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Abstract

The topic of this thesis is the theoretical and numerical analysis of optimal control
problems, whose differential constraints are given by Fokker-Planck models related
to jump-diffusion processes. We tackle the issue of controlling a stochastic process
by formulating a deterministic optimization problem. The key idea of our approach
is to focus on the probability density function of the process, whose time evolution
is modeled by the Fokker-Planck equation. Our control framework is advantageous
since it allows to model the action of the control over the entire range of the process,
whose statistics are characterized by the shape of its probability density function.

We first investigate jump-diffusion processes, illustrating their main properties.
We define stochastic initial-value problems and present results on the existence and
uniqueness of their solutions. We then discuss how numerical solutions of stochastic
problems are computed, focusing on the Euler-Maruyama method.

We put our attention to jump-diffusion models with time- and space-dependent
coefficients and jumps given by a compound Poisson process. We derive the re-
lated Fokker-Planck equations, which take the form of partial integro-differential
equations. Their differential term is governed by a parabolic operator, while the
nonlocal integral operator is due to the presence of the jumps. The derivation is
carried out in two cases. On the one hand, we consider a process with unbounded
range. On the other hand, we confine the dynamic of the sample paths to a bounded
domain, and thus the behavior of the process in proximity of the boundaries has
to be specified. Throughout this thesis, we set the barriers of the domain to be
reflecting.

The Fokker-Planck equation, endowed with initial and boundary conditions, gives
rise to Fokker-Planck problems. Their solvability is discussed in suitable functional
spaces. The properties of their solutions are examined, namely their regularity,
positivity and probability mass conservation. Since closed-form solutions to Fokker-
Planck problems are usually not available, one has to resort to numerical methods.



The first main achievement of this thesis is the definition and analysis of conser-
vative and positive-preserving numerical methods for Fokker-Planck problems. Our
SIMEX1 and SIMEX2 (Splitting-Implicit-Explicit) schemes are defined within the
framework given by the method of lines. The differential operator is discretized
by a finite volume scheme given by the Chang-Cooper method, while the integral
operator is approximated by a mid-point rule. This leads to a large system of ordi-
nary differential equations, that we approximate with the Strang-Marchuk splitting
method. This technique decomposes the original problem in a sequence of different
subproblems with simpler structure, which are separately solved and linked to each
other through initial conditions and final solutions. After performing the splitting
step, we carry out the time integration with first- and second-order time-differencing
methods. These steps give rise to the SIMEX1 and SIMEX2 methods, respectively.

A full convergence and stability analysis of our schemes is included. Moreover, we
are able to prove that the positivity and the mass conservation of the solution to
Fokker-Planck problems are satisfied at the discrete level by the numerical solutions
computed with the SIMEX schemes.

The second main achievement of this thesis is the theoretical analysis and the
numerical solution of optimal control problems governed by Fokker-Planck models.
The field of optimal control deals with finding control functions in such a way that
given cost functionals are minimized. Our framework aims at the minimization of
the difference between a known sequence of values and the first moment of a jump-
diffusion process; therefore, this formulation can also be considered as a parameter
estimation problem for stochastic processes. Two cases are discussed, in which the
form of the cost functional is continuous-in-time and discrete-in-time, respectively.

The control variable enters the state equation as a coefficient of the Fokker-Planck
partial integro-differential operator. We also include in the cost functional a L!-
penalization term, which enhances the sparsity of the solution. Therefore, the re-
sulting optimization problem is nonconvex and nonsmooth. We derive the first-
order optimality systems satisfied by the optimal solution. The computation of
the optimal solution is carried out by means of proximal iterative schemes in an
infinite-dimensional framework.
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Zusammenfassung

Die vorliegende Arbeit beschéftigt sich mit der theoretischen und numerischen
Analyse von Optimalsteuerungsproblemen, deren Nebenbedingungen die Fokker-
Planck-Gleichungen von Sprung-Diffusions-Prozessen sind. Unsere Strategie baut
auf der Formulierung eines deterministischen Problems auf, um einen stochastischen
Prozess zu steuern. Der Ausgangspunkt ist, die Wahrscheinlichkeitsdichtefunktion
des Prozesses zu betrachten, deren zeitliche Entwicklung durch die Fokker-Planck-
Gleichung modelliert wird. Dieser Ansatz ist vorteilhaft, da er es ermdglicht, den
gesamten Bereich des Prozesses durch die Wirkung der Steuerung zu beeinflussen.

Zuerst beschéftigen wir uns mit Sprung-Diffusions-Prozessen. Wir definieren Aus-
gangswertprobleme, die durch stochastische Differentialgleichungen beschrieben wer-
den, und préasentieren Ergebnisse zur Existenz und Eindeutigkeit ihrer Losungen.
Danach diskutieren wir, wie numerische Lésungen stochastischer Probleme berech-
net werden, wobei wir uns auf die Euler-Maruyama-Methode konzentrieren.

Wir wenden unsere Aufmerksamkeit auf Sprung-Diffusions-Modelle mit zeit- und
raumabhéngigen Koeffizienten und Spriingen, die durch einen zusammengesetzten
Poisson-Prozess modelliert sind. Wir leiten die zugehorigen Fokker-Planck-Glei-
chungen her, die die Form von partiellen Integro-Differentialgleichungen haben. Thr
Differentialterm wird durch einen parabolischen Operator beschrieben, wiahrend der
nichtlokale Integraloperator Spriinge modelliert. Die Ableitung wird auf zwei unter-
schiedlichen Arten ausgefiihrt, je nachdem, ob wir einen Prozess mit unbegrenztem
oder beschrianktem Bereich betrachten. In dem zweiten Fall muss das Verhalten des
Prozesses in der Nahe der Grenzen spezifiziert werden; in dieser Arbeit setzen wir
reflektierende Grenzen.

Die Fokker-Planck-Gleichung, zusammen mit einem Anfangswert und geeigneten
Randbedingungen, erzeugt das Fokker-Planck-Problem. Die Losbarkeit dieses Pro-
blems in geeigneten Funktionenrdumen und die Eigenschaften dessen Losung werden
diskutiert, ndmlich die Positivitat und die Wahrscheinlichkeitsmassenerhaltung. Da
analytische Losungen von Fokker-Planck-Problemen oft nicht verfiighar sind, miissen
numerische Methoden verwendet werden.
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Die erste bemerkenswerte Leistung dieser Arbeit ist die Definition und Analyse
von konservativen numerischen Verfahren, die Fokker-Planck-Probleme losen. Un-
sere SIMEX1 und SIMEX2 (Splitting-Implizit-Explizit) Schemen basieren auf der
Linienmethode. Der Differentialoperator wird durch das Finite-Volumen-Schema
von Chang und Cooper diskretisiert, wahrend der Integraloperator durch eine Mit-
telpunktregel angendhert wird. Dies fiihrt zu einem grofen System von gewohnlichen
Differentialgleichungen, das mit der Strang-Marchuk-Splitting-Methode geldst wird.
Diese Technik teilt das urspriingliche Problem in eine Folge verschiedener Teilprob-
leme mit einer einfachen Struktur, die getrennt gelost werden und danach durch
deren Anfangswerte miteinander verbunden werden. Dank der Splitting-Methode
kann jedes Teilproblem implizit oder explizit gelost werden. Schlieklich wird die
numerische Integration des Anfangswertsproblems mit zwei Verfahren durchgefiihrt,
namlich dem Euler-Verfahren und dem Predictor-Corrector-Verfahren.

Eine umfassende Konvergenz- und Stabilitdtsanalyse unserer Systeme ist enthal-
ten. Dartliber hinaus kénnen wir beweisen, dass die Positivitdt und die Massener-
haltung der Losung von Fokker-Planck-Problemen auf diskreter Ebene durch die
numerischen Losungen erfiillt werden, die mit den SIMEX-Schemen berechnet wur-
den.

Die zweite bemerkenswerte Leistung dieser Arbeit ist die theoretische Analyse
und die numerische Behandlung von Optimalsteuerungsproblemen, deren Nebenbe-
dingungen die Fokker-Planck-Probleme von Sprung-Diffusions-Prozessen sind. Der
Bereich der optimalen Steuerung befasst sich mit der Suche nach einer optimalen
Funktion, die eine gegebene Zielfunktion minimiert. Wir zielen auf die Minimierung
des Unterschieds zwischen einer bekannten Folge von Werten und dem ersten Mo-
ment eines Sprung-Diffusions-Prozesses. Auf diese Weise kann unsere Formulierung
auch als ein Parameterschatzungsproblem fiir stochastische Prozesse angesehen wer-
den. Zwei Fille sind erldutert, in denen die Zielfunktion zeitstetig beziehungsweise
zeitdiskret ist.

Da die Steuerung ein Koeffizient des Integro-Differentialoperators der Zustandsglei-
chung ist und die Zielfunktion einen L!-Term beinhaltet, der die diinne Besetzung
der Losung erhoht, ist das Optimierungsproblem nichtkonvex und nichtglatt. Die
von der optimalen Losung erfiillten notwendigen Bedingungen werden hergeleitet,
die man mit einem System beschreiben kann. Die Berechnung optimaler Losun-
gen wird mithilfe von Proximal-Methoden durchgefiihrt, die entsprechend um den
unendlichdimensionalen Fall erweitert wurden.
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Chapter 1

Introduction

1.1 Motivation and review

This thesis is motivated by the need of developing effective and robust numerical
schemes for solving problems in quantitative finance. With this spirit, the initial
training network STRIKE (January 2013 - December 2016) has been established.
Our research project was supported by the European Union in the FP7-PEOPLE-
2012-ITN Program under Grant Agreement Number 304617 (FP7 Marie Curie Ac-
tion, Project Multi-ITN STRIKE - Novel Methods in Computational Finance).

Beyond the Black-Scholes framework, the market behavior can be modeled by
stochastic processes with jumps. In fact, empirical data suggest that Lévy processes
could be most appropriate for describing the dynamics of stock prices, rathen than
an Ito diffusion |2, 3, 7, 23, 24, 25, 47, 55, 57, 67|. The increasing popularity of
Lévy processes stems also from the fact that they are Markov jump processes and
they include models such as Brownian motions, Poisson processes and subordinators
[6, 11, 31, 55, 59, 83|. However, processes with jumps find application in other areas
than finance, such as physics and image reconstruction [6, 11, 18, 23, 87, 77, 83|.

The research effort in quantitative finance regarding jump processes also considers
optimization problems such as option pricing in incomplete markets, portfolio opti-
mization and model calibration. A number of publications aiming at the numerical
solution of this class of problems is available, see [16, 24, 25, 52| and references
therein. The mathematical modeling of such issues consists of setting stochastic
control problems In these references, the expected value of a given cost functional is
considered. This averaging step is needed since the random variable is inserted into
a deterministic cost functional. The Hamilton-Jacobi-Bellman equation, whose form

depends on the chosen cost functional, is derived and then solved with a suitable
method [8, 10, 27, 35, 36, 46, 60, 75, 93].



The purpose of this work is to provide an alternative approach for solving optimiza-
tion problems subject to random perturbations. We consider stochastic processes
with jumps. The key observation is to investigate the probability density function
(PDF) of the considered process, whose evolution is governed by the Fokker-Planck
(FP) equation; this allows one to formulate a deterministic optimal control problem.
Up to our knowledge, the literature on FP-based control problems is very recent,
and processes containing jumps have been less investigated than It6 diffusion pro-
cesses. Existing works deal indeed with processes with continuous sample paths, see
[4, 5, 54, 82].

In this thesis, we consider a jump-diffusion (JD) Markov process X = {X;}tes
with range in R?, evolving in the time interval I := [0,7] C R*. The process X
solves the following stochastic initial value problem

dXt = b(th s t)dt + O'(th s t)th + dPt7
(1.1)
Xpi=0p = Xo,

where X, € R? is a given initial random data. This stochastic differential equation
(SDE) relates the infinitesimal increments of the stochastic process X to both de-
terministic and random increments, given by the multidimensional Wiener process
W € R™ and the compound Poisson process P € R?. We denote with A € R* the
rate of the time events of the compound Poisson process and with g the distribution
of the jump size. The density ¢ is nonnegative and normalized, fRd g(y)dy = 1. The
deterministic functions b : R? x Rt — R? and ¢ : R? x Rt — R%™ represent the
drift and the diffusion coefficients, respectively. It is always assumed that the matrix
o is full-rank. Due to the compound Poisson process P, the sample paths of X are
discontinuous; the notation X;- stands for the left limit of X}, X;- := limgy X;.

The solvability of (1.1) follows under growth and regularity conditions on b and
o. Classical references dealing with initial value problems such as (1.1) are, e.g., (6,
53, 56, 73]. A number of existing works provides the rate of convergence on existing
numerical methods for solving (1.1); see [8, 19, 48, 55, 56, 64, 68, 79] and references
therein. However, all these schemes require the simulation of the sample paths of
the driving noise; existing algorithms can be found in, e.g., [8, 20, 23, 46, 48, 55, 56|.

In contrast to the simulation of (1.1) based on Monte Carlo (MC) techniques
[58], we examine the stochastic problem (1.1) by considering its PDF f(x,t). The
PDF characterizes the statistics of X over its entire space-time range and its time
evolution is modeled by the FP equation, which plays a fundamental role in many
problems involving random quantities. This equation has been first applied to prob-
lems with randomness given by Brownian motion, i.e. not containing jumps; in this
case, this equation is governed by a partial differential equation of parabolic type as
follows

O f(x,t) = Lf(z,1). (1.2)



The differential operator L is defined as follows

d d
Lf(wt) == 0 (bila,t)f(a,0) + Y O (Cis(w,t) f(w,1)) (1.3)

i=1 ij=1
where Cyj(z) = 3> 41, oulx, t)oji(x,t). Since the diffusion coefficient o is full

rank, the matrix C' is positive definite. The derivation of the FP equation, some
methods of solution and its application to diffusion models can be found in [26, 32,
38, 62, 63, 77, 80, 87|.

In case of a process X solving (1.1), therefore containing jumps, the corresponding
FP equation is defined in R? x I and it is governed by the following partial integro-
differential equation

Ouf(x,t) = Lf(x,t) +Lf(x,t), (1.4)

where L is defined as in (1.3). The integral operator in (1.4) depends on the jump
rate A\ and on the distribution g defining the compound Poisson process in (1.1).
For example, in case of an unbounded domain, we have

Zf(x,t) = A » f(@ =y, t)g(y)dy — Af(x,1). (1.5)

Equation (1.4), endowed with initial and possibly boundary conditions, gives rise
to the FP problem, whose solution represents the PDF of X. The initial condition
is chosen to be the PDF f; of the initial data X in (1.1).

In this work, we show how the FP problem of a JD process governed by (1.1) can
be derived. We focus on two cases. In the first case we consider a process with
range in the whole space R?. The second case limits the dynamic of a process to a
bounded domain € C R? and sets reflecting barriers; the behavior at the boundaries
is translated into suitable boundary conditions in the FP problem. In recent works
[15] a similar derivation is carried out in case of a discrete random process with
bounded jumps, while in [30] and [61] diffusion models with reflecting barriers are
investigated.

Since the solution f of a FP problem is a PDF, it must be nonnegative and its
integral over the space domain of the process must be equal to 1. In this thesis, we
show that these two structural properties are valid when the initial and boundary
conditions are suitably chosen.

(Classical solutions of initial-boundary value problems containing partial integro-
differential equations have been examined in the context of Holder spaces and
uniformly parabolic operators [39, 40, 41]. Numerical schemes for problems gov-
erned by partial integro-differential equations are implemented and investigated in
[2, 3, 16, 17, 18, 24, 25, 50, 66]. These schemes are mainly motivated by financial
applications and a rigorous numerical analysis is often not available.

With the aim of solving a FP equation as (1.2), Chang and Cooper [21] proposed
a conservative scheme that computes the density of a diffusion process. A complete



numerical analysis of this method has been carried out in [69]. However, numeri-
cal schemes for the FP problem for a JD process have been less investigated; this
problem is addressed in this thesis. We discretize (1.4) within the framework of
the method of lines [84]. The differential operator £ is discretized with the Chang-
Cooper (CC) scheme, and the integral operator Z is approximated by the mid-point
rule. This leads to a large system of ordinary differential equations, which we ap-
proximate with the Strang-Marchuk (SM) splitting method [34, 45, 50, 65, 90|. This
method decomposes the original problem in a sequence of different subproblems with
simpler structure, which are separately solved and linked to each other through ini-
tial conditions and final solutions. After performing the SM splitting, we carry out
the time integration with a first- and a second-order time-differencing method. Our
discretization procedure with the two different time-discretization schemes leads to
the SIMEX1 and SIMEX2 (Splitting-Implicit-Explicit) schemes, respectively. For
clarity, our discretization workflow is summarized in Figure 1.1.

(Initial-boundary value problem in Q X I with Q C RdJ

Space discretization and quadrature formula

(Initial value problem (ODE) in I)

Strang-Marchuk splitting

(Splitting initial value problem (ODE) in I)

First-order time discreV Norder time discretization

( Numerical solution ) ( Numerical solution )

Figure 1.1: Discretization workflow of the SIMEX1 and SIMEX2 schemes.

We remark that splitting methods and finite differences are frequently used by
practitioners [31, 51, 52|. However, in many works less attention has been put
on positivity and conservation properties, and the numerical analysis has mainly
focused on time-approximation properties. In this thesis, we prove that both the
SIMEX1 and SIMEX2 schemes guarantees conservativeness of the total probability
and nonnegativity of the solutions.

Our stable, convergent and probability-preserving numerical methods allow to nu-
merically address optimal control problems with constraints given by FP problems.
In this thesis, we set and investigate optimal control problems to steer the JD pro-
cess of interest by defining suitable cost functionals. These problems belong to a
very active research field, motivated by a broad range of applications ranging from,
e.g., fluid flow, space technology, heat phenomena, image reconstruction and finance



[14, 60, 91]. The main focus of this research has been on problems with smooth cost
functionals governed by partial differential equations with linear or bilinear control
mechanism [4, 12, 37, 60, 85, 86, 91]. In these references, the purpose is often to
compute optimal controls such that an appropriate norm of the difference between
a given target and the resulting state is minimized.

Very recently, PDE-based optimal control problems with sparsity promoting L!-
cost functionals have been investigated starting with [85, 86, 89]. Such formulation
considers nonsmooth cost functionals that give rise to a sparse optimal control;
in order to solve such problems, we consider proximal iterative schemes that have
been introduced in [70] and [81] and further developed in the framework of finite-
dimensional optimization [9, 22, 72]. Recent works extended this framework with
the aim of solving infinite-dimensional PDE optimization problems [85, 86].

In this thesis, we set an infinite-dimensional optimal control problem with a non-
smooth cost functional. Denote with f the PDF of the process modeled by (1.1)
and with u the control variable, which is part of the drift coefficient of the partial
integro-differential operator of (1.4). Our optimal control problem reads as follows

min J (f, u)
fu (1.6)

s.t. K(f,u) =0,

where the differential constraint I embodies the FP equation (1.4) with initial and
boundary conditions. The cost functional J is defined as follows

jUﬂ%ZDUW+aW%+ﬂMH (1.7)

The set of admissible controls U, is usually a closed and convex set of a Hilbert
space where the minimum has to be computed. The L?*-term in (1.7) represents a
regularization term that prevents the norm of u from going to infinity. The L'-term
in (1.7) enhances the sparsity of the optimal solution w. The tracking objective
D(f) in (1.7) aims at the minimization of the difference between a known sequence
of values or a function and the first moment of the JD process (1.1). For this
reason, our formulation can also be considered as a parameter estimation problem
for stochastic processes. In the discrete-in-time case, the form of the cost functional
gives rise to a finite number of discontinuities in time of the adjoint variable and
hence of the control. A similar situation has already been considered in [13].

We numerically address the problem (1.6) by applying a method that exploits the
additive structure of J and relies on the subgradient of a nondifferentiable function
[33]. The chosen proximal method combines a gradient method [71] and a proximal
algorithm proposed in finite-dimension in [72] and extended to infinite-dimensional
control problems in [86].



1.2 QOutline of the thesis

This thesis is organized as follows.

In Chapter 2, we introduce JD processes, investigate SDEs driven by such pro-
cesses and discuss how they can be solved numerically. In Section 2.1, we define Lévy
processes, which constitute a broad class of jump processes, and outline their char-
acterizing properties. A literature review of results stating existence and uniqueness
of solutions to SDEs driven by jump processes is included in Section 2.2. The last
part of this chapter, from Section 2.3 on, deals with the numerical solution of SDEs.
After outlying the Euler-Maruyama (EM) method, we prove its rate of convergence.
We conclude with an application of the EM method for estimating the PDF of a JD
process.

Chapter 3 deals with the FP equation related to a JD process, which is the focus
of this thesis. We carry out its explicit derivation in two cases, in an unbounded
domain and in a bounded domain, respectively. The former is outlined in Section
3.1 and relies on the application of the It6’s formula. The latter is illustrated with a
constructive approach in Section 3.2 and takes into account the presence of reflecting
barriers. When the dynamics of a stochastic process is restricted to a bounded range,
the behavior of the process at the boundaries is of fundamental importance for the
definition of appropriate boundary conditions. The reflecting barriers translate into
zero-flux boundary conditions in the FP problem. We provide a priori estimates as
well as existing results on existence and uniqueness of solutions to our FP problems.

Chapter 4 provides the foundation for the theoretical investigation of optimal
control problems, whose constraints are given by JD FP models. In Section 4.1, we
define the cost functionals of our optimization problems. We consider two different
tracking objectives, discrete-in-time and continuous-in-time, respectively. Both have
the purpose to steer the mean value of the stochastic process towards a sequence
of given values. The existence of at least an optimal solution is proven. In Section
4.2, we derive the necessary conditions satisfied by local optimal solutions. These
conditions take the form of first-order optimality systems, which are outlined in both
cases of discrete-in-time and continuous-in-time cost functionals.

In Chapter 5, we address the issue of numerically solving the FP problems. Our
SIMEX methods are outlined in the case of a one-dimensional setting in Section 5.1.
After discretizing the differential and integral operators with the Chang-Cooper
method and the mid-point rule, respectively, the time integration of the resulting
large system of ordinary differential equations is carried out. We compute the numer-
ical solution by applying first- and second-order Euler time-discretization schemes.
The convergence and stability analysis of the SIMEX scheme is carried out in Sec-
tion 5.2. We show in Section 5.3 that the chosen discretization approach preserves
the two properties of the solution to the FP problem, namely the positivity and the



mass conservation over the space range. Section 5.4 illustrates results of numerical
experiments that validate the theoretical statements of the previous sections.

Chapter 6 discusses the numerical solution of our FP-based optimal control prob-
lems. Section 6.1 investigates the chosen optimization algorithm. Our approach
relies on the definition of a proximity operator of a convex and possibly nonsmooth
function. We combine a fixed-point iteration with a gradient method. The con-
vergence analysis of our proximal method is outlined in Section 6.2. In order to
investigate the effectiveness of the algorithm, results of numerical experiments are
presented in Section 6.3.

Each chapter of this thesis ends with a section of conclusion and some remarks.
A final section of conclusions completes this work.

