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1. Introduction

There are two sorts of sciences: Deductive ones and inductive ones. The former, like biology
and chemistry, study nature and try to derive rules that describe it as good as possible.
The latter start from just a few basic laws, or objects and combine them in order to gain
deeper cognitions and more elaborated tools.

Computer science is an inductive discipline. Although modern computer systems, net-
works, and software can be very complicated, all of them are built using a few basic objects
which are then put together following some simple rules or operations.

Take for example a functional programming language: In the basic package of such a
language there are just a few important functions, and the only way one is allowed to
combine them is basically the substitution of an argument of one function with another
function. Nevertheless, most functional programming languages are provably as strong as
the other popular computational models.

As another example, take a computer-chip like a central processing unit (CPU). They
have to be able to do numerous computations with large arguments and they control and
synchronize most of the other components of a computer. These are large and difficult
tasks, and to meet the demands, the CPU’s have to be very complicated. How can you
build such a complicated device? Of course, the answer is: You do not start with the whole
device but with only a very small part of it. You could say, that the first step is to build
a few gates (which can be seen as very simple processors themselves). Then you wire the
gates together thus building a simple circuit which is still transparent. Take several such
circuits to build an even larger one, and so on, until you finally arrive at the finished CPU.

Naturally, this method works the other way round, too: We are not only able to build
very complicated structures, we are also able to better control them. Take the chip example:
If one looks at the design plans of a modern processor, one sees an ocean of gates that
are all somehow linked together. But the designer of the processor will be able to point
out small subsections, with only a few hundred gates, and he will be able to describe the
function of that subsection to us. He can then go further and brake the subsection down
to a sub-sub-section with only a handful of gates the function of which is comparatively
easy to understand. By this divide and conquer method, we will be able to understand the
whole processor in time.

In algebra, closures are deeply related with the inductive principle. A closure is a set
that is closed under a number of operations. We can visualize a set as a bag of objects and
the operations as a toolkit containing tools to change or combine the objects in the bag. A
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set S is closed under the operations in € if we cannot build new objects from the objects
in S by application of the tools of €. With other words, if we apply a tool of £ on, say,
two objects of S the result is an object which is equal to one that is already in the bag.
So, if S were not closed, you could build a closed set from S by applying the operations
from € on S thus building a larger set, on which you apply the operations again, and so
on, until you finally arrive at a set where new objects cannot be built any more, since all
possible objects are there already (this could take infinitely long, though).

In this thesis, the objects in our bags are functions and we are interested in building
new functions from basic ones. The most straightforward way to do this, is to write down
formulas with symbols that stand for the known functions. Take for example two func-
tions f(z,y) and g(z): Then, if we substitute the argument = of f with g(z), we get the
formula f(g(z),y) which may describe a new function that is neither equal to f nor to g.
The operations, or the toolkit, we use to assemble new functions from old ones is called
superposition. Sets of functions that are closed under superposition are called clones. So,
a function h is in the superposition-closure of {f, g} if and only if there is a formula, for
example f(f(g(z1),x2),g(f(x3,24))), that describes h. This thesis deals with questions
that arise in connection with clones and computational complexity.

In computational complexity, you ask how difficult certain questions are to answer and
how many resources a computer needs to answer them. Take, for example, a map with a
number of cities on it which may or may not be connected with roads. One question is,
given two cities A and B on the map, can you reach A from B? This is easy if there are just
a few cities and roads but it becomes more and more difficult the more cities and roads
are involved. This means that a computer needs the more resources, e.g. time, the larger
the map is. Therefore the complexity of a question is always dependent on the question’s
size.

The above reachability-question is a rather easy problem; a human being will be able
to efficiently solve it quickly, granted that the map is presented in reasonable form, and
there are very efficient algorithms solving this problem. However, there are much more
complex problems like the so called Traveling Salesman Problem (TSP): Here, we are also
confronted with a map with a number of cities that are conneted by roads. Fach road
between two cities has a certain length. A salesman has to visit all the, say n, cities. In
order to be efficient, he should not travel more than, say k, kilometers. The question is,
whether there is a route through the cities that makes this possible. There is no known
algorithm that solves the TSP in polynomial time. This means that every known algorithm
needs more than n® steps to solve the problem for every natural number c.

In order to understand what it means that a problem cannot be solved in polynomial
time, we have a look at a chart where the running times of different algorithms are com-
pared. We assume in this chart that a computing-step can be carried out in 10710 seconds
which corresponds roughly to a 10 GHz computer. From left to right, we note the running

times, from top to bottom, the size of the input (the number of cities in the example of
TSP).
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n (# cities) nlogn n? n?0 9(logn)? 2"
5 <1079 | 25-107% | ~ 2.7 hours 4-107% 3.2-107%s
10 | 1.7-107%s 10~ 8s ~ 317 years 2.10"7s 10 7s
50 | 2.8-1078s | 2.5-107"s | 3-10' years 0.3s 31.3 hours
100 | 6.6 - 10785 10~%s 3.2-10%2 years | 21.6min | 9.6-10'3 years
1000 | 9.9-10" s 10~%s 7.6 -10% years | 10'2 years | 3.4 - 10%®3 years

Note, that a running time of nlogn is acceptable, even for large inputs, as is a running
time for polynomials n* where k is small. For large k, the running time grows very fast, but
in practice such running times seldomly occur; in most cases, if an algorithm was found with
a polynomial time bound shortly thereafter another one was found which was bounded by
a polynomial of low degree. On the other hand, algorithms with super-polynomial running
time are nearly always unacceptable. In the case of TSP this means that it cannot be
exactly solved (although in special cases approximated), neither by human beings nor by
computers, as far as we know.

The goal of complexity theory is to determine the complexity, or difficulty, of such
problems as the TSP. That means that on the one hand, you want to find a fast algorithm
for a problem. Such a fast algorithm establishes an upper complexity bound. On the other
hand, you want to find a lower bound for the problem, i.e., you want to prove that you
really need, say polynomial time, and no less, to solve the problem. We can group different
problems that share the same upper (and sometimes lower) bounds together in complexity
classes.

This makes the rating of the difficulty of problems easier. So, the TSP is in the com-
plexity class NP. Furthermore, we can show that it is at least as difficult as every other
problem in NP. This has two important consequences. Firstly, this means that the TSP is
really very difficult; problems like it are known for roughly 35 years but no efficient, i.e.,
polynomial-time, algorithms have been found for solving one of them, so far. The question
of whether such an algorithm exists consitutes the famous P-NP problem. Secondly, if we
find an efficient algorithm to solve the TSP we can use it to efficiently solve every problem
in NP. This means that we can use single problems as representatives for a whole class of
problems.

This thesis shows that algebraic closures are a useful tool in complexity theory. We can
use an existing classification of Boolean clones in order to classify different problems in
connection with Boolean functions and Boolean relations according to their complexity.
We show that a lot of complexity classes like FP are closed under superposition, and
study some properties of the clone FP. We examine variations of the generation-problem,
which is a problem defined with algebraic closures. The complexity of this problem catches
exactly that of several important complexity classes, like P, NP, and PSPACE.
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1.1 Overview

The second chapter is a preliminary one where we introduce the basics of universal algebra
and complexity theory that are needed in the following chapters. We introduce our basic
computation model, the Turing machine, in several variations. This we use to define the
complexity classes we need.

In the third chapter we introduce clones and co-clones. We observe that the clones of
functions over a domain form a lattice. Co-clones are closed sets of relations over a domain.
We show that the worlds of clones and co-clones have a nice Galois connection. We then
concentrate on Boolean clones and co-clones. We give a finite base for every Boolean clone
and depict their inclusion structure, that was discovered by E. Post in the first half of
the last century [Pos41]. The inclusion structure for the Boolean co-clones follows by said
Galois connection. We also give “minimal” bases for co-clones and justify why these bases
are indeed minimal.

We then, in the fourth chapter, have a closer look at the complexity of various problems
in connection with Boolean circuits. The circuit satisfiability problem for B-circuits with
selected exceptions is the question of whether or not a B-circuit is satisfiable with inputs
other then a finite number of specified ones. Here, a B-circuit is a circuit where each gate
is labeled with a function from B. A frozen variable in a B-circuit is a variable that takes
the same value in all satisfying assignments for the circuit. We examine the complexity of
finding out whether or not a circuit has one or more frozen variables and variations of this
question. We classify the complexity of these problems according to the clone, B falls in
optimally.

In the fifth chapter, we examine the complexity-class FP of functions computable in
polynomial time. We observe that FP is a clone with a finite base. This implies that there
is a lattice of clones below FP. There are several important complexity-classes which are
clones in this lattice. Since the lattice is dual-atomic, these classes are either equal to FP
or they are dual-atoms of FP or they are true sub-clones of such a dualatom. Therefore,
the dualatoms are of special interest to us. We show that there are uncountably many
dual-atoms in the lattice below FP. All functions in FP can be described by families of
B-circuits of polynomial size in the number of input gates if the closure of B is the set of
all Boolean functions. For all sets of Boolean functions A, we determine those for which
families of A-circuits of polynomial size describe dualatoms in the lattice below FP. Finally,
we show that there is no time complexity class that is a dual-atom in this lattice.

In the final chapter, we examine the generation problem GEN which is defined as
follows. For a given binary function f on N, we ask whether a function ¢ is contained in
the clone generated by f where we define g via a finite number of inputs and outputs. We
get a more special version GENj of this problem if we give only one input (aq,...,a,) and
one output d of g. This is equivalent of asking whether d can be generated by repeated
application of f on {ai,...,a,}. We first examine GEN and GENj for polynomial-time
computable functions f and show that both are recursive enumerable if f is arbitrary
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in FP, in EXPTIME if it is length-monotonic, in PSPACE if it is length-monotonic and
associative, and in NP if it is length-monotonic, associative, and commutative. For all
cases we find an f such that the easier problem GENjy is hard for the respective class.
We then examine the problems for f such that f is a polynomial. We show that for most
polynomials both problems are in NP. We then prove NP-lower bounds for GENg with
some polynomials. As by-product of this proofs, we show that a generalized version of the
sum-of-subset problem SOS is NP-complete.

1.2 Publications

Parts of this thesis are published in the following papers:

[BCRVO03] E. Bohler, N. Creignou, S. Reith, and H. Vollmer, Playing with Boolean
blocks, Part I: Post’s lattice with applications to complexity theory. ACM-
SIGACT Newsletter 34, 2003.

[BCRV04] E. Bohler, N. Creignou, S. Reith, and H. Vollmer, Playing with Boolean
blocks, Part II: Constraint satisfaction problems. ACM-SIGACT Newsletter
35, 2004.

[BGSW]  E. Bohler, C. Glafler, B. Schwarz, and K. W. Wagner, Generation problems.
to appear in Theoretical Computer Science.

[BSRV05] E. Bohler, H. Schnoor, S. Reith, and H. Vollmer Bases for Boolean Co-
Clones. To appear in Information Processing Letters 96, October 2005.

Moreover, the technical reports [BBC105] and [B6h05] contain parts of this thesis, and

Sections 4.1 and 4.2 are based on unpublished joint work with N. Creignou, M. Galota,
and S. Reith.
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2. Basics and Notations

2.1 Sets, Relations, and Functions

For a set A, let 24 def {B : B C A} be the power set of A. Let |A| = #A be the
number of elements in A. Let N = {0,1,2,...} be the set of natural numbers and let

Z ={0,1,—-1,2,—2,... } be the set of integers. For sets A and B, let A x B {(a,b) :
acAandbe B} be the cross product of A and B. Let A® % {e}, A' Y A and forn > 1,
def

let A" = A x A" L. We write (a1, az,...,an_1,a,) for (a, (as,...(an_1,a,)...)) € A™.
Also, we sometimes regard the elements of A™ as words of length n with letters from
A. In this case we write a - - - a, instead of (aq,...,a,) and call A an alphabet. Mostly,
we denote a finite but non-empty alphabet with . Since there are easily computable
bijections between ¥* and N, all our definitions and claims on the one set also hold for

the other one and we will use both notations interchangeably. For a word w € A", let

|w[ . Let A* % Upen A" and A dof 4% {e}. fw=wws - w, € A" is a word,

let wli] def w; be the i-th letter of w and, similarly, for tuples a = (a1,...,a,) € A", let

ali] = dof a; (1<i<n).If BCA* let B'= def {z : © € A* — B}; hence the semantic of the

notation B is always relative to a basic universum A, which will always be clear from the

context. For example, for subsets B of N, let B “'y_ B

We say B is a relation over A, if there is an n > 1 such that B C A™. Then n is the
arity of B, and B is n-ary. Let eq 4 ey {(a,a) : a € A} be the equality relation. We write
just eq, if A is clear from the context. Let R™(A) be the set of n-ary relations over A, and
let R(A) be the set of all relations over A with finite arity.

An n+ 1-ary relation f over a set A is called function, if for all tuples (ai,...,an, ant1),
(b1,...,bp,bnt1) € f holds that (ay,...,an) = (b1,...,by) implies a,y1 = bpy1. We say
f is a function from A™ to A, and write f : A" — A. If (a1,...,an,an41) € f, we write

fla1,...,ay) for a,, 1. We let f~1(a )dﬁf{ € A": f(a) = a}. If |[f~Y(a)| = 1 for all a, we
often treat the set f~!(a) as if it were its single element. A function f is a function on A if
there is an n € N such that f is a function from A™ to A. We say that n is the arity of f or
f is n-ary. A function on A with arity 0 can be identified with an element from A and is
called a constant from A. A function of arity 1 is called unary, a function of arity 2 is called
binary. Let F™(A) be the set of all n-ary functions on A and let F(A) be the set of all

functions on A. Let f be an n-ary function on A. In order to avoid cumbersome notation,

let f((ai,...,an)) ey flai---ay) & flai,...,ay) for ai,...,ay, € A. For example, if
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A =1{0,1}, and n = 3, then f((1,1,0)) = f(110) = f(1,1,0). f is called essentially unary,
if there is a unary function g : A — Aand ani € {1,...,n} such that f(a1,...,a,) = g(a;)
for all ay,...,a, € A. An n-ary function f on A is called total if it is defined on every
possible input from A", i.e., if for every (ay,...,a,) € A™ there is a a,4+1 € A such that

(a1,...,an,an41) € f. For a function ¢, let D, ey {z : ¢(z) is defined} be the domain of

@. If f is a unary function and z € A, let f%(x) 2 and k() & f(fEY(z)) for k > 1.

For every set A, all n > 1, and all i € {1,...,n} we define n-ary functions If’" such
that for all a1,...,a, € A holds I?’"(al, ...,ap) = a;. If A is clear from the context, we
write I7 for If"". We call I?’" an identity function, identity, or projection. For the unary
identity I}, we also write id. For all k € N, let ¢, € F!(N) be the unary function with

ck(x) = k. Let succ : N — N be the successor function with succ(z) o+ 1forallz €N,
For all natural numbers k£ > 2,n > 1 we define a bijection enc,, ; between {0,...,k —1}"
and {0,...,k" — 1} with

n—1
ency, k(an-1,-..,0a0) def Z a;k’
i=0
For the following definition, let m, o |logz 4 1] if x > 0 and let my 1 if 2 = 0. Define
for n > m, bin,(x) def Wp—1 ... wo such that enc,2(wg_1,...,wp) = x and bin(x) def

bing,,, (z). If z € N, let |z| & |bin(z)|. With log we denote the logarithm to the base of 2.

Let f,g € FY(N) be total. We say f is less or equal than g (f < g) if and only if
f(x) < g(z) for all x € N. We say that f is less than or equal to g almost everywhere, if
f(x) < g(x) for all, but finite x € N. In this case, we write g <, f. We say, f = O(g), if
there is a k € N such that f < k+k-g. Also, let O(g) def {¢g: ¢ <k+k-gfor ak € N} and
for a class of functions K, let O(K) def {¢’ : thereis a g € K and a k € N such that ¢’ <
kE+Fk-g}.

2.2 Algebraic Structures

2.2.1 Closures

Let A be a set, and let f be an n-ary function on A. For every m > 1 we define a function
f™ on A™ as follows: For ay,...,a, € A™, where oy; = (a;1,...,aim), let

fm*(Oél,...,Oén) déf (f(a117-~7an1)a---af(alma'--’anm)) déf (bl)"'7bn)

be the coordinate-wise application of f; Figure 2.1 illustrates the concept.

We write f instead of f™* in most cases, since it will be clear from the context which
function is meant. Let R C A™ be an m-ary relation over the set A, and let f be an n-ary
function on A. We say R is closed under f or f preserves R or f is a polymorphism of R
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= = = =
a = ail ai2 ais tee a1m
Qa2 = a1 a2 a3 o a2m
Gn = 4Gy dnz 4oy - Qop

Il | Il Il
B = b by by - bm

Fig. 2.1: f™(au,...,an) 2 3.

if and only if for all aq,...,a, € R we have f(aq,...,ay) € R. If f preserves R, we write
f ~ R and say R is invariant with respect to f.

Let Q be a set of (not necessarily total) functions on A, and let B C A. Then [B]q is the
smallest set that contains B and that is closed under every function in 2. That means that
for every, say, n-ary function f € Q and all ay,...,a, € [B]q holds f(ai,...,a,) € [Bla.
If A = [A]g then A is closed under Q. We call [A]q the Q-closure of A. If Q = {f}
just contains a single function, we also write [A]¢ for [A]o. Furthermore, we also write
[a1,...,an]q for [{a1,...,an}]q. If for a set C holds [C]q = A, then C is a Q-base of A. If
Q is clear from the context, we also write just base for ()-base. Also, if B is a {2-base for
A, we call B Q-complete (or just complete) for A. If there is a finite C' such that [C]g = A
then A is finitely Q2-generated.

2.2.2 Algebras, Sub-algebras, and Lattices

An Q-algebra A is a tuple (A4, ) where A is a set of objects, the universe of A, and € is a
set of functions on A. We call these functions operators. If € is clear from the context, we
will often identify A with its universe and simply write algebra instead of 2-algebra. We
call A finitely generated, if there is a finite B C A such that A = [B]q. If B C A is closed
under 2, then (B, () is a sub-algebra of (A, ). A binary relation < over a set X is called
partial order, if for all x,y,z € X holds

1. x < x,
2. r <y and y <z implies x = y, and
3. x <yand y < z implies x < z.

With other words, < is reflexive, antisymmetrical, and transitive. X together with such a
relation is called a partially ordered set or poset. An element a € Y C X is the mazimum
of Y with respect to <, if for all y € Y with a < y follows y = a. An element a € X is
an upper bound of Y C X if for all y € Y holds y < a. We define the minimum and the
lower bound of Y analogously but with reversed order. For Y C X, we define | |Y to be
the minimum of the set of upper bounds of ¥ and []Y to be the maximum of the set of
lower bounds of Y. If Y = {a, b}, we also write a Ub and a M b for | |{a,b} and []{a,b},
respectively. We call a LI b the meet of a and b and a M b the join of a and b. If for all
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a,b € A both, meet and join, exist in A, we call the algebra (A, {U,M}) a lattice. A lattice
is complete if for all B C A the elements [|B and | | B exist in A. Therefore a complete
lattice always has a minimal element []A and a maximal element | | A. For example, the
natural numbers form a lattice with respect to <y, but the lattice is not complete, since
| |N does not exist. In a poset A with respect to <, for a,b € A we write a < b if a < b and
a # b. We say a is predecessor of b or b is successor of a (a < b) if and only if @ < b and
there is no ¢ € A such that a < ¢ < b. A lattice A is atomar if it has a minimal element
0 € A, and for every a € A — {0} there is a b > 0 such that a > b. For example, N is
an atomar lattice with respect to <g, the normal order relation on Q, but Q, the set of
positive rational numbers together with 0, is not. Analogously, A is called dual-atomic if
it has a maximum element 1 € A, and for every a € A — {1} there is a b < 1 such that
a < b. In such a lattice, an element b with b < 1 is called dual-atom or precomplete. See
[DP90] for a thorough introduction to lattices.

For every Q-algebra A = (A, ), the set of subalgebras

L(A) < {(B,Q): B=[Blo C A}

forms a complete lattice [Coh65, Gria79]. Hence, the elements of the lattice are exactly the
subsets of A that are closed under ). They are ordered via set inclusion. If B and C' are
elements in £((A4,)), the join of B and C' is [BUC|q and the meet is BNC'. The minimal
element of the lattice is always [0]q, and the maximal one is always A itself.

Proposition 2.1. If the algebra A = (A, ) is finitely generated then L(A) is dual-atomic.

Proof. Suppose L(A) were not dual-atomic. Then there is an infinite chain C; C Cy C

-+ C A of sub-algebras directly below A, i.e., there is no sub-algebra C' C A such that

C;cCiforalli>1 Let D def Ui21 C;. Then C; C D for all ¢ > 1 and, since £(A) is not

dual-atomic, A = D. Let B be a finite set with [B]o = A = D. Due to the nature of D,
there has to be an i > 1 such that B C C; and therefore [C;]q = A. ad

We can use the structure of the lattice of sub-algebras to find bases for the elements of
the lattice in the following way.

Proposition 2.2. Let (A,Q) be an algebra, B € L((A,2)) and C C A. Then [Clg = B
if and only if C C B and for all D € L((A,Q)) with D < B holds C  D.

Proof. 1f [C|q = B, then obviously C' C B. Assume there were a D < B such that C C D.
Then [Clq C D # B.
Now, assume that right hand side of the claim holds. Since C' C B, the closure [C]q

is a subalgebra of B or B itself. Since C' is not contained in a predecessor of B, we have
[Cla = B. a
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2.3 Graphs, Trees, Boolean Functions, and Circuits

A (undirected) graph is a pair (V,E) such that V' C N and E C {{v1,v2} : v1,v2 €
V and v; # ve}. We call v € V nodes of the graph and e € F its edges. In a directed
graph (V,E), we have E € R?(V). Such a graph is called cyclic if there is a n € N and
v1,...,U, € V such that (vj,vi41) € E for 1 <1i < n and v; = v,. A graph that is not
cyclic is called acyclic. The size of a (directed) graph is [V|. The depth of a directed graph
(V, E) is defined as the largest n such that there are pairwise different vy,...,v, € V and
(vi,vi41) € E for 1 < i < n. The (directed) graph (V, E) is called connected if for all
v1,v2 € V where vy # vg there is an € N and wy,...,w, € V such that v; = w; and
ve = wy, and {w;, w41} € E (either (w;,wiy1) € E or (wiy1,w;) € E) for 1 < i < n.
Let (V, E) be a directed graph. For a v € V, let #{w : (v,w) € E} be the fan-out of v
and let #{w : (w,v) € E} be the fan-in of v. If (v,w) € E, we call v parent of w and we
call w child or successor of v. A tree is a directed, connected, acyclic graph where every
node has fan-in of at most 1. In a tree, a node with no successors is called leaf. A binary
tree is a tree where every node has either two children or none. If G = (V, E) is a tree,
there is exactly one node in V' with fan-in 0. We call this node the root node or simply
root of G. In a binary tree (V, E), every node can be characterized by a path, i.e., a word
w € {l,r}*, as follows: The path of the root node is €. If v € V' is characterized by the
path w and has children vy, vo where v; < vo, then vy is characterized by the path wl and
vg is characterized by the path wr. A node vy is called ancestor of another node v if there
are wi,wy € {l,7}* such that ve is characterized by wiws, and wy characterizes v. The
depth of a node v is |w| if w characterizes v.

A Boolean function f is a function from {0,1}" to {0,1} where n € N. We use several
ways to define Boolean functions. For one we have some special Boolean functions, we will
often need: AND, OR, NoT, IMP, EQ, XOR, NAND, NOR, c¢g, and ¢; are the Boolean and,
or, not, implication, equivalence, exclusive or, nand, nor, and the 0-ary constants 0 and
1, respectively (see Figure 2.2). A way to define a Boolean function is to explicitly give
its truth table, i.e., listing the input-output behavior of the function. The characteristic
string of a Boolean function is a compressed version of such a truth-table. We say w €
{0,1}?" is the characteristic string of the n-ary Boolean function f if and only if for all
i€{0,...,2" — 1} holds w[i + 1] = f(bin,(¢)). Although characteristic strings are a short
description of the truth-table of a Boolean function, a much more efficient description of
these functions exists in most cases. We mostly use propositional formulas (see below) to
describe Boolean functions. The connectives we use in these formulas are subsumed in
Figure 2.2.

Definition 2.3. Let B be a set of Boolean functions. A tuple C = (V, E,o0,¢,v) is called
B-circuit if it satisfies the following conditions.

—V C N is finite and (V, E) is a tree with root node o. We call o the output node of C.
Since o € V', there is no B-circuit with |V| = 0. The elements of V' are also called gates.
— ¢V — BU{x1,x9,...} is a function that assigns to every node from V either a variable
or a function from B in the following way: If v € V' has fan-in 0, then ¢(v) = x;, for
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Name arity Description Connective(s) Characteristic String
AND 2 Boolean and TAY, Ty, TY 0001
OR 2 Boolean or xVy 0111
Imp 2 implication ] 1101
EqQ 2 equivalence Ty 1001
XOR 2 exclusive or DY 0110
NAND 2 negation of and ND(z,y) 1110
NoRr 2 negation of or NR(z,y) 1000
Notr 1 negation T, ~x 10
id 1 identity T 01
co 0 constant zero 0 0

c1 0 constant one 1 1

Fig. 2.2: Description of Important Boolean Functions

some i > 1, or ¢(v) is a 0-ary function from B. If v has fan-in n > 1, then ¢(v) = f
for some n-ary function from B.

— 1 : VUE — N is an injective function that assigns a natural number to every node from
V' and every edge from E.

If x1,...,x, are the variables assigned to some gate of C' then in every gate v of C, an
n-ary Boolean function f, is calculated as follows.

— If ¢(v) = x; then f, < 17

— If p(v) = ¢4 for an a € {0,1} then f, is the n-ary constant a.

—If ¢(v) = g for an m-ary g € B and (v1,v),...,(Vm,v) € E such that ¥((v;,v)) <
def

P((vj,v)) if i < j then fu(z1,...,2n) = 9(fo, (X1, 2n)s- o fo (@1, ..., 20)).
Finally we say C describes the Boolean function fco def fo, which is the Boolean function
calculated in the output gate of C.

Observe that the Boolean functions that can be described by B-circuits are exactly
those in [B]. If we do not want to emphasise the base B, we say Boolean circuit for B-
circuit. For a more detailed introduction to Boolean circuits, see [Vol99]. A propositional
formula is a special Boolean circuit where the fan-out of every node is at most one. For
a € {0,1}", we often write C'(«) instead of fo(a), if C' is an n-ary Boolean circuit that
describes f. An n-tuple of Boolean values is often called assignment for a Boolean circuit
of arity n. We say two Boolean circuits Cy, Cy are equivalent (C; = Cb) if and only if they
describe the same Boolean function.

2.4 Complexity-Theoretical Basics

2.4.1 Turing Machines

We want to fix Turing machines with separate input-tape and output-tape and a constant
number of working-tapes where each tape has infinite space on both sides as the standard
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model of computation. Let us give a formal definition of this model. A Turing machine

M is a tuple (k, X, Z, s, h, ), where

— k > 1 is a natural number, the number of working tapes,

— X is a finite alphabet with {0,1,0} C X, the working alphabet,

— Z is a finite set of states,

— s € Z is the initial state,

— h € Z is the halting state, and

— @ Z X DU {x} x £k - 2Z2ITALROIT _ g1 where « ¢ X, is a total function, the
transition function

of M. A configuration of a Turing machine with k& working tapes is a (k + 3)-tuple from
Zx((BU{ptp-(BU{HDT) x (B {p}-SHM

where p ¢ ¥ U {x}. Let C def (z, vopwo, . . . , VEPWE, Vk+1PWk+1) be a configuration of M
where z € Z and v;, w; € ¥ for 0 < i < k + 1. Let furthermore

@(Z,wo[l],. .. ,wk[l]) = {(zé»,aj,l, ce ,aj7k+1,Xj,0, ce 7Xj,k+1) 1< j < E},

for some ¢ > 1. Each configuration has successor configurations. For that we define the
successor-function Sys with Sy (C) = {C} if z = h and Sy (C) ey {25, uj0,- - k1)
1 < j < ¢}, otherwise, where

ViPa; W, Jif X, =0

viaj7ipwg , if Xjﬂ' = R and ]wz\ >1
uj; =19 via;j;p0 Jif Xj; =R and |w;| =1

vi[l] -+ vif|vi| — Upvi[|villajw;  if X;, =L and |v;| > 1

Dpviamw; s if Xjﬂ' = L and ’UZ| =1

for 1<j<¢1<i<k+1, and w] défwi[2]---wi[|wi\] and

VopWo s if Xj70 =0
vowo[L]pwo[2] - - - wo[|wol] ,if Xj 0= R and |wg| > 1
Uj 0 = Vowopd s if Xj70 = R and |’LUO| =1
vo[1] - - - vo[lvo| — 1pvo[|volJwo , if Xj0 = L and |vg| > 1
Opugwyg ,if X0 =L and |vg| =1

for 1 <j <V

. . , M,
For two configurations C1, Co we say M transforms Cy into Cy in n steps (Cq =5 Cs)
if and only if there are configurations Ky, ..., K,1+1 such that K1 = C7 and K, 11 = C»

and K;11 € Sy (K;) for 1 <i <mn. Call all C’ such that C ML o the M-successors of C

or simply the successors of C'. We say M transforms Cy into Cy (Cy My Cy) if there is an
Mn

n € N such that C7 — Cs.
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Let ¢ be an n-ary function on N. We say the Turing machine M computes (a1, ..., ay)
in m € N steps if and only if

(s,Opbin(ay) * - - - x bin(a, ), Opd, ..., Op0) M (2.1)
(h,Opbin(ay) * - - - * bin(an)wo, w1prws, w3pwy, . . . , Wok 4 1PWagk+2)

where w; € {O}* for 0 < i < 2k+2 and r = bin(¢(ay, ..., a,)). Let us call the configuration

on the left hand side the starting configuration of M for aq,...,a, and the configurations
on the right hand side halting configurations of M for a1,...,ay. Let us furthermore call
the result of the halting configuration. The machine M computes ¥ (a1, ..., a,) with space

¢ if and only if there is an m such that (2.1) holds and |[bin(¢(az1, ... ,a,))| + X2, Jw;| < €.
We say M computes 9 if and only if for all (a1,...,a,) € Dy there is an m € N such that
(2.1) holds. Such a v is called computable; if 1) is total, it is called recursive.

A set A C A is recursively enumerable if there is a recursive function f : N — N
such that f(N) = A. Turing machines can be encoded with a finite alphabet; there are
many encoding schemes for Turing machines such that the set of all encodings of Turing
machines can be enumerated recursively.

A Turing machine is called deterministic, if for all possible inputs « of its transition
function ¢, holds |p(a)| = 1. Otherwise, it is called nondeterministic.

An alternating Turing machine M = (k,%X,Z, s, h,p,m) is a Turing machine together
with a function 7 : Z — {e,u} that partitions the states of M in existential (if w(z) = e)
and universal (if w(z) = u) states (for z € Z). Let C be a configuration of an alternating
Turing machine on input (ay,...,ay). If

C = (h,Opbin(ay) * - - - * bin(an )wo, wiplws, wapwy, . . . , Wak_1PW2k) (2.2)

where wy, . .., wo, € {O}*, then C'is accepting. Such a configuration is called accepting end-
configuration for ay,...,a,. If C = (2z,vq,...,vx), such that z € Z —{h} and {C1,...,Cp}
are all successors of C, then C is accepting if and only if one of the following holds:

1. m(z) = e and there is an 7 € {1,...,¢} such that C; is accepting.
2. m(z) = u and C} is accepting for all i € {1,...,¢}.

All configurations that are not accepting are rejecting. An alternating Turing machine
accepts an input (ay,...,ay), if the starting configuration for aq,...,a, is accepting.

2.4.2 Complexity Classes

For a function f € F(N), we say the Turing machine M computes 1) in time f (M
computes 1 with space f) if and only if ¢ is total and M computes ¥(ay,...,a,) in
f(X2_,|bin(a;)|) steps (with space f(X}_,|bin(a;)|)) for all but finite (a1,...,a,) € N™.

Let £ C FY(N) and let P be the set of unary polynomials. We define the following
function-complexity classes:
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FDTIME(K) ef {# : there is a deterministic Turing machine M and an f € K
such that M computes ¢ in time f}
FDSPACE(K) o {1 : there is a deterministic Turing machine M and an f € K
such that M computes ¢ with space f}
FPSPACE % FDSPACE(P) N
{f : there is a polynomial p such that |f(z)| < p(|z|) for all x}
FP ¥ FDTIME(P)
FL % FDSPACE(logn)

Note, that all functions in FPSPACE have an output-length of only polynomial size.
Since it is possible to produce outputs of exponential length with functions computable in
polynomial space, this definition would not suit our needs, since we want FDSPACE to be
closed under substitution. The characteristic function of a set A C N is a total function
ca N — {0,1} such that ca(z) =1 if and only if x € A. We say ca decides A and A is
decidable, if c4 is recursive. Analogous to the function-complexity classes, we define the
following decision-complezity classes:

DTIME(K) % {A:c4 € FDTIME(K)}
DSPACE(K) % {A:c4 € FDSPACE(K)}
EXPTIME % DTIME(2P)
PSPACE % DSPACE(P)
P ¥ DTIME(P)
L % DSPACE(logn)

A nondeterministic Turing machine can transform the starting configuration into sev-
eral halting configurations simultaneously. We say, M decides the set A, if for all a holds:

— If o € A then there is a halting configuration of M on input « with result 1.
—If o ¢ A then for all halting configurations of M on input « the result is 0.

For an f € FY(N), we say M decides A in time f (M decides A with space f), if M decides
A and for all a € A there is a halting configuration C as in Equation 2.2 of M on x such
that M transforms the starting configuration of M on x into C' in at most f(|z|) steps
(such that %2% |w;| < f(|z])).

We define the following nondeterministic complexity classes:
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NTIME(K) & {A : there is a nondeterministic Turing machine and an f € K
such that M decides A in time f}
NSPACE(K) & {A : there is a nondeterministic Turing machine and an f € K
such that M decides A with space f}
NP ¥ NTIME(P)
NL % NSPACE(logn)

Another way to define NP is with an existential quantifier as follows: A is in NP if and
only if there is a set B € P and a polynomial p such that for all x holds

v e Ae Jy(lyl < p(jz]) and (z,y) € B)

For a complexity class C, let coC & {A: A €C}. Another way to define coNP is as in the
above definition for NP, but with a V-quantifier. We can use this quantifier approach to
define a hierarchy of complexity classes as follows. For k£ > 0, a set A is in Ei if and only
if there is a B € P and a polynomial p such that for all x holds:

r €A InVyr. .. Qrur(lys| < p(jz]) for all 1 <i <k and (z,y1,...,yx) € B),

where Q) = 3 if k is odd, and @ = V otherwise. Let HZ def COZE. These classes form the
polynomial-time hierarchy. Let PH def Ukzo EZ.
Another hierarchy is the Boolean hierarchy. For that, let C and K be complexity classes
and define
Cok ¥ {AAB:AecCand BeK).
Here, AAB ey (AUB)—(ANB). For k> 1, we say A € K(k) if and only if

AcKeKae---akK.

k times

We are especially interested in the Boolean hierarchy over NP. Let DP 4t NP(2).

