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Notation

1; characteristic function of a set E;
dx integration with respect to Lebesgue measure;
|E| d-dimensional Lebesgue measure of a measurable set E C RY;

(fYr average with respect to Lebesgue measure, (f)y := |115_| Ji fOo)dx;
L space of compactly supported L functions;
LP(w) weighted Lebesgue space, || f ||fp W = fRd | f () [Pw(x)dx;

(f.g) usual L*-pairing, (f,g) := [ f(x)g(x)dx;

w(E) Lebesgue integral of a weight w over a set E, w(E) := fE w(x)dx;
p’ Holder conjugate exponentto p,1/p+1/p’ = 1;
D family of all dyadic intervals in R;

I_, I, respectively, left and right half of an interval I € D;
D family of all dyadic rectangles in the product space R X R;

D(Q) family of all dyadic rectangles R in the product space R X R that are contained in the

set Q;
sh(V") ‘shadow’ of a family U of dyadic rectangles, sh(V") := [Jzey Rs
h}o), h}l) L?-normalized cancellative and non-cancellative respectively Haar functions for an

1, -1
interval I € D, hgo) = = pW = 1L for simplicity we denote h; 1= h§0);

vir 7t Vil

b; usual Haar coefficient of a function b € Llloc([R{), by :=(b,h;),1 € D;

P any of the four L2-normalized Haar functions for a rectangle R € D, hglEZ) T= h;gl) ®

hﬁsz), where R = I XJ and ¢, ¢, € {0, 1}; for simplicity we denote hy := h;oo);
by (00) Haar coefficient of a function b € Llloc(le), by :=(b,hy),R € D;
T* formal L?-adjoint operator to the operator T, (Tf, g) = {f,T*g).

The notation x S, ;, ¥y meansx < Cy with a constant0 < C < oo depending only on the quan-
tities a, b, ...; the notation x 2., y meansy $,;, x. Weuse x ~,}
X Z4p... y hold. Sometimes we might omit some of these quantities a, b, ... from the notation. The

~

context will always make clear when this happens.

1 | INTRODUCTION AND MAIN RESULTS

In 1957, Z. Nehari [28] showed that Hankel operators H; are bounded from the Hardy space
H?(9D) into itself if and only if the symbol b belongs to the space of analytic functions with
bounded mean oscillation, or simply b € BMOA. In fact, Nehari [28] shows an equivalence
between the norm of the operator H; and the BMOA norm of the symbol b. His proof relies on
the fact that a function f in the Hardy space H!(dD) can be factored as f = g, g,, where both
91, 9, € H*(3D). Note here that the Hankel operator H,, is essentially equivalent to the commu-
tator [H, b], where H denotes the Hilbert transform on D and (abusing notation) b stands for
multiplication by this function. This allows one to consider not only the real variable version of
Nehari’s result, but also analogues in R? for any d by studying commutators of the form [R, b],
where R denotes one of the Riesz transforms in R%. Nonetheless, observe that the factorization
for 7' (3D) has no counterpart in this setting (see also [9]).

In this direction, R. R. Coifman, R. Rochberg and G. Weiss [9] proved in 1976 their celebrated
commutator theorem. Namely, for a function b with bounded mean oscillation on R4, denoted
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as b € BMO(R?), they show an equivalence between the BMO norm of b and the sum of the
norms of the commutators [R(j), bl, j =1,...,d with RW) denoting the jth Riesz transform in R4,
as operators from LP into itself, for any 1 < p < oo. They also show that for a Calderén-Zygmund
operator T, the norm of [T, b] as an operator from LP into itself, 1 < p < oo, is bounded above by
I1bllgpmo- The argument used by Coifman—Rochberg-Weiss [9] to show the lower bound for the
sum of commutators with the Riesz transforms is based on a decomposition of the identity as a
linear combination of products of Riesz transforms using spherical harmonics in R%. This allows
one to bound the oscillation of a BMO function by the sum of the norms of [R(D, bl,j=1,..,d.

In a different direction, S. Bloom [5] proved in 1985 an analogue of Nehari’s result for weighted
spaces. Bloom [5] showed a norm equivalence between a certain weighted BMO space and the
operator norm of the commutator [H, b], where H is again the Hilbert transform. To be more
precise, for a function b € Llloc(Rd), and for a weight v on RY (that is a locally integrable, almost
everywhere (a.e.) positive function on R%), define the one-weight BMO norm

1
Ibllasior) = sup o /Q 1b(x) — (b)ol dx.,

where the supremum ranges over all cubes Q C R¢ and (b)g = ﬁ /Q b(x)dx is the unweighted
average of b on Q. This weighted BMO space had already been investigated by B. Muckenhoupt
and R. L. Wheeden [26]. Bloom [5] showed that for any 1 < p < oo, for any A, weights u and 1
on R (see Section 2 for the definition of A p weights), and for the weight v := ,ul/ PA=1/P which is
easily seen to be an A, weight, one has the equivalence

IH, bl Lo(uy—recry ~ IbllBMO@)s (L1)

where H denotes the Hilbert transform and the implied constants depend only on p and the A,
characteristics of 4 and A. Bloom’s [5] proof of the estimate ||[H, b]|| Lo(—1r) 2 1bllgMoc) uses
a different argument to that of Coifman-Rochberg-Weiss, and is based on a careful analysis of the
set where |b — (b);| is not too large with respect to the average oscillation on the interval I, and
the set where the former quantity is large using the adjoint commutator.

Much more recently, I. Holmes, M. T. Lacey and B. D. Wick [18] considerably extended Bloom’s
result, proving that for any Calder6n-Zygmund operator T on R and for any A p Weights 11,4 on
R%,1 < p < oo, there holds

T, bl Loquy—rra) St.a,p 1PlIBMOWM) (1.2)

and that for the Riesz transforms R, ..., R@ on RY there holds in addition

d

D RY, bl oy re) Zpa I1Blenon), 1.3)
i=1

where in both (1.2) and (1.3), v : = u!/PA~1/P and all implied constants depend on p and the A,
characteristics of i, A as well. Holmes-Lacey-Wick [18] proved and used in an essential way sev-
eral new characterizations of the weighted BMO space BMO(v) in the form of two-weight John-
Nirenberg inequalities. More precisely, Muckenhoupt-Wheeden [26] had already showed that if
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vis an A, weight on R?, then one has the equivalence

1 1/2
Ibllgmow) ~ Sgp (@/Q |b(x) — (b)ol? v‘l(x)dx> ,

where the implied constants depend only on d and the A, characteristic of v. Holmes-Lacey-
Wick [18] complemented this result, by showing that if u, 4 are Ap weights on R%, 1< p < o0,
and v := u!/PA~1/P then one has the equivalences

1 , 1/p
”b”BMO(v)NSgp <m/olb(x)—<b>ql A(X)dx>

and

1 ) 1/p'

Ibllsmo@) ~ Sgp <m /Q |b(x) = (b)ol? ,u'(x)dx) ,

where i/ := u~1/P=1 2’ := 2=1/(P=1 and all implied constants depend only on d, p and the A,
characteristics of  and 1. Their proof of these equivalences employed a duality result between
dyadic BMO(v) and a certain dyadic weighted H' space that they established in the same work,
as well as characterizations of two-weight BMO spaces in terms of two-weight boundedness of
certain paraproducts. It should be noted that the results of [18] were very recently extended to
the matrix-valued setting by J. Isralowitz, S. Pott and S. Treil [22]. In fact, the authors of [22]
proved there several results for the case of completely arbitrary (not necessarily A ,) matrix-valued
weights, that are new even if one specializes to the fully scalar setting.

All results mentioned above concern one-parameter spaces. On the other hand, multiparameter
(unweighted) BMO spaces were investigated extensively in the seminal papers by S.-Y. A. Chang
[8] and R. Fefferman [14] in the late 1970s. These works concern mainly the biparameter product
BMO space BMO(R X R) on the product space R X R, defined by

1/2

1
1bllsvogm) = Sup| o > Kb wp) |, (1.4)
Q ReD
RCQ

where the supremum ranges over all non-empty open sets Q of finite measure, D is the family
of all dyadic rectangles in the product space R X R (with sides parallel to the coordinate axes),
and (wg)gep is some (regular enough) wavelet system adapted to dyadic rectangles. Note that an
analogous definition of multiparameter product BMO can be given in any product space Rd =
R% x ... x R%. Works [8] and [14] provide equivalent descriptions of biparameter product BMO
spaces in terms of Carleson measures, extending the one-parameter classical ones. It is important
to note that in definition (1.4), one cannot restrict the supremum to rectangles. This follows from
a famous counterexample due to L. Carleson [6], recounted in Fefferman’s article [14] (see also
[3] or [30]).

