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Abstract

The Fokker-Planck (FP) equation is a fundamental model in thermody-
namic kinetic theories and statistical mechanics. In general, the FP equa-
tion appears in a number of different fields in natural sciences, for instance
in solid-state physics, quantum optics, chemical physics, theoretical biol-
ogy, and circuit theory. These equations also provide a powerful mean to
define robust control strategies for random models. The FP equations are
partial differential equations (PDE) describing the time evolution of the
probability density function (PDF) of stochastic processes. These equa-
tions are of different types depending on the underlying stochastic process.
In particular, they are parabolic PDEs for the PDF of Ito processes, and
hyperbolic PDEs for piecewise deterministic processes (PDP).

A fundamental axiom of probability calculus requires that the integral
of the PDF over all the allowable state space must be equal to one, for
all time. Therefore, for the purpose of accurate numerical simulation,
a discretized FP equation must guarantee conservativeness of the total
probability. Furthermore, since the solution of the FP equation repre-
sents a probability density, any numerical scheme that approximates the
FP equation is required to guarantee the positivity of the solution. In ad-
dition, an approximation scheme must be accurate and stable. For these
purposes, for parabolic FP equations on bounded domains, we investi-
gate the Chang-Cooper (CC) scheme for space discretization and first-
and second-order backward time differencing. We prove that the result-
ing space-time discretization schemes are accurate, conditionally stable,
conservative, and preserve positivity. Further, we discuss a finite differ-
ence discretization for the FP system corresponding to a PDP process in
a bounded domain.

Next, we discuss FP equations in unbounded domains. In this case, finite-
difference or finite-element methods cannot be applied. By employing a
suitable set of basis functions, spectral methods allow to treat unbounded
domains. Since FP solutions decay exponentially at infinity, we consider
Hermite functions as basis functions, which are Hermite polynomials mul-
tiplied by a Gaussian. To this end, the Hermite spectral discretization is
applied to two different FP equations; the parabolic PDE corresponding
to Ito processes, and the system of hyperbolic PDEs corresponding to a
PDP process. The resulting discretized schemes are analyzed. Stability



and spectral accuracy of the Hermite spectral discretization of the FP
problems is proved. Furthermore, we investigate the conservativity of the
solutions of FP equations discretized with the Hermite spectral scheme.

In the last part of this thesis, we discuss optimal control problems governed
by FP equations on the characterization of their solution by optimality
systems. We then investigate the Hermite spectral discretization of FP
optimality systems in unbounded domains. Within the framework of Her-
mite discretization, we obtain sparse-band systems of ordinary differential
equations. We analyze the accuracy of the discretization schemes by show-
ing spectral convergence in approximating the state, the adjoint, and the
control variables that appear in the FP optimality systems. To validate
our theoretical estimates, we present results of numerical experiments.
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N The set of natural numbers
R The set of real numbers
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f(x,t) Probability density function
a(x,t) Diffusion coefficient
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Chapter 1

Introduction

1.1 Motivation

The Fokker-Planck (FP) equation is a fundamental model in statistical mechanics
which governs an important class of Markov processes [91]. In general, it describes the
time evolution of the probability density function of random evolutionary processes,
and was used by Fokker and Planck [91] to describe the Brownian motion of a free
particle (i.e., in the absence of an external force); see Figure 1.1. For an historical
introduction see [38].

In the past several decades, the FP equation has been used in a number of differ-
ent fields in natural sciences with a wide range of application; for instance in model
systems [13, 15, 57, 77, 87, 92, 98|, electron relaxation in gases [99], reactive systems
[70, 85, 107], polymer dynamics [101], optical bistability [14, 17, 40], nucleation [100],
dielectric relaxation [30], climate models [80], biological applications |26], astrophys-
ical problems [88, 103, 108|, economics [106], ionospheric applications [71], plasma
physics [60], nuclear dynamics [1], and numerous other applications such as solid-
state physics, quantum optics, chemical physics and theoretical biology [37, 90, 91].
The FP equation also appears in various types of control problems. It provides a
powerful tool to define robust control strategies for stochastic models as proposed in
[6, 7, 8.

Because of its wide range of application, various methods of solutions for the FP
equation have been proposed in scientific literature. It includes transformation to
Schrodinger equations, WKB methods, and matrix continued-fraction methods; see,
e.g., [91]. Analytic solutions of the FP equations can be found in some special cases,
but in general they are difficult to obtain. Therefore, numerical methods have become
important in approximating the solutions of the FP equations.

Depending on the problem which is modeled by the FP equation, the solution of
the FP equation may be sought in a bounded or an unbounded domain. On the other
hand, the FP initial value problem differs from classical evolutionary PDEs because
of the additional requirements of positivity of solution and conservativeness of total
probability. The main objective of this thesis is to discuss numerical methods to
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Figure 1.1: The time evolution of a stochastic process governed by a FP equation.

approximate two important classes of FP equations and related optimality systems,
in both bounded and unbounded domains.

1.2 Problems and solution methods

In this thesis, we first consider the class of FP equations corresponding to Ito stochas-
tic differential equations described by the following multidimensional model

{ dX(t) = b(X(t),t) dt + o(X(t), 1) dW (t) (1.1)
X(to) = Xo, |

where the state variable X (¢) € R? is subject to deterministic infinitesimal increments
driven by the vector valued drift function b, and to random increments proportional
to a multi-dimensional Wiener process W (t) € R™, with stochastically independent
components. The dispersion matrix ¢ € R¥™ is full rank. We notice that in most
cases the state of a stochastic process can be completely characterized by the shape
of its statistical distribution which is represented by the probability density function
(PDF). If the initial point Xj is a random variable which is distributed as f°(z), the
evolution of the PDF associated to the stochastic process X (t) is governed by the



1.2. Problems and solution methods

following FP model
d d
0f(e,0) =5 30 O, ay(st) Fw )+ D000, () [, 0) =0, (12
fa,t) = @), (13)

defined in Q = Q x [ty,T], where @ C R? and f denotes the PDF function. The
diffusion coefficient is given by the positive-definite symmetric matrix a = o o', with
elements

WE

aij = Oik 0jk~

B
Il

1

The initial PDF distribution f° must be nonnegative and normalized, [, f°(z)dz = 1.
The FP model (1.2) is a parabolic problem on a multi-dimensional space domain,
where the dimension corresponds to the number of components of the stochastic
process. Moreover, this problem differs from a classical parabolic problem because
of the additional requirements of positivity of solution and conservativeness. In fact,
the FP equation guarantees the following

F8) >0, /f(x,t)dx: L forallt>t
Q

Therefore, to numerically approximate the solution of the FP model (1.2), an approx-
imation scheme is required to be conservative and positivity-preserving in addition to
be accurate and stable. For this purpose, we first focus on bounded domains and zero-
flux boundary conditions and discuss finite difference discretizations. We investigate
the Chang-Cooper (CC) scheme for space discretization and first- and second-order
backward time differencing. Since the pioneering work of Chang and Cooper [23],
different variants of this discretization strategy have been considered [21, 37, 64],
that focus on first-order time discretization. From the numerical functional analyt-
ical point of view, less results are available on the accuracy and stability properties
of the CC scheme. We prove that the resulting space-time discretization schemes are
accurate, conditionally stable, conservative, and positivity-preserving.

We then consider another class of FP equations, where the PDF corresponds to
a piecewise deterministic process (PDP). A PDP model consists of a set of differen-
tial equations that change their deterministic dynamics at random points in time.
We consider a PDP model that is a first-order system of ordinary differential equa-
tions, where the driving dynamics-function is chosen by a renewal process. The
d-components state function X (¢), X : [y, 00) — Q, Q C R?, satisfies the differential
equation

X(to) = X(), '

where . (t) : [to,00[— S is a Markov process with discrete states S = {1,...,S}.
For each state s € S, we say that the dynamics is in the state s, and it is driven by
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the function A, : O — RY, that belongs to the set of Lipschitz continuous functions
{A1,..., As}.

From a statistical point of view, the state of a PDP can be characterized by the
shape of its statistical distribution which is represented by the marginal PDFs; we
denote with f, the PDF corresponding to the state s. The time evolution of these
PDFs is governed by the following FP hyperbolic system [§],

atfs(x>t> + 890(As(x)fs(13,t)) = Z Qsjfj<x7t)7 s € S7 (15)

where Q;, 5,5 € S, are the components of the transition matrix Q. Since the f, for
s € S, represent the PDFs it is required that

S d
Z/ fs(x,t)dx = 1.
s=1 R
The initial conditions for the PDFs of the FP system are given as follows

fs('r70> :fs?(m)a s €S, (16)

where fO(z) > 0, z € RY, 3% fﬂg f2(x)dr = 1. The model (1.5) is a first-order
hyperbolic system in differential diagonal form, with coupling given through zero-
order terms. This is a strictly hyperbolic model provided that the functions A, are
distinct for all x € 2. We report theoretical results of a finite difference discretization
of the FP system corresponding to a PDP with dichotomic noise [8].

Since in many cases the natural setting for stochastic processes corresponds to
FP systems on unbounded domains, we discuss also the two FP models (1.2) and
(1.5) in unbounded domains. In this case, finite-difference or finite-element methods
cannot be applied. To treat an unbounded domain, one may truncate the domain to
a bounded one and solve the problem on the bounded domain supplemented with
artificial or transparent boundary conditions; see, e.g., [50, 109]. This approach
is applicable for problems with rapidly decaying solutions or when exact boundary
conditions are available at the truncated boundary. On the other hand, another
viable approximation strategy is to consider orthogonal systems with basis functions
with unbounded support. Among the orthogonal systems, Hermite functions have
been used successfully in approximating the solution to parabolic FP equations in
unbounded domains; see, e.g., [45, 46, 74, 75]. We further investigate the Hermite
spectral approximation of hyperbolic FP models.

Next, we discuss optimal control problems governed by FP models on unbounded
domains, that are investigated in our work, to find controls with the purpose of driving
the PDF to attain desired objectives.

We first formulate the problem to determine a control u € R’ such that starting
with an initial distribution f° the Ito process (1.1) evolves towards a desired target



1.3. Owutline of the thesis

probability density f4(x,t) at time ¢ = T. This objective can be formulated by the
following tracking functional

T = SUFCT) = b TR, + Sl

where || - ||2, is a weighted L? norm. The optimal control problem is to find u that
minimizes the objective J subject to the constraint given by the FP equation (1.2).
This problem can be written in a concise form as follows

ume%lg J(f,u), (f,u) subject to(1.2) — (1.3). (1.7)
We continue this discussion focusing on the control of a PDP FP model. We
introduce in (1.5) a control mechanism in the deterministic dynamics, and consider
Ag(z,us) where (z,u,) € (Q,U,), and U, C R, s € S, are closed compact sets.
We assume that for a given state (x,s) of the system, admissible open-loop control
functions wus(t) : [0,7) — Us, s € S, exist and are continuous in the interval [0,T).
Further, we assume that Ag(x,us), s € S, are Lipschitz continuous and differentiable
in the set (€,Us) so that the differential system (1.4) has a unique solution. We
consider the problem to find optimal controls ug, s € S, such that the solution to the
FP model (1.5) minimizes the following cost functional

1 S S
J(fu) =5 SN = fTOI, + 5 2 ludl,
s=1 s=1

where (ff,---, fI) € C(R,R%) is a vector of given functions with trace zero that
represents a desired target PDF at time 7. This objective models the requirement
that the PDF of the PDP at final time, fs(-,7"), approaches as close as possible the
desired target fI. In compact form, we have the following optimal control problem

min  J(f,u), (f,u) subject to(1.5) — (1.6). (1.8)
ueUy X...xUg
For the two optimal control problems (1.7) and (1.8), we derive the corresponding
optimality systems and investigate their discretization in unbounded domains. We
analyze the accuracy of the discretization schemes by showing spectral convergence
in approximating the state, the adjoint, and the control variables.

1.3 Outline of the thesis

This thesis is organized as follows. In Chapter 2, we summarize the most impor-
tant concepts on random models which are necessary to have an understanding of
Ito stochastic processes and piecewise deterministic processes. In Chapter 3, we dis-
cuss the FP equations. In particular, we illustrate how to derive the FP equations
of parabolic and hyperbolic type. For these models we report theoretical results
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concerning the existence and uniqueness of solutions. After establishing the funda-
mental definitions and setting for FP equations, we discretize the equations in both
bounded and unbounded domains. In the case of a bounded domain, in Chapter
4 we consider finite difference discretization schemes to approximate the solution of
FP equations. Specifically, for parabolic FP equations we illustrate the Chang and
Cooper (CC) space-discretization scheme, and discuss this scheme in combination
with a first-order backward Euler time-difference operator. We refer to this scheme
as the CC-BDF scheme. We prove conditional stability and first-order in time and
second-order in space accuracy. Furthermore, we show that the CC-BDF scheme is
conservative and that a nonnegative initial condition results in a nonnegative solution
for all times. Then, we consider a second-order backward time-differentiation formula
(BDF2) and show that the resulting CC-BDF2 scheme is stable and second-order ac-
curate in space and time and it possesses the required positivity and conservativeness
properties. We discuss the CC-BDF and CC-BDF2 schemes in a one-dimensional
space setting. We then discuss the extension of our results to the multi-dimensional
case. At the end of Chapter 4, we present results of numerical experiments to validate
the CC-BDF and CC-BDF2 schemes and our theoretical findings. In Chapter 5, we
investigate the Hermite spectral discretization of the FP equations, of both parabolic
and hyperbolic types, defined on unbounded domains. As a preliminary section, first
the required properties and equipment for spectral methods with Hermite approxi-
mation are discussed. The accuracy of the Hermite spectral method applied to (1.2)
and (1.5) is proved by showing that the error decreases spectrally as the number
of expansion terms increases. Furthermore, we investigate the conservativity of the
solutions of the FP equations with Hermite discretization schemes. The accuracy of
the discretization method is also investigated with numerical experiments. In Chap-
ter 6 we introduce optimal control problems. We derive the FP optimality systems
consisting of state, adjoint, and optimality condition equations corresponding to the
control of stochastic processes which have been studied in Chapter 2.

In Chapter 7, we present the discretization of FP optimality systems by the Her-
mite spectral method. The approximation method is analyzed and the accuracy of
discretization schemes are discussed by showing spectral convergence in approximat-
ing the adjoint and the control variables. To further investigate the effectiveness of
the method, results of numerical experiments are presented. A chapter of concluding
remarks completes this thesis.



Chapter 2

Ito processes and PDP processes

The FP equations which we deal with in this thesis are modeled based on mathemat-
ical description of Ito stochastic processes and piecewise deterministic processes. We
therefore summarize in this chapter the most important concepts which are necessary
to have an intuitive understanding of these processes. Therefore, this chapter is of
an introductory nature with the material mainly presented from [10, 47, 62, 68]. We
start with recalling some basic notions and facts.

2.1 Random variables

Random variables deal with mathematical models whose outcome is determined by a
random experiment. The concept of a random variable is central to this chapter.

2.1.1 Definition

Let €2 be a sample space, and let P(w) denote the probability of an event w. We
remark that the triple (€2, ", P) is called a probability space provided ) is an o-
algebra of subsets of 2. A random variable, also known as stochastic variable, is a
function X that associates a real number X(s) = = with each element s of 2. We
denote by Qx the set of all possible values of X.

If the set 2x of values that the random variable X can take is finite or countably
infinite, we say that X is a discrete random variable. A continuous random
variable X is a random variable that can take an uncountably infinite number of
values. The distribution function of the random variable X is defined by

Fx(z)=P(X <z) VxeR.

We can define a continuous random variable as a variable whose distribution function
Fx is continuous. The probability mass function of the discrete random variable
X is defined by



Chapter 2. Ito processes and PDP processes

The term (probability) distribution is used to designate the set of possible values
of a discrete random variable, along with their respective probabilities given by the
probability mass function. By extension, the same term will be employed in the
continuous case.

2.1.2 The probability density function

The probability density function (PDF) of a continuous random variable X is defined
(at all points where the derivative exists) by

d

Notice that the function fx(z) is not the probability P(X = x) for a continuous
random variable, since the probability that X is equal to some given precise value x
is generally zero; that is P(X = x) = 0 for all x € Qx. The simple interpretation
that can be given to fx(z) is the following:

[

<X§:1:—1—E

efx(z) ~ P(x — 5= 2) (2.2)

where € > 0. That is, the probability that X lies between x — 5 and z + 5 is of the

order €fx(z) for small e. The equality is obtained by taking the limit as € tends to
zero. We have the following two essential properties for a PDF.

i) fx(z) > 0, by the formula (2.1) and also by the formula (2.2), because Fx is
a nondecreasing function.

ii) We deduce from the formula (2.1) that

It follows that -

since Fx(o00) = 1.
We also have

b
Pla< X <b) = Fy(b) — Fx(a) = / Fe(@)dz.
Thus, the probability that X takes a value in the interval (a,b] is given by the area

under the curve y = fx(z) from a to b. In this thesis, we simply use the notation f
instead of fy to represent a probability density function.



2.2. Normal (or Gaussian) distribution

2.1.3 Mean of a random variable

The mean of a discrete random variable X, also known as the expectation, mathemat-
ical expectation, expected value, or first moment, is the probability-weighted average
of all possible values x € {2x. In other words, each possible value x € X is multiplied
by its probability, and the resulting products are added together to produce the ex-
pected value. In the case of continuous random variables, the definition is the same
except that the sum is replaced by an integral and the probabilities by probability
densities.

More precisely, let X be a discrete random variable taking values x € Qx. The
expected value of this random variable is the finite or infinite sum

E[X]= Y xzP(x),

I‘GQX

provided that this series converges absolutely. Otherwise, we say that the expected
value of X does not exist.

In the case of a continuous random variable X, we have a probability density
function f(z). In this case, the expected value can be computed as follows

E[X] = /GQ xf(z)de.

The mean of a random variable X is also designated as (X), X, or p.

2.1.4 Moments and variance of a random variable

The kth moment, also known as the moment of order k, of the random variable X
about the origin is given by E[X*], for k =0,1,2,....

In practice, we find that the most important quantities are related to the first and
second moments. In particular, for a random variable X, the variance is defined by

V[X] = E[(X — E[X])?],

which is a nonnegative quantity. As is well known, the variance V[X] or its square
root the standard deviation o[X], is a measure of the degree to which the values of
X deviate from the mean value X. The variance is typically designated as Var(X),
0%, or simply o2

2.2 Normal (or Gaussian) distribution

By far the most important probability distribution is the Gaussian, or normal distri-
bution. This is because of the central limit theorem which states that under general
conditions the average of a sufficiently large number of iterates of independent random
variables tends to be distributed as a normal distribution. Here we collect together
the most important facts about this distribution.



Chapter 2. Ito processes and PDP processes

The normal distribution with parameters p and o is a continuous distribution of
a random variable X whose probability density function is given by:

(@) 1 _(a=w?
x) = e 207 .
V2mo?
The parameter ¢ = E[X] in this definition is the mean or expectation of the distri-
bution. The parameter o is its standard deviation. Its variance is therefore o2, which

is equal to
* (z—p)? _e-w? )
V(X :/ ¢ 22 dx =o0".
0 —oo V2mo?

A random variable with a Gaussian distribution is said to be normally distributed
and is called a normal deviate.

The normal distribution is also often denoted by N (u, o). Thus when a random
variable X is distributed normally with mean p and variance o2, we write

X ~ N(u, %)

2.3 Stochastic process

Suppose that with each element s of a sample space ) of some random experiment,
we associate a function X (¢, s), where ¢t belongs to T C R. The set {X(¢,s),t € T}
is called a stochastic (or random) process. The function X (¢, s) is a random variable
for any particular value of ¢ € T. The set T is usually the set Ng = {0,1,...} or the
interval [0, 00). For each point s € €, the mapping ¢ — X (t, s) is the corresponding
sample path.

We consider the case when T is either a countably infinite set or an uncountably
infinit set. Moreover, the set of possible values of the random variables X (¢, s) can
be discrete (that is, finite or countably infinite) or continuous (that is, uncountably
infinite). Consequently, there are four different types of stochastic processes.

If T is a countably infinite set (respectively, an interval or a set of intervals), then
{X(t,s),t € T} is said to be a discrete-time (respectively, continuous-time)
stochastic process.

The set Qx () of values that the random values X (¢) can take is called the state
space of the stochastic process {X(t,s),t € T}. If Qx(y is finite or countably infinite
(respectively, uncountably infinite), {X (¢, s),t € T} is said to be a discrete-state
(respectively, continuous-state) process.

Since it will not be necessary to write explicitly the argument s of the function
X(t,s), the stochastic process will be denoted by {X(¢),t € T}. However, in the
discrete case, it is customary to write {X,,,n € T}.

Furthermore, corresponding to any continuous-time and continuous-state stochas-
tic process {X(t),t € T} we have the following two important quantities.

10



2.3. Stochastic process

i) The infinitesimal mean m(z;t) of X (t) is defined by

m(; ) = lim %E[X(t +e) = X()|X() = 2],

We can also obtain m(xo;ty) as follows:

.0
m(zoito) = lim 5 B[ (]X (o) = o). (2.3)

ii) The infinitesimal variance v(z;t) of X () is defined by

ol ) = lim %E[(X(t +e) = XX (L) = a].

We can also obtain v(z;ty) as follows:

.0
v(xo;ty) = grtlol QV[X(t)\X(tO) = xo]. (2.4)
Suppose that the process { X (t),¢ € T} has infinitesimal moments m(x;t) = m(x)
and v(x;t) = v(x) for all T, and that its state space is the interval [a,b] (or [a,b),
etc.). Let
Y(t) :=g(X(t)) forteT.

If the function g is strictly increasing or decreasing on the interval [a,b] and if the
second derivative ¢”(z) exists and is continuous, for a < x < b, then we can show
that the infinitesimal moments of the process {Y (¢),t € T} are given by

my () = m()g'(2) + 5o()g" (x),

and

vy (y) = v(@)(g ()’
where = g~!(y). Moreover, the state space of the process is the interval [g(a), g(b)]
(respectively, [g(b), g(a)]) if g is strictly increasing (respectively, decreasing).
It can be shown that the function P(z,t,xo,1y) satisfies the following partial differ-
ential equations:

0P + 0, (m(x;t)P) — %@m(v(f;t)P) =0

and 1
8t0P + m(l'o, tg)&poP + 51)(370; to)amoxop =0.

These equations are called the Kolmogorov equations. The first one is the Kolmogorov
forward equation (Fokker-Planck equation), and the second one is the Kolmogorov
backward equation.

11



Chapter 2. Ito processes and PDP processes

The Kolmogorov forward equation is used when we have information about the
state = of the system at time ¢, and we want to know the probability distribution
of the state at a later time s > t. The word "forward" refers to the fact that the
PDE is integrated forward in time. The Kolmogorov backward equation on the other
hand is useful when we want to know for every state = at time ¢, (¢ < s) what is
the probability of ending up in the target set at time s. In this case we integrate
"backward" in time from s to t.

2.4 Wiener process

A stochastic process {W (t),t > 0} is called a Wiener process if
e W(0)=0
e {W(t),t > 0} has independent and stationary increments,
o W(t) ~N(0,0%) Vt>0.

The condition that it has independent increments means that if 0 < 51 <t; < 59 <ty
then W (t;) — W(sy) and W (t2) — W(sy) are independent random variables.

From the point of view of this thesis, the probability density function of the Wiener
process is the solution of the Fokker-Planck equation in which W () is the variable of
the equation, the drift coefficient is zero and the diffusion coefficient is one. Consider
the partial differential equation

0w, o, t0) = 30w, thu, o). (2.5)
The solution to (2.5) is as follows [47],
£ (w, tlwo, to) = [27(t — t0)] ™% exp[—(w — wo)*/2(t — to)].
This represents a Gaussian, with
p = EW(0)] = wp,

o? = B[(W(t) —wp)?] =t — to,

so that an initially sharp distribution spreads in time.

The one-variable Wiener process is often simply called Brownian motion, since
the Wiener process equation (2.5) is exactly the same as the differential equation of
diffusion, shown by Einstein to be obeyed by Brownian motion.

