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Chapter 1

Introduction

One of the most significant technological advances in history was driven by

the utilization of a new material class: semiconductors. The earliest study of

a semiconductor, the increase of conductance with temperature, goes back to

Faraday in 1833. Progress in this field remained slow until the development

of the band theory of solids by Wilson in 1931 [1], explaining the electronic

states in a crystal, thus laying the theoretical groundwork for the understanding

of the behavior of semiconductors. This led to the division of solids into

three classes, metals and insulators which were already known and semicon-

ductors, a new class of which the resistance and band gap is between that

of an insulator and metal. The applications of semiconductors are manifold:

transistors, diodes, LEDs and in thermoelectrics. New physics was observed

as well, like the Quantum-Hall-Effect [2]. The technological advance in the

semiconductor industry, however, is about to slow down. Making transistors

ever smaller to increase the performance and trying to reduce and deal with

the dissipative heat will soon reach the limits dictated by quantum mechanics

with Moore himself, predicting [3] the death of his famous law in the next decade.

A possible successor for semiconductor transistors is the recently discovered

material class of topological insulators [4–6], an addition to the three already

known classes. A material which in its bulk is insulating but has topological

protected metallic surface states or edge states at its boundary. These states

originate from the nontrivial band structure, because its band inversion has to

be lifted at the transition to a trivial band structure, and are protected by time
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reversal symmetry. Their electrical transport characteristics include forbidden

backscattering [4] and spin-momentum-locking [4, 6] with the spin of the electron

being perpendicular to its momentum.

Topological insulators therefore offer an opportunity for high performance

devices with low dissipation, and applications in spintronic where data is stored

and processed at the same point. Additionally the majorana fermion is predicted

at a superconductor to topological insulator interface [7]. A pair of bound

and spatially separated majorana fermions, which posses non-Abelian exchange

statistics would be a possible realization of a Quantum-Bit [8], providing another

possibility to speed up certain computations.

Topological insulators offer interesting new physics as well and are predicted

to host new phenomena. In the most developed topological insulator material,

HgTe [9], the Quantum-Spin-Hall-Effect [4, 10] with two counter-propagating

spin polarized edge channels, has already been shown by the group led by

Molenkamp [11]. Another topological insulator material, magnetically doped

(Bi1−xSbx)2Te3, displays the Quantum-Anomalous-Hall-Effect [12], combining

ferromagnetism with a topological insulator resulting in quantized conductance

at zero external magnetic field. Also the existence of magnetic monopoles, until

now unknown in nature, has been proposed in topological insulators [13].

There are several topological insulator materials with new ones still being

discovered. The compounds Bi2Se3, Bi2Te3 and Sb2Te3 [14] offer relatively high

energy band gaps, up to 0.3 eV in Bi2Se3, and a rather simple band structure

with a single dirac cone at the gamma point of the Brillouin zone. Furthermore,

unlike for example Bi1−xSbx [15], they are stoichiometric compounds and in

principle no complicated methods, like introducing strain, pressure or accurately

controlling the composition, are needed to make them work.

While there certainly already is a lot of progress in the field and technological

advance is fast in our time topological insulators are still in the state of basic

research. Their development is in progress for only a decade. For semiconductors

it took almost a century from their discovery till their application. The expecta-

tions are already high, as indicated by over 5000 publications about topological

insulators since 2005, but extensive research still needs to be done.

The existence of the surface state in Bi2Se3 and related materials was already

8



shown in spectroscopy measurements [16, 17]. The goal of this work is to

search in these materials for evidence of the surface state in electrical transport

experiments and explore its physics. As necessary requirements, the transport

properties have to improved and knowledge about the transport behavior has to

be gained. The main obstacle is the parasite high bulk doping, which dominates

the electrical transport.

The theoretical background for understanding the new class of topological in-

sulators and what makes a system a topological insulator will be given in the

following chapter, along with a closer look at Bi2Se3 and related materials. Also

the proof of the existence of a surface state in these materials by spectroscopy in

literature is briefly reviewed.

The focus in chapter three is on the transport experiments done in this work.

First the carrier density is examined in a one and two carrier model and ways to

reduce the densities are investigated. The observed features in the magnetoresis-

tance, namely linear magnetoresistance, weak anti-localization and Shubnikov-de

Haas oscillations are discussed and analyzed in respect to their possible origin,

the topological surface state or bulk carriers.

The most significant discoveries of this thesis are presented in chapter four and

five, where the possibilities of magnetic doping with Cr and V are explored. As

it turns out by doping with Cr or V, even in thin layers, out-of-plane ferromag-

netism can be realized as confirmed by SQUID-measurements. This leads to a

large anomalous Hall effect which can be amplified by tuning the growth and

composition of the material. This leads to the Quantum-Anomalous-Hall-Effect,

edge channel transport with quantized conductance at zero external magnetic

field, which is realized and studied [18]. Finally, by studying the flow diagram

of this state, the realization of the “axion insulator” is proven for the first time.

This demonstrates the proposed existence of a new term in Maxwell’s equations

stemming from the magnetic monopole [13].

At the end of the thesis a summary will be given in English as well as in German.

9





Chapter 2

Topological Insulators

In this chapter first a general overview of the theory of topological insulators

(TIs), and subsequently with a focus on Bi2Se3 and related compounds is given.

Following that, evidence from the literature for the existence of a topological

surface state with a linear dispersion found in these materials is shown.

2.1 Theoretical background

Topological insulators are a new material class. It is defined by a band gap in the

bulk, like an insulator, but with the addition of a metallic state on its boundary,

protected by time reversal symmetry, with a linear dispersion relation. They

exist as two-dimensional (2D) systems, e.g. HgTe quantum wells with topological

states on the edge, and as three dimensional (3D) systems, e.g. Bi2Se3 or strained

HgTe, with states on the surface. These states are a consequence of the nontrivial

topology of the bandstructure of the material which, at its boundary, has to be

changed to a trivial one.

2.1.1 Topology of the band structure

Topology as a description for the band structure of a material was first introduced

for the Quantum-Hall-Effect (QHE) [19]. In a sufficiently strong magnetic field

the carriers of a two dimensional electron gas (2-DEG) form one dimensional (1D)

chiral channels at the edges, while all the other carriers localize. The number of

edge channels n and the quantized value of the Hall conductivity σxy = ne2

~ can
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be expressed by the Chern number n ∈ Z [19, 20]. The value of this number

follows from topological constraints to the electron wave function which, in this

case, are given by the magnetic field.

Similarly, as proposed by Kane [5], the topology of the band structure of an in-

sulator can be described by a Z2 topological invariant for time-reversal invariant

systems. A Z2 invariant only has two possible values. The first on is 0, which in

this case resemble a trivial insulator and the second one is 1, a TI with edge or

surface states. A demonstrative way to explain this classification is to start with

an insulator with a band gap. The Fermi energy lies inside the band gap and at

the boundary of the insulator there may or may not be states existing in the gap.

Two kind of symmetries have to be considered. First, the time reversal symme-

try under which ~k is odd and E is even. Therefore it is sufficient to consider

only positive k-values, since E(~k) = E(−~k). Second, the translational symme-

try which maps ~k to ~k + ~K, with the reciprocal lattice vector ~K, and therefore

E(~k) = E(~k+ ~K). By combining both symmetries some special points in the Bril-

louin zone can be mapped onto themselves: the so called time-reversal invariant

momenta (TRIM) Γi. As a consequence the TRIM have to be two-fold dege-

nerate, usually the degeneracy between spin-up and spin-down electrons. Away

from these special points the degeneracy can be lifted. At the 1D boundary of a

2D system there are two TRIM and there are two differing cases, as displayed in

fig. 2.1. Either the states in the gap cross the Fermi energy an even amount of

times, including zero and no states in the gap, or an odd amount of times. By a

smooth transformation of the Hamiltonian the states in the gap can be pushed

away from the Fermi energy, but the number of crossings can only change by two

at a time. Therefore, by a smooth transformation, an even amount of crossings

can be reduced to zero: the states are not protected against perturbations and

will easily localize. An odd amount of crossings on the other hand cannot be re-

duced to zero. There is always a single remaining state protected by time reversal

symmetry, the edge or surface state. These two cases differ in their topology of

the band structure and the number of crossings n can be used to determine the

topological Z2 invariant ν:

ν = n mod 2 . (2.1)

In three dimensions there are in total four Z2 invariants, ν0; (ν1ν2ν3) [6], but only

12
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the first one makes the distinction for a TI. In principle for every surface every

connection between two of the now four TRIM can be visualized as the left or

right side of fig. 2.1. As a result there are now either an even or an odd number

of TRIM, also denoted as Dirac points, topologically protected enclosed by the

Fermi surface arcs. The invariant ν0 now defines the number of Dirac points

of the surface which are enclosed by the Fermi surface arcs. For ν0 = 0 every

surface has an even number, 0, 2, or 4, of Dirac points enclosed and, similar to

the two dimensional case, changes by two are possible. There is no topological

protection. If ν0 = 1 every surface has an odd number, 1 or 3, of Dirac points

enclosed by the Fermi surface arcs and the state is topologically protected, like

in the schematic in fig. 2.2 resulting in the also shown Dirac cone.

2.1.2 Determination of topological insulator materials

Now that the classification of TIs is established it is important to identify

a material as a trivial or as a topological insulator. In inversion symmetric

crystals there is a relatively simple criterion by which the distinction can be

made. Namely the inversion of the valence and conduction band, with different

parities, at one gamma point [6, 9, 21]. The former conduction band becomes

a valence band and the former valence band is now the conduction band. This

band inversion is a change of the topology of the band structure, it cannot be

undone by a smooth transformation of the Hamiltonian. At the boundary to a

material with a trivial band structure the inversion has to be lifted. The result

is an additional Dirac point enclosed by the Fermi surface arc and therefore,

as previously explained, a change in the Z2 invariant. By examining the

parity eigenvalue ξ of all occupied bands m at all gamma points in a inversion

symmetric crystal the Z2 invariant ν can be calculated as [21]:

(−1)ν =
∏

δi , (2.2)

with

δi =
N∏
m=1

ξ2m(Γi) , (2.3)

where it is only necessary to examine ξ2m, because the bands 2m and 2m − 1

share the same parity eigenvalue as they are Kramers degenerate partners.

14
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2.1.3 The topological insulators Bi2Se3, Bi2Te3 and

Sb2Te3

To actually identify topological insulator materials one now needs to find an

inversion symmetric crystal where the valence and conduction band have opposite

parity and a band inversion occurs. A prominent mechanism for band inversion is

strong spin-orbit coupling (SOC). The strength of SOC, ESOC , is correlated to the

nuclear charge Z, with ESOC ∝ Z4, therefore heavy atom materials like Bi2Se3,

Bi2Te3, Sb2Se3 and Sb2Te3, which are inversion symmetric crystals and where

valence and conduction band have different parity, are promising candidates, as

suggested by Zhang [14].

Fig. 2.3: On the left side a schematic of the band inversion at the Γ-point in
Bi2Se3 taken from Zhang [14] is shown. Displayed is, starting from the atomic
p-orbitals, the evolution of the energy of the bands at the Fermi energy by turning
on chemical bonding (I), crystal-field splitting (II), and SOC (III), which leads to
the band inversion of two bands with different parities, namely P2−z and P1+z . On
the right side the bulk band structure obtained from ab initio calculations by Liu
[22] is shown.

In his paper he did a parity analysis of the highest eight occupied bands and found

that by turning on the SOC the product of the parities changes at one gamma

point, a consequence of the band inversion displayed in fig. 2.3, for Bi2Se3. Under

the likely assumption that the lower bands remain occupied one δi in eq. 2.3

changes sign and with eq. 2.2 the Z2 invariant ν and therefore the topolgical

phase changes. In Bi2Te3 and Sb2Te3 the parity of the occupied bands changes as

well, only for Sb2Se3, the material with the lightest atoms and therefore weakest

SOC, it remains unchanged. The conclusion is, that the strong SOC leads to a

15
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Fig. 2.4: The figure is taken from Zhang [14]. In a) the crystal structure for
Bi2Se3, with the three primitive lattice vectors t1, t2, t3 and a quintuple layer
marked by a red square, is displayed. Part b) shows a top view of the hexagonal
lattice structure with the three different positions A, B and C and c) a side view
displaying the stapling order of these positions.

band inversion at the gamma point and, since the material without SOC can be

assumed to be a trivial insulator, makes Bi2Se3, Bi2Te3 and Sb2Te3 topological

insulators.

Bi2Se3 and the related materials have a rhombohedral crystal structure with the

space group D5
3d R3̄m and five atoms per unit cell. The atoms form a layered

structure with five atomic layers making up a so called quintuple layer with a

height of approximately 1 nm, as seen in fig. 2.4. The order in such a layer is

Se-Bi-Se-Bi-Se and the bonds between these atoms are strong. In contrast the

bond between two quintuple layers, two Se atoms, is a van-der-Waals bond and

is therefore weak. The inversion symmetry of the crystal is given by the inversion

center at the Se-atom in the middle of the quintuple layer. For Bi2Te3 Se is

replaced by Te and for Sb2Te3 Bi and Se are replaced by Sb and Te respectively.

The crystal structure remains otherwise the same.

16



2.1. Theoretical background

2.1.4 Electrical transport in the topological surface state

What we want to observe is the electric transport of the surface state in these

materials. To get some knowledge about the expected behavior, the properties

of the topological surface state are examined.

As a prerequisite for achieving an odd number of crossings of the Fermi energy

in the gap the spin degeneracy has to be lifted for the surface state away from

the TRIM. Because the spin is odd under time reversal, the present time-reversal

symmetry demands that two opposite points in k-space, ~k1 = -~k2, also have op-

posite spin. For the surface state the spin direction rotates by 2π around the

Dirac-point, as depicted in fig. 2.2. This means that upon making a closed cycle

around the Dirac point the acquired phase of the state will be only π since the

spin of an electron requires a 4π rotation to acquire a phase factor of 2π. For

a time-reversal system the allowed values of the acquired phase are only 0 or π,

otherwise two time-reversed paths would differ. Therefore smooth changes of the

acquired phase for a closed path are not allowed and the value is the same for

every closed path. This phase factor is called the Berry phase and is the cause

of destructive interference for backscattering. This leads to the suppression of

backscattering and the inability of the electrons to localize even in the presence

of strong disorder a [23].

Under a strong magnetic field, as in a conventional 2-DEG, the topological sur-

face state will form edge channels and show the QHE. But in contrast to the

conventional 2-DEG the surface state shows the so called half-integer quantiza-

tion [21]:

σxy =

(
n+

1

2

)
e2

h
, with n ∈ N0 . (2.4)

This is a consequence of the existence of a zero filling factor for Dirac electrons

[24]. In the case for graphene this has been measured, but since in graphene

there are four Dirac-points half-integer quantization is measured four times and

a direct measurement of σxy = 1
2
e2

h
is not possible. For a 3D TI there are at

least two surfaces measured, the top and bottom one, again masking a direct

observation of the half-quantization. But as a consequence one can measure a

series of odd integer quantized levels σxy = (2n + 1) e
2

h
, as long as the difference

in carrier density for the two different surfaces can be neglected, like it was done

for the 3D TI strained HgTe [25].
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Before making these observations in Bi2Se3 and related materials the carrier den-

sity has to be in the regime where an observation of the QHE is possible. A rough

estimate of the expected carrier densities can be taken by considering ARPES me-

asurements on for example Bi2Se3 [26]. Here the Fermi energy lies about 300 meV

above the Dirac-point and about 100 meV above the minimum of the conduction

band. The linear dispersion of the Dirac-state is Esurface(k) = ~vFk with

vF = 5·105 m/s and the dispersion of the bulk state is Ebulk(k) = ~k2/(2m∗), with

m∗ = 0.12 me. This results in: nsurface = 6 · 1012 cm−2 and nbulk = 6 · 1018 cm−3.

For an in the bulk insulating topological insulator the Fermi energy has to lie

in the energy gap and the maximal distance to the Dirac-point would be about

200 meV resulting in a maximum carrier density of nsurface = 3 · 1012 cm−2.

2.2 Evidence of the topological surface states in

Bi2Se3 and related compounds

The first proposal of a TI [9] was swiftly realized in HgTe-quantum wells [11],

where the edge states of this two dimensional system were measured in electrical

transport experiments. The topological nature, with an insulating bulk, of this

material is therefore proven, but HgTe remains a challenging material. The hand-

ling of the toxic Hg which is in its liquid phase at room temperature is dangerous

and complicated and HgTe posses only a small band gap which is only opened

by strain or dimensional restrictions [9]. Therefore it is worthwhile to look for

alternatives to this already established material.

The proposal of Bi2Se3 and related compounds [14], previously only known for

their thermoelectric properties [27], as topological insulators generated extensive

interest in research. First crystals were swiftly synthesized and spectroscopic me-

asurements, to prove the existence of the surface state, were done.

The first observation of the surface state in these materials was made in an angle-

resolved photoemission spectroscopy experiment (ARPES) by Chen et al. [16]

on Bi2Te3, an example of an ARPES measurements is displayed in fig. 2.5.

The studied material is n-type and a state with a V-like shape connecting the

valence and conduction band is revealed. This observation was confirmed in fol-

lowing ARPES measurements, as well for Bi2Se3 [26, 30–32], but not for Sb2Te3.

Because Sb2Te3 is inherently p-doped [33], the Fermi energy is below the Dirac-

18
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Chapter 2. Topological Insulators

point, and only the occupied states can be measured with ARPES preventing an

observation of the surface state. Later on, the spin-polarization was shown as

well in spin-resolved ARPES measurements [28, 34, 35], as displayed in fig. 2.5.

Therefore the Dirac-like nature of the surface state, a linear dispersion and spin

polarization, is shown.

Another method to demonstrate the existence of a surface state is by scanning

tunneling spectroscopy (STS). By probing the energy dependence of the local

density of states at the surface with STS the existence of states in the gap with

an approximately linear dispersion was measured. By applying a magnetic field,

the Landau quantization of the energy levels of these states showing predicted

characteristics of the topologically surface state, unequally spaced levels and an

unmoving level at the Dirac-point, see fig. 2.6, was shown as well [17, 29, 36].