The first breakthrough in the study of the relation between norms of commutators and the
BMO norm of their symbol in the multiparameter setting was achieved by S. H. Ferguson and
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C. Sadosky [15]. The authors of [15] proved there that

IlH ® H, blll12r2)-r2@2) ~ IPllbmomxr)s

where H is the Hilbert transform, H ® H is a tensor product of Hilbert transforms (each acting
on one of the two variables) and bmo(R X R) is the so-called little bmo space,

1
b ::su—/bx—b dx,
161lbmorxm) RP IR| R| (x) = (b)gl

where the supremum is taken over all rectangles R in R X R (with sides parallel to the coordinate
axes). In [15], an upper bound for iterated commutators is also established. Namely, if H, and H,
denote, respectively, the Hilbert transforms acting on the first and second variable, then one has
the upper bound

I[H, [Hy, b1l 22y 122y S IDllBMORNR)- 1.5)

Later, L. Dalenc and Y. Ou [11] proved that if T;, T, are (usual one-parameter) Calderén-Zygmund
operators acting on the first and second, respectively, variables of R? := R% x R% then

||[T1, [T29 b]]”LZ(RJ)—)LZ([RJ) STI’TZ’J ”b”BMO(RJ) (16)

(in fact, Dalenc-Ou [11] established an analogous result in any number of parameters).
The result of Ferguson-Sadosky [15] was generalized and also extended to the weighted set-
ting by I. Holmes, S. Petermichl and B. D. Wick [19]. There, the authors proved that if T is any

biparameter Calderén-Zygmund operator (aka Journé operator) on Rd 1= R% x R%, then
T, bIllLo - rer) St p 10y m0e rdy: (L.7)

and that if moreover R, ..., R(D are the Riesz transforms on RY, then

d

D NR® @ RY, bl 101y Zp.a 1Pllbmory mixas (1.8)
k,I=1

where in both results, 4 and A are biparameter A p weights on RJ (see Section 2 for the definition),
allimplied constants depend on the biparameter A, characteristics of u, 1 aswell,v := ut/PA=/p,
1< p < o0, and

1
1Bl 5= 510 505 [ 166) = (el

where the supremum is again taken over all rectangles R in Rd (with sides parallel to the coor-
dinate axes). Holmes—Petermichl-Wick [19] proved and usedain an essential way two-weight
John-Nirenberg inequalities for the weighted space bmo(v, R?) that are analogous to the ones
in the one-parameter setting in [18], in order to prove the lower bound (1.8). For the upper
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bound (1.7), Holmes-Petermichl-Wick [19] defined and used the dyadic product Bloom space
BMO,,,04.p(v, RY),

1/2
. 1 2,1
b ;o= ——— > |b :
1Pl 50100, S?}’(V(sh(v)) bRl >R>

ReU”

where the supremum ranges over all non-empty collections U’ of dyadic rectangles in the bipa-
rameter product space R9,

sh(V) := U R,

ReU

and by := (b, hy), where hy, is the cancellative in both-variables Lz-normzzlized Haar function
over the dyadic rectangle R. In [19] a duality result between BMO,,,q p (v, R%) and a weighted H'
space is established, which is essential for the proof of the upper bound (1.7). The authors of [19]
also extended the upper BMO bound (1.6) due to Dalenc-Ou in [11] to the case of multiparameter
indexed unweighted BMO spaces.

Since then, weighted product BMO and multiparameter indexed weighted BMO upper bounds
have been investigated and established in full generality by E. Airta, K. Li, H. Martikainen and
E. Vuorinen [1], [2], [23], [24].

It is important to note that in all of the aforementioned works, the main tools for establishing
upper bounds for norms of commutators with Calder6n-Zygmund operators in terms of the BMO
norm of their symbol are the decomposition theorem of Calder6n-Zygmund operators in terms of
Haar shifts and paraproducts that T. Hytonen established and used to prove his A, theorem [20],
as well as its extension to the multiparameter setting due to Martikainen [25].

While upper bounds for norms of commutators in terms of multiparameter BMO norms of the
symbol are by now well understood, in the fully general two-weight setting, the picture for lower
bounds remains incomplete even in the unweighted case. The study of such lower bounds was
addressed by S. H. Ferguson and M. T. Lacey [16], who gave a converse to (1.5), namely

I[H, [Hy, b1 22y 12R2) R IDllBMORNKR)- (19)

The proof of this fact was based on new and beautiful arguments on this matter. More recently,
Dalenc-Petermichl [12] proved similar results for iterated commutators of Riesz transforms.
Moreover, Y. Ou, S. Petermichl and E. Strouse [29] extended the result in Dalenc-Petermichl [12] to
the case of multiparameter-indexed BMO spaces, which are between little bmo and multiparame-
ter Chang-Fefferman product BMO. Both works [12] and [29] rely on the result of Ferguson-Lacey
[16].

There are as well some lower bounds that do not rely on (1.9), like [18, 19], [22]. However, all
these employ variants of the original argument by Coifman-Rochberg-Weiss [9]. Arguments of
this type rely on the availability of explicit ‘oscillatory’ expressions for BMO norms. While such
expressions are indeed available in the one-parameter setting, and also in the case of the little bmo
space, they are not at all available in the case of product BMO (in the sense of Chang-Fefferman),
making investigating such lower bounds significantly harder.

In another direction, O. Blasco and S. Pott [4] related dyadic biparameter product BMO norms
to iterated commutators of Haar multipliers. More precisely, consider the set X of all finitely
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supported maps o : D — {—1,0, 1}, and for each o € X consider its Haar multiplier T, on L*(R)
(see Section 4 for precise definitions). Furthermore, consider Haar multipliers T;I and Tf,z acting

on L?(R?) separately on each variable. Blasco-Pott [4] show that

1 2
Gls,;lzlféz Il [TGI, [ng’ b]] lz2(r2)—12(R2) ”b”BMOprod,D'

It should be noted that the supremum over all signs enables Blasco-Pott [4] to eliminate error
terms by taking average over all signs and then use orthogonality arguments in order to conclude
their result.

The main goal of the present paper is to extend the aforementioned result by Blasco-Pott [4] to
the weighted setting, and to the full range of exponents 1 < p < 0. More precisely, we show the
following.

Theorem 1.1. Let 1 < p < oo. Consider a function b € Llloc(IRz), dyadic biparameter A, weights i,
A and definev := u/PA~Y/P, Then

sup T2 T2, b1 ogo1oy ~ IDllgon g oo (1.10)

01,0,€EZ
where the implied constants depend only on p, [u] A, D and [A] A,.D-

The proof of this theorem will follow similar steps to that of the result due to Blasco—Pott.
Namely, firstly we show that the supremum in the left-hand side of (1.10) is equivalent to the norm
of a certain operator defined in terms of paraproducts. Then we show the equivalence between
the previous operator norm and the BMO norm of the symbol b. Nonetheless, here we must use
additional techniques to overcome the lack of orthogonality for p # 2. In particular, we make use
of a multiparameter extension of the classical Khintchine’s inequality together with vector-valued
estimates. Another possibility that also allows one to circumvent this difficulty would be to use
duality coupled with Holder’s inequality, together with vector-valued estimates. Moreover, to be
able to handle the weighted spaces appearing in Theorem 1.1, we establish equivalent characteri-
zations of dyadic product Bloom BMO in the spirit of [18, 19]. More precisely, fix 1 < p < oo and
two dyadic biparameter A, weights ¢ and 4 on R2. Given b € Llloc(Rz), define the dyadic two-
weight Bloom product BMO norm

IBIBMO, 1o p(2.p) *= 1Sv- (D)l e (a)s

1
" (Gh@))/

where the supremum ranges again over all non-empty collections U of dyadic rectangles in R X
R, and S;(b) is the biparameter dyadic square function of b restricted to the collection U" (see
Section 2 for precise definitions). We show the following two-weight John-Nirenberg inequalities.

Theorem 1.2. Let 1 < p < oo. Consider dyadic biparameter A, weights y, A and define v :=
ul/PA=1/P_ Then

” b ” BMO,04,0(v) ~ ” b “ BMO,y04,p(1:4,p)

where the implied constants depend only on p, [u] A, D and [A] Ay D-
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While the formulation of Theorem 1.2 reflects that of the two-weight John-Nirenberg inequal-
ities in the one-parameter setting [18] and in the case of little bmo [19], its proof addresses sev-
eral new difficulties not present in [18, 19] and requires new ideas. We split this proof in sev-
eral steps. For 1 < p < 2 we show that the two-weight norm ||b||BMOprod,D(.uv 1,p) 1s equivalent to
a certain paraproduct norm, as an operator from LP(u) to LP(1). Then, we prove the equiva-
lence between the norm of this paraproduct and the one-weight norm ||b||BMOpro ip® for any
1 < p < oo. Although the remaining equivalence, that is for 2 < p < o0, is an immediate con-
sequence of Holder’s inequality in the unweighted case, in our setting it requires the use of the so-
called (biparameter) Triebel-Lizorkin square function (see Section 2 for the definition and basic
properties). In addition, it is essential for this step of the proof to make use of an equivalence
between one-weight and unweighted product BMO due to E. Airta, K. Li, H. Martikainen and
E. Vuorinen [2]. In particular, the equivalence from [2] that we use corresponds to the particular
case of our Theorem 1.2 when p > 2 and u = 1. These two ingredients are necessary to overcome
the lack of a ‘two-weight Holder’s inequality’.

Note that John-Nirenberg inequalities hold for weighted little bmo, forall 1 < p < oo (see [19]).
Moreover, it was already known that they also hold in unweighted product BMO as well, for all
1 < p < oo (see [30] for a proof using atomic decompositions), and in fact for all 0 < p < oo (see,
for example, [2]). Finally, for rectangular BMO, John-Nirenberg inequalities do not hold even in
the unweighted case, and for any 1 < p < oo (see [4]).

It should also be noted that all of our results hold for functions defined on any multiparameter
product space R4 x --- X R%, with identical or similar proofs. Although for simplicity we restrict
the main part of this work to the case of functions on R X R, we also indicate how to modify
the arguments for the general multiparameter setting when appropriate. Moreover, we explain
briefly how to extend our results to the whole scale of indexed spaces between little bmo and
product BMO in the general multiparameter setting, with the appropriate iterated commutator in
each case.

