t — 7(1))),  &(t,X;) = Az sin(x(t — 7(1))),

h(t,x)=(hq, h,), where
_x
T x|

X

hi(t,x) =B —_—
1(t,X) T i

hz(t, X) =B

Note that

lgt.0)ll2 < /A2cos2(x) + AZsin’(x) < K,

and

Ilh([,X)”z < \/Bi +B§ =K.

Then, according to Theorem 1, system (15) is UBIBO stable, that is, for any initial time ¢, any ¢y € BCy(a1) and any input
u € L, with ||u]|» < a; the corresponding output y is bounded by

oM + K2

@Ol <a\ o+ + +1/B2+ B a,. (16)

Note that the fractional equation and the fractional derivative depend significantly on the initial time ¢, but the bound
(16) for the output depends only on the bound of the initial function and on the bound of the input. It does not depend
on the initial time.
Consider the particular case of the FrDDEI (15):
gD?'Sx(t) = —x(t) + 1 + cos <x (t - H%)) uy(f) — 2sin (x <t - H%)) u(t), t>to,
x(t+1t) =—€', te[-2,0],

(o) = 2x(t) = 3—0__py 1y 4 420 __

1+ X0 T+ O] u,(t), fort > to, 17)

thatis,q=0.5,M=1,a=2,A1=1,A,=-2,B;=-3,B,=4,P=1,and r € C([0, o), [0, 2]) is given by z(¢) = Hil Then,

V/(cos(x))? + (=2sin(x)2 <2=K; and K,=5.
Case 1. Choose the bounds a; = 1, @, = 0.6. Then, according to (16), the output is bounded:

y(®)] < 24/1+ (2 + 4 (0.6)%) + 3 ~ 8.32813.
t

First, let u=(uq, u,) with u;(t) = ol uy(t) = ILZ, and ¢(t) = —e'. Then,

lu()] = \/<1-|€e[)2+(1-|t-t2)2 < =06

and

lpO) =|-¢€|<ar =1

Denote the corresponding output by y;.
Second, let u = (uy, u,) with uy(t) = 1#“ and u,(t) = 0.4 cos(t). Then,

and denote the corresponding output by y,.
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FIGURE 1 The graphs of the outputs Iy, |, ly,, ly;| for t, =0 [Colour figure I - 7 77~
can be viewed at wileyonlinelibrary.com]
7,
6,
5 |
4
3 4
2,
N~ — ~ =TS N
1 /\,f\_’T/'\\;’i\z/_\_/\/ N / /\\/\J
— Z — .
i ~ /f N N ~ N
0 10 20 30
[= =l == P = — Pl — — Bownd
FIGURE 2 The graphs of the outputs Iy, |, [y, ly;! for £y =10 [Colour figure J 77
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Finally, let u = (uy, uy) with u;(t) = 0.5¢™* and u,(t) = 0.5 sin(t). Then,

lu@®|| < az = 0.6,
and denote the corresponding output by y;.

The graphs of the absolute values of the outputs y;,,,¥s, for the initial times ¢, =0 and also f, =10, are given on
Figures 1 and 2, respectively. They show that, regardless the initial time, if the input is bounded, then the corresponding
output is also bounded and this bound does not depend on the initial time.

Case 2. Let the initial function in FrDDEI (17) be changed by ¢(t) = cos(4t). As in Case 1, we consider the outputs
¥1,¥2,y3 corresponding to the three different bounded inputs. Figure 3 shows that the type of the bounded initial function
does not change the boundedness of the output.

Case 3. Consider FrDDEI (17) with unbounded input u;(¢) = ¢’ and u,(t) = 4, and two different initial functions, ¢(t) =
cos(4t) and ¢(t) = e, with corresponding outputs y; and y,, respectively. The graphs of both outputs y;,y, on Figure 4
show that unbounded inputs does not guarantee bounded outputs.

