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Preface

This PhD thesis arose from a research collaboration between my work group at
Wiirzburg University and Prof. Fritz Ropke, an astrophysicist in Heidelberg. He
studies numerically the temporal evolution of stars. His need to numerically solve the
compressible Euler equations with gravity near a stationary solution gave rise to the
questions addressed in this PhD thesis. The research itself was done in collaboration
both with Prof. Rony Touma in Lebanon and also with Prof. Min Tang from Shanghai,
China.

This dissertation treats an important topic in applied mathematics. Numerical
methods for hyperbolic balance laws of fluid type have typically been devised for the
one-space dimensional case, for example the widely used Godunov-type methods.
In applications flows need to be computed in three space dimension. It has been
shown in the PhD thesis of Wasilij Barsukow that three important flow features in
three space dimension are: asymptotic limits, stationary solutions and vortices. The
numerical methods should be devised in such a way that the numerical discretization
preserves these important multi dimensional features. One dimensional methods
have difficulties preserving these features. This thesis by Farah Kanbar goes some
way towards the goal of devising schemes for non-linear partial differential equations
that preserve these features.

This thesis focuses on two of the above features, namely stationary solutions and
asymptotic limits:

* stationary solutions are solutions of the hyperbolic balance law that do not
change in time. The discretization should be such, that it exactly maintains a
particular numerical discretization of stationary solutions.

* asymptotic limits refers to hyperbolic balance laws which are endowed with
a small parameter. Taking the limit of this parameter to zero, one obtains a
new partial differential equation. The example coming for the astrophysical
application, mentioned in the beginning, is the limit of compressible flow
equations to incompressible flow. Another limit is the limit of mesoscopic
kinetic equations to their macroscopic counterpart. The numerical scheme
should be devised in such a way, that the discretization of the balance law with
a small parameter converges to a discretization of the limit equation as the
small parameter goes to zero.

The overall outcome of this thesis is that one needs an interplay between stationary
preserving schemes and asymptotic preserving schemes, in order to achieve numerical
schemes that are able to preserve both features. In the literature these are examples
of so called structure preserving schemes. They play an important role in applications.

The success of the research in this PhD thesis can be gauged by the five research
publications in international journals that came out of this.
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Thus this PhD thesis contributed in a significant way towards the goals of the
questions in numerical analysis raised by Fritz Ropke.

Wiirzburg, in Feb. 2023
Christian Klingenberg
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Abstract

In this thesis, we are interested in numerically preserving stationary solutions of
balance laws. We start by developing finite volume well-balanced schemes for
the system of Euler equations and the system of Magnetohydrodynamics
equations with gravitational source term. Since fluid models and kinetic models are
related, this lead us to investigate Asymptotic Preserving (AP) schemes for kinetic
equations and their ability to preserve stationary solutions. Kinetic models typically
have a stiff term, thus[AP]schemes are needed to capture good solutions of the model.
For such kinetic models, equilibrium solutions are reached after large time. Thus we
need a new technique to numerically preserve stationary solutions for [AP|schemes.
We find a criterion for Stationary Preserving (SP) schemes for kinetic equations which
states, that[AP|schemes under a particular discretization are also In an attempt to
mimic our result for kinetic equations in the context of fluid models, for the isentropic
Euler equations we developed an[AP|scheme in the limit of the Mach number going
to zero. Our [AP| scheme is proven to have a[SP| property under the condition that
the pressure is a function of the density and the latter is obtained as a solution of
an elliptic equation. The properties of the schemes we developed and its criteria are
validated numerically by various test cases from the literature.

Zusammenfassung

In dieser Arbeit interessieren wir uns fiir numerisch erhaltende stationére Losungen
von Erhaltungsgleichungen. Wir beginnen mit der Entwicklung von well-balanced
Finite-Volumen Verfahren fiir das System der Euler-Gleichungen und das System der
[MHD} Gleichungen mit Gravitationsquell term. Da Stromungsmodelle und kinetische
Modelle miteinander verwandt sind, untersuchen wir asymptotisch erhaltende (AP)
Verfahren fiir kinetische Gleichungen und ihre Fahigkeit, stationédre Losungen zu
erhalten. Kinetische Modelle haben typischerweise einen steifen Term, so dass
[AP| Verfahren erforderlich sind, um gute Losungen des Modells zu erhalten. Bei
solchen kinetischen Modellen werden Gleichgewichtslosungen erst nach langer Zeit
erreicht. Daher benotigen wir eine neue Technik, um stationére Losungen fiir [AP|
Verfahren numerisch zu erhalten. Wir finden ein Kriterium fiir stationir-erhaltende
(SP) Verfahren fiir kinetische Gleichungen, das besagt, dass Verfahren unter
einer bestimmten Diskretisierung auch [SP|sind. In dem Versuch unser Ergebnis fiir
kinetische Gleichungen im Kontext von Stromungsmodellen nachzuahmen, haben



wir fiir die isentropen Euler-Gleichungen ein [AP] Verfahren fiir den Grenzwert der
Mach-Zahl gegen Null, entwickelt. Unser [AP] Verfahren hat nachweislich eine
Eigenschaft unter der Bedingung, dass der Druck eine Funktion der Dichte ist und
letztere als Losung einer elliptischen Gleichung erhalten wird. Die Eigenschaften des
von uns entwickelten und seine Kriterien werden anhand verschiedener Testfalle aus
der Literatur numerisch validiert.
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|Constrained Transport Method|
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Chapter 1

Introduction

The models

Partial Differential Equations (PDE): A partial differential equation is an equation
that imposes relations between partial derivatives of a function of more than one
variable. The function is the unknown to be found. Partial differential equations
are largely used in applied mathematics, physics and engineering. The equations
play a big role in the modern scientific understanding of sound, heat, diffusion,
electrostatics, electrodynamics, thermodynamics, fluid dynamics, elasticity, general
relativity, and quantum mechanics, etc. There are three types of partial differential
equations: hyperbolic, parabolic and elliptic. In this thesis we focus on hyperbolic
partial differential equations. The solutions of hyperbolic equations are “wave-like”,
such that perturbations of the initial or the boundary data travel along the character-
istics of the equation.

Fluid Mechanics: Fluid Mechanics is a division of physics concerned with the
mechanics of the fluid under internal and external forces. It studies fluids in their
static or dynamic states. Fluid dynamics is a subsection of fluid mechanics that
decscribes the flow of fluids (liquids and gases) and it is divided into two other
subsections: aerodynamics, the study of air and other gases in motion, and hydro-
dynamics, the study of liquids in motion. The solution to a fluid dynamics problem
typically involves the calculation of various physical properties of the fluid, such as
flow velocity, pressure, density, and temperature, as functions of space and time.
In this thesis three fluid models are considered. The first model is the system of
Euler equations with gravitational source term which we will introduce in chapter
2. This system is widely studied because of its importance in modelling physical
phenomena such as astrophysical and atmospheric phenomena including supernova
explosions [56]], climate modelling, and weather forecasting [12]]. A special case
of the Euler equations are the isentropic Euler equations which we will also see in
chapter 4. The system of equations, defined in chapter 2, is a combination of
the Euler equations of fluid dynamics and Maxwell’s equations of electromagnetism.
A gravitational source term is added to the ideal equations in this work.

Kinetic theory of gases: In chapter 3, several kinetic models are considered.
They describe a gas as a large number of identical submicroscopic particles (atoms
or molecules), all of which are in constant, rapid, and random motion. Their size is
assumed to be much smaller than the average distance between the particles. Kinetic



1 Introduction

models describe the time evolution of probability density distribution of particles that
travel freely for a certain distance, and then change their directions due to collision
or scattering. They usually include a transport term that takes into account the
movement of the particles, and integral terms that take into account the scattering,
tumbling or colliding.

Numerical Methods

Solving partial differential equations is a broad topic in applied mathematics. How-
ever, finding exact solutions for these equations is not always possible. There is,
correspondingly, a vast amount of modern mathematical and scientific research on
methods to numerically approximate solutions of certain partial differential equations
using computers. A numerical method for partial differential equations is a mathemat-
ical tool designed to find numerical solutions for the equation. The implementation
of a numerical method with an appropriate convergence check in a programming
language is called a numerical algorithm. Computing a numerical solution is finding
the discrete version of the continuous solution of the PDE via a numerical algorithm.

Finite Volume Central Scheme: To design a numerical scheme, one has to
consider time and space. A finite volume method is a reformulation of Godunov’s
method for the spatial discretization and is based on averaging the conserved vari-
ables in each cell and approximating the fluxes between the cells. We use finite
volume central schemes as base scheme in chapter 2 which relies on the fact that
central schemes are easy to implement and robust finite volume schemes that avoid
the time consuming process of solving Riemann problems arising at the cell inter-
faces. Furthermore, central schemes have proven to be efficient schemes for the
simulation of systems of hyperbolic conservation laws. Nessyahu and Tadmor [61]]
have introduced the Nessyahu-Tadmor (NT) scheme, a non-oscillatory central finite
volume scheme that is based on evolving piecewise linear numerical solution on
two staggered grids. Useful extensions of the [NT| scheme to multi-space dimensions
followed in [5, [36, |46, 6] [7, [44, [77]. These extensions were successfully used to
solve problems arising in aerodynamics, hydrodynamics, and magnetohydrodynamics
[7,143] (74, [76].

In order to avoid switching between an original and a staggered grid in the NT-type
schemes, Unstaggered Central schemes for hyperbolic systems of conservation
laws were developed in [45] 73], where the numerical solution is evolved on a single
grid. The[UC schemes were then extended to hyperbolic balance laws such as shallow
water equations on variable waterbeds, Ripa systems, and Euler with gravity systems
(180,78, [79}[74]]. The main goal of the[UC schemes is to evolve the numerical solution
on a single grid and to use a staggered ghost grid in an intermediate step, followed
by a back projection step, see figure

Schemes for Kinetic Models: Three different [AP] schemes for three different
kinetic models are considered in chapter 3. Developing the three schemes is
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not a focus of this thesis as they are taken from the literature. However, their
property and whether they satisfy the proposed criterion or not are evaluated in
this thesis. The three schemes are parity equations-based scheme for the neutron
transport equation, Unified Gas Kinetic Scheme for the chemotaxis kinetic
model, and scheme with the Penalization method for the Boltzmann equation.

Marker and Cell (MAC) Schemes: A finite difference staggered approached,
suggested by Goudon et al. [34] is chosen in chapter 4. The staggered discretization
follows the principles of [MAC] schemes [[38]. The idea of[MAC]is to place the variables
of the system in different locations on the grid. The detailed description of the
method can be found in chapter 4.

Properties of the Numerical Methods

Well-balanced Schemes: Of particular interest are stationary solutions of the PDE.
Those solutions need to be taken into account in the discretization of the scheme. We
define well-balanced schemes as schemes that are designed to preserve a prior known
stationary solution. One example of these solutions is the case of zero velocity called
hydrostatic equilibrium. One way to fulfil the well-balanced requirement of the nu-
merical scheme is by designing the discretization in the source term in the balance law
by following that of the divergence of the flux function. There are several methods
to develop a well-balanced scheme that all require that the steady state is known or
given. Several attempts were previously made for designing well-balanced schemes
for balance laws [18}, 180} 20, 22} [84), 85,186/ 35| [81}, 168, (10}, (9}, 23], 24}, 53} [18, (82}, [19]].

Asymptotic Preserving Schemes: The parameter ¢ which is the Knudsen number
(for kinetic models), is the ratio of the mean free path and the domain typical length
scale [26]]. This parameter pops up in the equations after rescaling, creating a stiff
term where it is located. A similar parameter for the fluid models (Mach number)
also appears in the equations after rescaling, leaving stiff terms behind. Numerical
schemes do not behave well when such parameter exists. This is because when ¢
goes to zero it causes very small time steps. Hence, [AP|schemes that allow very small
values of this parameter become popular in this area. A numerical scheme is [AP]if
when the parameter goes to zero in the discretized scheme, it converges to a good dis-
cretization of the corresponding limit model. The aim of [AP]schemes is to discretize
the stiff term of the equation implicitly, which leads to an Implicit-Explicit (IMEX])
discretization of the model. The main advantage of [BP|schemes is that their stability
and convergence are independent of the parameter.

Stationary Preserving Schemes For schemes such as[AP| schemes, the solution
after some time reaches a quasi-stationary state, meaning numerically that the
difference between the global equilibrium and the solution after finite time is smaller
than machine precision. Which means the steady solution is not given and is not
known. For this reason, more than well-balancing, we need a discretization that

3
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preserves any state that might show up as time evolves. Thus, it is of interest to have
a numerical scheme that maintains stationary solutions up to machine precision. We
call such schemes[SPlschemes. A scheme is[SP|if the following two requirements are
satisfied:

* The discrete stationary solution provides a good approximation for the steady
state solution;

* Starting from a discrete stationary solution, the solution of the time evolutionary
problem does not change.

Numerically, one can test that the time evolutionary problem converges to a discrete
stationary solution after finite time, and their difference is smaller than machine
precision.

Organization of the Thesis

Chapter 1 provides a background for the topics covered in this thesis with a review of
prior works. In chapter 2, we present one-dimensional and two-dimensional
(2D) well-balanced central schemes with applications to the Euler and [MHD]|equations
with gravitational source term. Then we present three schemes for kinetic models in
chapter 3. The three schemes are proven to satisfy a common criterion. In chapter
4, an [AP] scheme for the isentropic Euler equations with gravitational source term
is developed and then proven under certain conditions to be And finally, we
conclude by proposing some future work.



Chapter 2

Well-balanced Central Schemes with the
Subtraction Method

2.1 Introduction

As mentioned in the introduction, the first task in my project was to develop a
well-balanced, unstaggered, second-order, finite volume central scheme for the Euler
equations with gravitational source term via a subtraction method [51]]. A normal
extension was to apply the obtained scheme to the system of MHDI] equations with
gravitational source term [52]. The developed numerical schemes avoid solving
Riemann problems at the cell interfaces and avoid switching between an original
and a staggered grid. Their main feature is that they are capable of preserving any
given steady state up to machine accuracy by updating the numerical solution in
terms of a relevant reference solution. The methodology proposed results in a well-
balanced scheme capable of capturing any given steady state. In this work we follow
a special reconstruction in the conservative variables that will fulfil the well-balanced
requirement and will allow a proper capture of the steady states. This well-balanced
approach will be blended with the unstaggered central finite volume scheme for
hyperbolic systems of conservation laws [73]]. The proposed method follows the
subtraction method developed by Berberich, Chandrashekar and Klingenberg [8].
It consists of evolving the error function between the vector of conserved variables
and a given steady state, instead of evolving the vector of conserved variables. Our
scheme is then implemented and used to solve classical problems from the recent
literature. We consider the Courant—Friedrichs-Lewy (CFL) convergence condition
for our numerical scheme. It enforces an upper bound on the time step, otherwise the
explicit scheme produces irrelevant results. In sections|2.2|and we present the
and 2Dl schemes for general balance laws respectively. The discretization is proven to
be Total Variation Diminishing (TVD) in section[2.4] We apply the developed schemes
to the[ID]and 2D Euler and then to the system in section

2.2 Unstaggered Well-balanced [FV| Central Scheme

In this section we develop a new [[Dlunstaggered well-balanced central scheme for
balance laws. The proposed method follows the subtraction method introduced in

5
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[8]. Consider the [[Dlbalance law given by

{ut—kf(u)m:S(u,a:), 2EQCR, t>0 21

u(x,0) = up(x)

where u is the vector of conserved variables, f(u) is the flux function and S(u, z)
is the source term. We consider for our computational domain {2 an interval of the
real axis, and we partition it using the control cells defined to be the subintervals

i1 and centered at the nodes x;.

C; = {xi_%,xH%] of equal width Az =z, 1 —w;
We also define the dual ghost cells D, 1 = [x;, ;1] with centers z;, 1 = z; + &z,
The main and the staggered 1D grids are illustrated in figure (2.1). The time-step

will be denoted by At, and it is computed using the [CFI] condition,

Ax
At = CFL— % (2.2)
max(|Ag|)

where 0 < CFL < 0.5 and )\, is the maximum eigenvalue of the flux jacobian matrix

8](;5111) . For a positive integer n we set "1 = " 4+ At.

b
Ti—1 Zi Lit Tit1 Tit3

Ci Diys

Figure 2.1: The 1D grid partitioned into control cells C; = [90,-,1 , $i+l] and dual cells D; , 1 = (@i, Tig1] -
2 2 2

We assume that the numerical solution u} at time ¢" is known at the nodes z;
where u? is used to approximate the exact solution u(z;,t"). We start the derivation
of our numerical scheme by first assuming that 1 is a given stationary solution of
system (2.1]), and we follow the subtraction method introduced in [8]. Let Au = u—1,
we substitute u = Au + 1 in the balance law in system (2.1)),

(Au+1); + f(Au+1), = S(Au+1,x), (2.3)
and taking into account that u is a stationary solution, this results in,
(Au); + f(Au+1), = S(Au+1u,x). 2.4

On the other hand, since u is a stationary solution of (2.I)), then the balance law
reduces to,

f@), =5(a,x) (2.5)
Subtracting from leads to,
(Au); + [f(Au+1) — f(0)], = S(Au+ua,z) — S(q, z). (2.6)
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But since S(u,x) is a linear functional in terms of the conserved variables, then
equation simplifies to,

(Au); + [f(Au+u) — f(@)]. = S(Au, z). 2.7)

Our proposed numerical scheme follows a classical finite volume construction; we
define the piecewise linear interpolants that approximate the exact solution Au(x, t")
on the cells C; as follows:

n\/
Li(z,t") = Au? + (x — x;) (AA“;) , VYxed; (2.8)

where (A:;) is a limited numerical spatial derivative approximating %(I, ") o=,
and the slope (Au?)’ is obtained using the (MC-6) limiter (2.9). The numerical base
scheme evolves a piecewise linear solution £;(x, t), in each cell C;, that approximates

the analytic solution Au(z,t) with

1
Aul = —
K Ax C;

1
Li(x,t") do ~ s /q Au(z,t") dx.
Before proceeding with the presentation of the numerical scheme we introduce some
notations that will be used throughout the remaining of the chapter. In order to
approximate the spatial numerical derivatives, the (MC-6) limiter is considered which
is defined as

Au?, , — Au?
SR SR g (Aug, - A | (29)

(2

(Au?) = minmod {9 (Au} — Au} ),

where 6 is a parameter that takes any value 1 < 6 < 2, while the minmod function is
defined as:
sign(a)min{|al, |b|, |c|}, if sign(a) = sign(b) = sign(c)

minmod(a, b, c) = {0 Otherwise

Next, we integrate tb over the domain R}, , = D1 x [t", t"*!]:
2

J[ @@ - f@Lar= [ s@eunar @10

We apply Green’s formula to the double integral on the left-hand side of equation
(2.10), which allows us to change the double integral into a line integral by the
following formula:

//R @3 - ?9];) ddy = f;PdI + Qdy),
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with 2 = [f(Au+ 1) — f(@)], and 92 = —(Au),. Equation @.T0) writes as:

j{ [f(Au+ 1) — f(a)]dt — Audx 7/ / S(Au, x)dxdt, (2.11)
OR

n
i+1/2

where the boundary of the rectangle R”
[%i+1, 2] U [t ¢"] plotted in figure [2.2]

i+1/2 is 8R1+1/2 = [z, 2i41] U [tnytn-H} U

t
A
n
aR1-‘,—1/2
¢+l [ ] it A
! :
! 1
! 1
: :
! 1
! 1
n ® L 1
® ® > T
X; LTi41

Figure 2.2: The boundary O R dashed) in the space-time plane.

+1/2(

Dividing the line integral over the four segments, we get:

[ @u @) — Gt — dute, )]

+ [f((Au+ Q) (w1, 1) = fU(zig,1)]dt — Au(aiyg, t)de]

tn

- / A @) ) — F@ ) dt — Au(a, 7 )da]

+/tn+1 [[f((Au+ @) (2, 1) — f(@(zi,t))]dt — Au(a;, t)da]

tn+1

Cit1
/ / S(Au, z)dzdt (2.12)
tn
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Splitting the integrals and rearranging them simplifies equation ([2.12) to:

tn+1

- [ e+ | Ut ). 0) - fa o)l

zi

tn+1

A
[ dur e [ (w8 0) S0

tn

k3

R

i+1
/ / S(Au, z)dzdt. (2.13)

The following integrals are approximated using second-order quadratures,
Tit1
/p Au(z,t")dz = AzLi(z;y1,t") = A;cAuZ_%,
and

Ti41
/ Au(z, t" ™ dr = AxL;(x Tiyl () = AmAU?Ij-
= 2

i

Finally, the calculations on the left-hand side of equation (2.13) yield,

Aupfl = Ay, — Alx[/ LA+ @) (g1, 1) — F((Au+8) (w4, )} dt

tn+1

At . At . i+1
+A7;f(u(xi+l))*?;f(u( . / S(Au, z)dxdt. (2.14)

The flux integrals in equation (2.14)) are estimated using the midpoint quadrature
rule as follows:

gt

FU(AU @) (2, 8))dt ~ f((Au+ )] T2)A,
(A )i D)~ f((Bu e R)AL

Plugging these integrals in equation (2.14), leads to:

At

- S ) = i) - FAu e w) + )]

AUt = Au?
i+ its

tn+1

Ti41
/ S(Au, x)dxdt.
4n
(2.15)
The forward projection step (Au?.l,_l) of Au” onto the staggered grid is calculated
2

using Taylor expansion of Au(z,t") in space, using the fact that Au(z, ") is approxi-
mated by a linear function £;(z,t") i.e. Au(x,t")=L;(x,t") in the cells of centers x;

9
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and Titl,

Tig1 Tirl Tig1
/ Au(z, ") dz — / Au(z, ")dz + / Au(z, t")dz,

i i i+%
A A
2I£z( i1t + ;ﬁi(xw%’tn)’
_ Az (Au)’
Au} = Ti)
2 ( u’L +( xl) AiL’ )
Az (Au?, )’
+— (Auz+1 + (@iys — $i+1)A;1) ,
A.T n A.’L‘ n
5 (Au + Aulyy) + < ((Au}) = (Aupy,)).
Hence,
n 1 n n 1 ny’ n !
Aufy =5 (Muf+ aul) + g ((Au) - (), @16

1
The predicted values Au?Jr2 appearing in equation (2.15) are obtained at the inter-
mediate time ¢"*3 using a first-order Taylor expansion in time and the balance law

(2.3).
The first-order Taylor expansion in time is:
Au(z,t) ~ Au(x,a) + (t — a)Aug(x,a), for any a and ¢.
For a specific point z;,
Au(z;, t) =~ Au(z;, a) + (t — a)Aug(z;, a).
Leta =t",
Au(x;, t) &~ Au(z,;, t") + (t — t")Aug(a;, t7),
then let t = " +3.
Hence,

1 A
Au(z;, t"T2) ~ Au(x;, t") + {Aut(:ci,t"),
n+% n At ~ ~
At A+ S (AU 8) = F@)L] ) + (AW D)l ],

which can be written as,

U F
Ax Az

ntl At
Au] "2 = Au}' + —

(2.17)

where (fA) and flgﬂ are approximate flux derivatives with (f*)" = J¢».(u})" and
~/

fi = J u Here also, (u?)’ and ﬁ' are approximated by the (MC-6) limiter (2.9).
St is the discretized source term at time ¢".

