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Chapter 1

Introduction

In computer science the term automaton (cf. [58]) is used for any kind of de-
vice that processes a given input and produces some kind of output. The study
of these devices is called automata theory. In automata theory the input of
an automaton is usually a word, i.e. a sequence of letters. Automata theory
has many important applications in computer science and other areas. These
applications include compilers for programming languages, parsers for natural
languages, text searching, data mining, software engineering and many more.
Automata can be classified by various criteria. One important criterion is how
much memory an automaton is allowed to use and how it is allowed to access
it. An automaton which independent of the input uses only a finite amount of
memory is called a finite automaton, where the finite memory is usually rep-
resented as a finite set of states. Another criterion for the classification of au-
tomata is, how the automaton is allowed to read the input, e.g. is it allowed to
read the input only sequentially and just once, or is it allowed to read the input
an unlimited number of times and not necessarily sequentially. A third impor-
tant criterion is, what kind of output the automaton produces and at what time
it produces the output, i.e. is it allowed to produce some amount of output
for each computation step or is it only allowed to produce output at the end
of the computation. An automaton, which produces output for every compu-
tation step is called a transducer. One which only produces output at the end
of the computation is called an acceptor or recognizer. Finite automata, rec-
ognizers as well as transducers, have been studied extensively. The two most
well known finite transducer variants are called Moore and Mealy machines.
These machines are, except for their behavior for the empty word (i.e. the
word consisting of no letters), equally powerful. Finite recognizers can be clas-
sified by what kind of output they generate. The most simple variants, which
we call Boolean finite recognizers, produce either the output true or false, i.e.
they accept or reject the given input word. The two most well known models
of Boolean finite recognizers are called deterministic finite automata (DFA) and
nondeterministic finite automata (NFA). Both, DFA and NFA are so called finite
state machines, i.e. the memory of the automaton is given as a finite non-empty
set of n states, which the automaton can either assume or not assume. A DFA
assumes at most one state after reading some input word, thus it has a memory
that corresponds roughly to a register, which is able to hold one number with
dlog2ne binary digits. The number of states an NFA can possibly assume after

1



reading a word is ranging from zero to n, which corresponds to an amount of
storage equaling one register, which is able to hold a number consisting of n
binary digits. In both cases, for DFA and NFA, the states are partitioned into
accepting and non-accepting states. In the DFA case exactly one state is marked
as the initial state, which is the state the automaton assumes at the beginning
of each computation. In the NFA case there can be multiple initial states. A DFA
or NFA accepts a word, i.e. the output of the automaton is true, if and only if
it assumes an accepting state at the end of the computation. DFA and NFA are
equivalent in the sense that the acceptance behavior of an NFA can be simu-
lated by a DFA and vice versa. If an NFA N is to be simulated by a DFA, then the
smallest DFA simulating N can have a number of states, which is exponential in
the number of states of N. The result of the computation of a DFA for a given
word is however obtained more easily, as the DFA assumes at most one state at
any time. Boolean finite recognizers are important in applications, as they cor-
respond to the so called regular sets (cf. [58]). DFA can be used to determine in
linear time, whether a given word is a member of a regular set. The term linear
time denotes that the automaton uses no more than a fixed amount of time for
any letter it processes, where this fixed amount of time does not depend on the
given input word or the processed letter. The same is basically true for NFA,
the time used to process one letter is however usually much higher in the case
of an NFA. Regular sets are often given by regular expressions, which are very
frequently used in compiler and parser construction. A regular expression is
usually first translated to an NFA and the resulting NFA is translated to a DFA
for evaluation. In some cases the step of transforming the NFA representation
to an equivalent DFA representation is omitted, if the number of states required
for a suitable DFA is too large to be handled by some employed real machine.

Weighted finite automata (WFA) are a generalization of NFA introduced by
Schützenberger in [81]. An NFA assumes a subset of its states at any time,
i.e. each state is either assigned the value true or false, depending on if the
automaton currently assumes it. Instead of taking the values true or false, the
states in a WFA can assume arbitrary elements of a given semiring and instead of
producing either the output true or false, the output of a WFA can be an arbitrary
element of some semiring also. Like NFA correspond to regular expressions,
WFA correspond to rational formal power series (cf. [10]). WFA have a wide
range of applications, including language and speech processing [75], pattern
matching [46,45,62], image processing and transformation [27], computation
of real functions [20, 35, 19], image compression [21, 26, 50, 65, 64, 30, 29, 63,
24], texture analysis [40] and fractal geometry [28]. Note that a weighted finite
automaton is not necessarily a finite automaton in the sense that it only uses a
finite amount of memory independent of the input. Depending on the semiring,
the storage of a single semiring element may require an unbounded amount of
space. Thus the automata are in general only finite in the sense that the number
of concurrently required semiring element instances at each time is finite.

Parametric weighted finite automata (PWFA) are a generalization of WFA and
were introduced by Albert and Kari in [4]. PWFA are different from WFA in two
ways. The first is that PWFA consist of multiple WFA running synchronously, i.e.
instead of computing one semiring element for each input word, a PWFA com-
putes a finite sequence of semiring elements for each input word. The number
of synchronously running WFA is called the dimension of the PWFA. This mul-
ti-dimensionality accounts for the attribute parametric in parametric weighted
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finite automata. The second difference is that we do not consider, which out-
put sequence a PWFA produces for which input word. We rather consider the
set S of all sequences an observed PWFA produces infinitely often. If the un-
derlying semiring is a topological space, then we consider all sequences s such
that the automaton produces infinitely many sequences in every neighborhood
of s as members of the set S also. PWFA are known to be more powerful than
WFA. Some functions, which are not computable by WFA (cf. [36]), are com-
putable by PWFA. This includes the real sine, cosine and exponential functions.
PWFA can also be used to represent attractors of iterated function systems (IFS,
cf. [8]), recurrent iterated function systems (RIFS, cf. [9]) and mutually recur-
sive function systems (MRFS, cf. [17]). In contrast to real unary alphabet WFA,
real unary alphabet PWFA are able to represent graphically interesting sets, e.g.
the unit circle in the Euclidean plane.

In this thesis we will study the theory and applications of parametric weigh-
ted finite automata. We will introduce some required notations and definitions
in chapter 2. Chapter 3 is dedicated to a short formal introduction to finite au-
tomata and weighted finite automata. In chapter 4 we will formally introduce
parametric weighted finite automata, give a discussion of the PWFA definition
and study some structural properties of PWFA. We will show that each PWFA
computable set is computable by a PWFA that has at most two different input
symbols. In chapter 5 we present some results concerning the set of sets com-
putable by PWFA. We will show that this set is, assuming that the observed
PWFA fulfill certain constraints, closed under the set union operation, affine
transformation, iterated affine transformation and regular restriction. Concern-
ing the set intersection and complement operations, we give some hints, why
we conjecture that the respective closures do not hold. Furthermore, we will
show that the membership, emptiness and equivalence problems for PWFA com-
puted sets are in general recursively undecidable, implying that there is no ef-
fective state minimization algorithm for PWFA. We will discuss the relationship
of PWFA to IFS, RIFS and MRFS in chapter 6. We will show that it is decid-
able, whether a complex square matrix, in which each element has a rational
real and imaginary part, denotes a contraction mapping. Furthermore, we will
give constructive proofs that each attractor of an affine IFS, RIFS or MRFS is
PWFA computable. We will also show that the converse does not hold, i.e.
there are PWFA computable sets, which cannot be generated by IFS, RIFS and
MRFS. In chapter 7 we present various real and complex functions computable
by PWFA. These include real and complex polynomials on certain compact sets,
real dyadic compactly supported finite impulse response scaling functions and
wavelets, the real sine, cosine and exponential functions, some real and com-
plex rational functions and the complex exponential function. We will show that
certain types of splines and spline patches are easily representable using PWFA
in chapter 8. In particular, these are Bézier curves, Bézier patches, Catmull-Rom
splines and B-splines. At the end of chapter 8 we will present some spline appli-
cations, which can be implemented using PWFA. In chapter 9 we will show how
sets computed by PWFA of suitable dimensions can be interpreted as images,
3d scenes, sets of polygonal surfaces and movies. Furthermore, we will present
some decoding algorithms for PWFA. Finally we summarize the given results
and present some interesting open problems in chapter 10. The color plates
and bibliography can be found at the end of the thesis. The bibliography con-
tains some URLs (uniform resource locators) to resources found on the WWW
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(world wide web). It is in the nature of the WWW that some degree of volatility
adheres to these resources. Therefore we have noted for each URL, at which
time we have checked that the corresponding resource was actually available in
the form we have observed it.

4



Chapter 2

Notations and definitions

In this chapter we introduce some basic notations and definitions used in this
thesis. Most of these are very common and we will thus only provide references
to standard literature.

2.1 Referenced notations and definitions

We use the set notation and definitions of operations on sets as defined by Ku-
ratowski in [66], where we denote the limes inferior and limes superior of a
sequence of sets (Si)∞

i=1 by liminfi→∞ Si and limsupi→∞ Si respectively. The terms
Cartesian product, relation, function and closely related terms like image, pre-
image, etc. and terms in the area of topology we use are defined by Munkres
in [76]. We call a function f : A 7→ B for some sets A and B total, if f (a) is
defined for each a ∈ A. Furthermore, we will denote each pair of a set X and a
metric m on X by (X ,m). Throughout this thesis we will assume that each topo-
logical space X we consider satisfies Hausdorff’s separation axiom, i.e. each
sequence in X has at most one limit in X . We denote the lower and upper limit
of a sequence (Si)∞

i=1 of subsets of a topological space as defined by Kuratowski
in [66] by liminfi→∞ Si and limsupi→∞ Si respectively. The definitions we use in
the area of linear algebra like vector space, inner product, etc. are given by Cur-
tis in [31]. The definitions of the terms semiring, module, Hadamard product
and related terms we use are the same as those given by Berstel and Reutenauer
in [10]. We will call a semiring S metric or topological, if S is a metric or topo-
logical space respectively. Furthermore, we will (in lack of a short name for the
elements of modules) call the elements of modules vectors, even if the underly-
ing module is not a vector space. The notation and definitions of operations on
finite words and finite languages we use can be found in [58] by Hopcroft and
Ullman and those for infinite words in [85] by Staiger.

2.2 Interpretation of words as numbers

We will use the following definitions for the interpretation of words as numbers.
They correspond to the representation of numbers in positional systems.

Definition 2.1 We define K[k] as the set {0,1, . . . ,k−1} for each k ∈ N,k ≥ 2.
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Definition 2.2 We define QU as the set Q∩ [0,1).

Definition 2.3 Let k ∈ N,k ≥ 2.

1. We define the function g[k] : K[k]∗ 7→ N by

g[k](w) =
n

∑
i=1

aikn−i (2.1)

for each w = a1 . . .an ∈ K[k]∗.

2. We define the function q[k] : K[k]∗ 7→QU by

q[k](w) =
n

∑
i=1

aik−i (2.2)

for each w = a1 . . .an ∈ K[k]∗.

3. We define the function r[k] : K[k]ω 7→ [0,1] by

r[k](w) =
∞

∑
i=1

aik−i (2.3)

for each w = a1 . . . ∈ K[k]ω.

Definition 2.4 We define the set Q[k]⊂QU as

Q[k] =
[

w∈K∗k

q[k](w) (2.4)

for each k ∈N,k≥ 2. Furthermore, we define the function q̂[k] : K∗k 7→Q[k] for each
k ∈ N,k ≥ 2 by

q̂[k](w) = q[k](w) (2.5)

for each w ∈ K∗k .

It is well known that the functions g[k] and r[k] are surjective and that the image
generated by the function q[k] for the set K∗k is dense in [0,1] for each natural
number k ≥ 2.

For each k ∈ N,k ≥ 2 we can assign a minimum element to each subset of
K[k]∗ as given in the following definition.

Definition 2.5 Let k ∈ N,k ≥ 2. We can impose a total order on K[k]∗ by defining
that some element v ∈ K[k]∗ is smaller than some element w ∈ K[k]∗, if and only if
either |v| < |w| or |v| = |w| and q[k](v) < q[k](w). We call v the minimum element
of S ∈℘(K[k]∗), if and only if v ∈ S and v < w holds for all elements w ∈ S,w 6= v.
Furthermore, we denote the minimum element of S ∈℘(K[k]∗)\ /0 by minq[k](S).
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Chapter 3

Weighted finite automata

3.1 Finite automata

An early definition of the term finite automaton can be found in [84]. The
term finite in finite automata stems from the fact that each finite automaton has
a finite number of states. A finite automaton is assumed to work in discrete
steps. It processes its input word over some alphabet Σ sequentially, character
by character. The simplest class of finite automata is the class of finite automata
that map words over Σ∗ to the set {0,1}, i.e. each given input word is either
accepted or rejected.

3.1.1 Deterministic finite automata

Definition 3.1 A deterministic finite automaton (DFA) is a quintuple

D = (Q,Σ,δ,s,F),

where

• Q = {1,2, . . . ,n} for some n ∈ N+ is a finite non-empty set of states,

• Σ = {1,2, . . . , l} for some l ∈ N+ is an input alphabet,

• δ : Q×Σ 7→ Q is the transition function,

• s ∈ Q is the initial state and

• F ⊂ Q is the set of final states.

δ is not necessarily a total function. The extended transition function δ̂ : Q×Σ∗ 7→Q
is defined inductively by

δ̂(q,ε) = q (3.1)

for each q ∈ Q and

δ̂(q,aw) =
{

δ̂(δ(q,a),w) if δ is defined for (q,a)
undefined otherwise

(3.2)
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for each q ∈ Q, a ∈ Σ and w ∈ Σ∗. D computes the function f : Σ∗ 7→ {0,1} defined
by

f (w) =
{

1 if δ̂ is defined for (s,w) and δ̂(s,w) ∈ F
0 otherwise

(3.3)

for each w ∈ Σ∗. The language L(D) accepted by D is defined as

L(D) = {w|w ∈ Σ
∗, f (w) = 1} . (3.4)

Furthermore, we define the transition relation R of D as

R = {(s,a, t)|s, t ∈ Q,a ∈ Σ,δ(s,a) = t} . (3.5)

We will use subscript notations like QX and fX in the following to denote the set
of states Q or the function f computed by the automaton X .

We call a DFA D complete, if its transition function δ is a total function.
Otherwise we call D incomplete. It is trivial to show that for every DFA D, there
is an equivalent complete DFA D′ accepting L(D′) = L(D). A complete DFA D is
in exactly one state q∈Q after reading a word w∈Σ∗ and this state is q = δ̂(w). If
q is a final state, then w is accepted by the automaton, otherwise it is rejected. If
the extended transition function of an incomplete DFA D is not defined for some
w ∈ Σ∗, then we may imagine that D does not assume any state after reading w
(especially D does not assume a final state and thus does not accept w). Hence,
a DFA can be in at most one state after reading a word w ∈ Σ∗.

3.1.2 Nondeterministic finite automata

A deterministic finite automaton assumes at most one state at any time. If it
assumes a certain state and consumes an input symbol, there is at most one suc-
cessor state it can assume, which is determined by the transition function. In
contrast, if a nondeterministic finite automaton assumes a certain state and con-
sumes a certain symbol, it may depending on the transition function be allowed
to enter several successor states.

Definition 3.2 A nondeterministic finite automaton (NFA) is a quintuple

N = (Q,Σ,δ, I,F),

where

• Q = {1,2, . . . ,n} for some n ∈ N+ is a finite non-empty set of states,

• Σ = {1,2, . . . , l} for some l ∈ N+ is an input alphabet,

• δ : Q×Σ 7→℘(Q) is the transition function,

• I ⊂ Q is the set of initial states and

• F ⊂ Q is the set of final states.

We assume without loss of generality that δ is a total function (if δ is not defined
for some argument pair (q,a) ∈ Q×Σ, then we define δ(q,a) = /0). The extended
transition function δ̂ :℘(Q)×Σ∗ 7→℘(Q) is defined inductively by

δ̂(S,ε) = S (3.6)
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for each S⊂ Q and
δ̂(S,wa) =

[
s∈δ̂(S,w)

δ(s,a) (3.7)

for each S ⊂ Q, w ∈ Σ∗ and a ∈ Σ. N computes the function f : Σ∗ 7→ {0,1} defined
by

f (w) =
{

1 if δ̂(I,w)∩F 6= /0

0 otherwise
(3.8)

for each word w ∈ Σ∗. The language L(N) accepted by N is defined as

L(N) = {w|w ∈ Σ
∗, f (w) = 1} . (3.9)

3.1.3 Regular languages

It is well known that DFA and NFA are able to accept the same set of languages,
which are called regular languages.

Definition 3.3 The regular languages over the finite alphabet Σ are the smallest
family of languages satisfying the following conditions 1–3.

1. L = /0, L = {ε} and L = {a} for all a ∈ Σ are regular languages.

2. If L1 and L2 are regular languages, then L1 ∪L2 and L1L2 are regular lan-
guages.

3. If L is a regular language, then L∗ is a regular language.

Regular languages are closed under most of the common language operations,
including union, intersection, complement, concatenation and the Kleene star.
Each regular language can be written as a regular expression (cf. [58]). Regular
languages are interesting in applications, because they can be accepted in linear
time with finite memory.

There are effective algorithms to transform each regular language given in
the form of an NFA, DFA or regular expression into an equivalent NFA, DFA or
regular expression. For each regular language L there is a (upto bijective state
renaming) unique state minimal DFA D accepting L, i.e. D accepts L and there
is no DFA D′ having a smaller number of states than D, which accepts L. This
minimal automaton can be computed effectively.

3.1.4 Display of finite automata as augmented graphs

A nondeterministic finite automaton A = (Q,Σ,δ, I,F) can be displayed as an
augmented graph with labeled edges and vertices. The states are shown as
vertices. State m ∈ Q is labeled by the state number m and the values of the
characteristic functions χI and χF for m written as I : χI(m) and F : χF(m) respec-
tively. The transition function is depicted by the directed edges of the graph. Let
succ(i) denote the set of states that can be reached from state i ∈Q by one tran-
sition. We draw a directed edge from state i ∈ Q to state j ∈ Q, if and only if
succ(i) contains state j, where the edge is labeled by all symbols a∈ Σ, for which
δ(i,a) contains state j.

A deterministic finite automaton A = (Q,Σ,δD,s,F) is displayed in the same
way as the trivially obtained nondeterministic finite automaton B =(Q,Σ,δN ,{s},

9



Figure 3.1: Graphical representation of a deterministic finite automaton accept-
ing the regular language given by the regular expression (((2+3)∗)(ε+(1(Σ∗))))
over the alphabet Σ = {1,2,3,4}.

Figure 3.2: Interpretation of words over Σ = {1,2,3,4} as image coordinates
according to the so called Morton or Z-order for the word lengths 0, 1 and 2
(left to right).

F), where δN(i,a) = {δD(i,a)}, if δD(i,a) is defined and δN(i,a) = /0 otherwise for
each i ∈ Q and a ∈ Σ.

Example 3.1 Let Σ = {1,2,3,4}. Furthermore, let the DFA D be given by

D = ({1,2},Σ,δ1,1,{1,2}), (3.10)

where δ1(1,1) = 2, δ1(1,2) = δ1(1,3) = 1, δ1(2,a) = 2 for each a ∈ Σ and δ1 unde-
fined otherwise. D accepts the regular language denoted by the regular expression
(((2 + 3)∗)(ε +(1(Σ∗)))) and is depicted in Figure 3.1. The equivalent NFA N de-
fined by

N = ({1,2},Σ,δ2,{1},{1,2}), (3.11)

where δ2(1,1) = {2}, δ2(1,2) = δ2(1,3) = {1}, δ2(2,a) = {2} for each a ∈ Σ and δ2
empty otherwise, is depicted in the same way as D.

The set of words Σk can be interpreted as pixel coordinates of an image of size
2k×2k for each k ∈N. One such interpretation according to the Morton- or Z-order
is shown in Figure 3.2 for the word lengths 0 to 2. The construction for higher word
lengths is straight-forward. The automaton D can thus be interpreted as a 2k×2k

bi-level image for each k ∈ N. A pixel is assigned the color white, if the automaton
accepts the word corresponding to the pixel position. Otherwise it is assigned the
color black. The images obtained for the word lengths 0 to 5 are shown in Figure
3.3.

3.2 Weighted finite automata

Weighted finite automata (WFA) are a generalization of NFA. They were intro-
duced by Schützenberger in [81]. The output of a WFA can be an element of any
semiring instead of an element of the Boolean semiring. WFA have a wide range
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Figure 3.3: Images produced by the automaton shown in Figure 3.1 for the
word lengths 0 to 5 (scaled to the same size).

of applications, including language and speech processing [75], pattern match-
ing [46,45,62], image processing and transformation [27], computation of real
functions [20,35,19], image compression [21,26,50,64,65,30,29,63,24], tex-
ture analysis [40] and fractal geometry [28].

3.2.1 Definition

Definition 3.4 A weighted finite automaton (WFA) over a semiring S is a quintu-
ple (Q,Σ,W , I,F), where

• Q = {1,2, . . .n} for some n ∈ N+ is a finite non-empty set of states,

• Σ = {0,1, . . . , l−1} for some l ∈ N+ is an input alphabet,

• W = (A0,A1, . . . ,Al−1) is a sequence of total transition functions Ai : Q×Q 7→
S for i = 0,1, . . . , l−1,

• I : Q 7→ S is a total function called the initial distribution and

• F : Q 7→ S is a total function called the final distribution.

As n is finite, each transition function Ak for k = 0, . . . , l−1 can also be interpreted
as a matrix Ak ∈ S n×n, the initial distribution I can be interpreted as a row vector
I ∈ S 1×n and the final distribution F as a column vector F ∈ S n×1. The function
f : Σ∗ 7→ S computed by the automaton is defined by

f (w) = ∑
p = (q0,q1, . . . ,qm) ∈ Qm+1︸ ︷︷ ︸

All possible paths of length m

(
I(q0)

(
m

∏
i=1

Aai(qi−1,qi)

)
F(qm)

)
︸ ︷︷ ︸

Value computed for path p

(3.12)

for each w = a1 . . .am ∈ Σ∗. Let the morphism µ(w) : Σ∗ 7→ S n×n be defined by
µ(w) = ∏

m
i=1 Aai for each word w = a1 . . .am ∈ Σ∗. Then f can be written in matrix

and vector form as
f (w) = Iµ(w)F . (3.13)

Furthermore, we define the transition relation R of the WFA as the set

R = {(s,a, t,w)|s, t ∈ Q,a ∈ Σ,w ∈ S ,w 6= 0,Aa(s, t) = w} . (3.14)

If S is a topological semiring, then we define the ω function f ω computed by
the automaton on infinite words by

f ω(w) = lim
i→∞

f (a1 . . .ai) (3.15)
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for each w = a1a2 . . . ∈ Σω. If this limit does not exist for some w ∈ Σω, then we say
that f ω is undefined for w.

Remark 3.1 In contrast to the other definitions of automata provided in this the-
sis, we choose the first symbol of the alphabet Σ of a weighted finite automaton
as 0 instead of 1, because the input words are often interpreted as rational or real
numbers using the functions q[k] and r[k] for k ∈ N,k ≥ 2.

A similar WFA definition is given by Berstel and Reutenauer in [10], where in-
stead of the term weighted finite automaton the notion of a linear representation
of a recognizable formal power series (cf. [10]) is used.

Let B = (Q = {1, . . . ,n},Σ,W , I,F) denote a WFA over some semiring S . Fur-
thermore, let fi for i = 1, . . . ,n denote the function computed by the WFA Bi =
(Q,Σ,W , Ii,F) that equals B except for the initial distribution Ii, which is set to
the i’th unit vector. We call fi the state function of state i in B. A closer look at
equation 3.13 yields that

fi(av) = Iiµ(av)F = Ii(µ(a)µ(v))F = (Iiµ(a))µ(v)F
= ∑

n
j=1 (Aa(i, j)I j)µ(v)F = ∑

n
j=1 Aa(i, j) f j(v)

(3.16)

holds for each a ∈ Σ,v ∈ Σ∗. This means that the state function of state i is
determined by |Σ| linear combinations of other state functions. The function

f (w) =
n

∑
j=1

I( j) f j(w) (3.17)

computed by B for each w ∈ Σ∗ is a linear combination of its state functions.

3.2.2 Examples

We give three WFA examples.

Example 3.2 The WFA

X = ({1},Σ,((1),(1), . . . ,(1)),(v),(1))

over an arbitrary semiring S computes the constant function f ≡ v ∈ S for each in-
put alphabet Σ. If S is a topological semiring, then X also computes the ω function
f ω : Σω 7→ S defined by f ω(w) = v for each word w ∈ Σω.

Example 3.3 The WFA

X = ({1,2},Σ = {0,1, . . . ,k−1},W = (A0,A1, . . . ,Ak−1),(0 1),(1 0)T )

over the complex numbers computes the function f (w) = q[k](w) (i.e. the rational
number 0.a1 . . .an to the base k) for each word w = a1 . . .an ∈ Σ∗ and k ≥ 2, if we
define

Aa =
(

1 0
a
k

1
k

)
(3.18)

for each a∈ Σ. After reading a word of length m, state 2 contains the value 1
k

m. The
result of the function is accumulated in state 1, which holds the value q[k](a1 . . .am)
after reading the prefix a1 . . .am of the word w = a1 . . .an ∈ ΣmΣ∗. As X computes
q[k](w) for every finite word w ∈ Σ∗, it also computes the ω function f ω : Σω 7→ C
defined by f ω(w) = r[k](w) for each w ∈ Σω.
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Example 3.4 The ω function defined by the WFA

X = ({1},{0,1},((2),(2)),(1),(1))

over the real numbers is undefined for each infinite input word.

3.2.3 Functions over semirings

We may understand WFA as devices computing functions in the way described
in the following definitions.

Definition 3.5

1. Let D denote a finite or countable set and let X = (Q,Σ = {0,1, . . . ,k− 1},
W , I,F) be a WFA over the semiring S computing the function f : Σ∗ 7→ S ,
where k≥ 2. Furthermore, let M : Σ∗ 7→D denote a surjective total function.
We call such a function a word interpretation function. Let the function
M −1 : D 7→℘(Σ∗) be defined by M −1(d) = {w|w ∈ Σ∗,M (w) = d} for each
d ∈ D. Furthermore, let the function f ′ :℘(Σ∗) 7→ S be defined by

f ′(G)=

 f (minq[k](G)) if G 6= /0 and there exists some d ∈ S such that
f (g) = d for all g ∈ G

undefined otherwise
(3.19)

for each G ∈℘(Σ∗). Then we define the function fM : D 7→ S by

fM (d) = f ′(M −1(d)) (3.20)

for each d ∈ D and say that X computes fM under M .

2. Let D be a set having at most the cardinality of the real numbers and let
X = (Q,Σ,W , I,F) be a WFA over the topological semiring S computing the
ω function f ω : Σω 7→ S , where k ≥ 2. Furthermore, let M ω : Σω 7→ D denote
a surjective total function. We call such a function an ω word interpretation
function. Let u :℘(S) 7→ S be defined by

u(S) =
{

the single element of S if |S|= 1
undefined otherwise (3.21)

for each S ∈℘(S) and let f ωS
(G) :℘(Σω) 7→℘(S) be defined by

f ωS
(G) =

[
g∈G

{ f ω(g)} (3.22)

for each G ∈℘(Σω). Let the function M ω−1
: D 7→℘(Σω) be defined by

M ω−1
(d) = {w|w ∈ Σω,M (w) = d} for each d ∈ D. Furthermore, let the

function f ω′ :℘(Σω) 7→ S be defined by

f ω′(G) =

 u( f ωS
(G)) if G 6= /0 and there exists some d ∈ S

such that f ω(g) = d for all g ∈ G
undefined otherwise

(3.23)
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for each G ∈℘(Σω). Then we define the function f ω

M : D 7→ S by

f ω

M (d) = f ω′(M ω−1
(d)) (3.24)

for each d ∈ D and say that X computes f ω

M under M ω.

Definition 3.5 could be written in a much simpler way, if we would require
the functions M and M ω to be bijective. However, some popular (ω) word
interpretation functions, e.g. the functions r[k] for k≥ 2, are only surjective and
not bijective.

Definition 3.6

1. Let D be a set, S a semiring, Σ an alphabet and M : Σ∗ 7→D a word interpre-
tation function. We say that the function f : D 7→ S is WFA computable under
M , if there is some WFA X over S such that the function fXM computed by X
under M is identical to f , i.e. f (d) = fXM (d) holds for each d ∈ D.

2. Let D be a set, S a topological semiring, Σ an alphabet and M ω : Σω 7→D an
ω word interpretation function. We say that the function f : D 7→ S is ω WFA
computable under M ω, if there is some WFA X over S such that the function
f ω
XM

computed by X under M ω is identical to f , i.e. f (d) = f ω
XM

(d) holds for
each d ∈ D.

3.2.4 Closure under sum and product

Let S be a semiring and Σ an alphabet. Furthermore, let f1 : Σ∗ 7→ S and f2 :
Σ∗ 7→ S be WFA computable functions. Then it is trivial to see that the function
( f1 + f2) : Σ∗ 7→ S defined by ( f1 + f2)(w) = f1(w)+ f2(w) for each w ∈ Σ∗ is also
WFA computable. If S is commutative, then the function ( f1 f2) : Σ∗ 7→ S defined
by ( f1 f2)(w) = f1(w) f2(w) for each w ∈ Σ∗ is also WFA computable, which we
show in the next lemma. The same result expressed in terms of formal power
series can be found as Theorem 5.3 in [10]. In the proof of the lemma the
product automaton is constructed as the tensor product of the input automata.
We will use alphabets starting at 1 instead of 0 in the proof to simplify notations.

Lemma 3.1 Let X and Y be WFA over the commutative semiring S such that ΣX =
ΣY . There is a WFA Z over the semiring S such that ΣZ = ΣX and Z computes the
function fZ(w) = fX (w) fY (w) for each w ∈ Σ∗.

Proof: Assume that QX = {1, . . . ,nX} for some nX ∈ N+ and QY = {1, . . . ,nY} for
some nY ∈ N+. Furthermore, let Σ = ΣX . We choose QZ as the set {(1,1), . . .(1,
nY ),(2,1), . . . ,(nX ,nY )}. QZ can be linearized by mapping each pair (o, p) for
1≤ o≤ nX ,1≤ p≤ nY to (o−1)nY + p. Thus Z has one state for each pair (o, p)
such that o ∈ QX and p ∈ QY . We want

IZµZ(w)((o, p)) = (IX µX (w))(o)(IY µY (w))(p) (3.25)

to hold for each w ∈ Σ∗, o ∈ QX and p ∈ QY . Setting IZ((o, p)) = IX (o)IY (p),o ∈
QX , p ∈ QY is apparently a valid choice to satisfy the case w = ε. We define the
transition matrix AZb as

AZb((k, l),(o, p)) = AXb(k,o)AYb(l, p) (3.26)
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for each k,o ∈ QX , l, p ∈ QY and b ∈ Σ. Let f̂T (u) be defined by

f̂T (u) = IT µT (u) (3.27)

for each WFA T over the alphabet Σ and all u ∈ Σ∗. Now assume that w = va for
v ∈ Σ∗ and a ∈ Σ. Then we observe that

f̂Z(w)((o, p)) = ∑
nX
k=1 ∑

nY
l=1

(
f̂Z(v)((k, l))

)
(AZa ((k, l),(o, p)))

= ∑
nX
k=1 ∑

nY
l=1

(
f̂X (v)(k) f̂Y (v)(l)

)
(AXa(k,o)AYa(l, p))

= ∑
nX
k=1 ∑

nY
l=1

(
f̂X (v)(k)AXa(k,o)

)(
f̂Y (v)(l)AYa(l, p)

)
= ∑

nX
k=1

(
f̂X (v)(k)AXa(k,o)

)
∑

nY
l=1

(
f̂Y (v)(l)AYa(l, p)

)
= ∑

nX
k=1

(
f̂X (v)(k)AXa(k,o)

)
f̂Y (w)(p)

= f̂Y (w)(p)∑
nX
k=1

(
f̂X (v)(k)AXa(k,o)

)
= f̂Y (w)(p) f̂X (w)(o)
= f̂X (w)(o) f̂Y (w)(p) .

(3.28)

Note that we have commuted the factors of some products in equation 3.28,
so the constraint that the semiring is commutative is required in this proof.
Furthermore, setting FZ((o, p)) = FX (o)FY (p) for all o ∈ QX , p ∈ QY yields

fZ(w) = IZµZ(w)FZ
= f̂Z(w)FZ
= ∑

nX
k=1 ∑

nY
l=1 f̂Z(w)((k, l))FZ((k, l))

= ∑
nX
k=1 ∑

nY
l=1 f̂X (w)(k) f̂Y (w)(l)FX (k)FY (l)

= ∑
nX
k=1 ∑

nY
l=1

(
f̂X (w)(k)FX (k)

)(
f̂Y (w)(l)FY (l)

)
= ∑

nX
k=1

(
f̂X (w)(k)FX (k)

)
∑

nY
l=1

(
f̂Y (w)(l)FY (l)

)
= ∑

nX
k=1

(
f̂X (w)(k)FX (k)

)
fY (w)

= fY (w)∑
nX
k=1

(
f̂X (w)(k)FX (k)

)
= fY (w) fX (w)
= fX (w) fY (w)

(3.29)

for each w ∈ Σ∗. �

The generalization of Lemma 3.1 to WFA over topological semirings and
words of infinite length is only straightforward, if the ω functions computed
by the automata X and Y are total. If for instance the automaton X computes
an ω function that is undefined for each infinite word (cf. Example 3.4) and Y
computes the constant zero function for each word, then the product automaton
constructed in the proof computes the constant zero function, although it should
compute a function that is undefined for every infinite word.

3.2.5 Polynomials over commutative semirings

Using the results given above, we show that WFA can be used to compute poly-
nomials over commutative semirings.

Theorem 3.1 Let Σ be an alphabet, S a commutative semiring and D ⊂ S . If
there exists a WFA computable word interpretation function M : Σ∗ 7→ D, then
every polynomial p : D 7→ S defined by p(x) = ∑

d
i=0 cixi for a natural number d and

ci ∈ S for 0≤ i≤ d is WFA computable under M .
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Proof: Assume that there exists a WFA X computing a word interpretation func-
tion M : Σ∗ 7→ D. We proof the theorem by induction over the degree d of the
polynomial p.

d=0: We have shown in Example 3.2 that each constant function is WFA com-
putable.

d>0: Assume that each polynomial of depth smaller than d is WFA computable
under M . The polynomial p can be decomposed as p(x) = c0 + p′(x)x,
where p′ is some polynomial of degree d− 1. Let P′ denote a WFA com-
puting p′ under M . Then we obtain the WFA P computing p under M by
first constructing a WFA P′′ computing the product of the functions com-
puted by P′ and X and consecutively constructing P as a WFA computing
the sum of the function computed by P′′ and the constant function c0.

�

Hence, we can for instance construct WFA computing each given complex poly-
nomial on the set D = Q[2]⊂ C by using the word interpretation function M =
q̂[2].

If A and B are WFA over some semiring S such that ΣA = ΣB and A and B
compute the functions fA and fB respectively, then fA + fB can be computed
by an automaton that has |QA|+ |QB| states and fA fB can be computed by an
automaton that has |QA||QB| states. Let Σ be an alphabet, D a subset of some
semiring S , X a WFA computing a word interpretation function fX : Σ∗ 7→ D
and p : D 7→ S be a polynomial of degree d. Assume that |QX | = q for some
q ∈ N,q ≥ 2. Then the construction above yields an automaton P computing p
under M such that P has

1+(q+1)+(q2 +q+1)+ . . .+(qd + . . .+1) =
d

∑
i=0

qi+1−1
q−1

(3.30)

states, if X is used to represent M .

3.2.6 Functions computed under r[k]

WFA computing real ω functions under the ω word interpretation function r[2]
have been studied extensively (cf. [20, 34, 36]). It was shown that each real
polynomial of degree d over the interval [0,1] can be computed by a d +1 state
real WFA under r[2] (cf. [20]) and that polynomials are the only smooth func-
tions computable by real WFA under r[2] (cf. [36]). The generalization of the
first result to complex polynomials computed over [0,1] under r[2] is straight-
forward, we just need to use a suitable initial distribution. We show in the next
lemma that the generalization to r[k] for k ≥ 2 is also possible.

Lemma 3.2 Let p = ∑
d
i=0 cixi be a complex polynomial of degree d, where ci ∈C for

i = 0, . . . ,d and let k ≥ 2. There is a d +1 state complex ω WFA over C computing
p on D = [0,1] under r[k].

Proof: We use the alphabet Σ = {0,1, . . . ,k−1} and construct a WFA P such that
fP(w) = p(q[k](w)) for each w∈Σ∗. If we construct P in such fashion, then clearly
P also computes the ω function f ω

P (w) = p(r[k](w)) for each w ∈ Σω, as for each
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ω word w = a1a2 . . . ∈ Σω the limit limi→∞ q[k](a1 . . .ai) exists and polynomials
are continuous. Let the function xm : Σ∗ 7→ C be defined by xm(w) = (r[k](w))m

for each m ∈ N. We firstly construct a WFA computing the polynomial xd . A
WFA computing an arbitrary constant function was given in Example 3.2. Now
assume that m is a positive natural number and we have already constructed an
automaton P with m states, where the state function fPi equals xi−1 for 1≤ i≤m.
Then the function xm can be implemented by adding a single state m + 1 to P
such that fm+1 = xm. If w = ε, then we have xm(w) = 0m = 0, implying that the
final weight for state m+1 equals 0. If w = a1a2 . . .a j ∈ Σ∗ such that w 6= ε, then

xm(w) = (0.a1 . . .a j)m

= (0.a1 +0.0a2 . . .a j)m

= ( 1
k a1 + 1

k 0.a2 . . .a j)m

= 1
km (a1 +0.a2 . . .a j)m

= 1
km ∑

m
i=0
(m

i

)
a1

i(0.a2 . . .a j)m−i .

(3.31)

Let et, i,a ∈ R be defined by

et, i,a =
at−i
(t

i

)
kt (3.32)

for each t ∈ N, 0≤ i≤ t and a ∈ Σ. Then the new state m+1 computes the state
function xm, if we add the edges (m+1,a, i+1,em, i,a) for all a∈ Σ and i = 0, . . . ,m
to the transition relation of P.
P is now a d +1 state WFA such that the state function of state i for 1≤ i≤ d +1
is fi = xi−1. As the function computed by a WFA is a linear combination of its
state functions, we can make P compute p by setting component i+1 of IP to ci
for i = 0, . . . ,d. �

Apart from smooth functions, WFA can also be used to produce exact rep-
resentations of some non-smooth functions like scaling functions and wavelets
[19] under r[2].

The use of the ω word interpretation function r[2] is by far the most common
choice in publications on WFA computing real functions. We will thus in the
following use the term a WFA computing a real function as an abbreviation of
the term a WFA computing a real function under r[2].

17



18



Chapter 4

Parametric weighted finite
automata

4.1 Definition

Parametric weighted finite automata (PWFA) are a multidimensional variant
of weighted finite automata. In this thesis, we will only consider such PWFA,
whose multidimensionality stems from the usage of multiple initial distribu-
tions instead of only one. We call the number of initial distributions used the
dimension of the automaton. Other possibilities to define PWFA would be the
introduction of either only multiple final distributions or both multiple initial
and multiple final distributions. We will see that if we just consider the function
a PWFA computes for single words, then its behavior can be equivalently stated
as that of a WFA over some other semiring. The set of vectors computed by
a PWFA can be defined in various ways. We have chosen the variant that was
also used when PWFA were introduced by Albert and Kari in [4]. We will give a
short enumeration of possible alternative interpretations in section 4.3.

Definition 4.1 A parametric WFA (PWFA) of dimension d ∈ N+ over a semiring
S is a quintuple X = (Q,Σ,W , I,F), where

1. Q = {1,2, . . . ,n} for some n ∈ N+ is a finite non-empty set of states,

2. Σ = {1, . . . , l} for some l ∈ N+ is a finite alphabet,

3. W = (A1, . . . ,Al),Ai ∈ S n×n are the transition matrices,

4. I = (I1, I2, . . . , Id), I j ∈ S n are the initial distributions, where the I j are the
rows of the matrix I and

5. F ∈ S n is the final distribution.

We will use the topological closure operator in some of the following equations.
If S is not a topological semiring, then we substitute this operator by the corre-
sponding identity map, i.e. A = A for each A⊂ S .

The word function or function f : Σ∗ 7→ S d computed by the automaton is de-
fined as

f (w) = IAa1Aa2 . . .AaiF = I
i

∏
j=1

Aa j F = Iµ(w)F (4.1)
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for each w = a1a2 . . .ai ∈ Σ∗ and the computed set S(X) is

S(X) = limsup
j→∞

S j(X) (4.2)

where
S j(X) =

{
f (v)|v ∈ Σ

j} (4.3)

for each j ∈ N. Furthermore, we define the sequence of sets (Tj(X))∞
j=0 by defining

Tj(X) = S≥ j(X) =
∞[

k= j

Sk(X) (4.4)

for each j ∈ N. We will use
T (X) = T0(X) (4.5)

as an abbreviation. The transition relation R of the PWFA is defined as

R = {(s,a, t,w)|s, t ∈ Q,a ∈ Σ,w ∈ S ,w 6= 0,Aa(s, t) = w} . (4.6)

We call a state s ∈ Q an initial state for dimension i, if and only if 1 ≤ i ≤ d and
I(i,s) 6= 0. Furthermore, we call a state s ∈ Q an initial state, if and only if there
exists some i for 1 ≤ i ≤ d such that s is an initial state for dimension i. We call a
state s ∈ Q a final state, if and only if F(s) 6= 0.

We denote the set of all sets computable by PWFA of dimension d over the
semiring S by D(S ,d) and define the set D(S) by

D(S) =
∞[

d=1

D(S ,d) (4.7)

for each semiring S .

Remark 4.1 We have defined the overline operator as the identity in the definition
above for the case that the semiring S is not topological. This equals endowing S
with the discrete topology and thus making it topological. As we can do this for
every semiring S , we will in the following without loss of generality assume that
each semiring we consider is topological.

4.2 Interpretation of the PWFA definition

The set of vectors S(X) computed by a PWFA X = (Q,Σ,W , I,F) over some semi-
ring S is defined in equation 4.2. If S is endowed with the discrete topology, a
vector v is a member of S(X), if and only if there is some sequence of words of
increasing length w1,w2, . . . in Σ∗ such that fX (w j) = v for each j = 1,2, . . .. If S is
a semiring endowed with an arbitrary topology, then v ∈ S(X) holds, if and only
if there is some sequence of words of increasing length w1,w2, . . . in Σ∗ such that
lim j→∞ fX (w j) = v. In particular the set of word lengths N \ {|w1|, |w2|, . . .} can
be infinite and wi does not have to be a prefix of wi+1 for each i ∈ N+, as it is
required in some ω WFA definitions. This is likely the main reason for the fact
that some basic decision problems for PWFA are recursively undecidable, which
we show in section 5.2.
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In contrast to the set S(X) that reflects the behavior the automaton shows
infinitely often, the set T (X) describes the behavior the automaton shows at
least once. The equation S(X) ⊂ T (X) holds for every PWFA X by definition.
S(X) = T (X) holds for most PWFA X used in applications like e.g. function
drawing, spline display etc.

If S(X) 6= T (X), we can effectively construct a PWFA Y for which S(Y ) = T (X).

Lemma 4.1 Let X be a PWFA of dimension d over the semiring S . There is a PWFA
Y of dimension d over S computing S(Y ) = T (X).

Proof: Assume that QX = {1, . . . ,n} for some n ∈ N+. Y is obtained from X by
adding an alphabet symbol ζ /∈ Σ and assigning the n×n identity matrix to ζ. �

In contrast, it is in general impossible to construct a PWFA X ′ for a given PWFA
X such that T (X ′) = S(X), as S(X) can be empty, but the T set of a PWFA is never
empty.

We use the function h∗ provided in the following definition for the compari-
son of arbitrary (i.e. not necessarily compact) subsets of a metric space.

Definition 4.2 Let (X ,m) be a metric space. Furthermore, let P = ℘(X) denote
the power set of X . Then we define

h∗(m)(A,B) =


0 if A = B = /0

+∞ if A 6= B = /0 or B 6= A = /0

max{supa∈A inf b∈B m(a,b), otherwise
supb∈B inf a∈A m(a,b)}

(4.8)

as a function h∗(m) : P ×P 7→R+
0 for arbitrary sets A,B⊂ X , where R = R∪{±∞}

denotes the set of the so-called affinely extended real numbers.