In the case when the delay term has a linear bound, we obtain the following result:

Theorem 2. Let the assumptions (A1), (A3), (A4), (A5) be satisfied with a Lipschitz constant
14

e P\
1Pl (1+ 2220

Lg <

Then, the FrDDEI (2) is UBIBO stable.
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T FIGURE 3 The graphs of the outputs [y, 1, [y,l, lys| with ¢(¢) = cos(4t)
[Colour figure can be viewed at wileyonlinelibrary.com]
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Proof. Let the positive constants «;, @, be arbitrary fixed and the initial function ¢py € BCy(ar;), and the input u € L, with
[lu]lo < @a. Let ty > 0 be an arbitrary point and consider the solution (x(t), y(¢)), t > to, of the IVP for FrDDEI (2) and (4),
with x(t) = x(t; to, ¢o, ), Y(t) = y(t; to, o, u), for t > tq —r.

Consider the quadratic function V(¢,x) = x" Px. Then, for any x € R" we have

Amin (P) [IX12 < V(£,%) < Amax (P) [IX]12,
V(t,x) < ”P”nxn ”x”%u ”P”nxn > Amax (P).

We will use Lemma 1 to prove these inequalities. In connection with this we have to check condition 2 of Lemma 1.
Let the point > t, be such that the Razumikhin condition be satisfied, that is, the inequality V(t + 0,x(t + ©)) <
V(t,x(t)) holds for ® € [—r, 0], or x(t + ®)TPx(t + ®) < x(t)TPx(t) for ® € [—r, 0]. Therefore, for that t we have

2 Amax (P) 2 _
lIx(t + ©)]]” < 7 (P) Ix®*, for ® € [-r,0].


http://wileyonlinelibrary.com
http://wileyonlinelibrary.com

ALMEIDA ET AL. 235

WILEY
Apply Lemma 2 and the inequality 2ab < a? + b?, a,b € R and we get for the above chosen
DIV (t,x(1)) < 2x"(t)P { Dx(t)
= 2x" (OPf(t,x(1)) + 2x" (DPG(t,Xy) + 2xT ()Pg(L, X(1), X)u(t)
< =2yx"(Ox(8) + 2M + 2L6 1P llen X0l n 1% 1
Plluxn Ki |0
+2(\/;||x(t)||n) ” ”nxn \/1_” ”m
4
< =71l + 2M + Lo |IPllaxa X117 + Lo 1 Pllnsn 1117
IIPIInxn K7 |lull?,
14
2 Amax (P) 2
< = = LallPllascn) XDl + 2M + Lg||Pllnxn x|
/1rnin (P)
IIPIInxn K7 Jlull3,
4
Amax (P) 2
- — Lg||P 1+ Ol +2M
<7 all IIan< - (P))) (X115
WPl K3 Tl as)
4
Similarly to the proof of Theorem 1 by the application of Lemma 1, we get
_® 2M + Ill’llﬁanyfllu(t)ll2
X1l < — P llgollo + | (19)
min (7) 7 = LollPllwen (14 222
mm (P)
and for the output,
D1
|P”n><n I Wnxn ™1
max (P) 2M + lu®ll%
Ol <al | 725 lidollo + —
min ¥ = LG|IPllnxn (1 + 22 (P))
V)
1Pl KT 2
A (P) 2M + —2= ud) s
+b| (52 ol + —
min 7 = LollPlloxn (14 2222)
+ L+ K||u(t)||e fort>t. (20)
u
4.1.2 | Linear estimate of the coefficient functions before the input

Let us introduce the following assumption:

Assumption (A6). The matrix functions g,h € C([0, o) X R",R™™) and there exist constants L,l>0 such
that

18t ) llnxm < LlxX|ln - and  [|A(t, ) |lnxm < LIX]ln,

forallt > 0, x € R".
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In the case when the coefficient functions before the input are linearly bounded and the delay term is bounded, we
obtain the following result:

Theorem 3. Let the assumptions (Al), (A2), (A4), (A6) be satisfied. Then, the FrDDEI (2) is UBIBO stable with input
threshold

__ V(P

Yu

Proof. Let tp,>0 be an arbitrary point and the input ue€L, be such that ||u||, < y,. Consider the solution
(x(1),¥(1)), t>ty, of the IVP for FrDDEI (2), (4) for this input and with x(t) = x(t; to, o, ) and y(t) = y(t; to, o, 1),
fort>ty—r.