10



2.2[ID| Unstaggered Well-balanced [EY] Central Scheme

On the other hand, the integral of the source term in (2.15) is discretized using
the midpoint quadrature rule with respect to time and space,

et Tit1 Tit1 )
/ / S(Au, z)dzdt ~ At / S(AWE, 2)dx,
tm x; x;

S(AWTE) 4 S(Aul?)

~ AtAx 5

Finally, the projection step (Au}' ') of Au"Jrl back onto the original grid is calculated

using Taylor expansions in space in the same way the forward projection step (2.16)
was computed,

Au?tt = (Au“*} +AuH 4 1((Auf”fj) (Au™thH). (2.18)
¢ 2 it3 8 =3 it3
Equation gives the solution of the balance law at the next time on the original
grid. The Geometry of the scheme and that of the [NT] scheme is given in figure
We see how both schemes avoid dealing with Riemann problems at the interfaces.
The difference is that, the scheme evolves the solution on two grids, while the [UC]
scheme evolves the solution on a single grid.

11



2 Well-balanced Central Schemes with the Subtraction Method

Ti41

i3 Tits Tivs

Figure 2.3: Geometry of the [DINT] scheme (left) and of the [DIUC] scheme (right).

To complete the presentation of the[ID]scheme, we still need to demonstrate that
it is capable of capturing any stationary solution up to machine accuracy. Without
any loss of generality, we assume that the updated solution satisfies u = u;, i.e.,
Au} = 0 at time ¢ = t". Performing one iteration using the proposed numerical
scheme, one can show that:

1 AulT? =0
2. Au?jél =
3. Au?tt =0.

The proof of 2 and 3 follows immediately after 1 is established. We start by showing
1.
The prediction step (2.17) leads to,

At 7f'(Au?+fli)+f'(ﬁz')
2 Az Ax

AUl = Al + +S(Au, z)| . (2.19)

12



2.3[2D| Unstaggered Well-balanced [EY] Central Scheme

But since Au? = 0, then we obtain,

ntd AL ) ()
Au = 2 Ax + Ax
Hence, Au;”% = 0; the proof of points 2 and 3 follows immediately. We conclude

n+1

that the updated numerical solution u}' ™" remains stationary up to machine precision.

2.3 Unstaggered Well-balanced [FV| Central Scheme

In this section we extend the proposed well-balanced scheme we derived in section
[2.2]to the case of the[2Dlbalance laws, using the subtraction technique developed in
[8]. The well-balanced property of the proposed 2Dl scheme is presented at the end
of this section. We consider the 2D balance law:

{Ut +F(U), +G(U), = S(U,z,y), (2,y) EQCR? >0 (2.20)

U(Z‘,y,O) = Uo(-f,y),

where U is the vector of conserved variables, F'(U), G(U) are the fluxes in the z-
and y- directions, respectively, and S(U, z,y) is the source term. We consider a
Cartesian domain decomposition of the computational domain 2 where the control
cells are the rectangles C; ; = {Jii_%,xﬂr%] X [yj_%,yj+%} centered at the nodes
(2i,y;). We define the dual staggered cells D; 1 ;41 = [, %i41] X [y;, y;41] centered

1

at (z;11,y;41). Here, ;1 = JJH—% andy; 1 = yﬂ—%, where Az = x;, 1 —x;
and Ay = y; 1YL The visualization of the 2D grids is given in ﬁgure

(ﬂfi—17yj+1);*”1””7””7*”1($i+1,llj+1)

1 1 1 1 1

| | | | |

e mmmmm o — o — —k — — = — |

| | 1 1 |

| | 1 1 |

| | 1 1 |

I | .‘ 1 |

| e S E |

|  (@ayy) |

| | 1 | |

TR (e Y HE

(@-piyi-g) 1

| | | | |
(Tic1,yj—1) F - - - et (T, Y1)

Figure 2.4: The cells of the main grid C; ; (blue cell) and of the staggered grid D, (green cell).

1, 1
1=3.]7 3%

Before proceeding with the derivation of the numerical method, and for
convenience, we introduce the average value notations:

> _ Pij TPl C pigtpivr . Pij+t TPi-1
Pij+i = = o Pt T T 5 P T T 5

13



2 Well-balanced Central Schemes with the Subtraction Method

— pz+ N + psz
Py, = %; [[P]]mur% = Pij+1 — Pig

ollir 1.5 = piv1y — pigs [Pllig) = Pigas — pij—1, [Py = Pivi s — Piciy-

We follow the same strategy as in section we assume that U is a given stationary
solution of system (2.20) and we define AU = U — U. We substitute U= AU+ U in
the balance law (2.20)), we obtain:

(AU); + F(AU +U), + G(AU +U), = S(AU + U, z,y). (2.21)

On the other hand, since U is a stationary solution, then balance law in (2.20) reduces
to
F(U), + G(U), = S(U, z,y). (2.22)

Subtracting equation ([2.22) from equation (2.21)), we obtain

(AU), + [F(AU+TU) — F(U)], + [G(AU+TU) - G(U)], = S(AU+TU, z,y) — S(U, z, ).

(2.23)
Using the fact that the source term S(U, z,y) in equation (2.20) is linear in terms of
the conserved variables, then equation (2.23) reduces to

(AU); + [F(AU + U) — F(U)], + [G(AU +U) — G(U)], = S(AU, z,y). (2.24)

The proposed numerical scheme consists of evolving the balance law (2.24)) instead
of evolving the balance law in system (2.20). The numerical solution U w111 be then
obtained using the formula U = AU + U. The numerical scheme that we shall use to
evolve AU(x, y,t) follows a classical finite volume approach; it evolves a piecewise
linear function £; ;(x,y,t) defined on the control cells C; ; and used to approximate
the analytic solution AU(z,y, ) of system (2.20). Without any loss of generality we
can assume that AU}, is known at time ¢" and we define £, ;(z,y,t") on the cells
C;.,; as follows.

. AUy (auzyy

Lij(x,y,t") =AU, + (z —xi)T'i'(y—yj)Ty, V(z,y) € Cij,
where (Alﬁ;f) and (Alff) are limited numerical gradients approximating
AU

oo (2,95, 1) |2=2, and %A—yu(xi, y,t")|y=y,, T€spectively, at the point (z;,y;,t"). The
(MC-0) limiter (2.9) is used to compute the slopes (AU;"")" and (AU;"}) in order
to avoid spurious oscillations. Next, we integrate the balance law (2.24)) over the

rectangular box R,y . 1 = Dy jy1 X [t e,
/// (AU), + [F(AU + U) — F(0)], + [G(AU + U) — G(U)],dR
_ / / / S(AU,z,y)dR. (2.25)

H'2 +%

14



2.3[2D| Unstaggered Well-balanced [EY] Central Scheme

We use the fact that AU is approximated using piecewise linear interpolants similar
to £, ; on the cells C; ;; following the derivation of the unstaggered central schemes
in [73l, equation ([2.25) is rewritten as:

n+1 _ n
AU =AU AMy///n F(AU+ 1) - F(O)],

+ [G(AU + U) — G(U)],dR + A Ay / / / ) S(AU, z,y)dR. (2.26)

For the flux integrals, we apply the divergence theorem that changes the volume
integral into surface integral. Equation (2.26)) becomes then:

tn+1
n+1 _ n )
AU =AU s — Asz v oo, +1 F(AU+U) - F(U)]-n,dAdt
2J
it
G(AU + U) — G(U)] - n,dAdt
AmAy /E)D ,»+% v

S(A 2.2

where n = (n,, n,) is the outward pointing unit normal at each point on the boundary
0D, 1 ;.1 (the boundary of D; 1 ;, 1), see ﬁgure

Next, we approximate the integrals

tn+1

- /t ” /3 ) [F(AU + U) — F(0)]-npdedydt

1+ Jta 5
tn+1

/ /aD G(AU +U) — G(U)].nydadydt.

i+ 5 J+1

15



2 Well-balanced Central Schemes with the Subtraction Method

= (071)
(T3, yj41) (®it1, Yj+1)
n=(-1,0) — ———n=(1,0)
(zi,y5) (Tit1,95)
n=(0,-1)

Figure 2.5: The boundary 8Di+l il and the outward pointing unit normal vector n = (n4, ny) on each side of
2° 2
the boundary.

tn+1

=),
J.

tn+1

[F(AU +U) — F(U)] - nydxdydt

1+2 J+2

—

tn ya+1

AU + U) (xi+1’ Y, t)) - F(ﬁ(zi-‘rlv Y, t))] : ldy

@\

J

/ (AU + 0)(, yj1,1)) — F(O(, yj41,1))] - Ol

Ti41

+

Yj
+

/ (AU + )1, 1)) — F(O(z, )] - ~1dy

tn+1 1+1

(AU +U)(2,y;,1)) — F(U(z,y;,1))] - 0da

J,.F
A

An approximation of each integral using the midpoint rule leads to:

AtAy - s ~ L
7= — {[F((AU+U)(mi+1,yj,t 1)) — F(O(2i41, 9t 3)))]

+IF(AU+ ﬁ)(xiﬂv Yi+1 tn+%)) - F(ﬁ(xwh Yj+1, t"+%))]}

Ay

2 {[F((AU‘LINJ)(%»%J"%)) — F(U(xs,y;,t""7))]

+ [F((AU + 0)(ai, g1, F)) = PO, g4, 7))

16



2.3[2D| Unstaggered Well-balanced [EY] Central Scheme

Hence,

1 1
7t 2 n+3

[FIAU+0)T2) = FOOL ) + [FIAU+0) 2 ) — PO L))

- ]

~ n+% ~7L+% n+2 ~7l+%
—[F((AU+U); %) = F(U; ;)] = [F((AU+0); 7)) — F(Ui,jﬂ)ﬂ :
Similar approximation for J implies,

AtAx
2

[(G(AU+ ) T4) — GO )]+ O(AU+ 0 )~ GO )

J =

~ [GUAU+ )1 )~ GO ) - [G(AU+ B)F ) - G

Hence equation (2.27)) becomes,

n+1 _ n
AU2+2g+2 AUHFQJJF2
At nb ) pegt ntd gt
— 5a |[FUAU+0)2) — FULL) + [F(AU+ 0)7 L) - FOLL )]

(AU 0)7 5 — PO ] - AU+ 0) ) - PO

_ At
2Ay
“+z

~[G(AU + D)) - GO )] - [G(AU + ) - o))

A . (2.2
AxAy///nl . (AU, z,y)dR. (2.28)

The integral of the source term is being approximated using the midpoint quadrature
rule both in time and space:

/// S(AU, z,y)dR =~ AtAzAy

1+2 J+2

1 1
g nt3

[GUAU+D)I) - G+ GIAU+ T ) - GO L))

S(AU™2) + S(AU™E ) + S(AUTY2) + S(AUTE 2
( 7,7 ) + ( i+1,]) + ( ’L]+1) + ( i+1,j+1) (2 29)
1 . (@

The forward projection step in equation (2.28)) consists of projecting the solution at
time ¢" onto the staggered grid. It is performed using linear interpolations in two
space dimensions in addition to Taylor expansions in space; we obtain:

it3.0t3z 9 3
1
= 15 AU iy g 5 + AU Ly 1)
1
AUy + AUy ). (230

17



2 Well-balanced Central Schemes with the Subtraction Method

Here, AU™® and AU™Y are the spatial partial derivatives of AU" that are approxi-
mated using the (MC-6) limiter (2.9).

Finally, the evolution step (2.28) at time "' on the staggered nodes can be
written as,

n+1 _ n
AUHQ J+3 AUH-Q J+3

At n+l  ~
- SDLFQAUL +05) — DYF(U)
_Df ( 7]+1)]
At Y ”Jrz Yy +% d
5 — [DLG(AU; +U;,) - ( j) +DLF(A Ui+1,j+Ui+1,j)
- DY G( Ui 41,5)]

+ALSAUTE AU AUNTE AU ). (2.31)

+ DI F (AU:l]tfl +U; 1)

With

S(AUn—|r 2 AU:l:f] , AU?jfp AU:L-:123+1)

n+3 n+3 n+i n+ i
S(AUi,j 2) + S(AUerl?J) + S(AUZ ]+21) + S(AUH»leJrl)
4

Here D7 and D are the forward differences given by,

wam—ﬂ%%#@ﬂvww>=ﬂ&%§@ﬁ

The predicted values in equation (2 are generated at time ¢"*2 using a first
order Taylor expansion in time in addition to the balance law (2.20):

ntd At | (FrnY)Y  FLO(GR) G
AU Tz — AU, + &0 |20 L2 Al b4 gn 2.32
Ui Ui+ 3 Ar T Ar Ay Ay o (2.32)

F") F!. (G".)
where &;) AL, ( A';) and ” denote the approximate flux derivatives with

(E) = Jep UL, F = T, 11 2 (G1) = Jap U, G = JG .U} ;. Here, we
also use the (MC-0) limiter (2.9 - to compute the slopes u! f, U, o UZ ’]y, and U
order to avoid spurious oscillations. S}'; is the discrete source term.

Finally we apply a back projection step similar to the one in (2.30). In order to

retrieve the solution at the time ¢"** on the original cells C; ;, we obtain

—n+1 —n+1

AU = (AU _1+ AU )

*(HAU”H’IHU

~ 16 ,j—% T HAUnJrLIH(i),j+%)

1 . )
= g AU s ) + AT gy ), (233)
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2.4[TVDl Property of the Scheme Applied to Scalar Conservation Law

where AU"+1 7 and AU";r1 'Y denote the spatial partial derivatives of the numerical
solution obtalned at time "' and node (z;,y;) approximated using the (MC-6)
limiter (2.9).

To complete the presentation of the numerical scheme, we need to verify the
well-balanced property of the proposed scheme and to show that it is capable of
maintaining stationary solutions of the Euler system with gravitational source term.

Suppose that the numerical solution obtained at time ¢ = " satisfies U’ ; = U,
i.e., AU}; = 0. Performing one iteration using the proposed numerical scheme, one
can show that:

1. AUTE =0,

n+1
2. AUH? 41 =0
3. AUZjl =0.

In fact, it is straight forward to establish 2 and 3 once 1 is established. We will present
the proof of 1 only.
The prediction step (2.32) leads to

At
2

F/(AUZJ + ﬁy‘,,j) + F’(ﬁ@j)

1
AU T2 — AU
Ui Uis + Az Az

G'(AUY; + Ui;) G'(U; j)
_ ) K 3, A n
o T S(AU,

,y)] . (2.39)

But since AU’Z’-fj = 0, then we obtain,

n+i At
N

. _F'(Uiy) n F'(Uy;)  G'(Uiy) n G'(Uy)

Ax Az Ay Ay

l . .
Hence, AUZ;-LQ = 0. Therefore, we conclude that the updated numerical solution
remains stationary up to machine precision.

2.4 [TVDI Property of the Scheme Applied to Scalar Conser-
vation Law

In this section, we establish the Total Variation Diminishing property of our
proposed numerical schemes. To prove that the scheme is[TVD] one needs to prove
that TV (u(t + At)) < TV (u(t)).

Let the scalar conservation law,

ut + f(u), = 0. (2.35)
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2 Well-balanced Central Schemes with the Subtraction Method

with f(u), = a(uw)u,. Asin (2.1) and (2.20), we will discretize the equation,
Aug + h(Au), =0, (2.36)

where Au = v — @ and h(Au) = f(Au+ @) — f(a) and @ a time independent
reference solution. Using our unstaggered central scheme, the numerical solution
of the scalar equation is updated at time t"*! as follows: First, we apply a
forward projection step,

1 1 ' !
Aufy =5 (Buf + Auly) + 2 ((Au?) — (Auly,) ) . (2.37)

8

Then, we predict the solution values at time ¢"+2 with the aid of the predictor step,

n+l At | (b1
Auf ™ = Ay - =5 | 5L 2.
U’Z ul 2 Al’ ( 38)
Next, we apply the time evolution step
n n nt3 n+g

Aufl = Auy = A [h(Aui E) = h(Ad )] : (2.39)

with \ = %. Finally, we apply the backward projection step

1 1 ’ ’
n+1l _ n+1 n+1 n+1 n+1

Auptt = 2 (At 4 Aurtl) + < ( (aurtt) = (aur}) ) . (240

Theorem 1. Assume that the numerical spatial derivatives be chosen as,
0< Au;.sgn(AuH_l — Au;) < Cstay. |minmod (Au;y1 — Aug, Auy; — Auy—q)],
0 < hy.sgn(Auitq — Au;) < Csty,. [minmod (Auiq — Aug, Au; — Aui_q)]
with Csta, = « and the following [CELl condition holds,

A.maz|a(u;)| < B,

where
5:)\08th g\/4—1—4a—042—27
Cstay 2

and a < 4 (for B > 0). Then the scheme satisfies the [[VDl property.

Proof. Inspired by the [TVDI proof in [61]] and [39], one can say that it is sufficient
1 ) Agnt?

; ((A ) -(2y) > and

n+1 n+1
<Aui+l —Au"Ty )
2

i-g

to prove that |4,[ < § and [C; 4] < § with 4; =

20



2.4[TVD| Property of the Scheme Applied to Scalar Conservation Law

n+l n+l / /
At -naal 5] -3 (dury - (auz,) )
Cipy = Aufy —Buf
First, we show that [4;| < 1,
n+1 n+1
o |(au) - (aury)
8 n+1 n+1
(aury - dury)
n+1 n+1
! (au) (auy) a1
< g max 1 </, 1 S| <555 @4
n+ n+ n+ n+
(AuH% —Aui_%) (AuH_% —Aui_%)
1
Next, we show that |C; 1] < 3,

Al - nau! )] - & () - (aug,))

-1 h(Au?Ilé) — h(Au:-H_%)
- Au, — Au

K2

1 )
8 Aug, — Au

7

(Au?), — (Aup

h(AW'TE) — h(AGE) | |AuTE — AGTTE (Aur) — (Auty,)

< )\ 1+1 1 1+1 7 1
— 1 1 : n n n n
Au?:f _ AU:‘JFE Au, ) — Auj 8 Au — Auj
(2.42)
From the [CFT] condition, one concludes that,
1 1
R(AUT2) — h(AuT?
A ( Z:i ? ( o ) <B. (2.43)
Aug® — Auy 2

Next, from the predictor step Au;”%, the second absolute value to the right-hand
side of inequality (2.42)) is bounded by

nt+i n+3
Au; P — Auy
Aup, — Au

2

n A’ n A’/
Aulyy — Shi o — Au + 5h;

n n
Aud, | — Auj

)

Au?—‘rl 7
Mo i, —h; A h; h,
<1+ = Hl <14 Zmax it ) !
2 Auﬁ_l — Au? 2 Au?_i_l — Au? Au?_i_l — Au?

A
<1+ §C’sth <1+ %ﬂ. (2.44)
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2 Well-balanced Central Schemes with the Subtraction Method

Finally, we have

(AU?) (Auz+1) < 1 ( (A“?ﬂ),

1 (Aup)
81 Aup, — Auf - 8

?

n n
i+l Auj

| Q

(2.45)

Performing the following term-by-term operations, (2.43)) x (2.44) + (2.45) results in,

Apaurth) = n@u ] - & (@aa) - () )

7

n n
Aui_i_l — Aul

3

1 1
This follows from the definition of 3, and we conclude that,
1
|C’Z+%| < 3 (2.47)

The total variation in the updated solution is now,
TV(Au(t + At)) = > [Aui (t+ At) — Au(t + At)],

<> Aurd = At |2 LA+ ‘Au”“ Aurt| |5 - 4y,

=2 Au"j‘j Au?j'%l ,

<> Ay, — Au} Lo+ aw, —aw|t+c

=2 Wit U; it+d Wit U 2 i—3p

= 3 |t - dut| = 18w (0) - S (0] =TV (u(),

here we followed a re-indexing step twice. We conclude that

TV (u(t + At)) — TV (u(t)) = TV (Au(t + At) + i) — TV (Au(t) + @),
<TV(Au(t + At)) + TV (@) — TV (Au(t)) — TV (i),
= TV (Au(t + At)) — TV (Au(t)) < 0.

Hence,
TV (u(t + At)) < TV (u(t)).
L]

Theorem [1] states that the scheme is [TVDI in the scalar case, which assures,
according to the Lax-Wendroff theorem [58] , the convergence of the scheme to a
weak solution of the conservation law in the scalar case.
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2.5 Numerical Results

2.5 Numerical Results

In this section, we implement the proposed well-balanced numerical schemes and
use them to solve classical problems from the recent literature. The main property
of the proposed schemes will be tested when we consider numerical experiments
featuring stationary solutions. In all test cases, we will consider an ideal gas with
~ = 1.4 and a parameter value § = 1.5 for the limiter (2.9). The condition is set
to 0.485 in (2.2)).

