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“Doch, Papier könnten wir leicht ent-
behren, wenn wir nur Wachstafeln,
oder Baumrinden, oder Häute, oder
Palmblätter hätten! und in Ermanglung
deren möchten es weisses Blech, Marmor,
Elfenbein, oder gar Backsteine thun; denn
auf alle diese Dinge pflegte man ehmals zu
schreiben, als es noch mehr darum zu thun
war dauerhaft als viel zu schreiben [. . .]
Nicht schreiben wäre wohl das kürzeste
Mittel; aber schreiben will ich nun, das
ist beschlossen.”

Die Dialogen des Diogenes von Sinope
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Chapter 1

Introduction

1.1 The Problem

Consider the situation where two or more images are taken from the same object. After
taking the first image, the object is moved or rotated so that the second recording depicts it
in a different manner. Additionally, take heed of the possibility that the imaging techniques
may have also been changed. One of the main problems in image processing is to determine
the spatial relation between such images. The corresponding process of finding the spatial
alignment is called “registration”. For instance, in the toy example of Fig. 1.1 we can move
and rotate the left image in such a way that it becomes identical to the right image. Here,
the registration task is to find the correct translation and rotation.

The process of registration becomes often necessary when the comparison or combination
of the information from different images is wished for. The fields of application range from
astro-physics, biology, medicine and robotics to computer vision (cf. [1]). It basically ap-
pears whenever a question of the form “Where is the object in the new image?”, “What
has changed?”, “Which parts grew?” or “What is a suitable transformation to get the new
image?” arises.

In particular, in medical imaging the registration task becomes a necessary tool in diagnostic
settings as well as in the planning and assisting of surgical processes (cf. e.g. [2]). In radiation
therapy, for instance, images from different imaging techniques, the so-called modalities, form
the indispensable base. Treatment volumes and organs at risk are defined using computerized
tomography (CT) and magnetic resonance (MR) images [3]. In order to aid this task, often
functional imaging, like proton emission tomography (PET) is performed [4]. These images
have to be co-registered during the treatment planning process [5]. The aim is to define
the target volume based on quantitative measures of the tumor cell density of the tissue in
question. During treatment, imaging helps to determine the correct position of the patients.
In general, orthogonal X-ray images are matched with the data set from the planning CT.
More and more CT imaging is performed directly on the treatment couch and can thus
be compared to the planning CT in every treatment session (cf. [6, 7, 8, 9]). The strong
dependence on various imaging techniques in radiation therapy necessitates fast, robust and
reliable image registration tools.

According to Maintz et al. [2] a (medical) registration process can always be decomposed
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8 1.1 THE PROBLEM

Figure 1.1: Toy example of a registration problem: We seek a
rotation and a translation which transfers the image on the left
best to the image on the right.

into three major parts:

• The problem statement: Here, the specification of the modalities which are used to
create the images and of the morphological parts which are under considerations takes
place. We also have to distinguish between patient-to-patient problems (comparing the
anatomy of two patients), single-patient problems (for instance putting the physical
recovery under surveillance) and atlas problems (comparing a patient to a database).

• The registration paradigm: In each registration process, we have to transform one image
and then compare it with another one. Thus, the specification of the admissible set of
transformations becomes necessary. Moreover, we have to decide whether we use the
pure voxel-data of the image for a comparison, or whether we incorporate segmentation
processes and use the information of the contours of the objects. It also should be
clarified to what extend a user is involved in the registration process. For instance,
does he identify landmarks or does he give an initial transformation?

• The optimization problem: In almost all registration processes, the task is expressed in
terms of an optimization problem. This means that an appropriate cost function can be
created which is defined on the set of admissible transformations and the optimum of
this function is considered as the solution of the registration task. Thus, it is necessary
to specify the optimization algorithm.

In this thesis we are not interested in a specific registration problem, although this work is
mainly motivated by medical imaging. We mainly focus on optimization problems, which
correspond to the registration task. However, the three points mentioned above are not
completely decoupled and it seems to be impossible to present one general optimization
problem of all various kinds of registration problems. Hence, we will specify our setting, i.e.
the problem statement and the registration paradigm, as follows:
We consider the case of two given images, the so-called reference R and the so-called template
T . These images are supposed to be grayscale and n-dimensional (where n = 2 or n = 3 are
most common in medicine). We will see in Section 3.2 that R and T can be represented as
real-valued functions of the form Rn → R. A key point in this work will be our assumption
that the set of admissible transformations can be represented by a finite-dimensional Lie group
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G which acts on the space of images. This might be too restrictive for some applications since
it implies that each admissible transformation has a unique inverse. We will oftentimes focus
on the following two examples of G: the affine volume-preserving transformations SA(n) and
the Euclidean transformations SE(n). Thus, the optimization problem which corresponds to
the registration task has the form

min
g∈G

D (R ◦ g, T ) . (1.1)

Here, D denotes a function which measures the distance between two images. The choice of
D is part of the problem statement. In addition, it has to be taken into account that the
images might be taken by different modalities. We give examples of D in Section 3.3. A
regularization term might be necessary in (1.1) as well if the dimension of G is too high (cf.
e.g. [10]).

We want to point out that there might be a gap between a perfect alignment of two given
images, which is intuitively considered to be the solution of the registration task, and the
solution of (1.1), caused by the huge differences between our approach and the processes of
human vision. In human cognition an image contains several additional pieces of information,
like shapes and the position of objects. These objects are recognized using edge detection
and segmentation processes (see e.g. [11] and the reference therein). In human vision, the
registration task is accomplished by a comparison of these objects, and not by a comparison
the raw pixel data, as is the case in (1.1). In medical imaging, it usually is the other way
round: in order to segment the organs in a real medical image, the image data are registered
with a human body atlas, where the exact positions of the organs and their shapes are known,
see e.g. [12, 13, 14]. Nevertheless, each registration algorithm has to show that its results
agree with the human intuition, but this is more a question of the choice of the similarity
measure D than of the optimization algorithm.

In applications, the distinction is to be made between monomodal (R and T are made by
the same modality) and multimodal (R and T are made by different modalities) registration.
The monomodal case is, for instance, used for treatment verification by comparing the pre-
and post-intervention images for growth monitoring (cf. [2]). The multimodal registration is
necessary for combining the information from different imaging techniques. In computerized
tomography (CT), for instance, an object is hit by X-rays approaching from one side. The
denser the material is along the path of the rays, the smaller the amount of radiation is on
the other side which is detectable with a photographic plate. Bones for instance absorb a
large amount of the rays which is the reason why they appear black. In Fig. 1.1 the negative
image of a CT can be seen. Other imaging techniques can make use of completely different
properties of the matter. The magnetic resonance imaging (MR), for instance, does not
measure the density distribution, but the concentration of H-protons. (We refer to [15] for
more details in the underlying physics.) This provides a higher contrast between different, soft
tissues, since one can find particularly H-protons in water and fat tissue; cf. Fig. 1.2. In the
Proton Emission Tomography (PET) the patient is administered a radioactive preparation,
most often intravenously. Depending on its chemical properties, this substance accumulates
to specific organs or to the blood circulation. The widely used 18F−Fluordesoxyglucose,
for instance, behaves similar to sugar. Hence, it accumulates in regions of the human body
which have a high energy requirement, like the brain or tumors. Through the detection of
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Figure 1.2: Each of the three images show the same cross-section of a patient’s skull. The first is made by
computerized tomography (CT), the second by magnetic resonance imaging (MR) and the third by proton
emission tomography (PET).

its radiation, it is possible to deduce the 3D distribution of this substance. These and other
imaging processes create 3D data sets, which indicate certain properties of the respective
tissue wherefore they are primarily used in medical diagnostics.

Another application of the registration task is the so-called segmentation of organs: Segmen-
tation is the process of determining a region of interest of an image. This region is typically
given by some homogeneous properties of the gray values. For instance, a segmentation task
in the right image of Fig. 1.1 would be to determine the form of the soft tissue (gray matter)
of the skull. This question is strongly related to the problem of edge detection and active con-
tours techniques (we refer to [15] for an overview). However, a lot of practical segmentation
techniques in medicine work with an atlas of the whole human body or parts of it. In such a
case, the segmentation of an organ is already done for a test data set R and another data set
T is given. It shows of the same region of the human body but from another patient. Hence,
we can solve the registration problem of R and T and transfer the contour of the organ in R
to the one in T instead of solving the segmentation task of T .

The task of (medical) image processing is to find fast and accurate algorithms for these kinds
of questions. The imaging techniques have undergone such a fast development that nowadays
the speed of these algorithms restricts the use of image guided medicine. Therefore, scientific
research in this area is of direct, practical benefit.

In this work, we study the optimization problem (1.1). Especially, we exploit the Lie group
structure of the set of transformations to construct efficient, intrinsic algorithms. We also
apply the algorithms to medical registration tasks. However, the methods developed are not
restricted to the field of medical image processing. We also have a closer look at more general
forms of optimization problems and show connections to related tasks.

1.2 Previous Work

As mentioned in the last section image registration is a fundamental task in image processing,
with applications in various fields, including e.g. robotics [16] and geophysics [17]. For medical
image applications, registration is used for image-based treatment planning and image-guided
treatment delivery, see e.g. [1, 2, 18] and the references therein. Although an overwhelming
number of publications focuses on non-rigid registration, where the task is to find a non-linear
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diffeomorphism, rigid registration is still of considerable interest and may lead to good starting
point for a subsequent non-rigid registration phase; see e.g. [19, 20, 21, 22, 23]. Often, as in
e.g. [10, 24], rigid image registration algorithms are designed to employ fixed local coordinates
of the Euclidean group via Euler-angles and then to apply standard optimization algorithms
on the affine parameter space. This simple local coordinate chart approach, however, has
its drawbacks and may lead to ill-conditioned algorithms at the boundary of the parameter
space. For example, in [25] it is observed that the singularities inherent in local Euler angle
coordinates may reduce the speed of convergence, compared to algorithms acting on the
Lie group. Therefore Lee et al. propose a linearly convergent Nelder-Mead algorithm on
the Lie group SE(n) for multi-modal image registration in [25]. In order to achieve faster,
locally quadratic convergence rates we develop a new type of approximate-Newton methods
on SE(n) that avoids the singularities of Euler-angle coordinates.

Of course, the task of applying Newton’s method to Lie groups is not new and has been
already exploited e.g. to robotics and computer vision problems; see e.g. Park [26], Hüper et
al.[27] and Sastry [28] for background material. However, such preceding work suffers from
a number of shortcomings that limit the applicability to image registration problems. The
Riemannian Gauss-Newton method [29] performs a Newton step by a line search along a
geodesic. For the Euclidean rotation group SO(n), such geodesics require the computation
of the matrix exponential of a skew-symmetric matrix; which may be a difficult numerical
task with regard to high dimensions. Moreover, since the Euclidean group SE(n) carries no
natural bi-invariant Riemannian metric, such geodesics are only described by solutions to
nonlinear second order differential equations which are difficult to compute.

Even in the case of non-rigid registration, the Lie group structure of the admissible set has
a key position in the performance of the algorithms. Here, the corresponding optimization
problem is defined on the group of diffeomorphisms. In [30] it is mentioned that incorporating
geodesics leads to an increase of the accuracy. However, calculating the geodesics, which is
equivalent to solving a time-varying ODE, is a time-consuming procedure. Several approaches
are known in literature which avoid this step: for example, in [31] vector fields are used which
fulfill the momentum conservation equation, in [32] the authors use one-parameter subgroups
to approximate the geodesics and propose a fast method for calculating the vector field
exponential. We refer to [33] or [34], and the reference therein, for a further study of the task
of non-parametric image registration.

Finally, we want to mention that image registration is strongly connected with the pose-
estimation task (also known as point set registration or 3D-3D alignment). Here, the problem
is to find simultaneously the correspondence between the points of two given sets X ,Y ⊂ R3

of m ∈ N elements and the best Euclidean transformation g ∈ SE(3), such that g · X and Y
coincides; see Section 3.1 for an introduction.

One class of methods treats this task as an optimization problem on SE(3)× Sm, where the
symmetric group Sm represents the unknown correspondence between the elements of X and
Y. Here, often stochastic algorithms are used (cf. e.g. [35, 36]) for global optimization or
alternating processes for local methods. For instance, the famous ICP algorithm solves first
the correspondence sub-problem for fixed g ∈ SE(3). Then, it searches the best pose while
the correspondence is fixed and repeats both procedures in each iteration; see e.g. [37, 38]
for an overview. But also exact methods for the noise-free case are available; cf. e.g. [39] and
the reference therein.
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Another class of methods represents the elements of X by a smooth function pX : R3 → R,
which denotes the kernel density estimate of X . Comparing both density functions pX and
pY reduces the pose-estimation task to an optimization problem on SE(3); see Section 3.1
for an introduction. In many methods (cf. e.g. [40, 41, 42]), this Lie group is globally param-
eterized and an optimization method on vector spaces is used. In [43] linear and quadratic
approximations of the matrix-exponential map are used to design a Newton method and in
[44] an intrinsic Newton method on SE(n) is presented, which incorporates the Riemannian
geometry.

1.3 An Overview

The main achievements of this thesis are the following:

• Development of an approximate-Newton algorithm for certain optimization
problems on SE(n) and SA(n). We are especially interested in cost functions in-
volving the natural group action of SE(n) and SA(n) on the vector-space Rn.

• A Lie-group extension of a stochastic flow-tracking process. In particular, the
application of this process to gradient fields leads to a generalization of the Robbins-
Monro algorithm.

• Applying both methods to the image registration task. We develop algorithms,
which take into account the special forms of image representations. In particular,
we consider the problem, how to handle the huge amount of data, which arises from
high resoluted and often 3D images. Extensions to the multi-modal image registration
problem are also given.

In the following, we give a more detailed description: in this work, we mainly consider opti-
mization problems including two special groups of transformations in Rn, the affine volume-
preserving transformations SA(n), and the Euclidean transformations SE(n). In the first
section of Chapter 2, we give an introduction of these Lie groups with a focus on their group
action properties on Rn. Additionally, each one of these two Lie groups is endowed with two
different local parameterizations. In this context, we introduce a new parameterization for the
SL(n) (cf. Lemma 2.1) based only on the QR-factorization and not on the matrix-exponential
map.

In the rest of Chapter 2, we present several algorithms for optimization problems on Lie
groups. In Section 2.2, we construct a general class of cost functions, which involves smooth
group actions of the Euclidean or volume-preserving transformation group and we develop
a novel framework for the minimization of these cost functions. For this purpose, we use a
modified (µ, ν)-Newton algorithm (cf. [45, 46]) and apply it to the respective Lie groups.
The local parameterizations of these manifolds is chosen in such a way that we get a very
efficient and easily implementable algorithm. Our main result in this chapter is that we prove
local quadratic convergence of both methods under the condition that the corresponding cost
function has no degenerated critical points (cf. e.g. Theorem 5.1).

In Section 2.3, we consider a special setting of optimization problems on Lie groups. We
assume that the measurements of the cost function or its derivatives are disturbed by noise.
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For these cases, we introduce the Robbins-Monro algorithm. In particular, we extend a result
of Bena̋ım and Hirsch (cf. [47]) to a Lie group setting: let a Lie group G, its Lie algebra g

and a local parameterization µ : g→ G of G around id ∈ G be given. We study iterations of
the form

xk+1 = µ(γk[F (xk) + Uk])xk, x0 ∈ G, (1.2)

where F : G → g is a given vector field, γk ∈ R, k ∈ N0 is a given sequence of step-sizes
and Uk ∈ g, k ∈ N0 is a sequence of perturbations. In Theorem 2.13 we show that a rather
general class of such perturbations Uk does not influence the limiting behavior of the flow
tracking algorithm (1.2). More precisely, for certain classes of perturbations, the interpola-
tion of (xk)k∈N by one-parameter groups yields an asymptotic pseudotrajectory of the flow
Φ, induced by F . In Section 2.3.3, we extend the result to stochastic perturbations, which
satisfy the “Martingale difference Noise” property (cf. Definition 2.4). In Corollary 2.16, we
end up with a manifold-version of the Robbins-Monro type algorithms.

In Chapter 3, we formulate the abstract image registration task as an optimization prob-
lem on Lie groups. We begin with a description of some basic image processing techniques.
In particular, we show how to construct a function representation of an image and how to
smooth images. In the next section, we introduce some methods measuring the amount of
differences between two given images. There will be a special interest when two images are
made by different modalities and we compare the classical mutual information measure with
a new distance function Dδ. The latter one preserves some advantages of a metric, which
is profitable for the optimization methods in later chapters. At the end of this chapter,
we formulate a multiresolution approach of the image registration task. Connections to the
pose-estimation problem are given, too.

An important part of our work tackles the process of image motion and image deformation.
In Chapter 4, we model such a deformation with a group acting on the image: A given action
of a finite-dimensional Lie group G onto a real vector space Rn generates an action onto the
function space C(Rn,R) in a natural way (which we want to equate with the space of all
images) by (g · f)(x) := f(g · x) for all g ∈ G and f ∈ C(Rn,R). However, every image
processing algorithm has to work with a limited number of samples of f and not with the
function itself. In contrast to other approaches [48, 49], it is more convenient to study the
evaluation map

G→ Rn, g 7→ (f(g · x1), . . . , f(g · xN ))⊤ (1.3)

instead, where {xi}Ni=1 ⊂ Rn is a set of previously given sample-points. In Chapter 4 we
discuss the question under which conditions this map becomes an embedding of the Lie
group G.
Of course, if we fix the set {xi}Ni=1, the answer depends on the particular choice of the image f
and one can easily find examples of images f where (1.3) is never injective or an immersion.
However, we show in Section 4.2 that the set of such exceptions is thin. In Theorem 4.9
we prove that N = 2n sample-points are sufficient to get the immersion-property of the
evaluation map (1.3) for a generic subset of functions f with respect to the strong topology.
This result can be regarded as a special variant of the well-known theorem that immersions
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are dense in C1
S(M,N ), if the manifolds M and N satisfy dimN ≥ 2 dimM (cf. e.g. [50]

p.53). However, we see in this chapter that a similar result for the injectivity of the evaluation
map (1.3) requires additional geometric properties on the sample-points: In Theorem 4.12
we give necessary and sufficient conditions for the distribution of N = 2n + 1 sample-points
such that (1.3) is an embedding for an generic choice of f . Consider, for instance, the special
case that G is the Euclidean transformation group in R3 and the function f is fixed and
taken from an appropriate generic set. Here, N = 13 sample-points are enough to detect any
unknown transformation g ∈ G from the evaluations (f(g · x1), . . . , f(g · xN ))⊤, if and only if
not more than 5 of these sample-points lie on a line. We give a proof of a much more general
version of this statement in Section 4.2.2.
In Section 4.2.3 we reverse the question: Now, we search for properties of a given image
f , such that (1.3) is an embedding for a generic choice of the sample-points {xi}Ni=1 ⊂ Rn.
Unfortunately, this question can only be partially answered: We give a sufficient condition
for f such that (1.3) is generically an immersion. Then, the map (1.3) is at least locally
injective, but a comparable, global statement is still missing.

In Chapter 5, we apply the modified (µ, ν)-Newton algorithm to the monomodal image regis-
tration task. A bottleneck in implementing such algorithms lies in the difficulty of effectively
evaluating the higher dimensional integrals, which may suffer from the curse of dimensionality.
In this chapter two new strategies to circumvent this problem are presented and discussed.
The first one is incorporated in the new QMC-Newton algorithm, which compares two images
in a sequence of points with low discrepancy. Then the cost function can be easily approx-
imated by the Quasi-Monte Carlo method. The second strategy is incorporated in the new
SB-Newton algorithm, which uses B-spline approximations of the images. Here, no image
evaluations are necessary; the algorithms operate directly on the compressed (e.g. jpeg-like)
data. Extensions to multimodal registration suing the mutual information measure are given
too.
Our main result in this chapter is that we prove local quadratic convergence of both methods
under the condition that the corresponding cost function has no degenerated critical points
(cf. e.g. Theorem 5.1). Once more, this condition is satisfied for a generic set of images,
which is shown in Theorem 5.4 and Theorem 5.7.
Our numerical simulations show that both strategies provide a high accuracy even in the
case of highly compressed data. Additionally, we confirm the locally quadratic convergence
of both methods in numerical experiments. When compared to one another, the QMC-
Newton step is performed in less computational time than a SB-Newton step - at least in
our implementation. But it turns out that the second method provides a higher accuracy in
detecting the requested transformation.
It also turns out that the number of image evaluations of an entire algorithm is the most
crucial part for the computation time. The lesson of our numerical experiments is that this
part can even predominate the gain of the local quadratic convergence of a Newton method.
Another crucial point is the size of the domain in which the algorithms converge quadratic.
On the one hand, this domain can be quite small when it comes to unsmoothed images. On
the other hand, the high accuracy is not necessary any more on the coarse smoothing levels
and first-order algorithms become more attractive, if we apply a multi-scale approach and if
we smooth the images on each level.
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Heeding the results of Chapter 5, we study in Chapter 6 an additional type of registration
algorithms which needs extraordinarily low image evaluations. We apply the Robbins-Monro
algorithms from Section 2.3. The resulting method might be seen as a pre-registration step
but these methods often produce sufficiently good results by themselves. In contrast to the
introduced Newton algorithms, these Robbins-Monro types belong to stochastic optimization
methods. Here, the “[. . .] fundamental philosophy [. . .] is that the loss function and gradient
measurements are the dominant cost in the optimization process; the other calculations in
the algorithms are considered relatively unimportant” (Spall 2000 in [51] p.9).
One straight forward application of the Robbins-Monro method yields a stochastic gradient-
descent algorithm. We present variants of this algorithm for the monomodal and the mul-
timodal registration task, both variants act on the Lie groups SA(n) as well as on SE(n).
Another version of the Robbins-Monro method yields a stochastic Gauss-Newton method,
which is available for the same registration tasks as before. In our numerical results the
latter one shows a faster convergence behavior and it is more adaptive to the structure of the
underlying Lie groups. We also develop an application of these algorithms to the multimodal
and to the non-rigid registration task.
In comparison with the deterministic methods like the QMC- or SB-Newton, the stochastic
algorithms are striking with their extraordinary small computation time, even if the images
consist of huge 3D data. But there is a price to pay: Even for convex optimization problems
on vector spaces, the Robbins-Monro methods only converge in probability. Thus, there is
no stopping criterion which guarantees a certain amount of accuracy. Moreover, for non-
convex problems, like the image registration task, there is a probability larger than zero
that the algorithm will diverge. Hence, in practice, stochastic algorithms usually have a
very pragmatic procedure: First, run a couple of iterations. Then either one takes the last
iteration as the result or one rejects it and restart.
Nevertheless, in our experiments with real medical data, the stochastic methods constantly
yield reasonable results. Besides, if we also take the computation time into consideration,
the stochastic methods become an outstanding tool for the image registration task. Thus, we
confirm a similar result of Klein et al. [52] who compared several registration methods using
B-spline transformations.
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Chapter 2

Optimization Methods on Matrix
Lie Groups

Constraint optimization is a well-established area of research in mathematics with an over-
whelminged amount of applications and powerful techniques are available in the mathematical
literature. Most of these techniques consider the constraints as a subset of a (higher dimen-
sional) ambient vector space. In particular, the algorithms work on the embedded space and
ignore the fact that the search space is unnecessarily high dimensional and that the constraint
set underlie a geometrical structure, which can be used to set up the optimization algorithms.
In the cases where the constraints form a manifold or a Lie group, Riemannian optimization
techniques can be used in order to guarantee that the iteration stay on the constraint set
and to exploit the including geometry. We refer to [29] for a recent overview of optimization
algorithms on manifolds.

In this chapter, we will present a Newton and a stochastic algorithm for the optimization
problem on Lie groups. Although the two approaches will work in this general setting, we will
mainly focus on two special Lie groups: the Euclidean transformation group SE(n) and the
Special Affine Group SA(n). The first section will give a short introduction in these groups.

In Section 2.2 we will present the (µ, ν)-Newton algorithm, based on the work of Hüper and
Trumpf [45]. Following the earlier works on Riemannian optimization on manifolds by Helmke
and Moore [53], Shub [54], Manton [55], Helmke, Hüper and Trumpf [46] and also Absil [29],
we use very simple local parameterizations of the Euclidean transformation group to compute
an approximated version of the Hessian and to perform the Newton-step. In contrast to our
approach, these previous works mainly deal with minimizing trace-functions on SO(n) or
on its homogeneous spaces. We show local quadratic convergence of the algorithms under
suitable genericity conditions. Our algorithm for SE(n) and SA(n) seems to be new even in
the case of minimizing standard trace functions.

In Section 2.3 we study optimization problems, where the evaluation of the cost function, and
their derivatives are subject to stochastic perturbations. In the case of optimization on vector
spaces, such perturbations can destroy the convergence of the Newton method, but variants
such as the Robbins-Monro type algorithms are known to produce nevertheless satisfactory
results. We refer to [56] or [57] for an overview in this field. We will extend a Robbins-Monro
type algorithm, which was introduced by Bena̋ım and Hirsch in [47] for vector spaces, to Lie

17



18 2.1 PRELIMINARIES ON MATRIX LIE GROUPS

groups.
More precisely, we assume that G is a Lie group equipped with a Riemannian metric. Then,
a straight forward approach consists of iterations of the form

x0 ∈ G, xk+1 = expxk

(
1

k + 1
[gradf(xk) + Uk]

)
for k ∈ N0, (2.1)

where f : G → R is a smooth cost function, gradf its gradient and expx is the Riemannian
exponential map. In the perturbation-free case, i.e. when Uk = 0 for all k ∈ N, this iteration
is known as a gradient steepest descent algorithm, where the step size is given by the harmonic
sequence. (See e.g. [58, 59] for a study of gradient-algorithms on manifolds.) In this section
we focus on the influence of the perturbations Uk on the iteration (2.1). In particular, we
will give a weak condition for {Uk}k∈N

such that any accumulation point of (2.1), if it exists,
is still a critical point of f . Moreover, we will embed (2.1) in a more general setting, where
we replace gradf by a continuous vector field and expx by a local parameterization.

2.1 Preliminaries on Matrix Lie Groups

We introduce two special examples of matrix Lie groups, the affine volume-preserving trans-
formations SA(n) and the special Euclidean transformation SE(n). For background on Lie
groups and Lie algebras we refer to [60].

2.1.1 Affine Volume-Preserving Transformations

Affine transformations of Rn are maps of the form x 7→ Ax+ t for a given matrix A ∈ Rn×n

and a translation vector t ∈ Rn. In order to focus on volume-preserving transformations, we
consider the special linear group SL(n) of matrices in Rn×n with determinant 1. The group
of affine, volume-preserving transformations then can be identified with the Lie group of all
(n+ 1)× (n+ 1)-matrices of the form

M =

(
A t
0 1

)
∈ R(n+1)×(n+1), with A ∈ SL(n), t ∈ Rn (2.2)

which defines the special affine group SA(n). We want to point out that the group operation
of SA(n) is identical to the matrix-multiplication in R(n+1)×(n+1), while the set of volume-
preserving transformations forms a group using the operation of composing functions. One
can easily verify that both group representation are isomorphic. Additionally, using standard
terminology from group theory, the construction in (2.2) states that SA(n) is the semidirect
product SL(n) ⋉ Rn.
The associated Lie algebra sa(n) of SA(n) consists of all matrices of the form

(
Ω v
0 0

)
∈ R(n+1)×(n+1), with Ω ∈ sl(n), v ∈ Rn, (2.3)

where sl(n) denotes the Lie algebra of SL(n), i.e. the set of n× n-matrices with trace zero.
The corresponding Lie bracket is defined as

[(
Ω1 v1
0 0

)
,

(
Ω2 v2
0 0

)]
:=

(
Ω1 v1
0 0

)(
Ω2 v2
0 0

)
−
(

Ω2 v2
0 0

)(
Ω1 v1
0 0

)
(2.4)
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for all Ω1,Ω2 ∈ sl(n) and v1, v2 ∈ Rn. Moreover, we endow sa(n) with the standard Euclidean
product

〈(
Ω1 v1
0 0

)
,

(
Ω2 v2
0 0

)〉

sa(n)

:= tr(Ω⊤
1 Ω2) + v⊤1 v2. (2.5)

In the following sections, we will construct several algorithms on the Lie group SA(n). In
contrast to previous work as e.g. [10, 24], we will not use fixed local coordinates to para-
meterize the group. In our approach, we will use local parameterizations instead. Thus, our
parameterizations change with the iteration points. This offers considerable advantages in the
design of the algorithm. Recall that a local parameterization on an n-dimensional manifold
M is a family {µp}p∈M of smooth maps µp : Rn → M that satisfies µp(0) = p, p ∈ M,
and defines a local diffeomorphism around 0. Such local parameterizations exist for every
manifold and provide coordinate charts around each point of the manifold. On a Riemannian
manifold, a standard set of local parameterizations is given by the so-called Riemannian
normal coordinates that are defined by the Riemannian exponential map. In the sequel,
our local parameterizations have the advantage of being more easily computable than the
Riemannian exponential map, although they may not allow such immediate Riemannian
geometry interpretations.

Let exp : Rn×n → Rn×n denote the matrix-exponential map. Then, a set of local parameter-
izations of SA(n) are then given by

µM : sl(n)× Rn → SA(n)

µM (Ω, v) := M exp

(
Ω v
0 0

)
,

(2.6)

since µ satisfies µM (0, 0) = M and DµM (0, 0) = id.

In order to construct a computationally more feasible local parameterization, we consider
a first order approximation of this map. For this purpose, we decompose each Lie algebra
element of sl(n) by the decomposition

X = Xl +Xd +Xu

whereXd is a diagonal matrix andXu, Xl are strictly upper and lower triangular matrices, re-
spectively. The next lemma will use this decomposition to construct a local parameterization
of SL(n) around the identity:

Lemma 2.1
Let XQ denote the Q-factor in the QR-decomposition of an invertible matrix X ∈ Rn×n and
Xd, Xu, Xl the corresponding diagonal, upper triangular and lower triangular matrices like
it is defined before. Then, the map

θ : sl(n)→ SL(n), X 7→ (I +Xl −X⊤
l )Q

[
exp(Xd) +Xu +X⊤

l

]

is a local parameterization of SL(n) with Dθ(0) = id.
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Note that I + Ω is invertible for every skew-symmetric matrix Ω, thus, (I + Ω)Q is always
well defined. In particular, the function θ in Lemma 2.1 is well defined.

Proof
Since

[
exp(Xd) +Xu +X⊤

l

]
is an upper triangular matrix, we have

det(θ(X)) = det
([

exp(Xd) +Xu +X⊤
l

])
= exp(tr (Xd)) = 1

for all X ∈ sl(n). Thus θ maps into SL(n).
In order to prove Dθ(0) = id, we follow an argument of [46]: Let Y ∈ so(n) be fixed and let
Q(t) and R(t) denote the QR-decomposition of I + tY, t ∈ R, i.e.

I + tY = Q(t)R(t), with Q(0) = I, R(0) = I.

We differentiate this equation with respect to t and get

Y = Q̇(0) + Ṙ(0).

Since Y and Q̇(0) are skew-symmetric, while Ṙ(0) is upper-triangular, we get Ṙ(0) = 0.
Thus,

d

dt
(I + tY )Q

∣∣
t=0

= Q̇(0) = Y. (2.7)

Now, let X ∈ sl(n) be fixed, then we have

d

dt
θ(tXd)

∣∣
t=0

=
d

dt
exp(tXd)

∣∣
t=0

= Xd,

d

dt
θ(tXu)

∣∣
t=0

=
d

dt
[exp(0) + tXu]

∣∣
t=0

= Xu

and the equation (2.7) applied to Y = Xl −X⊤
l yields

d

dt
θ(tXl)

∣∣
t=0

=
d

dt
(I + tXl − tX⊤

l )
∣∣
t=0

+
[
exp(0) + tX⊤

l

] ∣∣
t=0

= Xl.

Thus, we have proven Dθ(0) = id. Therefore, θ is a local parameterization around X = 0.
�

This lemma leads to the following system of local parameterization for SA(n)

νQR
M : sl(n)× Rn → SA(n)

νQR
M (Ω, v) := M

(
θ(Ω) (I + 1

2Ω)v
0 1

)
.

(2.8)

Lemma 2.2
The map νQR

M is a first order approximation of µM , i.e. we have

νQR
M (0) = M = µM (0) and DνQR

M (0) = DµM (0) for all M ∈ SA(n).

Thus, νQR
M is a local parameterization of SA(n).
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Proof
By the definition of θ, we get

νQR
M (0, 0) = M

(
θ(0) 0
0 1

)
= MI = νM (0, 0).

Lemma 2.1 yields

d

dt
νQR

M (tΩ, tv)
∣∣
t=0

= M

(
d
dtθ(tΩ)

∣∣
t=0

d
dt [tv + 1

2t
2Ωv]

∣∣
t=0

0 0

)

= M

(
Ω v
0 0

)

=
d

dt
νM(tΩ, tv)

∣∣
t=0

.

�

We end this subsection with an introduction of a special SA(n) group action. By identifying
a vector x ∈ Rn with its homogenous coordinates

x̄ =

(
x
1

)
,

the affine transformation ρM : x 7→ Ax+ t can be represented by the map

x̄ 7→Mx̄ = P

(
A t
0 1

)
x̄ with P =

(
In 0

)
∈ Rn×(n+1).

Therefore, by varying M ∈ SA(n) in ρM , the affine volume-preserving transformations in-
duces a group action of SA(n) on the vector space Rn by

· : SA(n)× Rn → Rn, M · x := PMx̄. (2.9)

2.1.2 Rigid-Body Motions

An important subgroup of the volume-preserving transformations are the rigid-body motions.
Here, we consider affine transformations ρ : Rn → Rn, which can be decomposed into a
rotation around the origin and a translation. Thus, we can write ρ(x) = Ax + t, where
A ∈ SO(n) is a rotation matrix. Here SO(n) denotes the compact Lie group of n × n real
matrices A satisfying AA⊤ = A⊤A = I and detA = 1. Again, we can identify such rigid-body
motions with the Lie group of all (n + 1) × (n + 1)-matrices of the form

M =

(
A t
0 1

)
∈ R(n+1)×(n+1), with A ∈ SO(n), t ∈ Rn,

which defines the “Special Euclidean Group” SE(n). Similarly to (2.3), the associated Lie
Algebra se(n) consists of all matrices of the form

(
Ω v
0 0

)
∈ R(n+1)×(n+1), with Ω ∈ so(n), v ∈ Rn,
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where so(n) denotes the Lie algebra of the skew-symmetric n× n matrix. Thus, the Special
Euclidean Group is a sub-Lie group of the Special Affine Group and the action of SA(n)
on Rn defined in (2.9) can be restricted to an action of SE(n) on Rn. The Lie bracket and
the standard Euclidean product on se(n) are also defined by restriction of the corresponding
definitions in (2.4) and (2.5) on sa(n).
Like in the previous subsection, we will introduce two sets of local parameterizations. For the
first set, we consider again the matrix exponential map exp : se(n)→ SE(n), which provides
us with a canonical map between the Lie algebra and the Lie group. This leads to the local
parameterization around any M ∈ SE(n) of the form (2.2) as

µM : so(n)× Rn → SE(n)

µM(Ω, v) := M exp

(
Ω v
0 0

)
.

(2.10)

Note that the computation of the matrix exponential is expensive for large scale matrices but
in the special cases of n = 2, 3 explicit formulas like the one of Rodriguez (cf. e.g. [28] p.27)
are available.
By definition of the function θ : sl(n) → SL(n) in Lemma 2.1, we get for the restriction
θ|so(n) : so(n)→ SO(n) the term θ|so(n)(Ω) = (I + Ω)Q. Thus, the restriction of νQR

M in (2.8)
to the Lie algebra so(n)× Rn yields the following local parameterization of the SE(n):

νQR
M : so(n)× Rn → SE(n)

νQR
M (Ω, v) := M

(
(I + Ω)Q (I + 1

2Ω)v
0 1

)
.

(2.11)

Since this local chart νQR
M in (2.11) is just a restriction of the one in (2.8), we receive again

the property that DνQR
M (0) = id holds, i.e. νQR

M is locally diffeomorphic around 0 and a valid
first order approximation of the exponential map.

2.2 The (µ, ν)-Newton Algorithm

In this section, we propose a novel approximate-Newton algorithm for image registration that
is based on the above mentioned local parameterizations. Our construction differs essentially
from the well-known Riemannian Newton algorithm, which is based on knowledge of the
geodesics to calculate the Hessian. Since the geodesics in SA(n) are available only implicitly
via the solutions of complicated nonlinear second-order differential equations, we try to avoid
the Riemannian Newton method. Instead, we adapt a version of the approximate-Newton
method as developed by Shub [54] and Hüper and Trumpf [45], which has been already
applied successfully to several optimization problems (see e.g. [46]).
Let {µM}M∈G be a set of local parameterizations of a Lie Group G. Thus, µM is defined
on an open neighborhood U ⊂ Rn of 0 ∈ U such that µM : U → G is locally diffeomorphic
with µM (0) = M . Additionally, we assume that µ(M,x) := µM (x) is a smooth map. Let
{νM}M∈G be another set of local parameterizations, subject to the same conditions. The
(µ, ν)-Newton iteration on G for a smooth objective function Φ : G→ R, then, is defined as

Mk+1 = νMk

(
−
(
HessΦ◦µMk

(0)
)−1
∇(Φ ◦ µMk

) (0)

)
, M0 ∈ G, (2.12)
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where ∇h(0) and Hessh(0) denote the standard gradient and Hesse operator of a smooth
function h : Rn → R, respectively. The iteration in (2.12) can be decomposed into the calcu-
lation of the Newton step d = −(HessΦ◦µMk

(0))−1∇(Φ ◦ µMk
)(0) and subsequent application

of the local parameterization Mk+1 = νMk
(d). The local parameterizations {µM}M∈G are

used in (2.12) to calculate a classical Newton-step in Euclidean coordinates of Rn. The second
parameterization {νM}M∈G acts as a retraction from the tangent space onto the manifold
to carry out the actual Newton step. A practical choice of µ can be made through the Rie-
mannian exponential map, regarding the retraction ν any first order approximation of the
exponential map would be sufficient. According to the special structure of (2.12) we will
denote this iteration the (µ, ν)-Newton algorithm.
Local quadratic convergence of this method has been recently established; we refer to [45] or
[46] for a proof.

Theorem 2.3
Let {µM}M∈M

and {νM}M∈M
be two set of local parameterizations of a smooth manifold

M such that µ(M,x) := µM (x) and ν(M,x) := νM (x) are smooth maps. Moreover, let
Φ : M→ R be three times continuously differentiable and M⋆ ∈M a nondegenerate critical
point of Φ.
Under the condition

DµM⋆(0) = DνM⋆(0)

there exists an open neighborhood V ⊂ M of M⋆ such that the point sequence {Mk}k∈N0

converges quadratically to M⋆ provided M0 ∈ V .

2.2.1 Cost Functions with Group Actions

In many applications like computer vision, image processing or robotics, the problems, which
include the Lie groups SE(n) or SA(n) share the following characteristic: The groups appear
only in connection with their group action, like it is defined in (2.9). Therefore, we will now
construct a quite general cost function form for these groups and apply Theorem 2.3.
We consider the set of functions

D(Rn) :=

{
h ∈ C(Rn,R) | sup

x∈Rn

|h(x)|e‖x‖2
<∞

}
(2.13)

and endow this set with the norm

‖h‖D := sup
x∈Rn

|h(x)|e‖x‖2
, (2.14)

where ‖ . ‖ denotes the Euclidean norm on Rn. We denote with D′(Rn) the dual space of
D(Rn), which consists of all continuous, linear maps of the form D(Rn) → R. Recall that
both sets D(Rn) and D′(Rn) are Banach spaces.
In order to construct the cost function, let G denote either the Euclidean SE(n) or the affine
Lie group SA(n). Moreover, let f ∈ C(Rn × Rn,R) be given such that the conditions

(i) supp(f) ⊂ Rn × Rn is compact and
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(ii) f( . , y) ∈ C3 for all y ∈ Rn.

are satisfied. For a given functional ϕ ∈ D′(Rn) we consider the cost function

Φ : G→ R, Φ(M) = ϕ (f ◦ ̺M ) , (2.15)

where ̺M : Rn → Rn × Rn denotes the function ̺M (x) = (M · x, x).
A few remarks are in order: Since f has bounded support the function f ◦ ̺M has compact
support for each M ∈ G. Thus, we get f ◦ ̺M ∈ D(Rn) and the construction in (2.15) is
well defined. At first glance, the weight e‖x‖

2
in (2.14) seems to be unnecessary. However,

it guarantees that the L1-norm for each h ∈ D(Rn) exists. Thus, the L∞-norm for each
ϕ ∈ D′(Rn) exists. In particular, our further studies will include the case ϕ(h) :=

∫
Rn h(x)dx,

which is our main motivation. Of course, other weights in (2.14) may yield the same property.
Moreover, we will see in the following lemma that the cost function Φ is also a C3-map and
we can apply the previously defined (µ, ν)-Newton algorithm.

Proposition 2.4
Let I ⊂ R be a non-empty, open interval, let J ⊂ Rn be a non-empty, compact subset and let
ϕ ∈ D′(Rn). Moreover, let q : I × J → Rn be a continuous function with supp(q(x, . )) ⊂ J
for all x ∈ I. If the partial derivative ∂1q(x, y) of q with respect to the first entry exists for
all (x, y) ∈ I × J and if ∂1q is continuous, then the function

Φ̃(x) := ϕ(q(x, . )) (2.16)

is continuously differentiable with Φ̃′(x) = ϕ(∂1q(x, . )).

Proof
Let ε > 0 and x0 ∈ I be arbitrarily given. Since ϕ is continuous, there exists δ > 0 with

‖h‖D < δ ⇒ |ϕ(h)| < ε for all h ∈ D(Rn).

Due to the fact that ∂1q is uniformly continuous on (x0−ε1, x0+ε1)×J if ε1 > 0 is sufficiently
small, there exists ε1 > 0 with ‖∂1q(x, . )− ∂1q(x0, . )‖D < δ for all |x− x0| < ε1.

Let x ∈ (x0 − ε1, x0 + ε1) and y ∈ J be arbitrary. Thus, the Mean Value Theorem yields
θ ∈ (x0 − ε1, x0 + ε1) with

∣∣∣∣
q(x, y)− q(x0, y)

x− x0
− ∂1q(x0, y)

∣∣∣∣ e‖y‖
2

= |∂1q(θ, y)− ∂1q(x0, y)| e‖y‖
2
< δ.

Since y ∈ J was arbitrarily chosen, we get

∣∣∣∣∣
Φ̃(x)− Φ̃(x0)

x− x0
− ϕ(∂1q(x0, . ))

∣∣∣∣∣ =

∣∣∣∣ϕ
(
q(x, . )− q(x0, . )

x− x0
− ∂1q(x0, . )

)∣∣∣∣ < ε

Hence, Φ̃(x) := ϕ(q(x, . )) is differentiable with Φ̃′(x) := ϕ(∂1q(x, . )). In the same manner,
one can show the continuity of Φ̃′. �
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Lemma 2.5
The function Φ : G→ R defined in (2.15) is three times continuously differentiable.

