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Abstract

In this thesis I present results concerning realistic calculations of correlated fermionic
many-body systems. One of the main objectives of this work was the implementation
of a hybridization expansion continuous-time quantum Monte Carlo (CT-HYB) algo-
rithm and of a flexible self-consistency loop based on the dynamical mean-field theory
(DMFT). DMFT enables us to treat strongly correlated electron systems numerically.
After the implementation and extensive testing of the program we investigated different
problems to answer open questions concerning correlated systems and their numerical
treatment.
In Chapter 1 I will introduce the Anderson impurity model and different solvers for it,
with more focus on the specific one which I implemented. The implementation of the
solver is based on the Krylov algorithm which is highly efficient for solving the Anderson
impurity model for many correlated orbitals at low temperatures. At the end of chap-
ter 1 I will present some benchmark results.
In Chapter 2 I will introduce the density-functional theory and the dynamical mean-field
theory. I will then come to the first methodological problem in the context of the treat-
ment of strongly correlated systems. This concerns the downfolding of the Hamiltonian
which is needed to obtain low-energy problems that can be treated numerically in the
dynamical mean-field theory. I will first briefly introduce different methods and then
present two studies on the effect of the basis set in DMFT. Another still open problem
is the question how the splitting up between the correlated and uncorrelated electrons
has to be calculated if the input of the electronic bands is coming from first principle
calculations. In this work a scheme to treat such a splitting up by a self-consistently
determined Hartree interaction is studied. In the end of the chapter I will show results
for two extensions to the DMFT which allow the treatment of more complex structures.
The second class of problems I worked on, which I am going to present in Chapter 3,
are the different types of local interactions. Since the only recently introduced CT-HYB
is able to treat very general interactions the question arises which interaction to use for
certain problems. This is an especially crucial point since certain (approximations of)
interactions enable us to optimize the runtime of simulations. For one such approxi-
mation we found a new set of quantum numbers and studied a system of up to seven
orbitals which undergoes the orbital selective Mott transition with it. This set of quan-
tum numbers was also successfully used for a study on SrCoO3 in which the spin ground
state of the Co atom was investigated. For general interactions a numerical algorithm
is described which enables us to find the minimal basis for the CT-HYB and thus the
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Abstract

maximal speedup for calculations without approximations. Finally I will present a study
of the different types of local interactions which are currently used for studying strongly
correlated electron systems using Tanabe-Sugano diagrams.
In Appendix A I will give a general overview of the implementation and an explanation
of the parameters which serve as an input for the program.
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Zusammenfassung

Die vorliegende Dissertation beschäftigt sich mit der numerischen Berechnung von re-
alistischen stark korrelierten fermionischen Vielteilchensystemen. Die Hauptzielsetzung
dieser Arbeit war die Implementierung und das Testen einer zeitkontinuum Quanten
Monte Carlo Methode in der Hybridisierungsentwicklung und einer flexiblen selbstkonsis-
tenten Schleife basierend auf der dynamischen Molekularfeldtheorie die es uns ermöglicht
solch stark korrelierte Systeme zu berechnen. Nach der Implementierung wurde das
Programm ausführlich getest und es wurden Studien an unterschiedlichen Problemen
durchgeführt.
In Kapitel 1 werde ich das Anderson Störstellen-Problem und verschiedene Lösungsansätze
für dieses Problem vorstellen. Besonderes Augenmerk werde ich auf den speziellen
Lösungsansatz legen den ich implementiert habe. Am Ende des Kapitels werde ich
Benchmark-Ergebnisse präsentieren.
In Kapitel 2 werde ich die Dichte-Funktional-Theorie und die dynamische Molekularfeld-
Theorie vorstellen. Danach komme ich zu den ersten methodischen Problemen im
Zusammenhang mit der Behandlung von stark korrelierten Systemen. Dies betrifft das
so genannte downfolding des Hamilton Operators das benötigt wird um niedrig En-
ergie Hamilton Operatoren zu erhalten welche numerisch im Rahmen der dynamischen
Molekularfeldtheorie behandelt werden können. Ich werde zuerst die Methodik erläutern
und danach zwei Studien präsentieren, die mit dem Programm gemacht wurden, über die
Auswirkungen eines vergrößerten Basissatzes auf Modellrechnungen. Eine weitere noch
offene Frage, die bei der realistischen Berechnung von Fesktörpern auftritt, ist wie die
Aufspaltung zwischen korrelierten und unkorrelierten Bändern berechnet werden muss
wenn die Bandstruktur ab-initio berechnet wurde. In dieser Arbeit wird ein Schema
angewandt welches physikalisch durch die Hartree Wechselwirkung motiviert ist. Im
Rahmen einer Studie werde ich Ergebnisse präsentieren die mit diesem Schema berech-
net wurden.
In Kapitel 3 beschäfitge ich mich mit lokalen Wechselwirkungen. Da die erst vor kurzem
vorgestellte zeitkontinuum Quanten Monte Carlo Methode in der hybridisierungs En-
twicklung in der Lage ist allgemeine lokale Wechselwirkungen zu behandeln stellt sich
die Frage welche lokale Wechselwirkung für welche Probleme verwendet werden muss.
Dies ist besonders deswegen wichtig weil die Laufzeit des Programms stark von der
gewählten Wechselwirkung abhängt. Für eine spezielle Wechselwirkung konnte im Laufe
dieser Arbeit ein neuer Satz von Quantenzahlen gefunden werden die diese Wechsel-
wirkung speziell für Rechnungen mit vielen Orbitalen erheblich billiger macht. Dies

v



Zusammenfassung

wurde auch für die Studie von SrCoO3 verwendet die im Anschlußpräsentiert wird. Für
allgemeine Wechselwirkungen werde ich einen Algorithmus vorstellen der die Wechsel-
wirkung auf eine minimale Form bringt und somit Rechnungen so billig wie möglich
macht. Schließlich werde die verschiedenen Wechselwirkungen die zur Zeit zum Einsatz
kommen mit Hilfe der Tanabe Sugano Diagramme diskutieren. Im Anhang A gebe ich
allgemeine Erläuterungen über die Implementationsdetails und einen Überblick über die
meist verwendeten Parameter des Programms.
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Introduction

Since the dawn of mankind the fortune of civilizations is deeply connected with their
ability to form and manipulate solids to their liking. This is reflected in the classification
of cultural ages by stone age, bronze age or iron age. The current time period might well
be labeled the silicon age [1, 2] or the plastic age [3]. This age is also responsible for a
paradigm shift in the treatment of materials. The advances in experimental techniques
and theoretical descriptions allowed us to understand the “inner workings” of solids and
thus enabled us to describe and create novel materials. These novel materials do not only
have properties like hard or flexible, but are responding to changes in their environment
which makes a categorization of these materials as smart or functional reasonable. Also
completely new states of matter were found in the last century with the most prominent
being the superconducting state, which allows electrons to travel through a material
without resistance. The high-temperature superconductivity is currently considered the
holy grail of solid-state physics. For a description of these phenomena and properties
of solids a treatment of the electrons is often sufficient. In recent years a new class of
materials has been in the spot light of the solid state community due to their interesting
properties. These materials show a large internal reaction to small external perturbations
and are thus the ideal candidates for functional materials. From a theoretical point of
view these materials pose a new challenge since they are not treatable by the standard
single-particle approximation, which describes particles as products of each individual
particle influenced by a mean cloud consisting of the rest of the system, but rather by a
description of all particles. Mathematically this can be formulated as the inequality of
a product of physical observables, O1 for particle one and O2 for particle two, and the
observable of the product

〈O1〉 〈O2〉 6= 〈O1O2〉 .

The above formula is expressing that two quantities are correlated and hence these
materials are called (strongly) correlated systems or, if we specify the particles to be
electrons, (strongly) correlated electron systems.
In condensed matter physics we in principle know how the constituents in a solid affected
by all other constituents behave exactly. Actually the equation which describes the
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Introduction

constituents in a solid, if relativistic effects can be neglected, is written down easily

H =
∑

il

−e2
4πǫ0

Zl

|~ri − ~Rl|
+

∑

i

−~
2∆i

2me
+

1

2

∑

i 6=j

e2

4πǫ0

1

|~ri − ~rj |
+

∑

l

−~
2∆l

2Ml
+

1

2

∑

l 6=m

e2

4πǫ0

ZlZm

|~Rl − ~Rm|

where ~ri and ~Rl denote the position of electron i and ion l with charge −e and Zle
respectively. ∆i is the Laplace operator, me and Ml is the mass of electrons and nuclei
respectively, ǫ0 is the vacuum dielectric constant and ~ is the reduced Planck constant.
It is however, due to the sheer number of particles involved in a macroscopic material,
impossible to solve. To make the problem more tractable the description has to be ap-
proximated and this is the crucial step in theoretical solid state physics. We want to
keep the features necessary to describe the physics we are interested in and dispose of
the rest. One can even go one step further: We already know that that a full descrip-
tion of the system would yield the result of the experiment and thus a solution of the
full Hamiltonian would not tell us anything about the underlying principles. A model,
on the other hand, in which we can easily tune the parameters, and that describes the
system sufficiently leads to the understanding of physics in the system.
The first approximation one typically performs is the Born-Oppenheimer approximation
[4] which decouples the electrons from the dynamics of the lattice. What we are left with
to solve is an equation depending on a large number of electrons and a solution can only
be found for a very small number of them. If we assume that the electrons are not cor-
related, or that the correlation can be expressed as a mean-field, the equation factorizes
into a product of equations and the effort grows linearly with the number electrons one
wants to treat. The effort can be further reduced by using symmetries and one finally
ends up with a description which is numerically tractable. For correlated systems the
factorization is not possible anymore and the numerical effort grows exponentially with
the number of electrons, for this the name exponential wall was coined [5]. This led
to the development of new approximations and numerical techniques which allow us to
treat correlated systems to understand some of the processes which are responsible for
the physical properties.
This work is dedicated to implement, improve and investigate the applicability of such
a method. As a first step to achieve this goal we implemented a numerical method to
treat correlated systems and improved its usability for multi-orbital systems by code
optimization. We then used this implementation for investigations on different open
questions regarding the method. I am going to present these investigations in this work.
The implementation was also used by us for studying a realistic system which I am also
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Introduction

going to present. During these studies we developed novel techniques which enlarge the
space of tractable problems and I am also going to discuss them in this work.
The thesis is divided into three parts:
In Chapter 1 I will first introduce the Anderson impurity model (AIM) describing an
impurity with an on-site interaction coupling to a bath of non-interacting electrons. This
model, although it is quite simple, is not solvable analytically and there are many differ-
ent methods available to solve it numerically. I will give an overview of these methods
and then in detail discuss the one which was also implemented during the course of this
work. The chosen method is especially useful for impurities with a lot of orbitals and
can treat arbitrary local interactions. A great effort was put into speeding up the im-
plementation for systems with many interacting orbitals. I will also give a description of
the Monte Carlo method which is used by the solver. After the introduction of different
algorithms which can be used for the implementation of the solver the measurement of
quantities is discussed and finally some benchmark results of our newly implemented
solver are presented.
In Chapter 2 I will focus more on infinite lattice problems and I will introduce the merger
of two methods, the density functional theory in its local density approximation and the
dynamical mean-field theory, called LDA+DMFT. In the following sections I will de-
scribe the two methods and also explain the techniques necessary to combine the two.
One is the calculation of the double counting correction which is still an open problem
and I will briefly introduce several proposed double counting corrections. The second
technique which enables us to obtain a low-energy description of the electrons in the
single particle approximation suitable as an input for further calculations also still poses
some problems. It is e.g. not clear if the low-energy Hamiltonian should contain only
the correlated electrons or also uncorrelated electrons. One would in principle expect
that the description of the system becomes better when more orbitals are included. In a
study conducted for two models, one with correlated d-electrons only and the other one
with additional uncorrelated p-electrons, which I am going to present, we showed that
the Fermi surface has a different shape for the two models and it also shows different
behavior when the crystal-field between the two d-electrons is changed. After this I
will present another study we conducted for a simple model with varying hybdridization
strengths. In this study we were more concerned about the effects of the inclusion of
uncorrelated orbitals on other quantities i.e. the spin susceptibility and the expansion
order of the solver. After that I will review the maximum entropy method (MEM), for
performing the numerical analytical continuation to the real axis. Then I will introduce
an extension of the DMFT which consists of the inclusion of a Hartree-type interaction,
in the p-manifold and between the d- and p-electrons, for which I will also present a study
for which we use the analytical continuation discussed before. Finally I will present two
further extensions to the DMFT which were implemented into the program. The first
extension is the “layer”-DMFT which allows us to treat heterostructures and the second
extension, the nano-DΓA, enables us to deal with complex structures in real space.
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In Chapter 3 I will first introduce the Coulomb interaction for the free atom and its
interaction matrix U . This interaction matrix is then transformed into cubic harmon-
ics, the eigenbasis of the octahedral crystal-field operator, which I am going to use as a
starting point for introducing other approximations. The first approximation is the until
recently most often used density-density approximation which only takes density-density
interactions of the correlated electrons into account. In the next section I will introduce
an SU(2)-symmetric interaction, often called Kanamori interaction. For this interaction
a special set of quantum numbers was found by us which is accelerating the numerical
solution of the Anderson impurity model of up to a factor of O(100) depending on the
number of orbitals compared to the typically used conserved quantities. Using this set
of quantum numbers we studied the orbital selective Mott transition in a system with
up to seven orbitals with the Kanamori interaction. After that I will discuss a study we
conducted which examines the spin state of SrCoO3. Then I will introduce an algorithm
using the experience we have obtained from the study of the Kanamori interaction that
is able to generate a minimal structure of any local Hamiltonian, thus resulting in the
minimal numerical effort possible for general interactions without approximations. Fi-
nally I will discuss the atomic energy level of the different approximations of the local
interaction introduced in this chapter using Tanabe-Sugano diagrams.
In Appendix A I will give an introduction to the program, which we called w2dynamics.
I will motivate the two building blocks of the program, which consists of a block con-
taining the self-consistency written in Python and another block for the solver of the
AIM. Then I will give some explanatory notes on these blocks and finally I will present
a list of all the parameters which can be used in the program and explain them.
During this thesis I will give useful information, which are highlighted by a blue back-
ground, for users and developers of w2dynamics. I am going to use natural units in this
work and if somebody is not familiar with the Greens function formalism I recommend
to read [6] or another good book on this subject.
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1. The Anderson Impurity Model

In this chapter I will first introduce the Anderson Impurity Model (AIM), then, in
Section 1.1, I will briefly discuss some methods standardly used to solve the AIM model
numerically. After that, in Section 1.2, I will give a short theoretical introduction to
Monte Carlo algorithms which we are going to need in the next Section 1.3. There
I will introduce the Continuous Time Hybridization Expansion Quantum Monte Carlo
algorithm (CT-HYB), whose implementation was a major part of this thesis. In the final
Section 1.4 I will show how one can measure observables and other important quantities
in CT-HYB simulations.

Introduction

In the 30s of the last century experimentalists started to study pure metallic systems
with a few impurities added. In such doped systems, e.g. Cu with an addition of a
magnetic impurity of the order of 10−5 per unit volume, the conductivity reaches a
minimum at a certain temperature and then increases as − lnT when the temperature
is further decreased. To find a theoretical description for such a behaviour in the 1940s
and 1950s models with an exchange interaction were proposed which consist of a local
spin around the impurity

~s =
∑

kk′σσ′

c†kσ~σσσ′ck′σ′

where ~σ are the Pauli matrices and c(†) the (creation) annihilation operators of the free
electrons. The Hamiltonian describing the impurity in the host material, which is known
as the Kondo Hamiltonian is then given by

HKondo =
∑

kσ

ǫknkσ + J ~S · ~s

where ǫk is the dispersion relation of the free electrons, S is the local atomic spin, as
Anderson noted, given by God [9] which is connected by the empirical exchange integral
J . In 1964 Kondo [8] was able to show that the −lnT behaviour of the conductance
appears in second order perturbation theory of the Kondo model, thus solving this long-
standing mystery. The increase of the resistivity is due to the scattering of conductance
electrons on the local impurity. This scattering processes lead to the formation of a
Kondo cloud consisting of the conductance electrons screening the magnetic moment of
the impurity. The peak in the spectrum of the system due to this resonance is called
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1. The Anderson Impurity Model

Figure 1.1.: The Anderson Impurity Model is depicted above. The green arrows denote
the hopping with an amplitude of Vk to and from the impurity into the
bath. The bath is visualized by the blue circle consisting of electrons with a
dispersion relation of ǫk. The impurity, the red circle, has the discrete atomic
energy levels 0 if it is empty, U + 2Ed if 2 electrons are on the impurity and
Ed when it is singly occupied with a spin degeneracy of 2, which is needed
to form the singlet.

the Kondo peak. This explanation could, however, not answer the question of why such
local moments form.
In 1961 the AIM was proposed by P. W. Anderson [7] which extends the Kondo model
to identify the source of the local moment. In the model he replaced the local magnetic
spin by an impurity with an on-site interaction and a bath coupled to it. In its simplest
one band form the AIM Hamiltonian is given by

HAIM =
∑

kσ

ǫknkσ + Und↑nd↓ + Ed(nd↑ + nd↓) +
∑

kσ

Vk(d†σckσ + cc). (1.1)

In this Hamiltonian one can still identify the atomic Hamiltonian which is described by
the on-site energy Ed of each electron and the Coulomb repulsion U if both orbitals of
the atom are occupied. Then we have the term of the free electron with the dispersion
relation ǫk in the lead. Finally, the term which makes this model interesting and im-
possible to solve analytically, is the hybridization term Vk which describes the hopping
amplitude to and from the atom into or out of the lead. The d(†) and c(†) are the (cre-
ation)/annihilation operators on the atom and in the lead respectively. For an in-depth
discussion of the AIM and its interesting physics I refer the interested reader to [11].
From a pictorial perspective one can think of the AIM as an atom in a bath of electrons
as depicted in Figure 1.1. These electrons can hop onto the atom, the hopping process is
however suppressed if the orbital of the opposing spin direction is already occupied since
the electron is repelled by the other electron. Due to the Pauli-principle the motion is
completely suppressed if the equal spin direction is occupied.
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Figure 1.2.: The spectra of the AIM at half-filling in different states. On the left side
of the figure the non-interacting density of states is sketched. When one
turns on U one obtains the famous three peak structure of the AIM. In
the middle the Kondo resonance of the conduction electrons with the local
impurity forms. Left and right of it with a distance of |U/2| the satellite
peaks are building up. When the hybridization function ∆ at the Fermi
energy vanishes the resonance disappears and one recovers atomic physics.

The new physics included in the AIM is that one not only models the resonance peak
typically seen in the Kondo model but one also understands the underlying physics of
the formation of the central peak seen in Figure 1.2. As discussed in detail in [10] the
central peak forms due to the resonance of the local atomic state with the conduction
electrons. The central peak gets separated from the satellites if the local interaction U
is greater than the critical value of π∆, where ∆ is the width of the resonance which can
be calculated by Fermi’s Golden rule. This application of the AIM to describe dilute
atoms in a host material or the application to adatoms on surfaces is still an ongoing
research topic as e.g. the study in [12, 13].
Another very interesting application of the AIM are the studies of so called quantum

dots, small electric pools realized in doped semi-conductors. The spatial expansion of
the quantum dot is so small that quantum effects cannot be neglected and quantized
energy levels form. The individual energy levels are only separated by a few m-electron
volts, opposed to electron volts in atoms. The quantum dot is connected to two leads
and if one measures the differential conductance of such a quantum dot a periodicity of
the conductance is observed as a function of the gate voltage. This phenomenon is called
Coulomb blockade and can be explained by the AIM. If the dot is at integer filling the
U blocks the addition of another electron and thus the system is insulating. If, however,

7



1. The Anderson Impurity Model

the energy to add another electron is degenerate with the Fermi energy of the lead the
system is conducting [202].
Yet another reason why solvers for the AIM are important is their application in the
context of the dynamical mean-field theory (DMFT), for solving a model of interacting
fermions on an infinite lattice, which I am going to discuss in 2.2. With the DMFT a
self-consistency cycle can be formulated which makes the solution of lattice problems
including local electronic correlations possible. In one step of the self-consistency cycle
the lattice problem, which we want to solve, is mapped onto an auxiliary AIM. The
solution of the AIM is numerically the most demanding part of this method and thus
the performance and the accuracy of the solver is very important for the final result. In
the next section I will give a brief overview of available solvers for the AIM.

1.1. Solving the Anderson Impurity Model

Although the Anderson Impurity Model (AIM) Equation (1.1), which was introduced in
the beginning of this chapter, looks very simple no analytical solution for it is known. The
interest in the AIM has led to a whole zoo of different semi-analytical and fully numerical
approaches of which I am going to give an overview in this section. I am also going to
mention the advantages and disadvantages of the different solvers, so that one can choose
the solver which captures the physics one is interested in. In the following discussions
we are going to drop all spin and band indices to not clutter up the formulas. Since most
solvers are based on diagrammatic techniques they involve approximations or numerically
exact solutions of the self-energy. The local interacting one-particle propagator is given
by the Greens function of the AIM:

GAIM (ω) =
1

ω+ − Σ(ω) −∑k
VkV

∗
k

ω+−ǫk

, (1.2)

where ω+ = ω + i0+ which is needed for obtaining the retarded Greens function.

Hubbard I

In the Hubbard I approximation, which dates back to the paper of Hubbard in 1963 [14],
we approximate the self-energy by one expression in the atomic limit. The approximation
can be derived from the equation-of-motions approach to Greens functions, which is
lengthy, but can be quite easily understood from a physical point of view [134].
If we write the Greens function for the atomic limit we obtain

Gatom(ω) =
n−σ

ω+ − (U − µ)
+

1 − n−σ

ω+ + µ
+

≡ 1

ω+ + µ− Σatomσ(ω+)
(1.3)

8



1.1. Solving the Anderson Impurity Model

from which we can calculate the self-energy which is given by

Σatom(ω) = Un−σ + U2 n−σ(1 − n−σ)

ω+ + µ− U(1 − n−σ)
.

In the equation above n−σ is the density of the electrons of one spin-direction on the
impurity. Since the self-energy in this limit is a real quantity, this approximation cannot
deal with finite life time effects. Hubbard I is exact in the atomic limit and in the
non-interacting limit. This can be easily understood if we look at the Greens function
Equation (1.2) and realize that the two limits are ǫk → 0, the atomic limit, and Σatom →
0, the non-interacting limit. Also arbitrary interactions can be used in Hubbard I without
any further approximations. One problem is the spurious singularity in the self-energy
at ω = −µ + U(1 − n−σ) without a physical origin. This can be cured by using two
self-energies for the two Hubbard bands which also fixes the electron-hole asymmetry of
the Hubbard I description, see [134].

Iterated Perturbation Theory

In Iterated Perturbation Theory (IPT), which was one of the first solvers used for cal-
culating the self-consistent Dynamical Mean Field Theory (DMFT) equations, one ap-
proximates the self-energy by [18]:

Σipt(ω) ∼ U
n

2
+ U2

∫ β

0
dteiωtG0(t)3,

which is the self-energy in second order perturbation theory in the interaction U . In the
above formula the first term yields the correct Hartree self-energy in the high frequency
limit and the second term is given by the following Feynman diagram:

U

This approximation is correct in the non-interacting limit, but it also reproduces the
atomic-limit expression for Σipt in the large U limit. It qualitatively captures the right
spectral properties of the satellite peaks and the Kondo resonance for single-band systems
at half-filling, but the results are quantitatively wrong and the method could not be
successfully extended to arbitrary number of bands and fillings. On can in principle also
use the interacting Greens function in the IPT which, however, does not yield reasonable
results [137].

9



1. The Anderson Impurity Model

Non-Crossing Approximation

The Non-Crossing Approximation (NCA) [19] is a diagrammatic technique which ap-
proximates the self-energy by a sum of all non-crossing self-energy diagrams. This is
done by iteratively solving the following two coupled Feynman diagrams [11]:

Σ0(z) = Σ1,m′

k,m′

m′

Σ1,m(z) = Σ0

k,m

where k,m denotes a conduction electron and m denotes an electron on the impurity.
The equations for the self-energy are then given by

Σ0(z) =
N∆

π

∫ D

−D
dε

f(ε)

z − E1,m + ε− Σ1,m(z + ε)

Σ1,m(z) =
∆

π

∫ D

−D
dε

(1 − f(ε))

z − E0 − ε− Σ0(z − ε)

for a flat band of width 2D, with ∆ the width of the resonance, f(ε) the Fermi distri-
bution function and N the degeneracy of spin state on the impurity. The deficits of the
NCA [22] are that for finite U the Kondo temperature is too small since the hopping
processes to empty and doubly occupied states are not treated symmetrically. The NCA
was compared to results for the Kondo problem and it was found that the results are
reliable as long as the frequencies are ω/TK > 0.1 and T/Tk > 0.1, where Tk is the
Kondo temperature [134].

Slave Boson

Slave boson is the name for a whole family of conceptually similar approaches to solving
model Hamiltonians. The slave bosons are introduced by enlarging the Hilbert space of,
e.g., the Hubbard model by bosonic operators e.g.:

d̂ : double occupancy

ŝσ : single occupancy of spinσ

ê : empty site or hole.

10



1.1. Solving the Anderson Impurity Model

To recover the physical space of the original Hamiltonian we have to impose the following
local constraints

n̂e + n̂s↑ + n̂s↓ + n̂d = 1,

n̂sσ + n̂d = n̂σ (1.4)

where the first equation enforces that a correlated site is in one of the four physically
possible states and the second equation states that the presence of an electron implies
either a single or double occupancy. By introducing the bosonic operators we can rewrite
the interaction part of the Hamiltonian as a bosonic occupation number operator while
the part of the kinetic energy becomes more complicated.
The constraints are typically replaced by their time- (and space-) independent expecta-
tion values which leads to an uncontrolled approximation. Another disadvantage of the
slave boson approach are the problems which arise due to the enlarged Hilbert space
[134].

Exact Diagonalization

The Exact Diagonalization [15] (ED) method is probably the most straightforward ap-
proach to numerically solving the AIM. The idea is to simply write the AIM as a finite
Hamiltonian which of course makes it necessary to discretize the bath levels. Since only
a finite, and typically small number, of bath sites can be treated numerically a discretiza-
tion error is introduced. In the simplest form, an impurity with one state hybridizing
with one bath site, leads to a Hamiltonian of the form

(

Ed −Vk
−V ∗

k εk

)

(1.5)

The matrix size grows exponentially with the number of impurity sites and bath sites
which limits this method to ≈ O(20) impurity/bath-sites. The band discretization is
most often done by a least square fit in Matsubara frequencies to avoid the discontinuities
of the bath on the real axis. This method is otherwise exact and is for this reason ideal
for benchmarking purposes. Another advantage of the method is the possibility to
treat every local interaction and bath, e.g. complex bath wave functions for spin-orbit
calculations, without problems.

Lanczos

The Lanczos method was first introduced in 1950 [17] and was “rediscovered” in the
fields of numerics since it has advantageous properties for a numerical method. It is
iterative, so every step brings us closer to the real solution compared to exact methods
which need to be fully calculated to obtain meaningful results. It is optimal for finding

11



1. The Anderson Impurity Model

extremal eigenvalues, which are the eigenvalues one is typically interested in. Another
advantage of the Lanczos method is that it can work with sparse matrices which allows
us to treat system sizes which are prohibitively large when full matrices are used. Similar
to the ED the bath needs to be approximated.
Since we are going to need the Lanczos method in 1.3.1 for the time evolution I am
going to give a short introduction to it based on [40]. The starting point of the Lanczos
method is to create a vector which has an overlap with the ground state, if one wishes
to find the ground state energy. Typically a random, normalized vector is created |v0〉.
Then a vector is created which is orthogonal to this vector, which lies in the direction
of the steepest descent H |v0〉

b1 |v1〉 = |ṽ1〉 = H |v0〉 − a0 |v0〉 (1.6)

where a0 = 〈v0|H |v0〉 and b1 =
√

〈ṽ1| ṽ1〉. In the following step again a vector, orthog-
onal to the previous vectors with the additional property of following the gradient is
generated

b2 |v2〉 = |ṽ2〉 = H |v1〉 −
1
∑

i=0

|vi〉 〈vi|H |v1〉 (1.7)

= H |v1〉 − a1 |v1〉 − b1v0 (1.8)

where b2 and a1 are calculated as above with the corresponding indices. The next step

b3 |v3〉 = |ṽ2〉 = H |v2〉 −
2
∑

i=0

|vi〉 〈vi|H |v2〉 (1.9)

= H |v2〉 − a2 |v2〉 − b2v1 (1.10)

looks as the one before with incremented indices since 〈v2|H |v0〉 = 0 by construction.
We can therefore write down the formula for all basis vectors in the following way

bn+1 |vn+1〉 = |ṽn+1〉 = H |vn〉 −
n
∑

i=0

|vi〉 〈vi|H |vn〉 (1.11)

= H |vn〉 − an |vn〉 − bnvn−1. (1.12)

If we rearrange the above equation we notice that we arrive at a tridiagonal matrix
whose eigenvalues are the wanted eigenvalues of the hermitian matrix H.

H |vn〉 = bn |vn−1〉 + an |vn〉 + bn+1 |vn+1〉 (1.13)

12



1.1. Solving the Anderson Impurity Model

With this recursion algorithm we build up the L-steps dimensional Krylov space of H
over |v0〉 denoted by KL(|v0〉). The Hamiltonian written in Krylov space is given by

HKL(|v0〉) =























a0 b1 0 0 · · · 0 0
b1 a1 b2 0 · · · 0 0
0 b2 a2 b3 · · · 0 0
0 0 b3 a3 · · · 0 0
...

...
...

...
. . .

...
...

0 0 0 0 · · · aL−1 bL
0 0 0 0 · · · bL aL























(1.14)

To obtain the eigenvalues we still have to diagonalize the tridiagonal matrix which is
numerically very efficient. This method will later be used for a numerically cheap time-
evolution in Section 1.3.1. The Lanczos method is also used for ED calculations at
T = 0K since the most relevant contribution comes from the ground state and an
approximate treatment of the excited states is sufficient.

Numerical Renormalization Group

This technique introduced by Wilson [23] makes use of the following steps. In the first
step the bath is discretized into logarithmically growing intervals and then each interval
is reduced to one state. The whole problem is then mapped onto a semi infinite chain
with the impurity placed at the beginning, which can be physically interpreted as a
sequence of shells centered around the impurity. The first interval would then be the
shell with the wavefunction which has its maximum closest to the impurity [11]. One
then starts by diagonalizing the impurity and iteratively adding more bath sites, which
would let the matrices grow exponentially as more and more bath sites are added. In
this step the renormalization group part of the name comes in. By only keeping the
lowest energy many body states at each step the matrix size is kept fixed which is a
plausible since the hopping falls off exponentially due to the logarithmic spacing. The
down side of the NRG method is that it is only able to treat AIMs up to two orbitals
and that it is more accurate at low frequencies than at high frequencies, which is due to
the logarithmic discretization.

Density Matrix Renormalization Group

The density matrix renormalization group has its origin in 1992 when White and Noack
[135] tried to apply the real-space renormalization group (RSRG) to quantum many
body problems and failed to obtain reasonable results for low energy properties. They
realized that the reason why the RSRG fails for the toy model of a particle in a box
is that when one adds a box to the first box the lowest lying state of the two joint
boxes is not composed of the wavefunctions of the two separate boxes. This can be

13



1. The Anderson Impurity Model

easily understood from the knowledge that each wavefunction for the box has a node
at the border of the boxes but the wavefunction corresponding to the lowest energy of
the joint boxes should have its maximum there. To overcome this the density matrix
renormalization group (DMRG) works with a superblock which consists of a block for
the system and a block mimicking the environment.
Similar as above one can also apply this method on the AIM as e.g. in [24] by representing
the AIM as a linear chain

HAIM = Und↑nd↓+Ed(nd↑+nd↓)+V
∑

σ

(d†σc0σ+H.c.)+

∞
∑

n=0σ

γn(c†nσcn+1σ+H.c.) (1.15)

where again the correlation is only on the head of the chain with operators d. The main
advantage of the DMRG is that, in contrast to the NRG, the DMRG yields reasonable
results at all frequencies.

Hirsch-Fye Quantum Monte Carlo

The Hirsch-Fye Quantum Monte Carlo (QMC) was formulated by Hirsch and Fye in
1986 [26] and was one of the first QMCs available to treat the AIM. Similar to all the
other QMC solvers for the AIM also the Hirsch-Fye QMC works in imaginary time τ and
is therefore a finite temperature method. The algorithm consists of the following steps:
(i) The imaginary time τ is discretized in λ slices of length ∆τ . (ii) The kinetic energy
and the local interaction are separated via a Trotter [27, 28] decoupling which gives rise
to a systematic error of O(∆τ2). (iii) The discrete Hubbard-Stratonovich [29] transfor-
mation is employed to decouple the electron-electron interaction and it is replaced by
an interaction of the electrons to an auxiliary binary field. (iv) Monte-Carlo importance
sampling is performed over the auxiliary fields to sample the Greens function.
One of the major shortcomings of the Hirsch-Fye method is its systematic error in ∆τ
which can be overcome by extrapolating the right values from calculations with different
discretizations [136]. Another downside is the need of more time slices when going to
lower temperatures which leads to a lower boundary of the reachable temperatures (typ-
ically room temperature can be reached with Hirsch-Fye). Also the restriction of the
classical Hirsch-Fye to density-density type interactions is a major shortcoming. Differ-
ent Hubbard-Stratonovich transformations, and therefore new auxiliary fields, allow for
inclusion of other interaction terms, see e.g. [30], which we are going to discuss in 3, but
this has to be done for each interaction separately.

Continuous-Time Quantum Monte Carlo

Since the Hirsch-Fye has some methodological shortcomings new numerical exact algo-
rithms for solving the AIM where sought after. A way to circumvent the problems of
the Hirsch-Fye is to drop the time discretization altogether and sample the terms in a
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1.2. Monte Carlo in a Nutshell

diagrammatic expansion. The idea of continuous-time methods stem from [31, 32] who
employed the idea for bosonic systems. Since this method was very successful efforts
were undertaken to adopt this technique for fermionic systems which however was at
first unsuccessful due to the sign problem arising from the fermionic anti-commutation
relation [33]. The breakthrough of the CT methods came with the insight that the sign
problem is less severe for impurity models. This led to the development of the impu-
rity solver in the weak-coupling formulation (CT-INT) [34], the hybridization expansion
formulation (CT-HYB) [36, 35], the auxiliary field formulation (CT-AUX) [37] and the
CT-J for Kondo-like models [39].
The common ground of all these methods is to separate the Hamiltonian H into two
parts H = Ha +Hb and rewrite the partition function in the interaction representation
of Ha and then expand in powers of Hb. Doing this one arrives at

Z = TrTτ e
−βHaexp

[

−
∫ β

0
dτHb(τ)

]

=
∑

k

(−1)k
∫ β

0
dτ1 . . .

∫ β

τk−1

dτk × Tr
[

e−βHaHb(τk)Hb(τk−1)...Hb(τ1)
]

(1.16)

where Tτ is the time ordering operator. This can now be sampled over all times, ex-
pansion orders and all topologies of diagrams [38]. In this sampling process it is helpful
to sample whole groups of diagrams which differ only in the contractions of fermionic
operators since otherwise a sign problem would arise.
Each of the impurity solvers has their own advantages and disadvantages. The CT-HYB
is best suited for single-site calculations with arbitrary interactions since it does not suf-
fer from a sign problem when treating complicated interactions. Its disadvantage is that
the matrices treated grow exponentially with the system size. The CT-INT and CT-
AUX are both expansions in the interaction term and best suited for cluster calculations
with density-density type interactions, because the matrices do not grow exponentially
as in the CT-HYB, but complicated interactions are difficult to treat. The CT-J is
an expansion in the Kondo hybridization term and therefore useful for calculations of
Kondo impurities.

1.2. Monte Carlo in a Nutshell

In the last section we discussed some possibilities to solve the AIM. In this thesis we will
further on concentrate on the continuous-time quantum Monte Carlo in the hybridization
expansion. To be able to implement the method we need some insight into the Monte
Carlo procedure which we are going to discuss in this section.
In mechanics as well as quantum mechanics one is often faced with high dimensional
sums or integrals over phase or configuration spaces which we are going to denote by C
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1. The Anderson Impurity Model

from now on. To solve a thermodynamical system the quantity we have to calculate is
the partition function Z which is given by

Z =

∫

C
dx p(x), (1.17)

where p(x) is the weight of one configuration/point in C. In a classical system this is
given by the Boltzmann weight p(x) = exp(−βE(x)) with E(x) being the energy of the
configuration x. For our approach the x is going to be a certain configuration in the
space of all possible diagrammatic expansions of the partition function.
To solve the classical problem one could divide the phase space into discrete hypercubes
and approximate the integral by a Riemann sum. The numerical effort to perform
this sum grows as the number of times the function needs to be evaluated, which is
exponential with the number of dimensions. If we, however, use a stochastic approach
like Monte Carlo the central limit theorem tells us that the error decreases as 1/

√
n, where

n is the number of measurements, regardless of the dimensionality of the problem.

Markov Chain and Metropolis Algorithm

To actually generate configurations according to some probability distribution one can
use a Markov process. In a Markov process the next move only depends on the current
state the system is in with no memory of the past. It is fully characterized by a transition
matrix Wxy, which has to fulfill the three properties. The first one given by

∑

y

Wxy = 1, Wxy ≥ 0 (1.18)

which guarantees that the probability stays normalized in the Markov process.
The second property the transition matrix has to fulfill is ergodicity. This means that
each configuration y has to be reachable from every configuration x with a finite number
of Markov steps:

∀x, y ∈ C ∃n | (W n)xy > 0. (1.19)

The final condition that the transition matrix has to obey is the stationary condition

∑

x

p(x)Wxy = p(y). (1.20)

This condition ensures that once we reach the desired distribution p(x) we stay there.
It is automatically satisfied if

Wxyp(x) = Wyxp(y). (1.21)
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start
simulation

choose
update

propose
insertion

propose
removal

compute
acceptance
ratio Rxy

Metropolis

accept
new con-
figuration

reject new
config-
uration

measure
observable

yes

no

Figure 1.3.: A flow chart of the continuous-time quantum Monte Carlo algorithm. We
choose an update randomly, in the case of the continuous-time an insertion
or removal. Then we compute the acceptance ratio Rxy, see 1.24. Then
the Metropolos algorithm is employed to decide if the new configuration
is accepted. We then perform a measurement on the new configuration if
accepted or on the old one if the new one was not accepted. Then the
procedure starts from the beginning.
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1. The Anderson Impurity Model

It can be proven by simply summing over x on both sides of the equation. This is known
under the name detailed balance condition and is typically used for simulations.
The most widely used algorithm that fulfills the detailed balance condition is the Metropolis-
Hastings algorithm [41, 42]. In this algorithm moves from the current configuration x to
another configuration y are proposed with the probability W prop

xy but only accepted with
the probability W acc

xy . If a move is rejected the old configuration is kept. The transition
matrix is given by

Wxy = W prop
xy W acc

xy (1.22)

To satisfy the detailed balance condition we use

W acc
xy = min[1, Rxy] (1.23)

in the Metropolis algorithm, where Rxy, the acceptance ratio, is given by

Rxy =
p(y)W prop

yx

p(x)W prop
xy

. (1.24)

The acceptance ratio for the inverse move is simply given by Ryx = R−1
xy . In an actual

calculation we would draw a random number r ∈ [0, 1] and accept the move if Rxy < r,
otherwise reject it. To ensure ergodicity the moves which are proposed during the
simulation have to be generated in such a way that we can reach any configuration
possible. In CTQMC simulations these are the addition and removal of vertices. In Fig.
1.3 a flow chart of the discussed Monte Carlo algorithm is shown.

