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Abstract

The present thesis deals with optimisation problems with sparsity terms, either in the constraints which
lead to cardinality-constrained problems or in the objective function which in turn lead to sparse optim-
isation problems. One of the primary aims of this work is to extend the so-called sequential optimality
conditions to these two classes of problems. In recent years sequential optimality conditions have be-
come increasingly popular in the realm of standard nonlinear programming. In contrast to the more
well-known Karush-Kuhn-Tucker condition, they are genuine optimality conditions in the sense that
every local minimiser satisfies these conditions without any further assumption. Lately they have also
been extended to mathematical programmes with complementarity constraints. At around the same
time it was also shown that optimisation problems with sparsity terms can be reformulated into prob-
lems which possess similar structures to mathematical programmes with complementarity constraints.
These recent developments have become the impetus of the present work. But rather than working
with the aforementioned reformulations which involve an artifical variable we shall first directly look
at the problems themselves and derive sequential optimality conditions which are independent of any
artificial variable. Afterwards we shall derive the weakest constraint qualifications associated with
these conditions which relate them to the Karush-Kuhn-Tucker-type conditions. Another equally im-
portant aim of this work is to then consider the practicability of the derived sequential optimality con-
ditions. The previously mentioned reformulations open up the possibilities to adapt methods which
have been proven successful to handle mathematical programmes with complementarity constraints.
We will show that the safeguarded augmented Lagrangian method and some regularisation methods
may generate a point satisfying the derived conditions.

Zusammenfassung

Die vorliegende Arbeit beschéftigt sich mit Optimierungsproblemen mit diinnbesetzten Termen, und
zwar entweder in der Restriktionsmenge, was zu kardinalititsrestringierten Problemen fithren, oder
in der Zielfunktion, was zu Optimierungsproblemen mit diinnbesetzten Losungen fithren. Die Herlei-
tung der sogenannten sequentiellen Optimalititsbedingungen fiir diese Problemklassen ist eines der
Hauptziele dieser Arbeit. Im Bereich der nichtlinearen Optimierung gibt es in jingster Zeit immer
mehr Interesse an diesen Bedingungen. Im Gegensatz zu der mehr bekannten Karush-Kuhn-Tucker Be-
dingung sind diese Bedingungen echte Optimalitatsbedingungen. Sie sind also in jedem lokalen Mini-
mum ohne weitere Voraussetzung erfiillt. Vor Kurzem wurden solche Bedingungen auch fiir mathema-
tische Programme mit Komplementaritatsbedingungen hergeleitet. Zum gleichen Zeitpunkt wurde es
auch gezeigt, dass Optimierungsproblemen mit diinnbesetzten Termen sich als Problemen, die dhnliche
Strukturen wie mathematische Programme mit Komplementaritatsbedingungen besitzen, umformulie-
ren lassen. Diese jiingsten Entwicklungen motivieren die vorliegende Arbeit. Hier werden wir zunéchst
die ursprunglichen Problemen direkt betrachten anstatt mit den Umformulierungen, die eine kiinstli-
che Variable enthalten, zu arbeiten. Dies ermdglicht uns, um Optimalitdtsbedingungen, die von kiinst-
lichen Variablen unabhingig sind, zu gewinnen. Danach werden wir die entsprechenden schwéchsten
Constraint Qualifikationen, die diese Bedingungen mit Karush-Kuhn-Tucker-ahnlichen Bedingungen
verkniipfen, herleiten. Als ein weiteres Hauptziel der Arbeit werden wir dann untersuchen, ob die
gerade hergeleiteten Bedingungen eine praktische Bedeutung haben. Die vor Kurzem eingefiihrten
Umformulierungen bieten die Moglichkeiten, um die fiir mathematische Programme mit Komplemen-
taritatsbedingungen gut funktionierenden Methoden hier auch anzuwenden. Wir werden zeigen, dass
das safeguarded augmented Lagrangian Method und einige Regularisierungsmethoden theoretisch in
der Lage sind, um einen Punkt, der den hergeleiteten Bedingungen geniigt, zu generieren.
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Chapter

Introduction

Let n,m,p,s € N, p > 0, f € C}(R",R), g € C}(R",R™), and h € C'(R",RP). We consider optimisation
problems of the form
min f(x) st g(x)=0, h(x)=0, |xo = s (1.1)
X

and of the form
mxin fx)+plxlo st glx) =0, h(x) =0, (1.2)

where the mapping x — |x|o denotes the number of nonzero components of a given vector x € R".
These problems are respectively known in the literature as cardinality constrained optimisation prob-
lems, CC for short, and as sparse optimisation problems, SP for short. Throughout this thesis we assume
that s < n since the cardinality constraint would be redundant otherwise.

Motivated by the desire to obtain sparse solutions in a number of application areas such as portfolio
optimisation [13|[14} 18] and statistical regression [13} 28], these two classes of problems have received
an increasing amount of interests in recent years. Unfortunately, the presence of the mapping | - |o,
which, in spite of the notation used here, does not define a norm and is not even continuous, makes
these problems difficult to solve.

One way to attack is to reformulate them as mixed-integer problems. This reformulation is
the backbone of many algorithms which employ ideas from discrete optimisation, see for example
(13] [14] [45] 48] 55, 56]. Nevertheless, even testing the feasibility of is known to be NP-complete
[13].

On the other hand, a popular way to tackle is to replace | - |o by the sparsity promoting /;-norm
| - |1 which is obviously convex and continuous. This leads us to the following problem

mxin fx)+plx|li st g(x) =0, h(x) = 0. (1.3)

However, a glaring problem with such approach is of course that the solution set of (1.3) may not
coincide with that of (1.2). As an example let us consider the following problem

1\2 1
min {x-—) + —|x]o. 1.4
iy ()" o

It is easy to see that % is the only global minimiser of this problem. Furthermore, this problem also
admits a local minimiser in 0. Now let us take a look at the corresponding /;-minimisation problem

, 1\? 1
min (x - 7) + —|x]. (1.5)
x€R 2 5

This problem is clearly convex and hence, every local minimiser is also a global minimiser. Now it is
easy to verify that % is the only solution of (1.5). On the other hand, as we have already shown, % is not

even a local minimiser of (1.4). This illustrates the need to search for another approach to solve (1.2).
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A new approach to overcome the difficulty posed by the mapping ||- |o was introduced very recently
in [21]], see also [30] for a similar approach. To simplify the notation we define

X :={xeR"| g(x) <0, h(x) = 0}. (1.6)
Throughout this thesis we shall assume that X # @. Now suppose that x € R". We define
L(x) :={i€{l,...,n} | x#0} and I(x):={i€{1,....,n}|x; =0}
Clearly we have {1,...,n} = L(x) 0 Iy(x), where U denotes union of two disjoint sets. Observe that

Il = card(L(x)) = > 1= > (1-0)+ » (1-1).

i€l (x) i€l (x) i€lp(x)

Thus, by defining y € R" such that

Yi =

0 ifieL(x),
1 ifi€h(x)

we obtain
n

Il = D> (-y)+ Y, -y =Y (1-y)=n-e'y,
)

i€l (x) i€lp(x) i

where e := (1,...,1)T € R". This leads to the following mixed-integer reformulations

min f(x) st x€X, n-elyss ye{0,1}", xoy=0 (1.7)
X,y
for (1.1) and
min f(x)+p(n—eTy) st. x€X, ye{0,1}", xoy =0 (1.8)
xy

for (1.2), where o denotes the Hadamard product. By further relaxing the binary constraint y € {0,1}"
we obtain

min f(x) st x€X,n-ely<s y=<e xoy=0 (1.9)
X,y
for (1.1) as well as
min f(x) +p (n - eTy) st. x€X, y=<e xoy=0. (1.10)
xy

for (1.2). Note that slightly differs from the relaxed reformulation in [21] since we drop the con-
straint y > 0 here which leads to a larger feasible set. Nevertheless, it is easy to see that all results
obtained in Section 3 of [21]] are applicable to our reformulation here as well. Similarly, also
slightly differs from the half complementarity reformulation of considered in [30] as we drop the
constraint y = 0.

The relaxed reformulations above can be seen as special cases of mathematical programmes with
switching constraints [47], MPSC for short, which in turn are closely related to mathematical pro-
grammes with complementarity constraints, MPCC for short. Hence, it is tempting to simply apply
the results known for MPSC and MPCC to derive optimality conditions for and (1.10). However,
the thus derived conditions will then depend on the auxiliary variable y. Moreover, as noted in [23]],
some of the results known for MPCC are not readily applicable to (1.9).

In this thesis we shall first consider and directly and derive first order optimality con-
ditions for the problems. Our derivation is based on the exterior penalty technique, cf. [12,[15]. In
order to handle the problems numerically, we will then turn our attention to the relaxed reformula-
tions and (1.10). Let us now elaborate more on the outline and the contributions of this thesis. In
Section [3.1] we shall derive two first order sequential optimality conditions for (1.1). These conditions
are motivated by their nonlinear programming counterparts. Subsequently we will introduce the weak-
est strict constraint qualifications associated with them. We shall then consider algorithms applied to
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which can theoretically generate a point satisfying at least one of the aforementioned sequential
optimality conditions, namely the augmented Lagrangian method [15]], the Kanzow-Schwartz regular-
isation method [40]], and the Steffensen-Ulbrich regularisation method [54]. Afterwards we shall turn
our attention to (1.2). We will first establish the relationships between and (1.2). Then we will
derive two first order sequential optimality conditions for in Section Subsequently we will
also introduce the weakest strict constraint qualifications associated with them. Afterwards we shall
establish the equivalence between the minima of and (1.10). Lastly we will consider algorithms
applied to which can theoretically generate a point satisfying at least one of the conditions in-
troduced in Section Some results in this thesis have found their way into the following preprints
(421 [43].
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Chapter

Background Material

In this chapter we shall gather some relevant tools from the theory of smooth constrained optimisation
and from variational analysis. For a more comprehensive treatment of these two subjects we refer the
readers to [[15 [29] 33} [52]]. Note that throughout this thesis we shall denote by e; the i-th unit vector

and by R, := [0, ).
Consider the standard nonlinear optimisation problems, NLP for short,

mxin f(x) st xeX. (2.1)

For a feasible point x € X we define
L(x) :={i€{1,...,m} | gi(x) = 0}.

Definition 2.1. Let x € X. We say that x is a complementary approximately Karush-Kuhn-Tucker
(CAKKT) point iff there exist sequences {x*} < R", {Ak} ¢ R™, and {y/*} < R? such that

(@ {x} — %,

(b) {Vf (xk) + ZA"Vg, nywz }
m p

© {Z g+ Y 1u£<hi<x’<>\] -
i=1 i=1

The CAKKT condition for (2.1) was introduced in [5]. The following theorem asserts that this
condition is a genuine first order necessary optimality condition for (2.1).
Theorem 2.2 ([5, Theorem 3.3]). Let x € X be a local minimiser of (2.1). Then x is a CAKKT point.

It was shown in [5] that the CAKKT condition implies another sequential optimality condition whose

definition we shall recall next.

Definition 2.3. Let x € X. We say that x is an approximately Karush-Kuhn-Tucker (AKKT) point iff
there exist sequences {x*} < R", {A*} ¢ R™, and {yi*} < R? such that

(@) {x"} — %,
(b) {Vf (x*) + ZAng, Zuth } =0,

(c) Vig (%) : AF=0vkeN.

13
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The AKKT condition for was introduced in [6] [15, 50]], see also [9}[51]] for similar concepts in
the context of MPCC. Since the CAKKT condition implies the AKKT condition, then by Theorem[2.2]the
AKKT condition is also a genuine first order necessary optimality condition for (2.1). This is in contrast
to the more well-known Karush-Kuhn-Tucker (KKT) condition whose definition we shall recall next.

Definition 2.4. Let x € X. We say that x is a Karush-Kuhn-Tucker (KKT) point iff there exist multipliers
A € R and pp € R? such that

(a) 0= Vf(3) + ng, Zu,w ®).

(b) Vig I(X) : A =
Example 2.5 ([15] page 18]). Consider the following problem

. 2
1. =0.
min x st |xf

Obviously 0 is the only feasible point of the problem. Hence, it is the unique global minimiser. However,
the KKT condition clearly does not hold at 0. On the other hand, by Theorem[2.9 it is a CAKKT point and
therefore, also an AKKT point.

In order for the KKT condition to be a first order necessary optimality condition for (2.1) a so-called
constraint qualification (CQ) is needed. Let us now collect some of the known CQs for (2.1).

Definition 2.6. Let x € X. We say that the linear independence constraint qualification (LICQ) holds
at x iff the gradients

Vgi(%) (i € Iy(x)), Vhi(x) (i € {1,.... p})

are linearly independent.
A weaker CQ than LICQ was introduced by Mangasarian and Fromovitz in [46]].

Definition 2.7. Let I and ] be two finite index sets. A set of vectors a' € R" fori € I and b’ € R" fori€ |
is called positive-linearly dependent iff

Ai=0Gel), eRGEEN) #0: > ha'+ > b =0

i€l i€]
Otherwise these vectors are called positive-linearly independent.

Definition 2.8. Let x € X. We say that the Mangasarian-Fromovitz constraint qualification (MFCQ)
holds at x iff the gradients

Vgi(%) (i € Ig(x)), Vhi(x) (i € {1,..., p})

are positive-linearly independent.

The following condition was first introduced by Qi and Wei in [50] and has since been shown to be
a CQ weaker than MFCQ in [3]].

Definition 2.9. Let x € X. We say that the constant positive linear dependence constraint qualification
(CPLD) holds at x iff for every subsets I < I,(x) and I, < {1, ..., p} such that the gradients

Vgi(x) (i € L), Vhi(x) (i € L)

are positive-linearly dependent in x = x, they are linearly dependent for all x in a neighbourhood of x.
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Very recently a new CQ weaker than CPLD that is closely related to the AKKT condition was
introduced in [[7,[15]. This CQ was previously called the U-condition [15] as well as the cone-continuity
property [[7] and has since been renamed as AKKT-regularity [8]. To define it precisely we will need the
following tool from variational analysis.

Definition 2.10. Let [, g € N, T : R} = RY be a multifunction and 7 € R'. The Painlevé-Kuratowski
outer/upper limit of T(z) as z — z is defined as

limsupT(z) := {w e R? | 3{(zF, w)} — (2, W) with w* € T(zF) vk € N}.

zZ—z

Now let x € X. We define for each x € R" the following cone

m P
Ki(x) := {ZANgi(»o + 3 piVhi(x) (2:2)
i=1 i=1

(4 p) € RY xR,
Ai=0vigL®) [

Definition 2.11. A feasible point x € X for is said to satisfy the AKKT-regularity condition iff

lim sup K;(x) < K;(%).

X—X

The following theorem asserts that the AKKT-regularity condition is the weakest condition on the
constraints which guarantees that AKKT implies KKT, cf. [7, Theorem 3.2].

Theorem 2.12. Let x € X. Then x is AKKT-regular iff for every continuously differentiable objective
function f such that AKKT holds at x, the KKT condition also holds at x.

Following [[7]], we then say that the AKKT-regularity condition is the weakest strict constraint qual-
ification associated with the AKKT condition.

In [8], the weakest strict constraint qualification associated with the CAKKT condition was intro-
duced. Let us now recall its definition. We define for each x € R” and for each r € R, the following
cone

(A, p) € RT xRP,

m P
c . Vo) + Vh. m P ) :
K((x,r) := ;Angl(x) ;quhz(x) ;|}[igi(x)|+;|pihi(x)|s r (23)

Definition 2.13. A feasible point x € X for (2.1) is said to satisfy the CAKKT-regularity condition iff

limsup K€((x,r)) € K€((%,0)) = K;(%).

(x,r)—(%,0)

Theorem 2.14 ([8l Theorem 2]). Let x € X. Then x is CAKKT-regular iff for every continuously differ-
entiable objective function f such that CAKKT holds at x, the KKT condition also holds at x.

Two of the weakest CQs for are the Abadie CQ (ACQ) and the Guignard CQ (GCQ) which were
introduced in [[1] and [34] respectively. Let us recall their definitions.

Definition 2.15. Let A ¢ R" be a nonempty set and x € A.
e The polar cone of A is defined as A° : = {y €eR"| yIx<ovxe A} .

e The Bouligand tangent cone to A at x is given by

P
TA()E‘):={d€]Rn El{xk}gA,{tk}gR+:{xk}—>32,{tk}l0,{ N }—)d}
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» The Fréchet normal cone to A at % is given by N'E(%) := Ta(%)". In some literature [29,[49], this
cone is also called the Bouligand normal cone.

Definition 2.16. Let x € X. The linearisation cone of X at X is given by

Ly(%) := {d € R" | Vgi(%)"d < 0Vi € (%), Vhy(%)"d =0Vi€ {1,...,p} }.

Definition 2.17. Let x € X. We say that the
(a) Abadie constraint qualification (ACQ) holds at x iff Tx(x) = Lx(x),
(b) Guignard constraint qualification (GCQ) holds at x iff Tx(x)" = Lx(x)".
The following relation holds for the CQs introduced above, cf. [8] Figure 6]

LICQ = MFCQ = CPLD = AKKT-reg. = CAKKT-reg. = ACQ = GCQ.



Chapter

Cardinality Constrained Optimisation Problems

3.1 Sequential Optimality Conditions

In this chapter we shall deal with (L.1). To simplify the notation we define
S :={xeR"||xfo = s}.

Observe that since S is a level set of the lower semicontinuous function x +— |x|o, by [29, Theorem
2.5.1] we immediately get the following result.

Lemma 3.1. S is a closed set.

Let us now consider the case where S is the only constraint present, i.e. we have the following problem

mxin f(x) st. x€S. (3.1)

In [11]], a first order necessary optimality condition for (3.1) called basic feasibility (BF for short) was
introduced.

Definition 3.2 ([I1} Definition 2.1]). Let x € S. We then say that x is a BF-vector iff

(@) |x]o < s = Vf(x) =0,

(b) |xlo = s = Vif(x) = 0 Vi€ L(x).
Theorem 3.3 ([11, Theorem 2.1]). Let x € S be a local minimiser of (3.1). Then x is a BF-vector.
Basic feasibility is closely related to the Fréchet normal cone of the cardinality constraint.
Lemma 3.4 ([49, Theorem 2.1]). Let x € S. Then
{span{ei i€ L@} if o = s

{0} if 1%l < s.

The following proposition follows immediately from Definition [3.2]and Lemma [3.4

N5(®) =

Proposition 3.5. Let x € S. Then
% is a BF-vector < -Vf(%) € N().

Thus, Theorem 3.3|can be viewed as a simple corollary of [29, Remark 3.1.19] and Proposition
If f is assumed to be convex in (3.1), we can prove the converse of Theorem [3.3] We will need the
following simple observation.

17



18 CHAPTER 3. CARDINALITY CONSTRAINED OPTIMISATION PROBLEMS
Lemma 3.6. Let x € R". Then there exists € > 0 such that for each x € B.(x) we have L.(x) c L(x) and
hence, | x]o < |x[o-

Theorem 3.7. Assume that the objective function f of (3.1) is convex. Let x € S be a BF-vector. If|x|o < s,
then x is a global minimiser of (3.1). Otherwise, if |x|o = s, then X is a local minimiser of (3.1).

Proof. The convexity of f implies that for each x € R", and therefore also for each x € S, we have

f(x) = f(&) + Vf @) (x - 2).

If |x[o < s, we have Vf(x) = 0 and hence, f(x) = f(x) Vx € S. Now if |x|o = s instead, let € > 0 be as in
Lemma [3.6] Then for each x € S n B.(x) we have s = |%]o < |x]o < s and hence, |x|o = s = |%[o. This
implies that L.(x) = L(x) and therefore, by taking complement, Io(x) = Iy(x). Thus,

f) = £(£) + Zvlf Dx-%)=f@+ Y 0 -2+ Y VFH-0-0)=fF). O
i€l (x) i€ly(x)

Let us now turn our attention to (1.1). Motivated by the CAKKT-condition for (2.1) we introduce
the following definition.

Definition 3.8. Let x € X n S. We say that x is CC complementary approximately M-stationary (CC-
CAM-stationary) iff there exist sequences {x*} ¢ R", {Ak} < R™, {4*} < R?, and {y*} < R" such that

(@) {x*} — %,

(b) { Z Afvgi(xt Z pEVhy(x Z % e,} 0,

kxllc ] — 0.

(c){ > )| + 1u \+Z"11n

The following theorem asserts that CC-CAM-stationarity is a first order necessary optimality condition

for (1.1).

Theorem 3.9. Let x € R" be a local minimiser of (L.1). Then x is a CC-CAM-stationary point.
Proof. By assumption there exists € > 0 such that
f(%) < f(x) Vx € B(x)n(XnS).
Hence, x is the unique global minimiser of
min f(x) + % -3 st xeB(F)n(XnS). (3.2)

Now let {ax} < R, such that {a;} T 0. We consider for each k € N the partially penalised problem

min £(3) + - bx - &l + @@ ) x € Bl n S. (53)
Observe that the objective function in is continuously diﬁ"erentiab}e. Furthermore, by Lemma[3.1]
as an intersection between a closed and a compact set the feasible set B.(x) n S is compact. Hence, by

Weierstraf} theorem, for each k € N admits a global minimiser x* € B.(X)n S. By the compactness
of Be(%) n S {x*} has a convergent subsequence in B.(%) n S. Thus, by passing to a subsequence we
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can assume w.l.o.g. that {x*} converges, i.e. 3% € B.(X)n S : {x¥} — %. Let us now show that x = %.
Obviously for each k € N % is feasible for (3.3). Thus, by the definition of x* we have for each k € N

£+ = 5[+ % (R )] = 6+ 5 1 - 3+ % K I
). (3.4)

Dividing both sides by a; and letting k — oo then yields

0= 2 I, A = 0

and hence,
(@ h(®) -0 < FeX.

This implies that x is feasible for (3.2). Now from we also obtain that

1 2
ky , 2.k 2
f(x)+2H xz

< f(x) VkeN.
Letting kK — oo then yields

N . . P
f(x)+ Ellx—xllg = f(x) = f(x) + Ellx—xllg-
Since % is the unique global minimiser of (3.2), this implies that & = %. Thus we have {x*} — %. We
can then assume w.lo.g. that x¥ € B.(X) vk € IN. Hence, by the definition of x* this implies that for

each k € N x* is a local minimiser of
. 1 R loH
min f()+ 2 b= 23+ g0 kB st xes.

By Theorem xK is then a BF-vector for each k € N. Now define for each k € N y* € R" such that

m p
-y = VAR + xF - 2+ ) aemax{0, gi(x)}Vgi(x¥) + Y arhi(x)Vhi(x")
i=1 i=1

m p
= Vf(xk) + xF - %+ Z 250 gi(xF) + Z ERi(xFY,
i1 i1
where
AF = o max{0, gi(x*)} vie{1,...,m},
1k = ahi(x) vie{1,..,p}.

By definition we clearly have {A¥} ¢ R™. Next we have
m p
Vf(xF) + Z 250 gi(xF) + Z,ufh,-(xk) +yR b= {2 - >0
i=1 i=1

Now let k € N. By Definition (3.2 we have for each i € L(x*) that y*¥ = 0 and hence, |yfxF| = o.
Moreover, we also have for each i € I(x¥) that xF = 0 and therefore, |y x¥| = 0. This then implies that
for each k € N we have
n
k., k
Z lyi xi|=0.
i=1

Now from we also obtain for each k € IN that

2

£+ E (e O], = 1@ = 0= L (26 )], = £ - f),
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2
Since {f(x¥)} — f(%), we have that {ak 0(g(xk)+, h(xk))Hz} — 0. Observe that for each k € IN we
have

e O(g(xk)+,h(xk))Hj e max{0, g;(x¥)}? +Zakh (xF)?

MS ‘Z'MS lagb 'Z'MS

| max {0, gi(x*)}?| + Z|akh (xF)?|
AF max{0, gi(x*)}| + Zw (x")|

M"gl(x"» Z Juf ()],

—_

where the last equality follows from the fact that A¥ max{0, g;(x*)} = A¥gi(x¥). Thus,
(S tan» Sutnetre Sitah] - | Bataene Sumen| o o
i=1 i=1 i=1
The converse of Theorem [3.9)is false in general as the next example shows.

Example 3.10. Consider the following problem which is adapted from [5]

. (- 2)°
min
x€R3 2

st xx =0, |x|o = 2. (3.5)

Obviously x := (0,0,1)T is a feasible point of which is not a local minimiser. On the other hand, it is
a CC-CAM-stationary point. Indeed, simply define for each k € N xk =%, Y =0, and yk := (0,2, O)T.

Nevertheless, if the cardinality constraint is active, then under some additional assumptions we can
prove the reverse implication.

Theorem 3.11. Assume that in (1.1) the functions f as well as gi, ..., gm are convex and hy, ..., h, are
affine-linear. Let x € X n S such that |x|o = s. If X is a CC-CAM-stationary point, then it is a local

minimiser of (1.1).

Proof. Let € > 0 be as in Lemma Now let x € X n'S n Bs(x). We shall prove that f(x) > f(x).
Observe that since x € S n Be(x) we have s = |x|o < |x|o = s. This implies that |x]o = s = [x[o.
Thus we clearly have L (x) = L(x), which, by taking complement, implies that I)(x) = Ij(x). Now let
{x¥} < R", {A*} < R™, {1*} < RP, and {y*} < R" be the corresponding CC-CAM sequences for x. The
assumptions made on f, g;, and h; imply that for each k € IN we have

F(x) = f(xF) + VF(xF)T (x - x¥)
gi(%) = gi(x") + Vg () (x - x) vi=1,...m
hi(x) = hi(x*) + VR;(x*)T(x - x*) vi=1,...,p.

Moreover, since x € X, we have that g;(x) < 0 foreach i € {1,..., m} and h;(x) = 0 foreach i € {1,..., p}.
Hence, we have for each k € N that 0 > A¥g;(x) Vi € {1,...,m} and 0 = p¥h;(x) vi € {1,..., p}. This
implies that

f(x) 2 () + VF() T (x - x5)
= f(x¥) + VF(R) T (x - xF) + ZA"gxx) Zul i)+ > vl

i€lp(x)
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= fF) + VA (x - xF) + Zakgl(x Z )+ Y v

IEIO )

> (%) + VR (o - xF) + Z A¥(gi(x%) + vgi(x) T (x - xF))
i=1

P
o 3 ) + VR T - X + Y pEaE + el (x - x4)

i=1 i€l (%)
T
= f(xFy + <Vf Z )Lngl Z kah Z y,-kei) (x - xF)
lelo()?)
+ ) Afgilxb) + Zufhi(x D, v (3.6)
i=1 i=1 i€ly(x)

Observe that

Y Abgx) Zu )+ D, vixf

0<
i=1 i€h(%)
m
< > ARG + Zluf‘h O+ D Iy
i=1 i€ly(x)

AFgi(xh)| + Zlﬂf‘h (xF)] + Zlyf Al

Ms

D
—_

i=1 i=1

Since [Z Ak gi(x%)] + Z JE Ry ()| + Z |yikxik|] — 0, sandwich theorem implies that

m P
{zafgxxmzum LT }
i1 i-1

i€ly(x)

Now let j € L(x). We clearly have
k. .k o k k k. .k
0= |yl = ) IAFgixh) ZI# hi(x")| Zly all
i=1

Hence, it also follows that {|yj k|} — 0. Now since {x } — X # 0, this implies that {y] } — 0.

Now observe that

{Vf(xk)+zm:?t,’-‘vgi(x S e y}
i1

i€l ()2')

{Vf k) ZAng, Z,uth k) + Zn: yikei} - { Z yikei} —0
- A,

i€l (X)

Thus, letting k — oo in yields f(x) = f(x). This completes the proof.
The following definition is motivated by the AKKT condition for (2.1).

Definition 3.12. Let x € X n S. We say that x is CC approximately M-stationary (CC-AM-stationary)
iff there exist sequences {x*} ¢ R", {Ak} < R™, {y/*} < R?, and {y*} < R" such that

(@) {x*} — %,
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(b){ ZAngl )+ Yl hi<x">+in"ef}ﬂo,
i=1

i=1
() Vig (%) : AF=0vkeN,
(d) Vie L(%): yF=0vkeN.

Remark 3.13. In [44], a sequential optimality condition called AW-stationarity was introduced. It turns
out that CC-AM-stationarity is essentially equivalent to AW-stationarity, see Appendix[A]

As is the case for (2.1), CC-CAM-stationarity implies CC-AM-stationarity.
Theorem 3.14. Let x € X n S. If it is a CC-CAM-stationary point, then it is also CC-AM-stationary.