2.5.1 Application to the DI Euler system with gravitational source term

The model

The[ID|Euler system with gravitational source term is given by:

{ut—kf(u)z:S(u,x), 2EQCR, t>0. (2.48)
u(z,0) = uo(z),
where
p pu 0
u= | pu |, f@)=| pl+p |, Su)=| —po.
E (E+p)u —pudy

Here, p is the fluid density, u is the velocity, p is the pressure and E = 1pu? + %
is the non-gravitational energy which includes the kinetic and internal energy of
the fluid. The gravitational potential ¢ = ¢(x) is a given function and + is the ratio
of specific heats. In the absence of the gravitational source term, system (2.48)
reduces to a hyperbolic system of conservation laws with a complete set of real
eigenvalues and a corresponding set of linearly independent eigenvectors. We present

the eigenvalues of the flux jacobian 8@51“) LA =1U, Ay = U+ ¢, \3 =u — ¢, where c is

the sound speed given by ¢ = , /%.

[dDlisothermal equilibrium

We start our numerical experiments by verifying that the numerical scheme is capable
of preserving any steady state at the discrete level. We consider for our first test
case the isothermal equilibrium problem with a linear gravitational field ¢, = g =1
previously considered in [80]. The numerical solution is computed on 200 grid points
of the interval [0,1]. The final time is ¢ = 0.25. The equilibrium at the [PDE level is
defined such that, u; = 0. The isothermal equilibrium state is given by:

p(x) = poexp(—" ),

Po
u(z) =0,

p() = poexp(— 2 ).
Po
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2 Well-balanced Central Schemes with the Subtraction Method

The above formulas for p, v, and p ensure that u; = 0 at the [PDEl level. However, we
need to prove that u”*! = u”, in order to prove that the equilibrium is preserved
numerically. Here we set pg = 1,p9 = 1. The reference solution u chosen in this
experiment is exactly the isothermal equilibrium state. The results are illustrated in
figures and [2.7)where we plot the numerical solution at ¢ = 0.25 and we compare
it to the exact solution. This figure shows that the equilibrium is exactly preserved
and a perfect match between the computed solution and the exact one is observed.
Note that in [80], this equilibrium needed a very specific well-balanced strategy to
be preserved.

1R T T T T

Numerical solution
\\ Exact solution
09 F 7

08+ \. i
07+ \\ i

06 . i

04 ~_ -

0.3

Numerical solution
0.8 Exact solution 7

0.6 J
04 B

0.2 b

pu

-0.2F b

04 ,

-06 b

-0.8F J

Figure 2.6: [[Dlisothermal equilibrium: density (top) and momentum (bottom) at time ¢ = 0.25.
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2.5 Numerical Results

To test the ability of the scheme to capture perturbations around the equilibrium,
a small perturbation is added to the initial pressure. Hence, it is now given as:

p(x) = poexp(— 2% 2) + nexp(~1002% (2 — 0.5)?),
Po Po

where = 0.01. The perturbation will be updated from the pressure at each time by
the following formula,
Pl =

ntl — poexp(=29 ), Vi and Vn.

DPo

b

In figure [2.8| we plot the perturbation k obtained at time ¢ = 0.25 and we compare
it to the initial perturbation on 200 grid points. Outflow boundary conditions are
applied. The plots show that the proposed numerical scheme is capable of capturing
small perturbations. The order of convergence of the proposed numerical scheme is
calculated using the L;-norm for the density, pressure and the energy components
and the obtained results are reported in Table

N Lq-error p Order Lq-error p Order Lq-error Order
200 | 2.765 x 1076 [ — 3797 x 1070 | — 9.948 x 1076 | —
400 | 7314 x 1077 | 1.89 | 1.029 x 107 | 1.88 || 2.575x 1076 [ 1.95
800 | 1.765 x 107 | 2.05 || 2.400 x 107 | 2.10 || 6.003 x 10~ | 2.19

Table 2.1: [[Dlisothermal equilibrium: L1 -error and order of convergence.

@Dl moving equilibrium

Next, we verify that the proposed numerical scheme is capable of preserving moving
equilibrium states. We consider the test case previously presented in [[82]. A non-
linear gravitational field ¢(z) = exp(z)(—exp(z) + y(exp(—~x)) is considered. The
numerical solution is computed at time ¢ = 10 on 200 grid points of the interval [0,1].
The moving equilibrium state is given by:

p(z) = poexp(— 29 p),
Po
u(z) = exp(x),
p(e) = exp(— 22y
Do

po = 1 and py = 1 are given. The considered reference solution in this case is the
equilibrium state itself. Figure ?? shows that the density, velocity, energy and pressure
are exactly preserved at time ¢ = 10. The curves are exactly on top of each other
which ensures that the steady state is perfectly preserved with zero error.
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2 Well-balanced Central Schemes with the Subtraction Method

[{DIshock tube problem

We consider for our next experiment the shock tube problem with a linear grav-
itational field with ¢, = g = 1, which was previously considered in [80]. The
computational domain is the interval [0,1]. Reflecting boundary conditions are
considered. The reference solution u considered in this experiment is the isothermal
equilibrium. Notice here that we are not solving steady state problems, so any other
smooth solution could be considered. The initial conditions are given by:

(2) 1, if z <0.5,
xTr) =

P 0.125, otherwise,
u(z) =0,

(z) 1, if x <0.5,
€Tr) =
P 0.1, otherwise.

The numerical solution is computed on 100, 200, and 400 grid points at the final
time ¢ = 0.2. The obtained results are reported in figures[2.11]and [2.12] where we
show the profile of the density, velocity, energy, and pressure. The obtained results
are in perfect agreement with those appearing in the literature.

2.5.2 Application to the 2D/ Euler system with gravitational source term

The model

The [2D] Euler system with gravitational source term is given by:

U, + F(U), + G(U), = SU), (2,9) €QCR% t>0. (2.49)
U(xay70):UO(l‘7y)a '
where
P p;ul pu
puy pui +p puLU2
U= F(U) = G(U) =
pUs ) ( ) PULU ) ( ) pu% +p )
E (E +pus (E+p)us
and
0
( ) *P‘by

—pU1Pz — Puady
Here p is the fluid density, u; and us are the velocity components in the z- and y-
directions, respectively, p is the pressure and E = 1p(u? + u3) + % is the non-
gravitational energy which includes the kinetic and internal energy of the fluid. The
gravitational potential ¢ = ¢(z,y) is a given function and + is the ratio of specific
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2.5 Numerical Results

heats. Similar to the case, and in absence of the gravitational source term, the
system reduces to a hyperbolic system of conservation laws with real eigenvalues
and a complete set of linearly independent eigenvectors. The eigenvalues of the flux
jacobian az;;l(JU) are, \{ = U1 — ¢, Ay = Uy, A\3 = Uy, A\ = u; + c. For the the flux
aG(U)
au

given by ¢ = , /%. In this section we apply the 2ZD|well-balanced unstaggered central

jacobian , Al = U2 — ¢, Ay = U2, A3 = Uz, Ay = us+c, where c is the sound speed

scheme we developed in section [2.3|and we solve the classical D] Euler system with
gravitational source term featuring stationary solutions and other equilibrium states.

[2Dlisothermal equilibrium

The first numerical experiment we consider aims to validate the well-balanced
property of the proposed 2D|scheme. We consider the isothermal equilibrium state
problem [[19] (82} [80]]. This experiment is a direct extension of the experiment
previously considered in subsection The initial conditions correspond to a
stationary state and are given by:

plz,y) = poeXp(—p*Z(%w + éyy)),
(05} (1’, y) = Oa
2.50
/UJQ(I7 y) = 07 ( )
pla,y) = poexp<—l’j—g<¢mx +0yy).

po = 1.21 and py = 1 are given. The gravitational potential is linear with ¢, = 1 and
¢, = 1. The computational domain is the square [0, 1]* discretized using 60 x 60 grid
points. We apply the [2D]scheme and compute the numerical solution at the final time
t = 0.25. Figure[2.13|shows the profile of the density and the energy.

Unidirectional equilibrium perturbation

In this test case we extend the [ID] perturbation problem to the [2D] case where both
the equilibrium state and the perturbation are initially set along the = or the y-
axis. Whenever set in the z-direction [80], the equilibrium state and the pressure
perturbation are given by:

p(z,y) = exp(—z)),
ui(x,y) =0,
uz(z,y) =0,
p(z,y) = exp(—x) + nexp(—100(z — 0.5)°).

Similar initial data are defined if the perturbation is set in the y-direction. The
perturbation will be updated at each time by the following formula,

ki'; = pi'; — exp(—w;).
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2 Well-balanced Central Schemes with the Subtraction Method

The numerical solution is computed at time ¢ = 0.25 using our proposed numerical
scheme with » = 0.001. The obtained results are reported in figure The
observed profiles are similar to those of the case, as well as those reported
in the literature. Figure [2.14] shows a comparison between cross sections of the
pressure of the [2D] problem (with perturbations set in the z- and y- directions) and
the corresponding one of the[ID] problem. All three curves are in perfect match. The
Ly-norm for the density component and the order of convergence of the numerical
scheme are reported in table

N Ly-error p Order
200% | 2.8461 x 10—~ —
400% | 7.0611 x 10~ | 2.01
800% | 1.6840 x 10~% | 2.06

Table 2.2: [2D] Unidirectional equilibrium perturbation: L1 -error and order of convergence for the density.

2D moving equilibrium

This test case is an extension of the [ID|moving equilibrium problem to the 2Dl case;
it is meant to verify that the proposed numerical scheme is capable of preserving [2D]
steady states with non-zero velocities. The initial coefficients are given by:

pla,y) = poexp<—’;j’—j<x +),
u(z,y) = exp(x + y),
ug(z,y) = exp(z +y),

p(z,y) = exp( ’;f—ju +y)

po =1, po = 1, and g = 1. We consider a nonlinear gravitational potential given
by ¢(z,y) = exp(z + y)(—exp(z + y) + v(exp(—y(z + y))). The numerical solution
is computed at the final time ¢ = 0.25. The equilibrium is preserved exactly and a
comparison is held on the density component at the final time in figure [2.16]
The comparison shows a perfect match, thus confirming the potential of the proposed
scheme to handle stationary equilibria.

[2DI shock tube problem

We consider for our last experiment the [2D] sod shock tube problem. As in the
case, the reference solution U is the isothermal equilibrium solution (2.50).
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2.5 Numerical Results

We consider first the flow along the z-direction with the linear gravitational field
with ¢, = 1 and ¢, = 0; the initial data are given by:

(2.7) 1, ifx <0.5,
&£, = .
&Y 0.125, otherwise.

u(x,y) = 0 =uz(x,y).

(2,9) 1, if z <0.5,
:I:) = .
Piy 0.1, otherwise.

The computational domain is the square [0, 1]? discretized using 400 x 10 grid points.
In a similar way, we define the initial data along the y-direction, where the same
computational domain is discretized using 10 x 400 grid points. The numerical
solution is computed at the final time ¢ = 0.2 using the proposed well-balanced
scheme. The obtained numerical results are reported in figures and [2.18| where
we present a comparison between cross sections of the [2D] problem set along the z-
and y- directions for the density, velocity, energy and pressure and the corresponding
solution of the[ID| problem. A perfect match between the plots is observed and the
obtained results are in perfect agreement with corresponding ones appearing in the
literature.

2.5.3 Application to the 2DI[MHD equations with gravitational source
term

The model

Ideal Magnetohydrodynamics (MHD) equations model problems in physics and
astrophysics. The system is a combination of the Navier-Stokes equations of
fluid dynamics and the Maxwell equations of electromagnetism. A gravitational
source term is added to the ideal [MHDI equations in two space dimensions in order to
model more complicated problems arising in astrophysics and solar physics such as
modeling wave propagation in idealized stellar atmospheres [69, [11]]. The system of
equations with gravitational source term in two space dimensions is given by:

U, + F(U), +GU), =SU), (z,y)€QCR? t>0. 2.51)
U(x,y,O) :UO(xay)a ‘
where
p puUL
pus pui + Iy
PlUs puiuz + 1o
pus3 puiugz + 113
= F =
v E » F(U) Euy +uilliy +uollis +usllys |7
B, 0
By Ay
Bs —A3
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2 Well-balanced Central Schemes with the Subtraction Method

plU2 0
puU2U1 + H21 0
pu3 + g, —pdy
pugus + Ilas 0
G(U) = Eug + uiIla; + upllpg + ugllaz |7 S(U) = —pU2dy

—A3 0

0 0

A 0

Here p is the fluid density, pu is the momentum with u = (uy, u2, us), p is the pressure,
B = (B, B2, Bs) is the magnetic field, and F is the kinetic and internal energy of the
fluid given by the following equation £ = -2 + 3plul* + £|BJ? with ~ the ratio of
specific heats. ¢ = ¢(z,y), with ¢, = 0 and ¢, = g, is the gravitational potential and
it is a given function. A = u x B, II;;, II5> and II33 are the diagonal elements of the
total pressure tensor and II;,, IT;3 and Il,3 are the off-diagonal tensor are given by
the following formulas:
Hii =p-+ %(sz + BI% — BZQ) and Hij = 7%BiBj, for i,j, k= 1, 2, 3.
To determine the time-step using the CFL condition (2.2]), we present the eigenvalues
of the flux jacobian in the z-direction,
AL =1ur—cp, Ay = Uy — b1, Az = Uy —Cs, Ay = UL, As = U1, Ag = Uy +C, A7 = U + b1,
As = u1 + ¢5. The eigenvalues of the flux jacobian in the y-direction are analogously
defined.

Here,

1

cr = \/2 <a2 + 02+ \/(a2 +02)% - 4azb?>7 (2.52)
1

s = \/2 <a2 + b2 — \/(@2 +b2)° — 4a2b§), (2.53)

are respectively the fast and slow wave speed with a = \/? is the sound speed
and b = \/b? + b3 + b2 with b, = B;},i € {1,2,3}. For additional reading on the
hyperbolic analysis of the system, readers are refered to [32} [64].

The conservation of momentum is exposed to Lorentz force from the magnetic
field and to gravitational force. In addition, the conservation of the total energy
(internal, kinetic and magnetic) has the gravitational potential energy as a source
term. A list of numerical experiments has been considered in order to verify the
robustness and accuracy of our method in the case of the system of MHDI| equations.

and

Constrained Transport Method (CTM)

From electromagnetic theory, the magnetic field B must be solenoidal i.e. V-B =10
at all times. The divergence-free constraint on the magnetic field reflects the fact that
magnetic mono-poles have not been observed in nature. The induction equation for
updating the magnetic field imposes the divergence on the magnetic field. Hence,
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2.5 Numerical Results

a numerical scheme for the equations should maintain the divergence-free
property of the discrete magnetic field at each time-step. Numerical schemes usually
fail to satisfy the divergence-free constraint and numerical instabilities and unphysical
oscillations may be observed [72]]. Several methods were developed to overcome
this issue. The projection method, in which the magnetic field is projected into a
zero divergence field by solving an elliptic equation at each time step [13]. Another
procedure is the Godunov-Powell procedure [65} 66 [31]], where the Godunov-Powell
form of the system of the equations is discretized instead of the original system.
The Godunov-Powell system has the divergence of the magnetic field as a part of
the source term. Hence, divergence errors are transported out of the domain with
the flow. A third approach is the 14, 67, [28]. The [CTMlwas modified from its
original form to the case of staggered central schemes [3]. It was later extended to
the case of unstaggered central schemes [75]]. In this work we consider the version of
developed in [[75]. At the end of each iteration, we apply the corrections
to the magnetic field components. Starting from a magnetic field that satisfies the
divergence-free constraint V - Bi’; = 0, we would like to prove V - B’fjl = 0. The
discrete divergence using central differences at time ¢™ is given by,

v.p - (28\" L (2B,
sJ 8x i ay i

_ (Br)?+1,j - (Bﬂ?)?—l,j + (By)2j+1 - (By)Zj—l
2Ax 2Ay

=0.

The vector of conserved variables U"! is computed by the numerical scheme, but
V.B?;’l might not be zero. Therefore, we compute the magnetic field B?jl by
discretizing the induction equation at the cell centers of C; ;,

o( B, 90 /[0 n 0 QY _ 0
where Q = (—u x B), = —u, B, + u,B,. Hence, the discretization of the induction
equation is the following,

1
Bl. n41 _ Bw n n+§ 7Qn+,
( )i+%,j+% ( )H—%,H% n i+3.9+3  i+d.g-3 —0
At 2Ay -
1
B, n+1 —(B,)" ntgz _Q" 2
( ‘/)i+%,j+% ( ")'i+%~j+% Sty i-da+d -0
At 2Azx -
Then,
n+1 _ n At n+s _o"ts3
(Biv)i+%,j+é - (ng)i%’j% 2Ay <Qi+%,j+% Qi+%,j—% ’ (2.54)
B oy = By o + AL (7, ot '
v)i+ij+3 Yits,5+5 ' 20z i+2,5+1 i—3+%) "
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2 Well-balanced Central Schemes with the Subtraction Method

+3 . . . .
Now, we compute QZ 2,1 using the numerical solution computed at time ¢" and
2 2

t"+! in order to obtain second order of accuracy in time,

n+3 _ 1 n+1 n
Qi+;j+é T2 [Qi+%,j+% +Qi+%,j+$} ’
_ U egmer S O A+ W
2 | st 4
n+1
Next, we calculate V.(B); Y
n+1 n+1 n+l n+l
vyt = Buan By Buiggey — By
it3aty 2Ax 2Ay '
=1 =J
(2.55)
We compute now [ and J as
n+1 n+1
B - B
2Ax ’
_ 1 (B:c)?ﬂ,j + (Bar)?+2,j+1 + (Bx)?+2,j + (Bﬁt’)?;s—l,j-i-l
2Ax 4
_ At (Q’“r% s ) C Ba)iia + Be)ij + (Ba)iy + (Be)ity jia
2Ay \it5.i+3 i+5.0—3 4
At n+1 n+i
T Ay (97 g 95 0) ]
n+1 n+1
J= (By)ityjrs — (By)ify s
2Ay ’
_ 1 (By>2j+1 + (By)?+1,j+1 + (By)?+1,j+2 + (By)zj+2
2Ay 4
At (Qn-i-% Qn-’_% ) (By)?]71 + (By)?+1’jf1 + (By)?Jrl,j + (By):l]
2Ax it5.J+5 i—3.5+3 4
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The sum of I and J is,

1

f+J= 8Az [(B’”)?“J = (Ba)i_yj + (Ba)iya jor — (Ba)i i

+ (Ba)iva; — (Ba)iy + (Ba)ivr jyr — (BI)?—l,j-&-l}

At n+4 n+3 n+3 n+d
+4A9L‘Ay{< U ey PO ) (00 - 9

n+% o n+2 n+3z B n-&-% ):|
(O o) (O, e

1 n n n
+ @[(B?/)i,j+l o (B )1 g1 + (B )1+1 J+1 (By)i+1,j—1

+ (By)?.}.LjJ,_Q - (By)?_HJ + (By)2j+2 - (By)zj :|
Hence,
T4 J— 1 (Bm)?-l,-l,j - (BZ)?_L]‘ 4 (By)?,j+1 B (By)zj_l
4 2Azx 2Ay
+ (Bfr)?+2,j+1 - (Bw)?,j+1 (By)?+17j+2 - (By)ZrLj
2Ax 2Ay
+ (Bx)?+2,j - (BI)Z]‘ 4 (By)?,j+2 B (By)zn,j
2Ax 2Ay
4 (Bm)?+1,j+1 - (Bx)?71,j+1 + (By)?+1,j+1 - (By)?+1,j71 (2.56)
2Ax 2Ay ’ '
and the divergence of the magnetic field on the staggered grid V - (B )”:1 ;41 reduces
to, ?
V- (B):‘:;j+2 [v B, +V-B 1 +V-BY,,+V-B, ] =0 (257)

Finally, we compute the magnetic field on the main grid B?jl as the average of its
values on the staggered grid,

1
1 1 1
B?j =1 [BZ:_: gt —&-BZL_:' o —|—B"+1 g+

+ B 1] .
U273
Hence,
V-B!f'=0. (2.58)

On a side note, the CTM maintains the second order of the base scheme as discretiza-
tions were performed with second order of accuracy.
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2 Well-balanced Central Schemes with the Subtraction Method

Smooth solution

In order to numerically validate the second order accuracy of our scheme, we consider
the first test case from [83]]. For simplcity, we consider a variant of the the flow
presented in [[83]]. The initial data is an MHD sine wave propagating over the
computational domain [-2,2] x [-2,2] until time ¢ = 0.1,

U = [p,u1,us,us, By, Ba, Bs,p| = [1 4+ 0.99sin(z — 2¢),1,1,0,0.1,0.1,0,1], (2.59)

with v = 1.4. Tabel [2.3lists the numerical L;-errors for the density component on
different grids together with the order of the scheme.

N x N L4-error p Order
200x200 8.0190 x 104 —
400x400 1.9357 x 10~% | 2.05
800x800 4.5111 x 10=° | 2.10

1600x1600 || 9.6607 x 10~° | 2.22

Table 2.3: Smooth solution: L1-error and order of convergence.

shock tube problem

For the first numerical test case, we consider a shock tube problem for the system
of ideal MHD equations extracted from [4]]. The simulation takes place over the
computational domain [—1,1] x [0,1]. U = [p,u1, us, us, Ba, Bs, p] is initially given
as U = [1,0,0,0,v/4,0,1] for z < 0.5 and U = [0.125,0,0,0, —v/4,0,0.1] for z > 0.5
and B; = 0.75v/4. This test case features seven discontinuities. It was originally
introduced for the non-scaled equations [4]. Hence, removing 7 from the
initial data makes it a valid test case for the scaled equations. We compute
the solution at the final time ¢ = 0.25 on 400 x 400 grid. Because the numerical
divergence at the final time was zero, there was no need to apply the [CTMl The cross
sections in figures and show a very good agreement with the results in the
literature. In order to investigate the effect of the on the computed solution,
we did a convergence study in figure and while applying the As it
is very clear in the figures above, applying the for the schemes has a small
smearing out effect on the solution.