Plan of the paper. The article is structured as follows. In Section 2 the reader can find the nota-
tions and definitions that will be used in the rest of the paper. In Section 3 we prove the two-
weight John-Nirenberg inequalities of Theorem 1.2. In Section 4 we prove Theorem 1.1. Finally,
in Section 5 we extend Theorem 1.1 to the whole scale of indexed spaces between little bmo and
product BMO in the general multiparameter setting, with the appropriate iterated commutator in
each case.

2 | BACKGROUND AND NOTATION

We collect here some notation, definitions and a few basic facts that will be used repeatedly in
the sequel. While all of them are also valid in any multiparameter product space R% X --- x R%,
with the obvious modifications, for simplicity we restrict ourselves to the case of the product space
R X R.

2.1 | Dyadic intervals and dyadic rectangles

We denote by D the set of all dyadic intervals in R,

D :={m2*,(m+1)2 : k,me z.
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We also denote by D the set of all dyadic rectangles in R?,

D :={IxJ: I,J €D}
For any E C R X R we denote

D(E):={ReD : RCE}

Note that if E € D, then E € D(E).

2.2 | Haar systems

2.2.1 | Haar system on R

For any I € D, h§o),h§1) will denote, respectively, the L?-normalized cancellative and non-

cancellative Haar functions over the interval I € D, that is

o._ W~ w._ L

I \/m ’ I - \/m

(so hgo) has mean 0). For simplicity we denote h; := hgo) . For any function f € Llloc(R), we denote
f1 :={(f,h;), I € D. We will also denote by Q; the projection on the one-dimensional subspace
spanned by h;,

Qrf = frhy, feL, (R)

It is well known that one has the expansion

= fih,  VfEL®)

IeD

in the L?(R)-sense, and that the system {h;};cp, forms an orthonormal basis for L>(R). Recall that
for a function f € LIIOC(R) we denote by (f); its (unweighted) average on interval I, that s,

1
(=0 [ reoa

We will also make this notation extensive later on to averages on rectangles of locally integrable
functions on R”. It is then easy to see that for any I € D there holds

L(f = ()= ik
T

2.2.2 | Haar system on the product space R X R

If R = I xJ is a dyadic rectangle in R?, we denote by hgl ) any of the four L?-normalized Haar
functions over R,

hl(:lsgz) = hgal) ® hggz), €1,€, €10,1},
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that is
K2 (t5) = AP ORPs),  (t5) e R
For simplicity we denote hy := h}({o,o). For any function f € L| (R?), we denote

C2) = (£, hS),  ReD, e, €1{0,1}

and we will often use the simplification f; := (f, hg). We will also denote by Q the projection
on the one-dimensional subspace spanned by hy,

Quf :=frhg, [ €L (R

From the corresponding one-dimensional facts we immediately deduce the expansion

=) frhg,  VfELR)

ReD

in the L?>(R?)-sense, and that the system {hy}r-p, forms an orthonormal basis for L>(R?). It is then
easy to see by direct computation, following a reasoning similar to that of the inclusion—exclusion
principle, that for any R = I X J € D there holds

Y Frhw(ts) = 1R 5) = (FC9)); = (£t D)y +(F)r)-

R’'eD(R)

Finally, for I,J € D we denote by Q}, Q; the operators acting on functions f € L, (R*) by

Q}f(t’ S) = Ql(f( ) S))(t)7 Q‘%f(t’s) = Q](f(t’ : ))(S)’ for a.e. (t’ S) ERXR.

Thus, if R = I X J, then Qg = Q]Q} = Q7Q;. Note that (Q})* = Q; and (Q7)* = Q7.

Observe that the Haar system that we have just defined using dyadic rectangles in R X R differs
from that defined using dyadic squares on R? when considered as a one-parameter space instead
of a product space. In the latter case, for a given dyadic square Q =1 X J,I,J € D and |I| = |J|,

one defines the Haar function hgl’gz) = hggl) ® h;EZ) with (g;,¢,) # (1, 1). Both the biparameter

system {h; ® h;}; ; with I,J € D and the one-parameter system {h;gl) ® hggZ)}I’ ; with I,J € D,
II| = |J| and (g;,€,) # (1,1) are orthonormal bases of L?(R?) = L*(R x R). However, the system
defined using dyadic rectangles is more suitable to study problems that are invariant under dif-
ferent rescalings on each variable (as it is the case in the product spaces that we treat here), since
it considers all possible combinations of scales on each variable. On the other hand, the system
defined using dyadic cubes is more suitable for problems that are invariant only under uniform
rescalings on all variables, since all of its functions take the same scale on each variable.

23 | A,weights

By weight we always mean a locally integrable, a.e. positive function. We fix in what follows 1 <
p < 0. Given a weight w, we consider the weighted Lebesgue space LP(w), which is the space of
p-integrable functions with respect to the measure w(x) dx. In other words, we say that a function
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f belongs to LP(w) if

1/p
1l 1= ( / | f(x)Ipw(x)dx> <.

The dual of LP(w) is the weighted space LP'(w’) under the usual L2-pairing (f,g) =
/ f(x)ﬁ dx, where p’ is the Holder conjugate of p (that is, % + 1% =1andw'(x) = (w(x))l_P,
is the conjugate weight to w. Note here that, in the particular case p = 2, one has that the dual of
L*(w) is L3(w™1).

231 | A, weightson R

Consider a weight w on R. It should be noted that all that follows would still hold if we consid-
ered weights on RY, for any d, just by substituting intervals of R by cubes of R¢. We define the
Muckenhoupt A » characteristic of w, denoted by [w] A,» as

[w]Ap 1= s1;p (w)l(w_l/(p_l))f_l = sep (w)I(w’)f_l,

where the supremum is taken over all intervals I in R. We define a dyadic version of this by
[wla, p 1= sup (w); (w™/E~V)
P 1eD

We say that w is an A, weight, respectively a dyadic A, weight, if (w] A, <00, respectively,
[w] A,p < 0o It is a very well-known fact that [w] a,0 21 in fact an immediate application of
Holder’s inequality gives

—1/(p—1)\p—1 1 —1/(p—1n1/P"\P ~1/(p(p— _
(w), (w=/® 1)>f - <<w>1/p<w 1/(p 1)>I/p> > (w!/P /@' 1))>§J = (w'/Pw 1/p>f =1,

for any interval I, where p’ = p/(p — 1). Observe as well that w is an A, weight if and only if
w’ is an A, weight, and in this case [w'] Ay = [w]i,_l. The analogous fact is also true in the
p

dyadic case.
It is a classical result that [w] A, < if and only if the Hardy-Littlewood maximal function M
given by

Mf := sup (AfD

where supremum is taken over all intervals I in R, is bounded as an operator from LP(w) into
itself and that in fact one has the estimate

1/(p-1)
1M1l 2o - oy Sp [T P70, Q1)

A dyadic version of this is also true for the dyadic Hardy-Littlewood maximal function M, given
by

Mpf = ?lele (AfDA;.
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2.3.2 | Biparameter A, weights on R?

Consider now a weight w on R X R. As before, all that follows would be equally valid for weights

on any R¢ := R% x ... x R%, with the obvious modifications. We define the biparameter Muck-
enhoupt A, characteristic [w] A, of w by

[wl,, = sup (W) (w™V/P=Dy~T = sup (w)p(w")P,

where supremum is taken over all rectangles in R X R (with sides parallel to the coordinate axis).
We define a dyadic version of this by

[Wla p = sup (whp(w™ /Py~
L ReD

We say that w is a biparameter A, weight, respectively, a dyadic biparameter A , weight, if [w] a, <

o0, respectively, [w] 4,D < Note that similarly to the one-parameter case we have [w] 4,21

1

and [w’] Ay = [w]ZL , as well as the analogous facts for dyadic A, and dyadic A, weights.
D

Consider the strong maximal function Mg given by
Msf = sup (1f D1z,

where as previously the supremum is taken over all rectangles in R X R (with sides parallel to the
coordinate axis). Consider also the Hardy-Littlewood maximal functions acting in each variable
separately,

M'f(t,s) 1= M(fC, (), Mf(t,s) := M(f(t, ), [ €L, R

loc

Using the Lebesgue differentiation theorem it is easy to see that

[w],4 > max(esssup[w(xy, -)]4 ,esssup[w(-,x;)]4 ).
p X1 ER P X,ER p

It is also easy to see that Mg f < M'(M?2f), which coupled with (2.1) implies immediately

1 —1
Mgy oy Sp esssuplw(, 1Y P - esssuplw(-, x,)]
X1 ER p X,ER

1/(p-1)
Ap :
On the other hand, it is also immediate to see that

1
IMsllzp(w)—rrw) = [w]A/pp‘

Therefore, w is a biparameter A, weightifand only if w is an A, weight in each variable separately

and uniformly. Dyadic versions of these facts are similarly true for the dyadic strong maximal
function My, given by

Mpf = Zlelg (IfDr1g-
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Here it is worth mentioning the analogous property for A, weights defined on RY = R% x ..o X

R% . We firstly introduce some convenient notation for the general setting. Given x € R? and k €
{1,2,...,t}, let us denote Xgp 1= (X1, oo s Xg—15 *» Xy 15 - » X ), SO that a function f(xE) depends only

on the variable x,. Similarly, we denote RY% 1= R4 X - x R%-1 x Rk+1 X ... x R, In general,
we will also extend this notation to any number of parameters, so that if k,, ..., k, € {1, 2, ..., t},

thf:nwe will denote byxm =X, Xiy =15 ' Xy 41 -+ s X =15 *» X 415 =+ » X, ), and similarly for

on R if and only if, for any subsequence k = (ky, ..., kg) of (1, ..., t), the weight w(x;) isan A

weight on R% with A p Characteristic uniformly bounded on x € RY. In particular, it is easy to see
that

[Wla, > max | ess sgp[w(x;)]Ap ,
XpER Kk
where the maximum ranges over all subsequences k of (1, ..., ).
2.3.3 | Averages of A, weights
We recall a few standard facts about averages of A, weights. Let y1, 4 be biparameter A, weights

on R X R. Using several times Jensen’s inequality, Holder’s inequality and the A, condition for
the weights u and 4 it is easy to see that for all rectangles R one has the estimates

1 1/p —1/(p—D\—(p—1)/p —1/p\-1
(u/P)g lla, (Mg Nlula, (u /=y lla, (WP, (2.2)
and
_ 1 -1
(u/PA7Py lalay s, (#)R/p</1>R /P (2.3)

see [22, p. 2] for a sketch of the argument (only the one-parameter setting is treated there, but it
is obvious that the same argument works in the multiparameter setting without any changes at
all). Moreover, using Holder’s inequality it is easy to see that

LS [P P, < [l PIALY
see [18, Lemma 2.7] for a full proof (again, while only the one-parameter setting is treated there,

the multiparameter result follows from the same arguments).
Note that dyadic versions of all the above facts are similarly true.

