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vExplanation of the plot on the front page:The plot of the imaginary part of the transverse magneti
 sus
eptibility Imχ± (q, ω) exhibitsthe prominent resonan
e mode 
al
ulated with our two-parti
le extention of the VariationalCluster Approa
h in the hole-doped (x = 0.18) Hubbard model at T = 0. This salient stru
tureis observed in 
uprate super
ondu
tors by use of Inelasti
 Neutron S
attering experiments.Being a universal property of the 
uprates, the resonan
e is believed to be 
losely related tothe me
hanism of high-temperature super
ondu
tivity. As an upward as well as a downwarddispersion exists, the plotted stru
ture is also 
alled hourglass stru
ture whi
h we obtainedfor the �rst time in a strongly 
orrelated mi
ros
opi
 
al
ulation without free parameters. Inaddition, 
hara
teristi
 properties su
h as the doping dependen
ies are proved to be in a

ordwith the experiments. This 
an be 
onsidered as the most important a
hievement of thisthesis. Further explanations are given in this work or in (1).Erläuterungen zu dem Plot auf der Titelseite:Der Plot des Imaginärteils der transversalen magnetis
hen Suszeptibilität Imχ± (q, ω) zeigt diebekannte Resonanzmode, wel
he mit Hilfe unserer Zwei-Teil
hen Erweiterung des VariationalCluster Approa
h im lo
h-dotierten (x = 0.18) Hubbard model bei T = 0 bere
hnet wurde.Diese besondere Struktur wird in Kuprat Supraleitern im Rahmen Inelastis
her NeutronenstreuExperimente beoba
htet. Als universelle Eigens
haft der Kuprate wird die Resonanzmodeweithin akzeptiert als eng verbunden mit dem Me
hanismus der Ho
htemperatur-Supraleitunggesehen. Da sowohl eine obere als au
h eine untere Dispersion existiert, bezei
hnet mandie abgedru
kte Struktur au
h als hourglass Struktur, wel
he wir erstmals im Rahmen einerstark korrelierten mikroskopis
hen Te
hnik ohne freie Parameter bere
hnet haben. Darüberhinaus zeigen si
h weitere 
harakteristis
he Eigens
haften, wie z.B. Dotierungsabhängigkeiten,als übereinstimmend mit den Experimenten. Dies kann als die wi
htigste Errungens
haftdieser Dissertation angesehen werden. Weitere Erläuterungen sind dieser Arbeit oder (1) zuentnehmen.





In Liebe für Eva und meine Eltern





Abstra
tTwo-parti
le ex
itations, su
h as spin and 
harge ex
itations, play a key role in high-Tc 
upratesuper
ondu
tors (HTSC). Due to the antiferromagnetism of the parent 
ompound the mag-neti
 ex
itations are supposed to be dire
tly related to the me
hanism of super
ondu
tivity.In parti
ular, the so-
alled resonan
e mode is a promising 
andidate for the pairing glue, abosoni
 ex
itation mediating the ele
troni
 pairing. In addition, its intera
tions with itinerantele
trons may be responsible for some of the observed properties of HTSC. Hen
e, gettingto the bottom of the resonan
e mode is 
ru
ial for a deeper understanding of the 
upratematerials .To analyze the 
orresponding two-parti
le 
orrelation fun
tions we develop in the presentthesis a new, non-perturbative and parameter-free te
hnique for T = 0 whi
h is based onthe Variational Cluster Approa
h (VCA, an embedded 
luster method for one-parti
le Green'sfun
tions). Guided by the spirit of the VCA we extra
t an e�e
tive ele
tron-hole vertex froman isolated 
luster and use a fully renormalized bubble sus
eptibility χ0 in
luding the VCAone-parti
le propagators. Within our new approa
h, the magneti
 ex
itations of HTSC areshown to be reprodu
ed for the Hubbard model within the relevant strong-
oupling regime.Ex
eptionally, the famous resonan
e mode o

urring in the underdoped regime within thesuper
ondu
tivity-indu
ed gap of spin-�ip ele
tron-hole ex
itations is obtained. Its intensityand hourglass dispersion are in good overall agreement with experiments. Furthermore,
hara
teristi
 features su
h as the position in energy of the resonan
e mode and the di�eren
eof the imaginary part of the sus
eptibility in the super
ondu
ting and the normal statesare in a

ord with Inelasti
 Neutron S
attering (INS) experiments. For the �rst time, astrongly-
orrelated parameter-free 
al
ulation revealed these salient magneti
 propertiessupporting the S=1 magneti
 ex
iton s
enario for the resonan
e mode.Besides the INS data on magneti
 properties further important new insights were gainedre
ently via ARPES (Angle-Resolved Photoemission-Spe
tros
opy) and Raman experimentswhi
h dis
losed a quite di�erent doping dependen
e of the antinodal 
ompared to thenear-nodal gap. This thesis provides an approa
h to the Raman response similar to theix



x Abstra
tmagneti
 
ase for inspe
ting this gap di
hotomy. In agreement with experiments andone-parti
le data obtained in the VCA, we re
over the antinodal gap de
reasing and thenear-nodal gap in
reasing as a fun
tion of doping. Hen
e, our results prove the Hubbardmodel to a

ount for these salient gap features.In summary, we develop a two-parti
le 
luster approa
h whi
h is appropriate for the strongly-
orrelated regime and 
ontains no free parameter. Our results obtained with this new approa
h
ombined with the phase diagram and the one-parti
le ex
itations obtained in the VCA strongly
onstitute a Hubbard model des
ription of HTSC 
uprate materials.



KurzfassungZwei-Teil
hen Anregungen, darunter Spin und Ladungs Anregungen, sind von besonderer Be-deutung in Ho
h-Tc Kuprat Supraleitern (HTSL). Aufgrund der antiferromagnetis
hen Phasebei niedrigen Dotierungen werden magnetis
he Anregungen direkt mit dem Me
hanismus derSupraleitung in Verbindung gebra
ht. Gerade die sogenannte Resonanzmode ist ein vielver-spre
hender Kandidat für den pairing glue, eine bosonis
he Anregung, wel
he die Paarungvon Elektronen induziert. Weiterhin wird deren We
hselwirkung mit itineranten Elektronenverantwortli
h gema
ht für einige der beoba
hteten Eigens
haften der HTSL. Für ein tieferesVerständnis der Kuprate ist es daher unerlässli
h, der Resonanzmode auf den Grund zu gehen.Um die entspre
henden Zwei-Teil
hen Korrelationsfunktionen zu analysieren, entwi
keln wir aufBasis des Variational Cluster Approa
h (VCA, eine Cluster Methode, um Ein-Teil
hen GreenFunktionen zu bere
hnen) in der vorliegenden Dissertation eine neue, ni
ht-perturbative undparameterfreie Te
hnik für T = 0. Im Sinne der VCA bere
hnen wir einen e�ektiven Elektron-Lo
h Vertex auf einem einzelnen Cluster und verwenden eine vollkommen renormierte BubbleSuszeptibilität χ0, wel
he die VCA Ein-Teil
hen-Propagatoren beinhaltet. Mit Hilfe unsererneuen Te
hnik können wir die magnetis
hen Anregungen der HTSL im Rahmen des HubbardModells in der stark korrellierten Phase reproduzieren. Als herausragendes Ergebnis erhaltenwir die berühmte Resonanzmode im underdotierten Berei
h innerhalb des von der Supraleitunginduzierten Gaps der Spin-Flip Elektron-Lo
h Anregungen. Deren Intensität und Sanduhren-förmige Dispersion zeigen eine sehr gute Übereinstimmung mit den Experimenten. Weiterhinsind 
harakteristis
he Eigens
haften, wie die Energie der Resonanzmode oder die Di�erenz desImaginärteils der Suszeptibilität in der supraleitenden und normalen Phase im Einklang mit In-elastis
hen Neutronenstreu (INS) Experimenten. Zum ersten Mal bringt eine stark-korrellierteund parameterfreie theoretis
he Re
hnung diese besonderen magnetis
hen Eigens
haften her-vor und bekräftigt damit die Erklärung der Resonanzmode als S=1 magnetis
hes Exziton.Neben den INS Resultaten zu magnetis
hen Eigens
haften wurden kürzli
h weitere wi
htigeneue Erkenntnisse mittels ARPES (Winkelaufgelöste Photoemissionen Spektroskopie) undRaman Experimenten erhalten. Beide legten eine deutli
h unters
hiedli
he Dotierungsab-xi



xii Kurzfassunghängigkeit des anti-nodalen Gaps vergli
hen mit dem Gap nahe des nodalen Punktes o�en.Im Rahmen dieser Dissertation wird eine der magnetis
hen Bere
hnung ähnli
he Te
hnik fürden Raman Response benutzt, um dieses unters
hiedli
he Verhalten des Gaps zu untersu
hen.Übereinstimmend mit den Experimenten und Ein-Teil
hen Ergebnissen aus VCA Re
hnungenbekommen wir ein Abfallen des anti-nodalen Gaps und Ansteigen des Gaps nahe dem nodalenPunkt als Funktion der Dotierung. Folgli
h zeigen unsere Ergebnisse, dass das Hubbard Modelldiese besonderen Eigens
haften des Gaps beinhaltet.Zusammenfassend entwi
keln wir eine Zwei-Teil
hen Cluster Te
hnik, wel
he für stark korrel-lierte Systeme geeignet ist und keine freien Parameter enthält. Unsere Ergebnisse mit dieserneuen Te
hnik in Verbindung mit dem Phasendiagramm und Ein-Teil
hen Anregungen derVCA Re
hnungen bekräftigen mit Na
hdru
k eine Bes
hreibung der HTSL Kuprate auf Basisdes Hubbard Modells.



De�nitions, notations andabbreviationsThroughout the present thesis the following de�nitions, notations and abbreviations are oftenused:
• The bold fa
e type is used to denote ve
tors as well as matri
es.
• In the Brillouin zone the following symmetry points are used:

Γ = (0, 0)
X = (π, 0)
M = (π, π)

• The following abbreviations are often used:HTSC = high-temperature super
ondu
torLASCO = La2−δAδCuO4, with A = Sr or A = BaYBCO = Y Ba2Cu3O6+δVCA = Variational Cluster Approa
hSFA = Self-Energy-Fun
tional Approa
hARPES = Angle-Resolved Photoemission-Spe
tros
opyINS = Inelasti
 Neutron S
attering
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1Introdu
tionThe experimental and theoreti
al resear
h on 
ondensed matter physi
s and ele
troni
 many-body systems is one of the most impressive su

ess stories in s
ien
e. It is needless to mentionthe importan
e of the semi
ondu
tor physi
s making possible the ele
troni
 devi
es whi
ha

ompany, enri
h and 
hange our daily life in an unthinkable short time. And still nowadaysthe 
ondensed matter physi
s is an inexhaustible wide �eld of interesting and very 
omplexproblems and phenomena 
hallenging the 
reativity and intelligen
e of the s
ientists. Oneof the most important parts in this �eld is the strongly-
orrelated 
ondensed matter physi
s.These many-body systems are 
hara
terized by a 
orrelation of the parti
les being of the samemagnitude as the band width whi
h is a measure of the kineti
 energy. This rules out aperturbative treatment of the intera
tion as well as the kineti
 part in a theoreti
al approa
hto these systems. Rather, it is inevitable to take both me
hanisms into a

ount for a realis-ti
 des
ription. To meet these requirement the development of a variety of new te
hniqueswas spurred in the �eld of the theoreti
al investigations (see the introdu
tion to 
hapter 3).One of the most prominent examples for the ri
h physi
s of strong 
orrelations was un
losedwith the dis
overy of the 
opper-oxide (
uprate) high-temperature super
ondu
tor (HTSC)
La2−δBaδCuO4 by J.G. Bednorz and K.A. Müller in the year 1986 (4). That followed amultitude of 
uprate super
ondu
tors was found and strong e�ort has been made from manys
ientists to get to the bottom of the mi
ros
opi
 me
hanisms produ
ing the observed ma
ro-s
opi
 properties. Although great progress was a
hieved in the �eld of the 
uprates, it is stilla very hot topi
 and worthy to work intensively in order to prove the roots of the me
hanismsprodu
ing high-temperature super
ondu
tivity.Conventional low-temperature super
ondu
tors as Nb3T i with a 
riti
al temperature of Tc ≈
10K were dis
overed in 1911 (5) and are well des
ribed by the BCS (Bardeen-Cooper-S
hrie�er) theory (6) invented about 45 years afterwards. It was shown that an e�e
tiveele
tron-ele
tron intera
tion mediated by an ex
hange of phonons (quantized latti
e vibra-tions) is able to lead to a pairing of ele
trons into 
ooper pairs. After a Bose-Einstein transi-tion the 
ondensate of 
ooper pairs 
an be des
ribed by a ma
ros
opi
 wave-fun
tion whi
h1
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tionrules out mi
ros
opi
 s
attering pro
esses and therefore resistivity. A very important proof ofthe BCS theory was the 
omparison of the phonon spe
trum, measured by Inelasti
 NeutronS
attering (INS) experiments, with results from Ele
tron Tunneling experiments. By use ofthe Eliashberg theory (7) a quantitative agreement was found (8; 9; 10). In addition theBCS theory renders the explanation of the isotope e�e
t (11) whi
h states that the 
riti-
al temperature is asso
iated with the mass M of the atoms the super
ondu
tor 
onsists ofvia: Tc M
α = constant. The exponent is for most 
onventional super
ondu
tors α ≈ 0.5.Furthermore most thermodynami
 properties 
an be understood on the basis of the so-
alledBCS mean-�eld hamiltonian. However, it exists a strong 
onsensus that the theory of phonon-mediated pairing is not appli
able to the new HTSC. The reason is that at the relative high
riti
al temperature of for example Tc ≈ 35K measured in La1.85Ba0.15CuO4 the thermalex
ited photons would probably disturb and destroy a phonon-indu
ed pairing me
hanism. Afurther important di�eren
e is the strong ele
tron-ele
tron Coulomb intera
tion in the 
upratesin 
ontrast to the weak-
oupling 
onventional super
ondu
tors making a des
ription througha mean-�eld hamiltonian impossible. From 1986 on more and more members of the new
lass of 
uprate super
ondu
tors were found with su

essive higher 
riti
al temperatures upto Tc ≈ 160K measured in HgBa2CaCu2O6+δ under pressure. A very important 
ornerstonewas the dis
overy of Y Ba2Cu3O6+δ (YBCO) as it was the �rst material be
oming super-
ondu
ting above the liquid nitrogen temperature (Tc ≈ 90K for δ ≈ 1). Not at last, thismade the HTSC an interesting material for industrial use as the super
ondu
ting phase 
anbe rea
hed by 
ooling with the mu
h 
heaper liquid nitrogen than liquid helium.1.1 Chemi
al stru
ture of 
uprate super
ondu
torsNext, we will 
onsider the 
hemi
al stru
ture of 
uprate super
ondu
tors using the exampleof YBCO and La2−δAδCuO4 (LASCO) sket
hed in Fig. 1.1 and Fig. 1.2, respe
tively. It iswidely believed, that the properties observed in experiments stem from the physi
s of the two-dimensional CuO2 planes indi
ated by the bold dashed lines in Fig. 1.1 and Fig. 1.2. Highlyanisotropi
 properties su
h the normal state 
ondu
tivity are justifying this assumption. Underthis premise the rest of the 
hemi
al stru
ture serves only as a 
harge reservoir 
hanging theele
troni
 density of the CuO2 planes. In 
ase of LASCO the stoi
hiometry is su
h that the

Cu turns into Cu2+, the La into La3+ and the oxygen atoms are 
harged twofold negative.While a single 
opper atom has a [3d10][4s1] ele
troni
 
on�guration a 
opper atom embeddedin the 
rystal is in the [3d9] 
on�guration. Therefore, every 
opper ion has one hole in a d-orbital with a spin 1/2 and the 2p-orbitals of the oxygen ions are saturated with two additionalele
trons [2p6]. The ele
troni
 �lling of the CuO2 planes in LASCO 
an be modi�ed through asubstitution of lanthanum atoms with either strontium (A = Sr) or barium (A = Ba) atoms.The di�erent valen
e of these elements leads the a lowering of the ele
troni
 �lling of the CuO2planes whi
h means hole(p)-doping. In 
ase of YBCO this is a
hieved through additional oxideatoms. Also ele
tron(n)-doped materials of the 
uprate family were dis
overed. Examples forn-doped 
uprates are Nd2−δCeδCuO4 and LaPr1−δCeδCuO4.



1.2. Physi
al basi
s of 
uprate super
ondu
tors 3

a

b

c

Ba

Y

O

Cu

Figure 1.1: Sket
h of the 
hemi
al elementary 
ell of Y Ba2Cu3O7 (YBCO). The bolddashed lines indi
ate the CuO2 planes.1.2 Physi
al basi
s of 
uprate super
ondu
torsBesides the interesting high 
riti
al temperature of 
uprate super
ondu
tors this 
lass of ma-terials also exhibits a ri
h phase diagram depending strongly on the ele
troni
 �lling of the
CuO2 planes. Fig. 1.3 shows a generi
 phase diagram in dependen
e of the doping x and thetemperature T .At zero doping (x = 0) an antiferromagneti
 Mott-insulating (12; 13) phase is observed whi
hwill be explained brie�y. We 
onsider a hyper
ubi
 latti
e with one orbital per site (this willbe detailed in 
hapter 2) at half-�lling. Without an ele
tron-ele
tron intera
tion, the hoppingbetween latti
e sites leads to a metalli
 band. Swit
hing on a strong lo
al Coulomb intera
tionbetween the ele
trons impedes double o

upan
y, as an additional ele
tron means an energy
ost due to the lo
al Coulomb repulsion denoted with U . Hen
e, the non-intera
ting bandsplits up into two bands (
alled lower and upper Hubbard band) separated by the Mott-gap
U . Although the ele
trons in this regime at half-�lling are lo
alized, virtual hopping pro-
esses to and ba
k adja
ent sites, whi
h are o

upied with an ele
tron 
arrying an opposite
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Figure 1.2: Sket
h of the 
hemi
al elementary 
ell of La2CuO4 (LASCO). The bold dashedlines indi
ate the CuO2 planes.spin, are possible. This so-
alled super-ex
hange leads to an antiferromagneti
 
oupling and isgiven in two dimensions by J = 4 t2

U
, with t the nearest-neighbor hopping integral (see Fig. 1.4).Due to doping the 
orresponding Néel temperature de
reases, but mu
h slower on the n- thanthe p-doped side of the the phase diagram. That followed, the super
ondu
ting phase with amaximum 
riti
al temperature at a 
ertain value of doping, 
alled optimal doping, is observed.Phase-sensitive experiments revealed that the underlying pairing has a d-wave symmetry inthe p-doped as well as in the n-doped regime (see (14) for a review). The super
ondu
tingregion in the phase diagram below optimal doping is 
alled the underdoped regime. And, 
om-plementary, above optimal doping one speaks of the overdoped regime. So far, the observedphase diagram at the p-doped side is ri
her than at the n-doped side. Experimental resultsproposing a spin-glass phase in between the antiferromagneti
 and the super
ondu
ting phase(15; 16; 17; 18) and, furthermore, the so-
alled pseudogap phase is observed (see (19; 20) forreviews). The 
hara
teristi
 of this phase is a �nite super
ondu
ting gap without super
on-du
tivity.
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Figure 1.3: Generi
 phase diagram of 
uprate super
ondu
tors.A variety of theories based on a preformed pair s
enario was invented to elu
idate the physi
s ofthe pseudogap phase. Involving spin-
harge separation, the Resonating Valen
e Bond (RVB)for example as
ribes the pseudogap to the spin gap produ
ed by spinon pairs below T ∗ whilethe holons undergo a Bose-Einstein transition at the 
riti
al temperature Tc (21; 22; 23; 24).Another proposed explanation based on preformed pairs is the following. Dynami
al 
hargedstripes are separated by insulating antiferromagneti
 stripes on a mi
ros
opi
 s
ale below T ′ >
T ∗. As the 
harge 
arriers are 
on�ned in the stripes, an one-dimensional ele
tron gas is formed.Below T ∗ the spin gap in the antiferromagneti
 stripes lead to pairing due to pair-hoppingbetween the antiferromagneti
 stripes and the one-dimensional ele
tron gas. Large enoughJosephson 
oupling below Tc 
reates the phase 
oheren
e and therefore super
ondu
tivity(25).In addition, there are theories whi
h try to explain the pseudogap state with phases 
ompetingwith super
ondu
tivity. Possible 
andidates for su
h phases are 
harge density and spin densitywaves. A further interesting s
enario is that of orbital 
urrents 
ir
ulating around plaquettesof four 
opper atoms (26; 27; 28; 29; 30; 31) or involving plaquettes of the Cu − O bonds(32; 33).So far, the nature of this phase is still intensively debated and still un
lear.The proximity of the Mott-insulating antiferromagneti
 to the super
ondu
ting phase advisesus to 
onsider the HTSC as a doped Mott-insulator. A theoreti
al des
ription is 
hallenged
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t

U

tFigure 1.4: S
hemati
 visualization of the super-ex
hange me
hanism.with the task of explaining these dominant phases as well as the doping-driven evolution fromone to the other phase. Against this ba
kground the probably most 
ru
ial question is themi
ros
opi
 me
hanism of pairing and how it is 
onne
ted to the antiferromagneti
 phase.Considering the doped antiferromagneti
 Mott-insulator one possible short-ranged me
hanismof pairing is based on the antiferromagneti
 ex
hange 
oupling J . Fig. 1.5 sket
hes thepropagation of a single hole 
ompared to a hole-pair on an antiferromagneti
 ba
kgroundon a quadrati
 latti
e with one orbital per site. In 
ase of a single hole a tail of parallelspins is produ
ed (upper sket
hes) whi
h is energeti
ally not favorable. The propagation of ahole-pair avoids this tail (lower sket
hes). After the hopping of the �rst hole two frustrations(middle sket
h) 
reating an potential with leads to an attra
tion between the two holes, asthe following se
ond hole lets the frustration disappear (right sket
h). Although this is verysimpli�ed pi
torial argument, it already gives a 
lue of what is 
alled the instantaneous pairingme
hanism involving the virtual high-energy ex
itations above the Mott gap.A further possible pairing me
hanism is based on the ex
hange of ele
tron-hole spin �u
tuationswhose energy dispersion is analyzed in INS experiments (34; 35; 36; 37; 38; 39). Resemblingthe phonon-indu
ed me
hanism in 
onventional super
ondu
tors this retarded spin �u
tuationmediated pairing is 
alled the pairing glue. Currently, the instantaneous or retarded natureis intensively debated and there is some eviden
e that both me
hanism are a

ounting forthe pairing (40; 41; 42). The mentioned INS experiments revealed an interesting spe
trumof ele
tron-spin �u
tuations in the underdoped and optimal doped regime. When enteringthe super
ondu
ting state in the high-Tc 
uprates, the magneti
 ex
itation spe
trum is 
har-a
teristi
ally and markedly modi�ed: a resonant mode emerges with its peak intensity beinghighest around the wave ve
tor qAF = (π, π) 
hara
teristi
 of antiferromagnetism in the un-doped parent 
ompound (34; 35; 36; 37; 38; 39). Its frequen
y ωres(qAF ) follows the dopingdependen
e of Tc and is of the order of 40 meV. Away from qAF , the mode has both adownward and upward hourglass-like dispersion with the latter being strongly damped as itextends into the 
ontinuum of ele
tron-hole spin-�ip ex
itations. The expression hourglass is