The existence of a Dirac-like surface state in these material therefore is proven,

but to conduct reliable electrical transport experiments on it, an insulating bulk

is needed as well. So far, many transport measurements showing features which

could be interpreted as signs of the surface state were published. Among other,

Shubnikov-de Haas oscillations [37–57], linear magnetoresistance [41, 58–67], the

ambipolar field effect [60, 68], weak anti-localization [50, 59, 62, 63, 69–75] and

spin-polarization [76] were reported in these materials, but always the considera-

ble contribution of the bulk makes the interpretation of the results ambiguous.
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Chapter 3

Transport Properties

Electrical transport experiments are a useful characterization method and essen-

tial for the development of new electronic devices. The exploration of the new

physics offered by the TI materials can only be realized if the surface and edge

states are accessible in transport, but so far, the remaining bulk conductance in

Bi2Se3 and related compounds makes a distinct observation of the surface state

in transport experiments impossible. Because of its simple band structure, the

biggest band gap and the Dirac-point lying in the band gap out of the three

compounds, Bi2Se3 was chosen as a starting point.

In the following chapter the growth of the material, the causes for imperfecti-

ons in the crystal, presumably leading to the bulk conductance, and attempts to

improve the crystal quality are described. Afterward results of transport mea-

surements conducted on these samples are presented and analyzed in a one or

two carrier model. The influence of an improved crystal quality on the carrier

density is investigated and further attempts to reduce the carrier density by

partially replacing Bi with Sb are described. The present features in the magne-

toresistance, weak anti-localization (WAL), linear magnetoresistance (LMR) and

Shubnikov-de Haas (SdH) oscillations are analyzed, focusing on the identification

of their origin, either from the bulk or the surface state, and are compared to the

literature.
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3.1 Unintentional doping

The fabrication of Bi2Se3 and related compounds is done by molecular beam epi-

taxy (MBE) in an ultrahigh-vacuum (10−9 mbar) chamber. Bi and Sb belong to

the group V elements, Se and Te belong to the group VI elements, therefore, in a

simple picture, the group V element acts a as donator of three electrons and the

group VI element as an acceptor of two electrons.

In principal, by MBE a high crystal quality can be achieved, but first the in-

dividual problems of the growth of the target material have to be solved. The

complex crystal structure, difference in vapor pressure of the involved materials

and van-der-Waals bonds between the quintuple layers make the growth of Bi2Se3

and related compounds difficult. These problems result in crystal imperfections

leading to unintentional doping of the material and scattering centers for the

carriers.

3.1.1 Possible doping effects

The most common crystal imperfections and doping effects for Bi2Se3 and possible

methods to reduce them are described in the following. These defects can also

apply to the other compounds Bi2Te3 and Sb2Te3, by replacing Se with Te and

Bi with Sb in the text. They are:

• Se vacancies, VSe, causing n-type doping [77–79]

• The antiside defect BiSe, where Bi occupies a Se position [80]

• Bi2-layer intercalation between the van-der-Waals bonds [80]

• Low crystal quality at the interface to the substrate [81]

• Rotational twins, forming domains which are rotated in respect to each

other by 180◦ [81, 82]

• Lamellar twins, meaning a change in the stacking order in growth direction

[83]

Some of the mentioned defects are displayed in fig. 3.1. To reduce their amount

and thereby improve crystal quality adjustments to the crystal growth have been

made.
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Fig. 3.1: Schematic drawing of the cross section of Bi2Se3 in the [100] direction.
On the left side a rotational twin and on the right side a lamellar twin and additi-
onally the defects VSe and BiSe are displayed.

An easy way to decrease the formation of VSe, BiSe and Bi2-layer intercalation is to

grow under high Se-flux conditions. Thus Se is always available for incorporation

and the probability of defects, where Se atoms are missing or are being replaced,

is diminished. Bi2Se3 is the Selenium richest Bi-Se compound and using a high

Se flux does not lead to other defects in the growth making it a suitable method.

The low crystal quality at the interface is likely a consequence of the van-der-

Waals bond connecting the layer with the substrate [81]. Due to the weak bond

the correct orientation is not distinctly favored in energy, and other orientations

are present as well. The same reasoning applies to the formation of rotational

twins. The crystal structure of the substrate is not completely conveyed to the

grown layer and two possible domain orientations, rotated by 180◦ to each other,

emerge. An enhancement of the transmission of the substrate structure is needed

and this can be provided by the use of a rough substrate. Usually a substrate

roughness is not wanted because it will result in a rough grown layer. But in this

case the frequent steps of the substrate height, due to the roughness, can form

covalent bonds with the growing layer and they as well as the steps themselves
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provide a distinct crystal orientation for the growing layer. This results in a

suppression of twinning and an increase of the crystal quality at the interface

[84]. A downside to this approach is the formation of translational domains,

because the step size of the substrate differs from the lattice constant of the

grown crystal in growth direction [84].

The formation of lamellar twins is not depended on the substrate, but on the

atomic interactions of the crystal and therefore can be regarded as an intrinsic

crystal feature [83].

By applying these measures the crystal quality of the grown Bi2Se3 was improved

as determined by XRD, AFM and TEM measurements [81, 83, 84].

3.2 Magnetoresistance

By measuring the magnetoresistance of materials one gains knowledge about their

electrical properties. For example from the Hall resistance one can extract the

carrier density, combined with the sheet resistance one can get the mobility, or

when observing oscillations in the resistance one gets the Fermi area. This in-

formation is useful to determine the electrical quality of the grown crystals and

to clarify its usefulness for further transport experiments looking for evidence of

the topological surface state. Since the goal is to explore the behavior of the sur-

face state the features in the magnetoresistance are analyzed in respect to their

possible origins.

For proper transport measurements a defined sample geometry, enabling the me-

asurement of the longitudinal and Hall voltage, is needed. Therefore samples

of the grown layers were prepared into a Hall bar geometry by standard optical

lithography. First the film is patterned, either by ion beam etching with argon

or by wet etching with a brom:ethylene glycol (1:200) solution. In principle wet

etching is less destructive than etching with an ion beam, but no qualitative diffe-

rence is seen in the electrical transport for the measured layers. Next the metallic

contacts, consisting of 50 nm AuGe, 5 nm Ti and 50 nm Au are deposited by

evaporation in an ultra-high-vacuum (UHV) chamber. The first layer of AuGe is

commonly used for contacting semiconductors like GaAs or InP [85], providing a

low contact resistance because of the diffusion of Ge, and works for the Bi2Se3-

layers as well. If required for the specific sample a topgate is made by growing an
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insulating layer by atomic layer deposition comprised of 20 nm AlOx and 1 nm

HfOx and forming a metal electrode of 5 nm Ti and 100 nm Au. The HfOx-layer

is necessary to protect the AlOx which would be etched by the chemicals used

for the optical lithography in the subsequent step. The insulator at the metal

contacts is then removed by etching with HF:H2O (1:200). An exemplary picture

of a processed sample is shown in the optical picture of fig. 3.2, consisting of two

Hall bars, a large and a small one with dimensions of 600 x 200 µm2 (length

x width) and 30 x 10 µm2 respectively and topgates. Afterward the sample is

glued into a chip carrier and the metal contacts of the sample are connected to

pads of the chip carrier by ultrasonic wire bonding. The chip carrier can then

be mounted into a sample stick suitable for measurements in a cryostat equipped

with a superconducting magnet.

The measurements were conducted at cryogenic temperatures at T = 4.2 K,

the temperature of liquid helium at atmospheric pressure, or lower. If not sta-

ted otherwise, the temperature was at T = 4.2 K. Depending on the setup, the

magnetoresistance was taken by applying a dc or an ac bias voltage and measu-

ring the voltage drop over a reference resistance, determining the current through

the sample, and over the desired contacts on the sample, as exemplary displayed

in the schematic part of fig. 3.2. For all layers there was no qualitatively dif-

ference between measurements on the small or large Hall bar. A distinction of

measurements on the small or large Hall bar is therefore not made.

3.2.1 Reducing the carrier density and the two carrier

model

The transport results on the first Bi2Se3-layers are dominated by bulk carriers

interfering with an observation of the surface state. Therefore the carrier density

has to be reduced. In the following an overview of the evolution of the transport

properties, with improving crystal quality, and an analysis of the obtained data

in the one and two carrier model are given.

The first Bi2Se3-layers in our group were grown on Si(111) and have a poor

crystal quality. When monitoring the resistance with decreasing the temperature

one observes an approximately linear decrease of the longitudinal resistance,

until saturation at about T = 20 K, as for example in fig. 3.3, resembling metallic

behavior. The decrease in resistance is caused by a decrease of phonon scattering
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as the temperature decreases. In contrast, for an intrinsic semiconductor an

exponential increase of the resistance, because of carrier freeze out, would be

expected.

The Hall resistance, ρxy, shows a linear increase with the magnetic field with a

slope RH = ∆ρxy/∆B over the whole range and the longitudinal resistance, ρxx,

changes by about 0.5%/T in an almost linear way. Additionally ρxx shows a cusp

for small magnetic fields, a feature that will be discussed later. An exemplary

measurement is shown in fig. 3.4.

Rref

Uref

Rref

Uxy Uxx

Ubias

500 µm

Ugate

Fig. 3.2: Optical picture of an Hall bar device with a topgate fabricated by
standard optical lithography and a scaling bar for reference in the upper right
corner. Added is a schematic of a dc measurement circuit.
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Fig. 3.3: Longitudinal resistivity of the same sample as in fig. 3.4 during cooling
at B = 0 T.

Fig. 3.4: Measurement on a Hall bar at T = 4.2 K showing ρxx (black) and ρxy
(blue) of a Bi2Se3-layer grown on Si(111) with a thickness of d = 70 nm. The red
dashed lines represent linear fits to the resistances. The Hall resistivity is linear
over the whole magnetic field range and the longitudinal resistivity is nearly linear
up from 1.5 T and around B = 0 T the longitudinal resistivity forms a cusp.
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The carrier density and mobility can be calculated by:

n =
1

q ·RH · d
, (3.1)

µ =
1

q · n · ρxx
, (3.2)

with the charge q of the carriers and the film thickness d. The carrier density

for these samples is around 1 · 1019 cm−3, n-type, and the resulting mobilities

lie around 200 cm2/Vs to 400 cm2/Vs. With thicknesses of around 100 nm the

2D density would be of the order of 1014 cm−2, too large for a surface state, see

for example section 2.1.4. Overall the transport behavior is similar to a highly

doped semiconductor. The goal is to improve the crystal quality to lower the

densities and get higher mobilities.

An increase in crystal quality was achieved and shown in publications from

our group [81, 84]. By switching the substrate from Si(111) to InP(111),

the lattice-mismatch of substrate to layer is decreased from 7.8 % to 0.16 %,

reducing the strain in the grown crystal and resulting in a decrease of the full

width at half maximum (FWHM) of the rocking curve to ∆ω ≈ 13arc sec [81].

The twinning was then suppressed by the use of a rough InP(111) substrate to

effectively transmit the 3D substrate structure to the Bi2Se3-layer [84]. Samples

with different thicknesses were grown and the Hall resistance deviates from a

linear behavior, thus at least two type of carriers significantly contribute to

the conductivity of the material. This goes along with a significant increase

in the longitudinal magnetoresistance, up to 10%/T for some samples. The

conductivities, σi, of the individual carrier types add up and in a magnetic field

and the longitudinal, σxx, and transversal, σxy, conductivities following from the

Boltzmann kinetic equation are given by

σxx =

j∑
i=1

σ0,i
1

1 + (µiB)2
, (3.3)

σxy =

j∑
i=1

σ0,i
µiB

1 + (µiB)2
, (3.4)

σ0,i = qiniµi , (3.5)
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3.2. Magnetoresistance

with the amount of individual carriers j, q = −e for electrons and q = +e for

holes. The resistivity, the quantity measured in the experiment, is gained by

inversion of the conductivity matrix. For the assumption of two types of carriers,

j = 2, the result is:

ρxx =
σxx

σ2
xx + σ2

xy

=

=
q1n1µ1 (1 +B2µ2

2) + q2n2µ2 (1 +B2µ2
1)

(q1n1µ1 + q2n2µ2)2 +B2µ2
1µ

2
2(q1n1 + q2n2)2

, (3.6)

ρxy =
σxy

σ2
xx + σ2

xy

=

=
q1n1µ

2
1 (1 +B2µ2

2) + q2n2µ
2
2 (1 +B2µ2

1)

(q1n1µ1 + q2n2µ2)2 +B2µ2
1µ

2
2(q1n1 + q2n2)2

·B . (3.7)

A fit, using eq. 3.6 and 3.7 for a sample grown on InP(111), being in good

agreement with the data, as previously disregarding the cusp near B = 0, is

shown in fig. 3.5.

d (nm) Vg(V ) n1(cm
−3) n1(cm

−2) n2(cm
−3) n2(cm

−2) µ1(
cm2

V s
) µ2(

cm2

V s
)

20 0 1.60 · 1019 3.20 · 1013 7.78 · 1018 1.56 · 1013 231 933
50 0 6.60 · 1018 3.30 · 1013 2.20 · 1018 1.10 · 1013 311 1560
50 -5 5.67 · 1018 2.84 · 1013 2.04 · 1018 1.02 · 1013 316 1550
50 -10 5.29 · 1018 2.64 · 1013 2.00 · 1018 9.99 · 1012 309 1530
190 0 1.85 · 1018 3.52 · 1013 6.11 · 1017 1.16 · 1013 354 3070
290 0 1.02 · 1018 2.95 · 1013 1.07 · 1018 3.11 · 1013 411 3640

Table 3.1: Parameters used for the fit in fig. 3.5 and fig. 3.6 and other samples
with the same growth configurations but different thicknesses according to the two
carrier model.

The values obtained for Bi2Se3 samples on rough InP(111) with different layer

thicknesses are listed in tab. 3.1. The total carrier density is in the range

of 1019 cm−3 to 1018 cm−3, with a minority carrier type having values down

to 1017 cm−3. The mobility for the majority type is about 200 cm2/Vs to

400 cm2/Vs and for the minority the values are between 1000 cm2/Vs and

4000 cm2/Vs. An improvement for the density by about a factor of 10 compared

to layers on Si(111). Interestingly both 3D n1 and n2 decrease with increasing

the thickness of the sample and are roughly constant in the 2D case, but
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Fig. 3.5: Measurements on Hall bars at T = 4.2K showing the longitudinal
(black) and Hall (blue) resistivity of Bi2Se3-layers grown on rough InP(111) with
a thickness of d = 50 nm (top) and d = 190 nm (bottom). The red dashed lines
represent the fits according to the eqs. 3.6 and 3.7. The fit parameters are listed
in tab. 3.1. For both layers oscillations in the resistance with a small amplitude
are visible at high magnetic fields.
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especially n1 is actually too high to originate from the surface state, see section

2.1.4. This might point to a relation of the carrier density to the interface of

the layer which is in all cases the same. Additionally, there are now oscillations

present in the resistance at high magnetic fields, which will be discussed later.

The question now arises if the minority carrier type with the higher mobility

and lower density could originate from the surface state.

Fig. 3.6: Measurements on the same Bi2Se3-layer already shown in the top of
fig. 3.5 at T = 4.2 K for different topgate voltages Vg showing the longitudinal (top)
and Hall (bottom) resistivity. The red dashed lines represent the fits according to
the eqs. 3.6 and 3.7.

To further analyze the two carrier types a topgate was introduced to the

structure. By applying a negative voltage to the gate the n-type carrier density
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can be lowered. A measurement for different gate voltages and the resulting

fit parameters are shown in fig. 3.6 and tab. 3.1 respectively. As can be seen,

both carrier types decrease at changing to more negative gate voltages, with the

relative change being less for the minority type than for the majority type. If

the minority carrier type is indeed the surface state, a screening effect could be

expected, where the bulk carriers, that would be the majority carrier type, are

at least partially shielded from the potential change of the gate by the surface

state in proximity to the gate. This is not the case, on the contrary the majority

type of carrier changes more by applying a gate voltage.

In several publications on Bi2Se3 and alike materials deviations of the Hall

resistance from linearity are observed as well. Two and even three carrier models

are used to describe the nonlinear behavior of the Hall resistance and the origin

of the different carrier types is attributed to the bulk and surface [41, 43, 50], the

bulk and two surfaces [55], or the bulk, the surface and an impurity band [52, 86].

The justification for these classification is given by oscillations observed in the

resistance from which a carrier concentration is extracted and matched to one of

the carrier types. But with four or even six unknown variables for the multiple

carrier model and a fit only performed to the Hall component of the resistance

and the zero field longitudinal resistance, this approach is not unambiguous.

Additionally the oscillations are only small in amplitude increasing the error in

the analysis further.

3.2.2 Reducing the carrier density further by alloying

To lower the carrier density Bi was partially replaced with Sb. In contrast to

Bi2Se3 and Bi2Te3, Sb2Se3 and Sb2Te3 are known to be p-type and therefore it is

expected that at least to some extent, the p-type doping cancels out the n-type

doping of pure Bi2Se3, resulting in less free carriers [87–90].

Therefore several (Bi1−xSbx)2Se3-layers with increasing Sb content x were grown

and measured in transport. All samples were grown, like the previous ones, on

rough InP(111) with layer thicknesses around 150 nm. Since pure Sb2Se3 has a

different crystal structure, orthorhombic instead of rhombohedral [43], and is not

predicted to be a topological insulator [14], the value of x is limited. All samples

show signs of two carrier transport and indeed, by increasing x, a decrease in car-
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rier concentration was observed until reaching a minimum of the carrier density

for x = 0.44, see fig. 3.7, still being in the rhombohedral regime.

Fig. 3.7: The two types of carrier densities for different Sb-content x. The value
of x has been determined by EDX-measurements. The fit parameters of the used
two carrier model are in tab. A.1 in the appendix.

The carrier density is reduced in these samples down to a total carrier density

of about n = 4.5 · 1017 cm−3 but still not enough to make the bulk insulating.

By gating the sample the carrier density can be further reduced, and to make

efficient gating possible, a thinner sample with d = 50 nm at x = 0.44 was grown

and measured. The influence of the gate is shown in fig. 3.8. In accordance

to the lower carrier density the influence of the gate is bigger than for a pure

Bi2Se3-sample, compare for example to fig. 3.6.

By taking a closer look on the change of ρxy(B) upon changing the gate voltage

in fig. 3.9, it can be concluded, that the high mobility carrier transits from n-

type to p-type by gating, assuming the mobilities of the two carrier types do

not change dramatically. This can be seen by the slope of ρxy in fig. 3.9 upon

changing the magnetic field, going from bending upwards (black and green) to

bending downwards (cyan, dark yellow and navy). The dependency on the mag-

netic field of ρxy can be fitted with the two carrier model, but ρxx cannot. Even

for the gate voltage which results in an almost linear slope of ρxy, meaning that

there is only one dominant carrier type and the magnetoresistance of ρxx should

be constant, ρxx still shows a considerable change with magnetic field. There are
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Fig. 3.8: Dependence of ρxx (black) and ρxy (blue) on the topgate voltage Vg at
B = 1 T and T = 4.2 K of a 50 nm layer (Bi0.56Sb0.44)2Se3.

