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Introduction

“ In reality we know nothing, since the truth is at the bottom” (Demokritus, Fr. 117, ~400
BC), a statement made 2500 years ago in ancient Greece. In this spirit people back then
started to construct “microscopic” models by introducing atoms and thereby tried to explain
nature. Even though nowadays this philosophy became a science and our understanding in
physics is remarkable, there are still many open questions.

I am interested in modeling phenomena from nature both microscopically and macroscop-
ically, motivated by the quest to understand the macroscopic equations of continuum me-
chanics by deriving them from microscopic statistical mechanics

The microscopic models consist of moving particles. They can be constructed in several
ways. One way is to impose on particles a probability law which defines their movement.
These interacting particle systems are for example useful to describe traffic flow, percolation,
movement of sand piles or flow through porous media.

In other models particles are moved by laws of classical thermodynamics. These models
describe for example gas dynamics, heat conduction, harmonic oscillators or elasticity.

In both cases it turns out, that the corresponding macroscopic characterization are partial
differential equations where in particular the nonlinear conservation laws arouse my interest.
Here one challenge is to discover solutions which are well posed and physically relevant.

One of my motivation for considering macroscopic as well as microscopic approaches is
motivated by the difference in information in these two modelings and the relationship
between them. My hope is that analytically one can use the microscopic information of
a system to be naturally led to a physically meaningful solution to a conservation law.
An example here are certain descriptions of flow through porous media where appropriate
macroscopic entropy conditions are not clear. One step in this direction has been done in
the first part of my thesis (see also [10, 11, 19]).

The description at the microscopic level typically involves stochastic elements. Here we are in
the realm of statistical thermodynamics. The description at the macroscopic level typically
involves nonlinear partial differential equations. One should mention that various limits can
be taken when going from the discrete to the continuum description. Technically the least
challenging is the so called moderate limit of Oelschlaeger. Another limit is the parabolic
limit when diffusion dominates advection. Most challenging though is the hyperbolic limit
where advection dominates diffusion. This typically leads to the nonlinear PDEs of the
conservation law type, for which on the macroscopic level the well posedness of solutions
in many cases can not be shown. The probably most popular example here are the Euler
Equations.

In my work I have tried to marry statistical physics with hyperbolic conservation laws:
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- In Chapter 1 of my thesis I am considering flow through porous media, i.e the macro-
scopic description is a scalar conservation law. Here the new feature is that we allow
sudden changes in porosity and thereby the flux may have discontinuities in space.
Microscopically this is described through an interacting particle system having only
one conserved quantity namely the total mass.

- In Chapter 2 of my thesis I am considering an Hamiltonian system with boundary
conditions. Microscopically this is described through a system of coupled oscillators
and hence besides the density of particles also momenta and energy play a role. Macro-
scopically this will lead to a system of conservation laws.

Nonlinear scalar conservation laws with discontinuous fluxes and hydrodynamic
limit of interacting particle systems [11].

Macroscopically flow through porous media is given by the following hyperbolic class of
scalar conservation laws:

Oup + O0pF(x, p(t,z)) =0 (0.0.1)

and with initial data:
pli=o = po(x), (0.0.2)

where F'(-, p) is continuous except on a set of measure zero.

The difficulty of (0.0.1) is the discontinuity of the flux function F' in the space variable
z arising from sudden changes in porosity. Recall that for fluxes without discontinuities,
this partial differential equation is well studied by Kruzkov in [26]: Let F¢(z,p) be the
standard mollification of F(z,p) in € R defined by (1.2.1) and consider the following
Cauchy problem:

Op + 0. F¢(x,p) =0,
0.0.3
{ pli=o = po(z) >0, ( )

then Kruzkov proved the existence and uniqueness of an L*° solution p : R4 x R — R
satisfying the following two properties:

(i) p satisfies the entropy inequality

Orlp(t, x) — c| + 0z (sign (p(t, ) — ¢) (F (=, p(t, ) — F*(,c)))

+sign(p(t, ) — )0, F(z,¢) <0 (0.0.4)

for any constant ¢ € R in the sense of distributions, that means that for any smooth,
positive function J : Ry x R+ R we have the following:

/ lp(t, x) — c|0; Jdxdt
+ /sign(p(t7 x) —c¢) (F*(xz,p) — F(x,c)) Oz Jdxdt

+ /sign(p(t,x) — )0, F*(z,¢)J(t, x)dxdt + / |p(0, ) — ¢|J(0,x)dz > 0
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(ii) p(t,-) converges in L'(R) to po(-) as t decreases to O:

[ Io(t,z) = pof)] du =0
R

li
t—0

Notice that if the flux function F' has a discontinuity in the space the derivative in the third
term of (0.0.4) does not make sense and thus the Kruzkov approach does not apply anymore.
Therefore discontinuity in space causes new important difficulties in conservation laws.

Several different entropy conditions have been suggested in the literature (see [1, 3, 5, 7, 14,
23, 25, 32] and the references therein). One type of entropy conditions involves a rule how
the solution should behave at the jump wave induced by the discontinuity in the flux, that is,
the solution is required to satisfy an additional condition on its traces at the discontinuous
points of the flux function, for which the existence of traces of the solution is needed. An
alternative entropy condition in [3, 5] is an adapted entropy condition that uses steady state
solutions to (0.0.1) to replace the constant parameter in the Kruzkov entropy inequality.
For this class of entropy solutions uniqueness has been shown, but not existence in many
cases.The replacement of the constant ¢ by a steady state solution has the advantage, that
the bad third term of (0.0.4) disappears. The entropy inequality has the form

O|p(t, ) — me(z)| + O (sign (p(t,x) - ma(x)) (Fe(x,p(t,x)) - Fa(x,ma(x)))) <0

in the distributional sense. Here m, : R — R denotes a steady state solution to (0.0.1) (for
more details of this, see Section 1.1) such that for a constant «

F(z,my(z)) = a.

This is quite an attractive notion since it does not require the traces of the entropy solution,
which allows the solution only in L°°. In Chapter 1, we establish the well-posedness in L>
for conservation laws with a certain class of flux functions (cf. conditions (H1)-(H2) and
(H3) or (H3’) in Section 1.1) by providing an existence proof to supplement the uniqueness
result in [3].

It happens, that different classes of entropy conditions proposed in the literature may lead
to different unique solutions for the same initial data. For example the entropy condition
based on the traces of solutions at the jump waves has lead to the existence and uniqueness
of the solutions for a wider class of flux functions than those satisfying (H1)—(H2) and (H3)
or (H3’) in Section 1.1. The Cauchy problem (even the Riemann problem) may lead to
different solutions depending on which choice of the conditions on the traces of solutions
is made (for an example, see [3]). If one restricts oneself to the flux functions satisfying
(H1)-(H2) and (H3’) in Section 1.1 (in which F(z,-) in (0.0.1) is monotone) and to the
entropy solutions in the class of functions of bounded variation, the two notions of entropy
conditions addressed above will lead to the same solution. This is not the case for the flux
functions satisfying (H1)-(H2) and (H3) in which F(z,-) may be non-monotone.

On the other hand, in statistical mechanics, some microscopic interacting particle systems
with discontinuous speed-parameter A(z), in the hydrodynamic limit, formally lead to scalar
hyperbolic conservation laws with discontinuous flux of the form

Oip + 0y (A()h(p)) =0 (0.0.5)

3
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and with initial data (0.0.2), where A(z) is continuous except on a set of measure zero
and h(p) is Lipschitz continuous. Here the discontinuity in space is given by the speed
parameter A, which is continuous except on a set of measure zero. In particular the hy-
drodynamic limit naturally gives rise to an entropy condition described in [3, 5], for which
as already mentioned uniqueness has been shown, but not the existence. Rezakhanlou in
[33] first established the hydrodynamic limit of the processus des misanthropes (PdM) with
constant speed-parameter. Covert-Rezakhanlou [16] provided a proof of the hydrodynamic
limit of a PdM with nonconstant but continuous speed-parameter A. In both proofs, the
most important step is to show an entropy inequality at microscopic level leading to the
(macroscopic) Kruzkov entropy inequality, in the limit when the distance between particles
tends to zero, and thereby implies the uniqueness of limit points. Bahadoran in [4] proved
the hydrodynamic limit of a special case of the processus des misanthropes, the so called
simple exclusion process with continuous speed parameter. The methods in [16] and [4]
are essentially the same, but they used different characterizations of microscopic entropy
inequalities. Seppéldinen in [34] proved the hydrodynamic limit of a K-exclusion process
with constant speed parameter, which also is again a special case of the processus des mis-
anthropes using a coupling of a process with an arbitrary initial configuration with a family
of processes with simple initial configurations. This technique has the advantage that the
hydrodynamic limit can be derived without knowledge of invariant product measures which
is crucial in [33, 16] and [4], but it has the disadvantage, that it is not possible to express
the flux as a function of p.

Equation (0.0.5) is equivalent to the following 2 x 2 hyperbolic system of conservation laws:

Dup + Dz (A(p)) = 0,
{ ati MR (0.0.6)

In particular, when h(p) is not strictly monotone, system (0.0.6) is nonstrictly hyperbolic,
one of the main difficulties in conservation laws (cf. [9, 13]). The natural question is which
entropy solution the hydrodynamic limit selects, thereby leading to a suitable, physical
relevant notion of entropy solutions of this class of conservation laws. Chapter 1 in this
work is a first step in this direction and provides an answer to this question for a family of
discontinuous flux functions via an interacting particle system, namely, the attractive zero
range process (ZRP). The ZRP leads to a conservation law of the form (0.0.2) with A(x) > 0
and h(p) being monotone in p. Furthermore, its hydrodynamic limit naturally gives rise to
an entropy condition of the type described in [3, 5].

Motivated by the hydrodynamic limit of the ZRP we adopt the notion of entropy solutions
in the sense of Audusse-Perthame [3] for a class of conservation laws with discontinuous flux
functions, including the non-monotone case, and establish the existence of such an entropy
solution via the method of compensated compactness in Section 1.2. This completes the
well-posedness in L> by combining the uniqueness result established in [3] for this class of
conservation laws under their notion of entropy solutions.

In order to establish the hydrodynamic limit of large particle systems and the convergence
of other approximate solutions to (0.0.1) rigorously, we establish a compactness framework
for (0.0.1)—(0.0.2) in Section 1.1. This mathematical framework is based on the notion and
reduction of measure-valued entropy solutions developed in Section 1.1, which is also applied
for another proof of the existence of entropy solutions for the non-monotone case in Section
1.2.

In Section 1.3, we establish the hydrodynamic limit for a ZRP with discontinuous speed-

4
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parameter A(z) governed by the unique entropy solution of the Cauchy problem (0.0.2)—-
(0.0.5).

Hydrodynamic limit of Hamiltonian systems with boundary conditions and sys-
tems of conservation laws.

The zero range process considered in Chapter 1 is a purely stochastic process, there are no
physical assumptions, and hence there is no velocity or energy associated to the particles.
In Chapter 2 we consider Hamiltonian systems with boundary conditions.

The microscopic model we consider is a one dimensional chain of N coupled oscillators. The
interaction between particles is now defined through a spring with a potential energy V.
Thus to each particle denoted by ¢, there is associated a position x; and a momentum p;.
The boundary conditions we impose are the following: we attach the first particle to a wall
and on the last particle we apply a force 7(¢) depending on time, which is a pressure or a
tension. Then the Hamiltonian reads as

1 N N
Hy(x,p) == 3 pr + Z (V(zi —@i—1) = 7()(wi — @i-1)) -

and in contrast to the ZRP, besides total mass we now must handle with two more physical
quantities namely momentum and energy. Our goal is to prove that in the hyperbolic limit,
that means after a rescaling of time and space in the same way, the conserved quantities
in time satisfy a system of partial differential equations which we will specify below. The
technics we use for the derivation of the macroscopic equation are based based on [31]. In
this paper, they prove the hydrodynamic limit of a Hamiltonian system with weak noise
but without boundary conditions. They chose the much more complicated system on the
continuum and in 3 dimensions. This system is governed by the full system of Euler equations
in 3 dimensions:

%p + Z?:1 % (puj) = 0

S (puy) + 351 & (puju; +6;5P(p,e)) = 0 (0.0.7)
d 3 Jé) _

4(pE) + X1 2= (pEu; —u;P(p,e)) = 0.

This system describes gas dynamics. Here p denotes the density, u; are the 3 components
of velocity, E denotes the energy and P is the pressure as a function of the density and the
internal energy e. Thus there is conservation of total mass, momentum and energy.

To give an overview on the subject we would like to touch on the main difficulties the authors
encountered in deriving the hydrodynamic limit of this system:

(i) The first difficulty is that the deterministic Hamiltonian system has not enough er-
godicity: indeed there exists a family of spatially homogenous Gibbs measures for the
system, but there is no hope to prove the strong ergodicity hypotheses, which roughly
says, that every stationary, translation invariant measure of the infinite stochastic dy-
namics is a superposition of Gibbs distributions. This problem has been addressed by
adding some randomness to the system in terms of a weak conservative noise. This
noise exchanges the momenta of nearby particles. It is chosen such that it provides
the system with enough ergodicity, but does not change the hydrodynamic limit, that
means the three conservation laws are still satisfied in the limit. This technique, on the
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macroscopic level, can be compared to the vanishing viscosity method, which is a pow-
erful method of proving existence and uniqueness of solutions to hyperbolic systems
of conservation laws in many cases (See [13]).

(ii) The second difficulty is rather technical: during the proof it is important, that the
kinetic energy is uniformly bounded. Since there are no effective truncation techniques
to handle the large velocities, this has been dealt with by replacing the natural kinetic
energy, by a function of the velocity, having bounded gradient.

(iii) The main part of the proof relies on the relative entropy method of [38]. The relative

entropy measures the distance between the distribution of the actual evolution of the
system and the distribution of a local equilibrium with their relative entropy. The
method is based on the principle that mean values of functions of the rescaled process
should be calculated by means of a product local equilibrium measure (see [24, 35]), also
known as the one-block estimate. Unfortunately this method requires the smoothness
of solutions. But even for smooth initial data, a weak solutions to (0.0.7) may produce
shocks after a certain time. Therefore in [31] they are forced to restrict their proof to
the smooth regime of the Euler equations.
A proof of the hydrodynamic limit which goes beyond the shock is a long standing
open problem. Also, even if there is a possibility to show the hydrodynamic limit, it is
still open whether this limit is unique: on the macroscopic level it is an open problem
to prove well posedness of weak solutions when the solution enters a shock, because
there is not enough entropy.

In the second part of my thesis, I am using the technics of [31], to derive the hydrodynamic
limit for an Hamiltonian system in one dimension with boundary conditions. As already
mentioned above the microscopic model we use is a system of N coupled oscillators in one
dimension. This means, that we consider atoms sitting on a one dimensional lattice and
moving around their equilibrium position. We chose the one dimensional discrete lattice to
be of length 1 and having N points, then to each point of the lattice there is associated an
atom with mass equal to one.

Since this is a nearest neighbor interaction, we can rewrite the problem in terms of the
deformation r; := x;—x;_1 also known as Lagrangian coordinates. Of course the introduction
of boundary conditions implies several problems. For a better understanding of the problem
we therefore changed the conservative noise (see 2.4) , in such a way that particles only
exchange velocities randomly. With this noise the total energy is not conserved anymore,
and a thermal equilibrium is maintained. Thus in the hydrodynamic limit the particle
density and momentum satisfy the so called p-system of two conservation laws:

Ot — O p=0
Op — 0, P(r)=0
and with boundary conditions
vo(z) = v(x,0), po(x) = p(,0)
p(0,1) =0, P(x(1,1)) = 7(t)

For bounded, smooth initial data tg,py : [0,1] — R and the force 7(¢) depending on time
t. Now the pressure P is a function of the specific volume v only. This system has the

6



INTRODUCTION

advantage that on the macroscopic level it is understood much better than (0.0.7), since
here existence of solutions is already proved. Notice also that we may chose the force 7(t)
applied on the last particle such that there is no shock produced. This would mean that we
can prove the hydrodynamic limit for all times.

To derive the hydrodynamic limit, in Chapter 2 we proceed as follows:

A detailed description of the microscopic model and its underlying equilibrium measures
will be given In Sections 2.1,2.3 and 2.4. In Section 2.2 we give a short sketch of the proof
for the existence of C! solutions to the initial boundary value problem given above.

The proof of the hydrodynamic limit will be done in Section 2.5. Here we have to handle
with additional terms when carefully computing the relative entropy due the work done
by the system when we apply the force 7. In the proof of the one-block estimate, which,
in view of the strong ergodic hypothesis, requires a characterization of the stationary and
translation invariant measures as convex combination combination of Gibbs measures, local
averages where necessary to the translation invariance of the measures.
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Chapter 1

Hyperbolic Conservation Laws
with Discontinuous Fluxes and
Hydrodynamic Limit for Particle
Systems

1.1 Notion and Reduction of measure-valued entropy so-
lutions

In this section, we first develop the notion of measure-valued entropy solutions and establish
their reduction to entropy solutions in L* (provided that they exist) of the Cauchy problem

Bup + s F(z, p(t,z)) = 0 (1.1.1)

and with initial data:
pli=o = po(x), (1.1.2)

satisfying that

(H1) F(z,p) is continuous at all points of (R\N) x R with A/ a closed set of measure zero;

(H2) 3 continuous functions f, g such that, for any € R and large p, f(p) < |F(z, p)| < g(p)
with f(p) > 0 and f(do0) = oc;

(H3) There exists a function p,,(z)from R to R and a constant M such that, for z € R\N,
F(z,p) is a locally Lipschitz, one to one function from (—oo,p,,] and [pp,,o0) to
[My, 00) (or (—oo, My]) with F(z, ppm(z)) = Mo and with common Lipschitz constant
Ly for all z € R\N and all p € I that is any bounded interval in R;

or



1.1. NOTION AND REDUCTION OF MEASURE-VALUED ENTROPY SOLUTIONS

(H3’) For x € R\N, F(z,-) is a locally Lipschitz, one to one function from R to R with
common Lipschitz constant Lj for all z € R\AN and all p € I that is any bounded
interval in R.

One example of the flux functions satisfying (H1)-(H2) and (H3) or (H3’) is

F(z,p) = A2)h(p), (11.3)

where A(z) is continuous in z € R with 0 < A1 < A(z) < A2 < oo for some constants A
and Ao, except on a closed set N of measure zero, and h(p) is locally Lipschitz and is either
monotone or convex (or concave) with h(p,,) = 0 for some p,, in which case My = 0.

It is easy to check that, if the flux function F'(z, p) satisfies (H1)-(H3), then, for any con-
stant o € [My, ) (or o € (—o0, My]), there are two steady-state solutions m? from R to
[pm (), 00) and m;, from R to (—oo, pm(x)] of (1.1.1) such that

F(z,mE(z)) =a for a.e. z € R. (1.1.4)

In the case (H1)-(H2) and (H3), m} () = m,, (z) which is even simpler.

1.1.1 Notion of measure-valued entropy solutions
First, the notion of entropy solutions in L™ introduced in Audusse-Perthame [3] and Baiti-

Jenssen [5] can be further formulated into the following.

Definition 1.1.1 (Notion of entropy solutions in L>®). We say that an L™ function p :
R := Ry x R — R is an entropy solution of (1.1.1)~(1.1.2) provided that, for each o €
[My,00) (or a € (—o0,My]) and the corresponding two steady-state solutions mZ(z) of
(1.1.1),

/ (Ipt, ) = mE @) 0T + sign(p(t,) = m (@) (F(, plt, @) - @) 0, ) dida

+/ lpo(x) — mE(2)]J(0,2)dz >0 (1.1.5)

for any test function J : Ri — Ry.

It is easy to see that any entropy solution is a weak solution of (1.1.1)—(1.1.2) by choosing
a such that mT (z) > ||pllr~ and m;, (z) < —||pllL, respectively, for a.e. = € R.

From the uniqueness argument in Audusse-Perthame [3] (also see [12]), one can deduce that,
for any L > 0,

lim lp(t, z) — po(x)| dx = 0. (1.1.6)
=0 Jjel<L

Following the notion of entropy solutions, we introduce the corresponding notion of measure-
valued entropy solutions. We denote by P(R) the set of probability measures on R.

10
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Definition 1.1.2 (Notion of measure-valued entropy solutions). We say that a measurable
map

m: RY — P(R)
is a measure-valued entropy solution of (1.1.1)~(1.1.2) provided that (mo.; k) = po(x) for
a.e. © € R and, for each o € [Mp,00) (or a € (—o0,My]) and the corresponding two
steady-state solutions mE(x) of (1.1.1),

/ ((m,2; [k — mE(x)]) 0rJ + (7405 sign(k — mE(x)) (F(x, k) — a)) 0y J) dxdt
+ [ loofa) — miE @) IO, ) do 2 0 (1.1.7)
for any test function J : ]Ri —Ry.

If a measure-valued entropy solution (k) is a Dirac mass with the associated profile
p(t,x), i.e. 7 .(k) = 0pt,0)(k), then p(t,z) is an entropy solution of (1.1.1)—(1.1.2), which
is unique as shown in [3].

Note that, when the flux function F(z, p) is locally Lipschitz in p and globally Lipschitz in
x, one can use the Kruzkov entropy inequality, instead of (1.1.7), to formulate the following
notion of measure-valued solutions:

O (.03 [k — c|) + Oy (my 3 sign(k — ¢) (F(z, k) — F(z,¢))) + (7 .0;sign(k — ¢)0, F(z,¢)) <0

(1.1.8)
in the sense of distributions and to establish their reduction as in DiPerna [18]. One of the
new features in our formulation (1.1.7) in Definition 1.1.2 is that the constant ¢ in (1.1.8) is
replaced by the steady-state solutions mX(z) such that the additional third term in (1.1.8)
vanishes, as in [3, 5], and thereby allows the discontinuity of the flux functions on a closed

set of measure zero for measure-valued entropy solutions.

1.1.2 Reduction of measure-valued entropy solutions

In this section we first establish the reduction of measure-valued entropy solutions of (1.1.1)—
(1.1.2) and prove that any measure-valued entropy solution 7 (k) in the sense of Definition
1.1.2 is the Dirac solution such that the associated profile p(¢,x) is an entropy solution in
the sense of Definition 1.1.1. That is, our goal is to establish that, when mq . (k) = 6,,(x)(k),

Wt,z(k) = (Sp(t,r) (k)» (].].9)

where p : Ri — R is the unique entropy solution determined by (1.1.5). The reduction
proof is achieved by two theorems. We start with the following theorem which yields the
L'-contraction between the measure-valued entropy solution 7;, and the unique entropy
solution p(t,z) of (1.1.1)—(1.1.2).

Theorem 1.1.3 (L'-contraction). Assume that there exists a measure-valued entropy so-
lution m : I[{i — P(R) of (1.1.1) in the sense of Definition 1.1.2 with 7, having a fived
compact support for a.e. (t,xz). Assume that there exists a function p : Ri — R with initial
data po € L™(R) and o (k) = 0,0(z) (k) for a.e. x € R satisfying the following inequality:

/ ((me.ei Ik — p(t,2)[) 0] + (o0 sign(k — plt, 2) (Fa k) — F(x, p(t, 2)))) 0.T) dadt > 0
(1.1.10)

11



1.1. NOTION AND REDUCTION OF MEASURE-VALUED ENTROPY SOLUTIONS

for any test function J : R% — Ry. Then the function [(m.;|k — p(t,2)|)dx is non-
increasing in t > 0, which implies T o(k) = 0pt,2)(k) when 7o o(k) = 6p5x) (k) for a.e.
x € R. Furthermore, p is the unique entropy solution of (1.1.1)—(1.1.2) in the sense of
Definition 1.1.1.

Proof. In expression (1.1.10), we choose the test function as the product test function
Jj(t)H (x), with J;(t) converging to the indicator function 1y, 4,(t) as j — oo for to >
t; > 0. Then (1.1.10) is equivalent to

[ H@) ik~ pltr ) d = [ H @) a0 1 = ) d
+ /tt /H'(x)<7ft,m(k); sign (k — p(t, z)) (F(x, k) — F(z, p(t,x)))) dzdt > 0. (1.1.11)
In (1.1.11), we choose
H(z) = e—"/\/mx(%)’ v, N >0,

for x € C§°(—2,2) with x(x) =1 when z € [-1,1] and x(x) > 0. Letting N — oo first and
~v — 0 then yields that, for any to > t; > 0,

/ (Tt [k — pltz 2)]) do — / (0 Ik — pltr, )]} di < 0.

In particular, when t; =t > 0,%; — 0, then mg ; (k) = 0, () (k) implies

[ tmailh = plt,z)do <0

so that 7, (k) = 0p(t,2) (k) for any ¢ > 0.

Plugging this into inequality (1.1.7), we obtain inequality (1.1.5). Thus, p(¢, x) is an entropy
solution which is unique by [3]. O

It thus remains to prove inequality (1.1.10).

Theorem 1.1.4. Assume that p: RS — R is the unique entropy solution of (1.1.1)~(1.1.2)
with initial data po € L>°(R). Assume that there exists a measure-valued entropy solution
T Ri — P(R) of (1.1.1) in the sense of Definition 1.1.2 with m 5 having a fized compact
support for a.e. (t,z) and Ty (k) = 6,0 (2)(k) for a.e. x € R. Then inequality (1.1.10) holds
for any test function J : Ri — Ry.

Proof. The proof is divided into nine steps.

Step 1. We first notice the following:

e Under assumption (H3’), F(z, p) is continuous in z a.e.. Then we can define a function
p(s,y,z) for a.e. (s,y,2) € Ry x R? such that, for fixed (s,y),

F(x,ﬁ(s,y,w)) = F(xamF(y,p(s,y))(m)) = F(yvp(s’y))a (1112)

12
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where the last equality follows from (1.1.4). Thus, we define

ﬁ(svya'r) = Mg(s,y) (33) with ﬂ(S,y) = F(y’p(svy))'

In the same way, we can define a function m(z,¢,y) for any constant ¢ € R and for
a.e. (x,y) € R? such that, for fixed =,

F(y,m(z,c,y)) := F(y,mp@,e)(y) = F(z,c). (1.1.13)
Thus, we define
(@, ¢,y) = My(z,e)(y)  with y(z,c) = F(z,c).