1.3. Purpose of the present thesis 7meanwhile established for the 
ombined upward and downward dispersion as it is observed inseveral p-doped 
uprate super
ondu
tors. In the n-doped 
uprates only the resonan
e peak isdete
ted as an universal feature so far (43). A variety of experiments in the HTSC, su
h asAngle-Resolved Photoemission-Spe
tros
opy (ARPES), Opti
al and Tunneling Spe
tros
opies,have been interpreted as eviden
e of intera
tions of ele
trons with this mode (44; 45; 46).However its mi
ros
opi
 origin, in parti
ular its role in pairing and the more detailed e�e
tsarising from the intera
tions of 
harge 
arriers with this magneti
 mode are still un
lear andintensively debated (47; 48; 49; 50; 51; 52; 53). A prerequisite to resolve this debate obvi-ously requires a 
onsistent theoreti
al des
ription of the neutron resonan
e mode and, moregenerally, the magneti
 ex
itation spe
trum (54; 55; 56) and at the same time of the phasediagram, 
ontaining the 
ompeting antiferromagneti
 and super
ondu
ting phases.1.3 Purpose of the present thesisIn this thesis, on the basis of a mi
ros
opi
 theory for two-parti
le ex
itations, we provide a
onsistent des
ription for the experimentally relevant regime of the two-dimensional one-bandHubbard model. This is a simpli�ed model derived from the 
hemi
al stru
ture of the CuO2planes whi
h is believed to 
ontain the essential mi
ros
opi
 physi
s of the 
uprates. Chapter 2is devoted to this issue and introdu
es the three-band (57) and one-band (58) Hubbard model.Chapter 3 
ontains the te
hni
al approa
hes used in the present thesis. We start in se
tion 3.1with a review of the Variational Cluster Approa
h (VCA), its derivation from the Self-Energy-Fun
tional Approa
h (SFA) and the numeri
al realization using the Q-matrix formalism. Thispart follows 
losely the seminal publi
ations of Pottho� et al. (59; 60; 61; 62). That followed,we present in se
tion 3.2 our new approa
h to two-parti
le, i.e. the magneti
, ex
itations,whi
h is the basi
 te
hni
al development of the present work. We extend the original ideaof the VCA, whi
h is to extrapolate 
luster results to the in�nite latti
e, to the treatmentof two-parti
le ex
itations. In our novel approa
h, the two-parti
le vertex extra
ted from the
orresponding 
luster sus
eptibilities is used to obtain the sus
eptibilities in the in�nite-latti
elimit. Hen
e, the whole approa
h is 
ontrolled by the 
luster size and the two-parti
le as wellas the one-parti
le quantities be
ome exa
t in the limit of in�nite 
luster sizes. In addition,se
tion 3.3 deals with an approximation to the Raman response fun
tion. We present anapproa
h similar to the magneti
 
ase but without vertex 
orre
tions as the k-dependen
eof the Raman vertex leads to a more 
ompli
ated numeri
al treatment. This 
hapter 
loseswith the introdu
tion of our method of 
hoi
e to solve the 
luster problem. We explain the(Blo
k-)Lan
zos algorithm following the 
orresponding book 
hapter of Freund (63).The VCA was re
ently applied to 
al
ulate the zero-temperature (T = 0) phase diagram aswell as one-parti
le ex
itations (61; 64; 65; 66; 67; 68; 69) of the one-band Hubbard modelfor the appropriate strongly 
orrelated regime (U = 8t). These results su

essfully reprodu
edsalient experimental features su
h as the ele
tron-hole asymmetry in the doping dependen
eof antiferromagneti
 and super
ondu
ting phases (65; 66; 67; 68; 69) in the HTSC materials.
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tionAlso the VCA one-parti
le ex
itations were found to reprodu
e 
hara
teristi
 features observedin ARPES experiments su
h as the mu
h-dis
ussed presen
e of a gap di
hotomy of the nodaland antinodal super
ondu
ting gaps (3). Reviewed brie�y, these one-parti
le data obtainedwith the VCA are related to the new two-parti
le results of our parameter-free 
al
ulation forthe underdoped one-band Hubbard model in 
hapter 4 and 5.The essential new points in this thesis are that our non-perturbative theory for two-parti
leex
itations (e.g. the dynami
 spin-sus
eptibility) is (i) parameter-free (given �xed, widely-a

epted values for the one-band Hubbard model parameters) and (ii) is working in the relevantstrong 
orrelation regime of the underlying one-band Hubbard model.Within this theory we present in 
hapter 4 a systemati
 analysis of the magneti
 
orrelations inthe hole-doped regime that 
aptures salient features measured in INS experiments. As one ofthe most salient out
ome the 
elebrated resonan
e with its hourglass-like dispersion stru
ture isobtained for the �rst time in a parameter-free strongly 
orrelated mi
ros
opi
 
al
ulation. It isveri�ed to be a spin S=1 ex
itoni
 bound state, whi
h appears in the super
ondu
tivity-indu
edgap in the spe
trum of ele
tron-hole spin-�ip (i.e. S=1) ex
itations. This will be detailed inour results, where we �nd the doping dependen
e of ωres(qAF ), the energy-integrated spe
tralweight evaluated at qAF and the di�eren
e of the magneti
 sus
eptibilities in the super
on-du
ting and the normal states to be in qualitative a

ord with INS data for underdoped YBCO,where the mode was studied in great detail (34; 35; 36; 37; 38; 39). In 
ontrast, previousdes
riptions of the magneti
 resonan
e have been obtained by weak-
oupling (70) and/or semi-phenomenologi
al approa
hes (71; 72; 73; 74; 75; 76) reprodu
ing the experimental behaviorwith adjustable parameters.The in�nite-latti
e limit is 
ru
ial to obtain the magneti
 resonan
e whi
h may be 
onsideredas a �ngerprint of the antiferromagneti
 order in the super
ondu
ting state. Only then are weable to di�erentiate between the 
ompeting antiferromagneti
 and super
ondu
ting orders inthe phase diagram. Therefore, this limit is also embedded in our 
ontrolled des
ription of the
orresponding sus
eptibilities.In 
ase of the Raman response our data presented in 
hapter 5 reveal the prominent di
hotomyof nodal and antinodal super
ondu
ting gaps observed in Raman (77; 78) and ARPES (79;80; 81) experiments. In addition, we address the question of an origin of the gap in thesuper
ondu
ting phase apart from super
ondu
tivity. Our �ndings 
an be re
on
iled with thefound gap results extra
ted from the VCA spe
tral fun
tion (3)Combined with the earlier one-parti
le 
al
ulations, our new results for two-parti
le ex
itationspresented in 
hapter 4 and 5 provide a 
onsistent pi
ture, whi
h lends substantial support toHubbard-model des
riptions of high-Tc 
uprate super
ondu
tivity.At last, in 
hapter 6 a short summary of the present thesis is provided.
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2Physi
al modelsThe derivation of an appropriate mathemati
al model is a 
ru
ial task for the theoreti
alinvestigation in 
ondensed matter physi
s. On the one hand the model should be as easyas possible but on the other hand it has to 
ontain the relevant physi
al me
hanisms of the
onsidered material. Therefore, a

ording to a prominent statement from A. Einstein thefollowing imperative 
an be formulated:Create your model as easy as possible but not easierWe want to des
ribe the properties of 
uprate super
ondu
tors whose 
hemi
al stru
ture is,in prin
iple, des
ribed in 
hapter 1 using the example of LASCO and YBCO. We alreadystated that the relevant physi
al pro
esses of 
uprates are believed to happen in the CuO2planes with a strong ele
tron-ele
tron Coulomb intera
tion 
ompeting with the kineti
 energy.Furthermore, we ruled out phonons as important ex
itations for the physi
al properties. Thisleads to the following assumptions for an appropriate model:
• The dynami
s of the atoms take pla
e on a mu
h larger time s
ale 
ompared to theele
trons ⇒ we 
an restri
t to a pure ele
troni
 model.
• All relevant spin and 
harge degrees of freedom are in the CuO2 planes⇒ we 
an restri
tto a two-dimensional model on a square latti
e. Due to the Mermin-Wagner theorem(82) long-range order 
an only be established in the ground state at T = 0 in lessthan three dimensions. Nethertheless, in numeri
al 
al
ulations at �nite temperaturesthe 
orrelation length 
an approa
h the system size wherefore the system appears to belong-range ordered.
• The dominating intera
tion between the ele
trons is a short-range repulsive Coulombintera
tion⇒ we 
an restri
t to a lo
al or at least nearest neighbor Coulomb intera
tion.Following the seminal publi
ation (57) we introdu
e the so-
alled three-band Hubbard modelwhi
h maps the relevant orbitals within the CuO2 planes: the 3dx2−y2 orbitals of the 
opper11
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Figure 2.1: Sket
h of the three-band model for the CuO2 planes in the 
uprates.atoms and the 2px and 2py orbitals of the oxygen atoms (see Fig. 2.1).But �rst we will de�ne the ele
troni
 operators used in the following models. ciσ annihilatesand c†iσ = (ciσ)† 
reates an ele
tron with the spin σ at the site i. These operators obey thefermioni
 anti
ommutation relations:
[c†iσ, c

†
i′σ′ ]+ = [ciσ, ci′σ′ ]+ = 0 ; [ciσ, c

†
i′σ′ ]+ = δi,i′δσ,σ′ (2.1)2.1 Three-band Hubbard modelThe three-band Hubbard model (57) 
ontains hopping of ele
trons between the oxygen 2px-and 2py-orbitals (tpp) as well as a hopping between the 
opper 3dx2−y2- and the oxygen 2p-orbitals (tpd). Furthermore, the hamiltonian in
ludes a lo
al Coulomb intera
tion Up and Udand a Coulomb intera
tion between adja
ent oxygen 2p- and 
opper d-orbitals Upd. Finallythe di�erent energy levels of the oxygen 2p- and 
opper d-orbitals are taken into a

ount viathe on-site energies ǫp and ǫd. Thus, the hamiltonian reads:

HHubb3 = −
∑

〈j,j′〉,σ
tpp
jj′(c

†
jσcj′σ + h.c.)−

∑

〈i,j〉,σ
tpd
ij (c†iσcjσ + h.c.) (2.2)

+Up
∑

j

nj↑nj↓ + Ud
∑

i

ni↑ni↓ + Upd
∑

〈i,j〉
ninj + ǫp

∑

j

nj + ǫd
∑

i

ni .The indi
es i and j refer to sublatti
e of 
opper d− and oxygen p−orbitals, respe
tively.
niσ = c†iσciσ (njσ = c†jσcjσ) is the number of ele
trons with spin σ at the site i (j) while
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Figure 2.2: Phase 
onvention for the hopping matrix elements of the three-band Hubbardmodel.
ni = ni↑ + ni↓ (nj = nj↑ + nj↓). 〈...〉 denotes the summation over nearest neighbors. Due tothe symmetry properties of the orbitals a phase 
onvention for the hopping matrix elementshas to be introdu
ed (see Fig. 2.2). For a re
ent VCA study of the three-band model see (83).2.2 One-band Hubbard modelThis se
tion deals with the model we will use for our 
al
ulations presented in this thesis. In
hapter 1 we analyzed the ele
troni
 
on�guration of the 
opper and oxygen atoms withinthe CuO2 planes and found at zero doping [3d9] for the �rst and [2p6] for the latter one.That means, without doping ea
h oxygen orbital is fully o

upied while the 3dx2−y2 
opperorbital 
ontains one hole in the d-orbitals on an average. It was shown (84) that in the strong
oupling limit it is favorable for doped holes to go into the oxygen p-orbitals and form thefamous Zhang-Ri
e singlet with the hole at the 
opper d-orbital. Furthermore, on the basis ofthis Zhang-Ri
e singlet an e�e
tive low-energy one-band model was derived in (84). Therefore,we will 
onsider as a simpli�
ation only one hybridized 3dx2−y2 − 2px − 2py-orbital lo
ated atea
h 
opper site. The oxygen orbitals will be negle
ted ex
ept for providing the orbitals for thehybridization. This e�e
tive model is 
alled one-band Hubbard model whi
h was previouslyintrodu
ed to des
ribe the magnetism of itinerant ele
trons in narrow bands (58). It 
ontainsa lo
al Coulomb intera
tion U and an hopping between the latti
e sites. In our 
ase, we
onsider nearest (t) and next-nearest (t′) neighbor hopping. Although this model appears verysimple, an exa
t solution only exists in one dimension through the Bethe ansatz (85). The
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t t’

t

Figure 2.3: Sket
h of the one-band model for the CuO2 planes in the 
uprates with nearestand next-nearest neighbor hopping.hamiltonian in the grand 
anoni
al form reads:
HHubb1 = HHubb1 − µ

∑

i

ni = −t
∑

〈i,j〉,σ
(c†iσcjσ + h.c.)− t′

∑

〈〈i,j〉〉,σ
(c†iσcjσ + h.c.)

−µ
∑

i

ni + U
∑

i

ni↑ni↓ , (2.3)with 〈〈...〉〉 denoting the summation over next-nearest neighbors. Fig. 2.3 gives a sket
h ofthe e�e
tive one-band model with nearest and next-nearest neighbor hopping.As the one-band Hubbard model is our model of 
hoi
e for the des
ription of the 
upratesuper
ondu
tors we will leave the attribute one-band in the further thesis for simpli
ity. Next,we review some general symmetries and limits of the Hubbard model.2.2.1 Conserving quantitiesIt is straightforward to prove the Hubbard hamiltonian symmetri
 under U(1) and SU(2) trans-formations whi
h leads to a 
onserving of the parti
le number Nσ =
∑

i niσ, the squared totalspin (S)2 = (
∑

i Si)
2 and the z-
omponent of the total spin Sz =

∑

i S
z
i = 1

2

∑

i (ni↑ − ni↓).
[HHubb1, Nσ]− = [HHubb1, (S)2]− = [HHubb1, S

z]− = 0 (2.4)
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le-hole-transformationA hyper
ubi
 latti
e, su
h as we will use for the 
uprates, belongs to the 
lass of bipartitelatti
es. These latti
es 
an be 
onstru
ted by two sublatti
es A and B with ea
h site ofsublatti
e A having only sites of B as nearest neighbors and vi
e versa. Considering su
h abipartite latti
e we perform a parti
le-hole transformation de�ned as:
ciσ → c†iσ ; c†iσ → ηiciσ , (2.5)with ηi = 1 at the sites of A and ηi = −1 at the sites of B. Appli
ation to the hamiltonian inEq. 2.3 yields
Hph

Hubb1 = −t
∑

〈i,j〉,σ
(c†iσcjσ + h.c.) + t′

∑

〈〈i,j〉〉,σ
(c†iσcjσ + h.c.)

−(U − µ)
∑

i

ni + U
∑

i

ni↑ni↓ + (U − 2µ)N , (2.6)with N the number of latti
e sites. We realize that the Hubbard model is parti
le-holesymmetri
 for t′ = 0 at µ = U
2
.2.2.3 U = 0 limitIn the limit of a vanishing intera
tion the Hubbard model 
an be solved straightforwardly bya Fourier transformation

ciσ =
1√
N

∑

k

ckσe
ikri ; c†iσ =

1√
N

∑

k

c†kσe
−ikri . (2.7)Inserting in Eq. 2.3 yields in two dimensions

HHubb1 =
∑

k,σ

c†kσckσ (ǫ(k)− µ) (2.8)
ǫ(k) = −2t(cos(kx) + cos(ky))− 2t′(cos(kx + ky) + cos(kx − ky)) . (2.9)2.2.4 Large U limitIn the limit of a strong lo
al repulsion U double o

upan
y is impeded. Applying se
ond orderperturbation theory in 1

U
renders in 
ase of only nearest-neighbor hopping and a �lling n ≤ 1the prominent t− J model

HtJ = −t
∑

〈i,j〉,σ
(c̃†iσ c̃jσ + h.c.) + J

∑

〈i,j〉

(

SiSj −
1

4
ninj

)

, (2.10)with J = 4t2

U
and the modi�ed one-parti
le operators omitting double o

upan
y c̃iσ =

ciσ(1− ni−σ) , c̃†iσ = c†iσ(1− ni−σ). The spin-1
2
operators Si are de�ned in se
tion 3.2.2.
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al modelsAt half-�lling the t− J model simpli�es to the Heisenberg model
HH = J

∑

〈i,j〉

(

SiSj −
1

4

)

. (2.11)We dis
over that the Hubbard model in the strong 
oupling limit des
ribes at half-�lling aninsulator with an antiferromagneti
 spin intera
tion.



3Te
hniquesWe are interested in the equilibrium dynami
s of elementary one- and two-parti
le ex
itationsof a system of strongly-
orrelated ele
trons. These dynami
s are des
ribed by the Green'sfun
tion whi
h we will de�ne in the Matsubara formalism (86; 87; 88; 89)
Gαβ(iω) = 〈〈Aα;Bβ〉〉iω =

1

2

∫ ∞

−∞
dτGαβ(τ)eiωτ

= −1

2

∫ ∞

−∞
dτ〈Tτ{Aα(τ)Bβ(0)}〉eiωτ , (3.1)with the imaginary time Heisenberg representation A(τ) = eHτAe−Hτ , τ = it and Tτ denotingthe time-ordering operator. In 
ase of the fermioni
 one-parti
le Green's fun
tion the A and Bare fermioni
 
reation and annihilation operators and iωf

n = i(2n+1)πT ; n ∈ Z are fermioni
Matsubara frequen
ies, while for the two-parti
le analogon ea
h of the two operators (A,B)
onsists of two fermioni
 operators and iωb
n = i2nπT ; n ∈ Z are bosoni
 Matsubara fre-quen
ies. However, a perturbatively 
al
ulation of a Green's fun
tion of a strongly-
orrelatedsystem fails as the intera
tion strength is 
omparable to the bandwidth and no small parameterexists. Many numeri
al methods have been invented to atta
k the strong 
orrelated many-body problem. Most of them be
ame essentially exa
t in some 
ases. For limited system sizesthis holds for the Quantum Monte Carlo (QMC) method (90) and the Exa
t Diagonalization(ED), while the Density-Matrix Renormalization-Group (DMRG) (91; 92) works best in onedimension. In 
ase of in�nite dimensions the Dynami
al Mean-Field Theory (DMFT) (93)be
omes exa
t also for the thermodynami
 limit on in�nite systems. However the DMFT isfor low-dimensional system only an approximation as no spatial 
orrelations are 
onsidered.Improvements 
an be obtained by 
luster extentions (94). These extentions in
orporate short-range spatial 
orrelations by solving a small 
luster exa
tly. There are existing two realizations,a real-spa
e 
onstru
tion 
alled Cellular-DMFT (C-DMFT) (95; 96; 97; 98) and a re
ipro
al-spa
e 
onstru
tion 
alled Dynami
al Cluster Approximation (DCA) (99). Both methods areimprovements in low dimensions but they are no longer exa
t in the limit of in�nite dimensions.

17



18 Chapter 3. Te
hniquesIn the following 
hapter we introdu
e a te
hnique to 
al
ulate the one-parti
le Green's fun
tionfor in�nite sized systems whi
h also 
onsiders spatial 
orrelations via the exa
t solution of a�nite 
luster. The dynami
 quantity obtained from the 
luster 
al
ulation is the ele
troni
self-energy Σ. Therefore, this te
hnique 
alled Variational Cluster Approa
h (VCA) (61) is
losely related to the Cluster Perturbation Theory (CPT) (100; 101; 102). As an improvement
ompared to the CPT the VCA 
ombines a 
luster te
hnique with a variational prin
iple whi
hallows for symmetry broken phases. Thus, the VCA 
ombines short-range 
orrelations andlong-range order phenomena. Noteworthy, it turns out, that the CPT as well as the C-DMFT
an be derived as spe
ial 
ases of the VCA, wherefore the VCA 
an be 
onsidered as a moregeneral prin
iple (62) (for an explanation of these three te
hniques see also (103)).As the present thesis fo
uses on two-parti
le ex
itations of strongly-
orrelated systems, wederive an extention to the VCA for two-parti
le 
orrelation fun
tions whi
h will 
ontain no freeadjustable parameters. Guided by the spirit of the VCA we de�ne an e�e
tive two-parti
levertex obtained at the 
luster level. This ensures that the approa
h is 
ontrolled by the 
lustersize, whi
h means, that the one-parti
le as well as the two-parti
le 
orrelation fun
tions be-
ome exa
t in the limit of in�nite 
luster sizes. In 
ase of the Raman response the treatmentof the vertex fun
tion is more 
ompli
ated and we use the e�e
tive mass approximation forthe bare Raman vertex. The subsequent 
hapter will show that the derived te
hnique enablesus to 
al
ulate salient two-parti
le properties of strongly-
orrelated hight-temperature super-
ondu
tors without adjustable free parameters for the �rst time.This 
hapter 
loses with the explanation of the ED whi
h is our method of 
hoi
e for solvingthe �nite 
luster in the T = 0 limit.3.1 Variational Cluster Approa
h (VCA)The VCA (61) is based on the Self-Energy-Fun
tional Approa
h (SFA) (59; 60). Here, thegrand potential Ω 
an be expressed as fun
tional of the self-energy of the system. Thestationary point of this fun
tional yields the physi
al self-energy at whi
h also the grandpotential be
omes physi
al. In 
ase of not exa
tly solvable systems, the stationarity 
onditionalso provides a powerful method to �nd the best approximated self-energy in a 
ertain subspa
eof trial self-energies.3.1.1 Self-Energy-Fun
tional Approa
hWe 
onsider a system of ele
trons on a in�nite latti
e at the temperature T and the 
hemi
alpotential µ with the hamiltonian
H = H0(t) +H1(U) . (3.2)The H0 
ontains all one-parti
le terms depending on the parameters t

H0 =
∑

α,β

tαβc
†
αcβ , (3.3)
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+ + + ...Φ =[   ]GFigure 3.1: Diagrammati
al de�nition of the Luttinger-Ward fun
tional with double linesdepi
ting the fully intera
ting Green's fun
tion while the dashed lines symbolize the in-tera
tion.while H1 is the intera
tion part depending on U

H1 =
1

2

∑

α,β,γ,δ

Uαβγδc
†
αc

†
βcδcγ . (3.4)The αβγδ refer to a 
omplete and orthonormal set of one-parti
le basis states. By use of theDyson equation, the one-parti
le Green's fun
tion Gαβ = Gαβ(iωf

n) = 〈〈cα; c†β〉〉iωf
n

an be
al
ulated as follows:

G = G0 + G0ΣG , (3.5)where G0 = G0(iω
f
n) = (iωf

n + µ − t)−1 is the non-intera
ting Green's fun
tion and Σαβ =
Σαβ(iωf

n) the ele
troni
 irredu
ible self-energy, whi
h 
an be obtained by the fun
tional deriva-tion of the so-
alled Luttinger-Ward fun
tional Φ[G] (104)
Σ = Σ[G] = T−1 δΦ[G]