Consider the quadratic functions V(t,x) = x"Px, x € R".

Again we will apply Lemma 1 to prove the claim. In connection with this we have to check condition 2 of Lemma 1

Let the point ¢t > t, be such that the Razumikhin condition be satisfied, that is, the inequality V(t + 0,x(t + ©)) <
V(t,x(t)) holds for ® € [—r, 0], or x(t + ®)TPx(t + ©) < x(t)T Px(t) for ® € [—r, 0]. By the application of Lemma 2 we obtain
for the chosen above point ¢:

L DIV, x(1) < =2rx"(Ox(t) + 2M + 2C[1X(8)lln [1Pllnxn
20O 1Pllsen 18CE 3 e 12O
C||P
< 27 X1 +2M + VIOl %
Y
& Liltllen 1Plascn 20O 1xcl1)
P2

nxn

< —rlIx®lls +2M +

+ LyullPllaxn IX(OII7 + L ey

C?IPII;
Y

88ullPllnxn 11Xell7 < =7 (@17 + 2M + ——"2 + Ly || Pl IX(D) 117

Amax (P) 2
i (P) [l

Amax (P)
<—|y=2Ly,|IP
< <7 Yull Pl nxn e (P)

<- ( Y _ 2L7u||P”n><n
/lmax (P) Amin (P)

+ LyullPllnxn

C?IIPII;

nxn

> (0|7 + 2M +

C?IIPII;

nxn

> V(t,x(t) + 2M +

Using inequality (21), together with Lemma 1, considering

Ly,||P C?||P||?
o= < Y ) ull ”nxn) and & =2M + Il ”nxn,
Amax (P) Amin (P) Y
we get

oM + C2||P|I%,

< Y

V(t,x(1) < @2[11130]1/(1‘0 +0,x(0) + — T
' Amax (P) )'min (P)
2 2
2M + C III;IIV,X"
= Amax (P)”d)OHO + » 207, 1Pl . (22)

imax (P) Amin (P)
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Therefore,

C2|\PlE,

Amax (P) M+ ==
Xl < o (P) [[dollo + ) , (23)

min % = 2Lyyll Pl nxn
and, from assumption (A6), we get for the output
C2|IPII2 "
Amax (P) M+ =
”y([)”n <a e (P)|I¢0”0+ YAz (P)
min m — 2L||P||nxnYu
C2||P|12 "
2M + — e
/lmax (P) 4
+b [[gollo + vl +L
) Jonn (P
Amin (P) Hais 8 — 2L|Pll
C2||PI2,,
Amax (P) M+ =
+ 1l m”d’o”o*- T ® , 2t (24)
min ALH(P) = 2L||P|| nxnYu

7lmin P) [ |

Therefore, FrDDEI (2) is UBIBO stable with input threshold PR
Corollary 1. Let the conditions (A1), (A2), (A4), (A6) be satisfied with M = 0. Then, the FrDDEI (2) is UBIBO and the output

is bounded by
Py P>
Amax (P) Amax (P) Amax (P)
Hln < b L+ 1ulle .
ly®ll» < a Amin(P)”qu”O + Amin(P)”%”O + L+ Ifull \/Amm(P)”(ﬁO”O

Example 2. Let n=3,m=2 and consider the IVP for the nonlinear FrDDEI

tCOD?X(t) = fx(®) + g(t, x(t — z(O)u(t), t> to,
x(t+to) = p(t), € [-r,0],
y(t) = Dx(¢) + h(t,x@O))u(t), for t> b, (25)

where x = (x1,%2,%3)T, ¢ = (¢1, P2, ¢p3)T, function f = (f1, f2,f3)T is defined as

fi(x) = =x1, fo(x) = =1.5%, f3(x) = —3x3,

D=diag(d), d>0, 7 € C(R,,[0,r]) is the delay, u = (u, u)”, matrices g, h € R3>*? are given by

m1(0x 7712(t)x2_ hiu(®x:  hpa(dx
8t %) = | nau(Ox2 na(x3 |, hEX) =[hu(®xy ha(t)x,
ma(Dx3 n32(t)x | ha1(Ox;  haa()x3
and the matrices A, H € R3*2 -
ma(t)  na(t) hi(t)  haa(t)
A = na) n@®) |, HEO=[hu() hxpd)
n31 () n3(h) | hsi(f)  haa(t)

are such that ||[A(t)||3x2 < 6 < co and ||H(t)||3x2 < H < o0, for all t > 0.
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Then, condition (A6) is satisfied with