For the case (H3), we define p(s,y,z) such that the sign of the difference between
p(s,y,z) and p,,(y) is the same as the sign of the difference between the corresponding
solution and p,,(y), that is,

sign(p(s, y) — pm(y)) = sign(p(s, y, ) — pm(y))- (1.1.14)

It can be achieved by defining

ps,y,x) =mfi (@)sign (p(s,y) — pm(y)) +mg( , (@)sign_(p(s,y) = pm (1)),
(1.1.15)

since pp, (y) is the minimum (or maximum) point of the flux function with F(y, p..(y)) =
M.

Similarly, we define
m(x,c,y) = m;"(%c) (y)sign, (c — pm(x)) + Mo (y)sign_(c — pm(x)). (1.1.16)
Then we have as in (1.1.12) and (1.1.13),

F(Jc,,é(s,y,x)) = F(y,p(&y)) = ﬁ(s,y),

and
F(y,ﬁl(axc, y)) = F(Q?,C) = 7(‘75’0)'

With these notations, we can rewrite inequality (1.1.7) as follows:

Oy (w5 |k — p(s,y, @)|) + Op (.03 sign(k — p(s, y, ) (F(z, k) — F(y, p(s,y)))) <0
(1.1.17)

in the sense of distributions, and inequality (1.1.5) can be rewritten as

dslp(s,y) — m(x, k,y)| + 9y (sign(p(s,y) — m(x, k,y)) (F(y, p(s,y)) — F(z,k))) <0,

for any k € R, which implies

as <7rt,:r:; |p(87y) - ﬁl((E, kvy)|>

+ ay <7Tt,z;Sign(p(S7y) - m(l‘,k,y))(F(y,p(S,y)) - F(l’,k‘))> <0 (1'1'18)

in the sense of distributions.

13
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Step 2. We next perform an integration by parts against a test function of the form

t+s z+y

Jrw(t,z,8,y) = J( 5 3 YH,(t — s)H,(z —y) > 0. (1.1.19)

Here J € C’SO(]RE_) and the two families of functions H,, H, € C5°(R) are defined as

_ 1~ 1
Ho(z) = ~H(Z) and H,(2) = aH(E) for 7,w > 0,

RN

for a positive, compactly supported function H € Cg°(R) and a positive function H e
C§°(R) with compact support in (—1,1) such that [ H(z)dz = [R H(z)dz = 1.

We first choose the test function in (1.1.17) as defined above for fixed (s, y) and then integrate
the resulting inequality with respect to (s,y) to obtain

[Tl = s )) Dt 5, 0) sy
%—J/<wux;ﬂgn(k-—iﬂs,y,w))(FTx,k)—-6(s7y))>amJ+#&t7x,s,y)dtd$dsdy

+/\po(m) —p(s,y,2)| Jr.0(0, 2,8, y) dedsdy > 0. (1.1.20)

Furthermore, after integration, it follows from (1.1.18) that

[ Fai lp(s,) = i o)) 0 ot 5,) dtdadsdy
+ /<7rt,:r; Sign(p(37 y) - m(1'7 ka y)) (F(ya p(87 y)) - ’Y(xa k))> 8yJ‘r,w(t7 Z, S, y) dtddedy

+/<7rt,$; loo(y) — m(z, k,v)|) Jrw(t,x,0,y) dtdedy > 0. (1.1.21)

We next add (1.1.20) and (1.1.21) together to obtain the following inequality:

Ty +To+Ts+Ty+Ts + T > 0, (1.1.22)

14
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where
o= %/m,m; b (s, )0 (s V(1 ) Houl — y) diddsdy
by [ (aision (k= sy 0) (Fla) — 8(5,0))
x0T (- ; 5 ;L YNEL (t — $)Ho (2 — y) didedsdy,
L= g [ milolo) i b)) 0T (S L e~ 9)Ho (e — ) dedadsdy
5 [ meaisien(p(s, ) — (o, b, ) (Fvsp(s,0) = (2. )
%0 J(t s ; YNAL(t — $)Ho (2 — y) didadsdy,
T = [ (mailh = 3o, = |p(s.) — il k)
wJ(t ‘; 5z ;r INE - (t — s)Ho (z — y) dtdwdsdy,
T o= [ (mos (Pla,k) = Py, plo ) (sign (= pls.v.2)) + sign(p(s. ) — (e k.9)))
wJ(t ; S TEUNE (¢ — ) H. (2 — ) didedsdy,
Ty = [ (mai o) — e o)) I, ) (O Hao — ) dedad,
Ty = /Ipo p(s,y,x )IJ(S x;y)ffr(—S)Hw(x—y) dxdsdy.

Step 3. We first show that T, = 0. This requires to show that
sign (k — (s, , @) = sign((z, k. y) — p(s,9))- (1.1.23)

With this result, the integrand of T cancels for a.e. (t,z,s,y) € R? x R?, which yields that
Ty = 0 for every w, 7 > 0.

To prove (1.1.23), we apply (1.1.15) and (1.1.16). For a.e. (t,z,s,y) € RZ x R2, we obtain

F(l‘,k‘) - F(x,,é(s,y,x)) = F(y,rh(x,k:,y)) - F(y,p(s,y)).

Under (H3’), the result follows immediately, since F' is monotone in the second variable.
Under (H3), we find from (1.1.14) that
0 = sign(k— pm(x)) — sign(m(z,k,y) — pm(z))
= sign (p(s,y) — pm(y)) — sign(p(s,y,2) — pm(y))-
(1.1.24)
We have two cases:
If sign (k — pm(2)) = sign (p(s,y) — pm(y)), the problem is reduced to the monotone case

since F'(x,-) is monotone on each interval [—o0, p,, (z)] and [pym,(x), oo;
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If sign (k — pm(z)) # sign (p(s,y) — pm(y)), the result follows immediately from (1.1.24).

In Steps 4-6, we will show that, in the limit as w — 0 first and 7 — 0 second, inequality
(1.1.10) follows from Ty + 15 + 15+ T5 + 15 > 0.

Step 4. We first show that

p(s,y, ) == (s, 4,9) = p(s,y) for a.e. (s,y) € ]Ri. (1.1.25)
and
m(x, k,y) 55w, k,x) =k for a.e. x € R. (1.1.26)

For the case (H3’), since the flux function is continuous outside a negligible set A/, then, for
y € R\W,
F(

™

z,p(5,9.9)) = Fy, pls.y,9))-

On the other hand, we have F(y, p(s,y,y)) = F(x, p(s,y,x)). Therefore, we have
F(z, p(s,y,x)) — F(z,p(s,9,y)) =0,

and (1.1.25) is a consequence of the fact that F'(z,-) is a one to one function.

Similarly, for z € R\N, we have

F(y, k) &= F(x, k),

while F'(z, k) = F(y,m(z, k,y)). Therefore, we have

xT

F(y,m(x,k,y)) = F(y,k) == 0,
and (1.1.26) is a consequence of the fact that F'(y,-) is a one to one function.

For the case (H3), it is clear from the definition of p(s,y,z) and m(x,k,y) in (1.1.15) and
(1.1.16), respectively.

Step 5. We show that, when w — 0 first and 7 — 0 second, T} converges to

5 [ (sl = plt.2)) 20t )

+ (e 05 sign(k — p(t, ) (F (2, k) — F(z, p(t, %)) 0, J (¢, %)) dtdx. (1.1.27)

Observe that

t+s T +
\/m, k= (s, 2 0) 00T (™ V(1 — ) H — ) didrdsdy
~ t+s T 4+
[ i = .. T ¢ ) Ho o ) dedodsdy|
t+s T +
/ /!psy, p(s,9: )| Ho(z = y)[00] (— y)ld) - (t — s)dtdsdy
when w — 0, (1.1.28)
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by the Dominated Convergence theorem and the fact that

t+s x+y
2

/}psy, p(s,y,y) | He(z — y)[00J ( )| dz — 0

when w — 0 for a.e. (s,y) € R3 since j(s,y, ) Y 5(s,y,y) = p(s,y) by Step 4. Further-
more,

t+s x+vy

at(2 2

) — 0y J(t, )| Hy (t — 8)H,, (x — ) dtdwdsdy

/<7Tt,x; ’k - p(svy)b

= O(w) +O(r) — 0, (1.1.29)

when w — 0 first and 7 — 0 second. Then, to find the limit of the first part of 77, it suffices
to compute the limit of

/(Wm; ’k — p(s, y)’) O J(t,x)H, (t — s)H,,(z — y) dtdwdsdy. (1.1.30)

Thus, it suffices to show that p(s,y) can be replaced by p(¢, ) in (1.1.30), i.e., when w — 0
first and 7 — 0 second,

/ |0t %) — p(5,9) |00 (£, 2) Fo (¢ — 5)Hoy (& — ) ditdadsdy
/ |p(t,z) — p(t +7r,z + wz)| 8, J (t, x)H(—r)H(—z) dtdzdrdz — 0. (1.1.31)
This is guaranteed by the fact that

lim hm/’ptm p(t + 77,z + wz)| dtde = 0,

T—0w—0

and the Dominated Convergence theorem since all the functions involved are bounded. This
implies that, in (1.1.30), we can indeed replace p(s,y) by p(t, ).

On the other hand, hypothesis (H2) on F(z, p) implies

[sign (k = 5(s,y,2)) (F(o,k) ~ B(s,))
— sign (k — (s, ,9)) (Fz, k) = F(x,5(5,9,0)) |
= |sign (k = p(s.9,2)) (F(x, k)=F (2, (5.9,))
—sign (k = p(s,9) (Fla,k) = F(o, p(s.)))|
< Cla(s, y,x) = p(s, y)l-

Integrating the last expression with respect to z against the function H,(x — y) yields its
convergence to 0 by the same argument as above when w — 0. Since J € C§° (Ri), as
above, the limit of the second part of T; is the same as the limit of

/(Wt,z; sign (k—p(s,y)) (F(z, k) — F(z, p(s,y))))0xJ (t, ) H, (t — s)Ho,(x — y) dtdzdsdy,

17
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and it suffices to prove that, when w — 0 first and 7 — 0 second,

sign (k — p(s,y)) (F(xa k) — F(z,p(s, y)))

— sign (k — p(t,2)) (F(a, k) — P, plt, x>>)\>
x 0y J(t,2)H,(t — 8)H,(z — y) dtdrdsdy — 0.

Using the Lipschitz property and fact (1.1.31), we achieve the result for the second part of
7.

Step 6. Ty converges to (1.1.27) as well. This follows by the same argument as used already
in Step 5 and observing that

| [(mailots.) = e k) 9.(
~ [ loton) — ) 25 o

2
< / (.03 [0, by ) — ) 00

t+5 T4y

5 VH,(t — 8)H,(z — y) dtdzdsdy

VH,(t — s)H,(x — y) dtdzdsdy

t+s x—i—y

W H(t — s)H,(z — y) dtdwdsdy.

Again the right hand side of the last expression converges to zero when w — 0. Using the
same argument as in Step 5, we achieve the result for T5.

Step 7. T3 converges to 0 when w — 0. Since

lim ‘/<7Tt,:v; k= p(s,y,2) = |p(s,y) — m(z, k, y) ) Ho(x — y) dedy
< liny | i b = b)) o — ) dody

+ Jimy [ i p(s,) = s 0)) oo ) dady =0,
the result follows as in Steps 5 and 6.

Step 8. Tg converges to zero when 7 — 0 after w — 0: Note that

/ “po(,@) - p~(87y’x)‘ - |p0(.7j) - ﬁ(S,y,y)|‘ J(0, L—i_y)H‘r(_s)Hw(l’ - y) dxdsdy
< [195,.2) = .. IO, ) () (o — ) doddy

Again with (1.1.31), the right hand side converges to zero when w — 0. We therefore next
compute the limit when w — 0 first and 7 — 0 second of

s x+ —
[1606@) = ol ) | 9 5 ) (=) H o — ) dodsdy
As before,
s T+vy

lim [ Jo(s,2) = p(s. )| (5, o) o (—) Hola — ) ddsdy = 0.

2
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Therefore, the next goal is to compute the limit when 7 — 0 of

/ Ipol) = pls, )| TS, ) Hr(—s) dudsdy = / lpol) = plrr,2)] IS ) H(—r) dadr.
(1.1.32)

Since all the functions are bounded and supp H C (—1,1), by the Dominated Convergence
theorem, this converges to 0 when 7 — 0, and thereby (1.1.32) converges to 0.

Step 9. Ty converges to zero by the analogous argument as in Step 8 and using the fact that
Woax(k’) 6po(w (k)

With Steps 3-9 and by (1.1.22), we complete the proof. O

1.2 Existence of entropy solutions

In this section, we establish the existence of entropy solutions (1.1.1)—(1.1.2) in the sense
of Definition 1.1.1, as required for the reduction of measure-valued entropy solutions. More
precisely, for each fixed € > 0, p° denotes the unique Kruzkov solution of (1.1.1)—(1.1.2) in
the sense (1.2.3), where the flux function depends smoothly on the space variable z; then it
is shown that the sequence p° converges to an entropy solution of (1.1.1)—(1.1.2).

1.2.1 Existence of entropy solutions when F' is smooth

Define F*¢(z, p) the standard mollification of F(x,p) in x € R:
Fe(z,p) == (F(,p) x0°)(x) — F(z,p) a.e. as € — 0, (1.2.1)

with 6°(x) := 0(%£), 6(x) > 0, suppf(x) C [-1,1], and f_ll O(x)dx = 1. For fixed € > 0,
consider the following Cauchy problem:

Owp + 0, F¢(x,p) =0,
1.2.2
{ pli=o = po(z) = 0. (1.2.2)

Kruzkov’s result in [26] indicates that there exists a unique solution p° of (1.2.2) satisfying
the Kruzkov entropy inequality:

Oulp (1,) — cl + B (sign(p° (t,) — O)(F (0, p° (1, 7)) — F ()
+ sign(p®(t,x) — )0, F°(x,c) <0 (1.2.3)

in the sense of distributions. Notice that, since F*® is now smooth in the first variable, we
can define steady state solutions mg*(z) for each € R. In particular, the steady state
solutions m&* () also satisfy the Kruzkov entropy inequality (1.2.3):

elme™ (@) — el + O (sign(mg™ (z) — ) (F=(y, mg™ (x)) — F=(x,)))
+sign(mE () — )9, F=(x,¢) < 0(1.2.4)

in the distributional sense. This can be also seen as follows: Since the level set {x € R :
m&*(x) = c} is discrete for a.e. ¢, a, and this level set coincides with the set {z € R :
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Fe(z,c) = a}, it follows from the Sard theorem that the set of critical values of the function
e, t

S(m&*(x)) = sign(ms*(z) —c)(F¢(z,ms*(z)) — F4(x, ¢)) has measure zero, which implies
(1.2.4).
We now prove that the entropy solution p° also satisfies (1.1.5).

Proposition 1.2.1. Let p°(¢,z) be a solution of the Cauchy problem (1.2.2) satisfying the
Kruzkov entropy inequality (1.2.3). Then p(t,x) also satisfies the entropy inequality (1.1.5)

with steady-state solutions mE = ms*(x).

Proof. We divide the proof into five steps.

Step 1. In (1.2.3), we choose the constant ¢ = m&*(y) for any a € [My,00) (or a €

(—o00, My]) for fixed (s,y), and integrate against the test function (1.1.19) first in (¢,z) and
then in (s,y) to obtain the following inequality:

/ |p°(t, ) — mg’i(y)‘ Odrw(t, z, s,y) dtdedsdy
+ [ sign (5 (1.0) = m () (F* (o7 (0.2)) = F G () e st 5,) dedndscy
= [ sign (6% () = 5 (0)) 00 (i () st 5,3) dedoddy
+/ |p°(0,2) — mii(y)| Jrw(t,0,8,y)dedsdy > 0. (1.2.5)

On the other hand, the Kruzkov entropy inequality (1.2.3) is satisfied for any steady state
solution m&*, for any ¢ € R and a € [My,00) (or a € (—00, My]). For fixed (t, ), the
steady state solutions m&* (y) as functions in y satisfy in (1.2.4) with (s,y) replacing (¢, z)

[0
and the constant ¢ = p(t,x). We integrate against the test function J;, first in (s,y) and

then in (¢,2) to obtain the following inequality:
/ ’mzi(y) — pe(t, a:)‘ 057w (t, x, s,y) dtdrdsdy
+ /sign (my*(y) = p°(t, ) (F(y, my*(y) — F*(y, p°(t,2))) Oy Jr o (t, 2, 5,) dtdadsdy
= [ sign (i) — 5 (1,2)) 0, (3 7 (02)) Jr (15,3 dedoddy
+/ |mf¥i(y) — p°(t, x)| Jrw(t,x,0,y) dtdedy > 0. (1.2.6)

Adding (1.2.5) and (1.2.6) together, we then have
I +1,+13 >0,

where
Iim g [ 16 ta) = mi )| 0T + 0.1 (" L) H (e = 9)Ho (e — ) dedadsdy
+ % / sign (p°(t, 7) — mSE () (FE(z, p° (1, 7)) — F=(z, mEE (y))

t+s z+y

X (0 + 0y)J( 5 g VH(t — s)H,(x — y)dtdzdsdy,
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I = / |m2i(y) — p°(t,2)| Jrw(t,@,0,y) dtdedy+

[ 1570.2) — iz @] T 0.5,) didsdy,

Iy = / sign (p° (t,@) = m= () (F* (2, p° (1, 2)) = F* (w2, mE* (1)

+ Py mEE () — FE (9,07 ()
t+s x+vy

2 7 2
~ [ sign (0t 0) = i () (02 (i 0) = 0,F (0, (1,2)

! ; * 2 ; INH (t — s)H. (x — y) ditdedsdy.

x J( VH,(t — s)H! (z — y) dtdzdsdy

x J(

In order to prove Proposition 1.2.1, we need to show that I1 + I> converges to the left hand
side of the entropy inequality (1.1.5) and Is — 0, when 7 — 0 after w — 0.

Step 2. We start with the following two useful identities:

lirno H,(x—vy) |m2’i(y) - mi’i(z)| dzdy = 0; (1.2.7)

and, for any continuous function G of mg*

lim H,(z —y)(z —y) |G (mi™(y)) — G (mGF(2))| dady = 0. (1.2.8)

We first show that the steady state solutions are continuous on R for each a € [My, 00) (or
a € (—oo0, Mp)).

We start with o # Mp: Since the flux function is continuous in the first variable,
Fe(y,mg ™" () == F*(z,mg* (z)).
On the other hand, F¢(y,m5 ™t (y)) = F<(x,m5 ™ (2)). Therefore, we have
F(y,mer () — F=(y, mer* () =5 0,
and, as a consequence of the fact that F°(y,-) is a one to one function on [pm(y), 00),
St (y) L5 ms T (x) for any = € R.
Similarly, we can show for each o # M that
ms~ (y) = ms ™ (x) for any z € R.

If a = My, then m?wf(x) ¢ (x),
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On the other hand, we have F*(y, p5,(y)) = M. Therefore

Yy—z

F(y, 05, (v)) — F*(y, py,(2)) — 0,

and, as a consequence of the fact that F° is a continuous function in the second variable,
we obtain

P () = P () for any =z € R.
With this, as in the proof of Theorem 1.1.4, we obtain (1.2.7).

Notice that, for any continuous function G of m*, we have
[ Hile =) = ) |G (i) — 6 (i () | dody
= /HL(—wz)(—wz) |G (m&*(z + w2)) — G (m5*(2)) | wdzdz

= /zH’(fz) |G (m5E (2 + wz2)) — G (my*(2))| dedz

— 0 when w — 0,

since mS* is continuous and is in L>. Thus, (1.2.8) follows.

Step 3. With (1.2.7) and
|0 (8, 2) = mZ= ()] = o (t,2) = mg= ()| < [mg™(x) = mZ=(y)],

as in the proof of Theorem 1.1.4, we obtain that, when w — 0 first and 7 — 0 second, I
converges to

[ ts) = me=@)] 010
+sign (p°(t,z) — mg’i(x)) (Fe(z,p°(t,2)) — )0, J (¢, 2)) dtdz.

In the same way, we can replace m5* (y) by m&¥(x) and p°(t,x) by p°(0,z) in I, when
w — 0 first and 7 — 0 second. Then both terms of I converge to

5 [ 15°0.0) i) 0.2 da,

Step 4. It remains to show that lim,_,qlim,_,o I3 = 0. To avoid confusion, from now on, we
denote the derivative of F(z,-) with respect to the first variable by F&(z, ).
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Notice that

Iy = / (fsign (b (t, ) = me™(y)) (F(y, p° (£, 2))—F= (2, p°(t, )~ F5 (x, p° (t, 2)) (y—2))

+sign (p°(t,2) — m§E(y)) (F(y, me=(y)) — FE (2, m§E(y)) — Fo(z,m3E(y)) (y — I)))

w g J; 52 ; UNBL (6 — 8)H (& — y) dtdadsdy
+ [ sien (5 (1) = mEr ) F (6. 20) S L) H e = 9) oo — ) didadsdy
= [ sign (57 (t.) = mi* () FGo (6 )y - 2)

« g J; 52 ; VA, (t — $)H. (x — y) dtdzdsdy
~ [ sien (5t ) = it () F o ()

w g ; 52 ; YNAL(t — $)Ho (2 — y) didadsdy
+ [ sien (5 (t.) = mirt () Femmi = @)y - o)

< "; 5z ;L IVH, (t - s)Ho(x — y) dtddsdy

:/(fsign (p°(t. ) = mg™(y)) (F=(y, p°(t, 2))—F=(, p° (£, x)) = F5 (2, p° (£, 2)) (y—2))

+sign (p°(t, ) — mg* (y)) (F=(y.mE™ (y) — F* (w2, mg* (y) — F (z.my™ (y)) (y — 93)))

x J(t _; 5, < ; y)HT(t — s)H. (z — y) dtdzdsdy
+/sign (p°(t,2) —mG* () (F5 (2, p°(, ) = Fy (2, m3* (y))) (Ho (2 —y)+ H., (z—y) (z—y))
x gt J; 52 ; IVH, (t — s) dtdadsdy
+ [ sien (5 (t.) = mEr ) (F5 (v (1.2) — P, p7(0,))
X J(t ts ot y)I_{T(t — s)H,,(x — y) dtdxdsdy.

27 2
The last term of this expression is of order O(w), since F* is at least C! in the first variable,

all the functions in the integrand are bounded, and the support of H is also bounded.
Therefore, this term converges to 0 when w — 0.

Step 5. It remains to show that the first and the second term in the last expression vanish
in the limit. The first term is equal to

%/Sign(ps(t,x)—mi;i(y))(Fix(&mi’i(y))—Fiz(&,ps(t,x))+0(|y—wl))HL(w—y)(x—y)2
t+s z+vy

J
<

YH,(t — 5) dtdxdsdy.
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1.2. EXISTENCE OF ENTROPY SOLUTIONS

Since p® € L™ and F*® is smooth in the first variable, by (H2), the first term of the last
expression is bounded above by

1 _,z—y 9, t+s T4y,
C/WQH( Uy~ a2a (T2 Y (1~ ) drdwdsdy
t 2 _
:Cw/H’(z)zQJ( _;S, x_;wz)HT(t—s)dtdxdsdz:(’)(w) -0 when w — 0.

The second term is equal to

/Sign (b°(t,2) = mZ*(y)) (Fs (2, p°(t,2)) — Fy (2, mg* (y)))

t+s x+vy
2 7 2

x (Ho(z—y)+H,(z—y)(z—y)) ((J( )—J(t,z)) +J(t,£€))H.,-(t75) dtdxdsdy

— O(w) + O(r) + / J(t2) (Ho(z —y) + Bz — y)(z — y)

X (Sign (p°(t,2) — mEE(y)) (F5 (2, p° (7)) — FE(z,mE*(y)))

— sign (o (t,) — 5 (@) (F5 (7 (1,2) = F5 (,mE* (2) ) didady
+ [ sign (o7t 0) — (@) (PG (8 0) — B 0))
X (/ (Hw(x —y)+H, (z —y)(z — y))dy)J(t,x) dtdzx.

Notice that
sign (p° —mg™) (Fx(,p%) — Fr(x,m5™))
is a continuous function of m&*. Thus, the third term of the last expression goes to zero if

w— 0 by (1.2.7) and (1.2.8).

In the remaining last term, the integral with respect to y is equal to 0 because

Hy(z —y)+ H,(z —y)(z —y) = =0, ((z —y)Ho(z — y)).

This concludes that I3 vanishes in the limit when w — 0 first and 7 — 0 second. O

Thus we conclude the existence of an entropy solution p. (¢, z) in the sense of Definition 1.1.1
for each F. with fixed € > 0.

Remark 1.2.2. Notice that the sequence of approximate entropy solutions converges to a
measure-valued entropy solution when € — 0: First, since py € L*°, we find that, for a big
enough,

ms~(z) < po(x) < mST () for all 2 € R.

(o3

From [3], it then follows that

mg~(x) < pf(tx) <mgT (),

«
which implies the uniform boundedness of p*(¢,z) in ¢ since m&* () are uniformly bounded
in €. Then there exists a compactly supported family of probability measures 7, on R (i.e.

24
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Young measures; see Tartar [36]) and a subsequence (still denoted by) p°(t, z) such that, for
any continuous function f(p),

fp(t,x)) = (mia, f(K)) when ¢ — 0. (1.2.9)

On the other hand, by Section 1.2.1, the sequence p(t,x) satisfies the entropy inequality
(1.1.5) for F.(x,p) and the steady-state solutions mt = m&*. In particular, we use (1.2.9)
and the definition of the sequence F.(z,p) in (1.2.1) to conclude that, when ¢ — 0, the
compactly supported family of probability measures 7, , satisfies that, for any test function

J: Ri_ — IR_H
[ (i = @) 007 + (miisign (k = mi) (Fla k)~ )) 0,7) dae
+/ |po(z) — mZ(2)|J(0,z) dz > 0.

Thus, 7, is a measure-valued entropy solution of (1.1.1)—(1.1.2) with compact support for
a.e. (t,z) € R% in the sense of Definition 1.1.2.

1.2.2 Existence of entropy solutions when F' is discontinuous in x

We are now ready to state the main theorem of this section.

Theorem 1.2.3. Let F(x,p) be strictly convex or concave in p for a.e. x € R and satisfy
(H1)-(H3), or let F(x,p) satisfy (H1)—(H2) and (H3’). Let po(x) € L>°. Then the sequence
of entropy solutions p° of the Cauchy problem (1.2.2) (in the sense of Definition 1.1.1)
converges to the unique entropy solution of the Cauchy problem (1.1.1)-(1.1.2) in the sense
of Definition 1.1.1.