Proof
Let M ∈ G be arbitrarily chosen, V ⊂ G an open neighborhood of M , U ⊂ Rm an open
neighborhood of zero with m = dimG and µM : V → U a chart of G with µM (M) = 0.
Thus, the function Φ̃ : U → R, Φ̃ := Φ ◦ µ−1

M is of the form Φ̃(x) = ϕ(h(x, . )) with
h : Rm × Rn → Rn, h(x, y) := f(µ−1

M (x)y, y).

It is sufficient to show that Φ̃ is three times continuously differentiable in x = 0. Since each
partial derivative of Φ̃ is of the form (2.16), we can iteratively apply Proposition 2.4. This
yields that Φ̃ is three times partially differentiable and all third order partial derivatives are
continuous. Thus, Φ̃ is three times differentiable in x = 0. �

In order to simplify the notation, we will often represent the functional ϕ with the L2-inner
product and write

Φ : G→ R, Φ(M) =

∫

Rn

ϕ(x)f(M · x, x)dx := ϕ(f ◦ ̺M ). (2.17)

We want to point out that ϕ(x) is not to be mistaken with a function. Like the well-known
Dirac delta impulse, it is a distribution; the term “ϕ(x)” is on its own merits meaningless.

In this work, we will particularly be interested in two special cases of this cost function. In
the first one, we will set ϕ to the integration over the entire vector space Rn and get

Φ : G→ R, Φ(M) =

∫

Rn

f(M · x, x)dx.

In the second case, we will choose a finite set of sample-points {xi}i=1,...,N ⊂ Rn and set ϕ
to the sum over the evaluations of f(M · x, x) in these points, i.e.

Φ : G→ R, Φ(M) =

N∑

i=1

f(M · xi, xi).

The aim of this subsection is to compute the Newton-iteration (2.12) for the cost func-
tion (2.15). First, we have to decide which local parameterization we want to use for µ and
ν in the iteration (2.12). In this work, {µM} is chosen as the exponential map, while (2.11)
and (2.8) are chosen for the retraction map {νM}M∈G in SA(n) and SE(n), respectively. In
this combination, neither the Riemannian nor the matrix exponential map has to be eval-
uated at a point different from zero. In order to reduce the numerical costs, we use the
QR-factorizations in (2.11) and (2.8) for the update part of the iteration.

Therefore, we have to consider the function Φ ◦ µM and its first and second derivatives in
each iteration.

Lemma 2.6
Let G denote either the Euclidean or affine Lie group SE(n) = SO(n) ⋉ Rn, SA(n) =
SL(n) ⋉ Rn, respectively. Let µM denote the local parameterizations (2.6), (2.10) and let Φ
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denote the cost function (2.17). Endow the Lie algebras g = sa(n), se(n) with their standard
Euclidean inner product defined in (2.5). We will use the notaion ∇1f(x, y) ∈ Rn for the
gradient of f( . , y) in x, when y ∈ Rn is fixed. Analogous, H1f(x, y) ∈ Rn×n denotes the
Hessian matrix of f( . , y) in x, when y ∈ Rn is fixed. For a fixed M ∈ G, we get:

(a) The gradient of Φ ◦ µ in 0 is ∇(Φ ◦ µM )(0, 0) = (Ω̃, ṽ) with

Ω̃ =

∫

Rn

ϕ(M−1 · z)πk

(
∇1f(z,M−1 · z)z⊤

)
dx, ṽ =

∫

Rn

ϕ(M−1 · z)∇1f(z,M−1 · z)dz.

(2.18)

Here πk denotes the projection from gl(n) on the Lie algebra k = so(n) for G = SE(n)
and k = sl(n) for G = SA(n), respectively:

πso(n)(X) :=
1

2
(X −X⊤), πsl(n)(X) := X − tr X

n
In.

(b) At a critical point M ∈ G, the Hessian operator HessΦ◦µM
(0) : g → g of Φ ◦ µM is

HessΦ◦µM
(0)(Ω, v) = (Ω̂, v̂) with

Ω̂ = πk


1

2
Ω⊤
∫

Rn

ϕ(M−1z)∇1f(z,M−1z)z⊤dz +
1

2

∫

Rn

ϕ(M−1z)∇1f(z,M−1z)z⊤dzΩ⊤

+

∫

Rn

ϕ(M−1z)H1f(z,M−1z)Ωzz⊤dz +

∫

Rn

ϕ(M−1z)H1f(z,M−1z)vz⊤dz




v̂ =

∫

Rn

ϕ(M−1z)H1f(z,M−1z)(Ωz + v)dz.

(2.19)

Proof
Let v, t ∈ Rn. For the case G = SE(n) let Ω ∈ so(n) and A ∈ SO(n) be arbitrary. For the
case G = SA(n) let Ω ∈ sl(n) and A ∈ SL(n). We set

Ω0 =

(
Ω v
0 0

)
, M =

(
A t
0 0

)
and P = (In 0) ∈ Rn×(n+1).

Then, the directional derivative of Φ ◦ µM is given by

d

dτ
Φ ◦ µM (τΩ, τv) =

∫

Rn

ϕ(x)∇1f (P exp(τΩ0)Mx̄, x)⊤ PΩ0 exp (τΩ0)Mx̄dx. (2.20)

Hence

d

dτ

∣∣∣
τ=0

Φ ◦ µM (τΩ, τv) =

∫

Rn

ϕ(x)∇1f(Ax+ t, x)⊤ (Ω(Ax+ t) + v) dx (2.21)



CHAPTER 2. OPTIMIZATION METHODS ON MATRIX LIE GROUPS 27

d2

dτ2

∣∣∣
τ=0

Φ ◦ µM (τΩ, τv) =

∫

Rn

ϕ(x) (Ω(Ax+ t) + v)⊤ H1f(Ax+ t, x) (Ω(Ax+ t) + v) dx

+

∫

Rn

ϕ(x)∇1f(Ax+ t, x)⊤
(
Ω2(Ax+ t) + Ωv

)
dx. (2.22)

After substituting z = Ax+ t we get

d

dτ

∣∣∣
τ=0

Φ ◦ µM (τΩ, τv) =

tr



∫

Rn

ϕ(M−1z)z∇1f(z,M−1z)⊤dzΩ


+

〈∫

Rn

ϕ(M−1z)∇1f(z,M−1z)dz, v

〉
.

Here, 〈 , 〉 is the standard Euclidean product in Rn. Since the gradient (Ω̃, ṽ) is the unique
vector of the tangent space with

d

dτ

∣∣∣
τ=0

Φ ◦ µM (τΩ, τv) = tr (Ω⊤Ω̃) + v⊤ṽ

we have proven (2.18).

In order to calculate the Hessian of Φ ◦ µM in zero, we substitute z = Ax + t in Formula
(2.22) and get

d2

dτ2

∣∣∣
τ=0

Φ ◦ µM (τΩ, τv) =

∫

Rn

ϕ(M−1z)(Ωz + v)⊤H1(z,M
−1z)(Ωz + v)dz

+

∫

Rn

ϕ(M−1z)∇1f(z,M−1z)⊤Ω2zdz

+

∫

Rn

ϕ(M−1z)∇1f(z,M−1z)⊤dzΩv.

Since the last summand is equal to ṽΩv it vanishes at a critical point. Therefore, we obtain
the Hessian H by polarizing the two first summands

HΦ◦µM (0)(Ω, v)(Ω̂, v̂) =

∫

Rn

ϕ(M−1z)(Ωz + v)⊤H1f(z,M−1z)(Ω̂z + v̂)dz

+
1

2
tr





∫

Rn

ϕ(M−1z)z∇1f(z,M−1z)⊤dz


 (ΩΩ̂ + Ω̂Ω)




which proves (2.19). �

Note that (2.19) yields the Hessian of Φ ◦ µM in 0 only at a critical point M ∈ G. In the
sequel, we will use the same formula at an arbitrary point M ∈ G and obtain a modified
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Newton algorithm for Φ. Thus, the modified Newton-step in (2.12) requires to solve the
following system of linear equations:

∫

Rn

ϕ(M−1z)H1f(z,M−1z)(Ωz + v)dz = −
∫

Rn

ϕ(M−1z)∇1f(z,M−1z)dz (2.23)

and

πk


1

2
Ω⊤
∫

Rn

ϕ(M−1z)∇1f(z,M−1z)z⊤dz +
1

2

∫

Rn

ϕ(M−1z)∇1f(z,M−1z)z⊤dzΩ⊤

+

∫

Rn

ϕ(M−1z)H1f(z,M−1z)Ωzz⊤dz +

∫

Rn

ϕ(M−1z)H1f(z,M−1z)vz⊤dz)


 (2.24)

= −
∫

Rn

ϕ(M−1z)πk(∇1f(z,M−1z)z⊤)dz

with the unknowns (Ω, v) ∈ g.
In order to rewrite (2.23) and (2.24) as a linear equation in the components vi and Ωi,j, we
first focus on the Euclidean transformation group. Here, with Ω ∈ so(n) we obtain:

∫

Rn

ϕ(M−1z)H1f(z,M−1z)(Ωz + v)dz = −
∫

Rn

ϕ(M−1z)∇1f(z,M−1z)dz (2.25)

and

1

2

∫

Rn

ϕ(M−1z)
(
−Ω∇1f(z,M−1z)z⊤ − z∇1f(z,M−1z)⊤Ω

)
dz

+
1

2

∫

Rn

ϕ(M−1z)
(
−∇1f(z,M−1z)z⊤Ω− Ωz∇1f(z,M−1z)⊤

)
dz

+

∫

Rn

ϕ(M−1z)
(
H1f(z,M−1z)vz⊤ − zv⊤H1f(z,M−1z)

)
dz (2.26)

+

∫

Rn

ϕ(M−1z)
(
H1f(z,M−1z)Ωzz⊤ + zz⊤ΩH1f(z,M−1z)

)
dz

= −
∫

Rn

ϕ(M−1z)(∇1f(z,M−1z)z⊤ − z∇f(z,M−1z)⊤)dz.

To evaluate the components of this system of linear equations, we use the abbreviations

αi =

∫

Rn

ϕ(z)
∂f

∂xi
(Az + t, z)dz,

βi,j =

∫

Rn

ϕ(z)(Az + t)j
∂f

∂xi
(Az + t, z)dz,
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γi,j,k =

∫

Rn

ϕ(z)(Az + t)i
∂2f

∂xj∂xk
(Az + t, z)dz, (2.27)

δi,j,k,l =

∫

Rn

ϕ(z)(Az + t)i(Az + t)j
∂2f

∂xk∂xl
(Az + t, z)dz,

ǫi,j =

∫

Rn

ϕ(z)
∂2f

∂xi∂xj
(Az + t, z)dz,

for 1 ≤ i, j, k, l ≤ n. To avoid confusion, here, the partial derivative of f(x, y) are always
taken with respect to the first component x. In particular, we have

∇1f(x, y) =

(
∂f

∂xi
(x, y)

)

i=1,...,n

and H1f(x, y) =

(
∂2f

∂xi∂xj
(x, y)

)

i,j=1,...,n

.

We obtain:

Lemma 2.7
Let (Ω, v) ∈ so(n) × Rn be the modified Newton-direction for the cost function (2.17) in a
point M ∈ SE(n). Then, the components Ωk,l, 1 6 k, l 6 n of Ω and vk, 1 6 k 6 n of v
satisfy

∑

k>l

(γl,k,i − γk,l,i)Ωk,l +
∑

k

ǫi,kvk = −αi (2.28)

for 1 6 i 6 n and

1

2

∑

k>j

(βi,k + βk,i)Ωk,j −
1

2

∑

k<j

(βi,k + βk,i)Ωj,k −
1

2

∑

k>i

(βj,k + βk,j)Ωk,i

+
1

2

∑

k<i

(βj,k + βk,j)Ωi,k −
∑

k>l

(δi,k,l,j − δj,l,k,i + δi,l,k,j − δi,k,l,j)Ωk,l (2.29)

−
∑

k

(γj,k,i − γi,k,j)vk = βi,j − βj,i

for 1 6 i < j 6 n.

Note that the unknowns of this system are vi and Ωi,j for i > j. Therefore, a unique solution
of the linear system corresponds to a unique element of the so(n). We summarized the (µ, ν)-
Newton algorithm for minimizing the cost function (2.17) with respect to the Euclidean group
in Table 2.1.

Let us return to the case of volume-preserving transformations G = SA(n). The modified
Newton-equation (2.23) and (2.24) has now the form:

∫

Rn

ϕ(M−1z)H1f(z,M−1z)(Ωz + v)dz = −
∫

Rn

ϕ(M−1z)∇1f(z,M−1z)dz (2.30)



30 2.2 THE (µ, ν)-NEWTON ALGORITHM

Table 2.1: Approximate-Newton Algorithm for SE(n) Group Actions

Step 1.
Make an initial guess M0 ∈ SE(n) and set m = 0.

Step 2.
Calculate αi, βi,j , γi,j,k, δi,j,k,l and ǫi,j for all 1 6 i, j, k, l 6 n as defined in equa-
tion (2.27).

Step 3.
Solve the linear system which consists of the equations

∑

k>l

(γl,k,i − γk,l,i)Ωk,l +
∑

k

ǫi,kvk = −αi for all 1 6 i 6 n

and

∑

k>j

1

2
(βi,k + βk,i)Ωk,j −

∑

k<j

1

2
(βi,k + βk,i)Ωj,k −

∑

k>i

1

2
(βj,k + βk,j)Ωk,i

+
∑

k<i

1

2
(βj,k + βk,j)Ωi,k −

∑

k>l

(δi,k,l,j − δj,l,k,i + δi,l,k,j − δi,k,l,j)Ωk,l

−
∑

k

(γj,k,i − γi,k,j)vk = βi,j − βj,i for all 1 6 i < j 6 n

with the unknowns vi and Ωi,j, j > i.

Step 4.
Construct the n×n matrix Ω with the entries Ωi,j. In the case of j > i use the solution
of Step 3. Else, set

Ωi,j =

{
−Ωj,i for j < i

0 for j = i.

Compute

Mm+1 := νQR
Mm

(Ω, v),

where νQR is defined in (2.11).

Step 5.
Set m = m+ 1 and goto Step 2.
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and

1

2
Ω⊤
∫

Rn

ϕ(M−1z)∇1f(z,M−1z)z⊤dz +
1

2

∫

Rn

ϕ(M−1z)∇1f(z,M−1z)z⊤dzΩ⊤

+

∫

Rn

ϕ(M−1z)H1f(z,M−1z)Ωzz⊤dz +

∫

Rn

ϕ(M−1z)H1f(z,M−1z)vz⊤dz

− 1

n
In

∫

Rn

ϕ(M−1z)
(
z⊤Ω⊤∇1f(z,M−1z) + z⊤ΩH1f(z,M−1z)z + z⊤H1f(z,M−1z)v

)
dz

(2.31)

= −
∫

Rn

ϕ(M−1z)∇1f(z,M−1z)z⊤dz +
1

n
In

∫

Rn

ϕ(M−1z)z⊤∇1f(z,M−1z)dz.

Again, we can calculate the components of this system using the coefficients in (2.27). We end
up with an analogue version of Lemma 2.7 in the case of a volume-preserving transformations.

Lemma 2.8
Let (Ω, v) ∈ sl(n) × Rn be the modified Newton-direction for the cost function (2.17) in a
point M ∈ SA(n). Then the components Ωk,l, 1 6 k, l 6 n, (k, l) 6= (n, n) of Ω and vk of v
satisfy for each 1 6 i 6 n

∑

k 6=l

γl,k,iΩk,l +
∑

k 6=n

(γk,k,i − γn,n,i)Ωk,k +
∑

k

ǫi,kvk = −αi (2.32)

and for all 1 6 i, j 6 n, (i, j) 6= (n, n) the following equations:

1

2

∑

k

βi,kΩj,k +
1

2

∑

k

βk,jΩk,i +
∑

(k,l)6=(n,n)

δj,l,k,iΩk,l

−δj,n,n,i

∑

k 6=n

Ωk,k +
∑

k

γj,k,ivk = −βi,j

(2.33)

for i 6= n, j 6= n, i 6= j,

1

2

∑

k

βn,kΩj,k +
1

2

∑

k 6=n

βk,jΩk,n +
∑

(k,l)6=(n,n)

δj,l,k,nΩk,l

−(δj,n,n,i +
1

2
βn,j)

∑

k 6=n

Ωk,k +
∑

k

γj,k,nvk = −βn,j

(2.34)

for i = n, j 6= n,

1

2

∑

k 6=n

βi,kΩn,k +
1

2

∑

k

βk,nΩk,i +
∑

(k,l)6=(n,n)

δn,l,k,iΩk,l

−(δn,n,n,i +
1

2
βi,n)

∑

k 6=n

Ωk,k +
∑

k

γn,k,ivk = −βi,n

(2.35)
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Table 2.2: Approximate-Newton Algorithm for SA(n) Group Actions

Step 1.
Make an initial guess M0 ∈ SA(n) and set m = 0.

Step 2.
Calculate αi, βi,j , γi,j,k, δi,j,k,l and ǫi,j for all 1 6 i, j, k, l 6 n as defined in equa-
tion (2.27).

Step 3.
Solve the linear system described in (2.32) - (2.36) with the unknowns vi and Ωi,j,
(i, j) 6= (n, n).

Step 4.
Construct the n × n matrix Ω with the entries Ωi,j. In the case of (j, i) 6= (n, n) use
the solution of Step 3. Else, set

Ωn,n = −
∑

k 6=n

Ωk,k

and compute

Mm+1 := νQR
Mm

(Ω, v),

where νQR is defined in (2.8).

Step 5.
Set m = m+ 1 and goto Step 2.

for j = n, i 6= n and

1

2

∑

k

βi,kΩj,k +
1

2

∑

k

βk,jΩk,i +
∑

(k,l)6=(n,n)

(
δj,l,k,i −

1

n

(
βk,l +

∑

m

δl,m,k,m

))
Ωk,l

−
(
δj,n,n,i −

1

n

(
βn,n +

∑

m

δn,m,n,m

))∑

k 6=n

Ωk,k +
∑

k

(
γj,k,i −

1

n

∑

l

γl,l,k

)
vk

= −βi,j +
1

n

∑

k

βk,k (2.36)

for i = j, i, j 6= n.

We summarized the (µ, ν)-Newton algorithm for minimizing the cost function (2.17) with
respect to the Euclidean group in Table 2.2.
We want to point out that the Newton step presented uses an approximated version of the
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Hessian. However, at each critical point of the cost function we have an exact evaluation of
the Hessian. Approximations of the Hessian appear also in a couple of classical algorithms like
the Gauss-Newton method, the Levenberg-Marquard algorithm (see e.g. [29] for an overview)
or the optimization technique presented in [61]. In contrast to our method, such algorithms
do not perform a Newton step at a critical point and are not necessarily local quadratically
convergent.

2.3 Stochastic Optimization Methods

The introduced (µ, ν)-Newton algorithm in the previous section has a basic drawback: It is
assumed that we can exactly evaluate or measure the cost function Φ and its derivatives. In
some application, these measurements are, however, corrupted by noise. It may also happen
that an exact measurement is possible, but it might require extraordinary much computation
time. In such cases, deterministic optimization methods are not the best choice.
In this section, we will introduce a special stochastic optimization method, the Robbins-
Monro algorithm, in order to tackle these kinds of problems. In the literature several ap-
proaches are known to introduce the Robbins-Monro algorithm and they usually lead to
different convergence conditions; we refer to [56] or [57] for an overview. Throughout this
section we will follow the approach examined by Bena̋ım and Hirsch in [47] and extend their
results to Lie groups.
In Subsection 2.3.1 and 2.3.2 we lay the ground for this approach. We study a quite general
iteration on Lie groups, which is subject to a time-dependent vector field of perturbations.
In Subsection 2.3.3 we will use this result for optimization problems on manifolds. In the last
subsection of this chapter, we focus on special kinds of stochastic perturbations and extend
the classical Robbins-Monro algorithm on manifolds.

2.3.1 Preliminaries on Asymptotic Pseudotrajectories

In this subsection, we recall the definition and basic properties of asymptotic pseudotrajec-
tories. For more details we refer to [47]. Throughout this work we use the abbreviation
R+ := [0,∞).

Definition 2.1 (Semiflow)
Let (M, d) denote a metric space. A semiflow onM is a continuous function Φ : R+×M→
M with the properties

Φ(0, x) = x, for all x ∈M and

Φ(s,Φ(t, x)) = Φ(s+ t, x), for all x ∈M, s, t ∈ R+.

We use the abbreviation Φt(x) := Φ(t, x) and Φx(t) := Φ(t, x). The set SΦ denotes all
trajectories of Φ, i.e.

SΦ := {Φx( . ) | x ∈M} ⊂ C0(R+,M).

Recall the case, where M coincides with a Riemannian manifold. Then, there exists a
connection between semiflows and vector fields: Each complete vector field F : M → TM
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Figure 2.1: Roughly sketched example of a vector field
(blue) in R2 and the image of an asymptotic pseudo-
trajectory of the corresponding semiflow (red).

on M with tangent bundle TM has a unique solution αx : R+ → M for each initial value
problem of the form

α̇x(t) = F (αx(t)), , αx(0) = x.

Exploiting the uniqueness of these solutions, we can verify that

Φ(t, x) := αx(t) (2.37)

satisfies the semiflow properties. Thus (2.37) yields an injective map between the complete
vector fields and the semiflows.

Definition 2.2 (Asymptotic Pseudotrajectory)
Let (M, d) denote a metric space. A continuous function X : R+ → M is an asymptotic
pseudotrajectory of a semiflow Φ : R+ ×M→M if

lim
t→∞

sup
06h6T

d(X(t + h),Φh(X(t))) = 0

for any T > 0.

This definition of asymptotic pseudotrajectories was first given by Bena̋ım and Hirsch [47].
Let M be a metric space and let X : R+ → M be an asymptotic pseudotrajectory of a
given semiflow Φ : R+ ×M → M. The Definition 2.2 implies heuristically that the curve
X do not need to be a trajectory of Φ, but each part {X(t+ h) | 0 ≤ h ≤ T}, T > 0 will
more and more behave like a part of a trajectory of Φ for t → ∞. We will give an accurate
description of this statement in Theorem 2.9. A roughly sketched example of an asymptotic
pseudotrajectory is given in Fig. 2.1.
Let the map θt : C(R+,M) → C(R+,M), t > 0 denote the translation of curves in t time
units, i.e.

θt(X)(s) := X(t+ s).

If X is an asymptotic pseudotrajectory and T > 0 is fixed, then θt(X)(h) shadows Φh(X(t))
on the interval [0, T ] and the error in [0, T ] tend uniformly to zero if t is increasing. The
proof of the following theorem can be found in [47]:
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Theorem 2.9
Let (M, d) be a metric space and let X : R+ → M be a continuous function whose image
has compact closure in M. Moreover, let the function space C0(R+,M) be endowed with
the metic

d̃(f, g) :
∑

k∈N

1

2k
min(1, d̃k(f, g)), for all f, g ∈ C0(R+,M),

where d̃k(f, g) = supt∈[0,k] d(f(t), g(t)). Consider the following assertions:

(i) X is an asymptotic pseudotrajectory of Φ.

(ii) X is uniformly continuous and every limit point1 of
{
θt(X)

}
is in SΦ.

(iii) The sequence
{
θt(X)

}
t≥0

is relatively compact in C0(R+,M).

Then (i) and (ii) are equivalent and imply (iii).

2.3.2 Flow-Tracking on Lie Groups

Bena̋ım and Hirsch examined in [47] the influence of a certain type of perturbation (Uk)k∈N0
⊂

Rn on iteration processes of the form

xk+1 = xk + γk

(
F (xk) + Uk

)
, (2.38)

for a given vector field F : Rn → Rn on the Euclidean space. In this subsection we will
extend the mentioned results to vector fields on Lie groups. In particular, we will study the
iteration

xk+1 = µ (γk [F (xk) + Uk])xk, x0 ∈ G, (2.39)

with the following setting:

• G is a n-dimensional, connected Lie group endowed with a right-invariant Riemannian
metric. This is, there exists a scalar product on each tangent space TgG such that

〈(TidRg)(v), (TidRg)(w)〉TgG = 〈v,w〉TidG , for all v,w ∈ TidG,

where Rg : G → G, h 7→ hg denotes the right-translation with g ∈ G. In particular,
the Riemannian metric induces a distance function d : G × G → R such that (G, d)
becomes a metric space. The topology on G induced by d coincides with the original
manifold topology of G (cf. Jost [62] p.16). The corresponding Lie algebra is denoted
by g.

• The exponential map exp : g → G has the property that the function x : R → G,
x(t) = exp(tv) is the unique solution of the initial value problem ẋ = vx, x(0) = id
in G for all v ∈ g. In particular, one should not mistake exp for the Riemannian
exponential map.

1By a limit point of
˘

θt(X)
¯

we mean the limit in C0(R+,M) of a locally uniformly convergent sequence
θtk (X), tk → ∞.
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• F : G → g is continuously differentiable and complete, i.e. each initial value problem
of the form ẋ = F (x)x, x(0) = x0 ∈ G has a unique solution x : R→ G,

• (Uk)k∈N0
⊂ g is a given sequence of perturbations.

• (γk)k∈N0
⊂ R+ is a given real-valued sequence with

lim
k→∞

γk = 0 and
∞∑

k=0

γk =∞.

the so called gain sequence. We set

τ0 = 0 and τk =
k−1∑

n=0

γn for all k ∈ N.

• µ : g→ G is a local parameterization around the identity with

µ(0) = id and Dµ(0) = id.

Recall that the tangent bundle TG of G is trivial, i.e. TG ∼= Rn × G. Thus, there exists a
one to one correspondence between the vector fields G→ TG on G and functions of the form
G→ g. More precisely, if F maps G into g, then the mapping

g 7→ F (g)g

defines a vector field on G and vice versa. Therefore, the iteration (2.39) might be seen
as a straight forward generalization of (2.38). The example one should keep in mind is
F (g) = −(gradf(g))g−1, where gradf(g) ∈ TgG denotes the gradient of a smooth, real-valued
function f : G→ R and γk := 1

k+1 . Then (2.39) becomes a noisy gradient-descent algorithm.
Here the aim would be to find conditions for the perturbations which guarantee that the
iteration xk converges to a critical point of f .

In the case of an arbitrary function F : G → g, one would like that the iterations (xk)k∈N

generated by (2.39) “follow” the flow which is induced by F , no matter whether F has zeros
or not. Therefore we will construct an interpolation curve X : R+ → G of the sequence
(xk)k∈N

. We will show that X is an asymptotic pseudotrajectory of the semiflow induced by
F under appropriate conditions on the perturbation (Uk)k∈N

. It will turn out that the local
parameterization µ has no influence on this result.
More precisely, we interpolate (xk)k∈N

in two ways: One resulting interpolation curve X :
R+ → G is constant in each interval [τk τk+1) and the other X : R+ → G uses the exponential
map. They are defined by

X(τk + s) := exp

(
s

γk
exp−1(xk+1x

−1
k )

)
xk, and (2.40)

X(τk + s) := xk, for all k ∈ N0, s ∈ [0, γk).
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Additionally, we interpolate the perturbations by a piecewise constant function U : R+ → g.

U(τk + s) := Uk, for all k ∈ N0, s ∈ [0, γk). (2.41)

One might see (2.40) as an extension of the case, where G coincides with a vector space.
Then, X corresponds with a linear interpolation of the sequence {xk}k∈N

. We want to point
out that X is not well-defined, in general, since the exponential map exp is, in general,
neither injective, nor surjective. However we will see in the next proposition that under mild
conditions, the term γk [F (xk) + Uk] is in the injectivity radius the exponential map. In this
case, X becomes a well-defined function.

Proposition 2.10
Let (xk)k∈N0

denote the iteration defined in (2.39). Assume that the sets {F (xk) | k ∈ N0} ⊂
g and {Uk | k ∈ N0} ⊂ g are bounded. Then the interpolation process X of the sequence
(xk)k∈N, given by (2.40), is well-defined if t is sufficiently large.

Proof
Let r > 0 denote the injectivity radius of the exponential map and let Br(0) ⊂ g denote
the open ball in the Lie algebra g around 0 with radius r. Since the local parameterization
µ : g → G satisfies µ(0) = id and Dµ(0) = id, there exists an open neighborhood V ⊂ g of
0 such that µ|V is diffeomorphic. Without loss of generality, we assume µ(V ) ⊂ exp(Br(0)).
Since (F (xk) + Uk)k∈N0

is bounded, we have limk→∞ γk[F (xk) + Uk] = 0. This implies that
γk[F (xk) + Uk] ∈ V , if k is large enough. Hence exp−1(xk+1xk) = exp−1(µ(γk[F (xk) + Uk]))
is well defined for k sufficiently large. �

The aim of this subsection is to specify the conditions on the perturbations Uk such that the
interpolation curve X is an asymptotic pseudotrajectory of the semiflow induced by F . The
following definition yields a helpful tool for this task:

Definition 2.3 (Moderate Trouble Functions)
We call a map u : R+ → Rn, n ∈ N, a moderate trouble function (MTF) if u is integrable on
each compact interval I ⊂ R+ and

lim
t→∞
△(t, T ) = 0

with

△(t, T ) := sup
06h6T

‖
∫ t+h

t
u(s)ds‖ for any T > 0.

Recall that we are particularly interested in the case u = U defined in (2.41). In [47] it was
already mentioned that the interpolated perturbations U(t) is a MTF if and only if

lim
n→∞

sup

{
‖

k−1∑

i=n

γi+1Ui+1‖
∣∣∣ k = n, . . . ,m(τn + T )

}
= 0 (2.42)
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is satisfied for all T > 0, where m(t) := sup {k ∈ N | τk 6 t}. This is of particular interest,
since in applications the perturbations are fixed and can not be influenced by the user. Hence,
we have to choose the gain sequence carefully to guarantee that U(t) is a MTF.

The next two lemmata show some properties of the class of MTF functions.

Lemma 2.11
Let u : R+ → Rn, n ∈ N be a MTF and let A : R+ → L(Rn,Rn) be bounded. Assume that
for each T > 0 there exists M > 0 with

L(A, [t, t+ T ]) < M for all t ∈ R+, (2.43)

where L(A, [a, b]) denotes the total variation of the the function A(t) on the interval [a, b].
Then the map t 7→ A(t)u(t) is also a MTF.

Proof
Let T > 0 be arbitrary but fixed. We have to show that

lim
t→∞

Ψ(t) = 0, with Ψ(t) := sup
06h6T

‖
∫ t+h

t
A(s)u(s)ds‖. (2.44)

Since all norms in Rn are equivalent, we can assume that ‖.‖ is the maximum-norm. Let
ai,j(t) and uj(t) denote the entries of A(t) and u(t). Then we get

‖
∫ t+h

t
A(s)u(s)ds‖ = max

1≤i≤n

∣∣∣∣∣∣

n∑

j=1

∫ t+h

t
ai,j(s)uj(s)ds

∣∣∣∣∣∣
≤ max

1≤i,j≤n

∣∣∣∣n
∫ t+h

t
ai,j(s)uj(s)ds

∣∣∣∣

Thus, the function

t 7→ sup
06h6T

max

{
|n
∫ t+h

t
ai,j(s)uj(s)ds|

∣∣∣ i, j = 1, . . . , n

}

is an upper bound of the function Ψ in (2.44). Each coefficient uj(t) is a MTF and the
inequality (2.43) is still satisfied if we replace A(t) by an arbitrary entry ai,j(t). Thus it is
enough to prove that the lemma holds for n = 1.

Now let n = 1. With the natural identification L(R,R) = R, we have A : R+ → R. Since
A is of bounded variation on each interval [t, t + T ], t ∈ R+, there are two monotonically
increasing functions Bt, Ct : [t, t+ T ]→ R with

A(s) = Bt(s)− Ct(s), for all s ∈ [t, t+ T ]

(cf. [63] p. 682). In particular, we can set Bt(s) := 1
2 (L(A, [t, s]) + A(s)) and Ct(s) :=

1
2(L(A, [t, s]) −A(s)). Therefore, both functions satisfy

sup
t6s6T

|Bt(s)|, sup
t6s6T

|Ct(s)| 6
1

2
(M + M̃), M̃ := sup

t∈R+

|A(t)|.
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We get

sup
06h6T

|
∫ t+h

t
A(s)u(s)ds| 6 sup

06h6T
|
∫ t+h

t
Bt(s)u(s)ds|+ sup

06h6T
|
∫ t+h

t
Ct(s)u(s)ds|. (2.45)

According to the Mean Value Theorem of Bonnet (cf. [63] p.734) the following statement
is true: Let I = [α, β] ⊂ R be compact, let f : I → R be monotone and let g : I → R be
integrable on I. Then, there exists ξ ∈ I such that

b∫

a

f(s)g(s)ds = f(a)

ξ∫

a

g(s)ds + f(b)

b∫

ξ

g(s)ds.

Due to the monotony of Bt and the integrability of u, we can apply this theorem. Hence,
there is a point ξ ∈ [t, t+ h] with

∫ t+h

t
Bt(s)u(s)ds = Bt(t)

∫ ξ

t
u(s)ds+Bt(t+ h)

∫ t+h

ξ
u(s)ds, h ∈ [0, T ]

which implies

|
∫ t+h

t
Bt(s)u(s)ds| 6

1

2
(M + M̃)

[
|
∫ ξ

t
u(s)ds|+ |

∫ t+h

t
u(s)ds|+ |

∫ ξ

t
u(s)ds|

]

6
3

2
(M + M̃) sup

06h6T
|
∫ t+h

t
u(s)ds|.

In the same fashion we get

|
∫ t+h

t
Ct(s)u(s)ds| 6

3

2
(M + M̃) sup

06h6T
|
∫ t+h

t
u(s)ds|.

Using (2.45), we conclude

|
∫ t+h

t
A(s)u(s)ds| 6 3(M + M̃ ) sup

t6h6t+T
|
∫ t+h

t
u(s)ds|.

Hence, the MTF-property of u(t) implies the MTF-property of A(t)u(t). �

Lemma 2.12
Let G be a finite-dimensional Lie group endowed with a Riemannian metric and let g be its
Lie algebra. Assume that the function u : R+ → g is bounded and a MTF. Furthermore, let
the function yt : R+ → G, t ∈ R+ denotes the unique solution of the initial value problems

d

ds
yt(s) = u(t+ s)yt(s), yt(0) = id. (2.46)

Then the family {yt}t∈R+ converges locally uniformly to the function y⋆ ≡ id. Thus, for each
T > 0 we get

lim
t→∞

sup
06h6T

d(yt(h), id) = 0, (2.47)

where d : G×G→ R denotes the distance function induced by the Riemannian metric.
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Proof
Since the exponential mal exp is a smooth function and D exp(0) = id, there exists R > 0
such that D exp(v) : g → TvG is bijective. We define the linear operator L(v) : g → g for
each v ∈ g with ‖v‖ ≤ R by

L(v)w := D exp(v)−1 (w exp(v)) .

Following Hilgert and Neeb (cf. [60] p.39) we get the series expansion

L(v)−1 =
∞∑

k=1

1

k!
(−ad(v))k−1,

where the sum is locally uniformly convergent in the (finite-dimensional) space of all endo-
morphisms of g. Hence, there is a real-valued sequence (ak)k∈N

with

L(v) =
∞∑

k=1

ak(−ad(v))k−1.

We obtain a1 = 1 and therefore

L(v) = id+

( ∞∑

k=2

ak(−ad(v))k−2

)
ad(v).

Without loss of generality, let R > 0 be smaller than the convergence radius of the power
series

∑∞
k=1 akz

k. Then we get a bound M > 0 such that ‖∑∞
k=2 ak(ad(v))

k−2‖ < M for all
v ∈ g with ‖ad(v)‖ < R. As a result we get

‖L(v)w‖ 6 ‖w‖ +M‖w‖ · ‖v‖, for all v ∈ g with ‖ad(v)‖ < R and w ∈ g.

Now, let αt : Imax
t ⊂ R→ g, t ≥ 0 be the maximal solution of the initial value problem

α̇t(s) = [D exp(αt(s))]
−1 (u(t+ s) exp(αt(s))) , αt(0) = 0. (2.48)

In particular, the right hand-side side of this differential equation is well defined for ‖αt(s)‖ <
R. For each T > 0 we will show [0, T ] ⊂ Imax

t if t is sufficiently large and

lim
t→∞

sup
06h6T

‖αt(s)‖ = 0. (2.49)

With these properties at hand, the function yt(s) := exp(αt(s)) satisfies the initial value
problem (2.46) and, due to the continuity of the exponential map, the convergence of αt

yields (2.47).
Since the differential equation (2.48) has the form α̇t(s) = L(αt(s))u(t+ s), we estimate

‖
∫ h

0
α̇t(s)ds‖ 6 ‖

∫ h

0
u(s+ t)ds‖+M

∫ h

0
‖u(s + t)‖ · ‖αt(s)‖ds
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for all h > 0 such that ‖ad(αt(s))‖ < R for all 0 6 s 6 h. Let B > 0 denote the bound of
the function u. Then we obtain

‖αt(h)‖ 6 ‖
∫ h

0
u(s+ t)ds‖+MB

∫ h

0
‖αt(s)‖ds.

Using the Gronwall Lemma, this implicit inequality yields

‖αt(h)‖ 6 ‖
∫ h

0
u(s+ t)ds‖+MB

∫ h

0
‖
∫ s

0
u(τ + t)dτ‖eMB(h−s)ds

6 sup
06τ6h

‖
∫ τ

0
u(s+ t)ds‖

(
1 +MB

∫ h

0
eMB(h−s)ds

)
. (2.50)

Now let T > 0 be arbitrary and fixed. Since u is a MTF, the inequality (2.50) yields
‖ad(αt(s))‖ < R for all s ∈ Imax

t ∩ [0, T ] if t is sufficiently large. Moreover, since αt(s)
is assumed to be the maximal solution of (2.48), we can apply the Global Existence and
Uniqueness Theorem (cf. e.g. [64] p.84). Thus, (2.50) and the MTF-property yield [0, T ] ⊂
Imax
t if t is sufficiently large. Finally, (2.50) and the MTF-property of u yield (2.49). �

Theorem 2.13
Let G be a finite-dimensional Lie group endowed with a right-invariant Riemannian metric
and let g be its Lie algebra. Assume that F : G → g is continuously differentiable and
complete. Consider the iteration (2.39) with the piecewise constant interpolation U , defined
by (2.41). Assume that

A1 U(t) is a MTF,

A2 U(t) is bounded,

A3 (xk)k∈N0 is bounded and

A4 F is uniformly continuous on a closed neighborhood of {xk | k ∈ N0}, or

A4’ G is geodesically complete2.

Then the interpolation process X(t) of the sequence (xk)k∈N given by (2.40), is well-defined if
t is sufficiently large. Moreover, X(t) is an asymptotic pseudotrajectory of the flow Φ induced
by F .

Proof
The Theorem of Hopf-Rinow (see e.g. [62] p.29) states that A4’ is equivalent to the fact
that G is complete as a metric space. Therefore, assumption A4’ implies that there exists a
compact set including the sequence (xk)k∈N0

. Since F is continuous, the set {F (xk) | k ∈ N0}
is bounded. If assumption A4 is satisfied, F is uniformly continuous on a neighborhood W
of {xk | k ∈ N0}. Since (xk)k∈N0 is bounded, we can without loss of generality assume that

2A Riemannian mainfold is geodesically complete if any geodesic c(t) with c(0) = p is defined for all t ∈ R.
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W is bounded. Thus the set {F (xk) | k ∈ N0} is again bounded and the well-definedness of
X(t) follows directly from Proposition 2.10.
According to (2.40), the interpolation X(t) forms piecewise a one-parameter group. There-
fore, it satisfies

Ẋ(τk + s) =
1

γk
exp−1

(
xk+1x

−1
k

)
X(τk + s)

=
1

γk
exp−1 (µ (γk [F (xk) + Uk]))X(τk + s), for all k ∈ N0, s ∈ [0, γk).

Applying the Taylor Theorem to the function t 7→ (exp−1 ◦µ)(tvk), vk := γk[F (xk) + Uk]
yields

Ẋ(τk + s) =
1

γk

(
vk +

1

2
D2(exp−1 ◦µ)(θkvk)(vk, vk)

)
X(τk + s)

for an appropriate θk ∈ [0, 1], k ∈ N0 and s ∈ [0, γk). We get

Ẋ(τk + s) =
1

γk
(γk [F (xk) + Uk] + γkVk)X(τk + s), for all k ∈ N0, s ∈ [0, γk),

where

‖Vk‖ 6
1

2
γk‖F (xk) + Uk‖2 max

{
‖D2(exp−1 ◦µ)(v)‖

∣∣ ‖v‖ 6 ‖F (xk) + Uk‖
}
. (2.51)

Let V (t) denote the constant interpolation of the elements Vk, k ∈ N, like it is done in (2.41)
for the elements Uk. We obtain that X(t) satisfies the differential equation

Ẋ(t) =
[
F (X(t)) + U(t) + V (t)

]
X(t) (2.52)

for almost all t ∈ R+. According to (2.51) we obtain limk→∞ Vk = 0. Thus, V (t) is also a
MTF.
First we consider the function y(t) := exp−1(X(t)X(t)−1). Using the differential equation
(2.52) and exploiting the fact thatX(t), U(t) and V (t) are constant on each interval [τk, τk+1),
we get that X(t) is part of a one-parameter group on each interval [τk, τk+1). Thus,

y(t) = exp−1
(
exp

(
(t− τk)

[
F (X(t)) + U(t) + V (t)

])
X(τk)X(t)−1

)

= (t− τk)(F (X(t)) + U(t) + V (t))

=

∫ t

τk

F (X(s))ds +

∫ t

τk

(
U(s) + V (s)

)
ds,

for all t ∈ [τk, τk+1), k ∈ N. In both cases, A4 or A4’, F is uniformly continuous and closed
neighboorhood of (xk)k∈N. Thus, there exists K > 0 with ‖F (xk)‖ < K for all k ∈ N0. Let
T̃ := supk γk, then

‖y(t)‖ 6 γk+1K + sup
06h6T̃

‖
∫ τk+h

τk

(
U(s) + V (s)

)
ds‖

︸ ︷︷ ︸
=:△(τk,T̃ )

for all t ∈ [τk, τk+1), k ∈ N.
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In particular, we get limt→∞ y(t) = 0. Let δ > 0 be arbitrary. Due to the continuity of
exp : g → G, there exists δ̃ > 0 with d(exp(v), 0) < δ for all ‖v‖ < δ̃. Let d : G × G → R
denote the distance function induced by the Riemannian metric. If k ∈ N is large enough,
we conclude

d(X(t), xk) = d(X(t)X(t)−1, id) = d(exp(y(t)), id) 6 δ for all t ∈ [τk, τk+1). (2.53)

Hence, X is also bounded.

By assumption A4’, there exists a compact set K ⊂ G including the trajectories {X(t) | t ∈ R+}
and

{
X(t) | t ∈ R+

}
. Since F is continuous, it is also uniformly continuous on K. If as-

sumption A4 is satisfied, F is uniformly continuous on a closed neighborhood W ⊂ G of
{xk | k ∈ N0}. Since (2.53) is satisfied, there exists t0 ≥ 0 such that W includes the trajec-
tories {X(t) | t ≥ t0} and

{
X(t) | t ≥ t0

}
. Without loss of generality, we assume t0 = 0 and

set K = W in this case.
Let T > 0 be fixed and let ε > 0 be arbitrarily chosen. Then, there is a δ > 0 with
‖F (a) − F (b)‖ < ε for all d(a, b) < δ, and a, b ∈ K. Using (2.53), there is also t̃ > 0 with
d(X(t),X(t)) < δ for all t > t̃. Hence,

lim
t→∞

sup
06h6T

‖
∫ t+h

t
F (X(s)) − F (X(s))ds‖ 6 εT

Since ε > 0 was arbitrarily chosen, we get that F (X(t)) − F (X(t)) is a MTF.