Proof. Let {x*} c R", {A*} < R™, {y*} < RP, and {y*} < R" be the corresponding CC-CAM sequences
for x. Suppose that j ¢ I,(x). Observe that

0 =< [Afgi(x") = Y IAfgilxh)] + Z i)+ ) [ xf
i=1 i=1 i=1

Thus, {|)L]’-‘g]-(xk)|} — 0 and therefore, since {gj(xk)} — gj(x) < 0, {}Lj’-‘} — 0. Now define for each
k € N AF such that

ko Ak ifie Iy(x),

! 0 ifig (%)

Obviously we have {/Alk} c R™. Observe that
F(x) + Z Afvgi(x Zu,kw (xF) + Z vie
vy Ve + Zuth (xF) + Z vie
i=1

i€l (%)
(Vf (xF) + Z Mev g Z,ulth (xF) + Z Vi el> < Z )Lngi(xk)> .
igl,(%)
Thus, it follows that
m. P n
VF(x) + Z Avgi(xF) + Z,ulthi(xk) + Z yke b —0
i=1 i=1 i=1

Suppose now that j € L(x). Observe that
k k - k k - k. k
0= |yfxf| < ZI/1 g+ Y I h ) + ) Ivfd|
i=1 i=1

Thus, {|yk k|} — 0 and therefore, since {xk} — X # 0, {y] } — 0. Now define for each k € N p*
such that

g rE ifieR(%),
Yoo ifie L(%).

Then we have
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ky+ zm: )ALZ’-‘Vgi(x Z,uth Z y,-kei

=1 i€l (%)
n
) <vf(x Akvgz Zuth COEDY yikei) i ( PIR? e,>
=1 i=1 i€ (x)
and therefore,
m n
{Vf(Xk) " QAT Zl‘kwl ?ikei] e O
i=1 i=1 i=1

A simple corollary of Theorem [3.9/and Theorem is the following.
Theorem 3.15. Let x € R” be a local minimiser of (1.1). Then x is a CC-AM-stationary point.

By Example and Theorem we know that the converse of Theorem is false in general.
The next example shows that the converse of Theorem is false in general as well.

Example 3.16. Let us revisit (3.5). Every feasible point of satisfies CC-AM-stationarity. Indeed, let
% € R3 be feasible for (3.5). If %, = 0, we can simply define for each k € N x* := %, i := 0, and
yk := (0,2,0)T. Otherwise, we can define for each k € IN xk = (%,fz,fg)T, U = k(2 - x3), and
vk 1= (=k(2 - )%2,0,0)T. Thus, % is a CC-AM-stationary point. On the other hand, for a feasible point
% € R® to be a CC-CAM-stationary point, we must have that X, € {0,2}. Indeed, let X € R® be feasible
for such that x, ¢ {0,2}. Suppose that x is a CC-CAM-stationary point with the corresponding

CC-CAM-sequences {x*},{y*} < R® and {j} < R. The conditions in Deﬁnition then imply that

(@) {x3} — %, () {mextxs} — 0,
(b) {x§ =2+ pmxf +y} =0, (@) {ysx5} — 0.
[(@) and|(D) then imply that

{(xé‘ - 2)x2 +,ka1 xz + Yz X 1 — 0.
On the other hand we have {(xf - 2)xF} — (& - 2)%, # 0 since X, € {0,2}. Thus, by and we have
{(ek = 2)xF + pexkxk + ykxky — (2 - 2)%, # 0.
This leads to a contradiction.

In the rest of this section we shall revisit (3.1)), i.e. we now assume that X = R" in (1.1). In this case,
CC-CAM-stationarity coincides with CC-AM-stationarity.

Theorem 3.17. Let x € S. Then
x is a CC-CAM-stationarity point < x is a CC-AM-stationary point.

Proof. In light of Theorem [3.14] we only need to prove the reverse implication. Suppose that x is CC-
AM-stationary and let {x*}, {y*} < R" be the corresponding CC-AM sequences. Now if i € L.(%), then
we know that yl-k = 0 Vk € N. Thus, we have for each k € N

n
v = Y v
i=1 lEI()(Jz‘)

Now since {Vf(x¥) + y¥} — 0 and {Vf(x¥)} — Vf(), we then have for each i € (%) that {yf} —
~V,f(%) and therefore, {|y*xF|} — | - Vif(X) - 0] = 0. Hence,

{glyi"xf‘l}={ > Ivkx "I]—>0 0

i€ly(x)
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Thus, for the rest of this section a statement holds for CC-CAM-stationarity iff it holds for CC-AM-
stationarity. Let us now establish the relationship between the sequential optimality conditions intro-
duced in this section and basic feasibility, see also [19, Theorem 3.55].

Theorem 3.18. Letx € S.
(a) If x is a BF-vector, then it is also CC-AM-stationary.

(b) If x is a CC-AM-stationary point with |x|o = s, then it is a BF-vector. Thus, if the cardinality
constraint is active, then CC-AM-stationarity coincides with basic feasibility.

Proof- (a) Simply define for each k € N x* := % and y* := -Vf(%) = -Vf(x¥). Note that by Defini-
tion we have for each i € I,(%) that y¥ = -V;f(X) = 0 vk € N.
(b) By Definition there exist sequences {x*}, {y*} < R" such that

(b)) {x*} — %, (by) {Vf(xk)+ yF} — o, (bs) Vi€ L(%) : yk=0vkeN.

Now let i € L(x). Byand (bs), we have {V;f(x¥)} = {V;f(x*) + y¥} — 0. On the other hand, by
We have {V;f(x)} — V;f(%x). Consequently we have V;f(%) = 0. Since, by assumption ], = s, %
is then a BF-vector. O

The following example shows that for a feasible point x of (3.1)), if | <], < s, then CC-AM-stationarity
does not imply basic feasibility in general.

Example 3.19. Let f : R? — R, f(x) := x; and consider

min f(x) st |x]o < 1.
X

Obviously 0 is feasible for the problem. Since Vf(0) = (1,0)T # 0, it is not a BF-vector. On the other hand,
the feasibility of 0 immediately implies that it is also CC-AM-stationary, see Remark[3.37

3.2 Sequential Constraint Qualifications

Let us now return to (1.1). We define for each x € R" and each r € R,

m
y+ Z AiVgi(x) (A i, y) € RT x RP x R™
i=1 p

. e -
+ 3 i hi(x) 2, 1Aigi()l + 121: kihi(x)| + ; lyixi| <

i=1

K((x, 1)) := (3.7)
i=1
Now we can translate Definition [3.8]into the language of variational analysis.

Theorem 3.20. Let x € X n'S. Then

% is a CC-CAM-stationary point < -Vf(%) € limsup K((x,r)).

(x,r)—(x,0)

Proof. "=": By assumption, there exist sequences {x*}, {y*} < R", {A*} ¢ R™, and {y*} < R? such
that the conditions in Definition [3.8 hold. Define for each k € N

m p n
uk = V(K + Z Mvgi(xF) + Zﬂzkw“(xk) + Z e
i1 i=1 i=1
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and
m y4 n
= DA+ Y | hi) + Yyt
i=1 i=1 i=1

Then we have {u*} — 0 and {r;.} — 0. Now define for each k € N

wk o= uf - Vf(x Z )Lngl Zy, Vh;(x Z Yi €

Then {wX} — -Vf(X). Moreover, by the definition of ri, we clearly have for each k € IN that w* €
KC((x*, ). Since {((x¥, r¢), wX)} — ((%,0), ~Vf(X)), we can conclude that

~Vf(x) € limsup KS((x,7)).
(x.)—(%0)

"<=": By Deﬁnition we know that there exist sequences {x*}, {w*} c R" as well as {r} < R, such
that {((x*, re), wF)} — ((%,0), -Vf(%)) and wk € K€((x*, r)) for each k € IN. Hence, there exists for
each k € N a triple (A*, u¥, y¥) € R x R? x R" such that

n
w —ZA"Vg, (x¥) + Zuth )+ vl
i=1
and
m P n
0= Y g+ Y lfhi(xe) + Y lyfxk| < e
i=1 i=1 i=1

Then clearly we have
m P n
VF(xF) + Z Mvgi(xF) + Z pEh(x) + Z vRe b = {Vf(xF) + wk} — 0.
i=1 i=1 i=1

Since {ry} — 0, it also follows that
[Z A g + Z i) + Z [vi'x k|} =
i=1
Let us now recall the CC-M-stationary concept introduced in [21].

Definition 3.21. Let x € X nS. We then say that x is CC-M-stationary iff there exist multipliers A € R",
u € RP, and y € R such that

(a) 0 =Vf(x)+ Z AiVgi(x ZﬂIVh (x) + Z Yi€i,
(b) Vig Ig(x) : A =
(c) Vie L(x) : y;=0.

We then obtain the following translation.

Theorem 3.22. Let x € X nS. Then

% is a CC-M-stationary point < -Vf(%) € KC((%,0)).
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Proof. "=": Let A € RT", u € R?, and y € R" be the corresponding multipliers for x. Then we have
m p n
“VF(R) = ) AVE(R) + Y miVhi(R) + Y yies.
i=1 i=1 i=1

By the feasibility of x we have for each i € {1, ..., p} that h;(x) = 0 and hence, |y;h;(x)| = 0. Now we now
that Vi € Io(xX) : A; = 0 and hence, |4;g;(x)| = 0. Suppose now that i € I(x). Then we have g;(x) = 0 and
hence, |4;gi(x)| = 0. Now let i € L.(x). Since y; = 0 we then have |y;x;| = 0. Moreover, for each i € [)(x)
we have X; = 0 and therefore, |y;x;| = 0. Thus,

m P n
Y @+ Y hi®)] + Y ikl = o.
i=1 i=1 i=1

"<": By there exists a triple (4, 11, y) € R™ x R? x R" such that

m P n
~VF(R) = Y AVgR) + > piVhi(R) + Y vies
i=1 i=1 i=1

and »
D Aigi®) + D [mihi(®) + D ikl < 0.
i=1 i=1 i=1

Suppose that i ¢ I (x). Then since g;(x) < 0 and |4;g;(X)| = 0, it follows that A; = 0. Similarly, for each
i € L(x), since x; # 0 and |y;X;| = 0, we obtain that y; = 0. Thus, x is a CC-M-stationary point. O

Let us now investigate the relationship between CC-CAM- and CC-M-stationarity.

Theorem 3.23. Letx € X n'S. Then

KC((%,0)) ¢ limsup K((x, r)).
(x.7)—(%,0)

Proof. Let w € KC((x,0)). Define for each k € N (x*, ) := (%,0) and w€ := w. This implies that
{((x%, 7)), wF)} — ((%,0), w) with wE = w € K¢((%, 0)) = KC((x¥, r.)) for each k € N. O

Corollary 3.24. Let x € X n S. Then
x is CC-M-stationary = x is CC-CAM-stationary.
Proof. Since x is CC-M-stationary, by Theorem we have -Vf(x) € K¢((%,0)). Therefore, by The-

orem|3.23| -Vf(%) € limsup K ((x,r)). The assertion then follows from Theorem 3.20 O

(xc,r)—(£.0)

The converse is not true in general as the following example shows.

Example 3.25 ([21] page 423]). Consider

1 2
min x; + 10x,  s.t. (x1 - 7) +(n-1)% <1, |xfo = 1. (3.8)
x€R? 2

Obviously (1/2,0)7 is the unique global minimiser. In particular, by Theorem it is then also a CC-CAM-
stationary point. On the other hand, we have for any (A, y) € R, x R that

(1,10)7 + 1 (2(1/2 - 1/2),200 - )T + 7 (0, )T = (1,10 - 24 + )T # (0,0)7.

The following is clearly a sufficient condition for the converse of Corollary [3.24] to hold.
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Definition 3.26. A feasible point x € R" of is said to satisfy the CC-CAM-regularity condition iff

limsup K((x,r)) < KC((%,0)).

(x,r)—(x,0)
Theorem 3.27. Let x € R" be a CC-CAM-stationary point of which satisfies the CC-CAM-regularity
condition. Then x is CC-M-stationary.

Proof. This follows from Theorem [3.20, Definition [3.26} and Theorem O

Example 3.28. Suppose that 0 € R" is feasible for (1.1). We then have
(4 p,y) € RY xRP xR"

m p
K0.0) = 1y + Y, AVgi0) + ) miVhil0) | S 0 o o < o
< Z| igi(0)] l_:le, (0)] <

i=1

Clearly we have K€((0,0)) < R™. On the other hand, for each w € R™ we can simply define (A, 1, y) =
(0,0, w) € R™ x R? x R" and we immediately obtain that w € K€((0,0)). Hence, we have K°((0,0)) = R".
Consequently, -Vf(0) € R" = K©((0,0)), and therefore, by Theorem 0 is CC-M-stationary. Corol-
lary(3.24 then implies that 0 is also a CC-CAM-stationary point. Moreover, the following inclusion also
holds

limsup K€((x,r)) < R" = K€((0,0)).

(x,r)—(0,0)

Thus, we conclude that 0 satisfies CC-CAM-regularity as well.

The next theorem states that CC-CAM-regularity is a strict constraint qualification with respect to
CC-CAM-stationarity.

Theorem 3.29. Let X € X n S. Suppose that for every continuously differentiable function f € C'(R",R)
the following implication holds

x is CC-CAM-stationary = x is CC-M-stationary.
Then x satisfies CC-CAM-regularity.
Proof. By Theorem and Theoremfor each f € C'(R", R) the implication

x is CC-CAM-stationary = x is CC-M-stationary.

is equivalent to
~Vf(%) € limsup K((x,7)) = -Vf(%) € K((%,0)).
(x,r)—(%,0)
Suppose now that w € limsup K ((x,r)). In order to prove theorem, we then only need to find an
(x.r)—(%,0)
f € CY(R™,R) such that -Vf(x) = w. So we simply define f(x) := -w’x. Obviously f is continuously
differentiable with ~Vf(x) = w. Hence we have w = -Vf(x) € K¢((,0)) by the above implication.

Since we can do this for every w € lim sup K€((x, r)), we then have lim sup KC((x, 1)) < KE((%,0)).
(x,r)—(x,0) (x,r)—(x,0)
This completes the proof. O

We shall now translate Definition [3.12]into the language of variational analysis as well. Let x € R"
be feasible for (1.1). Then we define for each x € R”

(A, y) € R xRP x R™,

m )4
Ke(x) := 4 ) AVgi(x) + Y puiVhi(x) + y| A = 0Vi g I(%), . (3.9)
i=1 i=1 Yi = 0 Vi€ L(x)
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Theorem 3.30. Letx € X n S. Then

x is a CC-AM-stationary point < -Vf(x) € lim sup K;(x).

X—X
Proof. "=": By assumption, there exist sequences {x*}, {y*} < R", {A*} < R™, and {y*} c R? such
that the conditions in Definition hold. Now define
m p
ub 1= VF() + 3 AFVgi(xR) + T i Vhi(x*) + v
i=1 i=1
Then we have {u*} — 0. Next we define

m P
wk = uk - vf(b) = Z Afvgi(x") + Z V() + v
i=1

i=1

Clearly we have {wX} — —Vf(%). Moreover, by the last two conditions in Definition we also have
wk € Ky(x¥) for each k € IN. Hence we have -Vf(%) € lim sup K;(x).

xX—X
"«<=": By Definition [2.10} there exist sequences {x*}, {w¥} ¢ R" such that {x*} — %, {wk} — -Vf(%),
and w* € K;(x*) for each k € N. Now by (3.9), for each k € IN there exist (A%, u*, y*) € R x R? x R"
such that

m P
. wk= Z Movgi(xF) + Z#fv}li(xk) +yh,
i=1 i=1

c VigL(%) : AF =0,
e VieL(%): yF=o.

1

Furthermore, we have
m J4
{Vf(xk) + Y AVgix ) + Y pfVhi(x") + yk] = {Vf(xX) + w} — Vf(X) - Vf(%) = 0. O
i=1 i=1

The following simple observation proves to be useful.

Lemma 3.31. Letx € X nS. Then
KC((%,0)) = Kg(%).

From Theorem and Lemma we immediately obtain the following.
Corollary 3.32. Let x € X n S. Then
x is a CC-M-stationary point < -Vf(x) € Kz(x).
An immediate consequence of Corollary and Theorem [3.14]is the following.
Corollary 3.33. Let x € R" be feasible for (1.1). Then
x is CC-M-stationary = x is CC-AM-stationary.

We know from Example and Theorem that the converse is not true in general. In light
of Theorem and Corollary the following is clearly a sufficient condition for the converse of

Corollary to hold.
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Definition 3.34. A feasible point x € R" of is said to satisfy the CC-AM-regularity condition iff

lim sup K;(x) < K;(%).

x—X

Theorem 3.35. Let x € R" be a CC-AM-stationary point of which satisfies the CC-AM-regularity
condition. Then x is CC-M-stationary.

Proof. Since x is a CC-AM-stationary point, Theorem then implies that

-Vf(x) € lim sup K;(x).

xX—X
By Definition[3.34} we then have -Vf(%) € K;(x) and hence, by Corollary[3.32] x is CC-M-stationary. [J

The following theorem states that CC-AM-regularity is a strict constraint qualification with respect
to CC-AM-stationarity. We omit the proof since it is similar to the proof of Theorem [3.29]

Theorem 3.36. Let x € X n S. Suppose that for every continuously differentiable function f € C'(R",R)
the following implication holds

x is CC-AM-stationary = x is CC-M-stationary.
Then x satisfies CC-AM-regularity.

Remark 3.37. Note that by the same reasoning as in Example[3.28, if 0 € R" is feasible for (1.1), then it
is a CC-AM-stationary point which satisfies CC-AM-regularity.

Let us now establish the relationship between CC-CAM-regularity and CC-AM-regularity.

Theorem 3.38. Letx € X nS. Then

lim sup KC((x,r)) c lim sup K;(x).

(x,r)—(x,0) x—Xx

Proof. Let w € limsup K€((x, r)). Then there exist sequences {x*}, {w*} ¢ R" and {r;} < R, such
(x,r)—(%,0)

that {((x*, ), w5)} — ((%,0), w) and w* € KC((x*, ) for each k € N. Now let k € N. Since
wk € KC((x¥, ri)), there exists a triple (A¥, u¥, y¥) € R x R? x R" such that

Z Angl Z ykvh
and
>, 1Aeih) Z )]+ Y vl = e
i=1 i=1
Let i € Io(X). Since {gi(x*)} — gi(X) < 0, we can assume w.l.o.g. that g;(x¥) < 0 vk € N. Thus,

Tk

|gi(xF)|

Since {ry} — 0, we then have {A¥} — 0. Now let i € L,(%). Since {x¥} — % # 0, we can assume
w.lo.g. that x¥ # 0¥k € N. Thus,

0= Mg <sn = 0<Af <

Tk
0= |Yikxik| =n = 0= |Yik| S TR

et
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Thus, since {r;} — 0, we also have {yf} — 0. Now define AF € R™ and 7% € R™ such that

ik .o AFifie I(%), ok vk ifie I(%),
l 0 ifigL(x) ’ 0 ifieL(z).

Note that {/Alk} c R since {AF} ¢ R™. Now define
uk = wk - Z Alkgi(xk) - Z vKe:
i¢ly(%) i€l (%)
P

> Mgy + Y vy« Y ye

i€l (x) i=1 i€ly(x)

m

p n
Z v gi(xF) + Z pEh(x) + Z ke
i=1 i=1

i=1

Clearly we have {u*} — wand u* € K;(x*) for each k € N. This then proves the desired inclusion. []
An immediate consequence of Lemma[3.31]and Theorem [3.38]is the following.
Corollary 3.39. Let x € X n S. The following implication then holds
x satisfies CC-AM-regularity = x satisfies CC-CAM-regularity.

Let us now investigate how CC-CAM-regularity and CC-AM-regularity relate to the other CC-
tailored CQs defined in [21] [23]].

Remark 3.40. Letx € X nS. As remarked in [21], x is then a CC-M-stationary point iff it is a KKT point
of the tightened nonlinear programme TNLP(x)

min f(x) st g(x) =<0, h(x) =0, x; = 0 (i € [H(x)). (3.10)

Taking a closer look at Definition[3.§ and Definition[3.12 then it is also clear that x is a CC-CAM-stationary
point iff x is a CAKKT-stationary point of and x is a CC-AM-stationary point iff x is an AKKT-
stationary point of (3.10). Moreover, it is also easy to see that x satisfies CC-AM-regularity iff % satisfies
AKKT-regularity with respect to (3.10). Likewise, X satisfies CC-CAM-regularity iff x satisfies CAKKT-
regularity with respect to (3.10).

Definition 3.41 ([23, Definition 3.11]). Let x € R" be feasible for (1.1). Then x satisfies
(a) CC-LICQ iff the gradients
Vgi(%) (i € Iy(x)), Vhi(x) (i € {1,.... p}), e (i € Lo(x))

are linearly independent;

(b) CC-MFCQ iff the gradients
Vgi(X) (i € I(x)), and Vhy(x) (i € {1,...,p}), & (i € I(x))

are positive-linearly independent;

(c) CC-CPLD iff for any subsets I; < Ig(X), I, < {1, ..., p}, and I < I)(x) such that the gradients
Vgi(x) (i€ l;), and Vhi(x)(i€l), e (i€ k)

are positive-linearly dependent in x = x, they are linearly dependent in a neighbourhood of x.
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For the CC-tailored CQs above we have the following relation
CC-LICQ = CC-MFCQ = CC-CPLD.

Now recall from [21]] that a feasible point x of is said to satisfy any of the CC-tailored CQ above
iff it satisfies the corresponding CQ for TNLP(x). The following implication is then immediate.

Corollary 3.42. CC-CPLD = CC-AM-regularity = CC-CAM-regularity.

Note that if g and A in are affine-linear, then CC-CPLD obviously holds at every feasible point
of (1.1). Thus, by Corollary [3.42] we also obtain the following.

Corollary 3.43. If g and h in are affine-linear, then every feasible point of satisfies CC-AM-
regularity, and therefore CC-CAM-regularity as well.

3.3 Relaxed Reformulation

We shall now turn our attention to the relaxed reformulation which was introduced in [21]]. Let
us first gather the results obtained in Section 3 of [21] which are applicable to (1.9). For proofs we refer
to [21]]. Note that we will denote the feasible set of (1.9) by Z.

Theorem 3.44. [21, Theorem 3.2] Let x € R". Then x is feasible for iff there exists a y € R" such
that (x, y) is feasible for (1.9).

Theorem 3.45. [21, Theorem 3.2] Let x € R". Then % is a global minimiser of iff there exists a
y € R" such that (%, y) is a global minimiser of (1.9).

Theorem 3.46. [21, Theorem 3.4] Let x € R" be a local minimiser of (1.1). Then there exists a y € R"
such that (x, y) is a local minimiser of (1.9).

The converse of Theorem is false in general, see [21] Example 3]. In order for the converse to hold,
we need an additional assumption.

Theorem 3.47. [21, Theorem 3.6] Let (x, y) € R" x R" be a local minimiser of (1.9) with |x|o = s. Then x
is a local minimiser of (1.1).

Since is an instance of (2.1), in light of Theorem [3.46] Theorem 2.2} and [15| Theorem 3.1], for
every local minimiser X € R" of there exists a y € R” such that (x, y) is a CAKKT and an AKKT
point of (1.9). Let us now establish the relationship between CC-CAM-stationarity for and the
CAKKT condition for (1.9).

Theorem 3.48. Let (x,y) € Z. If (x, V) is a CAKKT point of (1.9), then x is a CC-CAM-stationary point

of (D).

Proof. By assumption there exist sequences {(x*, %)} < R* x R", {A¥} < R™, {y*} < R?, {{k} < R,
{n*} <R, and {7*} < R such that {(x*, y¥)} — (%, ) and

(a) {Vf (xk) + Zikvgz Zu"Vh (x*) + Zyl ylel}

m p
b) {Z AEgi ) + Y i) + [ Gk(n = e y* = 9)) Z FHCAERVE Z |7 x| }
i=1

i=1
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Define for each k € N y* € R" such that y} := J¥yFvie€ {1,..., n}. Then we have

m P n
[Vf(xk) + Z 250 gi(xF) + Z,ulthi(xk) + Z yike,-] — 0.
i=1 i=1 i=1

Moreover, since

gi(x pih + Vi X
0= kg Z| DN
i=1

i=1
AFgi(x" Zlﬂ, +G(n - €Ty - 9)] Zlm yE-Dl+ Zlylkxkyzk,

Ms

Il
—_

we also have
m J4 n
DO+ Y I h) + 3 It — 0. O
i=1 i=1 i=1

Theorem 3.49. Let x € X n S. If x is a CC-CAM-stationary point, then there exists a y € R" such that

(%,y) is a CAKKT point of (L.9).

Proof. By assumption there exist sequences {x*}, {y*} < R", {A¥} ¢ R™, and {§*} < R? such that the
conditions in Definition 3.8 hold. Observe that for each i € {1, ..., n} we have

{ri'xfy —o.
This then implies that for each i € L.(x) we have
{Yik} — 0.

.o ifieL(%),
A if i € I(%).

Now define y € R" such that

Then (%, §) € Z. Next we define for each k € NR" 3 y* := §, R, 3 {} := 0,and R? 5 5 := 0. Then

{Vf(x") + Zm: AfVgi(x) + Z,Uth (x*) Z vyl ez]
i1
{Vf (k) + Z Afvgi(x* Zul Vhi(x*)+ D v ez}

i€ly(x)

= {Vf(xk) + zm:Angi(xk) + 3 VR (x Z Yi e,} { Z Yikei} —0

i= i€l(x)

Moreover, we also have

i=1

{ {ke+Zn1e,+Zy X; el]—{zn:yikxikei}ﬁo

and

{Z AFgi(xb)) Zlﬂlkh () + |G(n - €T y* = 5)] Zlm yE-1)l+ ZIylkxkylk}

I

Ms

2K gi(xk)] + Z iR+ Y |yfxf|] — 0. O
i=1

i€ly (Je )

fu
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In [44] Theorem 4.1] it was shown that every feasible point of satisfies the AKKT condition
for (A.1). Note, however, that the AKKT condition for differs from the AKKT condition used in
[44] since we drop the constraint y = 0 which leads to the absence of the multiplier sequence associated
with this constraint. Consequently, the conclusion of [44, Theorem 4.1] does not hold here as the next
example shows.

Example 3.50. Consider

min x3 st 3-elys<2 ys<e xoy=0. (3.11)

x,y€eR3
Leta € R\ {0}. Define x := (0,0,a)” and y := (1,1,0). Then (%, ) is feasible for (3.11). We now claim
that (X, §) is not an AKKT point of (3.11). Indeed, suppose that it is. Let {(x*, y*)}, {&} < R., {nF} <R3,
and {y*} < R® be the corresponding AKKT sequences. Since3 — eT9 = 1 < 2 and y5 = 0 < 1, it follows
that § = 0 = 1k vk € N. Now condition (b) in Deﬁnition then implies that {1 + y¥yX} — 0 and
{ykxk} — 0. Since {xF} — % = a # 0, it follows that { y¥} — 0. But this then implies that {yfy¥} — 0
and hence, {1 + y¥yk} — 1. This leads to a contradiction. Note that if we include the constraint y = 0
in (3.11), which turns the problem into instead of (1.9), then (%, y) is still feasible for the problem.
Hence, by [44, Theorem 4.1], in the setting of the AKKT condition holds at (X, y) whereas for it
fails as we have just shown.

Thus, in light of [44] Theorem 4.1] and Example the constraint y > 0 seems to have a severe
impact on the behaviour of the sequential optimality conditions associated with the resulting relaxed
reformulation of (1.1). This elucidates the need to look at directly in order to derive reliable optim-
ality conditions for which are independent of any artificial variable and the chosen reformulation.

In contrast to Theorem the AKKT condition for does not imply CC-AM-stationarity as
the following example which is taken from [[44] shows.

Example 3.51. [44, Example 4.2] Consider

min x;, st xt <0, |x]o <1 (3.12)
x€R?

and the associated relaxed reformulation

min x, st xX<0,1-y-yp=<0, y<e xoy=0. (3.13)
x,y€R?
Leta > 0. Then % := (0,a)" is feasible for (3.12). The only possible value for j € R? in order for (x, y)
to be feasible for is (1,0)7. In [44, Example 4.2] it was shown that (%, y) is not an AW-stationary
point. Thus, by Theorem[A.4 X is not a CC-AM-stationary point. On the other hand, (%, y) is an AKKT
point of (3.13). Indeed, we define for each k € N R? 3 x* := £, R? 3 y* := (1,-1/k)T, R, 3 A := 0,
R, 3¢ = ka, R? 31 := (ka,0)T, and R? 5 y* := (0, k)T. Then we have

0, )7 + A4 x5, 007 + yf (5,007 + vf (0, y5) = (0,0)7

and
~G WD)+ gF 0T+ 5 0,0 + yf (xF 00T + yF (0,xF) = (0,0)T.

In [23], CC-tailored ACQ and GCQ were introduced by utilising (1.9). Recall from the previous
chapter that for CAKKT-regularity implies ACQ, and therefore, GCQ. Hence, ACQ and GCQ are
weaker than CAKKT-regularity. This is however not the case in the context of CC. Note that since
CC-ACQ and CC-GCQ defined in [23] are tailored to rather than (1.1), their definitions depend on
the auxiliary variable y. Let us now recall their definitions.

