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Zusammenfassung

Die Suche nach topologischen Materialien ist ein beherrschendes Thema der aktuellen Forschung
im Bereich der kondensierten Materie. In dieser Arbeit wird das 4-Band Luttinger-Modell
untersucht, welches die j = 3/2 Zustande vieler Halbleiter beschreibt. Dieses Modell beschreibt
eine Vielzahl von topologischen Zustianden und ermoglicht die analytische Betrachtung der
zugehorigen topologischen Oberflichenzusténde. Die Existenz dieser Oberflichenzustéinde ist
iiberaus erstrebenswert, da sie auf Grund ihrer topologischen Natur besonders gegen kleine

Storungen geschiitzt sind.

Im ersten Teil dieser Arbeit wird die Existenz von einem oder zwei Oberflachenzusténden in
Abhéngigkeit des Verhéaltnisses der effektive Massen in der quadratischen Luttinger-
Halbmetallphase vorhergesagt. Diese Zustédnde mit topologischen Ursprung koénnen mit den
invertierten s- und p-Orbitalen aus der Bandstruktur und der angenéherten chiralen Symmetrie
des Kreuzungspunktes in Verbindung gebracht werden. Daher sind die Resultate dieser Arbeit
relevant fiir eine Vielzahl an Materialien, wie HgTe, a-Sn und Iridium-Verbindungen. Diese
Materialien werden haufig mit Hilfe von Deformation bearbeitet, indem der Kristall auf einem
Substrat mit unterschiedlicher Gitterkonstanten gewachsen wird. Dies fiithrt zu Deformationspo-
tentialen, welche auf die Elektronen wirken. Wahrend Dehnungen haufig verwendet werden, um
einen topologisch isolierenden Zustand mit einer Bandliicke zu erzeugen, wird in dieser Arbeit
Kompression betrachtet, um eine topologische Halbmetallphase herbeizufiihren. Hierbei unter-
scheidet man zwischen Dirac- und Weyl-Halbmetallen, in Abhingigkeit von der gleichzeitigen
Prasenz von Inversions- und Zeitumkehrsymmetrie. Ein Hauptteil dieser Arbeit ist die theo-
retische Untersuchung der Oberflichenzustinde in Luttinger-Halbmetallen beim Ubergang in

diese topologischen Halbmetallphasen.

Die relative Starke des Kompressionspotentials im Vergleich zu Termen, welche mithilfe gdngiger
Inversionssymmetrie berechnet wurden, erlaubt die Definition einer Symmetriehierarche fiir das
System. Hierbei bildet das Luttinger-Modell mit kubischer Symmetrie das Ursprungsmodell fiir
kleine Energien mit der hochsten Symmetrie. Da die Inversionssymmetrie brechenden Terme
in der Weyl-Halbmetallphase schwach in vielen Materialien sind, lasst sich ein kleiner Energie-
und Impulsbereich finden, in dem die Oberflaichenzustande Fermi-Bogen zwischen zwei Weyl-
Punkten mit unterschiedlicher Chiralitdt ausbilden. Als Konsequenz existieren zweidimension-
ale (2D) Impulsebenen zwischen den Weyl-Punkten, die als effektive 2D Chern-Isolatoren mit
chiralen Randzustdnden in der Bandliicke angesehen werden kénnen. Auflerhalb des Bereichs

der Inversion brechenden Terme dominieren die Kompressionspotentiale und das System ist ein



effektives Dirac-Halbmetall mit zwei doppelt entarteten Dirac-Punkten in der Bandstruktur.
Im Energiebereich auflerhalb der Kompressionsstarke dominieren die quadratischen Terme des
Luttinger-Modells und das Energiespektrum lésst sich nicht von einem ungestérten Luttinger-
Halbmetall unterscheiden. Um die Symmetriehierarchie abzuschlieflen, werden die Grenzen des
Luttinger-Modells untersucht, bei dem die entfernten j = 1/2 Zusténde einen signifikanten Ef-
fekt auf die j = 3/2 Zustande aufweisen. Hier verliert das Luttinger-Modell seine Giiltigkeit und

kompliziertere Modelle, wie das 6-Band Kane-Modell, miissen in Betracht gezogen werden.

Im zweiten Teil dieser Arbeit werden theoretisch zwei verschiedene Systeme fiir s-wellenartige,
supraleitende j = 3/2 Teilchen in Luttinger-Materialien unter dem Einfluss eines Magnetfeldes
analysiert. Zuerst wird der Fokus auf eine eindimensionale Kette gelegt, bei der die intrinsis-
che Spin-Orbit-Kopplung von inversionsassymetrischen Kristallen eine topologische Bandliicke
Offnet. Im Gegensatz zu Atomketten, die mit einer herkbmmlichen quadratischen Dispersion mit
Rashba- oder Dresselhaus-Spin-Orbit Kopplung modelliert werden, bilden sich zwei topologis-
che Phaseniibergéinge wegen des unterschiedlichen Effekts des Magnetfeldes auf die |j,| = 3/2
und |j.| = 1/2 Zustéande. Dariiber hinaus wird ein 2D Josephson-Kontakt mit lokalisierten
Andreev-Zusténden innerhalb der supraleitenden Bandliicke diskutiert. Hierbei is die intrinsis-
che Spin-Orbit-Kopplung des Luttinger-Modells ausreichend, um eine topologische Bandliicke
zu 6ffnen, selbst mit intakter Inversionssymmetrie. Dies resultiert aus der Hybridisierung der

|7:] = 1/2 und |j,| = 3/2 Zusténde in Kombination mit der supraleitenden Kopplung.

Konsequenterweise konnen beide Systeme Majorana-Randzusténde bilden. Diese sind hochst
relevant fir die wissenschaftliche Forschung wegen ihrer nichtabelschen Austauschstatistik und
ihrer Stabilitat gegen Dekoherenz, was sie pradestiniert fiir die Realisierung topologischer Quan-
tencomputer macht. Diese Majorana-Randzustdnde haben eine flache Energiedispersion und
werden von der topologischen Bandliicke geschiitzt. Interessanterweise lassen sich die Resul-
tate dieser Arbeit fiir die topologisch supraleitende Phase im Luttinger-Modell sowohl auf das
Halbmetall- als auch auf das Metallregime anwenden. Dies induziert eine Relevanz fiir metallis-
che Systeme, wie zum Beispiel p-dotiertem GaAs. Hierduch werden neue Méglichkeiten fiir die

Realisierung topologischer Supraleitung erdffnet.



Abstract

The hunt for topological materials is one of the main topics of recent research in condensed
matter physics. We analyze the 4-band Luttinger model, which considers the total angular
momentum j = 3/2 hole states of many semiconductors. Our analysis shows that this model
hosts a wide array of topological phases and allows analytical calculations of the related topo-
logical surface states. The existence of these surface states is highly desired due to their strong

protection against perturbations.

In the first part of the thesis, we predict the existence of either one or two two-dimensional
surface states of topological origin in the three-dimensional quadratic-node semimetal
phase of the Luttinger model, called the Luttinger semimetal phase. We associate the origin
of these states with the inverted order of s and p-orbital states in the band structure and
approximate chiral symmetry around the node. Hence, our findings are essential for many
materials, including HgTe, a-Sn, and iridate compounds. Such materials are often modified
with strain engineering by growing the crystal on a substrate with a different lattice constant,
which adds a deformation potential to the electrons. While tensile strain is often used to drive
such materials into a gapped topological insulator regime, we apply compressive strain to induce
a topological semimetal regime. Here, we differentiate between Dirac and Weyl semimetals based
on inversion and time-reversal symmetry being simultaneously present or not. One major part
of this thesis is the theoretical study of the evolution of the Luttinger semimetal surface states

in these topological semimetal phases.

The relative strength of the compressive strain and typical [bulk inversion asymmetry (BIA)|

terms allow the definition of a symmetry hierarchy in the system. The cubic symmetric Oy,
Luttinger model is the highest symmetry low-energy parent model. Since the [BTA] terms in the
Weyl semimetal phase are small in most materials, we find a narrow energy and momentum
range around the Weyl points where the surface states form Fermi arcs between two Weyl nodes
with opposite chirality. Consequently, we see momentum planes between the Weyl points,
which can be considered as effective Chern insulators with chiral edge states connecting
the valence and conduction band in the bulk gap. Exceeding the range of the [BIA] terms, the
compressive strain becomes dominating, and the system behaves like a Dirac semimetal with
two doubly degenerate linear Dirac nodes in the band structure. For energies larger than the
compressive strain strength, the quadratic terms in the Luttinger model dominate and surface
band structure is indistinguishable from an unperturbed Luttinger semimetal. To conclude this

symmetry hierarchy, we analyze the limit of the Luttinger model when the remote j = 1/2



electron states show a considerable hybridization with the 7 = 3/2 hole states around the
Fermi level. Here, the Luttinger model is not valid anymore and one needs to consider more

complicated models, like the 6-band Kane Hamiltonian.

In the second part of this thesis, we analyze theoretically two different setups for s-wave su-
perconductivity proximitized j = 3/2 particles in Luttinger materials under a magnetic field.
First, we explore a one-dimensional wire setup, where the intrinsic [BIA] of inversion asymmetric
crystals opens a topological gap in the bulk states. In contrast to wires, modeled by a quadratic
dispersion with Rashba or Dresselhaus spin-orbit coupling, we find two topological phase transi-
tions due to the different effects of magnetic fields to |j,| = 3/2 heavy-hole and |j,| =1/2
light-hole states. Second, we discuss a two-dimensional Josephson junction setup, where
we find Andreev-bound states inside the superconducting gap. Here, the intrinsic spin-orbit
coupling of the Luttinger model is sufficient to open a topological gap even in the presence of
inversion symmetry. This originates from the hybridization of the light and heavy-hole bands

in combination with the superconducting pairing.

Consequently, both setups can form Majorana-bound states at the boundaries of the system.
The existence of these states are highly relevant in the scientific community due to their non-
abelian braiding statistics and stability against decoherence, making them a prime candidate
for the realization of topological quantum computation. Majorana-bound states form at zero
energy and are protected by the topological gap. We predict that our findings of the topological
superconductor phase of the Luttinger model are valid for both semimetal and metal phases.
Hence, our study is additionally relevant for metallic systems, like p-doped GaAs. This opens

a new avenue for the search for topological superconductivity.



“The most important tool of the
theoretical physicist is his
wastebasket. “

Albert Einstein
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Acronyms

Following acronyms are used throughout this Thesis. Each of them is defined at its

first occurrence.

Acronym: Description and page of first occurrence:

1D One-dimensional [

2D Two-dimensional [7]

2DEG Two-dimensional Electron Gas [l
3D Three-dimensional

ABS Andreev Bound State [3]
BDG Bogoliubov-de Gennes

BIA Bulk Inversion Asymmetry
DSM Dirac Semimetal [2]

HH Heavy-hole

LH Light-hole [§|

LSM Luttinger Semimetal
MBS Majorana Bound State [2]

PHS Particle-hole Symmetry [0]
SC Superconductor 2]

SOC Spin-orbit Coupling

TI Topological Insulator [9]
TRS Time-reversal Symmetry

WSM Weyl Semimetal






1 Introduction

What are the consequences of the most fundamental geometric properties of a sys-
tem? This question gave rise to the mathematical discipline of topology in the later
part of the 19th century. It concerns stable characteristics under continuous defor-
mations, like stretching, twisting, or bending. Consequently, a topologist considers
a coffe mug and a donut equivalent objects since both have a single hole. While you
can put your finger through the handle of a coffe mug, you cannot put your finger
through a potato.One can only transform both objects into each other by adding or

removing a hole, making them members of different topological classes.

Many believed that topology is just an abstract mathematical concept like number
theory, which would never find concrete applications. However, solid states physi-
cists found the potential of topology with the prediction of the topological insulator
almost a century later [II, 2, B} 4] 5]. This initiated the hunt for topological materials,
whose robustness under perturbations makes them attractive for commercial use in

technology.

Many models have been established to identify and analyze topological materials.
For instance, the density functional theory models a many-body system numerically
by considering an effective potential acting on the electrons [6]. This potential is built
from a sum of external potentials given by the elemental composition of the lattice
and an effective potential representing the interactions between the electrons. While
it was successfully used to predict the overall band structure of many materials,
it is known to be computationally demanding for systems with strong spin-orbit

interactions and does not allow a deep analytical understanding of a problem.

A rather opposite approach is the so-called BHZ model, developed by Bernevig,

Hughes, and Zhang in 2006 [7]. It focuses solely on the two lowest two-dimensionall

1




1 Introduction

(2D )| energy subbands around the Fermi level with the additional spin degree of
freedom. The resulting Hamiltonian is a 4 x 4 matrix, which can easily be diagonal-
ized analytically. It was famously used to discuss the electronic properties of a
topological insulator with its metallic edge states in the bulk gap [5].

In this thesis, we consider the [three-dimensional (3D)|4-band Luttinger model, de-
rived by J. M. Luttinger in 1956 [8]. It describes the j = 3/2 and states

in semiconductors. We show that it allows the analytical study of materials with

zinc-blende structure, like Hg'Te, a-Sn, or iridate compounds.

These materials are of particular interest for their rich potential for topological

phases. By themselves, they host a strong intrinsic [spin-orbit coupling (SOC)| and

an inverted band structure, which makes them a quadratic-node semimetal. Con-
fining the crystal in a quantum-well setup leads to the formation of subbands in the
dispersion, giving an insulating phase. If the thickness of the quantum-well exceeds
a critical value, the conduction and valence bands invert, and the system is a
topological insulator [7, [5, @]. If the crystal is grown on a substrate with a different
lattice constant, the lattice is strained, and deformation potentials act on the elec-
trons. Here, tensile strain opens a gap between the j = 3/2 states and induces a
topological insulator phase with Dirac surface states [10].

During our study, we apply compressive strain to the lattice, which splits the
quadratic node of the dispersion into multiple linear nodes. These are characteristic

of a topological semimetal phase, classified in two different categories. If the system

preserves both [time-reversal symmetry (TRS)| and inversion symmetry, we find a
IDirac semimetal (DSM)| phase with double degenerate Dirac nodes [11} 12, [13]. The

breaking of at least one of these symmetries splits the Dirac nodes into sets of Weyl

nodes, indicating a [Weyl semimetal (WSM)| phase. The Weyl nodes have a finite

chirality and act as sources and sinks of Berry curvature [14], [15]. This gives rise to
exciting physics, like negative magnetoresistance, the existence of Fermi arcs on the
surface, or the chiral anomaly [16, [17, [18, 19].

Another topological phase considered in this thesis is the topological [superconductor|
(SC)l This phase is highly desired for forming [Majorana bound states (MBSs)|, man-
ifesting as zero-energy modes at the boundaries of the system [20, 2I]. Their non-

abelian statistics and protection against decoherence make them the ideal candidate



for realizing topological quantum computation [22]. The j = 3/2 states of the
Luttinger model allow the formation of higher-order d or f-wave Cooper pairs in

addition to the s and p-wave states of ordinary j = 1/2 models.

It was discussed that combining a magnetic field and [SOC] for a semiconducting one-
dimensional nanowire with s-wave proximitized superconductivity can lead to
a topological phase with at its ends [2I]. Similarly, a Josephson junction,
modeled by an ordinary [two-dimensional electron gas (2DEG)| can host at
the boundaries [23, 24, 25]. Here, the Zeeman field splits the double degenerate
|[Andreev bound states (ABSs)| creating a topological regime between two crossings,
where an additional [SOC] opens a topological gap that protects the against
perturbations. We predict that the intrinsic [SOC] of Luttinger materials allows the
formation of a topological [SC| phase without the need for artificial SOC|

This thesis is structured as follows: In Ch. 2| we introduce physical concepts neces-
sary for the findings of this work. Here, we discuss the idea of topological classes and
invariants determined by the fundamental symmetries of the system. Afterward, we
show the most relevant features of D] topological semimetals, categorized in Weyl
and Dirac semimetals. Considering topological superconductivity, we introduce the
IBogoliubov-de Gennes (BdG)| formalism and discuss the significance of and
[MBSsl

In Ch. 3] we analyze the formation and evolution of topological surface states in
the semimetallic phases of the Luttinger model. For this, we begin with the
quadratic-node Luttinger semimetal phase and link the existence of topological
surface states in this gapless regime to the inverted band structure of the 6-band
Kane model and approximate chiral symmetry, discussed in Ref. [26]. Then, we
study the evolution of the surface states in the [DSM] phase under compressive

strain as perturbations. We explain the effect of inversion symmetry in two steps.

First, we focus only on linear-momentum [bulk inversion asymmetry (BIA)| terms,

which introduces a line-node semimetal phase. Afterward, we add the cubic [BIA]
terms, which drive the system in a [BD|[WSM] phase with the formation of 2D] Fermi
arcs and momentum planes with non-trivial Chern numbers between the Weyl
nodes [19]. The additional publication of the analysis of Ch. [3|is submitted to PRB

[27].
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In Ch. [d we apply proximitized s-wave superconductivity to the Luttinger model
in its metal and semimetal phases. First, we consider a wire setup with a Zee-
man field, where [SOC] of inversion symmetry breaking crystals is sufficient to open
a topological gap that protects at the ends. We show that the coexistence
of |j;| = 1/2 and |j,| = 3/2 states which act differently in a magnetic field, leads
to two topological phase transitions, limiting the magnetic field range of the
Next, we consider a Josephson junction setup, where the intrinsic [SOC| of Lut-
tinger materials is sufficient to form topological regimes even if the lattice conserves
inversion symmetry. Also, we show that the interplay of |j,| = 1/2 and |j.| = 3/2
states give rise to exciting features in the Josephson junction setup. The findings of
Ch. {4} considering the semimetal phase, are also published in Ref. [2§].

Finally, we conclude our findings and give an outlook on potential future continua-
tions of this study in Ch.
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2 Introduction to topological semimetals and superconductors

2.1 Classification of topological matter in different

symmetry classes

This thesis will study different topological phases in the Luttinger model [8]. To do
so, we will introduce the topological invariant @, which indicates whether a system is
a topologically trivial or non-trivial regime. The existence of a topological invariant
depends on discrete symmetries and the dimensionality of the system [29, 30, [3T,
32, 33].

It is convenient to separate solid-state systems into ten unique classes, dedicated by

their relation to three discrete symmetries [time-reversal symmetry (TRS)| [particle-|

lhole symmetry (PHS)| and chiral symmetry [34]. Each discrete symmetry is associ-

ated with the symmetry operators T,C, and S.

A system has if it is invariant under the reversion of time. The reversal of
time leads to a change in the propagation direction and rotation of a particle, which

affects the momentum p and spin o. Therefore, the operator acts as

T:(r,t)— (r,—t) and 7T :(p,o)— (—p,—0). (2.1)
The anti-unitarity of the [TRS| operator means that it can be written as
T =Urk, (2.2)

where U is a unitary matrix and K is the complex conjugation operator. A system

preserves if the single-particle Hamiltonian commutes with T leading to

N

TH(p)T ' = H(—p). (2.3)

Consequently, the conservation of [TRS|indicates the constriction to the dependence
on momentum and spin of the eigenenergy and, therefore, in the band structure,

ie.,

E(pa 0) =T 6(_p7 _U)' (24)

Here, we add a subscript to the equal sign =7 to indicate the consquences of the



2.1 Classification of topological matter in different symmetry classes

[TRS|] This notation is used frequently in this section. One finds that the [TRS|
operator’s square depends on the system’s spin. It distinguishes between bosonic

particles with integer spin and fermionic particles with half-integer spin as

. +1 bosons,
T? = (2.5)

—1 fermions,

indicated by the '+’ entry in Tab.[2.1] In the absence of[TRS| where the Hamiltonian

does not commute with 7', due to, i.e., a magnetic field, is indicated by ’0’.

The second discrete symmetry is the [PHS| As the name suggests, it relates electrons
with holes, which corresponds to an interchange of creation and annihilation opera-
tors in second quantization. If the single-particle Hamiltonian anti-commutes with
the operator C, the system is particle-hole symmetric. This leads to

CH(p)C™' = —H(-p), (2.6)

which indicates a relation between positive and negative energy states with opposite

momentum
e(p,o) =¢c —€(—p,0). (2.7)
The @ operator squares to
C? = +1, (2.8)

indicated by the "+’ entry in Tab. For superconducting systems, [PHS]is essential
due to the shape of the[Bogoliubov-de Gennes (BAdG)|equation (see Sec.[2.3)). Due to
the relation of Bogoliubov quasi-particles, one finds the condition T2 =-C? [29, 35],

which means that the symmetry classes BDI and CII are only relevant in fine-tuned

Hamiltonians.

The third discrete symmetry is chiral symmetry, a combination of and [PHS]|
(S =T. é) Hence, a system with both and preserves always chiral sym-
metry, while only one of these symmetries leads to chiral asymmetry. Interestingly,
systems with both broken [TRS| and [PHS| can either have chiral symmetry or not.
This corresponds to the symmetry classes A and AIIl, which are called complex

classes [32]. The chiral symmetry operator is unitary, which must anti-commute



2 Introduction to topological semimetals and superconductors

with the single-particle Hamiltonian. One gets the condition

SH(p)S™' = —H(p), (2.9)

which relates positive with negative energy states without the inverted sign of the

momentum

€(p,0) =s —€(p,0), (2.10)
in contrast to the The chiral symmetry operator only comes in one flavor,

S = +1. (2.11)

An additional symmetry that is important to the systems discussed in this thesis is
the inversion symmetry, also known as parity [10]. While it does not contribute to
the periodic table from Tab. it has a significant impact on the Hamiltonian and
band structure of the system. An inversion symmetric system is equivalent to its
mirror image in three dimensions. Similar to the [TRS| operator, inversion in space
also inverts the propagation direction, meaning the momentum. On the other hand,
it does not affect the spin. In summary, the inversion symmetry operator P acts

P:(r,t)— (-r,t) and P:(p,o)— (—p,0). (2.12)

A single-particle Hamiltonian conserves inversion symmetry if

A A ~

PH(p)P~! = H(-p) (2.13)
is satisfied. One finds the inversion symmetry relation to the energy dispersion
6(p7 U) =P 6(_p7 O'). (214)

Kramers’ degeneracy is a relevant consequence of the coexistence of and in-
version symmetry. Combining Eqs. (2.4) and (2.14), one can immediately show
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that

e(p, o) =7, €(p, —0), (2.15)

meaning that every state has a degenerate Kramers’ partner state with the same

energy and momentum, but opposite spin.

Even though it is not discussed in this thesis, we like to point out that parity in
a quantum system gives rise to interesting consequences. A mirror operation
on both spatial components would be equivalent to a rotation in two dimensions.

Hence, parity in 2D]is defined by inverting only one spatial component with

Po: (z,y,t) = (—x,y,t), and P, : (z,y,t) — (z,—y,1). (2.16)

An odd number of massless Dirac fermions conserves parity symmetry on a
classical level, which cannot be maintained on the quantum level [36, [37]. This
contradiction is called the parity anomaly, which has major consequences for the
Dirac surface states of a topological insulator [38 [39, 40, 41]. This includes
a re-entrant quantum Hall effect in a single topological surface state of the tensile
Strained topological insulator (Hg,Mn)Te, which we discuss in detail in Ref. [42],

which is in preparation.

In summary, one finds ten different symmetry classes, which are presented in Tab.
[34]. Schnyder et al. [29] showed that any system of a specific symmetry class could
be linked to one of four different types of topological invariants in d dimensions: (1) A
Z topological invariant can take any integer value (Q € {0,£1,£2,...}) and is called
the Chern number [43, 44, [40]. Prominent examples of these phases are the quantum
Hall and quantum anomalous Hall effect with chiral states at the system’s boundary.
(2) The 2Z invariant can only take even integer values (Q € {0,42,+4,...}). This
is related to a topological phase, where the symmetry of the system demands a
doubling of the degrees of freedom. (3) A Zs invariant can only have one of two

values (Q = +1 or Q € {0,1}). A possible relation is the existence of an even or

odd number of [Majorana bound states (MBSs)|in topological [superconductors (SCs)|
(see Sec. or [topological insulators (TIs)|in d = {2,3} [2, B 4 [7, 5l B3, [45]. (4)
The 0’ entries in Tab. correspond to systems without a topological phase.
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class |7 C S|d=0 d=1 d=2 d=3
A 0 0 0 Z 0 Z 0
AIII | 0 0 + 0 Z 0 Z
ATl |+ 0 O 7 0 0 0
BDI |+ + + | Z Z 0 0
D 0O + O 2o 2o Z 0
DII | - + + 0 Zs Zo Z
AIl | — 0 O 27, 0 Zo Zs
cir | — — + 0 27, 0 Zs
C 0 — 0 0 0 27, 0
cr |+ — + 0 0 0 27.

Table 2.1: Periodic table of gapped topological materials with their topological in-
variant up to three dimensions d [29, 30}, 31, B2]. The systems are clas-
sified by their discrete symmetries [34], time-reversal T, particle-hole C,
and chiral or sublattice S symmetry. The entry ’0’ indicates the absence
of symmetry or a topological invariant. The '+’ listings indicate whether
the symmetry operator squares to +1. A Z topological invariant can take
all integer values, a 27 only even numbers, and a Zs only two discrete
values.

A unique feature of a d-dimensional topological system is the existence of a (d — 1)-
dimensional state at the boundary. We can understand this by imagining a junction
of a topological and trivial insulator. A topological phase transition is associated
with the inversion of the bulk bands in the band structure. Hence, a critical gap
closing point must arise at the boundary of the junction. This leads to the gapless
boundary state, characteristic to the topological materials [46] 29, 47, 48, 49, 50].
Throughout this work, we are interested in the behavior of such edge (d = 1) and
surface (d = 2) states forming as a consequence of this bulk-boundary correspon-

dence.

2.2 Topological Semimetals

The majority of study in the field of topological materials lies in systems with a

gapped band structure, like This section is dedicated to their gapless relatives,

called topological semimetals [I5]. In contrast to the well-known two-dimensionall
(2D )| gapless states, like the linear Dirac nodes in graphene [51) 2] or the surface

10



2.2 Topological Semimetals

states of a[three-dimensional (3D)][TT] [33,45], the line nodes of topological semimetal
are [BD] themselves.

One can differentiate them into two classes, the |[Weyl semimetal (WSM)| and the

IDirac semimetal (DSM)| We can study both types of topological semimetals in the

context of the Luttinger model. Following, we will introduce the physical properties

of both [WSMsd and [DSM]

2.2.1 Weyl semimetals

The defining feature of a [WSM] is the existence of non-degenerate linear crossing
points in the bulk band structure, called Weyl points. It is convenient to write
the simplest low-energy Hamiltonian of a Weyl point as

Hywp(p) = vp - & = 0(pz6x + pyby + D262), (2.17)
where p = (ps, Py, p2)? is the momentum, v is the Fermi velocity, and 6 = (64, 6y, 52)T

are the 2 x 2 Pauli matrices, representing a certain degree of freedom in the system,
like spin. This Hamiltonian is well known from high-energy physics and describes
Weyl fermions. Hermann Weyl first considered it to describe massless particles in

the Dirac equation [53] [14]. The Weyl point has the dispersion

evp(P) = £[vp|, (2.18)

which shows a linear crossing at p = 0. Since all three Pauli matrices in ﬁwp(p)
have a momentum-dependent term, one cannot destroy the Weyl point by small per-
turbations. One can consider, i.e., a magnetic field B which changes the Hamiltonian

to
Hwp(p) + Hz = (vp + B) - 6. (2.19)
One can immediately see that the magnetic field only shifts the Weyl point in mo-

mentum space without lifting the crossing. This demonstrates the topological pro-

tection of a single Weyl point.

Since the band structure of a[WSM]is gapless, one needs to define the topological

11
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invariant by the winding number around the Weyl point [29]. It can be determined

by calculating the Berry curvature F,,(p) of Hywp(p), given by [54]

Falp) = Vp x Au(p) = —Tm | S (Vo) x (0/|Vpn) |, (2.20)
n'#n

where A,,(p) = i (n|Vp|n) is the Berry potential of a filled energy state |n). Applying
the Nabla operator to the Schréodinger equation, one can find the identity

(n'| Vp [mnﬁ = (/| Vplen )] (2.21)
= <n’|foI’n> + (n H Vpn) = €n <n"Vpn> (2.22)
= (n/|Vpn) = W. (2.23)

Combining Eqgs. (2.20) and ([2.23)), one gets

(n|VpH|n') x {n'|VpH]n)

Falp)=—Im | Y . (2.24)
n/#,n (En - En’)
Therefore, the Weyl point, described by Hyp (p), has the berry curvature
_ p
]:WP(p) = 1)73 . (225)
2|vp|

By integrating around the Weyl point in the Brillouin zone, we find the chirality of
the Weyl point

¢ =sgn(v), (2.26)

which can be either +1 or —1. Notice that it acts as a monopole charge of Berry
flux. It is possible, that the projection on the surface leads to two distinct Weyl
points at the same position in the surface Brillouin zone. This way, one can find a
Weyl point with an effective chirality of ¢ = 0 or ¢ = +2. In general, a Weyl point
can only be destroyed by hybridization with another Weyl point of opposite chirality
[15].

The Nielsen-Ninomiya theorem states that the sum of all Weyl point chiralities in a

system must be zero [55], 56]. So, every Weyl point has a partner Weyl point with

opposite chirality. The minimal number of Weyl points in a system is related to the

12



2.2 Topological Semimetals

system’s symmetry. As discussed in Sec. 2.1} the band structure of a system with
both[TRS|and inversion symmetry is double degenerate everywhere due to Kramers’
theorem. Since Weyl points cannot be degenerate, a can only exist if either
[TRS or inversion symmetry or both is broken.

While [TRS| and inversion symmetry cannot be present simultaneously, a can
conserve one of them. In this case, every Weyl point at p"¥ must have a symmetry
partner Weyl point at —p"'. From Eq. , we find that ﬁwp =p —ﬁwp due to
the sign flip in momentum but not in the spin. This means that inversion symmetry
partner Weyl points have opposite chirality [16]. Therefore, an inversion symmetric
has a minimum of two Weyl points in the bulk. For Eq. indicates
that Hywp =7 Hwp due to a sign flip in both momentum and spin, which cancels
in the low-energy Hamiltonian. Consequently, a Weyl point and its partner
always have the same chirality [57]. Since the sum of the chirality of all Weyl points
needs to vanish, a[WSM| with must have a minimum of four Weyl points in the
bulk.

Let us consider a bulk Brillouin zone as a series of effective cuts. If the cut
does not intersect one or more Weyl points, the 2D]spectrum is gapped, which allows
the association with a topological invariant. We illustrate this by taking the Weyl

point Hamiltonian at a constant p, value

A m N ~ N
HCh(pxypyapz = ;) = 'U(p:cax +pyay) + moy, (2'27)

which resembles the Hamiltonian of a Chern insulator [58, 59, 60]. Here it is
well-known that the system is topologically non-trivial for m < 0. In a[WSM]| m
has different sign for cuts on opposite sites of the Weyl point. This indicates a
topological phase transition and the existence of topological surface states. So, the
related quantum anomalous Hall effect is an essential feature of a[WSM] The integral
of a[2D] cut with a single fixed momentum component p is the Chern number, given

by the integral over the Berry curvature [15]

2
C(p) = /dQ:J-“(p). (2.28)

Consequently, one finds that the difference of the Chern numbers of two parallel

13
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cuts is given by the sum of all chiralities of Weyl points in between

Clp2) = Clp) = > clpi). (2.29)

P1<p;<p2
(a) c=+1, WP C=+1 c=-1, WP (b)c=+1,WP C|=0 c=—-1, WP .
! ! ~ . ! 1 I~ . 1
1 1Fermi arc 1 . Fermi arc .
1 1
. . ‘ . : /———E\. :
1 1 1 . . .
1 1 1 . . .
1 1 1 1 1 1
clo ' cto ! ' '
= = 1 1 1
1 1 1
1 1 1
Brcaking : ‘\E——/ :
TRS or IS : . :
1 1 1
C=0 C=0
Double Fermi arc
c=0, DP c=0, DP\_’/

Figure 2.1: Conceptional illustration of a Dirac point (cyan), with chirality ¢ = 0,
splitting into two Weyl points (green, blue) with ¢ = £1. The chirality
of the Weyl points is the monopole charge of Berry curvature F (orange
arrows). The Chern numbers C of the cuts (dashed lines) in the
Brillouin zone changes at a Weyl point by its chirality [see Eq. (2-29)].
The C # 0 in between two Weyl points with opposite ¢ indicates the
existence of chiral surface states, which form a Fermi arc (red) connecting
the Weyl points in the projected surface Brillouin zone. (a) Case, where
two partner Weyl points merge into a Dirac point, destroying the Fermi
arc. (b) Case of two non-partner Weyl points merging into a Dirac point,
keeping the Fermi arcs intact and forming a double Fermi arc.