2.4 | Dyadic square functions and Littlewood-Paley estimates

We denote by S, the dyadic square function in R,

1/2 1 1/2
SDf3=<ZIQIf|2> =<Z|ff|27’> . fell .
i i 1
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We also denote by Sy, the dyadic biparameter square function in R X R,

1/2 1/2
st‘=(Z|QRfI2> <Z|fRI2|R|)’ f € Li ().

ReD ReD

It is well known that if w is a dyadic Ap weighton R, 1 < p < oo, then
”SDf“LP(w) Np,[w]quD ”f”LP(w)’

for all (suitable) functions f on R. Iterating this and using well-known results about vector-valued
extensions of linear operators (see, for example, [17, Chapter 5]) we deduce, as remarked in [19],
that if w is a dyadic biparameter A, weight on R X R, then

ISDf o) ~pwls, p 1 lLpq),

for all (suitable) functions f on R? (for example, f € L§°(IR2) suffices, and then using approxima-
tion arguments one can extend it to more general functions f). In particular, the set of all finite
linear combinations of (bi-cancellative) Haar functions in R? is dense in LP(w).

Note that for p = 2 we simply have

1/2
ISpfllr2qw) = (Z |fR|2<w>R) .

ReD

The above results also hold in the multiparameter setting, with the usual modifications for
general product spaces.
For the general multiparameter case, we will also need to consider indexed square functions for

functions defined on RY = R% x -.. x R%. Fori € {1, ..., t}and I . € D(R%), we denote here by Q}i
the operator Q, acting on the ith variable, that is, Q;i f(x)=Q I (f(x))(x;) for f € Llloc([R‘i). Sim-
ilarly, for a subsequence k = (ky, ..., k;) of (1,...,t), let R = I, X e X Iks IS D(IRJE) and denote
Qllg = Qfll Qi5 Fix a subsequence k = (k, ..., k) of (1,...,t). Then, we define the k-indexed
square function S;‘) fof fby

1/2 1/2 )
= ( D |Q§§f|2> ( D ISR |1§| ) . feLl ®Y
ReD ReD

(here we make an abuse of the notation D, relying on the context for understanding to which
space it refers). Then, using an A -extrapolation result due to D. Cruz-Uribe, J. M. Martell and
C. Pérez [10, Theorem 2.1] one can see that for any subsequence k of (1,...,t),any 1 < p < oo and
any dyadic ¢-parameter A, weight w it holds that

k
1SS N Loqw) Nip,[w]Ap,D 11 e

(see also [1, Lemma 2.2]).
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2.41 | Dyadic square function over collections of dyadic rectangles

Let U be any collection of dyadic rectangles in R X R. We denote

1/2
Pyf = Z frhg Suf 3=(2 |fR|2|%> .

Rev RevU

By the above we have that if w is a biparameter A, weighton R X R, then there holds
1Pl Lew) ~plwls,p 1S2-f lLeqw) < 1SS lLew) ~plwla, 1 Nl Locw)-
In particular
IQrf Il Lo(w) S[W]AP,D 1 Nl (w)s VR €D.
If Q is any subset of R2, we denote

Pof 1=Pp)f.

Again, all these statements hold in the multiparameter setting as well.

2.42 | Incorporating the weight in the square function

It is sometimes convenient to define square functions in an alternative way that directly incorpo-
rates the weight in the operator. This type of square functions and their properties will be useful
later for the proof of Proposition 3.3. Namely, given 1 < p < oo and any dyadic biparameter A,
weight w on R?, define

1/2
Suf 1= ( 3 |fR|2<w>§“’|%> . feLl ®)
ReD
This type of square functions appears naturally in the theory of matrix-valued weights (see, for
example, [21] for estimates in the matrix-weighted one-parameter setting), and is sometimes
referred to as the Triebel-Lizorkin square function associated to w, because LP bounds for it allow
one to identify LP(w) as a certain Trielel-Lizorkin space (see, for example, [13] for the scalar one-
parameter case). Here we prove an estimate in the scalar biparameter setting. In fact, the proofs of
Lemma 2.1 and Corollary 2.2 below readily extend to the matrix-valued setting. This will be part
of forthcoming work of the authors.

Lemma?2.1. Let f € Llloc([Rz). Then

1Sufle Sppol,, p 1 o
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In particular
1Sufllee Spputy, p W loy — VF €LER).

Proof. First of all, we note that by the Monotone Convergence Theorem we can assume without
loss of generality that f has only finitely-many non-zero Haar coefficients. Now, we notice that
by (2.2) we have

p/2
HSwf”Ep = '/[Rz (Z IfR|2<w>12g/p 1f]§T)> dx

ReD

/2
1,0
SP’[w]AP,D _/R2 (Z |fR|2(<w1/p>R)2TRfl> dx.

ReD

Thus, by standard (unweighted) dyadic Littlewood—Paley theory we only have to prove that

IFlle = || D 1frl(w!/P)phy

ReD

Sp ISl (w)-
LP

We use duality for that. Let g € LY. Then, we have

KF, )l < ) 1fxlw!/P)g - 1gg] = /R;z D, 1w - hp(x) - gl - hg(x)dx

ReD ReD
< / (SNEWE) PSP < 1S oISl ~p 1SS liogollgll e
R
concluding the proof. O

Of course, for p = 2 we have just ||S,, fll2 = ISf | .2(w)-
Using Lemma 2.1, we can immediately deduce the corresponding lower bound.

Corollary 2.2. There holds
1 lrw) Spiwls, p 1Swflles VS € LE®R?).

Proof. We use duality. Recall that w’ := w~/P~V is a dyadic biparameter A, weight with
[w]z/pl = [w];/p. Let f,g € L?(Rz). Then, using (2.2) and applying Lemma 2.1 (for the weight
24 p

w') we get

Kl < D) IfRl - lgrl = /R 2 | RI(W)y Phy(x) - [gpl(w) /P hp(x)dx

ReD ReD

ooty n Y / )Y Phg(0) - Ll ) hg(x)dx
P Rep /R?
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< /2(Swf(X))(Sw/g(X))dx < WSwfllLpSwrallyy
R
SP’[W]AP,D ”Swf”LP ”g”LP/(w’)’
80 [1f 1l Lo (w) Sp,[W]Ap,z) ISeflp, concluding the proof. O

It is clear that the above results remain true in the general multiparameter setting.

3 | EQUIVALENCES FOR DYADIC BLOOM PRODUCT BMO

We prove in this section that the dyadic Bloom product BMO admits several equivalent descrip-
tions. We will focus on dyadic biparameter A, weights, with 1 < p < oo, on R X R. It should be
noted that the results presented here also hold in the general multiparameter setting of func-
tions and weights defined on R% x --- x R%, with identical proofs. However, for simplicity we
will restrict ourselves to the case of R X R.

In the sequel we fix 1 < p < oo and dyadic biparameter A, weights ,4 on R?, and we set
v := u!/PA~1/P Note that we will be systematically suppressing from the notation dependence
of implied constants on the value of p and the Muckenhoupt characteristics [u] A,.D and [1] A, D

Recall that v is a dyadic biparameter A, weight with 1 < [v]4, < [,u]i‘/ p [/1];/ P
P P

Given any sequence a = {az}rep Of complex numbers, we define the dyadic two-weight Bloom

product BMO p-norm ||a||BMopmqu(u,/1,p) by
1/2
< 2 lagl® 15 )
REV IR|

where the supremum ranges over all non-empty collections U of dyadic rectangles in R X R, and

El

LP(Q)

a = _—
” ”BMOprod,D(.uvl’p) U' (,u(sh(U')))l/P

sh(V') := U R.

ReU

By the Monotone Convergence Theorem, it is clear that one can restrict the supremum in the def-
inition of ”a”BMOprod,D(Ma 1,p) O just non-empty finite sucollections U" of D. Observe that if V" is
a non-empty finite collection of dyadic rectangles in R X R, then Q := sh(V") is a bounded mea-
surable subset of R? of non-zero measure, and moreover, since the measure p(x)dx is absolutely
continuous with respect to Lebesgue measure on R?, it follows that there exists a sequence Q)2
of bounded open subsets in R? such that Q C Q,, for all n = 1,2,... and lim,,_, ,, u(Q,) = u(Q).