δG
. (3.6)In their original work Luttinger and Ward 
onstru
ted the fun
tional Φ[G] diagrammati
allyfor the weak-
oupling 
ase and found it to be given by an in�nite series of 
losed skeletondiagrams (Fig. 3.1). As no self-energy insertions are in the series of diagrams the fun
tionaldepends only on the fully intera
ting Green's fun
tion (dressed one-parti
le propagators) andthe bare intera
tion. With Φ[G] showing no expli
it dependen
e on one-parti
le terms t su
has the hopping, two systems with di�erent one-parti
le terms but the same intera
tion aredes
ribed by the same universal Luttinger-Ward fun
tional. To avoid the weak-
oupling dia-grammati
 series Pottho� provided a non-perturbative 
onstru
tion of Φ[G] and proved theuniversality explained above to be still valid (105).The grand potential Ω of the 
onsidered system is given by the following self-energy fun
tionalevaluated at its stationary point

Ωt[Σ] = Tr ln
(

−
(
G−1

0 −Σ
)−1
)

+ F [Σ] , (3.7)with F [Σ] = Φ[G[Σ]]− Tr (ΣG[Σ]) the Legendre transform of Φ[G] and G[Σ] the inverseof Σ[G] (see (59) for details). The subs
ript t indi
ates the expli
it t dependen
e of the
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hniquesgrand potential due to G0. Note, that the tra
e appearing in the equation is de�ned as
TrO = T

∑

ω,αOαα(iω). The above fun
tional be
omes stationary at the exa
t self-energyof the system:
δΩt[Σ]

δΣ
= 0 ⇐⇒ G[Σ] =

(
G−1

0 −Σ
)−1

. (3.8)However, the self-energy fun
tional Ωt[Σ] is not known expli
itly.Next, we de�ne a so-
alled referen
e-system, whi
h is des
ribed by a hamiltonian similar toEq. (3.2)
H ′ = H0(t

′) +H1(U) , (3.9)but with a di�erent one-parti
le operator
H0 =

∑

α,β

t′αβc
†
αcβ . (3.10)As the steps explained above are also valid for this referen
e-system we derive a similar ex-pression for the grand potential

Ωt′ [Σ] = Tr ln

(

−
(

G′−1
0 −Σ

)−1
)

+ F [Σ] , (3.11)with G′

0 = G′

0(iω
f
n) = (iωf

n + µ− t′)−1. Note, that Eq. (3.7) as well as Eq. (3.11) 
ontains
F [Σ]. This is a universal fun
tional of the self-energy with a fun
tional dependen
e that isthe same for any t and therefore also for t′. That very important fa
t will be used to eliminatethe F [Σ] by a subtra
tion of the equations (3.7) and (3.11)

Ωt[Σ] = Ωt′ [Σ] + Tr ln
(

−
(
G−1

0 −Σ
)−1
)

− Tr ln

(

−
(

G′−1
0 −Σ

)−1
)

. (3.12)So far we made no approximation and all equations are still exa
t, but as the original hamil-tonian is not exa
tly solvable, the physi
al self-energy is also not a

essible.Next, we make the essential assumption, that the referen
e-system is simple enough to besolved. This provides a 
ertain spa
e of trial self-energies Σ(t′) parameterized by t′. Theevaluation of Eq. (3.12) at these trial self-energies yields
Ωt[Σ(t′)] = Ωt′ [Σ(t′)] + Tr ln

(

−
(
G−1

0 −Σ(t′)
)−1
)

−Tr ln

(

−
(

G′−1
0 −Σ(t′)

)−1
)

= Ω′ + Tr ln
(

−
(
G−1

0 −Σ(t′)
)−1
)

− Tr ln (−G′) . (3.13)
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Figure 3.2: Sket
h of the approximated stationarity 
ondition in 
ase of two variationalparameters. The ve
tor a indi
ates the non-vanishing bra
ket in Eq. (3.14) and is per-pendi
ular to the tangential ve
tors b2 and b2 of the t′ parameterized hypersurfa
e.By applying the Euler equation δΩt[Σ(t′)]/δt′ = 0 to the last expression, we obtain as a veryimportant result
T
∑

ω

∑

α,β

((
G−1

0 −Σ(t′)
)−1 −G′

)

βα

δΣαβ(t′)

δt′
= 0 . (3.14)Only the non-intera
ting Green's fun
tion has to be 
al
ulated within the original system.The problem of �nding the exa
t self-energy is approximated by the redu
tion of the spa
e oftrial self-energies to a hypersurfa
e parameterized by t′. If the exa
t one is 
aptured by thishypersurfa
e, the bra
ket in Eq. (3.14) will be zero at the exa
t self-energy. It is a pre
iousfa
t, that Eq. (3.14) also holds for trial self-energies not 
ontaining the exa
t one. In this
ase the bra
ket will not be
ome zero, but as the derivative in Eq. (3.14) de�nes a tangentialve
tor to the t′ parameterized hypersurfa
e, Eq. (3.14) 
an be interpreted as the proje
tionof the exa
t stationarity 
ondition onto this hypersurfa
e. Therefore, even for not exa
t trialself-energies Eq. (3.14) 
an be ful�lled due to an orthogonality of the non-vanishing bra
ketto the hypersurfa
e (see the sket
h in Fig. 3.2). Although the found self-energy is not exa
tin this 
ase, it is the best approximated one whi
h is 
overed by the hypersurfa
e of trialself-energies. Therefore we will 
all the stationarity 
ondition in this 
ase an approximated
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x x

r

R

original lattice

clustering

clustered latticeFigure 3.3: Tiling up the original real spa
e latti
e into Nc �nite 
lusters with Lc sitesea
h. This latti
e is 
alled superlatti
e with the 
luster being the elementary 
ell.stationarity 
ondition. We mention that the SFA 
an be shown to be 
ausal (see (60) for adetailed proof). It is noteworthy, that a found stationary point is not an extremum in generaland that more than only a single point may be found. In pra
ti
e, they are mostly saddlepoints and in 
ase of more than one of these points the physi
al self-energy is the one whi
hdiminishes the grand potential. However, there are some ex
eptions from the latter rule.Stationary points whi
h 
an not be re
on
iled with the overall phased diagram or whi
h leadto huge dis
repan
ies between the physi
al and the referen
e system have to be negle
ted insome 
ases.3.1.2 Derivation of the Variational Cluster Approa
h (VCA)On the general basis of the SFA we intent to explain the derivation of a non-perturbativeapproa
h to Green's fun
tions of fermioni
 latti
e systems. This approa
h will be determinedby a proper 
hoi
e of the referen
e system, whi
h must obey the 
ondition to be solvable.For this reason we tile up the in�nite latti
e into Nc �nite 
lusters with Lc sites ea
h (seeFig. 3.3). The total number of sites isN = Nc×Lc. As the original latti
e is in prin
iple in�nite(N → ∞) the number of 
luster will also be in�nite Nc → ∞. Assuming the intera
tion tobe lo
al, whi
h is a proper 
hoi
e as we aim at the Hubbard model for expli
it 
al
ulations,allows for a splitting of the hamiltonian into an intra
luster and inter
luster part:
H =

∑

a

[

H
(intra)
0 (Ra) +H1(Ra)

]

+
∑

a,b

H
(inter)
0 (Ra,Rb) , (3.15)with the intra
luster one-parti
le part

H
(intra)
0 (Ra) =

∑

i,j,σ

tijc
†
aiσcajσ , (3.16)
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h (VCA) 23an arbitrary lo
al intera
tion part H1 and the inter
luster one-parti
le part
H

(inter)
0 (Ra,Rb) =

∑

i,j,σ

V(ai)(bj)c
†
aiσcbjσ . (3.17)The latter part 
onne
ts di�erent 
lusters with ea
h 
luster labeled by it's referen
e point R.Therefore the inter
luster hopping obeys the 
onstraint V(ai)(aj) = 0. While the translationalinvarian
e of the original system is broken on the 
luster level due to open boundary 
onditionson a single 
luster, we assume the invarian
e of the inter
luster part under translation withrespe
t to the superlatti
e ve
tor R. Note, that the open boundary 
onditions are not arequirement but an intrinsi
 
hara
teristi
 of the approximation, whi
h will be dis
ussed laterin this se
tion and also in se
tion 3.1.3.For the next step towards the VCA we introdu
e a transformation under whi
h the hamiltonianEq. (3.15) remains invariant

H
(intra)
0 (Ra) → H

(intra)
0 (Ra) + ∆(Ra) (3.18)

H
(inter)
0 (Ra,Rb) → H

(inter)
0 (Ra,Rb)− δa,b∆(Ra) ,with an arbitrary one-parti
le operator ∆(Ra) =

∑

i,j,σ,σ′{∆n,σσ′

ij c†aiσcajσ′ +∆sc,σσ′

ij (caiσcajσ′ +
h.c.)}. The �rst part of these one-parti
le operator a

ounts for all normal �elds while thelatter one 
overs all super
ondu
ting �elds. For simpli
ity, we redu
e the notation ∆

n/sc,σσ′

ijin the following to ∆ij. So far we did no approximation and the original hamiltonian remainsun
hanged. For a solvable referen
e system whi
h provides the trial self-energies for the SFA,we negle
t the inter
luster part of the hamiltonian
H ′ =

∑

a

[

H
(intra)
0 (Ra) + ∆(Ra) +H1(Ra)

]

. (3.19)Due to the 
lustering we use open boundary 
onditions, but in prin
ipal also periodi
 boundary
onditions 
ould be used. The proof that our 
hoi
e is the 
orre
t one we introdu
e anadditional hopping between the edge sites of the 
luster with the parameter tr. As the hoppingoperator is a one-parti
le operator we 
an apply the Euler equation to �nd the tr for whi
hthe self-energy is approximated best. Indeed, it turns out that the VCA yields tr = 0 as aresult (61). Thus, in 
ontrast to the CPT the VCA answers the question of a proper 
hoi
eof boundary 
ondition by itself.As we require this referen
e system to be solvable, we 
an extra
t the self-energy from theDyson equation for the referen
e system Eq. (3.5)
Σ(t′) = G′

0
−1 −G′−1

. (3.20)In prin
ipal, we are now able to use Eq. (3.14) for �nding the stationary points. The taskis to 
al
ulate the grand potential by use of the exa
t 
luster information and perform theoptimization of the 
luster self-energy to ful�ll δΩt[Σ(t′)]/δt′ = 0 in the spa
e of the varia-tional parameters ∆ij . These variational parameter 
an be understood as an enlargement ofthe spa
e of trial self-energies. A further improvement 
ould be a
hieved by implementing the
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hniquesso-
alled bath sites in the referen
e system. These are additional 
luster sites where the inter-a
tion vanishes . The additional variational parameter is the so-
alled hybridization fun
tionwhi
h is the hopping from an 
orrelated to su
h an un
orrelated site. In this work bath siteswould mean too mu
h numeri
al e�ort and are therefore not 
onsidered.Systemati
ally, the pro
edure runs as follows: For a set of variational parameters the self-energy of the referen
e system has to 
al
ulated via Eq. (3.20) and used to evaluate the grandpotential via Eq. 3.13. These steps have to be repeated (of 
ourse in an intelligent and pur-poseful way) until δΩt[Σ(t′)]/δt′ = 0.VCA Green's fun
tionInserting the optimized self-energy into the Dyson equation for the original system Eq. (3.5)yields the desired VCA Green's fun
tion
G =

(

G0
−1 −G′

0
−1

+ G′−1
)−1

. (3.21)This expression 
an be simpli�ed as we know the expli
it solutions of the non-intera
tingGreen's fun
tions G0
−1 = G−1

0 (iωf
n) = (iωf

n+µ−T ) andG′

0
−1 = G′−1

0 (iωf
n) = (iωf

n+µ−T ′).With Nc the number of 
lusters (in prin
iple, Nc is in�nite, but for pra
ti
al 
al
ulations it is asu�
ient large and �nite number) and Lc the number of 
luster sites, the matrix T ′ is de�nedas T ′ = 1Nc×Nc ⊗ (t +∆) with t the 
luster hopping matrix and ∆ the arbitrary one-parti
le�elds, both having the dimension Lc × Lc (see Eq. (3.22)). Therefore T ′ has the dimension
(Nc × Lc) × (Nc × Lc) and shows a blo
k-diagonal shape with ea
h blo
k being the 
lusterhopping matrix plus the matrix ∆. T di�ers from T ′ by the (Nc×Lc)×(Nc×Lc) inter
lusterhopping matrix V (see Eq. (3.23)) as well as ∆ and therefore reads T = T ′+V −1Nc×Nc⊗∆.

T ′ =























t + ∆
Lc × Lc

t + ∆
Lc × Lc

0
0 ∗

∗
∗

t + ∆
Lc × Lc























Nc×Nc

(3.22)
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V =


























0 V12

Lc × Lc

V13

Lc × Lc

∗ ∗ ∗

V21

Lc × Lc

0 V23

Lc × Lc

∗ ∗ ∗

V31

Lc × Lc

V32

Lc × Lc

∗
∗
∗

∗
∗
∗

∗
∗
∗

∗
∗
∗

∗
∗
∗

0


























Nc×Nc

(3.23)
With these 
onsiderations Eq. (3.21) be
omes

G =
(

G′−1 − (T − T ′)
)−1

=
(

G′−1 − V + 1Nc×Nc ⊗∆
)−1

. (3.24)Note, that G′ is the Green's fun
tion of the referen
e system, whi
h has the dimension
(Nc × Lc) × (Nc × Lc) like V and whi
h is of a blo
k-diagonal form with ea
h blo
k theintera
ting 
luster Green's fun
tion G′ = 1Nc×Nc ⊗Gc.As the superlatti
e obeys the translational invarian
e we are allowed to perform a Fouriertransformation with respe
t to the superlatti
e ve
tor R indu
ed by the unitary matrix U :
Vk = UV U †. The matrix Vk is blo
k-diagonal with ea
h blo
k a k-dependent Lc×Lc matrix
V (k). Note, that k is an element of the redu
ed Brillouin zone. Inserting this result intoEq. (3.24) yields

G(k) = UGU † = U
(
1Nc×Nc ∗Gc−1 −U †VkU + 1Nc×Nc ∗∆

)−1
U †

= U
(
U †(U(1Nc×Nc ∗Gc−1)U † − Vk + U(1Nc×Nc ∗∆)U †)U

)−1
U †

=
(
1Nc×Nc ∗Gc−1 − Vk + 1Nc×Nc ∗∆

)−1
. (3.25)We used U †U = 1 and U(
onst ⊗ 1Nc×Nc)U

† = 
onst ⊗ 1Nc×Nc . This is a very interestingand important result, as the whole equation Eq. (3.25) is k-separable and be
omes a Lc×Lcmatrix equation whi
h is k and ω dependent
G(k, iωf

n) =
(
Gc−1(iωf

n)− V (k) + ∆
)−1

. (3.26)This k-separability implies that for any pra
ti
al purpose there is no need to distinguish be-tween the referen
e system and the 
luster Green's fun
tion.The last equation 
an be understood as follows: We in
luded the additional one-parti
le �elds
∆ in the referen
e system. As the hopping matrix, these �elds will enter the Green's fun
tion
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x

r

R

K
k

p

transformation

Fourier

clustered lattice in real space 1. Brillouin zone in reciprocal spaceFigure 3.4: The 
lustered latti
e in real spa
e and the 
orresponding �rst Brillouin zonein re
ipro
al spa
e with the shaded area indi
ating the redu
ed Brillouin zone. Note, thatfor an in�nite latti
e the k-points be
ome dense.
Gc in the denominator with a minus sign. But the term +∆ in Eq. (3.26) annihilates this part.Therefore these �elds only e�e
t the 
luster self-energy also in
luded in the Gc. Without thevariational pro
edure for �nding the optimized one-parti
le parameters the CPT is obtainedwith the inter
luster hopping and ∆ as the perturbation. In this sense the VCA 
an beunderstood as the CPT 
ombined with a variational prin
iple.
3.1.3 Translational invarian
eThe VCA Green's fun
tion as shown in Eq. (3.26) is given in a mixed representation as besidethe wave ve
tor k it is still a matrix in the 
luster indi
es. However, su
h a mixed representationis not appropriate for physi
al quantities, e.g. the spe
tral fun
tion A(k, ω) = ∓ 1

π
ImG retav (k, ω)(86; 87; 88; 89). This problem stems from the broken translational invarian
e due to the
lustering and is a short
oming of the VCA itself. To get rid of the mixed representation weinspe
t the full Fourier transformation of the real-spa
e Green's fun
tion

G(k+K,k′+K′) =
1

NcLc

∑

a,b,i,j

ei(k+K)(Ra+ri)G(Ra+ri,Rb+rj)e
−i(k′+K′)(Rb+rj).(3.27)As a notation we write k for the re
ipro
al ve
tors of the redu
ed Brillouin zone a

ording tothe superlatti
e R↔ k and K a

ording to the 
luster ve
tors r ↔K (see Fig. 3.4). With
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eiKR = 1 and the translational invarian
e due to the superlatti
e we obtain

G(k + K,k′ + K′) =
1

NcLc

∑

l,b,i,j

ei(k+K)riG(Rb + Rl + ri,Rb + rj)e
−i(k′+K′)rj

×ei(k−k′)RbeikRl

=
1

Lc

∑

l,i,j

ei(k+K)riG(Rl + ri, 0 + rj)e
−i(k′+K′)rjδk,k′eikRl

=
1

Lc

∑

i,j

ei(k+K)riGij(k)e−i(k′+K′)rjδk,k′ . (3.28)The Green's fun
tion is no longer in a mixed representation. To restore the translational invari-an
e only the diagonal elements are taken into a

ount G(k+K) := G(k+K,k+K′)δK,K′ .The k ve
tor is an element of the redu
ed Brillouin zone a

ording to the superlatti
e and as
Nc is in prin
iple an in�nite number, k is 
ontinuous. However, K is a ve
tor of the re
ipro
allatti
e whose smallest non-zero value is exa
tly the periodi
ity of the redu
ed Brillouin zone.Therefore we 
an rewrite the Green's fun
tion asG(k) := G(k,k) with k a 
ontinuous elementof the original Brillouin zone. For details using the example of one dimension see appendix A.1.The diagonalization of the Green's fun
tion is not the only possible 
hoi
e for the restorationof the translational invarian
e. One 
ould also apply the above pro
edure to the self-energy.But due to the matrix operations arising from the Dyson equation the result di�ers fromEq. (3.28). However, experien
e tells us to pro
eed in the way explained above, as it yieldsbetter results (103). See, for a deeper dis
ussion on this topi
 Ref. (106).3.1.4 Limits of the VCAFirst we want to analyze the Lc → ∞ limit. As the exa
t self-energy is 
aptured by thereferen
e system in this 
ase, the VCA be
omes exa
t.For a vanishing hopping matrix T = 0 all latti
e sites de
ouple and the self-energy is lo
al.Therefore the exa
t self-energy is 
aptured even by an one-site 
luster and the VCA be
omesexa
t.At last we 
onsider the non-intera
ting limit. As the self-energy of the original system and ofthe referen
e system is zero, the VCA also be
omes exa
t in this limit.3.1.5 Choi
e of variational parameters and thermodynami
 
onsis-ten
eThis se
tion is addressed to the 
hoi
e of appropriate variational parameters. A larger param-eter spa
e means also a larger spa
e of trial self-energies and improves the approa
h. Butthe numeri
al e�ort arising from the variational pro
edure to �nd the stationary points limitsthe number of parameters. Therefore one has to make a thorough de
ision whi
h parame-ters to take into a

ount and whi
h not. The aim of this work is to analyze the physi
s of
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hniqueshigh-temperature super
ondu
tors mi
ros
opi
ally. And by taking into 
onsideration the phasediagram of the 
uprate super
ondu
tors two phases are apparently dominant. The antiferro-magneti
 at low doping and, of 
ourse, the d-wave super
ondu
ting phase at higher doping.For this reason we introdu
e an U(1) symmetry breaking pairing �eld and a SU(2) symmetrybreaking antiferromagneti
 �eld:
∆SC(Ra) = hSC

∑

n.n.

ηij

2
(cai↑caj↓ + h.c.) (3.29)

∆AF (Ra) = hAF

∑

i

(nai↑ − nai↓)e
qAF ri (3.30)

qAF = (π, π) is the antiferromagneti
 wave ve
tor in two dimensions and ηij a

ounts for thed-wave pairing and is de�ned as
ηij =

{
+1, for ri − rj in x-dire
tion
−1, for ri − rj in y-dire
tion . (3.31)Beside the phases of interest, the 
hoi
e of the variational parameter is 
ru
ial also for thethermodynami
 
onsisten
e. This means the equivalen
e of a quantity on the one hand
al
ulated via the spe
tral theorem (86; 87; 88; 89)

〈c†iσcjσ〉 =

∫ ∞

−∞
dω
Aijσ(ω)

1 + eβω
, (3.32)and on the other hand as the derivation of a thermodynami
 potential

〈c†iσcjσ〉 =
δΩ

δtijσ
. (3.33)As both, the grand potential and the Green's fun
tion and therefore the spe
tral fun
tion areapproximated, this equivalen
e is not ne
essary. However, the introdu
tion of a variationalparameter t′ijσ in the referen
e system 
orresponding to tijσ in the original system ensures thethermodynami
 
onsisten
e for the 
onsidered quantity. To proof this statement we evaluateEq. (3.33):

δΩt[Σ(t′

opt)]

δtijσ
= T

∑

n

(
G−1

0 (iωf
n)−Σ(t′

opt, iω
f
n)
)−1

jiσ
+
δΩt[Σ(t′

opt)]

δt′

∣
∣
∣
∣
t′=t′

opt
︸ ︷︷ ︸

=0

δt′

opt

δtijσ
(3.34)The �rst part of the right side stems from the expli
it tijσ dependen
e of the G0 while these
ond one stems from the impli
it dependen
e of the variational parameter on tijσ. The lattervanishes as the derivative of the grand potential is evaluated at a stationary point. And thesum in the �rst part 
an be transformed by use of the Matsubara sum (see appendix A.2.1)into an integral over real frequen
ies and be
omes Eq. (3.32), q.e.d..In this work we analyze in detail the doping dependen
e of physi
al quantities. For this reasonwe want to ensure the thermodynami
 
onsisten
e of the parti
le number N =

∑

iσ〈c
†
iσciσ〉and introdu
e an onsite energy as a third variational parameter:

∆µ(Ra) = µ′
∑

i

(nai↑ + nai↓) (3.35)



3.1. Variational Cluster Approa
h (VCA) 293.1.6 Q-matrix formalism - Numeri
al evaluationIn this se
tion we introdu
e a formalism whi
h allows for an e�e
tive 
omputation of the VCAand, furthermore, provides a good starting point for an elegant derivation of a two-parti
leapproa
h. This formalism is based on the Lehmann representation (86; 87; 88; 89) for the
luster Green's fun
tion
Gc

αβ(iωf
l ) =

1

Z ′

∑

m,n

〈m|cα|n〉〈n|c†β|m〉
iωf

l − (En − Em)

(
e−βEm + e−βEn

)

T→0
=

1

d

∑

m,n

(

〈0m|cα|n〉〈n|c†β|0m〉
iωf

l − (En −E0)
+
〈0n|c†β|m〉〈m|cα|0n〉
iωf

l − (E0 −Em)

)

. (3.36)We used d for the possible degeneration of the ground state and Z ′ as the grand 
anoni
alpartition fun
tion. The exa
t solution of the 
luster is a
hieved by employing the Lan
zosalgorithm (see se
tion 3.4) whi
h yields the eigenvalues and eigenstates of the hamiltonian upto a 
ertain energy. With these we de�ne the so-
alled Q-matrix whi
h essentially 
ontains thespe
tral weights of the one-parti
le ex
itations. Note, that we assume the 
hemi
al potential
µ as already in
luded in the hamiltonian H = H − µN .