Measurement and Derived Quantities

An observable O we want to measure is in general given by the average over the config-
uration space C with the weight p normalized by the partition function Z:

〈O〉 =
1

Z

∫

C
dxO(x)p(x). (1.25)

In a Monte Carlo simulation we can approximate above measurement by sampling the
configuration space using a Markov chain and measuring at configurations xi

〈O〉 ≈ 〈O〉MC =
1

N

N
∑

i=1

O(xi). (1.26)

The measured quantity will be normally distributed around the real value if we sample
a large number of statistically independent configurations, according to the central limit
theorem, and the error can be estimated by

σ2 ≈ 1

N





1

N

N
∑

i=1

A(xi)
2 −

(

1

N

N
∑

i=1

A(xi)

)2


 . (1.27)
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w
2
d

Currently we are putting all measurements of each core into one bin. This provides
us with a reasonable error if we are performing calculations on multiple cores.

If we want to estimate the error of a function f(〈O1〉, ..., 〈On〉) depending on n observ-
ables sampled from N configurations xi we can employ the bootstrap method. The idea
behind the method is to construct NN different sets of configurations which are defined
by there indices i = (i1, ..., iN ) and calculate a bootstrap sample given by

fBi = f

(

1

N

N
∑

k=1

A1(xik), ...,
1

N

N
∑

k=1

An(xik)

)

(1.28)

for each of them. We can then approximate the error by

(

σBf
)2 ≈ 1

NN

N
∑

i1,...,iN=1

(

fBi
)2 −





1

NN

N
∑

i1,...,iN=1

fBi





2

. (1.29)

Since we cannot calculate all NN different bootstrap samples in a realistic scenario one
typically generates O(100) randomly generated bootstrap samples and approximates the
error by 1.29.

Sign Problem

Until now we have assumed that we are sampling systems in which the probability in
the partition function is positive definite. Of course this is only true as long as we are
dealing with bosonic systems. We are, however, trying to solve fermionic problems in
which the operators anticommute. For these systems we have to find a strategy how
deal with the problem of changing signs in the probability.
The most often used approach is to sample the fermionic system with respect to the
bosonic one by taking the absolute value of the weight |p(x)| and to assign the sign
s(x) ≡ sgn p(x) to the observable which we are measuring

〈O〉 =

∑

xO(x)s(x)|p(x)|/∑x |p(x)|
∑

x s(x)|p(x)|/∑x |p(x)| . (1.30)

The problem with the solution above is that if a sign problem occurs the error in-
creases exponentially with the number of particles and the inverse temperature [43].
It is noteworthy to mention that the sign problem is dependent on the representation
and algorithm chosen for solving the system. For certain systems and algorithms the
absence of the sign problem can be proven, e.g. one orbital AIM with Hirsch-Fye [44].
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For general problems we can only try a calculation and see if a sign problem occurs.
In [43] it could be shown that the sign problem is NP hard, which is the same com-
plexity class as e.g. the traveling salesman problem. For such problems no solution
could be found yet, after many decades of research, which if found would solve all NP
hard problems since they could be mapped to the solved problem. This led people to
the assumption that a general solution to the sign-problem is impossible and thus no
general solution for the sign-problem is possible.

1.3. The Hybridization Expansion

As I mentioned in the introduction the main goal of this thesis was to enable us to treat
multi orbital systems with general interactions. Already in the discussion about solvers
of the AIM I mentioned that the CT-HYB is the best candidate for such models since
it is able to treat general interactions without introducing a sign-problem.
The CT-HYB was developed by Werner et al. in 2006 [36] and was first applied to
multi-orbital models with complex interactions in [35]. Haule then introduced an idea of
the ED method to the CT-HYB community [45], which consists of separating the local
Hamiltonian into a block diagonal form by using a set of quantum numbers QN which
commute with the local Hamiltonian Hloc, to which we will get back later, and imple-
mented the method for off-diagonal hybridization functions. Two years later Läuchli
and Werner introduced the Krylov implementation [46] which is capable of treating sys-
tems of up to seven orbitals with general interactions, which was implemented and used
during the course of this work. The discussion about the CT-HYB is following the lines
of [47].
In line with the idea of CTQMC methods we divide the Anderson impurity model Hamil-
tonian Equation (1.1) into two parts HAIM = Ha + Hb. In the CT-HYB we choose
Ha = Hbath +Hloc and Hb is set to be the hybridization which is given by

Hhyb =
∑

pq

(Vpqc
†
qdp + V ∗

pqd
†
pcq), (1.31)

where p is a combined orbital and spin index and q is a combined momentum and spin
index. The hybridization term of the Hamiltonian contains a creation and annihilation
operator for the impurity and bath respectively and the inverted constellation, a creation
for the bath and an annihilation for the impurity, for the conjugated term. This leads to
traces equal to zero if there are more hybridizations of the one kind than of the other,
which makes an expansion in both terms reasonable. If we now put our choice of Ha
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and Hb into the partition function Equation (1.16) we obtain

Z =

∞
∑

k=0

∫ β

0
dτ1 . . .

∫ β

τk−1

dτk

∫ β

0
dτ ′1 . . .

∫ β

τk′−1

dτ ′k (1.32)

×Tr
[

Tτe
−βHaH̃hyb(τk)H̃†

hyb(τ ′k) . . . H̃hyb(τ1)H̃†
hyb(τ ′1)

]

.

The factor (−1)k only appears with an even exponent due to the even expansion numbers
considered and does not contribute to the expression above. Inserting the expressions
for Ha and Hb explicitly we get

Z =

∞
∑

k=0

∫ β

0
dτ1 . . .

∫ β

τk−1

dτk−1

∫ β

0
dτ ′1 . . .

∫ β

τk′−1

dτ ′k

×
∑

p1...pk

∑

p′1...p
′
k

∑

q1...qk

∑

q′1...q
′
k

Vq1p1V
∗
q′1p

′
1
. . . Vq

k
p
k
V ∗
q′
k
p′
k

(1.33)

×Tr
[

Tτ e
−βHadp

k
(τk)c†

q
k

(τk)d†
p′
k

(τ ′k)cq′
k
(τ ′k)

. . . dp1(τ1)c
†
q1

(τ1)d†
p′1

(τ ′1)cq′1(τ ′1)
]

.

Since the bath and impurity Hamiltonians do not mix we can separate the time-
evolution of the bath and impurity operators

Z =

∞
∑

k=0

∫ β

0
dτ1 . . .

∫ β

τk−1

dτk

∫ β

0
dτ ′1 . . .

∫ β

τk′−1

dτ ′k

×
∑

p1...pk

∑

p′1...p
′
k

∑

q1...qk

∑

q′1...q
′
k

Vq1p1V
∗
q′1p

′
1
. . . Vq

k
p
k
V ∗
q′
k
p′
k

(1.34)

×Trd

[

Tτ e
−βHloc dp

k
(τk)d†

p′
k

(τ ′k) . . . dp1(τ1)d†
p′1

(τ ′1)
]

×Trc

[

Tτe
−βHbathc†

qk
(τk)cq′

k
(τ ′k) . . . c†

q1
(τ1)cq′1(τ ′1)

]

.

Looking at the above equation we realize that we can integrate out the bath degrees of
freedom since the bath is non-interacting. To this end we first define the bath partition
function Zbath

Zbath = Tr e−βHbath =
∏

q

(1 + e−βεq ) (1.35)

and the anti-periodic hybridization function ∆

∆plpm(τ) =
∑

q

V ∗
qpl
Vqpm

eεqβ + 1
×
{

−e−εq(τ−β), 0 < τ < β
e−εqτ , −β < τ < 0

(1.36)
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1. The Anderson Impurity Model

The hybridization function is connected to the non-interacting Greens function of the
AIM via ∆lm(−iωn) = (iωn + µimp)δlm − G0

lm(iωn)−1, since we need to calculate the
Fourier transformed propagator of the hole F〈Tτ c†(τ)c(τ)〉. Using this we see that

1

Zbath
Trc

[

Tτ e
−βHbath

∑

q1...qk

∑

q′1...q
′
k

Vq1p1V
∗
q′1p

′
1
. . . VqkpkV

∗
q′kp

′
k

(1.37)

×c†pk(τk)cpk′ (τ
′
k) · · · c†p1(τ1)cp′1(τ ′1)

]

= |∆|, (1.38)

is just the determinant of the matrix ∆. This is a matrix with the dimensions of the
expansion order k × k. The element l,m of the matrix is the hybridization function
evaluated for the orbitals/spins pl, pm at the time difference τl − τm:

∆lm = ∆plpm(τl − τm) (1.39)

In the implementation we will always treat the quantity M = ∆−1 since we can easily
calculate the ratio of determinants, which we are going to need to calculate the transition
probability between two configurations, using inversion by partitioning. We are going to
see later that the algorithm mostly consists of moves from one configuration to another
and we thus need exactly this ratio to calculate the probabilities needed in the Monte
Carlo.
The idea of inversion by partitioning is to find explicit formulas to calculate the inverse
of matrices with rank k + 1 without performing the explicit inversion. We assume that
we add the row and column as the k + 1th row and column of the matrix, which can
easily be generalized by considering the sign we get for basic row and column exchanges.
The new matrix and its inverse then have the following form:

∆k+1 =

(

(Mk)−1 Q
R S

)

(1.40)

[

∆k+1
]−1

= Mk+1 =

(

P̃ Q̃

R̃ S̃

)

. (1.41)

The matrix P is a k × k matrix, Q and Q̃ are k × 1 vector, R and R̃ are 1 × k vectors
and S and S̃ are numbers. A simple calculation leads to the following expressions

S̃ = (S − [R][Mk −Q])−1 (1.42)

Q̃ = −[MkQ]S̃ (1.43)

R̃ = −S̃[RMk] (1.44)

P̃ = Mk + [MkQ]S̃[RMk], (1.45)

which show that we can update the matrix in O(k2) time if we only increase the rank
of the matrix by one. The nice thing about this approach is that we can calculate the
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1.3. The Hybridization Expansion

ratio between two matrices with a rank difference of one by

|Mk+1|−1

|Mk|−1
=

1

|S̃|
= |S −RMkQ|. (1.46)

w
2
d

The formulas for inversion by partitioning and wrapper routines around Lapack calls
for complete matrix updates, which are needed for global moves discussed later, are
implemented in MatrixUpdate.F90 .

The ratio of k + 1-matrix if we already know the k-matrix can thus be computed in
O(k2) time and the inverse ratio in O(1) time.
After this small excursion on efficient computation of ratios of matrices we finally plug
equation Section 1.3 into equation Equation (1.34) and obtain

Z =Zbath

∞
∑

k=0

∫ β

0
dτ1 . . .

∫ β

τk−1

dτk

∫ β

0
dτ ′1 . . .

∫ β

τk′−1

dτ ′k
∑

p1...pk

∑

p′1...p
′
k

×Trd

[

Tτe
−βHloc dp

k
(τk)d†

p′
k

(τ ′k) . . . dp1(τ1)d
†
p′1

(τ ′1)
]

|∆| (1.47)

In the current implementation of w2dynamics we assumed that the hybridization is
diagonal in the flavors, i.e. orbital and spin, which adds a δplpm to the above formula.
This is in general a good assumption if the system we look at has symmetries, e.g. cubic
systems without distortions, but one should look at each system at hand to see if this
assumption is reasonable. The partition function with a diagonal bath is given by the
factorized equation

Z =Zbath

∞
∑

k=0

∫ β

0
dτ1 . . .

∫ β

τk−1

dτk

∫ β

0
dτ ′1 . . .

∫ β

τk′−1

dτ ′k
∑

p1...pk

(1.48)

×Trd

[

Tτe
−βHloc dpk(τk)d†pk(τ ′k) . . . dp1(τ1)d

†
p1(τ ′1)

]

∏

p

|∆p| (1.49)

Here ∆ is block diagonal in the flavors and therefore the determinant of it becomes

|∆| =

∣

∣

∣

∣

∣

∣

∣

∆1

. . .

∆max

∣

∣

∣

∣

∣

∣

∣

=
∏

p

|∆p| (1.50)

With this we have discussed the bath part of the partition function and we now turn to
the part which treats the local trace.
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1. The Anderson Impurity Model

A Simple Example

Let us first look at a simple example to see how to calculate the local trace. We start
with an impurity with one orbital and two spin directions. The local Fock space has
the dimension of four and the four states are , ↑ , ↓ , ↑↓ . The interaction on the
impurity is defined by the local Coulomb repulsion U and the chemical potential µ. In
its one orbital form the density-density interaction is given by

Hd-d = −
∑

σ

nσµ+ Un↑n↓, (1.51)

where σ runs over the two spin directions. If we write the density-density interaction in
Fock space as a matrix we obtain

Hloc =









0 0 0 0
0 −µ 0 0
0 0 −µ 0
0 0 0 U − 2µ









(1.52)

which tells us that each state is an eigenstate of the local Hamiltonian and thus the
exponential of the time evolution is easy to calculate. Let us now consider the case when
the expansion order k is equal to zero, i.e. there are no hybridization events. We can
depict this configuration by an empty line in imaginary time

0 β .

We can now calculate the weight of the local trace wloc for this configuration which is
given by:

wloc = Trd

[

Tτe
−βHloc

]

(1.53)

= 〈 | e−β0 | 〉 + 〈 ↑ | eβµ | ↑ 〉 + 〈 ↓ | eβµ | ↓ 〉 + 〈 ↑↓ | e−β(U−2µ) | ↑↓ 〉
=1 + 2eβµ + e−β(U−2µ)

Let us make the whole thing more interesting and move on to the case of a first order
expansion. In first order we obtain a line with two hybridization events. One hopping

from the bath onto the impurity depicted by a filled symbol and a hopping from

the impurity into the bath depicted by an empty symbol at certain times on the
imaginary time axis

0 β

τ1 τ ′1
.
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1.3. The Hybridization Expansion

Currently the blue round symbols depict operators for the spin up flavor. We now again
calculate the local weight of this configuration and realize that certain states do not
contribute to the trace any more since the local Hilbert space is left using creation or
annihilation operators e.g. c†↑ | ↑↓ 〉 which leaves us with the following summands

wloc = 〈 | e−(β−τ1)0c†↑(τ1)e
(τ1−τ ′1)µc↑(τ ′1)e

−τ ′10 | 〉 (1.54)

+ 〈 ↓ | e((β−τ1)µ)c†↑(τ1)e
−(τ1−τ ′1)(U−2µ)c↑(τ ′1)e

τ ′1µ | ↓ 〉
We now also obtain a weight for the determinant of ∆. With just two operators in the
trace this is simply the number ∆up(τ1 − τ ′1). For a more complex configuration with
expansion order two as e.g.

0 β

τ1 τ ′1 τ2 τ ′2

we would obtain the matrix

∆ =

(

∆↑(τ1 − τ ′1) ∆↑(τ1 − τ ′2)
∆↑(τ2 − τ ′1) ∆↑(τ2 − τ ′2)

)

(1.55)

of which the determinant yields all possible contractions of the hybridization events.
This is similar to Wicks theorem for non-interacting Greens functions here applied to
the non-interacting bath. The treatment of all possible contractions at once avoids the
sign problem which would otherwise arise if we would treat the terms with varying signs
individually. The two possible contractions of the configuration above are depicted by
the blue lines below:

0 β .

Update

With this we know how to calculate the ingredients of the partition function and thus
the weights for a random walk in the space of configurations, let us take a look at the
updates we need to perform. To be ergodic in this random walk we have to implement
two moves: the insertion and the removal of two hybridization events which change the
configurations in the following way

0 β

0 β

insertion

0 β

removal
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1. The Anderson Impurity Model

In the above example we first generated two new hybridization events and then removed
two. Note that the hybridization events added or removed have to be chosen indepen-
dently. So we do not remove pairs which were added previously.
We take a look again at the equation for the acceptance ratio Equation (1.24) for which
we still need to identify the proposal probabilities for an insertion and a removal. The
probability for choosing a random time out of the interval (0, β) once for the annihilator
and the creator is

W prop
k→k+1 =

dτ2

β2

and the probability for picking one of the creation and annihilation operators randomly
out of the k + 1 operators, (k + 1)p operators of one flavor p if the bath is diagonal in
orbital and spin space, is given by

W prop
k+1→k =

1

(k + 1)2
.

Putting everything together we obtain the acceptance ratio for accepting the insertion
move of

Rk→k+1 =
β2

(k + 1)2
wloc(k + 1)|∆(k + 1)|

wloc(k)|∆(k)| . (1.56)

The dτ2 of the insertion proposal probability cancels with the additional dτ2 of the
weight of the configuration. The acceptance ratio of the inverse move, the removal of an
annihilation/creation pair, is just the inverse of the acceptance ratio above Rk+1→k =
R−1

k→k+1.
To obtain shorter auto-correlation times and to reduce the risk of getting stuck in a local
minimum one can also propose global moves which e.g. flip the spin of all operators or
exchange orbitals. These moves can also be symmetry moves of the system which are
then always accepted, e.g. flipping the spins in a paramagnetic system.

0 β

0 β

global

The acceptance ratio then consists only of the ratios of the two configurations, 1 if it is
a symmetry move, since they are “self-balancing”

Rk→k′ =
wloc(k

′)|∆(k′)|
wloc(k)|∆(k)| .

These moves are expansive, since we have to calculate the whole matrix ∆(k′) from
scratch, so they should only be proposed seldomly during the simulation.
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1.3. The Hybridization Expansion
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In the Parameter file the parameter PercentageGlobalMove, which defaults to 0.001,
defines how many percent of all moves should be global moves. If the parameter Para-
Mag is set to 1 then a given percentage, by default 10%, of all global moves are global
spin-flip proposals.
General global moves can be given in the parameter file by setting NSymMove to the
number N of symmetry moves one wants to define and then define SymMove## where
the hashes are the number of the symmetry move e.g. 01 for the first one. The format
of the symmetry move is a space separated list of numbers where the position of the
number is the original flavor and the number on the position defines the new flavor.
Examples are SymMove01 = 2 1 for a spin flip move in a one orbital system and Sym-
Move01 = 3 4 1 2 for an orbital exchange move in a two orbital system. The first m
numbers, where m is the number of orbitals, always represent the spin up operators and
the last m numbers denote the spin down operators.

1.3.1. Hybridization Expansion Algorithms

The biggest bottleneck for the CT-HYB algorithm is the calculation of the local trace.
This can be understood if we look at the dimensionality of the local Hilbert space for a
system with Norb orbitals on the impurity and spin 1/2 which is 22Norb . We have to per-
form time evolutions on these states, which boils down to matrix exponents, and apply
the creation and annihilation operators onto the evolved states. This is a numerically
very heavy task which can be tackled with different strategies.

Segment Algorithm

For density-density type of interactions, i.e. interactions which are diagonal in the
occupation number Fock space, there is a special algorithm called segment algorithm.
Since the interaction does not mix electrons of different orbitals one can think of an
imaginary time line for each orbital which can only have two states, occupied or empty.
This leads to a computationally cheap algorithm [47] in which we only have to calculate
the overlapping parts of segments for the contribution of U and the length of segments
for the contribution of µ. We depict this in the picture below where colored lines denote
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1. The Anderson Impurity Model

occupation of an orbital and black lines emptiness.

U

0 β

τ1 τ ′1

0 β

τ ′2 τ2

.

Matrix Algorithm

The formalism of the segment algorithm breaks down if we want to treat general inter-
actions, i.e. interactions in which there is no δi,kδj,l in the interaction term

Uijklc
†
i c

†
jckcl.

Such interactions do not allow for a separation of time lines anymore which we can
understand by looking at the following configuration

0 β .

As is shown in the above time line it is possible to obtain two creation operators of the
same green flavor after each other since the time evolution can mix states with empty
orbitals and filled orbitals. For calculations with such general interaction terms the
primary approach was to make a unitary transformation into the eigensystem of the
local Hamiltonian in which the time evolution is cheap, since the local Hamiltonian is
diagonal in this basis. The computationally heavy task is that we have to deal with
dense creation and annihilation operators which leads to a complexity of O(N3

orb) due
to the matrix-matrix multiplications involved. The only way to speed up calculations
is to reduce the size of these matrices. This is done by finding symmetries of the local
Hamiltonian. Using these symmetries we can reduce the matrix to a block diagonal form
and thus reduce the complexity to O(Nmax), where Nmax is the size of the biggest block.
Typically Nt, the total number of electrons on the impurity, is a quantity conserved by
the Hamiltonian and therefore the Hamiltonian can be divided in blocks of equal number
of electrons. I will further discuss this issue in section 3.1.1 and 3.3. This algorithm
works well for systems with up to three orbitals, but reaches its limits for five orbital
systems. To be able to calculate systems with even larger local Hilbert spaces a dynam-
ical truncation of states considered in the evaluation of the local trace was proposed.
In this dynamical truncation the partition function is sampled with all states included
and a histogram of visited states is generated. Then states with only little contribution
to the trace are truncated and only often visited states are retained for the rest of the

28



1.3. The Hybridization Expansion

simulation. This method introduces an uncontrolled systematic error and criticism was
raised on the validity of this approach.

Krylov Algorithm

In 2009 the Krylov implementation was put forward by Läuchli and Werner which ap-
proaches the problem of treating general interactions with a different strategy. In the
Krylov approach the local trace is calculated in the occupation number basis in which
the creation and annihilation operators are sparse matrices and the time evolution is
performed in Krylov space [48]. The crucial point the in the Krylov algorithm is that we
truncate the trace over the outer states to the ones corresponding to the lowest energy.
This pins the trace at one point to certain states, which is reasonable if we are in a low
temperature state of the system compared to the hybridization and interaction strength.
It is important to note that the freedom of the system to evolve into any excited states
is not restricted by this “outer”-truncation, which reduces the error of the algorithm
compared to the dynamic truncation, in which certain excited states are completely ex-
cluded from the simulation. The Krylov algorithm allows to solve systems with up to
seven orbitals. Below I will introduce the method and discuss the implementation of
this approach.
The two main operations needed for the evaluation of the local trace are an application
of a creation/annihilation operator c/c† and the local Hamiltonian Hloc to a state vector
ψ. The latter is used to build up the Krylov space which I introduced in section 1.1.

w
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These operations can be efficiently implemented with a sparse matrix algorithm. In
w2dynamics we chose the compressed sparse row (CSR) format as described in [49] for
the representation of the sparse matrices. The creation of sparse matrices from dense
matrices and the matrix vector operations of sparse matrices with dense vectors are
implemented in SparseMatrix.F90 .

As a first step we need to calculate the eigenvalues and eigenvectors of the local
Hamiltonian Hloc. This is necessary to decide which states we want to keep in the
“outer”-truncation of the trace. When we perform the truncation it is important that
we do not destroy the multiplet structure of the retained states which needs to be handled
with care!
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We are generating Hloc in Fock space and diagonalize it with Lapack routines. The
subroutines for generating the local Hamiltonian are implemented in Operator.F90 ,
which also contains the routines for generating the creation and annihilation operators.
The parameter truncation specifies how many of the lowest lying multiplets are retained
for calculating the local trace.
For example if we calculate a less than half-filled one band system with truncation= 2
the empty state and the singly occupied states would be retained. We have to use three
states since the singly occupied state is degenerate.
Since there are numerical inaccuracies in the calculated eigenvalues we have to introduce
an epsilon which is the upper bound of the difference of two eigenvalues for them to be
considered equal. This is epsilon is defined by the parameter EPSDEG .
Also the eigenvectors contain numerical errors which can lead to problems when we
calculate the local trace and thus we are setting entries in the eigenvectors which are
below the parameter EPSEVEC to zero. This parameter has to be handled with care
and checks have to be performed that no necessary information is discarded.

After we have decided which states we keep for the calculation of the trace we prop-
agate the eigenvectors of the retained eigenenergies of the Hamiltonian until the first
operator in the trace. We then apply the first operator to the evolved state. The re-
sulting state is then evolved again up to the next hybridization event. Since the state
we have to evolve is in general not an eigenstate of the local Hamiltonian anymore we
employ the Krylov method for the time evolution.
To this end we construct a Krylov space by iteratively applying Hloc to the current
state. This yields the Hamiltonian in the Krylov space HL

K(|v0〉) and the vectors |vn〉.
These vectors are the transformation matrix AN×L ≡ [|v0〉 , |v1〉 , · · · |vL−1〉], where N is
the dimension of the local Hilbert space or if we divide the local Hamiltonian into block
diagonal form the dimension of the block of the Hamiltonian the current state belongs
to.
For the time evolution we define the vector c(t) which is a L× 1 vector which contains
the coefficients of the vectors |vn〉. Now we can define the time evolution in the Krylov
space by

∂c

∂t
= −iHL

K(|v0〉)c. (1.57)

This equation is solved by

c(t) = exp(−iHL
K(|v0〉))c(0) (1.58)

where c(0) = (1, 0, · · · ) since the initial vector |v0〉 of the Krylov space is the vector
which we want to evolve in time. The above equation is solved by diagonalizing the
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1.3. The Hybridization Expansion

tridiagonal Hamiltonian. We then transform into the eigenbasis of it and calculate the
exponential using the eigenvalues. Then we back transform into the original basis and
are done with this time evolution. The actual calculation of the eigensystem of the
Hamiltonian HL

K(|v0〉) is cheap since the Hamiltonian is tridiagonal in Krylov space and
the Krylov space is also typically smaller than the original space. It is important not
to keep the dimension of the Krylov space fixed to a certain integer number L but
to use a convergence criterion suitable for the time evolution in Krylov space. In our
implementation we are using the one proposed in [48] which checks that the probability
that the system is in the last reduced vector |vL−1〉 is smaller than a certain threshold

|[c(t)]L| < ǫ. (1.59)
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In the actual implementation, which is contained in the file Lanczos.F90 , we use
the convergence criterion described above, whose threshold is given by the parameter
EPSLANC . A second convergence criterion we are using is that the last subdiagonal
of the Hamiltonian in Krylov space is equal zero. This indicates that we found all
eigenstates of the local Hamiltonian and thus that our time evolution is exact.

We use the steps described above until we iterated through the whole trace and add
the contribution of this state to the trace. We then take the next retained state and
iterate through the whole trace again. This is done for all the states kept for the specified
truncation value.
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The time evolution can lead to very small contributions of the trace which are checked
against the parameter EPSSANDWICH , since otherwise numerical instabilities can oc-
cur. If the value of a part of the trace is lower than the value specified then this part of
the trace is considered to be 0.
An additional problem arises when treating interactions with a lot of small mixing be-
tween states. This can lead to a non-reversibility of the trace which however is crucial
if we want to store states at each operator to reuse them in the next calculations of the
trace and for measuring observables. This is overcome by recalculating the trace, when
we store the time evolved states, if we reach a state which is zero, where we already
know which states led to a finite value of the trace.

The overall complexity of the Krylov approach is O(Ndim ×Ntr × Niter) where Ndim

is the dimension of the local Hilbert space, Ntr is the number of retained “outer”-states
and Niter is the dimension of the Krylov space L. It is not easy to estimate the dimension
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1. The Anderson Impurity Model

of the Krylov space since this depends on a lot of factors like the time differences τ and
the local interaction, but it is generally assumed to be much smaller than the dimension
of the local Hilbert space [53].

1.4. Measurement in CT-HYB

In the last section we discussed how we can sample the partition function in the CT-HYB.
To understand the physics of a system and to compare our results with experiments we
typically also want to measure other quantities as e.g. the occupancies, the magnetiza-
tion or the Greens function. Below I will explain how we can achieve this in a QMC
simulation.

Local Time Independent Observables

In the Krylov approach it is very important to measure non-time dependent observables
in the middle of the trace since there the “outer”-truncation of the trace is the least
influential. The quantity which contains all information about the local state of the
system, which we thus want to measure in the simulation, is the density matrix in Fock
space which is given by

ρFock =
∑

itrunc

|ψitrunc(β/2)〉 〈ψitrunc(β/2)|
∑

itrunc
〈ψitrunc(β/2)|ψitrunc(β/2)〉

(1.60)

where the sum runs over all the states retained in the “outer”-trace.
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One can measure the full density matrix in Fock space by setting the parameter
MeasDensityMatrix= 1 in the parameter file. This, however, is a very large object
already for five orbital systems and we run into memory issues if we want to measure
it for seven orbital systems. A quantity which is smaller and can therefore always be
measured is the single particle quantity of the occupation and double occupation of each
orbital and spin. The measurement is performed by

〈ρp,p′〉 =
∑

itrunc

〈ψitrunc(β/2)| n̂pn̂p′ |ψitrunc(β/2)〉
〈ψitrunc(β/2)|ψitrunc(β/2)〉

. (1.61)

Since we can store the evolved states at each operator and we are performing an equal
time insertion of two operators we do not need to recalculate the local trace to measure
this quantity and it is thus also a cheap measurement. Measuring more involved quan-
tities like time dependent correlation functions would force us to recalculate the local
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trace since the creation and annihilation operators change the state of the trace.
An easy example to see this is the measurement of the density-density correlation func-
tion 〈n(0)n(τ)〉. At the time τ we are in the state 1/

√
2| ↑ ↓ 〉 + 1/

√
2| ↓ ↑ 〉 at this

point we insert the operator n̂1,↑. Therefore the state after the insertion of the operator

is going to be 1/
√
2| ↑ ↓ 〉 changing the rest of the trace until the second insertion of n̂

which makes a recalculation of the trace necessary. This tells us that the only possible
measurements with stored states of the trace are measurements of time independent ob-
servables for general interactions. For the density-density interactions which commutes
with n̂ we can calculate correlation functions which only depend on n̂ from the stored
quantities.
In the program we are actually not measuring the value at β/2 but the value at the
operator closest to β/2. When we do this it is very important to measure on the right
“side” of the operator, the side which faces to β/2 since we would otherwise introduce a
systematic error.

Measurement of the Greens Function

To measure the Greens function we employ a different measurement strategy. As shown
in [54] the Greens functions can be obtained as functional derivatives of the partition
function Z with respect to the hybridization function ∆

Gp,p′(τ, τ
′) = − 1

Z

∂Z

∂∆p,p′(τ, τ ′)
. (1.62)

This derivative is equal to the following measurement in the simulation

Gp,p′(τ, τ
′)

MC≈ −
〈

∑

m,n

MC
mnδ(τ − τm)δ(τ ′ − τn)δpm,pδpn,p′

〉

, (1.63)

where MC
mn is an element of the inverse of the hybridization matrix corresponding to a

certain configuration C which I defined in Section 1.3.
It corresponds to removing the hybridization lines of a creation and annihilation op-

erator in a configuration and thereby generating a new configuration which is the same
as the previous one, except for two additional local creation and annihilation operators
added

0 β

0 β

Greens
function
configuration

.
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Figure 1.4.: The measurement of the Greens function. The blue dots are measurements
directly performed in τ . The measurement in τ is noisy even at high statis-
tics. The Greens function calculated from the measurement of 35 Legendre
coefficients (dark green) is smooth, canceling out all the noise.

where the Greens function is denoted in lighter colors. One can think of another mea-
surement method for the Greens function, which would consist of adding a creation
and annihilation operator at random times with random spin/orbital indices into the
local trace. This measurement, however, is not ergodic as we can see by the follow-
ing example. Let us start from the configuration below and then remove hybridization
lines to generate a Greens function configuration. To keep it simple we look at a single
band single spin system with density-density interaction. A possible configuration and a
Greens function configuration generated from it, where the operators corresponding to
the Greens function are again denoted by lighter colors, would be

0 β

0 β

Greens
function
configuration

.

If one would start from a configuration without the Greens function one would have the
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following scenario:

0 β

0 β

Adding Greens
function
operators

.

The first configuration in the picture above would never be created since it is forbidden
by the Pauli principle, two annihilation operators after each other, thus also the Greens
function configuration is impossible to reach. This tells us that not all possible Greens
function configurations can be generated from partition function configurations if we
generate the Greens function configuration by insertion of operators in the local trace.
This method for accumulating the Greens function is therefore not ergodic and should
not be used.

w
2
d

Since we are measuring a continuous quantity we need to bin the measurement into
time slices. To set the number of bins the Greens function is measured into one can
set the parameter NTau to the desired value. The default value is 1000. The Greens
function in τ is always measured since its accumulation is cheap.

The down-side of measurements in the imaginary time is that τ which is continuous
needs to be discretized. To remedy the need to discretize τ in our simulations one can
measure the Greens function directly in Matsubara frequencies which are by definition
discrete. This is possible by inserting the unitary Fourier transformation operators into
the measurement

Gp,p′(iωn)
MC≈ −

〈

∫ β

0
dτ

∫ β

0
dτ ′
∑

m,n

eiωnτMC
mne

iωnτ ′δ(τ − τm)δ(τ ′ − τn)δpm,pδpn,p′

〉

(1.64)
The measurement directly in Matsubara frequencies is expansive, since one typically
needs a lot of Matsubara frequencies O(100) and the calculation of the phase factors for
the Fourier transformation is numerically demanding, and thus not often used.

Measurement in the Legendre Basis

Following the lines of measuring the Greens function directly in Matsubara frequencies
one can think of other basis in which one can measure the continuous quantities in
CTQMC. For the measurement of the Greens function a reasonable choice for such a
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Figure 1.5.: A measurement in Legendre polynomials. One can see that in this case,
starting from l ≈ 30 the Legendre coefficients are small.

basis are the Legendre polynomials [54]. The advantage of the Legendre polynomials
as opposed to other basis sets is twofold. First the transformation of the Legendre
polynomials to the Matsubara frequencies can be written as a unitary transformation
and second only few Legendre coefficients are needed to express the Greens function as
we can see in Fig. Figure 1.5. In fact it could be shown in the above paper that the
Legendre coefficients for a Greens function decay faster than any power of the Legendre
expansion l.
To obtain the Greens function from Legendre Polynomials we use:

G(τ) =
∑

l≥0

√
2l + 1

β
Pl[x(τ)]Gl (1.65)

where x(τ) = 2τ/β − 1 transforms the variable τ which lives on the interval [0, β]
to the interval [−1, 1] on which the Legendre polynomials are defined. The inverse
transformation from imaginary time τ to Legendre coefficients is given by

Gl =
√

2l + 1

∫ β

0
dτPl[x(τ)]G(τ). (1.66)

We can also directly measure the Greens function projected onto Legendre polynomials
during the Monte Carlo sampling. To this end we use

Gp,p′,l
MC≈ −

√
2l + 1

β

〈

∑

m,n

MC
mnP̃l(τm − τn)δpm,pδpn,p′

〉

(1.67)
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1.4. Measurement in CT-HYB

where P̃l(∆τ) is defined as

P̃l(∆τ) =

{

Pl[x(∆τ)], ∆τ > 0,
−Pl[x(∆τ + β)], ∆τ < 0.

(1.68)

Above we have used the anti-periodicity of the Greens function.
Since we also need the Greens function on Matsubara frequencies, as we will see in 2.2
we also need the unitary transformation from Legendre polynomials to the Matsubara
frequencies

G(iωn) =
∑

l≥0

Gl(−1)nil+1
√

2l + 1jl

(

(2n+ 1)π

2

)

(1.69)

where jl is the spherical Bessel function.
A valuable side effect of using a smooth function to represent the Greens function is
its use as a noise filter due to the cutoff at a certain expansion order. The effect of
the cutoff on the Greens function can be seen in Fig. 1.4 where, when we use 35
Legendre coefficients, the Greens function is reproduced but the noise is filtered out. If
we increase the expansion order further we obtain more and more noise. If we would use
an infinite amount of Legendre polynomials we would get back the directly measured
Greens function including all the noise.
For most application a reasonable choice for the cutoff of the Legendre polynomials is
in our experience 30− 100. This of course has to be checked for each calculation since it
depends on the temperature and interaction parameters. One can check if the cutoff is
reasonable by plotting the Legendre coefficients, see Figure 1.5, and check if a plateau
is reached.
As we can see in Fig. 1.6 also the moments of the Greens function converge to the right
value at a low number of Legendre polynomials which are given by c1 = 1, c2 = 0 and
c3 = 5.

The equations for calculating the moments of the Greens function directly from the
Legendre coefficients are:

c1 = −
∑

l≥0,even

2
√

2l + 1

β
Gl, (1.70)

c2 =
∑

l>0,odd

2
√

2l + 1

β2
Gll(l + 1), (1.71)

c3 = −
∑

l≥0,even

√
2l + 1

β3
Gl(l + 2)(l + 1)(l − 1). (1.72)
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Figure 1.6.: The moments of the Greens function calculated from the Legendre coef-
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half-filling and therefore the odd coefficients vanish.
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In w2dynamics the two parameters NLegMax and NLegOrder declare how many Leg-
endre parameters are measured in the QMC and how many are used for calculating
the Greens function in iωn respectively. The quantity in the output file gtau is always
directly measured in τ -bins.

1.5. Testing the CT-HYB implementation

In the previous sections I introduced the QMC, the CT-HYB and the algorithm of the
Krylov implementation. Finally I also showed how one can measure non-time dependent
quantities and the Greens function in the CT-HYB. I, however, did not yet comment
on the actual implementation which I am going to use throughout this work (I actually
already presented one application of the implementation when I presented the plots for
the Legendre measurement in Section 1.4).
To test the implementation a simple check with a, if possible, exact method would
be most convenient. This can actually be achieved for the CT-HYB by testing against
exact diagonalization (ED) results. In the ED, as I already mentioned in Section 1.1, one
diagonalizes the whole system, impurity and bath, and thus obtains the exact solution.
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Figure 1.7.: Comparison of the CT-HYB self-energy with the self-energy of the ED
calculation. One can nicely see that with an increasing number of measure-
ments the agreement of the CT-HYB self-energy with the ED self-energy is
getting better.

This is only true as long as the bath is discrete, which of course is not the case anymore
for realistic systems with a continuous density of state.