The function h∗ is in general not a metric, as it may produce the value +∞ and
thus is not a real function. It is however in some cases useful to determine the
similarity of non-compact sets.

A notion that is important for transformations of PWFA computable sets is
that of the ST -consistency of a PWFA.

Definition 4.3 Let (S d ,m) be a metric space for some d ∈ N+, where S is a semi-
ring. Furthermore, let X be a PWFA of dimension d over S . X is called ST -
consistent under m (or just ST -consistent, if the choice of m is obvious), if

lim
i→∞

h∗(m)(S(X),Ti(X)) = 0. (4.9)

ST -consistency of a PWFA X apparently requires that the sequence (Ti(X))∞
i=0

converges with respect to the function h∗(m).

4.3 Alternative definitions of the computed set

Instead of using the definition of S(X) as given in equation 4.2 for some PWFA
X over some semiring S , the following definitions for S(X) could also be chosen.
These definitions are all incompatible with the one we have chosen in the sense
that they change the generative power of the automaton model.
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1. S(X) = liminfi→∞ Si(X). This definition would reduce the power of PWFA
with the alphabet Σ = {1} to the generation of sets that are either empty
or contain a single point only. The construction of a PWFA computing the
unit circle given in [4] shows that this is not the case for the definition we
are using.

2. S(X) =
S

w∈Σω S(w) where

S(w) =
{
{limi→∞ fX (a1 . . .ai)} if limi→∞ fX (a1 . . .ai) exists
/0 otherwise (4.10)

for each w = a1a2 . . . ∈ Σ∗X . As above, this definition would also reduce the
computational power of PWFA over the unary alphabet to the computation
of either the empty set or sets containing a single point only.

3. S(X) = T (X). If we choose this definition, then it is impossible to define
a PWFA computing the empty set. If, as we conjecture, there is no ef-
fective algorithm that given an affine iterated function system (IFS, [8])
computes a point lying on the attractor of the IFS, then this definition
would in addition make it impossible to provide an effective algorithm
that transforms an IFS into a PWFA that computes the attractor of the IFS.

As all of the above alternative computed set definitions are incompatible with
the one we have chosen, they would imply a different PWFA theory that we will
not consider in this thesis. The definition under point 3 is however relevant in
applications, as the known practical decoding algorithms all approximate T (X)
and not S(X).

4.4 Examples

Figure 4.1 and Figure 4.2 show two simple examples of PWFA. We depict PWFA
similar to NFA. Let X denote the PWFA shown in Figure 4.1. Instead of only la-
beling the edges with alphabet symbols, we also add the corresponding weights
(e.g. the edge going from state 1 to state 2 with weight −0.6 for the symbol 1 is
labeled by 1 :−0.6). The values of the characteristic functions χI and χF , which
we use when we depict an NFA, are substituted by the initial weight vectors
and the final weights of the respective states (e.g. state 1 of X is labeled by 1
(the state number), I : (1 0) (as (1 0)T is the first column of the matrix IX ) and
F : (1) (as FX (1) = 1)). Both automata, the one shown in Figure 4.1 and the one
depicted in Figure 4.2, have already been presented in [4]. Furthermore, both
automata are ST -consistent. Note that in the case of the automaton shown in
Figure 4.1, let it be denoted by X , we have an example of a PWFA such that

{(x,y)|x,y ∈ R,x2 + y2 = 1}= limsup
j→∞

SX j 6= liminf
j→∞

SX j = /0. (4.11)

4.5 Discussion of the word function

If we just consider the word function fX computed by a PWFA X over some
semiring S , then we are still considering a WFA over some other semiring, as
the following lemma shows.
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Figure 4.1: Unary alphabet PWFA computing the unit circle (left) and graphical
representation of the computed set (right).

Figure 4.2: PWFA computing the set of points
{
(t3− t2, t2− t)|t ∈ [0,1]

}
, which

is depicted in Figure 4.3.

Figure 4.3: Graphical representation of the set computed by the PWFA shown
in Figure 4.2.
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Lemma 4.2 Let d ∈ N+. Furthermore, let S be a semiring and let the addition
and multiplication be defined component-wise in the semiring S d . Let X denote a
PWFA of dimension d over S computing the function fX : Σ∗X 7→ S d . There is a WFA
Y over S d using the same alphabet as X that computes fY = fX .

Proof: Let ad : S 7→ S d denote the function

ad(c) = ( c c . . . c︸ ︷︷ ︸
d

)T (4.12)

and a−1
d : S d 7→ S

a−1
d

(
( c1 c2 . . . cd )T )=

{
c1 if c1 = c2 = . . . = cd
undefined otherwise . (4.13)

Y has the same set of states and alphabet as X , i.e. QY = QX and ΣY = ΣX .
Furthermore, we choose the elements of the matrix AYk(i, j) as ad(AXk(i, j)) for
each k ∈ Σ, i, j ∈Q and FY (i) = ad(FX (i)) for each i∈Q. Then we apparently have
a−1

d ((µY (w)FY )(i)) = (µX (w)FX )(i) for each w ∈ Σ∗, i ∈ Q. Choosing

IY =
(
(IX (1,1)IX (2,1) . . . IX (d,1))T (IX (1,2)IX (2,2) . . . IX (d,2))T . . .

)
(4.14)

completes the construction of Y . �

The converse statement also holds, as we show in the next lemma.

Lemma 4.3 Let d ∈N+. Furthermore, let S be a semiring and let the addition and
multiplication be defined component-wise in the semiring S d . Let Y denote a WFA
over S d computing the function fY : Σ∗Y 7→ S d . There is a PWFA X of dimension d
over S using the same alphabet as Y that computes the function fX = fY .

Proof: Assume that QY = {1, . . . ,nY} for some nY ∈ N+ and ΣY = {1, . . . , l} for
some l ∈ N+. Let pi : S d 7→ S denote the projection onto component i for i =
1, . . . ,d and let Bi, j ∈ S dnY×nY denote the matrix

Bi, j =


p j(AYi(1,1)) p j(AYi(1,2)) . . . p j(AYi(1,nY ))
p j(AYi(2,1)) p j(AYi(2,2)) . . . p j(AYi(2,nY ))

...
p j(AYi(nY ,1)) p j(AYi(nY ,2)) . . . p j(AYi(nY ,nY ))

 (4.15)

for i = 1, . . . , l and j = 1, . . . ,d. Further let

Ji =
(

pi(IY (1)) pi(IY (2)) . . . pi(IY (nY ))
)

(4.16)

for i = 1, . . . ,d and

Gi =
(

pi(FY (1)) pi(FY (2)) . . . pi(FY (nY ))
)

(4.17)

for i = 1, . . . ,d. Then X can be constructed as

• QX = {1, . . . ,dnY},

• ΣX = ΣY ,
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• AXi =


Bi,1 O . . . O
O Bi,2 . . . O

...
O O . . . Bi,d

 for i = 1, . . . , l where O denotes the zero

matrix in S nY×nY ,

• IX =


J1 Q . . . Q
Q J2 . . . Q

...
Q Q . . . Jd

 where Q denotes the zero vector of S nY and

• FX =
(

G1 G2 . . . Gd
)T .

Then obviously X computes fX (w) = fY (w) for each w ∈ Σ∗X . �

Combining the two lemmata we obtain the following theorem.

Theorem 4.1 Let d ∈ N+. Furthermore, let S be a semiring and let the addition
and multiplication be defined component-wise in the semiring S d . Let Σ be a finite
alphabet. The function f : Σ∗ 7→ S d can be computed by a PWFA of dimension d
over S , if and only if it can be computed by a WFA over S d .

Remark 4.2 Theorem 4.1 states that if we solely consider the word function, then
the WFA and PWFA models have exactly the same expressiveness. The main differ-
ence between the two models is thus that we consider the set of vectors S(X) for a
PWFA X instead of the word function fX .

4.6 Initial and final normal form

We can consider the equivalence of PWFA under the following definition.

Definition 4.4 Let X and Y be PWFA of dimension d over the semiring S . We call
X and Y

1. (S-)equivalent, if S(X) = S(Y ) and

2. T -equivalent, if T (X) = T (Y ).

S-equivalence and T -equivalence are incomparable. Neither does S-equivalence
imply T -equivalence nor does T -equivalence imply S-equivalence. The automa-
ta in Figure 4.4 and Figure 4.5 are S-equivalent but not T -equivalent, those in
Figure 4.4 and Figure 4.6 are T -equivalent but not S-equivalent.

The next lemmata show that given a PWFA X , we can construct an S- and T -
equivalent automaton X ′ that uses only a single initial state per dimension or a
single final state. We also show that in general we cannot have both properties
at once. We say that a PWFA is in initial normal form, if it has at most one
initial state per dimension and in final normal form, if it has at most one final
state. Unlike e.g the Jordan normal form for endomorphisms of real vector
spaces, these normal forms do not uniquely describe the computed S or T sets,
e.g. there are equivalent automata in initial or final normal form that are not
identical up to a bijective remapping of states and alphabet symbols, see for
example the automata shown in Figure 4.4 and Figure 4.5.
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Figure 4.4: PWFA X of dimension 1 over N computing S(X) = {1} and T (X) =
{0,1}.

Figure 4.5: PWFA X of dimension 1 over N computing S(X) = {1} and T (X) =
{1}.

Lemma 4.4 Let X = ({1},Σ,W , I = (i),F = ( f )) be a PWFA of dimension 1 over N.
Then the set S(X) computed by X is either a subset of {0, i f} or infinite.

The automaton X given in Figure 4.7 shows that two state automata over N can
produce sets that cannot be produced by single state automata. It computes the
set S(X) = T (X) = {a,b} for arbitrary a and b, where we can assume a 6= b, a 6= 0
and b 6= 0. The next lemmata show that this is in general not possible, if we
require the automaton to have only a single initial state per dimension and a
single final state.

Lemma 4.5 Let X = {{1,2},{1,2, . . . , l},W , I = (i1 0),F = ( f1 f2)T} be a PWFA
of dimension 1 over N, where 0 /∈ T (X) = {t1, t2} = S(X) for t1 6= t2. Then f1 6= 0
and f2 6= 0.

Remark 4.3 The choice of state 1 as the single initial state is without loss of gen-
erality, we could choose state 2 as well.

Remark 4.4 Lemma 4.5 can easily be extended to automata using more states
while requiring that the automaton has more than a single final state.

Proof: Apparently f1 = 0 or i1 = 0 would imply fX (ε) = 0 ∈ T (X), so f1 6= 0 and
i1 6= 0. If Ak(1,2) = 0 for each k, then S(X) 6= {t1, t2} according to Lemma 4.4, be-
cause state 2 is never entered and we effectively have a single state automaton,

Figure 4.6: PWFA X of dimension 1 over N computing S(X) = {0} and T (X) =
{0,1}.
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Figure 4.7: PWFA X of dimension 1 over N computing the set S(X) = T (X) =
{a,b} for arbitrary a,b ∈ N.

so we assume that Ak(1,2) 6= 0 for at least one k. If Ak(1,1) = 0 for some k, then
f2 6= 0 or fX (k) = 0∈ T (X). Thus we have at least one of f2 6= 0 or Ak(1,1) 6= 0 for
all k. Assume f2 = 0 and thus Ak(1,1) 6= 0 for all k. Then also Ak(2,1) 6= 0 for at
least one k or again S(X) 6= {t1, t2} according to Lemma 4.4, because state 2 could
only be entered but not left and we again would effectively have a single state
automaton. If Ak(1,1) > 1 for at least one k, then T (X) is infinite, because the
values appearing in state 1 are unbounded but bounded for each word length,
i.e. fX (w)(1) ≤ b(n) for each n ∈ N, each w ∈ Σn and a total function b : N 7→ N,
while arbitrarily large values can appear in state 1. Thus Ak(1,1) ≤ 1 for all k
and consequently Ak(1,1) = 1 for all k. If Ak(1,2)Am(2,1) > 1 for some pair of
symbols (k,m) ∈ Σ×Σ, then T (X) is infinite, thus Ak(1,2)≤ 1 and Ak(2,1)≤ 1 for
each k. T (X) is for similar reasons also infinite if Ak(2,2) > 1 for some k. Sum-
marizing we now have that Ak(r,s) ≤ 1 for each k ∈ Σ,r,s ∈ Q and Ak(1,1) = 1
for all k. This means that the values in state 1 are monotonously increasing, as
the automaton can only add positive numbers to what is already contained in
state 1. There is a pair of symbols (k,m) ∈ Σ×Σ for which Ak(1,2)Am(2,1) 6= 0,
which implies that reading the string km increases the value contained in state
1 by some positive integer, so T (X) again is an infinite set. This means that the
assumption of f2 = 0 made above was wrong. �

Lemma 4.6 Let X = {{1,2},{1,2, . . . , l},W , I = (i1 i2),F = ( f1 0)T} be a PWFA of
dimension 1 over N, where 0 /∈ T (X) = {t1, t2} = S(X) for t1 6= t2. Then i1 6= 0 and
i2 6= 0.

Remark 4.5 The choice of state 1 as the single final state is without loss of gener-
ality, we could choose state 2 as well.

Remark 4.6 Lemma 4.6 can easily be extended to automata using more states
while requiring that the automaton has more than a single initial state.

Proof: Apply the argumentation in the proof of Lemma 4.5 after transposing the
transition matrices of X and swapping I and FT . �

Lemma 4.7 Let X be a PWFA of dimension d over the semiring S . There is an S-
and T -equivalent PWFA Z that uses exactly one initial state per dimension.

Proof: Z can be constructed as

• QZ = (1,2, . . . , |QX |, |QX |+1, . . . , |QX |+d},

• ΣZ = ΣX ,
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• The AZi are block matrices of the following form, where striped areas are
blocks of zeroes:

AZk = X k

IX

A
for k = 1,2, . . . , l,

• IZ is a matrix of the following structure (striped areas are zero areas as
above):

IZ =
1

1

1

All rows are unit vectors, where the initial distribution for dimension i has
the value 1 at the state |Q(X)|+ |Q(Y )|+ i and is zero otherwise.

• FZ
T is the vector (FX

T (IX FX )T︸ ︷︷ ︸
d

)

In comparison to X , the word function of Z is delayed by one symbol, i.e. for
each a ∈ Σ and each w ∈ Σ∗ the equation

fZ(aw) = fX (w) (4.18)

holds, which implies that S(Z) = S(X). As fZ(ε) = fX (ε), Z is also T-equivalent to
X . �

Lemma 4.8 Let X be a PWFA of dimension d over the semiring S . There is an S-
and T -equivalent PWFA Z that uses exactly one final state.

Proof: Z can be constructed as

• QZ = (1,2, . . . , |QX |, |QX |+1},

• ΣZ = ΣX ,

• The AZi are block matrices of the following form, where striped areas are
blocks of zeroes:

AZk =
AX k XF

for k = 1,2, . . . , l,

• IZ is a matrix of the following structure:
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X FXXI I

The first |QX | columns contain the matrix IX , the |QX |+ 1-th column is
IX FX .

• FZ
T is the vector (0 0 . . .0︸ ︷︷ ︸

|QX |

1).

In comparison to X , the word function of Z is shifted by one symbol, i.e. for
each a ∈ Σ and each w ∈ Σ∗ the equation

fZ(wa) = fX (w) (4.19)

holds, which implies that S(Z) = S(X). As fZ(ε) = fX (ε), Z is also T-equivalent to
X . �

The critical part in the construction of the initial and final normal form automata
is the behavior of the word function on the empty word. If we neglect this, we
are able to construct an (S-)equivalent automaton X ′ for each automaton X
that uses only a single initial state per dimension and a single final state. This
however will in general not yield a T -equivalent automaton.

4.7 PWFA alphabet cardinality

In this section we show that every PWFA computable set can be computed by a
PWFA with an alphabet cardinality of 2. This result was first published in [90].

Theorem 4.2 Let X be a PWFA of dimension d over the semiring S . There is a
PWFA Y of dimension d over S with alphabet cardinality 2 such that S(Y ) = S(X)
and T (Y ) = T (X) hold.

Proof: Assume that QX = {1, . . . ,n} for some n∈N+. Furthermore, assume with-
out loss of generality that ΣX = {0, . . . ,2k−1} for some positive natural number
k. If this does not hold, we can add alphabet symbols to X and assign any of the
transition matrices already present in the automaton to them without changing
S(X) and T (X). We start the alphabets at 0 instead of 1 in this proof because we
want to interpret input words using the functions q[2] and q[2k]. The alphabet
ΣY , as postulated, is the set {0,1}. The automaton Y has (2k− 1)n states, i.e.
2k − 1 times as many as X . We imagine these states as grouped in groups of
size n, where the groups are arranged to form a complete binary tree of depth
k− 1. Let Qk(w) : Σ∗Y 7→ Σ∗Y denote the function that maps each word w ∈ Σ∗Y to
the longest prefix p of w such that |p| is a multiple of k. For each natural number
j such that j ≥ 2 let further q[ j]∗(x) : QU 7→℘({0, . . . , j−1}∗) be given by

q[ j]∗(x) = {w|w ∈ {0, . . . , j−1}∗ and q[ j](w) = x} (4.20)

for each x ∈QU , i.e. the set of words that q[ j] maps to x, let X [ j](x, i) : QU ×N 7→
{0, . . . , j−1}i be defined by

X [ j](x, i) = q[ j]∗(x)∩{0, . . . , j−1}i (4.21)
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Figure 4.8: Sketch of the automaton Y constructed in the proof of Theorem 4.2.
Each vertex represents a group of n states.

for each x ∈QU , i ∈ N and let q[ j]−1(x, i) : QU ×N 7→ {0, . . . , j−1}i be defined by

q[ j]−1(x, i) =
{

the single element of X [ j](x, i) if X [ j](x, i) 6= /0

undefined otherwise (4.22)

for each x ∈ QU and each natural number i. Then we construct the transition
matrices AY1 and AY2 in such a way that

fY (w) = fX

(
q[2k]−1

(
q[2](Qk(w)),

|Qk(w)|
k

))
(4.23)

for each w ∈ {0,1}∗, i.e. one transition of X is simulated by k steps of Y . If
we define fY in this way, then apparently T (Y ) = T (X) and S(Y ) = S(X). Let
Bm(i, j,C)∈ S nm×nm for each positive natural number m, 1≤ i, j≤m, and C ∈ S n×n

denote the matrix consisting of m rows and m columns of n×n blocks such that
the block at block position (i, j) is the matrix C and all other elements are zero.
Further let Un denote the identity matrix in S n×n. Then we define the transition
matrices AY0 and AY1 by writing

AY0 =
k−1

∑
i=1

2i−1

∑
j=0

B2k−1
(
2i + j, i,Un

)
+

k
2−1

∑
i=0

B2k−1

(
2k−1 + i,1,AXi

)
(4.24)

and

AY1 =
k−1

∑
i=1

2i−1

∑
j=0

B2k−1
(
2i +2i−1 + j, i,Un

)
+

k
2−1

∑
i=0

B2k−1

(
2k−1 + i,1,AX

i+ k
2

)
. (4.25)

Further we define IY ∈ S d×(2k−1)n as the matrix that equals IX in the first n
columns and is zero otherwise and FY = (FT

X . . .FT
X )T . If we define Y in such

a way, then equation 4.23 holds. The automaton Y is sketched in Figure 4.8. �
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Chapter 5

Operations and decision
problems on PWFA
computable sets

5.1 Closure under set primitives

The closure of D(R,d) under set union, invertible affine transformation and
regular restriction for each d ∈ N+ was first presented in [89] .

In this section we will show that D(S ,d) is closed under set union and regu-
lar restriction for each semiring S and each dimension d ∈N+. Furthermore, we
will show that for each dimension d ∈ N+ and each topological semiring S the
set D(S ,d) is closed under translations, linear transformations and affine trans-
formations being topological automorphisms on S d (i.e. homeomorphisms from
S d onto itself) and that the set of sets computable by ST -consistent PWFA over
the complex numbers is closed under arbitrary affine transformations. We will
also show that the set of sets computable by PWFA X over the complex numbers,
for which S(X) = T (X) holds, is closed under iterated affine transformation.

We will implement the single and iterated application of linear transforma-
tions to the set computed by a PWFA by manipulating the initial distribution of
the automaton. We therefore introduce a short notation to describe manipula-
tions of the initial distribution of a PWFA.

Definition 5.1 Let X = (Q = {1, . . . ,n},Σ,W , I,F) be a PWFA of dimension d over
the semiring S and let J ∈ S d×n. Then Ξ[J](X) denotes the automaton (Q,Σ,W ,J,
F), i.e. the automaton X , where the initial distribution I of X has been substituted
by the matrix J.

5.1.1 Set union

We show that the set D(S ,d) is closed under the set union operation for each
semiring S and each dimension d ∈N+. An example of this operation is depicted
in Figure 5.1.
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S
=

Figure 5.1: Closure under set union: if there are automata X and Y computing
the sets S(X) (a circle, left) and S(Y ) (a parametric curve, middle), then there is
an automaton Z computing S(Z) = S(X)∪S(Y ) (a circle and a parametric curve,
right).

Theorem 5.1 Let X and Y be PWFA of dimension d over the semiring S . Then
there exists a PWFA Z of dimension d over S such that S(Z) = S(X)∪ S(Y ) and
T (Z) = T (X)∪ T (Y ). Moreover, if ΣX = ΣY = {1}, then there exists a PWFA Z
of dimension d over S such that S(Z) = S(X)∪ S(Y ), T (Z) = T (X)∪ T (Y ) and
ΣZ = {1}.

Proof: Assume that QX = {1, . . . ,n} for some n ∈ N+ and QY = {1, . . . ,m} for
some m ∈ N+. We consider two cases.

Case 1: |ΣX |+ |ΣY |> 2. Assume without loss of generality that ΣX = ΣY =
{1, . . . , l} for some l ∈ N, l ≥ 2. Then Z can be defined as

• QZ = {1, . . . ,n+m+d}
• ΣZ = ΣX

• The AZi are block matrices of the following form where striped areas
are blocks of zeroes:

AZi =




A

A

IX

Yi

X i


if i is odd


A

AYi

X i

IY


if i is even

• IZ is a matrix of the following structure (striped areas are zero areas
as above):

IZ =

(
1

1

1

)
(5.1)
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2d1d

PWFA X PWFA Y

Figure 5.2: Structure of the union automaton for the PWFA X and Y in the case
of a dimension of two.

All rows are unit vectors, where the initial distribution for dimension
i has the value 1 at the state n+m+ i and is zero otherwise.

• FZ
T is the vector (FX

T FY
T (IX FX )T︸ ︷︷ ︸

d

).

The produced automaton Z for the example of d = 2 has the structure
shown in Figure 5.2, where di in the figure corresponds to state number
n+m+ i in the automaton Z. The first symbol of a word w = a1a2 . . .ap ∈ Σ∗Z
decides, which of the sets S(X) or S(Y ) the automaton computes on words
with |w| ≥ 1. If a1 is odd, then fZ(w) = fX (a2a3 . . .ap), if a1 is even, then
fZ(w) = fY (a2a3 . . .ap). Thus

Sk(Z) =
{
{IX FX} for k = 0
Sk−1(X)∪Sk−1(Y ) for k > 0 (5.2)

This leads to

S≥k(Z) =
{ S

∞
i=0 (Si(X)∪Si(Y )) for k = 0S
∞
i=k−1 (Si(X)∪Si(Y )) for k > 0 (5.3)

As the vector IX FX is an element of S0(X), the case for k = 0 in (5.3) is
correct and so S≥0(Z) = S≥1(Z). The set computed by Z is

S(Z) =
T

∞
j=0 S≥ j(Z) =

T
∞
j=1 S≥ j(Z) =

T
∞
j=0

S
∞
k= j(Sk(X)∪Sk(Y ))

=
T

∞
j=0

S
∞
k= j Sk(X)∪

S
∞
k= j Sk(Y )

=
T

∞
j=0

S
∞
k= j Sk(X)∪

S
∞
k= j Sk(Y )

=
T

∞
j=0

(S
∞
k= j Sk(X)∪

S
∞
k= j Sk(Y )

)
=

T
∞
j=0

S
∞
k= j Sk(X)∪

T
∞
j=0

S
∞
k= j Sk(Y ) = S(X)∪S(Y ) .

(5.4)
Further T (Z) = S≥0(Z) = S≥0(X)∪S≥0(Y ) = S≥0(X)∪S≥0(Y ) = T (X)∪T (Y ).

Case 2: |ΣX |= |ΣY |= 1: Z can be defined as

• QZ = {1, . . . ,2(n+m)}

• ΣZ = {1}

• IZk = (IXk 0 0 . . .0︸ ︷︷ ︸
n

0 0 . . .0︸ ︷︷ ︸
m

IYk) for k = 1,2, . . .d

• FZ = (FX
T 0 0 . . .0︸ ︷︷ ︸

n

FY
T 0 0 . . .0︸ ︷︷ ︸

m

)T
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• AZ1 =


U

AX1

AY1

nU

m

 where Uk denotes the k×k identity matrix

and striped areas are blocks of zero.

Z computes the function

fZ(1k) =
{

fX (1k/2) if k is even
fY (1(k−1)/2) if k is odd.

(5.5)

Thus S(Z) = S(X)∪S(Y ) and T (Z) = T (X)∪T (Y ).

�

Definition 5.2 Let X and Y be PWFA over the same semiring S such that dX =
dY . Then we denote the automaton Z constructed in the proof of Theorem 5.1 to
compute S(Z) = S(X)∪S(Y ) by X ∪Y .

A few further remarks concerning the construction are:

• The restriction to merging only automata with an equal dimension in the
theorem could be overcome by adding null dimensions to the automaton
with the smaller dimension.

• If we merge two automata X and Y of dimension d, where |ΣX |= |ΣY | ≥ 2,
then the construction always yields an automaton Z that has |QX |+ |QY |+
d states. If we however for instance merge two automata X and Y that only
differ in their initial distribution, then there obviously is an automaton Z
computing S(Z) = S(X)∪ S(Y ) such that Z has only |QX |+ d states. Thus
the automata constructed in the proof are in some cases unnecessarily
large, especially if we merge two automata that have a similar structure.

• Let X = {X1, . . . ,Xk} be a finite set of PWFA over the semiring S such that
dX1 = . . . = dXk and |ΣX1 |= . . . = |ΣXk |. If we want to obtain a PWFA Z com-
puting S(Z) = S(X1)∪ . . .∪S(Xk), then this should be done using the func-
tion PWFA_MERGE shown in Algorithm 1 (let the obtained automaton be
denoted by Z1) and not by computing Z2 = (. . .(X1∪X2)∪X3 . . .)∪Xk. The
initial states of the sub-automata X1, . . . ,Xk inside Z1 can all be reached
from the initial states of Z1 by taking roughly dlog2(k)e edges. In Z2 the
initial states of the contained sub-automaton X1 are not reached until un-
til the automaton has made k− 2 transitions. In practice k can get large,
we frequently reach values of k above 10000. Some PWFA decoding al-
gorithms are based on evaluating the function fX computed by a given
PWFA X for all words of a certain length N. While word lengths of about
dlog2(10000)e= 13, which for instance means we consider 213 words if we
use an alphabet size of 2, can be handled in practice, this is not the case
for word lengths in the order of 10000, where we cannot handle k10000

words for any k > 1.
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Input : Non-empty set of X = {X1, . . . ,Xk} of k PWFA over some semiring
S such that ΣX1 = . . . = ΣXk and dX1 = . . . = dXk

Output: Automaton Z computing S(Z) = S(X1)∪ . . .∪S(Xk)

while |X |> 1 do1

j← |X |2

// convert set X to sequence3

(X1, . . . ,X j)← X4

Y ←{}5

for i = 1, . . . ,b j/2c do6

Y ← Y ∪{X2i−1∪X2i}7

if j is odd then8

Y ← Y ∪{X j}9

X ← Y10

// convert set X to sequence11

(X1)← X12

Z← X113

return Z14

Algorithm 1: PWFA_MERGE(X ): Merge a set X of PWFA.

The set computed by a PWFA can be decomposed into a finite union of PWFA
computable sets, as the following theorem shows. This can be understood as an
inverse to the union construction given above.

Theorem 5.2 Let X = (Q,Σ,W , I,F) denote a PWFA of dimension d over the semi-
ring S and let w1, . . . ,wk ∈ Σ∗, |w1| ≤ |w2| ≤ . . .≤ |wk|= m for some positive natural
number k be a complete prefix code (implying that no word wi is a prefix of any
word w j for i 6= j and that every word w ∈ ΣmΣ∗ has exactly one of the wi as a
prefix). Then

S(X) =
k[

i=1

S (Ξ[Iµ(wi)](X)) . (5.6)

Proof: Let µ = µX .
Assume that v ∈ S(X). Then there is a sequence of words x1, . . . of increasing
length in ΣmΣ∗ such that limi→∞ fX (xi) = v. As the words w1, . . . ,wk form a com-
plete prefix code, each xi is prefixed by exactly one of the w j. There are infinitely
many xi. Thus at least one of the w j is a prefix to infinitely many xi. Let one such
w j be denoted by wα and let (x′i) = x′1, . . . denote the subsequence of (xi) con-
sisting of the words xi which have the prefix wα. Let (x′′i ) denote the sequence
obtained from (x′i) by removing the prefix wα from the beginning of each word.
Then limi→∞ fΞ[Iµ(wα)](X)(x′′i ) = v and thus v ∈ S(Ξ[Iµ(wα)](X)).
Now let v ∈ S(Ξ[Iµ(wα)](X)) for some α ∈ {1, . . . ,k}. Then there is a sequence of
words of increasing length x1, . . . in Σ∗ such that limi→∞ fΞ[Iµ(wα)](X)(xi) = v and
thus limi→∞ fX (wαxi) = v. Consequently v ∈ S(X). �

The result given in Theorem 5.2 is valuable in applications. In many cases we
can decompose the set S(X) computed by a PWFA X into smaller sets S(X1),
. . . ,S(Xk) computed by the PWFA X1, . . . ,Xk respectively, where the evaluation of
each Xi requires a much smaller amount of physical resources (e.g. memory)
then the evaluation of X .
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5.1.2 Translation

Theorem 5.3 Let X be a PWFA of dimension d over the semiring S and let g(x) =
x + c for c ∈ S d be a topological automorphism on S d . There is a PWFA Z of
dimension d over S computing the set

S(Z) = S(X)+ c = {v|v = x+ c for some x ∈ S(X)} . (5.7)

Proof: Assume that QX = {1, . . . ,n} for some n ∈ N+. Z is obtained by adding
one state n + 1 to X , setting AZa(n + 1,n + 1) = 1 for each a ∈ Σ, AZa(n + 1, i) =
AZa(i,n + 1) = 0 for each a ∈ Σ, i = 1, . . . ,n, column n + 1 in IZ to c and the final
value of state n + 1 to 1. Let v1,v2, . . . be a sequence of words of increasing
length in Σ∗. As g(x) = x+c is a homeomorphism, the sequence fX (v1), fX (v2), . . .
converges, if and only if fZ(v1) = fX (v1) + c, fZ(v2) = fX (v2) + c, . . . converges.
Thus S(Z) = S(X)+ c. �

An analogous proof can be used for the following theorem.

Theorem 5.4 Let X be a PWFA of dimension d over the semiring S endowed with
the discrete topology and let g(x) = x + c for c ∈ S d be a bijective function on S d .
There is a PWFA Z of dimension d over S computing the set

S(Z) = S(X)+ c = {v|v = x+ c for some x ∈ S(X)} . (5.8)

As every translation on a complex vector space using the standard topology is a
topological automorphism on the space, the set D(C,d) is closed under arbitrary
translation for each d ∈ N+.

5.1.3 Linear transformation

We will show that the linear transformation of a PWFA computed set is PWFA
computable, if at least one of two constraints holds. The first constraint is that
the linear transformation is a topological automorphism on the considered topo-
logical space, which means that we put a constraint on the linear transforma-
tion, but not on the considered automaton. The second constraint is that the
considered automaton over some complete metric space and semiring K ⊂ C is
ST -consistent. Here we put a constraint on the automaton and the structures it
works on, but not on the linear transformation that is applied.

Theorem 5.5 Let X be a PWFA of dimension d over the semiring S and let g(x) =
Bx be linear transformation on S d , where g is a topological automorphism on S d .
Then the PWFA Z = Ξ[BIX ](X) computes S(Z) = g(S(X)).

Proof: Obviously Z computes

S(Z) =
∞\

j=0

∞[
k= j

{B fX (w)|w ∈ Σk
X} (5.9)

and we have to show that S(Z) = g(S(X)). Let v1,v2, . . . be a sequence of words of
increasing length in Σ∗X . g is a homeomorphism. Thus limi→∞ fX (vi) exists, if and
only if limi→∞ fZ(vi) exists. If both exist, then limi→∞ fZ(vi) = g(limi→∞ fX (vi)). �

An analogous proof can be used for the following theorem for semirings en-
dowed with the discrete topology.
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Figure 5.3: Real unary alphabet PWFA of dimension 2 computing the empty set.

Theorem 5.6 Let X be a PWFA of dimension d over the semiring S endowed with
the discrete topology and let g(x) = Bx be a bijective linear transformation on S d .
Then the PWFA Z = Ξ[BIX ](X) computes S(Z) = g(S(X)).

Theorem 5.7 Let (K d ,m) for some d ∈N+ denote a complete metric space, where
K ⊂ C is a semiring and the metric m is given as m(x,y) = |x− y| for x,y ∈ C (i.e.
the metric induced by the L2 or Euclidean norm). Furthermore, let X be an ST -
consistent PWFA of dimension d over K and g(x) = Bx a linear transformation on
K d . Then the PWFA Z = Ξ[BIX ](X) computes S(Z) = g(S(X)).

Proof: We have fZ(w) = B fX (w) by construction for all w ∈ Σ∗. Let v1,v2, . . . be a
sequence of words of increasing length in Σ∗X . If limi→∞ fX (vi) exists, then clearly
this is also the case for

lim
i→∞

fZ(vi) = lim
i→∞

g( fX (vi)) (5.10)

because g is continuous. Thus k ∈ S(X) implies g(k) ∈ S(Z). As g is an arbi-
trary (i.e. not necessarily invertible) linear transformation, it may convert non-
convergent sequences of vectors in K d to convergent sequences. Thus assume
that limi→∞ fX (vi) does not exist, but limi→∞ fZ(vi) does exist. The automaton X
is ST -consistent. This implies that for increasing word length i all members of
Si become arbitrarily close to vectors contained in S(X), i.e.

lim
i→∞

max
a∈Si(X)

min
b∈S(X)

{m(a,b)}= 0 . (5.11)

This in turn means that the limit limi→∞ fZ(vi) is also produced as the limit of
a sequence ( fZ(v′i))

∞
i=1 for a sequence of words (v′i)

∞
i=1 of increasing length such

that limi→∞ fX (v′i) exists and limi→∞ fZ(v′i) = limi→∞ g( fX (v′i)). �

The automaton with one label shown in Figure 5.3, let it be denoted by X ,
computes the empty set. X produces the vector (1 2k)T for the input word with
length k ∈N, thus there is no converging sequence of words of increasing length
for this automaton. The theorems above make no statement for the application
of the affine transformation

g(x) =
(

1 0
0 0

)
x (5.12)

to X , because g is not a homeomorphism (it does not allow a (continuous)
inverse) and X is not ST -consistent. However, g(S(X)) = /0 is clearly an element
of D(C,2). It is an open problem, whether D(C,d) is closed under arbitrary
linear transformation for each d.
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⇒

Figure 5.4: Closure under affine transformation: The curve on the left, com-
puted by the automaton shown in Figure 4.2, is subject to a rotation followed
by a translation to obtain the curve on the right.

5.1.4 Affine transformation

An affine transformation is a combination of a linear transformation and a trans-
lation. Thus we can state the following theorems based on the results given
above.

Theorem 5.8 Let X be a PWFA of dimension d over the semiring S and let g(x) =
Ax + b be an affine transformation on S d such that g is a topological automor-
phism. Then there exists a PWFA Z of dimension d over S computing the set
S(Z) = g(S(X)).

Theorem 5.9 Let X be a PWFA of dimension d over the semiring S endowed with
the discrete topology and let g(x) = Ax + b be an invertible affine transformation
on S d . Then there exists a PWFA Z of dimension d over S computing the set
S(Z) = g(S(X)).

Theorem 5.10 Let (K d ,m) for some d ∈N+ denote a complete metric space, where
K ⊂ C is a semiring and the metric m is given as m(x,y) = |x− y| for x,y ∈ C (i.e.
the metric induced by the L2 or Euclidean norm). Furthermore, let X be a PWFA
of dimension d over K such that X is ST -consistent. Let g(x) = Ax+b be an affine
transformation of K d . Then there exists a PWFA Z of dimension d over K such
that S(Z) = g(S(X)).

An example of the closure under affine transformation is shown in Figure 5.4.

5.1.5 Iterated affine transformation

Definition 5.3 Let d ∈ N+. Furthermore, let S be a semiring and g1,g2, . . . ,gr a
finite sequence of affine transformations on S d . Let Γ = {1, . . . ,r}. Then we define

ν(u)(x) =
{

x if u = ε

(ga1 ◦ga2 ◦ . . .gan)(x) if u 6= ε
(5.13)

for each x ∈ S d ,u = a1a2 . . .an ∈ Γ∗ and

ν(u)(S) =
[
y∈S

{ν(u)(y)} (5.14)

for each S⊂ S d ,u ∈ Γ∗. Further we call

ν(S) =
[

u∈Γ∗
ν(u)(S) (5.15)

the iterated image of S under g1, . . . ,gr for each S⊂ S d .
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Figure 5.5: Closure under iterated affine transformation: The curve on the top
is computed by the automaton shown in Figure 4.2. The three images in the
bottom row show iterated images of the curve, where each iterated image is
based on a different single map. The map used on the left is a rotation by
45◦. The middle image is produced by a 45◦ rotation composed with a scaling
transformation for a scaling factor smaller than 1. The picture shown on the
right is based on a rotation by an angle of acos( 4

5 ) composed by the same scaling.

Albert and Kari showed in [4] that the attractors of IFS (cf. chapter 6) are PWFA
computable. This may be understood as the iterated image of a single point set
(a point on the attractor of the IFS) under a finite sequence of contractive affine
transformations.

If a PWFA X over K ⊂ C meets the strong constraint S(X) = T (X), then the
iterated image of S(X) under each finite sequence of (not necessarily contrac-
tive) affine transformations is PWFA computable. Examples of this closure are
depicted in Figure 5.5. The proof is based on Lemma 5.3, for which we define
the following operators.

Definition 5.4 Let S be a semiring and d ∈ N+. Then we define the operators
�d : S d×d 7→ S d×d3

and �−1
d : S d×d3 7→ S d×d as the functions

�d (A) =


A O . . . O
O A . . . O

...
O O . . . A

 (5.16)

for each A ∈ S d×d , where

A =
(

A(1,1) A(2,1) . . . A(d,1) A(1,2) A(2,2) . . .
)

(5.17)
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and O is the zero vector of S d2
and

�−1
d (B) =


B(1, p(1,1)) B(1, p(1,2)) . . . B(1, p(1,d))
B(2, p(2,1)) B(2, p(2,2)) . . . B(2, p(2,d))

...
B(d, p(d,1)) B(d, p(d,2)) . . . B(d, p(d,d))

 (5.18)

for B∈ S d×d3
, where p(i, j) = (i−1)d2 +( j−1)d + i. Further we define the operator

4d : S d×d 7→ S d3×d3
as

4dA =


AT Q . . . Q
Q AT . . . Q

...
Q Q . . . AT

 . (5.19)

for A ∈ S d×d , where Q is the zero matrix of S d×d .

Definition 5.5 Let S be a semiring and d,n positive natural numbers such that
d ≤ n. Then we define the operators �d,n : S d×n 7→ S d×d3

and �−1
d,n : S d×d3 7→ S d×n

as the functions

�d,n (A) = �d

 A(1,1) A(1,2) . . . A(1,d)
...

A(d,1) A(d,2) . . . A(d,d)

 (5.20)

for each A ∈ S d×n and

�−1
d,n (B) =

(
�−1

d B Od,n−d
)

(5.21)

for each B ∈ S d×d3
, where Ou,v denotes the zero matrix in S u×v.

Lemma 5.1 Let S be a semiring and d ∈ N+. Let A ∈ S d×d . Then

�−1
d (�d(A)) = A. (5.22)

Lemma 5.2 Let S be a semiring, d ∈ N+ and n ∈ N such that n ≥ d. Then there
are matrices Pd ∈ S d3×d and Pd,n ∈ S d3×n such that

�−1
d (B) = BPd (5.23)

for each B ∈ S d×d3
and

�−1
d,n (B) = BPd,n (5.24)

for each B ∈ S d×d3
.

Proof: Pd is given by

Pd(u,v) =
{

1 if (u,v) = ((i−1)d2 +( j−1)d + i, j) for i, j ∈ {1, . . . ,d}
0 otherwise, (5.25)
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for u = 1, . . . ,d3,v = 1, . . . ,d. Pd,n can be defined as

Pd,n =
(

Pd Od3,n−d
)

, (5.26)

where Ou,v denotes the zero matrix in S u×v. �

The matrices Pd and Pd,n defined in the proof of Lemma 5.2 are equivalent to
the operators �−1

d and �−1
d,n. In the following we will use the symbols �−1

d and
�−1

d,n for the matrices Pd and Pd,n respectively. It will be clear from the context,
in which cases the symbols refer to the operators and and in which they refer to
the matrices.

Lemma 5.3 Let S be a commutative semiring and d ∈ N+. Let A,B ∈ S d×d . Then

BA = �−1
d ((�dA)4dB) = (�dA)4dB�−1

d . (5.27)

Remark 5.1 We require the multiplication in S to be commutative, because the
application of the �d operator as well as the construction of the matrix4 effectively
transposes A and B, thus we are by some detour computing BA as (AT BT )T .

Theorem 5.11 Let (K d ,m) for some d ∈N+ denote a complete metric space, where
K ⊂ C is a semiring and the metric m is given as m(x,y) = |x− y| for x,y ∈ Cd (i.e.
the metric induced by the L2 or Euclidean norm). Furthermore, let X be a PWFA
of dimension d over K such that S(X) = T (X) and let gk(x) = Bkx + ck be affine
transformations on K d for each k∈Γ = {1, . . . ,r} for some positive integer r. There
is a PWFA Z of dimension d over K that computes the iterated image of S(X) under
g1, . . . ,gr.

Proof: Assume without loss of generality that X has exactly one distinct initial
state per dimension and that the initial state for dimension k is state k where
I(k,k) = 1 for each k = 1,2, . . . ,d. Further assume without loss of generality that
Γ = Σ. If |Γ|> |Σ|, then we can choose the missing affine transformations as any
of those that are already given. If |Σ|> |Γ|, we can introduce new symbols in X
while choosing their transition matrices as any of those that are already given.
We construct the automaton Z using a new symbol lX + 1 /∈ ΣX , thus ΣZ = {1,2,
. . . , lX , lX +1}. We call lX +1 the splitting symbol of Z, because the edges labeled
by lX +1 form a bridge between two otherwise independent sub-automata. Let
h : Σ∗Z 7→ Σ∗X denote the homomorphism that erases lX + 1, i.e. maps a ∈ ΣX to
itself and lX + 1 to ε. Let w ∈ Σ∗Z . Furthermore, let the functions ν be defined
as given in Definition 5.3 for the sequence g1, . . . ,gr. Then we construct Z such
that it computes

fZ(w) =
{

fX (w) if h(w) = w
ν(h(α))( fX (β)) if w = α(lX +1)β for α ∈ Σ∗Z ,β ∈ Σ∗X .