Proof. We consider the two cases separately.

For the case (H1)—(H2) and (H3’), that is, the flux function F' is monotone in p, we apply
the compactness framework established in Section 1.1 to establish the convergence. For this
case, the existence of entropy solutions has been established in [5]. In Remark 1.2.2, we have
shown that the limit of the entropy solutions p® is determined by a measure-valued entropy
solution m; . Then, by Theorems 1.1.3-1.1.4, m , is the Dirac measure concentrated on
the unique entropy solution p(t,z) of (1.1.1)—(1.1.2) in the sense of Definition 1.1.1, which
implies the whole sequence converges.

For the case (H1)—(H3), since we have not established the existence of an entropy solution,
we employ the compensated compactness method to establish the convergence of the entropy
solutions of the Cauchy problem (1.2.2), which also yields the existence of a unique entropy
solution of the Cauchy problem (1.1.1)—(1.1.2).

From Remark 1.2.2, we know that p° is uniformly bounded in L*> which implies that there
exists a subsequence p°® converging weakly to a compactly supported family of probability
measures vy, on Ry such that, for any function f(p,t,x) that is continuous in p for a.e.

(t, ),
fOoftx),t,x) = (Ve f(k,t,2)) when ¢ — 0. (1.2.10)
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1.2. EXISTENCE OF ENTROPY SOLUTIONS

In particular,

pf(t, ) = (v, k) = p(t,x) € L. (1.2.11)
Our goal is to prove the strong convergence of p°(¢,z) to p(t,z) a.e., equivalently, v, , =
dp(t,z), Which implies that p(t,x) is an entropy solution of (1.1.1)-(1.1.2), that is, p(t,z)
satisfies the entropy inequality in Definition 1.1.1.

From Section 1.2.1, we know that the sequence p° exists and satisfies
B = 0y |pe(t, @) — p°(s,y, @) | + s (sign (p°(t, ) — (s, ¥, 2)) (Fe(, p°(t,2)) —(s,9)) ) <0

in the sense of distributions, where

P (s,y,2) = (@) sign (p(s,y) — pun(9)) + m5 (@) sign_(p(s.y) — pun(4).

Notice that y(s,y) := F(y, p(s,y)) is independent of €. Thus, for fixed (s,y), we have the

strong convergence of m,y(’: ) (z) to a steady-state solution mf(s ) (z) of (1.1.1)—(1.1.2) when

€ — 0. In particular,
1%L < M, M independent of ¢;

and, for a.e. (s,y,z) € Ri x R,

ﬁe(svyax) - ﬁ(s,y,m) =
M (@)signy (p(s,y) — pm(y)) +m ., , (@)sign_(p(s,y) — pm(y)),

when ¢ — 0. By Schwartz’s lemma, E° is a sequence of measures; by Murat’s lemma [30],
E# is uniformly bounded measure sequence in the measure space, which implies that

Ef is compact in Wl;j’p(Ri) for any p € (1,2). (1.2.12)
On the other hand, since the vector-field sequence
+.,e . +.,e
(6 (1) = m*2 (@), sign(p" () — mE5 (@) (Pl p5(8,2)) = 7(s,9))

is uniformly bounded in ¢ for any fixed (s,y), it follows that

E* is bounded in W, " (R2). (1.2.13)
With (1.2.12)—(1.2.13), we obtain by a compactness interpolation theorem in [8, 17| that
E° s compact in H,!(R?}). (1.2.14)
On the other hand,
Op° + OpFe(x,p°) =0 which is automatically compact in H,_, (IR2 ). (1.2.15)

Moreover, since §°(s,y, x) strongly converges a.e., then we find that, when ¢ — 0,

= \ps(t,x) - ﬁs(svy’x”

= (va(k): [k = p(s,y,2)))

<Vt,x§771(k757y’x)>7

Sign (ps(ta 'T) - [)E(S’ Y, I)) (FE('I’ ps) - 7(85 y))

<Vt,w(k); Sign (k - ﬁ(S, Y, JJ)) (F(JJ, k) - 7(3’ y))>
;’fg’j)l(kvsvy’x)% (1.2.16)
(v,w(k); k) = p(t, )

<Vt a:7772(k)>

Fe(z, pf)

(v o(k ) F(z, k))

(V.25 q2(k, ),

ni(p°, s,y, )

qi(p°, 5,9, )

L« i

n5(p° (¢, z))

L i

qg(pa(t7 :L‘), )

Lo i
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and
Ul(Ps(taf’?)ysa%I) Q1(p€(t"r)75ay7x) N <l/ . 771(]‘3757%93) Q1(k757y’x)>
772(P6(ta$)) QQ(pE(t,SU),I’) b 772(k) Q2(k7x) ’
(1.2.17)
where
(771(747:«97%95), ql(k787yﬂx)) = (lk_pA(‘S?wa)‘» Sign(k_ﬁ(svi%x)) (F(‘r7k)_’y(87y)))7
(U?(k),612(ka$)) - (ka F(ka))

Together (1.2.14)—(1.2.15) with (1.2.16)—(1.2.17), we apply the Div-Curl lemma (see Tartar
[36] and Murat [29]) to obtain
<Vt . 771(]6"3’2%3?) ql(kwgava) > — <Vt,x;771(k7s7yax)> <Vt,x§(h(k75,y7$)>
T ma(k) q2(k, ) (Ve,23m2(K)) (Vt,23 42 (k, @)
for all (s, y), (t,z) € R\M with M a set of measure zero in R . Thus, we have

(Ve |k — p(s,y, o) | F (2, k) — k sign (k — p(s, y, ) (F(2, k) —(s,9)))
= <Vt,:r§ |k - ﬁ(s,y,x)|> <Vt7w§ F(.’L‘, k)) - <Vt,£v7 k> <Vt,91; sign (k - ﬁ(sayvx)) (F(I> k) - 7(37 y)>> .

Equivalently, we have
(viai Ik = (s, . 0)| (P k) = (05 F (2, ) ))
(e (k= plt,2)sign (k = p(s,5,2) (P, k) = F(y,p(s,9)) ) ) = 0.

Since this is true for all (s,y) and (¢, z) except on a set M of measure zero, we then choose
(s,y) = (t,z) for (t,z) € R\M to obtain

(vrasille = plt, )| (F (e, k) = (.0 F (2, K) ))

(s (k= p(t, 2)sign (k = p(t,2)) (P (o, k) = F(w, p(t,2)) ) ) =0,

that is,
(V.25 |k — p(t,z)|) (F(z, p(t,x)) — (V03 F (2, k))) = 0. (1.2.18)

There are two possibilities:
When (v o; |k — p(t,z)|) = 0, then we have v . (k) = 6,(1,2) (k).
When (v 5; F(x, k)) — F(z, p(t,x)) = 0, we note that

<Vt,;v;F<x7k)> - F(x,p(t,x)) = <Vt,a:§F(‘T7k) - F($7p(t,$))>

= <Vt,m; Fp(xap(ta z))(k — p(t,x)) + % /O erp(xaep(ta z) + (1= 0)k)do (k — p(t, :C))2>
= F,(z,p(t,x)) (Ve,0: k — p(t,x)) + %(Vm;/o OF,,(x,0p(t,x) + (1 — 0)k)db (k — p(t,z))?)
_ %@t,m;/o OF (x,0p(t,) + (1 — O)k) d (k — p(t, 2))?).
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Since F(z, p) is strictly convex or concave in p, we conclude

Via(k) = 0p(t,0) (k) for (¢,z) a.e. (1.2.19)

Therefore, we have
p°(t,x) — p(t, x) a.e. when ¢ — 0.

Since the limit is unique via the uniqueness result in [3], the whole sequence p®(t, z) strongly
converges to p(t,z) a.e. It is easy to check that p(¢, ) is the unique entropy solution of the
Cauchy problem (1.1.1)—(1.1.2) in the sense of Definition 1.1.1. O

Remark 1.2.4. In [7], the existence of entropy solutions (1.1.1)—(1.1.2) in the sense of
Definition 1.1.1 is proven for the case A(z)u?. They used the vanishing viscosity method

combined with a mollification for A(z).

Remark 1.2.5. The conditions on the flux function F(x, p) in Theorem 1.2.3 for the non-
monotone case can be relaxed as follows: F(z, p) satisfies (H1)—(H3) and is convex or concave
with

LYp: Fp(z,p) =0} =0 for ae z€R,

where £! is the one-dimensional Lebesgue measure.

1.3 Hydrodynamic Limit of a Zero Range Processes with
Discontinuous Speed-Parameter

In Section 1.1, we have established a compactness framework for approximate solutions via
the reduction of measure-valued entropy solutions of (1.1.1)—(1.1.2) in the sense of Definition
1.1.1. In this section we focus on a microscopic particle system for a Zero Range Process
(ZRP) with discontinuous speed-parameter A\(xz). We apply the compactness framework to
show the hydrodynamic limit for the particle system, when the distance between particles
tend to zero, to the unique entropy solution of the Cauchy problem

Op + 05 (M(x)h(p)) =0 (1.3.1)

and with initial data:

ple=o = po(z) >0, (1.3.2)
where h(p) is a monotone function of p, and A(z) is continuous in = € R except on a closed
set A of measure zero, with 0 < A; < A(z) < Ay < oo for some constants A; and Ay. Then
mp =m; :=m, for a € [0,00).

Rezakhanlou in [33] first established the hydrodynamic limit of the processus des misan-
thropes (PdM) with constant speed-parameter. Covert-Rezakhanlou [16] provided a proof
of the hydrodynamic limit of a PdM with nonconstant but continuous speed-parameter A.
In both proofs, the most important step is to show an entropy inequality at microscopic
level, which then implies the (macroscopic) Kruzkov entropy inequality, when the distance
between particles tends to zero, and thereby implies the uniqueness of limit points. In this
section, we generalize this to the case when the speed-parameter A\(x) has jumps for the
attractive Zero Range Process (ZRP). In Section 1.3.1, we analyze some properties of the
ZRP. In Section 1.3.2, we prove the one-dimensional microscopic entropy inequality letting
e=¢e(N)=N"7,0€(0,1), for a ZRP with discontinuous speed-parameter when N — oc.
Here ¢ is as in Section 1.2.1 and N is the inverse of the distance between particles. In Sec-
tion 1.3.4, we show the existence of measure-valued solutions via the microscopic entropy
inequality and how inequality (1.1.5) follows.
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1.3.1 Some properties of the microscopic interacting particle sys-
tem

We consider a system of particles with conserved total mass and evolving on a one-dimensional
lattice Z according to a Markovian law. With the Euler scaling factor NV, the microscopic
particle density is expected to converge to a deterministic limit when N — oo, which is
characterized by a solution of a conservation law. Under the Euler scaling, % represents
the distance between sites. Obviously we have two space scales: The discrete lattice Z as
embedded in R with vertices & and u € Z. In this way, the distances between particles
tend to zero if IV increases to infinity. Sites of the microscopic scale Z are denoted by the
letters u,v and correspond to the points +, + in the macroscopic scale R. Points of the
macroscopic space scale R are denoted by the letters x,y and correspond to the sites [xN],
[yN] in the microscopic space scale, where [z] is the integer part of z. We denote by n:(u)
the number of particles at time ¢ > 0 at site u. Then the vector 7, = (i (u) : u € Z) is

called a configuration at time ¢ with configuration space E := NZ.

In general, the ZRP can be described as follows: Infinitely many indistinguishable particles
are distributed on a 1-dimensional lattice. Any site of the lattice may be occupied by a
finite number of particles. Associated to a given site u there is an exponential clock with
rate Ac(4)g(n(u)) depending on the macroscopic spatial coordinates. Each time the clock
rings on the site u, one of the particles jumps to the site v chosen with probability p(u,v).
The elementary transition probabilities p: Z — [0, 1] are supposed to be

(i) translation invariant: p(z,y) = p(0,y — x) =: p(y — x);
(ii) normalized: 3 p(z,y) =1, p(z,z) = 0;
(iii) assumed to be of finite range: p(x,y) = 0 for |y — x| sufficiently large;

(iv) irreducible: p(0,1) > 0.

Without loss of generality, we assume that ) p(z)z = v = 1; otherwise, for v # 1, we
replace the function h(p) by h(p)/v in the following argument. The rate g : N — R, is a
positive, nondecreasing function with ¢g(0) = 0, g(c0) = oo, and

g(k)

Sz 0 when k& — oo. (1.3.3)
Now consider a test particle with initial position Xy. Since it evolves as a continuous
time random walk, if X; denotes its position at time ¢, there exists for every ¢ > 0 an
A = A(t,e) > 0 such that P[|X; — Xo| > A] < e. That means with probability close to
1 the particle moved a distance of order (9(%)7 since the distance between particles on the
microscopic scale is of order % But on the macroscopic scale it did not have time to evolve.

Therefore, to have a macroscopic evolution in macroscopic time, we rescale the time by the
Euler factor N.

With this description, the Markov process 7; is generated by

NLYf) =N As(%)g(n(u»p(v —u)(f(n™") = f(n))- (1.3.4)
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Here N comes from the Euler scaling factor speeding the generator, thus 7; denotes a
configuration on which the speeded generator N LY has acted for time ¢, and 7" represents
the configuration n where one particle jumped from u to v:

n(w) if w+# u,v,
nvv(w) = { n(u) —1 ifw=nuy,

nw)+1 ifw=nw.

For any € = ¢(IN) > 0 and for any constant « > 0, we define a product measure given by

DN L 1 Oﬂ(“) . DN y
UV & rvwes rewem momoe il | IR
where Z is a partition function equal to
Z(}\E(%)) :Z (/\6(%))719(71)’!- (1.3.6)

n=0

Then the expected value of the occupation variable n(u) is equal to

. Zte)
Eﬂg[n(u)]:As(%) Z(ﬁ%)) ':R()\E %))

Now let h be the inverse function of R to obtain

/\E(%))) = () = )\s(ﬁ)h (Esxn(u)]) =a < Epy[n(u)] :ma(ﬁ)v

h(R(
where m,, is a steady-state solution to
Oep + 0z (Ac(x)h(p)) = 0. (1.3.7)
Furthermore, it follows that
u
By lgn(u))] = h (ma(5))

From now on, we set

i ) = T 010) = TLPY im0 (00 (135)
Thus w
. L (e )™
IS | G (oo s e T

The important attribute of the ZRP with nonconstant speed-parameter is that the product
measure M'r]X,l (n) is invariant under the generator NLY, i.e.,

[ s, o =o. (1.3.9)

As initial distribution of our system , we choose the local equilibrium product measure
ud'(n) associated to a bounded density profile defined as follows: For a bounded density
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profile pg > 0, the probability that particles at time ¢t = 0 are distributed with configuration
7 is equal to

1 (h(pu,n))"™
pun))  g(n(w))!

po () =1] 70 (1.3.10)

u

where p, v > 0 is a sequence satisfying imy .o [ |p{na),n — po(z)|dz = 0 for [Nz] as the
integer part of Nz. With this definition, we say that a sequence of probability measures u™
is associated to a density profile p > 0 if

1
]\}EHOO<NN (n); |N zu: J(%)n(u) — / J(z)p(a)dz|) =0 for every test function J.
Furthermore, let 1Y denote the distribution of a configuration at time ¢ initially distributed
by pf: N

Hy = Sp % g, (1.3.11)

where SN = etV LY is the semigroup corresponding to the generator NLY. Since we consider
an attractive ZRP, we have the additional condition that for two initial measures uf)\g and

ui}’o on E with profiles p; and w;, respectively, the following monotonicity holds:
Moy S 15y = iy < - (1.3.12)
We say that two measures p; and po on E satisfy py < po if there exists a coupling

measure i on E x E such that for some A C E, (A x E) = p(A), i(E x A) = p2(A) and
a((n,€); n < &) =1, where the partial order n < £ is given if n(u) < &(u) for all u € Z.

For a ZRP attractiveness is satisfied if g is a nondecreasing function. Moreover, it is easy
to prove that p,, < i, in the stochastic sense if pg < wp. It then follows by attractiveness
that, for any constant a such that mq () > po(z), we obtain that the inequality pd" < pl
implies

S ng < SNp. = i (1.3.13)

Since our initial distribution has a bounded density profile, then the density profile remains
bounded at later time t.

The goal in proving the hydrodynamic limit of a ZRP is that, if we start from a configuration
no distributed with an initial measure ;Y associated to the bounded density profile pg, then
the distribution pl¥ of the configuration 7; at later time ¢ is associated to the density profile
p(t, ), where p is the solution of the Cauchy problem (1.3.1)—(1.3.2) in the sense of Definition
1.1.1. In other words, our main theorem in this section is the following.

Theorem 1.3.1 (Hydrodynamic limit of an attractive ZRP with discontinuous speed-pa-
rameter). Let 0 be an attractive ZRP with (1.3.3) initially distributed by the measure
pd associated to a bounded density profile po : ]Rf_ — Ry as defined in (1.3.10). Let
e=¢(N)=N"7,0€(0,1). Then, at later time t,

lim (uy (n);
(g (n);

%ZJ(%)m(u) _ /J(x)p(t,x)dat ) =0 (1.3.14)

for any test function J : Rﬁ_ — R, where p(t, z) is the unique solution of the Cauchy problem
(1.3.1)~(1.3.2) in in the sense of Definition 1.1.1.

31



1.3. HDL OF A ZRP WITH DISCONTINUOUS SPEED-PARAMETER

To achieve this, we have to establish an entropy inequality at microscopic level. This will be
done in Section 1.3.2 by using the scaling relation ¢ = ¢(N) = N~7,0 € (0,1). Associated
to each configuration 7;, we may define the empirical measure viewed as a random measure

on R by

N ( .Nznt S (x (1.3.15)

Then (X3 (), J(-)) = % >, J(%)m:(u), and we can rewrite (1.3.14) by

fim (' () [0 (), )~ [ I(@)plt,z)da]) =0, (1.3.16)

N—oco

1.3.2 The entropy inequality at microscopic level

The following proposition is essential towards the hydrodynamic limit. The proof relies on
coupling arguments and here the assumption of attractiveness of the ZRP is crucial.

Proposition 1.3.2 (Entropy inequality at microscopic level for e = N~7 with ¢ € (0,1)
when N — o0). Let mé, be the steady-state solutions of (1.2.2) as defined in (1.1.2) with
F.(z,p) = M\e(z)h(p). Let n; be the ZRP generated by NLY defined by (1.3.4) and initially
distributed by the measure plY defined by (1.3.10). Let n'(u) be the average density of particles
in large microscopic boxes of size 2l + 1 and centered at u:

M= g 3 ).

lu—v|<t
Then, for every test function J : Ri — Ry,
lim lim
l—o0 N—oo

W [ o3 (70 k) — e ()| 025 2 PO ) — s

Inequality (1.3.17) is the entropy inequality (1.1.5) with p replaced by the average density
of particles in the microscopic boxes of length 2/ + 1. To prove the microscopic entropy

inequality, we consider the coupled process (1, &;) generated by NLY, where LY is defined
by

LY f(n,€) Zp (v—u) )mln{g( (), g(€(w)} (f (™56"") = f(n,€))
+va*u ){g( () = g(&(w)}+ (f (™", &) = f(0,6))
+Zp v—u) ){9( () = gm(u)}4 (F(n, ") = f(n,€)) . (1.3.18)
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Furthermore, denote the initial distribution of (1, &) by il = pd’ x ul., where pl is the

initial measure with density profile py defined by (1.3.10) and pl. denotes the invariant
measure as defined in (1.3.8).

Notice that since the é&-marginal of Y is the invariant measure p2., at any time ¢ the
marginal remains the same. Thus the measure u2. is always stochastically bounded since

m¢, is bounded. Therefore by the law of large numbers for any limit point s, of ul¥. and

for each u fixed we can define p,, a.s the density
lim &'(u) := m(z).
l—o0

Then by the equivalence of ensembles we obtain for any local function ¢ on {u—1,...,u+1}
and for any u that

im B, [|(E(w) = By, [v(Ew)]]] =0

oo Hms

where the probability measure u!  denotes the projection of u¥ to configurations on {u —
l,...,u+1}. Thus we obtained the following ergodic result:

EgﬂmﬂMgw»—Mmﬂ>0}:O (1.3.19)

and consequently

lim lim E N
l—o00 N—oo

[+ v et a(i}))\ds}
Z\h z<};>>\]

h(g'(0)) — h(m)|] = 0.

t lim lim E N
l—oo N—oo

< tlimsupE,, |
l=oo
In the same way we have that

lim lim E iy
l—o00 N—oo

t
1 U
/0 N ehw) —ma ()| ds] =0
Then, to prove Proposition 1.3.2, it suffices to prove the following proposition.

Proposition 1.3.3. Let (1, &) be the coupled process, starting from Ay, generated by NLY

as defined by (1.3.18). Let gy = SN« plY, where SN is the semigroup corresponding to

the g(ene;“ator NLY. Then, for every test function J : Ri — Ry and every e = N~ with
€ (0,1),

lim lim
l—o00 N—oo
T
i { [ S {05 30 k)~ 00|+ 005, A39) C0 ) — Al

ﬂlvgﬂo,;)lné(u) L) 25}_1,
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Recall that a microscopic entropy inequality leading to the Kruzkov entropy inequality has
been proved in [16] for the process of PAM with nonconstant but continuous speed-parameter
Ae. Since there does not exist an invariant product measure for a PAM in general such that
E ~_[§(u)] = m§(5), to replace the process & by mg (), one has to apply the relative

/La

entropy method of Yau [38].

In our case of a space-dependent ZRP, the invariant product measure is available so that we
can approximate the steady-state solution m{, by a process ¢ distributed by the invariant
measure pX. for any a € (0,00). Then, Proposition 1.3.2 indeed directly follows from
Proposition 1.3.3.

Proof of Proposition 1.3.3 We split the proof in three steps.

Step 1: Lower bound for the martingale. For a test function J with compact support in IR2+,
define by M, the martingale vanishing at time ¢ = 0:

—ZJ ) e () — & ()| — %ZJ(O,%)MO(U) — &o(u)|

—/(aswpv N 2 o) ) = ()

0

Since J has compact support, then, for ¢ large enough,

1 U t _
_ L v _ — | (0, Ny s s d
N 05 ()~ ol 0N (5 56 ) o) - 6u(u)| ) ds
We now calculate

LY In(w) - €(w)|
= 3" p(w = o) () { minfg (), g(€@) (1" (w) — € ()| — Inuw) — ()]

Hogn(v)) — g€ W)+ (In"* (u) — E()] — In(w) — E(u)])
Ho(E() = g(W))}+(In(w) — € ()| — [n(w) — &(u)| )}

=37 (1= G0, (= plo = W5 lan(w)) - g(€(w))

+p(u = 0)Ae( ) 9w ))—g(ﬁ(v))l)

=3 G0 €) (00 = WAL a0 o) +p<u—v>xs<%> l9(1(0)) - g(€@)] ),
(1.3.20)

where G, is the indicator function that equals to 1 if  and & are not ordered, i.e.,
Guw(n,§) = L{n(u) <&(u)in(v) > &)} + L{n(u) > {(u)in(v) < &(v)}.

Notice that the second sum is nonpositive. Therefore, plugging in the last expression in the
martingale M, and then interchange u and v in the last term, we can bound the martingale
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below by

LS, ) () — ol ZBJ ) Ins(w) = & (w)] ds
N N

- >t 5~ JG, %))pw — ) (1= Guo (10, €)) A7) lgns () — g(&x(w)] ds.

Since the transition probability p is of finite range, i.e. p(z) = 0 if |z| > r for some r, then

(05 3 = T30 o = 0) = = (0 = whplo = )22 (5 1) + Ol

With v = u + y, it then follows that the martingale is bounded below by

_ /Ot % 3 {asJ(s, %)lns(U) — & (u)

#0:T (0 FAGET ()1 Gou) o (0) - 9(¢.(0))| }ds

ZJ o) — €o(u)| + O(0).

where 7, denotes the shift operator on configurations by u. Step 2: We show

Jim B [(M7)*] = 0. (1.3.21)
Recall that

N = O = [ (NI (5,87 - 207 (5,0 ONLY (47 (5,1, 6))) ds
0

is a martingale vanishing at time ¢ = 0, where A” is defined by
I(t,n,€) = NZJ ~=)Ime(w) — & (w)].

Then, by definition, E;v [st]] = 0 for all 0 < s < t. Thus, it suffices to show that the

expectation of the integral term of N;/ converges to zero when N — co. In order to prove
this, we first find that, by careful calculation,

NEN(AJ(S 1, 5))2 —QNAJ(SW»E)E?(AJ(&%O)
= S st = Nl lon (o)~ 0D 5z 2 (L= G (10,60 (75 3 = T (5, 1))’

$19(€0(0)) — g0 ()] 33 Gor1es €) (T (5, 1) + T (s, ) ).

Since J is a smooth function, the first term of this expression is less O(%) for some
constant C depending on the total initial mass and therefore converges to zero when N — oo
by (1.3.3). For the second term, we know that (J(s, %)+ J(s, %))? < 4 ||JH§O, which implies

NLY (A7 (s,n,€))* = 2NA”(s,n,6) LY (A7 (5,7, €))

= oM)Wl 57, €00 — DA () o6 ) — ().

VW
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Then, to conclude the proof of (1.3.21), it suffices to show
By [ [ (3 Gl 60p(w = o)A () 9(60) — sne(w)]) ds] =000 (1322

For this, we use the martingale M;” vanishing at 0 with J = 1, that is,

= LS ) — &) — = S o) — o) = [ = 37 NEN () — €4(w)]ds.
N N s N

By (1.3.20), the integral term of the martingale is equal to

/ = D NG, &)p(v — u)A ( ) g (ns(w)) — g (&s(w))] ds,

u,v

by interchanging u and v in some terms. Then we find

Eﬁy[/@%m,fs) (0~ WA g (1) — (&) s

ZEpN / Z\Uo |d8 - / Z|77t |d3}
< By / ¥ () |ds]

Since we assumed that both marginals of ji¥ are bounded, (1.3.22) follows, which leads to
(1.3.21).