Qαs = 〈m|cα|n〉
√

e−βEm + e−βEn

Z ′

T→0
=

1√
d
(δEm,E0〈0m|cα|n〉+ δEn,E0〈m|cα|0n〉) (3.37)The index s denotes as a double index the two states s = (m,n). With the matrix

gst(ω) =
δst

ω − (En −Em)
=

δst
ω − ω′

s

(3.38)the Lehmann representation of the 
luster Green's fun
tion is re
overed by
Gc(iωf

l ) = Qg(iωf
l )Q† (3.39)The latter result allows us to rewrite the VCA Green's fun
tion (Eq. 3.26) with the simpli�ednotation V̄ (k) = V (k)−∆:

G(k, iωf
l ) =

((

Qg(iωf
l )Q†

)−1

− V̄ (k)

)−1

= Qg(iωf
l )Q†

∞∑

l=0

(

V̄ (k)Qg(iωf
l )Q†

)l

= Qg(iωf
l )

∞∑

l=0

(

Q†V̄ (k)Qg(iωf
l )
)l

Q†

= Q
(

g−1(iωf
l )−Q†V̄ (k)Q

)−1

Q† (3.40)
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hniquesAs the g(iωf
l ) is a diagonal matrix the inverse is easily g−1(iωf

l ) = iωf
l −Λ with the de�nition

Λst = δstω
′
s. This allows for a further simpli�
ation

G(k, iωf
l ) = Q

(

iωf
l −M(k)

)−1

Q† . (3.41)The poles of the VCA Green's fun
tion are given by the eigenvalues of the matrix M(k) =
Λ + Q†V̄ (k)Q via ωs(k) = (U †(k)M(k)U(k))ss with U(k) the unitary transformationwhi
h diagonalizes M(k).The knowledge about the dis
rete pole stru
ture enables us to evaluate in�nite Matsubarasums as well as numeri
al integrations along the real ω-axis o

urring in the expressions forexpe
tation values and the grand potential. In the following the T = 0 expression for theparti
le density will be derived as an example.

〈c†iσciσ〉 =
1

Nc

∑

k

∫ ∞

−∞
dω
Aiiσ(k, ω)

1 + eβω
=

1

Nc

∑

k

∫ 0

−∞
dωAiiσ(k, ω)

= −1

π

1

Nc

∑

k

∫ 0

−∞
dωIm [Q (ω + i0+ −M(k)

)−1
Q†
]

iiσ

= −1

π

1

Nc

∑

k

∫ 0

−∞
dωIm[∑

s

(QU(k))iσs
1

ω + i0+ − ωs(k)
(U †(k)Q†)siσ

]

= −1

π

1

Nc

∑

k

∫ 0

−∞
dω
∑

s

|QU(k)|2iσs

[Im 1

ω + i0+ − ωs(k)

]

∗
=

1

Nc

∑

k

∫ 0

−∞
dω
∑

s

|QU(k)|2iσsδ(ω − ωs(k))

=
1

Nc

∑

k,s
ωs(k)<0

|QU(k)|2iσs (3.42)(*: Here, the Dira
 identity is used: 1
x−x0±i0+ = P 1

x−x0
∓ iπδ(x − x0), with P the prin
ipalvalue of the integral)Note, that the 〈c†iσciσ〉 is dependent on the site i as open boundary 
onditions are used. Toobtain a lo
al quantity (su
h as the density) of the original system in the VCA approa
h meansto average over the 
luster sites as the following 
al
ulation of the lo
al VCA Green's fun
tionshows. Using Eq. (3.28) yields:

1

NcLc

∑

k,K

G(k + K, iωf
l ) =

1

NcLcLc

∑

k,K,i,j

Gij(k, iω
f
l )eik(ri−rj)eiK(ri−rj)

=
1

NcLc

∑

k,i

Gii(k, iω
f
l )eik(ri−ri) =

1

NcLc

∑

k,i

Gii(k, iω
f
l )

=
1

Lc

∑

i

Gii(∆R = 0, iωf
l ) (3.43)
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Hen
e, the density derived in Eq. (3.42) has also to be averaged over the 
luster sites to givethe density of the original system in the VCA approa
h.The knowledge about the dis
rete pole stru
ture of the VCA Green's fun
tion also enables usto reformulate the grand potential Eq. (3.13) as (details on the derivation are given in (60))
Ωt[Σ(t′)] = Ωt′ [Σ(t′)] + T

∑

s

ln
(

1 + e−βω′

s

)

− T
∑

s

ln
(
1 + e−βωs

)

T→0
= E0 −

∑

s

ω′
sΘ(−ω′

s) +
∑

s

ωsΘ(−ωs) . (3.44)
3.2 Two-parti
le extension of the VCA for themagneti
 sus
eptibilityThe fo
us of this thesis is on the 
al
ulation of two-parti
le response fun
tions, in parti
ularthe transversal magneti
 sus
eptibility χ whi
h yields the magneti
 ex
itation spe
trum. Su
hquantities are obeying the Bethe-Salpeter equation as an analogon to the Dyson equationfor one-parti
le 
orrelation fun
tions. However, as the exa
t vertex is not known in general,we need an appropriate approximation whi
h works in the strongly-
orrelated regime. Hen
e,this se
tion is about a two-step approa
h with �rst an approximation to the Bethe-Salpeterequation itself and se
ond an approximation to the two-parti
le vertex fun
tion. That followed,a self-
onsistently determined 
ontrolling 
onstant is introdu
ed to e�e
t a �ne-tuning of thevertex fun
tion and to assess the quality of the approximation via a 
he
ksum.Note, that the approa
h derived in this se
tion holds also for other two-parti
le 
orrelationfun
tions, e.g. the 
harge response fun
tion.
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leGreen's fun
tions.3.2.1 Approximation to the Bethe-Salpeter equationThe general Bethe-Salpeter equation for a two-parti
le response fun
tion L is given in realspa
e by (86; 87; 88; 89) (see also Fig. 3.5)
L(r̄1, r̄1′, r̄2, r̄2′) = L0(r̄1, r̄1′, r̄2, r̄2′) + (3.45)

∑

r3, r3′

r4, r4′

σ3, σ3′

σ4, σ4′

∫

dτ3...dτ4′L0(r̄1, r̄1′ , r̄3, r̄3′)Γ(r̄3, r̄3′, r̄4, r̄4′)L(r̄4, r̄4′ , r̄2, r̄2′) ,

where we used the four-ve
tor notation ri = (ri, τi) and r̄i = (ri, σi) as a multiple index. Γdenotes the irredu
ible parti
le-hole vertex depending, after Fourier transformation, in generalon four internal frequen
ies and momenta whi
h redu
es to three internal frequen
ies andmomenta due to momentum and energy 
onservation. This already gives a hint for the more
omplex task of 
al
ulating two-parti
le 
ompared to one-parti
le 
orrelation fun
tions, wherethe self-energy only depends on one frequen
y and momentum.In the following we will 
onsider two-parti
le response fun
tions whi
h are of the form 〈〈AiBj〉〉(e.g. the magneti
 sus
eptibility or the 
harge response fun
tion) for whi
h the above equa-tion simpli�es as we have to set r1 = r1′ and r2 = r2′ (see Fig 3.6). As the stru
ture ofthe Bethe-Salpeter equation 
on
erning the spa
e and time 
oordinates is the same for the
onsidered response fun
tions we will shorten the notation by negligen
e of the spin indi
esin the following approximation. The obtained result will hold for the transversal magneti
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eptibility and the longitudinal as well by adapting the spin indi
es.However, we still need to deal with a vertex fun
tion depending on three internal frequen
iesand momenta. This will lead to at least dramati
al numeri
al problems. With δr3,r3′
=

δr3,r3′
δ(τ3−τ3′) and δr4,r4′

= δr4,r4′
δ(τ4−τ4′) we a
hieve an important progress by introdu
ingthe following approximation

Γ(r3, r3′ , r4, r4′) −→ Γ′(r3, r4, )δr3,r3′
δr4,r4′

. (3.46)In this approximation the response fun
tion reads (see also Fig 3.7)
χ(r1, r2) = χ0(r1, r2) +

∑

r3,r4

∫

dτ3dτ4χ0(r1, r3)Γ
′(r3, r4)χ(r4, r2) . (3.47)Using the de�nition qi = (qi, ωi) and q̃ = (q, ωb

m) with ωi and ωb
m dis
rete Matsubara fre-quen
ies allows for a 
ompa
t formulation of the Fourier transform:

χ(q, iωb
m) = χ(q̃, q̃) =

1

N

∑

r1,r2

∫

dτ1dτ2χ(r1, r2)e
iq̃(r2−r1)

= χ0(q̃, q̃) +
∑

q1,q2

χ0(q̃, q1)Γ
′(q1, q2)χ(q2, q̃)

= χ0(q̃, q̃) + χ0(q̃, q̃)Γ
′(q̃, q̃)χ(q̃, q̃)

= χ0(q, iω
b
m) + χ0(q, iω

b
m)Γ′(q, iωb

m)χ(q, iωb
m) (3.48)We made expli
it use of the translational invarian
e in time and spa
e to only retain the di-agonal parts of the intera
ting and non-intera
ting response fun
tions.Shedding light on what the approximation means physi
allyTo gain a deeper understanding of the approximation used above, we implement the approxi-mation Eq. (3.46) via the Fourier representation δr3,r3′

= δr3,r3′
δ(τ3−τ3′) = T

N

∑

q3
eiq3(r3−r3′ )and δr4,r4′

= δr4,r4′
δ(τ4−τ4′) = T

N

∑

q4
eiq4(r4−r4′ ) into the Bethe-Salpeter equation Eq. (3.45).With the spe
ialization r1 = r1′ and r2 = r2′ we obtain

χ(r1, r2) = χ0(r1, r2)+ (3.49)
(
T

N

)2 ∑

r3, r3′

r4, r4′

q3, q4

∫

dτ3...dτ4′χ0(r1, r3, r3′)e
iq3(r3−r3′ )Γ(r3, r3′ , r4, r4′)e

iq4(r4−r4′ )χ(r4, r4′, r2) .
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hniquesThe Fourier transform yields
χ(q, iωb

m) = χ(q̃, q̃) =
1

N

∑

r1,r2

∫

dτ1dτ2χ(r1, r2)e
iq̃(r2−r1)

= χ0(q̃, q̃) +

(
T

N

)2 ∑

q1, q2
q3, q4

χ0(q1, q1 + q̃)×

×Γ [−q̃ − (q1 − q3), (q1 − q3), (q2 + q4), q̃ − (q2 + q4)]χ(−q2,−q2 + q̃) .The vertex is 
oupled to χ and χ0 via q1 and q2. But for ea
h pair of these variables anaveraging is performed due to the sum over q3 and q4 whi
h, in prin
iple, de
ouples the vertexfrom χ and χ0:
χ(q, iωb

m) = χ(q̃, q̃) = χ0(q̃) + χ0(q̃)Γ̃(q̃)χ(q̃)

= χ0(q, iω
b
m) + χ0(q, iω

b
m)Γ̄(q, iωb

m)χ(q, iωb
m) (3.50)Of, 
ourse the approximation has to render the same result as in Eq. (3.48), whi
h leads to

Γ̄(q, iωb
m) = Γ′(q, iωb

m). In this sense our approximation 
an be understood as an averagingover the internal frequen
ies and momenta o

urring in the Bethe-Salpeter equation.Cluster approa
hHowever, we are still fa
ed with the task of 
al
ulating the response fun
tion of a strong
orrelated system on an in�nite latti
e whi
h is not solvable in general. Therefore, we areseeking for a mi
ros
opi
 approa
h whi
h in
ludes short-range spatial 
orrelations and allowsfor symmetry breaking long-range phases as the VCA does for the one-parti
le Green's fun
tion.Thus, we a
t in the spirit of the VCA and introdu
e a 
lustering of the real-spa
e latti
e.Rewriting Eq. (3.47) in a mixed inter- and intra
luster representation yields
χij(Ra,Rb, τ1, τ2) = χ0,ij(Ra,Rb, τ1, τ2)+ (3.51)

∑

Rc,Rd

i, j

∫

dτ3dτ4χ0,ik(Ra,Rc, τ1, τ3)Γ
′
kl(Rc,Rd, τ3, τ4)χlj(Rd,Rb, τ4, τ2) .Translational invarian
e only holds for the inter
luster indi
es R, wherefore Eq. (3.48) turnsinto a matrix equation in the intra
luster indi
es i, j

χ(q, iωb
m) = χ0(q, iω

b
m) + χ0(q, iω

b
m)Γ′(q, iωb

m)χ(q, iωb
m) . (3.52)To restore the translational invarian
e we follow dire
tly the pro
edure in se
tion 3.1.3. Aftera Fourier transform with respe
t to the intra
luster indi
es we only take the diagonal elementsinto a

ount χ(q + Q) := χ(q + Q, q + Q′)δQ,Q′ . The q ve
tor is an element of the redu
edBrillouin zone a

ording to the superlatti
e and as Nc is in prin
iple an in�nite number, q is
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ontinuous. However, Q is a ve
tor of the re
ipro
al latti
e asso
iated with the 
luster sitesand whose smallest non-zero value is exa
tly the periodi
ity of the redu
ed Brillouin zone.Therefore we 
an rewrite the sus
eptibility as χ(q) := χ(q, q) with q a 
ontinuous elementof the original Brillouin zone. For details using the example of one dimension see appendix A.1.In the following, an approximation to the irredu
ible parti
le-hole vertex will be done whi
h isa 
ru
ial innovation of the te
hnique presented in this thesis. The vertex will be approximatedby an e�e
tive vertex obtained from a 
luster 
al
ulation in the same manner as the self-energyfor the one-parti
le Green's fun
tion is obtained. The dire
tly following se
tion deals with the
al
ulation of the dressed bubble sus
eptibility χ0. The denotation dressed bubble impliesthe fa
t, that our χ0 already 
ontains fully dressed one-parti
le Green's fun
tions and, thus,the 
orrelated physi
s at the one-parti
le level. We will see, that this is important for ren-dering the non-
olle
tive single-parti
le spin-�ip 
ontinuum as well as the 
orre
t value of thee�e
tive vertex. A further se
tion is devoted to the introdu
tion of a 
ontrolling me
hanism.We employ an exa
t sum-rule for improving and 
he
king the quality of the used approximation.We need to mention a spe
ial pro
edure for the 
al
ulation in the super
ondu
ting phase.A

ording to the broken U(1) symmetry of the hamiltonian the parti
le number is no longer
onserved. But for the purpose of the pra
ti
al appli
ation we introdu
e a parti
le-hole trans-formation with respe
t to only one spin-
hannel, here the spin-down 
hannel. With the loss ofthe hamiltonian's SU(2) symmetry we gain the restoration of the U(1) symmetry, whi
h easesthe numeri
al 
al
ulations. See appendix A.3 for details on the parti
le-hole transformation.3.2.2 Dressed bubble approximation to the magneti
 sus
eptibilityThis se
tion deals with the dressed bubble approximation to the magneti
 sus
eptibility whi
h,however, 
aptures the fully intera
ting physi
s at the one-parti
le level. This bubble sus
ep-tibility will be denoted χ0. Starting point is the de�nition of the magneti
 sus
eptibility(86; 87; 88; 89) in a mixed representation a

ording to the inter- and intra
luster indi
es aswe 
onsider a superlatti
e produ
ed be �nite 
lusters
χαβ

ij (q, iωb
m) =

∫ β

0

dτeiωb
mτ 1

Nc

∑

a

e−iqRa〈Sα
ai(τ)S

β
0j(0)〉 , (3.53)with the imaginary-time Heisenberg representation Sα

i (τ) = eHτSα
i e

−Hτ . The notation
on
erning the inter
luster and intra
luster indi
es is the same we used for the derivation ofthe VCA. The spin operator Sα
i in the above equation is de�ned as (86; 87; 88; 89)

Sα
i =

(

c†i↑c
†
i↓

)

σα

(
ci↑
ci↓

)

, (3.54)with σx,y,z the Pauli spin matri
es
σx =

(
0 1
1 0

)

, σy =

(
0 −i
i 0

)

, σz =

(
1 0
0 −1

)

. (3.55)
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hniquesDue to the s
alar produ
t SiSj = Sz
i S

z
j + 1

2

(
S+

i S
−
j + S−

i S
+
j

) where S±
i = Sx

i ± iSy
i are thespin ladder operators, we 
an de�ne a longitudinal (along the z-axis) and a transversal part(in the x,y plane) of the magneti
 sus
eptibility:

χ±
ij(q, iω

b
m) = χ−+

ij (q, iωb
m) , (3.56)

χl
ij(q, iω

b
m) = χzz

ij (q, iωb
m) . (3.57)In 
ase of a SU(2) symmetri
 hamiltonian the transversal and the longitudinal sus
eptibilitiesyield the same information. The derivation will be made in great detail for the transversalmagneti
 sus
eptibility. For the longitudinal part of magneti
 sus
eptibility we give only theresult for brevity.We 
onsider the transversal magneti
 sus
eptibility

χ±
ij(q, iω

b
m) =

∫ β

0

dτeiωb
m

1

Nc

∑

a

e−iqRa〈S−
ai(τ)S

+
0j(0)〉

=

∫ β

0

dτeiωb
m

1

Nc

∑

a

e−iqRa〈Tτ{S−
ai(τ)S

+
0j(0)}〉 , (3.58)and apply the bubble approximation to the expe
tation value 〈Tτ{S−

ai(τ)S
+
0j(0)}〉:

〈Tτ{c†ai↓(τ)cai↑(τ)c
†
0j↑(0)c0j↓(0)}〉 ≈ 〈Tτ{cai↑(τ)c

†
0j↑(0)}〉〈Tτ{c†ai↓(τ)c0j↓(0)}〉

−〈Tτ{cai↑(τ)c0j↓(0)}〉〈Tτ{c†ai↓(τ)c
†
0j↑(0)}〉

= −〈Tτ{cai↑(τ)c
†
0j↑(0)}〉〈Tτ{c0j↓(0)c†ai↓(τ)}〉

−〈Tτ{cai↑(τ)c0j↓(0)}〉〈Tτ{c†ai↓(τ)c
†
0j↑(0)}〉

= −Ga0ij↑(τ)G0aji↓(−τ)
−Fa0ij(τ)F

∗
0aji↑(−τ) . (3.59)In the last step the normal G and anomalous F (whi
h are vanishing in 
ase of a U(1)symmetri
 hamiltonian) Green's fun
tions are identi�ed

Ga0ij↑(τ) = −〈Tτ{cai↑(τ)c
†
0j↑(0)}〉 , (3.60)

Fa0ij(τ) = −〈Tτ{cai↑(τ)c0j↓(0)}〉 . (3.61)Translational invarian
e due to the inter
luster index and the periodi
ity in the imaginarytime enables us to insert the Fourier transforms of the Green's fun
tions whi
h yields after astraightforward algebra
χ±

0,ij(q, iω
b
m) = − T

Nc

∑

n,k

(
Gij↑(k + q, iωf

n + iωb
m)Gji↓(k, iω

f
n)

+Fij(k, iω
f
n)F ∗

ji(q − k, iωb
m − iωf

n)
)
. (3.62)As already explained, a parti
le-hole transformation for the spin-down 
hannel is used in 
aseof a U(1) symmetry broken hamiltonian. The following derivation will be done in detail for
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VCA Γ ’Figure 3.8: Diagrammati
 representation of the approximated Bethe-Salpeter equationfor the magneti
 sus
eptibility with fully dressed one-parti
le propagators depi
ted asdouble lines.the parti
le-hole transformed 
ase while in 
ase of a U(1) symmetri
 hamiltonian without theparti
le-hole transformation we only give the results for brevity. With the results of appendixA.3 we obtain the parti
le-hole transformed bubble sus
eptibility

χ±,ph
0,ij (q, iωb

m) =
T

Nc

∑

n,k

(

Gph
ij↑(q − k, iωb

m − iωf
n)Gph

ij↓(k, iω
f
n)

−Gph
ij↑↓(k, iω

f
n)Gph

ij↓↑(q − k, iωb
m − iωf

n)
)

. (3.63)The basi
 idea is now to use in the expression for the bubble sus
eptibility χ0 the fully in-tera
ting VCA Green's fun
tions obtained with the same 
lustering. This idea is depi
teddiagrammati
ally in Fig. 3.8. In the subsequent step we are able to insert the Q-matrix repre-sentation for the VCA Green's fun
tions Eq. (3.41)
χ±,ph,V CA

0,ij (q, iωb
m) =

T

Nc

∑

n,k

(

Gph,V CA
ij↑ (q − k, iωb

m − iωf
n)Gph,V CA

ij↓ (k, iωf
n)

−Gph,V CA
ij↓↑ (q − k, iωb

m − iωf
n)Gph,V CA

ij↑↓ (k, iωf
n)

)

=
T

Nc

∑

n,k

([

Q
(
iωb

m − iωf
n −M(q − k)

)−1
Q†
]

ij↑

[

Q
(
iωf

n −M(k)
)−1

Q†
]

ij↓

−
[

Q
(
iωb

m − iωf
n −M(q − k)

)−1
Q†
]

ij↓↑

[

Q
(
iωf

n −M(k)
)−1

Q†
]

ij↑↓

)

=
T

Nc

∑

n,k,s,t
µ1,µ2,µ3,µ4

(
Qi↑µ1Uµ1s(q − k)U †

sµ2
(q − k)Q†

µ2j↑

iωb
m − iωf

n − ωs(q − k)

Qi↓µ3Uµ3t(k)U †
tµ4

(k)Q†
µ4j↓

iωf
n − ωt(k)

−
Qi↓µ1Uµ1s(q − k)U †

sµ2
(q − k)Q†

µ2j↑

iωb
m − iωf

n − ωs(q − k)

Qi↑µ3Uµ3t(k)U †
tµ4

(k)Q†
µ4j↓

iωf
n − ωt(k)

)

=
1

Nc

∑

k,s,t
µ1,µ2,µ3,µ4

(

Qi↑µ1Uµ1s(q − k)U †
sµ2

(q − k)Q†
µ2j↑Qi↓µ3Uµ3t(k)U †

tµ4
(k)Q†

µ4j↓

−Qi↓µ1Uµ1s(q − k)U †
sµ2

(q − k)Q†
µ2j↑Qi↑µ3Uµ3t(k)U †

tµ4
(k)Q†

µ4j↓

)

×Ξst(q,k, iω
b
m) , (3.64)
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hniqueswith Ξst(q,k, iω
b
m) the frequen
y sum, whi
h 
an be evaluated due to the knowledge of thedis
rete pole stru
ture ωs(k). We make intense use of the te
hnique of Matsubara sums whi
his explained in the appendix A.2.1 in detail.

