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Preface

Abstract

This thesis deals with the hp-finite element method (FEM) for linear quadratic optimal
control problems. Here, a tracking type functional with control costs as regularization
shall be minimized subject to an elliptic partial differential equation. In the pres-
ence of control constraints, the first order necessary conditions, which are typically
used to find optimal solutions numerically, can be formulated as a semi-smooth pro-
jection formula. Consequently, optimal solutions may be non-smooth as well. The
hp-discretization technique considers this fact and approximates rough functions on
fine meshes while using higher order finite elements on domains where the solution is
smooth.

The first main achievement of this thesis is the successful application of hp-FEM to two
related problem classes: Neumann boundary and interface control problems. They are
solved with an a-priori refinement strategy called boundary concentrated (bc) FEM
and interface concentrated (ic) FEM, respectively. These strategies generate grids that
are heavily refined towards the boundary or interface. We construct an elementwise
interpolant that allows to prove algebraic decay of the approximation error for both
techniques. Additionally, a detailed analysis of global and local regularity of solutions,
which is critical for the speed of convergence, is included.

Since the bc- and ic-FEM retain small polynomial degrees for elements touching the
boundary and interface, respectively, we are able to deduce novel error estimates in
the L?- and L>°-norm. The latter allows an a-priori strategy for updating the regular-
ization parameter in the objective functional to solve bang-bang problems.

Furthermore, we apply the traditional idea of the hp-FEM, i.e., grading the mesh
geometrically towards vertices of the domain, for solving optimal control problems
(ve-FEM). In doing so, we obtain exponential convergence with respect to the number
of unknowns. This is proved with a regularity result in countably normed spaces for
the variables of the coupled optimality system.

The second main achievement of this thesis is the development of a fully adaptive
hp-interior point method that can solve problems with distributed or Neumann con-
trol. The underlying barrier problem yields a non-linear optimality system, which

vii
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poses a numerical challenge: the numerically stable evaluation of integrals over pos-
sibly singular functions in higher order elements. We successfully overcome this diffi-
culty by monitoring the control variable at the integration points and enforcing feasi-
bility in an additional smoothing step.

In this work, we prove convergence of an interior point method with smoothing step
and derive a-posteriori error estimators. The adaptive mesh refinement is based on
the expansion of the solution in a Legendre series. The decay of the coefficients serves
as an indicator for smoothness that guides between h- and p-refinement.

viii
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3
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There exists
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Do

[Ti; ol
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Partial Differential Equations

Q

on,T
Q
{Qitier
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The boundary of

The closure of §, i.e., Q U 9N

A 2d-network of pairwise disjoint, polygonal subdomains,
such that Q = (J,.; Qs
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CHAPTER 1

Introduction

Optimal control theory is a versatile mathematical discipline with applications in many
fields. It has gained interest over the last decades mainly because increasing computa-
tional power allowed to tackle large and complex real life problems numerically. For
offering reliable results, a thorough theoretical analysis of solution algorithms, their
convergence properties, and approximation quality is inevitable. The investigation of
optimal control problems started in the 1970’s (see [101]) and is still the center of
attention for many books such as [81, 98, 99, 144].

This thesis is concerned with numerical solution techniques for linear quadratic op-
timal control problems with elliptic partial differential equations (PDEs). There are
two major issues that need to be handled:

e the discretization of the PDE, building on results from regularity and approxi-
mation theory,

e the optimization process, building on functional analysis and (numerical) opti-
mization.

Depending on the order of these concepts, the terminology first-discretize-then-optimize
or first-optimize-then-discretize is common.

We are going to follow the first-optimize-then-discretize approach and stay in infinite—
dimensional function spaces for the construction of optimization algorithms. The
semi-smooth Newton-method and the interior point method will be of major inter-
est. Only after the construction of solution algorithms, the problem is discretized with
the finite element method (FEM).

1.1 The Finite Element Method

The term Finite Element Method (FEM) appeared first in 1960, but the ideas behind
it are even older and can be traced back to the engineering sciences. Being a powerful
numerical tool for a variety of engineering disciplines, the FEM quickly found its way
into applied mathematics where stability, discretization errors, and convergence rates
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are thoroughly investigated (see [85]). It has been a very active field of research ever
since.

The standard way to gain accuracy of the approximate solution is to refine the tri-
angulation of the computational domain, which introduces more degrees of freedom.
A vast amount of publications deals with this so called h-version. We merely mention
[34, 35, 43].

An alternative way of enlarging the number of unknowns is to increase the poly-
nomial degree of finite elements. This, so called, p-version is less common and its
convergence speed strongly depends on the regularity of the solution to the PDE. See
[17, 26, 93, 135].

Let us explain this briefly using an example from [48]. Consider the smooth function
e” and the non-differentiable function

1 ifx<-—1/2,
j@)y=¢ 1 ifz>1/2,
2v ifxe[-1/2,1/2).

We project the functions onto two different discrete approximation spaces:

e polynomials on I := [—1, 1] of degree p collected in R[z],,

e piecewise linear function on an equidistant partition of I.

Figure 1.1 shows the maximal error between e”, j(z) and the projections e, (z), j,(z)
onto R[z], with respect to increasing values for p.

100 [ T T T ] 100 F T T B

— llep(2) — €[l L1y i — llip(#) = j (@)l |

1072 | i |

1074 | | |

-1 |

10-°| l 1

1078 | ! ]

10-10 | I |
| | | | 1072 | | |

0 2 4 6 8 10 0 10 20 30 40

polynomial degree polynomial degree

Figure 1.1. The approximation error of polynomials of increasing degree.



1.1 The Finite Element Method

We see that the convergence speed for e, (z) and the smooth function e” is much faster
than for j,(x) and the non-differentiable function j(x). In fact, the p-version converges
exponentially, whereas the piecewise linear approximation of ¢ shows an algebraic
error decay (see Figure 1.2). If we project j(z) onto the space of piecewise linear
functions, the approximation jj, is exact (j,(x) = j(z)) after two repeated bisections
of [—1,1].

10° |-
1072 :
1074 1
1070 1
1078 |

— llep(z) — ¥l peo(r) |
10-10 |- — llen(z) — €®|lLo(r) |

Lol Lol L1l
10° 101 102 103
number of unknowns
Figure 1.2. The approximation error for high-

degree polynomials and piecewise linear func-
tions.

This example heuristically shows that h-refinement should be favored for non-smooth
functions, whereas p-refinement is efficient for smooth functions.

The core idea of the hp-finite element method (hp-FEM) is to combine both refine-
ment techniques as follows: Approximate functions by

e polynomials of high degree on large elements in regions of high regularity,

e polynomials of low degree on small elements in regions of low regularity.

This strategy has been thoroughly investigated in the 1980’s and 1990’s in [9, 10, 11,
12, 13, 14] and [52, 119, 123]. The monographs [51, 53, 87, 135, 152] and [106]
give an overall and self-contained access to the topic.

We now have a feeling for the two main ingredients that are necessary for establish-
ing error estimates: the regularity of functions and the ’character’ of the approximation
space. Only if both concepts 'match each other’, it is possible to obtain optimal con-
vergence rates. In this thesis, we will encounter countably normed spaces with weight
functions that are specifically designed for the approximation space.
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1.2 Application to Control Constrained Optimization
Problems

The main goal of this thesis is the application of hp-FEM to the optimal control problem
(P), which is rigorously introduced in Section 2.2.

o 1 v
minimize J(u,y) := §|| Y= Yd H%z(m + §|| u ||2L2(U)

(P) subject to
Ay = Bu onf{),
U € Uggq.

This formulation covers the case of distributed, Neumann, interface, and other con-
trol problems all at once. We follow the classical notation of [144] and denote the
control by u and the state by y. The adjoint state, which is introduced for a compact
formulation of the first order necessary conditions (see Theorem 2.3.4), is denoted by
g. In presence of control constraints and v > 0, the optimal control can be expressed
as (see Theorem 2.3.5)

1
u* = Py, (VB*q*) ; )

where Py, is the projection onto the feasible set Ugq.

This fact poses a challenge for numerical solution algorithms using the hp-FEM: the
non-smooth projection formula restricts the global regularity of optimal controls in
general. It may occur that the optimal control v* has discontinuous derivatives at the
interface of active and inactive sets. What weighs even more, the location of these
’kinks’ is not known a-priori. Further bounds on the regularity of the state and adjoint
variable are set by the domain 2, which is assumed to be polygonal. Usually, the
solution of a PDE displays singular behavior at the vertices of the boundary 992.

In order to profit from the hp-idea, we carefully investigate the smoothness of the
optimal variables and then examine how well functions are approximated by the un-
derlying finite-dimensional FE space.

There are very few works that use the hp-FEM for solving optimal control problems
with box constraints on the control (see [27, 28, 157, 158]). The reasons for this are
twofold. First, the general implementation of higher order methods is more involved
due to the need of

e high-order quadrature formulas for discretizing the weak formulation of the PDE
constraint,

e handling the degrees of freedom through connectivity arrays and orientation
information,

e sophisticated methods that guide between h- and p-refinement.



1.3 Solution Techniques and their Main Ideas

Second, the projection formula (%) is challenging if it is applied to functions of higher
polynomial degree. On a linear finite element, approximations ¢ of the adjoint ¢* are
typically represented by the values at the nodes of the discretized domain. A projection
is necessary if and only if at least one of these values is out of bounds. The values
that represent ¢; on higher order finite elements, however, may all be admissible
but still ¢; ¢ U,q. This is due to ’oscillatory’ behavior of non-linear polynomials.
Identifying the points that need to be projected or the corresponding sets is challenging
but inevitable for the implementation of practical solvers.

1.3 Solution Techniques and their Main Ideas

The contribution of this thesis is the development of solution algorithms for (P) and
an elliptic state equation using the hp-FEM. The latter has hardly been used for optimal
control problems. Rather, it is common to employ solution techniques like (projected)
gradient methods, (semi-smooth) Newton methods, SQP or interior point methods
with the h-FEM.

1.3.1 The Semi-Smooth Newton Method and A-Priori Discretizations

The first approach to find optimal solutions is the solution of the optimality condition
(x) with a semi-smooth Newton method. An a-priori error analysis regarding the
accuracy of piecewise constant functions with respect to the mesh size h was started
by the early works [64, 67]. Since then, different ways of discretization have been
thoroughly investigated for problems with Neumann boundary control (see, e.g., [4,
38, 39, 80, 104, 125]) and distributed controls (see, e.g., [7, 40, 110, 126, 127]).
Some of the results even hold for semi-linear state equations and non-quadratic cost
functionals. A more detailed survey on the exact order of accuracy is given at the
beginning of Chapter 5.

In the same spirit of these publications, but equipped with the hp-FEM, we are going
to investigate the accuracy of approximation and derive a-priori error estimates for
Neumann boundary control problems. We carefully examine the regularity of the
optimal variables of (P) because this critically influences the speed of convergence,
which we have illustrated by the above example.

We investigate different FE methods on hp-meshes that are heavily h-refined towards
regions of non-smoothness:

e the boundary concentrated (bc) FEM (see [57, 88]),
o the interface concentrated (ic) FEM,
o the vertex concentrated (vc) FEM (in the spirit of [9, 12]).

The be-FEM is designed to solve problems with smooth data everywhere except for the
boundary of the domain. While larger elements of higher polynomial degree approx-
imate the solution in the interior of the domain, lower order elements of smaller size
are employed with decreasing distance to the boundary. The literature describes such



Chapter 1 Introduction

meshes as geometrically refined towards the boundary. The method can be viewed
as a generalization of the boundary element method (BEM) (see [76, 129] and the
references therein), but it is applicable to a wider range of elliptic problems.

The ic-FEM is a further generalization insofar as it is designed for 2d-networks with
piecewise analytic data. It consists of applying the bc-idea on each subdomain, which
is the reason why most results carry over. In this thesis, we investigate the application
to transmission problems, which are characterized by a low global regularity of the
solutions.

The vc-FEM carries the idea of geometric mesh refinement to an extreme and uses
lower order elements only near the vertices of the domain and near points where the
data is irregular. This procedure is well known from PDEs, where a correct discretiza-
tion yields exponential error decay (see [9, 12, 106, 135]) similar to the 1-dimensional
example in Figure 1.2. We are going to extend this result for the application to optimal
control problems with control constraints (see Section 3.3 and 4.4), which is one of
the key findings of this work. In order to judge the quality of the hp-algorithms, we
relate the error bounds to the number of unknowns because the concept of a mesh
size h does not need to be available for higher order methods.

1.3.2 The Interior Point Method and A-Posteriori Discretizations

The second approach to find optimal solutions of (P) is via an adaptive interior point
algorithm. Adaptive mesh refinement relies on a-posteriori estimates which aim at
reducing the error in a certain norm (see, e.g., [2, 16, 62, 149] and the references
therein) or reducing a quantity of interest (see the survey [20]). This idea has been
transferred to control problems with box constraints (see the survey [124] and [19,
66, 78, 83, 90, 91, 100, 102, 103, 151]) as well as integral constraints ([41, 70]). In
the latter case, the projection formula (x) only consists of scaling the adjoint, which
makes the application of hp-FEM simpler (see [42]).

The advantage of using interior point methods is the fact that the first order nec-
essary conditions become non-linear but smooth. They possess a smoothing property
that can be used for guaranteeing feasibility during the iterations of the algorithm.
Theoretical and algorithmic properties have been thoroughly investigated not only
for the control constrained case (e.g., [122, 130, 134, 148, 160] but also for state
constraints (e.g., [131, 132, 133]). Here, we refer the to reader the overview at the
beginning of Chapter 6.

The known results are exploited to construct a fully adaptive interior point method.
In order to benefit from higher order methods, the smoothness of the control variable
is estimated a-posteriori. To the best of our knowledge, this is the first adaptive method
that solves (P) with the hp-FEM.
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1.4 Outline of the Thesis

Chapter 2 begins with functional analytic preliminaries and several remarks on the
physical domain 2. Afterwards, we introduce a collection of function spaces which
allow the study of solutions to elliptic PDEs. Then we rigorously introduce the model
problem and establish existence, uniqueness, and first order optimality conditions.

Chapter 3 is dedicated to the study of regularity of optimal solutions in different
function spaces. We start by classical Sobolev-Slobodeckij spaces and then treat count-
ably normed spaces that contain weight functions to control the blow-up towards dif-
ferent regions of (2, such as the boundary, interface, or vertices.

Chapter 4 presents the hp-FEM. We provide general concepts, implementational de-
tails, and approximation results. For this purpose, an interpolation operator is con-
structed, which maps smooth functions into a special polynomial space. Depending
on the type of discretization, we show algebraic or exponential convergence with re-
spect to mesh size or number of unknowns, respectively.

In Chapter 5, we formulate the discrete numerical algorithm for solving the model
problem. Afterwards, several convergence results are established. We perform numeri-
cal experiments for the be-,vc-, and ic-FEM in order to support our theoretical findings.
Additionally, we compare the algorithms to each other and discuss their advantages.
The chapter also contains an excursion to problems with bang-bang character.

Chapter 6 offers a very different algorithmic approach: the interior point method
as an adaptive path-following method. We collect results on the underlying barrier
problem and prove convergence of an interior point method with smoothing step.
After that, we give a detailed description of the implementation, which adaptively
steers hp-mesh refinement and the update of the barrier parameter. We also derive
a-posteriori error estimates for this purpose. The chapter is closed by numerical tests
regarding hp-adaptivity and path-following properties.

Chapter 7 sums up the results of this thesis: the hp-FEM as an efficient, accurate and
flexible discretization method for optimal control problems. For future research, we
list possible extensions and further applications of higher order methods in the context
of control theory.

Parts of the thesis are published, see [27, 156, 157, 158].






CHAPTER 2

Optimal Control of Partial Differential Equations

Optimal control theory is a branch of mathematical optimization that is concerned
with influencing a physical system in an optimal way. The system is usually de-
scribed by differential equations, which may be coupled and subjected to additional
constraints. While the theoretical investigation of real life applications can be very
challenging, increasing computational power and storage of modern workspaces al-
low to solve more and more problems numerically. Applications comprise problems
from aerodynamics, fluid mechanics, biology, engineering, mechanics, and many more
disciplines.

In this thesis, we are interested in controlling an elliptic partial differential equa-
tion (PDE), where the state variable y can be influenced by a control u. An optimal
control shall minimize a tracking type cost functional J, which favors a desired state
yq. We will introduce a model problem which allows us to examine basic features
both from the theoretical and numerical point of view, while being general enough for
applications.

In Section 2.1 we collect functional analytic preliminaries before we introduce the
domain 2 and various functions spaces. Sobolev, Sobolev-Slobodeckij, and count-
ably normed spaces are introduced because they are necessary for approximation the-
ory. Section 2.2 is concerned with the rigorous formulation of the model problem
for smooth Neumann and transmission problems. Finally, existence, uniqueness, and
optimality conditions of optimal solutions are formulated.

2.1 Preliminaries

We start by some theory from functional analysis and collect several properties of
the domain 2 afterwards. As a variety of function spaces is needed for regularity
investigations, we provide their definitions and main characteristics as well as density
results and embedding theorems.
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More details on functional analysis can be found in the textbook [163]. The theory of
Sobolev spaces is covered in [1] or textbooks on PDEs such as [63, 72, 114]. We also
mention [95, 96] regarding weighted function spaces.

2.1.1 Functional Analysis

We restrict ourselves to real Banach spaces V, W with norms || - ||v, || - ||w, respectively.
An operator A : V — W is called bounded if there exists a constant ¢ > 0 such that
| Av||w < c|lv|v forallv € V. The set of all linear and bounded operators is denoted
by £(V, W) and is a Banach space under the norm

||AHL(V,W) = sup |[[Av|w.
lvllv=1

It is well known that for linear operators the concepts of boundedness and continuity
are equivalent.

The dual space of V is defined by V* := L(V,R) and V is called reflexive if and only
if (V*)* = V. We will make use of the duality pairing

<U/,U>V*7v, U/GV*,UEV
We say a sequence {vy }ren C V converges weakly to v € V' (v, — v) if and only if

klim (W —vyysy =0 W eV
c—» 00

If the norm || - ||z of a Banach space H is induced by an inner product, we speak of a
Hilbert space and denote its inner product by (-, ) .

The following two results are classic and proved in, e.g., [163, Theorem III.6, Theo-
rem II1.7].

Theorem 2.1.1 (Riesz Representation). Let H be a real Hilbert space. For alll' € H*,
there exists an | € H such that (I,v)g = (', v) g~ g and ||V |z = || 1] &-

Theorem 2.1.2 (Lax-Milgram). Let H be a Hilbert space and a : H x H — R a bilinear
mapping which is coercive, i.e.,

la(z, z)| > CoH1'||2 Vo € H,

and bounded, i.e.,
la(z,y)| <allzllflyll Vz,ye€ H.

Then there exists a uniquely determined bounded linear operator S : H — H with a
bounded linear inverse S~! such that

a(z,Sy) = (z,y)n  Vz,y € H.

Additionally, || S || z(a,m) < cgl and || S~1 Il cem,m) < ci

10



2.1 Preliminaries

For w’ € W* and an operator A : V — W, the adjoint operator A* : W* — V* is
defined by

(A*w')v = w'(Av).

With the duality pairing, we can write (A*w',v)y- v = (W', Av)w-w. It is well
known, that the mapping of an operator to its adjoint is linear and isometric. Since
(A*)~t = (A~1)*, we use the abbreviated notation A~* for the inverse of A*. For the
case of V' = W being a Hilbert space, we call A self-adjoint if and only if (A*)* = A.

An operator A : V — W is called Gdteaux-differentiable at v in direction h € V, if
and only if there exists a map A’ € £L(V, W) such that

lim A(v +th) — A(v)
t\0 t

= A'h+o(| hlv).

We say that V is continuously embedded in W (V — W) if and only if there is a
continuous, injective and linear mapping ¢ : V — W. Since continuity of linear
mappings is equivalent to boundedness, it follows that || i(v) ||lw < c(?)]| v ||v, where
c(7) is a positive constant depending on the map i. This definition aims at continuous
embeddings of function spaces.

2.1.2 The Domain

Generally, a domain (2 is an open and connected subset of R™, n € N. We will only
investigate the case of bounded domains in R? whose boundary 992 =: T" is a polygon.
The boundary is split into a Dirichlet and Neumann part, denoted by I'p and T/,
respectively. It may be partitioned into [ straight line segments I';, ¢ = 1, ...,[ that are
collected in £. Each line segment either belongs to the Dirichlet boundary (I'; € £p)
or Neumann boundary (I'; € £x). We denote the end-points of these segments by
Xi,...,X;,and set X := {Xy,..., X;}. Furthermore, it holds T'; NT';;; = X; with the
convention I';, 1 :=I';. A point X is called vertex.

We say the boundary of a domain is C%! or Lipschitz if for each z € 9 there is a
neighborhood V' of x and new orthogonal coordinates (y1, y2) such that

L V={(y,52) €R® : |y;| <a; eR", i=1,2},
2. there exists a Lipschitz continuous function ¥ : (—ay,a1) — (—ag, az) such that

e ONV ={yecV : yp <V¥(y1)},

e I'NV={yeV : yp=V(y)}.

Obviously, polygonal domains have Lipschitz-boundary, which in turn implies the
segment- or cone-property (see [1]).

11
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We speak of a 2d-network {Q;};cr with I = {1,...,ns} if Q can be partitioned into
ny € N pairwise disjoint, polygonal subdomains ©; such that Q = U;c;Q;. We further
stipulate a compatibility condition among the subsets, i.e., exactly one of the following
holds for i,j € I, i # j:

o]

i N Qj = @,
e ;N Q; is a common vertex,

e 2, N Q; is a common side, denoted by 7:;- These parts of the boundary are
referred to as interface and are collected in Z.

In the context of 2d-networks, the set of vertices X is enlarged by the set of interior
vertices. The restriction of a function u : Q — R to one subdomain €, is denoted by

2.1.3 Function Spaces

For 1 < p < oo, we denote the space of functions whose p-th power is integrable
by LP(Q2). The underlying measure is the Lebesgue-measure, which will sometimes
be denoted by meas; for the dimension i = 1,2. Essentially bounded functions are
collected in L>((2).

A property of v € LP(Q) holds almost everywhere (a.e.) in €, if it is violated only
on a set of Lebesgue-measure zero. In fact, functions are only defined up to a set of
measure zero, which is why LP-spaces contain equivalence classes of functions.

Endowed with the norm

1/p
lvllLe) == (/ |v(ax)|P dm) for1 <p < o0,
Q
| v|Le () = esssupg|v(z)] for p = oo,
LP(Q)) becomes a Banach space. In the sequel, we sometimes omit (2 in the notation

of Lebesgue or other function spaces if the context forbids confusion or the domain is
of no relevance. For the special case p = 2 and the inner product

(v, w)r2(q) = /Qv(x)w(x) dz,

L?(2) is a Hilbert space. Owing to the boundedness of the domain (2, we have the
embedding LP(2) — L(Q) with p > ¢. This is proved with Holder’s inequality

1/p 1/q
/ vw dz < (/ |v|? da:) (/ |w]? dx) ,
o Q o

where 1/p + 1/¢q = 1 (and the obvious extension for p = oo). The case p = ¢ = 2
reproduces the Cauchy-Schwarz inequality.

12
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It is well known that for 1 < p < oo the dual space of L”(2) can be identified with
L%(2), where q is the dual exponent ¢ = p/(p — 1). The well-definedness of the dual
pairing
(v, W) Lr(Qy,LaQ) = / vw dx
Q

follows, again, from Holder’s inequality.

Sobolev spaces have turned out to be suitable for developing a notion of weak so-
lutions of PDEs. For k being a positive integer, we denote by W*?((2) the space of

functions which are k-times weakly differentiable and whose derivatives lie in LP((2).
For a multi-index o € Nj we denote (weak) derivatives by

@, _ AQoq o4
D% =0 ...0;"v.

The Sobolev space is complete under the norm

H v H;;Vk,p(Q) = Z H D*v ||1£;D(Q)'
0<a|<k

We agree on the notation W%?(Q2) = LP(€). The highest derivative is measured by
the semi-norm
o ey = 3 D02, -
la|=k

The Sobolev-Slobodeckij space W*?(Q2) with areal value s =k+o >0, k €N, 0 €
(0,1) extends the above definitions. It comprises functions from W*?(Q) with the
finite norm

|Dv(z) — DY (y)[P
oy = o ey + [ [ 50 P20 qray 2

lel=k

The expression |z —y| = dist(x, y) denotes the Euclidean distance between two points.
An alternative way to define spaces with ’fractional’ derivatives, is to proceed by real
interpolation. For more details see [1, Chapter 7], [35, Chapter 14], and [22]. We
now use s € R as exponent and agree on the notation H*() := W*2%(Q) because we
are dealing with a Hilbert space. The well known trace theorem states the existence of
a linear and bounded trace operator

Tr, : WP(Q) = W VPP(Dp), v Trov = vlp,

if s <1and s—1/p > 0is not integer, see [1, 72]. This is a generalization of the clas-
sical restriction of continuous functions to the boundary. The trace space W*~/?(I'p)
can be characterized as in (2.1) with the exponent 1 + op in the denominator and I'p
as domain of integration, see [117, Subsection 1.2.3].
The trace operator allows us to define functions which are zero at (parts of) the
boundary; i.e.,
WpP(Q) :={v e W*P(Q) : Trpv =0}

13
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The classical result that C>°(Q) N W*P(Q) is dense in W*»(Q) holds for general open
sets Q and 1 < p < oo (see [1, Theorem 3.17]). If Q satisfies the segment-property
(which is weaker than I' € C%1), the set of restrictions to  of functions C°(R") is
dense as well (see [1, Theorem 3.22]). This result extends to WP () with s > 0 if
the domain Q2 allows for a continuous extension operator from W*? (1) to W*P(R™)
(see [115, Theorem 2.4]).

We also mention the standard Sobolev embeddings.

Theorem 2.1.3. Let Q@ C R™ be bounded with Lipschitz boundary. Then the following
continuous embeddings hold true for k, k' e N, 1 < p,p’ < oo and 8 € (0,1):

WHhP(Q) < WP (), >k k-~ >k -2
p D

WhP(Q) < C™8(Q), k>0, k-2 >m+p.
p

The result is proved in, e.g., [1, Theorem 4.12]. For the special case s € [0, 1], we can
combine Theorem 5.4 and Theorem 6.5 of [115] to obtain

1,221 if
wer oy pagy  {9€Latgl isp<n, (2.2)
q € [1,00) if sp > n.
Proposition 2.1.4. Let o € (0,1) and n = 2, then
H'7(Q) — C%7(Q). (2.3)

Proof. First, we see that Theorem 2.1.3 yields H'*7(Q) — H(Q) — L(Q) for 1 <
q < oo. Forv € H'*7(Q), we find Vv € H?(Q) — L7 (Q) with ¢’ € [1, ;2] by (2.2).
Consequently,

H1+U(Q) N Wl,min{q,q’}(Q) _ Wl’q/(Q).

Applying Theorem 2.1.3 to W2/(1=9)(Q) proves the result. O

It is commonly known that irregular domains promote singularities in the solution
of elliptic PDEs (see Section 3.1). For instance, a blow-up in the first derivative can
occur in reentrant corners. Weighted Sobolev spaces allow a more rigorous description
of such phenomena and are a generalization of the previous spaces because weak
derivatives no longer have to be integrable.

Definition 2.1.5. A function r : Q — R is called weight function if and only if r is
measurable and attains only positive values almost everywhere.

Obviously,
ry(x) = Xingjmin{l,dist(x,X)}, McQ 2.4
€

satisfies the properties of Definition 2.1.5.

14
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Let us mention two important examples.

e The boundary weight function

rr(z) = )%réfr min{1,dist(z, X)}, xz€Q (2.5)

for the boundary I' = 92.

e The vertex weight function
ry(x) == H min{1,dist(x, X)}, x€Q (2.6)
Xev

for a finite set of points (usually vertices) X C V = {Xy,...,X,,} C T with
m > . Note that this function is defined slightly different from (2.4) because it
contains a product over the distances to the vertices. Since (2 is assumed to be
polygonal, we can find a constant ¢ > 0 such that

1 < i . . < .
cry(z) < )yéfv min{1,dist(x, X)} < erp(x)

The definition in (2.6) has the advantage that a specific weight can be assigned
to each vertex. Let 8 € R™ be a multi-index satisfying 8 = (51, . . ., ﬁm) € (0,1),
where the inclusion is understood component-wise. We set forz € Q, p € Z

ry ()PP = H min{1, dist(z, X)}P*+5.
Xev

The weight function rr will play an important role in Sections 3.2 and 4.3, whereas
ry appears in Sections 3.3 and 4.4. Weight functions give rise to the space L?({,r),
which is defined as the set of measurable functions with finite norm

lvllzrr = (/ﬂr(x)lv(x)p dx)l/p.

Additionally, W*»(€,r) comprises all functions whose weak derivatives up to order
k € Nlie in L?(Q, r). If there exist constants 0 < ¢; < r(z) < ¢z, we obviously have

WhP(Q,r) = WFP(Q).

For a bounded weight function r, such as ry, r, embeddings for function spaces with
decreasing powers of r, e.g.,

WHEP(Q,re1) s WHP(Q,7°2) with 0 < &) < g < 0.

are straightforward. Interestingly enough, the space W*:P(), r) is not necessarily a
Banach space and density results may fail to hold (see [121]). We mention the Muck-
enhoupt class A, of weight functions, satisfying

sup (1/rdx> <l/r_i1 dx>p1<oo p>1
Bcre \|B| Jp 1Bl /5 ’ '

15
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This condition guarantees the completeness as well as the density of smooth functions
(see [69]) and is satisfied if »—1/(»~1) ¢ L1(Q). It is directly shown in [96, Proposition
7.6] that C*°(€2) is dense in W*?(Q,7¢) fore > 0 and r € {ry,rr}.

A further generalization of the above function spaces is obtained if each derivative
D is weighted with r<(®), Let

VEP(Q) = {v e LP(Q) : rPHeIkDoy € 1P(Q), o] < k).

This space has already been used in the seminal work [92]. Various properties and
embeddings for VB’“’p can be found in [117, Chapter 1]. For sufficiently large g, i.e., if

B > kp — 1, [95, Proposition 9.6] states that the spaces V;/’g (2) and WkP(Q, ) are

the same and their norms equivalent. Note that the weight function in Vﬁk P generally
can blow up for small values of |«|, which forces functions to vanish at points where r
is zero (see [117, Theorem 1.23]).

Furthermore, we denote by Hé’l(Q) with 8 > 0 the completion of C>(Q) with re-
spect to the norm

| v ||ilgt(9) = lvlFn-1(0) + | PPN (1220, I >1, (2.7a)
10 By0000y = 11y = 1777970 [ 1=, (2.7b)
where ,
| PPy ”%Q(Q) = Z [ PP D%y H%Z(Q)'

ar=1,...,a,=1

The following result can be found in [15, Equation (2.2)].
Proposition 2.1.6. For [ > 2 and Q2 C R?, we have the continuous embedding
H Q) = C'72(9Q). (2.8)

For controlling the derivatives near the boundary of the domain, we introduce count-
ably normed spaces for constants C,y > 0 and 3 € [0, 1).

B5(©,C,7) = {ve H}a’l(Q) v ||Hgl(g) < C, [PV || 12(q) < CPp!, p € No}
(2.9

Functions belonging to countably normed spaces are analytic away from the zeros of
the weight function (see [13, Lemma 2.4]).

Theorem 2.1.7. Let u € Bé(Q, C,~) for some | € Ny and 8 € (0,1). Then u is analytic
onQ\{r e : r(z) =0}

Remark 2.1.8. Countably normed spaces can measure the blow up of solutions to elliptic
PDEs, which typically occurs near a vertex X € X. The singularity for the Laplacian
is known to have the form sy, = pX* sin(Ax6) with Ax € (0,1) (see (3.10)) in polar
coordinates (px,0) with origin in X. By changing variables in the definition of B%
(see [12, Theorem 1.1]), it can be proved that s), € Bg with g € (1 — Ax,1) but
sxy & Bi_, . (confer [12, Remark 1]).
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The set of traces of Bg(Q, C,~) is defined by

BYA(I,C,7) = {v e () : 3o € B3(Q,C,~) with 3|p = v}

in view of (2.8). An intrinsic characterization of the trace space is given in [13].

We stress that countably normed spaces depend on the weight function. As the
weight function differs in parts of our exposition, we will specify which r is used in
the corresponding chapter.

2.2 The Model Problem

Let us denote by U C © C R? the domain where the control acts. We investigate the
linear quadratic optimal control problem

e 1 v
minimize J(u,y) := §|| Yy —yalliz(0) + §|| w2

(P) subject to
Ay = Bu onf{),
U € Uggq.

The constraint Ay = Bu is called state equation and is an elliptic PDE, where A repre-
sents an elliptic differential operator in its weak formulation. The operator B models
the way the control variable u influences the physical system modeled by the equation.

The functional J is said to be of tracking type because the minimization process
intends to drive the state variable y to a desired state y4. In order to model the costs
for controlling the system, a regularization term £ || u HQLQ(U) with v > 0 is included.

The optimization is subject to additional control constraints which are described by
the admissible set

Ud :={u € L*(U) |us <u <y ae. inU}.

Naturally, we demand u, < uy.
The state equation will take different forms in the course of this thesis. For now, it
will be convenient to distinguish between two types of problems:

e smooth Neumann problems,
e transmission problems.

This separation makes sense because of the differences regarding global regularity,
numerical treatment, and the way the control enters (U = I'yr or U = 7). Here, we
generally stipulate u,, u, € H'/?(U) because we want the optimal control to inherit as
much smoothness as possible through the projection formula. Additionally, we always
assume y, € L?(9).

Only in Chapter 6, we will encounter distributed control problems where U = Q.
In this context, the bounds need to be essentially bounded because we apply path-
following techniques.

17



Chapter 2 Optimal Control of Partial Differential Equations

2.2.1 Smooth Neumann Problems

The following problem is distinguished by the smoothness properties of the differential
operator. This will allow special regularity results in countably normed spaces (see
Section 3.2). Let Ay = Bu be the Neumann boundary value problem

-V (D(@)Vy) +c(x)y = f inQ,
N) y=0 onlp,
Onpy=u only

with a matrix valued D and scalar c¢. Here, 0,,, is the co-normal derivative n(z)-D(z)V
at a point « € T'yr. For the Laplacian (D = I), 9,,, becomes the normal derivative 9,
with the outward unit normal vector n(x). The properties of the involved functions
are summed up in the following assumption.

Assumption 2.2.1. Let f € L*(Q), u € L?*(T'y) and let ¢(x) > 0 on Q (c(z) > ¢ >
0if I'p = 0). We assume that D is symmetric and positive definite on Q, i.e., there
exists Amin > 0 such that for all x € Q it holds £€7D(z)¢ > A\uin|€|? for all x, & € R2.
Moreover, the functions D, c are assumed to be analytic on €, i.e., there are constants
Cp,vp,Ce,ve > 0 such that

| VPD || ooy < Cpypp!, (2.10)
|| VPe HLOO(Q) < Cc'yfp! Vp € Np. (2.11)

Solutions y € H%D are understood in the weak sense. They satisfy the equation
/ D(2)Vy - Vo +c(z)yv dz = (f,v)r20) + (u,0)12ry) Yo € HE_(Q).  (2.12)
Q

Theorem 2.2.2. Under Assumption 2.2.1, the weak formulation (2.12) of the Neumann
problem (N) possesses a unique solution that satisfies

ly ||H1£D(Q) SO fllz2) + T llz2rpy)
for a positive constant C' depending on D, c.
Proof. The bilinear form of the weak formulation (2.12) is bounded and coercive due

to Assumption 2.2.1. Furthermore, the right hand side of (2.12) lies in the dual space
of H}._(€). An application of Theorem 2.1.1 and 2.1.2 yields the result. O

It is clear that unique existence of a solution can be established under weaker as-
sumptions. We need the analyticity of ¢ and D for obtaining analytic regularity results
and approximation results in finite dimensional spaces. Problem (P) subject to (N) is
referred to as Neumann control problem.
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2.2.2 Transmission Problems

Transmission problems are an extension of the previous smooth Neumann problems
insofar as they are posed on a 2d-network, which can model multi-composite materials
in real life applications. The differential operator, on the other hand, is less general
and consists of the Laplacian weighted by a constant coefficient .

The strong formulation of the transmission problem on a 2d-network {2;};cr reads

—kiAy; = f; in Qy,
yi—y; =0 on ;€1
(D KiOn,Yi + KjOn,y; =u on v ; €I,
;=0 on I; € &p,
/izanlyl =h; on I; e g/\/’

The discontinuity of the coefficient x across subdomain boundaries causes a jump in
the normal derivative (see the third subequation of (T)), which is often written as

[KO0ny ()] (Vy(z +en) — Vy(z —en)) -n, zeTl.

= lim
eNO0
Note that the expression is independent of the sign of the normal vector n. We also

speak of (T) as an interface problem.
Again, we sum up the properties of the data in a general assumption. We define

u € HS(I) = u|'Y7i,j € HS(’Yi,j) V’Yi,j €l
for a compact notation of the regularity of interface functions on Z.

Assumption 2.2.3. Assume that {Q; }.c; is a 2d-network and that T'p # (. Furthermore,
let
he HY*(y), ue HY*(T), k; >0, f; € L*(Q;) forie Il

Using the characteristic function x for sets, we define x(z) := >, ; xo,#; and write
down the weak formulation of (T). Find y € Hf_(f2) such that

[y vode= [ fodet 3 @olg+ 3 (e o€ HLO).
Q Q vi,; €T Tieln

(2.13)

Theorem 2.2.4. Under Assumption (2.2.3), the transmission problem (T) possesses a
unique solution y, which satisfies

(K% HHILD(Q) SCWUf ez + B a2y + Nl gz @)

for a positive constant C depending on min;cy K;.

Proof. The bilinear form of the weak formulation (2.13) is bounded and coercive due
to Assumption 2.2.3. Furthermore, the right hand side of (2.13) lies in the dual space
of H}._(f). Again, the application of Theorem 2.1.1 and 2.1.2 yields the result. O
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Since we want to promote solutions in the space H'*7(Q) (see Section 3.1) we stipu-
lated more regularity in the data u, h than necessary for an existence and uniqueness
result. We refer to (P) subject to (T) as interface control problem.

Transmission problems have been thoroughly studied in literature. The homoge-
neous case u = 0 is treated in [55, 75, 120, 161] while inhomogeneous data is
discussed for general elliptic operators in [117, 118]. Note that the normal jump
generally limits the global regularity of a solution to only H3/2-2(2) for small £ > 0.

2.3 Solvability and Optimality Conditions

The following assumption is met by our model problem (P) because of Theorem 2.2.2
and 2.2.4 for smooth Neumann and transmission problems, respectively.

Assumption 2.3.1. We assume that yq € L?(Q) and A € L(Y,Z), B € L(L*(U), Z)
with Banach spaces Y, Z. Moreover,

o U,q is nonempty, convex, and closed in L*(U). In the case v = 0, it is assumed to
be bounded.

e the operator A has a bounded inverse A=t € L(Z,Y).
This assumption allows to formulate a general existence result for optimal solutions.