12



2.5. Brownian motion

2.5 Brownian motion

The observation that, when suspended in water, small pollen grains are found to be
in a very animated and irregular state of motion, was first systematically investigated
by Robert Brown in 1827, and the observed phenomenon took the name Brownian
motion because of his fundamental pioneering work. Brownian motion is among the
simplest of the continuous-time stochastic processes, which is described by the Wiener
process.

2.6 Markov process

The ground work for the theory of Markov stochastic processes was laid in 1906
by A.A. Markov who formulated the principle that the future is independent of the
past when we know the present. On the other hand, this principle is the causality
principle of classical physics carried over to stochastic dynamic systems. It specifies
that knowledge of the state of a system at a given time is sufficient to determine its
state at any future time. If we carry this idea over to stochastic dynamic systems,
we get the Markov property. It says that if the state of a system at a particular time
s (the present) is known, additional information regarding the behavior of the system
at times t < s (the past) has no effect on our knowledge of the probable development
of the system at t > s (the future).

2.7 Diffusion Process

Diffusion processes are special cases of Markov processes with continuous sample
functions which serve as probability models of physical diffusion phenomena. The
simplest and oldest example is the motion of very small particles, such as grains of
pollen in a fluid, the so-called Brownian motion.

Mathematically, a Markov process {X(t),t € [to, T]} with values in RY, d > 1,
and almost certainly continuous sample functions is called a diffusion process if its
transition probability P satisfies the following three conditions for every ¢ € [ty,T),
r € RY and € > 0:

a)

1
lim

P(x,t,dy, s) = 0;
ust—s/y_,;,x (z,t,dy, s)

b) there exists an R-valued function b(z,t) such that

. 1
lim
tls t — s

[ w-opeds) = v,
ly—z|<e
c) there exists a d X d matrix-valued function a(x,t) such that

. 1
lim
tls t — s

/l— < (y —z)(y — J;)TP(.T, t,dy,s) = a(x,t).

13



Chapter 2. Ito processes and PDP processes

The functions b and a are called the coefficients of the diffusion process. In particular,
b is called the drift vector and a is called the diffusion matrix. a(z,t) € R¥? is
symmetric and nonnegative-definite.

The decisive property of diffusion process is that their transition probability P is,
under certain regularity assumptions, uniquely determined merely by the drift vector
and the diffusion matrix. To each diffusion process with coefficients b and a = (a;;)
is assigned the second-order differential operator

d d d
D=3 b )0k, + 5 3D (110,

i=1 i=1 j=1

Dy can be formally written for every twice partially differentiable function g(x) and
is determined by b and a.
Diffusion process is also a generalization of the Wiener process. Let

Y(t) :=oW(t) + put

where {W(t),t > 0} is a Wiener process, and p and o # 0 are real constants. We
have

EY ()Y (to) = yo] = yo + u(t — to),

and
VIY ()| (to) = yo] = o>(t — to),

for all t > ty. We then deduce from the formulas (2.3) and (2.4) that

my(y)=p  and  wy(y) =0 Vy.

The stochastic process {Y(¢),t > 0} is called a diffusion process whose infinitesimal
parameters are given by my(y) = p and vy (y) = 2. The process {Y(t),t > 0} is
also called a Brownian motion (or Wiener process) with drift p.

Remark. The parameter p is the drift coefficient, and o2 is the diffusion coefficient.
The term parameter, rather than coefficient, is used as well.

2.8 Stochastic differential equations

A deterministic system is a system in which no randomness is involved in the develop-
ment of the system. A deterministic model will thus always produce the same output
from a given starting condition or initial state. In many applications, however, the
system modeled by differential equations do not behave as predicted.

A stochastic differential equation (SDE) is a model in which one or more of the
terms are stochastic processes, resulting in a solution which is itself a stochastic
process. In many applications such equations result from the incorporation of random
fluctuations in the dynamical description of a system. An example is the molecular

14



2.9. Ito processes

bombardment of a speck of dust on a water surface, which results in Brownian motion
[61]. The intensity of this bombardment does not depend on the state variables, for
instance the position and velocity of the speck. Taking X () as one of the components
of the velocity of the particle, Langevin wrote the equation

X (1) = —X (1) + o(0) (26)

for the acceleration of the particle. Here £(¢) is a white noise process and o is intensity
which is independent of the velocity. The Langevin equation (2.6) is symbolically
interpreted as a stochastic differential equation

dX () = —y X (t) dt + o dW (t),

that is as a stochastic integral equation

t

X(t):X(to)—/ 7X(s)ds+/ odW (s)

to to

where the second integral is an Ito stochastic integral. This example is one of the
simplest and the oldest stochastic differential equations.

2.9 Ito processes

A very wide class of continuous stochastic processes can be obtained by modeling var-
ious diffusion processes. They are generally characterized by being Markov processes
and having local drift and diffusion; that is, behaving near a point z on the time
interval At like o(z)Aw; + b(x)At, where o(zx) is the local diffusion coefficient and
b(x) is the local drift. A quite satisfactory model of such processes is given by solu-
tions of stochastic Ito equations. A stochastic quantity X (¢) obeys an Ito stochastic
differential equation written as

dX(t) = b(X(t),t) dt + o(X (1), t) dW (t) (2.7)

if for all t and t,

t

X(t) :X(t0)+/ b(X(s),s) ds—l—/ o(X(s),s)dW (s).

to to

The conditions which are required for existence and uniqueness of solutions to the
SDE (2.7) in a time interval [to, T are:
i) Lipschitz condition: a K exists such that

|o(,t) = a(y, )] + [b(x, 1) = b(y,1)] < K|z —y]

for all z, y and ¢ in the range [to, T'.
ii) growth condition: a K exists such that for all ¢ in the range [to, T,

o (2, ) + b, 1) < K*(1 + J2]?).

15
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Under these conditions there will be a unique solution X (¢) in the range [to,T].
Almost every stochastic differential equation encountered in practice satisfies the
Lipschitz condition since it is essentially a smoothness condition. However, the growth
condition is often violated. This does not mean that no solution exists; rather, it
means the solution may explode to infinity, that is, the value of  can become infinite
in a finite time (blow up); in practice, a finite random time. This phenomenon occurs
in ordinary differential equations. Failing to satisfy the Lipschitz condition does not
necessarily imply that the solution will explode.

If b and o are linear, that is b(X(¢),t) = b (t)X(t) + be(t) and o(X(¢),t) =
o1(t) X (t) + o2(t), where the coefficients by, be, 01, 09 are specified functions of time,
we have a linear Ito stochastic differential equation. When o4 (t) = 0 we say that the
SDE is linear in the narrow sense.

2.10 The Ornstein-Uhlenbeck process

The Ornstein-Uhlenbeck process is the historically oldest example of a stochastic
differential equation. As already remarked in subsection 2.8, for the Brownian motion
of a particle under the influence of friction we have the Langevin equation. The
corresponding stochastic differential equation

dX(t) = —X(@)dt + odW(t), X(0)=c,
is linear in the narrow sense and autonomous. Therefore, its unique solution is given
by
t
X(t)=ec+ 0'/ e = dW (s),
0
where the integration is the Ito stochastic integral defined, e.g., in [47]. For nor-
mally distributed or constant ¢, the solution X (¢) is a Gaussian process, the so-called

Ornstein-Uhlenbeck velocity process.
By integration of the velocity X (¢), we obtain the position

Y(t) =Yy + /tX(s)ds

of the particle. If ¢ and Yj are normally distributed or constant, Y'(¢) is, with X (¢),
a Gaussian process, the so-called Ornstein-Uhlenbeck (position) process.

2.11 PDP processes

A piecewise deterministic process (PDP) is a model governed by a set of differential
equations that change their deterministic structure at random points in time. PDP
models define the largest class of Markov processes including most of the non-diffusion
models of applied probability. This general class of deterministic-stochastic models
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was proposed in [36]. It has many important applications in mathematical biology,
finance, and physics.

Piecewise deterministic processes appear in probability calculus and operation
research, stochastic hybrid systems, reliability analysis, statistical physics, and finan-
cial mathematics; see, e.g. [2, 12, 22, 27, 31, 32, 42|, for recent works and additional
references.

In this thesis, we focus on processes that switch randomly between deterministic
states driven by a renewal process, denoted with .#(t), that is a discrete stochastic
process. For illustration, we consider a PDP model that is a first-order system of
ordinary differential equations where the known driving function of the dynamics is
affected by a renewal process. The d-components state function X (¢), X : [tg,00) —
Q, Q C R? is defined by the following properties. We have

(a) The state function satisfies the following equation

where .7 (t) : [to,00[— S is a Markov process (defined below in (c¢) and (d))
with discrete states S = {1,...,S}. Correspondingly, given s € S, we say that
the dynamics is in the (deterministic) state s, and it is driven by the function
Ay 0 Q — R? that belongs to the set of functions {4y,..., As}. We require
that all As(+),s € S, be Lipschitz continuous, so that for fixed s, the solution
X (t) exists and is unique and bounded.

(b) The state function satisfies the initial condition X (¢5) = Xy € €, being in the
initial state so = .7 (to).

(c) The process . (t) is characterized by an exponential probability density function
s : RT — R, of transition events, as follows

Dult) = pae=, with / Tty dt =1, (2.9)
0

for each state s € S. In other words, it is the PDF for the time that the system
stays in the state s, that is the time between consecutive events of a Poisson
process.

(d) The process .#(t) is modeled by a stochastic transition probability matrix, ¢ :=
{gi;}, with the following properties

S
0<gqj; <1, Zqij =1, Vi jes. (2.10)
i=1

When a transition event occurs, the PDP system switches instantaneously from
a state j € S, with the driving function A;, randomly to a new state i € S,
driven by the function A;. Virtual transitions from the state j to itself are
allowed for this model, that is, ¢;; > 0.
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Chapter 2. Ito processes and PDP processes

Both (c) and (d) define the Markov renewal process . (t), that generates a temporal
sequence of transition events (tg, t1, ..., tk, tyr1, . . .) and states (S, S1, - - -, Sk, Skt1, - - -)-
It is said that (d) defines the embedded discrete Markov chain of the process .7(t),
while (c) defines a continuous time process for the epochs where the Markov chain
changes its state, i.e. a renewal process.

The state space of the PDP process is the union of S disjoint copies of R?. In the j-
th copy, the vector field is A; and, at a jump time, a change to another component A;,
with ¢ randomly chosen, can occur. Notice that the state function X (¢) is continuous
through the events of the renewal process.

18



Chapter 3

Fokker-Planck equations

The origin of the name "Fokker-Planck Equation" is from the work of Fokker (1914)
and Planck (1917) where the former investigated Brownian motion in a radiation
field and the latter attempted to build a complete theory of fluctuations based on
it. Mathematically oriented works tend to use the term "Kolmogorov’s Equation"
because of Kolmogorov’s work in developing its rigorous basis. Yet others use the term
"Smoluchowski Equation" because of Smoluchowski’s original use of this equation.
In this thesis, we consider two classes of Fokker-Planck (FP) equations correspond-
ing to Ito stochastic processes and piecewise deterministic processes. This chapter
introduces these two classes of FP equations, and includes details on derivation of the
equations. In the case of Ito models, we will have FP equations of parabolic type,
which have been studied deeply in the literature written about stochastic models.
Therefore, we present some details taken from [47|. However, regarding the FP equa-
tions corresponding to PDP processes the investigation in literature is very rare and
the topic is new. In this case, we have a system of FP equations of hyperbolic type.

3.1 Ito stochastic models

3.1.1 Fokker-Planck equation in one dimension

In one dimension, the FP equation has the simple form

01 (1) = =0, (W, 1) (2,0)) + 500 (e, )1 (5,),

for the Ito process introduced in Chapter 2, which is given by the stochastic differential
equation
dX(t) =b(X(t),t)dt + o(X(t),t)dW(t)

with drift b(X (¢),t), dispersion o(X (t),t) = \/a(X(t),t), and Wiener process W (t).
The conditional probability satisfies the FP equation, that is,

f(flf,t) = P(ZE,t|ZBO,t0)
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Chapter 3. Fokker-Planck equations

for any initial zy and ty, and with the initial condition
P(z,t|zo, ty) = d(x — z0). (3.1)

However, using the definition for the one time probability
P(z,t) = / P(z,t; 20, t0) drg = / P(z,t|xg, to) P(xo, to) dxy,
we see that it is also valid for P(z,t) with the initial condition

P(Z’,t)‘t:to = P(I’,to)

This initial condition is generally less singular than (3.1), which is the Dirac delta
function.

3.1.2 Fokker-Planck equation in several dimensions

In multidimensional cases, FP equations show more complex behavior than is possible
in the case of one variable. Boundaries are no longer simple end points of a line but
rather curves or surfaces, and the nature of the boundary can change from place to
place [47].

If X (¢) is an d-dimensional random vector obeying the stochastic differential equa-
tion

dX (1) = b(X(t),t) dt + o(X(£),1) AW (¢),

and W (t) is an m-dimensional Wiener process, then the probability density f(z,t)
for the random vector X (¢) satisfies the Fokker-Planck equation

d d d
1
8tf(x7 t) = ; arz (bl(l', t)f(SC, t)) + 5 ; ; arixj (aij<x7 t)f($, t)) )
with drift vector b = (b1, ..., by) and diffusion tensor

a;j(x,t) = Zalkxtak]a:t)

3.1.3 Boundary conditions

The FP equation is a second-order partial differential equation, and for solutions
we need boundary conditions at the end points of the domain inside which z is
constrained. These take on a variety forms.

We note that the FP equation

d d

Ouf(x,t) == O, iz, ) f (1) + 5> Y Do, (aij(z, 1) (2, 1))

i=1 i=1 j=1

N | —
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can also be written in the following form

d
Ouf(x,t) + Y Ou Filw,t) =0 (3.2)
i=1
where the components of the flux F' are defined as
1
E(l’,t) = bxl‘,t)f(ﬂi,t) - 5 ;836] (aij(xat)f<x7t)) :

Equation (3.2) has the form of a local conservation equation, and can be written in
an integral form as follows.
Consider some region R with a boundary S, and define

P(R,t):/Rf(x,t)d:p.

Then (3.2) is equivalent to

@H&ﬂ:i/wF@ﬂw, (3.3)
s

where n is the outward pointing normal to S. Thus, (3.3) indicates that the total loss
of probability of being in R is given by the surface integral of F' over the boundary
of R. We can now consider the different boundary conditions separately.

a) Reflecting Barrier
We can consider the situation where the process cannot leave a region R, hence there
is zero net flow of probability across S, the boundary of R. Thus we require

n-F(z,t)=0 forx € S, n=normal toS.

Since the process cannot cross S, it must be reflected there, and hence the name
reflecting barrier is used for this condition.

b) Absorbing Barrier

Here, one assumes that the moment the process reaches S, it is removed from the sys-
tem, thus the barrier absorbs. Consequently, the probability of being on the boundary
is zero, i.e.

f(z,t) =0 forxeS.

c) Periodic Boundary Condition

We assume that the process takes place on an interval [c,d] in which the two end-
points are identified with each other. This occurs, for example, if the diffusion is on
a circle. Then we impose periodic boundary conditions

(I): 111517 flz,t) = lim flz,t), (3.4)
(IT) - lircrlli F(z,t) = lim F(z,t). (3.5)
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Chapter 3. Fokker-Planck equations

Most frequently, periodic boundary conditions are imposed when the functions a(z, t)
and b(x,t) are periodic on the same interval so that we have

a(d,t) = a(c,t),

b(d,t) = b(c, t).

It means that (I) and (II) simply reduce to an equality of f(x,t) and its derivatives
at the points ¢ and d.

d) Natural Boundaries

If the diffusion coefficient vanishes at a boundary, we have a situation in which the
boundary may be automatically prescribed. The detailed formulation can be found
in [47]. The natural boundary condition typically is applied when the range of the
random variable X (¢) is infinite or semi-infinite. In this case f(z,t) — 0 as x — oo or
xr — —oo with the decay to zero being sufficiently fast to ensure that the normalisation
integral is

/_Z Fo t)de = 1.

In the one-dimensional case, this requires that f(z,t) tends to zero faster than |z|™!
as |x| tends to oco.

e) Boundaries at infinity
All of the above kinds of boundaries can be considered at infinity, provided we can
simultaneously guarantee the normalisation of the probability. If f(x) is reasonably

well behaved, it requires
lim f(z,t) = 0.

T—00

If 0,f(x) is reasonably well behaved, that is does not oscillate infinitely rapidly as
r — 00,

lim 0, f(x,t) =0

T—r00

so that a nonzero flux at infinity will usually require either a(x,t) or b(z,t) to become
infinite there. Treatment of such cases is usually best carried out by changing to
another variable which is finite at x = oo.

Where there are boundaries at x = £00 and nonzero fluxes at infinity are permit-
ted, we have two possibilities which do not allow for loss of probability:

i) F(&o00,t) =0,
i) F(+00,t) = F(—00,1).

These are the limits of reflecting and periodic boundary conditions, respectively.
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3.1.4 Stationary solutions
3.1.4.1 Homogeneous Fokker-Planck equations

In a homogeneous process, the drift and diffusion coefficients are time independent.
In such a case, the equation satisfied by the stationary distribution is

d 1 &2
——(0(2)f () = 57 (a(@) f(2)) = 0,

which can also be written in terms of the flux as follows

d
—F(x)=0
T F(r) =0,

which clearly has the solution
F(z) = constant.

Suppose the process takes place on an interval (¢, d). Then we must have
F(c) = F(z) = F(d) = F, (3.6)

and if one of the boundary conditions is reflecting, this means that both are reflecting,
and F' = 0.

If the boundaries are not reflecting, (3.6) requires them to be periodic. We then
use the boundary conditions given by (3.4) and (3.5). We find the following station-
ary solutions corresponding to different boundary conditions.

a) Zero flux - Potential solution
Suppose that the boundary conditions are reflecting. This means zero flux trough the
boundary. Setting F' = 0, we rewrite (3.6) as follows

1d

b(2)f(2) = 57 (a(z)f(2)) =0,

for which the solution is

N xT
) = 2o (2 / b(s)/a(s) ds), (3.7)

where N is a normalisation constant such that

/Cdf(x)dmzl.

Such a solution is known as a potential solution, for various historical reasons, but
mainly because the stationary solution is obtained by a single integration.
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Chapter 3. Fokker-Planck equations

b) Periodic boundary condition

In this case, the flux

1d

F = b(@)f(z) — 5o (a(e)f(2)). (3.8)

is not arbitrary, but is determined by normalisation and the periodic boundary con-
dition
fe) = f(d), (3.9)
F(c) = F(d). (3.10)

For convenience, define

¥(z) = exp(2 / " b(s) /a(s) ds).

Then we can easily integrate (3.8) to get

F(@)a(@) /(@) = Feale)/d(e) + F / s /(s).

c

By imposing the boundary condition (3.9), we find that

F = Gata)fota) - @) o) ( [ o).

so that

“ds ald) [ ds alo)

f) = 10 | £ L0 S50 | -
Y(z) e P(s)

c¢) Infinite range and singular boundaries

In either of these cases, one or the other of the above possibilities may turn out to be
forbidden. In general, it is very complicated to enumerate the possibilities. We shall
demonstrate these by means of the following subsections.

3.1.4.2 Diffusion in a gravitational field

A strongly damped Brownian particle moving in a constant gravitational field is often
described by the SDE
dX (t) = —=bdt + /adW (t),

for which the Fokker-Planck equation is

0f = 0.(0f) + Jadef
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3.1. Ito stochastic models

On the interval (¢, d) with reflecting boundary conditions, the stationary solution is
given by (3.7), that is
f(x) = N exp(—2bx/a),

where we have absorbed constant factors into the definition of N.

Clearly this solution is normalisable on (c,d) only if ¢ is finite, though d may
be infinite. The result is no more profound than to say that particles diffusing in
a beaker of fluid will fall dawn, and if the beaker is infinitely deep, they will never
stop falling. Diffusion upwards against gravity is possible for any distance but with
exponentially small probability.

Now assume periodic boundary conditions on (¢, d). Substitution into (3.11) yields

a constant distribution. The interpretation is that the particles pass freely from c to
d and back.

3.1.4.3 Ornstein-Uhlenbeck process
Corresponding to the Ornstein-Uhlenbeck process
dX(t) = —yX(t) dt + /adW (t)

we have the Fokker-Planck equation

1
o f = 8x(7xf) + §aam:fa
whose stationary solution on the interval (¢, d) with reflecting barrier is

f(x) = N exp(—ya?/a).

Provided ~ > 0, this is normalisable on (—o00,00). If v < 0, one can only make sense
of it on a finite interval. Suppose ¢ = —d < 0. If we consider periodic boundary
condition on this interval, we find that

~
f@) = f(Q)exp (=2 (@* = ¥)).
so that the symmetry yields the same solution as in the case of reflecting barriers.

Letting ¢ — oo, we see that we still have the same solution. The result is also
true if ¢ — oo independently of d — —o0o, provided vy > 0.
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Chapter 3. Fokker-Planck equations

3.1.4.4 Chemical reaction model

Although chemical reactions are normally best modelled by a birth-death master
equation formalism, approximate treatments are often given by means of a Fokker-
Planck equation. The reaction

A+ B=2A

is of interest since it possesses an exit boundary at # = 0 (where x is the number of
molecules of A). Clearly if there is no A, a collision between A and B cannot occur,
so no additional A is produced. The corresponding Fokker-Planck equation is [47]

o f = =0, ((cx — 2®) f(x,t)) + %&m((cx + 22) f(z,1)).

We introduce reflecting boundaries at * = o and x = 5. In this case, the stationary
solution is

f(z) = exp(—22)(c 4+ z)** ! /x

which is not normalisable if & = 0. The pole at x = 0 is a result of the absorption
there. The stationary solution has relevance only if o > 0, since it is otherwise not
normalisable. The physical meaning of a reflecting barrier is quite simple: whenever
a molecule of A disappears, we simply add another one immediately. The time for
all x to disappear is in practice extraordinarily long, and the stationary solution is a
good representation of the distribution except near z = 0.

3.1.5 Derivation of Fokker-Planck equation

In this section, we illustrate a classical heuristic construction of the Fokker-Planck
equation starting from a discrete random walk; see, e.g., [33]. Let us consider the
random motion of a particle that can take small steps of amount —Ax, 0 and +Ax
in an interval of time At. For now, we assume both Az and At be fixed. Further, let

us denote W(A—;)<$) and W(A;) (x) the probabilities that the particle starting at = at time
t, will be at x + Az and x — Az, respectively. So that, 1 — W(A—;)(I) - W(;)(I) is the

probability that the particle remains at x at time ¢ + At. The subscript Az of W(AZ)

means that the probability is scale dependent and it changes as Az approaches zero.
We assume that P(xg,z;t)Az is the conditional probability that the particle arrives
at x at time t starting from zy at ¢t = 0 following a random path. The following
equation holds for the conditional probabilities

P(xg,z;t)Ax = P(xg,x — Ax;t — At)ﬂ'(A—;)(l’ — Az)Ax
Oz + Az)Ax (3.12)

P(xo, x4+ Azt — At)mp,
P(xzg, x;t — At)(1 — 7T(A+)(.l’) - W(A;) (x))Ax.

~—

+
+
From this discrete model of a stochastic process, we want to build one with in-

finitesimal increments for Az, At — 0. In order that the limiting process has a

statistical meaning, the probabilities W(AZ) and W(A_z), and the space scale Az must be
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3.1. Ito stochastic models

subject to some constraint while scaling At — 0. These are the following infinitesimal
mean of change particle position X (¢), conditional on X (¢) = z,

EIX(t+ At) — X(B)]X(t) = 2]

ble) = fim, At (319)
and the infinitesimal variance is given by
X(t+ At) — X()|X(t) =
aw) = lim CXEHAY = XOIX() = 2] (3.14)
At—0 At

Given the particle at = at time ¢, then at time ¢ + At the mean value of change in

position is as follows
Ax(ml) («) — ) (@) (3.15)

and the variance is given by
A (ml) () + ml) (1) = (7 () — w5 (0))%). (3.16)

From (3.13), we obtain

_ Az
_ : (+) ()
bw) = lim | (m) (2) — i) () <7 (3.17)
and from (3.14), we have
a(z) = lim (73 (z) — 7 (@) — (7§ (2) —w“%w))?)—w (3.18)
Az, At—0 Ax Ax Ax Azx At . .