Fig. 3.9: Measurement of the Hall resistance for different gate voltages as indicated
in the legend at T = 4.2 K. Upon lowering the gate voltage the bending of ρxy(B)
changes from upwards to downwards with ρxy(B) at Vg = −4 V being linear with
magnetic field.

additional contributions to the magnetoresistance not covered by a two carrier

model, either additional carrier types or other effects not covered by Boltzmann
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transport theory. Because of this insufficiency of the two carrier model, the pa-

rameters extracted from the fit by only focusing on ρxy, shown in fig. 3.10 come

with an error.

Fig. 3.10: The majority, n1 (black), and minority, n2 (blue), carrier concentration,
extracted by a two carrier fit to ρxy, in dependence of the topgate voltage Vg is
shown.

Even though the carrier density is reduced in this sample and one carrier type

actually transits from n-type to p-type by gating, no additional features in the

magnetoresistance were found which would indicate transport from the topologi-

cal surface state.

The temperature dependence of ρxx, shown in fig. 3.11 of this sample, even though

the carrier density has been reduced, still resembles the qualitative behavior for

samples grown on Si(111), as shown in fig. 3.3. The decrease in resistance still is

like metallic behavior and no sign of carrier freeze out is seen.

Another attempt to reduce the carrier density was the growth of Bi2Te3−xSex.

This compound in principle could share the positive features of Bi2Se3 and Bi2Te3,

a large band gap with a simple band structure while at the same time being less

sensitive to vacancies [43, 91]. For electrical transport the theoretically ideal com-

position would be Bi2Te2Se1 with an ordered layer structure for each quintuple

layer: Te-Bi-Se-Bi-Te [92]. In practice no significant decrease of the carrier den-

sity was found with varying x and it was shown that the ideal ordered structure

at best makes up 75% of the grown crystal [93].
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Fig. 3.11: Longitudinal resistivity of the 50 nm layer (Bi0.56Sb0.44)2Se3 during
cooling at B = 0 T.

3.2.3 Linear magnetoresistance

The longitudinal magnetoresistance of some samples with high Sb content or

samples grown on flat InP(111) substrate deviates from the behavior predicted by

the two carrier model. The two carrier model underestimates the magnitude of the

magnetoresistance and when the magnetic field is high enough that the conditions

µ1B > 1 and µ2B > 1 are fulfilled, the two carrier model predicts a saturation of

the longitudinal magnetoresistance, but the resistance in these samples continues

to rise in a linear way. This can be seen exemplary in fig. 3.12. An additional

linear contribution, ∆ρxx = βLMR · |B|, is needed to fit the experimental data.

n1(cm
−3) n2(cm

−3) µ1(
cm2

V s
) µ2(

cm2

V s
) βLMR(Ohm/T )

8.4 · 1017 3.4 · 1017 570 2500 0
8.3 · 1017 3.0 · 1017 660 2800 11

Table 3.2: Parameters used for the fit in fig. 3.12 according to the two carrier
model with and without the addition of a LMR.
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3.2. Magnetoresistance

Fig. 3.12: Measurements on a Hall bar at T = 4.2 K showing the longitudinal
(black) and Hall resistivity (blue) of a (Bi0.39Sb0.61)2Se3-layer. In the top graph
the red dashed lines represent the fits according to the two carrier model in and
in the bottom one to the two carrier model with the addition of a LMR. The
fitparameters are listed in tab. 3.2

37



Chapter 3. Transport Properties

There are several explanations for such a non-saturating linear magnetoresistance

(LMR) in literature:

• The magnetoresistance in the extreme quantum limit, where only the lowest

Landau level is occupied, which means n < eB
~ for 2D and n <

(
eB
~

)3/2
for

3D, was calculated to be linear by Abrikosov [94, 95]. But, since the carrier

densities in these samples are high, to reach this limit a magnetic field of

B > 66 T or B > 7 T, for the 2D and 3D case respectively, would be

necessary. The observed linear behavior starts already at lower magnetic

values, around B = 1 T, therefore this explanation does not apply.

• Kapitza’s LMR [96] is only present in metals with open Fermi surfaces and

large Fermi areas, which means large carrier densities, and is does not apply

to our material.

• In the inhomogeneous semiconductor AgSe a strong LMR was observed

as well [97, 98]. It can be explained by assuming different resistivities

for different areas of the sample because of its inhomogeneity, as shown

by simulations of a 2D random network model [99–101]. This could also

apply to the grown Bi2Se3-layers and (Bi1−xSbx)2Se3-layers, which with

their domain structure and the grain boundaries in between can be viewed

as inhomogeneous. Especially when increasing the inhomogeneity by mixing

of Bi and Sb or growing on flat InP(111)-substrate.

• Recently there has been a proposal that LMR originates from the topolo-

gical surface state with a linear dispersion [102]. In this proposal a high

positive effective g-factor is assumed. This leads to a large Zeeman-splitting

of the Landau levels which overlap at B = 0. The numerical results in the

paper, where the authors assume a density and mobility of the surface state

comparable to the values in our samples and a g-factor of g = 10, lead to a

magnetoresistance of about 1%/T. This considers the surface state as the

only conduction channel. An additional bulk conduction channel would re-

duce the predicted magnetoresistance further and still 1%/T is less LMR

than observed in our layers.

From the mentioned explanations only the last two, LMR due to inhomogeneity

or LMR due to the surface state, can be considered as realistic. While the
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inhomogeneity model is already established for other materials and the mea-

sured layers could certainly be considered as inhomogeneous, the explanation

relying on the surface state contains the unproven assumption of high positive

g-factor, neglects the influence of bulk conductance and its numerical results

give an estimate which is still too low. Therefore the existence of LMR due to

inhomogeneities is considered as most likely.

The phenomenon of a non-saturating LMR in Bi2Se3 and alike materials has also

been the subject of several publications in literature [41, 58–67] but the given

explanations vary. Most studies attribute the LMR to the surface state following

the explanation of the quantum limit or the linear dispersion of the surface state

[58, 60–62], but it is also attributed to a reduction of bulk carriers with magnetic

field [41], to a variation of the weak-antilocalization model for the surface state

extending up to magnetic fields larger than 10 T [63, 65] or to the random network

model [64, 66]. Especially the experiment done by Wang [66], where LMR was

shown in synthesized interconnected Bi2Te3 nanoplates demonstrates that a high

quality film is not needed to achieve LMR, rather an obvious random network

of resistors already shows LMR. While not excluding other sources for the LMR,

this raises doubts regarding the explanations involving the topological surface

state.

3.2.4 Localization effects

At low magnetic fields, localization effects are observable in the longitudinal man-

getoresistance of some layers, the already mentioned cusp around B = 0 (e.g. fig.

3.4). Localization is a consequence of the interference of an electron with its time

reversal path, a quantum effect.

If one imagines a closed loop, an electron can travel around this loop in a clockwise

or counter-clockwise manner. Because of the existence of time-reversal-symmetry,

both paths acquire the same phase, which leads to a positive interference at the

origin of the loop. This effectively means an increase in the probability of back-

scattering and therefore an increase in resistance, an effect called weak localiza-

tion (WL). By applying a magnetic field the time-reversal symmetry is broken

and the effect diminishes. The magnetic field leads to a decrease in resistance.

The effect, which is observed in Bi2Se3-samples, goes in the opposite direction,
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the resistance increases by applying a magnetic field, and is called weak anti-

localization (WAL). Because of the present strong spin-orbit coupling the spin

of the electron is no longer conserved around the closed loop. Every time the

momentum changes, the spin changes as well. For the clockwise and counter-

clockwise path the momentum changes are opposite and as a result the spin

change is opposite as well. Averaging over all possible scattering paths for a clo-

sed loop then leads to a negative interference, considering the fact that the spin

of an electron only recovers its original state at a rotation of 4π. This is reflected

in a decrease in back-scattering and consequently a decrease in resistance. Now

the magnetic field destroys the negative interference and the resistance increases,

as it is observed in Bi2Se3.

Localization effects are only noticeable if the probability of an electron returning

to its origin is not negligible. Therefore they are more pronounced in systems

with reduced dimensionality, like 2-DEGs. A possible origin of the WAL in Bi2Se3

would hence be the surface state, being a 2-DEG. Alternatively, since it is only

observed in thin layers, it might also be the case that these layers are thin enough

to be effectively 2D. The thickness of the sample is then smaller than the depha-

sing length, d << lϕ, which means that the electrons can see the surface of the

layer before they loose their phase information, making the bulk a possible origin

of the WAL as well.

In a magnetic field parallel to the surface, WAL is observable as well. Since a

strict 2-DEG would not show localization effects in this case, the surface state, if

it is the origin, has to be extended into the bulk or the bulk itself is the origin.

Several studies do indeed report a finite thickness of the surface state around

3 nm [22, 103, 104].

The effect of localization on the conductivity in a magnetic field perpendicular

(⊥) and a parallel (‖) to the surface, ∆σxx(B) = σxx(B) − σxx(0) were derived

[105–107]:

∆σxx(B) = −α e
2

πh

[
ln
B⊥
B
− ψ

(
1

2
+
B⊥
B

)]
, B⊥ =

~
2e `tr`ϕ

, (3.8)

∆σxx(B) = α
e2

πh
ln

(
1 +

B2

B2
‖

)
, B‖ = 2

√
~
e

B⊥
λ2

= B⊥
√

8`tr`ϕ

λ
, (3.9)
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where α is a constant with α = -0.5 for WAL, lϕ is the dephasing length, ltr is

the transport mean free path and λ is the effective thickness of the probed state

either being related to the penetration length of the surface state into the bulk,

independent of the thickness of the layer, or to the thickness of the layer.

In order to maintain the 2D character, λ has to be smaller than the magnetic

length, λ << lH , where lH =
√

~
2eB

is the length scale after which a difference

of the phase factor of 2π is acquired. Otherwise the WAL is not constraint by

the finite length λ, making the system effectively 3D again. The magnetic length

already is lower than 50 nm, a typical value for the layer thickness, for a magnetic

field higher than 130 mT. This makes the model inaccurate if the WAL originates

from the bulk.

The localization effect vanishes when the phase difference acquired due to the

magnetic field after completing a full loop is already of the order of 2π, this means

when lH is, for the perpendicular case, smaller than the dephasing length, lH ¡

lϕ, and for the parallel case smaller than the dephasing length and the thickness,

lH ¡
√
dlϕ.

With eqs. 3.8 and 3.9 the features in the longitudinal resistance are fitted and

the parameters are extracted. The results are displayed in fig. 3.13 and tab. 3.3

and are in reasonable agreement to the experiment, with the WAL of thinner

layers being better described.

Thickness (nm) B⊥ (mT) λ (nm)
15 7.1 10
30 2.8 11
50 1.6 15
70 2.4 17
120 1.1 29

Table 3.3: Parameters used for the fit of the WAL in fig.3.13.

The parameter B⊥ is in the range of a few mT and therefore lϕltr is of the order

of 106 nm2. Since the dephasing length lϕ should be bigger than the mean free

path ltr, lϕ is at least of the order of 103 nm, fulfilling the condition d << lϕ.

The assumption that the bulk can be viewed as 2D in regard to the dephasing

length is valid.

The obtained parameter λ neither matches to the penetration length of the surface
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Fig. 3.13: The measured (dots) and fitted (dashed lines) WAL for Bi2Se3 grown
on Si(111) with various thicknesses. The orientation of the magnetic field and the
current is indicated in the schematics and the fit parameters are listed in tab. 3.3.

state stated in literature, being around 3 nm [103, 104, 108], nor to the actual

thickness of the layer. It ranges from about 2/3 to 1/4 of the layer thickness and

increases with layer thickness, making the surface state as the origin unlikely,

where no dependence on the actual layer thickness is expected. Even by adding

an additional term linear in magnetic field to the conductivity to adjust for other

contributions using either the penetration depth of the surface state or the actual

layer thickness results in an inaccurate fit, as displayed exemplary in fig. 3.14.

Thickness (nm) B⊥ (mT) λ (nm) β⊥ (µS/T ) β‖ (µS/T )
70 3.4 3 3.7 8.5
70 2.4 70 6.4 0.1

Table 3.4: Parameters used for the fit of the WAL in fig.3.14.

If the bulk is the origin for the WAL the deviations in the fit and the discrepancy

of the obtained effective thicknesses from the parallel magnetic field case

compared to the actual layer thickness might be explained by the fact that the
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3.2. Magnetoresistance

Fig. 3.14: The measured (dots) and with different parameters λ fitted (dashed
lines) WAL for Bi2Se3, grown on Si(111) with a thickness of 70 nm. The orientation
of the magnetic field and the current is indicated in the schematics and the fit
parameters are listed in tab. 3.4.

stated conditions d << lϕ, for thicker samples, and especially d << lH are not

entirely met.

Following this reasoning it is concluded that the surface state is not the origin

of the WAL. It is rather likely explained by the bulk state which is restricted to

2D behavior at 0 field and deviates from this behavior for higher fields.

Another possibility would be that both the bulk and the topological surface

state contribute to the WAL, but this is not considered in the analysis because

of too many unknown variables in this model.

There are many published observations of WAL in Bi2Se3 [50, 59, 62, 69–73]

and Bi2Te3 [63, 74, 75] in literature as well. The likely origin of the WAL is

assigned to the surface state [50, 62, 63, 69, 74, 75] or to a mixing of bulk and

surface states [59, 70–72], but it is also noted that the bulk alone could show

WAL as an effectively 2D system [73]. In a publication by Kim [71] the WAL in
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Bi2Se3 is studied for film thicknesses ranging from 3 nm to 170 µm. An obvious

contribution to the resistance is seen up to a thickness of 100 nm and signatures

of WAL in the resistance are present up to 3600 nm, which might just still fulfill

the condition d < lϕ, making WAL signals from the bulk possible.

3.2.5 Oscillations in the resistance

For samples grown on rough InP(111), with increased crystal quality and, as

determined by Hall measurements, lower carrier densities and higher mobilities

there are, as already shown in fig. 3.5, at high magnetic fields oscillations visible

in the magnetoresistance.

The oscillations of the resistance originate from the restrictions to the energy of

the carriers in a magnetic field when µB >> 1, they form Landau levels, and are

called Shubnikov-de Haas (SdH) oscillations. The energy of the Landau levels

changes with the magnetic field B and as B is increased they are consecutively

emptied, which causes the oscillations in the resistance, ∆ρxx, given by [109]:

∆ρxx = A(B, T ) cos

[
2π

(
F

B
+ 0.5 + γ

)]
, (3.10)

with the amplitude A which depends on B and T , the oscillation frequency F ,

determined by the extremal cross section of the Fermi area, and the Berry phase

factor γ. Therefore by analyzing these in 1/B periodic oscillations, one can get

information about the Fermi area perpendicular to the magnetic field and by

extrapolation to an infinite magnetic field information about the Berry phase.

Conventional 2-DEGs, with an ordinary dispersion, have a Berry phase of zero

but for the topological surface state, with a linear dispersion, a Berry phase fac-

tor of 0.5 is predicted [6, 21]. Additionally by changing the angle of the external

magnetic field in respect to the surface, one can conclude if the oscillations ori-

ginate from a 2D state, i.e. they are only dependent on the part of the magnetic

field which is perpendicular to the surface.

In fig. 3.15 a measurement on such a Bi2Se3-layer with a thickness of 290 nm

is shown. Oscillations were seen in various samples and will be discussed exem-

plary for this sample. The oscillations can be seen in ρxx and, albeit very small,

in ρxy (see fig. A.1 in the appendix) as well because in the two carrier model ρxy

depends on the individual σxx. Problematic is the small amplitude of the oscilla-
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tions because the in principle unknown background magnetoresistance influences

the position of the maxima and minima in the oscillations and makes the analysis

imprecise.

Fig. 3.15: Magnetoresitance of a Bi2Se3-layer with a thickness of 290 nm grown
on rough InP(111) in a perpendicular magnetic field. At high magnetic fields,
B > 5 T, oscillations are visible in ρxx.

To verify if these oscillations have their origin in a 2-DEG or in the bulk, the

magnetoresistance is measured at different magnetic field angles, as displayed in

fig. 3.16, where, as in the following figures, the smoothed derivative of the re-

sistance in respect to the magnetic field is shown to enhance the visibility. The

individual angles are determined by comparison of the as well measured Hall

resistance to the perpendicular configuration. There are a lot of wiggles and a

distinguished oscillation periodic in 1/B is not present. An indication that the

oscillations do not have a single homogenous origin. For higher field angles the

oscillations move to higher field values but they are still present in a parallel field,

which cannot be easily explained by the top or bottom surface of the TI.

To get a clearer understanding if at least some of the oscillations could originate

from a 2-DEG in fig. 3.17, only the perpendicular component of the magnetic

field is considered. For field angles up to 39◦ all the oscillations nearly align in

position, but for angles higher than 49◦ they already clearly deviate. An unam-

biguous attribution of the oscillations to a 2-DEG cannot be made.
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Fig. 3.16: The derivative of the magnetoresistance for different magnetic field
angles, vertically shifted for clarity. At 0◦ the magnetic field is perpendicular to
the surface and at 90◦ the magnetic field is parallel to the surface. Same sample
as displayed in fig. 3.15.

If the oscillations indeed come from a 2-DEG the deviations in the angle depen-

dence and the oscillations in a parallel magnetic field have to be explained. In

principle the surface on the sides of the TI could cause oscillations in a parallel

magnetic field, but since the ratio between the area of top and side surface is

about 100:1 for the small Hall bar, on which this measurement was done, its

contribution to the conductance should be very small compared to the top and

bottom surface. Therefore oscillations in a parallel field with a similar amplitude

than for the perpendicular field, as in fig. 3.16 are unlikely to be caused by the

side surface. Only the bulk is left as the origin for the oscillations in a parallel

magnetic field and consequently as the origin for at least some of the oscillations

at the other field angles. A 2-DEG as the only origin is therefore excluded. The

only possibilities for a contribution from a 2-DEG to the oscillations might be

that only a part of the oscillations originate from it.

The bulk as the only origin of all the oscillations is the other explanation. In this

case they would likely originate from pockets away from the gamma point which

are likely to have a rather complex dispersion relation. This could explain the
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3.2. Magnetoresistance

Fig. 3.17: The derivative of the resistance, vertically shifted for clarity, is displayed
in respect to only the perpendicular component of the magnetic field to look for a
two dimensional origin.

unusual angle dependence behavior of the oscillations which don’t match to the

Fermi-surface of a sphere.