Since Weyl points always come in pairs of opposite chirality, one can always find
a non-trivial topological phase between them. The surface state in this region is
always chiral, indicating a crossing with the Fermi energy. Consequently, the Fermi
surface of the surface states forms a single curve connecting two Weyl points with
opposite chirality. This is called Fermi arc [16], which originates from a ¢ = +1

Weyl point as the source and terminates at a ¢ = —1 Weyl point as the sink (see
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2.2 Topological Semimetals

Fig. 2.1)).

The existence of Fermi arcs is a unique feature of Another compelling
property is the chiral anomaly [17)[18], which states that a single Weyl point coupled
to an electromagnetic field breaks the conservation of electric charge. This anomaly
can only be resolved with the existence of a second Weyl point with opposite chirality,
where the charge is pumped through the Fermi arcs by parallel magnetic and electric
fields [61]. A further feature of the[WSM]is the negative magnetoresistance [62] which

can be already derived in semiclassical kinetics.

In this thesis, we discuss the existence and evolution of the [WSM] phase in the
Luttinger model, induced by compressive strain and inversion symmetry breaking,
motivated by Ref. [63]. Our findings helped to explain an experiment, discussed
by Ref. [19], on compressive strained HgTe with an inversion asymmetric lattice

structure.

2.2.2 Dirac semimetals

The second kind of topological semimetals is the[DSM] characterized by spin-degenerate
gapless linear bulk nodes called Dirac points [I1], 12, [I3]. One can consider a Dirac
point as the superposition of two Weyl points with opposite chirality. The most

general low-energy Hamiltonian can be written as

(2.30)

ﬁDp<p>:<ﬁWP(p> " )

miQ —ﬁwp(p)

where m is the hybridization of both Weyl points. For m # 0, the Weyl points
couple and open a gap. Hpp resembles a general low-energy Hamiltonian of a

insulator, which is topologically trivial for m > 0 and non-trivial for m < 0.

The topological transition point arises for m = 0, where the gap closes, and both
Weyl points are degenerate, leading to zero chirality (see Fig. [2.1]). This degener-
acy requires both and inversion symmetry due to Kramers’ theory. Since the

topological invariant is zero, Dirac points are not topologically protected. Therefore
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Dirac points are not stable against perturbations like magnetic fields.

One way to form a is to induce a band-inversion in a system with multiple
double degenerate bands without breaking or inversion symmetry. An anti-
crossing usually prevents the resulting fourfold degenerate crossing point. A [DSM]
requires this accidental crossing to lie on a high symmetry line in the Brillouin zone
[15]. The mechanism discussed in this thesis is applying compressive strain to a
quadratic nodal semimetal. This moves the valence (conduction) band up (down)
in energy, leading to two Dirac points at the Fermi energy [64]. Alternatively, a
[DSM] can form by exploiting additional spatial symmetries of the lattice, which is
not discussed here [65] 111, [66], 67].

Since a Dirac point can be understood as a superposition of two opposite chirality
Weyl points, Fermi arcs can often form also in [15]. Let’s consider a system
with four Weyl points that form two pairs connected by Fermi arcs. Introducing[TRS|
and inversion symmetry to the system leads to one of three cases: (1) All four Weyl
points collapse into a single Dirac point, and (2) the Weyl points merge with their
partner, destroying the Fermi arcs [see Fig. [2.1(a)], or (3) the Weyl points merge
with another Weyl point, which is not connected via a Fermi arc [see Fig. 2.1|(b)].
In the last case, the two Fermi arcs survive, leading to a double Fermi arc system
[12 68, [69].

Since the Dirac points have a trivial topological invariant, the double Fermi arcs
are not protected. They can only exist if additional spatial symmetries are present.
Therefore, double Fermi arcs are fragile surface states which can easily be decou-
pled from the singularities and deformed to a single point in momentum space by
perturbation [70, [71].

In Sec. we study the [DSM] phase in compressive strained Luttinger semimetals,
which preserve inversion symmetry. The analysis in the framework of the more
realistic Luttinger model allows for a description beyond the effective models used
for DSMs and [WSMsl This makes a-Sn a prime candidate for future experiments
related to our study [72]. Additionally, recent ARPES measurements confirmed the
existence of a[DSM] phase in materials like NagBi [73} [74] and CdzAs, [75, [76] [77].
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2.3 Topological superconductivity

The mathematical field of topology proved itself to be valuable for solid-state physics.
In this chapter, we discuss the concept of topological semimetals and hinted at in-
teresting features of A third relevant application of topology are discussed

in this work.

The concept of non-trivial topological was first discussed by Read and Green
[78] in systems and Kitaev [79] in wires. Since superconductivity demands
the existence of the symmetry classes D and DIII (see Tab. are most
relevant to half-integer spin Both classes can be in a non-trivial topological
phase in and This is related to the non-abelian Majorana fermions, which

form due to bulk-boundary correspondence.

In this section, we introduce the concept of superconductivity in the [Bogoliubov-de
Gennes (BdG)| equation [80] and discuss the physical features of their characteristic

states.

2.3.1 Superconducting pairing potential and the Bogoliubov-de
Gennes equation

For a general introduction, we use the single-band effective Hamiltonian for a[SC|in

second quantization [81], 35]

1
H="Ho+ 3 Z Vi 52,55,54 (P pl)CJr_p751CI,’SQCPQSBC_Z,/’M, (2.31)
P,p’;51,52,53,54
with Ho= Y He5(P)ch s, Cposs- (2.32)
P,S81,52

Here cp s (CL s) is the annihilation (creation) operator of an electron with momentum
p and spin s =1, ], following the fermionic anticommutation relations {cp,cp} =
{CIL, ch} =0 and {cy, cin} = Opm. The term H,, 5,(p) is the normal non-interacting
Hamiltonian of the system, and Vi, s, s5.5,(p, P’) is the pairing interaction of the

particles. In a Cooper pairs form from particles with opposite momentum [82],
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which leads to the two body operator cp sc_p ¢ having a non-zero expectation value.

Therefore, one can define the pair potential

As,s’ (p) = - Z Vs’,s,33,54 (p7 p/) <Cp’,33c—p’,84> . (233)

p’,83,54

Using the mean-field approximation [35], the Hamiltonian (2.31)) simplifies to

1 f
H:?m+§—§:{Aﬁ&@m%&Qn&+h&} (2.34)

p,51,52

It is convenient to rewrite the first term to only sum over positive momenta. Using

the fermionic anticommutation relation, we get

HO = Z [H81752 (p)ci),sl Cp,sy — H:1,52 (_p)c—p,82 CT—p,sl + HS1,S2 (_p) ’ (2'35)

p>0,s1,52

where the constant last term is only an energy shift, which will be neglected. The
complex conjugation in the second term comes from the interchange of the operators
and the Hamiltonian’s hermicity. One can rewrite the total Hamiltonian into a

matrix form

H= % Z (C;r),spc—P,sl)f{O(p) < ?LSQ ) (236)

C
D,S1,82 —Dp,s2

Hs,,50(P) Ag, 5, (P) ) .

(2.37)
All,sz (p) _Hzl,sz(_p)

wm.m@:<

The Hilbert space is now effectively doubled, which means that H, (p) acts on wave
functions whose first half is composed of annihilation operators of electrons. The
second half is built from creation operators of the same electron. Therefore, H, (p)
automatically has [PHS| which exchanges electrons and holes. Here, the [PHS| oper-
ator is given by ¢ = 7,K, where the Pauli matrix 7, acts on the particle and hole
blocks and K is the complex conjugation operator. The [PHS|relation indicates that

for a given state with energy
fmp)( @) ) - E<p>( @) ) (2.39)
Us <_p) Us (_p)
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a particle-hole symmetric partner state exists with negative energy
A A A ~ Ug ~ Vs — Vs —
cinpice P ) = iyp) (CP) = e (MUP) aa)
vi(—p) u3(p) us(p)

Taking the basis of the eigenvectors, one can diagonalize the Hamiltonian via

A~

Ut (p)Ho(p)U (p) = diag[E1(p), E2(p), —E1(—p), —E2(—p)], (2.40)

N0 o
with U(p) = (vgi)s*((i))) ug“*((i)) (2.41)

i €{1,2}, and E;(p) > 0. Taking Eq. (2.40)), we can write the total Hamiltonian in

the diagonal form

H = Z Ei(p)a;iam, (2.42)
D,
where ap; = Z [u:(p)cpﬁ + vs(—p)cT_p’S (2.43)

S

is the operator for the so-called Bogoliubov quasi-particles, which satisfy the fermionic
anticommutation relations. The excitation energy E;(p) separates the Cooper pair

into a quasi-electron and a quasi-hole.

It is important to note that each element of Hy (p) is a 2N x 2N matrix, where N is
the number of orbitals in the system, which have a spin (=7, ]) degree of freedom.
Therefore, the basis vector (0;51,0_1,, s;) 1s a 4N component vector

(c;17 e ,CLQN, C—pl,---,C—pan). The general Hamiltonian can finally be written
with the Hamiltonian [80]

1 ) -
H=3 > (CL,nlan,m)HBde(p)< R ) (2.44)

C
bni,n2 —p,n2

ﬁnhnz (p) Anth (p) )

Avn®) (D) (24
n1,n2p ni,ng p

with I:IBd(;(p) = (

nig =1,...,2N, and Hy, n,(p) is the usual Bloch Hamiltonian taken relative to the

chemical potential. Using the BdG]Hamiltonian, we can now describe superconduct-
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ing states in any material, either a[SC|by itself or one with induced superconductivity
by the proximity effect [83] [84].

In general, Cooper pairs are formed by pairs of half-spin particles. Therefore, the
total angular momentum ! of a Cooper pair is an integer, which can either be even
(1€{0,2,4,...})orodd (I € {1,3,5,...}). Consequently, the corresponding pairing
potentials need to have either even or odd parity to conserve inversion symmetry
in the system. In analogy to atomic orbitals, the Cooper pairs are labeled as s-
wave (I = 0), p-wave (I = 1), d-wave (I = 2), and so on. This work focuses on
s-wave superconductivity, where the Cooper pairs are formed only between between

particles with opposite spins.

When there is only s-wave superconducting coupling, it is often convenient to intro-
duce a basis transformation using the operator T = UTIC. Applying the unitary

part of the operator 177 to the quasi-holes allows us to rewrite the Hamiltonian as

1 . Hy, oy (D) Ay oy (P)US Cpm

_ i ) ) T P,

H = 3 Z <ci),mvc—p,n1U7—) 5 AIT 2 P 1,12 T i 5 ‘
p;ni1,n2 T2 ng,ng (p) T n17n2( p)T TC—pmy

(2.46)

This new basis has a couple of benefits: First, an s-wave superconducting coupling
term A(p) is now proportional to the unit matrix. Also, every conserving term
is proportional to 7, and every [TRS| breaking term to 7. As a drawback, the [PHS|
and operators change in the new basis to be ¢ = —i%yUTIC and T = ?yilC.

2.3.2 Majorana bound states and non-abelian statistics

One of the most characteristic features of topological [SCf is the existence of
Its concept first appeared when Majorana found in 1937 [20] that the Dirac equation
has a solution that describes a particle identical to its antiparticle. The Dirac

equation describes the relativistic motion of particles and reads [85]

0w, 1) = [—iha - 8, + Bme| w(r, 1), (2.47)
C
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Here, m is the mass of a particle, and c is the speed of light. The 4 x 4 matrices

& = (G, o, a3)T and B can be chosen freely, as long as the relations

{&i, 6} = 2044, {@i,ﬁ} =0, B*=1y, (2.48)

with {A, B} = AB + BA being the anti-commutator, are satisfied. Therefore, we

can take
1 = Ug0y, Gg = 10,0, G3=10,00, and [ = 0,0y, (2.49)

which are tensor products of two sets of Pauli matrices 7; and &;. This basis satisfies
all conditions of Eq. 1) and gives purely real &* = & and an imaginary B =-8
[35]. It follows that the complex conjugate of the Dirac equation (2.47) takes the
shape

i ou (1) = [—ihd -8y + Pmc| U (1), (2.50)
C

which means that the particle ¥ and the antiparticle ¥* satisfy the same Dirac
equation. The resulting real field ¥, which describes its own antiparticle, is today
called Majorana fermion (y = ~4'). In general, Majorana fermions appear in high-
energy particle physics, but recently topological [SCk have been considered to host
them as well [86]. One case discussed in this thesis is the formation of as
zero energy solutions of the equation at the ends of topologically wires (see

Sec. [2.3.4)).

Majorana fermions give rise to exciting features, like its non-abelian statistics or
the prospect of topological quantum computation. Let us consider a solution for a

Majorana fermion with
yi=c +¢ and = i(cT — C), (2.51)

where ¢(f) denotes annihilation (creation) operators of an electron with the reciprocal

relations

1

) 1 )
c= 5(’yl +1iy2) and = 5(ryl — i79). (2.52)
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The fermionic operators satisfy the relations

{ci,¢j} = {cj,c}} =0, {ci,c}} = 0,5, and {v,v;} = 20;. (2.53)

The ¢ operator rotates with a shift of superconducting phase ¢ by ¢/2: ¢ — ei?/2¢
and ¢! — e7#®/2¢f. Therefore, the Majorana fermion transforms accordingly with
v — e""/2¢t 4 79/2¢. From this, one can see that an entire evolution of ¢ — ¢+ 27

leads to a sign change in the Majorana zero mode v — —~ [87, [8§].

This sign change has unique consequences under the braiding of multiple Majorana
modes. Having a system of 2N Majorana fermions, one can define an exchange oper-
ation for neighboring particles. The braid operation T; interchanges the Majoranas

vi and v;41 (1 =1,...,2N — 1) leading to

Yi = Yi+1

Vi
A series of braid operations form a braid group Bay [89]. The basic operations in this
group can always be reduced to the sequential application of two braid operations,
which satisfy the relations
;T = T;T;, for |i—j|>1, (2.55)
1T = T;T;T;, for |i—j|=1. (2.56)

One finds the representation for the braid operator [87, [90]

N

1
Biv1i = —=1 4+ vit1vi), 2.57
’L+1,’L \/5( IYZ+1’YZ) ( )
where v; — BHLWJBL-M with j € {4, + 1} describes the clockwise exchange

of two neighboring Majoranas. This exchange operation results in v; — ;41 and

Yi+1 — —7i- Two Majorana modes form a Majorana fermion, which acts on the
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fermionic number state as ladder operators via

c|1>=wll>=!0> and J\o>=¥|o>:|1>. (2.58)

We expect the braid operator to leave the eigenvalue of the number operator un-

changed. It acts on the number states by multiplication with a phase

1

V2

To highlight the non-trivial features of the non-abelian statistics, we consider a

Bi2]0) = —(1+14)]0) and Biall) :\2(1—2‘)]1). (2.59)

system of at least four Majorana states, described by two number states |nins). As
expected, a braid operation with two Majorana states of the same fermion has a

trivial effect

Bia|0ng) = — (1 + 1) |0ng), Bia|1ng) = —(1 — i) |1ny), (2.60)

1 1
V2 V2
. 1 ) - 1 .
B3y |7”L10> = \ﬁ(l + Z) |n10> R Bsy |n11) = ﬁ(l — Z) |n11) . (2.61)
This can easily be understood because one fermion is not affected by the exchange
of two states in a different fermion. More interesting is the braid operation of two

Majorana states of separate fermions. One finds [90]

Ba300) = \}5(!00> +i]11)), Bos |11) = \}i(\m —i(00)), (2.62)
Ba3|01) = i(ym) +i]10)), Bas |10) = i(\10> —i]01)), (2.63)

V2 V2

which conserves the total parity of the system since ni + ng stays either even or odd.
This indicates that the Majorana fermions can considerably impact the realization
of fault-tolerant quantum computation [22]. Here one can, i.e., consider the states
|00) and |11) as two levels of a qubit. Exchanging two states of different fermions
Bos entangles the two configurations of the qubit and acts as a Hadamard gate,

essential to quantum computation.

The non-abelian nature of the Majorana fermions comes from the commutator re-
lations of the braid operators. As expected, two operators commute if different

A A~

fermions are involved ([Bj—1, Bit2,+1] = 0). Although, if the same Majorana
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2 Introduction to topological semimetals and superconductors

fermion is involved, one gets the non-abelian statistics

Bi_1,, Bi,i—i—l] = Vi 1Vit1- (2.64)

In general, the clockwise exchange of two Majorana vertices can not be performed
in Hence, the non-abelian representation of the braid group Boy can only exist
in [91]. Different devices are exploited to achieve non-trivial braiding in
systems, like topological superconducting wires. Here, one can consider sequences
of T-shaped junctions to allow a step-wise exchange of Majorana modes at the ends
of the wires [92 [90], 93, 94], [95].
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2.3 'Topological superconductivity

2.3.3 Andreev bound states in Josephson junctions

Trivial Insulator N-S junction (S-N-S) Josephson junction

> eﬁl//,, "@ +2e / Y

-

I N S S1 N Sy

(D

: @ [+
—e
-
Normal reflection Andreev reflection Andreev and Majorana bound states

Figure 2.2: Schematic presentation of the concept of Andreev reflection and the for-

mation of Andreev and Majorana bound states. (left) Usual junction of
a normal conductor (N) and a trivial insulator (I), where an incoming
electron (blue) with charge —e is normally reflected at the interface. Af-
ter reflection, the electron is preserving its charge and spin (indicated by
the arrows). (middle) Junction of a normal conductor with an s-wave
superconductor (S), termed N-S junction. At the interface, an incoming
electron with charge —e is Andreev reflected and becomes a hole (red)
with charge 4+e and opposite spin. Consequently, a cooper pair with
charge —2e is formed in the S region by two electrons with opposite
spins. (right) The sandwich structure of two s-wave superconductors
(S; and S2) with a normal conductor as a barrier is termed Josephson
junction. Here, Andreev reflection occurs at both N-S interfaces, which
leads to the formation of a confined state in the N region, called Andreev
bound state. In this setup, the Andreev bound states act as a quasi{ID]
superconducting state, which can host Majorana bound states v at the

boundaries (green region) in a non-trivial topological phase [96, 25].

To understand the concept of let us first consider a trivial reflection of an
electron in a normal lead (N in Fig. [2.2]) at an interface with a trivial insulator (I
in Fig. [2.2) or vacuum. The initial trajectory is described with the velocity vector

v = (vg, vy)T and the electron has the charge —e and spin o. After the reflection, the

velocity parallel to the interface v, is conserved, and the perpendicular component
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2 Introduction to topological semimetals and superconductors

vy is inverted v — ® = (—vz,vy)T. During the reflection, the electron’s charge and

spin stay unchanged.

In contrast, if the electron scatters at an interface with an s-wave (S in Fig. [2.2)),
the overall reflection process changes drastically. An incoming electron with spin o
can couple with another electron with opposite spin —o and form a cooper pair in
the S region. The Cooper pair has a combined charge of —2e and moves through
the [SC| To preserve total charge, spin, and momentum, a hole with charge +e
and spin —o is emitted with the trajectory —v. One can consider this as a single
reflection process, called Andreev reflection [97], at the superconducting gap, where
an incoming electron is reflected as an outgoing hole with an opposite spin. In a
realistic system, Andreev reflection and normal reflection can occur simultaneously

if the chemical potential is not much larger than the superconducting potential

(1% A).

Throughout this work, we consider a Josephson junction setup, which is a finite N
region sandwiched between two m (see right panel of Fig. . Here, one has
two N-S interfaces, where Andreev reflection can happen. This way, a right-moving
electron with spin o gets Andreev reflected at the right N-S interface, which results
in a left-moving hole with spin —o. This hole gets Andreev reflected on the left
N-S interface, giving a right-moving electron with spin ¢. This sequence repeats
indefinitely, which results in a bound state in the N region of the junction. This
localized state is called

Usually, the N region of a Josephson junction is narrow. Therefore, one can consider
the as the bulk states of a quasi{ID| wire of a perpendicular orientation. It
was found that these states can host a topological phase, where form at the
ends of the N region (see green areas in Fig. [23, 24, 25]. In Sec. we discuss
these states in a Luttinger Josephson junction in
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2.3 'Topological superconductivity

2.3.4 Majorana bound states in a superconducting Rashba wire

Spectrum Majorana bound states
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Figure 2.3: band structure of a superconducting Rashba wire with finite length
L, described by the Hamiltonian of Eq. . Beyond the critical mag-
netic field Bt = \/m [Eq. ], the system is in a non-trivial
topological phase with a topological gap opening due to the Rashba spin-
orbit coupling (nRrashba L 7). Majorana bound states (71 and 72) form
around zero energy, indicated in red. We compare the difference between
a long wire, where L is much larger than the localization length of the
Majorana bound state A, and a short wire, where the wavefunctions of
the states overlap in the middle. The right column shows a schematic
sketch of the localized wavefunctions of both bound states, indicating the
finite overlap, which leads to hybridization and the so-called Majorana
oscillations in the spectrum [98]. We used parameters characteristic of
HgTe quantum wells m = 0.038mg/h?, a = 16meVnm, p = 5meV, and
A = 1meV [25].
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2 Introduction to topological semimetals and superconductors

The realization of topological superconductors is a highly desired goal due to the rich
physical properties of (see Sec. . Since the discussion of p-wave super-
conducting Kitaev chains [79], different systems have been considered. Intuitively,
driving non-trivial topological materials into a superconducting phase is a promis-
ing approach. Hence, the behavior of Cooper pairs in [99, 100}, 10T} 102, 103],
[104] 105l [106], and [107), 108] are of wide interest in recent studies.
Sato et al. showed in 2009 [2I] that even ordinary electrons with a quadratic energy
dispersion can achieve topological superconductivity under a specific combination of
a Zeeman and Rashba field. This section shows the formation of in

superconducting Rashba wires.

Using the Nambu basis (¢4, ¢y, CL —CD, the Hamiltonian is given by [21], 109,
110

2
~ N p ~ R R R
Hy w(p) =7, {279;12 + apyoy — u} + 7oAy + Bp6g. (2.65)
Here, m is the effective mass, « is the strength of the Rashba[SOC] p is the chemical
potential, Ay is the proximitized s-wave pairing potential, and B, is an applied
Zeeman field in z-direction parallel to the wire. Without superconductivity (Ag =

0), the dispersion of the quasi-electrons in the Rashba wire has the form

2
p
S V() = B2 /B2 %) (2.66)

From this, one can see that the Rashba term without magnetic field (B, =
0) lifts the spin degeneracy of the parabolic band. This leads to two parabolas,
which are shifted in momentum by +pso = +am and in energy by eso = —ma?/2.
Without mixing the spins, the two parabolas cross at p = 0, giving a spin degeneracy
at this point. A finite magnetic field introduces such spin mixing, removing the

degeneracy and opening a gap of size 2B5,.

Therefore a small chemical potential (|| < |Bg|) will only leave the %" states
around the Fermi energy since the 5$’W are moved up by the Zeeman field. This
way, the proximitized s-wave coupling leads to the formations of Cooper pairs, which
are effectively spinless. Projecting the Hamiltonian from Eq. onto the low
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2.3 'Topological superconductivity

energy states c_ gives the effective Hamiltonian

Hy = [V )l po)e-(a) + Ap(p)e! (po)el (=pe) + o], (267)

where A,(py) = iapyAs/\/B2 + o?p? is a superconducting coupling term with p-
wave symmetry [Ap(pz) = —Ap(—pe)] [109, O8]. This effective Hamiltonian resem-
bles the p-wave Kitaev chain, which was predicted to host in the topologically

non-trivial regime [79].

The existence of topologically protected states at the ends of the wire demands a
non-trivial topological invariant. Hence, one can look for a topological transition
given by a band inversion in the bulk states. We take the Hamiltonian HRW at

pe = 0 and find the energy

eW(p, =0) = T[\/A2 +p? £ Bm}, (2.68)

where 7 = %1 refers to the quasi-particle and hole states. We see a critical magnetic
field, where the bands cross at zero energy, and the gap is inverted. This critical
field is given by

Bl = A% + i, (2.69)
We find that the gap inversion at Bt is related to a topological phase transition,

with a non-trivial topological invariant (Q = —1) for B, > Bt (see Sec. for
details).

According to the bulk boundary correspondence, a non-trivial topology induces the
existence of localized states at the boundary of the system. We calculate the spec-
trum of H RW(p, = —id,) [Eq. ], discretized on a finite chain depicted in
Fig. @ We notice that the bulk states undergo a gap inversion at B, = B, and
a localized state forms at each end of the wire in the topological gap for B, > Beit.
We identify this state as the (71 and 72), which has a finite localization length

A proportional to the inverse of the topological gap.

The right column of Fig. illustrates a schematic sketch of the wavefunctions of
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2 Introduction to topological semimetals and superconductors

the In long Rashba wires with L > A, the wavefunction of 77 has no overlap
with s, leading to no hybridization between the two end states. Consequently, the
are degenerate at zero energy. If the wire is short (L % \), the boundary
states overlap, giving a finite hybridization between ~; and ~». This lifts the states’
degeneracy, which shift to finite energies, which oscillate around ¢ = 0 with the

magnetic field. This behavior is called Majorana oscillations [98].

2.3.5 Majorana bound states in 2DEG Josephson junctions

Realizing a 1D chain of atoms is a challenging task for experimental groups due to
their susceptibility to defects. Hence, considering a 2D] setup is more appealing to
realize in the laboratory. Here, we take the Josephson junction setup, where a normal
conducting barrier separates two[SCs| It is named after Brian David Josephson, who
received the Nobel prize for the prediction of superconducting Cooper pair tunneling
through a barrier [111].

In this section, we briefly introduce the latest research in planar Josephson junctions
modeled by a 2DEG| with Rashba and Dresselhaus m discussed in Refs. [23], 24]
25]. For this discussion, we focus on Rashba only, described by the Hamilto-

nian

52 92
3 . | Pz tP A . 1
A (2,p,) = 7. | =2 + a(paby — pyba) + 5ma2 — K

+ Vo> — By6y — Byoylh(z) + A(z)[7, cos ¢p(z) — Ty sing(x)], (2.70)

where p, = —i0, is the momentum operator, m is the effective mass, « is the
strength of the Rashba[SOC] y is the chemical potential, Vj is the chemical potential
mismatch between the N and S regions, (B, By) is the magnetic field in the (z,y)-
direction, and A(z) = AO(|z| — W/2) is the s-wave superconducting potential with
a given phase ¢(z) = sgn(z)¢/2 [see Fig. [1.1[b)]. Here, 7 and & are two sets of
Pauli matrices, where 7 acts on the partice-hole degree of freedom and & acts on the

spin.

As mentioned in Sec. one can find subgap (|e] < |A|) confined to the N

region of the junction. For a Josephson junction with infinite length L perpendicular
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2.3 'Topological superconductivity

to the supercurrent [see Fig. [4.1(b)], p, is a good quantum number, giving the
a dispersion. It was found that a combination of perpendicular magnetic and [SOC]
fields leads to a topological gap for all p, in the spectrum.

Following Sec. [2.1] one can associate a topological invariant to this regime, which
can either be trivial or non-trivial. Illustrating the topological gap as a function of
B, and ¢ shows a diamond-shaped structure where the gap is closed [see Fig.[2.4(a)].
This is a critical phase transition, which inverts the gap and converts the system
from trivial to topological. If the magnetic field deviates from the perpendicular
direction to the [SOC|field (B, # 0), the topological gap decreases or vanishes [25].
In the Luttinger Josephson junctions analyzed in Sec. we use B, instead of B,
due to the different nature of the

(a)2 0 Topological gap EZOP/A (b)2 o L = 3000nm lel/A (c)2 0 L = 1000nm lel/A
1.2 ' 0.10 ' 0.10
L5 / Lo L5 008 1 0.08
& 08 .k )
L0 L0 0.06 £1.0 0.06
© 06 © ©
0.04 0.04
0.5 04 05 0.5
0.2 0.02 0.02
0.0 0.0 0.0
0 04 08 1.2 0 0 04 08 1.2 0 0 04 08 1.2 0
By [meV] By [meV] By [meV]

Figure 2.4: Josephson junction setup of a Rashba model [Eq. ] (a) Topo-
logical gap Ey® = miny,, E4(py) of the Andreev bound states for a junc-
tion with infinite length (L — o0). (b, ¢) Absolute value of the lowest
energy state in the junction with finite L, where the black regions cor-
respond to the existence of zero energy Majorana bound states. Due
to the finite localization length of the boundary states, Majorana oscil-
lation increases with smaller L. The white regions correspond to en-
ergies exceeding the scale (|E| > 0.1A). We use the parameters from
Ref. [25], m = 0.038mq/h%, W = 100nm, Wg = 450nm, o = 16meVnm,
= 1meV, Vj = 0.3meV, A = 0.25meV.

From the bulk-boundary correspondence, we expect the existence of topologically
protected boundary states inside the diamond. Solving the [BAG| equation for a
Josephson junction with finite L shows the formation of at the ends of the
N region [see Fig. c)] The lowest energy states as a function of B, and ¢ are
shown in Figs. 2.4b,c). The black regions correspond to zero-energy in the

topological region with a finite localization length in the y-direction. Similar to the
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2 Introduction to topological semimetals and superconductors

[ID] superconducting Rashba wires, we find Majorana oscillations in the Josephson
junction. These are related to the overlap of the [MBS| wavefunctions at opposite
ends of the junction. We show that this effect is enhanced by decreasing L since
the localization length is proportional to the inverse of the topological gap and,

therefore, constant.

Recent studies suggest that can also form in different Josephson junction
setups, using s-wave and [99, 112]. Here, it was shown that the prox-
imitized s-wave superconductivity in the Dirac-like surface states of the [T induces
effective p-wave correlations. This can be seen in the pair correlation of the Green’s
function, which hosts a s-wave and p-wave pairing compoment, due to the helicity
of the surface states. Even without a magnetic field, this leads to a non-trivial topo-
logical phase with helical In this case, the bound states’ zero-energy crossing
at ¢ = m is protected from perturbations, like a potential barrier in the junction.
This zero-energy state can be identified as an [MBS] In contrast to the 2DEG| Rashba
Josephson junction, where the [MBS]is effectively localized at the edge of the N
region near the vacuum [see Fig. 2.2|c)], the in the [T1) Josephson junction is
bound to the entire 2D normal conducting surface of the [3D|[TT]
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3.1 Semimetal phases in the Luttinger model

Recently, materials with a zinc-blende structure, like Hg'Te and a-Sn, are highly used
in the scientific community for hosting a wide range of different topological phases
[, Bl 113, 114, 63, 26), 64, 72, 19]. Confining these crystals lead to an effective
insulator state, which is topological or trivial depending on its thickness [115].
Applying tensile strain to the lattice opens a gap in the band structure, leading to
a topological insulator phase.

Throughout this work, we focus on the semimetal phases of these materials,
which can also be tuned using strain engineering. Here, the valence and conduction
bands around the Fermi energy consist of the j = 3/2 states, which can be described
by the 4-band Luttinger model [§]. The bands host a quadratic node, forming a so-
called Luttinger semimetal. Compressive strain shifts the bands in energy, leading to

linear crossings and a topological semimetal phase, already introduced in Sec.