These last two equations provide constraints for the form of W(AJ;) () and W(A_x) (x).
Here, we are building an infinitesimal stochastic process with mean b(x) and variance
a(x). In order that a(x) be a non-vanishing function and bounded a(z) < A, we
suppose the scale law (Az)? = AAt. The choices

L (a(@) + b@)Ar)

T (7) = 5

and
1

T (2) = 54 (al@) = blw)Ax)
make the requirements on the mean and variance satisfied. Moreover, W(AZ), 7T(A_x) >0
and 7r(+) + W(Ax) < 1 must be satisfied, so that we require a(z) > b(x)Axz. We notice
that the scaling law Az = O(v/At) is typical of the Wiener or Gaussian white noise.

By expanding in Taylor series (3.12) up to second order in At and then in Ax, we
obtain

P

12

(P — P, Az + Py Ax? — PAt)(ﬂ'Az —7TA$ ‘Az + 1 7TA$ " Az )
+ (P+P,Az+ 1PmAa: —PAY ) + 78 Ar + L A (319)
+ (P—RAN( -7l —78).
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Chapter 3. Fokker-Planck equations

Finally, by using (3.17) and (3.18), and the scale law for Az, we obtain the Fokker-
Planck equation
1
O P(xg, x;t) = §8xm(a(:v)P(:c0,1:;t)) — 0, (b(z) P(xg, x;1)).
If we insert the time in a(z,t) and b(x,t), there is no change in the proof and we get
a more general form of the FP equation.

3.1.6 Existence and uniqueness of solutions

We introduce some assumptions on the FP model that guarantee its solvability. Let
p be the initial PDF distribution. Consider the following Fokker-Planck model

d d

O (5.0) = 5 D Beury s (,0) £ 1)) + 3 0y (1) f 2, ) =0, (320

ij=1 i=1
flz,to) = p(z),  (3.21)
We have the following

Assumption 1.

1. The coefficient function a;; is bounded and satisfies the following uniform ellip-
ticity condition for a constant 6 > 0,

d
Zai](x?t)fiéj >0 ‘5’27 Vf € Rda (:Cat) € Q

ij=1
2. The coefficient functions b; and Oy,a;;, 1,5 = 1,...,d, satisfy the following
bi, Op,ai; € L0, T LP(S2))

where p and q are such that 2 < p,q < 00, and 2% +% < %

3. The functions 0,,b;, i = 1,....,d, satisfy
Ox,b; € LU0, T; LP(2))
where p and q are such that 1 < p,q < 0o, and 2% —I—é < 1.

These assumptions were introduced in [11]| to prove existence and uniqueness of
non-negative solutions of parabolic problems. In [7], the results of [11] have been
specialized to prove existence, uniqueness, and positivity of solutions to the forward
FP problem (3.20)-(3.21) in a bounded domain. We have the following

Theorem 1. Suppose that b; and a;; in (3.20) satisfy the Assumption 1, and take the
initial condition p € H(Q) and homogeneous boundary conditions on ¥ = 0Q2x (0,T).
Then there exists a unique weak solution f to (3.20)-(3.21). Further, the solution f
has the following additional property
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3.2. Piecewise Deterministic Processes

If0<p<mae infl, then
0< f(x,t) <m(l+Ck), in Q

where k = 3 SO Z;‘l=1 Oz, il pg + || S 0ubillpg and C depends only on T,
Q, and the structure of the FP operator.

For the definition of a weak solution we refer to [102]. We use Theorem 1 to discuss
existence, uniqueness, and positivity of the solution to the FP problem (3.20)-(3.21)
in an unbounded domain = R?. To this end, we define some special boundary value
problems, as it is proposed in [11].

Let Q% = {z; |z| < k} and Q¥ = Q% x (0, T'). For each integer k > 3, let (¥ = (*(x)
denote a C§°(R™) function such that ¢¥ = 1 for x| < k —2, ¢F =0 for |z| > k — 1,
0 > ¢* < 1 and |9,¢*| is bounded independent of k. According to Theorem 1, for
each k there exists a unique and bounded weak solution f* to the boundary value
problem

atfk - % Zijzl aimj (aij fk) + Zj:l 3961- (bZ(U) fk) =0 in Qk» <3 22)
M, 0) = (*(z)p(z)  in QF '
with homogeneous boundary conditions. Extend the domain of definition of f* by
setting f* = 0 for |z| > k.
In [11] one can find the arguments which prove the following theorem.

Theorem 2. If b; and a;; in (5.20) satisfy the Assumption 1, the function f* in
(3.22) is bounded, p € H*(), and p > 0 almost everywhere in ), then the problem
(3.20)-(3.21) possesses a unique and non-negative weak solution

Although the results presented in [11] and later generalized in [58] prove the
existence of a unique non-negative solution for our problem belonging to the space
L>((0,T); L2, (Q))NL2((0,T); HL (2)), the arguments provided in [63] show that this
solution may have higher regularity. In fact, we have that for r > 0, f € H™+27/2+1(Q)
as long as p € H'*2(Q) and the coefficients a;; and b; belong to H""/2(Q).

Notice that in our case and in many applications the FP parameter functions are
smooth and Assumption 1 and the assumptions in [63] are immediately satisfied. For

additional results on the Fokker-Planck equation with irregular coefficients see [67].

3.2 Piecewise Deterministic Processes

In this thesis, we also deal with a class of PDP models described by a state function
that is continuous in time and driven by a discrete state Markov process. These
models are used to describe phenomena where a deterministic motion is subject to a
sudden interaction that produces randomization of the motion for a short time com-
pared to the time scale where the process is observed. In this framework, applications
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Chapter 3. Fokker-Planck equations

include dichotomic noise, random telegraph processes, transport processes, and bi-
nary noise. Further applications include reacting-diffusing systems [55|, biological
dispersal [54], non-Maxwellian equilibrium [5, 9, 43, 82|, and filtered telegraph signal
analysis [89].

We specifically consider a process in which the d-components state function X (),
X : [tg,0) — 2, Q C R? satisfies the differential equation

d

%X(t) = Ay (X(1), t € [t,00), (3.23)

where . (t) : [to, oo[— S is a Markov process with discrete states S = {1,...,S}. For
each state s € S, we say that the dynamics is in the state s, and it is driven by the
function A, : Q — R?, that belongs to the set of functions {A;,..., Ag}. We require
that all As(-), s € S, be Lipschitz continuous, so that for fixed s the solution X ()
exists and is unique.

In the following, we present the arguments from [8] to show that the time evolution
of the probability density function of the process (3.23) is governed by the following
FP hyperbolic system,

O fo(,t) + Ou(Agfulz, 1)) ZQS]fjxt s €S, (3.24)

where Q,;, 5,7 € S, are the components of the transition matrix Q. Since the f;, for
s € S, represent the PDFs,; we require the following

S
Eléﬂ@JMw:L (3.25)

The initial conditions for the solution of the FP system are given as follows
fo(z,0) = f2(x), s=1,...,5, (3.26)

where f2(x) >0, z € Q, Zle Jo fA(x)dz = 1.

3.2.1 Derivation of Fokker-Planck equation

We present the derivation of the one-dimensional FP equation from [8], and for multi-
dimensional case we refer to [3].

Consider small time steps of size At. At each time step there is the probability
(1sAt) that a transition event occurs and (1—p;At) that the jump in the process does
not occur. In the latter case, the motion is deterministic. Let P be the probability
measure on the hybrid space state of the system; then for a small interval of time At
and displacement Ax, the change of the probability distribution Fy(x,t) := P(X () <
x,S(t) = s) for the state s is as follows

Fi(x + Azt + At) ~ (1 — pAt)Fy(x,t).
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3.2. Piecewise Deterministic Processes

Notice that the right-hand side of this expression represents the probability that the
jump in time does not occur and the evolution of the probability distribution follows
a deterministic law. Next, we assume enough regularity of F; and A, and use Taylor
expansion to obtain the following approximation

Fy+ Ay(z) At 0, Fs + 0, Fs At ~ (1 — p At)Fy,

where we used the approximation Ax ~ A,(x)At.
Now, by considering the first-order terms, we obtain the following

O Fs(x,t) = —As(x) 0. Fs(x,t) — ps Fs(x, t). (3.27)

This equation is valid as long as no switching event occurs. To take into account a
switching event within the time interval (¢, ¢+ At), we must include on the right-hand
side the amount of ingoing probability from the other states. This is given by the
joint probability described by the stochastic matrix g,;, with Zle ¢s; = 1, multiplied
by p; Fj(x,t)At. Therefore, (3.27) becomes the following

S
OFu(z,t) + Ay(2) 0, Fy(w,t) = —pig Fu(w, t) + Y gy Fy(a, ). (3.28)
j=1

We refer to this equation as the Liouville master equation for the probability distri-
bution function.

The marginal PDF f, for the state s is related to the corresponding probability
distribution as follows

Fy(z,t) = / fs(z,t)dz, s=1,...,5.

Hence, by differentiating (3.28) with respect to z, we obtain the following FP system
for the probability density functions

S
Ocfo(w,t) + 0 (Au(@) fol,t) = > Quifilx,t),  s=1,....8 (3.29)
j=1

where £
_ ) omiasy ity F#s,
Qsj = { 3.30
/ Hs (qSS - 1)7 ( )
for s € S, x € Q C R, for the scalar process X (t) in the state s. We have Zle Qsj =
0.

Notice that we consider PDP processes whose PDFs represent the absolutely con-
tinuous part of the Lebesgue measure. For a rigorous derivation of the FP system
for a general PDP process see [29], where an existence and uniqueness theorem is
proved for the weak formulation solution of the FP system. In [29], the PDP is
defined by a space-depending transition rate matrix a(i,j, ) for jumps from i to
j of the Markov chain, and a transition measure du(i, j, x)(dy) for random jumps
on the deterministic dynamics. In our case, the transition rate is constant, i.e.
a(i,j,r) = piqj, and discontinuous jumps in the values of X (¢) are not allowed,
hence du(i, j, z)(dy) = 6(x — y) dy, where 6(x) is the §-Dirac function.

31



Chapter 3. Fokker-Planck equations

3.2.2 Existence and uniqueness of solutions

The FP system given by (3.24) can be written in the following form
S ~
Oufs(,t) + Ag(w,ug) Oufol,t) = Y Quilw,ug) fi(x,t),  s=1,...,8,  (3.31)
j=1

where Qsj(m,us) = Qs — 050, A5(x, us), with @Q,; depending on p; as defined in

Eq. (3.30), and &,; denotes the Kronecker’s delta. We denote with f = (f;)5_; and

U = (US)sszl‘

The model (3.31) is a first-order hyperbolic system in diagonal form, with coupling
given through zero-order terms. This is a strictly hyperbolic model provided that the
functions A are distinct for all (z,us) € (92,Us). It is well known that for first-
order strictly hyperbolic PDEs, the solution to the initial value problem exisits and
is unique with the same regularity as the initial data, see, e.g., [65].
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Chapter 4

Finite difference discretization of FP
equations

4.1 The Fokker-Planck equation for Ito processes

In this section, the Chang-Cooper discretization scheme for Fokker-Planck equations
corresponding to Ito processes in bounded domains is investigated. It is shown that
the Chang-Cooper scheme combined with backward first- and second-order finite dif-
ferencing in time provides stable and accurate solutions that are conservative and
positive. These properties are theoretically proven and validated by numerical exper-
iments.

Consider the d-dimensional Ito stochastic process modelled by

{ dX (t) = b(X(t),t)dt +o(X(t),t) dW (1)

X(to) = Xo, (41)

having an initial probability density of X, given by fo(x) > 0 with [, fo(z)dz = 1.
This stochastic process has been introduced in Chapter 2, and in Chapter 3 it was
shown that the time evolution of the PDF of this stochastic process is governed by
the following FP equation

d

Z 2 o (a (@, ) f(x,6) + > Oy, (bi(w,t) f(2,1) =0 (4.2)

: fr.0)= fole)  (43)

where (z,t) € Q x (0,T), and the diffusion coefficient is given by the positive-definite
symmetric matrix a = o o', with elements

m
Q5 = E Oik O jk-
k=1

We choose 2 C R% and Q = Q x (0, T); we also denote X = 9Q x (0, T). Notice that in
the FP model (4.2), the ‘space’ dimension corresponds to the number of components
of the stochastic process.
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Chapter 4. Finite difference discretization of FP equations

The FP equation can be written in flux form and therefore in the case of bounded
domains the condition of zero fluxes (reflection) on the boundary guarantees conser-
vativeness of the total probability. In our analysis, we choose this type of boundary
conditions. To write the FP equation (4.2) in conservative flux form, we consider the
flux at (z,t) in th i-th direction as follows

F'( Zaw r,t)0,, f(2,1) < Z@ a;i(x,t) b(:c,t)) f(z,t).

To have a more compact notation, we define the vector B with the elements
14
t) = §Zaxjaij(x,t) —bi(x,t), 1<i<d

and the matrix C' with the elements
C'(x,t) = %aij(x,t).
Therefore the d-dimensional flux can be written as follows
F(x,t) = B(x,t)f(z,t) + C(z,t)V f(z,1), (4.4)
and the multi-dimensional FP equation can be expressed in the following flux form
O f(x,t) =V - F(x,t). (4.5)

Our FP problem consists of solving (4.5) in a bounded domain with initial condition
given by fy and zero-flux boundary conditions.

4.1.1 Discretization of the Fokker-Planck equation

We consider the FP problem in the time interval (0,7). Although the discretization
scheme is applicable for all bounded domains, we set © = (0, L)? for the ease of nu-
merical experiment where the FP equation corresponding to the Ornstein-Uhlenbeck
process will be considered to validate the theoretical results. The time-step size is de-
fined with 6t = T'/M, in which M is a positive integer, and t" = ndt,n =0,1,..., M
are the time steps. Further, we consider a uniform mesh with mesh size h = L/N.
We have the following spatial mesh

Qh:{QTjERdZZ'j:jh,jEZd}ﬂQ,

where j = (j1,...,Jq) is a multi-index for the spatial position. The unit-coordinate
vector in the ¢th direction is denoted with 1,.
For grid functions v and v defined on €, we introduce the discrete L?-scalar

product
(u,v) = h? Z uv;,

[i|<dN
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4.1. The Fokker-Planck equation for Ito processes

with associated norm ||u|| = (u, u)*/2. We also represent f(x;,") by the approximated
value f[".
Next, we consider the following discretization scheme

d
n 1 zn Z’I’L
Dufi' = EZ Filtye = B2 ), (4.6)

where, for simplicity, we assume a diagonal diffusion matrix and therefore adopt the
following simpler notation

, 1 , 1
Cl<£lf, t) = 5@11(1‘, t), BZ<£L', t) = 58%61“(%, t) — bz(ﬂﬁ, t)
Within this setting, we consider first- and second-order backward time-differencing

as follows an o g _gpn g et
9 Y ) thn — j J j ’
ot ) 20t
where, for simplicity of notation, in D, f{" we use the time index n to denote time
differencing at "+,

For space discretization, we need a second-order scheme which guarantees pos-
itivity of the probability density function together with conservation of the total
probability. These are essential features that characterize the Chang-Cooper scheme.
With this scheme, the following numerical flux in the ¢-th direction at the position
Tjy1,/2 is constructed

thn =

. 1
7,1 _ 1,m 1 N n+1 i,m 1 n ,n n+1
F3+1i/2 = << 5J )B v T h J+1 /2) f3+1i N ( CJ-H /2 5J i+l /2) f - (47)

in which

» 1 1
o= — — : , (4.8)
! w™ exp(w™) —1
] j
FVit]h wJ’ hB; i /2 / C’; , /9> Where we assume that C" and B! are positive functions
23|.

This formula results from the following linear convex combination of f at the
points j and j + 1,. We have
n+1 ©,n n+1 ,n pn+1 7N
fJ+1/2 (1_5 ) j+1i+5j fJ ) 5j €[0>1/2]‘
The idea of implementing this combination was proposed by Chang and Cooper in
[23] and it was motivated with the need to guarantee positive solutions that pre-
serve equilibrium configuration. For this reason, Chang and Cooper notice that at
equilibrium the numerical fluxes must be zero, F?’ e = = 0. Therefore, one obtains
JTEI _ < CJ+1 /2 53 BJ+1 /2) (49)
nt+l in in ’ ’

h jt+1:/2
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On the other hand, if we solve F(zjy1,/2,t"™") = 0, we have the following

i,n

f.n-i-i Tjt1, Bz z, tn+1 B .
J;:il = exp —/ Wd% A exp —CJ;TW hl. (4.10)
j T )

J j+1¢/2

Comparison of (4.9) with (4.10) shows that we can choose the value of the parameter
5;’" such that (4.9) gives the exact ratio value (4.10). Thus, we obtain (4.8) where
5;’" can be shown to be monotonically decreasing from 1/2 to 0 as w;" goes from 0
to 0o; see |23]. Notice that with the choice of 5; ™ given above, the resulting scheme
shares the same properties of the continuous FP equation that guarantee positiveness
and conservativeness.

4.1.1.1 The Chang-Cooper scheme with first-order time differencing

In our discussion, we first focus on the numerical solution of the FP equation in one
spatial dimension and later generalize the results for d > 1. The one-dimensional FP
problem reads as follows

atf(xat) = O, F(l‘,t) —i—g(x,t), (.’B,t) € Q7
F(z,t) = 0, (x,t) € X, (4.11)
f(z,0) = fo(x), x € Q.

where F(z,t) = [B(x,t)f(z,t)+C(z,t)0, f (x,t)] represents the flux. We assume that
C is a positive continuous scalar function, and B satisfies Lipschitz continuity, that
is, |B(z + h,t) — B(z,t)| < ~yh, where v > 0 is the Lipschitz constant. In particular,
notice that in the case of an Ornstein-Uhlenbeck process, C'(z,t) is a positive constant
function and B(z,t) is constant in time and linear in the space variable. Therefore
in this case the global growth conditions and the Lipschitz condition given in [18] are
satisfied.

For convenience of the numerical analysis that follows, we consider a source term
g added to the equation. However, positivity and conservativeness of the FP equation
are claimed for g = 0.

In their work [23|, Chang and Cooper proposed the following discretization of the
one-dimensional FP equation with first-order implicit time-differencing

ntl _ n
Bt - Wa-apm, +aen] o
- p(Gyren) ru-n, B 5y
bolpon, - 5;13;_%] fs
+ gt j=0,...,N,
with the following zero-flux boundary conditions
F'y=0,  Fy,=0, (4.13)
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where
n:ll_fn+1
fer = Bl (= + 7 f77) + Oy | = |

Notice that in order to define the numerical zero-flux boundary conditions, ghost
points and ghost variables at j = —1 and j = N + 1 must be formally introduced.
However, we show later how these variables are not required.

In the sequel, we investigate the approximation properties of this scheme, that we
call the CC-BDF scheme. Conservativeness of the FP equation derives straightfor-
wardly from the discrete FP equation in flux form. We have

Lemma 1. The following conservativeness property holds

N

an+1 Zf]n’ n>0.

§=0

Proof. The claim can be proved by summing over j in the equation (4.6) with D, I =
n+l n
f L which leads to

ot
N St N
Z:(fjn-‘rl jn _ E Z
j=0 3=0

The right-hand side vanishes since this is the difference of the fluxes at the boundaries,

therefore Z;-V:O fj"+1 = Z;V:O I =

In order to investigate stability of the CC scheme with first-order time differencing,
we define the following
Do fi = (fia = J)/h,
D_f} = (f} = fi-0)/h,
Myfy = (1= 8 ) 7+ Bt
With this setting, the CC-BDF scheme becomes
=7 n 1 n ntl | ot
5t D+C 1D f + D+B 1M f + g] y (414)

where

D,C" ,D_f™*' — D,Cn
J—3 J

it =
i=3 h
U (BEETY G (B
- E{C (T — O - h
1
h

1 n n+1 n n+1 1 n n+1
{ﬁ S - <C+1+C ) +Ecj_§fj_+l},

1
2

N
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Chapter 4. Finite difference discretization of FP equations

and
D+BTL 1M5fn+1 = D+ <(1 — 5n_1)Bn 1fn+1 + 5% 1B7L fn+1>
J—3 J J J—5"J

1
= h {a—omBr fii— (1= dp By fr1]

e {m - ay

Theorem 3. If it < %, then we have the following bound for the solution of the

discretization scheme (4.14).

k—1

LFEI < 220 £l + 6t ) 2

n=0

k—n+1
2

lg" Ml k=1, M.

Proof. Taking discrete L? inner product of (4.14) with f"™! we have

(fn+16 " fn+1) — (D—i—of%D—fn-i-l’fn+1>_|_<D+Bi%M5fn+1’fn+1>+(gn+1’fn+1>‘

Next, we find upper bounds for the terms on the right-hand side.

(Decm Dot 1) = SN (DCr Dt R

- < ;Tll fn+1> an - (fjn+1 fn+1> fn+1]
its h i—3 h

fnJrl fn+1 .
= Zj\ﬂgl s <—] h f iy

N
S

J=3

2

R (ff“;ff—f) (ff“;fff);l

n+1 n+1 n+1 n+1
+on (fN-l—lh ) n+1 Cn < hf ) 6L+1

N+2

n+l _ rn+l n+1 . fn+1
Cn N+1 N n+1 Cn —1 n+1
Nt3 h h ’

IN
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4.1. The Fokker-Planck equation for Ito processes

Further, we have

(D B2 Mot frit)
2

E ((1 _ 5n)Bn Jn_:rll n+l _ (1 ) ‘7%<fn+1)
+5an (fn—H) 5}1_13;1_1 n+1fn+1>

S = BB T = S 6B,
00 0By (1) 4+ 6 = DBy (1)

Zjvzgl( 5n)Bn 1fJnJ:—11fn+1 o ZN 1 5an 1fn+1fJnJ;|—11
HO= BBy SR = 0B o gy

+ 300 By () + 3005 (6 = DB ()

+5n Bn ( n+1)2 + (5 _ 1>Bn ( n+1) '

Now, we employ the zero-flux boundary conditions F", =0 and Fy 1= = 0 given

2

n+1 n+1
By (1= 6" ) ot +0m ) + ¢y <—h B ) -0,

<D+Cle_
2

(792 4 (7] By s (52)

fn+1 n+1
n+1 n+1 n N+1 _
Nt1 T N ) + CN-i—% ( h ) =0.

fnJrl’ fn+1> + <D+Bﬁ;M6fn+1, fnJrl)
2

207

+ 350 By () + 3005 (6 = DBy (741

by
and
BJT\LH-% (( 5n)
We obtain
< Y
S Z;V 01 lBTL
< Y5 3B
+5 Bn
= Z] 02
< Zj:o §|
<
= 3l

() = 300 3By ()

S = B ()

_1
2

( n+1) o an ( n+1>

T = e 5B ()

w\»—t

Bf_% — B?_%||f;z+1|2

N n
%’7 ijo ‘f] +1|2h

fn+1||2'
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Chapter 4. Finite difference discretization of FP equations

Therefore, we have the following estimate

(L) < et i

On the other hand, we have
1 fn-{—l _ fn
n+1(12 n||2 < n+1
I = e < (F ).,

which is easily proved by considering f" = £(f"*! — f")+ 2 (f"*' + f). Hence, we
obtain

1 n n 1 n n n
55 1f +1||2 =771 < S+ D -

Since 6t < 5~ 1 , we have —— < 2, and consequently

1—~6t

Hf"“IP < 2 712+ 4dtllg" L)

7 = 48t + 45 R < 2P+ 466 g
(14— 26tllg™1)* < (V217 + 25t )

177 < VLS 4 48t

This recursion relation gives us the following bound

), k=1,--- M.