This shows that we have in fact
1/2
1
(2 i)
ReD(Q)

where the supremum is taken over all non-empty bounded open sets Q in R?, or even over all
measurable subsets Q of R? of non-zero finite measure.

l@llBMO o p(1tp) =

k]

1
sup —
/p
o (uQ) .
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For any dyadic biparameter A, weight v on R?, define the dyadic one-weight Bloom product
BMO norm ||a||BMOpro o) by
lallEmo,,00 p ) = N@llBMO 0 p(v.v-1,2)-

We also define the unweighted product BMO norm

”a“BMOprod,D = “a”BMOprod,D(l)'

Ifb e Llloc(lR), then we define

1B11BMO g p (1 2.p) * = I1PRIRED 1BMO 00 (112,

The main goal of this section is to prove Theorem 1.2, which we state again for the reader’s
convenience, in a slightly more general (but in view of the Monotone Convergence Theorem,
equivalent) form.

Theorem 1.2. Let 1 < p < oo. Consider dyadic biparameter A, weights u, A and define v :=
u'/PA=1/P Then

” a ”BMOprod,D(V) ~ ” a ”BMOprod,D (u,4,p)?

for any sequence of complex numbers a = {ag}rcp, Where the implied constants depend only on p,
[#]AP,D and [A]AP,D'

The one-parameter analogue of Theorem 1.2 was shown by I. Holmes, M. T. Lacey and
B. D. Wick [18]. Moreover, the little bmo analogue of Theorem 1.2 was established by I. Holmes,
S. Petermichl and B. D. Wick [19] by iterating the one-parameter result of [18]. Also, in the special
case u = A, Theorem 1.2 was proved by E. Airta, K. Li, H. Martikainen and E. Vuorinen [2] (in fact
under the weaker assumption that u = 1 is just a biparameter A, weight).

The proof of Theorem 1.2 will be done in several steps. Note that by the Monotone Convergence
Theorem, we can without loss of generality assume that the sequence a = {ag}zcp is finitely sup-
ported.

Now, consider the ‘purely non-cancellative’ biparameter paraproduct with symbol a,

n8Vf =Y ap(f)rhs.

ReD

Note that the superscript (1, 1) indicates that in the expression of the paraproduct f is integrated
only against Haar functions of the form hg’l). This operator is defined and used by Holmes-Lacey-
Wick [18] in the Bloom one-parameter setting, as well as by Blasco—Pott [4] in the unweighted
biparameter setting (for p = 2) and Holmes-Petermichl-Wick [19] in the Bloom biparameter set-
ting.

First note that just by testing Hfll’l) on 17 and then using the weighted Littlewood-Paley
estimates, for any U" C D, we trivially deduce

11
lallemo, o p (e dp) S oS )”LP(/,{)—>LP(/1)' (3.1
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We first show that the previous two quantities are actually equivalent in the regime 1 < p < 2. To
this end, we follow a scheme similar to that of one of the standard proofs of the dyadic Carleson’s
embedding theorem (see, for instance, [31] for a very general one-parameter version), but with
the one-parameter maximal function replaced by the dyadic strong maximal function.

Proposition 3.1. Assume 1 < p < 2. Then, there holds
1,1
lalsao, g e ~ TG Nz oca)
where the implied constants depend only on p, [u] A,.D and [1] A, D-
Proof. We only need to show the > direction, that is, the inequality

1,1
TSV Pz S Nallsaio g pei I leqo:

By the weighted Littlewood—-Paley estimates, we have

ISV ON?, ) ~ > laglPl{f) 22200 p/z/l(x)dx
‘ L@ faxm KRR ‘

ReD

Thus, without loss of generality we may assume that f > 0.
Fix x € R X R. Consider the measure m on the countable set D given by

1
m(R) := |aR|2%, VR € D.

Consider also the function ¢ : D — [0, c0) given by g(R) := ({(f)z)?, for all R € D. Then, we
have

1 p/2
(2 a2 fé?) S

ReD

We emphasize here that 2/p > 1. Thus, in the scale of Lorentz spaces, we have (see, for example,
[17, Proposition 1.4.10])

L2/p1 c 12/p2/p — 12/P,

Therefore

p/2
2 2 lR(x) _ <
> laglP(f)r) R = gl 2/pumy Sp 19112003y

ReD

p/2

o[ pli2g— [ » 1r(X)
AR TEY B D T~ I
ReD((f)g) >t
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Therefore
p/2
® 1x(x)
Iy 5 [ 20 Ol IR
RXR 0 » |R|
ReD((f)r) >t
p/2
© 1x(x
s/ / > el K| ) e
0 RXR ReD |R|
RSA{(Mp f)P>1}
e o]
p p
<Nally, i | HAMRSP >
— gl p — gl p
= ”a”BMopmd,D(u,Lp)”(MDf) 1w = ”a”BMopmd,D(ﬂ,/Lp)”MDf”LPm)
< p p
N IIGIIBMOpmd‘D(M,p)IIfIILP(M),
concluding the proof. O

Note that by applying the Monotone Convergence Theorem coupled with the weighted
Littlewood-Paley estimates, Proposition 3.1 extends to all (not necessarily finitely sup-
ported) sequences.

Holmes-Petermichl-Wick [19, Proposition 6.1] prove that

11
||H51 )||Lp(,4)_>Lp(/1) S ”a”BMOpmd,D(V)’

where v := u!/PA~1/P (which is an A, weight), 1 < p < oo (in the general multiparameter case,
the analogous result is due to Airta [1]). From this and (3.1) it follows that for all 1 < p < co we
have

”a”BMOprOd’D(Iu,A,p) S ”a”BMOpmd,D(V)'
Since also v = (A)VP' (u')~V/P',where i/ := pu~V/®-D_ 2 1= 171/(0=D we deduce as well
11
“a”BMOprod,D(/Vs/",’p,) S ”HEI )”LP/(/I’)—>LP,(,M’) S/ ”a“BMOprod,D(V)'

We show now that ||1'[511’1)|| Lp(u)—Lp(r) and ”a“BMOpmd,D(V) are actually equivalent, forall 1 < p <
0.

Proposition 3.2. Let 1 < p < oo and dyadic biparameter A, weights p and A on R X R. Define
v := u/PA=1/P, Then, there holds

1,1 1,1
lallzo,g per) ~ 1T llego—zocy ~ ISPl e oy

where the implied constants depend only on p, [u] A,D and [1] A,D
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Proof. Recall that since u is a dyadic biparameter A, weight, W = pu /(=D is a dyadic bipa-

rameter A, weight with /] AyD = [,u]i/_ll). Similarly, 2’ := 1~Y/(P-D is a dyadic biparameter
.

A,y weight with [1'] AyD = [/1]2:;, and v~! is a dyadic biparameter A, weight with [v~!] A,D =
[v]4,p- In particular, w',2',v~1are also locally integrable. Using these observations and since the

sequence a is finitely supported, it is easy to see that

1,1 1,1
lalsao,0q 50> 1T lzogo—zocys 1Tl iy p oy < -

For brevity we set C(a) := ||allgmo
that

O By the weighted Littlewood-Paley estimates we have

||H511,1)“LP(#)—>LP(/1) ~ Cy(a), ”HSILI)”LP’(/V)—»LP’(M/) ~ Cy(a),

where C,(a), C,(a) are the best finite non-negative constants such that

/
(Z |aR|2<|f|>21—R>1 2
#R]

ReD

< CL@INf Ny
LP(2)

< Cz(a)”f”Lp’(l/)s

1/2
1
(2 |aR|2<|f|>§ﬁ>

ReD

LY (u)

for all measurable functions f on R X R, that is

1,1 1,1
Ci(a) = ||SDHE1 )”LP(#)—>LP(/1)a Cy(a) = ||SDH51 )||Lp'(,1/)_)Lp'(M/),

where Sp, is the dyadic biparameter square function, see Subsection 2.4 above. Thus, it suffices to
prove that

C(a) ~ Cy(a) ~ Cy(a), (32)

where all implied constants depend on p, [¢] Ay, D> [1] A, D We will use bilinear estimates. Fix any
U C D. Let f, g be any two measurable functions on R X R taking non-negative values, and con-
sider the bilinear form

B(f,9) := Z lagl*(r{Dr(V g

REV
Clearly B(f, 9) = [q, . F(x)v~(x)dx, where

1z

Fi= ) |aR|2<f>R<g>Rﬁ-

ReU
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By Cauchy-Schwarz and Holder’s inequality we obtain

B(f.g) = /R RERO

1/2
</ R(Z gl (<f>R>21R(x)) (Z ozl (<g>R>21f1§’|‘)> y ()

ReU ReU,

- [ 2 P >21R(x’ e 3 lagP gy 2 e
. R R rI"9)R IR| K

ReU ReU
1/p
< /R; R(Z lagl ((f)R)ZIR( )> A(x)dx
xR \rev
1/p
(x) _p
1/ (R;fw«m)z o ) KPP

= [ISpT1y” f||Lp(/1)||SDH 9||Lp W)
< Cl(a)C2(a)“f”LP(/,¢)“g”Lp/(A/)-
We now pick

— /
f = Iu Ule/plsh(l/)’ q L= /‘ll/pvl/p lsh(l/)

We have
1117 / o CoOV((R)dx = vsh(V)),
LP(u) sh(v)
91 ) = / AP TP (0)A Y P (x)dx = v(sh(V)),
L@ Jawar)
therefore
W lollgll et 1y = V(SH(V).