Along this chapter, we use the Luttinger model to discuss the evolution of the surface

states in the different semimetal phases. We take the quadratic-node Luttinger

semimetal as a starting point, which evolves into a [Dirac semimetal (DSM)| under

compressive strain, and a [Weyl semimetal (WSM)|if inversion symmetry is broken.
Our findings are published in Ref. [27].

3.1 Semimetal phases in the Luttinger model

3.1.1 The 4-band Luttinger model

In this section, we derive the 4-band Luttinger model from the method of invariant
[116]. The Luttinger model describes the j = 3/2 states of a solid. These states
are generally sixfold degenerate at the I' point, consisting of the |X), |Y), and |Z)

spherical harmonics of the p-orbital (I = 1) plus spin [1,{). With [spin-orbit coupling]
(SOC)| the split-off band separates itself from the other states in energy, leaving a
fourfold degenerate state at the I' point. These four states are described by the
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3 Evolution of topological surface states of the Luttinger semimetal

wavefunction

5)
L)
L-b |

Wi (r)) =

where the elements have the form |j, j,). The |j,| = 3/2 states are often referred to
as states, and the [j,| = 1/2 states are called states. The elements of the

wavefunction can be written in the basis of spherical harmonics and spin by [116]

2+;> - _\}inﬂ'Y)@T% (3.2)
§+;> = 2RIz @) - X + V)91 (3:3)
g_;> _ jéux_iy>®|¢>+2|z>®|¢>]7 (3.4)
2_3> - \}i\X—m@m. (3.5)

Notice that the Luttinger model is a k - p model, which preserves [time-reversal
symmetry (TRS)| [see Sec. with 72 = —1 due to the half-integer spin. The

additional conservation of [particle-hole symmetry (PHS)| and chiral symmetry is

not demanded, while possible under the given circumstances discussed below. Its
most general form has full spherical symmetry O(3), where inversion symmetry is
also conserved. Depending on the lattice structure of the crystal, additional terms
that lower the symmetry to cubic Oy and tetrahedral T; are allowed. These three

symmetry groups form a hierarchy chain of subgroups
0(3) >0, DTy (3.6)

Following Eq. (3.6), we can separate the Luttinger model by the corresponding
symmetry subgroups. Hence, the symmetry of the Hamiltonian can be lowered by

adding specific terms. Taking O(3) as a starting point, the O symmetric model is
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3.1 Semimetal phases in the Luttinger model

given by

ot (p) = HO(p) = HO®)(p) + Ho(p), (3.7)

where p = (P, Dy, P2)T = —i(0y, 0y, 0,)T is the momentum operator, and ﬁg(f))
is the linear combination of all symmetry invariants of the Oy group. This Hamil-
tonian is original form of the Luttinger Hamiltonian, also labeled HZ(p) [8]. To
lower the system’s symmetry to Ty, one must break inversion symmetry, giving the

Hamiltonian

a%4(p) = HO"(p) + Hpia (D). (3.8)

Here, Hpia(p) is the [bulk inversion asymmetry (BIA)l For most materials, the

symmetry-breaking terms are small and dominated by the next-higher element in
the symmetry hierarchy from Eq. (3.6). We will show that this relation leads to

momentum ranges, where the specific symmetry terms give the physical properties.

Reps. Symmetrized matrices Irreducible tensor components
Iy 1g; J? 1; p?
r Jud gt dod s
R G ) I A 1R R N
Iy A:E, jy7 jz; j;’» jg?? j,? pw(p?, _pg)v C.P B:):7 Byy B,
Ts { Ay,fz}, c.p.; {jm, J2 - f?}, c.p. Pas Dy, Dz PyPzs €D}
pe(py +D2), CD; D, D), D2

Table 3.1: Symmetrized matrices and irreducible tensor components for the I's ®
s =11+ T2+ T3+ 2y + 2I'5 block of the tetrahedral symmetry point
group Ty (see App. for details). This corresponds to the j = 3/2
states in the Luttinger model. The tensor components are listed up to
cubic order in momentum in addition to the constant magnetic fields. The
J matrices are the 4 x 4 spin 3/2 matrices, defined in App. Here,
c.p. is the cyclic permutation concerning (z,y, z) [117, 116}, T18].

The highest symmetry Hamiltonian can be derived by the method of symmetry
invariants [I116]. The Hamiltonian consists of the I'; irreducible representations,
presented in Tab. We get the most general Hamiltonian with O(3) symmetry

HO®)(p) = app?14 + a. M. (p). (3.9)
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3 Evolution of topological surface states of the Luttinger semimetal

The parameters ag and «, are material specific and related to the invariants of the
0O(3) group p?14 and

5 . N\ 2
ML (p) = Sp*1s - 2(p : J> . (3.10)
Here, 14 is the 4 x 4 unit matrix, and J = (jx, jy, jz)T are the 7 = 3/2 spin matrices
presented in App. Throughout this thesis, we take the convention a, > 0.
From the orbital structure of the basis , we can see that all states are odd

under the inversion symmetry. Therefore, odd powers of momentum are forbidden

in the Hamiltonian.

A cubic symmetric crystal includes the Oy, invariants in the Hamiltonian. Since
inversion symmetry is still preserved, odd momentum terms are forbidden. Hence,
the invariants consist of the remaining quadratic momentum terms in Tab. They

are part of the I's and I's irreducible representations and have the form
1 A A N A A oA

where jﬁ = j% + JE, pi =p? —i—pz, and c.p. is the cyclic permutation. We can find

a linear combination of these invariants to get

Ho(p) = aoMo(p) (3.12)
with
. . . 9 N2 1 ..
Mo(p) = p2J2 +pl 7 + 22 = < (p- J) = p?I*. (3.13)

Here, ag is the cubic anisotropy. The Hamiltonian H©r (p) [Eq. 1) was first
considered by Luttinger in 1956 [§], giving the name Luttinger model.

If inversion symmetry is broken, odd powers of momentum are allowed. Taking
the remaining invariants of the Ty, we find one linear term in the I's irreducible

representation and four cubic terms in I'y and I's

1
Hgia(p) = BiMi(p) + Y B3iMsi(p). (3.14)
=1

The material-specific 3 parameters determine the strength of the BIA] terms. The
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3.1 Semimetal phases in the Luttinger model

linear part has the form

Mi(p) = px{jm, 2 - jf} tep., (3.15)
and the cubic ones
]\ngl(p) = Da (pz — pz)jx +c.p., (3.16)
Mss(p) = pa (P2 — p2)J2 + c.p., (3.17)
Ms3(p) = pa (p2 + p2) {J}, g Jf} +cp., (3.18)
M4 (p) =p§;{jx,<]§ Jf} +cp (3.19)

We conclude that HT4(p) [Eq. ] contains all terms allowed by T, and up
to cubic order in momentum. Therefore, the Luttinger model is considered the most
general low-energy model for many materials, where the Fermi level resides in the
J = 3/2 states.

It was shown that many quadratic nodal semimetals host interesting topological
phases under strain [63]. The sample is grown on a substrate with a different lattice
constant in actual experimental setups. The lattice mismatch leads to deforma-
tion since the sample must match the lattice constant of the substrate. Pikus and
Bir showed [119] 120] that one could write the strain potential by substituting the

momentum terms in the Hamiltonian with
DiPj — Uij, (3.20)

where u;; is the strength of the potential along the direction of p;p;. Throughout
this thesis, we apply strain in the z-direction. Hence, we use the substitution p? —

u,, = u and get the strain Hamiltonian
. > 5.
H, =—ulJ; - 114 , (3.21)

which has D, spatial symmetry. The sign of u determines if the lattice is stretched

(tensile strain) for w > 0 or compressed (compressive strain) for v < 0.
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3 Evolution of topological surface states of the Luttinger semimetal

Adding strain to the quadratic nodal Luttinger semimetal drives the system into
a different topological state. Tensile strain opens a gap between the [HH| and [LH]
states, creating a class Al topological insulator (Tab. . Compressive strain splits
the quadratic node into two linear nodes, inducing a [DSM] phase, described by the

Dirac Hamiltonian
HP(p) = HO"(p) + H,.. (3.22)

We discuss the effect of strain on the bulk band structure in more detail in Sec.[3.1.21

The strain lowers the symmetry of the Hamiltonian to
Dy, = O N Doy (323)

Since and inversion symmetry are still preserved, we expect the band structure
to be double degenerate due to Kramers’ theorem. Therefore, any linear crossings

in the dispersion are Dirac points, as discussed in Sec. 2.2.2]

A [WSM] phase arises if either or inversion symmetry is broken in a [DSM] So,
one expects the dispersion to form Weyl points if the [BTA] terms are added to the

Hamiltonian. Interestingly, we find that the linear term of Hpia(p) is insufficient

to drive the system into a[WSM]| phase. Instead, it leads to an intermediate phase,

where the Dirac points split into circular line nodes (see Secs. [3.1.2] and |3.1.3| for

details). We call this phase line-node semimetal described by the Hamiltonian
H"N(p) = H" (p) + 81 M1 (p), (3.24)
with the symmetry

Doy =T3 N Deop. (325)

Taking the cubic [BIA] terms into account leads to the formation of eight separated
linear Weyl points along the high symmetry lines p, = 0 and p, = 0. In this way,

the Weyl Hamiltonian aquires the form
a% (p) = H(p) + H,. (3.26)

We illustrate the evolution of the Luttinger semimetal phase under the effect of

compressive strain, linear, and cubic [BIA] terms in Fig. 3.1
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3.1 Semimetal phases in the Luttinger model

(a) Luttinger semimetal (b) Dirac semimetal

IfIL

+H,
Oh > D4h >

>
compressive strain u < 0

(c) line-node semimetal (d) Weyl semimetal

H"N = AP 4+ g1, % I:IW:I:ILN+Z;3'3JW3,
"N (pr,pypEY) € q’e': '
o~ 7 )€
+pf“"‘ le o B

+51M; + 37, Bai M
S — D2d - >
linear BIA term cubic BIA terms

Figure 3.1: Evolution of the bulk band structure of the (a) Luttinger model H(p)
[Eq. [3.7)] under symmetry lowering perturbations. (b) The quadratic
node of the Luttinger semimetal phase splits into two linear Dirac nodes
under compressive strain H, [Eq. ] with w < 0. (c) The Dirac
points split into circular line-nodes with linear bulk-inversion-asymmetry
terms (1M (p) [Eq. ] (d) The cubic bulk-inversion-asymmetry
terms BgMg(p) form Eqs. — 1) lift the line-node degeneracy for
pzpy 7 0 and give a Weyl semimetal phase. The position of the bulk
crossings in the [3D] Brillouin zone and the projected 2D]surface Brillouin
zones for a y = 0 and z = 0 boundary is illustrated next to the corre-

sponding bulk dispersion.

In Chapter [4] we discuss superconducting systems described by the Luttinger model
in a magnetic field, which breaks[TRS] We consider the effect of the magnetic field by
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3 Evolution of topological surface states of the Luttinger semimetal

a Zeeman term, which comes from the constant momentum term in the I'4 irreducible
representation in Tab.

H;=B-1J, (3.27)

where B = (B, By, B,)? is the magnetic field vector with absorbed g factor.

3.1.2 Evolution of the bulk band structure under symmetry
breaking

In this section, we show the evolution of the bulk dispersion in the different semimetal
phases of the Luttinger model introduced above. We start with the highest symmetry
phase HOG)(p) [Eq. ] with full rotational symmetry. Here, we find the double
degenerate bulk eigenvalues

0(3)
li=1=2

0(3)

€ (p) = a—p2a 5‘JZ‘:%(p) = O[+p27 (328)

which is fourfold degenerate at the I point (p = 0) and invariant under any rotation
in space. The modified parameters o = g £ 2a, determine the effective masses of
the (a_) and (a4 ) states. It is convenient to take «a, as an overall effective

mass, which leaves HO®3) (p) with a single dimensionless parameter ay = ag/ .

Notice that Eq. has two different phases. If &, > 0 and &_ < 0, the bands
have opposite curvatures, and the system is a semimetal. In this case, the [HH]
(l7z] = 3/2) states have a hole-like character while the (l7:] = 1/2) states are
electron-like. We find the condition |&p| < 2 for the semimetal phase, where one
band is flat at |ag| = 2, giving a critical phase transition point. For |ag| > 2, both
states have the same curvature indicating a metallic phase. In the absence of ag = 0,
the effective masses of the [HH] and [LH] states are equal, giving [PHS| Therefore, the

Luttinger parameter «q is the particle-hole asymmetry.

The cubic anisotropy ag breaks the rotational symmetry and gives the energy dis-

persion

(o] ~
eh(p) = e2"(p) = aop® & \/462p! + 3ap (s — Lag) (292 +p2p2).  (3.29)
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3.1 Semimetal phases in the Luttinger model

with pi_ =p2+ pz and &, = a, — 13—00@. In a wire, the last term vanishes, and

ag only renormalizes the effective masses to a4+ = ag & 2a,;.

With strain, we can still find an analytical expression for the bulk dispersion

eP(p) = app? £ \/4d§p4 + 3ap(4a. — top) (p2p2 + P p?) + 20 (2p2 — p3 )u + u?.
(3.30)

It is instructive to consider the momentum p = (0,0,p.)”, where the bulk energy

has the form

<3—|?z|:3/2(07 Oapz) = (040 - 25&2)?2 - u, €|?Z|:1/2(07 prz) = (a0 + de)pg + u.
(3.31)

At the I point, the quadratic node of the Luttinger semimetal splits, and a gap of
2|u| opens. For u > 0, the strain opens a topological gap for all p, and induces an
insulator phase. From Tab. we can identify this phase as a potential class Al
insulator, which can be driven into a class A topological insulator phase under [TRS]

breaking.

This work focuses on the compressive strain u < 0, which splits the quadratic node

into two nodes along p, = +p,,, with

20,

and energy
1
£y = pp? = 507|u]. (3.33)

Here, we use the dimensionless parameter renormalized by the cubic anisotropy

__Op
a=—. 3.34
o (3:3)
Since the semimetal phase requires |@| < 2, we can find the restriction |e,| < |ul.
Recall that the crossing points are double degenerate and linear, making them Dirac

points in the [DSM] phase of the Luttinger model.
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3 Evolution of topological surface states of the Luttinger semimetal

In order to make our study independent of the strength of the compressive strain,

we introduce dimensionless parameters

pi = b , with  pyo = [u ) (3.35)
Pu0 200,
€
€= —, (3.36)
|ul

which are going to be used throughout this chapter.

For the line-node phase of HLY (p) [Eq. ], it is convenient to use cylindrical
coordinates p = (p. cos(p),p. sin(p),p.)” and apply the unitary transformation
HN(p) = ULHN (p)U,, with

0 —e% 0 —e
A 1 1 0 1 0
U,=— . . . (3.37)
V2| et 0 —e 0
0 1 0 -1

The transformed Hamiltonian has the block structure

7 _ B+m(p) Bc P)
1 p) = ( hi(p) B‘m(p)>’ (339

where the diagonal blocks are given by

R (p) = d (p)is + d*" (p) - 6. (3.39)
with
dy™ (p) = aop” +1m gﬁlm, (3.40)
;™ (p) = [2\/§\ﬂaz + %am)]ﬂ Fm \/?761} Pz, (3.41)
dy™(p) = [?51 Fm V3 (az + ;ag) D lpu] p1 sin(2y), (3.42)
d=m(p) = 6 [2(p2 — p2) — P2 ). (3.43)
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3.1 Semimetal phases in the Luttinger model

The coupling between the two diagonal blocks has the shape

> m .~ ~
he(p) = gdw + \/gzaZpLay p1 cos(2¢p). (3.44)
u

At ¢ = 4w /4, the Hamiltonian decouples into two blocks, and one can find the

crossing of the bands at the momentum

pro(e = i%) =ppy, Pl = i%) =pu + %pfal, (3.45)
and energy
eo(p = :I:%) = ey + €5, (3.46)
with
€p, = Z(ao + 20, + iozg), (3.47)
g = MJT%O@' (3.48)

For arbitrary ¢, we cannot solve HLN (p) analytically. Nevertheless, we can confirm
numerically the existence of two circular line nodes depicted in Fig. Without
an, the radius of the line node is constant p; (¢, oo = 0) = pg,, while p.o(¢) and the
energy of the node £¢(p) have a minimal angle dependency. The cubic anisotropy

also introduces a small angle dependency to p ().

We believe the line-node phase is accidental and not protected by a specific symme-
try. It is also questionable if this phase can be realized in an actual material since
the inversion symmetry has to be broken while the cubic [BIA] terms need to vanish.
We include it in this thesis to distinguish between the effects of the linear and cubic
[BIA] terms on the surface and bulk states.

To drive the system into a [WSM] phase, we need to add the cubic [BIA] terms from

Eqgs. (3.16)-(3.19). We apply the basis rotation from Eq. (3.37) and approximate
the bulk energy for ¢ = 7/4. Details are provided in Sec. of the Appendix. We
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3 Evolution of topological surface states of the Luttinger semimetal

find

W,L,O:% (

€4 q1,qz) = €0 + V0,191 + 0,29z (3.49)

+ \/('ULL(]L + 61)2 + 5% + (’UZ,LQL + Vz,24z + €z)27

with the shifted momentum coordinates q = (¢1,q.) = (p1 — P10, P> — P20) relative
to the line-node coordinates from Eq. . The v constants are related to the
parameters of the line-node semimetal phase up to quadratic order in momentum.
The cubic terms give the ¢; constants. From the dispersion [Eq. }, we can
see that €g shifts the energy, and €, moves the momentum of the line node without
opening a gap along ¢ = /4. The only term in the root that a shift in momentum
cannot nullify is the constant €. Therefore, it opens a gap in the bulk states along
¢ = /4 of the size 2|ea|, with

plopzopi
)
\ pio + 4p§0

leading to the destruction of the line node. Taking the perpendicular diagonal line
¢ = —m/4 only gives a relative change in sign of €. The shape of Eq. (3.50]) suggests
that each cubic [BIA] term f3; can equivalently open the gap. Since the magnitude

€2 = V3|31 + 5532 + B33 — B34 (3.50)

of the cubic [BIA] terms is not discussed in the literature for most materials, we focus

on (331 in the discussion of the surface states.

3.1.3 Linearized model of the topological semimetal phase

Analytical calculations are impossible in the topological semimetal phases of the
Luttinger model under compressive strain. We can use the linear nature of the Dirac
nodes to perform an expansion around (0,0, +p,,). In this way, the wavefunction can

be written as
[Wh(r)) = ePu® | Wt (r)) 4+ e PuZ [ U (r)), (3.51)

where the labels +, indicate the linearization around the Dirac points at p, = +p,.

Using the new momentum coordinates k = (ky, ky, k2)T = (pz, by, P> Fu pu)? and
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3.1 Semimetal phases in the Luttinger model

the basis (|UT«(r)), U« (r)))T, we write the linearized Hamiltonian

Do [ HPT(k) 0
HD(k)_< . QD,—u(k)) (3.52)

The blocks of the distinct Dirac points have the shape

(vo — 2v,)k, —vy k_ 0 0
N N —v, k 2v,)k, 0 0
rHD,iu(k) — ey iyty VR4 (vo + 2v;) :
0 0 (vo + 2v,)k, v k_
0 0 vk (vo — 2v,)k,

(3.53)

with k4 = k; +ik,. The energy of the Dirac point ¢, from Eq. (3.33) acts only as

a shift in energy. The v parameters have the units of velocity and are given by

- 2
vy = 200Py, vy = 200, Py, v = \/§<2az + 50@)]9“. (3.54)

Taking the basis of the Luttinger model [Eq.(3.1))] into account, we see that the
j. > 0 and j, < 0 are decoupled in Eq. (3.53|) and form Kramers’ partners. Using

cylindrical coordinates k = (k| cos ¢, k, sin ¢, k,), we find the dispersion around the

e1* (k) = ey 1y vok £ /03 k2 + 402Kk2. (3.55)

We can see that the spectrum in the vicinity of the Dirac points is rotational sym-

Dirac points

metric in the p,-p, plane, even in the presence of cubic anisotropy. Neglecting the

energy shift e, we find that 72 (k) has effective chiral symmetry due to

A~

SHP(K)S = —HP(k), with S =6, ® 14 (3.56)

The consequence of this effective chiral symmetry is discussed in Sec. [3.6.2]
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3 Evolution of topological surface states of the Luttinger semimetal

For the line-node semimetal phase, we linearize the linear [BIA]term around p, = +p,

and take the constant term. It has the shape

0O 0 1 O

N 0O 0 0 -1
N(0,0, ypy) = £um , 3.57
/81 1( upu) u 1 0 0 0 ( )

0O -1 0 0

with m = v/381p.. We write the linearized Hamiltonian of the line-node semimetal

phase as
HENEu (k) = HPHu () + 51V (0,0, £4pu), (3.58)

where m couples the blocks for positive and negative j, states. It is convenient to
apply the unitary transformation from Eq. 1) HINFu (k) = ULI;’J%LN’i“(k)UA'@ to
get

(v0+2vz)k:z vk, —m 0 0

TN () = e, £, vk —m  (vo—2v.)k. 0 0
0 0 (vo 4+ 2v,)k, wviki +m
0 0 viky, +m  (vg — 20,)k,

(3.59)

The unitary transformation restores the Hamiltonian’s block-diagonal structure,
which still preserves the effective chiral symmetry from Eq. (3.56]). Solving the

Schrédinger equation, we get the bulk dispersion

8iN,:i:u,—m (k) = ey £ voks £ \/(UJ_k'J_ _ m)2 + 41)2]/62, (3.60)
ANt () = oy vohs £ (kL m)? 4 402R2. (3.:61)

The energy spectrum is independent of the angle ¢, which shows that the constant
part of the BIA]terms does not break the rotational symmetry of the linearized [DSM]
Hamiltonian. By setting each term under the root to zero, we find that the Dirac
points split into a ring-shaped line node. Its center lies at p = (0,0, +p,)? with the
radius

il

Plo = — = Dg; (3.62)
vl
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3.2 Luttinger model as the low-energy limit of the Kane model

with pg, defined in Eq. (3.48)). The independence of Eq.(3.62) on the angle ¢ shows
that the line node in the linearized model is a perfect circle. The radius corresponds

to the solution of the full model at p = +7/4.

3.2 Luttinger model as the low-energy limit of the

Kane model

The band structure of crystalline solids is formed by a wide array of states given by
the orbitals of the atoms [I16]. Around the Fermi energy, the bands consist of s-
orbitals with angular momentum [ = 0 and p-orbitals with [ = 1. The s-states form
a double degenerate state, with spin |1) and |]) at the I" point, while the p-states are
sixfold degenerate due to a combination of the three spherical harmonics | X), |Y),
and |Z) with spin. With the sixfold degeneracy of the p-orbitals is lifted and

splits into a fourfold degenerate point with a double degenerate split-off band.

In general, one can use the density functional theory to analyze the band structure
in a solid [6]. Alternatively, one can apply a k - p approach to write a 14-band
Hamiltonian, which describes the interactions between all possible s and p-states,
called the extended Kane model [121] [122] 123, [116]. On one hand, it accurately
predicts experiments with semiconductors. On the other hand, it is not analytically
solvable, which demands numerical calculations. Therefore, reducing the extended
Kane model to the bands of the highest interest is often convenient. The resulting
8-band or 6-band Kane models are widely used in literature and allow analytical
explanations of many experiments [114] 19, [124], 125]. The 4-band Luttinger model
is the most general reduction of the extended Kane model and describes only the
fourfold degenerate j = 3/2 states at the Fermi level. It enables analytical calcula-
tions while missing the explicit consideration of the fundamental gap between the s

and p-states.

In this section, we discuss the relation of the Luttinger model to the 6-band Kane
model, which additionally considers the j = 1/2 states. Here, we demonstrate how
the hybridization of the 7 = 1/2 and j = 3/2 states renormalize the Luttinger

parameters and induce a quadratic-node semimetal phase.
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3 Evolution of topological surface states of the Luttinger semimetal

3.2.1 The 6-band Kane model

In this section we introduce the 6-band Kane model, which describes j = 1/2 and
J = 3/2 states in the basis

L +3)
W, (r) !1,+1>> 2+3)

)\ r)) = 2 y \Ijl r = 2 2 ) \IJ§ r = ; : ’
| K( )> \I/%(r) ‘ 2( )> (é’_é> ‘ 2( )> 27_§§
2072

(3.63)

where the components indicate the |j,j,) quantum numbers. The basis states of
‘\Il%(r)> are given by Egs. 1’1) and the ‘\I/%(r)> states are built from the

spherical harmonics of the s-orbital [116]

1 1 1 1

242V = |8 — —ZY=18 3.64

3= em. |53 =Isiel). (3.64)

which are even under inversion.
Block Reps. | Symmetrized matrices
F6®FEZF1+F4 I 19
Iy Oz, &% Oz
F6 X F§ = FS + F4 + F5 FS T:):x - Tyya *\/gTzz

F4 Tyfa TAzxa Txy
FS T:):a Tya TZ

Table 3.2: Symmetrized matrices for the additional blocks of the Kane model from
Eq. . The I's @ I'§ block contains the 2 x 2 Pauli matrices (6, 6y, 6>)
and the unit matrix 15. The coupling block I'¢ ®I'g is built from the 4 x 2
T matrices, defined in App. 117, 116, [118).

The 6-band Kane Hamiltonian has the block-like structure
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3.2 Luttinger model as the low-energy limit of the Kane model

The blocks are given by

Hy1(p) = (B, +710°) 1o, (3.66)
4

Hys(p) = 100?14 +7:0:(p) +1oMo(p) + 51 Mi(p) + ) A5 Msi(p),  (3.67)
=1

Hys(p) =vU(p) + B-U-(p) + B+Us(p). (3.68)

The j = 1/2 block H 11 (p) is built from the I'y symmetry invariant of the T4 group
(see Tabs. and . In addition, the ;7 = 1/2 states are separated from the
Jj = 3/2 states by an energy gap E,. The j = 3/2 block ﬁ%%(p) contains the
same invariants as the Luttinger model, discussed in Sec. The coupling terms
between the j = 1/2 and j = 3/2 states are given by

U(p) = 2 (7-p). (3.69)

0-0) =~z (T~ ) @02 =2 =) + ST 2 -0, 370)
(]Ur(p) =/3i (Txpypz + c.p.), (3.71)

where the 4 x 2 T matrices are presented in Sec. of the Appendix.

The Kane model shows the same symmetry hierarchy chain of the subgroups of the
tetrahedral group O(3) D Oj, D Ty [Eq. (3.6)]. The highest symmetry elements
from the full spherical group O(3) are the Vi, 70, Yz and v terms. The linear
momentum terms in U(p) are allowed since the j = 1/2 states are even and the
j = 3/2 states are odd under the inversion operation. Combined with the cubic
anisotropy 7, they describe a lower cubic symmetric system. The linear 3f, the
quadratic B4, and the cubic momentum ﬁ?fg terms are the terms, which lower

the symmetry to Ty and break inversion symmetry.
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3 Evolution of topological surface states of the Luttinger semimetal

3.2.2 Hybridization effect between j = 1/2 and j = 3/2 states

v =0, Eg4 >0, Semiconductor v =0, B4y <0, Metal v < verit, Eg <0, Metal v > Verit, Fg <0, Semimetal
b Ae Ae d Ae
(a) 6' . (b) 0w () (c) o) o (d) o)
KB () lizl=%.+ lizl=%+ “Ighl=4+
liA=32.+ KO3 _K)O(3)

K, o<s>(

; (p) p)

“liz1=3

lEg lEgl ﬁEgl
K 0(3) K. o(s) _K\O(3)
=1, fja—1, P et

Figure 3.2: Schematic visualization of the effect of the hybridization v between
the j = 1/2 and j = 3/2 states in the O(3) symmetric Kane model
[Eq. ], assuming 71> 0 and v+ < 0. The dispersions of the Kane
model are calculated with spherical symmetry, where the [j,| = 3/2
heavy-hole states [Eq. (3.74)] decouple from the |j,| = 1/2 electron and
light-hole states [Eq. - ) Usual band structure of a semiconduc-

tor, where the s-orbital states are above the p-orbital states in energy

/\*-

at p = 0. This resembles the dispersion of materials, like GaAs. (b)
Metal regime with a negative gap (E, < 0), where the s and p-orbital
states are inverted at p = 0. Without hybridization (v = 0), a crossing
between the |j.| = 1/2 states can be found. (c¢) With small hybridization
[V < Vet Eq. ], the crossing becomes an anti-crossing due to the
coupling of the [j,| = 1/2 states. (d) If the hybridization exceeds the
critical value (v > veit), the light-hole and electron state change charac-
ter. Here, the light-hole state is electron-like and forms the conduction
band, while the electron state becomes hole-like and gives an additional
valence band inside the heavy-hole states. This chapter focuses on the
quadratic-node semimetal phase (d), which can be found in materials
like HgTe and a-Sn.

This section shows the effect of the hybridization v between the j = 1/2 and j = 3/2
states for full rotational symmetry O(3). We find that the Kane Hamiltonian H% (p)
from Eq. (3.65) decouples at p, = p, = 0 into two blocks corresponding to the sign

02



3.2 Luttinger model as the low-energy limit of the Kane model

of j,. In the basis (!%;i%>, %; i%>, %; i%>)T, the blocks have the form
Eg+ 7117 vp: 0
HRO0) (p,) = vp: (Yo +27:)p3 0 : (3.72)
0 0 (Y0 — 272)p?

Here, one can see that the |j,| = 3/2 state are fully decoupled from the |j,| =
1/2 and electron states. Since we assume O(3) symmetry, we can replace the
momentum p, with the general length of the momentum vector (p, — p = |p|).
The block-like structure of Eq. allows for easy diagonalization, which gives

the overall double degenerate energy dispersion

2
Eq + (W% - 7+)p2

2
KOB) () _ By + (7% +7+>p

= + | v2p2 .
|jz|:%,i p) 2 v p + 2 ) (3 73)
K0@)/ \ _ 2
ol () =7=p" (3.74)

shown in Fig. [3.2] Here, we use v+ = v9 & 2,. For most materials with zinc-blende
structure, the parameters of the Kane model have the constrictions v: > 0 and
2

v+ < 0.

To study the effect of the hybridization v, we expand Eq. (3.73) up to quadratic

order in momentum

2
K,0(3) _ R 4
Ej=$,ljz|=%(p) =FE,+ (7% + Eg)p +O(p"), (3.75)
02
e (o) = (7 — = )P+ 0. (3.76)
J 27|]z| 3 Eg

The solution for the band [Eq. (3.74))] is already exact to second order in p.

The band structure of a typical semiconductor with a positive gap (E4 > 0), like
GaAs, is shown in Fig. [3.2(a). Here, the and states for j = 3/2 form the
valence band, while the electron j = 1/2 states give the conduction band. In this
phase, the hybridization v decreases the magnitude of the effective masses. The

overall signs of the masses cannot be changed since v1 £, > 0 and v E, < 0.
2

For materials with an inverted gap (E, < 0), like HgTe or a-Sn, the effect of the
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3 Evolution of topological surface states of the Luttinger semimetal

hybridization on the band structure is more significant. At p = 0, the electron states
are below the and states. Without hybridization (v = 0), the [j,| = 1/2
states are not coupled, leading to a crossing at finite p [see Fig.|3.2|(b)]. This crossing
is lifted under finite v, reopening a non-trivial gap between the |j,| = 1/2 states
[Fig. [3.2(c)]. From Eq. (3.76)), one finds a critical hybridization

Vit = Egrt (3.77)

where the [LH] states have a positive effective mass, giving an electron-like character,
while the electron states become hole-like. The system is a quadratic-node semimetal
for hybridizations that exceed the critical value, as shown in Fig. |3.2(d). Here, a
fourfold degenerate node forms at the Fermi level, where the [LH| states are the
conduction band and the states are the valence band. The j = 1/2 states form
a remote band, separated by the gap E, inside of the |H_H| continuum.