With the result of Step 1 and (1.3.21) and using the Chebichev inequality, we obtain

g ZJ im0 @i+ [ 53 (06 ) &)
#OT(s, A ) (1= Go) (1) [9(1+(0)) — 9(€4(0)) }ds + O(-) <3}

1
< M) > 8y < BN M| > 8} < B [()7], (1.3.23)

which converges to 0 when N — oo, for all § > 0.
Step 3. We next use the following summation by parts formula: For any bounded function

a of n(-) with a(0) = 0 and for any smooth test function J : R — R, we obtain that, for any
L >0,

1 U
N Z J(N)G(W(U )=
[u|<LN

Z Iy Do a(n(v))+0(%). (1.3.24)

|u|<LN |u—v\§l

Since we restrict e = N77,0 € (0,1), then ||A:||rip < C/e = CN? and O(%) =

O(#) — 0 when N — oo so that we can use this summation by parts formula (1.3.24)
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to replace inequality (1.3.23) by

lhm lim ut{ ZJ 21+ Z 1m0(2) — &o(2)]

—o0 N—oo
|—ul<t

|z—ul <1

1
/ Za‘] N>m
x )T Zyp (1= Go)(15:€:)) |9(n5(0)) = 9(£4(0)) | ds < —3}

|z—u|<l

= 0. (1.3.25)

Notice that, in (1.3.25), since J is a positive function, by the triangle inequality, we can
remove the sum inside the absolute value in the first line. In Section 1.3.3 we will prove the
following Theorem

Theorem 1.3.4 (One block estimate).

tim i 2 { [ Z(ml 2= 662 = i) = i} =

—00 N—oo 1<

(1.3.26)

and
lim lim

l—o00 N—oo

/ Zm

2l 1 Z Tz(zyp( )(1 - GO,y)(’rls»gs))!g(ns(O)) - 9(65(0»’

|z|<l

~ |k (0)) = h(e(0))] |ds} =o.
(1.3.27)

Combining (1.3.25) with (1.3.26)—(1.3.27), we complete the proof of Proposition 1.3.3.

1.3.3 The one-block estimate

We will prove only (1.3.27) of Theorem 1.3.4, since (1.3.26) follows by the same arguments.
The properties coming from the attractiveness of the coupled process will play an essential
role in the proof. We therefor make some preliminary observations:

First define for any L € N the following space time average:

i = TLN/O > rupld

|u|<LN
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Then we can rewrite the left hand side of (1.3.27) as

lliglo]\}gnoo/ ’21_1_ 1 Zyp 1 7G0 y) 775755 )|g 775 g(fs(o))|

|| <l
— [h(E(0)) = h(EL(0) ]dniv . (38)

Thus instead of shifting the blocks we now shift the measures and we can concentrated on
a fixed block.

Recall that iV is initially distributed by pd¥ x uXN. where pf is equal to the product measure
defined in (1.3.10) with density profile py. As we already noticed in the Section 1.3.2 the
&marginal pN. of 4 by the monotonicity assumption (1.3.12) is always stochastically

bounded by /J’\]|Vm(

vlloo

= V|lma|l- On the other hand by Remark 1.2.2 the n-marginal having

as initial density profile pg is also always less than v, . Thus the sequence (AN N is
tight. Denote by p any limit point of (4¥)x

The following two Lemmata will characterize the measure i in the limit as invariant and
translation invariant measures:

Lemma 1.3.5. For any local bounded function v and any limit point u of (iN)n, u is
translation invariant, that means

[t - van=o.

Proof. With the definition of the measure /i’ we obtain

Jw—moanr| = |2 [ S @ muirdyas

lu|<LN

— tLN// > (= Tiput)diil ds
lu|<LN

= |aw / / b= Y T | dplds
|u|<LN |lu—j|<LN

Since 1) is a local function the sum in the integral is a sum of the order of j terms and since
v is also bounded we obtain, the right hand side is of order O(%;).
The tightness of i concludes the proof since

hm ’/ -7 d ‘/ v — T du’

Lemma 1.3.6. Denote by LY the generator of the coupled process (nt, &) defined in (1.3.18)
but with A\e = 1. Then for any local function ¢ and any limit point yi of (M) N, g is invariant
with respect LY | that means

/ LW fdp = 0.
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Proof. Since 9 is a local function
lim [ Lidp = / LW ydp. (1.3.29)
N—oo

Notice that this is also true in the case where ¥ depends on configurations through sites
around a discontinuity point % of the speed parameter A since by Lemma 1.3.5 p is transla-
tion invariant and hence we can always chose an appropriate translation on the configurations
such that L3¢ does not depend on w. To prove (1.3.29) we look at

[ Bwai? = 5 > // Sd(r_ SN )ds

| |I<NL

where we recall that S}V is the semigroup corresponding to the generatoe L%;. This is equal

to
/ / TSN L dpl ds

= > // - NLNL’S w) il ds

|u|<NL lu|<NL
NEE =N
= 2 Z // Tu'rs Nw)dliods
LN |u|<NL
- = Y /TuSzzJ 0)dp} ds
|u\<NL

Since 9 is a local bounded function, this term is of order O(%) an thus vanishes in the limit.
Combining this with the tightness of the sequence i)Y and the arguments at the beginning
of the proof, this concludes the Lemma. O

Since fi¥ is tight , we can rewrite (1.3.28) as
li{lolosip/‘?l—&-l 2 Zyp (1= Goy)(0,))[9(n(0)) — g(£(0))|
= (B (0) = h(E'O))] [de. (1.3.30)
By the ergodic result (1.3.19) the ¢ marginal of p is always p,,. Observe also, that for
constant m > 0, the translation invariant measure
mn(u)

H Z (1.3.31)

from (1.3.19) is invariant as well with respect to the generator L"), In particular we identified
for each density m a unique invariant and translation invariant measure with respect to L(*)
such that

E,, [£(0)] = m.

In the same way as above it can be shown that any limit point 8 of the measure

N
fig = TLN/ > ruplds.

0 |ul<LN
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is invariant with respect to translations and invariant with respect to the generator L.

Combining what we obtained, we finally can state the two Lemmata which will allow us to
prove Theorem 1.3.4:

The first one asserts that if initially configurations are ordered, then the dynamics keeps
them ordered at later times:

Lemma 1.3.7. For every probability measure p, translation invariant with respect to the
shift operator T, u € Z and invariant with respect to the generator L(Y) we have

(&) :n<gorn>E=1

Proof. A proof of this Theorem can be found for example in [28], it relies in the monotonicty
properties coming from the attractiveness of the process. O

The second Lemma is a result from [15] (see also [2], [28]) and it states that the limit point
[ is a convex combination of product stationary measures:

Lemma 1.3.8. For every probability measure 3, translation invariant with respect to the shift
operator T, u € Z and invariant with respect to the generator L) there exists a probability
measure v(p) on RY, such that

dB(n) = / dv,y(dp).

Now we are ready to prove the one block estimate
Proof of Theorem 1.3.4

Since 7. (1 — Go,y)(7s,&s) is the indicator equal to one if particles are ordered at time s, by
Lemma 1.3.7 they remain ordered for any time. Hence we can split the integral in (1.3.28)
in two parts, one for configurations such that n < £ and one for 7 > £. Then, as g and h are
monotone functions, we can remove the absolute value. We only consider the case with the
partial order n < ¢. Then we obtain

/<§ ’ﬁ > (9n(2) — g(€(2))) — h(n'(0)) + h(fl(o))’du

BN

< | Jarrn X sen-notonlasn+ | |5 3 steten-nielon]anm©)

|z|< n |z|<

Since v, is translation invariant, the second term converges to zero as [ approaches to
infinity by (1.3.19) and thus it remains to prove

. 1
o [ gy 3 o) - o opfaso <o
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where the supremum is taken over all translation invariant and invariant measures with
respect to L(1). Then with Lemma 1.3.8 we can rewrite the integral as

i sup [ /Q]Qlilzg(n@))—h(nl(o» dv,(n) | +(dp) = 0

l—o0
A |=I<l

By taking the conditional expectation with respect to ' and since v is concentrated on
[0, [[ma]loo], We are left to prove that for each p < ||mq||oo We have

Tim / B 5 2 o) — (o)) = 0

|z|<!

But this is jus a law of large number and thus the last expression converges to 0 as [
approaches oo.

1.3.4 Existence of measure-valued entropy solutions

In this section, we prove that Theorem 1.3.2 implies the existence of a measure-valued
entropy solution associated to the configuration 7;. We recall the empirical measure 2 (z)
associated to a configuration 7 in (1.3.15). We define the Young measures associated to 7,
as follows:

1
(@ k) = 5 D (@) (), (1.3.32)

which implies (x}V';J) = + 3L (& nl(u)) for any J € Co(R x Ry). If E is the con-
figuration space, then these two measures are finite positive measures on E and, for any
J € Cy(R), they are related by the formula

(m kI (@) & (N () T () (1.3.33)

Notice that, since there are jumps, the probability measure pl¥ defined by (1.3.11) must be
defined on the Skorohod space D[(0, c0), E], which is the space of right continuous functions
with left limits taking values in E. Then, using the one to one correspondence between the
configuration 7; and the empirical measure x (-), the law of x» with respect to p¥ will
give us a probability measure QV on the Skorohod space D[(0,c0), M (R)], for the space
M (R) of finite positive measures on R endowed with the weak topology.

In the same way, we can associate a probability measure Q¥+ on the space DI(0, c0), M+(Ri)]
With these definitions, we can state the main theorem of this section as follows.

Theorem 1.3.9 (Law of large numbers for the Young measures). Let (u™)n>1 be a sequence
of probability measures, as defined by (1.3.10), associated to a bounded density profile po :
R — Ry. Then the sequence QN converges, when N — oo first and | — oo second, to the
probability measure Q concentrated on the measure-valued entropy solution T o 0 the sense
of Definition 2.2.
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Proof. In order to be allowed to take the limit points Q and Q of Q¥ and QN+ respectively,
we must know that the sequences are tight (weakly relatively compact). If QN is weakly
relatively compact, we can take Ql as a limit point if N — oo for each [. Denote by Q a
limit point of QN:! if N — oo first and [ — oo second. Therefore, the proof consists in two
main steps: The first is to show that QN is weakly relatively compact and the second is to
show the uniqueness of limit points. The key point in the proof is that these can be achieved
independent of the choice of mollification A\. of the discontinuous speed-parameter A with
our choice of the notion of measure-valued entropy solutions.

These can be achieved by following exactly the standard argument in [16, 33, 24| since it
requires only the uniform boundedness of A in the proof. That is, we can conclude the
following: Let ul¥ be a measure defined by (1.3.11). Then

(i) The sequence Q" defined above is tight in D[(0, 00), M (R)] and all its limit points
Q are concentrated on weakly continuous paths x(t, -);

(ii) Similarly, the sequence QN is tight in D[(0,00), M (R x R, )] and all its limit points
@ are concentrated on weakly continuous paths 7 (¢, -, -);

(iii) For every ¢t > 0, w(t,x,k) := m(x, k) is absolutely continuous with respect to the
Lebesgue measure on R, @ a.s.. That is, @ a.s.

m(z, k) = m (k) @ du; (1.3.34)

(iv) For every t € [0,T], m (k) is compactly supported, that is, there exists ko > 0 such
that
m([0,ko]€) =0 V(t,z) €[0,T] x R.

(v) m 5 is a measure-valued entropy solution in the sense of Definition 2.2 for any o €
[My, ), i.e.,

O (71,03 [k — ma(@)]) + O (mp 25 |R(E)A(z) — af) <O (1.3.35)

in the sense of distributions on R for any o € [My, 0) or a € (—o0, My)].

The last result follows from the entropy inequality at microscopic level in Theorem 1.3.2.
Indeed, in terms of the Young measures, the expression (1.3.17) of Proposition 1.3.2:

. <1
i i {5 EAOHC ) — ()

+aJUu%MM%QM%m»—aHmZ—ﬁ}:1

can be restated as

lim lim QN’Z{/O ((mi(w, k); |k — mo(x)|0H (8, z))

l—o0 N—oo

+m@¢mxwumfﬂmﬂm@»ﬁzf@:L

for every smooth function H : (0,7) x R — R4 with compact support, any a € [My, o)
or @ € (—oo, My], and any § > 0. Since @ is a weak limit point concentrated on absolutely
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continuous measures and since we already proved that 7 , is concentrated on a compact set
(and therefore the integrand is a bounded function), we obtain from the last expression that

Q{ /OT/ ((wt,m; |k —ma(2)]) O H (t, ) 4 (¢ 05 M) (k) — ) 5‘mH(t,x)) dzdt > 75} -1

Letting 6 — 0, we have that Q a.s. (1.3.35) holds on (0,T) x R in the sense of distributions
for every o € [0,00). This proves the uniqueness of @@ and thereby concludes the proof of
Proposition 1.3.9. 0

Then Theorem 1.3.1 follows immediately from this result since the measure-valued entropy
solution reduces to the Dirac mass concentrated on the unique entropy solution p(¢,x) of
(1.3.1)—(1.3.2) as we noticed in Section 1.2.2.
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Chapter 2

Hydrodynamic limit of an
Hamiltonian system with
Boundary Conditions

2.1 The Model

We will study a system of N coupled oscillators in one dimension. This means, that we
consider atoms sitting on a one dimensional lattice and moving around their equilibrium
position. We chose the one dimensional discrete lattice to be of length 1 and having N
points. The points of the lattice will be denoted by @ with i € {0,1... N}. To each point of
the lattice there is associated an atom ¢ with mass equal to one which is oscillating around
its equilibrium position 7. Then the position of the displaced atom ¢ is denoted by z;, while
its momentum is denoted by p;, with z; and p; € R. Thus each particle has phase space
R x R on the microscopic space scale and the configuration space is (R x R)". We assume
particle 0 to be attached to a wall, i.e. zyp = pg = 0 while on particle N we apply a force
7(t) depending on time which is a pressure or a tension. These are the boundary conditions
we impose.

Denote by x := (zg,...,zn) and p := (p1,...,pn). The interaction between two particles
i and ¢ — 1 will be described by the potential energy V(x; — 2;_1) of an anharmonic spring
relying the particles. Such a model is called unpinned since we do not add a self-potential
to the energy. Since the particle density is high, the potential must grow to infinity fast
enough, such that there is an high interaction between particles if the absolute value of the
increment of their position is large. Therefore we assume V' to be a positive smooth function
which for large r grows faster than r, that means

V(r) _

|r|—o00 |’f’|

(2.1.1)

Then, as (x, p) evolve following the Hamiltonian equations of motion, the system is described
by the following Hamiltonian H},

H};](X,p) L= § Zp? + Z (V(.TZ — xi—l) — T(t)(l‘i — xi_l)) .



2.1. THE MODEL

Notice that additionally to the kinetic energy and the potential energy we have a third term,
which takes into account the boundary conditions. Furthermore we impose to our system a
fixed temperature Tp. In this way the total volume ZZN:BI r; and velocity Zi]i?)l p; obey to

a balance law, while the total energy vazgl e; does not.
Since we focus on a nearest neighbor interaction, we may define the distance between par-

ticles by
Ti =X; — XLj—1-

Thus we look at our system using the Lagrangian coordinates. In the new coordinates and
since pg = 0 the Hamiltonian reads,

N
Hrn(r,p): = Zei
i=1
s
= X (54 v - rlom)
i=1
where r := (r1,...,75), P := (po,.-.,PN—1), while we define the energy e; of particle i by
P2
ei(ri,pi) = 52 + V(ri) — ().
Now the dynamics of the system can be computed as
dr; = (p;—pi—1)dt, for ie€{2,...,N}
dp; = (V'(rig1) —V'(r;))dt + noise for i€ {l,...,N —1}
(2.1.2)
d’l"1 = pldt

(at the boundary)
dpy = (7(t) = V'(ry)) dt + noise

The random forces, which we will specify later, will be chosen in such a way, that the balance
of volume and momentum are still in place but the balance of total energy is lost because a
thermal equilibrium is maintained by the noise. In this way we obtain the dynamics with the
imposed temperature Ty. Without loss of generality, we set 7o = 1. Also the noise should
help us with the issue of ergodicity as we will see later. Then we will obtain two balanced
quantities which are

N
Z ri =xny —xg - length of the chain
i=1

N
Z p; : total momentum
i=0

We are interested in the macroscopic behavior of the interdistance and momentum of the
particles, at time Nt, as N — oo. For this, we introduce the empirical measures

N

1 )
N o _ ,
n (dx,t) = ;:1 ) (x > r;(Nt) dx,
1Y 7
N — _ ,
&V (da,t) = N 2 ) (x N) pi(Nt) dz,
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representing the spatial distribution of interdistance and momentum respectively as a func-
tion of time and where = € [0,1]. Since during a time ¢, on the microscopic scale, particles
move distances which are of order %, this displacement can not be seen macroscopicaly.
Therefore we scale the time ¢ by N to see a macroscopic evolution of the system. This
scaling by N is called Euler scaling.

We expect the measures 7"V (dx, t) and ¢V (dz, t) to converge as N — oo to measures t(z, t)dz,
p(x, t)dz, being absolutely continuous with respect to the Lebesgue measure and satisfying
the following system of conservation laws:

Ot — arp =0
(2.1.3)
8tp — axP(t) =0
tO(I> = ‘C(l’, O)a PO(I’) = p(I,O)
(boundary conditions) (2.1.4)

p(0,1) =0, P(x(1,1)) = 7(t)

For bounded, smooth initial data tp,po : [0,1] — R and the force 7(¢) depending on time
t. We call P the pressure which is a function of the specific volume v only. Furthermore
we assume that on the edges (z,t) = (0,0) and (z,t) = (1,0) the following compatibility
conditions are satisfied

lirrb po(z) = }ir%p(o,t) =0 and lim1 P(ro(z)) = 7(¢). (2.1.5)

Remark 2.1.1. Since our proof is based on the relative entropy method, it is only valid in
the smooth regime of the solution to (2.1.3). Since, even for smooth initial data, the solution
will develop shocks, we are forced to restrict our derivation to a time 0 < T’ < t,, where t;
is the time when the solution of the p-system enters the first shock. A sketch of the proof
for the existence of smooth solutions to the initial-boundary-value problem (2.1.3) will be
given in the next section.

In other words, for any test function J : [0,1] — R with compact support, consider the
empirical densities

1SN (i

aN(t, D) = N (da,t); ) = N,ZJ(N) ri(Nt) (2.1.6)
1 x i

) = (o) = 5300 (3 ) v (217)

Then, starting with an initial distribution such that in the hydrodynamic limit as N — oo
there exist smooth functions tg and pg with

0 0.0, 0.07) ~ { [ Slalds, [ spolorts) (2.18)

in probability, our goal is to show that at time ¢ € [0,7] we have the same convergence of
nN(t,J) and £V (t,J) to corresponding profiles t(x,t) and p(z,t) respectively, thus

N, J),nN(t, J)} — {/J(:v)t(a:,t)dz,/J(x)p(x,t)dx} (2.1.9)
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in probability as N — oo, where t and p satisfy (2.1.3).

Formally this can be seen if we pretend that no random forces are present and then take the
derivative of the empirical densities defined in (2.1.6) and (2.1.7):

For the interdistance we obtain:

d (L~ (i 1 i\ d
o <N;J () ri(Nt)) = w2 () v
1 i
B NZNJ (N> (pi(Nt) = pi—1(N1))
N=1 770y 7(it1
- = T = TCR) o) + (1) (V)
i=1 N

2

—1 .
5 X (7 + 0G0 ) w0 + @),

i=1

Then, since py is the momentum of the last particle located at = 1 and using (2.1.9), we

obtain
% J(x)t(x,t)dx—i—/J'(x)p(x,t)dac =J(1)p(1,t)

which after an integration by parts gives us the first equation of the system (2.1.3)
Ope(x,t) — Opp(z,t) =0 with p(0,¢) =0.

For the momentum we obtain with (2.1.2)

B 1 N—-1 i d d
= 297 () a0+ 10 g0
1 N—-1 i
= 3 Z N () (7 (V0) = VN0 + ) (7(0) = Vo)
N =1\ _ 7(4i
= LS T TGy v 4 0y70) - S V)
i=2 N
N-1 .
-1 3 (7 () 0 Ve S0 - SV )

(2.1.10)

Sending N to infinity here is much more difficult than for the interdistance since V' is not a
function of the empirical densities, thus the equation is not closed in terms of the empirical
densities. Therefore to be lead to the second equation of (2.1.3) we need to replace V' by
an expression, that depends on the conserved quantities. To do this we encounter two main
difficulties:
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CHAPTER 2. HDL OF AN HAMILTONIAN SYSTEM WITH BOUNDARY CONDITIONS

(i) We first have to prove that the system is in local equilibrium. This means we focus
on boxes which are small on the macroscopic scale but which contain a large number
of particles on the microscopic scale. We will show in Sections 2.5.3 and 2.5.4 that
this subsystem is in equilibrium, in the sense that there exists an invariant measure v,
such that for a box of size 2k + 1 around a microscopic site ¢ we can replace V'(r;) by
its equilibrium average

/V’(m)du = P(ijl—i—l z Tj).

li—jl<k

(ii) The second difficulty to close the equation is that even if

1
2k+1

E r;j Weakly e(z,t) as k— o0
li—j|<k

does not imply in general that

1

P
(2k—|—1

> ) veakly P(x(xz,t)) as k— oo

li—j|<k
since P is nonlinear. This will be proved in section 2.5.5

Assume that all this can be done rigorously, then (2.1.10) converges in probability to

%/J(x)p(agt)dm —i—/J’(x)P(t(t,x))dx = J(1)7(t) — J(0)P(x(0,¢)).
With an integration by part we obtain

Op(x,t) — B, P(x(z,8)) =0 with P(x(1,)) = 7(t).

2.2 Existence and Uniqueness of C'! Solutions to the Initial-
Boundary-Value Problem (IBVP)

In view of Remark 2.1.1, we will next show the existence of a unique smooth solution to the
initial-boundary value problem (2.1.3)—(2.1.5) up to a time ¢ = ¢t; > 0. The main Theorem
of this Section is

Theorem 2.2.1 (Well posedness of the IBVP). There exists a positive time ts such that, on
the domain Dy, defined by

Dy, i={(x,t) : 2 €[0,1], 0 <t <t,}, (2.2.1)

the IBVP (2.1.3)—(2.1.5) admits a unique continuously differentiable solution u := u(z,t).

In the following we will only give a sketch of the proof, since all the results can be found in
Chapters 1 and 2 of [27] for general quasilinear hyprbolic systems in one dimension.
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We first rewrite the p-system (2.1.3) as a system of two decoupled partial differential equa-
tions in terms of the Riemann invariants:

Observe that we can rewrite the p-system in a non conservation form in the following way:

Ot — 37«13 =0
< O —DAWIu=0, (2.2.2)
8tp - axP == 0

where

is the Jacobian of the flux A(u) := (P}Et)) and ¢(r) := /P’(r) is called the sound speed.

The characteristics of the system are given by the Eigenvalues of the matrix DA (u), which
are

A1(r) :== —c(r) and Aa(tr) :=c(v).

In order to maintain hyperbolicity of the system we assume that the pressure P is an
increasing function of the specific volume t, then P’(-) > 0 and we have only real Eigenvalues.
The right Eigenvectors corresponding to —c and c respectively are

- 5 (0) o= ()

and the left Eigenvectors

Ly(x) := % (—1,—i> and  Lo(t) := % (_1&)

are chosen such that
Ro(t) - Lg(t) =dap for a,f=1,2.

Let us denote by R and £ the matrices

R () = (20) =

Then (2.2.2) is equivalent to

Btu+7€-(_oc 0>~£~8mu:0 & ﬁ-@tu+<_c 0)~£'8mu:0.
c 0 ¢

This means that to decouple our system we need to find T : [0, 1] x R — R? with

such that
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Since we may multiply these equations by any contiuous function f depending on u and not
identically equal to zero, it is enough to find T" such that

HT(u) = f(WL-0u and I,T'(u)f(u)Ld, = Ou

& DI(u) = f(u)L < Dh(u) - L1 = f(u) ((1] (1)>

701—‘5511) o E)Falp(u) — \/if(u) ; c’)I‘l(u) + 8F1}§u) — 0
=4
8F2(u) +e 8F2(u) _ ﬂf(u) _OFg(u) _Cafg(u) - 0
) T p
This is satisfied if
i) = — [ e(w)dw—p ( )
2.2.3
o) = — [e(w)dw+p

These new variables I'1 and T’y are called the (—c)—Rlemann invariants and the (+¢)—Riemann
invariant respectively. Notice that there is a one-to-one correspondance between (I'1, T'2) and
(v,p). Now we can rewrite the initial-boundary-value problem (2.1.3)—(2.1.5) in terms of the
Riemann invariants T'(u) := IT'(z,t) : [0,1] x [0,7] — R?, for some time T > 0, as the
following system of two decoupled equations:

8tI‘1 — c(I‘)@IIH =0

0,75 + c(T)9,T = 0 (2.2.4)

[io(x) =T1(ro(x),po(x)); Ta20(x) = Ca(vo(z), po(x)),

To(0,8) = Bi(t); Ta(1,8) = By(t) (boundary conditions),
(2.2.5)
where B;(-) and B,.(-) are smooth solutions satisfying the compatibility conditions

PH(I) Bi(t) = lin%) Iy0(z) and }il‘% B.(t) = lim1 I’y o(z). (2.2.6)

We will see below how to compute the boundary conditions B;(-) and B,.() from the bound-
ary conditions (2.1.4). Furthermore Ty := (I'10,I'20) : [0,1] — R? is a bounded, smooth
function. We assume that for some constant K

ITo|l := sup max{|T'10(z)|,|T20(z)|}:= sup |To| < K. (2.2.7)

z€[0,1] z€[0,1]

In particular, if we assume that there exists a time ¢, > 0 for which the solution I is in C*,
differating what we obtained in (2.2.4), for a curve z(t) : [0,ts] — R we have

%n(m):&n+@mﬁm:0@ﬂm:7mﬁ

and
%Fg( (t),t) = Ot Tg + 0,122’ (t) = 0 & 2/ (t) = ¢(T).
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2.2. EXISTENCE AND UNIQUENESS OF ¢l SOLUTIONS TO THE IBVP

Hence the (—c)-Riemann invariant I'y is constant along the (—c)-characteristic and the (4c)-
Riemann invariant I's is constant along the (+c)-characteristic. Therefore, if we denote by

K_e(s;z,t) ,  Ke(s;a,t)

the (—c)- and the (4c)-characteristic curve respectively passing through the point (z,t), i.e.

dk_c(s;x,t) _ dke(s;x,t) _
— g = c(T(k_c(s;z,t),8)) — = c(T(ke(s;x,t),8))
and
k_c(tyz,t) =2 , Ke(tyz,t) =, (2.2.8)
it follows that for any (x,t) € ([0,1] x [0, t4])
[y(z,t) =T1,0(k-c(0;2,t)) and Ta(z,t) =T20(k(0;2,1)). (2.2.9)

With this observation it is easy to compute B;(t) and B, (t) from the boundary conditions
(2.1.4):

For any 0 <t < ¢,, by (2.2.3) with p(0,t) = 0 we have

v(0,t)
Bi(t) = T5(0,8) = — / o{w)dw.