Ξst(q,k, iω
b
m) = T

∑

n

1

iωb
m − iωf

n − ωs(q − k)

1

iωf
n − ωt(k)

=
1

2πi

∮

C3

dωf(ω)
1

ω− iωb
m + ωs(q − k)

1

ω − ωt(k)

= −
∑RES f(ω)

1

ω − iωb
m + ωs(q − k)

1

ω − ωt(k)
(3.65)En
losed by the path C3 are the two poles iωb

m − ωs(q − k) and ωt(k) leading to
Ξst(q,k, iω

b
m) = f(iωb

m − ωs(q − k))
−1

iωb
m − ωs(q − k)− ωt(k)

+f(ωt(k))
−1

ωt(k)− iωb
m + ωs(q − k)

=
f(ωt(k))− f(iωb

m − ωs(q − k))

iωb
m − (ωs(q − k) + ωt(k))

. (3.66)For a further simpli�
ation, we 
onsider the Fermi distribution f(iωb
m − ωs(q − k)):

f(iωb
m − ωs(q − k)) =

1

eβ(iωb
m−ωs(q−k)) + 1

=
1

e−βωs(q−k)eiβωb
m + 1

=
1

e−βωs(q−k) eim2π
︸ ︷︷ ︸

=1

+1
= f(−ωs(q − k)) (3.67)For 
larity, the abbreviation Pi↑s(k) =

∑

µQi↑µUµs(k) is introdu
ed and together with thefrequen
y sum the equation Eq. (3.64) be
omes
χ±,ph,V CA

0,ij (q, iωb
m) =

1

Nc

∑

k,s,t

(

Pi↑s(q − k)P †
sj↑(q − k)Pi↓t(k)P †

tj↓(k)

−Pi↓s(q − k)P †
sj↑(q − k)Pi↑t(k)P †

tj↓(k)

)

× f(ωt(k))− f(−ωs(q − k))

iωb
m − (ωs(q − k) + ωt(k))

. (3.68)Next, the retarded bubble sus
eptibility is obtained by analyti
ally 
ontinuing from the bosoni
Matsubara frequen
ies to the real axis and as we are basi
ally interested in the ground state
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eptibility 39properties we also 
onsider the T = 0 limit:
χ±,ph,V CA

0,ij (q, ω) = − 1

Nc

∑

k,s,t

(

Pi↑s(q − k)P †
sj↑(q − k)Pi↓t(k)P †

tj↓(k)

−Pi↓s(q − k)P †
sj↑(q − k)Pi↑t(k)P †

tj↓(k)

)

× Θ(ωs(q − k)) + Θ(ωt(k))− 1

ω + i0+ − (ωs(q − k) + ωt(k))
(3.69)The T = 0 normal state bubble sus
eptibility without the parti
le-hole transformation is:

χ±,V CA
0,ij (q, ω) = − 1

Nc

∑

k,s,t

Pi↑s(q + k)P †
sj↑(q + k)Pj↓t(k)P †

ti↓(k)

× Θ(ωs(q + k))−Θ(ωt(k))

ω + i0+ − (ωs(q + k)− ωt(k))
(3.70)The derivation of the longitudinal magneti
 sus
eptibility at T = 0 pro
eeds analogous to thetransversal magneti
 sus
eptibility. Hen
e, we only give the results for brevity:

χl,ph,V CA
0,ij (q, ω) = − 1

4Nc

∑

k,s,t,σ

(

Piσs(q + k)P †
sjσ(q + k)Pjσt(k)P †

tiσ(k)

+Piσs(q + k)P †
sj−σ(q + k)Pj−σt(k)P †

tiσ(k)

)

× Θ(ωs(q + k))−Θ(ωt(k))

ω + i0+ − (ωs(q + k)− ωt(k))
(3.71)

χl,V CA
0,ij (q, ω) = − 1

4Nc

∑

k,s,t,σ

Piσs(q + k)P †
sjσ(q + k)Pjσt(k)P †

tiσ(k)

Θ(ωs(q + k))−Θ(ωt(k))

ω + i0+ − (ωs(q + k)− ωt(k))
(3.72)The results for the sus
eptibilities resemble the 
ommon non-intera
ting sus
eptibility

χ0(q, ω) =
∑

k,σ

n0
kσ − n0

k+qσ

ω + i0+ − (ω(k + q)− ω(k))
, (3.73)where n0

kσ is the non-intera
ting o

upation number. But our approa
h in
ludes the fullyrenormalized one-parti
le ex
itation energies as well as the renormalization of the quasi-parti
lespe
tral weights e�e
ted by the P−matri
es.
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hniques3.2.3 E�e
tive vertexThis se
tion is devoted to the development of an e�e
tive vertex whi
h allows for a numeri
al
al
ulation. We use the χV CA
0 derived in the latter se
tion in the approximated Bethe-Salpeterequation Eq. (3.52)

χ(q, iωb
m) = χV CA

0 (q, iωb
m) + χV CA

0 (q, iωb
m)Γ′(q, iωb

m)χ(q, iωb
m) . (3.74)This de�nes the vertex

Γ′ =
(
χV CA

0 (q, iωb
m)
)−1 −

(
χ(q, iωb

m)
)−1

. (3.75)But this vertex is still not attainable as the exa
t sus
eptibility o

urs in the equation. Weneed to introdu
e a further approximation whi
h is motivated from the VCA itself. In fa
t, werestri
t the 
al
ulation of the vertex fun
tion to a �nite 
luster whi
h is exa
tly the same thatrenders the self-energy for the VCA
Γeff (iω

b
m) =

(
χc

0(iω
b
m)
)−1 −

(
χc(iωb

m)
)−1

. (3.76)With this approximated vertex the sus
eptibility is feasible to 
al
ulate
χ(q, iωb

m) =
(
1− χV CA

0 (q, iωb
m)Γeff (iω

b
m)
)−1

χV CA
0 (q, iωb

m) . (3.77)We already mention, that we are going to introdu
e a 
onstant fa
tor α whi
h modi�es thee�e
tive vertex and serves as a indi
ator for the quality of our approa
h. Furthermore, with this
α it 
an be a
hieved a �ne-tuning of the e�e
tive vertex to render the 
orre
t pole stru
tureof the sus
eptibility from Eq. (3.77)

Γeff (iω
b
m) −→ αΓeff(iω

b
m) ; α ∈ R . (3.78)It is very important to make sure, that α is not an adjustable free parameter, but rather aself-
onsistently determined number. This will be detailed in se
tion 3.2.4.For the evaluation of the e�e
tive vertex only 
luster quantities are invoked. The χc

0(iω
b
m)emerges as the restri
tion of χV CA

0 (q, iωb
m) to the �nite 
luster and be
omes the 
onvolutionof the exa
t 
luster Green's fun
tions Eq. (3.39). The derivation follows exa
tly the pro
edureof the last se
tion and yields the simpler result (T = 0):

χ±,ph,c
0,ij (q, ω) = −

∑

s,t

(

Qi↑sQ
†
sj↑Qi↓tQ

†
tj↓ −Qi↓sQ

†
sj↑Qi↑tQ

†
tj↓

)

× Θ(ω′
s) + Θ(ω′

t)− 1

ω + i0+ − (ω′
s + ω′

t)
(3.79)

χ±,c
0,ij(q, ω) = −

∑

s,t

Qi↑sQ
†
sj↑Qj↓tQ

†
ti↓

Θ(ω′
s)−Θ(ω′

t)

ω + i0+ − (ω′
s − ω′

t)
(3.80)
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χl,ph,c

0,ij (q, ω) = −
∑

s,t,σ

(

QiσsQ
†
sjσQjσtQ

†
tiσ +QiσsQ

†
sj−σQj−σtQ

†
tiσ

)

× Θ(ω′
s)−Θ(ω′

t)

ω + i0+ − (ω′
s − ω′

t)
(3.81)

χl,c
0,ij(q, ω) = −

∑

s,t,σ

QiσsQ
†
sjσQjσtQ

†
tiσ

Θ(ω′
s)−Θ(ω′

t)

ω + i0+ − (ω′
s − ω′

t)
(3.82)Besides these bubble sus
eptibilities the exa
t 
luster sus
eptibility χc(iωb

m) is needed. But aswe are able to 
al
ulate the eigenstates and eigenenergies of the 
luster the dire
t 
al
ulationvia the spe
tral representation is rendered possible. We provide the general expression for thespe
tral representation
χc

ij(iω
b
l ) =

∫ β

0

dτeiωb
l τ 〈Ai(τ)Bj(0)〉 = −

∫ ∞

−∞
dω′SAiBj

(ω′)

iωb
l − ω′ , (3.83)with the spe
tral fun
tion

SAiBj
(ω) =

1

Z ′

∑

m,n

〈m|Ai|n〉〈n|Bj|m〉e−βEm(1− e−βω)δ(ω − (En −Em)) . (3.84)In the T = 0 limit we obtain
χc

ij(ω) = −1

d

∑

m,n

( 〈0m|Ai|n〉〈n|Bj|0m〉
ω + i0+ − (En − E0)

− 〈0m|Bj|n〉〈n|Ai|0m〉
ω + i0+ + (En − E0)

)

. (3.85)The operators whi
h have to be used for A and B are
χ±,c : Ai = S−

i , Bj = S+
j

χl,c : Ai = Sz
i , Bj = Sz

j ,and in 
ase of the parti
le-hole transformation
χ±,c,ph : Ai = ci↓ci↑ , Bj = c†j↑c

†
j↓

χl,c,ph : Ai = c†i↑ci↑ − ci↓c
†
i↓ , Bj = c†j↑cj↑ − cj↓c

†
j↓ .Cal
ulating the e�e
tive vertex in the super
ondu
ting phase leads to numeri
al problems aris-ing from the exa
t 
luster sus
eptibility. As the magneti
 response is small, the inversion of theexa
t 
luster sus
eptibility is numeri
ally very di�
ult. For this reason we provide in appendixA.4 a pro
edure to 
al
ulate Eq. (3.77) whi
h avoids this inversion. This transformation is noapproximation and is only based on straightforward algebrai
 operations.It is noteworthy to mention that the e�e
tive vertex is not perturbatively obtained but rather
ontrolled by the size of the 
lusters produ
ing the in�nite superlatti
e. The same holds forthe self-energy of the one-parti
le Green's fun
tion. The latter as well as the sus
eptibilitieswill be exa
t for in�nite 
luster sizes.
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hniques3.2.4 Controlling 
onstant α - Che
ksumWe already mentioned to in
lude an additional 
ontrolling 
onstant α in Eq. (3.78) whi
his not an adjustable free parameter, but rather a self-
onsistently determined number. Thisself-
onsistent pro
edure stems from the 
onstraint, that the sum of the sus
eptibility over allwave ve
tors and frequen
ies yields a lo
al and equal-time quantity (similar sum-rules are usedin (107) for 
onstru
ting a 
ontrolled lo
al approximation for the irredu
ible vertex)
T

N

∑

q,iωb
m

χ±(q, iωb
m) = 〈S−

i S
+
i 〉 , (3.86)

T

N

∑

q,iωb
m

χl(q, iωb
m) = 〈(Sz

i )
2〉 . (3.87)Su
h lo
al and equal-time quantities 
an be also obtained by use of the �lling n and the doubleo

upan
y d2 of the system as the following 
onsideration shows:

• For ea
h of the n−2d2 single-o

upied site i, the expe
tation value 〈(Sz
i )

2〉 gives 1
4
whileuno

upied and double-o

upied sites yield 0. Hen
e we obtain 〈(Sz

i )
2〉 = 1

4
(n− 2d2).

• In 
ase of the transversal sus
eptibility we use the relation SiSj = Sz
i S

z
j +

1
2

(
S+

i S
−
j + S−

i S
+
j

) in 
ombination with 〈S+
i S

−
j 〉 = 〈S−

i S
+
j 〉. Sin
e ea
h single-o

upiedsite i gives 〈SiSi〉 = S(S+1) = 3

4
and uno

upied as well as double-o

upied sites give

〈SiSi〉 = 0 we 
al
ulate 〈S−
i S

+
i 〉 = 3

4
(n− 2d2)− 1

4
(n− 2d2) = 1

2
(n− 2d2).The only quantity left so far is the double o

upan
y d2. But within the Hubbard model d2 isthe derivative of grand potential with respe
t to the onsite intera
tion strength U :

d2 = 〈
∑

i

ni↑ni↓〉 = 〈 d
dU

H〉 =
d

dU
Ω (3.88)The self-
onsistent 
al
ulation that has to be performed is given in the following s
heme:1. Choose a 
ertain α 
lose to 1.2. Cal
ulate the sus
eptibility via Eq. (3.77).3. Evaluate the sum Eq. (3.86)/(3.87).4. Vary α and turn to item 2.Run this loop until the sum-rule is ful�lled.At last we point out the di�
ulty in evaluating the frequen
y sum in Eq. (3.86)/(3.87). Forreal frequen
ies we have to integrate numeri
ally along the whole real axis, at least in theregion where a �nite spe
tral weight of the spin ex
itation is present. However, there is a ri
hpole stru
ture along this axis wherefore the mesh of the numeri
al integration has to be very�ne whi
h again intensi�es the numeri
al e�ort. An important improvement is a
hieved withthe transformation of the integration path given in appendix A.2.2.
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 light s
attering - Raman response 433.3 Inelasti
 light s
attering - Raman responseThis se
tion is devoted to the 
al
ulation of the Raman response. This is a spe
tros
opi
method whi
h uses inelasti
 light s
attering. Sin
e a photon 
arries an insigni�
ant momen-tum the Raman response yields information about q = 0 ele
tron-hole ex
itations. But,nevertheless, it fo
uses on spe
i�
 regions in the Brillouin zone adjusted by the polarizationof the in
oming and s
attered photons. That means the q = 0 ele
tron-hole ex
itations
ontributing to the total response are spe
i�ed by the light polarizations. Hen
e, the Ramanresponse fun
tion provides pre
ious momentum resolved information of ele
tron-hole ex
ita-tions.First, we derive an approximation to the Raman response fun
tion by negle
ting many-body
orre
tions of the Raman vertex. But similar to the previous se
tions 
on
erning the magneti
sus
eptibility we use the VCA normal and anomalous Green's fun
tions to a

ount for the fullintera
ting physi
s at the one-parti
le level. In the subsequent se
tion the bare Raman vertexwill be approximated within the so-
alled e�e
tive mass approximation. For this the neededtensor of the e�e
tive mass is obtained from the quasi-parti
le dispersion 
al
ulated in the VCA.The following se
tion 
on
erning the Raman response is based on Ref. (108).3.3.1 Dressed bubble approximation to the Raman responseThe Raman response fun
tion is de�ned as the e�e
tive density-density 
orrelation fun
tion
SR(q, iωb

m) =

∫ β

0

dτeiωb
mτ 〈ρ̃(q, τ)ρ̃(−q, 0)〉 , (3.89)with the e�e
tive density operator

ρ̃(q, τ) =
∑

k,σ

γν(k, q)c†σ(k + q, τ)cσ(k, τ) . (3.90)The latter de�nition 
ontains the bare s
attering amplitude γν(k, q) whi
h is determinedfrom the Raman matrix elements as well as the polarization ve
tors of the in
oming (i) ands
attered (s) light (the ν is a group theoreti
al 
lassi�
ation whi
h is determined by the pairof polarization ve
tors)
γν(k, q) =

∑

α,β

γαβ(k, q)eα
ν,ie

β
ν,s . (3.91)The eα

ν,i/s is the α 
omponent of the polarization ve
tor of the in
oming/s
attered light andthe Raman matrix elements are
γαβ(k, q) = δα,β +

1

m

∑

k′

[〈k + q|pβ
s |k′〉〈k′|pα

i |k〉
Ek − Ek′ + ωi

+
〈k + q|pα

i |k′〉〈k′|pβ
s |k〉

Ek+q − Ek′ − ωs

]

,(3.92)
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hniqueswith pα
i/s = pαeiqi/sr and pα the α 
omponent of the momentum operator, ωi/s the frequen
yof the in
oming/s
attered photon and m the ele
tron mass.The Raman response fun
tion 
an be expressed through the Raman sus
eptibility via the�u
tuation-dissipation theorem
SR(q, ω) = −1

π
(1 + b(ω))ImχR(q, ω) , (3.93)with b(ω) = 1

eβω−1
the Bose-Einstein distribution fun
tion.Sin
e we are interested in the s
attering of light, we are allowed to 
onsider the q = 0 limitas the momentum of the photons is small against the momentum of the 
ondu
tion ele
tronswith whi
h the photons intera
t q << kF (kF is the Fermi momentum). Making use of theNambu formalism the Raman sus
eptibility in the super
ondu
ting phase 
an be formulatedin a 
ompa
t way

χR(q = 0, iωb
m) = −2

T

N

∑

k,n

Tr
[

γ̂ν(k)Ĝ(k, iωf
n)Γ̂(k, iωf

n, iω
b
m)Ĝ(k, iωf

n + iωb
m)
]

, (3.94)where we used the de�nition γ̂ν(k) = σzγν(k), σz the z Pauli matrix. The Nambu Green'sfun
tion Ĝ 
ombining the normal G and anomalous F Green's fun
tions (109; 86; 87; 88; 89)reads
Ĝ(k, iωf

n) =

(
G↑(k, iω

f
n) F (k, iωf

n)
F ∗(k, iωf

n) −G↓(k,−iωf
n)

)

. (3.95)Furthermore, Eq. (3.94) 
ontains the fully intera
ting Raman vertex Γ̂(k, iωf
n, iω

b
m) obeying aBethe-Salpeter Equation

Γ̂(k, iωf
n, iω

b
m) = γ̂ν(k) + (3.96)

T

N

∑

k′,n′

Vi(k − k′, iωf
n − iωf

n′)σ
iĜ(k′, iωf

n′)Γ̂(k′, iωf
n′, iω

b
m)Ĝ(k′, iωf

n′ + iωb
m)σi

︸ ︷︷ ︸vertex 
orre
tions ,with the e�e
tive intera
tion Vi that determines the 
hannel of the vertex 
orre
tions, e.g.
i = 0 for the spin 
hannel (σ0 will be the 2x2 identity matrix).Negle
ting the vertex 
orre
tions we approximate the intera
ting Raman vertex with the bareone. After some straightforward matrix operations we obtain the imaginary part of the Ramansus
eptibilityImχR,ν(iωb

m) = − 4

N

∑

k

(γν(k))2 Im[T∑
n

(
G(k, iωf

n)G(k, iωf
n + iωb

m)−

F (k, iωf
n)F ∗(k,−iωf

n − iωb
m)
)]

. (3.97)
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 light s
attering - Raman response 45We made expli
it use of the fa
t, that G↑(k, iω
f
n) = G↓(k, iω

f
n) for the relevant phases we areinterested in. Further simpli�
ations 
an be a
hieved by use of the spe
tral representations ofthe normal and anomalous Green's fun
tions

G(k, iωf
n) =

∫ ∞

−∞
dω′A(k, ω′)

iωf
n − ω′

, (3.98)
F (k, iωf

n) =

∫ ∞

−∞
dω′B(k, ω′)

iωf
n − ω′

, (3.99)ImχR,ν(iωb
m) = − 4

N

∑

k

(γν(k))2 Im[T∑
n

∫ ∞

−∞
dω′
∫ ∞

−∞
dω′′ (3.100)

(
A(k, ω′)

iωf
n − ω′

A(k, ω′′)

iωf
n + iωb

m − ω′′
− B(k, ω′)

iωf
n − ω′

B(k, ω′′)

(−iωf
n − iωb

m)∗ − ω′′

)]

.With the te
hnique of Matsubara sums (see appendix A.2.1) we make expli
it use of the dis
retepole stru
ture. And the subsequent 
ontinuation from the bosoni
 Matsubara frequen
ies tothe real axis rendersImχR,ν(iωb
m) = − 4

N

∑

k

(γν(k))2 Im∫ ∞

−∞
dω′
∫ ∞

−∞
dω′′ (3.101)

[(
A(k, ω′)A(k, ω′′)

ω′ − ω′′ + ω + i0+
− B(k, ω′)B(k, ω′′)

ω′ − ω′′ + ω + i0+

)

(f(ω′)− f(ω′′))

]

,with f(ω) the Fermi distribution. Next, the imaginary part is 
al
ulated by the appli
ation ofthe Dira
 identity: 1
x−x0±i0+ = P 1

x−x0
∓ iπδ(x−x0), with P the prin
ipal value of the integralImχR,ν(ω) =

∑

k

(γν
k)2

∫
dω′

4π
(f(ω′)− f(ω + ω′))

× (A(k, ω + ω′)A(k, ω′)−B(k, ω + ω′)B(k, ω′)) . (3.102)The normal and anomalous spe
tral fun
tions o

urring in the above expression are derivedvia a VCA 
al
ulation. This is similar to the approa
h presented in se
tion 3.2.2. And, sin
ewe are interested in the ground state properties, we 
onsider the T = 0 limitImχR,ν,V CA(ω) =
∑

k

(γν
k)2

∫
dω′

4π
(Θ(ω + ω′)−Θ(ω′))

×
(
AV CA(k, ω + ω′)AV CA(k, ω′)−BV CA(k, ω + ω′)BV CA(k, ω′)

)
. (3.103)3.3.2 E�e
tive mass approximation to the Raman vertexThis se
tion is about an approximation to the bare Raman vertex γν(k). The intermediatestates in Eq. (3.92) are from the 
ondu
tion band or from bands separated from the 
ondu
tion
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hniquesband. It 
an be shown, that the matrix elements in the �rst 
ase are proportional to themomentum transferred by the photon. As this is a very small quantity the 
ontributions to thesum originating from the intermediate states of the 
ondu
tion band are by a fa
tor of (vF/c)
2(vf : Fermi velo
ity; c : speed of light) smaller 
ompared to the 
ontributions of others thanthe 
ondu
tion band. Therefore, the former 
ontributions are negligible. If we assume inaddition ωi/s << Ek′ − Ek, Eq. (3.92) re
overs the e�e
tive mass of the quasi-parti
le band(110)

γν(k) ≈
∑

α,β

γαβ(k, q → 0)eα
ν,ie

β
ν,s =

∑

α,β

∂2ε(k)

∂kα∂kβ

eα
ν,ie

β
ν,s , (3.104)with ε(k) the quasi-parti
le dispersion. Sin
e we perform our 
al
ulations using the one-bandHubbard model on a square latti
e in two dimensions, we 
onsider for the e�e
tive massapproximation a tight-binding dispersion. We use an expansion up to 4th nearest neighborhopping:

ε(k) =

4∑

i=0

ε(i)(k) (3.105)
ε(0)(k) = t0 (3.106)
ε(1)(k) = 2t1 (cos(kx) + cos(ky)) (3.107)
ε(2)(k) = 4t2 cos(kx) cos(ky) (3.108)
ε(3)(k) = 2t3 (cos(2kx) + cos(2ky)) (3.109)
ε(4)(k) = 4t4 (cos(2kx) cos(ky) + cos(kx) cos(2ky)) (3.110)As we will dis
uss later, our main interest is in the Raman response for B1g and B2g groupsymmetries. The polarization ve
tors for these group symmetries are:
eB1g,i = 1√

2

(
1
1

)

; eB1g,s = 1√
2

(
−1
1

)

eB2g,i =

(
1
0

)

; eB2g,s =

(
0
1

) (3.111)With this we are able to derive the vertex fun
tions for these two symmetries
γB1g(k) ≈ t1(cos (kx)− cos (ky)) (3.112)

+4t3(cos (2kx)− cos (2ky))