3.2.3 Derivation of Luttinger model from Kane model via a folding

procedure

In this section, we show the effect of the j = 1/2 band on the parameters in the
Luttinger model. Hence, we apply an effective folding procedure, called Lowdin
partition theory [126, [1T9], to the 6-band Kane model from Eq. . This results
in an effective 4-band model for the j = 3/2 states, including the effect of the
hybridization to the j = 1/2 as a perturbation. Our derivation of the Luttinger
parameters up to Oy, symmetry is already discussed in Ref. [26]. Here, we show the

effective [BTA| parameters additionally.
First, we write the Schrodinger equation for the 6-band Kane model Hy (p) |V ) =

€|Vk) and exclude the ‘\Il ;> states to get the effective folding equation for the
2
J = 3/2 states

+(p) ‘w§>=e‘\y%>. (3.78)

This equation acts as a Schrodinger equation for the original j = 3/2 states, modified
by a correction term from the hybridization between the j = 1/2 and j = 3/2 states.

We expand the correction term around the fourfold degenerate point of the j = 3/2
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3.2 Luttinger model as the low-energy limit of the Kane model

states [(e,p) = (0,0)] to get the effective Schrédinger equation of the j = 3/2

states

1
Hs
2

(p) +H (p)OigT

\p%> . (3.79)

N|w

31
22

This expansion demands that the inverse in Eq. (3.79) is a small correction term.
Hence, the validity condition of the folding procedure gives that the energy is far
away from the j = 1/2 states |¢] < |E4|. Up to cubic order in momentum, this

resembles the full Luttinger model, using

‘\I/%> |y, (3.80)

g5 (0) 4 By () ) ™) £ O, (381

3
2

(ST

3
2

Nlw
SIS

1
2

where HT4(p) is the full Luttinger Hamiltonian from Eq. (3.8) in the basis of [¥p)
from Eq. (3.1). By comparison, we can find the effective parameters of the Luttinger

model

v? v?

= — - = . 3.82
2Eg’ Qy =7z 4Eg’ ag = 0 ( )

Qo =7 —
From this, one can see that the coupling to the j = 1/2 states only changes the

states to the lowest order since
ay =74 —v?/E, and a_ =-~_. (3.83)

If the hybridization exceeds the critical value vei [Eq. (3.77)] in a system with
inverted band structure (£, < 0), the states become electron-like (ay > 0),
even though the unhybridized state has hole-like nature (y4 < 0).

It is often discussed in the literature that materials like HgTe have topological surface
states due to the inverted gap between the j = 1/2 and j = 3/2 states (E, < 0) [7,[5].
The question arises of how the 4-band Luttinger model can host topological surface
states when the j = 1/2 states are absent. Eq. shows that the quadratic-node
semimetal phase is only possible if F;, < 0. Hence, we argue that the topological
nature of the inverted band structure is encoded in the a parameters of the Luttinger
semimetal. Without an inverted band structure (E,; > 0), the Luttinger model is

always in a metallic regime, which does not host surface states (see Sec. [3.5)).
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3 Evolution of topological surface states of the Luttinger semimetal

The folding procedure leads to a renormalization of the bare parameters of Hss (p)
by the hybridization. The shape of the renormalization term in Eq. squg?ests
that the lowest order term in H1 3 (p), the linear momentum term v, can only appear
as a correction term of quadrati2<:2 order or higher. Therefore, the linear [BITA| term in

the folded model is unchanged

B =B (3.84)

The cubic[BIA]terms are affected by a combination of the quadratic[BIA]terms By in
one hybridization block and the linear v term in the other. We find the renormalized
cubic [BIA] terms of the Luttinger model

x  v(2By —9B_) x . 2vB_

— gK 4 : — g 202 3.85

B31 = B3} VoE, P32 = B35 NG (3.85)
vB_ 20B_

Bsz = Bi5 + Bsa = Ay — (3.86)

3V6E, 3vV6E,

We present the material-specific parameters of the Kane model and the resulting
folded parameters of the Luttinger model for HgTe, a-Sn, and GaAs in App.
In this chapter, we use the Ty symmetric HgTe as an example to study the surface
states in a Here, the bare quadratic and cubic terms B4+ and ﬁ?fg could

not be found in the literature. Therefore, we consider 53{5 = 0 and focus on By.

In Sec. we showed that the gap around the Weyl points in the WSM] phase of

the Luttinger model is proportional to a linear combination of the cubic [BIA] terms.
Now, using Eq. (3.50) we get

vB +
VOE,

. (3.87)

7
|ea] o< |31 + 1532 + B33 — B34

Interestingly, B_ cancels out, which suggests that By is the most dominant higher-
order [BIA] term. Hence, we set B_ = 0 and fit only the B parameter to DFT band
structure calculations (see Tab. . Consequently, we agree with the approxima-
tion of Ref. [63] to only consider the 31 parameter in the calculations of the

Luttinger model.

One often considers the well-known hard-wall boundary conditions to calculate sur-

face states in the Kane model. For a sample occupying the z > 0 half-space, they
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3.3 Energy and momentum scales of the different phases in the Luttinger model

read

Uk (z,y,2=0)) =0. (3.88)

This assumes that the system terminates at a usual insulator (£, > 0), where
the wavefunction needs to decay for z — —oo. At an interface with the vacuum
(Ey — +00), all components of |Wk(r)) have to vanish already at the boundary
z = 0. The Luttinger model does not include a gap, which makes the question for
the boundary conditions of |¥(r)) non-trivial. Here, we only show the effective
folded boundary conditions derived in Ref. [26]

|V (z,y,z=0)) =0. (3.89)

While the physical interpretation is different in the absence of a gap, the effective
boundary conditions have the same form as Eq. (3.88)). Hence, we refer to them as

hard-wall boundary conditions throughout this thesis.

3.3 Energy and momentum scales of the different

phases in the Luttinger model

In the previous sections, we have introduced all possible topological semimetal phases
of the Luttinger model and identified it as a low-energy model of the higher 6-
band Kane model from Eq. . Each of the different phases has a characteristic
parameter, which dominates the physical properties due to a specific gap opening in

the spectrum.

To proceed with, we consider the 6-band Kane model as the highest order k - p
model. As discussed in Sec. [3.2.1] it originates from a full 14-band Hamiltonian,
which describes all possible interactions between s and p-orbital states. Therefore,
the Kane model is only valid up to a critical energy and momentum (e}, pj,) where
the effect of the remote bands becomes relevant. The folding procedure explained in
Sec. restricts the validity of the 4-band Luttinger model to energies far away
from the j = 1/2 states with a gap E,. The phase under compressive strain
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3 Evolution of topological surface states of the Luttinger semimetal

introduces a new gap opening around the I'" point, given by the strength of the gap
2|u|. The Dirac point splits into a ring-shaped line node under the linear term.
In the center of the line node, the energy bands are separated by 2|m| = 2v/3|51|pu.
In the [WSM] phase, the line node is lifted away from the high-symmetry planes
P2y = 0 with a gap of the size €3,, which we approximated by |ez| from Eq.
proportional to the cubic [BIA] B3; terms.

In HgTe, the relevant parameters for the different phases form a hierarchy
ey K Im| S |ul € |Ey| < €. (3.90)

Each critical energy can be related to a critical momentum, which follows the same

hierarchy
Pps < Ppy S Pu K PE, <K Pk (3.91)

with pg, given in Eq. (3.48)) and p, from Eq. (3.32). This suggests that the specific
physical properties of a given semimetal phase are most relevant in the related energy

and momentum range. So, e.g., in the[WSM]|phase of the Luttinger model, the Weyl
physics is most prominent in the energy range |e —ey | < |m| around the Weyl point
energy ey . After exceeding this range, the observed features will be dominated by
the line-node physics in the regime |e — g9] < |u] [see Eq. (3.46)]. For energies in
the order of the strain, the features of the DSM]| dominate the [WSM] even without

inversion symmetry. The [BIA|terms are often neglected in this regime.

This way, we can define an upper limit of each phase’s energy and momentum
regimes. Starting with the cut-off of the Kane model (e}, pj,), we can define the
boundary of the Luttinger model

(ez.pL) = (|Eql pE,), (3.92)

which demands that the energy must be far away from the j = 1/2 states.

The expansion to linear order in the phase HP (k) from Eq. (3.52) is most
precise in the vicinity of the Dirac points at (., py). Hence, we can find the critical
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3.4 Surface states in a semi-infinite system

energy and momentum where H” (k) is only valid for

le —eu] < |ul and |p F pu| < pu. (3.93)

The strength of the strain is a special parameter in this discussion. While the gap to
the j = 1/2 states and the terms are fixed for a given material, one can engineer
the magnitude of u by growing the sample on a different substrate. In this work, we

assume that the strain is a continuous parameter. Considering that |m| o p,, we

find the relation
2
m| o9 Nﬁ L (3.94)
ul ) @ul

Therefore, the magnitude of the strain needs to be tuned to satisfy the hierarchy of

Eq. (3:90) with m|/Ju] < 1.

It was discussed by Ruan et al. [63] that a significant small strain (|m/|/|u| > 1) leads
to a band structure with line-nodes in addition to the eight Weyl points, giving a
type-II[WSM] phase, not discussed in this thesis. For a significant strong compressive
strain |u| S |Eyl, the j = 3/2 states are close to the j = 1/2 states. Notice that this
would violate the validity condition for the 4-band Luttinger model. We compare
the Luttinger and Kane model in the WSM] phase under different u in Sec.

3.4 Surface states in a semi-infinite system

The main results of this thesis regard the calculation and analysis of surface states
in topological systems. A simple solution of the Schrédinger equation, where all
momentum components are good quantum numbers, assumes an infinite extended
sample. Here, we can only calculate the bulk states’ dispersion. To compute the sur-
face state dispersion, we use two different methods throughout this thesis. Chapter
considers systems of finite dimensionality, where two parallel boundaries exist along
each spatial direction. We implement a tight-binding approach that discretizes the
finite sample on a lattice structure, called the finite-difference method (see Sec.
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3 Evolution of topological surface states of the Luttinger semimetal

for details).

This chapter analyzes surface states in semi-infinite samples with infinite length and
only one boundary. While the method is applicable for any semi-infinite half-space,
we demonstrate it on a system occupying the z > 0 half-space with a surface at
z = 0. Since translational symmetry in x and y-direction is conserved, the in-plane
momentum (pz, py) is a good quantum number and acts as a simple parameter. We

take the ansatz of a plane-wave form of the surface state
W(2,y,2)) = [0 (ps, py, 2)) € P20, (3.95)

where the wavefunction \il(pm, Py, 2) must be a solution to the Schrédinger equation

H(pzapyyﬁz) ‘\If(p$,py, Z)> =€ ’\I/(pivpyy z)> s (3~96)

where p, = —i0, is the momentum operator and € is the energy. The surface
state needs to be localized at the system’s surface, meaning that the wavefunction
needs to decay into the bulk. Additionally, |¥(p,,py,2)) needs to vanish at the
interface to satisfy the continuity condition. Therefore, we get two general boundary

conditions,

: (3.97)
. (3.98)

|V (pg, py, 2 = +00))

0
\\I/(px,py,z:()» 0

We assume that the Hamiltonian of the system does not vary in z. Hence, we can
solve Eq. (3.96]) with the ansatz

U (pa, py, 2)) = [1h(p)) €27, (3.99)

where p = (pg,py,p-) is the momentum. The z-independent spinor |¢(p))

satisfies the Schrodinger equation

H(p) [¥(p)) = e[t:(p)) - (3.100)
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3.4 Surface states in a semi-infinite system

From Eq. (3.100]), we get the characteristic equation

det [ﬁ(p) - ei} =0, (3.101)

with the unit matrix 1. To satisfy the boundary condition 1) we need to solve
Eq. (3.101)) for p, with a positive imaginary part.

In general, one can only find complex p, solutions in the gap of the projected surface
bulk band structure

E_,(pz,py) < € < Ey,(p2:py), (3.102)

where Ey4, (pg,py) are the boundaries of the projected bulk states. They are given

by the maximum and minimum values of the [3D] bulk states relative to p.,

E_, (pz,py) ZIgaXGfb(p), and  Ei, (ps,py) ZH;ineﬁ,(p)- (3.103)

In the gap, one finds N, x Ny complex momentum p.;(p.,py,€) solutions, where
N, is the highest order of p, in the Hamiltonian and Ny = 4 is the size of the
Hilbert space. Without the cubic term M34(p) [B34 = 0 in Eq. ], the
Luttinger Hamiltonian is quadratic in p, (N, = 2). We find N, - Ny = 8 complex
momentum solutions, of which four have positive and four negative imaginary parts.
For the considered system with z > 0, only the Im p.;(ps,py,€) > 0 (j € {1,2,3,4})

solutions lead to a decaying wavefunction into the bulk.

In conclusion, the general solution for the surface-state wavefunction at given energy

€ reads

4

U (prsDys 2, €) = 3 ¢ 15 (Pas y, €)) €753 PP, (3.104)
j=1

with the arbitrary coefficients c¢;. We combine Eqgs. (3.104) and (3.98)) to get the

effective matrix equation

)A((p.rvpyae)c = 07 (3105)
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3 Evolution of topological surface states of the Luttinger semimetal

with
C1
ey ) = (W10 - Woalpepy, ) and e= |21 (3106)
Cq
We can find the non-trivial solutions of Eq. by solving
det X(pz, py, €) = 0. (3.107)

The solutions to this characteristic equation give the surface-state dispersion € =

E(pz, py)-

Including the M34(p) cubic term increases the highest order of p, to cubic in the
Hamiltonian. Following the discussion above, this leads to 12 complex momentum
solutions, from which six satisfy BC . A significant problem arises if the gap
in the projected bulk states remains: X(pg,py,€) is now a 6 x 4 non-square matrix,

where the determinant is not defined.

To resolve this problem, we make use of the momentum scales of the specific terms
in the Hamiltonian, as discussed in Sec. In the scale of the cubic [BTA] terms
(p ~ a./pB3), we can differentiate the momentum solutions p.;(pg,py, €) into two
groups. The first group consists of the typical eight complex momenta, also present
without cubic [BTA] terms. The second group is built from the additional momenta,
which are of a much larger magnitude due to a, > f3. Since the momentum
solutions of the second group exceed the validity range of the Luttinger model,
we can discard them and proceed with the calculation only with group one. This

resolves X (pz, Py, €) into a square matrix, where the determinant is well defined.
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3.5 Quadratic node Luttinger semimetal phase

3.5 Quadratic node Luttinger semimetal phase

3.5.1 Chiral symmetric nodal model as the parent model

Another point that we discuss throughout this thesis, is the evolution of the topolog-
ical features of the Luttinger model under symmetry lowering perturbations. While
it can be considered as a low-energy approximation model of a full £ - p model, it is
instructive to look at it from a different perspective. The quadratic-node Luttinger
semimetal phase is gapless, which does not allow associating a topological invariant.
For this reason, we take a general chiral-symmetric nodal semimetal model in
and analyze the properties of the topological edge states. The discussion is presented
in detail in Ref. [26]. We summarize the results relevant to the full Luttinger model

in this section.

We consider the Hamiltonian of a chiral-symmetric nodal semimetal in the two-state

basis zﬂ(w,y) - (%(%WWb(%W)T

fin(p) = ( ) pj—v>, (3.108)

Py

with p4 = p, £ ip, and the integer N € N giving the momentum order of the node.
Following the method of Ref. [127], we find that the winding number of the node is

given by N, indicating a non-trivial topological behavior.

Assuming a semi-infinite system that occupies the y > 0 half-plane, p, is still a
good quantum number, while p, needs to be replaced with the momentum operator

Dy = —10,. We take the Schrodinger equation

with a plane-wave ansatz

P(x,y) = P(pa, y)e™". (3.110)

Using the method described in Sec. we can show that only flat edge states exist
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3 Evolution of topological surface states of the Luttinger semimetal
with

En =0. (3.111)

Therefore, the Schrodinger equation gives two equations for the edge states

(Px + 0y) Y ba(pasy) = 0, (P2 — 0y) N o (pary) = 0, (3.112)

which each have N independent solution

Yan(Pz,y) = y" e P, Yon (D2, y) = y" el (3.113)

with n =0,..., N — 1. Since the wavefunction needs to decay into the bulk y — oo,
we find that ¥g,(ps, y) is only an edge-state solution for p, > 0 and ¥y, (ps, y) only
for p, < 0. To select the correct solutions, additional boundary conditions have to

be applied.

In Ref. [26], we derived the asymptotic chiral-symmetric current-conserving bound-
ary conditions for H ~N(p). They come from the restriction that the probability
current perpendicular to the boundary must vanish at the boundary [j,(z,y = 0) =
0]. We can divide them into N + 1 groups (Ng, Ny), with Ngp = 0,..., N and
Ny + Ny = N. The list of all possible boundary conditions is given by

waa"'7aéva_1wa7¢bv"'aaév})_lwb =0. (3114)

Therefore, we get the general edge states for the group (Ng, Np)
N 1 _ .
Un(pr > 0,y) = <0> y"e P*Y  with n =Ng,...,N—1 (3.115)

“ 0
Un(pzr < 0,y) = y"eP*Y  with n =Np,...,N —1. 3.116
1

We conclude that a chiral symmetric linear node (N = 1) has one flat edge state,

while a quadratic node (N = 2) hosts two edge states. To show the relationship
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3.5 Quadratic node Luttinger semimetal phase

between the Luttinger model and Hy—(p), we consider H®)(p,,p,,0) [Eq. (3.9)]
at p, = 0. Here, the Hamiltonian decouples into two blocks of opposite chiralities.

One block describes the ( %, +%> ) %,

(PasDy) = <(a0+%)pi —V3azp ) (3.117)

—V3a.pt (o —a.)p?

—1)) states in the form of

o
=
w
&

h
+

wlw

_1
2

By comparison, we can see that one block of the Luttinger model at p, = 0 resembles
Hy_s (p) with additional chiral symmetry breaking terms on the diagonal. We show
in Ref. [26] and the following section that the edge states of the Luttinger model
correspond to the (N, Np) = (1,1) class with one edge state on either side of the
node. The chiral symmetry-breaking terms give a finite curvature to the edge states
without destroying them entirely. Therefore, we can consider the quadratic chiral
symmetric node with an N = 2 winding number as the parent model of the Luttinger

Hamiltonian with non-trivial topology.

3.5.2 Surface states of the quadratic-node Luttinger semimetal

In this section, we calculate the surface states of the Luttinger model H9®) (p) from
Eq. (3.9). For full rotational symmetry, all surface orientations are equivalent. Here,

we use p| as a notation for the general momentum perpendicular to the boundary.

First, we need to find the boundaries of the bulk spectrum. From Eq. (3.28)), we
find

Ef (p1) = a.ae,pi, with &g, =ao+2. (3.118)

The effective mass of the bulk boundary states is given by «a,, modified by the dimen-
sionless parameter a,. The '+’ ("—’) subscript indicates the bands. At
finite p |, the projected states are consistently above the states (Ef;b (p1) >
EL (p1)) in the semimetal regime since o, > 0. A local gap

‘Eib (pL) - Efb(pi)‘ = 4|az|pi (3.119)

separates them.
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Figure 3.3: Surface band structure of the unperturbed Luttinger model 1' for a
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semi-infinite sample with arbitrary surface orientation due to symmetry.
(a) Curvature of the projected bulk band boundaries v, [Eq. (3.118)]
(blue) and the surface states A (ag) [Eqs. and ([3.121))] (red) as a
function of the effective mass ratio &g = a/c.. The red points highlight
the critical point, where a surface state disappears. The dashed lines give
the boundaries of the semimetal phase of the Luttinger model (|ag| < 2).
(b-h) Surface dispersion of the projected bulk band boundaries Ef, (p.)
(blue) and the surface states £X(p1) (red). We show the evolution of
the band structure for different mass ratios (b) ap = 0 with particle-
hole symmetry, (c) ag = 0.5, (d) @ = 0.9, (e) @y = 1.0 where EX(p,)
merges with the bulk and £(p ) is flat, (f) &y = 1.1, (g) ag = 1.7, and
(h) @ = 2.0 the limit of the semimetal phase with a flat valence band.
(i-j) Surface band structure for realistic material parameters (Tab. |A.2)
with the cubic anisotropy (& = ag/dy,, &, = a, — 1%0@) [Egs. (3.122)
and (3.123)]. (i) @-Sn, (j) HgTe, and (k) GaAs in the metallic regime
[128, 129].



3.5 Quadratic node Luttinger semimetal phase

Applying the method from Sec. we find the surface states of the O(3) Luttinger

model

- 1
EE(py) = Ap(ap)api = 2(3&@ +V/34/4 — @(2)>azp2l for —2<ay<1,

(3.120)
- 1
ELp)) = A_(ap)a.p? = 5 <36¢0 —V34y/4 - d%)azpi for —1<ay<2.
(3.121)

One can see that it follows a quadratic behavior in momentum with the overall
effective mass «,, which is modified by the dimensionless surface-state parame-
ters Ai(ap). The evolution of the surface band structure under &g is shown in
Fig. 3.3(a).

For ap = 0 [Fig.|3.3{b)], the bulk bands and the surface states are both particle-hole
symmetric, with a;, = —a_, and Ay (ap = 0) = —A_(ay = 0). The existence
of two surface states is related to the chiral symmetric quadratic node Hpy_s from
Sec.[3.5.1] Considering the decoupled block 32(3) (pz»py) [Eq. (3.117))], we find that

3
2

_1
2

the £ (p.) surface states exist at p, = 0, respectively, which corresponds to the
(Ng, Np) = (1,1) boundary condition class. The diagonal terms of h?é%),%(pvay)
give a finite curvature to the flat edge states of Eq. (3.111)). Therefore, the surface
states of the Luttinger semimetal are related to the well-defined N = 2 topological

invariant without the requirement of explicit chiral symmetry. The Kramers’ partner
3 1 3 3
2 +§> y }Q, —§>) block.

surface states at opposite momentum arise from the (

A finite & introduces a difference in the effective masses. For 0 < &g < 1 [Figs.[3.3(c,d)],
the Sf (p1) surface state moves closer to the conduction band continuum, while the
EL(py) surface state becomes flatter. The critical point ag = 1 [Fig. [3.3(e)] gives
a conceptional transition in the surface band structure. Here, the £X(p,) surface
state is flat, since A_(ap = 1) = 0. Additionally, we find that A, (@ = 1) = ay,,
meaning that the 5£ (p1) surface state merges with the bulk continuum and does

not reappear for ag > 1.

In the 1 < ag < 2 regime, the remaining £%(p, ) surface state changes from hole-like
to electron-like character sgn(A_(0 < &y < 1)) # sgn(A_(1 < @y < 2)). This can
be seen in Figs. (f—h), the surface state bends closer to the conduction band. The
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3 Evolution of topological surface states of the Luttinger semimetal

case ag = 1.7 [Fig.|3.3|(g)] is shown as a representation for both a-Sn (ay ~ 1.57) and
an O(3) symmetric approximation of HgTe (& ~ 1.77). As discussed in Sec.
the valence band is flat at &g = 2, which gives the upper limit in ag for the semimetal
regime of the Luttinger model. In the metallic regime (|ag| > 2), the surface states

disappear since ££(p, ) becomes complex.

With the cubic anisotropy, we can only solve analytically for the surface states at
py = 0. We find

1

" (ps) = 50:p2 (3@ +V3V4 - a?) for —2<a<l, (3.122)
1

9" (py) = 0P} (3@ — V34— 072) for —1l<ac<2 (3.123)

with & = ap/é, and a, = az—%ag. Lowering the symmetry from O(3) — Oy, does
not change the surface states significally. Along the high symmetry lines p,, = 0,
the effective mass is only renormalized by the cubic anisotropy with the substitution

Qg — Q.

In Figs. i—k), we present the surface band structure for realistic material param-
eters listed in Tab. The lattice of a-Sn [Fig. [.3{i)] is O(3) symmetric with
ag = 1.57. Therefore, it hosts one electron-like surface state. HgTe shows a simi-
lar behavior with finite cubic anisotropy (@ ~ 1.68). We neglect the terms in
Fig. |3.3{j), which we show to be reasonable in this momentum scale in Sec. In
Fig.[3.3(k), we show the band structure of the metallic regime in the Luttinger model,
where we exemplarily pick p-doped GaAs. While the general Luttinger model does
not host surface states, it has remarkable physical features in the superconducting

phase, as discussed in Chapter [4]

3.5.3 Limits of the Luttinger model for large momentum

Throughout this chapter, we established the relation between the 4-band Luttinger
model and the 6-band Kane model. As a low-energy approximation, the Luttinger
model is only valid for energies far from the j = 1/2 states. In this section, we
compare the surface band structure of both models in the quadratic-node semimetal

regime to analyze this validity range.
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Figure 3.4: Comparison of the surface band structure of the quadratic-node
semimetal phase of the Luttinger model HO" (p) [Eq. 1) and the
Kane model [Eq. (3.65)]. The bulk continuum of the Luttinger (Kane)
model is shown in blue (dashed gray), and the surface state is drawn in
red (dashed orange). The columns correspond to different values of E,,
which is the gap between the j = 1/2 and j = 3/2 states. We use the
effective masses of HgTe (see Tab. with artificial E, for the Kane
model and the corresponding folded parameters from Eq. in the
Luttinger model. The framed plots in the second row show a zoom-in

around the quadratic node, indicated by the framed inset in the top row.

In Fig. [3.4] we show the band structure calculations for the effective masses of HgTe

[see Tab. [A.1] with an artificially chosen energy gap E, between the j = 1/2 and
j = 3/2 states. The effective a-parameters of the Luttinger model are computed

according to Eq. (3.82).

The large energy range in the top row of Fig. reveals the conceptional difference
between the two models far away from the I' point. Since the surface states and
the bulk continuum of the Luttinger model are proportional to pi, there is no
critical momentum where both states merge. Hence, the Luttinger-surface-states

exist in the entire surface Brillouin zone. The Kane-surface-states merge with the
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3 Evolution of topological surface states of the Luttinger semimetal

bulk continuum at considerable momentum when the linear terms of the His(p)
coupling block from Eq. become dominant. This is related to the inversQezgap
between the j = 1/2 and j = 3/2 bands (E,; < 0), leading to topological surface
states connecting the and 7 = 1/2 band. The method used in this chapter does
not show any surface states inside the bulk continuum since the wavefunction gets

oscillating components.

Larger magnitudes of E; lead to an increased validity range of the Luttinger model
in momentum and energy. Here, the band structure of the Luttinger model is in
good agreement with the Kane model, as shown in the framed plots of Fig. This
behavior is related to the folding procedure of Eq. , where the effect of the

correction term decreases.
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3.6 Dirac semimetal phase under compressive strain

3.6 Dirac semimetal phase under compressive strain

In the previous section, we established that the quadratic-node Luttinger semimetal
hosts either one or two surface states. This section discusses the behavior of these

surface states under the application of compressive strain.

From the bulk dispersion calculations in Sec. we know that compressive strain
in the z-direction splits the quadratic node into two double-degenerate linear Dirac
nodes at p = (0,0, +p,). The bulk dispersion and the Brillouin zone are shown in
Fig. While the surface orientation in the Luttinger semimetal phase is incon-
sequential, it is significant in the [DSM] phase. The separation of the Dirac points
along the p,-axis lead to two separate classes of surface Brillouin zones. On the
z = 0 surface parallel to the strain, both Dirac points are projected onto each other.
This section shows that this case is closely related to the chiral symmetric linear
node H N=1(p) from Eq. . Any different surface orientation has two sepa-
rated Dirac points in the projected band structure. Even though the Dirac points
have zero chirality, it is possible to find a double Fermi arc, as discussed in Sec. [2.2.2}
In this thesis, we concentrate on a surface perpendicular to the strain, where the
separation of the Dirac points is the largest. While any perpendicular surface ori-
entation is physically equivalent, we use a boundary at y = 0 as an example in this

section.

3.6.1 Surface perpendicular to the strain

We assume a sample that occupies the y < 0 half-space with a surface at y = 0.

Here, the two Dirac points are separated in the projected surface Brillouin zone.

First, we consider the linearized Hamiltonian H2* (k) from Eq. (3.53). The bulk

boundaries with respect to k, are given by

BT (ky, k) = €4 0 voks £ /02 k2 + 402K2. (3.124)

To calculate the surface states, we need to establish the effective boundary conditions

of the linearized model. Therefore, we compute the wavefunctions at the Dirac points
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3 Evolution of topological surface states of the Luttinger semimetal

[(pe, D2, €) = (0, £py, €,)] from the full Hamiltonian H” (p) [Eq. (3.22)]

wré [ 4v2 — v} Vo — U |
vl vo + v 42 — 02
v | 4+l T |+ 20 e, (3125
Ve, (1) o+ ] 0 2 _ V3o, (3.125)
2
vty | L —V3v, 0 ]
2
¢+% [ 4o2 — v3 vw—v. \]
Vi vot+v 402 — v}
U I i P LA Rt =0 lemy (3,126
W, () - 1 0 N - (3.126)
2
v) L ~V3v, 0 /]
T2

where k = 2p, v, / \/m , W—L“ corresponds to the elements of the wavevector in
the linearized model, and c 4 are constant coefficients. In general, the wavefunction
of the surface states cannot grow into the sample y — —oo. We can apply the
hard-wall boundary condition |¥4, (y = 0)) = 0 to eliminate the cfg constants and

get the four effective boundary conditions for the linearized model

VBUTS + (50 - DYTY + /4 - Bty =0, (3.127)
V3YTH + (mo + 1)y — \/ﬁwﬁ =0, (3.128)

V3O + (0 — T — 4 - 55eT5 =0, (3.129)
VBT + (B0 + 1)YT8 + 4= 5gu T =0, (3.130)

with 99 = vo/v,. While the j, > 0 and j, < 0 states are decoupled in the Hamil-
tonian, we find that the effective boundary conditions introduce a hybridization
between the blocks. Additionally, we see that the 4+, and —, states are completely

independent for the y = 0 surface orientation.
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3.6 Dirac semimetal phase under compressive strain
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Figure 3.5: Comparison of the y = 0 surface band structure of the full quadratic Lut-

tinger model with compressive strain H” (p) [Eq. (3.22)] (solid lines) and
the linearized model H” (k) [Eq. (3.52)] (dashed lines). The linearized

model gives the projected bulk boundaries by Ei:(kx, k.) [Eq.
(dashed blue) and the surface states by Sfé <o(kz, k) [Eq.

3.124)]

3.136)]

(dashed red), while the states in the full model are calculated nu-

merically.

(a-c, e-g) Polar momentum coordinates, with (p,,p,) =

(prsin(, 1 4 prcos() and (ky, kz) = prpu(sin(, cos () for p, = 0.05. The
evolution under the effective mass ratio is shown, with (a) @y = 0, (b)

Qg

Qg

ao/Oéz = 0.5, (C) ag = 0.9, (e) ag = 1.0, (f) ag = 1.1, and (g)

1.7. (d,h) Dispersion for a constant momentum component (d)

Ppr = 0 (ky = 0) and (h) p, = 1 (k, = 0) for ap = 1.7. We use the

dimensionless units € = €/|u| [Eq.

3.36

| and p; = p;i/puo [Eq.