To distinguish between possible different origins of the oscillations with different

characteristic oscillation frequencies the Fourier transform (FT) of the data shown

in fig. 3.17 is taken and displayed in fig. 3.18. For the FT only the magnetic field

range where oscillations are present is considered. The result is not only a sin-

gle, but several rather broad peaks, with a FWHM of about 10 T, matching the

already mentioned absence of a distinguished oscillation period. No oscillation

frequency with a constant value for all angles, meaning only a dependance on the

perpendicular component of the magnetic field, is found. A direct relation of one

of the oscillation periods to a two dimensional state can therefore not be made.

The carrier density can be obtained by its relation to the oscillation period,

∆
(
1
B

)
. In the 3D case, the magnetic field probes the area of the extremal Fermi-

surface, Ak perpendicular to it and in two dimensions only the perpendicular

component of the magnetic field is seen by the Fermi-surface. The relation of Ak

47



Chapter 3. Transport Properties

Fig. 3.18: The FT of the signal displayed in fig. 3.17 vertically shifted for clarity is
displayed. On the bottom x-axis the frequency of the oscillations and on the upper
x-axis the resulting two dimensional and three dimensional (non-linear) density,
calculated by eq. 3.12 and 3.13 respectively, are displayed. The dashed black lines
are the zero base lines for the individual signals.

to ∆
(
1
B

)
is:

Ak =
2πe

~

(
∆

(
1

B

))−1
. (3.11)

For the 2D case this can be directly transformed into a carrier density and for

the 3D case under the assumption of a spherical Fermi-surface to get at least an

order of magnitude estimation. For two dimensions the result is

n2D = gv ·
(

1

2π

)2

· Ak = gv ·
( e

2π~

)(
∆

(
1

B

))−1
(3.12)

and for three dimensions

n3D = gv ·
(

1

2π

)3

· Vk = gv ·
√

2

3π2

( e
~

) 3
2

(
∆

(
1

B

))− 3
2

(3.13)
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with the degeneracy factor gv, which usually takes the value gv = 2 for the spin

degeneracy. The densities in relation to the oscillation frequency for 2D, with gv

= 1 since the surface state is not degenerate, and for 3D, with gv = 2 for spin

degeneracy, can be seen in the upper x-axis of the FT in fig. 3.18. The densities

where the FT has its maximum values for 0◦ are around:

n2D = {5.7, 10, 15, 25} 1011 cm−2,

n3D = {6.5, 16, 27, 61} 1017 cm−3.

Where the second and third value for the densities might be the second and third

harmonic from the first oscillation frequency. These values can be compared to

the parameters obtained from the two carrier model fit in tab. 3.1 and the 2D

value is at least an order of magnitude off and the 3D value is in the right order

of magnitude.

As a further method to investigate the oscillations, the carrier density can be

manipulated with a topgate, like displayed in fig. 3.19 where the oscillations

are influenced by the gate voltage. Upon changing the voltage the shape

and amount of the visible oscillations alters, such that a specific mapping of

them by only assuming a shift is impossible. Under the assumption that the

most prominent oscillations have the same origin and shift to lower magnetic

field values upon lowering the gate voltage, i.e. reducing the carrier density,

in fig. 3.19 an assignment was made. The minima in resistance, where the

Fermi-energy lies between two Landau levels, correspond to an integer filling

factor, n, and to account for the shift, the maxima in the derivative of the

resistance were attributed filling factors, with values of v = n+ 0.25. As can be

seen in fig. 3.19 to achieve a linear relation of v to 1/B, values of v had to be

left out, a possibility if oscillations overlap. An overlap could also account for

the change in shape and amount of the oscillations with the gate voltage. The

displayed mapping is not the only possible one, but the one where the shifts due

to the gate voltage and the y-axis intercept are most constant. Extrapolating

the linear fit to 1/B → 0 results in an intercept of the y-axis between -0.08 and

0.14. This value is equivalent with the Berry phase factor, and γ = 0 lies within

the error bars of this analysis, making the origin of the oscillations conventional.

The present oscillations of one Bi2Se3-layer were analyzed in respect to their

behavior under rotation and gating and the resulting carrier density and the
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Fig. 3.19: In the top graph the derivative of the resistance in a perpendicular
magnetic field is displayed for different gate voltage Vg. The circles are the read
out maxima of the most prominent oscillations used for an analysis of the Berry
phase. In the bottom graph the read out maxima, with error bars considering
the error in the read out due to the smoothing of the data and the overlap of the
oscillations, are assigned to a filling factors v with a linear fit extrapolating to
1
B → 0 in the inset. The intercepts of the y-axis range between -0.08 and +0.14.
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Berry phase was deducted. Other Bi2Se3-layer from the same growth series with

a thickness of 20 nm, 50 nm and 190 nm show qualitatively the same results.

Concluding from the results of the analysis the surface state is unlikely to be the

origin of the oscillations.

SdH-oscillations in the resistance in Bi2Se3 and alike materials were also reported

on in many publications [37–57].

Obvious signs of SdH-oscillations stemming from a 3D-state as confirmed by

their magnetic field angle dependence, with oscillations still present in a magnetic

field parallel to the surface, were seen in several cases [37–39]. The shape of the

Fermi surface, which is concluded by the angle dependence, is an in c-direction,

perpendicular to the surface, elongated ellipsoid, where the area of the cross

section even follows up to an angle of about 40◦ an 1/cos(θ) dependence like a

2D state.

Later publications showing oscillations of similar amplitude as presented in this

section, claimed the origin of their oscillations to be the topological protected

surface state. To confirm the 2D origin, the magnetic field angle dependence of

the oscillations was measured and an approximate alignment to only the perpen-

dicular component of the magnetic field up to about 50◦, not very different from

the shown measurements, was observed in every case [40–43, 45–47, 50–52, 55].

The Berry phase factor of the oscillations was determined as well in a similar

fashion as in this section and the results were about equally distributed in the

range of γ = 0 to γ = 0.61 [40–42, 44, 46–52, 54, 56, 57]. One given reason

for deviations from a Berry phase factor of 0.5 for a topological surface state

were deviations from a linear relation of the landau level filling factor to 1/B

due to a large g-factor [40, 45]. Another one was that actual the maxima in

resistance should correspond to an integer landau level filling factor because

of an enhancement of scattering from the dominant bulk carriers if the landau

level of the surface is at the Fermi-energy, which leads to an increase instead

of a decrease in resistance [44]. Of course these reasons in principle might

apply but without further prove of their validity they remain purely speculative.

Considering the large spread in the results for the Berry phase the overall

accuracy and therefore the validity as a determination method for oscillations of

such low amplitude is questionable.
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Recently there also have been observations of an actual QHE in BiSbTeSe2 [110]

and (Bi1-xSbx)2Te3 [111] films. In both cases at high magnetic fields, B ¿ 10

T, a ν = 1 and ν = -1 plateau were observed in σxy. Further the appearance

of a plateau-like structure for ν = 0 for a certain gate voltage region, seems to

support the claim that the QHE arises from two topological protected surface

states, in this special case with ν = ν1 + ν2 = -1/2 + 1/2 = 0. But the ν =

0 feature could as well be explained by the very high longitudinal resistance

in this gate voltage region, marking the transition to an insulator with zero

conductance. Other given indications like the determined Berry phase factor

of 0.5 [110] are already based on the assumption of two half-integer quantized

surface states and only shows self consistency of the assumption but cannot be

taken as conclusive proof for a measurement of the topological protected surface

states.

In this chapter the magnetoresistance observed in Bi2Se3 and related layers and

the occurring phenomena are described and analyzed. With some exceptions the

magnetoresistance can be described by a two carrier model and the carrier density

was reduced by an optimization of the growth procedure and switching to the

compound (Bi1−xSbx)2Se3, lowering the total carrier density to 4.5 · 1017 cm−3.

The observed linear magnetoresistance, weak anti-localization and oscillations in

the resistance might be explained by a topological surface state but neither in a

straightforward nor compelling way. Bulk states as the cause of these phenomena

are more likely.
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Chapter 4

Anomalous and Quantum

Anomalous Hall Effect in

Topological Insulators

For about 15 years combining semiconductors with magnetism is a popular re-

search field. No longer is only the electron charge of interest but its spin as

well. For example the giant magneto resistance, where the resistance of a device

depends on the relative spin-orientation of its sections to each other, is already

used in commercial hard disks, but so far only in ferromagnetic metals. The

benefits magnetic semiconductors can offer among others are spin injection and

a change of the magnetization by electric fields and current, useful for applica-

tions in spintronic devices, for storage and processing of data. Magnetic doping

of topological insulators might offer the same features and has the potential for

additional ones. In 2D topological insulators only one of the two spin polarized

edge states could be selected through magnetism. This would be the realization

of the quantum anomalous Hall effect (QAHE), edge state transport without an

external magnetic field, which was proposed for magnetic TIs [112, 113]. One can

imagine the QAHE as the realization of the QHE without an external magnetic

field or as the quantized version of the anomalous Hall effect (AHE).

First this chapter will describe the development of magnetism in Bi2Se3 and alike

materials. This includes the theory for a possible exchange mechanism, respon-

sible for the magnetic order in an insulating material, which differs from a mag-

netic semiconductor. Then the magnetization of the TI materials as determined
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by superconducting quantum interference device (SQUID) measurements will be

discussed. Moving on from there to the impact of the magnetization on transport

measurements for the different magnetic dopants Cr and V and different growth

parameters with focus on the AHE and at last the QAHE.

4.1 Ferromagnetism in topological insulators

In a magnet the energy of the system is significantly dependent on the relative

orientation of the magnetic moments, which are usually provided by the spins

from electrons of not completely filled d- or f-shells, to each other. This energy

is called the exchange interaction.

Electrons are fermions thus upon exchanging them, their two particle wave

function, consisting of a spatial and a spin part, has to change sign. There-

fore one of the parts has to be symmetric and the other one anti-symmetric to

make the total wave function antisymmetric. The energy of these two possible

solutions differs and makes up the exchange interaction, favoring either a pa-

rallel or an anti-parallel spin configuration. In reality there are many magnetic

moments which have to be considered and the coupling between the magnetic

moments can be indirect, as for example in dilute magnetic semiconductors, ma-

king magnetism a very complex phenomenon.

In a ferromagnetic semiconductor, like for example GaMnAs, the local moments

provided by the magnetic dopants are indirectly coupled by the free carriers,

which is called the RKKY-interaction, and a parallel orientation of the moments

is favored in energy leading to ferromagnetism.

For a TI in the ideal case the bulk of the material is insulating making this system

unlike conventional magnetic semiconductors, there are no free carriers to couple

the magnetic moments. Nevertheless it is possible to realize ferromagnetism in

TIs by magnetic doping as is evident by the measured hysteresis of the QAHE

[12].

The Van Vleck ferromagnetism was proposed as an explanation [113]. A form of

this magnetism connected to the Van Vleck paramagnetism was first described

by Bloembergen and Rowland for the exchange interaction of nuclear spins via

intermediate electrons in insulators [114]. The already well known Van Vleck

paramagnetism follows from second order perturbation theory of the energy shift
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of the electron ground state |0〉 in an external magnetic field which is described

by:

∆E0 = µB ~B · 〈0| ~L+ g0
~S |n〉+

e2

8me

B2 〈0|
∑
k

(x2k + y2k) |0〉

+
∑
n′ 6=0

| 〈0|µB ~B(~L+ g0~S) |n′〉 |2

E0 − En′
, (4.1)

where µB is the Bohr magneton, ~L is the total orbital angular momentum of the

nl-subshell, ~S is the total spin angular momentum, g0 ≈ 2 and x2k and y2k are

spatial coordinates. The first term describes the common paramagnetism and is

usually dominating for a non-vanishing total angular momentum. The second

term describes diamagnetism and the third term Van Vleck paramagnetism,

which is in the normal case quite small because of the large separation in energy

between the ground state and excited states leading to a large divisor.

In an insulator an exchange interaction between two magnetic moments based on

the Van Vleck paramagnetism after Bloembergen and Rowland [114] is possible.

Instead of interacting with an external magnetic field, as in eq. 4.1, the wave

function of an electron interacts with a magnetic moment, i.e. the wave function

of the electron is non-vanishing at the position of the magnetic moment, and

the Van Vleck paramagnetism gives a shift in energy. Now if the electron not

only interacts with one magnetic moment but with two, the energy shift is not

only given by terms depending on only one of the magnetic moments but also

on terms depending on both of them. An indirect interaction between the two

magnetic moments is therefore given and a certain alignment of the magnetic

moments can be favored in energy. Since the Van Vleck paramagnetism is

depended on the energy gap between the ground state and an excited state the

strength of this interaction is depended on the gap as well.

In the case of a TI the exchange between local moments would be mediated

by band electrons. After Yu et al. [113] the overlap of the wave function of

the ground state, the valence band, and excited states, the conduction band, is

enhanced because of the band inversion in a TI. This leads to a larger Van Vleck

paramagnetism and in turn to a larger strength of the interaction. A stable

ferromagnetic phase is realized.

In a publication by Li et al. [115] V-doped Sb2Te3 is investigated by electron
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energy loss spectroscopy and a shift of the energy of the electronic core levels of V

below the Curie temperature of the material is observed. This shift is interpreted

as the onset of the ferromagnetic order. This result agrees with an expected

decrease of energy levels of the ground states for the Van Vleck magnetism but a

demonstration of the exchange mechanism is still missing. Further investigations

need to be made to get a full understanding of this type of ferromagnetism in TIs.

4.2 Magnetic doping in (Bi1−xSbx)2Te3

For Bi2Se3 and alike materials magnetic doping with the transition metals Fe,

Mn, Cr and V was theoretically and experimentally investigated [115–125] and

a realization of magnetism in TIs was achieved like in conventional semiconduc-

tors. For Cr-doped (Bi1−xSbx)2Te3 thin films a large anomalous Hall effect was

reported [126–128] and soon after that the first observation of the QAHE effect

was made in this material [12]. Albeit the shown results for the QAHE were first

questionable because of the sample design, done by mechanically scratching a

Hall bar like structure, the symmetrization of data and the missing evidence of

non-local transport the realization of the QAHE was later confirmed in Cr-doped

(Bi1−xSbx)2Te3 [129–133] and V-doped (Bi1−xSbx)2Te3 [18, 134, 135].

Like the first reported magnetic TIs with a large anomalous hall effect the first

layers by our group were Cr-doped (Bi1−xSbx)2Te3 as well. They were grown on

a Si(111) substrate and their magnetic properties were characterized by SQUID

and transport measurements.

4.2.1 SQUID measurements

Cr with an electronic configuration of [Ar]3d54s1 is a transition metal with six

electrons in its outer shell and substitutes Bi or Sb in the crystal. The magne-

tization in Cr-doped (Bi1−xSbx)2Te3 layers of various thickness and Cr-content,

which were grown by MBE, was measured by a SQUID as a function of tempe-

rature and external magnetic field. From the measured signal the contribution

of the substrate, gained by a reference sample, is subtracted. This contribution

has to be considered, despite the volume magnetization of the substrate being

small, because it is up to 10000 times as thick as the grown layer. The result is
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then normalized by the amount of Cr-atoms in the sample as determined by the

sample area and the nominal growth values Cr-content and layer thickness.

Fig. 4.1: SQUID measurement of the perpendicular-to-plane magnetization on
Cry(Bi0.2Sb0.8)2−yTe3-layers of various thickness and Cr-content in an external
perpendicular magnetic field of 0.1 T during cooling of the respective layer.

During cooling all layers down to a thickness of d = 7 nm magnetize

perpendicular-to-plane, see fig. 4.1. The value of the magnetization, m, and

the curie temperature, TC , depend on the Cr-content and the thickness of the

layer. With increasing Cr-content and increasing layer thickness both m and TC

trend to higher values, with m saturating at about 2.4 µB/Cr-atom. The Curie

temperature is found to be as high as 250 K for the highest Cr-content and as

low as 5 K for d = 7 nm.

In a crystal lattice the orbital contribution to the magnetic moment of an atom

is usually negligibly small, because the electric fields in the lattice determine the

plane of the orbits and only the spin of the electrons contribute to the magne-

tic moment [136], 1 µB for each unpaired spin. If Cr indeed substitutes for Bi

and Sb in the lattice and gives up three electrons as well this leaves three un-

paired electrons in the outer shells of Cr to contribute to the magnetic moment,

thus mCr3+ = 3 µB. Considering the possible error for the Cr-content and layer

thickness, which are only given by the nominal growth values, and that not every
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Fig. 4.2: SQUID measurement of the perpendicular-to-plane magnetization on
Cry(Bi0.2Sb0.8)2−yTe3-layers of various thickness and Cr-content at low tempera-
tures (T = 4.0 K or T = 2.0 K) in an external perpendicular magnetic field. To
enhance the visibility of the hysteresis the data which was only acquired for one
sweep direction is reflected on the origin in the figure. In the inset a zoom-in is
shown to illustrate the hysteresis for layers with small coercive fields.

Cr-atom necessarily contributes to the magnetism the expected and experimental

values for the magnetization are in reasonable agreement.

In a magnetic field sweep perpendicular-to-plane the layers show ferromagnetic

behavior, a hysteresis in magnetization is visible, as shown in fig. 4.2. Again with

increasing Cr-content and the thickness of the layer m as well as the coercive

field HC trend to higher values with m saturating at about 2.4 µB/Cr-atom, in

agreement with the cooling curves. For the thinnest layers the magnetization

weakens. At d = 7 nm, the switching of the magnetization broadens and the

value of m is lower and at d = 5 nm a hysteresis is no longer visible.

Signs of additional magnetic phases are seen in samples with high Cr-content

y. For the dark yellow curve with y = 0.38 this is clearly seen in the magnetic

field sweep which shows an additional broad change in magnetization. The navy

curve with y = 1.27 shows only one feature for the change in magnetization but

compared to layers with lower Cr-content it is extremely broad.
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In the parallel-to-plane configuration the magnetization during cooling is an or-

der of magnitude lower and there is no visible hysteresis in the magnetization

curve, as can be seen in fig. 4.3 and fig. 4.4.

Fig. 4.3: SQUID measurement of the parallel-to-plane magnetization on
Cry(Bi0.2Sb0.8)2−yTe3-layers of various thickness and Cr-content in an external
parallel magnetic field of 0.1 T during cooling.