?

LFE) < 282 ) +5tZ

n=0

]

To investigate the order of accuracy of the CC-BDF scheme, we assume f &€
C3([0,T],C*(£2)) and estimate the size of the truncation error.

Lemma 2. The truncation error of the discretization scheme (4.14) is of order O(h*+

9t).
Proof. First we notice that

= 5t 92 5t 93

n+l n+1 n+1 3
N = O 28t2f 6 at3f +00t).

Therefore, we have

fn+1 fn 5t 82

n+1
S = gaeli 00,

o~
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4.1. The Fokker-Planck equation for Ito processes

n+1 fn+1 . ffz+1 _ f'ﬂ_Jrl
(5 (F57) e (5]

Ot (O, = Coy) 4+ 300 i (C +C )

h2
+ 63x3f”+1((}" = Cr )+ ol O + O )+ O(R)

and also

n n+l __
D.Cr D fiH =

SISl

= O fﬁ“awcn + ﬁaz e+ L ptor

il 52 h? " . . N
+ 8 8x2f +18(?EQCW 6 8x3f +18 C QCJ 86:4-][. i +O<IL’4)

Therefore, we obtain the following intermediate estimate
DLCP  D_ i — 0,(C 0, )
2

h2
( ) fn-i-l 33307} + la_2fjn+188_;0? 1 83 fn—i—la C«n Lom 84fn+1)

J 4 9z2 6 "J Ox
+O(h4).
We also have

D, B" | Msfr+!
J—=3 J

1 n mn n n
- 5{(1_57.1)3@ == yBr
n RN n+l _ sn n n+1
+ {5 Bl fit =00 B f }

1
= 7 {B]’.LJF% (( 5") ]n;rll +6nfn+1) B;b . ( 5?71)ff+1 +or ]n+11)}

1 n n n n n n n
— By, — B+ O (L= 0B, By )

+ gamf;“ (=aBr,, = o, B, ) +002)
= [0 BY 4 0,1 B (1— 67 + 5;_ )+ 20, ([T B (1 — 67 — 61 y)
20w [T B (1 — 67 — 67 ) + O(h?).
Therefore, we have
DB} Myfi™ = 0n(B" g = 0uf]" B} (0] = 67)
+ 50.(0uf] T BY)(1 = 67 = 07 1) + O(h?).

Now, we note that

1 1
o=

J , 1’
w; expw; — 1
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where w; = hcff )
itd
Since
5 > 17 k+1)'
J
Dt T
we have .
_ 00 wy
sn P D ket (k+11)' pIya Tl
17905 = 3 ok
Dt —?.cu : D H
oo wh_jw?
_ Zp— Zq 1 p+11)lql Zp 1Zq 1p q+1)l
’LU ’LU
Zp 1 ZOO ]p (11'
_ wiawi(wj — wy) + O(h?)
w? w ’
Zp—l ZOO ]p ;'
and
o0
1_g§n—_gn — 1 Zk:l (k+1)! Zk 1( k+1)'
i %1 = -
Dkt T D e k:'
wpwq w ’LUq
_ Zp—l Z i % o ZP— Zq 1 (pj+1])'ql' B ZP 1 Z;ol (ijrl1 )lq!
- WP wl
Zp:l Zq*l jp!;! :
_ _12%- 1wj(wj—1 +w;) + O(hY)
w? w !
Zp 1 Zoo Jp (1]'
Notice that
B;L 1 B;L+1
~3 2 2
Wj—1 w; h( n2 — RZ)—O(}L ),
cr, o,
Jj—3 J+3
and
Wj—1 + w; = h( 2
we obtain

and

n+1
g = -
J

ot
4 [D+B M(;fnJrl

2
-3 Cj+%
oy — 67 = O(h?),

1— 87— 87, = O(h).

L5 e oo

0x(B" [

Using (4.11), the truncation error can be written as follows

0.(Cn 0, )t



4.1. The Fokker-Planck equation for Ito processes

Hence, the truncation error is O(h? + §t). O

Next, we define the global error as follows

el = f(z;,t") — [ j=0,...,N,

J Jo
and investigate the accuracy of the method by the following theorem.

Theorem 4. If 6t < %, then the discretization scheme (4.14) converges with an

error of order O(h* + 6t).

Proof. By definition of the truncation error, we have

et —en

J Jj o n n+1 n
—5t = D+Cj7%D_€j + DJFBJ*%

That is, the solution error satisfies the discretized FP equation discussed above with
the right-hand side given by the truncation error function. Hence, Theorem 3 implies

+1 +1
M(ge? —+ gﬁ? .

accuracy as follows
k—1
k—n+1
e[l < oty 27 [lgm .
n=0

Therefore the difference scheme (4.14) converges with error O(h? + 4t). O

We now notice that the fundamental theorem of numerical analysis, also known
as the Lax-Richtmyer theorem [66], which states that for consistent numerical ap-
proximations stability and convergence are equivalent, proves the stability of the
discretization scheme (4.14).

In order to investigate the positivity property of the CC-BDF scheme, we write
the discrete FP equation in the following form

— A+ B = G = j=0,..N, (4.15)
where B
A= %C?JF%WJ' exp wj,
Nj _ %(C]’.:_%Wj + C;L_%Wj_l expw;_1) + 1, (4.16)
= 5y W,
and

W; = w;/(expw; — 1). (4.17)

By summing (4.15) over j, we have

N N N al
S ALY BT Y G =Y 8
§=0 J=0 =0 7=0
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Chapter 4. Finite difference discretization of FP equations

The left-hand side of the equation above can be simplified as follows

_Zj'vo/f Y Bl = Y, Gt
S A T S B - Zji :11 Cyﬂf““

=0 (A + B = G i — An- — Anfita
FBofg + By = Goft = G
— Zj:’l <1 + h—g(C’J+1W +C; iWexpw;g — C'j_% 1 exXpw;_q — C’j+%l/[/j)) fjn+1
+(By — An_ ) f + (B — Cy) fi! ANfJT\l[—-’—',-ll Cof™
= Z Lo ST+ Ay (fRT exp(—ww) — SR + Co (fitexpw_y — f"1).

The conservation property is given, if the following holds

Ay (f5 exp(—wn) — [351) =0,

and
Co (fiexpw_y — f"7) = 0.

On the other hand, the boundary fluxes can be written as follows

h
Ik % = &CO ( nt+l eXpw_1 — fﬁfl) s
and "
Py =~ Ay (3 explwn) — £33

Therefore, the zero-flux boundary conditions read as follows

fn+1 n+1 f’VH—l _ n+1

expw_i, and fyl5 = exp(—wy),

which is consistent with the conservativeness of the discretization scheme.
We notice that the resulting tridiagonal problem can be written in the following
matrix form

ATt =g,

with the matrix of coefficients given by the following

—4;,  j=i+1, 0<i<N-1,
Bi7 >:.7 0<<N7
Ay=4 - (4.18)
_Oi7 ]:Z_]-? ]-SZSNa
0, otherwise,

Wheregi:l;’iforlgigj\f—l,and
By = By — C, exp(w_;) and By = By — Ay exp(—wy),

44



4.1. The Fokker-Planck equation for Ito processes

consistently with the zero-flux boundary conditions.

Now, proving that the CC-BDF scheme preserves the positivity of the solution is
equivalent to showing that A~! > 0. To this end, we define D as an (N +1) x (N +1)
diagonal matrix whose diagonal entries are as follows

Dij=—, 0<i<N,

and consider the following lemma where a restriction on the time-step size is required.
We remark that with a convergent matriz we mean a matrix whose spectral radius is
less than one.

Lemma 3. The matrix S := 1 — D A is non-negative and convergent, provided that
ot < L.
v

Proof. i
B?Z_a J _Z+1a
Sy=1¢ %, j=i-1, 0<ij<N
0, otherwise,

According to (4.16), the matrix S is non-negative since A;, B;, C,>0for0<i<N.
We show that S is convergent in the sense that p(.S), the spectral radius of S, is
less than one. Based on the theorem of Gerschgorin, p(S) < v where

N
V= o%?]ivz |Sij|.
j=0

It is enough to show that v < 1. This is proved by contradiction. In fact, the
assumption v > 1 means that there exists an 7, 0 < ¢ < N, such that Z;V:o 1Si;] > 1.
In the following, we prove that in this case 0t > %, which is contrary to the assumption
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Chapter 4. Finite difference discretization of FP equations

of the lemma. For 0 < 7 < N we have

N
>imo 1Sl > 1=

=

+ 2 >1=

D_U(|£>E
Sy

(2

CraWiexpw; + C" | Wiy
2 2 h2 Z 1 :>

CZ:_%WZ + CZL_%W1;1 eXpP w;—1 + 5t
O;:_lm expw; + C’f_lWi_l > Cﬁ'_lm + C,L»n_;Wz'—l exXp w;—1 + g—j =

2 2 2 2

2
C’?+%Wi(exp W; — 1) > CZ%VVi,l(exp Wi—1 — 1) + % =
2

C’Z:_%U}l > C’f_%wi_l + }g_t =

n n h2
Bz’+%h = Bze%h—i_ ot =

h n n
5 S Bi+% a BF% <7h=
ot > L
=y
We have similar results for ¢ = 0 and i = N. O

The following lemma is proved in [105].

Lemma 4. If A is a real n x n matriz with non-positive off-diagonal entries, then
the following are equivalent:

1. A is nonsingular, and A~ > 0.

2. The diagonal entries of A are positive real numbers, and letting D be the diag-
onal matriz whose diagonal entries are defined as D;; = %, 1 <7< n, then
the matriz S = I — DA is non-negative and convergent.

Theorem 5. If 0t < %y’ the discretization scheme (4.14) preserves positivity of the
solution of the F'P equation.

Proof. For dt < %, we can employ the Lemma 3 to conclude that A= > 0, based on
the Lemma 4. ]

4.1.1.2 The Chang-Cooper scheme with second-order time differencing

In the following, we discuss second-order finite difference approximation to the time
derivative combined with the CC scheme for approximation in space. Specifically,
we consider the second-order backward differentiation formula (BDF2); see, e.g., [39]
and references therein.

We have the following discrete FP equation

37 gy g
20t

=D,C" \D_f"*' + D, B" , Msfrt + gntt, (4.19)
J—3 J J—35 J J
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4.1. The Fokker-Planck equation for Ito processes

Summing over j and using the zero-flux boundary conditions, we obtain

3an+l _ 4an anfl.

7=0

By induction and assuming ijo fi = ijo f) and Z;y:o = Z;V:o f77h we

find that
N N
DL =0 =t
j=0 j=0

Next, we investigate the numerical stability of this CC-BDF2 scheme. We use the
following lemma [102].

Lemma 5. Let (ay), (bg), (c), and (dy) be four sequences of non-negative numbers
such that the sequence (cy) is non-decreasing, and

E—1
ak+bk§ck+2dnan, k>2, a;+b <c.

n=1

Then

k—1
ag + b, < cpexp (Zdn> , k>2
n=1
Theorem 6. If it < %, then we have the following bound for the solution of the
discretization scheme (4.19).

k—1
LFH 117 < v <Hf°!|+ I H+25tZHg"“H> k=2, M.

n=1

Proof. Taking the inner product of equation (4.19) with f"*! we have

n+1 —4fn n—1
(Al ) = (Decn, oo ) (Do o )

+ <gn+1’fn+l) .

First, we note that

n+l _ 4fn n—1 h
(3f 2(;]; +f 7fnJrl) _ ZjVO 25t(3fn+1 4fn _’_fTL 1>fn+1

= SN B AL )

J 025t
> S B — A - L
T R =T )
> S e G AR - S

= oGP — 42 = 3,
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Since
(Decm Dot i) 4 (DyBr Mo, 70 + (g7, o) <
SV A+ g™,
we obtain
L3 a2 a2 Ly 12 Y 12 n+1](|| gn+l
S5 G2 = Al 212 = 1) < 20 + g L,

3 n n 1 n— n n n
S = AP = S < 20t g L A st

I = Al = S 1P < 208 g™ P 4+ S st

1 n n
£ < A S 20+ 5l
1 2
(=0l < (2074l VElg )

Since (1 — vdt) > L we can write

P =20l = 5l < V23t

- L
NG NG

Multiplying with /2 and summing over n, we obtain

k—1 k-1 k-1 k—1
D= =22 DI =D I+ A= 10 < 26t ) llg™ I,
n=1 n=1 n=1 n=1

k—1

k—1
(=2v2) Y A1+ I+ A< AON A+ P+ 268 > llg™
n=1 n=1

for 2 < k < M. Hence,

k—1 k—1
LA A< O P+ 208 ) llg™ -+ 2v2 ) 17 (4.20)
n=1 n=1

We apply Lemma 5 to (4.20) with the following setting

ap = | f*ll, k>1,
be = I/, k>2; b =0,
k—1
ce = [[f° + £+ 26tZ lg" M, k>2 e =|f,

n=1
d, = 2v/2.
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4.1. The Fokker-Planck equation for Ito processes

We obtain the following

k-1
ka” + ”fk—lH < e2V2(k-1) (HfOH + Hle + 25752 Hgn—HH) ., k=2, M.

n=1
]

Theorem 7. If §t < 5-, then the discretization scheme (4.19) converges with error
O(h? + 6t%).

Proof. By Taylor expansion, we have the following

Sfjn—i_l_élf;l_’_f;b—l n 2 n 5t 83 n 3
557 = 0 f; +6tat2f < oph + O(6t?),
and 52 o
n n+1 n t n 3
8tfj :&tfjJr 8t2f __% O((St )7
Therefore, the estimate
3L AP £ o2 O
n+l J J J B 3
O 20t 3 gl OO0

Using Equation (4.19), the truncation error can be written as follows

. . 3t —4fr 4 fod
¢j+1 — [atfj +1 _ J 25Z J ]

(DB M fi - 0,(B" )],
2

(DLCy D[ = 0u(Cn0 )

Hence the truncation error is O(h? + §t?).
Further, it is easily seen that

3?“ 46 —l—e" 1

25t

_ D+Cn 1D en-i—l —|—D+BA 1M5€n+1 ¢;}+17

hence based on Theorem 6, we have the following

k-1
¥ + [le" ]| < &2 <H6°||+ |I61||+25t2||¢”“\|>

Therefore the difference scheme (4.19) converges with error O(h? + 6t%). O

The Lax-Richtmyer theorem [66], which states that for consistent numerical ap-
proximations stability and convergence are equivalent, shows that the discretization
scheme (4.19) is stable.

To investigate the positivity of the CC-BDF2 solution, we consider (4.19) in the
semi-discretized form 0, f™ = A, f"™!, that is, the FP equation is discretized only in
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Chapter 4. Finite difference discretization of FP equations

space. The matrix A, is given by A, = (I — A), where A is defined in (4.18). Then
the CC-BDF2 scheme is as follows

2 4
[—Z6tA, ) i =Zpm -
(1-300.) proi =31

lfnfl
3
Notice that in this formula the presence of a negative factor on the right-hand side
prevents us from claiming positivity of the solution for arbitrary f°, f1 > 0. However,
as shown in [56], to initialize the BDF2 scheme, we prove that the backward Euler
method can be used to compute f! such that 2f1 > f° Further, following [19, 73|
we prove that under appropriate conditions on the time-step size and on A, one has
2fntt > > 0 for n > 1. As a consequence, we give a sufficient condition that
guarantees positivity of the solution obtained with the CC-BDF2 scheme.
We start this discussion with the following lemma.

Lemma 6. Let A be an m x m matriz, and f : R — R™. The BDF2 scheme,
wnitialized with the backward FEuler scheme, applied to the following equation

O f =Af, f(0) =0,

is positive preserving, provided that (I—6tA)~" >0, (I-20tA)™ >0, and (I+6tA) >
0, (I +25tA) > 0.

Proof. As discussed in |73], the following backward Euler method

fl_f(J:

Al
ot /

can be written as

(I —6tA)(2f — fO) = fO+6tAf.

Therefore,

2f1 — fO = (I = 5tA) (I + 5tA) f°),

and consequently 2f! > fO since (I — 6tA)~!, (I + 6tA), f° > 0.
The BDF2 method
3fjn+1 o 4fjn 4 fjn—l

. n+1
20t =Af

can be also written in the form
2 2 1
(- §57J‘f4)(2fnle — [ =30"- )+ (" +20tAf7).
2
Then it follows that having 2f" > f*1 (I — §5tA) > 0, and (I + 20tA) > 0, one

obtains 2" > f" By induction we have 2"t > " for n > 1. O

Theorem 8. There exists a positive constant q, such that if 6t < mz’n{%, ;‘—Z}, then
the discretization scheme (4.19), initialized with the backward Euler scheme, preserves
positivity of the solution of the FP equation.
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4.1. The Fokker-Planck equation for Ito processes

Proof. The scheme (4.19) is obtained applying the BDF2 scheme to the semi-discretized
equation 0;f = A,f. From Lemma 4, we know that the condition 0t < % provides
A1 > 0. Since A = I — §tA,, we can state that if §t < % then (I — §tA,)~! > 0.
Straightforwardly, we also have (I — 20tA,)~" > 0.

Next, in order to apply Lemma 6, we find a condition such that (I + dtA) > 0
and (I + 20tA) > 0. For this purpose, notice that

%Oﬁi—%wje}{pwiv J=1+1,
_LQ4 P —
(3] j - Z?
(As)is = " 0<ij<N,
%Czniéwzfl J=1—1,
\ 0, otherwise

where ); = C’l;m +C" Wiy expw;—y > 0. Therefore, the condition (I+0tA) >0
2 2
is equivalent to (1 — 2£@Q;) > 0, and the condition (I + 20tA) > 0 is equivalent to
(1—22%Q;) >0, forall 0 <i<N.
Now, we require that 2h2 ; <1, that is, 6t < L 2Q Further, for 0 < 67 < 1/2, we
have Q; < O 1 +CT" | expw;_y. Therefore, we choose ¢ = maX{C;L_i_l—FCZL_l exp w;_q :
2 2 2 2
0 <i < N}. Hence 6t < Z—Z guarantees (I + dtA) > 0 and (I + 20tA) > 0.
Taking dt < min{%,

Z—Z}, we can apply Lemma 6 to obtain the positivity result.
m

4.1.2 Analysis in the multidimensional case

Similar to the one-dimensional case, the CC-BDF difference scheme for the d-dimensional
FP equation with diagonal diffusion can be written as follows

fn+1 n d

— Z (DZ ZTLl /2 7, fn+1 4 Dz BJZ,_Tlll/QMgf]TL-l-l) 4 g‘;’H—l, (421>

where

e i rn 1 1 n n n
D+Cj—1z-/2D f i E{E J+1 /2f T (Cj-i-l /2+C 1/2>f t C 1/2f H}

and
DLBI M = Dy (L0 B L+ 0 B )
= % {( 5”1)3;4?1 /2 ‘]T:LFJil - (1= 5;211 )BJZ nl /an+1}
+ %{5’”3}; Wi = o B /zf”“}

51



Chapter 4. Finite difference discretization of FP equations

Taking the inner product of (4.21) with ™! we have
f?’b+1 fﬂ n i Yhn i fn n
( ) = e <D+ DL f +1)

S (DB M ) (g )

With the same argument provided for the one-dimensional case and under similar
assumptions on C%(x,t) > 0 for 1 < i < n, existence of a constant v > 0 such that

S |Bix + hyt) — Bi(x,t)] < vh, and 0t < %, we may conclude

1 1
. n+1(12 n||2 < Z n+1112 n+1 n+1
5z UL I = 1) < S+ llg™

which leads to the following bound for the solution

k—1
LFAI < 220701 + 6t )

n=0

n+1H7

and consequently the convergence order, O(h? + §t).

In a similar way, it is proven that the CC-BDF2 scheme has order of convergence
O(h? + 6t°).

To investigate positivity of the solution, we consider the CC-BDF scheme in the
following form

A
1 i, i,n N rn+1
% =2 1 CJ+1 /2W' exp wy’ f:Hji
(C’J’f1 /QW”‘ CZ " /QVVZ”1 expw )f"+1

+ G, /ZWZ T
where W™ = w{"/(expw;™ — 1). This can be written in the form of a system of
linear equations composed of (N 4 1)* unknowns f"*!, [j| < dN. To this end, we
give an order to the mesh points and associate integer j to the mesh point z; with
the rule j = Z?Zl(N +1)14;. The (N + 1)-dimensional vector f* having the given
value f[" as the j-th element, 0 < j < (N +1)% —1, constitutes the right-hand side of
the system. The matrix of the coefficients A is an (N + 1)¢ x (N + 1)? matrix with
the elements

—a, gq=p+(N+1)"1i=1,---d,

B’ q =D, ;
Pq -7, q:p_(N‘}'l)lfl,i:l,---’d’ _pq_( )
0, otherwise,
where
5t Z7n i’n ,L’n
“= ﬁojﬂi/gw/j exXPp W
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=1+ Z _(szfhmwvjl’n + ley—nli/zw/jlﬁi exXp w;fli)a

ot . .
T= ﬁ jlfli/ZVV;iTlli’
and j is the corresponding multi-index to the integer p.

The same argument presented for the one-dimensional case shows that A=! > 0
provided 0t < % Therefore, under this condition, the CC-BDF scheme produces
positive solutions starting from positive initial conditions.

As in the one-dimensional case, following the reasoning of Theorem 8, we can
prove positivity of the CC-BDF2 scheme.

4.1.3 Numerical experiments

In this section, we present results of numerical experiments to validate our theoreti-
cal findings. We consider the FP problem corresponding to the Ornstein-Uhlenbeck
process, where B(z,t) = yox, and C(x,t) = 02, and vy and o are two constants of
the stochastic process. Specifically, we choose 79 = 1 and ¢ = 1. Further, we take
T =1and Q= (0,L).

We assume zero-flux boundary conditions at the boundary of 2 = (0, L). Choosing
g(a,t) = (L — ) (2x — L)/ exp((x — L/2)* + t) and fo(z) = 1/ exp((z — L/2)%), we
have the exact solution feyae(z,t) = 1/ exp((z — L/2)* 4 t) whose corresponding flux
tends to zero at the boundary of the domain ©Q = (0, L). For L = 10 the flux is of
order 10719,

The size of the solution error is evaluated based on the following L?-norm. We

have
M N
0%z @) = ot Y > vy,

n=1 j=0
where v is a space-time grid function.

In Table 4.1, we report results of experiments that evaluate the accuracy of the CC-
BDF numerical solution. We see that the resulting order of convergence is O(h?+ dt).

N M Hf_fexactHLi’gt(Q)
o0 | 50 1.34e-2
100 | 200 3.5¢e-3
200 | 800 8.8097¢-4

Table 4.1: Convergence of the CC-BDF scheme.

We use the same setting to validate the CC-BDF2 scheme. The corresponding re-
sults are given in Table 4.2, that confirm second-order convergence in space and time.
With the CC-BDF2 scheme, two cases are considered concerning initial conditions.
We denote with f, the numerical solution obtained in the case when both f° and
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Chapter 4. Finite difference discretization of FP equations

f1 are exactly known. Further, we denote with f5 the numerical solution obtained
in the case where only f° is exactly given, and f! is numerically approximated by a
first-order backward Euler method with time-step size §t2. The norms of the solution
errors resulting from these two approaches are give in Table 4.2. We see that second-
order convergence in space and time is obtained, that is the convergence is of order

O(h? + 6t%).

N M ||fo¢ fea:actHLhét (Q) ||f6 feacact”Lh& ()]
20 | 50 1.46e-2 1.57e-2

100 | 100 3.8e-3 4.0e-3
200 | 200 9.5491e-4 1.0e-3

Table 4.2: Convergence of the CC-BDF2 scheme with two different initializations.

By numerical inspection, we find that the proposed schemes preserve positiveness
and are conservative.