For a given vector x € R" we define

L(x):={ie{l,...,n} | x;=1}.
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Definition 3.52. Let (X, y) € Z. The CC-linearisation cone of Z at (x, y) is then given by

Vgi(x)Tdy <0 Vi € Ig(X),
Vhi(x)Td, =0  Vi=1,..,p,

-eld, <0, ifn-ely-s=0
LSE((%,9)) = { (dv, dy) € R"xR" | efd, <0 Vi € L(D),

eld, =0 Vi € L(%),

eld. =0 Vi € L(y),

(e] du)(ef dy) = 0 Vi€ I(%) n ()

Note that the definition above slightly differs from the one given in [23] since we drop the constraint
y = 0 in our relaxed reformulation. Nevertheless, it is easy to see that the results obtained in [23] are
readily applicable to our reformulation as well.

Definition 3.53. Let (X, y) € Z. We then say that
(a) CC-ACQ holds at (%, 3) iff T2((%,9)) = L;°((%, 3);
(b) CC-GCQ holds at (%, ) iff Tz((%, 9))" = LF((%, ).
From [23]] we have the following implication
CC-CPLD = CC-ACQ = CC-GCQ.

Observe that CC-CAM-regularity does not depend on the auxiliary variable y. Now suppose that
(%, ) is feasible for (1.9). By Theorem % is then feasible for (1.1). It was shown in [23, Corollary
3.8] that CC-GCQ holds at (x, y) iff GCQ holds there. The next example shows that CC-AM-regularity,
and therefore also CC-CAM-regularity, may hold at x even if CC-GCQ fails to hold at (x, y).

Example 3.54 ([21] Example 4]). We consider

min x + x5 st xP+(e-17%=<1, x| = 1.

x€R?
Then % :=(0,0)7 is the unique global minimiser of the problem. By Remark it also satisfies CC-AM-
regularity. On the other hand, if we let y := (0,1)7, then (X, y) does not satisfy GCQ, and therefore also
CC-GCQ, even though (x, y) is a global minimiser of the corresponding reformulated problem.

To close this section we would like to remark on the relationship between CC-M-stationarity and
another stationarity concept introduced in [21]] which is called CC-S-stationarity. Let us now recall the
definition of CC-S-stationarity.

Definition 3.55. Let (x,y) € Z. Then (%, y) is called CC-S-stationary iff there exist multipliers A € R™,
1 €RP, and y € R" such that

m P n

¢ 0=Vf(R)+ Y AVgi(X) + Y. miVhi(®) + Y vies
i=1 i=1 i=1

4 /11' = 0, /Lgl(ff) =0 Vi= 1,..., m,

*yi=0 Vi€ I()(_’)A/)

As remarked in [21], CC-S-stationarity corresponds to the KKT condition of (1.9). Suppose now
that (x, y) € Z. By the orthogonality constraint we clearly have L.(x) c Ip(). Hence, if (x, y) is a CC-S-
stationary point, then it is also CC-M-stationary. The converse is not true in general, see [21, Example
4]. However, if (x, y) is CC-M-stationary, then we can simply replace y with another auxiliary variable
z € R" such that (x, 2) is CC-S-stationary as the next proposition shows.
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Proposition 3.56. Let (x,y) € Z. If (x, y) is a CC-M-stationary point, then there exists z € R" such that
(x, 2) is CC-S-stationary.

Proof. By Theorem [3.44)x is feasible for (I.1). Now define z € R" such that

. 0 ifieL(%),
zZj =
1 ifie L(%).

Then (x, ) € Z. By assumption there exists (4, 1, y) € R™ x R? x R" such that (x, y) is CC-M-stationary.
Now since L(x) = Iy(2), then by Definition we can conclude that (x, z) is CC-S-stationary with
(A, p, y) from before as a corresponding multiplier. O

In [23] Theorem 4.2] it was shown that if (X, y) € R" x R" is a local minimiser of such that
CC-GCQ holds at (x, ), then it is a CC-S-stationary point. By Theorem 3.9 Theorem 3.27] and Propos-
ition we immediately obtain the following result for CC-CAM-regularity.

Corollary 3.57. Let x € R" be a local minimiser of such that CC-CAM-regularity holds at x. Then
there exists y € R" such that (X, y) is a CC-S-stationary point of (1.9).

3.4 Numerical Methods

The relaxed reformulation opens up the possibilities of applying methods developed for and
MPCC to approximate a solution of (1.1). Of particular interests to us are the augmented Lagrangian
method from [[4}[15]], the Kanzow-Schwartz regularisation method from [40]], and the Steffensen-Ulbrich
regularisation method from [54].

3.4.1 An Augmented Lagrangian Method

In this subsection we consider the applicability of an augmented Lagrangian method as described in
[4,[15] for (1.9). Let us first describe the algorithm. For a given penalty parameter « > 0 the Powell-
Hestenes-Rockafellar (PHR) augmented Lagrangian for is defined as

L((x, ¥), A, §omys @) 2= f(x) + an((x, ), A i &1, v @)

where (A, 11, {,n,y) € R x RP x R, x R? x R" and

A h K T 4 ?
ﬂ((x,y),/hll, g, Vi C() - % ((g(X)+ E)Jr’ (x) +qa, (n— ey—-s+ 0(>+’>

(r-ev ). wye

2

is the shifted quadratic penalty term. The algorithm is then given as follows.
Algorithm 3.58 (Augmented Lagrangian Method).

(SO) Let Apax > 0, Hmin < Hmax évmax >0, Nmax > 0, Ymin < Ymax T € (0, 1): o>1, Al € [0’ Amax]m, I_ll €
[.umins,umax]ps (1 € [o, évmax]a ’71 € [0, Umax]n: }71 € [Ymim )’max]n’ a > 0, and {ek} c R, such that
{er} | 0. Setk — 1.

(S1) Compute (x*,y*) as an approximate solution of
min L((x, y), A%, 75, . 7%, 7% ae)
Xy

satisfying
VLGS, ), A5 7, G i, 75 el = e (3.14)
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(Sz) Update the approximate multipliers:

e AF i= max{0, g gi(x*) + AF} vi=1,..,m,
e k= oghi(x) + 1F vi=1,..,p,

o G = max{0, ax(n— eTy* - 5) + &},

e nF 1= max{0, ax(yF - 1) + ¥} vi=1,..,n,
. yl.k i= akxl-kylk + yik Vi=1,...,n.

(S3) Update the penalty parameter:
Define

1

: A .
e UF := mln{—gi(xk), a—‘k} Vi=1,..,m,

o Vi := min{—(n— el yk - s),é},

ag
ok
- Wk :=min{—(y{<— 1),;77;} Vi=1,..,n

Ifk=1or

UK, JAGR), Vil [URIL, TG, Vi,
< 1
ma"{ WAL ko] | = T W), kRt (3.15)

set ax,1 = ay. Otherwise set a1 = oay.

(Ss) Update the safeguarded multipliers:
Compute Ak+1 e [05 Amax]m> ljk+1 E [,umim /«lmax]p; §k+l E [05 gmax], ﬁk+1 E [O’ Umax]na Yk+1 E
[Ymin, Ymax]n-

(Ss) Set k «<— k + 1 and go to|(S1)}

Theorem 3.59. Suppose that the sequence {x*} generated by Algorithm has a limit point x € R",
i.e, {x*} converges on a subsequence to . Then the corresponding subsequence of {y*} is bounded. In
particular we can then extract a limit point (%, ) € R® x R" of {(x*, y¥)}.

Proof. Let £ € R be a limit point of {x¥}. By passing to a subsequence we can simplify the notation
and assume w.l.o.g. that {x¥} — %. Define for each k € N

n n
BF := VyL((xk, YO 18, G 7 7R ) = ~Ge + Z niei+ Z vixle, (3.16)
i=1 i=1

where the last equality follows from By we know that {B*} — 0.
{yk} is bounded above:

We claim that

Vie {1,...,n}3c; € Rvk € N : yik < ¢ (3.17)
Suppose not. Then
3je{l,..,n}vceRIkeN : c<y]k.

We can thus construct a subsequence { yf’} such that { yf’} — oo. Consequently we can assume w.l.o.g.

that yjk’ > 1 for each I € IN. Now observe that by definition {ay} is a nondecreasing sequence. In
particular we then obtain for each [ € N that

0<am = o (3.18)

and therefore
k _k k _k,
a(y;' =)+ i < (v - 1) + 7
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Since ﬁjl-cl is by definition a bounded sequence, we then obtain that

fa(f - 1)+ 7'} — o

Hence, it follows that
k _k
{ak,(yjl -1)+ ’7]'1} — 0.
We can then assume w.l.o.g. that for each | € IN we have

k _k
ag(y;' = 1) + 7' > 0.

This implies that
ki

k _k,
N =ap(y' - 1)+ 7' vIEN

and hence, by (3.19), we have {ryjl-q} — o0. Observe that for each [ € IN we have

ki

k ki ki -k
)/] . .

k k. k -k kin2 _ k
X' = (g v+ 7% = a () T+ 1 2
From (3.16) we then obtain for each [ € IN that

ki _ ki ki ki ki Sk ki
Bl ==lu i vyt = G vy 4 1

which is equivalent to

ko -k kK k;
S 15 + 7%~ B,

Since {Bf’} — 0 and {)7]-k’xk’

'} is bounded we then have

k ki _k k,
{nj + 775" = Bjl} — oo,

Consequently we have {{,} — co. By the definition of {{},} we can then assume w.lo.g. that

Ck, = o (n - elyk — )+ {, VIEN

and hence,
{O{kl(n - eTykl - S) + Zkl} —> ©0.

Since {{},} is a bounded sequence we then obtain
{a(n - eTyH - )} — .
We can thus assume w.l.o.g. that for each | € IN we have
{ag(n-e"y" -5)} >0

and therefore, since ay, > 0,
n—eTykl—s>O.

Observe that

n

n-elyk—s=n- Z yfl—yjk’—s.
i=T,i%j
We now claim that
3ie{l,..,n}\{j}: {yik’} is unbounded below.

Suppose not. Then

vie{l,...n}\{j}3adi € RVIEN : d; < y".

37

(3.19)

(3.20)

(3.21)
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We thus have for each [ € N that

i=1,i#j i=1,i#j
and therefore,
- k k - k
1 1 1
ne Y wl-ylossns Y dicyl-s
i=1,i#j i=1,i#j

and consequently

n
(o 50t

i=1,i#j

which implies that for all / € IN large enough we have
n-elyf —s=n- Z yi -y —s<0.

But this contradicts (3.20). Hence (3.21) holds. For this index i we can then construct a subsequence
{yki} such that {y*4} — —co. We can then assume w.l.o.g. that

Yk <0 vteN.

From (3.18) we then obtain for each ¢t € IN that
akl( _1)+’71 <a1(y1 _1)+r]llt‘
Since {ﬁ}f’f is a bounded sequence, we then have

k, _k,
{aa(y;" = 1)+ 7;"} — -0

Consequently we then obtain that

{ag, (1" - 1) + 7,7} — —co.

Therefore, we can assume w.l.o.g. that
ki _k
i, (¥; "o+ <0 VteEN.

This implies that
N =0 vteN

and hence, we obtain from (3.16) that

kl kl kl kl
Bt = = +mi + Y x
kK

= _évkl Vi ‘x X; '

ki _ky\ Kk
=k, + (akztxi VA

)x; ly
ki klt

t

= _gklt + O, (X (x lt)zyz CHY
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_k;, K
< _kaz, 7R A

. _ki, k
Since {7, " x;

;' } is a bounded sequence and {{},} — co we then have

ki,

{Bi

} — —o0

which leads to a contradiction. Thus, holds, which immediately implies that {y*} is bounded
above.

{yk} is bounded below:

We claim that

vie{1,..,n}3d; e RVk e N : d; =< yF. (3.22)

Suppose not. Then
3je{1,..,njvd e RIk e N : yjk <d.

We can thus construct a subsequence { yjk’ } such that {y]kl} — —oo. Just like in the previous case, we
can then assume w.l.o.g. that for each [ € IN we have

k k
yjl<0 A ryjl=0.

From (3.16) we then obtain
k ki ki k
le = _gkl +’7jl + lele
- ki ki
=t
ki k ki k
= ={g + (o Xy + 7))

k k _k; Kk
= =0 + a ()Y + 7 g

-k _k
< - gkl + 7 I x| 1
which is equivalent to
~-k; _k k
§k1 < szle _le.
'} is bounded and {Bjkl} — 0, the sequence {}7jk X' - BJ]F’} is bounded. This impies in
particular that {{j,} is bounded above, i.e.

Since {}7jklx»kl Lk

IreRvIeN : (<. (3.23)
On the other hand, we have shown that
Vie{1,..,n}dc; e RVk e N : yl-k < ¢

Consequently we have for each [ € N that

i=1,i#j i=1,i#j
and hence,
n n
k k
n- Zci—yj’—ssn—Zyi’—s. (3.24)
i=1,i#j i=1

n
Since {yf’} — —oo, we then have {n - Z ci - y}cl - s] — oo. We can thus assume w.lo.g. that

i=1,i%j
n

n- Z i - y]k’ - s> 0 for each I € N. From (3.18) and (3.24) we then obtain

i=1,i#)
n n n
k; k; k;
0<m n—Zci—yj -5 ) = a n—Zci—yj -5 ) = a n—Zyi—s
i=1i#j i=1i#j i=1
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and therefore,

n n
(X1<n— Z ci_yjkl_s>+§k15ak1<n_zyikl_s>+§kl‘
i i=1

i=1,i#j

n

Since {g;kl} is bounded, then {al (n - Z i — y}‘l _ s> + gkz} —> o0. Thus, we have

i=1,i#j

{Ofkl (n—iyf’—s>+§kl] — o0, (3.25)
i=1

n

We can then assume w.l.o.g. that ay, <n - Z yik’ - s) + {k, > 0 for each | € N. By the definition of ¢,
i=1
we then have

n
(k= o, <n—2yikl—s>+§kl vlieN.
i=1

Thus, we obtain from that {{k,} — oo which contradicts (3.23). Hence, holds which imme-
diately implies that {y*} is bounded below. O

To measure the infeasibility of a point (x, y) € R” xR" for we consider the unshifted quadratic
penalty term

m.1((x, ) := 7m((x,y),0,0,0,0,0;1).

Clearly (x, y) is feasible for iff 7y 1((x, y)) = 0. This in turn implies that (X, ) minimises 7 1((x, y)).
In particular we then ought to have V1((%, y)) = 0.

Theorem 3.60. Let (%, j) € R"xR" be a limit point of the sequence {(x*, y*)} generated by Algorithm
Then Vﬂojl((.??, _‘)A))) =0.

We omit the proof since it is essentially the same as [15, Theorem 6.3].

Suppose that the sequence {x*} generated by Algorithmhas a limit point x. Theoremthen
suggests that we can extract a limit point (%, y) of the sequence {(x¥, y*)}. Let us first consider the case
where the generalised Kurdyka-Lojasiewicz (GKL) inequality is satisfied by m; at a feasible limit point
(%, y) of Algorithm

Some comments on the GKL inequality are due. The inequality was first introduced in [5]. A
continuously differentiable function F € C!(R", R) is said to satisfy the GKL inequality at x € R" iff there
exist § > 0 and ¢ : Bs(x) — R such that lim ¢(x) = 0 and for each x € Bs(x) we have |F(x) - F(x)| <

X—X

¥(x) |VF(x)|. According to [5, page 3546], the GKL inequality is a relatively mild condition. For example
it is satisfied at every feasible point of provided that all constraint functions are analytic. Now if
we view as a standard NLP, then all constraints involving the auxiliary variable y are polynomial
in nature and therefore analytic. Thus, if the nonlinear constraints g; and h; are analytic, the GKL
inequality is then automatically satisfied. The following result is an immediate consequence of [J5]
Theorem 5.1] and Theorem [3.48]

Theorem 3.61. Let (%, ) € R"xR" be a limit point of the sequence {(x*, y¥)} generated by Algorithm
that is feasible for (1.9). Assume that my; satisfies the GKL inequality at (X, y), i.e., there exist § > 0 and
¥+ Bs((x,5)) — R such that( %m% ) ¥((x,y)) = 0 and for each (x, y) € Bs((x, y)) we have
x,y)—(x,y
|70.1((x, ¥)) = 7.1 (%, YD = Y, y)IV0.1(Cx, M) (3.26)

Then x is a CC-CAM-stationary point.
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As a direct consequence of Theorem and Theorem [3.35| we obtain the following

Corollary 3.62. If; in addition to the assumptions in Theorem|3.61, x also satisfies CC-CAM-regularity,
then x is CC-M-stationary.

Proposition then implies the following.

Corollary 3.63. Under the assumptions of Corollary|3.62 there exists z € R" such that (%, 2) is CC-S-
stationarjy.

Suppose now that we do not assume that the GKL inequality is satisfied by m; at a feasible limit
point (%, y) of Algorithm[3.58] By [[15, Theorem 6.2] (x, y) is then still an AKKT point of (L.9). Unfortu-
nately, due to Example in general we cannot expect x to be a CC-AM-stationary point. Moreover,
as remarked in [23] Section 3], ACQ, and therefore, by [[7, Theorem 4.4], AKKT regularity, are usually
violated at a feasible point of (1.9). In the context of MPCC, the authors of [38] proved the global con-
vergence of the augmented Lagrangian method towards an MPCC-C-stationarity point under MPCC-
LICQ. Here we would instead employ the CC-analogue of the quasinormality CQ [[12], which is weaker
than CC-CPLD, to prove the global convergence of the method towards a CC-M-stationary point. Note
that even though the reformulated problems can be viewed as MPCC if nonnegativity constraints x = 0
are present [23]], we would not assume the presence of nonnegativity constraints here making our res-
ults applicable in the general setting. Moreover, even in the presence of nonnegativity constraints, it
was shown in [23] Remark 5.7(f)] that MPCC-LICQ, which as mentioned before was used to guarantee
convergence to a stationary point in [38], is often violated at points of interests for the reformulated
problems. Hence, our result is not a simple corollary of [38].

Utilising let us now introduce a CC-tailored quasinormality condition.

Definition 3.64. Let x € R" be feasible for (L.1). Then x satisfies the CC-quasinormality condition iff
A, [, 7) € RT x R? x R"\ {(0,0,0)} such that

m. p n
(@) 0= AVgi(R)+ > [iVhi(®) + Y. Jies,
i=1 i=1 i=1

(b) Vig L(X) : A =0,

(c) Vie L(x) : 7 =0,

(d) 3{x*} < R™ with {x*} — % such that for each k € N we have
e Vi€ {1,...,m} with Ai>0: /Al,-gi(xk) >0,
e Vi€ {1,...,p} withfi; #0 : fhi(x¥) > 0,
e Vi€ {l,..,n} with}; #0 : yixF > 0.

Obviously CC-quasinormality corresponds to the quasinormality CQ of (3.10). Furthermore, by [3],
CC-CPLD then implies CC-quasinormality.

Theorem 3.65. Let (x,7) € R" x R" be a limit point of {(x*, y*)} such that (%, y) is feasible for and
x satisfies CC-quasinormality. Then (x, y) is a CC-M-stationary point.

Proof. To simplify the notation, we assume, throughout this proof, that the entire sequence {(x*, y*)}
converges to (X, y). For each k € IN we define

AR = VLK, y9), 2K, 1, & 7 7R )
m

p n
= VF(x5) + Z Avgi(xF) + Z LR + Z rEyke:,
i=1 i=1

i=1
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where the last equality follows from (S,)} and B* be as in (3.16). By and since {e;} | 0 we know
that {A*} — 0 and {B} — 0. Observe that bywe have {A*} ¢ R™. Furthermore, by the

sequence of penalty parameters {ay} is nondecreasing. In particular we then have
ap =z a; >0Vk eN. (3.27)

Let us now differentiate between 2 cases.
Case 1: {ax} is bounded.
Observe that by |[(S;)| the boundedness of { ¢} implies that

IK e NVk = K : o = ak.
Now let us take a closer look at[(S;)] The boundedness of {a} immediately implies that
e Vi€ {1,..,p} : {pF}is bounded,
e Vi€ {1,...,n} + {yFyF} is bounded.
By passing to subsequences we can assume w.l.o.g. that these sequences converge, i.e.
e Vie {1, p}3 0 {pf} — fu
e vie{l...,n}3y : {yf¥f} — 1

Suppose now that i € L(X). By the feasibility of (X, y) we have y; = 0. Since in this case we have
{yk} — 0, it follows that

yi= lim yfyf = lim apxf(yf)* + lim jfyf = a0+ lim jfyf =o.
Now observe that for each i € {1,..., m} we have
0= /15< < |oegi(xF) + )_Lf‘| vk € IN.

Thus, {A¥} is bounded as well and has a convergent subsequence. By passing to subsequences we can
assume w.Lo.g. that
vie{1,..,m}ak : {AF} > =0

Now the boundedness of {a;} and |(S3)| also imply that {ﬂ UkH} — 0. Let i ¢ I,(x). By definition,

k
a

{Ak} is bounded. Thus, by { A—; } is bounded as well and therefore has a convergent subsequence.

Tk
Assume w.Lo.g. that {i—;} converges and denote with g; its limit. We then have

0 = lim ‘
k—o00

U = Imin{-gi(#.a}l = min{-gi(®),a} = 0.
Since —g;(x) > 0 we then have g; = 0. This then implies that
A . .
{gi(x )+ a;} — &i(%) + a; = gi(x) < 0.
Hence, we can assume w.Lo.g. that
1k

pL
gi(xH+"L <0 vkeN.
(443
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By (3.27) we then obtain
- Ak
akgi(xk) + Af‘ = o <gi(xk) + ’) <0 VkeNN.
a
Thus, by [(S;)| we have
/111‘ = max {O, akgi(xk) + /_1{‘} =0 VkeNl. (3.28)

As its limit we then have A; = 0. By the definition of A¥, letting k — oo then yields

m p n
0= VF(®)+ Y AVgi®) + Y iivhi(®) + Y fies
i=1 i=1

i=1

and we conclude that (x, y) is a CC-M-stationary point.
Case 2: {a} is unbounded.
Since {a;} is nondecreasing, we have {a;} — co. Now define for each k € N

)7ik i= yikyik vie{1,...,n}.

We claim that { (Ak,,uk, 7k, Ok, iyk) } is bounded. Suppose not. By passing to a subsequence we can as-

k k ok vk ok
sume w.l.o.g. that {0 (Ak, k7R, ok, r]k) 0} — oo. Consequently, the normed sequence { M}
is bounded with a constant length 1. Therefore, it has a convergent subsequence. Again, by passing to

a subsequence we can assume w.l.o.g. that the whole sequence converges, i.e.

(Ak,yk, Yk, é'fk’ ’7k)

I(L a7, 7)) #0: : — (L 7.0.17).

H (Akﬂuk’ 7k, Ok, nk)”

Observe that for each i € {1,..., m} we have
k
/}i =0 VkelN.
H (Ak,uk, 7k, k. Uk)”
As such i
Aiz0 Vie{l,..,m} (3.29)

Now suppose that i ¢ I;(x). Then g;(x) < 0. By definition, {Zf} is a bounded sequence. Consequently
we have

{akgi(xk) + /_1{‘} — —o00.

We can thus assume w.Lo.g. that
agi(x¥)+AF <0 vkeN

which immediately implies that
=0 vkeNl.

As such we have .
Ai = lim )}" = lim 0 = 0. (3.30)
k—o0 ”(}Lk”uk’ 7k, Ok, Uk)” k—oo

Now suppose that i € L(x). Since (X, y) is feasible, then we have y; = 0. Furthermore, by definition
{7*} is bounded. Consequently we have

{O{k (ylk— 1) +ﬁf} —> —00.
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We can thus assume w.l.o.g. that
ak(yik—l)+ﬁf<0 vk €N

which then implies that
=0 vkeN. (3.31)

k

Now we claim that y; = 0. Suppose not. Since {Milké“kﬂ")ﬂ} — }; we can then assume w.l.o.g. that

7k # 0 vk € N. Since jF = y¥yk, this then implies that y* # 0 vk € N. We then have

ok
(3.31) Vi
B = ~Giv o ybal O gyl = v Dk (3.32)

1
1

Rearranging and dividing by H(Ak,yk, 7k, Ok nk) H then gives us

Bk ik 1
i Sk = i xk (3.33)

"(Ak,uk’ ik, Ck, ,71«)0 H(Ak,yk’ 7k, ok, Uk)H y!

Observe that the left hand side of converges. On the other hand, since

~k
Vi Xjp > VX% #0
H (2K, ik, 7%, X, Uk))
and {y¥} — 0, the right hand side diverges. This leads to a contradiction. Hence we have

Vi=0 VieL(x). (3.34)

Now we claim that (4, /i, 7) # 0. Suppose not. Then since (;1, e ﬁ) # 0, it follows that (5, ﬁ) # 0.
Suppose now that i € Iy(y). Since {y;} — y; and {77*} is a bounded sequence, we then have

{an (yf -1) + 7 } — —o0.
Just like before, we can then assume w.l.o.g. that
=0 vkeN (3.35)

and thus,

f; = lim g = lim 0 = 0.
k—>co H(}Lk"uk’ 7k, Ck, Uk)” k—>oo

Hence, we have
(& mi (i€ 1)) #0. (3.36)

Now let i € L(§). Since y; # 0 and {y*} — §;, we can assume w.lo.g. that y*¥ # 0 vk € N. We then

have for each k € IN that .
Vi

Bf = =G+ 15 + vixf = =G+ + Tt (3.37)
i

Rearranging and dividing by H(Ak,yk, AN H then yields

BF + k 7k 1
i * G - i . ti xk (3.38)

[t S] I (VN SUDT I (VTS ST | B
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By assumption, y; = 0. Consequently, letting k — oo in yields

. 1
{=ni+0-% — =1 (3.39)
1
From we then obtain i i
[#0 A fi=(#0vVieL().
Observe that since by definition {; = 0 vk € N and {Wi’,‘cgknk)”} — {, it follows that { > 0. Thus

we have g; > 0. Furthermore, we can then assume w.l.o.g. that {; > 0 vk € IN. This implies that
Gk = ax (n— eTyk - s) + fk-
We then have

0<{=lim Sk
k—oo0 (Ak,yk, )7k, é'fk, ’7k)

) a (n—eTyk—s)
kh_r)r:o (Ak,yk, )7k, gk, ’7k

+ lim i
k—>o0 ‘)(Ak,uk’ ik, ok, Uk)o

)
lim ax (n— eTyk—s)
k—oo0 (Ak,yk, )7k, g"k, ’7k)

since {{}} is bounded by definition. Consequently we can assume w.Lo.g. that
ak(n—eTyk—s) >0 VkeN

and therefore, since oy > 0,
n—eTyk—s>0 vk € IN. (3.40)

By assumption (X, y) is feasible and hence, n— e’ §—s < 0. Thus, we obtain from (3.40) that n- e’ y*—s >
n - e!y - s and therefore,
e’y >ely* vkeN. (3.41)

Furthermore, since { > 0, by (3.39) we also have that 7; > 0 Vi € L.(y). Now since {m} —

fi;, we can then assume w.l.o.g. that 7¥ > 0 vk € N. This then implies that
nf=a (yF-1)+7F vkeN.

We then have

,7’?
lim .
k—oo0 (Ak,pk, )7k’ gk, ’7k)
k _ Ak
lim ok (yf 1) + lim ’Zl
k—o0 (Ak,‘uk, 7k, k. Uk) k—co “(Ak,’uk, ik, ok, ,71«)“
7 ()Gk - 1)

lim ,
k—oo0 (Ak,yk, )7k, {k, ’7k)

0<ﬁi

since {7j¥} is bounded by definition. Hence, we can assume w.l.o.g. that

a(yF-1)>0 vkeN
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and therefore, since a; > 0 we have
y¥>1 VkeN. (3.42)

Now by the feasibility of (x, y) we have y; <1 Vi € {1,..., n}. From (3.42) we then obtain
9i <y Vie L(P)vk e N. (3.43)

Now we claim that
vk € N3je € () : ¥ =<o. (3.44)

Suppose not. Then
AeNvieh(y) : 0<y < 3AeNViel) : yi<y.
From we then obtain for / that
Vi < yl-l vie{1,...,n}

and hence,
eT_‘)A/ < eTyl
which contradicts (3.41). Thus, (3.44) holds. Since {jx} < I)(y) and Iy(p) is a finite set, then there exists

Jj € I)(y) such that j = ji infinitely often. By passing to a subsequence, we can therefore assume w.l.o.g.
that j = jx Vk € IN. Now since j € [)(9), by (3.35) we have 17]’? = 0 Yk € N and hence,

k k. .k k k. .k
Bj:—§k+)/jxj = Bj+§k=ijj.
Since y}‘ < 0 we then have

k_k _ k ok kY., k_ ka2 kL okok _ Sk ok
p = (g + 1) 37 = @)y + 1 < 1

Consequently we have
k =k k
Bj + (< Vi X

and therefore,
5o fixt

‘)(Ak’yk’ N Uk)“ = H(Ak’yk’ 7k, Ok, Uk)H'

} is bounded, letting k — oo then yields

Since {)7jkxjk
0<{=0,
which leads to a contradiction. Hence we have
(A i 7) # 0.
Dividing A* by H(Ak, kg ok, ryk)H and letting k — oo then yields
m p n
0= Z ingi(JE) + ;ﬁﬂhi(ﬁ) + ; Viei

i=1

where (4, /1, 7) # 0 and by (3:29), (3:30), 3-3%) A € R, Vi ¢ [,(%) : A; = 0, as well as Vi € L.(%) : i = 0.

k

Now suppose that i € {1,..., m} such that A; > 0. Since {m

w.lo.g. that A¥ > 0 Vk € N and thus, AF = axg;(x*) + A¥. Consequently we have

} — J;, we can assume

~ . A{C
A e
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= lim akgi(Xk) + lim Zf
[t ] [ )
agi(x¥)

B kli‘l, H (2K, ik, 7%, 7%, ) “

by the boundedness of {1¥}. Hence, we can assume w.l.o.g. that
agi(x¥) >0 vkeN

and therefore, since o > 0
gl-(xk) >0 VkeN.