So we have

D lag PPV APV (v < €1 (@)Cy(@)v(sh(L)).
ReU

Setw := u~Y/Py!/P_ Then clearly

’u_l/pvl/pll/pvl/p/ = 1’
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so an immediate application of Jensen’s inequality (with exponent —1 < 0) gives

(Y PYLPY (AVPYLPTy L = (W) p(w g > 1.
Thus

Y lagl(v71 < C1(@)Cy(@)v(sh(V)).
ReU

It follows that C(a)? < C;(a)C,(a). Since we already know that C(a) 2 C;(a), i = 1,2, we deduce
C(a) ~ Cy(a) ~ Cy(a). O

Note that by applying the Monotone Convergence Theorem coupled with the weighted
Littlewood-Paley estimates, Proposition 3.2 extends to all (not necessarily finitely sup-
ported) sequences.

Combining Proposition 3.1 and 3.2, we already deduce thatif 1 < p < 2, then

”a“BMOprOd’D(V) ~ ”a”BMOpmd,D(u,/l,p) 2 ”a”BMOpmd’D(/l’,,u’,p’)’

and that if 2 < p < o0, then

”a”BMOProd,D(V) ~ ”a”BMOprOd,D(/V’/",?P,) Z’ ”a”BMOprod,D(l"/LP)'

The next proposition will complete the proof of Theorem 1.2. Note that this remaining equiv-
alence is an immediate consequence of Holder’s inequality in the unweighted case. In order to
circumvent the lack of such a tool, we will make use of the (biparameter) Triebel-Lizorkin square
function (see Subsection 2.4.2). In addition, it is also essential to use an equivalence between one-
weight and unweighted product BMO from [2]. In particular, the equivalence from [2] that we use
corresponds to the particular case of our Theorem 1.2 when p > 2 and u = 1.

Proposition 3.3. Let a, p, u, A, v be as above. Assume p > 2. Then, there holds

”a”BMOprod,D(V) S’ ”a”BMOprod,D(ﬂ’/Lp)’
where the implied constant depends only on p, [u] AyD and [1] A, D-
Proof. First of all, note that we have already proved that
||C||BMopdeD(V,1,2) p ”c”BMOpmd,D(l,v—l,Z)’

for any sequence c = {cg}rep- Applying this for the sequence ¢ ={cy := aR(v‘l)Ile/ 2}R6D, we
deduce

_ —1\1/2 —1\1/2
lallsmo, 00 p») = ARV )R FreD IBMO, 00 p(v,1,2) S ARV )R “dreD IBMO 100 1 (1,571,2)

-1
= ”{aR <V >R }RGD ” BMOprod,D :
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Since pis adyadic biparameter A, weightand p > 2, using the equivalence between one-weight
and unweighted product BMO from the second half of the proof of [2, Theorem 3.2], we have

(2 lc R|2 )1/2

where the implied constant depends only on p and [u] A,.D for any sequence ¢ = {cg}grep, SO since
p > 2, by Holder’s inequality we deduce
1/2
( D lex |2 >
kev LP(w)

1/2
(2 |ag(v —1>R|2 >
ReU

For all U" C D, using Lemma 2.1 and Corollary 2.2 (since a is finitely supported) and the fact that
(1, ~ <#>R1/P</1)1/P, forall R € D, we get

1/2
(Z lag(v™")gl? |)

INS 4

lellpaio, . p S S

E}

L2(p)

vep (/«t(sh(lf)))l/ 2

llellBMOypyp S 8

vep (M(Sh(lf)))l/ 3

Thus

-1
Iar(v™ Iriren lIBMO,00p S S

UCD W LP(u)

LP(u)
1/2
~ (2 |ag| <v—1>R<u>2/P )
ReU 193
1/2 1/2
~ <Z lag|>(2)2/P |R|> ~ (Z '“R'2|R|> ,
ReU p ReU Lp()n)
concluding the proof. O

4 | ESTIMATES FOR ITERATED COMMUTATORS OF HAAR
MULTIPLIERS

Let X be the set of all finitely supported maps o : D — {—1, 0, 1}. In the sequel, the elements of =
similar spaces will be called sign choices, and will always be considered to be finitely supported.
For each o € Z, we consider the constant coefficients Haar multiplier T, which we might also
call martingale transform, on the real line given by

= Y oDfihy,  feL,®.

IeD
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Moreover, we consider Haar multipliers T}, T acting on functions f € L; (R?) separately in
each of the two variables, namely

TLf(t,9) = To(f(,NW®,  T2f(5) 1= T(f(t, ))),

for a.e. (t,s) € R2. It is clear that

Tif = ), oD fixshy = Y, 0(DQ;f,

IJeD IeD

Tof = Z oD xrhisr = Z a(Q;f.

1,JeD JeD

The main result of this section is Theorem 1.1, which we recall here.

Theorem 1.1. Let 1 < p < oo. Consider a function b € Llloc([Rz), dyadic biparameter A, weights 1,
A and definev := u'/PA=1/P. Then

sup ||[Tél, [ngab]]”LP(,u)—)LP(/l) ~ ”b”BMopmdD(V)’
01,0,€Z ’

where the implied constants depend only on p, [u] A, D and [A] Ay D-

In the unweighted case with p = 2, Theorem 1.1is proved by Blasco-Pott [4]. They get this result
by averaging over the set of sign choices and then using orthogonality in Hilbert spaces. While we
still rely on averaging over sign choices in our proof, we use a multiparameter extension of Khint-
chine’s inequalities as well as vector-valued estimates to compensate for the lack of orthogonality
for p # 2.

In the sequel we fix1 < p < o0,b € L| (R?), dyadic biparameter A, weights u, A on R?, and we
setv := u'/P1~1/P, Note that we will be systematically suppressing from the notation dependence
of implied constants on the value of p and the Muckenhoupt characteristics [u] ApD and [1] A, D

4.1 | Relating Haar multipliers to a ‘symmetrized’ paraproduct

Consider the ‘purely non-cancellative’ and ‘purely cancellative’, respectively, biparameter para-
products

n0Vf i= 3 be(fieh n®0f := ¥ b 1x
y S = R IrPRs y = RfRW’

ReD ReD

and the ‘mixed non-cancellative-cancellative’ biparameter paraproducts

1.0) ¢ . _ (1,0)7,(0,1) 01D ¢ . _ (0,1)(1,0)
I Vf = ) befp VR, TVf = Y b f Ry
ReD ReD
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In the notation of each paraproduct, the superscript indicates the type of Haar functions against
which the argument of the paraproduct is integrated, while the ‘complementary’ pair of indices
indicates the type of Haar functions appearing directly in the paraproduct.

Blasco-Pott [4] consider the ‘symmetrized’ paraproduct in the biparameter setting

D L 00, @0 4 O
Ay i= 100V + Y i .

Blasco-Pott [4] prove via direct computation that A, deserves to be called ‘symmetrized’ para-
product in the sense that

Apf =) (Pb)frhg, (4.1)

ReD

where we recall that

Pgb= ) byhg.
R’'eD(R)

Note that in the general multiparameter setting of R% := R% x --- x R% one can also define
an analogous operator A, as a sum of generalized paraproducts in a way that one still has
Ay f = Y rep(Prb)frhy, where Py, denotes the multiparameter analogue to Py (and, abusing the
notation, D denotes the set of all dyadic rectangles in the product space R‘;).

It is important to note that for any R = I X J € D, one has

Prb(t,s) = (b = (b(-,8))r = (b(t, -)); + (b)1x)1R(L; 5), (4.2)

fora.e. (t,s) € R2. Also, the same computation along the lines of the inclusion-exclusion principle
that leads to (4.2) extends to yield a multiparameter analogue for Py. Using expressions (4.1) and
(4.2), it is easy to see via direct computation, as remarked by Blasco-Pott [4], that

[Q;.[Q7,b]1 =[Q;,[Q7,A)]l,  VIJED, (4.3)
and
QAQ; =0,  QiAQ]=0, VLJED (4.4)

(and, as before, the analogues of these two expressions also hold in the multiparameter setting).
In fact, the weighted Littlewood-Paley estimates imply that the family of all finite linear combi-
nations of Haar functions iy, R € D is dense in the weighted space LP(w), for any dyadic bipa-
rameter A, weight w, 1 < p < oo, so one needs to check (4.3) and (4.4) only on functions of this
type. Note that (4.3) immediately implies

[T, (T2 b1 = [T, .[T7 ., A]l, Vo0, €X. (4.5)

The following lemma contains one of the most important steps towards the proof of Theo-
rem 1.1.
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Lemma 4.1. There holds

”Ab”LP(’u)—yLP(/l) ~ Sup ”[Tél’ [T§29b]]“LP(/u)—>LP(/I)

01,0,EX

For the proof of Lemma 4.1 we will rely on a straightforward extension of Khintchine’s inequal-
ities to the multiparameter setting, which is of independent interest.

Lemma 4.2. Let (X;,P;), i = 1,2 be probability spaces. For j = 1,2, let (X’ | be a Rademacher
sequence on (X;, P;), that is, X;., j=1,.. ,N] are independent with

pi(X; =1)= uwi(Xj. =-1)=1/2, j=1,...,N;.