Four stages Ideal [MHDI Riemann problem

This test case is considered to prove the ability of our scheme to solve ideal MHDI
problems and preserve the divergence-free constraint. The initial data consist of four
constant states [4,[75] . The initial four constant states are given as follows,

1,0.75,0.5,1) ifz>0andy >0
2,0.75,0.5,1) ifz <Oandy >0
1,-0.75,0.5,1) ifz<0andy <0
3,-0.75,—0.5,1) ifz>0andy <0

(p7u17u25p) = (260)

~ o~~~
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2.5 Numerical Results

with an initial uniform magnetic field B = (2,0,1). The numerical solution is
computed in the square [—1,1] x [—1,1] on 400x400 grid points.

Figure illustrates the density at the final time ¢; = 0.8 with and without
applying constrained transport treatment to the magnetic field components. Similar
comparison on the divergence of the magnetic field is illustrated in figure The
results highlight the robustness of the numerical scheme in the sense that even
without treatment we are able to show numerical simulation while other schemes
simply blow up without special treatment of the magnetic field.

[MHDI vortex

For our third test case, we consider the vortex for the homogeneous ideal
equations [8]. The initial data represent a moving stationary solution of the
system of the ideal D| equations and are given by, 2 = 22 + %, p =1, uy =
Uy — Kp exp( )y, U = Vg + Kp exp( )x uz =0, By = —my, exp( )y, By =
2

—my exp(15- )at B3 =0,andp=1+ (7(1 —7r?) — 7”). We set the parameters
my = 1,5, = 1,up = 0, and v9 = 0. The vortex is advected through the domain
[—5,5] x [—5, 5] with a velocity (ug, vg). Steady state boundary conditions are used
in this test case. In figure |2 we present the pressure profile at the final time
t =100 \/Qg; ~ 1003 147on different grids. The steady state gets preserved exactly as

the background solutlon U is the vortex itself. No treatment of the magnetic field has
been done in [|8] as the selection of the MHD test cases is restricted to this steady
state, which gets preserved exactly. However, treating the magnetic field is a necessity
in other test cases as we will see later.

Hydrodynamic wave propagation

The aim of this test case is to test the well-balanced property of the subtraction method
by simulating a steady state solution under hydrodynamic wave propagation. The
experiment is carried out in two steps. The first step is to check that the subtraction
method preserves the steady state. The initial data are the hydrodynamic steady state
in the computational domain [0,4] x [0, 1].

pla.y) = poexp(—1),p(x,y) = poexp(—7).u = 0,B = 0. (2.61)

With H = g‘% = 0.158, pp = 1.13 and g = 2.74. The subtraction method preserves

the hydrodynamic steady state exactly after choosing the reference solution U at the
steady state itself. Figure shows a very simple comparison of the density and
the energy cross section at ¢ = 0 and the final time ¢ = 1.8. The second step is to add
perturbation to the steady state as a time dependent sinusoidal wave that propagates
from the bottom boundary of the vertical velocity and exits from the top one. The
wave formula is as the following,

u;:’m,fl} = exp(—100(z; 0,1} — 1.9)%)csin(67t™). (2.62)
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2 Well-balanced Central Schemes with the Subtraction Method

The bottom boundary is a localized piston at z = 1.9. Figure shows the profile
of the wave at the final time ¢t = 1.8 for ¢ = 0.003 (left) and for ¢ = 0.3 (right) for
800 x 200 grid points. The waves propagate in both cases from bottom to top under
the effect of the pressure and gravity forces. The case where ¢ = 0.003 models a
small perturbation and ¢ = 0.3 models a stronger wave. The results are in a very
good agreement with the ones in [31]]. More importatntly they match the results
of the most accurate (third order) of the three schemes compared in [31]]. Hence,
the scheme is well-balanced in the sense that it preserves the steady state and can
capture its perturbations.

wave propagation

In this test case, we model propagating waves that not only undergo the effects of
pressure and gravity, but also that of the magnetic field. The test case is extracted
from [31]]. We consider the magnetohydrodynamic steady state defined as,

p(m)y> = Po eXp(—%),p(l’,y) = Po eXp(—%),u = O7B = (07u70)7v -B=0.
(2.63)

Where p is a parameter that takes different values for each part of the experiment.
The waves model a perturbation of the steady state that starts from the bottom
boundary of the normal velocity as the following,

[Bi, (0,1}

DLl cgin(6rtm)  for x € [0.95,1.05
W o1y = ( : 095 109k (2.64)
A 0 Otherwise,

with ¢ = 0.3. The computational domain is [0, 2] x [0, 1]. We use the wave propagation
boundary conditions suggested in [31]]. These boundaries are periodic boundaries in
the z-direction for U and p and Neumann type boundary conditions in the y-direction
as the following,

Ay Ay

n _ n = n _ n =S¢
Pi1 = Pi2€ T, Pio = Pi€H
—Ay —Ay

n _n n _.n
pi,ny—l - pi,ny—2e H api,ny - pi,ny—le H

for 1 <4 < nz. Similar boundaries for the momentum pu and the pressure p. Energy
boundaries are computed from the pressure. For the magnetic field boundaries, we
simply copy the data from the cell before. We present the profile of the velocity in
the direction of the magnetic field,

up =< u,B > /|B], (2.65)

at the final time ¢ = 0.54 for different values of u. As p increases, the effect of the
magnetic field on the propagating wave increases. The wave profile gets compressed
as the magnetic field takes higher values. The plasma parameter is given by 5 = 123—’2’
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[31]. It measures the relative strength of the thermal pressure to the magnetic field,
and is crucial in determining the dynamics of the plasma. The $-isolines are illustrated
in black and the lines of the magnetic field are illustrated in white. The parameter g
indicates the effects of the pressure and the magnetic field on the propagating wave
such that, for § > 1, the region is pressure dominated, while for 8 < 1, the region is
magnetic field dominated. In figure the profile of the velocity in the direction
of the magnetic field, in the case of u almost zero, is illustrated, which is exactly
the velocity in the y-direction in this case. The wave propagates freely along the
computational domain taking a radial profile in the absence of the magnetic field on
400 x 200 grid points. Figure shows the profile of the propgating wave under
the effect of a stronger magnetic field for ; = 1 on 400 x 200 grid points without
applying In addition, figure [2.29] presents the divergence of the magnetic
field which is clearly not zero. On the other hand, we present the same results with
applying on 1200 x 600 grid points in figure Applying the results in
a zero discrete divergence of the magnetic field up to machine precision. Another
effect of applying the is the diffusion we see in figure which was resolved
by evolving the solution on a finer grid. Additionally, we present the velocity in the
direction perpendicular to the magnetic field in figure for p = 1 at different
times.

Our results, obtained with the second order scheme, are comparable with the
results in [I31]], obtained with third order schemes, which ensures the robustness of
our scheme and its capability of solving physically challenging problems, such as
wave propagation under the effect of pressure and gravity.

2.5.4 MHD wave propagation - weak magnetic field

In order to test the effect of a more complicated non-constant magnetic field on the
wave propagation, we choose a test case featuring a non-trivial magnetic steady state
from [31]],
_ Y _ Y _ _
p(z,y) = po exp(—ﬁ), p(z,y) = po exp(—ﬁ), u=0, V-B=0, (2.66)

where B is defined as Fourier expansion of vector harmonic functions,

M 2kmx k M 2kmx k
. _ 2kmax _ 2kmax
= 51 5= (35 (207) 5, 3 e (227 20 )

(2.67)

with f;, are the Fourier coefficients given by the vector FR/3 where FR is defined as,

FR = {fo, ..., fia} = {0.552802906842; —0.696736253842; 0.908809914778;
— 0.813921192337; 0.360524088458; 0.115217242296; —0.281974513346;
0.143723957761; 0.049431756210; —0.110095259045; 0.053464228949;
0.011695376102; —0.028284735991; 0.013116555865; 0.001434008866 }. (2.68)
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M is the total number of Fourier modes, which is 14 in this case. X equals 4 is the
length of the domain in the z-direction. The simulation is carried in the computational
domain [0, 4] x [0, 1]. After preserving the steady state, perturbation is added
to the velocity in the y-direction with magnitude ¢ = 3 x 10=%. The results on a
800 x 200 mesh at the final time ¢ = 0.9 is illustrated in figure (2.32). This test case
shows the ability of the scheme to capture very small perturbations around the steady
state. This was possible because of the fact that our scheme preserves the steady state
exactly. Figure shows the discrete divergence of the magnetic field initially
and at the final time. In this case, we do not need to apply the CTM as the initial
discrete divergence is preserved.

2.6 Conclusion

In conclusion, we develop [ID]and [2D]second order unstaggered finite volume central
schemes for general balance laws. The proposed scheme is capable of preserving any
type of known equilibrium states due to a special reformulation that computes the
numerical solution in terms of a specific reference state. Applications to the systems
of Euler and MHD equations with gravitational source term are presented in the
numerical results section. A comparison between the obtained numerical results
and the corresponding literature ensures the robustness and the accuracy of the
developed schemes. In this work, we chose the [CTM| as a procedure to clean the
divergence of the magnetic field. We realized that, it has a smearing out effect on the
solution especially in the physically challenging test cases. For this reason, the
is applied dynamically whenever needed. Meaning that, in the test cases where the
numerical divergence is zero at the final time and no numerical instabilities has been
observed, we do not apply it. This leaves us with a second order well-balanced finite
volume numerical scheme that captures solutions of the equations and satisfies
the divergence-free constraint.
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Figure 2.7: [[Dlisothermal equilibrium: energy (top) and pressure (bottom) at time ¢t = 0.25.
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12

x10°
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Figure 2.8: [[Dlisothermal equilibrium: profile of the initial perturbation (dashed curve) and the perturbation at the
final time t = 0.25 (dotted curve).
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Figure 2.9: [[DImoving equilibrium: profile of the density (top) and velocity (bottom) obtained at time ¢ = 10.

41



2 Well-balanced Central Schemes with the Subtraction Method

3 T T T T T T T T T

Numerical solution
= = =Exact solution

26 1

Numerical solution
0.9 = = =Exact solution

0.8 3

05 F 4

0.4 3

0.2 I I I I I I I I I

Figure 2.10: [DImoving equilibrium: profile of the energy (top), and pressure (bottom) obtained at time ¢ = 10.
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Figure 2.11:[{Dlshock tube problem: density (top), velocity (bottom) at time ¢ = 0.2.
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Figure 2.12: [{DIshock tube problem: energy (top), pressure (bottom) at time ¢ = 0.2.
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Figure 2.13:[2Dlisothermal equilibrium: density (left), energy (right) obtained at the final time ¢t = 0.25.
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Figure 2.14: 2D] Unidirectional equilibrium perturbation: [DI2D]l comparison of the pressure perturbation k at time
t = 0.25.

Figure 2.15: [2D] Unidirectional equilibrium perturbation: initially along x (top left), at ¢ = 0.25 along x (top right),
initially along y (bottom left), at £ = 0.25 along y (bottom right).
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Figure 2.16: 2D moving equilibrium: the density at time t = 0.25 with x-cross section (left) and D] 2D

y-cross section (right).
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Figure 2.17: 2Dl shock tube problem: IDH2D] comparison density (left) and velocity (right) at time ¢ = 0.2.
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Figure 2.18: [2D]shock tube problem: IDH2D] comparison energy (left), pressure (right) at time t = 0.2.
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Figure 2.20: [2D] shock tube problem: cross sections of the energy and the magnetic field components at time
t = 0.25.
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Figure 2.21:[2D]shock tube problem: cross sections of the density and the velocity components at time ¢ = 0.25 on
200x 200 (dashed line), 400 x 400 (solid red line), and 800 x 800 (solid black line) grid points.
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Figure 2.22: shock tube problem: cross sections of the energy and the magnetic field components at time
t = 0.25 on 200X 200 (dashed line), 400 x 400 (solid red line), and 800 x 800 (solid black line) grid points.
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Figure 2.23: Four stages Riemann problem: p with [CTM] (left) and without [CTMI (right) at the final time ¢ = 0.8.
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Figure 2.24: Four stages Riemann Problem: divB with[CTM| (left) and without|CTMI (right) at the final time ¢ = 0.8.
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Figure 2.25: [MHD] vortex: pressure profile at the final time on 32 x 32, 64 x 64 and 128 x 128 grid points
respectively.
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Figure 2.26: Hydrodynamic wave propagation: a comparison of the cross sections of the density p (left) and the
energy E (right) initially and at the final time ¢ = 1.8.
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Figure 2.27: Hydrodynamic wave propagation: wave profile ua for ¢ = 0.003 (left) and ¢ = 0.3 (right) at the final
timet = 1.8.
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Figure 2.28: [MHDlwvave propagation: velocity in a direction parallel to the magnetic field up =< u, B > /|B| for
1 = 00n 400 x 200 grid points at the final time ¢ = 0.54.
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div.B

Figure 2.29: [MHDIvave propagation: velocity in a direction parallel to the magnetic field ug =< u,B > /|B| for
1 = 10n400 X 200 grid points at the final time ¢t = 0.54 without[CTM]
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Figure 2.30: [MHDIwave propagation: velocity in a direction parallel to the magnetic field ug =< u,B > /|B| for

1 = 10n1200 x 600 grid points at the final time ¢t = 0.54 with[CTM|
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Figure 2.31: [MHD]wave propagation: u; g =< (u1,u2), (—B2,B1) > /|B| for . = 1 on 400 x 200 grid points
at different times.

58



\ ]
0841 11—
2\ _ Y 2_—
0.6
Ei\i _K— ——
" j% (4
0 0.5 1 1.5 2 25 3 3.5
[ ]
2 -1 0 1 2
%107

2.6 Conclusion

Figure 2.32: MHD wave propagation - weak magnetic field: velocity in a direction parallel to the magnetic field
up =< u,B > /|B| (left) and perpendicular to the magnetic field u; g =< (u1,u2), (—B2, B1) > /|B| (right)

on 800 x 200 grid points at the final time ¢ = 0.9.
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Figure 2.33: div-B initially at ¢ = 0 (left) and at the final time ¢ = 0.9 (right).
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Chapter 3

AP and SP Schemes for Kinetic equations

3.1 Introduction

After working on well-balancing techniques for the Euler equations. We started
looking at possibilities to generalize the well-balancing approach. Digging deeper
into the derivation of the Euler equations, we noticed a connection between the Euler
equations and the kinetic models such that, rescaled kinetic models (as we will see
in the following sections) converge to fluid equations. When the average distance
between two successive velocity changes is small, i.e., the mean free path is small,
one has to use resolved space and time steps that are less than the mean free path.
Moreover, the probability density function in kinetic models depends not only on
space and time, but also on velocity. The high dimensionality and the small mean
free path led to an extremely high computational cost, and [API schemes that allow
mean free path independent meshes became popular in the last decades.

schemes were first proposed in [57, [26] for the neutron transport equation
and have been successfully extended to a lot of applications, we refer to the review
paper [47] for more discussions. Different [AP| schemes have been developed for
various kinetic models, including the neutron transport equation [[1} (49} 57, 60], the
velocity jump model for E.Coli chemotaxis [15} [21]], and the Boltzmann equation
[29, 54, (16} |41]]. The Knudsen number ¢ is the ratio of the mean free path and the
domain typical length scale [26]]. To prove that a scheme is[AP] one has to show
that when the Knudsen number goes to zero in the discretized scheme, it converges
to a good discretization of the corresponding limit model. The main advantage of
[AP| schemes is that their stability and convergence are independent of the Knudsen
number. For such models, since the equilibrium is not known at the begining, it can
only be reached after a certain amount of time, which means it is not known and
cannot be initially given as the well-balanced techniques require. Moreover, as the
parameter in the equation takes a new value, a new equilibrium pops up. Hence, the
common well-balanced techniques will not be useful here and the need for stationary
preserving schemes, as mentioned before, arises. The investigation first adressed two
questions: how can we see the[SP| property for the corresponding[AP| schemes; and
how can we project what we understand at the kinetic level back to the fluid level.
Our key observation is that, as far as the Maxwellian of the distribution function of
an[AP] scheme can be updated explicitly, the second requirement of the [SP| property is
satisfied immediately. Our proof of the[SP| property is independent of £ and applicable
whenever the discretization linearly depends on the Maxwellian of the collision
operator. Numerically, one can check that the time evolutionary problem converges
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to a discrete stationary solution after finite time, and their difference is smaller than
machine precision. In the subsequent part, we will consider three different classes of
[AP schemes for which one can prove their[SP| properties as examples on which our
criterion applies. Once we are able to show that for an [AP| scheme, the space and
velocity discretization of the stationary equation provides a good approximation to
the steady state solution for all ¢, and the Maxwellian of the distribution function is
updated explicitly, the [SPI property follows immediately. To show the universality of
our observation, we test different kinetic models for different[AP| schemes, as listed
in Table [3.11

For this aim, we considered three schemes for three different kinetic models in
sections and see table We tried to prove the [SPl property for each
scheme separately and a useful conclusion has been drawn [27]. In each section,
we present the kinetic model and its corresponding [APlscheme with the [SP| property
followed by some numerical evidence. For the velocity space in the numerical test
cases, the standard Gaussian quadrature set is used.

Kinetic Model Scheme
Neutron transport equation Parity-equations based
Chemotaxis kinetic model UGKS
Boltzmann equation IMEX Penalization method

Table 3.1: A list of kinetic models together with their corresponding schemes.

3.2 Parity equations-based scheme for the Neutron trans-
port equation

In this section we check the parity equations-based scheme for the neutron
transport equation in [47} [48]]. This scheme is then proven to be[SP|as well.

3.2.1 The neutron transport equation

Consider thdID|neutron transport equation:
1 or 1 [+, 1,
of+0Vof =L [ fa' - f)—ous [ fa)y+q @D
€ €2 J_4 2 )

with z € [z, zgr] and v € [-1,1]. f = f(t, z,v) is the particle distribution function
and v is the particle velocity. We present the scheme for a simplified neutron transport
equation with o = 1,0, = 0, ¢ = 0. The extension to more general cases does not
add any difficulties.

3.2.2 Discretization of the model

When o7 = 1,0, =0, ¢ = 0 in (3.1)), the parity equations-based scheme in [48] can
be summarized by the following steps:
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* Rewrite (3.1I)) into two equations. For v > 0,

00 f(v) + 00, F(v) = é (3 sa-1).

€0, f(—v) — vO, f(— (/fdv— _ )

* Introduce the even and odd parities that are

3.2)

) = Sl 0) + [0 w) = o [0 — Stz )

* Add and subtract the equations in (3.2) and rewrite them into the following
diffusive relaxation system,

1
O + 00,5 = ——(r — pr),
g (3.3)
O¢j + nudyr = —E—Q[j + (1 — €n)vd,r],

where p, = fol rdv’ and n = n(e) is such that, 0 < n < - in order to guarantee
the positivity of 7(e) and (1 — €?n(¢)) so the problem remains well-posed
uniformly in e. 7 is chosen as 7(e) = min(1, 1).

* Split the equations (3.3)) into two steps:
— Relaxation step:

Or = — E%(T_pr)
Oj = —%[j + (1 — n)voyr].

— Transport step:

8tr + 'Uam] = 0,
0¢j +mudr = 0.

* Discretize the two steps as follows:

— For the transport step, we use an explicit first order upwind scheme on its
diagonal form such that

(2

n+2

1
{T% *’"?*UMD% (3.4)

where D" fI' = f' | — fI' and D°f] = % are the upwind and the
central spatial differences respectively.
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— For the relaxation step, we use an implicit backward Euler method that

writes
n+1 ”Jr%
- 1 n+1 n+1
At 7572(711’ Pr; ),
.n nt+z
Ji +1—]i 2 _i( .n+1 + (1 2 )U rn+1)
At - g2 Ji ENVAZT:

By integrating the above first equation over V (the velocity space), we
find, p7+! = pr;" 2. Then,

K3

n n+3 n
JL+1 Aji 2 _B(1_5 77) VAZT ¢+17

] TLJF% B n+g
{ T + Pr; ’ (3.5)

with A and B being defined as:

2

A=+ and B=

e2+ At 2+At

The fully space-time discretized parity equations-based [AP]scheme is given by the
transport step (3.4) and the relaxation step (3.5). The boundary conditions for  and
j are the same as in [[48]] and are obtained using the following relations:

T+ €f|rme, = FrL(v) and r —ej|ypes, = Fr(v) (3.6)
when € << 1, j can be approximated by,
J = —v0,r (3.7)

from the second equation in (3.3). Hence, the boundary conditions for r and j are,

T — V0T |p=y, = Fr(v) and r + cv0y7|p=z, = Fr(v) (3.8)

j = —v0,r 3.9

where Fy (v) and Fr(v) are the inflow boundary conditions of f. The [AP| proof of the
scheme has previously been done [48], [471, [15].

3.2.3 property

The purpose of this section is to prove that the scheme has the property. As
mentioned in the introduction, the scheme has to meet two requirements. The first
requirement is satisfied when an [AP] discretization of the steady state equation is
provided. The proof is given in Appendix B. For the second requirement, we need
to prove that starting from a discrete stationary solution, the solution of the time

64



3.2 Parity equations-based scheme for the Neutron transport equation

evolutionary problem does not change. Plugging (3.4) in (3.5) and using the fact

that p, ntE = pi*1, the equations for updating r"** and ]"“ can be written as:
prtl DY | 41
1 At 2 +UEJZL = —6—2(7“:7’ p:}l )7 (3.103)
+1 n u c
]Zl —Ji D n 1 n+1 D n+1
< - —7; 1-— . 3.10b
At +77UA:ET’L (-]7, ( € T}) A.’I; ) ( )

A discrete stationary solution to (3.10) are }* and j;* that satisfies:

D* 1, ., "

UA—]. = _?(Ti — p”), (3.113)
Dv 1 , . D

Mgt = Tl H e (3.116)

Lemma 1. When r}* and j* are solutions of the steady state equation discretization
(3.11), then r”“ = r and j"“ = j. Hence the parity equations-based scheme
satlsﬁes the second requirement of the [SP|property.