We want to fix a notion of time- and space-complexity for alternating Turing machines
M. For this, we define functions t§, and s§; for a« = (a1, ..., a,) that map accepting con-
figurations of M on « to N as follows: If C' is an accepting end-configuration for a1, ..., a,
as in Equation 2.2, then t§,(C) 41 and s§,(0) def Y2 wi|. If C = (2,w0,. .., wy) is
another accepting configuration which has exactly the successors C1,...,Cy, then

£ (C) def [ 14 min{t§,(C;) : C; is accepting (1 <i < ()} ,ifw(z) =e
M o T+ max{ty,(Cy) 1 1< i < 4} otherwise
and

e def [ min{s§,;(C;) : C; is accepting (1 <i </)} ,ifn(z)=e
M | max{s$,(Cy) 11 <i </} otherwise.
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We say M decides the set A C N™ in time (with space) f € FY(N) if for all a € N the
following holds: If @ € A then the starting configuration C' of M on « is accepting and
t5(C) < f(la]) (s§,(C) < f(la])). If o ¢ A then C is rejecting. We define the following
alternating complexity classes, where K C F!(N):

ATIME(K) = {A: there is an alternating Turing machine M and an f € K
such that M decides A in time f}
ASPACE(K) ey {A : there is an alternating Turing machine M and an f € K

such that M decides A with space f}

The definition of Turing machines and standard notions of complexity theory can be
found in a number of textbooks [BDG95, BDG90, Pap94, WWS6|.

2.4.3 Families of Boolean Circuits and Uniformity

We have already given a definition of Boolean circuits in Definition 2.3. However, we want
to be able to somehow compute functions on N as well. For that, let a B-circuit with mul-
tiple outputs be a tuple (V, E, O, ¢,1) where V, E, ¢, 1) are defined as in Definition 2.3 but
O C V. We say B-circuit as a shortcut for B-circuit with multiple outputs when it is clear
from the context that we mean a circuit with multiple outputs. Let C = (V, E, O, ¢, )
be a circuit with multiple outputs and n input-gates. Let O = {o1,...,0,,} where
Y(0;) < ©(o;) implies @ < j. Then C' computes the function that maps a; ---a, € {0,1}"
to fo,(a1,...,an) -+ fo,,(a1,...,a,). Remember that f,(ai,...,a,) denotes the Boolean
function that is computed in node v on input ay,...,a,. Let size(C) denote the number
of gates in the circuit C' and let depth(C') denote the length of a longest path from an
input gate to an output gate, formally,

depth(C) def max{n : there are gates c1,...,c,11 € V such that ¢; is an input-gate
and ¢4 is an output-gate and (¢;,¢;+1) € E for all 1 < i < n}.

Since every single Boolean circuit has a fixed number of input gates, for such a circuit
it is possible to compute a function only for inputs of a fixed length. Therefore, we need
sequences or families C = (C™),en of Boolean circuits to compute a function on N. Here
C™ denotes a circuit with n input-gates. A family of Boolean circuits is an infinite object
and therefore different from the other models of computation we have considered so far,
which are always finite. Therefore, it is not surprising that there are undecidable sets that
can be decided by families of Boolean circuits:

Example: Let A def {1™ : M,, accepts n} be the tally version of the special halting prob-

lem, which is undecidable (here M, means the n-th Turing machine in some enumeration
of all Turing machines). It is obvious, that for every n € N there is a very small circuit C"
that outputs 1 if and only if 1" € A [Vol99]. O
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So, we need a finite way to encode families of Boolean circuits. If a family of circuits
can be encoded by a finite object, it is called a uniform family of circuits. There are several
different notions of uniformity but in this thesis it suffices to define log-space uniformity.

Definition 2.4. Let C = (C™),en be a family of circuits. Then C is called log-space uni-
form or Uy -uniform if there is a function f € FL such that f(1™) = C™ for all n € N.

A function that can be calculated by a log-space uniform family of Boolean circuits
is obviously computable, since we can compute f (1‘9”‘) = CI*l and evaluate C#l on input
x. The choice of log-space uniformity is based on the following reasons. First of all, the
uniformity should not be too “weak” for the circuit classes in consideration. Too weak
means that the power of the function f : {1}* — (C™),en should not be greater than the
power of the circuits themselves. In the above example, the circuits C" could be “generated”
by a non-recursive function f; in that sense, the family of circuits C that decides A is (non-
recursively-)uniform. But this uniformity is clearly too weak if you are interested in the
question whether A is decidable or not. In our case, log-space uniformity is strong enough,
since we are mostly interested in circuits that have a polynomial size and a depth that is
at most slightly less than polynomial. A log-space computation can always be computed
by such circuits, since all functions from FL can be computed by circuits of polynomial
size and a depth of (logn)2. On the other hand, log-space uniformity is weak enough to
handle various encodings of Boolean circuits and gives us the freedom to not actually have
to give a concrete encoding of the Boolean circuits we use. For a detailed disquisition of
uniformity we refer to [Vol99].

We define the following circuit-complexity classes. Let K1, Ks € FL(N) and i > 0:

FSIZE-DEPTHg (K1, K2) def {f : there are functions s € K1 and d € K3 such that f

can be computed by a log-space uniform family of
B-circuits (C")pen and for all n € N holds
size(C™) < s(n) and depth(C™) < d(n)}

FNC' ¥ FSIZE-DEPTHxp, or, xor} (P, O((log n)"))

FNC € [ JENC’

i>0
NG 14, e FNCT)

We remark, that sometimes FNC? and NC? are defined as nonuniform classes of func-
tions. However, their most important interpretation is that they are the functions/sets
that are computable/decidable efficiently by means of parallel computing. The open ques-
tion of FNC = FP gains its importance only in the light of this interpretation. Hence we
choose the uniform definition. Also, logspace-uniformity is normally considered too weak
for NC? and FNC? where i < 1, since FNC! C FL. But in the scope of this thesis this will
not lead to any problems, so we skip the introduction of another uniformity.
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2.4.4 Reductions and Complete Sets

We want to compare the difficulty of deciding two sets A, B C N. For this we introduce the
notion of “A being at most as difficult as B”. This shall be the case if there is a function
f such that for all x € N holds: € A if and only if f(x) € B. In order to fit our notion,
the power of f should not be too strong, especially, it should not be stronger than the
power we need to decide A. We define A <}, B if and only if there is an f € FP such
that z € A < f(x) € B. We say, A <h,-reduces to B, or simply A reduces to B. We write
A =h Bif and only if A <}, B and B <}, A. Let A be a set, K be a complexity class. We
say A is <h-hard for K if for all B € K holds B <k A, and A is <h,-complete for K if A
is <h-hard for K and A € K. If it is clear from the context, we say A is complete for K
instead of A is <} -complete for K.

Another reducibility is the log-space reducibility. A set A is log-space reducible to a set
B (A <% B) if and only if there is a function f € FL such that for all z holds = € A
if and only if f(z) € B. We define giﬁg—hard and Slﬁg—complete as in the case of the
<b -reducibility.

It is easy to observe, that both, Slﬁg and <%, are reflexive and transitive.
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3. Boolean Clones and Boolean Co-Clones

3.1 Clones and Co-Clones and their Galois Connection

In this section we define two special kinds of algebras, clones and co-clones, which are
very natural kinds of algebras on functions and relations, respectively. We begin with the
definition of clones. We will need some special operators for that, so let f, g, h be functions
of arities £, m, n, respectively, where £ > 1, m > 0 and n > 2.

—pr I% is the presence of the identity function. This is a 0-ary operator on the set of
functions.
— RF(f)(x1,22,...,2) def (x2,...,2¢,x1) is the rotation of variables in a function.
—TF(h)(z1, ..y Tn—1,%n) def h(z1,...,xn, Ty—1) is the transposition of the last variables
n a function.
def

— LVF(h)(z1,...,2n-1) = h(x1,...,2p_1,Tn_1) is the identification of the last variables.
def . o
— SUB(f, 9) (@1, - s To—1, Y15 Ym) = f(@1,e. o To—1,9(y1,...,ym)) is the substitution

of g in f.

We subsume these five operation under the term superposition. Let SUP def {PL,RF, TF,

LVF,SUB}. A clone of functions, or simply a clone, is a set of functions that is closed

under superposition (clone is short for closed set of operations on a set, abbreviation due

to P. Hall). Let [A] 4t [A]sup be the clone generated by A.

Clones are of special interest, because they consist exactly of those functions that can

be described by formulas over a basic set. Take for example the set B def {+,-,0,1}, i.e.,

the set of addition, multiplication, the constant 0, and the constant 1, all of which are
functions over the natural numbers. Then [B] is exactly the set of functions that can be
described by polynomials with positive coefficients. The order of a set of functions B is
max{n : there is an n-ary function in B} if such a maximum exists and co otherwise. The
order of a clone A is min{n : there is a base of order n for A}.

Co-clones are algebras over sets or relations and again we need to define some operators.
Let n >0, m > 2, R be an n-ary, and Q be an m-ary relation over some set A.

—pp & eq is the presence of the equality relation. It is a 0-ary operator on the set of
relations.
- RR(Q) def {(agy...,an—1,a1) : (a1,...,an—1,a,) € Q} is the rotation of variables in a

relation.
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- TR(Q) def {(a1,...,an,an-1) : (a1,...,an—1,a,) € Q} is the transposition of the last

variables in a relation.
— FVR(R) 4t {(bya1,...,a,) : b€ Aand (ay,...,a,) € R} is the introduction of a fictive

variable in a relation.

— PRO(Q) def {(a1,...,am—1) : thereisa b € A such that (b,a1,...,am-1) € Q} is the

projection.

We call these operations together with the intersection of sets relational superposition,

or SUPR, for short. That means SUPR def {PE,RR, TR, FVR,PRO, N}, where N is the

normal intersection of sets. A set of relations B over A is called co-clone if it is closed

under relational superposition. Let (B) o [B]supy, be the co-clone generated by B.

Proposition 3.1. Let B be a co-clone over a set A.

1. For every n > 1, the full relation A™ is in B.
2. If R,S € B then Rx S € B.
3. Let R be an n-ary relation in B. Then

DIAG(R) © {(ay,...,an_1) : (a1,...,an—1,an_1) € R}
is also in B. DIAG(R) is called the diagonalization of R.

Proof. 1. Since eq € B, A = PRO(eq) € B. Furthermore, for 1 < i < n, is A"l =
FVR(A4?) € B.
2. Let R be m-ary and S be n-ary. Then R x A™ € B and A" x S € B, due to FVR and
RR. Finally, R x S = (R x A") N (A™ x S5).
3. Observe, that T def {(a1,...,an_2,b,b) :a;,be A1 <i<n—1)}=A""2 xeqis in
B. Then DIAG(R) = T N R.
O

Obviously, the diagonalization can be applied to arbitrary positions, not only to the
last ones. Analogous to the order of sets of functions, we define an order for sets of
relations. If ' € R(A), then the order of I' is defined as max{n : thereisan R €
' that has arity n}, if such a maximum exists and co otherwise. The order of a co-clone
A is min{n : there is a base B of A with order n}; here we assume n < oo for all n € N.

We now define two mappings between sets of functions and sets of relations. For a set
of relations B over a set A, let

Pol(B) déf{f:fe}"(A) and f ~ R for all R € B}

be the set of polymorphisms of all relations in B. For a set of functions B on a set A, let

Inv(B) ¥ {R:ReR(A) and f ~ R for all f € B}

be the set of all relations that are invariant under all functions of B. Observe, that if ()
is a set of functions on a set A, then (X,) € L((A,?)) if and only if X € Inv(2).
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Proposition 3.2. Let C,D C F(A) be sets of functions, and let X, Y C R(A) be sets of
relations.

1. If C C D, then Inv(D) C Inv(C)
2. If X CY, then Pol(Y) C Pol(X)
3. C C Pol(Inv(C))
4. X CInv(Pol(X))

Proof. Let C C D. Then every relation that is invariant under all functions of D is invariant
under all functions of C. Therefore Inv(D) C Inv(C). The proof of the second claim is
analogous. Assume C' ¢ Pol(Inv(C)). Then there is an f € C' and an R € Inv(C) such
that f # R. But since R € Inv(C), it is preserved by all functions from C|, including f.
The proof of the fourth claim is analogous. O

A pair of mappings like (Pol, Inv) between two ordered sets like 2% (4) and 2R(4) that
satisfies properties 1. through 4. is called a Galois correspondence.

Proposition 3.3. Let A be a set, B be a set of relations over A, and C be a set of
functions on A.

1. Pol(B) = Pol((B)) = [Pol(B)]
2. Inv(C) = Inv([C]) = (Inv(C))

Proof. All equalities can be shown by an easy induction over superposition or relational
superposition respectively. 0

Hence, for every set of functions B on A, Pol(Inv(B)) is a clone containing [B], and for
every set of relations C' over A, Inv(Pol(C')) is a co-clone containing (C').

Proposition 3.4 ([P8s79]). Let A be a set with |A| =k, B be a set of functions on A
and C be a set of relations over A.

1. [B] = Pol(Inv(B))
2. (C) = Inv(Pol(C))

Proof. Both inclusions from left to right are clear from Propositions 3.2 and 3.3. First, we
show the inclusion from right to left for 1.: We define a special relation A,, for all n > 1.
For 1 <i<n,let

S5 def (enc;’}g(O)[z’], e ,enc;i(kz” — 1))

and
/ def

A= {51 <i<n}

Example: For A = {0, 1}, list all the elements of A™ such that they appear as the rows
of a matrix that has 2" rows and n columns.
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sl 62 on=t g
enc;}C(O) = (0, 0, ... 0, 0
enc, (1) = (0, 0, ... 0, 1)
enc, } (2) = (0, 0, ... 1, 0
enc, (2" -2) = (1, 1, ... 1, 0)
enc, (2" —-1) = (1, 1, ... 1, 1)
Then the columns of the matrix form the elements of A/, . O
Now, let
def

A, = ALU{f(6L,62,...,6") : f € [B] is n-ary}

Observe, that A, is preserved by every function from [B]: Let f € [B] be m-ary and
let ai,...,q, € A,. Then there are fi,...,fn € [B] such that oy = f;(6%,...,0")

by the definition of A, (in the case where a; € Al for some i, remember that

I' € [B]). Let g(x1,...,2n) def f(fi(ze,...;zn)y ooy fm(x1, ..., xy)). Obviously, g € [B]

and g(dL,...,6%) = f(a1,...,qm). Hence A, € Inv([B]). Now let f € Pol(Inv(B)) =
Pol(Inv([B])) be n-ary. Then f ~ A,, i.e., f(6L,...,6%) € A, and therefore f € [B].

Now we prove the direction from right to left of 2. Let Al be defined as above for all
n > 1 and let

def

A, = ALU{f6L62,...,6") : f € Pol(C) is n-ary}

niYn>

Claim 3.5. Inv(Pol(C)) C (U,,>1{An}).

Proof: Let R be an m-ary relation in Inv(Pol(C)) with R = {a1,...,a¢}. Then for all
1 < i < m there are ji,...,j5m € {0,..., k" — 1} such that (aq[i],...,oli]) = enc;]i(ji).
With other words, R can be computed from (A})™ by finitely many applications of RR, TR,
and PRO. Furthermore, since R € Inv(Pol(C)), it is closed under every function from
Pol(C). Therefore, if we apply RR, TR, and PRO to (A;)” in the same way we applied
them to (A})™, the result is again R. Hence R € ({A,,}), and the proof of the claim is
finished. O

So, the following inclusions hold:

(C) € Inv(Pol(C) € ([ {An})

n>1

This means that we can finish our proof by showing (|J,,~;{An}) C (C). For this, it suffices
to show A, € (C) for all n > 1. Choose an R from {R: R € (C) and A/, C R} such that
|R| is minimal. Since A! C A*" ¢ (C), there exists such an R. We show A,, = R. Since
R € (C) C Inv(Pol(C)) it follows that R must be closed under every f € Pol(C) and
therefore A, C R.

Suppose A, # R. Then there is an o € R — A,,. Hence, the n-ary function f with
f(6L,...,6") = «a is not in Pol(C) and therefore there is a relation S € C such that



3.2 Clones of Boolean Functions 31

f # S. Let S be m-ary and let 3,31,...,08, € S be such that f(81,...,0,) = 0 ¢ S.
For every ¢ € {1,...,m}, let h : {1,...,m} — {1,...,k™} such that (5i[i],...,0Bu[i]) =
(SE[R()], - ., 07 [h(i)]). Due to the nature of the §%’s, such a function h exists. Let

T {(a1,...,akn,b1,... . by) 1aj,bp € Afor 1 <j <Ek" 1</{<mand

bi = ap() for all 1 <i <m}

such that coordinates k™ + ¢ and h(i) of every element from T are equal. Observe, that

T is member of any co-clone over A. Then S’ o (Rx S)NT is in (C), since R, S, T €
(C). Suppose there were aq,...,apn € A such that (aq,...,axn,b1,...,by) € S’ where
a = (ai,...,an). Then, since ay;y = b; for 1 < i < m, it follows that (b1,...,bn) = S,
which is not possible, since 5 ¢ S. Therefore, if S” is the projection of S’ on the first k"
coordinates, then S” C R but @ € R — 5" and therefore S” C R. Finally, for all 1 <i <n
and all v € S holds &, x v is contained in both, R x S and T. Hence A/, C S” which is a
contradiction to the minimality of R. O

We get the following connection between the lattice of clones and the lattice of co-clones
over finite sets.

Proposition 3.6. Let A be a finite set and B, C be clones from 274 . Then B is prede-
cessor of C in L(F(A)) if and only if Inv(C) is predecessor of Inv(B) in L(R(A)).

Proof. Let B C C. It is clear from the definition, that Inv(C') C Inv(B). Suppose Inv(C) =
Inv(B). Then [C] = Pol(Inv(C)) = Pol(Inv(B)) = [B], which is a contradiction, hence
Inv(C) C Inv(B). In the same way, one can prove that if Inv(C) C Inv(B) then B C C.
Now suppose there were an X € L(R(A)) such that Inv(C) C X C Inv(B). Then B C
Pol(X) C C which is a contradiction to B < C. The argument works analogous in the
other direction. O

3.2 Clones of Boolean Functions

The Boolean domain {0,1} is the largest domain for which all clones of functions are
known. Moreover, their inclusion structure, a finite base for each clone, and the order of
each clone was discovered in the twenties of the last century by E. L. Post (although the
result was published only in the forties [Pos41]). Therefore, we call the lattice of all clones
of Boolean functions Post’s lattice. Observe Figure 3.1 and Figure 3.2: They show the
inclusion structure and an example for a base for each clone, respectively.

We are especially interested in the dual-atoms M, D, L, R1, and Ry of £L(BF), where
BF denotes the set of all Boolean functions. Figure 3.3 gives a definition of these clones.

Nevertheless, we need to characterize some additional types of Boolean functions.
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Class Definition Order Base(s)
BF all Boolean functions 2 {AND, NoT}
Ro {f € BF | f is O-reproducing } 2 {AND, XOR}
R1 {f € BF| f is 1-reproducing } 2 {ORrR,z®y® 1}
Ro Ro N R1 3 {OR7I/\(y@Z@1)}
M {f € BF | f is monotonic } 2 {AND, OR, co, c1}
Mo MNRy 2 {AND, OR, Cl}
M; MNRo 2 {AND, OR, Co}
M, MNRe 2 {AND, Or}
So {f € BF | f is O-separating of degree n } n+ {Imp, dual(hn,)}
So {f € BF | f is O-separating } 2 {TmP}
T {f € BF | f is 1-separating of degree n } n+ {z AT, hn}
S1 {f € BF | f is 1-separating } 2 {z AT}
So2 So NRa n+ {zV (yAZ),dual(h,)}
So2 So N Ra n -+ {a;\/(y/\z)}
So1 So "M n+ {dual(hn),c1}
So1 SoNM 3 {a:\/(y/\z),cl}
Sto So "Rz NM n+ {zV (y Az),dual(h,)}
Soo SoNRaN'M 3 {a:\/(y/\z)}
12 ST NR2 n+ {x A (yVZ),hn}
S12 S1NRa 3 {z A (yVv2)}
11 STNM n+ {hn,co}
Si1 SiNM 3 {zxA(yVz),c}
To STNR2NM n -+ {xA(yVz),hn}
S1io0 SiNR:NM 3 {zxA(yVz2)}
D {f ] is self-dual } 3 {zyVvzzV GAZ)}
D, DNR» 3 {zy VvV 2z V yz}
Do DNM 3 {zy VyzVzxz}
L {f] f is linear} 2 {XOR, c1}
Lo LNRo 2 {XOR}
L1 LNR1 2 {EQ}
Lo LNRe 3 {rdy® =2}
Ls LND 3 {rdydz®al
\Y {f ] f is an n-ary OR-function or a constant function} 2 {OR,co,c1}
Vo OR] U [Co] 2 {OR,7 Co}
Vi OR] U [Cl] 2 {OR7 Cl}
Va [OR] 2 {Or}
E {f ] f is an n-ary AND-function or a constant function} 2 {AND, co, 1}
Eo [AND] U [co] 2 {AND, o}
Eq AND] U [e1] 2 {AND, c1 }
Eo AND 2 {AND}
N NoT| U [co] U [e1] 1 {NoT,co}, {NoT,c1}
N, Not 1 {Not}
I c1| U [Co] 0 {Co,cl}
Io co 0 {Co}
11 C1 0 {Cl}
1o [0] 0 {0}

Fig. 3.2: Bases for Boolean Clones. Here h,, is the n + l-ary Boolean function such that

hn(x1,...,2p4+1) = 1 if and only if E?;llxi > n. Furthermore, dual(f)(ai,...,a,) =

 Qp).

def
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Name Symbol Description
Monotonic M Let n > 1 and a = (a1,...,as) € {0,1}" and 8 = (b1,...,b,) € {0,1}".
functions We write a < § if and only if a; < b; for all 1 <47 <n. An n-ary

Boolean function f is called monotonic if and only if for all
a, B € {0,1}" with o < 8 follows f(a) < f(8).

Self-Dual D An n-ary Boolean function f is called self-dual if for all
functions (a1,...,an) € {0,1}" holds f(a1,...,an) = ~f(a1,...,an), ie.,
if and only if f = dual(f).

Linear L An n-ary Boolean function is called linear if and only if there are

functions constants co, ..., cn € {0, 1} such that f(z1,...,zn) can be described
by the propositional formula co @ ciz1 & - - - B cpxn. We call this
formula the linear normal form of the function.

a-Reproducing  Rg, Ri For a € {0, 1}, let the Boolean function f be called a-reproducing
functions if and only if f(a,...,a) = a.

Fig. 3.3: Functions forming dual-atoms in £(BF).

Definition 3.7.

Let M C {0,1}" and a € {0,1}. Then, M is a-separating if and only if there is an
i € {1,...,n} such that for all (ai,...,an) € M we have a; = a. Let M be called a-
separating of degree m if and only if all T C M with |T| = m are a-separating. An n-ary
Boolean function f is called a-separating (of degree m), if f~!(a) is a-separating (of
degree m).

The dual of a Boolean function is defined as follows: The n-ary function g is the dual

function of f if and only if for all ay,...,a, € {0,1} holds g(aq,...,a,) = —f(@1,...,a,).
Let dual(f) def g and for a set of Boolean functions A, let dual(A) def {dual(f): f € A}.

Observe, that dual(dual(f)) = f for all Boolean functions f, and hence for all sets of
Boolean functions A we have dual(dual(A)) = A. Dual functions are very important when
studying Post’s lattice, because for every clone A of Boolean functions, dual(A) is a clone,
too [Pos4l, JGK70]. Moreover, if a Boolean function is specified by a Boolean circuit,
then another one, that specifies the dual function can easily be found, as the following
proposition sugests:

Proposition 3.8 ([JGKT70]). Let h, f,g1,...,9n be Boolean functions such that

hz1, ... xm) = flg1(z1, s Zm)s ooy Gn(T1, ooy T))-

Then

dual(h)(x1,...,zy) = dual(f)(dual(g1)(x1, ..., Zm), ..., dual(gy)(x1,...,Tm))
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Proof. Observe the following equation:

dual(h)(x1,...,2m) = -h(T1,...,Tm)
(@, Tm)s s Gn(TT, - Tm))
A F G (FT, o Ty G (TT )
= dual(f)(dual(g1)(z1,...,Zm),...,dual(gn)(z1,...,2m))

d

Hence, the dual circuit can be found by replacing the function of every gate by its dual
one. If the circuit was built over a finite set of Boolean functions then this task can be
done very efficiently.

In Figure 3.1, A and dual(A) are symmetrical with respect to the symmetry axis going
through BF and Iy. For example, V; is the dual of Ey and vice versa and M is its own
dual as is D. The case of D is special insofar, as every function from D is its own dual
whereas, for example, for every function f in M, the function dual(f) is also in M without
necessarily f = dual(f).

3.3 Boolean Constraints, and Co-Clones of Boolean Relations

There are many applications in computer science where a program has to choose from
a pool of objects those which fulfill certain properties. For example, think of a database
containing the data of different cars. A user could want to see all cars which are yellow
and have a maximum speed of 200 kmh~! and have a steering wheel. So, the objects have
to satisfy a list of so-called constraints simultaneously. We want to formalize this notion
for Boolean objects and connect that notion to that of Boolean functions.

An n-ary Boolean constraint R is a subset of {0,1}"™. There are several ways to define a
Boolean constraint. One way is to explicitly list all elements of the constraint, for example
R = {(0,0,1),(0,1,0),(1,0,1),(1,1,1)}. A similar way is to define an order on {0,1}"
and describe R by setting bits in a string of length 2". The characteristic string of an
n-ary Boolean relation is a word w € {0,1}2" such that w[i + 1] = 1 if and only if
(bin, (7)[1], ..., bin,(i)[n]) € R. For example, the characteristic string of the above relation
is 01100101. However, since an n-ary Boolean constraint can contain up to 2" elements,
the above methods can be rather inefficient. Therefore, we often use Boolean functions to
describe Boolean relations in the obvious way: A Boolean function f corresponds to the
Boolean relation R if and only if R = {« : f(«a) = 1} is the set of satisfying assignments
for f. So, we can use propositional formulas and Boolean circuits to describe Boolean
relations.

We want to be able to express that several constraints hold simultaneously, as in the
car example. For that we introduce constraint formulas.
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Definition 3.9. Let T' be a set of Boolean constraints, n > 1, and Ry,..., R, €
n

ru Ui21{0,1}i be constraints of arity mq,...,my,, respectively. Let k def X m; and
let {i1,...,ix} be a set of indices that is equal to {1,...,L} for some ¢ < k. Then

def
F= Ry(z,,... s iy ) A R2($iml+1, e 7$im1+m2) A A Rn(Tip oy oysee e Tiy)
is a I'-constraint formula. F'(z;,,... ,xik) describes the constraint
{(al""?ag): (ailv"'vaiml)eRl and
(aim1+17 s 7aim1+m2) € Ry and
(aik—mn+17 e ?a’ik) S Rn}

Let CF(T) def {R: there is a I'-constraint formula F describing R}.

In this definition, all variables in constraint formulas need to be from a set {z1,..., 2z}
for some ¢. We use this definition to fix the order of the variables. In practice, when this
order is not necessary or is obvious, as in the case of z,y, z, we also use other variables.
The reason we allow the R;’s to be not only from I' but also from (J,,~,{0,1}" is that we
always want to be able to express constraints with fictive variables.

If R is described by a I'-constraint formula F', we write R = F', for simplicity. We say, a
[-constraint formula F' of arity n is satisfied by o € {0,1}" if and only if « is contained in
the relation described by F'. It is easy to see, that every constraint that can be described
by a I'-constraint formula is included in (I'). We can even show more.

Proposition 3.10. Let Q = {PE,RR, TR, FVR,N}. For every set of Boolean relations T,
CF(I' U{eq}) = [I']q holds.

Proof. Let R € CF(T') and let n > 1, and R;, my, k, ¢, {i1,...,ix}, and F be as in

Definition 3.9 and let R be described by F. All R; are in [I']q, hence T def Ryx---xR, €
[[]a (see Proposition 3.1). Let T” be derived from T by diagonalizing all variables at
positions s,t such that iy = 4;. Then there is a permutation 7 on {1,...,¢} such that
(ar(1);---sax@) € T"if and only if (ay,...,ar) € R. Therefore we can derive R from T"
using RR and TR.

On the other hand, let R € [[']q. If R € TU{eq} is n-ary, then the formula R(z1,...,zy)
describes R. Now let Ry, Rs € [['Jg be n-ary. Then RR(R;) and TR(R;) can obviously

be described by a formula in which the variables are permuted properly. FVR(R;) can be

expressed by the formula S(x1) A R(z2,...,Tp41), where § & {0,1} (remember that we

are allowed to use all full constraints {0,1}¢). Finally, Ry N Ry can be described by the
formula Ry(x1,...,2,) A Ro(21,...,2p). O

So relations that can be expressed with constraints are very close to the elements of
co-clones. Therefore CF(T") is often called the weak co-clone of T'. The differences between
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co-clone and weak co-clone are obviously due to the operators PE and PRO. The operator
PRO is the more powerful one in many contexts, since the equality of two variables can be
expressed as follows: If eq(z, y) is used in a conjunct of a constraint formula, remove it, and
replace every occurrence of y in the rest of the formula by x. The new constraint formula
describes a relation of smaller arity, so it is syntactically different, but since all tuples of the
original constraint always have the same value at positions x and y, the difference can be
neglected for most applications. Therefore we introduce existentially quantified constraint
formulas.

Definition 3.11. Let I" be a set of Boolean constraints and F(x1,...,Zn,Y1,---,Ym) be a
I'-constraint formula that describes the constraint R. Then

def
G= 3xy ... 3, F(21, .. Ty YLy - s Ym)

is an existentially quantified I'-constraint formula. It describes the relation
{(by,...,bm) : there are ay,...,a, € {0,1} such that (ay,...,an,b1,...,by) € R}.

Let EQCF(T) be the set of all relations that can be expressed by an existentially quantified
I'-constraint formula.

The (existentially quantified) constraint formulas F; and Fy are equivalent if they
describe the same relation. We write F; = Fb;

Proposition 3.12. For every set of Boolean relations T’ holds EQCF(T' U {eq}) = (I').

Proof. The inclusion from left to right follows from Proposition 3.10 and the existence of
PRO in SUPgR. For the other direction, it suffices to note that EQCF(I' U {eq}) is closed
under PRO. O

The similarities between weak Boolean co-clones and Boolean co-clones are often suf-
ficient to simplify proofs about constraints very much by utilizing properties of co-clones.
As an example, have a look at the following problems.

Problem: Constraint Satisfaction Problem, CSP(I")

Input: A T'-constraint formula F'

Question: Does the relation described by F' contain at least one element? With
other words, is F' satisfiable?

There is a well-known dichotomy theorem by T. Schaefer for the computational com-
plexity of the CSP problem [Sch78]. The claim of the theorem is that for every set of
Boolean constraints I', the problem CSP(T") is either NP-complete or in P. Schaefer char-
acterized all sets of constraints ' for which CSP(T") € P as follows. Let R be a constraint
of arity n.

— R is called a-valid for a € {0,1} if and only if (a,...,a) € R.
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— R is called Horn (anti-Horn) if and only if it can be described by a propositional for-
mula in conjunctive normal form, where every conjunction contains at most one positive
(negative) literal.

— R is called bijunctive if and only if it can be described by a propositional formula in
conjunctive normal form, where every conjunct contains at most two literals.

— R is called affine if and only if it can be described by a conjunction, where every conjunct
is a formula over .

— R is called Schaefer if R is one of the above.

A set of constraints I' is called 0-valid, 1-valid, Horn, etc., if every R € I' is O-valid,
1-valid, Horn, etc., respectively.

Theorem 3.13 ([Sch78]). If a set of Boolean constraints I' is Schaefer, then CSP(T') is
in P. In all other cases, CSP(T") is NP-complete.

The original proof of this theorem is very complicated and technical. The easier part
of the proof is to show that the CSP problem is easy for Schaefer formulas. But it is not
at all clear, why Schaefer formulas are the only ones, for which the problem is easy and to
prove so is the hard part. We will see in the following, that this task becomes easier when
making use of the structure of the Boolean co-clones. This proof is due to P. Kolaitis but
is implicit in [JCGI7, JCG99, Dal00].

For that, we define the constraint satisfaction problems for existentially quantified
constraints.

Problem: Constraint Satisfaction Problem for Existentially Quantified Con-
straints, ECSP(T")

Input: An existentially quantified I'-constraint formula F

Question: Does the relation described by F' contain at least one element? With
other words, is F' satisfiable?

In the next proposition we show that, with a little modification, the two constraint
satisfaction problems have an equivalent computational complexity. We modify the ECSP-
problem insofar, as we always allow the eqg-relation. Then we can use Proposition 3.12 and
therefore the structure of the Boolean co-clones.

Proposition 3.14. For all sets T of Boolean relations, CSP(I') =h, ECSP(T'U{eq}) holds.

Proof. The direction from left to right is obvious. For the other direction, let F' =
Jzq ... 32, G(x1,. .., Tp,Y1,---,Ym) be a quantified (I' U {eq})-constraint formula, where
G ais (I' U {eq})-constraint formula. Obviously, F' is satisfiable if and only if G is. Let
G’ be the T'-constraint formula that can be derived from G by removing every conjunct of

the form eq(x;, ;) from G and replacing every occurrence of x; in G by z;. If there are no

other conjuncts in G, let G’ def S(z), where S = {0,1}. Then G’ is satisfiable if and only

if G is. O
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So it suffices to prove Theorem 3.13 for existentially quantified constraint formulas. We
know that we can express with such formulas over a set I'U{eq} exactly the relations from
(I") which is a Boolean co-clone. We want to use the structure of the Boolean co-clones.
Since we know the structure of the lattice of Boolean clones and because of Proposition 3.6,
we know the structure of Boolean co-clones, too: It is the same with reversed inclusion

structure. For every clone A, we denote Inv(A) with IA for invariant of A and, additionally,

BR dﬁfﬂg. The structure of Boolean co-clones is given in Figure 3.4.

Let us now have a look at the Schaefer classes.

Proposition 3.15 ([CKSO01]). Let I' be a set of constraints.

1. T is a-valid if and only if I is closed under c,, the 0-ary constant function a.

2. T' is Horn if and only if it is closed under AND, and it is anti-Horn if and only if it is
closed under OR.

3. T is bigunctive if and only if it is closed under the 3-ary majority function xyVxzVyz.

4. T is affine if and only if it is closed under the linear function x &y & z.

Observe, that {c,}, {AND}, {OR}, {zy V 22 V yz}, and {z ® y ® 2} are bases of the
Boolean clones 1, Eo, Vi, Do, and Lo, respectively. Therefore the Schaefer classes are
descriptions of Boolean co-clones! They are even descriptions of dual-atoms in the lattice
L(BR). The remaining dual-atom of this lattice is INy. It contains all relations R such
that o € R if and only if @ € R, since these relations have to be closed under negation.
We call such constraints complementive. If we consult Figure 3.4, we see that every set of
constraints is contained in one of the Schaefer classes except for those which describe a
base for INy or BR. So, it remains to show that CSP(I") is NP-complete, if I describes a
base for INg or even for BR.

If T' describes a base for BR, then we can express every possible 3-ary clause as an
existential quantified constraint formula, i.e., we can express all of x VyVz, zVyVZ, ...,
T VYV Zz. Because of Proposition 3.14 and since the equality relation can be removed as
described above, we can reduce 3-SAT to CSP(I").