4.2 The Fokker-Planck equation for PDP processes

In this section, we consider another class of FP equations, where the PDF corresponds
to a piecewise deterministic process. We recall the PDP model introduced in Chapter
3 which is a first-order system of ordinary differential equations, where the driving
dynamics-function is chosen by a renewal process. The d-components state function
X(t), X : [tg,00) = Q, Q C R? satisfies the differential equation

d

SX(1) = Ay (X(1), t€ [t0,00), (4.22)

where .7 (t) : [to, 00[— S is a Markov process with discrete states S = {1,...,S}. Let
us denote with f; the PDF corresponding to the state s. The time evolution of these
PDFs is governed by the following FP hyperbolic system,

Oy fs(x,t) + Op(As(x) fo(z, 1)) ngjfj (z,t), seS, (4.23)

where Q,;, s,j € S, are the components of the transition matrix Q.

We present finite difference discretization for the FP model (4.23). The discretiza-
tion scheme is first-order that guarantees positivity and conservativeness of the numer-
ical PDF solution. We focus on a particular PDP process. This choice is motivated by
the wish to provide a detailed discussion and implementation for a specific problem.
We consider the case of a dissipative process subject to dichotomic noise; see, e.g.,
[4, 5, 89]. The finite difference discretization for the corresponding FP equation is
presented from |[8].
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4.2. The Fokker-Planck equation for PDP processes

4.2.1 A PDP process with dichotomic noise

Let X (t) be a process whose evolution is described by the following equation

dX (1)

- = X W), (4.24)

where the noised input £(t) represents a dichotomic noise (or random telegraph sig-
nal), that takes values £1, with exponential statistics of the switching time given by
the PDF p exp(—put). The solution to (4.24) is composed of pieces of increasing and
decreasing exponentials, but the whole process X(¢) is not deterministic. In fact, it
represents a random sample path in a probability space. For simplicity, we take v =1
and W = 1. Therefore, we have the following dynamics

A(z)=1-—zx, Ay(x) = —(1+x). (4.25)

For the purpose of illustration, we depict in Figure 4.1 the characteristics of the
hyperbolic FP system (4.23) corresponding to the setting (4.25). There are two
families of curves, one for each state of the system. It is clear that if the initial
non-zero PDF data is contained in the interval (—1,1), then the PDF will never
escape from this interval during the time evolution. On the other hand, the PDF
outside (—1, 1) remains equal to zero. Within (—1,1), the PDF can switch between
characteristics belonging to the two different families, but it will never cross the points
x = +£1. We name the interval (—1,1) the invariant set, while the set R\[—1,1] is
named transient, since an initial PDF located in this region will soon be transported
and trapped in the invariant set.

For our special setting, the system of equations (4.23) become

Oufiz,t) +0: (L —2) fiz,t)) = —pfrlz,t) + pfolz,t) (4.26)
atf?(x>t)_ax ((1+$)f2(x>t +:Uf1($’t)_:uf2(x>t)v (4'27)

Further, we assume appropriate initial conditions
fo(2,0) = fO(x), s=1,2, (4.28)

where fJ(z) >0, Zs o (@) =
Combining (4 26) and (4.27), and using integration by parts, we obtain

) (/Qfl(:c,t)dx+/gf2(x,t)dx> — 0.

This proves conservativeness of the FP system. In particular, we have

/Qfl(x,t)dx—k/Qfg(sz',t)dx:/gf{)(:c)—i—/ﬁfg(x):1. (4.29)
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Chapter 4. Finite difference discretization of FP equations

Figure 4.1: Characteristics of the FP equation for a PDP process with dichotomic
noise.

4.2.2 Discretization of the FP system

Consider the dichotomic FP problem in the time interval (0,7") and a bounded spatial
domain Q = (—L, L). We choose L sufficiently large to include the invariant set and
the space-time support of the FP solution.

For the time discretization, we define the time-step size dt = T'/M, in which M is
a positive integer, and Iy, = {t, = ndt,n =0,1,..., M} is the time mesh. Moreover,
we consider a uniform mesh on the state space with mesh size h = 2L/N, and the
mesh-point coordinates are denoted with z; = jh — L,7 = 0,...,N. We have the
following mesh

Qp={reR:z;=jh, jeZ}NQ.

n

T o= w(zj, t,), we

For grid functions w and v defined on €2, x I, with values w
introduce the discrete L2-scalar product

N-1
(w",v™), =h Z wivy,
=1
with associated L?-norm ||v"|| = (v™,v™)/2. Further, we introduce the following inner
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4.2. The Fokker-Planck equation for PDP processes

product
M-1

(w,v)), 5 = 0t Z(w", V")

n=0
Here and below, we denote the approximation to f(x;,t,) with fJ.
Next, we consider the following explicit discretization of the time derivative

Dy = 5 (77 17). (1.30)

and the first-order forward and backward space derivatives are given by

1

1
DIy =7 (a=0). Dify=5 (= £).

For ease of notation, let us denote with f = f; and g = f5. According to upwind
discretization, the discrete FP equations are as follows

Difi' + Dy ((1_xj)ff)++D: (A=) f7) = —pufl+npg! (4.31)
n n + - ny - n n
Digi —Df (L+x;)g])" =Dy (M+a))g)) = +ufl—ngl,  (4.32)
where the symbols (f)* and (f)~, denote max(f,0) and min(f,0), respectively, and
we assume the boundary conditions f] = 0 and g3, = 0 for n = 0,..., M. Further,

we have the following initial conditions

fj(') = fo,;‘, 9? = 9o,j5- (4-33)
We have the following theorem.

Theorem 9. The discretization scheme (4.31)-(4.32) is stable, positivity preserving,
conservative, and first-order accurate with respect to the solution of Fqs. (4.26)-
(4.27), provided that the following Courant-Friedrichs-Léwy (CFL) condition on the
time step size 1s satisfied

h h
0t < mi . 4.34
_mln{2+u1+uh’2+u2+uh} (4:34)

Proof. Let us define the grid functions

i) = (L= a) 0 ba(ey) = (14 ) 5

The discrete FP system (4.31)-(4.32) becomes

Fr = = b)) + (ba(ay) fig)t = (ba(age) fa)”

ot T+ St g! (4.35)
QJT'LH = g7 (1= [ba(zy)]) + (b2(j1)gj1) " — (b2(@j-1)g7-1)"
+otp i — ot gy (4.36)
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Further, we have

FI gttt = (= [ba(x)]) 4 (ba(z—)) 7y — (ba(zia))” £ (4.37)
+7 (1 = |ba()]) + (ba(251)) g7y — (ba(z-1)) "9

By inspection of (4.35)-(4.36) and (4.37), we conclude that positivity of f7', g7 and
of [/ +g7,n=1,...,Mand j =0,..., N, is guaranteed if the following requirements
are satisfied:

max (1 (2], () ) < 1

and
min(1 — by(z;)) — dtp > 0, min(1 — by(z;)) — dtp > 0.
j j
Notice that we assume that f]o + g? >0for j =0,...,N. Now, it is immediate to see
that these two conditions hold if (4.34) is true; see also [4].
Next, to prove conservativeness, we take the sum of (4.37) on all interior grid
points. We obtain

2
=2

-1

(F gy = ST (fr + ) — ot fry — ot gy, (4.38)

1 j=1

-1

<.
Il

where we use the fact by(xp—1) = 0t and be(z1) = dt. Notice that in the case of a
compactly supported solution such that f{_, =0 and g7 = 0, our first order scheme
is conservative and positive preserving. In addition, the same result proves that the
scheme is stable.

Next, we discuss the accuracy of the scheme (4.31)-(4.32). We assume sufficient
regularity of the data such that the solution of the continuous problem is twice con-
tinuously differentiable in space and time. Denote with ¢ and ¢ the local truncation
error for the discretization of (4.31) and (4.32), respectively. It is a standard calcula-
tion [4] to show that the following holds

97| < C (0t + h), [0 | < C (0t + h), (4.39)

where C' depends on the maximum of the second derivatives of f and ¢ in the space
time domain. Therefore, it is a consequence of the Lax-Richtmyer equivalence theorem
[83] that the estimate (4.39) and the stability of the scheme prove that the scheme is
first-order accurate. [

As a numerical experiment, we assume that initial distribution of the PDP system
is given by two Gaussian distributions, defined in 2 = (-2, 2), centered in z = 0 and
variance o2 = 1072, The transition rate of the underlying Markov process is p = 2.
See Figure 4.2 for a snapshot of the FP solution at ¢ = 10.
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Figure 4.2: The PDF functions at time ¢ = 10 resulting from the FP evolution.
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Chapter 5

Hermite spectral discretization of FP
equations

5.1 Spectral methods

Spectral methods involve seeking the solution to a differential equation in terms of
a series of known, smooth functions which are called basis functions. They involve
representing the solution to a problem as truncated series of known functions of the
independent variables. Along with extensive applications of Legendre and Chebyshev
spectral methods for bounded domains, considerable progress has been made recently
in spectral methods for unbounded domains. Among these methods, a direct and
commonly used approach is based on certain orthogonal approximations on infinite
intervals, in particular the Hermite and Laguerre spectral methods [52, 97].

Spectral methods for solving PDEs on unbounded domains can be essentially clas-
sified into four approaches [97]:
(i) Domain truncation: truncate unbounded domains to bounded domains and solve
the PDEs on bounded domains supplemented with artificial or transparent boundary
conditions;
(ii) Approximation by classical orthogonal systems on unbounded domains, e.g., La-
guerre and Hermite polynomials/functions;
(iii) Approximation by other, non-classical orthogonal systems, or by mapped orthog-
onal systems, e.g., image of classical Jacobi polynomials through a suitable mapping;
(iv) Mapping: map unbounded domains to bounded domains and use standard spec-
tral methods to solve the mapped PDEs in the bounded domains.

In general, the domain truncation approach is only a viable option for problems
with rapidly (exponentially) decaying solutions or when accurate non-reflecting or
exact boundary conditions are available at the truncated boundary. On the other
hand, with proper choices of mappings and/or scaling parameters, the other three
approaches can all be effectively applied to a variety of problems with rapid or slow
decaying (or even growing) solutions. We note that the last two approaches are
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mathematically equivalent, but their computational implementations are different.
More precisely, the last approach involves solving the mapped PDEs (which are often
cumbersome to deal with) using classical Jacobi polynomials while the approach (iii)
solves the original PDE using the mapped Jacobi polynomials. The main advantage
of the approach (iv) is that it can be implemented and analyzed using standard pro-
cedures and approximation results, but its main disadvantage is that the transformed
equation is usually very complicated which, in many cases, makes its implementation
and analysis unusually cumbersome [95].

While spectral methods have been used for solving PDEs on unbounded domains
for over thirty years, and there have been several isolated efforts in the early years
on the error analysis of these methods, it is only in the last ten years or so that the
basic approximation properties of these orthogonal systems, and their applications to
PDEs, were systematically studied [95].

5.2 Hermite approximation space

5.2.1 Hermite polynomials

The Hermite polynomials, denoted by H,(z), are the eigenfunctions of the Sturm-
Liouville problem:

2 d > d
x® —z — R
e’ - (e dxu(x)) +Au(z) =0, zeR,

with the eigenvalue \, = 2n grows linearly with respect to n.
The Hermite polynomials are orthogonal with respect to the weight w(z) = e™*’,
ie.,

/ Hn(w)Hm(x)eindx = YnOn,m,

where v, = /72"n! and §,,, is the Kronecker delta. Note that the constant -,
grows exponentially as n increases, so it is necessary to normalize this factor in actual
computations. The three-term recurrence formula reads

H,1(x) =22H,(x) — 2nH, 1(x), n>1,

and the first few members are

Hy(z) =1,

Hy(z) =2z,

Hy(x) =4da® -2,

Hi(z) =82 — 12z,

Hy(z) = 162" — 482 + 12
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One verifies by induction that the leading coefficient of H,(z) is 2". The Hermite
polynomials have a close connection with the generalized Laguerre polynomials [97]:

Hy, () (=1)"22nl L2 (22),
Hopr(z) = (=1)"22"nlaLl/?(2?).

Hence, H,(z) is odd (resp. even) for n odd (resp. even), that is,

(=1)"Hy().

=
|

8

~—
I

Moreover,
Hy,(0) = (—1)HT7 Hsn11(0) = 0.

We also have the orthogonality

< d d 2

—Hn _Hm “dr = )\n n5n ms

| ) e s = A,
The Hermite polynomials are generally not suitable in practice due to their asymp-

totic behavior at infinities [95]:

Fn+1) 2 nm
H,(x) ~ me /2 cos (\/Zn + 1z — 7)

~ 02672 cog <\/2n + 1z — 7%7?) )

5.2.2 Convergence of Hermite expansions and the Gibbs phe-
nomenon

Since in some of our FP problems we encounter singularities in the equilibrium so-
lutions, we present here the related discussion from [49|, which explains the Gibbs
phenomenon occurring at the singular points.

We first consider the expansion of a function f(z) in terms of the eigenfunctions
¢n, of a Sturm-Liouville problem. The eigenfunction ¢, (x) is a nonzero solution to

d do,
den

(@) =+ (Aww(z) = g(2))da(z) = 0 (5.1)

satisfying homogeneous boundary conditions in the interval [a,b]. To be specific, we
assume the boundary conditions ¢, (a) = ¢,(b) = 0, although the analysis applies
more generally. We assume that p(x) > 0, w(z) > 0, ¢(z) > 0 for a <z <b. We will
also assume that the eigenfunctions are normalized so that they satisfy

/ W(2) P (2) o (2)dT = Oy, (5.2)

and that they form a complete set; the latter property follows if \,, — oo as n — oo.
The requirement that A\, — oo follows heuristically as follows: (5.1) suggests that
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¢n(z) has a typical spatial scale of 1/4/A,, so the requirement that arbitrary f(x) be
expansible in terms of ¢, implies that )\, must grow unboundedly with n.
We wish to estimate the rate of convergence of the eigenfunction expansion

i A (T (5.3)

n=1

Using the orthonormality relation (5.2), the Lo-error after N terms is

b N 1/2 s 1/2
[

n=N-+1

Thus, the Lo-error may be estimated by calculating the rate of decrease of a, as
n — o0o. Orthonormality of ¢, implies that

b
= / f(x)on(z)w(x)dx. (5.4)

Substituting w(z)d,(x) from the Sturm-Liouville equation (5.1) gives

- = / (——p d¢”+q<x>¢n> f(@)da.

Integrating twice by parts, we obtain

= 3@ @) (2) = D@+ 5 [ M@ ul)de, (65

n

where
() = () 0t ) () o). (56)

This integration by parts is justified if f is twice differentiate and h is square integrable
with respect to w. Under these conditions and recalling that ¢, (a) = ¢,(b) = 0, we
obtain

1
0 = - pla)dh () (a) — (D)L (B ()] + O(-)
as n — 0o, since |fab ho,wdz|* < f; h*wdx ff d2wdr = O(1) as n — oc.
To proceed further we must distinguish between nonsingular and singular Sturm-
Liouville problems. A problem is nonsingular if p(z) > 0 and w(z) > 0 throughout

a <z <b. The important conclusion from (5.5)-(5.6) is that if the Sturm-Liouville
problem is nonsingular and if f(a) or f(b) is nonzero then

an ~ —[p(a)¢y,(x)f(a) — p(b)@,(0) f(b)], n — oo. (5.7)
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Notice that if ¢! (a) = 0, then ¢, () = 0 since (5.1) is a second-order differential equa-
tion and p(z) # 0. It is well known that the asymptotic behavior of the eigenvalues
and eigenfunctions of a nonsingular Sturm-Liouville problem are given by

Ay ~ [m//: \/gdx] | mo oo, (5.8)
Gn(x) ~ A, sin <\/)\_n/x \/%d:c> , 00 (5.9)

Using (5.8)-(5.9) in (5.7), we find that a,, behaves like 1/n as n — oo if either f(a) # 0
or f(b) # 0. This behavior of a, leads to the Gibbs phenomenon in the expansion
(5.3) near those boundary points at which f(a) or f(b) # 0. If f(a) = f(b) =0, then
a, < 1/n as n — oco. However, a further integration by parts in (5.5) shows that if
the Sturm-Liouville problem is nonsingular and if h(a) or h(b) # 0, then a,, behaves
like 1/n® as n — oo. In general, unless f(z) satisfies an infinite number of very
special conditions at x = a and x = b, then a,, decays algebraically as n — oo. These
results on algebraic decay of errors in expansions based on nonsingular second-order
eigenvalue problems generalize to higher-order eigenvalue problems.

If p(a) = 0 in (5.7) then it is not necessary to require that f(a) = 0 to achieve
a, < ¢,/ \, as n — oo. For this reason, expansions based on eigenfunctions of
a Sturm-Liouville problem that is singular at * = a do not normally exhibit the
Gibbs phenomenon at x = a. Furthermore, if the argument that led to (5.7) can be
repeated on h(z) given by (5.6) (this is possible if p/w, p'/w, and ¢/w are bounded
and all derivatives of f are square integrable with respect to w) then the boundary
contribution to a, from x = a is smaller than ¢/ /A2 as n — oo. If there are also no
boundary contributions from x = b when the operations leading to (5.7) are repeated
indefinitely (which is true if p(b) = 0), then a,, decreases more rapidly than any power
of 1/\, as n — 0.

The important conclusion is that eigenfunction expansions based on Sturm-Liouville
problems that are singular at x = a and at x = b converge at a rate governed by the
smoothness of the function being expanded not by any special boundary conditions
satisfied by the function.

Hermite polynomials satisfy (5.1) with p = e, g(z) = 0, w(z) = e for
—00 < & < 00, ¢n(z)e */? bounded as |z| — oo. The Hermite polynomial H, ()
of degree n is associated with the eigenvalue A\, = 2n. If f(x) and all its derivatives
satisfy

fl@)=0(),  |a| = oo,
for some a < %, then the Hermite expansion

o0

f(z) = Zaan(at)

n=0
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Figure 5.1: Exact representation (solid line) and Hermite polynomial approximation
(dash-dot line) of sin(x). The Hermite polynomial expansion is truncated after N =
20 terms. The spatial domain is [0, 18] in the left figure, and [0, 20] in the right figure.

Sin(x)

converges faster than algebraically as the number of terms N — oo. This is proved

by retracting the steps leading from (5.4) to (5.7).
To study the rate of convergence of Hermite series, we consider the expansion of

sin z as follows.

. S 1
sinw = Z 2220 1 1)!H2n+1($)~ (5.10)
n=0

Since the asymptotic behavior of H,(x) is given by

! 1
H,(x) ~ e”‘"z/an—‘ cos(v2n + 1z — 57171’)
§n.

as n — oo for fixed x, it follows that the error after N terms of (5.10) goes to zero
rapidly at z only if N > 2?/logx. This result is not good; to resolve m wavelengths
of sinx requires nearly m? Hermite polynomials; see Figure 5.1 and Figure 5.2. By
expanding in the series 3 a, Hy(z)e™**" and optimizing the choice of o, it is possi-
ble to reduce the number of required Hermite polynomials to about %7‘(‘ ~ 7.85 per
wavelength.

5.2.3 Hermite functions

Since the Hermite polynomials are not suitable for our FP problems due to their
asymptotic behavior at infinities, we shall consider the so called Hermite functions.
Hermite functions are defined as follows

~ 1

Ha() = V2!

H,(ax)w, (z), a>0, n>0,
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Figure 5.2: Exact representation (solid line) and Hermite polynomial approximation
(dash-dot line) of sin(x). The Hermite polynomial expansion is truncated after N =
25 terms. The spatial domain is [0, 20] in the left figure, and [0, 22] in the right figure.

where w,(x) = exp(a?z?) is a weight function and H,, is the Hermite polynomial of
degree n given by
CCQ dn 2

e (e™™).

The function I:In(x) is the n-th eigenfunction of the following singular Liouville prob-
lem:

H,(z) = (—1)"e

d —a2a? d a2z o
. (e . <e u(x))) + Au(z) =0, xeR.

The corresponding eigenvalues are A\, = 2a?n. In contrast to the Hermite polynomi-
als, the Hermite functions are well behaved with the decay property:

|H,(z)] = 0, asl|z| — oo,

and the asymptotic formula with large n is

H, (x) ~ n~ Y4 cos (\/Qn + 1z — n;) :

Some sample graphs of the Hermite polynomials and the Hermite functions are pre-
sented in Figures 5.3 and 5.4, respectively.

We introduce the following inner product and the associated norm

02, = [ V@@, Nyl = @l v L ®)
R
and also consider the weighted Sobolev space

T dky 2
Hwa(R>: y‘d_eLwa(R)7O§k§T )

xk
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Figure 5.3: The first five Hermite polynomials H,(x), n = 0,1,2,3,4.

Figure 5.4: The first five Hermite functions ﬁn(x), n=20,1,234.
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5.2. Hermite approximation space

equipped with the following semi-norm and norm, respectively,

JF , 1/2

Y

Wlkwa = 155 llwas  [Yllrw. = (Z\y!i,wa> :
k=0

We note that the set of functions {H,(z),n > 0} defines a L2, (R)-orthogonal
system with

(I:Ina I:Im)wa - ﬁ(gn,’mx
o)
Therefore for all y € L2 (R), we can write
n=0

with the coefficients

Un = ﬁ /Ry(x)Hn(x)wa(x)dx, n > 0.

Vn = {q(x)w; () | ¢ € Py},

and note that Vy = span{H,(z), 0 < n < N}, where Py is the set of polynomials
of degree at most N. Therefore we can consider the L2 (R)-orthogonal projection
Py : L%Ua (R) — VN, with

We define

N ~
Pyy(z) =Y guHal
n=0

In [45] the following theorem is proved, which is used in our work to estimate the
approximation error in the space Vy.

Theorem 10. For any y € H), (R) andr >0,

ly = Pryllwn < c(@®N)™2yllra,

8]

where ¢ = (2rﬁ)1/2-

This theorem also helps us to estimate the Hermite coefficients. We prove the
following lemma.

Lemma 7. For anyy € H), (R), >0, andn > 2,

1—r

X a "o
[9n ()] < 7" Pyt -
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Proof. Considering n > 1 and the orthogonality relation between Hermite functions,
we can write the following inequality

B OF < Sl fzf ol = 5= [ (Zyk ) o (v)de

= %A(Zg)k(ﬂ Zyk ) W (v)dv
%ny — Pyll?.

By Theorem 10, we have

1y = Pa1yllw. < ( )20 (n = 1))yl

o
2r\/m
Therefore,

271”/2 ., .
ﬂ_al (n =17y () |-

Since for n > 2 we have 2(n — 1) > n, and consequently 27"/2(n — 1)"7/2 < n="/2, the
following holds for n > 2,

[9n(8)] <

1—r

. a "o
[9n ()] < 0y () v

To discretize the FP equation, we employ the following facts

~ n+1 ~ n -~
ol () = ) "L Ha ) + \@ o (0),

d

d :—Oé\/2n+ Hn+1
.ZU
d

r=H (@) = =V/(n + 1)(n+2) Hypa(2) = (0 + 1Hy (),

X

d? - .
@Hn(ag) =20%\/(n+ 1)(n +2) Hypo(z),
for n > 0, with I:IJ(x) =0,7<0.
We also have .
xH,(r) = §Hn+1(x) +nH, 1(x),

d
%Hn(x) =2nH, (),

d

x%Hn(x) =nH,(z)+2n(n — 1)H,_2(x),
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5.2. Hermite approximation space

or equivalently,

T

da?

1
axH,(ax) = §Hn+1(om:) +nH, 1(ax),

d
%Hn(aqj) = 2anH,_(ax),

%Hn(owc) =nH,(ax) + 2n(n — 1)H,_s(azx),

H,(ar) = 4a’n(n — 1)H,_»(ax).

which provide the appropriate means to descretize the optimal control system.
We also prove the following lemma to discuss the conservativity of the discretized

FP equation.

Lemma 8. Forn>1

Proof. Based on

/]R H,(x)dz = 0.

ﬁn(_I) = (_1)"1:171(33)’

we see that H, is an even function when n is even, and it is an odd function when n
is odd. Therefore, it is clear that [, H,(z)dz = 0 when n is odd. Assuming that n is
even, and using the following fact

/ e " H,(t)dt = H,_1(0) — e™*
0

we obtain

Since H,_; is an odd function, H,_1(0) = 0 and the desired statement is proved.