For fields higher than the microscopic coercivity of the material, µ0Hk = 1.1 T,

the magnetization reaches the same saturation value of 2.4 µB/Cr-atom as in the

perpendicular configuration. This is the case because then the energy of the inte-

raction of the magnetic moments with a parallel external magnetic field exceeds

the anisotropy energy, K, meaning the energy is now minimal if the direction of

the magnetization is parallel to the magnetic field. Assuming an uniaxial mag-

netocrystalline anisotropy, K can be estimated by setting it equal to the energy

of the generated magnetic field [136]:

K =
1

2
µ0HkM, (4.2)

with the saturation magnetization M = m/VCr ≈ 1.9 · 106 A/m, the anisotropy

energy is K ≈ 1.3 · 106 J/m3.
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Fig. 4.4: SQUID measurement of the parallel-to-plane magnetization on
Cry(Bi0.2Sb0.8)2−yTe3-layers of various thickness and Cr-content at low temperatu-
res (T = 4.0 K or T = 2.0 K) in an external parallel magnetic field. To pronounce
the visibility of the hysteresis, or respectively the absence of it, the data which was
only acquired for one sweep direction is reflected on the origin in the figure.

The perpendicular-to-plane magnetization of the layers is confirmed by SQUID-

measurements for layers as thin as 7 nm. For the doping concentration of y =

0.13 the results show a single ferromagnetic phase with a sharp switching of

the magnetization at the coercive field, which gets broadened upon reducing the

layer thickness. Therefore layers with the still reasonable doping concentration

y = 0.13 will be further studied in transport.

4.2.2 Anomalous hall effect and superparamagnetism

Now the layers are probed by transport measurements in a perpendicular mag-

netic field. The goal is to realize a high resistance for the anomalous Hall effect,

RAHE = ρxy(H = 0), and simultaneously a low longitudinal resistivity to eventu-

ally reach the QAHE-regime, single edge channel transport with a quantized Hall

effect of RAHE = RK, with RK = h/e2 = 25812.807 Ohm being the von Klitzing

constant, and ρxx = 0.
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Samples with a composition of Cr0.13(Bi0.2Sb0.8)1.87Te3 , being close to the repor-

ted charge neutral point [126], were fabricated into Hall bars with a topgate and

measured at T = 4.2 K. The layers have various thicknesses and were grown at

two different substrate temperatures with TSub = 300◦C and TSub = 180◦C.

Fig. 4.5: ρxy during a magnetic field sweep for Cr0.13(Bi0.2Sb0.8)1.87Te3-layers of
various thickness grown at TSub = 300◦C at T = 4.2 K. In the inset on the upper
left side ρxy for d = 41 nm and in the inset on the lower right the value of ρxx for
the different thicknesses is shown.

In fig. 4.5 a measurement of ρxy for different layer thicknesses in dependence on

the external magnetic field is shown. At a certain field value ρxy changes sign

and a hysteresis is visible. The transport measurements agree with the already

shown SQUID measurements. The sign change of ρxy, for thin layers between

10 mT and 30 mT, coincides with the coercive field determined by SQUID. By

reducing the thickness of the grown layers ρxy increases and ρxx, which is shown

with a logarithmic scale in the inset, even more so.

The trend of increasing resistivity is also reflected in the temperature dependence

of ρxx in fig. 4.6. For a thickness of d = 5 nm the layer becomes insulating around

T = 110 K and for the slightly thicker samples with d = 6 nm and d = 7 nm it

can be seen that an exponential increase of ρxx, also starts to develop at tempe-

ratures below 10 K. For d = 6 nm the high resistivity already causes an offset
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Fig. 4.6: Temperature dependence of ρxx for Cr0.13(Bi0.2Sb0.8)0.87Te3-layers of
different thickness grown at TSub = 300◦C.

in the hall measurement, as it can be seen in fig. 4.5, and the amplitude of the

anomalous hall resistance no longer significantly increases.

At both chosen growth temperatures the values of ρxx, ρxy and Hc are quite si-

milar but a difference is seen in the dependence on the topgate voltage shown

exemplary for two samples in fig. 4.7. For a growth temperature of TSub = 300◦C

a maximum in ρxy is observed and for TSub = 180◦C ρxy rises continuously upon

increasing the gate voltage. The presence of a maximum indicates, that at high

growth temperatures the layer is closer to charge neutrality and that it can be

reached by gating.

The magnitude of ρxy strongly depends on the temperature as well. As it can be

seen exemplary in fig. 4.8 ρxy approximately doubles upon decreasing the tempe-

rature from 4.2 K to 1.6 K.

In the presented measurements a clear trend is observed that upon reducing the

thickness or the temperature of the samples, ρxy as well as ρxx increases, de-

monstrated in fig. 4.9. The increase in ρxx is problematic because for very small

thicknesses the samples are insulating at low temperatures, e.g. the layer with

d = 7 nm and TSub = 300◦C is insulating at T = 30 mK. As a consequence

layers with a too high ρxx, ρxx(T = 4.2 K) > 20 kOhm, are considered unsuitable
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Fig. 4.7: Gate dependence of ρxy for two Cr0.13(Bi0.2Sb0.8)0.87Te3-layers of dif-
ferent growth temperatures at T = 4.2 K and µ0H = 500 mT to ensure stable
magnetization.

Fig. 4.8: ρxy for Cr0.13(Bi0.2Sb0.8)0.87Te3-layers upon lowering the temperature
from 4.2 K to 1.6 K. Prior to the measurement the gate voltage was set to maximize
ρxy and the magnetic field set to 500 mT to ensure stable magnetization.
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for electric transport but a high ρxy is still aspired. Therefore the sample with

d = 7 nm and TSub = 180◦C is selected for further measurements.

Fig. 4.9: ρxy mapped to ρxx at T = 4.2 K for the two different substrate tempe-
ratures and different thicknesses.

Taking a closer look at the switching events of the magnetization reveals that the

magnetism in this layer, as well as in the previously discussed ones, is even at

low temperatures not stable. At a constant external magnetic field, several mT

away from the coercive field, the anomalous hall resistance decreases over time,

as can be seen in fig. 4.10 for a temperature of T = 1.6 K, well below half of TC .

The anomalous hall effect actually even decreases noticeable at an external field

of H = 0 at a time scale of minutes. A decrease of ρxy is also observed in thicker

samples shown in fig. A.5 in the appendix.

Such a magnetization which is not stable in time is called superparamagnetism

and manifests in small ferromagnetic particles. The energy barrier separating

the two directions of the magnetization is of the order of kBT and random swit-

ching between the two states is possible. Consequently a previously magnetized

state will relax at H = 0 to a net magnetization of zero. The exponential time

dependence of the magnetization of a superparamagnet in zero field is given by

[136]:

M(t) = M(0) · exp

(
− t
τ

)
, (4.3)
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Fig. 4.10: Measurement over time at different constant magnetic fields and T =
1.6 K. The magnetization of the sample for each measurement was prepared by
sweeping from positive saturation to the magnetic field indicated by the arrow of
the corresponding color in the inset. The black curve shows the decay of ρxy at
zero external field.

with the decay constant τ .

An explanation of this behavior would be the existence of small Cr-clusters

as magnetic particles in the material, which has already been reported

for related materials like CrS1−xSex and CrSxTe1−x [137, 137]. Assuming

that the superparamgnetism in the Cr0.13(Bi0.2Sb0.8)1.87Te3-layers is caused by

such clusters their volume, Vc, is related to τ by the Néel-Arrhenius equation[138]:

τ = τ0 · exp

(
KVc
kBT

)
, (4.4)

with the attempt time τ0 being typically around 10−10 s and the anisotropy

energy K ≈ 1.3 · 106 J/m3 of this material, approximately known from the

SQUID-measurements.

Under the assumption that the anomalous hall resistance is directly proportional

to the magnetization, RAHE ∝ M , the measured time dependence should be

possible to fit with eq. 4.3. As it turns out it is not, because of the exponential

dependence of τ on Vc in eq. 4.4. Small variations in Vc, which are most
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likely present, result in huge changes of the decay time and to fit RAHE(t) a

distribution of the decay time, P (τ), instead of a single value of τ , has to be

assumed. This results in:

RAHE(t) = RAHE(0)

∫ ∞
0

P (τ) · exp

(
− t
τ

)
dτ. (4.5)

With this equation the measured decay of RAHE at zero external magnetic

field is fitted and the to P (τ) corresponding volume distribution, P (Vc) of the

Cr-clusters is calculated using the relation from eq. 4.4. The result is shown in

fig. 4.11. The distribution of the particle sizes is comprised of two peaks, a broad

Fig. 4.11: Measurement of RAHE over time at µ0H = 0 T and T = 1.6 K. The
magnetization of the sample was prepared by sweeping from positive saturation to
0 T. The measured data is shown in black and the fit as a red dashed line. In the
inset the volume distribution corresponding to the fit is shown.

one around 420 Å
3

and a narrow one around 490 Å
3
. While the result can only

be viewed as an estimation it indicates that the magnetization, or at least a part

of it originates from small magnetic inclusions. The determined particle size is

relatively small and could not be resolved by other measurement techniques, e.g.

in TEM measurements. A possible location for the formation of such clusters

would the numerous grain boundaries in this material.
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The layer with d = 7 nm and TSub = 180◦C was cooled down further to a tem-

perature of T = 30 mK in a dilution refrigerator to gain further insight into the

anomalous hall effect of Cr0.13(Bi0.2Sb0.8)1.87Te3. The intention is to freeze out the

remaining bulk carriers and to stabilize the magnetism and get a larger RAHE.

For lower temperatures ρxx continues to rise and for the base temperature of the

dilution fridge, T = 30 mK, the sample is no longer an ohmic conductor, as can

be seen in the nonlinear IV-curve in fig. 4.12. For two-terminal voltages below

Fig. 4.12: IV curve of the Cr0.13(Bi0.2Sb0.8)1.87Te3-sample with d = 7 nm for
temperatures of 1.6 K and 30 mK. The main graph shows the current in dependence
on the two-terminal voltage V2T , measured at the contacts where the current is
injected into the hall bar. The inset shows the current in dependence on the four-
terminal voltage drop V4T measured between two adjacent contacts on the hall bar.
At fridge base temperature both curves show non-linear behavior.

10 mV the sample behaves like an insulator, within measurement accuracy zero

current is flowing. Upon going to higher voltages the slope of the IV-curve in-

creases, a current starts to flow and for voltages higher than 40 mV the IV-curve

is approximately linear. This behavior resembles variable range hopping, which

describes low temperature conductance in strongly disordered systems with lo-

calized charge carriers. The localized carriers need a certain activation energy

to move to the next free state, which results in the insulating behavior at low

voltages.
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Measurements of quantities like ρxx and ρxy are, because of the non-linear be-

havior, no longer well defined in such a system, but to get at least some useful

results the transport experiments were carried out at atypical high bias voltages

VBias = 100 mV where the IV-curve is linear. This certainly leads to a significant

increase in the electron temperature. The carrier density in the sample was then

manipulated to move it towards the charge neutral point and the largest ρxy by

applying a positive voltage to the topgate. Both ρxx and ρxy continuously incre-

ase by increasing the gate voltage, see fig. 4.13. The sample is in the p-doped

regime and a crossover from p-type to n-type cannot be achieved in the available

gate range.

Fig. 4.13: Measurement of the gate voltage dependence of ρxx and ρxy on the
d = 7 nm layer at T = 30 mK and µ0H = 1 T with a high bias voltage of VBias =
100 mV.

The magnetic field sweep was then carried out for the highest gate voltage the

insulator of the gate can sustain, Vg = 9 V. As can be seen in fig. 4.14 the ano-

malous hall effect is present and reaches a value of about 9 kOhm and no signs

of quantization are seen.

Because this sample showed insulating behavior another layer with d = 8 nm

and TSub = 300◦C which also showed a reasonable ρxx and large ρxy, see fig. 4.9,

was measured as well and it remains conducting with a linear IV-curve up to

T = 30 mK. It exhibits a high ρxx ≈ 40 kOhm and RAHE ≈ 11 kOhm, see

fig. A.6 in the appendix, but also is far off the quantized values.
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Fig. 4.14: Measurement of the magnetic field dependence of ρxx and ρxy on the
d = 7 nm layer at T = 30 mK and Vg = 9 V with a high bias voltage of VBias =
100 mV.

The signature of superparamagnetism, a decreasing magnetization over time, is

still observed at T = 30 mK. At fields which are more than 10 mT away from

the switching field the magnetization changes over time as displayed in fig. 4.15,

but no longer at H = 0. This agrees with the exponential dependence on the

temperature given in eq. 4.4.

Thin Cr-doped (Bi0.2Sb0.8)2Te3-layers were measured in electric transport at low

temperatures. A large anomalous hall effect is realized by reducing the thickness

of the layers to only several nanometers. Reducing the thickness also increases

the longitudinal resistance and for thin samples and low temperatures insulating

behavior is observed. A quantization of the hall resistance, like in [12], with a

vanishing longitudinal resistance could not be realized. Additionally the mag-

netization of the samples is not stable and shows signs of superparamagnetism,

a change of magnetization over time at constant external magnetic fields. This

points to the formation of small Cr-clusters in the layers, making the magne-

tism non-uniform, and the layer composition inhomogeneous. The assumption

of an inhomogeneous layer is also supported by the non-ohmic behavior at low

temperatures resembling the characteristics of a disordered system.
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Fig. 4.15: Measurement over time at different constant magnetic fields and T =
30 mK. The magnetization of the sample for each measurement was prepared by
sweeping from positive saturation to the magnetic field indicated by the arrow of
the corresponding color in the inset in the upper right corner. The second inset
shows the measurement at µ0H = −40 mT at a larger time scale, with ρxy changing
its sign.

In conclusion the investigated MBE-grown Cr-doped (Bi0.2Sb0.8)2Te3-layers are

not suitable as a system for the realization of the QAHE.

4.3 Increasing the anomalous hall effect

Soon after the realization of the QAHE [12] it was shown that there is a superior

alternative to Cr for magnetic doping which exhibits the QAHE as well [134, 135]:

Vanadium. V does offer two distinct advantages over Cr. First V-doped layers

show higher values of TC and Hc, the magnetism in these layers is more robust.

Second the electronic configuration of V, [Ar]3d34s2, resembles Bi and Sb more

closely, each having 5 electrons in their outer shell, meaning V should only act as

a magnetic and not as an electronic dopant. This gives a higher level of control

over the carrier concentration, a critical parameter to realize the QAHE.
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For MBE-growth V is a challenging material because a very high temperature,

T ≈ 1200◦C, is needed to achieve a reasonable vapor pressure. The V cell has

to be heated up to its limit to get the desired amount of dopants and the heat,

which it radiates, significantly alters the substrate temperature at the front sur-

face. The growth conditions for thin samples with a layer thickness of d ≈ 9 nm

were optimized consecutively in respect to substrate temperature, V-content and

Bi to Sb ratio with the priority to reach a large RAHE and also a low ρxx. An ad-

ditional 10 nm thick capping layer of insulating Te was introduced for protection

against the environment.

First layers were grown with substrate temperatures in the range from

TSub = 300◦C to TSub = 130◦C. This temperature is measured at the

back of the substrate and, because of the heat radiating from the V-cell, dif-

fers from the higher temperature at the front by an undetermined amount.

The layers were grown under the same flux ratios for a nominal composition

of Vy(Bi0.44Sb0.56)2−yTe3 with the exception of the V-content with nominal va-

lues of y = 0.10 for TSub > 190◦C and y = 0.15 for TSub ≤ 190◦C. The actual

layer compositions nevertheless differ due to the varying influence of the substrate

temperature on the desorption coefficients of V, Bi and Sb. The measurement

results for the anomalous hall effect at T = 4.2 K are displayed in fig. 4.16.

For TSub ≥ 230◦C, RAHE and µ0Hc of the measured samples are smaller than 100

Ohm and 10 mT respectively. By lowering the substrate temperature further to

TSub = 190◦C and below, both RAHE and Hc increase by an order of magnitude.

Even considering variations in the sample composition, low growth temperatures

seem to be essential to realize a large RAHE and a robust magnetization. A con-

sequence of the lowered growth temperatures, compared to TSub = 300◦C for the

optimal growth of Bi2Se3 [81], is a degradation in crystal quality.

In parallel to the optimization of the substrate temperature during growth the

influence of the V-content on the magnetization and the anomalous Hall effect

was investigated. At a substrate temperature of TSub = 230◦C and a constant Bi

to Sb ratio samples with different nominal V-content were fabricated. In fig. 4.17

the Hall resistance measured at T = 4.2 K is displayed and it can be seen that

the conditions for a sharp switching event and a large RAHE are best fulfilled for

0.10 < y < 0.33. Since a smaller amount of V is favorable for a homogenous

sample composition, the V-content in the subsequent samples was picked in the
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Fig. 4.16: Measurement of the anomalous hall effect at T = 4.2 K for V-doped
(Bi0.44Sb0.56)2Te3-layers (nominal composition) grown at different substrate tem-
peratures TSub.

lower part of this regime at a nominal value of y = 0.15.

The last parameter which was optimized is the Bi to Sb ratio, which turns

out to have a big influence on RAHE as well as on Hc. The optimization

was done at TSub = 190◦C, which was, at that time, the substrate tempera-

ture with the highest measured RAHE. For this step the actual composition of

the V0.1(Bi1−xSbx)1.9Te3-layers was determined after growth by the lateral lat-

tice constant gained from XRD measurements and by energy-dispersive X-ray

spectroscopy on thicker layers [139]. Seven layers with different Sb-concentrations

x in the range of 0.56 ≤ x ≤ 0.95 and one layer grown on a InP(111) substrate

instead of Si(111) were measured at T = 4.2 K. All layers except the one with

x = 0.95 were measured as well in one of two different dilution refrigerator setups,

at their respective fridge base temperatures of 15 mK and 50 mK. For the ana-

lysis of the results the difference in the base temperatures is of no consequence.

The dependence of ρxy and ρxx on the gate voltage and perpendicular external

magnetic field was taken for all samples. In the gate dependence a maximum in

both ρxy and ρxx is seen for x ≤ 0.86. It is concluded that the layers are near the
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Fig. 4.17: Measurement of the anomalous hall effect at T = 4.2 K for
Vy(Bi0.44Sb0.56)2−yTe3-layers (nominal composition). For y = 0.22 the sample
was not completely magnetized in the negative direction, therefore the hysteresis
curve is asymmetric. The conclusions are still valid.

charge neutral point and can be tuned to it by the topgate. The magnetic field

sweeps were done at the gate voltage, Vg = V0, with the maximal anomalous hall

resistance RAHE,max. If a maximum of RAHE was not reached inside the available

gate range the measurement was conducted at a gate voltage of Vg = 9 V. For

better visibility the values of RAHE,max, V0 and Hc are extracted from the mea-

surements and their dependence on x is shown in fig. 4.18 and fig. 4.19. The

actual measurements for a changing external magnetic field are shown in fig. 4.20

and fig. 4.21. The gate voltage V0 is for every measured composition positive,

corresponding to a depletion of p-type carriers, and increases with increasing Sb-

content until at x ≥ 0.86 it is in proximity to or is higher than the breakdown

voltage of the dielectric, i.e. RAHE cannot be maximized. In fig. 4.18 a maximum

in the investigated region for RAHE,max at x = 0.79, both at T = 4.2 K and at

millikelvin temperatures, is visible.