In order to show the uniform continuity of X(t), we use the right-invariance of the metric d
and obtain

d(X(t+ h),X(t)) 6 L(X, [t, t+ h]) :=

∫ t+h

t
‖Ẋ(s)‖ds

6

∫ t+h

t

(
‖F (X(s))‖+ ‖U (s)‖+ ‖V (s)‖

)
ds

Recall that the terms F (X(t)), U(t) and V (t) are bounded. So, there exists a M > 0 with

d(X(t+ h),X(t)) 6 Mh.

This implies the uniform continuity of X(t).

Now we define the functions xt(s) := X(t+ s) for each t > 0. Let zt : R+ → G be the unique
solution of the initial value problem

żt(s) = F (xt(s))zt(s), zt(0) = xt(0) (2.54)

and let wt : R+ → G be defined by wt(s) = xt(s)
−1zt(s). Hence, wt satisfies the initial value

problem wt(0) = id and

ẇt(s) = −xt(s)
−1ẋt(s)xt(s)

−1zt(s) + xt(s)
−1żt(s)

= −xt(s)
−1
[
F (X(t+ s)) + U(t+ s) + V (t+ s)

]
zt(s) + xt(s)

−1F (X(t+ s))zt(s)

= xt(s)
−1
[
F (X(t+ s))− F (X(t+ s))− U(t+ s)− V (t+ s)

]
xt(s) · wt(s)
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= AdX(t+s)

[
F (X(t+ s))− F (X(t+ s))− U(t+ s)− V (t+ s)

]
wt(s)

for almost all s ∈ R+. We have already shown that t 7→ F (X(t)) − F (X(t)) and t 7→ V (t)
are MTFs. Since X(t) is bounded and uniformly continuous, the map A : R → L(g, g),
A(t) := AdX(t) satisfies the conditions of Lemma 2.11. Therefore, the map

t 7→ AdX(t)

[
F (X(t)) − F (X(t))− U(t)− V (t)

]

is also a MTF and we can apply Lemma 2.12 to wt, which yields

lim
t→∞

wt = lim
t→∞

x−1
t zt = id. (2.55)

Finally, let x⋆ denote a limit point of {xt}t∈R+ . Using (2.55) and (2.54), we obtain

ẋ⋆(s) = F (x⋆(s))x⋆(s).

Hence, x⋆ is an element of SΦ, where Φ is the flow induced by F . Theorem 2.9 shows that
X is an asymptotic pseudotrajectory of Φ. �

Theorem 2.13 might be seen as an extension of the case where G is equal to a finite-
dimensional, real vector space. This case was already examined by Hirsch and Bena̋ım in
[47]. They proved that for G = Rn the conditions A1 and A3 are sufficient to conclude that
the interpolation process X is an asymptotic pseudotrajectory of the flow Φ induced by F .
Hence, one might assume that condition A2 is redundant for Theorem 2.13. We want to end
this subsection with an example where one needs condition A2 to obtain the same result in
the case where G is a Lie group.

Example:
We set G = SO(3), µ = exp and F ≡ 0. Moreover, let

E1 :=




0 1 0
−1 0 0
0 0 0


 , E2 :=




0 0 1
0 0 0
−1 0 0


 , E3 :=




0 0 0
0 0 −1
0 1 0




define a basis of the Lie algebra so(3). We consider the perturbations (Uk)k∈N
⊂ so(3) and

the gain-sequence (γk)k∈N
⊂ R+ defined by

Uk :=





−
√
k + 1E2 for k = 0 mod 4

−
√
kE1 for k = 1 mod 4√

k − 1E2 for k = 2 mod 4√
k − 2E1 for k = 3 mod 4

and γk :=





1
k+1 for k = 0 mod 4

1
k for k = 1 mod 4

1
k−1 for k = 2 mod 4
1

k−2 for k = 3 mod 4.

Using (2.41), we get that the constant interpolation U : R+ → so(3) of (Uk)k∈N
is a MTF

and unbounded. We examine the iteration

xk+1 = exp(γkUk)xk, x0 = id (2.56)

and show that its interpolation X : R+ → SO(3) via (2.52) is not an asymptotic pseudo-
trajectory of the flow induced by F . For this purpose, we consider the sub-sequence (yk)k∈N
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defined by yk := x4k and the interpolation curve Y : R+ → SO(3) of (yk)k∈N0
defined by

(2.52). A Taylor-expansion of the exponential-map yields

exp

(
E1√
k + 1

)
exp

(
E2√
k + 1

)
exp

( −E1√
k + 1

)
exp

( −E2√
k + 1

)
= I3 +

E1E2 − E2E1

k + 1
+Wk.

with limk→∞(k + 1)Wk = 0 (cf.[60] p.23). Therefore, using E3 = [E1, E2], the subsequence
yk satisfies

yk+1 = exp

(
1

k + 1
E3 + W̃k

)
yk, y0 = id,

with a suitable W̃k having the property limk→∞(k+1)W̃k = 0. Hence, yk is an iteration of the
form (2.39) with gain sequence γ̃k = 1

k+1 , vector field F̃ ≡ E3 and perturbations Ũk = W̃k.

Moreover, the constant interpolation of Ũk is a bounded MTF and we can apply Theorem 2.13
to the interpolation curve Y . This yields that Y is an asymptotic pseudotrajectory of the flow
induced by F̃ . Thus, neither the interpolation curve Y of (yk)k∈N

nor the interpolation curve
X of (xk)k∈N0

is an asymptotic pseudotrajectory of the flow induced by the initial vector field
F ≡ 0.
To sum up, the interpolation of the iteration (2.56) is not an asymptotic pseudotrajectory
of the flow induced by the vector field F ≡ 0 although the constant interpolation of the
perturbations (Uk)k∈N

is a MTF. Therefore, the condition A2 in Theorem 2.13 is in general
necessary.

2.3.3 Tracking Methods on Manifolds

In the previous section we extended the result of flow tracking in Euclidean spaces of Hirsch
and Bena̋ım to finite-dimensional Lie groups. At first sight an additional generalization to
differentiable manifoldsM seems to be the natural next step. However two problems appear
in a further extension: First, if the tangent bundle of the manifold is not trivial, we have to
use parallel-transport to extend the MTF-property (2.42), since Uk is a perturbation in the
tangent space Txk

M. This would destroy the advantage of the MTF-property that (2.42) is
independent of the sequence (xk)k∈N

.
Second, Theorem 2.13 makes a statement about the distance between the interpolation h 7→
X(t + h) and the integral curve of the vector field F , which starts in X(t). In our proof
the group operation was an essential tool to approximate this distance independently of the
current point X(t).
One way to extend Theorem 2.13 to differentiable manifolds in spite of the mentioned dif-
ficulties is to strengthen condition A3. Assuming the sequence (xk)k∈N

converges, we will
show in the next corollary that the vector field F is zero in the limit. Since we can locally
flatten a differentiable manifoldM, no additional structures onM are needed for this result.

Corollary 2.14
LetM be a differentiable, n-dimensional manifold, U ⊂M an open set and µ : U ×Rn →M
a smooth local parameterization of U . Moreover, let (γk)k∈N

⊂ R+ be a given gain-sequence
and (Uk)k∈N

⊂ Rn a given sequence of perturbations such that its constant interpolation
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function (2.41) is a bounded MTF. For a given continuous vector field F : M → Rn and a
given starting point x0 ∈ U we consider the iteration

xk+1 := µ (xk, γk [F (xk) + Uk]) . (2.57)

Assuming (xk)k∈N
has a limit x⋆ ∈ U , then the vector field F vanishes in x⋆.

Proof
We will make use of the abbreviations µx(v) := µ(x, v), νk := µ−1

x⋆
◦ µxk

and yk = µ−1
x⋆

(xk).
Applying Taylor’s Theorem to the iteration (2.57) yields

yk+1 = νk (γk [F (xk) + Uk])

= yk +Dνk(0) (γk [F (xk) + Uk]) +
1

2
D2νk (θkγk [F (xk) + Uk]) (γk [F (xk) + Uk])

2

for suitable (θk)k∈N
⊂ [0, 1]. We have

yk+1 = yk + γk

[
F̃ (yk) + Ũk

]
(2.58)

with

F̃ (y) := D(µ−1
x⋆
◦ µµx⋆(y))(0)F (µx⋆(y))

and

Ũk := Dνk(0)Uk +
1

2
D2νk (θkγk [F (xk) + Uk]) (γk [F (xk) + Uk] , [F (xk) + Uk]) . (2.59)

Let Y (t) denote the constant interpolation3 of (yk)k∈N
. Since F̃ (yk) + Ũk is bounded, the

iteration (2.58) yields that each T > 0 has a bound M̃ < 0 with

L(Y , [t, t+ T ]) < M̃, for all t ∈ R+.

Therefore, the map A : R+ → L(Rn,Rn), A(t) := D(µ−1
x⋆
◦ µµx⋆(Y (t)))(0) satisfies (2.43) and

we can apply Lemma 2.11. It yields that the constant interpolation of Dνk(0)Uk is also
a MTF. Since the second summand in (2.59) converges to zero for k → ∞, we conclude
that the constant interpolation of Ũk is a MTF. Hence, we can apply Theorem 2.13 to the
iteration (2.58), which yields that the linear interpolation Y (t) of (yk)k∈N

is an asymptotic

pseudotrajectory of F̃ .
Due to xk → x⋆, we have also limt→∞ Y (t) = 0, which now implies F̃ (0) = 0. Since
F̃ (0) = limk→∞Dνk(0)F (xk) and µ is smooth, we conclude F (x⋆) = 0. �

Unfortunately, there is no guarantee that the sequence in (2.57) will converge. Even in
the case of optimization on vector spaces, convergence-statements are only known for very
restrictive properties to the vector field F (see e.g. [56] Section 4.3.2). We will deal with this
particular difficulty in Section 6.2. The root-finding scheme for vector fields on manifolds is
summarized in Table 2.3. In the cases, when M forms a Lie group G, this scheme can be
simplified: We can set U =M = G and µ(x, v) := ν(v)x, where we identify the Lie algebra
g with Rn and ν : g→ G is a local parameterization of the identity. Here, the third stopping
criterion is trivial.

3During this proof, we will use the terms constant and linear interpolation with respect to the gain-sequence
(γk)

k∈N
, as introduced on page 36.
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Table 2.3: Root-Finding Scheme for Vector Fields on Manifolds

Given: n-dimensional manifold M, U ⊂M open, µ : U × Rn →M smooth local
parameterization, F :M→ Rn continuous.

Start:
Make an initial point x0 ∈M. Set k = 0.

Repeat:

x ←− µ (x, γk [F (x) + Uk])

k ←− k + 1

Stop: if one of the following criteria is satisfied

• (xk)k∈N
satisfies a convergence criterion,

• k reached a user-defined number or

• x 6∈ U .

2.3.4 The Robbins-Monro Algorithm

In the previous section, we pointed out the advantage of the MTF-property for perturbations
(Uk)k∈N0

in an iteration of the form (2.57). However, in many applications the nature of
perturbations is not deterministic but stochastic. In this case, we can interpret (Uk)k∈N0

as a
sequence of random vectors (noise), which disturb the detection of the desired update F (xk)
in (2.57). Hence, the question arises about the probability that a realization of the sequence
of random vectors (Uk)k∈N0

satisfy the MTF-property. We will concern this question in this
subsection. The following definition can be found in [65] p.14.

Definition 2.4 (Martingale difference Noise)
Let (Ω,F , P ) be a probability space and (Fk)k∈N

a nondecreasing sequence of sub-σ-algebras
of F . The stochastic process (xk)k∈N

given by (2.39) satisfies the Robbins-Monro or Martin-
gale difference Noise condition if

(i) (γk)k∈N
is a deterministic sequence

(ii) each Uk ∈ g is measurable with respect to Fk

(iii) E(Uk+1|Fk) = 0.

One example for the sequence of sub-σ-algebras one should keep in mind is, when Fk is
identical the σ-algebra generated by U1, . . . , Uk. Then, (ii) is always satisfied and (Fk)k∈N

is
nondecreasing. The proof of the following theorem can be found in [65] p.15. It connects the
Martingale difference Noise condition with the MTF-property.
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Proposition 2.15
Let (xk)k∈N

given by (2.39) satisfy the Marginale difference Noise condition. Suppose that
for some q > 2

sup
k∈N

E(‖Uk+1‖q) <∞ and

∞∑

k=1

γ
1+q/2
k <∞. (2.60)

Then the constant interpolation U : R+ → Rn of the perturbations (Uk)k∈N
given by (2.41)

is a MTF with probability 1.

Now, we have all necessaries at hand to formulate the gradient-based stochastic optimization
algorithm on manifolds: Let M denote a n-dimensional manifold, U ⊂ M an open subset
and µ : U ×Rn →M a smooth local parameterization of U . For a given, real-valued function
f ∈ C1(M,R) and a stochastic process (Uk)k∈N

⊂ Rn we examine the iteration

xk+1 = µxk
(γk [−∇(f ◦ µxk

)(0) + Uk]) , x0 ∈ U . (2.61)

Corollary 2.16
Let (xk)k∈N

given by (2.61) satisfy the Martingale difference Noise condition with respect to
the probability space (Ω,F , P ). Moreover, let the sample space Ω ⊂ Rn be bounded and let
the sequence (γk)k∈N

⊂ R+ satisfy

∞∑

k=1

γk =∞ and

∞∑

k=1

γ
1+q/2
k <∞ (2.62)

for some q > 2. Suppose, (xk)k∈N
converges to a point x⋆ ∈ U . Then x⋆ is a critical point of

f with probability 1.

Proof
Since Ω ⊂ Rn is bounded, each realization (Uk)k∈N

⊂ Ω is also bounded. Proposition 2.15
yields that the constant interpolation U(t) of the perturbations (Uk)k∈N

given by (2.41) is a
MTF with probability 1. Therefore, with probability 1, we can apply Corollary 2.14 to the
iteration (2.61) and the vector field F (x) := ∇(f ◦ µx)(0). It yields that the vector field F
vanishes at the limiting point x⋆ with probability 1. Since D(f ◦ µx)(0) = Df(x) ◦Dµx(0)
and Dµx⋆(0) is non-degenerate, the corollary is proven. �



Chapter 3

A Geometric Model for Image
Representation

For two given images, the so-called reference R and the template T , the task of image regis-
tration can be formulated in the following way: Find a transformation ϕ, which best matches
R to T . We will see in this chapter that each gray-scale image can be represented by a real-
valued function. In this case the registration task can be written as an optimization problem
of the form

min
ϕ∈G

D (R ◦ ϕ, T ) , G ⊂ Diff(Rn), (3.1)

where R,T ∈ C(Rn,R) and Diff(Rn) denotes the set of all diffeomorphisms in Rn. The map
D : C(Rn,R) × C(Rn,R) → R is user-defined in order to compare the two functions R ◦ ϕ
and T .

In this chapter, we describe the necessary steps from the abstract image registration task
towards an optimization problem (3.1) on a Lie group G. Since there is no general agreement
in the literature how to tackle this problem, we try to summarize the main approaches. In
the first section, we show the connection between the pose-estimation problem and the image
registration task. In the second section, we describe some basic image processing techniques
which allow us to construct a function-representation of an image. Another crucial point in
many applications is how to compare two given images and how to choose meaningful distance
function D. In Section 3.3, we give a short overview of this task and introduce a new distance
function for the special case when the images are made by different modalities. In the last
section, we summarize the chapter and discuss some further aspects of the minimization
problem (3.1).

3.1 From 3D Pose-Estimation to Image Registration

The 3D pose-estimation problem appears in many applications, like object recognition, data
fusion or computer vision. For two given finite sets X = {x1, . . . , xm} ⊂ R3 and Y =
{y1, . . . , ym} ⊂ R3 the task arises to estimate an Euclidean transformation M ∈ SE(n)
which transforms X best into Y. This task becomes particularly challenging in the case,

49
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where the point-wise correspondence is unknown. Let Sm denote the set of bijections of the
form π : {1, . . . ,m} → {1, . . . ,m}, then we can formulate the 3D pose-estimation problem in
terms of the optimization problem

min
M∈SE(3),π∈Sm

m∑

i=1

‖M · xπ(i) − yi‖2 (3.2)

This problem is known to be non-convex and NP-hard. If the first component M of the
cost function is fixed, the remaining problem is a discrete combinatorial optimization and
the complexity increases exponentially in m. In the literature, this sub-problem is sometimes
solved using a branch-and-bound method, see e.g. [66] and [67]. There exist also a couple
of global optimization algorithms for (3.2), see e.g. [42], but due to their complexity, these
methods work only for small m in acceptable time. Moreover, these algorithms are often
highly sensitive to outliers and noise. Therefore, a common approach in the literature is to
construct an appropriate approximation of the cost function in (3.2). We refer to [35, 44,
42, 38] and the references therein for an overview. In particular, we mention the Iterative
Closed Point (ICP) algorithm [37], which is often seen as the state-of-the-art method for this
problem, but it yields only local minima like many other approaches.
One way to get rid of the combinatorial component in the problem (3.2) is to re-interpret
the samples xi and yi: The elements xi ∈ X , for instance, can be seen as measurements of
a random vector with the density-function px. Following Duda and Hart in [68] we get an
approximation of this density by

pX (z) ≈ 1

m

m∑

i=1

φ(z, xi), (3.3)

where φ : Rn × Rn → R is a user-defined kernel function. For instance, the Gaussian kernel
has the form

φ(z, x) = (πσ2)−n/2 exp

(
− 1

2σ2
‖z − x‖2

)

for fixed σ > 0. Thus, instead of comparing the point-wise distances between xi ∈ X and
yj ∈ Y as it is done in (3.2), we can compare the densities of x and y:

min
M∈SE(3)

∫

R3

(pM ·X (z)− pY(z))2 dz, (3.4)

where we used (3.3) for the densities. The advantage of this cost function is that the de-
pendence on the permutation is eliminated. In the literature, also variations of this basic
approach are discussed. For instance, one can change the L2-norm in (3.4) by another dis-
tance function; cf. [44] and the references therein. We agree with the authors in [40, 41, 44]
and [38] to favor the optimization problem (3.4) instead of (3.2), since (3.4) does not include
a hard discrete optimization problem. Moreover, the statistical interpretation reflects the
appearance of noise and outliers in many applications.
In the following sections we will introduce another application, the so-called image registration
problem, which will end up with the same optimization problem (3.4). The only difference
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of the image registration problem to (3.4) will be that pX and pY are interpreted as images
instead of densities. Thus, although it is not the main intention of our work, each of the
algorithms, which we will develop in the Chapters 5 and 6 can be also applied to the pose-
estimation task.

3.2 Representation of an Image

A gray-scale image Î relates every element of a n-dimensional lattice, to a natural number.
Throughout this work, we assume that this lattice is the intersection of Zn with a given
bounded domain V ⊂ Rn, the so called region of interest. Thus, we set the distance between
two neighboring elements, also called pixels, equal one. With these preliminaries at hand, we
get a first, digital form of the image Î:

Î : V ∩ Zn → N0. (3.5)

We usually interpret this function in such a way that Î(x) = 0 if the pixel in x is black.
Moreover, the larger the value of Î(x) gets, the brighter the pixel is (see Fig. 3.1).
Although standard formulations of the registration problem focus on two- or three-dimensional
images (e.g. n = 2, 3), the subsequent mathematical analysis is valid in any dimension. Stan-
dard sampling techniques from signal processing allow to extend Î to a smooth, band-limited
function on V (see e.g. [69]) and to recover the discrete version of the image without any loss
of information. Therefore, we can interpret Î as a discretized version of a smooth, real-valued
function

I : Rn → [0,∞), I ∈ C∞(Rn,R). (3.6)

One can obtain this second, differentiable form I of an image via convolution of Î with a
n-dimensional sinc-function. Thus, for the sinc-function

sinc(x1, . . . , xn) :=
sin(πx1) . . . sin(πxn)

πnx1 . . . xn

we have

I(x) := Î[x] ⋆ sinc(x) :=
∑

k∈Zn

Î[k]sinc(x− k). (3.7)

Here, we define Î by Î(x) = 0 for all x ∈ Zn \ V for this approach. With this construction at
hand, one can easily see that I(x) = Î(x) holds for all x ∈ Zn. Moreover, if the differentiable
form (3.6) of an image instead of (3.5) is initially given, then we can construction the dis-
cretized form by Î[x] := I(x). If additionally I was band-limited, then it is possible to show
the identity I(x) = Î[x] ⋆ sinc(x) for all x ∈ Rn (cf. [69]). Typically an approximation of
sinc is used in applications to make the computation of I more efficient and to get smoothed
versions of the image Î (, see e.g. [28] for details). Moreover, one can use (3.7) to get an
explicit form of the derivatives of I.
Images of the form (3.5) or (3.6) can be regarded as elements in a real vector space where, in
the first case, the dimension is equal to the number of pixels, which can get very large. For
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Figure 3.1: (Function representation of an image.) The original image with 250×350 pixels is shown on the
left. To the right of it, we plot the graph of its function representation of the form (3.6). On the next picture,
we cut this graph with a plane (gray). The resulting one-dimensional graph is shown on the right (blue). We
get the red curve by an approximation of the blue one, using wavelet basis-functions like the violet and green
ones and their translations.

example, the image in Fig. 3.1 is of the size 250× 350, so the dimension is 87500. In various
image processing tasks it is therefore reasonable to start with a reduced, or smoothed form of
the image and raise the amount of structures step by step. This is known in the literature as
a multiresolution or an image pyramid approach. More precisely, we set a finite-dimensional
vector space S ⊂ L2(Rn,R) of k-times continuously differentiable functions in advance and
project an image of the form (3.6) with respect to the L2-norm on S

I ∈ S ⊂ Ck(Rn,R). (3.8)

In this work, we will focus on spline function spaces for constructing S: In order to generate
these spaces, we employ the so called B-splines (cf. [70]). In one dimension, these B-splines
Bk(x) : R→ R are defined by

B0(x) :=

{
1 if − 1

2 6 x 6 1
2

0 else
and Bk(x) :=

∫

R

Bk−1(s)B0(s− x)ds, k ∈ N.

We will use their tensor-product to extend these functions to n-dimensional spaces

Bk(x1, . . . , xn) := Bk(x1) · . . . · Bk(xn). (3.9)

Fig. 3.3 shows the graphs of the splines of first and second order in one dimension. For us,
the most important fact of B-splines is that they becomes smoother when the order increases.
The corresponding spline function space Sk

λ can now be defined as the vector space generated
by all integer-translations of (3.9) (cf. [70])

Sk
λ :=

{ ∑

λ·r∈Zn

crB
k
(x1

λ
− r1, . . . ,

xn

λ
− rn

) ∣∣∣ c ∈ l2
}
, λ ∈ N. (3.10)

The condition that c ∈ l2 ensures that the L2-norm of all functions in Sk
λ exists.

Note that we will only work with images that have a bounded support V ⊂ Rn. Thus, it is
sufficient to consider finitely many linear combinations of tensor product functions Bk.
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Figure 3.2: (Original and two spline-approximations of an image.) The original gray-scale image with
500× 500 pixels is given on the left side. In the middle and on the right side, we project the left image to the
spline function spaces S

3
15 and S

3
30, respectively.

Sk
λ,V :=

{ ∑

λ·r∈Zn∩V

crB
k
(x1

λ
− r1, . . . ,

xn

λ
− rn

) ∣∣∣ cr ∈ R

}
, λ ∈ N. (3.11)

In this case, the condition c ∈ l2 is always fulfilled and we have Sk
λ,V ⊂ Sk

λ . In this work,

we will use S = Sk
λ,V for the finite-dimensional vector space S ⊂ L2(Rn,R) in eq. (3.8) and

we write P k
λ,V : L2(Rn,R) → Sk

λ,V for the orthogonal projection. The parameter λ ∈ [0,∞)
is used in image processing to neglect high frequency informations of images (cf. [71]). That
is, if λ increases, the projection Iλ := P k

λ,V I of an image I is smoothed (see Fig. 3.2 for an
illustration).
Of course, there are several additional properties of splines (see [72] for an overview) which
make them an excellent tool for image processing. First and foremost, splines offer a quite
good cost-performance tradeoff in comparison to other interpolation methods (cf. [72]).
Further, splines have a lesser tendency to oscillate, which is due to the minimum curvature
property (cf. [73]). Moreover, if we increase the degree k of the B-splines for I1 ∈ Sk

1 , we get
the form (3.7) of the image by the limiting process k →∞ (see e.g. [74]).
In the literature, all three kinds (3.5), (3.6) and (3.8) of image representations are in use. The
first form (3.5) appears e.g in several filtering, smoothing or restoration algorithms (see e.g.
[75]) but also in image registration methods (see e.g. [10]) where the necessary derivatives are
approximated by finite differences. Representation (3.6) is used in edge-detection algorithm
(see e.g. [28, 76]) which is the starting point for several object reconstruction [27] and
camera calibration methods. However, the third form (3.8) becomes more and more popular
in modern image-processing methods. To give some examples: Forster [77] invented a new
kind of complex B-spline for image denoising, and a mixture of splines and wavelets are
used in a new form of data reduction called “Compressed Sensing” (cf. [78, 79]). Moreover,
Unser studied the multiscale-processing (cf. [80, 81, 71]), which is used e.g. for a registration
algorithm in [24].
In this work, we perform each algorithm with images of the form (3.8), i.e. with their
B-spline representation I ∈ Sk

λ . Therefore, we can easily embed each method in a multiscale-
approach and work with smoothed images in each step. But in the convergence analysis of
our algorithms considerations we will also allow images of the general form (3.6).
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Figure 3.3: The first image shows the B-splines of order zero, one and two. The second image shows the
B-spline of order four, with its first and second derivative.

3.3 Image Distance Measures

Although the last decades have provided an enormous variety of different registration algo-
rithms, there is a general agreement on how to measure the distance between two image. For
monomodal registration, the sum of squared differences (SSD) can be regarded as the state-
of-the-art approach. In the other case, where two images are made by different modalities,
the mutual information (MI) is usually taken for a comparison. In some applications, also
additional informations of the images are available for the comparison. For instance, in some
applications a set of user identified points which are, in some sense, meaningful are taken into
account for the comparison of two images. But in this work, we will consider image distance
measures based only on pixel data. In contrast to the previous section, now our main focus
will lie on medical imaging.
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3.3.1 Sum of Squared Differences

Perhaps the most straightforward way to compare two images R and T of the discrete form
(3.5), made by equal or similar modality, is to consider the difference-image (R − T )2. The
more this image turns black, the more R coincides with T . Therefore the sum of all pixels of
(R−T )2, the so called SSD-measure, provides a good characterization of the correspondence.
By passing from discrete to continuous images (3.6), as discussed in the previous section, this
measure becomes the L2-norm, i.e.

DSSD(R,T ) :=
1

|V |

∫

V

(
R(x)− T (x)

)2
dx. (3.12)

Here V denotes region of interest and |V | its n-dimensional volume. In the literature, this
measure is the most common choice, since it can be easily calculated, and an algorithm to
solve the registration problem (3.1) can be chosen in such a way to exploit the structure
of DSSD. For example, in [24, 82] and [83] Levenberg-Marquard or Gauss-Newton meth-
ods are presented to solve the minimization problem. Furthermore, Benhimane and Malis
constructed in [61] an efficient second order algorithm for monomodal registration using the
distance measure (3.12). Without exception, all those algorithms show an excellent conver-
gence behavior with comparatively low numerical cost. (See e.g. [84] for a comparison of
different Gauss-Newton methods.)

3.3.2 Mutual Information

One important subproblem in image registration tackles the case, where the two given images
are made from different modalities. For example, one image may be from a MR-scan, while
the other is a CT-data set (cf. Fig. 3.4). Apart from some edge-detecting algorithms (see
[20] or [85]), the mutual information

DMI(R,T ) := H(ρR) +H(ρT )−H(ρR,T ) (3.13)

is the standard tool for comparing these kind of images. Here, ρR, ρT and ρR,T denote the
gray-value densities of R,T and the joint gray-value density, respectively. H represents the
entropy-function. To avoid confusion, for the definition in (3.13) we need another way of
defining images than in the previous section: For a given region of interest V ⊂ Rn, we
assume that x ∈ V , or x ∈ V ∩ Zn in the case of discrete images, is a uniformly distributed
random vector. Thus, in (3.13), R(x) and T (x) are not considered as real-valued functions of
the form V → R, but as random variables. Therefore, the densities and entropies appearing
in (3.13) are well defined objects (cf. [86, 10]).

In the case when R and T are discrete images, an explicit formula of the entropies is available:

H(ρS) = −
∑

i∈N
q
0

p(i) log(p(i)) with p(i) := P (S(x) = i) :=
|S−1(i)|
|V ∩ Zn| , i ∈ Nq

0 (3.14)

for S = R, S = T with q = 1 and S = (R,T ) with q = 2, respectively. Here, S−1(i) denotes
the preimage of i under S.
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Figure 3.4: Medical example of two images, made by different modalities.
Both images show the same cross-section of the hip of a patient. The left one
is made by MR-imaging, and the right one by CT-imaging.

Unfortunately, there are no explicit formulas to calculate the density or entropy of a con-
tinuous image like in form (3.6). Up to now, even a standard approach to approximate the
entropy is missing in the literature. In [10], an approximation of H is given via

H(ρS) ≈ H̃m(ρS) := − 1

m

m∑

k=1

log


 1

m

m∑

j=1

gq,Σ (S(Yk)− S(Xj))


 , m ∈ N (3.15)

for S = R, S = T and S = (R,T ). Here, gq,σ is the q-variate Gaussian density with the
covariance-matrix Σ and mean 0, i.e.

gq,Σ : Rq → R, gq,Σ(x) := (2π)−q/2(detΣ)−1/2 exp

(
−1

2
x⊤Σx

)
, Σ ∈ Rq×q.

The samples Xk, Yk in (3.15) are several points in the support of the image. In the literature,
these points are usually chosen by random.
In [85], Haber and Modersitzki mentioned several drawbacks regarding this measure. Most
of them occur because one would need a smooth function S to handle efficient algorithms,
like gradient or Newton methods, for optimizing cost functions of the form Diff(Rn) → R,
ϕ 7→ H(ρS◦ϕ). However, it is a difficult task to get a sufficiently good approximation of the
density-function of S ◦ ϕ. We mention three more drawbacks. First, there are numerical
problems which appear because of the interplay between the log and the exp function. For
example, if l and m are large, then the sum in (3.15) is (numerically) not even commutative.
Second, calculating the first and second derivatives of H(ρS◦ϕ) with respect to ϕ provides
quite long expressions and are therefore of high numerical cost. Finally, since DMI does
not satisfy the triangle inequality or other properties like positive definiteness, we cannot
interpret DMI as a metric or distance function.

3.3.3 δ-Distance

Because of the problems with the mutual information measure mentioned in the previous
subsections, we introduce another measure for multimodal registration. Our basic idea is
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that in a medical picture, all pixels of one sort of tissue are approximately related to the
same gray-value. This is true no matter which current modality is chosen to acquire the
image. Therefore, let R and T be images of the same anatomy, made by different modalities.
If they have a perfect match, i.e. if one image lies exactly on the top of the other, each pair
of pixels (x, y) in the region of interest (ROI) satisfies

R(x)−R(y) = 0⇔ T (x)− T (y) = 0. (3.16)

In the following, we will introduce an image distance measure, which penalizes differences
from this property.

Definition 3.1
A L2-integrable function of the form δ : R → R is called a window-function, if δ is non-
negative, the L2-norm is equal one and δ(x) = δ(−x) for all x ∈ R. For a given window-
function, we define the δ-distance for images R and T of the form (3.6) or (3.8) by

Dδ(R,T ) :=
1

|V |2
∫∫

V ×V

(
δ(R(x) −R(y))− δ(T (x) − T (y))

)2
dxdy. (3.17)

In our applications, we chose a cubic B-spline for the window-function δ. The benefit of
such window-functions is that we weight the differences in the gray values in each image.
This is particularly helpfull, since we know the used modalities to create the images in
most applications. Thus, we can adjust the window-function to the respective problem (cf.
Section 6.2).
The following lemma shows the connection between the δ-distance and the perfect match
property (3.16).

Proposition 3.1
Suppose that the images R,T : Rn → R are continuous functions. If the window-function δ
satisfies δ(x) = δ(0)⇒ x = 0, then Dδ(R,T ) = 0 implies the property (3.16).
If the window-function δ is of the form δ(x) := 1

2εχ[−ε,ε](x), where χ[−ε,ε] denotes the char-
acteristic function of the interval [−ε, ε], then Dδ(R,T ) = 0 is equivalent to

|R(x)−R(y)| < ε⇔ |T (x)− T (y)| < ε for all x, y ∈ V. (3.18)

Proof
Since R and T are continuous, Dδ(R,T ) = 0 is equivalent to

δ(R(x)−R(y)) = δ(T (x) − T (y)), for all x, y ∈ V. (3.19)

If δ satisfies δ(x) = δ(0) ⇒ x = 0, this implies (3.16). If δ is of the form 1
2εχ[−ε,ε], we have

δ(x) 6= 0 if, and only if |x| ≥ ε. Thus, (3.19) is equivalent to (3.18). �

Obviously there is a difference between the “perfect match” and the result of the registration
problem, which has the task to search for a deformation ϕ such that D(R ◦ ϕ, T ) becomes
minimal. In Table 3.1 we have summarized the characterizations of the perfect match prop-
erties for the different image distance measures D. For real image data R there is usually no
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Image distance Characterization of a perfect match

SSD R(x) = T (x) for all x ∈ ROI

MI EρR,T

[
log

ρR,T

ρRρT

]
= 1, E : Expectation value

δ-Distance R(x) = R(y)⇔ T (x) = T (y) for all x ∈ ROI

Table 3.1: Characterizations of a perfect match for different image
distance measures.

deformation such that these perfect match properties are satisfied for R ◦ ϕ, since R could
be disturbed by imaging errors or medical treatment. Additionally a given modality does
not distinguish between all different sorts of tissue, which contradicts relation (3.16). How-
ever, minimizing D(R ◦ ϕ, T ) is equivalent to the search of a deformation ϕ such that the
perfect match characterization for T and R ◦ ϕ is satisfied as fully as possible. Therefore,
relation (3.16) is not a necessary condition; it just describes the idealistic goal, while the
realistic goal is to find the minimum of the function defined in eq. (3.17).

In the following, we will also study a discrete version of the δ-distance for the case when both
images are discrete.

Definition 3.2
Let the reference and template images are of the form R̂, T̂ : V ∩ Zn → N0, V ⊂ Rn. Then,
the discrete δ-distance is given by

Dδ(R̂, T̂ ) :=
1

|V ∩ Zn|2
∑

i,j∈V ∩Zn

(
δ(R̂[i]− R̂[j]) − δ(T̂ [i]− T̂ [j])

)2
, (3.20)

where we set δ(x) := χ[−0.5,0.5](x).

Using the abbreviation |Î−(α)| for the number of all pixels in the image Î which have the
gray-value α, then we get another representation of the discrete δ-function.

Dδ(R̂, T̂ ) =
1

|V ∩ Zn|2


∑

α∈N0

|R̂−(α)|2 +
∑

β∈N0

|T̂−(β)|2 − 2
∑

α,β∈N0

|R̂−(α) ∩ T̂−(β)|2

 .

(3.21)

We want to point out that in contrast to Definition 3.1, we fixed the window-function in this
case. However, if we exchange the window-function by another one, whose support is also
bounded by the interval (−1, 1), then the discrete δ-distance would only differ by a constant
factor. We will see in the next proposition that this kind of distance measure does not only
penalize differences from the perfect match property (3.16). It also satisfies the properties of
a metric.
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Figure 3.5: Reference and template image, each with 8 × 8 pixels.
The numbers represent the gray-value of the fields and the red boundary
describes the ROI

Proposition 3.2
On the space of all discrete images of the form Î : V ∩ Zn → N0 we define the equivalence
relation

Î1 ∼ Î2 :⇔ Î1 = f ◦ Î2 for a bijective function f : N0 → N0.

Then, the extension of the discrete δ-distance Dδ defined by (3.20) to the equivalence classes
via Dδ([R̂], [T̂ ]) := Dδ(R̂, T̂ ) is well defined. Moreover,

(
[R̂], [T̂ ]

)
7→
√

Dδ([R̂], [T̂ ])

is a metric on the space of all equivalence classes.

Proof
From (3.21) we get directly the well-definedness of Dδ([R̂], [T̂ ]). Now, we consider the equation
Dδ(R̂, T̂ ) = 0 for two discrete images R̂ and T̂ . Using (3.20), this equation is satisfied if and
only if

δ(R̂[i]− R̂[j]) = δ(T̂ [i]− T̂ [j]) for all i, j ∈ V ∩ Zn. (3.22)

Since the images R̂and T̂ are of the form V ∩ Zn → N0, we have R̂[i] − R̂[j] ∈ Z and
T̂ [i]− T̂ [j] ∈ Z. Using δ = χ[−0.5,0.5], the statement (3.22) is equivalent to

R̂[i] = R̂[j] ⇔ T̂ [i] = T̂ [j] for all i, j ∈ V ∩ Zn. (3.23)

Hence, R̂ ∼ T̂ implies (3.23) and therefore Dδ(R̂, T̂ ) = 0. fs Dδ(R̂, T̂ ) = 0 is satisfied, the
argumentation above yields (3.23). Therefore, we can construct a bijection f : N0 → N0 with
f(T̂ [j]) = R̂[j] for all j ∈ V ∩ Zn. Thus, Dδ(R̂, T̂ ) = 0 is equivalent to R̂ ∼ T̂ . We get the
remaining properties of a metric directly from (3.20). �

Example:
To illustrate the use of the δ-distance in image-registration, we give a toy example in Fig.3.5.
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The right image shows the reference R and the left image depicts the template T , the region
of interest is the 6× 6 array in the middle. The four numbers in each image denote the gray
scale in the particular 3× 3 square. Therefore in the region of interest, R has the gray-values
α = 0, 128, 179, and simultaneously T has the gray values β = 77, 256. We get

Dδ(R,T ) =
5

362

(
(62 + 152 + 152) + (182 + 182)− 2(32 + 122 + 32 + 32 + 32 + 122)

)

=
15

8
.

It is of particular interest that the result does not depend on the specific gray-values of the
images, but only on the amount of pixels sharing the same gray-value. In comparison, we
also consider the case where the template is translated one pixel to the left, which can be seen
as a perfect match between both images. Now, the term in the integral of eq. (3.17) vanishes
for each pair of pixels (x, y) in the region of interest and the measure becomes zero.

Dδ(R,T ) =
5

362

(
(182 + 182) + (182 + 182)− 2(182 + 02 + 182 + 02)

)

=0.

Thus, if we move the reference one pixel to the left, one would intuitively identify a good
alignment of both images. In this case, the δ-distance yields also the lowest value.

The main advantage of Dδ is its relation to the classical SSD-measure: Due to a comparison
of eq.(3.17) with eq.(3.12) the multimodal registration task for two images R and T can be
interpreted as a monomodal registration of two images R̃ and T̃ by doubling the dimension,
namely

R̃(x, y) := δ(R(x) −R(y)) and T̃ (x, y) := δ(T (x) − T (y)). (3.24)

Similarly to DSSD, the essential structure of Dδ consists of the L2-norm and thus all estab-
lished techniques in monomodal registration are applicable to the multimodal case.
Additionally, we demonstrate in the following proposition that there is also a relation between
the Dδ and DMI.

Proposition 3.3
Let gq,Σ denote the q-variate Gaussian density with mean zero and variance-matrix Σ, and let
the samples {Xj}mj=1, {Yk}mk=1 be independently and uniformly distributed in the intersection
of the supports of the images R and T . Using the abbreviation

Gk,m,σ =
1

m

m∑

j=1

g1,σ

(
R(Yk)−R(Xj)

)
g1,σ

(
T (Yk)− T (Xj)

)
,

the exponential of the approximated joint entropy H̃m(ρR,T ) in (3.15) is given by the geo-
metric mean of all Gk,m,σ’s:

exp(−H̃m(ρR,T )) = m

√√√√
m∏

k=1

Gk,m,σ. (3.25)
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Figure 3.6: Comparison of the mutual information measure with the δ-Distance. We took the first image
for the reference R and the second image for the template T . Third image: Mutual information and its
approximation, using (3.15) with (m, n, σ) = (5000, 5000, 5), (1000, 1000, 25), (200, 200, 625), of R and T while
translating R horizontally form −50 pixel to +50 pixel. Fourth image: δ-distance for the same appreciation
of assets. We used δ(x) = 5χ[−0.1,0.1](x) and δ(x) = g1,σ(x) with σ = 5, 25, 625. In the cases δ = g1,σ, we used
a Monte-Carlo approximation of the integral in (3.17) is used with 50002, 10002 and 2002 samples.

Furthermore, by setting δ(x) = g1,σ(x), the scalar product of R̃(x, y) and T̃ (x, y) with respect
to the L2-norm can be approximated by the arithmetic mean of all Gk,m,σ’s.

〈
R̃(x, y), T̃ (x, y)

〉
L2

= lim
m→∞

1

m

m∑

k=1

Gk,m,σ. (3.26)

Proof
Equation (3.25) follows directly from the definition of H̃ in (3.15) and (3.26) is a consequence
of the Monte-Carlo approach for the approximation of integrals [87]. �

Proposition 3.3 gives rise to suspicion that a similar result like (3.26) should also hold for the
approximation of the entropy. However, as far as we know, there is no convergence analysis of
H̃m → H, only the approximation of the densities ρR, ρT and ρR,T using the Parzen window
method is discussed in [10, 86] or [68].

Proposition 3.3 hints at the common behavior of DMI and Dδ, if we disturb the reference image
with a volume-preserving transformation ϕ, i.e. if we consider the map ϕ 7→ D(R ◦ ϕ, T ).
If we choose the mutual information measure for D, we can exploit the fact that H(ρR◦ϕ)
and H(ρT ) remain constant under the volume-preserving transformation ϕ. Therefore, the
extrema of DMI(R◦ϕ, T ) are equal to the extrema of the joint entropy ϕ 7→ H(ρR◦ϕ,T ), which
can be approximated by the geometric mean of the Gk,m,σ. If we choose the δ-distance for
studying the map ϕ 7→ D(R ◦ ϕ, T ), we can use (3.24) and get

Dδ(R ◦ ϕ, T ) =
1

|V |2
(
‖R̃ ◦ ϕ‖2L2 + ‖T̃‖2L2 − 2

〈
R̃ ◦ ϕ, T̃

〉
L2

)
.

Again, the first two terms on the right side remain constant under volume-preserving trans-
formations of R. Therefore, the extrema of Dδ(R ◦ ϕ, T ) are equal to the extrema of the
scalar-product, which can be approximated by the arithmetic mean.