2

Hﬂfl(m)a

1

H,(ax e~
V2" /R (az)
1

/ H,(t)e " dt
av2m! Jr
1 0 2 > >
( / Ho(t)e P dt + / Hy(t)e dt)
av2m! \J-w 0

2 xr
lim [ H,(t)e "dt
ay/ 2! 2= Jg

lim <Hn_1(0) —e "

ay/2np!| z—oo

2

Hn_l(x)> :
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Chapter 5. Hermite spectral discretization of FP equations

5.3 Discretization schemes

In this chapter, we investigate the Hermite spectral discretization of the FP equa-
tions, of both parabolic and hyperbolic types, defined on unbounded domains. The
accuracy of the Hermite spectral method is proved by showing that the error decreases
spectrally as the number of expansion terms increases. Furthermore, we investigate
the conservativity of the solutions of the FP equations with Hermite discretization
schemes. The accuracy of the discretization method is also investigated with numer-
ical experiments.

5.3.1 The Fokker-Planck equation for Ito processes

We recall from Chapter 3 that in one dimension, the FP equation has the form

1
O f(x,t) = =0, (b(x,t) f(z,t)) + §3m (a(x,t)f(z,t)), (5.11)
for the Ito process given by the stochastic differential equation
dX(t) = b(X(t),t)dt + o(X(t),t)dW (t)

with drift b(X (¢),t), dispersion o (X (t),t) = \/a(X(¢),t), and Wiener process W (t).
If the initial point X (0) is a random variable which is distributed as p(z), the FP
model starts the evolution process from the initial probability density f(z,0) = p(z).
We consider a FP model corresponding to a representative stochastic process given
by the Ornstein-Uhlenbeck process, and for simplicity we focus on a case in which the
function b is linear and a is constant. We have b(z,t;u) = vx + v and a(z,t) = 2,
where v < 0, v and ¢ > 0 are constants. In this case, the FP problem is given by

Of(x,t) = =0, (v +uw)f(2,t)) + Oy f(x,t), in R x[0,T], (5.12)
f(z,0) = p(z), inR. (5.13)

As the first step of the Hermite discretization, the probability density f is approx-
imated in the space of Hermite functions as follows

) =3 ful®) ().

The initial data f(z,0) = p(z) is also represented in the Hermite functions space
by p(x) = 0" fOH, (), where

fr = NG /Rp(a:)Hn(x)wa(x)da:, n > 0.

Introducing the Hermite expansion for f into the equation (5.12), for n > 0 we
have

d -

Efn(t) - n’)/fn(t) + O‘umfn—l<t> + (7 + QQQC) \% n(” - 1)fn—2(t>a (5'14>
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5.3. Discretization schemes

with f_; =0, f_o = 0.
The equation (5.14) represents an infinite system of ODEs. This system is trun-
cated by considering the approximation

[fa0(t), fan(®), - fan(®)]
for
[fot), fi(t), -]

Therefore, the system of ODEs which we solve is as follows

%fAA,n(t) — anfA,n(t) —+ a/ anA,nfl(t) —+ (’y -+ 2@20>\/ n(n _Al)fAA,an(t)a (515)

fA,n(O) = ﬁna
for 0 <n < N,0<t<T, with j?A,Z- =0, i = —1,—2. This corresponds to a Galerkin
projection of f(-,¢) onto the Hermite approximation space
Vy = span{H,(z), 0 <n < N}.

The system (5.15) can be written in the following matrix form,

de 2
—— =M 5.16
where

fa = [fao®), fan(t),--- fan @],
and My is an (N + 1) x (N + 1) three-diagonal matrix with the elements

nv, ZZ]?
av?2n, 1— 5 =1,

(M)i; = (7 + 2a%c)\/n(n — 1), i—7=2,

0, otherwise,

1<i,j<N+1,

where n =4 — 1. Notice that, the first row in M} is zero.

5.3.1.1 Conservativity

Another important property of the numerical scheme is that the Hermite spectral
discretization provides conservativeness. We prove the following

/fA(x,t)d$=/fA(x,O)dx, t> 0.
R R

First, we note that for any ¢ > 0

/RfA(x’t)dx = i AA,n(t)/Rﬁn(x) dz
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Chapter 5. Hermite spectral discretization of FP equations

This is true because of Lemma 8 which states that [ H,(z)dz = 0 for n > 1.
df R
Noting that % = My fa, and the fact that the first row of the matrix My is
zero, we have A A
fA,()(LL) = fA,O(O); t > 0.

Therefore, we have

/R fala,)dr = fao(t) [ Ho(z) de

|
= aol0) / flo() da

_ ﬁ;ﬁ,n(m [ fu@yda
- /RfA(:p,O)dx.

5.3.1.2 Convergence analysis

Substituting the Hermite expansion into the FP equation results in an infinite system
of linear ODEs. Corresponding to this system, there is a matrix M., which is lower
triangular. To have a practical scheme, we have to truncate this matrix, or equiva-
lently, consider some truncated system of ODEs. However, this truncation is a source
of error in our discretization scheme. Let ||.||» be the Euclidean norm in RN¥*!. We
have the following.

Lemma 9. Assuming N 1is sufficiently large so that there is mo error in the spectral
representation of the initial data, and f(-,t) € Viy for any t € [0,T], then

|fx = fall2 = 0.
That is, there will be no error for the truncation of the infinite ODE system.

Proof. No truncation error appears in calculating the Hermite coefficients fn by solv-
ing the finite ODE system (5.16). This is because of the fact that the system (5.14)
is uncoupled in the sense that for m > n the value of fn is independent of the value
of fn,. That is, Py f(-,t) = fa(-,t) for every t € [0,T]. O

To analyze the accuracy of the scheme, we show that the approximation for the
state variable is spectrally convergent.

Theorem 11. If f € L>=(0,T; H], (R)), r > 1, then for all t € [0,T] the following
holds

1FC.t) = fal D)5, = O(NT).
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5.3. Discretization schemes

Proof. We have

fa) = fale ) = 3 fulHa@) =3

An<t)ﬁn($)
= > (Fal®) = fanl®) Tl + 3 Fult)iu(2).
n=0 n=N+1

From Lemma 9 we know that the first term in the last line of the equation above is
zero, hence Lemma 7 gives us the following bound for the error

2

1f(t) = faCu I, = /R[Z Ju(t)Ha ()

O G PO

T7wOL .

Therefore, we have || f(-,t) — fa(-,t)||%, = O(N™"). O

The following lemma provides an appropriate means to show that the Hermite
discretization method is stable.

Lemma 10. Let §(t) be the solution to

Then there exists a constant C'n such that for allt > 0

19()]l2 < Cllgoll2-

Proof. Since the matrix My is triangular, it has N + 1 distinct eigenvalues \,, = n,
n=20,1,---, N, which are the diagonal elements of M;. Therefore, M is diagonal-
izable and can be decomposed as M; = S™'DS, where D = diag(\,))_,. Hence, the
system of ODEs has the solution

g(t) = ertg[)’
which implies the following
5@z < IS~ 2lle” 12015 2l190]l2-
Since v < 0, we have e*** <1, n=0,1,---, N, and consequently
Dt)

||€Dt||2 = Umax(e - )\maX(GZDt> S 1
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It is easy to show that the matrices S and S™! are also lower triangular. Since S is
consist of the eigenvectors of My, it can be constructed in such a way that all diagonal
elements are 1. Defining § := ||.S||max We have

1512 < (N 4 1)[[S]lmax = (N +1)5.
Furthermore, in [69] it is proved that
157 loe < (5 + 1),
which results in
57 < VN T TIS oo = VI T (5 4 1)Y

Therefore, we have

[9()[l2 < Cnlloll2-
where Cy = (N + 1)3/2(5 + 1)N+1,

O
Based on Lemma 10, we have the following stability result.
Theorem 12. There exists a constant C'y such that for all t > 0
1£aCo D)l < Cnllfoll2-
Proof. We have
N 2
IfaC %, = /R( ) wa(z)de = /R (Z fA,n(t)ﬁn($)> wo(x)dx
N n=0
= LTS anlt) = U015 £ CIflE
O

5.3.1.3 Numerical experiments

Since the system of ODEs which we need to solve in order to obtain the numerical solu-
tions are first order linear systems, there exists no time discretization in our numerical
scheme. That is, we can calculate the Hermite expansion coefficients analytically and
without any time discretization error. The triangular structure of the matrices of
coefficients with distinct eigenvalues, makes it possible to decompose the mentioned
matrices and solve the system of ODEs simply by matrix products. Therefore, the
errors presented in this section are only induced by spatial discretization.

In [45] it is stated that the Hermite spectral method does not provide good reso-
lution for all scaling factor . It is thence proved that to approximate Gaussian type
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5.3. Discretization schemes

functions e**”, the scaling factor o must satisfy 0 < a < v/2s. Consider the forward
FP equation

Oif (,) = cOpa f (2, 1) + O (v + ) f (2, 1)) = 0.

It is easy to see that the stationary solution, which satisfies 0, f = 0, or equivalently

O (cOpf — (yx +u)f) =0,

is as follows Y u
z) = Cyexp(=—z2 + —1z),
() = Coexpl - + )
where () is a constant. Comparing the stationary solution with the weight function

w(x), while the control variable v = 0, motivates us to set a = /5. This choice

satisfies the condition mentioned in [45], and seems to be the best option since to find
the optimal scaling factor is still an open problem.

To illustrate the importance of choosing a proper scaling factor, consider Case 1
with a known exact solution for the following FP equation

atf - asz - ar(xf> =0,

with the initial condition

22 7r

F(z,0) = %) (1 + cos(gm) exp(g)) .

The exact solution of this problem is given by

f(z,t) =e%) (1 + Cos(gxe_t) exp(%)e_%) :
Since the parameters of the FP equation are ¢ = 1, v = —1, and u = 0, we set
= /5t = \/Li ~ 0.7071. Figure 5.5 illustrates how different values for the scaling

factor may lead to different approximations for a given N. However, as mentioned
in [45] the Hermite approximation is accurate in solving for the asymptotic solution
also without an optimal a.

In Table 5.4, we see how fast the error decreases when t increases. After reaching
to the equilibrium solution the error remains at the value of the machine error. We
can investigate more about Hermite discretization with this experiment. Table 5.2
shows the decay of the error regarding increasing N.

Since in our Hermite spectral discretization, the initial condition of the differential
equation has to be mapped into the approximation space Vi, if N is not large enough
to have a precise representation of the initial data, one cannot expect a satisfactory
numerical result. However, in Figure 5.6 we see that for the problems dealing with
a Gaussian type function, the influence of the error in representing the initial data
becomes negligible along time evolution.
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25 T 25 T 25

8
8ot
Kot

Figure 5.5: Case 1: numerical (cross-marks) and exact solution (solid line) to the
FP equation with different scaling factors; left: o = 0.4, middle: o = 0.7071, right:
a=1; N =10 and T = 10.

“fA — fel’actHL2
2.0101e-11
1.2132e-16
3.0412e-18
3.0428e-18
3.0450e-18

T W N |

Table 5.1: Case 1: decay of the solution error at final time when 7" increases; N = 10,

a=0.7071.

N ”fA _fea:act”L2
5) 4.2193e-07
10 2.0101e-11
15 1.0275e-14
20 2.9166e-18

Table 5.2: Decay of the error in case 1 when N increases; T'=1, a = 0.7071

To examine the Hermite discretization scheme concerning positivity preserving
and conservativity, we introduce Case 2. In this experiment, we can also compare the
approximated solution with the exact solution of an FP equation with a non-zero u,
which is presented in [6] and will be emphasized in Chapter 7 where u plays the role
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| | | | | | | | |
-5 -4 -3 -2 -1 0 1 2 3 4 5

X

Figure 5.6: Case 1: Accurate approximation for the solution at 7= 1 (top graph),
even if the initial solution is not well approximated (bottom graph). Top figure:
N = 5, bottom figure: N = 10. Cross-marks represent the numerical solution and
the solid lines represent the exact solution.
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of a control variable. The exact solution of the FP equation

Ouf (1) = COpo f (2, 1) + 0o (v + u) f (2, 1)) = 0

with the initial condition
fo(z) = o(x)

is a Gaussian distribution with mean pu(t,u) = —u/y+ (u/7v)e? and variance %(t) =

—c/v(1 —e*"), that is
L ()
o) ¥ ( 25(t) ) '

Since it is impossible to represent the Dirac delta function §(0) by Hermite functions,
we apply a temporal shift in the exact solution in order to have a Gaussian function
as the initial condition. In Figure 5.7, time ¢ = 1 has been considered to be the
starting time of the process which evolves under the action of the control u = 2. We
observe how fast the approximation becomes accurate as N increases.

Since in this case, u # 0 and consequently the stationary solution is not centered at
zero, it becomes harder to deal with a proper choice of the scaling factor a.. By trying
different values of «, we gain the best estimate corresponding to a = 0.7. however,
the error estimate presented in Table 5.3 is not as perfect as the estimation in Case
1, which is due to considering a constant scaling factor instead of a time dependent
one. The idea of the time dependent scaling factor is discussed in [75], while one can
also think about inserting a translating factor into the Hermite functions to treat the
non zero-centered Gaussian functions. This strategy is applied in [74].

Further, Table 5.3 verifies that when the number of the expansion terms is large
enough to have a non-negative representation of the initial PDF, the discretization
scheme leads to a non-negative solution of the forward FP equation. We observe that
the property fR f(z,t) =1, t > 0, is perfectly preserved independent of the number
of expansion terms.

fla,tu) =

N | Error Iglelﬂg fa(z,0) I;lelﬂgl fa(x,5) | o falx,0)dx | [g falz,5)dx
5 | 0.4307 | -3.1391e-04 -0.2628 1.0000 1.0000
10 | 0.0403 | -5.8202¢-05 -0.0095 1.0000 1.0000
15 | 0.0054 | -2.3574e-06 | -8.5076e-05 1.0000 1.0000
20 | 0.0053 | -2.7610e-08 | -2.5495e-07 1.0000 1.0000
25 1 0.0053 | -7.8068e-10 | -1.2459e-11 1.0000 1.0000
30 1 0.0053 | -2.9185e-11 0 1.0000 1.0000

Table 5.3: Case 2: Positivity preserving and conservativity of Hermite discretization.
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Figure 5.7: Case 2: Approximations of the initial PDF and the solution at T = 5.
Top figure: N = 5, middle figure: N = 10, bottom figure: N = 15. Cross-marks
represent the numerical solution and the solid lines represent the exact solution.
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5.3.2 The Fokker-Planck equation for PDP processes

To apply Hermite spectral discretization, we consider another class of FP equations,
where the PDF corresponds to a piecewise deterministic process. We consider the
PDP model introduced in Chapter 3, that is a first-order system of ordinary differen-
tial equations, where the driving dynamics-function is chosen by a renewal process.

We recall from Chapter 3 that the time evolution of the PDFs of the piecewise
deterministic process

d
dt

is governed by the following FP hyperbolic system,

EX(1) = Asy (X(1)., 1 € [f0,00), (5.17)

Orfs(x,t) + 0. (As(z) fs(2, 1)) ZQSJfJ z,t), SES, (5.18)

where Q;, 5,7 € S, are the components of the transition matrix Q. The initial
conditions for the PDFs of the FP system are given as follows

fo(,0) = fl(x), se€S, (5.19)
where f2(z) >0,z € RY >0 1fR [oz)dx = 1.

For Hermite spectral discretization, we focus on the following structure: Ag(z) =
asx+cs, where ay and ¢4 are constants s € S. This choice of the dynamics A, includes
the dissipative process subject to dichotomic noise considered in [8]. In this case, the
proposed scheme can be validated by comparison with some exact solutions.

After replacing A, equation (5.18) becomes

S

Ofs = —ax0pfo — c0ufo+ (Qus —as) fo + > Quifj,  sES. (5.20)
j=1
J#s

We denote the approximation of f,(-,t) with fi(-,t) € Viy, where

fi(z,t) Zfs t)H,, (x (5.21)
We insert (5.21) into (5.20) and obtain
S
d r's — r's I8 £'s he r's kS £j S 5.99
J#s

where d;, = Q. +asn, [;, = av2n(c,), by, = a;y/n(n — 1), ki = Q,; and foo=f,=
0. Equation (5.22) is valid for 0 < n < N and gives the following system of ODEs

dfa(t)

2 = My(Dfa(0). (5.2
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where
fA = [f(:)la 7f]{[7f37"' 7f]2Va"' 7f(3ga"' 7f]€f]T'
The matrix My is a S(N + 1) x S(N + 1) sparse matrix as follows

[ dj k3 ks
hod k3 kg
hy 1 dy k kb
hy Iy dy ks ks
ki dy k3
ki i 4 k3
12 2L & K2
M; = A
ki e I dy k3
kS kS ds
ky ky Iydy
kS kS RS
i ky k3 hy 1% d¥)

The initial data f,(z,0) = f(z), s € S, needs also to be represented in the Hermite
functions space by the following

N
fa@) = fif,(a),
n=0
where

fi= ﬁ/ﬂ{fg(x)Hn(x)wa(x)dx, n > 0.

Let

f_A = {f_&a 7f_]1\77f_[?7"' 7f_]2\]7"' 7.][_'()37'” 7f_]€]]T7
Now the PDE problem of approximating the solution of the forward FP equations
reduces to the problem of solving the following linear first-order system of ODEs,

% = Ms(t)fa(t), fa(0) = fa.

We notice that the solution fA is given by

~ —

fa(t) = exp(Mjt) fa-
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5.3.2.1 Conservativity

Here, we deal with conservativity of the discretization scheme, which is another es-
sential property for the discretized FP system. In fact, we require

5 s
s _ 0
;/RfA(xat)dx;/Rfs(x)dx, t>0.

Lemma 8 makes it possible to prove the following theorem.

Theorem 13. The Hermite spectral discretization of the FP system is conservative,

that is,
d (S
— fAlz,t)dx | =0, t>0.
d&;AA<>

Proof. We have

£ frene) - 25

Notice that, we have used Lemma 8, which says that the integral of all Hermite
functions over R is zero except Hy. Now, we have the following

SIS
St
)

~
N—

I
]«

Q.. fi(t) + Z Q. f3 (1)

J#s

@
I
—_
@
Il
—

Qi (1)

I
E
]

j=1 s=1
S

= 2 R Z%J
=1
JS )

= Y fi®)yx0

I
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This proves conservativeness of the FP system. In particular, we have

s S
> [ fwndr=3" [ fwa=1 >0

5.3.2.2 Convergence analysis

In this section, we discuss the approximation properties of our Hermite discretization
scheme applied to the FP optimality system (6.12). We show that the approximations
for the state variable is spectrally convergent.

Theorem 14. If f, € L>(0,T; H;, (R)) for s € S and v > 1, then for all t € [0,T]
the following holds

1£:C. ) = FAC DI, = ONT).

Proof. For any s € S, we have

ol ) = falz,t) = Y fiOHu(2) =) fa(t)Ha(2)

Notice that for constant controls no truncation error appears in calculating the
Hermite coefficients f* by solving the ODE system (5.16). This is because of the
fact that for m > n the value of f* is independent of the value of f2. That is,
Py fs(-,t) = fA(+,t) for every t € [0,T]. So we have the following bound for the error

2

1£sCot) = FACOIG, = /R[ Y. LiOHu(@)| w(z)de

2—2r

o —-r 2
s '7t AW "
>, — IR,

<

Therefore, we have [|f,(-,1) — fa (- £)|2, = O(N~").

5.3.2.3 Numerical experiments

The forward equations are expected to approach the steady equilibrium state asymp-
totically. As discussed in [4] and [82], the steady state is known in the case of a PDP
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with dichotomic noise where the dynamics corresponds to a linear filter. We have
Ai(z) = —a1x 4 ¢1 and Ay(x) = —asx + ¢ and the following FP model

O fi(z,t) + 0 (—arx + ¢1) fi(z, t)) = Quifi(z, t) + Quafo(x, t), (5.24)

(9tf2(:1:, t) + 8;,; ((-agilf + Cz)fg(l', t)) = QQlfl(.T, t) + Q22f2(l’, t) (525)
In particular, we choose ay = as = 7, ¢y = W, co = =W, Q11 = Qo = —p and
Qo = Qo1 = [t

Defining 0 = u/7, one has lim; . (f1 + f2) = P., where P,, is the equilibrium
density given by

7 T(0+1/2) 2712\
@) == T (1 ~ ) ) '

The equilibrium density is defined in the interval Q = [-W/vy,W/v], and is zero
outside of Q. P.,(x) has the transition point at § = 1. The point x = 0 is the
maximum if 4 > 1, and is the minimum if § < 1. We consider these three cases
regarding the value of ¢, and compare with F,, at time ¢ = 20. Let W = 1, and
consider the initial conditions

1 —x?

exp
\/ 8ol ( 203

with 02 = 0.5. Notice that these initial condition functions are infinitely differentiable.

In the first case, Case 1, we set © = 2 and v = 0.25, so that 6 = 8 > 1 and
) = [—4,4]. Figure 5.8 along with Table 5.4 show the spectral rate of convergence
for a« = 0.7. We obtain evidence of accurate approximation of Hermite spectral
discretization regarding the Gaussian-type functions. Therefore, for the setting with
0 > 1 just a few expansion terms are adequate to have an accurate approximation,
since the equilibrium solution presents a Gaussian shape in this case [5].

f@) = f(x) = ),

N | IfA+ SR = Peglle | Jo(fa + fR)(x,0) da | [o(fA + fR)(=,30) dr
3 2.04¢-2 1.0000 1.0000
10 1.36¢-3 1.0000 1.0000
15 4.90¢-4 1.0000 1.0000
30 2.22¢-5 1.0000 1.0000
60 7.340-6 1.0000 1.0000
120 5.86¢-7 1.0000 1.0000

Table 5.4: Conservativity and spectral convergence in Case 1; o = 0.7.

In the second case, Case 2, we set 4 = 0.2 and v = 1 to have 6 = 0.2 < 1.
The domain of definition of P., is 2 = [—1,1]. Since we have singularity points at
the boundary of €2, we cannot expect to observe a good approximation in the space
of continuous Hermite functions when N is not very large. In this case, the scaling
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Figure 5.8: Case 1, § = 8; Numerical (dash-dot line) and equilibrium solution (solid
line) to the summation of states f; + fo; top: N = 3, bottom: N = 10; a = 0.7.
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factor plays an essential role, which we notice by plotting the solutions corresponding
to different values of a. For instance, in Figure 5.9 we plot the results for a = 0.7.
Figure 5.10 shows that with a proper scaling factor, we can improve with Hermite
functions to represent singularities. However, the number of expansion terms must
be large in this case to remove undesired oscillations which are due to singularities.

In the third case, Case 3, we choose © = v = 0.5, and consequently 6 = 1 and
2 = [-2,2]. We again encounter a discontinuous solution, which is P, (z) = 0.25
for v € Q, and P.y(x) = 0 for x ¢ . In Figure 5.11, we can see that we need a
high resolution to overcome this discontinuity. Figure 5.12 illustrates the effect of the
scaling factor in improving the accuracy for a fixed number of expansion terms.