The QAHE is achieved for x = 0.79 at T = 15 mK, H = 0 and Vg = V0, as can be

seen in fig. 4.21 and 4.22, and the measured values of ρxx and ρxy are 0.005 RK

and 0.9996 RK respectively, very close to the literature value for quantization.
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Fig. 4.18: The anomalous hall effect at T = 4.2 K (black) and fridge base tempe-
rature (red) for V0.1(Bi1-xSbx)1.9Te3-layers grown at TSub = 190◦C on Si(111) and
one layer on InP(111). The gate voltage at which the measurement was conducted
is shown in the inset. The gate voltage at which RAHE is maximal varies slightly
for T = 4.2 K to millikelvin temperatures.

Fig. 4.19: The coercive field at T = 4.2 K (black) and fridge base temperature
(red) for V0.1(Bi1-xSbx)1.9Te3-layers grown at TSub = 190◦C on Si(111) and one
layer on InP(111).
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Fig. 4.20: Measurement of the anomalous hall effect at T = 4.2 K for
V0.1(Bi1−xSbx)1.9Te3-layers grown at TSub = 190◦C. The measurements were con-
ducted at the gate voltage shown in the inset of fig. 4.18.

Fig. 4.21: Measurement of the anomalous hall effect at fridge base temperature
for V0.1(Bi1−xSbx)1.9Te3-layers grown at TSub = 190◦C. The measurements were
conducted at the gate voltage shown in the inset of fig. 4.18. The dashed lines
represent the von Klitzing constant, RK and -RK.
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Fig. 4.22: Measurement of the longitudinal resistance at fridge base temperature
for V0.1(Bi1-xSbx)1.9Te3-layers grown at TSub = 190◦C. The measurements were
conducted at the gate voltage shown in the inset of fig. 4.18.

Since the measurement is done by applying an ac bias voltage the small devi-

ations can be explained by the capacitive coupling of the cryostat leads to the

ground. The composition is actually close to the one of the investigated Cr-doped

samples, but the result, a larger RAHE and a lower ρxx at a larger layer thickness,

show the advantage of V-doping over Cr-doping.

The Bi to Sb ratio for which the QAHE can be achieved is rather narrow as for

samples with higher or lower values of x, ρxy no longer reaches quantization at

millikelvin temperatures with ρxy = 0.91 RK and ρxy = 0.88 RK for x = 0.69 and

x = 0.86 respectively. The layer grown on InP(111) with x = 0.79 is close to the

quantized conditions as well with ρxy = 0.95 RK indicating that the QAHE is not

strongly dependent on the substrate condition.

Interestingly the value of Hc depends on the Sb content in the layers as well.

It can be seen in fig. 4.19 that the coercive field increases with x in the probed

range. This indicates a relation between Sb and the magnetism in the layer, Sb

enhances the exchange interaction. By increasing the Sb-content the band gap of

the compound decreases, the Dirac-point moves to higher energies and the carrier
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concentration changes from n-type to p-type [90]. If the smaller band gap leads

to an enhancement of the Van Vleck ferromagnetism, the change in the amount

of carriers, albeit localized at millikelvin temperatures, increases the exchange

interaction, the movement of the Dirac-point, the difference in the atomic orbi-

tals of Bi and Sb or an entirely different reason is the cause for the relation is

unknown at this point.

4.4 The quantum anomalous hall effect

After the discovery of the QHE the question arose if a quantized conductance

and edge channel transport can be achieved without the necessity of an external

magnetic field [140], the QAHE. Recently the QAHE has been proposed in 2D

ferromagnetic metals [141], in Hg1−yMnyTe quantum wells [112], in graphene

with Rashba and exchange effects [142] and in ferromagnetic TI materials like

magnetically doped Bi2Se3, Bi2Te3 and Sb2Te3 [113, 143]. In Cr- and V-doped

(Bi1−xSbx)2Te3 it was realized [18, 129–135].

In their proposal for the QAHE in Bi2Se3 and related materials Yu et al. [113]

describe a mechanism based on a 2D ferromagnetic TI. The studied TI materials

belong in principle to the class of 3D TIs, but it has been shown that by reducing

the thickness to less than 6 nm, the wave functions of the surface states overlap

and a hybridization gap opens [103, 104, 108]. Only edge states remain and

the 3D TI becomes a 2D TI. In the 2D TI the two edge channels, one for each

spin direction, flow clockwise and counterclockwise respectively, this is called

the quantum spin Hall effect (QSHE). By introducing the exchange field of a

ferromagnetic system the inversion of one of the two spin species is lifted and

only a single spin-polarized edge channel remains. The QAHE is realized.

An alternative proposal by Nomura and Nagaosa [143] is based on magnetic 3D

TIs. In their paper the effect of the exchange interaction on one surface state is

studied. The exchange interaction opens a gap for the surface states and they

localize. As long as the Fermi energy is in the gap the Hall conductivity of the

surface state quantizes with σxy = ±e2/(2h). For two surface states this would

result in a total Hall conductivity of σxy = ±e2/h.

77



Chapter 4. Anomalous and Quantum Anomalous Hall Effect in Topological
Insulators

In the last section the optimization process towards the QAHE is described and

now further results from measurements on Vy(Bi1-xSbx)2−yTe3 from the sample

closest to quantization, with d = 9 nm, y = 0.1, x = 0.79 and TSub = 190◦C

during growth will be shown and discussed. Parts of this section are published

[18]. Measurements were conducted on the large and small Hall bar and show

qualitatively the same results. The same measurements were also done on anot-

her sample with x = 0.80, being fabricated otherwise in the same way, shown in

fig. A.7 to fig. A.10 in the appendix, and confirm the presented results.

After cooling the sample to T = 15 mK and saturating the magnetization in a

large enough negative magnetic field the dependence on the gate voltage of the

resistance was measured, at a small external magnetic field to guarantee stable

magnetization, and is displayed in fig. 4.23. For gate voltages in the range of

Vg = 8 V to Vg = 1 V ρxx and ρxy are quite stable and near the expected values

for quantization 0 and -RK respectively. It is concluded that in this region charge

neutrality is achieved and only a single edge channel contributes to the transport.

The center of this gate voltage region, V0 = 4.5 V is chosen as the gate voltage

for further measurements in the QAHE-regime. For negative gate voltages the

resistivities move off from their quantized values presumably because of the avai-

lability of additional conductance channels.

A magnetic field sweep was done at V0, as shown in fig. 4.24, and the switching of

ρxy from -RK to +RK at µ0Hc ≈ 1.1 T due to a reversal in the magnetization can

be seen. The magnetic switching is accompanied by a large longitudinal resistivity

because in this region the edge channel transport breaks down. Just after crossing

µ0H = 0 there is a noticeable bump in the resistivities which will be discussed

later. Both the resistivities and conductivities are at their expected quantized

value almost independent of the external magnetic field. At µ0H & 0, just before

the bump, the values of the resistivities and conductivities are ρxx = 0.005 RK,

ρxy = 0.9996 RK, σxx = 0.005 e2/h and σxy = 1.0003 e2/h. The small deviati-

ons to the quantized values can be explained by the capacitive coupling of the

cryostat leads to the ground for the ac-measurement with a frequency of 13 Hz.

Quantization at zero external magnetic field is achieved.

So far it is shown that the values for the resistivities and conductivities quan-

tize, but a conclusive proof for the chiral edge channel nature of the electrical

transport is missing. This proof can be given by non-local measurements. In a
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Fig. 4.23: Measurement of the gate voltage dependence of ρxx (black) and ρxy
(blue) on the described layer at T = 15 mK and µ0H = −0.2 T. Quantization
conditions are achieved in a range from Vg = 8 V to Vg = 1 V and V0 = 4.5 V is
chosen for further measurements in the QAHE-regime.

non-local measurement it can be shown that the actual current path in the sam-

ple differs from the, for diffusive transport, expected one. In the measurement

in fig. 4.25 a current, I16 is flowing from contact 1, where a voltage is applied, to

contact 6, which is grounded, and a voltage is measured between the contacts 1

and 6, U16 and between 4 and 6, U46. Then the resistances are calculated with

R16,16 = U16/I16 and R46,16 = U46/I16. The position of the Hall bar contacts is

indicated in the schematic drawing in the upper left corner of fig. 4.25.

For a chiral edge channel with non-dissipative transport there are in principle

only two possible results for this measurement. If the current flows clockwise in

the Hall bar the potential at contacts 2, 3, 4 and 5 is equal to the potential at

contact 1 and therefore U46 = U16 and R46,16 = R16,16. If the current flows coun-

terclockwise the potential at the contacts 2, 3, 4 and 5 is equal to the potential

at contact 6 and therefore U46 = 0 and R46,16 = 0.

If the edge channel transport does not dominate the transport the potential at

contact 4 depends on the sample geometry and the relation between hall and lon-

gitudinal conductivity and neither R46,16 = R16,16 nor R46,16 = 0 can be achieved.

The shown measurement in fig. 4.25 clearly supports the picture of edge channel

79



Chapter 4. Anomalous and Quantum Anomalous Hall Effect in Topological
Insulators

Fig. 4.24: Magnetic field sweep at T = 15 mK and V0. Hall (blue) and longi-
tudinal (black) resistivity as well as conductivity are shown to demonstrate the
accuracy and stability of the quantization of the QAHE in this layer. At about
1.1 T the magnetization of the sample changes.

transport. In the left part of the figure the current flows first counterclockwise,

R46,16 = 0, best fulfilled at µ0H . 0, and upon increasing the magnetic field

the magnetization switches and the current flow switches its direction as well to

clockwise, R46,16 = R16,16. Upon decreasing the magnetic field in the right part

of the figure the magnetization and current flow switch back to their previous

states. For perfect edge channel transport the two terminal resistance should in

principle be always at the quantized value, R16,16 = RK, but for the used Hall

bar the contact resistance and the not gated part cause deviations.

After proving the existence of the edge states the already mentioned bump in the

magnetoresistance after crossing zero external field will be discussed. In the up-

per part of fig. 4.26 a minor hysteresis loop is shown. The magnetic field is swept
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Fig. 4.25: Measurement of a two-terminal and a non-local resistance, R16,16

(black) and R16,46 (red), on the sample at T = 15 mK and V0. The position
of the contacts on the Hall bar is shown by the schematic drawing in the upper left
corner of the left figure. For both figures the magnetic field is swept in direction
of the x-axis, as indicated by the arrows.

up from negative saturation until the bump is completely resolved at µ0H ≈ 0.8

T and then back to negative saturation again. In both directions the bump is

present proving its hysteretic nature. For the internal magnetic field in the sam-

ple, B = µ0H+M , the crossing of H = 0 holds no special meaning and therefore

should not cause any features. This indicates that the sample cannot be viewed

as a single macrospin-like ferromagnet and rather has components which are not

or only weakly coupled to the rest of the sample which is responsible for the main

switching event.

In the lower part of the figure the evolution with temperature of the feature is

shown. It is still present at T = 530 mK, where the sample is already way off

quantization but no longer present at T ≈ 1 K, still far away from the Curie tem-

perature of the layer, TC = 26 K, as determined by a SQUID-measurement. This

indicates that the feature is neither caused by the edge channel transport nor has

the same origin as the main magnetization. In the inset a time dependence of

the hall resistivity is shown. This data was taken by sweeping the magnetic field

at T = 15 mK from negative saturation to the point indicated by the black circle

in the lower part of fig. 4.26 at µ0H = 0.12 T. It can be seen that the feature is
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Fig. 4.26: Measurements of the feature after crossing zero external magnetic field.
In the top part the hysteretic nature of the feature is shown by sweeping the field at
T = 15 mK from negative saturation to a point just after the zero field feature and
then back again. In the lower part of the figure the feature is measured for different
temperatures as indicated in the graph. In the inset of this figure the evolution in
time of ρxy after sweeping the external magnetic field only to the point indicated
by the black circle at T = 15 mK is shown.

not stable in time but evolves over a time scale of minutes. It relaxes back in the

direction of quantization but only partially, i.e. not completely to the baseline of

this measurement. This overall behavior points to a superparamagnetic nature

of this feature developing below 1 K. The zero field feature is visible as well on

samples with different Sb-content at millikelvin temperatures and can be seen in

fig. 4.21.

It should be noted that a feature after crossing zero external magnetic field was

also, albeit not discussed, observed in other publications. A bump is clearly vi-

sible for ρxx in fig. 2b of [130] and fig. 1b of [131] and can indeed also be seen in

ρxy in [131], even though the amplitude of the feature is small in this case.
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A time dependence of the hall resistivity was already observed in a previous

section on Cr-doped layers and was attributed to superparamagnetism as well.

That the same behavior emerges in these similar layers seems to be not unlikely.

The zero field feature is not the only unusual one observed in this sample. In

fig. 4.27 another one is presented. After switching the magnetization one can

observe spikes in the magnetoresistance. The reason why these spikes are not

present in the other shown measurements is that in this specific measurement

the magnetic field was swept very slow and continuously, with 20 mT/min, and

the magnetoresistance is measured while sweeping the magnetic field. In contrast

for all other measurements a short amount of time was waited for the magnetic

field to settle before acquiring a measurement point. These spikes apparently

only appear immediately after changing the magnetic field and are attributed to

a sudden change in the magnetization in small parts of the sample, which are not

magnetically stable. These in turn generate stochastic jumps in the hall and in

the longitudinal resistivity. The field value at which they appear is random, but

the region does reproduce in repeated measurements and only at large enough

fields µ0H & 3 T the spikes in the magnetoresistance stop to appear. After chan-

ging the sweep direction and going back in field they are not present.

The measurement in fig. 4.28, here for a different sample also in the QAHE

regime, supports the interpretation of a magnetic origin. In this case the magne-

tization was saturated for negative fields only up to a certain amount, from just

after the main switching event at -1.3 T to the maximum magnetic field of the

magnet at -16 T. It can be clearly seen that the appearance of the spikes depends

on the previous saturation field. From none at a saturation field of -1.3 T the

amount increases till -3.0 T and for -16 T the amount does not increase anymore.

The higher the absolute value of the saturation field the denser the spikes get.

This is consistent with a magnetic origin of the spikes. If the negative saturation

field is not high enough the unstable magnetic parts still are in their configuration

for a positive magnetization and will not switch and cause spikes upon increasing

the field.

Another peculiar feature can be observed upon warming the sample. Before

warming the sample up it was prepared by saturating at a positive field and then

performing the measurement at µ0H = 0.5 T to avoid influence of the feature at

zero field. Afterward it was cooled again. In fig. 4.29 the resulting temperature
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Fig. 4.27: In the left part of the figure several magnetic field sweeps under identical
conditions, T = 15 mK and Vg = V0 are shown and spikes in ρxy are visible. In
the upper right and lower right part a zoom-in for the different sweep directions as
indicated by the arrow is shown. After switching the magnetization spikes appear
which are not present when going back in magnetic field. The exact magnetic fields
at which spikes appear seem to be random as they differ for each measurement.

dependence of ρxy is shown. The cooling curve shows a continuous increase of

ρxy until about T = 50 mK where the quantized value is reached. The warming

curve on the other hand looks completely different. Already at temperatures

below 50 mK ρxy drops considerably to a lower value. The sudden jump in ρxy

repeats during the warming and it is observed that it often coincides with a previ-

ous change of the heater power seen in the warming rate of the fridge displayed in

the upper part of fig. 4.29. The correlation between changes in the warming rate

causing jumps in ρxy is not one to one perfect, between 0.1 K and 0.2 K there is

a change in warming rate without a jump, but is too strong to be a coincidence.

This again suggests an unstable magnetic state, where this time the instability is

caused by a temperature change. The larger the rate of the temperature change

the larger the instability which reflects in ρxy.
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Fig. 4.28: This measurement was taken for another sample, with the only diffe-
rence to the previous one being x = 0.80, at T = 15 mK and Vg = V

′
0 . Gate voltage

and magnetic field dependence look qualitatively the same as the ones shown (see
fig. A.7 and fig. A.8 in the appendix). Again as in the previous figure the external
magnetic field dependence after the switching event is shown. For each of the me-
asurements the field was previously only saturated up to the indicated magnetic
field. For clarity the curves are vertically shifted.

Overall quantized edge channel transport and the realization of the QAHE is

proven and exemplary shown for one sample, but still there remain unresolved

issues regarding the magnetization of the layer. Several features in the magneto-

resistance like the zero field feature, spikes in the magnetoresistance and jumps

of the magnetoresistance during warming are shown and discussed. These are

interpreted as signs of magnetic instability and superparamagnetism.

In this chapter magnetic doping in the topological insulator material

(Bi1−xSbx)2Te3 is investigated, with the purpose of realizing the QAHE.

The perpendicular-to-plane ferromagnetism at low temperatures in layers doped

with the transition metal Cr is confirmed by SQUID measurements with even

thin layers showing a perpendicular-to-plane magnetization. In electrical trans-

port experiments on these layers the anomalous Hall effect was measured and a
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Fig. 4.29: In the lower part of the figure the temperature dependence of ρxy
during cooling and warming at V0 and µ0H = 0.5 T is displayed. The upper part
shows the rate of the temperature change of the fridge during warming. It can be
seen that the sudden drops in ρxy coincide with changes of the warming rate.

large value for RAHE, a prerequisite for the QAHE, was achieved for thin layers

at low temperatures, but only in combination with a large ρxx. Even insulating

behavior and variable range hoping like transport were observed for very thin

layers. The largest achieved values of RAHE are still far from quantization.

Additionally the magnetization of the layers was studied by monitoring RAHE. It

was observed, that the magnetization is not stable in time. Even at temperatures

as low as 1.6 K and at constant zero external magnetic field the value of RAHE

which is assumed to be proportional to M relaxates over time. This is a

characteristic of superparamagnetism, an effect caused by small ferromagnetic

particles which still can change their magnetization spontaneously. The average

particle size is determined by the time dependence of the anomalous hall

resistance.

For a more systematic study Cr was replaced with V, which from its electronic

configuration resembles Bi and Sb more closely. The observed magnetism is more

stable with coercive fields up to about 1 T. After optimizing the fabrication in
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regards to substrate temperature, V-content and most importantly Sb-content,

the QAHE was realized and studied at millikelvin temperatures. A quite

surprising result regarding the far from perfect crystal quality of the layer and

the absence of the QSHE or distinctive surface state transport in non-magnetic

layers.