On the other hand since I'1(0,%) = I'1 o(K—c(0;0,¢)), We have

v(0,t) to(K—c(050,¢))
—/ c(w)dw = —/ c(w)dw — po(K—c(0,0,t))-

Hence we obtained

vo(K_c(050,¢))
Bit) = — / (@) — Po(A—o00.))-
0

To compute B,.(t), recall that there is a one to one correspondence between the pressure
P on the specific volume t. since P is assumed to be an increasing function of t. Then
t(x,t) ;= v(P(z,t)) and we have

(7 (1))
By(t) = Ty (1,¢) = —/ c(w)dw — p(1,1).
On the other hand since I's(1,t) = I'z o(Kc(0;1,)), We have

(7 (%)) vo(Ke(o;1,1))
—/ c(w)dw +p(1,t) = —/ c(w)dw + po(Ke;1,1))-

Hence we obtained

v(7(1)) to(Ke(0;1,1))
B.(t) = —2/0 c(w)dw +/ c(w)dw —po(Ke0;1,1))-

Notice also that with the compatibility conditions (2.1.5) it follows that also (2.2.6) is sat-
isfied.
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Recall that for these arguments, we assumed that the solution I' is smooth on the considered
domain. In other words I' is a smooth solution to to (2.2.4)-(2.2.5) if and only if (2.2.9) is
satisfied.

Motivated by the the geometry of last observations, to prove the well posedness of the initial-
boundary-value problem (2.2.4)—(2.2.6) up to a time t5 > 0, for some ¢ > ts, we devide the
domain Ds defined by (2.2.1) into three parts:

Ls = {(z,t) :0< z<x(t), 0<t < 4§} (2.2.10)
Ms = {(z,t) : z.(t) <z <z_.(t), 0<t <0} (2.2.11)
Rs = {(z,t) : z_(t) <z <1, 0<t<d}, (2.2.12)

where we denoted by x.(t) := k.(t,0,0) the curve of the (+c)-characteristic going through
the origin (z,¢) = (0,0) and by z_.(t) := k_.(¢; 1,0) is the curve of the (—c)-characteristic
going through (z,t) = (1,0) that means z. and x_. satisfy

2.(0) =0 and z.(t) =¢(T) (2.2.13)

r_.0)=1 and 2’ (t)=—c(T). (2.2.14)

In this way, on the domain M, no characteristics are crossing the artificial boundaries x,
and z_., and thereby, together with the the observations we made before, the information
at any point (x,t) € M is given through the initial data (I'1 9,'2,0) only. This means that
on the domain My the initial-boundary-value problem (2.2.4)—(2.2.6) is reduced to a pure

initial-value problem. On the other hand on the angular domains L5 and Rs the IBVP
reduces to a BVP. In view of this, the strategy of the proof is devided in two parts:

e We first prove the existence of a unique C'* solution to the Cauchy problem (IVP) on
the domain Mgy with 6’ > ¢,.

e We then prove the existence and uniqueness of a C' solution on the angular domain
Ls» with 6” > ¢, to the boundary value problem (BVP) with the boundary x = 0 and
the artificial characteristic boundary z.(t) and on the angular domain R~ for some
8" > t, we prove existence and uniqueness of a C! solution to the boundary value
problem with the boundary = 1 and the artificial characteristic boundary z_.(t).

In other words on the domain My defined by (2.2.11) which reduces our IBVP to Cauchy
problem, we must prove the following

Theorem 2.2.2 (Well posedness of the IVP). There exists a positive time &' such that, on
the domain Mg defined by (2.2.11), the IBVP (2.2.4)~(2.2.6) admits a unique continuously
differentiable solution T' = I'(x, t).

Proof. For a detailed proof see chapter 1 in [27]. Essentially it is devided in three steps:
In a first step the quasilinear problem is redueced to the linear Cauchy problem.

To do this, for some § > 0 we introduce the set of functions
G(6, K, K') := {T'|T:= (1, T2) € CH(M(9)); T < K; [T < K'}

where ||T||; is a C'-norm defined by
Il = T+ T | + (1T (2.2.15)
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with R ~ ~ R
ITz]| := sup |0.T] and |Ty||:= sup |0.T]
(z,t)eM;s (z,t)eM;

and K’ > K is a constant satisfying

IToll + (1 + sup {c(T)}) [Toz|l < K". (2.2.16)
<K
The absolute value | - | of a vector and the constant K are defined in the same way as in

(2.2.7).
For any T € G(d, K, K') we can formulate the following IVP

8tP1 — é((E, t)(“)ml"l =0
(2.2.17)
o' + 6(33‘, t)awrg =0

with the initial conditions given in (2.2.5). Here &(z,t) := ¢(I'(x,t)). Thus now the charac-
teristics —¢ and ¢ are independent of the solution I' and consequently this is an IVP for a
linear hyperbolic conservation law.

The second step consists in showing that the linear Cauchy problem admits a unique C*
solution on M, for some §y < 4.

Defining the iterative operator T with
TC =T

and plug this in (2.2.17), it is easy to see that a fixed point of the operator T is a solution
to (2.2.4)—(2.2.5) on M. It thus remains to prove that, for 6 small enough, T possesses a
unique fixed point. This is the third step of the proof.

To prove that the operator T possesses a unique fixed point for § small enough we will show
that

e T maps the set G(01, K.K’) to iteself for some positive §; < dy.

e For some positive ¢’ < d;, T is a contraction with respect to the || - [[-norm.

Then by the Banach fixed point Theorem it follows that there exists a unique fixed point
on M, which concludes the proof of the Theorem. O

On the angular domains L5 and Rs~ which reduces the IBVP a BVP the Theorem to prove
is the following;:

Theorem 2.2.3 (Well posedness of the BVP). There exists a positive time 0" such that, on
the domains Ls: and R defined by (2.2.10) and (2.2.12) respectively, the IBVP (2.2.4)-
(2.2.6) admits a unique continuously differentiable solution T' = T'(z, t).

Proof. For a detailed proof of this, see chapter 2 of [27]. Here the strategy is the same: we
first reduce the quasilinear BVP to a linear BVP, and then we show that the operator S
defined by ST possesses a unique fixed point. For the proof of this we need that the number
of the boundary conditions is equal to the number of the characteristics departing from the
boundary. O
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2.3 The Gibbs Measures

2.3.1 The Gibbs equilibrium measures

The generator of the dynamics without random forces is given by the Liouville operator L},

__— dr; 0O dpl 1o}
M= 2mon T o
N N— 9
= ;(P —Pi-1) 6.7,7 ; (ris1) = V'(r:)) i

+(r(t) = V'(rn)) ap% +p1871"1

dp
= I% 47 , 2.3.1
bt (23.1)
where we used the fact that pg = 0 and we define
N
0 0

LY = : ~V'(ry)=— 2.3.2
> (i (o) = V) g = Vin) g~ (232

i=1
Then as already computed in (2.1.2), we have fori =2,... N —1
Ly(ri) =pi —pi-1, Ly(r1)=p1 and L{(rn)=pN —pN-1
and
Ly(pi) = V'(rig1) =V'(ri),  Liy(p1) =V'(r2) =V'(r1), and Li(pn) =7(t) = V'(rn).

From this it follows that

N

N
Ly r)=py  and Ly pi) =7(t) = V'(r).
=1

i=1

Let us define the two parameter family of Gibbs equilibrium measures on the space QY :=
(Ry x R)N. For any X := (A1, \2) € (R x R) it is given by:

N
vy (dr,dp) = H va(dr;, dp;)
i=1
with marginals
va(dri, dp;) = 700 e~ (himMri=A2pi) g, (2.3.3)
Here 1
h §pf +V(r;)
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and the normalization Z is equal to
Z()\) = / 6)\1ri+)\2pi7hid’l“idpi.
Q

This is the grand canonical Gibbs measure at temperature Ty = 1, pressure A; and velocity
Ao. This measure is meaningfull whenever Z is finite. Therefore we chose the positive
function V such that for each A\ € R

Zi(\) = /e—V(TW“‘idr < 4o0. (2.3.4)

In what follows we will use the following notation:

N o AiritAep;
e
va (dr,dp) = H Ty

=1

e Mdridp; == gy (r,p)dv) (r,p),

hence we defined the density

N N 6)\17’i+)\2pi
9x (r,p):= W
=1

of the probability measure duﬁ\v with respect to the fixed reference measure

N
dv™ (r,p) := H e Midrdp;. (2.3.5)
i=1

Notice that we can rewrite I/;\V as a product measure with marginals

va(dri, dp;) = px, (dri)m, (dpi)

with
1 .
o, (dr;) == —— M=V dr,  where Z1(A1) = / M=V gy,
Z1 (A1) R
T, (dp;) == e_(pi_/\z)zdpi.
2
Thus the distribution of momenta is Gaussian with mean A».

The measure vy is invariant with respect to the generator L7 (¢)x, if A = (7,0), thus

/ L ol o) (dr,dp) = 0

for any nice local function f. This is a consequence of the boundary conditions we impose:

With our definition (2.3.1) of the Liouville operator and applying an integration by parts,
we obtain

N
[irtan) = = [ 13- p) 00— V)0
o
- / £ o =) (V' (ris1) = VI (52)) dvd
=1

- / FOo = pw) (7 = VV(re)) iy

—/fPN(T — A1) = (V/(r1) = 7)dvy =0.
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if
)\2 =0 and Al =T.
Notice furthermore, that there is a one-to-one correspondence between the average interdis-

tance 7 and the parameter \; and between the average momentum p and the parameter As.
This can be seen by the following:

T= /TiVA(dTi,dPi) :/Timl(dﬁ), ﬁ:/Pz‘VA(d?%dpi) :/Piﬂ2(dpi) = A2

while the pressure P is now given by

/ V/(rs)ua(dri, dpi) / V()i (drs)
1

= - A=V (r)eMm =V dr, 0 = AL

From this we learn that the pressure is a function of the interdistance 7 alone:

P =X =\ (). (2.3.6)

2.3.2 The local Gibbs measures

As mentioned in Section 2.1, we need to show that the system is in local equilibrium that
means (2.1.8) and (2.1.9) have to be satisfied. In view of this, we define a family of product
measures with slowly varying parameter A(-,t) := (A1(+,t), Aa(+,t)) in space for x € [0, 1]:

N
Viv(ut) = H UN(4 ) (2.3.7)
i=1
where the marginals are given by

V)‘(%’t)dridpi = eAl(%’t)“““(%’t)pi*hidr,’dpi. (2.3.8)

Since we know by Section 2.3 that there is a one-to-one correspondance between the average
interdistance and the parameter A1, as well as between the average velocity and the param-
eter Ay, for a given profile u(z,t) := (v(x,t),p(x,t)), z € [0,1], t € Ry we can find a unique
corresponding Gibbs measure denoted by ﬂi\é,t) with parameters A(-,¢) such that

E,n [r;] =t(z,t) = E~N(. Y [r;] and FE,_n

VXt v AG1)

bl =pwt) = Eoy ] (239)

where F, denotes the expected value with respect to a measure v. Hereafter we will use the
notation Vfl\é_ 0 instead of Di\é. £ since there is no possibility of confusion with the V)[Y(. #-

As for the equilibrium measure we introduce the density g,ﬁ, £ with respect to the reference
measure v defined in (2.3.5). The density reads as

1 7 7
N i A ()t A2 (37 ,8))pi
s =z 45

o7

2|~

i=1



2.4. THE CONSERVATIVE NOISE

With (2.3.9), for any initial data tg, po : [0,1] — R in L*°(R) of (2.1.3) such that

% (&) —to(@)|dz =0 and Nnglm/ o0 (sz> ~ po(a)

(2.1.8) is immediately satisfied for the measure z/uN0 o by the law of large numbers, thus

}VéJ <;V) i — /01 J()to(x)dz| > 5} —0

: / (J@) pi— /01 J(z)po(z)dz| > 5} ~0

(2

lim
N—oo

dr =0,

. N
ngnoo Vuo(') {

and

1
N

. N
J\}E,noo Vuo(‘) {
for any § > 0.

In particular we can extend this law of large numbers to any local function 1 on QY. any
continuous function J : [0,1] — R and any given smooth profile u
> 5} ~o
o) = [ v pind

: N
NI Vag) {
where

is the expected value with respect to the Gibbs measure and 7,, denotes the spatial shift on
the configurations.

;Vé; () retep) = [ T)iteta.0). )

2.4 The Conservative Noise

We next introduce the random forces. The perturbation of the system will be such that
we still have balance of the total length and momentum of the chain, but conservation of
total energy will be lost. Furthermore the random forces provide our system with enough
ergodicity. A definition of ergodicity will be given in the Section 2.5.4.

The new dynamics is determined by the generator

AN = L}—V'F’YSN:L(])V-Fai'F’YSN (2.4.1)
PN

on the space of smooth functions on 9, with some parameter controling the strength
of the noise. Here L7 is the Liouville operator as defined in 2.3 and Sy is a symmetric
operator, namely the generator of the stochastic dynamics, which acts only on the momenta
and generates a diffusion on the surface Sy, := {(p;,pi—1) € R?|p; + pi—1 = k} of constant
momentum. This perturbation, in terms of partial differential equations can be compared
to the vanishing viscosity method on the macroscopic level. We will chose the noise such
that momenta are randomly exchanged.

For any nice local function f we define the vector field

0 0

T = _ ,
vt Op;  Opi—1

i=2,...,N. (2.4.2)
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It is easy to see that for all i = 2,... N
Yiio1(pi-1 +pi) =0,

thus it is tangent to Sk. On the other hand we do not have conservation of total energy
since

Ti,i—l(zp?) =pi —pi-1#0

in general.

To construct the diffusion generating operator Sy, we first calculate the adjoint operator of
Yiio1 Wlth respect to the Glbbs measure Y. As the noise only acts on momenta, we may
replace v3 by the Gaussian 71’ N+ We need

/ F(P)Yii—19(p)mrs (dp) = / 9(p) Yt 1 f(p)nd (dp).

By an integration by parts we obtain

N
—5(p—22)?
/f zz lg 7T)\2 dp \/>/ ( 3p1 apz 1) ];[ i

— [ a0 (- i) £0) - (5= 50— ) 50)) o)

Opi Opi—1

0 0
St = ore) = (55 ).

Defining the symmetric operator such that
[ ot )y e, oI (0 =

S () (B e

Sy is given through

N N 2
1 1 0 0 0 0
. 52 nit ” 1_22{<3Pi _3pi—1> _(pi_pl 1) (apz 5']91'—1)}.

=2 1=2

(2.4.3)
Then

1 1 1 ,

Sn(pi) = _i(pi —pi—1) + i(pi—i-l —pi) = §Api’ Vie{2,...,N -1}
1

Sn(p) = 5(2-p1) (2.4.4)

1
Sn(pn) = *i(pN —pPN-1)
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2.5. THE HYDRODYNAMIC LIMIT

where for any function o : N — R

Ac(i) =0+ 1)+o(i—1)—20(i),
A denotes the discrete Laplacian.

Since Sy is symmetric with respect to the the Gibbs measures vy, v, is also invariant with
respect to Sy since for a function f =1

/fSNgdviv zflSNngiV :/gSNldy(ﬂO) =0.

Furthermore Sy indeed conserves the total momentum, since by (2.4.4) we have

Consequently we obtained

N N
AN ri)=pn  and AN pi) =7(t) = V(1)
i=1 i=0
and the dynamics of our model, for ¢ € {2,..., N — 1} is now given by
@i = pi—pia
B = V'(rig) = V(1) + 398+ /T X0 o1 (pi)dW;
= V'(rig1) = V'(ri) + 378pi + /3 (dW; — dWiy1)
dstl —— (2.4.5)
I = py—pNa
(at the boundary)
L = (V'(re) = V'(r1)) + 3v(p2 — p1) — /FdW2
U= () = V() ~ 7N (o — o) + /AW

where {Wi}icq1,., v} are independent Wiener processes.

2.5 The Hydrodynamic Limit

2.5.1 Main Theorem and sketch of the proof

On the phase space 2V we now have two time dependent families of probability measures.
One of them is the local Gibbs measure V‘],\E. y constructed from the p-system (2.1.3). Tts

density 931\2» t)(r,p) is such that

N . . .
i i i
loggﬁ_)t) = Z </\1(N,t)7“i + )\Q(N,t)pi —logZ ()\(N,t)>> , (2.5.1)

i=1
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CHAPTER 2. HDL OF AN HAMILTONIAN SYSTEM WITH BOUNDARY CONDITIONS

where with (A.1) from Appendix A

log Z (A) = O(A\) = log/ eMrTAP=h e dy, (2.5.2)
)

On the other hand we have the actual distribution f}¥(r,p) of the noisy dynamics with
initial distribution 93{) (‘)(r, p) which is the solution of the Kolmogorov equation:

ary *
g; (rap) = NAthN(rap)

(2.5.3)
fév(r,p) = gﬁ()(rap)

In other words, we denote by f~(r,p) the distribution on which the speeded generator
NAy. We denoted by A% = L% + T(t)(ap%)* + Sx the adjoint operator of Ay, where L%*

and (3%\,)* can be computed as
(=) =p8v—5— (2.5.4)

and

B = -3 pen (2 V) - X ) -V (- p)

s

Next assume that we have (2.3.9) where u satisfies (2.1.3)—(2.1.5). Then since there is a one-
to-one correspondance between the parameter A and the solution u, together with (2.3.6)
the flux A(u) and its Jacobian DA (u) can be rewritten as:

0 1
A(u) := (A2(p), Ai(x)) = (p, P(v)) = DAu) = |, . (2.5.5)
M(®) 0
Thus we can rewrite the p-system as:
Ou Ou
5= DA(u)% (2.5.6)
On the other hand we obtain the following system of partial differential equations:
o\, 0t |, 0p Ol Op  OP(v)
o M0 = Nar ™ T % T e
oA 7, OX
= i (DA) (u)% (2.5.7)

Now we are ready to state our main Theorem:

Theorem 2.5.1 (Main Theorem). For some 0 < T < t, let A\,u: [0,1] x [0,T] — R? be two
C'- functions satisfying the dual relation (A.6) from Appendiz A.
Let 1/)1}’(_ £ be the local Gibbs measure with marginals given by (2.3.8).
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2.5. THE HYDRODYNAMIC LIMIT

Furthermore for any time t € [0,T], denote by v the probability measure on the path space
C([0,1],2N] of our process with generator Ay speeded up by N and starting from 1/)]}7( 0"

If u = (u1,uz) = (v,p) is a C'- solution to the system of conservation laws (2.1.3)~(2.1.5),
then for any t € [0,T], any smooth function J : [0,1] = R and any § > 0
lim v}y [

1L 1
R N;J(N)Ca,i—/o J(@)ug (z, t)dz

fora=1,2 and {; := (1,4, C2,5) = (73, 4)-

> 5] =0, (2.5.8)

The main tool to prove the Hydrodynamic limit is the relative entropy method. It states
that:

Theorem 2.5.2 (Relative entropy). Under the same assumptios as in Theorem 2.5.1, for
any time t € [0, T

. 1 N|, N 1 1 N f (r,p) _
J\}gnoo NHN (Vt \Vu(-,t)) " I&flooﬁ/ft (r,p)log de*(r7 p)=0.

Here Hy (VtN | Vi\é. t)) is called the relative entropy of v with respect to the reference mea-
sure uﬁ. "

Before giving the sketch of the proof how this Theorem implies the hydrodynamic limit, it
may be useful to state some properties and results concerning the relative entropy:

Notice that the relative entropy H (a|3) of a probability measure o with respect to a reference
measure 3 and having densities f and g respectively with respect to the measure v, which
is absolutely continuous with respect to the Lebesgue measure, can be rewritten as

H(a|f) = Sl;p{/ pda — log/e“’dﬂ} (2.5.9)

where the supremum is taken over all bounded functions. To see this let us introduce the
functional ¥ : QY — R:

W(y) = [ da—1log [ eoas

which is concave and takes its maximum if its gradient vanishes, that means for each function
h: QN — R such that
h-efgu,drd
/hjwﬂmpfesW*Po
[ e?gv,.drdp

Since 1) is invariant under the addition of a constant, we may chose
/e“"gdrdp: 1=e¥ = i :><p:10gi.
g g

Then we obtain the expression for the relative entropy from Theorem 2.5.2 by the following
argument:

H(a|B) = supv(p) = ¢ (1og f) = /log if drdp — log/ ig drdp = /log if drdp,
® g g g g

where the last equality is true since in the second term the integral is equal to one. Now it

is easy to see that the relative entropy has the following properties: H(«|f3) is
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CHAPTER 2. HDL OF AN HAMILTONIAN SYSTEM WITH BOUNDARY CONDITIONS

(H1): positive,
(H2): convex,

(H3): lower semicontinuous.

These properties imply the following useful inequality called entropy inequality. It dictates,
that for any measurable function F', any positive constant ¢ and some probability measures
« and 3:

E[F] < %log Eslexp(oF)] + %H(QW). (2.5.10)

Now we will see how Theorem 2.5.2 implies the Main Theorem:

Proof of Theorem 2.5.1 A useful special case of the entropy inequality can be stated if we

set F':= 114) to be the indicator function on a set A. With the choice o = log (1 + ﬁ),

we obtain the inequality

Euflga) = al4] < TlogBlexp(o1q)] + - H(al9)
= élogEg[l[A}e“ + (1 — l[A])] + %H(Ozm)
= Tlog (SAI(e” ~ 1) +1) + - H(al9)
= a]A] < 082+ H(alB) (2.5.11)

B log (1+ ﬁ)

This inequality means that any set which has exponentially small probability with respect
to 3, also has small probability with respect to a if H(«|5) = o(N).
We now define the set As to be

As:{ >5}.

By Theorem 2.5.2 we know that Hy (ng | Vi\é‘yt)) = o(N). Then with inequality (2.5.11),

to prove that limy_,. ¥ [45] = 0, it is enough to show that for each § > 0,

N

; 1
%ZJ(N)CM —/0 J(@)ug (z,t)dz

=1

log<1+ N1 >ZC(6)N

Yu(-t)

for some constant C' not depending on N. But this is satisfied if z/i\é, ) [As] is exponentially
small, i.e
1

Yatol4s] < oo (2.5.12)

This is a result of the large deviation theory which we will prove in Corollary 2.5.26.
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2.5. THE HYDRODYNAMIC LIMIT

2.5.2 The relative entropy method

In this Section we will prove Theorem 2.5.2. To simplify the notation we set

Hy (ygv\yﬁ‘,to = Hy(t).

Notice that by the choice of our initial distribution the relative entopy at time 0 is equal to
Zero:

Hy(0) =0

The strategy is to show that for some constant C

%HN(t) < CHnN(t) + Rn(t). (2.5.13)

If we can show that the third term is such that

. 1
1\}E>noo v/ Ry (s)ds =0, (2.5.14)
then it follows by Gronwall’s inequality that limy_ o H]]‘(,(t) = 0 which concludes the proof

of Theorem 2.5.2. We start by establishing the following differential inequality:
Lemma 2.5.3 (Differential inequality).

d 0
%HN /NT )pon fdve(r,p) — / [(NAN + 8) loggﬁ,JJ fNdv,(r,p)
¢

Proof.
d ofN N /3fN
—Hp(t = 1 dv, dv,
SHN() | e A—dv.vop)+ [ S (e.p)
u( ,t)
0
9 log (gu( t)) ft dv,(r, p)
(253) /log I NA*thNdV* (r,p) /ft dv,(r,p)
A

/aat log <9u< t)) fldv.(r, p)

_ N i 9
= /ft NAy log giv( )du*(r ,p)+0— e log (gu )ft dv,(r,p)

IN

[ VA g¥av. ) - [ £V AN ol v (r.p)

0 N N
_/alog (gu(t)) ft dV*(r,p)
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For the inequality we used the fact that
Ay fN
1

This comes from the maximum principle for Ay which says that for any convex function ¢,

Ano(f) < ' (F)An(S).

The first term can be computed explicitely: Applying integration by parts on [ Sy fNdv,
and on [ LY, fNdv,, we obtain that both terms are equal to zero. Then the remaining term
gives

Anlog fN <

0

7(t) / a—ftNdl/* =7(t) /prtNdI/*,
PN

which concludes the proof. O

N

In the following lemmas we calculate (NAN + a%) log Gu(-t)

Lemma 2.5.4. Recall the definition of the Liouville generator given by (2.3.1),

NLY log gi\g,,t) =

X ON [ N (i
_ 2 Npy = 220 [ 2 ,
;:1 < o (N’t> V'(r;) o (N,t> pz_1> + N(A2(1,t) + pN)7(t) + an(t)
where ap (t) is such that

N
J\}EHOON/O/GN<S)dV£VdSZO

Proof. We start with calculating L7, log gi\g‘ 5 (r,p) which is equal to

N : N ‘
. i i
L (Z Al(ﬁvt)ri + Z )\2(N7tpi>
i=1 i=1

N-1 , _ N | |
— ; <A1(;[,t) - Al(HNl,t)> i + Z <A2(2N17t) et ;,)) Vo
+X2(1,6)7(t) + M1 (1, t)pN

_iNJ (1) o lzN:a)q(%,t)
o N p ox Pi NZ,:1

1)\ =
+0O (]\/_2> Z (V’(Ti) +pi_1)

i=1

—
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2.5. THE HYDRODYNAMIC LIMIT

This is the expression we wanted to have with
1 Nl
ax® =0 ) & (V) +p)
It remains to show, that limy_. fg S QNT(S)dV;Vds = 0. This will be done in Lemma 2.5.8 [

Lemma 2.5.5.

108080 = S DA (w5 ) 5 (0 (66— w00

=1

where ¢; = (C1,i,C2,i) := (74, 4)

Proof.