Definition 2.3.2. A pair (u*,y*) € Uuq X Y is called (optimal) solution of problem
(P) if and only if Ay* = Bu* and

Jwy*) < J(u,y) Y(u,y) € Uyg x Y with Ay = Bu.

Theorem 2.3.3. Under Assumption 2.3.1, problem (P) possesses an optimal solution. If
v > 0 or A~!B is injective, the solution is unique.

The proof is standard (e.g., [81, 144]) and only shown for completeness.

Proof As A is boundedly invertible, we obtain an equivalent problem formulation if
we eliminate the state from the optimization by replacing y with A~! Bu. The reduced
problem reads

minimize J(u) := J(u, A"'Bu) subjectto u € Uny

and depends only on u. As J > 0 and U,q # (), we can take a minimizing sequence
{upYpen C Uuq with J(uy) — J* := inf,cp,, J(u). The sequence is bounded be-
cause either U, is bounded or .J(uz) > v/2| uz || r2(v)- Further, the admissible set
is weakly sequentially compact due to the Theorem of Mazur [163, Theorem V.1.2]
and Eberlein-Shmulyan [163, Chapter A.V.4], which is why we can pass from u;, to a
subsequence (also denoted by wuy) that converges weakly to u* € U,4. As the image of
weakly convergent sequences under bounded, linear mappings (here A~!B) remain
weakly convergent, we find

yr = A" 'Bu, — A7 Bu* =: y*.
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2.3 Solvability and Optimality Conditions

Thus, the pair (u*, y*) satisfies Ay* = Bu* and is admissible. Since ./ is continuous and
conves, it is also weakly lower semi-continuous ([61, Corollary 1.2.2]). Consequently,
we have
J* = liminf J(ug,) > J(u*) > J*.
k—o0
If v > 0 or A~!B is injective, the objective functional is strictly convex, which implies
uniqueness of the solution pair (u*, y*). O

The solution can be characterized by optimality conditions.

Theorem 2.3.4. Let Assumption 2.3.1 hold. An optimal solution (u*,y*) to (P) satisfies
the first order necessary conditions

Ay* = Bu*, (2.14a)
(B*q" +vu,u —u”) 2y >0 Yu € Uyg, (2.14b)
A" =y" —yq. (2.14¢)

Proof Similarly as in the previous proof, we eliminate the state in the objective J and
obtain the reduced problem. The functional J : Uyq — R is Gateaux-differentiable on
its whole domain and in every direction. From the optimality .J(u*) < J(u) Yu € Uyq
we derive

J(u*) (u—u*) = (A" 'Bu — y4, A7 ' B(u — u*)) 2wy + v(u,u —u*) 2y > 0.

Introducing the adjoint variable ¢* as a solution to (2.14c) yields the first order neces-
sary conditions in form of the variational inequality

(B*q" +vu,u —u") 2y >0 Vu € Upg. (2.15)
O

In the case of convex optimization, the conditions of (2.14) are also sufficient. There
is a convenient reformulation of (2.14b) in form of a projection formula. Again, we
refer to [81, 144].

Theorem 2.3.5. Let Py, : L?(U) — U,q be the pointwise projection
max{ug(x), min{u(x),up(z)}}, ze€U (2.16)

with the obvious modification if less than two bounds are present. If v > 0, then (2.14b)
is equivalent to the projection formula

1
u* = Py, (—VB*q*> . (2.17)
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Chapter 2 Optimal Control of Partial Differential Equations

Definition 2.3.6. The set
WA:={xecU : u'(x) =us(r) VvV u"(x)=uy(z)}

is called active set. The complement 21¢ = U \ 2 is called inactive set. Accordingly,
the points of 2 and ¢ are called active and inactive, respectively. If 21 is a set of
Lebesgue-measure zero, u* is called bang-bang control.

Note that the active set is only defined up to a set of Lebesgue-measure zero unless the
optimal control happens to be continuous. We close this section by elucidating how
the projection Py, promotes regularity of the optimal control (see also [5, 971).

Theorem 2.3.7. Assume that v € WP (U) along with u,,u, € WP(U) and o € [0, 1].
Then it holds u := Py,_,(v) € WoP(U) for U = Q,Tn, T.

Proof. The case o = 0 is trivial. For ¢ = 1, it is well known that max{0,v} and also
min{0,v} are in WP (U). The result follows by rewriting (2.16) as

max{ug, min{v, up}} = v + min{0, up, — v} + max{0, uy — v — min{0, up — v}}.

Let o € (0,1) and dim(U) := 2 for measy(U) = 2 and dim(U) := 1, otherwise. We
follow [5, Equation (4.10)] and directly compute

)P
e lymmy = el + [, [ |dlm ey o dy
Po0(e) = Po, o)
= ” Py, v ”LP(U / / |.’13 _ y|d1m(U)+ap da dy

: o) —v(y)PP
<l Hi”(U / / |z — y|d1m U)+o'p dz dy = [|v ||}, P(U)"

The last step is a consequence of the Lipschitz continuity of the projection and can
also be seen by distinguishing the nine possible cases of how v(z) and v(y) lie in or
around [u, (), up(x)] and [uq(y), us(y)], respectively. O

The above theorem shows that smoother controls occur if the PDE fosters regularity
in the adjoint variable, provided that the control constraints are smooth enough. This
matter will be investigated in the next chapter.

Remark 2.3.8. For the Neumann or interface control problem, the optimal adjoint ¢*
lies in H'(Q) and ug,u, € HY?(U) with U = T'y or U = I, respectively. Therefore,
Theorem 2.3.7 implies u* € H'/?(U).
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CHAPTER 3

Regularity Results

In this chapter we are going to deduce regularity results for the state and adjoint
equation of the optimal control problem (P) because the smoothness of solutions is
crucial for the derivation of approximation results.

In Section 3.1, we show how the shape of the domain and an abstract eigenvalue
problem determine over higher regularity in classical Sobolev-Slobodeckij spaces. Typ-
ically, the solution of an elliptic equation can be decomposed into a regular part yy €
H?(Q) and singularities limiting the global smoothness to H!*7(Q) with o € [0,1].
We mention the expansion for Poisson’s equation (Remark 3.1.2), and the transmis-
sion problem (Theorem 3.1.7, Theorem 3.1.12). The results relate to the seminal work
[92], are collected from [49, 117, 118], and can also be found in [158].

Afterwards, Section 3.2 builds on the classical regularity and investigates the affil-
iation of solutions to Ay = Bu to countably normed spaces B7_, with the weight
function rr. This weight is designed to control the singularities near the boundary
and allows to bound all orders of derivatives. With the help of [88], we establish
regularity of the state and adjoint variable (see Theorem 3.2.1 and Corollary 3.2.2,
respectively) for the smooth Neumann problems (N). We carry over the results to
transmission problems (T) on 2d-networks (Corollary 3.2.3).

The last Section 3.3 contains the lengthy and technical proof of regularity in vertex
weighted spaces (Theorem 3.3.24). The weight function ry, only measures the dis-
tance to a finite set of points where the solution possesses singular components. It
damps the blow up of derivatives and allows to prove the affiliation of the optimal
variables to the countably normed space Bg of [9, 12, 13] with a multi-index 3. A key
ingredient is the coupled optimality system of the Neumann control problem, which
restricts the result to the optimal variables (u*,y*,¢*). The result is submitted for
publication ([156]).
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Chapter 3 Regularity Results

3.1 Classical Sobolev-Slobodeckij Spaces

In this section, we aim at the maximal regularity that can be obtained for solutions
to elliptic PDEs on polygonal domains or 2d-networks. This may require additional
regularity of the data.

Convention: The control problem (or state equation Ay = Bu) is referred to as
H'*7-regular with o € (0, 1] if and only if A=! and A~* map into H'*7 () for "suffi-
ciently smooth data’.

For instance, the Neumann boundary problem (N) can only be H'*“-regular with
o€ (1/2,1] ifu € H°~'/2(Tyr). An optimal Neumann control u* satisfies this assump-
tion because of Remark 2.3.8 and the standing assumption u,,u, € H'/?(Tx). The
minimal regulariy « € L?(T'yr) is enough to facilitate o € (0,1/2] (confer [86]).

It turns out that the properties of 2 and the differential operator A decide over that
value of o. We will derive expansion results that split the solution into a regular part
and singular contributions which decide over the global regularity.

Since the procedure is complicated and tedious, we start by sketching the basic ideas
for a simpler case, mainly following the exposition in [96].

3.1.1 Expansions in Regular and Singular Components
Poisson’s Equation
We look for weak solutions to the Dirichlet problem
—Ay=f inQ, y=0 onl. 3.1

It is well known that the Laplacian A in Cartesian coordinates transforms to
1 1

in polar coordinates with (x1,22) = (pcos@, psinf) and p > 0, 6 € [0, 27). Analogous
formulas are available for the n-dimensional case which allows for treating higher
dimensional problems.

If we formally set pd, =: A, Poisson’s equation becomes

(N +03)y = p*f.

Neglecting boundary and interface conditions, this equation is uniquely solvable if and
only if
Mo+ 03v =0 (3.3)

has only trivial solutions v = 0. This illustrates the important role of the non-linear
eigenvalue problem (3.3).
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3.1 Classical Sobolev-Slobodeckij Spaces

Let us give a short but more rigorous outline of the derivation of the (Sturm-Liouville-)
eigenvalue problem and the resulting expansion of the solution of (3.1). As regularity
is a local concept, we only need to worry about the smoothness of y at the vertices of
Q. For interior balls

Bd(io) with z9 € Q, d< diSt({L‘(), F)7

we know that y € H?(By(zo)). The same is true for smooth parts of the boundary,
which can be locally flattened and become half balls B+ (zg) := {z € R? | 25 = 0}.
After the change of coordinates y € H?(Bjf (o)) for d small enough and zo € T,z ¢
X.

For treating the irregularities in a vertex X € X of the domain, we localize the
problem using a smooth cut-off function nx = nx (dist(x, X)) € C°°(R?). We stipulate
0 <mn < 1 such that nx = 1 for all x near X and nx decreases rapidly to 0 so that all
other vertices are not 'visible’. Locally, a solution of (3.1) satisfies

— A(nxy) =g := —(Anx)y +nxf+2Vnx - Vy, (3.4

where we can change the coordinates such that the domain becomes a cone with
origin in X and opening angle wx € (0, 27), i.e.,

Cx :={(p,0) e R?| p e R*,0 € (0,wx)}.

Applying this change to the differential operator yields the equivalent problem for the
new variable y := nxy (we dispense with writing yx everywhere)

1 1 .
— (853/4— ;8py+ [)28923/) =g in Cx,

y(p,0) = y(p,wx) = 0.

(3.5)

The operation which manages to send pd, to A € C is the Mellin-transform. It reads
for fixed 0 € (0,wx)

MO0 = = / Ty (p.0) dp = Y(A.0).

It is closely connected to the Fourier-Transform F[y(.,0)](z € C) by Euler’s change of
variables, which substitutes p =: e™, 7 € (—o0, 00). If we suppress the dependence on
6, which is assumed to be arbitrary but fixed in [0, 27), the use of the definitions of
both transforms yields the relation

Several known properties from the Fourier-Transform, therefore, carry over to the
Mellin-Transform. We only state a few important ones (see [96]).
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Chapter 3 Regularity Results

Theorem 3.1.1. Let R and & denote the real and imaginary part of a complex number.
For A € C and h := —R(\) fixed, the Mellin-Transform M

e is an isomorphism
M {11 [P dp < o} - L-h+ iR),
0

e possesses an inverse mapping M, ! given by

—h+i00
MW == [ Y an

h—ioco

o satisfies
M[(p3,)"y)(A) = N*M[y](}), k€ N.

We can apply M to (3.5) and solve the simpler problem for Y (A, 9), i.e.,

MY +03Y = M[—p%g], in (0,wx),

Y(A,0) =Y (\wx) =0. (3.6)

In order to solve (3.6) with the help of Theorem 3.1.1, the integrability of —p?g as
defined in (3.5) has to be investigated. Since the cut-off function 7y is smooth and
y € H'(Q), the behavior of f near the vertex X is crucial.

Let f € V;’Q(Q) with 8 > 0 and set R(A\) =1 — § = —h, then

/ p*Pg(x)? dz =/ / p*g(p,0)*p dp do =/ / P> Hp?g(p, ) dp db.
Cx 0 0 0 0
(3.7)

is finite. This proves that the Mellin-Transform of —p?g exists for R(A\) < 1. The case
R(\) = 1 corresponds to f € L?(Q).

The inverse mapping of the Mellin-Transform works on lines parallel to the imagi-
nary axis. We find a solution y of (3.4) if we apply the inverse mapping of Theorem
3.1.1 to solutions Y of (3.6) on a line {f(\) = —h} where

NV + 03V =0,

V(A\0)=V(\wx)=0 (3.8)

has only trivial solutions (implying that Y is unique). The behavior of the resulting
function for » — co depends on the value of ®(\) = 1 — 8 = —h that was chosen for
the inverse transform. We have the following regularity ([92, 96]):

MY (V)] € V2 (Cx). (3.9)
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3.1 Classical Sobolev-Slobodeckij Spaces

An expansion of the solution to Poisson’s equation

. . . I(N)
is obtained as follows. The solutions of (3.8) are
given by Li 14 Li
V = Csin(A0) + Dcos(Nd), C,D eC.
Q

The constants need to be adjusted to fit the bound-
ary conditions, which implies that only the case

Ar = km/w allows non-trivial solutions for k € 0 R(A)
Z\ {0}, ie, Vi = sin(2Zf). Obviously, the
eigenvalues are real and distributed symmetrically
around zero.
For wx > w the lines {#(\) = 1} and {R(\) = 0} Y 1—Li

are free of eigenvalues. Due to [92], the origi-
nal problem (3.5) has a solution in V12’2(Q) which Figure 3.1. The domain of
corresponds to the inverse Mellin-Transform with integration for evaluating in-
R(A) = h = 0 because of (3.9). Consequently, we  verse Mellin-Transforms.
need to evaluate

1 1+ic0
V21 J1—ico

This is done with the help of the residue theorem and the box domain @ depicted in
Figure 3.1.

Y (X, 0)p* d).

1 “+i00 1+ioc0
Vor lim [ Yprd)= Y\ 0)p* d)\ — Y (), 0)p* dX
Jm Ve o (X, 0)p or i (A, 0)p
= V21 ) Res(Y()0)p")
AEQ

because the integrals for the horizontal parts of ) vanish in the limit ([96]).
The only pole in the domain of integration is located at A\; = 7w/wx, where the
residue reads
exp™/x sin(0mjwyx), cx €R. (3.10)

On account of the regularity property (3.9), we obtain the expansion
y(p,0) = wx(p,0) + cxp™ X sin(r /wx ) (3.11)

with wyx € H?(Cx).
This procedure can be done for all X € X. Remember that we implicitly agreed on
y := nxy previously, so it follows for the true solution y of (3.1) that

y= > nxy+ (1— > r;§> v,

Xex Xex

where 7xy has the form (3.11).
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Chapter 3 Regularity Results

Thus,

y= Y mxex o}/ sin(Om/wx) + o
Xex

with px := dist(-, X') and the regular part

vo= Y nxwx+(1— Y nx)y

Xex Xex

being clearly in H2(2).

(3.12)

Remark 3.1.2. From the expansion (3.12), we see that the regularity of a solution y to

(3.1) is limited to H**°(2), where

o= )I(Ilér)l{{ﬂ/wx} -, €>0

on domains with reentrant corners. On convex domains, there is no pole in Q yielding a

smooth solution y € H?(12).

Transmission Problems

The following investigations are made under the standing Assumption 2.2.3. Proceed-
ing as before, we obtain the following non-linear eigenvalue problem for 2d-networks.
Suppose J subdomains (2; meet at a vertex X € X, see Figure 3.2 for the notations.

Then the non-linear eigenvalue problem is given by

NV + 95V =0 in (0;,0,41), 7=1,...

VM0, +0) = V(A 0; — 0) j—2
IijaQV()\, 9]' + O) = /@j_laQV()\, 9‘7‘ — 0)

compare also (3.6).

07 03

wJ
aJ-‘rl e AN 02

° ! 01
XeVy
Figure 3.2. A vertex X in the domain Q (after a
change of variables) where J different materials meet.
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3.1 Classical Sobolev-Slobodeckij Spaces

If no exterior boundary is involved, i.e., X N 9Q = @, we set §;,; = 6, and let both
sums in (3.13b),(3.13c) run from 1,...,J with the convention ko = x;. Otherwise,
we have additional boundary conditions

V(A,91:O)=O 1f6§2101“p7é(2) \Y aQV()\791:0):0 lf@QlﬁFN7é®,

(3.13d)
VANOy41)=0 if0Q;NTp#0 V V(N 0541) =0 if0Q;NTx # 0.
(3.13¢)
A candidate for an eigensolution is (as for the Laplacian) the function
V; = Cjsin(A( — 60,)) + Dj cos(A(@ —6,)), 6¢€ (6;,6,11). (3.14)

The boundary and transmission conditions at the interface give rise to a system of
equations for the unknowns C}, D;.

It is proved by induction ([117, Example 2.29]) that the Dirichlet-Dirichlet problem
(3.13) with V/(A\,0) = V(\,0,41) = 01in (3.13d), (3.13e) is solved by

Cior = AP Do = nﬂ?;y 40
with the recursion formula
dP(\) = sin(Awy), (3.15a)
dM(\) = Ky cos(Awr), (3.15b)
d?(/\) =K;j cos(/\wj)d?_l(/\) + sin()\wj)djj\fl(/\), (3.15¢)
dé\/l()\) = —r sin(dw;)dY  (A) + K; cos()\wj)dj/\fl()\). (3.15d)

The Dirichlet condition V(A,0;4+1) = 0 in (3.13e) is equivalent to D;; = 0. Hence,
there are non-trivial solutions if and only if d7 () is zero. Let us note that the condi-
tion d4'(\) = 0 determines the eigenvalues for the transmission problem with mixed
boundary conditions, i.e., V' (A,0) = 0in (3.13d) and 9yV(A,0;4+1) = 01in (3.13e).

In an analogous way, the discriminant &) ()\) for the Neumann-Neumann problem
with the boundary condition 9,V (A,0) = 01in (3.13d) and 9V (), 6541) = 0in (3.13e)
can be derived. It involves the discriminant d4"’()\) for the mixed transmission prob-
lem with 9,V (A\,0) = 0in (3.13d) and V()\,0,;41) = 01in (3.13e). We find

Cro1 = Hf B (), Dy = Hﬁ;{y ()
with the recursion formula
dN (A) = k1 sin(Awy), (3.15€)
M) = (Awl) (3.150)
d (\) = k2 sin(Aw;)dM (N) + Ky cos(wy)d) | (N), (3.15g)
A (N) = K cos(Aw;)dM (A) — sin(Aw;)d (N). (3.15h)

29



Chapter 3 Regularity Results

Remark 3.1.3. The eigenvalues of the transmission problem are real numbers because the
problem can be written as a self-adjoint operator (see [116, Theorem 2.2]). Additionally,
the set of eigenvalues is countable without a cluster point (see [68] with the result of [118,
Theorem 3.4]). Furthermore, the roots of dZ(\), Y (\), d¥(N), d¥''(\) are symmetric
around zero.

Note that, at interior vertices, the function V' = const solves the eigenvalue problem
for A = 0 because there are no boundary conditions present.

Let us introduce some new notation and definitions that allow us to rigorously for-
mulate the main result of this section, i.e., an asymptotic expansion for the transmis-
sion problem.

Definition 3.1.4. Let X € X and Lx()\) denote the differential operator corresponding
to (3.13a) and Bx () denote the operator collecting (3.13b)-(3.13e) depending on the
problem posed at vertex X. The eigenvalue problem is abbreviated by

Ax(A) == (Lx(A\), Bx())).

As the eigenvalue problem for Ax () of Definition 3.1.4 is non-linear, we provide a
generalized Definition of eigenvalues, eigensolutions, and generalized Jordan chains.
The following definitions are made under the assumption of one arbitrary but fixed
vertex X € X.

Definition 3.1.5. Let C'y* := Cx N {p = 1} be the intersection of the cone Cx with the
one-dimensional sphere. A number Ao € C is an eigenvalue of the operator Ax(\) if
there is a non-trivial function sy, 0 € H 2(C’;}S) (called eigensolution) with

AX(AO)S)\U,O = O

If Ao is an eigenvalue of A()\), there are dimKer(Ax(A)) =: I, linearly indepen-
dent eigensolutions sy, ;0 with ¢ = 1,...,1I,,. Besides them, there may exist Ny ;
associated eigenfunctions sy, ; ;.

0°

Definition 3.1.6. The system {sx,;;} withi = 1,...1y,, 7 = 0,..., Ny, ,; consists of
eigensolutions and associated eigensolutions (called a system of Jordan chains) if

"1
> K Ax(No)sx ik =0
v=0 "

for k =0,..., Ny, where Ny, ; (decreasing with respect to i) denotes the size of the
Jordan chain. An eigenvalue )\ is called simple if no associated eigensolutions exist,
i.e., N)\o =0.

Theorem 3.1.7. Let A\x ;, j = 1,..., Nx denote all eigenvalues of Ax(\) in (0, 1] and
assume that A\x ; # 1. Then the solution of (T) with u = 0 on a 2d-network admits the
expansion

Nx
A .
y=yo+ Y D exynx pxX sxi(6)
Xev j=1
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3.1 Classical Sobolev-Slobodeckij Spaces

with px = diSt(',X). Here, up,; € Hg(Ql) i €1, Cx,j € R, Sx,5 € Hl(]O,QJ(X)[) and
nx is a smooth cut-off function.

This result comprises Remark 3.1.2 and is rigorously proved in [117, Theorem 2.27].
The eigenvalues of (3.13) are simple, which is why a similar result holds in weighted
Sobolev spaces (see [117, Theorem 3.6]).

An expansion of the solution y into a regular part yo and singular contributions
can be derived for more general 2m-coercive problems (m > 1) and transmission
problems. The proofs are more involved and use (semi-)Fredholm properties of the
general operators. At the core, however, a non-linear eigenvalue problem similar
to (3.8) and its solvability is discussed on the infinite cone (see [117, 118] and the
references therein).

Allowing non-homogeneous jumps in the normal derivative, i.e., u # 0 in (T), se-
riously complicates the analysis. In order to formulate an expansion result for the
inhomogeneous problem, it is necessary to introduce the concept of injectivity modulo
polynomials, which is described in [118] or [49].

For a cone Cx, we define the restriction Cx ; to be the part of C'y on which x =
k(0) = k;. Analogous to the notation on 2d-networks {Q;};cr, we use Epr,Ep, and 7
for the Neumann boundary, Dirichlet boundary, and interface, respectively. Further-
more, yx ; := y|cx, for functions y defined on Cx.

Definition 3.1.8. Let D be an open subset of R™ and let | € Z and X € X. We define
the homogeneous polynomial spaces of degree l as
PH(D) := {q | q is a homogeneous polynomial of degree [ defined on D}, 1> 0,
PH(D):={0}, 1<0,
P (Cx):={q:Cx = R| g € P"(Cx.)}.

For the data of (T), we define the polynomial space

Y (Cx) =P Cx)x [[ P (i) x [ P"i(visr)
'yi'i/EZ 'Yz‘,i/EI

x H PI(Ty) x H P (Ty).

I'ieép I €En

Definition 3.1.9. We say Ax () is injective modulo polynomials of order | (short
i.m.p) for I € Non Cx if and only if any solution wx that solves

*HiAwX,i = fi in Cx,
Wx,; — Wx, =diy On 7y €L,
(3.16) KiOp,wx i — KiDp, Wx i+ = Ui ON Vi €I,
wx,; = gi on I'; € &p,
wx,i:hi on Fieé’/\f

with a right hand side in Y (Cx ) belongs to the space PH (Cx).
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Chapter 3 Regularity Results

Remark 3.1.10. If the operator is i.m.p., then every solution wx of (3.16) with polyno-
mial data is itself polynomial.

In order to answer the question on injectivity modulo polynomials in practice, a char-
acterization of wx is necessary.

Proposition 3.1.11. Let wx be a solution of (3.16) with polynomial data from T2 (Cx)
with | > 0. Then the restriction wx ; to one subdomain Cx ; looks like (we suppress the
index i for better readability)

wx(px,0) = Pxi(px,0) + > cx; px(In(px)sx;(0) +09psx ;(0)),  (3.17)
)\X'j:l

where px = dist(-, X) and Px; is a homogeneous polynomial of degree | (in Cartesian
coordinates).

For the proof, we refer the reader to [117, Theorem 3.10], where the result extends
to ! > 0. Note that general elliptic equations lead to higher powers of In(px ) owing to
the presence of more associated eigenfunctions (see [118, Lemma 7.1]).

A discussion of injectivity modulo polynomials for elliptic boundary value problems
can be found in [49]. Under the assumption of injective modulo polynomials we have
the following result.

Theorem 3.1.12. Assume that Ax()\) is i.m.p. of order 1 for all X € X and the line
{R(X\) = 1} contains no eigenvalue of A(X) except possibly at A = 1. Then there exists a
solution y to (T) that satisfies the expansion

AX,j
y=v+ > Y cxinx px7 sx,;(0)

Xev j

with px = dist(-, X). Here, yo € L*(Q) and yo; € H*(%), cx; € R, sx; €
H?%()0, Y, wx.i]) and nx is a smooth cut-off function.

Proof. The proof is the same as [118, Theorem. 7.4] wherewesetk =0, m =1, p=2
to cover the situation considered here. We only point out some important steps. The
fact u € H'/?(T) allows to construct a lift function v € V;*(Q) that exactly fulfills the
transmission conditions [118, Lemma 4.3]. A unique solution and its expansion with a
regular part in the weighted Sobolev space V" () follows from [118, Corollary 4.4].
The result for p = 2 is then obtained by an interpolation argument which exploits the
property of injectivity modulo polynomials of order 1. O

The eigenvalues of A x (), which is defined for transmission problems (see Definition
3.1.4), are real (Remark 3.1.3). Hence, the only prerequisite we have to check for is
the injectivity modulo polynomials. Note that the result also holds for more general
problems and corresponding operators Ax (\) (see [118]).
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3.1 Classical Sobolev-Slobodeckij Spaces

3.1.2 Lower Bounds for eigenvalues

An expansion like the one provided in Theorem 3.1.7 or Theorem 3.1.12 allows to
establish higher regularity (locally and globally) by bounding the eigenvalues of A()\)
from below. The singular functions in the expansion of Theorem 3.1.7 or 3.1.12 satisfy

nxpxsx € H'TA75(Q) and nxpyxsx ¢ HTA(Q) (3.18)

for small ¢ > 0 (see [71, Theorem 1.2.18] or [117, Theorem 1.26]). Hence, the
lowest exponent of px decides on the global regularity of a solution to the transmission
problem.

Corollary 3.1.13. Assume that Ax (\) is i.m.p. of order 1 for all X € V and that there
isa o € (0,1] such that Ax ; > o. Then the solution y of (T) satisfies for small € > 0

y; € H1+U(Qi), ye H1+min{1/27s,a}(Q)'

Proof. For the homogeneous case u = 0, the result follows from Theorem 3.1.7 and
[71, Theorem 1.2.18]. In the case of Ax ; # 1, we have to rely on Sobolev embeddings

and sharper results in LP-spaces (see [120, Corollary 2.1]).
In the inhomogeneous case, we resort to Theorem 3.1.12 and [71, Theorem 1.2.18].
The global regularity is a general consequence of the observation that y € H3/27¢(Q).
O

The Theorem could be refined by allowing lower bounds o; for the vertices of each
subdomain €2; of the 2d-network.
Quasi-Monotone Distributions

Without additional assumptions, it is impossible to find a lower bound for the eigen-
value distribution of Ay (\), which the following example shows. For a mixed bound-
ary value problem with w; = ws = 7/2, it holds

dy (N\) = —k2sin*( A /2) + kikg cos? (AT /2).
A vanishing discriminant d3*(\) = 0 leads to

tan(Ar/2) = £,/ L.
K2

Letting ko — oo sends A — 0.
Such phenomena can be avoided with the help of quasi-monotone distributions of
diffusion coefficients (see [120]), first introduced in [56].

Definition 3.1.14. Let x; > 0 with i € I be the distribution of diffusion coefficients for
a 2d-network. Assume that

i #j, meas;(Q;NQ,) >0 = kK # Ky
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Let at X € V meet J different domains with x;, j = 1,...,.J. We denote by kg, Ky, the
material constants of the domains which abut on material j with positive one dimensional
measure (one of them being zero if there is only one neighbor). The distribution of k; is
called quasi-monotone if the following assumptions hold for all X € V:

o If X liesin Q \ I'p, then

jed{l,....J}: K >max(ka,, Ky, )
e If X lies on T'p, then rj > max(ka,, ks, ) implies that meas; (€2, NT'p) > 0.

Remark 3.1.15. Three materials meeting at an interior point are automatically dis-
tributed in a quasi-monotone way, i.e., the first condition only poses restrictions for k > 4.
The second condition states that, locally, the domain with maximal material constant has
to touch the Dirichlet boundary.

Using this definition, we can prove the following result ([120, Theorem 2.8 and 2.9]).

Theorem 3.1.16. If the coefficients k; are quasi-monotone, then the eigenvalues \x ; of
Ax (X) satisfy for each X € X
1

)\X,i > Z

Proposition 3.1.17. Let € consist only of two subdomains €2y, . For each X € X and
opening angle wx € (0, 27|, we have in the case of Exr = 0

N =

Ax,i >

Proof. The result for X € I" can be found in [46, Theorem 8.1]. For interior vertices,
we refer to [89, Section 2.2]. O

Two numerical examples for the eigenvalue distribution are shown in Figure 3.3: there
the dependence of eigenvalues of Ax (1)) is depicted for the case where two materials
meet with angles wy,w» at a boundary and an interior vertex, respectively. We refer
the reader to [120] and [89] regarding a further discussion of lower bounds.

Corollary 3.1.18. Suppose that the coefficients r; are distributed in a quasi-monotone
way and that Ax () is i.m.p of order 1 for all X € X. Under Assumption 2.2.3, the
solution of (T) lies in H®/4(Q).

Proof. Due to Theorem 3.1.16, we can apply Corollary 3.1.13 with the lower bound
o=1/4. O
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Figure 3.3: eigenvalue distribution for a boundary (left, w1 + w2 = 180° ) and interior (right,
w1 + wa = 360°) vertex with k1 = 0.25, ke = 5.

Examples

Let us discuss the concept of injectivity modulo polynomials of order 1 for the trans-
mission problem with £y = () and some showcase vertices X € X. After that, we
provide several examples for elliptic PDEs that are H'*7-regular, which is a property
that is often needed in the following chapters.

Let Cx be the cone at an exterior vertex X € X with Dirichlet-Dirichlet boundary
conditions and two materials (see Figure 3.4).

Y2 € Ep

. : 7 €Ep
XeV

Figure 3.4. The Dirichlet-Dirichlet problem at a
conical point with two materials.

From (3.15c) we get

dP () = kg cos(Aws) sin(Awy ) + k1 sin(Aws) cos(Awr ).
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For w; = wy it is obvious that A = 1 is an eigenvalue if sin(w;) = 0, i.e., w; = 7/2. For
the decomposition in (3.17), we find with (3.14) that

sx1 =sin(f), sx.o2=cos(d —x/2) = sin(h).

Observing that

po _ dripxcos(0)  if0 € (0,7/2),
X = _ipx cos(f) if6 e (w/2,7),

is a polynomial that solves (3.16)v with polynomial data from 1 (Cx), we set

wxi = Pxi+ %(ln(px) sin(8) + 0 cos(0)).

3

A simple calculation shows that Awx = 0. Continuity of wx at § = 7/2 is also fulfilled
as well as the jump in the normal derivative

K1Opwx 1 = —px —7/2 = —(px +7/2) = —K20pwx 2.

So wx solves a problem with polynomial data but is itself non-polynomial. Conse-
quently, the operator A x () is not i.m.p. of order 1 at such a vertex X € X.

The situation is different if 1 is no eigenvalue of Ax()\). Then the sum in (3.17)
is empty and Proposition 3.1.11 yields a unique (polynomial) solution, which in turn
guarantees i.m.p. of order 1. This can be also seen in the left diagram of Figure 3.3.
There, eigenvalues \ were computed for

K1 =025, Ko =5,

O<w <m, w+wy=m.

According to Figure 3.3, A = 1 is only an eigenvalue if w; = 7/2. As vertices with only
one material do not pose a problem due to [49, Section 4], the operator A(\) is i.m.p.
of order 1 for the domain shown in Figure 3.5.

For two materials and an interior vertex, A\ = 1 is never an eigenvalue. This can
be seen as follows. Setting J = 2 in (3.13) and inserting the solution candidate
from (3.14) yields a system of equation with the determinant (see also [117, Example
2.30])

d(\) = (k1 — k2)? sin?(A(1 — w1)) + (k1 + K2)? sin®(A7r).
Assume d(1) = 0, then it follows
w1 =0 V w =m,
which can also be observed in the right diagram of Figure 3.3. However, these two

cases do not allow for an interior vertex with two materials. Hence, the operator A(\)
is i.m.p on the model domain of Figure 3.6.
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w1 \W2

G—\
w
Ql Y12 QQ Qg j Q]_

Figure 3.5. A suitably shaped domain to  Figure 3.6. A suitably shaped domain to
apply Theorem 3.1.12: For wy # /2 theex-  apply Theorem 3.1.12: For w; # 7 the in-
terior vertices exclude A = 1 as eigenvalue, terior vertices exclude A = 1 as eigenvalue,
which results in injectivity modulo polyno-  which results in injectivity modulo polyno-
mials. mials.

Let us comment on the consequences of the asymptotic expansions of solutions to el-
liptic PDEs on polygonal domains. The lower bound of an abstract eigenvalue problem
decides over the exponents of the singular components of the solution and, hence, over
the H'*-regularity of the PDE. For instance, a convex domain implies H?2-regularity
for Poisson’s equation with homogeneous Dirichlet conditions (confer Remark 3.1.2
or [72]). This result continues to hold for general boundary conditions if each corner
where I'p and I'yr meet has an opening angle w < 7/2 (see [72, Corollary 4.4.3.8]).
The analysis of the corresponding eigenvalue problem for mixed and Neumann bound-
ary conditions ([96, Section 2.1]) shows that the state equation is H'*°-regular with
o = 1/4 on general domains. This also holds true for & = 1/2 and the pure Neumann
problem as shown in [86].

The transmission problem is H!*“-regular with ¢ = 1/4 if the the coefficients are
distributed quasi-monotone and the operator A(\) is i.m.p. of order 1 (combine The-
orem 3.1.13 and 3.1.16). Optimal global regularity, i.e., o = 1/2 — ¢ is obtained under
the assumptions of Proposition 3.1.17. Note that the local regularity of a solution on
a 2d-network can be higher. Instead of appealing to theoretical results, we can numer-
ically evaluate the eigenvalues for each vertex of a specific problem and obtain and
estimate for o, confer Figure 3.3.

3.2 Analytic Regularity far From the Boundary and Interface

Assuming a higher regularity of the PDE constraint, we now show that the state and
adjoint variable y, ¢ belong to the countably normed space B?__(f2), o € (0,1]. Neu-
mann control problems are treated with the weight function rr, whereas interface
problems use rz_r in the sense of (2.4). In the view of Theorem 2.1.7, this establishes
analytic regularity distant from the boundary and interface, respectively.

We recall a result from [88].
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Theorem 3.2.1. Let f € BY__(Cy,vs) with Cy,vy > 0, o € (0,1] and the weight
function rr. Additionally, let y € H'*° () solve the differential equation

-V - (D(x)Vy) + c(x)y=f in Q,

which fulfills Assumption 2.2.1. Then there exist constants C,~v > 0 that depend only on
Q, Cp, Cy, vp, vy, and o such that

I TP 2y, ) < CYPPL (O + lyllanee () Vp € No,

which implies y € Bi_, (C(Cy + |yl zri+o(0)), 7)-

Proof. By closely inspecting the technical proof of [88, Theorem A.1], which builds on
[106], one can see that the assumptions on f are sufficient for obtaining the theorem.
O

We would like to stress that this regularity result holds without any assumptions on the
boundary data because the weight function r damps possible singularities. Therefore,
Theorem 3.2.1 is suitable for Neumann control problems whose solution «* may have
kinks stemming from the projection formula.

Corollary 3.2.2. Let the assumptions of Theorem 3.2.1 hold. Let additionally y, €
BY__(C4,v4) for Cq,vq > 0 and the weight function rr. If ¢ € H'T7(Q) is a solution of
the adjoint equation

=V - (D(x)Vq) +c(r)g =y — ya inQ,

then there exists constants C,~ > 0 such that ¢ € B}__(C, 7).

Proof. From Theorem 3.2.1 we gety € B?__(C,,,) with Cy, v, > 0. As rr is bounded
by one, we easily obtain y € BY__(C,,~,). The regularity of y, allows to apply Theo-
rem 3.2.1 again, which concludes the proof. O

The countably normed spaces B7_,, use the weight function r to control the blow-up
towards the whole boundary and are of importance for convergence of the bound-
ary concentrated finite element method (see Section 4.3). The above results can
be extended to piecewise analytic data or subdomain observation by using appro-
priate weight functions for the countably normed spaces (see [27]). Similarly, we
use rzyr instead of rr and obtain analogous regularity features for the transmission
problem (T).

Corollary 3.2.3. Let {€;};cr be a 2d-network and y,q € H'7:(£;) be solutions of
-V (HlVy) = fi7 -V ("fivq) =Yi — Yd,i in Qi7

with k; > 0,0; € (0,1] and f;,yq4,; € Bgi (Q, C,~) with the weight function r = rpq,.
Then there exist constants C,5 > 0 that depend only on the data such that y,q €
B?__(Q,C,7) for the weight function rz r and o := min;e{o;}.
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3.3 Analytic Regularity far From Singular Points

Proof. Applying Theorem 3.2.1 on each subdomain §;, we obtain y, ¢ € Bi_, (2%, C;, i)

for raq, and positive constants C;, ;. Setting C' := max;c;{C;} and 7 := max;cr{;}
yields the result. O

3.3 Analytic Regularity far From Singular Points

The main result of this section is Theorem 3.3.24, where global analytic regularity of
the optimal variables (u*,y*, ¢*) is established. It can be viewed as a generalization
of the previous section because we now take the regularity of the boundary data into
account. This manifests in the use of a different weight function, which measures the
distance to a finite set of ’singular’ points.

3.3.1 Preliminary Assumptions and Remarks

We only consider the Neumann control problem and refer to Subsection 3.3.5 for
remarks on the transmission problem. The smoothness of the optimal variables is
limited by

o the vertices X of 2, which may cause a blow-up in higher derivatives (confer
Section 3.1),

o the projection formula (2.17), which may introduce kinks in the optimal control.