This then implies that
Jigi(x) >0 vkeN.

Now let i € {1,...,p} such that j; # 0. Assume w.l.o.g. that fi; > 0. The other case can be handled
analogously. Here we have by the boundedness of {/i¥} that

k

0 < f; = lim al
k—o0 (/lk,,uk, }7k, éVk’ ’7k)
(+k -k
= lim akhj(x ) + lim Hi
koo [ (A, ik, 7k, ok pk)| - ke H(Ak,y NG Uk)H
= lim ahi(x") .

k—o0 (Ak,uk, }7k, gk, Uk)

Hence, we can assume w.l.o.g. that
axhi(x*) >0 vkeN

and therefore, since o > 0
hi(x¥) >0 vkeN.

This then implies that
fihi(x¥) >0 vkeN.

Suppose now that i € {1,...,n} such that y; # 0. Assume w.lo.g. that y; > 0. The other case can be
handled analogously. By the boundedness of { ¥} that

~k
0<7i= lim v
k—o0 ( ,/1 }7 {k k)
- lim )’i yi

k—o0 (Ak,,uk, }7k, gk, ’7k>
(et iy
k—o0 (/V‘,/Jk }7k gk k)
)2 -k .k

= lim + lim Yi Ji

T N

A X; (

_ i axf (yf)?
= lim .
k—o0 (/lk,,u , }, , gk} Uk)
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Hence, we can assume w.l.o.g. that
axF(yF? >0 vkeN.
Consequently
xF>0 vkeN.

and therefore
quik >0 VkelN.

This contradicts the CC-quasinormality of x. Thus, { ()Lk, uk, 7k, ok, ryk) } is bounded and therefore has
a convergent subsequence. Assume w.Lo.g. that the whole sequence converges, i.e.

(g é) = {0555} - (A d).

Observe that since {A¥} ¢ R™, then we have A€ R?". Suppose now that i € I,(X). Then just like for
/~1,- we can show that /Al,- = 0. Similarly, for i € L(x), just like for y;, we can show that y; = 0. From the
definition of A* we then obtain by letting k — 0 that

n

m. p
0= VFR)+ > AVgi(®) + Y. iiVhi(R) + ) ies
i=1

i=1 i=1
where Vi ¢ [o(X) : Ai=0andVie L(x): y;=0. O
A direct consequence of Proposition is the following

Corollary 3.66. Under the assumptions of Theorem there exists z € R" such that (x, z) is an S-
stationary point.

3.4.2 Regularisation Method of Kanzow-Schwartz
We adapt here the regularisation method from [40] for (1.9). Define

ab ifa+b=0

: R* > R, ,b)) :=
¢ — o((a, b)) {_;(a2+b2) ifa+b<o.

Let us now collect some important properties of ¢. For proofs we refer to [40, Lemma 3.1]
Lemma 3.67 ([40, Lemma 3.1]).  (a) ¢ is an NCP-function, i.e. p((a,b)) =0 < a=0,b=0,ab=0.

(b) ¢ is continuously differentiable with

(b a)" ifa+b=0,

Vo((a, b)) = {(_a’ —b)T ifa+b<0.

Now let ¢t > 0 be a regularisation parameter. In order to relax the constraint xcy = 0 in (1.9) we
define for each i € {1,..., n} the following four functions

(xi = O)(yi - 1) if x; + y; = 2t,

o OES(( )B) = ol £ i 1)) =
cI)1,1 ((x, y)s t) o((xi = t, y; t) [_é((xi _ t)z +(yi - t)Z) if x; + y; < 28,

(xi = O(-yi - 1) if x; — y; = 2t,

. OKS D) = ol(xi— b —vi— 1)) =
q)z,z ((X, J/), t) ‘P((xl t, yl t)) [_é((xi _ t>2 + (_yi _ t)Z) iin _ yi < 2t,
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« OFF((x, ¥)t) 1= o(—xi = t,-y; - 1)) = [(—x,- -t)(-yi-t)

(=xi = )(yi - 1)

« (%, )5 1) = o((-xi -ty - 1) =
40 (6 Y1) 1= o((-xi = £, yi = 1) [‘é((—xi—t)2+<yi-

49

if - x; - y; = 2t,

—2(-xi -t + (-yi - 1)) if-x -y <2t

if —xl-+y,~22t,
%) if - x; + y; < 2t.

These functions are continuously differentiable and their derivatives with respect to (x, y) are given

in the following lemma.

Vi - te

] ifxi+yl- > 2L,

(
x; — t)e;
Lemma 3.68. e VOK3((x, y);t) = ( )
’ (-xi + t)e;|
lf‘xl' + Y < 2t,
(—J/i + t)e,-
([ —_1) — t .
(yi- e ifx; — y; = 2t,
KS _(xi - t)ei
¢ VO, ((x, ¥)t) = | t
’ (=x; + t)ei|
if xi - yi < 2t,
[~ + De
[ . t .
(yl+ )el l.f—Xl'—inZt,
XS (x; + t)e;
* VO3 7((x, ) t) = 1 | ]
’ —(xi + t)e;|
if —xi-yi<2t
L _—(J/i + t)el"
e '_ o t .'
= e if —xi+y; =2t
s (-x; - Dey
e VO ((,y)t) =1t 1
’ —(x +t)e;|
lf - Xty < 2t.
[ [(-vi+ Dei]

The proof of the preceeding lemma follows from straightforward computation and is therefore
omitted. For ¢ > 0 we can now formulate the regularised problem NLPX5(t) as

min f(x) st gi(x)<0 Vi=1,..
xy
hi(x)=0 Vi=1,..
n-elys<s,
yis1 Vi=1,...

K ((x,y);t) <0 Vi=1,

Yi
1

(-t, 1) (t, 1)

Xi

)| [

5m’

P
(3.45)

5n5
..,nV¥j=1,..,4

Figure 3.1: Illustration of the Kanzow-Schwartz’s relaxation method
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Note that our regularised problem slightly differs from the one used in [21]] since we drop the constraint
¥ = 0 here. In the exact case we obtain the following convergence result.

Theorem 3.69. Let {t} | 0, x € R", and {((xk, yk), Ak,,uk, Cks I]k, yl’k, yz’k, y3’k, y4’k)} be a corresponding
sequence of KKT-points of NLPXS(t;) such that {x*} — %. Then % is a CC-AM-stationary point of (L.1).

The proof of the preceeding theorem is similar to the inexact case which we will handle next. Hence,
we omit it and refer the readers to the proof of Theorem Now in order to tackle the inexact case,
we first need to define inexactness. Consider (2.1). The following definition of inexactness is taken
from [41] Definition 1].

Definition 3.70. Let x € R" and € > 0. We then say that x is an e-stationary point of (2.1) iff there exists
(4, p) € R™ x R? such that

VF(x) + X AVgi(x) + X8, piVhi(x)| < €,

e di=-¢€ gi(x) =€ |Aigi(x)| = evi=1,...,m,

e |hi(x)| = evi=1,..,p.

In the context of MPCC it is known that inexactness destroys the convergence theory of the method,
see [41]]. This is not the case here.

Theorem 3.71. Let {t;} | 0, {ex} | 0, and {(x*, y*)} be a sequence of e-stationary points of NLPX5(t;.).
Suppose that {x*} — %. Then % is a CC-AM-stationary point.

Proof. By assumption, there exists {(A*, u%, &k, n%, yoF, y2K, y3K, y4K)} < R™ x R? x R x (R")° such that

n 4
Sek:

i=1 j=

m P )
(ksy) [VF(S) + Y Afvgi(x®) + Y pfvhy(x*) + vl e K5k, y5); 1)
i=1 i=1 1

< €k,

n n 4
(ks) |-Cee+ Y nfer+ > Y vl v, @5 (K, y5): 1)
i=1

i=1 j=1

(ks3) AF = -e, gi(x¥) <€, Mg(xM=zea vi=1,..,m,

(ksg) |hi(x®) < e Vi=1,...,p,

(kss) Ge=—€r, n-elyf—s<e, |G(n-ey*-5s) = e,

(kss) 1 = —ey, yllc - 1= ¢, |ryf(ylk -1)|=e Vi=1,..,n,

(ksp) v/* 2 —er, @SR Yt = e OSSR Y = e Vi=1.,4 ¥i=1.n

Let us now prove that {y*} is bounded. Bywe have for each i € {1,..., n} that
yF <1+ ¢ vkeN.

Since {1 + €x} is a convergent sequence, it is bounded. In particular, there exists d € R such that
1+ ¢ <dVkeN.

Thus, it follows that
yF<dvkeN.

We now claim that
Vie{l,..,n}3c e Rvke N : ¢ < ylk. (3.46)
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Suppose not. Then
Jie {1,...,n}Vc € RAIk € N : y{k <c.

We can thus construct a subsequence {kal } such that { ylf’ } — —o0. On the other hand, by [(kss)| we

have

n n
T,k k k k k,
n-s—e,=<e yl=Eyl.’= E yi’+yl¢’s(n—1)d+yil
i=1

i=1,i#i

which leads to a contradiction, since the leftmost part tends to n — s whereas the rightmost part con-
verges to —co. Thus, (3.46) holds. Define

¢ := min ¢; € R.
i=1,...,n
Then we have
c=< yl-kVi: 1,...,nvkeNN

and therefore
{y*} e [e.d]”

which proves the boundedness of {y*}. Since {y*} is bounded, it has a convergent subsequence. By
passing to a subsequence we can assume w.l.o.g. that the whole sequence converges, i.e.

WeR: {y}— .

In particular, we then have {(x, y¥)} — (%, ). Let us now prove that (%, j) is feasible for (L.9). By
- we obviously have

e gi(X)=s0Vi=1,...,m, . n—eTj/ss,

c hi(®) =0Vi=1,..,p, cy=e

Hence, it remains to prove that xoy = 0. Suppose that this is not the case. Then
3ie{l,..,n}: x;9; #0.

So we need to consider 4 separate cases.

Case1:x;, >0 A 9;>0

Since {xf + y¥} — % + 9; > 0 and {#} | 0, we can assume w.l.o.g. that x* + y* > 2t; vk € N. Hence
we have q)fis((xk, yk); k) = (xlk - tk)(y,!C —t). Bywe then have x;y; < 0 for the limit which yields a
contradiction since X;y; > 0 in this case.

Case2:x; <0 A 9;<0

Since {~xF - y¥} — ~%;- 9; > 0and {#} | 0, we can assume w.l.o.g. that -xf - y¥ > 24; vk € N. Hence
we have @éff((xk, Y 1) = (=xk - ) (= yF - 1). Bywe then have x;y; < 0 for the limit which yields
a contradiction since x;j; > 0 in this case.

Case3:x;>0 A y;<0

Since {x¥ - y¥} — % -9 > 0and {#} | 0, we can assume w.l.o.g. that x¥ - y¥ > 2t vk € N. Hence we
have ngf((xk, V) 1) = (xF - ) (=yF - ). Bywe then have -x;y; < 0 for the limit which yields a
contradiction since -x;y; > 0 in this case.

Cased:x;<0 A ;>0

Since {-xf + y¥} — -%;+J; > 0and {t;} | 0, we can assume w.l.o.g. that —x¥ + y¥ > 2t vk € N. Hence
we have ®X5((x*, y*); tr) = (-xF - t)(yF - o). Bywe then have -x;y; < 0 for the limit which yields
a contradiction since -X;y; > 0 in this case.
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Hence we can conclude that xoy = 0 and therefore, (x, y) is feasible for (1.9). By Theorem x is then
feasible for (1.1). Now define

n 4

m 4
F=vfa) Y Avgiah) + Yk vhiR) « 3T S el (K, y6): ). (3.47)

i=1 i=1 i=1 j=1

By we know that {wK} — 0. Suppose now that i ¢ Iy(x). Since {gi(x*)} — gi(%X) < 0, we can
assume w.l.o.g. that
gi(x*) < 0vk € N.

This implies that
lgi(x¥) > 0 vk e N

and hence,

< |A¥| < vk e N

€k
|gi(xF)]
Letting k — oo we then obtain {A¥} — 0 and therefore, {AfVg;(x¥)} — 0. Reformulating (3.47) we
then obtain for each k € N

P
wh= 3 AVgi(x) = V) + Y ARV + Y i Vhi(x")
i1y (%) i€ly(%) i=1

n

4
+ Z Y V@S (xk, yF); 1) (3.48)

i=1 j=

where the left hand side tends to 0. Now define for each k € N

3.49
0 else. ( )

S {A{w e ifi€ (%),
A
By we then have {)Atk} c R™. Since {€;} — 0 we then have {eVg;(x¥)} — 0 for each i € Io(X) as
well. Reformulating then yields

P
W= Y AVg() Y eVgia®) = VAR + Y A+ evgia®) + Y pvhi(xb)
igly(%) iely(%) i€l (%) i=1
n 4
+ Z V@S ((x, 0): )

i=1 j=1

~.

m

= Vf(x") Z Fugi(x") Zuf‘Vh (x")

+Zny Vi (6K, v 1)

i=1 j=1

where the left hand side converges to 0. Suppose now that i € L,(x). By the feasibility of (x, y) for
we then have J; = 0. Assume first that &; > 0. Since {#;} | 0 and {sgnix¥+sgn2y¥} — sgni%;+sgn2j; =
sgnlx; where sgnl, sgn2 € {+, -}, we can assume w.l.o.g. that for each k € IN we have

. xik + ylk > 2ty
= OK3((x, yF); te) = (xF = 1) (¥ - 1)
V@5 (K, y6); 1) = (v - te)es,
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e xfF-yF=2n
= @,y 1) = (e~ 1)y - )
= V@5 (K, v ) = (-yf - e,

e —xf - yf <2
= ORIk, yF); 1) = - 2((-xF - t)? + (-yF - t)?)
VK3 (kv ) = —(xF + ti)es,

1

o —xfyf <2
= O3 ((x*, yF); ) = ~1((~xF - )% + (yF - 1))
= VK3 ((x, y*); ti) = ~(xF + ty)es.

By [(ks;)| we have

1,k 1,k
o IR Y0 1l = (e - 1) - )] = e
Now since {xF - t;} — %; > 0, we can assume w.l.o.g. that |x* - t| > 0 vk € N. We then have

€k
-t

Kook
0= |Yi1 (yi — )l = o

|x;

By sandwich theorem we obtain

Hrof -y =0 = {1 veReh vyt — o

+ IrROER 9 0] = [P - )y - ) < e
Using a similar argument as before we obtain

Wy -t =0 = (Pl y s ) — o,

o |y PRRES (K, R )] = [y R INxF - 5)? + (~yF - 12 < e
To simplify the notation let

1
P =1~ 5((—xl-k - 1"+ =y = o).
Observe that {f;} — %fclz > 0. Hence we can assume w.l.o.g. that f; > 0 for each k € IN. We
then have e
0=y = =
P

Applying sandwich theorem yields

-0 = (BPVeh v ) = (1P Gf + n)et — o

© IR, 9 0] = D - 1+ OF - 10°)] =
Using a similar argument as before we obtain that

k k
{y1—0 = {y" Vel yh)n)) —o.

Similarly, for the case where x; < 0 we can also prove that
j.k .
(Ve (5, y9) )} > 0vj= 1,4,

Putting things together we obtain

Jim > 3 (0 - 0

zeL (x) j=1
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Defining

4
A= wf = Y g+ Y @va) - Y Y e, vh) 1)

igly(%) i€ly(%) i€L.(x) j=1

for each k € IN we obtain

= Vf(x") + ZAngl Zush COEDY Zw (Y )

i€l(x) J=1
and {A¥} — 0. Now by Lemmawe know that for each i € I(x) we have
de>fi5((xk, yk); t) € span{e;} Vji=1,...,4
and hence,

Z y’ Vy CIJKS y5); t) € span{e;}.

In particular, there exists then j¥ € R such that

4
3 el (e, y0) ) = pe.
j=1

Then we have

m
S uf - 3 i)+ St Y it
i=1 lelo()z')
Now define for each i € I.(%) 7 := 0. Then we have for each k € N
m n

AR = Vf(R) + Y Mgk + Zuth (") yfel
=1

i=1 i=1

By (3.49) and since {AF} — 0, it then follows that % is a CC-AM-stationary point. O

An immediate consequence of Theorem and Theorem is the following

Corollary 3.72. If; in addition to the assumptions in Theorem|3.71, x also satisfies CC-AM-regularity,
then x is CC-M-stationary.

Proposition then immediately implies the following

Corollary 3.73. Under the assumptions of Corollary[3.72 there exists z € R" such that (, Z) is CC-5-
stationary.

In light of Corollary [3.42] the result obtained here is stronger than the result from [21]], not only
because we take inexactness into account, but also because in [[21]] the authors used a stronger constraint
qualification.
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3.4.3 Regularisation Method of Steffensen-Ulbrich

Let us now adapt the regularisation method from [54] for (1.9). In the context of MPCC it is known
that in the exact case this method theoretically has a weaker convergence property compared to the
regularisation method of Kanzow-Schwartz, see [36]. As we shall see later, this is not the case here. The
method from [54] is theoretically just as strong as the method from [40]]. We begin with a definition.

Definition 3.74 ([54, Assumption 3.1]). Let D c R be an open set containing [-1,1]. A function 6 :
D — R is called a regularisation function iff it satisfies the following properties:

(a) 0 is twice continuously differentiable on [-1,1],
(b) 0(-1) = 6(1) = 1,
(c) '(-1)=-1, (1) = 1,
d) 6”(-1) = 6"(1) =0,
(e) 0 is strictly convex on [-1,1].
Two examples of such functions are

2 1
0(z) := ;sin<gz+ 37”) +1 and 0(z) := g(—z4 +62° +3),

where the second function is the Hermite interpolation polynomial satisfying the requirements from
Definition [3.74] see also [35]. We recall now a useful property of a regularisation function.

Lemma 3.75 ([54, Lemma 3.1]). Let 6 be a regularisation function. Then we have for each z € (-1, 1) that
0(z) > |z

Suppose now that we have a regularisation function 6. Let t > 0 be a regularisation parameter.
Following [54] we next define

4] i |u] = t,
t0 (%) iflul <t

e(;t) : R—>R, p(ust) := {
Let us gather some properties of this function.
Lemma 3.76 ([35, Lemma 4.4]). The following properties hold for ¢
(a) o(ust) > u| Yu € (-£,1) VL > 0,
(b) o(u;t) = |u|V|ul = tVt >0,
(c) }irr(l) e(u;t) = |lu|Vu € R,
(d) ¢(;t) is twice continuously differentiable for all t > 0.
In order to relax the orthogonality constraint xoy = 0, we define for each i € {1, ..., n} the following

four functions

o YY((x, )5 0) 1= X+ yi - o(xi — yis b), e 3V((x, )i 1) 1= =xi = yi - @(=xi + Y O),

e O5V((x, y)it) 1= xi - yi - (xi + i t), e OFV((x, )i t) 1= —xi + yi — (=xi = i b).
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Straightforward computations then yield

Lemma 3.77.

« 237 ((x. ) 1)

ifx; -y = t,
ifxl-—y,-s —t,
if xi - yi € (-t, 1),

2yi
in
X+ yi - 10 (%)

ifxi—yi=t,
2e; f i~ Yi
sU e _
Vo ((x, y);t) = 0 ifxi—yi<-t,
(1 Y (xi;}/i))ei
o if xi — yi € (-1, 1),
_(1 +0 (x,tyl))ei b
=2Yi ifxi+yizt,
° @g’(i]((x, Y)it) = §2x if x; + yi < —t,
xi=yi= 10 () ifxi+ yi € (-t,1),
0
ifxj+y; =t
—26;] f ity
sU 2e; .
VO ((x, y)t) = 0 ifx; + y; < —t,
(-0 (M)
ey ifx; + yi € (-, 1),
[ERZES A
—2Yi if —xi+yi =2t
‘ (Dg,lij((x’ V)it) =1 -2x if —x;+y; < -t,
—xi-yi= 0 (FF)if - xi+ i€ (L),
0
if —xi+y =t
—-2e;
SU —2e; )
V33 ((x, y);1) = 0 if —x;+y < -t,
(-1+¢ (_xi;yi))ei
. if —xi+yi€(-t,1),
.(_1 -¢ ( xlt * ))ei
2Yi if —xi-yi=zt,
¢ q)i,[i]((x’ J’)’ t) = —le' lf‘ - Xi—Yi< -1,

“xi+ i - 10 (Z)

if —xi-yi€(-t,1),

[0
if - X;— Y = t,
2e, if Vi
SU ~2¢; .
VO ((x, y); 1) = 0 if —x;-yi<-t,
(140 ()
ey if —x;—y; €(-t,1)

Lo (e ] 770
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We can now formulate the regularised problem NLP°Y(t) as

min f(x) st gi(x)=<0 Vi=1,..,m,
Xy
hi(x) = 0 Vi=1,..,p,
n-elyss,
yisl Vi=1,...,n,

O ((x,y):it)<0 Vi=1,..,nVj=1,..4

(,0)

Y-
>

Figure 3.2: Illustration of the Steffensen-Ulbrich’s relaxation method
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(3.50)

For the exact case we obtain the following convergence result, which parallels the result obtained

for the regularisation method of Kanzow-Schwartz.

Theorem 3.78. Let {t;.} | 0 and {((x*, y*), A%, u*, G, 1, yVF, y2K, y>%, y*%)} be a corresponding sequence
of KKT-points of NLPSU(t;) such that {x*} — X. Then % is a CC-AM-stationary point of (L.1).

The proof of the theorem is similar to the inexact case. Hence, we omit it and refer the readers to
the proof of Theorem As we shall see, unlike in MPCC [41]], here the method of Steffensen-Ulbrich

retains its convergence property in the inexact case as well.

Theorem 3.79. Let {t;} | 0, {ex} | 0, and {(x*, y*)} be a sequence of ec-stationary points of NLPSU(t;).

Suppose that {x*} — %. Then % is a CC-AM-stationary point.

Proof. By assumption, there exists {(A¥, u%, &, %, oK, y2K, y3K, y46)} < R™ x R? x R x (R")° such that

n

m 4
(sw) [VF(x¥)+ ) Afvg(x") Z pEVhi(R) + 3 S @S (K, ) )
i=1

i=1 j=1

= €,

< €k,

n n 4
i,k
(suz) |~dke+ Y miei+ Y, > vl V@50 (", ¥ 1)
i=1

i=1 j=1

(suz) A= -e, gi(x")<e, [Mg(xF<e Vvi=1,...,m
(suq) |h,~(xk)| <€ Vi=1,..,p,
(sus) (= —€x, n-— eTyk -s< €, |G(n- eTyk - $)| = €,

(sug) rﬁ > —€g, ylk -1=< ¢, |ryfc(ylk -D|=e Vi=1,..,n,

.k . .
(su7) v = -« @ﬁ?((xk,yk); B < e |y CIJSU Yt = e Vi=1,..,4 Vi=1,..
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Using the same argument as in the proof of Theorem we can show that {y*} is bounded. Hence,
we can assume w.l.o.g. that there exists j € R” such that {(x*, y¥)} — (%, ). Let us now prove that

(%, y) is feasible for (1.9). By [(sus)|- [(sus)| we clearly have
g®) <0, h(x) =0, n-ely=<s J=e
Hence, it remains to show that x°j = 0. Suppose not. Then
i€ {l,..,n} : x9; #0.
We thus have four cases to handle, namely
xi>0A Y>>0, x<0Ay<0 x>0AnAy<0 x<0ny>0

Here we shall derive a contradiction only for the case where x; > 0 A j; > 0. The other three cases can
be dealt with analogously. Since {e} | 0, {xf} — %; > 0, and {y¥} — J; > 0 we can assume w.l.o.g.
that

€k

xF> = A yl-k>? vk € N. (3.51)

We now claim that
xk - y¥| < 4 vk € N, (3.52)

Suppose not. Then

AeN: |x\ -yl =
This then implies that

o(xi = yi: ) = 1x; = ¥
and hence, by [(su;)|and

SU 1.1 I I I I . 1.1
€2 7 (xS y)st) = x; +y; = % - il = 2min{x;, y; } > €,

which is a contradiction. Thus, (3.52) holds. Consequently, by [(su;)|and Lemma [3.77] we have for each
ke N

SU (k- k k. Lk xf - yf
e =2 DT (x5, ") te) = % + 7 — 1,0 (tk> (3.53)
oy .
Now by (3.52) the sequence { 2t } is clearly bounded and therefore, it has a convergent subsequence.
We can thus assume w.l.o.g. that the whole sequence converges, i.e.

k k
X =V,
aER - {y}q
Ik

Then letting k — oo we obtain from (3.53) by the continuity of 6
02)%,-+3A/,~—0'9(a):fci+j/i>0.

This leads to a contradiction. Thus, we conclude that Xy = 0 and hence, (x, y) is feasible for (1.9).
By Theorem % is then feasible for (1.1). Now similar to the proof of Theorem we can define
{A*} ¢ R™ where

{/1{‘ ve  ifi€ (%),
' 0 else
for each k € IN. Defining
m p 4
wh = VF() + ) ARVE) + D Vhi(xF) + yPeu @ (K, 5 1)
i=1 i=1 =1

n
i=1
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just like in the proof of Theorem we then obtain

m P
wk - Z Ang, Z engl(x Z Z,u,th,-(xk)
i¢1y(x) i€ly (%) i=1 i=1
n 4
3 S PR )

i=1 j=1

where the left hand side converges to 0. Suppose now that i € L.(x). Since (%, y) is feasible for we
then have ; = 0. Assume first that %; > 0. Since {x¥} — %;, we can assume w.l.o.g. that x¥ > 0 vk € N.
Furthermore, since {#;} | 0 and {sgnlxf + sgn2y¥} — sgnix; + sgn2y; = sgnlx; where sgnl, sgn2
€ {+,-}, by Lemma3.77] we can assume w.Lo.g. that for each k € IN we have

. xik - yik = I
= V,03Y((x, y); 1) = 0,
k
= {1V, @Y ((xF, y%); )} = {0} — 0,

. xlk + ylk > tk
= V, @5V ((xF, y*); 1) = 0,
= {y” ky ~03Y((x*, yF); 1)} = {0} — 0,

e —xfryF s
= 5T ((x", y*); i) = ~2xf.
By we then have

b e = |y < 5
Letting k — oo then yields
k k k
-0 = {yPvaex" v 1)} = {1y (-2e)} — 0.

- oxf -y s -t
Using a similar argument as in the previous case then yields

V@Il (5 v 10} — 0.
Similarly we can also prove that for x; < 0 we have
(P @ Y (K, YRy )} = 0vji= 1,4
Putting things together we obtain
hm Z Zy] Vy CI)SU (5, %) 1) = 0
el (x) j=1

The rest of the proof is then essentially the same as in the proof of Theorem We can therefore
conclude that x is a CC-AM-stationary point. O

As a direct consequence of Theorem and Theorem we obtain the following

Corollary 3.80. If; in addition to the assumptions in Theorem[3.79 % also satisfies CC-AM-regularity,
then x is CC-M-stationary.

Proposition then implies the following.