The results presented in this thesis are partly based on the following publications:
e B. Gaviraghi, M. Annunziato and A. Borzi,

— Splitting methods for Fokker-Planck equations related to jump-diffusion
processes (Chapter 23)

— A Fokker-Planck based approach to control jump processes (Chapter 24)

in M. Ehrhardt, Michael Giinther and E. J.W. ter Maten (eds.), STRIKE —
Nowvel Methods in Computational Finance, Springer, 2017.

e B. Gaviraghi, M. Annunziato and A. Borzi, Analysis of splitting methods for
solving a partial integro-differential Fokker-Planck equation. Applied Mathe-
matics and Computation (2017) 294, 1-17.

e B. Gaviraghi, A. Schindele, M. Annunziato and A. Borzi, On optimal sparse-
control problems governed by jump-diffusion processes. Applied Mathematics
(2016) 7, 1978-2004.

e B. Gaviraghi and A. Borzi, An operator splitting method for solving a class of
Fokker-Planck equations. European Consortium for Mathematics in Industry
Newsletter (2014) 56, 87-88.






Chapter 2

Formulation and simulation of

jump-diffusion processes

The aim of this chapter is to introduce JD processes, investigate SDEs driven
by such processes and present how they can be numerically solved. In Section 2.1
we define Lévy processes and outline their main properties. Section 2.2 includes
a literature review on the results stating existence and uniqueness of solutions to
initial value stochastic models. Section 2.3 deals with the numerical solution of
SDEs. We first outline the EM method and we prove its strong rate of convergence.
We conclude with an application of this method, which aims at the estimation of
the PDF of a JD process.

2.1 Lévy processes

In this section, we introduce the theoretical setting needed in the remainder of the
chapter. Additional results and discussion of the material presented in this chapter
can be found, for example, in [6, 26, 38, 88].

Throughout this chapter we consider a probability space (2, §,P), where Q is the
set of the possible outcomes, § is a g-algebra and P is a probability measure. Let
us equip R? with the Borel o-algebra, i.e. the o-algebra generated by the open sets,
denoted by B(R?). A mapping Z from © into R? is measurable if Z71(B) € §
whenever B € B(R?). A measurable mapping Z is called a random variable. Tts as-
sociated probability law or distribution is the probability measure p; on (R%, B(R?))
defined for each B € B(R?) by



The expected value of Z is defined as follows

B(Z):= [ apalda)

If p is absolutely continuous with respect to Lebesgue measure, the random vari-
able Z admits a density fz and the expected value can be written as E[Z] =
Jpa@ fz(x)dz. The cumulative distribution function Fz of a real-valued random
variable is defined as Fz(z) := P(Z < x) and it can be written in terms of the
density f7 as follows, Fz(z) = [*_ fz(y)dy.

Given the probability space (2, §,P), a random variable Z with E[Z] < oo and
a o-algebra G C §, the conditional expectation of Z given G is the almost surely
unique random variable K such that

e K is G-measurable.

e E[ZY] = E[KY] for all random variables Y bounded and G-measurable.

In literature, K is denoted with E[Z|G]. When, in particular, G is the smallest o-
algebra on () that contains all preimages of a random variable J, defined as follows

G :=o{JY(E)|E € BR%Y},

then K is also denoted with E[Z]|J] and is called conditional expectation of Z given
the random variable J.

Let p11 and pz be two probability measures on (RY, B(R?)). For each set E € B(R?),
the convolution of u; and ps, is the probability measure on (R? B(R?)) defined as
follows

(=) (B) = [ (B = a)pada).

Two random variables Z; and Z, are said to be independent if for any couple
El, E2 Q B(Rd), we have P({Zl € El} N {ZQ < EQ}) = ]P)({Zl S El})]P)({ZQ S EQ})
If two random variables Z; and Z; have the same probability law, they are said to
be identically distributed, and we write the following equality

<z,

The characteristic function ¢, : R — C of a random variable Z with law py is
defined for each u € R? as follows

¢z(u) == E[e™7] = /R " Upz(dy),
where the scalar product is intended in R?.

Given the class of random variables, the concept of limit naturally arises. Consider
the sequence of random variables {Z, },en. We say that Z,, converges to Z in mean-
square sense if

lim E[(Z, — Z)*] =0 (2.1)

n—00

12



and we write m.s. lim,,_,., Z, = Z. We say that Z,, converges to Z in probability if
for each € > 0 we have that

lim P({]Z, — Z| > £}) = 0, (2.2)

and we write lim,,_,., Z, £z
The following definition plays a pivotal role in the investigation of Lévy processes.

Definition 1 (Infinite divisibility). A random variable Z is infinitely divisible if for
all m € N there exist m i.i.d. (independent identically distributed) random variables

{Z;}5%, such that
d Z

7=1
Equivalently, we can say that a random variable Z with law py is infinitely divisible

if for all m € N there exists another law py of another random variable Z,, such
that pz  is the m-th convolution root of p;. We have

Pz =Dz, * " *Pz,-
N o
-~
m times

Alternatively, it is possible to define an infinitely divisible random variable with
its characteristic function. In fact, a random variable is infinitely divisible if and
only if for all m € N there exists a random variable Z,, such that

bz(u) = [pz, (u)™.

Definition 2. (Lévy measure) A measure v defined on R¥\ {0} is a Lévy measure if
[ il 1 () < .
RA\{0}

d
where HyH2 = Zk:l ylz'

The following theorem gives a necessary and sufficient condition fulfilled by the
characteristic function of an infinitely divisible random variable.

Theorem 1. (Lévy-Khintchine formula) A random variable Z in R? is infinitely
divisible if and only if there exists a triplet (b, A, v) with b € R?, A € R4 q positive
definite symmetric matriz, and a Lévy measure v such that

dz(u) = E[e™?] = / " *py(ds) = exp{v(u)} =

R4
1 .
= exp {ib cu— =(u, Au) + / e —1 —iu- s]l{|s|<1}(5)]1/(ds)} :
2 RY\{0}
for each u € RY.

13



The measure v (and thus the integral) can be extended to the whole set R? by
defining v({0}) := 0. The mapping ¢ : R¢ — C is called the Lévy or characteristic
exponent.

A stochastic process X is a parametrized collection of random variables {X;}ies
defined on a probability space (2, §,P). For each t € I, the random variable X; has
range in R?. The parameter ¢ € I often models the evolution of X over time; in this
case, we have that I C R*.

Given 2 and §, a filtration is a sequence of o-algebras {F; }ies such that if ¢; <
ty then F, C F;,, C §. A filtration represents the time evolution in the set of
events that can be measured, according to the growth of the time index ¢t. We
always consider the case in which the filtration {F;},.; satisfies the so-called usual
conditions:

e completeness, which means that F{ contains all P-null sets;
e right-continuity, which means that F;, = 7, :=[,., F, for all times t.

A stochastic process X is said to be adapted to a filtration {F;}c; if the random
variable X; is JF;-measurable for each t € I. Given a stochastic process, we can
define its natural filtration {F;  }c; as follows

FX=o{X Y (E)|0<s<t, EcBRY, (2.3)

which is the smallest o-algebra on {2 that contains all preimages of measurable
subsets of R? for all the times up to t.

The Brownian motion, observed first by Robert Brown in the 1820s and estensively
investigated by Albert Einstein in [32], is the most studied example of Lévy process.

Definition 3 (Brownian motion). A stochastic process W = {W;}ic; defined on

a probability space (2, §,P) is a Brownian motion if the following conditions are
fulfilled.

e Wy = 0 almost surely, i.e. P({w € Q such that Wy(w) # 0}) = 0.

e The mapping t — W; is almost surely continuous, in the sense that
P({w such that W;(w) is continuous w.r.t. t}) = 1.

e {W,}ies has independent increments, which means that the increments corre-
sponding to two nonoverlapping time intervals are independent, as follows

L <ta<t3 <ty = W, —W, and W, — W, are independent.
e For each t and s with 0 < s < ¢, the increment W; — W, is distributed as

N (0, (t — 8)*I), the normal distribution with expected value 0 and covariance
matrix (t — s)?I, where I is the d-dimensional identity matrix.

In one dimension, W is also called Wiener process, since Norbert Wiener in the
1920s provided its first rigorous mathematical construction [6].

14



2.1.1 Definition and properties

In this section, we present the class of Lévy processes, named after the French math-
ematician Paul Lévy. Roughly speaking, Lévy processes are stochastic processes
whose increments in nonoverlapping time intervals are independent and stationary
in time.

Definition 4. (Lévy process) A stochastic process X = {X; }es defined on (2, 5, P)
is called a Lévy process if the following properties hold.

1. X is right-continuous with left limits (cadlag, from the French continue a
droite, limite a gauche). For each t, we have the following.

e The left limit limgy, X, exists and is denoted with X;-.
e The right limit lim,j; X, exists and is equal to X,.

2. P{Xo,=0}) =1.
3. X is continuous in probability:

lim X, = X,

t—s

for each ¢, s > 0, in the sense of (2.2).
4. X has stationary increments:
for0<s<t, X;,—X, iXt_s.

This means that the distribution of X; — X, is invariant under time shifts
(s,t) = (s+h,t+h).

5. X has independent increments:
for 0 < s <t, X; — X is independent of {X, : u < s}.

As a consequence, for any finite ordered sequence of times 0 < t; < ... < t,
the random variables X;, — X, ..., X, _, — X}, are mutually independent.

While the first three properties are usual technical assumptions, the latter ones
define the key features of a Lévy process X. For each t € R and m € N, we can
write the following equality

X, =Y 4+ . 4y
where each V¥ is an increment defined as follows

}/;k:Xﬁ—X(k—l)t, k‘:L...,m.

15



Thanks to the properties of a Lévy process as in Definition 4, for each m € N the
random variables {Y;*}" | are independent and identical distributed. Therefore, for
each arbitrary ¢t € R, X; is infinitely divisible and Theorem 1 holds.

In order to introduce the decomposition that characterizes a Lévy process, we
focus on the discontinuous component of such process. To this end, it is useful to
introduce the general notion of random measure.

Definition 5 (Random measure). Given a o-algebra S on a set ¥ and a probability
space (£2,§,P), a random measure on (X,S) is a collection of random variables

IT = {II(S) }ses on (€2, §,P) such that
1. TI(0) = 0;

2. (o-additivity property) if {S, }nen is a collection of mutually disjoint subsets,
then II(U,S,) = >, TI(S,,) almost surely;

3. if Sy, ...,S, are mutually disjoint, the random variables II(S;), ..., I1(S,,) are
independent.

Definition 6 (Poisson random measure). A Poisson random measure is a ran-
dom measure IT on (X, S) such that each II(S) has a Poisson distribution whenever
II(S) < oo. The intensity of a Poisson random measure II is the measure defined

on (S,8) defined by E[II(S)], for each S € S.

We show that given a Lévy process X, we can construct a Poisson random measure
on (RN\{0}, B(R¥\{0}). The jump process AX = {AX,}is associated to a Lévy
process X is defined as follows

AX; = X; — X;-, whenever X;- # X,

for each time ¢ € I. Therefore, given a Lévy process X, we can formally write the
following
Xp= X7+ ) AX..
s<t

The process X has continuous sample paths, while the second term is discontinuous
and gives all the jumps occurred up to time ¢t. In fact, a path of X can be seen as
a continuous random walk interspersed by jumps of random size.

Given a time t € I and a set E € B(R?\{0}), the random measure of the jumps
of X is defined as follows

p(t, E) == 1p(AX,) = card{s € [0,t] such that AX, € E}. (2.4)
s<t

In other words, i counts the jumps of size belonging to E occurred up to time t¢.
If we fix t and E, then u(t, E) is a random variable. If we fix w €  and ¢ > 0,
then p(t,-) is a set function E — u(t, E) that defines a o-finite measure on R\{0}.
If we fix F, we note that (-, ') has stationary and independent increments, thus
it is a Poisson random measure. These premises allow us to state the Lévy-Ito
decomposition theorem, which completely describes a Lévy process.

16



Theorem 2 (Lévy-Itd decomposition). If X is a Lévy process on a probability space
(9,5, P), then there exist b € R, a Brownian motion W4(t) with covariance matriz
A € R¥™ and an independent Poisson random measure ji on (RT R¥N{0}) as in
(2.4) with intensity v such that, for each t > 0, we have

l|l|l<1

ziu(t, dr) + / zp(t, dx),

|lz[|>1
where [i is the compensated Poisson random measure defined as follows
lt, B) = p(t, E) — tv(E). (2.5)

The Brownian motion Wa(t) € RY is defined as follows
Wit) =Y oyWi(t),
j=1

where W, ...,W™ are standard one-dimensional Wiener processes and o € R¥>™
satisfies o ot = A.

By merging Theorem 2 with the Lévy-Khinthine formula valid for any infinitely
divisible random variable, we can state that if X is a Lévy process, then for each
u € R? and each t > 0, the characteristic function of X, has the following form

¢Xt (u) = E[em.Xt] =

~ exp {t (w u- g+ [ RS yﬂmng(y)]V(dy)) } |

where v is the intensity measure of the Poisson random measure p. Therefore, the
Lévy triplet (b, A,v) completely describes a Lévy process X.

Proposition 1. Let X be a Lévy process with triplet (b, A,v). We have the following
properties.

1. If v(RY) < 00, X; is said to have a finite activity: almost all paths of X have
a finite number of jumps on every compact interval.

2. If v(RY) = oo, X; is said to have an infinite activity: almost all paths of X
have an infinite number of jumps on every compact interval.

Processes with infinite activity constitute a very rich class of jump processes;
however, in this thesis, we consider processes with finite activity, as they are more
easily tractable and find many applications.

17



2.1.2 Lévy processes as Markov processes

In this section, we investigate Lévy processes in the framework of Markov pro-
cesses. A complete analysis about the link between Lévy processes and Markov
processes can be found in, e.g., [6].

Let By(RY) be the set of all functions f : R — R bounded and measurable, which
is a Banach space with the co-norm. In what follows, we denote with C>°(R?) all
the infinitely differentiable functions with compact support. The Schwartz space of
rapidly decreasing functions on R? is defined as follows

SRY) = {f € C®R) ||| flla,s < 00, Yo, B}, (2.6)
where «, § are multi-indices and

1 £lla,s = sup |2°07 ()] .

xER4

Notice that the Fourier transform is a linear isomorphism of S(R?) [6].

We say that a stochastic process M = {M;},c; has the Markov property (or M
is a Markov process) if for all f € By(RY) and each s € [0, ] the following equality
holds:

E[f(M,) | Fs] = E[f (M) | M| almost surely.

The transition probability ps:(z,-) of an arbitrary Markov process M = {M;}:>o
is defined for each s, with 0 < s <t, x € R and E € B(R) as follows

ps,t(xyE) = P(Mt & E | Ms = l’)

For each Markov process M, we can define on B,(R%) a family of evolution oper-
ators {Ts+}o<s<: as follows

(Tsef) () := E[f (M) [ M = ], (2.7)

for each z € RY. If T, (By(R?Y)) C By(R?), the Markov process X is said to be
normal. If M is a normal Markov process, then its transitional probabilities are

connected by the well-known Chapman-Kolmogorov equation, as follows. For each
0<r<s<t<oo,z€Rand E € B(R?Y), we have

polaB) = [ poay BYpeo. ) 28)

If Tsy = Th4—s, the Markov process M is said to be (time-)homogeneous. In this
case, the operator Ty, is written as 7; and it constitutes a semigroup on Bb(]Rd).
The transition probability of a homogeneous Markov process at time ¢ is written as
Py, since

ps,t($7 E) - pO,t—s(xa E) = pt—s(xy E)7
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for each E € B(R?), and the following relation holds

(Tif)(z) = » f)pe(x, dy), (2.9)

for each t > 0, £ € B(RY), x € R? and f € By(R?).
In general, when an arbitary semigroup {7T;}c; of operators is defined within a
Banach space B with norm ||| s, it is possible to define the following linear set

Ty — _0}
t s )

If such an element ¢y, exists, then it is unique, and thus it is possible to define a
linear operator A : D4 — B as follows

Dy = {w € B such that ¢, € B that satisfies yr%
e

_¢¢

Ay = p,, = lim W=y (2.10)

t—0 t

The operator A is called the infinitesimal generator of the semigroup {7} }er.

In the context of homogeneous Markov processes and bounded and measurable
functions belonging to the Banach space By(R?), the family of operators {7} }c;
associated to the process M allows us to define the operator A as in (2.10), which
is called the generator of M. Moreover, for each f € D(A), x € RY, t > 0, we define
the following mapping

u:RYxRT = R
(x,t) = u(z,t) := (Tof) ().

From (2.10), it is possible to state the following initial-value problem on R? x R*

ou(x,
D — Au(z,t)

(2.11)
u(z,0) = f(x).

Assuming that for each y € R the mapping ¢ — p,(x,y) is differentiable and
its derivative is uniformly bounded with respect to y, we obtain an equation that
governs the time evolution of the transition probability of a homogeneous Markov
process, as we show next.

Consider the right-hand side of the equation (2.11). On the one hand, for all
f € C=(RY), by using (2.9), we have

u(z,t) %, Opu(z, y) dy

o = g B@ =g | ey = | 1) (212
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On the other hand, the left-hand side of the equation (2.11) can be recast as
follows

Ault,a) = (TAD) = [ (ANWintedr= [ 10 Aptepdy. (213

where A acts on the variable y and denotes the adjoint of the operator A.
Since (2.12) and (2.13) must coincide for each f € C*(R?), we conclude that

which is called the forward Kolmogorov equation or Fokker-Planck (FP) equation.
Note that it operates on the “forward variables” ¢ and y. An alternative equation
is the so-called Kolmogorov backward equation, since it operates on the “backward
variables” s and x as follows

Ipe—s(z,y)
s = —Api_s(z,y).

In [6] it is proven that each Lévy process X is a Markov process with respect to its
natural filtration defined in (2.3). Moreover, X is both normal and homogeneous.
Using the notion of generators of semigroups outlined above, we obtain a key tool
for analyzing X. Its generator is completely determined by the Lévy-Khintchine
formula. We have an explicit and compact form, which can be expressed as a pseudo-
differential operator in terms of the Lévy triplet, as stated in the next theorem.

Theorem 3. Let X be a Lévy process with Lévy triplet (b, A,v), characteristic ex-
ponent 1 and evolution operator Ty. Recall the definition (2.6). We denote with f
the Fourier transform of a function f € S(R?).

1. Foreacht € I, for each f € S(R?) and for each x € R?, the evolution operator
T, of X is given by

(T, f)(x) = (2m) /2 / & e Fu)du,

Rd

2. For each f € S(R?) and for each x € RY, the generator of X defined by
Equation (2.10) is given by

(Af)()

) 2
i '

1
Vo
+ [ [ +0) = F@) =y VI gen lv(dy)
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The form of the generator is completely determined by the Lévy triplet, with the
following three correspondences:

drift component < first-order differential operator
diffusion component <> second-order differential operator

Jump component <> integral operator.

2.1.3 Examples of Lévy processes

In this section, we present of the most investigated Lévy processes. For each one,
we summarize the properties introduced in the previous sections.

Standard Brownian motion
As introduced above, a Brownian motion W = {W};}:> is a Lévy process, since
it satisfies the properties in Definition (4). Moreover, a Brownian motion is
continuous in probability, since it is locally Holder continuous with exponent
~y for every v € (0, %) This means that for every s, < oo and for every w € €2,
there exists K = K(w, s,t) such that

W(w) — Wi(w)| < Kt — 5],

The process W = {W, };>¢ has the Lévy triplet (0,7,0), where [ is the d x d
identity matrix, and characteristic exponent given by

1
U(u) = —§!U\2-
Its generator A takes the form
1
=-A
A 55

where A is the Laplacian operator, A := Z;l:l 3?.

Brownian motion with drift
Let b € R? and 0 € R¥™ be a square root of A, which means that A = oo’ €
R¥4 is symmetric and positive definite. If W is a standard Wiener process,

the process that satisfies
dXt = bdt + O'th

is a Lévy process where each X; is distributed as N (tb,tA). The process X
has the Lévy triplet (b, A,0) and characteristic function and generator given
by

ot = oo o[-0 Lo 1w}
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and
92

c%zﬁxj’

1
A=b- V453 A
7’7]

respectively.

Poisson process
The Poisson process is an N-valued continuous-time counting process { P, }1es
which is characterized by a rate parameter A, also known as intensity, and
possesses the following properties:

® P() =0.
e (Independent increments) the numbers of occurrences counted in disjoint

intervals are independent of each other.

e (Stationary increments) the probability distribution of the number of
occurrences counted in any time interval only depends on the length of
the interval.

e The probability distribution of the waiting time until the next occurrence
is an exponential distribution.

e No counted occurrences are simultaneous.

The number of events in the time interval (¢, t+7] follows a Poisson distribution
with associated parameter A7:

e M (\T)k
k! ’
The Poisson process is a Lévy process since it satisfies the properties in Def-

inition 4. It has the Lévy triplet (0,0, A\d;), where ¢; denotes the Dirac delta
centered in x = 1.

P[Py, — P,) = k] = k=0,1,.... (2.15)

The characteristic exponent of a Poisson process with intensity A reads as
follows

Y(u) =exp {\(e" —1)}.
and its generator is a difference operator as follows
(Af)(@) = Alf(z +1) = f(2)], (2.16)
for each f € S(RY).

Compound Poisson process
Let {F, }nen be a sequence of independent identically distributed (i.i.d.) ran-
dom variables with common law F' and let P be an independent Poisson process
with rate \. The compound Poisson process Z defined as follows

P
Zy =) F (2.17)
j=1
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is a Lévy process. The process Z has triplet (0,0, \F') and characteristic
exponent

lu) = A / (e~ 1)F(dy).

Its generator takes the form

(Af)(x) = A / flx+y) — F@)F(dy). (2.18)

Rd

Note that the Poisson process itself can be seen as a compound Poisson process
such that Y; =1 for all j € N.

Alpha stable process
A real-valued random variable is called stable if it arises as a limit. Given
a sequence {Y, },en of random variables, a sequence of real numbers {(, }nen
and one of positive real numbers {6, },cn, it is of interest the case where there
exists a random variable Y such that

<Y1+---+Yn—én<x

lim P

n—oo

, )iP(Ygx).

It can be shown that the only possible choice for 8, is 6,, := on'/*, with o > 0
and « € (0,2]. The parameter « is called indez of stability and it can be shown
that it always belongs to the interval (0,2]. If each (, = 0, Y is called strictly
stable.

A stable random variable Y is infinitely divisible. Therefore, given Y with
index of stability «, thanks to Theorem 1 we can find a Lévy triplet (b, A, v),
which has one of the following forms

l.a=2=v=0=Y ~N(b A);

2. a#2=A=0and

k1 ko

for some constants ki, ko > 0 such that ki + ko > 0.

For each real-valued a-stable random variable there exist o > 0, 8 € [—1, 1],
it € R such that the characteristic function of Y is given by

;

exp{ipu — o*ul|*(1 —if(sgnu) tan %)} if o # 1,2

Py (u) = 4 exp{ipu — o|u|(1 + iB2(sgnu)loglul)} fa=1,

exp{ipu — Zu®} if @ =2,
\
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where o > 0 is the scale parameter, § € [—1, 1] is the skewness parameter, p €

R is the shift parameter. A stable random variable with this parametrization
is denoted by S, (0, 5, ).

While algorithms for simulating an a-stable random variable exist for all values
of the parameters, the probability density function f(z) of an a-stable random
variable is not known in closed form except for the following three cases:

1. Normal distribution Sy(o, 0, p) ~ N (u, 0?);
2. Cauchy distribution S; (o, 0, 1), with density

g

IO = e+ o7

3. Lévy distribution Sy /2(0, 1, i), with density

flz) = (%)1/2 (x_—lmmexp {—m} for z > p.