+6t4(cos(2kx) cos(ky)− cos(kx) cos(2ky)) ,

γB2g(k) ≈ 4t2 sin (kx) sin (ky) + (3.113)
8t4(sin(2kx) sin(ky) + sin(kx) sin(2ky)) .To make a 
onsistent 
al
ulation, we obtain the parameters t0, ..., t4 by �tting the tight-bindingenergy dispersion to the quasi-parti
le band gained from the VCA 
al
ulation.
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t Diagonalization using the (Blo
k-)Lan
zos algorithm 473.4 Exa
t Diagonalization using the (Blo
k-)Lan
zosalgorithmThe whole te
hniques explained in this 
hapter are based essentially on the information gainedfrom the solution of an isolated 
luster whi
h is a well-de�ned problem. A set of basis states
{|α〉} 
an be de�ned with whi
h the hamiltonian is representable as a matrix Hαβ = 〈α|H|β〉.In prin
iple, it is possible to fully diagonalize this matrix and to obtain the eigenstates andeigenenergies. However, this leads to numeri
al problems as the size of the Hilbertspa
e Hgrows exponentially with the number of 
luster sites (size of H : sLc , with s the states persite). And even 
lusters with more than about six sites lead already to insuperable problems
on
erning the runtime and the memory allo
ation by use of standard 
omputers for the fulldiagonalization pro
edure.In the following we will explain the so-
alled (Blo
k-)Lan
zos algorithm (we 
losely followRefs. (63; 90; 111)), whi
h is an approximation to the full diagonalization as only a 
ertainnumber of the lowest eigenstates and eigenenergies are 
al
ulated. Furthermore, these loweststates are not exa
t but the lower the eigenenergy the more a

urate the approximation willbe. Also enlarging the number of states 
al
ulated within a Lan
zos pro
edure will emendthe a

ura
y of the lower eigenstates and eigenenergies. The Lan
zos algorithm is also 
alledExa
t Diagonalization in the literature whi
h is the reason for the term full diagonalization we
hoose for standard dire
t methods. The restri
tion to only low-energy states is justi�ed as weare interested in the ground state properties of the 
onsidered system for whi
h the low-energystates a

ount mostly.To depi
t the simpli�
ation the Lan
zos algorithm o�ers, we 
onsider an 8 site Hubbard-
lusterat half-�lling without super
ondu
tivity. As the dimension of the Hilbertspa
e is given by thefollowing expression

dim(H ) =

(
Lc

N↑

)(
Lc

N↓

) (3.114)(where N↑ is the number of ele
trons with spin up while N↓ is the number of ele
trons withspin down), the a

ording Hilbertspa
e is of the dimension 4900, whi
h means for a dire
tmethod a full diagonalization of a 4900×4900 matrix. By use of the Lan
zos algorithm we onlytake for example the lowest 100 states into a

ount, whi
h re
overs at least the low-energyphysi
s very well.3.4.1 Krylov spa
eThe basi
 idea of the Lan
zos method is the 
on
ept of invariant subspa
es explained in thefollowing. Assuming a (N ×N) Hamilton matrix H we 
onsider a M−dimensional subspa
e
G spanned by the ve
tors {|gi〉}i=1,...,M with M < N . G will be 
alled an invariant subspa
eof H if

|φ〉 ∈ G −→H|φ〉 ∈ G (3.115)
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hniquesholds for any |φ〉 of G . As a spe
ial 
ase, ea
h eigenstate of H represents an invariant sub-spa
e. With the de�nition of the N×M matrix G whose 
olumns are the ve
tors {|gi〉}i=1,...,Mwe obtain
HG =



 H|g1〉 H|g2〉 ... H|gM〉





=




∑M

i=1 H̄i1|gi〉
∑M

i=1 H̄i2|gi〉 ...
∑M

i=1 H̄iM |gi〉



 = GH̄ , (3.116)with the M ×M matrix H̄ij . If we are able to solve the eigenvalue problem
H̄|ψ〉 = λ|ψ〉 , (3.117)a solution to the eigenvalue problem of H 
an be 
onstru
ted:
H [G|ψ〉] = GH̄|ψ〉 = Gλ|ψ〉 = λ [G|ψ〉] (3.118)This very important result means that eigenstates and eigenvalues of H 
an be found bysolving the eigenvalue problem of lower-dimensional matrix H̄ .The 
ru
ial point of �nding an appropriate invariant subspa
e of H to get the low-energyeigenstates of H leads to the 
onstru
tion of the so-
alled Krylov spa
e KM whi
h is thelinear span of the ve
tors
{|φ0〉,H|φ0〉,H2|φ0〉, ...,HM−1|φ0〉} , (3.119)with |φ0〉 a normalized random initial ve
tor. Applying the hamiltonian H to the above setof ve
tors renders an new set whi
h are all elements of KM ex
ept the last one
{H|φ0〉,H2|φ0〉,H3|φ0〉, ...,HM |φ0〉} . (3.120)Next, we 
onsider the last element of the set of ve
tors spanning the Krylov spa
e and expandthe initial ve
tor into the eigenstates {|Ψi〉} of H

HM−1|φ0〉 = HM−1
N−1∑

i=0

µi|Ψi〉 =
N−1∑

i=0

µiǫ
M−1
i |Ψi〉

= µ0ǫ
M−1
0

(

|Ψ0〉+
N−1∑

i=1

µi

µ0

(
ǫi
ǫ0

)M−1

|Ψi〉
)

. (3.121)Assuming the initial ve
tor to have a non-vanishing overlap with the exa
t ground state of H(〈Ψ0|φ0〉 6= 0), the ve
tor HM−1|φ0〉 
onverges to the ground state for large enough M as
|ǫ0| > |ǫi|. Hen
e, HM |φ0〉 is approximately proportional to HM−1|φ0〉 and the Krylov spa
e
KM an approximate invariant subspa
e of H . If 〈Ψ0|φ0〉 = 0, the ve
tor HM |φ0〉 
onvergesto the lowest eigenstate of H with whi
h the initial ve
tor has a non-vanishing overlap. As weare interested in ground-state properties, we have to omit initial ve
tors with 〈Ψ0|φ0〉 = 0. Butin pra
ti
al appli
ations a random start ve
tor obeys this 
ondition virtually always. And, inaddition, if informations about the ground state su
h as parti
le number or spin are available,it is advantageous to use initial states belonging to the subspa
e of these quantum numbers.



3.4. Exa
t Diagonalization using the (Blo
k-)Lan
zos algorithm 493.4.2 (Blo
k-)Lan
zosAfter the theoreti
al 
onsiderations above, the pra
ti
al 
onstru
tion of basis ve
tors spanninga Krylov spa
e is explained in the following. With a given basis ve
tor |φn〉 of the Krylovspa
e, we 
reate a further orthonormal basis ve
tor
|φ̃n+1〉 = H|φn〉 − αn|φn〉 − βn|φn−1〉 , (3.122)
|φn+1〉 =

|φ̃n+1〉
||φ̃n+1||

, (3.123)where the 
oe�
ients αn and βn are overlap integrals
αn = 〈φn|H|φn〉 , (3.124)
βn = 〈φn−1|H|φn〉 . (3.125)The 
oe�
ients βn 
an be shown to be real numbers
β∗

n = 〈φn|H|φn−1〉 = 〈φn|φ̃n〉+ αn−1〈φn|φn−1〉+ βn−1〈φn|φn−2〉
= ||φ̃n|| ∈ R . (3.126)The resulting matrix H̄ represented in the Krylov basis is of a tridiagonal form

H̄ =














α0 β1

β1 α1 β2 0
β2 α2

. . .. . . . . . . . .0 . . . αM−2 βM−1

βM−1 αM−1














. (3.127)
Solving the eigenvalue problem H̄|ψi〉 = λi|ψi〉 we obtain the approximated eigenstates |Φi〉of H to an eigenvalue λi via

|Φi〉 = G|ψi〉 , (3.128)with G the N×M matrix whose 
olumns are the ve
tors {|φi〉}i=0,...,M−1. As dis
ussed abovethe eigenvalues λi and eigenstates |ψi〉 
onverge to the exa
t eigenvalues ǫi and eigenstates
|Ψi〉 for large M .In 
ontrast to the standard Lan
zos algorithm the Blo
k-Lan
zos method uses p > 1 ini-tial ve
tors whi
h leads to the Blo
k-Krylov spa
e
{|φ1

0〉, ..., |φp
0〉,H|φ1

0〉, ...,H|φp
0〉,H2|φ1

0〉, ...,H2|φp
0〉, ...,HM−1|φ1

0〉, ...,HM−1|φp
0〉} . (3.129)Similar to the standard Lan
zos method the orthonormal basis will be produ
ed iteratively. Theimportant di�eren
e is in the o

urren
e of linear dependent ve
tors. In 
ase of p = 1 thishappens afterM+1 iterations wherefore theM pre
eding ve
tors are a 
omplete orthonormal
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hniquesset of basis ve
tors of the Krylov spa
e and |φ̃M+1〉 = 0. This holds no longer for p > 1.Here, the linear dependent ve
tor Hk|φm
0 〉 and all H l|φm

0 〉 with l > k render no additionalinformation and have to be eliminated. This is named with the term de�ation. The 
ompleteorthonormal set of basis ve
tors of the Krylov spa
e is obtained after p de�ations. Within theBlo
k-Lan
zos algorithm all of the p initial ve
tors are treated at on
e and the resulting matrix
H̄ is a band-matrix with the bandwidth 2pc + 1, where pc is p minus the already performedde�ations. The following symboli
 matrix shows, in prin
iple, the shape of H̄

H̄ =





























∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗

∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗

∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗





























. (3.130)
As an example we 
onsider the Lehmann representation of the one-parti
le Green's fun
tion at
T = 0 (see Eq. (3.36)). Assuming the ground state not to be degenerated it 
an be 
al
ulatedwith p = 1. For the ex
ited states we need the N − 1 (PES: Photoemission Spe
tros
opy)and N + 1 (IPES: Inverse Photoemission Spe
tros
opy) initial states whi
h are de�ned as
{cα|φ0〉}α=i,...,Nα and {c†α|φ0〉}α=i,...,Nα. While the standard Lan
zos algorithm uses 2Nα runsto 
reate the ex
ited states the Blo
k-Lan
zos only needs 2 runs with Nα initial states ea
h.This is very important for the usage of the earlier explained Q-matrix method as in 
ase ofthe standard Lan
zos it is possible to obtain di�erent amounts of poles for the di�erent initialstates. This prohibits the 
onstru
tion of the Q-matrix. The Blo
k-Lan
zos on the other handavoids this problem by 
reating the ex
ited states at on
e.



4Magneti
 
orrelations in high-Tcsuper
ondu
torsTwo-parti
le ex
itations and their 
orresponding magneti
, 
harge, opti
al and pairing sus
ep-tibilities are fundamental for obtaining a mi
ros
opi
 understanding of the high-Tc 
uprate su-per
ondu
tor physi
s, 
omplementing single-parti
le (su
h as Angle-Resolved Photoemission-Spe
tros
opy (ARPES), et
.) experiments. A key example is provided by the magneti
 ex
i-tations:When entering the super
ondu
ting state, a resonant peak at the wave ve
tor qAF = (π, π)emerges in the 
uprate 
ompounds (34; 35; 36; 37; 38; 39). Being a universal feature alsoin ele
tron-doped 
uprates (43), this magneti
 mode is a promising 
andidate for the pairingglue. This means a bosoni
 ex
itation whi
h mediates a retarded pairing me
hanism in 
on-trast to an instantaneous me
hanism via the ex
hange 
oupling J . The doping dependen
e ofthe resonan
e mode's frequen
y ωres(qAF ) follows the doping dependen
e of Tc and, hen
e,further a�rms theories whi
h 
onsider the resonan
e mode to be 
ru
ial for the me
hanismof super
ondu
tivity.As the resonan
e lies within the super
ondu
ting gap, it was proposed to identify this modewith a S=1 spin ex
iton. Apart from the peak at qAF INS experiments observed a down-ward and an upward hourglass-like dispersion in several hole-doped 
ompounds (36), with theupward dispersion being strongly damped as it extends into the 
ontinuum of single spin-�ipex
itations. In 
ase of ele
tron-doped 
uprates only the resonan
e peak is dete
ted as anuniversal feature so far (43).Besides the important question of a possible pairing glue a variety of experiments in the HTSC,su
h as ARPES, Opti
al and Tunneling Spe
tros
opies, have been interpreted as eviden
e ofintera
tions of ele
trons with this mode (44; 45; 46). As a 
onsequen
e, a theoreti
al de-s
ription of 
uprate super
ondu
tivity must in
lude and explain also this prominent resonan
e51
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orrelations in high-Tc super
ondu
torsmode and its properties.A spin ex
itoni
 bound state has previously been suggested on the basis of an itinerant pi
-ture, most frequently invoking a weakly 
orrelated RPA-like form of the dynami
 spin sus-
eptibility (e.g. Ref. (70)). As a weak-
oupling form it leads to a Fermi-liquid like χ(q, ω),whi
h is in 
ontrast to some of the anomalous dynami
s found in neutron s
attering exper-iments (34; 35; 36; 37; 38; 39). On the other hand, when the two-parti
le intera
tion andthe super
ondu
ting gap are used as adjustable parameters, it qualitatively a

ounts for themode behavior near optimal and overdoped regimes (70). In the following 
hapter we applyour two-parti
le approa
h developed in se
tion 3.2 to the one-band Hubbard model to gaininformation about the magneti
 spe
trum. As the hourglass stru
ture is only observed inhole-doped 
uprates we fo
us our investigation on this part of the phase diagram. To render a
onsistent pi
ture we �rst analyze the antiferromagneti
 phase whi
h also serves as a test 
asefor our new approa
h. For this reason se
tion 4.2 
ontains a detailed dis
ussion about �nite-size e�e
ts. The main results are then provided in se
tion 4.3, where the super
ondu
tingphase is explored and related to experimental �ndings. But �rst of all, in se
tion 4.1 we brie�yreview the phase diagram and results on one-parti
le ex
itation of the Hubbard model usingthe VCA. This review mainly follows the publi
ations (61; 64; 65; 66; 67; 68; 69; 3). Also the
hoi
e of the referen
e 
lusters will be dis
ussed (se
tion 4.1.1). The present 
hapter 
loseswith se
tion 4.4 providing a dis
ussion of the meaning and importan
e of the self-
onsistentlyobtained 
ontrolling 
onstant α introdu
ed in se
tion 3.2.4.We use the one-band Hubbard model with t′ = −0.3t and U = 8t as standard values forthe des
ription of HTSC 
uprates and we set t = 1 to �x the energy s
ale. Sin
e the grand
anoni
al ensemble is used, all one-parti
le energies are the di�eren
e to the 
hemi
al potential.A broadening of 0.05t is used to display the results.4.1 Preliminaries to the Hubbard model within theVCAIt has been shown that the VCA 
orre
tly reprodu
es salient features of the one-parti
le prop-erties of the HTSC (61; 64; 65; 66; 67; 68; 69; 3). First of all, we inspe
t the hole-dopedphase diagram (Fig. 4.1) for the two-dimensional one-band Hubbard model 
al
ulated in theVCA by use of the √10×
√

10 
luster. It is plotted the antiferromagneti
 as well as the super-
ondu
ting order parameter against the doping. For a better orientation the phase diagramis given in di�erent 
olors. At small doping an antiferromagneti
 + super
ondu
ting phaseemerges, in whi
h both the antiferromagneti
 as well as the super
ondu
ting order (m > 0 and
∆ > 0) mi
ros
opi
ally and 
oherently 
oexist (blue regime). A homogeneous phase with apure super
ondu
ting order (m = 0 and ∆ > 0) is obtained for larger dopings (green regime).In between a red regime o

urs, i.e. a phase separation region, where the homogeneous so-lutions antiferromagnetism + super
ondu
tivity and super
ondu
tivity be
ome unstable andthe system prefers to separate into a mixture of two densities n1 and n2. In this regime there
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Figure 4.1: Phase diagram of the hole-doped Hubbard model obtained from a VCA 
al-
ulation using the √10×
√

10 
luster (taken from (2)).is tenden
y towards the formation of inhomogeneities, su
h as stripes, 
he
kerboard patterns,et
.. At half-�lling the system shows an pure antiferromagneti
 phase. Hen
e, the Hubbardmodel in the VCA re
overs both the antiferromagnetism and the super
ondu
tivity. Althoughnot shown here, we like to mention that the VCA 
al
ulations in the Hubbard model alsoa

ount for the ele
tron-hole asymmetry in the phase diagram (67). This means the mu
hsmaller doping range of antiferromagnetism at hole-doping 
ompared to ele
tron doping.As a further very important out
ome the VCA treatment of the Hubbard revealed the prominentdi
hotomy of nodal and antinodal super
ondu
ting gaps dis
overed in Raman (77; 78) andARPES (79; 80; 81) experiments (3). This will be detailed and 
ompared to our results onthe Raman response in 
hapter 5.4.1.1 Choi
e of the referen
e 
lustersAll the 
lusters 
onsidered in the present thesis are depi
ted in Fig. 4.2. The 
hoi
e whi
h ofthese should be employed as a referen
e 
luster for a VCA 
al
ulation is a very subtle one.Prin
ipally, it seems plausible to use the largest 
luster that 
an be 
al
ulated with respe
tto a given CPU power as well as main memory. Unfortunately, in pra
ti
al 
omputations weare restri
ted to 
luster sizes of about 10 sites whi
h is not large enough to obtain 
onvergedresults. It is meant that the out
ome of a VCA 
al
ulation is not independent of the 
lustersize and geometry. This problem 
an only be handled by an intelligent 
hoi
e of the underlying
luster depending on the phase that should be analyzed. The phase diagram in Fig. 4.1 isobtained with the √10 ×
√

10 
luster but is qualitatively the same for the 2 × 2 and 4 × 2
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orrelations in high-Tc super
ondu
tors

Figure 4.2: Geometry of the 
lusters used in our 
al
ulations: 2 × 2, 3 × 3, 4 × 2 and√
10×

√
10
lusters. Hen
e, the order parameter seems to be robust against the 
luster size. But if somemore spe
i�
 details of the super
ondu
ting phase are investigated these 
lusters with an evensite turn out to be not appropriate. Su
h details are for example the mentioned gap di
hotomydis
ussed in 
hapter 5 and (3) or the magneti
 
orrelations presented in this 
hapter. For theseissues the 3 × 3 is employed and works best. The deeper reason is twofold and is based onthe 
luster size and geometry:It turns out that even at relative large doping x > 0.1 the referen
e 
lusters with an evennumber of sites are only at about x ≃ 0.05 doping. And as the 
orrelated physi
s stems fromthe 
luster level, it is obvious, that this dis
repan
y between the doping of the physi
al systemand the referen
e 
lusters make these even site 
lusters inappropriate. In 
ase of 3 × 3 sitesthe 
luster shows an intrinsi
 doping of x =≃ 1

9
. The reason is that the ground state of theHubbard model tends to be in the Sz = 0 state whi
h is only possible for an even number ofele
trons, i.e. 8 ele
trons for the 3× 3 
luster. Hen
e, the dopings of the physi
al system isfor x > 0.1 
omparable to the doping of the referen
e system. The same argumentation rulesout the 3× 3 
lusters for the des
ription at small doping.The other reason whi
h favors the 3×3 
luster for the super
ondu
ting phase is its geometry.The even site 2× 2 and 4× 2 
lusters are adequate for the des
ription of antiferromagnetismsin
e they allow for a antiferromagneti
 symmetry breaking. But these 
lusters tend to overes-timate the antiferromagneti
 
orrelations even in the pure super
ondu
ting phase. The 3× 3over
omes this problem for reason of the odd number of sites per dimension. Again, this argu-mentation rules out the 3×3 
lusters for the des
ription of antiferromagnetism at small doping.
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Γ X M ΓFigure 4.4: Density plot of Imχ± (q, ω)at half-�lling in the antiferromagneti
phase using the 4× 2 
luster.The dependen
e of the employed 
luster 
an be seen in our results. Comparison of Fig. 4.13with the Figs. 4.21,4.22 dis
loses the even site 
lusters to be inappropriate to reveal the mag-neti
 stru
tures in the pure super
ondu
ting phase. Rather, slight remnants of the magnoni
dispersion are visible, at least in the 2 × 2 
ase. The reason is the small 
luster doping andthe 
luster geometry, both overestimating antiferrogneti
 
orrelations. In addition, the smallsize of the 2× 2 
luster results in a 
ertain mean-�eld 
hara
ter of the 
luster approa
h whi
halso overestimates antiferromagneti
 
orrelations.We also mention that 
lusters should be preferred whi
h 
onserve the rotational symmetryof the original latti
e as the 2 × 2 and 3 × 3 
lusters do. This 
an be 
learly seen in theFigs. 4.4,4.10,4.5,4.11. 
ompared to Figs. 4.3,4.9,4.7. The latter ones showing the 2 × 2results provide a mu
h more pronoun
ed magnoni
 dispersion.4.2 Antiferromagneti
 phaseIn this se
tion the blue regime in Fig. 4.1 is explored by use of the even site 
lusters depi
tedin Fig. 4.2. First, we fo
us on the half-�lled 
ase, i.e. in the pure antiferromagneti
 phase.Fig. 4.3 displays the result for the imaginary part of the transverse magneti
 sus
eptibilityImχ±(q, ω) on the basis of the 2×2 
luster. The dispersion follows the usual antiferromagneti
spin wave pattern with the maximum weight around qAF = (π, π). Here, a gap appears, whi
hrapidly and 
ontinuously diminishes with in
reasing 
luster sizes as indi
ated by the Figs. 4.4and 4.5 showing the results for the 4 × 2 and √10 ×
√

10 
luster, respe
tively. Hen
e, thisgap is identi�ed as a �nite-size e�e
t proved by Fig. 4.6 displaying the imaginary part of the
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10Figure 4.6: Plot of Imχ± (qAF , ω) athalf-�lling using various 
lusters.transverse sus
eptibility at the antiferromagneti
 wave ve
tor Imχ±(qAF = (π, π) , ω) for thethree di�erent 
lusters sizes. Clearly, the �nite-size gap 
loses 
ontinuously as a fun
tion ofthe 
luster size.Upon doping the mixed antiferromagneti
 + super
ondu
ting phase is entered. The 
orre-sponding 2 × 2 result for Imχ±(q, ω) at x = 0.06 doping is given in the Fig. 4.7 revealingthe �nite-size gap being obviously diminished. To further analyze this doping dependen
e weexamine the 2 × 2 
luster Imχ±(qAF = (π, π) , ω) at three di�erent dopings, i.e. x = 0.0,
x = 0.04 and x = 0.06. Indeed, Fig. 4.8 displays a rapid and 
ontinuous 
losure of the gap.We attribute this to a s
reening e�e
t, whi
h renders the two-parti
le vertex Γ signi�
antlymore short-ranged, i.e. more lo
al. This means that it 
an a

urately be extra
ted from thediagonalization of already small 
lusters.Further support for this argument is provided by the analysis of Imχ±(q, ω) using the 2× 2,
4× 2 and √10×

√
10 at small (x = 0.04) doping. The 
orresponding results for Imχ±(q, ω)at x = 0.04 doping are given in the Figs. 4.9, 4.10 and 4.11 whi
h reveal the �nite-size e�e
tsbeing of minor importan
e 
ompared to the half-�lled 
ase. The gap is 
learly smaller for all
luster sizes and, furthermore, the dependen
e of the gap size on the 
luster size is even smalleras depi
ted in Fig. 4.12. Here, the √10 ×

√
10 breaks ranks whi
h we de�nitely address tothe shape of the 
luster that does not 
onserve the rotational symmetry of the original latti
e.As already dis
ussed in se
tion 4.1.1 this broken rotational symmetry has also an e�e
t on theshape of the dispersion. Fig. 4.11 exempli�es this impressively.Our two-parti
le approa
h also allows for a realisti
 
al
ulation of the spin-�ip ele
tron-hole 
ontinuum, as the fully dressed one-parti
le propagators enter the χ

±,V CA
0 (q, ω) (see
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luster.