3.39

].
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3 Evolution of topological surface states of the Luttinger semimetal

Following the method of Sec.[3.4] one can calculate the surface states in the linearized

model

v kg — \/vﬁ_k‘% + 402k2 — (vok- — €)?

en ¥ (3.131)
(v — 2v,)k, — €

\P‘!‘u (y’ 1{7 6)> . C“l‘u

72>0 — %5.>0

2
—v1 kg + /02 k2 4+ 402k2 — (vok. — €) el (3.132)
(’U(] + 2vz)kz — €

W;—Zu<0(y7 kv 6)> = C;—zu<0

_ 2 7.2 212 _ 2
Yo (K, 6)> ¢ v kg 4+ \/v] k2 + 402k2 — (vok. + €) ehoul (3.133)
—(vg —2v,)k, — €

vihs = /U3 R2 4+ 402K2 — (woks + %)

Yo (K, e)> = e (3.134)
J=<0 720 —(vo 4+ 2v,)k, — €
with
402k2 — (vok, — €)? 402k2 — (vok, + €)?
Ky, = \/k% + RELE (12)0 ) and Kk_, = \/k:% + hELE (20 +¢) .
vy vy
(3.135)

We can rewrite the boundary conditions from Eqs. (3.127)-(3.130]) with these wave-
functions into a matrix equation to eliminate the constant coefficients c;i“. From

this, one finds the surface state dispersion

5§3<0(kz, k) = :tu%vz (3@0kz + \/(4 —03) (02 k2 + 3k:§)), (3.136)

with ©; = v, /v,. Similar to the Luttinger semimetal phase, the surface-state dis-
persion becomes complex for |vp| > 2. It is convenient to rewrite the surface state

dispersion into polar coordinates with (k;, k,) = k1 (sin ¢, cos ()

1
5itf;<o(kb () = iu§vzkl <3170 cos( + \/(4 — 3) (92 sin® ¢ + 3 cos? C))) . (3.137)
This highlights that the surface states around the Dirac points have axial symmetry,

even in the presence of cubic anisotropy ag. Comparing the surface states with the

boundary of the bulk, one can find a critical condition for the merging of a single
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3.6 Dirac semimetal phase under compressive strain

surface state

2
o = + cos¢ : (3.138)
\/4 cos? ( + 02 sin? ¢
which can be rewritten to
cos¢ = + vovL (3.139)

1+ -1)

We note that the merging condition is only dependent on the momentum angle and
independent of the magnitude. Hence, the surface states form a circle segment in

the Brillouin zone with the Dirac point in the center.

For ag = 0, this simplifies to

=2
30
—2
4 — ag

cos? ( = (3.140)
which only has a solution if &2 < 1. From this, we find that for |ag| < 1, two
surface states exist, which merge with the bulk continuum at some critical angle.
For |ag| > 1, one surface state immerse into the bulk, leaving only the second surface
state, which exists all around the Dirac points. This resembles the conditions for

the number of surface states in the Luttinger semimetal phase.

We show the behavior of Eq. with neglected cubic anisotropy under the
evolution of &g as dashed lines in Fig. [3.5] Here, we show a circular path around the
p, = +p, Dirac point with a small radius of k; = 0.05p,,. As mentioned before, the
system conserves for ap = 0 [Fig. [3.5((a)]. The surface states merge with the
bulk continuum at the critical angle (e it(@p = 0) = +7/2 given by Eq. . As
consequence, the surface states along k, = 0 only exist for k, > 0, which corresponds
to ¢ = 0. Along k, = 0, the surface states follow the bulk continuum closely for
both k; = 0, which resembles the critical angles ( = £7/2.

Breaking we find that the magnitude of the merging angle for the Sf‘; <0(kL,Q)

solution becomes smaller, while the merging angle of Ef,“y <o(k1,¢) grows towards

+m. At the critical point ag = 1, the €f§/<0(kj_, () solution has merged with the

bulk continuum for all angles and disappears. The Efz <o(k1,C) state decouples
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3 Evolution of topological surface states of the Luttinger semimetal
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Surface band structure for a Dirac semimetal [H” (p) from Eq. ]
occupying the y < 0 half-space. Here, we neglect the cubic anisotropy
(ap = 0) and take the effective mass ratio &g = ag/a, = 0, correspond-
ing to particle-hole symmetry. (a) Fermi contour at the energy of the
Dirac points [e = &,, Eq. ] in the projected surface Brillouin zone,
with dimensionless momenta p, . = ps ./puo [Eq. ] The positions
of the Dirac points are shown with green points and the merging contour
of the surface states with the bulk continuum is projected in purple. The
label +; (—p) corresponds to a merging with the conduction (valence)
band. The number of existing surface states at a given momentum is
indicated by the red shading. The absence of surface states is shown in
white, one surface state in light-red, and two surface states in dark-red.
(b,c) Surface dispersion for constant p,, at (b) p, = 0 and (¢) p, = 0.2.
The energy is given in dimensionless units relative to the strain € = €/|u|
[Eq. (3-36)]. The color code for the surface states and bulk boundaries
corresponds to Fig. 3.3l (e-g) Surface dispersion for constant p,, at (e)
p. =0, (f) p. = 1.0, and (g) p. = 1.2. (d,h) Surface dispersion in polar
coordinates (py, p») = (Pr sin ¢, 14+p, cos ¢) around the upper Dirac point
for (d) pr = 0.2 and (h) p, = 0.5.

linearized model #P*u (k) [Eq. (3.53)].

We show the evolution of the y < 0 surface band structure in Figs.|3.6! Here, we
use the dimensionless parameters € = €/|u| and p, , = ps.»/puo from Egs. (3.36) and
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occupying the y < 0 half-space.

or no surface states.
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Figure 3.7: Surface band structure for a Dirac semimetal [I—:T D(p) from Eq.

0.0
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3.22)]

The figure is analog to Fig. [3.6] for
ap = 0.5. The color code in (a) gives the number of existing surface
states at a given momentum, with either two (dark-red), one (light-red),

pr = 0.2
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Figure 3.8:

Surface band structure for a Dirac semimetal [H? (p) from Eq.
occupying the y < 0 half-space.

ag = 0.9.

S

3.22))]

The figure is analog to Fig. [3.6| for
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3 Evolution of topological surface states of the Luttinger semimetal
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Figure 3.9: Surface band structure for a Dirac semimetal [H” (p) from Eq. ]
occupying the y < 0 half-space. The figure is analog to Fig. for
ag = 1.0, corresponding to the critical point where the upper surface
state merges with the bulk continuum. In addition, (a) shows the Fermi
contour of the surface state (red line) at € = &, [Eq. (3.33))]. Here, one
surface state exists in the entire surface Brillouin zone except for p, = 0
and p, € {—1,1} (purple line).

to give the most general results. Additionally, we neglect the cubic anisotropy
ag = 0. Fig. 3.6 shows the particle-hole symmetric case for ag = 0. Along the
constant momentum paths p, = 0 [Fig. |3.6{(b)] and p, = 1 [Fig. 3.6|(f)], one can see
the two Dirac points at (py, p,) = (0,£1). From the linearized model, we know along
which directions the surface states disperse from the Dirac points [see Eq. (3.140))].
These critical merging angles can also be seen in the circular momentum path around
the crossing point with a radius of 0.2p,,, depicted in Fig.|3.6(d). Leaving the vicinity
of the Dirac point [Fig.|3.6{h)], we see that the merging angle deviates from the value
from Eq. . This results in the merging contour, presented by the purple circle
in Fig. a), where the label 4 corresponds to a merging point of the surface state
with the conduction band and —; indicates a merging with the valence band. For
ap = 0, the two contours are degenerate due to[PHS| To conclude, two surface states

exist outside of the circle (dark-red area), and none exist inside of it (white area).
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Figure 3.10: Surface band structure for a Dirac semimetal [HP (p) from Eq. (3.22)]
occupying the y < 0 half-space. The figure is analog to Fig. [3

3.6 Dirac semimetal phase under compressive strain
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€

9| for

ap = 1.1. Here, the single surface state exists in the entire Brillouin
zone, and the Fermi contour of the surface state forms a double Fermi
arc.
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Figure 3.11: Surface band structure for a Dirac semimetal [H”(p) from Eq. I3.22|b]

s A
>~

=

occupying the y < 0 half-space. The figure is analog to Fig. [3.10| for
ap = 1.7, which is close to the material specific parameters of a-Sn and

HgTe [Tab. [A.2).
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3 Evolution of topological surface states of the Luttinger semimetal

Breaking [PHS|0 < &y < 1, we see that the surface states have a similar dependence
on &g as in the Luttinger semimetal phase. In Figs. and we show the surface
band structure for ayg = 0.5 and @g = 0.9. Here, both surface states bend upwards
in energy. The circular momentum paths show that the critical merging angle for
the higher surface state decreases, and the lower state goes towards . This results
in splitting the +;, and —, merging contours in Figs. [3.7(a) and [3.8(a). Hence, a
finite area in the surface Brillouin zone exists, where only one surface state exists
(light-red area).

The critical point ag = 1 is presented in Fig. |[3.9 Here, the upper surface state
has completely merged with the conduction band, while the lower surface state
becomes flat along the lines p, = 0 [Fig. 3.9(e)] and p. = 0 [Fig.[3.9(b)] for [p.| > 1.
The critical merging angle can be calculated in the linearized model (. = £m
[Eq. (3.140)]. Hence, the merging contour in Fig. [3.9)(a) is reduced to a single line at
Pz = 0 for |p,| < 1 between the Dirac points. The rest of the surface Brillouin zone
hosts a single surface state. The red line in Fig. [3.9(a) indicates the formation of a
surface-state Fermi contour, where the surface state lies at the energy of the Dirac
point € = ¢, [Eq. ] Since the surface state along p, = 0 is flat, the Fermi
contour forms a line, which extends from |p,| > 1 to infinity, which is limited by the

validity range of the Luttinger model.

The Figs. and illustrate the band structure for &g = 1.1 and ag = 1.7,
where the critical point is exceeded. Here, we find that the single surface state exists
in the entire surface Brillouin zone, giving the absence of a merging contour. For
1 < ap < 2, the remaining surface state changed from a hole-like to an electron-like
character. Interestingly, we find that the surface state has a negative velocity in
the vicinity of the Dirac point along the constant momentum paths p, = 1 and
p. = 1.2 [Figs. 3.10(f,g) and 3.11(f,g)]. Therefore, the linear surface-state Fermi
surface evolves into a closed contour, connecting both Dirac points. We identify this

contour as the double Fermi arcs discussed in Sec. 2.2.2]

The case ag = 1.7 from Fig. [3.11]is shown explicitly because it closely resembles the
material-specific parameters for a-Sn and HgTe, with neglected cubic anisotropy and
terms (see Tab. . The following sections present the surface band structure
along the same momentum paths in the equivalent momentum and energy ranges

to show the effect of the linear and cubic [BITA] terms.
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3.6 Dirac semimetal phase under compressive strain

Each momentum path, which does not cross a Dirac point, has a finite gap between
the valence and conduction band. As discussed in Sec. we can consider these
momentum planes as effective insulators, which can be associated with a Chern
number as a topological invariant. Due to the bulk-boundary correspondence, we
see that the phase of the Luttinger model only hosts trivial planes with zero
Chern number. This agrees with the predictions due to the zero chirality of the

Dirac points.

3.6.2 Surface parallel to the strain

In this section, we consider a system occupying the z > 0 half-space with the unique
z = 0 surface orientation in the [DSM] phase, where both Dirac points are projected
onto each other in the surface Brillouin zone (see Fig. [3.1). We first analyze the
linearized model HP (k) from Eq. for analytical calculations. We find the

bulk boundaries with respect to k.,

1
Byt (e, ky) = €0 & §vﬂu\/4—7@3. (3.141)

The bulk boundary becomes imaginary outside of the semimetal phase of the Lut-
tinger model (|vg| > 2), showing that the linearized model is only well-defined if

Dirac points are present.

To derive the effective boundary conditions for the z = 0 surface, we follow the

method of the previous section and calculate the wavefunctions of the full Hamilto-
nian fID(p) [Eq. lb at the Dirac points [(pz,py,€) = (0,0,¢e4)]

+u —u

d)ig ¢+g
o I K | |

|\I/(Z)> = ¢ii e'Pu? ¢tj e Puz = ‘/l/]+u (Z)> etPuz | ‘wfu (z)> e~ Puz
1 1
-1 -1
YTy vy
2 2

(3.142)

Here, [1)*u(z)) are the expanded four-component wavefunctions of the linearized

Hamiltonian. We demand the wavefunction to vanish at the boundary and get the
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3 Evolution of topological surface states of the Luttinger semimetal

effective boundary conditions

[T (z=0)) + [z =0)) = 0. (3.143)

With the established boundary condition, we can use the method from Sec. [3.4] to
calculate the surface states of the sample. Using the wavefunction (3.51) of the

linearized model, we make the ansatz for the surface state

67 (2, kL, 0,6)) = (a1 [U7) + oz 1)) b5 (02, (3.144)
[ (2, k1, 06)) = (coy1 [P7) + oo [y ) ) €= " (w2, (3.145)

+q
1,2

are the eigenvectors of the linearized Hamiltonian, and we use the polar coordinates

which vanishes for z — oco. Here, c4,1 and cy,2 are arbitrary coeflicients,

(kg,ky) = ki (cosp,sing). From the Schrédinger equation, we find the wavenum-

bers

~B(e — eu) + iy k2 (4~ 58) — A(e — 2)’

kiv(ki, o €) = , 3.146
z (J_QOG) 'Uz(4_'l_)8) ( )
To(e — eu) +iy/v2 k3 (4 — T3) — 4(e — e4)?
kv (ki p.€) = \/ — , (3.147)
v, (4 — UO)
and the eigenvectors
—v ke 0
; € — ey — (vo — 2u,)kf } 0
‘wl > = 0 ’ WJQ > = v ke ’
0 € — ey — (Vo + 2v,)kf
(3.148)
’Uj_kj_eiitp 0
. € —¢ey+ (vo — 2v,)k;™ . 0
’¢1 > - 0 ’ WQ > B —v ke
0 € — ey + (vo + 2v,)k;™
(3.149)
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3.6 Dirac semimetal phase under compressive strain

Solving the boundary condition (|3.143)), we find flat surface-state solutions with the

energy

gz>0 =E&u (3150)
and the wavefunctions
[ [ —e® e i
= —j.f2=m0 |

Wj.50(2)) = viky 2400 | eilRatpu)z | 2400 | eilmampu)z | (3.151)

[ 0 0 ]
Vj.<0(2)) = vik O ets |0 et (3.152)

72<0 — Ulh] e_in _e_igp s .
. [o4w 2+
RNAY R i/ 5 i

with

(3.153)

The flat dispersion of the surface state shows the relation of the linearized [DSM]
model with the linear chiral symmetric node Hy—;(p) from Eq. . We showed
that the Hamiltonian #P (k) [Eq. (3.52)] inhabits effective chiral symmetry [see
Eq. ] concerning the interchange of the +, and —, blocks.

The surface band structure for the z > 0 sample in the full Hamiltonian HP” (p)
[Eq. ] with neglected cubic anisotropy is illustrated in Fig. Here, we use
the dimensionless quantities € = ¢/|u| and p; = p; /p,. Similar to the Luttinger
semimetal phase, the system is for ap = 0 [Fig. (a,b)]. Both surface states
bend upwards in energy for increasing &g. For the critical ay = 1 [Fig. [3.12(g,h)],
one surface state is entirely flat and changes from a hole-like behavior to an electron-
like one. In contrast to the Luttinger semimetal phase, the second surface state is
still present for 1 < ag < 2. It merges with the bulk dispersion for finite momentum

[see Fig.[3.12|k)]|, where the merging point goes to zero for increasing ay.
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3 Evolution of topological surface states of the Luttinger semimetal
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Figure 3.12: Surface band structure of the full quadratic Luttinger model with
compressive strain HP (p) [Eq. ] and neglected cubic anisotropy
(ag = 0) for a sample occupying the z > 0 half-space. We show the evo-
lution under effective mass ratio for (a) @y = ag/a; =0, (c) ag = 0.5,
(e) @ = 0.9, (g) a = 1.0, (i) @y = 1.1, and (k) @y = 1.7. The
framed insets (b,d,fh,j,]) show zooms around the projection of both
Dirac points, emphasizing the linear regime. We use the dimensionless
units € = ¢/|u| [Eq. (3.36)] and p1 = p.1 /puo [Eq. (3.35))]. The projected

bulk states are shown in blue, and the z = 0 surface states in red.

The framed plots in Fig. present a small momentum range around the projected
Dirac points. Here, one can see the linear behavior of the bulk continuum, which

confirms the validity range of the linearized model |e — &, | < |u| and |p F pu| < pu,
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3.7 Nodal semimetal phase under inversion symmetry breaking

discussed in Sec. [3.3] The surface states near the Dirac point are flat in the lowest
order, which resembles the analytically calculated £,~( from Eq. (3.150)). Outside of
the range (p > py), the band structure of the phase converges towards

the quadratic-node Luttinger semimetal spectrum.

3.7 Nodal semimetal phase under inversion symmetry

breaking

As discussed in Sec. breaking inversion symmetry in a [DSM] leads to a [WSM]
phase. It is educational to discuss an intermediate stage to understand the effect of
the full terms from Eq. on the surface states. The application terms
up to linear order in momentum drives the system into a line-node semimetal phase,
described by the Hamiltonian HLN (p) from Eq. (3.24]). This section analyzes the
evolution of the surface states of the [DSM] phase in the line-node phase. We focus
on the material-specific parameters of HgTe with neglected cubic [BTA] terms, shown

in Tab. [A2]

3.7.1 Surface perpendicular to the strain

Here, we assume a system occupying the y < 0 half-space with a surface at y = 0.
The projected surface Brillouin zone shows a line node connecting the momentum
points (pgz,pz) = (—p1Lo,~ p=0) and (pio,~ p:0) [see Eq. (3.47)]. As discussed in
Sec. the exact p, coordinate has a minor dependency on p,, which does not

affect the discussion of this section.

Comparing Fig. with Fig. gives the effect of the linear [BIA] term on the
surface band structure in the topological semimetal regime. The surface state is
no longer mirror symmetric concerning the planes p, = 0 or p, = 0. Only the
point-mirror symmetry for (py,p,) — (—pz, —p-) is preserved due to the presence of
[TRS The linear [BIA] term reintroduces merging contours, depicted by the purple
lines in Figs. 3.13|(a) and [3.14[a). Here, one can see a closed merging contour with

the valence band —j around the I" point. Additionally, two closed merging contours
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3 Evolution of topological surface states of the Luttinger semimetal

form at the edges of the line nodes.

line-node semimetal
(a) Aplz

T~

Figure 3.13:
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Surface band structure for a line-node semimetal [HYN(p) from
Eq. ] occupying the y < 0 half-space. We take the material-
specific parameters for HgTe (see Tab. without cubic terms.
(a) Fermi contour at the energy of the line nodes [e = g, Eq. (3.46))]
in the projected surface Brillouin zone, with dimensionless momenta
Dz.z = Pa.z/Puo [Eq. ] The positions of the line nodes are shown
with green lines, and the merging contour of the surface states with the
bulk continuum is projected in purple. The label 4+, (—;) corresponds
to a merging with the conduction (valence) band. The light-red shading
indicates the existence of the surface state at a given momentum. The
absence of surface states is shown in white. (b,c) Surface dispersion
for constant p,, at (b) p, = 0 and (¢) p, = 0.2p,9, where p.o is the
p. coordinate of the line node from Eq. . The energy is given in
dimensionless units relative to the strain é = ¢/|u| [Eq. (3.36)]. The
color code for the surface states and bulk boundaries corresponds to
Fig. 13.3
Pz = P20, and (g) p. = 1.2p,0. (d,h) Surface dispersion in polar coordi-

(e-g) Surface dispersion for constant p., at (e) p, = 0, (f)

nates (pz, pz) = P20(Prsin, 1+ p, cos ¢) around the center of the upper
line node for (d) p, = 0.2 and (h) p, = 0.5.



3.7 Nodal semimetal phase under inversion symmetry breaking
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Figure 3.14: Surface band structure for a line-node semimetal [fILN (p) from
Eq. (3.24)] occupying the y < 0 half-space, analog to Fig. (a)
Fermi contour of the surface state at e = e [Eq. (3.46))]
where we checked that both contours terminate at the rlght edge of
[Eq. -
tum planes for p, = const. in the vicinity of the line node, with (b)
pz = —L.1pio, (¢) pr = =1.0p10, (d) ps = —0.9p.10, (¢) ps = —0.6p.L0,
(f) p» = —0.3piro, (8) p» = 0, (h) px = 0.3pro, (1) p» = 0.6p10, (j)
pz =0.9p,10, (k) pr = 1.0p1o, and (1) p, = 1.1p,p.

the line node around (ps,p,) ~

(P10sP20)

(red line),

) Momen-

In Fig. we show momentum planes for p, = const. in the vicinity of the line

node.

Here, we see that the surface state merges with the conduction band for

pr < —p1o and with the valence band for p, > po on both sides of the line node.
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3 Evolution of topological surface states of the Luttinger semimetal

The bulk gap closes for |p;|p1o, and the surface state originates from the line node

towards both sides in p,.
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Figure 3.15: Surface band structure for a line-node semimetal [H™V(p) from
Eq. ] occupying the y < 0 half-space, analog to Fig. [3.13] (a-
¢) Momentum planes for p, = const. around the line node, with (a)
Pz = P20 — 0.1p1 ¢ [Eq. ], (b) p. = p.o directly at the line node,
and (c) pz = p.o + 0.1p . (d-f) Circular momentum paths around (d)
the left edge, (e) the center, and (f) the right edge of the line node, with

the radius 0.1p, 9. The origin of the horizontal axes is always indicating

the energy € = ¢y from Eq. ([3.46)).

In Fig. [3.15 one can see detailed zoom ins of the surface band structure around
the line node. For p, = const. momentum planes [Figs. [3.15(a-c)], we see that the
bulk continuum is almost flat in the vicinity of the line node. The surface state at

P. = P20 + 0.1p1 ¢ appears to be chiral for |p,| < p1¢ and connect the conduction
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3.7 Nodal semimetal phase under inversion symmetry breaking

and valence band through the gap. Nevertheless, the effective 2D] Chern number of
this momentum plane is still zero, due to a second surface state at p, < —p ¢ with
the opposite chirality. The small gap at p, = p,o and |p;| < pig is due to the tiny
fluctuations in the p, coordinate of the line node, as discussed in Sec. [3.1.2]

The Figs. (d—f) show the circular momentum paths around the left edge, right
edge and center of the projected line node with a small radius 0.1p,o. Here, the
projected line node is indicated by the gap closing at ( ~ £m/2, respectively. Since
these momentum paths are not fully gapped, the effective Chern number is not
defined. To conclude, the linear [BIA] term does not change the topological behavior
of the surface states from the [DSM] phase.

3.7.2 Surface parallel to strain

For a line-node semimetal on the z > 0 half-space, we can see the full ring-shape
of the node in the surface Brillouin zone [Fig. 3.16(a)]. Here, both line nodes at

D. = P are projected onto each other.

Taking a radial momentum direction along p,, with (p,,py) = D1 (cos p,sing), we

see the effect of the linear term by comparisson of Figs. [3.11|(1) and [3.16{b-
d). First, we note the gap opening at the I' point of the size |2m|, as showed in

Sec. B.1.2

The two surface states cross at p; = 0 and € = g, due to Kramers’ theorem. In
general, the surface-state dispersion does not change significantly in the vicinity of
the line node. This is related to the effective chiral symmetry of the linearized model
HIN Eu (k) from Eq. , which is not broken by the linear m term. Therefore,

the surface states can be approximated to be flat for small momenta, similar to the

[DSM] phase.
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3 Evolution of topological surface states of the Luttinger semimetal

line-node semimetal =0 @

Ae (c) A

S

(d) Az

090 090 0:90 |-

-~ —

Figure 3.16: Surface band structure for a line-node semimetal [H™V(p) from
Eq. ] occupying the z > 0 half-space. (a) Fermi contour with the
line node of the bulk states (green) and the surface states (red line) at
e =¢o [Eq. . Here, we use the unitless momentum p,, = psy/Puo
from Eq. . The merging contours of the surface states with the
bulk continuum with the valence band is shown by the purple lines
with the label —;. The number of existing surface states is indicated
by the light-red shading with one state, and dark-red shading with two
states. The dashed lines indicate the momentum cut of the correspond-
ing band structure plots. (b-d) Surface band structure for the polar
coordinates (pz, py) = D1 (cosg,siny), for (b) ¢ =0, (c) ¢ = 7/4, and
(d) ¢ = —m/4. Here, we use the dimensionless energy € = ¢/|u| from
Eq. (3.36)).

The two bulk crossings along a radial momentum for ¢ = const. are given by two
blocks in the line-node semimetal Hamiltonian HXN (p) [Eq. ], which decouple
completely at ¢ = +7/4. Hence, the surface state originating from one block appears
to go unaffected through the bulk state of the other block. This results in the two

merging contours, shown by the purple lines in Fig. [3.16{a).

Since both surface states have an electron-like character and ¢, < €g, we find a Fermi
contour outside of the line node for ¢ = gy. It forms a closed outline indicating a
topologically trivial nature. We show in the next section, that this Fermi contour
does not change conceptionally for increasing compressive strain in the Luttinger
model, while it can shrink in the [WSM] phase of the Kane model.
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3.8 Weyl semimetal phase under higher order inversion symmetry breaking

3.8 Weyl semimetal phase under higher order inversion

symmetry breaking

In this section, we analyze the surface states of the full [WSM] phase of the Lut-
tinger model HY (p) [Eq. (3.26)]. Particullarly, the effects of the cubic terms
are highlighted by comparisson with the line-node semimetal phase of the previous

section.

Using the analysis of this chapter, we are able to explain surface transport mea-
surements of compressive strained HgTe in Ref. [19]. Here, an additional surface
potential generated Volkov-Pankratov states [1l [I30], which coexisted with the sur-
face states of the [WSMI

3.8.1 Surface perpendicular to the strain

For a sample, which occupies the y < 0 half-space, the eight Weyl points of
the bulk project onto the surface to form six projected Weyl points (see Fig. .
This leads to four single Weyl points at (ps,p.) = (ipﬁv, +p!) with a chirality of
c = —1 and two double Weyl points at (0, £p"") with a chirality of ¢ = +2.

First, we consider a large momentum and energy range shown in Figs. (a—h). We
can see that the surface band structure in this scale is indistinguishable from the
line-node semimetal phase, shown in Fig. [3.13] Even the momentum planes p, =
pY £p' in Figs. (i,k) are identical to the line-node phase in Figs. (a,c). The
P, = pZV momentum plane in the scale of the Weyl points changes conceptionally.
In Fig. [3.17|(j) we find the short Fermi arc, connecting the ¢ = +2 Weyl point at
(0, +pY) and the ¢ = —1 Weyl point at (+p', +pY), which is also visible in the
Fermi contour of Fig. [3.18{a).
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3 Evolution of topological surface states of the Luttinger semimetal
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Figure 3.17: Surface band structure for a Weyl semimetal [ﬁ W{(p) from Eq. (3.26))]
occupying the y < 0 half-space analog to Fig. We take the
material-specific parameters for HgTe (see Tab. where the cubic
terms were fitted to DFT calculations. (a) Fermi contour at the
energy of the Weyl points (¢ = ey). The positions of the six projected
Weyl points [(ps,p.) = (£p"V,£pY) and (0,£pY)] are shown with

green points, and the merging contour of the surface states with the

bulk continuum is projected in purple. The label 4+, (—) corresponds
to a merging with the conduction (valence) band. (b,c) Surface disper-
sion for constant p, at (b) p, = 0 and (c) p, = 0.2pY. The energy is
given in dimensionless units, relative to the strain € = ¢/|u| [Eq. (3.36]).
(e-g) Surface dispersion for constant p,, at (e) p, = 0, (f) p, = p/¥ with
a zoom in around the Weyl points in (j), and (g) p, = 1.2pY. (d,h) Sur-
face dispersion in polar coordinates (ps,p.) = p¥¥ (9, sin¢, 1 + p, cos ()
around the center between the upper Weyl points for (d) p, = 0.2 and
(h) pr = 0.5. (i,k) Constant momentum plane for p, = p¥ F0.1p"".
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3.8 Weyl semimetal phase under higher order inversion symmetry breaking

The specific Weyl point setup of the projected y = 0 surface Brillouin zone lead to
effective momentum planes, with different topological behavior. Following the
discussion from Sec. [2.2.1] we can consider distinct momentum planes and analyze

effective 2D] Chern numbers in the gapped regimes.

In the momentum planes, given by a constant p,, the critical transitions of the
planes are located along p, = +p!V. Since the sum of all Weyl point chiralities is zero
along this plane, there is no phase transition and all p, = const. planes are effective

[2D] topologically trivial insulators. This can be seen through the bulk-boundary
correspondence in Figs. [3.17|(e) and (g).

On the other hand, the momentum planes given by a constant p, show a more

interesting behavior. Here, we can find three critical planes p, = —py, pz = 0,
and p, = +p‘f. In Fig. we show the evolution of the surface states along

different p, = const. planes around p, ~ +p2¥’

. Please note, that the surface states
around p, ~ —p? also contribute to the bulk-boundary correspondence and can
be seen utilizing the via (pg,pz) — (—pz, —pz). Away from the Weyl points
(lpz| > pY, Fig. (b,l)], we find a zero Chern number. The chirality of Weyl
points at p, = ipT/ sum up to ¢ = —2. Using Eq. , we expect an effective
Chern number of C' = +2 in the 0 < p, < p'V region [Fig. (h—k)]. Here,
we find two surface states crossing the Fermi level with positive velocity around
p. ~ +p. Therefore, these momentum planes can be considered as effective
Chern insulators. It is worth to highlight that the chiralities of the Weyl points at
pr = 0 sum up to ¢ = +4, leading to a topological transition from C' = +2 — —2 in
the —pﬂ/ < pz < 0 region.

Overall, the Fermi contour of the surface states forms Fermi arcs, which originate
from the ¢ = +2 Weyl points and terminate at the c = —1 Weyl points, as discussed
in Sec. In Fig. |3.18(a) and Fig: [3.17|(a), we can see that two different Fermi
arcs exist. A short Fermi arc, which connects the (0,+pY) with the (+pV, +p¥)
Weyl point and a long arc between the (0, —p%') and (—p"V, +p2') Weyl point. Both
arcs have a |T_P$| partner at negative momentum. Driving the system into a M
phase by reintroducing inversion symmetry, we find that the Weyl points merge into
two Dirac points at (0, +£p,). Here, the short Fermi arcs get annihilated, while the
long arcs survive and form the double Fermi arcs, as depicted in Figs. a) and
311)(a).

93



3 Evolution of topological surface states of the Luttinger semimetal

Weyl semimetal pe = —1.1p% e = —1.0p" pe = —0.9p"
A ! (b) “ll 5 © Af @
1 n
|
1
i 0.870 0.870
1
1
| 0.9 . .
: . . L . | . I
! 0.95 .00 — 0.868 0.97 0_364 0.98 -
|
1
0 ) 0.8
1 1
| X 0.866 0.5¢6
[(e) (h) () G)K®D)
pe = —0.6p% pe = —0.3p% pe =00 pe = 0.3p!)
© \/ ® ® Af
0.870 0.870 0.870
D= | p= P.
. . A . o
0.97 0.868 1 0.98 0.97 0.868 ~0.98 0.98
[J.s(if L 0.56:
p. = 0.6p" pe = 0.9p" pe = 1.0p"
A &) A
0.870 0.870
_ _ 0.9} .
- - P
. - & &
0.868 k: 0.97 0.868F N0.98 0.95 1.00
\ 0.8
0.86f 0.86

Figure 3.18:
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Surface band structure for a Weyl semimetal [H" (p) from Eq. ]
occupying the y < 0 half-space analog to Fig. [3.17} (a) Fermi contour
at the energy of the projected Weyl points, indicated by the green
points at (pg,p,) = (ipﬁv,pg‘/) and (0,p%). The Fermi arcs of the
surface states are shown in red and the arrows indicate the direction
from a Weyl point with positive chirality to a Weyl point with negative
chirality. The projected merging contours +; with the bulk continuum
are shown in purple. The number of existing surface states at a given
momentum is indicated by the red shading, where dark-red corresponds
to two surface states, light-red for one surface state, and white for the
absence of states. (b-l1) Bulk (blue) and surface (red) dispersion for
constant momentum p, = const. indicated by the plot label. We use
the dimensionless units for the momentum p; = p;/puo [Eq. ] and

energy € = ¢/|ul [Eq. (3.36)].
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Figure 3.19: Surface band structure for a Weyl semimetal [H" (p) from Eq. (3.26))]

occupying the y < 0 half-space analog to Fig. [3.17] (a-d) Circular
momentum path around the Weyl point at (p,,p.) = (—p"V,p¥) with
¢ = —1 chirality for decreasing radii. The momentum path is given
by (pz,pz) = (=P + prsin¢,pl + prcos(), with (a) p, = 0.1p",
(b) pr = 0.01p", (c) p, = 0.001p", and (d) p, = 10~4p!V. (e-h) Fermi
contour at the energy of the Weyl points (¢ = ) analog to Fig.|3.18(a)
in the momentum range of the corresponding band structure plot above,
indicated by the dashed circles.