The projection representation (2.17) implies that the optimal control inherits regular-
ity from the trace of the adjoint state. This allows to conclude higher regularity of the
solution of (P).

However, the regularity of the optimal control is also limited by the non-smooth
structure of the projection. In general, the optimal control will be at most Lipschitz
continuous due to the appearance of kinks at points = € Ty, where u,(z) = —1¢*(z)
or uy(x) = —Lg*(z). In the subsequent analysis, we will assume that the set of kinks
in the control is finite.

Assumption 3.3.1. We assume that there exists a finite set S of switching points of u*.
That is, there exists a finite set S such that u* fulfills one of the equations

u* =g,
1
ut=——q",
v
ut =y,

on every connected component of I'ys \ S.
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This assumption will be of essential importance in Subsection 3.3.4. If the optimal
control u* is continuous, the assumption can be replaced by: the boundary of the
active set A := {z € Ty : u*(x) = u, or u*(x) = up(x)} is finite. This is not fulfilled
in general, we refer to [104, Remark 4.1] for an example of a smooth control with
infinitely many switching points. Moreover, the assumption implies that the switching
points of u* are known a-priori. In Section 4.2 we describe how we cope with this
difficulty in the numerical computations.

Remark 3.3.2. Assumption 3.3.1 is slightly stronger than other regularity assumptions
used in the literature. In [104], the following assumption was used to prove a-priori
finite element error estimates: the set of elements K C I'y such that u* is not in H*(K)
for some s € (2,3) has measure proportional to the mesh-size h. If the set of switching
points is finite and the elements K are of size h, then clearly this assumption is fulfilled.
Assumption 3.3.1 ensures that the amount of points where the control changes from
inactive to active behavior (or vice versa) is finite and can be included into the weight
function.

Definition 3.3.3. Define the set V := X US = {Xy,..., Xy, }. Let B € R™ be a
multi-index satisfying (01, ..., 58m) € (0,1) (understood component-wise). For x € €,
p € Z, we set

r(z) == ry(z)P*P = Hmin{l,dist(;v, X)W pel. (3.19)
i=1

Accordingly, we partition the boundary into straight line segments I' = [ J;~, I'; such
that each intersection I'; N T'; # 0,4 # j lies in V.

The derivation of regularity in boundary weighted spaces relied on the assumption
f2ya € BY_ (9, C,~y) with the weight function rr. Similar assumptions are necessary
if r only measures the distance to a finite set of points.

Assumption 3.3.4. Let us assume that f € L*(Q) N BY(Q,Cy,vs) and yq € L*(Q2) N
BY(Q,C4,va) for a given multi-index B € (0,1) and the weight function rx, ie., for
p=0

|| ’I"g(fﬂvpf ||L2(Q) < Cf'y?p', (3 20)
|75 VY L2y < Carip!.

In addition, we assume that u,, up € BE(Q, Cyy7g)-

The assumptions on the control bounds imply that u,, u, € Bg/ 2(1“ ~, C,7y) and streng-

then the standing assumption of u,,u, € H 1/2(T'sr). In particular, the embedding
H§’2(Q) — C°(Q) implies the continuity of the optimal control.

Remark 3.3.5. In the following investigations, it will be necessary to work with the
weight function 1, from above, which satisfies ry, < rx on ). Hence, Assumption 3.3.4
implies that (3.20) remains valid if we exchange rx for ry.
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3.3 Analytic Regularity far From Singular Points

Remark 3.3.6. The results can also be extended to non-homogeneous Dirichlet boundary
conditions by a lifting trace argument provided that the boundary values are regular
enough.

The global regularity result (Theorem 3.3.24) is obtained with the help of the fol-
lowing strategy:

1. Cover the domain with balls with a finite overlap property.
2. Apply local estimates for interior balls or half balls with boundary conditions.
3. Add up the estimates and obtain global bounds on the derivatives.

We will carry out this strategy in the following sections.

3.3.2 Covering Results
We will denote by B,.(x) the open ball of radius r > 0 around x € R2.

Definition 3.3.7. Let B be a collection of open balls. We say B is a dichotomic with
respect to € if one of the following two conditions is satisfied for each B € B.

1. Bis contained in ), i.e., BN =,
2. BN Qis a half-ball with the same center and radius as B.

We will now show the existence of a dichotomic covering of the polygonal domain
Q that helps to resolve singularities of the solution near the vertices X' of Q2 and 0%l.
Moreover, the covering resolves the active and inactive sets: if for a ball B of the
covering BN Ty # 0, then it holds either u*|r,np = uq OF u*|rynp = —v"1¢* or
u*|rynB = up. Thus, locally on B the optimal control problem has no inequality
constraints.

The distance that helps to localize the area around vertices is defined as

d:=min< 1, min
Xi,XjGV,
X £X;

dist(X;, X;), inf{r > 0] B,.(X)Nisasector VX € V}
(3.21)

The last component of the set in (3.21) X, X
is included because straight parts I'; of
the boundary may have arbitrarily small X1

distance to points X € V with XNI'; = 0.
Controlling the mutual distance of points
is, therefore, not enough, as Figure 3.7
illustrates.

Observe that 6 > 0 is well defined, be-
cause each of the finitely many points in
V has an opening angle in (0, 27).

X
X3 4

Figure 3.7: A domain where small neigh-
borhoods around a vertex X; may not be
sectors in €.
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Before we construct the desired covering of €2, we need the following technical Lemma,
which collects some necessary trigonometric relations.

Lemma 3.3.8. Letw € (0,7) and € € (0, 1) be given. Then there exists positive numbers
¢ € (0,1/2) and « satisfying the following conditions:

0 < a < arctan(c) < w/4, (3.22a)
arcsin((1 + €)¢) < 2a < arcsin(2c), (3.22b)
tan(arcsin(sin(2a) — ¢)) < c. (3.220)

Proof. Let us first choose ¢ € (0,1/2) such that arctan(c) < w/4, 2z > 1+¢. The

latter inequality implies (1 + €)c < 1icc2 = sin(2arctan(c)), and by monotonicity it

follows arcsin((1+¢€)c) < 2arctan(c). Let us now choose « such that arcsin((1+€)c) <
2o < 2 arctan(c) holds. Thus, it follows

2 1—¢2 2
sin(2a) — ¢ < sin(2 arctan(c)) — ¢ = =2 j_ s c= % < min (c, 02—|c—1> .
With the identity tan(arcsinz) = \/1“i7 it follows
1—¢c2 1
tan(arcsin(sin(2a) — ¢)) < o 5 <) —c
ct+1 1— ( 2c1)2
c2+

Hence, with c and « as chosen above, the conditions (3.22a)-(3.22¢) are satisfied. [

Lemma 3.3.9. Let ¢ be given by (3.21). For each ¢ € (0,1) there exist ¢ € (0,1/2)
depending on the shape of 2 and a countable set B of open balls B; = B,,(z;), i € N,
such that the following conditions hold.

Cl. The balls B; € B satisfy

B — Bc§/4(l‘i) lf dist(xi, V) > 5/4,
t Bc dist(wi,Xj)(xi) lf diSt(xi7 X]) < 6/4

Furthermore, B is dichotomic with respect to €.
C2. Bcovers Q, i.e., Q C UjenBy, (z;).
C3. B has finite overlap, which means that there exists N € N such that
#{ieN|z e B, (x;))} <N VzeQ.
C4. The family of stretched balls
B:={B; | B; = Bijey, (2:), B; € B}

is dichotomic with respect to Q and covers §2 with finite overlap, thus also satisfies
C2 and C3.
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3.3 Analytic Regularity far From Singular Points

Figure 3.8: Schematic visualization of Q. for the construction of a dichotomic covering.

Proof Let £ € (0,1) be given. Let us denote by w the minimal opening angle w :=
minx,ep{w;}. Let ¢ € (0,1/2) and « € (0, arctan(c)) be given by Lemma 3.3.8.

In the proof we will use local polar coordinates near vertices X; € V. Let z €
with dist(z, X;) < 4. Then we will denote by (dist(z, X;), ¢(z)) the polar coordinates
of  centered at X; € V. We will choose ¢(x) as the smaller one of the (positive)
angles between the line from X; to « and the two adjacent edges of (2, leading to
o(x) € (0,1,/2).

We will first construct a covering of ) by balls centered on I' and in points with a
certain distance to the boundary. To this end, let us define the set of centers by

Qe = {x € Q: dist(x, X;) < 6/4, ¢(x) € [2a,wj/2]}
U {:C € Q: dist(x,V) > §/4, dist(z,T") > sin(?a)5/4}.

Finally, we define the cover

Besa(i) if dist(z;, V) > d/4,
Be dist(a;,x,) (xi) if dist(z;, X;) < /4.
(3.23)

B,.= |J  Blw), B(mi)::{

z; €(T\V)UQ,

Apart from being an uncountable set, the balls in B,, satisfy C1 by construction. The
dichotomy follows from the dichotomy of the scaled balls, which will be shown below.
In order to prove C2, we need to show that the points from Q2 \ Q). are covered. An
example of this area is depicted as the shaded set of Figure 3.8.

First, let 2 € Q \ Q. with dist(z, X;) < §/4 be given. Suppose that its azimuth angle
satisfies ¢(z) € (0, a]. Let & € T be such that dist(z, z) = dist(z,T"). We find with the
help of tan(«) < ¢ by (3.22a)

dist(z, ) = tan(¢(z)) dist(z, X;) < tan(«a) dist(z, X;) < cdist(z, X).
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Hence, it holds z € B.qist(z,x,)(Z). Analogously, we can show that points with
dist(z, X;) < 6/4 and ¢(x) € (o, 2a) are covered by B,,.

Second, let = with dist(x,)) > 4&/4 be given. Again, let # € T be such that
dist(z,T") = dist(z,z). Let Z. be on the ray from Z through x such that z, € 99Q..
Now, if dist(x,Z.) < ¢d/4 then z is covered by the ball in B, with center z.. If
dist(x, Z.) > ¢d/4 and dist(z, V) > §/4, then by (3.22b)

dist(z, z) = dist(Z, z.) — dist(z, T.) < sin(2a)d/4 — ¢d/4 < ¢d /4,

and x is covered by the ball in B, with center z.

It remains to study the case dist(z, Z.) > ¢d/4 and dist(Z, X;) < 6/4 for some j. This
implies dist(x, Z) < (sin(2a)) — ¢)d/4, and sin(¢(x)) < sin(2a) — ¢. Using (3.22¢), we
find

dist(z, z)

diSt(i‘7 XJ)
This implies dist(z,Z) < cdist(Z, X;), and « is covered by the ball around z with
radius cdist(z, X;). Hence, it follows that 3, indeed covers (.

Now, let us argue that balls with stretched radius fulfill the dichotomy C4. Let x € Q.
with dist(z, V) > §/4. Since dist(z,T") > sin(2«)d/4 > (1 + €)cd/4 by (3.22b), the ball
B(14e)cs/4(x) is contained in Q2. Now take x € I' with dist(z, X;) < §/4 and ¢(z) = 0.
The ball B := B(14¢)c dist(x, x,) () intersects the sector

= tan(¢(x)) < tan(arcsin(sin(2a) — ¢)) < c.

{z : dist(z, X;) < /2, ¢(x) € (0,arcsin((1 + €)c))}.
on a half-ball with the same radius and center. Since (3.22a) and (3.22b) imply
arcsin((1 + €)c) < 2a < wy,

the intersection of B with 2 has the same properties. Analogously, one argues that
for ¢(x) = w; the intersection of the stretched ball B with Q is a half-ball. Moreover,
for ¢(z) € [2a,w;/2], the ball B is contained in Q2. Hence, the stretched balls form a
dichotomic covering, thus the dichotomies of C1 and C4 are proven.

With the help of the Besicovitch covering theorem [164, Theorem 1.3.5], which
works for open balls as well, we can pass to a countable subset B of B, which covers
Q (C2) and has finite overlap (C3). The finite overlap (C4) of B can be proven as in
[109, Lemma A.1] by setting M = V. O

We will use the covering provided by Lemma 3.3.9 above to transfer between local
and global regularity of functions in weighted spaces.

Lemma 3.3.10. Let B = {B; | i € N} with B; := B,,(z;) be a covering that satisfies C1,
C2, and C3 of Lemma 3.3.9, for c € (0, %), 6 given by (3.21). Let a multi-index 3 € (0,1)
and | € Ny be given.

Define

= B; if dist(z;, X;) < & for some j € {1,...,m},
11 otherwise.
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3.3 Analytic Regularity far From Singular Points

Let f € Bé(Q, Cy,vr) be given. Then there are positive constants v and C(i), for i € N,
depending only on Cy, ¢, and C independent of f such that

- C(i P .
I VP fllL2onmy < C g{) (:) p! Vp €Ny, i €N,
rt g

4
\/?Cﬁ (3.24)

- 4
> C(i)* < gNCF < 0.

Q
A

Conversely, let f in HIBZ(Q) be given. Suppose that there are positive constants ¢, 7, c(i),
fori € N, such that

c(1)

B;
T

~\ P
I VP f L2 onms) < <:> p! Vp €Ny, i €N,

(3.25)
Zc(i)2 < & < .

i=1

o0

Then there exist positive constants Cy, which depends on ¢, and ¢, which depends on 7,
such that f € B5(Q, Cy, ).

The proof follows the lines of the proof of a similar result [106, Lemma 4.2.17] con-
cerning regularity on sectors.

Proof. Suppose f € B/ZH(Q Cy,7vy). Let us define for i € N
- 1
C0)* = oo | 77 PV 2 anm,)-
= )2 (275)%

By (2.9), it holds || r#+PVPH f || L2(onp,) < Cyvyjp!. Hence, the series in the definition
of C(4) is convergent, and we can estimate

=1 4
2 2 _ 22
p=0
The finite overlap property of the covering B yields
S PP s angy < NITPHPVPHF 720

i=1

Consequently, the series Y .-, C(i)? is convergent, and we obtain as above

> 4
> oci) < chJ%.
1=1
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Chapter 3 Regularity Results

The definition of C(7) also implies
1P f | 2o, < O()(274)7p (3.26)

Now we relate the weight function () to the radius r; to prove (3.24). Let us take
B; € B with center z; and radius r;.

Assume first that there is X; € V such that dist(z;, X;) < 6/4. By property C1 of B,
we obtain r; = cdist(x;, Xj).

Let x € B;. Then we have

| min(1, dist(X;, z;))—min(1, dist(X;, x))| < r; = edist(z;, X;) = emin(1, dist(x;, X)),
which implies

1—c¢c

Cc

min(1, dist(X;, z)) > (1 — ¢) min(1, dist(X;, z;)) = T > Ty,

where we used 1=¢ > 1 for ¢ € (0,1/2). Now let k # j. Then we obtain
§ < dist(Xp, X;) < dist(Xg, x) + dist(z, z;) + dist(x;, X;) < dist(Xy, z) + g,
and consequently it holds dist(X%, 2) > ¢/2, which implies by § < 1 that
min(1, dist(X, z)) > g

Define 3] := >_}", Bx. By construction of 3/, we have 8, = ;. Using the lower
bounds from above, we can estimate

m ) mp+|B| ’ ’
r(z)PP = H min(1, dist(Xy, z))PT7 > (2) rf+’8i >Crta? Tf+Bi, (3.27)
k=1

_ 5 |5\ _ 5 m
ot =(3) - =(3) -

Secondly, assume that dist(z;, X;) > /4, for all z; € V. Property C1 of the covering
yields r; = cg. Then we obtain as above for j =1,...,m

where we set

0
| min(1, dist(X;, ;)) — min(1, dist(X;, z))| < 7 = 1 < cmin(1, dist(X;, 2;)),

which yields
. . . . 0 1-—c
min(1, dist(X;,z)) > (1 — ¢) min(1, dist(X;, z;)) > (1 — C)Z = T > Ty
. . e . . ) .
Using the definition of r and the inequality (1 —¢)§ < 1, we find
mp+|B| / /
r(z)Pth > ((1 — c)4> R o B Al (3.28)
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3.3 Analytic Regularity far From Singular Points

e (L N (A

Now, inequalities (3.27) and (3.28) constitute lower bounds of r(x) in terms of r;,
where x € B;. Define C' := max(C1, Cs3), ¥ := max(v1,v2). Then we have for z € B,

with

r(x)’”'ﬁ > (! q7P rfﬂﬁ. (3.29)
Combining (3.26) and (3.29), we find
C(@)(2y7)Pp! = | PPV f (|2 0nmy 2 I VP S |12 (anp) C 377 w4,

which proves with the choice v := 2v,%

~C@) [ 2v7\?
| VP fllr2nm < C (0) (W> pl.

Bi T
r; i

Now let us assume that f € Hé’l(Q) satisfies (3.25). To prove the claim, we first derive
upper bounds of r(z) in terms of r; for x € B;. For xz € B;, we find

min(1, dist(X;, z)) <7 + min(1L, dist(X;,z;)) Vji=1,...,m.

If on one hand dist(X;,z;) < 2 for some j, then r; = cdist(X;,;), and it holds for
T € B;

min(1, dist(X;,2)) < (1+¢ )r,.

If k # j, we exploit that the contribution of dist(Xy, x) as a factor in r(z) is bounded
by one and, therefore,

r(z)PHP < (1 +cfl)p+1rf+6£.

If on the other hand dist(X;, ;) > % for all j then it holds r; = cg. Hence with g} =1,

we estimate
4 p+1 J,-ﬁ,
P05
T(l')p+6 S (66) 7"1' .

Let us define

4 4
Cy=(14+ct+—=), m=(14+ct+—).
co c

Then for all = € B;, i arbitrary, it holds

H@PH < Cy of 1 (330)
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Chapter 3 Regularity Results

Finally, we obtain

o0
[P AP f Ry < DIV f (12 g
=1

2(p+B;
< (O Y 2P O £ 2, o,

2
= N oe(e 7\?
< (O Yot <(,3) <:> pl)
; 741_1 3

which is the claim if we set Cy := Cs¢, vf 1= 737. O

Note that changing from local to global estimates (and vice versa) enlarges the con-
stants ~, 4. Thus, both directions of the result are not exact reverses of each other.

Corollary 3.3.11. Let ¢ € (0,1) be given. Let B be the covering given by Lemma 3.3.9.
Let B denote the family of stretched balls B;, ¢ € N. Let a multi-index 8 € (0, 1) be given.
Then there is a constant C' > 0 such that

pPit < Cr(x)Pt

3

for all z € B; N Q and for dll B; € B.

Proof. This can be proven analogously to the inequality (3.30) in the proof of the
previous lemma. O

3.3.3 Local Regularity

Due to the previous results, it suffices to prove local regularity results on balls and
half-balls. These regularity results hold for domains in R™, although we will only
need regularity in R? for the optimal control problem. In this section, we follow the
exposition of [106], which builds on techniques of [112] and [12].

Let us set Br := Br(0) C R™ for R > 0. Furthermore, we will work with half-balls
B} :=Bgr(0)N{z: z, > 0}. Weset'g := {z € Bg | z, = 0}.

Define

[p] := max{1,p} for peZ.
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3.3 Analytic Regularity far From Singular Points

Let now p, g be integers. Following [106, 112], we will use the following notation to
capture local regularity:

1

Nrp(v):i=— sup (R—71)"*2| VP 20 2p,), p>-2,
[ ] R/2<r<R
N;p v) = sup (R —r)Pt2|vPt2y 2y, P=-2,
’ [P R/2<r<R "
pi sup *r)pJFQHVZVg”Hm(BJr)a p=0,
R/2<r<R !
sup - r)p+2” v2+pv ||L2 B+)7 p= 725 717
R/2<r<R
R — r)PTaH2| gat2yey , p>0,q> -2
R,p,q [p +q! R/2<7<R( ) I Y x HLQ(BT )
Here, V., means the differentiation in tangential directions x1,...,x,_1. The normal

derivative 0,, is denoted by J,. Hence, Ny (v) is used to control regularity of tangen-
tial derivatives, whereas Ny , (v) controls normal derivatives. Estimates of Ng,,(v)

and Ng,p(v) will be used later in order to prove the global regularity. Controlling terms
as Ng ,(v) is intimately connected with the analyticity of functions. We mention [113]
and also [112, Section 5.7].

First, let us state a result that allows to estimate N};p(v) against N, (v).

Lemma 3.3.12. Let 0 < R < R’ < 1 be given. Let v € H'(Bj,) such that Ny, , .(v) is
finite for all p > 0, ¢ > —2. Assume that there exists positive constants C,, > 0, v1, 72
such that

2
N;%,p,q(v) S C’U 71 ’73-"_ )

forallp >0, ¢ > —2with p + q # —2. Then it holds with v = v/2 max(vy1,v2)
N (v) < Cy AP,

forallp > —1.

Proof. Let p > —1. Then per definition it holds

H vp+20 ||L2(B+) Z ” 8q+2vp v ||L2(Bi)'

q=—2

By definition of NE and Ny, . we obtain

»Pyq
1
Ng’p(v)2 — o R/SEE<R<R r) 22| yr2y HLz(BJr)
1 P p
< — sup (R —r)>@0H2)| grt2yr—ay |2 < (Np—g.0)’
[p]!? qg_:g R/2<r<R L2(B) ,g_:g fopa.a
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Chapter 3 Regularity Results

Let v := v2max(v;,72). Thenif p > 0,

P P 2o—q) 2q+2) ( P " 2(p—q) Yo 2(g+2)
/ 2 2 p—q q 2. 2(p+2
D (Vipeg)? £ €2 32 A1 090 <o 30 (1) (%)

q=-—2 q=-—2 q=-—2
< C2y2PH2) (p 4 3)2~(PF2)

The function = +— (z + 3)2~(**+2) is monotonically decreasing for = > 0, it follows

P
Z (Nll%,p—q,q) 0372 p+2)

q=-2
In the case p = —1, we have

NE,71(U)2 < (Nf{,o,—l)Q + (Nll{,l,—Q)z <SCX +11) < C2°

Regularity Results for Optimal Control Problem on Half-Balls

Now, we establish regularity results for optimal control problems on half-balls. Here
the control »* acts on boundary I'g/, and it is coupled to the adjoint state with the
condition vu* + ¢* = 0 on I'g/. Thus, these results cover the situation, where the
control constraints are inactive. Consequently, this local optimal control problem has
no control constraints.

Theorem 3.3.13 (Regularity for local optimality systems). Let 0 < R < R’ < 1 be
given. Let the differential operator A fulfill Assumption 2.2.1 on 2 = B},. Let (u*,y*, q*)
solve the following system

-V (DVy*)+cy*=f inB}, -V-(DVq¢)+cg" =y —ys onTpr, (3.31a)
Onpy* =u* in B, Onpq* =0 onTp, (3.31b)
vu*+q¢*=0 onlg. (3.310)

Assume that there are positive constants Cy, C, 74, Y5 such that f, yq satisfy

1971 oy < Cr ()

(3.32)
|| prd ||L2(B;;,) < Cd (E) p' Vp € Np.

Then there exist a constant v > 0 depending only on the constants in Assumption 2.2.1
and (3.32) and on v such that y*, q* satisfy for p > —1,

N (y*) < CyPF2,

\ (3.33)
N (¢F) < C AP+
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3.3 Analytic Regularity far From Singular Points

with
C:=RIVY |2y + R*(Cy + Celly* IlL2sy) + R y* IL2(57) (3.34)
+ |V || 2y + B2 (Ca+ Cell 6 2 5)) + BI G N2 - '
Proof. The proof will be given at the end of this section. O

The remainder of this subsection is dedicated to the proof of this theorem. Here, the
following steps are important: first we need to prove that weak derivatives of y* and
q* of arbitrary order exist. Then regularity of tangential derivatives is proven, which
is followed by the proof of regularity of normal derivatives.

Let us first cite a result from [106]. In order to state this result, let us define for
p €Ny

1 R—r
Hp ,(v) = su R —r)PT ||| VEy + ——| VEVu ,
Rp(V) -1 R/2§7I?<R( ) | ||L2(B:f) ] | ||L2(B:f)
1
Mz’%,p(v) =~ sup (R- T)p+2|| Viv ||L2(Bj)-

p! R/2<r<R

Lemma 3.3.14. Let R € (0,1]. Let the coefficient function D of the differential operator
A fulfill the conditions of Assumption 2.2.1 on Q@ = Bf. Let p € Ny be such that
f € HP(B}) and G € HPTY(BY;). Then there exists a constant Cp > 0 depending solely
on the properties of D and the space dimension, but not on p, F, and G such that any
solution y € H'(B};) of the Neumann problem

-V -(DVy)=f inBf, 0,,y=G onlg
satisfies
Nl/%p(y) < CVB [M;%,p(f) + HR,p(G) + SR,p(y) + Nll{,pfl(y) + Nll?,,p72(y)] (335)

with

R\? R\ _
(5) 1901y + (3) ¥ 1D||Lm<3;)]

—qgl!
' [pp!Q]'Nz’e,pq(y) (3.36)

For p = 0, we have the sharper bound

Nieo(®) < Cs [R2 £ o) + BI Gl + B2 VG sty + RIVY L ages) |-
(3.37)

Proof. The proof follows the lines of the proof of [106, Lemma 5.5.23]. The bound
(3.37) is from [106, Lemma 5.5.26]. O
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Chapter 3 Regularity Results

We formulate two further lemmas regarding the relation between Hg p,, My ,, Ni, ..

Lemma 3.3.15. Let R € (0, 1]. Let v be such that My, (v) and Ng, (v) are well defined
for all p € Ny. Then it holds

1

M}/%,p(v) < m

Nl/%,p—Q(’U) vp S NO-

Proof. We use the fact that (R —r)? < 1 for j > 0 and r € [R/2, R]. Together with the
definition of M} ,(v) we estimate for p > 2

1
M}’%7p(v) =7 Ssup (R— T)p+2H Viv ||L2(B¢)
P R/2<r<R
1 1
<— sup (R—7)P|V2VE 20| 2 gty = —Npp oV
p! R/2S7'<R( rl o) pp—1) P 2(v)
For p = 0, 1, the same estimate without the term ﬁ is valid. O

Lemma 3.3.16. Let 12 € (0,1]. Let v be such that Hg ,(v) and Np (v) are well defined
for all p € Ny. Then it holds

1
[p—1]

Hpg,p (v) <

Npp2(v) + N, a(v) Vp € No.

Proof. The estimate can be established analogously to the proof of Lemma 3.3.15. [

Finally, we need higher regularity of the optimal variables on half balls. A part of the
proof is based on the following supporting lemma

Lemma 3.3.17. Let p € Ny. Then it holds

p+1

1 1
E L—, <3. (3.38)
Pl A R P

Proof. First, we see
p+1 J .
e e A S 2
p—j+1 p—J7+17— J
The addend for j = p + 1 in (3.38) is equal to (p + 1)2~ P+ which is smaller than
(p +2)2~(*+1), Consequently, it holds

p+1 Pl 1 p+1 1
) 795 = 2_(1+i)o;
= [p—j+1]27 = 271
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3.3 Analytic Regularity far From Singular Points

Using the power series

1—2)2=) (14, 2] <1,
7=0
we can estimate
p+1 00 —2
p+1 1 1
— < 1 1—= —1=3
Z[p 12 *Z( +tI)5 < 2

O

Lemma 3.3.18. Let 0 < R < R’ < 1 be given. Let the differential operator A fulfill
Assumption 2.2.1 on Q = B},. Let (u*,y*,q*) € L*(Tr/) x HY(B},,) x HY(B},) be a
solution of the local control problem (3.31) on the half ball B},,. Then it holds

u* € HP"Y2(Tg), o*, ¢ € HP(BY) Vp>2.
The proof basically exploits the optimality system (3.31) for a bootstrapping argument
weH? = yeH?> = ¢geH' = weH® = .. (339
on half balls with decreasing radii.

Proof Let 0 < R < R'. First, we note that for f € H™(B},),g € H™" Y*(I'p) a
solution v to

Av=f in B},
Onpv=g onlpg

lies in H™*+2(B};). This can be shown by an induction on m (see the proof [63, The-
orem 6.5]) triggered by the method of difference quotients developed by Nirenberg
(see the proof of [63, Thgorem 6.4] or [72, Theorem 2.2.2.5]).

Define r(p) :== R+ £ _R. As ¢* € HY(B},), the optimality system yields u* €
HY 2(1)(1)). Hence, y* € H?(B (2)) As the adjoint equation has smooth boundary
data, it follows ¢* € H 4(BT( 4))- Applying the trace operator yields u* € H 35(T, 1))
The assertion then follows by induction and the fact that »(p) > R. O

We remark that the result solely proves the regularity. The proof does not offer a way
to control norms of derivatives, which will be done in the next Lemma 3.3.19 below.

Lemma 3.3.19. Let 0 < R < R’ < 1 be given. Let the differential operator A fulfill
Assumption 2.2.1 on Q = B},,. Let (u*,y*,q*) be a solution of the local control problem
(3.31) with f and yg4 satisfying (3.32).
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Define

Cy == R|| Vy" HL2(B;) + RQ(Cf + Celly” HL2(B;§)) + Rl ¢" HL2(B;§) + R?|| Vq* HLZ(B;;)
+ RIVG o) + RHCat Colla" Ipsasy) + Y lpagap- (3.40)

There there is a constant v; > 0 depending only on the constants in Assumption 2.2.1
and (3.32) and on v such that for allp > —1

Np,(y") < Cbt?, (3.41a)
Np,(q%) < CP ™2, (3.41b)

Proof. Let us choose a ; larger than max{1,v/2,v4/2,7., vp} such that
Cp (2% 2+ (20 + 1) > +6Co(yp + Dy "+ A+ v (7, 2+ 1)) <1 (3.42)
with the constant Cp from Lemma 3.3.14. This constant only depends on the data of

the problem.
Let us prove (3.41) for p = —1. From the definition of N I/%,p we obtain

* * R *
Nzlz,fl(y )= sup (R—r)[|Vy ||L2(Bj) < 5” Vy ||L2(B;) < G < Gy
R/2<r<R

Similarly, we can prove N _,(q*) < Cyy;.
Let now p = 0. Using the sharp bound (3.37) of Lemma 3.3.14 we find

Niow") < Ca (R = ey ooy + B~ 11" oy
RV sy RIVY igsy)) (3:43)
With the help of Assumption 2.2.1 and (3.32), we estimate
| f—cy” ||L2(B;) < Cr+Celly” ||L2(B;)'
Inserting these estimates in (3.43) yields by the definition (3.40) of C; and ~; > 1

Cp(l+v1)

Nioy™) <CpCi(1+v7 1) =Gy 5
t

Y < Ct% < Ct%Q'

Using again (3.37), we obtain analogously
Niola®) < Co (B2 y" | a(py + BCa+ B2Coll 4" gy + BI V" o))

C
= OpC; < ct—j < Gyt
t
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3.3 Analytic Regularity far From Singular Points

We finish by induction. Let p > 1 be given. Suppose (3.41) holds for all p’ with
—1 < p’ < p. Because of the regularity results of Lemma 3.3.18 we can apply Lemma
3.3.14. In combination with the estimates of Lemmas 3.3.15 and 3.3.16, we can derive
the bound

*

* * * —q
Np,(y*) <Cp (Mz’z,p(f —cy*) + Srp(y™) + HR,p( > ) + Ng, 1 (y) + N;’z,p_z(y)>

< O (Mg, (F = ™)+ Sray) + 50— Nip26) + 5 Ny s (0°)

+ Ni s () + Nigya(v))

=Cs (lez,p(f) + Mp(ey™) + Srp(y™) + L+ v HCi(AF + %’“)) ,
(3.44)
It remains to estimate My (f), My (cy*) and Sg,(y*). By assumption (3.32), we
have '

1 R\""? Yr\P
Mip) <5 swp (R=rP 219 < (5) (%)
P R/2<r<R (3.45)
< R? L) <o
R°C ’Yt (2%> Civi

By [106, Lemma 5.5.13], we have the following upper bound of My ,(cy*)

—1

q=0
R\? . (R\? .
+ (702> Cc (2> N]%,*Z(y )

Let us note that Nj, _,(y*) does not satisfy the induction hypothesis, rather it holds
N o) < Iy |l 1» (B~ We continue the estimation procedure using the inequality

Ce (B)* Np _o(y*) < C.

p—1 q R 2 _ R p
MR;D Cy chZ(’Yc ) () Ct/ytp q+Ct (762>

p—1
1
CeC? Y =+ Ciif < (2C.+1) Ct.

24
q=0

(3.46)

IN

The next step is estimating Sg ,(y*), for its definition we refer to (3.36). Here, we
obtain by Assumption 2.2.1

R _ R - _
FIVID N e ) +al VI Dl o 1) < 5 CpYha 4+ Co, gl < Cp(yp+1)7h .
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Hence, we get the following bound

p+1 q—1
" p+1 R _ p—ql! .
Srp(y") < Z( ) (2> Colrp + 17 gtk , } Np g
P —

— q
7=1 SC’t’yP*‘I*Q
p+1 q—1
(p+1)] —q'l Ryp
= CpC2(yp + 1)P 1
pCi2(7p qz; (p—q+1) 2 ”
p+1
+1 1
< OpC (D RVARI G G S
pC2(o +1) qzl [p—q+1]2

Applying Lemma 3.3.17 yields
Srp(y*) < 6Cp(yp +1)Crf ™. (3.47)

Inserting the estimates (3.45), (3.46), (3.47) of My (f), My ,(cy”), and Sk ,(y*) in
(3.44) results in

Np,")
<Cp (th (2C, +1)Cy? +6Cp(vp + 1)CAP ™ + (1 + v HC (7P + 7P+1))
=C2Cp (v P+ 20+ 1) % > +6Co(p + Dy "+ L+ v (3 >+ 7).

By (3.42), we find
Nll%,p( ) < Ct'YerZv

which finishes the prove of the estimate of Ny ,(y*).
Let us briefly show the relevant arguments for estimating Ny, ,(¢*). First, by Lemma
3.3.14, we obtain for p > 1

Niepla*) < O (Mp (") = My (ua) — M ,(c”)

+ Srp(@") + Nigyr (67) + Np ()

By Lemma 3.3.15, it holds M}’m(y*) < Nl’%,p_Q(y*). Analogously to (3.45), (3.46),
and (3.47) we can prove

Mp ,(ya) < Oy,
Mp,(cq”) < (2Cc + 1) Gy,
Srp(@*) < 6Cp(yp +1)Cirf ™
Since ~, satisfies (3.42), we finish the proof of (3.41) by estimating
Nip(q")
<Cp (wa + Cf + (20 + 1) Cyf + 6Cp(vp + 1)CAP ™ + Crf ™ + Cﬂf)
< O 208 (292 + (20 + 1) 2+ 6Cp(rp + Dyt +77%) < Cif ™
O

56



3.3 Analytic Regularity far From Singular Points

Lemma 3.3.20. Let 0 < R < R’ < 1 be given. Let the differential operator A fulfill
Assumption 2.2.1 on Q = B},,. Let (u*,y*,q*) be a solution of the local control problem
(3.31) with f and y, satisfying (3.32). Then there exist constants ~1,v2 > 0 depending
only on the constants in Assumption 2.2.1 and (3.32) and on v such that y*, ¢* satisfy
forpe Ny, g>—2,andp+ q # —2

Nip(y) < CAF 2872, (3.48a)
Np pola®) < C Y432 (3.48b)

with C given by (3.34).

Proof. The proof essentially relies on the proof of [106, Proposition 5.5.2] with Lemma
3.3.19 as an induction start. Please note that the technique of the proof of [106,
Proposition 5.5.2] is independent of the boundary conditions of the local problem.
Due to the coupling between y* and ¢* in the right-hand side of the adjoint equation
the induction proof for the estimates of N, , (y*) and Ny , (¢*) has to be performed
simultaneously.

The only modification of the proof concerns the estimate of the right-hand side y* of
the adjoint equation. There, one needs to estimate

[p+q]! R/2$1<1p<R(R e HaZVI;’("&‘/*)”L%Bi) (3.49)

for p > 0 and ¢ > 0, where d := D}, and D, is the (n,n)-entry of the coefficient
matrix D. According to [106, Lemma 5.5.19], there are v}, and C, depending only
on the constants in Assumption 2.2.1, such that \|Vpd~||LQC(B;) < Cpyfp! forallp > 0.
By [106, Lemma 5.5.18], one can now estimate the term (3.49) analogously to the
estimates of mixed derivatives of éy* := (de) - y* and é¢* := (dc) - ¢*. The rest of the
proof of [106, Proposition 5.5.2] can be transferred line-by-line to our situation, and

the induction can be concluded. O

Proof of Theorem 3.3.13. The claim of the theorem follows from Lemma 3.3.20 and
Lemma 3.3.12. O

Regularity Results for Coupled State-Adjoint Systems

In this part, we briefly formulate regularity on balls and half-balls for the coupled
system of state and adjoint equation. First, we consider the situation that the control
constraint is active on the normal boundary of the half-ball.

Theorem 3.3.21 (Coupled state-adjoint system - Neumann case). Let 0 < R < R’ <1
be given. Let the differential operator A fulfill Assumption 2.2.1 on Q = Bj,. Let (y*,q*)
solve (3.31a) with the boundary conditions

Onpy* =Uay, Onpq* =0 onTg. (3.50)
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Assume that there are positive constants Cq, Ct, Cy, va, V> Vg Such that f, ya, uq satisfy
(3.32) as well as

7, p
la izt < Co 1 V" all oy, < Co (22) B! VPENo.  (351)

Then there exist a constant v > 0 depending only on the constants in Assumption 2.2.1,
(3.32), and (3.51) such that y*, ¢* satisfy (3.33) with

C = RIVY |l apzy + B (Cr + Cell v I r2(p2) + B2 Y 253

* 2 * 2 (352)
+ R[| Vq ||L2(B;g) + R (Ca+ Cellq ||L2(B§)) + R uq ”LQ(B;;,) + R Cy.

Proof. We briefly sketch the modifications of the proof compared to the proof of The-
orem 3.3.13 in the previous section. The regularity result of Lemma 3.3.18 remains
valid due to the regularity of the Neumann datum w,. Some estimates in Lemma
3.3.19 have to be modified to take the boundary data into account: First, from the
assumptions it follows || Vg || 2 BY) < Cy, which implies with Lemma 3.3.14, that
Ni o) < Ca(R*(Cr + Celly™ 2 (5y)) + Bl ta ll 1251,y + B Cg + RIVY [l 12(53))
holds, compare (3.37) and (3.43). Second, one can derive the bound Hp ,(u,) <
R*Cy(yE~! ++P) for all p > 1. Using ~; > v,/2, this term can be compensated in the
induction argument of Lemma 3.3.19. Thus, estimate (3.40) holds with the modified
constant

Cr =R VY |l 25y + B(Cy + Cell ¥l 2(5)) + Blltia | 1252, + B C
+ RV | pa(pry + B2 (Ca+ Cella™ I pagps)) + B2y N2z
The rest of the proof is completely analogous to the proof of Theorem 3.3.13. O

The second regularity result concerns half-balls with Dirichlet boundary.