(5.28)

If w does not contain the symbol lX + 1, then Z behaves like X . We implement
this by integrating X into Z, where the transition matrix for label lX +1 is chosen
to be the zero matrix for the states of X . If the input word contains the symbol
lX + 1, then the content of the corresponding states is erased and thus the con-
struction does not interfere with the second case. Now assume that w contains
the symbol lX + 1 at least once, i.e. w can be decomposed into w = α(lX + 1)β
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where α ∈ Σ∗Z and β ∈ Σ∗X and Z is to compute fZ(w) = ν(h(α))( fX (β)). Observe
that for u = b1 . . .bk ∈ Γ∗ and x ∈K d the equation

ν(u)(x) = gb1 ◦gb2 ◦ . . .gbk(x)
= Bbk(. . .(Bb2(Bb1x+ c1)+ c2) . . .)+ cbk

=

(
k

∏
i=1

Bbk−i+1

)
x︸ ︷︷ ︸

linear transformation νl(u)(x)

+

(
k−1

∏
i=1

Bbk−i+1

)
cb1 + . . .+ cbk︸ ︷︷ ︸

part νt(u) generated by iterated translation
(5.29)

holds. As νt(u) does not depend on the variable x, we can rewrite the second
case of equation 5.28 as

fZ(α(lX +1)β) = νl(α)( fX (β))︸ ︷︷ ︸
fZ′ (α(lX +1)β)

+ νt(α)︸ ︷︷ ︸
fZ′′ (α(lX +1)β)

(5.30)

and decompose the corresponding part of Z into the sub-automata Z′ and Z′′

such that fZ(w) = fZ′(w)+ fZ′′(w) for each w ∈ Σ∗Z(lX +1)Σ∗X . We firstly consider
the construction of Z′. Let α ∈ Σ∗Z , α′ = h(α) = a1 . . .ap, Bu = Bdk . . .Bd2Bd1 for
each u = d1 . . .dk ∈ Σ∗X and β = b1 . . .bq ∈ Σ∗X . Then the function fZ′ computed by
Z′ has to satisfy

fZ′(α(lX +1)β) = fΞ[B
α′ IX ](X)(β), (5.31)

i.e. it has to yield the same value for α(lX +1)β that the automaton Ξ[Bα′ IX ](X)
computes for β. As we have shown in Lemma 5.3, the function of Z′ can be
implemented as

fZ′(α(lX +1)β) = fΞ[B
α′ IX ](X)(β)

= Bα′ IX ∏
q
i=1 AXbi

FX

= �−1
d,n(�d,nIX4dBα′)∏

q
i=1 AXbi

FX

= �−1
d,n(�d,nIX ∏

p
i=14dBai)∏

q
i=1 AXbi

FX

= �d,nIX ∏
p
i=14dBai �

−1
d,n ∏

q
i=1 AXbi

FX .

(5.32)

Thus we give the automaton Z′ the following structure:

on symbols 1,...,l  ,on symbols 1,...,l  ,

Transfer computed
initial distributionα’distribution for

Compute initial

keep configuration

1Z’ X

Xon symbol l  +1 Xon symbol l  +1
Xon symbol l  +1

X
X

Compute for β

receive configuration

Starting with Z′ = X , we add d3 states to Z′ and call the respective sub-auto-
maton containing these additional states Z′1. Let U j denote the identity matrix
of K j× j. We set IZ′1

= �dUd , use the zero vector of K d3
as FZ′1

, and define the
transition matrices AZ′1a

of Z′1 by

AZ′1a
=
{
�Ba for a ∈ ΣX
Ud3 for a = lX +1 (5.33)

for a = 1, . . . , lX + 1. The only interaction between the sub-automata Z′1 and
X of Z′ happens when Z′ reads the symbol lX + 1. Then we transfer the new
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Figure 5.6: The real PWFA X of dimension 2 on the left computes the constant
function fX ≡ (1 1)T . The automaton Z′ shown on the right computes the iter-
ated image of S(X) under the single map g(x) = Bx where B is a rotation by the
angle acos(0.8). Thus S(Z′) is a circle of radius

√
2.

initial distribution computed in Z′1 into X using the �−1 operator, which we can
implement as a matrix as shown above. An example of this construction is
shown in Figure 5.6. In this example the constant function is subject to a single
map based iterated image, where the map is a rotation by an angle of acos(0.8).
The automaton is first transformed into an automaton in initial normal form
using the method presented in the proof of Lemma 4.7. After this step it consists
of the states 1, 2 and 3, where state 1 is the initial state of the first dimension,
state 2 the initial state of the second dimension and state 3 is state 1 of the
original automaton. Then we add the states 4 up to 11, which correspond to
the sub-automaton Z′1 and assign the initial matrix �U2 to this group of states.
The rotation map is applied to the original initial distribution in these states.
Whenever the symbol 2 is consumed, the new initial distribution is transfered
into the states 1 and 2. We can thus define Z′ as

• QZ′ = {1, . . . , |QX |+d3},

• ΣZ′ = {1, . . . , lX +1},

• AZ′i
=




AXi

∆Bi

 for i = 1, . . . , lX

 −1

d
Ud3

 for i = lX +1,

• IZ′ =
(

IX �dUd
)

and

• FZ′ =
(

FT
X OT )T where O denotes the zero vector of K d3

.
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Let us now consider the automaton Z′′. Let α ∈ Σ∗Z , α′ = h(α) = a1 . . .ap and
β ∈ Σ∗X . The function fZ′′ computed by Z′′ needs to satisfy

fZ′′(α(lX +1)β) = νt(α)
= ∏

p−1
i=1 Bap−i+1ca1 + . . .+ cap

=
((

cT
a1 ∏

p
i=2 BT

ai

)
+ . . .+ cT

ap

)T

=
(

cT
ap +(. . .+(cT

a2
+(cT

a1
BT

a2
))BT

a3
. . .)
)T

.

(5.34)

When Z′′ has consumed α, it no longer changes its configuration, i.e. computes
the constant function on some previously computed initial distribution. As all
dimensions have this constant function in common, we do not need as many
states as in the general � construction above. Z′′ implements the following
operation scheme:

add vector c  on

on symbol l  +1

vector by B  and

symbols i in {1,...,l  },
on symbols 1,...,l  ,i

1Z’’

Transfer computed
initial distribution

Xon symbol l  +1

Multiply current

keep configuration
X

X

i

Xon symbol l  +1

X

Keep configuration 

Constant

receive configuration

Let Uk denote the identity matrix of K k×k for k ∈ N+. Furthermore, let Bi ∈
K (d+1)×(d+1) be given by

Bi =


U1ci

T

iBT
 (5.35)

for i = 1, . . . ,m and P ∈K d(d+1)×1 given by

P(i,1) =
{

1 if i = ( j−1)(d +1)+ j for j ∈ {1, . . .d}
0 otherwise . (5.36)

Then we define Z′′ as

• QZ′′ = {1, . . . ,d(d +1)+1},

• ΣZ′′ = {1, . . . , lX +1},

• AZ′′i
=




U1 OT

1 OT
1 . . . OT

1
O1 Bi O2 . . . O2
O1 O2 Bi . . . O2

...
O1 O2 O2 . . . Bi

 for i = 1, . . . , lX

 d(d+1)UP

 for i = lX +1

where O1 is the zero vector of K d+1 and O2 the zero matrix in K (d+1)×(d+1),
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Figure 5.7: The automaton X on the left computes the constant function fX =
(1 1)T . The automaton Z′′ shown on the right computes the translational part
of an iterated image based on the single map consisting of a rotation by the
angle acos( 4

5 ) followed by a translation by the vector (2 3)T .

• IZ′′ is 1 at column 1 + i(d + 1) in row i and zero otherwise for i = 1, . . . ,d
and

• FZ′′ is 1 for state 1 and zero otherwise.

An example of this construction is shown in Figure 5.7. State 1 keeps its config-
uration for symbol 1 and drops its configuration for symbol 2. The multiplicative
part is performed on states 2,3,5 and 6. States 4 and 7 are the initial states for
dimension 1 and 2 respectively. Their value multiplied by the corresponding
numbers is added to states 2,3,5 and 6 to implement the translation. Whenever
the symbol 2 is read, the new initial distribution is transfered into state 1.
Z computes the function fZ given in equation 5.28 by construction. Thus it is
clear that

ν(S(X))⊂ S(Z) (5.37)

holds. The converse direction

S(Z)⊂ ν(S(X)) (5.38)

follows because S(X) = T (X), i.e. fX does not produce any vectors v that have
a positive distance m(v,S(X)) from the set S(X) and each gi is continuous for
i = 1, . . . ,m. �

The constraint S(X) = T (X) required in Theorem 5.11 is strong but met by most
practically relevant PWFA. The following example shows that neither the ST -
consistency of an automaton nor the invertibility of the applied maps is in gen-
eral sufficient to guarantee that the construction given in the proof of Theorem
5.11 produces an automaton computing the correct iterated image.

Example 5.1 Let X = ({1},{1},(( 1
2 )),(1),(1)) be a PWFA of dimension 1 over R.

Furthermore, let the function g1 : R 7→ R be given by g1(x) = x for all x ∈ R. The
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set computed by X is S(X) = {0}, X is ST -consistent and g1 is an invertible affine
transformation on R. The construction given in the proof of Theorem 5.11 would
however yield a PWFA computing a function that produces each value 2−i infinitely
often for i = 0,1, . . .. Thus the constructed automaton would not compute the
iterated image ν(S(X)) = {0} of S(X) under g1.

In the construction of νl above we have chosen to apply the transformations
on the left side of the multiplication chain, inserting matrix multiplications be-
tween the original initial matrix and the original transition matrices. We could
have chosen to apply the transformations on the right side of the multiplication
chain as well (i.e. between the original transition matrices and the original fi-
nal distribution). This however would usually require the generation of d2 full
copies of the the input automaton, while in our case it is sufficient to have d3

additional states. As the state number is typically larger than the dimension,
the construction above is usually a good choice.

In the construction of the matrices AZ′lX +1
and AZ′′lX +1

given above, we can sub-

stitute the sub-matrices �−1
d and P by �−1

d B and PB for any matrix B ∈K d×d and
thus apply a final transformation to the result of the transformation sequence
computed before. If we use multiple split matrices like the transition matrix for
the symbol lX +1, we can also have multiple final transforms.

We state this in the following theorem.

Definition 5.6 Let d ∈ N+. Furthermore, let S be a semiring, let g1,g2, . . . ,gr be
a finite sequence of affine transformations on S d and let L1,L2, . . . ,Lk be a finite
sequence of linear transformations on S d . Let S ⊂ S d and let ν(S) denote the
iterated image of S under g1, . . . ,gr. Then we call the set

Sk
i=1 Liν(S) the iterated

image of S under g1, . . . ,gr transformed by L1,L2, . . .Lk.

Theorem 5.12 Let (K d ,m) for some d ∈N+ denote a complete metric space, where
K ⊂ C is a semiring and the metric m is given as m(x,y) = |x− y| for x,y ∈ Cd (i.e.
the metric induced by the L2 or Euclidean norm). Furthermore, let X be a PWFA
of dimension d over K such that S(X) = T (X), let g1, . . . ,gr be a finite sequence
of affine transformations on K d and let L1, . . . ,Lk be a finite sequence of linear
transformations on K d . There is a PWFA Z of dimension d over K that computes
the iterated image of S(X) under g1, . . . ,gr transformed by L1,L2, . . . ,Lk.

The difference between the automaton produced by the construction of Theo-
rem 5.12 and one that is produced by Theorem 5.11 and then subject to the
same linear transformations via the constructions given in the proofs of Theo-
rem 5.1 and Theorem 5.5 is only a delay by a finite number of symbols. This may
however be relevant when synchronizing the computation of two automata for
addition or multiplication. The construction in the proof of Theorem 5.11 can
also be performed without previously computing the initial normal form. This
circumvents the delay by one symbol introduced by the generation of the initial
normal form but will usually produce an automaton that has a larger number of
states. Another simple modification lets us compute a kind of Cauchy product.

Definition 5.7 Let X = (Q,Σ = {1, . . . , l},W , I,F) be a PWFA of dimension d over
the semiring S and let B = B1, . . . ,Bl a finite sequence of linear transformations on
S d . Let ν : Σ∗ 7→ S d be defined by

ν(u) = Bak . . .Ba1 (5.39)
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for each u = a1 . . .ak ∈ Σ∗. Then we define the product (B fX ) of B and fX as the
function given by

(B fX )(w) = ∑
uv=w

ν(u)( fX (v)) (5.40)

for each w ∈ Σ∗.

Theorem 5.13 Let X = (Q,Σ = {1, . . . , l},W , I,F) be a PWFA of dimension d over
the semiring S and B = B1, . . . ,Bl a finite sequence of linear transformations of S d .
There is a PWFA Z of dimension d over S that computes the function fZ = (B fX ).

Proof: The automaton Z is obtained from the automaton Z′ constructed in the
proof of Theorem 5.11 by placing the sub-matrix �−1

d Bi in matrix AZ′i
at the

position where �−1
d is located in AZ′lX +1

for i = 1, . . . , l and removing the splitting

label from Z′. �

5.1.6 Regular restriction

Let X be a PWFA over some semiring S with input alphabet ΣX and L ⊂ Σ∗X .
We define the restriction S(X ,L) of S(X) under L as the set that would be pro-
duced by X , if the definition of Sk(X) given in (4.3) were replaced by Sk(X) =
{ fX (w)|w ∈ L∩Σk}.

Theorem 5.14 Let X be a PWFA of dimension d over some semiring S and L⊂ Σ∗X
regular. Then there is a PWFA Z of dimension d over S computing the set S(Z) =
S(X ,L).

Proof: The proof is divided into two sections, depending on the empty- or non-
emptiness of S(Z).

1. Case: S(Z) is empty. Then Z can be chosen to be any PWFA that computes
the empty set.

2. Case: S(Z) is not empty. Then there is a point z1 ∈ S(Z). As L is regular,
there is a deterministic finite automaton B that accepts L = L(B). Assume
without loss of generality that B is complete. Z consists of |QB| copies
of X with one additional state qz1 per copy. The copy that corresponds
to the initial state sB of B has the initial distribution IX on the original
states and z1 on the additional state. The other copies have vanishing
initial distributions. Every copy that corresponds to a state in FB has the
final distribution FX on the original states and zero on the additional state,
every copy for states in QB \FB has a vanishing final distribution on the
original states and one on the additional state. The edges in Z are defined
as follows:

(a) If there is an edge in X from state q1 ∈ QX to q2 ∈ QX with weight
w ∈ S for label l ∈ ΣX and an edge in B from state p1 ∈ QB to state
p2 ∈ QB for the same label, then there is an edge with weight w in
Z from q1 in the copy that corresponds to p1 to q2 in the copy the
corresponds to p2 for the label l:

(p1, l, p2) ∈ RB,(q1, l,q2,w) ∈ RX ⇒ (q1p1
, l,q2p2

,w) ∈ RZ . (5.41)
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(b) The edges for the additional states are constructed in the same man-
ner:

(p1, l, p2) ∈ RB⇒ (qz1p1
, l,qz1p2

,1) ∈ RZ (5.42)

Z computes the point z1 on words in Σ∗X \L and the same points as X on
the words in L, what completes the proof.

�

The proof of Theorem 5.14 is based on a Cartesian product construction that
is usually also applied to prove other theorems in automata theory, e.g. the
closure of the set of regular sets under intersection. We will show in section 5.2
that the membership and emptiness problems for PWFA, i.e. ”Given a PWFA X
and a vector v, is v ∈ S(X)?” and ”Given a PWFA X , does S(X) = /0 hold?”, are
recursively undecidable. Thus the construction above is not totally recursive.

5.1.7 Set intersection and complement

We conjecture that the set D(C) is not closed under set intersection. Some
arguments that support this conjecture will be given in the end of subsection
7.2.2. If a PWFA X of dimension d over C computes a bounded non-empty set
S(X), then S(X) is closed and consequently its complement Cd \S(X) is an open
set and thus not computable by a PWFA. If we define the complement of the set
computed by a PWFA X of dimension d over C as the union of the set Cd \S(X)
and the set of border points of S(X), then the closure under set complement
would by DeMorgan’s rule also imply the closure under set intersection. Thus
we conjecture that this kind of closure under the set complement operation also
does not hold.

5.2 Decision problems

In this section we will show that some basic problems for PWFA, including the
membership, emptiness and equivalence problem, are recursively undecidable.
As a consequence of these undecidability results we conclude that there is no
state minimization algorithm for general PWFA. These results were first pre-
sented in [92]. We will mostly be considering PWFA of dimension 1 over Z in
this section. Thus most of the discussed automata have a strong correlation to
integer WFA, which have already been discussed in e.g. [53] and [52]. The
vectors in the set computed by an integer PWFA of dimension 1 are exactly
those that are produced infinitely often by a certain integer WFA. The proof
methods used in this section are similar to some of those used by Eilenberg in
e.g. [38]. A proof that is similar to that given for the undecidability of vector
membership in a PWFA generated set was used by Paterson in [78], where the
decision, whether a system of 3×3 matrices is mortal, was also reduced to Post’s
correspondence problem [80]. Paterson’s work was also used in [51] to show
undecidability for some problems in matrix theory. The encoding of Post’s cor-
respondence problem used below can also be found in example 1-24 of [72].
Nonetheless we will give a complete description in PWFA form, as the automa-
ton provided in the proof of the undecidability of the membership problem can
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Figure 5.8: PCP automaton.

be extended to an automaton that can be used to show the undecidability of the
emptiness problem in a simple way.

5.2.1 Membership problem

Definition 5.8 We define the membership problem for PWFA as the decision prob-
lem ”Given a PWFA X of dimension d over some semiring S and a vector v ∈ S d ,
does v ∈ S(X) hold?”.

The following theorem shows that the membership problem is recursively un-
decidable.

Theorem 5.15 The membership problem for PWFA of dimension 1 over Z is re-
cursively undecidable.

Proof: Let {(α1,β1),(α2,β2), . . . ,(αk,βk)} denote an arbitrary instance of Post’s
correspondence problem (PCP, [80]) for αi,βi ∈ Γ+ and k ∈ N+, where Γ = {1,
2}. The choice of the binary alphabet is without loss of generality, as we can
encode each instance of PCP over the binary alphabet. Let Σ = {1,2, . . . ,k}.
u = b1 . . .bp ∈ Σ+ is said to be a solution of the PCP, if and only if αb1αb2 . . .αbp =
βb1βb2 . . .βbp . Clearly, if u ∈ Σ+ is a solution, then so is every element of the set
u+, implying that if the PCP has one solution, then it has infinitely many. Let
dig(w) = ∑

p
i=1 3i−1bi for each w = b1 . . .bp ∈ Γ∗. Now consider the k label 3 state

PWFA X shown in Figure 5.8. After reading the word u = b1 . . .bp ∈ Σ∗, states
1 and 2 contain the number 3∑

p
i=1 |αbi | and 3∑

p
i=1 |βbi | respectively. This implies

that reading the letter a ∈ Σ after reading u = b1 . . .bp ∈ Σ∗ adds the number
dig(αa)3∑

p
i=1 |αbi |−dig(βa)3∑

p
i=1 |βbi | to the value contained in state 3. Thus after

reading u = b1 . . .bp ∈ Σ∗ state 3 has accumulated the value

fX (u) = dig(αb1 . . .αbp)−dig(βb1 . . .βbp), (5.43)

which is 0 for p > 0, if and only if u is a valid solution of the PCP. Now assume
that the PCP has a solution. Then the automaton produces the value 0 infinitely
often as a value in state 3, which is also identical to the function computed by
the PWFA. Thus, if the PCP has a solution, then 0 ∈ S(X). If, on the other hand,
the PCP has no solution, then the automaton will produce the output 0 only
for the empty word. Thus 0 /∈ S(X). Summarizing this means that 0 ∈ S(X), if
and only if the PCP has a solution. As PCP is recursively undecidable, so is the
membership problem for PWFA. �

Corollary 5.1 It is undecidable, whether a given integer WFA assigns 0 to in-
finitely many words.
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An equivalent statement can be made about the membership in the T set of
a PWFA.

Corollary 5.2 Let X be a PWFA of dimension 1 over Z. It is undecidable whether
0 ∈ T (X).

Proof: The automaton constructed in the proof of Theorem 5.15 produces 0
for the empty word. We can change this by adding one state that redefines
the word function for the empty word to some non-zero value while preserving
the original behavior for non-empty words. Let the automaton obtained in this
fashion be denoted by X . Then 0 ∈ T (X), if and only if 0 ∈ S(X), which is
undecidable according to Theorem 5.15. �

5.2.2 Membership problem for unary alphabet integer PWFA

The following property of unary alphabet integer PWFA given in Theorem 5.16
clearly separates them from integer PWFA using more than one alphabet sym-
bol. The proof is mainly based on results given in [54], which discusses the
well-known Skolem’s problem for linear recurrent sequences. We first provide a
simple result on arithmetic progressions.

Definition 5.9 The arithmetic progressions b1 + p1Z and b2 + p2Z for b1,b2 ∈
Z and p1, p2 ∈ Z \ {0} are called compatible, if their intersection has an infinite
number of elements.

Lemma 5.4 Let b1 + p1Z and b2 + p2Z for b1,b2 ∈ Z and p1, p2 ∈ Z\{0} be arith-
metic progressions. It is decidable, whether b1 + p1Z and b2 + p2Z are compatible.
If the progressions are compatible, then we can effectively construct the progression
describing their infinite intersection.

Proof: We assume without loss of generality that b1,b2 ∈ N, p1, p2 > 0 and b2 ≥
b1. Let g denote the greatest common divisor of p1 and p2. Let q1 = p1

g and
q2 = p2

g . Then the arithmetic progressions are compatible, if and only if the
linear Diophantine equation

(b2−b1) = g(m1q1−m2q2) (5.44)

has infinitely many solutions. If g does not divide (b2−b1), then there is no so-
lution. If g divides (b2−b1), then there is at least one solution as an implication
of Bézout’s identity. Let c be a common member of the progressions and let l be
the least common multiple of p1 and p2. Then c+ lZ is the infinite intersection
of b1 + p1Z and b2 + p2Z. �

Definition 5.10 (Linear recurrent sequence, according to [54]) A sequence (un)∞
n=0

(or just (un) or un, for short) is a linear recurrent sequence, if it satisfies

un = ak−1un−1 + . . .+a1un−k+1 +a0un−k (5.45)

for all n ≥ k with fixed a j ∈ Z coefficients for j = 0, . . . ,k− 1. We say that the
relation (5.45) is a linear recurrence relation of depth (or degree) k. The first k
elements u0,u1, . . . ,uk−1 of the linear recurrent sequence (un) in (5.45) are called
the initial conditions.

50



Definition 5.11 (Skolem’s Problem, according to [54]) Given a linear recurrent
sequence (ui), that is, the linear recurrence relation and the initial conditions,
determine whether or not there exists i≥ 0 such that ui = 0.

Theorem 5.16 Let X = (Q,{1},W , I,F) a PWFA of dimension d over Z and v∈Zd .
It is decidable, whether v ∈ S(X).

Proof: We can without loss of generality assume that v = 0, because the set
of sets computable by unary alphabet PWFA over Z is effectively closed under
translation. According to Lemma 1.1 in [54], the word function of an m-state
integer WFA with unary alphabet can be represented in terms of a linear recur-
rent sequence un = vMnw for n ≥ 1, where vT ,w ∈ Zm,M ∈ Zm×m. According to
Theorem 3.5 in the same paper, the set Z(un) = {i|ui = 0} is a union of a finite
set F and finitely many arithmetic progressions. That means

Z(un) = F ∪ (a1 + pZ)∪ (a2 + pZ)∪ . . .(ar + pZ). (5.46)

The numbers p,a1, . . . ,ar can be found algorithmically, especially it is decid-
able, whether Z(un) is infinite. The steps to decide whether 0 ∈ S(X) are the
following: Compute, whether every dimension of the PWFA corresponds to a
linear recurrent sequence that produces the value 0 infinitely often. If this is
not the case, then 0 /∈ S(X). Now assume that each dimension k of the PWFA
represents a linear recurrent sequence ukn for which Z(ukn) is infinite and let
((p1,a11 , . . . ,a1r1

),(p2,a21 , . . . ,a2r2
), . . .) be the corresponding parameters of the

arithmetic progressions. Clearly, 0 ∈ S(X) if and only if

d\
k=1

Z(ukn) = (. . .(Z(u1n)∩Z(u2n))∩ . . .) (5.47)

is an infinite set. This holds, if and only if there is a compatible family of
progressions (a1k1

+ p1Z,a2k2
+ p2Z, . . . ,adkd

+ pdZ) for some choice of (k1,k2, . . . ,
kd) ∈ {1,2, . . . ,r1}× . . .×{1,2, . . . ,rd} such that(

a1k1
+ p1Z

)
∩
(

a2k2
+ p2Z

)
∩ . . .∩

(
adkd

+ pdZ
)

(5.48)

is an infinite set, which we can effectively test as shown above. �

The following theorem establishes a link between unary alphabet PWFA and
Skolem’s problem.

Theorem 5.17 Let X be an arbitrary unary alphabet PWFA of dimension 1 over
the integers. Assume that there exists an effective algorithm that produces a unary
alphabet PWFA Y of dimension 1 over the integers computing the set S(Y ) = T (X).
Then Skolem’s problem is decidable.

Proof: Let un denote a linear recurrent sequence. Then there is a unary alphabet
PWFA X = (Q,{1},(A1), I,F) of dimension 1 that computes the word function
fX (1k) = uk for k > 0. Without loss of generality let fX (ε) 6= 0. Now assume
that there is an effective algorithm computing a unary alphabet PWFA Y with
S(Y ) = T (X). Then it is decidable, whether 0 ∈ S(Y ) and thus 0 ∈ T (X), which
holds, if and only if there is some k > 0, for which uk = 0. �

51



Figure 5.9: Integer PWFA of dimension 1 computing the length of the input
word.

5.2.3 Emptiness problem

Theorem 5.18 Let X be a PWFA of dimension 1 over Z. It is recursively undecid-
able, whether S(X) = /0.

Proof: Let {(α1,β1),(α2,β2), . . . ,(αk,βk)} denote an arbitrary instance of PCP for
αi,βi ∈ Γ+ and k ∈ N+, where Γ = {1,2}. Furthermore, let X ′ be the automaton
representing the PCP as given in the proof of Theorem 5.15. We showed that
0 ∈ S(X ′), if and only if the PCP has a solution. If S(X ′) does not contain the
vector 0, then it could still produce some other vector. So even if the PCP has no
solution, S(X ′) could be non-empty. This can be ruled out by multiplication of
X ′ by the automaton shown in Figure 5.9 (in the sense of the Hadamard product
of the word functions) to obtain the PWFA X . On words of finite length w ∈ Σ∗

the function computed by X is given by

fX (w) = |w| fX ′(w) . (5.49)

Remember that X ′ produces the vector 0 infinitely often, if and only if the PCP it
represents has a solution. Thus, if the PCP has a solution, then 0∈ S(X), because
|w|0 = 0 for any w∈ Σ∗ and consequently S(X) 6= /0. If, on the other hand, the PCP
has no solution, then X ′ produces the vector 0 only finitely often. This implies
that there is some word length m0 ∈N, for which | fX (w)| ≥ |w| for all w of length
at least m0 and there is no sequence v1,v2, . . . of words of increasing length in
Σ∗ such that |

S
∞
i=1{ fX (vi)}| = 1. Thus S(X) = /0. Summarizing, S(X) 6= /0, if and

only if the PCP has a solution, which is recursively undecidable. �

Corollary 5.3 It is undecidable, whether a given integer WFA produces any integer
infinitely often.

5.2.4 Equivalence problem

Theorem 5.19 Let X and Y be PWFA of dimension 1 over Z. It is recursively
undecidable, whether X and Y are equivalent.

Proof: Assume that equivalence were decidable. Then we could decide the
emptiness of S(Y ) by choosing X as a PWFA computing the empty set, e.g. the
automaton shown in Figure 5.9, which is a contradiction. �

5.2.5 Incomputability of minimal automata for PWFA

Definition 5.12 Let X be a PWFA of dimension d over the semiring S . We call X
(state) minimal, if for all PWFA X ′ of dimension d over S computing S(X ′) = S(X)
the equation |QX | ≤ |QX ′ | holds.
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For the rest of the subsection, we will discuss PWFA over Q exclusively. The
rational numbers form a field and there is an effective state minimization for
WFA over fields concerning the word function (given that the field operations
are effectively computable and order is decidable between the field elements).

Theorem 5.20 There is no effective state minimization algorithm for PWFA over
Q.

Proof: A one state PWFA over Q computes the empty set, if and only if the
absolute value of each edge weight exceeds one and the product of its initial
matrix and final vector is not zero. This implies that emptiness is decidable
for one state PWFA over Q. Thus an effective state minimization algorithm
would yield an effective decision algorithm for the emptiness problem, which is
a contradiction. �

It is an open problem, whether there exists a state minimization algorithm for
PWFA concerning the word function the automaton computes. The well-known
minimization algorithms for WFA over fields (see e.g. [10, 36, 28]) cannot be
applied, because the WFA that can be defined to reflect the word function of a
PWFA is not acting on a field as soon as the automaton has a dimension greater
than 1 (it is lacking some multiplicative inverses). Eisner shows in [39] that
for deterministic WFA over R2 with component-wise product there is in general
no unique minimal automaton. We may still be able to reduce the number of
states in a PWFA by applying parts of the WFA minimization algorithm. Con-
sidering the algorithm given in [28], we see that it computes the linear spaces
generated by the iterated application of the transition matrices to the initial and
final distribution. These spaces have a certain dimension that is bounded by the
number of states of the automaton. If the dimension of the linear space gen-
erated by the initial or final distribution is smaller than the number of states,
then the automaton is not minimal and states can be removed. In the PWFA
case we have multiple initial distributions and the linear spaces generated by
the different initial distributions in general do not match. The final distribution
however is unique, so we can reduce the number of the states in a PWFA to the
dimension of the linear space generated by the final distribution.
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Chapter 6

Fractals

We call an object fractal, if it is self similar, i.e. it is exactly or approximately
part of itself. The original definition of the the term fractal set by Mandelbrot as
quoted in [60] is a set with non-integral Hausdorff dimension. There are many
ways to generate fractal sets ranging from Lindenmayer-systems (or shorter L-
systems) over cellular automata to mutually recurrent function systems (cf. [18,
95,22,25,16,17,83,23]). In this chapter we will consider fractal sets that can be
produced by PWFA. The construction of PWFA over R computing attractors of
affine hyperbolic iterated functions systems (IFS, cf. [8]) was presented in [4].
In the same paper it was also stated that PWFA over R are able to compute
attractors of recurrent iterated function systems (RIFS, cf. [9]) and mutually
recursive function systems (MRFS, cf. [17]).

6.1 Iterated function systems

We first provide some necessary definitions and basic results of IFS theory, both
can be found analogously in [8].

Definition 6.1 A subset S ⊂ X of a metric space (X ,m) is called compact, if every
sequence (xn)∞

n=1 in S contains a convergent subsequence having a limit in S.

Definition 6.2 (Cauchy sequence) A sequence of points (xn)∞
n=1 in a metric space

(X ,m) is called a Cauchy sequence, if for any given real number ε > 0 there is an
integer N > 0 such that

m(xn,xm) < ε (6.1)

for all n,m > N.

Definition 6.3 (Complete metric space) A metric space (X ,m) is called complete,
if every Cauchy sequence in (X ,m) converges to a point in X .

Definition 6.4 Let (X ,m) be a complete metric space. Then we define H (X) as the
set containing all non-empty compact subsets of X .

Definition 6.5 Let (X ,m) be a complete metric space. The Hausdorff metric h(m)
is defined as

h(m)(A,B) = max{max
a∈A

min
b∈B

m(a,b), max
b∈B

min
a∈A

m(a,b)} (6.2)

55



for compact sets A,B⊂ X .

Theorem 6.1 Let (X ,m) be a complete metric space. Then (H (X),h(m)) is a com-
plete metric space.

Definition 6.6 (Contraction mapping) A transformation f : X 7→ X on a metric
space (X ,m) is called contractive or a contraction mapping, if there is a real
constant 0≤ s < 1 such that

d( f (x), f (y))≤ sd(x,y) (6.3)

for all x,y ∈ X . Any such number s is called a contractivity factor for f .

Definition 6.7 Let f : X 7→ X be a mapping on a set X . We define the n− times
application f n of f recursively as

f n(x) =
{

x if n = 0
f n−1( f (x)) if n > 0 (6.4)

for each x ∈ X and any integer n≥ 0.

Theorem 6.2 (Contraction mapping theorem) Let f : X 7→ X be a contraction
mapping on a complete metric space (X ,m). Then f possesses exactly one fixed
point x f ∈ X and moreover for any point x ∈ X , the sequence ( f n(x))∞

n=0 converges
to x f . That is,

lim
n→∞

f n(x) = x f (6.5)

for each x ∈ X .

Lemma 6.1 Let w : X 7→ X be a contraction mapping on the complete metric space
(X ,m). Then w is continuous.

Lemma 6.2 Let w : X 7→ X be a continuous mapping on the complete metric space
(X ,m). Then w maps H (X) into itself.

Lemma 6.3 Let w : X 7→ X be a contraction mapping on the complete metric space
(X ,m) with contractivity factor s. Then w : H (X) 7→H (X) defined by

w(B) = {w(x) : x ∈ B} (6.6)

for all B ∈ H (X) is a contraction mapping on (H (X),h(m)) with contractivity
factor s.

Lemma 6.4 (Hutchinson operator) Let (X ,m) be a complete metric space and n
some positive natural number. Let wk be contraction mappings on (H (X),h(m))
for k = 1, . . . ,n. Let the contractivity factor for wk be denoted by sk for k = 1, . . . ,n.
The Hutchinson operator W : H (X) 7→H (X) over w1, . . . ,wn is defined by

W (B) = w1(B)∪w2(B)∪ . . .∪wn(B)
=

Sn
k=1 wk(B) (6.7)

for each B ∈ H (X). Then W is a contraction mapping with contractivity factor
s = max{s1, . . . ,sn}.
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Definition 6.8 A (hyperbolic) iterated function system (IFS) consists of a complete
metric space (X ,m) together with a finite set of contraction mappings wk : X 7→
X ,k = 1, . . . ,n, with respective contractivity factors sk, for k = 1, . . . ,n. We denote
an IFS by writing an n+2-tuple (X ,m,w1, . . . ,wn).

Theorem 6.3 Let (X ,m,w1, . . . ,wn) denote an IFS and let W be the Hutchinson
operator over w1, . . . ,wn. The IFS has a unique fixed point A that is given by

A = lim
k→∞

W k(B) (6.8)

for any B ∈H (X).

The unique fixed point A of an IFS is called the attractor of the IFS.
We will consider the relationship of affine IFS and PWFA.

Definition 6.9 Let (S d ,m) for some d ∈ N+ be a complete metric space such that
S is a semiring. We call the IFS (S d ,m,w1, . . . ,wn) affine, if each wk for k = 1, . . . ,n
is an affine transformation on S d .

The following two algorithms for the approximation of the attractor A of an
IFS (X ,m,w1, . . . ,wn) are well know.

• The deterministic algorithm: choose an arbitrary element X0 ∈ H (X) and
repeatedly apply the Hutchinson operator over w1, . . . ,wn, i.e. compute
Xk = W k(X0) for some natural number k. The sequence of sets (Xk) con-
verges to A for increasing values of k, where the distance between sets is
measured using the Hausdorff metric.

• The chaos game: Choose an arbitrary point x0 ∈ X . Compute points
xk = w jk(xk−1) for k > 0, while randomly choosing the elements of the
sequence ( jk) from the set {1, . . . ,n}. Then the accumulation points of the
sequence (xk) are elements of A and the topological closure of the set of
accumulation points equals A with probability 1.

If the initial set X0 is large enough (i.e. it contains the attractor of the IFS), then
the sets computed by the deterministic algorithm approach the attractor of the
IFS from the outside. The Hutchinson operator maps the attractor of the IFS to
itself, thus Xk contains A for each k, but for increasing k the points outside the
attractor disappear. If on the other hand X0 is a subset of A , then the sets Xk
approach A from the inside, i.e. each Xk is a subset of A .

The following result was given in [4] for S = R.

Theorem 6.4 Let (S d ,m) be a complete metric space for some d ∈ N+, where S is
a semiring. Furthermore, let (S d ,m,w1, . . . ,wn) be an affine IFS with attractor A .
Then there exists a PWFA Z of dimension d over S such that S(Z) = A .

Proof: The automaton Z has d + 1 states and n alphabet symbols. State d + 1 is
the only final state and it has final weight 1. The only initial state of dimension d
is state d with initial weight 1. The transition matrices of the automaton are the
transformations wk written in homogeneous coordinates for each k = 1, . . . ,n,
e.g. for d = 2 this means that the transformation

wk(x) =
(

a b
c d

)
x+
(

e
f

)
(6.9)
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is represented by the matrix

Ak =

 a b e
c d f
0 0 1

 . (6.10)

The computation of the PWFA is analogous to the application of the determin-
istic algorithm. We start with the set X0 = {0}= S0(Z) = { fZ(ε)}. Thereupon for
each positive natural number i the equation

Xi = Si(Z) (6.11)

holds. The contraction mapping theorem states that (Xi)∞
i=0 is a Cauchy se-

quence in the complete metric space (H (S d),h(m)). As S d is complete, (Xi) con-
verges to some set X with equals the attractor A of the IFS. This convergence
implies that for each a∈A and each real number ε > 0 there is some i0 such that
each Xi = Si for i ≥ i0 contains at least one vector v such that m(v,a) < ε. This
in turn means that for each a ∈ A and each real ε > 0 there is some i0 such that
there is some word wi ∈ Σi for which m( fZ(wi),a) < ε, i.e. there is a sequence of
words w1,w2, . . . of increasing length such that ( fZ(wi))∞

i=1) converges to a and
thus a ∈ S(Z). As limi→∞ h(m)(Si(Z),A) = 0, S(Z) does not contain any points
outside A . �

Example 6.1 The automaton shown in Figure 6.1 computes the well-known fern
(cf. [8]). The image it computes is shown in Figure 6.2.

Figure 6.1: Real PWFA of dimension 2 computing the well-known fern.

For the rest of the section we will consider complex PWFA exclusively and
use the translation invariant metric

m(x,y) = |x− y|=

√
n

∑
i=1
|x(i)− y(i)|2 (6.12)

for x,y ∈ Cn,n ∈ N+ (i.e. the metric induced by the L2 or Euclidean norm).
Furthermore, we will limit the scope of the discussion by assuming that all
appearing weights are component rational, as it avoids undecidability and un-
computability of basic problems and relations.

Definition 6.10 We call a complex number c component rational, if c = a + ib
for some a,b ∈ Q. Likewise we say that a complex vector or complex matrix is
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Display of complete fern attractor A

Display of w1A Display of w2A

Display of w3A Display of w4A

Figure 6.2: The well-known fractal fern. The complete attractor is depicted
on top. The four pictures below the complete fern show the images that the
attractor is mapped to by the four affine transformations w1, . . . ,w4. The image
w1A has been subject to a threshold operation to improve visibility.
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component rational, if all elements of the vector or matrix are component rational
respectively. We call an affine transformation g of a complex vector space given by
g(x) = Bx + c component rational, if the matrix B and the vector c are component
rational.

Definition 6.11 Let X = (Q,Σ,(A1, . . . ,Al), I,F) be a PWFA of dimension d over C
where all functions wAk(x) = Akx for k = 1,2, . . . , l are contraction mappings on Cn.
Then we say that X is based on the contraction mappings wA1 , . . . ,wAl or shorter
X is based on contraction mappings. We denote the class of PWFA that are based
on contraction mappings by cPWFA.

We will now show that it is decidable, whether a PWFA over C using only com-
ponent rational transition matrices is a member of cPWFA. The proof is based
on the following Theorem 6.5 (see [94] for a proof of this result).

Theorem 6.5 Let p(x) = ∑
n
i=0 cixi denote a real polynomial, where all roots of p

are real numbers and ci ∈Q for i = 0, . . . ,n. Furthermore, let d ∈Q. It is decidable,
whether all roots of p are smaller than d.

Theorem 6.6 Let f (x) = Ax+b be an affine transformation on Cn equipped with
the standard metric m(x,y) = |x− y| as defined in (6.12), where A is component
rational. It is decidable, whether f is a contraction mapping.

Proof: f is a contraction mapping with contractivity factor s < 1, if and only if

| f (x)− f (y)| ≤ s|x− y| (6.13)

for all x,y ∈ Cn. Firstly, we note that the additive part of f can be neglected, as

| f (x)− f (y)|= |(Ax+b)− (Ay+b)|= |A(x− y)| . (6.14)

So we can equivalently formulate that f is a contraction mapping with contrac-
tivity factor s < 1, if and only if

|Az| ≤ s|z| (6.15)

for all z ∈ Cn. This is trivially true for z = 0. On the assumption that z 6= 0 we
can further rewrite the constraint as

max
z 6=0

|Az|
|z|

= |A|2 ≤ s < 1 . (6.16)

The left hand side of (6.16), which is the spectral norm |A|2 of A, equals the
square root of the maximal eigenvalue of the real symmetric positive-semide-
finite matrix AHA denoted by AS, where AH is the conjugate transpose of A
(cf. [59]). According to the spectral theorem AS can be diagonalized, i.e. the
characteristic polynomial χ(x) of AS can be decomposed into linear factors such
that χ(x) = ∏

n
i=1(x−λi), where the λi are eigenvalues of AS, which are all non-

negative real numbers. As χ contains all the primitive factors of the minimal
polynomial of AS, each eigenvalue of AS is a root of χ. As A is component ratio-
nal, all numbers in AS are rational and thus all coefficients of χAS are rational.
Thus it is decidable, whether all roots of χAS are smaller than 1 according to
Theorem 6.5. �
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The decidability of the contractivity of an affine transformation f (x) = Ax + b
where A is component rational can also easily be shown for the metrics inducing
the p = 1 and p = ∞ operator norms. In fact in these cases it is simple to extend
the proof to the more general algebraic numbers.

Theorem 6.6 discusses the general case of contraction mappings on Cn,
where the proof above shows that the translational part of an affine transforma-
tion has no effect on the contractivity of the transformation. The simulation of
IFS by PWFA given in [4] uses homogeneous coordinates to simulate the trans-
lation of an affine transformation by a matrix multiplication. Each affine trans-
formation w on Rd for d ∈N+ is represented by a matrix W ∈R(d+1)×(d+1), where
row d + 1 of W has only zero elements except for the element W (d + 1,d + 1),
which is 1. Thus the matrix W leaves the component d +1 of each vector multi-
plied by W constant. Let the set C [d, i](c) be defined by

C [d, i](c) = {(c1 . . . cd+1)T |c j ∈ C for j ∈ {1, . . . ,d +1}\{i},ci = c} (6.17)

for each c∈C, each d ∈N and each i∈ {1, . . . ,d +1}. If the affine transformation
w on Cd for d ∈ N+ is a contraction mapping, then the matrix W ∈ C(d+1)×(d+1)

representing w in homogeneous coordinates is a contraction mapping on the set
of vectors C [d,d +1](c) for each c ∈C. Vice versa, if there is some i ∈ {1, . . . ,d +
1} for a matrix W ∈ C(d+1)×(d+1) for some d ∈ N+ such that row i of W has only
zero elements except for W (i, i) = 1, then the endomorphism on Cd+1 described
by W is a contraction mapping on C [d, i](c) for each c ∈C, if the endomorphism
on Cd represented by the complex d× d matrix obtained from W by removing
row i and column i is a contraction mapping on Cd . We formulate this in the
following lemma.

Lemma 6.5 Let f (x) = Ax be a linear transformation on C(d+1)×(d+1) for some
d ∈ N+, where row i of A has value 1 in column i and is zero otherwise for some
i ∈ {1, . . . ,d + 1}. Then f is a contraction mapping on C [d, i](c) for each c ∈ C, if
and only if f ′(x) = A′x is a contraction mapping on Cd , where A′ is obtained by
removing row i and column i from A.

If we consider a set of matrices A1, . . . ,Ak ∈ Cd+1 for some d ∈ N+ defining the
linear functions f j(x) = A jx for j = 1, . . . ,k and there exists some i ∈ {1, . . . ,d +
1} such that f j is a contraction mapping on C [d, i](c) for each c ∈ C and each
j ∈ {1, . . . ,k}, then the function f defined by f (S) = f1(S)∪ . . .∪ fk(S) for each
S ∈ H (C [d, i](c)) is a contraction mapping on H (C [d, i](c)) for each c ∈ C. This
means that the result given in Lemma 6.5 can be generalized to multiple affine
transformations represented using homogeneous coordinates.

As the contraction mapping property is decidable for component rational
affine mappings, we can state the following corollary from the theorem given
above.

Corollary 6.1 Let X be a PWFA of dimension d over C where the transition ma-
trices of X are all component rational. It is decidable, whether X is a member of
the class cPWFA.

The sets computed by automata in cPWFA can be described in terms of IFS.

Theorem 6.7 Let X = ({1,2, . . . ,n},Σ,(A1, . . . ,Al), I,F) be a PWFA of dimension d
over C based on the contraction mappings wA1 , . . . ,wAl and let W the Hutchinson
operator over wA1 , . . .wAl acting on H (Cn). Then S(X) = I limi→∞ W i({F}) and
I limi→∞ W i({F}) = limi→∞ IW i({F}).
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Proof: For i ∈ N we have

Si(X) =
{

fX (w)|w ∈ Σi
}

=
{

I ∏
i
j=1 Aa j F |w = a1 . . .ai ∈ Σi

}
= IW i({F}) .