The results show that the Hermite approximation attempts to capture the sin-
gularities, which are at the boundary points of the domain of definition in the cases
where 0 < 1 and 6 = 1. It leads to an oscillation near the boundary points, and
results in negative values. To illustrate the influence of non-differentiability on the
numerical results, we present the solutions for Case 2 at early times t = 1 and ¢t = 2.
It can be seen that undesired oscillations appear near the boundary of the domain of
definition as time proceeds. The same behavior is expected for Case 3, which is con-
firmed by the solutions plotted at times t = 2 and ¢ = 3 in Figure 5.14. Notice that
in these cases, we reach the steady state at time ¢ ~ 10. In spite of non-negativity, it
can be observed and numerically verified that in all cases the discretization scheme
is conservative. That is, the integral of the summation of the PDFs over the whole
domain is preserved as time proceeds.
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Figure 5.9: Case 2, § < 1; Numerical (dash-dot line) and equilibrium solution (solid
line) to the summation of states f; + fo; top: N = 10, bottom: N = 50; a = 0.7.
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Figure 5.10: Case 2, § < 1; Numerical (dash-dot line) and equilibrium solution (solid
line) to the summation of states f; + fo; top: o = 0.7, bottom: o = 1.4; N = 100.
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Figure 5.11: Case 3, § = 1; Numerical (dash-dot line) and equilibrium solution (solid
line) to the summation of states f; + fo; top: N = 10, bottom: N = 50; a = 0.5.
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Figure 5.12: Case 3, § = 1; Numerical (dash-dot line) and equilibrium solution (solid
line) to the summation of states f; + fo; top: a = 0.5, bottom: o = 0.8; N = 100.
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Figure 5.13: Case 2, § < 1; Numerical solutions at ¢ = 1 (top) and ¢ = 2 (bottom);
a = 1.4 and N = 100. Thin lines correspond to f; and thick lines correspond to fs.
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Figure 5.14: Case 3, § = 1; Numerical solutions at ¢ = 2 (top) and ¢ = 3 (bottom);
a = 0.8 and N = 100. Thin lines correspond to f; and thick lines correspond to fs.
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Chapter 6

Fokker-Planck optimality systems

6.1 Definition of optimal control problems

Optimal control problems consist of the mathematical models in which the underlying
task is to transfer the state of a dynamical system from a given initial position into
a desired terminal condition. Naturally, there are always practical constraints that
are imposed by a particular situation. Nevertheless, there exists generally freedom
in the choice of the controls over time to achieve a desired objective. This leads
to optimization problems. In some cases, problems are naturally associated with
an objective function to be minimized or maximized. However, we also encounter
problems in which there is no such choice, and imposing a criterion may simply
be a means to generate procedures that allow one to come up with a reasonable
solution to the underlying problem. Therefore, the problem of transferring the state
of a dynamical system from a given initial condition into a set of desired terminal
conditions, while at the same time minimizing some objective associated with the
motion, and possibly a penalty on the terminal state, is a most natural one. These
belong to the general type of problems that are analyzed with the tools and techniques
of optimal control theory. In this chapter, we study two infinite-dimensional optimal
control problem.

6.2 Derivation of FP optimality systems

6.2.1 Optimal control of the FP equation for Ito processes

We formulate the problem to determine a control u € R’ such that starting with an
initial distribution p the probability density f satisfying the FP equation

d

O f(x,t) — = Z aig(x,t) f(@,6) + > O, (bil,tiu) f(x,8) =0

3,j=1 i=1
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evolves towards a desired target probability density fy(x,t) at time ¢ = T. This
objective can be formulated by the following tracking functional

T(Fw) = SIS CT) = Fub DI, + Sl (61)

where |u|*> = u + ...+ uZ, and v > 0 is a constant. With || - we denote the

following

[

WM@:/UWWMWW%
Q
2,..2

where w, () = exp(a”z?) is a weight function, and o must be appropriately chosen.
The optimal control problem to find u that minimizes the objective J subject to
the constraint given by the FP equation is formulated by the following

mmMU@ﬂ—ﬁmﬁwa+gw2 (62

O f(x,t) ——Z iy (ij(2,1) f(2,1)) +Zaxz i(x,tu) f(z,t) =0 (6.3)
f(@,0) =p(x).  (6.4)

Notice that for a given control function u, Theorem 2 states that the solution of the
FP model (6.3)-(6.4) is uniquely determined. We denote this dependence by f = f(u)
and one can prove that the mapping u — f(u) is twice differentiable [72]. Therefore,
we can introduce the so-called reduced cost functional J given by

J(u) = J(f(u),w). (6.5)

Correspondingly, a local minimum u* of J is characterized by J’ (u*;0u) = 0 for all
du € RY. h

To characterize the solution to our optimization problem, we consider the Lagrange
formalism and formulate the first-order optimality conditions. Consider the Lagrange
functional

L(f,u,p) =

// (@f—— D> Dos, (i f gax (bi(u) f)) pw, dz dt,

7,0=1

where p = p(x,t) represents the Lagrange multiplier. The first-order optimality
conditions for our FP optimal control problem are formally derived by equating to zero
the Frechét derivatives of the Lagrange function with respect to the set of variables
(f,u,p); see, e.g., |20, 72|. The optimality conditions result in the following optimality
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6.2. Derivation of FP optimality systems

system. We have
Of =5 i1 02y (0 ) + 0 On, (0i(u) /) =0 i Q,

(state equation)
F(2,0) = pla) in
(initial condition)
—O(pwa) — % Zz] 1 i 02, (p Wa) — Z?:l bi(u) Oy, (pwa) =0 in @,
(adjoint equation)
—p((II,T) :f<I,T)—fd(I,T) in Q7
)

(terminal condition

yuH—fOfQ(Zl18z1(8ulf)>pwadxdt:0 n@, [=1,....¢

(optimality equations)

Notice that the state variable evolves forward in time and the adjoint variable
evolves backwards in time. We remark that the FP equation is a particular instance
of the forward Kolmogorov equation and the adjoint equation resembles the backward
Kolmogorov equation.

It should appear [6, 7] clearly that the Ith component of the reduced gradient vJ
is given by

. T d Ob
(VJ)[ZVUZ‘F/O' /g; (Zzlarz <a_ulf)> pwadxdt, l:17"‘)£7 (67)

where p = p(u) is the solution of the adjoint equation for the given f(u).

Notice that the optimization problem given by (6.2)-(6.4) represents a bilinear
control problem where the dependence of the state f on the control u is nonlinear and
the corresponding optimization problem is nonconvex. However, standard arguments
[6, 7, 20, 72, 104] allow to prove existence of optimal solutions of the open-loop control
n (0,7).

6.2.2 Optimal control of the FP equation for PDP processes

We introduce in
Oy fs(,t) + 0p(Ag(x) folx, 1)) ngjfjxt seSs,

a control mechanism in the deterministic dynamlcs of a PDP process, and consider
Ay(x,us) in (Q,U,), where U, C R, s € S, are closed compact sets. We assume
that for a given state (z,s) of the system, admissible open-loop control functions
us(t) : [0,T) — Us, s € S, exist and are continuous in the interval [0, T"). Further, we
assume that Ag(z,us), s € S, are Lipschitz continuous and differentiable in the set
(2, Us) so that the differential system

d

EX(t) = As)(X,ur@(t), te€l0,T),
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has a unique solution. In the following, we denote with f = (f,)5_, and u = (u,)5_;.

Notice that the control strategy has a bilinear structure.
We consider the problem to find optimal controls u,, s € S, such that the solution
to the FP model

Oy fo(z,t) 4 0, (As(, us) fo(, 1)) Z Q.;filx,t), s€ES, (6.8)
subject to
fo(z,0) = f2(z), s€S. (6.9)
minimizes the following cost functional
13 T
w) =5 > MG D) = IOl + 5 D sl (6.10)
s=1 s=1
where fT = (fI,---, fF) € C°(R,R®) is a vector of given functions with trace zero

that represents a desired target PDF at time T, v > 0 is the weight of the cost of
the control, and |.|;; denotes a norm in the space of the controls. It is assumed that
J(f,u) is twice Frechét-differentiable and that the second Frechét derivative J” is
locally Lipschitz-continuous. This objective models the requirement that the PDF of
the PDP at final time, f,(-,T), approaches as close as possible the desired target f7I.
We choose the following weighted L?-norm

loll2, = / o(e)Pwn (),

where w,(7) = exp(a?z?) is a weight function and « is the scaling factor. In compact
form, we have the following optimal control problem

mlgl J(f,u), (f,u) subject to (6.8) — (6.9), (6.11)
ue
where U = U; x -+ x Ug. This is an infinite-dimensional constrained minimization

problem [20], whose solution can be characterized by the corresponding first-order
optimality system. In order to derive this system, we introduce the following Lagrange
function

L(f,u,p) = J(f,u)

S T
;/0 /R<atf5+8 us fs ZQSJf]) pswadxdt

where p = (p,)2_, is the vector of adjoint PDF variables. The first-order optimality
conditions for the optimal control problem (6.11) are formally derived by equating
to zero the Frechét derivatives of the Lagrange function with respect to the set of
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variables (f, us, ps); see, e.g., [20]. We obtain the following optimality system. For
s €S, we have

atfs + ax(Asfs) - Zle Qsjfj in R x
fs(z,0) = fo%(z) in R,

(0,T), (state equation)

(
—0h(pswa) — AsOs(pstwa) = 25:1 Q,spjw, in R x (0,7), (adjoint equation)

(

T).

initial condition)

—ps(z,T) = fo(2,T) = fi(x) IR,
Vs + [5 02(0u, Asfs) pswadr =0 in (0,

terminal condition)

(optimality equation)

(6.12)

Note that the adjoint system describes the backward evolution of the adjoint
variables, starting with the terminal condition at ¢ = 7', and it is strictly hyperbolic
as the forward equation. Hence assuming f € C*(R x (0,7")) and a desired smooth
target fT € C*°(R,R¥), we have p € C*(R x (0,T),R%). Based on these regularity
results and on the convexity and differentiability of the cost functional and on the
form of the optimality condition, standard arguments apply to prove existence of
optimal solutions; see, e.g., 20, 28, 59, 72, 78|.

In the case that constant controls in [0, 7] are required, we have the following
optimality condition

T
Vg + / / 0p(0u, As fs) Dswo dz dt = 0.
0o JR

We mention this case because in [8] a model predictive control strategy is investigated
where on each time window constant controls are considered. For this reason, the error
estimate focuses on constant controls.
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Chapter 7

Hermite spectral discretization of FP
optimality systems

This chapter aims to introduce and analyse Hermite spectral discretization as an
appropriate discretization scheme in the field of optimal control problems involving
parabolic and hyperbolic FP equations in unbounded domains with bilinear control
structure.

7.1 A FP optimality system for an Ito stochastic pro-
cess

We consider a FP control problem corresponding to a representative stochastic process
given by the Ornstein-Uhlenbeck process, and for simplicity we focus on an one-
dimensional setting, d = 1, in which the drift function b is linear and the diffusion
coefficient a is constant. We have b(x,t;u) = yr + v and a(z,t) = 2¢, where v < 0,
w and ¢ > (0 are constants. In this case, the optimality system is given by

O f(x,t) — cOpu f (2, ) + Op (Y + 1) f(x,t)) =0, inQ,

f(z,0) =p(z), inQ,

—0(p(z, )wa(x)) — Oz (p(z, )wa(x)) — (v + )0, (p(z, H)wa(z)) =0, InQ,
—p(@,T) = f(z,T) = fa(z,T), inQ,

T
uu+/ /ﬁxf(x,t)p(a:,t)wada:dt:(), in@,
0o Jr

where w,(x) = exp(a?z?) is a weight function and « is the scaling factor.
The state and adjoint variables are approximated in the space of Hermite functions

as follows
=S fuH(2),  plat) =Y pat)H(2)
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For the adjoint equation, we note that the following approximation

is equivalent to

The initial data f (z,0) = p is also represented in the Hermite functions space by
plx) =>° fIH,(x), where

A

fn = N /Rp(x)Hn(x)wa(x)dx, n > 0.

After calculating the numerical solution of the forward equation, we have f (x,T) =
Y meo fn(T)Hy(2). Since p(x,T) = fa(z,T) — f(x,T), the terminal condition for the
adjoint variable p can be approximated by p(z,T) = >~ pr,Hn(x), where

) o - 2
Pran=— / fa(z, T)H, (z)wy(z)dx — f,(T), n > 0.
VT R
Introducing the Hermite expansions for f and p into the state and adjoint equa-
tions, for n > 0 we have

A

S Fal) = nfult) + auvBnfu 1 (6) + (y + 20%) Vil — Dfaa(), (T1)

with f1 =0, f_» =0, and

—%ﬁn(t) = 17Pa(t) + aur/2(n + 1)pura(t) + (v + 20%) v/ (n + 2) (0 + 1)psa(t)(7.2)

The equations (7.1)-(7.2) represent two infinite systems of ODEs. These systems
are truncated by considering the approximations

A ~

[fA,O(t)7fA7l(t)>"' ’fAJV(t)] ~ [fo(t)7f1(t)>"']7

and
[Pao(t),Pai(t), -+ pan(t)] = [po(t), pi(t), -]

Therefore, the systems of ODEs which we solve are as follows

%fA,n<t> = nfyfAm(t) + au@fA,n,l(t) + (7 + 2a%¢)/n(n —Al)fA,nﬂ(t), (73)

fA,TL(O) = ﬁm
and
—LPan(t) = nyhan(t) + aun/2(n + 1)pans(t) + (7 + 202¢)y/(n 4+ 2)(n + 1)pan+a(t),
ﬁA,n(T) = ﬁT,na

(7.4)
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for 0 < n < N,0 <t <T, with fa; = 0 and pan_; = 0, i = —1,—2. Defining
T =T —t and §,(t) = p,(7), the last equation is equivalent to

Laan(t) = nydan(t) + auy/2(n + 1)gansi () + (7 + 202)/(n + 2)(n + 1)Ganr2(t),
qAA,n(O) = pATk,n'

(7.5)
The systems (7.3) and (7.5) can be written in the following matrix form,
df :
~ = Myfa, (7.6)
and dé
an A
ﬁ = MqQA, (77)
where

fA = [fA,()(t)a fA,l(t)7 T 7fA,N(t>]T7

gn = [qAA,O(t)a (jA,l(t)a e 7(.?A7N(t)]T7
and M; and M, are two (N +1) x (N + 1) three-diagonal matrices with the elements

nv, ZZ]?
auy/ 2n, 1—j =1, ..
(v + 2a%¢)y/n(n — 1), i—j =2,
0, otherwise,
ny, =1,

aur/2(n + 1), j—i=1, .
(Mq)uz 2 . . 1§ZaJSN+1a
(y+2a%)y/(n+2)(n+1), j—i=2
0, otherwise,

where n =i — 1. Notice that, the first row in M; and also the first column in M, are
ZEro.
Once we have calculated fa and ¢a by

fa(t) =exp(Myt) fR, and  Ga(t) = exp(Myt) G4,

the optimal control variable u can be computed. Representing the approximated
solutions by

fa(z,t) = Z AA n<t>ﬁn($)a and  pa(x,t) = ZﬁA n(t)ﬁn(‘r)v
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we have

/R(aocfA)pAwadx = /R(Z fA,n%ﬁn(aj)) (ZﬁA,nﬁn(x)> wad:p

N
Z 2(n+1)fA,n]5A,k/I:In+1(x)ﬁk(x)wadx
R

P T
— 0 Y VA Dfanpana

- _ 27 (n + 1)fA,nZ5A,n+1-

Then vu + fOT Jg Ouf(z,t) p(x, t) wo dz dt = 0 gives the following

1 e
un = == (Oufr:Pa)y, = ——/ /(&cfA)pAwadxdt
14 1% 0 R
1 N-1 T
= LY Vel D) / Fanbani dt.
n=0 0

7.1.1 Convergence analysis

We recall that substituting the Hermite expansion into the FP control system results
in two infinite systems of linear ODEs. Corresponding to each system, there is a
matrix M., which is lower triangular for the state equation and upper triangular for
the adjoint equation. To have a practical scheme, we have to truncate these matrices,
or equivalently, consider some truncated systems of ODEs. However, this truncation
is a source of error in our discretization scheme. In the following, we investigate the
influence of this error on the accuracy of our approximation method. Let ||.||2 be the
Euclidean norm in RV+!,

Lemma 11. Assuming f(-,t), fa(-,T) € Viy for any t € [0, T], and N is sufficiently
large so that there is no error in the spectral representation of the initial data, then

Ifn = fallo=0, and |[px = pall2=0.
That is, there will be no error for the truncation of the infinite ODE systems.

Proof. For the forward case, no truncation error appears in calculating the Hermite
coefficients fn by solving the finite ODE system (7.6). This is because of the fact
that the system (7.1) is uncoupled in the sense that for m > n the value of f, is
independent of the value of f,,. That is, Py f(-,t) = fa(-,t) for every ¢ € [0, T].
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The backward case can be analysed following the procedure proposed in [25].
Consider M, as the representing matrix for the ODE system transformed of the
adjoint equation, and M the corresponding truncated matrix. The matrix M is
obtained from M., by removing all rows and columns with index larger than N + 1.

We can write
. CHMI Y\ v <
A~ Moot 0 __ 00 0 _ v i 0
g=e q-—(E 5 )q—-EjﬁMQQ)

> A O
Qo1 = ) 57 (Med)n = > 5300
Jj=0 7=0

in which b = (M7 ¢%),, and the notation (v), refers to the n-th component of the
vector v. Since we have assumed that f(-,t), fa(-,T) € Vy, we have (¢°), = 0 for
n > N+1. Noting that M is an upper triangular matrix, it follows that (M, qA )n =0
for n > N + 1. Therefore, for 7 > 1,

N+1 N+1 N+1

b= 3@ = S (aas (VP = SOt
k=1 k=1 k=1
Similarly fan,_ 1 = > im0 zj, UA ., With
o (M)abs s J21n < N+1,
Dhn = (M fR)n =S (S, j=0,n<N+1,
0, n>N+1.

Therefore we have
£ .
fn l_fAnl Z]'(sz_bjA,n)u 71:]_’2’...,]\74_]_7
7=0
and consequently by introducing 6; = S>7 b — by s

N+1 j N+1

Z|fn1_fAn 1|<Z ZW bjA,n|_Z;i'0j-
n= j=0 "

Through the following argument, we find an upper bound for 6,.
N+1
0, = Y bl —bs
n=1

N+1 N+1 N+1

- Z | Z kbl = Y (M) by (7.8)

k=1
N+1 N+1

DD M) ullo ™ — byl

n=1 k=1

IA
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Therefore, we have

N+1 ' ' N+1 N+1 , )
0; < ST = U (M)l < eN?D T[0T = bioh] = eN26;,
k=1 n=1 k=1

for some positive constant ¢. With some calculations, we see that 6; < (cN?)76,.
: 7 5 N+1 N g 571
Since b = f9 and b} ,, = fR ., 6o = 1 B0 — b, | =D o 1f0 — fR.,.| is the error

n=1
in the representation of the initial data which is assumed to be zero. Therefore, we

have
N N 2
v = dall3 = > ldn — danl* < (Zmn—qm)
n=0 n=0
O 4 ? © 2
—0. - 2\J —
. (zﬂ@ - (zﬂ@szo) o,

J=0 J=0

and thence the desired result. O

To analyze the accuracy of the scheme, we first show that the approximations for
the state and adjoint variables are spectrally convergent.

Theorem 15. If f,p € L*=(0,T; H], (R)), r > 1, then for allt € [0,T] the following
holds

() = faC )%, = O(NT") and |p(-;t) = pa(, 1)l = O(NT")
for fa(x,t) = 27]:7:0 fAn<t)]_-7n(x) and pa(x,t) = Zgzoﬁﬁm(t)ﬁn(x)'

Proof. The argument is the same for f and p, so we only discuss the statement for p.
We have

p(l‘,t) _pA<:U7t) =

NE

Pu(t)Hn(2) =Y Pan(t)Ha(z)

n=0

= " (5u) ~ pan@) M) + D puld)a(2).
n=0 n=N+1

From Lemma 11 we know that the first term in the last line of the equation above is
zero, hence Lemma 7 in Chapter 5 gives us the following bound for the error
2

lp(-,t) = pal, )5, = 4[2 Da(t)Ha(2) | w(z)de

n=N+1

= YN a0

n=N+1

e 2—2r
« _
Z T n 7"Hp('at)”g,wa'

n=N+1

Therefore, we have ||p(-,t) — pa(-, t)||2, = O(N™"). O

<

|5 =5
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7.1. A FP optimality system for an Ito stochastic process

The following lemma provides an appropriate means to show that the Hermite
discretization method is stable.

Lemma 12. Let M be the (N + 1) x (N + 1) matriz My or M,, and let y(t) be the

solution to
d

—g(t) =My, §(0) = go.
dt

Then there exists a constant C such that for allt > 0

[9®)ll2 < Cwllgoll2-

Proof. Since the matrix M is triangular, it has N + 1 distinct eigenvalues A, = nv,
n=0,1,---, N, which are the diagonal elements of M. Therefore, M is diagonalizable
and can be decomposed as M = S™'DS, where D = diag(\,)Y_,. Hence, the system
of ODEs has the solution

y(t) = eMtZ?m

which implies the following
5@l < IS~ 2lle” 2015 12l190]l2-
Since v < 0, we have €2’ <1, n=0,1,---, N, and consequently

||€Dt||2 = Umax<€Dt) — \/ A1‘113‘)((62'Dt) — 1

It is easy to show that the matrices S and S~! have the same structure as the
matrix M. That is, they are lower triangular when M is lower triangular, and upper
triangular when M is upper triangular. Since S is consist of the eigenvectors of
M, it can be constructed in such a way that all diagonal elements are 1. Defining
§ :=||S]|max We have

1512 < (N 4 1)[[S]lmax = (N +1)3.
Furthermore, in [69] it is proved that
157 e < (5 + 1),
which results in
ISl < VN + 1S oo = VN +1(5 + 1),

Therefore, we have
19()ll2 < Cwllgoll2-

where Oy = (N + 1)%/2(5 + 1)N+1,

Based on Lemma 12, we have the following stability result.
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Chapter 7. Hermite spectral discretization of FP optimality systems

Theorem 16. There exists a constant C'y such that for all t > 0

1faCOllwa < Cnllfollz,  and |lpal ). < Cxllpolle-

Proof. We only prove the inequality for fa, since the argument is the same for pa.
We have

a0, = [ ) unlade = | (Zf ()T (x )wa(a:)d;c

Now, we investigate the spectral convergence in approximating the control vari-
able.

Theorem 17. Let f € L>(0,T;H}, (R)), r > 2 and N > 2. Then for a positive
constant ¢, we have

o
lu —ual < cTan_
n=N

Proof. We start from optimality equations in the continuous and discrete form:

T
mH—/ /(axf)pwadxdt:(),
o JRr

T
vua + / /(@CfA)pA Wy, dx dt = 0.
o Jr

We note that

/R(azf)pwaCm = A(anaxﬁn(l’g <Zﬁnﬁn(x)) wodx

= —QZZ\/ (n+1) fnpk/ w1 (2)Hy () wode
n=0 k=0

= _anzz() V 2(” + 1)fnﬁn+1g
= - Z V 2”(” + 1)]Enﬁn+1-
n=0
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7.1. A FP optimality system for an Ito stochastic process

Similarly, we have

N—-1
/(azfA)pAwadx = - Z V 27T(Tl + 1)fA,nﬁA,n+1-
R n=0

Therefore,

—( [@pwnte— [ <afo>pAwadx) = N arn T Db

NE

n=0
N-1
- V2r(n+1) fanbantt
n=0
N-—1
= 27T(7L + 1) (fnﬁn—i—l - fA,nﬁA,n-&-l)
n=0

+ Z \% 27T(TL + 1)fnﬁn+1-
n=N

Noting that

fnﬁn—l—l - fA,nﬁA,n—i—l = fnﬁn-&-l - fnﬁA,n—i—l + fnﬁA,n—l—l - fA,npA,n—i—l
- fn (ﬁn+1 - ]A)A,n—i—l) + ﬁA,n—l—l (fn - fA,n) )

we can write

N—-1
1 r A A
| [@uppada = [ @ufslpswndel < VAT = s
R R

T
)

+ Vn+1|ﬁA,n+1|'|fn_fA,n|
0

n=

+ Z V1 + 1‘anﬁn+1’
n=N

From Lemma 11, we have

N N
S fa—fanl?=0, and > [pan —pal* =0,
n=0 n=0

which implies that |f, — fan| = 0 and [pa, — pn| = 0 for n = 0,1,--- , N. Hence

%| / (00 f)pwads — / (Ocfslpande] < 32 VAol )
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Assuming N > 2, Lemma 7 in Chapter 5 gives us

-r

oo oo 1

£ A o —r —r
D Var el < 3 Ve L= w4 ) e Il
n=N n=N

00 o0
< Crp E nn—r/Qn—r/Q = ¢, 2 nl—r,

in which ¢y, = “—|| f||r.wa ||P[/r.w, - Therefore, the desired accuracy estimate for the
control variable u can be written as follows

a2—2'r

o0
lu —ua| < CTZ n',

n=N

_ V27
where ¢ = ¥=Fcy,,. [

7.1.2 Numerical experiments

As the first case, Case 1, we set ¢ =1, v = —1, v = 0.1, T = 1, and introduce the
following initial condition for the FP equation

2 7'('2

v T
plz) = e~ 7) (1 + cos(ix) exp(g)) , xzeR.
We consider this case since the exact solution of the FP equation is known, which
makes it possible to evaluate the accuracy of the discretization method. The posi-
tivity of the FP equation is not considered in this experiment. In order to illustrate
the spectral accuracy of the adjoint and the control variables, we insert the desired

function

z? ™

fa(z,t) == %) (1 + cos(gxe_t) exp(g)e_%)

into the optimality system, which is the same as the solution of the forward FP
equation. with this setting, the exact solution of the optimality system is given by
f=/fas,p=0,and u = 0. We apply our spectral discretization for this optimality
system, and obtain very accurate numerical approximations; see Table 7.1 for the
norm of the solution errors. We observe that the Hermite spectral method converges
spectrally and is very accurate even for small N.