Let A be an N, X N, (complex) matrix. Then, there holds

N N, N1 N,
Y D AULIDX ® Y D AULiX]| ®X;

J1=1j5=1 LAG XX5) Ji=1)2=1 L7 (X1 XX5)
forall0 < q,r < o0. In particular
N, N, N, N, 1/2
2 2 AULi)X) ®X] ~ (2 > |A<j1,jz)|2> . Vo<g<co.
h1=1j=1 LI, XX,) Ji=1jp=1

Proof. Let 0 < q,r < oo be arbitrary. Without loss of generality, we may assume q < r. Then, by
Holder’s inequality, it suffices only to prove that

N, N, N N,
Z Z A(j1,jz)lel ® Z Z A(ha]z)Xl
h=1j,=1 Lr(xlxxz) h=1j=1 Lq(xlxxz)

Set

2
= Y AGLiDXE, i =1.,Ny,
Ja=1

1
= Z A(jl,jz)le-l, Jo=1,...,N,.
J1=1

Then, using first Khintchine’s inequalities, then Minkowski’s inequality (in view of the fact that
r/q > 1), and finally again Khintchine’s inequalities, we get

r r

Nl N2 Nl
> Y AGL X @ X2 _ / / 3, @)X (@) 4Py (@) |dP,(@))
J1=1 jp=1 L7 (X, XX5) X\ X =1

q r/q
dP(w;)| dPy(w,)

oL

2 @)X} (@)

J1=1
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r r/q
N, q-a q/r
S / / Z Yj1(w2)X}1(w1) dPy(@) [ dPy(ey)
XX =1
N, r a/r r/a
- / / ZZjZ(wl)XJZ'z(wZ) dPy(@,) | dPy(wy)
X1\ /X =1
N, q r/q
Tar / / Z ij(wl)ij'z(wZ) dpz(a)z) lel(a)l)
X\ 7% =1
N; N, r
=2 X AGuLix) @], ,
J1=1jp=1 LA x%,)

concluding the proof.
The second claim follows immediately from the first by just noting that an iteration of indepen-
dence gives

1/2

N N N1 N
2 2 AGLiDX] ®X; = <Z D |A<j1,jz)|2) : O
h=1/=1 L2(X1XX;) ==l

Clearly, one can use induction to prove similarly a multiparameter version of Khintchine’s
inequalities, for any 0 < q,7 < oo, in any number of parameters (one has just to replace any of
the two uses of Khintchine’s inequalities in the proof above by use of the inductive hypothesis).

Proof of Lemma 4.1. We first consider the direction 2. It is well known that Haar multipliers on
R are bounded from LP(w) into LP(w) for dyadic A, weights w on R, within constants depend-
ing only on [w] ApD (and not the sign choice in the definition of the Haar multiplier). It follows
immediately that for any biparameter dyadic A, weight w on R X R there holds

||Té—“LP(w)—>LP(w) s[w]Ap,D 17 Vl = 15 25 VU S Za
therefore
” [T;I ) [T§2 ) b]] ”LP(/,()—)LP(/I) = ” [T;I ) [T§2 ) Ab]] ”LP(/,[)—»LP(/I)
_ 2 1 2 2 1 2l
=ITo T, Ap = T ApTg, = Tg AT + AT Ty Nlieuy-rey) S 48 llego-1oa)

forallo,0, € Z.

We now turn to the other direction. Let (7,)7° | be an increasing sequence of subsets of D
exhausting D. For each n = 1,2, ..., let £, be the set of all maps ¢ : D — {-1,0, 1} that vanish
outside of 7, and that take values only —1, 1 on F,,, and consider the natural probability measure
P, on X, that to each coordinate I € F,, assigns each of the values 1 and —1 with probability 1/2,
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independently of all the other coordinates. Clearly, it suffices to prove that

e A R A ERCES EYIWE AN

n=1,2,...

for all (suitable) functions f on R2. For brevity we set Cy,; := [Q;,[Q7, b]]. Applying Lemma 4.2,
we have

sup /Z T DI 4P, ©P, e,

n=1,2,...
Y, Do)y ()

sup /
n=12... J5,x2, ||[xJeD

sup / /
n=L12,.. JRXR ZpXZy,

p/2 p/2
~ s [ XR( > |clx1(f>(x>|2> Acoax = [ XR( > |C1><J(f)(x)|2> AGod,

IJEF, IxJeD

p

d(P, @ P,,)(01,0,)
LP(A)

p

Y 01(Do () e ()()

IxJeD

d®, ® P,)(o,, 02))l(x)dx

where in the last equality we applied the Monotone Convergence Theorem. Observe that
|Qrgl < (lg)r1gr < Mpy, VR € D.

Moreover, O. N. Capri and C. Gutiérrez [7] establish the following one-weight vector-valued esti-
mate for the dyadic strong maximal function (in any number of parameters):

0 1/2 0 1/2
<Z |MDgn|2> (Z |gn|2>
n=1 n=1

where the implied constants depend only on p and [w] A, D (their proofis for the case of the strong
maximal function Mg and multiparameter A, weights w, but it works without any changes for
the case of the dyadic strong maximal function Mp, and dyadic multiparameter A, weights w).
Thus, we have

p/2 /2
/Rle( z |CI><J(f)(x)|2> A(x)dx Z /RXR( 2 |MD(CI><J(f))(X)|2> A(x)dx

IxJeD IXJeD

S

>

LP(w)

LP(w)

p/2
> [ XR( y |Q}Q§<cfxf<f»<x>|2> AG)dx

IxJeD

p/2
:/R R( ) 'Q}Q?([Q},[Qf,Ab]](f»(x)P) A(x0)dx,

IxXJeD
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where in the last equality we have used (4.3). Notice that using (4.4) we obtain
Q;Q7(Q;, [Q7, Ap 1)
= QQJ(QrQIAL() = QA QF(f) = Q7 AQ (f) + Ay Q[ QF(f))
= QQiAL(f),

forall I,J € D. It follows that

p/2
Y, 1Q1QIQL [Q7, A NI ) Ax)dx
RXR

IXJeD

IxJeD

p/2
-/ XR( 3 |Q}Q§Ab(f>(x>|2> Adx ~ 1A DI

concluding the proof. [

4.2 | Bounds for the ‘symmetrized’ paraproduct and conclusion of the
proof

In this section we complete the proof of Theorem 1.1. Blasco-Pott [4] show that
Pqo(b) = PQ(Ab(lg))-

This can be readily checked by direct computation using the definition of the operator A, and
how paraproducts act on characteristic functions. From this, it follows that

IPoBOlLry = IPo(AyADlLey S 1A A Le) < ”Ab||LP(/4)—>LP(A)(:“(Q))1/p-

In the < we used the weighted Littlewood-Paley estimates. The analogous expressions are also

valid for the multiparameter operators P, and A, and measurable sets Q C R9, and their proofs
use the same idea of checking the action of the various paraproducts on characteristic functions.
It follows that

IBIBMO 1o p(12.p) S 16 Nl Lo ()~ L0 (2)-

Combining this with Theorem 1.2 and Lemma 4.1 we deduce

IBllEMO,, g p(v) S SUP ||[T;1,[T§2,b]]||Lp(,4)_>Lp(/1)- 4.7)

01,0,EX

Moreover, Holmes—Petermichl-Wick [19] prove that

IPplle()—rpy S IDIBMO, 00 ()
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where Py, is any of the four paraproducts Hff"gz), €1, &, € {0, 1} (the same fact for all relevant mul-
tiparameter paraproducts is shown by Airta in [1]). It follows that

||Ab ||LP(M)HLP(/1) < ”b”BMOpmd‘D(v)' (4.8)

Thus, combining Lemma 4.1, (4.7) and (4.8) we deduce

”b”BMOpmd'D(v) US?PE ||[T1 [ » b1l Lo (y—re ()
1-~2
concluding the proof.
Note that since v is a dyadic biparameter A, weight on R?, v = v!/2(v=1)7"/2 and [v], p =
[v~'14,p, We also get

”b”BMOpmdD(v) ~ Sup ”[T;l’ [TCZIZ: b]]||L2(v)—>L2(v—1)’

01,0,€Z

where all implied constants depend only on [v] 4, p.

4.3 | General multiparameter result

The ideas presented in this section can also be applied, with only minor modifications, to any
multiparameter setting. That is, Theorem 1.1 can be stated and proved for iterated commutators on

functions defined on [R{‘; = R% X ..o X R%, J :=(dy, ..., d;). We have already been commenting
along the proof which steps have to be modified in this context. Abusing slightly the notation,

here we use D to denote the set of dyadic rectangles in the product space R?. The statement of the
result in full generality is the following.

Theorem4.3. Let1 < p < oo. Considera functionb € Llloc([l%i), dyadic multiparameter A , weights
U A on RY and definev := u'/PA=/P. Then

sup ||[T;1, [ [T;I’ b] -~-]]”LP(/,{)—>LP(/1) ~ ”b”BMOpmd,D(V)’
where the implied constants depend only on d, D, [u] A,.D and [1] A,.D-

5 | BOUNDS FOR GENERAL COMMUTATORS OF HAAR
MULTIPLIERS

In this section, we show bounds analogous to those of Section 4 for iterated commutators of gen-
eral martingale transforms, not necessarily of tensor type. As usual, consider dyadic multiparam-
eter A, weights ¢ and 4 on RY, with 1 < p < o0, and let v := u!/PA~1/P. We define the dyadic
two-weight little BMO p-norm ||b||bm0v(#,,1,p) by

”b”bmop(/,{/l p) (,L{(R))l/p ”(b (b)R)lR“LP(/I).