Theorem 3.3.22 (Coupled state-adjoint system - Dirichlet case). Let 0 < R < R’ <1
be given. Let the differential operator A fulfill Assumption 2.2.1 on Q = B},. Let (y*, q*)
solve (3.31a) with the boundary conditions

y* =0, ¢*=0 onTg. (3.53)

Assume that there are positive constants Cq, Cy, 4, 5 such that f, yq satisfy (3.32).
Then there exist a constant v > 0 depending only on the constants in Assumption 2.2.1
and (3.32) such that y*, ¢* satisfy (3.33) with

C:=R||Vy" ||L2(B§) + RZ(Cf + Celly” ”LZ(B;)) + R?[|y* ”LQ(B;)

" 9 . (3.54)
+ BRIV |2ty + B (Ca+ Cell 4" | 12 (55))-
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Proof. The proof is completely analogous to the proofs of Theorems 3.3.13 and 3.3.21.
One only has to exchange Lemma 3.3.14 by the analogous result [106, Lemma 5.5.15]
for Dirichlet problems. The analogue of Lemma 3.3.18 only involves the state and
adjoint variable and can be proved similarly. O

Finally, let us state the result for the case of an interior ball.

Theorem 3.3.23 (Coupled state-adjoint system - interior case). Let 0 < R < R’ <1
be given. Let the differential operator A fulfill Assumption 2.2.1 on 2 = Bp. Let (y*,q*)
solve (3.31a) on Bp/. Assume that there are positive constants Cg, C't, 4, ¢ such that
f> ya satisfy (3.32) with L?(Bj,)-norms replaced with L*(Bp/)-norms. Then there exist
a constant v > 0 depending only on the constants in Assumption 2.2.1 and (3.32) such
that y*, q* satisfy

Nrp(y") < CAP2, Npyla') < C AP+, (3.55)

with C given by (3.54).

Proof Here, the only change consists of replacing Lemma 3.3.14 by [106, Lemma
5.5.12] and Lemma 3.3.18 by [63, Theorem 6.3] in order to account for interior reg-
ularity. O

Note that the bound (3.55) holds for Ng, replaced by Ng: , because [63, Theorem
6.3] yields regularity on balls of the same radius, in contrast to Lemma 3.3.18.

3.3.4 Global Regularity

Equipped with the Besicovitch covering of Lemma 3.3.9, the local estimates on balls
and half balls of the previous section, and the correlation of local and global estimates
(Lemma 3.3.10), it is now possible to prove the main result.

Theorem 3.3.24. Let 2 be a polygonal domain. Let Assumption 2.2.1 be satisfied.
Suppose that (u*,y*, q*) is the solution to (P) and that u* has finitely many switching
points as in Assumption 3.3.1.

Then there exist multi-indices 3, € (0,1) such that for data satisfying Assumption
3.3.4 with the weight function r of (2.1.5) there are constants C,«, Cy, v > 0 such
that

u* € BE/Q(FN’vCuafyu)a v, q" € 35(9,0*7’)/*)

holds. The constants Ci, ., Cy, v, depend only on the data A, f,yq, uq,up and the do-
main €.

The proof will be given at the end of the section. We first start with proving the
regularity of y* and ¢* in weighted H?2-spaces.

Theorem 3.3.25. Let ) be a polygonal domain. Let Assumption 2.2.1 be satisfied.
Suppose that (u*,y*,q*) is the solution to (P) and that u* has finitely many switching
points as in Assumption 3.3.1. There exists a multi-index 8 € (0,1) such that for data
satisfying Assumption 3.3.4 we have y*, q* € HE’Q(Q).
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Proof. Recall that we denote the edges of 2 by I';, j = 1,...,m. Let us renumber
the vertices in V if necessary to obtain I'; N I';4; = X; forall j = 1,...,m with
Fm+1 = Fl-

We split the domain into different (overlapping) parts. The first part is a neigh-
borhood of the corners, consisting of sectors, defined by € := Ux,cyS; with S :=
QN Bs/o(X;). Here, we need the assumption that the number of switching points is
finite. The second part is a covering of the boundary away from the corners. Take
e € (0,1). Let B be given by Lemma 3.3.9. Define the index set I by I := {i € N :
B; N Qis a half-ball, dist(x;,V) > §/4}, and set €y := U;c;B;. Then Q U £ covers
a neighborhood of the boundary. Moreover, we can choose 25 C  such that Q> has
positive distance to the boundary and such that it holds Q2 = Q¢ U Q; U Qs.

Let us first prove the regularity of the adjoint state ¢*.

1. Depending on the type of boundary condition on 95; N T, i.e., homogeneous
Dirichlet, Neumann, or mixed boundary conditions, we apply [106, Proposition
5.3.2, 5.4.4, or 5.4.7] and obtain the existence of 3; € (0, 1) such that

I dist(z, X;)%V2¢* [l 22(s,) < CUlly = ya lz2@) + Cell 4" lz2() VX, € V.

Here it is important to note that the value of §; only depends on the opening
angle w; at the corner X; and on the coefficient D(Xj).

2. The solution ¢* is H?-regular on the half-balls B; N €, i € I, which follows from
[106, Proposition 5.5.7 and 5.5.9]. Here, we obtain

I V2q* lr2@nB) < Cly" = va ||L2(Qm]§i) + Cellq” ||L2(Qméi))’
Since the balls B; all have the same radius, the estimate is uniform in i € I.
Due to the finite-overlapping property, this yields || V2¢* || 2y < C(ly* —
Yallz2) + Cell ¢* | 22())-

3. The closed set Q5 has positive distance to the boundary, and by standard interior
regularity, e.g., [63, Theorem 6.2], it holds

I V2q" |l z20s) < CUly — Ya llz2@) + Cell € |l r20))-

Since Q = Qp U Oy U Qy, we conclude by the previous bounds || ¢* ||H§,2(Q) < o0.

The line of reasoning to prove regularity of y* is very similar, and we only point out
the necessary modifications. Assume that I'; C T'y.. By the construction of V, the
optimal control satisfies on I'; one of the conditions u*|r; = ua|r;, u*|r; = —v g Ir;
or u*|r, = up|r,. In either case, u*|r, € H 1/ 2(l“j). Furthermore, due to the regularity
of ¢* and the assumptions on u,, up, the control u*|r; is the restriction of a function
g; € HE’Z(Q) to I';, where g; is one of ¢*, uq, up.

Now assume that 9S; NI" C I' . Then by [106, Proposition 5.4.4] it follows

| dist(z, X;)% V2" | 12(s;) < CUI f ) + Cell ¥* 120
+11 g L2 (s, +II dist(z, X;5)% g; |25,y + I gj1 l2esy) + 1| dist(z, X;)% gj4a [lz2(s;))-
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3.3 Analytic Regularity far From Singular Points

Analogous results holds if there are mixed boundary condition on S;. For balls B; with
B; NT C I'yr, we have by H?-regularity

| V2y* HL?(smBi) <cl s ||L2(Qm§i) +Celly” ||L2(Qm]§i) + [ u* ”Hl/?(FﬁBi))'

The proof can now be completed as above, and this proves y* € HEQ(Q) O

Remark 3.3.26. Let us briefly discuss the operator A = —A +id. If X; is a vertex of
the domain, then the value of §; satisfies 3; € [0,1) N (1 — 7/w;, 1) as stated in [106,
Proposition 5.2.1]. If X, is a switching point of the optimal control but not a vertex of
the domain, then due to the H?-regularity on half-balls, we can choose 3; > 0 arbitrary.

Remark 3.3.27. Let us remark that u,, up € B},(Q Cy,7,) is sufficient to prove y*, ¢* €
H;Q(Q) in Theorem 3.3.25 and y*,¢* € B3(f, C.,7.) in Theorem 3.3.24.

Corollary 3.3.28. Let the assumptions of Theorem 3.3.25 be satisfied. Then it holds
u* € C(Ty).

Proof. We have u,, up, ¢* € H;Q(Q) by Assumption 3.3.4 and Theorem 3.3.25. Then

by the continuity of the embedding HEQ(Q) < C(Q), see [15], and by the projection
formula (2.17), we conclude u* € C(T'y). O

Lemma 3.3.29. Let (p, ¢) be polar coordinates centered at the origin. Define S.(w) :=
{r eR?| 0 < p(x) <e, 0< ¢(z) <w}forwe (0,2r) and ¢ € (0,1). Then there is a
constant C = C'(e) > 0 independent of w such it holds

107 llr2(s.w)) < CUP° VY lL2es. @) + 1191125, (@)

for all y such that the right-hand side is bounded.

Proof. We use Hardy’s inequality in one dimension (see [106, Lemma A.1.6]) to com-
pute

w
17 e = [ [ 070 dodo

<c/ (/ P28(9,y)° dp+/ dep> do
e/2
<

< ClP°Vy I ia(s. iy + 1191725, ())-
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Lemma 3.3.30. Let 3 be a multi-index with 3 € (0,1). Then there is a constant C' > 0
such that
[P0l 2y < Cllol s oy

forallv e Hé’l(Q).

Proof. Let ¢ be given by (3.21). Then S; := QN Bs/4(X;) is a sector for all X; € V for
alli = 1,...,m. Let us define p;(z) := dist(x, X;) for € S;. Then by the previous
Lemma 3.3.29, we obtain

P70 lnasy < Cllvllags + o7 Vollags,).

For z € S;, we have min(1, dist(z, X;)) = p;(«) and 6/4 < min(1, dist(z, X;)) < 1 for
1 # j. Thus it follows for = € S;.

7 @) < pile) O pia)® <07 (@),

This proves || r®~1v || 12(s,) < C(|vllz2(s,) + 7P Vol 12(s,))- On Sp := '\ US; it holds
r(z) > §/4. Hence |77~ v ||12(s,) < (6/4)1P1=™| v || p2(s,). Combining the estimates
on S; fori =0,...,m proves the claim. O

Now, we turn to the proof of Theorem 3.3.24.

Proof of Theorem 3.3.24. The goal is to establish estimates of type (3.25) for y*, ¢*.
Then, the result follows from Lemma 3.3.10.

Step 1: Covering.
Let the vertex set ) with elements X, be as in Definition 2.1.5. Let ¢ € (0, 1) be given.
Then by Lemma 3.3.9 we obtain the countable covering B = {B;, i € N}. Let us
denote by r; the radius of the ball B;. Let B; denote the ball with same center as B;
and with stretched radius 7; := (1 4 &)r;. Set B:= {B; | i € N}.

Let the multi-index /3 be the one of Theorem 3.3.25 and set

e B; if dist(z;, X;) < § for some j € {1,...,m},
! 1  otherwise,

with § as in (3.21).

Step 2: Local estimates of the data.
Due to the regularity assumption 3.3.4 and Lemma 3.3.10, there exist positive con-
stants vy, Cy(i) for i € Nwith }°.° | Cf(i)? < oo such that

(2

Cr(3) (Ar\P
|| VP f ||L2(ngi) < Afﬁ(/ ) <’):f> p! Vp e Ng. (3.56)
Tt

Analogously, there are constants 4, Cq(i) for i € N with Y7, Cy(i)? < 00, 7,4, Cy(i)
for i € Nwith > 72, Cy(i)? < oo, such that it holds

Cy(3) (Aa\?
195 iy < <20 (”) Pl VpeNy (3.57)

= B 74
7 i

62



3.3 Analytic Regularity far From Singular Points

and

Cy gl
|| Verlua HLZ(Qmqu)v H \%an Uy HL2(QnB ) < Aﬁ(’) (g> p! Vp e No. (3.58)

?

Step 3: Local estimates of the solution.
Let B; € B. If on one hand B; is such that B; C 2 then (y*, ¢*) satisfy (3.31a) on B;.
Due the construction of the covering, on the other hand (y*, ¢*) with u* satisfy (3.31a)
on B; with one of the following sets of conditions on B; NT": (3.31b)-(3.31¢), (3.31b)
and (3.50), or (3.53). Thus, we can use the results of Subsection 3.3.3 to estimate the
regularity of solutions on B; N ). We will use these estimates with R := #; and r := r;.
Applying one of the Theorems 3.3.13, 3.3.21, 3.3.22, or 3.3.23 we obtain for p € Ny

(7 =) P2 VPF2Y (L2 (o, < C ()77 2p!
with
. ~ * A2—,@£ - ~ * ~ *
C(i) == 7| Vy ||L2(QmBi) + 7 Cf(z)‘FTiQCCHZI HL2(QQBi) “‘7"1‘2”9 ||L2(QmBi)
A * AQ Bi N * ~ *
+ 74| Vg ||L2(Qm]§) Cali) +77Cel ¢ HL2(QmBi) +7ill g HLZ(QmBi)
4 B! . A
Cy(i) + 7ill ua ||L2(Qm]§i) + Fillus | p2onp,)-

Observe that we can choose + independent of the index i. The constant C'(¢) is a com-
bination of (3.34), (3.52), and (3.54). Here, we used the inequalities (3.56)—(3.58)
to estimate the contributions of the data f, y4, u4, up. Hence, we obtain

p+2 P
* . . I 1
| V725" 128,00 < C) (”) pl=7"Cliyr) (”) !
r" i

ET;

Step 4: Global estimates of the solution.

In order to invoke Lemma 3.3.10, it remains to prove > .-, 72(&{'72)0(2')2 < oo. Due
to the properties of C¢ (i), Cq4(i), Cy(i), it holds

! ! 2
Zr : ( P2P O () + 72y () +f§‘3icg(i)) < 0.
By the finite overlap property 5, we find using r; < 1

(oo}

2(8/—2) A4y, *
STy 2 gy < (14 9) iy
=1

i=1

(QQB ) = (1+5) NHy ||L2

Analogously, we obtain

o~ 2(81-2) (2 " 2 . 2
St (RO Yl yaqans + 2N 0" aans, ) < o0

=1
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Let us turn to estimate the contribution of #;|| Vy* || 2qnp,)- Using Corollary 3.3.11
and #; = (1 4 )r; we find

2(B1—2) & 2(B—1
Zr< BTG gy = 0+ 923219 2
i=1

(1+¢e)? QZHrﬁ "Vy' 72 s,

SO/”Tﬁ vyt ||L2(Q)>

where in the last step we relied on the finite overlap property of B. Using Lemma
3.3.30, yields

= 2(8;—2) 4 - *
S TRV i, < O TV )

<C|Vvy* HHé’l(Q) <Clly* ”H;v?(g) < 0.

Similarly, we can prove

—2) A *
ZT ) 2 ” Vq ||L2(QﬂBi) + ” q ”332(9[-]3 + H Uq, ||L2 QQB + H Up ”?ﬂ(Qr‘]Bi))
<C(lq" ”H;'2(Q) +1lq" ||H;»1(Q) + | ta ||H;v1(9) + | w HHé’l(Q)) < oo

Thus, the convergence Y .-, f(ﬁ )C(i)Q < oo is proven. By Lemma 3.3.10, we find

y*, gt e BQ(Q C.,vx«) for some positive constants C\, 7.

Step 5: Regularity of u*.
To prove the regularity u* € B 3/ 2(FN,CU,%) we need to construct an extension
u* € B;(Q Cu, V). Let us partltlon I into pieces I';, ¢ = 1,...,m as in the proof of

Theorem 3.3.25. Further, let us take I'; with I'; C T'r. Then the optimal control v*|r,
is the trace of a function in B3(Q2). Using the trace theorem [13, Theorem 4.1] shows

that u*|r, € Bg’f (T';) with 3; € R? a multi-index satisfying 3; € (0,1), and k; € {1,2},
where the value of k; depends on §;, 5;11.
Let us note that the optimal control «* is continuous on I"ss because (see [15])

q* € B(Q,C., ) C H3*(Q) = C°(9Q).

Then, we can apply the extension theorem [13, Theorem 4.3] to obtain the regularity
* e B?’/Q(FN, Cu,vu), where 8 € (0,1) is a multi-index satisfying 8; € (5;,1). O
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3.3.5 Comments on the Derivation of Analyticity

The boundary weighted spaces in Section 3.2 damp any singularity towards the bound-
ary and, therefore, allow to prove regularity results independent from the smoothness
of the boundary data. A ’sequential’ argument of the following type is possible:

we H?(Ty) = yeBi ,(Q) = qeB (Q).

Unfortunately, this procedure is not applicable in Section 3.3 because the boundary
data has to be considered. The optimality system serves as remedy and is exploited
for obtaining higher regularity.

The amount of lemmas and tedious observations of various constants around the
proof of Theorem 3.3.24 raise the question whether a ’simpler’ or at least shorter
line of reasoning is available. The trick of our proof is to localize the domain by a
dichotomic covering and to stay on the local level to use the projection formula for
a bootstrapping argument. This way, the local regularity results can be added up to
obtain a global result.

It is possible to take the viewpoint of [106], where the author only investigates the
regularity on sectors. The results are then transferred to polygonal domains by a par-
tition of unity argument. It is unclear whether such a two-step procedure would lead
to a simpler proof. Our approach has the advantage of requiring only one localization
step.

The restriction to sectors is also done in [12]. Here, a sector is transformed into
an infinite strip with the Mellin-transformation (see Subsection 3.1.1). An induction
argument then yields the affiliation to countably normed spaces. This line of reasoning
seems impossible for the coupled state-adjoint system because no a-priori regularity
of the optimal variables is given. Instead, the projection formula has to be exploited
for deriving smoothness in the manner of (3.39). In the induction step, however, the
involved constants increase because one has to switch between the global and local
view (Lemma 3.3.10). Hence, no global bound for the derivatives of the optimal
variables seems to be available.

We showed analytic regularity for the solution of (P) subject to (N) with the help of
local regularity estimates and a dichotomic covering. A shift theorem in the weighted
space HE’Q(Q) enabled us to add up the local results and obtain a global estimate.
We believe that an analogous version of Theorem 3.3.24 holds for interface control
problems. The covering of Lemma 3.3.9 can be extended to 2d-networks. Moreover, a
local regularity result holds ([106, Proposition 5.5.4]), as well as a shift theorem in the
space HE’Q ([106, Proposition A.2.1]). Note that the latter needs to deal with the case
of jumping coefficients x; in the differential operator A (confer [106, Remark 5.2.3]).
We presume that a bootstrapping technique with the projection formula allows to
prove an analogous version of Lemma 3.3.19 that bounds tangential derivatives. This
would amend the available results by a local regularity result at the interface (analo-
gous to Theorem 3.3.13). For brevity, we omit a rigorous proof of analytic regularity
in the context of transmission problems, confer [75].
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CHAPTER 4

The hp-Finite Element Method

In the 1980’s and 1990’s, a solid theoretical and algorithmic foundation for the hp—
version of the FEM as a reliable and efficient discretization technique was laid by
[9, 10, 11, 12, 13, 14] and [52, 119, 123]. The articles [59, 107, 108, 139] are
younger. We also mention the monographs [51, 53, 87, 135, 152] and [106], which
give an overall and self-contained access to the topic.

The hp-FEM is a solution technique for PDEs that achieves higher accuracy by both
refining the triangulation of 2 and increasing the polynomial degree of finite elements.
This discretization method tries to approximation functions by

e polynomials of high degree on large elements in regions of high regularity,

e polynomials of low degree on small elements in regions of low regularity.

Obviously, the hp-FEM combines the h-version of FEM, which gains accuracy by de-
creasing the sizes of elements of fixed (low) polynomial degree, and the p-version of
FEM, which gains accuracy by increasing the polynomial degree on a fixed discretiza-
tion of the domain. See, e.g, [34, 35, 43] and [17, 26, 93, 135], respectively.

The number of unknowns N, i.e., the dimension of the approximation space, is
the typical reference variable for comparing the efficiency of the different methods.
Standard error estimates for higher order methods are of type

ly —ynllmi@ <CN, t>0 4.1)

for the solution y and its FE approximation y,. As N appears polynomially in (4.1),
we speak of algebraic convergence.

The symbol y;, originates from the uniform h-FEM, where the accuracy is measured
with respect to the mesh size h. The polynomial relation v/ N ~ h~!, or equivalently
h ~ N~1/2, yields bounds O(h®),s > 0 for the discretization error of 2d problems.
Measuring the error in different norms, e.g., the energy norm as in (4.1) or Lebesgue
norms, leads to different orders of N or h.
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As indicated above, it is inevitable to thoroughly study the smoothness of the true
solutions to the PDE, as done in the previous chapter. Now, we examine the (finite-
dimensional) FE space as regards its approximation quality for functions of the given
regularity. The chapter is organized as follows.

We start by introducing basic notations, definitions and ideas of the (hp-)FEM in
Section 4.1. After that, we provide details on the implementation of the code that
produced the numerical results for this thesis. The reader who does not care about
programming issues is encouraged to skip Section 4.2.

In Section 4.3, we prove approximation results for the boundary concentrated (bc)
FEM of [88] (see also [57]). This type of discretization heavily refines the mesh near
the boundary of the domain while keeping the element size and polynomial degree
large in the interior. The main result of this section is Theorem 4.3.13, which proves
(4.1) with t = o for H'*7-regular problems. This result is possible because of the
novel interpolant of Subsection 4.3.1 and because the number of unknowns of the
bc-FEM is related to the boundary mesh size h via h ~ N~! (see Theorem 4.3.3).
We formulate a similar result (Corollary 4.3.15) for interface concentrated (ic) finite
elements, which is an application of the bc-FEM on the subdomains of a 2d-network.
Additionally, we present new estimates in the L?- and L>°-norm at the boundary.

Section 4.4 closes the chapter with the famous result of [9] that states that the
hp-approximation error can be bounded in terms of e="VN for a constant b > 0 (Theo-
rem 4.4.4). This exponential convergence can be achieved by meshing the domain with
so called geometric mesh patches that are heavily refined towards vertices, where
solutions tend to be singular (confer Section 3.1). The results will later be used in
Chapter 5 for error estimates of what we call the vertex concentrated (vc) FEM.

Some of the presented results can also be found in [27, 156].

4.1 General Concepts

Finite element methods typically use the Galerkin method on a weak formulation of a
PDE in an infinite-dimensional space V', which we generally write as

a(y,v) =l,(v) YveV. (4.2)
Here, a(-,-) is a coercive bilinear form that maps V' x V' — R and [,, is a member of

V* (see (2.12) or (2.13) as concrete examples).
The solution y € V is approximated in a finite-dimensional subspace

V3, :=span{¢1,...,¢n} C V.
Since the approximating space is contained in the infinite-dimensional one, this method
is referred to as conformal discretization. We do not allow discontinuous Galerkin

methods (see the overview article [44] by Cockburn) which are also amenable to the
hp-idea (see, e.g., [18, 32, 36]).
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Functions in v" € V}, can be uniquely represented as a vector 7" € RY, where

N
V' (z) =T ¢5(x) (4.3)
j=1

and ® := {¢;} is a basis of V},.

Definition 4.1.1. A coefficient ﬁjh in (4.3) is called (global) degree of freedom (short:
dof, plural: ddof). We also refer to N as the number of unknowns.

There is a one-to-one correspondence between v" € V}, and " € RY, which is why
we implicitly change between the two and generally write v". Solving the discrete
equations means finding a y” that satisfies

a(y", v") =1, (") Yot e V. (4.4)
Note that we use the same space for testing the equation and representing the solution.
The unique solvability of both (4.2) and (4.4) is guaranteed by Theorem 2.1.2. B
In practice, we plug (4.3) into (4.4) and obtain a linear system of equations Ay" = [,,.
Let the indices 4, 7 run from 1, ..., N and let (4.4) be the discrete weak formulation of
—Ay + y = wuin . It holds
Ayt = Ky + My" =1,

with the stiffness and mass matrix

Kij = / Vo, -Vo;dr, M; = / bid; de,
Q Q

I, = / ug; dx.
Q

Theorem 4.1.2. Let y and y" be solutions to (4.2) and (4.4), respectively. Then Galerkin-
orthogonality holds, i.e.,

and the load vector

The following result is standard.

aly —y", 0" =0 Wl eV,
Furthermore, we have Cea’s lemma
ly=y"llv<C jnf fly—o"v.
The finite-dimensional approximation space V}, is constructed from a triangulation of

Q.
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Chapter 4 The hp-Finite Element Method

Definition 4.1.3. A k-irregular triangulation 7 of 2 is a collection of open, convex,
and nonempty elements K such that

[ ] ﬁ = UKET K’
e K, N K is either empty, a vertex or an edge,

e Each edge contains at most k irregular nodes (see Definition 4.1.4).

The word mesh will be used interchangeably with triangulation.

Definition 4.1.4. An element vertex is called a regular node if and only if it is a vertex
to each neighboring element. Irregular or hanging nodes are those vertices that are not
regular.

The elements K usually are quadrilaterals or triangles formed by the edges ex € Ek.

Definition 4.1.5. Let 7 be a triangulation of 2 and hx be the diameter of an element
K € 1. We say T is y-shape regular if each K is the image of a reference element K C R?
under a diffeomorphism Fx and there is a constant v > 0 such that

R | Fic oo () + hicll (Fi) ™ ey < v VK € 7.

Here, F'}. denotes the Jacobian.

Definition 4.1.6. Let 7 be a 1-irregular mesh which is v-shape regular. If all mappings
Fi are affine linear, we say that T is admissible.

The word admissible is sometimes used in the context of regular/irregular meshes
but merely signifies the class of triangulation we want to use in this thesis. Admis-
sible meshes are compatible with 2 in so far, as we assumed in Section 2.1.2 that
and 2d-networks are polygonal. Therefore, admissible triangulations can capture the
boundary and interface, which are not curved.

The mapping Fj' allows a pull-back of K € 7 to K which is often used both for
theoretical investigations (e.g., scaling arguments) and for numerical computations.

An example for a conform finite element space V;, C V is

VP = {ve H'(Q) : v|k is a polynomial of degree p}.

If p is kept constant (h-FEM), accuracy is gained by refining the triangulation. An al-
ternative would be to work with a fixed triangulation and increase only the polynomial
degree (p-FEM). We are going to investigate a combination of both methods: hp-FEM.
The FE approximation space is enlarged by refining the triangulation (h-refinement)
on the one hand and by increasing the polynomial degree of elements (p-refinement)
on the other hand.

Definition 4.1.7. Let 7 be an admissible triangulation. The collection of polynomial
degrees px € N on elements K € 7 is called polynomial degree vector p := (px)ker-
The edges of K are collected in the set Ex and each edge ex € Ex has an associated
polynomial degree

Per =min{px : ex NK #0, K' €1} (4.5)
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The minimum condition has to be seen in the context of designing conform V}, C
H'(Q) that contain continuous functions across edges (which may have hanging nodes).

Definition 4.1.8. Let 7 be an admissible mesh and p its polynomial degree vector. Define
the space of polynomials

Rlz], := span{z'}izo, . p,
R[z, y]p = Span{fiyj}ogi,jgp

(with 0 < i+ j < p for meshes consisting of triangles). Then the FE approximation space
SP(7) is defined as

SP(7) == {’UEHI(Q) s vk o Fg € R[z,ylpx, Ve © Fx € R[z]

Pex

forall K € Tand all ey € EK}.

In view of Cea’s lemma, the properties of SP(7) determine the numerical accuracy that
is achieved by the hp-FEM (see section 4.3, 4.4).

4.2 Implementational Remarks

This section is intended to briefly describe the main issues that appear during the
implementation of an hp-FEM code. While higher order methods are distinguished by
good approximation properties, their implementation is more challenging.

There are several methods for designing the approximation space SP(7), efficiently
computing and assembling element matrices as well as solving the arising system of
equations. The coding techniques should be sophisticated because a trivial approach
often leads to high complexity, especially if the space dimension of the PDE is larger
than one.

The basis function in the physical domain 2 need to be constructed in a way that pro-
motes sparsity while retaining small condition numbers. The construction is achieved
by shape functions on the reference domain, which are then mapped into the physical
domain by F. Since the mappings are affine linear (see Definition 4.1.6), we obtain
a sub-parametric mapping as soon as the polynomial degree of an element is greater
than one.

4.2.1 Designing Basis Functions

Two strategies for constructing a basis ® of the hp-FEM space are possible: the modal
and nodal approach (see [87]). A nodal basis is constructed from shape functions
that are Lagrange-polynomials on a set of discretization points. Evaluated at such a
discretization point, the polynomial vanishes at all but one point, where it takes the
value 1. The advantage of such a basis is the simple connection of the discrete function
v"(x) and its representation as a linear combination of basis vectors. The drawback,
however, is the fact that every time we increase the polynomial degree of an element
K in the discretization 7, many basis functions need to be recomputed.
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Chapter 4 The hp-Finite Element Method

That is why we use a modal (hierarchical) basis. When p-refining the mesh, we keep
the old basis and enrich the approximation space by additional functions. This way,
the previous basis spans a subspace of the new approximation space.

The choice of the basis significantly determines the numerical properties of hp-me-
thods and many different types have been discussed in literature (see [8, 37, 93] and
the references therein). It is typical for hp-FEM to categorize the basis functions in the
following way.

SP(7) = span ® = span(®y U b U @j).

e Oy comprises all hat functions which are 1 at exactly one regular node of the
mesh, and zero at all other regular nodes.

e &y comprises so called edge bubble functions, which are non-zero at exactly one
edge e with regular beginning and end node. They vanish at all other edges. Its
support is formed by the union of all elements containing e.

e ®; comprises so called element bubble functions, whose support is contained in
exactly one element.

The global basis functions shall have small support in the physical domain 2 so that
the stiffness and mass matrix become sparse. An exemplary stiffness matrix is depicted
in Figure 4.1, where we can see a 3 x 3 block structure resulting from the above
categories.

N AN
Q ‘\\\\
2\

A\
\\
\
S ——
Figure 4.1. The sparsity pattern of a 12000 x 12000
stiffness matrix for a typical hp-discretization.

A basis function ¢; € ® is constructed from contributions of local shape functions
defined on the reference element K (see Figure 4.2).
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It is desired to obtain sparse element matrices with small condition numbers. Suppose
that we use Legendre polynomials, i.e., orthogonal polynomials with respect to the
L? inner product. Then, for example, the mass matrix on the reference element is the
identity matrix and very easy to invert. In order to exploit a similar orthogonality effect
for the stiffness matrix, we use integrated Legendre polynomials as a hierarchical basis
(see [26, 93]).

Figure 4.2. The quadrilateral and triangular reference element.

In order to emphasize that the following functions are constructed on reference do-
mains, we use the notation # € (—1,1). The (integrated) Legendre polynomials L;(%)
(respectively L;(&)) are defined as

R L d i
Li(#) i= g2 (@ = 1) i € No, (4.6)

with the scaling factor

 [@i—3)@i-D@i+ 1)
i \/ 1 '

Furthermore, we set

Lo(#) ;:_%(5@_1) and  11(3) = ~(& +1).

Proposition 4.2.1. [26, Lemma 2.1]. The Legendre polynomials L; and integrated
Legendre polynomials L; satisfy the following properties:

1. d%ii(f?) = (=1)"y; L ().
2. The L;(%) are orthogonal with respect to the L*((—1,1)) inner product, i.e.,
! 2
/_1 Li(@)L;(8) di = 65—
3. The polynomials obey the recurrence formulas

(t+1)Liy1(2) +iL;—1(2) = (20 + 1)ZLi(2), @>1, (4.8)
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Chapter 4 The hp-Finite Element Method

(2 +1)(2i — 3)

Li(z) = (-1)’ @) L@ - Lia@), iz2 (49

We mention that the Legendre polynomials are a special case of Jacobi polynomials
Pi(o"ﬁ) (#) which are orthogonal on (—1, 1) with respect to the weight (1 — )%(1 + )7,
«, 8 > —1. Jacobi polynomials are well investigated (see [143]) and can be used for
the evaluation of higher derivatives of L (see [87, Appendix C]) or sparsity optimized
shape functions on triangles/simplices (see [29, 30, 31]).

For the reference square K = [—1,1]> C R2, we construct shape functions by ten-
sorizing integrated Legendre polynomials (see Figure 4.3). Let

Lij = Lij(#,9) = Li(#)L;(9), deg(Li;) := max{deg(L;),deg(L;)}.

vertex function Lo, edge bubble function L, element bubble function L,

Figure 4.3. Shape basis functions in the hp-FEM on the reference square.

We adopt the same notation for the Legendre polynomials. The local shape functions
up to degree p > 0, i.e., ® := {L;;}o<i <, benefit from the special properties of L, in
one dimension and produce sparse element matrices (see [26]).

The local numbering of shape functions L;;(, /) on the reference element K auto-
matically introduces the concept of local ddof 9%, which are a selection of the global
ddof v* € RY from a function in V}, in a special order. This connection of local and
global ddof is described by a distribution mapping Qx (see [3] and [87, Section 4.2])
which satisfies the equation

~h h
U = Qkv

with a sparse matrix (i that requires a memory saving implementation.

Let us mention an important fact about working with a hierarchical basis. Unlike
nodal based functions, the sign of edge bubble functions (see Figure 4.3) may depend
on the orientation of an edge. As most of the mathematical operations are performed
on the reference element, both the edges of K and the physical element K possess a
direction. If an orientation changed during the pull-back, the sign of the affected local
ddof needs to be inverted in order to retain conformity. This phenomenon does not
occur when using a nodal basis.

74



4.2 Implementational Remarks

A Transformation to Legendre Polynomials

Now we show how the coefficients of a FE function v € SP(7) transform if the basis
is changed from integrated Legendre polynomials to Legendre polynomials. This is
necessary for estimating the smoothness of v which helps to decide between h- and
p-refinement, see [59] and Subsection 6.3.2.

We start with the basis transformation in one dimension. First,

. 1 1 & 1 1
Lo@) =—5@-1)=5 - g = 5Lo(@) - 5L1(#), (4.10)
Li(2) = %(ﬁ +1) = % + g = %LO(:%) + %Ll(@). (4.11)

(2i + 1)(2i — 3)

Li(#) = t;(Li(&) — Li—2(#)), where ¢; :=(—1)’ 4(2i — 1)

Using these results, we can already set up the matrix for the basis transformation,
ie.,

3 —3 0 0
3 3 0 0
Tp — 7t2 0 t2 O 0
0 —t; 0 t3 0 0
0 0 —t, 0t

Letp > 2 and 4,5 € {0,...,p}. Let \; be the coordinates of a univariate polynomial
P € R[], in the ordered basis {L;}. We compute

P= Zj‘ii/i = Zj‘lz(TP)”LJ = ZLZ Z(TJ)UXJ =: ZLZ)\Z
i i 7 % J %

Hence, the matrix TJ describes the transformation of \; to the coordinates )\; that

represent P in the ordered basis {L;}.

Definition 4.2.2. Let A € C**! and B € C™*™ with k,l,m,n € N. The matrix

anB ayB
AR B = -

ale ale

is called Kronecker product.
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Chapter 4 The hp-Finite Element Method

It is easy to verify that
(A2 B)T =AT@BT. (4.12)

As the 2d shape functions were constructed by tensorizing integrated Legendre poly-
nomials, the Kronecker product provides a compact notation of the 2d-transformation
matrix if the both type of shape functions are arranged in the following lexicographic
order.

(Lo(2) - Lo(#), - -, Lo(2) - Ly(§), L1(&) - Lo(§), .- ., L1(2) -

Let K € 7 be an element with degree px. We collect and order the local ddof of
v € SP(7) in 0x. Recall that this corresponds to the pull-back which may involve the
sign change of some coefficients as a consequence of changing orientations. Some
additional zeros may have to be inserted into 0k if the finite element has different
polynomial degrees on its edges. The coefficients ¢% in the ordered basis {L;}, corre-
sponding to the coefficients ¢ in the ordered basis {L;}, can be computed with the
following formula:
o = (T,®T,) o) = (T, ®T, ).

4.2.2 The Assembly Process

Element Matrices and Sum Factorization

We have seen that the three categories @y, @, ®; of the global basis functions are
transferred to the elemental level such that ® = &, U &5 U ®; (see Figure 4.3). If
the basis functions follow this order, an element matrix Ay, K € 7 is structured as
follows.

Avy Ave Avi
A= | ATy App Apr|. (4.13)
Ayr A An

The condition number, number on non-zero entries, and preconditioners of such ele-
ment matrices has been investigated in many publications. See, e.g., [8, 26, 31, 60,
93] and the references therein.

Computing an element matrix Ay for the degree p and a n-dimensional domain 2
means calculating O(p®") entries. This is usually done by Gaussian quadrature with
O(p") integration points. Hence, the overall complexity is of order O(p*"). This is too
slow since the polynomial degree is increased significantly in hp-FEM.

In our code we made use of sum factorization (see, e.g., [57, 87]) which reduces the
costs for computing an element matrix to O(p*>"*1). Its basic idea is to precompute
integrals so that some parts of the code can be moved out of nested for-loops. This
intuitive code optimization is appealing because it is easy to implement and allows to
treat PDEs with non-constant coefficients.
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Suppose that we want to set up a c-weighted mass matrix

My = /K (1) (2, 9)ba(z, y) da dy
- /K (co Fic) () - (Lij L) (2.5) - | det(Fle (2.9))]| di dg

for an element of degree p. Let G be a Gaussian quadrature rule on [—1, 1] consisting of
pairs of integration points & and their weights w;. For integrating the product of two
basis functions, G needs to be at least exact up to degree 2p. We abbreviate co Fx = ¢é
and approximate the element matrix by

~y Y E L@ L (9) L) Lu(@)] det(Fi (2, §)) [wawg

(€, wL)EG(y,wy)EG

= Y Li@L@ws Y Li@)Li()é(d, §)| det(Fi (&, 9))w; .
(§,wg)EG

(aA:,’w,{c)EG

= Hj1,x

Precomputing H; , and using its values for numerical quadrature saves costs of order
O(p) (one ’for-loop’ in the implementation). Sum factorization can be extended to
triangular or tetrahedral elements as well.

Other methods for speeding up the assembly of the full system or matrix vector
multiplication for iterative solvers can be found in [57].

Connectivity Arrays and Constrained Degrees of Freedom

In order to compute the full matrix A corresponding to (4.4), the element matrices
need to be assembled in a global matrix. This is done by connectivity matrices Ay =
Q- which describe the connection of local to global ddof and the process of adding up
the contributions of the single element matrices. The system .4 can be computed as

A= AgArAg. (4.14)

Ker

Some diligence is required when setting up A i for irregular meshes because the global
basis functions need to be continuous across edges which contain a hanging node in
its interior. Local ddof that correspond to an element with an irregular vertex are con-
strained by the values of global ddof. The following considerations are made according
to Figure 4.4 and shall explain how constrained ddof are (uniquely) determined by the
value of those ddof stemming from elements with only regular vertices. The procedure
is similar to the basis transformation from Section 4.2.1.

Suppose that e C K € 7 is an edge that contains an irregular node in its interior.
The hanging node is a vertex of two elements K, K, and beginning/end node of
e = eNKje. :=eNK,. Aswe pull-back e to ¢ = [~1,1] orientated from left to
right, we demand that the orientation of e;, e, point into the same direction as the
orientation of e.
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>

N
=

Figure 4.4. The pull-back for a constraining edge e onto the reference
interval [—1, 1].