We finish this section with a comparison of the mutual information measure with the δ-
distance.
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Example:
In this example, we use the left image in Fig. 3.2 for the reference R and the left image in
Fig. 3.6 for the template T . Here, T is constructed by an affine distortion of the gray values
of R,

T (x) := −1

2
R(x) + 100.

Let ϕt : R2 → R2, ϕt(x, y) := (x, y + t) be the horizontal translation of t ∈ Z pixels. In
the middle of Fig. 3.6 we display the graph of the function t 7→ DMI(R ◦ ϕt, T ), where we
used (3.14) to calculate the appearing entropies. We also calculated the graph where the
entropies are approximated using formula (3.15). We choose m = 5000 and σ = 5 for the
first approximation. The samples Xk, Yk are chosen independently and uniformly randomly
in the whole image domain [1, 520]2 ∩ Z2 (but we use the samples for all t). In the second
and third approximation, we choose m = 1000, σ = 25 and m = 200, σ = 625, respectively.
On the right side of Fig. 3.6 we display the graph of the function t 7→ Dδ(R ◦ϕt, T ) where we
use the discrete version (3.21) for the measure Dδ (blue graph). Additionally, we calculate
Dδ by the formula (3.17) using δ(x) = g1,σ(x) for σ = 5, 25, 625. The integral appearing
in (3.17) was approximated with a Monte-Carlo method using the same samples as in the
corresponding approximation of the mutual information.

All eight graphs show a global extremum in t = 0. This is a desirable property for the
use in multimodal image registration, since for t = 0 the images R ◦ ϕt and T are identical,
despite the transformation of the gray values in R. Thus, both measure can detect the optimal
alignment of R and T . We also notice that many local extrema appear in the approximation
of Dδ(R ◦ ϕt, T ) or DMI(R ◦ ϕt, T ), if we reduce the number of samples. (This effect is for
the most part independent from a variation of σ.) In the middle of Fig. 3.6 we notice that the
approximation (3.15) converges to (3.14) for the simultaneous limits m→∞ and σ → 0.

In applications, the choice of σ is rather problematic (see e.g. [10]). An optimization process is
suggested in [88] to get the best value for the tuning-parameter σ, but usually it is considered
to be given a priori, e.g. by the distribution of the gray-values in the original images of the
form (3.5) (see e.g. [52, 89, 90]). In comparison, we see no convergence to Dδ(R ◦ϕt, T ) (blue
graph) on the right side of Fig.3.6 if we use finer approximations. This is not surprising, since
we used a different window-function δ(x) for each graph. Therefore, the approximations are
related to different image distance measures of the form (3.17). Convergence is only given
for a fixed σ (and therefore for a fixed δ(x)) and for m→∞. The blue graph would still not
be the limiting curve, since its window-functions have a different form for each σ. However,
in this example we can use a lot of different types of window-functions to detect the best
alignment of R and T . In the case of real medical applications, additional information is
available besides the raw pixel data, like the recording technology or the appearing sorts of
tissue. This information can be used for a fine-tuning of the window-function δ(x).

3.4 The Optimization Problem

With these preliminaries at hand, we can state the final formulation of the registration task.
Consider two continuous images R : VR → R and T : VT → R of the form (3.8) or of (3.6), the
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Table 3.2: Multiresolution Approach for Image Registration

Given: images R,T ∈ C(Rn,R) with compact support.
Parameter: k ∈ N, {λi}i∈N

⊂ [0,∞) with lim
i→∞

λi = 0

Step 1.
Choose an initial point g1 ∈ G. Set i = 1.

Step 2.
Set

gi+1 = arg min
g∈G

DV (P k
λi
R ◦ ρg, P

k
λi
T ) (3.28)

and use gi for the initial guess to solve the optimization problem.

Step 3.
Set i = i+ 1 and goto step 2.

so-called reference and template, with the given domains VR, VT ⊂ Rn. Additionally, specify
the group of deformations, e.g. G = SE(n) or G = SA(n) and specify one of the similarity
measures DV

SSD, DV
MI or DV

δ investigated in Section 3.3. Here, the superscripted letter “V ”
points out that each measure depends on a given domain V ⊂ Rn. The problem is now to
find an element g⋆ ∈ G, such that R◦ρg⋆ matches best to T in the domain V := ρg⋆(VR)∩VT ,
i.e. we look for

arg min
g∈G

DV (R ◦ ρg, T ). (3.27)

It is mentioned in [24] that the types of applications, to which the registration is addressed,
can be categorized in data fusion, motion estimation and the detection of significant differ-
ences. With the previous arguments, the task of finding an adequate measure becomes even
more delicate, especially for the third application. The optimization problem (3.27) incorpo-
rates all pixels in V to find a good alignment, even those which carry entirely different infor-
mation. That is why landmarks are still incorporated in several registration algorithms which
are sometimes detected automatically, but also provided by medical experts (see e.g. [91]).

Another restriction of the optimization problem (3.27) is due to the domains of definition
VR and VT . We assume that we can find the whole template in the reference. That is, if
g⋆ ∈ G is the solution of (3.27) we have V T ⊂ ρg⋆(VR). This has several reasons: First, it
simplifies the problem since the joint domain V is now constant in a certain neighborhood
around g⋆. Secondly, we have to avoid deformations for which VT ∩ ρg(VR) = ∅ since this
would imply an undesirable extremum. Another reason is inherent in approximations of the
distance measures, i.e. if we use either (3.15) to calculate the mutual information or a Monte-
Carlo approach to approximate the integrals in (3.12) or (3.17). In these cases we deal with
a set of samples in the domain V and if V varied during the optimization process, the set
of samples would also vary. Hence, the cost function of (3.27) would have discontinuities,
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which we want to avoid. Last but not least, the assumption V T ⊂ ρg⋆(VR) conforms with
most of the medically relevant applications. For example, in radiation therapy the first image
is used to define the region of interest (ROI), which contains the tumor and organs at risk.
This region can be relatively small compared to the domain of definition of the image. The
registration task is now to find the ROI in a second image, which is made sufficiently large
to guarantee that the ROI is included. In such a case, we would set V = ROI. However,
it is known that a small variation of the ROI affects the result of the optimization problem
(3.27), see e.g. [92].
If the images R and T are given in form (3.5) or, after an interpolation step, in form (3.6),
it is a common approach in image processing not to solve (3.27) directly but to embed this
optimization in a multiresolution approach (see [24] for an introduction). In our work, we use
the projection P k

λ : L2(Rn,R) → Sk
λ and choose a decreasing sequence (λ1, λ2, . . .) ⊂ [0,∞).

The registration task (3.27) will then be solved by using the scheme in Table 3.2.
This approach is common in image registration (see e.g. [89, 24, 90, 33]): If λi is large,
a lot of the high frequency part of I is missing in P k

λi
I (see Fig. 3.2). Therefore, the cost

function of (3.28) is usually smoother than the cost function of (3.27) and the scheme usually
avoids local minima. Moreover, in many examples the registration task (3.28) gives quite
good approximations of (3.27), even if λi is large. But these are only numerical observations.
As far as we know, there exists no convergence analysis of this registration approach.
Of course, B-splines are not the only way of implementing a multiresolution scheme; see
e.g. [93, 15, 11, 94] for other approaches in image processing. But besides the outstanding
interpolation and approximation properties (see e.g. [72]), a reduction of the high frequency
part (i.e increasing λ in P k

λ I) implies a reduction of information (i.e. Sk
λ is low dimensional).

We will present algorithms which exploit this property.
Of course, an optimization method for solving (3.28) is still needed. Therefore, the following
chapters will mainly deal with the problem (3.28) and not with the entire multiresolution
approach.



Chapter 4

Topics in Exact Image Registration

In this chapter, we discuss the registration task in the noise-free case, when the template image
T : VT → R is a copy of the reference image R : VR → R, deformed only by an unknown
affine or Euclidean transformation. That is T (x) = R(g · x) for a g ∈ G = SA(n), SE(n) and
for all x ∈ VT .

In this case, we need no iterative method to calculate g by given images R and T . In the
so-called principal axes-based registration method, the pixels are interpreted as mass-points
where the mass is equal to the gray-value. Therefore, we only have to compare the center of
mass and the principal axes of both images to calculate g. We refer to [10] for an examination
of this algorithm. Moreover, an extension of this method to the multimodal registration task
is given in [95].

Two matters need to be discussed in the case of noise-free monomodal registration: First, the
principal axis registration is very sensitive to the image data. For example, if the template
T is a small image section of the reference R, the result of the principle axis method can
be meaningless. Second, the principal axis registration encompasses all pixels of an image,
whereas the dimension of G is comparatively small. For example, the left picture in Fig. 3.2
has more than 2.7 · 105 pixels, whereas the dimension of the admissible set SE(2) is only 3.
In this chapter, we tackle the problem of how much information of the template is necessary
to recover the relative position of the template in the reference. More precisely, if the image
R is of the form (3.6), how many sample-points X = (x1, . . . , xm) ∈ Rn×m are necessary such
that the evaluation map

φR,X : G→ Rm, M 7→
(
R(PMx̄1), . . . , R(PMx̄m)

)⊤
with P =

(
In 0

)
∈ Rn×(n+1)

(4.1)

becomes an embedding of G in Rn×m? Here, x̄ denotes again the homogenous coordinates of
the vector x ∈ Rn.

Of course, the answer to this question depends on the image R. For example, if we have a
black image R ≡ 0, then (4.1) is not an embedding for no choice of X ∈ Rn×m and one can
easily think of more examples, like a white circle with black background. However, we will
show that these exceptions form a thin set in the function space C(Rn,R).

65
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4.1 Preliminaries on Transversality Theory

We start with some preliminaries on transversality theory. For a more detailed discussion we
refer to [50]. Let M,N be manifolds and A ⊂ N a submanifold of N . A differential map
f :M→N is transverse to A and denoted by f ⋔ A if

TyA+ Txf(TxM) = TyN (4.2)

for all x ∈ M, y ∈ N with f(x) = y ∈ A. That is, the tangent space TyN of N at y is
spanned by the tangent space TyN of A at y and the image of the tangent space TxM ofM
at x through the tangent map Txf . Therefore, we can regard the transversality property as
an extension of the “regular value” concept and the next theorem as a generalization of the
Submersion Theorem; its proof can be found e.g. in [50].

Theorem 4.1
Let f :M→ N be a Cr map, r > 1 and A ⊂ N a Cr submanifold. If f is transverse to A
and f(M) ∩A 6= ∅, then f−1(A) is a submanifold of M. The codimension of f−1(A) is the
same as the codimension of A in N .

For a given subset L ⊂ M we use the notation f ⋔L A to express that (4.2) is satisfied for
all x ∈ L, y ∈ N with f(x) = y ∈ A.

Next, we introduce two topologies for the set Cr(M,N ) of all r-times continuously differen-
tiable functions fromM to N , namely the weak topology and the strong topology. For the so-
called weak topology Cr

W (M,N ) , we define the subbasis as follows: For each f ∈ Cr(M,N ),
for each pair of local charts (ϕ,U), (ψ, V ) on M, N , for each compact set K ⊂ U with
f(K) ⊂ V and for each 0 < ε <∞, we construct the open subbasic neighborhood

Ur(f ; (ϕ,U), (ψ, V ),K, ε) =
{
g ∈ Cr(M,N )

∣∣∣ g(K) ⊂ V, sup
x∈K,06k6r

‖Dk(ψ ◦ f ◦ ϕ−1)(x)−Dk(ψ ◦ g ◦ ϕ−1)(x)‖ < ε

}
.

Then, each open set in Cr
W (M,N ) is composed of arbitrary unions of finite intersections of

these sets. In the special case when M is compact and N has a metric dN , the topological
space Cr

W (M,N ) is metrizable. Moreover, the metric is complete provided that N is a
complete metric space (cf. [50]).

In order to construct an open basic neighborhood with respect to the strong topology Cr
S(M,N )

we define Ur(f ; Φ,Ψ,K, ε) for each f ∈ Cr(M,N ), each local finite set of charts Φ =
{ϕi, Ui}i∈Λ on M, each set of charts Ψ = {ψi, Vi}i∈Λ on N , each family K = {Ki}i∈Λ of
compact subsets of M with Ki ⊂ Ui, and each family of positive numbers ε = {εi}i∈Λ:

Ur(f ; Φ,Ψ,K, ε) ={
g ∈ Cr(M,N )

∣∣∣ ∀i∈Λ g(Ki) ⊂ Vi, sup
x∈Ki,06k6r

‖Dk(ψi ◦ f ◦ ϕ−1
i )(x) −Dk(ψi ◦ g ◦ ϕ−1

i )(x)‖ < εi

}
.

An open set in Cr
S(M,N ) is composed of arbitrary unions of these sets.
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We want to underline the difference between the two topologies with an example: The se-
quence of functions fn ∈ C(R,R), fn(x) = 1

nx
2, n ∈ N converges to f ≡ 0 with respect to

the weak topology, but it does not converge with respect to the strong topology. In other
words, the weak (or “compact-open”) topology does not control the limiting behavior of the
functions.

Another advantage of the strong topology is that it satisfies the Baire property. (A proof
of this and a more detailed comparison of both topologies can be found in [50].) Yet, both
topologies are identical if M is compact.
The following proposition may be seen as an analog version of Theorem 4.1 with focus on
the function space. Another proof may be found in [96] p.52.

Proposition 4.2
Let f :M→N be a Cr map, r > 1 and A ⊂ N a Cr submanifold. If f is transverse to A and
f(M)∩A 6= ∅, then there is an open neighborhood U ⊂ Cr

S(M,N ) of f with g(M)∩A 6= ∅
for all g ∈ U .

Proof
Denote with m, n and q the dimensions of M, N and A, respectively. Let x0 ∈ M such
that f(x0) ∈ A. Since A is a submanifold of N , there is a chart ψ : W̃ ⊂ N → W ⊂ Rn

of N in f(x0) and a q-dimensional subspace V ⊂ Rn such that ψ−1(V ∩ W ) = A ∩ W̃ .
Let π : Rn → Rn denote the projection from Rn onto the orthogonal complement X of V .
Moreover, let ϕ : Ỹ ⊂ M → Y ⊂ Rm be a chart of M in x0 with f(Ỹ ) ⊂ W̃ . Since f is
transverse to A, ϕ(x0) is a regular point of f̃ := π ◦ψ ◦f ◦ϕ−1. Let K ⊂ Y denote a compact
subset of Y with an interior point ϕ(x0) ∈ K.
Consider the map F : Cr(K,X) ×K → X, (g, x) 7→ g(x). We can equip Cr(K,X) with the
supremum norm

‖g‖Cr(K,X) := sup
{
‖Dkg(x)‖

∣∣ x ∈ K, k = 0, . . . , r
}
,

with respect to which the set Cr(K,X) × K is a Banach space. Moreover, with respect to
this norm, the map F is continuously differentiable with

DF(g, x)(ε, h) = Dg(x)h + ε(x)

and the second component h 7→ DF(f̃ , x0)h is surjective. Thus, the Implicit Function The-
orem yields an open neighborhood Ũ ⊂ Cr(K,X) of f̃ and a map H : Cr(K,X) → X with
F(g,H(g)) = 0 for all g ∈ Ũ .
Due to the continuity of the map G : Cr

S(M,N ) → Cr
S(K,X) g 7→ π ◦ ψ ◦ g ◦ ϕ−1|K , the

set U := G−1(Ũ) is an open neighborhood of f . Moreover, we get g(M) ∩ A 6= ∅ for all
g ∈ U . �

The following theorem is a well known result from the transversality theory and its proof can
be found e.g. in [50].

Theorem 4.3 (Transversality Theorem)
Let M, N be manifolds and A ⊂ N a submanifold. Let 1 6 r 6∞. Then:



68 4.1 PRELIMINARIES ON TRANSVERSALITY THEORY

(a) ⋔r (M,N ;A) := {f ∈ Cr(M,N ) | f ⋔ A} is residual in Cr(M,N ) for both the strong
and the weak topologies.

(b) Suppose A is closed in N . If L ⊂ M is closed [resp. compact] then ⋔r
L (M,N ;A) :=

{f ∈ Cr(M,N ) | f ⋔L A} is dense and open in Cr
S(M,N ) [resp. Cr

W (M,N )].

From the Transversality Theorem we can formulate the following result for mappings between
function spaces. Some of the arguments can be found in the Globalization Theorem (see e.g.
[50]).

Lemma 4.4
Let M1, M2, N1, N2 be C∞ Riemannian manifolds, M2 connected and let A ⊂ N2 be a
submanifold. Moreover, let the map F : Cr

S(M1,N1)→ Cs
S(M2,N2) be continuous. Suppose

that for each compact set K ⊂M2, there is a nonempty, compact set L ⊂M1 such that for
all f, g ∈ Cr(M1,N1) the implication

f |L ≡ g|L ⇒ F(f)|K ≡ F(g)|K (4.3)

holds. If the set

⋔r (M1,N1;F, A) :=
{
f ∈ Cr(M1,N1)

∣∣ F(f) ⋔ A
}

is dense in Cr(M1,N1) with respect to the weak topology, then ⋔r (M1,N1;F, A) is also
generic in Cr(M1,N1) with respect to the strong topology.

Proof
Let dM2 denote the Riemannian metric in M2 and let y ∈ M2 be arbitrary. We denote by
Bk(y) = {z ∈M2 | dM2(z, y) ≤ k} the closed ball in M2 around y with radius k > 0. For
each k ∈ N, we define the set

⋔r
k (M1,N1;F, A) :=

{
f ∈ Cr(M1,N1)

∣∣ F(f)
∣∣
Bk(y)

⋔ A
}
.

Then, property (4.3) states that there is a sequence of compact sets Lk ⊂M1 that satisfies

f |Lk
≡ g|Lk

⇒ F(f)|Bk(y) ≡ F(g)|Bk(y)

for all f, g ∈ Cr(M1,N1). Moreover, for each k ∈ N, there is a compact set Kk ⊂ M1 with
the property that Lk lies in the interior of Kk, i.e. Lk ⊂ int(Kk).
Now, let f ∈ Cr(M1,N1) be arbitrary. Since ⋔r

k (M1,N1;F, A) is dense in Cr
W , there is a

sequence {fl}l∈N
⊂⋔r

k (M1,N1;F, A) which converges to f with respect to the weak topology.
If M1 is compact, the sequence {fl}l∈N

converges also with respect to the strong topology,
which implies that ⋔k (M1,N1;F, A) is dense in Cr

S .
In the case that M1 is not compact, we construct another sequence of functions {hl}l∈N

⊂
Cr(M1,N1):

hl(x) :=

{
expf(x)

(
λ(x) exp−1

f(x) fl(x)
)

if x ∈ Kk

f(x) if x ∈M1 \Kk.
(4.4)
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where λ : Kk → [0, 1] is a Cr map with compact support, such that λ(x) = 1 for all x near
Lk. Here, expx : TxM2 → M2 denotes the Riemannian exponential map. Regarding (4.4),
we have to mention that the injectivity radius of the Riemannian exponential map expp is a
continuous function in p ∈ M2 (cf. [97] p.131). Since Kk is compact, there exists a global
injectivity radius of expf(x) for all x ∈ Kk. Thus, using the fact that fl converges to f , we
conclude that hl is well-defined if l ∈ N is large enough.
Since fl converges to f with respect to the weak topology, hl converges to f with respect to the
strong topology. Moreover, we have hl|Lk

≡ fl|Lk
and therefore {hl}l∈N

⊂⋔r
k (M1,N1;F, A).

Since f was given arbitrarily, it follows that ⋔k (M1,N1;F, A) is dense in Cr
S .

The Transversality Theorem states that the set ⋔s (M2,N2, A ∩ Bk(ỹ)) is residual with
respect to the strong topology. That is, ⋔s (M2,N2, A ∩ Bk(ỹ)) is a countable intersection
of open and dense sets in Cs

S(M2,N2). Since F is continuous and

⋔r
k (M1,N1;F, A) = F−1

(
⋔s (M2,N2, A ∩Bk(y))

)

we get that ⋔r
k (M1,N1;F, A) is also a countable intersection of open sets with respect to the

strong topology. Thus, ⋔r
k (M1,N1;F, A) is generic for each k ∈ N. Since M2 is connected,

we have

⋔r (M1,N1;F, A) =
⋂

k∈N

⋔r
k (M1,N1;F, A).

Thus, using the fact that Cr
S(M,N ) is a Baire space, we conclude that the set ⋔r (M1,N1;F, A)

is generic as well. �

The following theorem can be seen as an extension of the Morse-Sard Theorem into the field
of transversality theory, its proof can be found e.g. in [50].

Theorem 4.5 (Parametric Transversality)
Let V,M,N be Cr manifolds without boundary and A ⊂ N be a Cr submanifold. Let
F : V → Cr(M,N ) satisfy the following conditions:

(a) the evaluation map F ev : V ×M→ N , (v, x) 7→ Fv(x) is Cr.

(b) F ev is transverse to A.

(c) r > max {0,dim M+ dim A− dim N}.
Then the set

⋔ (F ;A) := {v ∈ V | Fv ⋔ A}
is residual and therefore dense. If A is closed in N and F is continuous for the strong topology
on Cr(M,N ), then ⋔ (F,A) is also open.

We conclude this section by applying of the Parametric Transversality Theorem to the so-
called jet-manifolds: Again, let M and N be differentiable manifolds. Let m and n denote
the dimensions ofM and N , respectively. In order to define the elements of the jet-manifold
from M to N we consider triples of the form [x, f, U ]r, where U ⊂ M is an open subset,
x ∈ M and f : U → N is an Cr map. We say that two triples [x, f, U ]r and [x′, f ′, U ′]r are
equivalent if
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(i) x = x′,

(ii) f(x) = f ′(x) and

(iii) for some charts ϕ : V → Rm, ψ : W → Rn around x ∈ V ⊂M and f(x) ∈W ⊂ N , (V
and W open,) the functions ψ ◦ f ◦ ϕ−1 and ψ ◦ f ′ ◦ ϕ−1 have the same derivatives in
x up to the order r ∈ N0.

We call the equivalence-class of [x, f, U ]r the r-jets and we denote it as jrxf , i.e.

jrxf := [x, f, U ]r. (4.5)

The set of all r-jets fromM to N is denoted by Jr(M,N ) and

jrf :M→ Jr(M,N ), x 7→ jrxf

defines the so-called r-prolongation map.

Moreover, we can equip Jr(M,N ) with a manifold structure. If (ϕ,U) and (ψ, V ) are charts
ofM and N , respectively, we construct a map θ : Jr(U, V )→ Jr(ϕ(U), ψ(V )) by

θ : jrxf 7→ jry(ψ ◦ f ◦ ϕ−1), y = f(x). (4.6)

Since ϕ(U) and ψ(V ) are open sets in a m-dimensional vector space and in an m-dimensional
vector space, respectively, we obtain that

Jr(ϕ(U), ψ(V )) ∼= ϕ(U) × ψ(V )×
r∏

k=1

Lk
sym(Rm,Rn), (4.7)

where Lk
sym(Rm,Rn) denotes the vector space of symmetric, k-linear maps from Rm to Rn.

Therefore, Jr(ϕ(U), ψ(V )) is an open set of a vector space and one can easily show that θ
defines a chart of Jr(M,N ). Hence, Jr(M,N ) is a manifold and from (4.7) we obtain that
it has the dimension

dimJr(M,N ) = dim(M) + dim(N ) ·
r∑

k=0

(
dim(M) + k − 1

k

)
. (4.8)

The following theorem is an application of the previous Parametric Transversality Theorem
to the jet manifold. Its proof can be found in [50].

Theorem 4.6 (Jet Transversality Theorem)
LetM, N be C∞ manifolds without boundary, and let A ⊂ Jr(M,N ) be a C∞ submanifold.
Suppose 1 6 r < s 6∞. Then

⋔s (M,N ; jr , A) :=
{
f ∈ Cs(M,N )

∣∣ jrf ⋔ A
}

is residual and thus dense in Cs
S(M,N ) and open if A is closed.
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4.2 Image Appearance Manifolds with Finite Evaluations

In contrast to our approach, where images are differentiable functions of the form (3.6) or of
the form (3.8), Baraniuk et al. [48, 98] considered images as Lebesgue integrable functions
R ∈ L2(Rn,R). For a given Lie group G acting smoothly on Rn, they studied the G-orbit of
R, i.e. the set of all images occurring by a transformation of R

RG := {R ◦ ρg | g ∈ G} ⊂ L2(Rn,R), (4.9)

with ρg : Rn → Rn, x 7→ g · x. The set RG is called “Image Appearance Manifold” (IAM),
even though there are no known conditions in the literature, such that RG is a manifold (not
even for the simplest case when G denotes the set of all translations; cf [48]).
In [48, 98] it was demonstrated that RG is in general not differentiable with respect to the L2-
norm. In the given examples, discontinuous functions R yielded such a lack of differentiability.
For instance, let χB1(0) denote the characteristic function of a ball B1(0) ⊂ R2 around zero
with radius one and let G denote the set of translations in R2. Then R(x) = χB1(0)(x) is a
function representation of an image consisting of a white circle on a black background and
RG is not differentiable. Such discontinuous functions R appear quite naturally if there is no
interpolation process applied to the images, as it was presented in Section 3.2.
The missing differentiable structure can be interpreted as another reason for a multiscale
approach for the registration problem like it is presented in (3.28). Roughly speaking, to
construct and examine image registration algorithms, we are forced to use smooth image
representations of the form (3.6).
In this section, we study IAMs of the form RG with R ∈ Cr(Rn,R), r ≥ 1. In many
applications we will not use RG itself, but a sampled version of it. In order to model this
sampled version, we use here the map eval : C(Rn,R) × Rn×m → Rm which evaluates a
function f simultaneously in m sample-points

eval(f ;X ) := eval(f ;x1, . . . , xm) := (f(x1), . . . , f(xm))⊤. (4.10)

For a given image representation R of the form (3.6) and a given tuple of sample-points
X = (x1, . . . , xm) ∈ Rn×m we will examine the evaluation of R ◦ ρg in X by varying the
transformation g ∈ G, i.e. we study the function

φR,X : G→ Rm, φR,X (g) = eval(R ◦ ρg,X ). (4.11)

Using the notation

· : G× Rn×m → Rn×m, g · (x1, . . . , xm) := (g · x1, . . . , g · xm) (4.12)

for the simultaneous group action of G on the set of m sample-points, we get an equivalent
definition of φR,X by

φR,X (g) = eval(R, g · X ). (4.13)

We will see that under mild conditions on X and for a generic choice of R, the set φR,X (G)
is a manifold. Since φR,X is a composition of the evaluation map eval and the simultaneous
group action, we study the map (4.12) in the first subsection. In Subsection 4.2.2 we examine
the function eval

∣∣
G·X .
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4.2.1 Properties of Special Group Actions

In this subsection we examine the simultaneous group action of the special affine group and
its subgroup, the special Euclidean group. Using the SA(n) group action, defined in (2.9),
the simultaneous group action (4.12) becomes

· : SA(n)× Rn×m → Rn×m, M · (x1, . . . , xm) := (PMx̄1, . . . , PMx̄m),

with P = (In 0) ∈ Rn×(n+1). Here, x1, . . . , xm ∈ Rn are given sample-points, and x̄1, . . . , x̄m ∈
Rn+1 denotes their homogenous coordinates. Again, we write X = (x1, . . . , xm) ∈ Rn×m, and
define the orbit of X with respect to SA(n) by

SA(n) · X := αX (SA(n))

with

αX : SA(n)→ Rn×m, αX (M) := M · X . (4.14)

The next theorem states that, for m ≥ n and under some generic conditions for the sample-
points X , the map αX : SA(n) → Rn×m is an embedding. So the image of αX forms a
submanifold, i.e. SA(n) ∼= SA(n) · X .

Theorem 4.7
Let the sample-points (x1, . . . , xm) =: X ∈ Rn×m be given and let H ⊂ Rn denote the
smallest affine subspace containing x1, . . . , xm. The map αX is a closed embedding if and
only if H = Rn.

Recall that a function f :M→ N between two metric spaces M,N is called proper, if the
preimage f−1(K) of each compact subset K ⊂ N is compact inM. The function f is called
embedding if it is an homeomorphism and an immersion. If it is, additionally, proper, we call
f an closed embedding.

Proof
First, assume that the codimension of H is one or greater. Let (b1, . . . , bn) be an orthonormal
basis of Rn such that H ⊆ 〈b2, . . . , bn〉. Therefore, we get (I + b2b

⊤
1 )x = x for all x ∈ H.

Hence, αX is not injective, since αX (I, 0) = αX (I+b2b
⊤
1 , 0). (Here, we use the representation

SA(n) ∼= SL(n) ⋉ Rn.)

Now, assume that H = Rn, which in particular implies m ≥ n. We will construct the inverse
map of αX and show it’s continuity. Therefore, we have to solve the equation (y1, . . . , ym) =
αX (A, t) with respect to A and t. Since the map (A, t) → (A, t+ τ) is a diffeomorphism for
each τ ∈ Rn, we can w.l.o.g. assume that the mean x⋆ := 1

m

∑m
i=1 xi of X is 0 and that the

first n vectors {x1, . . . , xn} are linearly independent. Then, the translation t is given by the
formula

t = A

(
1

m

m∑

i=1

xi

)
+ t =

1

m

m∑

i=1

yi (4.15)
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and the distortion A is given by

A = (y1 − t, . . . , yn − t) (x1, . . . , xn)−1 . (4.16)

This can be interpreted as a linear, bijective map Rn×m → gl(n)×Rn, (y1, . . . , ym) 7→ (A, t).
Therefore, the inverse map α−1

X : αX(SA(n)) → SA(n) is continuous with respect to the
standard topology on Rn×m.

In order to show that the orbit SA(n) · X is closed, let (Yk)k∈N
⊂ SA(n) · X denote an

arbitrary sequence, which converge to Y ∈ Rn×m. Moreover, let (Ak, tk) ∈ SA(n) denote
the corresponding group element, i.e. (Ak, tk) · X = Yk. Thus, (4.15) and (4.16) yields that
(Ak, tk) converges, which implies that αX is closed. �

Since the Special Euclidean Group is a sub-Lie Group of the Special Affine Group, we can
restrict the action of SA(n) on Rn defined in (2.9) to an action of SE(n) on Rn. In the same
way, we can restrict the function αX defined in (4.14) on SE(n) to examine the simultaneous
action of the Lie group on a set of sample-points X = (x1, . . . , xm) ⊂ Rn×m. The following
theorem is the analogue of Theorem 4.7 for the Special Euclidian Group.

Theorem 4.8
Let the sample-points (x1, . . . , xm) =: X ∈ Rn×m be given and let H ⊂ Rn denote the
smallest affine subspace containing x1, . . . , xm. The map αX |SE(n) is a closed embedding if
and only if the codimension of H is smaller or equal to 1.

Proof
Firstly assume that the sample-points lie in an affine subspace H ⊂ Rd with codimension
2 or greater. Then, each rotation around this subspace H is invariant to all sample-points.
Hence αX |SE(n) is not injective.

Next, assume that the subspace H ⊂ Rd has codimension 1 or less. Then without loss
of generality we can assume that x1 = 0 and that the vectors {x2, . . . , xn} are linearly
independent. We construct another sample-point x∗ by the cross product in Rn

x∗ = x2 × . . .× xn.

In order to show that αX |SE(n) is an embedding, it is sufficient to construct the inverse map
and to show its continuity. Therefore, we have to solve the equation (y1, . . . , ym) = αX (A, t)
with respect to A and t. Using

y∗ := (y2 − y1)× . . .× (yn − y1) + y1 (4.17)

we get

A = (y2 − y1, . . . , yn − y1, y
∗ − y1)(x2, . . . , xn, x

∗)−1. (4.18)

and

t = y1 (4.19)
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Since {x2, . . . , xn} are linearly independent the matrix (x2, . . . , xn, x
∗) is invertible. Each of

the three formulas, (4.17), (4.19) and (4.18), can be interpreted as linear maps in the variables
y1, . . . , ym. Hence, the inverse map αX |−1

SE(n) : αX (SE(n)) → SE(n) is continuous with

respect to the standard topology on Rn×m. Using the same argumentation as in Theorem 4.7,
we can show that αX |SE(n) is also a closed embedding. �

4.2.2 Generic Properties for Fixed Evaluation Points

Recall that the aim of this section is to find conditions for which the map

φf,X : G→ Rm, g 7→ eval(f ; g · X )

is a closed embedding. Here, f : Rn → R is a given and sufficiently smooth function, G is
given Lie group and the evaluation map eval was defined in (4.10). In the previous subsection
we already mentioned the necessary condition that the function αX : G → G · X ⊂ Rn×m

defined in (4.12) has to be a closed embedding. This condition was studied in Theorems 4.7
and 4.8 for the Lie groups SE(n) and SA(n), respectively. Throughout this subsection, we
assume that this condition is satisfied, which also implies that the G-orbit G · X ⊂ Rn×m of
X is a submanifold with the same dimension as G.

Theorem 4.9
Let G be a finite-dimensional Lie group acting smoothly on Rn and let X ∈ Rn×m be a
m-tuple of distinct sample-points in Rn such that G→ G · X , g 7→ g · X is an embedding of
G in Rn×m. If m ≥ 2 dimG, then the set

{
f ∈ Cr(Rn,R)

∣∣ eval(f ; . )|G·X : G · X → Rm is an immersion
}
, r ≥ 2

is generic in Cr
S(Rn,R).

Before starting the proof, we make some useful notations and remarks. We denote the set of
real-valued polynomials in n variables with degree l or less of Pn,l. For two given manifolds
M,N we define the set As ⊂ J1(M,N ) consisting of all 1-jets with the property that their
derivative part has rank s ∈ N. According to [96] p.61, As is a submanifold of J1(M,N )
with

dimAs = dimJ1(M,N )− (dimM− s) (dimN − s)

for s ≤ min {dimM,dimN}. Hence, assuming that dimN ≥ dimM we can determine an
estimate for the dimension of As when s ≤ dimM− 1 as

dimAs ≤ dimAdimM−1 = dimM+ dimN + dimMdimN − (dimN − dimM+ 1)

= 2dimM+ dimMdimN − 1. (4.20)

Finally, pr1x,y : J1(M,N )→ L(TxM, TyN ) denotes the current “projection” to the derivative-
part of the jet space. In the following proof, we will use As and pr1x,y for the caseM = G · X
and N = Rm.
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Proof
Let xi, 1 6 i 6 m denote the elements of X . Then, there are polynomials hk,b,g in Pn,2m−1,
for each 1 6 k 6 m, b ∈ Rn and g ∈ G, which satisfy

∇hk,b,g(g · xi) =

{
0 , k 6= i
b , k = i

for all 1 6 i 6 m. For instance, we can set

hk,b,g(x) :=
b⊤(x− g · xk)

∏
i6=k ‖x− g · xi‖2∏

i6=k ‖xk − g · xi‖2
.

In the following, we will use the abbreviations

F : Cr(Rn,R)→ Cr−1(G · X , J1(G · X ,Rm)), f 7→ j1eval(f, . )|G·X ,

Fev : Cr(Rn,R)×G · X → J1(G · X ,Rm), (f, Y ) 7→ j1Y eval(f, . )|G·X

and

ϕ : Cr(Rn,R)× Rn×m → J1(Rn,R)× . . .× J1(Rn,R)︸ ︷︷ ︸
m−times

, (f̃ ; y1, . . . , ym) 7→ (j1y1
f̃ , . . . , j1ym

f̃)⊤.

In a first step, we take an arbitrary f ∈ Cr(Rn,R) and define the affine subset W :=
f + Pn,2m−1. Since Pn,2m−1 is a finite-dimensional vector space, we can equip W with the
Euclidean norm. In the following, we want to apply the Parametric Transversality Theorem
to the function Fev|W×G·X .
In order to verify the assumptions of this theorem, we consider the derivative-part of the ith

component of ϕ. It satisfies

(f̃ + h1,b1,g + . . . + hm,bm,g; g · x1, . . . , g · xm) 7→ ∇f̃(g · xi) + bi (4.21)

for each g ∈ G and each bi ∈ Rn. By varying bi ∈ Rn, we get that (4.21) is surjective. Hence,
the derivative-part of ϕ

∣∣
W×Rn×m( . , Y ) is surjective and affine for each Y ∈ G · X .

Let F : Rn×m → Rm be an arbitrary differentiable function. Since G · X is a submanifold of
Rn×m, we can calculate the tangential-map TY (F

∣∣
G·X ) : TYG · Y → Rm using TY (F

∣∣
G·X ) =

(TY F )
∣∣
TY G·X . In particular, we can use this formula for F = f̃ × . . . × f̃ , (y1, . . . , ym) 7→

(f̃(y1), . . . , f̃(ym)) and get

pr1
Y,eval(f̃ ,Y )

(F(f̃)(Y )) = pr1
Y,eval(f̃ ,Y )

(ϕ(f̃ , Y ))
∣∣
TY G·X .

Therefore, we also get that the derivative-part of Fev(f̃ , Y ) ∈ J1(G · X ,Rm) is surjective and
affine by varying f̃ ∈ W for each Y ∈ G · X . Thus, Fev is transversal to each submanifold
As ⊂ J1(G · X ,Rm).
Finally, we verify part (c) of the Parametric Transversality Theorem in order to apply the
theorem. For s 6 m− 1, equation (4.20) yields

dimAs 6 2 dimG+m dimG− 1.
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Thus

dimAs + dimG · X 6 (dimG+m+m dimG) + 2dimG−m− 1. (4.22)

With equation (4.8) and the condition m > 2 dimG− 1, this leads to

dimAs + dimG · X − dimJ1(G · X ,Rm) < 0.

Therefore, since Fev is a C1 map, we can apply the Parametric Transversality Theorem to
the function. Hence Fev(f̃ , . ) is transverse to each As for a dense subset of functions f̃ ∈W .
Since f ∈ Cr(Rn,R) was arbitrarily chosen, the set

⋔r (Rn,R;F,As) := {f ∈ Cr(Rn,R) | F ⋔ As}

is dense in Cr
W (Rn,R).

To complete the proof, we define the subset V ⊂ Cr(Rn,R) containing all functions f for
which eval(f, . )|G·X is an immersion. By the definition of As, this implies that

V =
{
f ∈ Cr(Rn,R)

∣∣ F(f)(G · X ) ∩As = ∅ for all s < m
}
.

The theorem is proven, if we show that V is generic in Cr
S(Rn,R).

Now, suppose F(f) ⋔ As holds for a function f ∈ Cr(Rn,R). Hence, from the definition of
transversality (4.2) yields that for all Y ∈ G · X with F(f)(Y ) ∩ As 6= ∅ the inequality

dimAs + dimTY F(f) > dim J1(G · X ,Rm) (4.23)

holds. However, using dimTY F(f) = dimG, equation (4.22) leads to

dimAs + dimTY F(f) � dimJ1(G · X ,Rm),

which contradicts (4.23). Hence, F(f) ⋔ As implies F(f)(G · X ) ∩ As = ∅, if s 6 m− 1 and
m > 2 dimG− 1. Therefore, since 2 dimG · X 6 m is assumed in the theorem, we have

V =
{
f ∈ Cr(Rn,R)

∣∣ F(f) ⋔ As for all r < m
}

=
⋂

s<m

⋔r (Rn,R;F,As).

We have already shown that all sets of the form ⋔r (Rn,R;F,As) are dense with respect to
the weak topology. Lemma 4.4 yields that the sets are even generic with respect to the strong
topology. Thus, V is generic in Cr

S , which complets the proof. �

Theorem 4.9 can be seen as a variation of the well known fact that immersions are dense in the
function space C1

S(M,N ), if dimN > 2 dimM , whereM,N denote C1 manifolds (cf. [50] p.
53). However, the same relationship will not be completely satisfied regarding the injectivity
of eval(f, . )|G·X . (Injective functions are dense in CS(M,N ), if dimN > 2 dimM + 1.) We
want to give a short heuristic for that:
Let △Rk :=

{
(x, x) | x ∈ Rk

}
⊂ Rk × Rk denote the diagonal of Rk × Rk. Then, like in the

proof before, a function f ∈ C1(Rn,Rm) is injective if (f × f) : (Rn×Rn) \△Rn → Rm×Rm
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misses△Rm . Comparing the dimensions, like it was done in (4.22) yields that this is equivalent
to (f × f) ⋔ △Rm in the case m > 2n. Since the map

C1(Rn,R)m × (Rn × Rn)→ Rm × Rm, (f1, . . . , fm;x, y) 7→



f1(x), f1(y)

...
...

fm(x), fm(y)




is linear and surjective in the first entry f = (f1, . . . , fm) for x 6= y, the Parametric Transver-
sality Theorem yields the transversality for a dense subset of functions f . In comparison, if
we want to show the injectivity of eval(f, . ) : Rn×m → Rm with f ∈ C1(Rn,R) in the same
way, we have to study the map

C1(Rn,R)×
(
Rn×m × Rn×m

)
→ Rm × Rm, (f,X ,Y) 7→



f(x1), f(y1)

...
...

f(xm), f(ym)


 . (4.24)

Here, the surjectivity in the first entry is not satisfied for all X = (x1, . . . , xm) ∈ Rn×m and
Y = (y1, . . . , ym) ∈ Rn×m with X 6= Y. In fact, if xi = yi for some 1 6 i 6 m, the map
cannot be surjective in the first entry. However, we can regain surjectivity if we restrict the
image of the function (4.24) to the appropriate components. More precisely, if we consider
the case xl 6= yl for all l ∈ I := {1, . . . , k}, k < m, then the function in (4.24) may not be
transverse to △Rm , but it is transverse to the linear subspace

DI :=
{
(z, z̃) ∈ Rm × Rm

∣∣ zl = z̃l , for all l ∈ I
}
. (4.25)

This is stated in the following lemma.

Lemma 4.10
Let G be a finite-dimensional Lie group acting smoothly on Rn and let X = (x1, . . . , xm) ∈
Rn×m be a m-tuple of distinct sample-points in Rn such that G → G · X , g 7→ g · X is an
embedding of G in Rn×m. Moreover, let k 6 m and let I = {i1, . . . , ik}, 1 6 i1 < . . . < ik 6 m
be given. We use the notation MI for the submanifold of G · X ×G · X given by

MI :=







g · x1, g̃ · x1

...
...

g · xm, g̃ · xm


 ∈ G · X ×G · X

∣∣∣ g, g̃ ∈ G, g · xl 6= g̃ · xl for all l ∈ I




.

and the notation DI ⊂ Rm × Rm for the linear subspace defined in (4.25). Let N be a
submanifold of MI of dimension dimN < k. Then, the set of all f ∈ Cr(Rn,R), r ≥ 1 that
satisfy

eval (f,N ) ∩DI = ∅ (4.26)

is generic in Cr
S(Rn,R).

In particular, for k > 2 dimG, we can set N = MI , since dim MI ≤ 2 dimG < k. We get the
genericity of all f ∈ Cr

S(Rn,R) which satisfies

eval (f,MI) ∩DI = ∅.
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Before starting the proof, we make some remarks. We will use the notation (y, ỹ) ∈ N for
an element in N . This means that y and ỹ consists of m-tuple of n-dimensional vectors, i.e.
y = (y1, . . . , ym) and ỹ = (ỹ1, . . . , ỹm) with yi, ỹi ∈ Rn and yi = g · xi, ỹi = g̃ · xi for two
elements g, g̃ ∈ G. The evaluation map eval was defined in (4.10) as a function of the form
eval : C(Rn,R)× Rn×m → Rm. In (4.26) we used the same notation for the function

eval : C(Rn,R)×N → Rm × Rm, (f̃ , y, ỹ) 7→



f̃(y1), f̃(ỹ1)

...
...

f̃(ym), f̃(ỹm)


 . (4.27)

Proof
Since the statement of the lemma is independent of the ordering of the sample-points X =
(x1, . . . , xm), without loss of generality we take {i1, . . . , ik} = {1, . . . , k}. We define poly-
nomials hl,g,g̃ in Pn,2m−1 for each (g, g̃) ∈ (αX × αX )−1(M(1,...,k)) and each 1 6 l 6 k such
that

hl,g,g̃(y) =





0 , y = gxj , j ∈ {1, . . . ,m} \ {l}
0 , y = g̃xj , j ∈ {1, . . . ,m}
1 , y = gxl.