930 | KAKAROUMPAS AND SOLER I GIBERT

We also say, for a dyadic multiparameter A, weight w on R, that a function b is in the dyadic
one-weight little BMO space if

1
sup

(b—{(b)p)N < o0.
a4 w(R)” (b)r R||L1(Rd)

In this case, we assign to function b the norm

”b”bmoD(w) = “b”bmoD(w,w’l,Z)’

which is equivalent to the previous supremum. This equivalence is shown by Holmes-
Petermichl-Wick [19] in the biparameter case using an iteration of the one-parameter argument
due to Holmes-Lacey-Wick [18], but the same argument can be iterated to any number of param-
eters. Furthermore, the authors of [19] also prove that, for u, 4 and v as before, there holds

”b“bmov(y,l,p) ~ ”bemoD(/'t’,,u/,p’) ~ ”b“bmov(v)

(it is actually shown there for the continuous biparameter setting, but their argument holds
equally well in the dyadic case and can be iterated to any number of parameters as well).

Recall that if x € R? and k € {1,2, ..., t}, we denote X 1= (15 e s X175 > Xgeg15 - » X1), SO that

a function f(x;) depends only on the variable x;.. Similarly, we also denote RIE 1= R% x - X
R%-1 x R+1 x ... x R%. In general, we extend this notation to any number of parameters, so that
if ky,...,k; €1{1,2,...,t}, then we take S T—. = (xl,...,xkl_l, s Xjey 41> s Xk =15 Xk 41> ey Xp)s

. —— __. . . . .
and similarly for R *1---ks. Using this notation, Holmes-Petermichl-Wick [19] show that

||b||bm0D(,,) ~ max { ess sup ”b(xE)HBMOD(v(xE)) ckefl,2,.., t}},

d—
— k
xke[R

where || - [lgmo,») denotes the usual dyadic weighted one-parameter BMO norm (again, the result
is stated and proved there only in the continuous biparameter setting, but the argument holds as
well for the dyadic spaces and in any number of parameters). In other words, a function b is in
dyadic weighted little bmo if and only if it is uniformly in dyadic-weighted one-parameter BMO
in each variable. Moreover, they also observe that

bmop (v) € BMOy4 p(V).
More generally,let I = {I,, ..., I;} be any partition of {1, ..., t}. Let 4, A be t-parameter A D weights

on R4, 1 < p < co. Define

||b||bm0£(u7/1’p) = maXI esssqp||b(xi)||BMO

1€l XX} i prodp (k(xp)A(xp).p) |’
x;ERY

and as before if w is any t-parameter A, weight on R, then we define

”b”bmoé(w) ‘= ||b||bmo%(w,w*1,2)'
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If T consists only of singletons, then one recovers product BMO in ¢ parameters, while if 7 has
just one element, then one recovers little BMO. In general, for any partition 7 we have that

bmop(w) C bmo%)(w) C BMOprOd,D(w).
Observe that our results in Section 3 immediately imply that if v : = u'/P1~1/P, then

”b“bmoll)(y) ~ ||b||bm0£(#’/1’p),

where all implied constants depend only on p, [u] A,.D and [4] A,D Notice that here we are making

use of the fact that for any 1 € I} X -+ X I}, and for almost every x; € [RJ?, the weight u(x;) is a
dyadic I-parameter A, weight on R% x - x R% with [p(xp)] 4,D S [m] A,D> and similarly for 4
and v.

Consider now the set X of sign choices o = {o(R)}gcp- For each o € = we consider the Haar
multiplier T defined by

T.f: =Y o®fghp,  f€L®).
ReD

Observe that here we consider all possible choices of signs over the dyadic rectangles in D, not only
those that are of tensor type, as opposed to Section 4. We will study bounds for ||[T,, b]|| LP()—LP(A)
in terms of ||b lbmoy,(»)- We adapt the arguments presented in Section 4 to the biparameter case.

Proposition 5.1. Let1 < p < oo. Consider a function b € Llloc([Rz), dyadic biparameter A, weights
U, A on R? and define v := u'/PA=1/P. Then

sup [[[To, b1llLouy—rray ~ N1bllomon v)»
ocEX
where the implied constants depend only on p, [u] A, D and [A] Ay D-

Proof. Airta [1, Theorem 4.12] shows general upper bounds for iterated commutators of multipa-
rameter Haar shifts in terms of the symbol norm in the appropriate indexed BMO space. In par-
ticular, for a single commutator, this includes the upper bound ||[T, b]|| Lp(uw—-Lr()) S 1Ib lbmop,()-
Thus, we only need to show the corresponding lower bound.

Define the operator ©, by

Opf = ) (wgb)frhz, € L*®R?),

ReD
where wpb := (b(x) — (b)z)1z(x). This operator satisfies the relations
[QR9b] = [QR’G)I)]’ VR € D7
and
Qr0O,Qr =0, VR € D,

where Qj, denotes the orthogonal projection from L?(R?) onto the one-dimensional space spanned
by hy. Observe that a simple computation using the definition of ®, shows that they hold for any
Haar function hy, from which the general result follows by a density argument.
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Now we see that
Slél; [T o, bl Loquy—rray 2 11ObllLo()—Lo0)- (GAY)
a

As before, the lower bound (5.1) will follow from that of the average of the commutator norms
over X. In this case we have

ST b1, 4P

- / ( / 2, o(®[Qr. bI() du»(a)>1(x)dx
Z [ReD
p/2
N/ </ 2 o(R)[Qg, b](f)(x) d[F"(o')> A(x)dx,
Z |ReD

where we have used Khintchine’s inequalities in the last step. This last quantity is equal to

p/2
/(ZIQR, (f)(x)|2> A(x)dx

ReD

p/2
/(ZlMD[QR» ](f)(x)|2> A(x)dx

ReD

p/2
/ (Z 1Qr QR’Gb](f)(xNZ) A(x)dx
ReD

p/2
-/, < ¥ |QR®b(f)<x>|2> 2)dx ~ 10, (NI, -

ReD

This shows (5.1).
Now we are only left with checking that

1©p 112 (u)—Lr2) R 1llbmop)-
Observe that testing the operator on Haar functions we immediately get
19p 1oy Loy 1Rl Loy = 11O, AR NLe) = 1B — (DY R)LR Nl o2y IRI™ 172,

We also have that [|hg|lp(,) = (u(R))Y/P|R|71/2, s0 that

1O llLp(y—Lr2) 2 ((R))l/pll(b (OYRR N Lo (2)-

But the supremum of the right-hand side is precisely [|bllymo,(u2,p) ~ 18llbmopm) O
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This method can also be adapted to general indexed BMO spaces, and thus to the general mul-
tiparameter little bmo case. We explain how to do it taking as an example the product space
R3 = R X R X R, and the partition 7 :={I, :={1,3}, I, := {2}} of {1, 2, 3}. In this case, we con-
sider the set %, 5 of sign choices o = {o(I X J)},;ep, and the set X, of sign choices o = {o(D};cp.
Given oy 5 € X, ; and 0, € Z, consider the martingale transform Tcl,f3 acting on variables 1 and

3 and the martingale transform ng acting on variable 2. The previous method can be adapted to
show that

sup T, T2, b1llzego-oay R 1P lomot o)
013E3) 3, 0,E€2, 013 o, LP(u)—LP(A) bmof (v)

while the corresponding upper bound was already proved by Airta (see [1, Theorem 4.12]). To this
end, define the operator E, by

Epf = Z (Erxaxk D) f rxax rxixis f e’ ®),
IJ.KeD

where
kb = (b = (b)) — (D)2 + (b)) My

and where we use (b)}fK to denote the average taken on variables 1 and 3 taken over I X K (sim-
ilarly for (b)?). Then one can repeat the arguments in Lemma 4.1 to show that

sup ||[Tc1,’133 [ b]]”LP(,u)—»LP(A) 2 ”'—‘b”LP(‘u)—>LP(l)
013€Z1 3, 02€EL, ’

The lower bound for the operator norm of E, follows a similar argument to that of A, with the dif-
ference that in this case one needs to check the BMO,,,4 p norm in variables 1, 2 and in variables
2, 3. We focus on how to get the bound for variables 1 and 2, as the other case is done in the same
way. Consider an arbitrary open set Q C R X R of non-zero finite measure and its characteristic
function 15(x;, x,) in variables 1 and 2. Fix x5 and take K € D such that x; € K. Note that for
X € R X R X {x3} we trivially have E‘b(xﬂ)(lﬂ ® hg) = (Ab(xﬁ)lg) ® hg. By testing the operator
Ep on 1o @ hy one gets

|K|l p/2 ” b(IQ ® hK)”LP(/I)

p
= [ [ T -0l 0} + 000000 20k,
RXR |K| K IJeD
S ||Ebllip(ﬂ)—>Lp(l)<M(Q’ x3)>13{'

Applying twice Lebesgue Differentiation Theorem and Fatou’s lemma we get

p

e

hm ”Hb”LP(M)—)LP(l)<M(Q x3)>K ”Hb”LP(,u)—>LP(A)’u(Q’ X3),

p
Y (b(x3) — (b(x); — (b(x3) + (b)) 12 ) A | Ale) dx; dx,

1,JeD
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where K — x; denotes that the limit is taken through a sequence of intervals containing x; with
side length tending to 0, and where the last equality holds at almost every x;. Thus, by the bound
(4.8) for operator Ab(xﬁ) in terms of the dyadic one-weight biparameter product BMO norm, we
get '

||Eb“LP(M)—>LP(A) 2 essxsup ”b(xl’_z)”BMOpmd'D(V(xﬁ))'
3

The case of general commutators and indexed spaces can be worked out in a similar way, con-
sidering the appropriate multiparameter analogues of the operator &;, Lemma 4.1 and Equation
(4.8).
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