The quantization to the literature values is accurate considering the inherent

measurements errors and the edge channel nature of the transport is shown by

non-local measurements. Even in these layers in the QAHE regime signs of

magnetic instability were found, a feature after crossing zero external magnetic

field, spikes after the switching event and jumps in the resistance upon warming

the sample. The zero field feature also shows a dependence on time connecting

it to the in the Cr-doped layers observed superparamagnetism.

The QAHE in TIs is an interesting system combining magnetism with spin pola-

rized edge channel transport. The possibilities offered by such a system can now

be studied in the V-doped (Bi0.21Sb0.79)2Te3 layers.

One of these is the potential to be the host of a Majorana bound state [144],

useful for quantum computing. If the QAHE is coupled to a conventional super-

conductor trough the proximity effect a chiral topological superconductor which

carries a single Majorana zero mode is generated.

Additionally the possibility to realize a switch of the magnetization by a current

might be given in the QAHE regime. A different magnetization of the material

in lateral direction could be realized by etching the layer in different regions by

different amounts, thus creating different coercive fields. The spin torque by the

spin polarized current through the edge channel could then be able to switch the

different regions to the same magnetization direction.

It was shown that the QAHE can also be realized in multi-layer systems of

(Bi1−xSbx)2Te3 [145], e.g. a non-magnetic layer sandwiched between two mag-

netic layers. If one can manage to get two distinct coercive fields for the two

magnetic layers a separate switching of them is possible and a configuration

where they are anti-parallel magnetized can be realized. In such a configuration

for a 3D system a true zero Hall plateau should emerge and the detection of the

quantized topological magneto-electric effect, where an electric field generates a

magnetization in the same direction [146], is proposed [147].
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Chapter 5

Axionic Screening in the Scaling

of the Quantum Anomalous Hall

Effect

Besides the various exotic properties of TIs which were to some extent investi-

gated in the previous chapters there is another one which connects an external

magnetic field to the magnetic polarization in a 3D TI with ~M = α~E [146, 148],

α = e2

h
being the fine structure constant: the so called topological magneto-

electrical effect (TME). An exciting consequence of this effect is the predicted

existence of a magnetic monopole in a TI, where an electrical charge near the

surface induces an image magnetic monopole [13]. The field theory for the TME

can be described by adding an additional term to the electromagnetic Lagrangian

L [146]:

∆L = θ
α

4π2
~E · ~B , (5.1)

with θ = π in the case of a 3D TI.

The term in eq. 5.1 has an analogon in axion electrodynamics [149, 150]. The

axion being a hypothetical elementary particle originally proposed as a resolu-

tion to the absence of violation of charge parity symmetry in strong interactions

[151]. So far there are indications for its existence [152, 153] but it still remains

to be proven. The equivalence of the term in eq. 5.1 leads to the expectation of

the existence of axions in 3D TIs which cause the TME. Recently this has been

investigated through Faraday and Kerr rotation [154–156], but the interpretation
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remains difficult because both TI surfaces are being observed simultaneously.

Due to the axionic term at the TI boundary the single Dirac cone surface state

does not violate gauge symmetry upon minimal coupling to an electromagnetic

field [157, 158]. For the, in the previously chapter studied, ferromagnetic TIs the

magnetic dopants induce a gap and a half integer quantized Hall conductivity,

σxy = ± e2

2h
should be observable for each of the individual surface states while

the Fermi energy is in the bulk gap. An observation of the QAHE in a 3D TI

can thus be regarded as the realization of an “axion insulator”. But, because the

conductivities of the two parallel surface states add up, it is not directly observa-

ble in a transport experiment. Still there is a way to detect this unique behavior

by studying the scaling behavior of the longitudinal and traversal conductivities

[143].

In this chapter, results of measurements on TIs in the QAHE-regime at dilution

fridge temperatures are presented, the scaling behavior is analyzed and compared

to other published results. The content of this chapter is published in [159].

5.1 Scaling in the quantum anomalous hall ef-

fect

In previously shown figures, such as in the lower part of fig. 4.24, it can be

seen that the edge transport in the QAHE-layers switches from n = + 1 to

n = − 1 upon reversing the magnetization, accompanied by a peak in σxx. In

the transition region where the edge channel transport changes σxx and σxy are

in fact not independent of each other and their scaling behavior can be described

by a flow diagram relating σxx to σxy. This behavior has already been extensively

studied for the integer QHE [160–164].

In the QHE each plateau transition is described by a semicircle connecting the

stable fixed points (σxy, σxx) = (n e2/h, 0) to each other [165–167] with the center

of the semicircle being (σxy, σxx) = ((n− 1/2) e2/h, 0) and the radius e2/(2h).

The series is finally terminated by the transition to an insulator, from n = 1 to

n = 0, still following the relation described by the semicircle [168]. It should be

noted that for each point on one of these ideal semicircles, excluding (σxy, σxx) =

(n e2/h, 0), ρxy is actually at its quantized value, ρxy = 1/n RK.

The first experimental study of the flow diagram in the QAHE was done by
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Checkelsky et al. [129] and the obtained relation follows the semicircle from

(σxy, σxx) = (±e2/h, 0) to (0, 0). The conclusion is, as the authors point out,

that the flow diagram of the observed QAHE is the same as for the QHE in an

ordinary 2-DEG. Indeed when extracting the conductivities from magnetic field

sweeps shown in other publications on the QAHE, for V-doped and Cr-doped

(Bi1−xSbx)2Te3, these systems show qualitatively the same flow diagram. This

can be directly seen by the high peak value of ρxx > h/e2 at ρxy = 0. Some

examples of such a high peak value of the longitudinal resistivity in the literature

are magnetic field sweeps with ρxx = 2.2 h/e2 in Fig. 2 of [12], ρxx = 2.1 h/e2 in

Fig. 2 of [129], ρxx = 1.7 h/e2 in Fig. 1 of [134], ρxx = 1.6 h/e2 in Fig. 4 of [135],

or even as high as ρxx = 34 h/e2 in Fig. 1 of [132]. The lowest peak values of the

longitudinal resistivity is seen in Fig. 1 of [131] with ρxx = 1.1 h/e2 which, with a

thickness of 10 nm, is measured on the thickest layer of the listed experiments, but

as well the ordinary flow diagram is observed [131]. The, albeit small, indication of

a thickness dependence in the literature fits quite well to the results which will be

presented here. In contrast to these results for the surface state of a magnetic 3D

TI a different flow diagram was proposed by Nomura and Nagaosa [143], similar

to the behavior proposed for the Dirac system graphene [169]. The transition of

a single surface state from σxy = +e2/(2h) to σxy = −e2/(2h), corresponding to

the half-integer quantization σxy = (n
′
+ 1/2) e2/h with n

′
= 0 and n

′
= −1,

is studied. Again a semicircle like flow diagram is obtained but here the center

is (σxy, σxx) = (0, 0) with a radius of e2/(2h). If one considers now two parallel

conducting surface states, e.g. top and bottom of a 3D TI, the conductivities

add up and one gets a semicircle connecting the point (σxy, σxx) = (e2/h, 0) to

(σxy, σxx) = (−e2/h, 0) with the center still being (σxy, σxx) = (0, 0) and a radius

of e2/h.

Indeed this kind of flow diagram is observed for the first time in the previously

described V0.1(Bi1−xSbx)1.9Te3-layers in this thesis, confirming that the QAHE

stems from a 3D TI and therefore the presence of the axion term in the screening

physics [143]. In fig. 5.1 the flow diagram of several V-doped layers of different

Sb-content x, extracted from the magnetic field dependence, is displayed and

it can clearly be seen that the relation of σxx to σxy follows the red dashed

line, the semicircle representing two parallel conducting surface states. This is

also reflected in ρxx in fig. 4.22 where the curves, which are at least close to
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quantization, always have a maximum value below h
e2

during the transition.

Fig. 5.1: The flow diagram mapping σxx to σxy of layers with d ≈ 9 nm from the
external magnetic field measurement with the Sb-content 0.69 ≤ x ≤ 0.89 (see fig.
4.21 and fig. 4.22) is shown. The black dashed line represents the flow diagram of
the iQHE, the green dashed line the predicted flow diagram of a single topological
surface state and the red dashed line two parallel conducting topological surface
states. The color code of the measurement data is the same as in the external
magnetic field measurement in fig. 4.21.

In principle any parameter which affects the plateau transition, like temperature,

gate voltage and external magnetic field, could have been used to investigate

the scaling behavior. For the presented results the flow diagram is studied by

changing the external magnetic field because it provides the largest coverage of

the phase space while keeping the bulk insulating.

5.2 Influence of the layer thickness

Now a possible explanation for the two different scaling behaviors shall be explo-

red, the thickness of the studied samples.

In publications the QAHE was measured on 5 nm Cr0.15(Bi0.1Sb0.9)1.85Te3 [12],

8 nm Cr0.22(Bi0.2Sb0.8)1.78Te3 [129], 5 nm Cr0.23(Bi0.4Sb0.6)1.77Te3 [132], 4 nm

V0.11(Bi0.29Sb0.71)1.89Te3 [134], 4 nm V-doped (Bi,Sb)2Te3 [135] and 10 nm of

(Cr0.12Bi0.26Sb0.62)2Te3 [131]. With the 10 nm layer being the thickest and, as

already mentioned, also having the lowest longitudinal peak resistance. The here
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presented results are on 9 nm thick layers, being thicker than most of the other

stated layers. While the individual given results for the layer thickness probably

vary slightly with the method by which they were determined, especially since

the layers have a certain roughness for example from rotational twins [83], the

difference in layer thickness is conspicuous. Furthermore the transition to the 2D

case is determined to be at 6 nm [103, 104, 108] setting the published results,

except of [129, 131], apart from the here presented ones. It might be the case

that the thin layers fall in the category of 2D TIs and the presented 9 nm thick

layers still belong to the class of 3D TIs.

To confirm the hypothesis, that indeed the layer thickness is significant, thinner

layers were examined. Layers of 8 nm V0.1(Bi1−xSbx)1.9Te3 and 6 nm were grown

and processed in the same way as the previous layers and measured as well at di-

lution fridge temperatures and at their respectively optimized gate voltage. The

resulting hysteresis curves of ρxy and ρxx are shown in fig. 5.2 and inset.

Fig. 5.2: QAHE in thinner magnetic TI layers. The measurements are on a
layer with x = 0.78 and d = 8 nm (orange) and another layer with x = 0.79 and
d = 6 nm (dary yellow). Both show a high anomalous Hall effect near the quantized
value.

While the results indicate that there still is some fabrication optimization missing

to achieve perfect quantization they are close enough to demonstrate the scaling

behavior. In fig. 5.3 the flow diagram of the thin samples, and a thicker one of
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similar composition for comparison, is plotted and indeed a change of the scaling

towards the iQHE, with decreasing layer thickness, is observed. The 8 nm layer

already shows a dip at σxy = 0 and for the 6 nm layer it gets more obvious

and the flow diagram qualitatively follows the one for the iQHE represented by

the black dashed lines. The axionic scaling of the 3D case transitions to the

ordinary iQHE upon decreasing the thickness and therefore making the system

more 2D-like. This confirms the crucial role of the layer thickness.

Fig. 5.3: Flow diagram of the transition of the QAHE for three different layers
with d = 9 nm, d = 8 nm and d = 6 nm and similar composition. The black
dashed line represents the flow diagram of the iQHE and the red dashed line two
parallel conducting topological surface states.

5.3 Influence of the capping layer

Another aspect which has an influence on the scaling behavior is the existence

or absence of a capping layer as protection against ambient conditions. So far

the influence of the capping layer is unclear with the QAHE being reported for

capped [129, 131, 134] as well as for uncapped layers [12, 130, 132]. During this

work the QAHE has also been observed in the previously shown capped layers,

but uncapped layers exhibit the QAHE as well. In fig. 5.4 a magnetic field

sweep at dilution fridge temperatures and optimized gate voltage on uncapped

Vy(Bi1−xSbx)2−xTe3 layers is shown. Aside from the Te cap the layers were
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Fig. 5.4: Magnetic field sweep showing ρxy and ρxx in the inset of three un-
capped V-doped layers at their optimized gate voltage and dilution fridge tem-
peratures. The individual layers are: V0.1(Bi0.23Sb0.77)1.9Te3 with d = 10 nm
(green), V0.1(Bi0.26Sb0.74)1.9Te3 with d = 9 nm (cyan), V0.05(Bi0.27Sb0.73)1.95Te3
with d = 10 nm (blue). The green curve is close to perfect quantization at zero
field and the cyan one for the sample with less V quantizes at high magnetic fields.
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fabricated and processed in the same way as capped layers and exhibit the QAHE

as well.

For these uncapped samples the peak value of ρxx during the transition is above

h/e2. A first indication of a difference to the otherwise equivalent capped layers.

This difference becomes more obvious when looking at the flow diagram, obtained

from the shown magnetic field sweeps of these three layers, displayed in fig. 5.5. In

Fig. 5.5: Flow diagram of the transition of the QAHE for three uncapped layers
from the magnetic field sweep shown in fig. 5.4 with the same color code. The
black dashed line represents the flow diagram of the iQHE and the red dashed line
two parallel conducting topological surface states.

the figure it can be clearly seen that the uncapped layers do not show the axionic

3D scaling but do qualitatively follow the 2D-like scaling behavior, represented

by the black dashed line. The effect is most prominent for the blue curve which

stems from a layer which also shows almost perfect quantization, albeit only at

higher magnetic fields. It follows that the scaling behavior of uncapped samples

is the same as for thinner capped samples. A likely explanation is a degradation

in the topmost layers due to exposure of the, in this case unprotected, surface

to ambient conditions and the lithography process, suggesting that uncapped

samples have a dead layer at their surface, and thus are effectively thinner than

their nominal values. Therefore this is a demonstration of the necessity of capping

and protecting these kind of layers.

At last it should be pointed out that the predicted opening of the hybridization

gap and therefore the transition from 3D to 2D behavior at 6 nm is not
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necessarily in contradiction to the observed results. While most of the layers

showing the 2D scaling behavior are at or below this threshold it can clearly be

seen as well in layers of nominally 8 nm [129] or 10 nm [131] thickness as well.

Considering that magnetically doped (Bi,Sb)2Te3 layers have a considerable

roughness it may be that the percolation path of the edge channel through the

sample contains thinner parts which could explain an onset of this behavior in

nominally thicker samples.

By studying the scaling behavior relating σxx to σxy during the transition from

one plateau to the other a previously not observed behavior is seen. From

this scaling it is concluded that the QAHE in the capped 9 nm thick V-doped

(Bi,Sb)2Te3 layers originates from the two topological surface states of the

magnetic 3D TI with each surface contributing the half-integer quantization

of σxy = 1
2
e2/h to the total Hall conductivity. As it is pointed out this result

is fundamentally different from previously published measurements 1 and is

therefore the first observation of the QAHE resulting from the axion term

characterizing the electrodynamic response of a magnetic 3D TI.

1The external field dependence shown in Fig. 1 of a magnetic TI layer close to quantization
by Kandala et al. has a peak value of ρxx < e2/h [133], but the implications of this behavior
are neither discussed nor further investigated.

97





Chapter 6

Summary

This thesis presents results on investigations on 3D topological insulators.

Materials of the so called second generation, Bi2Se3, (Bi1−xSbx)2Se3 and

Bi2(Te1−xSex)3, and the magnetic topological insulators, Cry(Bi1−xSbx)2−yTe3

and Vy(Bi1−xSbx)2−yTe3, were studied. The goal of this work was to find evidence

of the surface state in transport experiments and study the topological state.

In this relatively new research field the main problem is the high unintentional

doping despite a relatively large energy gap of up to 300 meV.

In the beginning of this work the focus was on reducing the bulk contribution

in pure Bi2Se3, i.e. reducing the bulk carrier density as determined by magne-

toresistance measurements at cryogenic temperatures. To achieve this, several

adjustments to the fabrication of the layers were done, like growing under high

Se-flux, the use of a nearly lattice matched substrate and growth on a rough

substrate. These improvements resulted in a reduced carrier density by about

a factor of ten, 2.1 · 1018 cm−3 n-type, and an increase in the carrier mobility.

Along with the reduction of the carrier density the Hall resistance started to

show deviations from linearity and is described by a two carrier model. An

unambiguous assignment of one of the carrier types to the surface state cannot

be made.

For a further reduction alloying was tested with the materials (Bi1−xSbx)2Se3

and Bi2(Te1−xSex)3. For Bi2(Te1−xSex)3 no significant improvements were

accomplished, but for (Bi1−xSbx)2Se3 a lower carrier density was achieved with

ntotal = 4.5 · 1017 cm−3 at x = 0.44.
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Despite the advancements the bulk contribution to the transport is still domina-

ting. Nevertheless several features in the magnetoresistance were found: linear

magnetoresistance, weak anti-localization and Shubnikov-de Hass oscillations.

These phenomenons were analyzed in respect to their possible origin. All of

them might be explained as the consequence of a surface state but neither in a

straightforward nor very compelling way. Overall the bulk as the origin of all

these features is more likely.

Therefore no definite sign of a contribution of the surface state was found in the

studied non-magnetic materials. Despite this progress it is fair to assume that

for transport studies Bi2Se3 and the related materials remain far behind the

already established topological insulator HgTe.

In contrast the magnetic doped versions are excellently suited for these studies.

The effects of magnetic doping, namely with Cr and V, were investigated in

(Bi1−xSbx)2Te3. It is shown by SQUID measurements that even in thin layers

a perpendicular-to-plane ferromagnetism is present. This offers the possibility

to combine the topological surface state with magnetism making this material a

promising host for the quantum anomalous Hall effect.

In Cr-doped layers a large anomalous Hall resistance was measured, but always

accompanied by a large longitudinal resistivity.

The by far better alternative is V-doping which gives more promising results.

After the successful optimization of the layer fabrication, with the Sb-content

being most crucial, the quantum anomalous Hall effect is realized. Exact

quantization of the Hall resistance was measured and the existence of an edge

channel is proven by non-local measurements. This result is somewhat surprising

since neither the quantum spin Hall effect, nor the quantum Hall effect, at

moderate magnetic fields, is observed in the non-magnetic materials.

Even though the layers show a ferromagnetic signature in magnetic field sweeps,

for instance measurements of the Hall effect display a hysteresis curve, the

magnetism in these layers is not completely stable. This is most prominent in

the Cr-doped layers where clear signs of superparamagnetism are observed. At

zero external magnetic field and temperatures as low as 1.6 K the magnetization

relaxes to zero over time, and even at millikelvin temperatures a decline in the

Hall resistance is seen. In the V-doped layers signs of magnetic instability are,
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even in the quantum anomalous Hall state, observed as well. They are not as

distinctive but nevertheless present. This demonstrates that the magnetism in

these materials is neither perfect nor fully understood.