(6.18)

Thus we have to proof the equation

∞\
j=0

∞[
i= j

IW i({F}) = I lim
j→∞

W j({F}) . (6.19)

As W is a contraction mapping on a complete metric space, it has a unique fixed
point and the limit lim j→∞ W j({F}) exists as a compact (and therefore closed)
set in H (Cn). Thus we have I lim j→∞ W j({F}) = lim j→∞ IW j({F}) and can writeT

∞
j=0

S
∞
i= j IW i({F}) = lim j→∞

S
∞
i= j IW i({F})

= limi→∞ IW i({F})
= limi→∞ IW i({F})
= I limi→∞ W i({F}) .

(6.20)

�

Corollary 6.2 Let X = (Q,Σ,W , I,F) be a PWFA of dimension d over C in cPWFA.
S(X) is a linear transformation of the attractor of an IFS of dimension |Q| over C.

Corollary 6.3 Let (Ck,m,w1, . . . ,wn) denote an affine IFS with attractor A for
some positive integer k and let g : Ck 7→ Cd be an affine transformation for some
positive integer d. There is a PWFA Z in cPWFA that computes S(Z) = g(A).

Corollary 6.4 The set of cPWFA computable sets is closed under arbitrary affine
transformation for each dimension d.

Corollary 6.5 Let X = ({1, . . . ,n},Σ,(A1, . . . ,Al), I,F) be a PWFA of dimension d
over C based on the contraction mappings wA1 , . . . ,wAl and let W the Hutchinson
operator over wA1 , . . . ,wAl acting on H (Cn). Let A denote the attractor of the IFS
given by W . If F ∈ A , then S(X) = T (X).

Corollary 6.6 Let X be a PWFA of dimension d over C computing a set which is not
compact. Then at least one transition matrix of X does not describe a contraction
mapping.

The set computed by an automaton in cPWFA is never empty. Thus the set
of PWFA based on component rational contractive transition matrices forms a
subset of the PWFA, for which emptiness is decidable.

Concerning the membership problem for automata X in cPWFA, i.e. the
problem ”Given a PWFA X and a vector v, does v ∈ S(X) hold?”, we conjecture
that it is undecidable, but at least in the case of automata over R using rational
coefficients it is likely that the set of rational vectors contained in the comple-
ment set RdX \ S(X) is recursively enumerable. Lawlor and Hart show in [67]
that the attractor of an affine IFS can be bounded by means of convex optimiza-
tion. This kind of bounding approach is not sufficient to proof what is inside
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S(X), but we conjecture that the method or an extension of the method is suf-
ficient to show what is outside. An intriguing point in this discussion is that as
soon as we can proof membership for only a single point p of the attractor of
an IFS, we can effectively compute an infinite number of points on the attrac-
tor by iterated application of the maps of the IFS (assuming there is an infinite
number of points on the attractor). The set {p} is compact and non-empty, thus
the contraction mapping theorem guarantees that the iterated application of the
Hutchinson operator of the IFS lets us approach the attractor of the IFS.

6.2 Recurrent iterated function systems

Recurrent iterated function systems (RIFS) are an extension of IFS that was
introduced in [9]. An IFS (X ,m,w1, . . . ,wn) on a non-empty compact metric
space (X ,m) is augmented by an n state (finite) recurrent Markov chain.

A Markov chain is given by a number of states n, a row stochastic matrix P ∈
[0,1]n×n and an initial distribution p = (p1 . . . pn)T ∈ [0,1]n such that ∑

n
i=1 pi = 1.

A row stochastic matrix is one in which each element is taken from the interval
[0,1] and where the elements of each row sum up to 1. Thus we can understand
the element P(i, j) of the matrix P as the probability of going from state j to
state i. The Markov chain is recurrent, if the matrix P is irreducible, i.e. for
every pair of states (i, j) there is some finite sequence of states i1, . . . , ik such
that P(ik, ik−1) . . .P(i2, i1) 6= 0, i1 = j, ik = i (cf. [9]). We will only consider initial
distributions where only a single element does not vanish and call this single
element the initial state of the Markov chain.

A Markov chain can be represented as a deterministic real weighted finite
automaton Y with n states and n labels. We choose the transition matrix Ak of Y
as

Ak(i, j) =
{

P(i, j) if i = k
0 otherwise (6.21)

for (i, j,k) ∈ {1, . . . ,n}3, i.e. each transition for label k starts at state k with a
weight taken from the matrix P. Each state of Y is an initial state with initial
weight 1. The final distribution of Y equals the initial distribution of the Markov
chain. Then fY (w) equals the probability assigned to the path kw1w2 . . .w j by
the Markov chain for each word w = w j . . .w1, if k is the single initial state of the
chain.

Example 6.2 The automaton shown in Figure 6.3 represents a Markov chain,
where the chain starts in state 1. Note that some state transitions have probability
zero, i.e. are impossible. In this example these are exactly the transitions from each
state s to itself.

We denote an RIFS by a tuple (X ,m,w1, . . . ,wn,P) where (X ,m,w1, . . . ,wn)
is an IFS and P ∈ [0,1]n×n is a row stochastic irreducible matrix. In analogy
to IFS we can define a recurrent Hutchinson operator for RIFS and based on
the recurrent Hutchinson operator, we can define the attractor of an RIFS (cf.
[9,55,56]).

Definition 6.12 Let (X ,m) denote a compact metric space and n a positive natural
number. We define the function hn(m) : H (X)n×H (X)n 7→ R by

hn(m)(A,B) = max
i=1, ...,n

h(m)(Ai,Bi) (6.22)
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Figure 6.3: Deterministic real WFA representing a Markov chain.

for A = (A1, . . . ,An),B = (B1, . . . ,Bn) ∈H (X)n.

Lemma 6.6 Let (X ,m) denote a compact metric space and n a positive natural
number. Then (H (X)n,hn(m)) is a compact metric space.

Definition 6.13 Let (X ,m,w1, . . . ,wn,P) be an RIFS. Then the recurrent Hutchin-
son operator wn : H (X)n 7→H (X)n over (w1, . . . ,wn,P) is defined by

wn(A) = (w1(A), . . . ,wn(A)) (6.23)

for each A = (A1, . . . ,An) ∈H (X)n, where

w j(A) =
[

i:P(i, j)6=0

wi(A j) (6.24)

for each A = (A1, . . . ,An) ∈H (X)n and j = 1, . . . ,n.

Theorem 6.8 Let (X ,m,w1, . . . ,wn,P) be an RIFS. Then the recurrent Hutchinson
operator wn : H (X)n 7→ H (X)n over (w1, . . . ,wn,P) is a contraction mapping on
(H (Xd),hd(m)).

Theorem 6.9 Let (X ,m,w1, . . . ,wn,P) be an RIFS. Then there exists a unique n-
tuple A = (A1, . . . ,An) ∈H (X)n such that wn(A) = A.

Definition 6.14 Let (X ,m,w1, . . . ,wn,P) be an RIFS and A = (A1, . . . ,An) ∈H (X)n

the unique n-tuple such that wn(A) = A. Then the attractor A of the RIFS is the set

A =
n[

i=1

Ai. (6.25)

Similar to the IFS case, we can state two decoding algorithms for a RIFS (X ,m,
w1, . . . ,wn,P) (cf. [9]).

• The deterministic algorithm: Choose an arbitrary n-tuple X0 = (X0,1, . . . ,
X0,n) ∈H (X)n. Obtain Xk+1 for k ∈N from Xk by computing Xk+1 = wn(Xk).
Let limi→∞ Xi = (A1, . . . ,An) ∈H (X)n. Then A =

Sn
i=1 Ai.

• The chaos game: Choose an arbitrary element x0 ∈ X and an arbitrary
index i0 ∈ {1, . . . ,n}. Obtain xk+1 for k ∈ N from xk by randomly choosing
some index ik+1 such that P(ik+1, ik) 6= 0 and computing xk+1 = wik+1(xk).
Then the accumulation points of the sequence (xk) are elements of A and
the topological closure of the set of accumulation points equals A with
probability 1.
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We call a RIFS (X ,m,w1, . . . ,wn,P) affine, if the IFS (X ,m,w1, . . . ,wn) is affine.
The attractors of affine RIFS can be computed using PWFA.

Theorem 6.10 Let (S d ,m) for some d ∈ N+ be a complete metric space such that
S is a semiring and let U be a non-empty compact subset of S d . Furthermore, let
(U,m,w1, . . . ,wn,P) be an affine RIFS with attractor A . There exists a PWFA Z of
dimension d over S such that S(Z) = A .

Proof: The matrix P is irreducible, thus for every column j ∈ {1, . . . ,n} there is
some row i ∈ {1, . . . ,n} such that P(i, j) 6= 0. Let the smallest such i for each
column j be denoted by u( j). Further we define the successor function

s(i, j) =
{

i if P(i, j) 6= 0
u( j) otherwise (6.26)

for (i, j) ∈ {1, . . . ,n}2. The automaton Z has dn+n states and n labels, i.e. QZ =
{1, . . . ,dn + n} and ΣZ = {1, . . . ,n}. Let v0 denote an arbitrary element of U.
We choose FZ as the vector (v0(1) . . .v0(d) 0 . . . 0 1 0 . . . 0)T , i.e. the vector
that equals v0 in the first d componenets, is one at component dn + 1 and is
zero otherwise. The initial distribution of Z for dimension k is 1 at the states
k,k + d,k + 2d, . . . ,k +(n− 1)d and zero otherwise. Let wk(x) = Bkx + ck for k =
1, . . . ,n. Let B ′(a,b,k) ∈ S (dn+n)×(dn+n) be given by

B ′(a,b,k)(i, j) =
{

Bk(i−a+1, j−b+1) for 1≤ i−a+1, j−b+1≤ d
0 otherwise,

(6.27)
for 1 ≤ a,b ≤ dn + n− d + 1 and k = 1, . . . ,n, i.e. the (dn + n)× (dn + n) matrix
over S that has the block Bk at position (a,b) and is zero otherwise. Further let
B(a,b,k) ∈ S (dn+n)×(dn+n) be given as

B(a,b,k) = B ′(d(a−1)+1,d(b−1)+1,k) (6.28)

for 1≤ a,b≤ n and k = 1, . . . ,n, i.e. instances of the matrices B ′ where the non-
zero blocks are aligned to multiples of d shifted by one (as our indexes start at
1). Similarly let C ′(a,b,k) ∈ S (dn+d)×(dn+d) be given by

C ′(a,b,k)(i, j) =
{

ck(i−a+1) for j = (dn+b) and 1≤ i−a+1≤ d
0 otherwise (6.29)

for 1 ≤ a ≤ dn + n−d + 1, 1 ≤ b ≤ d and k = 1, . . . ,n, i.e. the (dn + n)× (dn + n)
matrix over S that has the vector ck in column dn + b starting at row a and is
zero otherwise. Furthermore, let C (a,b,k) ∈ S (dn+d)×(dn+d) be given by

C (a,b,k)(i, j) = C ′(d(a−1)+1,b,k) (6.30)

for 1 ≤ a ≤ n, 1 ≤ b ≤ d and k = 1, . . . ,n. Let E(i, j) ∈ S (dn+n)×(dn+n) denote the
(dn+n)× (dn+n) matrix over S which is 1 at position (i, j) and zero otherwise
for 1≤ i, j ≤ dn+n. Then the transition matrix AZi can be written as

AZi =
n

∑
j=1

(B(s(i, j), j,s(i, j))+C (s(i, j), j,s(i, j))+E(nd + s(i, j),nd + j)) (6.31)

for i = 1, . . . ,n.

65



For any word w ∈ Σ∗Z the vector µZ(w)F has no more than d +1 non-zero compo-
nents, which is similar to the IFS construction. There are n copies of the first d
states used in the IFS construction and one additional state per copy, which cor-
responds to state d +1 of the IFS construction. The automaton starts in the first
copy using an arbitrary vector contained in U. Let v = ak . . .a1 ∈ Σ∗Z and assume
that the vector µZ(v)FZ has non-zero components lying in the q-th copy only, i.e.
the system resides in the q-th copy. Furthermore assume that v′ = ak+1ak . . .a1
for some symbol ak+1 ∈ ΣZ . If P(ak+1,q) is not zero, then the system will reside
in the copy ak+1 after processing v′. Otherwise, if P(ak+1,q) is zero, then we
are not allowed to apply the transformation wak+1 in this situation. In this case
we use the successor function to compute a valid map and target copy, i.e. we
substitute ak+1 by pretending that the symbol we have encountered is s(ak+1,q).
The argumentation that Z computes the attractor of the RIFS is analog to the
IFS case. �

In our scenario, the real difference between IFS and RIFS is that the matrix
P of an RIFS may have zero elements. This means that there are, in contrast to
IFS, situations where we are not allowed to apply a certain transformation. As
P is irreducible, there is at least one transformation we can apply at any time.

If we define the term image as a compact subset of some compact metric
space (X ,m), then the attractor A of an RIFS as given above is an image, i.e. the
information whether each point of the space is inside or outside the attractor.
This can be augmented by defining a normalized invariant measure (cf. [8,17])
on X , which is an additive function f defined on the Borel subsets of X such
that f (X) = 1.

We can implement something similar in the following way using a PWFA to
obtain a real greyscale image from an RIFS (K ⊂ R2,m,w1, . . . ,wn,P) where K
is compact:

• Construct a PWFA Z representing the RIFS as described in the proof of
Theorem 6.10 and add a dimension that computes the probability of each
chosen path. The probability can be computed using a WFA. We have to
adjust the probabilities, if we apply some kind of label substitution and
encounter cases where the application of certain transformations is not
allowed. More precisely that is: if we generate the transition from state
s to state t of the Markov model for k different labels, then each of these
transitions is assigned a probability of pt

k .

• Choose a word length k.

• Compute the tuples f (w) = (xw,yw, pw) for each w ∈ Σk
Z .

• Let Y = [α,β]× [γ,δ] for real numbers α < β and γ < δ and M,N positive
integers. We define the function g : Y 7→ {1, . . . ,M}×{1, . . . ,N} as

g((x,y)) =

{ (⌊
(M−1)(x−α)

β−α
+ 1

2

⌋
+1,

⌊
(N−1)(y−γ)

δ−γ
+ 1

2

⌋
+1
)

for (x,y) ∈ Y
(0,0) otherwise

(6.32)
that assigns coordinates in {1, . . . ,M}×{1, . . . ,N} to the points of Y . Then
the image Ik = [0,1]M×N is given by

Ik(i, j) = ∑
w∈Σk

pwδ((i, j),g(xw,yw)) (6.33)
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for (i, j) ∈ {1, . . . ,M}×{1, . . . ,N}, where δ denotes the Kronecker δ.

Using the above algorithm, we can construct a sequence (Ik)∞
k=0 of images

that converges to a limit image I. If the interval Y completely contains the
attractor A , then the sum of the elements of the image matrix I is 1. For this
reason we will probably need to apply some scaling factor such that e.g. the
maximal element of I is mapped to 1 in case of a floating point image or 255
in case of an 8 bit greyscale image. In practice we cannot compute the limit
image I, but the evaluation for a sufficiently large k should deliver a suitable
approximation.

6.3 Mutually recursive function systems

Mutually recursive function systems (MRFS, cf. [17, 18]) are an extension of
the IFS concept. Let (X ,m,w1, . . . ,wn) denote an IFS. Throughout this section,
we again assume that each transformation is affine. The successor set Xk+1 of
some compact set Xk ⊂ X is defined as

Xk+1 = w1(Xk)∪w2(Xk) . . .∪wn(Xk) (6.34)

using the Hutchinson operator. This can be generalized by using q subsets Xk, i
of X for each k instead of one and defining a finite set of mutually recursive
formulas as

Xk+1, i = wi1(Xk, j1)∪ . . .∪wir(Xk, jr) (6.35)

for i = 1, . . . ,q and (ia, jb) ∈ {1, . . . ,n}× {1, . . . ,q} for (a,b) ∈ {1, . . . ,r}2 where
r > 0 depends on i. These q sets can then be divided into final or display vari-
ables, which are used for the construction of the attractor and non-display vari-
ables, which are only used for intermediate computations. We can express the
structure of such an equation system as an NFA N with q states, i.e. there is
one state for each variable. If the recursive definition of the variable Xk+1, i con-
tains the set Xk, j transformed by wa, then the automaton has an edge labeled
by a starting at state j and going to state i. The states corresponding to final
variables are marked as final states and every state is an initial state. The defi-
nition of MRFS allows that the states of N can be partitioned into unconnected
subsets. If this is the case, then the attractor of the MRFS can be defined as the
union of a set of attractors of MRFS, for which the automaton N is recurrent
(i.e. each state can be reached from any other). We can thus without loss of
generality assume that the NFA N is recurrent, as the set D(S ,d) is closed under
the set union operation for each semiring S and each dimension d ∈N+. This as-
sumption removes one structural difference between MRFS and RIFS. Another
more important difference is that we do not require each single transformation
w j to be a contraction mapping. It is sufficient, if the resulting set of mutual
recursive formulae satisfies the loop contraction property. The loop contraction
property is given, if for each loop in the NFA N the corresponding composed
transformation is contractive, i.e. if a loop is labeled by the word v = a1 . . .ak
then wv = wa1 ◦wa2 . . .◦wak is a contraction mapping. The above can be written
shorter in the following definition (cf. [17]).

Definition 6.15 A deterministic mutually recursive function system (DMRFS) is
a compact metric space (X ,m) together with a set of mutually recursive formulae
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of q ≥ 1 variables, each variable defined as a union of images of some other vari-
ables under affine transformations on X , such that they satisfy a loop contractivity
condition. Some variables are marked as final or display variables.

The q equations of a DMRFS define a kind of extended Hutchinson operator
W : H (X)q 7→ H (X)q. The operator W of each DMRFS has a unique fixed point
in H (X)q, i.e. an assignment of variables Xi, i = 1, . . . ,q such that

W ((X1, . . . ,Xq)) = (X1, . . . ,Xq) . (6.36)

If (X1, . . . ,Xq) denotes the fixed point of an MRFS, then the attractor A of the
system is defined as

A =
[
i∈F

Xi . (6.37)

Similar to the IFS and RIFS case, the attractor is also given by

A = lim
k→∞

[
i∈F

Xk, i (6.38)

for arbitrary non-empty compact subsets X0, i, i = 1, . . . ,q of X (cf. [17]).
DMRFS can be extended to probabilistic MRFS (PMRFS) by assigning prob-

abilities to the application of transformations and thus the computation of a
texture in addition to an image (cf. [17]).

The set of DMRFS computable sets has some interesting closure properties.
It is easy to see that DMRFS are closed under affine transformations of the
underlying space X . We introduce a new variable that becomes the only display
variable and is defined as the union of the affine transformations of the previous
display variables. A DMRFS M computing the set union of the sets computed
by the DMRFS M1 with q1 variables and M2 with q2 variables over the same
compact metric space can be constructed using q1 + q2 + 1 variables, where we
keep the original recursive formulae and introduce one variable that becomes
the single final variable and is defined as the union of the final variables in M1
and M2.

We introduce the projection operator Pk given in [17] and give a result
proven in the same paper before we show that the attractors definable by DM-
RFS are PWFA computable.

Definition 6.16 Let X be a set and k a positive natural number. Then the projec-
tion operator Pk(B) :℘(Xk) 7→℘(X) is defined as

Pk(B) = {x|∃(x1, . . . ,xk) ∈ B such that x = xr for some 1≤ r ≤ k} (6.39)

for each B ∈℘(Xk).

Theorem 6.11 Let M be a DMRFS (or a PMRFS) on q variables and let X the
underlying compact metric space. Then there is a higher-dimensional IFS I whose
projected attractor Pq(AI) is the same as that of M.

Theorem 6.12 Let (S d ,m) for some d ∈ N+ denote a complete metric space such
that S is a semiring and let U be a compact subset of S d . Furthermore, let M
denote a DMRFS with q variables over (U,m) with attractor AM. There is a PWFA
Z of dimension d over S such that S(Z) = AM.
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Proof: According to Theorem 6.11 the attractor AM can be represented as the
projection Pq of an IFS over S dq

. The projection operator Pq : Xq 7→ X can be
rewritten as

Pq(B) = {x|∃(x1, . . . ,xq) ∈ B such that x = xr for some 1≤ r ≤ q}
=

Sq
i=1{x|∃(x1, . . . ,xq) ∈ B such that x = xi}

(6.40)

for each B ⊂ Xq. The vector spaces S dq
and S dq are trivially isomorphic. Let Z′

be a PWFA that represents the IFS over S dq using the construction given above,
which produces ST -consistent automata. Let Udq,q,k ∈ S d×dq be given by

Udq,q,k(i, j)
{

1 if (i, j) = (p,d(k−1)+ p) for 1≤ p≤ d
0 otherwise, (6.41)

i.e. a matrix that projects a vector v ∈ S dq to its components d(k−1)+1, . . . ,dk.
Then the attractor AM can be computed as

AM =
q[

k=1

Udq,q,kS(Z′) =
q[

k=1

S(Ξ[Udq,q,kIZ′ ](Z′)) = S(Z) . (6.42)

Note that unlike the situation we will discuss in Remark 7.2, the application of
the projection matrices is in this case no problem, as Z′ is ST -consistent. �

As in the case of RIFS we can introduce an additional component that as-
signs a probability to each computed point and thus compute a textured image
instead of a pure image.

The set computed by a DMRFS is always compact and there exist PWFA com-
putable sets, which are not compact (e.g. the exponential function). Thus the
set of DMRFS computable sets is a strict subset of the set of PWFA computable
sets.
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Chapter 7

Relations and functions

When we use WFA to compute real functions, the input word is interpreted as
the argument of the function. The choice of the alphabet {0,1} and the inter-
pretation of input words using the functions q[2] and r[2] is very common. Thus
we will use the term a WFA computing a real function as an abbreviation for the
term a WFA computing a real function under r[2] in the following. As PWFA are
WFA (at least if we consider the word function), we similarly can use PWFA to
compute real functions while interpreting the input word as the argument of
the function (transforming a WFA computing a real function into a PWFA com-
puting the same function is however not always straight-forward, see Remark
7.1), but we can also compute relations and functions by explicitly computing
the set of vectors that are contained in the relation or function respectively (re-
member that a relation is a subset of a Cartesian product and a function is a
binary relation satisfying some conditions, cf. [76]).

Definition 7.1 Let S be a semiring and let R ⊂ S p×S q denote a relation for some
positive natural numbers p and q. We say that a PWFA Z of dimension p+q over
S computes R , if

S(Z) = {(x1, . . . ,xp,y1, . . . ,yq)|((x1, . . . ,xp),(y1, . . . ,yq)) ∈ R} . (7.1)

Likewise we say that a PWFA Z of dimension p + q over S computes the function
F : S p 7→ S q over the semiring S for positive natural numbers p and q, if Z computes
the relation underlying F .

Remark 7.1 If we are given a real WFA X that computes a certain real function
f , then it is only straight-forward to construct a real PWFA Y of dimension 2
computing f by transforming X , if f is defined everywhere in the unit interval
[0,1]. If e.g. the values produced by fX are bounded by some real number r but fX
is undefined for some points in the unit interval, then the PWFA Y obtained from
X by choosing the first component as a WFA computing the function q[2] and the
second component as X will produce erroneous values, because due to the Bolzano-
Weierstraß theorem each bounded sequence has an accumulation point. As we are
not considering any non-total WFA computable real functions in this thesis, we will
not tackle this problem. If we would change the definition of the set computed by
a PWFA to a real WFA style convergence, then this problem would vanish, but we
likely would loose a large part of the expressiveness of the model.
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When we use PWFA to compute functions, we are mostly interested in au-
tomata that show a certain well-defined behavior, which we express in the fol-
lowing definition.

Definition 7.2 Let (S d ,m) for some d ∈N+ be a complete metric space such that S
is a semiring. Furthermore, let X be a PWFA of dimension d over the S . We say that
X properly produces the set S⊂ S d , if X is ST -consistent and S(X) = S. Likewise we
say that X properly computes the relation R or function F , if it properly computes
the set underlying R or F respectively.

7.1 Multidimensional separable functions and de-
lay functions

Multidimensional separable functions p : [0,1]d 7→ [0,1] of dimension d > 1 can
be implemented by WFA in two fashions. The first is to increase the number of
input symbols from 2 to 2d . This approach is used in [20]. The second way is
to keep an alphabet cardinality of 2 and multiplex the digits of d binary input
words into a single input word. It can be found in [50] for d = 2, where binary
trees were used instead of quadtrees to partition images for WFA based image
compression. A general approach is given in the following theorem.

Definition 7.3 Let Σ be an alphabet and k,m ∈ N,m > 0,1≤ k ≤ m.

1. Let w = a1 . . .an ∈ Σ∗. We call the word

o(k,m) =

{
akak+m . . .ak+mb n−k

m c if n≥ k

ε otherwise
(7.2)

the k projection of w modulo m.

2. Let w = a1a2 . . . ∈ Σω. We call the word

o(k,m) = akak+mak+2m . . . (7.3)

the k projection of w modulo m.

Definition 7.4 Let Σ be an alphabet, S a set, k,m ∈ N,m > 0,1 ≤ k ≤ m and f :
Σ∗ 7→ S or f : Σω 7→ S a function. We call the function

f (k,m)(w) = f (o(k,m)(w)) (7.4)

the (k,m) delay function of f .

Lemma 7.1 Let X be a WFA over the semiring S . Let k,m ∈ N,m > 0,1 ≤ k ≤ m.
There is a WFA Y over S computing the (k,m) delay function of fX .

Proof: Assume that QX = {1, . . . ,nX} for some nX ∈ N+. Y is constructed by
producing m copies of X that are visited in turn when reading the input word.
Y is formally defined as

• QY = {1, . . . ,mnX},
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• ΣY = ΣX ,

• AYi =


O Bi,1 O . . . O
O O Bi,2 . . . O

...
O O O . . . Bi,m−1
Bi,m O O . . . O


for i ∈ ΣY , where O denotes the zero matrix in S nX×nX and

Bi, j =
{

AXi if j = k
UnX otherwise (7.5)

where UnX denotes the identity matrix of S nX×nX ,

• columns 1 to nX of IY are IX , the rest of the elements of IY is zero and

• FY = ( FT
X FT

X . . . FT
X )T .

�

Lemma 7.2 Let X be a PWFA of dimension d over some semiring S . Let k,m ∈
N,m > 0,1 ≤ k ≤ m. Then every PWFA Y of dimension d over S computing the
(k,m) delay function of X satisfies S(Y ) = S(X) and T (Y ) = T (X).

Proof: Let v ∈ S d . If v is produced by fX j times (where j may be infinite), then
fY produces v at least j and at most m j times. As

S
w∈Σ∗{ fY (w)}=

S
w∈Σ∗{ fX (w)},

we obtain T (Y ) = T (X) and S(Y ) = S(X). �

Definition 7.5 Let Z = {Z1, . . .Zm} denote a finite set of PWFA of dimension p+q
over C computing the relations R j ⊂Cp×Cq for positive natural numbers p,q and
j = 1, . . . ,m. We say that Z is consistent if

• Z j computes S(Z j) properly (i.e. Z j is ST -consistent) for j = 1, . . . ,m and

• ΣZ1 = ΣZ2 = . . . = ΣZm .

Let Z′i be the automaton obtained from Zi by projection on the dimensions 1 to p
for i = 1, . . . ,m. If R i is a function, then as usual we call S(Z′i) the domain of R i
for i = 1, . . . ,m.

Theorem 7.1 Let F1, . . . ,Fm : Cp 7→ Cq be PWFA computable functions computed
by the PWFA Z1, . . . ,Zm for positive natural numbers p,q, where the system Z = {Z1,
. . . ,Zm} is consistent. Let Ii denote the domain of the function Fi for i = 1, . . . ,m.
There is a PWFA P of dimension mp+q over C that computes the relation

S(P) =



(t1,1, t1,2, . . . , tm, p,
∏

m
k=1 Fk((tk,1, tk,2, . . . , tk, p))(1)

∏
m
k=1 Fk((tk,1, tk,2, . . . , tk, p))(2)

. . .

∏
m
k=1 Fk((tk,1, tk,2, . . . , tk, p))(q))
|(ti,1, . . . , ti, p) ∈ Ii for i = 1, . . . ,m


. (7.6)
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Proof: Let P′k denote a PWFA computing the (k,m) delay function of fZk for k = 1,
. . . ,m. We choose the components (k−1)p+1 to kp of P as the components 1 to p
of P′k for k = 1, . . . ,m. Thus the convergence behavior of the first mp components
of P is clear, as it is directly implied by the behavior of the Zk, which means that
the projection of P to its first mp components is an ST -consistent automaton.
Let Pk

′
j denote the PWFA obtained from P′k by reducing it to component j. Then

we choose the components mp + j of P as the product of the PWFA Pk
′
p+ j for

k = 1, . . . ,m and j = 1, . . . ,q (in the sense of the Hadamard products of their
word functions). Clearly, if we construct P in this fashion, then S(P) contains
the set stated in equation 7.6. It remains to show that S(P) does not contain any
additional vectors. Let w1,w2, . . . be a sequence of words of increasing length in
Σ∗. Assume that limi→∞ fPk1

′
j
(wi) does not exist but limi→∞ fPk1

′
j
(wi) fPk2

′
j
(wi) does

exist for some (k1,k2) ∈ {1, . . . ,m}2 and some j ∈ {p+1, . . . , p+q}. As the Zk are
all ST -consistent, the values produced by fPk1

′
j

along the sequence wi become

arbitrarily close to values that are elements of S(Pk1
′
j). This implies that the

value limi→∞ fPk1
′
j
(wi) fPk2

′
j
(wi) is already produced for a sequence of words for

which P′k1 j
converges. �

As WFA are closed under addition, we obtain the following corollary from The-
orem 7.1.

Corollary 7.1 Let n ∈ N and ai1, i2, ..., im real numbers for 0 ≤ i j ≤ n, j = 1, . . . ,m.
Let F1, . . . ,Fm total functions computable by real WFA on [0,1]. There is a PWFA
X that computes the set

S(X) =

{(
t1, . . . , tm,

n

∑
i1=0

. . .
n

∑
im=0

ai1, ..., im

m

∏
j=1

F (t j)i j

)∣∣∣∣∣(t1, . . . , tm) ∈ [0,1]m
}

.

(7.7)

This enables us to compute splines, which we will discuss in Chapter 8.

7.2 Real relations and functions

7.2.1 Real relations over closed finite real intervals

As we have seen in section 3.2, WFA over the real numbers can compute real
polynomials on the unit interval. This means that PWFA of dimension d are able
to compute each relation

S = {((p1(t), p2(t), . . . , pm(t))|t ∈ [0,1]} (7.8)

where the pi are real polynomials for i = 1, . . . ,m. An example is shown in Figure
4.1, where the computed set is

S = {(t3− t2, t2− t)|t ∈ [0,1]} . (7.9)

If p(x) : R 7→ R is a real polynomial, then p(sx + t) is also a real polynomial for
s, t ∈ R. This means that we can compute the evaluation of each polynomial on
each real interval [a,b] using a PWFA.
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Corollary 7.2 Let p be a real polynomial. Then there is a PWFA Z over R that
computes the set

S(Z) = {(c,d)|c ∈ [a,b],d = p(c)} (7.10)

for the real interval [a,b].

Proof: If b < a, then S(Z) = /0, which is clearly PWFA computable. Now assume
that b≥ a. If we transform S(Z) to

S(Z) = {a+(b−a)t, p(a+(b−a)t))| t ∈ [0,1]} (7.11)

then both components are total real WFA computable functions. �

Another family of functions that can be computed by PWFA on closed finite
real intervals is the set of inverse functions of polynomials, which we obtain by
swapping the components of a suitable PWFA.

We show in the next paragraph that PWFA do not gain any computational
power in terms of computing smooth (that means every derivative is continu-
ous) real functions, if we allow them to read the input words in reversed order
compared to the usual interpretation of input words for WFA computing real
functions. This result was first published in [90]. As we do a comparison of a
family of PWFA to WFA computing real functions, we will be using alphabets
starting at 0 instead of the usual alphabets starting at 1 for the rest of the sub-
section. Let Σ = {0, . . . ,k−1} where k ∈ N,k ≥ 2 and let wR denote the reversed
word of w for each w ∈ Σ∗. Then we obviously have[

w∈Σ∗
q[k](wR) =

[
w∈Σ∗

q[k](w) = [0,1] , (7.12)

so we are considering PWFA computing real functions on the real unit interval
[0,1].

Let d ∈ (0,1). Then we define the iterated function system (IFS, see section
6.1) D(d) as the set of functions

d0(x) = dx
d1(x) = dx+(1−d) .

(7.13)

The system D(d) has the attractor [0,1]. We first show that polynomials on the
unit interval can be computed while using this IFS for the first component of a
PWFA.

Lemma 7.3 Let k ∈ N and d ∈ (0,1). There is a PWFA X of dimension 2 over R
that computes the set {(x,xk)|x∈ [0,1]} , while the first component of X is computed
as the IFS D(d).

Proof: The automaton for the IFS D(d) is shown in Figure 7.1. The recursion for
xk can be written as

e0(x) = (dx)k = dkxk

e1(x) = (dx+(1−d))k = ∑
k
i=0
(k

i

)
dixi(1−d)k−i .

(7.14)

The construction scheme is shown in Figure 7.2. Thus the automaton X can be
built by combining the automata shown in Figure 7.1 and Figure 7.2. �

As WFA are closed under sum and multiplication by a constant, we obtain the
following.
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Figure 7.1: IFS automaton for system D(d).
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Figure 7.2: Automaton computing second component xk for first component
displayed by IFS D(d).

Theorem 7.2 Let p(x) = ∑
k
i=0 aixi be a real polynomial for k ∈ N. For each d ∈

(0,1) there is a PWFA X that computes the set {(x, p(x))|x ∈ [0,1]} while computing
the first component as the IFS D(d).

It is remarkable that unlike the usual WFA construction for polynomials we can-
not use one single line-automaton (cf. [20]) to represent a complete polynomial
with more than one non-zero coefficient. Clearly the construction for xk+1,k ∈N
contains the construction for xk as a sub-graph. It differs in two features:

1. The sub-automaton for xk contained in xk+1 has outgoing edges.

2. When we build the automaton for xk+1 based on the automaton for xk, the
final distribution is changed instead of the initial distribution.

We now show that polynomials are the only smooth (that means having all
derivates everywhere on the unit interval) real functions computable by PWFA
using the IFS D(1/2) to compute the first component. This is done by reducing
such automata to real WFA. It is well known that the only smooth real functions
computable by real WFA are polynomials (cf. [36]). If we interpret ω words
over {0,1} using the function r[2], then the words with prefix 0 are interpreted
as numbers in [0,1/2] and the words with prefix 1 as numbers in [1/2,1]. This
means that the unit interval is split into two halves by the first symbol. The
choice of 1/2 as the splitting point corresponds to the positional notation of
numbers. We could however choose a different splitting point in (0,1). This
would result in a different (ω) word interpretation function under which we
could still define WFA computing polynomials on the real unit interval. We
conjecture that polynomials are still the only smooth real functions computable
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by real WFA under this modified (ω) word interpretation function, however the
proof given in [36] only considers the canonical case of a splitting point of 1/2.

Lemma 7.4 Let X be a real PWFA computing the smooth real function f on the
unit interval as the set S(X) = {(x, f (x))|x ∈ [0,1]} while computing the first com-
ponent as the IFS D(1/2). There is a real WFA Y that computes the same function.

Proof: Let w = a1a2 . . .am ∈ Σ∗X . The first component of the result vectors of X is
computed as

x(w) = 1
2

((
. . . 1

2

( 1
2 a1
)
+ 1

2 a2 . . .
)
+ 1

2 am−1
)
+ 1

2 am

= ∑
m
i=1 2−(m−i+1)ai .

(7.15)

That means the input order is reversed in comparison to WFA, as apparently
x(wR) = q[2](w) and q[2](wR) = x(w) hold for each w in Σ∗X . Without loss of gen-
erality we assume that the set of states X uses to compute its first component is
disjoint from the set of states it uses to compute the second. Then we can de-
compose X into two independent WFA computing the components of the result
vectors of X . Let these sub-graphs of X be named Y ′ for the first component and
Y ′′ for the second. Then equation 7.16 holds for w = a1a2 . . .am ∈ Σ∗X .

(x(w), f (x(w)) = (IY ′∏m
i=1 AY ′ai

FY ′ , IY ′′∏m
i=1 AY ′′ai

FY ′′)

=

(
IY ′
(

∏
m
i=1 AT

Y ′am−i+1

)T

FY ′ , IY ′′
(

∏
m
i=1 AT

Y ′′am−i+1

)T

FY ′′

)
=

(
FT

Y ′

(
∏

m
i=1 AT

Y ′am−i+1

)
IT
Y ′ ,F

T
Y ′′

(
∏

m
i=1 AT

Y ′′am−i+1

)
IT
Y ′′

)
=

(
q[2](wR),FT

Y ′′

(
∏

m
i=1 AT

Y ′′am−i+1

)
IT
Y ′′

)
(7.16)

Let Y ′′R denote the sub-graph that is obtained from Y ′′ by transposing the tran-
sition matrices and swapping the initial and final distribution. It remains to
show that Y ′′R can be transformed into a WFA Y that computes a function that is
defined everywhere. There are two problems we can encounter:

1. The function r[2] maps the words w0 = w01ω and w1 = w10ω over {0,1}ω

to the same real number. Let (v0i)
∞
i=1 = w,w0,w01,w011, . . . and (v1i)

∞
i=1 =

w,w1,w10,w100, . . .. X produces the point (r[2](w0), f (r[2](w0))), if there
exists a subsequence (u0i) of (v0i) or (u1i) of (v1i) such that one of the
two limits limi→∞ fY ′′R (u0i) and limi→∞ fY ′′R (u1i) exists. fY however has to be
defined for w0 as well as w1.

2. Let w = a1a2 . . . ∈ {0,1}ω. Furthermore, let (vi)∞
i=0 = ε,a1,a1a2, . . . be the

sequence of prefixes of w. It suffices that limi→∞ fY ′′R (ui) exists for a sub-
sequence (ui) of (vi) so that X produces the point (r[2](w), f (r[2](w))). fY
however has to converge for the complete sequence, i.e. limi→∞ fY (vi) has
to exist.

We will show that both of these problems can be remedied by changing Y ′′R .
Consider the first problem. Let w ∈ Σ∗X , w0 = w01ω and w1 = w10ω. Furthermore,
let (v0i)

∞
i=1 = w,w0,w01,w011, . . . and (v1i)

∞
i=1 = w,w1,w10,w100, . . . be the se-

quences of prefixes of w0 and w1 respectively. If there are subsequences (u0i)
∞
i=1
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of (v0i) and (u1i)
∞
i=1 of (v1i) such that limi→∞ fY ′′R (u0i) and limi→∞ fY ′′R (u1i) both

exist, then they are equal, as X computes the function f . If for one of the two
cases there is no converging subsequence, then the Bolzano-Weierstraß theorem
implies that the absolute value of fY ′′R approaches infinity for the corresponding
sequence, because if it were bounded, it would possess an accumulation point.
This implies that there exist pairs (s,S) of symbols s ∈ {0,1} and maximal cyclic
sub-spaces S of RnY ′′R such that

• (vAY ′′R s
)T ∈ S for each vT ∈ S and

• for each vT ∈ S exists some k ∈ N such that |vAk
Y ′′R s

F |> |2vF |.

We consider a single pair (s,S) of the pairs mentioned above. Let {b1, . . . ,bk}
denote a basis of S and B = {b1, . . . ,bk,rk+1, . . . ,rnY ′′R

} a basis of RnY ′′R . We trans-

form Y ′′R so that the sub-space S of dimension k corresponds to the states 1, . . . ,k.
Let B denote the matrix that transforms the standard basis to the basis B. Then
we substitute IY ′′R by IY ′′R B−1, FY ′′R

by BFY ′′R
and AY ′′R i

by BAY ′′R i
B−1 for i = 0,1. In

this transformed automaton it is easy to see that we can use a simple NFA N
to decide, whether the transformed automaton has assumed a configuration
that belongs to the sub-space S of the original automaton. Now it is simple to
substitute the non-convergent behavior of Y ′′R by the corresponding convergent
behavior. If the NFA N enters any state corresponding to S, then Y ′′R starts to em-
ulate the dual case while continuing the original computation masked by a final
distribution of zero. If N no longer assumes any state corresponding to S, then
Y ′′R resumes the original computation. If we repeat this for every present pair
(s,S), then we will have removed the first of the two problems. As the number
of states in Y ′′R is finite, there can only be a finite number of such pairs.
Now consider the second problem. Let w = a1a2 . . . ∈ Σω

X . Assume that there
exists a subsequence (ui)∞

i=1 of the sequence (vi)∞
i=0 = ε,a1,a1a2, . . . for which

fY ′′R converges. Furthermore, assume however that limi→∞ fY ′′R (vi) does not exist.
As above, the Bolzano-Weierstraß theorem guarantees that there is exactly one
neighborhood that contains an infinite number of points produced by fY ′′R for
(vi). Each sequence of computed values that has an infinite number of values
that are not contained in this neighborhood is unbounded, i.e. its absolute value
approaches infinity. The automaton has to store the numbers responsible for this
approaching to infinity in certain states at each stage of the computation, i.e.
the appearance of such a number in a final state can be expressed as a regular
language L. We can assume that ε /∈ L. Then we can modify Y ′′R in a way so that
if it reads the word vi ∈ L, then fY ′′R computes the value fY ′′R (v j) instead of fY ′′R (vi),
where j is the greatest integer smaller than i such that v j /∈ L. This means that
we can also remove the second problem from Y ′′R , which completes the proof. �

Every smooth real function computable by a WFA is a polynomial, so Theorem
7.3 follows.

Theorem 7.3 Let X be a PWFA computing the smooth real function f on the unit
interval as the set S(X) = {(x, f (x))|x ∈ [0,1]} while computing the first component
as the IFS D(1/2). Then f is a polynomial.
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Figure 7.3: Automaton computing function eax+b, where α′ = aα and β′ = aβ for
αβ < 0, α

β
/∈Q.

7.2.2 Trigonometric functions on R
The computation of the exponential, sine and cosine function on R using PWFA
was shown in [4]. We provide a few simple generalizations in this subsection.

Theorem 7.4 Let a,b ∈ R. Then there is a PWFA Z that computes the function
f (x) = eax+b by computing the set

S(Z) =
{(

x,eax+b
)∣∣∣x ∈ R

}
. (7.17)

Proof: The construction given in [4] computes the function ex as the set

{(nα+mβ,enαemβ)|n,m ∈ N}

for αβ < 0, α

β
/∈Q. We can extend this by writing

S(Z) = {(nα+mβ,ea(nα+mβ)+b)|n,m ∈ N}
= {(nα+mβ,eben(aα)+m(aβ))|n,m ∈ N}
= {(nα+mβ,eben(α′)+m(β′))|n,m ∈ N}

(7.18)

where a′ = aα and β′ = aβ. The modified automaton is shown in Figure 7.3. �

Theorem 7.5 Let a,b∈R. Then there exists a PWFA X that computes the function
f (x) = sin(ax+b) by computing the set

S(X) = {(x, sin(ax+b))|x ∈ R} (7.19)

and a PWFA Y that computes the function g(x) = cos(ax+b) by computing the set

S(Y ) = {(x, cos(ax+b))|x ∈ R} . (7.20)

Proof: We proof the case of f (x) = sin(ax+b) for real numbers a and b, the case
of g(x) = cos(ax+b) is analogous. The sine function is computed as the set

{(nα+mβ, sin(nα+mβ)|n,m ∈ N}

for real numbers α and β such that αβ < 0 and α

β
/∈Q in [4]. We can thus write

S(X) = {(nα+mβ, sin(a(nα+mβ)+b))|n,m ∈ N}
= {(nα+mβ, sin((naα+maβ)+b))|n,m ∈ N}
= {(nα+mβ, sin((nα′+mβ′)+b))|n,m ∈ N}
= {(nα+mβ, sin(nα′+mβ′)cos(b)+ cos(nα′+mβ′))sin(b))|n,m ∈ N}

(7.21)
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Figure 7.4: Automaton computing the function sin(ax + b) for real numbers a
and b where αβ < 0, α

β
/∈Q, α′ = aα and β′ = aβ.