Corollary 3.81. Under the assumptions of Corollary|3.80, there exists 2 € R" such that (%, z) is CC-S-
stationary.
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3.5 Numerical Experiments

In this section we shall compare the performance of ALGENCAN with the Scholtes regularisation
method from [[18] as well as the Kanzow-Schwartz regularisation method from [21]]. All experiments
were conducted using Python together with the Numpy library. We used ALGENCAN 2.4.0 compiled
with MA57 library [37] and called through its Python interface with user-supplied gradients of the ob-
jective functions, sparse Jacobian of the constraints, as well as sparse Hessian of the Lagrangian. As a
subsolver for the regularisation methods of Scholtes and Kanzow-Schwartz we used the for academic
use freely available ESA SQP solver WORHP version 1.14 [22] called through its Python interface. For
the Scholtes regularisation method WORHP was called with user-supplied sparse gradients of the ob-
jective functions, sparse Jacobian of the constraints, as well as the sparse Hessian of the Lagrangian.
On the other hand, for the Kanzow-Schwartz regularisation method, since the analytical Hessian does
not exist as the corresponding NCP-function is not twice differentiable, we called WORHP with user-
supplied sparse gradients of the objective functions and sparse Jacobian of the constraints only. The
Hessian of the Lagrangian was then approximated using the BFGS method. Throughout the experi-
ments both ALGENCAN and WORHP were called using their respective default settings. We applied
ALGENCAN directly to the relaxed reformulations of the test problems as in , i.e. without the lower
bound for the auxiliary variable y. In contrast, following [18] and [21]], for both regularisation methods
we bounded y from below by 0. Next, for each test problem we started both regularisation methods
with an initial regularisation parameter #, = 1.0 and decreased f; in each iteration by a factor of 0.01.

The regularisation methods were terminated if either # < 107 or kaoyk 0 <1075,

3.5.1 Pilot Test

Let us begin by considering the following academic example

2
minx; + 10x;  s.t. (xl - 7) +(p-1)%=<1, |xfp=1
x€R? 2

which is taken from [21]]. This problem has a local minimiser in (O, 1- %\/g) and an isolated global
minimiser in (%, 0). Following [21], we discretised the rectangle [—1, %] x [—%, 2] resulting in 441 starting
points for the considered methods. For each of these starting points ALGENCAN converged towards the
global minimiser (%, 0). The same behaviour was also observed for the Scholtes regularisation method.
On the other hand, the Kanzow-Schwartz regularisation method was slightly less succesful, converging
in 437 cases towards the global minimiser. In the other 4 cases the method converged towards the local
minimiser. This behaviour might be due to the performance of the BFGS method used by WORHP
in approximating the Hessian of the Lagrangian. Indeed, running the Scholtes regularisation method
without user-supplied Hessian of the Lagrangian, letting the Hessian be approximated by the BFGS
method instead, yielded in a convergence towards the global minimiser in only 394 cases. In the other

47 cases the Scholtes regularisation method only managed to find the local minimiser.

3.5.2 Portfolio Optimisation Problems

Following [21]] we consider a classical portfolio optimisation problem

mIiRn xTOx st plxzp elx<1,0<x=u |x|=s, (3.54)
x€R™

where Q and y are the covariance matrix as well as the mean of n possible assets and e’ x < 1 is the
budget constraint, see [14] [26]. We generated the test problems using the data from [32], considering
s = 5,10, 20 for each dimension n = 200, 300,400 which resulted in 270 test problems, see also [21].
Note that due to the constraint x > 0 in (3.54), if we include the lower bound 0 for y in the relaxed
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reformulation as in , then the feasible set actually has the classical MPCC structure. Thus, for
each regularisation method, one regularisation function in the first quadrant actually already suffices.
Moreover, for comparison purpose, we also applied ALGENCAN to the relaxed reformulations of the
problems as in (A.1). Hence, we considered a total of six approaches:

« ALGENCAN without a lower bound on y
« ALGENCAN with an additional lower bound y = 0

+ Scholtes and Kanzow-Schwartz regularisation for cardinality-constrained problems [[18] 21]] with
a regularisation of both upper quadrants

« Scholtes and Kanzow-Schwartz regularisation for MPCCs [40, 53] with a regularisation of the
upper right quadrant only.

For each test problem, we used the initial values x° = 0 and j° = e. As a performance measure for the
considered methods we compared the attained objective function values and generated a performance
profile as suggested in [27], where we set the objective function value of a method for a problem to be
oo if the method failed to find a feasible point of the problem within a tolerance of 107°.

As can be seen from Figure 3.3 ALGENCAN worked very reliably with regard to the feasibility of
the solutions. It often outperformed the regularisation methods in terms of the objective function value
of the solution, especially for larger values of s. Lastly we note that although introducing the lower
bound y = 0 does not have any theoretical effect on ALGENCAN, the numerical results suggest that it
could bring slight improvements to ALGENCAN’s performance.
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1.0 1.0
0.8 0.8
0.6
0.6
0.4
—— Algencan 0.4 —— Algencan —— Algencan
=== Algencan Bounded === Algencan Bounded === Algencan Bounded
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Chapter

Sparse Optimisation Problems

In this chapter we shall deal with (1.2). Some of the results in this chapter, particularly those concerning
the equivalence between the minima of and (1.10), are taken by the author from the unpublished
manuscript [20] by Oleg P. Burdakov, Christian Kanzow, and Alexandra Schwartz. It is one of the
aims of this thesis to extend [20] by proving some additional results, in particular those pertaining
to sequential optimality conditions and the numerical behaviour of the considered algorithms. The
results which are taken from the original manuscript [20] have been labelled as such in this thesis and
the author would like to take this opportunity to express his gratitude to Oleg P. Burdakov, Christian
Kanzow, and Alexandra Schwartz for coming up with these important results and permitting the author
to use them in his work.

Let us begin by investigating how relates to (L.I). In our subsequent analyses we would also
let s to be in {0, n}.

Theorem 4.1. Let x € R" be a local minimiser of (1.1). Then it is also a local minimiser of (1.2).

Proof. By assumption X € X n S and there exists €; > 0 such that for each x € X n S n B, (x) we
have f(x) < f(x). Furthermore, by the lower semicontinuity of f there exists €; > 0 such that for each
X € Be,(x) we have f(x) < f(x) + p. Moreover, by Lemma there exists e3 > 0 such that for each
x € Be,(x) we have |x]o < |x]o. Define € := ir:r1lizns €; > 0. Now let x € X n Be(x). Then x € B, (x). We

differentiate between 2 cases.
Case 1: |x]o = [|xo
Since by assumption |x]o =< s, we then also have x € S. Thus, x € X n S n B, (x). This implies that
f(x) = f(x) and hence,
F&) + plxlo = f(x) + plxlo = £(x) + plxfo-
Case 2: |x]o > [%]o
By the definition of | - | we then have |x|o + 1 < |x]o. Since x € B,(x) we then have

&)+ plxlo < f(x) + p + plxlo = f(x) + plxlo- m

Observe that Theorem [4.1 holds irrespective of the choice of p and s. However, it should be noted
that a global minimiser of (1.1) is not necessarily a global minimiser of (1.2).

Example 4.2 ([20, Example 3.1]). Consider the cardinality-constrained problem
min f(x) := |[Ax - bJ* st |x]o <2

where
0 3 -3 0
A:=|3 2 2 A b:=1|0].
3 3 3 6

The optimal value of f respective to the value of || - |o is given as follows:
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[ To 0|1 2 3
Opt. value of f | 36 | 18 | = 11.08 | 0

Due to the cardinality constraint, the optimal value of the problem is then ~ 11.08 and for the corresponding
global minimiser x we have |x|o = 2. Now for a given sparsity parameter p > 0, consider the sparse
optimisation problem

min Fy(x) := f(x) + plxlo.

In light of the above table, the optimal value of F, respective to the value of | - |o is then given by

|- o 0] 1 2 3
Opt. value of F, | 36 | 18 + p | ~ 11.08 + 2p | 3p

Suppose that p < = 11.08. Then clearly we have 3p < ~ 11.08 + 2p and hence, since |x|o = 2, X cannot be a
global minimiser of F,,. Suppose now that p = ~ 11.08. Then

~11.08+2p - (18 + p) = p— =~ 6.92 > 0.

Hence, X cannot be a global minimiser of F,. Thus, we conclude that there is no p > 0 such that X is a
global minimiser of F,.

Suppose that 0 € X. Letting s := 0 in (L.1), we then clearly have for each x € R” that |x|, =< s iff
x = 0. Hence, 0 is the only feasible point of and thus, a global minimiser of (L.1). Inspecting the
proof of Theorem 4.1 we then immediately obtain the following result.

Proposition 4.3. Let 0 € X. Then it is a strict local minimiser of (1.2).

Now let us consider (2.1). Letting s := n in (1.1), obviously (2.1) is then equivalent to (1.1). The-
orem [4.1| subsequently implies the following.

Proposition 4.4. Let x € X be a local minimiser of (2.1). Then x is also a local minimiser of (1.2).
Note, however, that a global minimiser of (2.1) is not necessarily a global minimiser of (1.2).

Example 4.5. Consider

min (x— ;)2 (4.1)

x€R

Obviously % is the only global minimiser of this problem. However, it is not a global minimiser of

1 2
i - = . 4.2
min (x-2) + I (42)
Indeed, it is easy to see that 0 is the only global minimiser of (4.2).

Moreover, the converse of Proposition [4.4]is false in general.

Example 4.6. Consider again (4.1) and (4.2). As we have seen before, 0 is a global minimiser of (4.2).
However, it is obviously not a stationary point of (4.1). Thus, it cannot be a local minimiser of (4.1).

As a direct consequence of Proposition 4.4 we obtain the following

Corollary 4.7. Let x € X. Then x is a local minimiser of

min p|xjo st x€X. (4.3)
x€R™

Proof. We consider the special case where f = 0, the constant zero function. Then every feasible point
% € X is alocal minimiser of (2.1). Therefore, by Proposition[4.4] it is also a local minimiser of (4.3). O
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Example 4.8. Corollary immediately implies that every feasible point of the compressive sensing
problem

min |x|p st Ax=b,

x€R"

Cx =d,
where A € R™" C € R®™" b e R™, and d € RF for k, m,n € N is a local minimiser of the problem.

This extends the result obtained in [30] page 283].
For the converse of Theorem [4.1] we obtain the following two results.

Proposition 4.9. Let x € X be a local minimiser of (1.2). Then for s := |x|o X is also a local minimiser

of (TI).

Proof. By assumption, there exists €; > 0 such that for each x € X n B, (x) we have f(x) + p|x]o =<
f(x) + p|x]o. Moreover, by Lemma there exists e, > 0 such that for each x € B,(x) we have
Ixlo = |x]o- Define € : = m11r21 €; > 0. Then for each x € X n S n Bs(x) we have

i=1,

€6 €<€

Ixlo =" Ixlo = s = [%lo = Ixlo = [Xlo = f(x) +plxlo <" f(x) +plxfo = f(x)+ plxlo = f(%) < f(x). O

Proposition 4.10 ([20, Proposition 3.2]). Let x € X be a global minimiser of (1.2). Then fors := |x|o x
is also a global minimiser of (1.1).

Proof. By assumption we have for each x € X that f(x) + p|x|o = f(x) + p|x]o- Now let x € X n' S. Then

we have
x[o=s

£+ pl#lo " £ + plixlo "L £x) + ps TEY fx) + pltly = £(3) = f(x). 0

Note that if s = n, then (1.1) is equivalent to (2.1). Proposition [4.9|and Proposition then lead to
the following result.

Proposition 4.11. Let x € X be a local (global) minimiser of such that |x|o = n. Then it is a local
(global) minimiser of (2.1).

4.1 Sequential Optimality Conditions
The mapping p| - |o is obviously lower semicontinuous. Let us now compute its Fréchet subdifferential.

Definition 4.12 ([29, Theorem 5.2.11]). Let ¢ : R® — R and x € R". Then the Fréchet subdifferential
of ¢ at x is defined as

- g T
lim inf pE+h) - ¢ -y h =0;.
h—0,h#0 1d|

O y(%) 1= {y €R"

Lemma 4.13. Let x € R". Then
" (p|xo) = {y €R" | ys = 0 Vi € L(®)}.

Proof. "<": Suppose that y € of(p|x]o). Let i € L(X). Pick a sequence {8} < R, such that {&} | 0.
Since x; # 0 and {8} | 0, we can assume w.l.o.g. that for each k € N we have |x;| > % By the reverse
triangle inequality we then have

. ) . ) .0
xi+sgn?k > x| - sgn?k =|xl~|—?k>0 vk e N
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where sgn € {+, -}. In particular, this implies that

. ) R 5 . 5, .
X + sgn?k #0 <= i€l (x + sgnzke,-> = |x+ sgn?kei = |xo (4.4)
0

for each k € IN. Now observe that for each k € IN we also have sgn% e € Bs,(0). Hence,

A 5 A 5
plx + hlo - p|&fo - yTh P Hx + 5 (0 = plElo - sgnyy’e
<

heBs, (0)\{0} |A| H sgn % e;
(4.4) —sgn%yi
- O
2
= —sgny;. (4.5)
Letting k — co we then obtain
X+ hlo - plxlo - yTh
0 < liminf 2%+ lo = plxlo - v
h—0,h0 di
[52,Deﬁ2iti0n 1.5] lim ( in p”32- +hlo - P"?%”o - )’Th)
k—o0 heng(O)\{O} ||h||
(4.
-sgny;.

Since sgn € {+, -}, this implies that
Yiz0A-y=20 < y=0

"2": Let y € R" such that y; = 0 Vi € L(X). Suppose that € > 0 be given as in Lemma [3.6] Now pick a
sequence {8} c R, such that {&} | 0. Since € > 0 and {8} | 0, we can assume w.l.o.g. that & < € for
each k € IN. We differentiate between two cases.

Casel:y=0

Let k € N and h € By, (0)\ {0}. Clearly we have x + h € Bs (x) < B.(x) and hence, by Lemma
plx + hly = plx|o- This implies that

pIE + hlo = pl#lo = "R v0
i S

Since this holds for each h € B, (0) \ {0}, we then have

pl% + hlo - plxlo - y"h

> 0.
heBs, (0)\{0} | A
Letting kK — oo then yields
iming PR+l = PRl ~ v"h E2Zbetmison 151 (o plE ko~ pllo - yTh
h—0,h£0 Id| k—oo \ heBs, (0\{0} 1|

> 0.

Case2: vy #0
In this case we have |y| > 0. Since {8} | 0 we can then assume w.l.o.g. that & < ﬁ for each k € IN.
Now let k € N and h € Bs (0) \ {0}. By Cauchy-Schwarz inequality we obtain

VYR < Itk < INdc<p = ¥Th<p (46)
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Since 8 < €, by Lemma[3.6| we have
L(x) c L(x + h).

Case 2.1: L(x) = L(x + h)
Here we have
IXlo =[x+ Ao A LX) =IL(x+h).

Now let i € Io(x), Then, since I)(x) = Ih(x + h),

i€ly(x+h) i€l

0 “PE &by = %+ by S (4.7)

Thus,
yTh=Y yihi= > vihi+ Y yihi=0
i=1 i€l (x) i€l(x)
by the definition of y and (4.7). This then implies that

pl% + hlo - pllo - y"h
|7

=0.

Case 2.2: L(x) C L(x + h)
Since L (x + h) contains at least one more element compared to L.(x) we then have

rhlo= 1o+ 1 = pl&+hlo - plilo = p.

This then implies that

plx +hlo - pl&lo - y"'h _p-y'h @9
> > 0.
|l ld
In both cases we have X X ;
plx +hlo ~plxlo -y h
Id

and therefore X A ;
plx +hlo = plxlo -y h

heBs, (0)\{0} 1|

Letting k — oo we then obtain by [52] Definition 1.5]

> _ oo T
iming P15+l = pllo — TR _
B0t 4]

Thus, we conclude that y € of (p|x]o)). O]

Motivated by the CAKKT-condition for and the CC-CAM-stationarity for we introduce
the following definition.

Definition 4.14. Letx € X. We say that x is an SP complementary approximately Karush-Kuhn-Tucker
(SP-CAKKT) point iff there exist sequences {x*} < R", {A¥} < R™, {*} < R?, and {y*} < R" such that

(@) {x*} — %,

m p n
(b) {Vf(xk) + 3 Vg + Y pfvhix) + Y yikei} — 0,
i=1 i=1 i=1

m ¥4 n
(c) { A g + Y I hix®)] + Y |y,-’<x,-"|} — 0.
i=1 i=1 i=1
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The next theorem states that SP-CAKKT is a first-order necessary optimality condition for (1.2).
Theorem 4.15. Let X € X be a local minimiser of (1.2). Then x is an SP-CAKKT point.

Proof. By assumption, there exists € > 0 such that

&)+ pldlo = f(x) + plixlo vx € Be(%) n X.

In particular, x is then the unique global minimiser of
1 n S
min f(x) + plxlo + - Ix - 2 st xe€BX)nX. (4.8)
X

Now pick a sequence {ax} < R, such that {a;} T oo and consider for each k € N the following penalised
problem

. a 1 . -
min f(x) + (g0 P + 2 le =2+ plxlo st x € Be() (49)

Observe that x € X iff |(g(x)., h(x)| = 0. Moreover, the objective function of is lower semicon-
tinuous for each k € N. Furthermore, the feasible set B.(X) is compact. Hence, by [29, Theorem 2.5.3],
for each k € IN (4.9) admits a global minimiser x* € B¢(x). Now since % € B¢(X) n X we then have for
each ke N

2 plx*o=0
<

£ + ZE ) I + [ - % £ + ZE (), RGP+ [k -

+ pllx*[o
< f(%) + pl&]o. (4.10)

Moreover, by the compactness of B¢(%) the sequence {x¥} has a convergent subsequence in B¢(x).
Assume w.l.o.g. that the whole sequence converges, i.e. 3% € B.(%) : {x*} — %. We shall now show
that x = x. Dividing both sides of by ai and taking the limit as k — oo yields 0 < |(g(%)., h(%))| <
0. This implies that x € X n B.(x) and therefore, it is feasible for . Furthermore, we also obtain from

(4.10) that

1 N N R
F6e + S = 2 ol = £) + plitlo

and hence,

[29/Theorem 2.5.2]
<

N A _ N o
f@) +lx - & + plxlo f@E)+ % - x| + lim inf Pl o

1
= Tim (%) + S - &) + lim inf oo

—>00

[2) Aufgabe 2d Abschnitt IL5] . . 1 N
= lim inf f(x*) + Ellxk - %7 + pllx o

2l Aufgabe 2e Abschnitt IL5] . . N N
I Aufgabe e ] lim inf f(x) + p|x]o
k—o00

A . 1. .
= )+ plElo + S 1x = %o.

But since x is the unique global minimiser of (£.8), it follows that ¥ = . Hence we have {x*} — %. We
can then assume w.l.o.g. that x* € B.(%) for each k € IN. Then for each k € N x* is a local minimiser of

. a 1 R
min f(x) + Ekll(g(x)ﬂ h(x))|* + 2 lx = £ + plxo-

Hence,

29/ Theorem 5.2.23] [012 1 .
0 EN O (166 + SEUEER) ) + S - 312) + pllo)
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[29,Propos_ition 5.2.30]

7 (09 + ZEUg0cH ) D) + St - ) + 0 (T
m )4

= Vf(x*) + " (o max{0, gi(x*)}) Vgi(x®) + 3 (arhi(x")) Vhi(x*) + x* - % + 9 (p]x"o).  (4.12)
i= i=1

Define for each k € N
Ak = g max{0, g;(x*)} vi=1,..,m,

uE = ahy(x) Vi=1,..,p.
Then (4.11) can be rewritten as

m
0 € Vf(x)+ Y Agix* Z pihi(®) + x* = 2+ 97 (p]x"]o).
i=1
Thus, for each k € N there exists y* € oF(p|x¥]) such that

0= Vf(x* Zl"gz (x¥) + Zu, wxt gyt

which is equivalent to
¢ - xF = VF(xF) + Z A gi(xF) + Z hi(x) + Z Vi e
i=1 i=1

Since {x¥} — % we then have

m P n
[Vf(xk) + Z Argi(xF) + Zyl‘hi(xk) + Z yikei} — 0.
i=1 i=1 i=1

Observe that by definition we have {1¥} < R™. Now let k € N. By Lemma we then have for
each i € L(x¥) that y¥ = 0 and hence, |yxk| = 0. Moreover, we also have for each i € Ij(x¥) that x¥ = 0
and therefore, |y¥xF| = 0. This then implies that for each k € N we have

S kok
Z lyixi|=0
i=1
Now (4.10) also implies that
fahy+ & || (), RN + plxtlo < £(%) + plElo,

which is equivalent to

a . .
O HENE + pllo = ) - FG) + plilo
This then implies that

..o Ok . [29Theorem 2.5.2] .. . . Qk L
lim inf —|(g(x")., AGEDI + pl &l = lim inf =*|(g(x*), A(x*)|? + lim inf ][y

[2lAufgabe 2b Abschnitt IL5] . [04% k k k
s lim inf —[(g(x")... hlx MIZ + plx o

[2lAufgabe 2e Abschnitt I1.5] . . R R
< lim inf (%) - f(x*) + pllo

[2lTheorem 5.7] ~
= plxlo
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and hence, u
lim inf ~F(g(x").. AGNI* = 0.

On the other hand, since 0 = % (g(x¥)., h(x¥))|? vk € N, by [2, Aufgabe 2e Abschnitt I.5] we also have
that o
0 = lim nf ("), A

Thus, a
timinf % [(g(x"),, A = 0.

By [2} Theorem 5.5, Satz 1.17] there exists a subsequence of { %||(g(xk)+, h(xk))||2} which converges to

0. Hence, by passing to this subsequence we can assume w.l.o.g. that
lim ZEJ(geh) A =0 = Jim @l (g, A = 0.

The rest of the proof is then essentially the same as in the proof of Theorem [3.9/and we can conclude
that x is an SP-CAKKT point. O

Remark 4.16. Note that for each s > |x|o x € X is an SP-CAKKT point of (1.2) iff it is a CC-CAM-
stationary point of (1.1).

In light of Theorem [4.1] and Remark by fixing an arbitrary p > 0 we can view Theorem
as a corollary of Theorem On the other hand, the proofs of [21, Theorem 3.4] and Theorem
do not actually prohibit s to be in {0, n}. Thus, in light of Proposition [4.9and Remark [4.16] by setting
s :=|x[o, Theorem can be viewed as a corollary of Theorem 3.9}

The converse of Theorem [4.15]is false in general as the next example shows.

Example 4.17. Consider the following problem which is adapted from [8]

m%Rr% 300 -1) -2 -1 +|xfo st (-1)-(x-1)explen-1)=0, x; - x =0. (4.12)
X€

% 1= (1,1)T is obviously feasible for (4.12). Let us now show that it is an SP-CAKKT point. Define for each
keNxk = (1+1/k 1+ 1/k)T, & := (exp(1/k) + (1/k) exp(1/k) = 1), g 1= =3 = A, y* := 0. Clearly
we have {x*} — %. Moreover, since 1/k > 0 for each k € IN, by the strict monotonicity of exp we have
exp(1/k) > 1 and hence, in particular, exp(1/k) + (1/k) exp(1/k) - 1 > 0. Thus, {Ax} < R.. Now we also
have for each k € N

1

MR

3 1 1 3 1
[-2] A exp(1/) - (/) exp(l/k)] * Hk [—1] = [-z] * e [-/1;1 - 1} " Hk

Furthermore, |u(xF - xX)| = 0 vk € IN. Note that for each k € N since exp(1/k) > 1 we also have

IAe(1/k - (1/K) exp(1/k))| =

1/k - (1/k) exp(1/k)
exp(1/k) + (1/k) exp(1/k) - 1’
1 - exp(1/k)

B ‘kexp(l/k) +exp(1/k) - k‘

~ exp(1/k) - 1

 k(exp(1/k) - 1) + exp(1/k)
exp(1/k) - 1

= k(exp(1/k) - 1)

1

k'
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Thus, it follows that {|Ax(1/k - (1/k) exp(1/k))|} — 0. Hence, we conclude that x is an SP-CAKKT point.
We now claim that x is not a local minimiser of (4.12). Suppose to the contrary that it is a local minimiser
of (4.12). Then, since |x|o = 2, by Proposition X must be a local minimiser of the following problem

mg} 300 - 1) -2(x2-1) st (q-1)-(u-1expln-1)=<0, xy -x =0. (4.13)
X€

The objective function value of X for is 0. On the other hand, for each k € N (1 - 1/k,1 - 1/k)T is
also feasible for since
-1/k <0 = exp(-1/k) <1 = (1/k)exp(-1/k) < 1/k = -1/k + (1/k)exp(-1/k) < 0.

Moreover, the objective function value of (1-1/k, 1-1k)T for @13) is—1/k < 0. Since {(1-1/k, 1-1/k)T} —
(1,1)7, this contradicts the assumption that X is a local minimiser of (&.13). Thus, we conclude that X is

not a local minimiser of (4.12).

Nevertheless, under some additional assumptions we can prove the following result.

Theorem 4.18. Assume that in (1.2) the functions f as well as gy, ..., gm are convex and hy, ..., hy, are
affine-linear. Let x € X. If it is an SP-CAKKT point, then it is also a local minimiser of (1.2).

Proof. Note that the proof of Theorem [3.11]also holds for s € {0, n}. By defining s : = |x|o, X is then
feasible for (1.1). Since x is an SP-CAKKT point of (1.2), it is then also a CC-CAM-stationary point of
(1.1). The assertion then follows from Theorem[3.11]and Theorem[4.1] O

Motivated by the AKKT condition for and the CC-AM-stationarity for we introduce the
following.

Definition 4.19. Let x € X. We say that x is an SP approximately Karush-Kuhn-Tucker (SP-AKKT)
point iff there exist sequences {x*} ¢ R", {1*} < R™, {y*} c R?, and {y*} < R" such that

(@) {x*} — %,
m p n

(b) {Vf(xk) + Z Angi(xk) + nyvhi(xk) + Z yikei} — 0,
i1 i=1 i=1

(€) Vig L(%): AF=0vkeN,
(d) Vie L(%) : yF=0vkeN.
Remark 4.20. Note that for each s = |x|o x € X is an SP-AKKT point of iff it is a CC-AM-stationary
point of (L.1).
Since the proof of Theorem also holds for s € {0, n}, by defining s := X[, we immediately
obtain the following result from Remark [4.16|and Remark [4.20}
Theorem 4.21. Let x € X be an SP-CAKKT point of (1.2). Then it is also an SP-AKKT point of (1.2).
The converse of Theorem [4.21]is false in general as the next example shows.
Example 4.22. Consider the following problem
(x; - 2)*
n
x€R3 2
Observe that for each feasible point X € R® of we have |x|o < 2. We shall now show that every
feasible point of is also an SP-AKKT point. To this end, let x be feasible for (4.14). Then, since
|%o < 2, % is feasible for (3.5). Therefore, it is a CC-AM-stationary point by Example[3.1¢ By Remark|[4.20,
it is then an SP-AKKT point of (4.14). On the other hand, for a feasible point x € R* of to be an
SP-CAKKT point, we must have that %, € {0, 2}: Suppose that x € R* is an SP-CAKKT point of such

that %, € {0,2}. Since |xX|o < 2, by Remark[4.16 % is then a CC-CAM-stationary point of (3.5). This leads
to a contradiction.

+xlo st xx =0. (4.14)
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By Theorem and Theorem we obtain the following result.
Theorem 4.23. Let X € X be a local minimiser of (1.2). Then it is an SP-AKKT point of (1.2).
By Example and Theorem we know that the converse of Theorem is false in general.

4.2 Sequential Constraint Qualifications

Definition and Theorem naturally lead to the following exact stationarity concept for (1.2).

Definition 4.24. Let x € X. We then say that x is an SP-KKT point iff there exist multipliers A € RT',
pu € RP, and y € R" such that

m P n

(@) 0=Vf(R)+ > AVgi(R) + Y mVhi(R) + Y. vies,
i=1 i=1 i=1

(b) Vig L(%) : A =0,

(c) Vie L(x) : y;=0.

Remark 4.25. Note that for each s = |x|o x € X is an SP-KKT point of (1.2) iff it is a CC-M-stationary
point of (L.1).

Due to Remark[4.16] Remark [4.20] and Remark [4.25] most of the ingredients needed to establish the
relationships between the sequential optimality conditions introduced in Section [4.1|and SP-KKT can
be directly transferred from Section 3.2}

Theorem 4.26 (Theorem|[3.20). Let x € X. Then

% is an SP-CAKKT point < -Vf(x) € limsup K ((x,r)).
(x.r)—(%,0)

Theorem 4.27 (Theorem|3.22)). Let x € X. Then
% is an SP-KKT point < -Vf(x) € KC((%,0)).
Theorem 4.28 (Theorem|[3.23). Let x € X. Then

KC((%,0)) ¢ lim sup KS((x,1)).

(x.r)—(,0)
Corollary 4.29 (Corollary[3.24). Let x € X. Then
x is an SP-KKT point = x is an SP-CAKKT point.
The converse is not true in general as the following example shows.

Example 4.30 (Example [3.25). We know that (1/2,0)7 is the unique global minimiser of (3.8). Let us
now fix an arbitrary p > 0. By Theorem (1/2,0)T is then a local minimiser of the sparse optimisation
problem

. 1\? 2
min x; + 10x, + p|xfo st (x1 - 7) +(p -1 =1 (4.15)
x€R? 2

Hence, by Theorem[4.15}, it is then also an SP-CAKKT point of (4.15). On the other hand, it was shown
in Example that (1/2,0)T cannot be a CC-M-stationary point of (3.8). Thus, by Remark|4.25, it also
cannot be an SP-KKT point of (4.15).