L = max{ng (6) + 13,0, 13, (0) + 0y, (0, 13, (D) + 13, (D)}

and
= ntlz%x{h%l(t) + hi, (1), h3, (1) + ha,(0), h3, () + h3, (D)}

Also, assumption (A1) is satisfied with y = 3 and

S NN O
= o O

with eigenvalues Apn.x = 3 and Apin = 1, and ||P|3xs = V14.
According to Corollary 1, the scalar nonlinear FrDDEI (25) is UBIBO, that is, for any initial function

VEO+E0+ A0 <, e [-r.0]

(ep > 01is an arbitrary constant), any input

VUi +ud(t) < ay < 1 t>0,

V14

and any ¢, > 0, the norm of the corresponding output |[y(¢)||3 is bounded by

p = (c+lm)\3a,

for t > t,.
Consider the particular case of the system (25)

EDey (1) = —x1(¢) + sin(E)x (t - ti) Uy (£) — cos(£)x, (t - ti) s (0),

+1 +1
EDa(t) = ~1.5%,(0) + 0.25in(0x, (- Hil) s (0 + cos(ox; (£ - Hil) (),
§DIx;(t) = —3x3(0) + 0.2 sin(t)x3 (t - Hil) uy(t) — 0.2 cos(t)x; (t - H%) uy(8),
x () = —€', x(t) = —sin(t), x3(t) = —cos(t), te[-2,0],
Y(t) = 2x(t) + h(t, x(t)u(t), fort> 0, (26)

with the matrices A, h € R3*2 given by

sin(t) —cos(t) 0.5¢7'x; 0.5 sin(t)x;
A(t) =[0.2sin(t) cos(t) , h(t,x)=|0.5cos(H)x, 0.5arctan(t)x; |-
0.2sin(t) —0.2cos(t) 0.5 cos(t)x3 sin(t)xz

Then a=2,
L = max{sin®(t) + 0.04cos(t), cos’(t) + 0.04sin’(t), cos’(t) + 0.04sin*(t)} = 1,

o = 0.5, oy = 026, and [=1.5.
Case 1. Let us consider two different bounded inputs.
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FIGURE 5 Thegraphs of the output Iy, |, ly;l, and the bound g [Colour [~ — — — —— — ————————77—
figure can be viewed at wileyonlinelibrary.com]
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Case 1.1. Let the input
t t
u(t) = ——, w(t) = ——.
0= 15 0=y
Then,
t\? to? 1
lu®|l = + <ap=—— ~0.267261.
1+ 3e! 1+ 4t \/14

Denote the output by y; = (y(ll), y(zl), y(;)).

Case 1.2. Let the input

1 1
wit)= ————, ()= —————.
10 5+ 0.3sin(t) 2(0) 7 + 0.4 cos(?)
Then,
1
lu®|l < oz = —.
14

Denote the output by y, = (y(lz), y(zz), yéz)).

The norm of the outputs [y; | and ly,|, and the bound g = (2 + ﬁ)\/ 4.5, are represented in Figure 5.
Case 2. Let the input u;(¢) = 3e™, uy(t) = 4sin(f). Then, the input is not bounded by the threshold a, = ﬁ. In this

case, the norm of the output ly;| is also not bounded by g, as it is shown in Figure 6.

In the case when the coefficient functions before the input and the delay term are linearly bounded, we obtain the
following result:

Theorem 4. Let the assumptions (A1), (A3), (A4), (A6) be satisfied, with Lipschitz constant such that

Lg _  ¥min (P)
L LiIPllnxnAmax (P)°
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, FIGURE 6 The graphs of the output [y, | and the bound g [Colour figure
5 ,\\ can be viewed at wileyonlinelibrary.com]
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Then, the FrDDEI (2) is UBIBO stable with input threshold

— y/lmin (P) _ L_G
L||P|lnsnAmax (P) L

Yu

Proof. Let to > 0 be an arbitrary point and the input u € L, be such that ||u||, < y,. Consider the solution (x(t), y(¢)) of
the IVP for FrDDEI (2), (4) for this input.