Another observed characteristic relates to the yet unknown origin of the quantum

anomalous Hall effect, which so far is only observed in thin layers, 4 nm to 10 nm

thick. Either the two surfaces of the topological insulator are so close in the thin

layers that they hybridize and the system becomes effectively a 2D topological

insulator with an edge channel or the system is thick enough to remain 3D with

two separated surface states and the small thickness is only needed to suppress

other conductance channels. In the latter case the fact that for the Hall resis-

tance the n = ±1 plateau is observed, despite being comprised of two surfaces,

has to be related to half-integer quantization of the topological surface states.

Intriguingly on this matter the presented results differ to the otherwise published

data in literature. The flow diagram of the quantum anomalous Hall effect,

describing the relation of σxx to σxy during the transition from one plateau to the

other, obtained from published data from different groups resembles the behavior

of the integer quantum Hall effect. The layers presented in this thesis deviate

and exhibit a flow diagram which matches the predicted one for two topological

surface states. This fundamental difference might be explained by the quantum

anomalous Hall effect originating in the former case from a 2D state and in the

latter from two separate surface states of a 3D topological insulator. A view

supported by further measurements on thinner layers and on uncapped layers

which transition to the ordinary flow diagram of the integer quantum Hall effect.

Thus, for the first time, a clear observation of the “axion insulator” is established.

The quantum anomalous Hall effect in magnetically doped topological insulators

provides a promising system for further investigations. Majorana bound states

are predicted when combining superconductivity with the quantum anomalous

Hall effect, useful for quantum computing. In trilayer systems, comprised of

two magnetic layers with a non-magnetic layer in between, it might be possible

to achieve two different coercive fields for the magnetic layers. For opposite

magnetization a zero Hall plateau should emerge and the existence of the

topological magneto-electric effect is predicted. Different coercive fields in lateral

direction might enable a switching of the magnetization by driving a current in
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the spin polarized edge channels, a foundation for the realization of spintronic

devices.

In conclusion in non-magnetic Bi2Se3 and related materials no distinct sign of

a surface state was found in transport. The bulk contribution to the transport

dominates and after the extensive studies in this thesis and by other groups it is

questionable if a realization of this material as a topological insulator is feasible.

In contrast the results of this thesis on the magnetically doped systems are most

promising. It was possible to localize the remaining bulk carriers at dilution

fridge temperature, the quantum anomalous Hall effect is realized and for the

first time transport in an “axion insulator” is observed. Thereby clear evidence

of the surface is obtained and further options for fundamental research are given.

102



Chapter 7

Zusammenfassung

In dieser Dissertation werden die Ergebnisse von Experimenten an 3D topolo-

gischen Isolatoren dargestellt. Untersucht wurden Materialien der sogenannten

zweiten Generation, Bi2Se3, (Bi1−xSbx)2Se3 und Bi2(Te1−xSex)3, sowie die magne-

tischen topologischen Isolatoren, Cry(Bi1−xSbx)2−yTe3 und Vy(Bi1−xSbx)2−yTe3.

Das Ziel dieser Arbeit war, den Oberflächenzustand in Transportexperimenten

nachzuweisen und diesen topologischen Zustand zu analysieren. Das Hau-

ptproblem in diesem relativ neuen Forschungsgebiet besteht in einer hohen

ungewollten Dotierung, welche trotz einer relativ großen Energielücke von bis zu

300 meV vorhanden ist.

Zu Beginn der Arbeit lag der Fokus auf der Reduktion des Volumenanteils

am elektrischen Transport in reinem Bi2Se3, d.h. auf der Verkleinerung der

Volumen-Ladungsträgerdichte, die mittels des Magnetowiderstands bei tiefen

Temperaturen bestimmt wurde. Um die Reduktion des Volumenanteils zu

erreichen, wurden mehrere Änderungen an der Herstellung der Schichten

vorgenommen, wie das Wachstum unter hohem Se-Fluss, die Nutzung eines

Substrats mit nahezu gleichen Gitterkonstanten und das Wachstum auf einem

rauen Substrat. Diese Verbesserungen führten zu einer Verkleinerung der

Ladungsträgerdichte um einen Faktor von circa zehn, 2.1 · 1018 cm−3 n-typ,

und einer Erhöhung der Mobilität der Ladungsträger. Einhergehend mit der

Verkleinerung der Ladungsträgerdichte fängt der Hall-Widerstand an, eine

Abweichung vom linearen Verhalten zu zeigen und wird im zwei Ladungsträger-

Modell beschrieben. Eine eindeutige Zuordnung einer der Ladungsträgerarten
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zum Oberflächenzustand konnte nicht festgestellt werden.

Zur weiteren Reduktion wurden Legierungen mit den Materialien (Bi1−xSbx)2Se3

und Bi2(Te1−xSex)3 getestet. Während für Bi2(Te1−xSex)3 keine signifikante

Verbesserung festgestellt wurde, wurde für (Bi1−xSbx)2Se3 eine geringere

Ladungsträgerdichte mit ntotal = 4.5 · 1017 cm−3 für x = 0.44 erzielt.

Der Volumenanteil am elektrischen Transport ist trotz der Verbesserungen

weiterhin vorherrschend. Es wurden dennoch verschiedene Besonderheiten im

Magnetowiderstand gefunden: linearer Mangetowiderstand, schwache Anti-

Lokalisierung und Shubnikov-de Hass Oszillationen. Diese Phänomene wurden

auf ihre mögliche Herkunft analysiert. Sie könnten alle aus dem Oberflächenzu-

stand resultieren, allerdings nicht unmittelbar oder auf sehr überzeugende Weise.

Insgesamt ist das Volumen als Ursache für alle diese Merkmale wahrscheinlicher.

Letztlich wurde kein eindeutiges Zeichen eines Beitrags des Oberflächenzustands

zum elektrischen Transport in den untersuchten nicht magnetischen Materialien

gefunden. Daher kann man trotz dieser Fortschritte annehmen, dass für

Transportuntersuchungen Bi2Se3 und verwandte Materialien weit hinter dem

bereits etablierten topologischen Isolator HgTe zurückbleiben.

Die magnetisch dotierten Versionen dieser Materialien sind im Gegensatz dazu

für diese Untersuchungen hervorragend geeignet. Die Wirkung der magnetischen

Dotierung mit Cr und V wurde in (Bi1−xSbx)2Te3 untersucht. Es wurde in

SQUID Messungen beobachtet, dass sogar in dünnen Schichten Ferromagnetis-

mus mit einer Ausrichtung senkrecht zur Oberfläche vorhanden ist. Dies bietet

die Möglichkeit, den topologischen Oberflächenzustand mit Magnetismus zu

kombinieren, was dieses Material zu einem vielversprechenden Kandidaten für

den Quanten-anomalen-Hall-Effekt macht.

In Cr-dotierten Schichten wurde ein großer anomaler Hallwiderstand gemessen,

jedoch immer in Kombination mit einem ebenfalls großen Längswiderstand.

Die bei weitem bessere Alternative sind V-dotierte Schichten, die vielverspre-

chendere Resultate zeigen. Nach der erfolgreichen Optimierung der Herstellung,

mit dem Sb-Gehalt als wichtigstem Parameter, wurde der Quanten-anomale-

Hall-Effekt nachgewiesen. Die exakte Quantisierung des Hallwiderstands wurde

gemessen und die Existenz des Randkanals mittels nicht-lokaler Messungen

gezeigt. Dieses Ergebnis ist einigermaßen überraschend, da bisher weder der
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Quanten-Spin-Hall-Effekt noch der Quanten-Hall-Effekt, bei moderaten magne-

tischen Feldern, in den nicht magnetischen Materialien beobachtet wurden.

Obwohl die Schichten im Magnetfeld ferromagnetische Charakteristika zeigen,

wie zum Beispiel eine Hysterese im Hall-Effekt, ist dieser Magnetismus nicht

komplett stabil. Dies zeigt sich am deutlichsten in Cr-dotierten Schichten, bei

denen klare Anzeichen von Superparamagnetismus beobachtet wurden. Bei

einem externen magnetischen Feld von null und Temperaturen von bis zu 1.6

K geht die Magnetisierung mit der Zeit gegen null und selbst bei millikelvin

Temperaturen wurde ein Abfall des Hallwiderstands gemessen. In V-dotierten

Schichten wurden ebenfalls Zeichen von magnetischer Instabilität, sogar im

Quanten-anomalen-Hall-Zustand, beobachtet. Sie sind nicht so ausgeprägt aber

dennoch vorhanden. Dies zeigt, dass der Magnetismus in diesen Materialien

weder perfekt noch vollständig verstanden ist.

Ein weiteres beobachtetes Merkmal bezieht sich auf den noch ungeklärten

Ursprung des Quanten-anomalen-Hall-Effekts, der bisher nur in 4 nm bis 10 nm

dünnen Schichten gemessen werden konnte. Entweder befinden sich die beiden

Oberflächen des dünnen topologischen Isolators so nahe beieinander, dass sie

hybridisieren und das System effektiv 2D mit einem Randkanal wird, oder

das System ist dick genug, um 3D mit zwei getrennten Obflächenzuständen

zu bleiben, und die dünne Schichtdicke wird lediglich benötigt um andere

Leitungskanäle zu unterdrücken. In letzterem Fall muss die Tatsache, dass

für den Hallwiderstand, obwohl er aus zwei Oberflächen besteht, Plateaus mit

n = ±1 beobachtet werden mit der halbzahligen Quantisierung des topologischen

Oberflächenzustands zusammenhängen. Interessanterweise unterscheiden sich

diesbezüglich die hier gezeigten Ergebnisse von sonstigen publizierten Daten in

der Literatur. Das Flussdiagramm des Quanten-anomalen-Hall-Effekts, welches

die Beziehung von σxx zu σxy während des Übergangs von einem Plateau zum

anderen beschreibt, gleicht bei veröffentlichten Daten anderer Gruppen dem

Verhalten des ganzzahligen Quanten-Hall-Effekt. Die in dieser Dissertation

untersuchten Schichten unterscheiden sich davon und das Flussdiagramm stimmt

mit dem für zwei topologische Oberflächenzustände vorhergesagten überein.

Dieser fundamentale Unterschied könnte dadurch erklärt werden, dass der

Quanten-anomale-Hall-Effekt im ersten Fall von einem 2D Zustand ausgeht

und im letzteren von den zwei getrennten Oberflächenzuständen eines 3D
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topologischen Isolators. Diese Interpretation wird durch weitere Messungen an

dünneren Schichten und ungedeckelten Schichten, welche zum gewöhnlichen

Flussdiagramm des ganzzahligen Quanten-Hall-Effekts übergehen, gestützt.

Damit wurde zum ersten Mal ein eindeutiger Nachweis des “Axion Isolators”

erbracht.

Der Quanten-anomale-Hall-Effekt in magnetisch dotierten topologischen

Isolatoren stellt ein vielversprechendes System für weitere Untersuchungen

dar. Die Existenz des Majorana Zustands ist für die Kombination des

Quanten-anomalen-Hall-Effekts mit Supraleitung vorhergesagt. Dies könnte

Anwendung in Quantencomputern finden. In dreilagigen Systemen, die aus

zwei magnetischen Schichten mit einer dazwischenliegenden nicht magnetischen

Schicht zusammengesetzt sind, sollte es möglich sein, zwei unterschiedliche

Koerzitivfeldstärken für die magnetischen Schichten zu erreichen. Für eine

entgegengesetzte Magnetisierung sollte dann das nullte Hall Plateau auftreten

und die Existenz des topologischen magnetoelektrische Effekt ist vorhergesagt.

Durch unterschiedliche Koerzitivfeldstärken in lateraler Richtung könnte eine

Änderung der Magnetisierung durch einen Stromfluss in den spinpolarisierten

Randkanälen erreicht werden, was eine Grundlage für die Realisierung von

spintronik Bauteilen darstellt.

Als Fazit dieser Arbeit wurde zum Einen in nicht magnetischen Bi2Se3 und ver-

wandten Materialien kein eindeutiges Zeichen eines Oberflächenzustands im elek-

trischen Transport gefunden. Der Anteil des Volumens an der Leitfähigkeit do-

miniert und nach ausführlichen Untersuchungen in dieser Arbeit und von an-

deren Gruppen ist es fraglich, ob die Nutzung dieser Materialien als topologis-

che Isolatoren sinnvoll ist. Im Gegensatz dazu sind die Ergebnisse dieser Ar-

beit für magnetisch dotierte Schichten sehr vielversprechend. Die verbleiben-

den Ladungsträger des Volumens konnten im Mischkryostaten lokalisiert werden,

der Quanten-anomale-Hall-Effekt wurde realisiert und erstmalig der Transport

in einem “axion Isolator” beobachtet. Damit gelang ein klarer Nachweis des

Oberflächenzustands und es ergeben sich weitere Optionen für die Grundlagen-

forschung.
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Appendix A

A.1 Fit parameteres

x d (nm) n1(cm
−3) µ1(

cm2

V s
) n2(cm

−3) µ2(
cm2

V s
)

0 102 1.64 · 1018 510 3.44 · 1017 3080
0.001 104 2.30 · 1018 497 3.48 · 1017 2420
0.0045 105 2.07 · 1018 406 2.93 · 1017 2200
0.0245 104 1.97 · 1018 541 4.27 · 1017 2560
0.14 117 1.40 · 1018 419 2.89 · 1017 1840
0.3 139 7.37 · 1017 535 2.14 · 1017 2560
0.39 152 6.06 · 1017 428 1.16 · 1017 2800
0.44 160 3.17 · 1017 597 1.33 · 1017 2960
0.525 170 5.54 · 1017 427 8.25 · 1016 1660
0.555 180 4.77 · 1017 400 5.24 · 1016 2060
0.61 190 8.10 · 1017 701 2.86 · 1017 2690

Table A.1: Parameters used to fit the magnetoresistance of (Bi1−xSbx)2Se3-layers
grown on InP(111) to the two carrier model at T = 4.2 K. The obtained densities
are plotted in fig. 3.7.

d (nm) n(cm−3) µ( cm
2

V s
)

15 2.11E19 205
30 9.66E18 400
50 8.08E18 458
70 8.89E18 241
120 1.02E19 459

Table A.2: Parameters extracted from the hall measurements for Bi2Se3-layers
grown on Si(111) of different thickness at T = 4.2 K.
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A.2 Oscillations in the resistance

Fig. A.1: Derivative of the magnetoresitance shown in fig. 3.15. Taking the
derivative pronounces the oscillations of ρxx and reveals the oscillations of ρxy.
This demonstrates the dependence of ρxy on the individual conductivities in the
two carrier model.

Measurements on thinner samples, with d = 20 nm, 50 nm and 190 nm at T =

4.2 K show the same results as in the main text. The oscillations align to the

perpendicular magnetic field up to an angle of about 45◦.
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Fig. A.2: The derivative of the magnetoresistance for different magnetic field
angles, vertically shifted for clarity. At 0◦ the magnetic field is perpendicular to
the surface and at 90◦ the magnetic field is parallel to the surface. Measured on
Bi2Se3 with d = 20 nm grown on InP(111).

Fig. A.3: The derivative of the magnetoresistance for different magnetic field
angles, vertically shifted for clarity. At 0◦ the magnetic field is perpendicular to
the surface and at 90◦ the magnetic field is parallel to the surface. Measured on
Bi2Se3 with d = 50 nm grown on InP(111).
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Fig. A.4: The derivative of the magnetoresistance for different magnetic field
angles, vertically shifted for clarity. At 0◦ the magnetic field is perpendicular to
the surface and at 90◦ the magnetic field is parallel to the surface. Measured on
Bi2Se3 with d = 190 nm grown on InP(111).
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A.3 Superparamagnetism in another Cr-doped

sample

Fig. A.5: Measurement over time on a Cr0.13(Bi0.2Sb0.8)1.87Te3-layer with
d = 41 nm at different constant magnetic fields and T = 4.2 K. The magnetiza-
tion of the sample for each measurement was prepared by sweeping from negative
saturation to the magnetic field indicated by the arrow of the corresponding color
in the inset.
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A.4 Measurement on another Cr-doped sample

at millikelvin temperatures

The second Cr0.13(Bi0.2Sb0.8)1.87Te3 sample on which measurements at millikelvin

temperatures could be conducted was grown at TSub = 300◦C and has a thickness

of d = 8 nm. It does not show insulating behavior at T = 30 mK, the IV-curve is

still linear. As it can be seen in the magnetic field sweep in the figure, conducted

for the gate voltage with the maximum ρxy, the values of ρxy and ρxx are far from

quantization.

Fig. A.6: Measurement of the magnetic field dependence of ρxx (black) and ρxy
(blue) on the d = 8 nm Cr0.13(Bi0.2Sb0.8)1.87Te3-layer at T = 30 mK and Vg =
6.2 V. The data was only acquired for one sweep direction and is reflected on the
y-axis (ρxx) and the origin (ρxy) to emphasize the hysteresis.
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A.5 Measurements on another sample in the

QAHE regime

The results of measurements at fridge base temperature T = 15 mK for the

V0.1(Bi0.20Sb0.80)1.9Te3 layer with d = 9 nm grown at TSub = 190◦C are shown

in the following figures. The results agree with the ones shown in the main

text. The values of ρxy and ρxx are close to quantization, non-local transport

demonstrates the edge channel transport and the zero field feature, the spikes in

the magnetoresistance and the jumps during warming are present.

Fig. A.7: Measurement of the gate voltage dependence of ρxx (black) and ρxy
(blue) on the described layer at T = 15 mK and H = 0. Quantization conditions
are almost achieved and V0 = 6.8 V is chosen for further measurements in the
QAHE-regime.
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Fig. A.8: Magnetic field sweep at T = 15 mK and V0. Hall (blue) and longi-
tudinal (black) resistivity are shown to demonstrate the accuracy and stability of
the quantization of the QAHE in the layer. At about 1.1 T the magnetization of
the sample changes, which leads to a change of sign for hall resistivity and a large
longitudinal resistivity during the switching process.

Fig. A.9: Measurement of a non-local and a two-terminal resistance, R16,16 (black)
and R16,46 (red), on the sample at T = 15 mK and V0. The position of the contacts
on the Hall bar is shown by the schematic drawing in the upper left corner of the
left figure. For both figures the magnetic field is swept in direction of the x-axis,
as indicated by the arrows.
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A.5. Measurements on another sample in the QAHE regime

Fig. A.10: In the lower part of the figure the temperature dependence of ρxy
during cooling and warming at V0 and H = 0 is displayed. The upper part shows
the rate of the temperature change of the fridge during warming. It can be seen
that the sudden drops in ρxy coincide with changes of the warming rate.
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