9 N
a log gu(~,t) =

9
ot po
- [wl(i it D21y, D) = &af(fv,t)]
| ot N’ ot "N’ Z (A(%,t))
N . .
B %i '_alogZ %i '_alogZ
- Z{ t(N’t)(“ o )* a ¢ ’t)(p’ Do ﬂ

Since we assumed that the solution u of the p-system is the dual of the parameter A, by
relation (A.6) the last expression is equal to

N ; 3 > .
8>\1 (3 1 8)\2 i i
; {at(N,t) (r, - r(N,t)) + 5 (1) <pz = p(N,t)ﬂ : (2.5.15)
Then together with (2.5.7) we obtain the result. .

Lemma 2.5.6. Recall the definition of the symmetric operator given by (2.4.3).

t
/ /NSN log gi(, v ds = o(N).
0
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Proof. Sy (Z;’V:O)‘ (ﬁ t)p]) is equal to:

Sn (Az (;[,t) Pl) + SN <N21 Az(;}i)m) + Sy (A2 (1,¢) pwv)

N— .
1 1
= */\2( 1) (p2 — p1) jz:; %t)ﬁpy—*&(l t)(pN — PN-1)
N-—1 . N—1
1 1 7 1+ 1
- 2( = 3 i X

1 ) 1 2 1 1
= —sX(m 0 —5 Z piA)\2(N7t) + iAZ(Nvt)PI + §>\2(T7t)PN + 5)\2(17t)PN

N1 .
= ' AN (55,t) — %pN </\2(17t) - Az(N]\_f 1>t)) - %pl (/\2(;773) - Az(i,i))

These terms are all of order O(;) if we can show that the expectation with respect to 1/ of
% >, pi is uniformly bounded for all N. This will be done in Lemma 2.5.8. This concludes
the proof. O

To conclude the proofs of Lemma 2.5.4 and Lemma 2.5.6, it remains to find a uniform
bound on the expected values of the densities. In this context we first figure out some more
properties of the relative entropy:

In the following we denote for constant A by g the density of the measure 1/)\ with respect
to the reference measure v¥ Observe that if we consider the relative entropy of v}¥ with
respect to a reference measure vy we have:

0 OfN N 0
—HN( tN|V§‘V) = fi log?]vdl/iv—l—/ft]vduiv
b\

ot ot
= /logft NAy fNavy /ftNNANlog 1 dvN
9N
= / 7 (LT log ~%= ft + 7Sy log “%&= 1 ) N
>\ }\

= /NL;VfLNdy§V+7N/SNfLNdV§V
I 9Ix

N
1 ftN 0 ftN 0 giv 0 ft 0 9>\ N
+W§NZ/7N (&ngﬁv aps [N T o 9N Opi [N s

ft < 0 ft 0 9>\ 0 ft 0 [N ) N
- 7N =+ dv
72 ZZ:; Opi—1 9>\ apz N opi 9>\ apz 1 [N A

If we further assume that A = (7,0), then the reference measure is invariant with respect to
Ap and thus the first two terms of the last expression are equal to zero. For the last two
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2.5. THE HYDRODYNAMIC LIMIT

terms, by integration by parts they are equal to

2
970 6 fN a fN fN
g (L 5 (e - 5 ) it [sviaty

Wi 9oy OPi-1900) 9(r,0)

where again the second term is equal to zero. We will denote the first term by

fi ) 1 / (5 i o N ) N
—~ND = - dv
TN <9)\ 73 Z i g Opi1 gy A

_ _ N
= —y= Nz/ft (aplft B 1ft> dv (2.5.16)

39(7 0)

where we used the fact that = 0. This term is called Dirichlet form. It is easy to see,

that Dy is

(D1): positive,
(D1): convex,

(D1): lower semi continuous.

Thus if we integrate in time we obtained that for an invariant reference measure v(; g:

t N
Hy (l/tN IV{X,O)) +’yN/O Dy (gf ) ds = Hy (VO |V(T 0)) = Hpn (uf(_,o) |V(IX70)) < CN.
(1,0)

Since the Dirichlet form is positive, by

t N
Hy (VtN|V(Ar[,0)) — Hy (V(§V|V(AT[,0)) = *VN/O Dn ( /s )ds

9tr0)

we can see that the relative entropy is decreasing in time.

Further, since for any parameter A(-,¢) there exists a constant C' such that
N N
Hy (VA0 | 750)) < ON

with the positivity and the convexity of D we have:

1 [ty
Hy (VtN|V(IX70)) +tyNDy (t ; gj;fs ds) < CN.
(7,0)

We proved the following Lemma:

Lemma 2.5.7. Let v} be the probability measure with density satisfying (2.5.3). Then the
relative entropy with respect to V(JX 0) is decreasing in time.

If furthermore vl¥ satisfies
Hy (Vév | V(NT’O)) <CN
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for some uniform constants C > 0, then for any N € N

1 [t N C
Hy (va | Z/(NT 0)) <CN and Dy - f];f ds | < —
’ tJo 9z ty

Using the bound we obtained for the relative entropy, we can now prove the following Lemma:

Lemma 2.5.8.

N
1
/N > frildvy < C (2.5.17)
=1
1 N
/WZIMIMV <C (2.5.18)
=1
1 N
[+ v <c. (25,19
i=1

where C' is a constant not depending on V.

Proof. To prove the first three conditions we apply the entropy inequality on v}V with in-
variant reference measure V(]X 0)° This gives us for any measurable function F' and any o > 0:

1 1
En[F] < —logE,~n [exp(cF)]+ —H(VtN|V(T70)).
t o (7,0) o

Since by assumption on the initial distribution Hy (Vév | I/(NT 0)> < CN for some positive
constant C, with Lemma 2.5.7 we obtain the upper bound

Vi

E n[F] < 1 log EU(N 0 [exp(oF)] + lCN. (2.5.20)
o ™ o

Furthermore notice that the logarithmic moment generating function for any A1, Ao € R

log / eo‘”'@p*hdu(ﬂo)

e(/\l +7)r+(A2+0)p—h
= log/ drdp

Z((7,0))
Z()\l + T, )\2)

= =m0

(2.5.21)

by assumption (2.3.4).
To prove (2.5.17), we set

N
Fr)i= ~S|nl, o=o'N
(r).—NZ|m|, c=o0
i=1

for some ¢’ independent of N. Then

1 N 1 e~ C
/NZWthN S N 10g/e" D Iriddyl o+ =
=1

N
1 1 / C
_ 1 4TIV () gy
o' N Zi:l Og(zl(f) /e L
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2.5. THE HYDRODYNAMIC LIMIT

the expression inside the sum, by (2.5.21) is bounded by a constant independant of N. This
concludes the proof of (2.5.17).

To prove (2.5.18) we proceed in a similar way: We now chose

N
1
F(p) = N E lpil, o=0'N
=1

Then the entropy inequality leads to

1 Y 1 N C
/NZ\pHdeV N 10g/€t7 iz Pildyll o)+ p
=1

- 1 C
_ 1 rrito’|pil=hi g dp; el
7 2 (Z((r,o» / rip )

which is bounded uniformly by the same arguments as before. This proves (2.5.18)

IN

For the proof of (2.5.19), by setting

N
1
F(p) = NZWI(””’ o=dN,
=1

it remains to prove that

N

1 1 7 ’7
1 =V )+ VIl gr. ) < O
N 2 °g<zl<r> /e )=

i=1

Here we use assumptions (2.1.1) on the potential. This makes sure that |V'(r)| < |V (r)].
Then again by (2.5.21) we can conclude the proof for (2.5.19) O

This Lemma is enough to conclude the proofs of Lemmas 2.5.4 and 2.5.6.

So far we have from Lemma 2.5.4, 2.5.5 and 2.5.6

+ / (—N(X2(1,t) + pn)7(t) + N7(t)pn) fi v (dr,dp) + R (t)

N . )
/Z %(%,t) [Ai — (DA)T () (Ci - u(]i[,t)ﬂ fNv, (dr, dp)

=1
_ / Nr(6)Xa(1, ) fN v, (dr, dp) + Ry (1) (2.5.22)

where A; := (p;—1,V’/(r;)) and Ry(t) is such that (2.5.14) holds.
With (2.5.5) we furthermore have

/0 8’\0%’ D . Az, 1)de = / %(Al(x,t)Ag(x,t))dx = 7(t)Aa(1,1).
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This means that in the limit as N — oo we can replace the last term of (2.5.22) by

N 4 ;
_/Z(w : A(u(%,t))ffvdy*(dr,dp) + Rn(t)

and consequently from (2.5.22) we have

g [ s[5
A= A (u(59)) - (DA ales) (ci— (]i,,s))]fivv*(dr,dp)ds (25.2)

where we used the fact that H(0) = 0.

Our next goal is to prove a weak form of local equilibrium. In view of this we introduce
microscopic averages over blocks of size k + 1. Let

¢F=(CEn ) =08 =g D G (2.5.24)

|1 <k

denote the emprical densities of (r;,p;) over the blocks. These blocks are microscopically
large but on the macroscopic scale they are small, thus we let go N to infinity first and then
k goes to infinity.

The introduction of the block averages will be obtained by a summation by parts. Of course
this has to be done carefully near the boundaries. But notice that for any smooth function
J :[0,1] — R and any bounded function ¢y — R, a block of the form

> I p)

<k
li—ill<3

is bounded by kC, where C' is a constant not depending on k£ and on N. Therefore, as
N — o0, such terms devided by N vanish in the limit. In this way we can ignore finitely
many blocks at the boundaries. In Step I of the proof of Corollary 2.5.26, we will show the
following summation by parts formula: For any smooth and bounded function J : [0,1] — R
and any bounded function 2 — R, we have:

k
N_E

1L 1
N;JWW(C}):N Z Y(¢ )

i:ngl Ij i<k
To apply the summation by parts formula to (2.5.23), we therefore first need to do some cut
off in order to have only bounded variables: Let C; := {|h;| < b}, and define
A=A, and Cip:=Cile,,

Since assumption (2.1.1) asserts that |V/(r)] < V(r) and r < V(r) for large r, the cut offs
just defined are bounded. The entropy inequality (2.5.10) with reference measure gﬁ_ t)du*
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2.5. THE HYDRODYNAMIC LIMIT

shows that the error we make by the replacement of A; and ¢; by A, and (; respectively
is small in NV if we can show that %HN (s) = 0 as N — 0: For any o > 0 small enough

/28)\

)

N s)Ailce f6 dv,

- Zlog (/ o3 (Fros A.1C;b+>\(%,s)< —log Z(A (%, 8))d1/*> + HL@
a

IN

IN

1 Zlog ( / 07 P () AAA( )¢, —log Z(A(Fr s ))dy*> n Hn(s)
r g
( ) ( )

where limy_,o, C(b) =0

Now we are allowed to apply summation by parts formula (2.5.2) on (2.5.23) using the
smoothness of A and u and we arrive at

= Y S
=k 11
l%;kAlb_ ( (%, )) — (DA)T (u(]i[,s)) (qﬁb—u(Ji[,s))
10 (]’;) é A — ¢l

The last term is of order O(k) since by the cut off, |A;, —¢; ;| is bounded. As N — oo first
and then k — oo, the last term devided by N converges to 0.

We now introduce further block averages:

For some small £ > 0, such that ¢ — 0 after N — oo thus £N >> k, we restrict the sum in
the last expression as follows:

IN(1—0)]

2 g;\(N 5)x

i=[N ]
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where C' is a constant not depending on N and k. The error we made devided by N will
vanish in the limit as well since £ — 0. Let us denote by A?€N+k the box {i —eN — %, N
eN+ g} Performing again a summation by parts over blocks of size 2¢ N for smalle > ¢ > 0
and eN — o0 as N — oo, we get

[N(1— z)]
1 N(1-20)+k
N// 2 8x N T 2 A | S lazevendus ds
=[N{] <k

2

N(1— e)
N/ 830 N’S)
=[N/

1 1
X /257N Tj m Z Al7b féV|A?sN+de36N+kd5+C€
li—il<eN <k
_1[N(ie”/t i
Zf[NZ] 0 31’ N
1 1 2e N+k
X m l’b257N Z T]f A25N+k dl/ ds + Ce
<% [7—i|<eN
oA 1
= 8 ( ) k+1 Z l,b
<%
[N(i:f)] / Z N—2N(£—2¢)+2k+1
75 f \A25N+kds dv, € + Ce
2€N |li—i|<eN

and also here the prize is small in N because of the cut off.

Let 5 ¢ (dr, dp) := ftN’EduiV_QN(e_st%H denote the measure corresponding to the density

[N(1-0)]
i, 1 1 1 N
6(1‘ p) = N Z n ; %N | Z 7i fs ‘A?ENJrde, (2.5.25)
i=[N/] li—il<eN
which is a function of (C[NZ]Z_QNE_,C, RN C[N(l_é)]+2NE+k), then the last expression reads as
oA i N—2N(6—2¢)+2k+1
—(=,t A dv; dr,d
6m<N,>/k+1”§ N (rp) (dr. dp).

Notice also that

Ab(Cf) = A(C?)]‘Ci,b =E, k [Ailci,b] = A(Cf,b) =

A(ck)

[As] = AT

Yak )

The next Theorem will be proved in section 2.5.4. Known as the one-block estimate, it
allows to replace the averages of the functions over the microscopic blocks by a function of
the average and it is a crucial step towards the proof of the hydrodynamic limit:
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2.5. THE HYDRODYNAMIC LIMIT

Theorem 2.5.9 (The one-block estimate). Let J : [0,1] x RY — R2? be a function with
continuous first derivative. Then

lim lim lim [ J( !

_ - _ k #N,e N _
Jim tim g (50| Z_Al:b Ay (cj) N(dr,dp) =0  (2.5.26)

k
<5

Observe that the blocks appearing here are of size of order k with k& — oo after N — oc.
Since by Lemma 2.5.8 the integral is uniformly bounded we are allowed to neglect a finite
number of blocks near the boundaries.

With this Theorem we obtain:

k—o00 N—oc0 o’

t t
Nlim Hy(t) < lim lim / RN(S)ds+/ HN(S)dS
0
Ne] 6“" N VN ds N’ RS s AV,
(2.5.27)

Here the entropy term came from the introduction of the cut off functions and we defined

wEu):=AG) - A and w(u)=(G-u).
To simplify the notation further, let €2 be as follows:

Q1) = 2 wla) — o ()

Notice that I A
_ T - _ 7=
D5,u) = (DA)T(3) - = — (2.5.28)

is equal to zero if 3 is a solution of (2.5.7). Consequently some properties of €2 are:
(1) Q(u,u) =0,
(Q1): D,Q(u,u) =0.

Lets go back to the right hand side of expression (2.5.27). Rewritten in terms of Q the sum

is equal to
(N(1-0)]

/ / Z%‘é ( )>> FYvY (dr,dp)ds

Applying the entropy inequality (2.5.10) again, we obtain that for ¢ > 0 this is bounded
above by

1 t
/ log/exp o Z Q ¢Fu ,s)) gi\é,,t)duivds + f/ Hy(s)ds. (2.5.29)
i=[N{] 7Jo
It thus remains to prove, that the first term of this expression is of order o(N).

In section 2.5.5 we will prove the following special case of Varadhan’s Lemma:
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Theorem 2.5.10 (Varadhan’s Lemma). Let v} be the product homogenuous measure with
marginals vy given by (2.3.3) and with rate function I : Q — R defined in Appendiz A.

Then for any bounded continuous function on )

n—oo N

lim 1 log/e”F(C)dyf =sup{F(x) — I(x)}

To apply this theorem to (2.5.29), we need the homogenuous product measures to get
involved. In order to do this it is better to arrange the sum as sums over disjoint blocks: By
the same procedure as in Step III of the proof of Corollary 2.5.26, we can rewrite the first
term of (2.5.29) as follows:

/log/exp o Z Z ¢k u 7s)) gﬁ_’s)duivds. (2.5.30)
je{-

.- } ZEB[NZ]

where we assume without loss of generality, that & devides [N(1 —2/)] 4 1 and Byyy is the

set Biyg = {q(k +1) +[N{ :q=0,..., % —1}. By 7, we denoted the spacial
shift on the configurations by 7.
For a fixed j € {—g, ce %}, the sum over ¢ € Byy) is a sum over disjoint blocks and thus

the random variables
¢ (45 5)

are independent under gfl\é_s) which is product. Therefore, if we apply the Holder inequality
we obtain '

/log/ H exp{ o Z TjQ(Cf,u(%,s)) gi\{_,s)duivds

%} ZGB[NZ]

koL N N
< k+ / Z log/exp o(k+1) Z T]‘Q(Ci,u(ﬁ,s)) g\ vl ds

..... k3 1€B Ny
N(1— z)
_ ( /0 log/exp { (k + DQCE, (N ))} oY o lis AV s,
=[N{]
Where the last equality is true by the independence of the random variables in the exponent.

Then, since all the functions in this expression are smooth and the family of local Gibbs
measures converges weakly, we obtain that

[N(1—0)]

N k
Jim - Jim e k+1 Z /log/exp{ (k+ 1S, (N ))}gu(.,s>dv*ds

=[N¢]

o k k k
klinoloa(k—l—l)/o /0 log/exp{(k+1)aﬂ( i,u(x,s))}gu(mys)dy*dxds.

So now for each x € [0, 1], the distribution of the particles in a box of size k is given by the
invariant Gibbs measure with average u(z,s). Then we can apply Theorem 2.5.10 on this
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2.5. THE HYDRODYNAMIC LIMIT

product measure and obtain that the last expression is equal to

1t
E/o /0 sglp{aﬂ(g,u(x,s))71(3)}dfc. (2.5.31)

To prove Theorem 2.5.2 it thus remains to show that this is equal to zero. Since I and
are both convex, since both functions and their derivatives are vanishing at 3 = u, it follows
from assumption (2.1.1) on the potential that c€2(3,u) < I(3) for o small enough. Hence
there exists a o such that the last expression is equal to zero.

This concludes the proof of Theorem 2.5.2 since now we have proved that:

1 tHN(s) tRN(s)
< = VAT VAT
_U/o N ds+/0 N d

Then the claim follows by the Gronwall inequality since the second term in the right and
side vanishes if N — oo.

2.5.3 The one block estimate

Tightness

For a fixed k > 0 let

l+2
~N,e,k Nak
0,7 (dr,dp) : H dvi(ri, pr)
i= l—f—l

be the projection on the configurations in a block of size k around site 7 of the measure ﬁfv €

whose density is given by (2.5.25). Thus the density corresponding to Uy Noek s given by
N k iN,
= €|{i7§71,...,i+§}' (2.5.32)

We have the following

Lemma 2.5.11 (Tightness). For each k > 2 fized , the sequence (ﬁtjﬁ’g’k)NZl of probability
measures is tight.

Proof. We need to prove that for each n > 0

1
lim lim sup VNE k{k 1 Z || >n} =0 (2.5.33)

n—o0 N_,o0 |i_l|§§

Then, by assumption (2.1.1) on the potential, the tightness of the sequence (ﬁx’e’k)]vzl
follows. Notice that by the Markov inequality

Neky 1 Epn ek [k+1 2jie <k hl}

- < t”L
N Y Il >

. E
li—l<35

n
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CHAPTER 2. HDL OF AN HAMILTONIAN SYSTEM WITH BOUNDARY CONDITIONS

it suffices to prove that the expectations are bounded by a finite constant C' independent of
N (and n).

Since the expectation in the last expression depends on configurations only through [ €
{fi—% i+ %}, we can write

> mf vt = k+1 > mf vttt (2.5.34)

k 1
* i—l<% li-l<%

In the following we define by N = fN Hf\]:l dv, (r;, p;) the probability measure with density
fN defined by the time average

N (dr,dp) := 1/{: fNds (2.5.35)

Using the definition (2.5.25) of ftN’E, the right hand side of (2.5.34) is equal to

N(1—
1 1 B ) N
/ m Z hl Z T Z ijtN‘AzeNJrk dyiv 2N (£—2¢)+2k+1
”|<E =[N li—i|<eN '
) /N 2N Z Jrl Z hi ft |A26N+deN 2N (£-2¢)+2k+1
=[NY] c li—il<e |l|<’“
[N(l 0)]
- Z /7 i +1 Z hi | fYdvyY
lj—i|<eN |l|<k
[N(1—l+e)]+%

IN

1 _
C1 /(N Z hi) [ dv)Y

=N (-o)-%

where C; is a constant independent of N. This inequality is true, since the last expession
averages out all the h; from for i € {[N({—¢)]—£],...,[N(1—{(+¢)]+£]}. Then by entropy
inequality (2.5.10), choosing as reference measure the Gibbs equilibrium measure V(J\T[ 0y, for
any o > 0

[N(1—l+e)]+5

N
N/ Z h ifdv)Y < <1Og/egz“ Mildu (] o) “‘HN(V,{VV(JX,O))) :

i=[N(l—¢)
The first term is equal to

1 [IN(A-l4e)]+% 1
1 TT‘l—(l—U)hld zd '
oN Og/ H Z(T,O)e riap

and for o < 1 is therefore bounded by Co+ ([N (1 — 2L + 2¢)] + k) with a constant Cs not
depending on N by assumption (2.3.4). Hence this term converges to 0 since N — oo first,
and € and £ go to 0 after k. On the other hand, by Lemma (2.5.7), the entropy HN(EtN|1/(J\Tf’O))

is bounded above by C3N for a uniform constant in N, and thus (2.5.33) follows.
O
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2.5. THE HYDRODYNAMIC LIMIT

Lemma 2.5.11 asserts that for each fixed £ > 2 and each fixed i there exists a limit point
vf; of the sequence (ﬁﬁ’g’k)Nzl. On the other hand, since the sequence (vf;)x>2 forms a
consistent family of measures, by Kolmogorov’s Theorem, for k& — oo, there exists a unique

probability measure v, ; on the configuration space {(¢;)icz € 2°°}, such that the restriction

of v ; on {(Cj)je{i—g.“,i-i-%] € QkH} is sz

Proof of the one block estimate
Let us define the formal generator A of the infinite dynamics by
A:=L+7S, (2.5.36)

with the antisymmetric part

= X (o~ )+ V/5e0) = Vi) e | (2.5.37)

iz 8’/"]' 8’/‘j+1 8pj

and the symmetric part

S = ;% { <aapj - 8]31)2 —(pj —pj-1) <8apj - 8]0?1) } . (2.5.38)

JE

In section 2.5.4 we will prove the following ergodic Theorem:

Theorem 2.5.12 (Ergodicity). Any limit point v of ﬁgi’k(dr, dp) is a convex combination of
Gibbs i.e there exists a probability measure a(dX) on R? such that

1 X
v(dr,dp) = /a(d)\) H 7 eMritAzpi=hi g qp.
=7

With Lemma 2.5.11 and Theorem 2.5.12 it will turn out, that 2.5.9 is an application of the
law of large numbers:

Proof of Theorem 2.5.9:

Since J is a bounded function the left hand side of (2.5.26) is bounded above by

1 1 N

b—oo k—oo N
<%

and thus it is enough to prove that for each @

. . . 1 k\| iNe N _
lim lim lim [ o D7 Ay — Ay (c) NN (dr, dp) = 0 (2.5.39)

b—oo0 k—oo0 N—o0 k
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ﬁths can be replaced by l?tjﬁ’g’k since the configurations inside the integral depend on the
configurations only through i — g —1,...,1+ g

) . . 1 E\| ~Nek
lim lim lim el Z Ay — Ay (C2> ;" (dr,dp) < 0.

b—oo k—oo N—oo
<%

By Lemma 2.5.11 there exists a limit point /¥ of the sequence (f/tNZEk) ~>1 and in particular
there exists a unique probability measure v, such that v} = 1/|{Z-7%717__"2-+%}, where v is

a limit point of the sequence v/¥

. Hence the left hand side of the last expression can be
rewritten as

o 1 NP 1 A
Jim Jim [ 37 Avy = Ao (cF) |t = im Jim [\ 57 Av— A (1) v

<% <%

By Theorem 2.5.12 v is a convex combination of Gibbs measures. Taking the conditional
expectation with respect to (¥ we are left to prove

1
lim lim / m Z Al7b - Ab (Z) H eA(Z)*hid’rl‘dpi d(dk) = 0.

b—oo k—oo JR2 -
|l\§§ 1€Z

Because of the cut off the expression inside the integral is bounded hand hence applying the
dominated convergence Theorem it follows that it is enough to prove

. 1 A(z)—hi _
kll)ngo/ m Z Al,b - Ab (Z) He d?“idpi = 0.

<k =z

But this is just the law of large numbers and converges to 0 if kK — oc.

The translation invariant stationary measures

In view of Theorem 2.5.12, we first identify the limit point v of the probability measure
ﬁthk as translation invariant and stationary measure with respect to A in the limit as k

goes to infinity after N.

We start with some notations:

e By VtNZ" = ftl\i" Hli*l|<% dv,(r;,p1) we denote the reduction of the measure v} to
the box {i — § —1,...,i + 5} around site i and of size n. Thus its density ft]\i" is
given by

Nmn . pN
ti T ft |{i7%71,“.,i+%}

e By vV .= fN Hil dv,(r;, p;) we denote the measure with density f}¥ defined by the

time average
= 1
7= g/fsNdS-
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and by 17751\/;” = ft]\zn H\z’—l\gg dv,(r;, p1) we denote its reduction to a box around site

i and of size n.Then its density ftj\in is defined by

n 1 n
=S / Vs,
e Finally we define the density

iN,e,eN+k 1 N, 2e N+k
ti (r,p) == N Z TiJt,i (Ci—gN—ga . -vcz‘+eN+g)~
j—il<eN

Then with the notations above the ftl\is reads as:

) | Na-o)
tN € Z fN &,eN+k dI‘, dp)

With the introduction of the local averages it is easy to show that the limit points ut’fi and
vy ; are translation invariant in space:

Lemma 2.5.13. Let
lim lim /’(/J(I',p df/tNZEk hm /wrp /wrp

k—oo N—oco

Then the measure v; and Vfi are translation invariant in space and we write V“- =1
; ;

. . . . k) . k»
Proof. I:et 1 be a local function depending on configurations only through {i—%,...,i+35}.
Since ( ft{\;’e’k) ~ Is tight, we only need to prove that for each z we have

hm / W — 1) NEk vie(dr,dp) =0
For a fixed ¢ the integral is equal to:

/ (4 — 7) f 5w, (dr, dp) = / (% — 7 fV 40, (dr, dp)

[N(l 0]

Z / Tz Tz+z¢ N seN+h (dr, dp)

i=[N/]

Then since

[ rp R ) = o [wone) Y RN dp)

li—j|<eN
= N / > (= ) fr s (dr, dp)
lj1<eN
= 2€N/ T — Z i | fNve(dr, dp)
l7|<Ne li—z|<Ne

=0 <5N)
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converges to 0 as N approaches oo, v; and thereby its projection v/} are translation invariant.