Let NAE-3-SAT be the problem to satisfy a 3-CNF formula such that in each clause

there is a literal that is not satisfied. Schaefer showed that this problem is NP-complete

[Sch78] in his proof of Theorem 3.13. If T" is complete for IN9, then the relation Ryae def

{0,133 —{(0,0,0), (1,1,1)} is in (") since Ryae is complementive. This relation can be used
to reduce NAE-3-SAT to CSP(I).

This finishes the alternative proof of Schaefer’s Theorem. The advantage in this ap-
proach is that we can make use of the known structure of the Boolean co-clones thus
avoiding a lot of cumbersome case-distinctions. Also, we get a better impression where the

essential parts of Schaefer’s proof lie: The upper bounds for the easy cases and the lower
bound for NAE-3-SAT.
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3.4 Minimal Bases for Boolean Co-Clones

We want to give a list of bases for the Boolean co-clones, as we did for Boolean clones in
Figure 3.2. Based on Proposition 2.2, we can check whether a set I' of Boolean relations
is a base of a co-clone A:

Algorithm 3.16. First, we test, whether I' is in A. Since we know a finite base B of
Pol(A), this can be done by checking whether every relation in I' is closed under every
function in B. Then we check whether I' is contained in a dual-atom of £(A). Finally, I'
is a base of A if and only if the first test is successful and the second is not.

We introduce a duality for Boolean relations as we did for Boolean functions, since it
will help us to find bases in a faster way.

Definition 3.17. The dual Boolean relation of the n-ary Boolean relation R is defined as
dual(R) ¥ {(@1, ..., @) : (a1,...,an) € R}.

For a set of Boolean relations T', let dual(T") def {dual(R) : R e T'}.
Let us look at some properties of duality for Boolean relations.

Proposition 3.18. Let R be a Boolean relation, let I' be a set of Boolean relations, and
let f be a Boolean function.

1. f ~ R if and only if dual(f) ~ dual(R).
2. Pol(dual(I")) = dual(Pol(I")).

Proof. The second point is immediate from the first one, which remains to prove. Let f
be m-ary and let ay,...,a, € R. Then dual(f)(aq,...,om) = f(ai,...,ay) € dual(R),
since f ~ R. This shows the direction from left to right; the other direction is true, since
dual(dual(R)) = R and dual(dual(f)) = f. 0

Therefore the symmetry, we know from L£(BF), can also be found in £(BR), and the
dual of every co-clone can be found as a mirror image with respect to the symmetry axis
going through BR and IBF in Figure 3.4. Furthermore, we need to find only bases for “one
half” of the lattice, since the other half can be derived by duality.

Proposition 3.19. IfI'; and I'y are bases for co-clones B1 and Bo, then I'1 UT's is a base
of the join C def (B1 U Bs) of By and Bs.

Proof. Obviously, I'y UT'y C C'. Therefore either A def (I'yUT9) = C or A is a sub-co-clone
of C'. Since there is a relation in I'y that is not in I's and vice versa, A is a co-clone
containing both, B; and By, i.e., B1 C A and By C A. Therefore A # C is a contradiction
to the minimality of C. g
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This enables us to derive bases for all co-clones from the bases of just a few ones. We
define some special relations for m,n € N.

OR™ ' {(a1,...,am) € {0,1}™ : S 1a; > 0} = {0,1}™ — {(0,...,0)}
AND™ ¥ {(a1,... am) € {0,1}™ : 2™ a; = m} = {(1,...,1)}

NOR™ df {(at,...,am) €{0,1}™ : 3" 1a;, =0} = {(0,...,0)}

NAND™ ' {(a1,...,am) € {0,1}™ : £ 1a; # m} = {0,1}™ — {(0,...,0)}
n-IN-m = {(a1,...,an) € {0,1}" : X" a; =n}
EVEN™ & g )

ODD™ = {(a1,...,am) €{0,1}™ : X" a; is odd}
NAE™ ¥ (0, 13™ - {(0,...,0),(1,...,1)}

a,...,am) € {0,1}™ : " a; is even}

Furthermore, we define the relation

DUP = {0,1}* - {(0,1,0),(1,0,1)}
Proposition 3.20. Let m > 2.

(OR™) = ISV

<:L’> = IRl

(roy) = 1D

(EVENY) = 1IL

(x—y) = IM

(DUP) IN

(xvyvz) = 1V

Proof. Let f be a k-ary Boolean function. First, let f € IS®. By definition, if ay, ..., a4y, €
F7H{0}) then {a1,...,am} € {0,111 x {0} x {0,1}*~% for some i. This is the same as
saying that if f(a1[1],...,a1[k]) =0, f(ae[l],...,a2[k]) =0, ..., f(am,[1],...,am[k]) =0
then there is some ¢ such that (aq[i], a2[i], ..., anli]) = (0,0,...,0). Hence, f ~ OR™.

Now, let f ¢ ISZ*. Then there are o, ..., a, € {0,1}* such that for all 4 € {1,...,m}
we have f(a;) =0 and for all j € {1,...,k} thereis ani € {1,...,m} such that «;[j] = 1.
Since {(a[i], a2[i], ..., anli]) : 1 <i <k} C OR™, we have f ¢ OR™.

The remaining points can easily be verified using Algorithm 3.16. |
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These basic cases suffice to find bases for all Boolean co-clones, using duality and
Proposition 3.19, using Figure 3.4. In Figure 3.5 we indicate in the third column how the
base could be derived from the above basic ones.

This systematic approach yields quite complicated bases for some co-clones as, e.g., the
important ones INs and BR. So we additionally give at least one base of minimal order
for each co-clone. That these are in fact bases can be verified using Algorithm 3.16.

To determine the order of a co-clone, we proceed as follows. First, note that (#) = IBF,
(x) = IRy, (T) = IRy, and (z,7) = IR). Since we have thus identified all co-clones that
have order of at most one, every other co-clone has to have an order of at least two. The
next proposition tells us something about the nature of co-clones of order two.

Proposition 3.21. If A is not a sub-co-clone of IDo, and I' is a set of relations containing
Just relations with arity less then 3, then (I') # A.

Proof. We know from Proposition 3.15 that exactly the bijunctive relations are closed
under {zyVzzVyz}, which is a base of Dg. Hence ID9 coincides with the class of relations
that are bijunctive and can hence be expressed by 2-CNF formulas. Every 2-ary relation
can be expressed by such a formula and if A had a base with just relations of arity 2 or
less, then A C ID5y would hold, which is a contradiction. 0

Hence every non-bijunctive co-clone has order greater than two. It turns out, that we
find a base of order three for nearly all of them. Propositions 3.22 and 3.23 deal with the
remaining cases.

Proposition 3.22. The order of IL and IL3 is 4.

Proof. Observe, that {EVEN*} is a base for IL, and {ODD*} is a base for TL3. Therefore
4 is an upper bound for the orders of IL and IL3. Since all 2-ary relations are bijunctive,
it suffices to show in the case of IL that all 3-ary relations in IL are also in IBF and in
the case of IL3 that all 3-ary relations in IL3 are in ID. This is an easy exercise, since we
have to check only a small number of relations: If R € IL3, then R is complementive and
affine. Since R is complementive, one half of the possible elements of R is determined by
the other half. Hence we have to check the constraints with the following characteristic
strings:

0000 0000
0001 1000
0010 0100

1110 0111

1111 1111

Using Algorithm 3.16 we can see that all these constraints are in IBF or ID which are both
bijunctive co-clones. O
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Co-Clone O. Remark Base(s)

BR 3 ILUIMUIR» {EVEN* 2z — y,z,7}, {1-IN-3} {z — (y® 2)}

I, 3 ILUIMUIR, {EVENYz — y,z} {zV (z @ 2)}

1Ty 3 ILUIMUIRy, {EVEN* z — y, 7} ,{DUP,z — y}

11 3 ILUIM {EVEN* z — ¢}

N, 3 INUIL; {DUP,EVEN®, z @ y}, (NAE®}

IN 3 {DUP}

1E, 3 dual of TV, {ZTVYVz T}

IEo 3 dual of IV, {ZVyVzT}

IE, 3 dual of IVg {ZVyVzua}

IE 3 dual of IV {TVvyVz}

IV, 3 IV UIRe {xVyVzz7T}

IV, 3 IVUIR, {zVvyVzz}

Vo 3 IV UIRg {zxVyVzT}

v 3 {xVvyVz}

L3 4 ILUID {EVEN* z & y} ,{ODD*}

1L, 3 IL UIR» {EVEN? z,7} , every {EVEN", {(1)}}, n > 3 is odd

IL; 3 ILUIR, {EVEN?, 2z} ,{ODD"}

Lo 3 ILUIRe {EVEN* 7} ,{EVEN®}

IL 4 {EVEN*}

ID2 2 ID U IM {z®y,x — y} {2y VTyz}

1D, 2 ID UIR, {zx @ y,x}, every R € {{(a1,a2,a3), (b1,b2,b3)} |
Jc € {1,2} such that ¥3_,a; = 33_1b; = ¢}

1D 2 {zdy}

IS0 oo dual of ISgg {NAND™ | m > 2} U{z, T,z — y}

1STh m  dual of ISG {NAND™,z,Z,z — y}

IS1: oo dual of ISp; {NAND™ |m > 2} U{z — y}

ISTY m  dual of ISg} {NAND™,z — y}

IS:12 oo dual of ISg2 {NAND™ | m > 2} U {z,T}

IST m  dual of IS5 {NAND™, z,Z}

ISoo oo ISoUIR,UIM {OR™ |m >2}U{z, T,z — y}

1S05 m ISCUIR,UIM {OR™, 2,7,z — y}

ISo1 oo ISoUIM {OR™ |m > 2} U{zx — y}

1Soh m  IS§' UIM {OR™,z — y}

ISo2 o0 ISo UIRs {ORm | m > 2} @] {I,f}

IS m ISt NIR, {OR™, 2,7}

IS: oo dual of ISg {NAND™ | m > 2}

ISo 00 UmZQISS” {ORm | m > 2}

IST* m  dual of ISy® {NAND™}

IS m {OR™}

M 2 IMUIR; {z—y,2.7 {z—yz=09}, {a¥A (u—v)}

M, 2 IMUIRg {z —y,Z} {TA(y— 2)}

M, 2 IMUIR, {z —y,z} {zA(y—2)}

M 2 {zx —y}

IR» 1 IRy U IR {z,z} {27}

IRl 1 {I}

IRo 1 dual of IR {7}

TBF 0 {eal, (0]

Fig. 3.5: Bases for all Boolean co-clones
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Proposition 3.23. Forn > 2 and a € {0,1}, the orders of IS}, 1S}, ISy, and IS], are
n.

Proof. Tt suffices to show the claim for a = 1, because the case a = 0 follows by duality. We
define hy(z1,...,Tnt1) def \/?jl]L TYANTg N ANxi—1 Axig1 A+ AZpy1 to be the n 4 l-ary
function that maps inputs to 1 if and only if at least n of the inputs are set to 1 (so hy, is
the function version of n-IN-(n + 1)). We show that, for 2 < m < n, every m-ary relation
that is closed under h,, is already closed under h,_1. From this follows that if a relation
of arity less than n is in IS} then it is in fact already included in IS’f—l since for all n > 2
the set {z A, hy} is a base for the clone S}.

Let R be a relation with arity m where 2 < m < n that is closed under h,, and

suppose it were not closed under h,_i. Then there are aq,...,a, € R such that § def

. def
Bp_i(oq,...,an) ¢ R.Fori € {1,...,n}, let Bi = hy(aq,..., 01, i, Qg1 ..., 0).

Since h, preserves R, all of the 3; are in R and therefore for all of them holds 3; # 4.
We have a look at the coordinates of ;. For that let k € {1,...,m}. If a;[k] = 1, then
Bilk] = d[k]. If oy[k] = 0 and there is a j # i such that a;[k] = 0 then again (;[k] = 6[k].
But if a;[k] = 0 and «o[k] =1 for all j # i, then 3;[k] = 0 and d[k] = 1.

So, if §;[k] differs from 0[k] then «;[k] = 0 and «;[k] = 1 for all j # i. Therefore for all
J # i we have (3;[k] = d[k]. Following the pigeon hole principle, there has to be a j such
that 3; = ¢, which is a contradiction.

The proofs for IST,, IST;, and IS}, are analogous. 0

Corollary 3.24. There is no finite set of constraints I' such that
(T") € {IS0,1S1,1S00, IS01, IS02, IS10, IS11, IS12}.
Proof. Follows from Proposition 2.1, since £((I')) is not dual-atomar. 0

Finally, note that for every co-clone for which there is a finite base, there is a base that
contains just one relation.

Proposition 3.25. Let I' = {Ry,Rs,..., R} be a base of a co-clone A. Then R def
{R1 X Ry X --+ X R} is a base of A.

Proof. Obviously, R is closed under all functions from Pol(A), so R € A. Using permutation
of variables and projection, we can derive from R all R; for 1 < i < k, so all relations of
A can be generated. O
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4. Complexity Classifications for Problems on the Boolean
Domain

Among the most important problems in complexity theory are the satisfiability problems
for propositional formulas SAT and Boolean circuits CSAT. The proof by S. Cook [CooT1]
of the NP-completeness of the CSAT problem is established by building a circuit that simu-
lates the computation of a polynomial-time bounded Turing machine. In 1979, H. R. Lewis
[Lew79] made the observation that these circuits do not need to be built over a complete
set of Boolean functions. He showed that NP-completeness of CSAT can be proven with
circuits over a set of Boolean functions B if and only if the function x Ay can be expressed
with a circuit over B. In 1999, S. Reith and K. Wagner published a connection of Lewis’s
result with universal algebra [RW00, Rei01]: The set {z A 7} is a base of the clone S; and
for Si-circuits, i.e., circuits that are built over a set of Boolean functions B with [B] = Sy,
the satisfiability problem is NP-hard, already. It is not too difficult to see, that for all other
circuits the respective CSAT-problem is in P. For example, if the circuits are build over a
set of functions that is complete for a sub-clone of Ry, then every function described by
such a circuit is 1-reproducing and hence satisfiable.

In this chapter we study the complexity of similar problems. We give a formal definition
of CSAT.

Problem:  Circuit Satisfiability Problem for B-Circuits, CSAT(B)
Input: A B circuit C with arity n for some n € N
Question: Is there an a € {0,1}" such that C(«a) = 17

Theorem 4.1 ([Lew79, RWO00]). If B is a set of Boolean functions such that S1 C [B],
then CSAT(B) is NP-complete otherwise CSAT(B) € P.

4.1 Satisfiability with Exceptions

As mentioned, CSAT(B) is trivial if [B] C R;. However, the tractability rests on just one
tuple: If we would ask whether there is an « # (1,...,1) that satisfies such a B-circuit, it
is not at all clear that this problem would be easy. We define a more general version that
can be difficult even so a circuit is obviously satisfiable by a finite number of assignments.

Problem:  Circuit Satisfiability Problem with Selected Exceptions, SelectSAT(B)
Input: A B-circuit C of arity n and tuples aq,...,q;, (m >0)
Question: 1Is there a § € {0,1}" — {aq, ..., } such that C(8) =17
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The following theorem shows that the situation does not change much: The normal
B-circuit satisfiability problem is NP-complete if and only if S; C [B], whereas the prob-
lem SelectSAT(B) is NP-complete if and only if S12 C [B]. Therefore the tractability of
CSAT(B) if B C Ry does not solely depend on the fact that B is 1-reproducing.

Theorem 4.2. Let B C BF be a set of Boolean functions. If S12 C [B] then SelectSAT(B)
is NP-complete. In all other cases SelectSAT(B) € P.

Proof. For that, we need a restricted version of SelectSAT(B):

Problem: SAT*(B)
Input: A B-circuit C' with arity n > 0
Question: Is there an a € {0,1}™ — {(1,...,1)} such that C(a) =17

Claim 4.3. If S;» C [B] then SAT*(B) is NP-hard.

Proof: Looking at Figure 3.1, we see that [Si2 U {¢p}] = Si, hence with Theorem 4.1,
CSAT(S12 U{cp}) is NP-complete. We will now reduce CSAT(S12 U {cp}) to SAT*(S12).
Given a (B U {cp})-circuit C' on variables {x1,...,x,}, we use a new variable z as a
replacement for the constant cg. Thus we obtain an Sis-circuit C’ that behaves as C' does,
for all inputs that set x to 0. Observe, that the Boolean function = A (y V z) belongs to
S12. Therefore we can build an Sqs-circuit C which is equivalent to

C'(x1,...,xn,x) A\ (25 V T)

<.

=1

and that is at most polynomially larger than C’. Observe that C has a satisfying assignment
if and only if there is an input different from (1,..., 1) that makes C output 1. We conclude
that SAT*(S12) is NP-hard. O

Now, let S12 C [B]. We easily reduce SAT*(S;2) to SelectSAT(B), because SAT*(B) is a
restriction of SelectSAT(B). It remains to prove that in all remaining cases, i.e., if BC A
for an A € {M,S3,D,L}, then SelectSAT(B) is in P.

If B C M, then for every satisfying assignment « of a B-circuit C holds that all 3 with
B > « are also satisfying. We use this in the following polynomial-time algorithm that
decides for a SelectSAT(B) instance (C, a, ..., ax) whether C has a satisfying assignment
besides ay, ..., a:

function sSAT(C, aq,...,ax)
return sSATbelow(1™,C,aq,...,aL)

function sSATbelow((3,C, aq,...,a)
if C(8) =1 then
if 8¢ {a,...,qr} return true
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else
go through all v € {0,1}" with hamming-distance(/3,7)=1 and v < f3
if (sSATbelow(v,C,ai,...,qx) = true) return true
return false

Fig. 4.1: An example of possible assignments for a 3-ary Boolean function (boxes) together with possible
function values of a monotonic function (circles). Since all satisfying assignments are grouped in the “upper”
part of the lattice, due to the monotonicity of the function, a constant number of satisfying assignments

can be found very fast. The dotted line illustrates a possible search path of the algorithm.

See Figure 4.1 for an example of the work of the algorithm. Remember, that v < 3 if
and only if 7 is coordinate-wise less than or equal to 8. The first if-block in sSATbelow is
reached only if 3 is a satisfying assignment and for every 3 there are at most n assignments
~ that are smaller than # and have hamming-distance 1. So, if C' has ¢ < k satisfying
assignments, the algorithm needs no more than c-n calls to sSATbelow to find all of them
and to verify that there are no further satisfying assignments. If there are more than k
satisfying assignments, the algorithm will stop accepting after no more than k-n +1 calls
to sSATbelow.

If B C L, we can use the linear normal form ¢y & @], ¢;x;, which exists for every
linear Boolean function and can be found quickly, to solve SelectSAT(B) efficiently.

If B C D then all B circuits are trivially satisfiable, since for every assignment «
fla) # f(a@), if f is self-dual.

Finally, if B C S% then each n-ary B-circuit has at least 2"~! satisfying assignments:
No 0-separating set M C {0,1}" of degree 2 can contain o and a. O
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4.2 Frozen Variables

An important aspect in connection with satisfiability is that of frozen variables. A variable
of a satisfiable Boolean circuit is frozen if it has the same value in every assignment that
is satisfying for the circuit. The problem of frozen variables is of importance in all areas,
where large amounts of data have to be stored, as for example, in databases. If there is an
attribute that takes the same value for all objects stored in a database, then this attribute
is redundant and can be removed.

A. Krokhin and P. Jonsson examined the complexity of the problem of finding frozen
variables in constraint satisfaction problems [JK04]. They show that the problem for gen-
eral constraint satisfaction problems is complete for the complexity class DP. We examine
variations of this problem for Boolean circuits. First, let us give an exact definition of a
frozen variable.

Definition 4.4. Let C' be a Boolean circuit with variables x1,...,x, and let 1 < i < n.
The variable x; is a frozen variable of C if and only if

#{ali] : a € {0,1}" and C(a) =1} = 1.

With other words, x; is a frozen variable of C if and only if C' is satisfiable and there
is an a € {0,1} such that for every o with C(a) = 1 holds afi] = a. TV C {x1,..., 2.}
then V' is frozen in C if and only if every x € V is a frozen variable of C'.

Problem: Frozen Variables Problem for Boolean Circuits, FV(B)
Input: A B-circuit C' with input variables V, and V/ C V
Question: 1Is V' frozen in C?

Note, that the frozen variables problem is a generalization of the well-known unique
satisfiability problem. We define this problem for B-circuits.

Problem: Unique Satisfiability Problem for B-circuits, UNIQUE-SAT(B)
Input: A B-circuit C' over the set of variables V
Question: Is V frozen in C| i.e., does C' have exactly one satisfying assignment?

It is rather obvious, that UNIQUE-SAT(BF) is in DP: An n-ary circuit C is in
UNIQUE-SAT(BF) if and only if

1. there is an « € {0,1}" such that C(a) =1 and

2. for all a1, g € {0,1}™ holds: If C(a;) = C(az) = 1 then a3 = ao. (4-1)

Then 1. is an NP condition and 2. is a coNP-condition. However, there is an oracle
against UNIQUE-SAT(BF) being DP-complete [BG82].

Instead of testing whether all of the variables of a given set are frozen in a Boolean
circuit, we could also ask whether there is such a variable at all. This is the idea of the
following, existential version of the frozen variable problem.
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Problem: The Existential Frozen Variable Problem for B-circuits, 3FV(B)
Input: A B-circuit C'
Question: Is there a frozen variable in C'7

Per definition, a variable can only be frozen in a circuit C, if that circuit can be satisfied.
This adds a lot to the complexity of the frozen variable problem. If our main motivation is
to just find frozen variables without caring whether the given circuit is actually satisfiable,
we are interested in the following additional problem.

Problem: The Auditing Problem for B-Circuits, AUDIT(B)
Input: A B-circuit C
Question: Does C have a frozen variable or is C' unsatisfiable?

The goal of this section is to classify the complexity of all these problems with respect
to all possible clones B. Let us begin with some upper bounds.

Proposition 4.5. For every set B of Boolean functions holds

1. FV(B) is in DP.

2. AUDIT(B) is in coNP.

3. 3FV(B) is in DP.

J. UNIQUE-SAT(B) is in DP.

Proof. Let C be an n-ary B-circuit over a set of variables V and let V' C V. For the first
point, note that V' is frozen in C if and only if

1. C is satisfiable and
2. for all ag, a1 € {0,1}" holds that if C(ag) = C(a1) =1 then for all i with z; € V' we
have ay[i] = aq]i].

The first condition is in NP and the second one is in coNP, hence FV(B) is in DP. For the
second point note that C' € AUDIT(B) if and only if there are a1, f1,. .., an, By € {0,1}"
such that C(«a;) = C(6;) = 1 and «;[i] # 5;]i] for 1 <+ < n. This is an NP-condition.
The third point follows, since 3FV(B) is a conjunction of AUDIT(B) and CSAT(B).
We already saw the fourth point in (4.1). 0

Therefore, we have upper bounds for our problems. Let us now search for lower bounds,
and start with FV(B) and 3FV(B).

Lemma 4.6. Let B C BF be a set of Boolean functions. If D1 C [B] C D or Spe C [B] C
Ri1, then 3FV(B) and FV(B) are coNP-complete.

Proof. Observe that for all B that satisfy the conditions above all B-circuits are trivially
satisfiable. Therefore the only difficulty that remains is to test whether there are frozen
variables, and hence FV(B) and 3FV(B) are in coNP.

Let Sp2 C [B] € Ry. We will reduce CSAT(Rg) to 3FV(B) and FV(B). This gives the
needed coNP-hardness, since CSAT(Ry) is coNP-complete, see Theorem 4.1. For that let C
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be an Ro-circuit over {xV (y AZ),0}, which is a base of Ry. We build a new circuit C’ from
C by taking a variable x that does not occur in C' and by replacing every occurrence of 0
in C with . Then C'V x is a Spe-circuit, because {OR,z V (y AZ)} C [Soz2] (see Figure 3.2:
OR € Vo C Sp2 and x V (y A Z) is a base of Sgz). Since C’ V x can be satisfied by every
assignment that sets x to 1, the only possibly frozen variable in C’V z is x. Furthermore,
x is a frozen variable in C’ V z if and only if C is not satisfiable.

Now let D; C [B] € D. We will reduce the coNP-complete problem EQ(D1) [Rei03] to
JFV(B) and FV(B). For a clone B, this problem is defined as follows:

Problem:  Circuit Equivalence Problem for B-circuits, EQ(B)
Input: Two B-circuits C7 and Cs
Question: Do C7 and Cy describe the same Boolean function?

Let C7 and C5 be two n-ary Dq-circuits. Let x be a variable that occurs neitherin C'; nor
in Cy and let C’ def @ Cy @ Cy. Since z @ y @ z is a function in Ly C Dy (see Figures
3.1, 3.2), C' is a Dy-circuit. Note that C"(x,y,2) = zy V xz V yz is a Di-circuit, too. The
reduction g works as follows:

def [ C" ,if C1(0™) # Co(0™) or C1(17) # Ca(17)
9(C1, o) = { C'" otherwise

We claim that C1 = Cs holds if and only if g(Cy,C2) € 3FV(Dy) if and only if (g(C1, Cy),
{z}) € FV(B). For that let C; = Cy. Then ¢(C1,Cs) = C’. Since C1 & Cy = 0 the
circuit C’ is satisfied if and only if x is satisfied. Thus z is a frozen variable and therefore
g9(C1,Cs) € AFV(B) and (g(C1,C3),{x}) € FV(B).

On the other hand, if C; # C5 then we have two cases. If C1(0™) # C2(0™) or C1(17™) #
C(1™) then g(Cy,Cy) = C”, which is a circuit without frozen variables. If C';(0™) = Cy(0™)
and C1(1") = C(1™) then g(C1,C3) = C’. Since C7 # Oy, there is an assignment « €
{0,1}" such that C1(a) # Cy(«). Therefore 1 = 06 C1 (o) DCo(a) = 1B C1(0™") B C(0™) =
1® C1(1™) ® C5(1™) and there is no frozen variable in C’. O

For the next theorem, we need the following standard argument about how to build
DP-complete sets from NP-complete sets.

Lemma 4.7. Let ¥ be a finite alphabet. If A C ¥* is NP-complete, then the set dp(A) def

(A X Z)A(Z* x A) is DP-complete.

Proof. Since both, (Ax3*) and (X*x A) are in NP, the set dp(A) is in DP by the definition

of DP. Let B = CAD be in DP where C, D € NP. Since A is NP-complete, there are

functions f, g € FP that reduce C to A and D to A, respectively. Let h(zx,y) e (f(z),9(y))-

Then h € FP and for all (x,y) holds (z,y) € B if and only if h((z,y)) € A. So dp(4) is
DP-complete. U
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Theorem 4.8. Let B C BF be a set of Boolean functions.

1. If BCL, BCM, or[B] =812 then 3FV(B) is in P,
2. AFV(Sy) is NP-complete,

3. if S1 C [B] then 3FV(B) is DP-complete,

4. and in all other cases AFV(B) is coNP-complete.

Proof. 1. If B C L then in a B-circuit there is a frozen variable if and only if exactly one

of the variables of its linear normal form has a coefficient of 1.
Let B C M and let C(x1,...,z,) be a B-circuit. The variable x; is frozen if and only if
C is satisfiable and C(;) = 0 for f3; e i-1g1ni, If C(B;) = 0, then C(«) = 0 for every
tuple a € {0,1}"1 x0x {0,1}"¢, since a < B; and C is monotonic. Hence z; is frozen.
On the other hand, if C'(3;) = 1, then z; is not a frozen variable, because C'(1") = 1.
Moreover, the satisfiability of a monotonic C' can be easily tested by computing C(1™).
If B =S5 = Ry NSy then every B-circuit C is satisfiable and has a frozen variable
because C' is 1-separating.

2. Note, that an Si-circuit has a frozen variable if and only if it is satisfiable. Therefore,
JFV(S;) = CSAT(S;) and the claim is proved with Theorem 4.1.

3. Let B be such that S; C [B]. Since CSAT(S;) is NP-complete (Theorem 4.1) the
set dp(CSAT(S1)) is DP complete, due to Lemma 4.7. We reduce dp(CSAT(S1)) to
IFV(B). For k > 2, let hy be the Boolean function such that hy(x1,...,zr +1) =1
if and only if ¥¥*!a; > n. Since S; C B, there is a k > 2 such that hy is in [B] (see
Figures 3.2 and 3.1). For a pair of S;-circuits C] and C), which are m— and n—ary
respectively, let Cy (Cy, resp.) be the polynomial-time computable B-circuit, which is

equivalent to C} (C%, resp.). Now define C def hi(Cy,Co,21,...,25_1), where each x;
is a variable neither occurring in C'1 nor in Cy. Clearly C can be encoded as a B-circuit
of polynomial size with respect to |C]| + |C5|. Next we show that this transformation
gives the needed reduction.

If ¢, CY) € CSAT(S;) then there are assignments a € {0,1}™ and 8 € {0,1}" such that
C1(a) = Co(B) = 1. Then none of the variables of C is frozen, since C(y31%¥71) =1
for all v € {0,1}™. The same argumentation holds for all variables in C. Furthermore
for all 1 < i < k — 1 it holds that z; is not frozen in C, since C(aB1:7101F~"1) =
C(aplk—1) =1.

If C1,C% € CSAT(S;), then C is not satisfiable and therefore has no frozen variables.
So let without loss of generality C; € CSAT(S;) and Cy € CSAT(S;). Then C =
Ci ANx1 A--- Nxp_1 and obviously at least all of the x;’s are frozen.

4. If D; C [B] € D or See C [B] C Ry, then 3FV(B) is coNP-complete because of
Lemma 4.6. The only remaining case is Si2 C [B] C Ra. Then B-circuits are trivially
satisfiable and therefore 3FV(B) € coNP. The proof of the lower bound is similar to
Case 3, but this time the reduction starts with SAT*(S;2), which is coNP-complete
(see proof of Theorem 4.2). Since S12 C [B] there is a k > 2 such that hy is in [B]. Let
C(z1,...xy) be an Sqa-circuit and let
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def n
D(.'Ifl, o Ty Yy e e 7yk) = hk(C(JIl, cee 7xn)ayl7 o 7yk) A ((/\f:l yl) \ _‘(/\jzl mn))v

where all the y; are variables not already occurring in C'. Observe that D can be
encoded as B-circuit, because {AND,z A (y V Z)} C S12 C [B].
If C € SAT*(S12) then D is satisfiable only by setting y; to 1 for all 1 < i < k, hence
all y; are frozen.
On the other hand, if there is an o € {0,1}" such that o # (1,...,1) and C(a) =1
then none of the x;’s is frozen (1 < ¢ < n), since D can be satisfied by just setting all
the y;’s to 1. Furthermore, for each j € {1,...,k} holds D(a1/7101*77) = D(al*) =1,
hence none of the y;’s is frozen.

ad

Figure 4.2 gives an overview of Theorem 4.8. So, some interesting properties of Boolean
circuits are natural to some Boolean clones: 1-separating functions have a frozen variable
if and only if they are satisfiable which makes their complexity-classification especially
easy. This is a good example, that it is worth our while to study the algebraic structure
of objects in order to gain knowledge about problems that are based on them.

Since we require instances of FV(S1) to have a whole set of frozen variables, which may
not even contain the one which is guaranteed to be frozen, the 1-separability cannot help
us in this case.

Theorem 4.9. Let B C BF be a set of Boolean functions.

1. If BC M or B C L, then FV(B) is tractable,
2. else if Sy C [B], then FV(B) is DP-complete,
3. else FV(B) is coNP-complete.

Proof. If B C M or B C L, then the argumentation from Theorem 4.8 holds. Furthermore,
we have seen in Lemma 4.6 that if D; C [B] € D or Sp2 C [B] C Ry, then FV(B) is
coNP-complete.

Hence, the coNP-hardness of FV(B) for B such that Sia C [B] and the DP-hardness of
FV(B) for all B such that S; C [B] remains to be proven. We reduce FV(R1) to FV(S12)
(FV(BF), which is DP-complete [JK04], to FV(S1), resp.). For that, let C be a circuit over
the Ry-complete basis {z A (y V Z),1} (over the complete basis {x A7, 1}, resp.) and let
V be the set of variables used in C. Build a circuit C’ by taking a variable x that is not
contained in C' and replace every occurrence of 1 in C' by 2. Then C’' Az is an Sia-circuit (an
Si-circuit, resp.), which can only be satisfied by assignments that set x to 1. For all these
assignments, C’ A z is satisfied if and only if C is satisfied. Therefore (C,V) € FV(R;)
((C,V) € FV(BF), resp.) if and only if (C’' Az, V) € FV(S12) ((C' A z,V) € FV(Sy),
resp.). 0

Figure 4.3 gives an overview for Theorem 4.9. After what we have seen so far, the following
result is the expected one, since AUDIT(B) is an easier variant of 3FV(B) where we leave
away the NP-complete question of whether a circuit is satisfiable.
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Fig. 4.2: The Complexity of 3FV(B).
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Fig. 4.3: The Complexity of FV(B).
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Fig. 4.4: The Complexity of AUDIT(B).
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Fig. 4.5: The Complexity of UNIQUE-SAT(B).
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Theorem 4.10. Let B C BF be a set of Boolean functions.

1. If BCM or BCL or BC Sy, then AUDIT(B) is tractable.
2. In all other cases, AUDIT(B) is coNP-complete.

Proof. First, observe that if CSAT(B) € P, then AUDIT(B) =5, 3FV(B).

1. Since CSAT(B) € P if [B] C L or [B] € M (see Theorem 4.1), the claim for such
B follows from the above observation and Theorem 4.8. If B C Sy, it is either not
satisfiable or has always a frozen variable.

2. If B C Ry or B C D, every B-circuit is trivially satisfiable. Hence, we can use the above
observation and Theorem 4.8, again. It remains to show that AUDIT(B) is coNP-hard
if S; C [B]. We will reduce CSAT(S;), which is coNP-hard (see Theorem 4.1), to
AUDIT(B). The proof runs along the same lines as in Theorem 4.8. Take an S;-circuit

C’ and let C be a B-circuit with is equivalent to C’. Since S; C [B] there is an

hi € [B] for some k > 2. Define C” def hi(C,z1,...,z), where z; is a variable not

occurring in C' (1 < i < k). If C’ is not satisfiable, x; is frozen (1 < i < k). If C' is
satisfiable by an assignment « none of the variables in C’ is frozen, since C’ can be
satisfied by setting all the z;’s to 1. Furthermore z; is not frozen for 1 < i < k, because
C'(al™101%7%) = C'(al*) = 1.

ad

Figure 4.4 gives an overview for Theorem 4.10. Hence, we still have to classify the
UNIQUE-SAT(B)-problem.

Theorem 4.11. Let B C BF be a set of Boolean functions.

1. IfS; C [B], then UNIQUE-SAT(B) =% UNIQUE-SAT(BF)
2. else if S1a2 C [B] C Ry, then UNIQUE-SAT(B) is coNP-complete
3. else UNIQUE-SAT(B) is tractable.

Proof. 1. Trivially UNIQUE-SAT(B) <f, UNIQUE-SAT(BF) holds. Now let C' be a
Boolean circuit over the complete base {z A7, 1}, let x be a variable not occurring in
C, let C” be an S;-circuit that is derived from C by replacing every occurrence of 1 in
C by z, and let C’ o n g, Observe, that C’ is an Si-circuit with the same number
of satisfying assignments as C'.