If only a finite number of bath-sites exist one can write the hybridization function,
which is the input for the CT-HYB, as

∆(ω) =
∑

pi

V (pi)V
∗(pi)

ω − ε(pi)
(1.73)

and the Fourier transformed hybridization function

∆(t) =
∑

pi

V (pi)V
∗(pi)eε(pi)t

eβε(pi) + 1
. (1.74)

In the above equations ε(pi) is the energy the bath-site pi is located at and V (pi) is the
hybridization strength with the impurity. Using ∆(t) one can perform ED and CT-HYB
calculations with identical parameter sets.
For testing our implementation we performed a CT-HYB calculation with the following
ε(pi) and V (pi) for a paramagnetic system where the indices a and b denote the first
and second band.
The chemical potential was set to µ = 1.0 and the interaction parameters U = 2, V = 1
and J = 0.5. With these parameters the system is out of half-filling which is important
for a test case since otherwise one does not check for errors which occur only if the system
is not particle-hole symmetric. The truncation is set to 5 therefore we retain all states
in the CT-HYB calculation and the result is numerically exact. The temperature is set
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1. The Anderson Impurity Model

εa(pi) εb(pi) Va(pi) Vb(pi)

p1 5.0206E-002 6.4962E-002 0.1510 0.2747

p2 -0.9585 -0.8959 0.3012 0.5992

p3 0.9581 0.9114 0.3012 0.5980

p4 -5.0263E-002 -6.1760E-002 0.1510 0.2693

to β = 100. In this calculation we used the Kanamori interaction which I am going to
discuss in detail in Section 3.1. The results of the calculation are in very good agreement
with the results of the ED calculation. The self-energy is shown for a different number
of measurements in Figure 1.7. The results for the ED-calculation were provided by
Massimo Capone.

w
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d

To run a calculation with a set of hybridization parameters ε(pi) and V (pi) one needs
to set the parameter DOS to EDcheck . Additionally one needs to provide the following
two files: Vk and epsk which have as columns the bands and as rows the data for the
different pi.
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2. Realistic Calculations of Complex
Structures

After giving a brief introduction to the local density approximation plus dynamical mean
field theory (LDA+DMFT) I will explain each step of such realistic calculations. First I
will give a short introduction of the density functional theory (DFT) and its local density
approximation (LDA) in Section 2.1. Then, Section 2.2, I will introduce the DMFT.
Following this introduction, in Section 2.3, I will briefly discuss the double counting
correction in Section 2.3. Following this discussion, in Section 2.4, I will write about
methods which link the LDA and the DMFT method, the so called downfolding. Then,
in Section 2.5, I will show how one can include additional bands in the DMFT calculation
and discuss two studies of what happens in calculations with such enlarged basis sets.
To compare results from calculations with experiments one still needs to perform the
continuation on to the real axis which I will outline in Section 2.6. Following this, in
Section 2.7, I will show how to add non-local interactions to the method and I will
present a study of such a calculation. Finally, Section 2.8 I will present two extensions
to the LDA+DMFT method.

Introduction

One of the most interesting and difficult problems in physics is the calculation of the
electronic properties of solids. In the last chapter I explained what the Anderson Im-
purity Problem is and how one can solve it, focusing on the CT-HYB algorithm in the
Krylov implementation. The AIM only describes a small subset of physical situations,
e.g. impurity problems in solids as I already pointed out in Chapter 1. For treating the
electronic properties of bulk materials consisting of alloys with transition metal com-
pounds we need to use different models. Since the calculation of the electronic structure
of such materials is of great interest to the solid state community, large efforts were
undertaken in the last decades to develop methods to treat models which can describe
such systems. One of the most successful is the merger of the local density approxima-
tion with the dynamical mean-field theory for which the abbreviation LDA+DMFT was
coined.
One of these methods, the density functional theory (DFT) in its local density approxi-
mation (LDA) has for decades been the method of choice if one wants to calculate the
band structure of real materials. It works very well for a large class of materials, in
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2. Realistic Calculations of Complex Structures

which the interaction strength in relation to the bandwidth is small. As soon as this re-
quirement is not fulfilled the concept of treating the wave function as a product of single
particle wave functions breaks down and the LDA is not able to correctly predict the
properties of the system anymore. I will shortly introduce this method in Section 2.1.
The DMFT, on the other hand, was developed by the model Hamiltonian community
and is able to describe the Mott metal insulator transition [91], a long standing prob-
lem of the solid state community. The starting point of the DMFT is the Hubbard
Hamiltonian

H =
∑

iljm

tiljmc
†
ilcjm +

∑

ilmno

Uilmnoc
†
ilc

†
imcincio (2.1)

which describes the hopping of electrons, which are annihilated (created) c(†) on sites
i, j and orbitals l,m, on a lattice with a local interaction Uilmno on each lattice site i
between the orbitals l,m, n, o. The Hubbard Hamiltonian is, similarly to the Anderson
Impurity Hamiltonian, impossible to solve analytically (for d > 1). The DMFT makes
use of a new analytical limit, the limit of infinite dimensions, which makes the solution
tractable numerically. I will describe this method in 2.2.
The merger of these two methods LDA+DMFT [137] is in principle able to treat all
periodic materials in which local correlations play a major role if the dimensionality or
the coordination number of the problem is not too small. The starting point to combine
the two methods is the output of the LDA Hamiltonian HLDA in k-space. One assumes
that the output of LDA is a good description of the kinetics of the system and one thus
uses it to describe the hopping in the Hubbard Hamiltonian. Which bands one wants to
take into account depends on the problem at hand. If there are only correlated electrons
close to the Fermi edge, as it is the case e.g. for SrVO3, it becomes rather trivial. I
will discuss some downfolding techniques, which are used to obtain the relevant hopping
parameters, in Section 2.4 and some problems which come into play if one wants to
consider additional bands.
One can then easily write the LDA+DMFT Hamiltonian as

H = HLDA +
∑

ilmno

Ulmnoc
†
ilc

†
imcincio −

∑

iσ

DCilnil (2.2)

where the combined orbital and spin indices lmno only run over a subset of the LDA
orbitals which we want to treat. The n denotes the orbital occupation of orbital and spin
l and Ulmno is a general interaction matrix. The subset of bands could for example be
the d-orbitals of a transition metal. The last term of the Hamiltonian above is the double
counting correction which is necessary since some part of the interaction is already in-
cluded in LDA+DMFT calculations. How exactly this double counting correction term
looks like is not known and therefore there are a lot of different ways to treat it. I will
present some in Section 2.3.
The LDA+DMFT method was already successfully applied to a multitude of systems.
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2.1. Density Functional Theory

It could for example correctly describe the Mott transition in V2O3 [92], the δ phase
of Pu [94], the correlation effects in Fe and Ni [93] and the spin state of SrCoO3 [95]
to name just a few. This success also led to extensions of the DMFT scheme which we
are going to discuss in the last section of this chapter. Two extensions of the commonly
found LDA+DMFT scheme, for which the names “layer”-DMFT and nano-DMFT were
coined, which can be used in the w2dynamics package are going to be discussed there.
Summing up the ingredients for a LDA+DMFT calculations are: (i) make a LDA cal-
culation, (ii) identify the bands which need to be kept in the calculation, (iii) calculate
the interaction, (iv) perform a DMFT calculation with (v) a reasonable double counting
correction. This scheme can in principle be extended to a fully charge self-consistent
scheme if one feeds the densities from the DMFT calculation back into the LDA. I will
discuss each step in the following sections with the exception of the local interaction
which I am going to treat in more detail in the last chapter.

2.1. Density Functional Theory

The Density Functional Theory (DFT) is based on the Hohenberg-Kohn theorem [55]
which states that the ground-state property of a system is a unique functional of the den-
sity. This means that once we know the density of system we have complete knowledge
its ground-state properties. Furthermore the ground-state can be found by minimizing
the Energy E[ρ] with respect to the density. This theorem can be proven easily see [56].
Using this theorem it is possible to work with the less complicated density ρ as opposed
to the many particle wave functions. Since we can express everything as a functional of
the density we can write the energy as a sum over the kinetic energy functional Ekin[ρ],
the ionic functional which can easily be expressed via the density

Eion =

∫

d~r Vion(~r)ρ(~r),

the Hartree term which can also be expressed via the density

EH[ρ] =
1

2

∫

d~r

∫

d~r′Vee(~r − ~r′)ρ(~r)ρ(~r′)

and finally a term in which we hide all the exchange and correlation part which we do
not know Exc. So the complete functional is given by

E[ρ] = Ekin[ρ] + Eion[ρ] + EH[ρ] +Exc[ρ]

It is quite interesting that the only functional which actually depends on material specific
parameters is Eion (see e.g. [57]) so we would know the solution to any material by simply
adding the analytically known expression for Eion[ρ].
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2. Realistic Calculations of Complex Structures

Since the term for the kinetic energy can not be easily expressed in terms of the density
Kohn and Sham [58] introduced auxiliary one-particle wave functions which yield the
total density

ρ(~r) =
N
∑

i=1

|φi(~r)|2.

With the help of these auxiliary wave functions one minimizes the energy with respect to
φi instead of ρ and introduces the Lagrange parameters εi which guarantee normaliza-
tion. Thus we get δ{E[ρ]−εi [

∫

d~r|φi(~r)|2]−1}/δφi(~r) = 0. This minimization procedure
leads to the Kohn-Sham equations which describe a single electron moving in the time
averaged potential of the other electrons

[

− ~
2

2me
∇2 + Vion(~r) +

∫

d~r′Vee(~r − ~r′)ρ(~r′) +
Exc[ρ]

δρ(~r)

]

φi(~r) = εiφi(~r).

Since the exchange and the Hartree functional depend on the density which is in turn
needed for the computation of the energy we need to employ a self-consistent scheme.
We start with a guess for the density and calculate an effective single particle potential
Veff = Vion(~r) +

∫

d~r′Vee(~r − ~r′)ρ(~r′) + Exc[ρ]
δρ(~r) . Then we solve the Schrödinger equation

[59], obtain the φi and with these we calculate a new density. We stop the iteration
scheme if the new density and the old density are similar enough. If not, we perform
another iteration with the new density.
In principle the constructed auxiliary wave functions and Lagrange parameters have no
physical meaning whatsoever. Comparing the spectra and band structures of the aux-
iliary wave functions calculated by this procedure to experimental data, however, often
gives very good agreement. This made the identification of the auxiliary wave functions
and “energies” εi in the theoretical state theory community a de-facto standard.
We still have not made any approximations so far, but we also cannot solve the equation
above since we do not know how Exc[ρ] looks like. One typical approximation is the
Local Density Approximation (LDA) which defines

ELDA
xc [ρ] =

∫

d~rρ(~r)εLDA
xc (ρ(~r)).

In the equation above εLDA
xc (ρ(~r)) is the local exchange-correlation energy density of the

homogeneous electron gas. For actual calculations εLDA
xc (ρ(~r)) is produced by numerical

simulations of the jellium model for which Vion(~r) is constant. This already tells us for
what systems the LDA approximation will give reasonable results. When the density
of the electrons only varies slowly as a function of ~r then the jellium model might be
justified for the system. This is the case for s- and p-electron systems. For d- or f -
electron systems, whose electrons are more localized and where the density variations
are large, the approximation of the exchange and correlation energy is not justified
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anymore and LDA calculations do not yield satisfactory results. To remedy this other
approximations, e.g. the generalized gradient approximation [212, 213] and the hybrid
functionals [214, 215], were developed. The DFT is, however, intrinsically unable to
describe local moments and therefore the Mott transition [97] thus extensions to this
method are needed.

2.2. Dynamical Mean Field Theory

A complimentary approach, to the one I discussed in the last section, for describing
electrons in solids is their description by model Hamiltonians. One of the most well
known, if one is interested in strongly correlated electrons, is the Hubbard Hamiltonian
Equation (2.1). As I mentioned in Chapter 2 the Hubbard model, even in its simplest
one band form, is impossible to solve analytically, thus one would typically think of a
perturbative approach. The two most straightforward approaches would be to perform
an expansion around the atomic limit in t or to perform an expansion around the non-
interacting limit in U . If we follow one of these perturbative approaches we miss the
most interesting regime where the two parameters are of similar order and where the
physics of strongly correlated metallic systems and the Mott-Hubbard metal insulator
transition happen.
In 1989 Metzner and Vollhardt [60] put a new limit for correlated electron systems for-
ward, the limit of infinite dimensions. Since we do not treat any of the two parameters, t
and U , perturbatively the interesting physics, the interplay between iterative and local-
ized electrons, is captured in this approach. Soon after the publication Müller-Hartmann
[61, 62, 63] showed that only the local interaction yields frequency dependent self-energies
whereas the non-local density-density interactions are reduced to their Hartree term. The
breakthrough which made the theory applicable to the Hubbard Hamiltonian was the
work by Georges and Kotliar [18] who showed that a many-body model can be mapped
onto the self-consistent solution of an auxiliary AIM in the limit of infinite dimensions
d→ ∞. This allowed the usage of solvers for the AIM, which were already developed and
in wide use at that time, to be applied to the self-consistent solution of lattice problems
making the solution of many physical problems regarding strongly correlated electronic
systems for the first time theoretically tractable.
In the following derivation of the DMFT we will suppress the spin index and we will
be using the many-body Hamiltonian Equation (2.1). For the discussion the limit of
infinite coordination number, i.e. neighbouring site, Z||i−j||, where the distance ||i− j||
is the distance to next equivalent sites and not the limit of infinite dimensions will be
used. Since the number of neighbouring sites scales with the number of dimensions, e.g.
Z = 2d for the hypercubic lattice, the two limits are equivalent.
To obtain a non-trivial result we have to make sure that the scaling of the individual
terms of the Hamiltonian, when we take the limit of infinite coordination number, is

45



2. Realistic Calculations of Complex Structures

i j
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U

Figure 2.1.: Performing a power counting of the Greens function lines in the above second
order diagram shows that its contribution vanishes in the limit of infinite
dimensions and that only diagrams with i = j give finite results.

non-trivial. It is easy to see that the interaction term in the Hamiltonian scales like
〈

∑

lmno

Ulmnoc
†
lic

†
micnicoi

〉

Z||i−j||→∞
−−−−−−−→ const. (2.3)

which tells us that we do not have to take care of the potential energy since it stays well
defined.
Looking at the term of the kinetic energy, however, we see that when we increase the
number of neighbouring sites the term grows as Z||i−j|| and it thus diverges when we
take the limit. To keep the result non-trivial let us make the following ansatz for the
hopping amplitude, which we will justify later,

tiljm =
t∗iljm

√Z||i−j||
. (2.4)

In the equation above t∗iljm is constant. The non-interacting Greens function, which is
directly connected to t∗iljm, scales the same way for i 6= j

G0
iljm(ω) = [(ωδ − t)−1]iljm ∝ 1

√Z||i−j||
. (2.5)

The last quantity we have to take care of, is the Greens function. It is connected to
the non-interacting Greens function via the Dyson equation

G(~k, ω) =

(

[

G0(~k, ω)
]−1

−Σ(ω,~k)

)−1

. (2.6)

Since we already know that the non-interacting Greens function scales properly we only
have to show that the self-energy also scales correctly. Let us first look at Figure 2.1
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Figure 2.2.: On the left a diagram containing a hopping to another site and back again.
Its contribution stays finite when we take the limit Z||i−j|| → ∞. It is

contained in the skeleton diagram on the right.

where we see a Greens function (or self-energy if the legs are amputated) which connects
two different sites. If we count the number of non-interacting Greens functions we notice
that this diagram scales like (Z||i−j||)

−3/2 and since we only obtain a factor of Z||i−j||
from the sum over sites j the total contribution of this diagram scales like (Z||i−j||)

−1/2.
In the limit Z||i−j|| → ∞ its contribution vanishes.

The other class of possible diagrams is the one depicted in Figure 2.2. In this example
there is only two lines with different site indices. This class of diagrams contributes
since a power counting yields a scaling of (Z||i−j||)

−1 and thus the total scaling is 1.
These contributions are, however, already included if we substitute the non-interacting
Greens function by the interacting Greens function, depicted on the right of Figure 2.2.
This means that the contributions to the Greens function in which an electron leaves
the site and comes back at a later point are included and that the self-energy itself also
is completely local in the limit of infinite dimensions

Σij

Z||i−j||→∞
−−−−−−−→ δijΣ. (2.7)

Thus also the interacting Greens function scales the same way as the non-interacting
Greens function

Gij(ω) ∝ 1
√

Z||i−j||
(2.8)

Since we now know how all the contributions to the kinetic energy scale we can calculate
the total scaling. We rescaled the hopping term as (Z||i−j||)

−1/2, the Greens function

also scales as (Z||i−j||)
−1/2 and we obtain a scaling of Z||i−j|| from the sum over each

47



2. Realistic Calculations of Complex Structures

neighbouring site which yields the final result:
〈

∑

ljm

tiljmc
†
ilcjm

〉

Z||i−j||→∞
−−−−−−−→ const. (2.9)

The overall scaling of the kinetic energy is non-trivial and thus justifies our initial ansatz.
A crucial part of the DMFT is still missing: How to obtain all the local topologically
distinct self-energy diagrams in practice. This can be achieved by mapping the prob-
lem onto an auxiliary Anderson impurity model, since the solution of it are exactly all
the local topologically distinct diagrams. For the solution to be the same the on-site
interaction has to be the same as the one of the Hubbard Hamiltonian and the Greens
function lines have to match. This can be achieved via a self-consistency scheme. To
derive the self-consistency equation to make the mapping onto the AIM possible one can
employ the cavity construction as shown in [138]. Similar to the cavity derivation of the
self-consistency equation for the Ising model in infinite dimensions one can integrate out
the lattice degrees of freedom except for a single site. The main difference to the classical
system of Ising spins is that the Weiss field is now time dependent since the quantum
fluctuations are kept in the description. The Weiss field has to be set in such a way that
the local irreducible diagrams are the same and this is the case if the Greens function
lines of the diagrams are the same. To achieve the equality of the Greens function lines
the non-interacting Greens function has to fulfill

[

G
0(iωn)

]−1
= [G(iωn)]−1 + Σ(iωn). (2.10)

The non-interacting Greens function is the one which we already encountered in the
discussion of the AIM

(

[G0(iωn)]−1
)

mn
= (iωn + µ)δ −

∑

il

V †
lm(pi)Vln(pi)

iωn − εl(pi)
. (2.11)

With this equation which looks similar to a Dyson equation we have all ingredients
needed to build up a self-consistency scheme to calculate the self-energy of a Hubbard
model in infinite coordination number. This scheme is depicted in Figure 2.3. First we
guess a self-energy to start the loop, in most cases since we do not know anything about
the problem we simply set it to zero. Then we calculate the local Greens function of the
lattice

Gloc(iωn) =
1

VBZ

∫

BZ
d3k

1

(iωn + µ)δ −DC−H(~k) −Σ(iωn)
(2.12)

or its discrete version used for problems for which we know the hopping amplitudes from
DFT calculations and therefore H(~k) only numerically on a discrete grid

Gloc(iωn) =
1

N~k

∑

~k

1

(iωn + µ)δ −DC−H~k
−Σ(iωn)

(2.13)
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testguess Σ

Gloc[Σ]

(G0)−1 = (Gloc)−1 + Σ

Solve AIM
with (G0)−1 Σ = (G0)−1−(GAIM)−1

Done?
Analyze

data

no

yes

Figure 2.3.: A flow chart of the DMFT self-consistency loop. First we guess a self-
energy Σ. With this Σ we calculate a new local Greens function Gloc using
Equation (2.13). Using the Dyson equation G0 is calculated. The AIM
defined by G0 is then solved and a new self-energy with the Greens function
of the AIM is calculated. New and old Σ are compared and we start a new
iteration if the difference is too big. Otherwise we stop the cycle.
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2. Realistic Calculations of Complex Structures

where N~k
is the number of k-points, H~k

is the Hamiltonian of the localized downfolded
bands and DC is the double counting correction, which I am going to discuss in the
next section. In the above formula the size of each volume in ~k-space is assumed to
be the same. Using the Dyson equation of the AIM, Equation (2.10), we can calculate
the non-interacting Greens function of the auxiliary AIM G0. The AIM defined in such
a way has to be solved with one of the solvers presented in Section 1.1. We can then
calculate a new self-energy by using Equation (2.10) again using the Greens function of
the AIM, which closes the loop. This is iterated until the change in the self-energy is
beyond a certain threshold.

w
2
d

To control how many self-consistent steps are to be made in w2dynamics the parameter
DMFTsteps is specified. For starting from an old self-energy one assigns fileold to the
file which contains the self-energy and readold to the number which identifies the self-
consistent iteration whose self-energy should be used.
The full self-consistency cycle is implemented in the file DMFT.py . Different classes
for specific problems are implemented in lattices.py as described in Appendix A. One
of them is the Bethe lattice in d = ∞, which corresponds to a semi-circular density of
states. This lattice is especially suited for model calculations since its self-consistency
equations are analytically known in τ and iωn. To use this lattice the parameter DOS
has to be set to Bethe. Another implemented class is ReadIn which reads a Hamiltonian
specified by HkFile. This parameter specifies the file of the downfolded Hamiltonian
which was obtained by a projection or downfolding method. I will discuss some of the
methods in Section 2.4.

Since we are using the CT-HYB as the impurity solver the self-consistently determined
bath enters by means of the hybridization function instead of G0. The hybridization
function is, as we discussed in the derivation of the CT-HYB in Section 1.3, connected
to the non-interacting Greens function of the, in this context auxiliary, AIM by

∆(−iωn) = (iωn + µimp)δ − [G0(iωn)]−1. (2.14)

The hybridization function which we are defining above is for the propagation of holes
which we are generating by hybridization events with the impurity. The reason for this
is that whenever we create an electron on the impurity we simultaneously create a hole
in the bath by the hybridization c†a which then propagates for a time until the inverse
hybridization event occurs. Thus the hole propagator is needed.
In the equation above I now denote the chemical potential of the impurity by µimp since
it has to be calculated to yield hybridization functions with the right high frequency
behavior which should fall off as the one of a Greens function, namely as 1

iωn
. To achieve

this we define the impurity model as such that it fulfills this condition. As a starting
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2.2. Dynamical Mean Field Theory

point we look at the inverse of the Greens function, defined in Equation (2.13), in its
high-frequency limit

[Gloc(iωn)]−1 = (iωn + µ)δ − 〈H~k
〉 −Σ(iωn) −DC, (2.15)

where 〈H~k
〉 = 1

N~k

∑

~k
H~k

. Then we use the Dyson equation and obtain the following

expression

(iωn + µimp)δ −∆(−iωn) = [Gloc(iωn)]−1 + Σ(iωn). (2.16)

With the above two equations we get

lim
iωn→∞

∆(−iωn) = µimpδ −Σ(iωn) + Σ(iωn) − µδ + 〈H~k
〉 −DC. (2.17)

Taking the limit we arrive at the explicit expression of the impurity chemical potential

µimp = µδ − 〈H~k
〉 −DC. (2.18)

Using this chemical potential for the impurity we obtain a hybridization function with
the right high frequency behavior.
The only thing we have not discussed yet is how we obtain the hybridization function
in imaginary time τ . For the Fourier transformation of the impurity Greens function to
iωn we use Equation (1.69). This Fourier transformation is necessary in every iteration
since the CTQMC is working in τ while the self-consistency equations are formulated in
iωn.
The problem with naive Fourier transformations, discussions can be found in e.g. [139,
47, 110, 140], is that without a model the cut off at a finite number of iωn leads to
inaccuracies of the Fourier transformed quantity. To cure this one can fix the high
frequency behavior of the hybridization function before the Fourier transformation by
subtracting a model with the correct high frequency behavior. The difference, i.e. the
non-analytical information, is then Fourier transformed numerically, which is as we will
see the part which behaves as 1

(iωn)2
and thus falls off fast enough. After the Fourier

transform the analytical part is then added back to the function.
To obtain the high-frequency behavior we start with the local Greens function and
perform an expansion in 1

iωn
, where µ~k

= µδ −H~k
−DC

Gloc(iωn) =
δ

iωn
− 1

N~k

∑

~k

µ~k
−Σ0

(iωn)2
+

1

N~k

∑

~k

Σ1 + (µ~k
−Σ0)(µ~k

−Σ0)

(iωn)3
+O

(

1

(iωn)4

)

δ,

(2.19)
where the Σn are the coefficients of the Taylor expansion of the self-energy Σ(iωn) =

Σ0 + Σ1

iωn
+ O

(

1
(iωn)2

)

δ. By setting the self-energy to zero we get the non-interacting
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Greens function of the impurity

G0(iωn) =
δ

iωn
− 1

N~k

∑

~k

µ~k

(iωn)2
+

1

N~k

∑

~k

µ~k
µ~k

(iωn)3
+ O

(

1

(iωn)4

)

δ (2.20)

=
δ

iωn
+
µδ − 〈H~k

〉 −DC

(iωn)2
+

(µδ −DC)2 − 2(µδ −DC)〈H~k〉 + 〈H2
~k
〉

(iωn)3
+

O
(

1

(iωn)4

)

δ.

We then calculate the Taylor expansion of
[

G0(iωn)
]−1

, obtain

[

G0(iωn)
]−1

= iωn + µδ − 〈H~k
〉 −DC +

〈H~k
〉2 − 〈H2

~k
〉

iωn
+ O

(

1

(iωn)2

)

δ (2.21)

and finally plugging the expression above into Equation (2.14) we get the high frequency
behavior of the hybridization function which is given by

∆(iωn) =
〈H~k〉2 − 〈H2

~k
〉

iωn
+ O

(

1

(iωn)2

)

δ (2.22)

as discussed in [47, 141].

w
2
d

To define how many points in imaginary time τ are calculated for the hybridization
function ∆(τ) the parameter Nftau is used. The default is 10000 which is a safe guess
even for involved calculations. For calculating points with an arbitrary τ in the simu-
lation the hybridization function is linearized between the two points τ1 and τ2 where
τ1 < τ < τ2.

In general the chemical potential for a wanted filling in the LDA+DMFT calculations
is not known. For calculating the chemical potential in a simulation one can use the
identification of local lattice Greens function with the Greens function of the Anderson
impurity model in the DMFT. At each iteration of the DMFT the current filling of
the local lattice Greens function with the current chemical potential is checked against
the wanted filling. If the filling is wrong the chemical potential is adjusted such that
the filling of the lattice problem is correct. This can however change again due to the
change of the self-energy and thus needs to be checked in each iteration. The filling of
the system is calculated in Matsubara frequencies via the Matsubara sum of the Greens
function

1

β
Tr
∑

n

(

Gloc(iωn) − δ

iωn

)

+
δ

2
= Trρ (2.23)
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where we needed to include the conversion factor of δ

2 because of the sum
∑

n
1

iωn
.

w
2
d

For the search of the right chemical potential the parameters EPSN defines the maxi-
mal difference between the sought for filling, defined by totdens, and the filling calculated
by the formula above. If the chemical potential should no be adjusted but stay fixed at
the given chemical potential defined by mu then the parameter EPSN needs to be set
to 0.
The half-filling condition for the mean density-density and Kanamori interaction which
I am going to discuss in detail in Chapter 3 is given by:

µ = (2Norb − 1)
U

2
− (Norb − 1)

5J

2

where Norb is the number of orbitals, U is the intra-orbital interaction and J is the
Hund’s coupling.

2.3. The Double Counting Correction

To combine first principle calculations like LDA with DMFT calculations we still have
to include another important bit. If we downfold LDA bandstructures to low energy
effective models which are well localized and can be treated in DMFT there is already
a part of the interaction between electrons included, namely the Hartree interaction
and some part of the exchange and correlation depending on the Vxc potential used in
the LDA calculation. This part of the interaction has to be subtracted since we would
otherwise double count it. This is not an issue if we are only treating one d-manifold in
the DMFT since then the double counting correction can be absorbed into the chemical
potential; it is, however, important if we are also treating p-bands, if we have more than
one correlated atom in the unit cell or if we perform nano- or “layer”-DMFT calculations,
where there are several inequivalent constituents or correlated sites.
The problem is that, since the two methods have a completely different background, there
is no easy answer to the question what term exactly has to be subtracted. The double
counting correction which is used, however, has a big effect on the results obtained, as
is discussed in [64].
There are two well known attempts to find an analytical expression for the double
counting correction. Both have their origins in the LDA+U development, a precursor
of the LDA+DMFT method. The first one was introduced by Anisimov et al. [96], the
around mean-field approximation (AMF). The starting point for the AMF is as Czyżyk
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and Sawatzky [97] pointed out the identity

nm↑nm′↓ =nm↑〈n↓〉 + nm′↓〈n↑〉 − 〈n↑〉〈n↓〉+
(nm↑ − 〈n↑〉)(nm′↓ − 〈n↓〉). (2.24)

One can now identify the first three terms with the mean-field approximation and with
this we can write the energy of the system with on-site Coulomb interaction and exchange
interaction as

ELDA+AMF = ELDA +
1

2

∑

m,m′,σ

U(nmσ − nL)(nm′−σ − nL) (2.25)

+
1

2

∑

m,m′,m6=m′,σ

(U − J)(nmσ − nL)(nm′σ − nL), (2.26)

where nmσ are the occupancies of the orbitals m with spin σ and nL = 1
Norb

∑

mσ nmσ is
the mean occupation per orbital with Norb the number of orbitals. The above formula
can also be adapted to general interaction matrices with a density-density part of Umm′

and Jmm′ which I am going to discuss in Chapter 3. If we now take the derivative of
ELDA+AMF with respect to the particle number nm we see that the first term in the
brackets would yield the correct Hartree term in LDA+U calculations while the second
term is subtracted to avoid double counting which thus leads to the following term

DCAMF = Ū(nL − 1/2) (2.27)

where Ū is the averaged interaction matrix for this angular momentum quantum number
L which is given by

Ū =
U + (Norb − 1)(U − 2J) + (Norb − 1)(U − 3J)

2Norb − 1
. (2.28)

The occupancies used in the DCAMF are the LDA occupancies.
The second widely used analytical expression is the so-called “fully localized limit”
(FLL)[97]. The argument for the fully localized limit is that especially for insulators
the description of an electronic interaction to the mean-field solution is wrong. A better
description is a localized orbital embedded in a reservoir of delocalized electrons. Thus
making the atomic limit for the DC the natural choice. The resulting double counting
correction is then given by

DCFLL = DCAMF + (U − J)(nL − 1/2) (2.29)

In this correction the energy of the manifold is shifted downwards if it is more than
half-filled and upwards if it is less than half-filled. This leads to a preference of integer
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filled orbitals [98].
To overcome the arbitrariness of analytical models one can think of self-consistent double
counting corrections which make use of observables of the impurity.
One possible approach is to set the rigid shift of the impurity self-energies to zero, thus

DCΣ =
1

Norb
Re(Tr(Σ(iωn → ∞))). (2.30)

This double counting correction has been successfully applied to metallic systems in e.g.
[99, 95].
Another possibility is to impose a constraint on the charge of the impurity. To this end
the impurity Greens function and the non-interacting Greens function are required to
have the same filling

TrGAIM (β)
!

= TrG0(β). (2.31)

This works nicely in metallic systems [100] but breaks down if we want to treat insulating
systems since then the filling in the gap at the Fermi edge does not vary and thus the
fixing of the occupancy does not work anymore.
In [64] another double counting correction was suggested. There the double counting
correction was set such that the chemical potential was right in the middle of the gap
at the Fermi edge. This, of course, only works for insulating systems.
The definite answer of what the best double counting correction is cannot be answered
conclusively and might even vary from system to system. As we already mentioned in
the beginning the main problem is that the LDA and the DMFT methods are different
formal approaches. In recent years solutions to this problem are definitely going towards
substituting the LDA part by the GW which is also a diagrammatic approximation.
Thus the diagrams already treated in GW could in principle be subtracted exactly and
the problem of double counting corrections would finally be solved. First successes in
this direction were already made in [121, 122].

w
2
d

The double counting correction can be set in w2dynamics by setting dc to one of
anisimov, fll, amf or number. If number is specified then one also has to set the parameter
dc value to the desired double counting values, a list which has to be as long as the
number of correlated orbitals.
For a system with three d-bands e.g.: dc value= 1, 1, 1

2.4. The Problem of Choosing the Basis

Once we have performed a LDA calculation there is still an open question: Which bands
are the correlated bands which we want to treat in the DMFT. If there is only a well
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Figure 2.4.: The band structure of V2O3 along high symmetry points in the Brioullin
zone. The weight of the t2g-orbitals on the bands is denoted by the blue
color. Since the t2g are well separated from the rest of the band the down-
folding onto a local Hamiltonian is straightforward.

separated band at the Fermi energy as it is, e.g., the case for SrVO3, for which we show a
band structure in 2.4, the answer is relatively simple. For such systems the downfolding
onto a low-energy Hamiltonian is easy to accomplish with any of the methods presented
below. If, however, many bands cross the Fermi energy, as is the case, e.g., of Iron shown
in Figure 2.5, the downfolding procedure becomes more involved.
In this section I will discuss some downfolding methods, while in the next section I will
discuss the procedure to include p-bands in the DMFT self-consistency cycle. This is
necessary if the hybridization between d and s/p orbitals is strong. For a comparison of
different downfolding techniques and results of calculations for physical systems see e.g.
[65, 66, 67]. A good of different discussion of downfolding schemes can be found in [142].

Wannier functions In solid state physics calculations are often performed in the re-
ciprocal ~k-basis to make use of the periodic structure of the lattice. This is, e.g., the
case in most DFT programs. For some applications, e.g., for performing LDA+DMFT
calculations, but also for the visualization of chemical bonds and for a better under-
standing of the bonding mechanisms a representation in real space is necessary. In 1937
Wannier [143] introduced such a representation named after him. In contrast to the
Bloch functions |Ψ

n~k
〉 which are labeled by the crystal momentum ~k and a band index

n, the Wannier functions |~Rn〉 are labeled by a cell index ~R and a band-like index n.
As mentioned above typically calculations of electronic structures in the independent-
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particle approximation are performed using periodic boundary conditions thus the Bloch
wavefunctions are eigenfunctions of the lattice translation operator and the effective one-
particle Hamiltonian. If for the moment we concentrate on one isolated band one can
build up a localized wavefunction by superposition of Bloch functions of different ~k. To
build up wavefunctions in different cells ~R we can insert a phase factor

|~Rn〉 =
V

(2π)3

∫

BZ
d~ke−i~k·~R |Ψ

n~k
〉 . (2.32)

The wavefunction of one cell transforms into the other under the translation by the
lattice vector ~R. The inverse transform back to Bloch functions is given by

|Ψ
n~k
〉 =

∑

vecR

ei
~k·~R |~Rn〉 . (2.33)

Since the Fourier transformations given above are unitary the representation in the
Wannier basis is equivalent to the one in the Bloch basis, although the Wannier basis
is not an eigenbasis of the effective Hamiltonian anymore. One can think of it as an
exchange of a localization in energy to a localization in space.
A peculiarity which has to be considered when treating Wannier functions is the fact
that they are highly non-unique. This is due to the gauge freedom in the definition of
wavefunctions in Bloch space:

|Ψ̄
n~k
〉 = eiφn~k |Ψ

n~k
〉 , (2.34)

where Φ
n~k

is a real function which is periodic in reciprocal space. If the resulting

wavefunctions are smooth, i.e. ∇~k
|u

n~k
〉 is well defined for all ~k, then the resulting

wavefunction in Wannier representation is well-localized. This is due to the nature of
the Fourier-transform which gives more localized structures in real-space if the object
in reciprocal-space is smooth. As noted in [142] the Wannier-functions are more non-
unique than the Bloch-functions.
If one wants to treat not just one isolated band, but a manifold of M bands which
are well separated from all other bands as in Figure 2.4 one can generalize the gauge
transformation given above by

|Ψ̄
n~k
〉 =

M
∑

m=1

U
~k
mn |Ψm~k

〉 . (2.35)

The unitary matrix U
~k
mn is of the dimension M ×M and it, of course, does not change

the traces over this band manifold. The resulting wavefunctions |Ψ̄
n~k
〉 are, however, no

longer eigenfunctions of the effective Hamiltonian and n is no longer a band index in the
usual sense. We have to make use of this gauge freedom to obtain smooth wavefunctions
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Figure 2.5.: The band structure of Fe along high symmetry points in the Brioullin zone.
The weight of the d-orbitals on the bands is denoted by the blue color. The
correlated d-bands which we want to treat in the DMFT are entangled with
other bands, thus the downfolding procedure becomes more involved.

|Ψ̄
n~k
〉, and thereby well localized wavefunctions, if there are degeneracies as the ones in

the Γ-point of Figure 2.4. There the wavefunction is not analytic anymore and a naive
Fourier transform would lead to poorly localized objects. By a clever rotation using the
gauge freedom one can restore the smoothness and thereby the localization in real space.

Disentanglement The problem of constructing well localized orbitals becomes more
involved if the target bands we want to keep in the low-energy Hamiltonian are crossed
by bands which we want to project out. An example of such a system is shown in
Figure 2.5. For such systems it is difficult to choose which Bloch states are used to form
the wavefunctions in Wannier representation.
One can break the problem down into two steps. The first step selects the Bloch functions
and in the second step the unitary transformation matrix is constructed. The procedures
to find the subset of Bloch wavefunctions to use is actually very similar to the techniques
to find the localized wavefunctions. The simplest way to select a subspace of the Bloch

bands is a projection onto local trial orbitals |χ~R
m~k

〉 a technique which I am going to
discuss in more detail later in this section. Another possibility is an iterative procedure
which is based on the smoothness of the wavefunctions. For an in-depth discussion see
[142].
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Calculating the Greens function Whatever route we choose to obtain the wanted
low-energy Hamiltonian in ~k-space in the end we want to calculate the lattice Greens
function as an input for DMFT calculations. The result of the construction of localized
orbitals is going to be some projection matrix from m, possibly entangled bands, to n
target bands. One has two possibilities to calculate the ~k-dependent Greens function
using these Projectors P.
If we suppress ~k indices, the lattice Greens function can be written as

Glattice(iωn) = P

[

(iωn + µ)δ − ε−P
†Σ(iωn)P

]−1
P

† (2.36)

where ε is a diagonal m×m matrix containing the eigenvalues from an LDA program.
This expression is equal to the definition of the Greens function constructed with a
Hamiltonian in W subspace, which we use in this work, as long as the projectors P

are quadratic. The Greens function calculated by using the Hamiltonian H = PεP† is
given by

Glattice(iωn) = [(iωn + µ)δ −H−Σ(iωn)]−1 . (2.37)

This equality can be easily proven:

Glattice = [(iωn + µ)δ −H−Σ(iωn)]−1

=
[

(iωn + µ)PδP† −PεP† −PP†ΣPP†
]−1

=
[

P

(

(iωn + µ)δ − ε−P
†ΣP

)

P
†
]−1

= P

[(

(iωn + µ)δ − ε−P†ΣP

)]−1
P†.

Since the inversion is not well defined anymore for rectangular matrices the equality of
the two constructions is not guaranteed if the low-energy Hamiltonian is constructed
with m 6= n.

Projection

A very simple approach for obtaining Wannier functions is taken by Amadon et al. [100],
which is rooted in the analysis given in [144]. Amadon et al. use a projection onto local

atomic like trial orbitals |χ~R
n~k
〉, where ~R denotes the correlated atom, ~k is a wave vector

and n is a local orbital. The projected quantities are all the Bloch states Ψ
m~k

, which
are, as previously mentioned, readily available from the output of most LDA programs.
The projection is, however, restricted to the subset W of Bloch bands:

|χ̃~R
n~k
〉 ≡

∑

m∈W
〈Ψm~k|χ

~R
n~k
〉 |Ψm~k〉 . (2.38)
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The functions we obtain are not Wannier functions anymore since the projection is no
longer a unitary operation. We can, however, make it unitary again by performing an
orthonormalization,

|w ~R
~kn
〉 =

∑

~R′n′

S
~R~R′

nn′ (~k) |χ̃~R′

~kn′〉 , (2.39)

where S
~R~R′

~k
is the inverse square root of the overlap matrix

O
~R~R′

nn′ (~k) ≡ 〈χ̃~R
~kn
| χ̃~R′

~kn′

〉

S
~R~R′

nn′ (~k) ≡
{

[

O(~k)
]−1/2

}~R~R′

nn′

.