Let V(t,x) =xTPx. Let the point ¢ > t, be such that the Razumikhin condition be satisfied, that is, the inequality V(¢ +
0,x(t + ©)) < V(t,x(t)) holds for ® e [—r, 0], or x(t + ®)TPx(t + ®) < x(t)TPx(¢t) for ® € [-r,0].
Then for this ¢ by the application of Lemma 2 we get:

EDIV(,x(8) < =27x"(Ox(0) + 2M + 2L IXOllnllXelln 1Pllnxcn
+ 21Ol 1Pllnxn 18 X0 lnxm 1) ]1m
< =2yIlx®|I + 2M + (L + Lllutlloo) I1Pllnxn 201Xl [1x:]l)
< =27|lx(®l7 + 2M + (L + LY)||Pllnxn X017
Amax (P)
Amin (P)

A P)
< =27[Ix(O)|I7 + 2M + (Lg + Ly IPlluscn ——— [Ix@®)ll2
)«min (P)

Amax (P
— 2 (y—(LG+Lyu>||P||nxn ma )> IXOI +2M

+ (Lg + Ly Pl nxn

[Ix(0)lI%

imin (P )

Y (Lg + LyIIPlnxn
<=2 </1max ) - P ) V(t,x(t)) + 2M. 27

Therefore, condition 2 of Lemma 1 is satisfied and similarly to the proof of Theorem 3, with

L L P
a=2< 14 _( ¢ + Ly)ll ||n><n> and ¢&=2M,
Amax (P) Amin (P)
we obtain
A P
Ol < Améx (P)a1+ — M , (28)
min (P) /ILB(P) — (Lg + Ly)|IPllnxn
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and, from Assumption (A6), we get for the output

P
Amax (P M
ly®lln < a max )0‘1 t®
/lmin (P) Pmin 27 _ (LG + Lyu)”P”an
Amax (P)
P>
A P
+b max ( )(X1+ 5 M + L
Amin (P) Lmin 1) _ (Lc + Ly)|IPlnxn
A P
Flllo | 7 D4 ' )
lmin (P) % - (LG +L7u)||P“n><n
n

Corollary 2. Let the conditions (A1), (A3), (A4), (A6) be satisfied, with M = 0. Then, the FrDDEI (2) is UBIBO.

4.2 | UBIBO stability of FrDDEI (3)

We will consider the following assumption:
Assumption (A7). There exist symmetric positive definite matrices P, B € R™" such that

IHX)|l» < x"Bx, forxeR",
and the (2n) x (2n) dimensional matrix

_ ATP+PA+B P
0 -1

has negative eigenvalues, where I is the n X n dimensional identity matrix.
Remark 8. The assumption (A7) was used in Reference 23 for a fractional system without delay.

We will obtain several sufficient conditions depending on the type of the matrix function, which is a coefficient before
the input vector in FrDDEI (2).
4.2.1 | Bounded coefficients before the input

Introduce the assumption:
Assumption (A8). The function G € C([0, o) X R", R") and there exist a constant K3, with

0 <K < —Amax (Q)\/a(l - 2a>ijg,

where a € (0, 0.5) is a given real, such that
G0l < Ks|lx]ln, fort>0, x€R",
where the numbers Amax (Q), Amin (P), Amax (P) are the corresponding eigenvalues of the matrices defined in the

assumption (A7).
In the case when both functions g, & in (3) are bounded, we obtain the following result:

Theorem 5. Let the assumptions (A4), (A5), (A7), and (A8) be satisfied. Then, the system (3) is UBIBO stable.
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Proof. Let the positive constants «;, @, be arbitrary fixed and the initial function ¢y € BCy(a;), and the input u € L, with
[lu]l < @z. Let ty > 0 be an arbitrary point and consider the solution (x(t), y(t)), t > to, of the IVP for FrDDEI (3) and (4),
with x(t) = x(t; to, o, u), y(t) = y(t; to, o, u), for t > tg —r.