Figure 7.5: We choose real numbers α and β such that αβ < 0, α

β
/∈Q and derive

α′ = cos
( 3

4 acos(α)
)

and β′ = cos
( 3

4 acos(β)
)
. Then the automaton on the left

computes the Lissajous figure given by the relation L(1,1,3,4,0). The image it
produces is shown on the right.

for α′ = aα and β′ = aβ. The modified automaton is shown in Figure 7.4. �

Example 7.1 Apart from the circle that can be computed by PWFA, Theorem 7.5
allows us to construct real PWFA computing Lissajous figures. Such figures are
defined by the relations

L(A,B,a,b,δ) = {(Asin(at +δ),Bsin(bt))|t ∈ R} (7.22)

for the real parameters A,B,a,b and δ. An example is shown in Figure 7.5.

If the set D(R) is closed under the set intersection operation, which we con-
jecture it is not, then we can also compute a set describing the tangent using a
PWFA.

Theorem 7.6 Assume that D(R) is closed under intersection. Then there is a
PWFA Z that computes the set

S(Z) =
{
(x, tan(x),0)|x ∈ R\

{
π

2
+ kπ|k ∈ Z

}}
. (7.23)
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270° cos

si
n

tan

Figure 7.6: The direction of the tangent is obtained for a point by rotating it by
270◦ around the origin of the Cartesian plane.

Proof: Consider the construction of the unit circle given in [4]. A vector de-
scribing the direction of the tangent for each point can be obtained by applying
a 270◦ rotation. This is depicted in Figure 7.6. The tangent of some angle is
given by the distance from the point corresponding to the angle on the unit
circle to the point where the corresponding tangent intersects the x-axis of the
plane. We can express the tangent at the point (cos(γ), sin(γ)) as

tγ(x) =
(

cos(γ)
sin(γ)

)
+ x
(

cos(γ+ 3π

2 )
sin(γ+ 3π

2 )

)
=

(
cos(γ)
sin(γ)

)
+ x
(

sin(γ)
−cos(γ)

) (7.24)

for γ ∈ R, where tan(γ) is a root of tγ(x)(2) = sin(γ)− xcos(γ) for each γ 6= π

2 + kπ,
k ∈ Z. If the closure of real PWFA computable sets under set intersection holds,
this implies that we can compute the set

S(Z) = {(nα+mβ, iα+ jβ, sin(nα+mβ)− (iα+ jβ)cos(nα+mβ))
|i, j,m,n ∈ N}∩{(nα+mβ, iα+ jβ,0)|i, j,k, l ∈ N}

.

(7.25)
�

Remark 7.2 Assuming that Z can be constructed in such fashion to compute a set
representing the tangent, then projecting Z to the first two dimensions to obtain
a PWFA computing the tangent function is a non-trivial (and possibly impossible)
process, as there could exist word sequences for which the word function of Z does
not converge but the word function of the projected automaton does, thus possibly
introducing erroneous vectors.

The following two problems are open, in both cases we conjecture that the
answer is negative.

1. Is there a real PWFA that computes the sine, cosine or exponential function
while only using rational weights?

2. Is there a real PWFA that computes the sine, cosine or exponential function
on any compact set containing an infinite number of reals?
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The following arguments support our conjecture that the set D(R) is not closed
under the set intersection operation and that there is no PWFA that computes
the exponential, sine or cosine function on the real unit interval [0,1]. Assume
that we want to compute the exponential function ex on the interval [0,1]. We
conjecture that the method given in [4] is structurally the only way to achieve
this using a PWFA. The x-coordinate of the result vectors is thereby computed
as nα+mβ for n,m ∈ N and suitably chosen α and β (see equation 7.18). If this
is the only way to compute the exponential function using a PWFA, then our
only way to restrict it is to restrict the set of allowed input words. A simple
application of the Myhill-Nerode theorem shows that this set is not regular. A
pumping lemma argument shows that is also not context free. It is thus likely
that the descriptional complexity of the required language is beyond what is
representable by a PWFA. Note however that the set

{(n,m)|n,m ∈ N,nα+mβ≥ 0,nα+mβ≤ 1}

is decidable by a Turing machine for the choice α = 1 and β = −
√

2, which
is sufficient for the computation of the exponential function as all involved
numbers are algebraic and order is decidable for real algebraic numbers (see
e.g. [54]). If, on the other hand, the set of real PWFA computable sets were
closed under the set intersection operation, then we could trivially compute the
restriction of the exponential function to the unit interval by intersecting the
sets {(x,e(x))|x ∈ R} and [0,1]× [1,e], which are both PWFA computable.

7.2.3 Polynomials on the real numbers

There are several ways to compute real polynomials using real PWFA, of which
we will show three different approaches in this subsection. The first two con-
structions are similar to the construction of the automata given above for com-
puting the exponential, sine and cosine functions and were first published in
[89]. The third approach is different in two ways. Firstly it does not require
the use of non-rational weights. Secondly it has a more straight-forward map-
ping from the set of input words to the corresponding positions on the x-axis. It
was first published in [90]. The first construction is described in the following
Theorem 7.7.

Theorem 7.7 For every real polynomial p(x) = ∑
n
i=0 bixi with bi ∈R,n ∈N the set

{(x, p(x))|x ∈ R} is computable by a real PWFA Z that has n + 1 states, where the
first component of fZ(w) is linearly bounded by the length of w for each w ∈ Σ∗Z .

Proof: The computation of the first component of each result vector follows the
scheme used in the computation of the exponential function in [4] that means
for w ∈ {1,2}∗ the automaton computes the value x(w) = nα + mβ, where n is
the number of 1 symbols in w and m the number of 2 symbols while α

β
/∈Q and

αβ < 0. It suffices to show that xk is computable while simultaneously computing
x in another dimension. This is done in an inductive way. The computation of
the set {(x,1) = (x,x0)|x ∈ R} is done by the automaton shown in Figure 7.7.
Whenever the automaton reads a symbol, it is supposed to produce either the
value p(x+α) or p(x+β) from the value p(x) it has already produced. Without
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Figure 7.7: Automaton computing the set {(x,1) = (x,x0)|x ∈ R} for αβ < 0, α

β
/∈

Q.

Figure 7.8: Automaton computing the function f (x) = xsin(x) by producing the
set {(x,xsin(x))|x ∈ R} for αβ < 0, α

β
/∈Q.

loss of generality we assume that p(x) = xk for k > 0 is to be evaluated at x+α:

(x+α)k =
k

∑
i=0

(
k
i

)
xk−i

α
i = xk +

k

∑
i=1

(
(

k
i

)
α

i)xk−i (7.26)

By induction we already have automata for the polynomials of degrees up to
k−1. Thus the polynomial automaton for degree k has one additional state that
loops back to itself with weight 1 and has edges to the states forming a poly-
nomial of degree k− 1 with weights of certain binomial coefficients multiplied
by some power of α that can be seen in equation 7.26. The computation of the
x component can be done within the same automaton by using the linear state
formed in the induction. �

As WFA over the reals are closed under addition and multiplication, multidi-
mensional real polynomials can also be implemented by PWFA.

Example 7.2 PWFA can compute real polynomials as well as the real sine, cosine
and exponential functions using the same method for the computation of the first
component. This allows us to compute products of members of these families of
functions. Figure 7.8 shows an automaton that computes the function f (x) =
xsin(x) and Figure 7.9 shows the image it computes.

The second construction provided in Theorem 7.8 uses a slightly different
way to compute the first component of the result vectors.

Theorem 7.8 Let p(x) = ∑
n
i=0 bixi be a real polynomial, where bi ∈R,n∈N. There

is a PWFA Z = (Q,Σ = {1,2},W , I,F) that computes the set S(Z) = {(x, p(x)|x ∈R},
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Figure 7.9: Image computed by the automaton shown in Figure 7.8 (clipped to
[−4π,4π]× [−4π,4π]).

Figure 7.10: PWFA computing the set {(x,x)|x ∈ R+
0 } for real numbers α and β

such that 0 < α < 1 < β and ln(α)
ln(β) /∈Q.

where the first component of fZ(w) is computed as αi

β j for suitably chosen real
numbers α and β, where i denotes the number of occurrences of the symbol 1 in the
input word and j the number of occurrences of the symbol 2.

Proof: The set {αnβm|n,m ∈ N} is dense in R+
0 if ln(α) and ln(β) are defined,

ln(α) ln(β) < 0 and ln(α)
ln(β) /∈Q. This means that

{(αnβm,αnβm)|n,m ∈ N}=
{

(x,x)|x ∈ R+
0
}

(7.27)

for suitably chosen α and β. This set is computed by the automaton shown in
Figure 7.10. We can compute the function xk on R+

0 as the set

{(αnβm,(αk)n(βk)m)|n,m ∈ N}= {(x,xk)|x ∈ R+
0 } (7.28)

and as WFA are closed under sum and product with scalars, we can also compute

{(αnβm,
n

∑
i=0

bi(αi)n(βi)m)|n,m ∈ N}= {(x, p(x))|x ∈ R+
0 } . (7.29)

The complete polynomial can then by computed as

{(x, p(x))|x ∈ R}= {(x, p(x))|x ∈ R+
0 }∪{(−x, p(−x))|x ∈ R+

0 } . (7.30)

�

The first two approaches both have in common that they use at least one weight
that is not rational, even if the polynomial to be represented has only rational
coefficients, so from a certain point of view they are not finite automata. We
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will show now that there are PWFA computing polynomials on R without using
non-rational weights. We start by providing a PWFA that computes a polynomial
p on N. In this approach parts of the input words can be interpreted using the
functions g[2] and q[2], thus for the rest of the subsection we will use PWFA that
have alphabets starting at 0 instead of the usual 1.

Lemma 7.5 Let p(x) = xk with k ∈ N for x ∈ R. There is a real PWFA X that
computes the set S(X) = {

(
n,nk

)
|n ∈ N}.

Proof: We construct a PWFA X ′ that has the alphabet ΣX = {0,1,2}. Let h(w)
denote the word that is obtained from w ∈ Σ∗X by deleting all occurrences of the
symbol 2. For each input word w we interpret the word h(w) = b1b2 . . .bm as
the natural number nat2(h(w)) = ∑

m
i=1 bi2i. (Note that nat2(w) equals g[2](wR0)

where wR is the reversed word of w). Let x1 = b1b2 . . .bm ∈ {0,1}∗ and x2 =
b2b3 . . .bm denote even natural numbers under the function nat2. Then

x1
k = (2b1 +2x2)

k

= 2k (b1 + x2)
k

= 2k
∑

k
i=0
(k

i

)
b1xi

2

(7.31)

that means

x1
k =

{
2kxk

2 for b1 = 0
∑

k
i=0 2k

(k
i

)
xi

2 for b1 = 1
. (7.32)

So the construction of X ′ follows the scheme shown in Figure 7.11. The label
2 is used to give the automaton the possibility to keep the current result and
produce it infinitely often, so the set computed by the automaton is not empty,
as it would be, if every point were produced only once. X ′ produces the set

{(nat2(h(w)),nat2(h(w))k)|w ∈ Σ
∗
X}= {(n,nk)|n ∈ 2N} (7.33)

by construction. As
(
2n,(2n)k

)
= (2n,2knk), the automaton X can be obtained by

applying the invertible linear transformation
( 1

2 0
0 1

2k

)
to X ′. �

1:( ) 2

1:( ) 2

1:( ) 2

k
1 1k

k

1
0

1

0

k
0

k

0,1:2
2:1

0,1:2
2:1

0,1:2
2:1

I: (0,1)
F: (0) F: (0)

I: (1,0)
F: (1)
I: (0,0)

k+1 2 1

Figure 7.11: Polynomial automaton X ′ computing set {(n,nk)|n ∈ 2N}.

The proof provided for Lemma 7.5 is based on that given for the construction
of WFA computing polynomials in [20]. As WFA are closed under sum and
multiplication by a scalar, every real polynomial can be computed by a PWFA
on N. The construction given in Lemma 7.5 can be extended to the computation
of real polynomials on R. Firstly we show this for R+

0 .
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Lemma 7.6 Let p(x) = xk be a real function with k ∈ N. There is a PWFA Z that
computes the set {(x, p(x))|x ∈ R,x ≥ 0} and is based on the construction given in
the proof of Lemma 7.5.

Proof: The automaton Z is constructed by combining two automata. The first is
an automaton computing the set {x, p(x))|x ∈ [0;1]} by using the standard WFA
construction for polynomials, let the name of this sub-automaton be Y . The
second is the automaton X as defined for p(x) = xk in the proof of Lemma 7.5 but
stripping away label 2 and setting its final distribution to zero. We remap X so
it uses label 2 instead of 0 and 3 instead of 1. If Y makes a transition, we want X
not to change its configuration, so for every state q∈QX we introduce the edges
(q,0,q,1) and (q,1,q,1). Both X and Y have states for x0 to xk in their context,
let them be denoted by x0

X to xk
X and x0

Y to xk
Y . For every transition (xi

X , l,x j
X ,v)

where l ∈ {2,3} we add a transition (xi
X , l,x j

Y ,v). The complete scheme is shown
in Figure 7.12. We observe the behavior of Z for two different classes of input

3:( )2

3:( ) 2

3:( )2

1:( )1/2

k2,3:2

k
1 0,1:1/2

2,3:2

2,3:2 2,3:2

1:1/2

3:2

3:2

0,1:1 0,1:1 0,1:1

0,1:1/2

2,3:2k

Y

X

k
13:( )2k 1 0

2,3:201k

k

k

kk
1

k
0

1:( ) 1/2k

k
0

F: (0) F: (0)
I: (1/2,0)

F: (0)
I: (0,0)

I: (0,1)
F: (0)

I: (1,0)
F: (0)

I: (0,0)

k 0,1:1/21

F: (1)

k
1

0

kI: (0,1/2 )
k+1 2

1

1

2k+1

Figure 7.12: Polynomial automaton Z computing the set S(Z) = {x,xk|x ∈ R+
0 }.

words w:

1. w ∈ (0+1)∗ that means there is no occurrence of the symbols 2 and 3 in w.
Then fZ(w) = (q[2](w),q[2](w)k) as for usual WFA, thus {(x,xk)|x ∈ [0;1]} ⊂
S(Z).

2. w ∈ Σ∗Z(2 + 3)(0 + 1)∗ that means there is at least one occurrence of the
symbol 2 or 3 in w. As the configuration of Y is overwritten by that of X by
every occurrence of the symbols 2 and 3, any occurrence of the symbols
0 and 1 before the last 2 or 3 does not have any effect on the result of
the computation. Let w′ ∈ (2 + 3)∗(2 + 3)(0 + 1)∗ be the word w with all
occurrences of 0 and 1 before the last 2 or 3 erased. Let nat1(v) = ∑

m
i=1(ai−
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2)2i−1 for v = a1a2 . . .am ∈ {2,3}∗. After reading the prefix of maximal
length p of w′ in (2 + 3)∗(2 + 3), Y is initialized to compute the set {(x +
nat1(p),(x + nat1(p))k)|x ∈ [0,1]}. As nat1(p) can be any natural number,
the computed set is

∞[
i=0

{(x+ i,(x+ i)k)|x ∈ [0,1]} ⊂ S(Z). (7.34)

As the output for class 2 contains the output for class 1, the proof is complete.
�

Again, as the set of WFA computable functions is closed under sum and multi-
plication by a scalar, we can obtain a PWFA computing the set {(x, p(x))|x ∈R+

0 }
where p is an arbitrary real polynomial. An automaton computing the set
{(x, p(x))|x ∈ R} for the same polynomial can be constructed by using the set
union and linear transformation constructions to build an automaton Z that
computes the set

S(Z) = {(x, p(x))|x ∈ R+
0 }∪

(
−1 0

0 1

)
{(x, p(−x))|x ∈ R+

0 } (7.35)

implying Theorem 7.9.

Theorem 7.9 Let p(x) = ∑
n
k=0 bkxk be a real polynomial for bk ∈ R,n ∈ N. There

is a real PWFA Z that computes the set {(x, p(x))|x ∈ R} based on the construction
given in Lemma 7.6. If bk ∈ Q for k = 0, . . . ,n, then the definition of Z does not
require any non-rational numbers.

7.2.4 Rational real functions

In this subsection we will show that some rational real functions are computable
by real PWFA. We start with a simple lemma:

Lemma 7.7 The sets{(
x,

a
(bx+ c)k

)∣∣∣∣x ∈ R\{y|by+ c = 0}
}

(7.36)

with a,b,c ∈ R are computable by real PWFA.

Proof: As mentioned above, the set {αnβm|n,m ∈ N} is dense in R+
0 if ln(α) and

ln(β) are defined, ln(α) ln(β) < 0 and ln(α)
ln(β) /∈Q. This means that

{(
αnβm,

(
1
α

)n(1
β

)m)∣∣∣∣n,m ∈ N
}

=
{(

x,
1
x

)∣∣∣∣x ∈ R+
}

(7.37)

for suitably chosen α and β. The automaton shown in Figure 7.13 computes
this set. Two automata computing {(x,1/x)|x ∈ R+} and {(−x, − 1/x)|x ∈ R+}
can be merged to compute {x,1/x|x ∈ R\{0}}. We can compute the set{(

x,
1

ax+b

)∣∣∣∣a 6= 0,x >−b
a

}
(7.38)
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Figure 7.13: PWFA computing the set {(x, 1
x )|x ∈ R+} for real numbers α and β

where 0 < α < 1 < β and ln(α)
ln(β) /∈Q.

Figure 7.14: PWFA computing set {(x, 1
ax+b )|a 6= 0,x >− b

a}.

by substituting z = ax+b and evaluating

S =
{(

z
a
− b

a
,
1
z

)∣∣∣∣a 6= 0,z > 0
}

. (7.39)

The automaton shown in Figure 7.14 computes the set in equation 7.39. The
set described in the lemma is achieved by multiplication (in the sense of the
Hadamard product of the word functions) of the second component with itself
k times to obtain 1

(bx+c)k and then adjusting the initial distribution to multiply
the component by the constant a. �

So certain rational functions are computable by PWFA.

Theorem 7.10 The set{(
x,

P(x)
Q(x)

)∣∣∣∣x ∈ R\{y|Q(y) = 0}
}

(7.40)

where P(x) is an arbitrary real polynomial and Q(x) = (ax + b)k for a,b ∈ R and
k ∈ N is computable by a PWFA.

Proof: The statement follows from Lemma 7.7 and Theorem 7.8. �

7.2.5 Scaling functions and wavelets

It was shown in early work concerning WFA computing real functions that WFA
cannot only compute smooth functions (i.e. polynomials) but also continuous
non-smooth and non-continuous functions [35,20,34]. One class of WFA com-
putable real functions that are not given in a closed algebraic forms are scaling
functions and wavelets [32, 71, 48]. The results given in this subsection were
first presented in [93].

The L2-norm of a function f : R 7→ R is defined as

|| f ||L2 =
(Z

R
f (x)2dx

) 1
2

(7.41)
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and L2(R) denotes the space of square integrable functions that means f ∈
L2(R), if and only if || f ||L2 < ∞. For WFA functions in L2([0;1]) i.e. functions
that have support on [0;1] are considered, for PWFA this restriction is not nec-
essary. A wavelet basis of L2(R) is a family of functions ψ

(m)
n (t) that are all

derived from a single function called the „mother wavelet” ψ(t) by translation
and dilation according to

ψ
(m)
n (t) =

√
2−mψ(2−mt−n) for n,m ∈ Z (7.42)

such that the ψ
(m)
n (t) are linearly independent and span L2(R). See for example

[87] for an introduction to this topic. The scope of this discussion is limited to
dyadic wavelets, where the dilation is expressed only in powers of 2. In the case
of [32] these functions are not only linearly independent but also orthonormal.
Wavelets are related to multi-resolution analysis [70]. One central term in this
context is that of the scaling function

φ(t) =
√

2
∞

∑
n=−∞

g0[n]φ(2t−n), (7.43)

where g0[n]∈R is called the scaling function coefficient sequence. To be relevant
for most applications, the wavelet also needs to have compact support. We will
only be considering scaling functions and wavelets with finite impulse response
(FIR), which means that only finitely many members of the sequence g0 do not
vanish. Given that the sequence g0 satisfies certain properties, a mother wavelet
can be built from the scaling function as

ψ(t) =
√

2
∞

∑
n=−∞

g1[n]φ(2t−n), (7.44)

where we call the sequence g1 the wavelet coefficient sequence. If the sequence
g0 additionally satisfies some orthogonality constraint, then we can derive the
sequence g1 by the equation

g1[n] = (−1)n+1g0[−(n−1)]. (7.45)

The extension of the scaling function to a higher dimension is straightforward:

φ(t1, . . . , td) = (
√

2)d
∑

∞
n1=−∞ . . .∑∞

nd=−∞

g0[n1, . . . ,nd ]φ(2t1−n1, . . . ,2td−nd)
(7.46)

We can apply the scheme used in [19] to construct a WFA that computes a di-
lation of the generated function on a subset of the unit hypercube of dimension
d. In the example of a 2 dimensional scaling function based on 3 coefficients
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for each dimension we obtain

Φ01,01(t1, t2) =



g(0,0)Φ01,01(2t1,2t2) for 0≤ t1 < 1/2,
0≤ t2 < 1/2

g(1,0)Φ01,01(2t1−1,2t2)+ for 1/2≤ t1 < 1,
g(0,0)Φ12,01(2t1−1,2t2) 0≤ t2 < 1/2

g(0,1)Φ01,01(2t1,2t2−1)+ for 0≤ t1 < 1/2,
g(0,0)Φ01,12(2t1,2t2−1) 1/2≤ t2 < 1

g(1,1)Φ01,01(2t1−1,2t2−1)+ for 1/2≤ t1 < 1,
g(1,0)Φ01,12(2t1−1,2t2−1)+ 1/2≤ t2 < 1
g(0,1)Φ12,01(2t1−1,2t2−1)+
g(0,0)Φ12,12(2t1−1,2t2−1)

etc. for the functions Φ01,12,Φ12,01 and Φ12,12 according to Lemma 1 in [19].
An example of a constructed WFA is given in Figure 7.15. As there is control
over the coordinate axes for PWFA, this cube can be scaled to the original area
of support of the scaling function. One minor problem present in [19] for WFA
is that points outside the support of the function have to be computed too. This
can be overcome by mapping the unused words to other sub-intervals of the
support. A deeper discussion of this mapping will follow, when we present the
computation of Bézier curves in Chapter 8. In certain cases there are struc-
tural similarities between automata computing scaling functions and automata
computing B-splines (which we will also discuss in Chapter 8). This is not sur-
prising, because some families of wavelets are constructed using B-splines (see
e.g. [14, 87]). The 3 tap scaling function of the well-known 5/3 filter, to give
an example, is exactly the uniform linear B-spline. A WFA computing this func-
tion and the graph of the function are shown in Figure 7.17. In the case of a
separable transform equation 7.46 can be rewritten as

φ(t1, . . . , td) = (
√

2)d
∑

∞
n1=−∞ . . .∑∞

nd=−∞

g0[n1] . . .g0[nd ]φ(2t1−n1, . . . ,2td−nd).
(7.47)

Although the examples given here are all separable, separability is not a neces-
sary condition to build a WFA or PWFA from a scaling function of a multires-
olution analysis. The original definition of the term multiresolution analysis is
based on an orthonormal set of basis scaling functions. This can be relaxed to
the so called biorthogonality equation〈

ψ
(m)
n , ψ̃(m̃)

ñ

〉
= δ[n− ñ]δ[m− m̃]∀n,m, ñ, m̃ ∈ Z, (7.48)

where ψ̃ denotes the dual wavelet of ψ and δ denotes the Kronecker δ while
keeping the perfect reconstruction property. Biorthogonal transforms are pop-
ular in image compression because they, unlike orthonormal transforms (with
the exception of the Haar wavelet), allow perfect reconstruction linear phase
FIR transforms for two channels filterbanks resulting in dyadic decompositions
of images. Linear phase filters satisfying either

h[d +n] = h[d−n] ; ĥ(ω) =±|ĥ(ω)|e−iωd (7.49)
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Figure 7.15: WFA computing separable scaling function of dimension two for 3
tap prototype g0[0] = 1

2 ,g0[1] = 1,g0[2] = 1
2 . The image produced by the automa-

ton is shown in Figure 7.16.

Figure 7.16: Image produced by the WFA shown in Figure 7.15.

Figure 7.17: WFA computing uniform linear B-spline (left) and its curve (right).
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or
h[d +n] =−h[d−n] ; ĥ(ω) =±|ĥ(ω)|i× sgn(ω)e−iωd (7.50)

(where ĥ denotes the Discrete Fourier Transform of h) have a symmetric or anti-
symmetric impulse response relative to some center of symmetry d. Popular
transforms used in image processing and compression are the 5/3 filter shown
in Figure 7.15 and the 9/7 filter shown in Figure 7.18 presented in [14]. The
sequences g0 and g1 of these filters and the sequences h0 and h1 of their dual
filters are provided in Table 7.1 and Table 7.2. We denote a forward wavelet
transform by the term wavelet analysis and a reverse transform by the term
wavelet synthesis. The scaling function coefficients are provided in a form such
that they satisfy the consistency condition of having a sum of 2. Note that in the
case of a biorthogonal transform the coefficients g1 are not obtained from g0 via
equation 7.45 but instead from h0. Vice versa the sequence h1 is obtained from
g0.

Analysis Filter Coefficients
i g0(i) (Scaling) g1(i) (Wavelet)
0 1.2058980364727158 1.115087052456994
±1 0.5337282368857446 −0.5912717631142470
±2 −0.15644653305797570 −0.05754352622849957
±3 −0.03372823688574990 0.09127176311424948
±4 0.05349751482161952

Synthesis Filter Coefficients
i h0(i) (Scaling) h1(i) (Wavelet)
0 1.115087052456994 1.2058980364727158
±1 0.5912717631142470 −0.5337282368857446
±2 −0.05754352622849957 −0.15644653305797570
±3 −0.09127176311424948 0.03372823688574990
±4 0.05349751482161952

Table 7.1: Cohen, Daubechies, Feauveau 9/7 analysis and synthesis coefficients.

Analysis Filter Coefficients
i g0(i) (Low-pass) g1(i) (High-pass)
0 6/4 1
±1 2/4 −1/2
±2 −1/4

Synthesis Filter Coefficients
i h0(i) (Lowpass) h1(i) (Highpass)
0 1 6/4
±1 1/2 −2/4
±2 −1/4

Table 7.2: Cohen, Daubechies, Feauveau 5/3 analysis and synthesis coefficients.
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Figure 7.18: 7 tap scaling function of 9/7 filter, left to right: 1d, 2d greyscale, 3d
bi-level and 2d greyscale computed with 4096 grey levels where the remainder
of the division by 256 is shown. Display of the corresponding WFA having 12
(1d) respectively 57 (2d) states is omitted.

system
Recurrent function

Tree

axes

...

Coordinate

Figure 7.19: Construction scheme for PWFA computing a scaling function

The structure of a PWFA computing a scaling function can be seen in Figure
7.19. There are three parts in the automaton:

1. Recurrent function system (RFS): contains the sub-hypercube functions
Φa0, ...,ad−1 . It has ∏

d−1
i=0 ki states, where ki ∈ N is the maximum distance of

two non-zero coefficients in component i.

2. Tree is a tree of order 2d , where d is the dimension of the scaling function.
The tree has enough leaves so every Φa0, ...,ad−1 can be attached to a differ-
ent outgoing edge of a leaf corresponding to its coordinates. The leaves
all have the same distance from the root of the tree.

3. Coordinate axes: These states are used to compute the d coordinates
the function depends on. The structure shown in Figure 7.19 refers to the
case where the tree is complete. If the tree is not complete, this part is also
prefixed with a tree of order 2d to remap coordinates outside the support
of the function to coordinates inside. The tree part is also adjusted to
reflect this mapping.

The number of PWFA states S needed to compute a separable scaling function of
dimension d with k nonzero coefficients is therefore in the order of magnitude

S = kd︸︷︷︸
RFS

+
⌈

kd

2d

⌉
+


⌈

kd

2d

⌉
2d

+ . . .+1

︸ ︷︷ ︸
tree

+ d +1︸ ︷︷ ︸
coord.−axes

(7.51)

The structure can easily be adapted to compute the corresponding wavelet. Ac-
cording to equation 7.44 the wavelet is just like the scaling function a linear
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combination translated and dilated versions of the scaling function. All the
needed components are already present in the automaton. For each Φa0, ...,ad−1 a
corresponding state Wa0, ...,ad−1 is inserted into the automaton and connected to
the recurrent function system sub-automaton according to equation 7.44.

The dilation can be adjusted by changing the depth of the tree and the co-
ordinate mapping. Increasing the depth of the tree by one halves the support
of the represented function in every dimension it depends on. Any translation
within the unit hypercube can be achieved by reassigning the edges leaving the
tree leaves. The computation of a linear combination of scaling functions or
wavelets of differing dilation can be done by creating a tree for the maximum
depth and then adding edges with the correct weights to the leaves of the tree.
If the dilation of the component corresponds to the tree’s depth, this is straight-
forward. If it is not, still all the edges are added to leaves only, so all possible
translations can be produced, because adding edges to inner nodes of the tree
only allows us to add certain translations instead of all possible at the leaf level.
Note that there is no need to introduce any new states, it is sufficient to add
edges. Which edges and weights are needed to add a linear component not
matching the depth of the tree can be computed by simulating an automaton
for one that does.

If the automaton computes ψ
(0)
0 and the edges for ψ

(1)
0 (t) = (

√
2)−1ψ(2−1t)

are to be derived, this can be done by the following steps:
Let k be the depth of the tree leaves in the automaton computing ψ0

0. For each
word of length k + 2 simulate the automaton starting at the tree root. Let x =
a1a2 . . .ak+2 be the current word. Then the simulation has put certain values
into the states corresponding to the recurrent function system. Let this be fi for
state si. Then add the edges from the leaf corresponding to the word a2 . . .ak+1
to the states si with the corresponding weights fi for label ak+2.

D(R,d) is closed under set union and invertible affine transformation for
each d ∈ N+ (see section 5.1), so it might be possible to save states when con-
structing PWFA that compute symmetric scaling functions or wavelets. We for-
mulate the conjecture that the sub-automaton computing the recurrent function
system is in fact minimal in general. This is not necessarily true for the tree part.

A nice application of wavelet linear combinations is shown in Figure 7.20.
Assume that a topological map supplies height information as samples depend-
ing on longitude and latitude. Then we can build a greyscale image from this
map at a certain resolution and transform this image using a given wavelet
transform and build a PWFA from the given transform coefficients. Result vec-
tors produced by decoding this PWFA can be interpreted in various ways e.g. as
an approximation of the original samples of a greyscale image or as a 3d model
of the landscape.

7.3 Real interval evaluation

We will show in this section that PWFA can be used to compute interval arith-
metical evaluations (or shorter interval evaluations, cf. [5]) of real polynomials
on the unit interval. As we interpret input words as real numbers and real
intervals, we will use the input alphabet Σ = {0,1}.

When we compute real functions using WFA, then the input word is inter-
preted using the r[2] function. Instead of interpreting a word w ∈ Σ∗ as a single
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Figure 7.20: Wavelet cliffs.

Figure 7.21: Automaton X ′ computing the function fX ′(w) as defined in equation
7.53 for w ∈ {0,1}∗.

real number, we can also interpret it as the interval

r[I 2](w) =
[
q[2](w),q[2](w)+2−|w|

]
. (7.52)

The interval r[I 2](w) contains all real numbers r[2](w′) such that w′ ∈ {w}Σω,
i.e. all extensions of w to words w′ of infinite length that have the prefix w.

We start by constructing a PWFA computing the interval evaluation of the
linear function f (x) = x.

Lemma 7.8 There is a PWFA X that computes the function f (w) = (α,β)T such
that [α,β] = r[I 2](w) for each w ∈ Σ∗.

Proof: The PWFA X is shown in Figure 7.21. It computes the function

fX (w) =

(
q[2](w),q[2](w)+

1
2

|w|
)

(7.53)

for each w ∈ Σ∗. States 1 and 2 of X describe the the linear function f (x) = x for
single points. State 3 is used to add the number 2−|w| to the second component
for each input word w. �

The interval computation of the linear function can be extended to general
polynomials.
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Theorem 7.11 Let p = ∑
d
i=0 aixi denote a real polynomial for some d ∈ N. There

is a PWFA X computing the function

fX (w) =
(

q[2](w),q[2](w)+2−|w|,a,b
)T

(7.54)

for each w ∈ {0,1}∗, where the interval [a,b] is the interval evaluation of p on the
interval [q[2](w),q[2](w)+2−|w|].

Proof: The existence of X follows from Lemma 7.8 and the closure properties of
real WFA. Some caution needs to be taken, if ai for some 0 ≤ i ≤ d is negative,
as then ai(q[2](w)+2−|w|)i < ai(q[2](w))i for each w ∈ {0,1}∗. This can be taken
care of by swapping the corresponding components, when we construct the
automaton corresponding to aixi. If this issue has been considered, the rest of
the construction is straight-forward. �

Let v1,v2, . . . be a sequence of words of increasing length in Σ∗ such that vi is
a prefix of vi+1 for each positive natural number i. Then limi→∞ 2−|vi| = 0. Thus
for each polynomial p the equations

lim
i→∞

q[2](vi) = lim
i→∞

q[2]
(

vi +2−|vi|
)

(7.55)

and
lim
i→∞

p(q[2](vi)) = lim
i→∞

p
(

q[2]
(

vi +2−|vi|
))

(7.56)

hold, i.e. at infinity the intervals computed by the automaton constructed in the
proof of Theorem 7.11 collapse to single points.

7.4 Complex functions

We will show that the computation of real functions given in the previous sec-
tions can be generalized to complex functions in many cases.

7.4.1 Complex polynomials on the complex unit interval

Let U denote the set given by

U = {a+ ib|a,b ∈ [0,1]}, (7.57)

which we call the complex unit interval. Firstly we show that every complex
polynomial p : U 7→ C can be computed by a complex PWFA.

Lemma 7.9 Let a be a complex number. There is a PWFA X over C that computes
the complex function f (x) = x+a on U .

Proof: We choose ΣX = {1,2,3,4} where we will use the aliases (0,0) for the
symbol 1, (0,1) for 2, (1,0) for 3 and (1,1) for 4. Then f is computed by the
automaton shown in Figure 7.22. The automaton works similar to that for the
real case. In the real automaton we have two cases, either add 2−k or do not
add 2−k for k≥ 1. In the complex automaton we have 4 cases, add nothing, add
2−k, add i2−k or add (1+ i)2−k. �

As the set of complex WFA computable functions is closed under product and
multiplication by a scalar and using the fundamental theorem of algebra we
obtain the following theorem.
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Figure 7.22: PWFA computing the complex function f (x) = x+a on U for a ∈C.

Figure 7.23: PWFA computing the complex function f (x) = x+a on C for a ∈C,
where γ,δ are real numbers such that γδ < 0 and γ

δ
/∈Q.

Theorem 7.12 Let p(x) = ∑
n
k=0 akxk denote a complex polynomial for n∈N,ak ∈C

for k = 0, . . . ,n. There is a complex PWFA that computes p on U .

As in the case of Corollary 7.2 we can generalize this result to the following
corollary.

Corollary 7.3 Let p(x) = ∑
n
k=0 akxk denote a complex polynomial for n ∈N,ak ∈C

for k = 0, . . . ,n. Let s ∈R,s 6= 0 and t ∈C. There is a complex PWFA that computes
p on sU + t = {sx+ t|x ∈U}.

7.4.2 Polynomials on the complex numbers

We can also compute complex polynomials on C using complex PWFA, as the
following theorem shows.

Lemma 7.10 The function f (x) = x + a can be computed by a complex PWFA on
C for each a ∈ C.

Proof: The automaton shown in Figure 7.23 computes f for real numbers γ and
δ such that γδ < 0 and γ

δ
/∈Q. It computes f (x) as the set

f (x) = {(x,x+a)|x ∈ C}
= {((nγ+mδ)+ i( jγ+ kδ),(nγ+mδ)+ i( jγ+ kδ)+a)| j,k,n,m ∈ N} .

(7.58)
We can also compute f as

f (x) = {(x,x+a)|x ∈ C}
= {(eiϕn

γ jδk,eiϕn
γ jδk +a)| j,k,n ∈ N} .

(7.59)

for a suitable angle ϕ (i.e. ϕ

π
/∈ Q, see the construction of the circle in [4]) and

real numbers γ and δ such that 0 < γ < 1 < δ and log(γ)
log(δ) /∈Q. A PWFA constructed

for this scheme is shown in Figure 7.24.
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Figure 7.24: PWFA computing the complex function f (x) = x+a on C for a ∈C,
where ϕ is a real number such that ϕ

π
/∈ Q and γ,δ are real numbers such that

0 < γ < 1 < δ and logγ

logδ
/∈Q.

Figure 7.25: PWFA computing the set
{(

x, a
(bx+c)k

)∣∣∣x ∈ C\{y|by+ c = 0}
}

with

a,b,c ∈ C for an angle ϕ such that ϕ

π
/∈ Q and real numbers γ and δ such that

0 < γ < 1 < δ and log(γ)
log(δ) /∈Q.

�

Again due to the closure properties of complex WFA and the fundamental theo-
rem of algebra we obtain.

Theorem 7.13 Let p(x) = ∑
n
k=0 akxk denote a complex polynomial for n∈N,ak ∈C

for k = 0, . . . ,n. There is a complex PWFA that computes p on C.

7.4.3 Rational complex functions

As in the real case, the construction method for complex polynomials based on
the second scheme given in the proof of Lemma 7.10 can be used to compute
certain complex rational functions.

Lemma 7.11 The sets{(
x,

a
(bx+ c)k

)∣∣∣∣x ∈ C\{y|by+ c = 0}
}

(7.60)

with a,b,c ∈ C are computable by complex PWFA.

Proof: Analog to the proof of Lemma 7.7, the automaton is shown in Figure
7.25. �

Theorem 7.14 The set{(
x,

P(x)
Q(x)

)∣∣∣∣x ∈ C\{y|Q(y) = 0}
}

(7.61)

where P(x) is an arbitrary complex polynomial and Q(x) = (ax + b)k for a,b ∈ C
and k ∈ N is computable by a PWFA.

Proof: The statement follows from Lemma 7.11 and Theorem 7.13. �
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Figure 7.26: PWFA computing the function f (x) = ex on C for real numbers γ

and δ such that γδ < 0 and γ

δ
/∈Q.

7.4.4 Complex exponential function

Another complex function that can easily obtained from the real case is the
complex exponential function.

Theorem 7.15 There is a complex PWFA that computes the complex function
f (x) = ex on C.

Proof: The computation of the first component was already given in the proof of
Lemma 7.10. The computation of the second component again follows from the
scheme presented in [4]. We can compute the complex exponential function as
the set

f (x) = {(x,ex)|x ∈ C}
= {((nγ+mδ)+ i( jγ+ kδ),e(nγ+mδ)+i( jγ+kδ))| j,k,n,m ∈ N}
= {((nγ+mδ)+ i( jγ+ kδ),enγemδei jγeikδ| j,k,n,m ∈ N}

(7.62)

for γδ < 0, γ

δ
/∈Q. The automaton is shown in Figure 7.26. �
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Chapter 8

Splines

PWFA are able to represent polynomials in a very compact form. One example
is the automaton shown in Figure 4.2 that computes a parametric curve based
on two polynomials. Splines are a family of functions that are piece-wise de-
fined by polynomials. As the set D(R,d) is effectively closed under set union
and invertible affine transformation for each d ∈ N+, piece-wise defined poly-
nomials can be represented easily using PWFA. We will show that three types of
spline defined curves and relations can be computed by PWFA. These are Bézier
curves, Catmull-Rom splines and B-splines. A good overview over splines is
given in [41]. A more general introduction to 2d computer graphics can be
found in [79]. A deeper discussion of the Catmull-Rom splines used for im-
age magnification can be found in [13], simple introductions to the topic can
be found in many places (see [7, 37, 61]). The construction of Bézier curves
is based on the well-known Bernstein polynomials. A thorough discussion of
B-splines can be found in [33]. Most constructions of PWFA computing spline
curves given in this chapter were first presented in [88].

8.1 Bernstein polynomials

An introduction to Bernstein polynomials can be found in many textbooks. The
introduction given here is based on [41]. The functions are mainly considered
on the unit interval [0,1] in applications. The original purpose of the invention of
these functions by Bernstein was to use them in a formulation of a constructive
proof of the Weierstraß approximation theorem. The theorem states that each
continuous curve c(t) defined on [0,1] can be approximated with arbitrary preci-
sion using polynomials. This result is however of mostly theoretical value, as an
increase of approximation quality requires the use of polynomials of ever higher
degree, which is not suitable in applications, as it implies numerical problems
and high computational cost.

A Bernstein polynomial Bn
i (t) is given by

Bn
i (t) =

(
n
i

)
t i(1− t)n−i (8.1)
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where
(n

i

)
is defined as (

n
i

)
=
{ n!

i!(n−i)! if 0≤ i≤ n
0 otherwise.

(8.2)

Bernstein polynomials can be written recursively as

Bn
i (t) = (1− t)Bn−1

i (t)+ tBn−1
i−1 (t) (8.3)

where
B0

0(t)≡ 1 (8.4)

and
Bn

j(t)≡ 0 for j /∈ {0, . . . ,n}. (8.5)

A practically important property is that the Bernstein polynomials for a chosen
natural number n always sum up to 1 for each t, i.e.

n

∑
j=0

Bn
j(t)≡ 1 . (8.6)

Another property is that the Bernstein polynomials Bn
i are linear independent

for each n, i.e. they form a basis of the linear space of all polynomials of degree
n.

Figure 8.1 shows the Bernstein polynomials for the case of n = 3, which is
the most common in applications.

 0
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0

Figure 8.1: Bernstein polynomials B3
0 to B3

3 plotted on the unit interval.
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8.2 Bézier curves

Bézier curves where developed by Pierre Bézier for automobile design in the
1960s (cf. [41]). They are based on Bernstein polynomials. A Bézier curve of
order n is a real function given by the equation

Bn(t) =
n

∑
i=0

Bn
i (t)Pi, (8.7)

where the Pi are real numbers, which are called the control points of the curve.
Each curve Bn(t) is a real polynomial considered on the unit interval [0,1]. Thus
it is very easy to construct a PWFA computing a Bézier curve. The control point
sequence is often written as a vector, i.e. Pi = (P0,P1, . . . ,Pn) (where we separate
the elements by commas to improve readability).

Example 8.1 Let n = 3 and Pi = (0,0, − 1
3 ,0). Then the polynomial we obtain is

p(t) = − 1
3 B3

2
= − 1

3 (3t2−3t3)
= t3− t2 .

(8.8)

Some important properties of Bézier curves are (according to [41]):

• Symmetry: the control point vectors (P0, . . . ,Pn) and (Pn, . . . ,P0) describe
the same curve. It is however traversed in opposite directions in the two
cases.

• Endpoint interpolation: The curve interpolates (touches) the endpoints,
i.e. for each n ∈ N and P = (P0, . . . ,Pn) the equations

n

∑
i=0

Bn
i (0)Pi = P0 (8.9)

and
n

∑
i=0

Bn
i (1)Pi = Pn (8.10)

hold.

• Convex hull property: the curve is inside the convex hull of the control
points.

• Pseudo-local control: Each Bernstein polynomial Bn
i has only one maxi-

mum which it assumes at the point t = i/n. It influences the Bézier curve
mainly in the area of this maximum. Points that lay relatively far away
are only influenced slightly, if Pi is changed.

The derivative of a Bézier curve is given by

d
dt

Bn(t) = n
n−1

∑
i=0

(Pi+1−Pi)Bn−1
j (t) (8.11)

for n ∈ N,n > 0 (see [41]).
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A Bézier curve Bn(t) of degree n can be split into two Bézier curves Bn′(t)
and Bn′′(t) of degree n at each point t0 ∈ (0,1) such that

Bn(t) =

{
Bn′( t

t0
) for t ∈ [0, t0)

Bn′′( t−t0
1−t0

) for t ∈ [t0,1] .
(8.12)

This property can be used to draw approximations of Bézier curves with arbi-
trary precision. An initial curve is split into halves until each obtained sub-curve
sufficiently resembles a straight line. These straight lines are then rendered.
This drawing algorithm for Bézier curves is called the De Casteljau algorithm
(cf. [41]).

Parametric curves can be obtained by substituting the real numbers found in
a control point vector by vectors taken from a higher dimensional real space. A
parametric 2d curve with n = 3 is e.g. given by a control point vector of the type
P = ((x0,y0),(x1,y1),(x2,y2),(x3,y3)).