The monopole charge of the Weyl points can be better understood by analyzing
the surface states in a circular momentum path around the node. Fig. [3.19] shows
the circular momentum paths around the ¢ = —1 Weyl point at (—pKV, +pZV) with
(Pa,pz) = (—p?_/ + prsin ¢, p¥ + prcos() for decreasing radius p, in addition to
the Fermi and merging contours in the corresponding momentum range. We find
a single chiral surface state in the range of ( € [—m, +7| which crosses the Fermi
level with positive velocity. The Fermi contour in Fig. becomes linear if the
momentum radius is small. In this regime, the full Luttinger model in the [NSM]
phase can be described by the well-known low-energy Hamiltonian for a single Weyl
point Hy p(p) from Eq. . A similar analysis can be performed for the Weyl
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3 Evolution of topological surface states of the Luttinger semimetal

point at (+p"V, +pY), shwon in Fig. [3.20
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Figure 3.20: Surface band structure for a Weyl semimetal [H" (p) from Eq. |)

occupying the y < 0 half-space analog to Fig. [3.19
momentum path around the Weyl point at (p;,p.) = (pV,pY) with
¢ = —1 chirality for decreasing radii. The momentum path is given
by (pz,pz) = (P + prsin¢,pY¥ + p,cos(), with (a) p, = 0.1p'", (b)
Py = 0.0lpliv, (c) pr = 0.001pT/, and (d) p, = 10_4p‘iv. (e-h) Fermi
contour at the energy of the Weyl points (¢ = ey) analog to Fig.|3.18(a)
in the momentum range of the corresponding band structure plot above,
indicated by the dashed circles.

(a-d) Circular

For the middle Weyl point at (0, +p?) (Fig.|3.21)), we find two chiral surface states,
which cross the Fermi level with negative velocity around ¢ = +/2 [see Fig.|3.21|c)].

This confirms the superposition of two Weyl points in the projected surface Brillouin

zone due to bulk-boundary correspondence. Interestingly, the momentum range of

the linear regime is different for each Weyl point.
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3.8 Weyl semimetal phase under higher order inversion symmetry breaking
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Figure 3.21: Surface band structure for a Weyl semimetal [H" (p) from Eq. (3.26))]
occupying the y < 0 half-space analog to Fig. [3.19l (a-c) Circular
momentum path around the Weyl point at (ps, p.) = (0,p) with ¢ =
+2 chirality. The momentum path is given by (pg,p.) = (p,sin¢,p? +
prcos (), with p, = 0.1p"V. The framed insets (a,c) show a zoom around
the regions with the smallest gap at ( = £7/2. (d) Fermi contour at
the energy of the Weyl points (¢ = ey) analog to Fig. [3.18|a) in the
momentum range of (b), indicated by the dashed circles. (e) Fermi
contour analog to (d) with a smaller range in p, to show the seperation
of the Fermi arcs and merging contours.

3.8.2 Surface parallel to the strain

The z = 0 surface leads to a projection of the Weyl points along the strain splitting
in p,. Here, the projected surface Brillouin zone hosts four double Weyl points, as
shown in Fig. The Weyl nodes are located at the momentum (p,, p,) = (£p'’,0)
with ¢ = —2 and (0, j:p‘iv) with ¢ = 4+2. Hence, the physical properties of the  WSM

phase are most relevant in the range of the linear [BITA| term around the I' point.

The surface states of the z > 0 [WSM] system are shown in Fig. 3.:22] The lin-
ear momentum paths for constant angles, using the polar coordinates (p;,py) =
p1(cosp,siny) are given in Figs. [3.22(b,e,h). In the range of the linear term
we see no significant difference to the line-node semimetal phase in Fig. [3.16] The
effect of the cubic [BIA] terms is clearly visible in the momentum range close to
pL ~ pg, in Figs. (c,d,f,g,i,j). Similar to the previous section, we can analyze
effective momentum planes for the topological behavior. The diagonal momen-
tum paths for ¢ = /4 have a zero effective 2D| Chern number, since the chiralities
of the Weyl points along a diagonal sum to zero. This is visualized by the bulk-
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3 Evolution of topological surface states of the Luttinger semimetal

boundary correspondence in the zoom-in plots of Figs. [3.22(f,g) for ¢ = +m/4 and
(i,j) for ¢ = —m /4. Interestingly, the realization of the effective C' = 0 Chern
number is different for the two diagonals. For ¢ = +7/4 [Figs.[3.22[f,g)], we see four
crossings of the surface states with the Fermi level. Since two have positive and two
negative velocity, they result in a zero Chern number. For ¢ = —x/4, no surface

state crosses the Fermi level around p; ~ pY.

In summary, this results in two Fermi arcs, which connect the ¢ = +2 Weyl point
at (0, —|—pﬂ/) and the ¢ = —2 Weyl point at (—i—pKV, 0), and two time-reversal partner
Fermi arcs at negative momentum. This is depicted in Fig. |3.22(a), where the
additional trivial Fermi contour outside of the Weyl points is present, similar to the
line-node semimetal phase in Fig.|3.16{(a). The cubic also introduces additional
merging contours, which follow two close circular paths through the Weyl points, in

between the Fermi arcs.

The Figs. k—t) show the momentum region around the ¢ = —2 Weyl point
at (pz,py) = (+pIiV,O), using (pz,py) = (p‘iv + prcos(,prsinC). The circular mo-
mentum paths with the radius p, = O.lpﬂ/l_/ is presented in Figs. (k—m) and the
smaller radius p, = 0.0lpf/ in Figs. (p—r). Here, we find the two chiral surface
states, which cross the Fermi level with negative velocity around ¢ ~ +x/2. In
Figs. (n,o,s,t), we show the Fermi contour around the considered Weyl point.
The p, axis in Figs. (o,t) have a different range to highlight the critical mo-
mentum scale, where the Fermi arcs become linear. This gives the regime, where
the full[WSM]| Hamiltonian can be approximized by the linear low-energy Weyl node
Hamiltonian ﬁwp(p) from Eq. (2.17).

For horizontal and vertical momentum planes, we find a topological transition of
+2 at ppy = :I:py and +4 at p,, = 0, respectively. Consequently, we find that the
0<pry < pT/ momentum regions host an effective Chern insulator phase with
C' = +2, while the 0 > p; , > —pf/ momentum regions have C' = —2.
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3.8 Weyl semimetal phase under higher order inversion symmetry breaking
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Figure 3.22: Surface band structure for a Weyl semimetal [H" (p) from Eq. (3.26))]
occupying the z > 0 half-space analog to Fig. (a) Fermi contour

at the energy of the Weyl points, which positions are indicated by the
green points. The Fermi arcs of the surface states are shown by the
red lines with arrows indicating the direction from positive to negative
chirality. (b-j) Energy dispersion for a constant angle ¢, with (p,,py) =
p1(cosp,siny), as a function of p;. The large momentum ranges are
shown in (b,e,h) with zoom-ins around the gap minima in (c,d,f,g,i,j).
(k-m, p-r) Circular momentum paths as a function of ¢ around the
Weyl point at (ps,py) = (+p',0). (n,0,8,t) Zoom-in of the Fermi
contour, analoge to (a), where (n,t) show enhanced p, axis, giving a
non-square aspect ratio. We use the dimensionless variables with |e| =
¢/ |u| [Eq. 3.36)] and p; = pi/puo [Eq. [3.35)].
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3 Evolution of topological surface states of the Luttinger semimetal
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Figure 3.23: Chiral surface states (red arrows) in a Weyl semimetal with infinite
length in the z-direction and two surfaces at y = 0 and z = 0. The
framed plots show the surface band structure calculations in the mo-
mentum regime 0 < p, < pKV for the semi-infite systems occupying the
y < 0 and z > 0 half-spaces, respectively. In this momentum regime,
the system is associated to an effective C' = 42 Chern number, related
to the surface states (red) which connect the valence and conductance
bands of the bulk continuum (blue).

This behavior leads to physical consequences for a real[WSM]sample in BD]occupying
both the y < 0 and z > 0 half-spaces. If the length of the system in the x-direction
is infinite, we can consider a p, = const. momentum plane. For p, = py /2, for
instance, one can find two chiral states at the z = 0 surface with positive velocity.
A second termination of the sample at y = 0 can be understood as a non straight
continuation of the z = 0 surface plane. Hence, the bulk-boundary correspondence of
the z > 0 surface states has to be continuous over the edge at y = z = 0. Therefore,
it is possible to find two localized chiral states with positive velocity along the y = 0
surface. In total, the sample hosts two chiral surface states at the Fermi level, which

move in a counter-clockwise direction around the edge, as presented in Fig. [3.23

As discussed in Sec. the Luttinger model is invalid if the compressive strain
is too strong and the j = 1/2 states become relevant. This behavior is illustrated
in Fig. where we show the surface-state calculations for the Luttinger and

Kane model for different strengths of strain. For minor strain with u = —3meV
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3.8 Weyl semimetal phase under higher order inversion symmetry breaking

corresponding to a lattice mismatch of ~ 1%, both models are in good agreement,
where the Weyl points are connected pair-wise by the Fermi arcs and a trivial Fermi
contour exists for p;, > pKV, as discussed above. While the surface states in the
Luttinger model appear to be unaffected by increasing compressive strain, we find

a significant evolution in the Kane model.

For v = —10meV, the crossing point of the surface states at p; = 0 shifts up in
energy in the Kane model. This leads to a separation of the Fermi arcs, which
are still connecting the Weyl points pair-wise, and a decrease of the trivial Fermi
contour, which now lies between the Weyl points (p; < p?_/) At u = —14meV
the Kane model undergoes a critical transition, where the crossing point of the
surface states at p; = 0 passes the Fermi level. Therefore, the trivial Fermi contour
vanishes and reappears around © = —16meV, where the surface states at the I" point
lies above the Fermi level. For u = —17meV, the trivial Fermi contour hybridizes
with one set of Fermi arcs. This leads to a distinct change in the structure of the
Fermi arcs, which are now connecting all four Weyl points in a circular shape. Here,
both ¢ = +7/4 diagonals host surface states which cross the Fermi level around
P~ p‘f, without diverging from the effective C' =0 Chern number.

In conclusion, we find that the Luttinger model delivers a good description of the
low-energy behavior of many topological semimetals. The most relevant condition
is the absence of any additional bands close to the j = 3/2 states around the Fermi

energy.
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3 Evolution of topological surface states of the Luttinger semimetal
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Comparison of the 4-band Luttinger model (three top rows) and 6-
band Kane model (three bottom rows) in the Weyl semimetal phase
with bulk-inversion-asymmetry and compressive strain v occupying the
z > 0 half-space. We show the Fermi contours with the Fermi arcs of
the surface states in red and the positions of the projected Weyl points
in green. The surface band structures are calculated along the diagonal
momentum paths for ¢ = £7/4 with (p;,py) = p.(cosg,sin ), analog
to Figs. e,h). The columns correspond to different strengths of
compressive strain with increasing magnitude. The units of momentum
is pm~! and energy is meV and we take the material-specific parameters

of HgTe from Tabs. and



4 Topological superconductivity

within the Luttinger model
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4 Topological superconductivity within the Luttinger model

Figure 4.1: (a) Sketch of a Luttinger wire of length L in contact with a s-wave
superconductor and in the presence of a Zeeman field B, or B,. (b)
Luttinger Josephson junction with a non-superconducting (N) region in
between two superconductors (S1, Sg) with a phase difference of ¢. The
N and the Sy, regions have a width of W and Wg and the full junction
has a length of L. A magnetic field in x direction B, is applied only to

the N region (red arrow).

Over the last decades, a tremendous interest in the formation of [Majorana bound|

has arisen [92] 03, 131 [132] O8]. These states were first predicted

in high energy physics by Ettore Majorana in 1937 [20] as a fermion that is its

antiparticle. It was later discovered that they also exist in condensed-matter systems

as zero-energy modes, which appear at the boundaries of topological [superconductors|
[79, 90]. The topological protection of their nonlocal properties and non-
abelian statistics make [MBSs|ideal candidates for topological quantum computation
[22, 99, [133], 90} 132, 98]. Consequently, the interest in detecting signatures of
in experiments is high [134] 1311 135 136} 24].

It was predicted that emerge in semiconducting nanowires with proximitized
s-wave superconductivity and [spin-orbit coupling (SOC)| [109, 110} 137, 138, 98], 139].
These systems go into a topological phase if a Zeeman field perpendicular to the[SOC|
field inverts the gap in the bulk dispersion (see Fig. . A similar topological
phase transition appears in 2D] Josephson junction if the double degenerate
[bound states (ABSs)|split at a finite Zeeman field (see Fig. [2.4). In these topological
Josephson junctions, the form at the boundary between the normal region
and the vacuum (see Fig. and are protected by the topological gap in the
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spectrum [140, 23], [136], 24 25].

This chapter analyzes these two superconducting systems in the Luttinger model.
This 4-band model provides a more realistic description of materials and their band

structure in comparison to the 2-band model discussed before. Additionally, intrinsic

spin-orbit interactions, especially [bulk inversion asymmetry (BIA)|terms, are already
considered [I16], leading to an inherent emergence of in the system without

applying extra [SOC]

As previously discussed, the Luttinger model hosts various topological phases with
topological surface states, even without superconductivity. Furthermore, the de-
scription of 7 = 3/2 particles allows the existence of higher-order superconducting
couplings beyond the usual s- and p-wave Cooper pairs [141], 142], 143 144 [145], 146,
[147]. This opens a new field of research that can analyze the combination of differ-
ent superconducting effects, bulk states with intrinsic [SOC| and topological surface
states in the future. The findings of this chapter are also published in Ref. [2§].
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4 Topological superconductivity within the Luttinger model

4.1 Superconducting pairing in j=3/2 carriers

j =0,j. =0)

Even

parity %%\ ]
j=1,j.=1)

[ =0, |Jz|:% =1, |.7z|:% l=1, |JZ|:%

Figure 4.2: Schematic presentation of the possible Cooper pair states in [ = 0 (gray)
and [ =1 (red, blue) states.

Recently, a broad interest in the superconducting pairing in quadratic nodal semimet-
als, described by the Luttinger model, can be found in the scientific community
[141], 148, [149|, 150} 151, 142, 143 145]. Due to the j = 3/2 character of the elec-
trons forming the Cooper pairs, exotic spin pairings are possible. One can find
the spin-singlet (5 = 0) and spin-triplet (5 = 1) pairings, which also arise in the
traditional j = 1/2 with { = 0, but also spin-quintet (5 = 2) and spin-septet
(j = 3) pairings are realizable. We present a schematic overview of the different
coupling possibilities in Fig. The Clebsch-Gordon coefficients [152] in Tab.
correspond to all possible Cooper pair states [142], [145].

This thesis focuses on the singlet s-wave pairing state with j = 0. In the usual

[ = 0 states, only a combination of a j, = +1/2 and j, = —1/2 state can lead to an
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4.1 Superconducting pairing in j=3/2 carriers

s-wave superconducting pairing (see top left of Fig. 4.2). In |Luttinger semimetals|
with [ = 1, an s-wave state forms by a quantum mechanical superposition
of a Cooper pair, consisting of a j, = +1/2 and j, = —1/2 state (blue in Fig. ,
and another Cooper pair, built from a j, = +3/2 and j, = —3/2 state (red in
Fig. 4.2). In the basis (¥, ¥%)T [Eq. ], the s-wave pairing term in its most
straightforward momentum independent form is given by [I51] [142], 143 145]

0 0 0 1

R R R . 0 0 -1 0
Ay = AJUr, with Uy =e™v = 4.1
T T L o0 o (4.1)

-1 0 0 0

We want to briefly summarize the higher spin coupling terms discussed in the lit-
erature. The odd parity p-wave state (j = 1) usually consists of a combination
of two spin-1/2 states with equal j, (see bottom left in Fig. |4.2)). The gives
another possibility, leading to a superposition with an additional pairing between a
j: = +3/2 and j, = —1/2 state (or vice versa). A possible momentum-dependent
p-wave superconducting coupling term is discussed in Refs. [141] 145] and is given
by

3p. Bp, Bp. 0
V3 3 V3
A o 2 0 —D-
Ay (p) =A,| 2 1 1 , (4.2)
Y | e 0 “3pn 3y,
0 —Yp_ Y. —3p,

where A, is a real constant.

A unique feature of superconducting pairing in is the higher spin d-wave (j =
2) and f-wave (j = 3) pairings. The d-wave Cooper pair arises from a combination

of a j, = +3/2 and j, = +1/2 state, which is impossible without the existence of

both [heavy-hole (HH)| and [light-hole (LH)|states. In general, the even parity d-wave
state can be expanded by [151], 143]

Ag=>Y" Ayl (4.3)
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4 Topological superconductivity within the Luttinger model

where the I'; matrices are given by

A 1 A A A A\ oA
Fyz = 73 (Jy Phan Jsz> E (4 4)
N 1 A A A A\ A
sz = 73(Jz z + Jx z) T (45)
N 1 A A A A\ A
Py = %(Jx )y ) Ur, (4.6)
r 1 72 72 72\ 1
Py o = §(2JZ - Jy> T (4.7)
. 1 /. .
fyr_ye = %(Jg - Jj) Ur (4.8)

Here, the subscripts are motivated by the corresponding spherical harmonics. All

A

I'; matrices are generally even under |time—reversal symmetry (TRS)L which means

that the pairing state preserves [TRS|if the amplitude Ag; is real. A possible d-wave
pairing term discussed by Refs. [148] 145] is given by

Ad(p) = Alf(p)ns + AO (f‘xz + Z.f‘yz)a (4'9)

with Ay and Aq being real constants, 7 being a spin-singlet state with an isotropic
form factor f(p) = p.p+, which breaks

As discussed in Sec. we use the convenient basis transformation from Eq. (2.46)),
which applies the unitary part of the [TRS|operator to the quasi-hole states

oy = Y) (4.10)
Urvy

In this basis, the s-wave coupling term simplifies to be proportional to the unit

matrix
Ag = Agly, (4.11)

which is used throughout the rest of the thesis.
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Pairing state

4.1 Superconducting pairing in j=3/2 carriers

Cooper pair

Singlet (j = 0)

=04 =0) =38 -8 - -4 - 1 =D + -4 )

Triplet (j = 1)

=1 =0 = 5313 -9~ - - [ B +31-5.8)

2=3))

=1 = 1) = F5(VE|$ 1) —2h ) + v

Quintet (5 = 2)

i=24.=2 =553 —15:3)
i=24.=1=25(3-3)-1-33))
i=250=0=3(3-D+[5-2) -3 - |-33)
i=2j.=-1)=5(-3,2) —|3.-3))

Septet (j = 3)

Table 4.1: Summary of all possible superconducting pairing states in the Luttinger

model. We use the short notation |j,1,j.2) = |j1,72;Jz2,1,Jz,2), since
j1 = jo = 3/2. [142, 145
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4 Topological superconductivity within the Luttinger model

4.2 Reflection matrix as topological invariant

—> Ui, ———»]
TN N NS S P
e U e— —

Figure 4.3: Schematic setup for determining of the topological invariant given by
the reflection matrix. (left) semi-infinite superconducting wire (S)
connected to a normal conducting region (N). The red arrows indicate
the scattering modes which reflect at the N-S interface 7ng and the left
boundary of the N region 7y. (right) Setup of the numerical calculation
for the reflection matrix in a Josephson junction (see Fig. . The
black frame indicates the scattering region, where a single semi-infinite
N lead is attached to one boundary of the finite N region between two
superconductors (S; and Sg). The full Josephson junction becomes semi-

infinite in y — oo by a full S-N-S lead.

Throughout this work, we study superconducting systems under the effect of mag-
netic fields. These are members of the symmetry class D due to the conserved
iparticle-hole symmetry (PHS)| and broken (see Sec. [29, B30, 32]. In
a Zo invariant Q determines the topological classification, which gives the parity
of the number of N at the system’s boundary. If N is even, the system is
topologically trivial with Q = +1. The system is topologically non-trivial for odd
N with @ = —1.

Akhmerov et al. [I53] showed that one can compute Q with the reflection matrix
at the system boundary, where the form. Fulga et al. [I54] [I55] expanded
this framework for general symmetry classes and higher dimensions. This section is
dedicated to explaining the formalism and showing the concrete application for this

work.
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4.2 Reflection matrix as topological invariant

Only localized states contribute to the scattering in the system at zero energy.
Therefore, one can describe the scattering problem of a N-S interface (see Fig.|4.3))
with the unitary 2M x 2M reflection matrix 7ng, where the number of modes 2M
is even due to the [PHS| The relation between the incoming and outgoing modes is
given by
- A Tee T
Wou, = insPin, with yg=( “ ") (4.12)
The Thh

Here, 7¢e (7hp,) is the normal reflection from electron to electron (hole to hole), and
Ter (Fhe) is the Andreev reflection from hole to electron (electron to hole). In a

superconducting system, the reflection matrix should conserve [PHS]
C'insC = s, (4.13)
which gives the symmetry relations
7

* ~ Ak ~
te="Tpn and T., = Tpe. (4.14)

Using the unitary transformation, one can transform the reflection matrix into the

so-called Majorana basis

V2 \—i i
1 7A’ee + 7A’hh + P’A’eh + 72he Z'(f’ee - P’A’hh - 72eh + fhe)
—i(Pee — Thi + Teh — The)  Tee + Thi — Teh — The

. . . 1 (1 1
P =QTrygQ  with QT:< ) (4.15)

2

In this basis, the reflection matrix is purely real #* = # due to [PHS] One can use
the condition for a bound state in the [ID| N-S junction [I56]

- Unv 0
det(1—Ayfns) =0 with fy={ " |, (4.16)
0 U

where 7 is the reflection matrix from the terminated normal lead and Uy (U}‘{,) is
an M x M unitary matrix of electron (hole) reflection amplitudes. Since a unitary
transformation does not change the determinant of a matrix, we can rewrite the

bound state condition

det(i + ONf> —0, (4.17)
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4 Topological superconductivity within the Luttinger model

with the unitary and orthogonal matrix ON = —QWNQ. The shape of Eq. 1D
implies that the number of eigenvalues (—1) of On7 determines the number of bound
states \V.

Using the properties of unitary matrices, one can easily show that
det (ON) = det(7y) = det (UN> det(f]j{,) ~1. (4.18)

Therefore, one can find the relation
2M
det (ONf) = det(?) = [[ N = £1, (4.19)
i=1

where \; are the eigenvalues of 7, which are either +1, —1 or come in conjugate

pairs of e, This leads to the topological invariant
Q = det(#) = (—1)V, (4.20)

which determines if the number of bound states is even or odd.

It is essential to mention that the reflection matrix does not fully describe the scat-
tering problem if a non-localized bulk state exists at zero energy due to a closed
topological gap. Here, the transmission of the scattering matrix gives a finite contri-
bution, making the reflection matrix non-unitary. The topological invariant is not
defined without a gap, and we find det(r) = 0.

Throughout this thesis, we calculate the reflection matrix of a system using the
algorithms of the Kwant code [I57]. For a superconducting wire, we model
the system by a semi-infinite normal conducting lead connected to a semi-infinite
superconducting lead, as shown on the left of Fig. For the[2D|Josephson junction
calculations, we apply a semi-infinite in y €] — oo, —L/2] direction normal lead on
one side of the system at —W/2 <z < W/2. To counteract the effects of reflection
with the opposite edge, we extend the entire Josephson junction with one normal
and two superconducting leads for y € [L/2, 00, as shown in the right of Fig.
This way, we can model the narrow N region of the Josephson junction as an effective
[ID][SC| and get the topological invariant accordingly.
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4.3 Finite-difference method

To verify this formalism, one can apply it to the [ID] superconducting Rashba wire
from Eq. (2.65). Here, we confirm numerically that the topological invariant is given
by

+1 for B, < y/p?+ A2

QRashba wire — y (421)

—1 for By >\/p?+ A2

which agrees with the predictions of Refs. [I09, 110]. Our numerical calculations in

Sec. show that form only in the magnetic field range, where ORashba wire =
—1.

Additionally, we can calculate Q in the Josephson junction setup, discussed in
Sec. We find Q = —1 inside the boundaries of Fig. [2.4(a) and Q = +1 outside
of it. This confirms the validity of the method, which we use for the superconducting

Luttinger systems throughout this chapter.

4.3 Finite-difference method

To study topological superconductivity in [LSMs| we use two different setups. We
can explore the bulk dispersion analytically in an infinite wire (L — oo) since
translation symmetry is preserved and p, is a good quantum number. The calcu-
lation of demands the existence of a boundary at the ends of the wire. We
apply effective hard-wall boundary conditions given by:

\Ii<x:—§> :\1;<;c:é’> = 0. (4.22)

Consequently, this boundary condition breaks translation symmetry; therefore, p,

is not a good quantum number.

Nevertheless, the junction between the normal and [SC| regions in the Joseph-
son junction setup [see Fig. b)] already breaks translation symmetry in the z-

direction. One must verify that the wavefunction is continuous at the interfaces in
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4 Topological superconductivity within the Luttinger model

addition to the effective hard-wall boundary condition at the ends of the

W w
Vg, <:U:—,y> :\IJN<x:—2,y>, (4.23)

2
\1132<x:2/,y> :\IJN<x:V;/,y> (4.24)
w w
\1151(x:_2_W57y) :\IISZ($:2+WS7:U> =0. (4'25)

For a Josephson junction with infinite length in the y-direction (L — oo), we can
analyze the with the good quantum number p,, which act as effective bulk
states in the subgap regime (Je| < A) of the system. In parallel to the wire setup, one
needs to introduce additional boundaries in the y-direction to calculate the
forming at the ends of the normal region (see Fig. . Therefore, we apply effective

hard-wall boundary conditions in the y-direction via

(L) < 4an=£) <o 0

In the case of broken translation symmetry, one must use the momentum operator
pr — —i0;. This leads to complicated differential equations, which we need to
calculate numerically. Therefore, we map the continuum Hamiltonian in a given
setup on a numerical grid, which can be interpreted as a finite lattice in real space
with a lattice constant a, giving the distance between the lattice points. Using this
mapping, one can approximate the derivative of the wavefunction with the finite-
difference method

pal(z) — —i0, () ~ —i LEF a);aqj(x —9)

U(zx+a)+ ¥Y(r—a)—2¥(x)
a? ‘

(4.27)

pa¥(w) = —070(z) ~ —

(4.28)

114



4.3 Finite-difference method

Expanding the basis into the mapping of the real space lattice gives the new basis

¥(e =)
\Il(x = —% + a)
U(z) = | U(z=-%+2a) |, (4.29)
V(a=$)

which leads to a new 8N x 8N Hamiltonian, where N = L/a is the number of
lattice points that are multiplied by the four spin states in the Luttinger model
and particle-hole degree of freedom due to superconductivity. The finite-difference
method is often referred to as the tight-binding method since the resulting Hamil-

tonian resembles a tight-binding Hamiltonian very closely.

In general, periodic boundary conditions [V (z) = ¥(x + L)] allow simplifications to

Egs. (4.27) and (4.28). Using the identity ¥(z + a) = e=2¥(z), we get

0, U (x) ~ S'm(awqf(x) (4.30)
_020(z) ~ %{1 — cos(pya)] ¥ (z), (4.31)

which also leads to a periodicity in momentum [H (p,) = H(ps + 27 /a)).

Using the finite-difference method has both advantages and drawbacks. On the
one hand, the eigenvalues of the resulting Hamiltonian contain any boundary states
coming from the hard-wall boundary conditions. Additionally, the containment of
the system to a finite size splits the bulk continuum into discrete subbands, which
resembles the band structure in an experimental setup more realistically. On the
other hand, one must choose a sufficiently small lattice constant a for the numerical
approximations in Eqgs. and to be valid. Therefore, N can proliferate
until convergence is reached, leading to a huge Hamiltonian, where diagonalization
is computationally demanding. Here, it is essential to exploit the sparseness of the
Hamiltonian since only the coupling between adjacent lattice points is considered.
Throughout this thesis, we use the Kwant package to conveniently generate and

analyze such finite-difference Hamiltonians in Python [I57].
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4 Topological superconductivity within the Luttinger model

4.4 Effective SOC field orientation in the isoparity basis

In the superconducting [two-dimensional electron gas (2DEG)| model with j = 1/2,
the orientation of the [SOC] field relative to the magnetic field is essential for the
topological behavior [109, 25] O8] (see Secs. and . Here, the basis states
are defined by the z-component of the spin (1,]). Therefore, the Hamiltonian is a

2 x 2 matrix, which can be described by a linear combination of four basis matrices.
It is convenient to use the Pauli matrices 6; and write the specific terms of the
Hamiltonian in the shape of n -6, with 6 = (6., 6y, 6.)T. Since the spin orientation
is proportional to &, which allows to immediately read the direction of the [SOC]
field given by the vector n.

In contrast to the the Luttinger model does not allow such direct interpre-
tation since the 4 x 4 basis of the j = 3/2 spin matrices has 16 (15 plus unit matrix)
independent basis matrices. We show in this section, that a combination of parity
and spin allows to seperate the 4 x 4 basis into a tensor product of two 2 X 2 matrices,
which we define as two sets of Pauli matrices &; and ;. Afterwards, we can compare
the &; terms in the j = 3/2 basis with the ; terms in the 7 = 1/2 basis to get an
effective m field in the Luttinger model. Following Ref. [I58], we use the isoparity

operator

where the parity operator P,z —z,p, — —p, acts on the spatial coordinates,
and —Z'Q is the diagonal representation matrix of the parity operator on the space
of j = 3/2 states. The eigenvalues of @ come in pairs of +1, with opposite signs for
opposite j, values. We demand that P, is a conserved quantity [H(p), P.] = 0. In

the usual basis of the Luttinger model [(¢z,c1,c_1, c_;)T], one finds
2 2 2 2

Q= . (4.33)

It is convenient to rewrite the Luttinger Hamiltonian HO"(p) [Eq.(3.7)] in a basis
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4.4 Effective SOC field orientation in the isoparity basis

w
o

ordered by the eigenvalues of Q [(ca,c_1,c_3,c1
2 2 2 2

Hi(p) = {aop2f%o +a [(pi —2pH) . — V3(p2 - pZ)'%z)} }50 +ng -0,
. Pyp=
with np = —2\/3(052 + 504]) Ryl —pzp. |- (4.34)
PaDy

Here, &, = a, — 13—00@, pi =p2+p2, 6 = (64,5y,06.)" acts on the isoparity as pseu-
dospin and &; acts on the and states |j,| € {%, %} From the shape of H,(p),
we can identify n, as the effective intrinsic [SOC]field of the Luttinger model. Since
ny, vanishes if two momentum components are zero (i.e. p, = p, = 0), Eq.
shows that the Oj symmetric Luttinger Hamiltonian is pseudospinless.

In Sec. we study the effect of the [ID] inversion symmetry breaking [SOC] terms
given by linear from Eq. (3.15)). In the basis of Eq. (4.34)), it takes the form

V3 Pz
HBIA(px) =mnpia -0, with npgpa = —75(%1 + \/gl%z) 01. (4.35)
0

Therefore, a[ID] superconducting Luttinger wire with T, symmetry has an intrinsic
effective m field parallel to the wire. Since the breaks P, symmetry, it is
off-diagonal and couples the blocks of Hp, (pz, Py, P> = 0), even for p, = 0.