Given an a-stable random variable Y, it is possible to construct a Lévy process
X = {Xi}ter such that Xg—1y Ly,

Subordinators
A subordinator is a one-dimensional Lévy process S = {S; }1e; that is almost
surely nondecreasing. S can be thought as a random model for time evolution.
In fact, given an arbitrary Lévy process X and an independent subordinator
S, the process Z defined as follows

Zy = Xg, foreach t € 1

is also a Lévy process.

The Lévy symbol of a subordinator S takes the following form

P(u) = ibu + / (™ — 1)v(dy),

R+

where b is nonnegative and the Lévy measure v satisfies

v(—00,0) =0 and / min(y, 1)v(dy) < oo.
0

An example of subordinator is a compound Poisson process with nonnegative
jump distribution. It can be shown [6] that for each « € (0, 1), there exists an
alpha-stable subordinator.
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2.2 Stochastic differential equations

In this section, we introduce SDEs. We consider examples driven by Brownian
motion and an independent Poisson random process. These processes represent
generalizations of Lévy processes, since the drift b and the diffusion ¢ may depend
on the process itself and may explicitely depend on time. The presence of the term
governed by the Poisson process makes the sample paths of the solution of the
considered initial-value problem discontinuous.

Definition 7 (It6 integral). Given a Wiener process W and an F-adapted process
H = {H,}ser such that [; E[H?|ds < co, the Ito integral of H with respect to W is
the random variable defined as follows

n—1

/0 H(s,w)dW (s,w) := ms&;n;oz H(sj,w)(W(sip1,w) — W(sj,w)),  (2.19)

where the limit is intended as in (2.1).

An alternative definition of the integral with respect to a Brownian motion is the
Stratonovich integral. A complete discussion about stochastic integration can be
found in, e.g., [6].

Consider the time interval I = [0,7]. The focus of this section is the following
stochastic initial-value problem

;

dX; = b(X;-, t)dt + o (X, )W, + [, F(Xi,t,q)P(dt, dg)+

+ Jgize G(Xe= £, q)P(dt, dg), (2.20)

\X{t:()} = Xo.

The functions b : RIxRT — R? ¢ : R¥xRT* xR? - R>™ [ : R¢xRt xR — R,
G :RY x Rt x RY — R? are assumed to be measurable. W = {W,};; is an m-
dimensional Wiener process and P is a Poisson random measure on RT x R? with
intensity v and the process P is the compensator associated to P. The parameter
¢ € [0, 00] is used to specify what is meant by "small" or "big" jumps.

It is natural to ask whether or not (2.20), given a known initial random variable
Xo, has a solution, if this solution is unique and which are its properties. When the
processes W and P are given in advance, and therefore used to construct the solution
X, then X is called strong solution. On the other hand, if only the deterministic
functions in (2.20) are given and one is asked to provide ({X;}er, {W: tier, P) such
that (2.20) is satisfied, then the process X is called weak solution. A strong solution
is also a weak solution, but the converse is not true in general [6, 73].

A strong solution {X;}c; is said to be pathwise unique if for any other stochastic
process {X; }ies satisfying (2.20), we have that

P{w € Q] X;(w) = X;(w) for all t}) = 1.
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Let us define
a(z,y,t) = oz, t)o(y,t)" € R (2.21)

and define the matrix seminorm as follows

n
lalla = laal.
i=1

Under specific assumptions on the coefficients b, o, F' and G, the existence and
the pathwise uniqueness of a strong solution to (2.20) are ensured. For the details
regarding the proof, see [6, 56, 73|.

Theorem 4. Let (0,3, {Fi},c; . P) be a filtered probability space. Let b,a, F,G be
measurable functions satisfying the following conditions.

1. (Lipschitz condition) There exists K,(t) > 0 such that, for all 1,75 € R? and
t € I, we have that

1b(z1,t) — b(xa, )||* + |la(x1, 71, 1) — 2a(x1, T, 1) + a(wg, 19, 1) |0+ (2.22)

/ |1F(21,t,q) = F(x2,t,q)|[*v(dg) < Ki()]|z1 — 2o (2.23)
llall<e

2. (Growth condition) There exists Ky(t) > 0 such that, for allx € R? and t € I,

1z, )I1* + lla(z, 2,t)lla +/ |1 F(x,t, q)|[Pv(dg) < Ka(t)(1+[|z]]*).

llall<e
3. The mapping q — G(z,t,q) is continuous.

Let Xy be a random variable known up to a P-null set and let W and P be a
Brownian motion and a Poisson random measure with intensity v, respectively. Let
us assume that W and P are independent of Fo. Then the initial-value problem
(2.20) unique right-continuous with left limit F-adapted solution.

Moreover, if E[|| Xo||?] < oo, there exists a time-dependent quantity D(t) > 0 such
that

E[|X["] < D(t)(1 + E[|| Xol[*]).
Definition 8 (It6 diffusion). A stochastic process X = {X;}ier is an [to diffusion

or diffusion process if it satisfies the following initial-value problem

dXt = b(Xt, t)dt + U(Xt, t)th
(2.24)

X{t:(]} = X07

where b and o are known measurable functions, W = {W, };cr is a Wiener process
defined on (2, §,P) and Xy € R? is a known random variable.
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Definition 9 (Jump-diffusion process). A stochastic process X = {X;}ier is a
gump-diffusion process if it satisfies the following initial-value problem

dX; = b(X-, t)dt + o (X4, t)dW, + fRd\{O} G(X-,t,q)P(dt,dq), 2.25)

Xit=0y = Xo,

where the intensity measure v of the Poisson random measure P is finite.

We remark that It6 included jumps in his discussion [53], but the process (2.24)
named after him does not include any jump. Moreover, there is no universal agree-
ment about the use of the name jump-diffusion process. For (2.25), we refer to the
definition given by [6], while in literature the same name denotes a process solving
the more general model (2.20).

The FP equation, already introduced in (2.14) for models with constant drift and
diffusion coefficients, also holds for diffusion processes solving (2.24). In this case,
we have the following definition for the infinitesimal generator A formally defined
n (2.10). Set Xy =2 € R% in (2.24). The operator A takes the following form, see,
e.g., [73]

d b(x) 1 d d 52
Ap(x) = Zbi( , a—xz + 522 ool (1) a:j(ng (2.26)

=1 j=1

for each ¢ € C2(R%). Denote with (-,-) the L? inner product. The adjoint operator
A of (2.26) is defined as follows

(A, ) = (6, A),

for each ¢ € CZ(R?), ¢ € C*(R?). After integrating by parts, we find the following
form for A

__Zai(b(x

for each ¢ € C*(R?). As discussed in Section 2.1.2, the transitional probability
pe(z,y) of (2.24) solves the FP equation

d

Zzagjaxj 00" )ij(z, (), (2.27)

=1 j=1

+

DN | —

atpt(xa y) - "let(xa y)? (228>

where A is defined in (2.27) and acts on the variable y. The fundamental solution
of the FP equation is obtained by solving (2.28) with the following initial condition

Pr=0} (2, Zo) = 6(x — o),
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where 0 stands for the Dirac delta. However, in order to investigate a stochastic pro-
cess, we consider the PDF f(z,t), which is obtained from the transitional probability
p: by averaging over the initial conditions as follows

f(z,t) = /]Rd Pr=0} (T, 2o)pe(, xo)dro = /Rd 3z — xo)pi(z, o) dxy. (2.29)

By taking the time derivative of (2.29), we have the following

Oif (z,t) :/ Pr=o(x, o) Ope(, To)dx).
]Rd

Moreover, by using (2.28) we get

O f(x,t) = /Rd §(x — x0) Apy(z, z0)dxo = Af(2,1), (2.30)

where A acts on the variable . Therefore, the time evolution of the PDF of (2.24)
is governed by the following FP equation

Ouf(x,t) = Af(z,1). (2.31)

Next, we consider a process doing jumps. We show how the integral term of the
FP equation related to (2.25) arises. We take b =0, 0 =0, G(z,t,q) = ¢q in (2.25).
Therefore, the last addend in (2.25) can be rewritten as follows

dP, = / qP(dt,dq),
R\ {0}

where P is a compound Poisson process (2.17) with rate of jumps A € RT and jump
PDF g. We first investigate the case g(x) := d(x — 1), which corresponds to the
Poisson process (2.15). Consider the interval (¢,¢ + 7]. The cumulative distribution
function (CDF) F' at time t is given, while F'(x,t + 7) can assume the following
values

ATF(x —1,t)

Flz,t+71)=
(1 - )\T)F(I’,t),

depending on whether or not a jump occurs in the interval (t,¢ + 7|, respectively.
Therefore, we have

F(z,t+7)=MF(x—1,t) + (1 = A7) F(x,1).

By computing the time derivative of the CDF, we obtain

9P (x.) = lim F(z,t+71)— F(x,t)

T—0 T

= \F(x —1,t) — A\F(x,1),
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and therefore the PDF f(z,t) satisfies the following equation
O f(x,t) = Af(xz — 1,t) — Af(z,1). (2.32)

An analogous computation can be carried out in case of a compound Poisson
process (2.17) with rate A € R™ and arbitrary jump distribution with PDF g. We
have the following

F(z,t+71)= )n'/ F(x —y,t)g(y)dy + (1 — A7) F(z,1).

R

Proceeding as before, we obtain the following relation

O F (z,t) = )\/ F(x —y,t)g(y)dy — \F(z,1).
R

Therefore, the time evolution of the PDF f(x,t) is governed by the following
equation

Ouf(a,t) = A /R F(@ — . )9(y)dy — M (. 1). (2.33)

We remark the fact that the left-hand sides in (2.32) and (2.33) correspond to the
adjoint operators of (2.16) and (2.18), respectively.

2.3 Numerical solution of stochastic differential equa-

tions

Stochastic models in the general form (2.20) govern the evolution of a state in
presence of random noise and arise in a multitude of application areas. Under
specific assumptions, the solution of a SDE is unique, as discussed in Section 2.2.
However, a closed form of the solution is available only in a limited number of cases,
whose list can be found in, e.g., [56]. For this reason, one has to rely on numerical
methods that approximate the solution. We focus on the Euler-Maruyama (EM)
method and we provide an existing result stating its strong order of accuracy in the
spirit of [49, 64].

We consider (2.25) and choose G(z,t,q) = ¢q. Assume that the hypotheses of
Theorem 4 are fulfilled. Given an initial data X, we have the following initial-value
problem in I

dX, = b(X;-, t)dt + o(X,—, t)dW, + dP,
(2.34)

X{t:O} = XOa
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where P is a compound Poisson process with rate A € Rt and jump PDF g. Our
aim is to simulate sample paths of the solution to (2.34) on a time discrete grid. For
N € N, define the mesh size h := T'/N and the following time discretization

I, = {tk:hk‘, ]{3:07,]\7} cl.

The values of a sample path of (2.34) are specified at the points of the time grid I;.

Let X (¢) and X (t;) be the values of the analytic solution to (2.34) and the value
of the numerical solution corresponding to the time tj, respectively. We say that
the strong mean-square rate of convergence or strong mean-square order of accuracy
of the numerical method is p if the following holds

(E[(X (t) — X(t))*])? < Ch,

where C' is a constant not depending on h.

However, in many problems it is only required to evaluate an expectation such
as E[((X(tx))], for a sufficiently large class of functions ¢. Hence, the following
definition of weak rate of convergence or weak order of accuracy is also useful. We
say that the weak rate of convergence of a numerical method is p if the following
inequality holds

[E[C(X (t))] — E[C(X ()] < CP.

where C' is a constant not depending on h.

In this thesis, we focus on the strong mean-square rate of convergence of the EM
method to the initial-value problem (2.34). However, a number of results on the
weak convergence of numerical schemes solving (2.20) is available; see, e.g., [56, 76].
The EM method is the generalization to SDEs of the Euler method for deterministic
ordinary differential equations. In fact, when a SDE does not contain any random-
ness, the EM method corresponds to the explicit Euler method for deterministic
equations.

Given the uniform stepsize h := T/N, the EM method is recursively defined for
each k =0,..., N — 1 as follows

X (1) = X (B) + (X (1), t)h + 0 (X (8), b)) AWisr + APy, (2.35)

where AWy, and AP, denote the increments of the Wiener and Poisson processes
over (tg, tri1]-

Next, we present how to simulate the random increments in (2.35) over the time
grid tg, ..., ty. We also show how an a-stable process introduced in Section 2.1.3 can
be simulated.

Discretized Brownian motion
Exploiting the properties of the Brownian motion W, we have that for each
time ty, Wy, = Wy,_, + AW,,, where the increment AW;, over the interval
[te_1,t;] is distributed as N'(0, (¢ — tx_1)?).
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We set W, = 0 and generate the increments AW, for each k. The value of W
in tj is given by the cumulative sum of the increments up to time ¢ as follows

k
7=1

Figure 2.1: Sample path of a standard Brownian motion in the time interval [0, 1]

with NV = 500 time steps.

Discretized compound Poisson process
Recall (2.17). A compound Poisson process X in the time interval [0, 7] is

defined as follows b
=3
j=1

where P is a Poisson process with rate A and {F}} ey is a sequence of i.i.d.
random variables with common distribution F'.

Unlike the Brownian motion, it is possible to sample an exact trajectory of X
in any closed interval, assuming that it is possible to sample the jump sizes
from the distribution F'. In fact, the path is piecewise constant between two

consecutive jump times and it contains a finite number of jumps distributed
as F'.

A discretized trajectory of X in [0, 7] can be obtained with the following steps:
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1. generation of the total number of jumps in [0,7], which is a Poisson
random variable P with parameter AT’;

2. generation of the P jump times 7y < ... < 7p uniformly distributed in
[0, T;

3. generation of P jump sizes F, ..., Fp, which all have common law F'.

The discretized trajectory X is computed as follows

P
Xy, = Z ]1{7j<tk}Fj'
=1

0.2

Figure 2.2: Sample path of a compound Poisson process in the time interval [0, 1]
with A =5 and F ~ N(0,0.22).
Discretized a-stable process

We write Z ~ S, (o, 3, u) when X is an a-stable random variable with skewness

parameter (3, scale parameter o and shift parameter . We recall some results
[8, 20, 23].

o If 7 ~ S,(0,8,1) and a € R, then Z + a ~ S,(0,8,u + a) and aZ ~
Sa(lalo,sgn(a)f, ).
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o If 71,7, ~ S,(1,0,0) and independent, then

1 1/a 1— 1/a
Z:,U/—FO'(%ﬁ) Zl_U(Tﬁ) Z2

has an S, (o, 8, 1) distribution.
o If 7 ~ S,(1,03,0), then

0Z 4~ Sa(0, B, 1) fa#1

2
0Z +pu+ —polno ~ S,(o, B, 1) ifa=1
T

has an S, (o, 8, 1) distribution.
e Ingeneral, if Z; ~ S,(0y, Bi, pi) fori =1, ....n, then > " | Z; ~ S,(o, B, 1),

with i o ) §
i=1 i=1 i i=1
x10%

7L
6 k

5|

al

3l

Figure 2.3: Sample path of an a-stable process in the time interval [0, 1] with 500
time steps, with a = 0.5, f=1,0 =0 and p = 0.

An algorithm for simulating a stable process X such that X; ~ S,(0,1,0) is
available in [20, 23]. First, we simulate Uy, ..., Uy independent random vari-
ables, uniformly distributed in [-7/2,7/2] and Ej,..., Ex independent stan-
dard exponential random variables. Each increment AX, for £ = 1,...; N, is
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given by

in(aly) [ cos[(1—a)U,]\ "~/
AXy = (t — tyy) /o Smlal .

The value of X at time t;, is given by the cumulative sum up the i-th increment
as follows

k
X, =) AX,
=1

Next, we state the strong convergence rate of (2.35). We define the step function
Z as follows

=

Z(t) = X Lpen, es1ym) (1), (2.36)
0

so that Z(t;) = Xj, for each k = 0,..., N. We then define the function Y, which
extends the numerical solution to the whole interval I as follows

Y(t) = Xo+ /Ot b(Z(s),s)ds + /Oto(Z(s), s)dW's + /Dt dP;. (2.37)

Theorem 5. Let the SDE (2.34) have Lipschitz coefficients b and o, as in (2.22).
Then, the EM method defined by (2.35) has strong mean-square rate of convergence
equal to % There exists C' > 0 such that the following holds

b
I

B sup [X() = YOI | < € (1+ B &

where X is the solution to (2.34) and Y is defined in (2.37).
Proof. We first prove that

E | sup [|Y(t)— Z(@®)|]

te€[0,T]

< O(1 + E[|| Xo| 2] b (2.38)

Consider t € [kh, (k+ 1)h] C I. We have

t t

o(Z(s),s)dWs + /kh dPs.

t

Y(t)— Z(t) =Y (t) - Y, :/k b(Z(s), s)ds +/

h kh

Therefore,

E | sup ||[Y(t) — Z(t)|?

t€[0,T]
¢ (\

<

2 2

max sup E +

k  relkh,(k+1)h)

T 2
/ d P
kh

(2.39)

/k "0(Z(s), 5)ds

h

‘

/k " (Z(s), )V,

h
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We apply the Cauchy-Schwarz inequality to the first term in (2.39) and the It6
isometry [6] to the second term in (2.39), respectively. Since 7 € [kh, (k + 1)h], we

get
(k+1)h
/ (s, Z(s))|%ds
kh

2

E < hE

/k b(Z(s), 5)ds

h

and

2 (k+1)h
E < [ Ellots. 2] ds

h

| oz maw.

h

Note that the Lipschitz condition (2.22) implies

1z, )1 < L(1 + [|=[*)
llo(z, )l < L1+ [|z]]*).

Therefore,

2

IE‘ < hE

(k+1)h (k4+1)h
/ L+ 12(5)|2)ds :h/ LO+E||Z(s)|[2)ds
kh kh

/k b(Z(s), 5)ds

h

and

2 (k+1)h (k+1)h
<[ ELOZEIP)ds= [ L0+EIZE) s

E‘
h kh

/k "o (Z(s), $)dW.

h

thanks to Fubini’s theorem. Moreover, we decompose P as the sum of its compen-
sator P, and a deterministic term. We have
T 2
/ Ads .
kh

T 2 T
‘ / dP,|| <C / dP,
kh kh

Taking the expectation, we obtain
2

t
‘ / d P,
kh

Therefore, we recast (2.39) as follows

2
+

E < C(Ah+Nh?).

E | sup |[Y(t) - Z()|)?

te[0,7

<

(k+1)h
max  sup C{hL/ (1+E[||Z(s)||2})ds+)\h(1+)\h)}.
)] k

ko relkh,(k+1 L
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Note that Z(s) = X on [kh, (k + 1)h)], thus

E | sup [[Y(t) - Z(@®)|)?

t€[0,T]

<

(k+1)h B
max sup C hL/ (1 + E||X4|[*)ds + Ah(1 + AR) ¢ .
ko relkh,(k+1)h] kh
The claim (2.38) follows after noting that
E[|X|* < C(1+E||Xol*)

for each k, which follows from arguments similar to the discussion above.
Next, we consider the term E [sup,c; || X (£) — Y (¢)||?]. By the definition (2.37), we
have

Y(t) — X(t) —/0 [b(Z(s),s) —b(X(s),s)]ds —l—/o [0(Z(s),s) —o(X(s),s)]dWs.

Therefore, we have

t

E [stleu[o 1X ()~ Y<t>||2] <c <E {sg I [ 0z(s).5) =X (0), s)]dsH?]

+ 8 [supl] [ [o(2(),5) = a9, 9105 )

tel 0

By applying the Cauchy-Schwarz inequality and Fubini’s theorem to the first term
and the Itd isometry to the second term, respectively, we have

B jswp (0 - VoI <c (7 [ CEI(Z(5), 5) — WX (57), ) ds

+ /0 1 E [||0(Z(s),s) — O'(X(S_),S)Hﬂ ds) )

After applying the Lipschitz condition (2.22), up to a redefinition of the constant
C, we have

E w100 - Y] < (7 [ VB Z(s) - X(50)|Pds
+ E[1265) - X (5] ds) -

After redefining the constant C', we have

B [sup 100 - Y(OIF] <C [ Bl126) - v(o)as <

SC/O (ENZ(s) ~ X (P + BIX(s7) = Y (3)] ) ds
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We use (2.38) and we get

E | sup [|X(t) = Y(&)|]*| <Cih(1 +E[||Y(0)|]*])+

t1
+02/ E sup |[Y(£) — X(t)||%ds.
0

te(0,s]

The claim follows from the Gronwall inequality.

]
10
8 -
At
-10 :
0 01 02 03 04 05 06 07 08 09 1
Figure 2.4: Plot of 8 sample paths of (2.34) with X, = 0, b(x,t) = ﬁ — 4z,

o(z,t) = 1, A = 5 and g ~ N(0,3%) by applying the EM method in the interval

[0, 1] with N = 500.

2.4 The empirical probability density function

In the last section, we computed sample paths of a JD process by applying the
EM method. In this subsection, we illustrate a method that computes the empirical
PDF of a one-dimensional JD process as in (2.34) with range in D C R, D := (r, s)
by making use of the EM method.
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The empirical PDF f(x, t) approximates the continuous PDF f(x, t) of the solution
to our SDE (2.34), as we illustrate next. First, the time ¢ has to be set. Then the
number of sample paths R € N has to be chosen, with R >> 1. By means of a
numerical method, e.g. the EM scheme, R samples of X;, X}, ..., X[t are obtained,
in the sense that th ~ X; foreach j =1, ..., R.

Choose K < R. The domain D is divided in K uniform intervals such that
K |I| = |D|. On each interval I, k = 1, ..., K the empirical PDF f(z,t) is defined
as

flax,t) == {#j such that X/ € I,}/(R|L]), x € 1.

Existing results of convergence of f to f in probability as well as in distribution
can be found in, e.g., [10, 58]. The following holds

Tim [£(,0) = f(2,6)] =0

almost everywhere in D, for each ¢ > 0.
We consider in R the following particular case of (2.34), where u,o € R

dXt = —uXtdt + O'th + dPt
(2.40)

Xm0y = Xo.

The problem (2.40) models the Ornstein-Uhlenbeck process with jumps. The case
without jumps is named after the pioneering work of Ornstein and Uhlenbeck [92],
which overcame the limits of the Brownian motion when fitting physical data for
small value of time ¢. Their aim was to model the velocity of a Brownian particle
under the influence of friction, moving under the random impacts of neighboring
particles. However, the process (2.40) has several application in finance; see [7§]
and references therein.

In our numerical experiments, we choose Xy ~ N(0,4%), u =1, 0 =4, A = 15 and
g ~ N(0,4%). We apply the EM method in the time interval [0, 7] with N = 200,
T =1and h = T/N. We take R = 10° sample paths. Figure 2.5 depicts the PDF
of Xr solving (2.40) at time 7" = 1.

Monte Carlo (MC) methods constitute a well-established class of numerical meth-
ods; however, their accuracy relies on the choice of the number of sample paths R.
The central limit theorem ensures that the convergence rate of the MC method to
compute the empirical PDF is O(1/v/R). Since this convergence speed is consid-
ered to be rather slow, it is natural to ask whether the PDF of a JD process can be
computed with an alternative method. In Chapter 5, we illustrate and analyze an
alternative approach for computing the PDF of a JD process.
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Figure 2.5: The emprirical PDF of the Ornstein-Uhlenbeck process with jumps

(2.34) at time 7' = 1 with 10° sample paths and 150 histograms.