Thus we finally obtain the projector onto a localized representation which is given by

P
~R
nm(~k) =

∑

~R′n′

S
~R~R′

nn′ (~k) 〈χ~R
~kn
| Ψ~km

〉

. (2.40)

Restricting the sum in Equation (2.38) to W and then orthonormalizing the projector
we create wave-functions which have a larger spread than χ, the atomic orbitals [100].

Maximally localized Wannier

The projection method described above can be refined by introducing a well-defined
localization criterion. This localization criterion is non-unique, as discussed in [68], but
a widely used criterion is the one introduced by Marzari and Vanderbilt [145]

Ω =
∑

n

[〈~0n|r2|~0n〉 − 〈~0n|~r|~0n〉2] (2.41)

which measures the sum of the quadratic spreads of the M wavefunctions in the home cell
around their centers. This spread is minimized by varying the unitary transformations
Umn iteratively. A description of this process can be found in [68].
For this procedure a package for the ab-initio program Wien2k is available [123]. Another
ab-initio program VASP provides a direct interface to the Wannier90 [124] program which
can used to generate such maximally localized Wannier functions.

NMTO

An alternative approach is the NMTO method which uses local orbitals as a basis set
[69]. This scheme is based on the perturbative approach as introduced in [146]. For
obtaining a description of the target bands one separates the original Hamiltonian into
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two parts. The target bands, which are called “active” set, and the rest of the bands,
the “passive” set. The effective Hamiltonian can be rewritten as

H =

(

H00 0
0 H11

)

+

(

0 V01
V10 0

)

. (2.42)

We can express the wavefunctions as a sum of its projections by

(H00 − ε) |Ψ0〉 + V01 |Ψ1〉 = 0

V10 |Ψ0〉 + (H11 − ε) |Ψ1〉 = 0 (2.43)

with ε the eigenvalues of |Ψ〉. If we accept an energy dependent Hamiltonian we can
eliminate the dependence on the “passive” set and with Equation (2.43) we get

H00(ε) = H00 − V01 [H11 − ε]−1 V10. (2.44)

One option is to set the energy to the center of mass of the bands. This can be used
to generate tight-binding Hamiltonians from first-principle calculations as outlined in
[147].
Another approach which is closely related to the Löwdin downfolding is the NMTO
approach. For this approach the Löwdin partitioning is used in connection with muffin-
tin orbitals (MTOs). Following the lines above we separate the muffin-tin orbitals into
“active” and “passive” sets and using the separation of the Hamiltonian we obtain energy
dependent orbitals for the active space [70]

Φ0(ε,~r) = Φ0(~r) − Φ1(~r) [H11 − ε]−1 V10. (2.45)

These orbitals are equivalent to the original orbitals and can be interpreted as the active
space which is dressed by the energy-dependent linear combination of the passive orbitals.
To get rid of the energy dependence an Nth order fit is made to the orbitals which sets
the name of the method, e.g. 0MTO or LMTO (as in linear) if the energy dependence
is simply set to an energy.

2.5. DMFT on a dp-basis

The DMFT loop I introduced in Section 2.2 is only reasonable if only the d-bands cross
the Fermi energy. In many circumstances e.g. for iron as can be seen in Figure 2.5,
however, the Fermi energy is crossed by d- and p-bands. This makes a downfolding, on
d-orbitals only, unfeasible since the downfolded orbitals would have a lot of weight on
the p-bands since this leads to a wider spread of the d-orbitals which breaks a description
by the Hubbard model.
To remedy this one can downfold the LDA-Hamiltonian onto the d- and p-bands. In
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this description the Hamiltonian which enters into the DMFT calculation will have the
following form

H~k =





Hd
~k

H
dp
~k

[

H
dp
~k

]†
H

p
~k



 (2.46)

where Hd/Hp is the block containing the on-site energies and hopping of the d/p-orbitals
and the hopping between the d and p orbitals is contained in Hdp. In this scheme the
p-orbitals can either be on-site or p-orbitals of ligands.
The DMFT self-consistency cycle then looks the following way:
(i) When we calculate the local Greens function for the DMFT self-consistency we use
the large Hamiltonian

Gloc
full(iωn) =

1

N~k

∑

~k

[

(iωn + µ)δ −H~k
−Σfull(iωn)

]−1
. (2.47)

where Σfull can also include additional energy shifts as I will discuss in Section 2.7.
(ii) We then project onto the correlated orbitals, which we are going to use to define the
local AIM problem,

Gloc
d = PdG

loc
full [Pd]−1 , (2.48)

where Pd projects from the full (d+ p)-space to the correlated d-space.
(iii) And finally using the local Greens function in the correlated subspace we define the
bath Greens function of the auxiliary AIM

[

G
0
d

]−1
=
[

Gloc
d

]−1
+ Σd (2.49)

These steps are repeated in the self-consistency loop until convergence is reached.
One would naively expect that the addition of more bands always leads to a similar,
more accurate description of the system at hand. This is, however not always the case
as I am going to discuss in the following study, Section 2.5.1. To better understand the
effect the inclusion of p-bands has on physical observables and the expansion order k in
the CT-HYB algorithm the study I present in Section 2.5.2 was conducted.
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2.5.1. DP-Model

This subsection is based on the following manuscript:

Effective crystal field and Fermi surface topology: a com-
parison of d- and dp-orbital models.
N. Parragh, G. Sangiovanni, P. Hansmann, S. Hummel, K. Held and A.
Toschi

arXiv:1303.2099 [cond-mat.str-el].

There have been many big successes of the LDA+DMFT method to address open
questions of strongly correlated electron systems. In these materials there are d-orbitals
which are however often coupled to ligands such as O-p. Since the role of these ligands
can be quite strong is partly surprising that most of the LDA+DMFT calculations have
in the past been made with a basis-set which only includes the d-orbitals crossing or
close to the Fermi level.
More recently some LDA+DMFT calculations have been made which also took into ac-
count less correlated orbitals, e.g. the ligand p-orbitals. One expects the LDA+DMFT
calculations in larger basis sets to be more accurate than the ones in the smaller basis
set. This expectation is based on two arguments. One: the downfolding of the LDA wave
functions onto an enlarged basis set leads to better localized correlated manifolds, since
the dp-hopping can now be explicitly included in the model. Two: the model includes
the description of charge-transfer processes which is an important physical process in
materials and thus should be included in the modelling of realistic systems.
In contrast to these general arguments actual calculations performed in enlarged basis-
sets sometimes show very strong deviations from d-only calculations in cases where the
d-only results were close to experiments. We are only going to mention a few examples
for which the scheme with an enlarged basis set gave better results than without it.
It improved the description of the insulating behavior of NiO [73] and of the MIT in
NiS2 [75] compared to the d-only calculation [76]. For the cobalt oxygen compounds
the results of one- and two-particle properties are also quite accurate, e.g. SrCoO3 [95],
which I am going to discuss in more detail in section 3.2.1, and LaCoO3 [133].
On the other hand there are also cases which, in contrast to the aforementioned examples,
led to contradictory results compared with the d-only calculations and/or experiments.
The MIT in V2O3, one of the prototypical materials for the treatment in LDA+DMFT,
could not be reproduced even with very large values of the Coulomb interaction when
the oxygen p-orbitals were included [81]. In recent years it was found that in La2CuO4

and in LaNiO3 the Mott-Hubbard insulating phase was missing with calculations in the
dp-basis set [82], whereas they are insulating in d-only calculations with realistic values of
the dd-interaction. Especially the discrepancy of the results regarding the Mott-Hubbard
metal insulator transition has led to a discussion in the recent literature. The dp-models
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are, for reasons mentioned above, considered better and the absence of insulating be-
havior is ascribed to the neglected correlations. In [82] the proposed mechanism for the
absence of the MIT is the disregard of non-local correlations. I will discuss this aspect
in more detail in 2.7.1.
The non-local correlations can, however, not be the solution to the all the problems one
encounters when including p-orbitals, which are present in a large parameter regime,
also at high temperatures, where their contributions, not described within DMFT,
should be negligible. In one very interesting LDA+DMFT d-only study which dealt with
LaNiO3/LaAlO3 heterostructures [84, 85] it was observed that the electronic correlation
always enhances a positive crystal-field splitting between the two eg orbitals which cross
the Fermi surface. By tuning this crystal-field one could eventually change the shape
of the Fermi surface to a situation which resembles the one of the high-temperature
superconducting cuprates. The striking difference between the calculations in the d-
and dp-basis sets was reported in [83]. In this study it is shown that the correlation, in
LDA+DMFT calculation with dp-basis sets, always reduces the crystal field splitting,
thus prohibiting the realization of the cuprate like Fermi surface. This problem raises
the general question of the proper use and interpretation of LDA+DMFT calculations
in enlarged basis sets. Especially if one wants to use the LDA+DMFT as a method with
predictive power to help with the creation of complex materials. A model similar to the
one studied for the LaNiO3/LaAlO3 system will be used in this section to shed some
light on the effect of enlarging the basis set.

The Models

Below I will describe the model which we used to study the discrepancies in the orbital
polarization between the d-only and the dp-model. Since we already know from the
study of the nickelates that two correlated eg orbitals are enough to lead to a different
result of the LDA+DMFT calculations we created two models with a cubic symmetry to
study this behavior. The two models are similar to the models used for the nickelates,
which corresponds to a quasi two-dimensional geometry. However since we are using
DMFT the model only enters via the k-integrated local Greens function and thus the
results depend mainly on the relation between the kinetic energy of the two correlated
orbitals and the hybridization term. The results can therefore be seen in a more general
context applicable to a wide range of mulitorbital systems at the DMFT level.

d-only two-band model The eg only model contains only two parameters, the hopping
amplitude tdd and the initial crystal-field parameter ∆CF . To parametrize the hopping
the table of Slater and Koster [86] was used while the crystal field potential ∆CF , which
accounts for the on-site difference between the two eg states, is kept as a free parameter.
The crystal-field corresponds to a tetragonal distortion, i.e. a compression or elongation
of one of the cubic C4 axis of the ligand octahedron.
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Figure 2.6.: Band-structure and DOS of the two-band d-model (upper panel) and the
four-band dp-model (lower panel) for two different values of the crystal-field
splitting ∆CF between the two d-orbitals, i.e. ∆CF = 0 (left panels) and
0.5 (right panels). The orbital character is denoted by the following color-
coding: black for the first d-orbital (dx2−y2), red for the second (d3z2−r2),
and yellow for the p-orbitals. In the inset, the hopping processes for the two
models are visualized. Taken from [74].

Additionally a restriction is imposed onto the filling. The total filling of the effec-
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tive eg manifold is kept at one electron. This manifold, however, is far from having
pure d-character, actually, for the nickelates, the two bands would correspond to the
anti-bonding hybrid between the on-site d- and the ligand p-orbitals. The effective eg
Hamiltonian in momentum space is given by

H2b
k =

(

−3
2tdd(cos(kx) + cos(ky)) −

√
3
2 tdd(cos(kx) − cos(ky))

−
√
3
2 tdd(cos(kx) − cos(ky)) −1

2tdd(cos(kx) + cos(ky)) + ∆CF

)

, (2.50)

where the diagonal entries represent the hopping from a dx2−y2 (d3z2−r2) to a dx2−y2

(d3z2−r2) in the next unit cell and the off diagonal elements represent the non-local eg-eg
hybridization. A sketch of the hoppings is shown in Fig. 2.6 in the upper inset. For
heterostructures there exists a quasi two-dimensional geometry, the hopping along the
c-axis is highly suppressed, and thus the d3z2−r2 has a smaller hopping amplitude and
therefore a smaller bandwidth. A similar two-band model without hybridization between
the orbitals, with reference to BaVS3 and NaxCoO2, was studied in [87].
In Figure 2.6 the band-structure and the single particle density of states (DOS) corre-
sponding to our model is plotted. The orbital character of the band structure and of
the DOS are color coded; the black color denotes a dx2−y2 character and the red color
d3z2−r2 character. Locally, as can be seen by the pure colors in the DOS, the two orbitals
are eigenstates of the tetragonal point group and do not hybridize. If we look at, e.g.,
the X point of the band structure plot, however, one can see from the dark red color
that there is a non-local mixing of the two orbitals.
In the model the hopping amplitude was fixed to a value of tdd = 0.6eV to obtain a
bandwidth of similar size as in the NMTO downfolded nickelates. In the following study
the crystal field parameter was varied between −0.5 < ∆CF < 0.5eV. On the left side of
Figure 2.6 the bandstructure and DOS for a crystal field of 0.0eV and on the right for
0.5eV is shown. One can see the values of the crystal-field in the center of mass of the
DOS which is depicted as dashed red/black lines correspondingly.

dp four-band model In the second model the p-bands are added back to the model
which makes it in a way the “upfolded” version of the d-only model. The two added
orbitals can be thought of as oxygen ligand orbitals in the quasi two dimensional ge-
ometry of the model with one p-orbital at each ligand site. This model is the simplest
realistic dp-model which can be constructed in a quasi two-dimensional cubic/tetragonal
symmetry. The additional parameters which define the “upfolded” model have to be
chosen in such a way that they correspond to the two band model, i.e. the parameters
of the two band model must be derivable from parameters of the four band model. The
crystal-field parameter of the d-only model stems, in fact, from a “ligand field” splitting
which can, in principle, be decomposed into an electrostatic Mandelung potential and
a dp-hybridization splitting. The effective dd-hopping processes are in the “upfolded”
model mediated via the oxygen p-orbitals and there are no direct dd-hopping processes.
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2.5. DMFT on a dp-basis

The parameters for the four-band model, i.e. dp-hopping amplitude and on-site d- and
p-energies, can be chosen to mimic the two bands at the Fermi energy of the two-band
model. The results obtained in this study are, however, robust with respect to the details
of the model. The dp-Hamiltonian in momentum space is given by

H4b
k =

















0 0 i
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(2.51)
where ∆CF can be identified with the parameter in the corresponding d-only model and
the parameter tpd, which defines the hopping between d- and p-orbitals, was set to the
value tpd = 3tdd with which the bandwidth of the anti bonding bands has the same
bandwidth as in the d-only model. Finally the on-site energy of the p-states was set to
εp = −2.5eV, which is a realistic value, similar to the one in the nickelates.
The band structure and DOS is plotted in the lower panels of Figure 2.6 for the same
crystal field splitting as in the d-only model. The additional p-bands are color coded in
yellow. One can see the admixture of p-character in the DOS, due to the hybridization,
at the Fermi energy.

Local Interaction and Double Counting Correction In this study we used the scheme
described in Section 2.5 for the self-consistency and the Kanamori interaction which I
am going to introduce in Section 3.1 as the local interaction. The interaction values are
given by U ′ = U−2J = 4eV and J = 0.5eV for the 2-band model. For the 4-band model
the parameters were chosen as U ′ = U − 2J = 8eV and J = 1eV which is physically
reasonable since dp-models are typically more localized than d-only models and thus
the on-site interaction is stronger. We used the FLL double-counting correction which I
introduced in Section 2.3 for all calculations in this study.

d- vs dp-Calculations at “quarter filling”

In this section we will compare the two model systems with a “quarter filled” correlated
band, i.e. one d-electron. This corresponds to having n = nd = 1 electron in the two-
band model and n = nd + np = 5 electrons in the four-band model. We will study the
two models at different crystal-fields, ranging from −0.5eV to 0.5eV, to investigate the
effect of the interaction on the Fermi surface.

Results for the d-only model Let us turn to the results of our calculations. First
we discuss the occupations of the non-interacting model which are shown in Figure 2.7.
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Figure 2.7.: The occupation of the dx2−y2 and d3z2−r2 orbitals in the d-only model for
nd = 1 and for different ∆CF . The non-interacting values, denoted as
LDA, (open symbols) are compared with the interacting values, denoted
by DMFT, (filled symbols). The effect of the interaction on the occupancies
is indicated by the arrows. Taken from [74].

The occupations show a monotonic behavior w.r.t. the crystal-field, but the dependence
on the crystal-field is non-linear, which is in accordance to actual ab-initio calculations,
since the band-width and dispersion relation is different for the two bands. Therefore
the point at which both bands are equally occupied does not occur at ∆CF = 0eV but
below the minimal value of ∆CF shown here.
The occupancies of the model with interactions is also shown in Figure 2.7 and a quite
interesting behavior can be observed. Not only for this model, but also for other models
we studied, the interaction always seems to enhance the crystal-field, i.e. an increase
(decrease) of the occupation of the d3z2−r2 (dx2−y2) orbital for ∆CF < 0 and vice versa
for ∆CF > 0.
This can also be seen as a robust behavior for the changes in the orbital polarization P
due to interaction, which we define analogously to [83, 196] as

P =
nx2−y2 − n3z2−r2

nx2−y2 + n3z2−r2
. (2.52)

We found these results to be quite general, i.e. model independent, in line with what
was previously found for calculations of the Fermi surface in LDA+DMFT calculations
for the bulk nickelates [197, 198] and for the Ni-based heterostructures [84, 85].
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Figure 2.8.: The difference of the real part of the self-energies for the d-only model in the
limit ωn → 0 (filled symbols) and ωn → +∞ (open symbols), which is the
Hartree contribution for various ∆CF . The shaded area on the left denotes
the onset of the metal-insulator transition for which the huge energy of one
orbital is a precursor. Taken from [74].

To obtain a quantitative result of this enhancement we need to study the behavior
of the self-energy. The results of the limit ωn → 0 and ωn → ∞ for the quantity
ReΣ3z2−r2(iωn) − ReΣx2−y2(iωn) is shown in Figure 2.8. In the latter limit only the
Hartree contribution to the self-energy remains and thus the difference of the self-energies
can also be written in terms of densities as

ReΣ3z2−r2(iωn) −ReΣx2−y2(iωn) = U − 5J (2.53)

nx2−y2 − n3z2−r2 = (U − 5J)P,

where the second equality only holds for nd = 1. This can be also seen if we compare
the crystal-field value for which the sign change in the difference of the self-energies in
ωn → ∞ occurs in Figure 2.8 and where the two orbital occupancies are the same in
Figure 2.7, which is at exactly the same ∆CF .
The behavior of the increase or decrease of the orbital occupancies is however not con-
nected to this quantity, but rather the difference of the self-energies at ωn → 0 which
controls the effective splitting of the two orbitals in the Fermi liquid regime. The split-
ting, which we will call effective crystal-field, is given by

∆eff = ∆CF +ReΣ3z2−r2(0) −ReΣx2−y2(0) (2.54)
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Figure 2.9.: The occupation of the dx2−y2 and d3z2−r2 orbitals in the dp-model for n = 5
w.r.t. ∆CF . The non-interacting values, denoted as LDA, (open symbols)
are compared with the interacting values, denoted by DMFT, (filled sym-
bols). Taken from [74].

and it allows us to interpret the second set of data in Figure 2.8. ∆eff follows the same
trend as the ∆CF and it confirms the observation that the interaction always increases
the absolute value of the initial crystal-field. The abrupt change in ∆eff when the metal-
insulator transition is approached corresponds to an orbital which is empty while the
other orbital is exactly half-filled. When the basis-set is extended, however, this simple
picture changes which we are going to see in the following discussion.

Results for the dp-model In the model with d- and p-orbitals the filling of the system
is set to n = 5 since the p-bands are lying below the Fermi energy and are therefore
completely filled in the absence of hybridization. If we study the occupations w.r.t.
∆CF , shown in Figure 2.9, we obtain different results than before.
Already for the non-interacting case there is a major difference between the results since,
even though the p-bands are well separated from the d-bands, the occupation of the d-
orbitals changes from nd = 1 to nd ≈ 1.7, due to the hybridization. When the interaction
is switched on the d-orbitals retain the same occupation as in the uncorrelated case. This
leads to a completely different outcome when we calculate P which is in this model and
parameter set independent of ∆CF and always reduced compared to the non-interacting
case.
This result can also be seen in the difference of the real part of the two d self-energies
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Figure 2.10.: The difference of the real part of the self-energies for the dp model in the
limit ωn → 0 (filled symbols) and ωn → +∞ (open symbols). Taken from
[74].

which are shown in Figure 2.10. The effective crystal field Equation (2.54) is always
reduced compared to ∆CF , which is in agreement with the decrease of nx2−y2 (reduction
of P ) which we observe in the whole parameter range of ∆CF .
These results are in obvious qualitative disagreement with the ones for the d-only model
for ∆CF > 0, which is what was also found in [83] for Ni-based heterostructures. In the
study they argued that this difference between the results for d- and dp-models does not
depend on the type of the local interaction which we could show in this study by using
an SU(2) symmetric interaction.

Since the most obvious change between the two models is the filling we could try to
tune the interaction to produce the same trend. The parameter which influences the
relative occupancies off the d-orbitals the most is the Hund’s coupling J . To this end
we performed calculations for the dp-model for different values of J which we show in
Figure 2.11. We note that already for a decrease of J from 1 to 0.5eV the results of our
calculations change significantly since there is, for this parameter, again a similar trend
as for the d-only model. For J = 0 the physical situation finally changes completely
with a ∆eff which is now almost always enhanced except for the lowest values of ∆CF .
A trend which can also be seen in the occupancies. This shows the sensitivity of the
system to Hund’s coupling which has attracted a lot of attention in recent literature
[199, 130, 118].
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Figure 2.11.: Left panel: The occupation of the dx2−y2 and d3z2−r2 orbitals in the dp
model for n = 5 w.r.t. ∆CF . We used two different values for the Hund’s
coupling J = 0.0eV and J = 0.5eV while keeping U ′ = 8eV. The non-
interacting values, denoted as LDA, (open symbols) are compared with the
interacting values, denoted by DMFT, (filled symbols). Right panel: The
difference of the real part of the self-energies for the dp model in the limit
ωn → 0 for the corresponding data and for J = 1 was already presented in
Figure 2.10. Taken from [74].

The Role of the d-Orbital Occupation

The discussion before raises the question when one can expect the same results from d-
and dp-model calculations. Typically for LDA+DMFT calculations one uses estimates
for the interaction parameters and thus the variation of J was more an academical ex-
ercise. We already mentioned that the major difference between the d- and dp-model in
the correlated subspace is the occupancy since the study of J suggests that the Hund
mechanism is important. We thus studied of the behavior of the correlated subspace
w.r.t. the filling. To this end we performed calculations for the d-only model setting
the filling of the system to n = 1.1, 1.25 and 1.75, which is almost half-filing, i.e. the
filling for which J plays the most important role. All the other parameters were set to
the ones already previously used for the d-only model. The results of these calculations
are shown in Figure 2.12.
When the filling of the system is changed we observe a slow change of the trend in the
occupancies and effective crystal-fields to the ones we already observed for the dp-model.
We focus on the interesting region of ∆CF > 0, i.e. the region for which the trend for
the d-only model at n = 1 could not be reproduced by the dp-model at n = 5. We
observe that for increasing values of n the region for which ∆CF “drives” the final result
is decreasing. For n = 1.05 the region is confined to ∆∗ > 0.1 which can also be seen
for ∆eff for a slightly larger value ∆∗ > 0.15. For the second value n = 1.25 this region
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Figure 2.12.: Upper row: Orbital occupations of the two orbitals of the d-only model
nd = 1.1, 1.25, 1.75 w.r.t. ∆CF . The interacting results (filled symbols) are
compared with the corresponding non-interacting results (open symbols).
Lower row: Difference of the real part of the DMFT self-energies for the
two orbitals at ωn → 0 (solid symbols) w.r.t. ∆CF for the corresponding
set of data. Taken from [74].

is already shifted to ∆∗ > 0.5 and at n = 1.75 we find a similar behavior as for the
dp-model study.
Let us stress again that due to the asymmetry of the density of states no symmetric
behavior of the occupancies or ∆eff can be expected. In the region ∆CF < 0 the
crystal-field enhancement is larger than in the region ∆CF > 0, which is also due to
the closer proximity to the metal insulator transition. Thus the effect of an increased
n are only visible as a weakening of the n = 1 trend and not by an inversion of the trend.

Conclusion

In our study we compared effective crystal-field ∆eff of a d-only model with ∆eff of
a dp-model investigating the occupancies and ∆eff . We could show that the trend of
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∆eff strongly depends on the occupancies of the d-orbitals and that if one performs
calculations with the d-only model with similar fillings for the d-manifold as the dp-
model the general trend of the dp-model can be reproduced. This can be attributed to
the Hund’s coupling J which for the d-only model plays hardly any role since there is on
average only one electron in the system while for the dp-model in which the correlated
bands are filled by nd ≈ 1.75 electrons the Hund’s coupling favors an equal distribution
of the electrons. Since ∆eff is the quantity which is relevant for the shape of the Fermi
surface these results show that studies in LDA+DMFT with d-only and dp-models can
lead to completely different physics. A result which was already previously known is
that due to the non-integer filling of the d-orbitals in dp-models the metal insulator
transition is more difficult to observe [81, 200]. In light of this study a general method
to decide what model should be used in LDA+DMFT calculations is of big importance.
As long as the problems with the double counting correction are not solved it is hard to
make a direct comparison of d- and dp-models. But even if this problem is resolved the
question remains if additional interactions are required to get the right physics of the
problem. I will present an approach which at least includes the Hartree interaction of
the uncorrelated bands in Section 2.7.
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2.5.2. PAM

This subsection is based on the following manuscript:

Local moment dynamics and screening effects in the spin
susceptibility of d- and f -electron systems
A.Amaricci, N. Parragh, M. Capone and G. Sangiovanni

In preparation

In the last study, in Section 2.5, we focused more on the effect of the interaction on the
crystal-field and filling of the correlated orbitals. The conclusion of the study was that
the most pronounced effect of the correlation was a change of the effective crystal-field
and thereby the shape of the Fermi surface. Now we want to instead focus more on
observables which show a fingerprint of the p-orbitals.
When we think about a system with an additional band hybridizing with the correlated
band one thing which definitely changes is the number of screening channels of the sys-
tem. The dynamical screening of a system with only d-orbitals can only be carried out
by the d-electrons which results in a super-exchange mechanism captured by the Hub-
bard model. Another screening channel opens up as soon as the d-bands hybridize with
p-bands and, if the hybridization between the d-orbitals is completely switched off, the
Kondo like screening of the d-moment by the p-electrons is the only screening channel.
As soon as we are in a situation with d- and p-orbitals with dispersion and hopping
between the orbitals we are in a mixed case.
The physical quantity in which we would expect to see the different behavior of the two
different screening channels is the frequency dependent local spin susceptibility which
can be measured in experiment by inelastic neutron scattering (INS) or resonant inelas-
tic X-ray scattering (RIXS). In the following study we will address the issue of what
structures in the local spin susceptibility can be attributed to what screening channel.
We chose a parametrization of the periodic Anderson model which is very suitable for
this task since both screening channels are present and their relative importance can
be easily tuned. We used the DMFT, which I introduced in Section 2.2, to study the
evolution of the local dynamical spin response function, w.r.t. the hybridization and
doping. We will see that two distinct features are present in the local spin susceptibility.
These can be related to the two different processes. Additionally we will characterize
these features in terms of different diagrams by using the CT-HYB, which I introduced
in Section 1.3.
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Model

As mentioned above we are trying to use a minimal model in which we can study
the influence of an additional screening channel introduced by a p-band. The simplest
model one can think of is the generalized periodic Anderson model (tdd-PAM)[185] which
describes a wide-band of conduction electrons hybridizing with a narrow-band of strongly
interacting electrons. The Hamiltonian of the tdd-PAM is given by

H =
∑

~kσ

εp(~k)p†~kσp~kσ +
∑

~kσ

εd(~k)d†~kσd~kσ+

tpd
∑

iσ

(

d†iσpiσ + p†iσdiσ
)

− U
∑

i

d†i↑d
†
i↓di↑di↓.

(2.55)

In the equation above p
(†)
iσ annihilates (creates) an electron in the p-band with spin σ,

the dispersion relation of the p-band is given by εp(~k) = ǫp − 2tpp [cos(kx) + cos(ky)],

the operators d
(†)
iσ annihilate (create) an electron in the d-band with spin σ and its dis-

persion relation is given by εd(~k) = ǫd − 2αtpp [cos(kx) + cos(ky)], where the parameter
α ∈ [0, 1) denotes the bandwidth ratio. The hybridization between the two orbitals is
given by tpd and the last term describes the local interaction on the correlated d-orbital.
In the following discussion we will set Wpp = 4tpp = 1, α = 0.25 and ǫd = 0. The
separation of the center of the mass of the two bands is given by the charge transfer
energy ∆ = ǫp − ǫd. In the following discussion we will suppress the spin index since we
focus on the paramagnetic properties of the system. One can think of the model Hamil-
tonian Equation (2.55) as an interpolation between the Hubbard model for d-electrons
only (tpd = 0, α 6= 0) and the periodic Anderson model (PAM) (α = 0, tpd 6= 0), which
describes localized electrons hybridizing with a wide-band [186, 187, 189].
The solution of the model Hamiltonian is obtained using the dynamical mean field theory
(DMFT), as introduced in Section 2.2. As a solver for the auxiliary Anderson impurity
model (AIM) two different methods were used, namely the exact-diagonalization method
briefly described in Section 1.1 and the hybridization expansion continuous-time quan-
tum Monte Carlo algorithm (CT-HYB) which I introduced in Section 1.3.

Spin Susceptibility

As mentioned in Section 1.1 the hybridization function in the ED needs to be discretized
and it then takes the form ∆(ω) =

∑Ns

k=1 VkV
∗
k /(ω−εk) when we use Ns bath sites, where

εk is the local energy and Vk the hybridization of the kth bath site with the impurity All
ED calculations were performed with Ns = 8. The spin susceptibility χspin is defined as
the imaginary part of the dynamical response function

χ(ω) = i

∫

dteiω(t−t′) Tr 〈
[

Ŝzd(t), Ŝzd(t′)
]

〉 θ(t− t′), (2.56)
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Figure 2.13.: The spin susceptibility χspin(ω) of the tdd-PAM for different values of tpd.
The curves are shifted by 2tpd in y direction for better visibility. In the
inset densities of the d- and p-orbitals w.r.t. tpd. The arrow points to the
value of the system with tpd = 0.

where Ŝzd(t) is the spin in z direction at time t for the correlated orbital d. It can be
easily obtained in the ED-calculation using the spectral decomposition

χspin(ω) = −Im
∑

i,j

e−βEi
| 〈i|Szd|j〉 |2

Z
(1 − e−β(Ei−Ej))

ω+ − (Ei − Ej)
, (2.57)

where ω+ = ω + i0+. We used the CT-HYB to study the diagrams which contribute to
the screening process therefore a special analysis will be introduced to unveil information,
concerning the local moment dynamics, hidden to other numerical methods.

For the following numerical study we set ∆ = −0.5, U = 3.5 and β = 100 and we
recall that Wpp has been set to 1. The results shown in this section were obtained using
ED-calculations and we therefore directly get the results on the real axis.
Let us first turn to the case of tpd = 0, i.e. the Hubbard model. For this model we see in
Figure 2.13 that most weight of the spin susceptibility is located close to ω = 0 and only
very small features can be found at ω ≃ U which we can relate to electronic excitations
to the Hubbard bands. The only screening channel which is active is the d− d channel
and the leading coupling term constant is given by Jdd = α2t2pp/U . In Figure 2.14 we
can see that the instantaneous local moment is rather large and it is depending crucially
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Figure 2.14.: The local moment m2
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zd〉 of the correlated band w.r.t. tpd and for
different dopings δ. In the inset the spin susceptibility χ(τ) for δ = 0.10.

on the doping and from the small value of the self-energy, shown in Figure 2.15, we can
conclude that the local interaction is effectively screened.

When we increase the hybridization between the d- and p-band from 0 to finite values
tpd ≤ 0.25 the spin-susceptibility suddenly changes. The peak at ω = 0 almost com-
pletely vanishes and a new structure at intermediate energies appears. This new feature
is separated from the high energy feature at U and also separated from the low energy
peak at 0. The sudden change of the spin susceptibility is accompanied by a loss of
coherence which can be seen from Figure 2.15 by the large value of the imaginary part
of the self-energy at the first Matsubara frequency. This can be understood by looking at
the evolution of the d-density 〈nd〉 (inset in Figure 2.13) and the local magnetic moment
m2 shown in Figure 2.14. When we switch on tpd the d-density increases from 0.9 to 1.
This is due to the fact that the p DOS (not shown) has weight below EF and if d-p are
hardly mixed, the doped holes go into the p-band. The small tpd therefore brings the d-
orbital effectively to half-filling and this suppresses the coherence scale. The saturation
of the magnetic moment, shown in Figure 2.14, is also an indication of the absence of
effective screening processes.
When the hybridization is increased further, to values > 0.25, the d-band filling increases
above 1 as can be seen in the inset of Figure 2.13. With the deviation of integer filling
also the imaginary part of the self-energy gets smaller, Figure 2.15, and the metallic
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Figure 2.15.: The imaginary part of the d-electron self-energy ImΣdd(iωn) for different
values of tpd.

screening of the local moment becomes effective as signalled by the decrease of the value
of the local moment, Figure 2.14. Another change in this parameter regime can be
seen in the spin susceptibility, Figure 2.13, in which the low energy structure develops
again. The features in the intermediate energy range are now more pronounced and
span a wider energy window which has the width of the bandwidth of the p-bands. The

position of these features are transposed by
√

∆2 + 4t2pd when tpd is changed, which is

the change in the charge-transfer energy coming from the band repulsion due to the
hybridization. This is an indication that the structure at intermediate energies comes
only from the p-electrons. The structure at low-energies, on the other hand, lies in such
an energy range that we expect both screening processes, d − d and d − p, to play a
role in it.A comparison which is more in line to the study presented in Section 2.5.1 is
the comparison of the spin susceptibility for the same d-density in the Hubbard and the
tdd-PAM model. As we can see in Figure 2.16 the behavior of the spin susceptibility of
the tdd-PAM is not in agreement with the Hubbard model with nd fixed to the value of
the tdd-PAM. In contrast to the previous study the resemblance of the models with the
same total system doping δ is better. In any case, the intermediate energy structures are
a feature which only develop when the additional screening channel of the p-electrons is
active.
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Diagrammatic Characterization

To obtain a better understanding of the nature of the screening processes we use the
converged hybridization function from the ED calculations as an input for w2dynamics.
First we analyze the hybridization function and then we study the effect the hybridiza-
tion with the p-bands has on the expansion order of the CT-HYB simulation.
The hybridization function for the different hybridization strengths tpd is shown in Fig-
ure 2.17. For the Hubbard model, depicted in the inset, the hybridization has a rather
large weight at the Fermi level and two features at higher energy which describes hy-
bridization events with the Hubbard bands. When the hybridization with the p-bands is
turned on the weight at the Fermi energy almost vanishes in agreement with the loss of
coherence and structures below the Fermi energy appear as a result of the hybridization
processes with the uncorrelated p-bands. When the hybridization is increased the fea-
tures at and below the Fermi energy become more pronounced. This can be attributed
to a gain in kinetic energy due to hybridization events.
Our interest now lies in the results of CT-HYB calculations starting from the various

hybridization functions. The histogram of the diagrammatic expansion order of the CT-
HYB can be easily accumulated in simulations by measuring the number of operators
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Figure 2.17.: Spectral density of the hybridization function ρ0(ω) = −Im∆dd(ω)/π for
different values of tpd. In the inset the same quantity for tpd = 0.

k in the local trace. For the Hubbard model there is only one peak in the histogram
around k = 0, see Figure 2.18. When the hybridization is switched on, however, this
quantity shows a very peculiar response. The peak around k = 0 develops a two peak
structure. This second structure is shifted to higher expansion orders and the two peaks
are broadened when the hybridization is increased as shown in Figure 2.18. The second
structure seems to be a feature only present when the p-screening channel is active. The
expansion order of the CT-HYB can be related to the kinetic energy with the mean value
of the expansion order being proportional to the kinetic energy [45]. Thus the two peak
structure points us to the presence of two different kinetic energy scales in the system
when the p-channel is active.
We aim at putting labels onto the different histogram structures to connect the diagram-

matic expansion with the local state of the system. For this purpose we implemented
a new quantity: the expansion order-, spin- and orbital-resolved site-reduced density
matrix. The site-reduced density matrix is simply the projector of the local many body
state ρ = |ψ〉 〈ψ|, where ψ are the many body states of the impurity. I already described
the measurement of this quantity in Section 1.4. Since we are dealing with only one cor-
related orbital the interaction is of a density-density type and we therefore only obtain
diagonal elements in the site-reduced density matrix which are equivalent to the so called
state-weights introduced in [35, 190]. It is the information how probable a certain state
is in the local trace or, equivalently, how much time the system spends in a certain state.
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Figure 2.18.: Expansion order histograms of the CT-HYB calculations starting from the
hybridization functions of the ED calculation with different tpd and δ =
0.10. One can see a peak developing with an increasing hybridization where
the center of mass of the second peak scales quadratically with tpd.

We are measuring this with the additional information of the spin- and orbital-resolved
expansion order.
To clarify things I will give two examples. Let us first consider a trace of the following
form

0 β

β/2

where the empty symbols are annihilation and the filled symbols are creation operators.
The blues symbols are acting on ↑ and the red symbols on ↓ electrons. For this trace we
would measure the normalized density matrix at β/2

ρ =









0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1









where the basis is given by {| 〉 , |↑ 〉 , | ↓〉 , |↑↓〉}. There is only one outer state con-
tributing to the trace, |↑↓〉, because we annihilate first and then create the electrons of
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Figure 2.19.: The value of a certain state of the state resolved density matrix (see text)
is color coded in the histogram for tpd = 0 and tpd = 0.75 with δ = 0.10.
The local state in the diagrams is given by |0〉 (i), |↑〉 (ii), |↓〉 (iii), |↑↓〉 (iv)
and the hybridization events of the histogram have σ = ↑ character.

both spins. This density matrix is added to the matrix in the vector for expansion order
1, orbital 1 and spin ↑ in short (1, 1, 1) and in the vector for expansion oder 1, orbital 1
and ↓ in short (1, 1, 2).
Let us add two operators to the trace above

0 β

β/2

The normalized density matrix which we measure at β/2 is then given by

ρ =









0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0









.