The basis functions on ¢é are the integrated Legendre functions L;(#). They can be
expressed by the basis functions

P L;2z+1) ifo>z>-1,
(&) = 4.15
(@) {0 if0 < 2, 4.15)
N Li(22—-1) ifo<z<1,
L = 4.16
i@ {0 if0 > 2, (4.16)

whose support is ¢! and é”, respectively. For the vertex based functions ﬁ071(£), we

obviously have

(LY () + L(2)), 4.17)
(L1(&) + Ly(#)). (4.18)
For abbreviation, we introduce L™ (&) := L} (&) + L} (&) which corresponds to a hat

function for the hanging node.
It remains to find a representation

For representing L;, we only need Legendre polynomials up to the same degree. That

is why the matrices a! j»a; ; are lower triangular.
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If we list L}, L}, L™ first, followed by the left and right edge bubble functions ﬁﬁzz,

L., the transformation matrix for p > 2 reads

1
10 3 0 0
1
01 3 0 0
P, =
p 0 0 ap alQ’2 aj o
1 l r r
00 ap p2 app Op2 App

The matrix P, describes how the basis functions on ¢!, é” add up to the basis functions
on é. It can be computed by equating the coefficients. With the notation

Mp=r-(r+1)-...-(r+n—-1), reRneN
and the convention a; = v;4; ,, aj ; = %’:d;’ ; we find
L (=1/2),
g = (_1)”17( z'/ )Zv i>1,
i1 =0, i 21,
ay, =27" i>2,
AT PN .
QAgj o = 5042,1'7 1> 2,
.  (—=3/2)it1 .
r (1)t
5412 = (—1) NI i>1,
ar. =0, i>j>2

2V

The remaining values can be computed with the recurrence formula

. . 1, . 1, . .

ajj = —0Q;_; 1+ 566271,3‘71 —aj_y;+ §a§71,j+17 i>4,52>3.
The entries of a! read
1 L.
Ag;q = A5, 1, Jj=>i>2,

! i1 . . o

ay; ;= (=1)7*tab, 5, 121,722, i<},

1 i . . . .

Ai41,5 = (_I)Ja£i+1,jv 121,722 4<j.

Given the matrix P,, it is easy to determine the values of the constrained ddof: Let
v € SP(7) and v, be the coefficients corresponding to edge bubble functions of an edge
¢ with irregular node in its interior. Denote by v; ,,,  the ddof belonging to the left,
middle (constrained) and right node that form é. Denote by v, vsr the constrained
ddof corresponding to the left and right sub edge of é (see Figure 4.4). Then the
constrained ddof are determined by

(V1 Vry U, Vet Ver) T = P (v, vp,06)
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With this knowledge, the connectivity matrices Ax can be set up as described in [3] .

Note that the assembly according to (4.14) does not consider Dirichlet boundary
conditions. These have to be enforced in a second step. Suppose i is the index of a
Dirichlet node. Then we overwrite the i-th row of A with the unit vector e; € RY.
The desired Dirichlet value is written to the corresponding entry of the load vector
. Non-linear boundary data as well as higher order boundary elements are more
complicated because the data has to be mapped into the right polynomial space and
the coefficients for bubble functions need to be computed.

Inverting the full N x N system .4 means solving a discretized PDE. Direct solvers
are desirable in the context of optimal control problems because optimization meth-
ods, such as projected gradient, semi-smooth Newton, interior point or SQP methods,
require a lot of solves of the state and adjoint equation. Thus, it is efficient to store
the decomposition of A and reuse it during the optimization process. Since the matrix
A is generally very sparse (see Figure 4.1), a direct solver must exploit the sparsity
pattern for being efficient. We used UMFPACK? as a sparse LU solver. Other possibilities
are PARDISO® or SUPERLU*.

4.3 Algebraic Convergence of the Boundary Concentrated
Finite Element Method

In the following, we will provide approximation results for a special hp-strategy: the
boundary concentrated finite element method (bc-FEM). A novel interpolant is con-
structed in Subsection 4.3.1 (see also [27]). It helps establish the main result of this
chapter (Theorem 4.3.13), which states that the error decay is algebraic with respect
to the boundary mesh size. Such an energy-norm estimate also holds for the interface
concentrated (ic-) FEM (see Corollary 4.3.15), which is an application of bc-FEM on
the subdomains of a 2d-network.

Additionally, we are going to derive a-priori error estimates measured by Lebesgue-
norms in Subsection 4.3.2. Although the theory is formulated for quadrilaterals it
extends to triangular elements.

Definition 4.3.1. Let 7, be an admissible triangulation and h := mingr_y{hk } <1 be
a measure for the mesh size at the boundary. We speak of T, as a boundary concen-
trated (bc) mesh, if and only if there exist constants cy,co > 0 such that for all K € p:

1. if KNOQ # (), then h < hx < cah,
2. if KN O =0, then ¢y inf ek dist(z,I') < hg < casup, ¢ dist(z, T).

Note that condition 1 implies that the discretization of the boundary, originating from
the triangulation of (2, is quasi-uniform. This justifies to speak of the boundary mesh
size h.

2http://www.cise.ufl.edu/research/sparse/umfpack/
Shttp://www.pardiso-project.org/
“http://crd-legacy.lbl.gov/ xiaoye/SuperLU/
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4.3 Algebraic Convergence of the Boundary Concentrated FEM

Definition 4.3.2. Let 7, be a be-mesh on ) with mesh size h. The polynomial degree
vector p = (px)ken, 1S said to be linear with slope o > 0 if there exist constants cy,
co > 0 such that

h h
1+ ac 1ogTK <pg < 1+o<0210g7K. (4.19)

We speak of boundary concentrated (bc) FEM if we solve an elliptic PDE with V}, = SP(7)
in (4.4), where SP(r) is the approximation space arising from discretizations accord-
ing to Definition 4.3.1 and 4.3.2

In the context of 2d-networks {2;};c; and interface problems, we can apply the
bc-FEM on each subdomain €2;, which leads to the interface-concentrated (ic) FEM.
This corresponds to replacing the boundary I' by I' U Z in Definition 4.3.1.

Theorem 4.3.3. Let 75, be a be-mesh with polynomial degree of slope a > 0. Then there
exists a C' > 0 independent of h such that
d o1<cent,

Kery,

max px < Cllnh|,
Kerp

dim(SP (7)) ~ Z i < Ch™!
Ker

The result is proved in [88, Proposition 2.7] and extends to the ic-FEM. It points out
that the number of unknowns increases linearly if the boundary mesh size is decreased.
For uniform refinement in h-FEM, we have the relation h ~ N /2 on two dimensional
domains. Thus, the bc- and ic-FEM solve a two dimensional problem ’for the costs of a
one dimensional problem’, which is the reason for its fast convergence (see Chapter 5).

To some degree, the bc-FEM can be regarded as a generalization of the boundary
element method (BEM), see [76, 129] and the references therein. There, the PDE is
reformulated to an equation posed only on the boundary, which yields the same reduc-
tion in the dimension. However, BEM is restricted to equations where a fundamental
solution is known, which generally fails to be the case for non-constant differential op-
erators. The bc-FEM, on the other hand, can handle analytic coefficients in the elliptic
equation.

4.3.1 Energy Norm Estimates

In the sequel, we will construct a be-FEM interpolation operator. Since we allow hang-
ing nodes, the result generalizes [88]. Regarding the interpolation error, we obtain
approximation results comparable to those obtained in [88] for regular meshes.

Estimates of local element size and polynomial degrees

In the interpolation estimates below, it will be important to have comparable element
size and element polynomial degree for neighboring elements. For meshes without
hanging nodes, we have the following result from [107, Lemma 2.3], its extension to
meshes with hanging nodes as used here is straightforward.
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Lemma 4.3.4. Let 7 be a y-shape-regular mesh. Then there exists a constant C(~y) such
that for two neighboring elements K, K' with K N K # () there holds

C(7) *hg < hgr < C(7)hk. (4.20)

Theorem 4.3.5. Let 7, be a be-mesh on Q with a linear polynomial degree vector p of
slope «.. Then there is a constant C(«) depending on ~ such that for two neighboring

elements K, K’ with K N K # 0 it holds
C(a) 'pg < prr < Cla)pk.

Moreover, C(a) € O(w).

Proof The constants c;, co defining the linear degree vector naturally satisfy co > ¢4,
cf. Definition 4.3.2. Using the properties of the linear degree vector and Lemma 4.3.4
we can estimate

pr <14 acolog(hk:/h)
<1+ acylog(C(vy)hk/h)
< 1+ acylog(hk /h) + acz log(C(7))
< cacr (1 + acy log(hi /h) + acz log(C(7)))
< eacy Hpk + prac log(C(v)))
< caer M1+ ac log(C (7)) )pxc-

The same computation yields a bound of py from above. This proves the claim with
Cla) = i—f(l + acg log(C(7))). O

Extension and projection operators

The reference element we have in mind is the square (—1,1)2, but we will keep the
notation relatively neutral to make the results applicable to triangles as well. The
index i is taken from {1,2,3(,4)}. We denote the reference element by K and recall
the space R[z,y], := span{z’y’ : 0 < i,j < p}. Triangles would require the space
span{z‘y? : 0 <i+j <p}.

As our mesh will have hanging nodes, we assume that each edge ¢; of the reference
element has an associated polynomial degree p; := p., (see also (4.5)) with p; < pgk.
Here, px is the polynomial degree of an arbitrary element K that is pulled back to K.
The constructed approximant will lie in

Poy(K) == {f € R[z,y], : deg(fle;,) <pi} with p(K) := (pr,p1,...,pa).
4.21)
We first need an extension operator acting from 0K to K (see [106, Lemma 3.2.3]).
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Lemma 4.3.6. Let f € C(JK) be a polynomial of degree p; on the i-th edge of the
reference element. There exists a linear extension mapping E : C(0K) — P, o(i) () with
the following properties:

(Ef)le. = 1, (4.22)
IEf ||Loo(f<) +p | VES ||Loo(f<) <dlf HLoo(af()- (4.23)

Proof. We prove this only in the case of K being the reference square. The extension
to triangular K is straightforward, see, e.g., [106, Lemma 3.2.3].
By subtracting a bilinear function from f we can assume that it vanishes on the

vertices of the reference element. For each f; := f[., we construct an extension
E;(f:) € Pp(k)(K) which is zero at all other edges ¢;, j # 1.
Let us demonstrate the construction of E;(f;) for e1, e := {(x,y) € R® : z €

[-1,1],y = —1}. Here we define F;(f1) := lgy, (z). Analogously we define the
extension from the edges ¢;, @ > 1. This way we get an extension F := E(f) :=

With the inverse estimate || VF' || . ) < cp 2\ F I (i) ([135, Theorem 4.76]) with
p > p; we only need to show || F'[|;« g) < ¢l fl (o). This is a trivial estimate:
IEA ()l s iy < 1 llmoe(en)s a5 152 < Lon K.

In the case that f does not vanish in the vertices let us denote by Fy the bilinear
interpolation of f that is exact in the vertices. Then we set Ef := Fo+ ), E;(f; — Fp).
It is now easy to argue that the extension fulfills the claim. O

Element-wise Interpolation on Boundary Concentrated Meshes

For the remaining part of the subsection, we adopt the notation from the theory/nu-
merics of PDEs and use the variable u for a general function and not the control vari-
able. The aim of this section is to construct an interpolant on the reference element.
It is desired to interpolate a function « living on the physical domain 2 by pulling it
back to the reference element for each element of the finite element discretization 7.

The constructed interpolator will be needed for elements in the interior of ). There,
we need to distinguish between elements possessing a hanging node or not.

At first, we will construct the interpolator for elements without hanging nodes. The
following theorem is similar to [88, Lemma 2.9]. We give a proof here in order to
track the dependence of the constants on the parameter « of the linear degree vector.

In the sequel, we will denote by GL(q, f) the one-dimensional Gauss-Lobatto inter-

polant of degree ¢ > 1 for the function f on I = [—1,1]. The Gauss-Lobatto interpola-
tion points o, . . . , 2, are defined as the roots of (1 —2?)L,_, (&) (see (4.6)). It is well

known that these roots are real, distinct, and lie in [—1, 1] (see [143, Theorem 3.3.1]).
Hence, the definition is well-posed and we have the representation
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Chapter 4 The hp-Finite Element Method

Theorem 4.3.7. Let K be the reference element. Let u be a function on (2 whose pull
back @ = u o Fi is analytic on K and satisfies

quJrzﬂan(f() SCU’YZQ'& q:03172a~~'~
Then there exists an interpolant I(u) € Py(k) (K) such that
1. I(4)|e, = GL(pi, Gle,),

2. || I(ﬂ) - le,oo(f() < C’aCue’bpm,

where b > 0 depends on ~,, and C, > 0 depends on ~, and o with C, = O(a®) for
o — 0.

Here, p,, denotes the minimal polynomial degree is defined by p,, := min;{p;} and
naturally p,, < p; < p with p being the degree of the image of I, i.e., Py K)(K ).

Proof We restrict & € C(K) to the boundary K and define the piecewise Gauss-
Lobatto interpolation operator
i: C(OK) — {f € C(dK) : f]., is polynom with degree p;},
i(0)(x) = GL(pi, e, )(x) Vz € K.

Let us define the finite-dimensional subspace

V.= {’LL S Pp(K)(K) : ﬁ’|8f( = 0}
Since V is finite-dimensional, there is a linear and bounded projection operator II :
Pyxy(K) — V with HAH||£(C(§),C(E)) < vdimV, confer [106, Theorem A.4.1]. As
V C Pyk) C Rz, y],(K), we have dim(V) < (p+1)?, which shows ||H||L(
p+1.
The interpolation operator I is now defined by
I(4) := E(i(a)) + (4 — E(i(4)))

with the extension operator F from Lemma 4.3.6. By construction, the first property
is fulfilled. If & € Py k) (K) it follows that (i) = 4|, and therefore 4 — E(i(d)) € V.

T~ T~ <
C(K),C(K)) —

Thus, I interpolates functions of P,k (K) exactly.
Let & € C(K) be given. Let us first estimate the norm of I by

1760l ey < ell (@) om0+ DI = BG@) e )
<c(l+p)|all ooy + @+ DAl oo i)
+e(l+p)(p+ Dl Lo ai1)s

where we used [106, Lemma 3.2.1] to bound the Gguss-Lobatto-interpolation operator
i. Exploiting || @ HLOO(af() < HLoo(f() for 4 € C(K) yields the estimate

[ 1(2) [ oo () < Crp(L+np) || @l oo (-
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4.3 Algebraic Convergence of the Boundary Concentrated FEM

Regarding approximation properties, it now follows with arbitrary v € Py K)(K' ) and
using v = v that
= 1) e ey = 11 8= 0) = T(@ = 0) e
S A+ Crp(L+p)|lt—vlleig)

In order to achieve an approximation property in W1’°°(K ), we need to estimate the
first derivatives of 4 — I(4):

IV (&= I(@)) | oo )
i —v) = 1(@ =) |l =gy
||Loo(f<) + V(I (a) —v) HLoo(f()
||Loe(f<) + Cp?|| (I() —v) HLoo(f()
e iy + PP (@) = @) [l e ey + 11 = 0| o )
oo (i) + CP* (2 + Crp(L +p)) |4 = v || oo -

IV (

V(@ —wv)
< || V(a—w)

V(@ —wv)

V(@ —v)
In the last two estimates, we can pass to the infimum because v was arbitrary, which
shows

&= 1(@) || oy < Crp(L+1np)  inf  [[d@—vll ez,
vEPp (k) (K)

V(@@= 1) |y < Inf ]I V(@=0) [ i)

vE€Pp (k)

+Cop’(1+ Inp)|| & — v ||L°°(f<)}~

Relying on best approximation results in the space Py (k) (K ), we have [106, Theorem
3.2.19]

inf i 0| o) < CCue™Pm,
vEP,(K)

inf (| V(i =) || o ) < CCue™"Pm
vEP(K)

with constants C, b’ depending both on +,,. Collecting the estimates above, we obtain
11(2) = @ [l yy1.0e ) < Cap(1+ Inp)CCue™Pm
+ CCue P + Cop®(1 4 Inp)Cip(1 + Inp)CCLe P

We have from Theorem 4.3.5 that C'(a) !px: < px < C(a)pk: for two neighboring
elements K, K'. Hence, we can bound p < C(«)p,, because the minimal polynomial
degree is determined by at least one neighbor. This way we get

1T(@) = ||y, ) < C3C()®pS,CCue™ P, (4.24)
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Chapter 4 The hp-Finite Element Method

( 1 1)

Figure 4.5. A reference element with hanging
node and its neighbor (possibly distorted).

Absorbing p% by decreasing the constant v’ yields

11(2) = @ lly1.00 () $ CaCue™"Pm
with C,, depending on «,~, and b on 7, and C, = O(a®) for a — cc. O
Remark 4.3.8. We cannot avoid the constant p(1 + lnp) in the estimates of the inter-

polation errors || & — I(d) || oo () and || V(a4 — I(@)) HLOO(f() because we allow different
polynomial degrees in the interior and on the edges of elements.

In the second step, we will construct an interpolation operator that can deal with
hanging nodes. To begin with, we cite an one-dimensional interpolation result of
[106, Lemma 3.2.6].

Lemma 4.3.9. Let u be analytic on the interval I = (—1, 1) and satisfy for some C, Yy
| Vi+2u ooy < Cuvig!, ¢=0,1,2,....
There are constants C, b > 0 depending on =, such that GL(q, u) satisfies forp = 1,2,. ..

|u—GL(p,u) lwr.eery < CCyue=.

p+1
Proof. In [106, Lemma 3.2.6], the estimate || u — GL(p, u) |w1. (1) < KCy (H%)
is proved with x,0 > 0 depending on «,. With C = k(1 + ¢)~! and b = In(1 + o) we
obtain the desired estimate. O

Let us describe now the construction of an interpolator on elements with hanging
nodes. Depending on the position of the hanging nodes, we prolong the local edge e;
to the full coarse edge ¢;, with j from {1, 2,3(,4)}. An exemplary situation is depicted
in Figure 4.5.
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4.3 Algebraic Convergence of the Boundary Concentrated FEM

Theorem 4.3.10 (hanging nodes). Let K be the reference element. Let u be a function
on Q whose pull back 4 is analytic on K and satisfies

IV 20 e ) < Curld!, a=0,1,2,.... (4.25)

Let the indices i represent the free edges, whereas j denotes constrained edges due to the
existence of hanging nodes. If additionally it holds

| V20| oo e,y < Cuvigl, q=0,1,2,... (4.26)
with C,,v, > 0, then there exists an interpolant I (1) € Pp(K)(K) such that
1. i(a)|€i = GL(pi’ alei)’

2. f(ﬂ”ej = GL(pj,ﬁlgj)

€j2
3. f(a) —u HWLOO(K) < é(a)Cue_bpm,
where b depends on v, yo. The constant C(«a) is at most O(a®) for a — oc.

Let us comment on the impact of Theorem 4.3.10. Because of property 1. and 2.,
it is possible to construct a complete interpolant in an element by element fashion.
Together with Theorem 4.3.7 it is guaranteed that the resulting function is continuous
across each edge and, therefore, lies in the conforming finite element space SP(73,).
This is possible as the definition of the finite element space enforces that the poly-
nomial degree on a constrained edge coincides with the polynomial degree on the
corresponding coarse edge.

Proof. We define the piecewise Gauss-Lobatto interpolation operator as

i:C(OK U Uéj) — {f € C(OK) : fi|., is polynomial of degree p,},

~
—
<>
=
—~
8
<
Il

GL(pj7ﬁ|éj)|ej, erj.

ei)(x)v T € e,

i(a)(x)

The function @& = uo F can also be evaluated at points outside of K since the mapping
Fy is analytic. Thus, the Gauss-Lobatto interpolation on ¢ is well defined.

With the operators defined in the proof of Theorem 4.3.7 we define the interpolation
operator as

I = E(i(a) — 04— E(i(a))).
We compute

(@) = [y iy < W) = @llyyr.oe iy + (@) = T(0) [y, )
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Chapter 4 The hp-Finite Element Method

where [ is given by Theorem 4.3.7. The first addend is bounded by C,,C, e~ (The-
orem 4.3.7). So we only need to estimate the second one. Using Lemma 4.3.6 we
find
1 1(@) = 1(3) [lypr,0 ()
= || E(i(u)) — E(i(u)) HWLOO(IA() < ep?||i(a) —i(a) ||Loc(8f<)

= Cp2|| ZGL(p]’a|€J) - GL(pj7ﬂ|éj)|€j HLOO(EJ')
J

<cp® Y (| GL(pj,ttle,) — il oo (o)) + | GL(pj, e, e, — @l oc(e,)) - (4.27)
3

The first addends are bounded due to (4.25) and Lemma 4.3.9.

Z | GL(pj, tle,) = @llLoo(e,) < ZCCuefblpj < ACC e, (4.28)
- :

J

If we use an affine mapping from é; to [—1, 1], the prerequisite (4.26) transforms into
qu+2a”L°°(—1,1) < CU(27u)qqla g=0,1,2,....

Using again Lemma 4.3.9 we find

D N GL(pj dle,)e, — @l e,y < DI GL(pj,itle,) — @ || Lo,
J J

< ZC’C’ue’bﬂ’j < 40C, e b2pm,
J

Due to the inequality cp? < cC(«a)?, the final estimate reads

11(a) = @ lly1,00 () < CaCue™ ™ + cC()*(CCue™"Pm 4+ CC, e 2Pm)

< CN'a Cue—bpm

with C,, depending on «, y, and b on v,,. As C,, € O(ab), it follows C,, € O(af). O

Remark 4.3.11. Note that the interpolation operator projects i — FE(i(u)) instead of
4— E(i(4)) onto the subspace V' of polynomials vanishing at the boundary of the element.
This simplifies the interpolation error estimates (see (4.27)).

The Final Error Estimate

First we establish an easy lemma to conveniently check the prerequisites of Theorem
4.3.7 and 4.3.10.
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4.3 Algebraic Convergence of the Boundary Concentrated FEM

Lemma 4.3.12. Let u be a function on § that satisfies
quuHL?(Q) < Cu’ygq!, q= 0,1,2,... . (429)
Then u is analytic on Q and scaling constants Cy, c, > 0 exist such that

quuHC(ﬁ) S OSCU(CS’YU)qq!a q= 051727""

Proof. For an arbitrary but fixed ¢, we have Viu € H?(Q2). A Sobolev embedding
implies
I Viullo@) < CIl V| r20)-

Estimating each derivative of u appearing in the H?({))-norm separately with (4.29)
yields
V9 | oy < C(L+vu +72) Curvi(a + 2)L.

Choosing C, := 2C(1 + 7, + ;) and ¢, = 6, which implies ¢! > (¢ + 2)(¢q + 1) for
q > 1, proves the estimate, which in turn gives analyticity of v on €. O

The proof of the following theorem is inspired by [88, Proposition 2.10].

Theorem 4.3.13. Let 73, be a be-mesh on Q with a linear degree vector p of slope «. Let
u € B?__(Q,Cy, ) for some o € (0,1] and r = rr. Then it holds for sufficiently large o

inf{||u—v||H1(Q) SRS Sp(Th)} <CCyhe.

Here, C depends on ,~,,« and the shape regularity constant ~ but not on C,. The
choice of « also depends on all these constants but not on C,,.

We want to construct the interpolant element by element. On elements abutting the
boundary we will use the linear interpolant because the linear degree vector does not
allow larger polynomial degrees on elements of size h.

For elements not abutting the boundary we want to take advantage of the increased
polynomial degree to achieve good approximation quality. The previous error esti-
mates of the interpolants, however, depend on the minimal polynomial degree p,,
which is determined by at least one neighbor element. To guarantee that the neigh-
bor’s polynomial degree (and thus p,,) can be increased sufficiently, we introduce a
second layer of elements near the boundary.

Proof. Overall we distinguish the following cases:
1. Elements K collected in 7, abutting the boundary, i.e., K N 9 # 0.

2. Elements in the ’second’ layer near the boundary, i.e., K € 7, such that KN9§) =
fand IK' € 7, with KN K #0, K NN + 0. These elements are collected in
Ts-
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Chapter 4 The hp-Finite Element Method

3. Elements without hanging nodes which do not belong to 7, U 7,. They are col-

lected in 74 (free elements).

4. Elements that do not fall into the previous categories, i.e., elements with hanging

(constrained) nodes which do not belong to 7, U 7. They form the set 7.

Let u € B?__(Cy,7.)- In the following, we simply write 7 for rr. For an element K,
we define the constant Cx by

oo

1

It holds

CQ = a5 qurl*”Vq*Qu 2 .
" (JZ—:O (2%)2"((1!)2” Iz
| ratImow Ity lz2(xy < Ok (274) %!, (4.30)
4
Y Ck< 30,3. (4.31)
Kery,

Additionally, we define

Ch=Ck+ Y, Ck,
K" KNK'#0

which implies } C2 < (c+ 1)2C?2, where c is a general upper bound for the
amount of neighbors that an element K € 73, can have.

We construct an interpolant u;, € SP(7;,) of u for each element K falling into one of
the four categories above. In the sequel, the index ¢ will always be from Nj.
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1. K € 7. Let Ij;,, denote the linear or bilinear interpolation. We set u,|x =

Ijinul. We use [88, Appendix B.4] and the property 1. of Definition 4.3.1 to
obtain

H U — up ||H1(K) S H u — Ilm(u) ||H1(K) S Oh%” T170v2u HLQ(K) S ChUCK.

. K € 7. The pullback @ of u on K satisfies

IV20 1oy < ORI VI 20| 2k

1 (4.32)
< Chl Ly pati-oyat2 2 .
< ChI|| rati=oget2y ||, ) e (2)iF 1o

Since r(z) for x € K is bounded from below by the diameter of the largest
inscribed circle of a neighboring element, v-shape-regularity yields

. -
nf r(z) 2 é(y)hx

for a é(y) > 0. Consequently,
| V20| o) < COAG (287,) g,

where C' is possibly rescaled by é().



4.3 Algebraic Convergence of the Boundary Concentrated FEM

We set up|i = (@) o F;', where I is given by Theorem 4.3.7. Owing to Lemma
4.3.12, we can apply Theorem 4.3.7 and get

| w—up | () < CaCCxhGePmx
with b, C,, given by Theorem 4.3.7 depending on ~, but not on C,, and K. Using
Pm = prr > caln(hg /h)
for a neighbor K’ of element K, we arrive at
|w—un || g (k) < CaCCKAGS* R

Using hg+ > ch yields ‘
h}f(jabh(yb < hmln{o:,ab}.

. Ker.Weset K := Fi'(K) and denote the edges of K that possess a hanging
node by e;, j € {1,...,4}. The coarse edge that contains e; is denoted by é; in
reference coordinates. Let /; denote the neighboring element of K that contains
the same hanging node, i.e., K; N Fx(é;) # 0, and set K; := Fiz'(K;). For an
illustration see Figure 4.6.

(—1,—1)
Figure 4.6. A reference element

K enlarged to E; to handle a
hanging node.

In order to apply Theorem 4.3.10, we have to estimate L°°-norms of the pullback
on the extended edge é;. With the properties of the elements in 7. we deduce

| Vo) < Vi lleey) < O V™ llogs,)

with F; = intconv(K U ¢;) € K U K;. Let us emphasize that the constant C
depends on E; but not on K;. Hence, C is independent of K, and thus it is
independent of the mesh.
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Chapter 4 The hp-Finite Element Method

Since h K and hy are comparable (Lemma 4.3.4), we deduce analogously to
(4.32)
IVT*2a | o i,y < CO, M (274) 4! (4.33)

with a possibly larger constant C' independent of K, K;. The two estimates
(4.32) and (4.33) yield

| V52 | () < C(Ci, + Cr ) (27a) !

and Lemma 4.3.12 shows that the prerequisites for Theorem 4.3.10 are fulfilled.
So we set uy, | := (@) o Fy.' with T given by Theorem 4.3.10. The result of this
theorem yields

lw—un |y < CoC | Ck + Z Crr | hetPm
K':KNK'#0
= C’aCC'Kh‘IT(e*me,K.

Arguing as in the case K € 7y, we find

[ = up || 2 (1) < CaCCxhMH0Y

. K € 7,. Here, we set up| i := I(Q) o gl if K has no hanging nodes or up|x :=

I(i) o Fgl otherwise. Analogously as in the cases K € 7¢, K € 7., we obtain
| —up || g () < C,CCxhS e~ tPmic

However, we cannot apply p,, > «aln(hg/h) because p,, = 1, and thus p,, is
fixed and cannot be increased. In bc-meshes, the element size h is proportional
to the size of a neighboring element. In the second layer, there is a neighbor
abutting the boundary, so we find C(y)~'h < hx < C(v)czh. Thus, we obtain

for a possibly adapted C

Ilw — up ||H1(K) < éaCéKho.

Overall we now estimate

S = 3 ) < 02( 3o Ckne 4Gy CEa

Kery, Kery, Kerg

2 Z C%(thin{a,ozb} Jréi Z Cvl2<h2min{a,ab}).
KETf Ket.

As b is independent of «, we can choose « large enough to obtain
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4.3 Algebraic Convergence of the Boundary Concentrated FEM

By construction uy, is a continuous function on Q. Thus, it holds u;, € H*(Q) and
H U — Up ”Hl(ﬂ) < C Cu he.

O

Remark 4.3.14. The proof only works for affine linear or bilinear mappings Fi. The
reason is that prolonged edges of the reference element have to be straight lines under
Fk, so that in global coordinates they coincide with the coarse edges. Together with the
property that hanging nodes are in the middle of a coarse edge, the described procedure
and usage of interpolation operators works.

Just as in Section 3.2 we can extend this result to 2d-networks. Since ic-FEM is the
local application of be-FEM on each subdomain, we deduce the following corollary.

Corollary 4.3.15. Let 7, be a ic-mesh on the 2d-network {{;};c; with a linear degree
vector p of slope a. Let u € B?__(Q,Cy,~.) for some o € (0,1] and r = rzur. Then it
holds for sufficiently large o

inf{|| w—vm@ : vE sp(Th)} < OO, e,
Here, C depends on ,~,,« and the shape regularity constant ~ but not on C,. The
choice of « also depends on all these constants but not on C,,.

The corollary can be shown by replacing rr with rzyr in the previous proof.

4.3.2 Lebesgue Norm Estimates at the Boundary

It is well known from h-FEM that the error in the L2-norm decays twice as fast than
in the energy-norm. This can be shown by the well known Nitsche trick ([34]). Fur-
thermore, uniform estimates in the L°°-norm are available. Inspired by these results,
we are going to establish similar error estimates for the bc-FEM.

The Nitsche Trick

Theorem 4.3.16. Let 7, be a be-mesh on Q with mesh size h and p be a linear degree
vector of slope . Let y € H'*(Q) with o € (0, 1] be the weak solution of the Neumann
problem (N), i.e.,
=V (D@)Vy) +c(x)y=f inQ,
Yy = 0 on FD,
Onpy =u only,
which satisfies Assumption 2.2.1. Let f € B?_U(Cfmf) for C¢, v > 0and r = rp.

Denote by y;, € SP(r3,) the FE solution of the corresponding discretized problem. If « is
sufficiently large and the stability estimate

Iy ez < CU Fllzz) + 1w llzz@a)
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holds, then there is a constant C' > 0 independent of h and y such that

1
ly = ynllzzray < Ch772 (Cp + Iyl mave()) -

Proof. We proof this result by the standard Nitsche trick. Let z denote the solution of
the dual problem

-V - (D(x)Vz)+c(z)z=0 in Q,
z=0 onI'p,
Onpz=Yy—yn only
with z;, € SP(r;,) being its be-FEM approximation.
Then it holds by Galerkin-orthogonality
Iy = ynllZ2rp) = alz,y —yn) = alz = 20, y — yn) = alz = 2, y — Iny),

where I, is the bc-FEM interpolation operator from Theorem 4.3.13. According to
Theorem 4.3.13 the solution y satisfies

[P = OVP 2y | 2 ) < OBt (Cf + [yl o)) V€ No

with Cy,v, > 0 independent of u. By Theorem 4.3.13 we obtain the interpolation
error estimate

ly = Inyllgr @) < CCy (Cr + llyllgree (o)) BT
holds for sufficiently large «. The solution z of the dual problem satisfies

[P0 VP T2 2 ) < CovPp! |2l gite o) VP € No

with o = % and C,, v, > 0 independent of y — y,, cf. Theorem 4.3.13.
With the same arguments as above and applying Cea’s lemma as well as Theorem
4.3.13 we conclude

Iz = znll e @) < Cllz = Inzll (@) < C Callzllgase )b

with C, > 0 independent of y — y;, and sufficiently large «, where the choice of « is
independent of y — y;, and thus independent of the discretization. Using the stability
assumption in the H3/2-norm implies

1 1
Iz = znllmr ) < CC:llzllmsrz@yh? < CCh2 |y = ynllLa@a)-
Hence, we obtain the estimate
1y = vl 22rp) < Cllz = znll v @lly = Inyll e
o4+
< Ch7F2 (Cf + [yl e+ ) 1y — ynllL2(ma)
which ends the proof. O

Unfortunately, this technique cannot be applied to obtain an enhanced estimate in
L?(2). The dual problem would contain y — y;, as a source term, which no longer lies
in B__ and prevents Theorem 4.3.13 from being applicable.
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4.3 Algebraic Convergence of the Boundary Concentrated FEM

Using the Bramble-Hilbert Lemma

Lemma 4.3.17 (Bramble-Hilbert). Let Q C R? be a domain with Lipschitz boundary.
Futher; let L € L(H*(Q),V) be a bounded, linear map from H* () to a normed space V
with k > 2. If the polynomials up to degree k — 1 are a subset of ker L := {v € H*(Q2) :
L(v) = 0}, there is a C' > 0 depending on ) and L such that

[ Lol < Clvlgr@) Vv € HM(9).

See [34, Lemma I1.6.3] for the proof. We use the lemma with the domain K and set
k =2, L := id —I;;,, with the linear interpolator operator [;;,, and obtain

0 = Lin(v) [ g2 (i) < Clvlgzi): (4.34)

For an L°°-estimate on the boundary, we need two further estimates. First, for 1 <
p < oo and domains with Lipschitz boundary, there is a constant C' > 0 such that (see
[35, Theorem 1.6.6])

1-1 1
lo Ny < Cllvlpod 1015 o Yo € WH(Q). (4.35)

Second, let 75, be a quasi-uniform triangulation of a Lipschitz domain 2 C R2, then
the linear interpolation operator I;;, satisfies

1/2
<Z | v — Linv II%W)) < Ch* 'o|p2) Yo € H*(Q),1=0,1,2, (4.36)
Ker

for a C > 0, independent of h. This result is well known from approximation theory
and proved in, e.g., [35, Theorem 4.4.20], [34, Theorem I1.6.7].

Theorem 4.3.18. Let the Neumann problem (N) be H?-regular and satisfy Assumption
2.2.1. Denote by y the solution to (N) and by y, € SP(r,) its FE approximation on a
be-mesh with linear polynomial degree vector of sufficiently large slope. Then

|y —yn ooy < Ch.
The proof is an adaptation of [34].
Proof. First observe that the bc-FEM interpolator in the proof of Theorem 4.3.13 coin-
cides with the linear interpolator [;,, on all elements K abutting the boundary I'. The
continuous embedding H?(K) — C(K) (Theorem 2.1.3), and (4.34) yield
1y = Liny Ly < Clly = Liny 1525y < clylpezy VK € T

We set
Qp = U{K €m : KNT #0}.
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As 7, is quasi-uniform of size h at the boundary (see Definition 4.3.1), a scaling argu-
ment yields

|y — Liiny | oo (knry < Y — Liiny | 2o () = |9 — Diin¥ ||Loo(f()
< dil gy < chlyluz )
< Ch"l}lH?(Qh) VK C Qp.

Taking the maximum over the boundary elements leads to
|y — Liny || oo 0y < chlv|m2(0,)- (4.37)

We use the scaling argument again and exploit the equivalence of norms in finite-
dimensional spaces (with a constant c;), i.e.,

| vn | oo (k) = | On | oo ((=1,1)) < el On L2 ((=1,1)
< cp(2h) V2 o |l r2(reary Yo € SP(Th).

Hence, the following inverse estimate holds (see also [35, Theorem 4.5.11]):
|| Vp ||Loo(1") < Cf(?h)71/2|| v HL2(F) Yy, € Sp(Th). (4.38)
Putting (4.37) and (4.38) together leads to

Iy = ynlleewy <1y = Liny Loy + | Yn — Liiny || (1)
< chlyluzan) + ¢ (20) 2 yn = Tiny |2y
< chlyluz(a,) + ey (2h) 2w — y L2y + 11y — Liny L2 (ry)-
(4.39)

Using Theorem 4.3.16, (4.35), and (4.36) yields

lyn = yllez@) + 1y = Diny [l L2(r)
1/2 1/2
< CR*2(Cr + |y @) + Ch*Plyluz (), (4.40)

where C'is a generic constant independent of h. Inserting (4.40) into (4.39) concludes
the proof. O

Remark 4.3.19. Note that (4.36), which is used in the previous proof, requires a quasi-
uniform discretization of 2. Since Q,|r is quasi-uniform, we can (virtually) extend Qj, to
a quasi-uniform triangulation of whole () and mesh size h
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4.4 Exponential Convergence of the Vertex Concentrated FEM

4.4 Exponential Convergence of the Vertex Concentrated
Finite Element Method

The results of this section are formulated for quadrilaterals but extend also to trian-
gular elements (see [136]). We follow the exposition of [135] which gives a self-
contained outline of the hp-FEM and contains the famous result on exponential con-
vergence with respect to the number of unknowns (originally due to [9]).

Definition 4.4.1. An irregular geometric mesh patch 7" (with m + 1 layers and
grading factor < € (0,1)) is an (admissible) triangulation of (0,1)? which is defined
recursively. If m = 0, 70 := (0,1). For a given 71, generate 7! by subdividing K €
7" containing the point (0,0) into four smaller rectangles. The refinement is achieved by
dividing the sides of element K in a ¢/(1 — <) ratio.

An exemplary irregular geometric mesh patch is depicted in Figure 4.7.

(0,1) (1,1)

K3y Ky
K33 K3
K3 Ky
Koy
Kos
Ky Koo

(0,0) (1,0)

Figure 4.7. An irregular geometric mesh patch 7" with
m=3,¢=0.75.

Regular geometric mesh patches can be obtained by refining those elements which
possess a hanging node as a mid-side node into triangles.

Definition 4.4.2. An (irregular) geometric mesh 7" of 1 with m + 1 layers is an
admissible triangulation that is obtained by linearly mapping a combination of geometric
mesh patches to a finite set of points V C . The possibly remaining part of §) is meshed
with finitely many quadrilaterals.