2.5 Summary and remarks

The aim of this chapter was to discuss initial value problems governed by SDEs
with jumps. In Section 2.1 we illustrated the class of Lévy processes. We provided
a review of known results stating the existence and uniqueness of solutions to SDEs
driven by JD processes in Section 2.2. In Section 2.3 some existing algorithms sim-
ulating sample paths of the driving noise of a SDE are illustrated; we also presented
the EM method, that generalizes the Euler method for ordinary differential equa-
tions, and we proved its strong rate of convergence. We concluded in Section 2.4
with an application of the EM method that computed the empirical PDF of a JD
process.
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Chapter 3

Analysis of Fokker-Planck problems

related to jump-diffusion processes

The FP equation equation plays a fundamental role in modeling systems subject to
randomness, since it governs the time evolution of the PDF of Markov processes. Its
derivation can be carried out within a multitude of approaches that can be found,
among others, in [26, 38, 80, 87|. In Chapter 2, we discussed the case of Lévy
processes, which have constant drift and diffusion coefficient. In this chapter, we
investigate the FP equation related to JD processes with time- and space-dependent
drift and diffusion coefficients. The jump part is taken to be a compound Poisson
process introduced in (2.17).

Define the time interval [ := [0,7] C R* and the space range Q@ C R? The
boundedness of €2 will be specified later in the chapter. In what follows, we consider
the following JD model

dX, = b(X, ,t)dt + o(X,~, t)dW, + dP, -
3.1

X{t:()} - Xo.

The functions b : @ x R* — R? and o : Q x RT — R¥™ are assumed to be
measurable. W = {W,};>¢ is an m-dimensional Wiener process and P = {P;}+>¢ is
a compound Poisson process with rate \. The jump distribution will be specified
later. We assume that the coefficients b and o satisfy the Lipschitz and growth
conditions of Theorem 4 in Chapter 2, so that the initial-value problem (3.1) admits
a unique solution.

We carry out the explicit derivation of the FP equation related to (3.1) in two cases,
where the space domain €2 is unbounded or bounded, respectively. The former case
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is outlined in Section 3.1 and relies on the application of the Itd’s formula. The
latter case is illustrated in Section 3.2; due to the boundedness of the domain €2,
we take into account the presence of reflecting barriers. When the dynamics of a
stochastic process is restricted to a bounded range, the behavior of the process at the
boundaries is of fundamental importance for the definition of appropriate boundary
conditions. Existing results on existence, uniqueness and continuous dependence on
data in suitable functional spaces are presented. In Section 3.3, we provide useful a
priori estimates for the FP problem, which models the constraint in our optimization
problems.

Next, we present the function spaces that are essential to the investigation of the
FP problem considered in this chapter. Let o € (0,1). In the following definitions,
i,7 € N? denote multi-indeces.

e The space C°(Q) refers to the functions ¢ that are continuous in 2 and it is
endowed with the supremum norm

[¢llcogo) = sup[¢(x)].
€

e The space C*(Q) refers to the functions ¢ that are continuous in Q and whose
derivatives up to order k belong to C°(2). Tt is endowed with the following
norm

k
18]y = Z Zna%(x)“m(g)-

e The space C**(1Q) refers to the functions ¢ that are C* and Hélder continuous
on (), with Holder exponent «. Define the following seminorm

(p)g =1nf{C >0 : |p(x) — ¢(y)| < Clz —y|%, Vo,y € Q}. (3.2)
The space C%*(Q) is endowed with the following norm

|Dllc2e) = l|Dlle2) + (D)a-

e The space C%% (2 x I) refers to the functions ¢ that are Holder continuous on
Q x I, with Holder exponents « and «/2 with respect to the space and time
variables, respectively. Define the following seminorm

<¢>?2><I = <¢>g,ﬂ + <¢>t,]7 (33)

where the last due terms are intended in the sense of (3.2) and the subscript
stand for variable related to the Holder exponent.

w[R

The space C%2 (2 x I) is endowed with the following norm

191l o8 0y = NBllco@xy + (Dot
(Qx1)
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e The space C>%1:3 (Q x I) refers to the C*!() x I) functions ¢ that are Holder
continuous on 2 x I, with Holder exponents o and «/2 with respect to the
space and time variables, respectively. Define the following seminorm

(0)a” == (0i9) QXI+Z 99) Q><I+Z z¢%

2,j=1

It is endowed with the following norm

1Pllczen.8 (@ * Z 107 050l coaxny + (D) eiss

2j+1=0

e The space L>(€2 x I) denotes all the functions v that are essentially bounded
on 2 x I. The L*-norm is defined as follows

0] Loe(x 1) := g;foﬂv(x,t)\ < (C, ae inQxI}.

e The spaces H'(2) is defined as follows
HY(Q) :={ve L*(Q)|0we L*(Q),i=1,..,d},
and is endowed with the following norm

[l - ZHa vllz2(@)

li|=0

e The space H>'(Q x I) is defined as follows
H*'(Qx 1) :={ve L*(QxI)|0w,0w,0%v e L*(QxI),i,5=1,...,d}

¥

and it is endowed with the following norm

2
lollzsxn == 3 18700l 2axn.

2j+1i|=0

In this chapter, we always assume that the PDF g of the jump component in (3.1)
satisfies the following condition

/Rd %g(y)d(y = Cp < o0, (3.4)

with Cy > 0 and ||y|| := (ijl y3)'/? for y € R
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3.1 A Fokker-Planck model in an unbounded do-

main

In this section, we consider the model (3.1) with range in the whole space R%. In
what follows, we make use of the Itd’s formula [6, 23], which plays a fundamental
role in stochastic analysis.

Definition 10. (Itd’s formula with jumps) Consider (3.1) and denote with g the
PDF of the jump distribution of P. For each twice-differentiable function h :
R? x RT — R with gradient Vh and Hessian matrix H(h) € R¥? defined by
[H(R)(z,1)]i; :== 0}h(x,t), the following formula holds

h(X¢,t) — h(Xo,0) =

/ot {% + Vh(X,, )" - b(X,, 8) + %Tf (0(Xs,8)" H(h)(Xs,5) 0(Xs, ) | ds+

/Vh X,, ) o(X,,s)dW, +/ Ms [ [h(Xs- +y,s) — MX,-), s] g(y)dy+

b [ 9] = X P ),

(3.5)

where P is the Poisson random measure introduced in Chapter 2 and P is the
compensated Poisson random measure associated to P defined in (2.5).

In what follows, we denote with f(x,¢) the PDF of the process X solving (3.1). Our
goal is to write a deterministic initial-value problem governed by the FP equation
associated to (3.1), whose solution is f(z,t). The derivation outlined in this section
extends the approach followed in [38].

The starting point of our discussion is the following expected value

d

S ElA(X)], (3.6)

where h € C%(R?) is an arbitrary function and X; is governed by (3.1).
One one hand, we switch the integration and differentiation steps in (3.6) as follows

th[h(X ] = %/Rdh(x)f(x,t)dx - /Rdh(x)%dx, (3.7)

assuming that the involved functions are smooth enough in order to allow the oper-
ator exchange.
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On the other hand, we recast (3.6) by making use of the formula in (3.5). After
taking the expectation in (3.5), we have

E[h(X,)] — E[h(Xo)] =
E [/0 (Vh(XS)T -b(Xs,5) + %Tr (0(Xs,8)" H(h)(X,) o(Xs, S))) ds—+
+/0 Ads Rd[h(XSf +y) — h(X,-)] g(y)dy} _

[ S { / t (Vh( )T b(z, s) + %Tr (o(z, s)" H(h)(x) U(:E,s))) ds+

/ / (z+y) = h(@)] g (y)dde}dm,

where we exploited the fact that the expected values with respect to a Brownian
motion and to a compensated Poisson random measure are zero; see, e.g., [23]. After
differentiating with respect to time, we have

d
EE[MXJ] =

» f(x,t) (Vh(JE)T “b(x,t) + %Tr (o(z, )" H(h)(z) o (z,1)) + (3.8)
3 [ [bte ) - 1@ iy ) do

Note that the dynamics of (3.1) has range in the unbounded domain R? and
therefore the PDF f is defined on the whole space R?. We assume that the following
decay conditions hold

lim f(xz,t)=0, lim 0;f(x,t) =0 foreachi=1,...,d, (3.9)

lz] o0 " ]| o0

which are called natural boundary conditions [38]. We integrate by parts the right-
hand side in (3.8) and obtain the following

d

SEIR(X)] =



/Rd h(z) (—V(f(x t)b )+ ; ZZ 8(?; (f(x,t) Zaik(ﬂf,t)()'jk‘(lf,t)>

=1 j=1 k=1

3 [ 17t) = fao]gle - y)dy) dr.

(3.10)
We define the differential operator £ as follows
Lf(z,t) =V -F(x,t), (3.11)
where
d
Fy(z,t) = Bi(w,t) f(z,t) + Y _ Cij(x, )V f(x,1)
j=1
d
Bi(z,t) =Y 0;Cyj(a,t) — bi(x, 1), (3.12)
i=1
Cij(z,t) : Zalkxtajkxt)
We define the integral operator Z as follows
R
since g is a PDF and therefore it satisfies [, g(z)dz = 1.
With this notation, (3.10) can be recast into the following equation
d
EE[h(Xt)] = / h(z) (Lf(x,t) +Lf(x,t))dx. (3.14)
R4

Recall that the function h was arbitrarily chosen. By equating (3.7) to (3.14), we
obtain the following equation on R? x I

Ouf (x,t) = Lf(2,t) + Lf(x,1), (3.15)
which is the PIDE FP equation governing the time evolution of the PDF f of the

process (3.1).

Remark 1. Tt holds that £ = A, where A is defined in (2.27) and corresponds to
the adjoint operator of the Ito diffusion (2.24), i.e. the process (3.1) with no jumps.

We discuss the following FP PIDE initial value problem

Oif(w,t) = Lf(x,t) +Tf(x,t) +p(x,t) (2,t) ERIx T
(3.16)

f(2,0) = folz) r € R4,

46



where fj is a known initial data. The operators £ and Z are defined in (3.11) and
(3.13), respectively, while the source term % is included, as this is needed later in
this thesis, see Chapter 5.

Next, we present a theorem that ensures existence and uniqueness of classical
solutions to (3.16).

Theorem 6. Let the coefficients b and o in (3.1) belong to the space of Hélder
continuous function C*2 (R? x I). Let g satisfy (3.4). Then for any fo € C>*(R%)
and for any source term ¢ € C%2(R? x I), the initial-value problem (3.16) admits
a unique solution f € C>*L% (R x I) satisfying

st gy < 5 (Wollengy + 1¥llenss )

where the constant K does not depend on i and fy.

Proof. The proof relies on the construction of a sequence { f,, }nen in C2%12 (R x I),
which admits a limit in the C*>®%2-norm. A complete proof can be found in [39,
Theorem 3.1]. O

The solution f to (3.16) with ¢ = 0 is the PDF of the process governed by (3.1),
provided that fy is the PDF of the initial random variable X in (3.1); therefore, f
must satisfy the following conditions.

1) f(z,t) > 0 for each (z,t) € R x I,
(3.17)

2) f(x,t)dz =1 for each time t € I.
R4

While the positivity follows from standard arguments for PIDEs [39], the conser-
vation of the total probability is proved in the next theorem.

Theorem 7. Consider the FP problem (3.16) with ¢ = 0. Let us assume the
following condition on F defined in (3.12)

lim F(z,t)=0 Vtel

llz]| o0
Then
flz,t) = fo(z)dz vVt e I.
R Rd

Proof. Recall that [,, g(x) = 1 since g is the PDF of the jump distribution in (3.1).
Applying Fubini’s theorem, we have that

/Rd Tf(x, t)de = A { Rdf(y,t) (/Rdg(a: - y)dx) dy — 9 f(x,t)dx} —0.

Hence, we have

4 f(z, t)de = 8tf(:v,t)da::/ V- F(z,t)+Zf(x,t)]de =0,
dt Jpa R R

that proves conservation of the total probability. O]
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Note that the condition on F' in Theorem 7 is feasible, thanks to the hypotheses
on b and ¢ of Theorem 6 together with the so-called natural boundary conditions
(3.9) employed in the above derivation of the FP equation.

3.2 A Fokker-Planck model in a bounded domain

In this section, we derive the FP problem related to the one-dimensional process
(3.1) with range in a bounded domain Q := (r,s) C R. The dynamics of (3.1)
in proximity of the barrier 02 has to be specified and suitable modeled in the FP
problem. The term £ in the FP equation is given by (3.11). The boundary conditions
are specified below. The presence of jumps gives rise to a nonlocal operator. The
definition of Z in (3.13) does not take into account the reflecting barriers in x = r
and x = s. Next, we show how the integral operator has to be defined. We consider
a specific model for the jump part of the process.

In this section, we denote with g the PDF of the jump amplitude of the compound
process P in (3.1). We assume that ¢ has support in (r — s, s — r). This means
that the size of a jump is smaller than |2| and thus multiple reflections are avoided.
Since ¢ is a PDF, the following holds

/ e =1, (3.18)

since ¢ must be a PDF over its range of definition.
The integral operator is defined as follows

Tf(,1) = A [ | ftwgt )y - 1) (3.19)

where the kernel g of is given by the sum of three components as follows

g(x,y) =9 —y) + 9(2r —z —y) + §(2s -z — y).

The definition of the kernel g is motivated as follows. Assume that the process is in
y at time ¢t — t; in order to reach the new position in x, the following scenarios are
possible.

1. The boundaries are not encountered and therefore the density g is evaluated
inz—y.

2. A jump with size z < 0 in the negative direction occurs, with z 4+ y < r. The
left boundary point is therefore hit and the PDF g is evaluated in 2r — z — y.

3. A jump with size z > 0 in the negative direction occurs, with z +y > s. The
right boundary point is therefore hit and the PDF g is evaluated in 2s —x —y.
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Define ) := Q x I and X := 02 x I. We consider the following initial-boundary
value problem

(

O f(x,t) =V - F(x,t) + Zf(x,t) +(x,t) for (z,t) € Q

f(z,0) = fo(x) for z € Q (3.20)

F(z,t)=0 for (z,t) € X,

\

where F' and Z are defined in (3.12) and (3.19), respectively. The zero-flux boundary
conditions F' = 0 are motivated below. The right-hand side term v has been added
for the purpose of the analysis in Chapter 5. However, the PDF of (3.1) on a
bounded domain with reflecting barriers solves (3.20) with ¢ = 0.

Next, we present a theorem that ensures existence and uniqueness of solutions
to (3.20). We focus on the framework given by weak solutions, since it becomes
essential in the analysis of FP optimal control problems discussed in Chapter 4.

Theorem 8. Let the coefficients b and C' in (3.12) satisfy the following conditions

be L=(Q)NC*2 (D), d.b € L>(Q), (3.21)
C € CQ)NC¥2 (%), 0,C € L=(Q) NC¥2 (%), D’C e L=(Q).

Then, for given fo € HY () and ¢ € L*(Q), the initial-boundary value problem
(3.20) admits a unique solution f € H*'(Q), and the following holds

1£llzz220) < K (L follr @ + 1¥l22@)

where the constant K does not depend on v and fy.

Proof. The proof relies on the construction of a map A within the complete metric
space H*'(Q). After proving that A is a contraction, thanks to a priori estimates,
the claim follows. A complete proof can be found in [39, Theorem 3.6]. O

Note that b and C must be defined on the closure Q due to their role in the
boundary conditions in (3.20).

The properties in (3.17) most hold for the solution to (3.20). The positivity follows
from standard arguments for PIDEs [39]. The next theorem proves the conservation
of the total probability.

Theorem 9. Consider the F'P problem as in (3.20) with ¢ = 0.
Then

/Qf(%t)dx = /Qfo(x)dx Vtel.
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Proof. We first prove that

/g(m,y)dm =1 (3.22)
Q

for each y € €). After performing a change of variable, we have

[ o -
Q
/ Gz —y) +9(2r —x —y) + §(2s —x —y)] dz =

s—y r—y 25—r—y 25—r—y
/ f}(z)dz—i-/ g(z)dz +/ g(2)dz :/ §(2)dz.
T 2 s 2

-y r—5—1y -y r—5—1y

Note that y € (r, s) implies 2r —s—y < r—s and 2s —r —y > s —r, and therefore

/ o, y)da = / §(=)dz = 1,
Q r—s

independently from y. Applying Fubini’s theorem, we have that

[ zrnae=x [ | [ 500wy - a0 o=

| [0 ([ atwnie) dy - [ sGota] <o

Next, we consider fQ f(z,t)dz. After integrating by parts and after exploiting the
zero-flux boundary conditions in (3.20), we have

%/Qf(x’t)dx = /Qatf(ﬂ%t)dfc = /Q [V F(z,t) + Zf(z,t)] dx =0,

that proves conservation of the total probability. O

3.3 A priori estimates for the Fokker-Planck prob-

lem

In this section, we provide a priori estimates satisfied by the solution to FP prob-
lems. In order to do so, we need some definitions. A complete discussion on the
topics covered in this section can be found in standard references, e.g. [60, 91].

As discussed in Section 3.1, o is full rank and therefore C' in (3.12) is positive
definite. In other words, there exists ko > 0 such that

v C(x,t) v > ko||v||3a for each v € RY, ae. in Q x 1. (3.23)
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We consider (3.20) in RY. We assume that g in (3.19) is essentially bounded and
therefore belongs to L> (€2 x Q) and we define

ky = ig%{]g(a:, y)| < « for almost every (x,y) €  x Q}. (3.24)

Consider the following spaces V := H'(Q), H := L*(2). We denote with V* the
dual space of V' and with (-, )y« their canonical pairing. We consider the following
Gelfand triple V- C H C V*, that exploits the natural isomorphism H ~ H* between
a Hilbert space with his dual. Each embedding is dense and continuous.

Given the interval I and an arbitrary Banach space Z, we define the following
Bochner spaces

I2(I:Z) = {y : T — Z such that /Hy(t)H?Zdt < o0} (3.25)
I
C(I;Z) ={y: I — Z such that lin%||y(7') —y(t)||lz =0Vt e I}, (3.26)

which are also Banach spaces equipped with the following norms

1
ol = ( [IoOl2at) " ond Iyl o= maxly(o)lz,
respectively. We consider the following space
W = {y € L*(I; V) with 0,y € L*(I;V*)}, (3.27)

which is a Hilbert space with respect to the scalar product defined as follows

(f, o) = / (f o) + / (Ouf, Bug)v-

With this preparation, we can recall the following theorem [91].

Theorem 10. The embedding W < C(I; H) is continuous. Therefore, everyy € W
coincides with an element of C(I; H), up to a set of null measure.

The following proposition provides a useful a priori estimate of the solution to
(3.20).

Proposition 2. Let fo € H (), fo > 0. Assume that the cofficients b and o satisfy
the conditions in Theorem 8. Therefore, each B; in (3.12) is essentially bounded.
Then if f is a solution to (3.20), the following inequality holds

1Al 22y + 10 Fll 2 vy < ell follz2o- (3.28)

ol



Proof. Consider the H inner product of the equation in (3.20) with f. Exploiting
the properties of the Gelfand triple, we have

Ouf. f)vey = /Q (V-F)f + / I(f)f. (3.29)

Q

We make use of the following fact, (9, f, f)v-y = %%Hf(t)“%z(m. The terms on the
right-hand side in (3.29) are recast as follows.

First, we exploit the zero-flux boundary conditions in (3.20) and the coercivity of
C' as given in (3.23). Moreover, we make use of the following Cauchy inequality

ﬁQ 2

2 )
which holds for each a, 3 € R and ¢ > 0. Integrating by parts and recalling the
definition of F in (3.12), we have

/(V-F)fz fF-@V—/F-VfZ
Q o0 Q

BT B f? VIV fe?
:A_ﬂan—AVﬁCVfSA +A——3—3—MNVW§®

2e2

aﬁ_ 922 +

We choose ¢ := /2k¢, where k¢ is defined in (3.23), and define

b i= DB = SIS 05w 0) = i D
=1

i=1 j=1

We have kg < oo thanks to hypotheses on the boundedness of the coefficients in
(3.12). Therefore we have

[ P7 < JE1 Ol (3.30)

Recalling the definition of Z in (3.19) and the definition of &, in (3.24)

/ I(f)f' < Nyl F sy — ALFO e
Since 2 is bounded, we have

IF Oz < VIQI Ol z2)-

Therefore,

!AﬂﬁﬂSAmWyﬁwﬂW@@- (3.31)

Define ¢ := Qkk—'é +2A|Q|ky —1|. Note that ¢ is a bounded time-dependent function.
The estimates in (3.30) and (3.31) allow us to write (3.29) as follows

d
T Olzz) < ellf (Ol
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By applying the Gronwall inequality, we have

1 t
I Oller < olayexn {5 [ cds). (3.32)
to

Next, we outline how to obtain an upper bound of ||V f(t)||12(). We integrate
(3.23) over 2 and then recall the definition of F' in (3.12). We have

Kol V1 (1) 220 < / (VFTOVS = / (V)I(F - Bf)
< mfF-an—/Qf(V-F)—/Qf(Vf) B
< /Q F0f — I(f)) — /Q F(V5)TB.

Proceeding as above, we obtain

IV )2 < el foll2e),

with ¢ > 0. This last estimate, together with (3.32), proves that

||f||L2(I;V) < C||fOHL2(Q)>

up to a redefinition of the constant ¢ > 0.

The bound for ||0; f| £2(1,v+) follows by similar arguments by considering the (-, -)y«y
product of the equation in (3.20) and the integrating the result over the entire time
interval [0, 7). O

Proposition 3. Let fo € H'(2), fo > 0. Assume that the cofficients b and o satisfy
the conditions in Theorem 8. Then the unique solution to (3.20) belongs to L*(I; V),
with 8y f € L*(I; V*). Moreover, f € C(I; H).

Proof. The statement follows from the a priori estimates of Proposition 2 and The-
orem 10 in Chapter 3. O

With these premises, we define the space where the solution to the FP problem is
sought as follows

Fi={f e W|f(0) = fo}. (3.33)

3.4 Summary and remarks

In this chapter, we investigated the FP problem associated to a JD process. In
Section 3.1 we derive the FP equation of process with range in the whole space
R? by means of the Itd’s formula. When considering a bounded domain Q C R¢,
the dynamics of the stochastic process when encountering the barrier €2 must be
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suitable modeled in the FP problem. In Section 3.2 we derived the FP problem of
a one-dimensional JD process on a bounded domain with reflecting barriers. The
range of the jumps was taken to be a compact set of R, so that multiple reflections
were avoided. In Section 3.3 we derived a priori estimates for the FP problem on a

bounded domain.
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Chapter 4

Optimal control of Fokker-Planck
equations for jump-diffusion

processes

In this chapter, we set optimal control problems whose constraints are modeled by
FP problems. Our purpose is to solve control problems governed by JD processes
by following an approach that is alternative with respect to the field of stochastic
optimal control. The key observation in our discussion is to investigate the PDF of
the considered process, in the same spirit as [4, 5, 14, 54, 82].