The following is clearly a sufficient condition for the converse of Corollary [4.29| to hold.
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Definition 4.31 (Definition [3.26). A feasible point X € R" of is said to satisfy the SP-CAKKT-
regularity condition iff

limsup K€((x,r)) c K((x,0)).

(x,r)—(x,0)

Theorem 4.32 (Theorem[3.27). Let X € R" be an SP-CAKKT point of which satisfies the SP-CAKKT-
regularity condition. Then x is an SP-KKT point.

Example 4.33 (Example [3.28). If0 € R" is feasible for (1.2), then it is an SP-KKT point and therefore,
also an SP-CAKKT point. Moreover, it also satisfies SP-CAKK T-regularity.

The next theorem states that SP-CAKKT-regularity is a strict constraint qualification with respect
to the SP-CAKKT condition.

Theorem 4.34 (Theorem [3.29). Let x € X. Suppose that for every continuously differentiable function
f € CY(R", R) the following implication holds

x is an SP-CAKKT point = x is an SP-KKT point.
Then x satisfies SP-CAKK T-regularity.
Theorem 4.35 (Theorem 3.30). Let x € X. Then

x is an SP-AKKT point < -Vf(x) € lim sup K¢(x).

xX—X
Corollary 4.36 (Corollary3.33). Let x € R" be feasible for (1.2)). Then
x is an SP-KKT point = x is an SP-AKKT point.
By Example and Theorem we know that the converse of Corollary is false in general.

Definition 4.37 (Definition [3.34). A feasible point X € R" of is said to satisfy the SP-AKKT-
regularity condition iff
lim sup K;(x) < K;(%).

X—X

Theorem 4.38 (Theorem [3.35). Let x € R" be an SP-AKKT point of which satisfies the SP-AKKT-
regularity condition. Then x is an SP-KKT point.

The following theorem states that SP-AKKT-regularity is a strict constraint qualification with re-
spect to the SP-AKKT condition.

Theorem 4.39 (Theorem [3.36). Let x € X. Suppose that for every continuously differentiable function
f € CY(R",R) the following implication holds

x is an SP-AKKT point = x is an SP-KKT point.
Then x satisfies SP-AKK T-regularity.

Remark 4.40 (Remark [3.37). Note that if 0 € R" is feasible for (1.2), then it is an SP-AKKT point which
satisfies SP-AKK T-regularity.

Theorem 4.41 (Theorem 3.38). Let x € X. Then

limsup K€((x, r)) < lim sup K;(x).

(x,r)—(x,0) X—X
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Corollary 4.42 (Corollary[3.39). Let x € X. The following implication then holds
x satisfies SP-AKKT-regularity = x satisfies SP-CAKKT-regularity.

Remark 4.43 (Remark [3.40). Let x € X. Then it is clear that

e x is an SP-KKT point iff it is a KKT point of (3.10),

e x is an SP-CAKKT point iff it is a CAKKT point of (3.10),

e x is an SP-AKKT point iff it is an AKKT point of (3.10),

e x satisfies SP-CAKKT-regularity iff it satisfies CAKKT-regularity with respect to (3.10),

e x satisfies SP-AKK T-regularity iff it satisfies AKK T-regularity with respect to (3.10).

Just like in [23] Definition 3.11], we can now utilise (3.10) to introduce stronger constraint qualific-
ations.

Definition 4.44 (Definition [3.41). Let x € X.Then x satisfies
(a) SP-LICQ iff the gradients
Vgi(x) (i € Ig(x)), Vhi(x) (i = 1,.... p), € (i € I(x))

are linearly independent;

(b) SP-MFCQ iff the gradients
Vgi(x) (i € Ig(x))  and Vhi(x) (i=1,...,p), € (i € Ip(x))

are positive-linearly independent;

(c) SP-CPLD iff for any subsets I c Io(x), L, < {1, ..., p}, and I c Iy(x) such that the gradients
Vgi(x)(i€l;), and Vhix)(i€L), e (i€ k)
are positive-linearly dependent in x = X, they are linearly dependent in a neighborhood of x.

Proposition 4.45. The following relations follow directly from their corresponding NLP relations applied
to (3.10):

SP-LICQ = SP-MFCQ = SP-CPLD = SP-AKKT-reg. = SP-CAKKT-reg.

Corollary 4.46 (Corollary [3.43). If g and h in are affine-linear, then every feasible point of
satisfies SP-AKK T-regularity, and therefore SP-CAKK T-regularity as well.

4.3 Relaxed Reformulation

Let us now turn our attention to (1.10), see also [30]. We would like to show that we can solve (1.2) by
solving (1.10) instead. First we tackle feasibility.

Theorem 4.47 (20, Lemma 3.3 (a)]). Let x € R". Then % is feasible for iff there exists y € R" such
that (x, y) is feasible for (1.10).
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Proof. "=": Suppose that x is feasible for (1.2). Then we have x € X. Define y € R" such that

.0 ifieL(x),
VRN e n).

Clearly we have y < e and x-y = 0. Hence, (X, y) is feasible for (1.10).
"«<=": Suppose that there exists y € R" such that (x, y) is feasible for (1.10). Then this immediately
implies that x € X and hence, x is feasible for (1.2). O

Observe that for a feasible point x € R" of the corresponding vector y € R" such that (x, y)
is feasible for is not necessarily unique. Indeed, in the proof of Theorem [4.47] for each i € Iy(%)
we can replace 1 with any number in (-co, 1] and the resulting pair (X, y) would still be feasible for
(1.10). Nevertheless, the choice y; = 1 for each i € Iy(%) is natural since it leads to the smallest objective
function value.

Lemma 4.48 (20, Lemma 3.3 (b)]). Let (x,y) € R" x R" be feasible for (1.10). Then
n-e'y =[x
and equality holds iff y; = 1 for each i € I(x).
Proof. The feasibility of (x, y) implies that
(@) Xxey =0 = y;=0Vie€ L(x),
(b) y<e = 0=1-y; Vi€ (x).

Hence,

o= ¥ 1@ Y 1-50@ S a-gp+ Y a-g-n-ey.

i€l (x) i€l (x) i€L(x) i€ly(x)

Equality obviously holds iff

0= ¥ (-5 B 5= 1vie ). 0
i€l(x)

Proposition 4.49 ([20, Lemma 3.4]). Let (x, y) € R" x R" be a local minimiser of (1.10). Then y; = 1 for
each i € I(x) and therefore, n - el § = |%|o.

Proof. By assumption, (%, y) is a local minimiser of (1.10). Hence, y is a global solution of the linear
programme

max ely st y=se xoy=0.
y

This implies that y; = 1 for each i € Iy(x) and thus, by Lemma we also have n - e’ 3 = |£[o. O]
We can now show that the local solutions of (1.2)) and (1.10) are equivalent in a certain sense.

Theorem 4.50 ([20, Theorem 3.5]). Let x € R™. Then x is a local minimiser of (1.2)) iff there exists a
unique y € R" such that (x, y) is a local minimiser of (1.10). In this case the vector y is given by

. _ )0 ifie L),
Il ifien®

and we have
&) +plxlo = f&)+p(n-e"P).
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Proof. "=": Assume first that x is a local minimiser of (1.2). Then there exists ¢ > 0 such that for each
x € X with x € B.(x) we have

F(&) + plxlo =< £(x) + pllx]o. (4.16)
Now let y be defined as above. By the proof of Theorem [4.47| we know that (%, y) is feasible for (L.10).
Suppose now that (x, y) is another feasible point of such that (x, y) € Bc((X, y)). Then we have

(x,y) € B((%, ) = |(x,y) = (X, 9)| < € = |x - %] < € = x € Be(%).
Moreover, by Theorem [4.47| we also know that x is feasible for (1.2). Hence,

£ +p (n-eT5) BB gy 1 oy B2 fx) + plclo " EB fx) + p (n- eTy).

This implies that (x, ) is a local minimiser of (1.10). Now suppose that there exists another y € R”
such that (%, y) is also a local minimiser of (1.10). But by Proposition it follows that y = y. This
proves the uniqueness of y.

"«<=": Now assume that there exists y € R" such that (%, ) is a local minimiser of (1.10). By Propos-
ition y is then uniquely defined as above and we have ||, = n — e’ . Since (X, j) is feasible for
, then by Theorem;? € X. Furthermore, by assumption, there exists €; > 0 such that for each
feasible point (x, y) of with (x, y) € B, (%, y) we have

f(J?)+p(n—eTj/) sf(x)+p(n—eTy). (4.17)
Now by Lemma there exists €, > 0 such that for each x € B, (x) we have
L(x) € L(x).
Moreover, by the lower semicontinuity of f there exists e3 > 0 such that for each x € B,(x) we have

FE@-fx)<p = f(x)<flx)+p.
Now define

€ := min ¢ > 0.
i=1,2,3

Suppose that x € X n B.(x). Since € < €; we also have x € B, (x). We now differentiate between 2 cases.
Case 1: L(x) = L(x)
In this case we have

lxflo = card(L.(x)) = card(L(%)) = []o = n— e J.

Furthermore, we also have
Ih(x) = I(x).

By the structure of y and the proof of Theorem (x, y) is then feasible for (1.10). Now since € < €
we then have

I, 9) = (X P = |x - %] < € < &1 = (x,9) € B, (%, 9))
and therefore,

£+ plElo = £@) + p (n-e5) &2 fx) + p (n- €T$) = £(x) + plixlo.

Case 2: L.(x) € L(x)
In this case the index set L.(x) contains at least one more element than L (x) and hence,

1< card(L.(x) - card(L(£)) < [+ 1= |x]o.
Since € < €3 we then have
f&) < fG) +p= f(x)+plxlo < f(x) + p(Ixlo + 1) = f(x) + plxo.
Thus, we conclude that x is a local minimiser of . O
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Note that the equivalence of global minimisers is a direct consequence of Theorem as well as
Lemma which state the relations of feasible points and objective function values between (1.2) and
(1.10). Nevertheless, we state it here for completeness sake.

Theorem 4.51 ([20, Theorem 3.6]). Let x € R". Then x is a global minimiser of (1.2) iff (x, y) € R" xR"
with

. |0 ifieL(x),
YN fien®

is a global minimiser of (1.10).

In the context of CC, two different exact stationarity concepts were introduced in [21} Definition
4.6]: CC-M-stationarity which corresponds to the KKT-condition of (3.10) and CC-S-stationarity which
corresponds to the KKT-condition of the relaxed reformulation. Here these two concepts coincide,
hence the single term SP-KKT. We shall now prove this.

Let z € R". Obviously we have I1(z) ¢ L(z). Now a point (x, y) € R” x R" is said to satisfy the
KKT-condition of (1.10) iff it is feasible for (1.10) and there exists (A, i, 7, 7) € R x R? x R? x R" such
that

O n
’7:’ [ } Yi
i Ll T

m

+Z/1,

i=

(a) 0= Vg, x) Vh (x
Xi€;

y:ez:|

(b) Ai = 0Vig L(x),
(c) fi=0VigL(y).

Separating the equation with respect to the x- and y-variables, we obtain

0 = V®)+ ), Avgr Z/J:Vh ®+ Y, e
i€ly (%) i€l (y)
pe = Z nie; + Z YiXie:.
i€h(y) i€L.(%)

The feasibility of (x, y) for implies that ;(y) n L(x) = @. Clearly I;(y) U L(x) c
p > 0, the second equation above implies that {1,..., n} = [;(y) U L.(x) and hence, I,(y)
This leads to the following.

{1,..., n}. Since
= (X)C Io(x).

Lemma 4.52 ([20, Section 5]). Every KKT-point (x,y) € R" x R" of has the property that

A 0 lf‘l € It (32)7
Il ifie @),
The same property is satisfied by all local minimisers of (1.10), cf. Proposition [4.49 Note also that

this property of local solutions and KKT-points is very special for sparse optimisation and does, in
general, not hold for some of the related classes of minimisation problems.

Theorem 4.53 ([20, Theorem 5.2]). Let x € X. Then x is an SP-KKT point of iff there exists a unique
y € R" such that (%, y) is a KKT-point of (1.10). The vector y is given by

[0 ifierLm,
"IN ifien®)
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Proof. "=": Let x € X be an SP-KKT point of with a corresponding multiplier triple (4, p1, y) € R} x
R? x R". Define y as above. Then (%, y) is feasible for (1.10). Furthermore, we have I)(x) = I;(y) = L().
Define the multipliers

. 5 if i€ L), and 7 i p ifi€ L(x),
l £ ifie L(%), l 0 ifieL(%)

Then (X, y) together with the multiplier quadruple (A, 1, 7, ) € RT x R? x R} x R" is a KKT-point of
(T.10). Suppose now that y € R" is another vector such that (%, y) is a KKT-point of (1.10). Lemma [4.52]
then implies that y = y. This shows the uniqueness.

"<": Let (x, y) € R"xR" be a KKT-point of with a corresponding multiplier quadruple (A, y1, 7}, ) €
R x R? x R? x R". By Lemma [4.52] y is uniquely defined as above. Furthermore, by Theorem [4.47] £ is
feasible for (1.2). Observe that I)(x) = L(y) = L.(y). Define y € R" such that

L )N/_)A/, ifie 10(32),
0 ifien®.

Now since (X, ) is a KKT-point we then have A; = 0 Vi ¢ I,(x) and

0 = Vf(%) Z?tvgz %)+ ZVh + ) Ve

i€L.(y)

= Vf(x) + ZAng x) + ZV/’[(X Z Yiéi

i€ly(x)
m
+ ) Avgi(%) + Z Vh(x) + Z Yiei.
i=1 i=1 i=1
Hence, % is an SP-KKT point of with a corresponding multiplier triple (A, 1, y) € RT' xR xR™. [

In the context of CC, despite being one of the weakest constraint qualifications for NLP, ACQ is
usually violated at a feasible point of the corresponding relaxed programme, see [23] Section 3]. Hence,
a CC-tailored ACQ was introduced in [23]. Thus, it is natural to ask if there is a need to introduce
SP-tailored ACQ for as well. It turns out that this is unnecessary. This is due to Proposition [4.49]
which implies that it suffices to only consider those feasible points (x, y) € R"xR" with Iy(x)n Ip(y) = @.
Let us now elaborate this further. To simplify the notation we shall denote the feasible set of by
Z.

Let (%, y) € Z. The Bouligand tangent cone, cf. Definition[2.15] of Z at (X, y) is given by

TA((%,9) = [(dx, d)) €R" xR"

HEE Y <2, {n) Lo
O R e e )

and the corresponding linearisation cone, cf. Definition [2.16] is given by

Vgi(%)Tdy <0 Vi € Ig(X),
s Vhi(x)Tde =0 Vi=1,..,p,
LZ((X, )/)) - (dx> dy) e;I‘dy <0 vie Il(}')),

f/iedex +JAC1'€Z-Tdy =0 Vi=1,...,n
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Suppose now that I)(x) n I(y) = @. Then for each i € {1,..., n} we have x; = 0V y; = 0 where v denotes
exclusive or. Since {1,..., n} = Ij(x) U L (%), the linearisation cone can then be further simplified as

Vgi(%)Tdy < 0 Vi€ [(%),
Vhi(x)Td, =0 Vi=1,..,p,

Lz((%,9)) = {(dx.dy) | €/ dy=<0 vi€ (),
efd, =0 Vi € L(%),
€dex =0 Vi€ I()(JE)

By [33| Lemma 2.32], the inclusion Tz((%, y)) € Lz((%, )) always holds. Now by Theorem[4.47| we have
x € X. Let us denote the feasible set of the corresponding TNLP(x), cf. (3.10), by X(x). The Bouligand
tangent cone of X(x) at x is given by

Tx<f><ﬁ>={derR" 3{x"} e X(%), {n} L0 2"} — % A {"kt‘*}_)dx}
k

and the corresponding linearisation cone by

Vgi(%)Tdy <0 Vi€ (),
Lx(f)(f) =4d, Vhl-(fc)de =0 Vi=1,..,p,
eld, =0 Vi € Iy(x)

Again, by [33] Lemma 2.32] we have Ty)(X) € Ly (X).

Theorem 4.54. Let (x,y) € Z such that Iy(x) n I,(y) = @. Then
Lz((x,9) € Tz(x,9)) < Lx#(X) € Tx) (%)

In other words, ACQ holds for at (x,y) iff ACQ holds for at x.

Proof. "=": Let d € Lx(3(X). Define d, := 0. Then (d\, d,) € Lz((x, y)). By assumption, we then have
(dyx,d,) € Tz((x,y)). Hence, in particular, there exist {(x*,y5)} ¢ Z and {t;} | 0 such that {x*} — %,

{yk} — 7y, and {xk—f} — dy. For each k € N, since (xk,yk) € Z, we then have x* € X. Thus, it

73

remains to show that x* € X(%) = {x € X | x; = 0Vi € I)(%)}. Let i € I,(%). By assumption, we then
have i ¢ I)(7) and hence, 7; # 0. Since {y¥} — 7;, we can assume w.l.o.g. that y¥ # 0 vk € IN. Then,
since (x¥, y¥) € Z, it follows that x* = 0 vk € IN. Thus, we conclude that {x*} ¢ X(%) and therefore,
dy € TX(JQ)(DAC).

"<=" Let(dy, d,) € Lz((x, y)). Then d, € Lx;)(x) and hence, by assumption, dy € Ty (X). By definition,
this implies that there exist {x*} ¢ X(%), {t;} | 0 such that {x*} — % and {xkt—’:x} — dy. Let i € [)(x).
By assumption we then have i € L.(y). Suppose further that i € L (y)\L,(). Then y; < 1 since (X, y) € Z.
Now since {#;} | 0, we can assume w.Lo.g. that for each k € N we have j; + treld, < 1. Let us now
define for each k € N y* € R" such that

. o if i € (),
YT v neld, ifie L().

By the preceeding discussion, if i € L(§)\ L;(§), then y¥ =< 1. Suppose now that i € I;(J). Since
(dy, dy) € Lz((%, 7)), then ¢/ d;, < 0 and hence, yE =9+ trel dy < y; = 1. Thus, we conclude that yk<e
for each k € IN. Now let i € L(%). Then we have i € I (). Thus, we have for each k € N that y¥ = 0
and therefore, xfyF = 0. Furthermore, since x* € X(x), then x¥ = 0 Vi € [)(X) and hence, x*y¥ = 0.
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Thus, we conclude that (x*, y¥) € Z for each k € IN. Since {t;} | 0, by the definition of y* we clearly
have {y¥} — 7. Now let i € L(9). Then we have

yl'k_)}i _ tked
{ . }—{ " } {(dy)i} = (dy)s.

Suppose now that i € Iy(y). By assumption we then have i ¢ I)(x) and hence, i € L(x). Thus, since
(dx, dy) € Lz((x,y)), it follows that (d,); = edey = 0. Hence,

{ylt yl}={0}—><dy>,-.
k

This implies that {% } — d,,. The assertion then follows. O

By Remark[4.43] [8, Theorem 6], and Theorem [4.54 we then have
Corollary 4.55. Let (x, y) € Z such that Iy(x) n I)(y) = @. Then

SP-CAKKT-regularity holds at x = ACQ holds at (%, y).

Since (1.10) is an instance of (2.1), by Theorem [4.50] Theorem|[2.2] and [15| Theorem 3.1], for every
local minimiser x € R" of there exists a y € R” such that (x, y) is a CAKKT and an AKKT point of
(1.10). Let us now establish the relationship between the SP-CAKKT condition for (1.2) and the CAKKT

condition for (1.10).
Theorem 4.56. Let (%, y) € Z. If (%, ) is a CAKKT-point of (1.10), then x is an SP-CAKKT point of (1.2).

We omit the proof since it is similar to the proof of Theorem For the converse we have the
following result.

Theorem 4.57. Let x € X. If x is an SP-CAKKT point, then there exists a y € R" such that (X, ) is a
CAKKT point of (1.10).

Proof. By assumption there exist sequences {x*}, {y*} < R", {1k} ¢ R™, and {y*} < R? such that the
conditions in Definition[4.14] hold. Observe that for each i € {1,..., n} we have

(v} — 0.
This then implies that for each i € I.(x) we have
{Yik} — 0.

Moreover, for each i € I,(X) we can also assume w.l.o.g. that x¥ # 0 vk € N. Now define j € R" such
that

.0 ifieL(x),
A if i € I(%).

Then (%, y) € Z. Next define for each k € N y*, % € R" and 7* € R" such that y* := j and

| & ifieL(x), L |0 ifieL(®),
)/. = i N ’7 = . . .
l vk ifie I(x) : p ifie (%)

Now if i € L,(x) we then obtain

{-p+nf+pkxl} = { p+*x }—{0}—>0

l
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Suppose now that i € Iy(x). We then have
{-penfrvixf} = {-prprvixt} = {¥fxi} -0

Hence,

Moreover,

p n
{Vf(x Z A5V gi(xF) + Z LR (%) + Aikyl-kei}

i=1 i=

= {Vf(xk) + Zm:/lng, Z,uf‘Vh (xF) + Z Yi el}
i=1

—_

= i=1 i€ly(x)
P n
Vf(xk) + ZAngl )+ 2 VRGN + Y yFet -3 Y yley —
i=1 i=1 i€L(%)

Observe that r]{?(yik - 1) = 0 for each k € N and for each i € {1, ..., n}. Hence,

m p
[Z AEgi () + Y | hi(xb) Z ¥ (yf - 1)) + Z |7FxEyE] }
i=1 i=1
m §4
=1 D ARG+ Y I hG) + Y v — 0. O
i=1 i=1

iEI()()E')

In contrast to Example [3.51} the AKKT condition for (1.10) does imply the SP-AKKT condition for
(1.2) as the next theorem shows.

Theorem 4.58. Let (X, y) € Z. If (x, y) is an AKKT-point of (1.10), then x is an SP-AKKT point of (1.2).

Proof. By assumption there exist sequences {(x*, y¥)} ¢ R*xR", {A*} < R™, {y/*} < R?, {#*} < R", and
{7*} < R" such that {(x¥, y¥)} — (%, ) and

@ oty $atancer+ Sty 3t el}ﬁo

n n

(b) 1-pe+ ) mei+ ), ?ikx,-kef] -0,

() Vig (%) : AF=0vkeN,

d) vig L(P): nF=0vkeN.
Suppose that i € L.(%). Then 3; = 0. Hence, since i ¢ [(y) we have ¥ = 0 vk € N and therefore,

5 B . P
{-p+iix} >0 = {if} »p = {0} > ¢
1

Now since {y¥} — §; = 0, this implies { ¥ yk} — xﬁ 0 = 0. Define for each k € N y* € R" such that

e 0 if i € L(%),
l pEyEifie L)
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Then
m P n
{Vf(xk) + Z 25vgi(xF) + Z,ufvhi(xk) + Z yikei]
i=1 i=1 i=1
{ VF(xk) + Z Afvg(x* Z PR + Y iy }

i€ly(x)

={Vf<xk>+iA?Vgi<x’<>+ S pEVhi(x Zn yl} {Z ?,"y,"} O
i=1

i=1 i€L.(X)

4.4 Numerical Methods

Just like (1.9), the relaxed reformulation enables us to apply methods developed for and
MPCC to approximate a solution of (1.2). Here we shall concentrate on the augmented Lagrangian
method from [4] 15]] and the Scholtes regularisation method from [25] 53]].

4.4.1 An Augmented Lagrangian Method

Let > 0 be a given penalty parameter. The PHR augmented Lagrangian function for (1.10) is given by

L(x ) Amnyia) i=f(x)+p(n-ey) +an((x,y), A pn v ),

where (A, i1, 17, y) € R” x R? x R" x R" and

1 A I n v
o |((s00 ) 0 (oo ) e )

2

(6, y), A p,my; @) = 5

is the shifted quadratic penalty term. The algorithm is then stated below.

Algorithm 4.59 (Augmented Lagrangian Method).

(50) Pick Amax > 0, Hmin < Hmax> Nmax = 0, Ymin < Ymax» T € (O, 1)a o >1, Zl € [O, Amax]m, /_11 €
(mins ftmax)?s 7' € [0, Nmax]™s 7' € [Vmins Ymax]™ @1 > 0, and let {ex} < R, such that {e;} | 0. Set
k «— 1.

(S1) Compute (x*, y*) as an approximate solution of
min L((x, y), ik,ﬂk, ﬁk, }7k; )
Xy
satisfying
IV LA, ), 25, 55, 75, 755 )] = e (4.18)
(Sz) Update the approximate multipliers:
e AF := max{0, gi(x®) + AF} vi=1,..,m,
o pf = ophi(x) + iF vi=1,..,p,

e nf 1= max{0, ax(yF - 1) + ¥} vi=1,..,n,
. yl.k i= akxikyik + )7ik Vi=1,...,n

(S3) Update the penalty parameter:
Define
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Tk

. Uik = min{—gi(xk), %} Vi = 1,..., m,
koo k i .

. W, .=m1n{—(yi—l),2—k} Vi=1,...,n.

Ifk=1or

U, Jh(x* )]
max { [UX|, |h(x8)], [WF|, |x*ey*]) < Tmax{ : o k1 deedn s (4.19)
{" ” ” ” ” ” ” y ”} ” Wk 1”’ ”xk 1oyk 1"

set Qg1 = ay. Otherwise set ay.1 = oa.

(Ss) Update the safeguarded multipliers:
ComPUte Ak” € [0, Amax]ms ,ak” € [,Umim ,Umax]p, ﬁkﬂ € [0, Umax]n: as well as }_’kﬂ € [)/min, Ymax]n-

(Ss) Set k «— k +1 and go to|(S)}

Theorem 4.60. Suppose that the sequence {x*} generated by Algorithm has a limit point x € R",
i.e, {x*} converges on a subsequence to X. Then the corresponding subsequence of {y*} is bounded. In
particular we can then extract a limit point (%, y) € R" x R" of {(x*, y¥)}.

Proof. Let £ € R be a limit point of {x¥}. By passing to a subsequence we can simplify the notation
and assume w.l.o.g. that {x*} — %. Define for each k € N

n n
BF = VyL((xk, Vo), Ak 75, 7 7R ) = —pe + Z ke + Z vExke;, (4.20)
i=1 i=1

where the last equality follows frorn By and since {e;} | 0 we know that {B*} — 0. Let us
now show that {y*} is bounded. First we claim that

vie{1,..,n}3d; e Rvk e N : y* < d, (4.21)

Suppose not. Then there exists an index i € {1,..., n} for which we can construct a subsequence { yf 1
such that {ylk '} — co. We can then assume w.l.o.g. that yl-k ' > 1 for each I € N. Now the convergence
of {x¥} implies that {x¥} — %;. Observe that by the sequence of penalty parameters {o;} is
nondecreasing. In particular this implies that

0<a <o VIeEN.

Hence,

ar(y = 1) + i < a (v - 1)+ 7
Since {7*} is by definition a bounded sequence, the left hand side tends to co. Hence, so must the right
hand side as well. We can then assume w.lo.g. that Otkl(y!C T-1)+ ﬁf’ = 0 for each [ € N which in turn

implies that ;71.‘1 = ak,(yik 1)+ ﬁf’, cf. From (4.20) and we then obtain

k; _ Kk ki ki
B +p=mn+vy x
——
—p
k k k\% ki ki k
= o (Y — 1)+ + o, <xil) Vil +7 %
&—JE'_/HJ
>0 >0
>0
—ki . ki

ki ki
= o, (v - 1)+ 0+ 7
_— ——
—00 bounded

J
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which leads to a contradiction. Thus, (4.21) holds. Next we claim that
vie{1,..,n}ac € RVke N : ¢ =< y&. (4.22)

Suppose not. Then there exists i € {1,..., n} for which we can construct a subsequence {y{C '} which
tends to —co. As such, we can assume w.lo.g. that yik ! < 0 for each I € N. The convergence of {x¥}
implies that {xlk} — x;. Now since o; < ay, we then obtain

a (1) v s e (7 -1)+
——

—_—
bounded

——00

——00

and hence, {ak, (yik’ - 1) + ﬁf’} — —oo. Thus, we can assume w.l.o.g. that ay, (yik’ - 1) + ﬁfl < 0 for
each I € N which, by |(S,)} then implies that 5 = 0 vl € N. Now from we obtain

k

i

ki _ ki ki ( kl)Z ki, Sk

Bkl _ ki ki _ _ ki
P FPENTYX Vi Xi =0\X; )Yty X

Case 1: i € L.(x)
Here we have

Ky
K\ K\ 2 vi'<0 W\ K K\ Kk
a\X ) = %\ X = A\ X ) Vi =X ) Y

2 2
k; k; -k _k; ki k; ki _k;

= 0, (xi ) Vi vV X = (xi ) Vi tVi X%
N’ D

B < —-00  bounded
= {Bil+p}—>p —Xj >0
—
——00
——00
which leads to a contradiction.
Case 2: i € Iy(x)
Observe that )
k, B \o ko kK Kk
B +p = (xi ) Vi tvixio = oy X
[N — (NN
—p >0 -0 <0 bounded —0
= [—
—0

This yields a contradiction since p > 0. Thus, holds. We can now define

c:=min ¢ A d:= max d;.
i=1,...,n i=1,...,n
Then we have {y*} < [c, d]* which implies the boundedness of {y*}. The assertion then follows from
Bolzano-Weierstrafy theorem. O

Just like in Section [3.4.1] we shall denote with 7 1((x, y)) the unshifted quadratic penalty term. Let
us now consider the case where the GKL inequality is satisfied by 7 ; at a feasible limit point (x, y) of
Algorithm This is for example the case if the nonlinear constraints g; and h; are analytic, see the

discussion preceeding Theorem [3.61] The following result is a direct consequence of [5, Theorem 5.1]
and Theorem

Theorem 4.61. Let (%, §) € R"xIR" be a limit point of the sequence {(x*, y*)} generated by Algorithm
that is feasible for (1.10). Assume that my; satisfies the GKL inequality at (%, y). Then % is an SP-CAKKT
point.
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As a direct consequence of Theorem and Theorem [4.32] we obtain the following

Corollary 4.62. If; in addition to the assumptions in Theorem[4.61, % also satisfies SP-CAKKT-regularity,
then x is an SP-KKT point.