(4.28)

For instance, we can set

hl,g,g̃(y) =




m∏

j=1,j 6=l

a⊤(y − gxj)






m∏

j=1

a⊤(y − g̃xj)




for an appropriate a ∈ Rn. Of course the condition (4.28) can only be consistent, if g·xl 6= g̃·xl

for all 1 6 l 6 k, which is exactly the definition of M(1,...,k).
In a first step, we take an arbitrary f ∈ Cr(Rn,R) and define the subset W := f + Pn,2m−1.
We apply the Parametric Transversality Theorem for

Fev : W ×N → Rm × Rm, Fev := eval
∣∣
W×N

and the submanifold D(1,...,k) ⊂ Rm × Rm.
In order to verify the assumptions of this theorem, suppose there is a point (f̃ , y, ỹ) ∈W ×N
such that Fev(f̃ , y, ỹ) ∈ D(1,...,k), i.e. f̃(yl) = f̃(ỹl) for all 1 6 l 6 k. Define the affine linear
map

(α1, . . . , αk) 7→ Fev(f̃ + α1h1,g,g̃ + . . . + αkhk,g,g̃, y, ỹ) =




f̃(y1) + α1, f̃(ỹ1)
...

...

f̃(yk) + αk, f̃(ỹk)

f̃(yk+1), f̃(ỹk+1)
...

...

f̃(ym), f̃(ỹm)




.

From the definition of D(1,...,k), this map is transverse to D(1,...,k) in (f̃ , y, ỹ). Therefore, Fev

is transverse to the entire vector-subsubspace D(1,...,k). Finally, we have to verify part (c) of
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the Parametric Transversality Theorem in order to apply the theorem. Since dimN < k, we
get

dimN + dimD(1,...,k) − dim R2m < k + (2m− k)− 2m = 0. (4.29)

Hence, since Fev is a C1 map, we can apply the Parametric Transversality Theorem to Fev.
Thus, Fev(f̃ , . ) is transversal to D(1,...,k) for a dense subset of functions f̃ ∈ W . Since
f ∈ Cr(Rn,R) was arbitrarily chosen, the set

⋔r (Rn,R;F,D(1,...,k)) :=
{
f ∈ Cr(Rn,R) | F(f) ⋔ D(1,...,k)

}

with

F(f) := eval(f, . )|N = Fev(f, . )

is dense in Cr
W (Rn,R).

To complete the proof, we define the set

V =
{
f ∈ Cr(Rn,R)

∣∣ eval(f,N ) ∩D(1,...,k) = ∅
}
.

The lemma is proven, if we show that V is generic with respect to the strong topology.
Now, suppose that F(f) ⋔ D(1,...,k) holds for a function f ∈ Cr(Rn,R). Hence, the definition
of transversality (4.2) yields that for all Y ∈ N with F(f)(Y ) ∈ D(1,...,k) the inequality

dim D(1,...,k) + dimTY F(f) > dim (Rm × Rm) (4.30)

is satisfied. Since dimTY F(f) = dimN , equation (4.29) leads to

dim D(1,...,k) + dimTY F(f) < dim R2m

which contradicts (4.30). Therefore, the transversality of F(f) to D(1,...,k) implies F(f)(N )∩
D(1,...,k) = ∅ and we have

V =
{
f ∈ Cr(Rn,R)

∣∣ F(f) ∩D(1,...,k) = ∅
}

=⋔1 (Rn,R;F,D(1,...,k)).

Since we have already shown that the set ⋔1 (Rn,R;F,D(1,...,k)) is dense with respect to the
weak topology, Lemma 4.4 yields that V is even generic with respect to the strong topology,
which completes the proof. �

We continue to study under which conditions the function eval(f, . ) : G·X → Rm is injective.
Unfortunately, it is not enough to require thatG·X is a manifold and thatm ∈ N is sufficiently
large. We want to unterline this with an example. Let x1 = (1 0 0)⊤ and xl = (0 l 0)⊤,
l = 2, . . . ,m denote the sample-points of X and let G = SE(3). Using Theorem 4.8, the set
G · X forms an embedding if m > 3. Now, let f ∈ C1(R3,R) be arbitrarily given and let
γ : S1 → SE(3) denote the rotation around the axis

〈
(0 1 0)⊤

〉
, i.e.

γ : eit 7→




Re eit 0 −Im eit 0
0 1 0 0

Im eit 0 Re eit 0
0 0 0 1


 .
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Then, eit 7→ eval(f, γ(eit)) is constant from the second component on. If we consider only
the first component of this function, i.e. eit 7→ e⊤1 eval(f, γ(eit)), we get a real-valued function
defined on S1, which can not be injective for any choice of f ∈ C1(R3,R). Therefore,
eval(f, . ) : G · X → Rm is not injective for any choice of f ∈ C1(R3,R). Roughly speaking,
in this example the evaluation map eval(f, . ) : G · X → Rm cannot be injective, since too
many sample-points lie on a line. This example suggests that conditions on the distribution
of the sample-points are needed in order to guarantee injectivity of eval(f, . ) : G · X → Rm.
These conditions are summarized in the following.

Condition 4.1
Let G denote a finite-dimensional Lie group acting smoothly on Rn and let X = (x1, . . . , xm)
be an ordered set of exactly m = 2dimG + 1 distinct sample-points xi ∈ Rn, i = 1, . . . ,m,
such that G→ G · X , g 7→ g · X is an embedding of G in Rn×m.
We suppose that each ordered subset X ′ ⊂ X with |X ′| 6 dimG satisfies the inequality

dim StabG(X ′) < dimG+ 1− |X ′| (4.31)

and each ordered subset X ′ ⊂ X with |X ′| > dimG satisfies

StabG(X ′) = {id} , (4.32)

where StabG(X ′) denotes the stabilizer of X ′.

A few remarks are in order. The action G×Rn → Rn, (g, x) 7→ g · x is smooth. This implies
that the stabilizer StabG(X ′) is a Lie subgroup for all ordered subsets X ′ ⊂ X (see e.g. [99],
p.13). Thus, condition (4.32) states that the map αX ′ : G → Rn×|X ′|, αX ′(g) := g · X ′ is an
embedding for each subset X ′ with dimG < |X ′|. For us, the condition (4.31) seems to be
the most crucial part.
Two special cases of (4.31) can be discussed separately: First, if X ′ = ∅, the inequality
becomes dimG < dimG+ 1, which is a trivial statement. Second, if the subset X ′ = {a} has
only one element, condition (4.31) yields

dim StabG(X ′) 6 dimG− 1 < dimG.

This implies that StabG({a}) is a proper subgroup of G for all a ∈ X . Hence, we only
have to verify (4.31) for all X ′ with |X ′| > 1. The following proposition summarizes some
helpful tools to analyze the condition (4.31) for the special cases of the Euclidean and the
volume-preserving affine group.

Proposition 4.11
Let H ⊂ Rn denote an affine subspace with dimH = d. We define the stabilizer of H with
respect to a group action G× Rn → Rn as

StabG(H) :=
{
g ∈ G

∣∣ g · x = x for all x ∈ H
}
. (4.33)

Then,

dimStabSE(n)(H) =
1

2
(n− d)(n− d− 1) (4.34)
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and

dim StabSA(n)(H) = n(n− d)− 1. (4.35)

Proof
Because StabG(g·H) = gStabSE(n)(H)g−1 for all g ∈ G, without loss of generality we consider
the case H = 〈e1, . . . , ed〉. Then

StabSE(n)(H) = {(A, t) ∈ SE(n) | t = 0, Aek = ek, k = 1, . . . , d}

and therefore

dim StabSE(n)(H) = dimSO(n− d) =
1

2
(n− d)(n − d− 1).

In the same manner we get

StabSA(n)(H) ∼= SL(n− d)×Rd×(n−d),

which yields (4.34). �

Example: Condition 4.1 in the case of the special Euclidean group
We consider the case G = SE(n). Let H(X ′) denote the smallest affine subspace contain-
ing X ′. The equation (4.32) was already discussed in Theorem 4.8. We get the equivalent
condition

|X ′| > dimG ⇒ dimH(X ′) > n− 1. (4.36)

If we want to examine (4.31) we have to consider the stabilizer of SE(n). Since the map
Rn → Rn, x 7→ g ·x is affine for each g ∈ SE(n), we have StabSE(n)(X ′) = StabSE(n)(H(X ′)),
where we have used (4.33) for the definition of the stabilizer of a subspace. Hence, using
(4.34) and Theorem 4.8 for G = SE(n) the inequality (4.31) is equivalent to the fact that the
inequality

1

2

(
n− dimH(X ′)

) (
n− dimH(X ′)− 1

)
<

1

2
(n2 + n) + 1− |X ′| (4.37)

is satisfied for all X ′ ⊂ X with 0 < dimH(X ′) < n − 1. Using (4.36) and (4.37), we can
obtain explicit geometric conditions on the set of sample-points which are equivalent to Con-
dition 4.1. For example:

n = 2: Here, we do not have to verify (4.36) and (4.37), since they are always satisfied.
Therefore, Condition 4.1 is satisfied for any set of sample-points X with m = 7
pairwise different elements.

n = 3: In this case, we have to consider X ⊂ R3 with m = 13 elements. Condition (4.36)
yields dimH(X ′) ≥ 2 for |X ′| > 6. Moreover, (4.37) has to be verified for all
subsets X ′ ⊂ X with dimH(X ′) = 1. In this case (4.37) becomes

1 < 7− |X ′|.

Hence, for n = 3 and G = SE(3), Condition 4.1 is satisfied if and only if X has
13 elements and “any 6 of them are not lie on a line”.
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SE(n) SA(n)

n dimH(X ′) m Conditions on X ′ m Conditions on X ′

2 1 7 no cond. 11 |X ′| < 5

3 1 13 |X ′| < 6 23 |X ′| < 7
2 no cond. |X ′| < 10

4 1 21 |X ′| < 8 39 |X ′| < 9
2 |X ′| < 10 |X ′| < 13
3 no cond. |X ′| < 17

5 1 31 |X ′| < 10 57 |X ′| < 11
2 |X ′| < 13 |X ′| < 16
3 |X ′| < 15 |X ′| < 21
4 no cond. |X ′| < 26

Table 4.1: Geometric formulation of Condition 4.1 for SE(n) and SA(n).
Let X ⊂ Rn be a given set of m sample-points and X ′ ⊂ X . It was shown in the
previous examples that condition (4.31) can be rewritten in the form dimH(X ′) =
d ⇒ |X ′| < k. In this table we list d and k for each n = 2, . . . , 5.

Such equivalent formulations of (4.31) and (4.32) can be found for any dimension n ∈ N.
We summarized some of them in Table 4.1.

Example: Condition 4.1 in the case of the special affine group
In the same manner we will tackle the case G = SA(n). Let H(X ′) denote the smallest affine
subspace containing X ′. Using Theorem 4.7, we get that condition (4.32) is equivalent to

|X ′| > dimG ⇒ H(X ′) = Rn. (4.38)

Moreover, we can use (4.35) in order to get an equivalent formulation of (4.31): The inequal-
ity

n
(
n− dimH(X ′)

)
− 1 < (n2 + n− 1) + 1− |X ′| (4.39)

is satisfied for all X ′ ⊂ X with 0 < dimH(X ′) < n. Once again we consider some special
cases:

n = 2: Here, we have m = 11 distinct sample-points and (4.39) yields that “any 5 of them
are not lie on a line”.

n = 3: In this case, we have m = 23, and (4.39) yields that first, “any 7 elements are not
lying on a line” and second that “any 10 elements are not lying on a plane”.

Equivalent formulations of (4.31) and (4.32) can be found for any dimension n ∈ N. We
summarized some of them in Table 4.1.
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Theorem 4.12
Let G denote a finite-dimensional Lie group, acting smoothly on Rn. Moreover, let X ⊂ Rn

denote a finite set of m > 2 dimG + 1 elements. If X contains a subset Y ⊂ X of exactly
2 dimG+ 1 elements such that the tuple (Y, G) satisfies Condition 4.1, then the set

{
f ∈ Cr(Rn,R)

∣∣ eval(f ; . )|G·X : G · X → Rm is injective
}
, (4.40)

contains a generic subset in Cr
S(Rn,R), r ≥ 1.

If m = 2dimG + 1 and (X , G) does not satisfy Condition 4.1, then (4.40) is not dense in
Cr

S(Rn,R).

Proof
Suppose (Y, G) satisfies Condition 4.1. Without loss of generality, we ignore the sample-
points in X \Y. Thus, we assume X = Y and m = |X | = 2dimG+1. Again, we denote with
x1, . . . , xm the elements of X . For a given space X, we use △X = {(x, x) | x ∈ X} to denote
the diagonal in the space X ×X and we set I = {1, . . . ,m}.
We partition G · X ×G · X \ △G·X as a finite union of sets

G · X ×G · X \ △G·X =
⋃

J⊂I, J 6=∅

NJ (4.41)

with

NJ :=







g · x1, g̃ · x1

...
...

g · xm, g̃ · xm


 ∈ G · X ×G · X

∣∣∣∣∣∣

g, g̃ ∈ G,
g · xi = g̃ · xi for all i ∈ I \ J,
g · xi 6= g̃ · xi for all i ∈ J




.

We will use the abbreviation X ′ := (xi | i ∈ I \ J) ∈ Rn×(m−k), k = |J |. First, we want
to show that NJ is a submanifold of the manifold MJ defined in Lemma 4.10. Let α :
G × Rn×(m−k) → Rn×(m−k) denote the simultaneous group action of G on m − k vectors in
Rn. Hence, we have

α(g̃, α(g,X ′)) = α(g̃g,X ′).

Differentiating this formula with respect to g̃ at g̃ = id yields

D1α(id, g · X ′) = D1α(g,X ′) · Tidl(g), (4.42)

where l(g) : G → G, h 7→ gh denotes the left translation in the Lie group G and D1

denotes the partial derivative with respect to the first component. Now, consider the function
F : G×G→ Rn×(m−k), F (g, g̃) := g · X ′ − g̃ · X ′ with the tangential map

T(g,g̃)F (h, h̃) =
(
D1α(g,X ′)h,D1α(g̃,X ′)h̃

)
.

Using (4.42), this map becomes

T(g,g̃)F (h, h̃) =
(
D1α(id, g · X ′)Tidl(g)h,D1α(id, g̃ · X ′)Tidl(g̃)h̃

)
.
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Thus, in the case g · X ′ = g̃ · X ′ we have

rk (DF (g, g̃)) = rk
(
D1α(id, g · X ′)

)
= dimG− dim StabGX ′.

The Submersion Theorem yields that F−1(0) is a submanifold with dimension dimG +
StabG(X ′). Hence, since MJ is a manifold, NJ is a submanifold with dimension dimG +
StabG(X ′)
Now, we will verify that the Lemma 4.10 can be applied for each submanifold N = NJ . Since
the tuple (X , G) satisfies Condition 4.1, we conclude that

NJ = ∅ for m− |J | = | (xi | i ∈ I \ J) | > dimG.

Therefore, we only have to consider NJ for m− |J | ≤ dimG. To calculate the dimension of
NJ , we first consider the case m− |J | > 0. Using Condition 4.1, we get

dimNJ = dimG+ dimStabG ((xi | i ∈ I \ J))

< 2 dimG+ 1− |(xi | i ∈ I \ J)|.
= m− (m− |J |)
= |J |.

For m− |J | = 0, we have NJ = MI and therefore

dimNJ = 2dimG

= m− 1

< |J |.

Hence, for all J ⊂ I, J 6= ∅ the set NJ is a submanifold of MI with dimNJ < |J | = k and
we can apply Lemma 4.10. For each J ⊂ I, J 6= ∅, the set of all f ∈ Cr(Rn,R) which satisfy

eval(f,NJ) ∩DJ = ∅

is generic in Cr
S(Rn,R). Since △Rm ⊂ DJ , the same statement is true if we replace DJ with

△Rm. Using (4.41), we can conclude that the set of all f ∈ C(Rn,R) which satisfy

eval(f,G · X ×G · X \ △G·X ) ∩△Rm = ∅

contains a finite intersection of generic sets. Hence, the set (4.40) contains a generic subset
in Cr

S(Rn,R), which proves the first part of the theorem.
Now, suppose m = 2dimG + 1 and (X , G) does not satisfy Condition 4.1. Then, we find
a subset X ′ ⊂ X with |X ′| 6 dimG which contradicts (4.31) or with |X ′| > dimG which
contradicts (4.32). In the first case, we get

dimNJ + dimDJ = dimG+ dim StabG(X ′) +m+ |X ′|
> dimG+ dimG+ 1− |X ′|+m+ |X ′| (4.43)

= dim Rm×2,
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and in the second case, we get

dimNJ + dim DJ = dimG+m+ |X ′|
> dimG+m+ dimG+ 1 (4.44)

= dimRm×2.

We will divide the rest of the proof in two steps. First, we will use (4.43) and (4.44) to
construct a polynomial p ∈ C(Rn,R) such that eval(p, . ) : NJ → Rm×2 has a transversal
intersection with DJ . In the second step, we will show that eval(f, . )|G·X is not injective for
all f ∈ Cs(Rn,R) in an open neighborhood around p.
In order to prove the first step, we assume without loss of generality that X ′ = (xk+1, . . . , xm)
and set J := {1, . . . , k}. Furthermore, we fix g̃, ĝ ∈ G and construct (ỹ, ŷ) ∈ NJ by ỹ =
(ỹ1, . . . , ỹm) and ŷ = (ŷ1, . . . , ŷm) with ỹi = g̃ · xi and ŷi = ĝ · xi, i = 1, . . . , k. We define the
subset V of polynomials

V :=
{
p ∈ Pn,2k−1

∣∣ p(ỹj) = p(ŷj) = 0, j ∈ J
}
. (4.45)

In particular, we simultaneously generate any derivative of p in ỹj and ŷj by varying p ∈ V .
For instance, we can use

p(x) = a⊤(x− ỹ1)

(
k∏

i=2

‖x− ỹi‖2
)(

k∏

i=1

‖x− ŷi‖2
)

to generate an arbitrary derivative in the first sample ỹ1.
Moreover, for each p ∈ V we define the map

Ξp ∈ L(Rn,R)× . . . × L(Rn,R)︸ ︷︷ ︸
m×−times

=: L,

Ξp(u1, . . . , um, v1, . . . , vm) :=



〈∇p(ỹ1), u1〉 〈∇p(ŷ1), v1〉

...
...

〈∇p(ỹm), um〉 〈∇p(ŷm), vm〉




Since we can generate any gradient ∇p(ỹi) and ∇p(ŷj), the map V → L, p 7→ Ξp is surjective.
Therefore, using (4.43) or (4.44), we find an element p ∈ V with

Ξp

(
T(ỹ,ŷ)NJ

)
+ DJ = Rm×2. (4.46)

By definition of NJ and V , we have additionally p(ỹi) = p(ŷi) = 0 for all i = 1, . . . ,m. Thus,
eval(p, . )|G·X is not injective. Moreover, (4.46) and (4.45) yield

eval(p, . )|NJ
⋔ DJ and eval(p, (ỹ, ŷ)) ∈ DJ ,

which completes the first step of our proof.
In order to complet the second step of our proof, we apply the Proposition 4.2: There is an
open neighborhood U ⊂ Cr

S(Rn,R) of p with

eval(f,NJ) ∩DJ 6= ∅ for all f ∈ U.
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Recall that we have f(ỹi) = f(ŷi) for all i = k+1, . . . ,m, by the definition of NJ . Therefore,
we conclude

eval(f,NJ) ∩△Rm 6= ∅ for all f ∈ U.

Since NJ is a subset of G · X ×G · X , we finally get

eval(f,G · X ×G · X ) ∩△Rm 6= ∅ for all f ∈ U.

Hence, for all f ∈ U the map eval(f, . )|G·X is not injective. �

We end this subsection with an examination of conditions under which the function
eval(f, . )|G·X additionally is homeomorphic. For this purpose, we introduce some nota-
tions:

Propr
S(M,N ) :=

{
f ∈ Cr

S(M,N )
∣∣ f is proper

}

Immr
S(M,N ) :=

{
f ∈ Cr

S(M,N )
∣∣ f is an injective immersion

}

CEmbr
S(M,N ) :=

{
f ∈ Cr

S(M,N )
∣∣ f is a closed embedding

}

Theorem 4.13
Let G be a finite-dimensional Lie group acting smoothly on Rn and let X ⊂ Rn be a set of
m ∈ N different sample-points. If X contains a set Y ⊂ X of exactly 2 dimG + 1 elements
such that that (G,Y) satisfies Condition 4.1, then, for r ≥ 2, the set

Γ1 :=
{
f ∈ Cr

S(Rn,R)
∣∣ eval(f, . )|G·X ∈ Immr

S(G · X ,Rm)
}

is generic in Cr
S(Rn,R) and the set

Γ2 :=
{
f ∈ Propr

S(Rn,R)
∣∣ eval(f, . )|G·X ∈ CEmbr

S(G · X ,Rm)
}

is generic in Propr
S(Rn,R).

Proof
According to Theorem 4.9, the set of all f ∈ Cr

S(Rn,R) for which eval(f, . )|G·X is an
immersion is a countable intersection of open and dense sets in Cr

S(Rn,R). Additionally, we
get from Theorem 4.12 that the set of all f , for which eval(f, . )|G·X is injective, is a countable
intersection of open and dense sets in Cr

S(Rn,R). Hence, Γ1 is generic in Cr
S(Rn,R).

Now, suppose that f ∈ Propr
S(Rn,R). Then, the definition of eval yields

eval(f, . ) ∈ Propr
S(Rn×m,Rm)

and therefore

eval(f, . )|G·X ∈ Propr
S(G · X ,Rm).

Hence we have

Γ2 = Γ1 ∩ Propr
S(Rn,R).
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From [50] p.38 we get that Propr
S(Rn,R) is open in Cr

S(Rn,R). Since we already showed that
Γ1 is generic in Cr

S(Rn,R) we get that Γ1 ∩ Propr
S(Rn,R) is even generic in Propr

S(Rn,R),
which completes the proof. �

We want to point out that Theorem 4.13 tackles the abstract task whether or not the eval-
uation map eval(f, . ) for a given function f is a closed embedding. In image processing, f
has always compact support, which implies that eval(f, . )|SE(n)·X is never injective on the
entire group SE(n). However, if the support T = supp(f) of f ∈ Cr(Rn,R) is bounded and
given a priori, it is advisable to shrink the deformation group to an open subset U ⊂ G (not
necessarily a subgroup), satisfying

U ⊂ α−
X (T × . . .× T ) = α−

X (supp(eval(f, . )|G·X )) .

A similar argument as for Theorem 4.13 yields that the set
{
f ∈ Cr

S(T,R)
∣∣ eval(f, . )|U ·X ∈ CEmbr

S(U · X ,Rm)
}

is generic in Cr
S(T,R). This might be more relevant to medical imaging, where T is a priori

given in form of the region of interest.

4.2.3 Generic Properties for Fixed Images

The previous subsection focused on generic statements on the set of all images. However,
such examinations stand outside of the classical task of image registration, where two images
are given (and especially fixed). Up to this point, no conditions are given which ensure that
the evaluation map eval(f, . )|G·X is an embedding for a specific image f ∈ C1(Rn,R). In
fact, it is very easy to construct images f for which eval(f, . ) is not even injective. For
example, f(x) = exp(−‖x‖2) is rotationally invariant which implies eval(f, g) = eval(f, id)
for all g ∈ SO(n). Moreover, if an image has domains of constant gray values, i.e. f−1(a) :=
{x ∈ Rn | f(x) = a} has interior points, it strongly depends on the distribution of the sample-
points whether the evaluation map is injective or not1. In this subsection, we derive sufficient
conditions for an image f such that

φf,X : G→ Rm, g 7→ eval(f,G · X )

is an immersion (which implies at least local injectivity) for almost all choices of sampling-
points X = (x1 . . . , xm) ∈ Rn×m.

Assumption 4.1
Let f ∈ C1(Rn,R) be given and let G be a finite-dimensional Lie group acting smoothly on
Rn. The set

M :=
{
(x1, . . . , xm) ∈ Rn×m | rank Tidφf,x1,...,xm

< dimG
}

is assumed to be a finite union of closed submanifolds with dimensions nm − dimG − 1 or
less.

1To avoid confusion: One might believe that images with domains of constant gray values are common in
medical imaging. For example, the first picture in Fig. 3.1 suggested that all pixels which correspond to the
bones have equal brightness. However, a more precise examination contradicts this cognition. As one can see
in the second picture of Fig.3.1 the gray-values vary extremely. This effect occurs for almost all sorts of tissue.
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Theorem 4.14
Let Assumption 4.1 be satisfied, then the set of all X = (x1, . . . , xm) ∈ Rn×m for which φf,X
is an immersion, is open and dense in Rn×m.

Proof
We consider the simultaneous group action

α : G× Rn×m → Rn×m, (g, x1, . . . , xm) 7→ (g · x1, . . . , g · xm)

αX : G→ Rn×m, g 7→ (g · x1, . . . , g · xm).

Since x 7→ g · x is a submersion for all g ∈ G, the map α is also a submersion and therefore
transversal to M. The Parametric Transversality Theorem implies αX ⋔ M for all X =
(x1, . . . , xm) in an open, dense subset U ⊂ Rn×m. Condition 4.1 yields

dimG+ dimM < dimRn×m.

Therefore, αX ⋔ M implies αX (G) ∩M = ∅. This means that Tidφf,g·X is injective for all
X ∈ U and all g ∈ G. The theorem is now proven, since Tidφf,g·X is injective if, and only if
Tgφf,X is injective. �

We want to point out that Assumption 4.1 restricts the set of admissible images, since M

depends on f . In comparison, Theorem 4.9 restricts the set of admissible sample-points,
but it yields the same immersion statement as Theorem 4.14. However, testing whether
Assumption 4.1 is satisfied or not is not practicable, since M is embedded in the quite
high dimensional vector space Rn×m. But for specific Lie groups, we can develop explicit
assumptions for the images which implies Assumption 4.1.

Assumption 4.2
Let f ∈ C2(R2,R) be given. The Lie group G is the Euclidean Transformation Group SE(2),
the set of all critical points of f has no accumulation point and the set

{
x ∈ R2

∣∣ detHf (x) = 0 ∨ 0 = ∇f(x)⊤Hf (x)−1

(
0 −1
1 0

)
∇f(x)

}
(4.47)

is a finite union of closed submanifolds with dimension 1 or less.

Lemma 4.15
Let Assumption 4.2 be satisfied for a given function f ∈ C2(R2,R) and let (b, c) ∈ R2×R\(0, 0)
be arbitrary. Then, the set of zeros of the function

R2 → R , x 7→ ∇f(x)⊤ ·
[
b+ c

(
0 1
−1 0

)
x

]
(4.48)

lie in a finite union of closed submanifolds of dimension 1 or less.

Proof
We denote the set defined in (4.47) with C. First, consider the case c = 0. Here, the function
defined in (4.48) has the derivative x 7→ bTHf (x). Since Hf (x) is regular for all x ∈ R2 \ C,
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we can use the Regular Value Theorem. Hence, the set of zeros of (4.48) is a one-dimensional
manifold in R2 \ C.

Now let c ∈ R \ {0}. Again it is sufficient to show that zero is a regular value of the function
(4.48) restricted to R2 \ C. Assuming that there is a critical point x ∈ R2 \ C of (4.48), then
the function and its derivative vanishes in x, i.e.

∇f(x)⊤ ·
[
b+ c

(
0 1
−1 0

)
x

]
= 0 (4.49)

and

[
b+ c

(
0 1
−1 0

)
x

]⊤
Hf (x) + c∇f(x)⊤

(
0 1
−1 0

)
= 0. (4.50)

Since detHf (x) 6= 0 we can solve equation (4.50) for b. Then, equation (4.49) becomes

0 = c · ∇f(x)⊤Hf (x)−1

(
0 −1
1 0

)
∇f(x),

which is a contradiction to x ∈ R2 \ C. �

Theorem 4.16
Assumption 4.2 implies Assumption 4.1.

Proof
We equip the vector space TidSE(2) with the basis




0 0 1
0 0 0
0 0 0


 ,




0 0 0
0 0 1
0 0 0


 ,




0 1 0
−1 0 0
0 0 0


 .

Then, the linear map Tidφf ;x1,...,xm
has the representation matrix

X =




∇f(x1)
⊤, ∇f(x1)

⊤
(

0 1
−1 0

)
x1

...
...

∇f(xm)⊤ , ∇f(xn)⊤
(

0 1
−1 0

)
xm




(4.51)

and we have (x1, . . . , xm) ∈M if and only if rank X < 3. In the following, we split M in M =
M0 ∪M1 ∪M2, where Mi involves all elements of M for which X has rank i. Subsequently,
we prove separately for all i = 0, 1, 2 that Mi is a finite union of closed submanifolds of
dimension 2m− 4 or less.

The case i = 0: The matrix X is identical zero if and only if ∇f(xk) = 0 for all k = 1, . . . ,m.
Using Condition 4.2 this causes M0 to become discrete.



90 4.2 IMAGE APPEARANCE MANIFOLDS WITH FINITE EVALUATIONS

The case i = 1: Here, each column of X is a multiple of another column of X. Suppose that
the third column of X is zero. Then all ∇f(xi) lie in a one-dimensional linear subspace. Due
to

∇f(xi)
⊤
(

0 1
−1 0

)
xi = 0 for all i = 1, . . . m

all xi lie in a one-dimensional linear subspace. Hence, in this case, the set of all (x1, . . . , xm) ∈
R2m form a m+ 1 dimensional submanifold.
Now, supposs that the third column of X is not zero. Then, we partition the matrix X as

X =

(
A B
C D

)

with

A = ∇f(x1)
⊤, B = ∇f(x1)

⊤
(

0 1
−1 0

)
x1,

C =



∇f(x2)

⊤
...

∇f(xm)⊤


 , D =




∇f(x2)
⊤
(

0 1
−1 0

)
x2

...

∇f(xm)⊤
(

0 1
−1 0

)
xm



.

We will, without loss of generality, assume B 6= 0 and investigate the dimension of the set of
all (x1, . . . , xm) ∈ R2m of which X has rank 1. This occurs if, and only if there is a vector
b ∈ R2 with A = Bb⊤ and Db⊤ = C. This is equivalent to DAB−1 = C. Hence, for B 6= 0,
the matrix X has rank 1 if, and only if the function

(
A B
C D

)
7→ C −D · B−1 ·A

becomes zero. Thus, we have to investigate the set of zeros of

(x1, . . . , xm) 7→




∇f(x2)
⊤
[(

1 0
0 1

)
−
(

0 1
−1 0

)
x2b

⊤
]

...

∇f(xm)⊤
[(

1 0
0 1

)
−
(

0 1
−1 0

)
xmb

⊤
]




, b⊤ = B−1 · A (4.52)

For a fixed b ∈ R2 these m − 1 equations are not connected. Hence, we are able to reduce
our investigation to the solutions of the equation

ρ(x) = 0 , with ρ : x 7→
[(

1 0
0 1

)
− bx⊤

(
0 −1
1 0

)]
∇f(x).

A necessary condition for x ∈ R2 being a zero of ρ is either that ∇f(x) = 0 or that the matrix
in square brackets is irregular. Since Assumption 4.2 is valid, ∇f(x) = 0 is only satisfied
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for a discrete set. It is easy to show that the matrix in square brackets in the function term
of ρ is irregular, if and only if x is in an appropriate one-dimensional affine subspace of R2.
Therefore, the set of all zeros of ρ are in a one-dimensional manifold of the R2 and the set of
all zeros of (4.52) lie in a manifold of dimension m+ 1. The case in which the first column
of X is zero (an the second or third is not) can be handled in the same way.
The case i=2: Suppose that the first and the second column of X are linear independent.
Then, we can assume without loss of generality that ∇f(x1) and ∇f(x2) are linear indepen-
dent. We partition the matrix X as

X =

(
A B
C D

)

with

A =

(
∇f(x1)

⊤

∇f(x2)
⊤

)
, B =



∇f(x1)

⊤
(

0 1
−1 0

)
x1

∇f(x2)
⊤
(

0 1
−1 0

)
x2




C =



∇f(x3)

⊤
...

∇f(xm)⊤


 , D =




∇f(x3)
⊤
(

0 1
−1 0

)
x3

...

∇f(xm)⊤
(

0 1
−1 0

)
xm




Thus, we have detA 6= 0 and we investigate the dimension of the set of all (x1, . . . , xm) ∈
R2×m for which X has rank 2. This occurs if, and only if there is a vector b ∈ R2 with Ab = B
and Cb = D. This is equivalent to CA−1B = D. Hence, for det(A) 6= 0, the matrix X has
rank 2 if, and only if the function

(
A B
C D

)
7→ D − C ·A−1 ·B (4.53)

becomes zero. As in the case i = 1, each component of (4.53) has the form

x 7→ ∇f(x)⊤ ·
[(

0 1
−1 0

)
x− b

]
, b = A−1 · B. (4.54)

Due to Lemma 4.15, the set of zeros of (4.54) lies in a union of one-dimensional submanifolds
for fixed b. Therefore, the set of zeros of (4.53) lies in a union of submanifolds of dimension
m+ 2, which completes the proof under the assumption that the first and second column of
X are linear independent.
We carry out the procedure above in the same fashion for the cases that the first and the
third column of X are linear independent and the second and the third respectively. This
yields two more forms of function (4.54):

x 7→ ∇f(x)⊤ ·
[(
−b2
1

)
+ b1

(
0 1
−1 0

)
x

]
, b =

(
b1
b2

)
.
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x 7→ ∇f(x)⊤ ·
[(

1
−b2

)
+ b1

(
0 1
−1 0

)
x

]
, b =

(
b1
b2

)
.

As shown in Lemma 4.15, the set of zeros of these functions lies always in a union of one-
dimensional submanifolds. Therefore, the set of zeros of (4.53) lies in a union of submanifolds
of dimension m+ 2, which completes the proof. �

Theorem 4.16 confirms the intuition that images are not allowed to have domains of con-
stant gray values if we want to reduce the registration task to a small amount of arbitrarily
chosen sample-points. (Even domains with constant increasing or decreasing gray values are
forbidden.) The next theorem states that Assumption 4.2 is generically satisfied.

Assumption 4.3
Let V ⊂ C3(Rn,R) be a Banach space such that for any chosen (x, v,A) ∈ R2×R2× Sym(2)
there is a f ∈ V with

∇f(x) = v ∧ Hf (x) = A.

Theorem 4.17
Let V satisfies Assumption 4.3, then the subset of all f ∈ V, which satisfies Assumption 4.2
is open and dense in V.

Proof
Consider the jet-space J2(R2,R) and the subset

O :=

{
[x, v,A] ∈ J2(R2,R)

∣∣∣ detA = 0 ∨ 0 = v⊤A−1

(
0 1
−1 0

)
v

}
.

This subset is a finite union of submanifolds with codimension 1. Supposing we have j2f ⋔ O

for a certain f ∈ V, then (j2f)−(O) is a finite union of submanifolds with codimension 1.
Hence, all points of (j2f)−(O) are in the set defined in (4.47) and f satisfies Assumption 4.2.
Therefore, it is enough to show that j2f ⋔ O holds for an open and dense subset of all f ∈ V.
Consider the function

F ev : V× R2 → J2(R2,R), F ev(f, x) = j2xf.

Since j2xf is linear in f and Assumption 4.3 is satisfied, F ev is a submersion. Therefore,
F ev is transversal to O. Hence, we can apply the Parametric Transversality Theorem, which
completes the proof. �

We finish this section with two examples of spaces V which satisfy Assumption 4.3. The first
one is obviously the set of quadratic functions on R2

V :=
{
f ∈ C(R2,R) | f(x) = x⊤Ax+ b⊤x+ c, A ∈ R2×2, b ∈ R2, c ∈ R

}
.

More important, in the sense of image processing, is that fact, that spline function space of
order 4 or greater satisfy Assumption 4.3, i.e. V = Sk

λ for any λ > 0 and k ≥ 4. Thus,
Assumption 4.2 is a generic property for images of the form (3.8).



Chapter 5

Image Registration using an
Approximate-Newton Algorithm

In this chapter we take a closer look at the task of rigid image registration as an optimization
problem on a Lie group. Although standard formulations of the problem focus on two- or
three-dimensional images, the subsequent mathematical analysis is valid for any dimension.
Thus, any gray-scale image I is identified as its associated intensity function I : Rn → R of the
form (3.6) or (3.8), which we assume to be at least a three times continuously differentiable
function with compact support. The rigid image registration task for two such functions R, T ,
then, amounts to find the Euclidean transformation (A, t) that minimizes the SSD-measure
introduced in Section 3.3.1. ∫

Rn

(
R(Ax+ t)− T (x)

)2
dx. (5.1)

Since the set of rigid body or affine transformations ρA,t : Rn → Rn, x 7→ Ax+ t, forms a Lie
group, i.e. the Euclidean transformation group SE(n) and the Special Affine Group SA(n)
respectively, we obtain a least squares optimization problem on SE(n) or SA(n).

In this chapter, we apply the algorithms developed in Section 2.2 (Table 2.1 and Table 2.2)
to the least square problem (5.1).

A bottleneck in implementing such algorithms lies in the difficulty of effectively evaluating
the higher dimensional integrals, which may suffer from the curse of dimensionality. In this
chapter we will present and discuss two different strategies to circumvent this problem. First,
we use Quasi-Monte Carlo methods to approximate the integrals by taking samplings of the
functions at suitable random points. This leads to an easily implementable algorithm in the
case of image registration. Second, we used B-spline approximations of the images to get an
approximation of the integral. The second method actually works better in practice as will be
shown by examining concrete medical imaging tasks. Extensions to multimodal registration
suing the mutual information measure are given too.

Although an overwhelming number of publications focuses on non-rigid registration where the
task is to find a non-linear diffeomorphism, rigid registration is still of considerable interest
and can be a good basis for a subsequent non-rigid registration phase; see e.g. [19], [20], [21],
[22], and [23].

93
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5.1 Registration on Smooth Function Spaces

In the case of the image-registration problem, G is either the Euclidean transformation group
SE(n) or the Special Affine Group SA(n). The cost function which we want to maximize on
the motion groups G = SA(n), SE(n) is

Φ : G→ R, Φ(A, t) :=

∫

Rn

R(Ax+ t)T (x)dx. (5.2)

By invariance of the integral under volume-preserving maps, this function differs from the
least squares term (5.1) in a constant. In particular, maximization of Φ is equivalent to
minimization of (5.1).

Throughout this section, we have to assume that R is 3 times continuously differentiable,
T is continuous and R and T have compact support. Since this ensures that Φ is 3 times
continuously differentiable, we can apply the (µ, ν)-Newton algorithm, which was discussed
in Section 2.2.

5.1.1 The Quasi-Monte Carlo Newton Algorithm

A direct comparison yields that the cost function Φ in (5.2) is of the form (2.17), if we set
f(x, y) = R(x)T (y) and ϕ(x) = 1. Thus, it is possible to apply the algorithms in the Tables
2.1 and 2.2 to the cost function Φ. Even though, a few specifications have to be made in
order to apply it to the image registration task.

First, we note that the most time-consuming part of the algorithms is the calculation of the
integrals appearing in the coefficients α, β, γ, δ and ǫ in (2.27) – if they can be calculated at
all. One way to overcome this difficulty is to approximate the integrals via Quasi-Monte Carlo
methods. (See Appendix A for an introduction.) More precisely: Instead of maximizing the
cost function Φ, we maximize

Ψ(A, t) :=
1

N

N∑

r=1

R(Axr + t)T (xr). (5.3)

Again, this cost function is of the form (2.17) and the coefficients α, β, γ, δ and ǫ in (2.27)
become the average of sampled function-values via

αi =
1

N

N∑

r=1

T (xr)
∂R

∂xi
(Axr + t),

βi,j =
1

N

N∑

r=1

T (xr)
∂R

∂xi
(Axr + t)(Axr + t)j,

γi,j,k =
1

N

N∑

r=1

T (xr)(Axr + t)i
∂2R

∂xj∂xk
(Axr + t), (5.4)

δi,j,k,l =
1

N

N∑

r=1

T (xr)(Axr + t)i(Axr + t)j
∂2R

∂xk∂xl
(Axr + t),
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ǫi,j =
1

N

N∑

r=1

T (xr)
∂2R

∂xi∂xj
(Axr + t).

In contrast to a classical Monte–Carlo method, the sampling-points xi ∈ Q are chosen to
be uniformly distributed in Q. The so-called Halton-sequence [100] is a good example of
such uniformly distributed sampling points. It is shown in the literature (see e.g. [101])
that for such well chosen sampling points, the approximation error of (5.3) is bounded by
O((logN)n/N). (In contrast, the error of the Monte Carlo method tends to zero with the
order O(1/

√
N).) We will give a definition of the Halton-sequence in Appendix A. We call the

final methods the QMC-Newton algorithms. These algorithms are presented in Table 5.1
on SE(n) and in Table 5.2 on SA(n) respectively.
Before stating our main convergence result, a few remarks are in order. We use a standard
Gauss elimination to solve the linear system in Step 3 for each algorithm. If this system is
not solvable, a standard approach in optimization theory is to search for the least squares
solution. Moreover, as is the case for all Newton methods, convergence of the algorithm is not
guaranteed for an arbitrary initial condition M0 ∈ G. Even if the algorithm converges, the
limit needs not be a local maximum. In order to overcome this, one can either adapt a Gauss-
Newton step, or first test if the Newton-direction (Ω, v) is an ascent direction. Alternatively,
we can use the gradient of the objective function instead. Furthermore, one can make a line-
search in the ascent direction, e.g. by using the Armijo-rule. We skip the straightforward
details.

Theorem 5.1
Suppose that T ∈ C(Rn,R) and R ∈ C3(Rn,R). Then the QMC-Newton algorithms de-
scribed in Table 5.1 and Table 5.2, applied to the two following cost functions

(a) Φ : G→ R defined by Φ(M) :=
∫

Rn ϕ(x)f(M ·x, x), with ϕ(x) := 1, f(x, y) := R(x)T (y)
and with coefficients (2.27) and

(b) Ψ : G→ R defined by (5.3) with coefficients (5.4),

are quadratically convergent in a sufficiently small neighborhood of each nondegenerate crit-
ical point.

To avoid confusion: We mentioned before that we will use the Halton-sequence for the sample-
points (xr)

N
r=1 in (5.3). However, the statement of the theorem is valid for any given sequence

(xr)
N
r=1.