It remains to specify the polynomial degree vector p.
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Chapter 4 The hp-Finite Element Method

Definition 4.4.3. A polynomial degree vector p to the triangulation 7" = {K;; : i =
1,2,3, 1 < j < m+ 1} (see Figure 4.7 for the numbering) is called linear with slope
a>0ifand only if p = (pk,; ) K,;csm Satisfies

PK,, = ]-7 pKi]- = max{?, La]J}v ] >1

with the numbering K;; according to Figure 4.7. The number of layers is hereby propor-
tional to the maximal polynomial degree, i.e., m ~ |p|oo-

Irregular geometric meshes are defined by heavily h-refining a mesh towards V which
will always contain the vertices X of 2 in the following. Therefore, we speak of vertex
concentrated (vc) finite elements, in resemblance of the boundary concentrated (bc)
FEM.

The approximation error for this version of the hp-FEM decays exponentially with
respect to the number of unknowns.

Theorem 4.4.4. Let Q C R? be a polygonal domain and u € B3(Q, Cy, ) with ry and
a multi-index 3 € (0,1). Let 7" be a geometric mesh whose polynomial degree vector p
is linear with sufficiently large slope « (assumed identical in each geometric mesh patch).
Then there exist constants C, b > 0 such that

inf{|| u—2v|pgiq) : vVE Sp(T)} < Ce*bﬁ,

where N := dim(SP(7)). The constants C,b are independent of N.

The proof can be found in [9] or [135, Theorem 4.63]. It is possible to choose ¢ to
maximize the constant b = b(c), in order to achieve optimal convergence in an asymp-
totic sense, confer [9, Remark 1]. All of our numerical experiments were conducted
with ¢ = 0.5.
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CHAPTER D

Numerical Investigations

In this chapter, we investigate the numerical solution of the model problem (P) with
the hp-FEM. As mentioned before, higher order methods are efficient if they approxi-
mate functions with large elements of high polynomial degree in regions of high regu-
larity, whereas small elements with low polynomial degree are used in regions of low
regularity. The results of Chapter 3 and 4 answered the question regarding regularity
and approximation quality of finite-dimensional FE spaces, respectively. Hence, we
have laid the theoretical foundation for numerical investigations of control problems.

The chapter is organized as follows. We introduce a discretized model problem (P)
in Section 5.1 and show how the semi-smooth Newton method can be used to find an
approximate solution.

In Section 5.2, we carry over the convergence rates of the bc- and ve-FEM to optimal
control problems (Theorem 5.2.1 and 5.2.3, respectively). Additionally, we compare
our higher order methods with the traditional ~-FEM to judge the performance with
respect to the number of unknowns. Since the ve-FEM is distinguished by exponential
convergence, the other techniques are not expected to be able to compete because
they only allow algebraic error estimates.

We point out Subsection 5.2.3, where the bc-FEM is applied to a problem with bang-
bang character. This behavior may occur if v = 0 in the model problem. Building on
L°°-results, we derive an a-priori update strategy for the regularization parameter v,
which is sent to zero in an outer iteration of the semi-smooth Newton method.

Section 5.3 contains the proof of the convergence of the ic-FEM applied to interface
control problems (Theorem 5.3.1). We also use the ve-FEM for solving this problem
class.

Let us give an overview on existing results regarding the discretization of Neumann
control problems and our contributions. Generally, the estimates from h-FEM are of
the type

||U* — u2||L2(F) S Chs (51)

This estimate is proved in [39] with s = 1 for a piecewise constant approximation u;
of u* in the case of a convex domain. A piecewise linear discretization yields (5.1) with
s =3/2 —¢, as proved in [38]. The variational discretization with low order elements
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Chapter 5 Numerical Investigations

allows s = 3/2 and an L*-estimate with s = 2 including the additional factor | log h/|
for smooth domains (see [80]). We also mention [104], which contains approximation
results with s € [1, 2] depending on the angles of a (possibly non-convex) domain 2.
In the convex case, the rate of s = 2 — 1/p can be shown if the optimal state y is in
W2P(Q). In the non-convex case and D(z) = I, convergence rates with 1 < s < 1/2+
7 /w are obtained, where w is the largest inner angle of the domain. The collaboration
[4] shows how the order s = 3/2 can be obtained for non-convex domains by using
sufficiently graded meshes. All these results were obtained for finite elements with
fixed polynomial degree for the discretization of the elliptic equation.

The bc-FEM (also investigated in [27, 28]) is an efficient technique because the
number of unknowns N behaves like h~! (Theorem 4.3.3), where h denotes the mesh
size on the boundary (Definition 4.3.1). A uniform mesh of the classical h-FEM has
O(h~?) unknowns for Q C R? with d = 1,2, 3. Loosely speaking, we can solve a two
dimensional problem for the costs of a one dimensional one if we use the bc-FEM.
Therefore, the bc-FEM is superior to many common h-discretizations.

Only recently, the authors of [5] show for suitably graded meshes that

u* — i o) < O I B[

holds even for non-convex domains. This puts graded h-FEM into a competitive posi-
tion, additionally because less regularity on the source term (only L.(f2)) is needed.
Their result is, however, restricted to the case of the Laplacian, where the exact struc-
ture of the singularities at the vertices of €2 is known (see Section 3.1), while our
results remain valid for general elliptic operators. We refer the reader to the discus-
sion of Table 5.1 - 5.3 for a further comparison of the h- and bc-FEM.

Finally, we mention the publications [27, 156, 158], where similar numerical exper-
iments are conducted.

5.1 Variational Discretization

The optimal control problem (P) has theoretically been investigated in Chapter 2.
Regularity results and approximation estimates have been established in Chapter 3
and 4, respectively. We now have the machinery to derive convergence results for a
numerical approach. Let us define the following discrete optimal control problem:

e 1 v
minimize J(un, yp) = §|| Yn —Yall12(0) + §|| un |72

P subject to
a(yh,vh) = luh (’Uh> Vvh S Vh
Up € Uad-

In our experiments, we will choose V}, = SP(7) with different hp-spaces from the pre-
vious chapter. We emphasize that uy, still stems from U,y and is not discretized. With
the same standard arguments as for problem (P), we can derive existence, unique-
ness, and first order necessary conditions for an optimal solution.
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5.1 Variational Discretization

Theorem 5.1.1. The discrete optimal control problem (Pj) with v > 0 possesses a
unique solution (uj},y;) € Usqa x Vi, There is an adjoint q;, € Vj, such that the following
optimality system holds:

a(Yp, vn) = luz (vn) Vup € Vi, (5.2a)
(B*qp, 4 vuj,u — up) 2y > 0 Yu € Ugg, (5.2b)
a*(an,vn) = (Yh — Yd> Vh) L2() Yoy € V. (5.20)

Here, a*(-,-) denotes the bilinear form corresponding to A*.

Note that the optimality system (5.2) for (Pj) is a discrete version of the first or-
der necessary conditions (2.14) for the original problem (P). Since the control has
not been discretized in the above formulation, Theorem 2.3.5 allows to rewrite the
variational inequality (5.2b) as

1
up = Py, (—ﬁ*q}i) (5.3)

ifv > 0.

This representation is the typical variational discretization due to [79]. The control
uj, € Uy,gq is given implicitly by the discrete adjoint variable ¢;; and is not necessarily a
'member’ of the chosen hp-space.

Definition 5.1.2. Define S := A~'B and S* := A~* as the solution operators to the
state and adjoint equation, respectively. For a general FE space V},, we denote by S},
and S; the approximate solution operators, arising from the discrete version of the weak
formulation of the state and adjoint equation, respectively (confer Section 4.1).

We can solve (5.2a) and (5.2c) and eliminate g; in (5.3). With Definition 5.1.2, this
leads to

1
uy = Py,, (—VB*SZ(Sth — yd)) . (5.4

It is well known that (5.4) is semi-smooth and can be solved with a semi-smooth
Newton-method ([146, 81]), which is equivalent ([84]) to a primal dual active set
strategy (see [24]). Implementational details for this approach can be found in [28].
Note that some adaptations are necessary because we study problems with distributed
observation (y4 € L?(f2)) instead of boundary observation (y; € L?(Tx)).

Remark 5.1.3. For Neumann control problems (U = I' ), the projection operator Py,
acts on one dimensional elements and the result can be computed easily for elements of
low order. In the case of distributed controls (U = ), functions that live on 2d-elements
have to be projected. The numerical implementation is straightforward for triangular
elements of degree one but degree two or more seriously complicates the analysis (see
[137]). This also holds true for quadrilateral elements of polynomial degree one or
higher. Therefore, discretization techniques seek to retain linear elements at points where
the control switches from active to inactive and vice versa.
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Chapter 5 Numerical Investigations

Generally, a globalization technique is required to guarantee convergence of the op-
timization algorithm because Newton’s method only converges locally. Most of the
following examples have large regions of convergence and the algorithm terminates
successfully for a wide range of initial guesses. In the remaining cases, the (projected)
gradient method (see, e.g., [81, 144]) produces iterates that are close enough to the
solution and suitable for launching the semi-smooth Newton method.

The beauty of the solution strategy is the fact that the error in the state and control
variable is mainly determined by accuracy of the FE discretization.

Theorem 5.1.4. Denote by (u*,y*,q*) and (u};, v}, q5;) the solutions to the optimal con-
trol problem (P) and (P},), respectively. Let y" := S,u* and ¢" := S;(y* — ya). Then
the following estimate holds:

1
vt =g T2y + 19° = 43 [17200) < ;H ¢ =" )+ v =" 72y (5.5)
In particular, there is a C' > 0 independent of u*,y*, ¢* such that

ly* = i i) < Clu' —uj 2wy + 11 y" = 4" @), (5.6)
lq" = a llme) < Clly* = uii 2 + 1a — " lm0)- (5.7)

Proof. The proof of inequality (5.5) is given in [80, Theorem 1]. Observe that

9" i oy = 115" — S Lo s
< (S = Sp)u™ o) + | Sn(u® — up) [[71(0)-
The first addend is nothing but || y* — y" || 1 (). With the definition of y", it follows
that
1" = i 1y < ey —vio " — i) = a(Sh(u* = uj), " — u})
= (u* = uj, " = i) 2wy < Clu’ —uj | 9" = v o)
5.9

In the last step, we used the Cauchy-Schwarz inequality together with the trace the-
orem if U = I'ys and the stronger energy norm if U = €. Dividing (5.9) by ||y" —
yp |1 (o) and inserting the result into (5.8) proves (5.6). The remaining estimate
(5.7) can be established similarly. O

We would like to emphasize that the estimate (5.5) is not robust with respect to v\, 0,
which can be overcome by using L°°- estimates (see [153, 154]). Similar estimates for
more general optimal control problems can be found in [91, Theorem 2.2]. Theorem
5.1.4 bounds the error towards the optimal variables in terms of the general approxi-
mation error resulting from a FEM discretization of the state and adjoint equation.
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5.2 Neumann Control Problems

Remark 5.1.5. Note that the right hand side of (5.5) only uses L?-norms whereas most
of our approximation results in Chapter 4 use the energy norm. This gap can be closed
with the trace theorem (or Theorem 4.3.16) and || - |[z2(q) < || - |g1 (o). The latter
estimate is the reason why the results in the following sections do not yield optimal rates
when measuring the convergence speed in L?. Proving enhanced results is expected to be
connected with duality arguments in the spirit of Aubin-Nitsche. However, it is hard to
transfer the ideas from the h-FEM because higher order techniques require high regularity
of the data. We mention [27], where Theorem 4.3.16 was successfully used to prove faster
rates for control problems with boundary observation, i.e., yq € L?(T'x). To the best of
our knowledge, no optimal L?() estimates are available for the bc-FEM.

The best currently available Lo-estimate for H'*°-regular problems is proven in [58].
It is shown that for every compact Q' CC ) there exists o' € [0,0] such that for all
elements K CC Q' the error estimate ||y — ynl|1,(x) < Che+o" holds. However, o’
depends on €)', and it is unclear under which conditions ¢ = ¢’ can be proven.

5.2 Neumann Control Problems

We present the control problem for a series of numerical tests. The objective reads
e 1 v
minimize J(u,y) := §|| Yy —Ya T2 + §|| 2oy + (€q: ) r2wra) (5.10a)

and is a modification of the target functional of (P). The state equation reads

V- (D(x)Vy) + c(z)y = f in Q,
y=20 onI'p, (5.10b)
Onpy =u+e, only.

The adjoint equation (2.14c) now becomes

=V (D(x)Vq) +c(z)g=y —ya inQ,

qg=0 onlI'p,
Onpq = €q on [y
The optimization is subject to
€ Uypg = {u € L*(Tx) | ug < u < uypace. in Ty}, (5.10¢)

where u,,up, € R with u, < w,. If e = e, = 0, we recover the Neumann control
problem, i.e., (P) subject to (N). The analysis of the previous chapters is not affected
by our modifications because

e the boundary conditions do not influence the regularity or approximation in the
context of the bc-FEM,

e we ensure that ¢4, ¢, is smooth enough in the context of the ve-FEM.
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Hence, we formulate the following convergence results for (P) subject to (N) and not
for (5.10), which is only referenced during computational investigations. Generally,
the inhomogeneities e, e, can be used for the construction of test problems with a
known optimal solution.

We assume throughout this subsection that (N) satisfies Assumption 2.2.1. If we
speak of (u},y},q;;) as the numerical approximation of (u*,y*, ¢*), we mean the opti-
mal variables of (P},).

5.2.1 Boundary Concentrated FEM

Theorem 5.2.1. Let (u*, y*, q*) be the optimal variables of the Neumann control problem
and (u},y;,q};) be their numerical approximations. Let 1j, be a bc-mesh and p a linear
degree vector of sufficiently large slope a. Let (P) subject to (N) be H'*7-regular and
frya € BY_, (9, Cy,~y) with Cy,~v; > 0 and r = rr. Then there exists a constant C' > 0,
independent of h, such that

I = o2y + 1y = v ey + 114" = i oy < CB7. (5.11)

Proof. Because of (5.5), Cea’s lemma, and (y*,q*) € B?__(Q) x B?__(2) (Theorem
3.2.1, Corollary 3.2.2), we obtain || u — uj, ||z2(r,) € O(h?) as a consequence of the
best approximation properties of the space SP(7;) on be-meshes (Theorem 4.3.13).
We use Theorem 4.3.13 again in (5.6) and (5.7) to obtain the desired estimates for
the state and adjoint, respectively. O

Mesh Refinement Strategy

In our computations, the bc-meshes are obtained by suitably refining a given coarse
mesh, which consists of quadrilateral elements with polynomial degree equal to one.
In each refinement step we either refine a finite element (h-refinement) or increase its
polynomial degree (p-refinement). Since each element is refined one way or the other,
this method can be regarded as a "uniform’ refinement strategy.

The type of refinement depends on the location of an element K € 7, according to
the definition of bc-meshes: If K N T # (), the element is h-refined. Otherwise, we
perform p-refinement. Note that this procedure only takes a-priori information, i.e.,
the location of the boundary, into account. An exemplary mesh is shown in Figure 5.1.

Example 1: Non-Convex Domain

We first study the numerically observed convergence of the bc-FEM for problems on
general domains before turning to the special case of convex domains. Let us take
a numerical example from [104]. The elliptic operator is of reaction-diffusion type
(D =1I,c=1) on the L-shape domain

Q= (-1,1)\ ([0,1] x [-1,0]), T = oN. (5.12a)
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0.5

—0.5

_q !
-1 —0.5 0 0.5 1

Figure 5.1. A be-mesh of boundary size h ~ 0.008 for an L-shape domain.

Furthermore, v = 1, u, = —0.78, u, = 0.55. The rest of the data is given in polar
coordinates:
ya = —1 cos(\G), (5.12b)
eq = —OnYd, (5.12¢)
f=0 (5.12d)

with A = 2/3. It is shown in [104] that the unique solution is given by

y'=0, u'= Py, u W), =Yy (5.13)

The adjoint ¢* admits the typical singularity appearing in problems posed on domains
with reentrant corners. We have ¢* € H'**~¢(Q) for ¢ > 0 because of [72, Theorem
1.2.18].

The computations begin on an initial mesh consisting of 12 quadrilaterals of polyno-
mial degree equal to one. We employ a warm start strategy and use the solution on a
coarser grid as initial guess for computations on a finer discretization. In the spirit of
the variational discretization, we prolong ¢;, on the fine mesh.

First, we examine the convergence with respect to L?-norms. Theorem 5.2.1 predicts
an error decay of order O(h?/3=¢). However, Figure 5.2 shows that the state and
adjoint variable rather converge with order O(h*/3~¢). This faster rate (4/3 = 2)) has
already been observed in [28], but the proof remains open.
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The control converges with algebraic order A +1/2 — ¢ = 7/6 — ¢ in h, which is the
best approximation rate obtained by bc-FEM at the boundary (see Theorem 4.3.16).
In order to improve the rate in Theorem 5.2.1, an enhanced L?(f2)-estimate for the
state variable would be necessary. See also Remark 5.1.5 regarding the theoretical gap
for Lebesgue norms.

LN L3 1B B S 1 e B R LN L 1B s B S 1 B B AR
-1 -
10 1071 L —
1073 - (h2/3)
Q(h™/6) 1073 )
070 (/)
== [y} — ¥ 20
o7l —= ||CIZ —q *HL2(Q) 10-5 | & Hyf -V () (h*/3)
== [lup — w2 rpn) —= gy — ¢"llm (o)
T 1 O A N 1 O R B W WA T 1 O Y 1 R B AT
10° 10t 102 108 10* 10° 10t 102 108 10*

mesh size 1/h mesh size 1/h

Figure 5.2. The convergence history of the bc-FEM applied to (5.10) with
data (5.12).

The H'(Q)-error for the adjoint variable decays with order O(h*~¢), which is ex-
actly the approximation rate of Theorem 5.2.1. A reason for the fast convergence
order O(h?*) in the state variable (see Figure 5.2) could be the fact that y* = 0. In
this example, the error in the optimal variables is of the same order as the general
approximation error of the finite element method.

We summarize known approximation results for the optimal control from the ~A-FEM
in Table 5.1 in order to compare the convergence speed with respect to the number of
unknowns N.

Non-Convex {2 h-FEM proved in | type of disc- | note
=>o0<1 L3(Ty) retization
[104] pot1/2 Thm. 6.2, | post-process | A=—A+id
[104] hot1/2 Chap. 7, | variational A=-A+id
[5] R?|Inh|>/? | Thm. 7.7, | graded mesh | A=—-A+id

Table 5.1: The convergence rates of the h-FEM applied to Neumann control problems on non-

convex domains.
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5.2 Neumann Control Problems

Theorem 4.3.3 shows h ~ N~! for the bc-FEM and, naturally, h ~ N~'/2 for the
uniform h-FEM. For this test problem, we observed with o ~ A

lu” = llz2ry) € O(RTH2) = O(N=7712),

which is better than the rates of [104]. The optimal rate of h?|In h|?/2 ~ N~=!(In N)3/2
from [5] cannot be obtained by the bc-FEM. The latter, however, is designed for general
elliptic equations, while the mesh grading factor in [5] is given in terms of the singular
exponents of an expansion of the solution, which may be unknown.

Example 2: Convex Domain

The Laplacian on a convex domain is an H?2-regular example for which we were able
to derive an L°°-result of the bc-FEM (Theorem 4.3.18). We now extend this result
to the approximation of the optimal control. The proof of the following theorem is
similar to [80, Theorem 2].

Theorem 5.2.2. Under the assumptions of Theorem 5.2.1 we have the error bound

|| u* — UZ HL“’(FN) < Chl lnh|1/2.

Proof. Define ¢" := S;(y* — yq) and y" := S,u*. Due to the variational discretization,
we can exploit the projection formula and obtain the estimate

| = ujy e ry) < N Pua (v 7% = Py, (—va5) Lo (ry)
< Ly o < Lig— g " — g
< Mg = i llema) < S0 = @ lman + 14" = Gl ry)-

The first addend is of order O(h) according to Theorem 4.3.18. The second addend is
estimated with the help of [162, Lemma 4.4] and the trace theorem. It holds

lq" = a; Iz ) < Cl b2 ¢" = g; |12y < Cl b2 ¢" = g |11 ()
We proceed analogously to (5.9) and obtain
ld" — g, H%P(Q) <Clly* =i lz2lld" = @ || 1 (@)-

The last two estimates and Theorem 5.2.1 yield || ¢" — g}, || . ) < C|Inh|'/?h. Hence,
it holds

| w* =, || L (rpy < C(h+h[Inh|"?),
which concludes the proof. O
The inverse estimate of [162, Lemma 4.4] is established with generalized discrete

harmonic extensions on a quasi-uniform triangulation 7 of Q). As explained in Remark
4.3.19, we can apply the result in the context of bc-meshes.
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We use the same numerical solution strategy as before for a problem of [27] on the
convex domain €2 = (0, 1)2. The optimal variables read

* 2 xi1+x
g = —x1T5e"t T,
* 2 x1+x
u = P[ua,ub] (‘Tlx2€ ! 2|I‘N)a

y* = (4z170 + 233130%)6'””'””2.

We choose
[ = —(4z123 + 162129 + 423 + 829 + 1221 )™ 772 (5.14a)
Yd = (2x§ + 211 ) et T2 (5.14b)
with the inhomogeneities
9,2 14wy if .
I
and
e, = —u* + {iizi;ﬁ%)e”m 1; 2 - 1 (5.14d)
The rest of the data is given by
v=1, wu,=1, wp=6, D=1 ¢=0, (5.14e)
Ty ={z1=1}U{za =1}, Tp=T\Ty. (5.14f)

Our computations start on a uniform mesh consisting of 16 elements of degree one.
The L2-errors of vy, uy, decay with order (’)(h2) (see [27, Figure 2]), while Theorem
5.2.1 only predicts O(h). This shows that the theory is not optimal in L2, as already
noted in Remark 5.1.5.

Here, we investigate the pointwise errors of the state and adjoint variable in view of
Theorem 5.2.2.

Convex () h-FEM proved in | type of disc- | notes

=0=1 L>(Ty) retization
[39] ht Thm. 4.8 | full uy, piecewise constant
[38] ht Thm. 6.7 | full uy, piecewise linear
[80] h?=2/P|Inh| | Ex 2 variational | smooth T, ¢* € W?2P(Q)

Table 5.2: The L convergence rates in of the h-FEM applied to Neumann control problems on
convex domains.
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5.2 Neumann Control Problems

Since the projection P, ,,] is non-expansive, the L>(I"yr)-error of g; gives a bound
for the error in the control variable. We observe that the bc-FEM converges signifi-
cantly faster than the h-FEM with respect to the number of unknowns (Figure 5.3).
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107"} oty
1072 | 4 1072)
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107° ¢ 5 107> -2 =
| —e—bc-FEM ] —e—berEm OV
1 —6 1\ \HHH\Z\ \\\\\\\\3\ \\\\\\\\4\ L 5 1076 1\ \HHH\Q\ \HHH\B\ \\\\\\\\4\ Ll 5
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number of unknowns N number of unknowns N

Figure 5.3. The convergence histories in L of the h, be-FEM applied to (5.10)
with data (5.14).

Let us amend the previous overview on convergence results by enhanced L? esti-
mates for convex domains (Table 5.3).

Convex () h-FEM proved in | type of disc- | notes

=o0=1 L?(Ty) retization
[39] At Thm. 4.9 | full uy, piecewise constant
[38] h3/2 Thm. 6.6 | full uy, piecewise linear
[38] p3/2—¢ Thm. 5.4 | variational semi-linear problem
[80] h3/? Ex 1 variational smooth T, ¢* € W?2P(Q)
[104] h2-1/p Thm. 5.2 | post-process | w < m/2,q* € W2P(Q)
[104] h3/2 Thm. 5.2 | post-process | w < m,q* € W2P(Q)

[5] h?|Inh[?/? | Thm. 7.7 | graded mesh | A = —A +id

Table 5.3: The L? convergence rates of the h-FEM applied to Neumann control problems on
convex domains.
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Chapter 5 Numerical Investigations

As regards the L°°(T' /) error, the result of Theorem 5.2.2 and h ~ N~! make the
higher order method superior to the low order methods of [39, 38] and about equal
to [80]. Owing to Theorem 5.2.1, the bc-FEM converges faster in L?(I'y) than the
uniform h-FEM in [39, 38, 801, for which we have h3/2 ~ N—3/4, The same arguments
show that the proven error decay of the bc-FEM is basically of the same quality as in
[104, 5].

We observe that the convergence of the be-FEM in L>°(T' /) is faster than predicted
by Theorem 5.2.2.

5.2.2 Vertex Concentrated FEM

Now we turn to the ve-FEM and its approximation quality for Neumann control prob-
lems. We carry over the approximation results of the hp-FEM to the discrete problem
(Ph)-

Theorem 5.2.3. Let (u*, y*, ¢*) be the optimal variables of the Neumann control problem
and (u},y;,q;;) be their numerical approximations. Let the assumptions of Theorem
3.3.24 be valid. Let 7" be a geometric mesh with a linear polynomial degree vector p of
sufficiently large slope «. Then there exist constants C,b, independent of the number of
unknowns N = dim(S®(r)), such that

luh —u* |oa + Wi =y ) + 1 gf — ¢ ) < Ce VY.

Proof The proof is analogous to the proof of Theorem 5.2.1. First, we replace Theo-
rem 3.2.1 and Corollary 3.2.2 by Theorem 3.3.24. Second, we replace Theorem 4.3.13
by Theorem 4.4.4. O

Mesh Refinement Strategy

The mesh refinement strategy for the vc-FEM mainly follows the ideas of the bc-FEM.
Our computations start on a coarse grid consisting of quadrilaterals with polyno-
mial degree one. In the consecutive refinement steps, we obtain finer discretiza-
tions by either refining an element (h-refinement) or increasing its polynomial degree
(p-refinement).

In the analysis above we assumed that the points of singularity of solutions are
known. Singularities arising from the differential equation are known to be confined to
the vertices of the domain. Singularities from switching points are features of optimal
control problems with inequality constraints. In general the location of switching
points is unknown.
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5.2 Neumann Control Problems

Let us describe how we cope with this difficulty. Once the discrete problem on a given
mesh is solved, we can compute the switching points of the discrete optimal control
uj. Then we h-refine the elements containing these switching points. In addition, we
h-refine their neighbors that are closest to the switching point. If the discretization
error is small enough we expect that the switching points of u* are contained in these
h-refined elements. In this way, switching points are treated like points where the
boundary conditions changes, and we stay consistent with the usual geometric mesh
refinement, see [135, Chapter 4]. As we expect that the number of switching points
stays bounded, the number of geometric mesh patches is finite. Let us emphasize
that it is still open under what assumptions these meshes satisfy the requirements of
Theorem 5.2.3.

In addition, elements containing the vertices of the domain or vertices, where the
type of boundary condition changes, are h-refined. Elements that are not h-refined
will be p-refined. This lead to the characteristic discretization with geometric mesh
patches as shown in Figure 5.4.

On finer discretizations, we use the same warm start strategy as for the bc-FEM in
order to ensure that the first iterate of Newton’s method is close enough to the true
solution.

Figure 5.4. Schematic refinement of corners and switching points of
the control.

Example 1 Revisited

We apply the vc-FEM with the mixed a-priori a-posteriori refinement strategy from
above to problem (5.10) with data (5.12). The solution is given in (5.13) and we
already know that ¢* € BE(C, v,Q) with 8 € (1 — A\, 1) and the weight function ry,
but ¢* ¢ Bf_ » (Remark 2.1.8). For the parameters determining the geometric mesh,
we choose o = 0.5 and o = 1. Again, the initial mesh consists of 12 quadriaterals of
degree one.
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Chapter 5 Numerical Investigations

Theorem 5.2.3 predicts an exponential error decay of the control and state variable
in the L?- and H'-norm, respectively. The numerical results, which are depicted in
Figure 5.5, reflect this behavior.

T T T
10-11 4 == lyp —v*lle2 | 10-1| .
o |lgy — "2
-3 | ' lup, = w L2y | 10-3 | |
1075 | | 1078 | b
. LT i — vl 52
1077 1 |0 g — ¢*ll @) b
| | | | | |
0 10 20 30 40 0 10 20 30 40

number of unknowns N1/3 number of unknowns N1/3
Figure 5.5. The error decay of the vc-FEM applied to (5.10) with data (5.12).

0.5

-0.5

-1

l
1 -0.5 0 0.5 1
Figure 5.6. The geometric mesh of level 8 and the vc-FEM applied to
Problem (5.10) with data (5.12).

We point out that the approximation result in Theorem 5.2.3 was established for a
geometric mesh that exactly captures the switching points. However, the mesh patches
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5.2 Neumann Control Problems

from the mixed a-priori a-posteriori refinement strategy do not exactly reproduce the
geometric meshes as defined in Section 6.3. A resulting mesh is depicted in Figure 5.6.
Sometimes, kinks in the optimal control u} , i.e., points where the active and inactive
set meet, move into neighboring elements. The algorithm, therefore, has to make sure
that the polynomial degree is kept low in a sufficiently large neighborhood (in practice,
two/three elements sufficed) because the projection formula has to be applied. This
leads to slightly different mesh patches in the course of successive refinements.

In order to provide a detailed error analysis, we list the discretization error for states
and adjoints with respect to the energy norm in Table 5.4 for the different refinement
levels. Note that there is no conception of a mesh size for geometric meshes.

For investigating the exponential decay numerically, we introduce the experimental
exponent of convergence (eec).

cecly, [2()) = Infly* -y, ||L32(Q) —In|y* —y;, ||L2(Q)’ (5.15)
VN2 — /Ny
where N7 < N, are the degrees of freedom for two consecutive refinements. The EEC
is the numerical approximation for the constant b in Theorem 5.2.3. The convergence
history of Table 5.4 indicates that the EEC is bounded from below, which supports the
exponential convergence result.

level N — y o) _eecly, (D) llg; — ¢ lliga) _eecle, ()
1 21 1.56 - 10~ - 2.11-10~ -

2 65 7.86-1073 5.46 - 1071 1.36- 107! 3.48-107!
3 199 3.60-1073 4.29-1071 8.75-1072 2.42-101
4 535 1.57-1073 3.64-10"1 5.52-1072 2.02-1071
5 1,167 5.92-107% 4.05-1071 3.44-1072 1.97-1071
6 2,251 2.32.1074 3.64-1071 2.16 - 102 1.80-1071
7 3,845 9.12-107° 3.64-1071 1.36 - 1072 1.81-1071
8 6,075 3.61-107° 3.60- 101 8.57-1073 1.79-1071
9 9,049 1.43-107° 3.58 - 1071 5.40-1073 1.78 .10t
10 12,875 5.65-10¢ 3.56- 1071 3.40-1073 1.78 - 1071
11 17,649 224107 3.56-101 2.14-1073 1.78 - 1071
12 23,465 8.88-10~7 3.57-1071 1.35-1073 1.78 1071
13 30,419 3.52-10~7 3.57-1071 8.50- 104 1.79-1071
14 38,607 1.4-1077 3.58 - 1071 5.36- 104 1.79-1071
15 48,565 5.55-1078 3.44-1071 3.37-107% 1.72-1071

Table 5.4: The convergence history for the vc-FEM applied to (5.10) with data (5.12).

Let us comment on the multi-indices 3, 3 in Theorem 3.3.24 for the current example.

After relabeling the vertices X; € )V, we can assume that X; is the origin and X,
the right switching point on the horizontal line {z3 = 0} (confer Figure 5.6). The
reentrant corner X; of Q yields the index 51 € (1 — n/wx,,1) = (1/3,1) while the
remaining vertices or switching points allow for arbitrary 3; € (0,1),j # 1, see Remark
3.3.26.
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Chapter 5 Numerical Investigations

Now we investigate the value of 3 for the regularity of the optimal control. The
extension of u* in the proof of Theorem 3.3.24 is constructed with [13, Theorem
4.3], which relies on the continuity of u* (Corollary 3.3.28). The idea is to subtract a
polynomial that coincides with w* at all vertices, which restricts the extension problem
to the case u*(X;) = 0 for all X; € V. Then, each u*|r, is extended separately with
the help of [13, Theorem 4.2] and the summation over j yields a global extension
u* € BE ().

We exemplary show the generation of the values 5 on the segment [X;, X5] = Ty,
where the optimal control is inactive as can be seen from (5.13). Let ¢ = 1,2 and
—v~'¢* € B3(Q) with §; € (1/2,1). Then the trace theorem [13, Theorem 4.1] yields

u*|p, € Bé(l“g) with 3; € (8; — 1/2,1/2). An extension from I'; into the domain,
constructed with [13, Theorem 4.2], lies in BE(Q) with §; € (B; +1/2,1). We see

that 3; is strictly larger than j3; because the values need to be chosen from the open
interval (confer [13, Remark 4.2]). If on the other hand g; € (0,1/2), then u*|r, €
BE(FQ) with §; € (8;4+1/2,1) and the extension to the domain belongs to BE(Q) with

B; € (B; —1/2,1/2). Again, the value of 3 has increased compared to 3.

Observe that the application of Theorem 4.1 and 4.2 of [13] is only possible if the
values of f;, 5,41 stem from the same interval (0,1/2) or (1/2,1) on both ends of
I';. That is why a value §8; € (0,1/2), e.g., 81 € (1/3,1/2) at the reentrant corner,
may need to be increased as soon as one j3;/,j # j’ lies in (1/2,1) on a connected
component of the Neumann boundary.

We close this subsection with a survey on the error decay with respect to the number
of ddof for different mesh refinement strategies. Our hp-strategies can be regarded as
uniform refinement techniques because each element is refined. A comparison with
uniform h-FEM, therefore, seems to be adequate.

There are plenty of strategies which aim at enhancing the speed of convergence
for the h-FEM such as mesh grading (see [4, 5]), extended finite element methods
(see the overview article [21]), and adaptive mesh refinement (h-FEM ad.) based on
a-posteriori error estimators (see [90, 91]). We implemented the last approach with
the residual based error estimator of [106] (see also Subsection 6.4.3). Only those
elements whose error is greater than 50% of the maximal error among the elements are
marked for refinement. The different FEM discretizations are compared in Figure 5.7
regarding the approximation error with respect to the number of unknowns.
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Figure 5.7. The error decay for different FEM strategies applied to Problem
(5.10) with data (5.12).

As we would expect, the vc-FEM is superior regarding the approximation quality with
respect to the number of unknowns and eventually beats all other strategies. Both
the ve- and be-FEM converge faster than the uniform h-FEM, which compensates for
the higher implementational efforts. Admittedly, the adaptive h-FEM converges faster
than bc-FEM, which on the other hand does not depend on an a-posteriori error esti-
mator.

Example 2 Revisited

The numerical results for the vc-FEM and the optimization problem with data (5.14)
posed on the unit square are similar to the previous example. The plots show ex-
ponential convergence and the EEC is bounded from below. We also note that the
ve-FEM can be applied to problems with small regularization parameter v as done in
the preprint of [156].

Again, we compare the different FE methods for the data (5.14). We observe the
same qualitative behavior as for Example 1, except for the fact that the adaptive h-FEM
is no longer superior to the bc-FEM. This is a consequence of the convex domain,
which yields an H?-regular problem. In this case, the uniform h-FEM achieves optimal
order of convergence. All in all, the higher order methods are superior as regards the
convergence speed with respect to the number of unknowns (see Figure 5.8).
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Figure 5.8. The error decay for different FEM strategies applied to Problem
(5.10) with data (5.14).

5.2.3 Bang-Bang Problems

Recall from Definition 2.3.6 that an optimal control u* is called bang-bang if it is
active almost everywhere on its domain U. The previous numerical examples heavily
exploit the projection formula, which is an equivalent reformulation of the variational
inequality (2.14b) of the first order necessary conditions (2.14). This result fails to
hold for v = 0, which is why we resort to the following equivalent representation (see
[144]):

e () if B*¢*(z) + vu*(x) > 0,
u*(z) = < € [ug(z),up(x)] if B*q*(z) + vu*(z) =0, (5.16)
up(x if B*¢*(z) + vu*(x) < 0.

As before, we treat the case U = I' /.

A Neumann control is bang-bang for » = 0 if the set {x € Txr | ¢*(z) = 0} has
Lebesgue-measure zero. We control the measure of the level sets of |¢(x)| with the
following inequality:

measi{z € Ty | [¢"(z)| < e} < ce. (5.17)

For £\, 0, we see that ¢* indeed produces bang-bang controls. Such a structural
assumption involving ¢* already appears in [50, 65, 147, 155, 159].

In the remaining part of this section, we add the index v to the control problem
to stress the dependence on the regularization parameter. The optimal variables are
denoted by (u, y, q),,, where the index v instead of the asterisk * signifies optimality.
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5.2 Neumann Control Problems

For the un-regularized problem with v = 0, the existence of a solution was established
under the additional assumption that U,4 is bounded (see Assumption 2.3.1). An al-
ternative is to prove existence under the assumption that g, is in the range of A~ B.
Uniqueness only follows if A~ B is injective. Given a slight perturbation v, 5 ~ y4
in the data, yq s may leave the range of the solution operator and the optimal solu-
tion ceases to exist. Hence, the un-regularized problem is ill-posed in the sense of
Hadamard because (unique) existence of solutions or continuous dependence on the
data may be violated.

It is a common technique to solve un-regularized problem (P°) by a sequence of
regularized problems (P*) with »\,0 and to split the error into

o the discretization error || u, — u,,p |22 (see [154, Theorem 2.3]),

e the regularization || ug — u, || z2(v) (see [154, Lemma 2.2]).

To control the latter, parameter choice rules have been investigated in the context of
inverse problems (see the overview in [153]). An important strategy for regularized
inverse problems is the discrepancy principle (see [111]), which is applied to contin-
uous optimal control problems in [155]. We also mention [50, 159, 154].

Changing the parameter v in the course of computations is challenging with the
hp-FEM because the method constructs meshes for one particular solution. Adjusting v
alters the problem and, consequently, the solution may no longer be smooth in regions
where higher order elements aimed at exploiting regularity. Vice versa, singular parts
of the solution may have moved away such that strongly refined elements lie in wrong
regions.

This is the reason why we do not apply the ve-FEM to bang-bang problems but rather
the bc-FEM. A changing solution does not affect the approximation properties of the FE
space because the method keeps low order elements on the whole Neumann boundary.

We use the results of [154] to establish an a-priori parameter choice rule.

Theorem 5.2.4. Let the model problem (P)=(P") and u,,u, € L>®(T'xr)NH/?(T'xr) be
given subject to an H?-regular Neumann boundary value problem (N). Let (5.17) hold.
Denote by (u,y,q)o the solution to (P°) and by (u,v, q)v(h)>0,h a Sequence of solutions
to (P,”"), obtained by the update strategy v(h) ~ h. Under the same assumptions as
in Theorem 5.2.1, there exists a C' > 0 such that

| wo — tyny,n i (ry) < Ch,
%o = Yunyn l2) < Ch,
90 = qvny,n L) < Ch.

The idea behind the strategy v(h) ~ h is to balance the error stemming from the
regularization with the error of discretization. The latter is measured in the L?- and
L*°-norm, which is why the assumptions on the state equation are taken from Section
4.3.2, where we derived error estimates for Lebesgue-norms.

Proof. From Theorem 3.2.1 we have y € B3((2) for a solution y to the state equation.
Hence, Theorem 4.3.13 and 4.3.16 yield

(S = Sh)ullrz) + | (S* = Si)(y — ya) | n2ry) < c(h +h¥?) =: 65(h).
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Applying Theorem 4.3.18 yields
| (S = Sh)u|lLee(ry) < ch =: 0oo(h).