2. If B C Ry, we have UNIQUE-SAT(B) <}, SAT*(B) <h SelectSAT(B). So, since for
all B C Ry holds UNIQUE-SAT(B) € coNP, the coNP-completeness for all B with
S12 C [B] C R; follows by Theorem 4.2.

3. For all B C S(Q) or B C D the claim holds because every n-ary function from B has
at least 277! satisfying assignments. If B C M, then an n-ary B-circuit has more
than one satisfying assignment if and only if there is an i € {1,...,n} such that
C(1"7101"7%) = 1. If B C L, then the number of satisfying assignments for every
B-circuit can easily be determined using its linear normal form.

O

Figure 4.5 gives an overview for Theorem 4.11
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4.3 Quantified Boolean Constraint Satisfaction with Bounded
Alternations

In the last sections we classified of the complexity of different problems over Boolean
circuits with respect to the Boolean functions that occur in their gates. We made heavy
use of the Boolean clones and were thus able to give short and simple proofs. In this
section we have a look at a problem from the world of Boolean constraints. Recently,
E. Hemaspaandra studied the complexity of satisfiability of certain constraint formulas
with quantifiers where the number of alternations between the quantifiers is bounded by
a constant [HemO04]. She gave a full classification for these problems with respect to the
types of constraints that are allowed in the constraint formulas.

In this section, we reproof the results of Hemaspaandra. However, we will make use of
the structure of Boolean co-clones which will simplify the proofs considerably.

Definition 4.12. Let T be a set of Boolean constraints and let F(x1,...,x,) € CF(T"). Let

Q1,-..,Qy be quantifiers from {3,V}. We call G def Q121Q2xs . .. Qnr, F afully quantified
I-formula. Let k be the number of quantifier alternations in G. We call G a X (T")-formula
if Q1 = 3 and a I (T')-formula otherwise.

We call G a Z(T)-formula if either k is odd and G is a Xi(T")-formula or k is even and
G is a Uy (T)-formula. With other words, G is a Zi(I") formula if it is a fully quantified
I'-formula with k alternations of quantifiers and the rightmost quantifier is 3.

Definition 4.13. For every k € N, and every finite set of Boolean relations ', we define
the following problem.

Problem:  Quantified Boolean Constraint Satisfaction Problem, QSAT(T)
Input: A fully quantified Z(T")-formula ¢
Question: Is ¢ true?

Why are we interested in =i (I") formulas, of all things? Since in Z;(I")-formulas the
rightmost quantifier is always an existential one, a Z(I")-formula is in fact a quantified
EQCF(I")-formula. We have seen in Section 3.3 that there is a strong connection between
this type of formulas and Boolean co-clones that we can use here. We remark, that the
result of Hemaspaandra is over the same type of constraint formulas (although her defini-
tion differs). She also makes use of Schaefer’s classification of Boolean constraints, which
we have seen to be implied by Boolean co-clones. So, Hemaspaandra makes use of some

universal algebra in her paper, without explicitly stating it. In the following, let = def =p

if k£ is odd and =} def 11}, otherwise.
In order to utilize the co-clone structure of £(BR), we have to establish a link between
the lattice and QSAT,(T).

Lemma 4.14. Let T'y and T'y be sets of relations over {0,1} such that T'y is finite and
(T'1) C(T'9). Then for all k > 1 we have QSAT(T'1) <h QSAT.(Ts).
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Proof. The idea of the reduction is to replace every occurrence of a relation from I'; with
an existential quantified constraint formula over I's.

According to Proposition 3.12, we can express relations from I'; using relations from I'y
plus existential quantifiers and the eq-relation. For every =i (I'1)-formula F' an equivalent
Ek(T2 U {eq})-formula F’ can be computed in polynomial time:

Let F = Q1 - - - Qi G, where G is in CF(T'1). Then there is a formula 3y, - - - Jy,G’ €
EQCF(I's) where ¢ € N and y1,...,y; are new variables and that formula describes the
same relation as G. We can compute this new formula in polynomial time, since we can
replace every atomar relation in G' by an existential quantified formula from EQCF(I's).
Then F’ def Q171 - - QY1 - - - FypeG’ describes the same relation as F and is in Z(Ty U
fea}).

Now, F’ may contain eq-constraints, which we have to remove in the case that
eq ¢ I'y. To do this, we go through all maximal sets of variables {z1,...,z,} such that
eq(r1,x2),eq(r2,x3), ..., eq(rp_1,x,) are clauses of F’. Observe, that we can identify these
sets in polynomial time: This is as difficult as finding the connected parts in an undirected
graph. For each of these sets, we do the following.

Case 1. There exist 4, j € {1,...,n} such that ; and x; are both universally quantified.
Then F” is true if and only if Va,;Vaeq(x;, x;) is true, i.e., F’ is false.

Case 2. All variables x; of the set are existentially quantified. In this case we replace
all variables in {x1,...,z,} with x; and delete the corresponding equality constraints
and the quantifiers for o, ..., z,. The resulting formula is equivalent to F’.

Case 3. There is an ¢ € {1,...,n} such that x; is universally quantified and z; is
existentially quantified for all j € {1,...,n} — {i}. If there is such a j such that z; is
quantified before z;, then F’ can be true if and only if there is an element in {0, 1} that
is equal to all elements in {0, 1}, which is impossible. So let 2:; be quantified before the
other variables of the set. Then we can just replace the variables from {x1,...,2,} —{z;}
with x;, delete the equality constraints and the quantifiers belonging to them, and get
an equivalent formula.

This can be done in polynomial time. 0
Theorem 4.15. QSAT, ({NAE®}) is <h,-complete for = if k > 1.

Proof. 1t is obvious, that QSAT,(T") is in E, for all sets of relations I' and all k£ > 0, since
the constraint formulas can be viewed as normal formulas. Due to Lemma 4.14 and since
({1-IN-3}) = BR, the problem QSAT,({1-IN-3}) is as hard as the general satisfiability
problem for Zj-formulas, which is known to be complete for Eg [Wra77]. We now show
QSAT({1-IN-3}) <h QSAT,({NAE?}).

Let ¢ def Q1 X7 - - VX 13X F be a Zx(1-IN-3)-formula, where

n
FE N 1IN-3(zj, , 2y, 25,)
j=1
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and for 1 <i < k is Q;X; an abbreviation of Q;x;1 ... QiTim, if X; = {zi1,...,Tim,} is a
subset of the variables in F' and @Q; € {3,V}. For each constraint 1-IN-3(z;, , zj,, xj,) of F,
introduce a new constraint

Cj déf NAES(:Ejl’ij’t) N NAES(ﬂjjl,ij, t) A NAEg(xjm:Ejmt) A

NAE?’(:Ejl,ﬂJjg,ﬂ?js)
= 2—1N—4((xj17xj27:1:j37t)7

where t is a new variable. We define

F Y cnnc,

¢ E QXL U{t)) Qe Xp VX, 13X F,
¢ € QX VX, 13X, F'(t = 0), and
O Y QiX VX 3XLF (= 1).

Here, F'(t = a) means the constraint formula that is derived from F’ by replacing
every occurrence of ¢ in F’ with the constant a € {0,1}. Observe, that ¢/ = ¢, since
2-IN-4((z,y, 2,1) = 1-IN-3(z, y, 2).

Claim 4.16. 1 is true if and only if ¢/ is true.

Proof: Let 1 be true. We use that F’ describes a complementive relation to show that 1)’
is true, too. For that, we need the notion of a quantifier function. Let £ = Q1 X7 - - Q¢ X,G
be a fully quantified I'-formula where G € CF(I") and T is an arbitrary set of constraints.
Let

AY {I : I is a function from V to {0,1} for a V C {z1,z9,... }}

be the set of all functions that assign Boolean values to finite sets of variables. Let

Ié aof {I : I maps all universally quantified variables from & to {0,1}} C A
be the set of Boolean assignments for the universally quantified variables from &.

A function f : A — A is called quantifier function for £ if and only if the following
holds:

1. Forall I € Ié the function f(I) is an assignment for all existentially quantified variables
of £ and

2. it I, 15 € I§ and y is an existentially quantified variable in £ and {x1,..., 2, } is the set
of universally quantified variables of ¢ that appear left of y, then f(11)(y) = f(y)(z;).
That means that for an existentially quantified variable y, the value of f(I)(y) is
determined by {I(z;) : «; is universally quantified and appears left of y}.

The function f is called satisfying quantifier function for & if and only if for all 1 € I g
the assignment I U f([I) is satisfying for G. Observe, that ¢ is true if and only if there is a
satisfying quantifier function for &.
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For I € A, we define the function I € A as follows:

2

T(x:) def [ 1 —1I(x5) , if I(x;) is defined
- not defined otherwise.

Now let 1) be true. Then there is a satisfying quantifier function f for ¢. For all I € I w,

let f'(1) def f(I). Observe, that f’ is a quantifier function for ¢’, since ¢ and ¢’ share

the same quantifier prefix. Then for all I € Ig = I\;j’ " holds TU #/ (I) = TU f(I) satisfies
F'(t = 0) since I U f(I) satisfies F'(t = 1) and F’ is complementive. The other direction
is analogous. O

Since ¢’ is equivalent to ¥ A ¢’ if Q1 =V and ¢’ is equivalent to ¢ V ¢ if Q@ = 3, we
can conclude
¢ is true < 1)’ is true < ¢ is true,

since 1-IN-3(z,y, z) = 2-IN-4(z,y, 2, 1). O

Theorem 4.17. Let I' be a set of Boolean constraints. Then for all k > 1 the problem
QSAT(T') is <h-complete for 2 if IN C (T') and in P otherwise.

Proof. If IN Z (T') then (I') C B for a B € {IE9,IVq,IL9y,IDs}. Therefore B is Horn, anti-
Horn, affine, or bijunctive. For all these cases the quantified constraint satisfaction problem
with no bounds on the quantifier alternations is known to be in P [Sch78, Dal97, CKS01]. So
the remaining cases are those where IN C (T"). For k = 0, the problem QSAT(I") coincides
with CSP(I"). We have seen in Section 3.3 that Schaefer’s theorem (Theorem 3.13) already
settles this case, so let k& > 1. We reduce QSAT,({NAE?}) to QSAT,({DUP}) which
finishes the proof, since ({NAE?}) = INy and ({DUP}) = IN and because of Theorem 4.15
and Lemma 4.14.
Let ¢ = Q1 X1 -+ VX_13X,F be a Z;({NAE?})-formula where

m
F = /\NAE3($i17$i2,in3)
i=1
is a {NAE3}-c0nstraint formula. For 1 <i < m, let

Ci(zi1, Ti2, i3, 1) o DUP (zj1,t,zi2) V DUP(241,t, 243) V DUP (242, t, 243),

where t is a new variable, and let

m
def
o E QX1 VX U{}X, N Cilwin, wiz, s, ).

=1

Observe, that ¢ is true if and only if ¢’ is true, since NAE3(z;1, 242, 243) is equivalent to
VtCi(zi1, Tig, Tiz, ). u
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5. Clones in Structural Complexity Theory

We have seen that the structures of universal algebra can be very helpful when proving
complexity results on problems over the Boolean domain. In computer science, there are
other sets that are of interest which are not always at first sight recognized as clones.
Examples are the set of recursive functions, the set of functions computable in polynomial
time, or the set of functions computable in logarithmic space. They are all clones in the
lattice of functions on N. Since the exact relationship between many important complexity
classes is still unknown, every means that could shed light on these relationships should
be studied. Therefore, we examine some properties of complexity classes that are in fact
clones, in this chapter. The focus of our attention will be on the clone FP — the set of
functions that are computable deterministically in polynomial time.

5.1 Identifying Complexity Clones

In this section, we will see that there are a lot of function-complexity classes, that are in fact
clones. For all complexity classes we examine it is rather obvious that they are closed under
{PI, TF,LVF,RF}. Therefore we have to check whether they are closed under substitution.
Furthermore, since arguments can be easily paired, and paired arguments can easily be
separated again in all complexity classes we are concerned with, it suffices to concentrate
on unary functions.

Theorem 5.1. The following function-complexity classes are clones: FL, FP, FPSPACE,
FNC' for all i > 1, and FNC.

Proof. 1t is well known, that L is closed under log-space-reductions and P is closed under
polynomial-time reductions. The same argumentation used in the proofs of these closures
can be used to show that FL and FP are closed under substitution. For FPSPACE, note
that we require for every f € FPSPACE that |f(z)| < |z|¥ for some k € N and all z € ¥*.

Let i > 1 and f,g € FNC. Since ¢ € FNC’ there is a ky, € N and a polynomial p
such that for all n € N there is a circuit Cg such that for all € X" holds C¢'(z) = g()
and size(Cy') < p(n) and depth(Cy') < ky(logn)’. Due to the size of C for all z € X~
holds |g(x)| < p(n). Since f € FNC" there exists a polynomial ¢ and a k; € N such that
for all n € N there is a circuit C;’(n) such that for all z € 2" holds f(z) = C'JZZ(") (x),

size(C’JZZ(")) < q(p(n)) and depth(C]IZ(n)) < k(logp(n))" <ae c(logn)’ for a suitable constant



66 5. Clones in Structural Complexity Theory

(n), i.e., we build a new
circuit by connecting the outputs of C;} with the inputs of C', we get a circuit of polynomial
size and depth O((logn)?) that calculates g o f. It is easy to see, that if f and g can be
realized by Up-uniform families of circuits, so can be go f.

¢ € N. So if we build a new circuit by sequentializing C7' and C’?

d

5.2 An Example of a Hierarchy of Complexity Clones Below FP

We are especially interested in clones in L(FP) that are time-complexity classes. In the
following, we will see that there are countably many such complexity classes that are clones
below FP. We know, that FDTIME(n®®M)) = FP is a clone and it is easy to see, that
FDTIME (n(logn)®") is a clone, too. Are there time-complexity classes, that are clones,
between these two classes? We define an in-between hierarchy of time-complexity classes
containing countably many different clones. First, we make the following observation about
time-complexity classes and them being closed under substitution.

Proposition 5.2. Let K C FL(N) be a class of functions on N. Then FDTIME(K) is
closed under substitution if for all t1,t9 € KC there is a t3 € K such that t9 + t1 oty <,e t3.

Proof. Let f,g € FDTIME(K) such that f can be computed deterministically in time ¢
and g can be computed deterministically in time to. Then for all z € ¥* holds |g(z)| <
ta(|x]). Therefore fog can be computed in time to(|z|) +t1(t2(|x|)) <ae t3(]z]) € K. Hence

f og € FDTIME(K). 0
Definition 5.3. Let 1g(x) def logx if z > 0 and 1g(0) Cr0. Let fori>1and k>0,
1d(0,n) = n,
1d(i,n) ¥ 1gld(i —1,n),
ka;
tpg(ai,ag, ..., a;) o k‘a,fa?m ;
1th(n) < tp.d(1,n),1d(2,n),...,1d(i,n), 1), and
1tn? (n) L 1t¥(n).

Here, 1d stands for nested logarithmus dualis, tp stands for tower of powers, It stands
for logarithmic tower, and ltn stands for logarithmic tower multiplied with n. Note that
the order of the exponentiations in tpy(a,...,a;) is from upper to lower, i.e., first you
compute a;’;, which is the exponent for a;_» and so on. In particular,

tpg(a1,ae,...,a;) # k((alfaz) ...)kai'

We write tp for tp;. Note, that we can replace all occurrences of lg in the definition of
ltf(n), by log, if n > tp(2,...,2). We used n in the above definitions instead of the usual
——

)
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x or y, since we want to emphasise that these functions are meant to be upper bounds for
computing-times and the normal variable we use for input-lengths is n.

We are interested in the classes FDTIME(ltn?(l)(n)) for all 4 > 1. In the next two lemmas
and the following corollary, we show that all these classes are closed under substitution
and are therefore clones.

Lemma 5.4. For alle > 0, and all ¢, > 1 holds
1t5(z) <qe 2°.
Proof. If £ > 1 then

) = tp.(d(L,a),1)
= ¢-1d(1,2)"!

c(log z)°

C2cloglogz

< 9¢ log x

—ae

g ng

for all ¢ > 1 and £ > 0. Now assume that for all j < ¢, for all § > 0, and for all ¢ > 1 holds

1t5(7) <ae 2%, Then for all € > 0, all ¢ > 1 and all z > tp(2,...,2) we have
~——
It (z) = tp.(gz,1d(2,z),...,1d(i +1,2),1)
= tpc(ya ld(2a 2y)7 s ,ld(’L +1, 2y)7 1) , where y = logx
= c-tp(y,1t7(y))
1
<ae ¢ tD(y,1°) Jforad <

= c-tp(logz, (log)°)
c- 210g log z-(log )¢

<. ologw®
< e 9¢ log x
= Qja

Lemma 5.5. For alli > 1,k > 0, holds ltnf o ltnf <ae It for a constant ¢ > 0.
Proof. First, using Lemma 5.4, observe that for all n > 0 and m > 1 and holds
1d(m, 1tn¥(n)) = 1d(m, n - 1t5(n)) <o 1d(m,n?) <se 21d(m,n)

Using this, we obtain:
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Itn¥(Itn®(n)) = 1tnf(n) - 1tF(1tnk(n))

= ltnf(n) - tp,(lg(n - 1tF(n)),1d(2,1tn¥ (n)), ... ,1d(i, 1tn¥(n)), 1)
ae 1tnf(n) - tp,(21gn, 21d(2,n),...,21d(i,n),1)

ac -1t (n) - tpp((lgn)?, (1d(2,n))?, ..., (1d(i,n))?,1)
n-k-1t2F(n) - 1t2%(n)

<
< ltnf*(n)

With Proposition 5.2 and Lemma 5.5 we can conclude:

o)

Corollary 5.6. FDTIME(ltn,” " (n)) is a clone for all i > 1.

Next, we show that this hierarchy is strict. For f,g € F}(N), let f <, g if and only if

1
lim inf M

< 00.
nioe g(n) +1 0

We need this definition in the following hierarchy theorem:

Theorem 5.7 ([HS66]). Let f,g € FL(N) such that id <uc g, f <io 9, f <ae g -logg,
and let g be time-constructible in time glogg. Then FDTIME(f) C FDTIME(glog g).

A function ¢ is time-constructible in time ¢, if and only if there is a deterministic
Turing machine that outputs 19(™) on an input of length 7 in at most t(n) steps. Let us
now verify, that the functions that define the levels of our hierarchy meet the preconditions
of the hierarchy theorem.

Lemma 5.8. Let 1 <1i < j and k > 1. Then the following holds:

1. id <, ltn.

(3
2. ltnf <o ltn;?.
3. ltnf <ae ltné?.

4. Itn¥ is time-constructible in time ltn¥ - log1tn?.

Proof. The first point is obvious. The second point holds true since we even have

lim ltnz(ﬁ =0.
n—00 Itn7(n) + 1
The third point is immediate from the definition of ltnf . This leaves the fourth point to
prove.
We construct a machine, that works as follows on an input x of length n. First, the
machine computes 1d(¢,n) for all 1 < /¢ < i+ 1. This can be done in time O(nlogn). The

function exp(z,y) 4 2 can be computed in time O(|z|°(¥)) and
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lexp(z,y)] < (2172
|2m2\y\|
= |zl2M +1
olog lz|+lyl 4 1
<, 2lyloglzl

= |z|l¥l

Therefore, 1t¥(n) = tp,(1d(1,7),1d(2,7),...,1d(i,n),1) can be computed in time

D tp(d(j + 1,n),1d(j +2,n),...,1d(i +1,n),1) <
j=1
n-tp.(1d(2,n),1d(3,n),...,1d(i + 1,n),1) < ltnf(n)

for some constant c. Finally, we have to output ltnf (n) symbols. To do that, we need
¢-n-(logn+1t¥(n)) steps, where £ is some constant (First, we write 1t¥(n) symbols on an
extra tape, then we copy this string n times to the output tape). Hence, we need no more
than

O(nlogn) +ltn¥(n) + tn(logn +1t¥(n)) = O(nlogn) + 1tn¥(n) 4 £(nlogn + ltn¥)

= O(im(n))
<ae 1tnf(n) -logltn®(n)

steps to write a string of 1tn¥(n) symbols to the output tape. O

So we can apply the hierarchy theorem, and therefore this hierarchy of time-complexity
clones is strict. We summarize our results as follows.

Theorem 5.9. 1. For alli > 1 the class FDTIME(ltn?(l)) is a clone.
2. If 1 <i < j then FDTIME(ltny") C FDTIME(1tn ")
3. For all i holds FDTIME(1tn®™) C FP.

7
4. LT % ;o FDTIME(Itn{™) C FP is a clone.

5.3 Finite Bases

In this section, we show that FL, FP, and FPSPACE have finite bases.
Definition 5.10. Let A be a set of functions.

— A pair of functions (f,h) € A? where f is binary and h is unary is called a universal
pair of functions for A if for all unary g € A, there are i,k € N such that for all x € N

holds g(x) = f(i, h*(x)).
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— A is closed under pairing if and only if there is a binary function pair € A such that for
all n > 2 and all n-ary functions g € A there is a unary f € A such that

g(x1,...,zn) = f(pair(x1, pair(ze, . .. pair(r,—1,7,))))

forallzy, ..., x, € N. Wewrite pair™(z1, ..., xy,) for pair(z1, pair(xs, . .. pair(z,—1, z,)))
and call pair a pairing function for A.

Lemma 5.11. If A is a clone that contains co and succ, that has a universal pair of
functions (univ, h), and is closed under pairing, then it has a finite base.

Proof. We show that B def {¢cop, pair, univ,succ, h} is a base of A, where pair is a pairing
function for A and (univ, h) is a universal pair of functions of A. Obviously, [B] C A, since
all functions from B are in A, and A is a clone.

Now let g € A be an arbitrary n-ary function. Since A is closed under pairing, there
is a function ¢’ such that g(z1,...,2z,) = ¢ (pair™(z1,...,2,)) for all x1,...,2, € N.
Since (univ,h) is a universal pair of functions for A, there are i,k € N such that
g (z) = univ(i,h¥(x)) for all z € N. For all n € N is ¢, € [B], since ¢,(v) =
succ(...succ(co(z)) ... ). Hence g(x1,...,2,) = univ(c;(x1), h*(pair™(z1, ..., z,))) for all
N—_— ——

n
x1,...,Ty € N, and therefore g € [B]. ad
Corollary 5.12. The classes FP, FPSPACE, and FL have finite bases.

Proof. Obviously, all three classes contain cg and succ and are closed under pairing. We
show that FP has a universal pair of functions. For that, let M, M1, ... be an enumeration
of Turing machines such that M; can be computed in time O(|i|?) on input i and every
step of M; can be computed in time O(|i|?). Let

pad(z) < 1l -le-1,
univ(i, ) def M; on input & , if M; halts after |i||z|? + |i| steps
’ pad(x) otherwise.

Then pad(z) can be computed in time O(|z|?) and univ can be computed in time O(|i|3|z|?)
and hence univ and pad are in FP. Let g be a unary function from FP. Then there is an
i such that M; computes g in time O(n*) for some constant k& € N. Let

def [ g(a') ,if z = padllos¥l(z)
J@) = { 0 otherwise.

We can compute f in time O(|x|?) and therefore there is a j such that M computes f and
halts always after less than |j||z|2+|j| steps on all inputs z. Therefore f(z) = univ(c;(z), z)
and g(x) = univ(cj(:r),pad“oglﬂ (2)).

We can use analogous proofs to show that FPSPACE and FL have a universal pair of
functions. O
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Together with Proposition 2.1 this leads us to the following corollary.
Corollary 5.13. The lattices L(FP), L(FPSPACE), and L(FL) are dual-atomic.

We remark, that FNC is not likely to have a finite base unless the NC-hierarchy collapses,
due to Proposition 2.1.

Proposition 5.14. If FNC has a universal pair of functions then the NC-hierarchy col-
lapses.

So, since L(FP) is dual-atomic, it would be nice to know the dual-atoms of this lattice. In
the next section, we search for these.

5.4 Dual-atoms for L(FP)

We first show, that there are uncountably many dual-atoms for all complexity clones that
contain all constant functions and can do something like a case-distinction. For this, we
make use of the fact that for every set A C N, the set Pol(A) is a clone (see Proposition 3.3).
Furthermore, we know that for two clones A and B, the intersection AN B is a clone, too.

Proposition 5.15. Let ) # ACN. For k € N, let f;, : N> — N be such that

def{ y ,ifr==k

fr(z,y,2) = z  otherwise.

If IC is a clone of functions that contains all constant functions on N and fy, for all k € N,

then B Kk n Pol(A) is a predecessor of K in the lattice L(K), i.e., B < K.

Proof. For every a € A, the constant functions ¢, with ¢,(x) = a for all x € N is contained
in both, K and Pol(A). Therefore the clone B is not empty. Since A # (), there a constant
function ¢, € I such that ¢; ¢ A, hence B C K.

def

Let f € K — B be an n-ary function. Then there are ai,...,a, € A such that z =
flai,...,an) € A. Obviously, ¢q, € Pol(A) for 1 <i < n. Let g € K be an m-ary function
and a € A. We define

def | glx1,...,2 ify=z
S (X1, T, Y) = { a( ) ;)therwise

Observe, that s, € K NPol(A). Furthermore,
91,y ) = S2(X1, .oy T, [(Cay (21), - -y Ca, (221))).

Hence, g € [BU{f}]. 0
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Corollary 5.16. If I is a clone that meets the prerequisites of Proposition 5.15, then
L(K) has uncountably many dual-atoms.

Proof. We have to show that if A, B C N and A # B, then KNPol(A) # KNPol(B). This
is the case, since K contains all constant functions: Without loss of generality, there is an
a € A with a ¢ B. Then ¢, € KN Pol(A) but ¢, ¢ K N Pol(B). 0

This shows that classes like FP do have uncountably many dual-atoms and that these
classes can not be defined as the set of functions preserving a subset of N. We can generalize
this statement.

Proposition 5.17. Let K € {FL,FP,FPSPACE, FNC} U ;5 FNC'. Then K # Pol(A)
for every A C N™ where n > 1.

Proof. Since Pol(N™) = Pol(() is the set of all functions on N for all n > 1, K can be none
of them. Let therefore A C N™ and non-empty, and suppose K = Pol(A).

Then there is a § € N® — A. We can assume that for all 7,5 € {1,...,n} there is an
a € A such that afi] # afj]: If there are 4,7 such that for all & € A holds afi] = a[j]
then K = Pol(A’) where A’ is derived from A by projecting out the i-th coordinate. Let
al,...,an € A such that aq[l] # a1[2],a2[2] # a2[3],...,an[n] # ay[l]. Then for all
i,j € {1,...,n} we have (a1[i],...,an[i]) # (aalj],...,anlj]) if i # j.

Let

def [ Bli] if (z1,...,20) = (oai], ..., i)
J@i--ooa) = { 0 otherwise.
Obviously, f € K and f « A since f(aq,...,a,) = (. ad

Corollary 5.18. Let K € {FL,FP,FPSPACE,FNC}uUJ
then IC # Pol(T").

.~ FNC'. If ' C R(N) is finite,

Proof. Let I' = {Ry,...,R,}. If K = Pol(I") then £ = Pol(R; X --- x R,) which is a
contradiction to Proposition 5.17. O

We have found a lot of dual-atoms for FP. However, it is not difficult to see, that these
dual-atoms have essentially the same computational power as FP: Let A C N be non-
empty, and let a ¢ A. Then for every n-ary function f € FP there is an (n + 1)-ary
function g € Pol(A4) NFP such that f(x1,...,2z,) = g(z1,...,2y,a) for all z1,...,2, € N.

We want to find dual-atoms for FP that are not only syntactically weaker than FP. We
will examine two approaches to accomplish this: For one, it is known that every function
from FP can be computed by uniform families of B-circuits with polynomial size where
B is a complete set of Boolean functions. What is the power of such circuits if B is not
complete? In the second approach, we will have a look at deterministic Turing machines
that have a running-time that is not quite polynomial but slightly less.
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5.4.1 Dual-Atoms of FP and Polynomial-Sized Circuits

Let Ky and Ko be sets of functions on N. Let

FCPSp & FSIZE-DEPTH(0(nM), 0(n®M))

be the class of functions computable by circuits of polynomial size with gates from B.

For every set of Boolean functions B, for which [B] = BF, we have FP = FCPSp, (e.g.
B = {AND, Or, Not}) [Lad75b]. Note that the actual base B we choose is not relevant.
Let f € FCPSp be calculated by a family of circuits (C;);eny over B. Every gate in the
circuits computes Boolean function from B, and since [B’] = [B], each of these Boolean
functions can be computed by a B’-circuit: Hence we find a family of circuits (C));en over
B’ where we replace every gate in C; by the corresponding circuit over B’. The circuits in
the family (C/);en grow for a constant factor, at most, with respect to the circuits in the
family (C;)ien.

In our search for candidates for dual-atoms for FP, our first observation is, that we can
rule out all classes FCPSp where [B] is not a dual-atom of £(BF).

Proposition 5.19. If[B] is not a dual-atom in L(BF) then FCPSp cannot be a dual-atom
in L(FP).

Proof. Let A € {Ro,R1,L,M,D} be a dual-atom in £(BF) with [B] C A, let A’ be a
base of A, and let f € A — [B]. Of course, all Boolean functions are in FP and no circuit
over B (regardless of its size and depth) can compute f. Therefore, f € FP — FCPSp. If
FCPSp were a dual-atom in £(FP) we would expect [FCPSpU{f}] = FP. But since every
g € FCPSp can be computed by a family of circuits over B, every g’ € [FCPSp U {f}]
can be computed by a family of circuits over B U {f} and therefore [FCPSp U {f}] C
FCPS 4 C FP. 0

So, for FCPSp to be a dual-atom in £(FP) it is necessary that [B] is a dual-atom in £(BF).
However, this condition is not sufficient: For clones of Boolean functions [A] and [B] where
[A] C [B] = BF, suppose there exists a function f € [A] that can be computed by relatively
small circuits over B, but all circuits over A computing f are huge in comparison. Then
[FCPS4U{f}] could be a proper super-clone of FCPS 4 which would still not contain, e.g.,
the Boolean function NAND € FP. We will see that this is the case with the monotonic
Boolean functions. First, we need to formalize the notion of huge and small circuits with
respect to different bases.

Definition 5.20. Let By and By be finite sets of Boolean functions. We say Bs is poly-
nomially unnecessary for Bj if there is a polynomial p such that for every Bo-circuit Co
that describes a Boolean function f € [Bi] there is a Bi-circuit Cy describing f with
size(C1) < p(size(Cy)). Otherwise, we call By polynomially necessary for Bj.

Lemma 5.21. Let By, By be sets of Boolean functions. If [B1] € {L,D,R1,Ro} then By
s polynomially unnecessary for B.
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Proof. If [B1] = L then every Bj circuit can be described by a circuit of linear size in the
number of variables.
If [B1] = D, let sd(z,v, 2) def 2y A ¥Z A §z, which is a base for D. Observe, that

sd(1,z,y) = NAND(z,y). Remember, that the NAND-function is complete for BF. Now let

f be an n-ary Boolean function from D. Let f'(zo,...,x,) def f(1,z9,...,x,). Since

f(xa,...,2,) = f(NAND(2p,, NAND(zp, 7)), T2, . . . , Tp)

there is a {NAND}-circuit C’ computing f’ which has two more gates than a {NAND}-
circuit computing f. We build an {sd}-circuit C' from C’ by replacing every NAND-gate g
as follows: If y and z are the inputs of g, replace it by an sd-gate with inputs =1, y, and
z. Here, x1 is an additional input gate and we connect every g with this gate. Let fo be
the function computed by C. Then fo(1,x2,...,2,) = f'(x2,...,xn) = f(1,29,...,2,).
On the other hand, since f¢ is self-dual, we have fo(0,22,...,2,) = fo(1,%2,...,7Ty) =
f'(z2,....7T) = f(1,Z2,..., %) = f(0,22,...,2y,). Hence fo = f.

Let By = Rg. Obviously {V,A, @&} C Rg. Let f € Ry be described by a circuit C' over
{A,~} with inputs x1,...,z,. We build a new circuit C’ by replacing every occurrence
of a —-gate in C' with an @-gate with the following inputs: The first input is the input
of the original —-gate and the second one is \/!" ; z;. Since C’ describes an Rq function,
fer(0,...,0) = £(0,...,0) = 0. For every other input, the new @®-gates behave like —-gates
on their first input, since their second input evaluates to 1. The proof for B; = Ry is due
to the duality of R; and Ry and can be done by switching 1 and 0, A and V, and ¢ and
. O

In the following proofs, we need two special functions.

—ForkeN, z=x1---x, € {0,1}", and ¢ = min{k,n}, let idg(x) e .

— For z,y € {0,1}*, let conc(z,y) & xy be the function that concatenates x and y.

Note that for all sets of Boolean functions B, and all £ > 0, id; and conc are in FCPSp.
Theorem 5.22. Let B C BF. If [B] =D then FCPSp is a dual-atom of FP.

Proof. Let [B] = D. Obviously FCPSp C FP. We have to show its precompleteness.
For that, let f € FP — FCPSp. Then there is a uniform family of circuits (C{),en over
{V,A,—} that computes f. Since f € FCPSp all C,{ have polynomial size with respect
to k. Therefore, there is a polynomial p such that for i € {1,...,p(k)} Boolean functions
fF are computed at the i-th output gate of circuit C’,{ . Since {V, A, -} is polynomially
unnecessary for {sd}, cf. Lemma 5.21, and since f ¢ FCPSp, there must be a k£ € N and

an £ € {1,...,p(k)} such that fF ¢ [sd]. That means, that there are ai,...,a; € {0,1}

such that ff(al,...,ak) = ff(a_l,...,a_k). For a € {0,1}, let a! e and o ¥ 1 —q

Observe, that the function h(z; ...x,) & z{' - 2% € {0,1}* is in FCPSp, since N C D.
In fact, h can be calculated by a family of small circuits over any base that can express

negation. Then for all # € N holds |h(z)| = k and fF(h(z)) = c for some ¢ € {0,1}.
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Therefore there is a ¢ € {0,1} such that the constant function c¢(z) = ¢ = idy(f(h(z))) is
in [FCPSp U{f}].

Assume that ¢ = 1. Now let ¢ € FP be computed by a uniform family of circuits
(D3)nen over {NAND} such that each circuit has polynomial size with respect to n. Regard
the family of circuits (E,)neny where By computes ¢ and E,yq is derived from Dj, by
adding an additional input gate xg and replacing every NAND-gate that has inputs x and
y by an sd-gate with inputs zg, =, and y. Obviously, (E,)nen is uniform. Then for the
function ¢’ that is computed by (E,)nen and all z € {0,1} holds ¢'(1z) = g(x). Hence
g(x) = ¢'(conc(c(z),x)) is in [FCPSp U {f}].

If ¢ = 0 the proof is analogous with a family of circuits over {NOR}. O

Theorem 5.23. Let B C BF. If [B] € {Ro,R1} then FCPSp is a precomplete sub-clone
of FP.