In applications we mostly encounter Bézier curves where n = 3, which are
called cubic Bézier curves. These curves have many applications, ranging from
the description of font outlines to the modeling of 3d objects. Cubic Bézier
curves have an additional very intuitive property describing how the two non
end-points influence the represented curve. If we evaluate the derivative of a
cubic Bézier curve at the points t = 0 and t = 1, we see that the tangent of the
curve at P0 points to P1 and the tangent at P3 points to P2. This property makes it
very simple to check, whether a given cubic Bézier curve is similar to a straight
line. An example is again given by the automaton shown in Figure 4.2.

Example 8.2 Consider the control point vector P = ((0,0),(0, − 1
3 ),(− 1

3 , − 1
3 ),(0,

0)), for which we obtain the parametric curve B(t) = (t3− t2, t2− t). The corre-
sponding curve is shown in Figure 8.2. The curve starts and ends at the origin. The
two tangents intersect the points (0, − 1

3 ) and (− 1
3 , − 1

3 ) respectively.

Figure 8.2: Parametric cubic Bézier curve B(t) = (t3− t2, t2− t) defined by the
control point vector P = ((0,0),(0, − 1

3 ),(− 1
3 , − 1

3 ),(0,0)) plotted for t ∈ [0,1].

Another example is the approximation of circles and arcs by cubic Bézier
curves, as it is often used in fonts.
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Example 8.3 Assume that we want to approximate the top right quarter of a circle
of unit radius using a cubic Bézier curve. The choice of the points P0 = (1,0) and
P3 = (0,1) is straightforward, as we want the curve to interpolate these points.
It is also clear that the tangent at P0 should be vertical and the tangent at P3
should be horizontal. This implies that P1 = (1,k1) and P2 = (k2,1) for some real
numbers k1 and k2. For reasons of symmetry it is obvious that k1 = k2 = k, so
P = ((1,0),(1,k),(k,1),(0,1). Thus we have to find a number k such that the curve
is an optimal approximation of the circle sector. The derivation of the number k
can be found in literature (see [69,86]). The optimal value is

k = 4

√
2−1
3

≈ 0.552 . (8.13)

In practice a curve is usually not approximated by a single Bézier curve.
Instead a curve is commonly first partitioned into segments and then each seg-
ment is approximated by a separate curve that is shifted into the right position
(remember that all Bézier curves are defined on [0,1]). This can be easily done
with PWFA, because we have effective algorithms for the set union and invert-
ible affine transformation operations. In fact, as all curve segments are built
from polynomials, we can obtain very compact automata. Assume that we want
to approximate a continuous curve c(t) using a PWFA that is defined on the
interval [0,2q] for some natural number q. We partition the curve into a set of
curves ci(t) such that

ci(t) =

 c(t + i) for 0≤ t < 1 and i < 2q−1
c(t + i) for 0≤ t ≤ 1 and i = 2q−1
0 otherwise

(8.14)

for i = 0, . . . ,2q−1. Then we apparently obtain

c(t) =
2q−1

∑
i=0

ci(t− i) . (8.15)

Thus to represent the complete curve, we can use the construction

c = {(t, ∑
2q−1
i=0 ci(t− i))|t ∈ [0,2q−1]}

=
S2q−2

i=0 {(t + i,ci(t))|t ∈ [0,1)}∪{(t +2q−1,c2q−1(t))|t ∈ [0,1]}
=

S2q−1
i=0 {(t + i,ci(t))|t ∈ [0,1]}

(8.16)

where the last step is valid because c is continuous. Now assume that we have
approximated each curve segment ci(t) by a Bézier curves of order n, i.e.

ci(t) ≈ pi(t)
= ∑

n
j=0 Pi, jBn

j(t)
= ∑

n
j=0 P′i, jx

j
(8.17)

for i = 0, . . . ,2q−1 such that

p(t) =
2q−1

∑
i=0

pi(t− i) (8.18)
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is a continuous function. Then we can construct a PWFA X that computes p(t)
as the set

p =
2q−1[
i=0

{(t + i, pi(t))|t ∈ [0,1]} (8.19)

that uses
|QX |= 2

(q
2

+
q
4

+ . . .+1
)

+max{(n+1),2} (8.20)

states. X uses max{n+1,2} states to represent a WFA defined polynomial. This
maximum will usually be n+1. For sake of completeness, we have also included
the case of n = 0 (i.e. approximation by piece-wise constant functions). If n = 0
we have to introduce an additional state, because we require a linear function
for the computation of the first component of the result vectors. The geometric
sum stems from a set union construction which yields a tree structured automa-
ton for each of the two components of the result vectors. If the number of
sections is not a power of 2, then we can substitute non-existent intervals by
repeating existing intervals. E.g. assume that we want to represent the curve
c(t) defined on [0,3] and have decomposed it as

c(t) = c0(t−0)+ c1(t−1)+ c2(t−2) (8.21)

which we compute as

c = {(t +0,c0(t))|t ∈ [0,1]}∪{(t +1,c1(t))|t ∈ [0,1]}∪{(t +2,c2(t))|t ∈ [0,1]} .
(8.22)

Then we can repeat the interval [0,1] for the non-existing interval [3,4] by using

c = {(t +0,c0(t))|t ∈ [0,1]}︸ ︷︷ ︸
prefix 11

∪{(t +1,c1(t))|t ∈ [0,1]}︸ ︷︷ ︸
prefix 12

∪

{(t +2,c2(t))|t ∈ [0,1]}︸ ︷︷ ︸
prefix 21

∪{(t +0,c0(t))|t ∈ [0,1]}︸ ︷︷ ︸
prefix 22

.
(8.23)

Example 8.4 Figure 8.3 shows an automaton computing a curve c(t) defined on
[0,3] built from 3 Bézier curves. The image computed by the automaton is shown
in Figure 8.4. The control point vectors and corresponding polynomials are

• (0,0, 11
3 ,4)∼=−7x3 +11x2 for [0,1],

• (4, 13
3 , 13

6 ,2)∼= 4.5x3−7.5x2 + x+4 for [1,2] and

• (2, 11
6 ,3,3)∼=−2.5x3 +4x2−0.5x+2 for [2,3].

(Remember that the polynomials are all evaluated on [0,1] and then shifted into
their respective position). The polynomial part of the automaton is contained in the
states 1 to 4. States 5,6 and 7 are the union tree for the first component. States 8,9
and 10 are the union tree for the second component. The non-existent interval [3,4]
has been substituted by the interval [0,1] in the tree leafs, i.e. the configuration of
the automaton after reading the word 22 is the same as after reading the word 11.
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Figure 8.3: Automaton computing a curve built from 3 Bézier curves.

Figure 8.4: Function computed on [0,3] by the automaton shown in Figure 8.3.
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If the number of sections is not a power of two, then another option is to re-
place the complete binary trees used above with incomplete binary trees. This
however means that different word prefixes may correspond to different stages
of computation progress.

We have restricted our attention to continuous curves above to keep nota-
tions simple and for being able to express a curve as a sum of shifted curves de-
fined on the unit interval. The construction of an automaton from a curve does
however work in the same way for curves that are not continuous (at a finite
number of points), as the summing is expressed using a set union construction,
which works on arbitrary relations instead of functions. If we consider a non-
continuous curve, then the computed set will not describe a function. This is
due to the topological closure operation performed during PWFA computation.
Consider e.g. the function

c(t) =
{

1 if 0≤ t ≤ 1
0 otherwise, (8.24)

which we call a unit pulse. Then a PWFA constructed to compute this curve
as described above will also produce the vectors (0 0)T and (1 0)T . Thus the
automaton actually produces the wrong set. This is however irrelevant in ap-
plications, as the error only occurs as a consequence of a topological closure
operation.

8.3 Bézier patches

Bézier curves can also be extended to the representation of surfaces, which
are called Bézier patches. For sake of simplicity, we will limit the discussion
to cubic surfaces parametric in two (real) variables, which are called bicubic
Bézier patches. The extensions to more variables and higher degree is straight-
forward. A bicubic Bézier patch is defined by a matrix Q of 4 ·4 = 16 coefficients
and the formula

B3(u,v) =
3

∑
i=0

3

∑
j=0

Q(i, j)B3
i (u)B3

j(v) . (8.25)

Bézier patches inherit some of the properties of Bézier curves. The corner points
corresponding to the argument pairs (0,0), (0,1), (1,0) and (1,1) are interpo-
lated, e.g. the patch assumes the value Q(0,0) for the argument pair (0,0). If
we fix the parameter u to a certain value in [0,1], then we obtain a Bézier curve
in v and vice versa. In particular, the border lines of the patch are defined by
Bézier curves.

Bézier patches can be represented by PWFA. The construction can easily be
derived from the results given in Theorem 7.1 and Corollary 7.1.

The gradient at point (u,v) is as usual obtained by partial differentiation of
the patch function, i.e.

∇B3(u,v) =

(
∂B3(u,v)

∂u
∂B3(u,v)

∂v

)
. (8.26)

If the elements of the matrix Q are 3 dimensional real vectors, a Bézier
patch describes a surface in R3. Such surfaces can be used for 3d modeling.
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The normal vectors required for the computation of lighting effects in computer
graphics (see [96]) can be computed using partial derivatives and the cross
product as

N(u,v) =
∂B3(u,v)

∂u
× ∂B3(u,v)

∂v
, (8.27)

where × denotes the cross product. As the partial derivatives are still polynomi-
als and the cross-product produces a vector of three polynomials in u and v, the
function N(u,v) is also computable by a PWFA. In applications it may however
be necessary to interpolate certain values from the neighborhood of a point,
as the function N(u,v) may compute the zero vector. The zero vector however
does not define a direction in R3, as it is required for the computation of lighting
effects.

The following example shows that we can use cubic Bézier patches to ap-
proximate spheres in 3 dimensional real space.

Example 8.5 We can extend the curve given in Example 8.3 to the patch case. We
construct an approximation of the octant of a sphere with unit radius that has
only non-negative coordinate elements (in a right handed coordinate system where
the middle finger denotes the z-axis, the index finger the y-axis and the thumb the
x-axis, this is the one situated in the right (x) - top (y) - front (z) octant). We
obtain the border coefficients of the matrix Q directly from the curve case, thus we
have:

Q =


(0 1 0) (k 1 0) (1 k 0) (1 0 0)
(0 1 0) a b (1 0 k)
(0 1 0) c d (k 0 1)
(0 1 0) (0 1 k) (0 k 1) (0 0 1)

 (8.28)

where k is chosen as above and a,b,c and d are vectors in R3. We do not provide
optimal values for a,b,c and d. However, we regard the choice of

a = (k 1 0)+ sin
(

π

6

)
(0 0 k) (8.29)

b = (1 k 0)+ sin
(

π

3

)
(0 0 k) (8.30)

c = (0 1 k)+ sin
(

π

6

)
(k 0 0) (8.31)

d = (0 k 1)+ sin
(

π

3

)
(k 0 0) (8.32)

as a good approximation.

Let S be the unit sphere (i.e. the set S = {(x,y,z)|x,y,z ∈R, |x2 +y2 + z2|= 1}).
Then we can construct a PWFA X of dimension 3 over R such that S(X) = S.
One such automaton X can be obtained by first constructing an automaton X ′

computing a circle in the x,y plane of R3 and then applying an iterated affine
transformation representing a rotation by an angle of acos(4/5) around the x-
axis to X ′. The use of an approximation however allows us to texture the Bézier
patch using a WFA coded image, as the interpretation of the input words cor-
responds to the texture mapping found 3d computer graphics. This means that
we identify the corners of the WFA coded image with coordinates in [0,1]2 with
the corner points of the matrix Q used to define the patch. An example thereof
is shown in Plate I in the appendix.
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The interval evaluation of real polynomials on the unit interval using PWFA
presented in section 7.3 can be extended to the computation of Bézier patches.
Assume that we are given a bicubic Bézier patch by the control points Qi, j for
(i, j)∈ {0, . . . ,3}2. The patch is then defined by equation 8.25. Let w = a1 . . .an ∈
{0,1,2,3}∗ for some natural number n. Furthermore, let the functions g1(x) :
{0,1,2,3} 7→ {0,1} and g2(x) : {0,1,2,3} 7→ {0,1} be defined by g1(a) = a mod 2
for a ∈ {0,1,2,3} and g2(a) = b a

2c for a ∈ {0,1,2,3}. Then instead of the single
point B3(q[2](g1(a1) . . .g1(an)),q[2](g2(a1) . . .g2(an))) we compute the four points

p0,0 = B3(q[2](g1(a1) . . .g1(an)),q[2](g2(a1) . . .g2(an))), (8.33)

p1,0 = B3(q[2](g1(a1) . . .g1(an))+2−n,q[2](g2(a1) . . .g2(bn))), (8.34)

p0,1 = B3(q[2](g1(a1) . . .g1(an)),q[2](g2(a1) . . .g2(an))+2−n) and (8.35)

p1,1 = B3(q[2](g1(a1) . . .g1(an))+2−n,q[2](g2(a1) . . .g2(an))+2−n), (8.36)

which mark the corners of a quadrangle Q n(w) = (p0,0, p0,1, p1,1, p1,0) with the
edges (p0,0, p0,1), (p0,1, p1,1), (p1,1, p1,0) and (p1,0, p0,0). We call the obtained
automaton the quadrangle PWFA of the patch. Let Q n denote the set of all such
quadrangles for word length n, i.e.

Q n =
[

w∈Σn

Q n(w) . (8.37)

The sequence (Q n)∞
n=0 converges to some set of quadrangles Q ∞. All quadran-

gles in Q ∞ denote single points and the set of all these points is exactly the set
S of points on the Bézier patch, which is given by

S = {p|p = B3(u,v) for some (u,v) ∈ [0,1]2} . (8.38)

Example 8.6 Example 8.5 describes a bicubic Bézier patch representing one octant
of a sphere. Let X denote the quadrangle PWFA for this patch. Figure 8.5 shows
depictions of the sets Q 0 to Q 7, which are computed by X for the word lengths 0 to
7 respectively. The set Q i contains 4i quadrangles for each i ∈ N.

In addition to the four corner points computed for a rectangle, we can also
compute a corresponding normal vector for each corner point by increasing the
dimension of a corresponding quadrangle PWFA. The normal vectors can be
computed by generalizing equation 8.27 to the quadrangle case.

8.4 Catmull-Rom splines

Catmull-Rom splines were presented in [13] and are a special case of Hermite
cubic curves. They are very popular in image resampling. A Catmull-Rom spline
defined by the control point vector Pi = (P0, . . . ,Pn) interpolates each point Pj for
j = 0, . . . ,n. This is why Catmull-Rom splines are called interpolating splines in
contrast to approximating splines.

A Hermite cubic curve is constructed from 4 constraints. It is supposed to
start at a value p0, where the interpolating curve has gradient m0 and end at the
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Figure 8.5: Display of the sets Q 0 to Q 7 computed by the quadrangle PWFA
obtained from the bicubic Bézier patch given in Example 8.5. Note that each set
contains quadrangles only. In the special case of this patch, some quadrangles
degenerate to triangles, as two of their four corner points are identical.
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value p1, where the gradient of the curve is m1. Written as a set of formulae,
this means that the curve c(t) (again considered on [0,1]) has the properties

c(0) = p0, c(1) = p1,
dc
dt

(0) = m0,
dc
dt

(1) = m1. (8.39)

We have seen above that the Bernstein polynomials of degree n form a basis
of the linear space of polynomials of degree n. Thus we can construct the curve
c(t) as a cubic Bézier curve, where we follow the derivation given in [41]. A
Bézier curve interpolates its endpoints, thus it is clear that we have P0 = p0 and
P3 = p1. The derivatives of a cubic Bézier curve at its endpoints are given by the
equations

d
dt

B3(0) = 3(P1−P0) (8.40)

and
d
dt

B3(1) = 3(P3−P2) . (8.41)

Thus we obtain
P1 = p0 +

1
3

m0 (8.42)

and
P2 = p1−

1
3

m1 (8.43)

and the curve can be written as

c(t) = p0B3
0(t)+

(
p0 +

1
3

m0

)
B3

1(t)+
(

p1−
1
3

m1

)
B3

2(t)+ p1B3
3(t) (8.44)

where the control point vector of the curve is (p0,(p0 + 1
3 m0),(p1− 1

3 m1), p1). A
Hermite cubic curve is usually written in its cardinal form. A cardinal form of a
(spline) curve is one, where the controlling entities explicitly and solely appear
in the formulation. This form is given by

c(t) = p0H3
0 (t)+m0H3

1 (t)+m1H3
2 (t)+ p1H3

3 (t) (8.45)

for the Hermite cubic curve where the basis functions H3
0 (t) to H3

3 (t) are easily
computed as

H3
0 (t) = B3

0(t)+B3
1(t)

H3
1 (t) = 1

3 B3
1(t)

H3
2 (t) = − 1

3 B3
2(t)

H3
3 (t) = B3

2(t)+B3
3(t) .

(8.46)

We have now seen that each instance of a Hermite cubic curve can be rep-
resented as a Bézier cubic curve. Thus it is clear that we can compute single
Hermite cubic curves and curves that can be decomposed into shifted Hermite
cubic curves using PWFA, i.e. we can build splines from Hermite cubic curves.

The Catmull-Rom spline is a special kind of spline built from the Hermite
cubic curve. It is defined only by a sequence of control points. The gradients
are derived from the control points in a form such that the curve can be differ-
entiated at the control points.

Assume that we have a sequence of at least 2 real control points p1, . . . , pn.
We obtain p0 by mirroring p2 at p1 and pn+1 by mirroring pn−1 at pn. This
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mirroring implies that the spline will have gradient zero at the first and last
control point. The Catmull-Rom spline described by p1, . . . , pn is obtained by
choosing

mi =
pi+1− pi−1

2
(8.47)

for i = 1, . . . ,n and dividing the sequence of control points into n− 1 sections,
i.e. the first section is defined by p1,m1, p2,m2, the second section by p2,m2,
p3,m3 etc. Each section defines a Hermite cubic curve on [0,1], so we have to
shift the sections into their respective place to obtain the complete curve. The
final curve is then C∞ (differentiable infinitely often, i.e. smooth) between the
control points and C1 (differentiable) at the control points. It has in general
no continuous second derivative at the control points. This means the curve is
continuous and has no bends.

Example 8.7 The automaton shown in Figure 8.3 computes a Catmull-Rom spline
for the control points (0,4,2,3). The function it computes is shown in Figure 8.4.
The spline’s curve c(t) interpolates the control points, i.e. c(0) = 0, c(1) = 4, c(2) =
2, c(3) = 3. The gradient at 0 and 3 is zero. The first derivative of the curve exists
everywhere in [0,3].

Like in the case of Bézier curves, we can produce curves in higher dimen-
sional spaces by choosing appropriate control point vectors. We can also build
Catmull-Rom spline based patches for 3d modeling, as we did above for Bézier
patches.

8.5 B-splines

Catmull-Rom splines are C1 everywhere but in general not C2. A single Bézier
curve is a polynomial and thus C∞, but lower order Bézier curves can only ap-
proximate very simple curves and higher order Bézier curves are not suitable for
approximation in practice. If we split a curve into multiple pieces to represent
it by a sequence of lower order Bézier curves, e.g. cubic Bézier curves, then it is
usually simple to obtain a C1 curve but cumbersome to construct a curve with
C2 or above continuity. The construction of an approximating or interpolating
Ck curve for a given natural number k is simpler using B-spline curves, as k can
be given as a parameter when constructing a B-spline curve such that the con-
struction will automatically yield a Ck curve regardless of the choice of control
points. We will only sketch some important properties of B-splines and show
that B-spline curves can be computed by PWFA, as an exhaustive discussion of
B-splines would go beyond the scope of this thesis. There are many textbooks
discussing B-splines, as B-splines are very popular in computer graphics. An in-
troduction can e.g. be found in [41], on which we have also based the notations
and formulae used in this section.

We call a two way infinite sequence of real numbers (ti) = (ti)∞
i=−∞

a knot se-
quence, if it is monotonically increasing. The k-th B-spline basis function, where
B stands for basis, of degree n is a function parameterized by a knot sequence
(ti) that is piece-wise defined by polynomials. It can be written recursively as

N0
k (t) =

{
1 for tk−1 ≤ t < tk
0 otherwise (8.48)
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Nn
k (t) =

t− tk−1

tn+k−1− tk
Nn−1

k (t)+
tn+k− t
tn+k− tk

Nn−1
k+1 (t) . (8.49)

This recursive formulation is called the Mansfield, de Boor, Cox recursion (cf.
[41]).

Given another two way infinite sequence of real vectors (or in fact elements
of any K vector space such that R ⊂ K) (Pi) = (Pi)∞

i=−∞
where Pj ∈ Rd for each

j ∈ Z and some d ∈ N,d > 0, we can define a B-spline curve c(t) of degree n as

c(t) =
∞

∑
k=−∞

PkNn
k (t) . (8.50)

where (Pi) is called the control point sequence.
We call a knot sequence (ti) uniform, if the equation

ti+1− ti = ti+2− ti+1 (8.51)

holds for each natural number i. A B-spline basis function based on a uniform
knot vector is called a uniform B-spline basis function (or shorter uniform B-
spline). If we fix some natural number n and a uniform knot vector (ti), then
the B-splines Nn

k based on (ti) are shifted versions of each other. If a B-spline is
not based on a uniform knot sequence, we call it a non-uniform B-spline. Let
t = t j for some knot vector (ti) and j∈Z. Then we call the number of occurrences
of t in (ti) the multiplicity of t in (ti) (or shorter the multiplicity of t).

Some important properties of B-splines are:

• Finite Support: It is apparent from the definition that each function Nn
k

is only non-zero in the interval [tk−1, tk+n], i.e. it has finite support. This
implies that each B-spline curve based on a control point sequence that
has only finitely many non-zero elements also has finite support.

• Strong convex hull property: Each point on a B-spline curve of degree n
lies in the convex hull of no more than n + 1 nearby control points. If we
choose n + 1 adjacent control points as the same vector v, then we force
the curve to interpolate v.

• Continuity: Each B-spline curve of degree n based on a knot vector (ti) is
at least Cn−r at knots with multiplicity r (and C∞ at any point that is not a
knot). This means we can diminish the continuity of a curve at some knot
ti by repeating ti in the knot sequence.

• Degree elevation: If some curve c(t) can be represented as a B-spline curve
of degree n, then it can also be represented as a B-spline curve of degree
n+1.

• Linear independence: For each n the set of functions Nn
j , j ∈ Z is linear

independent.

Thus it is an easy task to generate a curve that interpolates a sequence of
control points and is Cn for any chosen n using a B-spline curve.

For the construction of a PWFA from a B-spline curve c(t) of degree n, we
will assume that only finitely many members of the control point sequence (Pi)
are non-zero, i.e. the curve has finite support. This assumption is common in
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applications. If all elements of (Pi) are zero, then the curve is the zero curve
on some finite or empty interval, which is clearly computable by a PWFA. Now
assume that Pi has non-zero elements. Then we can shift both sequences (ti)
and (Pi) such that the first non-zero element of (Pi) is P1. Now assume that P1
is the first non-zero element of (Pi). Let q be the greatest index of a non-zero
element of (Pi). Then we can write the curve as

c(t) =
q

∑
j=1

PjNn
j (t) (8.52)

which in non-zero only in the interval [t0, tn+q]. Let (t ′i)
r
1 be the sequence obtained

from (ti) by reducing (ti) to the subsequence relevant for the support of c(t)
and making each knot unique (i.e. such that (t ′i) has only knots of multiplicity
1). We assume that (t ′i) has at least two members, otherwise c(t) is undefined
everywhere and we can construct a PWFA computing the empty set to display
c(t). If we restrict c(t) to the interval [t ′j, t

′
j+1) for 1 ≤ j < r, then we obtain a

polynomial, which we denote by p j(t). Thus c(t) can be realized as

c(t) =
Sr−1

j=1{(t, p j(t)|t ∈ [t ′j, t
′
j+1)}

=
Sr−1

j=1

{(
t+t ′j

t ′j+1−t ′j
, p j

(
t+t ′j

t ′j+1−t ′j

))∣∣∣∣ t ∈ [0,1)
}

.
(8.53)

As a translated and dilated polynomial is still a polynomial, equation 8.53 de-
scribes a union of a set of polynomials, where each polynomial is defined on
the interval [0,1). This does not completely coincide with the definition of a
PWFA computed set, as the right boundary 1 is missing. If, as it is the common
case, the curve is continuous, then this problem only effectively appears at the
right boundary of the interval [t ′r−1, t ′r]. As the problem however only appears as
a limit, it is of no concern in applications. Thus we can compute any B-spline
curve using a PWFA in practice.

Example 8.8 Assume that we want to compute a linear B-spline, i.e. c(t) = N1
1 (t)

for the uniform knot vector given by t0 = 0, t1 = 1, which is a uniform B-spline. The
function can then be written as

N1
1 (t) =

 t for 0≤ t < 1
2− t for 1≤ t < 2
0 otherwise.

(8.54)

This can be done by computing

N1
1 (t) = {(t, t)|t ∈ [0,1)}∪{(t,2− t)|t ∈ [1,2)}

= {(t, t)|t ∈ [0,1)}∪{(t +1,1− t)|t ∈ [0,1)} .
(8.55)

The automaton computing this function and the plot of the function is shown in
Figure 8.6.

In the same way one obtains the uniform quadratic B-spline N2
1 (t) as

N2
1 (t) =


1
2 x2 for 0≤ t < 1
−x2 +3x− 3

2 for 1≤ t < 2
1
2 x2−3x+ 9

2 for 2≤ t < 3
0 otherwise,

(8.56)
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Figure 8.6: PWFA computing a uniform linear B-spline N1
1 (t0 = 0, t1 = 1, t2 = 2)

(left) and the function it computes on [0,2] (right).

the uniform cubic B-spline N3
1 (t) as

N3
1 (t) =



1
6 x3 for 0≤ t < 1
− 1

2 x3 +2x2−2x+ 2
3 for 1≤ t < 2

1
2 x3−4x2 +10x− 22

3 for 2≤ t < 3
− 1

6 x3 +2x2−8x+ 32
3 for 3≤ t < 4

0 otherwise

(8.57)

etc. An example of a non-uniform linear B-spline N1
1 is obtained by choosing t0 =

0, t1 = 3
2 and t2 = 2. Then we obtain

N1
1 (t) =


2
3 x for 0≤ t < 3

2
4−2t for 3

2 ≤ t < 2
0 otherwise.

(8.58)

Another way to represent a B-spline curve using a PWFA is to first convert
the curve to a sequence of Bézier curves and then construct an automaton for
this sequence. A method for converting a B-spline curve to a set of Bézier curves
was given by Böhm in [11].

The construction of B-spline patches of degree n given by

c(u,v) =
∞

∑
j=−∞

∞

∑
k=−∞

P( j,k)Nn
j (u)Nn

k (v) (8.59)

is similar to the curve case, even if the B-spline basis functions depending on u
and v are not defined using the same knot vector.

8.6 Spline applications

Splines and spline patches have numerous applications ranging from computer
fonts over computer aided design (CAD) as used in architecture, engineering,
etc. to 3d modeling for computer generated animated movies. We will present
some examples in this section.
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8.6.1 Scalable Vector Graphics path outlines

We will show that the outline of a Scalable Vector Graphics (SVG, cf. [42])
path element can be displayed using a real PWFA of dimension 2, where the
required graphical primitives can either be reproduced exactly or approximated
at arbitrary precision.

An SVG path is defined using the following primitive instructions (we only
provide informal descriptions of these instructions, the precise definitions can
be found in [42]):

• M: move the pen to a new location and start a new path

• Z: close the current path by drawing a straight line from the current posi-
tion to the starting point of the path

• L: draw a straight line from the current point to a given point

• H: draw a straight horizontal line from the current point up to a certain
horizontal coordinate

• V: draw a straight vertical line from the current point up to a certain ver-
tical coordinate

• C: draw a cubic Bézier curve from the current point to some endpoint,
where two control points in between are given

• S: draw a cubic Bézier curve from the current point to some endpoint,
where one control point in between is given and the other is computed
from the previous curve segment such that the curve is C1 at the current
point

• Q: draw a quadratic Bézier curve from the current point to some endpoint,
where one control point in between are given

• T: draw a quadratic Bézier curve from the current point to some endpoint,
where the control point between the end points is computed from the
previous curve segment such that the curve is C1 at the current point

• A: draw an elliptical arc from the current point to some point

Each instruction exists in two variants. The first variant uses absolute co-
ordinates. The instructions corresponding to this variant are denoted by upper
case letters, e.g. the M command followed by a coordinate pair (x,y) moves
the pen to the position (x,y) and starts a new path. The second variant uses
relative coordinates (i.e. each coordinate pair denotes an offset relative to the
last previously encountered coordinate pair). The instructions corresponding to
this variant are denoted by lower case letters, e.g. the m command followed by
a coordinate pair (x,y) moves the pen to the position (xc + x,yc + x) and starts a
new path, if (xc,yc) is the current coordinate pair. The first instruction of a path
has to be either an m or M, where an m is treated in the same way as an M (i.e.
the current point assumed before the instruction is (0,0)).

An example of a path is:

M 0,0 C 0,-0.333 -0.333,-0.333 0,0
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The path describes the cubic Bézier curve represented by the PWFA shown in
Figure 4.2. The pen is first moved to the position (0,0) and then a cubic Bézier
curve is drawn to the endpoint (0,0). The control points between the endpoints
are (0, −0.333) and (−0.333, −0.333).

We will now reduce the number of possible instruction types by showing that
each drawing instruction can be substituted either by a cubic Bézier curve or an
elliptical arc, where only absolute coordinates are used. We use the following
steps:

• Each instruction using relative coordinates can be converted into one that
uses absolute coordinates and vice versa. We assume without loss of gen-
erality that each instruction uses absolute coordinates only, i.e. we con-
sider paths that only use upper case letter instructions M,Z,H,V,L,C,S,Q,T
and A.

• The Z, H and V instructions are only convenient notions of the L instruc-
tion that have some implicit parameters. Thus we can assume without
loss of generality that each path we are provided with contains only the
instructions M,L,C,S,Q,T and A.

• The spline variants S and T can be substituted by the more general variants
C and Q respectively by explicitly inserting the implicit control point. This
leaves the instructions M,L,C,Q and A.

• Bézier curves have the degree elevation property, i.e. each quadratic
Bézier curve can be transformed into an equivalent cubic Bézier curve.
More precisely, if a quadratic Bézier curve is given by the control points
P0,P1 and P2, then the cubic Bézier curve defined by the control points
P0,(P0 +2P1)/3,(2P1 +P2)/3,P2 defines the same curve. The remaining in-
struction types are M,L,C and A.

• A straight line going from P0 to P1 can be represented as a cubic Bézier
curve using the control points P0,(P0 + P1)/2,(P0 + P1)/2,P1. Thus the in-
structions M,C and A remain.

The instruction set M,C,A is minimal in the sense that no instruction can be
simulated exactly by combinations of the other two. We can however approxi-
mate the A instruction as a sequence of C instructions and vice versa at arbitrary
precision. As the C instruction can be represented exactly using a PWFA, we as-
sume that each encountered A instruction is replaced by a suitable sequence of
C instructions and only the instructions M and C remain. In practice we may
skip some of the steps above, e.g. representing a straight line by a cubic Bézier
curve is unnecessarily complicated, as both can be computed by PWFA and the
line can be implemented using a smaller amount of resources (states and edges)
than the curve. As we have shown above, a PWFA can represent any finite set
of Bézier curves. Thus each SVG path outline can be computed by a real PWFA
of dimension 2.

8.6.2 Fonts

A typeface, which is also commonly called a font in computer based applica-
tions, mainly contains a function of non-empty words over a certain alphabet to
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a set of shapes. The shapes are called glyphs. Usually each single alphabet letter
is assigned a different glyph. Some fonts also contain glyphs describing words
of a length greater than one, e.g. some fonts have a glyph for the word fi. Such
glyphs for multi letter words are called ligatures. They are used, if the rendering
of a word using two successive single glyphs does not look satisfactory. A font as
a whole is in general endowed with some information describing the set of all
contained glyphs. This information is called the font metrics. It contains values
like baseline, ascent, descent, etc. (cf. [6]). Each glyph is defined as a relation
on the Euclidean plane. When we set a line of text in a certain font, then we
have to shift the rendered glyphs to their respective places on the line. This can
be understood as a shift along the x axis for each rendered glyph. The shift be-
tween two adjacent glyphs a and b rendered consecutively in one line is given by
the horizontal advance parameter of the glyph a. In some cases the sole usage
of the horizontal advance parameter produces bad looking results, because two
adjacent letters appear too close or too far apart. In this case the shift between
pairs of glyphs can be changed by adding a so called kerning value.

The glyphs in most computer fonts are either stored as bitmaps or outlines.
Bitmap fonts have low rendering complexity and can be optimized for a certain
resolution, however they are in general not scalable. Outline fonts (which are
sometimes also called vector fonts) store only glyph outlines, which have to be
filled by the rendering algorithm. In contrast to bitmap fonts they in general
are scalable, but the rendering requires much more complex algorithms. In
particular, the rasterization of mathematically defined curves is a non-trivial
task. An outline font may be obtained from a bitmap font by using a tracing
algorithm. One such algorithm is the Potrace algorithm (cf. [82]). Another very
simple tracing approach was given in [89]. The set of splines produced by such
a tracing algorithm usually has to be improved by some amount of manual post
processing.

Clearly, we can use PWFA for typesetting, if the single glyphs of a font can
be represented using PWFA. Bitmap fonts can be rendered using ordinary WFA,
as they are in fact nothing more than greyscale images. Thus we will put our
emphasis on outline fonts, where we will use PWFA to represent glyph outlines
as polynomial relations. We will not discuss the rasterization of such relations,
but only the representation of the underlying curves in terms of PWFA.

There is a large variety of font file formats. The two most important formats
in applications are the TrueType (cf. [74]) and Adobe PostScript type 1 (cf. [1])
font file formats. The TrueType format is the most common font format in Mac
OS and Microsoft Windows. PostScript type 1 fonts, can be found in Adobe
PostScript (cf. [2]) and PDF (Portable Document Format, cf. [3]) documents.

The outlines in a TrueType font are stored as quadratic B-splines. Thus
we can either transform them directly to a PWFA or first transform the B-
spline representation to a Bézier curve representation and then transform the
Bézier curve representation into a PWFA. The drawing primitives allowed in the
PostScript type 1 format are straight lines and cubic Bézier curves. Both can
easily be transformed to PWFA form. Figure 8.7 shows a glyph outline consist-
ing of cubic Bézier curves and straight lines. In practice the simplest way to
transform a glyph outline of a TrueType or PostScript type 1 font into a PWFA is
to use a font editor like FontForge (cf. [97]) to convert the font to an SVG font,
which uses SVG paths to describe outlines, and then transform the respective
path into a PWFA.
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Figure 8.7: The outline of letter S of the Computer Modern font is displayed by
cubic Bézier curves in the image. The control points are depicted as circles, the
tangents are displayed as lines.

If we only represent the spline curves defining some glyph by a PWFA, then
the description is incomplete, as the filling is missing. The following results
show that PWFA can also be used to represent filled outlines defined by glyphs
in PostScript type 1 or TrueType fonts.

Lemma 8.1 Let K ⊇ R be a field. Furthermore, let X be a PWFA of dimension d
over K such that S(X) = T (X). Then there exists a PWFA Y of dimension d over K
computing the set

S(Y ) =
[

a,b∈S(X)

{xa+(1− x)b|x ∈ [0,1]}, (8.60)

which is called the convex hull of S(X).

Proof: Assume that QX = {1, . . . ,n} for some n ∈N+ and ΣX = {1, . . . , l} for some
l ∈N+. Furthermore, assume without loss of generality that X is in final normal
form and the single final state in X with final weight 1 is state n. Let Uk denote
the identity matrix in K k×k for each positive natural number k. Let further Ok,m
denote the zero matrix in K k×m for each pair (k,m) of positive natural numbers.
Consider the PWFA Y ′ of dimension 2d over K such that

• the state set QY ′ is given by QY ′ = {1, . . . ,2n},

• the input alphabet ΣY ′ is ΣY ′ = {1, . . . ,2l},
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• the transition matrix AY ′i
is given by

AY ′i
=


(

AXi On,n
On,n Un

)
if 1≤ i≤ l(

Un On,n
On,n AXi−l

)
if l +1≤ i≤ 2l

(8.61)

for i = 1, . . . ,2l,

• the initial matrix IY ′ is

IY ′ =
(

IX Od,n
Od,n IX

)
(8.62)

and

• the final vector FY ′ is FY ′ = (FT
X FT

X )T .

Let p( fY ′(w)) denote the projection of the vector fY ′(w) to the components 1, . . . ,
l for each w ∈ Σ∗Y ′ and let q( fY ′(w)) denote the projection of the vector fY ′(w) to
the components l +1, . . . ,2l for each w∈ Σ∗Y ′ . Then apparently the set P given by

P =
[

w∈Σ∗
Y ′

{(p( fY ′(w)),q( fY ′(w)))} (8.63)

is the set of all pairs (a,b) such that a,b ∈ T (X). S(Y ) can be expressed as

S(Y ) =
[

w∈Σ∗
Y ′

{p( fY ′(w))+ x(q( fY ′(w))− p( fY ′(w)))|x ∈ [0,1]} . (8.64)

Thus Y can be obtained from Y ′ using the following steps:

1. Add two states 2n+1 and 2n+2 representing the real function f (x) = x as
described in Lemma 3.2. We assume that the state representing the linear
function is state 2n+1 and the state representing the constant function is
2n+2.

2. Set the final vector to 1 for state 2n+2 and to zero for each other state.

3. Let c ∈ T (X) (such a point exists, because S(X) = T (X) implies that S(X) is
not empty). Choose IY = (IX IX Od,1 c) to halve the number of dimensions.

4. Insert a new label 2l +1 and assign the transition matrix

AY2l+2 =

 Un On,n −1n 1n
On,n Un 1n On,1

O2,2n+2

 (8.65)

to it, where 1n ∈ Rn is 1 in component n and 0 otherwise.

Label 2l + 1 in Y is similar to the splitting label introduced in the constructed
of a PWFA computing an iterated image as described in the proof of Theorem
5.11. Let h(w) : Σ∗Y 7→ Σ∗Y ′ denote the homomorphism that erases 2l +1 and maps
any other symbol to itself. When Y reads the symbol 2l + 1 after it has read
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some word w ∈ Σ∗Y ′ , then it configures the states computing the linear function
to produce a line between the points p( fY ′(h(w))) and q( fY ′(h(w))). Thus Y is
the set of all lines between pairs of (a,b) of points such that a,b ∈ T (X). �

It is easy to see that Lemma 8.1 can be generalized to the following theorem.

Theorem 8.1 Let X and Z be PWFA of dimension d over K such that S(X) = T (X)
and S(Z) = T (Z), where K ⊇ R is a field. Then there is a PWFA Y of dimension d
over K computing the set

S(Y ) =
[

a∈S(X),b∈S(Z)

{xa+(1− x)b|x ∈ [0,1]} . (8.66)

Proof: We do not construct the automaton Y ′ in the proof of Lemma 8.1 using
two copies of X but one copy of X and one copy of Z. The rest of the construction
is analogous. �

Using the result given in Theorem 8.1, we can construct PWFA that render
filled glyphs defined by PostScript type 1 fonts. A TrueType font can usually
be losslessly converted to a PostScript type 1 font. We assume without loss of
generality that each used primitive is a cubic Bézier curve. Furthermore, we
assume without loss of generality that there is exactly one connected area to
be filled on the glyph. If there are multiple, we can handle them consecutively.
The PostScript type 1 format does not allow outline paths to cross each other.
This means that each area to be filled is defined by one path describing the
outer border and a finite number of paths describing inner borders. We can
approximate each glyph outline path from the inside of the glyph at arbitrary
precision using a polygon. By the term from the inside we mean that each
polygon vertex is on the glyph and no polygon edge crosses any glyph outline.
We assume that no polygon approximating any outline path crosses itself or a
polygon approximating any other outline path. If such a crossing exists, then
this can be remedied by using more precise approximations. An example of
such an approximation is shown in Figure 8.8. The depicted glyph has one
outer and two inner borders. The area between the polygons approximating
the outer border and inner borders can be tessellated using filled triangles. A
filled triangle is the convex hull of any two edges of the triangle. This leaves
the areas between the polygons and the glyph outlines. We have a closer look
at how we obtain polygons approximating a glyph outline path from the inside.
Observe the outline path shown in Figure 8.9. We want to approximate the
curve C1 by a polygon inside the area delimited by C1, C2 and C3. Assume that
C1 is given as C1(t), where C1(0) denotes the lower end of C1 and C1(1) the upper
end in the figure. Let N1(t) denote the unit normal vector of C1 at t, which points
in the direction of the glyph inside. One such vector is depicted in the figure.
We define the polygon P1,k(ε) approximating C1 as the sequence of vectors

P1,k(ε) =C1(0),C1

(
1
k

)
+εN1

(
1
k

)
, . . . ,C1

(
k−1

k

)
+εN1

(
k−1

k

)
,C1(1) (8.67)

for k≥ 2 and ε > 0. If P1,k(ε) crosses C1, then this can be remedied by increasing
k, as C1 is a polynomial and has only finitely many turning points. If we choose
k sufficiently large and ε sufficiently small, then there are also no intersections
between P1,k(ε) and C2 or C3. We can find a suitable pair of numbers (k,ε)
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Figure 8.8: A glyph is approximated from the inside using polygons. The glyph
outlines are displayed solid, the polygons as dashed lines.

algorithmically by e.g. trying each pair (2i,2−i) for i = 1,2, . . . until P1,2i(2−i)
no longer crosses C1, C2 and C3. Note that only crossings are not allowed, the
approximating polygon is allowed to touch each curve. Assume that we have
found a suitable pair (k,ε). Then the sequence P1,k(ε) has length k +1. We have
seen above that each Bézier curve b(t) can be split into two curves b1(t) and
b2(t) at any point t ∈ (0,1) such that b1(t) and b2(t) together represent b(t). Let
C1,1, . . . ,C1,k denote the sequence of cubic Bézier curves obtained by splitting C1
at the points 1

k , . . . , k−1
k . Let further L1,1, . . . ,L1,k denote the sequence of straight

lines between the point pairs (P1,k(ε)1,P1,k(ε)2), . . .(P1,k(ε)k,P1,k(ε)k+1). Then we
can fill the area between the curve C1 and the polygon P1,k(ε) by filling the areas
between each pair (C1, i,L1, i) of delimiting curves using the construction given
in the proof of Theorem 8.1.

8.6.3 3d modeling

Splines and spline patches are very popular in 3d modeling. We already showed
that we are able to display textured spheres using PWFA. As we can display
any type of textured spline surface using PWFA, we can also construct PWFA
representing e.g. textured models of archaeological objects, as the following
example shows.

Example 8.9 We model an antique vase using textured spline patches. Assume
that we are given the sequence of photographs as shown in Figure 8.10. We want
to model the rotation symmetric part of the vase, thus we remove the background
and vase handles from the images. As the handles in some pictures cover parts of
the rotation symmetric body, we cannot remove them completely. The resulting
image sequence is shown in Figure 8.11. Then we model the shape of the vase. As
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Figure 8.9: An outline path consisting of three cubic Bézier curves C1, C2 and
C3. C1 is drawn through, C2 and C3 are dashed. The arrow depicts a normal
vector of some point on the curve C1 pointing into the glyph.

Figure 8.10: Photograph sequence of an antique Greek vase (Amphora L 222,
courtesy of the Martin von Wagner Museum der Universität Würzburg) .

we consider the vase as a rotation symmetric object, the shape can be described by
a single spline curve. Figure 8.12 shows a photo (with background and handles
removed) of the vase next to a spline curve describing the vase. The spline curve was
created manually from the photograph. The next step is the generation of spline
patches from the spline curve. Just like we extended the display of a circle quadrant
given in Example 8.3 to a spline patch displaying a sphere octant in Example 8.5,
we can transform each single cubic Bézier curve used in the description of the vase
outline to a set of four bicubic Bézier patches representing the corresponding part
of the vase surface. Assume that a cubic Bézier curve to be transformed is given by
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Figure 8.11: The background and parts of the handles that do not obscure the
vase body have been removed from the images shown in Figure 8.10.

the control points P′0,P′1,P′2 and P′3 in the Euclidean plane. Let Pi for i = 0,1,2,3
denote the extension of P′i to R3 by choosing the third component as 0. Let further
R∈R3 denote the matrix representing a 90 degree rotation around the y axis. Then
one of the four bicubic Bézier patches is given by the coefficient matrix

Q0 =


P0 P0 + |P0|(0 0 k)T RP0 + |P0|(k 0 0)T RP0
P1 P1 + |P1|(0 0 k)T RP1 + |P1|(k 0 0)T RP1
P2 P2 + |P2|(0 0 k)T RP2 + |P2|(k 0 0)T RP2
P3 P3 + |P3|(0 0 k)T RP3 + |P3|(k 0 0)T RP3

 , (8.68)

where k is chosen as in Example 8.3. The second matrix Q1 is obtained from Q0 by
applying the matrix R to each single element of Q0. Q2 is obtained from Q1 and Q3
from Q2 in the same way. The result of the transformation for the curve shown in
Figure 8.12 is depicted in Figure 8.13.