This matrix is added to the matrix in the array (2, 1, 1), since there are two operator
pairs of orbital 1 and spin ↑ in the trace, and to the matrix in the array (1, 1, 2) again,
since there was no change in the number of operators for this spin direction. The Monte
Carlo average is performed by dividing the matrices by the number of times the number
of operators was measured in the trace, i.e. the value of the unnormalized expansion
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order.
We can thereby say in which state the system is when a certain number of hybridization
events with a certain orbital- and spin-character occur. This is used in Figure 2.19 to
make an intensity color coding of the expansion order histograms depending on how
probable it is that the system is in a certain local state.
The outcome is very interesting. For the Hubbard model the most probable states are
the empty or singly occupied ones. This can be understood if we remember that the
d-density is 0.9. The probability for the impurity to be in the same spin state as the hy-
bridization events is higher for higher expansion orders as can be seen from Figure 2.19(a)
and the opposite for lower expansion order. This means that the hybridization “empties”
the impurity, i.e. the same spin hops from the impurity into the bath.
For the tdd-PAM, which we show in Figure 2.19(b) for tpd = 0.75 the situation is com-
pletely different. The two structures present in the histogram correspond to two different
sets of local states, which are clearly separated. Another result is that the state of the
impurity is opposite to the one of the Hubbard model which can be explained by the
different filling of the impurity model. When the expansion order is small the system is
most likely in the state corresponding to hybridization events of this kind and the op-
posite is true for high expansion orders where the system is most likely in the opposite
spin state. The empty state is almost never visited for all expansion orders, while the
doubly occupied state is visited more often due to the electron doping of the d-orbitals
coming from the hybridization. This means that we a have a lot of events which “fill”
the impurity and since the electron donor in this system are the p-bands the second peak
is coming from the hybridization with the p-electrons.

Conclusion

In this work we studied a minimal model of a correlated system hybridizing with an
uncorrelated band. We focused on the evolution of the spin susceptibility w.r.t the hy-
bridization of the correlated with the uncorrelated band and we could associate different
features of the spin susceptibility with different screening processes. The feature which is
already present in the model without hybridization is first suppressed by the hybridiza-
tion. When the hybridization is increased the original feature develops again but also a
completely novel structure, which can be associated with screening processes mediated
via the uncorrelated band, develops. In the CT-HYB calculations of the system with
uncorrelated electrons we could find a new structure in the expansion order histogram
which we could relate to certain impurity states. While one screening channel is at-
tributed to hole doping in the system which can hybridize with the same spin state on
the impurity the other energy regime is connected to an electron doping of the system.
Since we know the filling of the screening channels we can also conclude that the low
energy scale corresponds to the screening already present in the Hubbard model and
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thus also the low energy peak in the spin susceptibility. With the same argument we can
attribute the high energy structures of the spin susceptibility to the p-screening channel.

2.6. Analytical Continuation to the Real Axis

In the last two studies we have compared quantities which are directly available from
the QMC or we have used results from additional ED-calculations to obtain informa-
tion about the physical system. Since the QMC is operating on the imaginary time axis
quantities are not readily available on the real time/frequency-axis. The data on the real
axis is, however, physically more intuitive to interpret and a connection to experiments
can be made. Thus an analytical continuation of data to the real axis is often a desired
post-processing step. In this section I will briefly discuss how this is performed.
The output of the QMC is typically the Greens function at a discrete number of imagi-
nary time points τn or, if we Fourier transform it, the Greens function on a finite number
of Matsubara frequencies iωn. This measured function contains a statistical error σ and
the data of two different points of the Greens function can be correlated. If we use a
statistical method which uses the errors for the analytical continuation there must be no
correlation between two data points. The input for a program which performs the ana-
lytical continuation to the real axis should therefore also contain the covariance matrix
given by

Cnm = GnGm −GnGm. (2.58)

to perform a rotation into to the eigenbasis of the covariance matrix [188].
If we calculate the covariance matrix for our test case, which I am going to introduce later
in this section, we can see in Figure 2.20 that there is no correlation between two data
points and thus the covariance matrix was not used in the calculation of the analytical
continuation. This was also the case for the data which we used in the upcoming study,
which was always thoroughly checked.
The interesting quantity, the spectral function on the real axis, which we want to relate
to experimental data,

A(ω) =
1

π
ImG(ω + i0+) (2.59)

can in principle be extracted by inverting the equation

Gn =

∫ ∞

−∞
dωKn(ω)A(ω), (2.60)

where Gn is either G(τn) or G(iωn) depending on the kernel used. The kernel in the
equation above is given by

Kn(ω) = K(τn, ω) := − e−ωτn

1 + e−ωβ
(2.61)
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Figure 2.20.: The covariance of the self-energy in Matsubara frequencies. The only visi-
ble structure is on the diagonal, thus making a rotation into an uncorrelated
basis unnecessary.

for data in imaginary time τ and

Kn(ω) = K(iωn, ω) := − 1

iωn − ω
(2.62)

if data is continued from Matsubara frequencies.
Since the problem of the direct inversion is ill-defined, due to the exponential behav-
ior of the kernels, different approaches to perform the analytic continuation have been
developed. One such approach is modeled after the following idea: If we would know
the analytical form of the Greens function it would be easy since then we could simply
perform the inverse rotation onto the real axis iωn → ω. This can be used by generating
an analytical expression for the quantity. One possibility of an analytical expression is
a Pade approximation [205] which however has several limitations.
A different approach with a nature more akin to the QMC is the Maximum Entropy
Method (MEM), often referred to as maxent. It can be formulated after the statement:
If we know the spectral function, what is the a posteriori probability that this is the
right Greens function. It is in principle similar to a least-squares fit with one additional
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Figure 2.21.: Comparison of the analytically continued data back transformed onto the
Matsubara axis with Σ′.

restriction. This restriction is the entropy defined by

S[A] = −
∫ ∞

−∞
dωA(ω)ln

A(ω)

D(ω)
(2.63)

relative to a default model D(ω). Into this model information about the spectrum
is encoded, e.g. the positivity and the normalization of the spectrum. In the MEM
approach the quantity

Q[A] =
1

2
χ2[A] − αS[A] (2.64)

is minimized where χ is the goodness of fit functional

χ2[A] =
∑

n

1

σ2n

∫

ω
|Kn(ω)A(ω) −Gn(ω)|2 (2.65)

which measures the difference between the spectrum generated from the Monte Carlo
data and the actual Monte Carlo data. The parameter α controls how much weight is
put onto the model D(ω) in the fitting process. If α is zero a least square fit is performed.
For α→ ∞ the model is recovered. Often α is chosen such that χ2 ≈ N , where N is the
number of data points. This guarantees that the difference between the model and the
data are of the order of the error bars and thereby prevents overfitting.
An approach which generalizes the MEM is the stochastic analytic continuation [150]. In

the Stochastic Analytic Continuation an average of many likely candidates is generated
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as opposed to the most likely candidate of the analytical continuation in the MEM. The
main advantage of the Stochastic Analytic Continuation is that it is possible to model
spectra with sharp features and fine structures [150]. In the original work no reason for
this proposal to average over many spectra was given, besides the empirical evidence that
the resulting spectra were closer to the data of exact calculations. In [52] it was shown
that the MEM is the mean-field solution of a system of interacting classical fields which
can be related to the original problem of the analytical continuation. The stochastic
analytic continuation can than be understood as a dynamical generalization which allows
for thermal fluctuations around this mean-field solution. The mathematical formulation
of the stochastic maxent derived in [52] includes an additional degree of freedom which
can be identified as the default model which is present in the classic maxent but absent
in the original stochastic analytic continuation. For obtaining our spectra we used an
implementation from Fakher Assaad [151].
The typical quantity which is analytically continued to the real axis is the Greens function
in τ since it is readily available as an output of the QMC. In the Greens function, however,
a lot of information is encoded to which we have analytical access, e.g. the Hamiltonian
Hk and the chemical potential µ. In the end the only thing which we do not know
analytically and which is the quantity beyond non-correlated systems, which we want
as an output of the AIM, is the self-energy Σ(iωn) and it is thus more reasonable to
perform an analytical continuation directly of the self-energy to the real axis.
To make use of the same analytical continuation routines we already used for the Greens
function the quantity that we want to analytically continue has to have a high frequency
behaviour which falls off as 1/ωn. If we perform the high frequency expansion of the
self-energy of the single-band Hubbard model, however, we obtain

Σσ(iωn) = U〈n−σ〉 + U2〈n−σ〉(1 − 〈n−σ〉)(iωn)−1 + O
(

(iωn)−2
)

. (2.66)

This can be fixed by subtracting the zeroth moment and dividing by the first moment
as outlined in [50]. This quantity can then has the right behavior and can be analytically
continued. This formula is correct only for density-density interactions for one-band. For
the density-density interaction it can be easily formulated also for more bands. If more
complicated interactions are used additional four point quantities have to be measured
in the Monte Carlo.
To test this approach with our solver we performed a comparison between data obtained
by ED-calculations and our QMC. The test system consists of 1-band with an interaction
of U = 1 and hybridization to bath sites listed in Table 2.1. The chemical potential is
set to µ = 0.2904, the inverse temperature is set to β = 26 and truncation to 3. 480000
measurements were performed for each of the 500bins. The first thing we checked is that
the back transformed quantities look the same as the output of the QMC which can be
seen in Figure 2.21.
The final check if everything works out is the comparison between the analytically con-
tinued self-energy of the QMC and the data from ED. As we can see in Figure 2.22 the
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Figure 2.22.: Comparison of the analytical continuation to the real axis of data from
QMC calculations and ED-data with the same hybridization function and
local interaction.

ε(pi) V (pi)

p1 0.9940 0.2605

p2 0.1713 0.2320

p3 -0.9926 0.2223

p4 -0.1549 0.2350

Table 2.1.: The values of the hybridization function for the test system.

agreement is very good. The maxima and minima are at the same position and only
the fast oscillations are not completely in agreement but rather smoothened out by the
Stochastic Analytic Continuation. This should be less of a problem in calculations of re-
alistic systems since the spikes of the ED hybridization functions are by construction not
present in realistic systems. The ED-test data was kindly provided by Georg Rohringer.

2.7. Adding Non-Local Interactions

In the previous sections I showed how one can generate a model from first principle
calculations and what happens if p-bands are added to a LDA+DMFT calculation. In
the DMFT calculation the p-bands were treated as non-interacting and influenced the
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calculation only by their hybridization with the d-bands. We could also go one step
further than in the previous treatment and include correlations on the p-bands and
between the p- and d-bands explicitly in the LDA+DMFT self-consistency. Since the
orbitals are more extended and the treatment via the exact solution of an Anderson
Impurity Model is numerically very expansive one can think of treating the p-bands in
a Hartree way, which is also consistent within the DMFT for ligand p-bands.
The only diagram which contributes in the Hartree approximation is the bubble

ΣH =
U

and the self-energy is therefore only depending on the densities

Σmm
H =

∑

l,l 6=m

Ulm〈nl〉 (2.67)

where the indices m and l run over the orbitals and spins and 〈nl〉 is the mean occupation
of the orbital l. The interaction parameters Ulm, which span the correlated and uncor-
related subspace, in the equation above are hard to estimate since they depend crucially
on the overlap of the p- and d-orbitals. Since there are currently no calculated values
from first-principle available we kept them as a free parameters in the study, which I
will present in 2.7.1. The main effect of including the interaction Upd is an energy shift
between the d- and p-bands which is self-consistently determined since it changes due
to the reordering of charge. In our current scheme we do not take pd-spin coupling into
account. Only on-site Jdd is treated exactly as before in the DMFT-scheme without
pd-interaction.
Since the correlations on p-orbitals and between d- and p-orbitals are taken explicitly
into account one also has to adjust the double counting correction which in the fully
localized limit is given by

DCFLL = Ūdd(pp)

(

nd(p) −
1

2

)

+ Ūdpnp(d), (2.68)

where we used the densities from LDA for nd(p) and Ū is the averaged interaction of
(between) the subspace(s) denoted in the subscript. If the densities of the orbitals
would not change during the self-consistent calculation this would exactly cancel the
term coming from the dp-interaction. Thus one can think of the interaction as a self-
consistently determined energy shift between the d- and p-orbitals.

90



2.7. Adding Non-Local Interactions

The main difference in the self-consistency loop due to the inclusion of the Hartree self-
energy is an additional step after solving the AIM. After obtaining a new self-energy we
need to compute the densities of all orbitals via the Matsubara sum of the lattice Greens
function. With these densities the additional quantity ΣH is computed for the p- and
d-orbitals via Equation (2.67).
We therefore obtain the following self-consistency loop:
(i) We calculate the local Greens function with the full self-energy containing the full
correlation on the correlated orbitals and only the Hartree part on the other orbitals:

Gloc
full(iωn) =

1

N~k

∑

~k

[

(iωn + µ)δ −H~k
−Σfull(iωn)

]−1
. (2.69)

(ii) We project the Greens function onto the correlated orbitals using the projector Pd

and define the auxiliary AIM

Gloc
d = PdG

loc
full [Pd]−1 (2.70)

(iii) Using the local Greens function in the correlated subspace we define the bath Greens
function of the auxiliary AIM

[

G
0
d

]−1
=
[

Gloc
d

]−1
+ Σd (2.71)

and solve it.
(iv) After solving the auxiliary AIM we obtain a new self-energy for the correlated sub-
space Σd and calculate the densities 〈nl〉 for each orbital using the Matsubara sum. Us-
ing the densities we can calculate the Hartree self-energy by employing Equation (2.67).
Then we can calculate the full self-energy by

Σfull = Σd + ΣH (2.72)

which enters into the next self-consistency cycle.

w
2
d

The additional interaction parameters Upp and Upd can be specified via the parameters
Upp and Udp.
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2.7.1. Emery Model

This subsection is based on the following manuscript:

Importance of non-local copper-oxygen interaction for
high TC cuprates
P. Hansmann, N. Parragh, A. Toschi, G. Sangiovanni and K. Held

In preparation

In the beginning of this section I introduced the possibility to add interactions be-
tween d- and p-orbitals into the self-consistency cycle. In this section I want to present
a study which applies this addition to a class of materials which has been in the focus of
intensive investigations of the solid state community for the last decades, the cuprates.
Since the discovery of the high-temperature super conductivity [152] by doping the
charge-transfer insulating cuprates a great effort was undertaken by the theoretical com-
munity to come up with a model which describes the physics of it. The method which
I have introduced so far, the DMFT, is, due to the anisotropic nature of the cuprates,
not the best candidate for the description of this material. Ideally a method should
be used which can also capture non-local spatial correlations which can be achieved by
methods which I am going to briefly introduce in Section 2.8. Although a lot of studies
were already conducted using such methods, e.g. [153, 154] no conclusion could be made
yet if the Hubbard model is sufficient to describe the unconventional high-temperature
superconductivity due to a number of numerical limitations.
In this study, however, we do not want to focus on the mechanism of the high-temperature
superconductivity, but rather on the high-temperature regime in the undoped cuprates
which are not correctly described to be non-magnetic insulating by LDA calculations
[155]. The LDA+DMFT method was already successfully applied to the cuprates to an-
alyze experimentally observed anomalies [156]. The restricted optical sum rule reported
in [156] was studied in [157, 158, 159, 160] and a coherent structure which can be identi-
fied with the Zhang-Rice singlet, is found in [162, 161]. The reason that the description
of the cuprates by means of the DMFT is reasonable for the high-temperature regime is
that non-local correlations are less relevant [163, 164].
In this study we concentrate on the high-temperature insulating state of the cuprates us-
ing the LDA+DMFT scheme. A special focus is set on the reason why the system turns
insulating when correlations are added to calculations performed in the single-particle
picture. To obtain a clear picture for the nature of the insulating state an accurate low
energy model of the system has to be created. In this work we used parameters which
were obtained with the NMTO method [69] from first principle bandstructure calcula-
tions. For the cuprates the most important degrees of freedom which we need to keep
in the downfolding procedure are correlated d-orbital and the p-orbitals which hybridize
most strongly with the d-orbital, which are the px- and the py-orbital. This is the three
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band Emery model which we are going to discuss in more detail soon.
As I already discussed in Section 2.5 the naive assumption that an inclusion of more
degrees of freedom by keeping additional bands in the low energy Hamiltonian always
improves the results is not correct. In the two studies which I presented in Section 2.5
we could show that the physics is changing by the inclusion of additional bands and it
is not always clear which low energy Hamiltonian is the correct one.
In previous studies the p-bands, which were kept in the downfolded Hamiltonian, were
treated as “spectators” which only influenced the calculation by their presence in the
generation of the lattice Greens function. This treatment of the p-bands is motivated by
the assumption that the p-orbitals are less localized than the d-orbitals and also almost
completely filled. Since the radial part of oxygen p-orbitals is node-less and thus rather
well localized this might, however, not lead to satisfying results. In the following study
we will show that the effect of the Upp-interaction is rather small, whereas the inclusion
of the Upd-interaction is responsible for the shape of the spectral function. It therefore
controls the metal-insulator transition and the size of the charge transfer gap.

Model

Since the electrons predominantly move in the two-dimensional oxygen copper plane
Emery suggested a low energy three-band Hamiltonian in 1987 [165]. He chose the or-
bitals with the strongest hybridization as the relevant degrees of freedom which are the
Cu(3dx2−y2), O(2px) and O(2py) states.
There are also two other reasons why a three band model is the right choice. The first
one is that stoichiometric compounds of the cuprates are antiferromagentically ordered
charge-transfer insulators in the Zaanen-Sawatsky-Allen [167] classification scheme, for
which the minimal model is a three band model [162]. Second, as noted in [154], the
localized Cu dx2−y2 orbital is so extended in the one band model that using only the
on-site Coulomb repulsion is not justified.
For the hole-doped side an effective one-band model was constructed by Zhang-Rice [166]
which is based on the idea that the hybridization forms a local singlet between the hole
on the d-orbital and the additional doped hole on the oxygens, which moves through the
lattice. The parameter range for which this one band description is accurate is, however,
not clear [162]. Remnants of this quasi-particle can be found in LDA+DMFT results of
the three band model which were also found in this study.
The model Hamiltonian proposed by Emery was put onto solid ground and extended by
a downfolding from first-principle calculations performed by Andersen [168].

The starting point of the model by Andersen is the division of an eight band Hamil-
tonian, which was downfolded from the complete ab-initio Hamiltonian for YBa2Cu3O7.
Of these eight bands four have σ and four π character. The four π character orbitals
(Cuxz, Cuyz, O2z and O3z) can be neglected for non-dimpled planes, which is the case
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hLDA(~k)













hd(~k) hd,p1(~k) hd,p2(~k)

hp1,d(~k) hp1(~k) hp1,p2(~k)

hp2,d(~k) hp2,p1(~k) hp2(~k)













hd(~k) = εd + 2tdd(cos(kx) + cos(ky)) + 4t′dd cos(kx) cos(ky)

hp1(~k) = εp + 2.0(t′pp cos(kx) + t′′pp cos(ky) + 2t′′′pp cos(kx) cos(ky))

hp2(~k) = εp + 2.0(t′pp cos(ky) + t′′pp cos(kx) + 2t′′′pp cos(ky) cos(kx))

hd,p1(~k) = 2((tpd + 2t′pd cos(ky)) sin(kx/2) + (t′′pd + 2t′′′pd cos(ky)) sin(3kx/2))

hd,p2(~k) = −2.0((tpd + 2t′pd cos(kx)) sin(ky/2) + (t′′pd + 2t′′′pd cos(kx)) sin(3ky/2))

hp1,p2(~k) = −4.0(tpp sin(kx/2) sin(ky/2) + t′′′′pp(sin(3kx/2) sin(ky/2)

+ sin(3ky/2) sin(kx/2)))

NMTO εd − εp tdd tpd t′pd tpp t′pp t′′pp t′′′pp

N=0 0.43 −0.10 0.96 −0.1 0.15 −0.24 0.02 0.11

N=1 0.95 0.15 1.48 0.08 0.91 0.03 0.15 0.03

Table 2.2.: The extended Emery model [168] including p-p hopping and the numerical
hopping integrals up to XY for 0MTO and 1MTO downfolding.

in our study. The reason for this is that these orbitals do not hybridize with the σ-block
which contains the conduction band and the four σ character orbitals (Cux2−y2 , O1x,
O2y and Cu-s). If we want to obtain a three band model the Cu-s state needs to be inte-
grated out. This leads to the addition of a 2nd-nearest-neighbour hopping (O2x-O3y), a
3rd-nearest-neighbour hopping (O2x-O2x and O3y-O3y) and also a renormalization of ǫp.
These changes are due to the inclusion of the Cu-s orbitals, the axial degree of freedom,
into the tails of the neighbouring O2x and O3y orbitals. As discussed by Pavarini et al.
in 2001 [169] this is the only material-dependent quantity of the downfolded Hamiltonian.

To obtain a quantitative description of the materials we used the results from NMTO
techniques which I introduced in Section 2.4. For this study we use two different low en-
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Figure 2.23.: Bandstructure and single particle density of states for the 0MTO and
1MTO model. The weight of the orbital character is color coded: black is
the 3dx2−y2 character and red are the p-states.

ergy Hamiltonians. The first Hamiltonian is obtained via the 0MTO or LMTO technique
with the energy dependence set to Fermi energy εF thus resulting in a bandstructure
which gives the correct LDA Fermi surface and Fermi velocities. The second Hamilto-
nian we are going to use was obtained via the 1MTO technique with the second energy
fixed to the bottom of the pd-bonding band. The analytical Hamiltonian is given in
Table 2.2.
The bands calculated with these parameters for La2CuO4 [154] are shown in Figure 2.23.
The LDA bandstructure is shown in both plots in light blue color while the LDA band-
structure of the NMTO bands are plotted in black for the dx2−y2 and red for the p-
orbitals. On the left side of Figure 2.23 the bands for 0MTO are plotted with the values
for the hopping parameters and on-site energies as given in Table 2.2. On the right
the bands are plotted for the 1MTO with the second energy fixed to the bottom of the
pd-band. The resulting hopping amplitudes are bigger than the ones for 0MTO which
is due to the spanning of a wider energy range which leads to less localized orbitals. An
in-depth discussion of the parameters is given in [154].
In theoretical studies on for the high-temperature superconductors so far a major prob-
lem always occurred: the undoped LSCO material turns out to be metallic when ab-
initio parameters for the d-p-splitting εd − εp = ∆dp are used. The values are given by
∆dp = 0.45eV for the 0MTO and ∆dp = 0.96eV for 1MTO if we deduce them from the
downfolded model. This problem was fixed in earlier studies by simply increasing the
splitting by hand. This turns out to yield an insulating solution. The value typically
used is ∆dp ≈ 3eV [154, 162], without a real physical justification for this increase as
pointed out in [154].
To obtain the results presented in this study we used the DMFT scheme as outlined
in Section 2.5 and Section 2.7, thereby including the dp-interaction explicitly. For the
analytical continuation we used the method as pointed out in Section 2.6 using an im-
plementation of the stochastic maxent [151].
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Results

The main conclusion we can draw from our study is twofold:
(i) A self consistently determined level splitting, which is due to the Hartree interaction
Udp, can drive the system insulating. This is a systematic improvement over earlier
studies which needed to increase the level splitting by hand. The Hartree interaction
was included in this study within the DMFT+Hartree approach, which I introduced in
Section 2.7.
(ii) The Udd values needed in this study to obtain insulating results are larger than the
ones used in [154]. This can be attributed to the need to include more correlation effects,
namely beyond the single site DMFT, to correctly describe the properties of the material.

0MTO Let us first look at the calculations of the 0MTO model. For these calcu-
lations we chose the interaction parameter Udd = 10eV, for the correlated d-subspace,
and Upp = 5eV, for the p-subspace. The interaction between these two subspaces was
varied from Udp = 0 to Udp = 7eV. The interaction parameters were chosen after con-
sideration of cRPA calculations. The value of Udd from cRPA calculations is given by
U cRPA
dd = 8.9eV [203]. Since the cRPA values are normally smaller than cLDA values

we chose our interaction parameter a bit larger. The reason for this discrepancy lies in
the frequency dependence of the cRPA interaction parameters, which is typically not
taken into account. It was recently shown that one can take this frequency dependence
into account by a Bose factor renormalization of the bandwidth, [170]. For Upd and
Upp no estimates were yet published, to the best of our knowledge. Choosing the Upp

value smaller than the Udd value is physically reasonable since the p-orbitals are more
extended. We would also expect that the Udp value is smaller than or at most equal to
Upp.
We analytically continued the self-energy to the real axis and generated the spectral
functions for all the different values of the Udp interaction parameters which are shown
in Figure 2.24 using the technique outlined in Section 2.6. Looking at the spectral func-
tion for Upd = 0eV one can see that, although the interaction values are large compared
to the bandwidth of the system, the spectrum looks very similar to the non-interacting
spectrum (see Figure 2.23). This can be understood by the fillings of the bands which
are far from integer filling due to the hybridization between the d- and p-bands. By
increasing the value of Upd, following the plots in Figure 2.24 from left to right and top
to bottom, the hybridization decreases, since the charge transfer from the d-states to
p-states is now suppressed by the potential shift of the order of Upd. A rather sudden
metal to insulator transition can be observed, for values Upd ≈ Upp, between Upd = 4eV
and Upd = 5eV.
Looking at the spectrum for Upd = 4eV we can see a gap between the d-states. The
“upper Hubbard band” above the Fermi-energy with some p-character and a mixed d-p
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Figure 2.24.: The DMFT spectra for: 0MTO model, Udd = 10eV, Upp = 5eV and
0 <Upd < 7.

peak around −2eV. The “lower Hubbard band” is broad and centered around −12eV
whereas most of the p-weight is centered around −5eV.
The inclusion of the Hartree self-energy into the DMFT scheme led to the desired ef-

fect. In previous studies without the artificial enhancement of the splitting between
the d- and p-bands an insulating solution of the undoped cuprate could be found. The
DMFT+Hartree scheme leads to suppression of the d-p hybridization which drives the
metal-insulator transition. The value of Upd, however, which is necessary to obtain in-
sulating solution is rather large compared to the value of Udd and might be unphysical.
In the future cRPA studies will resolve the issue of the size of interaction parameters.
A reason why the Upd interaction necessary for the metal-insulator transition has to be
that big could be that non-local correlations beyond DMFT are necessary for a realistic
model. The second issue with this model is that the 0MTO is a downfolded Hamiltonian
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Figure 2.25.: The DMFT spectra for: 0MTO model, Udd = 10eV, Upp = 5eV and
0 <Upd < 7. Note that there is spectral weight for Upd > 5 for ω < −15eV.

which was designed to model the physics close to the Fermi edge. The question could
thus arises if it is reasonable to study the excitations on an energy scale of some eV
above and below the Fermi energy such as the d-p interplay using the 0MTO model. To
address this issue we are going to perform the same discussion, as for the 0MTO model,
on the 1MTO model, which is a more suitable model for a larger energy window.

1MTO We already mentioned previously that the only energy where the 0MTO is
correctly reproducing the bandstructure is around the Fermi energy. When we want
to obtain results which are reasonable also in the energy region of the d-p interplay
the 1MTO model is a better choice. The reason for this is that the 1MTO model has
been fixed not only to the Fermi energy but also to a second energy at the bottom
of the oxygen p-bands ≈ −8eV. This fitting to two different energies yields a model
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Figure 2.26.: The ~k-resolved spectral function for the 0MTO model in the lower and the
1MTO model in the upper row. The two left panels are for Udd = 10, Upp =
5, Upd = 4 eV and Udd = 13, Upp = 7, Upd = 6 eV in the lower and upper
row, respectively, i.e. before the charge-transfer metal-insulator transition.
In the two right columns Upd is increased by 1 keeping the other parameters
fixed and therefore after the charge-transfer metal-insulator transition. For
both models the mixed pd-state at ≈ −3eV becomes suddenly coherent
as soon as we enter the insulating state. In the plot above Γ = (0, 0),
X = (π, 0) and M = (π, π).

which is less localized than the 0MTO model resulting in longer-ranged hoppings. As a
consequence one would expect to need lower interaction parameters. Contrary to this
this expectation the model stays metallic for the interaction parameters which we used
for the 0MTO model. If we set the interaction parameters to larger values we can regain
the insulating solution. The parameters are given by Udd = 13eV and Upp = 7eV. The
parameter Udp was again varied from Udp = 0eV and Udp = 7eV. The resulting spectra
from this parameter scan are shown in Figure 2.25. The insulating state is reached for
Upd = 6eV. This parameter set is much larger than what one would expect from the
arguments above and we thus conclude that the 1MTO model within DMFT+Hartree
does not yield the physically correct result of a charge transfer gap in undoped cuprates
within a reasonable parameter range.
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Figure 2.27.: The imaginary part (upper panels) and real part (lower panels) of the
local DMFT d-self-energy on the real axis for the four cases plotted in
Figure 2.26.

The mixed d-p peak The mixed d-p peak which can be seen in the ~k-integrated
spectral functions in Figure 2.24 at Upd = 5eV and in Figure 2.25 at Upd = 7eV around
−3eV can be interpreted as the Zhang-Rice state. This is in agreement with previous
studies [171, 172, 173]. The Zhang-Rice state is associated with a coherent state which
we want to check by calculating the ~k-resolved spectral function A(~k, ω) before and after
the metal-insulator transition, which we can easily calculate using the retarded Greens
function

A(~k, ω) = − 1

π
ImGR(~k, ω) (2.73)

=
[

(ω+ + µ)δ −DC−H~k
−Σfull(ω)

]−1
. (2.74)

The results for these values, i.e. Upd = 4, 5eV for 0MTO and Upd = 6, 7eV for 1MTO are
shown in Figure 2.26. The corresponding self-energies are shown in Figure 2.27. We can
see that ImΣ and hence the coherence of the feature at ≈ −3eV changes dramatically
when the system undergoes the metal-insulator transition. On the two left panels of
Figure 2.26, where the system is on the metallic side of the phase diagram, the structure
is incoherent whereas on the right two panels, where the system is in the insulating region,
a very well defined quasi-particle peak emerges. If we look at the double-occupancies
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(not shown) and the spectral weight at the Fermi level one can see that at the values
for which the double-occupancies are suppressed most of the spectral weight gets shifted
away from the Fermi level. The mixed peak is formed at this point and the material
is a strongly correlated metal with only a small residual fraction of itinerant electrons.
This feature, which we associate with the Zhang-Rice excitation, becomes more coherent
when the spectral weight at the Fermi level is completely depleted, see Figure 2.27.

Conclusion

We want to stress again that the main goal of this study was to perform a calculation for
the undoped LSCO compound without the artificial enlargement of the level splitting
∆dp. The parameters we used in this study can in principle be calculated by cRPA or
cLDA calculations and therefore no free parameter, which was needed in earlier studies,
would enter the calculation. Our results prove that a self-consistently determined energy
splitting due to the interaction between d- and p-orbitals can drive the metal-insulator
transition. The physics of our 0MTO and 1MTO models is basically the same. The need
for rather large interaction parameters for both models, but especially for the case of
1MTO, points to the conclusion that non-local correlations beyond DMFT+Hartree play
an important role in the cuprates. A similar idea was recently proposed by Comanac
et al. who analyzed experimental data for the optical conductivity of La2CuO4. They
claim that the undoped cuprates cannot be described completely in terms of the Mott
insulating DMFT picture [159].

2.8. Beyond Single Atoms and Local Interactions

The symmetry in real space of materials which show interesting properties in experi-
ment is often broken and also long range interaction often play a role in the interesting
effects that materials exhibit. So soon after the LDA+DMFT method was introduced
extensions to treat more complex structures and non-local interactions were devised. For
performing lattice calculations cluster extensions of the DMFT were introduced with the
probably most famous ones being the cellular-DMFT [101] and the dynamical cluster
approximation (DCA) [102, 103]. The main difference of the two methods is that the for-
mer is formulated in real space while the latter is formulated in momentum space. If the
cluster is reduced to a single site both methods recover DMFT. Both methods allow to
treat short range interaction of the length of the cluster size exactly while longer ranged
interactions are treated on a mean-field level. These methods allow for the treatment
of e.g. spin density waves or d-wave superconductivity. The drawback of these methods
come from the finite size of the cluster which makes extrapolations to infinite clusters
mandatory to access physical quantities in the thermodynamical limit. This cluster size
itself is limited by the exponential growth of the Hilbert space which makes calculations
of large clusters prohibitively expensive.
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2. Realistic Calculations of Complex Structures

The second family of extensions to obtain correlations beyond a single atom are the
diagrammatic extensions to the DMFT. Two well known diagrammatic extensions are
the dual fermion approach (DF) [104] and the dynamical vertex approximation (DΓA)
[105, 106, 107]. Both methods have in common that they are using two-particle quanti-
ties to introduce non-local correlations. The main difference is that the DF works in the
dual fermion space which is reached via a Hubbard-Stratonovich transformation on the
hopping term of the Hamiltonian, whereas the DΓA works directly in real space. The
DΓA assumes the locality of the two-particle fully irreducible vertex, which leads to the
inclusion of non-local contributions in the self-energy.

2.8.1. “Layer”-DMFT

Due to new techniques experimentalists have recently started to grow different substrates
on top of each other which results in stacked materials consisting of different compounds.
These layered materials show interesting new effects compared to bulk materials due to
the interface between the two compounds. Similar to the formation of quantum wells,
and thereby 2 dimensional electron gases (2DEG), in semiconductor interfaces a 2DEG
can also form at the interface of oxides. The mechanism which generates the 2DEG is
e.g. in the bilayer material SrTiO3/LaAlO3, which are both band insulators in the bulk,
the formation of a potential and thus, when enough LaAlO3-layers are present, a charge
formation of half an electron at the interface [148]. The phase diagram of such oxide
interfaces is much more varied and interesting compared to the one of semi-conductors
since the constituents are d-electron systems, which, as we already know, are responsible
for strong correlations. A possibility to calculate such layered materials, which was first
presented in [108], is to simply model them by an enlarged unit cell. The treatment of
such a system consists of: treating the on-site interaction for each layer in DMFT by
mapping it onto an AIM but keeping the hopping between the layers by a H~k

which
explicitly contains all the layers of the enlarged unit cell.
The self-consistency cycle therefore becomes:

(i) We first calculate the local Greens function with a self-energy, which in general can
also contain a Hartree part for the p-bands:

Gloc
full(iωn) =

1

N~k

∑

~k

[

(iωn + µ)δ −DC−H~k −Σfull(iωn)
]−1

(2.75)

where the matrices have the size
∑

lNl,d+p where l is the layer index and Nl,d+p is the
number of p- and d-orbitals in the layer l.

(ii) Then we have to define the local correlated problem which is the correlated sub-
space of each layer l. This is done by projecting the full local Greens function Gloc

full onto
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Figure 2.28.: Comparison of a “layer”-DMFT calculation of three free-standing layers
of SrVO3. One can see a difference of the weight of the spectral function
at the Fermi-edge for the LDA and the layer-DMFT calculations of the
V-dxy and V-dyz orbitals. Both calculations yield a metallic solution at
T = 300K.

the correlated subspace of l via the projector P l,d:

Gloc
l,d = P l,dG

loc
full [P l,d]−1 (2.76)

(iii) In the next step we calculate the hybridization function to define the impurity
problem:

[

G
0
l,d

]−1
=
[

Gloc
l,d

]−1
+ Σl,d (2.77)

Such a self-consistency cycle neglects non-local correlations between the different atoms
but takes the hopping between the atoms into account. Since the interaction on each
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Figure 2.29.: Comparison of a “layer”-DMFT calculation of two layers of SrVO3 on
SrTiO3. One can see that the spectral weight at the Fermi edge is dis-
appearing in the DMFT calculation at T = 300K. Shown are the V-dxy
and V-dyz orbitals.

layer can be different the impurity problem also has to be set up with the right interac-
tion matrix Ulijkm.
Zhong et. al. are currently performing a study using w2dynamics for SrVO3. The start-
ing point of the study are ab-initio Wien2k [149] calculations within the generalized
gradient approximation (GGA). The lattice constants are fixed to the experimental val-
ues of a = 3.86 for free standing layers of SrVO3 and to a = 3.92 for SrVO3 layers grown
on a SrTiO3 substrate. The thickness of the thin film layer is varied from N = 2 to
N = 5. In this work only results for the most interesting N = 2 and N = 3 calculations
will be shown.
Using these calculations a downfolding to a low energy effective Hamiltonian was per-
formed and used as the input for a “layer”-DMFT calculation. The local Hamiltonian
used is the Kanamori Hamiltonian which I am going to discuss in 3.1. The interaction
parameters are set to J = 0.75 and V = U−2J while the inter-orbital Coulomb repulsion
U is kept as a free parameter. The study is conducted at three different temperatures

104



2.8. Beyond Single Atoms and Local Interactions

0 2 4-4 -2

(eV)

A
(

)
(S

ta
te

s/
eV

)

xy

yz

(a) surface

(b) second

0.0

0.4

0.8

0 2 4-4 -2

DFT DMFT(d)

(e)

(f)

0.0

0.4

0.8

0.0

0.4

0.8

( d

Figure 2.30.: Comparison of a “layer”-DMFT calculation of three layers of SrVO3 on
SrTiO3. The spectral weight of the V-dxy and V-dyz orbitals are shown.
At the Fermi energy the spectral weight is decreasing when the interaction
is switched on, but the system stays metallic at T = 300K.

T = 200K, 300K and 400K. The correlated subspace, which is treated in the DMFT
calculation, is the t2g subspace on the Vanadium atom. The dxz and dyz orbitals are
perpendicular to the plane while the dxy orbital is in-plane.

For the free standing SrVO3 with three layers the system is in the metallic regime
for all parameters used in this study. The resulting spectra can be seen in Figure 2.30
at T = 300K. One can see that already in the non-interacting DFT result the DOS of
the orbitals pointing perpendicular to the surface, dyz and dxz (not shown), are quite
different from the DOS of the “bulk”-layer between the two surface layers. The orbital
which points parallel to the surface, dxy, is not altered at all.
Let us turn to SrVO3 grown on a SrTiO3 substrate. This changes the lattice parameter
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of the system from a = 3.86 to a = 3.92. For the free standing SrVO3 both layers are
surface layers but now one is an interface layer to the SrTiO3. In terms of numerical
effort this means that the calculation is twice as expensive since the two impurity mod-
els are different now. In Figure 2.29 we see that the spectra of the surface layer in this
calculation becomes insulating and the system acquires a strong orbital polarization.
The dxy-orbital is half-filled while the dyz-orbital is completely empty for U = 5.05 and
T = 300K.
Turning to a system of three SrVO3 layers grown on a SrTiO3 substrate, shown in Fig-
ure 2.30, we notice a striking change to the spectra of the two-layer system: The system
is not insulating anymore for the parameters stated above. However the surface layer is
very close to the metal-insulator transition as can be seen by the large renormalization
of the quasi-particle peak.

Another interesting result is that the two-layer system undergoes a metal-insulator
transition when temperature is tuned from 300K to 400K as can be seen from the spec-
tra in Figure 2.31.

In summary one can say that the system studied here shows different behavior in a
thin film configuration either free standing or grown on a substrate in the calculations
compared to the bulk system of which the spectrum is shown in Figure 2.29. The two
and three layer systems are both very close to the metal-insulator transition and the two
layer system can be driven from one regime into the other by temperature and strain.
The surface layer is extremely different from the other layers when SrVO3 is grown on
SrTiO3. The transition is driven by a layer-dependent shrinking of the V-t2g bandwidth
caused by the reduced hopping along the z-direction. As discussed the layers undergo
a metal-insulator transition for parameters considered in this study in the two-layer
system. The insulating behavior is accompanied by a strong orbital polarization of the
dxy-orbital.

w
2
d

In w2dynamics the loop over layers is equivalent to a calculation in an enlarged unit
cell. This is done by generating a Hamiltonian which has the size of the full problem
(all layers) and provide the additional information how many correlated bands and un-
correlated bands are to be treated for each atom. The different interaction parameters
can be provided by means of a u matrix file whose first index denotes in this case the
layers and not the inequivalent atoms.
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Figure 2.31.: Two layers of SrVO3 on SrTiO3. The spectral weight of the V-dxy and V-
dyz orbitals are shown.The system undergoes a metal insulator transition
when the temperature is decreased from T = 200K to T = 400K.