Proof. We prove the claim for [B] = Ry. Obviously FCPSp C FP. We have to show
its precompleteness. For that, let f € FP — FCPSp. Then there is a uniform family of
circuits (Cﬂ; Jnen over {V, A, —} that computes f. Also, there is a polynomial p, such that
for i € {1,...,p(k)} Boolean functions fF are computed by the i-th output gate of circuit
C]f . Since {V, A, =} is polynomially unnecessary for {V, A, @}, cf. Lemma 5.21, there must
be ak € Nand an ¢ € {1,...,p(k)} such that fF ¢ [V,A,®] and fF(0,...,0) = 1. Since
the constant unary Boolean function ¢y is in Ry, the function clg that maps all words from
{0,1}* to 0% is in FCPSp. So the constant function ¢; with ¢1(z) = 1, for all # € N, is in
[FCPSp U {f}], since c1(z) = idg(f(ck(z))).

Now let g € FP. Then there is a uniform family of circuits (G, )nen over {A,—} that
computes g. Let ¢’ € [FCPSpU{ f}] be computed by the uniform family of circuits (E},)nen
that is derived from (G, )nen as follows. Let £ map the input constantly to 1. Construct
FEp 41 from G, by introducing a new input gate xo and replacing every — gate with input
y by an @ gate with inputs z¢ and y. Obviously, this family of circuits is uniform, and for
all z € {0,1}1, ¢'(1x) = g(x). Therefore g(x) = ¢'(conc(ci(x),z)) is in [FCPSp U {f}].

The proof for [B] = Ry is as above, but A is switched with V, @ is switched with «,
and 0 is switched with 1. O

Theorem 5.24. Let B C BF. If [B] = M, the clone FCPSp is not precomplete for FP.

Proof. Razborov [Raz85] proved a super-polynomial lower bound for the size of monotonic
circuits computing the perfect matching function. Since this function is in FP, it can be
computed by a family of circuits of polynomial size over {A,V,—}. That means that there
is a function f in FP — FCPSp that can be expressed by a family of monotonic circuits.
Therefore [FCPSp U {f}] contains just functions computable by monotonic circuits, but
not, for example, the function that flips just the first bit of the input, which is a non-
monotonic function that is clearly in FP. O

There remains just the one case were [B] = L. In this case FCPSp is no dual-atom in
L(FP), too: Per definition, every linear Boolean function can be described by a very short
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propositional formula, and therefore every f € FCPSp can be described by circuits of very
small depth. Hence we can use Smolensky’s theorem [Smo87] to show that FCPS p is not
a dual-atom in L£(FP). We need a few definitions for that.

Definition 5.25. Let y € N be such that bin(y) = a1---am € {0,1}™, n > 0 and
x1,...,2n € {0,1}. Let p € N. We define

— mody (@1,...,Zn) defy if and only if X' yx; = 0(mod p)

— mody,(y) o mody' (a1, .. ., am).

— VX1, ., Xn) def if and only if X7 jz; >0
— A" (x1,...,Zp) def if and only if ¥ jx; =n
~ MOD,, & {=} U U, ex{mod?, v, A"}

Theorem 5.26 (Smolensky). Let p be prime and r > 1 be relatively prime to p. Then
mod, ¢ FSIZE-DEPTHiop,(0(n°W),0(1)).

Corollary 5.27. Let B C BF. If [B] = L then FCPSpg is not precomplete for FP.

Proof. Since every function from L can be computed by a circuit of the form ¢y @], c;iz;,
every function in FCPSp can be computed by a circuit of linear size over MOD4. However,
there are functions in FSIZE-DEPTHy0p,(0O(1),0(1)) that are not in FCPS(B) as, for
example, the Boolean function OR. Because of Theorem 5.26, and since mod, € FP for all
r € N, we obtain

FCPSp FSIZE-DEPTHwop, (O(1),0(1))

C
C FSIZE-DEPTHyop, (n°M,0(1)) € FP.

We can show that FSIZE-DEPTHy0p, (O(1), O(1)) is a clone with a similar argumentation
as in Theorem 5.1, where we prove that FNC" is a clone for all 4 > 1. Therefore there is a
clone between FCPS and FP, which means that FCPS is not precomplete for FP. O

Let us summarize the results of this subsection.

Corollary 5.28. Let B be a set of Boolean functions. Then FCPSp is a dual-atom in
L(FP) if and only if [B] € {Ro,R1,D}.

By restricting the power of the gates of polynomial-sized circuits, we found three dual-
atoms in L(FP). These classes are weaker than FP itself, however, they are still very
near to the full power of FP: So, for every function f from FP there is a function f’ €
FCPS{anp,Xor} such that f'(z) = f(x) for all x # 0 ([AND, XOR] = Rg). We can bypass
this insufficiency by choosing a different encoding for the natural numbers where each
number is mapped to a binary string that contains at least one occurrence of 1. Also,
for every f € FP there is an f’ € FCPSgvazvyzy such that for all z € {0,1}* holds
f(z) = f'(1z) (27 V 2Z Vyz] = D). Again a minimal re-encoding of the natural numbers
fixes the insufficiency of the class.
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5.4.2 Time-Complexity Classes as Dual-Atoms of FP

We want to find dual-atoms of FP that are not only syntactically weaker than FP. FP is
the class of functions that can be computed by a Turing machine in polynomial time, but
can we find a more restrictive time bound for Turing machines, such that the functions
computed by these machines form a dual-atom of FP? We will see in this subsection that
this is not the case.

In particular, we show that there is no K such that [FDTIME(K)] is precomplete for
FP. The technique we use is similar to the one used to show that there exist infinitely
many Turing degrees between P and NP if P # NP [Lad75a, Sch82]. We define classes
of functions that on large areas of N produce very short, sub-polynomial, outputs and on
other areas produce outputs of polynomial size. We find such classes that are in fact clones
and show that every [FDTIME(K)] is either contained in one of these or already contains
FP.

For a set B C F(N) of unary functions, let

[B] +fict def {f : there are n > 1,7 € {1,...,n}, and f’ € B such that

feFN)and f(xy,...,2,) = f'(x;) for all x1,...,2, €N }.
That means that [B] . contains all functions f that have at most one non-fictive variable
and on this variable f behaves like a function from B. Clearly, B C [B] gt and if B is

closed under substitution, [B] gt is closed under superposition. We use this construction
in order to not have to deal with all the operations of superposition.

We define the function pl(z,y) et 9(log #)” pl stands for power of length.
Proposition 5.29. For all z,y > 0 holds pl(pl(x,y), z) = pl(x, yz).

Proof. Observe the following equation:
pl(pl(z,y),2z) = p1(2(l°gx)y,z)
2(1Og2(10gz)y)z
—  9((logz)¥)*
2(10g:r:)yz

= pl(l‘, yZ)

In particular, this means that pl(pl(z,y), é) =x.

Definition 5.30. For a function g : N — N, k € N, and £ > k, let
def _
Igbf(f) = pl(g(£),1/271)

rgbf(0) € tp(2,9(0,2,0 —k+1) 1
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\Y

1 >1

— — 1gbk+1(k +2) rgbi 1 (k +2)
I 1 .l I I I .l .l F I 1 | .l .l
C T | C C | | L C T I | |
Igb? (k) g(k) rgbf(k [ g(k+1) T 1gbg(k +2) g(k+2) rgb? (k + 2)
lgb{ (k + 1) rgb] (k4 1) rghy o (k+2)
Igb | (k+1) rgb? (k + 1) lgby o (k +2)

Fig. 5.1: A k-gap-defining function. For every £ > k, there are several nested intervals (the gaps) around
g(£). The number of intervals depends on the size of £ — k. If k' > k, then g is a k’-gap-defining function.
The distance between the right border of an interval around g(¢) and the left border of an interval around
g(£+ 1) has to be at least 1.

Then g is a k-gap-defining function if for all £ > k holds

rgb?(0) +1 < 1gb? (¢ + 1).

Lemma 5.31. If g is a k-gap-defining function, then g is a k'-gap-defining function for
all k' > k.

Proof. 1t suffices to show that ¢ is a (k + 1)-gap-defining function. For this, let £ > k + 1.
Then
rgb? 1 (£) +1 <rgbf(¢) + 1 <lgh] (£ +1) <lgbf (£ + 1),

and hence g is a k + 1-gap-defining function. O

The intervals [Igb{ (¢),rgh? (¢)] are the gaps that give gap-defining functions their name.
These intervals are gaps in the computational power of the functions f, that we define in
Definition 5.32. If an input z is in such a gap, then the output of f has to be very short
whereas for every other input y, the length of f(y) is not limited.

Definition 5.32. We say a function f has (g,k)-gaps if g is a k-gap-defining function
and for all € with 0 < e <1 and all ¢ > k we have

€ [1gb{(0), rgbf (0)] = |f ()| < |=['F.

For a k-gap-defining function g, let

def

GAPP, = [{f : f € FP and there is a k' > k such that f has (g,k")-gaps}] fict

We give an example of a gap-defining function in the next lemma.

Lemma 5.33. The function g with g(0) 1 and

g9(x) € pl2-tp(2, g(x — 1), 2,2 — 1),2°),

for x >0, is a 1-gap-defining function.
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Proof. For all £ > 1 holds:

rgbd(¢) + 1

tp(2,9(0),2,0)

2-tp(2,9(0),2,0)

= pl(pI(2- tp(2,9(6),2,0),2""),1/21)
pl(g(¢ +1),1/2°)

lgbd (¢ + 1)

A

Lemma 5.34. Let g be a k-gap-defining function, where k > 1

1. For all ¢ >k and all 0 < & < 1 holds [rgb¥(¢)|'T¢ < |rgb?_,(¢)|.
2. If f has (g,k)-gaps, then it has (g,k")-gaps for all k' > k.

Proof. 1. Let £ > k and € € (0,1). Observe for a & g(¢) and b e

rgb? (O = [tp(2,a,2,¢ —k+1) —1]°
= tp(a,2,0 —k+ 1)b
= tp(a,b- 27K

tp(a, 2 - 267k +)

tp(a,2,0 — k + 2)

= [rgby_;(0)]

N

2. This holds, since g is a k’-gap-defining function and rgh?,(¢) < rghj (¢) and Igby,(¢) >
Igb{(¢), for all £ > k' .
u

The next lemma shows that our classes of functions having gaps, are closed under substi-
tution. Figure 5.2 depictures the idea of the proof.

f2(x)
eeeTTTIIIIIITT e P A(f@)
1gbi+1(€) 1gbZ/71(é) lgbi/(é) g(f) rgbZ/(é) rgbZ/il(é) rgbZ+1(6)

Fig. 5.2: If g is a k-gap-defining function, f1, fo € FP have (g, k)-gaps, and k’ > k is large enough, we have
the following situation for f1 o fo and x € [Igh{, (€),rgh?, (£)]: Either fa(x) is even smaller than Igb?_ , (£).
Then f2(x) is more than polynomially smaller than z, which means that fi(f2(z)) < z, since fi € FP.
The second case is that f2(z) falls into a gap of fi and therefore fi(f2(z)) can grow just slightly.

Lemma 5.35. Let g be a k-gap-defining function. Then GAPP is closed under substitu-
tion.
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Proof. Let f; € GAPP, have (g, k1)-gaps and let fo € GAPP, have (g, k2)-gaps. Without

loss of generality, we can assume that k; = ko def k, because of Lemma 5.34.2. Let f; be
such that for all x holds |f;(z)| < |z|°. Choose a k' such that

E > k+1,
ok'—k—1 > c+1,and
log(lgb{, (K))**" > (log(lghi, (K)) +2) .
We show that fi o fo has (g, k')-gaps. For that, let £ > k" and let € [Igb?,(¢),rgb?,(¢)].
Case fo(x) <

If fa(x) > 1gb] ,(£), then [fa(z)| < |z|'¢ for all 0 < e < 1, since fy has (g,k + 1)-gaps.
Because of Lemma 5.34.1 we have

| fa(@)[F5 < [rgbl ()] < [rgb(0)].
Since f1 has (g, k)-gaps,

[Fi(Fa(@)] < [ fo@)FF < (|20 = Jaf F2 (5.1)

forall 0 <e < 1.
Now let fo(x) < lgbj,(¢) and hence |fa(z)|® < [Ighy ;(¢)|°. Then

filfa(z)) < o(llgbf , , (O]+1)°
—  9o(llog(lgbi, 1 ()] +2)°

olog(lgb , ; ()1

pl(lgby,,(£),c +1)

= pl(pl(g(£),1/27%),c+ 1)
pl(g(¢), (c +1)/27%)
pl(g(), 1/2¢7F )

= lgb{,(0)

X

IN

IN

IN

Case fo(x) > x: Then, since fo has (g,k')-gaps, |fo(x)| < |21 for all 0 < & < 1.
Because of Lemma 5.34.1 we have fa(x) < lgb{, () and since f; has k' — 1-gaps, we can
conclude as in Equation 5.1. a

Corollary 5.36. For all k-gap-defining functions g, the class GAPP 4 is a proper sub-clone
of FP.
Proof. Since GAPP, is closed under superposition and GAPP, C FP, it is a sub-clone of

FP. Since the function s(x) = 4f 1121 ¢ FP has no (g, k)-gaps, for any gap-defining function
g, the inclusion is proper. 0
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We have seen in Corollary 5.12 how to construct a finite base for FP. There are two main
ingredients in the proof of the corollary. One is a universal function. In our proof this
function had a quadratic running time, but this was in order to keep the proof simple and
rather arbitrary. We could have chosen n'*¢ for every ¢ > 0 as upper bound, with aan
appropriate enumeration of Turing machines.

The second main ingredient is the padding function, which has the following important
property: For every input x of length n and every k € N we can blow up x to a size of
n* with a constant number of applications of the padding function. Again, for the sake of
simplicity, we chose a quadratic function. However, it suffices to have a padding function,

1+ for some € > 0.

that inflates every word of length n to a length of n
The remaining functions of the finite base for FP are a constant, the successor function
and a pairing function. All these functions are in FDTIME(O(n!*¢)) for all € > 0. Hence

the following proposition.
Proposition 5.37. For every e > 0 holds [FDTIME(O(n'*))] = FP.

Therefore, if there is a dual-atom in £(FP) of the form [FDTIME(K)] for some class of

142 for every € > 0. It is

FDTIME(O(n'+¢)).

functions K, then every function in K grows more slowly than n

def

obvious, that all these classes are contained in the class SUBP = (..

SUBP stands for subpolynomial time.

Lemma 5.38. SUBP is a sub-clone of FP and it is no dual-atom in the clone lattice below
FP.

Proof. Obviously, SUBP C FP. We show that it is a clone. For that let fq, fo € SUBP.
Then for all £ > 0, there are constants ¢, k1, k2 such that for all x, we can compute f;(f2(x))
in time less than ki (ko|z|1Te)1Fe = ¢|z|1 2" steps.

To show that SUBP is not a dual-atom, we show that SUBP C GAPP, for a k-gap-
defining function g. Since obviously SUBP C GAPP, for all gap-functions g, we have to
show that the inclusion is proper.

Let g be the 1-gap-defining function from Lemma 5.33. Let s(x) & tp(2, |z|?). Let

F(2) def [ s(z) ,if z =rgb{(y) + 1 for some y
10 otherwise.

Since there are infinitely many z such that |f(z)| > |z|?, the function f is not in SUBP. We
show that f € GAPP,. Obviously, s € FP. So, in order to show that f € FP, we have to
observe the following: We can decide whether there is a y such that z = rgh{(y) +1 for all
z € N in polynomial time. We can do this by sequentially computing rgb¥{(0),rgb{(1),...,
until we find a suitable y, or the result is growing larger than z. Since rgh{ grows faster
than exponentially, we have to compute less than a linear number of such values.

Hence f € FP and it remains to show, that there is a k& such that f has (g, k)-gaps.
This is obvious from the definition of f, since f(z) = 0 for all x but those for which there
is a y with = rgb{(y) + 1. It is clear that these z are not in an interval [lgh¥(¢),rgb{(¢)]
for all £> 1. So f has (g,1)-gaps and therefore f € GAPP,. a
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Theorem 5.39. For all classes K of functions, [FDTIME(K)] is not a dual-atom in the
lattice of clones below FP.

Proof. Suppose there is an € > 0 such that for a function f € K holds f(n) > n'*¢ for all
but finite n. Then FP C [FDTIME(K)| because of Proposition 5.37.

On the other hand, if for all ¢ > 0 and every f € K we have f(n) < n'™¢, then
[FDTIME(K)] € SUBP C GAPP, C FP where g is the 1-gap-defining function from
Lemma 5.33. U

We remark that the GAPP, clones are not precomplete for FP themselves, since for a gap-
defining function g we can always construct a gap-defining function ¢’ such that ¢’ shares
every second gap with g. Then ¢’ is still a gap-defining function, but a less restrictive one,
and therefore GAPP, C GAPP, C FP.

Although we talked about time-complexity classes FDTIME(K) and their closures in
this subsection, our main argumentation only used the fact, that the length of the output
of such functions is bounded in the length of their input. So, the same argumentation would
hold true for classes of functions where the computation time is bounded polynomially,
but the length of the output is bounded by a sub-polynomial function.

In summary, all dual-atoms that we found for L(FP) are very close to FP: We can
“simulate” every function from FP with a function from one of these dual-atoms if we
use a proper encoding of N. We have seen, that there is rich structure of clones between
every class [FDTIME(K)] and FP, if the former is a proper sub-clone of the latter. All this
hints, that the structure of clones below FP is very “fine-grained”. We saw that the width
of L(FP) is uncountable since there are uncountably many dual-atoms of FP. Since the
size of L(FP) is uncountable, most clones in this lattice have no finite base. The depth,
however, is countable, since the number of functions in FP is countable, but infinite, as
we saw in subsection 5.2.

In the next chapter, we examine clones with a fixed, small base that contains only one
binary function from FP. We will see, that a question concerning a closure property of
such a clone characterizes important complexity classes.



6. The Generation Problem

Many important questions could be solved if we could decide for every set of functions B,
and every function f, whether or not f € [B]. For example, if we let B be a (finite) base
of FL, and ¢4 be the characteristic function of a P-complete problem A, then P = L if and
only if ¢4 € [B]. However, such problems are undecidable in general. Therefore we study
a more special version of this problem. For one, we want to examine the problem just for
B = {g}, where g is a binary function on N. Binary functions are of special interest, since
many interesting algebras like monoids and groups are based on this kind of operation.
Secondly, we just ask whether there is a function f in [B] such that

f(al,la"'7a1,n) = 21
f(a2,17"'7a2,n) = 22
f(am,l’ e 7am,n) = Zm

where a; j,2; € Nfor 1 <7 <m and 1 < j <n. With other words, we define a function f
on a finite number of inputs (its carrier) and ask whether there is a function in [g] that
has the same input-output behavior as f on these carriers. This is much easier than asking
whether an arbitrary function f, perhaps specified by a program for a Turing-machine, is
in [g]: In this setting we would define f on every possible carrier rather than just finite
many ones.

If the number of carriers is 1, an alternative way of putting this problem, is to ask
whether z can be generated from a1, ...,a, by repeated application of g. If m > 1, it is
the question, whether all z; can be generated from a;1,...,a;, where in the generation
process we apply ¢ in the same way for all ¢. This generation problem is a generalization
of the following ones:

— Does b belong to the closure of {ai,...,a,} under pairwise addition? This is equivalent
to a modification of the sum-of-subset problem where factors other than 0 and 1 are
allowed. It can be shown that this is NP-complete [vEB79].

— Does the empty clause belong to the closure of the clauses {¢1,...,®,} under the rule
of the resolution proof system. This problem is coNP-complete.

— Does a given element of a monoid belong to the sub-monoid that is generated by a given
set?
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The complexity of special generation problems has been investigated earlier, especially for
groups. Generation problems for matrix groups [Bab85, BS84], for finite groups, where the
group operation is given by a multiplication table [BKLMO01], and for permutation groups
[BLS87, FHL84, Sim70] have been examined.

Let us make our generation problems precise. Let g be a computable binary operation
on X* ie., g:3* x ¥* — ¥*. For fixed g we define the generation problem.

Problem: Generation problem for a set of carriers, GEN(g)
Input: My A1 1,y Gl ey Gmdse e Gy Z1s -3 Zm € 2.
Question: Is there an f € [g] such that f(a;1,...,a;n) =z forall 1 <i <m?

An easier version of the generation problem is the following where we define only one
carrier of the function:

Problem: Generation problem for a single carrier, GENg(g)

Input: Alyeeey Ay, 2 € 25,

Question: Is there an f € [g] such that f(ai,...,a,) = 2?7 In other words: Can
z be generated out of aq, ..., a, by repeated application of g? This is
equivalent to asking whether z € [a1, ..., an],.

For convenience we write operations like addition in infix form. Obviously, GEN(g) <log
GEN(g) for all binary functions g.

The process of generating elements by iterated application of a binary operation can
be visualized by a generation tree. For example, z € [a1,...,ay)y if and only if there is a
binary tree of the following form: All leaves of the tree are labeled with a; where 1 < i < n.
All inner nodes v of the tree are labeled with g(z1,x2), where z1 is the label of the left
successor of v and x4 is the label of the right successor of v. The root is labeled with z.

We introduce some notation we need in order to work with trees. For a binary tree T,

let Leaf(T") be the set of leaves, Root(T") be the root and Node(T") be the set of nodes of

T (including the leaves and the root). Let path(T") 4t {w : wis apathof T} C {l,r}*.

Every v € path(7T) that does not lead to a leaf node is called initial path of T'. In contrast,
every path in path(7) that is not an initial path is a full path. Let ipath(T') be the set of
initial paths of 7" and fpath(T") be the set of full paths in T'. For ¢ € path(T), let I(¢) and
7(q) be the number of left turns and right turns, respectively, in ¢g. For a node z of T with

path v, let I(z) dof [(v) (respectively, r(x) aof r(v)).

Definition 6.1. Let B C X*. If f is a binary operation, then a tuple (T, ) where T is
a binary tree and « : Node(T) — X* is a function that labels the nodes of T is called
f-generation tree from B for z if the following holds:

— If v € Leaf(T") then a(v) € B.
—If v ¢ Leaf(T) and v has left successor vi and right successor va, then a(v) =

fla(vr), a(vz)).
— a(Root(T)) = =.
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If a is clear from the context, we call «(v) the value of v or the label of v. So, T
determines the function from [f] that is computed by the generation tree. The values of
all inner nodes, including the root, are determined by 71" and the labels of the leaves.

If f is binary function, the generation process of every function in [f] can be separated
into two steps: One step, where the substitution structure, the generation tree, is defined.
In the second step no substitution occurs, but variables are permuted and identified.

Proposition 6.2. Let f be a binary function. The following statements are equivalent:

1. (M,ai1,. @y ey Gy ooy Aoy 215 - - -5 2m) € GEN(f)
2. There is a binary tree T and labeling functions aq, ..., o, such that
a) foralli e {1,...m} is (T, ;) is an f-generation tree from {a;1,...,a;in} for z,
and

b) for allv € Leaf(T) there is a k € {1,...,n} such that for all i € {1,...m} we have
a;(v) = Qi ke

Proof. Let (T, ;) be as in 2. Then we can build a function f’ € [f] with arity |Leaf(T)|,
using the operators SUB and RF on f such that the structure of T is reproduced in the
substitution structure. Then the operators TF, RF, and LVF can be used to build an n-ary
function f” that maps all m input tuples to the respective outputs. Due to 2b, exactly the
same sequence of these operators can be applied for all i.

The other direction can be shown by an easy induction over the superposition-
operators. H

6.1 Generation Problems for General Operations

Since we are mostly interested in complexity issues, we restrict ourselves to computable
operations. All of the corresponding generation problems are recursively enumerable and
we show that there are polynomial-time computable operations whose generation prob-
lems are undecidable. There remain undecidable problems even if we furtherly restrict the
operation’s resources like time and space. The reason is that even with restricted resources
it is possible to let a generation problem simulate grammatical derivation trees of arbitrary
formal languages. We achieve decidability when we demand the operation to be length-
monotonic. Hence we study the complexity of various restrictions of length-monotonic
operations.

Theorem 6.3. GEN(o) is recursively enumerable for every computable operation o : ¥* x
X — ¥,

Proof. Consider the following algorithm working on o-formulae, i.e., formulae built up
from words in ¥* using the operation o. Given a formula F' that uses just the variables
x1,...,%y and the connector o, the algorithm evaluates F' on inputs (ai1,...,a10),..-,
(@m1s---smn) € ()" and outputs m, a1 1,..., 1y Gmly-- s Qmns 215 - - - 5 Zm Where
z; is the value of F(a;1,...,a;y). Obviously, the algorithm just enumerates GEN(o). 0O
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In the next theorem, we observe that polynomial-time computable operations are still too
difficult for a complexity-oriented examination of generation problems. For example, with
such an operation we can simulate single steps of arbitrary Turing machines.

Theorem 6.4. There is an associative, commutative, polynomial-time computable oper-
ation o : ¥* x ¥* — ¥* such that GENg(o) is m-complete for recursively enumerable
sets.

Proof. Let ¢ : ¥* — X* be a function that is recursive such that D, dof {z : p(z)is
defined} is the halting problem, and let M be a machine that computes ¢. We define o as
follows: For n,mq, mg > 0 let

gl m o gntlqme def ontiimitmz o if M on n still runs after mq + my steps
1, otherwise,

and for all other z,y € ¥* let x oy def

Observe, that o is commutative and o € FP. For associativity let x,y,z € ¥*. In case
that there are n, mi, ma, mg > 0 such that x = 0"H11™ y = 0" +H11™2 2 = 0" T11"8 and M
on n does not stop within m; +mg+ms3 we obtain zo(yoz) = (voy)oz = QP FHl1mitmatms
In all other cases we obtain zo (yoz) = (xoy)oz=1.

Now, if M on n stops within m steps, then [0"T111], = {07 +111 on+l12 .. ontiim—1 1},
If M on n does not stop, then [0"T111], = {0"+111 07T112 ...}, Hence,

n € D, < M on n stops < 1 € [0"T11Y], & (0"711,1) € GENg(o).

6.1.1 Length-Monotonic Polynomial-Time Operations

We have seen that in order to get decidable generation problems we have to restrict the
class of operations. Therefore, we demand that in the generation tree of some z, the lengths
of all intermediate results are bounded by |z|. This is equivalent to saying that we restrict
to operations o that satisfy |zoy| > max(|z|, |y|). Call such operations length-monotonic. If
|z o y| = max(|x|, |y|), then the operation is called minimal length-monotonic. Generation
trees of such operations can be exhaustively searched by an alternating polynomial-space
machine.

Theorem 6.5. GEN(o) € EXPTIME for every length-monotonic, polynomial-space com-
putable operation o : ¥* x ¥ — ¥*.

Proof. Let o be a length-monotonic, polynomial-space computable operation. GEN(o) can
be decided by the following alternating algorithm that uses at most polynomial space:

function GEN(m,x[1,1],...,x[1,n]),x[m,1],...,x[m,n),z[1],...,z[m])
repeat
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if there is a j such that z[i]=x[i,j] for all 1 <7¢<m then accept;
if |z[i]| = O for an i€ {1,...,m} then reject;
existentially choose z[i,1], z[¢,2] such that
(zli,1]0z[i,2]) = z[i] for all 1<i<m;
universally choose j from {1,2}
let z[i]=z[7,75] for all 1 <i<m
forever

Since o is computable in polynomial space it is obvious that the above algorithm is an
alternating polynomial-space algorithm. Chandra, Kozen, and Stockmeyer [CKS81] proved
that these can be simulated in deterministic exponential time. |

This exponential-time upper bound for length-monotonic, polynomial-space computable
operations is tight, even for polynomial-time computable operations and for the genera-
tion problem with a single carrier. To see this we start with a technical lemma which
simplifies the argumentation. It shows that for certain sets A, we can translate operations
x: Ax A — A to operations o : ¥* x ¥* — ¥* such that the complexity of the genera-
tion problem with single carriers and other properties are preserved. This is done by an
appropriate encoding of elements from A.

Lemma 6.6. Let Ay,..., Axy; be finite sets, A def ATX - XA X A1 XX Apq, and let
x: Ax A — A be a polynomial-time computable operation. Then there exists a polynomial-
time computable operation o : X* x ¥* — ¥* such that:

1. GENy(*) < GENj(o).

2. If x is commutative then o is commutative.

3. If x is associative then o is associative.

4. If x is minimal length-monotonic then o is minimal length-monotonic.

Proof. Let m > 2 be such that |[A4;] < 2™ for i = 1,2,...,k+ 1. Let h; : A7 — (£™)*
be a continuation of a block encoding with block length m for ¢ = 1,2,... k 4+ [. Let

d: ¥t — X7 be a continuation of the homomorphism defined by d(0) 00 and d(1) “
on all binary words. Let code : A — X* be an encoding given by

code(@1, o, . .. 2ps1) 2 d(hy (21))0Ld(ha(22))01 - - - 01d (s (zrst))-

Note that |code(u)| = 2m|u| + 2(k + 1 — 1) and that code is a log-space function. For
w1y, wy € X¥, o can be defined as

def [ code(uy *xug) if wy = code(u1) and wy = code(us)
WO = gmax(lwihlwa)  otherwise.

Certainly, since * is computable in polynomial time, so is o. Obviously, if * is commutative
then so is o, and if * is associative then so is o. Now let * be minimal length-monotonic.
If wy = code(uq), wy = code(us), and uy * ug = v then we conclude:
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|wy ows| = |code(uy * uz)| = |code(v)| = 2mlv| +2(k +1—1)
2m-max(|ui|, lug]) + 2(k+1—-1)

= max(2mlui| +2(k+1—1),2m|uz| +2(k +1—1))
= max(|code(uq)|, |code(usz)|) = max(|wi], |wa|).

Otherwise, |wy o wy| = |0m@(willw2D)| = max(|w;|, |wy|). Hence, o is minimal length-
monotonic.

Finally, by definition of o, v € [u1,...,up). if and only if code(v) € [code(uy),...,
code(um)]o. This completes the proof. O

Theorem 6.7. There is a commutative, minimal length-monotonic, polynomial-time com-
putable operation o : ¥* x 3* — ¥* such that GENg(o) is <}, -complete for EXPTIME.

Proof. We follow an idea of Cook [CooT71] to simulate deterministic exponential-time com-
putations. Without loss of generality, a deterministic exponential-time one-tape Turing
machine M deciding a set A C X* can be normalized in such a way that on input
T =ajas - a, it makes 2°(%D) sweeps where p is a suitable polynomial. For 0 < 2i < 2P(#])
the (2 + 1)-st sweep is a right move from tape cell 1 (with the first symbol of z) to tape
cell ¢ 4+ 2 within ¢ 4 1 steps, and the (2i + 2)-nd sweep is a left move from tape cell i + 2
to tape cell 1 within ¢ + 1 steps. Each of the turning points belongs to two sweeps.

Turing tape | | | | | | | | |
1 2 3 4 1 12

sweep 1
sweep 2
sweep 3
sweep 4
sweep o
sweep 6

sweep 2i—1 " . |

sweep 21
sweep 2i+1 -t tes -t |
sweep 242 -—t Tt

Furthermore, let M have the tape alphabet A, the set of states S, the initial state s, and
the accepting state sq. In the case of acceptance the tape of M is empty. If M is in state
s and reads a, then the next state is (s, a), and the symbol printed is A(s, a).

We say that the quintuple (x, 4, j, s, a) is correct if during the i-th sweep on input x the
machine M prints the symbol a in tape cell j and leaves that cell with state s. One can
compute a correct (z,1,7,s,a) by knowing only two other correct quintuples, namely the
correct (2,4 — 1,7,8',a’) and the correct (z,4,k,s”,a”) where k € {j — 1,7 + 1}. The idea
of our operation is as follows: multiply (z,7 — 1,7,s’,ad’) with (z,4,k,s”,a”) and obtain
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(x,4,7,8,a). In an accepting computation of M on z (and only in this case) one generates
finally the correct (z, or(lal) 9 g, 0).

To make this precise, let a; 0 for all j > n. Furthermore we assume that, in a
quintuple (z,i,7,s,a) where i,j € {0,1,...,2P0#D}  the numbers i and j are given in
binary representation of length exactly p(|z|) + 1. Now define the operation * as follows.
Right sweep, for 1 < 27 < 2r(2) and 3=1,2,...,%

(x,24,5 + 1,s,a) * (x,2i + 1, 4,5",b) def (x,20+ 1,7+ 1,0(s',a),A(s',a))

Left sweep, for 1 < 2i +1 < 2P(z]) and 7=12,...,i+1:
(2,20 +1,5,8,a) % (2,2 +2,j +1,5",b) < (2,20 +2,5,0(s, ), \(s', a))

New tape cell right, for 1 < 2i4+1 < op(lz)).

(@,20+ 1,0 +1,5,a) * (2,0,0,50,0) © (2,2 + 1,0 +2,0(s, a142), A(5, ai42))

Turning point left, for 1 < 2 < op(lz]).

(z,2i,1,,a) * (2,0,0,50,0) & (2,21 +1,1,5,0a)
Turning point right, for 1 < 2 + 1 < 2°(=D.

(2,20 +1,i +2,8,a) * (2,0,0,50,0) & (2,2 +2,i +2,5,a)
If uxwv is defined in this way then v *u is defined in the same way. For remaining products
not yet defined, we define
dof gmax(lel+ful-+ol, 2/ |+u’[+'])

(.ZU,U,U,S,CZ) * (.ZU,,’LL/,’U,,S/,CL,) 75757307D)‘

Obviously, * is polynomial-time computable, minimal length-monotonic, and commuta-
tive. Starting with (x, 1,1, 0(sg,a1), A(sp,a1)) and (x,0,0, sg, d) exactly the correct quin-
tuples of the form (z, . ..) together with (0/#1+2P(2D+2 ¢ ¢ 55 0O) and (z,0,0, sg,0) can be
generated. Hence, M accepts x if and only if

((:Ev 17 17 G(SO’ al)v )‘(507 (11)), (iE, Oa 0> 50, D)7 (SL’, 2p(|r|)’ 27 51, D)) € GENS(*)v

consequently A <p, GEN(*). By Lemma 6.6, we obtain a polynomial-time computable,
minimal length-monotonic and commutative operation o : ¥* x ¥* — ¥* such that A <},
GENq(o0). O

6.1.2 Finiteness of Generated Sets: An Excursion

Although this chapter is about the complexity of the generation problem, we want to
examine in this subsection an interesting question that is strongly related to the generation
problem. Namely, we examine, how difficult it is to determine whether or not the sets
generated by a function f from a basic set is finite. It turns out, that this problem is very
difficult. It is undecidable, even for length-monotonic functions. Let us first give a formal
definition of the finiteness problems for functions f € F2(N).

Problem: Finiteness Problem FIN(f)
Input: A finite B C N.
Question: Is [B]y finite?
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Theorem 6.8. For all computable f is FIN(f) recursively enumerable.

Proof. Obviously, the set {(A,B) : B C A = [A]; and A is finite} is decidable. So FIN(f)
is the projection of a decidable set and hence recursively enumerable. 0

In Theorem 6.4, we show that there is an associative, commutative, polynomial-time com-
putable function f, such that GENg(f) is undecidable. In the proof, a 1 is generated if
and only if the generated set is finite. Hence, the result carries over to FIN(f).

Theorem 6.9. There is an associative, commutative, polynomial-time computable opera-
tion f:X* x ¥* — ¥* such that FIN(f) is m-complete for recursively enumerable sets.

However, for length-monotonic, polynomial-space computable functions f, we show in
Theorem 6.5 that GEN(f) is decidable in EXPTIME. This is not true for FIN(f); we even
find f € FP such that FIN(f) is undecidable.

Theorem 6.10. There is a length-monotonic, associative, and commutative function f €
FP such that FIN(f) is m-complete for recursively enumerable sets.