Proof.

e For r: Since Py, = fol r', inserting (3.11a) in (3.10a) and integrating over [0, 1]
yields prtt = pn.
Using (.1Ta) and p*! = p}', (3.10a) gives

'r'n+1 —rn 11
n
- Al = — ;2(7"? —PZ) = _?(rz —PZ)
Hence,
11 X
(5 + )0 =) =0,
and then r* = 7.

e For j: Using r"*! = v, (3.10b) becomes

-n+1 n u c
]1 ]z 1 n+1 2 D n
A + nv—Axr = i+ (1 —e n)UAxri ] (3.12)
From (3.11D), (3.12) writes,
-n+1 n c c
.]z ]1 1 -n 2 n n+1 2 n
A S S — 1-— " = —— 1-— N
I a2 = L - enp
Then,
1 1 n+1 -n

and thus j7't = jr

i
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Using this Lemma, the scheme satisfies both requirements of the [SP| property as
mentioned in the bullet points in the introduction. This is because, starting from a
discrete stationary solution, our discretization of the time evolutionary problem does
not change this discrete stationary solution. This way we have shown that the parity
equations-based scheme (which is has both the [AP| and [SP] properties.

3.2.4 Numerical results

To validate the [APland [SPl properties of the parity equations-based scheme, we use
the same initial and boundary conditions as problem 1 in section 6 in [[48]. The
initial condition, given by the distribution function is f(x,v,t = 0) = 0, and the
computational domain is z € [0, 1]. The boundary conditions are as in and
with

FL(U) =1 and FR(U) = 0.

This data are consistent as can be seen by and (3.9). The mesh and time step
sizes are respectively Az = 0.025 and At = 0.0002 with the S Gaussian quadrature
points for the velocity. In figure we plot the density at time ¢ = 0.05 for e = 1072,
e = 1073, ¢ = 107% and compare it to its diffusion limit. The curves get close to
each other when ¢ gets very small. The curve corresponding to e = 1076 is exactly
on top of the curve of the diffusion limit equation. This verifies the [APl property of
the scheme. Furthermore, we plot in figure the time evolution of the distance
between the numerical stationary solution p? and the numerical solution p, of the
time evolutionary equation given by the L°° norm

[lpr = pillo = max{pr; — py;}-

One can see that this distance does not change after we reach the steady state. After
that we give the norm at discrete times in Table where we also show that the
[SPl property is valid for all ¢ << 1. Figure and Table indicate that the [SPI
property is well satisfied.

T 0 2 4 6 8
L> | 0.995 | 1.051 x 1073 | 1.683 x 10=% | 2.696 x 1079 | 4.120 x 10~12
T 0 2 4 6 8
L 1 9.111 x 107% | 1.263 x 1076 | 1.752 x 107° | 2.176 x 1072

Table 3.2: Neutron Transport: L°°-norm of the difference between the solution and the stationary solution in the
time interval [0,8] for ¢ = 102 (top) and & = 10~ (bottom).

3.3 scheme for the chemotaxis kinetic model
In this section we first extend the [UGKS| in [60] 54} [55] to the time evolutionary

chemotaxis model, then show its [P and [SP| properties. The [APlscheme is derived by
Min Tang and Casimir Emako.
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3.3[UGKS]| scheme for the chemotaxis kinetic model

3.3.1 The chemotaxis kinetic model

The chemotaxis kinetic model models bacteria that undergo run and tumble process
as mentioned in [40, [70, [71]l. During the run phase, bacteria move along a straight
line and change their directions during the tumble phase.

This is called the velocity jump process and can be modeled by the Othmer-
Dunbar-Alt model that writes [2, [62]:

0uf + o Vaf = Ay fy 1+ 26000, S))f( '>dv' — (Lt (v 9:9))f(v)].
018 — DAS+aS Bp,  plz,t) ‘V‘ Iy f(

(3.13)
Here f(x,v,t) is the probability density function at time ¢, position = and moving
with velocity v; ¢ is an odd decreasing function such that ¢(—u) = —¢(u); S(x,t) is
the concentration of a chemical substance where the parameters D, «, /3 are positive
constants; ¢ is the Knudsen number. When ¢ = 0, the chemotaxis kinetic model
reduces to the neutron transport equation. As ¢ — 0, f(z,v,t) converges to po(z,t),
where po(z,t) solves the following Keller-Segel equation [17} |42} [63]:

{8tpo = 3800 + V({37 Jy v8(v0:8)dv) po), (3.14)

6tS — DAS + aS = ﬂpo

3.3.2 Discretization of the model

Before discussing about the more complex equation for f, we first discretize the
equation for the chemical concentration S. Let S* ~ S(x;,t"), the following centered
finite difference method is used to update S:

Spt sy SE - asr s s
At a Ax?

—aSPt 4 Bpr. (3.15)

After S is obtained, we approximate 9,.5"*! by a piecewise constant function
such that

S7L+1 Sn-&-l
8,8 (x, ") ~ 8,5 (x Tiy | ) DiL - =0, for Vo € [z, z541).
(3.16)
The [UGKS]is a finite volume approach for discretizing the kinetic equation of f. By
integrating the chemotaxis kinetic model .13 over [z; 1,2, 1] x [t", t"+!] x V

and letting f* = Txfm;jf f(x,v,t") dx, p = \VI Jy f dv, the total density p} "'
2
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and density fluxes /"' is updated as follows

n+l _ n FinliFin—l
P At " +2Am = =0, GA7
AR S S R SRRt
At Am 52 ’ '

1 1 ! n / / n
+ (m/vcb(v T )P () dv' = $va, 1) f] ) (3.18)

Here the numerical fluxes are given by

1 tn+1
n o _
¢’L+% —Eln Uf(xi+%,7],t)dt,

tn+1

1 1
Fn 1 — T e— a1 .
), (. i)

It is important to note that o, 41 approximates 0,5 in the interval [z;, x;11), while f
is the average density over the cell [z;_1,x;,1). This choice is important to obtain
the correct advection term in the limit Keller-Segel model when ¢ becomes small.
We use discrete ordinate method for the velocity discretization, but for simplicity,
we write the scheme in continuous velocity. The most crucial step for is to
determine ®7, , and Fi’jr%. The details are listed below:

2

(3.19)

* Find the approximation of f(z;,1,v,t). The[IDlchemotaxis model (3.13)
can be rewritten as:

1 0, 5¢
o + +f—:¢£§. )

f+20,f = %Tlf, (3.20)
g 13
where (T f)(x,t) == ﬁ/ (1+ep(v'8,9)) f(z, v/, t)dv’. Consider the inter-
v

(I+ep(vo,, 1) .
val [z;, x;+1), multiplying both sides of (3.20) by exp <652+2t) yields

dt

flx+ gt, v,t) exp (M)(UUH%)O]

£2

_ TYf(z,t) exp ((1 + 5¢(U0i+§>t> .

£2

Integrating the above equation over (¢",t) yields to,

(t — "), v,t") exp (—W(t - t”))

f(xiJr%?vvt) = f(th

[N
(LIRS

1+ep(vo,, 1
(t —s),s)exp (W(t - s))ds.

(3.21)

IR A
b T -

[
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3.3[UGKS]| scheme for the chemotaxis kinetic model

This is an exact expression for f(z;,1,v,t) that will be used to determine
AT Y in (3.19). At this stage, we need to approximate f(z,v,t") and
2

i+3’
(T1f)(z,t) on the right hand side of (3.21)). f is approximated by a piecewise
constant function and 7 f by a piecewise linear function as follows:

n
7

flx,v,t") = {

TH R T T (2 —
T iﬂ% + 5R7-1fin+%(x — Tyt

n
fiv, > Zitd,

), T < Ty,

[N

Tlf(l',t) =

), T>Ti1.

[N

Here, 7' f7" 1, 6"T"f7" 1, and 6%T' f , are defined by:

i+%’ i+%’
T, = [ (U edloo )i+ = | (L ed(v,, )T
TV e S A . )i
1rn _7lsn
siipn o Ay T
i+ Azjz
1rn 1fn
s T Tl
it Azj2

with V* =V NRT and V- = V NR~. Substituting the above approximations
into equation (3.21) yields an expression for f(z;, 1,v,t) such that for v > 0,

. (1+eg(voiyy) n T i+
sy = o (- ) T

(1+ep(vo,,1) M Ty
8 (1_exp (_ﬁ(t—t"))) +vs(1+€¢(w;z))2

<1 Loy, t">> exp <(1 reote), t”)> - 1] :

X
g2 g2

(3.22)
and for v < 0,

. (1+eg(voiys) n T i+
f(xi_%,v,t) = fi}1exp (E2(tt ) er

(1+egp(vo, 1) ST
" (1 ~exp <_52+2(t - t"))) + vs(l - €¢>(va::;))2

" l(l J ety (t— t”)) exp ( L) (t— t”)> -1

e2 c2




3 AP and SP Schemes for Kinetic equations

¢ Determine 7 s P The flux @7, , (v) in (3.19) can be approximated by
2 2

13 (0) = Aufl) + BT 1, + Co?6RT

D, forv <0,
Oy 1(v) = Avf]' + BuT' f]! 1t cvstTi

i1
+2 (3.24)

R forv > 0,

where the coefficients A(v, e, At), B(v,e, At), and C(v,e,At) can be deter-
mined explicitly, such that

o € 1+6¢(v0i+%)
A(v,e,At) : = At(l n €¢(’UCT,;+%)) <1 — exp ( — EzAt)> ,
1
B(v,e,At) : = Ty
€ 1+ep(vo;ys)
_ AT+ 5(;5(1)0’1_;,_%))2 (1 — exp ( o 22 At)) )
2¢2 1+eg(vo;y1)
Clve, M) = ooy (1 e (- At))
! 1+ (v, )
_ (1+E¢('UUZ‘+%))2 <1+6Xp( 22 At))
(3.25)

Furthermore, F} , in (3.19) is given by
2

1
', =— Avf" dv+ — Avfldv + —Tl 1 vBdv
s |V Gk V ‘ V| Jits
2 \4 VI Jy+ 14 % (3.26)
+ 7(5R7-1 n / CU2d’U 4 75L7-1 n C’U2d'U'
V] 14 2 Jys

This concludes the construction of the scheme.

3.3.3 property

The scheme has to meet the two requirements of the [SP| property. The
discretization of the steady state equation is given in Appendix C. For the second
requirement, we assume that we start from a steady state solution, that at the discrete
level satisfies,

N P L 7 | o 16 e = oo, ) f7
_*s me - )
Az g2 4 i (13 27
Integrating equation (3 over v yields
Fr, —F', ;
Az -
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3.3[UGKS]| scheme for the chemotaxis kinetic model

From (3.17) one can deduce that,
pitt = pf, (3.28)

which indicates that the macroscopic density is preserved. Using (3.27), the equation
of updating f"*! in (3.18) can be written as,

ntl _ rn 1
1 (VOBV}

Then from (3.28)),

1+ S - =0,

which gives f"** = f. This concludes the [SP property of the UGKS.

3.3.4 Numerical results

Parameters in equation (3.13)) are chosen as in Gosse [[33] such that,
ys=1,D=158=60,a=3.

and ¢ is of the form
o(u) = —xs tanh u.

The computational domain is set to be « € [—1,1]. We impose specular boundary
conditions for f and Dirichlet conditions for S. The initial density distribution is
composed of two bumps located at z = +0.65 given by:

f(z,v,0) = 5(exp(—10(z—0.65)*—20(v+0.45)%)+exp(—10(2+0.65)?—20(v—0.45)?)).

We use Az = 2/500 for the space discretization and v € [—1, 1] with the S32 Gaussian
quadrature points for the velocity. The limiting scheme of the is an explicit
solver for the diffusion equation. Therefore, to ensure the stability of the numerical
scheme, the time step At is chosen as below

0.5Az%, fore < Ax,
At =
0.5eAx, else.

In order to verify the[AP| property of our scheme, the total densities p at time ¢ = 1 are
displayed in figure for different values of ¢ ranging from 102 to 10~°. In order to
check the[SPlproperty, we give the time evolution of the L°°-norm of the difference
between the solution and the stationary solution in the time interval [0,100] in
Table for e = 1 and ¢ = 1073, These results ensure that the [SP| property is
independent of ¢.
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3 AP and SP Schemes for Kinetic equations

T 0 30 60 65 100
L> | 0.9064 | 8.260 x 10~7 | 3.767 x 10711 | 7.474 x 10712 | 1.662 x 10~12
T 0 5 10 50 100
L™ | 0.6493 | 3.024 x 1077 | 2.064 x 1079 | 2.199 x 10710 | 1.476 x 10~

Table 3.3: Chemotaxis: L°°-norm of the difference between the solution and the stationary solution in the time
interval [0,100] for € = 1 (top) and € = 103 (bottom).

3.4 [MEX scheme with the Penalization method for the Boltz-
mann equation

In this section, we consider the penalization method developed in [29] for the
Boltzmann equation. This method together with an discretization of the
equation give an AP scheme for the Boltzmann equation. One can find the [AP] proof
in [29]]. Here we show that the penalization method is not only [AP| but also In
[25], the authors propose a multistep high order IMEXI[AP| scheme for the BGK model
and the Boltzmann equation. The scheme is originally developed for the BGK model
and then extended by the penalization method to the Boltzmann equation. One can
think of the scheme proposed in [25] as the high order version of the scheme in [29].
The authors prove that the IMEXI[AP| scheme, without penalization, is[SPluniformly in
€. Our criterion can be applied successfully to the high order [MEXI[AP| scheme in [25]]
after penalization. Our proof, in contrast to theirs, requires the linear dependence of
the Maxwellian of the collision operator.

3.4.1 The Boltzmann equation

The Boltzmann equation describes the time evolution of the density distribution of
gas particles. It is given by

o)

3

Of+v-Vaof =

Here f(x,v,t) is the probability density distribution of particles at time ¢, position
z and with velocity v. Q is the Boltzmann collision operator where only binary
interactions are considered. Let (v, v,) and (v, v}) be respectively the velocities of
the two colliding particles before and after the collision related by

v =
vl =

With ¢ € S%~1. Q is given by

(v =) = |o = v.o),
(v =) + |0 = vio).

rolm DOl

oNw= [ [ Bllo=ulcosh) (@) = fw)f(@)drdv..  329)
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3.4 [IMEX] scheme with the Penalization method for the Boltzmann equation

The collision kernel B is a non-negative function given by B(|ul,cosf) = Cy|u|?,
where v = =% and cos# = u - o, for some A € [0,1] and a constant Cy > 0. For

[v—v.
more details, one can look at the Boltzmann equation description in [29]. ¢ is the
dimensionless Knudsen number and [ w(v)Q(f)dv = 0 for w(v) = (1,v,|v|?). The
equilibrium distribution of Q is the Maxwellian distribution M, ,, 7, i.e. Q(M,, 1) =

0 and it is given by,

p 1

(27T)% exp % 7

Mpur(v) =

where p, u, and T are the density, velocity and temperature of the gas, and d,, is the
dimension of the velocity space. As € — 0, the zeroth, first and second moments of
the distribution function solve the Euler equations.

3.4.2 [MEX scheme with the penalization method

The penalization method was originally developed in [29}[47]]. The purpose is to split
the collision term of the Boltzmann equation into a stiff part and less stiff part. More
precisely, the Boltzmann equation is written in the following form:

f Vg = QPO PO

where Q(f) is the Boltzmann collision operator and P(f) is a relaxation operator,
namely P(f) = f[M, .. v(v) — f(v)], where (3 is a strictly positive parameter. P(f)
has the same equilibrium as Q(f). It satisfies [ P(f)w(v)dv = 0 for w(v) = (1,v, [v|?)
and P(M,,, ) = 0. As in [29], 8" is chosen to be 27p™ such that both operators
P(f) and the full Boltzmann operator Q(f) have the same loss term corresponding
to the dissipative part.

The following [MEX] discretization of the Boltzmann equation is proposed in [29]:

n+1 n n n n+1
At € €

For the discretization of the Boltzmann operator, one can use a fast spectral Fourier-

Galerkin method [30], and for the transport part, a first or second order finite volume

scheme can be employed. This gives an [AP| discretization for the Boltzmann equation

as proven in [29]].

(3.30)

3.4.3 property

Because we computed our numerical results in a space homogeneous set up, proving
that the discretization of the steady state equation is[AP] is unnecessary, knowing
that the full scheme is[AP| [29]. We only need to prove that starting from a discrete
stationary solution, the solution of the time evolutionary problem does not change.
Suppose that the solution satisfies the stationary equation at time ¢", i.e.

QU™ -~ PUM) | PU™)

9 9

vV ft = (3.31)
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3 AP and SP Schemes for Kinetic equations

It follows from the properties of the collision operator Q and the relaxation operator
P that:

/w(v)v -V f"=0, (3.32)

with w(v) = (1,, |v|?).

Now multiply by w(v) and integrate over the velocity space. Using the
conservation properties of Q, P and (3.32]), one observes that the Maxwellian of the
distribution function is preserved. Substituting in gives,

g —PUT) |, PUTY
At € e
Now, we plug in P by its defnition P(f) = B[M . r(v) — f(v)],
fn+1 _ fn 7 7ﬂn[Mn _ fn] N 5n+1[/\/1n+1 _ fn+1}
At £ € '

Since M"Tt = M™ and 8"t = g, frtl = f" and the steady state is preserved.

3.4.4 Numerical results

In this section, we consider the [2D|Bose gas experiment 3.3 in [41]] to test the [APland
the SP property of the penalization method presented in [29]. We solve the space
homogeneous quantum Boltzmann equation in 2Dl velocity space which is a special
case of the classical Boltzmann equation for a particular collision operator Q,.

Q)= PU) , PY)

9 3

of=

As defined in [41]], the quantum collision operator is another version of the collision
operator (3.29) and given by

QN = [ [ Blo=vleost)(£00£00)0 %)
— [ f (L G0 ) (1 00 L) ) dodo,

where 6y = h?> and h is the rescaled Planck constant. The upper sign corresponds to
the Bose gas, while the lower sign to the Fermi gas. In this experiment we consider
the Bose gas case. The idea can be extended to more general collision operators.
Hence, scheme is simplified to

frtt € Q,(f") — P(f") BrHAL

S
P A T AL T e priAL

— n+1
e+ BrtLAL M

The initial distribution function is given as in [41]],

o —[v —uo|? —[v + uo|?
Jo(v) = Ty <eXp <2T0 ) + exp <2T0 ;
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3.5 Conclusion

where po = 1, Ty = 3/8, and uo = (1,1/2). The computational domain is [—8, 8]°
with 64 grid points. The quantum Maxwellian [41]] is given as,

1 1
=l
2T

Mg (v)

= ’
o 2—1exp

where 0y = 0.12, z = 0.001590, T = 1 is the temperature, and u = 0 is the macro-
scopic velocity. In figure we test the[AP] property of the penalization method. A
cross section of the distribution function for different values of ¢ is plotted on the left
and a zoomed part of the plot on the right. The curves get closer to each other as &
converges to 0 which implies the [AP| property. Next, we investigate the [SP| property.

Figure [3.5|shows contours of the 2Dl distribution function and the contour lines
of the difference between the distribution function f and its equilibrium at ¢ = 200.
We computed the L°°-norm of the difference between f and its equilibrium in the
time interval [0, 200] in figure as evidence that f converges exponentially to the
equilibrium. Table presents the L° norm of the distances between the time
evolutionary simulation and the equilibrium at some discrete times, where one can
find exactly when the initial distribution function reaches its equilibrium.

T 0 20 50 100 150 200

L™ 10545 [ 1.2x1073 [ 6.58 x 10~7 | 3.49 x 1012 | 7.61x10~ 13 | 5.62x10~ 13

Table 3.4: Boltzmann: L°°-norm of the difference between f and its equilibrium starting from t=0 until the final time
t=200 for e = 1.

3.5 Conclusion

Proving the [SP| property for the three [AP| schemes, leads neadly to a criterion, empha-
sising that[AP] schemes with a discretization that linearly depends on the Maxwellian
are also [SP| [27]]. We realized that the linear dependency on the Maxwellian in the
source term is the key to proving that the moments are being updated explicitly not
implicitly. This in turn is the key to proving ultimately that the updated solution at
the next time ¢"*! does not change in the case of steady state solutions.
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1 T T T T T T T T T
e=1E-2

e=1E-3 b
= = =e=1E-6
Diffusion Limit | 4

0.9 [

0.7 3

0.6 4
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03 F ]

0.2 3

0497 e=1E2
e=1E-3
0.485 = = =e=1E-6
Diffusion Limit
0.48 - B
0.475 - B
-
QU
0.47 - B
0.465 - B
0.46 4
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0.115 012  0.125 0.13  0.135 0.14  0.145 0.15
X

Figure 3.1: Neutron Transport: Left: the density p, at time t = 0.05fore = 1072, e = 103, e = 10~% and the
solution of the diffusion limit equation; right: a zoomed part of the left plot.
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Figure 3.2: Neutron Transport: time evolution of the L°°-norm of the difference between the solution and the

stationary solution in the time interval [0,8] for ¢ = 10~8.
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0.7 T T T T T T T T T
e=1E-2

03 | | | | | | | | |
-1 08 06 -04 -02 0 02 04 06 08 1
X
0.68 e=1E-2|
=1E-3
e=1E-4
0.67 | e=1E-5| 1

0.66

Q. 0.65

-0.15 -0.1 -0.05 0 0.05 0.1 0.15
X

Figure 3.3: Chemotaxis: left, the density p attime t = 1fore = 1072,1073,10~%,10~5,10~5; right, a zoomed
part of the left plot.

78



VX

0.16

e=1E-1
141 e=1E-2| |

0 e=1E-3

e=1E-4
012+ g
0.1} i
w=0.08 |- g
0.06 - i
0.04 + g
0.02 + g

0 I | | | | |
-8 6 2 0 2 4 6 8
VX

e=1E-1

e=1E-2
0.10143 | ieal

e=1E-4
0.101428 | .
0.101426 | .
0.101424 | i
0.101422 | i
0.10142 g
0.101418 | ‘ ‘ ‘ ‘ ‘ .