A texture can be obtained by further processing the sequence of images shown
in Figure 8.11. We only sketch the required steps. In practice there are various
non-trivial problems like cylindric projections, image stitching etc. that have to
be solved during the process. We assume that in each image the symmetry axis
of the vase corresponds to a line which horizontally halves the image. The first
step we take to obtain a texture from the images shown in Figure 8.11 consists of
stretching the area covered by the vase in each picture to the complete image. This
can be imagined as putting the vase into a sufficiently large cylinder such that the
rotation axes of both objects match and then mapping each point on the vase to
the closest point on the cylinder. The result of this step is shown in Figure 8.14.
The projection produces heavy distortion on the left and right border of the images,
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Figure 8.12: Photograph of an antique Greek vase after removing the back-
ground and the handles (left) and spline curve describing the vase built from 5
cubic Bézier curves (right). The spline only represents the rotation symmetric
part of the vase body, i.e. the handles are missing. The control points of the
spline curves are depicted as circles.

Figure 8.13: The spline curve depicted in Figure 8.12 is converted to a set of
spline patches. Each cubic Bézier curve is converted to a set of 4 bicubic Bézier
patches. The image pairs in the first and the first two image pairs in the second
row each show one such conversion, where the translated parts are highlighted.
The last image pair in the second row shows the complete conversion.
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Figure 8.14: The images shown in Figure 8.11 have been projected onto a cylin-
der.

as the original images contain very little information on these areas. Therefor
we remove these border areas from the images. The resulting images are depicted
in Figure 8.15. In a next step the images are merged to a single texture. This
process is usually called stitching. Stitching algorithms are used e.g. in software
generating panorama images from sets of photographs. The merged image shown
in Figure 8.16 has been obtained by applying the Photomerge function of the Adobe
Photoshop CS2 program to the images shown in Figure 8.15. The image in first
column of the first row in Figure 8.15 was not used, because the remaining 7
pictures already show the complete outer surface of the vase. As the merged image
shows some areas of the vase more than once, we need to clip it. The clipped image
is shown in Figure 8.17. This clipped image is then partitioned into a set of sub-
images corresponding to the single bicubic Bézier patches describing the surface of
the vase. This is depicted in Figure 8.18.

We have constructed a set of textured bicubic Bézier patches. The union of these
patches yields the complete description of the vase as a 3d model. Figure 8.19
shows a comparison of a vase photograph with a rendering of a 3d model of the
vase displayed by a PWFA.

The page flip movies found on the DVD Lorenz Fries - Chronik der Bischöfe
von Würzburg (cf. [44]) were also generated using spline models. An image
of the rendered model is shown in Figure 8.20. The spline model employed
for the construction of the book model was based on so called Hash patches
(named after their inventor Martin Hash, cf. [57]). The movies were rendered
with the Animation:Master program by Hash Incorporated. The texture images
were obtained by taking photographs of a medieval manuscript (cf. [43]). As
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Figure 8.15: The images shown in Figure 8.15 have been clipped to remove the
most heavily distorted areas at the left and right border.

Figure 8.16: The images shown in Figure 8.15 have been used to compute a
single merged image.
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Figure 8.17: The image shown in Figure 8.16 has been clipped to display each
part of the vase texture exactly once.

Figure 8.18: The complete texture shown in Figure 8.17 was split into the parts
corresponding to the single bicubic Bézier patches.
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Figure 8.19: Photograph of an antique Greek vase (left, Amphora L 222, cour-
tesy of the Martin von Wagner Museum der Universität Würzburg) and rendering
of a PWFA model of the vase (right).

Figure 8.20: One frame of a page flip movie on the DVD [44], using scans
of [43] as textures (courtesy of the Universitätsbibliothek Würzburg).
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the rendering of the book model required high computational resources and
thus a page flip could not be displayed in real time, each required page flip was
rendered image per image and stored as a compressed movie. A WFA based
video compression codec for compressing these movies was presented in [91].

Unlike Bézier patches, Hash patches are defined only by their boundaries.
They are rendered in a subdivision process similar to the De Casteljau algorithm
for Bézier curves, i.e. the patch is recursively divided until all obtained sub-
structures sufficiently resemble polygons. There is no apparent correspondence
between Hash patches and Bézier patches or B-spline patches, we can however
approximate each Hash patch at arbitrary precision using a set of Bézier patches
or B-spline patches and vice versa. Thus each book model can be represented
by a PWFA at arbitrary precision.
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Chapter 9

Interpretation and decoding

The set of vectors S(X) computed by a PWFA X can be interpreted in a large
variety of ways. We will discuss some possible interpretations in this chapter.
In practice we can only evaluate the word function of a PWFA for a finite set of
words. We have shown in subsection 5.2.1 that it is in general not decidable for
a PWFA X , whether the set S(X) or even T (X) contains a certain vector v.

If however S(X) = T (X) holds, then we know that every single vector com-
puted by the word function is contained in S(X). This means that in general the
interpretation will be correct but possibly incomplete. Many automata used in
applications have the property S(X) = T (X). This ranges from automata com-
puting polynomials, splines, spline patches and wavelets to automata obtained
from WFA compressed pixel images.

A PWFA X constructed to represent a fractal (IFS, RIFS and MRFS) as de-
scribed in Chapter 6) does in general not have the property S(X) = T (X) but only
the weaker property of ST -consistency. This means that for short words the vec-
tors computed by the word function fX may have a significant distance from the
attractor of the represented fractal. In practice this effect can be attenuated by
either not considering words that have a length below a given minimum or by
substituting the final distribution FX of the automaton by some vector µX (w)FX
for a suitable word w∈ Σ∗X (or equivalently but computationally more expensive
substitute the initial matrix IX by IX µX (w)).

If a PWFA X does neither have the property S(X) = T (X) nor is ST -consistent,
then we can only compute and interpret a subset T of the set T (X). In com-
parison to S(X), this subset may be incomplete as well as incorrect. In contrast
to ST -consistent automata, there are cases, where this cannot be improved or
remedied by applying some sort of effectively computable preprocessing to the
automaton, which is due to the undecidability results given in section 5.2.

9.1 Interpretation of PWFA computed sets

For the interpretation of a PWFA we will assume that every single vector v pro-
duced by a PWFA X , we interpret, is an element of S(X). In the case of fractals
(IFS,RIFS and MRFS) this may be only approximately true. As long as this effect
however is smaller than e.g. the rounding errors we obtain by the use of finite
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precision floating point arithmetic or some other form of inevitable quantization
noise encountered in practice, it is negligible.

There are various orthogonal criteria by which we can separate the different
proposed interpretations of vectors and sets. In some interpretations the input
words are part of the interpretation, while in others it is unimportant which
input word generated a certain vector. In the case of the classic WFA computed
real functions the interpretation of the input word, which is performed using the
function r[k] for some integer k greater than 1, is also WFA computable. Thus,
we can make the input word negligible by increasing the dimension of a PWFA.
The same also applies to WFA computed functions of higher dimensions, e.g.
compressed pixel images. Another way to separate the interpretations is by the
range we map vectors to. Here the variants in practice include spaces like R2,
R2×R,R2×R3,R3 and R24. We will use point interpretation functions to map
vectors produced by the word function of a PWFA to elements of some target
space.

Definition 9.1 Let X be a PWFA of dimension d over the semiring S . Let T denote
a set. Then we call each function I : S d 7→ T a T (point) interpretation function
for X .

In many interpretations we augment vectors of spatial and temporal coordi-
nates (we call each such vector a point) with vectors of scalars, e.g. we assign
(r g b)T color vectors to points on the Euclidean plane. As PWFA compute re-
lations, there is in general no reason to assume that each point is consistently
assigned a unique scalar vector. Even if a PWFA assigns a unique scalar vector
to every point it produces, this uniqueness does often no longer hold, after the
single coordinates of the point have been quantized. This can be handled in
several ways. The first way, which we call the overwriting strategy, is to choose
exactly one set of scalars assigned to each point and discard all others. This is
usually the last one produced by the used decoding algorithm, i.e. if a previ-
ously encountered point is assigned a new vector of scalars, the previous vector
of scalars is overwritten with the new vector. A second way, which we call the
averaging strategy, is to assign the average of all vectors of scalars produced for
some point to the point. This can be performed using averaging buffers. An av-
eraging buffer stores two things for each point. The first is the sum of all scalar
vectors produced for the point. The second is the number of vectors assigned to
the point. If we divide the summed up vectors by the number of vectors at the
end of the decoding process, we obtain the average of all assigned scalar vectors
for the point. Example 9.4 shows the difference between the two strategies by
means of showing images that were obtained by interpreting the set computed
by a single automaton with and without the usage of an averaging buffer.

9.1.1 Interpretation of sets as images

In this subsection an image or picture is, in contrast to the two dimensional
words called pictures in [12], [47] and [73], some function from some cross
product [α,β]× [γ,δ] of two real intervals [α,β], [γ,δ] of positive diameter, i.e. a
rectangle on the Euclidean plane to a set [0,1]k for some positive natural number
k.
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Bi-level images

Let A denote a compact subset of the Euclidean plane, e.g. the attractor A of a
2d real fractal (IFS,RIFS or MRFS). Further let B = [a,b]× [c,d] denote a minimal
axes-parallel bounding box for A , i.e. a minimal axes-parallel rectangle on the
Euclidean plane containing A . Then we may identify the set A with the image
I : [a,b]× [c,d] :7→ [0,1] defined by

I(i, j) =
{

1 if (i, j) ∈ A
0 otherwise.

(9.1)

We call this image I the bi-level image representing A .
Each bounded set computed by a PWFA over the reals is closed and thus

compact. If a real PWFA computes an unbounded set, we can extract finite
sets by clipping (i.e. by intersecting the set with a compact set). Such a finite
set obtained by clipping again is compact. Thus we will for the interpretation of
PWFA computed sets for the rest of the section without loss of generality assume
that each PWFA computed set is compact.

The set S(X) computed by a PWFA X of dimension 2 over R can be inter-
preted as a bi-level image, where the point interpretation function I : R2 7→ R2

for X is the identity.

Example 9.1 The Koch (snowflake) curve is shown in Figure 9.1. The minimal
axes-parallel bounding box of the curve is

B = [0,1]×
[

0,
sin(π

3 )
3

]
. (9.2)

It is well known that the curve is continuous but nowhere differentiable.

Figure 9.1: Automaton computing the Koch curve, where ϕ = π

3 (left) and its
inverted interpretation (i.e. 0 is white, 1 is black) as a bi-level image (right).

In practice an approximation of the bounding box of a PWFA computed
compact set can be obtained by computing the vectors produced by the cor-
responding PWFA up to a certain word length and computing the minima α,γ
and maxima β,δ of the components of the coordinates. We denote this by the
term automatic clipping or shorter auto clipping.
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Greyscale images

A bi-level image can be extended to a greyscale image, where each point con-
tained in a compact set is assigned a single real value that we interpret as the
luminance of the point. Each point outside the compact set is assigned either
the value 0 or 1 (i.e. the background of the image is set to black or white). The
point interpretation function IGreyscale : R3 7→ R2×R is given by

IGreyscale

 x
y
l

=

 (
x
y

)
(

c(l)
)
 (9.3)

for x,y, l ∈ R where c : R 7→ [0,1] is defined as

c(l) =

 0 if l < 0
l if 0≤ l ≤ 1
1 if l > 1

(9.4)

for l ∈ R.

Remark 9.1 The vector spaces R3 and R2×R are trivially isomorphic. We use the
(syntactical) variant R2×R to optically separate the coordinates of a point from
the assigned real value. The grouping of the components on the right-hand side of
equation 9.3 has the same purpose.

Example 9.2 The automaton in Figure 9.2 computes the function f (x,y) = (x +
y)/2 on [0,1]2. The first and second component of the result vectors are interpreted
as the x and y coordinates respectively. The third component is interpreted as the
luminance of the point. The minimal axes-parallel bounding box is [0,1]2.

Figure 9.2: Automaton computing the function f (x,y) = (x + y)/2 (left) and its
interpretation as a greyscale image (right).

Color images

Similar to a greyscale image, a bi-level image can be extended to a color image.
Each point contained in a compact set is assigned three real values that we
interpret as either the red, green and blue values (RGB) of the point or as one
luminance and two chrominance values (YCbCr) of the point. In the YCbCr
interpretation the Cb and Cr components usually assume a range of values that
is centered at 0, i.e. are taken from the interval [−0.5,0.5]. We shift these
intervals by 0.5 to obtain values in [0,1]. Each point outside the compact set is
assigned either the black or white color, i.e. the (0 0 0)T or (1 1 1)T triple in the
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RGB case and the triple (0 0.5 0.5)T or (1 0.5 0.5)T in the (shifted) YCbCr case.
The RGB and shifted YCbCr systems are linked by the relationships

Y = αRR+αGG+αBB (9.5)

Cb =
0.5

1−αB
(B−Y )+0.5 (9.6)

Cr =
0.5

1−αR
(R−Y )+0.5 (9.7)

where αR ≈ 0.299, αG ≈ 0.587 and αB ≈ 0.114, which can be written as the
invertible affine transformation Y

Cb
Cr

=

 0.299 0.587 0.114
−0.168736 −0.331265 0.5

0.5 −0.418688 −0.081312

 R
G
B

+

 0
0.5
0.5


(9.8)

(cf. [87]).
The point interpretation functions IRGB : R5 7→ R2 ×R3 and IYCbCr : R5 7→

R2×R3 are given by

IRGB


x
y
R
G
B

=


(

x
y

)
 c(R)

c(G)
c(B)


 (9.9)

for x,y,R,G,B ∈ R and

IYCbCr


x
y
Y

Cb
Cr

=


(

x
y

)
 c(Y )

c(Cb)
c(Cr)


 (9.10)

for x,y,Y ,Cr,Cb∈R, where the clipping function c is defined as above for greyscale
images.

Example 9.3 The automaton shown in Figure 9.3 computes a colored fractal
dragon, i.e. each point on the attractor of the well-known dragon (cf. [8]) is
attributed with 3 real values. Plates II and III in the appendix show the interpre-
tation of the automaton as an RGB and YCbCr image respectively. The minimal
axes-parallel bounding box is [0,1]2.

Example 9.4 Let X denote the PWFA obtained by applying an iterated affine
transformation representing a rotation by an angle of π/4 to the automaton X ′

shown in Figure 9.3. Then some points on the Euclidean plane are assigned mul-
tiple colors by X , if we interpret the automaton as an RGB image. Plate IV in the
appendix shows the interpretation of X as an RGB image with and without the
usage of an averaging buffer.

The extension of RGB and YCbCr images to four channel RGBA and YCbCrA
images by addition of an α value denoting the transparency or opacity of each
point is straightforward.
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Figure 9.3: Automaton computing a colored fractal dragon.

9.1.2 Interpretation of sets as 3d scenes

Similar to a (2d) image we define a 3d scene (or 3d image) as a function

I : [α,β]× [γ,δ]× [ε,ζ]→ [0,1]k (9.11)

where α,β,γ,δ,ε and ζ are real numbers such that α < β,γ < δ,ε < ζ and k is a
positive natural number. In analogy to the 2d case, we can define 3d bi-level,
greyscale and color images. The corresponding point interpretation functions
are

IBilevel3

 x
y
z

=

 x
y
z

 , (9.12)

IGreyscale3




x
y
z
l


=


 x

y
z

(
c(l)

)
 , (9.13)

IRGB3




x
y
z
R
G
B



=



 x
y
z

 c(R)
c(G)
c(B)



 (9.14)

and

IYCbCr3




x
y
z
Y

Cb
Cr



=



 x
y
z

 c(Y )
c(Cb)
c(Cr)



 (9.15)

where again the clipping function c is defined as above for greyscale 2d images.
We use a right handed orthogonal coordinate system to describe points

(x y z)T in R3, which is depicted in Figure 9.4. As in the 2d case the x-axis
is the horizontal and the y-axis the vertical axis. The direction of the positive
z-axis is given by the right hand rule.
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Figure 9.4: Right handed coordinate system

The process of rendering a 3d scene as a 2d image is called volume render-
ing. There are various volume rendering approaches, which can be divided into
two categories:

1. Direct volume rendering: An algorithm given a 3d scene, a viewpoint and
a line of sight directly computes a 2d image. The splatting and raycasting
algorithms both fall into this category (cf. [96]).

2. Indirect volume rendering: An algorithm given a 3d scene transforms the
scene into a different kind of 3d representation, which is subsequently
rendered to a 2d image. This intermediate representation can e.g. be a
set of spline patches or polygons, which describe surfaces in the 3d scene.
The points in a 3d scene can be categorized, e.g. the points in a bi-level
3d scene can be divided into such points that are assigned the value 1 and
such that are assigned the value 0. The borders between points falling
into different categories can be interpreted as surfaces. A well known
example of an algorithm transforming a (spatially quantized) bi-level 3d
scene into a set of triangles is the marching cubes algorithm (cf. [68]).
This process usually produces a very large number of triangles, which can
only be rendered in real time using dedicated hardware.

A very simple approach to indirect volume rendering is the following: Let nx,ny,
nz be positive natural numbers and let I : [α,β]× [γ,δ]× [ε,ζ]→ [0,1] a bi-level 3d
scene for β > α, δ > γ and ζ > ε. Then we can define the quantization functions
qx : [α,β] 7→ {1, . . . ,nx}, qy : [γ,δ] 7→ {1, . . . ,ny} and qz : [ε,ζ] 7→ {1, . . . ,nz} as

qx(x) =
⌊

(x−α)(nx−1)
β−α

+
1
2

⌋
+1 (9.16)

for x ∈ [α,β],

qy(y) =
⌊

(y− γ)(ny−1)
δ− γ

+
1
2

⌋
+1 (9.17)

for y ∈ [γ,δ] and

qz(z) =
⌊

(z− ε)(nz−1)
ζ− ε

+
1
2

⌋
+1 (9.18)

for z ∈ [ε,γ]. Then we define the quantized 3d bi-level image Iq : Z3 7→ [0,1] by

Iq(i, j,k) =

 1 if there exist a ∈ [α,β],b ∈ [γ,δ],c ∈ [ε,ζ] such that
qx(a) = i,qy(b) = j,qz(c) = k and I(a,b,c) = 1

0 otherwise.
(9.19)
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Figure 9.5: The rectangles bottom(0,0,0), top(0,0,0), left(0,0,0), right(0,0,0),
back(0,0,0) and front(0,0,0) (left to right).

Iq is supported only on D = {1, . . . ,nx}×{1, . . . ,ny}×{1, . . . ,nz}, we have defined
it as 0 outside D for the sake of simpler notations in algorithms. For each (i, j,
k) ∈ Z3 we define the quadrangles

bottom(i, j,k) =

 i
j
k

 ,

 i+1
j
k

 ,

 i+1
j

k +1

 ,

 i
j

k +1

 , (9.20)

top(i, j,k) =

 i
j +1

k

 ,

 i+1
j +1

k

 ,

 i+1
j +1
k +1

 ,

 i
j +1
k +1

 , (9.21)

left(i, j,k) =

 i
j
k

 ,

 i
j +1

k

 ,

 i
j +1
k +1

 ,

 i
j

k +1

 , (9.22)

right(i, j,k) =

 i+1
j
k

 ,

 i+1
j +1

k

 ,

 i+1
j +1
k +1

 ,

 i+1
j

k +1

 , (9.23)

back(i, j,k) =

 i
j
k

 ,

 i+1
j
k

 ,

 i+1
j +1

k

 ,

 i
j +1

k

 (9.24)

and

front(i, j,k) =

 i
j

k +1

 ,

 i+1
j

k +1

 ,

 i+1
j +1
k +1

 ,

 i
j +1
k +1

 . (9.25)

These functions compute the sides of axes-parallel cubes of side-length 1 in
Z3, e.g. front(i, j,k) is the front side of an axes-parallel cube of side-length
1 such that the vertex at the left backside of the bottom of the cube is lo-
cated at position (i, j,k). Figure 9.5 shows graphical representations of the
quadrangles bottom(0,0,0), top(0,0,0), left(0,0,0), right(0,0,0), back(0,0,0) and
front(0,0,0). Using these definitions Algorithm 2 produces a set of quadrangles
representing a quantized 3d image, where each position is assigned up to 6
quadrangles. The number of quadrangles produced by the algorithm is thus
bounded by 6nxnynz.

We can extend the construction of the quantized 3d scene Iq to the greyscale
case. The extension to the color case is then obvious. Let I : [α,β]× [γ,δ]× [ε,ζ] 7→
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Input : Quantized bi-level 3d scene Iq with support
{1, . . . ,nx}×{1, . . . ,ny}×{1, . . . ,nz} for nx,ny,nz ∈ N+.

Output: A set T of quadrangles representing Iq

T ← /01

for z = 1 to nz do2

for y = 1 to ny do3

for x = 1 to nx do4

if Iq(x,y,z) 6= Iq(x−1,y,z) then T ← T ∪{left(x,y,z)}5

if Iq(x,y,z) 6= Iq(x+1,y,z) then T ← T ∪{right(x,y,z)}6

if Iq(x,y,z) 6= Iq(x,y−1,z) then T ← T ∪{bottom(x,y,z)}7

if Iq(x,y,z) 6= Iq(x,y+1,z) then T ← T ∪{top(x,y,z)}8

if Iq(x,y,z) 6= Iq(x,y,z−1) then T ← T ∪{back(x,y,z)}9

if Iq(x,y,z) 6= Iq(x,y,z+1) then T ← T ∪{front(x,y,z)}10

return T11

Algorithm 2: MONO_QUANT(Iq,nx,ny,nz): A quantized bi-level 3d scene Iq is
transformed into a set of quadrangles.

[0,1] be a greyscale 3d scene for α < β, γ < δ and ε < ζ. Let further I′ : R3 7→ [0,1]
be defined as

I′(a,b,c) =
{

I(a,b,c) if a ∈ [α,β],b ∈ [γ,δ],c ∈ [ε,ζ]
0 otherwise. (9.26)

Let nx,ny and nz be positive natural numbers and the functions qx, qy and qz
be defined as above. Let further q−1

x (x) = {i|qx(x) = i}, q−1
y (y) = { j|qy(y) = j}

and q−1
z (z) = {k|qz(z) = k}. Then we define the quantized greyscale 3d scene

Iq : Z3 7→ [0,1] as

Iq(i, j,k) = sup
{

g|g = I′(a,b,c) for a ∈ q−1
x (i),b ∈ q−1

y ( j),c ∈ q−1
z (k)

}
. (9.27)

Based on this definition of Iq, Algorithm 2 can be extended by assigning the
greyscale value of a tuple (i, j,k) ∈ Z3 to all quadrangles produced for (i, j,k).
Instead of using the supremum of I′ over some interval in equation 9.27, we
could also use the average value of I′ inside the interval.

The following example presents some automata that can be interpreted as
3d scenes and some 2d images showing views of the scenes from certain view-
points. The 2d images were generated by transforming quantized 3d scenes
into sets of quadrangles using Algorithm 2, which were subsequently rendered
using OpenGL. The shading algorithms of OpenGL were disabled to avoid the
display of polygon edges. This delivers a better visualization of the original set
by masking quantization effects.

Example 9.5 The automaton X shown in Figure 9.6 computes a circle in the x,
y plane of R3, i.e. the set {(x,y,0)|x2 + y2 = 1,x,y ∈ R}. Figure 9.7 shows the
corresponding 3d scene rendered from two different viewpoints. Let r : R3 7→ R3

be given by

r(x) =

 1 0 0
0 4

5
3
5

0 − 3
5

4
5

x (9.28)
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Figure 9.6: Automaton computing a circle in the x,y plane of R3.

Figure 9.7: The (inverted, i.e. black is 1 and white is 0) scene computed by the
automaton shown in Figure 9.6 viewed from a point on the positive z-axis right
in front of the origin (left) and from a point (x y z)T ∈ R3 such that x > 0, y < 0
and z > 0 (right).

for all x ∈ R3. Then the automaton X ′ shown in Figure 9.8 computes the iterated
image of S(X) under the single map r, which represents a rotation around the x-
axis. The ratio of the angle acos( 4

5 ) of the rotation and π is not a rational number.
Thus X ′ computes the set S(X ′) = {(x y z)T |x2 +y2 + z2 = 1,x,y,z ∈R}, i.e. a sphere
of radius 1 centered at the origin of R3. The interpretation of this set as a bi-level
3d scene is depicted on the left hand side of in Figure 9.9. X ′ is easily extended to
compute greyscale or colored 3d scenes by adding 1 or 3 dimensions respectively.
Rendered images obtained by this kind of extension are shown on the right-hand
side of Figure 9.8 and in Plate V in the appendix for greyscale and RGB 3d scenes
respectively.

The next example shows some images of rendered polygon sets, where the
OpenGL shading algorithms were enabled. This shows the edges of the polygon
model, i.e. the effects of the quantization that is necessary for the generation of
the polygons are not masked.

Example 9.6 We consider the Bézier patch presented in Example 8.5. Let I denote
a bi-level 3d scene representing the patch. Let further Iq(k) denote the quantized
3d scene of I for nx = ny = nz = k for each positive natural number k. Figure 9.10
shows images of polygon models obtained from Iq(k) for various k using Algorithm
2 and the marching cubes algorithm.

9.1.3 Interpretation of sets as polygonal surfaces

The interpretation functions above all map each domain vector to a single point
in the range of the function. In most range spaces points are very small entities.
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Figure 9.8: Automaton computing a sphere of radius 1 centered at the origin of
R3.

Figure 9.9: Left: The set computed by the automaton shown in Figure 9.8
is interpreted as an inverted bi-level scene and rendered from a point on the
positive z-axis for z > 1 (i.e. outside the sphere) looking at the origin of R3.
Right: The set computed by the automaton shown in Figure 9.8 is augmented
by adding a fourth component to each vector (x y z)T that is assigned the value
x+y+2

4 . The image shows the interpretation of the augmented set as a greyscale
3d scene rendered from a point on the positive z-axis for z > 1 looking at the
origin of R3.

These single points in practice are subsequently quantized for display or storage
of images and 3d scenes. In the case of images the resulting entities are pixels
and for 3d scenes we obtain voxels. The quality of this quantized representation
depends heavily on the resolution of the employed quantizers, i.e. a 1024×1024
pixel image is in general able to show many more details of the original set than
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Figure 9.10: The Bézier patch presented in Example 8.5 rendered in the reso-
lutions nx = ny = nz = 64, 128 and 256 (top to bottom) using Algorithm 2 (left)
and the marching cubes algorithm (right).
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a 64× 64 pixel image. The same applies to the quantization of greyscale and
color values. In the case of uniform spatial quantization the amount of memory
required for a pixel image grows quadratically with the resolution of the image.
A 2048×2048 RGB uncompressed pixel image with 256 color levels per channel
requires 12 megabytes of memory. At the time being 12 megabytes of memory
are only a small fraction of the amount of random access memory found in
contemporary personal computers, while a resolution of 2048× 2048 pixels is
sufficient to utilize the full capabilities of a computer display. In the case of a 3d
scene however, the growth is cubic. This means that a scene with a resolution of
20483 color voxels with 256 color levels per channel has a memory consumption
of 24 gigabytes, which cannot efficiently be handled by common contemporary
hardware. While we can usually reduce this memory requirement by some
tricks, e.g. representing connected areas that are assigned the same color as
a whole and not storing each contained voxel, the memory requirement often
still grows cubically with the resolution. A 3d scene is usually rendered to a 2d
image for display by first applying an affine transformation and then projecting
each point to its first two coordinates (cf. [96]). This maps a 3d scene consisting
of n3 voxels to an image consisting of roughly n2 pixels, implying that we are
unable to fully utilize the capabilities of a common computer display using a
voxel model.

In 3d computer graphics objects are often represented by surfaces instead
of volumes. There are various ways to describe surfaces. Two widely used
tools for surface description are spline patches and polygons. We showed in
section 8.3 that PWFA can be used to compute sets of quadrangles representing a
Bézier patch. This can be generalized to the computation of arbitrary polygons.
A polygon is given by a finite sequence of vertices v1, . . . ,vk, where pairs of
adjacent vertices (v1,v2),(v2,v3), . . . ,(vk,v1) are linked by edges. In our case each
vertex is given as a vector of some real vector space of dimension d ∈ N,d > 0
(usually R3). Such polygons can be computed by real PWFA of dimension dk,
which are interpreted using the function IBilevelpoly : Rdk 7→ (Rd)k defined as

IBilevelpoly



v1,1
...

v1,d
v2,1

...
vk,d


=



v1 =

 v1,1
...

v1,d


...

vk =

 vk,1
...

vk,d




, (9.29)

where the right-hand side of the equation is again divided into groups for better
readability. We call IBilevelpoly the bi-level polygonal interpretation function for
PWFA. The greyscale, RGB and YCbCr polygonal interpretation functions are
obtained by attributing each computed vertex with the appropriate number of
scalars, i.e. the dimension of the automaton is increased. The greyscale and
color components are again clipped to [0,1] using the clipping function c as
given in equation 9.4.

The representation of 3d objects as polygonal surfaces has some advantages
and some drawbacks. The main advantage is that a polygonal surface of a voxel
model can usually be rendered much faster than the volume itself. Although the
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Figure 9.11: Both images display the Bézier patch presented in Example 8.5.
The image on the left is obtained using the marching cubes algorithm for
n = nx = ny = nz = 30 to render a bi-level 3d scene representing the patch. It
consists of 2176 triangles, of which roughly half are back-facing (i.e. invisible
in the rendered image). The image on the right is rendered from a polygonal
description of the patch as presented in Example 8.6 consisting of 1024 quad-
rangles.

marching cubes algorithm often represents a 3d scene by a very large number
of triangles, the display of these triangles can be performed very quickly using
dedicated hardware. The speed advantage is even bigger, if the 3d object is
artificial and the surfaces were constructed as spline patches or polygons. The
apparent drawback of representing a 3d object by a surface is that anything
behind a surface is not displayed at all. This can be a negative point in e.g.
medical applications, where some types of tissue are partly transparent.

Figure 9.11 shows that the polygonal display of a Bézier patch requires a
much smaller number of geometric primitives for a satisfactory appearance than
the display obtained from an indirect volume rendering of a 3d scene displaying
the patch.

9.1.4 Interpretation of sets as movies

All of the above interpretations can be transformed into movies by adding one
component representing a time index for each computed vector. Starting with a
2d image, we obtain a traditional movie consisting of a sequence of pictures, if
we quantize the time component. The function IRGBMovie : R6 7→R3×R3 defined
by

IRGBMovie


x
y
t
R
G
B

=



 x
y
t

 c(R)
c(G)
c(B)



 (9.30)

for x,y, f ,R,G,B ∈ R is an example of a movie interpretation function. In com-
parison to an RGB image, the only change is the additional t component, which
describes a time index. This means that an RGB movie can be understood as an
ordered set of RGB images.
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Example 9.7 Let X ′′ denote the automaton shown in Figure 9.3. If X ′′ is in-
terpreted as an RGB image, then we obtain the image shown in Plate II in the
appendix. Let P denote the real matrix given by

P =


1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

 (9.31)

and let X ′ = Ξ[PI′′X ](X ′′), i.e. the automaton obtained from X ′′ by inserting a null
dimension between the second and third dimension. As X ′ has dimension 6, we can
interpret it as an RGB movie. However X ′ produces only vectors for the time index
0. Let Rα(x) denote the affine transformation given by

Rα(x) =


cos(α) sin(α) 0 0 0 0
−sin(α) cos(α) 0 0 0 0

0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

x+


0
0
α

0
0
0

 (9.32)

for each α ∈ R and let β = acos(4/5). Further let X be any PWFA computing the
iterated image of S(X ′) under the two affine transformations Rβ and R−1. Then X
represents a rotating colored fractal dragon. The third component of the vectors
computed by X is the current rotation angle. If we interpret X as an RGB movie,
then the time index equals the rotation angle. The interpretation of S(X) clipped to
the time interval [0,2π] as an RGB movie is visualized in Plate VI in the appendix.

9.2 Decoding

We present some PWFA decoding algorithms in this section. Each presented al-
gorithm has its advantages and drawbacks. The algorithms differ in the amount
of memory used and in their run-time. We will use the Landau symbol O (the so
called big O notation) to give asymptotic upper bounds describing the memory
and running time requirements of the algorithms (cf. [15]). The symbol O is
often defined for functions of a single variable only, but the generalization to
functions of multiple variables is straight-forward. The resources required by a
certain algorithm to decode a PWFA often depend on multiple parameters (e.g.
the number of states, the maximum length of input words to be processed, etc.).
Thus the formulae we will state in the O notation to describe the complexity of
the decoding algorithms will in general also be functions of multiple variables.
In every case it is simple to restrict them to functions of a single variable by inter-
preting all other variables as constant parameters. As the membership problem
for PWFA is undecidable, there is in general no parameter that could ensure that
the set of vectors computed by a decoding algorithm is complete with regard to
a desired output precision (e.g. such that the set of computed vectors provides
a greyscale value for each pixel of a greyscale image of a given dimension). In
some special cases however such a parameter exists. If we for example decode
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a pixel image coded as a real WFA X over the alphabet {0,1,2,3}, then it is suf-
ficient to evaluate the word function fX of X for all words of length k to decode
the image of dimension 2k×2k represented by X .

Each presented algorithm has the parameter N, which denotes a minimal
wordlength to be considered. The test for a minimal wordlength is useful, if
we decode a PWFA generated for an IFS, and the usual start vector 0 has a
significant distance from the attractor of the system. By choosing some finite
N > 0, we can often reduce the maximal distance of the delivered vectors from
the set computed by the automaton.

In practice not every algorithm decodes every PWFA equally well. We will
give a discussion of this issue at the end of the section.

We assume that the primitive semiring operations plus (+) and times (·) can
be performed in O(1), i.e. require constant time. Furthermore, we assume that
every single element of a semiring can be represented using a finite amount
of memory. These assumptions in general do not hold, e.g. they do not apply
for every semiring containing the natural numbers, if the numbers are stored
in some form of variable length positional notation. In practice we however
mostly use finite precision floating point numbers for computations and in this
case addition and multiplication can be performed in constant time and every
single number is represented using a fixed finite amount of memory.

Let Σ = {1, . . . , l} denote a finite alphabet. Then Σ∗ can be represented as a
complete tree of degree l with infinite depth. We say that this tree is spanned by
Σ. The root of the tree corresponds to the empty word ε. Each node represents
one word and if some node corresponds to the word w ∈ Σ∗, then the children
of this node correspond to the words w1 to wl. Most presented algorithms can
be understood as partial traversals of this tree, where some are like depth first
and some like breadth first traversals.

The output of each decoding algorithm will always be some finite sequence
(ti). If some algorithm provided with a PWFA X and some additional algorithm
specific parameters computes a sequence (ti)k

i=1, then each member of this se-
quence will be a member of the set T (X). For every given algorithm there is
(in theory) some way of making it run infinitely long by setting some specific
parameter to ∞ or 0. Most of the algorithms then produce an infinite sequence
(ti)∞

i=1. If we can trigger that a certain algorithm produces an infinite sequence
(ti)∞

i=1 by setting certain parameters, then we say that the algorithm decodes
a PWFA X completely (or the algorithm is complete for X), if (ti)∞

i=1 has the
property that

∞[
i=1

{ti}= T (X) . (9.33)

Some presented algorithms are complete for every PWFA, some are only com-
plete for a subset of all PWFA and some are not complete for any PWFA, but
show reasonable behavior when computing a finite sequence (ti).

As the membership problem for PWFA is undecidable, there is no algorithm
that computes the set S(X) or an adequate approximation of S(X), if it is given
an arbitrary PWFA X .

We formulate each decoding algorithm without considering an interpreta-
tion function. This simplifies the theoretical discussion. In practice each decod-
ing algorithm is supplied with an appropriate interpretation function and the
interpretation of each vector produced by the word function of the considered
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PWFA is rendered directly into some output data structure (e.g. a pixel is set in
an image). Thus the construction of the sequence (ti) is not performed in appli-
cations. For this reason we do not consider the amount of memory required to
store the sequence (ti), when we analyze the memory consumption of a PWFA
decoding algorithm.

When we state the complexity (run-time or space) of a PWFA decoding al-
gorithm in the following, then the letters n, l and d will as usual denote the
number of states, the number of labels and the dimension of the input automa-
ton respectively.

9.2.1 Stack based decoding

Stack based decoding of PWFA corresponds to a depth first traversal of a finite
sub-tree of the infinite tree spanned by the alphabet of a given PWFA. We use
the definitions of the stack operations STACK-EMPTY, PUSH and POP as given
in Cormen et al. (cf. [15]). The stack based decoding algorithm for PWFA is
given in Algorithm 3. Let X = (Q = {1, . . . ,n},Σ = {1, . . . , l},W = (A1, . . . ,Al), I,F)
denote a PWFA of dimension d over the semiring S . Each element on the stack
is a pair of a vector v ∈ S n and an integer r, where the vector v was obtained as
v = µX (w)F for some word w ∈ Σr.

Input : PWFA X = (Q,Σ = {1, . . . , l},W = (A1, . . . ,Al), I,F), minimum
wordlength N, maximum wordlength N where N ≤ N

Output: Sequence (ti)k
i=1 where k = lN + . . .+ lN such thatSk

i=1{ti}= {v|v = fX (w) for some w ∈ Σ∗ such that N ≤ |w| ≤ N}
k← 01

top[S]← 02

PUSH(S,(F ,0))3

while STACK-EMPTY(S) = FALSE do4

(v,r)← POP(S)5

if r ≥ N then6

k← k +17

tk← Iv8

if r +1≤ N then9

for i = l, . . . ,1 do10

PUSH(S,(Aiv,r +1))11

return (ti)k
i=112

Algorithm 3: STACK_DECODE(X ,N,N): Stack based decoding algorithm for
PWFA.

If X has a unary alphabet, then we can omit the stack, which is shown in
Algorithm 4.

In comparison to other PWFA decoding algorithms, the stack based variants
have very low memory requirements. The stack employed in Algorithm 3 needs
to keep no more than N elements at any time and is the only kind of storage
used by the algorithm. Thus the memory requirement of the algorithm is in
O(nN). If we consider n as fixed, then we obtain O(N).

Algorithm 3 corresponds to the depth first traversal of a complete tree of
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Input : PWFA X = (Q,Σ = {1},W = (A1), I,F), minimum wordlength N,
maximum wordlength N where N ≤ N

Output: Sequence (ti)
N−N+1
i=1 such that ti = fX (1i+N−1) for

i = 1, . . . ,N−N +1

j← 01

k← 02

v← F3

while k ≤ N do4

if k ≥ N then5

j← j +16

t j← Iv7

v← A1v8

k← k +19

return (ti)
j
i=110

Algorithm 4: STACK_DECODE_UNARY(X ,N,N): Stack based decoding algo-
rithm for PWFA with unary alphabet.

degree l with depth N, i.e. each node that is not a leaf has l children and a node
is a leaf if and only if it has a distance of N from the root of the tree. The body
of the while loop starting at line 4 is executed

l0 + l1 + l2 + . . .+ lN =
lN+1−1

l−1
(9.34)

times, once for each node of the tree. Assuming N = 0, the matrix/vector prod-
uct Iv is computed in every iteration, where each single product can be com-
puted using O(dn) semiring additions and multiplications. Each node of the
tree is pushed onto the stack once. This happens in the lines 3 and 11 of the
algorithm, where line 3 is executed once and line 11

l1 + l2 + . . .+ lN =
lN+1−1

l−1
−1 (9.35)

times. The product Aiv in line 11 can be computed using O(n2) semiring addi-
tions and multiplications. Thus the equation

R(n, l,N) ∈ O

(
lN+1−1

l−1
(dn+n2)−n2

)
(9.36)

holds for the running time R of the algorithm, which is high compared to other
strategies.

Let X be a PWFA with alphabet Σ = {1, . . . , l} for l ≥ 2. Then the stack based
decoding algorithm potentially does not decode X completely, if we set N = 0
and N = ∞, as the depth first traversal only considers words in 1∗.

9.2.2 Queue based decoding

The queue based decoding algorithm is very similar to the stack based algo-
rithm. The only difference is that the stack is substituted by a queue. We
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use the definitions of the queue operations QUEUE_EMPTY, ENQUEUE and DE-
QUEUE as given by Cormen et al. (cf. [15]). In contrast to [15], we assume
that we are operating on an array of infinite length, i.e. length[Q] = ∞. Making
this presumption, overflow cannot occur. In practice a similar behavior can be
implemented using a dynamically growing array.

The complete algorithm is shown in Algorithm 5.

Input : PWFA X = (Q,Σ = {1, . . . , l},W = (A1, . . . ,Al), I,F), minimum
wordlength N, maximum wordlength N where N ≤ N

Output: Sequence (ti)k
i=1 where k = lN + . . .+ lN such thatSk

i=1{ti}= {v|v = fX (w) for some w ∈ Σ∗ such that N ≤ |w| ≤ N}
k← 01

head[Q]← 12

tail[Q]← 13

ENQUEUE(S,(F ,0))4

while QUEUE-EMPTY(S) = FALSE do5

(v,r)← DEQUEUE(S)6

if r ≥ N then7

k← k +18

tk← Iv9

if r +1≤ N then10

for i = 1, . . . , l do11

ENQUEUE(S,(Aiv,r +1))12

return (ti)k
i=113

Algorithm 5: QUEUE_DECODE(X ,N,N): Queue based decoding algorithm for
PWFA.

The variant for PWFA with unary alphabet is exactly the same as in the case
of the stack based algorithm for unary PWFA.

The queue based decoding algorithm has a much larger memory require-
ment than the stack based algorithm. The maximal number of queued elements
is in O(lN), i.e. it is exponential in N. In comparison, the stack based variant
uses only an amount of memory that is linear in N for the stack. The running
time of both algorithms is in the same order of growth.

In contrast to the stack based algorithm, the queue based algorithm com-
pletely decodes every given PWFA X = (Q,Σ,W , I,F), if we set N = 0 and N = ∞,
as every node of the tree spanned by Σ is visited.

9.2.3 Vector caching based decoding

The vector caching based approach is described in [21] as a decoding algorithm
for real WFA representing images. Let X = (Q,Σ = {1, . . . , l},W = (A1, . . . ,Al), I,
F) denote a PWFA of dimension d over the semiring S . We define the sequence
of vector sequences (Fk)∞

k=0 inductively by the equations

((F0)i)1
i=1 = F (9.37)

and
((Fk+1)i)lk+1

i=1 = A1Fk,1,A2Fk,1, . . . ,AlFk,1,A1Fk,2, . . . ,AlFk, lk (9.38)
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for k ∈ N (where we use the notation Fk, i for Fki). The sequence Fk apparently
has length lk for each k. The computation of Fk+1 can be performed using lk+1

matrix/vector products for each k∈N, if Fk is given. Each matrix/vector product
can be computed using O(n2) basic operations.

Thus Algorithm 7, which computes the sequence Fk, uses O
(

n2 lk+1−1
l−1

)
oper-

ations, while requiring an amount of memory in O
(

n lk+1−1
l−1

)
. It uses the sub-

routine FSEQ_STEP shown in Algorithm 6.

Input : PWFA X = (Q,Σ = {1, . . . , l},W = (A1, . . . ,Al), I,F), natural
number k, sequence (Fk) of X

Output: Sequence Fk+1 of X

i← 01

for j = 1, . . . , lk do2

for m = 1, . . . , l do3

i← i+14

Fk+1, i← AmFk, j5

return Fk+1, i6

Algorithm 6: FSEQ_STEP(X ,k,Fk): Computation of the sequence Fk+1 of a
PWFA X for k ∈ N, where the sequence Fk is given.

Input : PWFA X = (Q,Σ = {1, . . . , l},W = (A1, . . . ,Al), I,F), wordlength
k ∈ N

Output: Sequence Fk of X

(F0,1)← F1

for i=1,. . . ,k do2

Fi← FSEQ_STEP(X ,i−1,(Fi−1))3

return Fk4

Algorithm 7: FSEQ(X ,k): Computation of the set Fk of a PWFA X for k ∈ N.