Proof
Let us first focus on the cost function Φ. We observe that the algorithm in Table 5.1 describes
a (µ, ν)-Newton algorithm on G = SE(n), where µ and ν are defined in (2.10) and (2.11).
Respectively, Table 5.2 applies a (µ, ν)−Newton algorithm on G = SA(n) where µ and ν are
defined in (2.6) and (2.8). In both cases the parameterizations satisfy

DµM (0) = DνM (0), (5.5)

for all M ∈ G. Moreover, the cost function Φ is in C3(G,R) since T ∈ C(Rn,R) and
R ∈ C3(Rn,R). Thus, we can apply Theorem 2.3. There exists an open neighborhood
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Table 5.1: QMC-Newton Registration-Algorithm on SE(n)

Step 1.
Make an initial guess M0 ∈ SE(n) and set m = 0.

Step 2.
Calculate αi, βi,j , γi,j,k, δi,j,k,l and ǫi,j for all 1 6 i, j, k, l 6 n as defined in equa-
tion (5.4).

Step 3.
Solve the linear system which consists of the equations

∑

k>l

(γl,k,i − γk,l,i)Ωk,l +
∑

k

ǫi,kvk = −αi for all 1 6 i 6 n

and

∑

k>j

1

2
(βi,k + βk,i)Ωk,j −

∑

k<j

1

2
(βi,k + βk,i)Ωj,k −

∑

k>i

1

2
(βj,k + βk,j)Ωk,i

+
∑

k<i

1

2
(βj,k + βk,j)Ωi,k −

∑

k>l

(δi,k,l,j − δj,l,k,i + δi,l,k,j − δi,k,l,j)Ωk,l

−
∑

k

(γj,k,i − γi,k,j)vk = βi,j − βj,i for all 1 6 i < j 6 n

with the unknowns vi and Ωi,j, j > i.

Step 4.
Construct the n×n matrix Ω with the entries Ωi,j. In the case of j > i use the solution
of step 3. Else, set

Ωi,j =

{
−Ωj,i for j < i

0 for j = i.

Compute

Mm+1 := νQR
Mm

(Ω, v),

where νQR is defined in (2.11).

Step 5.
Set m = m+ 1 and goto Step 2.
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Table 5.2: QMC-Newton Registration-Algorithm on SA(n)

Step 1.
Make an initial guess M0 ∈ SA(n) and set m = 0.

Step 2.
Calculate αi, βi,j , γi,j,k, δi,j,k,l and ǫi,j for all 1 6 i, j, k, l 6 n as defined in equa-
tion (5.4).

Step 3.
Solve the linear system described in (2.32) - (2.36) with the unknowns vi and Ωi,j,
(i, j) 6= (n, n).

Step 4.
Construct the n × n matrix Ω with the entries Ωi,j. In the case of (j, i) 6= (n, n) use
the solution of Step 3. Else, set

Ωn,n = −
∑

k 6=n

Ωk,k

and compute

Mm+1 := νQR
Mm

(Ω, v),

where νQR is defined in (2.8).

Step 5.
Set m = m+ 1 and goto Step 2.

V ⊂ G of each critical point M∗ ∈ G such that the point sequence (Mk)k∈N0
generated by

the algorithms in Table 5.1 or Table 5.2, converges quadratically to M∗, if M0 ∈ V , which
proves (a).

In order to prove (b), we exploit the fact that Ψ is also a function of type (2.15). Therefore,
using (5.4) in (2.28)-(2.29) and (2.32)-(2.36), respectively, yields again a (µ, ν)-Newton step,
and the local quadratic convergence is obtained by the same argument which was used for
the function Φ. �

A few remarks are in order: Firstly, the condition that R be three times continuously differen-
tiable is only needed to ensure the local quadratic convergence behavior. The QMC-Newton
algorithms need only evaluations of the first and second derivative of R. Moreover, since
the raw image data are usually given in a discretized form, a previous interpolation step is
needed to extend the function continuously. If the interpolation order is high enough, then
R ∈ C3(Rn,R) can always be guaranteed (see Section 3.2).

In [45], sufficient conditions for local quadratic convergence are: a C3 cost function, condition
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Figure 5.1: The first image shows a 2D-slide of a CT data-set of a head with 350 × 350 pixels. The second
image is a spline-approximation with 900 basis-functions. The appearing artefacts may be caused by the Gibbs
phenomena. The blue graph in the third image describes the cost function (5.2) by translating the image on
the left against itself. For the green and red graph we replace the image with its spline-approximation with
900 and 81 basis-functions respectively.

(5.5) and the non-degenericity of the critical points. We will show in Section 5.1.2 that the
last condition is fulfilled for a generic choice of the images.

Note that the cost function (5.3) is only an approximation of (5.2); a more sensible choice
would be the discretization of the least squares as

N∑

r=1

(R(Axr + t)− T (xr))
2. (5.6)

The local quadratic convergence result above would hold as well for suitably adapted choices
of coefficients (5.4).

The numerical experiments in Section 5.3.1 will support the local quadratic convergence of
the algorithms. This property is very useful if the region in which the algorithms converge
quadratically is large. However, in Fig.5.1 it is demonstrated that this region can be very small
if R and T are interpolations of raw medical images. (The region of quadratic convergence
is a subset of the region in which the cost function is convex.) One way to overcome this is
to smooth the image up to a certain level and use the smoothed image data instead. The
result can then be used as the initial guess for the algorithms and applied to less smoothed
images etc. Throughout this work, we perform the smoothing by projecting the images onto
a finite-dimensional function-space, namely a spline-basis (see Section 3.2) for details. Fig.5.1
shows the change of the objective function caused by varying the degree of smoothness. In
all the examples which we have been considered in this work, the smoothing of the images
yields an increase of the domain of quadratic convergence.

5.1.2 A Generic Property of the Cost Function

In Theorem 5.1 we proved the local quadratic convergence of the QMC-algorithm under the
condition that the critical points of the cost functions are nondegenerate. In this subsection
we will show that this condition is generically fulfilled in image registration, i.e. on very mild
conditions on the reference image T ∈ C(Rn,R), the set of all template images R ∈ C3(Rn,R)
for which the algorithm converges locally quadratically is open and dense in C3(Rn,R) in
terms of the strong topology.
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In the jet-manifold J2(G,R) the subset

U =
{
j2xh

∣∣ h ∈ C2(G,R), x ∈ G, ∇h(x) = 0, detHessh(x) = 0
}

(5.7)

contains all degenerate critical points.

Proposition 5.2
The set U in (5.7) is a finite union of submanifolds U = U1 ∪ . . . ∪ Um of J2(G,R) with

dimU1 6 . . . 6 dim Um =
3

2
dimG+

1

2
(dimG)2.

Proof
We will use the abbreviation V = R× L(g,R)× L2

Sym(g,R), where g denotes the Lie algebra

of G. Since g is also a vector space, we can write the elements of V in the form j20v with
j20v ∈ J2(g,R). Moreover, we write l(g) : G → G, h 7→ gh for the left-translation in the Lie
group G and exp : g→ G for the exponential map.
Since the function

J2(G,R)→ G× V, j2gf 7→ (g, j20 (f ◦ l(g) ◦ exp)

is smooth and has the smooth inverse map

G× V → J2(G,R), (g, j20v) 7→ j2g (v ◦ exp−1 ◦l(g−1)),

we get

J2(G,R) ∼= G× R× L(g,R)× L2
Sym(g,R). (5.8)

Thus, the diffeomorphic image of U is
{
(g, a, 0, A) ∈ G× R× L(g,R)× L2

Sym(g,R)
∣∣ detA = 0

}
.

According to [102],
{
A ∈ L2

Sym(g,R) | detA = 0
}

is a finite union of submanifolds in L(g,R)

with codimension larger than 0. Thus, we get U = U1∪ . . .∪Um for appropriate submanifolds
of J2(G,R). Assuming without loss of generality that Um has the largest dimension, we get

dim Um = dimG+ dimR + dim L2
Sym(g,R)− 1

= dimG+
1

2
dimG(dimG+ 1).

�

Once again, we consider the Lie groups G = SA(n) and G = SE(n) respectively. We wish
to study the influence of the images R and T on the cost functions Ψ and Φ of formula (5.2)
and (5.3). Therefore, we introduce the linear maps Ψ̂, Φ̂ : C3(Rn,R) → C3(G,R) which are
defined by

Ψ̂(R)(A, t) :=
1

N

N∑

i=1

T (xi)R(Axi + t)
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and, respectively,

Φ̂(R)(A, t) :=

∫

Rn

T (x)R(Ax+ t)dx.

For a given function R ∈ C3(Rn,R) the cost function Ψ̂(R) has no degenerate critical points
if, and only if j2Ψ̂(R) misses U. Since (4.8) yields

dimJ2(G,R) =
5

2
dimG+

1

2
(dimG)2 + 1

we get

dimG+ dim Ui < dimJ2(G,R), i = 1, . . . ,m.

By means of Theorem 4.1 we get that j2Ψ̂(R) misses U if, and only if j2Ψ̂(R) is transverse to
every submanifold Ui, i = 1, . . . ,m. The same statement applies to the function Φ̂. We will
make use of these equivalences in the proof of Theorem 5.4. In the following Lemma 5.3, we
formulate a useful approximation statement.

Lemma 5.3
Let Pn,k, k ∈ N denote the set of polynomials in n variables with degree less than or equal
to k. For f ∈ L2(K,R), K ⊂ Rn compact, let pf,k ∈ Pn,k denote the best-approximated
polynomial of f in Pn,k with respect to the L2-norm. If f1, . . . , fm ∈ L2(K,R) are linearly
independent, then there exists a k ∈ N such that pf1,k, . . . , pfm,k are also linearly independent.

Proof
Since f1, . . . , fm ∈ L2(K,R) are linear independent, we get

‖λ1f1 + . . .+ λmfm‖2L2 6= 0 (5.9)

for all (λ1, . . . , λm) ∈ Sm−1. Regard the left hand side of (5.9) as a function of the form
Sm−1 → R in the variables λi. Since Sm−1 is compact, this function has a minimum µ ∈ R
and with (5.9) we get

0 < µ ≤ ‖λ1f1 + . . . + λmfm‖2L2 (5.10)

for all (λ1, . . . , λm) ∈ Sm−1. Now, we choose k ∈ N large enough such that ‖pfi,k − fi‖2 < µ
m

is satisfied for all i = 1, . . . ,m. Assuming that pf1,k, . . . , pfm,k are linear dependent, there is
(λ1, . . . , λm) ∈ Sm−1 with

λ1pf1,k + . . .+ λmpfm,k = 0

and therefore

‖λ1f1 + . . .+ λmfm‖2L2 = ‖λ1(f1 − pf1,k) + . . .+ λm(fm − pfm,k)‖2L2

≤
m∑

i=1

λi‖pfi,k − fi‖2
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< µ.

Since this contradicts (5.10), the polynomials pf1,k, . . . , pfm,k must be linear independent.
�

Theorem 5.4
Suppose that the template image T ∈ C3(Rn,R) has compact support and satisfies the
following conditions:

a) Regarding optimization problem (5.2), T is not identical to zero.

b) Regarding optimization problem (5.3), there are k = 1
2(n + 1)(n + 2) elements of the

sequence (xi)
N
i=1 which do not lie on a quadric hypersurface and T (xi) 6= 0 for all these

k elements.

Then, the cost functions Φ and Ψ have no degenerate critical points, for a generic set of
reference images R ∈ C3

S(Rn,R).

Proof
Following the argument above, we define

AΨ,i :=⋔3 (Rn,R; j2Ψ̂,Ui) :=
{
R ∈ C3(Rn,R)

∣∣ j2Ψ̂(R) ⋔ Ui

}

and AΦ,i :=⋔3 (Rn,R; j2Φ̂,Ui) respectively. We have to show that AΨ,i and AΦ,i are open
and dense in C3

S(Rn,R).

The Jet Transversality Theorem 4.6 yields the openess of ⋔3 (G,R; j2,Ui). Since Ψ̂ and Φ̂
are continuous maps, we conclude that the sets AΨ,i and AΦ,i are open. Hence, we only have
to show the denseness of both sets with respect to the strong topology. Applying Lemma 4.4
to F = j2Ψ̂ and F = j2Φ̂ respectively yields that it is enough to show the denseness of both
sets in C3

W (Rn,R).

With this preliminaries at hand, let us complete the proof for the function Ψ̂. Consider the
vector space V = R× Rn × Sym(n), endowed with the standard scalar-product

〈 . 〉 : V × V → R, 〈(α, a,A), (β, b,B)〉 = αβ + a⊤b+ tr(AB) (5.11)

and the map

ϕ : Rn → V , x 7→ (1, x, xx⊤)⊤.

Since a quadric hypersurface Q is defined via

Qα,a,A =
{
x ∈ Rn | x⊤Ax+ a⊤x+ α = 0

}
,

for an arbitrary element (α, a,A) ∈ V \ {0} we get the equivalence

x ∈ Qα,a,A ⇔ 〈(α, a,A), ϕ(x)〉 = 0.
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Hence, exploiting the condition that k = 1
2(n+ 1)(n+ 2) elements of the sequence (xi)

N
i=1 do

not lie on a quadric hypersurface, yields

span {ϕ(x1), . . . , ϕ(xN )} = V.

Moreover, {xi}Ni=1 lie on a quadric hyperface if, and only if {Axi + t}Ni=1 lie on a quadric
hyperface for any (A, t) ∈ G. Thus, we get

span {ϕ(Ax1 + t), . . . , ϕ(AxN + t)} = V.

Exploiting the condition that T (xi) 6= 0 for those elements, we get

span {T (x1)ϕ(Ax1 + t), . . . , T (xN )ϕ(AxN + t)} = V (5.12)

for all (A, t) ∈ G. Hence, the linear map generated by the matrix

M =
(
T (x1)ϕ(Ax1 + t), . . . , T (xN )ϕ(AxN + t)

)
(5.13)

is surjective for each (A, t) ∈ G.
Now, consider formula (5.4) as a linear map of the form

(j2Ax1+tR, . . . , j
2
AxN+tR) 7→ (α, β, γ, ǫ, δ). (5.14)

Let m1, . . . ,mk denote the rows of M , i.e. M⊤ = (m⊤
1 , . . . ,m

⊤
k ). Then, m1, . . . ,mk can be

used to build the rows of the representation matrix of (5.14) in the following way:

αi = m1 ·
(
∂R

∂xi
(Ax1 + t), . . . ,

∂R

∂xi
(AxN + t)

)⊤
,

βi,1 = m2 ·
(
∂R

∂xi
(Ax1 + t), . . . ,

∂R

∂xi
(AxN + t)

)⊤
,

...

δn,n,i,j = mk ·
(

∂2R

∂xi∂xj
(Ax1 + t), . . . ,

∂2R

∂xi∂xj
(AxN + t)

)⊤

Since the linear map generated byM is surjective, the rowsm1, . . . ,mk are linear independent.
Therefore, the map (5.14) is also surjective. Hence, with the formulas (2.28) and (2.29) for
G = SE(n), and (2.32)-(2.36) for G = SA(n) respectively, the map

(j2Ax1+tR, . . . , j
2
AxN+tR) 7→ j2(A,t)Ψ̂(R). (5.15)

is surjective for each chosen (A, t) ∈ G. Moreover, the map (5.15) is transverse to every
submanifold of J2(G,R).
Now, let R ∈ C3(Rn,R) be arbitrarily chosen. In order to show the denseness of AΨ,i in
terms of the weak topology, it is enough to show that AΨ,i∩ [R+Pn,2N ] is dense. In the case
of the map

F ev : [R+ Pn,2N ]×G→ J2(G,R)



CHAPTER 5. IMAGE REG. USING AN APPROXIMATE-NEWTON ALG. 103

(R + p,A, t) 7→ j2(A,t)Ψ̂(R+ p)

we have already shown the subjectivity, if (A, t) ∈ G is fixed. Hence, using the Parametric
Transversality Theorem 4.5 we get that F ev(R + p, . ) is transverse to Ui for a dense subset
of Pn,2N . Therefore, AΨ,i is dense in C3

W (Rn,R) which completes the proof in the case of the
cost function Ψ.
Let us now consider the cost function Φ. Following the argument above, it is enough to prove
that AΦ,i is dense in C3

W (Rn,R). Due to the conditions for the template image T , we can

find a sequence of N = 1
2(n+ 1)(n+ 2) sample-points (xi)

N
i=1 ⊂ supp(T ) which do not lie on

a quadratic hypersurface. Hence, the equation (5.12) is again satisfied. Therefore, the set of
functions

HA,t =
{
T (x), T (x)(Ax+ t)k, T (x)(Ax+ t)k(Ax+ t)l

∣∣∣ 1 6 k 6 l 6 n
}

is linearly independent. In order to simplify the notation, we take an arbitrary order of
HA,t and write hi(x) for its elements, i = 1, . . . , N . Now, let Q ⊂ Rn be a cube containing
supp(T ). Then, define a set of orthonormal polynomials (bj(x))j∈N

with respect to the L2-
norm on Q, which is in ascending order with respect to the degree. Moreover, define Pm :=
span (b1(x), . . . , bm(x)). Thus, the best L2 approximation of hi(x) ∈ HA,t with polynomials
up to a certain degree is given by

hi,m =

m∑

j=1

ai,jbj(x)

with

ai,j =

∫

Q
bj(x)hi(x)dx.

Now, consider the matrix

M̃ =




a1,1 · · · a1,m
...

...
aN,1 · · · aN,m


 .

According to Lemma 5.3 the fact that HA,t is linearly independent yields the existence of a
real number m ∈ N such that all rows of M̃ are also linear independent. Due to the fact that
〈 HA,t 〉 = 〈 HÃ,t̃ 〉 for all (A, t), (Ã, t̃) ∈ G, this number m is independent from the choice of

(A, t). Let m̃1, . . . , m̃N denote the rows of M̃ and let p̂ ∈ Rn denote the representation of a
polynomial p ∈ Pm with respect to the basis b1(x), . . . , bm(x). Then, the formulas in (2.27)
become

αi = m1 ·
∂̂R

∂xi
(Ax+ t), βi = m2 ·

∂̂R

∂xi
(Ax+ t), . . . , δn,n,i,j = mN ·

∂̂2R

∂xi∂xj
(Ax+ t)

if ∂R
∂xi

(Ax + t), ∂2R
∂x2

i

(Ax + t), ∂2R
∂xixj

(Ax + t) ∈ Pm for all i, j = 1, . . . , n. Since m̃1, . . . , m̃N are

linear independent, we get that the map

Pn,m → RN , R 7→ (α, β, γ, δ, ǫ)
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is surjective for each (A, t) ∈ G, if m is large enough. Hence, using the formulas (2.28) and
(2.29) for G = SE(n), and (2.32)-(2.36) for G = SA(n) respectively, one can easily verify
that j2(A,t)Φ̂

∣∣
Pm

is surjective for each chosen (A, t) ∈ G.

Now, let R ∈ C3(Rn,R) be arbitrarily chosen. Like in the case of the cost function Ψ before,
we apply the Parametric Transversality Theorem to the map

F ev : [R+ Pm]×G→ J2(G,R)

(R+ p,A, t) 7→ j2(A,t)Φ̂(R + p).

Since F ev( . , A, t) is surjective for all (A, t) ∈ G, the map F ev(R + p, . ) is transverse to Ui

for a dense subset of Pm. Therefore, AΦ,i is dense in C3
W (Rn,R) which completes the proof

in the case of the cost function Φ. �

Theorem 5.4 yields a condition for the sequence of sample-points (xi)
N
i=1 such that the cost

function Ψ̂(f) : SE(n)→ R has generically no degenerate critical points. However, one would
like to know if this condition is typically satisfied, if we choose the sample-points randomly.
This question will be answered in the following lemma.

Lemma 5.5
Set k = 1

2(n+ 1)(n + 2), n ∈ N. The set

M :=
{
(x1, . . . , xk) ∈ Rn×k

∣∣ x1, . . . , xk do not lie on a quadric hypersurface
}

is open and dense in Rn×k.

Proof
Let V and ϕ be defined like in the proof of the previous theorem. Then, x ∈ Rn lies on the
quadric hyperface, defined by (α, a,A) ∈ V if, and only if

〈(α, a,A), ϕ(x)〉 = 0

is satisfied. Therefore, using

χ : Rn×k → R, χ(x1, . . . , xk) = det (ϕ(x1), . . . , ϕ(xk))

we get M = Rn×k \ χ−(0).
Since ϕ is a polynomial in each component, the same holds for χ. Consequently, χ−(0) is an
affine variety and we only have to show that M is not empty to complete the proof. For this
purpose, we consider the points

(x1, . . . , xk) = (0, e1, . . . , en,−e1, . . . ,−en, e1 + e2, . . . , en−1 + en)

where the ei’s form a basis of the Rn. We will show that span(ϕ(x1), . . . , ϕ(xk)) = V ,
which is equivalent to (x1, . . . , xk) ∈ M . Firstly, we have ϕ(0) = (1, 0, 0) and therefore
span((1, 0, 0)) ⊂ span(ϕ(x1), . . . , ϕ(xk)). Moreover, using 1

2 [ϕ(ei)− ϕ(−ei)] = (0, ei, 0) we
get span((0, x, 0) | x ∈ Rn) ⊂ span(ϕ(x1), . . . , ϕ(xk)). Finally, we have for i < j

ϕ(ei + ej)− ϕ(ei)− ϕ(ej) + ϕ(0) = (0, 0, eie
⊤
j + eje

⊤
i )
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and

1

2
[ϕ(ei) + ϕ(−ei)]− ϕ(0) = (0, 0, eie

⊤
i ).

Therefore, we conclude that span((0, 0, xx⊤) | x ∈ Rn) ⊂ span(ϕ(x1), . . . , ϕ(xk)). To sum
up, we have span(ϕ(x1), . . . , ϕ(xk)) = V which completes the proof. �

In the QMC-Newton algorithm described, the sequence (xi)
N
i=1 is not generated randomly,

but by a deterministic method like the Halton-sequence mentioned. We will not discuss how
many iterations of the Halton-sequence are at the most necessary such that the condition
in part b) of Theorem 5.4 is satisfied, since in applications we will need a large number of
iterations of the Halton-sequence to be robust against noise in the images. However, the
Halton-sequence is dense in the region of interest. Therefore, there is a number N ∈ N such
that not all points of (xi)

N
i=1 lie on a quadric hyperface. With the following lemma at hand,

we conclude that the condition in part b) of Theorem 5.4 is also satisfied.

Lemma 5.6
Let (xi)

N
i=1 ⊂ Rn be a finite sequence of N ∈ N elements which does not lie on a quadric

hypersurface. Then, there is a subsequence
(
xij

)k
j=1

of k = 1
2(n + 1)(n + 2) elements which

also does not lie on a quadric hypersurface.

Proof
Following the proof of the previous theorem, we get that a given set of points {xi}Ni=1 ⊂ Rn

does not lie on a quadric hyperface if, and only if

span(ϕ(x1), . . . , ϕ(xN )) = R× Rn × Sym(n) =: V.

Suppose that this equation is satisfied. Since dimV = k, we can find k linearly independent
vectors in the set {ϕ(x1), . . . , ϕ(xN )}. Since these k vectors also span the whole vector space,
the lemma is proven. �

We want to note that the condition for the image T in part b) of Theorem 5.4 is not very
restrictive. Since the region of interest Q is typically bounded, there is a minimum value
mT ∈ R of T . Hence, we can consider the registration-problem

min
(A,t)∈G

∫

Q

(
T̃ (x)− R̃(Ax+ t)

)2
dx

with T̃ (x) = T (x) + mT + 1 and R̃(x) = R(x) + mT + 1 instead of (5.1). For this new
registration problem we have T̃ (x) 6= 0 for all x ∈ Q.
With this result we can guarantee with probability one that the QMC-algorithm locally
converges quadratically to a local maximum in the case of non-artificial generated images.
However, Theorem 5.4 will not yield any result in the ideal case, in which the reference and
template image are identical. Moreover, the case in which both images are elements of a
spline function space, or smoothed by a Gaussian kernel, is not applicable to this theorem.
Even though these restrictions are more relevant to applications, we believe that a further
discussion in this direction would be beyond the scope of this work.
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Finally, we want to mention that a similar problem arises in the pose-estimation task (cf.
Section 3.1). The cost function we want to maximize here on SE(3) is

Φ : SE(3)→ R, Φ(M) :=

∫

R3

pM ·X (z)pY (z)dz, (5.16)

where X = (x1, . . . , xm),Y = (y1, . . . , ym) ∈ R3×m are given samples and pM ·X , pY are the
corresponding density-functions. By invariance of the integral under volume-preserving maps,
the cost function in (5.16) differs from the least squares term in (3.4) only in a constant. Thus,
maximization of Φ is equivalent the minimization (3.4). Using the approximation (3.3) of the
densities we get

Φ(M) ≈ (πσ2)−n
m∑

i,j=1

∫

R3

exp

(
− 1

2σ2
‖z −M · xi‖2

)
exp

(
− 1

2σ2
‖z − yj‖2

)
dz

= (2πσ2)−n/2
m∑

i,j=1

exp

(
− 1

4σ2
‖M · xi − yj‖2

)
.

This is a cost function of the form (2.17). Hence, we can apply the algorithm in Table 2.1.
Moreover, Theorem 2.3 yields that this algorithm converges locally quadratically around each
nondegenerate critical point. Thus, the question which arises is whether the set

{
Y ∈ R3×m | Φ has no degenerate critical points

}

is generic in R3×m or not.

Up to the best of our knowledge, this problem is still unsolved. Until now, we were not able
to prove a similar statement to Theorem 5.4 for the cost function Φ in (5.16). The main
problem might be that Φ in (5.16) depends non-linear on Y, whereas the cost function Ψ in
(5.3) is linear in the image R.

5.2 Registration on Spline Function Spaces

We already pointed out in the Sections 5.1.1 and 3.4 that image smoothing is often an
essential step for image registration algorithm. If we consider an image as a real-valued
function with compact support, smoothing can be regarded as a projection to a suitable
space of smooth functions, cf. Section 3.2, such as e.g. spaces of splines Sk

λ . We will show
that this interpretation, compared to standard smoothing methods like Gaussian filters, has
the advantage that we can exploit the reduction of information in the previously discussed
Newton method while maintaining a high degree of accuracy. Yet, a difficulty with this
approach is that the space of splines is usually not invariant under rotations, as it is the
case for tensor product splines. Thus, a group action G × Rn → Rn can be extended to a
group action on C(Rn,R) but not necessarily to a group action on Sk

λ . Nevertheless, in this
section we present a registration method which exploits the image representations of the form
R,T ∈ Sk

λ .
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5.2.1 Monomodal Registration

We begin with a reformulation of the registration problem. Let S2
λ denote the spline function

space as defined in (3.10). For two given images R ∈ S2
λ and T ∈ S1

λ with coefficients
cR, cT ∈ l2 the cost function (5.2) becomes

Φ(A, t) =
∑

r,s∈ 1
λ

Zn

cRs c
T
r

∫

Rn

B2
s,λ(Ax+ t)B1

r,λ(x)dx,

with Bk
r,λ(x) := Bk

(
x
λ − λr

)
. Since Bk

r,λ(x) is a translation of Bk
0,λ, we obtain

Φ(A, t) =
∑

s,r∈ 1
λ

Zn

cRs c
T
r

∫

Rn

B1
0,λ(x)B2

0,λ(A(x+ s) + t− r)dx

≈
∑

s,r∈ 1
λ

Zn

cRs c
T
r

∫

Rn

B1
0,λ(x)B2

0,λ(x−A−1(r − t) + s)dx. (5.17)

The approximation in the last line needs some explanations: Of course, the tensor products
(3.9) of B-spines are not invariant under rotation. Assuming they are, we obtain approxi-
mations, by rotating the argument of the second spline around the barycenter t− r in such
a way that the argument becomes a simple translation in the direction A−1(r − t) − s. In
the cases where A is close to the identity (which is true for most of the medical image prob-
lems) the approximation error tends to zero. Our examples in Section 5.3 will show that this
simplification does hardly influence the solution of the optimization problem.
Therefore, the convolution of two splines

F (s) :=

∫

Rn

B1
0,λ(x)B2

0,λ(x− s)dx,

= B4
0,λ(s1) · . . . · B4

0,λ(sn)

(5.18)

is related to the optimization problem. Note that F (s) as the tensor product of B-splines of
order four has already been well studied in the literature [71]. For us, the most important
fact of such B-splines is that they are three times continuously differentiable, which makes
(5.17) applicable to the Newton-algorithm (2.12). Furthermore, F (s) is piecewise polynomial
with degree four, so the values and the derivatives of the function can be calculated very
quickly and without additional numerical approximations. Therefore, the modified image
registration problem becomes

max
M∈G

∑

s,r∈ 1
λ

Zn

cRs c
T
r F (PM−1r̄ − s), P = (In 0) ∈ Rn×(n+1), M =

(
A t
0 1

)
.

To calculate the Newton-step for this optimization problem, we apply the setting of Section 2.2
to the cost function

Γ : G→ R, Γ(M) :=
∑

s,r∈ 1
λ

Zn

cRs c
T
r F (PMr̄ − s). (5.19)
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In order to verify that Γ is again of the form M 7→ ϕ(f ◦ ̺M ) as it is required in (2.15), we
define ϕ : D(Rn)→ R and f : Rn × Rn → Rn via

ϕ(h) =
∑

r∈ 1
λ

Zn

h(r) and f(x, y) =
∑

s∈ 1
λ

Zn

cRs c
T (y)F (x− s).

Here, cT (y) is an arbitrary function in C(Rn,R) satisfying cT (r) = cTr for all r ∈ 1
λZn.

Using the same calculations as in Section 5.1 we end up with two new Spline-based Newton
Registration-Algorithms (SB), one is acting on SE(n) and one on SA(n). Both algorithms
have almost the same steps as their continuous counterparts, the QMC-Newton on SE(n)
and on SA(n) respectively, which is the reason why we do not present them here again. The
only difference between the SB- and the QMC-Newton algorithms is the calculation of the
coefficients α, β, γ, δ and ǫ which is done in Step 2 for each algorithm. (See Table 5.1 or
Table 5.2)
In the case of the spline-based algorithms, these coefficients have the following form:

αi =
∑

s,r∈ 1
λ

Zn

cRs c
T
r

∂F

∂xi
(Ar + t− s),

βi,j =
∑

s,r∈ 1
λ

Zn

cRs c
T
r

∂F

∂xi
(Ar + t− s)(Ar + t)j ,

γi,j,k =
∑

s,r∈ 1
λ

Zn

cRs c
T
r (Ar + t)i

∂2F

∂xj∂xk
(Ar + t− s), (5.20)

δi,j,k,l =
∑

s,r∈ 1
λ

Zn

cRs c
T
r (Ar + t)i(Ar + t)j

∂2F

∂xk∂xl
(Ar + t− s),

ǫi,j =
∑

r,s∈ 1
λ

Zn

cRs c
T
r

∂2F

∂xi∂xj
(Ar + t− s).

One may argue that the SB-Newton algorithm presented above requires a high degree of
differentiability of the images, as it is assumed in the QMC-Newton algorithm. Just as
in Theorem 5.1 the only condition on the images R and T to show the local quadratic
convergence of the SB-Newton algorithms (Table 5.1 or Table 5.2) is that the cost function
Γ in (5.19) is in C3(G,R). However, in this case, the construction of Φ via splines reduces
the requirements of differentiability on R and T : For R ∈ Sp

λ and T ∈ Sq
λ this condition

is satisfied if, and only if p + q > 3. Thus, for p = 2 and q = 1 we have R ∈ C1(Rn,R),
T ∈ C(Rn,R) and get the local quadratic convergence of the SB-Newton algorithm in the
same way as was shown in the QMC-Newton algorithms (where R ∈ C3(Rn,R) is needed).
This fact is quite favorable in image registration: Since images are usually disturbed by noise,
the evaluation of higher derivatives of the images seems to be sensless. Therefore, one would
like to choose p and q as small as possible. Moreover, the SB-Newton algorithms need no
evaluations of the derivatives of R or T . They work directly on the given coefficients, given
by the spline representation of the images.
We end this subsection with an analogon of Theorem 5.4 for the cost function Γ : G→ R as
defined in (5.19) for G = SE(n) or G = SA(n).
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Theorem 5.7
Let p, q ∈ N with p+ q ≥ 3. Suppose that all coefficients cTr of the template image

T (x) =
∑

r∈ 1
λ

Zn

cTr B
q
r,λ(x) ∈ Sq

λ

are not zero. Moreover, suppose that the series

∑

r∈ 1
λ

Zn

cTr rr
⊤

converge absolutely. Then, the cost functions Γ in (5.19) has no degenerate critical points,
for an open and dense set of reference images R ∈ Sp

λ with respect to the ℓ2-norm.

Proof
Since the image T ∈ Sq

λ is fixed, we study the influence of the image R ∈ Sp
λ to the cost

function Γ. Similar to in the proof of the previous Theorem 5.4, we introduce the linear map
Γ̂ : Sp

λ → C3(G,R) defined by

Γ̂



∑

s∈ 1
λ

Zn

cRs B
p
r,λ(x)


 (A, t) :=

∑

r,s∈ 1
λ

Zn

cTr c
R
s B

p+q+1
λ (Ar + t− s)

and consider the set

AΓ,i :=
{
R ∈ Sp

λ

∣∣ j2Γ̂(R) ⋔ Ui

}
,

where Ui is defined in (5.7). We have to show that AΓ,i is open and dense in Sp
λ with respect

to the ℓ2-norm.
First, we define for a given sequence

{
cRs
}

s∈ 1
λ

Zn the function

H(x) :=
∑

s∈ 1
λ

Zn

cRs B
p+q+1
s,λ (x) ∈ Sp+q+1

λ .

Thus, we can rewrite (5.20) in terms of the ℓ2-scalar product

αi =

〈
(cTr )r,

(
∂H

∂xi
(Ar + t)

)

r

〉
,

βi,1 =

〈
(cTr (Ar + t)1)r,

(
∂H

∂xi
(Ar + t)

)

r

〉
,

...

δn,n,i,j =

〈
(cTr )r,

(
∂2H

∂xi∂xj
(Ar + t)

)

r

〉
.

Let (A, t) ∈ G be fixed. We can find k = 1
2(n + 1)(n + 2) points rl in the grid 1

λZn, which
do not lie on a quadric hypersurface. Without loss of generality we can assume that the map
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(cRs )s 7→ (j2H(Ar1 + t), . . . , j2H(Ark + t)) is surjective. Following the same argumentation
from (5.11) to (5.13) yields that the map (cRs )s 7→ (α, . . . , ǫ) is surjective for each (A, t) ∈ G.
Hence, using the formulas (2.28) and (2.29) for G = SE(n), and (2.32)-(2.36) for G = SA(n)
respectively, one can easily verify that j2(A,t)γ̂ is surjective for each chosen (A, t) ∈ G.
Therefore, we can apply the Parametric Transversality Theorem to the map

F ev : S2
λ ×G→ J2(G,R)

(R,A, t) 7→ j2(A,t)Γ̂(R).

Since F ev( . , A, t) is surjective for all (A, t) ∈ G, the map F ev(R, . ) is transverse to Ui for
a dense and open subset. Therefore, AΓ,i is dense and open in Sp

λ. �

5.2.2 Multimodal Registration

Following the approach of Viola [86], the calculation of the mutual information of two images
R and T is done in two steps. First, one has to calculate R(xl) − T (xl) for a couple of
supporting points {xl}l∈I ⊂ Rn to give an estimation of the joint density ρR,T . Afterwards,
the integral

∫
ρR,T log ρR,T is approximated numerically - usually by a Monte Carlo method.

Let two images R ∈ S2
λ and T ∈ S1

λ be given. We estimate the joint density by using the
coefficients cRu and cTu of R and T :

ρR,T (x) ≈
∑

u∈ 1
λ

Zn

σB3

(
x− (cRu − cTu )

σ

)
. (5.21)

Here, σ ∈ R controls the approximation error of ρR,T (cf. [68] p. 88-95), and B3 denotes
the cubic B-Spline in one dimension (cf. Fig. 3.3). In image registration we are especially
interested in the case in which T is deformed by an element M ∈ G. Therefore, we have to
replace cTu in (5.21) by the coefficients ĉTu of T (PMx̄); cf. (2.9) for the notation of P and
x̄. However, in general, T (PMx̄) is not in S2

λ for an arbitrary M ∈ G and an additional
projection step is needed to get ĉTu : Let P k

λ : L2(Rn,R) → Sk
λ denote the projection on the

spline function space. Then, we get the representation

P k
λ (f) =

∑

u,r∈ 1
λ

Zn

γu,r

〈
f,Bk

(x
λ
− r
)〉

L2
Bk
(x
λ
− u
)

with suitable γu,r ∈ R. The weights γu,r are necessary, since the translations of the splines
do not form an orthonormal system. They can be calculated explicitly and independently of
the given images R and T . We make the same simplification as in the previous section and
get

ĉTu

(
A t
0 1

)
=

∑

s,r∈ 1
λ

Zn

cTs γu,r

∫

Rn

B1

(
Ax+ t

λ
− r
)
B2
(x
λ
− s
)
dx

≈
∑

s,r∈ 1
λ

Zn

cTs γu,rF (A−1(r − t) + s). (5.22)
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Substituting cTu in (5.21) by (5.22) provides an explicit formula for the cost function Γ : G→
R:

Γ(M) :=

∫

R

̺



∑

u∈ 1
λ

Zn

σB3

(
x− (cRu − ĉTu (M))

σ

)

 dx, ̺(x) := −x log x. (5.23)

In the sequel, we use the Simpson-rule to approximate the entropy
∫
ρR,T log ρR,T . Follow-

ing [86], we have to search for the maximum of Γ. We have to take into account that Γ is not
of the form (2.15), which was discussed in Section 2.2.1. However, (5.23) is an three times
differentiable function and we can apply the same techniques as in Section 2.2.1. We get:

Γ(M) =
1

p

∑

k∈Z

̺


σ

∑

u∈ 1
λ

Zn

B3

(
k

σp
− 1

σ
(cRu − ĉTu (M))

)

 (5.24)

with

∇(Γ ◦ µM )(0) =
1

p

∑

k∈Z


̺′


σ

∑

u∈ 1
λ

Zn

B3

(
k

σp
− 1

σ
(cRu − ĉTu (M))

)



·
∑

u∈ 1
λ

Zn

B3′
(
k

σp
− 1

σ
(cRu − ĉTu (M))

)
∇(ĉTu ◦ µM )(0)




and

HessΓ◦µM
(0)(Ω, v)

=
1

p

∑

k∈Z


̺′


σ

∑

u∈ 1
λ

Zn

B3

(
k

σp
− 1

σ
(cRu − ĉTu (M))

)



·
∑

u∈ 1
λ

Zn

B3′
(
k

σp
− 1

σ
(cRu − ĉTu (M))

)
Hess ĉT

u ◦µM
(0)(Ω, v)




+
1

p

∑

k∈Z


̺′


σ

∑

u∈ 1
λ

Zn

B3

(
k

σp
− 1

σ
(cRu − ĉTu (M))

)



·
∑

u∈ 1
λ

Zn

B3′′
(
k

σp
− 1

σ
(cRu − ĉTu (M))

) 〈
∇(ĉTu ◦ µM )(0), (Ω, v)

〉
∇(ĉgu ◦ µM )(0)




+
1

p

∑

k∈Z


̺′′


σ

∑

u∈ 1
λ

Zn

B3

(
k

σp
− 1

σ
(cRu − ĉTu (M))

)
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·
∑

u∈ 1
λ

Zn

(
B3′

(
k

σp
− 1

σ
(cRu − ĉTu (M))

))2 〈
∇(ĉTu ◦ µM )(0), (Ω, v)

〉
∇(ĉTu ◦ µM)(0)


 .

Where B3′ and B3′′ denote the first and second derivative of B3 (and the same holds for ̺′

and ̺′′).
Before writing the corresponding Newton step in components, we need some substitutions:

bu,k =B3

(
k

σp
− 1

σ
(cRu − ĉTu (M))

)

bu,k
′ =B3′

(
k

σp
− 1

σ
(cRu − ĉTu (M))

)

bu,k
′′ =B3′′

(
k

σp
− 1

σ
(cRu − ĉTu (M))

)

̺′k =̺′


σ

∑

u∈ 1
λ

Zn

B3

(
k

σp
− 1

σ
(cRu − ĉTu (M))

)



̺′′k =̺′′


σ

∑

u∈ 1
λ

Zn

B3

(
k

σp
− 1

σ
(cRu − ĉTu (M))

)

 (5.25)

and

ζr,s,i =
∑

k,u

(
̺′kbu,k

′′ + ̺′′kbu,k
′2) (ṽu)i(Ω̃u)r,s

ηr,i =
∑

k,u

(
̺′kbu,k

′′ + ̺′′kbu,k
′2) (ṽu)i(ṽu)r

ϑr,s,i,j =
∑

k,u

(
̺′kbu,k

′′ + ̺′′kbu,k
′2) (Ω̃u)i,j(Ω̃u)r,s

θk,u,i =̺′kbu,k
′(ṽu)i (5.26)

ιk,u,i,j =̺′kbu,k
′(Ω̃u)i,j.

Here, (ṽu, Ω̃u) denotes the gradient of the function ĉTu ◦ µM in zero. Note that ĉTu ◦ µM is a
function of the form (5.19). Hence, the gradient and the Hessian in zero are already calculated
in (2.18) and (2.19). Therefore, the ith component of the vector part of the Newton equation
becomes

∑

k,u

̺′kbu,k
′
(
HessĉT

u ◦µM
(0)(Ω, v)

)
vector,i

+
∑

r,s

ζr,s,iΩr,s +
∑

r

ηr,ivr = −
∑

k,u

θk,u,i

and the (i, j) component of the corresponding matrix-part is

∑

k,u

̺′kbu,k
′
(
HessĉT

u ◦µM
(0)(Ω, v)

)
matrix,i,j

+
∑

r,s

ϑr,s,i,jΩr,s +
∑

r

ζi,j,rvr = −
∑

k,u

ιk,u,i,j.
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Table 5.3: Mutual Information-based Registration-Algorithm on SE(n)

Step 1.
Pick an initial guess M0 ∈ SE(n) and set m = 0.

Step 2.
Calculate all coefficients in (5.25), (5.26) and (5.27).

Step 3.
Solve the linear system described in (5.28) and (5.29) with the unknowns vi, 1 6 i 6 n
and Ωi,j, 1 6 i < j 6 n.

Step 4.
Construct the n × n matrix Ω with entries Ωi,j. If j > i use the solution of Step 3 or
else set

Ωi,j =

{
−Ωj,i for j < i

0 for j = i.

Compute

Mm+1 := νQR
Mm

(Ω, v),

where νQR is defined in (2.11).

Step 5.
Set m = m+ 1 and goto Step 2.

To expand these two equations in full detail, we make the same calculations as in the algo-
rithms before and set

α̂i =
∑

u,v

̺′vbu,v
′ ∑

s,r∈ 1
λ

Zn

cTs γu,r
∂F

∂xi
(Ar + t− s),

β̂i,j =
∑

u,v

̺′vbu,v
′ ∑

s,r∈ 1
λ

Zn

cTs γu,r
∂F

∂xi
(Ar + t− s)(Ar + t)j ,

γ̂i,j,k =
∑

u,v

̺′vbu,v
′ ∑

s,r∈ 1
λ

Zn

cTs γu,r(Ar + t)i
∂2F

∂xj∂xk
(Ar + t− s), (5.27)

δ̂i,j,k,l =
∑

u,v

̺′vbu,v
′ ∑

s,r∈ 1
λ

Zn

cTs γu,r(Ar + t)i(Ar + t)j
∂2F

∂xl∂xk
(Ar + t− s),

ǫ̂i,j =
∑

u,v

̺′vbu,v
′ ∑

r,s∈ 1
λ

Zn

cTs γu,r
∂2F

∂xi∂xj
(Ar + t− s).
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Table 5.4: Mutual Information-based Registration-Algorithm on SA(n)

Step 1.
Pick an initial guess M0 ∈ SA(n) and set m = 0.