Proof. Let a,b,c € {0,1}? such that they differ pairwise, let ¢ be a recursive function
where D, is the halting problem, and let M compute . In the case that M halts on some
input n, let t,, be the number of steps M makes until it halts. Let L, of {a™ : k € N}.
For all n € N we define the functions f,, : L, x L, — L, as follows:

ab*tn , if M halts on n and (m; > t,, or mg > t,,)
and mq,my < 2t,
frn(a™b™  a”b™?) det ) gnpm , if M halts on n and mq > 2t, and mo < 2t,
a™bm? , if M halts on n and mg > 2t,, and m; < 2t,

a2 otherwise

Observe, that f, € FP, that f,, is length-monotonic and commutative for all n € N. We
will now show that f, is associative for all n € N: If M does not halt on n, then obviously
Fa(fn (@™ a™b™2), a"b"3) = @™ T2t = f (@™ f,(a™b™2,a"b™3)), so let there
be an t,, such that M halts on input n after ¢, steps.

Case 1: mq,mo,mg < 2t,

Then either f,(fn(a™0™,a"b™2),a™b™3) = a"p™+tm2tms = f (a"b™ | f,(a™b™2,a"b"3))
or fr(frn(a™™,a™b™2),a™b™3) = a"b?n = f,(a"b™, fo(ab2, a™b™3)).

Case 2: my > 2t,, mo,m3 < 2t,

Then fo(fn(a™d™,a™b™2),a"b™3) = fp(a™b™,a™™) = a™b™'. On the other side
fn(a™m™ a™pm2tms) = g"p™ = f,(a"b™,a"b*). Note that the choice of m; to be
greater than 2t,, is arbitrary, since f, is commutative.

Case 3: mq,mg > 2t,, ms < 2t,

In this case f(fn(a™b™,a™™2),a™b™3) = a"p"™ T2 = f, (a6 f,, (b2, a"H™3)).
Case 4: mq1, mo, m3 > 2t,

In this case f,(fn(a™b™,a™b2),a"b3) = a™p™M T2t = £ (a"™ | f, (a2, ab™3)).
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This finishes the proof of the associativity of f,. Note, that n € D, if and only if [a"b];, is
finite. In the rest of the proof, we will define a length-monotonic, associative, commutative
function f: X* x X* — ¥* that is a expansion of all f,.

For given k,nq,...ng,my,...,mp € N, i € {1,...,k}, let

n; ,if thereisno j € {1,...,7 — 1} with n; = n;
g(ni) = ¢ n} , otherwise, where n/ def H{(,0) : 1 <j<o<iAnj=n,}
+ max{ni,...,ng}
Observe, that g(n;) # g(n;) for all 4,5 € {1,...,k} and let g'(a™ b c...ca™ b™) of
a9y ca9R) I there are no 4,5 € {1,...,k} with n; = nj, let h(a™b™c. ..
cakhmk) L grapmine, . ca™kb™in such that {ni,,...,ni, } = {n1,...,n} and for all
r,s € {1,...,k} holds r < s — n;, < n;,. For w € ¥*, let

w ,if w=a"b™c...ca™ b for some
d(w) = kny,...,ng,miy,...,my €N
a%lvl  otherwise

and clean(w) of h(¢' (d(w))). Observe, that clean(w) = a™b™c...ca™b™ such that

def
k,ni,...,ng,mi,...,mp € Nand n; < ng < --- < ng. Now, let v = a™b™c. .. ca™b™*
def
and w = a®'bPlc. .. ca®bP such that I, k,ni,..., Ny, M1, ..., My, 01,0015+ P € N
and ng < ng < -+ < ng and 07 < 09 < --- < op. Let {wy,...,w,} = {a%bPi
def

1 < j < landthereisnoi € {1,...,k} withn; = o;}. If » > 0, let f'(v,w) =
viC...CUCWIC. .. cw,, Where

P =

Cdef [ fn, (@™ a%bP7) | if there is a j € {1,...,l} with n; = o;
aipmi otherwise

and f'(v,w) def vic...cvg, otherwise. Finally, for arbitrary v,w € ¥*, let f(v,w) def
h(f'(clean(v), clean(w))). Observe, that f € FP and that it is length-monotonic, commu-
tative, and associative and that for all n € N we have [{a"b}]; = [{a"b}],. O

6.1.3 Length-Monotonic Associative Polynomial-Time Operations

We have seen in Theorem 6.7 that, in general, commutativity does not lower the complexity
of the generation problem for length-monotonic, polynomial-time computable operations.
In this subsection we show that associativity does. If we want to generate a number z from a
basic set by repeated application of an associative operation o, we do not need to know the
exact structure of a o-generation tree for z: Associativity makes all generation trees with
the same sequence of leaves equivalent with respect to the generated element. As we have
seen in Proposition 6.2, this effect carries over to the functions in [o], which means the the
sequence of substitutions we use to build a function from [o] is not relevant. We show that
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PSPACE is upper bound for all generation problems with associative, polynomial-space
computable operations and that there are even associative, polynomial-time computable
operations such that their generation problem is a lower bound for PSPACE.

Theorem 6.11. GEN(o) € PSPACE ifo : ¥*x¥* — ¥* is length-monotonic, associative,
and polynomial-space computable.

Proof. The following algorithm decides GEN(o) in polynomial space:

function GEN(m,x[1,1],...,x[1,n],...,x[m,11,...,x[m,nd,z[1],...,z[m]1);
choose an i € {1,...,n} nondeterministically;
y[7] := x[j,7] for all 1<j < m;
while (y[j]l # z[j] for a j€{1,...,m}) and
(yl711 < 1z[j1] for all j € {l,...,m}) do begin

choose an i € {1,...,n} nondeterministically;
yj1 = y[j]l o x[j,i] for all 1 <j<m
end;

if (y[j] = z[j] for all 1 <j < m) then accept else reject
O

The polynomial-space bound is tight even for a polynomial-time operation o and the
generation problem for a single carrier.

Theorem 6.12. There is a minimal length-monotonic and associative polynomial-time
computable operation o : ¥* x 3* — ¥* such that GENg(o) is <§,-complete for PSPACE.

Proof. At the beginning we remark that much of the complexity of the following construc-
tion stems from the possible associativity of the operation. Let L C X* be a set that is
<m-complete for PSPACE such that ¢ ¢ L. By Lemma 6.6, it suffices to prove existence
of a finite alphabet A and a minimal length-monotonic and associative polynomial-time
computable operation * : (3* x A*) x (¥* x A*) — (X* x A*) such that L <}, GENg(*).

Since L € PSPACE, it follows [CF91] that there exists a polynomial-time computable
function f: ¥* x N — A5 and a polynomial p such that for all x € X%,

ze€L o f(x,0) - f(z,1) - flaz,2P07) —2) = g4 (6.1)

where (As, ) is the group of even permutations on five elements with identity permutation

ag. For x € ¥* let K, def p(|z|) and M, def 4K, + 3 (x will always be clear from the
context).

We consider the set
{(x,bing, (i) abing, (§)) : 0 <i < j < 252 a € A5} C {2} x (ZF=.A5-0K)
with a multiplication * whose essential idea is given by the following equation:

(z,bing, (i) abing, (7)) * (x,bing, (j+1) bbing, (m)) = (x, bing, (i) a- f(x, j)-bbing, (m)).
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However, we need * to be defined in a more general way; the exact definition follows. From
equation (6.1) we obtain

x € L (x,05%0915) € [(z,bing, (1) f(z,i)bing, (i+1)) : 0 < i < 28=—1],.

Since {(z,bing, (i) f(z,i)bing, (i+1)) : i < 2X2—1} has exponentially many elements (in
the length of ), this cannot be used as reduction function for L <}, GEN4(x). So we have
to generate this set from a few basic pairs. For this we modify * as follows. We use a new
separation symbol # and, to achieve minimal length-monotonicity, a new padding symbol 2.
For u € {0,1,#}*, let po(u) & w2Me=1vl and for w € {0,1,2,#1*, let @ € {0,1,#}* be
the word w without symbols 2. Define the following sets of words:

def

- A, = {we¥:|w <K;}
- Bz déf AI#AI
~ C, E A#TEoHA,

— D, def {u # bing_(i1) c1 bing, (ig) ca - - - cs—1 bing, (is) # v :

s>2 uu €Ay, 0<iy < - <ig < 2Ke
€1,C2,...,cs—1 € A5 U {#}, and
(cj=#=1ij+1=1ij4q)forj=1,...,s —1}
—a, 4, uB,UC,UD,
Let A % {0,1,2,#} U A5 and define g, : ({0,1,#} U A5)* — ({0,1,#} U A5)* as follows
1. g2 (v) e it v e A, UB,UC,.
2. If v = u#bing, (i1 )e1bing, (i2)cs . . . cs_1bing, (is)#u’ € D, then

92 () def u#bing, (i1 )abing, (is)#u’,

where ¢ & by-ba-...-bs_1 such that b; = ¢; if ¢; € A5 and b; = f(x,i;) otherwise.

3. g:(v) def ##4 in all other cases, i.e., if v ¢ G,.

Finally, define * on ¥* x A* by

(g, 2max{lzl+lvblyl+lwlly - Cif 22 £y or 2 =€ or y = € or one of
T, is not in (G U {##4#}) N AMz
(z, pz (g (v0))) , otherwise

(2, 0) % (y,w) <

Observe, that * is minimal length-monotonic, which is basically ensured by the padding

function p,(+).

We show the associativity for . For that, let first r aof (x,7"), s f (y,s'),t f (z,t) €

>* x A* such that [{z,y, z}| > 1. Then rx(sxt) = (g, 2m@UsHLIYHS LI} = (py5) 5.
We obtain the same result, if z = y = z and one of 7/, s/, ¢/ is not from (G, U{###})NAM=,
The remaining cases are such that 2 = y = z and ', s',t' € (G, U {###}) N AM=_ Here
it suffices to show



94 6. The Generation Problem

r*(s*t) = (z,pz(g:(r's't))). (6.2)

If one of ', s, is equal to ###, this is obvious. The same holds in the case where

ST € AgUB,UC,. I 5T = 44, then rx(sxt) = (2, D2 (9. ("5T))) = (&, pu (###)) =

and we are done.

If s't’ = u#tbing, (i1)c1bing, (i2)ca - - - cs_1bing, (is)#u’ € Dy. Then s*t = (z,d) where
d = p;(u#bing, (i1)abing, (is)#u’) as in the second case of the definition of g,. Assume
' =v € Az or v’ = wH#v € B,UCUD,. If |vu| > K then 7 (s*t) = a = py(g,("'s't))). I
lvu| < K and 1’ ¢ A, then again 7*(sxt) = a = pz(g.(r's't")). If jvu| < K, and v’ € A, we
have 7 * (s xt) = (v, p; (vugtbing, (i1 )abing, (is)#u')) = (2, pz (9 (7's't’))). The remaining
cases are where 7/ = w#v € B, UC, U D, and |vu| = K,. Since u#bing, (i1) is a prefix
of both st and g,(s't'), we have r'g,(s't') € D, if and only if r's't’ € D,. If r's't' ¢ D,,
then r* (s xt) = a = pg(g(r's't’)), so let 7/s't’ € D,. In this case the equivalence (6.2) can

be easily seen for all cases of 7.

The remaining case is where s/t ¢ G, U {###}; we show that 7/s't’ ¢ G, U {#4##}.
Obviously, r's't! # 4 4. Suppose that /s't/ € G,. If r's't’ € A,, then st/ € A,.
If r's't’ € B,, then st/ € A, U B,. If r's't’ € C,, then st € A, U B, U C,.
Therefore r's't’ = u#tbing, (i1)cibing, (i2)cs - - - cs_1bing, (is)#u’ € D,. Since s't’ ¢ G,
and 7/ € G, there is a k such that r’ = u#bing, (i1)c1bing, (i2)ca - - - cx_1w, st =
w'egbing, (ig1) - - cs—1bing, (is)#u where ww’ = bing,_(ig), cxg_1 = #, and ¢ € As.
Hence either s’ or ¢/ is not in G,. So if s't' ¢ G, then r * (s xt) = a = (2, po(g.(r's't))).
This finishes the proof of associativity for .

Observe that (z,ps(u#bing, (i)abingk, (j)#v)) is in [(z,p2(0)), (z,pz(1)), (z, pa(#))]« if
and only if i < j and f(z,%) - f(x,i+1)----- f(z,7 — 1) = a. Consequently, we obtain

z € L (2,p:(#0% agl® #)) € [(2,2(0)), (2, 02(1)), (2, Do (#))] -
U

Now let us additionally assume o to be commutative. Again, the associativity enables
us to ignore the o-generation tree and instead search for a word over {1,...,n}. Together
with commutativity, we just have to guess exponents k1, ..., k, and test whether af’ll 0---0
f,’;L = z for all 1 < i < m. If the operation is computable in polynomial-time, then the

exponentiations are computable in polynomial-time, too (by squaring and multiplying),

a

which yields the following theorem.

Theorem 6.13. GEN(o) € NP for all length-monotonic, associative, and commutative
polynomial-time computable operations o : X* x ¥* — ¥*,

Again, this upper bound is tight, i.e., there exist associative, commutative, and length-
monotonic polynomial-time computable operations whose generation problems are NP-
complete. Even the usual addition on natural numbers has this property.

Theorem 6.14. GENg(+) is <h,-complete for NP, where + is the addition on N.
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Proof. Tt is known that GENg(+) is NP-complete for the addition on integers [vEB79].
This proof exclusively uses natural numbers. O

6.2 Generation Problems for Polynomials

The previous section gave an overview over the complexity of generation problems for
polynomial-time computable operations. Now we want to have a look at the more re-
stricted class of generation problems whose operations are polynomials. The Davis-
Putnam-Robinson-Matiyasevich theorem [Mat70] states that every recursively enumerable
set is range of a polynomial with integer coefficients. Based on this we find polynomials
with multiple variables, where even the generation problem for single carriers is undecid-
able.

The idea is the following: Take a polynomial ¢ with undecidable positive range and
replace every variable x by z? + 22 + :E% + 2. Take another polynomial 7 that is capable
to generate all negative numbers and negative numbers only. Build a new polynomial out
of ¢ and r with an additional variable xy such that for xy = 0 the value of ¢ is calculated,
and for xg # 0 the value of r is calculated. In this way it is possible to generate all negative
numbers which in turn allow the generation of the positive range of ¢q. Let us make this
precise.

Theorem 6.15. There is a polynomial p with integer coefficients such that the problem
GENg(p) is undecidable.

Proof. Let M C N be enumerable but undecidable, such that 0,1 € M, and let ¢ : Z™ — Z
such that ¢(N™) NN = M. Without loss of generality we can assume, that ¢(0,...,0) > 0.
Now, let

a = (T1,1,%1,2, 21,3, T4, Tn,1,Tn2, Tn,3, Tnd),
o 4
B = (Z ‘T%,i? Tt mi,i)?
i=1 i=1
def &
r(x1, 29, 23, 24) = —1~Zx?—1,
=1
def
a é q(07"'70)27
; n 4
s(e) = DD ad, and
i=1 j=1
def
P) = ¢B)?-a+s(a)a+ 1.

Observe that the following holds for all ay1,...,a,4 € Z:
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{0,1}], = -Nu{1},
r(aii,...,a1a) < 0,
s(a11,...,an4) = Oifandonlyifa;;=---=ap4=0,
p,(O,...,O) = 1,
p(a11,...,ans) > 0, and

if s(a1,1,...,an4) >0 then |p'(a171, cosana)| > g(B)]

def
Now define for v = (xo,y1,...,Y4,Z1,1,- -, Tn4)

p() E @ vy pa) (@) + (1 —23) - q(B)

and observe that the following holds:

’I"(yl,...,y4) ,if:El,l:"':$n74:0,|$0|:1
p(v) =14 a(B) yif g =0
<0 , otherwise

Therefore we have [{0,1}], " =N = —N and [{0,1}], "N = ¢(N") "N = M. Therefore a
positive number is in M if and only if it is in [{0, 1}],. O

To obtain this undecidability result, the polynomials must have negative coefficients
and they usually contain a rather large number of variables. Therefore, we concentrate on
bivariate polynomials with positive coefficients. These are always length-monotonic and
hence, the corresponding generation problem is decidable (see Theorem 6.5). We show
that many of them are even in NP and, in the case of GENg, all of them belong to
NTIME-SPACE(2"°6°™ nlogn). In the case of GEN, all of them, except GEN(z + ¢(y)),
where ¢ is a non-linear, univariate polynomial, belong to that class. So far we have no
evidence against the conjecture that all these generation problems belong to NP (see also
the discussion in Section 6.3). However, we cannot prove this.

This section has two main results: First, we show that if p is not of the form ¢(x) + ky
where ¢ is non-linear and k£ > 2, then the corresponding generation problem belongs to
NP. Second, we prove NP-completeness for polynomials of the form z%y’c where a,b, ¢ > 1.

6.2.1 The Main Case

Let us start our investigation with univariate polynomials p, i.e., p(z,y) = ¢(z) for a
suitable polynomial q.

Theorem 6.16. If p is a univariate polynomial, then GEN(p) is in P.

Proof. Every function in [p] is essentially unary which means that they all have at most
one relevant variable, since p is unary. So, if we get m carrier a;1,...,ain, 2 (1 <i<m)
as input, either z; = a;  for a k and all ¢ € {1,...,m} or there is a k such that z; € [a; 1],
for all i € {1,...,m}.
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Hence, we go through all j € {1,...,n} and test whether there is a k such that p*(a; ;) =
z; for all i € {1,...,m}, which can be done in polynomial time: If p(z,y) = ¢(x) = ¢, then
we have [a; ;], = {a;j,c}. If p(x,y) = q(x) = = + ¢, then [a; ], = {ai; + kc: k > 0}. In
all other cases we have g(z) > 2z or g(z) > 22. It follows that [a; ], C {p*(ai;) : k =
0,1,...,|bin(z;)| + 1}. 0

A univariate polynomial p(z) is linear, if there are a,c € N such that p(z) = ax + c.

Lemma 6.17. Let p be a bivariate polynomial that is not of the form p(x,y) = kx + q(y)
or p(z,y) = q(x) + ky where q is non-linear and k > 2. Then p must have one of the
following properties:

1. p(z,y) = x4+ qy) or p(z,y) = q(x) + y for some univariate polynomial q,
2. p(z,y) = ax + by + ¢ for some a,b,c € N such that a,b > 2, or
3. p(x,y) > x -y for all z,y.

Proof. Assume that the polynomial p has non of the properties 1., 2., and 3.. Since p does
not fulfill 3. there are univariate polynomials ¢ and r such that p(x,y) = q(z)+r(y). Since
22 +y? > x -y at least one of the polynomials ¢ and r is linear. Consequently there exist a
univariate polynomial ¢ and an k& > 0 such that p(z,y) = kx +q(y) or p(x,y) = q(z) + ky.
Since p does not fulfill 2., the polynomial ¢ is not linear. Since p does not fulfill 1., we
obtain k > 2. O

Lemma 6.18. Ifp(z,y) = x+q(y) for some univariate polynomial q, then GENg(p) € NP.

Proof. 1t is sufficient to prove:
lat,...,ar]p ={a; + X1 - q(a;) : j € {1,...,r} and a1,...,a, € N}.

The inclusion from right to left is obvious. For the other direction, we observe that
{ai1,...,a,} is included in the right hand side (which is obvious) and that the right hand
side is closed under p. For the latter let «;,3; € N, let s def Y (i - q(aq)), and let
¢ &t X (Bi-qa;)), for 1 <i<wr,and j,k € {1,...,r}. Then for some ¢ > 0,
p(aj +s,ap+t) = aj+s+q(ak—|—t)
= aj+s+qlay)+ct (6.3)
= a;+ X (i + ¢Bi) - q(ai)) + alag).

To see equality (6.3), observe that by binomial theorem, for all a,b > 0, g(a+0b) = q(a)+cb
for some ¢ € N. O

So, we can check whether z € [ay,...,a,], due to the fact, that for every p-generation tree
(T, 3) for z there is another generation tree (T”, ') of the following form:
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}\ n
AN S

a2
. a2 /
. e
ay
. ay
CL] /
a

We can decide the generation problem for single carriers by guessing j and the a;-
values. However, this “uniform” tree 7" describes another function than T, in general.
Since the the a;-values depend on {ay,...,a,}, they may be different for different carriers.
This is why we cannot use this method to decide GEN(p): For that, we need to find
one generation tree that works for all given carriers. Such generation trees can have an
exponential size. Nevertheless, we can decide GEN(p) with an alternating Turing-machine
that uses O(n) space, with an algorithm that is analogous to the one of the proof of
Theorem 6.5. We will see later, that there is a polynomial ¢ such that GENg(x 4 ¢(y)) is
NP-hard. Hence there remains a large gap between a known upper bound and a known
lower bound of GEN(x + ¢(y)); we have to leave the exact complexity of this problem as
an open question.

Lemma 6.19. If p(z,y) = ax + by + ¢ for a,b,c € N and a,b > 2, then GEN(p) € NP.

Proof. We show, that there is an encoding of polynomial size for p-generation trees that
can be used to check in polynomial time whether an element can be generated from a
given base via p.

Let T be a p-generation tree for z. Without loss of generality we can assume that
value 0 occurs only in the leaves of this tree T'. Since a,b > 2, the depth of T" is bounded
by |bin(z)| + 1.

Let T be an arbitrary binary tree whose leaves have values from {ai,...,a,}. For a
full path g in 7', choose i(q) € {1,...,n} such that the leaf of ¢ has value a;(,). We obtain
that z € [a1,...,ay]p if and only if there exists a binary tree T" whose leaves have values
from {aq,...,ay,} such that

2= Z ai(q) - al@ . pria@) 4 Z c-al@ . prla
q € fpath(T) q € ipath(T)

For a binary tree T of depth bounded by d and for i,j € {0,...,d} we define the charac-
teristics

st € 4{q: q € ipath(T),l(g) = i and r(q) = j} and

def ) '
TiT,j = #{q:q € fpath(T),l(q) =i and r(q) = j}.
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Note that the r . can be computed from the s ; by

o 1fo=1-s00,
T .
° TOJ_H 30] 307j+1for]€{0,...,d}, (6.4)
o Z-TJFLO = ;{0 — S;TCFLO for i € {0,...,d}, and
T _ T T T -
®  Tii1 41 =Sij41 T Sit1j — Siy1,j41 for .5 €4{0,....d}.
Using these characteristics we obtain that z € [a1,...,ay], if and only if there exist

a binary tree T' of depth d < |bin(z)| + 1 and a set of natural numbers {r; ;1 : 7,5 €
{0,...,d}, k€ {1,...,n}} such that X7_,r; j, = rl. and

Z?]
d n
D 33> SRRV o) SRR
=0 7=0 k=1 =0 7=0

Observe that the characteristics s have the following properties.

° sao <1,

. saﬂlSsajforje{o,...,d—l},

° Sz‘T+1,o < SZO fori e {0,...,d — 1}, (6.5)
. SiT+1,j+1 < 3;7F+1,j + SZij fori,j €{0,...,d — 1}, and

o s/y=sy;=0fori,je{0,...,d}.

On the other hand, we can prove the following.

Claim 6.20. Consider an arbitrary set M of natural numbers s; ; where i, j € {0,...,d}.
If these s; ; fulfill (6.5), then there exists a binary tree T' such that st = s;j for 1,5 €

(0,...,d}.

Proof: We proof the claim by induction on w(M) = aof »d 02] 05i.j-

If w(M) = 0, then the tree with only one node fulfills the statement.

If w(M) > 0, then we have sgg > 0. Since s;4 = sq; = 0 for i,j € {0,...,d} there exists
a pair (i,7) € {0,...,d}? such that s;; > 0 and s;41j = s; j+1 = 0. Let (g, jo) be such a
pair. Define M’ % {si; 4,7 €{0,...,d}} such that si o Sig.go — 1 and s} ; = s; ; for
all other (i,7) € {0,...,d}2. Obviously, M’ fulfills (6.5) and w(M') = w(M) — 1. By the
induction hypothesis, there exists a binary tree T” such that s;f]' = 8;7 jfori,je {0,...,d}.
To know that there exists a full path ¢ in 77 such that I(¢) = ip and r(q) = jo we have to

prove 7“20 jo > 0. We do this by considering four cases.

If ig = jo = 0 then salo = 500 < 80,0 < 1 and hence sg:lo =0.
/

S ; T _ o ) ) — o — T
If i9p = 0 and jo > 0 then s ]0 = 50,50 < 80,40 < 50,jo—1 = S0 jo—1 = So;jo—l'

s , , _ _ T
If ig > 0 and jp = 0 then slo 0= Sig.0 < Sig,0 < Sig—1,0 = Siy_1,0 = Sig—1,0-
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J— o / _
If 49 > 0 and jp > 0 then SZO o = m Jo < Singo < Sio—1,j0 T Sigjo—1 = Sig—1.jo T Sio.jo—1 =
Tl
Sig— 1JO+SZOJ0 1

Now choose a full path ¢ in 7" such that I(q) = ip and r(q) = jo and attach two successors to

T _ _
it. For the binary tree T" defined in such a way, we have s;_ SZO o1 =80, 0 +1= 5404
and Si,j = sg:j = si’j = s;; for all other (4,5) € {0,... ,d}?. This completes the proof of
the claim. 0O
Together with Proposition 6.2, we obtain that (m,a11,...,81n,---,8m 1, Gmn,
21, 2zm) € GEN(p) if and only if for d © |bin(z1)| + 1 and i, € {0, ...,d} there exist
natural numbers s; ; and there exists a set of natural numbers {r; ;1 : i,j € {0,...,d},k €
{1,...,n}} such that
1. the s; ; fulfill (6.5),
2. XY ik =i  for i, € {0,...,d} (where the r; ; are computed from the s; ; as in

(6.4), and
3.z = Eg:OE;l:O (SP_irijk-ank)-a - b+ ZEIZOZ?:OSZ-J cc-a'-b forall € {1,...,m}.

The properties 1. — 3. can be checked deterministically in polynomial time, hence GEN(p) €
NP. a

The next two lemmas show that GEN(p) € NP, if p(z,y) > x -y for all z,y € N.
Although Lemma 6.21 follows from Lemma 6.23, we prefer to first explicitly prove the
former one, as we can use the construction, that we introduce there, in the proof of the
latter one.

Lemma 6.21. If the polynomial p fulfills p(z,y) > x -y for all x,y, then GENg(p) € NP.

Proof. Let A C N be finite. Let

Q) def A Jifcg A
| Au{p(0,0)} otherwise.

Obviously we have [A], = [A’], and for every z € [A’], there is generation tree where no
node has two children with value 0. If for every x € N (resp., y € N),

p(z,0) > 2x (resp., p(0,y) > 2y) or p(z,0)

? (resp., p(0,y) > y*) or
p(x,1) > 2 (vesp., p(1,y) > 2y) or p(z,1) > z?

>x
> 22 (resp., p(1,y) > y?),

then there is a p-generation tree for z from A’ such that there are at most |z| nodes with
left (resp., right) child that has a value > 2 (x). Let D be a p-generation tree from A’
for z. We can assume that there are at most |z| leaves v in D that have a value greater
than 1 and there can at most be |z| nodes having two children with values greater than
1. Furthermore, we can assume that there are at most |z| nodes v in D such that both
children of v are leaves with value from {0, 1} since the value of theses nodes would be
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greater or equal to 2 (if the value of such a node were 0 or 1, the node would not be
necessary). That means that if D has more than polynomially many nodes, then nearly
every node (except polynomially many ones)

e has one child with value < 1 and another one that is no leaf, or (6.6)
e is a leaf with value < 1, and its parent’s other child is no leaf. '

We consider four cases:

1. Let there be z1,...,xs € N such that

(p(x1,0) # 221 and p(z2,0) # 23 and p(z3,1) # 223 and p(z4,1) # 23) and
(p(0,$5) Z 2x5 and p(O,l‘(j) \Z 113'% and p(l,x7) Z 2x7 and p(17$8) Z .ZU%)

Then p(x,y) = zy + d, where d € N. Note, that p(0,y) = p(z,0) = d. Since d €

A" if 0 € A, we can assume, that every generation tree has no node with value 0.

Observe, that g(x) ©rtrd= p(1,x) = p(z,1) for all x € N. Note that ¢*(x) =

x + kd, so k applications of g can be guessed in one step. Using property (6.6), we can
guess a polynomially sized generation tree, where each node either represents a normal
generation step or k < z steps of the above form.

2. Let there be x1,...,24 € N such that for all x € N we have

(p(z,0) >22  or p(x,0)>z2 or p(z,1)>2x or p(z,1) > 2?) and
(p(()?xl) Z 2x1 and p(O,IL’Q) Z .ZE% and p(l,[L’g) Z 223 and p(1,$4) Z ':U?l)

Then p(z,y) = zFy + ¥ bzt + d where k > 1, n,b;,d € N (1 < i < n). Because
of (*) there can only be polynomially many nodes in D with a left child that has a
value greater than 1. So, if there are more than polynomially many nodes in D, then
all of them except polynomially many ones have a left child with value < 1 and a right
child that is not a leaf. Observe, that p(0,y) = d. So, if 0 € A’ then d € A’, too, and
we can assume that there are no nodes that have a left child with value 0. Note that
r(y) def p(L,y) = y+ X7 b; +d and 7¥(y) = y+ k(X% ,b; + d). Therefore we can guess
a polynomial-sized generation tree for z where each node is either a normal generation
step or k < z subsumed steps of the form p(1,y).
3. Let there be z1,...,x4 € N such that for all z € N we have

(p(x1,0) # 221 and p(z2,0) # 23 and p(z3,1) # 2r3 and p(z4,1) # 2?) and
(p(0,z) >2z  or p(0,x) >2% or p(l,z)>2x or p(l,z)>2?).

Here a symmetrical argumentation holds.
4. Let for all z € N hold



102 6. The Generation Problem

(p(x,0) > 2z or p(z,0) > 22 or p(x,1) > 2x or p(x,1) > 2?) and
(p(0,z) > 2z or p(0,z) > 22 or p(1,7) > 2z or p(l,z) > x?).

By () there is a polynomial sized p-generation tree from A’ for b that can be guessed
and checked in P.
0

Corollary 6.22. If p is a bivariate polynomial that is not of the form p(x,y) = kx + q(y)
or p(z,y) = q(x) + ky where q is non-linear and k > 2, then GENg(p) € NP.

With polynomials p such that p(z,y) > xy, there is a main problem: p is not monotonic
at every point, since p(z,0) = p(0,z) = d for some constant d, regardless of the size of
x. In the last lemma, we coped with this problem as follows: We eliminated nearly all
occurrences of 0 from the generation tree and replaced them with the value of p(0,0).

However, if we have to find a generation tree for multiple carriers, we cannot simply
eliminate occurrences of 0, since a leaf that has the value 0 for one carrier does not have
to have the same value for another one. The idea to solve this problem is the following.
We guess an encoding for every carrier as in the previous lemma and mark every leaf v
that is a replacement for an inner node as described above. Then we compare all these
trees and test whether they all share the same “core”, i.e., whether they have the same
structure between the root and marked leaves.

Lemma 6.23. If the polynomial p fulfills p(x,y) > -y for all x,y, then GEN(p) € NP.

Proof. We have seen in the proof of Lemma 6.21 that we can always guess encodings of
p-generation trees of polynomial size. We showed, that such a generation tree has super-
polynomial size only in chains of nodes v that have children wi,ws such that w; is a
leaf (the leaf-nodes of the chain) with value 1 and ws is not a leaf, i.e., we is a node of
the same form as v, again. Hence, we can guess generation-trees (D1,(1),. .., (Dm,Cm)
of polynomial size, and, additionally, functions f1,..., f,, such that f; maps some nodes
of D; to {1,...,min{z1,...,2,}}. We do this with those nodes that represent a chain of
superpolynomial size. These nodes then have to have just one child and they stand for a
chain of length f;(v). What remains to do is to show, that it is easy to test whether these
generation trees are “compatible”, i.e., that we can merge them to one generation tree for
all z;.

For this, consider an instance (m,ai1,...,@1mn,---s@m1s--->8mmn,21,---,%m) of the
generation problem. An indez-tree is a triple (D, (, f) such that the following holds:

— D is a tree where every node has fan-out < 2. All parents of leaves have fan-out 2. If p
is a polynomial as in Lemma 6.21, case 4, then D has no nodes of fan-out 1.

— For every leaf in D with path w € {l,r}* there exists exactly one u € {l,r}* such that
w = uv for some v € {l,7}*, u describes a node with fan-out 2, and ((u) € {0,...,n}.
If u # w, then {(u) = 0. For all other w’ € {l,7}* holds {(w’) =L.

— For all inner nodes v of D that have fan-out 1, is f(v) € {1,...,min{z1,..., 2z, }}.
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(D, ¢, f) is called a full indez-tree, if for all leaves v in D that have path w, we have
s def

¢(w) #L. The full index-trees T' aof (D,¢, f) and T = (D', ', ') match if
1. For every leaf v in D that is characterized by the word w € {I,r}*, either
— there is a leaf v' in D’ that is characterized by w and {(w) = ¢’(w) or
— ((w) = 0 and there is a node v" in D’ such that w is an initial path in D’ character-
izing v' (in this case we say T prunes w in T”),
and vice versa.
2. If w € {l,r}* is a path describing inner nodes v from D and v" from D’, then f(v) =
f(@").
We can test in P whether or not two full index-trees 7' and 7" match. Let

(x) def p(z,1) ,if pis as in Lemma 6.21, cases 1 or 2
| p(1,z) ,ifpisasin Lemma 6.21, case 3

For i € {1,...,m}, an index-tree T'= (D, (, f), and a node v from D that is characterized
by w € {l,r}* we define

i ¢ (w) ,if vis aleaf in D and ((w) ¢ {0, L}
bo,o ,if ((w) =0and 0 € {a;1,...,ain}
af (v) ey ¢ (al (v1)) , if f(v) = k and vy is the child of v

p(al(v1),al (v9)) , if v is a node in D with left child vy

and right child vo

Observe, that o (Root(D)) is undefined, only if there is a node with path w in D such that
((w)=0and 0 ¢ {ai1,...,ai,} We say, the index-tree T' generates z; if ol (Root(D)) is

defined and ! (Root(D)) = z;.

Let Ty def (D1,¢C1, f1), -y T def (D Cmy fm) be full index-trees that generate

z1,...,2m respectively. We say T4,,..., T, are functionally equivalent, if they match pair-
wise and the following holds:

(i) Let 4,5 € {1,...,m}. For every path w such that w characterizes a node v with children
v1,v2 in D; and T; prunes w in T} holds {(j(v1),¢j(v2)} N{k : a;r = 0} # 0 and vice
versa.

(i) Let A C {1,...,m}. If there is a path w such that there are nodes v; in D; that are
characterized by w such that (j(v;) = 0 for all j € A, then there are s,t € {1,...,n}
such that a; s = 0 or a;; = 0 for all j € A (we explicitly allow s = t).

We can test, whether T, ..., T, are functionally equivalent in P. Hence, we can finish the
proof with the following claim.