2.8.2. Nano-DΓA

The major problem when dealing with systems consisting of many correlated bands is,
as we already mentioned, the exponential growth of the Hilbert space. It is thus not
possible to treat large correlated systems on a nanoscopic scale exactly. In this section
I will introduce the so called nano-DΓA which was presented in [109]. It is a novel tool
to study electronic correlations on the nano scale theoretically. Opposed to lattices in
which one can take advantage of the periodic structure, in nanoscopic systems one has
to take into account inhomogeneous systems devoid of translational symmetry. For the
interested reader I refer to the thesis of Angelo Valli [110].
Let us start by setting up a nanoscopic system, in which we suppress the spin indices
for readability. It consists of N sites at fixed positions in space which are coupled to
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Figure 2.32.: Comparison of results for benzene obtained with the w2dynamics program
compared to the ones obtained with the original implementation. The
original implementation used the Hirsch-Fye QMC as an impurity solver
and one can see the convergence of the results to the CT-QMC results
with decreasing ∆τ . Compared are the self-energies of the self-consistent
solutions.

the other sites via an inter-site hopping tij , which have a local Coulomb repulsion Ui

and which might hybridize with the non-interacting environment i.e. a lead Viηk. In the
above quantities I suppressed the spin and orbital index for brevity. The full Hamiltonian
is then given by

Hnano = −
∑

ij

tijc
†
i cj − µ

∑

i

c†i ci +
∑

ijlmn

Uijlmnc
†
i cicici (2.78)

+
∑

iηk

(Viηkc
†
i lηk + V ∗

iηkl
†
ηkci) +

∑

ηk

εηkl
†
ηklηk, (2.79)

where c†i (ci) and l†ηk (lηk) are the creation (annihilation) operators for electrons on site
i and in lead η state k with energy εηk.
Since the Hamiltonian above is impossible to solve exactly in the case of many coupled
impurities the main idea of the nano-DΓA comes into play. The full problem is reduced
to a set of N auxiliary single-site Anderson impurity models, thus the Hilbert space
only grows exponentially for the on-site problem. Furthermore the AIMs can be solved
independently. For this reason each AIM which is locally equivalent to an already solved
AIM need not be solved again. Exploiting the symmetries further reduces the numerical
cost of calculations and we only have to solve Nineq < N AIMs. The numerically most
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Figure 2.33.: Similar to Fig. 2.32 only here the spectra obtained from MEM calculations
are compared.

demanding part, the solution of the AIM, therefore only increases linearly in the nano-
DΓA making large nano structures accessible; if we restrict the treatment to the first
order of only local diagrams which results in a nano-DMFT approximation. Neglecting
non-local correlations can be a reasonable choice, as pointed out in [110], if: (i) The
interaction U is zero, which is the trivial case. (ii) The sites are decoupled tij = 0; similar
to the atomic limit in the lattice problem. (iii) The hybridization is strong Viηk → ∞
and each site is coupled to its own lead. Then the hybridization is the dominating energy
scale effectively decoupling the sites. (iv) If each site has a large number of neighbouring
sites, then non-local correlations are less important.
The self-consistency loop is then given by the following steps:

(i) Define the full Greens function of the nanoscopic problem in real space

Gfull(iωn) = [(µ+ iωn)δ −DC−Hnano −Σfull(iωn)]−1 . (2.80)

(ii) Then we have to project onto the correlated subspace of each inequivalent atom
using the projector P i

Gineq = P iGfull [P i]
−1 (2.81)

As in the layer-DMFT the interaction can also be different for each inequivalent atom
thus the impurity problem has to be set up with the right interaction matrix Ujlmn.
(iii) To define the impurity problem we then use

[

G
0
i

]−1
= [Gi]

−1 + Σi (2.82)
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As in the previous DMFT-schemes this loop is iterated until convergence is reached.
I show results for nano-DMFT calculations performed within w2dynamics compared to
results from the original implementation by Angelo Valli in Fig. 2.32 and 2.33.

w
2
d

To perform nano-DMFT calculations in w2dynamics the DOS has to be set to nano.
Additionally the parameter nanonstructure has to be set. This is a string which defines
the nanostructure used as a postfix for the additional files which need to be provided.
lead.nanostructure In the first line the number of leads is given and in the subsequent
lines the DOS of the hybridization. Possible values are flat for a flat DOS and semi
for a semi-circular density of states as the first column. In the second column and
third column the bandwidth of the DOS has to be specified for spin-up and spin-down
respectively and finally in the last two columns the chemical potential again for spin-up
and spin-down .
site.nanostructure In the first line of this file the number of atoms of the nano-structure,
the number of inequivalent atoms, the number of d-bands and the number of p-bands
per atom is given. In the subsequent lines the atoms belonging to a class of inequivalent
atoms are listed in a line.
t.nanostructure The hopping is specified in this file in the following way: Every line
contains the indices #atom1 #orbital1 #atom2 #orbital2 #spin Re(t) Im(t). Only the
upper half of the t-matrix needs to be specified the lower half automatically generated.
V.nanostructure The hybridization strength to the leads is provided in this file. The
format is: #lead #atom #orbital #spin Re(V) Im(V).
The input files for the calculation in this section are given in Appendix A.4.

2.9. Conclusion

In this chapter I first briefly introduced the density functional theory (DFT) and its
local density approximation (LDA). This has been and still is the numerical work horse
of the computational solid state community. To overcome the limitations of this method
a merger with the dynamical mean-field theory (DMFT) was proposed which is called
LDA+DMFT. With this method and a method for approximating the strength of the
local interaction one is, in principle, able to perform ab-initio calculations for strongly
correlated materials. There are however still some issues and open questions with the
combination of these two methods.
The first methodological issue I described in Section 2.3 is the subtraction of terms which
are already included in the LDA. I gave an overview of these so called double counting
corrections and commented briefly on their applicability.
Then, in Section 2.4, I discuss another problem when one wants to perform DMFT
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calculations on top of LDA calculations, which is the downfolding which can lead to
different effective bandstructures and thus physics depending on the procedure used.
There is another open question which is coupled to this, which regards the bands which
one actually treats in the self-consistency cycle. The self-consistency cycle which allows
us to treat an enlarged basis set is introduced in Section 2.5. The question if we also
take uncorrelated p-bands into account and what the effect on the system, if p-bands are
taken into account, is still not fully answered. To answer at least a part of this question
we made two studies. The first study concerned itself with the change of the shape of
the Fermi surface when interactions are taken into account via DMFT in systems in
which the d-bands are split apart by a crystal-field. In earlier studies it was found that
the initial splitting is always enhanced when only d-bands are taken into account. This
result was, however, contradicted by a study that included p-bands which found exactly
the opposite effect. We could show that the main effect on the crystal-field splitting is
due to the different filling of the d-orbitals which in turn leads to the different effective
crystal-fields. This could be proven since results of the calculations on a dp-basis could
qualitatively be reproduced by a calculation on a d-basis with the occupancy taken from
the dp-calculation. The effect on the Fermi-surface is thus mostly driven by the filling
of the d-orbitals.
In the second study, of the DMFT result dependence on the basis set, we chose an
even simpler model consisting of one correlated and one uncorrelated band. Using this
model we studied the spin-susceptibility w.r.t. the hybridization between the d- and
p-bands which shows a clear dependence on the hybridization. There are also new struc-
tures developing, which are not present in systems without hybridization, which could
maybe even be measured experimentally thus hinting us at the importance of p-bands
in low energy models for certain systems. Another measured quantity which develops a
structure in the presence of p-bands is the expansion-order histogram of the hybridiza-
tion expansion continuous-time quantum Monte Carlo (CT-HYB). By introducing a new
quantity, the expansion-resolved density matrix, we could show that the new structure
in the expansion-order histogram is due to the new channel which opens as soon as the
hybridization between the d- and p-bands is switched on.
Another question concerning the LDA+DMFT method is if the interaction between d-
and p-electrons and the interaction in the p-manifold has to be treated explicitly. In the
DMFT every non-local interaction except the Hartree part is cancelled. This Hartree
part of the interaction can still be treated in the self-consistency loop and its value can
change due to charge redistributions. We used this DMFT+Hartree, see Section 2.7,
approach to study one mother compound of the cuprates which is insulating in ex-
periments but which in LDA+DMFT studies without artificially increasing the double
counting correction always turned out metallic. We could show in the study presented in
Section 2.7 that with the DMFT+Hartree approach an insulating solution can be found.
In Section 2.8 I presented two exemplary studies showcasing the extendibility of the
code framework to more complex structures. One using the “layer”-DMFT which is ap-
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plicable to studies of heterostructures. For this extension I presented some preliminary
results for SrVO3 layers on SrTiO3. The second extension I showed is the application
of the code to nano systems using the nano-DMFT. For this class of problems I present
some benchmark results comparing calculations with the CT-HYB to already published
results.
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In this chapter I will first introduce the full Coulomb interaction of free atoms and its
relation to the density-density interaction. In Section 3.1 I will discuss the Kanamori
interaction, present a new set of quantum numbers for it and investigate the orbital
selective Mott transition using this interaction in a model system. Following that, in
Section 3.2 I will give a short introduction to cobalt oxygen compounds and present
a study on SrCoO3. Then in Section 3.3 I will introduce an algorithm which finds the
optimal structure, for CT-HYB calculations, for arbitrary local Hamiltonians. Finally, in
Section 3.4, I will discuss different local interactions often used in LDA+DMFT studies.

Introduction

In the previous chapter, I focused on the self-consistently determined hybridization of
the impurity problem in DMFT, but the question which interaction is suitable for which
problems was never discussed in detail in this thesis. This point will be addressed now
by discussing different interactions in the atomic limit.
If we want to describe any two particle interaction, which is conserving the total particle
number and the total spin in z-direction, we can write it in the following way:

HU =
1

2

∑

m,m′,m′′,m′′′

∑

σσ′

Umm′m′′m′′′d†mσd
†
m′σ′dm′′′σdm′′σ′ . (3.1)

The question which interaction, or equivalently which U -matrix, to use is connected to
the multiplet structure of the problem at hand. If we treat d- or f -electrons we often use
the Coulomb interaction rotated into the crystal-field basis of the problem. By doing
this, we assume that the local interaction is almost spherical, even when embedded in a
lattice. This interaction then commutes with the total spin ~S2 and, if there is no crystal-
field present, with the total angular momentum ~L2. The reason why this approximation
is often quite good is that the multipole part of the interaction cannot be screened
effectively by the conduction electrons. It is thus instructive to understand the Coulomb
interaction and I will therefore now give a brief introduction to it.
The tensor elements of the general Coulomb interaction can be written as

UC
mm′m′′m′′′ = 〈mm′|Vee|m′′m′′′〉

=

∫

d~r d~r′ Φ∗
mσ(~r)Φ∗

m′σ′(~r′)
1

|~r − ~r′| Φm′′σ′(~r)Φm′′′σ(~r′). (3.2)
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where Φ are the spinors which are given for the atomic orbitals of the Hydrogen-type
atom by

Φ(~r)σ = Rnl(r)Ylm(θ, φ)χσ (3.3)

Since the spin operator commutes with |~r − ~r′|−1 the Coulomb Hamiltonian matrix is
diagonal in spin indices and I will thus suppress the spin index in the further discussion.
As a direct consequence the Coulomb interaction does not change the spin of electrons
and Sz, the total spin in z-direction is a conserved quantity. This was already implicitly
assumed as I introduced the Hamiltonian above with a non-spin dependent U -matrix.
Now we expand |~r − ~r′|−1 in terms of spherical harmonics

1

|~r − ~r′| =

∞
∑

k=0

rk<

rk+1
>

4π

2k + 1

k
∑

q=−k

Yqk(θ′, φ′)Y ∗
qk(θ, φ), (3.4)

where r< and r> is the smaller and greater value of ~r1 and ~r2 respectively. In a further
step we express the spherical harmonics by associated Legendre functions Plm(cos(θ)).
This leads us to the following integrals over the azimuthal angles φi

l
∑

m=−l

∫ 2π

0
dφei(M−m+m′′)φ

∫ 2π

0
dφ′ ei(M−m′′′+m′)φ′

(3.5)

which is different from zero only if M −m+m′′ = 0 and M −m′′′ +m′ = 0. This reflects
the condition that the Coulomb interaction preserves the total angular momentum.
We can now introduce shorthand expressions for the total angular part which reads

ak(mm′,m′′m′′′) =
4π

2k + 1

k
∑

q=−k

〈lm|Yqk(θ′, φ′)|lm′〉 〈lm′′|Y ∗
qk(θ, φ)|lm′′′〉 (3.6)

and the radial part, which can not be analytically computed, (the so-called Slater inte-
grals)

F k =

∫

dr r2
∫

dr′(r′)2R2
nl(r)

rk<

rk+1
>

R2
nl(r

′). (3.7)

Putting everything together we obtain the expression for the interaction tensor in spher-
ical symmetry

UC
mm′m′′m′′′ =

2l
∑

k=0

ak(mm′,m′′′m′′)F k. (3.8)

and the Hamiltonian with the full Coulomb interaction

HC =
1

2

∑

m,m′,m′′,m′′′

∑

σσ′

UC
mm′m′′m′′′d†mσd

†
m′σ′dm′′σ′dm′′′σ. (3.9)
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If the interaction is really spherically symmetric and not calculated with ab-initio meth-
ods one can chose an alternative parametrization without any further approximations
which consists of only two parameters U and J

U = F 0 =
1

(2l + 1)2

∑

mm′

Umm′mm′

(3.10)

U − J =
1

2l(2l + 1)

∑

mm′

(Umm′mm′ − Umm′m′m)

For d-electrons the only Slater integrals which are non-zero are F 0, F 2 and F 4. For
these electrons the exact identity J = 1

14(F 2 + F 4) can be obtained from the expression
above. It is noteworthy that the ratio between the two Slater integrals F 2 and F 4 turns
out to be almost constant and for transition metal ions given by F 4

F 2 = 5/8 [126, 127].

Density-Density Interaction

The Coulomb integrals which have the highest contribution to the interaction are the
direct integral Umm′mm′ and the exchange integral Umm′m′m (with m 6= m′ for the
exchange integral)

Umm′mm′ = Umm′ =
2l
∑

k=0

ak(mm,m′m′)F k (3.11)

Umm′m′m = Jmm′ =

2l
∑

k=0

ak(mm′,m′m)F k. (3.12)

The largest contributions we neglect if we only use these parts of the interaction matrix
are spin-flip and pair-hopping terms which are ∝ Jmm′ [40]. The spin-flip term of the
interaction flips the spins which are anti-parallel in two different singly occupied orbitals
and the pair-hopping transfers two spins of a doubly occupied orbital into an empty one.
Other contributions which we neglect have more than two different orbital indices. The
question if such an approximation is appropriate cannot be answered in general and I will
get back to this issue in Section 3.4. It will, however, always lead to a wrong multiplet
structure and thus properties of the system. Therefore ground state observables as well
as certain spectral functions, which are sensitive to such level structure, have to be
handled with care. The great popularity of the density-density type interaction scheme
and the reason why it is still frequently used is that it does not lead to sign problems for
a lot of older QMC algorithms and there are special algorithms for the CT-HYB which
makes the treatment of density-density terms a lot faster as I discussed in 1.3.1.
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Figure 3.1.: The real valued electronic d-orbitals of principle quantum number n = 3.
In cubic symmetry the upper two orbitals are belonging to the eg subset
consisting of the d3z2−r2 and dx2−y2 orbital and the lower orbitals to the t2g
subset consisting of dxy, dyz and dxz. Plots of the orbitals taken from [125].

The Hamiltonian can be written in the following way in this approximation

Hd−d
f =

∑

m

Ummn̂m↑n̂m↓ +
∑

m6=m′

Umm′ n̂m↑n̂m′↓ +
∑

m<m′,σ

(Umm′ −Jmm′)n̂mσn̂m′σ (3.13)

or if only mean interaction values are used the more model like density-density Hamil-
tonian with averaged interaction strengths

Hd−d
m = U

∑

m

n̂m↑n̂m↓ + U ′ ∑

m6=m′

n̂m↑n̂m′↓ + (U ′ − J)
∑

m<m′σ

n̂mσn̂m′σ. (3.14)

For lattice calculations the representation of the orbitals in spherical harmonics is not
suitable since, for atoms in a lattice structure, this symmetry is broken. We thus want
to write the interaction into a more suitable basis, i.e. the basis of the crystal-field. For
cubic lattices the basis of choice are the cubic harmonics d which can be expressed as

dxy = − i√
2

[

Y 2
2 − Y −2

2

]

dyz =
i√
2

[

Y 1
2 + Y −1

2

]

d3z2−r2 = Y 0
2

dxz = − 1

i
√

2

[

Y 1
2 − Y −1

2

]

dx2−y2 =
1√
2

[

Y 2
2 + Y −2

2

]
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using the complex spherical harmonics Ylm. The orbitals are depicted in Fig. 3.1 where
the angular part is shown. The phase of the wavefunction is depicted with the color red
and blue. In an octahedral crystal-field the dxy, dyz and dxz are split from the d3z2−r2

and dx2−y2 . The former manifold is called t2g and the latter eg. In the Hd−d
m above U ′

is often assumed to be U − 2J which is exact for octahedral crystal-fields in the t2g and
eg subspace.
Focusing on d-systems we introduce, similar to [40], the following quantities:

U0 = F 0 +
8

7

F 2

14
+

72

63

F 4

14

J1 =
6

7

F 2

14
+

40

63

F 4

14

J2 =
8

7

F 2

14
+

30

63

F 4

14
J3 = 4J1 − 3J2

J4 = 3J1 − 2J2.

With these quantities the interaction matrices Umm′ can be written as

Umm′ =













U0 U0 − 2J1 U0 − 2J2 U0 − 2J1 U0 − 2J3
U0 − 2J1 U0 U0 − 2J4 U0 − 2J1 U0 − 2J1
U0 − 2J2 U0 − 2J4 U0 U0 − 2J4 U0 − 2J2
U0 − 2J1 U0 − 2J1 U0 − 2J4 U0 U0 − 2J1
U0 − 2J3 U0 − 2J1 U0 − 2J2 U0 − 2J1 U0













(3.15)

The basis the matrix is written in is given by:
(

dxy, dyz , d3z2−r2 , dxz, dx2−y2
)

. One can
understand which values of the Umm′ matrix above are the same if one takes a look at
the orbitals of the d-electrons in a cubic system, as shown in Fig. 3.1. The interaction
between dxy, dyz and dxz has to be the same since all of them can be transformed into
each other by a rotation of π/2 around an in-plane axis, thus making the interaction in
the t2g manifold equivalent. The interaction between dx2−y2 and dyz , dxz is equivalent
since dyz and dxz can be transformed into each other by the same rotation, but dxy
and dx2−y2 are rotated into each other by an in-plane rotation of π/2 and therefore their
interaction is different. Following this argument the interaction of dx2−y2 and dxy with
d3z2−r2 is the same as is the interaction between dyz , dxz and d3z2−r2 .
The exchange interaction Jmm′ reads

Jmm′ =













U0 J1 J2 J1 J3
J1 U0 J4 J1 J1
J2 J4 U0 J4 J2
J1 J1 J4 U0 J1
J3 J1 J2 J1 U0













(3.16)
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and its structure can be understood in the same way as the structure of Umm′ .
The above matrices are the density-density part of the full U -matrix given by Eq. (3.1)
transformed to a cubic symmetry.
The above matrices are often combined into one matrix for compactness which is given
by

Uσσ′

mm′ =









Umm′ − Jmm′ Umm′

Umm′ Umm′ − Jmm′









. (3.17)

The diagonal blocks are the spin diagonal parts and the off-diagonal blocks are the spin
off-diagonal parts of the interaction matrix. As I mentioned already the interaction
matrix is not spin dependent. The spin structure is only generated by the fermionic
creation/annihilation operators, but the interaction can be more easily understood this
way.

w
2
d

If one wants to use the mean density-density Hamiltonian one needs to set the param-
eter Hamiltonian to Density and also specify the mean values for U with the key Udd ,
U ′ with the key Vdd and J with the key Jdd .
If one wants to use the full interaction matrix instead of averaged values one can set the
parameter Hamiltonian to ReadUmatrix . The file containing the U -matrix has to be
named u matrix.dat. The format of the file is: If a line starts with # the line is treated
as a comment and is ignored. The first non-comment line of the file should contain the
number of bands of the subspace the interaction is defined on: nbands BANDS. The
following lines contain the non-zero elements of the interaction with the indices of the
scattering event as the first four numbers/symbols, e.g. from orbital 1 ↑ and orbital 2 ↓
to orbital 1 ↓ orbital 2 ↑: 1d 2u 2d 1u value, where value is the interaction strength for
this scattering event.

In the crystal-field basis one often finds quite a large splitting between certain subsets
of one multiplet, e.g. SrVO3, thus leading to a sufficient description of the correlated
problem by only including the subset closest to the Fermi energy. We used this already
in Section 2.5.1 and Section 2.7.1. There the energy splitting between the band(s) at
the Fermi energy and the rest of the same multiplet is considered so large that the other
orbitals can be completely neglected.
If we want to use a density-density type of description for the interaction of a subset we
can simply take the related part of the interaction matrices above. Sometimes, however,
we want to include additional terms to be closer to a realistic description. I will discuss
one such approximation in Section 3.1.
The interaction matrices we use for the calculation are in general not going to be the
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ones from a spherical symmetric problem and, most significantly, the interactions are
going to be screened making their values smaller then the ones of free atoms. Especially
the static monopole part is going to be heavily reduced compared to its bare value. The
value of F 0, e.g., is reduced in SrVO3 from 19.5 to 3.2 while J is only reduced from 1.06
to 0.85 [195]. If we want to calculate a physical system from first principle we will want
to calculate the parameters from first principle. Currently there are two approaches to
obtain them.
The older approach is to calculate the interaction parameters directly in LDA and was
named constrained-LDA (cLDA) [128]. The interaction parameters are calculated by
taking the second derivative of the total energy as a function of the density on a site
without hopping. A newer approach, constrained random phase approximation (cRPA)
[129], is calculating the screened interaction parameters by computing the polarization
processes in the random phase approximation outside the downfolded subspace. Both
methods are calculating the interaction matrices in a certain basis which ideally should
then also be used in the DMFT calculation.

3.1. SU(2) Symmetry

Since the density-density interaction is neglecting important terms of the Coulomb in-
teraction one is tempted to come up with another interaction including those terms
again. One part of the interaction, is e.g. the spin-flip part, giving contributions to the
Coulomb interaction, as already mentioned, of the order J . This is one of the candidates
one would want to take into account. The general Kanamori interaction is doing exactly
this. It is given by

HGK
m =

∑

m

Un̂m↑n̂m↓ +
∑

m>m′σ

[

U ′n̂mσn̂m′−σ + (U ′ − J)n̂mσn̂m′σ

]

−
∑

m6=m′

(Jxd
†
m↓d

†
m′↑dm′↓dm↑ + Jpd

†
m′↑d

†
m′↓dm↑dm↓ + h.c.).

In the Hamiltonian above one can see again the terms which we already know from
the density-density interaction discussed in the previous section. The additional terms,
called spin-flip and pair-hopping, are flipping the directions of the spins of two electrons
in different orbitals with opposite spin and transfer a pair of electrons from one orbital
to another. We introduced independent parameters for the Hund’s coupling J , the pair-
hopping Jp and the spin-flip Jx. To see what the additional terms actually lead to we
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now follow [130] and introduce the total charge, spin and orbital isospin generators

N̂ =
∑

mσ

n̂mσ

Ŝ =
1

2

∑

m

∑

σσ′

d†mσ~τσσ′dmσ′ (3.18)

Lm = i
∑

m′m′′

∑

σ

ǫmm′m′′d†m′σdm′′σ

where ~τσσ′ are the Pauli matrices. Using these we can rewrite the Kanamori Hamiltonian
into

HGK
m =

1

4
(3U ′ − U)N̂(N̂ − 1) + (U ′ − U)~S2 +

1

2
(U ′ − U + J)~L2 + (

7

4
U − 7

4
U ′ − J)N̂

+ (U ′ − U + J + JP )
∑

m6=m′

d†m↑d
†
m↓dm′↓dm′↑ + (J − Jx)

∑

m6=m′

d†m↑dm↓d
†
m′↓dm′↑.

(3.19)

If we set Jx = J and Jp = U − U ′ − J the Hamiltonian above reduces to the first line
and it obtains the full U(1)C ⊗SU(2)S ⊗SO(3)O symmetry for the charge C, the spin S
and the orbitals O. If we now take the physical situation of the t2g orbitals into account
we see that the interaction integrals for a screened Coulomb interaction are given by

U =

∫

d~r d~r′Φ∗
mσ(~r)Φ∗

mσ′(~r′)Vc(~r,~r
′)Φmσ′(~r)Φmσ(~r′) (3.20)

U ′ =

∫

d~r d~r′Φ∗
mσ(~r)Φ∗

m′σ′(~r′)Vc(~r,~r
′)Φmσ′(~r)Φm′σ(~r′) (3.21)

J =

∫

d~r d~r′Φ∗
mσ(~r)Φ∗

m′σ′(~r′)Vc(~r,~r
′)Φm′σ′(~r)Φmσ(~r′). (3.22)

All the other integrals yield zero due to symmetry. In this case J = Jx = Jp and we can
see from Equation (3.19) that the interaction is rotationally invariant if

U ′ = U − 2J. (3.23)

Using this we arrive at the Kanamori Hamiltonian for the t2g band expressed via Equa-
tion (3.18)

HKt2g = (U − 3J)
N̂ (N̂ − 1)

2
− 2J ~S2 − J

2
~L2 +

5

2
JN̂. (3.24)

From the definition of the ~L operator Equation (3.18) we can immediately see that Lz

is not diagonal in this basis. Equivalently the Hamiltonian can be written in its original
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form [131]

HK
m = U

∑

m

n̂m↑n̂m↓ + V
∑

m6=m′

n̂m↑n̂m′↓ + (V − J)
∑

m<m′,σ

n̂m,σn̂m′,σ (3.25)

− J
∑

m6=m′

d†m↑dm↓d
†
m′↓dm′↑ + J

∑

m6=m′

d†m↑d
†
m↓dm′↓dm′↑. (3.26)

For the t2g case, if the approximation of a spherical symmetry is justified, the Kanamori
parameters can be expressed via the Slater integrals by

U = F 0 +
4

49
F 2 +

4

49
F 4 (3.27)

V = F 0 − 2

49
− 4

441
F 4 (3.28)

J =
3

49
F 2 +

20

441
F 4. (3.29)

In solids the interaction which we have to consider is the screened Coulomb interaction
which in general is not spherical symmetric anymore and thus the relations above are
not exact, but often the deviation is small and therefore the relations are reasonable
approximations.
The situation is different [130] for the eg orbital for which we can not define an integer
numbered orbital momentum quantum number anymore since there are only two orbitals.
The Kanamori Hamiltonian can be written, using the orbital isospin generator

~T =
1

2

∑

σ

d†mσ~τmm′dm′σ, (3.30)

as

HKeg = (U − J)
N̂ (N̂ − 1)

2
+ 2J(T 2

x + T 2
z ) − JN̂. (3.31)

or again equivalently as Equation (3.26). Care has to be taken that J for the eg orbital
is given by

J =
8

7

F 2

14
+

30

63

F 4

14
(3.32)

if we again assume that the assumption of a spherical symmetry in the lattice is justified.
The Kanamori Hamiltonian is the full Coulomb interaction for the two and three band
case. It however becomes an approximation if we want to do five band calculations.
For such calculations the Kanamori interaction can be thought of as an intermediate
approximation between the density-density and the full interaction.
In the Kanamori scheme typically a mean value for the interaction parameters is assumed
and thus a Hamiltonian in the form of Equation (3.26). One can argue, similarly as for
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the density-density interaction, that using the full U -matrix for the Kanamori processes
is more accurate and thus an interaction in the form

HK
f =

∑

m

Ummn̂m↑n̂m↓ +
∑

m6=m′

Umm′ n̂m↑n̂m′↓ +
∑

m<m′,σ

(Umm′ − Jmm′)n̂mσn̂m′σ

−
∑

m6=m′

Jmm′d†m↑dm↓d
†
m′↓dm′↑ +

∑

m6=m′

Jmm′d†m↑d
†
m↓dm′↓dm′↑ (3.33)

should be used. We will come back to the differences of these two approximations in
Section 3.4 where we will study different interactions w.r.t. the crystal-field.

w
2
d

If one wants to use the Kanamori interaction in its mean form one can simply specify
the Hamiltonian to be Kanamori in the input file and set the mean interaction param-
eters Udd , Vdd and Jdd to the right values. Similar to defining the density-density
interaction in the introduction to this chapter.

122



3.1. SU(2) Symmetry

3.1.1. PS-Quantum Number

This subsection is based on the following paper:

Conserved quantities of SU(2)-invariant interactions for
correlated fermions and the advantages for quantum
Monte Carlo simulations.
N. Parragh, A. Toschi, K. Held and G. Sangiovanni

Phys. Rev. B 86, 155158 (2012).

As I already mentioned in Section 1.3 a possibility to speed up calculations, when
one uses an algorithm for general interactions, is to use quantum numbers which com-
mute with the local Hamiltonian. This allows for a block diagonal representation of the
Hamiltonian and thus leads to smaller matrices which can be treated with less numeri-
cal effort. Such quantum numbers, which are typically not only used in the context of
calculations with CT-HYB implementations but also in ED or Lanczos calculations, are
the total number of particles Nt and the total spin projection on the z-axis Sz. This
already leads to a significant reduction of the block size, but for calculations with more
than three orbitals the block size is already quite big with the biggest block reaching a
size of 100× 100 for systems with five orbitals. To further improve the performance one
can try to find additional good quantum numbers for a given local interaction. In this
section I am going to introduce a new additional set of good quantum numbers which
we called PS since the idea is based on the projection of the spin in each orbital.
Already in the last section I discussed that the Kanamori Hamiltonian provides a simple
extension to the density-density Hamiltonian which, by addition of spin-flip and pair-
hopping terms, restores the SU(2) symmetry and leads to physics which could not be
described without the additional terms. The main problem when dealing with this in-
teraction is the need to find efficient ways to treat these additional terms. Since the
segment algorithm is not suitable anymore one has to either use the matrix algorithm or
the Krylov algorithm which are both sped up significantly if the block size of the local
Hamiltonian is further reduced. In the Krylov algorithm, which we are using, we work
in the occupation number basis. This basis is going to be denoted in the following form

| ↑ ↑↓ ↓ 〉 . (3.34)

In the above formula we have color coded the singly occupied orbitals in blue and the
empty/doubly-occupied orbitals in red. In this basis it can be easily seen that density-
density terms of the Kanamori interaction, the first line in Equation (3.33), are diagonal
and do not change the state of the system. On the other hand the spin-flip and pair-
hopping terms generate off-diagonal elements in the Hamiltonian.
As I discussed in Section 3.1 the Kanamori Hamiltonian preserves the SU(2)-symmetry
and thus ~S2 is a good quantum number. This quantum number is however not useful
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for the CT-HYB since it can not be implemented in a reasonable manner as I am going
to explain soon. Another well known quantity which is preserved and which one might
assume could be used for this interaction is the so called seniority number which was
introduced by G. Racah [88]. This quantum number counts the number of doubly
occupied orbitals. It is easy to see that this is also conserved by the Kanamori interaction
since the spin-flip only flips spins and the pair-hopping term transfers pairs of electrons.
The problem when using the seniority as a conserved quantity to divide the Hamiltonian
into blocks is the introduction of ambiguity when one applies the creation or annihilation
operator to a block. Let us consider the following states in a three orbital system: |↑, ↓, 0〉
and | ↑, 0, ↓〉. They both belong to the same block with the seniority number of 0. If

we would now apply the creation operator d†2,↑ on the states we reach the following
two states: | ↑, ↑↓, 0〉 and | ↑, ↑, ↓〉. These two states have the seniority number 1 and
0 respectively and thus the creation operator would connect the starting states which
belong to one block to the end states in two different blocks. This would lead to a forking
of the states which we would need to consider in the local trace and this would make
the implementation difficult. A very similar argument can be made for ~S2 if we think of
the spin singlet and spin triplet which are mixtures of |↑, ↓〉 and |↓, ↑〉 but which would
belong to different blocks.
For the case of the Kanamori Hamiltonian we have made a crucial observation. The off-
diagonal elements of the interaction never change the pattern of singly occupied orbitals.
This can be quite easily understood by the following sketch

| ↑ ↑↓ ↓ 〉

| ↑ ↓ ↑↓ 〉

| ↓ ↑ ↑↓ 〉

(3.35)

pair-hopping

spin-flip

From this sketch it is clear that the spin-flip and pair-hopping term change only the
spin orientation in singly occupied orbitals or changes doubly occupied orbitals into
empty ones and vice-versa. This results in the conversation of the position of singly
occupied orbitals. Thus, although the Kanamori Hamiltonian contains processes between
different orbitals, for each orbital a projector onto singly occupations of this orbital (PS)
commutes with the Hamiltonian. This defines a vector of operators and corresponding
quantum numbers

PS =
{

(na,↑ − na,↓)
2
}

for a = 1, ...Norb. (3.36)

If an orbital is singly occupied the term (na,↑ − na,↓)2 in the equation above yields
1 whereas, if an orbital is doubly occupied or empty, the term yields 0, thus proving
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N Sz N Sz PS

Norb max/mean max/mean

1 1/1.00 1/1.00
2 4/1.78 2/1.14
3 9/4.00 3/1.45
4 36/10.24 6/2.00
5 100/28.44 10/2.90
6 400/83.59 20/4.41
7 1225/256.00 35/6.92

Table 3.1.: A comparison of the maximal and mean block size of the Kanamori Hamil-
tonian using the total number of electrons, the total spin in z-direction and
(on the right) the PS quantum number.

the projective property. The vector of quantum numbers, one for each orbital, will be
denoted by PS henceforth. It can be thought of as a binary sequence encoding the
information about the pattern of singly occupied orbitals. Something along the line of
the seniority quantum number has already been previously used for calculations of the
Anderson impurity model in [89].
As we show in Table 3.1 the labeling of blocks with PS additionally to Nt and Sz leads

to a tremendous reduction of the block size of the local Hamiltonian. This of course
also affects the size of the creation and annihilation operators. This is, however, not
that crucial in the Krylov implementation since they are very sparse in the occupation
number basis in which the calculations are performed. The important fact which makes
this conserved quantity useful for implementations is that each of the blocks is only con-
nected to one other block via a creation or annihilation operator labeled by an orbital
and spin quantum number.
The most straightforward implementation of PS, which we also used in our code, is to
introduce a label which maps the set of quantum numbers to a single number and which,
in the computational context, comes naturally as

∑

a 2a(na,↑ − na,↓)2. This information
is then used in our code to generate the local Hamiltonian in a block-diagonal structure.
The maximum and mean block sizes of the Hamiltonian generated with PS are summa-
rized in Table 3.1. This already let’s us assume a huge speedup especially when dealing
with a large number of orbitals if we use PS additionally to Nt and Sz as a conserved
quantity. The block sizes, for example, of a Hamiltonian with seven orbitals are of two
orders of magnitude smaller than the block size of the same Hamiltonian when the PS

quantum number is not used. Speaking in a general manner the large reduction results
form the fact that as the number of states in the Hamiltonian increase exponentially so
does the size of the set of quantum numbers thus suppressing the exponential growth of
the block size.
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Figure 3.2.: We show the ratio of CT-HYB runtime (speedup) with and without the PS

for otherwise identical calculations. For each calculation three independent
measurements of the runtime were done and the mean value of the three
calculations was taken for the plot. The error of the timing results is of the
order of the symbols. The calculations were done for 4 different values of the
truncation with the first one only taking into account the lowest multiplet
and then progressively adding one additional multiplet. When the number
of orbitals is seven the energy range covered is of the order of U .

For testing the approach with smaller block sizes and to show how big the speedup
in actual calculations with the Krylov algorithm is we performed single shot simulations
on an Anderson Impurity model. For the bands we used a semi-circular density of states
with a half-bandwidth of D = 2eV. The number of bands Norb was varied between 1
and 7 for this benchmark. The interaction parameters were chosen to be of intermediate
strength with respect to the bandwidth of the system, namely U = D and J = 0.25. We
used a rather low temperature of β = 100eV−1 to obtain traces with a sizeable amount
of hybridization events. For the chemical potential we chose the half-filling condition
µHF = (Norb−1/2)U−(Norb−1)5/2J . This leads to time-evolutions which are often using
the blocks with the biggest size of the Hamiltonian since the block of the Hamiltonian
for the half-filled states is the biggest one. The calculations were performed with the
same code with and without PS as single core jobs on an AMD machine. Since one also
needs to check the convergence regarding the outer states when performing calculations
we also varied the number of truncated outer states.
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In Figure 3.2 we show the result of the calculations described above. To benchmark
the runtime we performed three independent calculations for each set of parameters and
took the mean of the three calculations. The ratio of two calculations with identical
parameters except for the use of the PS number was then taken and plotted. In the
figure one can see that for calculations with an outer truncation not restricted to the
lowest multiplet, which is typically the case at room temperature, the speedup is already
one order of magnitude for five band calculations and a really remarkable increase in
speed is obtained for seven bands where the speedup is two orders of magnitude. This
speedup makes the calculation of seven orbital systems feasible on todays computers and
also allows us to go to parameter regions which were previously prohibitively expensive.