O
Next we prove that v is invariant with respect to the formal generator A defined by (2.5.36):

Lemma 2.5.14. For some fized i and any local smooth bounded function 1, let

hm lim /¢(r,p thN;Ek /w(r,p)ut

k—o0o0 N—oo

Then the measure vy and vF are stationary in time with respect to the generator A = L+~S,
that means for any bounded smooth local function ¥ (r,p)

/Aw dvy = 0. (2.5.40)

and we write v, := v, and v} = V¥

Proof. Since v is a local function there exists some k£ € N and some 4, such that 1 depends
on the configurations (r;,p;) only through j € {i — 4,...,i+ &}. Define ¢ := ;. Proving
(2.5.40) is equivalent to prove

/Awi dvf =0 (2.5.41)

where vf is a limit point of the sequence (Vth6 *)n. Recall that

[Ave et = [ (avfe i ep)
[Avi i e.p).

Therefore, by the same arguments as in the proof of Lemma (2.5.13) it is enough to show

that
// Z 7; (AY;) f N25N+kdu*(r,p)ds:o. (2.5.42)
0

|4 \<Ns

N—>oo 2tNe

Now define the spacial average 1) := 2th Z‘]KNE T;1;, then with

2tN Z (Avs),

|j|I<Ne

we can rewrite the integral of (2.5.42) as

// (A f22 Ny, (r,p)ds = // D) fNdv, (v, p)ds
= o ) B[]

Then by It6’s formula the right hand side is equal to

i {Bor 9] = B 9]}

We conclude the proof by observing that this expression converges to 0 if N — oo, since 1
and hence 1 is a bounded function. O
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2.5.4 Ergodicity

It remains to show the ergodic Theorem (2.5.12) of the infinite volume dynamics. We begin
the section with a definition of what ergodicity means for the infinite stochastic system:

Definition 2.5.15 (Ergodicity). The infinite stochastic dynamics defined through the gener-
ator A is said to be ergodic if any measure u on the configuration space Q°° that

(i) has finite density entropy: there exists a constant C' > 0 such that for all subsets A C 7
Hay (ulalr™) < €Al
Al \HIA Y (70 ) = )
(i) is translation invariant: For any local function v and any j € Z,

/w dp = /(Tﬂ/’) dp

where T; denotes the spatial shift by j on the configurations.

(iii) 1is stationary with respect to the operator A: For any smooth bounded local function v
[avau=o

is a conver combination of Gibbs measures, i.e. there exists a probability measure a(dX) on
R x R such that

1
v(dr,dp) = /a(d)\) H 7 eMritAzpi=hi g, dyy,
i€l

The Entropy density

From section 2.5.3 we know that properties (i7) and (i%¢) for the limit point v of Dt]jg’e’k of

the Definition 2.5.15 are satisfied. In this section we prove that v has finite entropy density

Lemma 2.5.16. The limit point v of the sequence (Vk)kzg has finite entropy density, that
means there exists a constant C > 0 such that for all subsets AF := {i — g, R g} CZ

Hys (vli2 ) < CIAY.
where we define ufﬁo) (dr,dp) = [];c V(r,0)(drs, dp;) and
Hys (=) = H ).
In particular there exists the limait

[ oo 3 1 o e’}
H(v|vgy) = khjgo sup mHAf(VW(T,o)) = Sl}ip Hk(V|V(T,0))-
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Proof. By Lemma 2.5.11 the sequence (ﬁthk) ~ is tight. By the lower semicontinuity of the
relative entropy we then have

lim H, (ﬁx’s’k‘y(kﬂog = H; (I/lk

N—o0

k
an>’

where for each i, the limit point v/* is the restriction of v to the box A¥. Consequently

vF = v|,» is translation invariant since by Lemma 2.5.13 v is translation invariant. Hence
7

Hk (l/lk

l/(k,r,o)) = H, (1/|A§ VZ“T,O)) = HA:; (u’u(ﬂo)) = H, (V’V(T,o)) .

We will prove in 2.5.17 that Hp is superadditive in the following sense:

e NN N —ON(l—2) +2k+1
Hy (2" |V(IZ’0)2N(F IR > ( ? ) Hi (v|v(r0)) -

On the other hand by the convexity of H and Lemma 2.5.7 we have

[N(1-0)]

N 1 1 _
HN(V£V7E|V(7-’0)) < — 57N Z HAfj?’(ftN|V("'vO)) SCN
i=[N/] lj—i|<eN
By these two results the Lemma follows since € and ¢ are sent to zero after k — oo. O

To complete the proof of Lemma 2.5.16 it remains to show the superadditivity.

Lemma 2.5.17 (Superadditivity). The relative entropy of any measure u™ on QN with
respect to the measure U(J\T[ 0) is superadditive in the sense that for each j € {0,...,k—1}
Nk_] _1
Hy (Nl > > -H%+1(MNth¢+1quu+m+jﬂVéﬁ$)~

—_J
=%

Proof. To prove the Lemma we assume without any loss of generality that j = 0 and we
consider arbitrary continuous and bounded functions vy, for i € {0, ..., % — 1}, depending
on the configurations only through sites in {ki+1,...,k(i+1)}. Then we can write for each
fixed @

/wkiduNhki-&-l,m,k(i-i-l)} — log (/ €¢kidl/é€.,.70)> = /wkzdﬂN — log </ ewkidVg70)>

Summing up this over all 7 and using that I/(JX 0) is a product measure and thereby the fact

that the ¢; are independent under V(]X,oy we obtain by the definition of the relative entropy

i=0
r1 N1
= [ > dudi™ —log I ( / e‘”“dvéi,o))
=0 =0

Il
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N
Since this is true for any function ) %, ! Pri, we can chose the ; such that

a-\z

N
= sup {/ Oridi™ | (ki1 k(1) — log (/ 6¢’“di/é“7,0)>}
(¢'07~~~,¢% ) i=o

1=

.....

vV
\
-

)

[SH
=
ﬁ

:
Z
+
—
=
T
+
=

|

S

o
(N,
a

<
z
oW

<

N—
—_

The convex combinations of Gibbs measures

It remains to prove that v is a convex combination of Gibbs measures.

Observe that by the entropy inequality (2.5.10), for the Gibbs measure V(]\T[ 0) restricted to

configurations on A?H, we obtain for a = 1,2

[ cbaart < 10g / hedi g+ HOMV )

By Lemma 2.5.16, the entropy term is bounded by a constant not depending on &, while the
first term is bounded uniformly by assumption (2.3.4). This allows us to define v a.s. the
following quantities:

. k . 1
21 = lmge 27 1= khm el E 77,
— 00
lEAk

—1; k.
zo = limgeo 279 1= kl k ) Z DL,
— 00
leAk

and we define z := (21, 22) and z¥ := (zfl,zfQ)

With this notation we are ready to state the main Theorem of this section. It characterizes
v as a convex combination of Gibbs measures:

Theorem 2.5.18. Assume v(dr,dp) is stationary with respect to the Liouville operator L.
Assume furthermore that the distribution of the velocities conditioned to the position 7(dp|r)
is a convexr combination of Gaussian measures.

Then v is a convex combination of Gibbs measures with parameters given by A\1(z) = z1 and
)\Q(Z) = Z9, i.e

v(dr, dp|Z H Z )\1(Z)T‘1+A2(Z)pi—hidridpi
To prove this theorem, we first need to prove that the densities z(r,p) are constants of
motion defined by £, that means that functions depending only on z can be considered as

constants under v(dr,dp|z). This is stated in the following Lemma:
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Lemma 2.5.19. Under the same assumptions as in Theorem 2.5.18, for any local smooth
bounded functional ¥ and any smooth function h with compact support, the z(r,p) are
constants of motion in the sense that

/h(z(r7 p))(LY)(r,p)dv = 0. (2.5.43)
In particular
[ ot p)utariz)atdpls) —o. (2.5.44)

where p(dr|z) denotes the distribution of v conditioned on the values of z.

Proof. By the assumption that v is stationary with respect to the Liouville operator, we
have for any ¢

/ C(h(zt (. p))(r. p))dv = / Bzt (x, )L (6 (x, p))dv + / (e, p) £ (h(2! (r, ) dv = 0.

Then it is enough to prove that the second term on the right hand side converges to 0 as
k — oo. Furthermore since 1 and the partial derivatives of h are bounded, it remains to
show that

hm/|£z“rp|du—0 and hm/|£zmrp|dy—()

With the definition (2.5.37) of the Liouville operator on the infinite volume, for any i, we
arrive at

1 Pitk — Pi—k—1 V' (rise+1) = V'(ri—)

I =————— - and L = .

DI k+1 k:+1zpl k+1
leAk leAk

Since [ p;dv and [ |V'(r;)|dv are bounded by constants independent of k, (2.5.43) follows
immediately.

To see (2.5.44), notice that since by assumption m(dp|r) is is a convex combination of
Gaussian product measures i.e. there exists a measure G(dAz, dAs|r) on R such that

r(dplr) = /ﬁ dha, disl) [T e 5 dpy,

i€Z

Here Z (5\2, 5\3) is a normalization and 5\2, 3\3 are parameters determined by the values of z.
Consequently, if we condition the measure further on z, it becomes Gaussian

)\2 /\3(2) (pi— Ao(z)\2
w(dp|r,z) H Rs@)

i€EZ

dpi .

Since in our system the temperature is fixed to be 1, the variance of momenta is identically
1 and hence A3 = 1. Then the parameter \; is given by Ao (z) = 2o.

Futhermore the conditional measure defined above is independent of r, so we have 7 (dp|r, z) =
7(dp|z). Now we can represent v as

v(dr,dp) = /ﬂ(dp|z),u(dr|z)a(dz), (2.5.45)
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where by a we denote a measure on the space of possible densities and z ranges over that
space. Then with (2.5.43)

[ @) ( [ £otpintaria)n(dpla))atiz) = o

and (2.5.44) follows. O

We are now ready to proof that v is a convex combination of Gibbs measures:
Proof of Theorem 2.5.18.

With the definition of the operator £ and (2.5.44), for any smooth bounded local function
1, we have

[ covtie,apla = [ %{pj(aw ) 4 (Vrg0) = V') 5 o, apla) =o.

Orj  Orjn j

Now we chose for the local function

= ¢(r)(pi — 22),

where ¢ is a local function which we will define later. Then we obtain

/ ij(pi — 29) (g:j _ % ) + (V'(riz1) = V'(r;)) ¢(r) p v(dr,dp|z) = 0. (2.5.46)

jez Orj

Since 7(dp|z) is gaussian,
[ pitoi = z2)m(apla) = .

Hence with the representation (2.5.45) of v(dr,dp), instead of (2.5.46) we can write

X [ o = zaymtapla) (52 = 52 )+ (Vi) = V() 00e) b el

jez Orj+1

— [{(52 - 525 ) + () = V) 000  nls) = 02547

Next we choose ¢ to be of the following form:

o(r) = X (r)y5 (r),

where for any j € Z, xj is a smooth bounded function with compact support, depending on
{rj—p,...,7jqr} with r > k and

¢f(r) = H e~ @AV (),

K
leA;

where A1(z) will be determined later. Plugging in this in (2.5.47), we arrive at

OX; 05 \ ek k
/{(877 - 3Ti+1>¢j (r)}u(dr|z)_0 for each 26{1—5,...,]+§—1}, (2.5.48)
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and

8X; T ! r k : : . r
S ) + V(1) ) 9500 fadrlz) =0 i =D (2549)
In the first equation we now set

X5(r) = x(r)g( Y rix(r)

k
leA

where x¢ depends only on r; with [ € (A’ \ Af) and ¢ is a continuous function on R. Then,
foreachi € {j — %,....7+ % -1}

ox; oy . oxy o)
ori  Orig X“(r)g Z " oy iy |

k
leA]

Plugging this in (2.5.48), we can condition the measure p(dr|z) further on the values

Siearmi = (k+1)zF, and on the configurations r; for i ¢ A¥. Then we obtain for
x ;

J
ie{j—%...i+5-1}

ok ox* A
/<8TZ _Wil wj(r),u d?“j_g,.. ]+k

But this is enough to characterize the measure

Zm Tt F ] — +5] =0

leAk

£ Z,ZT[,Ti,Z#]_g,-.-,]‘Fg
leAd leAd

H 67A1(Z)Tl+v(rl)u d’l"j_ Eyeooy d’l"j_,'_%

up to a multiplicative constant as a Lebesgue measure

1{27‘1 Z1}Cl’l“ 5,...,d’l“j+&

2
k
leA?

2

on the hyperplane {r; _x,...,7; 5 : > cpnri = (b + 1)zf,}. With this we finally obtain

k
z, 7"1‘,2'7&]'—* a]+ d{rl

k e>\1 (Z)’I'l —V(TL)
i)

2 =11 Zi(M(2))

k
leA

u(drjg,...,drj+g

where 77 is a normalizing constant in dependent on the outside configurations and therefore

Al(z)rl V(ry)

p(dr|z) = H Zin(a ——————dry.
leZ

It remains to determine A;(z). This can be done using (2.5.49): Applying the result just
obtained for y (dr|z) (2.5.49) gives us for i = j + §:

)\1(Z)T‘l V(’I”l) X
/v rip )X (r H TENE / 0 ) u(dr2).
€z
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The right hand side integrates to zero since X’ has compact support and because of the
structure of w;? (r)u(dr|z). The left hand side can be computed with integration by parts as

/\1(2)/X§(r)u(dr|2) = /X§(r)V'(?"z')ﬂ(drIZ)
and we obtain the relation
M (2) = A (z1) = /V’(ri),u(dr|z).
In summary we obtained:

1
v(dr,dplz) = m(dp|z)u(dr|z) = [ [ o~ TP idridp;.
iz Z(M(21), 22)

The distribution of momenta

To conclude the proof of Theorem 2.5.12, we are left to show that the assumptions in
Theorem 2.5.18 are verified. It is here where we need the noise.

Denote by

s i+%
DA?< 2 ):—DA?(V”) =Y. DM,

9(r,0) j=i—241
where f™ denotes the density corresponding to the limit point v.

2
L (90 [ O o fm 1 / 1 2
Dv") = f/ : — vl oy == | — (Tiiz1 f")" dvy,
) 2 Im (3]% 9oy OPi-1 900 o) ™ 3 f”( 1f7)

with Y;;_1 defined by (2.4.2). We furthermore denote by Spr the symmetric operator S
reduced to the box A that means

i+2 2
1 0 0 0 0
8 n = — —_— — PR - _ .
AT g Z {(8pj 8pj—1> (pj = ps-1) <5pj 3pj—1>}

j=i—%+1

By a Theorem of Donsker and Varadhan it is known that for any finite subset A € Z

S

D (f) = sup { A(w)du} (2.5.50)
¥ G

if D(f) < oo, and where the supremum is taken over all positive functions ¢ belonging to

the domain of Sy.

Lemma 2.5.20. For each fized k > 2 a limit point v* of the sequence (z/t]?]i’k)N is stationary
with respect to the symmetric operator ¥Sa» for each n = —k,... k.
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Proof. Since the limit points v and hence v/*

which specifies the center of the blocks.

are translation invariant, we can omit the index

The problem of the proof lies in the fact that we do not know whether H (v|v(o)) is bounded.
Therefor denote by p; the probability measure having density g;, generated by A and starting
from some generic probability measure p. Similar we denote for any k by p* its projection
on the box A*.

Using the operator A we obtain the following inequality in a similar way as the results from
Lemma (2.5.7) have been obtained: We get

H (pe|v(r,0)) +tD () < H(plv(r0))
where [i; is the measure corresponding to the density g; := % fot gsds, and hence

k
2

H(uf vl o)) + D(E") = H(pf v o) +1 Y /Df(ﬁ?) < H(plv(-0)
J=—f+1
with fif corresponding to gf := ; fot gkds.

Since the Dirichlet form is a sum of positive terms, for any fixed n < k, we can rewrite the
last inequality as

w3

Hblvfg) +t > [ DHGE) < Halveo).
+1

w3

With the the definition of the relative entopy and (2.5.50), we obtain for any local function
¢ and any bounded local function v on QA"

Sany
/(bal,uic —log/e‘z’dufﬂo) —t/ATduf < H(plvir,o)-

Now we can let go k to co: Since ¢ and ¢ are local functions we obtain that

S n
/gzbd,ut — log/e(bdy(ﬂo) . t/ tﬁwdﬂt < H(p|vir,0)- (2.5.51)

In the next step we choose i to be of the special form

ni= u(n) = V|An (39 V(T7O)|(An)c.
In this way we get that
H(/J'(n) |V(T,0)) = Hpn (V|V(‘r,0))

which by Lemma (2.5.16) is bounded by C|A™|. Consequently the limit H(v|v(,)) exists
and

i n+ 1H(H(")|V(r,0>) = H(v|v(r0))-

We next chose for any j € {—5 +1,..., §} the functions ¢ and ¢ to be of the form

w3

0= D mo; and =Ty,

n

i=—

v
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where ¢; and 1; are local measurable bounded functions. Then from (2.5.51) and since
V(70 is translation invariant we obtain

n

1 - nt1) s Sanj
n+1 i_zzg/n‘@'d#t—log/@( +1)<75de(7)0) —t/Ti v L dji

J

w3

1
< Y Hbeo)
=3
By Holder inequality we have
i} log/e(”"rl)‘i’jdu(ﬂo) = log/e‘bjdl/(ﬂo),
and thus the limit
1
nh_)rré<> p——] log/e("'*'l)(bjdu(ﬂo) = log/e‘i’jdu(f’o)
exists.
Now let us assume that
o % . m L[S0 Sy
n}l_)ngon+1 /Tz¢]dﬂt ) — /qudu and nlingon+1/rl L dji( / Jd
(2.5.52)
with

/&/}]d /1;] {(Tj,rW)? — (pi _pifl)’rj,jfll/)j} dv

With this assumption we are done: Taking the supremum of

S, _
/¢jd1/ - log/e‘z’fdu(ﬁo) - t/ %dﬂt < H(p|vir,0)-
J
we obtain s
sup Har (V| (r0)) — tinf/ j—%dy < sup Hyx (v|v(r,0))
k ’ b (r A

n

72

7inf/%dl/ <O0.
P wj

and hence for each j € —5 +1,...

Summing up over all j we get

n
2

mf{/ jwjdu} <0

= Dpn(v) =0, ¥YneN

j=—

Dan(v) < —inf /S% dv p < —
v o

j=—%+

With this result the invariance of v* with respect to Sy» for each m = {2,...,k} follows:
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Since v/* is translation invariant we can omit the index i. Performing an integration by parts
on DX, (f*), we get:

el

_ 5 5‘f’€ 3sz 2
o iyl /fk <6mapj_1) V(r,0)(dr, dp)
+k
2 dlog f*  dlog f* ofk  ofk
- Op; B oD ’ Tﬁ o dV(7_70)
Jj== "+1 Pj Pj—1 D, D1

1
- - / 10g f* (Sux £*) vy (dr, dp) = San f* =0 Vn € {2,....k} (2.5.53)

It remains to prove assumption (2.5.52). Here the difficulty comes from the fact that ¢ is
not local.

For the marginals of (™ we have
/hidu” <(C; and /hidu(ﬁo) <Oy
Thus for any j it follows that

/hid(Tj,u,t ) < (s

with a uniform constant C3 in n. This tells us that the sequence is weakly compact.

Then we have

lim [ ¢ d(Tj,ugn )= hm lim [ ¢ d(T]ut )|Az

n—oo — 00 N— 00

Now ¢ is a local function and thus by translation invariance of v
lim lim / ¢ dpl |1 = lim / b dvt = / bdv = / o dv.
—00 N—00 ? J — 00
The second assumption can be obtained in the same way. O

With Lemma 2.5.20 we can prove the following two Corollaries :

Corollary 2.5.21. Any limit point v of the sequence (V*), is stationary with respect to the
genrator vS.

Proof. We have to show that for any smooth bounded local function 1) we have

/ St (dr, dp)dv —

Since 1 is a local function there exists some k > 1, such that 1) depends on configurations
only through j € A¥. Thus we have:

/&/}(dr, dp)dz/:/SAm//(dr,dp)dz/ = /(SAkz/J)(dr,dp)dylc

But by Lemma 2.5.20 v* is stationary with respect to Sy» and hence the last expression is
equal to 0 O
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Notice that since we already proved that v is stationary with respect to A, we proved with
this Lemma that v is stationary separately for £ and for S. Hence the first assumption of
Theorem 2.5.18 is satisfied.

Corollary 2.5.22. The distribution of the momenta conditioned to the position w(dp|r) is a
convex combination of Gaussian measures.

Proof. From Lemma (2.5.20), we obtained that for each j € {—% + 1,..., 5} and each
ne{2,...,k}

Yij-1f" (rj,p55 4,5 — 1€ A¥) =0.

k
2

Then since Y ;_1 (Z ) = 0 it is tangent to the hypersurface

j=—k+1Pi
2
Sm{(p-z,...,pz) ER¥; > p;=m, meR} CR"!
241
for each m € R. Thus we can consider the density f* as a function of the form
%
Forypg 35— 1€A™ = f5 | ryi gj—1€A™, Y p
—3+1
Consequently

n
2

™ ({p-grneopa} | {frogin g ) =7 | D0 m

—241

’I“_%_;,_l,...,?“g}

is an exchangable measure. Hence for each marginal,

™ (dp;, j € A¥r) "= w(dp;, j € Zlr).
in the weak sense and thus 7(dp|r) is exchangeable. Furthermore by the Hewitt-Savage
Theorem it is a convex combination of probability product measure and more precisely with

our choice of the noise it is a convex combination of product Gaussian measures i.e. there
exists a measure 3(d\a, d\2|r) on R? such that

1 A o _ 23 17}72 2
7T(dp|1') = Z(j\j\)/ﬂ(d/\%d/\;ﬂr)ne 2 (P "3) dpi,
2, N3

1E€ZL

where Z (XQ, 5\3) denotes a normalization. Then we can proceed as in the proof of Theorem
2.5.19 to fix the parameters by the relations

As=1 and Ao(z) = 2
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2.5.5 Large deviation

In order to prove Theorem 2.5.10 and inequality (2.5.12), in this section we will give an
introduction to the large deviation theory applied to the local Gibbs measures. We refer to
[37] for the general overview. We first give a definition of a family of probability measures
satisfying the large deviation principle:

Definition 2.5.23 (Large Deviation principle). Let P, be a family of probability measures
on the Borel subsets of the finite dimensional, complete separable metric space X. We say
that that {P,} obeys the large deviation principle with a rate function I1(-) if there exists a
function I : X — [0, 00] satisfying:

(1)) 0<I(x)<c0 VxelX,

(i) I(-) is lower semicontinuous,

(#11) For each l < oo the set {x:I(x) <} is a compact set in X,

(iv) For each closed set C C X: limsup,, ., +log P,(C) < —inf I(x),

(v) For each open set G C X: liminf, .o 1 log P,(G) > —inf I(x).

To prove Varadhan’s Lemma 2.5.10, we first have to make sure that the rate function
I:Q — oo we defined for vy in the Appendix A by

I(x) = SL;p{(I)(X) —AO)} =P(x) —x- A+ O(X) (2.5.54)

indeed satisfies the the properties for vy we enumerated in Definition 2.5.23. For this let
us distribute the 2-dimensional random vectors ¢; = (r;,p;) i.i.d according to the Gibbs
measure vy defined on X = Q, then we can define the empirical means ¢" by

n

=G = 0 = DG
=1

Then we obtain the following special case of Cramér’s Theorem:

Theorem 2.5.24 (Multidimensional Version of Cramér’s Theorem). Denote by v} the com-
mon law of ¢". Then the sequence {VY} satisfies the large deviation principle with rate
function I(-) given by (2.5.54).

Proof. To prove the theorem, it satisfies to check the lower and upper bounds (iv) and (v)
of Definition 2.5.23, since (7) — (i#¢) has already been checked in Appendix A.

Lower bound: To prove the lower bound, it is enough to prove that for each open disk

D :={(C1.---.Cn) 1 IC" —y| < 0} CR®

with radius, § > 0 around each point y € 2 we have:

lim 1 logvy (D5 (y)) > —1(y). (2.5.55)

n—oo N
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Since in our case for any 8 € R? we have that M (0) is finite, we also have that I(y) <
oo Vy € Q. It follows that for each y € 2 the supremum

I(y) = Sl;p{b’ 'y — A(0)}

is attained for some @ := y*, thus to each y € () there exists a unique y* such that

DM (y*)

Iy)=y y"—Aly") with y= My

DA(y™). (2.5.56)
Where the definition and properties of the logarithmic moment generating function A(-) and
the moment generating function M(-) can be found in Appendix A.

In view of the structure of the moment generating function M (-), for @ € R? let us introduce
a new probability measure v3, . on " being absolutely continuous with respect to the
Lebesgue measure and with marginals given by

1 .
Vasy (d¢) = (y*)eé‘(”y )=hae. (2.5.57)

Observe that then the mean with respect to this measure is equal to

[t = JEETMG e i _ Dty
vV *x = = =
Aty fec.(y*_,_)\)_hdc feC'Y*dl/)\ M(y*)

= DA(y") =,
because of (2.5.56). In particular we obtain by the law of large numbers:
lim vy, [[¢" —y| <d] =1 (2.5.58)

Furthermore, for any §; < ¢

n
K" -yl <d = / dvy = / Hek'ci_h"drdp
[¢"—y|<é [C"—yl<d ;24

n n Gy )~k
i=1¢

— n (o —y*¢; H
= e [ Tl R g

¢M—yl<o i

= M"(y*)/, Kée*y*'Z?’:ﬂidyﬁW
"y

> M) [ eV TGy,
[¢"—y|<d1

= M"(y*)e ™Y / eV E Gy L
€™ —y|<d1
And then we have:
1 1 .
—log A [I€" —yl<d] > logMy* —y -y*+— 10g/ %
n n (" —y|<d1

1 * n
= —I(y)+ —log / e (i GmmYIqyy L (2.5.59)
n " —y|<éy

which is true by (2.5.56). The integral of the second term of the last expression, by Jensen
inequality can be bounded below by

_f n_ y*(Z”: Ci_n}’) n
e JIen—vyi<s i=1 7\
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Consequently,

1 ; 1 =
flog/ e Y (i Ci—ny)dV;‘L+ . > _/ - V)R .
" I¢"—yl|<d Y \cn—y|<61 n g v

n
Al > S L7

IC"7y|<51 ’i—

> =4y dvx iy
(" —yl<d1

= =0y [rRyy- €7 =yl <]

By (2.5.58) this converges to —d1|y*| as n — oo and since §; is arbitrary we can let it go
to 0. This together with the right hand side of (2.5.59) concludes the proof for the lower
bound (v) of Definition 2.5.23.