Claim 6.24. 0 % (M, a1, s Qlnys ey Qs s G, 215 - - - > 2m) € GEN(p) if and only

if there are index-trees, T} def (D1,¢1, f1), - Tm def (Dins Cmy frn) which have size less or

equal than ) ", |z;]| such that for all ¢ € {1,...,m} holds T; generates z; and T7,..., T},
are functionally equivalent.
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Proof: First, let C € GEN(p). Then there is a binary tree D and «; such that (D, a;) is a
p-generation tree for the i-th carrier, as described in Proposition 6.2 for all i € {1,...,m}.
As shown in Lemma 6.21, we can collapse the tree to linear size, by subsuming the long
chains to one node. We build the index-tree T; by removing the subtrees of nodes v such
that one of the following conditions holds:

— v has two children with value 0.
— p is as in Lemma 6.21, case 2, and v has a left child with value 0.
— p is as in Lemma 6.21, case 3, and v has a right child with value 0.

We set (;(v) & 0, and for all other leaves w, we set (;(w) & k, if a;(w) = a; . Observe

that T; generates z; and that the thus constructed index-trees are functionally equivalent.

On the other hand, let T1, ..., T}, be as claimed. We can build a p-generation tree for
all carriers. For that, we first merge T} and T into a new index-tree T” def (D', ¢,
as follows: We start with 74. If T3 prunes w in 715 then we replace the node v with path
w in Dy with the whole subtree under the node with path w of Dsy. For all leaves u of
such a subtree, we set ¢’(r) aof C2(r) where r is the path characterizing u. For all other

paths ¢ to a leaf, we set ('(q) def ¢1(q). For nodes v of fan out 1 of such a subtree, we

set f'(v) def f2(v), for all other nodes v’ of fan-out 1, we set f’(v') def f1(v"). Observe,

that T generates both, 21 and z9. We merge 7" with T3, and so on, until all index-trees
are merged into a final index-tree T % (13, Z , f)/\ We build an index-tree T % (D,¢, f)
from T as follows: If v is the path of a leaf in D such that (;(v) = 0 for all ¢ in a set
A C {1,...,m}, then there have to exist s,¢ as in (ii). We add two children with paths
vl,vr to the leaf and set ((vl) 5 and C(vr) 4. Then for all i € {1,...,m}, the tuple

(D,aT) is a p-generation tree from a;1,...,a;, for 2. o O

Corollary 6.25. If p is a bivariate polynomial that is not of the form p(x,y) = kx + q(y)
or p(z,y) = q(x) + ky where q is non-linear and k > 1, then GEN(p) € NP.

6.2.2 GEN(z%y%c) is NP-complete

By Corollary 6.25, generation problems for polynomials of the form Ea7bca7bm“yb where
a,b > 1 belong to NP. In this subsection, we concentrate on polynomials that consist of
only one term of that sum. For this special case we can show that even GENg(z%c) is
NP-complete if ¢ > 1. For a = 1 or b = 1 this is easy to prove with a reduction from the
following problem:

Definition 6.26.
1-IN-3-SAT {H : H is a 3-CNF formula having an assignment that

satisfies exactly one literal in each clause}

Theorem 6.27 ([Sch78]). 1-IN-3-SAT is NP-complete.
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Proposition 6.28. Let p(z,y) = 2% -y - ¢ where a,c > 1 are constants. Then GENg(p) is
<b -complete for NP.

Proof. We reduce 1-IN-3-SAT to GENg(p). Let H be a 3-CNF formula with clauses
C4,...,Cy, and variables x1,...,x,. Let p1,po,... be the prime numbers larger than c.
Define for 2 < i < n:

def
o = (mir [ p)%

z1€C;
b1 déf (pm+1 H pj)ay
TTEC,
def
a; = Pm+i H Py,
z;€Cy
def
bi = pmu [] v
FeC;
m+n
; ¥l H p¢, and
i=1
g(H) def (a1, yap, b1y by, 2).

Note that g is polynomial-time computable.

Assume H € 1-IN-3-SAT. Then there is an assignment [ : {z1,...,2,} — {0,1} that
satisfies exactly one literal in each clause. Therefore, we obtain H?z" p¢ - "1 by a linear
generation tree that has leaf-values ¢y,,...,c; where ¢; = a; if I(xz;) = 1 and ¢; = b;
otherwise. Hence g(H) € GENg(p).

Assume that g(H) € GENg(p), hence z € [a1,...,an,b1,...,by]p. Every prime p; occurs
exactly a times in the factorization of z. Therefore, either a; or b; (and not both) has to
be a leaf-value in the generation tree. If a > 1 then additionally the generation tree has
to be linear and the rightmost leaf has value a1 or by. If we can build a generation tree
for z that contains each prime for a variable and each prime for a clause exactly a times
it is possible to find an assignment that satisfies exactly one literal in each clause. Hence,
the assignment I such that I(z;) = 1 if and only if a; is a leaf-value in the generation tree
satisfies H in the sense of 1-IN-3-SAT. Therefore H € 1-IN-3-SAT. O

Now let us consider GENg(2%y¢c) for a,b > 1. In general, the main problem in proving
hardness for generation problems seems to be that various different trees can generate the
same number. In our proofs we force the generation trees to have a specific shape such
that the generation is possible only in a predefined way.

Consider an z%yPc-generation tree. Clearly, the generated number is a product that
consists of various multiplicities of ¢ and base elements. As a tool to control these multi-
plicities we introduce (a,b)-weighted trees where we mark each node as follows. If £ is the
number of left turns on the way from the root to a node, and r is the number of respective
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right turns, then we mark the node with a’ and b”. By controlling the marks of the leaves,
we can force an z%yPc-generation tree into the shape of a complete (a, b)-weighted tree.

Definition 6.29. Let D be a binary tree and let a,b > 1. T = (D, g) is called (a,b)-
weighted tree if g is a function that maps the nodes of D to natural numbers such that:
If v = Root (D), then g(v) = 1.
If v € Node(D) has a left and a right successor v; and v,, then g(v)) = a - g(v) and
g(vr) =b-g(v).

T is called balanced if max{g(v) : v € Leaf(D)} < max{a,b} - min{g(v) : v € Leaf(D)}.
T is called complete if max{g(v) : v € Leaf(D)} < max{a,b} - min{g(v) : v € Leaf(D)}.

We immediately obtain the following connection to GENg(z%c).

Proposition 6.30. Let a,b> 1. If T'= (D, g) is an (a,b)-weighted tree, and (D, «) is an
z%Pc-generation tree for z, then

z = a(Root(D)) = H a(v)9®) . H I,

v€Leaf (D) vENode(D)—Leaf (D)

We remark that it is possible to define the notion of (a,b)-weighted trees for a = 1 and
b = 1. However, if a = 1 and b = 1, then complete trees do not exist in contrast to a,b > 1
where complete trees always exist. We show some important properties of (a,b)-weighted
trees.

Proposition 6.31. Let a,b > 1. For every n > 1 there exists a balanced (a,b)-weighted
tree that has n leaves.

Proof. For n = 1 take the tree that consists only of the root.
For arbitrary n > 1, let T'= (D, g) be a balanced (a,b)-weighted tree with n — 1 leaves.
Let vy € Leaf(D) have minimal weight, i.e., g(vg) = min{g(v) : v € Leaf(D)}. Define the

tree D' by adding in D children v; and v, to vy, and let ¢’ (v) o g(v) for all v € Node(D),
g (vy) Lty g(vg), and ¢'(v;) defy,. g(vg). This defines an (a, b)-weighted tree T’ def (D', ¢
with

max{v : v € Leaf(D’)} = max{max{g(v): v € Leaf(D)}, max{g'(v;),d (v.)}}
max{max{g(v) : v € Leaf (D)}, max{a, b} - g(vo)}
= max{max{g(v) : v € Leaf(D)},
max{a,b} - min{g(v) : v € Leaf(D)}}
max{a, b} - min{g(v) : v € Leaf(D)}
max{a, b} - min{g(v) : v € Leaf(D’)}. (6.7)

IA

Hence T" is balanced. O
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Now we show that for each n > 1 there exists a complete (a,b)-weighted tree with nearly
n leaves. Note that such a tree is polynomial-time constructible.

Proposition 6.32. Let a,b > 1. For every n > 1 there exists a complete (a,b)-weighted
tree with at least n and at most 2n — 1 leaves.

Proof. Proposition 6.31 gives a balanced (a, b)-weighted tree T with n leaves. If all leaves
have minimal weight, then T is complete. Otherwise, there are k leaves of minimal weight
m (1 <k <n-—1). Since T is balanced, the maximal weight is less or equal to m-max{a, b}.
If we add two successors to each of these leaves, then the minimal weight increases, while
the maximum weight remains less or equal to m - max{a,b}. So in inequality (6.7), <
changes to < and the resulting tree T is complete. T’ has n — k + 2k = n + k leaves where
n<n+k<2n-—1. O

Now we show that if the generation tree is not the desired complete tree, then at least one
leaf-value is taken to a power that is too large.

Proposition 6.33. Let a,b > 1. Let T = (D, g) be a complete (a,b)-weighted tree with n
leaves. If T' = (D', ¢') is an (a,b)-weighted tree with more than n leaves, then there exists
a v € Leaf(D’) such that

g (v) > max{g(u) : u € Leaf(D)}.

Proof. Without loss of generality we can assume a > b. Fix a shortest way in terms of
deleting and adding leaves that transforms D to D’. We have to change at least one leaf
vg € Leaf(D) to an inner node of D’. Let v; and v, be the children of vg. We obtain

g(w) = a g(vw)
> max{a,b} - min{g(u) : u € Leaf(D)}
> max{g(u) : u € Leaf(D)}.

Hence, every v € D’ that for which v; is an ancestor fulfills
g () > ¢ (v)) > max{g(u) : u € Leaf(D)}.
O

Next we show that balanced (a, b)-weighted trees have a height which is bounded logarith-
mically in the number of leaves.

Proposition 6.34. Leta >b > 1. Let T = (D, g) be a balanced (a,b)-weighted tree with n
leaves. If d denotes the mazximal depth of a leaf of D, then

d < logy(a) - (1 + logy )
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Proof. Let m ef min{g(v) : v € Leaf(D)}. Hence, D contains a complete binary tree

of depth > log, m and therefore log,n > log, m. T is balanced, so b < am which is
equivalent to d < log; am. Therefore,

d <log,am = logy a - log, am < log,a - (1 4 logyn).
O
Theorem 6.35. For a,b,c > 1 and p(z,y) def z%bc, GENg(p) is <h-complete for NP.

Proof. By Proposition 6.28, we can assume a,b > 1. Containment in NP follows from
Corollary 6.22. We reduce 1-IN-3-SAT to GENg(p). Let H be a 3-CNF formula with
clauses C1,...,Cy, and variables x1,...,z,. Let pi,ps,... be the prime numbers larger
than c. Define for 1 <i <n,

def
ai = pmyi || psr and
riGCj
def
b S pmsi [ 2
CE‘EC’j

Let T = (D, g) be a complete (a,b)-weighted tree with k leaves where n < k < 2n — 1 and
Leaf(D) = {v1, ..., v} (such a tree exists by Proposition 6.32). Furthermore, let d be the

maximal depth of a leaf of D. Define a; def Pmyi fort=n+1,... k,

7 3

k
5 déf Hm+ p?dbd ) H cg(,u)'
i=1 veNode(D)—Leaf (D)

Proposition 6.34 shows that (B, z) is polynomial-time computable.

p {a; def @900y < < k:} U {b; def pav?/olv) 4 < < n} and

If H € 1-IN-3-SAT, then there is an assignment I : {x1,...,2,} — {0,1} that satisfies
exactly one literal in each clause. We obtain

m—+k

k
H a; - H b; - Hpm—l-z':l:Ilpi-

IH(Z‘i):l IH(CCZ‘):O 1=n+1
We consider D as a p-generation tree with values

a, Jifti=1,...,n and Ig(z;)
Ip(v;) = < b ,ifi=1,...,nand Ig(x;)
a, Jifi=n+1,... k.

1
0

By Property 6.30, Ip(Root(D)), the value of the root, can be evaluated as follows.
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Ip(Root(D)) =[] Ip()™- I1 9w)

v€Leaf (D) vENode(D)—Leaf (D)
k

= H (a9 . H NA H yo(wi) . H 9

Ig(zi)=1 Igr(zi)=0 t=n+1 vE€Node(D)—Leaf (D)
— H a®" . H b H adt" . H 9@

Iy (zi)=1 I (zi)=0 1=n+1 vENode(D)—Leaf(D)

abd
k
= H a - H bi - H Pt : H I
I (zi)=1 I (z;)=0 1=n+1 vENode(D)—Leaf(D)
m+k

= I 11 S0 —
=1

vE€Node(D)—Leaf (D)

Hence (B, z) € GENg(p).

Assume (B, z) € GENg(p). Then there exists an (a, b)-weighted tree T/ = (D', ¢') and
a function a : Node(D’) — N, such that (D’, a) is a p-generation tree from B for z. Each
element of B has exactly one prime factor from py,41, ..., pmirk. Since z has all these prime
factors at least once, D’ must have at least k leaves. Assume D’ has more than k leaves. By
Proposition 6.33, there exists a v € Leaf(D’) such that ¢’(v) > max{g(u) : u € Leaf(D)}.
a(v) has exactly one prime factor from po, 11, . . ., Pmik; S8 Pmi With exponent a%b?/g(v;).
Hence

(ab?/g(v;))-g' (v)
pm+i

is a factor of a(Root(D’)). From (a%?/g(v;)) - ¢'(v) > a?b? follows that a(Root(D’)) # z.
So D’ has exactly k leaves. Each prime p,,11,. .., Pmir Must appear as a factor in a value
of some leaf. Therefore, besides the a;- with n +1 < j < k, either a} or b} is a value
of a leaf (but not both) for i« = 1,...,n. Define Iy : {z1,...,2,} — {0,1} such that

Ig(z;) =1 et a} is a leaf-value of D’. Observe that Iy shows H € 1-IN-3-SAT. O

6.3 The Generation Problem GEN(z°¢ + ky)

So far, we do not have upper bounds for generation problems with polynomials p(z,y) =
q(x) + ky, where ¢ is non-linear and k£ > 1. The obvious algorithm guesses and verifies
generation trees. We already mentioned that such trees can have exponential size if £ = 1,
although for the generation problem with single carriers, we could work around guessing
such a tree. What is their size if & > 27 To answer this, observe that the trees take a special
shape: When we go from the root to the leaves in y-direction, then in each step, the length
of the value decreases by one bit. When we go in z-direction, then in each step, the length
is bisected. It follows that the size of such trees grows faster than any polynomial, but not
as fast as 2196”7, Therefore, GEN(p) € NTIME(ZlOg2 ™). We do not have to guess complete
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generation trees. If a subtree generates some values b1, ..., b, then it suffices to store
these values instead of the whole subtree. We need to store values every time we go in
x-direction. So we need space O(nlogn).

Proposition 6.36. GEN(p) € NTIME-SPACE(21°g2”,nlogn) if p(z,y) = q(x) + ky
where k > 2 and q is a non-linear polynomial.

Because of the special form of a generation tree for such polynomials, the generation
problem can be solved by special alternating machines: Some z can be generated via p
from A if and only if there exist z1,..., 2, < z such that n < |z|, z = 21, 2, € A, and for
all 1 < i < n, z, = p(y;, zi+1) where y; can be generated via p from A and |y;| < %|zz|
An alternating machine can check this predicate in polynomial time with a logarithmic
number of alternations. Furthermore, in existential parts the machine guesses polynomially
many bits. In contrast, in universal parts it guesses logarithmically many bits. This works
for one carrier as well as for a finite number of carriers.

This discussion shows that GEN(p) can be solved with quite restricted resources. How-
ever, we do not know whether GEN(p) belongs to NP. Standard diagonalizations show
that there exist oracles A and B such that BPP4 ¢ NTIME(210g2 "4 and coNPZ ¢
NTIME(21°g2")B. Therefore, we should not expect GEN(p) to be hard for any class that
contains BPP or coNP. This rules out many reasonable classes above NP to be reducible
to GEN(p). We consider this as a hint that GEN(p) could be contained in NP, but we do
not have a proof for this. We leave this as an open question.

Nevertheless, in this section we prove lower bounds. The main result, Theorem 6.51,
shows that if p(z,y) = ¢+ ky where ¢,k > 1, then GEN4(p) is <h-hard for NP. The
proof is difficult for two reasons which we want to explain for p(z,y) = 22 + 2y.

1. We have to encode NP-computations into generation problems. For this, we need to
construct an instance (B, z) of GENg(p) that represents information about a given
NP-computation. The elements of B must be chosen in a way so that squaring will not
destroy this information. This is difficult, since squaring a number heavily changes its
(binary) representation.

2. We construct (B, z) such that if z can be generated, then x must be chosen always
from B (and is not a generated number). So the generation tree is linear which makes
it easier to control because every value from B has to be taken to the power of ¢ exactly
once. On the other hand, the intermediate result is multiplied by 2 in every step, i.e.,
the number generated so far is shifted to the left. We have to cope with this shifting.

With regard to item 2, our construction makes sure that the size of the linear generation
tree is bounded. So the number of shifts is bounded. For B we choose numbers that are
much longer than this bound such that each number is provided with a unique stamp. The
stamps make sure that there is at most one possible tree that generates z. In particular,
this fixes the sequence of numbers from B that are chosen for z. This keeps the shifting
under control.

The problem in item 1 is more complicated and also more interesting. It comes down
to prove NP-hardness of the following extended sum-of-subset problem.
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508, ¢ {(wy,...,wp,2): 3 CH{L, ..o n}(Siew? = 2)}
(In the proof we use a promise problem related to SOSs, but for simplicity we argue with
SOS2 in this sketch.) First we reduce 1-IN-3-SAT to SOS and obtain an SOS instance
w = (wy,...,Wap, 2). The reduction is such that either w ¢ SOS or there is a selection of
exactly n weights which sum up to z. We choose a base b larger than 2n and QZiw?. So
in the system to base b, z and all w? fit into one digit. For each w;, define the following
6-digit numbers in the system to base b.

a; < (11000w;),

ri < (10001w;),

The set of all a; and all r; build the weights for the SOSs instance we want to construct.
The intention is to use the weight a; whenever w; is used in the sum that yields z, and to
use 7; whenever w; is not used. The squares of a; and r; look as follows with respect to
base b.

def <1 2100 2w; 2w; 0 0 O wi2>b

a;
2 (1 000220 0 01 2w wl),

Note that a? and 7“2-2 have the same first digit, the same last digit, and the same digit at the
middle position. At all other positions, either a? or 7“22 has digit 0. In the sum for SOS,, for
every 1%, either a; or r; is used. Therefore, in system b, the last digit of this sum becomes
predictable: It must be Ziwg. This is the most important point in our argumentation.
Also, we choose exactly n weights a; and n weights r;. With s def Yw;, So def Eiwiz, and

z def s$1 — z we can easily describe the destination number for the SOSs instance.

A (2n 2n n 0 2n 2s; 2z 0 n 22 sg),

We obtain the instance (ay,71,...,0a2,,72,,2 ) which belongs to SOSs if and only if
(w1, ..., wop,z) € SOS. This shows NP-hardness for SOSs and solves the difficulty men-
tioned in item 1.

We inductively use this technique to show that for all ¢ > 1, the following extended
sum-of-subset problem is NP-complete.

S0S, & {(w1,...,wp,2) : 3T C{L,... , n}(Eicrw = 2)}.
We need SOS, as an auxiliary problem for generation problems. However, we feel that this
new NP-completeness result is interesting in its own right.
6.3.1 Notations

We work with pairs (A, B) of disjoint languages (where for example A € NP and B €
coNP). Say that pair (A, B) reduces to pair (C, D), ((A, B) <i¥ (C, D)), if there exist a
polynomial-time computable function f such that for all x,
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reA = f(z)el,
re€B = f(z)eD.

We will write (A, A) <I¥ (C,D) short for A <IF (C,D) and (4,B) <i¥ C short for
(A, B) <t (C,O).

In the proofs below we have to construct natural numbers that contain information
about NP computations. In addition, these numbers have to contain this information in
a way such that exponentiation will not destroy it. For this we need to consider numbers
with respect to several bases b. Therefore, we introduce the following notations. For b > 2
define Ay, = {0,...,b — 1} to be the alphabet that contains b digits. As abbreviation we
write A instead of A,. For digits ao,...,an—1 € Ap, let (ap—1---ag), def E?:_Olaibi. This
means that (a,—1---ag), is the number that is represented by a,_1 - - - ap with respect to
base b.

We will consider vectors of weights W = (w1, ..., wsy,) such that certain selections of
these weights sum up to given destination numbers 21,...,2.. We group W into pairs
(w1, ws), (w3, wy), and so on. Each pair has a unique stamp w« in its binary representation
such that the destination number z. shows the same stamp, but all other pairs have 0’s
at this position. This allows us to argue that if we want to reach z., then from each pair
we have to use at least one weight. Moreover, in view of generation problems, we need the
stamps still working if the weights are multiplied by small numbers. Therefore, additionally
we demand that the stamp v is embedded in s digits 0. We make this precise:

Definition 6.37. Let W = (wy,...,wa,) and Z = (z1,...,2.) where n,c > 1. Define

Zc e (Bweww®) — z.. Let s > 1. We call (W, Z) s-distinguishable if all bin(w§) have the

same length | where | = 1(mod ¢), and if for every 0 < j < n there existt > 1 and u € 1A*
such that

1. bin(zc), bin(Z.), bin(ws; ), bin(ws; ) € A*0°u0* At and
2. for all i # j, bin(ws,, ), bin(ws;,,) € A*0°0l0s AL

Note that, if ¢ = 1 then [ = 1(mod ¢) is always true and is therefore no restriction on
the length of [.

6.3.2 NP-Hardness of Modified Sum-of-Subset Problems

We want to show that for ¢, k > 1, the generation problem GEN (z¢+ ky) is <h,-hard for
NP. The proof is such that the NP-hardness of modified sum-of-subset problems is shown
first, and then this is reduced to the generation problems. Our argumentation for the
modified sum-of-subset problems is restricted to instances that meet several requirements.
Therefore, it is convenient to define these problems as pairs (L. s, R s) of disjoint sets.
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Definition 6.38. Let c,s > 1.

L.s = {(VV,Z) W= (wr,...,wam), Z="_(21,...,2c),
(W, Z) is ns-distinguishable, and
(FIC{1,....2n} s.t. for0<i<mn—1 holds2i+1€l < 2i+2¢1)
(Vme{l,...,c})[Bicrw* = zm]}

Res = {W2):W=(wi,...,wam), Z=1(21,...,2),

(W, Z) is ns-distinguishable, and

(VI C{1,....2n})(Ym € {1,...,c})[Sicrw]" # zm] }

Observe that for ¢,s > 1, Los N Res = 0, L.s € NP, and R.s € coNP. We show NP-
hardness for ¢ = 1 first, and then inductively for higher ¢’s.

Lemma 6.39. For s > 1, (L1, Ry ) is < -hard for NP.

Proof. For s > 1, we show that 1-IN-3-SAT <}V (L;, R1s) via reduction f. Let H be
a 3-CNF formula with clauses C4,...,C,, and variables z1,...,x, where n > 2. For
0<i<n-—11let

def SN nsn
a = 07"10%",
a; def 0i(2sn+1)aO(n—i—l)(an-ﬁ-l)’
def
W2i+4+1 = <1CLZ'CZ'1 e Cz'm>2 s and
def _ _
woit2 = (La;Ci1 ... Cim)o
where
0"~11 | if z; is a literal in C;
Cii = ‘
K o” , otherwise
and

e — on—11 | if 7; is a literal in C;
oo , otherwise.

Finally, define the reduction as f(H) def (w1, ..., wap),(2)) and for d def |bin(w;)| — 1 =

n(2sn + 1) + mn, let
2 o 4 <a”(0"‘11)m>2 .

Observe, that z = %E?ﬁlwi, and therefore 7 % N2 w; — 2 = z. Hence, (w1, ... ,wa), (2))
is ns-distinguishable.

Let H € 1-IN-3-SAT. Then there exists an assignment ® : {z1,...,2,} — {0,1} such
that each clause in H is satisfied by exactly one literal. Let

Idéf{2i+1:O§i<nand®(xi):1}U{2i+2:0§z’<nandtb(xi)zo}.
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It follows ¥;cjw; = z and hence ((w1,...,way),(2)) € Lis.

Let H ¢ 1-IN-3-SAT and suppose there exists I C {1,...,2n} such that z = X;crw;.
For all i, w; > 2. Also, z < (n 4 1)2¢, since <a”(0”_11)m>2 < 2¢. Therefore, I contains at
most 7 elements. On the other hand, w; < 2¢+2%~" for all i. Since (n—1)(2¢42¢") < n24
we obtain |I]| = n.

Since ((wq, ... ,way), (2)) is ns-distinguishable, I must contain exactly one element from
each pair (wg;y1,wz;12). For every k € {0,...,m — 1} there exists exactly one j € I such
that w;[d — kn + 1] = 1: Otherwise, in bin(X;c;w;) there is a 1 at position kn + t where
1 <t < n. This is impossible. Therefore, if ® is defined such that ®(z;) =1<2i+1€ 1,
then & satisfies exactly one literal in each clause. This contradicts our assumption. Hence,

(W, .., wan), (2)) € Ry 0

So far we know that (L; s, R1 ) is NP-hard. This is the induction base of our argumen-
tation. Now we turn to the induction step and show how to reduce hardness to pairs
(Le,s, Re,s) where ¢ > 0.

Lemma 6.40. For c¢,s > 1, (Leaste; Reste) <m (Lett,s) Ret1,s)-

Proof. We describe the reduction f on input (W,Z) where W = (wy,...,wa,) and Z =
(21, ., 2¢). Let w = max(W) and choose I’ = 0(c+1) such that b Lef ot dn(c+1)-wett,
All w; belong to Ay. For 1 < k < 2n, define the following weights (where a means accepted

weight and r means rejected weight).
ap = (11000wk>b
Ty = <10061wk>b

Fix any m such that 1 < m < ¢+ 1. In the following we show how to define the
right destination number y,,. After that we define f(W,Z) = (W', Z’) where W' =
(a1,a2,71,72,a3,a4,73,74, ..., Ton—1,T2n) and Z' = (y1,...,Yc+1). By binomial theorem,

m A m i m—1t c i+

5 [ R
=0 j=0

m U m v m—1i c j+1

=) <Z><J>wk plerR (6.9)
=0 j=0

Observe that in (6.8) each term b(ct2)+7 appears uniquely: If (¢ +2)i + j = (¢ + 2)i’ + 5/,
then (since j < c4+2 and j' < ¢+2) j = j/ and i = 4’. Similarly, in (6.9) each term b(¢+2)i+?
appears uniquely. Now the idea is, to let aj(t) denote the coefficient of b! in equation (6.8),
and to let 74 (¢) denote the coefficient of b' in equation (6.9). First, we define a(t) and

ri(t) for 0 <t < (c+3)m 4" 7 and then we show that this definition fits our idea.
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(m)(’:)wzl_i Jift=(c+2)i+jfor0<j<i<m

e 0 ,ift=(c+2)j+ifor0<j<i<mor
an(t) (e +2)] g (6.10)
ift#(c+2)i+jforall0<i,j<m

(™Mwy"  otherwise, i.e., if t = (¢ + 3)i

0 ,ift=(c+2)i+jfor0<j<i<mor

e ift#(c+2)i+jforall 0<i,5<m
ri(t) = , , #let ity g (6.11)
(m)(g)w?—z Jift=(c+2)j+ifor0<j<i<m

(™Mw"  otherwise, i.e., if t = (¢ + 3)i

Note that ay(t) and ri(¢) depend on m. We abstain from taking m as additional index, since
m will always be clear from the context. Observe that the three cases in these definitions
are indeed disjoint. So ay(t) and r(t) are well-defined. It follows that aj(t) and ri(t) are
the announced coefficients from equations (6.8) and (6.9). Hence

a = XL a(t) and

bt
o= B4 ru(t) - bt
All ai(t) and all ri(t) are less than b/4n and therefore belong to Aj. Hence,

ap’ = (ar(d)---ar(1)ar(0)), and (6.12)
rp. = (rg(d)---rE(1)rg(0)), - (6.13)

Equations (6.10) and (6.11) tell us that these representations to base b differ only at
positions ¢t # 0(c + 3).

In order to define the destination number y.,,,, we show how to transfer a selection of
weights wy, to a corresponding selection of weights a;* and r;*. Suppose Ywy = z1 where
the sum ranges over a suitable collection of n weights. Now choose a}" for every weight wy,
that is used (i.e. k& accepted) in the sum Ywy; and choose r}* for every weight wy, that is
not used (i.e. k rejected) in this sum. The choice of whether to take a}' or r]* only matters
for positions ¢ # 0(c + 3). By equations (6.10) and (6.11), at these positions, either r}"
has digit 0 and a}* has digit ("}) (;)wzn_i, or af" has digit 0 and 7} has digit (") (;) wzq’_i
(note that ¢ > 0 since 7 # j). So when we consider the sum of all chosen a}* and 7" at
such a position, then either we see digit

(DG X w™ = (7)()zm

k accepted

or we see digit

(MG X wi = (7)()zm

J k rejected
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where zq def nand zZ; = w' — z; as defined above. This motivates the following digits
weW
of the destination number ¥.,.

() (Dzmei Sift=(c+2)i+jfor0<j<i<m

def (T)(;)zm—z Jift=(c+2)j+ifor0<j<i<m
0 ,ift#(c+2)i+jforall0<i,j<m

> (”?)wm—i otherwise, i.e., if t = (¢ + 3)i
weWw

Here again we abstain from taking m as index, since m will be clear from the context.
Define the m-th destination number as

ym = (y(d) - y(1)y(0)), -

To finish f’s definition, let f(W,Z) def (W', Z") where W' = (a1,a2,71,72,0a3,a4,73,

T4y... ,7"2n_1,7“2n) and Z/ = (yl, e 7yc+1)'

Claim 6.41. If (W,Z) is (2s + c¢)n-distinguishable, then f(W,Z) = (W', Z') is 2ns-
distinguishable.

Proof: Fix m = ¢+ 1 and let d = (¢ + 3)m. Observe that for every k, ar(d) = ri(d) = 1.
By assumption, b = o for I = 0(c + 1). Hence one digit from A; corresponds exactly to
I’ bits. By equations (6.12) and (6.13), for every k, |[bin(a{th)| = |bin(r{™)| = d - I + 1.
This number is = 1(c + 1).

We need to understand the structure of ¥, ; = (Spew w™) — yei1, the complement
of y.11. For this end, define

(M ()Zmai ift=(c+2)i+jlor0<j<i<m

(M ()zm—i S ift=(c+2)j+ifor0<j<i<m
0 ,ift#£(c+2)i+jforall0<i,j<m

> (Mw™t otherwise, ie., if t = (¢ + 3)i.
weW

Observe that for all ¢, y(t) + 7(t) = X2 (ax(t) + 7%(t)). Hence

(y(d)---y(1)y(0)), + @(d) - -7(1)7(0)), = Lweww™
and therefore,
Yerr = @(d) - 7(1)7(0))y, -

Choose any j < n and consider agji; and agjyo. By assumption, (W, Z) is (25 + ¢)n-
distinguishable. So there exist ¢ > 1 and u € 1A* such that
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L. bin(z), bin(Z.), bin(ws; ), bin(ws, ) € A*Qsteng02sten At and

2. for all i # j, bin(ws;, ), bin(ws, ,) € A*0ZsFTenplulgs+em A,
If one multiplies a binary number of the form A*07 w0 At by m = ¢+ 1 < 2¢ then this
yields a number of the form A*0" ~¢u/0¥ €A where v/ € A*¢. So in our case, there
exist ' > 1 and « € 1A4* such that

L. bin(mz.), bin(mZ,), bin(mws; ), bin(mws; ,») € A*0257/ 0257 A and

2. for all i # j, bin(mws,, ), bin(mw$;, ,) € A*02m0lwl2m AY.

Let t, = ¢+ 2. For all ¢, a;(t,) = mw{,
=t + 1 t,,

L. bin(y,m), bin(g,,), bin(al ), bin(afl ) € A*0* /0" A,
2. for all i # j, bin(ab}, ), bin(as}, ,) € A0l 1p25m AT and
3. for all 4, bin(rf}, ), bin(r, ,) € A*0%m0lvIp2m A

ri(ta) = 0, y(ta) = mz., and y(t,) = mzZ.. So for

We obtain the analogous three statements for ro; 11 and 79,12 by looking at the position
t, = 1. Here for all i, a;(t,) = 0, r;(t,) = mw§, y(t,) = mzZ., and y(t,) = mz.. Hence
(W', Z") is 2ns-distinguishable. 0

Claim 6.42. If (W, Z) € Legstc, then f(W,Z) = (W', Z') € Lej1s.

Proof: By Claim 6.41, (W', Z") is 2ns-distinguishable. Let I be as in the definition of

Leoste, and let T of {1,...,2n} — I. Note |I| = |I| = n. We choose all a; such that i € T

and all r; such that i € I. Note that this collection of weights from W’ is suitable to show
that (W', Z’) belongs to Lci1,s (i.e., when numbering the weights of W’ from 1 to 4n,
then the indices of chosen weights form an I’ where 2i +1 € I' & 2i + 2 ¢ I'). Fix any
m € {1,...,c+ 1}. Our selection of weights induces the following sum.

2 4

Zkga? + Ekefrlrcn
= Zyer(ag(d) - ag(1)ar(0), + Zycr (ri(d) - - re(1)ri(0)),

We have seen that all ai(t) and all ri(t) are less than b/4n. So for every t,
def

2 (t) = Brerag(t) + Speqre(t)

is less than b. This means that if we consider the weights to base b and sum up digit by
digit, then there is no sum that is carried forward. It follows that

2= (Z(d). ..z'(l)z’(0)>b.
From equations (6.10) and (6.11) we obtain

(T)(;)Zkgwk_i Jift=(c+2)i+jfor0<j<i<m
/) (T)(;)Zkeywzn_i Jift=(c+2)j+ifor0<j<i<m
2 =
0 ,ift#(c+2)i+jforall0<i,j<m

(") Sweww™ " otherwise, ie., if ¢ = (c+ 3)i.




118 6. The Generation Problem

So for all ¢, 2/(t) = y(t) and therefore, 2’ = y,,. This shows (W', Z") € Ly, O
Claim 6.43. If (W, Z) € Reossc, then f(W,Z) = (W', Z') € Rey1.s.

Proof: By Claim 6.41, (W', Z’) is 2ns-distinguishable. Let us assume (W', Z’) ¢ Rey1s,
i.e., there exists I, and I, subsets of {1,...,2n}, and there exists some m € {1,...,c+1}
such that

Yrer,ap + Zkern "y = Ym- (6.14)
Let t, = (¢ + 2)(m — 1). For all k, ag(t,) = mwyg, ri(ta) = 0, and y(t,) = mz;. In
Equation (6.14), we can consider the weights to base b and can sum up digit by digit
without obtaining a sum that is carried forward. By looking at position ¢, we obtain
Y(ta) = Xker,ax(tq) and hence

21 = Ygel, Wk-

So we found a collection of weights from W whose sum is z;. This is a contradiction. O
This complete the proof of Lemma 6.40. H

Corollary 6.44. For c¢,s > 1, (L., Rcs) is <hy -hard for NP.

Proof. The proof is by induction on c¢. The induction base is by Lemma 6.39 while the
induction step follows from Lemma 6.40. O

Theorem 6.45. For ¢ > 1, the following sum-of-subset problem is <%,-complete for NP.
SOS. & {(ay,...,an,b): AT C{1,... ,n}(Sicral = b)}.