0.9426 0.9428 0.943 09432 0.9434 09436 0.9438

3.5 Conclusion

Figure 3.4: Boltzmann: cross section of the distribution function for different values of e(left) and a zoomed part of

the plot(right).
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3 . . . . : 0.14
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Figure 3.5: Boltzmann: contours of the @Dl distribution function (top) and the contour lines of the difference between
the distribution function and its equilibrium (bottom) at the final time ¢ = 200.
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Figure 3.6: Boltzmann: time evolution of the L>°-norm of the difference between the distribution function f and its
equilibrium in the time interval [0,200].
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Chapter 4

AP and SP Schemes for the Isentropic Eu-
ler Equations with Gravity

4.1 Introduction

The resulted criterion at the kinetic level causes us to consider how to translate this
to the fluid level. For this reason, we consider again a fluid model in this section
and we try to develop an [AP| scheme and investigate the relationship between [AP]
and [SP] properties for fluid models [50]. We start with a special case of the Euler
system, namely the isentropic Euler system. We extend the [APl scheme developed
by Goudon et al. for the isentropic Euler equations to the case with gravitational
source term. In section [4.2] we introduce the model. We present the [AP] and
semi-discrete numerical scheme in section [4.3|and the fully-dicrete scheme in the
and framework in section[4.4 Some numerical test cases from the litrature to
validate the properties of the scheme are considered in section 4.5

4.2 The Isentropic Euler Equations with Gravity

4.2.1 The model

The Isentropic Euler equations with gravitational source term is a special case of the
Euler equations (2.49) and is given by,

8tp + V(pu) = 0,

4.1
di(pu) + V.(pu®u) + Vp(p) = —pVé. (4.1

Where p is the density, u is the velocity field, p is the pressure, and pu is the momen-
tum. The pressure law is given by p(p) = Ap?, where A and ~ are positive constants.
¢ is the gravitational potential, a given function of space.

4.2.2 Scaling

One scales the equations (4.1) to describe the low Mach number (incompressible)
limit. Let xy, to, po, Po, uo be a set of characteristic scales for the variables. The
dimensionless variables are then given by, & = =, ¢ = %, o= %, ... with ¢g = %g.
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4 AP and SP Schemes for the Isentropic Euler Equations with Gravity

Substitute the variables in the equations,

1 R 1 .
—0:(ppo) + —V.z(ppotiug) = 0,
to o

1 1 1 1 A (4.2)
t*af(ﬁpoﬁuo) + —V.z(ppoung ® tug) + —Vz(ppo) = —(ppo) —V.z(¢¢o).
0 Zo ) xo
then,
P04 ~ , PoUo JoN
—0;p + V.z(pt) =0,
to Zo
polt pouy P pod A (4-3)
‘; 00,(pt1) + "0V L (Pl @ 1) + 2 Vi (p) = — 22 HV 2.
0 Zg Zo Zo
Drop the hat,
29,0+ P20 (pu) =0,
to Zo
Poly pous Po PoPo (44)
di(pu) + ==2V.(pu®@u) + —Vp = ———pVo.
to Zo Zo Zo
Multiply by ;—g and use the fact that ug = f—g,
&gp + V(pu) = O,
(4.5)
updi(pu) + upV.(pu®u) + p—OVp = —@qub.
polo Uy
So,
8tp + V(pu) = O,
(4.6)
O(pu) + V.(pu@u) + pOQVp = —qlng(;S.
Poly Uy
Then,
Op+ V.(pu) =0,
“4.7)

1 1
O(pu) +V.(pu®u) + 5 Vp(p) = —5pVo,

2
are the non-dimensionalized equations with 2 = %. Taking the gravitational

source term to the left-hand side and using the pressure law, system (4.7) is then,

1 (4.8)
Oc(pu) + V.(pu®u) + E—szW =0,
with
Ay
W=——p""4¢. (4.9)
v—1
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4.2 The Isentropic Euler Equations with Gravity

4.2.3 The incompressible limit equations

Assume that the Chapman-Enskog asymptotic expansions of the variables are,
p= p(O) + Ep(l) + 52p(2) + ..
u=u® +eu® 4 2u® 4
W=wO 4wl 4 2w 4

The expansion of pVW can be seen as,

PVW = (p(o) +epM +2p? 4 ... )V(W(O) +eW® L 2@ L ),
— pOYWO 4 6(p(O)VW(1) + p<1>vw<0>)
42 <p<0>vw<2> + Oy 4 p<2>vw<0>) Tl (4.10)
Comparing the O(z) terms in system (4.8) and using p'% £ 0, one deduces that

VIW(© = 0. Then looking at the O(2) terms yields VIV(1) = 0. From the definition

of W in @.9), VIV = 0 leads to,
Ay (0)\7—1 _

S (P) ) =c

with ¢ being a constant independent of z.

- —1
()" 4+ %975(90) =c

with ¢’ being a constant independent of z. ¢ is proved to be 1 by the boundary
conditions of p.

©_(;_2=1 o
p —(1 A ¢(ar)) : (4.11)

which indicates that when ¢ < 1, p(®) becomes stationary. To find the equation that
u(®) satisfies, we consider the O(1) terms in system (4.8) such that

(9tp(0) +V. (p(O)u(O)) =0,
5t(p(0)11(0)) +V- (p(O)u(O) ® u(O)) + pOvw® 4 pOgw® 4 pAgw© =,

4.12)
Using VIW(©) = viw (M) = 0, system (@.12)) can be written as
v (Ou®) =0,
(o ) (4.13)

9u +uOv . u® L yw® =o.
(4.13) is the incompressible isentropic Euler equations.
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4 AP and SP Schemes for the Isentropic Euler Equations with Gravity

4.3 Semi-discrete Numerical Scheme

4.3.1 The scheme

Following the splitting technique introduced in [[37] and used in [34]], we split the
divergence in the density equation as well as the pressure and the gravitational source
term in the momentum equation. Let

System (4.7) can be written as:
Op+aV - (pu) + (1 —a)V- (pu) =0,

(o) + ¥ (pu W) + 3V [p(p) — alt)p] + 501}V (4.14)

1 a(t a(t

=-=pVo— va In po + %pv In pg.
5 5 €

We will see the necessity of this modification in the AP proof later on. The system is

splitted into the following two subsystems:

dp+aV - (pu) =0,

O(pu) +V - (pu@ ) + 5V [p(p) — alt)p] = — oV — —5pVInpo,

and

op+ (1—a)V-(pu) =0,

a(t) (4.16)

1
9 (pu) + —a(t)Vp pV In po,

g? g2

where 0 < o < 1 is a constant and the time dependent function a(t¢) > 0 depends on
the hyperbolicity of the system (4.15]). The first system (4.15) takes into account the
slow speed, in the conservative form, it can be written as

U, + F(U), + G(U), = S(U), (4.17)

p apu
U= puU 5 F(U) = pu2 + W ,
pu pUV

apv 0
G(U) = ( puv ) . S(U) = ( — 2206 = o po)a ) :

pv2 + p(p);a(t)/o

with
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where u = (u,v)”. The eigenvalues of the jacobian matrix of F'(U) are

/ —
AM=u, M=u+te I=u—c, with c(p,u)= \/(1 —a)u2+aw.
Similar calculations hold for G(U), the flux along y. The choice of a(t) is to guarantee
the hyperbolicity of the system (4.15)). We choose a(t) such that the eigenvalues of
the jacobian matrices of F(U), G(U) are real and positive i.e. p'(p) > a(¢).
Hence, a(t) is chosen as the following, a(t) = min{p’(p)}. But, with this choice,

spurious oscillations are observed in some test cases for large values of . They appear
in regions where the density is nearly uniform and the material velocity vanishes.
Indeed, in these regions, the corresponding sound speed vanishes and the spurious
oscillations are probably due to a lack of numerical diffusion in the Slow Dynamic
part of the splitting. Now, we add the function [(¢) that eliminates the spurious
oscillations that might appear for large . Thus, a(t) = mxin{p’ (p)} —1(t)e2, I(t) is a
constant such that a(t) > I(¢)(1 — 2) > 0 for ¢ < 1. In the numerical tests we choose
I(t) = 0 or I(t) = 1, for more details, see [34]]. Let At be the time step, t° = 0, and

for a positive integer n, we set "1 = t" + At. The two subsystems (4.15)), (4.16)
can now be discretized as,

% +aV - (pu)" =0,
) W™ 1 V- (pu@u)" + SV [p(p) — a(t)p]" = —%p"Ve — % p"Vinpo,
(4.18)
and

(4.19)

n+1_ * n
A (L= )V (o) =0
w + La(t™)Vprtt = 4 pr IV In py.

4.3.2 ThelAP property

To illustrate the idea, we start from the AP proof of the semi-discretized scheme. By
substituting p*, u* from the first system (4.32) into the second one (4.33)), the two
semi-discrete systems (4.32)) and (4.33) can be viewed as,

TV (W)t + (1 -a)V- (pu)" ™ =0,

(pw)" ! — (pu)”

1 1
n n n n+1
v + V- (pueu)" + 5V p(p) — ap]” + 5a"Vp

= fép”ngS — Z—Qp"V In py + Z—Qp"Jerlnpo.
(4.20)

In order to prove the AP property of the semi-discrete scheme we need to prove that

as ¢ goes to zero, ([4.20) is a good discretization of the incompressible limit equation

(4.13).
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4 AP and SP Schemes for the Isentropic Euler Equations with Gravity

We reformulate the momentum equation in (4.20) before the expansion, as at the
PDE level. Let

P 1 P
M(p) = / ;d,oﬂ N(p) = / Ay(p' )1 2dp! (4.21)
q q

with ¢ > 0 being a constant independent of p. We write the last two terms on the
left hand side of the momentum equation in (4.20) and its right hand side, into the
multiplication of p and a term of divergence form:

 The two terms involving p"*1!.
n

1 a™ a
72anvpn+l _ 72p71+1v1n po = = [Vpn+1 _ pn+1v1n pO]
9 9 9

an 3 3
= ZP +1 [VM(p 1) — Vinpy).

The last equality holds due to the definition of M (p) in (4.21).

* The two terms involving p".

1 1, a
=V Ip(p) —alt)p]” + 0"V + Z5p"Vinp
1 — n n n n _n n
== A" IV —a"Vp" +a"p"V Inpo + "V
1 e
=2 VA(p”)”‘QVp"ﬂLW—a”p% +a"Vinpo|,
1

= " [VN (") + V6 = a"[VM(p") = Vn po]]

The last equality holds due to the definition of N(p) in (4.21).
Hence, the momentum equation can be rewritten as,
(pw)" ™ — (pu)"
At

a
—a"[VM(p") — Vlnpoﬂ + 3

1
+V - (pueu) + " [VN(p”) + Vo
PP VM (p" ) = Vinpy] =0. (4.22)

And the semi-discrete system of equations (4.20) can be rewritten as,

n+l _ n

% +aV - (pu)" + (1 —a)V - (pu)" =0,
(pw)" ! — (pu)"

1 : :
AL +V- (pu@w)” + 0" [VN(p") + V¢ — a"[VM(p") = Vn po]]

n

+ Z—Qp"“ [VM(p"!) = Vinpo) = 0.
(4.23)
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4.3 Semi-discrete Numerical Scheme

Definition 1. (p, u,v) are said to be well-prepared data if they satisfy,

—1 \71
o= p@ 4 ep) 1 O(2) = (1 _r=- ) +0(@E%, V- (pQu®m) =o.
(4.24)

Lemma 2. Choose (p,u,v) to be well-prepared, then when ¢ < 1,

1

L= 50" [VN(p") + Vo —a"[VM(p") = Vinpo]]

= oV [(N(p")® = a® (41 (5)?] +O(e).
Proof. Let the expansion of a™ be given by
a" = a9 4 gqMn 4 2@ 4 O(e?). (4.25)

Due to ([4.24), from the definition a(t) = min{p’(p)}, we find
a9 = min{p'(p®)} = a?, aMm =0, (4.26)

Moreover, the expansions of M (p") = M™ and N (p™) = N™ around p(°) are given as
M™ = M(p") =M (p© +ep™) +2pI" + O(?)),
=M () +(p™) + ep@™)M (o)
PO M (0) £ O, @2)
=M(p0) + 52 () + O(E),
N™ = N(p") =N(p©) + 2p@"N' (o) + O(*).

Due to the definition of M (p) and p(*), we have

_ -1
(@) =1n (1 - 777@

Thus,
0  —xlv
-n¥el_ —aave
p (1-3x9)

which gives
1
(VM™)© —Vinp, = va“)) —Vinpy = 0.

Similarly, using the definitions of N(p) and the definition of p(*) in (4.11)), we have
(VN™)©® 4 Vp = VN(pV) + Vo = 0.
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4 AP and SP Schemes for the Isentropic Euler Equations with Gravity

Therefore, from the above results, we find

(©
L= ”E {(VN") 0 4 Vg — a®n[(VM™)© — Vlnpo]]

)
L2 {(VNn)u) O (T — [V Vo]
(1)
+ 2 [(ONNO 4 96— 0@ [(VAM© — Tinpo]|
e (TN — a0 (Tar) @ — aOn (A = a@[(TM)© = Vin po]|
+ o0 {(VN”) a(o)"(VM")(l) —agMn [(VM”)(O) —Vin poﬂ

+ o (VN + Vg — o (VM) = Vin po] | + O(e)
=pO[(VN™)® — (VM) D] + O(e).
Hence, we conclude the proof of the lemma. O

Then we compare (’)(6%) terms in the momentum equation in (4.23)) and the only
term left of order % is,

al® p O[T MO — T inpg] =0,
but a(®) # 0 and p(O"+! £ 0, thus
(VM1 O) = ¥ 1n p,. (4.28)
Then )
Vin(p®" ) = Vin(1 - %@ﬁ,
which yields
ln(p(O)n—H)'y—l = In(1 - %@ Te,

and p(©"+1 satisfies

1
—1 \71
(O Y T
’ C( 7A> '

Here c is an arbitrary constant determined by the boundary condition of p. If the
boundary condition of p does not change with time, from the definition of ¢(x), we
find p(O+1 = p(©). The O(1) terms in the momentum equation (4.22) are

a(O)np(O)n+1(VMn+1)(l) + (a(o)np(l)n+1 + a(l)np(O)n+l)v[M(O)n+l —In ,00] —0.

Due to (4.28), (VM"™+1)(1) = 0. The boundary condition of p"*! leads to p(!)"+1 = 0.
Now compare O(1) terms in the density equation in (4.20),

p(O)n+1 _ p(O)n

A +aV - (U 4 (1 - )V - (pQu®)+t =, (4.29)
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4.4 Fully discrete Numerical Scheme
Because p(Ontl = p0n — 5(0) js time independent and the initial data are well
prepared, then equation (4.29) gives
V- (pQu®ntly =, (4.30)
Compare O(1) terms in the momentum equation,

(pOu@)nt1 _ (pOyO))n
At
+ a(© Ot (gt (a(O)p(l)nH + a(l),np(O)nH) (VM HHM

4 <a(0)p(2)n+1 + aWnpWn+1 4 a(2)np(0)n+1) V[M(O)n+1 —Inpo] =0.

+ V- (0Ou© @ u®) 4 JOF (NS — o0 (am))

Using the fact that p(On+1 = p(On = (O js constant in time and (VM"+1)(0) =
V1npg and (VM1 (1) = 0, the equation simplifies to,

u(O)n+1 _ u(O)n

A7 +uO"v . uO" L (N — aO M 4 0O )R =,

Therefore, as ¢ goes to zero, the solution of (4.20]) converges to

V. (pOu©@yr — g,
0)n+1 0)n 4.31
% +uOny L yOn (g g (431

with W+ = N — g0 M7 4 0O M +1, Therefore, (4.31) is a good discretization of
the incompressible limit equations (4.13)) and the semi-discrete scheme (4.20) is AP.

4.4 Fully discrete Numerical Scheme

In order to complete the presentation of the numerical scheme, we still need space
discretization. In this work, we follow the staggered discretization on a Cartesian
grid suggested by Goudon et al. [[34] which follows the principles of [MAC] schemes
[38]. System splits into two systems, the slow explicit system:

L +av - (pu)" =0,
PSP 4V (ue )" + 5V [plp) — a(t)p]" = ~&p"Vé — L p"VInpo,

(4.32)
and
Pn+A1t_p* + (1 . a)v i (pu)n+1 — 0’
(pu)"+17(pu)* 1 +1 a™ +1 (433)
P 4 Za(t™) Vit = 45 p IV In pg.

We will deal with each system separately in one and two space dimensions.
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4 AP and SP Schemes for the Isentropic Euler Equations with Gravity

441 The numerical scheme

In the[IDisetup, our computational domain 2 = [z, xg], an interval of the real axis, is
partitioned into subintervals [z;, z;41], fori € {1,..., N}. We define 2, 1 = Litfinl ag
centers of the subintervals. Let Az;, Az, 1 be the length of the interval [z; 1, ;1]
and [z;, z,11] respectively. In our calculations, we set Az; = Ax; 41 = Az.

The density p is evolved on the centers z; +1 of the primal cells. The velocity u
is evaluated on the points z; . The density on the edges of the primal mesh can be
defined by averages,

Py Pt

Pi (4.34)
2
We start by presenting a discretization for the slow explicit system (4.32),
P 1P 1
ity ity Fiy1—F;
N +0‘[ “A 1} =0,
a s nom - ne , —mr _ (4.35)
piuf—pfup | Sied Siod o1 T id a1 nfiud 0y
At Az g2 Ax = zp Az
a m lnpo,H—%*lnpo,i—%

e2 i Az

With IT?", , is the modified pressure term at the node z, +1 and is defined as
2
n _ n n . .n
Hi-i—% = p(/’i+%) ~AaPiqL-
a’y is the discrete version of the time dependent function a(¢) at time ¢", defined as
R / 2
ag = min {p'(p, 1)} — Ie”.
The flux terms in the density equation are computed with the following formula,

Fi=F+F =F'(p_1,u) + F (piy1,u),

with
0 if uw<—c(p,u)
Fo (o) = 3 sty otelp,w)? i Jul < o)
pu if wu>elp,u)
U if u<-—c(p,u)
F(pu) = — (o —clpw)? i ul < clp,u)
0 if  w>c(pu)

The flux terms in the momentum equation are computed as the following,

I nk o . +
Ci+% = UzF,H% +ul+1Fi+%a
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4.4 Fully discrete Numerical Scheme

with

Ft | =

1
its 9 (Fii—i_FfH)

The next step is to discretize the fast implicit system (4.33)),

P ]
PPy (g -]
n+1 n+1 n Pn+l P?+i In Poirl —lnpo L1
Pi —piu; _|_ i3 Ti—3 _ ag n+tl itg i}
At Az e? pl Az

Here (F”“)ZU” is the upwind flux function obtained as following,

(Fr 7 = o ] = ot ]

i i3

Where [X] o X IXIEXNow, in order to solve this implicit system we first write u/*!

from the momentum equation in (@.36) as a function of p"*!,

n+l ) .
S 1 ot a"AtPipl T Pi-g N a™ At nt1 In Po,i+1 Inpg,;_
v pn Tt Pitli g2 Ax g2 "t Ax

4
%

%] . (4.37)

Substitute the flux terms by their values in the density equation,

n+1

Pivy “Pivy  (1-a) H17, nt17+ 17, n+17—
2At + Az [p?+% [u?—kl} B erS [ zn-l-l]
+
= [t ]| =0, 438)
Keeping in mind that [X]| o X X
p”+11 —pt _ n+1 n+1 n+ly _ n+tl
ity Tity (I—a)| iy I Hudy e | — iy
At Az l+1 2 i+3 2
un+1 +un+1 un+1 n+1
YDA R ey ) PO
Rearranging the terms yields to,
n+1 n+1 n+1 n+1 n+1
Pivy “Pivy (=) [Pird " Pirg ), Pird TPS s
At Az 7 luia g il
+1 n+1 n+1 n+1
P =Py ,+P_,
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4 AP and SP Schemes for the Isentropic Euler Equations with Gravity

However, from the definition of p!' ™!

?

, the equation can be rewritten into this

n+1l _  x n+l  n+l
pi‘*‘% p“‘% (1-a) pi‘*‘% i3 1 n+1, nt1
Al + A 9 lwi |+ pi ity
n+1l _ n+l
pz‘—&-% i-3 |un+1| _ pn+1ur_t+1 =0. (441

[ 7 7

2

n+1

Next, we substitute u] " by its value in the density equation,

n+l _  x n+l  n+l
Pivi ~Piyl N (1—a)|Pits ~ Piys
1
At Az Qp?_H
41
. s a" At p:l+g “ Pty a"At 4, Inpgips —Inpg, 1
Pit1tit1 = g2 Az + g2 Pit1 Az
+1
. a™ At p?+g TPty a"At L, Inpgips —Inpg s
+ (pi+1ui+1 Tz Ar + = Pitt Az )
n+1 n+1
20,7
+1
w o« a'AL ,OZ% P N aAt . Mpoipy —Inpg ;1
Pithi g2 Ax 2 Pi Ax
n+1 ) .
~ (pruz - At TPy | AL Py TP P =0 442
e2 Ax g2 Az

The previous system of N nonlinear equations is to be solved using the Newton-
Raphson method. We are interested in solving the system f(x) =0 with

T
T _ n+1l n+1 n+1

fx) = [/1(X) f2(x)... fn (x)] 7,

X = [z129...2N
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4.4 Fully discrete Numerical Scheme

where T' denotes the transpose operator and f;(x) =

n+1 n+1 n+1
Pivy ~Piss N (1—a) |[Pi+s ~ Pits
At Az 2p?_f_r11
+1
. a" At PZ; “Piri  g"At n_th Poiv3 —Inpgip1
Pit1tliv1 = ~ 3 Ax + 2 Pit1 Ar
n+1
n (p’»ﬁrlu*ﬂ _a"AtPiys T Pitg n G"Atpmf Inpg,iys — lnpo,z'+%)
e g2 Ax g2 it Ax
n+1 n+1
pi+% - pZ,%
20,
n Pﬁ+11_P' 1 n In 1 —1In 1
prut — a" At Piyl i-3  a"At nt1 PO+ Po,i—1
v g2 Az ez Ax
n+1
~ (pru - APy TPk A g [P0 mpo’i_%) (4.43)
L g2 Az g2z Az ' )

After solving the system of nonlinear equations for p"**, (pu)"*! is recovered from
the momentum equation. The full presentation of the 1Dl scheme is summarized by
the slow step (4.35) together with the fast step (4.36)).