The j = 1/2 superconducting models, discussed in Secs. and show that
a topological phase requires a perpendicular Zeeman and [SOC| field. We write the
Zeeman term from Eq. (3.27)) in the pseudospin basis and find

. By (V3ky + Fo — R»)
Hy;=mny -6, with nz= 3 By (V3 — Fo + &2) | (4.36)
BZ(EO + 2%2)

where nz||B.

Considering the direction of nga relative to the system, we predict that the [ID] su-
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4 Topological superconductivity within the Luttinger model

perconducting Luttinger wire hosts a topological phase if a magnetic field is applied
perpendicular to the wire. Since nj points out-of-plane for p, = 0, any in-plane
magnetic field in the Josephson junction setup without is sufficient for a

topological phase transition.

4.5 One dimensional superconducting Luttinger wire

In this Section, we discuss the emergence of topological superconductivity in
Luttinger wires. Here, we assume a setup shown in Fig. |4.1{a), where the proximity
of the yellow [SC| induces s-wave superconductivity. The Luttinger model generally
describes a wide variety of metals and semimetals, where the Fermi energy is close
to the I's bands [159, [116]. We choose three materials as examples to show the effect

of these phases under inversion symmetry breaking.

For the general analysis of a [ID][SC| without [SOC], we present calculations for a-Sn
parameters, shown in Tab. [A.2]with O(3) symmetry without The emergence of
a topological phase with is shown for HgTe as a semimetal and p-doped GaAs

as a metal, with Ty symmetry, due to an intrinsic lack of inversion symmetry.

Our study shows that the coexistence of [HH] and [LH] states introduces new features
to the topological behavior, which were not present in the j = 1/2 Rashba wire
[Eq. (2.65))] [109, 1T0]. We show that the extra band is responsible for a second phase
transition, leading to an upper boundary in the magnetic field for the existence of
This can be used as an additional knob in future experiments.
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4.5 One dimensional superconducting Luttinger wire

4.5.1 Inversion symmetric phase

(b)2 By = Buu (C)2 Byn < By < BLu

I —T— I

-1 0 1 h -1 0 1 -1 0
P /PR P /D P /PR
(d)2 By = Bru (e)2 By > Bru, Q=+1 () Topological gap Ey°"

) L L L 9 . L L 0

1 0 1 -1 0 1 Buu , Bru
P /PF P /PET By (B

Figure 4.4: (a) - (e) Bulk band structure of the Luttinger semimetal without spin-
orbit coupling. We apply a magnetic field B, in the y-direction, using
the parameters for a-Sn (see Tab. [A.2), A = 0.56meV and p = 2A.
The color indicates the band to have either heavy-hole (red) or light-
hole (blue) character. The critical magnetic fields Bypy and Bry are
defined in Eq. . If the band structure has a finite topological gap

egOp = miny,, €4(p;), one can calculate the topological invariant Q from

Eq. 1} (f) Topological gap e;c’p as a function of a magnetic field in
y-direction (black) and z-direction (green).

We take the cubic symmetric Luttinger Hamiltonian in HOn (pz,0,0) [Eq. 1)
and apply a general Zeeman field B = (B,, By, B;). In the Nambu basis ¥y

[Eq. (4.10)] it takes the form
HQM(pe) = 72| HO"(p,:, 0,0) — uh} +#A+B-J. (4.37)

First, we consider a wire with infinite length (L — o) [see Fig. [{.1](a)], where p,
is a good quantum number. Therefore, one cas study the bulk properties of the

system. One must find the gap closings at zero momentum for the topological phase
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4 Topological superconductivity within the Luttinger model

transition. Taking a general magnetic field orientation, we find the energy

3
o2 (= 0) = £ (5 1B - 2V/A7 42 (438)
z 2
1
Erjvjihé (pr =0) = i<2]B| —2¢/A2 + ;ﬂ), (4.39)

with |B| = /B2 + B2 + BZ. One can see that the [HH| and the states behave
differently under magnetic fields due to the different magnitudes of j,. The critical
field, where the bulk gap closes [see Fig. [4.4] (b) and (d)], is given by:

2
Bun = §\/m and  Bry = 2V A2 + 2. (4.40)

It is important to emphasize that these critical fields do not depend on the effec-
tive masses of the Luttinger model (ay, o, ag). Therefore, our findings apply to
semimetals and metals, as long as the Luttinger model describes the band structure

around the chemical potential.

It is convenient to perform a unitary basis rotation

5+, T\ 250 5 (T 5 —i0J,
RL(E)HWh(px)Ry(g), where R, (0) = e " (4.41)
is the unitary rotation operator around the y-axis by an angle 6. For a magnetic

field in z-direction, the Hamiltonian decouples into four 2 x 2 blocks

. i ) ) 5
h|jz|:%,a(p1‘) = (Oé_pi - ,Uz)'TZ + ATx + UinTO, (442)
A B R R 1.

hj.et o (Pe) = (G — ) T + A + 05 Bato. (4.43)

Here, o = +1 indicates the sgn(j,) and a+ = ap£2a,. In this basis, we can interpret
the a, and ag terms as different effective masses for the [HH] and [LH] states and do

not act as symmetric in For a wire with infinite length L [Fig. [£.1|(a)],
where p, is a good quantum number, we can solve the [Bogoliubov-de Gennes (BdG)|
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4.5 One dimensional superconducting Luttinger wire

equation to get the bulk dispersion

3 -

elvjzl‘ih% (pa. By = B: = 0) = 0 Ba + T\/(a_pg —p)® + A2, (4.44)
1 -

VO (pr By = B2 = 0) = 0 B + r(Gap? — ) + 22, (4.45)

where 7 = +1 gives the particle-hole degree of freedom. Taking zero energy, we can

find the momentum solution for a gap-closing analytically to be

J— — and p2 = 2 . (4.46)
l7:1=5 721

=1
2

If at least one of these solutions is real, one can always find a critical momentum

where two bulk states cross at zero energy. The gap of the [HH| and [LH] states is

closed for
. 3 B, > 2A if pa_ >0
DEEES S (.47
B, > Buu if pua— <0
. 1 B, > 2A if pay >0
=g =1 (4.45)
B; > B if pay < 0.

The sgn(as) determines if the and states are n or p-type. Therefore, the
conditions of Egs. and describe if the chemical potential lies in the
corresponding band [pud+ > 0] or not [+ < 0]. Since the Luttinger model for Oy,
symmetric materials has no in [see Eq. ], there is no topological gap
opening beyond the critical magnetic field. The green line in Fig. (f) shows the
topological gap ey = min,, e,(ps), which is the smallest gap for all momenta as a

function of B,.

Since a magnetic field By, perpendicular to the wire, mixes the @ and |]:_H| states at
finite momentum, the BAG] equation cannot be solved analytically. Fig. [£.4] shows
the bulk band structure of a wire of a-Sn for different B,. Without magnetic field
[By = 0, see Fig.{4.4] (a)], the bulk bands are double degenerate with a gap in the
states due to the superconducting coupling A. Since the chemical potential does not

intersect the [HH]| states, their quasi-particle and hole spectrum forms a trivial gap
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4 Topological superconductivity within the Luttinger model

unaffected by superconductivity. Here, we can calculate the topological invariant
Q = +1 using the method discussed in Sec. At a finite magnetic field, the
degeneracy of the bands is lifted, and the size of the topological gap is decreased
until it is closed [see black line in Fig. [4.4] (f)]. The topological gap between the two
critical magnetic fields is fully closed for a magnetic field perpendicular to the wire.
It reopens for B, > By, with a trivial topological invariant Q@ = +1. Therefore, one
cannot find a non-trivial topological phase in the Luttinger materials without

external [SOC] like a Dresselhaus term from inversion symmetry breaking.

From Eqs. (4.47) and (4.48]), one can see that the value of the critical magnetic
field behaves similarly as in the j = 1/2 model of Eq. (2.65). In both models,

the critical fields depend only on the superconducting coupling and the chemical

potential. The only difference is the |j,| dependent prefactor in the Zeeman term of

the corresponding state.
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4.5 One dimensional superconducting Luttinger wire

4.5.2 Intrinsic inversion symmetry breaking by BIA

By = Bunu (0)2 By < By < Bry, = -1

i

(=]

o(ps = 0)/Iul

—

|
)
|
)
V)

Figure 4.5: (a-e) Bulk band structure for a Luttinger semimetal with bulk inversion
asymmetry. We apply magnetic field B, in y-direction, using the pa-
rameters for HgTe (see Tab. , A = 0.2meV and p = 0.25meV. The
color code corresponds to Fig. [£.4] and the topological invariant is cal-
culated using Eq. . Without magnetic field (a), the band structure
is double degenerate with Q@ = +1. At the critical magnetic fields Byy
(b) and Bru (d) [Eq. (£.40)] the corresponding bands cross at p, = 0,
inducing a gap inversion with a change in Q. (c) The bulk inversion
asymmetry term opens the gap at finite momentum E;°°. (f) Energy
at p, = 0 as a function of B,. The framed insets correspond to Q in

the regions between the critical magnetic fields indicated by the dashed
lines.

This section discusses the effect of an intrinsic [SOC] given by the BIA] We focus
on the linear m term, added to the cubic symmetric Hamiltonian H V([)/h (pz) from

Eq. (4.37)). This leads to a tetrahedral symmetric Hamiltonian, which has the shape
of

f{%‘/d(pm) = ﬁ[?/h(px) + 'fzﬁlpac{jxy jg - jz2}7 (4.49)
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4 Topological superconductivity within the Luttinger model

in the previously used Nambu basis ¥y [Eq. (4.10))].

As discussed in Sec. [£.4] the effective [SOC] field of the [BIA]is parallel to a Zeeman
field in the z-direction and perpendicular to a field in the y or z-direction. The
evolution of the bulk band structure of a semimetal with T, symmetry under in-
creasing magnetic field B, is shown in Fig. Here, we use the material-specific
parameters of HgTe (see Tab. . To study the effect of the term, we can
compare Fig. [£.4 with Fig.

In Fig. [4.5(a), one can see that the quadratic nodal point around zero momentum
and € = £y gets a linear character due to the linear [BIA] term. As discussed in
Ref. the dispersion in a small momentum scale is dominated by the [BIA]
term. In addition, a small hybridization between the [HH] and [LH] states exists, even
without a magnetic field. Since the [BIA] term vanishes at zero momentum, the
critical magnetic fields Buu [Eq. (£.47)] and Bru [Eq. (4.48)] are still valid, which
can be seen in the gap closings in Figs. [4.5(b) and (d).

5 Topological gap in SC wire mlne [meV]
0.20
g . 0.15
%
£
= 0.10
o
0.05
0
A [meV]

Figure 4.6: Topological gap min,, € in a superconducting Luttinger wire [Eq. (4.49)]
at finite magnetic field B, = (Bun + BrLu)/2 as a function of bulk

inversion asymmetry strength 81 and induced s-wave superconducting

coupling A. One can see that there is no topological gap in inversion

symmetric crystals (81 = 0).

The most important effect of the is shown in Fig. [£.5|c). Here, one can see a
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4.5 One dimensional superconducting Luttinger wire

gap opening between the two critical magnetic fields (Byn < By < Bru) around the
Fermi vector of the states pI;;H. Therefore, the band structure has a finite gap
at all momentum, giving the topological gap size eéOp . We can determine that the
topological gap size is directly proportional to the strength of the term 3 (see

Fig. [4.6).

Due to the existence of a topological gap, we can assign a topological invariant to the
system, given by the determinant of the reflection matrix at the interface of the wire,
as explained in Sec. Analog to the Oy symmetric phase, we find that the system
is topologically trivial for By < Byp and B, > By with Q = +1 [see Fig. M(a,e)].
More strikingly, one finds a non-trivial regime in between the two critical magnetic
fields (Bun < By < Bru) with Q = —1 [Fig. [£.5|c)]. Considering the bulk-boundary
correspondence, we expect the formation of topologically protected [MBSs|at the ends

of the wire in this regime.

Compared to the j = 1/2 model with a Rashba [Eq. (2.65)], the coexistence
of the [HH| and [LH] bands leads to a second topological phase transition. Therefore
the topological region does not extend to infinite magnetic fields but has an upper
limit [see Fig.[4.5(f)]. This can be used as an additional knob to identify topological

features in future experiments, such as in Ref. [160].

Since the critical magnetic fields are independent of the effective masses of the bands,
one can raise the question if these features are also applicable to the metallic phase of
the Luttinger model. For this reason, we use the parameters of GaAs (see Tab.
with a negative chemical potential, which models its p-doped regime. This material
is generally also Ty symmetric, where the [BIA]is present, though one entire order
of magnitude smaller than HgTe [I61, [IT6]. The band structure of a wire of
p-doped GaAs with a proximitized s-wave superconducting coupling and magnetic
field in the y-direction is presented in Fig. [4.7]

The striking difference in the metallic regime is that the chemical potential lies
simultaneously in both [HH| and [LH|states. Therefore, the superconducting potential
opens a gap for red and blue states around their corresponding Fermi vector pI;H/ LH
in Fig. [4.7(a). Under magnetic field, both bands hybridize at finite momentum,

showing the same band inversions at the critical magnetic fields as in the semimetal
regime [see Fig. [£.7|(b,d)].
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4 Topological superconductivity within the Luttinger model

(3)2 (b)2 By = Bun (C)2 Byn < By < Bpu, @ =—1

1r 1+ 1
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Figure 4.7: (a-e) Bulk band structure analog to Fig. for a Luttinger metal with
weak bulk inversion asymmetry, using the parameters for GaAs (see
Tab.[A.2), A = 0.2meV and p = —0.25meV. The inset in (c) shows a
zoom-in around the gap opening E;°® at finite p,. (f) Energy at p, = 0
as a function of B,. The framed insets correspond to Q in the regions
between the critical magnetic fields indicated by the dashed lines.

For p-doped GaAs, the topological gap in the topological regime [Fig. [4.7(c)] is tiny
due to its small [BTA| parameter ;. Therefore, we provide an inset with a zoom
around the framed region in Fig. |4.7|c). We expect that such a small gap leads
to weaker topological protection for any bound states, which will come with a sub-
stantial localization length. Interestingly, the topological phase diagram, indicated
by the gaps at p, = 0, is identical for the metal and semimetal regime [compare
Figs. [L.5f) and [4.7)(f)] since the Luttinger parameters (ag, as, and ag) do not

contribute at zero momentum.

Following the discussion about the effective field directions of the [Sec.|4.4],
our results can also be achieved with magnetic fields in any direction perpendicular
to the z-axis. A magnetic field in the z-direction, parallel to the effective [SOC|
field of the [BTA] will not induce a topological gap between the two critical fields.
Therefore, we do not expect the formation of if the material has an inversion
symmetric crystal or if the magnetic field is parallel to the wire. On the other hand,
our calculations predict the existence of in any [ID] Luttinger wire made from

126



4.5 One dimensional superconducting Luttinger wire

a Ty symmetric material, disregarding its metallic or semimetallic nature, in the

proximity of an s-wave [SC] with a perpendicular applied magnetic field.

4.5.3 Emergence of Majorana bound states in a finite wire

-0.03

-0.06

a-Sn, npa =0 (b)

VoSN

LN\

s\ 7 02
"00

%
%

<X
==
%,
7))
7 /
Bru

-0.06

Figure 4.8: Energy dispersion of a Luttinger superconducting wire with finite

length L as a function of magnetic field B,, perpendicular to the
spin-orbit coupling field of the bulk inversion asymmetry term ngia
[Eq. (4.35)]. (a) a-Sn [O(3) symmetry] with inversion symmetry. (b)
HgTe [T; symmetry] without inversion symmetry. (c,d) GaAs [Ty sym-
metry| with weak inversion breaking for two different wire lengths. In
the topological non-trivial regions Byn < By < Bru, where a topologi-

cal gap exists, a localized state forms at the wire’s ends (red).
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4 Topological superconductivity within the Luttinger model

In the previous sections, we analyzed the existence of a topological phase in the [ID]
superconducting Luttinger wire between the two critical magnetic fields, By and
By, if the magnetic field is perpendicular to the effective [SOC] field npia L nyz
[Egs. and ] Due to the bulk-boundary correspondence, one expects
topologically protected states localized at the ends of the wire, which are [MBS§
Therefore we apply the finite-difference method via the Kwant code [I57], introduced
in Sec. to put the Luttinger model of Eq. on a finite lattice. Fig. shows

the results of the calculations.

As mentioned in Sec. [£.5.1] and [£.5.2] no topological gap opens at finite magnetic
fields if the effective [SOC] field is parallel to the magnetic field or absent. In
Fig. [4.8(a), we show the band structure of the inversion symmetric a-Sn, with-
out any [SOC]field. One can see that the finite length of the wire introduces discrete

subbands in the dispersion due to the confinement in space. As expected, there

is no gap opening for Byy < B, < Brn, and therefore, no localized states at the

boundaries of the wire.

A topological gap with a non-trivial topological invariant opens as soon as an effec-
tive is present. In Fig. b), we analyze HgTe with a tetrahedral T; symmet-
ric crystal, including [BTA] which acts as [SOC|in the system. Since npja L nyz, a
topological gap exists between the critical fields with a topological invariant Q@ = —1
[see Fig. 4.5((f)].

This topological region hosts a double degenerate flat state at zero energy [red
state in Fig. (b)] From the wavefunction of a single state, we can determine its
expectation value of the position. We identify the zero energy states as|MBSs|, which
are localized at the ends of the wire if the wire is much longer than the localization
length (L > \).

The also exist in the metallic phase of the Luttinger model. Following the
calculations of the previous section, we show the band structure of p-doped GaAs
in Figs. (c,d). Since the strength of the term in GaAs is approximately one
order of magnitude smaller than in HgTe (see Tab. , the topological gap is also

one order of magnitude smaller (see Fig. 4.6)).

In general, the localization length \ of the is proportional to the inverse
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4.6 Emergence of intrinsic Majorana bound states in 2D Luttinger Josephson junctions

of the topological gap size. We present the dispersion for two different lengths in
Figs. [4.§c,d). For L = 30um, the condition L > X is satisfied, and the are
completely flat. For a shorter wire [L = 10um Fig. 4.8{(d)], the wavefunction of the
at the opposite ends overlap. Therefore, the states hybridize, which pushes
their energy to finite values. This gives the so-called Majorana oscillation around

zero energy, as conceptional shown in Fig.

We emphasize that these results apply to systems with Rashba[SOC|instead of [BIA]
Here, the magnetic field needs to be applied perpendicular to the y-direction, which
is the direction of the effective Rashba [SOC] field.

4.6 Emergence of intrinsic Majorana bound states in

2D Luttinger Josephson junctions

This section dedicates to the analysis of Luttinger Josephson junctions. We
sketch the setup in Fig. |4.1(b), showing a Luttinger material between two s-
wave with the length Wg, the distance W, and the superconducting phase
difference ¢. A magnetic field B, is applied along the x-direction in the normal

region only, indicated by the red arrow.

From previous discussions on the Rashba Josephson junction system for j = 1/2
electrons, we expect the existence of a topological phase with a combination of
magnetic and fields [23] 24, 25 ©98]. We discuss this system in more detail
in Sec. In Sec. £:4] we show that the Luttinger model has an intrin-
sic symmetric [SOC] given by the o, and af terms, even with conserved inversion

symmetry.

Therefore, we focus in this section on «-Sn as a semimetal without [BIA]and p-doped
GaAs as a metal with very small [BTA] The Hamiltonian

ﬁJJ(fL‘,py) =7, |HO® (D> Py, 0) — Hh] + HY (2)14 + (V(ﬁzh + Bﬁojx>h($)
(4.50)

describes this, where p, = —idy, HO" (p) is the cubic symmetric Luttinger Hamil-
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4 Topological superconductivity within the Luttinger model

tonian from Eq. (3.7), and Vj is the chemical potential mismatch between the m

and the normal region. The superconducting coupling term is given by
HY () = A(z)[e"8n()02 4 cmiomn(@of2z (4.51)

Throughout this work, we model the Josephson junction with a finite normal region
in numerical calculations, with h(z) = (W/2—|z|) and A(x) = Af(|z| —W/2). For
analytical calculations, we apply the short-junction limit using a d-barrier junction
with h(z) = Wi(z) and A(z) = A.

This section shows that the coupling between the two coexisting [HH| and [LH] states
is sufficient to induce a topological phase in the Josephson junction. In addition,
we find that the chemical potential can be used to tune the system into different
topological phases, given by either the [[H] or [LH] states or both simultaneously. Our
findings of the semimetallic phase are also published in Ref. [2§].

4.6.1 Andreev bound states in one dimensional Josephson

junctions

In this section, we calculate the for p, = 0 in the short-junction limit, where
the normal conducting region of the Josephson junction is modeled with a é-barrier.
The are considered to be semi-infinite leads. On the one hand, this method
allows us to get analytical results for the [ABS| spectrum, which is crucial to under-
standing the topological behavior in the Josephson junction. On the other hand, the
barriers in real Josephson junctions are often significantly wide. The short-junction
approximation only captures the effect of varying barrier widths to the lowest or-
der.

Similar to Sec. we can again use the basis rotation 7%2(7['/2).EL]J($, 0)Ry(7/2)
[Eq. (4.41)] to decouple the Hamiltonian into four blocks given by

. . 3

hi]]?] 3 (@) = [Ga_p2 — p]?. + HY (2) + (VO%Z + U2Bx%0) Wé(z), (4.52)
z|=3,0

. . 1

hfj»‘ 1 (@)= [ap2 — p) 72 + HY (z) + <V0%Z + 0231,%0> Wé(z), (4.53)
z _27
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4.6 Emergence of intrinsic Majorana bound states in 2D Luttinger Josephson junctions

where 0 = sgn(j,). We can determine the analytically for each block. To
solve the BAG| equation, we first need to derive the effective boundary conditions
for each block. Foremost, the wavefunction ¥(x) must be continuous at the barrier,

giving

T(0T) =w(07). (4.54)

The § barrier will modify the condition for the derivative of the wavefunction. We

integrate the [BdG| equation around x = 0 and get the boundary conditions

1
= T(Zo’f'0+JZ5’f'z)\I/(0), (4.55)

z=0" Qs

0,V (x) — 0, ¥(x)

=01

with Zo = VoW. Here, s = +1 indicates the |j.| = 1/2[LH]states with Z; = B,W/2
and s = —1 the |j.| = 3/2 states with Z_ = 3B, W/2.

First, we need to find the wavefunctions in the superconducting leads, which need
to decay for x — £oo. Using the identities arccos(z) = —ilnfiv1 — 22 4 z] and

arccos(—z) = m — arccos(z), we get

A _i¢/2 isgn (& ;ma: B n —isgn(& J”Qx
\Ifl(x<0):l<e . elen(@)y 5t | B © ¢ en(@)V G, ,  (4.56)

V2 e V2 \ eie/2
Ar /2 —isgn(a poi Br in isgn(c +iQ
U, (z>0)= (e )e =n( S)E —i—( ‘ )e en(@a) 15 ,  (4.57)

V2 \ ein V2 \ e—id/2

where A;, and By, are arbitrary coefficients, n = arccos(e/A), and Q = VAZ — €2,

Solving the boundary conditions for a zero-energy solution, gives the condition

_ R -3VR TRt 22— 75— 46,20 Tm(\/RE +i]A7]) (4.58)

COS(¢) - )
ko + vk + K a2 (kg + VR + 1)

with k2 = p/és and k2 = A/as. Eq. is similar to the predictions of Ref. [25] in
the j = 1/2 Rashba Josephson junction, where the Luttinger parameters renormalize
the effective mass. We present the diagram of the critical superconducting phase
against the magnetic field with the solid lines in Fig. (c,f). Eq. does not

have a solution for finite A in the absence of a potential barrier and magnetic field
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4 Topological superconductivity within the Luttinger model
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Figure 4.9: |Andreev bound state (ABS)| spectrum in the short junction limit using
a d-barrier approach as a function of superconducting phase difference
¢. (a) Effect of a finite potential on a single [Eq. (4.60)] with-
out magnetic field. (b) Single state under finite magnetic field B,
[Eq. (4.61)] with (dashed line) and without (solid line) potential barrier.
(c,f) Zero energy without [Eq. (4.58), solid] and with Andreev
approximation (1 > A) [Eq. (4.61), dashed], as a function of B,. (d)
Metal regime, where the of the heavy-hole and light-hole states
are degenerate without potential (black dashed line) and evolve differ-
ently under a finite potential barrier (solid colored lines). (e) Difference
of the spin- splitting of magnetic field in the different states without
potential. (a-c) Semimetal regime, using the parameters of a-Sn, with
@ = —1.0meV and A = 0.56meV. (d-f) Metal regime, using the param-
eters of GaAs, with y = —2.0meV and A = 1.0meV.

(Zy = Zp = 0) since

k§ — 3v/k§ + K
0 ol < -1 for Kk#0. (4.59)
k3 + v/ kg + K2

To get the total energy dispersion of the we use the Andreev approximation,
which assumes an immense chemical potential (|u| > |A|). We apply this limit to

the wavenumbers in the exponentials of the wavefunctions and get without magnetic
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4.6 Emergence of intrinsic Majorana bound states in 2D Luttinger Josephson junctions

field (Z, = 0)

" —L— ifau>0
es(¢) = £A[1 — T sin? <2> with T, = { "o . (4.60)

0 if @ <0

Here, we defined the transparency of the junction Ty, which determines the super-
conducting phase dependence of the From this, we can see that all are
flat if the chemical potential does not lie in the corresponding bulk band. Fig. (a)
shows the effect of a mismatch of chemical potential in the N and [SC| regions. With-
out a potential barrier (7' = 1), the spectrum is proportional to +A cos(¢/2),
indicating a crossing at ¢ = 7 and a 47 periodicity, similar to the j = 1/2 Josephson
junction model. A finite potential barrier (0 < 7' < 1) lifts this degeneracy and
opens a gap leading to a 27 periodicity in the states. This means that the zero
energy state in the Josephson junction for p, = 0 is not topologically protected.
A band that is not crossed by the chemical potential (asu < 0) gives vanishing
transparency (7' = 0). One can only find the flat bulk energy solutions outside the

superconducting gap.

In the metallic regime, the chemical potential can simultaneously lie in both [HH]
and [LH] states. Therefore, two sets of are generated by the corresponding
bands. This coexistence is a new feature of the Luttinger model, which the simpler
j = 1/2 models do not capture. One can see in Fig. 4.9/ (d) that the from the
bands react differently to a potential barrier than the states. This comes
from the fact that transparency is a function of the effective mass [see Eq. (4.60)].
Without a potential, the are double degenerate.

With the application of a magnetic field, one gets

eu(6) = £A/1 — dauufE(9), (4.61)

2
4645,usin4(%)—|—(\/Zs2 0032(%)+Z§ sinQ(%)—i-dS,u,sinz(qS):l:Zs)
S(9) = [Adsp+(Zo—2s)? | [Ads p+(Zo+2s) ]
0 if Ggpt < 0

if aspe >0

We see that the [ABS| dispersion is flat if the chemical potential does not lie in the
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4 Topological superconductivity within the Luttinger model

corresponding bulk band (asu < 0).

The effect of the magnetic field is presented in Figs. [£.9(b) and (e). Focusing on a
single[ABS] one can see that the degeneracy is lifted due to the [TRS| breaking of the
magnetic field B,. Since the split into two spin-resolved states, one finds two
gap closing points at finite ¢. This preserves the 47 periodicity in the dispersion. In
contrast to the degenerate case without a magnetic field, the zero-energy crossings
under a magnetic field are stable under the application of a finite potential in the
barrier [see dashed line in Fig. |4.9(b)].

Interestingly, the intersection of the opposite spin [ABSg|at finite energy and ¢ = 7 is
not protected from the potential barrier. This leads to a 27 periodicity in the [ABS]
spectrum. Therefore, the potential is coupling the two effective spin leading
to the anti-crossing, shown by the dashed line in Fig. [4.9(b).

The structure of the in constant magnetic fields indicates that the gap between
the crossings is inverted. Therefore, the topological invariant at the gap inversion
points needs to change. Similar to j = 1/2 Rashba Josephson junctions, the system
is topologically non-trivial (Q = —1) in between the crossings and trivial (Q = +1)

outside.

Analyzing the gap closings of the as a function of magnetic field and super-
conducting phase difference gives a topological phase diagram, shown in Figs. (c)
and (f). Here, we offer the difference between calculations in (dashed lines) and
outside (solid lines) of the Andreev approximation. The Andreev approximation
always leads to a gap closing at ¢ = w and B, = 0 in the states around the chemi-
cal potential. Additionally, no subgap are generated from bands not crossed
by the chemical potential. Without the Andreev approximation, both [HH]| and [LH]
states form an

A new consequence of the additional state in the Luttinger model is the superposition
of two sets of which is most striking in the metallic regime. Since these
states have different spins, they are affected differently by a magnetic field. This
can be seen in Fig. (e), where the splitting of the zero-energy crossings is more
significant for the states (red) in comparison to the states (blue). Here, we
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4.6 Emergence of intrinsic Majorana bound states in 2D Luttinger Josephson junctions

expect a different behavior of the topological invariant since the spectrum has four
gap closings with effective gap inversions. Consequently, one finds unique features
in the system’s topology, which is discussed in detail in Sec. [4.6.2]

4.6.2 Topological phase diagram

In this section, we apply the analysis of the at zero momentum to a full
Josephson junction with finite widths of the normal (Wy) and superconducting
regions (Wg), as shown in Fig. (b) We discretize Hyy(x,p,) on a square lattice
with infinite length in the y-direction (L — oo) to have p, as a good quantum
number. To analyze the topological phase diagram, we focus on p, = 0, similar to
Refs. [23| 24], 25, 98]. Here, we use the finite-difference method introduced in Sec.
through the Kwant code [157].

Similar to the j = 1/2 Rashba Josephson junction, discussed in Sec. the
ZEro-energy form a diamond shape as a function of magnetic field B, and
superconducting phase difference ¢. One can understand this by looking at the [ABS]
dispersion €(¢) at a constant B,. We show this dispersion for a Josephson junction
built from the semimetal a-Sn in Fig. (a). We put the chemical potential into
the states (1 < 0) to avoid any additional effects from the edge states of the
[LSM] discussed in Sec. At a finite magnetic field, the have crossings at
zero energy, which indicates a gap inversion at finite ¢ = ¢eit [see dashed lines in
Fig. [4.10[(a)]. This gap inversion induces a topological phase transition, where the
topological invariant from Eq. is @ = 41 outside the crossings and Q = —1

in between.

We can draw the topological phase diagram by calculating the gap of the lowest
energy as a function of magnetic field and phase €,(B;, ¢) [Fig. [4.10(b)]. Here,
the black lines correspond to gap closings in the [ABS] spectrum, which indicate
the topological phase transitions. The gap closings form the characteristic diamond
shape, centered around the Thouless energy er = (7/2)hvp/Wy [23], similar to
the j = 1/2 model. For the used parameters for a-Sn, we get e%'sn’ HE — 2 9meV.
We find that the topological invariant is trivial outside the diamond and non-trivial
inside, as indicated by the framed insets in Fig. [4.10(b).
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4 Topological superconductivity within the Luttinger model

Semimetal a-Sn

Metal p-doped GaAs

(a)

—

Andreev bound states for p, =0 (b)2 0 Topological phase diagram  €g/A

Figure 4.10: Andreev bound state spectrum in the Luttinger Joesphson junction for
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(a,b) @-Sn as a semimetal [A = 0.56meV, p = —1.0meV, V5 = 0,
Wy = 20nm, and Wg = 150nm] and (c,d) p-doped GaAs for the metal-
lic phase [A = 0.5meV, y = —2.0meV, Vj = 0.2meV, Wy = 20nm,
and Wg = 300nm] (see Tab. for material-specific parameters).
The framed insets indicate the calculated topological invariant from
Eq. . (a, ¢) Spectrum as a function of superconducting phase
difference ¢ for constant magnetic field (a) By = 0.5meV and (c)
B, = 0.9meV, indicated by the dashed line in (b, d). (b, d) Gap
of the Andreev bound states as a function of ¢ and B,. The green to
black color code indicates the gap of the numerical calculations. For
comparison, we show the topological phase boundaries, given by the
analytical calculations in the short-junction limit [Eq. ]



4.6 Emergence of intrinsic Majorana bound states in 2D Luttinger Josephson junctions

As discussed in Sec. [£.6.1] the different states of the Luttinger model can only
form relevant if the chemical potential lies inside the corresponding band.
Therefore, we expect a combination of multiple in the metallic regime. In
Fig. (c,d), we show the corresponding calculations for p-doped GaAs. Here,
we can see the coexistence of two distinct topological phase diagrams, depicted by
two diamond-shaped [ABS] gap closings. Each topological transition line is centered
around the Thouless energy of the corresponding band [egaAs’ HH — 9 92meV and
egp}aAS’ LH — 6.7meV]. Since the vg of the states is much larger than for the

states, their topological region is stretched strongly along the magnetic field.