The a-priori estimates 02, d,, can be inserted ([154, Remark 2.3]) into [154, Theorem
3.1], which proves the result. O

We apply the a-priori regularization strategy v(h) ~ h to the optimal control problem
(5.10) with » = 0 and e, = 0. We choose the Laplacian (D = I, ¢ = 0) on the
following domain:

Q=(0,1)2, (5.18a)
I'p = ({21 =0} N ON) U ({z2 = 0} N ON), (5.18b)
v ={z1=1}NIY) U ({z2 =1} N ON). (5.18¢0)

The rest of the data is inspired by [144]. We construct the data such that the optimal
control has bang-bang character in a checkerboard pattern. We set

yq = sin(mzy) sin(mze) + sin(2.5mx1) sin(2.57z2), (5.18d)
= 27? sin(7x ) sin(7as), (5.18e)
¢, — m(sin(mrxz)) — s?gn(s?n(?.f)ﬂ'ozz)) %f:z:l =1, (5.180)
w(sin(mx1)) — sign(sin(2.57x1)) ifxg =1
with the sign-function
-1 ifz <0,
sign: R — {-1,0,1}, sign(z) = 0 ifz=0,
1 ifx>0.
For u, = —1, up = 1, straightforward forward calculations show that the unique

solution is given by

Yo = sin(mzq) sin(mxs),

. sign(sin(2.5mxs)) if zq =1,
0~ sign(sin(2.5mx1)) if zg =1,

q = — sin(2.5mx1) sin(2.57x3).

2572

Since the domain is convex, we deduce H?2-regularity of the state equation (see [72]).
Applying the arguments of the proof of [50, Lemma 3.2] to the setting of boundary
controls shows that (5.17) holds true. Thus, all prerequisites of Theorem 5.2.4 are
met by the test example.

The numerical results depicted in Figure 5.9 are in very good concordance with the
proved error decay of order O(h).
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Figure 5.9. The problem (5.10) with data (5.18) is solved with

the be-FEM and the a-priori regularization v = v(h) ~ h of
Theorem 5.2.4.

5.3 Interface Control Problems

Very much related to the previous examples, solved with the bc-FEM, are interface
control problems posed on 2d-networks. We rigorously introduced the differential con-
straint, also called transmission problem, in Subsection 2.2.2 and guaranteed well-
posedness through Assumption 2.2.3.

For the readers convenience, we recall the interface control problem, i.e., (P) subject
to (T). It reads

o 1 v
minimize J(u,y) := §|| Y= Yd H%Q(Q) + §|| u ||2L2(I)

subject to u € Uy := {u € L*(T) | uq < u < uyp a.e. in T} with u,,u, € H'/?(Z) and

—kiAy; = fi  in Qy,
yi—y; =0 onvy; el
(M KiOn,Yi + KjOn,y; =u  on~y;; €I,
v, =0 onl; € gD,
m@myi = hl onl; € 5/\/

For the remainder of this chapter, we assume that transmission problem satisfies As-
sumption 2.2.3. Therein, we find v € H'/?(Z) which is to be understood for the
optimal control that automatically possesses this regularity (Remark 2.3.8).

119



Chapter 5 Numerical Investigations

Theorem 5.3.1. Let (u*,y*, ¢*) be the optimal variables of the interface control problem
and (u},y;, q;,) be their numerical approximations. Let 1y, be an ic-mesh on a 2d-network
{Q;}icr with a linear degree vector p of sufficiently large slope . Suppose that the state
equation allows solutions that belong to H'*7:(Q;) with o; € (0,1] for all i € I. If
frya € B(f_m (Q4,Cy,vy) with Cy,vy > 0 and the weight function raq,, there exists a
constant C' > 0, independent of h, such that

with o := min;cr{o;}.

u* =y 2y H Y —yn ) +11d" — @ llae) < Ch° (5.19)

By stipulating local H'*7:((;)-regularity, the theorem does not depend on Section 3.1,
where we derived an expansion for the solution of transmission problems.

Proof. We use Theorem 5.1.4 and then apply Cea’s lemma. The optimal variables
y*,q* lie in B?__(9Q,C,%) for h-independent constants C,5 > 0 and rz_r thanks to
Corollary 3.2.3. The result now follows from the best approximation properties of the
FE space SP(7;,) on ic-meshes (Corollary 4.3.15) and the estimates (5.5)-(5.7). O

The domain for the numerical example is de-
picted in Figure 5.10. We have Q = Q; U Qy = o

[0,2]? with the interface Z = 9€; and I'p = 9.
The data is chosen on the two subdomains Q;, Q5 91
as
_ _ 1.5+
fy= =0 (o) = {y“ L |
f2 = 10, Yd2 = 10. 1 Q2 Ql

(5.20a)
with k; = 5 and ko = 0.25. Slightly different from 0.5
[158], we choose u;, = 5.5 and v = 0.01. , , , ‘

A strict lower bound o for the eigenvalues Ax ; 01 5 i 11 5 é

of Ax (M) with X € X' is obtained by applying The- Figure 5.10. The 2d-network for
orem 3.1.16 (¢ = 1/4) or the refined estimate in the interface control problem.
Proposition 3.1.17 (Ax; > 1/2). By numerically

evaluating the eigenvalues at the interior vertices

of Q, we find

A1 =0.70114949, Ay =1.2988505, A3 = 2.7011495,

Note that all four vertices possess the same eigenvalues. Hence, we have for all i € T
that y; € H'T*172(€);) for small e > 0 (Corollary 3.1.13).

Because of Theorem 5.3.1, we expect the error for the state and control variable to
decay approximately like O(h%7). We compute the error in the optimal variables by
taking the solution on the finest discretization as reference (see Figure 5.11 and 5.12).
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ﬂ
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Figure 5.11: The approximate optimal state (left) and adjoint (right) of the interface control
problem with data (5.20) on the finest discretization of the ic-FEM.

5.5
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Figure 5.12. The approximate optimal control of the interface control with
data (5.20) on the finest discretization of the ic-FEM.

For investigating the convergence behavior, we introduce the experimental order of
convergence (eoc).

In|ly* —yr e —Inlly* =y, a1
HY(Q)) := 1 2 ) 5.21
cocly, H (1)) (1) — In(hs) (5.21)

Here, hy < hq denote the mesh sizes of two consecutive discretizations.
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We start the computation on a coarse mesh that consists of 64 quadrilaterals and has
boundary mesh size 0.25. The convergence history for the state and adjoint variable is
shown in Table 5.5 and 5.6, respectively.

The eoc for the state y in the H!(Q)-norm is in very good compliance with the theo-
retical results and the estimate of o = A\; — ¢ = 0.7. The convergence for the adjoint
variable ¢ and the H'(Q2) norm is significantly faster, which could be explained by the
fact that the optimal adjoint is close to zero in ; (see Figure 5.11). The singulari-
ties at the interior vertices, therefore, do not have much impact on the approximation

quality.

h N Iy —y* L2 eocly, L*(Q)  llyn—y [l eocly, H'(2))
0.25 81 3.04-107 1 - 5.69 -
0.125 289 1.04-1071 1.55 3.51 6.95-1071
0.0625 1,073 3.82.1072 1.44 2.13 7.21-1071
0.0312 3,425 1.39 - 102 1.45 1.27 7.46-1071
0.0156 9,209 5.08 - 1073 1.46 7.71-101 7.20-101
0.00781 22,177 1.85-1073 1.46 4.69-1071 7.16- 1071
0.00391 49,857 6.63- 104 1.48 2.83-1071 7.30-1071
0.00195 107,329  2.25-10~* 1.56 1.65-1071 7.76 - 1071
0.000977 224,777  6.17-107° 1.87 8.64-1072 9.37-107!
0.000488 462,593 - - - -

Table 5.5: The convergence history for the state variable and the ic-FEM applied to the interface
control problem with data (5.20).

As regards the error at boundary parts, we proved in Theorem 4.3.16 that the L?
approximation quality is of order O(h*'/2) at best. This rate can be observed in Table
5.6 and is also valid for || u* —uj, || 12(sq,) because the adjoint and control variable are
related through the (non-expansive) projection operator Py, .

h N lgh—a"llz2(z) eoc(q, L* (1)) lah ="l @) eoc(q, H' ()
0.25 81 3.54-1073 - 2.45 -
0.125 289 1.38-1073 1.36 1.29 9.18.1071
0.0625 1,073 5.55-10* 1.31 5.99.1071 1.11
0.0312 3,425 2.39-10~4 1.21 2.42 .10t 1.31
0.0156 9,209 1.08-107% 1.15 9.29 -102 1.38
0.00781 22,177 4.79-107° 1.17 3.60-1072 1.37
0.00391 49,857 2.08-107° 1.21 1.48-1072 1.28
0.00195 107,329  8.44-107°6 1.30 6.70-1073 1.14
0.000977 224,777  2.79-10 1.60 3.08-1073 1.12
0.000488 462,593 - - - -

Table 5.6: The convergence history for the adjoint variable and the ic-FEM applied to the inter-
face control problem with data (5.20) .
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5.3 Interface Control Problems

Similarly, the convergence order O(h??) of the state variable measured in L?(Q) is
not covered by Theorem 5.3.1. The ic-FEM basically consists of using the bc-FEM,
for which faster convergence in Lebesgue norms has already been observed, on each
subdomain §2; of the 2d-network (see Figure 5.13).

Remark 5.3.2. A best approximation error estimate || ¢ — qy ||2(z) < Che*'/2 can be
established with the Aubin-Nitsche trick (analogue to Theorem 4.3.16). Here, the idea
is to apply results from the bc-FEM on the subdomains of the 2d-network (confer the
proof of Theorem 5.3.1). For proving error estimates in the optimal variables, the same
theoretical gap as mentioned in Remark 5.1.5 appears.

We did not derive a regularity result in countably normed spaces for the optimal vari-
ables of the interface control problem. However, the remarks in Subsection 3.3.5
suggest that analytic regularity can be proved. The extension of the approximation
result on geometric meshes (Theorem 4.4.4) to 2d-networks should to be straightfor-
ward. Then, an analogous approximation result for the vc-FEM and interface control
problems could be derived.

Due to the above expectations, we apply the vc-FEM to the test problem with data
(5.20) and estimate the speed of convergence. We start the computations from the
same discretization as the ic-FEM. As expected, the algorithm designs geometric mesh
patches at the vertices and the kinks of the optimal control (see Figure 5.13).

Table 5.7 shows the eec, which is bounded from below.

level N yp—y o2 cecy, L) a; — " ez eeclq, L2(T))
1 81 3.04-1071 - 3.54-1073 -

2 249 1.07-10~1 5.30- 107! 1.93-1073 3.10-10°1
3 765 8.81-1072 6.87-1072 8.32.10~* 2.94-107!
4 1,853 3.18-1072 3.25-1071 3.86-107* 2.45-107!
5 3,685 6.66 - 1073 4.94-1071 1.41-10~* 3.18-1071
6 6,489 2.38-1073 3.20-1071 6.59 - 1075 2.38-1071
7 10,481 1.14-1073 2.29.107! 3.63-107° 1.85-1071
8 15,877 6.25-1074 1.84-1071 2.2.107° 1.54-1071
9 22,893 3.75-10~4 1.57-1071 1.42-107° 1.34-107!
10 35,349 1.12-10~¢ 2.74-1071 4.71-1076 2.49 .10t
11 48,333 5.72-107° 1.85-1071 2.36-1076 1.92-1071
12 64,177 - - - -

Table 5.7: The convergence history for the vc-FEM applied to the interface control problem with
data (5.20).

All in all, the various numerical tests that were conducted within this work clearly
show that the different hp-discretizations can successfully be integrated within a semi-
smooth Newton method to solve the inequality constrained Neumann or interface
control problem. We recover fast convergence rates with respect to the number of
unknowns that are predicted by theory.
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Figure 5.13: Left: An interface concentrated mesh of size h ~ 0.008 for the 2d-network of Figure
5.10. Right: The corresponding geometric mesh of level 6 from the vc-FEM.
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CHAPTER 6

A Path-Following Approach

We recall the model problem

e 1 v
minimize J(u,y) := §|| Y= Ya ”%2(9) + §|| u H2L2(U)

(P) subject to
Ay = Bu,
u e Uad7

where we now assume U, q = {u € L?(U) | u, <u < upa.e.onU} and u,, u, € L2(U)
with |u, — up| > ¢ > 0. This allows theoretical investigations for v € L4(U) and
2 < g < oo (see [148]).

Instead of solving the problem with the semi-smooth Newton method, we dedicate
this chapter to the interior point method. This method solves (P) as a sequence of
perturbed problems, where the control constraints are dropped and barrier terms in
the cost functional enforce feasibility. The solution of a perturbed problem is a point
on the so called central path and the interior point method produces strictly feasible
iterates that stay close to the central path in order to remain within the convergence
region of Newton’s method. This explains the term path-following method, which will
be used interchangeably with interior point method. We stress that both distributed
and Neumann control problems can be solved with this technique. The contents of
this chapter are published in [157].

Let us comment on existing literature. A control reduced algorithm has successfully
been applied in [130, 134, 160]). Here, the control is eliminated from the optimality
system, which is similar to the concept of variational discretization from [79]. Addi-
tionally, super-linear convergence in problem specific norms is proved. This approach
has also turned out to be suitable for treating state constraints, see [160, 133, 131].

Interior point methods working with primal and dual variables and projection or
smoothing steps are explored in [148]. We also mention [122] for a problem with
mixed control and state constraints. In [147], an affine scaling method is augmented
by a smoothing step to prove super-linear convergence, which is related to semi-
smooth Newton methods in function space [145]. All authors use h-FEM with a fixed
polynomial degree (usually linear elements) as discretization.
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Chapter 6 A Path-Following Approach

We solve the model problem with an interior point method in function space. The im-
plementation uses the hp-FEM with adaptive mesh refinement during the individual
steps of the discrete algorithm. We heavily exploit the fact that the necessary optimal-
ity conditions of the barrier problems can be written as a smooth system of equations.
Thus, the optimization method does not introduce artificial non-smoothness that could
influence the hp-refinement. This fact was the main motivation to study an interior
point method with this type of discretization. To the best of our knowledge, there
are no available references about the application of adaptive hp-FEM to control con-
strained problems with pointwise inequality constraints.

We mention [41, 70], where the authors pursue an adaptive strategy for distributed
control problems with the integral control constraint [, u dz > 0. Here, the regularity
of the optimal control is not restricted by the constraint, different from pointwise
constraints u,, up (see also Theorem 2.3.7).

In the following section, we rigorously define the barrier problem and provide main
results such as existence of the central path and first order necessary optimality con-
ditions. The formulation of the interior point method and its convergence theorem
is located in Section 6.2. We use the general framework of [148], which can treat
solutions that touch the control bounds at isolated points.

In Section 6.3 we explain the implementation of a discrete version of the path-
following method. Adaptive updates for the barrier parameter and mesh refinement
will ensure that the iterates stay within the area of convergence for Newton’s method.
After that, a-posteriori error estimators for the central path as well as the Newton
system are derived. Both rely on residual based error estimators of the underlying
PDE.

Finally, in Section 6.5, we solve a test problem with known solution, where the
convergence radius for Newton’s method is large around the central path. Here, the
hp-character of our method will be the center of investigation. Then, a problem with
very small regularization parameter v is solved. Due to adaptivity, the path-following
algorithm successfully manages to stay within the region of attraction of Newton’s
method, which is very sensitive to reductions in the homotopy parameter p.

6.1 The Barrier Problem and Central Path

We follow [130] to introduce barrier functionals and their most important properties.
Proofs and further references can be found in [130, Chapter 2]. Recall that U > z is
the domain where the control u = u(x) acts.

Definition 6.1.1. Let B C U x R be measurable, such that B(z) := {u € R| (z,u) € B}
is closed, convex with non-empty interior for all x € U. A function I(z,u) : U xR = R
is called barrier function if it fulfills

e [(.,u) is measurable for any u € R.

e [(z,.) is convex, continuous and differentiable on int(B(z)).
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6.1 The Barrier Problem and Central Path

e u € J0B(z) & l(z,u) = oo and
dist(0B(x),u) > d > 0 < l(z,u) < L for L € R depending only on d.

e [(x,u) can be minorized by a(z) — c|u| with a € L*(U).
The minorizing criterion guarantees that [, I(z,u(x)) > —oo for u € L' (U).
A barrier function generates a barrier functional with the following definition.
by : L'U) =R, ur— u/ l(z,u(z)) dz.
Q
Theorem 6.1.2. For 1 < p < oo the barrier functional b, : LP(U) — R is convex and
lower semi-continuous. Furthermore, b, (u) < co = u € int(B) a.e.

The result is shown in, e.g., [130, Corollary 2.1.6]. As the barrier functional suffers
from reduced regularity, it is necessary to apply subdifferential calculus.

Definition 6.1.3. Let f : V — R be a convex function. We define the set valued mapping
0: V=V
v~ {0f(v)}
where the image of v contains all linear and bounded functionals m € V*, such that
fv+6v)+ (m,dv)v- v < f(v)

In other words, the subdifferential 0 f (v) contains the slope of all affine minorants that
are exact at v.

Definition 6.1.4. We say u € U,y is strictly feasible if and only if there is an € > 0 such
that
[u(z) — ug(z)| + |up(z) — u(z)] >e ae inU.

Theorem 6.1.5. Consider b : LP(U) — R with 1 < p < oo. If p < oo or u is strictly
feasible, then
Obu(u) #0 = b, (u) = {b,(u)}

with the first variation

b, (u)du = ,u/U@ul(m, u(x))du(r) dw.

In particular; we have b;,(u) € LP(U)*.

The result is proved in [130, Lemma 2.1.10, 2.1.11] and will be applied for the first
order necessary conditions of the barrier problem.

In this work, we will work with B(z) = [u,(x),us(x)] C R a.e. on U and use the
logarithmic barrier function

lz,u(z)) = —In(u(z) — ue(z)) — In(up(x) —u(z)), x€U.

127



Chapter 6 A Path-Following Approach

We enforce u € U,q by adding a barrier functional to J. This leads to the problem (P,,).

minimize J,(u,y) := J(u,y) + b, (u)

subject to
() Ay = Bu,
u € Uggq.

First, we have to assure that our homotopy approach makes sense insofar as the sub-
problem (P,,) admits a unique solution.

Theorem 6.1.6. The problem (P,) admits a unique solution (u,,y,) for all 4 > 0. Its
value of the objective functional is finite.

The assumptions on u,,u; imply that there is a @ with u, < @ < u; a.e. Then, the

proof is standard (see, e.g., [130, Lemma 2.2.2]) and basically builds on the minima of

convex functions (see [61, Proposition I1.1.2]). For a more general setting, see [148].
In order to characterize the solution, we derive optimality conditions.

Theorem 6.1.7. The first order necessary optimality system for (P,,) reads

Ayu = BU,U,? (6.1a)
vuy, + B*qu + by, (u,) =0, (6.1b)
A"qy =Yy — Ya- (6.1c)

These conditions are also sufficient for a minimizer (w,, y,,).

We remark that (6.1) is very similar to the optimality system (2.14), the only difference
being the non-linear equation (6.1b), which replaces the variational inequality (2.14b)
due to barrier terms in J,,.

Proof. We eliminate the state from the objective function by inverting the state equa-
tion. Take a minimizer v, from Theorem 6.1.6 and observe

Ju(u) 2 Ju(up) = Ju(up) +(0,u —wu)  Vu € Usa.

So we conclude 0 € 9J,(u*) # ) and compute the derivative with the sum and chain
rule ([61, Proposition 1.5.6, 1.5.71). The fact that b/, (u,) € L*(U) follows from The-
orem 6.1.5. The adjoint variable ¢, is part of the optimality system as a Lagrange
multiplier for the state equation. Since the optimization problem is convex, the neces-
sary conditions are also sufficient. O

Definition 6.1.8. For notational convenience, we set
Y :=Q:= HY(Q).

The solution (u,,y,,) together with the corresponding adjoint variable g,, are referred to
as the central path
(u,y,9), € L*(U) x Y x Q.
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6.2 The Interior Point Method

Because of the bounds on the control and the boundedness of the solution operators
for the state and adjoint equation, we get for all . € (0, p)

Il (u, 9, @) ||L2(U)><Y><Q < Clyp-

Remark 6.1.9. As the operators A, A* are boundedly invertible, we can write down an
equivalent formulation of the optimality system: (u,y,q), € L*(U) x Y x Q solves (6.1)
if and only if

F.(u) =vu, + B*A (A" Bu, — y4) + b, (uu) = 0. (6.2)

This equation holds a.e. in U.

Theorem 6.1.10. The central path is Hélder continuous with index 1/2, i.e.,

I (w9, @) — (s y, @) luxyx@ < Lev/ |10 — 1) (6.3)

for all p,n € (0, o). Moreover, (u*,y*,q*) = lim,~0(u,y,q), exists and is the global
solution of (P).

For the proof we refer the reader to [148, Lemma 9]. Recall that a general solvability
result for u = 0 is also established in Theorem 2.3.3. Passing to the limit (n \,0) in
(6.3) yields an error bound of order O(,/z) for the central path and the true solution.
This bound can be improved for some p < 2, see [33].

Remark 6.1.11. If the controls on the central path have positive distance to the bounds
Ugq, Up i the L sense, the central path is differentiable (see, e.g., [130, 148]) and admits
the bound

00 (u, 4, @) L (yxy x@ < Cp 2.

6.2 The Interior Point Method

Interior point methods can be regarded as methods that systematically solve a per-
turbed optimality system of the original minimization problem. This perturbed system
is itself the exact optimality system for a barrier problem, which is characterized by
an additional term in the cost functional that penalizes the violation of constraints.
This strategy allows to deal with control and/or state constraints where the resulting
equations have the advantage of being smooth.

6.2.1 An Abstract Algorithm in Function Space

Let the first order necessary conditions of the central path be given by F),(z) = 0. A
general interior point algorithm in function space tries find a solution with Newton’s
method and drives 1\, 0 at the same time (see [148, Algorithm PDPFS]). A schematic
outline of the method is given in Algorithm 1. We describe its building blocks in the
subsequent sections.
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Chapter 6 A Path-Following Approach

Algorithm 1 Interior Point Method in Function Space

1: Choose initial point z and barrier parameter g € (0, —oo]-
2: k:=0.
3: Solve the Newton system

OF,, (z1)0x = —F), (xk).

Thy1 =Tk + ox.

: Apply a smoothing step xy41 := Z(ZTgy1)-

: Choose oy, € [0imin, 1) and set pgy1 = O fig.
: k:=k+1and goto 3.

N o u oA

We remark that the smoothing step is not always necessary for convergence of the
algorithm. Note that more details and investigations are essential for implementing
this path-following algorithm in practice.

6.2.2 Well-Posedness

We take F),(u) from (6.2) and investigate the Newton system
8F#k (uk)éuk = 7F#k (uk) (64)

Let ur > 0 and uy denote an iterate of the interior point method. Moreover, let
1 <p<ooand

DP = {u€Uu | (u—us)" (up —u)~t € LP(U)}. (6.5)

A formal derivation at u; € D, in the direction h for 2 < p < oo yields

LA h wh
F,(ug)h = vh + B*A~*A~'Bh H . 6.6
OF(ug)h = vh+ * (U — uq)? * (up — ug)? (66)

In order to guarantee that the Newton system can be solved at the new iterate ug+d0uy,
the smoothing operator is designed accordingly.

Lemma 6.2.1. The u-dependent function

B m

T—Ug Up—T

B (ugyup) = R, z+—va— (6.7)

is invertible and the Nemytzkij operator
B LP(U) = {v e LP(U) Jug < v <up}, (B71)(x) := B (u(x)),

is Lipschitz continuous for p € [2, 00).
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6.2 The Interior Point Method

The lemma is proved in [148]. Note that we use the same symbol for the scalar
function 37! and its associated Nemytzkij operator 5~! (also named superposition
operator as in [6]). For 2 < p < oo, we set

WP .= LP(U)xY x @ x LP(U) x LP(U) with

W = (Wy, Wy, Wy, Wa, wp) € WP

to address each component. Furthermore, we use the notation y(u) := A~!Bu for
the solution of the state equation and ¢(u) = ¢(y(u)) for the solution to the adjoint
equation, respectively.

As already in the previous chapters, we need an additional regularity assumption for
the constraint Ay = Bu at this point.

Assumption 6.2.2. Assume that the state equation is H'*?-regular. For a fixed p, we
assume that 2 < p < g < oo with the continuous embedding

H'7(Q) — LYU).

Examples are given at the end of Subsection 3.1.2. See also Equation (2.3). We use
the symbol ¢ to stay consistent with our previous notation and issue the warning not
the mistake it for the step size selection parameter o, € [0,in, 1) in the interior point
method.

Definition 6.2.3. The smoothing operators z, : LP(U) — Li(U) and Z : WP — W1
are defined as

Zu(wy) B~ g(wy))

Z(w) = | zg(wy) | = q(w.,) (6.8)
Za(wu) M/(ZU(wu) — Uq)
zp(Wu) 1/ (up — zu(wu))

The definition of z, and z,, 2, is taken from (70) and (72),(73) of [148]. For the con-
vergence of the interior point method, it is essential that the smoothing step satisfies
a Lipschitz property.

Lemma 6.2.4. Let (p,u) € Rt x LP(U) and s := (uy, Y, qu- Za(up), 26(u,)) be a so-
lution to (P,,). Under Assumption 6.2.2, the smoothing operators z,, Z are well defined
and there exist constants L,,, L > 0 such that

H Zu(wu) — Su ”L‘I(Q) S Lu” Wy — Su ||LP(Q)7 (69)
| Z(w) —s|lwe < L||w—s|lwe, Vwe WP. (6.10)
Moreover,
zu(wy,) € DY
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Chapter 6 A Path-Following Approach

Proof. Obviously, s € W7 and s = Z(s) due to the first order necessary conditions.
Lemma 6.2.1 and the invertibility of A, A* yield
1 C
lzu(wa) = zu(su) Loy < ~lla(wa) = a(su) ey < - llww = sullLe@)-
This proves the first claim. Similarly, we find
| 2y (wu) = 2y (su) v < Cllu—uplle@w),  [12g(wa) = 2(su) ll@ < Cllwu = su || o)

The remaining components of Z can be treated as in the proof of [148, Theorem 2]
and we obtain with constants L, L

|| Za(wu) - Za(su) ||L‘1(U) < La” Wy — Su ||LP(Q) (6.11)
| zb(wu) = 26(54) [|Laq)y < Lpl| wu — su || Lr(0)- (6.12)
Thus, we can bound || Z(w) — Z(s) ||wa by || wy — su ||Lrv) < ||w — s [|w». It holds
| Z(w) — s|lwe < max{Ly,C, Lq, Ly }| w — s ||we.

It remains to show the last claim, i.e., z, (w,) € D?.
From the definition of z, we get 8(z,(w,)) = ¢(w,). Writing out the terms of
yields
vy (Wy) + Za(2u(wy)) + 25(2u (W) = q(wy).

Since z,(w,) € U,g, it follows that vz, (w,) is essentially bounded. With ¢g(w,) €
H'(Q), we conclude

Za(Zu(Wy)) + 20 (2 (wy)) € LA(U).

The possible singularities of the two addends do not interfere because |u, —up| > 9>0.
Consequently, each of them is ¢-times integrable and z, (w, ) belongs to D4. O

Finally, we establish the invertibility of the Newton system (see also [148, Section 5]).

Theorem 6.2.5. Let yy, > 0 and Assumption 6.2.2 be fulfilled. For any uj, € D? and
r € LY(U)*, there is a duy : U — R such that

OF,(zy(uk))oup =7 a.e.onU (6.13)

Ifr € L9(U) we also have || dug || +wy < C|| 7 ||e(uy for all t € [p, q], where the constant
C can be chosen uniformly on bounded subsets (11, u) € R x D4.

Proof. The result follows from the proof of [148, Lemma 4] if we show that Z(uy) lies
in

Nfoo,q(u) = {(u’y’Q7wa’wb) € Wq | u € Uga, (u - ua)wa > Y, (ub - U)wb = Y,
wa|u>(ua+ub)/2 < @/_La wb|u<(ua+ub)/2 < @;u
min{wmwb}‘u:(ua—i—ub)ﬂ < eu}

with ©, = 2max{p_o, p/v}/9.

132



6.2 The Interior Point Method

The value v € (0, 1) is arbitrary and for v\, 0 the set N_, ,(1) becomes U,q x ¥ x
Q x{zq € LY | 2, >0} x {2, € L? | 2z, > 0}. In order to make p_., an upper bound
for the homotopy parameters uy (see Algorithm 1), we simply pick a large but finite
value.

Remember that u, — u, > ¥ > 0 almost everywhere. From the definition of the
smoothing operator Z it is clear that z,(ux) € U,q and

(zu(ur) = va)za(u) = p >y, (up — 2u(ug))2p(u) = p > yp.
Define U;" := {z € U | z,(uy) > Y= }. Then,

2p
Up — Ugq

<

I
Uy

S e T

Ut 9
The same estimate yields zb(u)\U; <O, with U, = {z €U | zy(uy) < a2}
For z,(ug) = (uq + up)/2 we directly get
2u
Up — Ugq

za(ug) = 2(ug) = <Oy,

which implies Z(uy) € N_oo ¢(11). O

6.2.3 Convergence

In this section we show that the Algorithm 1 converges. The Lipschitz continuity of 7,
which was proved in Lemma 6.2.4, is vital because it closes a p — ¢ gap (see [148]) in
the convergence analysis of the interior point method.

Theorem 6.2.6. Let 119, p9 > 0 be fixed. Assume that v* = lim,~ o u,, satisfies strict
complementarity (as in [148, Definition 2]). Then there exists a sequence Opinj <
Omaz < 1 With ok € [Omin,k, Omasz) SUCh that the iterates uy, generated by Algorithm 1
with the smoothing operator z, are well defined and satisfy

| ur — vy Loy < Cv/pn—1, (6.14)
lur —u* |Laqy < (C + Le)/lk—1- (6.15)

where C is some constant and L. the Holder constant of the central path (see Theorem
6110) on (0,/1,()].

Proof The proof of convergence is achieved by showing equivalence of Algorithm 1
with the path-following method of [148]. The latter is designed for iterates in W4.
By choosing o large enough we can launch the algorithms with

Uq + Up

ug = 5 e DY,

respectively

wo = (uo, y(uo), q(uo), (g — uo) ™, p(uy — ug) ™) T € W

sufficiently close to the central path.
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It suffices to show that the iterates wu; of Algorithm 1 (smoothed under z,) have a
corresponding sequence wj, with u; = wy, that is generated by the interior point
method of [148] (smoothed under Z). Convergence then follows from [148, Theorem
3] because the smoothing operator Z satisfies a Lipschitz property (due to Lemma
6.2.4).

The iterates in W, are given by wi1 = Z(wy, + dwy,) with the Newton update

v 0 B* -1 1 Wi,y — Ya + A Wy g
0 I A 0 0 VWi,y + Wk,qg — Wk,q + Wk p
B A 0 0 0 owy = — Awy, y — Bwy
Wk, a 0 0 Wk oy — Uq 0 wk,a(wk’,u - ua) -
—wip 0 0 0 Up — Wy Wb (U — W) — 1
(6.16)

Now we show that dwy, ,, = duy, for £ > 0. By construction, we have uj, = (wy), and
Awgy — Bwg =0, Wko(Why — Ua) = [,  Wep(Up — Whu) = Wk (6.17)

for k = 0.

Assume by induction that these equalities hold for £ > 0. From (6.17) we deduce
that the last three components of the right hand side of (6.16) are zero. Eliminating
Swy ¢, W 4, Swy,p from the first row of (6.16) yields (6.4) and proves that wy, ,, equals
5uk.

As the smoothing operator only depends on (wg), = uy, we find

U1 = 2y (U + Oug) = 2y (W + dwy) = Z(wy, + 0wk )y = Wit1,u-

The construction of Z guarantees that (6.17) remains valid. Thus, the induction is
complete and our algorithm is equivalent to the one of [148], where all claims are
established. O

6.3 Discretization

First, we explain the discretization of the optimality system by finite elements. We
develop our ideas starting with the discretization of (6.1) and end up with a fully
discrete version for solving (6.2). This will show why some diligence is necessary for
the treatment of the non-linear optimality system when using higher order elements.
After that, we present an implementable path-following algorithm, which adaptively
controls the homotopy parameter, the area of convergence for Newton’s method, and
the discretization errors.
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6.3 Discretization

6.3.1 The Optimality System

In the following, we suppress the dependence on p in (6.1). The state and adjoint
equation can be discretized with the hp-FEM as described in Section 4.1. Let 7 be
an admissible triangulation of 2 and SP(7) = span{¢i,..., ¢y} the approximation
space. For the case of distributed controls, we obtain the discrete version of (6.1a)
and (6.1c).

Ky" — Mu" =0, (6.18)
K*¢" — My" + 54 =0, (6.19)

where M is the mass matrix M;; = [;; ¢;¢; dz and K, £* shall represent the matrices
corresponding to the differential operator A, A*. If A = A = A*, this is the stiffness
matrix with K;; = [, V¢ - V¢, dz. The load vector is denoted by 74 := [, ya¢: dz.

The main question is how to discretize the control in (6.1b). If we used a finite
element function " € SP(7), it would be hard to check whether a new Newton iterate
ufl, = uj 4 du}! is feasible and produces finite integrals

[ty =) o [ ) e,
U U

An implementation has to ensure that the values at the integration points z; lie in
(ua(z;), up(z;)). But this is challenging for polynomials of degree greater than one.

This issue is solved by representing the control not as a member of SP(7), but as
a vector consisting of values at the integration points, which are also used for the
evaluation of the barrier terms.

We approximate
M

/ up; dor ~ Zu(xj)@(xj)wj (6.20)
U =
where x; are integration points in U with weights w; stemming from a Gaussian
quadrature rule (see Section 6.3.2). We set

R" = ¢i(zj), D =diag(w;), i=1,...,N, j=1,...,M. (6.21)

and use u, j = 1,..., M as a discrete control variable. Finding the values of v" €
SP(7) at z; is achieved by

11? = v"(z;) = (Rv");.
The discrete version of the first order necessary optimality condition only enforces

(6.2) at each integration point, i.e.,

vult + (Rg"); — 2t =0 vi=1,.. M
Uj_ua Up — U

We take the values of u as a column vector (and understand non-linear terms as
vectors as well) and rewrite the last equation as

1 1
uh —u,  up — uh

vul + Rg" — =0.
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Chapter 6 A Path-Following Approach

If we correct (6.18) according to the conventions in (6.20),(6.21), we have to solve
the discrete optimality system

K:yh — RTDu"
iy, q") = . /C*p’; — My" + Ga 0
“w
vu' + R — -+

It can easily be verified that this is the exact optimality system of the following discrete
problem:

M
s 1 v
minimize J[j(yh,uh) = §|| " —yy HZLQ(Q) + 5 Zwi(u?)z
j=1
M
h

®.) - MZ wi(ln(u? — Ug) + In(up — u?))

j=1
subject to
Ky" = R" Du",

This non-linear system of equations is to be solved with Newton’s method. After rear-
ranging the rows of F[j, the linearization reads

vl + pdiag((ul —ug) ™2 + (up —ul)™2) 0 R
OF)(u",y",p") = 0 MoK
R'D -K£ 0

If we multiply the first row by D, the discretized optimality system in the variables
(ul,y", q") is symmetric. It can be solved either with direct methods or an iterative
solver such as MINRES.

As in the continuous case, where we eliminated the state and adjoint variable, we
can invert K, K* and get a discrete equation only in the variable u}. We find

8F:}(u’,§)5uf = (v + pdiag((uf —ua) ™2+ (up —ul)=2) +R]C*71M’C_1RTD)5UZ =
— v+ puf — )™t — p(uy, — uf) TN = RK*T (MKT'RT Dul} — a) = —F}(u}).

which is a discretization of the continuous Newton system (6.6). Multiplying this
equation with D = DT from the left and reordering yields

(v + D ding((uf —wa) ™+ (o)) + DAK™ MK RT D) ., =

. — — w1 _
D (u—uq) "t —pD(up—ui) " +puD diag ((uf — ua) "> + (up — uf) %) wf+DRK* §a.
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6.3 Discretization

For the addends of the left hand side of the system, we now have

e vD is positive definite (> 0) if we use an integration scheme with positive
weights only,

o diag(ul! —u,)™2 > 0 and diag(up — ul) =2 > 0 if uf(z;) € (ua,up),
e DRK* 'MK~1RTD > 0 because of M, K, K* > 0.

The symmetry of the left hand side is obvious. Thus, the system can be inverted by a
(P)cG-solver (see, e.g., [34]).

The pointwise smoothing operator Z calls for numerical solutions of the cubic equa-
tion (6.7), which can be implemented in a numerically stable way (see [130, Section
8.5]). It guarantees that the values u? are feasible and makes the numerical algorithm
well-defined.

The adaptive interior point method will have to control the discretization error and
perform hp mesh refinements. There are different strategies to guide between a finer
triangulation and higher order elements. We choose the estimate of the smoothness of
uy, based on the expansion in a Legendre series ([59]). Several modifications are pos-
sible because the variables y; (ux) and/or gx(uy) can also be examined and included
in the decision process.

6.3.2 Estimating Smoothness and hp-Adaptivity

Let us now comment on the estimation of the smoothness of u}, which is complicated
by the fact that u} is represented by the values at the integration points and, therefore,
does not fit into the framework of [59]. Assume that U =  (the case of boundary
control is analogous) and let K € 7 be an element with polynomial degree px > 1.
As we want to assemble element mass and stiffness matrix on K without errors, we
work with a Gaussian quadrature that which is at least exact for polynomials of order
2pk. Hence, we tensorize a one dimensional integration scheme with px + 1 points
and obtain (px + 1)? points. A vector of values at these integration points uniquely
determines a polynomial of order px. We therefore obtain a one to one mapping ¥k

Uy s RPRHD? — Q(pr) == {U:K—>R : v:Zaija:iyj, 0<i,j<pxk,
4,J

aij R, (z,y) € K}. (6.22)

Let uf be the vector that consists of all v/ with z; € K ordered by the value of j. The
transformation of «" to a finite element function is realized by

T RY - SP(Q,7)

6.23
lu— 3" xxcWr(ule) 220 (6.23)

Ker

h . 1
u’ > arg  min o —
ueSP(Q,7) 2
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Chapter 6 A Path-Following Approach

The solution of this L?-projection can be computed by inverting the mass matrix for
the load vector with components given by

/@i. > xxUk(uf) dz, @ € SP(Q, 7).