Within the theory of optimal control, the aim is to find a control variable for a
given system in such a way that an optimality criterion is achieved. This issue is
often modeled by means of a cost functional that has to be minimized with respect
two variables, the state and the control; together they satisfy a differential constraint
[37, 60, 91]. In our work, the control acts as a part of the coefficient defining the
JD process, while the state variable is the PDF of the JD process. The constraint
is modeled by the FP problem.

We proceed as follows. In Section 4.1, we define the cost functionals that have
to be minimized. We consider two different tracking objectives, discrete-in-time
and continuous-in-time. Both have the purpose to steer the average state of a
JD process towards a sequence of given values in time. The existence of at least
an optimal solution is proven. In Section 4.2, we derive the first-order necessary
conditions within the Lagrangian approach; in doing so, we take into account the
subdifferential of the nonsmooth part of the cost functional.
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4.1 Formulation of Fokker-Planck control problems

Consider the JD process in I = [0, 7] C R* solving (3.1) with range in Q := (r, s)
and reflecting barriers. Define @) := €2 x I. In Section 3.2 we derived the related
FP problem (3.20) on Q). The FP problems models the constraints of our optimal
control problems.

We assume the presence of control constraints given by u,, uy € R, with u, < 0 <
up. We consider the following control space

U= L*I) (4.1)
U ={uecld:u, <u<u} CU. (4.2)

Note that the admissible set of controls U,y is nonempty, closed, and convex.

We remark that a time-dependent control function is a natural choice considering
that it originates from the stochastic differential model such as (3.1), where the time
is the only independent variable.

Our control mechanism acts on the drift function b = b(x, u) in (3.1). We assume
that b is Lipschitz in z and smooth, such that ¢'(u) exists for each v € U and the
following first-order expansion holds

b(u+h) = b(u) + V' (u)h + O(||h]1721)- (4.3)

for each increment h € U.

The next step consists in defining the cost functionals that have to be minimized.
Denote with f the solution to (3.20). Let v and « be positive constants. The cost
functional J to be minimized is defined as follows

T(f.u) = D) + 5 llull3 +Allull, (44)

with D(f) denotes the tracking term defined below. The norms in (4.4) are defined

as follows
1/2
|lull2 == (/I\u(t)|2dt) and ||ul|y := /I\u(t)]dt.

Note that the choice of a bounded time interval I ensures that the L'-norm is
finite whenever v € . On the one hand, the L?-term is a standard choice in
optimal control theory. On the other hand, the L!'-term enhances the sparsity of
the optimal solution [29, 89].

The term D(f) in (4.4) represents a tracking objective that involves the expecta-
tion value of X, E[X,] := [,z f(z,t)dz, and a desired trajectory or a discrete set of
values (e.g. measurements). We investigate the following two cases.
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1. Discrete-in-time tracking term. Given a set of values {&,}X_ | at different times
ti € (to,ty), Vk =,1, ..., K, we have

D(f) = %g <5k - Axf(x,tk)dx)Q. (4.5)

2. Continuous-in-time tracking term. Given a square-integrable function & : [ —

RY, we have ) 2
D(f) = /0 <§(t)— /Q xf(x,t)dx) dt. (4.6)

With these premises, we define the FP optimal control problem investigated in
this chapter. We have

min J(f, u)
! (4.7)

such that K(f,u) =0,

with J is defined in (4.4) and K(f,u) embodies the FP problem (3.20) with the
setting given by Theorem 8.

In order to discuss the existence and uniqueness of solutions to (4.7), we consider
the control-to-state operator S : Y — F, that maps a given u € U into S(u) := f,
where (f,u) satisfies K(f,u) = 0. Thanks to Theorem 8, we have that S is well
defined.

The constrained optimization problem (4.7) can be transformed into an uncon-
strained one as follows

in J 4,
Iin J(u), (4.8)
where J : u— J(u) := J(S(u),u) is the so-called reduced cost functional.
The solvability of (4.8) is ensured by the next theorem, whose proof employs
standard techniques in optimal control problems [1, 37, 91] and the a priori estimates
in Chapter 3.

Theorem 11. There exists at least one optimal pair (f,u) that solves (4.7), such
that u solves (4.8) and f = S(u) in C(I, H).

Proof. The functional 7 in (4.8) is bounded from below and therefore we can de-
fine i := inf,ey,, J (u). Let {u,}nen C Uig be a minimizing sequence, such that
lim,, o J (u,) = i. We have that U,, is a convex, closed, and bounded subset of the
reflexive Banach space U. Hence, U,y is weakly sequentially compact and we can
extract a subsequence {uy}ren C {up }nen such that u, — @ € Uyg.

The weakly convergent sequence {uy}ren gives rise to the sequence {fi}lren C
F C W, defined by f; := S(ux). Since the embedding W < L2(I; H) is compact,
there exists a subsequence {f;}jen C {fr}reny and f € L2(I; H) such that {f;}jen
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converges strongly to f. Note that each couple (f;,u;) satisfies K(f;,u;) = 0 by
definition. Next, we want to pass to the limit in K(f;, u;) = 0.

Thanks to the estimate (3.28) in Proposition 2, the sequence {0, f;}jen is bounded
in L2(I,V*) and therefore weakly convergent to 9, f. Define B := b(#). The bound-
edness of B and the smoothness of b with respect to u together with (3.28), ensures
that {f(V-B);}jen and {(B-Vf);};en converge weakly to f(V-B) and (B-V f), re-
spectively, where the norm in L?(I, H) has been considered. The weak convergence
of {Zf;}jen to Zf follows from the estimates in Proposition 2. These observations
lead to the conclusion that the limit f solves the FP problem and it holds f = S().
Therefore, the constraint K(f, %) = 0 is satisfied. Since J is weakly sequentially
lower semicontinuous, we have

i = liminf J(f;,u;) > T (f, @)

and therefore the pair (f, %) is a minimizer for the problem (4.7). O

We remark that the uniqueness of the control @ can not be stated a priori since
J 1s nonconvex.

4.2 First-order optimality systems

In this section, we derive the necessary conditions satisfied by a local optimal so-
lution. We obtain two first-order optimality systems, related to the discrete-in-time
and to the continuous-in-time cost functionals, respectively. We follow a standard
approach [33, 89, 91|. For preparation, we discuss the Frechét differentiability of the
control-to-state operator S.

Proposition 4. The mapping S : U — C(I; H),u — f = S(u) solution to (3.20)
is Fréchet differentiable. For each h € U, the directional derivative e := S'(u) - h
satisfies the following initial-boundary problem

(

Oe = 0. F(e,u) +Z(e) — ho.(ft/(w)) for (z,t) € Q,

F(e,u) = fbt/(u)h for (x,t) € ¥, (4.9)

ke(ac,O) =0 forx € Q,

where b is the drift of the JD process solving (3.1) and F' is defined in (3.12).

Proof. Recall that S(u+7h) and S(u) satisty (3.20) with w+7h and u, respectively.
By computing the limit

lim S(u+T7h) —S(u)

T—0 T ’
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we obtain (4.9). The results of Theorem 8, together with the assumption on b
defining F in (3.12), allow us to state that the right-hand side in (4.9) is in L?(2).
Therefore, Theorem 8 holds and (4.9) has a unique solution in H*(Q).
In order to prove the Fréchet differentiability of &, we consider the difference
Ch := S(u+h)—8(u)—8'(u)-h. Recall that (S(u+h),u+h) = 0and K£(S(u),u) = 0.
Therefore, ( solves the following initial-boundary value problem

(

O¢ = 0. F(C,u) + Z(C) + Oen for (z,1) € Q

F((,u) =—n for (z,t) € ¥ (4.10)

¢(z,0) =0 for x € Q,

\

where

0, 1) = S(u+ h)(b(u + h) — b(u)) — S(u)b (u)h.
By applying Theorem 8, we have that
1<l a210) < KillOanl 2@, (4.11)

with K7 > 0. Note that S(u + h) — S(u) solves the FP problem (3.20) with fo =0
and (x,t) = —0,(S(u + h)(b(u + h) — b(u)), and therefore, thanks to Theorem 8,

we have
|S(u+h) = SW)l[g21@) < K[0:(S(u+ h)(b(u+ h) = b)),  (412)
with Ky > 0. Next, we compute the following limit

1<l 22 )
1All 21, =0 [[A]L2(r)

The embedding H'?(Q) C L?(Q) together with (4.3), (4.11) and (4.12) yields

1¢llz2@ -
W@ i (K||Pllz2cry + O Rl L2ny)

Il =0 [[Rllz2y WAl =0

where K > 0 does not depends on h. This concludes the proof of the differentiability
of S. O

Consider the reduced problem (4.8) and write the reduced functional J as J =
T+ To, Ti:U — R, i=1,2 where

Fi(u) = D(S(w)) + 5 |[ul}3,
(4.13)

Ja(u) :=7llullr.

29



Note that the functional J; is smooth, thanks to Proposition 4, and to the smooth-
ness of (4.5) and (4.6) with respect to f. The gradient V.7, plays a key role in the
definition of the optimality system that follows. On the other hand, the addend 7,
is convex and nonsmooth. With the aim of deriving the optimality conditions, we
need the following definitions. We refer to [1, 9, 33, 91].

In the remainder of this chapter, U* is the dual space of U = L*(I), while (-, )
stands for the scalar product between U* and U. If J is finite at a point u, the
Fréchet subdifferential of J at u is defined as follows [33]

T (u) = {gp € U” : liminf I (@) = () = (o0 ) > O} . (4.14)

v lo = ull

Any element ¢ € 87 (u) is called a subgradient. In our framework, we have

~

0 (u) = VIi(u) + 0J2(u),

since J; is Fréchet differentiable at u. Moreover, for each a > 0, it holds that
() =adJ.

The following proposition gives a necessary condition for a local minimum of J.

Proposition 5. Ifj =N+ Jo, with J; and Jo given by (4.13), attains a local
minimum in U € Uyq, then

0edd(u),

or equivalently

—VJi(u) € 0F(u).

Proof. Since U,y is convex, @+ 0(v —u) € Uyg, for each v € U,y and 6 € (0, 1]. Since
@ is a local minimum, we have

J@) < J(u+6(v—u)),
for v sufficiently close to u. Exploiting the convexity of Js, we have
Ji(a+0(v—1)) — Ji(a) + 0(F(v) — Jo(u)) > 0.
Dividing by # and considering the limit § — 0, we obtain
To(v) — Jo(u) + (VI (u),v —u) > 0. (4.15)
Dividing by ||v — @l|2 and considering the following limit

hmmr%@*“ﬁW”*V$@%“‘@

v lo =l

>0

juiy Y

we conclude that —V 7 (u) € 0J(u), according to the definiton in (4.14).
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The variational inequality (4.15) implies that each A € 07,(u), with u a local
minimum, satisfies the following inequality

(VI (u) + A\, v —u) > 0 for each v € Uyg. (4.16)

Moreover, recalling the definition of J; in (4.13) and exploiting the isomorphism
U* ~ U, the inclusion A € 0J2(u) gives the following

NeA,:={lel*I):|l] <vae onl} (4.17)

A pointwise analysis of (4.16), which takes into account the definition (4.2) of the
admissible controls, ensures the existence of two nonnegative functions j\a, Ny € U*
that play the role of Lagrange multipliers. The previous considerations lead to the
following proposition, that states the optimality system for the reduced problem

(4.8).

Proposition 6. A local optimal solution u of the minimization problem (%.8)7 with
J = T + T2 defined in (4.13), is characterized by the existence of (A, Aa, A\p) €
A, xU* x U* such that

/

(4.18)
A=7 ae on{tel:u(t) >0}

N <7 ae on{tel:ult)=0}

\5\:—7 a.e. on {t €I :u(t) <0}

We refer to the last three conditions in (4.18) for the pair (u,\) as the comple-
mentarity conditions.

Next, we compute V.J;(u) in (4.18) within the adjoint approach. Recall the defi-
nition of J;(u) in (4.13). For each u € U, we have

VI (u) = vu+ (S (u)*D'(S(u)).

Note that K is smooth in both arguments. By considering the total derivative of
K(S(u),u) =0, we have

Ki(S(u),u)S (u) + Ku(S(u),u) = 0.
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Therefore, we obtain
V() = vu — Ku(S(u),u)* (Ke(S(u),u)*) "' D'(S(u)).

Defining the adjoint variable p as the solution to the following adjoint problem

K(S(u),u)p = =D'(S(u)), (4.19)
we obtain the following reduced gradient
VI (u) = vu+ K, (S(u), u)*p. (4.20)

Define the operator Z as follows

fp(a:,t) =\ {/Q p(y,t)g(y, z)dy — p(x,t)| for each (z,t) € Q.

After some calculation, we have that (4.19) can be rewritten in terms of the following
adjoint system

4

—0p(z,t) = b(a;u)Opp(x,t) + C(z,1)02,p(x, t)+
+ Ip(z,t) + a(z,t) on Q
p(x,tf) =0 on ) (4.21)
O.p(x,t) =0 on 00 x [
\p(x,t,;) =p(z,t}) + B(z, k) on Q,Vk=1,.., K,

where o and /8 depend on the choice of D in (4.5) and (4.6). When D is given by
(4.5), a(z,t) = 0 and B(z, k) = —22(& — [, sf(s,tr)ds), for each k =1,..., K. On
the other hand, when D is given by (4.6), a(z,t) = 2x(£(t) — [, sf(s,t)ds) and
Bz, k) =0.

The terminal boundary-value problem (4.21) in case of D as in (4.6) admits a
unique solution p € H?!(Q), following the same arguments as in Theorem 8 in
Chapter 3. In case of D as in (4.5), we have that p € H>'(Q X ({1, trs1))-

The reduced gradient (4.20), for given u, f = S(f), and p, takes the following
form

VJi(u) = vu + / fO.pb(u). (4.22)
Q
The complementarity conc}itior}s in £4.18) can be recast in a more compact form,
as follows. We define ji := A — A\, + \,. For each k € RT, we define the following
quantity

max{0,u — up + k(i — )} + min{0, @ — u, + k(i +v)}.
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The complementarity conditions in (4.18) and the inequalities related to the La-
grange multipliers A, and );, together with the requirement A € A, are equivalent
to E(u, ) = 0.

The previous considerations can be summarized in the following propositions.

Proposition 7. (Optimality system for the discrete-in-time tracking functional)
A local solution (f,u) € F X Uy of (4.7) with D given by (4.5) is characterized by
the existence of (p, p) € H*'(Q) x U*, such that the following system is satisfied

(

vu+ [ fOpt(u)+p=0 a.e. in I

O f(x,t) = 0. F(x,t) + Zf(x,t) for (z,t) € Q
f(2,0) = fo(z) for x € Q
Fla,t) =0 for (z,1) € ¥

—Op(x,t) = b(a;u)dup(z, t) + C(x, )02, p(x,t) + Ip(z,t)  for (x,t) € Q

p(z,T)=0 for x € Q

Aupla,t) =0 for (z,t) € &

p(x,ty) = pla, tf) — 20(& — [, s/ (s, te)ds) forz e QVk=1,..,K
| (1) =0 ae. in .

(4.23)

Proposition 8. (Optimality system for the continuous-in-time tracking functional)
A local solution (f,u) € F X Uy of (4.7) with D given by (4.6) is characterized by
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the existence of (p, p) € H*'(Q) x U*, such that the following system is satisfied

(

vu+ [ f Ot (u) + =0 ae inl
Of(x,t) = 0 F(x,t) + Lf(x,t) for (z,t) € Q
f(2,0) = fo(z) forz € Q
Flz,t) =0 for (z,t) €2

—0p(z,t) = b(x;u)d,p(x, t) + C(x, t)0% p(x,t) + fp(x, t)+

+22(E(t) — [,y sf(s,t)ds) for (z,t) € Q
p(z,T)=0 for xz € Q
dup(,t) =0 for (z,t) €%
| B(u,p) = a.e. in .
(4.24)

4.3 Summary and remarks

In this chapter, we presented theoretical results regarding optimal control problems
governed by PIDEs of FP type. The issue of controlling a JD process is addressed by
means of the action of a control variable in the drift coefficient of the FP equation.
In Section 4.1, we defined the cost functionals, considering two different tracking
objectives, discrete-in-time and continuous-in-time. The existence of at least an
optimal solution was proven. In Section 4.2, we determined the first-order optimality
systems within the Lagrangian approach; this derivation was carried out by taking
into account the subdifferential of the nondifferentiable part of the cost functional.
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Chapter 5

Numerical solution of Fokker-Planck

problems for jump-diffusion processes

In this chapter, we discuss the numerical solution of FP problems related to JD
processes. For this purpose, we investigate the SIMEX schemes in Section 5.1. After
discretizing in space the differential and integral operators with the CC method and
the mid-point rule, respectively, the time integration of the resulting ODE system
is carried out. We apply a first-order scheme and a predictor-corrector method.
The full convergence and stability analysis of the SIMEX scheme is presented in
Section 5.2. We show in Section 5.3 that the chosen discretization preserves the two
properties of the solution to the FP problem, i.e. the positivity and the probability
conservation. Section 5.4 illustrates the numerical experiments that validate the
theoretical results of the previous section.

5.1 The SIMEX schemes

In this section, we formulate our SIMEX schemes. We consider a one-dimensional
jump-diffusion process modeled by

X, = b(X,-)dt + o(X,-)dW, + dP,,
X{t:O} = X07

with range in Q := (r,s) and t € [ := [0, T].
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The random data Xy is given. Define C(z) := $0%(z) and B(z) := 8,C(z) — b(x).

Recall that we have two operators £ and Z defined for each (x,t) € Q x I as follows

Lf(z,t) = 0, F(z,t), (5.2)
where
F(z,t) == B(z) f(z,t) + C(2)0, f(, ) (5.3)
and
T(o.0):= X [ 70Ol = u)dy = Af(a. ). (5.4

We consider the following initial-boundary value problem

(

Of(z,t) = Lf(x,t) +Lf(x,t) +1(x,t) for (x,t) € Qx I

F(z,0) = fo(x) for z € Q (5.5)

\F(m,t):() for (z,t) € 002 x 1.

The source term ¢ has been added with the purpose of the numerical analysis of
Section 5.2, whose theoretical results are tested in Section 5.4.

Our purpose is to numerically solve (5.5). We first set the mesh sizes h and dt as
follows

s—r T i
N I and 0t := i with N, M € N.

We consider uniform meshes in space and time. We have

h:=

Qp={z;=r+(G—-1h,j=1,..,N}
(5.6)

Is; :={t, =ndt,n=0,..,.M} C I.

Note that €, contains the boundaries r, s of Q. In order to numerically solve (5.5),
we first consider the spatial discretization of £ and Z, defined in (5.2) and (5.4),
respectively. This leads to a large system of ODEs. Exploiting the form (5.2)
of the differential operator £, we discretize the spatial derivative of the flux F
defined by (5.3) using the CC scheme. This is a cell-centered finite-volume scheme
that computes the flux at the j-cell’s boundaries, Tjpl, for j = 1,..., N, where

Tjpl = mﬁ% The unknown variables are computed on the cell-centers z;, for
each cell 7 = 1,..., N. In what follows, given a generic continuous function ®(z,t),
we denote with ®;(t) and @, j[%(t) the time-continuous restrictions of ® to z; and
Tjpt, respectively.

For each j = 1,..., N, we have the following discretization formula

Fyuy(t) = Fyy (0

axF([L'],t) ~ h ,

(5.7)



where for example

() = B a[(1 =0, 1) fia(t) + 0,1 f5(0)] + Cjpa fjﬂ(t)h_ fit)

The linear combination of the values of the unknown f on two consecutive grid
points x; and x;4; (or z;_; and x;) by means of the weight ¢ is the distinguishing
feature of the CC method and is motivated as follows. The key observation is that
the equilibrium solution of the equation in (5.5) with no integral term and no source

term is given by
fo) = ke~ [ 20},

with £ integration factor. Define the following quantity

_ ,B@)
w(x) = C@)

The ratio between the equilibrium solution at two adjacent points is approximated
by the midpoint rule 28] as follows

G ) oo

Using (5.8), we impose that the discrete flux F' has to vanish in z
use fi 1 =10, 1f;+ (1-— 0;41) fi+1. We obtain

F.

J+

(5.8)

[N

(5.9)

jIEe where we

fiv1 _ Cjey — th+§5j+%

= . (5.11)
fi Cj+% + th-i-%(l - 5j+§)

By equating (5.10) and (5.11), we find that the space-dependent parameter ¢ is

defined as follows 1 1

Cw(z) 1 —ev@’
From (5.12), it follows that d(z) € [0,1], and thus the linear combinations of the
unknown in (5.8) are convex. Notice that § — § as w — 0; § — 07 as w — —o0;
0— 1" as w — oo.
The integral in (5.4) is approximated with the midpoint rule [28] on each cell
(:cl-fé,xi%), fori =1,...,N, as follows

/fy, (z -y dy—Z/ (x—y dyNthx,, gz — ;).

Hence, for each j = 1,..., N, the discretization of the integral operator (5.4) on
the line (x;,t) takes the following form

(5.12)

Tf(wjt) = A (hZf(:m,t)g(xj — zi) — [l t)) : (5.13)
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The discretization steps (5.7) and (5.13) give the following MOL approximation

fsp(t) = (A+G) fsp(t) + W (t)

fSD(O) = f(o)a

(5.14)

where A and G are defined below. Notice that (5.14) is a system of ordinary differ-
ential equations parametrized by the space mesh size h in A and G. In other words,
fsp(t) = {fspi(t),..., fspn(t)} € RN can be viewed as a grid function, where each
component describes the time evolution of fsp on the correspondent grid point of
Q. The initial value f(0) and the source term W represent the restriction on the
grid Q, of the sufficiently smooth initial data fy and of the source term % in (5.5),
respectively.

The matrix A in (5.14) follows from the CC method and it takes into account
the zero-flux boundary condition of (5.5), which are implemented at the boundary
points ! and Tyl By setting

a(z) == % + (1 —=46(x))B(x), x € (5.15)
5@yzof)—&@3@% zeQ (5.16)

the tridiagonal matrix A is given by

(

Oyl 1<i<N-1, j=i+1,
1] —a1—=F1 1<i<N, j=i,
A=y, S (5.17)
Bi1 2<i<N, j=i—1,
0 otherwise.

\

We set ay = 0 and By 1= 0, which correspond to the boundary conditions in
(5.5) as follows

: (5.18)
F(:L‘N_'_%):O = 5N+%:O'

The matrix G in (5.14) is defined as follows

G:=XNG-1),
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where I denotes the N—dimensional identity matrix and G is the matrix with nor-
malized columns as follows

Gij — hg(xi - mj) (519)

ZkN:1 hg(mk - xj)'

The choice of the normalization in (5.19) is discussed in Section 5.3.

The step leading to the full discretization of our FP problem consists of applying
a time-discretization method to (5.14). We choose an operator splitting method,
exploiting the fact that the semidiscretized system (5.14) is naturally decoupled
into two linear operators. The idea behind a splitting method is to divide the
evolution problem into simpler sequential sub-problems that are separately solved
with different methods. Setting 0t also as the splitting time step, we apply the
Strang-Marchuk (SM) splitting scheme [45, 50, 65, 90|. In the following, we refer to
the time-continuous solution of the splitting scheme as fsp(¢). The initial data is
set as follows, fsp(to) := fsp(to), where fsp is the splitting solution and fgp is the
solution of the semi-discretized system (5.14) without splitting.