Eq. (3.64)). Indeed, Fig. 4.9 and Fig. 4.7 display the magnoni
 dispersion diving into this
ontinuum around the X-point and getting de
ayed. In addition, the latter �gure depi
tsas the red line the lower boundary of the 
ontinuum extra
ted from χ
±,V CA
0 (q, ω). To �ndthis borderline, we sweep at ea
h of the q-points along the ω axis starting from ω = 0 until

χ
±,V CA
0 (q, ω) adopts a 
ertain threshold. Finding the appropriate threshold for the Lorentziande
lining peaks is, of 
ourse, not straight forward and requires some trying. It turns out thata value of about 0.005 for the threshold works best.
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 + super
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luster.
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ting phaseusing the 4× 2 
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usingon the hourglass stru
ture. The red linedenote the lower boundary of the spin-�ip ele
tron-hole 
ontinuum (extra
tedfrom Eq. (3.69)).4.3 Super
ondu
ting phaseWe enter in this se
tion the most interesting, namely the pure super
ondu
ting state andits magneti
 response properties. Fig. 4.13 
ontains a two-dimensional intensity plot of ourresults (using a 3 × 3 referen
e 
luster) for the imaginary part of the transversal magneti
sus
eptibility Imχ±(q, ω) at x=0.18 doping. The only spin spe
tral weight appears around the
M point on an energy s
ale of about 0.2 yielding the 
elebrated resonan
e mode. Fo
using onthis resonan
e in Fig. 4.14 it is also displayed the lower boundary of the spin-�ip ele
tron-hole
ontinuum extra
ted from χ

±,V CA
0 (q, ω) (see the latter se
tion for explanation). Hen
e, this�gure reveals the resonan
e emerging in the super
ondu
tivity-indu
ed gap of (S=1) ele
tron-hole ex
itations when entering this super
ondu
ting doping regime. We note, that like in theexperiments (see, in parti
ular,Ref. (36)), the resonan
e has an hourglass shape with its maxi-mum spe
tral weight 
on�ned to a region 
lose toM ≡ qAF = (π, π) and a dramati
 intensityredu
tion around ≃ 0.8(π, π). Therefore, our results impressively re
over the experimentallyfound prominent hourglass stru
ture.Our results 
an indeed 
onsistently be summarized along the experimental �ndings of Ref. (36).As shown in Fig. 4.15, again in an intensity plot, we �nd for the doping (x=0.18) 
onsideredin Fig. 4.13 and 4.14 a typi
al Fermi surfa
e 
losed around (π, π). Fig. 4.16 plots the 
orre-sponding spin-�ip ele
tron-hole 
ontinuum along the Brillouin zone diagonal, obtained from

χ
±,V CA
0 (q, ω). Only 
olle
tive modes (i.e. S=1, spin-�ip ele
tron-hole ex
itations) belowthe ele
tron-hole 
ontinuum (i.e. below the red line in Fig. 4.16 and 4.14) 
an a
tually be
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attering ve
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ements
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ω

ηFigure 4.16: Lower boundary of thespin-�ip ele
tron-hole 
ontinuum in thesuper
ondu
ting phase at x = 0.18doping. The plot follows a path along
q = η(π, π) revealing a minimum at
2kN ≃ 0.8(π, π). The red line isextra
ted from Eq. (3.69), while thehat
hed area is only for reason of vi-sualization.dete
ted, be
ause modes within the 
ontinuum are Landau damped and, thus, weak. Thisele
tron-hole 
ontinuum 
orresponds to Fig. 4b in Ref. (36). The 
ontinuum threshold exhibitsalso in our 
ase a pronoun
ed minimum in the vi
inity of the wave ve
tor 2kN ≃ 0.8(π, π),whi
h 
orresponds to s
attering between nodes of the d-wave gap fun
tion (Fig. 4.15 givesjust one quadrant of the Brillouin zone). The minimum in our 
al
ulation is, however, not sosteep as in the idealisti
 situation in Fig. 4
 of Ref. (36). The reason is the broadening of

η = 0.05t used in our 
al
ulations.We would like to emphasize that a similar pi
ture has been put forward in RPA-like des
rip-tions of the neutron resonan
e (see, for example, Ref. (70)). Here, however, the d-wave gapamplitude as well as the magnitude of the e�e
tive two-parti
le intera
tion are parameters.They are used to reprodu
e the experimental energy positions of the resonan
e mode at (π, π)and the ele
tron-hole threshold around 0.8(π, π) in (70). There is an additional di�eren
e toour parameter-free theory: we �nd in Fig. 4.14 the resonant magneti
 ex
itation to have alsoan upward dispersing bran
h originating at qAF . In Ref. (70) this bran
h is missing. Instead,it appears with very little weight only at momenta less than kN ≃ 0.8(π, π)Figs. 4.17, 4.18 and 4.19 give additional 
omparisons of our 
al
ulations with salient features
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Figure 4.18: Doping dependen
e ofthe ω-integrated spin-spe
tral weight at
qAF .of the INS experiments in underdoped Y Ba2Cu3O6+x (112):Fig. 4.17 exhibits the energy of the magneti
 resonan
e peak in the underdoped regime, whi
hin
rease as a fun
tion doping. This trend is also observed in the INS experiments as showedin the Fig. 11.
) of Ref. (112).The energy-integrated spin spe
tral weight at qAF obtained at various dopings in the su-per
ondu
ting regime given in Fig. 4.18 follows again the experimental �ndings displayed inFig. 11.b) of Ref. (112).Finally, Fig. 4.19 reprodu
es the di�eren
e of the transversal magneti
 sus
eptibility at qAF inthe super
ondu
ting and normal states at x = 0.17 dopingIm∆χ±(qAF , ω). The 
omparisonwith Fig. 10.b) of (112) 
an only be a qualitative one, sin
e we are at T=0, and our normalstate solutions are done without allowing for U(1) symmetry breaking in the variational pro-
edure. Hen
e, we employ this paramagneti
 state to simulate the normal state o

urring for

T > Tc. The 
orresponding result is displayed in Fig. 4.20 and reveals the resonan
e mode tobe vanished ex
ept for slight remnants. Nevertheless, qualitatively, our 
al
ulations reprodu
ethe experimental �nding, that the enhan
ement of the spe
tral weight around the resonan
epeak energy is a

ompanied by a redu
tion of the spe
tral weight over a limited energy rangeboth above and below ωres(qAF ).We need to provide some explanation 
on
erning the 
omparison of the doping dependen
ein our results with the experimental �ndings. The doping in the experiments does only 
orre-spond to our theoreti
al doping in the sense that both are at a typi
al underdoped situation.Although we provide results up to x = 0.18 doping the referen
e 
luster is still at x ≤ 0.15.This is again the already dis
ussed dis
repan
y between the doping of the physi
al and thereferen
e system (see se
tion 4.1.1). Hen
e, our results in the super
ondu
ting phase in
or-porate the 
orrelated physi
s of a 
luster in the underdoped regime.In summary, the 
al
ulated doping dependen
e of ωres(qAF ), the hourglass dispersion of theresonan
e and its rapid de
rease around a 
hara
teristi
 wave ve
tor 2kN ≃ 0.8(π, π), whi
h
oin
ides with the distan
e between nodal points on the Fermi surfa
e, are qualitatively 
onsis-
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Figure 4.19: Di�eren
e betweenImχ(qAF , ω) in the super
ondu
tingand normal states at x = 0.17 doping.
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Γ X M ΓFigure 4.20: Density plot of Imχ± (q, ω)at x = 0.18 doping in the normal stateusing the 3× 3 
luster.tent with the experiment and support the S=1 magneti
 ex
iton s
enario. Some of these resultshave been obtained before in weak-
oupling, however, by �tting the two-parti
le intera
tionto the experiment. In 
ontrast, our results are obtained in the appropriate strong-
orrelationregime and 
ontain no adjustable parameters. Thus, when taken together with earlier resultson the phase diagram and single-parti
le ex
itations, this 
onstitutes a rather strong supportfor Hubbard model des
ription of HTSC.This se
tion 
loses with the imaginary part of the transversal magneti
 sus
eptibility Imχ±(qAF , ω)in the super
ondu
ting phase using the 2× 2 and √10×
√

10 
luster. The 
orresponding re-sults are given Fig. 4.21 and Fig. 4.22, respe
tively. For the reasons explained in se
tion 4.1.1,these even site 
lusters fail to des
ribe the magneti
 properties in the super
ondu
ting phase.Rather, there are remnants of the antiferromagneti
 
orrelation visible, at least in 
ase of the
2× 2 
luster whi
h strongly overestimates these.
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Figure 4.24: Doping dependen
e of the
ontrolling 
onstant α for the 2×2 
lus-ter.4.4 Controlling 
onstant αThe self-
onsistently obtained 
ontrolling 
onstant α introdu
ed in se
tion 3.2.4 serves as a�ne-tuning of the e�e
tive vertex Γeff as well as a quality indi
ator for our two-parti
le ap-proa
h. The underlying assumption of this approa
h and also the VCA is a relative lo
al vertex,respe
tively self-energy. Only then, we are allowed to employ already small 
lusters for the
al
ulation of these quantities. The 
onstant α 
an be 
onsulted to judge the justi�
ation ofthe lo
ality assumption. In 
ase of a 
onstant α deviating only small from α = 1 the sumruleis ful�lled with nearly no �ne-tuning. This hints at a justi�
ation of our 
luster approa
h. And,indeed, Tab. 4.1 reveals the values of α being absolutely 
lose to α = 1 and deviating only ofthe order of 1% for the 
al
ulations in the antiferromagneti
 and mixed antiferromagneti
 +super
ondu
ting phase presented in se
tion 4.2.
2× 2 4× 2

√
10×

√
10

x = 0.00 1.01 1.01 1.01
x = 0.04 1.00 1.00 1.00
x = 0.06 0.99 − −Table 4.1: Values of the 
ontrolling 
onstant α for 
lusters and dopings dis
ussed inse
tion 4.2.Fig. 4.23 renders the 
onstant α 
ontinuously de
reasing towards α = 1 as a fun
tion ofin
reasing 
luster size at half-�lling. This further supports our two-parti
le approa
h being
ontrolled by the 
luster size. The doping dependen
e of α by use of the 2 × 2 
luster isgiven in Fig. 4.24. We dis
over the value of α de
reasing 
ontinuously with in
reasing doping.Interestingly, it de
reases even below α = 1. This behavior holds also in the super
ondu
tingphase using the 3 × 3 
luster dis
ussed in se
tion 4.3, for whi
h we �nd values of α ≃ 0.95,while in the paramagneti
 phase at the same doping and 
luster we �nd mostly α ≃ 0.92 (seeTab. 4.2). These values are still 
lose enough to α = 1 to justify our two-parti
le approa
h.
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on-du
ting phase using the 3 × 3 
lusterwith a �xed α = 1.With a value of α = 0.69 at x = 0.15 doping the √10×
√

10 breaks ranks whi
h we addressto the shape and doping of the 
luster being improper to render the magneti
 properties of thesystem in the super
ondu
ting phase as already dis
ussed in se
tion 4.1.1. Interestingly, thevalue of α = 0.88 for the 2× 2 at x = 0.15 doping is not su
h bad although the 
al
ulationsdo not render the 
orre
t magneti
 spe
trum.
3× 3 3× 3, sc = 0 2× 2

√
10×

√
10

x = 0.15 0.96 0.88 0.88 0.69
x = 0.16 0.96 0.92 − −
x = 0.17 0.95 0.92 − −
x = 0.18 0.93 0.92 − −Table 4.2: Values of the 
ontrolling 
onstant α for 
lusters, dopings and phases dis
ussedin se
tion 4.3.4.4.1 Results with α = 1The importan
e of α as a �ne-tuning of the e�e
tive vertex Γeff 
an easily be analyzed bysetting α = 1 in our 
al
ulations. First, the e�e
t on the magneti
 stru
tures in the antifer-romagneti
 phase is inspe
ted in Fig. 4.25 in 
omparison with Fig. 4.3 displaying the resultswith the self-
onsistently determined α. The overall dispersion is nearly un
hanged 
omparedto the 
al
ulation with the α self-
onsistently determined. Only the �nite-size gap is slightlyredu
ed. Further investigations show, that α > 1 leads to a slight redu
ing of the �nite-size
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ondu
torsgap while α < 1 lets the �nite-size gap slightly in
rease.In the super
ondu
ting phase the 
ontrolling 
onstant adopts unlike more importan
e sin
e itturns out that the hourglass stru
ture is mu
h more sensitive to the 
hange in Γeff e�e
ted by
α. Fig. 4.26 displays the 
orresponding α = 1 result revealing the hourglass 
ompletely van-ished (
ompare to Fig. 4.13). Hen
e, to obtain the sophisti
ated small stru
tures 
on
erningthe resonan
e mode at small energy s
ales it is absolutely ne
essary to in
lude the 
onstant αfor the �ne-tuning of Γeff .



5Raman response in high-Tcsuper
ondu
torsRaman (77; 78) and ARPES (79; 80; 81) experiments re
ently revealed a quite di�erent be-havior of the super
ondu
ting gap of HTSC 
uprates near the nodal (π/2, π/2) 
omparedto the antinodal point (π, 0). The gap was found to in
rease with de
reasing doping at theantinodal point whi
h, previously, was believed to be the generi
 doping dependen
e of thesuper
ondu
ting gap (113; 114). However, near the nodal point the gap displays an evenqualitatively di�erent doping dependen
e, where the gap de
reases with de
reasing doping.While these experiments were so far interpreted as being due to two physi
al distin
t me
h-anisms, VCA 
al
ulations showed, that this phenomenon 
an naturally be explained withinthe Hubbard model as a di�erent doping dependen
e of the spin-�u
tuation mediated pairingstrength (3). In order to shed more light on this question of the gap di
hotomy, we analyzethe doping dependen
e of the super
ondu
ting gap in yet another approa
h, i.e. the Ramanresponse.Employing the te
hnique des
ribed in se
tion 3.3 allows us to work out the gap features in theRaman response. Using the B1g and B2g symmetries we 
an fo
us on the antinodal (B1g)and nodal (B2g) region of the Brillouin zone. We also analyze the Raman response in theparamagneti
 phase to gain information about the normal state pseudogap observed it theHTSC 
uprates at T > Tc. This will be related to the results derived in the super
ondu
tingphase. In addition, the question of an origin of the gap in the super
ondu
ting phase apartfrom super
ondu
tivity is addressed by swit
hing o� the anomalous part of the self-energy
ΣSC(ω) = 0 in our 
al
ulation.We use the one-band Hubbard model with t′ = −0.3t and U = 8t as standard values forthe des
ription of HTSC 
uprates and we set t = 1 to �x the energy s
ale. Sin
e the grand
anoni
al ensemble is used, all one-parti
le energies are the di�eren
e to the 
hemi
al potential.Our main interest is in properties related to super
ondu
tivity, wherefore we employ the 3× 367
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Figure 5.1: Exemplary plot of the spe
tral fun
tion 
al
ulated within the VCA at x = 0.11hole-doping in the super
ondu
ting phase (white areas mean higher spe
tral weight). blue:numeri
ally found quasi-parti
le dispersion ; red: �tted tight-binding dispersion up to 4thnearest neighbors
luster for our 
al
ulations like we do in se
tion 4.3. A broadening of 0.04t is used to displaythe results.5.1 Raman vertex in the e�e
tive mass approximationFirst, Fig. 5.1 exempli�es the one-parti
le spe
tral-fun
tion as a density plot with the nu-meri
ally found dispersion as the blue 
urve and the �tted tight-binding dispersion up to 4thnearest neighbors as the red 
urve at x = 0.11 hole-doping in the super
ondu
ting phase.More generally, Fig. 5.2 shows the doping dependen
e of the �t-parameters at six di�erentfra
tions of hole-doping from x = 0.07 to x = 0.17, all in the super
ondu
ting regime. To
ompare, Fig. 5.3 yields the doping dependen
e in the paramagneti
 phase at �ve di�erentfra
tions of hole-doping from x = 0.06 to x = 0.12.Given the �t-parameters we are able to evaluate Eq. 3.112 and 3.113 for obtaining the Ra-man vertex in the e�e
tive mass approximation. Density plots of the squared vertex-fun
tions
(γν(k))2 at x = 0.11 hole-doping in the super
ondu
ting phase are shown in Fig. 5.4, with theverti
es in the right 
olumn are obtained from 
al
ulations based on the dispersion up to the4th nearest neighbor hopping while for the ones in the left 
olumn the dispersion was limitedup to next-nearest neighbor hopping. It turns out, that in
luding higher order terms yields astronger fo
using within the Brillouin zone. As 
an be seen in the upper row, the vertex inthe B1g symmetry points out the antinodal while in the B2g symmetry the nodal region ofthe Brillouin zone.
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e of the�t parameter within a �t pro
edure ofa tight-binding dispersion to the quasi-parti
le band up to 4th nearest neigh-bors in the paramagneti
 phase.The super
ondu
ting gap and the pseudogap 
an be extra
ted in the following se
tions fromthe Raman spe
trum as the position of the lowest peak in energy. But note that the gap outof the Raman spe
trum is twi
e the super
ondu
ting gap measured from µ = 0 symmetri
ally:

∆[Raman] = 2 ∗∆[SC].
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ondu
ting phase. ∆[Raman]and 2 × ∆[SC] are guides to the eye(bla
k: gap extra
ted from the Ra-man response; yellow: gap extra
tedfrom the one-parti
le spe
tral fun
tion,taken from (3)).5.2 Super
ondu
ting phaseThe main results of our 
al
ulation in the super
ondu
ting phase are given in the Figs. 5.5,5.6 and Fig. 5.7. The Figs. 5.5 and 5.6 display the Raman response for the B1g and theB2g symmetry in the doping range des
ribed above. The �rst yields information about theantinodal and the latter about the nodal region. The bla
k 
urve 
onne
ting the lowest ly-ing peaks serves as a guide to the eye for a better visualization of the doping dependen
e.The yellow 
urve pursues the same intention but the data are gained from the gap extra
tedfrom the one-parti
le spe
tral-fun
tion (3). We �nd that the gap in the Raman response atthe antinodal point in
reases with de
reasing doping, while near the nodal point it slightlyde
reases. The plot of the doping dependen
e of the gap (Fig. 5.7) makes this behavior even
learer.These Raman results 
an be re
on
iled with the ones derived from the one-parti
le spe
tral-fun
tion (3), both of whi
h are shown in Fig. 5.7 and Fig. 5.8 for 
omparison. Both, theRaman and the one-parti
le data show qualitatively the same doping dependen
e of the gaps.However, the data derived from the Raman 
al
ulation reveal an energy shift depending on
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antinodalnodalFigure 5.8: Doping dependen
e of thesuper
ondu
ting gap at the antinodaland near-nodal points extra
ted fromthe spe
tral fun
tion (taken from (3)).the Raman vertex symmetry (see the yellow and bla
k peak interpolation in Figs. 5.5 and5.6). In the B1g symmetry (i.e., antinodal 
ase) the Raman gap is slightly larger than thesingle-parti
le gap, while in the B2g 
ase (i.e., near-nodal 
ase) a gap of approximatively halfthe size 
ompared to the gap in the spe
tral-fun
tion is found. This shift in the Raman datato higher energies in the B1g 
ase and to lower energies in the B2g 
ase 
an be explained by a
loser inspe
tion of the vertex fun
tions (γν(k))2 shown in the right plots of Fig. 5.4. Thesevertex fun
tions a
t as a weighting fa
tor in momentum spa
e for the ele
tron-hole ex
itationswhi
h are added up in Eq. (3.103).In 
ase of the B1g symmetry the vertex fun
tion (γB1g(k))2 is largest dire
tly at (π, 0).Therefore, the ele
tron-hole ex
itations in this region enter Eq. (3.103) with a strong weight.Furthermore, these ele
tron-hole ex
itations near (and not dire
tly at) the antinodal gap arehigher in energy 
ompared to the ex
itations dire
tly at the antinodal gap (see Fig. 5.1). Thisis the reason why the gap extra
ted from the Raman response is larger than the gap extra
tedfrom the spe
tral fun
tion by use of the path indi
ated as the red line in the upper right plotin Fig. 5.4. But as this is a deviation from the already large antinodal gap, we get a smallrelative shift.In 
ase of the B2g symmetry the vertex fun
tion (γB2g(k))2 is largest at a spot near (π/2, π/2).Therefore, the gapless ele
tron-hole ex
itations with zero energy in this region (the Brillouinzone diagonal) enter Eq. (3.103) with a strong weight. This is the reason why the gap extra
tedfrom the Raman response is smaller than the gap extra
ted from the spe
tral fun
tion whi
huses a path along the Fermi surfa
e whi
h, on average, is further away from the nodal point
(π/2, π/2) than the Raman response (this path is indi
ated as the red line in the lower right
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trum for various hole-dopings inthe paramagneti
 phase.plot in Fig. 5.4). And as this is a deviation from the very small near-nodal gap we get a largerelative shift of the near-nodal gap size.5.3 Normal state - Paramagneti
 phaseSome 
al
ulations revealed the Hubbard model to show a pseudogap behavior in the normalstate above Tc (115; 116). Hen
e, we are also interested in analyzing this state in order to�nd a gap in the Raman spe
trum. However, we are limited with our 
luster solver to T = 0and 
an not investigate the Raman response at �nite temperature. But a suitable methodfor simulating the normal state o

urring for T > Tc is to do not allow for U(1) symmetrybreaking in the variational pro
edure. We employ therefore this paramagneti
 phase for ourRaman 
al
ulation to gain information about a possible pseudogap. Figs. 5.9 and 5.10 showthe results for the B1g and the B2g 
hannel, respe
tively.Indeed, we �nd near (π, 0) a pseudogap being larger 
ompared to the super
ondu
ting gap atthe antinodal region but following the same doping dependen
e. With de
reasing doping thepseudogap in
reases. Again, this 
an be re
on
iled with the �ndings in (3). Furthermore, thedoping dependen
e agrees qualitatively with �nite-T QMC simulations (116) and also ARPESexperiments (113; 114; 81).An interesting question is, whether the origin of the normal state pseudogap survives in the
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ondu
ting phase with ΣSC =

0.super
ondu
ting state. For this issue we swit
h o� the anomalous part of the self-energy
ΣSC(ω) = 0 in our Raman 
al
ulation in the super
ondu
ting state. The a

ording resultsdisplayed in the Figs. 5.11 and 5.12 do not reveal any gap and therefore rule out a normal stateorigin of the gap in the U(1) symmetry-broken super
ondu
ting phase. These results as wellas the one-parti
le results in (3) show, that with the onset of a U(1) symmetry breaking, thenormal state origin of the pseudogap is repla
ed with a 
ompletely super
ondu
tivity basedorigin of the super
ondu
ting gap.Our results on the Raman response 
ombined with the results given in (3) strongly supportthe Hubbard model des
ription of the gap behavior and the mi
ros
opi
 me
hanisms of HTSC
uprates.