Q2 Ker

Let us briefly describe how the smoothness of a discrete function v" € SP(Q,7) is
assessed. We recall the Legendre polynomials L;(i) of degree ¢ > 0 on [—1, 1], which
were defined as

. 1 d,. i
Li(%):= 5771 1 (2 —1)".

in the implementational remarks on the hp-FEM in Chapter 4. It is well known that
they are orthogonal with respect to the L?((—1, 1)) inner product. This property can be
retained in two space dimensions by tensorization, i.e., setting L;; (&, 9) = L;(£)L; ().
For each K € 7 and v" € SP(Q, 1), we can write v"|x as a linear combination of
Legendre shape functions. Let Fx be the function that maps the reference element
K = (—1,1)? to the physical element K € 7. The orthogonality property of Lij(z,9)
yields
(o Fr)(@.9) = > vSLi(&9),
0<%,j<pk

where vf§ = [ (v" o Fi)(2,9)Li;(2,9) do dy. In our implementation, we can also use
the basis transformation from Subsection 4.2.1.

The decay of the Legendre coefficients vf](- is exponential if the function is analytic,
which means there are constants C, bx > 0 such that |vf§ | < Ce~(+9), Given vg we
compute Ck and bx by a least-square fit. Elements whose estimated error n?% is larger
than a fraction of the mean value, i.e., 0 ) ., nj /#7 are marked for refinement. The
value of b is then used to decide between h-refinement (bx > ¢) and p-refinement
(bx < 0), see [59, Algorithm 5]. We chose ¢ = 0.75 and § = 1.

In order to obtain sensible estimates of by, sufficiently many Legendre coefficients
need to be computed, which is why the the initial mesh must consist of elements
with polynomial degree no less than two or three. In practice, the smoothness of all
optimal variables, the state, control, and adjoint variables can be considered. We now
have a way of numerically estimating the smoothness of FE functions which allows the
implementation of Algorithm 1.

6.3.3 A Fully Adaptive Interior Point Method

The implementation of Algorithm 1 is done as described in [130]. We borrow ideas
from [133, 131] as regards the adaptive update of u, which builds on general results
about Newton and homotopy methods in [54]. The ideas are formulated for iterates
u of Newton’s method, which intends to solve the optimality conditions of the central
path u,, i.e., the non-linear equation F),(u,) = 0.

A numerical realization of the homotopy method can only compute an inexact New-
ton step in function space, i.e.,

Sug = —8Fu(uk)_lFu(uk) + ey,.
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6.3 Discretization

In order to ensure that the inexact method converges, the error e, and the contraction

I 6Fu(uk)_1[aFu(uk)(uk - u;t) - (F;t(uk) - Fu(uu))} H

Or (1) = (6.24)
[ — |
are controlled. The simple calculation
| g1 —up || = || uk + 0w —up || = || ur — (‘3F,;1F,L(uk) +ep —uyl
< NNOF; (ui) [0F, (ur) (ur, — wp) — (Fu(ur) = Fu(w))] ||+ [l ex |
< Ok()lun —wu |l + e |- (6.25)
shows that linear convergence
w1 — v || < vllue —w | (6.26)
with a factor vy € (0, 1) is obtained if
(&
O (1) + _Mexll <7. (6.27)
[k —w |

The estimates (6.26) and (6.27) describe the interaction of discretization error and
non-linearity of the barrier problem. For mildly non-linear problems we have 6;, < 1
and the relative discretization error is the main contribution in (6.27). Highly non-
linear problems, on the other hand, may allow the algorithm to perform several steps
without refining the mesh, because 6, dominates in (6.27). Both types of problems
are solved in Section 6.5.

Algorithmically, we work with a desired contraction 6, and two further parameters:

e 0, with 0 < 03 < 6; < 1 to decide when the contraction parameter is too large
and whether the Newton corrector is successful,

e 0. with 0, < 6. < 1 as the critical contraction that models the removal of the
iterates from the region of convergence. Too large values terminate the Newton
corrector with a failure.

For obtaining a numerical estimate of 6, we assume ¢, = 0, and insert uy,1 in
(6.24) as the best possible guess for the unknown u,,. This leads to

_ N 0F (ui) " OF (ur) (uge — wng1) — (Fu(un) — Fyu(uir))] ||

Ok (1) ~ [0 (1)) :

[l ue — kst ||
_ e — wnqr — OF (up) ™ (B (une) — Fu(uiegn)) | [[we — Gk |
[l uk — g || [l ur — g ||
(6.28)
with the simplified Newton iterate
U1 = g1 + Aug = w1 — OF, (ug) " Fy(ug1). (6.29)
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Chapter 6 A Path-Following Approach

The interior point method, as described in Algorithm 1, uses a smoothing step w1 :=
zu (ug, + 0uy). Inserting this into (6.28) and (6.29) yields

_ k= (zulug + dug) — OF, (ug) ™" Fyu(zu (wk + dur))) ||

(6.30)
| 2 (u + dug) — ug ||

[0k (12)]

The discretization error e, is estimated with a robust a-posteriori error estimator (see
Section 6.4). If the distance of u;4 to the central path u,, is below a certain accu-
racy tol; and the contraction rate is acceptable ([f;] < 6.), the Newton corrector is
considered successful and a new homotopy parameter is computed. Otherwise, more
Newton steps might be necessary. The simplified Newton step can be added to the
current iterate in order to reduce the distance to the central path. If the estimated
contraction is beyond the critical value 6., a more conservative value for uy; is com-
puted and the Newton corrector is relaunched.

An adaptive choice of o4 as an update of the barrier parameter p; shall ensure
that the iterates do not leave the area of convergence of Newton’s method. The two
main ingredients are slope information n about the central path and estimates of the
contraction # that relates Newton updates and simplified Newton updates.

If the central path v, is differentiable, we approximate the slope 7, at the current
iterate uy by

Dty ~ ()] i= —OF,; (i), Fy (). (6.31)

Here and in the following, we stay consistent with our notation but remark that 0,u,,
is the derivative of the central path with respect to u evaluated at the point u, which
is more commonly written as 9, u(u). If uy, is close to the central path, we expect this
inexact quantity to be a good estimate.

We use the approximation of the slope for the termination criterion of the path-
following algorithm. The fundamental theorem of calculus yields

1223
1
Uy, —U* = hm/ Opuy, dp.
BNO Sy,

From the result of Remark 6.1.11, i.e., || 8,u,, || € O(u~'/?) we construct the approxi-

mation
Optty, = \/7 &8Hulik' (6.32)
I

We approximate the distance by

Hi
. 123
u,, —u* %hm/ Hﬂﬁu~
H HE || g\O u L n g

(6.33)
As soon as a global tolerance tol is reached, the algorithm stops.
Assuming a linear model for the contraction we have

O (1) < wie(p)ll we — wp |- (6.34)

A = 24| [ ()] 2oy = [y, — u* -
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6.3 Discretization

The role of wy(p) is related to an upper bound of an affine covariant Lipschitz condi-
tion as used in [54]. For u = g, the best available guess for the central path is w41
and leads us the the estimate

w(pr) = [wi(ue)] == Ok (1))

= (6.35)
| ke — g ||

The numerical estimate of the contraction also provides an estimate for the error in
the central path via (6.25)

k1 — v, | = [0 ()]l ure — v, || + 1 e |
< [0k ()| (lwre — weyr ||+ [ urer — wy 1) + [lex || (6.36)

Hence,

[0 (p11.)]

s =t [T [l enss = e [ o= = o) Syl wes = el el (6.37)

In Section 6.4.2 we develop an a-posteriori error estimator for the error in the newton
step [|| ex ||] & || ex ||- As as an alternative to (6.37) one could also use the a-posteriori
error estimator of section 6.4.1 to estimate || w41 — uy, ||

An adaptive step size selection aims at achieving

wk(u)H Up — Uy H ~ 0, € [01,075} (6.38)

Assuming the model wy, (1) € O(u~'/?) leads us to

wmm:mmmfj

Proceeding as in [132], we compute

H Uk+1 = Upp gy ||L2(U) S|| Uk+1 — Upy, ||L2(U) + || Upge — Upigeqr ||L2(U) (6.39)

and approximate the first term on the right hand side as in (6.37). For the second one,
we use (6.32) and plug in (6.31) to obtain

Mk

IOyt 20w doe = | ele) oy [

Mk
[EE gy,
Hk+1 H

|| Upp = Yppiq HLQ(U) < /

HEk+1
= I k] () [l 20y 2/ (Ve — /1) (6.40)
Since the algorithm sets uy1 = ouk, we are lead to the following step size rule.
[wi (e)]o ™2 ([ = g |+ [ e ()] | 22 ) 2080 (1 = V7)) = 0. (6.41)

If the Newton corrector was not successful, we use same equation for computing a
more conservative p. We simply replace [n;] and || ux — u,, || by the estimates of
the previous (successful) iterate (see also [131]). In detail, the conservative step size
selection reads

[wr (1)) 2 ([ ket = vy |+ 1| 9e—1 (=] 20 200 (1 = V0)) = 0a. (6.42)
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Chapter 6 A Path-Following Approach

Now we have everything at hand to implement a version of Algorithm 1.

Algorithm 2 Interior Point Method in Finite Dimensional Space

1: Choose parameters Ay, Timin, Omaz, Oc, 0, 04, tola, tol.
2: Choose (ug, (o)

3: k:=0
4: g :=tol+1
5: do
6: (U, success) :=NEWTON CORRECTOR (uy, fix)
7: if success then > Implementing Algorithm 1 line 6
8: compute [1] > see (6.31)
9: compute oy € [Tmin, Omaz) > see (6.41)
10: Hi+41 = Okfk
11: Ukt1 = U
12: k=k+1
13: compute [|| up — u*||] =: e > see (6.33)
14: else
15: if £ > 0 then
16: compute conservative oy, € [0min, Omaz] > see (6.42)
17: Wi = O fk—1
18: restore mesh
19: else
20: terminate: ’bad initial guess (1o, uo)’
21: end if
22: end if

23: while ¢, > tol

Let us close this section with some further remarks on the implementation. The
value of o,,;, is motivated by the best error reduction we can expect from uniform
h-refinements. For elliptic equations on convex domains, the error decays like h%. As
the central path is Holder continuous with index 1/2, we set 0,,;, = 1/16 to facilitate
an error reduction of 1/4. If the mesh is refined r times during one Newton corrector
step, we set 0,5, = 1/16".

By demanding the relative error reduction A4 in the Newton corrector, the imple-
mented algorithm converges at least linearly.

Since the algorithm may require to prolong an iterate u; to a finer discretization.
This is difficult for a representation on integration points, which is why we keep the
adjoint ¢;, that is used for the smoothing the control with z, (see Definition 6.2.3). As
an FE function, ¢, can be displayed exactly on a finer grid.

In order to find a sensible value for pg, we compute the Newton update du for
@ = (uq, + up)/2. Starting from uo = 1, we enlarge the initial homotopy parameter
by 1/0maz if || 24(6%) || 2(q) > 1. For values smaller than 0.2, we decrease jig by omin.
Otherwise, we start the algorithm with z, (@ + 0@) and the computed 1. This way, we
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6.4 A-Posteriori Error Estimators

get slope information at the very first iterate from (6.31) because 9, F(uy) # 0. To
avoid a too aggressive oy, one may demand oy > o > 0.

Algorithm 3 Newton corrector in Finite Dimensional Space with Mesh Refinement

1: procedure NEWTON CORRECTOR (uy, fix) > Implementing Algorithm 1 line 3,5
2 do > Newton Step
3 do > Adaptive Refinement
4 refine marked elements

5: solve 8FM (uk)éuk = 71*—}“c (uk)

6 compute ||| e ||] > see Theorem 6.4.2
7 mark elements

8 while [|| ex ||/ dur || < tolg

9: compute [0 ()] > see (6.28)
10: U= zy(ugk + duyg) > see (6.8)
11: compute [|| & — uy, ||] > see (6.37)
12: success := ([|| @ — uy, ||] < Agll @ — ug | A [0 (1x)] < 0¢) ?
13: failure := ([0 (ug)] > 0.) ?
14: ug = 2y (ug + dug) > see (6.8)
15: while not(success V failure)
16: return (@, success)

17: end procedure

6.4 A-Posteriori Error Estimators

The following error estimators exploit the structure of the optimality system. For
treating more problems one can proceed as in [90, 91]. A different approach was
taken in [128] to obtain a-posteriori error estimates for problems with additional state
constraints.

6.4.1 Error to the Central Path

Let an approximate solution (y",u",¢") of (P!) be given. We will derive an upper
bound of [|u, — u”||z2(7), which will be amenable for numerical realizations, see
Subsection 6.4.3 below.

Theorem 6.4.1. Let (y,,u,) be the solution to (P,), n > 0. Let a discrete point
(y",u",q") be given that satisfies b/,(uy) € L*(U). Then there is a constant ¢ > 0
independent of p, h, and (y",u", ¢"), such that

= ey < e (ol + gl + a3
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Chapter 6 A Path-Following Approach

with
ry = v + B*q" 4+ ), (u"),

r, = Ay" — Bu",
rg = A" = (y" — ya).

Proof. Let g, be the adjoint state such that (6.1) is satisfied. Subtracting vu + B*¢" +
v, (u") from both sides of (6.1b), multiplying with u" —u,,, and integrating on U yields

Vlluh—uuH%Z(U)+/U(bL(Uh)—bL(Uu))(Uh—uu) dfﬂ+/UB*(qh—qu)(uh—uu) dz
:/ 7w, —u™) da.
U

Due to monotonicity of the subdifferential, the second term is non-negative. Using
equations (6.1a) and (6.1c) we obtain

/ B*(¢" — q)(u" —up) dv = (A" — y.), 4" — qu)v-y — (ry " — @)y v
U

= (A"(¢" = qu), v —yu)y-y — (ry, " — gy vy

= | y" - Yu H%?(Q) + <7”q’yh — Yy y — <7“y»qh —Qu)y*y-

Combining with the previous estimate, we find
V|| Uh—uu H2L2(U)+|| yh—yu ||2L2(Q) < /Uru(u#—uh) dx_<rqayh_yu>Y*,Y+<Tyaqh_qH>Y*,Y-

It remains to estimate y" — y,, and ¢" — g,. On account of the invertibility of A, it
follows

ye + U = w2 w)).

" = yully < cllAy" — Ay,lly= < e(|lry]

Similarly, we deduce

1q" = aully < elllrgllv+ + 11" = yullz2(@)-

Collecting all these estimates, we arrive at

h h
V” U — Uy H%P(U) + H Y —Yu ||%2(Q)

< w2l we — v 2@y + lIrgl

qh - qu”Y

ve + 19" = yullz2@) -

" = yully + lIrylly-

< (H Ty HLZ(U) + CHTqHY*) | Uy — u” ||L2(U) + C”TyHY* (2||Tq|

Y *

The claim follows now with Young’s inequality. O
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6.4.2 Error in the Newton System

In addition to the results in the previous section, we will now derive an error estimator
for the discretization error of the Newton step. Recall that the first-order necessary
conditions (6.2) (or equivalently (6.1)) of (P,,) are solved with Newton’s method.

Let an iterate (yx, u, gx) be given. Then the Newton step (du, dy, dq) is computed as
the solution of the system

Ady = Béu — (Ayy — Buy,), (6.43a)
A*éq = by — (A"qk — (Y — ya)) (6.43b)
vou + B*q + b, (ug)ou = —(vug + B qr, + b, (ur)) (6.43¢c)

This Newton system (6.4) is itself the optimality system of the following quadratic
subproblem under linearized constraints:

®)
minimize Jg(éy, 511,) Z:1(VUk+B*qk er;L(uk), 6U)L2(U) - (A*qk —Yrt+Yd, 5y)L2(Q)
+ 5(” 5y 1720 + VI Sull21ry + b}: (6u, 6u))
subject to
Ady — Béu = —(Ayy, — Buy,),
ou € Uyg.

Since bZ is non-negative, the necessary conditions (6.43) are also sufficient. Solv-
ability of the Newton system (Theorem 6.2.5) automatically proves the existence of a
minimizer (dy, du) of (P).

Let a discrete approximation (dy", du”, 5p") of (du,dy, dq) be given. We will now
derive an a-posteriori error estimator for ||0u” — dul|2(;s). In the notation of Section
6.3, we want to compute an estimate [||ex||]] with || u — ou” || 27y < c[[lex]]]-

Theorem 6.4.2. Let (yi,ux, qx) be given such that b;,(ux) € L2(U). Let (6u,dy,dq) be
the solution of (6.43), and let (5y", du™, p") be a discrete approximation. Then there is
a constant ¢ > 0 independent of u, h, and (y",u", ¢"), (6u, &y, 8q), such that

| 8 — 6" |22y < e (lIrsy]

Fe o Mrsallde + rou 320 )

with
rou = v(ug + 6u”) + B*(qx + 6¢") + b, (ux) + bZ(Uk)5Uh7
roy == Aye + 6y") — Buk + du”),
rsq = A" (g + 6qh) —(yr + 5yh — Yd)-

Proof. The claim can be proved with similar arguments as Theorem 6.4.1. It exploits
the non-negativity of by;. O
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Remark 6.4.3. The solution algorithm in the previous section strongly relies on the
smoothing operator Z. The latter guarantees that the current iterate wuy, of the interior
point method lies in Dy and that the Newton system is invertible. Thus, b;(uk) € L*(U)
and the Theorems 6.4.1, 6.4.2 are applicable for Algorithm 2.

6.4.3 Residual Based hp Error Estimates

Let us explain the estimates of Y*-norms of residuals in state and adjoint equations
as they appear in Theorems 6.4.1 and 6.4.2. We exemplarily show the derivation for
the residual r, = Ay" — Bu" € Y* of the state equation with operator A chosen to be
Ay = —Ay + y and B = id for distributed controls.
Let now 3" be the solution of the discrete equation (6.18) to the control u". Then it
holds
(ry, ")y« y = (Ay" — Bu",v")y. y =0 Vo € SP(Q, 7).

Letv € HY(Q), v" € SP(Q,7) be given. Then we obtam using integration by parts

(7“1/, >Y*Y = TyaU_U}>Y*Y

/Vyhv ")+t (v — o) —ul (v — ") da
= v—o") dz hv — o) ds
KZ/ A eyt o= et [ at—it)d
= Ay oyt — (v —o") dz + = n v—vh)ds>,
KZET</ g y 66;09/ y

(6.44)

where e C 0K N is an abbreviation for the iteration over the set of all edges of an
element K that are not part of the boundary I". Moreover, [¢] denotes the jump of the
quantity ¢ across an edge e.

We will now choose v := Ij,v, where I}, is an Clément type interpolation operator
taken from [108]. Let us briefly introduce some notation to describe the approxima-
tion properties of I;,. For a vertex V' of the triangulation 7, let us define the patches

wy = {V},
w=U{Ker|Knw " #0}, j>1,
and set

hy :=min{hx |V € K, K € 7},
pv :=max{px +1|V € K,K € 71}.

Then the interpolation operator I, of [108] satisfies

hy hy
| In(v) U||L2(wv)+ HVIh( )||L2(wlv)+ ];th(’u)_UHLz(e) < Cp7|\vv||L2(wg)7
(6.45)
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6.4 A-Posteriori Error Estimators

where e C K is an edge with one of its endpoints being V. For an element K € 7,
let Vi denote a vertex of K. Then it holds hy,, < hg and py, > pk. Using the
interpolation operator [, in (6.44) and employing (6.45) we estimate

h
(ry,v)y=y <C Z <pK|| — Ayt oyt =t | L2 (k)
Ker

) b 1/2 1/2
“!‘5 Z (pjj) || [anyh} ’|L2(e)>|vv|L2(w§/e) <C <Z 77%() HU”Hl(Q)
ecdKN Ker
where
h? 1 h 2
2 K h h h |2 K h
e = 2| - Ay +y" —u + = — || [Ony . (6.46)
K p%{ H ||L2(K) 2 eeagK:mQ PK H [ ] HLz(e)

As v € H(Q) was arbitrary, this implies

7y

1/2
v+ = |Ay" — Bu"||y- < C (Z 77%) .

Ker

Due to the construction, this error estimator is reliable, thus providing an upper bound
on the error. For results regarding local efficiency of the estimator, see [108].

The residual in the adjoint equation, 7, = A*q — (y" — y4), can be estimated using
similar arguments. For general y; one has to take integration errors into account,
leading to estimates involving data oscillation term.

Remark 6.4.4. The above error estimators would profit from an enhanced L? a-posteriori
error estimators. If the problem is H?-regular;, i.e., A, A~* € L(L*(2), H?(Y)), then
Theorems 6.4.1 and 6.4.2 are valid if the Y*-norms of the residuals are replaced by
(Y N H?(2))*-norms. These then could be estimated by L?*(Q)-error estimators because
Iryllvnmz@) < c|A™ ryllL2). Unfortunately, no L?-error estimators are available
so far. In h-FEM, they are constructed with the Aubin-Nitsche trick and estimates of the

type
v —I(v) |l z2(xy < Chklolmzieys 10— 1(0) llz2(omy < CRY2[0lm2 (i),

see [2, Section 3.3] for details. Only suboptimal hp-equivalents are available (confer
[135, Remark 4.70]) and the estimates

hic\? h
o= 10} a2 < € (55 Pl o= 10) Lgany < € () ol

are expected to be true but remain to be proved.
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Chapter 6 A Path-Following Approach

6.5 Numerical Examples

In the following, we present numerical results of the discretized interior point method.
First, we investigate the ability of the algorithm to identify regions where the optimal
control is non-smooth. If * is continuous, the active set 2 is uniquely defined and we
expected fast convergence if the algorithm strongly refines the mesh towards 9%, i.e.,
the interface where u* changes from active to inactive and vice versa.

Second, we solve a problem with a very small regularization parameter. Here, the
region of convergence for Newton’s method is small and sensible to perturbations in
1. This fact allows us to examine the performance of the adaptive step size selection
of the discrete algorithm.

6.5.1 Testing hp-Adaptivity
Example 1: Neumann Control Problem Revisited

We solve the problem (5.10) with data (5.12). We recall that for small &€ > 0 the
problem is H%/3~¢-regular because it is posed on an L-shaped domain with a reentrant
corner of angle 2.

The parameters of the path-following method are chosen as follows:

1
6a=0.1, 6, =05, 0.=08, 0oz =09, Tpin = .
with the tolerances

toly = 0.7, tol =103, Ay=0.7.

We start the path-following method with the homotopy parameter py = 0.05 on an
initial mesh consisting of 12 elements of degree two.

In order to investigate the ability of Algorithm 2 to adapt to the regularity properties
of the optimal variables, we refine the mesh uniformly: either h- or p-refinement takes
place on each element.

For elements abutting the Neumann boundary, we expand the control u in a Legen-
dre series and estimate the decay of the Legendre coefficients. This allows to judge
the smoothness and guide between h- or p-refinement (see [59] and Subsection 6.3.2).
The same technique is applied to the remaining elements using the variables y, q. We
favor h refinement and only increase the polynomial degree if both variables seem to
be smooth.

The problem turns out to have a large region of convergence for Newton’s method,
which in addition is relatively robust with respect to changes in the homotopy pa-
rameter p. That is why the method rapidly decreases uj and finds the solution in
only 4 iterates. This fast convergence implies that many refinements are necessary
during the Newton corrector iteration (Algorithm 3). Due to the observed quadratic
convergence of the norm of the updates || duy ||, the mesh is refined several times until
the relative error [|| ek ||]/|| dux || < tols is small, see steps 3-8 in Algorithm 3. This
enforced refinement ensures that the discretization error does not prevail, and that
linear convergence is achieved in function space.
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0.5

—0.5

1 !
-1 -0.5 0 0.5 1

Figure 6.1. The adaptive mesh from Algorithm 2 after solving (5.10)
with data (5.12). The kinks in the optimal control are marked with
black points.

The final mesh at py ~ 2.29 - 1076 is depicted in Figure 6.1 and comprises 27,951
ddof and 816 integration points at the Neumann boundary. We see that the algorithm
identifies the re-entrant corner as an area where the variables are non-smooth. Fur-
thermore, the elements are heavily refined towards the kinks of the optimal control
(Figure 6.1).

The final number of integrations points for the boundary control is 816 and the errors
read

|| u* — U4, h ||L2(FN) ~ 2.29 - 10_3,

|| y* — Ya,n ||H1(Q) ~ 8.72- 10_5,

|| q* — Q4’h ||H1(Q) ~ 176 . 10_3.
Regarding accuracy with respect to the number of unknowns, the interior point algo-
rithm performs weaker than the discretization of the vc-FEM (see Table 5.4). This is
only seems natural because a sequence of perturbed problems is solved with adap-

tive discretization. Regarding convergence with respect to ;1 \,0, we observe the rate
O(y/n) of Theorem 6.1.10 (see Figure 6.2).
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Figure 6.2. The convergence history of Algorithm 2 and
problem (5.10) with data (5.12).

Example 2: Distributed Control Problem

Now we test Algorithm 2 for a distributed control problem on a convex domain.
As a faster convergence in the L?-norm has been observed in our previous numer-
ical experiments of the bc-FEM, we modified nx in (6.46) to contain the weights
(hx/p)*, (hx/pK)? instead of (hr/pr)?, (hi/pr). This mimics an enhanced a-
posteriori estimator as mentioned in Remark 6.4.4.

The problem under consideration is taken from [144] and reads

e 1 v
minimize J(u,) = 311y~ a ooy + by + o)z 6472)
subject to
—KAYy+y=u+ey in €, (6.47b)
Ony =10 on 'y, (6.47¢)
y=0 onTp, (6.47d)

and u, < u < up a.e. in § for real numbers u, < up. The problem is posed on
Q=(0,1)% Ty=T, Tp=0 (6.48a)
withthedatav =k =1, u, =0, up, = 1, and

ya = —142/3 + 12dist(z, z9)?, e, = —12. (6.48b)
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6.5 Numerical Examples

The optimal solution is radially symmetric with origin in 29 = (0.5, 0.5) and reads
u*t = PUad(_Vilq*)a
y =1
q* = —12dist(x, x0)* + 1/3,

if the inhomogeneity e, is set to e, = 1 — u*. The previous analysis is not affected by
the appearance of e, e.
The parameters of the algorithm are

03 =0.1, 0; =05, . =0.8, Tmaz =0.9, Trnin = 16
with the tolerances
toly = 0.5, tol =0.005, Aq=0.6.

We start path-following method with the homotopy parameter ;o = 1 on a mesh
consisting of four elements of degree 2.

We apply the same solution strategy as before and either p or h refine an element
if the algorithm decides to reduce the discretization error. The hp refinement method
judges the smoothness of the control iterate u; by expanding it in a Legendre series
and estimating the decay of the Legendre coefficients (see [59] and Subsection 6.3.2).
If the coefficients decay fast enough, the element will be p-refined, otherwise it will be
h-refined.

The distributed control problem displays similar properties to the Neumann control
problem on the L-shape domain. It is characterized by the fact that Newton’s method
has a large region of convergence that is robust with respect to changes in u. Again,
the mesh is refined several times to keep the relative discretization error small. This
way linear convergence in function space is guaranteed because the discretization
error does not prevail (confer steps 3-8 in Algorithm 3).

The adaptive path-following algorithm performs very well and nicely captures the
interface v where the optimal control is non-smooth, namely

v = {dist(z — zg) = é} U {dist(z — ) = %}

In Figure 6.3 we depict the final mesh for p4 ~ 2.87-107° consisting of 149,613 ddof
and 263, 216 integration points. In addition the interface ~ is drawn as white circles.
We observe a strong h-refinement near the interface, whereas large parts of the active
and inactive sets are p-refined.

The convergence behavior is very similar to the previous example and the final errors
read
| w* — s || p2(ry) &~ 4.56 - 1074,
9" = yan (o) = 2.50 - 1075,
¢ — qan llrr (@) = 1.17 - 1075,

The full convergence history is depicted in Figure 6.4.
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Figure 6.3. The adaptive mesh from Algorithm 2 after solving problem (6.47)
with data (6.48). The interface v is marked by white circles.
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Figure 6.4. The convergence history of Algorithm 2 and
problem (6.47) with data (6.48).
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6.5.2 Testing Adaptive Path-Following

This test case is taken from [130] and turns out to be numerically challenging because
of the very small regularization parameter v. Unlike the previous examples, the radius
of convergence around the central path is small and very sensitive with respect to
changes in u. Problem (6.47) is posed on

Q=(0,1)% Tn=0, I'p=T (6.49a)
with data

1
=10"6. = —
14 , K 10,

The desired state is rough with patch-wise behavior

ug =0, up = 1. (6.49b)

yq = 0.01 - X(=1,0.2)x(—1,0.6) — 0.01- X(~1,0.2)x(—0.6,1) T 0.02- X(0.2,1)x(—0.6,1)
(6.49¢)

No inhomogeneities are used (e, = e, = 0). We choose the contraction parameters a
little stricter.

1
6a="0.1, 6y =0.3, 0o = 0.5, Omaz = 0.9, Tmin = 7
Similar as before,
tolg = 0.5, tol =102, Ay;=0.6.

A too aggressive o is avoided by oy > o = 1/4. The path-following method is
launched with g = 1672 on a mesh consisting of 64 elements of degree three.

Since the error estimators of Section 6.4 suffer from small v, we rescaled them to
prohibit extensive mesh refinement at the beginning of the algorithm. If a mesh re-
finement is necessary, we adaptively refine the mesh according to Subsection 6.3.2.

1 T T
—6—9k [n]
0.8 B0k
04

0.6 |
04|
0.2

0

10—10 1072

homotopy parameter i

Figure 6.5. The step sizes and contraction factors of
Algorithm 2 and problem (P) with data (6.49).
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Chapter 6 A Path-Following Approach

The algorithm manages to stay inside the convergence radius of Newton’s method by
choosing relatively large values for o. This behavior occurs because of the high non-
linearity of the problem and the small convergence area for Newton’s method resulting
from a very small v. The desired contraction 6, is achieved nicely (Figure 6.5).

2.36E-02 2.50E-05

4

2.00E-02 1.70E-05

1.28E-02 — 1.14E-06 —

5.64E-03

-154E-03 '

-8.73E-03 -4.65E-05

1.47E-05

-3.06E-05

-1.23E-02 - -5.44E-05

Figure 6.6: The state (left) and adjoint (right) variable on the final discretization of Algorithm
2 and problem (P) with data (6.49).

B

R

T
a8 : [
[ [

Figure 6.7: The control (left) variable on the final discretization (right) of Algorithm 2 and
problem (P) with data (6.49).
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The approximate optimal state and adjoint variable are shown in Figure 6.6. Addi-
tionally, Figure 6.7 displays the discrete optimal control and the final mesh (208, 550
ddof and 312, 552 integration points). We see that the optimal control displays jumps
and exhibits a patchwise behavior similar to y4. Since the smoothness of u guided
between h- and p-refinement, we roughly recover the structure of the optimal control
in the final mesh.

On the whole, the numerical test examples clearly show that the adaptive hp-refine-
ment can be successfully integrated within a Newton path-following method to solve
the inequality constrained control problem.
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CHAPTER 7

Conclusion and Outlook

We successfully used the hp-finite element method (hp-FEM) as a discretization tech-
nique for linear quadratic optimal control problems. The constraints consisted of an
elliptic PDE as well as pointwise bounds on the control.

7.1 Semi-Smooth Newton Methods

The semi-smooth Newton method is capable of efficiently solving problems with con-
trol constraints by tackling the non-smooth optimality system. A general interpolation
operator has been presented for the boundary concentrated finite element method
(bc-FEM), which lead to energy-norm error estimates of algebraic order. The results
were extended to the interface concentrated finite element method (ic-FEM) for inter-
face control problems, which suffers from poor regularity. An expansion of solutions
into a regular part and singular components can be derived with the help of the eigen-
values of the Mellin-transformed differential operator and the concept of injectivity
modulo polynomials.

We also presented new error estimates in the L?- and L>-norm at the boundary of
the domain. The result formed the basis of an a-priori update rule for the regulariza-
tion parameter in the context of problems with bang-bang character.

Additionally, we established a novel regularity result in countably normed spaces
with a weight function that includes the vertices of the domain and the points where
the optimal control exhibits kinks. Combined with known approximation results from
the hp-FEM, a mixed a-priori a-posteriori refinement strategy is capable of achieving
exponential convergence with respect to the number of unknowns (vc-FEM). We also
compared the different hp-strategies to each other as well as to standard h-FEM meth-
ods. The numerical examples underline the fact that higher order methods are very
efficient with respect to the number of unknowns.

Many of the presented results are expected to hold also in three space dimensions.
Unfortunately, their proofs are expected to be even more technical, which is why the
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Chapter 7 Conclusion and Outlook

numerical analysis for this case is far less complete than for the 2d case. We mention
[45, 47, 73, 74, 88].

The idea of ic-FEM can be extended to problems with distributed control where the
active and inactive set are determined a-posteriori. A mesh would look similar to the
one in Figure 6.3. A-priori information can be used to resolve corner singularities. This
procedure would be analogue to vc-FEM and can be transferred to boundary control
problems of 3d problems.

7.2 Path-Following Methods

Additionally to the mainly a-priori motivated refinement strategies, we were able to
present a fully adaptive interior point method that allows to solve problems with con-
trol constraints. By monitoring functions at integration points, we guaranteed strict
feasibility and obtained a sequence of solutions that converges to the optimal solution.
To the best of our knowledge, this is the first algorithm for optimal control problems
that works with hp-FEM and pure a-posteriori information. We tested adaptivity as
well as path-following performance for different examples and obtained good results.

From the point if view of applications, it is interesting to solve problems on higher di-
mensional domains (2 C R%,d > 2). Since the interior point method and the hp-FEM
also cover the three-dimensional setting, it is assumed that a working algorithm can
be implemented in higher space dimensions, too.

In addition, more general cost functionals can be considered. The convergence of
the interior point method carries over to general functionals provided that sufficient
second-order optimality conditions are satisfied [148]. If the cost functional is analytic
in y and u, one can expect that the convergence rate of the hp-method is unaffected.

7.3 Non-Linear State Equations

From the applicational point of view, it is interesting to extend the hp-idea to non-
linear control problems. This is challenging because hp meshes are heavily adapted to
a specific form of the active/inactive set which can change considerably along the so-
lution iterates. Coarsening techniques and the use of an underlying base grid, as used
for multi-grid methods, come to our mind. Alternatively, critical regions can be dis-
cretized with low order elements, similar to the bc- and ic-FEM. Confer [158], where
a heating problem with non-local radiation operator is solved.
In some cases, a direct application is possible as the following example shows.

C . 1 v
minimize J(u,y) := 5” Yy —valZao) + §H w72

subject to
(S) ~Ay+y +y=f onQ,
Opy=u onl,
u € Ugq-
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7.4 State Constraints

This semi-linear control problem is well posed and the optimality conditions can be
reformulated as a semi-smooth projection formula (see [144, 146]).

We expect that the techniques of Section 3.3 can be used to establish a similar reg-
ularity result in countably normed spaces. Together with the approximation qual-
ity of geometric meshes, we assume that a numerical solutions converges with order
O(e*bﬁ) for b > 0. At least the numerical results suggest that exponential conver-
gence is obtained (see Figure 7.1). The data is chosen as

v=05 wu,=-03, yg=4rizi [f=2.

The solution on the finest discretization is taken as a reference for computing the
errors.

1073 - |ly; — ¥ 2 ) |
—— g5 — a*llz2(m)
1070 1
10771 1
12 a2
10 0 10 20 30

number of unknowns N1/3
Figure 7.1. The error decay of the vc-FEM applied
to the semi-linear problem (S).

Note that the solution method that we used in Chapter 5 is designed for positive
definite matrices (see [28, Equation (4.7)]). In the context of non-linear equations,
this is not necessarily the case any more. For simplicity, we chose v large enough to
avoid this issue.

7.4 State Constraints

Another aspect that often appears in the context of real-life applications, is the pres-
ence of state constraints. These model the fact that the controlled system shall stay
within a feasible set of states. Instead of u € U,4, we demand

Y€ Yas ={y €C(Q) [ ya <y <}, (7.1

where y,,y, € C(Q) with y, < y, pointwise. It is well known that the challenge of
such model problems is the fact that the Lagrange multipliers corresponding to (7.1)
have low regularity. They can be identified with regular Borel measures, which are
hard to approximate. Solution techniques range from regularization techniques (see,
e.g, [23, 25, 77, 110]) to interior point methods (see, e.g., [82, 130, 131, 133]).
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We can transfer the ideas of Chapter 6 and obtain a homotopy method for state con-
straints. The main issue is to guarantee feasibility of the state iterates. This can
be ensured by a damped Newton step as explained in [131, Equation (40)]. Unfortu-
nately, no smoothing operator like the one in (6.8) arises naturally from the optimality
conditions. Consequently, the prolongation of solutions to finer meshes may become
infeasible at the integration points if a naive implementation is chosen.

A-posteriori error estimators can be developed similar as in Section 6.4 by exploiting
the optimality system. Depending on the computations, it is necessary to switch be-
tween an FE representation and a pointwise representation. Sophisticated techniques
are necessary in order to retain feasibility and enforce Dirichlet boundary conditions.

We implemented a simplified interior point method, that uses a fixed step size re-
duction for y;, = ouk_1. Moreover, we dispensed with grid adaptivity and refined the
mesh in each iteration. The obtained algorithm was applied to a test example from
[82].

The computational domain is the unit square Q = (0,1)? with Ty = 9Q and the
elliptic constraint reads —Ay + y = u. Besides,

v=1073, yg=2x129, 1 =0.55.

Starting with pp = 0.1,0 = 0.25 on a uniform mesh with four quadrilateral elements
of degree two, we obtain promising results after 7 iterations. The optimal variables
(see Figure 7.2) look like those in [82] and the interface is captured relatively nicely
(Figure 7.3).

050

039 —

083—

028 —

7.15E-02

1.83E-02

Figure 7.2: The optimal control (left) and state (right) variable for the state constrained prob-
lem.
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Figure 7.3. The final mesh of the interior point method applied

to the state constrained problem. The approximate interface is

marked with a white arc.

Hence, we are optimistic that the idea of using higher order elements for the numeri-

cal solution of state constrained problems is principally possible. However, numerical
test showed that the implementation of a stable and fully adaptive path-following
algorithm is difficult. A success could also lead to solvers that can handle both state
and control constraints.

7.5 Miscellaneous

Time dependent problems have been successfully solved by higher order methods (see
[94, 141, 142] and the references therein). It would be interesting to employ the
known results in the context of non-stationary optimal control problems and investi-
gate the approximation quality.

Additionally, the applicability of higher order methods to Dirichlet control problems
can be studied. The theoretical and numerical analysis is challenging because the
Dirichlet boundary condition is hard to integrate into the variational setting. Further-
more, the projection formula contains the normal derivative of the adjoint variable,
which makes optimal convergence rates difficult to achieve. Often, very weak formu-
lations of the state equation are used (see, e.g., [97, 105, 150] and the references
therein).

In this work, all experiments were conducted on one spatial discretization for all
variables. Working with different meshes (confer [138, 140]) for the state and adjoint
variable could lead to higher numerical accuracy. Multi-grid methods could be an
interesting approach for iterative solution algorithms.
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with applications in many fields. It has gained interest over the
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allowed to tackle large and complex real life problems numeri-
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control problems with elliptic partial differential equations.
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