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There’s always one more bug This apothegm – well known as
part of Murphy’s Law – does not apply for computational physics.
If not errorless, a working code contains at least two or yet an even
number of bugs, each compensating for one another.
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1 Introduction

Type Ia supernovae are of great interest not only because they are the main produ-
cers of iron group elements and contribute to the mass loss in early galactic evolution.
Above all, it is the astounding discovery of the accelerated expanding universe that
calls the scientific world’s attention to those powerful phenomena. In fact, their high
degree of homogeneity and brightness enables their utilisation as standard candles.

Therefore it is all the more surprising that up to now no established explanation
for the underlying physics has been found, even though promising progress has been
achieved within the last few years. More precisely, a mechanism has to be identified
that accounts for a range in explosion strengths in order to explain the deviations
from complete homogeneity. The still lacking fundamental understanding may ap-
pear dispensable, particularly in light of an empirical correlation that turns out to
legitimatise the application of type Ia supernovae as “standardised” candles. But
from the theoretical point of view, an understanding of the differences is desirable
because the composition of our universe is concerned.

As recent numerical studies reveal, the subsonic combustion of Chandrasekhar
mass white dwarfs explains various features that are characteristic for type Ia su-
pernovae. Up to now, these promising deflagration studies have not taken rotation
into account. On the one hand, this can be attributed to the fact that adoption
of rotation gives rise to the input of a free parameter whose value is unknown. On
the other hand, rotation enlarges the computation requirements from the numerical
point of view. Just like the formation of type Ia supernovae — mass accretion via a
Keplerian disc — suggests, recent studies attest to noticeable rotation of the progen-
itor stars. The aim of the work presented in this thesis is to explore the possibilities
which rotation permits and, at the same time, to ascertain the constraints it entails.

This thesis is organised as follows: the first part addresses the theoretical back-
ground necessary for embedding the theme into the type Ia supernova context. The
status quo for type Ia supernovae is reviewed as well as studies on accreting white
dwarfs and basics of flame ignition and propagation in white dwarf material. Nu-
merical calculations are subject matter of the second part. The tools facilitating the
work on explosions of rotating white dwarfs are illustrated. Finally, the results are
presented in the third part.
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Part I

Theory
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2 Type Ia supernovae

2.1 Standard supernovae Ia — “Branch normals”
Unlike core collapse supernovae, supernovae of type Ia (SNe Ia) are attributed to
thermonuclear explosions of white dwarfs (WDs) that are completely disrupted by
the liberated nuclear energy [HF60]. Their overall properties show a remarkable
homogeneity, which led to their utilisation as “standard candles”, i.e., objects whose
absolute peak luminosity is known. However, just as the importance of SNe Ia for
cosmology became clear and observations were improved and intensified, more and
more deviations from the picture of an absolute homogeneous class become apparent.
In the following, the basic properties of typical SNe Ia — the so called “Branch
normals” [BFN93], representing ∼ 64 % [LFT+01] or less of SNe Ia events — are
introduced (see [Fil97] or [Lei00] for a more detailed review).

2.1.1 Spectra
SNe Ia are classified by the presence of intermediate-mass elements such as Si, O,
Ca, and Mg whose neutral or singly ionised lines are prominent at maximum light,
whereas neither H nor He is detected at any time (however, note that SN 2002ic is
classified as Ia but shows apparent H features as described, e.g., in Ref. [WBH+04b],
possibly caused by the mass donor; cf. section 2.3, [NSD+05] or [HP06]). Those
outer stellar regions have an expansion velocity of ∼ 10 9 cm/s.

Besides Ca II, about 2 weeks after maximum light the spectra are dominated by Fe
II lines, indicating an iron-rich core that is now reached by the photosphere. About
one month after peak luminosity, emission lines of Fe and Co shape the spectra in
the nebular phase.

By examining the spectral evolution, observers concluded that the ejecta has a
stratified structure [BBH+05b]. In particular, neither C nor O at low expansion
velocities is observed, however their occurrence is predicted by pure deflagration
models [BBB+05], [BBH+05a], [MHW+06] (but note that SN 2002cx, “peculiar”
(cf. section 2.2) in many respects, exhibits a low-velocity O I line as described
in Ref. [JBC+06]). Furthermore — at least to some degree — mixed ejecta are
predicted for some events [SMBH05].

If not at all times, at least the late time spectral polarisation is weak (however,
refer to section 2.2 for evidence of polarisation).