To compare the numerical calculations on a finite lattice with the analytical re-
sults of the d-barrier approach, we additionally show the solutions of Eq. in
Fig. (b,d). Here, the states are shown in red, and the states are in
blue. The main difference between the analytical and numerical results come from
the assumption of infinite superconducting leads (Wg — oc0). In the numerical cal-
culations, the are finite, leading to backscattering effects of the states at the
boundary of the with the vacuum. To reduce this effect, we take Wg to be
larger than the coherence length in the & = hvp/A. For a-Sn, only the £ of
the states is essential, with €25 HH — 50nm. In the metallic regime, both
states are relevant, where the [LH| states have a more considerable coherence length
(¢Gass, LH — 170nm) than the states (£52As HH — 57nm). Therefore, we take

Wyg as large as possibly allowed by our computational resources.

4.6.3 Opening of a topological gap

Previous research showed that the opening of a topological gap in the depends
on the relative alignment between the Zeeman and fields [25]. A unique feature
of the Luttinger model is the existence of an intrinsic[SOC]in at least two dimensions.
Therefore, the 2D] Josephson junction setup does not require the presence of an
external Rashba or Dresselhaus term. We show in Sec. that the m field
of the a, and ag terms points out of plane. This implies that any in-plane Zeeman
field will lead to a topological gap opening in the

First, we analyze the simple case of the semimetallic phase, using the parameters

137



4 Topological superconductivity within the Luttinger model

(3)2 0 Semimetal a-Sn - Top. Gap P /A (b) ¢=0

1_

Py/pPi py/Pi

Figure 4.11: (a) Topological gap ey = miny, €,4(p,) of the Andreev bound states in
a Josephson junction of a-Sn. (b-d) Energy dispersion as a function of
momentum p, at By = 0.5meV for (b) ¢ = 0, (¢c) ¢ = ¢uit, and (d)
¢ = m. This shows the topological phase transition with the topological
invariant Q = det(7) [Eq. ] indicated by the framed insets.

of a-Sn (see Tab. , where only one species of exists in the subgap re-
gion. Fig. |4.11[a) shows the topological gap as a function of the Zeeman field and
superconducting phase. These calculations use the finite-difference method from
Sec. for a system with infinite length L in y-direction [see Fig. b)], where p,
is still a good quantum number. One can still see the boundaries of the topological
phase diagram of Fig. [4.10(b) due to the gap closings at p, = 0. Around these
lines, the topological gap is small, but in the center of the non-trivial region away
from ¢ = {0,27}, it takes values in the order of ¢, ~ A. This shows that an
in-plane Zeeman field, combined with a finite superconducting phase, is sufficient to
open a topological gap in the system. Bulk-boundary correspondence suggests that

a non-trivial topological invariant @ = —1 in combination with a topological gap
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4.6 Emergence of intrinsic Majorana bound states in 2D Luttinger Josephson junctions

induces topologically protected states localized at the system’s boundary. These are
the which are analyzed in the following section.

The topological transition is presented with the dispersion of the as a function
of momentum p, in Figs. (b—d). These calculations are along a constant B, =
0.5meV with varying ¢. Outside of the topological region [Fig.[4.11|(b)], the spectrum
has a gap with a trivial band ordering (Q = +1). The gap slowly closes for increasing
¢ until ¢cri¢, indicated by the dashed line in Fig. (a), is reached. Here, the bands
cross at p, = 0, and the system undergoes a topological transition [see Fig. (c)]
In the topological region ¢cit < ¢ < 27 — @erit, the gap reopens with an inverted

band structure, giving rise to a non-trivial topological invariant (Q = —1), shown
in Fig. d).
(%)0 Metal p-doped GaAs e, /A (b) . (¢) ¢ = it

0.6

0.4

0.2

.0 0
0 05 1 15 2
B, [meV]

(d)
1

Figure 4.12: (a) Topological gap ey = miny, €,4(p,) of the Andreev bound states in
a Josephson junction of GaAs. (b-f) Energy dispersion as a function
of py at B, = 0.9meV for (b) ¢ =0, (c) ¢ = ¢ (d) ¢ = 0.67, (e)

¢ = ¢H1 and (f) ¢ = m. This shows the topological phase transition

crit?

with the topological invariant Q = det(#) [Eq. (4.20)] indicated in the
framed insets.

The previous section showed that the metallic region hosts two sets of from the
and states. The topological phase diagram in Fig. [4.10(d) shows that both
groups of states undergo their specific topological phase transition. In Figs. [4.12|(b-
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4 Topological superconductivity within the Luttinger model

f), we illustrate the existence of two critical superconducting phases qﬁg{% and ¢Igrli{t,

where the cross at p, = 0 and perform a gap inversion with a change in Q.

The effective topological gaps are summarized in Fig. [4.12{(a). Here, one can see the
topological phase diagram of Fig. M(d) in combination with the gap size, which

protects the boundary states in the topological regions.

From the dispersions of the one can see that the gap is smallest around the
Fermi momentum pr of the relevant state or . This corresponds to the
expectations from the simpler Josephson junction, where the crossing at pr
is opened by a finite [SOC] field, which needs to be perpendicular to the magnetic
field. In Sec. [£.4] we showed that the effective intrinsic [SOC] field of the Luttinger
model ny, has an out-of-plane orientation, which is only present for p,p, # 0. From
this, one can see that the topological gap opens for any in-plane magnetic field, and

the topological phase transition can only happen at p, = 0, where n;, = 0.

4.6.4 Majorana bound states

This chapter showed that Luttinger materials in a[2D]Josephson junction host
Even without external [SOC| a topological gap opens under the application of a
magnetic field. In addition, we can link a topological invariant Q [Eq. ] to
specific magnetic fields and topological phase differences, leading to a topological
phase diagram, shown in Fig. With the combination of a topological gap and a
non-trivial topological invariant, one expects the existence of topologically protected

states at the edges of the system due to bulk boundary correspondence.

Our numerical finite-difference approach (see Sec. [4.3) allows us to define a finite
system and solve for the lowest energy wavefunctions from the [BAdG| equation. The

results for an a-Sn Josephson junction with L = 2000nm are shown in Fig. [£.13]

Since we expect the to exist around zero energy, we show the energy of the
lowest state in the finite system as a function of magnetic field and superconducting
phase difference in Fig. f.13[a). One can see that areas exist in the topological

region of the phase diagram, where the energy of the lowest states is close to zero,
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(3)2 0 Semimetal a-Sn, L = 2000nm le]/A (b) (d)i ~107° (e) 107*
) 0.020 =
1.5+
0.015
&
S0 0.010
05 0.005
0.0 &
0 1 2 3 4 0 £ g
B, [meV] x x

Figure 4.13: (a) Lowest energy states in a finite Josephson junction with the
semimetal a-Sn. (b-e) Wavefunctions of the lowest energy sates at
¢ = 127 and (b) B, = 0.05meV, (¢) B, = 2.0meV, and (d,e)
B, = 4.0meV. The positions of (b-e) in the (B, ¢) space are indicated
by the red points in (a). We used the material specific parameters of
a-Sn (see Tab.[A.2), with 4 = —1.0meV and A = 0.56meV. The dimen-
sions of the junction are W = 20nm, Wg = 150nm, and L = 2000nm.

indicated by the black color. In theory, one would expect the formation of in
the entire topological region, but the finite L leads to Majorana oscillations, similar
to the 2D Rashba Josephson junction (see Fig. [2.4)).

The difference between the lowest energy state in the topological and trivial regions
can be seen in Fig. (b-e). For small magnetic fields outside of the topological
diamond [Fig. [£.13[(b)] one can find an localized in the N region along the
full sample length in the y-direction. These are considered to be the quasi{ID]| bulk

states, similar to the superconducting wires.

As shown conceptionally in Fig. we expect the formation of at the ends
of the N region around z € [—-W/2,W/2] and y ~ +L/2. Inside the topological
region [Fig. (c)], we find a zero energy state, perfectly localized in the expected
region. We identify these states as If the magnetic field is sufficient to be
in the second trivial regime, one finds two localized states [Fig. [£.13(d,e)], due to
the second gap inversion in the [ABS|spectrum. These states hybridize, which moves

them to higher energies. This leads to a fermionic system of an even number of
which is topologically trivial.
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4 Topological superconductivity within the Luttinger model

These calculations are done in the semimetallic regime with negative chemical po-
tential. Therefore, we find that the wavefunctions of all lowest [ABSs| and [MBSs|
have mainly character with |j,| = 3/2.

We show the coexistence of two topological phases from the [HH| and [LH] states
in the metallic regime. As indicated in Fig. 4.10(d), we expect a region around
¢ = m, where both states are topological simultaneously. This leads to an even
number of and a trivial topological invariant (Q = +1). Our numerical
calculations confirm that in this region, two exist, where one has mainly [HH]
character and the other mostly [CH| character. The coexistence of multiple
from different topological origins makes studying Luttinger Josephson junctions a

rich field to investigate in future experiments.

We emphasize that the formation of in the 2D] Luttinger Josephson junctions
without the direct application of a Rashba or Dresselhaus[SOC|is a novel conclusion
of this thesis. We have checked that the presence of a Dresselhaus[SOC|in the form
of a [BIA] term does not change these results, as long as the [BTA] terms are small

compared to the Luttinger parameters.

4.6.5 Zero-bias peak in the edge conductance

In this chapter, we discuss the calculation of the edge conductance of the Joseph-
son junction setup. This provides a concrete prediction for possible future experi-

ments.

We are using the numerical approach from Sec. requires additional leads to
compute the conductance. Therefore, we use the method of Ren et al. [136] and
attach a probe on top of the edge of the N region, where the form [see
Fig. M(a)] This extends the general model to where the z-direction
consists of two layers. The finite Josephson junction forms the bottom layer, where
leads are attached to the two which extend y — oo [grey area in Fig. [£.14|(a)].
The conductance probe [red in Fig. 4.14{(a)] is localized on the top layer and is
modeled with the normal Luttinger Hamiltonian [Eq.(3.7)]. It is connected to the

Josephson junction via vertical tunnel coupling. The corresponding coupling term

142



4.6 Emergence of intrinsic Majorana bound states in 2D Luttinger Josephson junctions

(a) (b), , Fdge Cond. B, =0 ey (€)y o Be=05meV G/

Figure 4.14: (a) Setup for the edge conductance calculations in the Luttinger Joseph-
son junction motivated by Ref. [I36]. The normal N region (yellow)
lies between two s-wave superconductors Sq2 (grey). Two leads are
attached to the superconducting regions extending to y — oo. The
Josephson junction is a 2D object where a normal conductance probe
(red) is put on a second layer in z on the top of a small area around
the edge of the N region. A lead is attached to this probe extending
it to y — —oo. (b,c) Calculated edge conductance G(e) [Eq. (4.63)]
as a function of energy and superconducting phase difference for the
semimetal o-Sn. (b) Without a magnetic field (B, = 0), one can see
the signal of the Andreev bound statesm and (c) at B, = 0.5meV,
the edge conductance shows the zero-bias peak of the Majorana bound
state in the topological region.

in the tight-binding Hamiltonian has the shape

7 J2
H(’:I(‘)]ipling =1p Z Z Ci;‘r’j%zléléi,j + h.c. (462)
i=11 j=Jj1

Here, 7 < ¢ <19 and j; < j < jo indicate the x and y coordinates in the square
lattice. For our calculations, we used a contact area of (10 x 25)nm, which is moti-
vated by the localization length of the The creation (annihilation) operators
c:ij (ci;) act on the Josephson junction in the bottom layer, and d;r,j (d; ;) act on the
normal probe in the top layer. For the presented calculations, we use the coupling
strength ¢, = 0.5meV.

We can use the Kwant code [I57] to calculate the scattering matrix of the system

numerically. This way, one can determine the conductance between the normal
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4 Topological superconductivity within the Luttinger model

probe and the superconducting leads at given energy with

e2

Gle) =5

[N - Re@(e) + Reh(e)], (463)

where N is the number of channels in the lead, and the reflection probabilities R (€)

and Rep(€) correspond to normal and Andreev reflection in the normal lead.

The results of the conductance calculations as a function of energy and supercon-
ducting phase difference are shown in Fig. 4.14{(b,c). Without a magnetic field
[Fig. [4.14](b)], one can see the signatures of the This is highlighted by the
zero energy crossing at ¢ = 7 and the cos(2¢) dependence. Applying a finite mag-
netic field leads to splitting the ¢ = 7 crossing towards finite ¢. This can be seen in
Fig. (c), where the two crossings are in good agreement with the disper-
sion in Fig. 4.10[(a). As discussed in the previous sections, one can find a non-trivial
topological phase between the two [ABS| crossings with @ = —1. The zero-bias peak
in Fig. c) is a solid indicator of the existence of an in the topological

regime.

We predict that this conductance peak in the topological regime can be observed in
future experiments. Our parameters for the superconducting coupling are motivated
to form a Josephson junction, where the normal region is built from o-Sn and -Sn
acts as the One can expect this to be interesting for a-Sn samples, where local

[B-Sn defects can form on the surface.
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In this thesis, we provided a detailed analysis of a wide array of topological phases
arising in the 4-band Luttinger model. We showed that this model is a low-energy
description of the hole states with total angular momentum j = 3/2 states in many
materials, as long as the characteristic gap with the j = 1/2 states is significantly
larger than the relevant energy scale. The most significant topological properties

arise in crystals with an inverted band structure between the s and p-orbitals and

strong intrinsic spin-orbit coupling (SOC)| Therefore, the Luttinger model is relevant

for describing Luttinger semimetals, which host a quadratic node in the dispersion.

Examples are HgTe, a-Sn, or iridate compounds, like PralroO7.

To study the topological behavior in the Luttinger semimetal, we analyzed the sur-
face states of a half-infinite system with a single surface in Ch. Here, we found
that the number of surface states is related to the difference between the effective
masses of the [light-hole (LH)| and [heavy-hole (HH)| states & from Eq. (3.34). For

a = 0, the system has two particle-hole symmetric surface states with quadratic

dispersion originating from the quadratic bulk node. For 0 < |a| < 1, one surface
state flattens while the other state moves closer to the bulk boundary. We found a
critical transition point at |&| = 1, where one surface state has zero curvature and
the second state merges entirely with the bulk and vanishes. In the remaining range
of the semimetal phase 1 < |&| < 2, the Luttinger semimetal hosts a single surface
state. For |a&| > 2, the effective masses of the and states have the same sign,

giving a metallic regime where no surface states exist.

We could explain the existence of the surface states from two different points of view.
Considering the higher-order 6-band Kane model from Eq. with the additional
Jj = 1/2 states, we can relate the existence of surface states to the inverted band
structure. Utilizing the folding procedure performed in Sec. [3.2.3] we found that
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the required & values of the Luttinger model can never be achieved with a trivial
band ordering in the Kane model. Hence, the inverted gap is necessary for the
existence of surface states in the Luttinger model. In Sec.[3.5.1] we summarized the
results presented in Ref. [26], which considers the most general Hamiltonian of a
chiral symmetric node. In the reference, we showed that flat surface states exist, as
long as chiral symmetry is only partially broken, which holds true for the Luttinger
semimetal. Therefore, the chiral symmetric quadratic node is the high-symmetry
parent model of the Luttinger model. Overall, we can relate the existence of surface
states in the Luttinger semimetal to the inverted band structure of the higher order

Kane model and the chiral symmetry of the lower order quadratic node.

Strain engineering is often used to modify the band structure of Luttinger semimet-
als by growing the sample on a substrate with a different lattice constant. As
discussed in Sec. tensile strain leads to a topological insulator phase, and

compressive strain gives a topological semimetal phase with linear nodes in the dis-

persion discussed in this work. We distinguish between the [Dirac semimetal (DSM)|

phase, where inversion and [time-reversal symmetry (TRS)| is conserved, and the

[Weyl semimetal (WSM )| phase, with either of these symmetries broken.

In Sec. we analyzed the evolution of the surface states under compressive strain,
where the quadratic node of the Luttinger semimetal splits into two linear Dirac
nodes. We showed that one can choose the surface orientation to project the Dirac
points onto each other or separate, illustrated in Fig. [3.1] Using a semi-analytical
approach (see Sec. , we provide the surface states of the phase for both
surface orientation cases numerically in the full range of effective masses &. Addi-
tionally, we discussed the surface states analytically in the proximity of the Dirac
nodes, using the linearized Hamiltonian described by Eq. . In general, the
curvature of the surface states behaves similarly to the Luttinger semimetal phase
as a function of @. If the surface is chosen perpendicular to the strain, where the
Dirac nodes are separated (see Sec. , the surface states exist only for a finite
range of angles in momentum space, which also depends on @. This leads to the
existence of double Fermi arcs, connecting the Dirac points in the surface Brillouin
zone for 1 < & < 2. Suppose both Dirac points are projected onto each other in
the surface Brillouin zone. In the case, where both Dirac points are projected onto
each other, the surface states are flat in the vicinity of the nodes. This can also be

related to the chiral symmetric linear node, discussed in Ref. [26].
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We break inversion symmetry with the linear and cubic |bulk inversion asymmetryl

(BIA)| terms from Eq. (3.14) to achieve a phase. For instructive reasons, we
analyzed the effect of the linear terms first in Sec. We discussed that under

this condition, the Dirac points split into ring-shaped line nodes, giving the line-

node semimetal phase. Additional cubic [BIA] terms lift the line-node degeneracy
for p,, # 0, providing eight Weyl points with a finite chirality. Again, the surface
orientation is essential since Weyl points that project onto each other modify the
total chirality of the nodes. We showed that the surface states form Fermi arcs, which
connect Weyl points with positive chirality to Weyl points with negative chirality. As
discussed in Sec. momentum planes can be considered effective Chern
insulators, where the Chern number is given by the chiralities of the surrounding
Weyl points. We confirmed this property of the [WSM] phase with the presence
or absence of chiral surface states along these momentum planes using the bulk-

boundary correspondence.

Since the compressive strain and the [BTA| terms are considered small perturbations,
we could define a hierarchy of momentum and energy scales corresponding to the
specific semimetal phases (see Sec. . The smallest regime considered in this thesis
is determined by the cubic[BIA]terms, where the Weyl physics is most relevant. Here,
one can approximate the system with the well-known low-energy Weyl Hamiltonian
from Eq. , originating from high-energy physics. Outside the vicinity of the
Weyl points, the cubic [BIA] terms get dominated by the linear ones, leading to a
line-node semimetal phase. Increasing the momentum and energy range further
gives more significance to the compressive strain. The system can be approximated
in this scale by a[DSM] even if inversion symmetry is broken. Away from the linear
nodes, the dispersion becomes quadratic in momentum and takes the shape of the
Luttinger semimetal phase. We showed in Sec. that the Luttinger model has a
validity limit at energies in the order of the characteristic gap related to the j = 1/2
electron states. Here, the hybridization of the s and p-orbitals becomes relevant,

and one has to consider the multiband Kane model.

The research of superconductivity in Luttinger materials is of high interest in the

scientific community since the j = 3/2 states open the possibility of s, p, d, and

f-wave Cooper pairing. In Ch. 4, we studied the topological [superconductor (SC)|

phase of the Luttinger model with spin-singlet Cooper pairing. It was previously
shown in ordinary j = 1/2 models that specific combinations of and magnetic
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5 Conclusion and Outlook

fields drive the system into a non-trivial phase with [Majorana bound states (MBSs)|
forming at the boundary of the system, as discussed in Sec. We illustrated
that Luttinger materials could be topological [SCs| without needing an external [SOC|
application. While our findings of Luttinger semimetals are published in Ref. [28],

this thesis extends the study to the metallic phase of the Luttinger model, relevant
to materials like p-doped GaAs.

Ina superconducting wire, we showed that inversion asymmetric materials could
be driven into a non-trivial topological phase by gap inversion under a magnetic field
(see Sec. . Here, the j = 1/2 model gives only a single topological transition
point, where the survives for infinitely large magnetic fields. Interestingly, we
found that the heavy-hole (HH)| and [light-hole (LH)| states of the Luttinger model
are affected differently by a Zeeman field due to their difference in j,. Hence, the

system is topologically trivial for small magnetic fields until the [HH] states cross at
zero momentum. Using the topological invariant given by the reflection matrix of
the wire, we proved that the gap inversion of the [HH]states leads to a topologically
non-trivial phase with forming at the ends of the wire. A new feature of the
Luttinger model is the existence of a second phase transition, where the supercon-
ducting gap of the [LH] states is closed. Under this condition, our system aquired
two band inversions, giving a trivial topological invariant, and destroying the

For even higher magnetic fields, the system stays in a trivial regime.

The critical magnetic fields from Eq. are independent of the effective masses
of the bands. Therefore, our findings apply to both the semimetallic and metallic
phases of the Luttinger model. Using our numerical calculations, we showed that the
localization length of the is related to the strength of the [BIA] terms. This
dictates the required minimum length of the wire to avoid Majorana oscillations

coming from the hybridization of the wavefunctions from both ends.

In Sec. we considered the Josephson junction setup, where a normal conducting
region separates two s-wave Luttinger [SCg with a finite phase difference. We showed
that the Luttinger model in 2D]includes an intrinsic [SOC] which is sufficient to open
a topological gap in the [Andreev bound states (ABSs)| even if inversion symmetry
is preserved. The gap closing of the as a function of the Zeeman field and
superconducting phase difference gives a topological phase diagram, where the non-
trivial region lies in the resulting diamond shape depicted in Fig.
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Using a d-barrier approach, we could derive an analytical expression for the [ABS
dispersion. Here, we found that both [HH] and [LH]| states can form subgap
if the chemical potential lies in the corresponding bands. Similar to the supercon-
ducting wire, the of the [HH]| states behave differently under magnetic fields
than the states due to the individual j, values. Therefore, the topological phase
diagram in the semimetal regime changes significantly by inverting the sign of the
chemical potential. For the metal regime, we find a coexistence of two independent
diamond shapes, where the gap closings of both types of lead to a topological

transition.

Our numerical calculations on a finite junction in Sec. showed the formation of
ZEero-energy at the boundary of the normal region (see Fig. . The number
of Majorana modes is odd inside the diamond shape of the [ABS| gap-closings, which
corresponds to a non-trivial topological invariant computed via the reflection matrix
(see Sec. . In the metallic regime, the diamonds overlap in the phase diagram,
where two types of exist with [HH|] and [CH| characters. This results in an
even number of where the topological invariant is trivial. By calculating the
conductance at the edge of the normal region, we could confirm the existence of
with a well-resolved zero-bias peak in the topological regime.

Throughout our study of the Luttinger [SC| we focused on Cooper pairs from the
[HH] and [LH] bulk states. Hence, we considered only chemical potentials away from
the surface states. It was shown that induced superconductivity in surface states of
topological insulators provides a wide array of exciting properties. We believe that
induced superconductivity in a Luttinger semimetal, where the chemical potential
lies in both surface and bulk states, will provide a combination of the physical
features discussed in Ch. 4 and the ones found in topological insulators. The relation
between both topological systems and their potential hybridization is an exciting

topic for future research.
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A.1 Matrices
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30 0 1 000
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A.2 Material specific parameters

| By 71 | Y0 Ve 0
HegTe | —303 meV A —4.1 —0.982 [ —1.6/=
] h2 h2 h2 f2
’U2 ‘ B{< B+ B_
HgTe 12.53%6\/ —4.31 meVnm | —75.48 meVnm? 0
GaAs | 19.2742eV | —0.20meVnm

Table A.1: Material-specific parameters for the 6-band Kane model HE (p)
[Eq. (3.65)] for HgTe and GaAs [I61], 116, 129], where & is the reduced
Planck constant and myq is the electron mass. The quadratic bulk inver-
sion asymmetry constants By were fitted to DFT calculations.

‘ o ‘ Q7 ‘ ag ‘ b1
HgTe 16.585— 9.365 —1.65 | —4.31 meVnm
ﬁ2 r2
oSn | 1862y, 11.8827%20 h2
3 3
GaAS —1319m —575m —162m0 —0.20meVnm
B31 ‘ B2 ‘ B33 ‘ B4

HgTe | 140.36 meVnm?® | 25.6 meVnm® | 4.3 meVnm?® | —8.5 meVnm?

Table A.2: Material-specific parameters for the 4-band Luttinger model H Td(p)
[Eq. (3.8)] and the bulk inversion asymmetry term HB'A(p) [Eq. ]
for HgTe, GaAs, and a-Sn, where £ is the reduced Planck constant and
my is the electron mass. The HgTe and GaAs parameters are calculated
by the folding procedure from Sec. using the parameters from Ta-
ble and the a-Sn parameters are taken from Ref. [128].
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A.3 Character table of the tetrahedral double group Ty

A.3 Character table of the tetrahedral double group T}

Ty | E E 8C3 8C3 303 3C, 6Sy 6Sy 60gq, 65g
|1 1 1 1 1 1 1 1

Iy |1 1 1 1 1 -1 -1 —1
s 2 2 -1 -1 2 0 0 0
r's/3 3 0 0 -1 1 1 -1
I's|3 3 0 0 -1 -1 -1 1

I'e |2 -2 1 -1 0 V2 V2 0
2 -2 1 -1 0 V2 V2 0

I'g |4 -4 -1 1 0 0 0 0

Table A.3: Character table for the tetrahedral double group Ty4. The conserved
symmetry operations of the group are shown in the top row, where F is
the identity, C,, is a rotation by 27 /n, S,, represents a rotation by 27 /n,
followed by a reflection in a plane perpendicular to the rotation axis, and

o denotes a reflection [118].

The character table describes the tetrahedral double group T,. The irreducible
representations I'y to I's form the single group Ty for integer angular momentum
states without spin. The tetrahedral group contains the following symmetry opera-
tions: (1) The identity E. (2) Threefold (27/3) rotational symmetry with respect to
eight different axis (8C3). (3) Twofold (27/2) rotational symmetry with respect to
three seperate axis (3C2). (4) Six axis with a fourfold rotational symmetry (27/4),
followed by a reflection in a perpendicular plane to the rotation (654). (5) Reflection
symmetry with respect to six diagonal planes (604) [117, [118].

With spin, the group is expanded to the T4 double group, containing the additional
irreducible representations I'g, I'7, and I's. Here, one must include the additional 27
rotation R, since only a 47 rotation restores a half-integer angular momentum state.
In Tab. we use the notation from Koster et al. [162], where the barred symmetry
operations include an additional 27 rotation (e.g. E = RE, with E? = E).

In the Kane model, discussed in Sec. [3.2.1] the j = 1/2 states transform according

to the I'g and the j = 3/2 states transform according to the I'g irreducible represen-
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tation of the T, double group. The blocks of the Kane Hamiltonian H* (p) from
Eq. can be found with the direct product of the corresponding irreducibe
representation. These direct products can be expanded as a linear combination of
the single group irreducibe representations. Therefore, the blocks of HE (p) have

the representations

Hii(p) =TTy =T +Ty, (A.11)
22

ﬁ%%(p) — Ty @I =T + Ty + '3+ 20y + 2T, (A.12)

ﬁ%%(p)%F6®F§:P3+F4+F5. (A.13)

With the help of these representations, we can use the symmetrized matrices and
irreducible tensor products, shown in Tabs. and to write the most general

form of the Kane Hamiltonian.
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A.4 Bulk dispersion of the Weyl semimetal phase

A.4 Bulk dispersion of the Weyl semimetal phase

We provide the details of the bulk analysis of the [Weyl semimetal (WSM)| phase,
discussed in Sec. In the transformed basis of Eq. (3.37)), the|WSM|Hamiltonian
H W (p) from Eq. (3.26) decouples into two blocks for ¢ = /4

s

~ T ~ ~ N
HY (p1, o = TP = U%Hw(m,so =Pz (A.14)
_ h+(pj_,pz) . 0 (A15)

0 h—(pj_vpz)

with

hi(pl_vpz) = [dat(pJ_apz) + 58:(]91_7}&)} i2 + [di(pl_apz) + ai(plnpz)] ‘0. (A16)

The components of the blocks without cubic bulk inversion asymmetry (BIA)| terms

are given by

3

Az (pi,p:) = ap(pt +p?) Qﬂlpb (A.17)
dE(pL,ps) = \/g[mﬁl'm T 51}]12, (A.18)

1

V3
Ppy
B 1

pop) =20 (- 302 -1, (A.20)

And the cubic [BIAl terms take the form

1 1 7 7
53[(1%7]%) =*-pL [QPi <ﬁ31 + 1532 + 3833 + 3ﬁ34> - p2 <531 + 1532 - 3533)] )

2
(A.21)
0 (p1sp=) = FV3p-(Basp? + Baap?), (A.22)
55 (pL,pz) = \fm [pz(ﬂm + 2532 + B33) — %pi(ﬂm + 2532 — B33 — ﬁ34)} ;
(A.23)
6> (pL.ps) = i%l& <;P2¢ —Zﬁ) <531 + fﬁsz)- (A.24)
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We take the crossing point from the line node phase of the Luttinger Hamiltonian

HN(p), po = (pLo,p=0) With pLo = ps, and pZ, = p + p3, /2 [Eq. (3.45)], and
expand the Hamiltonian to linear order in momentum. From diy(p 1,Pz), one can
see that the Hamiltonian is separated into a low and a high energy block, depending
on the sign of §;. We only focus on the low energy block izsgn( 81)(pL,p-) and expand
the cubic[BIAlterms to zeroth order and the other terms to first order in momentum.

It is convenient to use the new basis

A Ux,J_6w + 'Uy,J_&y A 'Ux,J_6ac - ’Uy,J_&y
o1 = y g9 = 5 (A25)
V1,1 V1,1

P20 V3
Ug,1 = \/gpio 181l Uy, L = —7|51|, vl = fva Rl (A.26)

This simplifies the expanded term dy(pi,p:)6z + dy(p1,p2)dy = vi 16191, With
q=1(q1,9:) = (pL —p10,P> — P20). We get the effective low energy Hamiltonian

h(q) = (0 +v01q1 +v0::)12 + (vi1 +€1)F1 + €262 + [U21q1 + v2.q. + €,]62,

(A.27)

with the effective parameters from the Luttinger model
vo,1 = 200p10 + g|51|7 V0,2 = 20220, (A.28)
Vsl = —20:p10, Uz, = 40D20, (A.29)

coming from the partial derivatives of dy.(pi,p.). The constant terms are given
by

¢0 = do(Po) + So(po) (4.30)

. 02(P0) vz, 1 + 0y(Po)vy, 1 (A.31)
V1,1

. 8y(P0) vz, 1 — 0z (P0)vy, 1 (A.32)
V1,1

7 pmpzopi
=V3( 851 + 1532 + B33 — B3y | —F—m—m——m—m—m——
€, = 5z(p0)- (A'33)
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A.4 Bulk dispersion of the Weyl semimetal phase

Utilizing the shape of ﬁ(q), we can easily diagonalize the Hamiltonian to find the

energy dispersion

€(q1,q:) =€ +v0,1q1 +v0:q: = \/(UI,LQL +e)’ + &+ (va1ql +vs.q. + )
(A.34)

The analysis of this equation is provided in Sec. of the main text.
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