Then, we obtain

xT(OPAx(t) + He(t)) + (Ax(t) + Hee())TPx(t) < xT (H)P(Ax(t) + H(x(t)) + xT (£)Bx(t)
+ (Ax(t) + HCe(t)) Px(t) — HT (x(1))H (x(2))
= u"OQut) < —nlv(®)ll2n < —nllx®)|l5, (30)

where § = —Anax (Q) > 0and vE R : v=(x1,X3, ... ,Xn, H1(x), H2(x), ... , Hy(X)).
Consider the quadratic function V (¢, x) = x"Px, x € R", and let the point ¢ > t, be such that the Razumikhin condition
be satisfied, that is, the inequality V(¢ + ©,x(t + ©)) < V(t,x(¢)) holds for ® € [-r, 0], or

x(t + ©)TPx(t + ®) < x(t)TPx(t) for ® € [-r,0].

Therefore,

Amax (P)

0); <
llx( + )17 i (D)

lx(®)||2 for ® € [—r,0]

and by Lemma 2 for the point ¢ satisfying the above conditions we get
cDIV(t,x(1) < 2x" ()P { Dx(t)

= 2xT (t)P(Ax(t) + H(x(D)) + G(t,x;)) + 2xT (t)Pg(t, x;)u(t)
< =nlIx®lln + 2K3 11O [1n 11%l1n + 2K1 [Pl nxn XDl 1UO |l

= —nllx(®lIz + 2(y/an|x®)l») <\ /a—angllxtlln>

K1 ||Plnxn []loo
+2(y/anllx(®)||n) —————
Van

K2 Amay (P) R2||P|12
< (—(1 — 2ayn + %) ()12 + —nz

#Amin (P)
<My ) + K}|IPsns 1)
= Amax (P) an
_ K2 Aoy (P) K2 Aoy (P) . .
where y = (1 —2a) — Qi @ 2 a(l —2a) — m > 0 according to the assumption (AS).

Similarly to the proofs of inequalities (12) and (13) in Theorem 1, we obtain

Amax (P) K1 || Pllnxna
eOll < 1/ 22l ollo + ——— =222, (32)

Amin (P) 124

and we get for the output
3 P
Amax (P) <K1 ”P”nxnaz>
Ol <a)r| —= |+ | ———
ol \J min (P) ( T\ s @

P>
Amax (P) K1 1| Pllnxcn @2 2
b _— L+ K fort > t,.
J Tmin (P) ("1 ’ ( Hmax (Q ToT e frish
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Example 3. Let n=2, m =2 and consider the IVP for the nonlinear FrDDEI

CY09y(py — 2

e x(t)—Ax(t)+g(t,x<t t+1)>u(t), t> to,

x(t) = @), te[-2,0]

Y(t) = Dx(t) + h(t, x()u(t), t > to, (33)

where x = (x1,%)7, ¢ = (¢1, ¢2)T, D=diag(d) with d >0, = € C(R,, [-r,0]), u=(u1,u,)’, matrices g, h € R>? are given
by

X

0
., h(t,x) =1l ,
0

cos(x;) —sin(x,)

—cos(x;) arctan(x;) X2

L | 5 2

A=| 2 , P=
EE) 2 3
11

With Amin (P) = 4 — /5, Amax (P) = 4 + 1/5, and ||P||x2 = V/42. Then,

gt,x) = l

14|, |

_ATP+PAP_1 -4 2 3
0 -1

with all negative eigenvalues {0.5(—5 + 4/13), =1, —1}, and # = —Aax (Q) = 1. Therefore, the assumptions (A7) and (A8)
are satisfied because K3 =0. Also, K; = \/E and K; = \/5 in the assumption (A6). According to Theorem 5, the nonlinear
FrDDEI (33) is UBIBO stable. Choose a = 0.005 and, therefore, u = 1 — 2a = 0.99. Then, Equation (33) is reduced to

2
+4/5 34/49 a
ly®ll2 <c Vs ar + u +a V2.
4_ \/g 0.99
Leta; =1,a, = 0.6 and c=2.
Case 1. Let the input be
t t
U = ——, u(t) = ——,
0= 0=

and the initial functions be
P1(H) = =0.1e”,  ¢,(t) = 0.15¢.