In each time interval [t,,¢,.1], given the splitting solution fsp(t,), the following
subproblems, connected via the initial conditions, are solved

¢y (t) = Aga(t)
1. te [tn,tn+%]

| ¢1(tn) = fsp(tn)

P5(t) = Ga(t) + V(1)
2. tE [tn tust] (5.20)

| 6(t0) = 1(t,13)

P5(t) = Ags(t)
3. t € [typ1,tnia].

k9253(7%%) = ¢a(tns1)

4. fop(tni1) == ¢3(tns1)

This system of continuous-time equations is approximated by time discretization.
The fully discrete numerical solution will be referred to as f = ( f]"), j=1,...N,n=
0, ..., M. We propose to use two different time discretization methods that together
with the space discretization give the schemes named SIMEX1 and SIMEX2.

In SIMEX1, the solution of the first and third step of (5.20) is carried out with
the implicit Euler method, while the second step is explicit, in order to avoid the
drawback of inverting the dense matrix G. Given f™ at time t¢,, the three initial
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value problems in (5.20) read as follows

fnJr% _ fn B n—&-%
L §t/2 Af
(n+3)" _ fnt3 )
2. 5t i Gt + 0(t) (5.21)
fn+1 . f(n+%)* B -~
? 5t/2 =AM

where the unknown are sequentially solved: fm — fr+s — f(nt3)" —y fntl,

The time discretization of (5.20) in SIMEX2 is carried out with the predictor
corrector method. Given f" at time t,, the discretization of the three initial value
problems in (5.20) take the following form

fn+§ — fn_i_%Afn

= e A AP

fn—&—%* _ fn-s-% +5t[gf"+% + U(t,)]
2. (5.22)

P = G () + G 4 W)

(

P = el At

frtl = fn—i—%* + % [Afn—&-%* -i—Aan] .

5.2 Accuracy analysis

In this section, we investigate stability and accuracy properties of the SIMEX1 and
SIMEX2 schemes, given by (5.21) and (5.22), respectively. After determining the
order of convergence of the spatial discretization, we focus on the rate of convergence
in time.

The discrete L?-scalar product of two grid functions v and v on Q, x I, is defined

as follows
N M
. n,n
(u,v)L%m = hét E E uivy,
7j=1 n=0
with associated norm |[ul|z2 = |/(u,u)r2 . In a similar fashion, the discrete L?

inner product and norm are defined for functions w, 2z on the spatial grid €2, as

follows
N

(w,2)p2 == thjzj and |lw||z2 = /(w,w) 2. (5.23)

Jj=1
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We alm at comparing the continuous PIDE solution f of (5.5) and the numerical
solution f, which is defined on the grid points of €, x I5;. We have the following
inequality

Hf - fA“L2

h,dt

+ || fsp — fepl|z2

h,dt

< ||fn — fspl 12

h,dt

+ || fsp — f”Lfl&a (5.24)

where f;,(t) € RY is the PIDE solution restricted to = € Qy,, with f,(t); := f(z;,1),
fsp solves (5.14) and fsp is obtained as in (5.20). In (5.24), the Lj 5 norms are
computed after evaluating the continuous functions at the points of the meshes €2,
and Iy defined in (5.6).

In the following, we provide bounds for each of the three norms of (5.24). Specif-
ically, we prove in Proposition 10 that || f, — fSDHL%’& = O(h?). In Proposition 11,

we obtain || fsp — fspllzz, = O(6t?). Further, for the SIMEX1 scheme, we prove
in Proposition 13 that || fsp — fHLi ,, = O(dt), while in Proposition 15 we obtain
| fsp — f”Li o= O(6t?) for the SIMEX2 scheme.

For our analysis, we assume the following conditions.

e The PIDE solution f of (5.5) is 4 times continuously differentiable with respect
to the space variable.

e The function B that defines the flux F in (5.3) is C1(f2). Therefore, B is
Lipschitz continuous, with Lipschitz constant L.

e The function C' defining the flux in (5.3) belongs to C3().
e The PDF g of the integral operator Z in (5.4) is two times differentiable.

e The source term ¢ in (5.5) has continuous first-time derivative.

Next, we aim at a bound for the first addend in (5.24). For each j =1,..., N, we
define the following time-continuous quantities

gj(t) == fu(t); — fop; (1),
a;(t) = Opf(xj,t) — ([A+ Gl fu(t)); — V;(2),

called spatial discretization error and spatial truncation error, respectively. The
spatial truncation error « is the residual obtained by inserting the exact solution f
in the semidiscretized equation (5.14).

Notice that f satisfies both the PIDE in (5.5) restricted to the line (z;,¢) and the
following equation

(5.25)

O fn(t); = ([A+ Glfu(t)); + (L) + (1),

where the spatial truncation error « is

a;(t) = [Lf (zj,t) = (Afa(8));] + [Zf (25, 8) = (GFult))] (5.26)

71



Proposition 9. Assume B € C}(Q), C € C3(Q), g € C*(R). If the solution f of
(5.5) has continuous space derivatives up to the 4th order, the spatial truncation
error o in (5.26) is consistent of order 2 as follows

la(®)llzz = O(h?).

Proof. We first consider the first addend in (5.26). Recalling the definitions of £
and A in (5.2) and (5.17), respectively, we have

£1(a5,6) — (Aful0); =
= 0:(Bfn)(x;) — % (B]+2 (V=054 1) f50 + 0541 5] = By [(1 =0, 1) f5 + '—%fj—1]>
+0.(COEN ) — 5 (Cugins = 1) = Oy (s = 1)

We consider the following Taylor expansions, holding for h,w — 0

1
2

h? h3 h*
Su(@jer) = fulw;) £ hO fulz;) + ?@%xfh(l'j) 3 Oy fr () + Za;lzx:cfh(xj)—i_

+ O(h°)

B(xji;) B(x;) + 28 B(x;) + O(h?)

h
Clayay) = Olay) £ b0, + Lo 00 £ 2,000 + 00
0 k
w w
=3
k=0

Exploiting the Taylor expansion, we have
1
Ou(Bfi)(w;) = 5 (Bl =9, ;)fm Oy fi] = Byl =0, )5+ 8y fia]) =

= o fulw;, ) B(x) (0541 =0, 1) + 5 3 (OufuB)(7)(1 = 8541 — 6;_1) + O(R?).

1
2 2

We also have

1

0.(Co, fh)<:cj> - (Oj%(fm ~ i) = Cpa U = fie 1>) -
h2

+ écm)aimfh(xj)) Lo

Moreover, exploiting the definition of § in (5.12) and the Taylor expansion of the
exponential function, we obtain the following relations

0.

j—

— 6,1 =0(h?) and 1-0;,

N[
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which lead us to the conclusion

Lf(zj,t) — (Afa(t); = O(h?).

Further, we consider the second addend in (5.26). We have
2f(3.6) = G400 =) [ 109t~ 9y = (GA(0),)

(009w — y)dy - Z = hgf; - w‘)f@:i,w)

Fly:)g(x; —y)dy — Zhg — ;) m))

d
d
a = hg(z; — x;) ,
) (;hgm—xi)f(wi,t)—Zzglw 2 '>f(wz>t))

i=1
hg(z (x;,t
o e (S -1) o

We notice that the last term consists of the midpoint rule to calculate the integrals
over §2 of the following two functions

o1(y) == f(y,t)g(z; —y) and po(y) := g(y — x;), for each j =1,..., N.

The error associated to the midpoint rule is given by

2

)

+

N
/ ou(y)dy — Zhwz(xk) = O(h?) for 1 =1, 2.
@ k=1

In particular, we have | S0, hg(z), — ;) — 1| = O(h?), hence
a;(t) = O(h?) for each j = 1,..., N.

Since ||a(t )HL2 = Zj\;l hla(t)[?, we can conclude that |[a(t)]|2 = O(h?).
[

Proposition 10. Let f be the solution to (5.5) and fsp be the solution to (5.14).
Then the following holds || fr — fspll2 = = O(h?).

h,ot

Proof. By definition of spatial truncation error in (5.25), we have that e(t) satisfies
the following initial value problem

g'(t) =[A+Gle(t) + at)
(5.27)

e(0) = 0.
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We carry out the proof within the framework given by logarithmic norms [50].
Recall that, given an arbitrary matrix norm ||| |||, the logarithmic norm g is defined
for a square matrix M as follows

o M+ TMl -1
pM) = tim T '
If the norm ||| - ||| stems from an inner product (-, -), the logarithmic norm p of M
satisfies the following relation
(Mo, v)
M) = sup .
(M) o
We exploit the following equivalence, holding for any matrix M with associated
norm ||| - ||| and logarithmic norm g, for w € R. We have
WM)Sw e [l < e, (5.28)

In this proof, we consider the scalar product in L? and its related norm (5.23).
We first provide an estimate for the logarithmic norm p2(A+G) induced by (-, ) 2.
We consider the scalar product (Ae(t),e(t)) .2, showing that it is nonpositive for all
e(t) € L. Thanks to the definition of A in (5.17), we note that there exist two
matrices L and U defined as follows

¢

-1 i=2,..,.N, j=i—1
Lij=<¢1 i=1,.N, j=i

0  otherwise,

iy 1 1=1,.,.N—1, j=i+1

Uiy = 5i+§ 1=1,.,.N—1, j=1

0 otherwise,

such that —hA = LU. Notice that Uyy = 0. Therefore the determinant of U,
and thus of A, is zero, which means that A has a zero eigenvalue. Furthermore, by
inspection, we see that all other leading principal minors of U are positive. Then,
we conclude that the matrix A has N — 1 negative eigenvalues and a zero eigenvalue.
Therefore, (As(t),e(t)),z < 0 for each e(t) € RY, which implies that 5(.A) = 0.
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For the matrix G we have the following
(Ge(t),e(t))rz = MGe(t),e(t))rz — Ae(t),e(t))rz
= ALY Y Gieit)ei(t) — Ah Z e2(t)

i=1 j=1

22&0) D4l Z(ZG) O

< M2 [e(0) 125,
(5.29)

hence p(G) < cAh?. Therefore, po(A+G) < pa(A)+12(G) < eAh?. This inequality,
together with (5.28), allows us to state the following results

le <1, (5.30)
H g&tH < ec/\h 6t (531>
He (A+G) 6tH < 6c/\h25t (532>

By integrating (5.27) and exploiting the inequality (5.32), we conclude that

cAh?t

e
max [la(s)]|zz,

cAh?t _
||€(t)||L% <e ||5(0)||L% + cAh?2  0<s<t

and therefore || fr, — fspllre . = O(h?).

h,ot

]

We now aim at proving a bound for the second addend in (5.24) related to the
splitting method. Consider the matrices A and G asin (5.17) and (5.19), respectively,
and define the operator S as follows

S =740 TA, (5.33)

Consider the time interval [t,, t,.1]. We apply four times the variation of constants
formula for ODEs to integrate the ODE systems (5.20). Therefore, the splitting
solution can be formally written as follows

ot

t t 2 t
fsp(tns1) =S fsp(tn) + e A% g/ e(%’s)g\P(tn + 8)ds+
st ’ (5.34)

t 2 t
+ 662“4/ e(%’s)g\ﬂ(tn% + s)ds.
0
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We define with d,, the local truncation splitting error for each n = 0,..., M — 1,
which is the residual obtained at time ¢, by inserting the exact solution of the
semidiscretized system (5.14) in the formal expression of the splitting solution (5.34)
as follows

ot

dn ::fSD<tn+1) — SfSD(tn> — G%Ae%g / ’ 6(%78)g\p(tn + S)dS
0

I\D‘S:

- 6‘52’54/0 e %—S)Q\I/(tmr% + s)ds. (5.35)

Define the global splitting error at time t, as E,, := fsp(t,) — fsp(t,). Subtract-
ing (5.34) from (5.35), we obtain the following relation

Epi1 = SE, + d. (5.36)

Exploiting the linearity of the solution operator & and the fact that Ey, = 0, we
recursively apply (5.36), and obtain

E, =) 8""dy. (5.37)
k=0

In the remainder of this section, we make use of the following two facts. Given z €
R and a matrix M € R¥*YN_ we have the following two properties. The exponential
of the matrix zM is defined by the convergent power series

+o0o k
= . 5.38
¢ ; X (5.38)
For z — 0,
(I —2M)"" =1+ 2M+22M*+ O(2%). (5.39)

Proposition 11. Let W in (5.14) be of class C'([0,T]). Then | fsp — fselz ,, =
O(5t2). ’

Proof. We first determine the order of the splitting error d,. By applying twice
to (5.14) the variation of constant formula, we have that the exact solution fsp of
(5.14) can be written as follows

at

2

fsp(tas1) =49 fop (t,) + e (AH9) / 3D (¢, + 5)ds

0
ot

+/2 e(%_s)(““g)\l/(twré + s)ds. (5.40)
0
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By using of the matrix series (5.38) and exploiting that ¥ € C!([0,T]), we rewrite
(5.34) and (5.40) as follows

fop(tns1) =S fsp(tn) + 0t (I + %(A +G)+ %2 (A? +2AG + 92)) (¥(t,) + O(5t))
+ O(8tY) (5.41)

and
ot?
Fop(ts1) =eA9) for (1) + 81 ( Yo+ Larg ) (W(t,) + O@1)+
+ O(6t). (5.42)

Therefore, by using (5.35) the local splitting error can be rewritten as follows

4, = (49 8) fop(t,) + L (GA— AG)W(t,) + O(at)

otg

By applying (5.38) to e%4 and €9, we have that

2

S=I+t(A+G)+ 5i(A+ G)*+

5t3

o (A3+g3+ ARG+ AQA+ Ag2+ QA2+ (f )+(9(5t4).

(5.43)

Furthermore, we have
2

3
eOt(A+G) :I—}-(St(A—}-Q)+%(A+g)2+%(44+g)3+0(5t4),

it is clear that e?*A+9) — S = O(§t%). Hence, d,, = O(6t) for each n = 0,..., M — 1.
Next, we consider the L? norm of (5.37), hence

n
[Balli < 37 M50 R |z < 268,
k=0

where we used (5.31). Therefore, || E, ||z = O(6t?) and

Il fsp — fspllrz = < ey 612,

h,ét

M
S otE2,
n=0

that completes the proof. O]
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In the remainder of this section, we aim to prove a bound for the third term in
(5.24), where the full numerical solution f =fj=1L.,N,n=0.,M,is
given by either the Euler discretization or by the predictor corrector scheme. By the
definition of the operator S in (5.33), we write the solution of (5.20) in a convenient
form as follows

ot
fop(tnp1) =S fop(tn) + e3A / eCt=99Y (¢, + 5)ds, (5.44)
0

where we applied three times the variation of constants formula [50] to (5.20).
Next, we write (5.21) in a compact form. Note that the nonsingularity of the

matrix [ — %A is guaranteed also under the condition §t < 2/L, where L is the

Lipschitz constant of B. Given f, the computation of f"*! is carried out as follows

= (1 — %A) B ((I + 6tG) (I — %A)‘lf” + 5t\11(tn))

-1
= Ry(A, G, 0t)f" + 6t (I . %A) U(t,), (5.45)

where .

1
Ri(AG,6t) = (1 - %A) (I + 6tG) (1 - %A)

is the amplification factor.

For each time window [t,,t,1], we define the respective time truncation error
T,, obtained by inserting the formal splitting solution fsp defined in (5.44) in the
numerical approximation given by (5.45). We have

Ty = fo(tuss) — Ra(A. G, 8) fs(ta) — ot (I - %A) ). (540

Proposition 12. (Consistency of SIMEX1) Let 6t < 2/L. The truncation error
(5.46) is of order O(5t?).

Proof. Recall the definitions of the splitting solution and truncation error, in (5.44)
and in (5.46), respectively. Exploiting the fact that ¥ € C'(I) and making use of
(5.38), we have that

T, = (S — Ri(A,G,dt)) fsp(tn) + ot° <% + O(at)) U(t,) + O(5t?). (5.47)

We consider the Taylor expansion of (I — £A4)~! as in (5.39), which exists since
0t <2/L, and note that the amplification factor R; can be rewritten as follows

6t* (3
Ri(A,G,0t) =1+ 0t(A+G) + - (§A2 + AG + QA> + O(6t%).
Recalling the expansion of S in (5.43), we can state that S — Ry (A, G, 6t) = O(6t?).
These observations lead to the conclusion that T;, = O(dt?), hence the proof is

completed.
]
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We define, for each n =1, ..., M, the time discretization error e, as follows
en = fsp(tn) — f",
such that by subtracting (5.46) from (5.45), we obtain the following relation
ent1 = R1(A, G, 6t)e, + T,. (5.48)

Proposition 13. (Accuracy of SIMEX1) If 6t is chosen such that || Ri(A, G, 0t)|[ 2 <
L+ cA?6t, then || fsp — fl2 ,, = O(5t).

Proof. First, we notice that the bound for || Ry|| 2 in the hypothesis results from the
definition of R; and from the fact that (5.30) implies

(2 = 6tA4) |z < 1. (5.49)

We consider the L? norm of (5.48), obtaining

lensilloz <[1R:i(A G o)z llenllz + 1 Tullzz < (1 + eAR?6t) ez + 1Tl 2,

This recursive relation gives the following

n—1
2
lenllzz < e T (IIeolng + ZIITkHLg) :

k=0

that is the stability of the discrete operator Ri. Thus, [le,|[,2 = O(6t). By noting
that || fsp — f||%}2zét =M 5t||en||%%, the proof is completed.
O]

Next, we write (5.22) in a compact form. Given f", the computation of f"*! is
carried out as follows

=R (%A) R(5IG)R (%A) f"+R (%A) v, (5.50)

where

ot
v, = ) (I 4 6tG)V(t,) + V(tns1)]
and the function R is the amplification factor; given a matrix M and z € R, R is
defined as

2
R(zM) =1+ zM + %MQ.

For each time window [t,,t,+1] we define the respective time truncation error
T,, obtained by inserting the formal splitting solution fsp defined in (5.44) in the
numerical approximation given by (5.50)

T, = fsp(tur1) — R (%A) R(5tG)R (%A) fep(ta) — R <%A) T, (551
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Proposition 14. (Consistency of SIMEX2) The truncation error (5.51) is of order
O(6t3).

Proof. Recall the definitions of the splitting solution and of the truncation error, in
(5.44) and in (5.51), respectively. Exploiting the fact that ¥ € C'(I) and making
use of (5.38), we have

T, = (S — Ra(A,G,0t)) fsp(tn) + 6t3%3\1f(tn) + O(6t4), (5.52)
where
Ry(A,G,dt) =R (%A) R(6tG)R (%A) :

By considering the Taylor expansion of e 4 and €9 as in (5.38) up to the 4-th
order and (5.43), we note that the solution operator S can be written as follows
ots (A
S = Ry(A,G,6t) + - (7 + g3> + O(5th),
and therefore S — Ry(A, G, dt) = O(6t%). These observations lead to the conclusion
that T,, = O(6t®), hence the proof is completed.

O
We define for each n =1, ..., M the time discretization error e, as follows
en = fep(tn) — f",
such that by subtracting (5.51) from (5.50), we obtain the following relation
ent1 = Ro(A, G, dt)e, + T,,. (5.53)

Proposition 15. (Accuracy of SIMEX2) If 6t is chosen such that | R2(A, G, 6t)|| 2 <
e then, || fsp — ]?“Li ., =061,

Proof. First, we notice that the bound for ||R|| in the hypothesis results from the
definition of Ry and from the inequalities (5.30) and (5.31). We apply the L? norm
to (5.53), obtaining

2
lensillze <IRa(A G, 601z llenllz + [ Tallz < e lenll iz + 1 Tallz,
This recursive relation gives the following
n—1
2
leallzz < e <H€oHL,g + ZHTkHLg> :
k=0

that is the stability of the discrete operator Ry. Thus, |le,[/r2 = O(6t?). By noting
that || fsp — fI|I2. = 32, t|len||22, the proof is completed.
h,ét h
[
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5.3 Positivity and conservativeness of the SIMEX

schemes

In this section, we prove that the SIMEX1 and SIMEX2 schemes are conservative
and positive preserving, in the sense that the numerical solution of (5.5) preserves
the properties of the continuous PDF of (5.1). In particular, we apply the midpoint
rule with the aim to show that the following integral is conserved

/fa:t da:—Z/l2 f(z,ty) dehZfZ”,

1
2

foreachn=1,..., M.

First, we focus on the SIMEX1 scheme, where the time discretization is given by
the Euler scheme. Given the numerical solution f" at time t,,, we compute f"*! as
follows

n+i __fn 1
1. % - Afn+§
2
wty _ preh 1
S N (5.54)
n+l n+%*
3‘ f 6tf — Afn+1

We have the following result concerning the positivity preserving property of the
SIMEX1 scheme.

Proposition 16. Consider (5.54) and assume that 6t < min{3, 2}, with X rate of
Jumps of the compound Poisson process P in (5.1). Define with L the the Lipschitz
constant of the function B that defines I in (5.3). If f7 > 0 for each j = 1,..N,
then f™ >0 for each j =1,...,N.

Proof. Let us consider each step of (5.54).

1. Given f}' > 0 for each j = 1,..., N, then an/Q > 0 for each j =1,.... N. In
fact, the evolution matrix of Step 1. is given by I — A and it is a nonsmgular
M-matrix provided that it is diagonal dominant. Accordmg to the definition
of A given in (5.17), this property is satisfied when

ot

2 2

for each i = 1,..., N, that is true for 6t < 2/L. Since for nonsingular M-matrix
it is M~! > 0, the assertion is proved.
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2. The Step 2 in (5.54) can be recast, for each j = 1,..., N, as follows

FUTT = St (G ) 4+ (1= Adt) £

1
where fjn 2> by hypothesis. Since G has nonnegative components and 0t
1y
is such that both Aot and (1 — \dt) are nonnegative, then f;nJrQ) > 0 for each

j=1,..N.

3. In Step 3. in (5.54), given fj(nJri)* > 0 for each j = 1,..., N, then f;‘“ >0,

according to the argument used for analyzing Step 1.

Proposition 17. Consider (5.54). The total probability is conserved, in the sense

that
N N
2 =25
j=1 j=1

Proof. Let us separately consider each step of (5.54).

1. The definition of A in (5.17) and (5.18) leads to the following

N
D Ap =0,
j=1

which implies

D (Av);=> (Z Ajk> vp =0 for each v € RV, (5.55)

By summing over j = 1,..., N both sides of the first equation in (5.54), we

have that
N el N
Y =y
j=1 j=1
2. Let us consider
frrd e
J J n+§
- (@)
Summing over j, we have that
(n+3 Y +3 Y 1
§:f =D [ty (Gfe);
j=1 j=1

82



thus it is sufficient to show that Z;.V:l(g fm*2); = 0. This follows from the

construction of the matrix G, in fact

N N N
Z(gfn-i-%)]:Z)\ Z(G]kfn+2>] _)\an+2 _
j=1 j=1 k=1
—\ [Z f:+% (Z ij> an+ ]
k=1 7j=1

since Zjvzl G, = 1 holds independently of k, as defined in (5.19).