Similarly we define the sequence of matrix sequences (Ik)∞
k=0 inductively by

the equations
((I0)i)1

i=1 = I (9.39)

and
((Ik+1)i)lk+1

i=1 = Ik,1A1, Ik,1A2, . . . , Ik,1Al , Ik,2A1, . . . , Ik, lk Al (9.40)

for k ∈ N. Ik can be computed using O
(

dn2 lk+1−1
l−1

)
operations and an amount

of memory in O
(

dn lk+1−1
l−1

)
. The routines ISEQ_STEP and ISEQ are defined in

analogy to FSEQ and FSEQ_STEP respectively.
We at first neglect the sequence Ik and formulate the PWFA decoding al-

gorithm shown in Algorithm 8, which we call stack based decoding algorithm
using suffix caching for PWFA.

The values of f and i at the end of the for loop starting in line 4 of Algo-
rithm 8 are obtained by simultaneously solving the equations 9.41 and 9.42
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Input : PWFA X = (Q,Σ = {1, . . . , l},W = (A1, . . . ,Al), I,F), minimum
wordlength N, maximum wordlength N where N ≤ N

Output: Sequence (ti)k
i=1 where k = lN + . . .+ lN such thatSk

i=1{ti}= {v|v = fX (w) for some w ∈ Σ∗ such that N ≤ |w| ≤ N}
f ← 01

i← 02

F0,1← F3

for N = 1, . . . ,N do4

if l f +1 ≤ dli+1 then5

f ← f +16

Ff ← FSEQ_STEP(X , f −1,Ff−1)7

else8

i← i+19

m← 010

top[S]← 011

PUSH(S,(I,0))12

while STACK-EMPTY(S) = FALSE do13

(J,k)← POP(S)14

if k +1≤ i then15

for j = l, . . . ,1 do16

PUSH(S,(JA j,k +1))17

for j = 0, . . . , f do18

if j + k ≥ N then19

for p = 1, . . . , l j do20

m← m+121

tm← JFj, p22

return (t j)m
j=123

Algorithm 8: SUFFIX_CACHED_STACK_DECODE(X ,N,N): Stack based de-
coding algorithm using suffix caching for PWFA.
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and subsequently rounding f up and i down.

l f +1−1
l−1

= d
li+1−1

l−1
(9.41)

N = i+ f (9.42)

This yields (using some negligible simplifications)

f = min
{⌈

N + logl d
2

⌉
,N
}

. (9.43)

The value of i is then obtained as i = N− f . This choice of f and i minimizes
the number of matrix/vector products computed in the algorithm (where we
consider the multiplication of a d×n matrix with an n×n matrix as a sequence
of d matrix/vector products in this argumentation).

We consider the memory requirements and the run-time of Algorithm 8.
In comparison to the pure stack based algorithm, the caching based algo-

rithm uses a vector cache Fk for some k, which requires a large amount of mem-
ory. The total amount of required memory is in O

(
n l f +1−1

l−1 +ni
)

. This means
that the memory requirements of the algorithm are exponential in f , which in
typical applications is approximately N/2, implying a total growth in the order

of O
(

n
√

l
N
)

.

The run-time R(n, l,d,N) is given by the equation

R(n, l,d,N) ∈ O

(
n2 l f +1−1

l−1
+dn2 li+1−1

l−1
+dn

lN+1−1
l−1

)
. (9.44)

Assuming that f = i = N/2, we obtain

R(n, l,d,N) ∈ O

n2
√

l
N−1

l−1
(1+d)+dn

lN+1−1
l−1

 . (9.45)

In practice it turns out that the first summand is mostly negligible in com-
parison to the second. In comparison to the pure stack based algorithm, the
remaining second summand in the running time of the algorithm is linear and
not quadratic in the number of states.

Just like in the case of the pure stack based decoding algorithm, the stack
based decoding algorithm using suffix caching does not completely decode all
PWFA. In the special formulation of Algorithm 8, the for loop starting in line 4
is never left, if we set N = ∞. The algorithm thus never adds any vectors to the
sequence (ti).

The queue based algorithm using suffix caching shown in Algorithm 9 does
not suffer from this problem. It has the same running time as the stack based
algorithm using suffix caching. Similar to the uncached case, the queue based
variant has larger memory requirements than the stack based variant. When
the algorithm processes the for loop starting at line 11, then the queue contains
only such matrices that appear as members of the sequences Ii and Ii+1 at any
time. Thus it effectively uses the sequence of matrix sequences (Ik)∞

k=0.
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Input : PWFA X = (Q,Σ = {1, . . . , l},W = (A1, . . . ,Al), I,F), minimum
wordlength N, maximum wordlength N where N ≤ N

Output: Sequence (ti)k
i=1 where k = lN + . . .+ lN such thatSk

i=1{ti}= {v|v = fX (w) for some w ∈ Σ∗ such that N ≤ |w| ≤ N}
f ← 01

i← 02

m← 03

F0,1← F4

head[Q]← 15

tail[Q]← 16

ENQUEUE(Q,I)7

if N = 0 then8

m← m+19

tm← IF10

for N = 1, . . . ,N do11

if l f +1 ≤ dli+1 then12

f ← f +113

Ff ← FSEQ_STEP(X , f −1,Ff−1)14

else15

for j = 1, . . . , li do16

J← DEQUEUE(Q)17

for k = 1, . . . , l do18

ENQUEUE(Q,JAk)19

i← i+120

if N ≤ N then21

for p = 1, . . . , li do22

J← DEQUEUE(Q)23

ENQUEUE(Q,J)24

for o = 1, . . . , l f do25

m← m+126

tm← JFf ,o27

return (t j)m
j=128

Algorithm 9: SUFFIX_CACHED_QUEUE_DECODE(X ,N,N): Queue based de-
coding algorithm using suffix caching for PWFA.
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In practice we have observed that the performance of the decoding algo-
rithms using suffix caching described above is unnecessarily bad in some appli-
cations. Consider a PWFA of some dimension d ∈N+ computing a set represent-
ing the union of a large number of polynomial curves of some degree q. Without
loss of generality let this number be 2k for some positive natural number k. The
canonical construction of such an automaton using a binary alphabet produces
(q + 1)+ d(2k−1) states, where q + 1 states represent a polynomial of degree q
and d(2k− 1) states are used to build d binary trees of depth k− 1. Then we
observe that the vectors that are elements of the sequence Fk+1 are very dense.
This is in sharp contrast to the rows of the matrices that are elements of the
sequence Ik+1, where each row is a vector that has at most q+1 non-zero com-
ponents corresponding to the states of the automaton representing the polyno-
mial of degree q. Thus the sequence Ik+1 can be computed much more quickly
then the sequence Fk+1, if specialized data structures and algorithms for sparse
matrices and vectors are used. On the other hand a converse case, i.e. Fk+1
can be computed much more quickly than Ik+1, can easily be constructed. If the
dimension of the automaton is 1, then it is sufficient to transpose the transition
matrices and to substitute the initial matrix by the transposed final distribution
and vice versa. If such an imbalance exists in a PWFA, Algorithm 10 shows a
much better run-time performance than Algorithm 8. The CLOCK function used
in Algorithm 10 computes the number of primitive operations that have been
executed between the beginning of the algorithm and the call of the CLOCK
function. If the algorithm is implemented on a Turing machine, this equals the
number of transitions the finite control of the machine has made up to the point
where the CLOCK function is called. In practice we do not have to count the
number of operations, but can use some kind of asynchronously running clock
measuring the processing time of a program. The clock function of the C stan-
dard library is a suitable real world implementation of such functionality.

9.2.4 Chaos game based decoding

The chaos game algorithm can be used for rendering attractors of hyperbolic
iterated function systems (IFS). It is described in [8]. As the automata in the
class cPWFA represent linear transformations of attractors of affine IFS, it can
also be used to decode certain PWFA. The chaos game algorithm is fundamen-
tally different from the stack based, queue based and vector caching algorithms,
because it is probabilistic.

Definition 9.2 Let p1, . . . , pl be a finite sequence of non-negative real numbers
such that ∑

l
i=1 pi = 1. Then we call (p1 p2 . . . pl) a probability vector (as usual l is

called the dimension of the vector). We denote the set of all probability vectors of
dimension l by P (l). If furthermore pi > 0 for each i = 1, . . . , l, then we say that
(p1 p2 . . . pl) is irreducible and denote the set of all irreducible probability vectors
of dimension l by P +(l).

Definition 9.3 We call a sequence (r j)∞
j=0 a random sequence generated by the

probability vector p = (p1 . . . pl), if

1. r j ∈ {1, . . . , l} for each j ∈ N and

2. each sequence member is determined by an independent statistical experi-
ment that produces the value i with probability pi for i = 1, . . . , l.
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Input : PWFA X = (Q,Σ = {1, . . . , l},W = (A1, . . . ,Al), I,F), minimum
wordlength N, maximum wordlength N where N ≤ N

Output: Sequence (ti)k
i=1 where k = lN + . . .+ lN such thatSk

i=1{ti}= {v|v = fX (w) for some w ∈ Σ∗ such that N ≤ |w| ≤ N}
m← 01

f ← 02

i← 03

f clock← 04

iclock← 05

F0,1← F6

I0,1← I7

if N = 0 then8

m← m+19

tm← IF10

while f + i < N do11

tclock←CLOCK()12

if f clock ≤ iclock then13

// compute the final vector cache sequence Ff +114

f ← f +115

k← 016

for p = 1, . . . , l f−1 do17

for j=1,. . . ,l do18

k← k +119

Ff ,k← A jFf−1, p20

f clock←CLOCK()−tclock21

else22

// compute the initial matrix cache sequence Ii+123

i← i+124

k← 025

for o = 1, . . . , li−1 do26

for j=1,. . . ,l do27

k← k +128

Ii,k← Ii−1,oA j29

iclock←CLOCK()−tclock30

if i+ f ≥ N then31

for o = 1, . . . , li do32

for p = 1, . . . , l f do33

m← m+134

tm← Ii,oFf , p35

f clock← f clock
l36

iclock← iclock
dl37

return (t j)m
j=138

Algorithm 10: CACHE_DECODE(X ,N,N): Decoding algorithm using prefix
and suffix caching for PWFA.
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We denote the set of all random sequences generated by a probability vector p by
R (p).

The algorithm is presented in Algorithm 11. We assume that the parameter
N is chosen as 0, for the rest of the subsection. This simplifies notations without
fundamentally changing the provided results.

Input : PWFA X = (Q,Σ = {1, . . . , l},W = (A1, . . . ,Al), I,F), minimum
wordlength N, maximum wordlength N such that N ≤ N, random
sequence (r j)∞

j=0 generated by an irreducible probability vector
of dimension l

Output: Some sequence (ti)
N−N
0 , where for each i = 0, . . . ,N−N the

equation ti = IµX (wi)F holds for at least one wi ∈ ΣN+i

k← 01

v0← F2

for i = 0, . . . ,N do3

if i≥ N then4

tk← Ivi5

k← k +16

vi+1← Arivi7

return (ti)k−1
i=08

Algorithm 11: CHAOS_GAME_DECODE(X ,N,N,(r j)∞
j=0): Chaos game based

decoding algorithm for PWFA.

Definition 9.4 Let (S d ,m) be a complete metric space for some d ∈N+, where S is
a semiring. Furthermore, let X = (Q,Σ = {1, . . . , l},W , I,F) be a PWFA of dimension
d over S . Let (r j) denote a random sequence generated by an irreducible probability
vector (p1 . . . pl). Then we call the infinite sequence (ti)∞

i=0 given by

ti =
{

fX (ε) for i = 0
fX (r0 . . .ri−1) otherwise (9.46)

for each i ∈ N the infinite random walk of X under (r j). The sequence (ti)N−1
i=0

is called the finite random walk of X under (r j) with length N for each positive
natural number N.

The chaos game based decoding algorithm apparently computes finite ran-
dom walks. We may imagine that it computes infinite random walks, if we set
N to infinity. Each such infinite random walk can be interpreted as a set as
described in the following definition.

Definition 9.5 Let (S d ,m) be a complete metric space for some d ∈N+, where S is
a semiring. Furthermore, let X = (Q,Σ = {1, . . . , l},W , I,F) be a PWFA of dimension
d over S . Let further (r j)∈R (p) for some irreducible probability vector p of length
l. Let (ti) the infinite random walk of X under (r j). We say that (ti) defines the set

T ((ti)) =
∞\

j=0

∞[
i= j

{ti} . (9.47)
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Just like the set S(X) computed by a PWFA X , the set T defined by an infinite
random walk is given in a limes superior construction. However these two limits
are defined using different sequences of sets. In the PWFA case we use the sets
Si, which have li elements. Each set {ti} used for the definition of a set defined
by a random walk contains only a single vector.

Definition 9.6 Let (S d ,m) be a complete metric space for some d ∈N+, where S is
a semiring. Furthermore, let X = (Q,Σ = {1, . . . , l},W , I,F) be a PWFA of dimension
d over S .

• Let p ∈ P +(l). We say that the chaos game based decoding algorithm is p
sequence consistent for X , if there exists some set Tp(X), such that

T (CHAOS_GAME_DECODE(X ,0,∞,(r j))) = Tp(X) (9.48)

holds with probability 1, if we randomly choose some (r j)∞
j=0 ∈ R (p), where

each choice is equally likely.

• We say that the chaos game based decoding algorithm is totally consistent
for X , if it is p sequence consistent for every p ∈ P +(l) and Tp is the same
set for each p ∈ P +(l). If total consistency holds, then we denote the unique
computed set by T (X).

Definition 9.7 Let (S d ,m) be a complete metric space for some d ∈ N+, where S
is a semiring. Furthermore, let X be a PWFA of dimension d over S . We say that
the chaos game based decoding algorithm for PWFA completely decodes X , if it is
totally consistent for X and T (X) = S(X).

Remark 9.2 Definition 9.7 only requires that the chaos game based algorithm
produces the set S(X) defined by a PWFA X with probability 1. This is only an
approximation of the condition formulated in equation 9.33.

The following lemma states a well known result of IFS theory expressed in
terms of PWFA.

Lemma 9.1 Let (S d ,m) be a complete metric space for some d ∈ N+, where S is a
semiring. Furthermore, let X be a PWFA of dimension d over S , where X is based
on contraction mappings. Then the chaos game based decoding algorithm decodes
X completely.

The chaos game based decoding algorithm is unsuitable for some PWFA, as
the following example shows.

Example 9.8 Let Y and Z be real PWFA of dimension 1 such that ΣY = ΣZ = {1,2}
and S(Y )∩S(Z) = /0, where Y and Z are based on contraction mappings. Let X be
the real PWFA of dimension 1 computing S(X) = S(Y )∪S(Z) that is constructed as
described in the proof of Theorem 5.1. Let s denote the single initial state of X . Then
clearly the component s of the vector IX µX (w) is null for each w∈ Σ∗X \{ε}, i.e. state
s only assumes a non-zero value for the empty word. Let X ′ be the PWFA obtained
from X by choosing IX ′ = FT

X , FX ′ = IT
X and AX ′i

= AT
Xi

for i ∈ ΣX . X ′ computes
the same set as X , as fX ′(w) = fX (wR), where wR denotes the reversed word of
w. Now consider the application of the chaos game based decoding algorithm to
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X ′. After reading the first symbol, the algorithm will, regardless of the supplied
random sequence, behave like decoding either the automaton Y or the automaton
Z, but never like decoding both at the same time. Note however that the algorithm
behaves correctly for the automaton X , although it is not based on contraction
mappings. This means that membership of a PWFA in the class cPWFA is sufficient
for decodability using the chaos game based algorithm, but it is not necessary.

The next lemma is a trivial implication of Example 9.8 and gives a necessary
criterion for the decodability of a PWFA using the chaos game based algorithm

Definition 9.8 Let X = (Q = {1, . . . ,n},Σ,W , I,F) be a PWFA of dimension d over
the semiring S and let F ′ ∈ S n. Then Ω[F ′](X) denotes the PWFA that is obtained
from X by substituting the final distribution of X by F ′.

Lemma 9.2 Let (S d ,m) be a complete metric space for some d ∈ N+, where S is a
semiring. Furthermore, let X = (Q,Σ,W , I,F) be a PWFA of dimension d over S . If
the equation

S(X) = S(Ω[µX (w)F ](X)) (9.49)

does not hold for each w ∈ Σ∗, then the chaos game based decoding algorithm does
not decode X completely.

Lemma 9.2 can be interpreted in the following way: when Algorithm 11
applies a randomly chosen transition matrix corresponding to some alphabet
symbol a ∈ Σ in line 7 during the i’th iteration of the for loop starting in line
3 and ignores all transition matrices corresponding to other possible alphabet
symbols in Σ\{a}, it does so based on the assumption that for every real number
ε > 0, there is some j > i such that |Iv j−Ivi|< ε. This means it relies on returning
to an equivalent situation, whenever it makes a random choice, i.e. it assumes
some kind of recurrence. If this recurrence does not always hold for a PWFA
X , the algorithm does not decode X completely. Note that in contrast to the
IFS case, the above inequality |Iv j− Ivi|< ε is sufficient. We do not require the
stronger constraint |v j− vi|< ε.

It is well known that as long as we are considering a PWFA in the class
cPWFA and the chosen probability vector is irreducible, the concrete choice of
the single probabilities pi is unimportant, i.e. the chaos game algorithm decodes
X completely. In practice a careful choice of each probability can greatly speed
up the decoding process. Barnsley proposes a choice of

pi ≈
|det Ai|

∑
l
i=1 |det Ai|

(9.50)

in [8], if det Ai 6= 0 and a small number like 0.001 otherwise, where det denotes
the determinant. Another way of assigning the probability pi is based on the
eigenvalues of the matrix Ai,S = AH

i Ai. Let λi, j be the (not necessarily distinct)
eigenvalues of Ai,S for j = 1, . . . ,n. Then we first assign the value ∑

n
j=1 λi, j/l to

the value pi and then normalize the vector (p1 . . . pl) by dividing it by the sum
of its components. As in Barnsley’s construction, we have to make sure that the
vector is irreducible by substituting a potential probability of zero with a small
real number like 0.001. In both cases, we need to remove all states computing
the constant function from the automaton, before we start the computation of
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the probabilities pi. If we neglect this step, then the probabilities are biased by
the eigenvalue 1 introduced by the constant function.

We consider the space and run-time requirements of the algorithm. Let
(S d ,m) be a complete metric space for some d ∈ N+, where S is a semiring.
Furthermore, let X = (Q = {1, . . . ,n},Σ,W , I,F) be a PWFA of dimension d over
S . One of the main advantages of the chaos game based algorithm is that it has
a very low memory demand in O(n), as it requires only storage space for a finite
number of vectors. The sequence (vi) in Algorithm 11 does usually not exists in
real implementations, we have solely introduced it to simplify the discussion of
the algorithm. The statement

R(n, l,d,N) ∈ O
(
N(dn+n2)

)
(9.51)

holds for the run-time R(n, l,d,N). It does not depend on the alphabet size l.

9.2.5 Metric based decoding

We have shown that the chaos game based algorithm fails to completely decode
some PWFA in Example 9.8. On the other hand the stack, queue and caching
based algorithms can in practice be applied for a small finite word length only
and there are PWFA computing sets that are very inadequately described by any
finite wordlength that can be handled by implementations of those algorithms
on real computers.

The metric based decoding algorithm for PWFA can be understood as a mod-
ified version of the queue based algorithm. The queue based algorithm traverses
a complete tree of depth N in breadth first order. This depth N is provided as a
parameter to the algorithm. We can imagine this as a breadth first traversal of
a complete tree of infinite depth, where we check at every node, whether the
child nodes have a depth of at most N. If the result of this test is negative, then
we consider the node as a leaf, otherwise as an inner node. In the metric based
algorithm this test is substituted by a check that determines, whether we have
seen an equivalent node before during the traversal. This check is performed
using a metric to compare a current vector with a set of previously seen vectors.

The metric based decoding algorithm is shown as Algorithm 12. It uses a
queue to perform a modified breadth first tree traversal. The first vector inserted
into the queue is the final distribution of the automaton, which is annotated
with the word length 0. The algorithm produces at most N vectors. This is
guaranteed by checking the number of produced vectors before each run of the
while loop in line 6. When the algorithm has taken a vector v out of the queue in
line 7, it first checks, whether this vector is contained in an ε ball of any vector v′

it has previously handled and inserted into the set T . If such a vector v′ is found,
then v is discarded, as v and v′ are assumed to be equivalent and we expect that
the further treatment of v and its descendants obtained by multiplying v by
any sequence of transition matrices does not produce anything new. If no such
vector v′ exists, we consider v as new. Then we queue its successors and if the
vector was produced for a word of sufficient length, we add it to the set T and
append the vector Iv to the output sequence (ti).

If we set the parameter ε to 0, then Algorithm 12 degenerates to a (rather
inefficient) variant of the queue based decoding algorithm. Thus the algorithm
clearly decodes every given PWFA over each metric space (S ,m) such that S is a
semiring completely.
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Input : PWFA X = (Q,Σ = {1, . . . , l},W = (A1, . . . ,Al), I,F), positive real
number ε, metric m, minimum word length N, maximum number
of generated vectors N

Output: Sequence (ti)k
i=1 for some positive natural number k such that

for every i the equation ti = Iv holds for some v ∈ F , where F is
a maximal set of vectors such that

• |F | ≤N ,

• each v ∈ F is produced by fX for at least one word w ∈ ΣNΣ∗ and

• m(v1,v2)≥ ε holds for each pair of distinct vectors (v1,v2) ∈ F 2.

k← 01

T ← /02

head[Q]← 13

tail[Q]← 14

ENQUEUE(Q,(F ,0))5

while (QUEUE-EMPTY(S) = FALSE) AND (|T |< N ) do6

(v,r)←DEQUEUE(Q)7

e← ∞8

foreach v′ ∈ T do9

e←min{e,m(v,v′)}10

if e≥ ε then11

if r ≥ N then12

T ← T ∪{v}13

k← k +114

tk← Iv15

for i = 1, . . . , l do16

ENQUEUE(Q,(Aiv,r +1))17

return (ti)k
i=118

Algorithm 12: METRIC_DECODE(X ,ε,m,N,N ): Metric based decoding algo-
rithm for PWFA over metric spaces.
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The maximum depth the algorithm is able to reach in the tree spanned by
Σ is in O(N + N ). This depth is reached when the tree traversal degenerates
to a sort of depth first traversal, because there is exactly one node at depth N
that has relevant children and each subsequently encountered node has exactly
one relevant successor. We call this the depth first case. The minimum reached
depth is in O(N + logl N ) and is encountered when the tree traversal performed
by the algorithm is effectively a sequence of breadth first traversals. We call this
the breadth first case. The maximum number of iterations of the while loop is
in O(lN ) and it occurs in the depth first case. The minimum number is in O(N )
and it arises in the breadth first case.

We assume that the metric m can be computed in O(n) steps using constant
memory for each pair of supplied vectors. The statement

R(n, l,d,N,N ) ∈ O
(
lnN 2 +dnN +(lN + lN )n2) (9.52)

holds for the total run-time R(n, l,d,N ) of the algorithm. The first term lnN 2

describes the comparison of each vector to the set of previously seen vectors in
line 10. The second term dnN denotes the time spent to compute instances of
the product Iv in line 15. The third term (lN + lN )n2 stems from the product Aiv
in line 17. In practice the run-time is often controlled by the first term, which
grows quadratically in the number N of returned vectors.

The memory requirements of the algorithm are in O(nlN + nlN ). The first
term nlN arises from the number of vectors the algorithm has to enqueue to
reach a depth of N in the tree spanned by Σ. The second term nlN describes
the number of vectors it has to enqueue after having reached a depth of N. It
also contains the amount of space required for the storage of the set T , which
is in O(nN ). In practice the memory requirements of the algorithm are mainly
determined by this term nN and the space that is necessary for the storage of
the queue can be neglected.

The algorithm is guaranteed to terminate, if N and N are finite. The case
that r < N holds in line 12 is only possible for a finite number of iterations of
the while loop. Assume that r ≥ N always holds. Then the algorithm either
diminishes the number of elements in the queue by one, or it adds an element
to the set T in each iteration of the while loop.

If we do not limit the number of vectors produced by Algorithm 12 to some
finite number (i.e. by setting N = ∞), then it is no longer guaranteed to ter-
minate. The automaton X = (Q,Σ = {1},W = (A1), I,F) shown in Figure 9.12
is quite well behaved, i.e. it has the property S(X) = T (X) and S(X) is com-
pact and thus bounded. The product Ai

1F yields the vector (i 1 − i 1)T for each
i ∈N. Thus m(Ai

1F ,A j
1F) = |Ai

1F−A j
1F | is at least |(1 0 −1 0)T |=

√
2 for natural

numbers i and j such that i 6= j, if we use the standard metric m. Hence the
routine METRIC_DECODE never terminates, if we call it using the parameter
tuple (X ,ε,m,N,∞) for ε <

√
2 and N ∈N, as it successively adds the vectors Ai

1F
to the set T for each i ∈ N. Of course all these vectors are mapped to 0, when
they are multiplied by the initial matrix of the automaton.

If we substitute m(v,v′) by m′(Iv, Iv′) for some suitable metric m′ in line 10
of Algorithm 12, then the modified algorithm does no longer decode all PWFA
over metric spaces completely. This is shown in the following example.

Example 9.9 Observe the automaton X shown in Figure 9.13. X computes the set
S(X) = T (X) = Z. After the first symbol has been consumed, the label 2 in X serves
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Figure 9.12: Integer PWFA X of dimension 1 over Σ = {1} computing the func-
tion fX (w) = 0 for each w ∈ Σ∗.

Figure 9.13: Integer PWFA X of dimension 1 over Σ = {1,2} computing the set
S(X) = Z.

only the purpose of forcing the automaton to produce every vector it ever produces
infinitely often (see Lemma 4.1). Let h : Σ∗ 7→ Σ∗ denote the homomorphism given
by h(1) = 1 and h(2) = ε. Then the word function fX of X is given by

fX (w) =

 0 if w = ε

|h(w′)|−1 if w = 1w′, for some w′ ∈ Σ∗

1−|h(w′)| if w = 2w′, for some w′ ∈ Σ∗
(9.53)

for each w ∈ Σ∗. Now assume that m(v,v′) in line 10 of the algorithm were sub-
stituted by m′(Iv, Iv′) for some metric m′ and we apply the modified algorithm to
X for N = 0,N = ∞ and ε = 0. Algorithm 12 performs a breadth first traversal
of a tree. The algorithm starts with the root of the tree, which corresponds to the
empty word ε. The function fX (ε) yields 0, which the algorithm has not seen before.
Thus it enqueues the nodes belonging to the words 1 and 2, which yield the values
fX (1) = −1 and fX (2) = 1. As these also are encountered for the first time, the
nodes corresponding to the words 11, 12, 21 and 22 are enqueued. The values com-
puted for these words are fX (11) = 0, fX (12) = −1, fX (21) = 0 and fX (22) = 1.
The algorithm has seen all these values before and terminates the computation,
as the queue runs empty. The returned sequence is 0, − 1,1, which is apparently
incomplete, as completeness would require the algorithm to return a sequence in
which every integer appears at least once.

In practice the algorithm as stated in Algorithm 12 has several problems.
One problem is that the comparison of a potentially new vector to each

vector that has been inserted into the set T takes a lot of time. More precisely it
causes the run-time of the algorithm to grow quadratically with the number of
produced vectors. This problem can be partly remedied.
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Let X = ({1, . . . ,n},Σ,W , I,F) be a real PWFA of dimension d and let the met-
ric m be defined as

m(v1,v2) =
√

1
n ∑

n
i=1(v1, i− v2, i)2

=
√

1
n |v1− v2|

(9.54)

for v1 = (v1,1 . . .v1,n)T ,v2 = (v2,1 . . .v2,n)T ∈Rn, which is commonly referred to as
the root mean squared error (RMSE). This is a common setting in applications.
We observe that

ε ≤
√

1
n ∑

n
i=1(v1, i− v2, i)2

⇔ nε2 ≤ ∑
n
i=1(v1, i− v2, i)2,

(9.55)

i.e. we do not have to perform the rather expensive square root operation, if we
adjust the provided value ε. Further assume that the set T is not unstructured
but ordered by the norm of the contained vectors, and we can find the vectors
that have a norm contained in a certain interval quickly. This can in practice
be implemented using for instance an ordered and balanced binary tree (e.g. a
red black tree, cf. [15]) to represent T , where the keys are the vector norms.
The implementation has to allow that the same key occurs multiple times in the
data structure, because various vectors having the same norm may be included
in T at the same time. A concrete example of such a data structure is the
multimap template class found in the C++ standard library. Inserting a key
and searching for a key in such an ordered and balanced binary tree both take
O(log2 |T |) time, i.e. the growth is logarithmic in the number of keys already
present. Now assume that we are considering a potentially new vector v with
norm |v|. Let δ≥ 1 denote a real number. The minimum RMSE between v and a

vector v′ such that |v′|= δ|v| is
√

1
n (δ−1)|v|. This implies

δ≥ ε
√

n
|v|

+1 (9.56)

for v 6= 0. If v equals 0, then we have to check all vectors v′ that have a norm of
at most

√
nε. The case for δ < 1 is obtained analogously. We can thus compute

an interval of relevant norms and disregard all vectors stored in T that possess
norms lying outside this interval. In practice this often reduces the number
of vectors that have to be checked to a small fraction of all vectors that are
contained in T . In the worst case we still have to compare each current vector
to each previously seen vector.

A second way to reduce the number of vectors, a potentially new vector has
to be compared to, is to divide the set T into a finite set of sets Ti, where 1≤ i≤ q
for some q ∈ N. Some hash function (cf. [15]) is used to assign new vectors to
these sets. Let r ∈ Rn such that |r| = 1. A hash function H(v) : Rn 7→ {1, . . . ,q}
that works well in practice is the following:

1. Compute the cosine of the angle ϕ between the current vector v and r
using the formula

cos(ϕ) =
vr
|v|

. (9.57)

2. Compute the hash value H(v) =
⌊(

(cos(ϕ)+1)(q−1)
2 +1

)
+ 1

2

⌋
.
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This approach however changes the output of the algorithm. The set F defined
in Algorithm 12 no longer contains only vectors that have disjoint ε neighbor-
hoods, as vectors with overlapping neighborhoods may be assigned to different
sets Ti and Tj for i 6= j by the hash function. The algorithm still completely
decodes each real PWFA though.

A second problem of the algorithm consists in its high memory requirements.
These can possibly be reduced by means of standard data compression methods,
but we have not conducted experiments in this direction. We conjecture that
storing the set T in compressed form would severely degrade the performance
of the algorithm.

Another problem is a good choice of the metric m. The RMSE metric is often
used in practice. Each vector component (and thus each state) is given the
same significance by this metric. In practice we often encounter cases, where
different states of a PWFA do not have the same significance, as the following
example shows.

Example 9.10 Consider a real PWFA X of dimension 3 representing a bi-level
movie of a rotating object, where S(X) = T (X) holds. Assume that the first two
components x and y of each vector computed by fX describe a spatial position and
take values in the interval [1,600] (i.e. each quantized movie frame is interpreted as
a 600×600 pixel image) and that the third component corresponds to a temporal
position in R, which corresponds to the rotation angle (i.e. the object is rotated by
an angle of 1 at the time index 1). Further assume without loss of generality that
each dimension of X works on a separate set of states. One complete rotation of the
object is contained in a subset of R = [1,600]× [1,600]× [0,2π]. Assume that X is in
initial normal form and each non-zero element of the initial matrix is 1. Then the
range R is also reflected in the set of vectors {µX (w)FX |w∈ Σ∗X}. If we use the metric
based decoding algorithm to decode X , where m is chosen as the RMSE metric, then
clearly the spatial components are overemphasized in comparison to the temporal
component. This leads to a bad decoding performance. We do however not need to
modify the metric in this case. It suffices to multiply the final weights of the states
computing the temporal component by some number s > 1 and the initial weights
corresponding to the component by 1/s. This does not change the word function
computed by X , but it puts more emphasis on the time component.

9.2.6 Comparison of decoding algorithms

We compare the decoding algorithms presented above. Some, specifically the
stack, queue and chaos game based algorithms, turn out be useless in applica-
tions, as they perform worse than other algorithms in every practical setting.

In the case of the stack and queue based algorithms, the reason is that
they show bad run-time performance when compared to the vector caching
approach.

The chaos game algorithm is unacceptable in many applications, because it
is probabilistic. Consider for instance the situation that we want to render the
curve represented by the automaton shown Figure 4.2 and subsequently fill it
using a flood fill algorithm. Then there is always some non-zero probability
that the curve is incomplete and the filling algorithm also fills areas outside the
curve. The situation that an area delimited by spline curves is subsequently
filled is very common in character rendering.
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Figure 9.14: The graph shows the decoding time used for the curve automaton
shown in Figure 4.2 plotted against the word length for implementations of the
stack based, queue based and vector caching based algorithms. As the stack
based and queue based algorithms have basically the same run-time, we have
merged their curves to a single curve.

This leaves the vector caching and metric based algorithms. Comparing
these, there is no single best algorithm, i.e. there are automata which are very
efficiently decoded by the caching based algorithm, but provoke a very poor
behavior of the metric based algorithm and vice versa.

The run-times provided in this subsection were all measured on an Intel
Core 2 CPU running at 2.4 GHz and having 4GB of random access memory.
The hardware clock used to measure the run-times had a resolution of one
hundredth of a second.

Comparison of the word length based decoding algorithms

The stack, queue and vector caching based decoding algorithms are similar in
the sense that they all decode a given PWFA X by evaluating the fX (w) for all
words up to a certain given word length N. Figure 9.14 shows the decoding
times obtained by applying implementations of these algorithms to the curve
automaton shown in Figure 4.2. The automaton was decoded for the word
lengths 16 to 30. The graph was obtained by interpolating the obtained val-
ues using Bézier curves. As the run-time of the vector caching based algorithm
for word lengths smaller than 16 was too small to obtain any meaningful mea-
surements, we have not plotted the graph for such word lengths. As expected,
the decoding time using the queue and stack based algorithms is approximately
the same. Obviously, the vector caching based algorithm outperforms the stack
and queue based algorithms by far. The distance becomes even larger, if we
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Figure 9.15: Decoded image of a PWFA computing the outlines of the text Para-
metric Weighted Finite Automata set in the Paulus Franck Initialen font.

consider larger automata, especially when they are unbalanced (see subsection
9.2.3). The curve automaton in Figure 4.2 has only 4 states and we have suc-
cessfully used the vector caching based algorithm to decode automata having
in the order of 100000 states. Meaningful automata of this size can easily be
obtained by displaying texts using sophisticated letters. Figure 9.15 shows an
image generated by a 81394 state PWFA representing 40687 cubic Bézier curves.
The automaton was decoded in 80 minutes using a word length of 24. The es-
timated decoding time using the stack based algorithm is roughly 16 days. But
the decoding time of the caching based algorithm is also very high. If we decode
each single letter for itself (where each occurrence is counted, i.e. the letter a
is decoded 5 times) and sum up the times, then the accumulated time is only
4.63 seconds. This shows that there is still a large potential for optimization in
the algorithm. In the special case of this automaton, a large speed up could be
gained by partitioning the computation using the method given in Theorem 5.2.

In summary this means that the stack and queue based algorithms are not
used in practice. The higher memory consumption of the caching based algo-
rithm can usually be neglected. Assume that we would want to decode a certain
automaton for a certain word length and the amount of memory required for
the caches could barely be satisfied by the memory found in a contemporary
computer. Then this would most probably imply that the run-time of the algo-
rithm would be intolerably high.

Comparison of the metric and vector caching based decoding algorithms

The caching based algorithm is a good choice, if we want to decode a PWFA, in
which each label is equally important. This holds e.g. in the case of PWFA com-
puting real polynomials and automata obtained by operations on polynomials,
e.g. splines and spline patches. An image rendered by an instance of such an
automaton is shown in Figure 9.15. The metric based algorithm performs at
least as poor as the stack and queue based algorithms on this automaton.

One example, where the labels are not equally important, is the automaton
depicted in Figure 6.1, which computes the fractal fern. Observing Figure 6.2,
we see that the area filled by the subset w2A is much bigger than that filled
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Figure 9.16: The two images were obtained by decoding the automaton shown
in Figure 6.1 as a bi-level image. The left image was produced using the vector
caching based algorithm using prefix and suffix caching, where the automaton
was decoded for all words in {1,2,3,4}18. The image on the right was produced
by the metric based algorithm for N = ∞, N = 0 and ε = 10−3, where the maxi-
mal encountered word length was 129.

by all the other transformed subsets of the attractor. Figure 9.16 compares the
performance of the metric and vector caching based algorithms on the fern. The
measured run-time of the caching based algorithm for all words of length 18 was
roughly 100 minutes. If we call the metric based algorithm with the parameters
ε = 10−3 and N = ∞, then the algorithm terminates after 7 minutes and 21
seconds. The maximal reached depth in the tree spanned by the alphabet {1,2,
3,4} is 129, which clearly is far beyond the word length 18 and any other word
length that can effectively be handled by the vector caching based algorithm.

The vector caching based decoding algorithm almost always performs very
badly on any PWFA computing an iterated image of a non-trivial PWFA com-
putable set. Consider the automaton X ′ given in Figure 9.3. If we interpret X ′

as an RGB image, we obtain the image shown in Plate II in the appendix. X ′

itself is decoded perfectly well by the vector caching based algorithm, as both
labels are equally important. Let X be the automaton described in Example
9.4, which computes an iterated image of the set S(X ′). The interpretation of
S(X) as an RGB image is shown in Plate IV. X is decoded very poorly by the
caching based algorithm. The image was decoded using the metric based algo-
rithm, where the maximal encountered word length was 72. The problems of
the caching based algorithm are caused by various reasons. One major reason
is that the splitting label 3 introduced by the iterated image construction intro-
duces a massive amount of redundancy in the computation, i.e. if α and γ are
words in {1,2}∗, then fX (αβγ) yields the same vector for each β ∈ 33∗. Another
reason is that the construction often produces automata Y such that important
portions of T (Y ) are only observed for word lengths that are too high to be
handled by implementations of the caching base algorithm. Consider Example
9.7, where a PWFA X representing an RGB movie of a rotating fractal is pre-
sented. If we want to decode X for the purpose of rendering a movie consisting
of k frames, then the required word length is at least k. This implies that the
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decoding of a two second movie at 25 frames per second cannot be handled by
the vector caching algorithm, as the run-time would be at least in the order of
weeks.
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Chapter 10

Conclusion

In this thesis we have studied the theory and applications of parametric weigh-
ted finite automata. We have shown that PWFA are very powerful devices con-
cerning their theoretical as well as practical aspects. Concerning the theoretical
aspects of PWFA this goes so far that some important problems, including the
membership, emptiness and equivalence problem, are recursively undecidable.
These results also imply the non-existence of an effective state minimization al-
gorithm for PWFA. We can however apply some forms of syntactical simplifica-
tions to PWFA. One such simplification is that each PWFA computable set can be
computed by an automaton that has an alphabet cardinality of at most two. An-
other simplification is that for each PWFA there are equivalent PWFA that either
have only a single initial state per dimension or a single final state. Concerning
the word function computed by a PWFA, we can always construct an WFA over
a different algebraic structure that computes the same function. Thus the real
difference between the discussion of plain WFA and PWFA is that for a PWFA X
we consider the set S(X) instead of only the function fX . If two subsets of a set
are PWFA computable, then this also holds for their union. The set of practically
relevant PWFA is closed under affine transformation. If a PWFA X computing
a set S(X) satisfies the condition that S(X) = T (X), then each iterated image of
S(X) is PWFA computable. We have shown that some properties of transitions
matrices can be checked algorithmically. One such important property is the
contractivity of a component rational complex matrix. We have discussed the
relation of PWFA to IFS, RIFS and MRFS, where we have provided methods for
transforming IFS, RIFS and MRFS into equivalent PWFA. We have shown that
PWFA can be used to represent a large variety of functions. Some real functions
are computable by PWFA on finite intervals. This includes polynomials, scaling
functions an wavelets. PWFA can also be used to compute interval evaluations
of real polynomials on the real unit interval. Some real and complex functions,
including some real and complex rational functions, real and complex polyno-
mials and the complex exponential function, can be computed by PWFA on their
complete domain.

Based on the theoretical results above, we have also presented numerous
PWFA applications. PWFA can be used to represent attractors of IFS, RIFS and
MRFS. The automata constructed in WFA based image compression are also
valid PWFA, thus we can represent pixel images as PWFA. Bézier curves, Cat-
mull-Rom splines and B-splines as well as the resulting spline patches can be
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represented by PWFA. Bézier curves are used in many applications, including
font design and CAD. Bézier patches can be used for 3d modeling of real ob-
jects. Catmull-Rom splines are very popular in image scaling applications. B-
splines allow the construction of interpolating curves for every degree of curve
continuity.

We have presented ways to interpret PWFA computed sets as images, 3d
scenes, polygonal surfaces and movies. Finally, we have shown that these in-
terpretations can be efficiently computed by providing several PWFA decoding
algorithms.

A collection of some interesting open problems of PWFA theory is given be-
low.

Problem 10.1 Is the set D(R) closed under the set intersection operation?

Problem 10.2 If the answer to Problem 10.1 is positive, is the closure effective,
i.e. given two real PWFA X and Y , is there an effective algorithm constructing a
PWFA Z such that S(Z) = S(X)∩S(Y )?

Problem 10.3 Is there a PWFA that computes the exponential, sine, cosine or any
analytic real function f , such that each derivative of f is not the constant zero
function, on a compact subset of R containing an infinite number of elements?

If the answer to Problem 10.1 is positive, then the answer to Problem 10.3 is
also positive, as we could e.g. compute the real exponential function on the real
unit interval (see subsection 7.2.2).

Problem 10.4 Do ST -consistent automata X exist, such that S(X) is not com-
putable by a PWFA Y such that S(Y ) = T (Y )?

Problem 10.5 Are there PWFA computable sets S 6= /0 such that there is no ST -
consistent PWFA X computing S(X) = S?

Problem 10.6 Is the membership problem for automata in the class cPWFA decid-
able?

Problem 10.7 Is every real WFA computable function also PWFA computable?

We have demonstrated in Remark 7.1 that it is only trivial to construct a PWFA
X computing a real function defined by a WFA Y , if fY is total.

Problem 10.8 Is the set of sets computable by unary alphabet PWFA X over R,
for which S(X) = T (X) holds, effectively closed under iterated images, i.e. given an
arbitrary unary alphabet PWFA of dimension d ∈N+ over R such that S(X) = T (X)
and an arbitrary finite sequence g1, . . . ,gk of affine transformations on Rd , does
there always exist a unary alphabet PWFA Y of dimension d over R computing the
iterated image of S(X) under g1, . . . ,gk?

A very interesting open problem in PWFA application consists of the con-
struction of a good algorithm for PWFA inference, i.e. an algorithm that given a
positive real number ε and a compact subset S of a metric space (S d ,m), where
d ∈ N+ and S is a semiring, constructs a small PWFA X of dimension d over S
such that h(m)(S(X),S) < ε. This problem however is likely at least as difficult
to solve as the construction of a good algorithm solving the well known fractal
inverse problem (cf. [49]).
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Appendix A - Color Plates

Plate I: The image of the earth on top (taken from the NASA - Visible Earth
website [77]) was WFA compressed and used to texture an approximated sphere
built from 8 bicubic Bézier patches, which is shown at the bottom.
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Plate II: Colored fractal dragon obtained by interpreting the automaton shown
in Figure 9.3 as an RGB color image.

Plate III: Colored fractal dragon obtained by interpreting the automaton shown
in Figure 9.3 as a YCbCr color image.
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Plate IV: Let X ′ denote the automaton shown in Figure 9.3 and let X the PWFA
obtained by applying an iterated affine transformation representing a rotation
by π/4 to X ′. The image on top and bottom show the interpretation of X as an
RGB image without and with the usage of an averaging buffer respectively.
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Plate V: The set computed by the automaton shown in Figure 9.8 is augmented
by adding three components R, G and B to each vector (x y z)T that are assigned
the values x+y+2

4 , x+z+2
4 and y+z+2

4 respectively. The image shows the interpre-
tation of the augmented set as an RGB 3d scene rendered from a point on the
positive z-axis for z > 1 looking at the origin of R3.

Plate VI: A PWFA representing a rotating colored fractal dragon is interpreted
as an RGB movie. The automaton computes a single dragon for each time index
and each time index corresponds to a certain rotation angle. The single images
show frames of this movie.
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