Application to an orbital-selective Mott transition

As an application to a model problem the orbital selective Mott transition was chosen.
This is a physical situation which only recently was studied extensively with the rise of
Anderson impurity model solvers able to treat Kanamori interactions on more than two
bands. The main point of such models is to study what happens when the degeneracy of
the orbitals is lifted due to a crystal field or the bandwidth of two orbitals is different due
to different hopping parameters. This has the consequence that the interaction affects
each orbital differently leading to new behavior.
The most pronounced effect is the orbital selective Mott phase (OSMP)[111] in which a
subset of the correlated orbitals becomes localized while the others stay itinerant. One
class of materials to which this concept applies are double-exchange systems like the
manganites La1−xSrxMnO3 where the t2g electrons form a localized spin while the eg
electrons are itinerant. The parameter which is promoting the OSMP and the associated
orbital-selective Mott transition (OSMT) is the Hund’s rule coupling J see e.g. [185]. As
Koga at al. noted in [113, 114] there is no delocalization energy gained from an electron
added in an orbital from hopping processes involving an electron in another orbital. This
effectively decouples the Hubbard bands of different orbitals and the OSMT is simply the
Mott transition for each individual orbital. The spins, in contrast, are best described by
a double exchange model due to the scattering of the itinerant electrons on the localized
ones [115, 116].
In this example to test the speedup we considered a system whose degeneracy is lifted

by a crystal-field. We sketch the model system in Figure 3.3. The model consists of
a central band and (an) upper band(s) whose center of mass is shifted up by ∆ and
(a) lower band(s) whose center of mass is shifted down by ∆. The number of lower
bands and upper bands was varied from one to three thus resulting in a model with up
to seven correlated bands. The bandwidth of each band was set to 2D with D being
half the bandwidth and the crystal field parameter ∆ = 0.7D. The local interaction of
the Hubbard model was constructed using the Kanamori Hamiltonian which is SU(2)
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central

+∆

-∆

2
πD

Figure 3.3.: The model used to study the orbital selective Mott transition. The model
consists of three to seven bands. There is always a central band present and
one up to three bands shifted up/down by ∆. The maximum of the density
of states is given by 2

πD .

symmetric as I discussed in Section 3.1. In this model we assumed a cubic symmetry
thus resulting in only two independent interaction parameters. The parameter U/D
which was varied to obtain the OSMT and the Hund’s coupling parameter J which was
set to J = 0.25U . The inverse temperature was set to βD = 100 for all calculations. All
calculations were performed at truncation= 1. The stability of the results was confirmed
by redoing calculations with more multiplets included.
Previous studies of the OSMT mostly used models with two or three correlated orbitals.
In this study we want to study the robustness of the OSMT when more orbitals are
involved. To this end we set the number of orbitals to Norb = 3, 5 and 7. The only
studies we know of which already took into account more than three orbitals were the
ones of [117] and [46]. Both considered different models than the one we use here. The
first one was treating the interaction with a slave-spin mean-field solver and the latter
only considered the filling-driven OSMT.

The results we obtained are shown in Figure 3.4. We compared the values for the
Norb = 3 calculation with the ones reported in the literature [118] which are in very good
agreement. The OSMT is stable to the addition of more orbitals, but the coexistence
region where the central band is already insulating and the shifted bands are still metallic
is shrinking when more bands are included. The quantity we examined and also plotted
in Figure 3.4 is the spectral weight at the Fermi energy which can be easily obtained
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Figure 3.4.: The spectral weight of the bands at the Fermi energy calculated via the
value of G(τ = β/2). In the case of the central band one can see that the
value is fixed to the one of the non-interacting case 2

πD.

from the Greens function in imaginary time τ . The correspondence is given by A(0) =
β
πG(τ = β/2).
The shrinking of the coexistence region of an insulting central band and metallic shifted
bands when more bands are added to the model is a consequence of the Hund’s coupling
J . In calculations where J = 0 the opposite effect would have been observed since the
mobility of the electrons is increased due to the added orbitals and thus the critical
value for U to reach an insulating state would have increased. This effect, however,
is counteracted by the Hund’s coupling which suppresses orbital fluctuations and thus
increases the insulating region. This observation is consistent with the findings in [118,
119, 120].

Conclusion

In conclusion we found a new invariant for SU(2)-symmetric Kanamori Hamiltonians,
i.e. the pattern of the single occupation of each orbital. Using this invariant we defined a
label which leads to very small blocks of matrices. As a consequence there is a large speed
up when dealing with correlated systems in CT-HYB of up to two orders of magnitude
for the parameter region in this study. This opens new possibilities for studying systems
comfortably which were previously computationally very demanding. As an application
we studied the OSMT at half-filling of a model with one central band and could show
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that it exists up to seven orbitals. We could ascribe the shrinking of the coexistence
region to the presence of a large J . Although the Kanamori Hamiltonian already includes
the largest contributions of the full Slater parametrized Coulomb interaction a study of
systems with the full interaction is critical in order to know how big the additional
contributions really are. Such a study, which takes the full Hamiltonian into account,
would benefit immensely if similar conserved quantities could be found. In Section 3.3 I
will discuss this issue. A material for which a full five band description is crucial is Co
for which I am going to present a study in the next section.

3.2. Cobalt Oxygen Compounds

After many decades of studying the diverse cobalt oxygen compounds some answers to
basic questions regarding these materials are still elusive. The materials exhibit some
of the most fascinating phenomena in solid state physics like: metal-insulator transition
[206], large magneto resistance [207], super conductivity [208] and various kinds of mag-
netic ordering [209, 210].
The reason why the cobalt oxygen compounds have such a wide variety of possible phases
is due to the multitude of valence states the cobalt atom in a compound can realize [132].
Possible valence electrons states are Co2+ up to Co4+ ions. Furthermore the energy of
the low-spin state, which is the state with a minimum ~S2, the high-spin state, the state
with a maximum ~S2, which is also the ground state in a free ion due to Hund’s rule,
and the intermediate state, which is somewhere between the high and low spin state,
are almost degenerate in some systems. This generates the peculiar magnetic transitions
mentioned above. These different spin states for the various valences are depicted in Fig-
ure 3.5. In LaCoO3, e.g., the thermal mixing of the non-magnetic ground state and the
magnetic first excited state leads to an entropy-driven transition from a non-magnetic
to a magnetic state of Co3+. These materials therefore are one of the prime examples of
a competition between the crystal-field splitting versus Hund’s exchange, which makes
a study with a realistic interaction necessary as was pointed out in [132].
Since the important quantity which needs to be calculated, the local state of the cor-
related atoms, can be measured in CT-HYB, studies were done for the cobalt oxygen
compounds in e.g. [133, 95]. One can measure the site-reduced density matrix which
I already mentioned in 1.4 or the more involved object, its time resolved relative, the
imaginary time state-state correlation matrix CAB(τ) [133]

CAB(τ) = 〈P̂A(τ)P̂B(0)〉 (3.37)

where P̂A = |A〉 〈A| is the state resolved density matrix with |A〉 a many-body state in the
Fock space. The weight of the density matrix is simply how probable it is that the system
is in a certain state during the simulation, which gives the important information of the
probability to find the system in a certain local state. However it makes it impossible to

130



3.2. Cobalt Oxygen Compounds

Low Spin Intermediate Spin High Spin

Figure 3.5.: The possible valences and spin states of the Co ion in the octahedral crystal-
field. The d-shell is split into the t2g and eg subshells.

distinguish between thermal fluctuations and imaginary time evolution between states.
If one looks at the time resolved quantity, however, the off-diagonal elements are an
indication how probable the transition between any of the states due to imaginary time
evolution is. In the following study the magnetic ground state of SrCoO3 is investigated.
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3.2.1. SrCoO3

This subsection is based on the following paper:

Spin State of Negative Charge-Transfer Material
SrCoO3

J. Kuneš, V. Křápek, N.Parragh, G. Sangiovanni, A. Toschi and A. V.
Kozhevnikov

Phys. Rev. Let. 109, 117206 (2012).

The cobalt oxygen compounds are, as I mentioned before, very well studied, but the
spin ground state of the Co atom in the compound is not yet clarified. An example for a
cobalt oxygen compound with a very interesting magnetic behavior is La1−xSrxO3. The
undoped compound is a non-magnetic insulator and it turns into a spin-glass for low
doping [176]. For higher doping the system is a ferromagnetic metal and stays this way
up to stochiometric SrCoO3. When the system is doped the valence states of the Co
atoms change from Co3+ to Co4+. For the SrCoO3 compound an intermediate spin state
(IS) was suggested as the ground state [174, 175] based on work by Goodenough [177].
Although this state can never be stabilized in an isolated ion it could be stabilized by
the covalent Co-O binding. In the current work we want to investigate the local state of
the Co atom in the paramagnetic phase (PM) by means of LDA+DMFT. While in the
original work [95] also the ferromagnetic phase was studied I am going to focus on the
paramagnetic phase since in this phase a comparison of two local interactions, Hd−d

f ,

Equation (3.13), and HK
m, Equation (3.26), was performed.

The study was conducted starting from first principle calculations performed with the
Wien2K [149] density functional code. The converged bandstructure was then projected
onto a Wannier function basis spanning the Co-d and O-p bands. I outlined the general
principles of this method in Section 2.4. The interaction parameters were calculated us-
ing the constrained random-phase approximation [129]. In this calculation the proposal
in [178] to screen the bare Coulomb interaction by a reduced polarization, which does
not contain transitions between O-p and Co-d bands, was used. The mean unscreened
values for the interaction are U = 10.83eV and J = 0.76eV. These values are used
throughout this study to generate the density-density and mean Kanamori interaction
introduced in Chapter 3. The self-consistency scheme as outlined in Section 2.5 was then
used to include interactions. We performed the calculations with the double-counting
correction defined by Equation (2.30). The density-density interaction calculations were
performed using a segment-algorithm code [179] while the SU(2) symmetric calculations
were carried out using w2dynamics.

The self-consistently determined self-energy is shown in Figure 3.6(c),(d). For the
density-density interaction the self-energy was analytically continued to the real-axis
as outlined in Section 2.6. The impact of the Kanamori approximation on the self-
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Figure 3.6.: On the left a comparison of the imaginary part of the self-energy on the real
axis between the paramagnetic and the ferromagnetic phase at T = 1160K.
The t2g self-energy is plotted in red and the eg self-energy is plotted in black
(for the FM phase only the minority t2g and majority eg are shown). The
inset shows the same on the Matsubara axis. On the right a comparison of
the self-energies of the Hd−d

f (open circles) and the HK
m (filled squares) at

T = 232K. Taken from [95].

consistently determined self-energy is illustrated in the right plot of Figure 3.6. The
self-energies were calculated at T = 232K a temperature regime in which differences
coming from the different local interactions should be well pronounced. The general
agreement of the self-energies is rather good, although at Matsubara frequencies close
to zero a deviation of the density-density self-energies from the Kanamori self-energies
can be seen. The extrapolation of the eg self-energy to zero (black color in the plot)
indicates that the eg electrons are more strongly scattered at the Co atom for the case
of the density-density interaction. This is reasonable if we consider that the density-
density interaction describes electrons with an Ising like spin while the SU(2)-symmetric
interaction describes electrons with a Heisenberg like spin. The Ising spin is more rigid
and thus leads to a stronger scattering as was already found in studies of the two-band
Hubbard model [180].

To study the local state of the Co atoms the CT-HYB is the ideal method. Usually
one either considers the ~k-space to study the itinerant properties of the electrons or one
switches to real space to describe the physics of the localized electrons. We are using the
already introduced reduced density matrix operator Equation (1.60) for the interacting
atom to quantify how much time an atom spends in a specific many-body state. If we
sum over the diagonal contributions of a certain occupancy we obtain the statistics for
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Figure 3.7.: In the upper left panel the dominant multiplets for the density-density in-
teraction. In the inset weights of the configurations d4, d5, d6, d7, d8 at
T = 232K. In (b) the weights of the interactions Hd−d

f (red) and HK
m (blue)

are compared for different charge and spin sectors. In (c) the local spin-spin
correlation function for Hd−d

f and in the inset the temperature dependence

of the local moment on Co in the FM phase. Taken from [95].

the valence states (d5, d6,. . . ) which we show in Figure 3.7(a) for the density-density
interaction. Additionally the atomic multiplets with the largest weights are shown, also
only for the density-density interaction. Since the multiplets are different for the SU(2)-
symmetric interaction a direct comparison cannot be done. Contrary as to what is
expected from chemical intuition the state with the highest probability is the d6 config-
uration and not the Co4+ state. The configurations d5 and d7 are almost equally often
visited which is consistent with a metallic behavior [181, 182]. For a comparison between
the density-density interaction and the SU(2)-symmetric interaction, for reasons given
above, a direct comparison of the multiplet weights is not possible. A quantity which we
can, however, compare are the weights of sectors labeled by total number of electrons
and total spin. A measure of the spin for the density-density interaction is given by |Sz|
while the total spin for the Kanamori interaction is S =

√

S2
x + S2

y + S2
z . We calculated

the weight by first rotating the site-reduced density matrix into the eigenbasis of ~S2 and
then summing the weights of the different eigenstates corresponding to a set of quantum
numbers. The result is shown in Figure 3.7(b) and the two are in good agreement. This
justifies to use quantities from the density-density interaction calculation, which are pro-
hibitively expensive to measure with the Kanamori interaction. This good agreement is
probably due to the fact that the main contribution of the high-spin state is captured
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Figure 3.8.: Depicted are the matrix ΠAB for configurations shown in Figure 3.7 at
T = 232K state-by-state (upper left) and its contribution to the spin sus-
ceptibility resolved by multiplet pairs (lower right). Taken from [95].

by both local interactions. The good agreement for the state weights, should, however,
not be seen as a guarantee that all observables show similar behavior in both approxi-
mations. We would expect differences especially for quantities to which the multiplets
contribute differently, which, e.g., is the FM Tc. Studies show that the density-density
interaction overestimates Tc systematically [183].
Next we want to take a look at the origin of the local moments. To this end we calculate
the local spin susceptibility. The susceptibility is shown in Figure 3.7(c) for the density-
density interaction. The flattening out after the initial decay is indicative for the local
moment behavior. The instantaneous magnetic moment of the two calculations were
calculated by 〈S2

z 〉DD = S2
eff and 〈S2〉SU(2) = Seff (Seff + 1). The effective moment

Seff of the density-density interaction is given by ≈ 1.64 and the effective moment of
the SU(2)-symmetric interaction by ≈ 1.61. For the density-density interaction we can
also calculate the PM moment of the Co atom by Sscr = 〈Sz(β/2)Sz(0)〉, which yields
3.06µB . This is very close to the saturated moment on the Co atom in the FM phase,
2.7µB as well as to the LSDA value of 2.58µB , which were calculated in the original
study, and also the experimental saturation magnetization of 2.5µB [184].

We can then ask the question if the PM moment is associated with a particular multi-
plet or to multiplets, if it has a fractional value, thereby interpreting it as a mixture of the
contributions of different multiplets. Let us note that it is not always possible to express
the susceptibility as a sum of contributions of different multiplets. To show this[133]
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we take the imaginary time state-state correlation matrix CAB(τ) from Equation (3.37)
and define the time integrated quantity

ΠAB =

∫ β

0
dτ CAB(τ). (3.38)

Using this we can express the spin susceptibility in the paramagnetic state as

χ =

∫ β

0
dτ 〈mz(τ)mz(0)〉 (3.39)

=
∑

A,B

mz(A)mz(B)ΠAB , (3.40)

where A and B run over all atomic many-body states. The sum above can only be
divided into a sum over individual multiplets if the matrix ΠAB is diagonal. A trivial
example is an isolated atom for which ΠAB is diagonal in the basis of atomic eigen-
states. The state correlation matrix ΠAB for the density-density interaction is shown in
Figure 3.8 for the multiplets with the largest weights. The part of the state correlation
matrix we show contains 70% of the total weight. In each black rectangle we can see
a block structure. This structure is due to the fact that only for states with the same
spin orientation sizable off-diagonal elements exist. There does not seem to be another
apparent block structure and we thus conclude that essentially all other states are con-
nected by evolution in imaginary time. Therefore we come to the conclusion that the
system is not in a mixed state of HS and IS. In the lower right panel of Figure 3.8 we
show the contributions of the multiplet pairs to the spin susceptibility. The most domi-
nant contribution comes from the HS-HS pair with a contribution of 23%, with sizeable
contributions coming from other blocks.
In contrast to earlier studies, e.g. [174, 175] we want to state that we used first principle
calculations and focused on qualitative aspects. These previous studies claimed that the
IS state dominates the ground state of SrCoO3. In the study by Zhuang et al. [175] the
unrestricted Hartree-Fock method was used and therefore quantum and thermal fluctu-
ations could not be accounted for, which makes our study a systematic improvement.
Potze et al. [174] on the other hand used ED calculations on a small cluster. They found
an IS cluster ground state which can be visualized by a d6 atomic HS state on Co, similar
to our result, with an antiferromagnetically oriented ligand hole. In their calculation the
formation of a bound d6L is inevitable, since in the cluster the ligand hole has only one
Co partner and it is thus strongly correlated with it. This model certainly exaggerates
the correlation and the Co-O correlation in a metal might be different. In our calcula-
tions the correlations between the Co and the ligand are only taken into account in a
mean-field way, i.e. the Co atom senses the same average environment with ≈ 1/3 O
holes per ligand irrespective of its own instantaneous state.
As a concluding remark we want to state that our findings of a dominant d6 HS state
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block
diagonalize

Figure 3.9.: The first step of the algorithm consists of reducing the matrix of the local
Hamiltonian, which is already written in a block diagonal form with the help
of N and Sz, to its minimal block diagonal form.

are in agreement with x-ray absorption experiments [174]. The long-time properties are
affected by the evolution in imaginary time connecting different multiplets, therefore no
conclusions can be made from the multiplet weights. Similar to the findings in LaCoO3

[133] we would expect to obtain definable LS, IS and HS states if the system would be in-
sulating. The comparison of the density-density calculations with the SU(2)-symmetric
calculations showed a quite good agreement with only small quantitative differences and
we can thus conclude that the Kanamori interaction does not have a strong influence on
the local spin state in SrCoO3.

3.3. Generating the Minimal Block Size

As I already mentioned it is important to find the minimal block diagonal structure of
the local Hamiltonian especially when we want to treat systems with many correlated
orbitals. Simply finding the block diagonal structure, however, is not enough. The
structure of the Hamiltonian also has to obey the following second rule. Any creation or
annihilation operator acting on one block of the Hamiltonian can only connect this block
to one other block. Otherwise we would need to keep track of forking processes which
would make the implementation of the CT-HYB algorithm cumbersome. As I already
mentioned in Section 3.1.1 this is the case for the seniority quantum number which thus
cannot be used in CT-HYB calculations.

It is very hard to find good quantum numbers based on symmetries for general inter-
actions. Already for the full Coulomb interaction in the cubic basis it is very difficult
except for the obvious choices of N and Sz. So in a general system a brute force approach
to tackle this problem might be a good idea. In this section I will present one possible
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implementation of such a brute force attempt and I will also show which impact the
minimal block diagonal structure of the Hamiltonian has on the block size for a cubic
system with Coulomb interaction.
As a starting point I will use a Hamiltonian which is already block diagonalized using N
and Sz, the total number of electrons and the total spin in z-direction, as good quantum
numbers. This is not really a prerequisite but it increases the speed of the brute force
block diagonalization considerably. As a first step the Hamiltonian is fully block diago-
nalized. The general idea behind the following code is to find the connected entries of a
matrix:

blocks.append(block(diags.pop))

for block in blocks

for diag in block.diags

for offdiag in diag.offdiags

if offdiag.diag not in block

block.append(offdiag.diag)

diags.remove(offdiag.diag)

end if

end for offdiag

end for diag

if diags is empty

done

else

blocks.append(block(diags.pop))

end if

end for block

where diag is a diagonal element of the Hamiltonian and offdiag is an off-diagonal el-
ement. In the first line I create a new block object consisting of one diagonal element
which I pop from the list of all diags, i.e. all diagonal elements of the Hamiltonian, and
append it to the list of all blocks. Then I cycle over all blocks, in the first step consisting
of the one element. Then I cycle over all the diagonal elements in this block and over
all offdiagonals belonging to this diagonal. Then all the diagonals connected via the
offdiagonals are added to the current block if they are not already contained in the block
and the diagonals are removed from the list of all diagonal elements. I then check if the
list of diagonals is empty, if it is then I am done otherwise I create a new block with the
first element in the list of diagonals.

The above algorithm is applied to each block diagonal part of the Hamiltonian which
was generated with the quantum numbers N and Sz. After this the Hamiltonian is
completely block diagonal but it does not satisfy the condition that each operator only
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fix
connectivity

Figure 3.10.: In the second step of the algorithm the connectivity of all blocks due to all
creation/annihilation operators is fixed.

connects one block with one other block yet. To achieve this we use the following
algorithm:

while change

change = false

for index in operator.indices

generate(index.blocks.connects)

for block in blocks

for connect1 in index.block.connects

for connect2 in index.block.connects

if connect1.block != connect2.block and connect1 != connect2 then

blocks.append(block(connect1.block, connect2.block))

blocks.remove(connect1.block)

blocks.remove(connect2.block)

change = true

cycle index loop

end if

end for connect1

end for connect2

end for block

end for index

end while

In the first loop I cycle over the indices of the creation/annihilation operators, i.e. the
band, spin and creation/annihilation numbers. Then I generate the information which
block is connected to which other block via this operator. The next loop cycles over all
blocks, then a loop twice over all connections this block has to other blocks is performed.
Then we need to check if one block is connected to more than one other block via the
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N Sz minimal

Norb interaction max/mean max/mean

5 Density 100/28.44 1/1.
5 Kanamori 100/28.44 10/2.90
5 Coulomb 100/28.44 28/7.816

Table 3.2.: A comparison of the maximal and mean block size of different interactions
using the total number of electrons N , the total spin in z-direction Sz and the
minimal block size generated with the algorithm presented in this section.

operator specified by index. If this is the case the two blocks are joined to one block and
the loop over indices needs to be redone and the information which operator connects
which blocks needs to be rebuilt. The whole loop is reiterated until there is no change
anymore.
With these two steps we obtain a Hamiltonian which is in the minimal form usable for a
CT-HYB calculation. The impact this has is still sizable if we compare it to only using
N and Sz for the full Coulomb Hamiltonian on five correlated bands as can be seen in
Table 3.2. For the density-density interaction the algorithm finds the expected block size
of one since this interaction does not contain off-diagonal elements since the occupation
number basis is the eigenbasis of this interaction. For the Kanamori interaction the block
size is the same as with the PS quantum number I introduced in Section 3.1.1. Thus the
PS quantum number already yields the optimal structure. For the Coulomb interaction
in the cubic crystal-field the biggest block is reduced by a factor of ≈ 4 and also the
mean block size is reduced by a similar factor. We thus expect that the calculation time
for the Coulomb interaction is reduced by a similar factor, based on the benchmarks we
performed for the Kanamori interaction in Section 3.1.1.

w
2
d

To use the algorithm for calculating the minimal block structure one has to set the
parameter QuantumNumbers to All .

3.4. Comparison of interactions in octahedral crystal-fields

(In Section 3.2.1 we already briefly mentioned that the approximation of the local in-
teraction can have an influence on the physical properties of the system. One of the
most well known influences is the one on the local spin which is more rigid when a
density-density interaction is used than when the local interaction is described by the
SU(2)-symmetric Kanamori Hamiltonian [180]. In this part of my thesis I am going to
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discuss the different types of the local interaction with the help of the Tanabe-Sugano
diagrams [126]. The Tanabe-Sugano diagrams where introduced in 1954 by Tanabe and
Sugano to study the absorption spectra of complex ions in an octahedral crystal-field.
In these diagrams the energy of the multiplets is plotted over the crystal-field and the
energy of the ground state is always taken to be zero. These diagrams enable us to
study the high-spin low-spin transition in the interactions which I introduced in the
introduction of Chapter 3 and Section 3.1. In the Tanabe-Sugano diagrams both the
energies and the crystal-field are plotted in units of the Racah parameter B [211] which
is a measure for the energy scale of the multiplet splitting and therefore the diagrams
are applicable to all interactions with a similar relation between F2 and F4. This ratio
is set to F 4 = 5/8F 2 for reasons explained in the introduction of this chapter.
In this study we are going to assume that the multiplet structure of the Coulomb in-
teraction is not violated, i.e. we assume that the spherical symmetry is retained in the
crystal-field of the solid. Thus the Coulomb interaction is treated as giving us the right
degeneracies and energies and we will check the approximations of the interactions for
deviations to the result of the Coulomb interaction. In realistic calculations of the U -
matrix via cRPA calculations it can be seen that this is not completely the case [191].
Thus the degeneracy of interactions in realistic compounds would be different than the
one we observe in the diagrams below, but the general argument that the disregard
of certain processes in the interaction leads to different degeneracies of the multiplets,
which are presented below, is still valid. The generation of the minimal block diagonal
structure presented in Section 3.3 can be used for arbitrary interaction matrices. If in-
teraction matrices are used a check for very small elements, in relation to other elements,
is useful. If these elements are set to zero more symmetries of the interaction can be
exploited by the algorithm presented in section 3.3 and thus the calculation time can be
improved.
The interaction parameters which we are going to use in this section are given by F0 = 4,
F2 = 8.615 and F4 = 5.3846. These are reasonable parameters for a transition metal
compound. The interaction values lead to the Racah parameter B = 0.114766, which
is calculated by the relation B = 1/49F2 − 5/441F4. We are going to use it for the
construction of the Tanabe-Sugano diagrams . The other two Racah parameters are
related to the Slater integrals by A = F0 − 49/441F4 and C = 35/441F4.
The major difference of the interactions in a five band system with and without crystal-
field can be seen in Table 3.3 and Table 3.4 and also in the Tanabe-Sugano diagrams
which I show after the tables. We are comparing the interactions of the full Coulomb
HC, Equation (3.9), rotated into the crystal-field basis, the Kanamori, with averaged
interaction parameters HK

f , Equation (3.26), and with the full interaction matrix HK
f ,

Equation (3.33), and the density-density type, with averaged interaction parameters
Hd−d

m , Equation (3.14), and with the full interaction matrix Hd−d
f , Equation (3.13).

One can see in Table 3.3 that already without a crystal-field the ground-state degener-
acy between the t2g and eg states is lifted for the interactions with the full U -matrix. If
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3. Local Interactions

we focus on the Hk
f interaction there are only 6 different states with the lowest energy

which can be associated with the fully occupied eg orbital and an eg-t2g mixed state. This
can be quite easily seen from Figure 3.11. The ground state energy at zero crystal-field
splits into two degenerate states when the crystal-field is turned on. The one with the
largest derivative w.r.t. to the crystal-field which is given by 2∆ can be identified with
the state with two electrons in the eg while the other derivative w.r.t. to the crystal-field
is given by ∆ and it can be identified as a state with an electron in the eg and an electron
in the t2g. On can also see from Table 3.3 and Table 3.4 that the degeneracy of the states
is never the same as for the Coulomb interaction which we assumed to be closest to a
realistic interaction in a compound. Thus quantities which depend on the degeneracy of
the multiplets as e.g. the entropy or the thermal conductance might not be accurately
predicted by any of the approximations of the full interaction.
As I already mentioned in Section 3.2.1 another quantity which can be quite sensible to
the multiplicity is the magnetic transition temperature. In Section 3.2.1 we also com-
pared the local spin of two different interactions, namely the Hd−d

f and the HK
m , and

we saw that the magnetic moment is almost the same, 1.64 and 1.61 respectively. We
attributed this to the fact that with both interactions and the value of the crystal-field
present in the compound SrCoO3 the interactions are on the same side of the high spin
low spin transition. The local atomic multiplets are of course only half of the picture
since the hybridization of the bath allows for hoppings to different energetically excited
states with a probability which cannot be a priori predicted from the atomic multiplets
alone. The finding of this study indicates that the local magnetic moment can be quite
accurately calculated even within the density-density approximation of the local inter-
action as long as the local interaction is far aways from the the HS-LS transition.
The crystal-field at which the HS-LS transition occurs is in very good agreement be-
tween the HC and HK

f for d4, d5, d6 and d7 which can be seen from the point were the
ground state changes in the Figure 3.14, Figure 3.15, Figure 3.16 and Figure 3.17. This
leads us to the conclusion that the HK

f would be the approximation of choice when the
simulation is mostly visiting these local states and the crystal-field value of the studied
system is close to the transition.
For a crystal-field close to zero the interactions using the full U -matrix show a very
peculiar behavior. For such crystal-fields the degeneracy of the eg and t2g multiplets is
lifted which is obviously unphysical. The reason for this lifting of the degeneracy can be
easily understood if we take as an example the d2 configuration. Using this configuration
and the interaction matrices Equation (3.15) and Equation (3.16) we can easily calculate
the interaction which is different in the t2g and eg manifold but also between the eg and
t2g manifolds. This means that whenever the crystal-field of a system is small compared
to the interaction parameters the application of the full U -matrix in the Kanamori and
density-density approximation might lead to wrong results. We assume that even the
occupancies of the t2g and eg manifolds is then wrongly predicted by the calculations.
In conclusion one is always best advised to use the full interaction matrix with all pos-
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sible local processes, but if the computational effort does not allow this the right choice
of the interaction is of importance and the Tanabe-Sugano diagrams presented in this
section can help in this decision. In the future a systematic study of the different in-
teractions in the context of DMFT can lead to a better judgment of the applicability
of the different interaction approximations in different parameter regimes. This can be
of enormous help since, even though the current implementation of the CT-HYB is the
most suitable for many orbital systems and general interactions, five orbital calculations
with full interaction are still computationally very demanding.
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3. Local Interactions

H
C

ε ~S
2 ~L H

K
f ε ~S

2
H

K
m ε ~S

2
H

d−d
f ε |Sz| H

d−d
m ε |Sz|

2.484 2 F 2.484 2 3.000 2 2.484 1 3.000 1
2.484 2 F 2.484 2 3.000 2 2.484 1 3.000 1
2.484 2 F 2.484 2 3.000 2 2.484 1 3.000 1
2.484 2 F 2.484 2 3.000 2 2.484 1 3.000 1
2.484 2 F 2.484 2 3.000 2 2.828 1 3.000 1
2.484 2 F 2.484 2 3.000 2 2.828 1 3.000 1
2.484 2 F 2.828 2 3.000 2 2.828 1 3.000 1
2.484 2 F 2.828 2 3.000 2 2.828 1 3.000 1
2.484 2 F 2.828 2 3.000 2 2.828 1 3.000 1
2.484 2 F 2.828 2 3.000 2 2.828 1 3.000 1
2.484 2 F 2.828 2 3.000 2 2.828 1 3.000 1
2.484 2 F 2.828 2 3.000 2 2.828 1 3.000 1
2.484 2 F 2.828 2 3.000 2 2.828 1 3.000 1
2.484 2 F 2.828 2 3.000 2 2.828 1 3.000 1
2.484 2 F 2.828 2 3.000 2 3.370 0 3.000 1
2.484 2 F 2.828 2 3.000 2 3.370 0 3.000 1
2.484 2 F 2.828 2 3.000 2 3.370 0 3.000 1
2.484 2 F 2.828 2 3.000 2 3.370 0 3.000 1
2.484 2 F 2.828 2 3.000 2 3.516 1 3.000 1
2.484 2 F 2.828 2 3.000 2 3.516 1 3.000 1
2.484 2 F 2.828 2 3.000 2 3.516 1 3.714 0
3.912 0 D 3.516 2 3.000 2 3.516 1 3.714 0
3.912 0 D 3.516 2 3.000 2 3.600 0 3.714 0
3.912 0 D 3.516 2 3.000 2 3.600 0 3.714 0
3.912 0 D 3.516 2 3.000 2 3.600 0 3.714 0
3.912 0 D 3.516 2 3.000 2 3.600 0 3.714 0
4.205 2 P 3.516 2 3.000 2 3.600 0 3.714 0
4.205 2 P 3.861 2 3.000 2 3.600 0 3.714 0
4.205 2 P 3.861 2 3.000 2 3.600 0 3.714 0
4.205 2 P 3.861 2 3.000 2 3.600 0 3.714 0
4.205 2 P 3.912 0 4.429 0 3.600 0 3.714 0
4.205 2 P 4.256 0 4.429 0 3.600 0 3.714 0
4.205 2 P 4.256 0 4.429 0 3.861 1 3.714 0
4.205 2 P 4.371 0 4.429 0 3.861 1 3.714 0
4.205 2 P 4.371 0 4.429 0 4.059 0 3.714 0
4.715 0 G 4.371 0 4.429 0 4.059 0 3.714 0
4.715 0 G 4.371 0 4.429 0 4.059 0 3.714 0
4.715 0 G 4.371 0 4.429 0 4.059 0 3.714 0
4.715 0 G 4.371 0 4.429 0 4.288 0 3.714 0
4.715 0 G 4.601 0 4.429 0 4.288 0 3.714 0
4.715 0 G 4.601 0 4.429 0 5.143 0 5.143 0
4.715 0 G 4.715 0 4.429 0 5.143 0 5.143 0
4.715 0 G 4.715 0 4.429 0 5.143 0 5.143 0
4.715 0 G 4.715 0 4.429 0 5.143 0 5.143 0
8.000 0 S 8.000 0 8.000 0 5.143 0 5.143 0

Table 3.3.: The eigenergies, spin quantum number, ~S2 for Coulomb and Kanamori and
|Sz| for density-density, and orbital angular momentum quantum number ~L2,
for the Coulomb interaction, for 2 electrons.
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H
C

ε ~S
2

H
K
f ε ~S

2
H

K
m ε ~S

2
H

d−d
f ε |Sz| H

d−d
m ε |Sz|

-5.215 2 -5.172 2 -5.000 2 -5.172 1 -5.000 1
-5.215 2 -5.172 2 -5.000 2 -5.172 1 -5.000 1
-5.215 2 -5.172 2 -5.000 2 -5.172 1 -5.000 1
-5.215 2 -5.172 2 -5.000 2 -5.172 1 -5.000 1
-5.215 2 -5.172 2 -5.000 2 -5.172 1 -5.000 1
-5.215 2 -5.172 2 -5.000 2 -5.172 1 -5.000 1
-5.215 2 -5.172 2 -5.000 2 -4.400 0 -4.286 0
-5.215 2 -5.172 2 -5.000 2 -4.400 0 -4.286 0
-5.215 2 -5.172 2 -5.000 2 -4.400 0 -4.286 0
-3.645 0 -3.637 0 -3.571 0 -4.400 0 -4.286 0
-3.645 0 -3.629 0 -3.571 0 -4.400 0 -4.286 0
-3.645 0 -3.629 0 -3.571 0 -4.400 0 -4.286 0
-3.637 0 -3.629 0 -3.571 0 -3.294 0 -3.597 0
-3.637 0 -3.629 0 -3.571 0 -2.857 0 -2.857 0
-1.447 0 -1.447 0 -1.586 0 -2.857 0 -2.857 0
4.484 2 4.484 2 5.000 2 4.484 1 5.000 1
4.484 2 4.484 2 5.000 2 4.484 1 5.000 1
4.484 2 4.484 2 5.000 2 4.828 1 5.000 1
4.484 2 4.828 2 5.000 2 4.828 1 5.000 1
4.484 2 4.828 2 5.000 2 4.828 1 5.000 1
4.484 2 4.828 2 5.000 2 4.828 1 5.000 1
4.484 2 4.828 2 5.000 2 5.370 0 5.000 1
4.484 2 4.828 2 5.000 2 5.370 0 5.000 1
4.484 2 4.828 2 5.000 2 5.516 1 5.000 1
5.904 2 5.516 2 5.000 2 5.516 1 5.000 1
5.904 2 5.516 2 5.000 2 5.516 1 5.000 1
5.904 2 5.516 2 5.000 2 5.516 1 5.000 1
5.904 2 5.516 2 5.000 2 5.600 0 5.714 0
5.904 2 5.516 2 5.000 2 5.600 0 5.714 0
5.904 2 5.516 2 5.000 2 5.600 0 5.714 0
5.904 2 5.861 2 5.000 2 5.600 0 5.714 0
5.904 2 5.861 2 5.000 2 5.861 1 5.714 0
5.904 2 5.861 2 5.000 2 5.861 1 5.714 0
6.272 0 6.256 0 6.429 0 6.059 0 5.714 0
6.272 0 6.371 0 6.429 0 6.059 0 5.714 0
6.272 0 6.371 0 6.429 0 6.059 0 5.714 0
6.715 0 6.601 0 6.429 0 6.059 0 5.714 0
6.715 0 6.601 0 6.429 0 6.288 0 5.714 0
6.715 0 6.715 0 6.429 0 7.143 0 7.143 0

14.480 2 14.480 2 15.000 2 14.480 1 15.000 1
14.480 2 14.480 2 15.000 2 14.480 1 15.000 1
14.480 2 14.480 2 15.000 2 15.370 0 15.710 0
16.260 0 16.260 0 16.430 0 15.370 0 15.710 0
16.260 0 16.260 0 16.430 0 16.720 0 16.450 0
18.160 0 18.160 0 18.010 0 17.140 0 17.140 0

Table 3.4.: The eigenergies, spin quantum number, ~S2 for Coulomb and Kanamori and
|Sz| for density-density interaction, in an octahedral crystal-field ∆ = 1eV
for 2 electrons..
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Figure 3.11.: From left to right and from top to bottom the energy levels E of the Hd−d
m ,

Hd−d
f , HK

m , HK
f and HC interaction over the crystal-field parameter ∆ for

2 electrons.
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Figure 3.12.: From left to right and from top to bottom the Tanabe-Sugano diagram of
the Hd−d

m , Hd−d
f , HK

m , HK
f and HC interaction for 2 electrons.
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Figure 3.13.: From left to right and from top to bottom the Tanabe-Sugano diagram of
the Hd−d

m , Hd−d
f , HK

m , HK
f and HC interaction for 3 electrons.
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Figure 3.14.: From left to right and from top to bottom the Tanabe-Sugano diagram of
the Hd−d

m , Hd−d
f , HK

m , HK
f and HC interaction for 4 electrons.
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Figure 3.15.: From left to right and from top to bottom the Tanabe-Sugano diagram of
the Hd−d

m , Hd−d
f , HK

m , HK
f and HC interaction for 5 electrons.
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Figure 3.16.: From left to right and from top to bottom the Tanabe-Sugano diagram of
the Hd−d

m , Hd−d
f , HK

m , HK
f and HC interaction for 6 electrons.
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Figure 3.17.: From left to right and from top to bottom the Tanabe-Sugano diagram of
the Hd−d

m , Hd−d
f , HK

m , HK
f and HC interaction for 7 electrons.
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Figure 3.18.: From left to right and from top to bottom the Tanabe-Sugano diagram of
the Hd−d

m , Hd−d
f , HK

m , HK
f and HC interaction for 8 electrons.
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3.5. Conclusion

After studying the effects of the self-consistently determined hybridization on the out-
come of DMFT calculations in the last chapter I discussed the second part of the An-
derson impurity model, the local interaction, in this chapter. To this end I described
and discussed some of the most commonly used local interactions and their relation to
each other.
Even though the hybridization expansion continuous-time quantum Monte Carlo (CT-
HYB) is able to treat arbitrary interactions the use of such general interactions leads
to computationally very demanding calculations. Thus studies which make use of a
general interaction using U -matrices generated form first principle calculations are still
not widely performed. One way, which does not involve a further approximation, to
reduce the time it takes the CT-HYB to solve the Anderson impurity model, is to use
good quantum numbers, i.e. conserved quantities of the local interaction which fulfill
certain other properties. We have been able to show that for one of the most often used
more general interactions, in comparison with the simple density-density interaction, the
Kanamori interaction, introduced in Section 3.1, a whole set of quantum numbers, that
we called PS, commutes with the local Hamiltonian. The reason why we named the set
PS is that it projects spins onto the orbitals. Using this special “quantum number” we
have been able to go up to seven orbital systems and study the orbital selective Mott
transition.
In another study, which I present in Section 3.2, calculations were performed using the
Kanamori interaction with the help of PS and also with the density-density interaction
using a segment algorithm for SrCoO3. We showed that SrCoO3 cannot be locally de-
scribed by a certain local spin state but transitions between different spin states with
different weights have to be taken into account.
Since we also want to treat arbitrary interactions in the CT-HYB an effort was made to
numerically find the minimal block structure for the calculations. This could be achieved
by an algorithm, which I introduce in Section 3.3. It performs operations on the local
interaction matrix in Fock space enforcing all the requirements for a block diagonal struc-
ture to be usable in CT-HYB. This helped in drastically reducing the size of the matrix
for the test case of a Coulomb interaction matrix rotated into an octahedral crystal-field.
A reduction of 70% for the largest block was found which makes such calculations in the
future more tractable.
A first step towards an application of general interactions was taken in Section 3.4. An
interesting transition in systems, which at least in the atomic limit is only depending on
the value of the crystal-field, is the local spin state of the system. A good way to study
this transition considering the local interaction only are the Tanabe-Sugano diagrams.
In Section 3.4 I present the Tanabe-Sugano diagrams for all interactions introduced in
this chapter and discuss the change in the local interaction w.r.t. to the crystal-field.
We come to the conclusion that the different interactions are applicable only to certain
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regimes of the crystal-field and for certain fillings of the system. The full picture will be-
come more clear once we perform more thorough studies using DMFT on model systems.
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Summary

The main objective of this work was to implement a continuous-time solver for the
Anderson impurity model and a flexible self-consistency loop based on the dynami-
cal mean-field theory in its different flavors. This goal was achieved in the course of
this work and a program package called w2dynamics was made publicly available on
http://git.physik.uni-wuerzburg.de/. The program was then applied to different
systems to obtain a deeper understanding of the relation between the self-consistently
determined hybridization and the self-consistent solution. Also the interaction used in
the Anderson impurity model plays an important aspect in solids. Since the use of the
full interaction matrix is numerically expensive techniques to reduce the computational
effort were developed and the effect of approximations, which can further decrease the
cost of simulations, was studied.
In Chapter 1 the Anderson impurity model and its physics were introduced. Then a num-
ber of solvers were presented and the choice of the hybridization expansion continuous-
time quantum Monte Carlo (CT-HYB) solver was motivated. The theoretical ground
works for the Monte Carlo in general and the CT-HYB were then outlined. After the the-
oretical discussion of CT-HYB different algorithms for this method were presented. This
was followed by an introduction of how measurements are performed in the quantum
Monte Carlo (QMC) before I finally showed a benchmark acquired with w2dynamics.
In Chapter 2 I first introduced LDA+DMFT and its two main ingredients to perform
realistic calculations for strongly correlated electron systems. The density functional
theory (DFT) in its local density approximation (LDA) and the dynamical mean-field
theory (DMFT). In the following sections I described methods which are needed for the
merger of LDA and DMFT. These are methods for subtracting interactions which are
already treated in the LDA and for obtaining low energy Hamiltonians in real space.
Two studies which were conducted during the course of this thesis are presented after
this introduction. One is about the effect the local interaction has on a crystal-field
between d-orbitals, a situation which is e.g. present in the Nickelates. The second study
is about a simpler model, the generalized periodic Anderson model. In this model there
is only one d- and one p-orbital present and the hybridization between the two can be
easily tuned. After a short excursion, on the analytical continuation to the real axis and
the inclusion of non-local Hartree type interactions in the DFMT self-consistency loop,
a study was presented which shows that such non-local interactions can widen the gap
between the d- and p-bands thus leading to insulating results for a mother compound of
the high-Tc cuprates. Finally I presented results obtained with extensions to the DMFT
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loop which enable us to calculate layered materials and nanoscopic structures. The re-
sults shown are still of preliminary nature. In the future diagrammatic extensions will
be important to include non-local correlations in the self-consistency. To this end the
two-particle Greens function is needed. The efficient measurement of this quantity is
still subject of on going research and different methods to implement its measurement
are currently tested with our code. Another important extension to the code is the mea-
surement of the spin susceptibility which can be accumulated in the simulation without
the need of the full two-particle object. This is another currently ongoing development
project in w2dynamics.
In Chapter 3 I introduced the full Coulomb U -matrix, which is a good starting point to
analyze the interaction in solids. After that I introduced the density-density interaction
and showed how one can arrive at the interaction parameters for it starting from the
full U -matrix. In the next section I introduced yet another interaction, which is SU(2)
symmetric. We found a new set of quantum numbers for this interaction which is usable
to quicken CT-HYB calculations. This new set of quantum numbers was used to study
the orbital-selective Mott transition in up to seven orbitals and for investigating the spin
ground state of the SrCoO3 compound. Then an algorithm was presented which allows
us to find symmetries in general interactions to speedup calculations. Finally I presented
a study of the local interactions using Tanabe-Sugano diagrams. In the future a study
which systematically examines the effect of different local interactions on observables
is going to be of great importance to help us to decide which interaction can be used
for certain systems. Using the algorithmic improvements developed and implemented
during this work such a study is feasible now.