Then,

\/ t \2 t \2
o= (o) + () <=0
llu(®)ll2 e T+ @

and

ld®ll> = V(=0.1e=1)% + (0.156)2 < ay = 1,

for t € [- 2,0]. Denote the corresponding output by y; = (y(ll), ygl)).

Case 2. Let the input be

u () = 0.5sin(t), uy(t) = 0.5¢7¢,
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__________________ FIGURE 7 The graphs of the output Iy, 1, ly,|, and the bound g [Colour
figure can be viewed at wileyonlinelibrary.com]
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and the initial functions be
$1(t) = —0.1e”", () = 0.15¢.
Then,
lu®ll, < az = 0.6
and

lp®llz <1 =1,

for t €[—2,0]. Denote the corresponding output by y, = (y(lz), y(zz)).

According to Theorem 5, in both cases, the norm of the outputs are bounded by

2
=2 Ml+ V3V#906 +0.6V2 ~ 29.4.
45 0.99

The graphs of the norm of the outputs ly;| and ly,l, as well of the bound, are given on Figure 7.

4.2.2 | Linear estimate of the coefficients before the input

Introduce the following assumption:
Assumption (A9). The function G € C([0, o0) x R", R") and there exist a constant K3 with

_Amax (Q)

j'1113)( (P) ’
1P lloxn(L + 220

0<K;<

such that

G, 0lln < Kslix|ln, fort>0, x€R",
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where the numbers Amax (Q), Amin (P), Amax (P) are the corresponding eigenvalues of the matrices defined in the
assumption (A7).

Theorem 6. Let the assumptlons (A4) (A6), (A7), and (A9) be satisfied. Then, the FrDDEI (3) is UBIBO stable with input

threshold y,, = T @

A (P) *
LIl (1+525 ) T

Proof. Let to> 0 be an arbitrary point and the input u € Loo be such that ||u||. < y,. Consider the solution (x(¢), y(t)) of
the IVP for FrDDEI (3) and (4) for this input and x(¢t) = x(t; ty, ¢o, ) and y(t) = y(t; to, o, u), for t > to —r.

For the quadratic function V(t,x)=x"Px and any point ¢ > t, such that the Razumikhin condition be satisfied, that
is, the inequality V(t + ©,x(t + ©)) < V(t,x(t)) holds for ® € [-r,0], or x(t + @)TPx(t + ®) < x(t)TPx(¢t), for ® € [—r,0]
applying inequality (30) we get

thq V(t,x(1) < 2x" ()P gD;’x(t)
= 2xT(H)P(Ax(t) + H(x(t)) + G(t, X)) + 2xT(t)Pg(t, X )u(t)
< =nllx@I15 + 21X 1Pllnxnl |G X0
+ 21X l1Pl s 18CE X e | 110 [
< =nllx®l17 + 21Ol I1PllaxnKslIXcll
+ Ly IXONANPllasn + Lyallxe 12 1Pl nscn

Amax (P
< <—n+(K3+Lyu>||P||nxn <1+ ( )>> X112

/Imin (P)
V(t, x(t)), (34)

< -
B /1max ®)

where

Amax (P
U = —Anin (Q) — (K3 + Ly Pllnxn <1 + ( )> .

Amin (P )

According to Lemma 1, with

a= T and £=0,
we get V(£,x(8)) < Amax (P)||¢ollo and
@l < 4[5 ol (35)
Moreover, we get for the output the following upper bound:
Py P
Ol <l /2D dollo |+ 1/ 7B dollo |+ L+ by [ 5= dllo

Assumption (A10). The function G € C([0, o) X R", R") and there exist a constant K53 with

0< K3 < _/1max (Q) (1 _ a)a /lmin (P) ,
(1Pl nxn 2Amax (P)

for some a €(0,0.5), such that

G, 0l < Ksllxln, fort>0, xeR",
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where the numbers Amax (Q), Amin (P), Amax (P) are the corresponding eigenvalues of the matrices defined in the
assumption (A7).