3. In the same fashion as in the first step, we use (5.55) and obtain

N

N
frt = §0 )
>3

J=1

]

Next, we focus on the SIMEX2 scheme, where the time discretization is given
by the predictor-corrector scheme and discuss its positivity-preserving. Given the
numerical solution f™ at time t,,, the three steps required to compute f**! are as

follows

(

fn+§ :fn+%Afn

e e s

.

fn+%* _ fnJr% + 5tgfn+%

fn—i—%* — fn—i—% + % [gfn—&-% _}_gfn—&-%]
\

:
Fret = o AP

\fnJrl — fn+%* + % |:Afn+%* _|_Afn+1:| ‘

Proposition 18. Consider (5.56) and suppose that 6t < min{3,

2
max;; | Aj| I

(5.56)

where

A is the rate of the compound Poisson process P in (5.1), and A;; are the diagonal
elements of A as defined in (5.17). If fi > 0 for each j = 1,..., N, then f]’“l >0

for each j=1,...,N.

Proof. Let use separately consider each step of (5.56).

83



1. This step can be rewritten as
= Af
where

- ot ot? 1
Ai=l+ S A+ §A2 =3 [41 + (21 + 6tA)?]

and [ is the N-dimensional identity matrix.

Given f}' > 0 for each j = 1,..., N, then ffH/Q > 0 for each j = 1,..., N,
provided that A has positive entries. This condition holds if 21 + §tA has
positive entries.

From the definition of A in (5.17), we have that A; < 0, while A;; > 0 for
i # j. Therefore, it is sufficient to choose (2 4 dt.A4;;) > 0 for each j, which is
satisfied since 6t < by hypothesis.

2
max; |Ajj|

2. The intermediate step in (5.56) can be rewritten as follows

f(nJr%)* — (I—l— ([ + 5tg)2) fnJr%’

N | —

where [ is the N-dimensional identity matrix. The time step ot > 0 is chosen
such that (1 — Adt) > 0 and thus I + 6tG = (1 — A6t)I + AotG has positive

n+L)*
entries. Hence we have that f]( t2) >0 foreach j=1,...,N.

1yx
3. Given f;n+2) > 0 for each j = 1,..., N, then f/*! >0 for each j = 1,..., N,
by the same reasoning of the first step.

0
Recall that w in (5.12) is defined as follows

— B
w(x) = hC(x)’

we have the following estimate for max; |.A;;|

max| A;;| < W[ma}({l, 1 — w(z)} + max{L, 1+ w(z)}] <
< 2T o 4 ().

Hence, the bound to 6t for guaranteeing positivity in the previous theorem becomes

(1 2h°
o = min {x’ max, {C(2)} (2 + hmax{|B(@)|/C(x)} } |

84



We observe that for vanishing space step size h, the time step size must vanishes
with order 2. In small diffusion regime, i.e. C(x) ~ 0, it scales linearly as 0t <
2h/ max,{B(x)}.

We conclude this analysis proving the conservation of the total probability of the
SIMEX2 scheme.

Proposition 19. Consider (5.56). The total probability is conserved, in the sense

that
Z fn _ an+1.

J=1

Proof. Let use separately consider each step of (5.56).

1. Let us consider the second equation. Summing over j, we obtain
n n+% n . S5t n . n _—
DT =) i > (A + ) (Af3);
j=1 j=1 j=1 j=1
We use (5.55) and obtain
N N )
n nty
SUED WA
j=1 j=1

2. Let us consider the second equation. Summing over 7 and reshaping, we have
that

N (n4+1)* al n+i ot al il
DL =Y T S | DG+ Y (G
j=1 j=1 J=1

j=1

With same arguments as in Proposition 16, we claim that Zj.vzl(gfn%)j =0
and that Z?le(gf’”%*)j = 0 and hence

N ( +l)* N +1
DRI D /A
=1 =1
3. By the same reasoning for the first step, we use (5.55) and obtain

N N (nil)
=\ "2
R
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5.4 Numerical experiments

In this section, we present results of numerical experiments for the numerical
solution of the FP problem. We first consider the solution of FP problem with source
term as in (5.5) and validate the space and time convergence rates theoretically
proven in Section 5.2. Next, we aim at computing the PDF of the OU process
with jumps, introduced in Section 2.4. To this end, we first numerically apply the
SIMEX2 scheme to (5.5) with no source term (i.e. ) = 0) and compare the obtained
result with the empirical PDF obtained with the method outlined in Section 2.4.

5.4.1 The accuracy of the SIMEX schemes

In order to test the performance of the SIMEX schemes, we set the solution to
(5.5) as the following moving Gaussian

flat) = — ~exp{—w},

2mo 252

with g = 10 and & = 3. With this choice, the corresponding source term v (z,t) in
(5.5) can be analytically computed by exploiting the closed form of the product of
two Gaussian densities.

We consider a sufficiently large domain Q := (—15,30) and I := [0,1]. We set in
(5.1) b(x) = —x, 0 = v/2, i.e. C(z) = 1. The parameters of the compound Poisson
process are chosen to be A =5, g ~ N (3,0.2?).

In Table 5.1, we report the norm of the SIMEXT1 solution error as a function of the
mesh size. We see that the scheme is first-order accurate in time and second-order
accurate in space, as proved in Section 5.2.

N M f = s

100 100 5.39-107°
200 400 1.09-1073
400 800 2.90-10*
800 1600 7.37-107°

Table 5.1: L}, 5,-error of the scheme SIMEXI.

In Table 5.2, we present results for the same test case, obtained with the SIMEX2
method. We have second-order convergence in time and space, as theoretically
proven in Section 5.2.
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N M f = Fllas

200 200 1.10-1073
400 400 2.93-107*
800 800 7.45-107°

1600 1600 1.87-107°

Table 5.2: L} 5-error of the scheme SIMEX2.

5.4.2 The range of an Ornstein-Uhlenbeck process with jumps

In this section, we consider the OU process with jumps given by a compound
Poisson process [78|, whose empirical PDF has already been computed in Section
2.4. In one dimension, the dynamic of this process evolves according to the following
stochastic differential equation

dX; = —vXydt + odW, + dP;,
(5.57)

Xii=0y = Xo,

where v,0 € R*, W is Brownian motion and P has rate of jumps A and jump
PDF g. Define with f the probability density function of (5.57) and the convolution
(f *g)(x,t) as follows

(f % g)(a,1) = / F(y. Dg(z — y)dy,

for each t € I. The FP problem related to the Ornstein-Uhlenbeck process (5.57)
on an unbounded domain takes the form

Ouf (x,t) = y0u( f (2,1)) + GO f (x,8) + A(f * g) (2, ) = Af(2,) (2,t) ER X T
f(2,0) = fo(z) z € R.
(5.58)

Our aim is to apply our SIMEX2 scheme (5.56) to numerically solve (5.58) on a
bounded domain (r,s) with zero-flux boundary conditions as in (5.5) with ¢ = 0.
We present a methodology to estimate the size of the computational domain (r, s),
such that the dynamics of (5.57) is negligible in R\ (7, s) in some sense that will
be investigated below. Using the Fourier transforms of f(z,t) and g(x), given by
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hw,t) = [72 e“" f(x,t)de and W(w) = [ e“Tg(x)dx, respectively, we have that

h(w, t) satisfies the following initial-value problem

Oth(w,t) = —ywi,h(w,t) — P(w)h(w,t), (w,t) eRxT
(5.59)

h(w,0) = ho(w), w € R,

where P(w) := %QwQ + A(1 =W (w)) and hg(w) is the Fourier transform of the initial

data fo(z).
After performing a change of variable for w > 0, and noting that the following
calculations can be carried out also for the case w < 0 by defining h(w, t) := h(—w, 1),

we have that L Py
h(w,t) = ho(e "w) exp {—;/ &dw’}

et w

solves (5.59).
Defining with M*[g] = ffooo 2*g(x)dz the k-th moment of ¢, the Taylor expansion
of P on w = 0 reads as follows

since

Hence, the solution of (5.59) can be written as follows
B, ) = ho(e ™) exp{z(w, 1)},
where

‘72+)‘M2[9] 2 Loy, A = lkMk[g] k —kyt
— = w(l—e 7)—1—; ) wr(1—e™™).

4~

2(w, t) := i%(Ml[g])w(l—th)—

This form for h(w,t) allows us to calculate M}[f] and M?[f], that is, the first-
and second-time dependent moments of f(x,t).

We are interested in these two quantities at a time near to equilibrium, i.e. T" >>
1/~. Therefore we suppose that the support of the PDF is vanishing outside the

interval of size [M}[f] — 5/ MZ[f], MF[f] + 5/ MZ[f]]. We exploit the fact that
h(0,t) =1 for each t to state the following

A
lim M} f = lim —il'(0,) = ;(Ml[g])

t—o00

and that
)\2

7

o? + AM?[g]

. 290 15 " —
tlggoMtf_ tlggloh (0.%) 2y

(M'[g])* +
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Notice that the moments of the density g of the jump amplitude play a key role in
the width of the relevant range of the dynamics of the considered process.

Therefore, the choices v = 1 and ¢ = 1 in (5.57) allow to set the domain Q =
(—20,50). We consider the time interval I := [0, 1] and the initial random variable
in (5.57) Xy ~ N (15,3). we choose A = 5 and g ~ N (3,0.2?).

Figure 5.1 depicts the PDF of the process X at time T' = 1. We compare the
results obtained with the SIMEX2 scheme with N = 400 and M = 400 and the
empirical PDF with the algorithm illustrated in Section 2.4. To this end, we solved
the initial-value problem (5.57) by applying the EM method in the time interval
[0, 1] with M intervals, as outlined in Section 2.4.

Figure 5.1: The PDF of an Ornstein-Uhlenbeck process with jumps.
Comparison between the solution of the SIMEX2 scheme with N = 400 and M = 400
(solid line) and the empirical PDF with 150 histogram midpoints with 10° sample

paths (stars).
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5.5 Summary and remarks

In this chapter, we outlined our numerical methods SIMEX1 and SIMEX2 that
compute the solution of a FP problem related to a JD process. Our discretization
is achieved by applying the method of lines, which consists of performing a spacial
discretization of the differential and integral operators and subsequently integrating
with respect to time the resulting system of ordinary differential equations. The
differential part of the FP equation is discretized through the finite volume scheme
given by the CC method, while the integral is approximated with the mid-point
rule. The time integration step combines an operator splitting method with the
Euler scheme in case of SIMEX1 and with a predictor-corrector scheme in case of
SIMEX?2. The discretization procedure was outlined in Section 5.1. We carried out
the complete convergence and stability analysis in Section 5.2 and showed in Section
5.3 that our methods preserve the two properties of a PDF, namely its positivity
and the conservation of the total probability. A section of numerical experiments
that validated the theoretical estimates concluded the chapter.
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Chapter 6

Numerical solution of Fokker-Planck

control problems

In this chapter, we address the numerical solution of the FP control problems
defined and investigated in Chapter 4. Some references on optimization problems
governed by PDEs are, e.g., [12, 14, 71]. As outlined in Chapter 4, the L'-term in our
cost functional makes the problem nonsmooth and therefore appropriate optimiza-
tion algorithm are needed. We implement a proximal iterative scheme, introduced in
[70] and [81] and first developed in the framework of finite-dimensional optimization
[9, 22, 72|. Recent works have adapted the structure of these algorithms for solving
infinite-dimensional PDE optimization problems [85, 86, 89]. In this chapter, we ap-
ply the results of Chapter 5 and of the recent works [44, 86]. We proceed as follows.
Section 6.1 investigates the proposed optimization algorithm. We first introduce
the definition of proximity operator of a convex semi-continuous function, which is
needed for definition of our method. The chosen algorithm combines a fixed-point
iteration with a gradient method.

Section 6.2 is devoted to the convergence of the proximal scheme. In order to
investigate the effectiveness of the algorithm, results of numerical experiments are
presented in Section 6.3.

6.1 The proximal method

In this section, we discuss a proximal optimization scheme for solving (4.8). This
scheme and the related theoretical discussion follow the work in [22, 72, 86|. Prox-
imal methods conveniently exploit the additive structure of the reduced objective;
in our framework, we have that the reduced functional 7 is given by the sum of a
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nonconvex smooth function J; and a convex nonsmooth function J» as in (4.13).
For our discussion, we need the following definitions and properties.

Definition 11. Let Z be a Hilbert space and [ a convex lower semi continuous
function, [ : Z — R. The proximity operator prox; : Z — Z of [ is defined as follows

1
prox;(z) := arg min {l(w) + 5”2 — wHQZ} , z2€Z.
weZ

The following proposition, whose proof can be found in [22|, is of fundamental
importance in the remainder of the section.

Proposition 20. Let Z be a Hilbert space and | a convex lower semi continuous
function, | : Z — R, with prozimity operator prox;. The following relation holds

p=prox)(z) & z —p € Jl(p), (6.1)
where Ol is the subdifferential of [.

Proposition 21. For each lower semicontinuous function | defined on a Hilbert
space Z, the following holds

[(z) > l(w) + (s, 2 — w), (6.2)
for each z,w € Z and each s € Ol(w).
Proposition 22. The solution @ of (4.8), i.e. min,ey,, J(u), satisfies
u = proxaz(u—aVJi(a)). (6.3)

for each a > 0.

Proof. From Proposition 5 in Chapter 4 and by using (6.1), we have

u solves (4.8) = —VJ1(u) € 0J(u)
& (u—aVJ(a) —u e adz(u)
& U= proxes(u—aVJi(a)).

O

The relation (6.3) suggests that a solution procedure based on a fixed point iter-
ation should be pursued. We discuss how such algorithm can be implemented.

In the following, we assume that J;(u) in (4.13) has a locally Lipschitz-continuous
gradient V.J; as follows

IVT(u) = VT (0)|| < Lflu = o], (6.4)
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for each v € V, V C U,4 neighborhood of u, with L a Lipschitz continuity constant.
The condition (6.4) implies the following inequality

Ti(w) < Ti(o) + (Vi (o), = v) + 2l — ol (6.5)

for each v € V. This can easily be seen by expanding J; as follows

Ji(u) = Fi(v) + (VT (v),u —v) + /o (VI (v+tlu—v)) — VI (v),u —v)dt,

and the by applying the Cauchy-Schwarz inequality to the scalar product in the last
addend. Therefore, we have

min {J;(u) + Jo(u)} <

uEULq

min {jl(v>+j2(u)+ <vm(v>,u—v>+§uu_v“2}. (6.6)

u€Uyq

Inequality (6.6) is the starting point for the formulation of a proximal scheme, whose
strategy consists of minimizing the right-hand side in (6.6). The following equality
holds

arg min {j1(v) + Jo(u) + (VI (v),u —v) + §||u — UHQ} =

“ - (v - %vyl(v)) 2} (6.7)

and it can be easily proven by exploiting the definition of scalar product. Recall the
definition of J» in (4.13). The following lemma, whose proof can be found in [85],
gives an explicit expression for the right-hand side in (6.7).

arg min {jg(u) + L

uEULq 2

Lemma 1. Let U,q be as in (4.2). Then

1
arg min {THUH1 + EHu — wHQ} = Sted(w) for each w € U, for each T > 0,

UEULq

where the projected soft thresholding function SHad is defined as follows

4

min{w — 1,up} on{te€l:w(t)>rT}

SHed (w) == { on{tel:|wlt) <t}

max{w + T,u,} on{tel:w(t) < -1}
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Based on this lemma, we conclude the following

v (- 1vaw) } — 4 (0= 7Va0)).

which can be taken as starting point for a fixed-point algorithm as follows

UEULq 2

arg min {jQ(u) + L

w1 = Shad (ug — VI (wr)) (6.8)

where oy, depends on Ly, the local Lipschitz continuity constant defined in (6.4), as
we discuss below. Such method has been investigated in [22, 85, 81|. In this work,
we apply an extension of (6.8), which takes for each iteration k the following form

U1 = SHYed (wg, — VT (wi) + O (ug, — we—1)) (6.9)

with 0 € (0,1). This method has been proposed in [72] and investigated in [86].
Our inertial proximal method is summarized in the Algorithm 1.
The nonincreasing condition on {6y }ren is equivalently reformulated as follows
1— %
a > ——2—.
T+
The backtracking scheme in Algorithm 1 provides an estimation of the upper
bound of the Lipschitz constant in (6.4), since it is not known a priori. The initial
guess for L is chosen as follows. Given a small variation ¢ of u, we have

I — max { IVTi(u) = VT (u+e)|ls |[VTi(u) = VTi(u—e)|s } |

]l ’ ]l

The computation of the gradient requires the discretization of the optimality sys-
tems given in (4.23) and (4.24). The space and time grids are defined in (5.6).

The discretization of the forward equation solved by f has been carried out in
Chapter 5. Next, we outline how the discretization of the system satisfied by the
adjoint variable p in (4.23) and (4.24) is carried out. If we follow the optimize-before-
discretize (OBD) approach, the optimality system has already been computed on a
continuous level in the systems in (4.23) and (4.24). As a consequence, the OBD
approach allows one to discretize the forward and adjoint FP problems according
to different numerical schemes. However, the OBD procedure might introduce an
inconsistency between the discretized objective and the reduced gradient. For this
reason, the DBO (discretize-before-optimize) approach could be preferred and we
pursue it in this work. In our framework, for each grid point z;, j = 1,..., N, the
DBO approach results in the following approximations

i-1(t) — pilt i(t) — piga (T
duplj,t) ~ (1 — 5j_1/2)?w n 5].“/2%7

D (t) — 2pi(t) + pi_y (t
2 play. 1) Pt =200 4 B ll)
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Algorithm 1 (Inertial proximal method).

Input: initial guess ug, k = 0, knax, Ok € (0,1), tolerance tol, ¢1,co > 0, > 1.

1. While k < kpax, do:

(a) Evaluate V.7 (uy) according to Algorithm 2.

(b) Update Ly = nLj until
i X Li . ,
Ji(@) < Ti(un) + (VuTi(un), @ = ur) + =@ = ui|

where

U= Su“d (uk — OszJl (uk) + Hk(uk - uk_l))

Yok

0, > 0 for each k

1 L 0
p = — — =2 F g monotonically decreasing.
QL 2 (073

(6.10)

0 > co for each &
(c) Set ugi1 = a.
(d) Compute E according to (4.23) or (4.24).
(e) If £ < tol, break.

(f) k=k+1.

together with the midpoint formula applied to Z. We have the following semi-

discretized system
—p(t) = (AT +GT)p(t), p(t) € RY. (6.11)

The time integration of (6.11) is carried out with the combination of the SM splitting
with a predictor corrector scheme, as in Chapter 5. We remark that the advantages
of the DBO approach are manifold. With this choice, the boundary conditions of
the backward equation in (4.23) and (4.24) are automatically implemented.
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Algorithm 2 (Evaluation of the gradient).

Input: uy, initial value fy, terminal value pr at time 7.
1. Compute fi, given fy and wuy.
2. Compute py.

3. Evaluate V.J; (uy,) according to (4.22).

6.2 Convergence analysis

In this section, we discuss the convergence of the proximal algorithm and report
here some results presented in [44, 72, 86].

Definition 12. The proximal residual r is defined as follows
r(u) :==u— Szjad (u—VTi(u)). (6.12)

Proposition 22 tells us that r(u) = 0 in L?*(I) whenever u solves (4.8). In what
follows, we establish a connection between the condition 7(u) = 0 and the sequence
{ur }ren generated by Algorithm 1. Define the following sequence

Ag = ||ug — up_1||2 (6.13)
for k£ € N.
Proposition 23. The sequence {Ay}ren satisfies the following
lim A, = 0.

k—o00

Proof. For 0 € R™, we define the following quantity

Hy(u,v) := J(u) + 6| |u — v| |2 (6.14)
for each u,v € U,q. The following inequality holds

Hy, ,, (wepr, ur) < Hsy (ug, up—1) — GAZ, (6.15)

where

Note that aj and 6, in Algorithm 1 can be chosen such that ( > ¢, for each k. In
fact, from the definition of u; in algorithm 1, it holds that

_ 0
e~ Ut VT (ur) + = (g — up_1) € D(BIo) (upsr).

873 &7
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From (6.2) and (6.5) it follows that

. . 1 L 0
T (upt1) < T (ug) — <— — —k> Aiﬂ + a_lli(Uk—&—l — Up, U — Ug—1)

(673 2
< J(uk) = (a—k—g— e )A2+1+EAi'

Therefore, we have

T (up1) + 06 A7 < T (ur) + 06D — G,

which implies (6.15) since dy is monotonically decreasing. Moreover, the condition
Ce > ¢o > 0 implies that {Hs, (ug, uk—1) }ren is monotonically decreasing, and thus
converging, since J (u) > 0 for each u € U.

Summing (6.15) from k = 0, ..., k yields

=

k
Z z Z Hék (ukv uk—l) - H5k+1 (uk+1>uk)) - j(uﬂ) - H5E+1 (UE+1a ufc)

k=0 k=0

< J(up) < oc.

The claim follows by letting & — oo and remembering that ¢;, > ¢, > 0 for each k.
O

Next, we can state the desired convergence results. The complete discussion can

be found in [86].

Proposition 24. The following holds.

e The sequence {J (ug)}ren converges.
e There exists a weakly convergent subsequence {ug, }jen-

e If, in addition, Jy 1s strictly convex in U,q, then any weak limit u* of {uk]. }ien
is a critical point of (4.8) and J(u*) < liminf, j(uk])

Proposition 25. Let {uy}ren be the sequence generated by Algorithm 1, then the
following holds

_ Qj(uo)
1
o, [ir 17 (ur) |* < (cre) 2’

where 1 is defined in (6.12).

97



6.3 Numerical experiments

In this section, we present results of numerical experiments to validate the per-
formance of our optimal control framework. The purpose is to determine a sparse
control u = u(t) such that the expected value of a jump-diffusion process minimizes
the quantity defined by (4.5) and (4.6).

We implement the discretization scheme and the algorithm described in Section
6.1. We take Q = (—20,20) and [0, 7] = [0, 1], and assume that the initial PDF f;
is given, fo ~ N(0,10). The compound Poisson process corresponds to the choice
A =5and g ~ N(0,1). We take b(z,u) := u(t) — /10 and C = 0.5. In case
of (4.5), we consider £ = [—0.5,2,0,1,—1,0,—0.5,2]. In the case of (4.6), we take
&(t) = 2sin(10t). We choose N = 200 and M = 200. We choose ¢; = ¢, = 1073 in
Algorithm 1.

In the first series of experiments, we consider the setting with v = 107% and v = 0
in (4.13). Further, we consider constraints on the control. Corresponding to this
choice and to the discrete-in-time tracking functional (4.5), we report in the Figures
6.1 and 6.2 the solution for the state and the adjoint variables, respectively. On the
other hand, using the continuous-in-time tracking functional (4.6), we obtain the
state and the adjoint variables depicted in the Figures 6.4 and 6.5, respectively.

Also for the case v = 0 and both tracking functionals, we report in the Tables
6.1 and 6.2 the values of the tracking error for different values of the weight v. As
expected, the tracking improves as the value of this optimization parameter becomes
smaller. In the Figures 6.1 and 6.4, we can see that the optimal control u drives
the expected mean value of the PDF towards the mean values given by &, and £(t),
respectively; moreover, Figures 6.3 and 6.6 depict the given values of ¢ and the
expected value of the PDF with respect to time.

Next, we investigate the behavior of the optimal solution considering the full op-
timization setting, that is, the case when the L!-cost actively enters in the op-
timization process, i.e. > 0, and the control is constrained by the bounds
g = —10,up = 10 defining the set of admissible controls. For simplicity, we discuss
only the case with v = 1078,

In the Figures 6.7, 6.8, 6.9, we depict the optimal controls for three different
choices of values of v and considering the discrete-in-time tracking functional given
by (4.5). In the Figures 6.10, 6.11 and 6.12, we show the optimal controls for
three different choices of values of v and considering the continuous-in-time tracking
functional given by (4.6). In both cases, we can clearly see that when the value of
the parameter v is increased, the sparsity of the solution is significantly enhanced,
as expected.