In the absence of the GKL inequality assumption, the following theorem states that Algorithm
may still generate an SP-AKKT point. Note that in the theorem we do not make any assumption on

{¥*}
Theorem 4.63. Let £ € R" be a limit point of the sequence {x*} generated by Algorithm Ifx is
feasible for (1.2), then it is an SP-AKKT point of (1.2).

Proof. According to Theorem [4.60} there exists a § € R" such that (%, ) is a limit point of {(x¥,
generated by Algorithm By passing to a subsequence, we can assume w.l.o.g. that {(x*, y)
(%, ¥). Now define for each k € N

¥")
¥

—

AR = V(5 9, A8 7 7 ) (4.23)
m p n
= vf(xk) + Z /lf‘Vgi(xk) + Z ,lllkv,’li(xk) + Z yikylkel-,
i=1 i=1

i=1

where the last equality follows from and let BX be as in (4.20). By and since {ex} | 0 we
know that {AF} — 0 and {B¥} — 0. Observe that bywe have {A¥} ¢ R™. Furthermore, by
the sequence of penalty parameters {ay} is nondecreasing. In particular we then have

ar = o >0k € N. (4.24)

Let us now differentiate between 2 cases.
Case 1: {ax} is bounded.
Observe that by|(S3)| the boundedness of {} implies that

IK e NVk =K : o = ag.
Now let us take a closer look at The boundedness of { ¢y} immediately implies that
e vie{1,..,p} : {pk}is bounded,
e Vi€ {1,..,n} : {yF}isbounded.
By passing to subsequences we can assume w.l.o.g. that these sequences converge, i.e.
Cvie (Lo phi t 1) — i
e vie{1,...,n}3p 0 {yF} — 7.
Now observe that for each i € {1,..., m} we have
0= A < |agi(x®) + 2K vk e N

Thus, {AF} is bounded as well and has a convergent subsequence. By passing to subsequences we can
assume w.lo.g. that
vie{l,..,m}a : {AF} > =0

Now the boundedness of { o} and[(Ss)|also imply that

{UIY =0 A {IxFeyf]} — 0.
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Let i ¢ I;(%). By definition, {4k} is bounded. Thus, by { %} is bounded as well and therefore has

1k
a convergent subsequence. Assume w.lo.g. that { i—; } converges and denote with g; its limit. We then

have
0= lim ‘
k—o0

Ul-k“=||min{—gi(£),ai}|| = min{-g(%), a} = 0.

Since —g;(x) > 0 we then have g; = 0. This then implies that

Ak . .
{gi(xk) + Ofk} — gi(X) + a; = gi(x) < 0.

Hence, we can assume w.l.o.g. that

Ak
gi(xk) +—<0 VvkeNlN.
ai
By (4.24) we then obtain
i Ak
i gi(x*) + A = o (g,-<xk> + ) <0 VkeN.
Ak
Thus, by [(S)| we have i
AF = max {0, o4 gi(x") +1f } =0 vkeN. (4.25)

As its limit we then have 4; = 0. Now let i € L(%). Since {|x¥oy*|} — 0, we then have
0= klglgo xlkylk = ﬁi)}i = :)A/i =0.

By the definition of A¥, letting k — oo then yields

m P n
0= Vf(X)+ Y AiVgi(%) + Y aiVhi(®) + Y 7idies.
i=1 i=1 i=1
Since A; = 0 Vi ¢ I,(x) and y; = 0 Vi € I.(X), we conclude that x is an SP-KKT point. By Corollary
% is then an SP-AKKT point of (1.2).
Case 2: {a} is unbounded.

Since { @} is nondecreasing, we then have {;} — 0. Let us show that x is an SP-AKKT point. Observe
that bywe have {A¥} ¢ R™. Suppose now that i ¢ I;(x). Then

akgi(xk) + Zf < o g,-(xk) +Amax -
N —
0 g(%)<0

——00

Hence, {(xkgi(xk) + /_1{“} — —o0 and we can assume w.l.o.g. that a;g;(x¥) + A¥ < 0 for each k € N. By
we then have A¥ = max{0, axgi(x*) + A¥} = 0 for each k € N. Now let i € L.(x). We first show that
yi = 0. By n¥ = 0 for each k € N. Hence,

k k k. k k_k k. k -k k K\2 _k -k _k
Bi+p=ni+yix 2y % :(“kxiyi +Yi)xi :ak(xi) Vi tViXi.
i

Since {(xk)z} — (%;)? > 0, we can assume w.l.o.g. that (x,-k)2 > 0 for each k € N. Thus,

1 Bf+p W

A
e = Vi k-
(245 (xi )2 -  OrX;
M _’}A/i ——
-0 _, »p —0
)2 N 4
[— N
-y
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Hence, y; < 0. Then

k _f k
oy — D)+ < ok yi -1 +Nmax -
~ ————
—0 —>}7i—1<0

N J

——00

Thus, {ax(yF - 1) + 75} — —co and we can therefore assume w.lo.g. that ax(yF - 1) + 75 < 0vk € N
which in turn implies that ¥ = max{0, ax(y¥ - 1) + 75} = 0 vk € N. Now since (xl-k)2 > 0, then xF # 0

for each k € IN. Thus,
Bf +p p
{Yik} = { } - L

xik X;

Furthermore, by
k kY _ vk -k
{xi Vi } = 70% — 0.

In particular we have
0= khm xlkylk = J%iJA/i = Yi = 0.

This implies that
p .
{rfy} = coi=o0

Now define for each i € {1, ..., n} and for each k € N

1

o {yikylk if i € (%),

0 if i € L(x).
Then,
m )4 n
Ak - Z yEyKer = Vf(xF) + Z Mgk + Z,ushi(xk) + Z 7Ke..
i€L (%) i=1 i=1 i=1
—0
Thus, x is an SP-AKKT point. O]

Then as an immediate consequence of Theorem and Theorem [4.38] we have the following
result.

Corollary 4.64. If, in addition to the assumptions in Theorem[4.63 X also satisfies SP-AKKT-regularity,
then x is an SP-KKT point.

Theorem and Theorem assume that the limit point x is feasible for (1.2). The next theorem

shows that this assumption is plausible.

Theorem 4.65. Let X € R" be a limit point of the sequence {x*} generated by Algorithm Then x is
a stationary point of

min [A()J* + [g(x). |- (4.26)

Proof. We differentiate between 2 cases.
Case 1: {ay} is bounded.
By the same argument as in the proof of Theorem [4.63] the boundedness of {¢} implies that

(GO >0 A {UA} — 0.
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We then have |h(x)| = 0. Moreover, just like in Theorem for each i € {1,..., m} we can assume
1k

w.lo.g. that there exists a; € R such that {i—;} — ;. Thus, by the definition of U we then have
min{-g;(x), a;} = 0 which implies that

gi(x)<s0 <=  g(x).=0.
Hence, |g(x):| = 0. Consequently x is a global minimiser of and therefore also a stationary point
of the problem.
Case 2: {ay} is unbounded
By passing to a subsequence we can assume w.l.o.g. that {ax} — 0. Furthermore, by [4.60] there exists
$ € R" such that (%, y) is a limit point of {(x¥, y¥)}. Assume w.lo.g. that {(x*, y*)} — (3? ). Define
for each k € N AF as in (4.23) and B* as in (&.20). Then {AF} — 0 and {B¥} — 0. By|(S,)| we have

Ak p . n o
0= lim — Z max{0, g;(x)}Vgi(x) + Z hi(x)Vh;(x) + Z X (yl-)2 e;.
i=1

k—oo A i=1 i=1

Now if i € L.(x), then using the same argument as in the proof of Theorem we know that j; = 0.
Thus, x; (fq)z =0Vi=1,..., n. This then implies that

0= ) max{0, gi(¥)}Vgi(x Zh (OVh(E) = V([R@I + [g)-)) =
i=1

Hence, X is a stationary point of (4.26). O

Let us now justify i.e. we would like to investigate under what conditions the subproblems
admit solutions. Our analysis follows [17, Theorem 3.3] which employs exterior penalty method, cf.
[16]. This approach was also suggested in [31] page 393]. For the remaining of this subsection we shall
assume that f, g, and h are twice continuously differentiable.

Let x € X. We define the SP-linearisation cone of X at x as

Vgi(x)Td <0 Vi € Ig(X),
Lx(X) :={d €R"| Vhi(x)Td=0 Vi=1,..,p,
eld=0 vieIo(J?)

Suppose now that (4, i, y) € R™ x RP? x R" such that (x, A, j1, y) is an SP-KKT tuple of (1.2). We define
(&) = {ie(®) | 4>0} A L)1) :={i€L(X)] A =0}.
Clearly we have [,(x) = I;((x, 1)) Ig ((x, A)). We define the SP-critical cone as
Cx((, A v)) = {d € Lx(%) | Vgi(%)Td = 0 vi € I (%, 1)}

Definition 4.66. An SP-KKT tuple (x, A, i1, y) € X x R x R? x R" of is said to satisfy the SP second
order sufficient condition (SP-SOSC) iff

dT<V2 (%) + ZNg, Zylvh > >0 vde€ Cx((% A uy)\ {0}

i=1

Theorem 4.67. Let (x, A, 1, y) € X x R™ x R? x R" be an SP-KKT tuple of which satisfies SP-SOSC.
Then x satisfies the quadratic growth condition, i.e.

3c,€ > 0Vx € Be(X) n X = f(x) + plxlo = f(2) + pl&lo + c|x - %I

This then implies that x is a strict local minimiser of (1.2).
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Proof. Suppose not. Then we can construct a sequence {x*} ¢ X such that {x*} — % and

. o 1 .
FGF) + plxklo < £() + plR]o + Enxk ~ % vkeN.

This then implies that x* # % vk € IN and therefore, in particular, |x* - | > 0 vk € N. Hence, { x % }

=]
is well-defined and bounded with length 1. By passing to a subsequence we can assume w.l.o.g. that it

converges, i.e. 3d € R"\ {0} : {ﬁ} — d. Furthermore, by Lemma [3.6| we can assume w.l.o.g. that
|x¥o = |X]o Vk € N. Thus,

£ = 69+ p (I8 = 1810) < fR) + Ix - 5 vk e N,

—
=0

Now by the second order Taylor expansion there exists for each k € N a &¥ € [x¥, ] such that
1 1
LI = R = ) - £ = VAT - 2+ Sk - DTRE - 9 (1.27)

By assumption (x, A, y1, y) is an SP-KKT tuple. Hence,

Vf(%) = <Z AiVgi(%) + ZuNh )+ > Yi€i>~

i€l (x) i€ly(x)

Thus, by
1 T
E”xk . _< > Avgi(%) + Z,Wh &+ > y,e,) (xF - %)

i€l (%) i€lo(x)
N %(xk ~ HTRAER - 2). (4.28)
Now also by the second order Taylor expansion we have
. Vi € L(X)vk € N 30 € [x*, £] such that

xkex

0" gix) = () + V() (- 9 v (- DTV - )
SO0 )Tk - )+ (- DT - )
and hence, since A; = 0
AT - ) = Tk - TP - ),
e Vi€ {1,..., p}vk € N 3p* € [x*, 2] such that
0 hi(h) = i) + VR (- 9 v (k= TR - )
ML Gy )T (k- 8) (- DR - ),

Thus,
~Vhy(®)T (xk - %) = ”’( - D)V hi( ) (K - %),
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Now let i € I)(%). We claim that we can construct a subsequence of {x*} such that the i-th component is
equal to 0. Suppose not. Then we can assume w.l.o.g. that x¥ # 0 vk € N. Hence, i € L(x*)\ L.(%) Vk €
N. By Lemma [3.6| we then have |x¥|y = |%[o + 1. Shrinking € > 0 from Lemma [3.6| and passing to
a subsequence if necessary, by the lower semicontinuity of f we also have f(%) < f(x¥) + 2 vk €
IN. Furthermore, since {%ka - )E||2} — 0, by passing to a subsequence we can assume w.l.o.g. that
1%k = |? < £ vk € N. Hence, we have

f) + %lek ~ %[ < f") + p = f(Z) + pllo + %lek = [ < f(*) + p(1 + [%10) = F(x5) + plx“lo,

which leads to a contradiction. Thus, by passing to a subsequence, we can assume w.l.o.g. that x¥ =
0 Vk € IN. This implies that
el (xF - %)= xF - % =0vkeN.

With these considerations we obtain from (4.28))
Lok a2 1k 20.(7'F) 2 ('
It = A S - )T ) AV Zulv ) | (x* - %)
i€l (%)

and hence,

T
2 xk—3?> ) 5 2, (i <xk—3?>
— > —_— AVg l ,uV l ) ~ .
A= ( APIAE - S =

Letting k — oo then yields

Osz< ZAVg,x) Z,uth x)>

i€l (%)
P
=dT [ V(%) + Z AVigi(®) + Y pivPhi(x) ) d
i=1 i=1

To arrive at the desired contradiction, it remains to prove that d € Cx((x, A, i, y)).

Let i € Ig(x). Then by mean value theorem there exists for each k € IN yk € [x*, ] such that
0 kaEX gi(xF) = gi(x®) - gi(%) = Vgi(y**)T(x* - X). Thus, Vgi(y>* T||§k ﬁu < 0. Letting k — oo yields
Vgi(x)Td < 0.

Let i € {1,...,p}. By mean value theorem there exists for each k € N z5F € [x*, ] such that
o ¥ oEeX hi(x*) = hi(x) = Vhi(z"K)T(x* - %) and hence, 0 = Vhi(zi’k)T"ﬁ:ﬁ". Letting k — oo yields
Vhi(x)Td = 0.

Let i € I)(X). We have already shown that x¥ = 0 vk € N. Hence, 0 = \Ifck ’;‘” =el "f;:;?”. Thus, letting
k — oo yields el d = 0.

By mean value theorem for each k € IN there exists ok e [[xk x| such that %”xk -x? > f(x k )-f(x) =
VF(0%)T (x* - %). Thus, %"xk - %] > VF(6F) T”xk x” Letting k — oo yields 0 = Vf(x)Td. We have shown
that Vg;(x)'d < 0 Vi € [y(X). Now we claim that Vg;(x)'d = 0 Vi € I;((x,4)). Suppose not. Then
JeL((x ) : Vgi(%)Td < 0. Since (%, A, y, y) is an SP-KKT tuple we obtain

0=Vf® d+ > Avg(x Z,uth Td+ Y yield

e (%) — k() *—f—*

< > AWVg®'d
i€l ((%,0)
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= Y AWVg®Td+ A Vg(d)d

el (XN} I —

>0 <0
< Z Ai Vgi(x)'d
iely (RN} :T

<0,

a contradiction. Hence, Vg;(x)'d = 0 Vi € I;((x, 1)) and therefore, d € Cx((x, 4, p, y)). This leads to
the desired contradiction and we conclude that the quadratic growth condition holds at x. This further
implies that % is a strict local minimiser of (1.2). O

To prove the next result we follow [17, Theorem 3.3]. Some parts of the proof are adapted from [16]
Theorem 1, Theorem 2], see also [[15, Theorem 5.1, Theorem 5.2]

Theorem 4.68. Let(x, A, 1, y) € XxR*xRPxIR™ be an SP-KKT tuple of which satisfies SP-SOSC. Then
there exists & > 0 such that if &y = & then there exists a sequence {(x*, y*)} generated by Algorithm
such that {x*} — %.

Proof. By Theorem there exist c, € > 0 such that
f@) + pl&lo + clx = £1* < f(x) + plxlo ¥x € Be(%) n X.

Hence, x is the unique global minimiser of

min f(x)+p|xfo st x€BenX. (4.29)
x€R? 2
Define y € R" such that
.0 ifieL(x),
A if i € I(%).
We claim that (%, y) is then the unique global minimiser of
min () +p(n-eTy) st (xy)€Be((% ) nZ (430)

x,yER"

where Z denotes the feasible set of (1.10). Since X € X, by the proof of Theorem we know that
(%,y) € Z and hence, (x, y) is feasible for (4.30). Now let (x, y) be another feasible point of such
that (x, y) # (X, y). Observe that since (x,y) € Z, Theorem then implies that x € X. Moreover,
since (x, y) € Bg((f, y)), then x € Bg(fc) Thus, x is feasible for (4.29). Now since (x, y) # (X, ), then we
have x # x v y # y. We differentiate now between 2 cases.

Case 1: x # X

We have shown that x is feasible for (4.29). Now by Lemma [4.48| we then have

fG)+ pln = e §) = &) + plklo < fx) + plxllo = f(x) + p(x - €T y).

Case 2: x = x

Then we have y = y. Let us now investigate on which components they can differ. Observe that since
x = x then we have L. (x) = L.(x). Thus, by the feasibility of (x, y) and (, y) for we obtain for each
i € L(x) that y; = 0 = y;. We can therefore conclude that y and y differ on [j(x), i.e. there exists j € I)(X)
such that y; # y;. By definition we have y; = 1. On the other hand, the fact that (x, y) € Z implies that
yi = 1for each i € {1,..., n}. In particular, by the definition of y, this means that y; < 1 = y; Vi € (%).

Now special for j we then must have y; < 1 = y;. Summing over Iy(x) then yields Z Vi nzy Z Vi
I'EI()()%) iGIQ(JE)
and therefore, since y; = y; = 0 Vi € L.(X)

n n
Zyi<Zj;i = ey<e') = n-ely<n-ey.
i1 i1
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As such )
f@) +p(n—ely) > f(x) + p(n - €'9) =" f(2) + p(n - e ).
We can now conclude that (x, y) is the unique global minimiser of (4.30).
Shrinking e if necessary, by the continuity of g we can assume w.lLo.g. that g;(x) < 0 for each
x € Bc(X) and for each i € I;(x). Moreover, we can also assume w.Lo.g. that for each i € L(x) we
have y; < 1 for each y € Be(). Now let @ > 0, A € [0, Amax]™, & € [fhmin> fmax)?> 71 € [0, Tmax]", and
7 € [ ¥min> Ymax]"- Consider
min L) ARaTia) st (o) € By ) (431)
The PHR augmented Lagrangian function is clearly continuous. Moreover, the constraint set is compact.
Hence, admits a global minimiser (x, y)(/_l, i, 7, 7, @). Now we claim that there exists & > 0 such
that for each @ = @ we have
(x, )4 1. 7 ¥, @) € Bs((%, y)). (4.32)
Suppose not. Then we can construct a sequence of penalty parameters { x } which tends to o such that
for each k € IN we have for the corresponding global minimiser (u*, w¥) : = (x*, y*)(A, 4, 7, 7, @) of
that (u*, wk) € Bg((fc, ¥)) \ B<((x, y)). This implies that Ik, wk) = (%, 9)| = £. Now since {(uF, wF)} is a
bounded sequence, by passing to a subsequence we can assume w.l.o.g. that it converges, i.e. there exists
(u, w) such that {(u*, w¥)} — (u, w). By the property of (u, w¥) we then must have |(u, w)- (%, y)| = £
This implies that (u, w) # (£, ). Now observe that since (u¥, w¥) is a global minimiser of and
(x, ) is also feasible for the problem, we then have

L((u*, wh), A, 1, 7, 73 o) = L((R9), A 1, 7, 75 ae)- (4.33)

Recall that (x, y) € Z. Let i € {1, ..., m}. Then

5 A 3 3 7N\ 2 70N\ 2
Ai A = o Ai Ai o Ai Ai
gi(x) < 0= gi(x)+ — =< — 5 0 < max{o,gi(x)+ } < — = (gi(x)+ ) < () .
ak @

Ak

N2 -2
This implies that (g()%) + %) < Haik” .Now let i € {1,..., p}. We have
. 2 . 2
hi(®) = 0= hy(®) + P12 B (hi(yz)ﬂl) - (“) .
(243 (243 (443 (243
Thus, [h(®) + £|* = | 2], In similar fashi btain that |(§- e+ 1) | < |2 and |25 + L[ =
us, X o =la] n similar rasnion we ooptain a y-—-e ), =l an Xeoy % =
2
al . As such,
2
. o [(s02) [ oo
L%, 9). AL i, Pr ) = f(R) + p (n—e'P) 2
(y—e+'7) +fcof;+l
a ), o

. A S e 7
sf<x>+p<n—eTy>+2(2+z+2+Y2

ay QA ay ay

gy p(n-eTg) o (B0 BEL I 1)

Ak Ak Ak Ak

From (4.33) we then obtain
f(uk) + p( —elw ) f(u (n - eka) + akﬂ((uk, wk), )_L,ﬂ, i, Vs o)
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= L((uF, W), A, 1, 7, 75 o)
< L((X, 9), 1, 7, 75 o)

2 A2 19 12
g6 ep(n-eti) g (e B0 1)

2 Qx Qg ax

Letting k — oo yields f(u) + p(n - eTw) < f(xX) + p(n - e'). To arrive at the desired contradiction, it
remains to prove that (u, w) is feasible for (4.30). Recall that |(u, w) - (x, y)| = §. Thus, we only need to
show that (u, w) € Z. Suppose not. Then as measure of infeasibility we have |g(u).|* + |A(w)|? + |(w -
e)+|? + Juew|? > 0. Since

T
(g(uk)+aik) +
_ ’ 2
+ (wk—e+a—”k) +

P

Hh(uk) o f

ax

T — g + [P + [(w = )] + [uow]® > 0

Hu owk + L
3

and

(s0+2) |
2

(eri) -
we can assume w.Lo.g. that there exists d > 0 such that for each k € IN we have
BN

(e 2).

(wk_e+%)

0h B+ L

o1 2 g+ IR + G - )l + %291 = 0

Y
xay+a—k

+

\

+ ”h(uk) + aﬁk ’

2

H(g(fc) " aik) C. (i) + £

) 2
(o)) -
H ),

+ + Hukowk + L +
(493

A A l
Xoy + o

Thus,

+ Hh(uk) + aﬁk ’

L, wE) A 1 7 75 ) = () + pn - e"wh) +

2 2 ;
wk — e+ '7) +“ukowk+l
a ), a
Hg>+ N Ers
f()+P”—e Y)+ Y
—e+" +xoy+alk
Tok)

+ f(uF) + p(n - eTwF) - f(%) - n—ey)

a d k k
TR AR R T B A ACOAY )
= L((%, §), A i, 7, 75 o) ( ’ —f®) - p(n-eTy) ) .

Observe that {o%d + f(uk) + p(n - e wk) - (%) - p(n - eTf/)} — o0. Hence, we can assume w.l.o.g.
that it is positive for each k € IN. Consequently,

L((w5, whY, A, i, 7, 73 o) > LAE, ), A i, 7, 75 o).

Thus, (u¥, w¥) cannot be a global minimiser of (4.31). This leads to a contradiction. Therefore, (u, w) € Z
and we arrive at the desired contradiction since (u, w) # (x, y) and (%, y) is the unique global minimiser
of (4.30). Hence, there exists & > 0 such that for each a = & holds. Now if we pick ¢; > & and we
let for each k € N ¥ € [0, Amax]™, /Jk € [fmin> Pmax )P, ﬁk € [0, 7max]", }7k € [Ymin» Ymax]", and (xk’ yk) as
the global minimiser of the corresponding (4.31), then, since holds, (x¥, y¥) is a local minimiser
of

min - L((x, y), A, i, 7, 7%; )
x,yeR"
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as Be ((%,9)) is an open neighbourhood of (x¥, y¥) in which it minimises the above problem. Thus,
Vi L(GeF, y9), 4K, G*, 75, 7% a) = 0 and is trivially satisfied for any {ec} — 0. )

It remains to show that {x¥} — %. Since {(x*, y¥)} < Bg((}?, y)), by the compactness of Be ((x, ),
{(x*, y%)} has a convergent subsequence in B;(()?, ¥)). By passing to this subsequence we can assume
w.lo.g. that {(x*, %)} converges i.e. (%, y) € Bg ((%,9) = {(x*,y5)} — (%, 7). Now if {a}} is unboun-
ded, then by[(S;)] we can assume w.l.o.g. that {ax} — co. Using similar argument as before we can prove
that (%, j) = (&, y). Hence, in particular {x*} — %. Now consider the case where {a}} is bounded. We
shall prove that (%, y) = (%, y). Recall that (, ) is the unique global minimiser of (4.30). Hence, if we
can show that (%, y) is also a global minimiser of , then the claim follows from the uniqueness. The
sequences {AK}, {7}, {7*}, and {7¥} are all bounded. Thus, by passing to an appropriate subsequence
we can assume w.l.o.g. that they all converge, i.e. EI(/_L a0, 7) ¢ {(/-lk,ﬁk, ﬁk, )7")} — (/-1, i, 7, 7). Fur-
thermore, by[(Ss)| the boundedness of {a} implies that there exists K € IN such that @ = ax for each
k = K. Now by we then have that

+ h(x) = lim h(x*) = 0,
o Vie{l,...,m} : min{—g,-()?),j—l"(} = klgrgo Ul-k =0 = gi(x) =0,
o Vie{l,...,n} : min{—(j/i - 1),2—;} =limk — ooI/Vik =0 = y; =<1,
o Xoy = klgrgoxkoyk =0.
Hence, (%, y) € Z and is therefore feasible for (4.30). Observe that

<e = gi(x) < 0Vi¢L(x),

Do

o Jx - x| = x 9) - (9l <

<€ = j<1VieL(x).

Nom

<y -l =1 9) - (&9l <

The preceeding discussion then implies that

1 -8i(x)>0 3.
e VigIg(X) : min{—gi(f),o’}—;} =0 gg 0’}—1‘{ =0,
~ . _ i 1-y;>0 4.
-ViEIi(x):mm{—(yl-—l),g—l’(}zo = Z—I‘(zo,
Now by definition we have for each k € IN that
ky, A ky . A
(g(x)+—> + | h(x®) + =
F(xky + pn - €Ty + 2 “* H o ,
2lif(yh-es I U
y e o X y ax
N /1]( N k
) S (g(x) + a—k)+ + Hh(x) + ﬁ—k
< f) +pn-ey)+ ’ o
+<j;—e+g—k> +)ACOJA/+ZT<

Letting k — oo then yields

f(x) + (n—eT')+a—K (3'c)+i 2+ £2+ '—e+i 2+ Lz
P YT & ag /., ak Y ak /), ax
- 2 2
A i | 7 7 2
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’7 2
(- 2)])
(-2)

which leads to

2
+

A
<g(3€)+ OfK)+
A
<g(x)+ 0[K>+

f@ + pln - T5) + = <‘

2

=

+

2
N ~ 0K
sf<x>+p<n—eTy>+2< )
Recall that
o Vi g Io(x): :}—I’( = 0. This implies that
- max {O,gi(f) + j—}’(} max {0, gi(%)} ¥ @0 0,
- max {0, gi(%) + j—[’(} = max {0, gi(x)} 820 .
o Vi€ L(x): ;7—1’( = 0. This implies that
- max{O y~—1+ai;} = max {0, y; - 1} "
yi<1

- max{O )7-—1+ai;}=max{0,j/i—1} = 0.

Hence,
Z 2 . 2
f&E)+p(n-e )+ ;(Z((x+> +Z(3‘/,~—1+’7’>>
i€l (%) oK i€l(®) K/ +

9 _\ 2
K i
=f@+on= et 2<lezg(x <0‘K> +i6§5€)<aK>+)'

Now observe that since (x, y) € Z

Vi€ I(X) : gi(%x) = 0. Thus,

- 2 _ 2
~ if gi(%) = 0 then (gl.(;c)J, i?) _ (0%) ’

+ +

. _ . N\ L -&i(%)>0 7.
- if gi(¥) < 0 then min {—gi(X), OTI’(} =0 = £L =0. Hence

aK

maX{O,gi(JE) + Ai} max{0, g;(x)} 820 _ max{o, "}'
ag

oK
L) 12
In both cases we have (gl(x) ) = (—’) .
e Vi€ Ip(x) : j; < 1. Thus,
N2 N2
—ifyizlthen(yi—1+(;7—l‘() =(;’—;<),

T~ . _ 5 1-9;>0 =
-ify <1 thenmm{—(y,- - 1),i} =0 = O'ZT'( = 0. Hence

aK

max{O,j}i—1+m} = max{0, j; - 1} "= =max{0 ’71}
aK ak
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N2 N2
Y Ui i
In both cases we have (y,» -1+ @)+ = (@)+

This leads to
f&) +p(n-e"y) < f(£)+ p(n-e'P).