Step 2.
Calculate all coefficients in (5.25), (5.26) and (5.27).

Step 3.
Solve the linear system described in (5.30) - (5.34) with the unknowns vi, 1 6 i 6 n
and Ωi,j, 1 6 i, j 6 n and (i, j) 6= (n, n).

Step 4.
Construct the n × n matrix Ω with entries Ωi,j. If (j, i) 6= (n, n) use the solution of
Step 3 or else set

Ωn,n = −
∑

k 6=n

Ωk,k

and compute

Mm+1 := νQR
Mm

(Ω, v),

where νQR is defined in (2.8).

Step 5.
Set m = m+ 1 and goto Step 2.

Now we have all necessary instruments to present the Newton equation. In the case of the
rigid registration we end up with the following analogue to the linear system (2.28)-(2.29):

Lemma 5.8
Let (Ω, v) ∈ so(n)×Rn be the Newton-direction for the cost function (5.24) in a certain point
M ∈ SE(n). Then the components Ωk,l , 1 6 k, l 6 n, of Ω and v,k 1 6 k 6 n, of v satisfy

∑

k>l

(γ̂l,k,i − γ̂k,l,i + ζk,l,i − ζl,k,i)Ωk,l +
∑

k

(ǫ̂i,k + ηk,i)vk = −
∑

k,u

θk,u,i (5.28)

for all 1 6 i 6 n and

1

2

∑

k>j

(β̂i,k + β̂k,i)Ωk,j −
1

2

∑

k<j

(β̂i,k + β̂k,i)Ωj,k −
1

2

∑

k>i

(β̂j,k + β̂k,j)Ωk,i

+
1

2

∑

k<i

(β̂j,k + β̂k,j)Ωi,k −
∑

k>l

(δ̂i,k,l,j − δ̂j,l,k,i + δ̂i,l,k,j − δ̂i,k,l,j − ϑk,l,i,j + ϑl,k,i,j)Ωk,l
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−
∑

k

(γ̂j,k,i − γ̂i,k,j − ζi,j,k)vk = −
∑

k,u

ιk,u,i,j. (5.29)

for all 1 6 i < j 6 m.

We finish this section with the corresponding lemma in the case of volume-preserving trans-
formations.

Lemma 5.9
Let (Ω, v) ∈ sl(n)×Rn be the Newton-direction for the cost function (5.24) in a certain point
M ∈ SA(n). Then the components Ωk,l, 1 6 k, l 6 n, (k, l) 6= (n, n) of Ω and vk 1 6 k 6 n
of v satisfy for each 1 6 i 6 n

∑

k 6=l

(γ̂l,k,i + ζk,l,i)Ωk,l +
∑

k 6=n

(γ̂k,k,i − γ̂n,n,i + ζk,k,i − ζn,n,i)Ωk,k

+
∑

k

(ǫ̂i,k − ηk,i)vk = −
∑

k,l

θk,l,i. (5.30)

and for all 1 6 i, j 6 n, (i, j) 6= (n, n) the following equations:

∑

k

β̂i,kΩj,k +
∑

k

β̂k,jΩk,i +
∑

(k,l)6=(n,n)

(δ̂j,l,k,i + ϑl,k,i,j)Ωl,k

−
∑

k 6=n

(δ̂j,k,k,i − ϑk,k,i,j)Ωk,k +
∑

k

(γ̂j,k,i − ζi,j,k)vk = −
∑

k,l

ιk,l,i,j

(5.31)

for i 6= n, j 6= n, i 6= j,

∑

k

β̂n,kΩj,k +
∑

k 6=n

β̂k,jΩk,n +
∑

(k,l)6=(n,n)

(δ̂j,l,k,n + ϑl,k,n,j)Ωl,k

−
∑

k 6=n

(δ̂j,k,k,i − ϑk,k,n,j +
1

2
β̂n,j)Ωk,k +

∑

k

(γ̂j,k,n − ζn,j,k)vk = −
∑

k,l

ιk,l,n,j

(5.32)

for i = n, j 6= n,

∑

k 6=n

β̂i,kΩn,k +
∑

k

β̂k,nΩk,i +
∑

(k,l)6=(n,n)

(δ̂n,l,k,i + ϑl,k,i,n)Ωl,k

−
∑

k 6=n

(δ̂n,k,k,i − ϑk,k,i,n +
1

2
β̂i,n)Ωk,k +

∑

k

(γ̂n,k,i − ζi,n,k)vk = −
∑

k,l

ιk,l,i,n

(5.33)

for j = n, i 6= n and



116 5.3 EXPERIMENTAL RESULTS

∑

k

β̂i,kΩj,k +
∑

k

β̂k,jΩk,i +
∑

k

(
γ̂j,k,i − ζi,j,k −

1

n

∑

l

γ̂l,l,k

)
vk

+
∑

(k,l)6=(n,n)

(
δ̂j,l,k,i + ϑl,k,i,j −

1

2

(
β̂l,k +

∑

m

δ̂k,m,l,m

))
Ωl,k

−
∑

k 6=n

(
δ̂j,k,k,i − ϑk,k,i,j −

1

n

(
β̂k,k +

∑

m

δ̂k,m,k,m

))
Ωk,k

= −
∑

k,l

(
ιk,l,i,j −

1

n

∑

m

ιk,l,m,m

)

(5.34)

for i = j, i, j 6= n.

With this lemmas at hand, one can easily check as before that the algorithms presented in
Table 5.3 and Table 5.4 are locally quadratically convergent.

5.3 Experimental Results

In the previous Sections 5.1 and 5.2.1 we developed two different algorithms for the image
registration task, the QMC-Newton and the SB-Newton algorithm. In order to demonstrate
their use with real medical data, we implement the codes in MATLAB. In this subsection
we compare the algorithms with other approaches by considering some numerical examples.
For a rigorous experimental examination of the algorithms we have to treat several, slightly
different tasks: First, we have to verify the quadratic convergence and the robustness of the
algorithms which is done in Subsection 5.3.1. Moreover, we have to compare our manifold
approach to classical optimization techniques, which usually treat the problem as a constraint
optimization problem on a vector space. And finally, we have to integrate our optimization
method into an image registration algorithm.

All computations in this section are performed by using MATLAB R2008a on a 1.9 GHz
laptop with 2 GB RAM with an AMD Turion 64X2 TL-64 processor.

5.3.1 Verification of the Convergence Rate

In our first example, we demonstrate the local quadratic convergence rate of the described
algorithms. The image at top of the left of Fig. 5.2 shows a 2D cross-section (250 × 250
pixels) of a CT data set. The reference image of our artificial problem is the corresponding
spline-approximation with 289 coefficients. The template is identical to the reference. In this
example we always start with the initial transformation

M0 =




1.2 0.5 −87.5
0 0.8333 20.8
0 0 1


 . (5.35)
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Figure 5.2: Consideration of the convergence speed for a SA(2) problem. Center: QMC-
Newton algorithm for several number of sample-points. Right: SB-Newton algorithm for
several spline-approximations of the images.

Fig. 5.2 bottom left shows the original image transformed by this matrix. Thus, the optimal
solution is M = I3. We take this specific registration task for an examination of the QMC-
Newton and the SB-Newton algorithms.

• In the middle of Fig. 5.2, the distance of Mk, k ∈ N0 the limit is plotted, using the
QMC-Newton algorithm on SA(2). In order to calculate the coefficients (2.27), we take
the Quasi-Monte Carlo approximation with the first 500, 1000 and 5000 elements of
the Halton-sequence [100]. In all three cases we see a local quadratic convergence and
in only 12 steps we achieve an accuracy < 10−12. Since the objective function (5.3)
is a discretized and approximated version of the correlation-measure (5.2), there is a
discrepancy between the exact and the computed transformation. That is, the limit
of a particular iteration in Fig. 5.2 is close, but not equal to the identity matrix. For
example, for 5000 sample-points, the algorithm ends with

M20 =




1.009 0.001 −2.3
0.008 0.991 0.24

0 0 1


 ,

which is not very close to the optimal solution M = I3. However, this gap would not
appear in a discretized version of the “sum of squared difference”.

• The graph on the right of Fig. 5.2 shows the speed of convergence of the spline-based
registration algorithm. Here, the reference image is the spline-approximation of the
original image with 225, 529 and 2304 coefficients respectively. The template is again
identical to the reference and the initial transformation is M0 from eq. (5.35) for each
experiment. In view of the particular registration task, we choose the same order k = 2
for the reference R and the template T , i.e. R,T ∈ S2

λ. Once more, we obtain a
local quadratic convergence. In contrast to the Monte Carlo version of the registration
algorithm, the limit of this SB-Newton registration is much closer to the identity matrix:
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Figure 5.3: Comparison of the SB-Newton with the QMC-Newton algorithm.
We register the distance from the requested transformation to the result of the
particular algorithm. We perform the QMC-Newton algorithm with the first
N = 2000, 6000 and 10000 elements of the Halton-sequence.

Number of SB-Newton QMC-Newton Algorithm
Coefficients Algorithm N = 2000 N = 6000 N = 10000

11 × 11 × 18 0.0045 0.075 0.023 0.0056
0.45 9.5 2.3 1.5

16 × 16 × 18 0.0016 0.013 0.017 0.014
0.15 4.5 1.7 2.1

24 × 24 × 18 8.8 · 10−5 0.042 0.0042 0.0036
0.47 5.6 0.49 0.7

50 × 50 × 18 1.1 · 10−4 0.39 0.0026 0.0027
0.4 52 0.3 0.19

In the case of 225 spline-coefficients the algorithm ends with

M20 =




1.0008 −0.0004 −0.043
−0.0002 0.9992 0.12

0 0 1


 .

In case of 2304 coefficients we achieve a distance to the identity matrix of 3.7 · 10−4.

In our next example, we examine the convergence of the SE(3) algorithms. We consider a
250× 250× 20 CT data set of a head (see Fig. 5.3). In contrast to the first example, we first
transform the image and then make use of the spline-approximation to achieve the template
(which is much closer to a natural registration problem). The transformation used is




0.9553 −0.2955 0 −32.1
−0.2955 0.9553 0 43.5

0 0 1 0
0 0 0 1


 , (5.36)

which is consistent with a rotation of 17.2 degrees around the central principal axis of inertia.
In Fig. 5.3 we note the difference between the detected and the exact transformation: The
first number in each box shows the distance of the detected to the real rotation matrix
in the Frobenius norm, the second number the Euclidean distance of the detected to the
real translation in pixel length. Note that a translation error smaller than 1, which is the
size of one voxel, can be seen as perfect. We vary the number of coefficients used for the
spline-approximation and the number N of elements of the Halton-sequence used for the
Quasi-Monte Carlo method.
We recapitulate: For the algorithms defined in Section 5.1.1 we need two approximations:
a spline-approximation to smooth the image and a couple of sample-points to approximate
the integrals (2.27). Also two approximations are made in the algorithms of Section 5.2.1:
the spline-based image smoothing and the approximation of the objective function (5.17). In
case of the SB-Newton algorithm we achieve an overwhelming accuracy even for very strongly
smoothed images. For a given smoothing level, the operation on the spline function space
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Figure 5.4: Left: Template image with 50% Gaussian noise. Right: For the Gaussian
noise from 5% to 50% we plot the mean and the 90% confidence interval of the error (5.37),
detected by the SB-algorithm.

seems to be superior to the Monte Carlo approximation. On the other hand, the speed of the
Monte Carlo based algorithms is hardly influenced by the level of image smoothing. It depends
nearly completely on the chosen number of sample-points for the integral approximation.
Therefore, a comparison of the algorithms focused on the rows of Fig. 5.3 is limited. When
comparing the columns of Fig.5.3 it could lead to the impression that we achieve better results
by increasing the number of spline-coefficients. This is not generally true: For example, by
reducing the smoothing local extrema appear, which leads to wrong results. This happens,
for example, in the last row of Fig. 5.3 for 2000 sample-points.

In the next experiment, we study the influence of noise on the result of the SB-Newton
algorithms. As before, we take the upper left image in Fig. 5.2 as the reference R with
250 × 250 pixels and gray values in the range [0, 932]. In order to construct the template
image T , we perform a rotation of the reference around its center with 11.5◦ and add Gaussian
noise varying from 5% to 50%. That is, the variance of the noise lies between 0.05 and 0.5
after rescaling the range of the image to the interval [0, 1]. The left of Fig. 5.4 shows the
template disturbed by the highest noise level. For each noise level we project the reference
and the template image to a spline function space and use the SB-algorithm to detect the
transformation. For the detected and the exact transformation Mdetect, Mexact, we measure
the discrepancy with

1

2502

∑

i

(
f(PMdetectx̄i)− f(PMexactx̄i)

)2
, (5.37)

where the sum is taken over all pixels of the image. This can be seen as the averaged
quadratic difference of the gray values. For each noise level we consider three different cases
of spline function spaces, with 15 × 15, 23 × 23 and 48 × 48 coefficients. We repeat each
experiment 50 times and evaluate (5.37) for each detected transformation Mdetect. On the
right of Fig. 5.4 we plot the particular mean value and the 90% confidence interval. As in the
previous experiments, we observe a systematical error caused by the spline-approximation.
In comparison to this, the additional error caused by the Gaussian noise is negligibly small,
even for large variances. This is not surprising since the spline approximation of the image
is performed with respect to the SSD-norm, known to be the unbiased estimator in the case
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Figure 5.5: The distance from the current iteration matrix to the identity is drawn. We run several algorithms
for the the same registration task starting at (5.39). Reference and template are identical. Left: comparison
of unconstrained optimization (Trust-region method red) and manifold-types (SB- and QMC-Newton). Right:
comparison of constrained optimization (standard SQP-method of MATLAB red and a self-made SQP method
turquoise) and the manifold-types (SB- and QMC-Newton).

of Gaussian noise with zero mean. Another result of this experiment is that the systematic
error of the spline-approximation is very small (the range of the images is [0, 932]), as we
have already pointed out in Fig. 5.3. This underlines a well-known fact in image processing,
namely that we loose less information of an image by using a spline approximation than
using a standard interpolation method (cf. [71]). Moreover, if we want to detect the exact
transformation perfectly, we have to incorporate the algorithms in a pyramidal approach in
which we gradually increase the dimension of the spline function space. This procedure is
quite common and already implemented in various registration algorithms (see e.g. [2] and the
references therein). We will discuss this pyramidal approach more detailed in Section 5.3.3.

5.3.2 Comparison with Optimization Techniques on Vector Spaces

In this subsection we cast a critical eye over our approach which tackles the registration task
as an optimization problem on manifolds. Of course, there are other approaches for solving
problem (3.27) known from classical optimization theory and the question about the benefits
of our algorithms arises. In the following, we will introduce two alternative optimization
strategies and compare them to our QMC- and SB-Newton algorithms. Throughout this
subsection, we will focus on rigid transformations in the plane (i.e. on SE(2)).

For instance, one can parameterize the transformation group with only one global chart and
treat the problem (3.27) as an unconstrained optimization problem. For our first alternative
strategy, we can define

ψα,t1,t2 : R3 → SE(2), (α, t1, t2) 7→ ψα,t1,t2 =




cosα − sinα t1
sinα cosα t2

0 0 1
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Figure 5.6: We consider the same registration task as in Fig. 5.5. We draw the distance from the current
iteration matrix to the particular limit. Left: the same algorithms as in Fig. 5.5. Right: snopt solver with no
and full gradient information.

and solve the optimization problem

max
α,t1,t2∈R

1

N

N∑

i=1

R
(
Pψα,t1,t2xi

)
T
(
xi

)
. (5.38)

Once again, we choose the sample-points {xi}Ni=1 as the elements of the Halton-sequence.
This is a quite analogous approach to the cost-function in (5.3) for the QMC-Newton method.
In literature, there is already a huge variety of implemented Newton algorithms which can
handle problems of the form (5.38), see e.g. [103] for an overview. Here, we chose the fminunc-
command of the optimization toolbox of MATLAB, which is a Trust-Region method1 based
on [104].
In our first comparison, we took a 2D CT slide of a head as the reference, and the template
image (left image at the top on the Fig. 5.2). Afterwards, we construct the functions R and
T by a spline-approximation of the reference and the template using 2500 coefficients. In the
case of the QMC- and the SB-Newton algorithms, we start with the initial matrix

M0 :=




0.9553 −0.2955 −32.1
−0.2955 0.9553 43.5

0 0 1


 (5.39)

which is the representation matrix of the 17.2◦ rotation around the center of a 256 × 256
image. In the case of the fmincon-solver we start with (α0, t1,0, t2,0) = (17.2◦,−32.1, 43.5).
Afterwards, we plot ‖Mk−I‖Fr for the QMC- and SB-Newton method and ‖ψαk ,t1,k ,t2,k

−I‖Fr

for the unconstrained optimization method, where k denotes the particular iteration. The
result is shown in Fig. 5.5.
One can see that the global chart approach needs a lot of iterations to provide the same
accuracy as the QMC-Newton method. This is not surprising: The global chart ψ describes

1See http://www.mathworks.com/help/toolbox/optim/ug/fminunc.html for a documentation.
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a rotation around the origin with an additional translation. However, the origin is not the
center of the image, but the corner at the top on the left. Therefore, in terms of ψ, the
algorithms have to produce a sequence ranging from (17.2◦,−32.1, 43.5) to (0◦, 0, 0). If we
had defined ψ in such a way that the center of rotation is the center of the image, we would
have started with the vector (17.2◦, 0, 0) instead, which is much closer to the starting point
(0◦, 0, 0). Hence, the speed of the algorithm depends on a good choice of the global chart,
which depends on the result of the algorithm. In comparison, the manifold approach does
not have such drawbacks. The speed of this method only depends on the geodesic distance
from the starting point to the limit (which is, of course, independent from a particular
representation).
Another approach to the registration problem (3.27) is to consider it as a constraints op-
timization problem. For the special case of a rigid 2D registration, we can rewrite (3.27)
to

min
a1,...,a6∈R

1

N

N∑

i=1

R

((
a1 a2

a3 a4

)
xi +

(
a5

a6

))
T
(
xi

)

st. a2
1 + a2

2 = 1 (5.40)

a2
3 + a2

4 = 1

a1a3 + a2a4 = 0.

The constrains guarantee that the 2×2 matrix in the cost function is orthogonal. Once again,
there is a huge variety of algorithms for solving (5.40). Here, we choose the SQP method since
it is known to converge also quadratically and it is quite often implemented in optimization
packages. In this method, the objective function is approximated quadratically in every
step, while the constraints are linearized. The resulting Newton-step is then performed in a
vector space of larger dimension. For an introduction to the SQP-method, we refer to [103]
chapter 12.4. In the following example, we use the fmincon-command2 of the optimization
toolbox of MATLAB and a self-implemented version of the SQP-method, based on the book
of Fletcher[103] pp. 304 with a step-size condition described in [105] pp. 249.
On the right of Fig. 5.5 we consider the same registration task as in the comparison on the
left. We plot again the distance from the current iteration Mk to the sought deformation
I3. Here, the SB-Newton is the only algorithm which really detects I3; the other algorithms
converge to a different limit. As already mentioned in the previous subsection, this is caused
by the fact that the SB-Newton optimizes a slightly different cost-function than the other
methods. Hence, in order to compare the convergence rate of the algorithms, we also calculate
‖Mk −M∞‖, which is the distance from the current iteration to the limit of the particular
algorithm. The corresponding graphs are shown in Fig. 5.6.
One result of this experiment is the superior convergence rate of the SB-Newton and the
QMC-Newton algorithms when compared to the SQP-type methods (self-made and fmincon-
solver). This stresses the point of view that intrinsic algorithms dominate extrinsic algorithms
if the constraints form a differentiable manifold. By embedding the set of admissible points
in a vector space, which is done in an extrinsic algorithm like the SQP, the dimension of
the optimization problem may explode. In order to offer an example, the SQP method for

2See http://www.mathworks.com/help/toolbox/optim/ug/fmincon.html. for a documentation,
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registration problems in SE(3) searches in a space of 18 dimensions (9 according to A ∈ gl(3)
instead of A ∈ SO(3), 3 according to t ∈ R3 and 6 parameters are needed for the Lagrange
multipliers), whereas the SB-Newton and QMC-Newton methods optimize over a space of
6 dimensions (3 according to A ∈ SO(3) and 3 according to t ∈ R3). Hence, an extrinsic
algorithm may require unnecessarily many steps, a higher complexity, and finally, a projection
step is needed to make sure that the result is an admissible point, since it is only guaranteed
that the limit of an extrinsic algorithm is admissible.

One may argue that the MATLAB optimization toolbox is not the “state of the art” for con-
strained optimization tasks. Therefore, we also involve the TomLab optimization package3.
We run the same numeric experiment as before but this time with the provided snopt-solver.
Additionally, we perform this experiment in two variations: one with explicit given gradi-
ent of the cost function and one with a gradient-estimation, done by the solver during the
optimization in some minor iterations. The convergence rate is shown in the right graphic
of Fig. 5.6 (the minor iterations are not counted). Once again, the speed of convergence is
quite low compared to the manifold-type algorithms shown on the left. Even the self-made
SQP-algorithm surpasses the snopt-solver. One reason for this might be that, in contrast to
the self-made SQP-method, neither snopt nor fmincon uses the Hessian information, even if
they are available. One also should mention that the self-made SQP is, like the QMC- and
SB-Newton algorithms, made exclusively for the optimization on SE(n), whereas the Tom-
Lab solvers are rather general and can be used for different kinds of optimization problems.
It is not a surprise that you get faster algorithms when you specify the problem. There-
fore, comparing the manifold-methods with the self-made SQP is perhaps the fairest numeric
experiment.

Counting the number of iterations is only one aspect of comparing different algorithms.
Another point is the entire computation time. However, one has to keep in mind that we
test self-made (and partly naively implemented) algorithms against commercial programs. In
case of the snopt- and fmincon-solver, we stopped how long it took for the default stopping
criteria to be satisfied (which is the point where the corresponding graphs in Fig.5.6 break off).
In case of the other algorithms, we took the time until the values of the cost function in the
iteration-points differ only between ±10−10. The particular computation time is summarized
in the following table:

Algorithm SB-Newton QMC-Newton snopt snopt SQP fmincon

(gradient approx.)
Iteration 11 8 35 30 12 14
Time 4.71s 11.4s 35.26s 96.18s 52.04s 17.91s

These computations are done on a HP Proliant DL385, 64GB RAM, AMD Opteron 2435.

It turns out that the most time-consuming step in the QMC- or SB-Newton algorithm is
Step 2 of Table 5.1, i.e. the one for calculating the function values or derivatives of the
images (not the cost-function itself). The other steps operate on a low dimensional matrix
space, and are therefore negligible for counting the floating-point operations. For instance,
if the images are two-dimensional, the linear equation in Step 3 has dimension three (if
the image is three-dimensional, the equation is six-dimensional), which can be handled very

3See http://tomopt.com/tomlab/download/manuals.php for a documentation.
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quickly. However, the calculation of the coefficients in Step 2 depends on the length of the
chosen Halton-sequence N for the QMC-Newton (cf. (5.4)) and the number of sample-points
for the SB-Newton (cf. (5.20)) respectively. If it is a high-resoluted image, this operation
dominates. Roughly speaking, if the dimension of the deformation group is small, then the
computation time depends almost completely on the image resolution. Therefore, it seems
inappropriate for us to count floating point operations, but image evaluations (ie) of R and
T (and their derivatives). Hence, a second order iteration step, like the one of the QMC-
Newton, needs N(n + 1

2n(n + 1)) ie, with image dimension n and N sample-points, Nn for
the first derivatives and 1

2n(n + 1)N for the second ones. In contrast to this, an algorithm
which generates the step with the first derivative, like steepest ascend or conjugate gradient
methods, needs only Nn ie. Here, we neglected minor iterations like line-searches in both
cases. Hence, in the case of two dimensional images, switching from a gradient-type method
to a Newton-type method rises the computational costs from 2N ie to 5N ie. In case of
three-dimensional images we get an increase from 3N ie to 9N ie. However, we don’t see
this increase on the table. This might be caused by the fact that we didn’t incorporate minor
iterations in this study.

A comparison of the numerical cost of QMC-Newton and SB-Newton is a more difficult
task. Since the sums in (5.4) and (5.20) have approximately the same length, the only
difference lies in the accessibility of the matching coefficients for the SB-Newton (since F has
compact support, the summands in (5.20) are zero for the most part) compared to the image
evaluations for the QMC-Newton. Both computations depend extremely on the particular
implementation and we do not dare to decide which one is the quickest method.

Nevertheless, for us the most interesting result while working with the TomLab package is
that the snopt-solver works slightly better (in iteration steps - not in time) if we don’t provide
gradient-information. One might interpret this as an additional drawback of the constraint
optimization approach.

We also tested the knitro-solver of the TomLab package. But since we were not able to
extract the iteration points, (it only yield the cost function value at each iteration,) we leave
out a graphical comparison. Using the same stopping criteria as for the snopt-solver, knitro
needs 34 iterations for the optimization, which is quite a similar behavior as the snopt-solver
shows.

5.3.3 Comparison with Previous Registration Algorithms

We already mentioned in Chapter 3 that the general registration task (3.27) is usually em-
bedded in a multi-resolution process (3.28). Until now, we have focused on the optimization
procedure for one particular smoothing level and neglected that the full registration pro-
cess embeds the QMC-Newton and the SB-Newton algorithms in iterations where the high
frequency parts of both images are added step by step.

We proceed with a comparison with two established intensity-based registration algorithms.
We choose the Levenberg-Marquardt-like (LM) algorithm as described by Thévenaz et al. [24],
since the same framework requirements are chosen to formulate the problem. Above all, they
also make use of the spline-approximation of the images several times. In their approach,
they use the substitution-rule in (5.6) to get a good approximation of the derivative of the
discretization (5.3) and thus achieve low computational costs. We also compare our algo-
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Figure 5.7: Comparison of different registration techniques in a multi-resolution process: the reference is a
256 × 256 CT slide of a head. The template is generated by rotating the reference 17.2◦ around the center.
Both images are projected on S

k
λ, λ = 30, 25, 20, 15, 10, 5, 1, beginning at λ = 30. At each smoothing level we

visualized the time for the optimization in S
k
λ and the distance of result from the the optimization in S

k
λ to

the result of the optimization in in S
k
1 .

rithm with a method proposed in [10, 89]. There, the optimization process at the particular
smoothing level is done by a Gauss-Newton (GN) method, combined with an Armijo line-
search.

Just like in the previous subsection, we take the previous 2D-CT slide as reference R and a
translated and rotated version of it for the template T (17.2◦ around the center). In Fig. 5.7
we demonstrate the convergence-behavior of the SB-Newton, the QMC-Newton, the LM and
the GN registration. We run the QMC algorithms with N = 1000 sample-points, whereas
the LM and GN algorithms incorporating all pixels N = 2562, like it was published in the
respective papers. We started at λ = 30 and projected both images on Sk

λ . (The choice of
k ∈ N depends on the particular algorithm. For LM and GN we choose k = 4 and for SB
and QMC we refer to Section 5.1.1 and 5.2.1 respectively.) Then, we register the smoothed
images with the respective algorithm. Afterwards we choose iteratively a finer smoothing
level λ = 25, 20, 15, 10, 5, 1 and take the result of the previous optimization as the initial
guess for the current optimization. In the third graphic of Fig. 5.7, we plot the computation
time for each optimization process (we left out the time needed for the image smoothing).
For all four algorithms we used the same stopping criteria: the translation part of the stepsize
had to be smaller than 10−4 pixels and the rotation part of the stepsize had to be smaller
than 10−6. The distance from the optimization result in Sk

λ to the final optimization result
in Sk

1 is visualized in the first and second diagram of Fig. 5.7 - separated into rotation and
translation parts.
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Requested Detected Transformations
Transformation SB-Newton QMC-Newton LM GN

0◦,
`

0
−30

´

0.006◦,
`

0
−29.9

´

0.063◦,
`

−0.1
−29.7

´

0.012◦,
`

0.0
−29.8

´

0.006◦,
`

0.0
−29.9

´

0◦,
`

0
−30

´

0.094◦,
`

0.0
−30.4

´

0.126◦,
`

−0.2
−30.5

´

2.895◦,
`

−7.3
−20.8

´

−0.155◦,
`

−0.8
−29.5

´

0◦,
`

0
−40

´

0.052◦,
`

−0.1
−39.8

´

0.086◦,
`

−0.13
−39.7

´

21.77◦,
`

−41.6
51.8

´

21.3◦,
`

−50.7
28.1

´

17.189◦,
`

43.5
−32.1

´

17.188◦ ,
`

41.8
−30.9

´

16.93◦,
`

42.9
−31.8

´

17.194◦,
`

43.7
−31.9

´

17.189◦ ,
`

43.5
−32.1

´

Figure 5.8: Comparison of the SB-Newton, QMC-Newton, LM and GN registration algorithms. The first
column presents the requested transformation and the following columns the calculated transformations with
the particular algorithms. The first number gives the rotation around the center of the image, the following
vector gives the translation in pixels. Each registration process consists of a pyramidal approach with λ =
20, 10, 5. Below the table, we present the templates of the particular registration problem. The reference is
equal to the one of the first experiment Fig. 5.2.

A few remarks for the evaluation of this experiment are in order: First, for all algorithms the
results at λ = 5 or λ = 10 are pretty good. For instance, the translation parts of the results
do not vary more than one pixel-size. It is doubtful whether an optimization at λ = 1 is
needed at all in applications. It seems that the QMC-Newton shows the worst behavior when
looking at the first and second graphic. However, these errors depend almost completely on
the number of chosen sample-points N , as well as the computation time, which is relatively
low compared to LM and GN algorithms. Second, the computation-time of the SB-Newton is
reciprocal to λ. At each smoothing level, the other algorithms have to incorporate the same
amount of pixels and sample-points respectively at each step, but the time for one SB-Newton
step depends on the dimension of Sk

λ , which increases for λ→ 1. This effect is most dramatic
at λ = 1 of the SB-Newton where 123 seconds are needed to finish the optimization. In
contrast, the computation-time for a coarse smoothing level is extraordinarily good.

Since the algorithms use different kinds of approximations, the particular limits differ. We
list them in Fig. 5.8 for a few registration problems. In the first one, we move the template
30 pixels to the right. For the second registration task, we take the same transformation,
but cover some parts of the template. In the third task, the requested transformation is a
movement along 40 pixels to the right and a 17.2◦ degree rotation around the image center
for the fourth task, respectively. In accordance with the previous experiment, we take the
smoothing levels λ = 20, 10, 5 for each registration process - in particular, we leave out the
finest level λ = 1. The QMC-Newton algorithm is performed with N = 5000 sample-points.

Since we use the same cost function for the LM-Newton and the GN-algorithm it is not a
surprise that they produce similar results. The only exception is the second task, where parts
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Figure 5.9: The first row shows the initial position of the template with respect to the reference. The second
row shows the estimated relative position after 12 SB-Newton-steps. We used a CBCT-image for the reference
and a FBCT-image for the template.

of the template are covered. This might lead to many appearing local minima. It is notable
that in the third row the detected translations in the case of the LM and GM algorithm
are wrong. The main reason for this is that LM minimizes the “sum of squared difference”-
measure while the QMC or SB-Newton algorithm maximizes the correlation between two
images. This is an effect, which is visible for all registration algorithms and also for the QMC
and SB if we move the template 50 pixels to the right. Although, the multi-scale approach
pushes the detected transformation more likely to the requested transformation, the all in
all algorithm does not necessarily detect global optimum. However, LM and GM could also
detect the 40 pixels translation if we used a finer scaling scheme like λ = 30, 25, 20, 15, 10, 5.
The drawback of the correlation measure becomes evident in the last line: The QMC and
the SB algorithm make a small mistake in detecting the translation part of the requested
transformation.

It turns out that comparing the numerical costs of the algorithms is a difficult task: In [24] the
authors overcome the necessity of evaluating the gradient of one image in each iteration, but
the numerical costs are of the order N , since they sum over all N pixels on the image. In our
QMC-approach we sum only over a uniformly distributed grid of Ñ , which creates a certain
(but hopefully negligible) error ǫ. Since we have ǫ = O((log Ñ)2/Ñ) in the case of 2D images,
we can usually choose Ñ ≪ N , which reduces the computational costs. We want to point
out that reducing the sum over all pixels to a sum over a grid with low discrepancy is also
applicable to the LM-algorithms and leads to quite small approximation errors as in the case
of the QMC-Newton method. Regarding the SB-Newton algorithm the computational costs
are of the same order as the number of the spline-coefficients taken from the approximation.
On the one hand, this number is often extremely small in comparison to the image size, since
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Figure 5.10: The first row shows the initial situation of three registration problems. In the first one we
compared a CT- with an NMR-image and in the second and third, we compare NMR- with PET-images. The
second row presents the result of the mutual information-based algorithm after ten SB-Newton-steps.

the results of the SB-Newton algorithm are more than sufficient even on a very coarse level
of spline-approximation. On the other hand, for each spline coefficient, a series of B-splines
has to be evaluated at different values (cf. (5.19)), which accounts for high numerical costs
per spline-coefficient. Therefore, the SB-Newton algorithm becomes very slow for a fine level
of spline-approximation.

Now, we demonstrate the algorithms with the help of some medically relevant pictures. In
Fig 5.9, reference and template are FBCT and CBCT shots of the prostate area. These two
datasets consist of 420× 420× 72 and 512× 512× 101 voxels respectively. We will not use a
priori information about their relative positions to each other. Instead, we initially put the
reference on the lower part of the template (see also the first row of Fig. 5.9).

The beginning of the registration consists of comprising the data set to 26 × 26 × 25 spline
coefficients each. The second row of Fig. 5.9 shows the result of the registration after 12
SB-Newton steps. Any further steps only provide translations below the size of a voxel and
rotations below 0.01 degree.

Due to the great similarity of the two recording methods (FBCT and CBCT) in the last
example, the monomodal SB-Newton algorithm on SE(3) was used for the registration. With
the help of the procedure described in Section 5.2.2 one is also able to use the algorithm for
data which have been recorded with very different modalities. We will show this in the
following example where we compare a MR picture with a CT (each with 512×512 pixels) by
using a PET- picture (128×128 pixels) and we use the mutual information-based registration
algorithm on SE(3). The first row of Fig. 5.10 shows the origin of the correlating registration
problems, and the second one reveals the result after 10 steps. We use a compression of 64×64
spline coefficients for each case mentioned. In the last column of Fig.5.10, we moreover add an
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additional rotation of 30 degrees. Once again, we reach a good match of the pictures within
10 steps. We have already pointed out that this method only provides a local convergence.
If the pictures differed in their initial position the algorithm would not provide an acceptable
result even if one tries to use more steps. This happens if we rotate the PET- picture, as
seen on the third column in Fig. 5.10, more than 30 degrees.
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Chapter 6

Image Registration using Stochastic
Optimization

In the previous chapter we applied a Newton method to the rigid image registration problem
and obtained algorithms with excellent convergence behavior and accuracy. However, these
methods reveal their potential only in a (sometimes small) domain around a critical point.
In some applications, it is therefore essential to insert a pre-optimization step. Hence, in this
chapter we will use the Robbins-Monro type algorithms, and apply them for the special task
of rigid image registration.

Algorithms of the Robbins-Monro type are already well accepted in image registration. For
instance, we can interpret the method introduced by Viola [86, 88] as an algorithm of this
form. Moreover, Klein et al. presented in [52] an extensive comparison of several non-rigid
multimodal registration methods with the result that “the Robbins-Monro method is the best
choice in most (medical) applications”.

The basic idea of this method is to reduce the numerical costs per iteration even if this
would reduce the convergence rate and the accuracy. Since the most problematic part of the
previous algorithms is the enormous number of image evaluations, it would be good if one
can reduce this number. Indeed, the image evaluations appear only in terms which average
over all pixels like in (5.4) or (5.20). In the following stochastic approach, we replace such
terms and average only over a few, randomly chosen pixels instead.

6.1 Variants of the Robbins-Monro Algorithm

In Section 2.3 we extended the Robbins-Monro algorithm to Lie groups. Now we will apply
this algorithm to the monomodal and the multimodal registration task. One key point will
be that the original iteration (2.39) was made for root-searching in vector-field. Thus, we are
not restricted to gradient-fields, like it was done in the original Robbins-Monro algorithm.
For instance, we will present a new stochastic form of the Gauss-Newton method in Section
6.1.1 and in Section 6.1.2.

The other key point is that the optimization problem is not inherently connected with pertur-
bations: Once both images are given, there is no reason, why the evaluations of the images (or
their derivatives) should be disturbed. We will see that introducing an artificial perturbation
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may yield an acceleration of the algorithm.

6.1.1 Affine Monomodal Registration

In this subsection, we will apply the previous stochastic optimization method (2.61) to the
registration task on SE(n) and SA(n). Thus, we set M = SE(n) or M = SA(n). For the
local parameterization µ of the Special Euclidean Group we choose either (2.10) or (2.11)
and for the Special Affine Group we choose either (2.6) or (2.8), respectively. Hence, we can
set U =M.
Since we want to focus now on the monomodal registration task, we use the SSD-measure to
generate the cost function f :M→ R,

f(A, t) =
1

N

N∑

i=1

[R(xi)− T (Axi + t)]2 . (6.1)

In contrast to the Quasi-Monte Carlo approach in Chapter 5, here the sum is taken over all
N pixels X := {xi}Ni=1 of a given region of interest and the images R and T are supposed
to be continuous differentiable, i.e. of the form (3.6) or (3.8). At a first glance, there is no
need to introduce any noise Uk into the registration problem. We could simply set Uk = 0
for all k ∈ N in the iteration (2.61). The result would be a gradient-based descent algorithm
with harmonic sequence for the step size. However, we observed in Section 5.3 that the most
time-consuming part in an registration algorithm is the number of image evaluations. In
particular, for Uk = 0 we would need 2N dimM image evaluations ie per step. Hence, an
alternative choice of the noise would be favorable which leads to an decreasing of the number
of image evaluations, for instance

Uk := ∇
(
f ◦ µ(Ak,tk)

)
(0)−∇


 1

m

∑

i∈Jk

[
R(xi)− T (µ(Ak,tk)(.) ◦ xi)

]2

 (0) for all k ∈ N,

(6.2)

where the sum is taken over |Jk| = m randomly chosen elements Jk ⊂ {1, . . . , N}. In
particular, the subsets J0, J1, . . . are chosen pairwise independently and also the elements
in Jk are uniformly and pairwise independently distributed. Using (6.2) and (6.1) in the
iteration (2.61) decreases the number of image evaluations to 2m dimM ie, where m ≪ N .
We will point out this advantage in Section 6.2. The final stochastic gradient algorithm for
image registration on SE(n) is summarized in Table 6.1.
In order to apply Corollary 2.16 to this registration method, we have to verify the necessary
properties of the noise Uk: First, since the elements of Jk are chosen uniformly and pairwise
independently, we have

E


∇


 1

m

∑

i∈Jk

[
R(xi)− T (µ(A,t)( . ) ◦ xi)

]2

 (0)


 = ∇

(
f ◦ µ(A,t)

)
(0),

for all (A, t) ∈ SE(n). This implies

E(Uk+1

∣∣U1, . . . , Uk) = 0,
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Table 6.1: Stoch. Gradient Alg. for Monomodal, Affine Image Registration

Given: R,T ∈ C1(Rn,R), a set of voxels X ⊂ Rn,M = SE(n) or M = SA(n) and a
local parameterization µ of M, e.g. (2.11) or (2.8).

Parameter: m ∈ N, a, b ∈ R+, ω ∈ (0.5, 1].

Step 1
Make an initial point (A0, t0) ∈M. Set k = 0.

Step 2
Chose a uniformly and independent distributed set of sample-points {yi}mi=1 ⊂ X

Step 3
Set Ψ(A, t) := 1

m

∑m
i=1 [R(yi)− T (Ayi + t)]2 and calculate (Ω̃, ṽ) := ∇(Ψ ◦ µ(Ak ,tk))(0).

Step 4

Set γk := a
(b+k)ω and calculate (Ak+1, tk+1) := µ(Ak,tk)

(
−γkΩ̃,−γkṽ

)
.

Step 5
Set k = k + 1 and goto Step 2.

which verifies (iii) of the Martingale difference Noise property. Second, under the assumption
that T ∈ C1(Rn,R) has compact support, ∇T (x) is bounded. The sequence (Uk)k∈N is
consequently bounded. Therefore, the statement of Corollary 2.16 is valid for the algorithm
in Table 6.1.
A few remarks on this algorithm are in order: According to Corollary 2.16, the gain-sequence
(γk)k∈N

should satisfy (2.62). Since we set ω ∈ (0.5, 1], this is guaranteed for q = 2. The
parameters a, b ∈ R+ have to be carefully adjusted by the user. On the one hand, if γ0 is too
large, the iteration ((Ak, tk))k∈N

might diverge or jump to undesirable local minima. On the
other hand, if γ0 is too small, the algorithm will converge very slowly or it will (in numerical
experiments) converge to a non-critical point1. For a deeper discussion about the parameters
a, b, ω we refer to [56]. In Step 3, we introduced the function Ψ(A, t). Since this function
satisfies

∇(Ψ ◦ µ(Ak ,tk))(0) = ∇(f ◦ µ(Ak ,tk))(0) + Uk

the Step 4 fulfills exactly the iteration (2.61). Finally we want to point out that E(Ψ(A, t)) =
f(A, t) holds. We can consequently interpret Ψ as a noisy measurement of the function f .

The special form of the function Ψ might tempt one to a variation of the algorithm in
Table 6.1: Since Ψ =: ‖ψ‖2 is a least-squares cost function, we could use a Gauss-Newton

1This is no contradiction to Corollary 2.16. One should keep in mind that the series
P

∞

n=1
1
n

does converge
in computer experiments, even if we know it better.
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Table 6.2: Stochastic Gauss-Newton Algorithm for Monomodal, Affine Image
Registration

Given: R,T ∈ C1(Rn,R), a set of voxels X ⊂ Rn, M = SE(n) or M = SA(n)
and a local parameterization µ of M, e.g. (2.11) or (2.8).

Parameter: m ∈ N, a, b ∈ R+, ω ∈ (0.5, 1]. Ξ ⊂ TidM compact neighborhood of 0.

Step 1
Make an initial point (A0, t0) ∈M. Set k = 0.

Step 2
Chose a uniformly and independent distributed set of sample-points {yi}mi=1 ⊂ X

Step 3
Define ψ : M → Rm with ψi(A, t) := 1√

m
(R(yi)− T (Ayi + t)) , i = 1, . . . ,m and

calculate C := D(ψ ◦ µ(Ak,tk))(0) and d := ψ(Ak, tk).

Step 4
Solve the linear equation (C⋆ ◦ C) ◦ [Ω̃, ṽ] = −C⋆ ◦ [d] in the unknowns ṽ ∈ Rn and
Ω̃ ∈ so(n) for M = SE(n) and Ω̃ ∈ sl(n) for M = SA(n), respectively.