In Case 2, we impose the PDF to follow a desired function which is a Gaussian
with a varying mean value. The control variable, then must vary in order to keep the
PDF as close as possible to the desired function. Let v = 0.1,

. (_ (z — 2sin(7rt/5))2)

202

fd(ZL‘, t) =

1
V2mo?
with o = 0.2, and consider the following setting for the evolution of PDF. The initial
PDF is

1 z?
0= Jrm "2
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7.1. A FP optimality system for an Ito stochastic process

N H.fA — feacact”L2 ||pA — pe:tactHL2 |UA - uexact’
5) 1.6858e-05 5.3832e-15 2.1653e-16
10 6.8641e-10 5.3836e-15 5.9684e-16
15 4.3062e-13 5.3870e-15 2.1858e-15
20 1.0100e-14 5.9588e-15 1.5715e-16

Table 7.1: Case 1: Accurate approximation results of the optimality system for dif-
ferent N.

with ¢ = 0.5, and the parameters in the forward equation are v = —1, ¢ = 0.32. We
consider a model predictive control scheme, which is introduced in [7] and presented at
the Appendix of this work, to track f; by the PDF. In this control scheme, we divide
the time interval [0,77] into k subintervals, and solve the optimization problem for
any time window of size At = T'/k. At any time window (ty, tx11] an optimal control
u imposes the PDF of that window to evolve towards the desired function fq(x,tgy1).
While for a given u, the state and the adjoint variables are approximated directly with
the Hermite spectral method, we employ the nonlinear conjugate gradient scheme
proposed in [7] to evaluate the optimal control w. The final PDF of a window is
considered to be the initial solution of the next window. Figure 7.1 along with Table
7.2 show the outcome of this control strategy. In this experiment, At = 0.5, « = 0.7
and N = 50.

Time interval u
(0,0.5] 1.1374
(0.5,1] 1.7166
(1,1.5] 2.0767
(1.5,2] 2.1216
(2,2.5] 1.9601
(2.5,3] 1.5307
(3,3.5] 0.9934
(3.5,4] 0.4265
(4,4.5] 0.0019
(4.5,5] 0.0000

Table 7.2: Case 2: The optimal control variable u at different time windows.
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Chapter 7. Hermite spectral discretization of FP optimality systems

Figure 7.1: Case 2: Approximated solution of FP equation (cross-marks) tracking the
desired PDF (solid line) at different time windows.
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7.2. A FP optimality system for a PDP Process

7.2 A FP optimality system for a PDP Process

We consider the FP optimality system corresponding to a PDP process, which has
been derived in Chapter 6, as follows

atfs + 833(Asfs> - Zle Qsjfj in R x
fs(x,0) = f)(z) inR,

(0,T), (state equation)

(
—0i(pswa) — AsOp(pswy) = Zle Q;spjw, In R x (0,7), (adjoint equation)

(

(0,

initial condition)

—ps(x,T) = fo(x,T) — fF(z) inR,
Vs + [5 02(0u,Asfs) pswodr =0 in R x

terminal condition)

T). (optimality equation)

(7.9)

and focus on the following structure, A(z,us) = asx + bsus + ¢5, where ag, by and ¢
are constants and the u, are given, s € S. This choice of the dynamics A, includes
the dissipative process subject to dichotomic noise considered in [8]. In this case, the
proposed scheme can be validated by comparison with some exact solutions.

For developing the numerical scheme, we start by discretizing the forward system

8tf8 +ax( -T Us fs Z Qsjf], s €S.

After replacing A,, this system becomes

S

Ofs = —asx Oy fo — (bstts + €)0ufs + (Qus — as) fo + Y Quify,  s€S.  (7.10)
j=1
J#s

We denote the approximation of fy(-,t) with f3(-,t) € Vi, where

N
fala,t) =" fat) (7.11)

n=0

We insert (7.11) into (7.10) and obtain

d - R R
T 5 = A Fi ) + G L (8) + i +stf” s€S, (712)
J#s

where d? = Qg + asn, 15 = av2n(bsus + ¢5), hi = as\/n , k§ = Q; and
f_ fs = 0. Equation (7.12) is valid for 0 < n < N and gives the followmg system

of ODEs

Yol _ vy, (713

where

R £l 3 o) £2 £S £S1T
fA:[f07"' 7fN7f07"' 7fN7"' 7f0a"' 7fN] .
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Chapter 7. Hermite spectral discretization of FP optimality systems

The matrix My is a S(N + 1) x S(N + 1) sparse matrix as follows

[l kil kL
iodi k3 ks
plol dl kil kL
hy Iy dy k3 ks
k2 hF k2
ki §od kS
k? h: 12 & k2
My = T .
ki hy & di kS
ky k3 dg
kY k3 ody
kS kS RS 15 d5
I kY kS w15 ds |

Next, we discuss the discretization of the following adjoint equations
—0i(pswq) — A0 (Pswy,) Z QjsPjWa, S ES.
Replacing Ag(z, us) = asx + bsus + 5, this set of equations becomes
— 01 (pswa) = asx0;(pswa) + (bsus + ¢5)0z(pswy) + Z Q;spjWa, s€S. (7.14)
=

We denote the approximation of p, by pi = S~ 55 (1) H,(z) € Viy. We have

N
(pAwa x, t - Z

ﬁz H,(azx). (7.15)

We insert (7.15) into (7.14) and obtain

S

d ~S s ~S j ~J

=B (0) = P () + LB () + Wpora () + Y KDL, s €S (7.16)
#s

By setting py,,; = Py o = 0 for s € S, equation (7.16), with 0 < n < N, gives
us a system of ODEs. We introduce the time transformation 7 = T — ¢, and define
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7.2. A FP optimality system for a PDP Process

qs(t) = ps(7) and ¢, (t) = p,(7) to make this system forward in time. The resulting
initial-value system can be written in the following matrix form

dga(t .
150 _ v, (7~ Daalt) (r.17)
where
qAA:[qAéf"7qA]1V7qA(2)7"'7@]%/'7"'7@57"'7@]%]T'
The matrix M, is a S(N + 1) x S(N + 1) sparse matrix as follows
[y R K kY
- kY kY
2 s
dyo Uy by g - i
dy_1 ly h
dy k3 kY
k3 g 1 h3 kS
k3 kS
- 2 Bra B 1 :
q Ar B
ky d3 ks
ks kS dy 7 h3
ks ks Lo
1 2
ks & By 0
. Ay I}

The initial data fs(z,0) = f2(z), s € S, needs also to be represented in the
Hermite functions space by the following

fa@) =3 fif,(a),

where

fo= ﬁ/Rfs (v)H, (x)wa(x)dz, n > 0.

Since ps(x,T) = fI(x) — fs(x,T), after calculating the numerical solution of the
forward equations, the initial conditions for the variables g5, which are the terminal
conditions for the adjoint variables p,, can be approximated as follows

N

G =Y piHa(),
n=0

where

m= / ST (@), (2)wa(2)dx — f2(T), n>0.

115
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Let
fA:[f(:)la 7f]{[7f37"' 7f]2Va"' 7f(3ga"' 7f]€f]T7
q_A:[Q[%7 7q_]1\77q_(2)7"' 7612\/'7”' 7q_OS7"' 7@]%[]71'

Now the PDE problem of approximating the solution of the forward and backward
FP equations in the optimality system (6.12) reduces to the problem of solving the
following two linear first-order systems of ODEs,

dfa(t)
dt

dga(t)
dt
We notice that for the case of constant controls, the solutions fA and ga are given by

falt) = exp(Myst) fa  and  Ga(t) = exp(M,t) ga.

Next, we focus on the control variables u,. Recall the Hermite expansions

= M(t)fa(t),  fa(0) = fa,

and

= My(T = 1)4a(t),  4a(0) = ga.

fA(z,t) = fa®Hau(e), and  pi(z.t) =D p(H)Ha(x).
We have

/8x(8usAsz)psAwad:c = /bsafopsAwadx
R R

— _bsa/R (Z 2(n+1) ASI;LLH(x)) (Z ﬁfLHn(I)> W (z)dx
- —bsaz S V2 1 f; / o (o)l (@) (2)
n=0 k=0 R

— b Z VAT LS.

Therefore, the optimality condition vu, + [; 0y(0u, As fs)Pswa dzz = 0 gives the follow-
ing

1
WAt = — / 0, (D, Ao f2) DA Wad

by o N s
_ b stnﬂ.
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7.2. A FP optimality system for a PDP Process

For constant controls, we have
1 (7
uy = ——/ /8$(8uSASfZ)psAwadx dt

= bmzvn‘i‘ /f;pfzﬂ

7.2.1 Convergence analysis

In this section, we discuss the approximation properties of our Hermite discretization
scheme applied to the FP optimality system (7.9). To analyze the accuracy of the
scheme for constant controls, we first show that the approximations for the state and
adjoint variables are spectrally convergent.

Theorem 18. If f,,ps € L>(0,T;H], (R)) for s € S and r > 1, and the control
variables are constant, then for all t € [0,T] the following holds

1£:C. ) = FAC, DI, = ONT) and |Ips(-,) = pa(- )5, = O(N).

Proof. For any s € S, we have

ol t) = falz,t) = Y fiOHa(2) =) fa(t)Ha(2)

Notice that for constant controls no truncation error appears in calculating the
Hermite coefficients f* by solving the ODE system (7.13). This is because of the
fact that for m > n the value of fS is independent of the value of fS That is,
Pnfs(-,t) = fA(,t) for every t € [0,T]. So we have the following bound for the error

2

60 - B0l = [ [Z FiOR@)| vl
- TS e
n=N-+1

—2r
N fs G

< VT
a
n=N+1
Therefore, we have || f,(-,t) — fA(-,t)[|3, = O(N").
Regarding the adjoint variables p,, s € S, we note that the coefficient matrix M,

is the transpose of the matrix M. Therefore, in the framework of discretize-before-
optimize |20], we have the same estimate for the adjoint variables. []
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Next, we investigate the spectral convergence in approximating the constant con-
trol variables in our bilinear control mechanism.

Theorem 19. Let f, € L*(0,T;H], (R)), s €S, r > 2 and N > 2. Then for a
positive constant cs, we have the estimate

o
lus — ul\| < e Z n'~
n=N

Proof. Consider the optimality equations in the continuous and discrete form. We
have

T
Vg + / / O0p(Ou Asfs) ps wo dz dt = 0,
o Jr

T
vup + / Aax(ausAsz)pz Wy, dx dt = 0.
0

We note that

[oonasypde = [, (ZfsaH )(Z )wadaz
~ b [ (Z V2 + D ff( ) (Z >wadw
- —baZOkZ%\/T fips / ot (@) Hy (2)woda
= aZJT sﬁzﬂ
L R D
"o

Similarly, we have

N—-1
/ O0(Du A F2) PAwadz = —by S /2m(n + 1) 255
R n=0

Therefore, we obtain

_ / 0, (00 Aufy)petrad + / 00 (B0, Auf2) prtiadz
R R
[e'e) N—-1
= b Z V2r(n+1) Sﬁfl-‘rl bs Z V2r(n+1 fzﬁfwrl
n=0
= b, Z\/ (n+ 1) 205,
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Hence

[ 000 A s — [ 0,00, A3 prands] < 0 VER S Va1 5
R R "

Assuming N > 2, Lemma 7 gives us the following

S VI IROHFA0] < 3 VAF L= 0+ )LDl 46 Ol
n=N

n=N
oo oo
< ¢, Z nn"Pp7T? = c, Z n'r,
n=N n=N
in which ¢}, = @H Fs(5 ) lrwa llps (-5 t) || 7w - Therefore, the desired accuracy esti-

mate for the control variable u, can be written as follows

[e.9]
lus —ul)\| < ¢ Z n'",
n=N

where ¢* = [b,| Y2 fOT cypdt. O

v

7.2.2 Numerical experiments

We present results of numerical experiments to validate the accuracy of the Hermite-
spectral discretization for approximating the solution of the PDP FP optimality sys-
tem. We anticipate that the results of numerical implementation depend on the value
assigned to the scaling factor a introduced in the weight function exp(a?x?) which
also appears in H, (ax) to produce the n-th Hermite function. It is still an open prob-
lem how to find the optimal scaling factor, in spite of significant attentions payed to
the importance of this issue in scientific literature; see, e.g., [45, 74, 75]. When deal-
ing with a Gaussian function as an initial condition or as the equilibrium solution,
it is possible to follow the arguments presented in [45] and [74] to select a suitable
scaling factor. Concerning a Gaussian function like exp(—/3z?), we can set a = /3
which is a simple choice satisfying the necessary condition o < /203 prescribed in the
above-mentioned references. However, concerning time dependent problems, where
the characteristics of the solution change during the time evolution, the best scaling
factor for representing the initial solution may depend on time. It means that for
evolutionary problems it may be advantageous to consider a time dependent scaling
factor, which is beyond the scope of this work. We find a proper scaling factor by
experimental trials.

To examine our discretization scheme for the optimal control problem we insert
time-dependent controls u; and us into the FP equations (5.24)-(5.25). We specifically
have A;(z,u;) = —x+wu; +1 and As(x,us) = —x—uy— 1, and introduce the following
target functions
—(z—1+e 1)

202

fi (@) ( ),

1
= ex
24/ 2mo? P
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and
1 —(z+1—eT)?

T

xr) = ———=exp .
Weset v =0.1,02 =005 u=2~v=1 W =1,T = 10, a = 1.5, and aim to
approach as close as possible to the target functions f{ and fI starting with the
initial conditions

— e
exp
\27mod 207

with 02 = 0.1. To solve the optimality system (6.12) with this setting and time-
dependent controls, we apply the nonlinear conjugate gradient method proposed in
[7, 20]. The results of approximating the state variables f; and f, are depicted in
Figures 7.2 and 7.3, which illustrate how the solutions improve by increasing the
number of expansion terms.

Figure 7.4 refers to the approximation of the adjoint variables p; and ps corre-
sponding to N = 50. In Figure 7.5, we can follow the time evolution of the control
variables u; and us. Since both f; and fs have the same initial PDFs and also follow
the same Gaussian targets which are centered differently, the controls u; and us coin-
cide. Similar results are obtained in the case of different targets; see Figures 7.6-7.7.
In this experiment, we have considered the same setting as the previous test, with
the only difference that o2 = 0.05 in f{ while 02 = 0.1 in f].

filz) = f(z) = ),
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Figure 7.2: Numerical solutions to the states of the optimality system (dash-dot lines)
and the target functions (solid lines) at time ¢ = T'; top: N = 5, bottom: N = 10;
« = 1.5. Thin lines correspond to f; and thick lines correspond to f.
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Figure 7.3: Numerical solutions to the states of the optimality system (dash-dot lines)
and the target functions (solid lines) at time t = T'; top: N = 50, bottom: N = 100;
« = 1.5. Thin lines correspond to f; and thick lines correspond to fs.
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u1(t) and u2(t)

1
1
1
1
1
1
1
L 1
05 !
1
1
1
1
1
1

Figure 7.5: Numerical solutions to the time-dependent control variables; N = 50,

a = 1.5. Thin line corresponds to u; and thick line corresponds to us (both solutions
coincide).
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7.2. A FP optimality system for a PDP Process
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Figure 7.6: Top: Numerical solutions to the states of the optimality system (dash-
dot lines) and the target functions (solid lines) at time ¢ = 7. Bottom: Numerical
solutions to the time-dependent control variables. Thin lines correspond to f; and u,
and thick lines correspond to fs and us; N = 50, a = 1.5.
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Chapter 8

Conclusion

The Fokker-Planck equations which we considered in this thesis are mathematical
models describing the time evolution of the probability density function of Ito stochas-
tic processes and piecewise deterministic processes. We therefore summarized at the
beginning of the thesis the most important concepts which were necessary to have
an intuitive understanding of these stochastic processes. We then discussed the FP
equations as second order partial differential equations. In particular, we illustrated
how to derive the FP equations of parabolic and hyperbolic type from corresponding
stochastic process.

After establishing the fundamental definitions and setting for FP equations, we
discretized the equations in both bounded and unbounded domains. In the case
of a bounded domain, we considered and discussed finite difference discretization
schemes to approximate the solution of FP equations. Particularly, for parabolic FP
equations, finite difference schemes based on the Chang-Cooper method and first- and
second-order backward time differencing schemes were investigated. These schemes
provide conditionally stable solutions that are second-order accurate in space and
first- and second-order accurate in time, respectively. Moreover, these schemes satisfy
conservation and positivity properties of the Fokker-Planck solution. These properties
were theoretically proven and validated by numerical experiments.

Next, we investigated the Hermite spectral discretization of the FP equations, both
parabolic and hyperbolic types, defined on unbounded domains. First the required
properties and equipment for spectral methods and particularly Hermite approxima-
tion were discussed. Then the discretization schemes were analyzed, and the accuracy
of the Hermite spectral method was proved by showing that, in the both cases, the
error decreases spectrally as the number of expansion terms increases. Moreover, it
was proved that the proposed discretization schemes preserve conservativity of the FP
solutions. Results of numerical experiments demonstrated the theoretical estimates.
Since a weighted Hermite approximation method was used, the optimal choice for the
scaling factor in the weight function was investigated with numerical experiments.

The rest of the thesis was dedicated to the optimal control problems related to the
FP equations. We first shortly introduced the optimal control problems, and discussed
the optimal control problems governed by FP equations to find controls with the
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Chapter 8. Conclusion

purpose of driving the random processes to attain desired objectives. For the both
cases, [to stochastic models and PDP processes, we derived the corresponding FP
optimality systems consisting of the state, the adjoint, and the optimality condition
equations. We then investigated the Hermite spectral discretization of these FP
optimality systems in unbounded domains. The accuracy of the discretization scheme
was discussed by showing spectral convergence in approximating the state, the adjoint,
and the control variables that appear in the FP optimality systems. To further
investigate the effectiveness of the method, results of numerical experiments were
presented as well.
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Chapter 9

Appendix. A model predictive
control scheme

Our purpose is to define a control strategy for the probability density function of a
stochastic process to track a given sequence of desired PDFs in time. In mathematical
terms, this means to minimize the tracking objective at a given time instants. Let
(0,T) be the time interval where the process is considered. We assume time windows
of size At = T/N with N a positive integer. Let ¢, = kAt, k = 0,1,...,N. At
time ¢y, we have a given initial PDF denoted with p and with fy(-,tx), k=1,..., N,
we denote the sequence of desired PDFs. Our scheme starts at time ¢y and solves
the minimization problem min, J(f(u),u) defined in the interval (to,t;). Then, with
the probability density function f resulting at ¢ = ¢; that solves the optimal control
problem in (to, t1), we define the initial PDF for the subsequent optimization problem
defined in the interval (¢1,¢5). This procedure is repeated by receding the time horizon
until the last time window is reached. This is an instance of the class of receding
horizon model predictive control (RH-MPC) schemes [76, 79] that is widely used in
engineering applications to design closed-loop algorithms. In fact, we implement a
MPC scheme where the time horizon used to evaluate the control coincides with the
time horizon where the control is used. One important aspect of this approach is that
it can be applied to infinite dimensional evolution systems [59], that is the case of the
FP model. We refer to [86] to show that the closed-loop system with the RH-MPC
scheme is nominally asymptotically stable.
The RH-MPC procedure is summarized in the following algorithm.

Algorithm 20 (RH-MPC Control). Set k =0, py = p;
1. Assign the initial PDF, f(x,ty) = pp(x) and the target fi(-,tri1);

2. In (ty,tyr1), apply Algorithm 22 to solve min,cre J(f(u),u), thus obtain the
optimal pair (f,u);

3 Iftir1 < T, setk:=k+1, pp = f(-,tx), go to 1.
4. End.
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Chapter 9. Appendix. A model predictive control scheme

Next, we discuss the first step of Algorithm 20, that consists in solving min,, J(f(u), u).
In fact, the solution of the FP control problem given by the mapping u — y(u) allows
to transform the constrained optimization problem in an unconstrained one as follows
in J(u). 1
min J(u) (9.1)
Thus the solution to the FP equation is included into the objective at w € U C RE.
Further, to compute V,J(u) for a given u, we have to solve first the forward FP

equation and then the adjoint FP equation. This procedure is summarized in the
following

Algorithm 21 (Evaluation of the gradient at u).
1. Solve the discrete FP equation with given initial condition;
2. Solve the discrete adjoint FP equation with given terminal condition;
3. Compute the gradient V,J(u) using (6.7);

4. End.

It is clear that the solution of the FP optimality system may become prohibitive
when high-dimensional stochastic processes are considered. In this case, special tech-
niques for solving high-dimensional partial differential equations are in order; see,
e.g., |53, 110].

We solve the optimization problem by implementing the gradient given by Al-
gorithm 21 in a nonlinear conjugate gradient (NCG) scheme. Nonlinear conjugate
gradient schemes represent extensions of linear conjugate gradient methods to non-
quadratic problems; see, e.g., [48, 94]|. In the common variants, the basic idea is to
avoid matrix operations and express the search directions recursively as

dir1 = —Gut1 + B di, (9.2)

where g, = Vj(uk), k=0,1,2,..., with dyg = —gy. The iterates for a minimum point
are given by

Uk+1 = Ug + g dk, (93)
where oy > 0 is a steplength that satisfies the Armijo condition of sufficient decrease
of J’s value as follows

J(ug + apdy) < J(ug) + 6 o (VI (ug,), di)y (9.4)

where 0 < § < 1/2; see [84]. Notice that we use the inner product of the U = R
space.

The parameter (3, is chosen so that (9.2)—(9.3) reduces to the linear CG scheme if J
is a strictly convex quadratic function and a4, is the exact one-dimensional minimizer
of J along di. In this case the NCG scheme terminates in at most n steps in exact
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arithmetic. This case provides a lower bound to the computational complexity of
NCG schemes.

There are many different formula for Sy which result in different performance
depending on the (nonlinear) problem. We use the formulation due to Dai and Yuan
[35] as follows
py _ (Grk+1, Gr+1)u
‘ (drs yr)o (9:5)

where yx = gr+1 — G-
The NCG scheme is implemented as follows.

Algorithm 22 (NCG Scheme).

e Input: initial approx. ug, dy = —Vj(ug), index k = 0, maximum Ky, toler-
ance tol.

While (k < kmaz €6 ||gk|ge > tol ) do

Search steplength oy > 0 along dy, satisfying (9.4);

Set upy1 = up + oy dy;

Compute g1 = VJ (upsr) using Algorithm 21;

Compute BPY given by (9.5);

Let dgy1 = —grr1 + B dis

Setk=k+1;

End while

o RS s e o~
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