Since (x, y) is the unique global minimiser of and (%, y) is feasible for (4.30), then we must have
(%,7) = (%, ). Thus, {x*} — %. This completes the proof. O

4.4.2 A Two-sided Scholtes Regularisation Method

To relax the orthogonality constraint xey = 0 of we shall now consider a variant of a two-sided
regularisation method introduced by Scholtes, see [53], and further developed in [25]. Translating this
method to the relaxed programme means that instead of solving the problem directly, we solve a
sequence of regularised problem NLP(T)

min f(x)+p (n - eTy) st. gix)=0 Vvi=1,..,m,
x,y
hi(x) =0 s P
yi<1 Vi=1,...,n (4.34)
xiyi<st; Vi=1l,..,n
n

—XiYi = L, Vi=1,..,

1

with a vector of regularisation parameter T = (t*,¢”) € (0,00)*". Thus, instead of having only one
regularisation parameter t € (0, c0) going to zero, we introduce two parameters t;, t; > 0 for each pair
(x1, yi). The idea behind this is to be able to drive only those bounds ¢/, t; to zero, which are needed
to ensure feasibility of the limit of solutions of a sequence of NLP(T}). More precisely, let Ty > 0 and
(x¥, y¥) be a KKT-point of NLP(T}) and o € (0,1). Then we update the regularisation parameter Ty as
follows:

(at;”k, ti_’k> if xFyk >0
(e gty = (65 o) iyt <o, (4.39)
+k -k ek k
(t. s ) if xy = 0.

1

The limit of such a sequence of KKT-points (x¥, y¥) is then feasible for (1.10). But compared to a one-
sided relaxation method, the feasible set of NLP(T}) might possess better properties as not all parameters

t7, t; are necessarily driven to zero.

In the exact case, i.e. under the assumption that in each iteration k € IN we are able to compute an
exact KKT-point (x¥, y¥) of NLP(T) we obtain the following convergence result.

Vi

Xiyi = —t;

0
Xiyi Sﬁ\

Figure 4.1: Illustration of the two-sided Scholtes regularisation method
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Theorem 4.69. Let {(x¥, y*)} be a sequence of KK T-points of NLP(T}.) where Ty is updated according to
the rule (4.35). Suppose that {x*} — %. Then % is an SP-AKKT point of (1.2).

We omit the proof since it is similar to the inexact case which we will handle next.

Theorem 4.70. Let {e;} | 0 and {(x*, y¥)} be a sequence of e,-stationary points of NLP(T;) where Ty is
updated according to the rule (@.35). Suppose that {x*} — X. Then % is an SP-AKKT point of (1.2).

Proof. By assumption, for each k € IN there exists (A, ¥, 5, y**, y=K) € R™ x R? x (R")® such that

m
(sc1) )+ Y Afvgi(xh) Zuf‘Vh Zn yiei- Zyl yiei < e,
i=1

pe+Zmez+Zn xfe; - Zn xfe

(sc3) Af‘ > —e, gi(x") = g, |/ll’»‘gl~(xk)| <€ Vi=1l,..,m

(sc2) < €,

(scq) |h,-(xk)| <€ V=1,...,p,

(scs) nF=-er, yi-1<e, |pfGF-1<e vi=1,.,n,

(sce) 52—, xFyF -t R <o, IRy -t < e vi=1,...n,

(sc7) yi_’k > -6, —xFyk- ti_’k < €, |yi_’k(—xl-kyl-k - ti_’k)| <€ Vi=1,..,n

Observe that since {e} | 0, by letting k — co we obtain from|[(scs)|and [(scs)| that
gix)sovi=1,....m A h(x)=0Vi=1,...,p.

Hence, x is feasible for (1.2). Define

n n
F(xk) + Z Mg + Zu"Vh )+ v vt Y vt yfe
i=1 i=1
= —pe + Z ;e + Z v kxKe; - Z vk xKe;.
i1

Byandmwe have {A¥} — 0 and {B*} — 0. Now let i ¢ I ,(x). Then gi(x) < 0. Since
{g/(xF)} — gi(X) we can assume w.l.o.g. that g;(x*) < 0 for each k € IN. This implies that |g;(x*)| > 0

and thus, from [(sc;)| we obtain for each k € N

(4.36)

0= 2] = A} =0 = {4vah} —o.

g ( ")I
Let us now define for each k € N AF € R™ such that

ik M ve ifi€ (%),

' 0 if i ¢ L(%).

By {;1{‘} c R". Now since {e} | 0, we then have for each i € L,(X) that {eVgi(x*)} — 0. From
we obtain

Ak = Ak Z Ang,-(xk)+ Z 6ngi(xk)

igly () i€l (%)
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n
ky 4 Z )L + ek)Vg, X ) Z,Uth ) Z Y yl €~ Z Yl yl i
i€l i=1 i=1

n

p n
k7 gi(xk) + Z HEVR(xF) + Z ykyke; - Z vk yke;. (4.37)
i1

i=1 i=1 i=1

NgE f‘
N

= Vf(t) +

Observe that by definition we have {A*} — 0. Now let i € L.(%). Since %; # 0 and {xF} — fcl, we can
assume w.l.o.g. that x* # 0 for each k € N. Fromandwe obtain that ¢, ke < xkyk <t ktep
for each k € N. Now since o € (0, 1) by (4.35) {¢,""} and {t } are nonincreasing sequences. Hence, in
partlcular we have for each k € N that £ < ¢! and -t;"! < -¢; k. Thus we have -t7 — e < xkyk <
t7! + € and therefore, the convergence of {ek} 1mmed1ately implies the boundedness of {xfyF}. By
passing to a subsequence, we can assume w.l.o.g. that {xfy¥} converges, i.e. 3z € R : {xFyf} — 2.
We claim that z = 0. Suppose not. We only consider the case where z > 0. The case where z < 0 can
be handled analogously. Now since {xFyk} — z > 0, we can assume w.lo.g. that xk yl > 0 for each
k € IN. Since o € (0,1), by (4.35) it follows that {t 1 0. By |(scs)| we have xfyF < k4 e for each
k € IN and hence, by letting k — oo we obtain z < 0, a contradiction. Hence, z = 0. Then we have

1 . 1 . 1
lim y* = lim —kxl-ky,k= lim — - lim xFyk=—.0=0.
k—o0 k—o0 X; k—oo x¥ koo X;

1

Thus, {|y¥ - 1|} — 1 and we can therefore assume w.l.o.g. |y~ - 1| > 0 that for each k € IN. Hence, from
we obtain

€k
OSI’ﬂfIslk_1| {nf} —o.
i
From (4.36) we have
Blf+ _pk
k k +wk -k k itP- 0k +k -ky. k
Bi+p-ni=(i"-vi")x; = —— =" -y

1

. Bip—nk
Since {B} — 0, we have {%} N f Thus,

i

+k -k P ny p
{oi -, )yf}={ : yl} -2 .0=0.
x- Xi

Now define for each k € N ¥ € R" such that

LTty yE it b,
' 0 if i € ().
From (4.37) we obtain
A= A= (P -y ke
iel.(%)
= Vf(xh) + Z Afvgi(x*) + Z VR + Y (7 -y ke
i€lp(x)
= Vf(x") + Z AFvgi(x*) + Z pEVhi(x") + Z ii‘e:
Since {A} — 0, the assertion then follows. O

An immediate consequence of Theorem is the following
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Corollary 4.71. If, in addition to the assumptions in Theorem[4.70, X also satisfies SP-AKKT-regularity,
then x is an SP-KKT point of (1.2).

In order to solve the regularised problems NLP(T), we need to make sure that they, possibly contrary
to the original relaxed problem (1.10), satisfy suitable standard constraint qualifications. To simplify
the notation we define for each feasible point (x, y) of NLP(T)

I+((x’y)) zz{i€{1>""n}|xiYi=ti+} A I—((x’y)) :={i€{1"“’n}|_xiyi=t;}'
Since T > 0 obviously we have
L((x, y)) n L((x, y)) = @. (4.38)
Theorem 4.72. Let x € X such that SP-CPLD holds at x. Then there exists € > 0 such that for all T > 0
the standard CPLD for NLP(T) is satisfied at every feasible point (x, y) of NLP(T) with x € Be(x).

Proof. Suppose not. Then there exist { Ti.} < (0, 0)?" and {(x¥, y¥)} < R" x R" such that {x*} — % and
for each k € IN (x¥, y¥) is a feasible point of NLP(T}) which does not satisfy CPLD. Then for each k € N
there exist I} ¢ Ig(xk), IFc{1,..,p}, IF < L(YY), IF < L((x*, y)), Isk c L((x*, y¥)), and

(Af 20(ield) pf(iel) nf=0GeL), vy =0(el) y =0(el >) (4.39)
such that
k Vgl x") y €i y €
0= Z A Z,ul 0 + Z n; Z v xl el Z Vi xl-ke, ) (4.40)
ielf i€lf i€lf i€lf ! ielk !

as well as (u*, wk) € B%((xk, y¥)) such that the family
Vgxuk) ook (VRG] e 0] e
(i€ L), 0 (i€L). e; (i€ L),

k k
wie; K -wie;
el oen 55

is linearly independent. (4.41)
(ie )

vl vl

Now observe that the index sets are all finite. Hence, by passing to a subsequence we can assume
w.lo.g. that there exist I; ¢ {1,...,m}, L c {1,...,p}, 5, I, 5 c {1,..., n} such that for each k € IN we
have I; = Ijk for each j € {1,...,5}. Observe that by (@.38) we have If n I¥ = @ for each k € N and hence,
we also have I; n s = @. From (4.40) we then obtain

+,k -k
0= Y AVgi(x") + > plvhi(x) + Y v yFe - Y viFyle (4.42)
i€l i€l i€ly i€l
and
0= Z ke + Z y;’kxikei - Z y{’kxike,». (4.43)
i€ly i€ly i€l;

Let i € ;. We now claim that 7¥ = 0 for each k € N. Suppose not. Then there exists k € N such that
n* > 0. We differentiate between two cases.

Case 1: i e LUl

From (4.43) we then obtain ¥ = 0, a contradiction.

Case 2. i€ I4u15

Then we have i € Iy v i € Is. Assume that i € I;. The other case can be dealt with analogously. Since
L c Il(yk) we have y, = 1. Furthermore, since I; < L ((x¥, y¥)), we also have xkyk = ¢ k. Hence,
xk = t7% > 0. From (&43), since y;"* > 0 we obtain

0< ryi-‘ = —yf’kxks 0.

1
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This leads to a contradiction
Hence, we conclude that ¥ = 0 for each k € N. Consequently, from (4.43) we then obtain

yikxk=oviel, A yfxF-oviel

since I, n I = @. Now let i € I,. Since I; < I,((x*, y¥)) we then have xFyF = ;r’k > 0 and hence, in
particular xF # 0. This implies that yl+’k = 0 for each k € IN. Similarly we obtain for each i € I that
y7* = 0 vk € N. Thus, from (#42) we have for each k € N that

0= > AVgi(x") + > piVhi(x (4.44)

i€l i€el,

k /s k /s
By (4.39) we then have (A¥ (i € L), pf (i € L)) # 0. The sequence {%} is then well

defined and bounded. By passing to a subsequence, we can assume w.l.o.g. that it converges, i.e.

(AF(ieh), pF(ie b))
[(AF (i € L), pf (i€ I))|

AN GEL), fi(ieh)#0: {| } — (A (i€ L), i (i € b))

Observe that since A¥ > 0, we then have A; = 0 as well. Dividing by the norm and letting k — oo
then yields
0= AVgi(R) + > fiVhi(%).
il ich,
Observe that for each k € IN we have I} c Ig(xk). Hence, for each i € I; we have gi(x*) = 0 and therefore,
by letting k — oo, gi(X) = 0. Thus, I; c I;(x). Furthermore, by definition we have {uF} — % and by
(4.41)
{Vgi(uF) (i € I), Vhi(u*) (i € L)} is linearly independent.

This contradicts the assumption that SP-CPLD holds at x. The proof is complete. O

4.5 Numerical Experiments

In this section we shall benchmark the performances of ALGENCAN, the adaptation of the original
Scholtes regularisation method [53] to (1.10), and the two-sided Scholtes regularisation method from
Section [4.4.2) against the global solver CPLEX [24]. The only difference between the original Scholtes
regularisation method and the two-sided version from Section is that for the original Scholtes
method we decrease both regularisation parameters " and ¢~ in each iteration. Hence, the proof of
Theorem[4.70| can be easily adapted for the original Scholtes method.

For our numerical tests, we consider the following sparse robust portfolio optimisation problem
which is adapted from [[18| Section 4]

min cg\/xTQx — p Tx+plxfo st efx=1,0=<x=<u, (4.45)
x€R"

where Q and y are the covariance matrix as well as the mean of n possible assets, e’ x = 1 is the budget
constraint, and cg is as given in [18, Table 1]. The only difference between and the problem
considered in [[18]] is that here we instead penalise the lj-norm with a sparsity parameter p. Just like
in [18], the test problems are generated using the data from [32]] and consist of 3 different dimensions,
namely n = 200,300, and 400. In our experiments we set f = 0.9 and p = 1.0 and we considered VaR,
CVaR, RVaR, and RCVaR. These result in 360 test problems. All experiments were conducted using
Python together with the Numpy and the Scipy libraries. The constant cz is computed in the case of
VaR and CVaR using Scipy. We applied ALGENCAN, the Scholtes method, and the two-sided Scholtes
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variant to the relaxed reformulation (1.10) of (4.45). In order to solve (4.45) with CPLEX, we employed
the following mixed-integer quadratically constrained reformulation of (4.45)
T

min cgv - yTx + peTz st. e x=1,
X,Z,W,0V
0 < x < uez,
z€{0,1}", (4.46)
0=,

w = Q%x,

0% > wlw.

For each test problem we called CPLEX through the DocPlex interface, ran it with a time limit of 300
seconds and set cplex_parameters.emphasis.mip to 1. Asa start vector, following [[18] we used
x° = 0 and z° = e. For each test problem we observed that CPLEX always hit the time limit. As a sub-
solver for both regularisation methods we used the for academic use freely available ESA SQP solver
WORHP version 1.14 [22]] called through its Python interface. We called WORHP with user-supplied
sparse gradients of the objective functions, sparse Jacobian of the constraints, as well as the sparse
Hessian of the Lagrangian. Moreover, we set the parameter MoreRelax to True. Since ez corres-
ponds to n - e’y in (1.10), as a start vector for both regularisation methods we used x° = 0 and y° = 0.
We terminated both regularisation methods if either T < 107® or [x*oy*|., < 107 and ¢ was chosen
to be 0.1. As for ALGENCAN, we used ALGENCAN 2.4.0 compiled with MA57 library [37] and called
through its Python interface with user-supplied gradients of the objective functions, sparse Jacobian of
the constraints, as well as sparse Hessian of the Lagrangian. Throughout the experiments we skipped
the acceleration steps as these would have turned ALGENCAN into a Newton method instead of Al-
gorithm in the vicinity of a solution. In our preliminary tests, using x° = 0 as the initial value for
x, ALGENCAN kept generating VEVALHL warnings in the beginning even though it eventually man-
aged to converge. Indeed, if x = 0 we would then have to deal with division by 0 when evaluating the
Jacobian and the Hessian of the objective function. It seems that ALGENCAN, in contrast to WORHP,
had a hard time coping with such degenerate cases. Thus, for ALGENCAN, as a start vector we instead
used x° = numpy.ones(n) / numpy.nan_to_num(numpy.inf), which roughly corresponds
t0 5.562684646268003 - 1073 - ¢, and y° = 0. Additionally, we converted any NaN and +co encountered
by ALGENCAN into a finite value using numpy.nan_to_num. For each test problem we also used
the keywords TRUST-REGIONS-INNER-SOLVER and HESSTAN-APPROXIMATION-IN-CG in the
ALGENCAN’s parameter specification file. This, if the author has understood correctly, means that we
set the trust-region method [10] as the default inner solver and the truncated Newton method with Hes-
sian approximation as the fallback solver if ALGENCAN encountered difficulties in computing the true
Hessian. For the most part this leads to a good result for ALGENCAN. The only exception is problem
orl400_05_b for RVaR. Hence, for this problem only we replaced HESSTAN-APPROXIMATION-IN-CG
with INCREMENTAL -QUOTIENTS-IN-CG in the parameter specification file which lead to a massive
improvement in terms of the attained objective function value. In our experiments we also observed
that ALGENCAN converged the fastest as one would expect.

Let us now present the results of our experiments. Just like in Section 3.5 as a performance meas-
ure for the considered methods we compared the attained objective function values and generated a
performance profile as suggested in [27], where we set the objective function value of a method for a
problem to be oo if the method failed to find a feasible point of the problem within a tolerance of 107°. As
can be seen from Figure for n = 200, the two-sided Scholtes regularisation method seems to be the
least successful solver and ALGENCAN came as the second worst. The Scholtes regularisation method
seems to be competitive with CPLEX and even managed to clearly outperform CPLEX for RCVaR200.
Let us now consider the case where n € {300,400}. Here the two-sided Scholtes regularisation method
behaved for the most part in a similar way to its original counterpart with the two-sided variant having
the edge over the original in the cases of RCVaR300 and RCVaR400. These two methods outperformed
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both ALGENCAN and CPLEX. As for ALGENCAN, with the exceptions of VaR300 and RCVaR300, it

managed to outperform CPLEX.
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Figure 4.2: Comparing the performance of ALGENCAN, the regularisation methods, and CPLEX for

(4.45)
Since CPLEX did not perform well for n = 400 within the given 300 seconds time limit, we tried
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to increase the time limit to 600 seconds for this case to see if there is any improvement. However,
even after doubling the time limit, we observed that CPLEX seemed to mostly get stuck and could not
improve the attained objective function values. Consequently, as can be seen from Figure CPLEX

still gets outperformed by the other solvers.

Figure 4.3: Performance plot of the objective function values for n = 400 with a time limit of 600 seconds

for CPLEX

For our numerical tests, in terms of the objective function value, we can conclude that the original
Scholtes regularisation method has the best overall performance. This is even more remarkable given
that it always managed to converge to a good solution within a small fraction of the time limit that is

allocated for CPLEX.
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Chapter

Final Remarks

Let us now discuss some possible future research directions for and (1.2). In Chapter [3] we have
derived sequential optimality conditions for and investigated some of the methods which can the-
oretically converge towards a point satisfying these conditions when applied to the relaxed reformula-
tion (1.9). As highlighted in [21], however, has a major drawback, namely that a local minimiser
of may not be a local minimiser of (1.1). Thus, it seems natural to ask whether we can construct
an algorithm which can be applied directly to and produces a point satisfying at least one of the
sequential optimality conditions introduced in Chapter 3] The proof of Theorem [3.9 provides us with
an algorithmic insight, namely that we may be able to combine techniques from [11} [15] to construct
such an algorithm. In each iteration we only penalise the nonlinear constraints of (1.1). The objective
function of the resulting subproblem is continuously differentiable and S is the only constraint left.
Thus, the subproblem can theoretically then be handled using methods from [11]]. It is then easy to see
that if we are able to compute a BF-vector of the subproblem in each iteration and the thus generated
sequence has a feasible limit point, this limit point must at least be a CC-AM-stationary point. The
question now is whether the subproblem is computationally tractable. We will leave this for future
research.

In Chapter |4/ we have seen that in some cases like Example may possess too many local
minima. Thus, it seems natural to ask if we can derive a necessary global optimality condition for
(1.2). The relaxed reformulation may offer us such possibility. In Chapter [4 we have seen that the
solution sets of and coincide. Now observe that the constraints associated with the auxiliary
variable y in are all polynomial in nature. Thus, if the constraints g; and h; are polynomial as
well, then techniques from [39] could perhaps be applied to derive global optimality conditions for
which hopefully can then be incorporated as a stopping criterium for solvers like ALGENCAN
and WORHP to prevent convergence to a suboptimal solution. We shall leave this as future work.
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Appendix

Equivalence of Sequential Optimality Conditions

Here we shall take a look at a sequential optimality condition called AW-stationarity which was in-
troduced in [44]. This condition was derived utilising the relaxed reformulation of (1.1) from [21]], i.e.

min f(x) st x€X, n-ely<s 0<y=<e xoy=0, (A1)
Xy

which is simply (1.9) along with the constraint y = 0. Let us now compare CC-AM-stationarity with
AW-stationarity. First we recall the definition of AW-stationarity from [44].

Definition A.1. Let (x,y) € R" x R" be feasible for (A.1). We say that (%, y) is approximately weakly
stationary (AW-stationary) for iff there exist sequences {(x*, y*)} ¢ R" xR", {1k} < R™, {4*} c R?,
{ZG} <R, {y*} < R", {vK} < R", and {5*} < R" such that

@ {5 YN} — (&9),

(b) {Vf (xF) + Z Ang, Zkah k) + Zn: yikel} — 0,
i=1
(c) {—gvke - Zn: vl-kel- + Zn: qfe,} — 0,
i=1 i=1

(@) vie{l,...,m} : {min{-g(x"),2k}} — o,
(e) {min{—(n -s- eTyk), évk}} — 0,
() vie{1,...,n} : {min{|xF|,|y¥|} } — o,
(g) Vie{1,..,n} : {min{yf[vf]}} =0,
(h) vie{1,..,n} : {min{-(yf - 1),75}} — 0.
Next we derive an equivalent formulation of CC-AM-stationarity.

Proposition A.2. Let x € R" be feasible for (1.1). Then x is CC-AM-stationary iff there exist sequences
{x¥} < R™, {A*} < R™, {4F} < RP, and {y*} < R" such that

(@) {x*} — %,

®) {vfex) + ZA"Vg, Zuth Zy, e} =0,

107
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(c) vie {1,...,m} : {min{—g,-(xk),)tl’-‘}} — 0,
(d) vie {1,...,n} : {min{|xik|,|yl~k|}} — 0.

Proof. "=": Assume first that x is CC-AM-stationary. We only need to prove that the corresponding
sequences also satisfy conditions (c) and (d) in Proposition Let i ¢ Io(x). We then have

gi(x) <0 and /1{7 =0vkeN.
Now since {gi(xF)} — gi(%), we can assume w.l.o.g. that g;(x*) < 0 vk € N. Hence,

min{-gi(x*), ¥} = ¥ = ovk e N,
——
>0 =0

which immediately implies that

{min{-gi(x"), A} } — 0.
Now let i € I;(x). Then gj(x) = 0. By assumption we have AF > 0 vk € N. We now claim that
{min{—gi(xk), /1{‘}} — 0. Let € > 0. Since {g;(x¥)} — g;(X) = 0, there exists K € N such that vk = K
we have |gi(x*)| < €. Now let k = K. Suppose that min{-g;(x¥), AF} = —g;(x¥). Then we have

| min{-gi(x"), A} = | - gix)| = |gix")] < e.
If on the other hand min{-g;(x*), ¥} = A¥, then since
0= Af = ~gi(x") = gix")l < e,

we have that
| min{-gi(x*), A} = |Af] = Af < e.

In both cases we obtain that
|min{-g;(x*), A%} - 0] < e.

Hence, we conclude that {min{— gi(x"), )Lf‘}} — 0. Now let i € L (x). Then we have
%] >0 and yF=0vkeN.
Since {x¥} — %;, we can then assume w.lo.g. that |x¥| > 0 vk € N. Thus,
{min{lxL1y1} } = {vf1} = {0} —o.

Suppose now that i € I)(x). We claim that {min{|xik|, |y,-k|}} — 0. Let € > 0. Then since {x*} — 0
there exists K € N such that Vk = K we have |x}| < €. This then immediately implies that

. k k . k k k
| min{|x;’[, |y;' [} = min{|x{|, |yi'[} < x| < e

Hence, we have {min{|x,~k|, |yl-k|}} — 0.
"«<": Suppose now that there exist sequences {x*} ¢ R", {1k} ¢ R™, {¢*} < R?, and {y*} < R" such
that conditions (a) - (d) in Proposition [A.2/hold. Define for each k € N

m P n
AR =R+ Y Mgy + Y pfVhi(F) + Y vk
i=1 i=1 i=1

Then {AF} — 0. Now let i ¢ Iy(x). Since {-gi(x*)} — -gi(%) > 0 and {min{—gi(xk), /lf}} — 0 we
can assume w.l.o.g. that vk € N

min{-g;(x*), ¥} < ~gi(x*) = min{-g;(x*), AF} = AF
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which implies that

{/lk} {mm{ -gi(x }}—>0
Define now for each k € N ¥ € R™ such that
o if i ¢ Ig(xX),
AR ifie ().

o
e

Since {Ak} < R™, then clearly we also have {/{k} c RT. By definition we then have Vi ¢ I,(x) that
AF = 0 vk € N. Next we define

BF = Ak - Z A5vgi(xF)

igly ()
p n
= Vf(xF) + Z Mgk + Z EVhi(x) + Z vke;
i€l (%) i=1 i=1

Z AVgi(xk Zu, Vhi(x Z i

Now since by the preceeding discussion we have {A¥} — 0 Vi ¢ I;(x), we then have {(Akvgi(xF)) —
0 - Vgi(x) = 0Vi ¢ I;(x) and hence, {BF} — 0. Next let i € I,(X). Then since {|x¥|} — |%] > 0 and
{mm{|xk| lyi |}} — 0 we can assume w.lL.o.g. that vk € N

1kl ok k 1kl ok k
minf{|x], [y; [} < [x7| = min{|x7], [y} = [yl

Thus,
{Inf1} = {min{lxf. 151} } — o
which implies that {y¥} — 0. Define now Yk € N 7 € R" such that

o 0 ifiel (%),
' vk if i€ Iy(x).

Then clearly we have Vi € L.() that j¥ = 0 vk € N. Now define for each k € N

_Bk Z Yz €

i€l (x)
= Vf(x") Z/lkvgl(x") Zuth )+ Y vle
i=1 i€ly(x)

= V(xk) + 3 Afvgi(xk) + Zu Vhi(x") Zﬁ‘ei
i=1 i=1

i=1

Observe that since by the preceeding discussion we have {y¥} — 0 Vi € (%), we then have {yFe;} —
0Vi € L.(x) and hence, {C k1 — 0. Thus, we conclude that & is CC-AM-stationary with the correspond-
ing sequences {x*}, {A¥}, {y*}, and {7¥}. O

Recall from [21]] that if (x, y) € R" xR" is feasible for (A.1), then x is feasible for (1.1). An immediate
consequence of Definition[A.1]and Proposition[A.2]is then the following.

Theorem A.3. Let (x,y) € R" x R" be a feasible point of (A1). If (x,y) is AW-stationary, then X is
CC-AM-stationary.
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For the converse we obtain the following.

Theorem A.4. Let x € R" be a feasible point of (1.1). If x is a CC-AM-stationary point, then for any
y € R" such that (x, y) is feasible for it follows that (x, y) is AW-stationary.

Proof. Assume that % is CC-AM-stationary. Then there exist sequences {x} ¢ R", {A¥} ¢ R™, {4} ¢
R?, and {y*} < R" such that conditions (a) - (d) in Propositionhold. Now let y € R” such that (x, y)
is feasible for (A.1). Then we can simply define for each k € N

y =y, (=0, vEi=o0, pF:=o.

Conditions (a) nd (f) in De ﬁnltlon-are trivially satisfied. Now since (x, y) is feasible for (A
we then have 0 < —( e’y —s)=—(n-ely* - s) vk € N. Hence,

min{-(n-e’y*-5), G} =G =0vkeN
!

>0 =0

and therefore, {min{—(n —eTyk — ), gvk}} — 0. Now since (%, y) is feasible for (A.I), we also have for
eachi€ {1,...,n} that0 < y; = yik vk € IN. Hence,

min{y~, |vE[} = vkl = 0vk e N
et
=0 =0

and therefore, {min{y,k, |vk |}} — 0. Moreover, the feasibility of (x, y) also implies that for each
i€{l,..,n} wehave0<1-y;=1 —yl-kaEJN. Hence,

min{1 - yf, 7f} =nf =0
N — o/
=0 =0

and therefore, {min{ 1-yk }} — 0. This completes the proof. O

An obvious advantage of CC-AM-stationarity over AW-stationarity is that it does not depend on
the artificial variable y. Indeed, as we have already shown, CC-AM-stationarity is a genuine optimality
condition for the original problem (1.1).
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