158



A. w2dynamics

In the main part of this thesis I have shown some current and future applications of
the software package w2dynamics. In this part I want to add a bit of information
about this package. w2dynamics is mainly consisting of two independent building blocks

DMFT
implemented in Python

CT-HYB
implemented in Fortran

f2py

Figure A.1.: The two building blocks of w2dynamics and their glue f2py.

depicted in Figure A.1. The self-consistency cycle based on the DMFT, see Section 2.2, is
completely implemented in Python while the CT-HYB, which I introduced in Section 1.3,
is implemented in Fortran 90. The general idea behind this coding structure is that the
self-consistency cycle can be rather complex and there is often the need to adapt it for
individual cases, but it is not computationally demanding. Additionally a multitude of
readily available modules can be used in Python which makes the implementation of
extensions fast and less error prone. The CT-HYB, on the other hand, is numerically
very demanding but is not often subject to change, thus a fast compiled language is more
suitable for this task. The clear separation of the two building blocks has the additional
advantage that each of them can also be, in principle, used without the other. One
could, e.g., use another impurity solver in the Python scripts or use the impurity solver
alone or for another problem altogether.
To connect the two computer languages one needs to build an interface which is then
used to generate a Python module out of the Fortran code. Building this interface can be
automatically performed by f2py [193]. A problem, however, is arising when one uses this
tool. The Fortran standard does not enforce a certain binary structure for allocatable
arrays or pointers and thus types of such structures can not be in general handed over
from Fortran to Python or vice-versa. A solution to this problem was put forward in
[201] and is used in the code which is interfaced in w2dynamics. This, however, still has
the limitation that not all data structures are available in Python but only the subset of
them for which this workaround is implemented. These structures are all declared in the
file CTQMC.F90 while the data structures in other files are not available from Python.
The output of the calculations are stored in the HFD5 file format [194] which is a binary
file format resembling a data base. This is advantageous since the arrays which we
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obtain from calculations can simply be “dumped” into this file and later retrieved easily.
Also, in contrast to the commonly used way of storing information in an ASCII file, no
accuracy is lost due to the truncation of numbers and the files are in general smaller since
the representation of numbers in strings is typically not efficient. Another advantage is
the speed of such a file format which is especially made for the purpose of storing large
arrays. A disadvantage of the HDF5 file format is that the typical command line tools,
which were used for ASCII files, will no longer work. With w2dynamics a specialized
tool is distributed which is very useful in substituting the use of these command line
tools. The tool is executed by hf.py and it prints the possible parameters to the standard
output of the command line when no parameters are given, or via the help parameter.
This tool was developed by Markus Wallerberger.
In the following two subsections I will present a flow-chart for the initialization of the
Fortran module and give some implementation details of the two building of w2dynacmis
blocks which I introduced here. Following this I will present a listing of parameters which
are used in the parameter file of w2dynamics.

A.1. DMFT

The Python part of the program takes care of the self-consistency loop and all the lattice
specific parts of the calculation. The main loop is implemented in DMFT.py in which
the loop itself and the parallelization of the AIM-solver is implemented. Also the output
of the program is managed therein.
In lattices.py the different lattice structures are implemented which specialize the ab-
stract class Lattice. The self-consistency loop based on DMFT which is implemented in
DMFT.py is applicable to a very diverse set of problems as e.g. the nano-DMFT or the
layer-DMFT which I briefly discussed in Section 2.8.
In Figure A.2 I show the general structure of the Lattice class. The Lattice class has all
the subroutines necessary to implement the self-consistency scheme of which some are
abstract. In the scheme the only abstractly defined subroutines are denoted in italic.
Since the class Lattice contains abstract subroutines it cannot be instantiated itself. The
derived classes cover all the various lattices used in this thesis. There is also a class for
the impurity, depicted in Figure A.3, which is very small in Python since the main task
is performed in the Fortran module. Since the Fortran part of the program does not
know anything about the lattice and the different inequivalent atoms this information
needs to be stored in the Python structure. Also the number of bands and other lattice
specifics as e.g. the impurity chemical potential needs to be handled by it. Another
reason why it is necessary for this information to be stored in the Python class is that
the Fortran module gets generated for each impurity and then destructed again to be
used for the next impurity. Thus the information contained in the Fortran module is
lost after the impurity problem is solved.
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A.1. DMFT

Lattice

find mu()
set dc()

get g loc ineq()
g loc ineq2deltaiw
deltaiw2deltatau()

init bands()
set g loc()

BetheLattice

bandwidth
init bands()
set g loc()

g loc ineq2deltaiw()

LDA

Hk init bands()
set g loc()
calc dos()

Nano

t,V,leads
init bands()
set g loc()

ED

eps k,V k
init bands()
set g loc()

g loc ineq2deltaiw()
deltaiw2deltatau()

Figure A.2.: The Lattice class and the specialized classes for different lattices.

Impurity

siw, U ijkl, g imp
g imp2siw()

Figure A.3.: The Python class handling the impurity.
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A.2. CT-HYB

In this section I am going to introduce the structure and inner workings of the For-
tran code. Each source file of the Fortran code has a main subroutine written into
it for testing purposes. Compilation of these test programs can be achieved by ex-
ecuting the Makefile in the ctqmc fortran subdirectory of the code with the target
Test filename without extension.
In Figure A.4 I show a flowchart of the different steps that are performed before the
Monte Carlo simulation starts. First one needs to define the basis which consists of binary
representations of the impurity states. To this end the bits of an integer are interpreted
as 1 for an orbital/spin being occupied and 0 for an orbital/spin being empty. Then the
block diagonal structure of the Hamiltonian is generated by putting states with the same
set of quantum numbers into the same block. After that the creation/annihilation oper-
ators are generated in matrix form for the block structure of the Hamiltonian. Then the
matrices for the block diagonal form of the Hamiltonian is generated and the one-particle
elements are stored in it. In the next step the U -matrix is created with which we then
generate the two-particle part of the Hamiltonian by using the creation and annihilation
operators and the U -matrix with

∑

ijklσσ′ Uijklc
†
iσc

†
jσ′ckσ′clσ. The eigenvalues which we

need for finding the states that need to be taken into account in the local trace and also
the eigenvectors which we need as starting points for the calculation of the local trace.
This is performed by the next two steps. Then all the matrices which were generated
are stored in the states structure in sparse format. In the next three steps the matrices
for the measurements in the ctqmc module, the local trace in the trace module and the
Fourier transform is initialized. With these steps all the data structure needed for the
Monte Carlo is generated and the Monte Carlo steps as depicted in Figure 1.3 is carried
out.
Below I show a table which is listing all the Fortran source files and the functionality
implemented therein.

Filename Comment

AngularMomentum.F90 In this file the generation of Gaunt coefficients is imple-
mented using the 3jm-symbols.

Parameters.F90 The data structure and routines to read parameters either
from a file or from a string. The parameters are stored in
a singly linked list and parameters can be obtained from
this structure by special functions returning value(s) for a
given key (string).

Lanczos.F90 This file contains subroutines to perform the transforma-
tion into the Krylov space and the time evolution in it. See
introduction to Chapter 1 and Section 1.3.1.
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Filename Comment
MatrixUpdate.F90 The subroutines for performing full matrix updates, i.e.

wrapper for the LAPACK routines to invert matrices and
calculate determinants, and subrotines for partial matrix
updates, i.e. inversion by partitioning as outlined in Sec-
tion 1.3, are implemented in this file.

Operator.F90 The creation/annihilation operators and local Hamiltoni-
ans in the block diagonal structure are implemented in this
file.

SparseMatrix.F90 This file contains subroutines to transform a dense matrix
into a sparse matrix in compressed sparse row (csr) format,
see e.g. [49]. Also subroutines to multiply sparse matrices
with vectors are implemented therein.

States.F90 In this file the structure to store states and operators are
implemented. The subroutines to associate certain states
with a certain block are also implemented in States.F90.
The states are identified by their binary representation of
integers with the different spins grouped in blocks, e.g. the
state |↑ , ↓〉 is associated with the binary pattern 1001
where the least significant bit is to the right and the spin
up block is the less significant block. This binary pat-
tern corresponds to the integer 9. In the file subroutines
to calculate quantum numbers, which are diagonal in the
occupation numbers basis, are also implemented.

LegendrePoly.F90 A module which generates Legendre polynomials, see Sec-
tion 1.4, is implemented in here.

MersenneTwister.F90 The implementation of the random number generator
Mersenne twister [192].

Progress.F90 Implementation of a progress bar.

Trace.F90 In this file a doubly linked list to store the local trace and
its nodes is implemented. Also routines to generate new
operators in the local trace and routines to check if the local
trace yields a finite value due to quantum numbers and
to calculate the value of the local trace are implemented
therein.

CTQMC.F90 The implementation of the Monte Carlo procedure, the pro-
posal of moves and measurements are implemented in this
file.

Signals.F90 In this file the handling of system signals is implemented.

interaction.F90 Implementation to generate the U -matrix for different in-
teractions. Deprecated will be replaced by a Python script.
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Filename Comment
nfft.F90 The wrapper for the fast Fourier transform on non-

equidistant meshes.
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init states

Initialize the states structure.

init substates

Initialize the block structure using
quantum numbers.

init psi

Generate the creation and annihila-
tion operators using the block struc-
ture.

init hamiltonian

Generate the block diagonal matrix
structure for the Hamiltonian.

u from parameters

Generate the U -matrix for the inter-
action specified in the parameters.

u hamiltonian

Generate the values for the local
Hamiltonian in the matrices allocated
in init hamiltonian using the creation
and annihilation operators.

init toperator

Generate a block diagonal structure
for the eigenvectors.

diag operator

Diagonalize the Hamiltonian and re-
turn the eigenvalues and eigenvectors.

set psis

Store the creation and annihilation
operators in the states structure in a
sparse format.

set hamiltonian

Store the local Hamiltonian in the
states structure in a sparse format.

set heval

Store the eigenvalues of the Hamilto-
nian in the states structure.

set hevec

Store the eigenvectors of the Hamilto-
nian in the states structure.

init ctqmc

Initialize the ctqmc module.

init trace

Initialize the trace module and calcu-
late the states we need to consider in
the outer trace.

ft init

Initialize the Fourier transformation.

Figure A.4.: The program initialization flow before the Monte Carlo simulation starts.
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A.3. Parameters

In this section I am presenting a list of parameters for w2dynamics which should cover
the most important parameters for simple calculations. For more advanced calculations
like nano-DMFT calculations I refer to the index which will point you to the right page
in my thesis.

A.3.1. Values defining the system

Parameter Comment

DOS Defines the type of lattice that is used. Currently supported are
Bethe, Bethe in tau, ReadIn, EDcheck , nano and readDelta. For
Bethe and Bethe in tau a semi-circular density of state is used for
each bath. If ReadIn is chosen a k-dependent Hamiltonian is read
in and used to generate the lattice Greens function. When EDcheck
is set then a file epsk and Vk is read in to generate a hybridization
function with ED parameters. If nano is set then a system in real-
space is read in using the files which are described in Section 2.8.2.
Finally when readDelta is used then the hybridization function is
directly read from a file.
mandatory if: always
value: {ReadIn, Bethe, Bethe in tau, EDcheck, nano,

readDelta}
format: string
default: Bethe

example: DOS=Bethe
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Parameter Comment
HkFile Specifies the file containing the H(k) read in if the DOS is set to

ReadIn.
mandatory if: DOS=ReadIn; ignored otherwise
value: filename
format: string
default: none
example: HkFile=Hkdmft.dat

format of the k-point file:
#k-points #atoms #d-bands #p-bands #ligands per atom

#k x #k y #k z

#re #im #re #im

#re #im #re #im

#k x....

.

nanostructure Specifies the prefix of the files read in for defining the real space nano
structure. See Section 2.8.2 for details.
mandatory if: DOS=nano; ignored otherwise
value: filename-prefix
format: string
default: None.
example: nanonstructure=benzene

beta Defines the inverse temperature in [eV∧-1] used in the simulation.
mandatory if: always
value: #beta
format: float
default: 100.
example: beta=100.

mu The chemical potential (mu) of the system.
mandatory if: always
value: #chemical potential
format: float
default: none
example: mu=2.0
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Parameter Comment
half-bandwidth List of the half-bandwidth (D) of each band of a Bethe model system.

The Bethe lattice has a semicircular density of states and analytic
self-consistency equations are used in the DMFT loop.
mandatory if: DOS = {Bethe, Bethe in tau}
value: #D,...,

format: list of float
default: none
example: half-bandwidth=2.,2., (2 band system with equal half-
bandwidths)

EPSEQ If there is more than one atom in the unit cell this parameter defines
the ε-criterion for them to be considered equivalent.
mandatory if: always, but only used if there is more than one atom
in the unit cell
value: #EPSEQ

format: float
default: 2e-2
example: EPSN=0.02

dc Specifies the double-counting correction. For the different double-
counting corrections see Section 2.3.
mandatory if: DOS=Readin and p-bands and/or more than one
atom in the unit cell. Ignored otherwise.
value: fll , amf , number
format: string
default: fll
example: dc=amf

dc value Specifies a number which is then used as the double-counting correc-
tion.
mandatory if: dc=number ignored otherwise.
value: #DC

format: float
default: 0.0
example: dc value=2.68

A.3.2. Interaction

Parameter Comment
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Parameter Comment
Hamiltonian Defines the local interaction on the impurity. Possible options are

Density and Kanamori. The Density interaction has the form:

Hloc =
∑

a

Una,↑na,↓ +
∑

a>b,σ

[

U ′na,σnb,−σ + (U ′ − J)na,σnb,σ

]

while the Kanamori interaction has the additional spin-flip and
pair-hopping terms for SU(2)-symmetry:

Hloc =
∑

a

Una,↑na,↓ +
∑

a>b,σ

[

U ′na,σnb,−σ + (U ′ − J)na,σnb,σ

]

−
∑

a6=b

J(d†a,↓d
†
b,↑db,↓da,↑ + d†b,↑d

†
b,↓da,↑da,↓ + h.c.).

mandatory if: always
value: {Density,Kanamori}
format: string
default: Density

example: Hamiltonian=Density

crystalfield If the system is a Bethe lattice or if the Hamiltonian in k-space is
read in a crystal field can be switched on to separate the bands.
mandatory if: never
value: #crystalfield,...,

format: list of float
default: none
example: crystalfield=0.,1., (2 band system with one band
shifted upward in energy)

Udd Intra-orbital interaction parameter U used in the local interaction
defined above.
mandatory if: always
value: #Udd

format: float
default: 0.0
example: Udd=2.
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Parameter Comment
Jdd Hund parameter J used in the local interaction defined above.

mandatory if: more than one orbital present
value: #Jdd

format: float
default: 0.0
example: Jdd=0.5

Vdd Inter-orbital local interaction parameter U ′ used in the local in-
teraction defined above.
mandatory if: more than one orbital present
value: #Vdd

format: float
default: 0.0
example: Vdd=1.

Upp Intra-orbital interaction parameter U used for the Hartree inter-
action in the p-manifold.
mandatory if: always
value: #Upp

format: float
default: 0.0
example: Upp=2.

Jpp Hund parameter J used for the Hartree interaction in the p-
manifold.
mandatory if: always
value: #Jpp

format: float
default: 0.0
example: Jpp=0.5

Vpp Inter-orbital interaction parameter U ′ used for the Hartree inter-
action in the p-manifold.
mandatory if: Vpp
value: #Vpp

format: float
default: 0.0
example: Vpp=1.
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Parameter Comment
Udp Inter-orbital interaction parameter U used for the Hartree inter-

action between the p- and d-manifold.
mandatory if: always
value: #Udp

format: float
default: 0.0
example: Udp=2.

Jdp Hund parameter J used for the Hartree interaction between the
p- and d-manifold
mandatory if: always
value: #Jdp

format: float
default: 0.0
example: Jdp=0.5

QuantumNumbers Specifies which quantum numbers to use. The list of quantum
numbers is separated by spaces. Possible values are Nt , which is
the conservation of the particle number, Szt , the conservation of
the total spin in z-direction, Qzt , the PS-quantum number de-
fined in Section 3.1.1, Azt , the conservation for each one particle
quantum number and All , for which the algorithm in Section 3.3
is used to search for the minimal block size automatically.
mandatory if: always
value: Nt , Szt , Qzt , Azt , All
format: space separated list of strings
default: Nt Szt Qzt if Hamiltonian=Kanamori ; Nt Szt Azt if
Hamiltonian=Density
example: QuantumNumbers=Nt Szt

A.3.3. QMC

Parameter Comment

171



A. w2dynamics

Parameter Comment
Nwarmups The number of steps before starting the measurement

in the QMC.
mandatory if: always
value: #Nwarmups

format: integer
default: none
example: Nwarmups=10000

Nmeas Number of measurements in the QMC of each quantity
mandatory if: always
value: #Nmeas

format: integer
default: none
example: NMeas=10000

NCorr Number of steps bewteen measurements
(∼autocorrelation time). A reasonable approxi-
amtion is: #(mean expansion order)/#(probaility of
acceptance)
mandatory if: always
value: #NCorr

format: integer
default: 100
example: NCorr=100

NSeed The random number seed.
mandatory if: always
value: #NSeed

format: integer
default: 43890
example: NSeed=12345

MaxHisto The size of the Histogram arrays. If the expansion order
in a channel is larger then the counter of the last value
in the array will be increased.
mandatory if: always
value: #MaxHisto

format: integer
default: 500
example: MaxHisto=1000
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Parameter Comment
MeasDensityMatrix Switch for measuring the density matrix. Beware can

get quite large (1024 × 1024 for 5 band systems.
mandatory if: always
value: switch
format: integer
default: 0
example: MeasDensityMatrix=1

MeasExpResDensityMatrix Switch for measuring the expansion resolved den-
sity matrix. Beware can get very large (1024 ×
1024×MaxHisto×Nd×2 for 5 band systems.
mandatory if: always
value: switch
format: integer
default: 0
example: MeasExpResDensityMatrix=1

MeasGiw Switch for measuring the Greens function directly in
iωn.
mandatory if: always
value: switch
format: integer
default: 0
example: MeasGiw=1

truncation Number of multiplets used in the outer truncation of the
local trace.
mandatory if: always
value: #truncation

format: integer
default: 1
example: truncation=1
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Parameter Comment
EPSLANC Convergence criterion for the Lanczos time evolution see

Section 1.3.1. This is set to a reasonable value. Do not
touch if you do not know what your are doing!
mandatory if: always
value: #EPSLANC

format: float
default: 1e-15
example: EPSLANC=1e-14

EPSTRACEVEC ε-criterion for a vector in the local trace to be considered
zero. This is set to a reasonable value. Do not touch if
you do not know what your are doing!
mandatory if: always
value: #EPSTRACEVEC

format: float
default: 1e-15
example: EPSTRACEVEC=1e-14

EPSSANDWICH ε-criterion for a braket in the local trace to be considered
zero. This is set to a reasonable value. Do not touch if
you do not know what your are doing!
mandatory if: always
value: #EPSSANDWICH

format: float
default: 1e-15
example: EPSSANDWICH=1e-14

EPSEVEC ε-criterion for elements of the eigenvectors to be consid-
ered zero. Removes numerical noise in the calculation.
This is set to a reasonable value. Do not touch if you
do not know what your are doing!
mandatory if: always
value: #EPSEVEC

format: float
default: 1e-15
example: EPSEVEC=1e-14
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Parameter Comment
PercentageGlobalMove Defines how high the percentage of global moves is in

the simulation.
mandatory if: always
value: #PercentageGlobalMove

format: float
default: 0.001
example: PercentageGlobalMove=0.01

A.3.4. Discretization

Parameter Comment

Ntau The discretization on the imaginary time axis used to store the mea-
surement of G(τ). Applicable to gtau in the output file.
mandatory if: always
value: #Ntau

format: integer
default: 1000
example: Ntau=1000

Nftau The discretization on the imaginary time axis used to for the hybridiza-
tion function ∆(τ). Since we are using a high-frequency model this
can be set to very large values without suffering from problems in the
Fourier transform.
mandatory if: always
value: #Nftau

format: integer
default: 5000
example: Nftau=10000

Niw The number of positive Matsubara frequencies used for Σ(iω) andG(iω).
mandatory if: always
value: #Niw

format: integer
default: 2000
example: Niw=2000
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Parameter Comment
NLegMax The number of Legendre coefficients of the local Greens function mea-

sured in the QMC. See Section 1.4
mandatory if: always
value: #NLegMax

format: integer
default: 100
example: NLegMax=100

NLegOrder The number of Legendre coefficients of the local Greens function used
in calculating the local Greens function in Matsubara frequencies. See
Section 1.4
mandatory if: always
value: #NLegOrder

format: integer
default: 100
example: NLegOrder=30

FourPnt Switch for measuring the 2-particle Greens function. 0 no measure-
ment, 1 measurement in imaginary time, 2 measurement in Legendre
coefficients, 3 both measurements.
mandatory if: always
value: #FourPnt

format: integer
default: 0
example: FourPnt=1

N4tau Number of tau bins for the 2-particle Greens function.
mandatory if: FourPnt=1, FourPnt=3
value: #N4tau

format: integer
default: 1
example: N4tau=100

N4leg Number of Legendre coefficients to measure for the 2-particle Greens
function.
mandatory if: FourPnt=2, FourPnt=3
value: #N4leg

format: integer
default: 2
example: N4leg=100
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Parameter Comment
N4iwf Number of fermionic Matsubara frequencies to measure for the 2-particle

Greens function.
mandatory if: always
value: #N4iwf

format: integer
default: 0
example: Niwf=30

N4iwb Number of bosonic Matsubara frequencies to measure for the 2-particle
Greens function.
mandatory if: always
value: #N4iwb

format: integer
default: 0
example: Niwb=10

Neps The number of points for the numerical integration of the density of
states.
mandatory if: always
value: #Neps

format: integer
default: 1000
example: Neps=2000

Neps The number of k-points in the Hamiltonian. Automatically set by the
Python script.
mandatory if: never
value: #Neps

format: integer
default: None
example: Nk=None
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Parameter Comment
totdens The number of electrons per atom in the system. Used when the chem-

ical potential is adjusted and for calculating the double counting cor-
rection.
mandatory if: DOS=Bethe:chemical potential is variable;
DOS=ReadIn: always
value: #electrons/atom

format: float
default: none
example: totdens=2.

EPSN Defines the upper error between the number of electrons the system
should contain and the number of electrons the system contain as cal-
culated by w2dynamic.
mandatory if: chemical potential is variable
value: #EPSN

format: float
default: none
example: EPSN=0.001

EPSLDAN The ε-criterion for the µ search with the non-interacting system.
mandatory if: DOS=Readin
value: #EPSLDAN

format: float
default: 0.00001
example: EPSLDAN=0.001

A.3.5. DMFT

Parameter Comment

DMFTsteps The number of DMFT steps the code performs.
mandatory if: DMFT steps are required
value: #DMFTsteps

format: integer
default: 1
example: DMFTsteps=0
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Parameter Comment
StatisticSteps The number of steps the code performs only measuring quantities

without updating the hybridization function.
mandatory if: Statistic steps are required.
value: #StatisticSteps

format: integer
default: 0
example: StatisticSteps=10

SelfEnergy Defines if the self-energy is calculated using Dyson equation or im-
proved estimators [204]. The improved estimators currently only work
for density-density interaction.
mandatory if: always
value: dyson, improved
format: string
default: dyson
example: SelfEnergy=improved

FTType Defines how the local Greens function in iωn is calculated. Either
via a simple Fourier transform from G(τ) plain or from the Greens
function projected on Legendre polynomials legendre.
mandatory if: always
value: plain, legendre
format: string
default: legendre
example: FTType=legendre

mixing Defines how much of the old self-energy is mixed to the new one. If
this parameter is set to 0 only the new self-energy is used.
mandatory if: always
value: #mixing

format: float 0 <mixing< 1
default: 0
example: mixing=0.5

A.3.6. IO

Parameter Comment
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Parameter Comment
FileNamePrefix A prefix is attached before the default filename of the output file

containing the time and date the calculation started. This param-
eter defines the prefix.
mandatory if: never
value: prefix
format: string
default: ”
example: FileNamePrefix=SrVO

readold Specifies which iteration of an old file should be used to restart
a calculaton. No file is read if this parameter is set to 0. If this
parameter is set to -1 the last iteration of a file is used.
mandatory if: an old calculation should be continued
value: #readold

format: integer
default: 0
example: readold=3

fileold This parameter specifies the name of the file which should be read
for a continuation of an old calculation.
mandatory if: an old calculation should be continued
value: filename
format: string
default: none
example: fileold=old.hdf5

A.3.7. Symmetries

Parameter Comment

ParaMag This parameter specifies if a system should be treated as paramagnetic
(1) or not paramagnetic (0). If so the symmetry is enforced.
mandatory if: always
value: {0,1}
format: integer
default: 1

example: ParaMag=1
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A.4. Input files nano-DΓA benzene

Parameter Comment
AF This parameter specifies if an antiferromagnetic self-consistency should

be used. This means that the spin up hybridization function is coupled
to the down impurity electron and vice-versa.
mandatory if: always
value: {0,1}
format: integer
default: 0

example: AF=1

se-shift This parameter is used to give the system a “kick” into a symmetry
broken phase. In the first iteration the real part of the self-energy is set
to this value for the spin up electron.
mandatory if: always
value: #se-shift
format: float
default: 0.

example: se-shift=0.5

A.4. Input files nano-DΓA benzene

The input files for the nano benzene calculation, V/t = 0.5. For details see [110].

lead.benzene

6

flat 2.0 2.0 0.0 0.0

flat 2.0 2.0 0.0 0.0

flat 2.0 2.0 0.0 0.0

flat 2.0 2.0 0.0 0.0

flat 2.0 2.0 0.0 0.0

flat 2.0 2.0 0.0 0.0

site.benzene

6 1 1 0

0 1 2 3 4 5

t.benzene

0 0 0 0 0 0.0 0.0

1 0 1 0 0 0.0 0.0
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A. w2dynamics

2 0 2 0 0 0.0 0.0

3 0 3 0 0 0.0 0.0

4 0 4 0 0 0.0 0.0

5 0 5 0 0 0.0 0.0

0 0 1 0 0 -1.0 0.0

1 0 2 0 0 -1.0 0.0

2 0 3 0 0 -1.0 0.0

3 0 4 0 0 -1.0 0.0

4 0 5 0 0 -1.0 0.0

5 0 0 0 0 -1.0 0.0

0 0 2 0 0 0.0 0.0

1 0 3 0 0 0.0 0.0

2 0 4 0 0 0.0 0.0

3 0 5 0 0 0.0 0.0

4 0 0 0 0 0.0 0.0

5 0 1 0 0 0.0 0.0

0 0 3 0 0 0.0 0.0

1 0 4 0 0 0.0 0.0

2 0 5 0 0 0.0 0.0

0 0 0 0 1 0.0 0.0

1 0 1 0 1 0.0 0.0

2 0 2 0 1 0.0 0.0

3 0 3 0 1 0.0 0.0

4 0 4 0 1 0.0 0.0

5 0 5 0 1 0.0 0.0

0 0 1 0 1 -1.0 0.0

1 0 2 0 1 -1.0 0.0

2 0 3 0 1 -1.0 0.0

3 0 4 0 1 -1.0 0.0

4 0 5 0 1 -1.0 0.0

5 0 0 0 1 -1.0 0.0

0 0 2 0 1 0.0 0.0

1 0 3 0 1 0.0 0.0

2 0 4 0 1 0.0 0.0

3 0 5 0 1 0.0 0.0

4 0 0 0 1 0.0 0.0

5 0 1 0 1 0.0 0.0

0 0 3 0 1 0.0 0.0

1 0 4 0 1 0.0 0.0

2 0 5 0 1 0.0 0.0
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A.4. Input files nano-DΓA benzene

V.benzene

0 0 0 0 0.50 0.0

1 1 0 0 0.50 0.0

2 2 0 0 0.50 0.0

3 3 0 0 0.50 0.0

4 4 0 0 0.50 0.0

5 5 0 0 0.50 0.0

0 0 0 1 0.50 0.0

1 1 0 1 0.50 0.0

2 2 0 1 0.50 0.0

3 3 0 1 0.50 0.0

4 4 0 1 0.50 0.0

5 5 0 1 0.50 0.0
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Index

AF, 181

All, 140, 171
amf, 168
AngularMomentum.F90, 162

Azt, 171

beta, 167
Bethe, 166

Bethe in tau, 166

crystalfield, 169
CTQMC.F90, 159, 163

dc, 55, 168

dc value, 55, 168
Density, 118

DMFT.py, 50, 160
DMFTsteps, 50, 178
DOS, 40, 50, 110, 166, 168

dyson, 179

EDcheck, 40, 166
EPSDEG, 30

EPSEQ, 168
EPSEVEC, 30, 174
epsk, 40, 166

EPSLANC, 31, 174
EPSLDAN, 178
EPSN, 53, 178

EPSSANDWICH, 31, 174
EPSTRACEVEC, 174

FileNamePrefix, 180

fileold, 50, 180

fll, 168
FourPnt, 176
FTType, 179

half-bandwidth, 168
Hamiltonian, 118, 122, 169
HkFile, 50, 167

improved, 179
interaction.F90, 163

Jdd, 118, 122, 170
Jdp, 171
Jpp, 170

Kanamori, 122

Lanczos.F90, 31, 162
Lattice, 160
lattices.py, 50, 160
lead.nanostructure, 110
lead.benzene, 181
legendre, 179
LegendrePoly.F90, 163

MatrixUpdate.F90, 23, 163
MaxHisto, 172
MeasDensityMatrix, 32, 173
MeasExpResDensityMatrix, 173
MeasGiw, 173
MersenneTwister.F90, 163
mixing, 179
mu, 53, 167

N4iwb, 177
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Index

N4iwf, 177

N4leg, 176
N4tau, 176
nano, 110, 166
nanonstructure, 110
nanostructure, 167

NCorr, 172
Neps, 177
nfft.F90, 164
Nftau, 52, 175

Niw, 175
NLegMax, 38, 176
NLegOrder, 38, 176
Nmeas, 172
NSeed, 172

NSymMove, 27
Nt, 171
NTau, 35
Ntau, 175

number, 168
Nwarmups, 172

Operator.F90, 30, 163

ParaMag, 27, 180

Parameters.F90, 162
PercentageGlobalMove, 27, 175
plain, 179
Progress.F90, 163

QuantumNumbers, 140, 171
Qzt, 171

ReadIn, 166
readDelta, 166

Readin, 168
readold, 50, 180
ReadUmatrix, 118

se-shift, 181

SelfEnergy, 179
Signals.F90, 163

site.nanostructure, 110
site.benzene, 181
SparseMatrix.F90, 29, 163
States.F90, 163
StatisticSteps, 179
SymMove, 27
Szt, 171

t.nanostructure, 110
t.benzene, 181
totdens, 53, 178
Trace.F90, 163
truncation, 30, 173

Udd, 118, 122, 169
Udp, 91, 171
Upp, 91, 170

V.nanostructure, 110
V.benzene, 183
Vdd, 118, 122, 170
Vk, 40, 166
Vpp, 170
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P. G. Radaelli, D. Fiorani and J. B. Goodenough, Structural details and magnetic
order of La1−xSrxCoO3 (x <≈ 0.3), Phys. Rev. B 59, 1068 (1999).

[211] G. Racah, Theory of Complex Spectra. II, Phys. Rev. 62, 438 (1942).

[212] J. P. Perdew and W. Yue, Accurate and simple density functional for the elec-
tronic exchange energy: Generalized gradient approximation, Phys. Rev. B 33, 8800
(1986).

[213] A. D. Becke, Density-functional exchange-energy approximation with correct
asymptotic behavior, Phys. Rev. A 38, 3098 (1988).

[214] A. D. Becke A new mixing of HartreeFock and local densityfunctional theories, J.
Chem. Phys. 98, 1372 (1993).

[215] A. D. Becke Densityfunctional thermochemistry. III. The role of exact exchange,
J. Chem. Phys. 98, 5648 (1993).

203





Acknowledgements

First and foremost I want to thank my supervisor Giorgio Sangiovanni. He was
always supportive and came up with new ideas when I was stuck. He is not only
a great physicist but also a nice person who I always enjoyed working with. I also
want to thank my group in Würzburg for making my thesis writing an enjoyable
time in the office.
When I moved to Würzburg our group was quite small, but I was warmly welcomed
by Fakher Assad and his group for which I want to thank them. The beach volley-
ball matches always were a welcome leisure time activity in the summer.
I am grateful that Karsten Held offered me the opportunity to start my PhD in
Vienna. He and his group stayed very influential even after the move and I want
to thank him for his advices and my colleagues and office mates in Vienna for the
good time.
My PhD would not have been the same without my stay in Tokyo. I want to thank
Ryotaro Arita for his invitation and him and his group members for introducing me
to a bit of the culture, food and life of Japan.
Many people helped me during the code development, either by providing bench-
marks or by explaining algorithmic details to me, I appreciated your help very
much. I am also grateful to all people who in the second half of my PhD started to
collaborate with me on the code development.
I also want to thank the many friends and colleagues who accompanied me on the
way and my sisters, Sophie and Stephanie and their family for always being there
for me.
The people without whom all this would not have been possible, my parents Rita
and Laci, I want to thank with all of my heart for always trusting and believing in
me.
And last but not least the person who came here with me and who supported me
during the hard times of my thesis, enjoyed the good times with me and cheered
me on. Thank you for taking the chance, Anna.

205


	Introduction
	The Anderson Impurity Model
	Solving the Anderson Impurity Model
	Monte Carlo in a Nutshell
	The Hybridization Expansion
	Hybridization Expansion Algorithms

	Measurement in CT-HYB
	Testing the CT-HYB implementation

	Realistic Calculations of Complex Structures
	Density Functional Theory
	Dynamical Mean Field Theory
	The Double Counting Correction
	The Problem of Choosing the Basis
	DMFT on a dp-basis
	DP-Model
	PAM

	Analytical Continuation to the Real Axis
	Adding Non-Local Interactions
	Emery Model

	Beyond Single Atoms and Local Interactions
	``Layer''-DMFT
	Nano-DA

	Conclusion

	Local Interactions
	SU(2) Symmetry
	PS-Quantum Number

	Cobalt Oxygen Compounds
	SrCoO3

	Generating the Minimal Block Size
	Comparison of interactions in octahedral crystal-fields
	Conclusion

	Summary
	w2dynamics
	DMFT
	CT-HYB
	Parameters
	Values defining the system
	Interaction
	QMC
	Discretization
	DMFT
	IO
	Symmetries

	Input files nano-Dbold0mu mumu sectionA benzene

	Index
	Bibliography
	Acknowledgements