6SummaryThe physi
s of 
uprate high-temperature super
ondu
tors is stillan unsolved riddle. But in more than 20 years a remarkableprogress was a
hieved on the experimental as well as on thetheoreti
al side. Nearly no one in the 
ommunity of strongly
orrelated physi
s doubts about the d-wave order parameter ofthe super
ondu
ting gap, the proximity of the antiferromagneti
Mott insulator being probably 
ru
ial for the understanding ofthe materials and, related to that, the magneti
 origin of theunderlying pairing me
hanism. There is still a great number ofopen questions, maybe even more than 20 years ago, but theseare mu
h more 
on
ise and aiming at more detailed topi
s. Su
ha question is the 
hara
ter of the magneti
 originated pairing.Is it instantaneous via the ex
hange 
oupling J or mediated bya retarded bosoni
 mode 
omparable to the phononi
 indu
edpairing in 
onventional BCS-type super
ondu
tors? A furtherquestion aims at properties of the gap in the super
ondu
ting aswell as in the pseudogap state. Is the di
hotomy of the antin-odal and near-nodal gaps in the super
ondu
ting state, whi
hwas found in ARPES and Raman experiments, arising from dis-tin
t me
hanisms or from di�erent doping dependen
ies of thespin-�u
tuation mediated pairing strength? And the nature ofthe pseudogap state is also one of the most important topi
s in
uprate super
ondu
tivity. To shed light on the 
uprate riddleit is ne
essary to analyze two-parti
le ex
itations 
omplementingthe one-parti
le data.
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76 Chapter 6. SummaryThe magneti
 sus
eptibility takes on a spe
ial position in this
ontext as it renders information about the magneti
 ex
itationspe
trum whi
h is believed to be dire
tly related to the me
h-anism of super
ondu
tivity. And, indeed, INS experiments re-vealed a promising 
andidate for a bosoni
 mode possibly beingthe desired pairing glue. It is meant the resonan
e mode o
-
urring as a general feature in the under- and optimal-doped
uprates at the wave ve
tor qAF = (π, π) being 
hara
teristi
for the antiferromagnetism of the parent 
ompound. In additionto this �ngerprint of antiferromagnetism in the super
ondu
tingphase, a hourglass-like upward and downward dispersion ema-nating from qAF is obtained. Besides the role of the resonan
emode as a mediator for the pairing, some of the salient featuresof the 
uprates maybe des
ribed by intera
tions of the itinerantele
trons with this mode.Con
erning the gap di
hotomy Raman experiments yield worthyinformation as results from fo
ussed regions of the Brillouin zone
an be obtained. The position in energy of the �rst peak in theRaman spe
trum is related to the gap in the density of states.
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The present thesis provides a detailed treatment of magneti
 ex-
itations and Raman spe
tra in the two-dimensional one-bandHubbard model for the 
uprate high-temperature super
ondu
-tors. This model is believed to 
over the essential mi
ros
opi
degrees of freedom produ
ing the ma
ros
opi
 properties. As the
ore te
hni
al development, we derive a non-perturbative, T = 0
luster approa
h for two-parti
le 
orrelation fun
tions from thegeneral Bethe-Salpeter equation. This new approa
h 
ontainsno free adjustable parameters besides the model parameters forwhi
h the standard high-Tc values are used. As the self-energyin the Variational Cluster Approa
h (VCA, an embedded 
lustermethod) for the one-parti
le Green's fun
tion we also obtain ane�e
tive ele
tron-hole vertex from an isolated 
luster. Combinedwith a fully dressed bubble sus
eptibility χ0 whi
h 
ontains theone-parti
le VCA Green's fun
tion our new approa
h is only 
on-trolled by the 
luster sizes and be
omes exa
t in the limit ofin�nite sized 
lusters. We also introdu
e a 
ontrolling 
onstant
α e�e
ting a �ne-tuning of the vertex to a

ount for �nite-sizee�e
ts. As we are restri
ted to 
lusters up to 10 sites for nu-meri
al reasons this is ne
essary to exhibit the small magneti
stru
tures at small energy s
ales in the super
ondu
ting phase.
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77The 
onstant α serves, in addition, as a quality indi
ator for ourapproa
h.A similar approa
h is explained for the Raman response. How-ever, due the more 
ompli
ated k-stru
ture of the Raman vertexwe employ the so-
alled e�e
tive mass approximation for this.The appli
ation of our two-parti
le approa
h to the antiferro-magneti
 phase of the hole-doped Hubbard model exhibits theexpe
ted spin-wave dispersion with the maximum weight around
qAF = (π, π). However, due to the limited number of 
lus-ter sites a �nite-size gap o

urs whi
h de
reases with in
reasing
luster size. Furthermore, for reason of s
reening e�e
ts, these�nite-size e�e
ts are of minor importan
e for in
reased doping.The vertex be
omes more short-ranged and 
an be extra
tedfrom already small 
lusters.Upon further doping the most interesting phase, namely the su-per
ondu
ting is rea
hed. Our results re
over the 
elebrated res-onan
e mode with its hourglass-like dispersion o

urring in thesuper
ondu
tivity-indu
ed gap of spin-�ip ele
tron-hole ex
ita-tions. The upward bran
h of the hourglass is strongly dampedas it extents into this 
ontinuum. A dramati
 intensity redu
tionaround ≃ 0.8(π, π) is observed and addressed to the minimum inthe spin-�ip ele
tron-hole 
ontinuum at exa
tly the wave ve
tor
onne
ting nodal points of the Fermi surfa
e.Further salient features obtained in our 
al
ulations are in qual-itative a

ord with INS experiments. We �nd the energy ofthe resonan
e mode ωres(qAF ) in
reasing as a fun
tion of dop-ing, while the energy-integrated spin spe
tral weight at q =
(π, π) de
reases. And also the di�eren
e of the imaginary partof the sus
eptibility in the super
ondu
ting and normal statesIm∆χ±(qAF , ω) 
an be re
on
iled with the experiments.In summary, the 
al
ulated doping dependen
e of ωres(qAF ),the hourglass dispersion of the resonan
e and its rapid de
reasearound a 
hara
teristi
 wave ve
tor 2kN ≃ 0.8(π, π) are qual-itatively 
onsistent with the experiment and support the S=1magneti
 ex
iton s
enario for the resonan
e mode. Some ofthese results have been obtained before in weak-
oupling, how-ever, by �tting the two-parti
le intera
tion to the experiment.In 
ontrast, our results are obtained in the appropriate strong-
orrelation regime and 
ontain no adjustable parameters.
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78 SummaryARPES and Raman experiments revealed the gap in the su-per
ondu
ting state having a quite di�erent behavior at theantinodal 
ompared to the near-nodal region. Con
erning the�rst, the gap in
reases with de
reasing doping whi
h was so farthe believed 
hara
teristi
 doping dependen
e of the gap in the
uprates. But in 
ase of the near-nodal region the gap exhibitsthe opposite dependen
e. So far, two distin
t me
hanism wereproposed to explain this di
hotomy of the gap but VCA 
al
ula-tion in 
ombination with Quantum Monte Carlo results explainthe di�erent behavior as stemming from the doping dependen
eof the spin-�u
tuation mediated pairing.
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B1g (antinodal)B2g (nodal)Within our approa
h to the Raman response, we verify the Hub-bard model to 
over the gap di
hotomy seen in the experimentsand found already via the spe
tral fun
tion analysis in a VCA 
al-
ulation. Furthermore, by analyzing the e�e
t of the anomalousself-energy on the gap in the super
ondu
ting state we proved itsroots to be solely in super
ondu
tivity. In addition, our results inthe normal state reveal a large pseudogap following the dopingdependen
e of the antinodal gap. 0.0 0.5 1.0 1.5 2.0
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ements
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x = 0.12x = 0.10x = 0.08x = 0.07x = 0.06Our 
luster approa
h to two-parti
le ex
itations proves itselfbeing appropriate to work out salient features of the 
upratehigh-Tc super
ondu
tors on the basis of the one-band Hubbardmodel. When taken together with the VCA results on the phasediagram and single-parti
le ex
itations a rather strong support forthe Hubbard model des
ription of HTSC materials is 
onstituted.As an outlook we like to suggest further improvements ofthe te
hnique developed in the present thesis. To better 
ontrolthe doping of the physi
al system 
ompared to the referen
e
luster, additional bath sites should be in
luded. One-parti
leVCA 
al
ulations in
luding su
h bath sites seem to be promising,so far. This would, of 
ourse, enlarge the 
orresponding Hilbertspa
es, wherefore more numeri
al e�ort is required. Onesolution 
an be the parallelization of the programming 
odewith a subsequent migration to super
omputer ar
hite
tures.Another way 
an be the employment of an other 
luster solverthan Lan
zos. Quantum Monte Carlo te
hniques, for example,
an be used. This also would allow for 
al
ulations at �nitetemperatures.



AAppendixA.1 Restoring the translational invarian
eAt the end of se
tion 3.1.3 we argued that the k-spa
e dependen
e of the VCA Green's fun
tionis fully 
aptured by k as a 
ontinuous element of the original Brillouin zone. For an illustrationwe 
onsider an one-dimensional example.After tiling up the original latti
e with the latti
e 
onstant a into Nc 
lusters with Lc sitesea
h, the elementary unit of the superlatti
e 
onsists of Lc sites. Therefore we obtain a inprin
iple 
ontinuous (Nc is a large number)
k ∈ [− π

Lca
,
π

Lca
] , (A.1)with a periodi
ity P = 2π
Lca

. However, K is not 
ontinuous and obeys
K ∈ [−π

a
,
π

a
] , (A.2)with the periodi
ity is P = 2π

a
. The smallest dis
rete step whi
h K 
an take is ∆K = 2π

Lca
.This is exa
tly the periodi
ity of the k-latti
e, wherefore k + K ≡ k.
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80 Appendix A. Appendix
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Figure A.1: Contour deforming from path C1 over C2 to C3 in the 
omplex plane for aanalyti
al summation over Matsubara frequen
ies of a fun
tion with an expli
itly knownpole stru
ture. Note, that we have to sum over a, in prin
iple, in�nite number of Mat-subara frequen
ies. The �nite number of paths C1 and the �nite range of the paths C2and C3 is only for reason of visualization.A.2 Matsubara frequen
y sumsIn 
hapter 3 we make intense use of the Matsubara formalism for Green's fun
tions. Withinthe 
al
ulations we often have to perform sums over Matsubara frequen
ies. For example, inthe se
tions 3.1.5, 3.2.2 and 3.3.1 we need to sum up a fun
tion over fermioni
 Matsubarafrequen
ies with the poles of the fun
tion expli
itly known. In 3.2.4 the sus
eptibility at allbosoni
 Matsubara frequen
ies has to be summed up numeri
ally as the pole stru
ture isnot given expli
itly. An important easement is a
hievable by use of the pole stru
ture of theFermi- and the Bose-fun
tion (86; 87; 88; 89). The former has �rst order poles at the fermioni
and the latter at the bosoni
 Matsubara frequen
ies. An expli
itly known pole stru
ture ofthe fun
tion that has to be summed up enables us to evaluate the sum analyti
ally. If onlythe region where the 
onsidered fun
tion shows poles is known, we 
an a
hieve at least aneasier and better 
onverging numeri
al summation. Both 
ases are based on an intelligentdeformation of paths used in 
ontour integrals. Of 
ourse, it is still an ambitious task to �ndthe ideal path.A.2.1 Analyti
 evaluation of the iω-sumEvaluations of fermioni
 Matsubara sums su
h as in the fun
tion Ξst(q,k, iω
b
m) (Eq. (3.65))will be explained generally. We 
onsider the following sum

S = T
∑

l

F (iωl) , (A.3)with iωl = (2l + 1−ǫ
2

)πT and ǫ = −1 in 
ase of a fermioni
 while ǫ = 1 in 
ase of a sumover bosoni
 Matsubara frequen
ies. With a fun
tion 1
eβz−ǫ

having �rst order poles at thefrequen
ies z = iωl = (2l + 1−ǫ
2

)πiT and assuming the fun
tion F (z) not having poles at



A.2. Matsubara frequen
y sums 81these frequen
ies the sum S 
an be obtained as a sum over the 
ontour integrals C1 (seeFig. A.1). Ea
h of these C1 en
ir
les one Matsubara frequen
y.
S =

ǫ

2πi

∑

C1

∫

C1

dz
F (z)

eβz − ǫ (A.4)The proof of the latter expression is easily a

omplished by use of the residue theorem. As-suming the fun
tion F (z) not having poles at the whole imaginary axis, the paths C1 
an bedeformed and merged together yielding the path C2 visualized in Fig. A.1. The verti
al partsare in�nitesimal 
lose to the imaginary axis.
S =

ǫ

2πi

∫

C2

dz
F (z)

eβz − ǫ (A.5)If the fun
tion F (z) de
lines faster than 1
z
the path C2 is equivalent to C3 also indi
ated inFig. A.1. The latter 
ontour en
ir
les the 
omplex plane ex
ept the imaginary axis. Hen
e,

C3 
aptures all poles of F (z) and the S be
omes by use of the residue theorem a sum overthe residues of F (z)

S =
ǫ

2πi

∫

C3

dz
F (z)

eβz − ǫ = −ǫ
∑RES F (z) . (A.6)The minus sign stems from the mathemati
al negative orientation of C3.With the knowledge of the dis
rete pole stru
ture of F (z) we are enabled to evaluate thein�nite Matsubara sum.A.2.2 Numeri
al evaluation of the iω-sumThe following numeri
al evaluation of Matsubara sums is used for the 
al
ulation of the 
he
k-sum (Eq. 3.86) in se
tion 3.2.4. If the pole stru
ture of the F (z) in the above equations isnot given expli
itly, we are not able to 
al
ulate the residues analyti
ally. But in 
ase of afun
tion F (z) that is analyti
 everywhere ex
ept a 
ertain region on the real axis an ingeniouspath in the 
omplex plane 
an be 
reated that eases the numeri
al summation.We start from the path C2 indi
ated in Fig. A.1. Assuming the fun
tion F (z) having polesonly in the interval [−Ω′, 0[ and ]0,Ω′] on the real axis and de
lining faster than 1

z
, the path

C2 
an be deformed to the path indi
ated in Fig. A.2. The partial paths Cb, C ′
b, Ch and C ′

hare in�nitesimal 
lose to the real axis while Ce and C ′
e are in�nitesimal 
lose to the imaginaryaxis. The paths Cd, C ′

d, Cf and C ′
f on the other hand are at an arbitrary distan
e δ. As weare 
onsidering Green's fun
tions the 
uto� Ω′ is an upper limit of the spe
trum, i.e.ImF (ω + i0+) = 0 ; |ω| > Ω′ . (A.7)Furthermore we 
an use the relation F (z∗) = F ∗(z). In the following the parts 
ontributingto the integration path will be analyzed in detail.
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Figure A.2: Contour for the evaluation of a Matsubara sum of a fun
tion with poles onlyin the interval [−Ω′, 0[ and ]0,Ω′] on the real axis.The 
ontribution from the paths Ca and C ′
a vanishes as these paths are at in�nity. Next we
onsider the horizontal paths whi
h be
ome

Sh =
ǫ

2πi

∫

Cb+Cd+Cf +Ch

dz
F (z)

eβz − ǫ +
ǫ

2πi

∫

C′

b+C′

d+C′

f +C′

h

dz
F (z)

eβz − ǫ

=
ǫ

π

∫

Cb+Cd+Cf +Ch

dzIm F (z)

eβz − ǫ . (A.8)It is noteworthy, that for a vanishing δ the 
ommon real axis integration is re
overed. WithEq. (A.7) the horizontal 
ontribution redu
es to
Sh =

ǫ

π

∫ Ω′

−Ω′

dωIm F (ω + iδ)

eβ(ω+iδ) − ǫ
T→0
= −1

π

∫ 0

−Ω′

dωImF (ω + iδ) . (A.9)At last, we have to 
onsider the verti
al paths:
Sv =

ǫ

2πi

∫

Cc+C′

c

dz
F (z)

eβz − ǫ +
ǫ

2πi

∫

Cg+C′

g

dz
F (z)

eβz − ǫ

+
ǫ

2πi

∫

Ce+C′

e

dz
F (z)

eβz − ǫ = Sc + Sg + Se . (A.10)



A.2. Matsubara frequen
y sums 83The �rst two of the three parts de�ned in the above equation be
ome:
Sc =

ǫ

2πi

∫ δ

0

i dx
F (−Ω′ + ix)

eβ(−Ω′+ix) − ǫ +
ǫ

2πi

∫ 0

−δ

i dx
F (−Ω′ + ix)

eβ(−Ω′+ix) − ǫ

=
ǫ

2πi

∫ δ

0

i dx
F (−Ω′ + ix)

eβ(−Ω′+ix) − ǫ −
ǫ

2πi

∫ δ

0

(−i) dx F (−Ω′ − ix)
eβ(−Ω′−ix) − ǫ

=
ǫ

π

∫ δ

0

dxRe F (−Ω′ + ix)

eβ(−Ω′+ix) − ǫ
T→0
= −1

π

∫ δ

0

dxReF (−Ω′ + ix) (A.11)
Sg = − ǫ

π

∫ δ

0

dxRe F (Ω′ + ix)

eβ(Ω′+ix) − ǫ
T→0
= 0There is only the integration 
lose to the imaginary axis left. But as this integral is simplygiven by the Matsubara sum over the frequen
ies |ωl| < δ we obtain

Se =
ǫ

2πi

∫

Ce+C′

e

dz
F (z)

eβz − ǫ = 2T

lmax∑

l=0

ReF (iωl)
T→0
=

1

π

∫ δ

0

dxReF (ix) , (A.12)with lmax su
h that |ωl| < δ holds. Combining all results in 
ase of T = 0 yields:
S

T→0
= −1

π

∫ δ

0

dxReF (−Ω′ + ix)− 1

π

∫ 0

−Ω′

dωImF (ω + iδ) +
1

π

∫ δ

0

dxReF (ix) (A.13)Compared to the standard integration along the real ω-axis we have to evaluate the additionalintegrals along the verti
al paths Cc and Ce whi
h 
ompensate the �nite value of δ. Butwe gain a more smooth integration along Cd as this integration path is at the distan
e δfrom the poles of F (z). Hen
e, only a few points have to be 
al
ulated for the numeri
alintegration. Note, that one has to use enough points for the path Ce near ωl = 0 in 
ase ofsmall temperatures and F(z) having poles 
lose to ωl = 0.
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le-hole transformation in one spin-
hannelThe fo
us of this thesis is on the 
al
ulation of two-parti
le properties of high-temperaturesuper
ondu
tors for whi
h we use the Hubbard model. To a

ess the super
ondu
ting phasea pairing Weiss �eld is introdu
ed as a variational parameter in the VCA besides the 
hemi
alpotential. Furthermore the antiferromagneti
 phase is a

ounted for through an antiferromag-neti
 Weiss �eld (see se
tion 3.1.5 for details). Hen
e, we expli
itly break the U(1) and SU(2)invarian
e of the Hubbard model, but the Sz quantum number is still 
onserved. However,for pra
ti
al reason it is advantageous to restore the U(1) symmetry as ea
h parti
le-numbersubspa
e of the full Hilbertspa
e 
an be 
onstru
ted for its own. For this reason we introdu
ea parti
le-hole transformation (ph-trafo) for only one spin 
hannel (here spin-down):
cα↑

ph-trafo−→ cα↑ ; c†α↑
ph-trafo−→ c†α↑ (A.14)

cα↓
ph-trafo−→ c†α↓ ; c†α↓

ph-trafo−→ cα↓ (A.15)The one-band Hubbard hamiltonian will be transformed as:
HHubb = −

∑

i,j,σ

(tij − µδij)c†iσcjσ + U
∑

i

ni↑ni↓ph-trafo
↓

Hph
Hubb = −

∑

i,j

(tij − µδij)(c†i↑cj↑ − c
†
j↓ci↓)− U

∑

i

ni↑ni↓ +Nµ+N↑U (A.16)And the Weiss �elds (see se
tion 3.1.5 for details) transform as:
∆SC(Ra) = hSC

∑

n.n.

ηij

2
(cai↑caj↓ + h.c.)

∆AF (Ra) = hAF

∑

i

(nai↑ − nai↓)e
QAF ri

∆µ(Ra) = µ′
∑

i

(nai↑ + nai↓)ph-trafo
↓

∆ph
SC(Ra) = hSC

∑

n.n.

ηij

2
(cai↑c

†
aj↓ + h.c.) (A.17)

∆ph
AF (Ra) = hAF

∑

i

(nai↑ + nai↓)e
QAF ri (A.18)

∆ph
µ (Ra) = µ′

∑

i

(nai↑ − nai↓) +Nµ′ (A.19)Clearly, the SC-�eld transforms to a spin-�ip term, wherefore the U(1) symmetry is restoredbut the prize is the violation of the Sz 
onservation.
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le-hole transformation in one spin-
hannel 85At last we present the spin-down parti
le-hole transformed normal and anomalous Green'sfun
tions:
Gαβ↑(τ, τ

′) = −〈Tτ{cα↑(τ)c†β↑(τ ′)}〉
ph-trafo−→ −〈Tτ{cα↑(τ)c†β↑(τ ′)}〉 = Gph

αβ↑(τ, τ
′) (A.20)

Gαβ↓(τ, τ
′) = −〈Tτ{cα↓(τ)c†β↓(τ ′)}〉

ph-trafo−→ 〈Tτ{cβ↓(τ ′)c†α↓(τ)}〉 = −Gph
βα↓(τ

′, τ) (A.21)
Fαβ(τ, τ ′) = −〈Tτ{cα↑(τ)cβ↓(τ ′)}〉

ph-trafo−→ 〈Tτ{cα↑(τ)c†β↓(τ ′)}〉 = Gph
αβ↑↓(τ, τ

′) (A.22)
F ∗

αβ(τ, τ ′) = −〈Tτ{c†β↓(τ ′)c
†
α↑(τ)}〉

ph-trafo−→ 〈Tτ{cβ↓(τ ′)c†α↑(τ)}〉 = Gph
βα↓↑(τ

′, τ) (A.23)The Gph
αβ↑↓(τ, τ

′) denote spin-�ip Green's fun
tions.



86 Appendix A. AppendixA.4 Avoiding singularities in the vertex fun
tionWe mentioned in se
tion 3.2.3 the numeri
al problems o

urring from the inversion of theexa
t 
luster sus
eptibility in the super
ondu
ting phase. To avoid these problems we applysome trivial algebrai
 transformations to Eq. (3.77) in order to derive an expression withoutan inversion of the exa
t 
luster sus
eptibility for its own. There are two possible expressioneither 
ontaining the inversion of the χV CA
0 (q, iωb

m) or the χc
0(iω

b
m).

χV CA
0 (q, iωb

m)

χ(q, iωb
m) = χc(iωb

m)
(

χc
0(iω

b
m)− χc(iωb

m) + χc
0(iω

b
m)
[
χV CA

0 (q, iωb
m)
]−1

χc(iωb
m)
)−1

×χc
0(iω

b
m) (A.24)

χc
0(iω

b
m)

χ(q, iωb
m) = χc(iωb

m)
(

χc(iωb
m) + χV CA

0 (q, iωb
m)− χV CA

0 (q, iωb
m)
[
χc

0(iω
b
m)
]−1

χc(iωb
m)
)−1

×χV CA
0 (q, iωb

m) (A.25)In the numeri
al implementation the latter expression is favorable as the χc
0(iω

b
m) has to beinverted only on
e for all of the values of q.
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