Step 5
If (Ω̃, ṽ) 6∈ Ξ, set k = k + 1 and goto Step 2. Else, set γk := a

(b+k)ω and calculate

(Ak+1, tk+1) := µ(Ak,tk)

(
−γkΩ̃,−γkṽ

)
.

Step 6
Set k = k + 1 and goto Step 2.

approach (see e.g. [29, 106]) instead of the gradient to calculate the update (Ω̃, ṽ) in Step 3.
The corresponding algorithm is shown in Table 6.2.
We will see in the numerical results of the next section that this stochastic Gauss-Newton
algorithm has a faster convergence rate than the stochastic gradient algorithm in Table 6.1 and
it produces similar meaningful results. However, the limit of this algorithm is, in general, not
equal to a critical point of the cost function f and we want to give reason for the appearance
of this gap.
According to Corollary 2.14, we are not restricted to a gradient field. Hence, we will use the
new vector field F (A, t) instead, which is defined by

F (A, t) := E(Ω̃(A, t), ṽ(A, t))

with
(
Ω̃(A, t), ṽ(A, t)

)
:= D(ψ ◦ µ(A,t))(0)

† ◦ ψ(A, t). (6.3)
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Here C† denotes the Penrose Inverse of a linear map C. Then, the random vector defined
in (6.3) can be seen as a Gauss-Newton step of the function Ψ(A, t) =

∑m
i=1 ψi(A, t)

2, where
ψi is defined as in Step 3. Applying the iteration (2.57) to this vector field F (A, t) and
the perturbations Uk = F (Ak, tk) − (Ω̃(Ak, tk), ṽ(Ak, tk)) leads exactly to the algorithm in
Table 6.2. But, in contrast to the stochastic gradient algorithm, we can not guarantee that
the update γk(Ω̃(Ak, tk), ṽ(Ak, tk)) is bounded. This is the reason why we introduced the set
Ξ ⊂ TidM and the if-loop in Step 5. Therefore, {Uk}k∈N

is bounded and by definition, we
get

E(Uk+1

∣∣U1, . . . , Uk) = 0.

With this specifications {Uk}k∈N
satisfies the Martingale difference Noise property and, ac-

cording to Corollary 2.14 and Proposition 2.15, each limit of the algorithm is a zero of the
vector field F (A, t).
The main problem with this approach is the question if the zeros of F (A, t) coincide with
the critical points of f(A, t). This is, in general, not the case. However, we can still use
the algorithm for image registration and we want to give an heuristic for that: Suppose, the
linear map D(ψ ◦µ(A,t))(0) has full rank and let D(ψ ◦µ(A,t))(0)

⋆ denote its adjoint operator.
By definition, we obtain

F (A, t) = E
([
D(ψ ◦ µ(A,t))(0)

⋆ ◦D(ψ ◦ µ(A,t))(0)
]−1 · ∇(Ψ ◦ µ(A,t))(0)

)
.

Assuming the term in brackets and the gradient are uncorrelated, it yields

F (A, t) = E
([
D(ψ ◦ µ(A,t))(0)

⋆ ◦D(ψ ◦ µ(A,t))(0)
]−1
)
·E
(
∇(Ψ ◦ µ(A,t))(0)

)
(6.4)

= E
([
D(ψ ◦ µ(A,t))(0)

⋆ ◦D(ψ ◦ µ(A,t))(0)
]−1
)
· ∇(f ◦ µ(A,t))(0).

In this case, F (A, t) vanishes in each critical point of f(A, t) and a similar argument can be
made for the conversion. Although we can verify the uncorrelation in (6.4) numerically (in
our experiments on 3D data sets, the range of all correlation coefficients in (6.4) is usually
[−0.07, 0.07]), a further discussion is beyond the scope of this work.

6.1.2 Affine Multimodal Registration

The multimodal registration task can, in principle, be treated in the same fashion as the
monomodal one of the previous subsection. We simply have to switch from the SSD-measure
to the mutual information, or the delta-distance. For instance, the stochastic gradient algo-
rithm in Table 6.1 can be extended if we replace Ψ(A, t) in Step 3 by

Ψ(A, t) := H̃(ρR(x)) + H̃(ρT (Ax+t)) + H̃(ρR(x),T (Ax+t)),

where H̃ is an approximation of the entropy (cf. Section 3.3.2). Since this is the only
difference between a gradient-based monomodal registration and a gradient-based multimodal
registration, it is not necessary for us to list the steps in a separate table.
Since Viola [86] and Wells [88] introduced the mutual information in the image registration,
this approach became a standard tool in the multimodal case and is subject of ongoing
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Table 6.3: Stochastic Gauss-Newton Algorithm for Multimodal, Affine Image
Registration

Given: R,T ∈ C1(Rn,R), a set of voxels X ⊂ Rn, M = SE(n) or M = SA(n) and a
local parameterization µ ofM, e.g. (2.11) or (2.8).

Parameter: m ∈ N, a, b ∈ R+, ω ∈ (0.5, 1]. Ξ ⊂ TidM compact neighborhood of 0,
window-function δ : R→ R, cf. Section 3.3.3

...

Step 2
Choose two uniformly and independent distributed sets of sample-points
{yi}mi=1 , {xi}mi=1 ⊂ X

Step 3
Define ψ :M→ Rm with

ψi(A, t) :=
1√
m

[δ (R(xi)−R(yi))− δ (T (Axi + t)− T (Ayi + t))] ,

i = 1, . . . ,m and calculate C := D(ψ ◦ µ(Ak,tk))(0) and d := ψ(Ak, tk).
...

(Step 1, 4, 5 and 6 are equal to the ones in Table 6.2.)

development (see e.g. [107] for an adaptive gradient algorithm). But this task was always
treated as an optimization problem on a vector-space, (i.e. the special orthogonal group was
usually parameterized with Euler-angles,) and not as an optimization problem on Lie groups.
Similar to the previous subsection, we also want to introduce a stochastic Gauss-Newton
version for the multimodal registration problem. Since the approximation of the mutual
information has not the form of a squared norm, this approach is only possible for the
delta-distance, introducted in Section 3.3.3. Now, for given images R, T and a window-
function δ ∈ C(R,R), the Gauss-Newton step (Ω̃(A, t), ṽ(A, t)) is performed for the function
Ψ :M→ Rm with the components

ψi(A, t) :=
1

m
[δ (R(xi)−R(yi))− δ (T (Axi + t)− T (Ayi + t))] ,

where xi and yi are uniformly and independently chosen sample-points in the region of inter-
est. We summarize the algorithm in Table 6.3. Similar to the algorithm in Table 6.2, the limit
of the iteration is a zero of the vector field F (A, t) = E(Ω̃(A, t), ṽ(A, t)) with probability 1.
Again the problem appears that there is, in general, a gap between the zeros of F (A, t) and
the critical points of the actual cost function

f(A, t) :=
1

|X |
∑

x,y∈X
[δ (R(x)−R(y))− δ (T (Ax+ t)− T (Ay + t))]2 .
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With the same argument as in Section 6.1.1, this gap seems to be negligible in the case of
image registration.
Due to the delta-distance the window-function δ appears in the algorithm as an additional
degree of freedom. In our experiments we favor the approach δ(x) = B3(σx), where σ ∈ R+

depends on the particular modalities. Moreover, σ also depends on the scaling of the image.
The toy example in Fig. 3.6 might lead to the assumption that the result of the algorithm is
independent of the particular choice of σ. However, for real medical data, a bad choice of σ
can lead to quite incorrect results.

6.1.3 Non-Rigid Registration

In this subsection we want to extend the previous algorithms in the Tables 6.1, 6.2 and 6.3
to the non-rigid (or better non-affine) registration problem. Beside the classification of this
task in mono- and multimodal, we also have to distinguish between parametric and non-
parametric registration. The latter one searches the best deformation in the space of all
diffeomorphism of the Euclidean space Rn. Although this interesting problem has undergone
extensive studies (cf. e.g. [82, 33, 34, 30]) most applications still deal with the parametric
version of non-rigid registration and we will follow this - more pragmatic - approach:
For defining the space of transformations, we follow the construction in [89]. For the sake of
simplicity, we set the region of interest to Q = [0, 1]n ⊂ Rn. Let Bk denote the B-splines of
order k ∈ N as defined in Section 3.2 and let λ ∈ N. Then, we parameterize deformations
ϕw : Rn → Rn by

ϕw(x) := x+
(
u1

w(x), . . . , un
w(x)

)⊤

with

ui
w(x) :=

λ+⌊k
2
⌋∑

j1,...,jn=−⌊k
2
⌋
wi,j1,...,jnB

k (λx1 − j1, . . . , λxn − jn) , i = 1, . . . , n, (6.5)

where w is a real-valued multi-array of appropriate size. The bounds of the sum take into
account the support of the B-spline; cf. p.52.
This construction has the advantage that it yields a finite-dimensional, affine parameterization
of a subspace of all deformations. With the parameter λ we can vary from more coarse to
finer deformation subspaces and the parameter k controls the smoothness of the deformation.
However, the space of such deformations {ϕw | wi,j1,...,jn ∈ R} for fixed λ and fixed k contains
elements which are not even injective. In fact, most of the deformations in this set are
considered as non-physical or simply as senseless. Therefore, minimizing the cost function

f(w) := D(R,T ◦ ϕw) (6.6)

is, in general, not promising. Another reason for rejecting this cost function is that the
corresponding optimization problem is, in general, ill-posed; cf [10].
A classical loophole is to equip the cost function with a penalty term

f(w) := D(R,T ◦ ϕw) + α‖Avec(w)‖2, (6.7)
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Table 6.4: Stoch. Gradient Alg. for Monomodal, Non-Rigid Image Registra-
tion

Given: R,T ∈ C1(Rn,R) and a set of voxels X ⊂ [0, 1]n

Parameter: m ∈ N, a, b ∈ R+, ω ∈ (0.5, 1], k, λ ∈ N, A ∈ Rp×nqn
with q = λ + 2⌊k2⌋,

α ∈ R+.

Step 1
Make an initial point w0 ∈ Rn×q×...×q ∼= Rnqn

. Set j = 0.

Step 2
Chose a uniformly and independent distributed set of sample-points {yi}mi=1 ⊂ X

Step 3
Set Ψ(w) := 1

m

∑m
i=1 [R(yi)− T (ϕw(yi))]

2 + α‖Aw‖2 and calculate ṽ := ∇Ψ(wk).

Step 4
Set γj := a

(b+j)ω and calculate wj+1 := wj − γj ṽ.

Step 5
Set j = j + 1 and goto Step 2.

where vec(w) denotes the lexicographical order of w into a vector of the size npn with q =
λ + 2⌊k2⌋, α ∈ R+ and A ∈ Rp×nqn

is a user-defined matrix. One might simply set A = I,
which would mean that large distortions are panelized in (6.7). In our experiments, we use a
different form of A: For each tuple of integers J := (j1, . . . , jn) ∈

[
−⌊k2⌋, λ+ ⌊k2⌋

]n
we define

the multi-arrays X1,J , . . . ,Xn,J of the size qn = q × . . .× q by

(Xs,J)l1,...,ln =





1 if (l1, . . . , ln) = J and js 6= λ+ ⌊k2⌋
−1 if (l1, . . . , ls + 1, . . . , ln) = J and js 6= λ+ ⌊k2⌋

0 else.

Then, we use all vectors of the form vec(Xs,J) to create the columns of the matrix B (we can
use an arbitrary order for this construction). The matrix A := In ⊗ B⊤ is then defined by
the Kronecker product of the identity matrix In and B⊤. With this construction, the set of
translations are not penalized in the cost function (6.7). To see this, one should keep in mind
that ϕw is a translation if and only if all entries in the subarrays (wl,i1,...,in |ik = 1, . . . , q, k =
1, . . . , n) are equal, for all l = 1, . . . , n. Thus Avec(w) = 0. We refer to [10] for other, usually
physically motivated, penalization terms.
With this specification at hand, the cost function (6.7) and thus the non-rigid registration
problem becomes well defined, we only have to chose the image distance measure D. For
instance, in the monomodal case, we might pick the SSD-measure and get

f(w) :=
1

N

N∑

i=1

[R(yi)− (T ◦ ϕw)(yi)]
2 + α‖Avec(w)‖2, (6.8)
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Table 6.5: Stochastic Gauss-Newton Algorithm for Monomodal, Non-Rigid
Registration

Given: R,T ∈ C1(Rn,R) and a set of voxels X ⊂ [0, 1]n

Parameter: m ∈ N, a, b ∈ R+, ω ∈ (0.5, 1], k, λ ∈ N, A ∈ Rp×nqn
with q = λ + 2⌊k2 ⌋,

α ∈ R+, Ξ ⊂ Rn×q...×q ∼= Rnqn
compact neighborhood of 0.

Step 1
Make an initial point w0 ∈ Rn×q×...×q ∼= Rnqn

. Set j = 0.

Step 2
Chose a uniformly and independent distributed set of sample-points {yi}mi=1 ⊂ X

Step 3
Define ψ : Rn×q×...×q → Rm+p with ψi(w) := 1

m (R(yi)− T (ϕx(yi))) for i = 1, . . . ,m
and (ψm+1(w), . . . , ψm+p(w))⊤ :=

√
αAw. Calculate C := Dψ(w) and d := ψ(w).

Step 4
Solve the linear equation (C⋆ ◦ C) ◦ [ṽ] = −C⋆ ◦ [d] in the unknowns ṽ ∈ Rnqn

Step 5
If ṽ 6∈ Ξ, set j = j + 1 and goto Step 2. Else, set γj := a

(b+j)ω and calculate wj+1 :=
wj − γj ṽ.

Step 6
Set j = j + 1 and goto Step 2.

where the sum is taken over all N pixels {yi}Ni=1 of the region of interest Q = [0, 1]n. We
can subject the first summand to the same approximation as we did in the affine registration
case in Section 6.1.1. The resulting stochastic gradient algorithm is summarized in Table 6.4.
We want to point out that this algorithm is well known in image processing, and also the
variation where the mutual information measure is taken for D. It is nothing more than a
direct application of the original Robbins-Monro algorithm applied to the cost function (6.8).
In particular, the set of the deformations ϕw forms no Lie group and the convergence of this
algorithm is justified by classical stochastic optimization techniques. In Section 6.2, we will
use this method for a comparison.

In the cases, where we chose the SSD-measure or the delta-distance for D, the cost function f
in (6.8) preserves the form of a squared norm, even if we incorporate the penalty term. Hence,
we can, once more, construct a stochastic Gauss-Newton method for minimizing f . We just
apply the same idea as in Section 6.1.1 to vector space optimization. The final algorithm is
summarized in Table 6.5. However, one problem appears by switching from affine to non-rigid
registration: The system of the linear equation in Step 4 of Table 6.5 can be quite large.

This was not a problem in the previous Gauss-Newton methods in Table 6.3 and 6.2. There
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we had to handle at most 11 unknowns, since the image dimension is at most 3. This kind of
equations can be handled by a Gauss-elemination. But the number of unknowns in Step 4 of
Table 6.5 can easily exceed 1000. In this case, we use a Krylov subspace method for solving
the linear system (cf. [108] for an introduction).

As we can see in Table 6.5, a couple of new parameters appear in the non-rigid case: In
our experiments, we set the parameter k to 3. But the value λ is more problematic. It
controls the degrees of freedom in the registration and thus, the size of the linear equation
in Step 4. Therefore, if λ is unnecessarily large, the algorithm would slow down. In [83] a
deterministic Levenberg-Marquard version for non-rigid registration was studied. There, it
is mentioned that because of practical reasons q = λ+ 2⌊k2⌋ should not be greater than 7 for
3-dimensional images. Although our approach is slightly different, this seems to be a good
guideline. Perhaps the most problematic parameter is the regularization value α ∈ R+. The
form of the cost function (6.7) might remind one about a Tikhonov regularization scheme.
Thus, it might be better to replace α by a sequence {αl}l∈N

, converging to zero, and solve
the minimization problem for each αl. However, if αl becomes to small, the system of linear
equations in Step 4 becomes ill-conditioned. One should also keep in mind that the penalty
term has a physical interpretation. In medical application, the requested transformation is
usually not a minimum of the function in (6.6) but a minimum of (6.7) for some, unknown
parameter α and matrix A.

We end this subsection with the remark that the algorithms in the Tables 6.4 and 6.5 are, of
course, extendable to the non-rigid multimodal registration. We simply have to change the
function Ψ and ψ, respectively, in the Step 3 of the particular algorithm, like it was done in
Section 6.1.2. This time, we skipped the details.

6.2 Experimental Results

In the previous section, we presented several algorithms for the different facets of the image
registration task and each one of those methods has an inherent random aspect. We already
mentioned that this stochastic component is an artificial supplement to the classical, deter-
ministic methods and that the corresponding optimization problem shows no random aspect
at all. For instance, the choice of the stochastic perturbations Uk in (6.2) is an additional
degree of freedom: Instead of choosing m randomly sample-points, we could also simply take
all N pixels in the region of interest, which would imply Uk = 0 for all k ∈ N. In this section,
we will justify this approach. We will see that the random aspect has two consequences.
First, it will make the convergence rate worse. It is known in the literature that the speed of
convergence is only O( 1√

k
) for the classical Robbins-Monro algorithm, where k denotes the

number of iterations (see e.g. [56] p. 112 and the references therein). This is extraordinary
slow in comparison to the quadratic or the superlinear convergence rate of various well-known
deterministic Newton methods. On the contrary, the numerical cost per iteration is reduced
dramatically. This is not surprising since the number of image evaluations has the biggest
contribution to the computation time. Hence, in the case of multimodal registration where
we have to incorporate all pairs of pixels in an image, the benefit of the stochastic methods
become particularly apparent.

If we weigh up both effects, we still achieve a reduction of the computation time: Usually, the
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Figure 6.1: Rigid registration of a 3D CT data set with a 3D MR data set. In the three rows, we plot
cross-sections of the particular data set along xy, yz, and xz planes. In the first column, we present the MR
reference data. In the second column, the CT template data are shown and in the third column, we overlay
the reference and the template (the gray values of the reference are presented in yellow and red, the ones
of the template in black and white). The fourth column shows the template, transformed by the result of
a deterministic registration algorithm (benchmark). In the fifth column, we overlay the reference with the
transformed template data.

stochastic methods provide sufficiently good results, even before the first iteration of a QMC
or SB-Newton algorithms is done. However, the random aspect causes also uncertainties: In
contrast to the deterministic approaches, we have no domain of attraction, here. Hence, even
if the initial point of the iteration is very close to the optimum, the iteration may diverge.
Even if the sequence converges, we may get a worse (or a better) result if we restart the
iteration with exactly the same initial values. We will examine these effects in the following.

6.2.1 Rigid Registration methods in Comparison

In this subsection, we compare the stochastic Gauss-Newton algorithm for multimodal rigid
registration (cf. Table 6.3) with two standard stochastic registration methods, which are
introduced by Wells et al. [88] and by Klein et al. [107], respectively.

In the first example, the reference R consists of a 3D data set of 384 × 384 × 187 voxels,
which was generated by magnetic resonance imaging of a pelvis. The template T shows the
same region in a resolution of 512×512×111 voxels, but it was generated by x-ray computer
tomography. The range of the gray-values is [0, 726] for the reference and [0, 3856] for the
template. The task is to find the best Euclidean transformation (A, t) such that the reference
R(x) matches the transformed template T (Ax + t). Initially, we choose a 172 × 368 × 175
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region of interest in the reference and calculate the partial derivatives of T in each voxel.
The first two columns of Fig. 6.1 show the initial position of both data sets. We plot cross-
sections of the particular data set along the xy, yz, and xz planes (and we use the same planes
for each column in Fig. 6.1). We overlay both data sets in the third column. In the following,
this initial position is used to compare several stochastic registration algorithms.
Before we can start our comparison, we have to know the true result of this problem from
the beginning. For this experiment the result of the deterministic method of Unser and
Thévenaz [90] plays the role of such a benchmark transformation. We choose this method,
since it was also favored in [107] and [52]. This algorithm discretizes the gray value range (we
use an equidistant discretization with 43 nodes for both data sets) to get an approximation of
the mutual information. Additionally, we do not involve all voxel-information in the region of
interest, but we reduce the calculations to a grid of small mesh-size, i.e. 35× 74× 36. Hence,
the used benchmark is already subject to several approximations. However, the calculated
benchmark transformation yields a -visually- satisfying registration of both data sets as one
can see in the fourth and fifth column of Fig. 6.1 and the method of Unser and Thévenaz [90]
is also well-accepted in the literature. The fourth column of Fig. 6.1 shows the resulting
transformed template of the deterministic approach and in the fifth column, we overlay the
reference with the transformed template data. For the reader it might be helpful to focus
on the structure of the bones in both sets. We also want to point out that this algorithm
minimizes a certain approximation of the mutual information measure. The approximation
used by Wells et al. [88] is already different to the one in [90] and also our stochastic Gauss-
Newton method minimizes a different cost function. Thus, one might expect little differences
in the particular results and it is not clear which one is really the best.
The aim of this experiment is to compare the accuracy and the speed of several stochastic
methods for this registration task shown in Fig. 6.1. We start each stochastic registration
algorithm with the initial value M0 := (A0, t0), A0 = I and t0 = (0, 0, 0)⊤, stop them
after k = 50, 150, 500, 1000 iterations and measure the distance between the kth iteration
Mk = (Ak, tk) and the benchmark M⋆ := (A⋆, t⋆). We use the Frobenius-norm ‖Ak −A⋆‖Fro

for measuring the rotation-part and the Euclidian norm ‖tk − t⋆‖2 for the translation part,
respectively. For each k, we repeat this procedure 30 times and visualize the distances in
form of boxplots in Fig. 6.2. We refer to [109] for an introduction of the boxplots. We carry
out this process for the following methods and specifications:

• First, we take the stochastic Gauss-Newton method of Table 6.3 to minimize the δ-
distance between both data sets. In each iteration step, we use m = 2000 randomly
chosen sample-points in the region of interest. The window-function in Step 3 is set to
δ(x) := B3(100x). Since there is no one-to-one correspondence between the gray-values
and the different sort of tissues in the MR data set - the reader might already recognize
some darker and brighter areas in the reference image - we do not choose the samples
xi and yi in Step 2 of Table 6.3 independently. In our implementation, yi is restricted
to be in a neighborhood of xi, i.e. ‖xi−yi‖∞ < 30. We take the following specifications
for the parameter of the length of the step-size in Step 4 of Table 6.3: ω = 1, a = 1300
and b = 1. The results are presented in the first line of Fig. 6.2.

• We repeat the previous experiment with the same specifications, but using m = 12000
sample-points in each iteration step. The results are presented in the second line of
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Fig. 6.2.

• Next, we run the registration task with the adaptive stochastic gradient algorithm,
presented by Klein et al. [107]. Here, the update step (Ω̃k, ṽk), which is the gradient
of the mutual information measure, is stretched or compressed, depending on the sign

of
〈
(Ω̃k, ṽk), (Ω̃k+1, ṽk+1)

〉
. Moreover, they presented a method for estimating the best

value for the parameter a in the gain-sequence γk = a
(b+k)ω of the Robbins-Monro algo-

rithm. For m = 2000 sample-points per iteration, the method yields a = 735. We set
b = 1 and ω = 1. This method is based on a stochastic optimization algorithm devel-
oped by Plakhov and Cruz [110]. However, it is mentioned in [107] that the necessary
assumptions for this algorithm are partially not and partially only approximately sat-
isfied in the special case of image registration. Thus, a formal proof of the convergence
of this registration method is missing, although this method produces quite appealing
results. This gap appears in all stochastic registration algorithms and also our pre-
sented Gauss-Newton methods make no exception (we mentioned in Section 6.1.2 the
gap between the limiting point and the critical points of the cost function). We used
the same discretization of the gray-value range as in the benchmark method. In fact,
the cost function in both methods are the same. Since the method, presented by Klein
et al. [107], is based on an optimization technique on a vector-space, we have to choose
a suitable parameterization of the Euler angles and the translation. We use

(a, b, c, d, e, f) 7→ exp




0 a
σ

b
σ d

− a
σ 0 c

σ e

− b
σ − c

σ 0 f
0 0 0 1


 . (6.9)

An exhaustive experimental search yields the best result for σ = 1000. The results are
shown in the third line of Fig. 6.2.

• We repeat the previous experiment with the same specifications, but using m = 175
sample-points in each iteration step. The estimation method for the gain sequence
yields a = 77 for b = 1 and ω = 1. The results are presented in the fourth line of
Fig. 6.2.

• In order to demonstrate the influence of the parameter σ, we also repeated the experi-
ment for σ = 500 and m = 2000 and plot the result in the fifth line of Fig. 6.2.

• Finally, we run the registration task with the method proposed by Viola and Wells [88],
who lay the foundations for various publications in medical image registration (cf. [10]
and the references therin). The implementation is taken from Modersitzki [10]. Here,
the mutual information is approximated via (3.15). The variance matrix in (3.15) is
chosen to be a multiple of the identity matrix Σ = τI. If m = 400 is fixed, τ = 5 · 10−5

yields a good workflow (which is the result of another exhaustive search). However, it
is mentioned in [10] that the parameters m and τ are not decoupled. Therefore, it is
nearly impossible to create a benchmark transformation with a deterministic version for
this specific cost function. Once again, we ignore this discrepancy and use the previous
benchmark transformation for a comparison. We choose the following specifications
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for the parameter in the gain-sequence γk = a
(b+k)ω of the Robbins-Monro algorithm:

ω = 1, a = 5000 and b = 1. The result is shown in the last row of Fig. 6.2.

Since the introduced registration algorithms vary in the cost function and the optimization
method, a direct comparison is rather difficult: First, we want to point out that it is not
fair to take the same number m of sample-points per iteration for each method. In our
implementation of the δ-distance, we use only the differences R(xi) − R(yi) and T (Axi +
t) − T (Ayi + t), for i = 1, . . . ,m, while in each implementation of the mutual information,
differences of the form R(xi) − R(yl) and T (Axi + t) − T (Axl + t), for i, l = 1, . . . ,m are
used (cf. eq. (3.15)). Hence, an increasing of m leads to more computational costs for the
mutual information, than for the δ-distance. We list the time for the calculation of k = 5000
iterations in the following table.

Algorithm Gauss-Newton Gauss-Newton adap. Gradient adap. Gradient Gradient
m = 2000 m = 12000 m = 2000 m = 175 m = 400

Time 27.8s 214.1s 239.0s 32.5s 53.4s

With this table at hand, it is more reasonable, in terms of computation time, to compare
the stochastic Gauss-Newton method using m = 2000 (i.e. the first row in Fig. 6.2) with
the adaptive stochastic gradient descent method using m = 174 (i.e. the fourth row of
Fig. 6.2). Similarly, we should compare the second and the third row of Fig. 6.2. Hence,
in our experiments, the stochastic Gauss-Newton method shows a faster convergence to the
benchmark transformation than the adaptive stochastic gradient method does. Yet, the
stochastic Gauss-Newton method has more outliers as one can see in the first row of Fig. 6.2.
Additionally, a variation of the initial transformation (A0, t0) gives rise to the suspicion that
the catchment area is smaller than for the stochastic gradient methods.
One of the main advantages of the stochastic Gauss-Newton method is its use of local charts.
For the other methods we have to find previously a good ratio-coefficient σ (cf. eq.(6.9))
of the rotation and translation part. As it is shown in the fifth row of Fig. 6.2, a slightly
worse choice (here, we took σ

2 ) of this parameter has big influence on the convergence. Higher
changes of σ usually has the effect, that the method either does not converge, or that the
rotation part stagnates in the initial transformation. This effect was already mentioned in
literature (cf. eg. [107]). Usually, they overcome this problem with an exhaustive search of
the best value for σ. However, such problems do not arise in the stochastic Gauss-Newton
method in Table 6.3.
The presented non-adaptive stochastic gradient method of Wells et al. [88] shows the worst
registration results. For us, the main reason for taking it in this experiment is the relation
between the δ-distance and the mutual information measure, which is pointed out in Proposi-
tion 3.3. However, we did not find a way to adapt the adaptive stochastic gradient approach
of [107] to this approximation of the mutual information, like it has been done in the work
of Klein et al. for the approximation used in [90]. In the paper of Wells et al. [88], it was
mentioned that this algorithm shows also reasonable results for m = 50. In this experiment
we were not able to confirm this lower bound.
In order to sum up, the stochastic Gauss-Newton algorithm shows the fastest convergence
behavior, it even dominates the adaptive algorithm of Klein et al. The main problem of our
method appears in the number of outliers, which can be seen in the first row of Fig.6.2. Even
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Figure 6.2: Boxplots of several stochas-
tic optimization algorithms for the regis-
tration problem shown in Fig. 6.1 . We
used a deterministic method calculate the
rigid benchmark transformation M⋆. In
the first column we show on the rotation
part of the difference Mk −M⋆, where Mk

denotes the kth iteration, and in the sec-
ond column we focus on the translation
part. Each boxplot is built of 30 repeti-
tion of the same experiment. m denotes
the number of image-samples used for one
iteration.
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Figure 6.3: Rigid registration of a 3D CT data set with a 3D PET data set. In the three rows, we plot
a cross-sections of the particular data set along xy, yz, and xz planes. In the first column, we present the
PET reference data. In the second column, the CT template data are shown and in the third column, we
overlay the reference and the template (the gray values of the reference are presented in yellow and red, the
ones of the template in black and white.) The fourth column shows the template, transformed by the result
of an deterministic registration algorithm. In the fifth column, we overlay the reference with the transformed
template data.

for k = 1000 iterations, we might have to reject the result and restart the process. But this
problem seems to be negligible if we choose a moderate number of sample-points for each
step (see e.g. the second row of Fig.6.2). In terms of the accuracy, our method and the one of
Klein et al. shows similar good results. For both methods, it is in almost all cases impossible
to identify - visually - differences to the benchmark transformation after k = 1000 iterations,
if we choose a moderate size of sample-points. This might be surprising since both methods
minimize different cost functions. Thus, this experiment does not only verify usefulness of
the stochastic Gauss-Newton method, but also the usefulness of δ-distance for multimodal
registration tasks.

In our next experiment, we examine a PET-CT registration task. The reference (CT) data
set consists of 512 × 512 × 149 voxel and we choose a 389 × 492 × 183 cuboid out of it for
the region of interest. The template (PET) data set consists of 128 × 128 × 168 voxels. We
want to mention that in this experiment the resolution of both data-set varies extremely.
One voxel represents a 0.7 × 0.7 × 3.0 mm3 cuboid in real space for the CT-data and a
5.1 × 5.1 × 5.1 mm3 cuboid for the MR-data respectively. Again, we smooth both data sets
with a 7×7×7 Gaussian kernel. The PET-data has a gray-value range of [0, 32766] while the
CT-data range is of [0, 4095]. The initial position of the reference with respect to the template
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Figure 6.4: Boxplots of several stochastic optimization algorithms for the problem described in Fig. 6.3. We
used a deterministic method detect the rigid benchmark transformation M⋆. In the first and second figure,
we focus on the rotation and translation parts of the difference Mk −M⋆, where Mk denotes the kth iteration,
and in the second column we focus on the translation part. We took m = 2000 image evaluations per iteration.
Each boxplot is built of 30 repetition of the same experiment. In the third and fourth figure, we repeat this
registration with m = 5000 iteration.

is shown in the third column of Fig. 6.3. Again, we create a benchmark transformation with
the deterministic method of Unser and Thévenaz [90], using the same discretization of the
region of interest and the gray-value range as in the first example. The result can be seen in
the fourth column of Fig. 6.3. In the fifth column we overlay the transformed template with
the reference.
Just like in the first experiment, we start each stochastic registration algorithm with the initial
value M0 := (A0, t0), A0 = I and t0 = (0, 0, 0)⊤, stop them after k = 50, 150, 500, 1000 itera-
tions and measure the distance between the kth iteration Mk = (Ak, tk) and the benchmark
M⋆ := (A⋆, t⋆). We carry out this process for the following methods:

• First, we run this registration task with the stochastic Gauss-Newton method for m =
2000 image evaluations per iteration. We choose the window-function δ(x) = B3(1000x)
and we make the same restriction to the sample-points, i.e. ‖xi − yi‖∞ < 30, as in the
previous experiment. The statistic of this registration process is shown on the left of
Fig. 6.4.

• We repeat the previous experiment with the same specifications, but by usingm = 5000
sample-points in each iteration step. The result is presented on the right of Fig. 6.4.

The first conclusion that we get from this experiment is a similar convergence-behavior as in
the CT-MR registration. However, there is a gap between the final result of the stochastic
Gauss-Newton method M⋆

Dδ
and the deterministic, benchmark method M⋆:

M⋆
Dδ
≈




0.9999 −0.0029 0.0149 138.3
0.0029 1.0000 0.0015 166.8
−0.0149 −0.0015 0.9999 249.4

0 0 0 1


 , M⋆ =




0.9993 −0.0372 0.0068 142.7
0.0371 0.9993 0.0077 166.2
−0.0071 0.0074 0.9999 246.6

0 0 0 1




We get the approximation for M⋆
Dδ

by averaging over 30 evaluation of M5000. The difference
in the translation part of M⋆

Dδ
and M⋆ can be neglected since it is smaller than the size of

one voxel in the PET data set. The gap in the rotation part of M⋆
Dδ

and M⋆ about 1.7◦

degree seems to be more problematic. The reason for this might be found in the different
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cost functions used for the stochastic and the deterministic methods; the later one uses the
mutual information measure. But there is also no guarantee that the benchmark M⋆ is
closer to the original, or “true” transformation than our stochastic result does, since the
several approximation steps were needed to calculate M⋆. Moreover, this approach of Unser
and Thévenaz is an optimization method on vector-spaces and we already documented the
problems which appear by applying these methods on manifolds. Finally, we want to mention
that the applicability of the δ-distance depends on whether condition (3.16) is satisfied or
not. Especially in the PET data-set we are far away form the situation that we can assign
each sort of tissue an unique gray-value. But even for such a registration task, the stochastic
Gauss-Newton method produces reasonable results.

6.2.2 Non-Rigid Registration Methods in Comparison

In this subsection, we apply the non-rigid registration algorithms developed in Section 6.1.3
to a patient-to-patient registration task. Both data sets are x-ray computed tomography.
The first column of Fig. 6.5 shows cross-sections of the 3D reference data. It was taken from
the torso of an older patient and consist of 256 × 256 × 125 voxels. However, we reduce the
region of interest and choose a 186 × 188 × 84 cuboid, such that the focus is more on the
thorax. The template data set consists of 256 × 256 × 109 voxels. It was taken from the
thorax of a younger patient. Both data sets share approximately the same range of gray
values [0, 4095]. We smooth both data sets with a Gaussian kernel of the size 17 × 17 × 17
before the start of registration processes.
In order to compare several non-rigid registration methods, we make use of the following
measure: We take a fixed grid Z ⊂ ROI of 50 × 50 × 30 equidistant sample-points and
calculate

1

|Z|
∑

z∈Z

(R(z)− T (ϕw(z)))2 (6.10)

for a given tensor w. Each algorithm begins with w = 0 and is stopped after 50, 100, 150, 200
and 300 iterations. Afterwards, we calculate (6.10) for the currently detected tensor w. The
graphics in Fig. 6.6 show the boxplots which are built of 50 repetitions of this procedure. In
each iteration, we take m = 400 sample-points of the region of interest. Since this problem
is a monomodal task, we carry out this process for the following methods and specifications:

• First, we take the stochastic Gauss-Newton algorithms of Table 6.5. Hence, the set of
transformation is parameterized with B-splines of order k = 3, like it was introduced in
(6.5). For the unknown tensor w, we pick the size 3 × 9 × 9 × 8. The penalty term of
the cost function (6.7) is constructed as in Section 6.1.3, with the specification α = 2.
The results are presented in the upper left picture of Fig. 6.6.

• We repeat this experiment with the same specifications, but using the stochastic gra-
dient algorithm of Table 6.4. The results are presented in the upper right picture of
Fig. 6.6.

Yet, we have considered the task as a monomodal registration problem, but we can also ignore
the fact that both images are made by the same modality and apply the stochastic methods
for multimodal registration:
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Figure 6.5: Non-rigid registration of two 3D CT data sets. One is taken of an older (reference data) and one
of a younger man (template data). In the three rows, we plot cross-sections of the particular data set along
xy, yz, and xz planes. In the first column, we present reference data. In the second column template data are
shown and in the third column, we overlay the reference and the template (the gray values of the reference
are presented in yellow and red, the ones of the template in black and white.) The fourth column shows the
template, transformed by the result of an deterministic registration algorithm. In the fifth column, we overlay
the reference with the transformed template data.

• We pick the stochastic Gauss-Newton method for non-rigid multimodal registration, as
it was proposed in Section 6.1.3. We take m = 1000 sample-points per iteration and
use the window-function δ(x) = B3(5 · 10−4), the parameter of the gain-sequence are
set to a = 2, b = 1 and ω = 0.602. We use the same initial data and the same B-spline
parameterization of the set of transformations as in the previous experiments. The
results are presented in the lower right picture of Fig. 6.6.

• Finally, we compare the previous methods with the classical stochastic gradient algo-
rithm for the cost function (6.7), with the mutual information measure for D. Here,
the approximation of the entropy is done by the approach of Unser and Thévenaz [90],
where we also used m = 1000 sample-points. The remaining parameters are set to
a = 90000, b = 1 and ω = 0.602. The results are presented in the lower left picture of
Fig. 6.6.

One result of this experiment is that the stochastic Gauss-Newton method has a faster conver-
gence behavior than the stochastic gradient method. However, one should keep in mind that
we have to solve a quite large linear equation in each iteration of Table 6.5. Our optimiza-
tion problem, for instance, handles 1994 unknowns. Hence, a stochastic Gauss-Newton step
needs more computation time than a stochastic gradients step. For instance, 300 stochastic
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Figure 6.6: Boxplots of the stochastic Gauss-Newton (left) and the stochastic gradient algorithm (right) for
the non-rigid registration problem described in Fig. 6.5. In the first row, we tackle the problem as monomodal
registration and take m = 400 image evaluations per iteration. Both algorithms are used to minimize the
SSD-measure, which is equipped with an additional penalty term. In the second row, we tackle the problem as
a multimodal registration task and take m = 1000 image evaluations per iteration. The Gauss-Newton method
(left) is used to minimize the δ-distance and the gradient algorithm (right) minimizes the MI-distance. In all
four cases, we stop the algorithm after 50, 100, 150, 200 and 300 steps, calculate the gray-values difference
and repeat this procedure 50 times. Each boxplot is built from these 50 repetitions.

Gauss-Newton iterations take 263 sec on MATLAB R2010b running on a PC with Intel Core
2 processor (3,0 GHz, 6 MB). We use the bicgstabl-command in MATLAB to solve the sys-
tem of linear equation in Step 4 (which is an implementation of a Krylov subspace method).
Comparatively, the stochastic gradient method needs only 123 sec. But even if we take this
delay into account, the stochastic Gauss-Newton method still shows the faster convergence
behavior.
In a direct comparison of the multimodal experiments, we observe a faster speed of conver-
gence in the case of the Gauss-Newton method. However, the stochastic gradient algorithm
has less outliers and gives better results in the first few iteration than the other method. In
contrast to the first experiment, the difference of both methods in the computation time per
iteration is nearly negligible: the stochastic Gauss-Newton 300 iterations take 373 sec whereas
391 sec are needed in the stochastic gradient case. Hence, once more we get a net profit in
time, if we switch from the stochastic gradient to the stochastic Gauss-Newton method.



Appendix A

The Quasi-Monte Carlo Method

In Section 5.1.1 the problem of how to evaluate the higher-dimensional integral in the cost
function (5.2) appeared. We solved this problem with the QMC-Newton algorithm by eval-
uating the integrand in a couple of sampling-points given by the so-called Halton-sequence.
This yielded a good approximation to the cost function. In this section, we provide a short
insight into the underlying theory.
Let f be a real-valued function, defined on a d-dimensional domain Q. For the sake of
simplicity, we set Q = [0, 1]d. We consider the task of the numerical integration of f over Q.
A general approach for solving this problem has the form

∫

[0,1]d
f(x)dx ≈ 1

N

N∑

i=1

aif(xi), (A.1)

for appropriate ai ∈ R and xi ∈ Rn. In the case of d = 1, the Simpson rule, for instance, uses
a = 1

3(1 4 2 4 2 . . . 4 1) and an equidistant distribution for the sample-points xi = i/N . This
yields an approximation error of order O(N−4). It is also possible to extend the method to
higher dimensions d > 1, creating a so called product rule (cf.[111]). Here, the sample-points
xi form a Cartesian grid in [0, 1]d and the approximation error has the order O(N−4/d). Thus,
if we increase the dimension d in our abstract numerical integration problem, N has to grow
exponentially, if the approximation error is not to explode. This phenomenon is mentioned in
literature as the curse of dimensionality. Of course, there are also other methods in literature
for the numerical integration in one dimension, like the Gauss rule. Nevertheless, the same
phenomenon appears when we extend this method to higher dimensions.
One way to avoid this curse of dimensionality is to use the Monte Carlo method for the
approximation (A.1). Here, the sample-points xi are independent and identical distributed
random vectors in [0, 1]d and ai = 1 for i = 1, . . . , N . The resulting approximation error is
of order O(N−1/2). In particular, the order is independent of the dimension d, which is a
crucial property of high dimensional integration. However, there is yet a better way of solving
the problem. There are a couple of deterministic sequences {xi}Ni=1 ⊂ [0, 1]d in the literature

where the approximation error has the order O( (log N)d

N ). One example of such a sequence
is given by Halton [100]. Other sequences are known from Sobol, Faure and Niederreiter;
cf. [101]. Such deterministic sequences {xi}Ni=1 with ai = 1 for i = 1, . . . , N in (A.1) are
sometimes referred to the so-called Quasi-Monte Carlo methods.
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Example: Halton-sequence
Let p ∈ N. Then we can express any other integer n a basis in p as follows:

n =

m∑

j=0

ai,np
j, with ai,n ∈ {0, 1, . . . , p− 1} ,

where m = ⌊logp n⌋. Therefore, we get a fraction Φp(n) ∈ [0, 1] if we reveres the digits in n:

Φp(n) :=

m∑

j=0

ai,n
1

pj+1
,

which is known as the van der Corput sequence. The Halton-sequence in d dimensions is then
given by

xi = (Φp1(i), . . . ,Φpd
(i))⊤ ,

where p1, . . . , pk are prime to each other.

We do not want to give the impression that the integration with the Halton-sequence yields,
without exception, better results than the Monte-Carlo method. Even though the approxi-
mation error of the Halton-sequence is asymptotically better than the one of the Monte Carlo
method, it can take quite many sample points to reach this advantage. In the literature it
is suggested to use the Quasi Monte-Carlo methods only for moderate dimensions d ≤ 15
(see e.g. [111]). However, Traub and Paskov compared in [112] numerically (but without
analysis of the convergence) Quasi-Monte Carlo methods with Monte Carlo methods for a
mathematical finance problem. In this specific case, the Quasi-Monte Carlo method showed
a faster convergence throughout, even for an integration in 360 dimensions.
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[44] D. Breitenreicher and C. Schnörr. Model-based multiple rigid object detection and
registration in unstructured range data. Int. J. Comp. Vision, 92:32–52, 2011.
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