Proof. Clearly, SOS. € NP. For given (W,Z) where W = (wi,...,we,) and Z =

(21, 20) let f(W,Z) def (w1, ..., Wapn, 2¢). Observe (L.1,R.1) <h SOS. via f. So,

by Corollary 6.44, SOS, is NP-hard. O

6.3.3 NP-Hardness of GEN(z° + ky)

Starting from Corollary 6.44 we reduce NP-hardness to generation problems. First, we
show this for ¢ > 1 and then we treat GEN(z + ky) in a separate lemma.

Lemma 6.46. Forc>2,k>1 and s def 5k2(c+5), (Les, Res) <hv GEN(z¢ + ky).

Proof. We describe the reduction f on input (W, Z) where W = (wq,...,ws,) and Z =

(21,.-.,2). We may assume that all w; and z; are divisible by 2¢*. Otherwise, use W’/ =

(25w, . .., 25wy, ) and Z' = (297921, 22" 2y, ..., 2°9"2,) instead of W and Z. Let I def

|bin(wf)| and note that I > cns. If k = 1, then we use a = 0 as auxiliary weight. Otherwise,
if k > 2, then we use a = 2U=1/¢_ Observe, that (I—1) is always divisible by ¢, since (W, Z)
is ns-distinguishable.
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{a, 271 + 1} U {wik, wok, wsk®, wak?, ... wop—1 k™, wonk™} (6.15)

d ket 27 ) +at YKk (6.16)

If n2!=1 < 2, < 2!, then f(W,2) = o (B, d), otherwise f(W, Z) o (0,0). In the following
we show (Les, Res) <t GEN(z¢ + ky) via f.

Case 1: Assume (W, Z) € L.. Hence there exist weights x1,...,z, € W such that
S a6 = z. where 1 € {wy, w2}, 2 € {ws,wy}, and so on. Therefore, n2!71 < 2, < n2!

and so f(W,Z) = (B,d). We describe the generation of d. Clearly, y 4f 91-1 1 1 can be
generated. For j > 1, let

def ; o )
y; = kS yi + (K ay)° Zk (6.17)

If y;_1 can be generated, then so can y;: For k = 1 this is trivial. For k > 2, start with y;_1
and apply the generation ynew = a + k - yoiq for ¢ — 1 times. Then apply the generation
Ynew = (k;ja;j)c + k - Yoia (note that k:jmj € B). This yields y;. Hence y,, can be generated.
From equation (6.17) we obtain

n c—1 n—1
Yn = kcnzx§ + k,cn(2l—1 + 1) + af - Zkz . Z kic.
=1 i=0

i=1
It follows that d = y,, and therefore, (B,d) € GEN(z¢ + ky).
Case 2: Assume (W,Z) € R.. If z. < n2'=1 or 2z, > n2!, then f(W,Z) = (0,0) ¢
GEN(z¢+ ky) and we are done. So let us assume n2!~! < 2, < n2' and f(W, Z) = (B,d) €

GEN(z¢ + ky). In the remaining proof we will derive a contradiction which will prove the
lemma.

If k > 2, then from equation (6.16) and z. < n2' we obtain

c—1 n—1
d = kcn(zc+2l—1+1)+ac‘zki'Zkic

n—1

< k2427 ) 4 at kY K
1=0
— (n2lk,cn + 2l—lk,cn k,cn chkzc

n
< (n+ 12k 40 K
i=1
< (n41)2%™ 4 ookt
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Hence

k=1 = d< (n+1)2, (6.18)
k>2 = d< 2kt (6.19)

Claim 6.47. There exist m > 1, yg € B and z1,...,2, € B — {0,271 + 1} such that
m .
d=k"yo+ > k™ 'af. (6.20)
i=1

Proof: We have seen that [ > c¢ns. From equations (6.18) and (6.19) it follows that d <
2i+ns=2 « 922 For all z € B — {0}, |bin(z°)| > I. So if z can be generated and is not
already in B, then |bin(z)| > I and therefore z > 2!=1. If we apply the generation rule
x¢ + ky for x = z and any y, then, since ¢ > 2, we obtain 2z’ > 2%=2 > d which cannot be
used to generate d. Similarly, if we apply the generation rule z¢+ky for z = 2" +1 € B
and any y, then we obtain 2z’ > 2%~2 > d which cannot be used to generate d. Hence, there
exists a generation of d such that in each step, x is chosen from B — {0, 201 4 1}. From
z. > 2!=1 and equation (6.16) it follows that d > 2'k" and hence d ¢ B. Therefore, d can

be generated in the following linear way: There exist m > 1, yo € B, and z1,...,%,, €
B — {0,271 + 1} such that if y; def x4+ k- yi—1 for 1 < i < m, then y,, = d. This is
equivalent to the statement in the claim. O

Claim 6.48. 1. yo=2"1+1.
2. If k=1, then m < 2n.
3. If k> 2, then m = cn.

Proof: First, we show m < ns/k?. Assume m > ns/k? and k = 1. By Claim 6.47, d >
m2/=1. From equation (6.18) it follows that d > 2!=!ns/k? > 2+1 . n(c+5) > d which
is a contradiction. Assume m > ns/kz2 and k > 2. By Claim 6.47, d > 2l=1m=1 From
equation (6.19) it follows that d > 2k™s/k*)=2 > 2lk5n(c+3) > ¢ which is a contradiction.
Therefore,

m < ns/k>. (6.21)

Assume yp # 271+ 1, ie., yo € B— {271 +1}. By assumption, all w; and z; are = 0(2°*).
So all elements in B — {271 4+ 1} are = 0(2™°) (if k > 2, then a = 2(0-1D/e > 9ns),
From Claim 6.47 we obtain d = 0(2™*). However, equation (6.16) says that d = k°(2"9).
Since 0 < k < 2km < 278 we have d # 0(27°). This is a contradiction and we obtain
yo =271 4+ 1.

We have seen that all elements in B — {2/~! + 1} are equivalent to 0 modulo 2™*. By
Claim 6.47, d = k™(2"°). By equation (6.16), d = k“*(2"°). By equation (6.21), k™ <
2km < 9m8 and k" < 2"%. Therefore, if k > 2, then m = cn. If k = 1, then by Claim 6.47,
d > (m+1)2!=1. So by equation (6.18), m < 2n. O

Claim 6.49. For every j, 1 < j < n, there exists exactly one ¢ such that x; €
{waj_1k7,wa;k7}. If k > 2, then this 7 is determined by i = jc.
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Proof: Fix j. By assumption, (W, Z7) is ns-distinguishable. So there exist ¢ > 1 and
u € 1A* such that bin(z),bin(ws;_;), bin(ws;) € A* 0" u0" At and for all i # j,
def

bin(ws; ), bin(ws;) € A*0"0l*0n AL, Let » = 2ns 4 |u| + t. In the following calcula-
tion we are mainly interested in the lower r bits of all . If « 4t (u)q, then

(w3;_q mod 2") = a2 4+ B and (6.22)

(w3; mod 27) = 2™ 4 By, (6.23)

where (31, 32 < 2t. We partition the set of indices {1,...,m}.

Jl = {i:lgigm/\xi:ng_lkj}

Jo def {i:lgigm/\xi:ngkj}
def

J3 = {177m}_(J1UJ2)

From equation (6.20) we obtain

A=Y K" (wyiak)"+ Y KT (wok? )+ > K™l + KMy (6.24)
1€J1 1€Jo 1€J3

Now we study equation (6.24) modulo 2". We start with the first two sums and consider
ws; 4 and w§; modulo 2". By equations (6.22) and (6.23), these terms consist of an upper
part (i.e., a2™7t) and of a lower part (i.e., 81 or 32). Let e1 (resp., ez) denote the sum of
the upper (resp., lower) parts:

e Z pmipic . qonstt | Z pmeipdc | qonstt (6.25)
i€Jy i€z

e déf Z km—iijﬁl + Z k‘m_ik'jcﬁQ (626)
i€Jy i€Ja

Moreover, let e3 denote the sum (this time modulo 2") of the last two terms in equa-
tion (6.24):
es def ((Z E™2¢ + k™yg) mod 2") (6.27)
i€J3
Clearly, d = e1 + e3 + e3 (2"). We argue that (d mod 2") = e; + e2 + e3.
For all i € Js, either 2§ = a¢ # 0 or x5 = 2’k where bin(z’) € A*0"*0“0™* A and
1 < i < n. Therefore, for all i € J3,

(2§ mod 2") < 2'k°™. (6.28)
Moreover, (yo mod 2") = 1. Equations (6.27) and (6.28) allow an estimation of e3.

es < Z km—iztkcn + Em
i€Js
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If £ = 1, then by Claim 6.48, e3 < 2n2' + 1. If £ > 2, then e3 < cn2tk"k™ 4 k™ and
m = cn. So for all k,
ez < 2msTL (6.29)

Estimate ey with help of equation (6.26) and Claim 6.48:

Together with (6.29) this yields
ez +e3 < 25T (6.31)

Finally we turn to e;. Equation (6.25) can be written as

er = a2 HEIe Y gl (6.32)
i€J1UJ2

Therefore, e; < 2lultnsti+dkne < or=1 Together with (6.31) we obtain e; + ey + e3 < 27
and hence
(d mod 2") = e1 + e9 + e3. (6.33)

By equation (6.16), d = k(2. + 1) (2"). Recall that bin(z.) € A*0"*u0"* At. Therefore,
(ze mod 27) = a2+t 4~ where v < 2. Observe k(a2 4~ 1) < 2kenglulgns+i+l < or,
This yields

(d mod 27) = 2™ Tk + k(v + 1). (6.34)

Compare equations (6.33) and (6.34). The terms e; and a2™$T k" are divisible by 2",
while the terms es + e3 and k(7 + 1) are less than 2" (see Equations 6.29 and 6.30).
It follows that e; = a2™*+k" and therefore, by equation (6.32),

> k= e, (6.35)

i€J1UJa

For k = 1 this implies |J; UJo| = 1, while for & > 2 this implies |J; UJ3| > 1. Assume k > 2
and let i’ be the maximum of J; U.Jo. The left hand side of (6.35) is = k™c~% (knc—"+1). So
it must be that k°"~7) < k"=¥+1 and therefore, k"¢~ = k"), Hence J; U J» = {jc}.
This proves Claim 6.49. O

Assume k = 1. By Claims 6.47, 6.48, and 6.49, there exist T; € {wg;_1,ws;} such that
d= 2"+ 1)+ ) = (6.36)
i=1

Together with equation (6.16) this shows z. = > ; T¢. So (W, Z) ¢ R, which contradicts

=17
our assumption.

Assume k£ > 2. By Claim 6.49, for every j, zj. = Tj - k7 where Z; € {waj—1,wa;}.
Moreover, it follows that for every 4, if i # 0(c), then z; = a. So equation (6.20) can be
written as:
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d = y0+ka et Yy km—ixg (6.37)
j=1 ie{l,..., m}
1#0(c)
= E"a®+1) + k”czx +at > kT (6.38)
ie{l,..., nc},
iZ0(c)

Observe that the right-most sum in (6.38) can be written as

c—1 n—1
S-Sk
i=1 =0
So we can continue to transform d.
n—1 4
d=Fk"(a°+1) + k”CZm +a° Zkl > ke
=0
Together with equation (6.16),
n
=27
j=1
So again (W, Z) ¢ R, s which contradicts our assumption. O

Lemma 6.50. If p(x,y) = x + ky where k > 1 then GENg(p) is <t-complete for NP.

Proof. We have already seen the upper bound (Lemma 6.18) and the lower bound for the
case k = 1 in Theorem 6.14, so let us focus on the lower bound for & > 2. We <pY-reduce

(L1 2k, Ri2k) to GENg(x + ky). Let W def (wi,...,wap), Z def (z) such that w;,z € N

(1<i<2n). Let? f [bin(kX2? w;)| and G = W 96+1 Define
V1 déf ](I(G + wl),
) def ]{(G + UJQ),
v; e G + w;, for 3 <4 < 2n, and
P k(nG + z).

Now let (W,Z) € Lj ;. Then there is an I = {i1,...,i,} € {1,...,2n} such that for
all i € {0,...,n — 1} exactly one of {2i 4+ 1,2i + 2} is in I and ¥;c;w; = z. Assume that
ij <igif j <t Thenp(p(...p(p(viy, viy)s Vig)s - s Vi )5 Vi) = k(GHwiy ) +EET_yGHw;;, =
k(nG + z) = 2.

Now let (W,Z) € Rj 9, and assume that (vi,...,v2,,2") € GENg(p). Observe that
v; > G for alli € {1,...,2n}. Let T be a generation tree for z’ from {vy,...,va,} with m
leaves. Then obviously 2’ > 3, ¢ fpath(T) k" @@G. Since for every leaf in T except one there
is a path ¢ with r(q) > 1 we have nkG+G > nkG+kz = 2/ > (m—1)kG+ G and therefore
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m < n. Suppose there is an i € {0,...,n — 1} such that neither vg;11 nor ve; 4o is a value
of a leaf in T'. We know that (W, Z) is 2kn distinguishable. Adding G to a w; (1 < j < 2n)
and nG to z does not interfere with the distinguishing gaps of the values by the choice of
G. Multiplying some of the values with k, decreases the size of the distinguishing gaps by
at most |log k+ 1]. Hence there is a u € 1A* and a t > 1 such that bin(z) € A*0*"u0*" A
and for all j # i, both bin(vg;;1) and bin(vaji2) are in A*0F70l“I0*" At. Since in every
step of the generation the size of the distinguishing gap is reduced by at most |log k + 1]
and since there are at most n — 1 steps in the whole generation process, z’ can not be
generated. Hence for all i € {0,...,n — 1} exactly one element of {vg;11,v2; 42} is a value
of a leaf in T" and m = n. If there were a path ¢ in T with r(q) > 1 then

nkG +G > 2 > kG + (n—2)kG + G > nkG + G (6.39)

would hold. Therefore fpath(T) = {I"" 1} U {l’r : 0 < i < n — 2}. Since v1,v2 > kG the
value of the leaf with the path ["~! has to be one of {v1, vs} otherwise again Equation 6.39
would hold. So there are {i1,...,4,} such that i; € {1,2} and
7 = p(p( ( (viuviz) Ui:&) Uin—l)? Uin)
k(G +wi,) + kET_G + w,
k(nG + X7 1wzj)
= k(nG+ z)

and therefore ¥'_;w;; = 2 which is a contradiction. Hence (v1,...,v2,,2") ¢ GEN;(p). [

We combine the auxiliary results proved so far and formulate the main result of this section
that follows from Corollary 6.44 and Lemmas 6.46 and 6.50.

Theorem 6.51. For c,k > 1, GENg(x¢ + ky) is <h-hard for NP.

6.4 A Summary for the Generation Problem

We summarize our results on the complexity of GENg(f) in the following table. Every
lower bound is given by the fact that there exists an f from the considered class of op-
erations whose generation problem is complete for the respective class. All operations are
polynomial-time computable.

The complexity of the more general problem GEN(f) is the same in nearly all cases.
However, in the case of a polynomial p where p(z,y) = x + ¢q(y) for some univariate poly-
nomial ¢, we found an NP upper bound for GENg(p) which we cannot prove for GEN(p).
The best upper bound we can give for this case is the rather obvious ASPACE(O(n)) and
it is an open question whether GEN(p) € NP.
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operation lower bound Thm upper bound Thm

arbitrary recursively 6.4 recursively 6.3
enumerable enumerable

length-monotonic EXPTIME 6.7 EXPTIME 6.5

length-monotonic EXPTIME 6.7 EXPTIME 6.5

and commutative

length-monotonic PSPACE 6.12 PSPACE 6.11

and associative

length-mon., assoc., NP 6.14 NP 6.13

and commutative

all Polynomials NP 6.14 NP 6.25
# q(z) + ky

z+y NP 614 NP 6.13
Ty NP 628 NP 6.13
z%ybe NP 6.35 NP 6.22
all Polymomials NP 6.50 NP / ATIME(O(n)) 6.18
=q(z) +y

all Polynomials NP 6.51 NTIME(QIOgZ ) 6.36
=q(z) +ky (k> 2)

¢ + ky NP 6.51  NTIME(2' ") 6.36

The gap between NP and NTIME(ZlOgQ") in the last rows of the table below calls the
attention to another interesting open question: Does GEN(q(z) 4+ ky) or GENg(q(z) + ky)
belong to NP if g is non-linear and k& > 27 Since the generation trees for these polynomials
may be of super-polynomial size, the obvious algorithm of guessing and verifying the tree
is not applicable. Also, we could not find more compact representations as in Lemma 6.18.
There are generation trees where almost all nodes take different values. Therefore it may be
possible that we really have to calculate all of them. A possibility to solve the problem could
be to have a closer look at the restricted alternating machines we describe in Section 6.3.
What are the exact capabilities of these machines?
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Notations

AND™

AP

AxB
AUDIT(B)
BF

bin(x)

biny, ()

=P
—k

[Ale
[B] +fict

cokC
conc(zx, y)
CF(T)
cCek
CSAT(B)
CSAT
CSp
DIAG

D,
DP
dp(4)

DSPACE(K)

13
13
13
13
13
18

42
76
13
51
31
14

14

60
15

7

22
74
36
22
47
47
37
28

14
22
52

21

Power set {B: B C A} of A.

Set of all words over the set A.

Set of all words over the set A with length > 1.

Set of all words of length ¢ over the set A where ¢ € N is a constant.
If o« = (a1,...,an), then afi] = a; for 1 <¢ < n.

Boolean function “and” with AND(z,y) = 1 if and only if x = y = 1; formula:
TANY, x-yY, TY.

Relation AND™ = {(a1,...,am) € {0,1}™ : X2 a; = m}.
Boolean function with A" (z1, ...
Cross product {(a,b) : a € A and b € B} of A and B.
Auditing problem for B-circuits.

,Zn) = 1 if and only if X x; = n.

Clone of all Boolean functions.

Binary encoding of z, i.e., bin(z) = bin,(z) where n = [logz + 1] if z > 0
andn=1ifx =0.

The n-ary binary encoding of z, i.e., the word wn—1...wo € {0,1}" with
Sow;2 = x.

If k is odd, then Z} = X7, and =} = II} otherwise.

Closure of A under ), i.e., the smallest set containing A and being closed
under €.

Set B that is derived from the set of unary functions B by adding functions
that are modified versions of those from B but with fictive variables.

cok ={A: Ac K}

Concatenation function for binary inputs.

Set of relations that are describable by I'-constraint formulas.
CoKk={AAB:A€Cand B €K}

Satisfiability problem for B-circuits.

Satisfiability problem for Boolean circuits.

Constraint satisfaction problem.

Diagonalizaton of relation R with DIAG(R) = {(ai,..
(a1,...,an-1,an-1) € R}.

Domain {z : p(z) is defined} of .

Second level of the Boolean hierarchy over NP: DP = NP ¢ NP.
The function dp builds a DP-complete set from an NP-complete set A:
dp(A) &' (A x T)A(D* x A).

Class of sets A for which there is a function f € K such that A can be
decided by a deterministic Turing machine with space f.

.7an,1)
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DTIME(K)

dual(A)
dual(f)
DUP

D

ECSP
IFV(B)

eNncn, k

EQCF(I)
EQ(B)
Cl = CQ

F1£F2

EqQ

eq
EVEN™
EXPTIME

FCPSB
FDSPACE(K)

FDTIME(K)

FL
fpath
FPSPACE

FP
fm*

F"(A)
F(A)
FV(B)
f:A" = A
f—l
GAPP,
GEN.(g)
GEN(g)
LVF

21

34
34
42
34
38
50
14

37
52
18

37

18

13
42
21

73
20

20

20
84
20

20
14

13
13
50
13
13
78
84
84
27

14

Class of sets A for which there is a function f € K such that A can be
decided by a deterministic Turing machine in time f.

Set {dual(f) : f € A}, if A is a set of Boolean functions.
Dual function of f, i.e., dual(f)(z1,...,zn) = 2 f(Z1,...
Relation DUP = {0,1}* — {(0,1,0),(1,0,1)}.

Clone of all self-dual Boolean functions.

, Tn)-

Constraint satisfaction problem for existentially quantified constraints.
Existential frozen variable problem.

between {0,...,k — 1}"
,a0) = Z?;Ol aik’.

Set of relations describable by existential quantified I'-constraint formulas.

Bijection with

encp k(An-1,...

and {0,...,k" — 1}

Circuit equivalence problem for B-circuits.

Two Boolean circuits C1,C> are equivalent (C1 = Cb) if and only if they
describe the same Boolean function.

Two constraint formulas Fy and F> are equivalent (Fy = Fb) if and only if
they describe the same relation.

Boolean equivalence function with EQ(z,y) = 1 if and only if z = y; formula:
T Y.

For a set A is eqy = {(a,a) : a € A}, the equality relation on A.

Relation EVEN™ = {(a1,...,am) € {0,1}™ : ¥ a; is even}.

Class of sets that can be decided deterministically in time 27, where P is
the set of polynomials.

Set of functions computable by circuits of polynomial size.

Set of functions f such that there is a ¢ € K and f is computable by a
deterministic Turing machine with space g.

Set of functions f such that there is a ¢ € K and f is computable by a
deterministic Turing machine in time g.

Set of functions that are computable in logarithmic space.
Set of paths leading to a leaf in a binary tree T.

Set of functions that are computable in polynomial space and produce out-
puts of polynomial size.

Set of functions that are computable in polynomial time.

Given the m-ary function f : A™ — A, the function f™ : (A™)™
the coordinate-wise application of f on n-tuples.

Set {f:f: A" — A} of n-ary functions on A.

Set {f : there is a n such that f : A™ — A} of functions on A.

— A" is

Frozen variable problem.

An n-ary function from A™ to A.

The inverse function of f.

Set of functions all of which are in FP and have (g, k)-gaps.
Generation problem for single carriers.

Generation problem.

Identification of the last variables in a function. For an m-ary function f
hOldS LVF(f)(iL’l, ey :L’n_1) = f(il,‘l, ey l‘n_l,l‘n_l).

Unary identity function with id(z) = z for all z.



I¥

I
idk (x)
Imp
FVR
Inv(B)

ipath(T")
Y

allb

A<los B

<P

m

<&
a<lp
f<g
Ig()

alb

MOD,

mod,

mod,

14
14

74
18

28

28

84
15
15

22

16
66
84
13
14
14
25

25

111
34
14
66

14
66
66
34
21
84
15
15

76
76

76
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Short for I4™ if A is clear from the context.

The n-ary identity function on A at position ¢ with If’"(al, ...,an) = a; for
all al,...,an € A.

Identity functions of arity n with idx = I};,, where m = min{k,n}.)

Boolean implication function with ImP(z,y) = 0 if and only if z = 1 and
y = 0; formula: x — y.

Introduction of a fictive variable in a relation. For an n-ary relation R over
A holds FVR(R) = {(b,a1,...,an) : b€ A and (as,...,an) € R}

Set {R : for all f € B holds f ~ R} of relations invariant to all functions
from B.
Set of paths leading not to a leaf but to an inner node in the binary tree T.

Join operation in a lattice: The minimum of the set of upper bounds of Y.

Short for | |{a,b}: The minimum of the set of upper bounds of {a,b}; the
join of a and b.

The k-th level of the Boolean hierarchy over K with (k) =K & --- @K
———
k
Lattice of algebras below the algebra A.

Multiple applications of log: 1d(0,n) = n and 1d(¢,n) = 1gld(: — 1, n).
Set of leaves of a binary tree T'.

Length of word w.

Length of the binary representation of z € N, i.e., |z |=|bin(z) |.

If f(z) < g(x) for all but finite z € N, then f <, g.

Logarithmic space, many-one reduction. A <!°¢ B if and only if there is an
f € FL such that for all « holds: = € A if and only if f(z) € B.

Polynomial-time, many-one reduction. A < B if and only if there is an
f € FP such that for all « holds: x € A if and only if f(z) € B.

Reduction of disjoint pairs.
If o, 8 € {0,1}", then a < B if and only if «[i] < g[i] for all 1 <i < n.
If f(z) < g(z) for all z € N, then f < g.

Expansion of log to all natural numbers with 1g(0) = 0 and lg(z) = log z, if
z > 1.

Logarithm log, to the base of 2.

Tower of logarithms multiplied with n: Itn®(n) = n - 1t¥(n).

Tower of logarithms with 1t¥(n) = tp,(1d(1,n),1d(2,n), .. .,1d(i,n), 1).
Clone of all linear Boolean functions.

Class of sets that can be decided deterministically in logarithmic space.
Number of left turns in a path ¢ to a node in a binary tree.

Meet operation in a lattice: The maximum of the set of lower bounds of Y.

Short for [({a,b}: The maximum of the set of lower bounds of {a,b}; the
meet of a and b.

Boolean function with MOD, = {—} U, cy{mody, V", A"}.

Boolean function with mody(z1,...,2») = 1 if and only if ¥ 2; =
0(mod p).

Boolean function with mod,(y) = mody' (a1, ..., am).
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M
NAE-3-SAT
NAE™

NAND

NAND™
n-IN-m
NL
Node(T)
Nor

NOR™
Notr

NP
NSPACE(K)

NTIME(K)

obDb™
OR

OR™
Ve
path(T)
Pol(B)
PE

PI
f~R
PRO

PSPACE
P
QSAT, ()

34
39
42
18

42
42
21
84
18

42
18

21
21

21

42
18

42
76
84
28
27

27
15
28

21
21
60
34
34
13
13
7
39
84
27

Clone of all monotonic Boolean functions.

Not all equal 3-SAT problem.

Relation NAE™ = {0,1}"™ — {(0,...,0),(1,...,1)}.

Boolean function “nand” with NAND(z,y) = 0 if and only if z = y = 1;
formula: ND(z, y).

Relation NAND™ = {(a1,...,am) € {0,1}™ : ¥ a; # m}.

Relation n-IN-m = {(a1,...,am) € {0,1}" : ¥2;a; = n}.

Class of sets that are decidable nondeterministically with logarithmic space.
Set of nodes of a binary tree T'.

Boolean function “nor” with NoR(z,y) = 1 if and only if z = y = 0; formula:
NR(z,y).

Relation NOR™ = {(a1,...,am) € {0,1}™ : X% a; = 0}.

Boolean negation function with NoT(z) = 1 if and only if z = 0; formula:
T, .

Class of sets that are decidable nondeterministically in polynomial time.
Class of sets A for which there is a g € KC such that A is decidable nonde-
terministically with space g.

Class of sets A for which there is a g € K such that A is decidable nonde-
terministically in time g.

Relation ODD™ = {(a1,...,am) € {0,1}™ : {2 a; is odd}.

Boolean function “or” with OR(z,y) = 0 if and only if x = y = 0; formula:
T Vy.

Relation OR™ = {(au,...

Boolean function with V™ (z1, ..

yam) € {0,1}™ : ¥ a; > 0}.

.,xn) = 1 if and only if ¥} z; > 0.
Set of paths leading to nodes in a binary tree T'.

Set {f : f ~ R for all R € B} of polymorphisms of B.

Presence of the equality relation. A 0-ary operation on the set of relations
with PE = eq.

Presence of identity. A O-ary operator on functions with PI = I2.

,an) € R.

For all a1,...,an in the m-ary relation R holds f™*(aa,...

Projection of a relation. For an n-ary relation R over A holds PRO(R) =
{(a1,...,am—1): thereis a b € A such that (b,a1,...,am—-1) € R}.

Class of sets that can be decided with polynomial space.

Class of sets that can be decided deterministically in polynomial time.
Quantified Boolean constraint satisfaction problem.

Clone of all O-reproducing Boolean functions.

Clone of all 1-reproducing Boolean functions.

Set {B: B C A"} of n ary relations over A.

Set {B : there is a n with B C A"} of relations with finite arity over A.
Right gap bound in a gap-defining function.

Relation Rnae = {0,1}* — {(0,0,0),(1,1,1)}.

Root of a binary tree T'.

Rotation of variables in a function. For an mn-ary function f holds
RE(f)(z1,22,...,2n) = f(T2,...,Tn,T1).



r(q)

SAT*(B)
SAT
SelectSAT(B)
SUBP

SUB

(4]
(B)
SUPr

SUP
tp

D@, . an)
M %

Cl—>CQ

ol
TF

TR
Uyp-uniform

UNIQUE-SAT(B)
wli]

XOR

27

84
48
47
47
81
27

27
28
28

27
66

66
19

19

27

28

24

13
18

Rotation of variables in a relation. For an n-ary relation R is RR(R) =
{(a2,...,an—1,a1) : (a1,...,Gn-1,an) € R}.

Number of right turns in a path g to a node in a binary tree.

Satisfiability with exception of (1,...,1).

Satisfiability problem for propositional formulas.

Satisfiability problem with selected exceptions.

Set of functions computable in subpolynomial time.

Substitution of functions. If f is an m-ary function and g is n-ary function,
then SUB(f, g)(z1,-. -, Tm=-1,Y1,---,Yn) = f(Z1,. -, Tm=1,9(Y1,- .-, Yn))-
Superposition closure [A] = [A]sup.

Relational superposition closure of B; (B) = [B]supg-

Set of relational superposition operators SUPr = {PE, RR, TR, FVR, PRO,
N}.

Set of superposition operators SUP = {PI, RF, TF, LVF, SUB}.

Short for tp;.

ka;
) ka2 K3
Tower of Powers: tp,(a1,...,a:) = kay

Turing machine M transforms configuration C; to configuration C2 in a
finite number of steps.

Turing machine M transforms configuration C to configuration C2 in n
steps.

Transposition of the last variables in a function. For an n-ary function f
holds TF(f)(x1,...,Zn-1,%n) = f(Z1,...,Tn, Tn-1).

Transposition of the last variables in a relation. For an n-ary relation R
holds TR(R) = {(a1,-..,an,an-1) : (a1,...,an—1,an) € R}.

A family of circuits (C")nen is Up-uniform, if there is a function f € FL
such that f(1™") = C™ for all n € N.

Unique satisfiability problem.
If w=wi...wy is a word, then w[i] = w; for 1 <7 < n.

Boolean function “xor” with XoR(z,y) = 1 if and only if z # y; formula:
T Dy.
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(a, b)-weighted tree, 106
— balanced, 106

— complete, 106
Q-algebra, 15

algebra, 15

almost everywhere, 14

ancestor, in a generation tree, 17
arity

— of a function, 13

— of a relation, 13

assignment

— for a Boolean circuit, 18
atomar lattice, 16

auditing problem for B-circuits, 51

base, with respect to €2, 15
binary function, 13

binary tree, 84

Boolean circuit, 18
Boolean function, 17

— a-reproducing, 34

— a-separating, 34

—— of degree m, 34

linear, 34

— monotonic, 34

Boolean hierarchy over NP, 22

carrier, of a function, 83
characteristic function, 21
characteristic string

— of a Boolean function, 17
— of a Boolean relation, 35
child, 17

circuit

— B-circuit, 17

—— with multiple outputs, 23
— Boolean circuit, 17

— satisfiability problem, 47
—— with selected exceptions, 47
clone, 27

— generated by a set, 27
clone of functions, 27

closed set

— under a function, 14

— under a set of functions, 15
closure, with respect to 2, 15
co-clone, 28

— generated by a set, 28
complementive relation, 39
complete bases, 15
complete sets, 25
computable function, 20
computation

— of function, 20

— in time f, 20

— with space f, 20
configuration

— accepting, 20

— of a Turing machine, 19
— rejecting, 20

constant, 13

constraint

— a-valid, 37

— affine, 38

— anti-Horn, 38

— bijunctive, 38

— Boolean, 35

— Horn, 38

— Schaefer, 38

constraint formula, 35

constraint satisfaction problem, 37

— existentially quantified, 38

correspond, Boolean function to Boolean relation,

35
cross product, 13

databases, 50
deciding a set, 21

— with a nondeterministic Turing machine, 21

decision-complexity classes, 21
depth

— of a Boolean circuit, 23

— of a graph, 17

— of a node, 17

describe, a circuit describes a Boolean function, 18

diagonalization, 28
domain, of a function, 14
dual

— Boolean function, 34
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— Boolean relation, 41 invariant relations, 15
dual-atom, 16
— of L(BF), 34 join, 15

dual-atomic, 16
label, of a node in a generation tree, 85

edges, of a graph, 17 lattice, 16
equality relation, 13 — complete, 16
equivalence problem for B circuits, 52 leaf, 17
equivalent length monotonic operations, 86
— Boolean circuits, 18 — minimal, 86
— constraint formulas, 37 linear normal form of a linear Boolean function, 34
essentially unary, 14 log-space reducibility, 25
existential frozen variable problem for B-circuits, log-space uniform families of circuits, 24
50 lower bound, of a poset, 15

existentially quantified constraint formula, 37
maximum, of a poset, 15

family of Boolean circuits, 23 meet, 15
fan-in, 17 minimum, of a poset, 15
fan-out, 17
finitely Q2-generated closure, 15 nodes, of a graph, 17
finitely generated algebra, 15
frozen set of variables, 50 operators, 15
frozen variable, 50 order
frozen variables problem for B circuits, 50 — of a clone, 27
full path, 84 — of a co-clone, 28
fully quantified I'-formula, 60 — of a set of functions, 27
function, 13 — of a set of relations, 28
— from A" to A, 13 output node, of a Boolean circuit, 17
— on a set, 13
— total, 14 pairing
function-complexity classes, 20 — closed under, 70
— function, 70
Galois correspondence, 29 parent, 17
gap-defining function, 77 partial order, 15
gaps, a function has, 78 partially ordered set, 15
gate, of a Boolean circuit, 17 path, 17
generation problem polymorphism, 14
— for a set of carriers, 84 — set of, with respect to a set of relations, 28
— for a single carrier, 84 polynomial (un)necessary, 73
generation tree, 84 polynomial, linear univariate, 97
Graph, 17 polynomial-time hierarchy, 22
— acyclic, 17 poset, 15
— connected, 17 Post’s lattice, 31
— cyclic, 17 power set, 13
— directed, 17 precomplete, 16
predecessor, in a poset, 16
hardness of sets, 25 presence of the equality relation, 27
presence of the identity, 27
identification of the last variables, 27 preservation of a set, 14
identity, 14 projection
identity function, 14 — as function, 14
initial path, 84 — operation on relations, 28
initial state, 19 propositional formula, 18
introduction of a fictive variable
— in a relation, 28 quantified Boolean Constraint Satisfaction
invariant Problem, 60

— set of, with respect to a set of functions, 28 quantifier function, 62
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recursive function, 20

recursively enumerable, 20
reduction, 25

reduction, of disjoint NP pairs, 111
relation, 13

relational superposition, 28

root (node), 17

rotation of variables

— in a function, 27

— in a relation, 27

satisfy, a constraint formula, 36
set

— a-separating, 34

—— of degree m, 34

size

— of a Boolean circuit, 23

— of a graph, 17

space, needed in a computation, 20
sub-algebra, 15

sub-polynomial time, 81
substitution, 27

successor, 17

successor, in a poset, 16
superposition, 27

transformation of configurations, 19
transposition of the last variables

— in a function, 27

— in a relation, 28

tree, 17

— binary, 17

Turing machine, 19

— alternating, 20

— deterministic, 20

— nondeterministic, 20

unary function, 13

uniform family of circuits, 24

unique satisfiability problem for B-circuits, 50
universal pair of functions, 69

universe, 15

upper bound, 15

value, of a node in a generation tree, 85

weak co-clone, 36
working alphabet, 19
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