Upper bound: To Prove the upper bound we will need the minimax Theorem. It says
that:

Lemma 2.5.25 (The minimax Theorem). Let g(¢,0) : Q x R? — R be a function which is

e convex and lower semicontinuous in ¢,

e concave and upper semicontinuous in 6.

Let C be any convex and compact set in §2, then

Inf sup 9(¢,0) = Sup Inf 4(¢,0).

Proof. See [37] O

The proof of the upper bound is devided in three steps:
Step I: We claim that for any compact and convex set C' C 2 the inequality (iv) of Definition
2.5.23 holds. That means, we need

hm flogl/)\[(' eCl<— 1r€1£1( X). (2.5.60)

To prove this consider any Borel subset C' of 2. Then

/ 1—[e>‘C ~hidrdp
¢neC;

n
= / e~ iz 60 H e+ N Ci=hi grdp
C"EC

=1

vx(¢" e )

< e infzec(nx-0) / enC"-OdV;\L
¢red

IN

e~ infyec(nx-0) / 6ncn'0dV§
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Thus we have so far

A

1 1 "
—logi[{" €C — inf (6 - -1 “q
Mol €Cl < - inf (03 + o [ eCany
1
— —inf{f-x+ - log M"(8
Inf {6 x+ ~log M"(6)}
and since this is true for any 6 € R?,

1

—logvy[¢" € C] < —sup inf {0 -y +log M (0)}.

n g z=eC

With property (A4) of A(:) it follows that g(x,8) := x - § —log M(8) is concave and upper
semicontinuous in @ while it is convex and lower semicontinuous in x. Thus we can apply
Lemma 2.5.25 for compact and convex sets C' which concludes the proof of the claim, since
then the right hand side of the last expression is equal to

—J}ggsgp{e-xﬁ-logM(e)} = —Ilrelgf(x).

Step II: Here we extend the proof from compact and convex sets to compact sets:

Let K C 2 be any compact set. By property (I5) of I(-) we can choose some [ > 0 such
that I(x) > 0. We set:
inf I(x) =1. (2.5.61)

Then, since I(-) is lower semicontinuous, for every £ > 0, there exists a small disc D(X)
around each x € K such that

I(x)>1l—¢, VxeD(X). (2.5.62)

Furthermore, since we assume that K is compact, there exists a finite subcover, UM, D(%;) D
K extracted from these discs. Consequently,

M
RICM e K] <vg [¢" e U D(Xi)] <) R [¢" € D(X)]

=1

Now we can apply the result of Step I on the discs to conclude the proof for compact sets.
By (2.5.60) we we obtain

V;;\[Cn e D(il)] < e—”infxeD(fi)I(x)

M=

1

logry[¢" € K] < — inf I(x).
xeD(X;)

S

=

By (2.5.62) this is bounded above by —(I — €), and since ¢ is arbitrary, we can let it go to
zero. Then we obtain the upper bound for compact sets with (2.5.61).

Step I1I: It remains to extend the proof to arbitrary closed sets in (2.

For this let C' C 2 be an arbitrary closed set with

;Ielgf(x) = k.
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Denote furthermore by R, the compact set defined by
Spi=A{x:= (z1,22) : x €[0,1] X [=p, p]},

which is the rectangle of width 1 and of length 2p and denote by Rp the set

R, :=Q\R,.

Thus C' = (C'N R,) U(C N R,), where (C N R,) and (RN S,) are disjoint. Therefore it is
enough to compute

B(CMEC) = R E(CNRy) +15(¢Me(CNRY))
< V(¢ € (CNR,))+ v} (c" € Rp) . (2.5.63)
Since (C'N R,) is compact, for the first term we can apply step II which asserts that
VR (C" € (CNR,)) < e minfxe@nry 169, (2.5.64)

It thus remains to find an upper bound for the second term of the right hand side of
expression (2.5.63). But this is equal to 0 since

v (¢ € Ry) =18 (" ¢ [0.1) and p" & [=p. ) = 0.

Thereby with (2.5.63) and (2.5.64), we obtain

1 mn T . .
S logrx (€M € 0) < fxe(glrf]Rp)I(X) < — inf I(x).

for any closed subset of . O

Proof of Varadhan’s Lemma

Proof. The proof of Theorem 2.5.10 is divided in two parts:

Upper bound: We claim that

1
lim sup — log/ PO dy < sup{F(x) — I(x)}. (2.5.65)

n—oo T

Since F' is a bounded continuous function, for each § > 0, we can find a finite number of
closed sets Cj, j € {1,... M} covering Q:

M
and such that the oscillation of F' on each on these closed sets is at most ¢, that means:

sup F(x)— inf F(x)<d§ Vjie{l,...,M}.
x€C; x€C;
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Then we obtain by applying Cramér’s Theorem to the closed sets,

M
/ e"Fdl/;L < Z/ "€ qy
n j:l Cj

M
< Ze"Sprec F(x)/ d n
j=1
M
< Z nmfxec F(x)-96) n(C e C)
M
< Zen 1nfx€c F(x)—9) —nll’lfxec I(x)
j=1
Thus
1 M ‘ o
lim sup — log/ Py < limsup — log Ze”(mf"ec: F(x)=0) g—ninfxec; 1(x)
n—oo N Qn n—oo i=1
< sup inf F(x)— mf I §
o (nt PO~ nf 109} -
< sup inf {F(x)— (x)} -0

je{1,... . M} xeC;

sup sup{F(x)—I(x)} —¢
jE{l,., M} xEC;

= sup{F(x)—I(x)} —¢
xeN

IN

Since § is arbitrary, we can conclude the proof of (2.5.65) by letting § go to 0.

Lower bound: We now claim that

lim inf ! log/ PO dy < sup{F(x) — I(x)}. (2.5.66)

n—oo N xeQ
To prove this, recall that F(-) is a continuous and I(-) is a lower semi continuous function
on . Thus we can find for each 6 > 0 a

e y € Q such that
itelg{F(x) —I(x)} =0 < F(y) — I(y),

e neighborhood Us(y) of y, such that
F(y) =6 < F(¢) V¢ e€Us(y) (2.5.67)

Thereby we obtain

1 1
lim inf f/ e ©dyy > liminf f/ e dyy
" Us(y)

n—oo N n—oo n

Y

n—oo n

lim inf l/ " F)=0) gy
Us(y)

= F(y)—6+liminf - V)‘<C€U5( )

n— oo
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Applying Cramér’s Theorem now for open sets, this is bounded below by

Fly) ~ 8~ inf 1(x)> F(y) - I(x) ~ 6

And then by (2.5.67), we obtain the lower bound

sup{F(x) — I(x)} — 26.

xeN

Again we can conclude the proof of claim (2.5.65) with the arbitrariness of d, by letting it
tend to 0. O

Recall that to conclude the proof of the Hydrodynamic limit, we need to show (2.5.12), i.e
that the local Gibbs measures converge exponentially fast. This is stated in the following
Corollary to Varadhan’s Lemma:

Corollary 2.5.26. Let J : [0,1] — R be any continuous function. Then

>§| <—C(5).  (2.5.68)

1
1\/151100 N 1Og Vu( ,t) H N Z J Ca P /0 (a:)ua(x,t)dx

Here v} u() denotes the local Gibbs measures with ¢x 1) = (u1(z, t), ua(z,t)) and C is some
constant depending on §.

Proof. The Proof is devided in several steps:
Step I: Introduction of block averages over large microscopic bozes.

To prove the Corollary we will need to introduce block averages over size 2k+1. This will be
done by performing a summation by parts, but since we have to handle with boundaries, this
must be done carefully. Our claim is that for any smooth and bounded function J: R — R
and any bounded function ¢ : 2 — R, we have:

Ly 3 o)
N;ﬂﬁ)wu *N :Z 2k:+1 _Z D¢+ = (2.5.69)

To prove this, observe that

| X 1 k L itk
vy 12 ) X e ¥ 2 2V
i=N—k+1 j=i—k
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2.5. THE HYDRODYNAMIC LIMIT

11 N*’“J i 11 i
= Nohrl (§) 2 W)~ + g 2 JF) 2 v
i=k+1 li—i|<k i=k+1 li—i|<k
1S i1 =y 1 01 &
+N;J(ﬁ>z+k;ﬂﬁ)(w<ci>—w<c])) *N;"(N)Hk?mﬂ
1 N ) 1 N )
v 2 v X ) W) - u) (2.5.70)
i=N—k+ j=i—k
R i 1 N
N 2 I TR 2 Y6
i=N—k+1 j=i—k

It thus remains to prove that all the terms except the second one of this expression are of
order o(N). For the second, third and fourth line this is immediate, since these are sums of
k? terms at most. Then since J(-) and 9(:) are bounded functions, the terms are of order
O(%) and thus they vanish in the limit if & is sent to infinity after N. It then only remains
to show that the first term goes to zero in the limit. For this we look at

N—k i+k
s Y S
1 +1j=i—k

and change the order of summation. Then arrive at

N—-2k j+k
YT & 2
Jj=2k i=j—k
1 2k—1 j+k 1 1 N N i
- - J J(—
N k+1 Z Z N2kz+1 Z Z (N)w(cj)
j=1 i=k+1 j=N-—-2k+1i=j—k

Again the second and the third terms are sums of the order of k? terms. By the same
arguments as above, they vanish in the limit as N goes to infinity faster than k. In the first
term we make a change of variables and then it is equal to

1 N2k itk

1
Nkﬂz Z‘]

=2k j=i—k

now going back to the first term of (2.5.70), it can be rewritten as

1 N—k .
D IRICO N (AR
i=k+1 li—i|<k
N-2k i+k ]
- N2k+1 2. Zk (J N)> (<)
=2k j=1
11 = 11 iy i k
+N2/€7—|—1 Z J(ﬁ)%/f(Ci)Jrﬁ%_i_l ' J(ﬁ)¢(€i)+0(ﬁ)
1=k+1 1=N—2k+1
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Here the second and the third terms are sums of £ — 1 terms and thereby are of order O(%)
The first term on the right hand side is equal to
(i —j)?
2rro (U5 )) v

N—2k itk .
v o 2 (5
1=2k j=i—k
Then since i — j < k for all j, by the smoothness of J and since 1 is a bounded function,
this term is of order O(£). This proves our claim (2.5.69) and thus in the limit as N — oo
first and then k£ — oo, we can replace local bounded functions by their average over large
microscopic boxes :

1 N ; i 1 N ; ; . <CNJ€
Ng (+)9(6) — ~ (g X e < k.

i=k+1 li—il<k

Where C , is a constant small in NV and ! and depending on ||J]|s and ||¢/]|co-

Step I1I: The exponential Chebychev inequality.

For o« = 1,2 we have that

N ZJ )Ca,i _/0 J(x)uo(z,t)dx

. ; T2 (ca,z- - ua<fv,t))

By smoothness of J(-) and uq(+,t) the second term on the right hand side. In the sequel
will be denoted by Ry terms converging to zero as n — oo.

+

1 1N i
/0 J(2) (1 D — N;J(ﬁ)ua(ﬁ,t) )

Recall from Section 2.5.2, that if we replace ¢; by the the cut off ¢, , the error we make is of
order @ +HJ’\§7(’£) where limy,_. o, C'(b) = 0. By Theorem 2.5.2 this converges to 0 as N — oo.
With this replacement all the functions involved are bounded an we can apply the summation
by parts formula (2.5.69): Recall that by C% ( 1212, 12’2) := (r?*, p?*) we denoted the block

average over a box of size 2k + 1 and centered at ¢ with i € {k+1,...,N — k}:

2k
Cin = 2k+1 Z Civ

li—j|<k

Then by step I:

1 S | i
NIZZI (N) (Ca,z,b_ua(N )

Then the probability in expression (2.5.68) is bounded above by

N
Z Cazb i_zlua(]iﬂt) +

i=k+1

1 = . C
N k,N
UX(.,t) [ N -§rl a,ib N ZUOL N ‘| :
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By the exponential Chebychev inequality, we obtain the following upper bound for any

a>0:
C
—da k,N
e E’fiv(.,t> [exp {a N }

—62N _6NRy 6C,
e e Ne k’NEuf(_Yt) [exp{ E gozzb § :u(’(ﬁ’t) }
=1
xr

i=k-+1
where in the second line we chose a = N§. Furthermore by the inequaliy e/*! < e* + e=%,
we can drop the absolute value for the this proof and then it is enough to prove that:

N .
: 1 —62N 6NRN ,6C) [
J\}gnooﬁlog <e e?N N e ’”vNE,j)z\v( L |exp 0 Z Omb 5;ua(ﬁ,t)

1=k-+1

N—k

% Z azb Zua

i=k+1

7

N

= lim (—52 1+ 6RN + 50’“”)

: 1 2k
—1—1\}51100 (NlogE,,iv - [exp {5 Ek;rl(azb 52““ }1) < -=C(9),

Since 62 > 0 and

C
lim Ry =0, and lim ZEN _ 0,
N—oo

N—co N

It remains to prove that

N .
i
bhm lim lim —logE Yo [exp{é E (,“b ) E_l ua(Nﬂf)}] =0 (2.5.71)

—00 k—oo N—oo
i=k-+1

Step I1I: Introduction of disjoint blocks

Recall that we want to apply Lemma 2.5.10. For this we need to replace the local Gibbs
measure 1/)‘( by homogeneous ones. To do so, we next regroup the sum such that we can
see disjoint blocks and then take advantage of the fact that the local Gibbs measures are
product measures: We assume without loss of generality that X=28 ¢ N. Observe that for

2k+1
re{—k,--- ,k} and o = 1,2 we can rewrite the sum
N—k+r ; Zir L 1 DDtk ;
oish — Ua (77,1 =(2k+1 el — U375t
Y Gl )= @D Y i S (o el )
i=k+14+7r =0 1=i(2k+1)+k+1+r

This is a sum of disjoint blocks of size 2k + 1 and thus for a fixed r, the block averages

q+r+2k

1 l
X = a — U 7>t
q 2]{3+1 Z (C b u (N ))
l=q+r
with ¢ € Bpyr = {i(Qk+1)+k+1:49=0,..., 2];_1 — 1} are independent under the

product measure V)]Y(. ” Then, if we shift the r from —k to k and sum these up, we obtain
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all the blocks which are present in (2.5.71). In other words we can rewrite (2.5.71) as

Euiv(«,t) expl o Z Z X; :Eyiv(«,t) H expi 6 Z X;

TE{—k,...,k’} qEBk+1 TE{—k‘,,..A,k} qukJrl

Now applying the Holder inequality we obtain that this is bounded above by

1
2k+1

1T E,x , |exp{d(2k+1) > Xy

T‘E{—k,.“,k} qEBK4+1

Then it remains to estimate

11 .
Jim e > log B,y II e {6Ck+1)x;}
TE{—k,...,k‘} qEBL4+1

But recall that now in the exponent we have independent variables with respect to the Gibbs
measure for each fixed r. Thereby, using the fact that it is a product measure, in the last
expression the expectation of the product is equal to the product of the expectation:

11 .
re{—k,...,k} ¢€Br41
1 N—k
— lim ——— S logE
N N 2k+1 Z_:;l o8 L

|:66(2k+1)(ga,i,b*T1+1 Z|i—l|§k ua(%’t))] .

In any case, since our parameter A and the solution u to the p-system (2.1.3) are smooth,
as N — oo this converges to:

1
1
| gl tge,, oxp {82k + 1) (Coso = ua(o )Y,

Step IV: Application of Varadhans Lemma.

Now our parameter for each z € [0,1] is fixed, consequently the expected value is with
respect to a homogenous Gibbs measure. Furthermore since the logarithmic generating
moment is finite the quantity inside the integral is uniformly bounded. This means that
we are allowed to exchange the integral with the limits sending k£ and b to infinity by the
dominated convergence Theorem. Hence we finally can apply Varadhans Lemma:

1 1
. 1 5(2k+1) (Carsi—ta (,8)) | _ .
/o lim o= logBg e | = [} supd (¢ —ute) = 1)}

To conclude the Theorem it thus remains to show that this is less than zero. For this we
just have to chose the 6 > 0 small enough: Since u and X satisfy the dual relation (A.6), we
know by property (I6) that I(u) = 0. Therefore Fs(u,u) = 0 for each ¢ € [0,00), where

Fs5(¢u) =6 (C(x,t) — u(x, 1)) — I(¢(x,1)).

On the other hand Fo(¢,u) < 0 for each ¢ # u and Fo(u,u) = 0. Then we have
sup F5(¢,u) =0 and sup Fp(¢,u) <O0.
¢=u CHu

Then by the lower semicontinuity there exists a § > 0, such that sup, Fs5(¢,u) <0. O
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Appendix A

Some useful Functions and their
Properties

Here are some frequently used functions and their properties

e The free energy function: For n := (n1,72) € Rx R and ¢ := (r,p) € Q we define
the free energy function © : R — R as

O(n) :=logZ (n) = log/Q e e (A1)

By Holder inequality, it is easy to tee that it is convex and thereby lower semi contin-
uous: for any a € [0,1] and for n, #

Olan+(1—a)i) = log/ea(n(—h)-ir(l—a)(frC—h)dc

o l(/ en'c_th)a | ( / eﬁ'C_th> 1_1

— aO(n) + (1 - a)O(H).

IN

In summary © has the following properties:

(©1): lower semi continuous,
(©2): convex,

(©1): ©(0) = 0.

e The thermodynamic entropy function: For & := (£1,&) € Q we define the
thermodynamic entropy function ® : 2 — R by the Legendre transform of ©

@(€) = sup {A- € - OV} (A2)

Here the supremum is taken over all A € R? It is positive, convex and lower semicon-
tinuous. Convexity can easily be seen by the following:

Dlat-A+(1-—a)-A) = SIip{a()\f—@()\))—&—(l—a) (A-é—@(/\))}

IN

asup{A-£E—ON)}+ (1 —oz)sup{)\-é'—@()\)}
A A
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To see that it is nonnegative, just notice, that for any &, we obtain with the definition
of © that 0-& — ©(0) = 0, thus

stip{Af —O(N)} =0

Now we want to see the relations between these two functions. First, since O(-) is convex,
lower semi continuous and not identically equal to infinity, © is the Legendre transform of
the thermodynamic entropy. Thus we have

O(n) = sup {n-¢—2(Q)} (A3)
Since
DA€~ O(N)] =€ - DO(N) =0+ € = DO(N) = [ Gy i=C.
where the last equality is true because of (A.1), we obtain that
@(é) =X-(— O(A). (A4)
On the other hand, with { = [ dva

De[n ¢ = 2(C)] =n—D®(() =0 n=DP(C) =X,

we obtain that

O\) =X ¢ —2(C). (A.5)

Therefore in the sequel, we say that A € R? and ¢ € Q are in duality if they are related by
the formulae:

0P 00 <
— = —= =1,2. A.
o, Ao and W Cay a=1, (A.6)
If this is the case, then with (A.4) and (A.5) it is then immediate that
O +@(¢)=X-C. (A.7)

e The logarithmic moment generating function: The moment generating function
with respect to the probability measure vy, for 8 € R? is given by

1
M(6) ::/Qeﬂ'CdVA:m/geC'(A-&-G)—th_

Then its logarithm is denoted by A : R? — R with

A(0) :=1og M(6).
Notice that with (A.1) the logarithmic moment generating function here is equal to
A(8) = log / ¢ AFO=hge _og / eC A hde = O(A 4 6) — O(N). (A.8)

Some important properties of A(-) are:

(A1): A(-) is convex. This follows by convexity of ©.
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(A2): A(") is continuously differentiable with

Ey, [Cee'q

DAO) = =415,

= EVA+9 [d :

This can be deduced with the dominated convergence Theorem: For the first
component we have

(O1+€)r _ 017

e e :
lim f.(r) := lim ————— = ref1"

e—0 3

pointwise on one hand and on the other hand for any |e] < 4, |f.| is bounded in
the following way: Since for any z € R, el*l < e* 4 ¢

6917" (65|r\ _ 1) 6(91+6)r 4 6(9175)T

|fs(T)| < < :hs(r)'

3 9

Now, for any 6; € R, we can chose § > 0 small enough, such that
By, [he(r)] < By, [e" 0] + By [ %)) = M (61 + 6,602) + M (61 — 6,65) < oc.
Then by the dominated convergence Theorem we obtain:

elOrtear _ gbr _ OM(0)
e = Bl =

lim F
Do
In the similar way we can deduce that

aM(8)
90,

=E, [pee'c]..

ef¢
Thus it follows that DA(B) = 5578 = Fralte”]

(A3): A is in C%(R?). This can be obtained by the same arguments as for (A2). One
obtains that the second partial derivatives are for « and § =1, 2:

O°AB) _ Eyy[CaCae®C]  Eyy[Cae®C] - By, [Cae®]

90,005  M(0) M2(6)

(A4): A(-) is strictly convex: Computing the Hessian Matrix explicitely, we obtain:

EV9+>\ [TQ] ()‘2 + 92)EV9+A [T]
D?A(6) =
(A2 +02) By [r] 1+ (A2 +62)°
= [D?A0)] = By [PPJ(1+ (A2 +62)%) — (No + 62)°E7, | [7]

> E? [r] (1 + ()\2 + 92)2 — (Ao + 92)2) = E? [7“] > 0.

- Ve Vo4

(A5): A(0) = 0. This follows immediately from (A.8).
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e The rate function: We will need the rate function which is defined by the Legendre
transform of the logarithmic generating function A. For each x € Q, I : Q — R is
given by :

I(x) :=sup{x-0 — A(6)}
0

Notice that with (A.8) and (A.2), and the definition of the thermodynamic entropy @,
the function I has the form :
I(x) = sup{x-0—OA+0)+06(N)}
0
= sup{x-A+60)—0(A+0)} —x-A+06O(A)
0

O(x) —x- A+ O(A).

Some properties of the rate function are the following:
(I1): I(-) is non negative. This follows with the definition of the entropy ®:

I(x) = st;p{x 0 -0(0)}—(x-A—=6(X) >0.

(I2): It is convex: For any « € [0,1], and x, X € Q, by convexity of @,

IHoax+ (1—a)x) = Plax+(1—a)x)—ax-A—(1—a)xA+ O(N)
< a®(x) —ax) A+ (1—a)®(Xx) — (1 —a)XA+O(A)
al(x)+ (1 —a)I(x)

(I3): I(-) is lower semi continuous.
(I4): I(x) — oo as |x| — o0
(I5): For each | < oo the set {x : I(x) < [} is a compact set in 2, By Property (I4)

the level sets are bounded and closed by continuity of I.

Furthermore, if x and A satisfy the dual relation (A.6), that means if x = ¢ :=
DO(AX) = [ {dvy, then we obtain

(I6): I(¢) = 0 and thus ¢ is a minimum: By Jensen’s inequality, for all 8
M(0) = / Sy > eJa®Cdyy = 8¢
Q

and thereby

¢-0—logM(O)=¢-6—A6) <0.

on the other hand, with property (A5), A(0) = 0. But since we know from (/1)

that I(-) is nonnegative, it must be true that 1(¢) = 0.

(I7): DI(¢) = 0 since we have

DI(¢) = D®(C) — A = DB(C) ~ DB(C) =0
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Now again we want to see the relation between the logarithmic moment generating
function and the rate function:

Since we have:
Dp{x-0—0O(A+0)+0(N)}=x—DOA+0)=0<x=DOA+0) =DA(0),
where by property (A2), we obtained that
DA(6) = By o[¢] =y,
it follows that the y the supremum is attained at
I(y)=y-6—A(0) (A.9)

Furthermore since I is convex lower semicontinuous and not identically equal to in-
finity, Fenchel-Moreau’s Theorem implies that A is the Legendre transform of I, that

A() = sip{x -0 —I(x)}.

And then we obtain

Dy{x-0—-1I(x)} =0
& 0=DIx):=y"
= Ay)=y"-x—-I(x)

Furthermore since we proved in property (A4) that A is strictly convex, together with
(A.9) there exists a diffeomorphism between 2 and R?

(D?A)(y) = [D*I(y*)]"!, with y:=DA(y*) and y*:=DI(y). (A.10)
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CHAPTER 1:
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F(z,p(s,y,x)), 12
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G, 34
H,, 14
LY 29
SN 31
Z(-), 30
a, 10
H. 14
LW, 38
SN 33
LY 32
fig » 33
i, 33
B(s,y), 13
Xt (x), 32
5y, 11
n'(u), 32
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s 29, 30
ne(u), 29
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P (s,y,x), 26
A(z), 28
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pe, 19
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CHAPTER 2:

Z(X), 56
A(+), 106

Ux (d’l’i7 dpi ) s 55

gx » 56

Iy, 55

Ay, 58
DA(u), 50, 61
Dr, 88

Hi (1), 64

Hy (ygv\y{l\g_)t))&

Hyr, 82
I(-), 108
LY, 55
L%, 55
M(-), 106
P(v), 47
Sn, 59
V(r), 45
A, 60

AR 73
QN |55
o(+), 105
o(-), 105
T;i—1, 58
F 9
[y, 77
v, 79
A(u), 50, 61
A;, 70
Ai,b7 71
Dy:, 88
z, 84

zf, 84
Q(z,u), 74
A, 55

A, t), 57
Cn’ 93

Cia 62

¢y 71
Ci,bv 71

£, 72
p(a,t), 47
po(.’L‘), 47
v(x, t), 47
to(.]?), 47
u(z,t), 50, 62

L=t 76
+N,e
2V (dr, dp), 80
e 3
Ve 13
A, 78
Cip, 71
Dy, 68
Dyr, 88

7, 45
L, 78
S, 78
Sar, 88
i, (dr;), 56
1/)]\\7(_7t), 57
Vﬁ.’t), 57
V", 79
v, 61
vy (dr,dp), 55
Vt.iy 8
Vﬁi, 78
T, (dpi), 56
7(t), 45

Ti, 58
rN,eeN+k
ti , 80

dvX, 56

€;, 46
fN(r,p), 61
I, 88
£ 9
gi\é'at)’ 57
T, 46

ts, 49
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