Figures 6.13 and 6.14 depicts 10 sample paths of the JD process with respect
to time. We choose v = 0.1. The MC simulations are computed with the opti-
mal control @ in case of (4.5) and (4.6), together with the given {£,}F_, and £(t),
respectively.
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In the Tables 6.1 and 6.2, we also report values of the tracking error when both
the L?- and L'-costs are considered. For a direct comparison with the first series
of experiments, we consider an unconstrained control. We find that already with
a small value of v, the tracking ability of the optimization scheme worsen for both
choices the tracking functional.

6.4 Summary and remarks

In this chapter we addressed the numerical resolution of the optimization prob-
lems defined and investigated on a continuous level in Chapter 4. We focused on
the optimize-before-discretized approach, showing its advantages in the considered
problem. In Section 6.1 we introduced some theoretical results needed for the defi-
nition of our proximal optimization scheme. A convergence result was included. In
the last section 6.3 we tested the proposed method. In the first series of experiments,
we considered a smooth functional (i.e. no L'-term was added). As expected, the
tracking error improved as the value of the L2-weight parameter became smaller. In
the second series of experiments, we considered the case when the L'-cost actively
enters in the optimization process. By numerical inspection we clearly saw that the
sparsity of the solution was enhanced.
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Figure 6.1: State variable in the case of the discrete-in-time tracking functional

defined in (4.5), with v = 0.

Figure 6.2: Adjoint variable in case of the discrete-in-time tracking functional defined

in (4.5), with v = 0.
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25

Figure 6.3: Expected value of the state equation (solid line) and given values for
¢ (stars) with respect to time ¢ € [0,7] of the discrete-in-time tracking functional

defined in (4.5), with v = 0.

Figure 6.4: State variable in the case of the continuous-in-time tracking functional

defined in (4.6), with v = 0.
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Figure 6.5: Adjoint variable in case of the continuous-in-time tracking functional

defined in (4.6), with v = 0.

Figure 6.6: Expected value of the state equation (solid line) and given values for £
(stars) with respect to time ¢ € [0, 7] of the continuous-in-time tracking functional

defined in (4.6), with v = 0.
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Figure 6.7: Optimal control with v = 0.1 and tracking objective given by (4.5).
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Figure 6.8: Optimal control with v = 0.2 and tracking objective given by (4.5).
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Figure 6.9: Optimal control with v = 0.4 and tracking objective given by (4.5).
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Figure 6.10: Optimal control with v = 0.1 and tracking objective given by (4.6).
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Figure 6.11: Optimal control with v = 0.2 and tracking objective given by (4.6).
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Figure 6.12: Optimal control with v = 0.4 and tracking objective given by (4.6).
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Figure 6.13: Monte Carlo paths (line) of the JD process (3.1) with the optimal

control @ in case of cost functional given by (4.5) and given &, ...{x (black points).

0 01 0.2 03 04 05 06 07 08 09 1

Figure 6.14: Monte Carlo paths (line) of the JD process (3.1) with the optimal

control @ in case of cost functional given by (4.6) and given £(¢) (black stars).
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Table 6.1: Tracking error of the discrete-in-time functional D(f) given by (4.5).

813-1077 107 0
1.17-107* 107 0
1.50-107* 107* 0
2.47-107% 10719 1074
851-107° 107¢ 1074

1.68-107* 10™* 10~

Table 6.2: Tracking error of the continuous-in-time functional D(f) given by (4.6).

D(f) v v

7.00-107% 1071 0

7.00-107* 10°¢ 0
852-107* 107* 0
1.30-107% 107 10°*
1.31-107% 107¢ 107

1.48-107% 107* 10°¢
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Chapter 7

Conclusion

In this thesis, infinite-dimensional optimal control problems with constraints given
by PIDE FP problems related to JD processes were investigated.

At the beginning of this thesis, we introduced the class of jump processes given
by Lévy processes and we investigated stochastic initial value problems governed by
such processes. Existing theorems on existence and uniqueness of solutions, as well
as numerical methods for SDEs, were presented. We focused on the EM method,
which allowed us to compute a MC empirical PDF of a JD process. However, since
the rate of convergence of MC methods is quite slow, we computed the PDF of a
JD process by analytically deriving the FP equation. This equation takes the form
of a PIDE and it governs the time evolution of the PDF of a stochastic process. In
this thesis, we derived the FP equation in two cases, where a process has range in
the whole space R? and where its dynamics is limited to a bounded domain with
reflecting barriers, respectively.

The FP equation, endowed with initial and boundary conditions, gives rise to FP
problems. The solvability of these problems was discussed in suitable functional
spaces. Moreover, we provided a priori estimates for their solutions.

Since closed-form solutions of FP problems are often not available, one has to
resort to numerical methods. We addressed this issue by constructing two schemes,
namely SIMEX1 and SIMEX2. Our schemes combined the CC method for spatial
discretization with the SM splitting and first- and second- order time discretization
methods. We chose the Euler method and a predictor-corrector scheme. A full
numerical and stability analysis was carried out. Moreover, it was shown that the
SIMEX schemes are also conservative, in the sense that the numerical solution to
the FP problem satisfies the properties of the PDF of a JD process, namely the
positivity and the mass conservation.

Our stable and convergent numerical SIMEX methods allowed us to numerically
address optimal control problems with a differential constraint given by the FP
problem. First, we defined and investigated the infinite-dimensional optimal control
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problems of interest. We considered tracking objectives with the aim of steering
the mean value of JD processes towards a known sequence of values. Two different
cost functionals were investigated, continuous-in-time and discrete-in-time, respec-
tively. In our formulation, the control variable entered the state equation in the
drift coefficient of the FP PIDE, making the optimization problem nonconvex. An
L'-penalization term was added to the cost functionals, with the aim of enhancing
the sparsity of the optimal solution; this term made the problem nonsmooth. We
were able to prove the existence of at least an optimal solution. By exploiting the
additive structure of the cost functionals and considering on the subgradient of the
nonsmooth term, we derived the first order-optimality system in the Lagrangian
framework. We numerically addressed the nonconvex and nonsmooth FP problem
by applying a proximal method.
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7

Appendix A

MATLAB code

This work is completed with a CD-ROM containing the MATLAB codes used
throughout the present doctoral thesis.

Listing A.1 contains the code for numerically solving the JD process (2.34) with
the EM method defined in (2.35) and computing the empirical PDF of (2.34). The
SDE, the space and time range and the time grid are given. The output consists
of a sample path of (2.34), whose values are specified in the time grid points. This
allows to compute the empirical PDF of (2.34), as outlined in Section 2.4.

Listing A.1: Numerical solution of a SDE with the EM method and computation of
the empirical PDF

close all, clear vars, clc, format long, clf

LB = —50; % lower bound of the space domain
UB = 50; % upper bound of the space domain
T=1; % final time

NT = 500; % # intervals in the time grid
lambda = 5; % jump rate

mu_jumps = 0; % jump mean

sigma_jumps = 3; % jump variance

dt = T / NT; % mesh size

time array = 0 : dt :T—dt;

n_MCruns = leb; % # Monte Carlo runs

109



13

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

9% Monte Carlo runs

waitbar  MC = waitbar (0, Monte Carlo runs’);

for k = 1:n_MCruns % for each run, W and P are simulated
timeArray = dt : dt : T;
Xiniz = 0; Xtemp = Xiniz; Xvalues = zeros(1,NT);
waitbar (k / n_ MCruns)
% 1 simulating the Brownian and Poisson increments
dW = sqrt(dt) * randn (1, NT);
nJumps = poissrnd (lambdax*(T)); % number of jumps in the interval

[0, T]

nJumps = poissrnd (lambdax*(T)) % number of jumps in the interval
T]

if nJumps>0
jumpTimes = sort ( unifrnd (0, T, 1, nJumps) ) % sorted array

containing the jump times

jumpAmplitudes = normrnd (mu_jumps, sigma jumps, 1, nJumps)
for cont jumps = 1 : nJumps
B(cont jumps,:) = jumpAmplitudes(cont jumps) * stepfun

timeArray , jumpTimes(cont jumps));
end
B = cumsum(B,1);
PoisProc = B(nJumps,:) ;
else
PoisProc = zeros(1,NT);
end
% 2 Euler—Maruyama method
Pinc = PoisProc(1);
for j = 1:NT

if j>1
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41

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

59

60

61

62

63

64

65

66

67

68

69

Pinc = PoisProc(j) — PoisProc(j—1) ; break;
end
Xtemp = Xtemp + b _drift (Xtemp) * dt + sigma diff (Xtemp) x dW(j)
+ Pinc;
% Reflecting boundary condition
while (Xtemp < LB || Xtemp > UB)
Xtemp = (2¥UB — Xtemp) * (Xtemp > UB) +
(2«+LB — Xtemp) * (Xtemp < LB);
end
Xvalues(j) = Xtemp;

end

timeArray = [0, timeArray];

Xvalues = [Xiniz, Xvalues];

figure (1)
plot (timeArray, Xvalues, 'LineWidth’ ,1.6)
Y%axis ([0 T —10 10])

hold on

end

close (waitbar  MC)

%% Empirical PDF

delta hist = (UB-LB)/nHist; % — width of the "histograms" of the x—axis

% The x—values of the Monte Carlo pdf are centered in the nHist
intervals

% between LB and UB:

x_mc_pdf = LB + delta hist/2 : delta hist : UB — delta_ hist /2; % length
(x_pdf) nHist

% Cycle over the number of intervals

% (the number of values of x falling in the current interval is stored
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70 % y_ pdf, which contains the height of the "histograms")

n y_mc_pdf = zeros (1, nHist); % length(y_ pdf) = length (x_ pdf)

72 Xvalues = sort (Xvalues);
73 X_cont = 1;
72 waitbar hist = waitbar (0, Cycle over the number of histograms’);

75 for y_cont = 1l:nHist % y pdf has to be filled
76 waitbar (y_cont / nHist)
77 while x cont<=n_ MCruns && ( Xvalues(x cont) <= (x_mc_pdf(y cont) +

delta hist /2))

78 y_mec_pdf(y_cont) =y mc_ pdf(y cont) + 1;
79 x_cont = x_cont+1;

80 end

81 end

s2 close(waitbar hist)

83 % Normalization (the integral of the MC PDF over the domain has to be
1):

s« y me pdf =y mc pdf ./ ( sum(y_mc_pdf).xdelta hist );

85 % Now, x pdf and y pdf contain, respectively , the midpoints and the
heights

86 % of the "histograms" needed for the Monte Carlo PDF

87

g8 %% Truncated normal

so function [y] = trunc_norm(mu, sigma, a, b)

90 pb = normedf( (b — mu) / sigma );

o1 pa = normcdf( (a — mu) / sigma );

92 diff val = pb — pa;

93 y = mu + sigma x norminv(diff val * rand + pa);
94 end

95

o6 %% Drift coefficient

o7 function y = b_drift(x)
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end

y = — 4.xx

%% Diffusion coefficient

function y = sigma_diff(x)

end

y =1+ x.%x0;
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Listing A.2 contains the code for numerically solving the FP problem (5.5) related
to (5.1), according to the SIMEX2 scheme outlined in (5.22).

Listing A.2: Numerical solution of the FP equation with the SIMEX2 scheme
9% Initial data
LB = —20; % lower bound of the space domain
UB = 50; % upper bound of the space domain
NX = 20; % #intervals in the space grid
T=1; % final time
NT = 400; % #of intervals in the time grid
% Rate and parameter distribution of the jumps
lambda = 5;
mu_jumps = 3;
sigma_jumps = 10;
% Parameters of the Cauchy data
mu_f0 = 15;
sigma_ f0 = 3;
% Spatial mesh
dx = (UB-LB) / NX;
x =LB : dx : UB; % NX + 1
% Temporal mesh
dt = T / NT;
% Numerical solution
f num = zeros(NX + 1, NT + 1);
% Initial condition

f num(:,1) = f0(x, mu_ {0, sigma_ f0);

%% Numerical solution of the PDF

M ode = matrix_ cc(dx, x);

% G matrix needed for the integral in FP equation
G = zeros (NX+1,NX+1);

for j=1:NX+1
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for k=1:NX+1
G(j,k) = normpdf(x(j)—x(k), mu_jumps, sigma_jumps) +
normpdf (2+«LB —x(j)—x(k), mu_jumps, sigma_ jumps) +
normpdf(2+UB —x(j)—x(k), mu_jumps, sigma jumps);
end
end
for cont col =1 : NX+1
G(:,cont_col) = G(:,cont_col) ./ (sum(G(:,cont_col)));
end
G = lambda * ( G — eye(NX+1) );
% Cycle over the time steps
for n =1 : NT
waitbar (n / NT)
% 1st step : dt dt scheme/2
f mid = solve_ode pc(dt*0.5, f num(:,n), M_ode);
% 2nd step: integral part (trapezoidal rule)
f star = solve ode pc(dt, f mid, G);
% 3rd step : Chang Cooper with dt dt scheme/2
f new = solve ode pc(dt*0.5, f star, M _ode) ;
% The numerical solution at time (n+1) is stored
f num(:,n+1) = f new’;

end

%% Function B(x,t)
function y = B(x)
y = 1+1.xx;

end

%% Function C(x,t)
function y = C(x)
y =3 + x.%0;

end
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%% Function f0(x) (initial condition)
function y = fO0(x,mu f, sigma f)
y = normpdf(x,mu_f,sigma f);

end

%% Chang—Cooper matrix

% Calculate the matrix of the Chang—Cooper discretization of the
% differential operator

function [M| = matrix cc(dx, x)

w= dx .x B(x) ./ C(x) ;

delta _cc =w .x 0; % initialization delta chang chooper

exp w =0 .*x w; % initialization exponential of w
id w_big = ( w> 700 ); % indexes where w is very big, and its exp

would explode
exp w(id w_big) = exp(700); % where w is too big, we set w—exp(700)
id w_small =~ ( id_w_big ); % w is "ok" where it ’s not too big
exp_w(id w_small) = exp(w(id_w_small)); % where w is "ok", its exp can

be computed

id w 0= (abs(w) < 1e—10); % indexes where w is close to zero
id_w_mnon_null =7 (id_w_0 ); % where w is not too close to zero
delta _cc(id w _0) = 0.5; % where w is null, delta — 1/2
delta _cc(id_w_mnon null) =1 ./ w(id _w_non_null) — 1 ./ (exp w(
id_w_non null) — 1);

% where w is far from zero, delta can be computed
% Mian diag
bound cond left = — C( x(1)+dx/2 ) / (dx"2) +

B( x(1)+dx/2 ) * delta_cc(1) / dx; % paper
bound cond right = (—1/dx) % B( x(end)—dx/2 ) / (1—1/exp_w(end—1));
Btilda = — ( ( C( x(2:end—1)+dx/2 ) + C( x(2:end—1)—dx/2) )/dx +...

delta _cc(2:end—1) .x B(x(2:end—1)+dx/2)
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— (1 — delta_cc(l:end—2))

)/ dx;

Btilda = [ bound cond left,

Atilda = (

Ctilda = (

M = diag(Btilda

end

C( x

%% ODE

% Predictor corrector scheme

approximation

(
(
x(2:end) — dx/2 )
(2
)

Btilda ,

C(
B( x(l:end—1) + dx/2 )
B(

to

solve

x(l:end—1) + dx/2 ) / dx +

.+ B(x(2

cend) — dx/2 ) / dx ) / dx;

rend—1)—dx/2) ...

bound cond right] ;

.k (1— delta_cc(liend—1) ) ) /dx;

% delta cc(2:end) —

+ diag(Atilda, +1) + diag(Ctilda,—1);

the ODE containing the

function [f_ succ] = solve ode pc(deltat ,

end

f succ = ( eye(length(f prec)) + deltat * M_ode + (deltat)"~2 * (

M ode~2) ) = f prec;
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Listing A.3 shows the proximal algorithm for solving (4.8), which provides the
optimal control 4. The inputs are the FP parameters of (5.5), the time and space
parameters, the initial guess ug, and the tolerance tol.

Listing A.3: Proximal algorithm
function [u] =...

calc_min_proximal (jmax, dx, x, NX, NT, dt, t, f iniz, G, u, Nxi, xi,

time index jumps, tol, T)

global low

global up

global beta L1

global nu

p_final = 0 .x x; % terminal value of the adjoint equation

uold = u;

=1

J _current = zeros(1,jmax); % storage of the values of the reduced
functional

norm_grad J = zeros(1l,jmax); % storage of the values of the norm of the
reduced gradient

9%Parameters of the optimization algorithm

eta = 1.5; % multiplication factor for the constant L
par2 0.2; % inertial factor

c2 = le—3;
L = cale_L(dx, x, NX, NT, dt, t, f iniz, G, u, xi, Nxi,
time index jumps, T);
while j <= jmax
disp ([ "Current iteration : 7, num2str(j)])
% Compute the gradient in u_j (NB: f and p depend on ul!)
% 2.1 : Compute the state f j (Fokker—Planck equation)
f current = solve FP(dx, x, NX, NT, dt, t, { iniz, G, u);
% 2.2 : Compute the adjoint p j (adjoint equation)

jumps p = calc_jumps p(Nxi, x, f current, time index jumps, dx, xi)
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[p_current| = solve adjoint(t, dx, x, NX, NT, dt, p_ final, G, u,
jumps p, time index jumps, Nxi);

% 2.3 : Compute the reduced gradient

grad J current = calc_grad J(x, t, dx, dt, f current, p_ current, u,
nu, time index jumps, Nxi, jumps p);

norm_grad J(j) = sqrt ( dt % sum(grad J current.”2) ); % needed
only for the plot

J _current(j) = cale_J(x, f_ current, xi, dx, u, nu,
time index jumps, Nxi, dt); % needed for the update of u

disp (’Value of the functional’)

disp (J_current (j))

% Compute of the first u_tilde (out of the cycle for computing L)

% 1 (out of 2) : Compute u_tilde

u_tilde = u — 1/L % grad J current + par2 * (u — uold);

u_tilde = prox(u_tilde, L); % proximal step

u_tilde = max(u_tilde,low); % lst box constraint
u_tilde = min(u_tilde ,up); % 2nd box constraint

f tilde = solve FP(dx, x, NX, NT, dt, t, f iniz, G, u_tilde); %
needed for J tilde
% 2 (out of 2) : Compute J tilde (u_tilde and f tilde are needed!)
J tilde = calec_J(x, f_ tilde, xi, dx, u_tilde, nu, time index jumps
, Nxi, dt);
right hand side = J current +
dot( grad J current, u_tilde — u ) x dt +
0.5 * L x calc_int_ f( (u_tilde — u).~2, dt );
while (J_ tilde — right hand side) > le—4
L = eta x L;
% Compute the new u_tilde
u_tilde = u — 1./L % grad J current + par2«(u — uold);
u_tilde = prox(u_tilde, L);
u_tilde = max(u_tilde, low);

u_tilde = min(u_tilde, up);
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f tilde = solve FP(dx, x, NX, NT, dt, t, f iniz, G, u_tilde); %
needed for J tilde
% Compute J tilde (u_tilde and f tilde are needed!)
J tilde = calc_J(x, f_ tilde, xi, dx, u_tilde, nu,
time index jumps, Nxi, dt);
right hand side = J current +
dot( grad J current, u_tilde — u ) x dt +...
0.5 * L % calc_int_ f( (u_tilde — u).”2, dt );
end
Lt = ( L+ 2%c2 ) / (1 — par2 ); % update of the constant
uoldtemp = u; % storage of the old u (needed for the update)
% Update of u : 1st step (gradient step + inertial step)
u=mu-— 1./Lt * grad J current + par2 % (u — uold);
uold = uoldtemp;
% Update of u : 2nd step (proximal map + box constraints)
u = prox(u, Lt);
u = max(u, low);
u = min(u, up);
[f check] = solve FP(dx, x, NX, NT, dt, t, f iniz, G, u);
[jumps p check]| = cale jumps p(Nxi, x, f check, time index jumps,
dx, xi);
[p_check] = solve adjoint(t, dx, x, NX, NT, dt, p_ final, G, u,
jumps p_ check, time index jumps, Nxi);
grad check = calc_grad J(x, t, dx, dt, f check, p_ check, u, nu,
time index jumps, Nxi, jumps p check);
mu_optsyst = — grad check;
stopping criteria = u — max( 0, u + mu_optsyst — beta L1 )...
— min( 0, u + mu_optsyst + beta L1 )...
+ max( 0, u — beta Ll + mu_optsyst — up )...
+ min( 0, u + beta L1 + mu_optsyst — low);
norm _stopping criteria = sqrt( dt % sum(stopping criteria.”2) ;

if norm stopping criteria < tol
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end

end

—.
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break

o+ 1
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Listing A.4 shows the initial guess of the Lipschitz constant of V.7;(u) defined in
(6.4) and used in Listing A.3.

Listing A.4: Initial guess of the Lipschitz constant of the gradient V.7, (u)
function [L] = cale L(dx, x, NX, NT, dt, t, f iniz, G, u, xi, Nxi,

time index jumps, T)

global nu

f mid = solve FP(dx, x, NX, NT, dt, t, f iniz, G, u);

J mid = cale J(x, f mid, xi, dx, u, nu, time index jumps, Nxi, dt);

epsL = 10;

norm_epsL = epsL x sqrt(T);

u_plus = u + epsL;

f plus = solve FP(dx, x, NX, NT, dt, t, f iniz, G, u_plus);

J plus = cale_J(x, f plus, xi, dx, u, nu, time index jumps, Nxi, dt);
u_minus = u — epsL;

f minus = solve FP(dx, x, NX, NT, dt, t, f iniz, G, u_minus);

J minus = cale_J(x, f minus, xi, dx, u_minus, nu, time index jumps, Nxi

, dt);

norm_plus = sqrt( dt % sum( ( J mid — J plus ).”2 ) );

norm_minus = sqrt( dt x sum( ( J mid — J minus).”2 ) );

L = min(norm plus,norm minus) / norm epsL;

end
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Listing A.5 shows how the proximal step in Listing A.3 is performed.

Listing A.5: Proximal step in Listing A.3
function [L] = cale L(dx, x, NX, NT, dt, t, f iniz, G, u, xi, Nxi,

time index jumps, T)

global nu

f mid = solve FP(dx, x, NX, NT, dt, t, f_ iniz, G, u);

J mid = cale_J(x, f mid, xi, dx, u, nu, time index jumps, Nxi, dt);

epsL = 10;

norm_epsL = epsL x sqrt(T);

u_plus = u + epsL;
f plus = solve FP(dx, x, NX, NT, dt, t, f iniz, G, u_plus);

J plus = cale_J(x, f plus, xi, dx, u, nu, time_ index jumps, Nxi, dt);

u_minus = u — epsL;

f minus = solve FP(dx, x, NX, NT, dt, t, f iniz, G, u_minus);

J minus = cale_J(x, f minus, xi, dx, u_minus, nu, time index jumps, Nxi
, dt);

norm_plus = sqrt( dt % sum( ( J mid — J plus ).72 ) );

norm_minus = sqrt( dt % sum( ( J mid — J minus).”2 ) );

L = min(norm plus,norm minus) / norm epsL;

end
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