Theorem 7. Let the assumptions (A4), (A6), (A7), and (A10), be satisfied. Then, the FrDDEI (3) is UBIBO stable with input
threshold

Y P IminP) (K5’
y”_‘/(l Dl Q) PR <L>

Proof. Let to> 0 be an arbitrary point. Choose the input u € L, such that ||u||, < 74, and consider the solution (x,y) of
the IVP for FrDDEI (3) and (4), with x(¢t) = x(t; ty, ¢o, u) and y(¢t) = y(t; to, o, u), for t > to —r.

For the quadratic function V(¢,x) =x” Px and any point ¢ > t, such that the Razumikhin condition be satisfied, that is,
the inequality V(t + ©,x(t + ®)) < V(t,x(t)) holds for ® € [-r, 0], or

x(t + ©)TPx(t + ©) < x(H)T Px(t),
for ® € [—r, 0] by Lemma 2 and inequalities (30) we get

DIV, x(0) < =nllx(®Ol7 + 21XON I1Pllaxall G, X0l
+ 2[5O 1 1Pl nscn 18CE, %) a1 11

1P en K 1
< —nllx@®|l; + Z(MH;C@”") %
.5an

2| Pl ascn Lyl |l
+ 2(\/0.Sanllx(t)|ln)”xg#m
.oan

1Pl K3 1611
< —nllx(@)I + 0.5an|lx(O)||} + ———"
0.5an
PI2. I2v2Ix |12
+ 0.5an||x(t)]|2 + M
0.5an
2||P|12, (K2 + L2y2) |12
< —(1-anlx®ll; + o u/Pelin
an
A
2|Pll7n (K3 + L2yg) 72 i
<-|G-am- (o) I12
an
< ——E v x), 6)
Amax (P)
where 7 = —Amax (Q),
Apay (P
2||P|l (K3 +L2y3);n§_8
u= (1 — a)rl — ‘min )
an
The rest of the proof is similar to the one of Theorem 6. .

Example 4. We consider a slight changed Example 3. Consider the IVP for the scalar nonlinear FrDDEI (33), with the
matrices g, h € R?? given by

g(t.x) = sin(£)x; —cos(t)le R = l 0.5¢"1x, 0.5 sin(t)x,

0.2cos(t)x; 0.2sin(t)x; 0.5cos(t)x, 0.5arctan(t)x,
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The functions g, h are not bounded, so the result of Theorem 5 cannot be applied. But the assumption (A4) is satisfied,
with

L= nt1>%x{sin2(t) + 0.04co0s%(t), cos’(t) + 0.04sin*(t)} = 1
and

I= II[1>36X{0.25€_2t + 0.25sin?(t), 0.25co0s(t) 4+ 0.25arctan?(f)} = 1.5.

Also, K; = \/5 and K, = \/5 in the assumption (A4). The assumption (A9) is satisfied because K3 = 0. Then, Equation (36)
is reduced to

YOl < @+ [ulle V2)

Case 1. Let the input be

t
)= ——, w(t
0= 7o )

T 14

and the initial functions be
d1() = 0.8¢",  ¢y(f) = 0.5sin(p).

Then,

\/ t\2 t\2
== ) + () < =025
ol =\ (1) +(155) <@

and

le®)ll> = V/(0.8¢)% + (0.5sin(t)? < o = 1,

for t € [- 2,0]. Denote the corresponding output by y; = (y(ll), ygl)).

Case 2. Let the input be

t
1+ 2

u(t) = 0.25sin(?),  u(t) =

and the initial functions be
¢1(t) = —cos(t), ¢,(t) = 0.5arctan(¢).
Then,
lu@®ll <az =035 and [[¢@®|2 <o =1,

for t €[— 2,0]. Denote the corresponding output by y, = (y(lz), y(zz)).

According to Theorem 6, in both cases, the norm of the outputs is bounded by

+/5

4—1/s

~ 4.42526.

f=(2+035V2)
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__________________ FIGURE 8 The graphs of the output Iy, 1, ly,|, and the bound g [Colour
figure can be viewed at wileyonlinelibrary.com]
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The graphs of the norm of the outputs ly;| and [y,l, and of the bound, are given on Figure 8.
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