4.4.2 The numerical scheme

The space discretization follows the idea of a recent work by Goudon et.al. [34],
where the authors design an AP scheme for the isentropic Euler equations. We
consider a computational domain [z, 2] X [yL,yr] and Cartesian 2D grid points.
The grid points are z;, y; for i, € {1,...,N,} and j € {1,..., N, } and we define
w1 = "5 and gy, = S fori € {1,.., N, — 1}, j € {1,.., N, — 1}. Let
Azi, Az, y 1, Ay;, and Ay; 1 be respectively the length of the interval [z; 1,z 1],
(i, ziva], [y;- 1,951 1] and [y;, y;j41]. In our calculations, we set Ax; = Az, 1 = Az
and Ay; = Ay; +1 =Ay. Let At be the time step. As in Figure the density p is
defined at the points (z;, 1, ¥, 1), while the velocity v in the z-direction is evaluated
on the points (z;,y; +%) and the velocity v in the y-direction is evaluated on the
points (z; 41 y;). The density on the edges of the primal mesh can be defined by the
average value of two neighbouring cells such that
Pitl.i+3 T Pi-1j+3

pia]'Jr% - 2 ’

Pity ity T Pivdi-4
pi+%7j - 9 )
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Vitd,j+1
(b3 +1) : (i+1,5+1)
|
1
Uijtl @— - - -~ ® - - ————- -
Pi+dj+4 Hlits
1
(4,7) I (i+1,7)

Vit g,

Figure 4.1:|MACIdiscretization.

The numerical solution is evolved on the staggered grid and the fluxes are defined
as in [34]]. We start by presenting a discretization for the slow explicit system (4.32)),

p* P Frc,n _Fm,n F’y,n —Fy’n
i+5.0+3 z+2 t3 +a i+1,5+34 i+t + i+t it | 0
At Az Ay
* * n n u,x u,x n n
u - u - U, B
T T T T e T e WIe | I GGy PSS TEES Mt Tt
At Az Ay e? Az
_ 1 .n Pisdgtd"Piod g+l _a* o R e S R S ES
= TPl Az 2Pl Az )
* v* _ n o™ ) i v,y _ Uy " _m
Pivd Vit d i Pivd Yt d T Gt =S n i+5g+d Citda-3 L1 i+5+d T itdg-3
At Az A e? Ay
=L Pyt~ Pirda-1 ﬂpn pg il 4l P11 5 1
e2Fit 15 Ay e2 iyl g Ay ’
with

n _ n _ . n.n
s i1 = Py ss) —a"Pls 0
where a™ is the discrete version of a(t) defined as,

’

a™ = min {P (p?+;,j+§)} — 12

]

The flux terms are

- - _

Fi,j-«—% —F)]Jrl +F’J+2 F (pz——,j-i-—a i,j-‘r%)_‘_F (pi+%7j+%’u’i»j+%)’
Y Y, + Y,

F7/+27.7 - Fl+ J FH-QJ F*(piy 3= ’*2’3) +F (p”%’fré’v”%vj)’
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Gy ey = a3 BT gy T gt B e G = i BT gy BT
v, r x + v,y o + +
Gij = U%—wF Ty Fi i Gy ey = Vird JF1+2 g1 T Vird a1 E 1i+d
with
0, if  uw<—c(p,u),
F+(p7 U) = 4c(p u) (U + C(p7 )) ) lf |’U,| S C(/Oa u)a
pu, if  wu>c(p,u),
pu, if u < —C(p, U),
F(pu) = { — s (0 — clp,u)?, if  ful < c(p,uw),
0, it u>c(pu),
and

ot 1 vt _ Lyt s
i+3.0+3 9 ( ,J+; +Fz+1,a+ ) Fy = Fz+2,a +Fz~,a

The flux terms in the momentum equation along the z-direction are computed as
follows,

u,T x,+ x,—
SIRITE 7J+2Fz+ T R R T InY
x,+ x,+ Fw, Fx,
FJ+; +Ft+171+z J+i + i+1,5+%
[CRES 5 T Uig141 5 ;
+
Bt (szf,]Jr;a i,j+%) + F (pi+%,j+%7ui+1,j+%)
uz’,j-i—% 2
F™(pisg g Wi d) T F7(Pigg g g Uivnjvy)
T Uig1,j44 5 :
u,xr _ N €Zr,—
Gilpgey = Yima >J+2Fz——,1+1 gy Fily ey
For L+ F5Y Fo L +FD
o 1,j+% ij+% 1—1,7+35 ,J+2
= U154} 5 RS 5 ;
B Bt (Piez jyt sty jp1) + Fr(p;_1 Ljals Uy p1)
= Ui—1,5+1 B
F_(Pifé,pr%»uiq,pr%) + F_(Pi+%,j+%aui,j+%)
+ ui,j-‘,—% 92 :
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uy __ y,+ Y, —
Gj = w1 Fij" w1 Fis,

J 4=
FY0 +F" FY, +F"
—u i+5,] 1= 5,] +u i+5,] 1= 5,]
= Yij—3 2 ij+4 2 ’
+ +
I G e S e R G R SR S)
11— 3 2
F_(Pi+§,j+§ Vit L ]) + B (pi—é,j+%’”i—%,j)
+uivj+% 92 .
uy Y, + Y, —
G = Wit Fijn +u s Fiss
vt v+ Y, v,
u F ;J+1 + FZ*’J"’I +u FZ+2:J+1 + FZ*fﬁJ‘i’l
i+ 9 i+ 3 5 ,
+ +
F (pi+%,j+%7vi+%,j+l)+F (pi—%,j—%vvi—%,j)

ui:j+% 2
F_(Pi+%,j+%7”i+é,j+1) + F_(Pif%,ﬂga zf*,J+1)
2

Ui 43

Now, in a similar manner we compute the flux terms in the momentum equation
along the y-direction,

(O =, FI+ o GEST

i,9 i—3.]
Fo +FI+ Foo +F5”
—v 1. 0,j+5 5] — 2 4yl 7]"!‘2 ij—%
— Yi—35.g 2 i+3,7 2 ’
+
F (plff,‘]Jré’ 2]+ )+F (pifé,jfévui,jfé)
i—3.J 2
F_(Pi+§,j+%aui,j+%) +F_(Pi+§,j—%a“i,j—%)
5 .

Vit

v,x T, + T, —
Gty = Uiy Fifi Vg s Fidns
x,+ x,+ T, x,
_ Fl+173+7 ™ Fl+17]** + Fl+1,3+2 + F%Jrlxjff
= Vit 9 Vitd,j 9 ’
+ +
_ Fr(Pis g gt ir1,4y) T F iy g g g5 1)
= Vil 9
F_(pi+%,j+%vui+1,j+%) + F_(piJr%,jf%’uz#l,jf%)
5 .

Vit
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v,y — Yyt
Ciptgey = VirdaFiln e T vi+l»ﬂ'+1Fz+ 3

Y,+ Y,+ Y, Y,
F1+2,J - FZ+2»]+1 F1+2,J - FZ+2»]+1
=Vip1 5 T Vil i 5 ,
+
E (pi+%,j7 Vit+i )+ Fr (pi+%,j+%7vi+%,j+1)
Vit 3.5 D)

Fo(piry jrtrvips )+ F (g1 jisvips i)
t V4141 5 .

v,y — Y,
. . =V;,1 : F . —+ v, 2 .
C”%’J*% i3 -1Vl -1 T Vi L -1

Fy-‘r Fy+ F’!h Fy’
o i+5,0— 1+ i+3,J i+3,5— 1+ i+35,]
= Vitdj-1 5 T Vi1 9 ’
+ +
FH(pigp1joz,vips 1) + F(pigs jo1,vig1 5)
=V, 1 i
it5,0—1 2
Fo(piy1jo1:vipd i) T F7(pig1 ji1,v01 5)
+Ui+%,j 2 .

The next step is to discretize the fast implicit system (4.33) by

n+1 %
Pivd i+l Pird i+l
At
(Fn+1)1Uflz+l (Fn+1)U+1 (Fn+1)Ufy . (Fn+1)§ff£/‘
+(1_a) J J i 27 it —O
Ax Ay ]
ntl | n4l * *
"l;+1“z i3 Pagrd Mg
gt S0 " o (4.45)
Lag aj Vivgatg Timbatd _ af ont1 MPoitdard T Poi-davd
€2 Az e2 M j+i Ax ’
n+1 77+1
v
pz+2 ¥ L+2,J p7+2 2J 7+2 ¥
At
pn+1 pn+1 In “In
+L itda+d Tirda-3 ntl Poi+d,i+4 " MPoi+l -3
2 Ay 52 szr Ay ’

where (F”J’l)[.]’.’fl and (F”“)gffj are the upwind fluxes defined as following,
2 2

5

n+1\Up,z n+41 n+l 1+ _n+l n+l 71—
Fy = Pl [ — P ] (4.46)
(Fn+1)Up, _ on+l [Un+1 ]Jr _ n+4l [ nt1 ]* )
B R N A N S N A A ]
Here []* = max{-,0} and [|~ = —min{:, 0} represents respectively the positive and

negative parts of the given function. The fast implicit part is solved via solving an

elliptic equation of p. From the last two equations in (4.45)), u”ﬁ , and vZ"Jj ! can
PRV
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4 AP and SP Schemes for the Isentropic Euler Equations with Gravity

be written as a function of p"*! such that

n+1 _ n+l
npl 1 . . a" At Pivd s " Picded
ig+i = Tt |Pigritig+l 22 Ar
Pij+1
n a’At iy WP d gt P0Gy (4.47)
22 Pij+d Ax (4
and
n+1 _ . n+l
nt1 L a"AtPits 41 " Pird -1
VN = g | Pra U1
it3.d p?—:_%,j i+35,J it5,] c2 Ay
a"At i MPoyy ey — NP0y (4.48)

2 Pirs Ay

Substitute the velocities by their values in the density equation from (4.45) (for
simplicity, see the 1D discretization),

n+1 o pr+n\Upz _ (FrthUpz
Pivijvs ~ Pirdi+y +(-a) ( Jit1j11 ~ Vit
At Az
n+1\Up,y _ (pn+1\Upy
(F )i+é,j+1 (F )i+%,j
+ = 0.
Ay
n+1 ok n+1 _ . n+tl
Pivditd pz‘+é,j+%+(1—oz) Pivij+s ~ Pirsjed| . o
At Az 2o Pit1,j+5%it1,5+4
i+1,j+5
n+1 _ . n+l
_ At Pirgrg ~ Pirdary | a"Ab Ly M Poisggey TP
e? Az g2 Vit Az
n+1 _ n+l
A \ "Dt Pirg gy~ Pirhgry | 0MAL
Piv1j+%it1j+1 — 22 Az 22 Piv1j+d

poits vy —10P0ity 511 )
Az
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4.4 Fully discrete Numerical Scheme

n+1 _n+l n+1 _n+l
Pirgity  Piditd| o e a"AtPirgiry —Picbaey  a"At
P; 1l . 1 — + P. .1
2p(1f11 L,j+5 hits e2 Az e2 Mig+g
,J+35

npoirg ey — P04 544
Az

n+1 _ n+l
B ( A _a"At Pivi i+t ~ Picljsd I a"At 4
Pij+1i%ij4+1 22 Az 2 Pij+l

Inpoityi4g — P01 514 )
Ax
n+1 _ n+l n+1 _ n+l
(L—a) [Pirti+y ~ Pirdi+d p o a"At Pirt+3 T Pirdivl
ot —
A n+1 i+5,J+1 7i+5,0+1 £2 A
Y 20541 51 y

a"At Ly Mpois ey —Mpgags e
22 Pitd g+ Ay
n+1 _ on+l
( o _a"AtPi g T Piryaeg @A L
Pitggr1¥itgim g2 Ay 22 Pitdj+

it jrg —Mpoist it )
Ay
n+1 _ . n+l n+1 _ . n+l
pi+l_’j+l pi+l,jfl " N anAtpH,l’j",l pi+l’j,l
2:JT3 2 2 v _ 2:JT3 2 2
et Pivt Virdj

+
29¢+§,j g2 Ay

aAt o Mg e —Inpg g
22 Pitij Ay
n+1 _ n+l
i} . a"AtPirl i " Pivl-t  a"At
PitdiVitti ~ 2 Ay e Piths

poivs 43 ~MPoits -4 )

Ay =0. (4.49)

The previous system of N2 nonlinear equations is to be solved using the Newton-
Raphson method. We are interested in solving the system f(x) =0 with
0=10...0]7,

T
_ T _ n+1 n+1 n+1 n+1 n+1 n+1 }
X = |T122...TN2 = P 5 3 ceef)5 nr Loeeeeeennnns
[ 142 N] {p%,% p%7N+%p§3 pEaN""% pN+1 3 PN_,_%,N_*_% 5

’2 22

£f(x) = [f1(x) f2(x)... fy2(x)]", where T denotes the transpose operator.
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4 AP and SP Schemes for the Isentropic Euler Equations with Gravity

Here, f[(i—l)*N+j] (x) =

n+1 % n+1 _ n+l
Pir i+ ~ Pitd i+l ) Pivigrs ~ Pirdivs| . o
AL Az 2,71 Pit1i+3 %1541
i+1,5+3
n+1 _ n+l
_a"AtPig 1 T Piv gt + a”Atan npoi+g g4y —MP0i+.5+3
22 Az g2 Mitli+3 Az
n+1 _ n+l
(o o _a"AtPirg vy T Pirdvg n a"At 4
Pit1j+i%it1j+3 ~ 2 Az &2 Pitij+d
M Poi+3,548 ~ P01 5+3 )
Az
n—+1 - n+1 n+1 _ n+1
LPobaey " Pigarg) L aMAPiggeg T Picggey | a"AE L
25711, Pijri¥ij+s — g2 Az 2 Pig+i
“j+3
I poirs 48 —MPoi— 541
Ax
n+1 _ n+l
( * * a" At pi+%7j+% pi_%aj"r% + a"At n+1
pz,.ﬁ_% z,]—i—% c2 Azx &2 pz,j-‘r%
I poitg48 ~ P04 544 )
Az
n+1 _ n+l n+1 _ pntl
(1 — a) pi_;’_%_’j_;'_% pi—l—%,j-‘r% p* U* _ anAt pi+%7j+% pz-‘r%d‘i‘%
ntl i+3,5+1 i+ 3,541 2 A
Ay 201 i ¢ y
N a"At o Mpgp1 s —pgs i
22 Pitii+1 Ay
n+1 _ n+l
Ly . _a"At Pt g3 T Pt vl n a"At 4
Pitl j+1V%i+l g+t e2 Ay 2 il
Inpgitry g —In Po,i+%,j+%)
Ay
n+1 _ n+l n+1 _ pntl
Pivl et P11y | . a"AtPipl 4l T Pl o1
+ 2 2 2 2 I 2 2 2 2
n+1 i+§,j i+§7j €2 A
20511 Y
N a"Atan pg it it —Mpgips ;1
2 Vitg.g Ay
n+1 _ n+l
o " At Pivggry ~Pirgi-y | a"AL Ly
~\PirtsVirds T T2 Ay 2 Pitdi

Inpg it et — lnpo,w%,jf%) (4.50)

Ay
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4.4 Fully discrete Numerical Scheme

After solving the system of nonlinear equations for p"*!, (pu)"*! and (pv)"*! are
recovered from the momentum equations. The full presentation of the 2D]scheme is
summarized by the slow step (4.44) together with the fast step (4.45).

4.4.3 The[AP property for the 2Dl numerical scheme

As we did at the PDE level, we take the gravitational terms in the momentum
equations in system (4.51I) to the left-hand side and reformulate the system as
follows:

n+1 _n Fm Up,x _(F"™ Up,z jaid Up,y Jaig Up,y
Pivk vt Pirda+d T ( )i+1,j+% ( )i,j+% i o )z+2 i1 )i+%,j
At o Ax Ay
Fn+1 Up,x n+1 Up,x Fn+1 Up, y Fn+1 Up,y
(1—a) ( )HLHl F ith +( )iy 1 —( )H%J _0
@ A:r Ay -
n—+1 n+l _ n n u,T _u.T o .
Pijttiied  Pig+itiavd n T I R s n Gt =G
At Ax Ay (4 1)
i n T n T o n[pDzx n _ Pz .S
EQp”ﬁl (D2, N" 4 D2, 6~ an[DF,  M"= D2 Inpo]
n-+ T n+1 T —
s2p”+ L [D? ,g+§M Di’jJr% In pg] =0,
n+1 n+1 _n n o - v,y _ Uy
S T S Wil A W18 Qe SET
At Az Ay
1 n n _ an[NY n _ Y
+0 [D+1 N4 DY, 6—a'[DY, M"—DY, Inp)]
n+1 Mn+1 1 —
.. In =0.
+52p+ j[ i+3.,4 z+%,] Po] 0
with
D? _ Pirgits ~Pimbits y _ Pi+di+d T Pitdi-3

7]+2 Az 5 Di+%,jp7 Ay
We will show the AP property based on (4.51).

Assume that the Chapman-Enskog asymptotic expansion of the discrete variables

are

(0)n (2)n

p2+2$]+2 pl+7j+1+€pl+1j+1+€p 7J+é+
u",ﬁl = UEO)-?:; —|—€u(1.)"1 +e u53)+1 + ..
n _ (O)n (1)n 2 (2)
vi_%d,— it 1 ]—i—svH_2 + v it +....

Definition 2. The discrete data (p,u,v) are said to be Well-prepared if they satisfy,

" (1= ) o) =0, L o)
Pivij+i = yA T2t =Pty $.0+%
0)n\Up, 0)n\Up, 0)n\Up,: 0)n\Up,1
(F( ) )1‘f1:]+ (F( : ) p+2 + (F( ) )l'f%yvj"l‘ (F( ) )71':)2 ¥
Ax Ay

(4.52)

:07
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4 AP and SP Schemes for the Isentropic Euler Equations with Gravity

where (F(0):m)Up.z (F©)2\UpY gre defined as in with p"*t1, u"*! being replaced
by p(O),n’ u(O),n'

Lemma 3. Choose (p, u,v) to be well-prepared, then

1

La= P53 [Pl g N+ Dl 6~ aflDT;  M" = DYy In

(0) @ n(2) _ . (0),n(2)
=0 D s [N = 0@ @] 1 0(e),
Proof. It is easy to check that

D i M(p <>)7D§.+l1np0 =0, DY ,M(p(o))fD;l,’Jr%’jlnpo =0,

i,j+5 i+3.,4
D,J+éN( (0)) N — D’J+ ( (0))’Y - _DZJ+1¢7 Dzy+%)JN(p(0))+DZy 1 ¢:Ov

sy ® = (pr Ny NG N
(D7, MY = (Df; N =0, (DY, M) = (D2, N =0,
(4.53)

The expansion of a™ is the same as in (4.25), (4.26). Now, let’s look at the
expansion of £4. Noting a9 = ¢(*) and (#.53), we have

1 0 xT n X n x n €T
La=20) [0, N + D2y 6= O (DE, M) = DI In o]

0 x n n X n
+p§g)+1 _(D N ) —a® (DM )

a(Q)n[(Dx

M =D ]

5,j+

+ o (D7, g N + D76

(D2, MM — DIy Tn o] | + O(e),

o0y DE oy [V =D (M) + 0(e),

which conclude the proof. O

Similarly,
1 n
2Pitd.

E?r)nJDx [(Nn)(z) (O)(Mn)(2)j| +O(e).

Yy M Yy ) Yy
[D. LN DY, 6 af[DY M" DY, Inp)

Comparing (9(8%) terms in the momentum equation in the z-direction, one gets

0),n (0),n+1 x n x
a((i) p;j)+l+ (D] ’j+2M +1H(0) Di’j+% In po] = 0. (4.54)

Because ago)’" # 0 and p(o) £ 0, then

T (On+1 T 'Y_l ,Y%
Dy, 1np> =07y (1= )T

104



4.4 Fully discrete Numerical Scheme

Hence, the boundary conditions of p"*! yield

1

0),n+1 v—1 71
Pitdj+s = (1 - %4¢i+§,j+é>

Similar result can be obtained from comparing O(Z%) terms in the momentum
(0

i+3.0+%

independent of time. Similarly, comparing O(g) terms in the momentum equation

gives pﬁr)% P 0. From O(1) terms in the density equation and that pgj_)% g+l is

equation in the y-direction. From the above calculations, we deduce that p, is

time independent,

n n (0
X (F"(O)>z+1,g+ — (F(0))z Tt . (F© ))z+2,g+1 (F™ ))HN
Ax Ay
n+1(0)\Up,x n+1(0)\Up,x
+(1-a) v evigey ~ (F Jigrh
Ax
. (Fn+1(0))zlif;,j+l (Fn+1(0))gf;7] .
Ay B
Substitute the fluxes by their values,
([)(O)U(O))ZH]+2 (p(O)u(O)) il . (/,(O)U(O))ZJr 1 ([,(O)U(O))Z+ ]]
«
Ax Ay
(0),,(0)yn+1 (0),,(0)yn+1
f-a) (POu) e = (PP
Ax
(POVO)TEL L (pOu O
+ PR PR — 0
Ay

The discrete well-prepared initial data in (4.52)) lead to,

(P(O)“(O))ﬁfﬁ% — (p(0>u(0))zjf+1%

Az

(p(O)v(O))n+1 ( (O)U(O))n+1

i+x,d i
20 29 0, W(i,j). (4.55)

+ Ay
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Comparing order O(1) terms in the momentum equation in z-direction,

(0) n+1(0) _ (0) n(0) (0) u,T w,x
Pijtiigry ~ Pig+iigti I z‘7j+§<z'+%,j+§ Pi J+1 Cl—*7.7+2
At Az

(0)
Z]+1C7J+1 1]+1<

PO [(Nn)@)_a(m(Mn)(z)]

Ay 2]+1 .J+%
O)n (0)n+1 n41 (0)n (1)n+1 (Dn (0)n+1 . —
+a szJr (D1j+ M * )( )+(ad pZ]Jr +ad pi)j+l )(D ’]+7M + )( )

0O)n (2)n+1 n (1 2)n (0)n+1 x n x
+(ay” Pz(',j);%L +ay’ pz(‘,j')+1+ 7 pz(g)++ (DM - Dyjyy npo] =0.

Using (4.54) the equation can be simplified to,

n+1(0) n(0) u,T u,T u, u,
Uijal T Yl N it d s Sl ut N G — G
At Ax Ay
D2, [P = a® () 4 a® ()] =0,

Finally the momentum limit equation in the z-direction is,

n+1(0) _ n(0)

C’U,I C’U,CE
i+ 5 i,j+% n i+3.5+3 i—3.J+3%
At Ax
(2)n+1 (2)n+1
C%y _C’y W_l.l—W77
- ”“Ay ey 2952 _ 0. (4.56)

Similar calculations are performed on the momentum equation in the y-direction,
which yields

n+1(0) _  n(0) u,T _u,x
it} “i+é,j+<z‘+é,j+% G+l
At Ax
(2)n+1 (2)n+1
uy Y
+ Ci’j+1A;C’J + W”Z’”szW”z’] =0. (457)

Therefore, the fully-discrete incompressible limit system is:

(0),,(0)\n+1  _ (0), (0)yn+1 ©4©@)ntl  _(,(0),(0))n+1
(P u )¢+1,j+% (PP utN 3 N (i )H%Hl (p ) 3o _ g
Az A -
un+1(0)_u"(0) Cum _Cu ,x wy uyy W(2)71+1 W(2)71+1
ity iats + i+3.0+3 Ci-3.d+3 + Cijy1=Ci) + i+3g+3 -3+l 0
( )A ( ) A By (2) (2) -
rL+1 0 rL 0 w,x x 2)n+1 2)n+1
’ - .y : -W
Vird s itk I Cz‘+%,j+% i-3.+% i Gt =6y I itgat) obaod
At Az Ay Ay -

(4.58)
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4.5 Numerical Results

4.4.4 The[SPproperty of the 2D numerical scheme

In this section we prove that the developed AP scheme for the isentropic Euler equa-
tions with gravitational source term is SP. The stationary state under consideration
is
1
s _ .8 _ s _ Y 1 =T
ui,ﬂ_% —UH_%J-—O, Pi+%7j+% = (1—77(2514.%,]4_% .

Theorem 2. If the solution at time t" is stationary,

. n n n — S S S ,

ie. (pH%,#%,ui’jJr%,vH%’j) = (pi+%’j+%7ui’ﬂ%,vwé’j), then it does not change at
the next time t"*+1.

1 1 n n n — S S
Proof By substituting (pi+%7j+%,ui,j+%,vi+%,j) = (pi+$,j+%’ui,j+ l+2,J) into
(4.51), it is easy to check that
T n xT n
Dy, N" 4D, 16=0, D!, N"4+D!, 6=0,
x n __ T _ n Yy —
Di:j+%M Dm#%lnpo—o, DH% M Di+%,j Inpy =0,
and for Ve, (4.51) becomes
n+1 _on n+1\Up,z Frt1yUp.x
Pivdivd Pt da+d +(1-a) ) ey~ 0L
At @ Az
Fn+1 Up,y Fn+1 Up,y
+( )i+$,j+1 ( )1+2 % 0
)
Ay (4.59)
pn+1 n+1
itk “ G+ s +1 1 —
22+ % /)ZLH_ [DI’ﬁ%M"‘* DZ’J.JF% In po] =0,
n+l  n+l
P, 1 V. 1
it "+§’J n+1 Y n+1 y
< 52 pHr [DHZ,]M - D; lnpo] 0.
n+1 n+1 n+1 _ s . e
One can check that (p! i J+1,ui7j+%,vi+%ﬁj) = (pi+%,j+1’ TSR + ‘) satisfies

(4.59), this concludes the proof of the SP property of the fully-discretized scheme. O

4.5 Numerical Results

We validate the [IDland numerical schemes in this section, with an interest in the
AP and the [SP] property of both schemes. Experiments are chosen for the isentropic
Euler equations with and without gravitational source term. Note that in the absence
of the gravitational source term, the scheme reduces to the[AP| scheme developed by
Goudon et al. [34]. As in [34], we choose a = % and | = 0 in the definition of a(t)
for all numerical experiments.
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4 AP and SP Schemes for the Isentropic Euler Equations with Gravity

4.5.1 test cases

Riemann problem

To validate the robustness of the numerical scheme, we extract from [34] a
Riemann problem for different values of . The initial conditions are

(£.0) 142 if z<0.5,
:177 = .
P 1 if z>0.5,

w(z,0) = 1—¢ if 2<0.5,
U Y1 4e if 2> 0.5.

The pressure is given by p(p) = Ap”? with A = 1 and v = 2. The solution is computed
along the interval [0, 1] over 200 grid points for 6t = Sdx, with 8 = 0.2,0.1 or 0.01.
To test the[AP| property of the scheme, three differenet cases for different values of ¢
are considered. The density and the velocity are illustrated at the final time 7' = 0.1
for e = 1/0.99 and 8 = 0.2 in figure[4.2} at the final time T = 0.05 for ¢ = /0.1 and
B = 0.1 in figure 4.3} and at the final time 7" = 0.007 for ¢ = 1/0.001 and 3 = 0.01
in figure Note that in the cases where ¢ is small (¢ = /0.1 or v/0.001), the
[APl scheme gives relevant results for 3 = 0.2, while explicit scheme simply returns
negative density. By adjusting 3, the[APlscheme gives better results, and the explicit
scheme returns positive density. For more details about the comparison, please refer
to section 3.1 in [[34]]. The plots are in prefect match with the ones in the Literature.
The solution can still be captured as ¢ gets smaller which proves the [AP| property of

the [[Dlscheme (@.35)-(4.36).

T 2

T=0
Tfinal=0.1| | 18 ¢

T-0
Tfinal=0.1

06

04 . . . . 0 . .
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

X X

Figure 4.2: [[D] Riemann problem: density (left) and velocity (right) initially, and at the final time Tfinal=0.1 for
e =+v0.99and 8 =0.2.
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1.08

T=0
Tfinal=0.05 1.3 7

1.06
1.04

1.02 0.9

0.8

0.7

0.98

T=0

0.6 Tfinal=0.05| |

0.96 0.5
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

X X

Figure 4.3: Riemann problem: density (left) and velocity (right) initially, and at the final time Tfinal=0.05 for
e=+0.1and 8 =0.1.

steady state

As proven analytically, the [AP| scheme is also SP. For this purpose, we try to simulate
a steady state solution, and prove numerically that the scheme preserves such a state.
One example of a steady state for the isentropic Euler equations with gravitational
source term is

1

(A( N WTA%W))) T (4.60)
0,

p(x)
u(x)

X

With the pressure law given as p(p) = Ap” where A = 1 and v = 1.4, and a
gravitational potential ¢(z) = x. At the [PDEllevel, is a steady state solution.
The computational domain is the interval [0, 1] discretized over 200 grid points.
We choose ¢ = v/0.99 and 6t = Bdx with 8 = 0.01. With the knowledge that the
scheme should preserve the steady state independent of the choice of . We run our
simulations till the final time ¢ = 0.1 and compare it to the steady state solution in
figure The density plot at the final time lies exactly on top of the initial density.
The velocity error is approximately 107 and this error stays as it is as time increases,
an indication that the scheme has reached the numerical steady state. It is worth
mentioning that no well-balancing treatment is applied here. In other words, the
schemes with their [MEX structure fulfill the need for any[SP| treatment. At least for
the isentropic Euler equations with gravitational source term, the [SP| property follows
from the [AP| property.
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1.001 1.04

Tfinal=0.007 | 1.03

1.02 -

1.0008 -

1.0006 -

1.01 ¢
1.0004 -

1.0002 -
0.99

0.98 -

T=0
Tfinal=0.007

0.9998

0.97 [

0.9996 0.96
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

X X

Figure 4.4: [TD] Riemann problem: density (left) and velocity (right) initially, and at the final time Tfinal=0.007 for
e =+/0.001 and 8 = 0.01.

4.5.2 test cases

Riemann problem

An extension of the Riemann Problem is considered in this section. The initial
data are given as

@.3.0) 142 if o <05,
x) b - .
PRey 1 if 2>0.5,
1—¢ if <05
b ’O - . ’
u(@,y,0) {1+5 if =>0.5,
v(z,y,0) = 0.

The [IDl flow in[2D] setup takes place in the direction of the horizontal velocity. The
computational domain is the square (0,1) x (0, 1) divided into 200 x 200 grid points.
A comparison between the [ID| results and the [2D] cross sections is illustrated. The
density and the velocity are plotted at the final time 7' = 0.1 for ¢ = 1/0.99 and
5 = 0.2 in figure at the final time T' = 0.05 for ¢ = v/0.1 and 8 = 0.1 in figure
and at the final time 7" = 0.007 for ¢ = v/0.001 and 3 = 0.01 in ﬁgure The
results show the accuracy and the robustness of the 2Dlscheme (4.44)-([4.45) as well
as the[AP| property.
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Figure 4.5: [[Dsteady state: profile of the density (left) and the momentum (right) initially and at the final time ¢ = 0.1

steady state

In this section, we test the [SP property of the 2D] scheme. An extension of the
steady state along the y-axis is considered

11 7=
ploan) = (40 - T2 owa)) (461)
(4.62)

with zero velocity field u = 0 in the square (0, 1) x (0, 1), over 200x200 grid points,
and a gravitational potential ¢(z,y) = x. A direct comparison between the [ID] plots
and the D] cross sections is illustrated in figure [4.9] This test case proves that the
scheme preserves steady states numerically without the need for any extra
well-balancing, which is a strong statement, suggesting that we can prove, so far
(analytically and numerically), for[AP|schemes for the isentropic Euler equations with
gravitational source term.

2Dl translating vortex

A traveling vortex from [[34] is considered in this section. The computational domain
is the square [0, 1] x [0, 1] discretized over 32x32 grid points with ¢ = 0.8 and
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2 X 2 7
\ T=0 T=0 /

Al \ 10-Tfinal=0.1| | 181 Tfinal=0.1 /

: \ = = =2d-Tfinal=0.1 - = =2d-Tfinal=0.1 /

\ 161 —
16 \ /
\ 14+ /
\
147 \ 1.2
\ I
12} \ = [
QL \ /
\ /
08
] \\ _ l:
\ / 06 /
08 \ / 1 /
N—t 0.4 /
/
06 02l /
/
04 L L L L 0 /4
0 0.2 04 06 0.8 1 0 02 04 06 08 1
X X

Figure 4.6: Riemann problem: density (left) and velocity (right) initially, and at the final time Tfinal=0.1 for
e =+0.99and 8 = 0.2.

5t = 5 x 10~*. The initial data are given as
2
€
Wf(r),
u(z,y,0) = v+ g(r)(0.5 — y),
v(,y,0) = v1 + g(r)(z — 0.5),

p(:my, 0) =110+

with
r=4n((z —0.5)2 + (y — 0.5)%))2,
F@r) = (1.5)%5(r) (k(r) — k(m)),
g(r) = 1.5(1 + cos(r))d(r),
o0(r) =lr<x.

The pressure law is given as p(p) = 1p? and vy = 0.6,1; = 0. We compare our
computed numerical solution to the exact solution,

p(xvyvt) :P(JJ—VOt,Z/—VltaO),
u(ac,y,()) = U(.’L’ - VOtay - V1t70)a
U($7y,0) = v(x - V0t7y - Vlta 0)

The vortex gets translated at speed (v, 1), as one can see in figures and
We present initially and at the final time, the horizontal velocity in figures and
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4.5 Numerical Results
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Figure 4.7: Riemann problem: density (left) and velocity (right) initially, and at the final time Tfinal=0.05 for
e =+0.1and 8 =0.1.

4.13] and the vertical velocity in figures and To avoid spurious oscillation,
we set [ in definition of a(t) to 1.

stationary vortex

For our last test case, we consider a stationary vortex for the system of isentropic Euler
equations with gravitational source term. The aim is to prove that our numerical
scheme is both[SP] as for a fixed ¢, the vortex is a stationary solution of the system
and[AP] as the numerical solution becomes a solution of the incompressible version
of the isentropic Euler system as ¢ goes to zero. We take the vortex for the shallow
water equations defined in [59], and we change its initial data to fit the the rescaled
shallow water equations. The initial condistions are given as,

2

p(x,y,t) =1- %62(177“2) - qS(a:,y), u(t,a:,y) = yeliri ’U(tvx’y) = _xelirz
Here r2 = 22 + 12, ¢(z, y) = 0.2¢"-5(1-"") s the gravitational potential. The pressure
law is p(p) = Ap” with A = % and v = 2. The vortex rotates in the computational
domain (—1,1) x (-1, 1) with steady state boundary conditions over 32 x 32 grid
points. Figure illustrates the profile of the velocity ¢ = v/u? + v?2 initially and
figures at the final time ¢ = 1 for ¢ = 101,102,103, 10~* respectively.
The significance of this test case lies in the fact that the scheme preserves the steady
state and at the same time converges as ¢ goes to zero. The result ensures the ability
of our numerical scheme to preserve steady states and to capture the solution as
¢ gets smaller. This test case proves that the developed numerical scheme for the
system of isentropic Euler equations with gravitational source term is both [SP| and

AP
£
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4 AP and SP Schemes for the Isentropic Euler Equations with Gravity
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Figure 4.8: [2D] Riemann problem: density (left) and velocity (right) initially, and at the final time Tfinal=0.007 for
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4.6 Conclusion

The proof of the[SP|property at the semi-discrete level clearly depends on the pressure
law and the fact that we are in the isentropic case. An[AP]scheme for the isentropic
Euler equations is[SPlunder the condition that the pressure is a function of the density
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and that the latter is obtained as a solution of an elliptic equation [50].
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Figure 4.9: Dl steady state: profile of the density (left) and the momentum (right) initially and at the final time
t=0.1.
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Figure 4.10: Translating vortex: the initial density p at T = O (top) and at the final time T = 0.5 (bottom).
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Figure 4.11: Translating vortex: a cross section of the the initial density p at T = 0 with min; ; Pyl
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Figure 4.12: Translating vortex: the initial horizontal velocity » at T = O (top) and at the final time T = 0.5 (bottom).
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Figure 4.13: Translating vortex: a cross section of the horizontal velocity v at T = 0 with min; ; u, 1= 0.4098
’ 2

and max; ; Ul = 0.7902 and at the final time T = 0.5 with min; ; Upjpl = 0.52 and max;_; Upjpl =

0.67 along x = 0.5 4+ voT as a function of y.
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4 AP and SP Schemes for the Isentropic Euler Equations with Gravity

Figure 4.14: Translating vortex: the initial profile of the vertical velocity v at T = 0O (top) and at the final time T = 0.5
(bottom).
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4.6 Conclusion

Figure 4.15: Translating vortex: a cross section of the vertical velocity v at T = 0 with min; ; Uiyl =
3
—0.1902 and max; ; U1, = 0.1902 and at the final time T = 0.5 with min; jv,, 1 . = —0.069 and
) 5J R AW
max; ;v; 1 .= 0.063 along y = 0.5 as a function of z — voT".
3
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Figure 4.16: Steady vortex: the velocity ¢ = v/ u? + o2 initially on 32 x 32 grid points.
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Figure 4.17: Steady vortex: the velocity ¢ = v/u2 + v2 at the final time 7' = 1 fore = 101,102 on 32 x 32
grid points respectively from top left to bottom right.

o

122



4.6 Conclusion

o

25 y
20 0.8
> 15 0.6
10 0.4
0.2
0
5 10 15 20 25

X

25 1
20 08
> 15 06
10 0.4
0.2

0

5 10 15 20 25
X

Figure 4.18: Steady vortex: the velocity ¢ = v/u2 + v2 at the final time 7' = 1 fore = 10~3,10~% on 32 x 32
grid points respectively from top left to bottom right.
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Chapter 5

Conclusion and Future Work

In this work we investigated the relationship between [AP| and property of a
numerical scheme for a parameterized model, such as kinetic equations and low
Mach isentropic Euler equations. In other words, we were curious about the long time
behavior of a numerical scheme, as well as its behavior as the rescaling parameter
approaches zero.

The first aim of this thesis was to develop a well-balanced finite volume central
scheme for the system of Euler equations with gravitational source term using the
subtraction method, and to extend this well-balancing approach to the system of
equations with gravitational source term. Which was succefully accomplished
via the subtraction method combined with the in the case of the system of
equations.

The second aim was to investigate the[SP|property of numerical schemes for kinetic
models, which became of big interest due to the fact that the Euler equations can be
viewed as the limit of the Boltzmann equation. The question was to investigate under
which circumstances, [AP| schemes are SP. The aim was achieved after we introduced
a criterion, emphasising that[AP] schemes with a discretization that linearly depends
on the Maxwellian are also

For our third aim, we were interested in projecting the relation between [AP]
and [SP| schemes for the kinetic models to fluid models. We considered the system
of isentropic Euler equations as our first model. In this case, an [AP| scheme was
developed and proven to have the [SP| property under the condition that the pressure
is a function of the density, and the latter is obtained as a solution of an elliptic
equation. One interesting extension would be to look at this relation for the full low
Mach Euler equations with gravitational source term. Knowing that, in this case, the
equation of state is not just the pressure law, and the energy equation is involved.
One may also try to find a relation between the low Mach and [SP| property of the
scheme under certain conditions.

To sum up, [AP| schemes, discretized in a particular way, should be capable of
preserving any stationary solutions without any additional treatment. This holds true
for kinetic models and for hyperbolic balance laws.
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Chapter 6
Appendices

Appendix A. property of the UGKS

In this section, we provide a formal derivation of the [AP| property for the
proposed in (3.17)-(3.18). When ¢ goes to zero, asymptotic expansions of A, B, and
C given in read A = O(¢), B = 1 — ¢(voyy1) + O(e),C = =1+ O(e). The
leading order term of yields f/"™! = p"*! + O(¢) and we only need to show
that satisfies the equation for p in ([3.14)), at the discrete level. Suppose that
= pi" + O(e), then

1
T =5 (00 + o) + O(e),

5L7-1 n _p?+1_p7+0()
i+s Ax &

SRTUfL, = % +0().

We deduce that the expansion of F" , reads:
2

n pi + Py Piys — P}
) A e 2 - i 2 S Ry T
il 2V (/ v¢(vol+2)dv> SAT (e)

Therefore,

Fay = FLy ot =200+, / vi(v Pt P
Az 3(Ax)? \V\ 2

|V|/vq5 2”1 L) +0(e).

In the limit of ¢ — 0, the discretization (3.17)) becomes

n+1 n n n n n n

Py =P P — 208 P 1 / Pi T Pita

= — 1)dy | ———
I sacz T\, YT )de | =5

1 Pt it
w7 ([ votomsppae) 5 )

which is a consistent discretization of the equation for p in ([3.14). Therefore, the
proposed scheme is[AP] after coupling with the discretization for S(z,t) in (3.15).
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6 Appendices

Appendix B. property of the stationary discretization of
the parity equations-based scheme

Consider the behavior of the scheme as ¢ — 0 for a stationary discretization of the

fully space-time discretized parity equations-based scheme. Equations (3.4)) and (3.5)
are then,

* Transport step:

v A‘LJZL = O
nv%r? =0
* Relaxation step:

{—;w —pl)=0
1
2

n 2 D¢ n __
=0+ A =enuzrzrt =0

Consider the relaxation step as ¢ — 0,

=, =R,
So,
u
vﬂjf =0

/1 Du( D¢ n)_o
0 Azt VAP T

DU D¢ 1
S I
Az ¢ 0

1 D“D*

o 2 P:} =0

3 Ax !
which is a consistent discretization of the stationary equation of the diffusion limit.
Hence, the discretization of the stationary equation is[APl
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6 Appendices

Appendix C. property of the stationary discretization of
UGKS

In this section, we provide a formal derivation of the [AP| property of the stationary
dlscretlzatlon of the [UGKSl which results from setting p" ! = p" and f**! = f" in

S Tl 6.1
Azx - ©D

M_i( /¢ W) dv' — p(vo,, 1) f"
Am _52 p |V| 7.+§ 7 .

(6.2)

Formulas A, B, and C given in (3.25) are time dependent, but when ¢ goes to zero,
asymptotic expansions of A, B, and C'read A = O(¢), B =1 — P(vo; 1) +0(e),C =
—1 + O(e) which is time independent. Hence, choosing A, B, and C as in (3.25), for
the stationary discretization will not affect the [AP] proof. We only need to show that
satisfies the stationary equation of the Keller-Segel equation for p at the
discrete level. Suppose that f/* = p + O(e), then

1
T i+ T 9 (/’? + P?Jrl) + O(e),

L1 p?—o—l_p?
ST, = PR L 0G),
RA1 pzn-&-l _p?
ST, = PP L 0G),

We deduce that the expansion of F", , reads:
2

pz + pz+1 Piv1 — Pi
Fr, = _ Pl ,
i+ 2V (/ volv ) 38z 00
Therefore
F;}F% - Fzri%
Ax
Piy1 — 2p; + Py 1 / ) pi + pita
- (= )y ) P
3(A0)? —|— |V| vé(voy1)dv 5

pz +pz 1
|V|/U¢ vo;_1)d 5 )—i—O(E).
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6 Appendices

In the limit of ¢ — 0, the discretization (6.1I])) becomes
Piv1 — 207 +piy 1 / P+ Pia
— dvo,, 1)dv | “—HL
3(Ax)? (H vv (v %)v 2

1 n o on
7 (o) 25 ) o
|4

which is a consistent discretization of the stationary equation for p in (3.14). There-
fore, the proposed stationary discretization is[APlafter coupling with the discretization

for S(z,t) in (B.15).
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