13



2 Type Ia supernovae

2.1.2 Light curve
The light curve of SNe Ia initially gave rise to their use as standard candles because
the temporal evolution of different events is very similar. In addition, SNe Ia are the
brightest among the entire SN group and therefore detectable at high distances. For
∼ 20 days [RFL+99], the brightness increases to the maximum magnitude MB ≈
MV ≈ −19.5± 0.1 [SST+99]. The bolometric luminosity is ∼ 10 43 erg/s. The most
accurate values for absolute magnitudes are obtained from nearby SNe Ia whose
distance can be determined independently (e.g., by Cepheids [Sha18]), thus not
involving the Hubble constant which in turn can be based upon SNe Ia data [Bra98].
About 2 weeks after maximum, a second maximum in the I-band is characteristic
for SNe Ia. The decline, ascribed to the nuclear decay of 56Ni (cf. Eqs. (5.51) to
(5.53)), proceeds for ∼ 3 magnitudes in 3 to 4 weeks after maximum light and drops
exponentially by ∼ 1 magnitude per month thereafter.

The amount of 56Ni can be determined by applying “Arnett’s law” that equates
the energy released by nuclear decay and the energy emitted from the surface at
maximum light [Arn82], [ABW85]. Attention should be paid to the fact that this
equality assumes symmetric ejecta. For a typical SN Ia peak luminosity, an amount
of ∼ 0.6 Msun of 56Ni is required [KMP+05].

2.1.3 Rate
SNe Ia occur in all types of galaxies. Whereas the local rate of SNe Ia is about 0.2
events per century per 10 10 LB�

(for a Hubble constant H0 = 75 km s−1 Mpc−1

[CET99]), it is found to be dependent on galaxy morphology: young galaxies host
∼ 2 times more SNe Ia than early galaxies [NUK+00] because SNe Ia are slightly
more efficiently produced in younger stellar populations [BTF94].

However, recent work suggests that the SN Ia rate does not solely depend on the
host galaxy stellar mass but also on the star formation rate of the host galaxy (cf.
section 2.2.2, [SB05], [SLP+06]).

2.2 “Peculiar” supernovae Ia
As already indicated in the introduction, nearby SNe Ia showing different features,
so called “peculiar” SNe Ia, have been observed to accumulate. If SNe Ia are very
distant (nowadays SNe Ia observations range up to redshift of z . 1.7), observations
are difficult and effected for instance by dust [Wan05] or time dilation [FFL+05].
Very distant SNe Ia are of special interest for cosmologists, but are also afflicted
with large error bars in the derived data. The following peculiarities, often occurring
together, could be derived for several nearby SNe Ia unambiguously:

A striking feature is the spread in peak luminosity that is observed for some

14



2.2 “Peculiar” supernovae Ia

SNe Ia. Whereas the superluminous SN 1991T was assumed to produce ∼ 1.14 M�

of 56Ni and only a few intermediate mass elements, the subluminous SN 1991bg
merely generated 0.10 M� but plenty of intermediate mass elements [CLV00]. Since
mainly the subluminous events cumulate, the affiliation in a new subclass of type Ia
supernovae is conceivable.

SNe Ia which reveal at least some degree of polarisation have been detected.
SN 1996X was polarised to about 0.2 % [WWH97]. The ejecta of the very sub-
luminous SN 1999by [HHWW01] and the normal type SN 2001el [WBH+03] also
deviated from spherical symmetry to 0.3 % - 0.8 % and up to 0.7 %, respectively.
The polarisation of SN 1999by was even higher if only intermediate mass elements
are considered. SN 2004dt with a value of 2 % is one of the most highly polarised
SNe Ia ever observed [WBH+04a]. An early detection of SNe Ia seems to be of great
importance for verifying polarisation, because this feature nearly disappeared for
SN 2001el one week after maximum light [MLS+05].

Polarisation has a considerable impact in the context of rotation since it can
help to restrict the geometry of the progenitor [KNW+03]. Also, deviations from
spherical symmetry of the ejecta — if axial symmetry is maintained — suggest a
rotating progenitor. However, a study of Ref. [LLF+05] reveals that the polarisation
of SNe Ia with fast expanding ejecta (cf. the next paragraph) is not of a simple
ellipsoidal asphericity.

Some SNe Ia exhibit high velocity features (HVFs), i.e., absorption of the
prominent Ca II IR triplet for example with velocities ranging from 1.7× 10 9 cm/s
to 2.9 × 10 9 cm/s which are much higher than the photospheric component which
has a typical velocity of ∼ 1.5 × 10 9 cm/s at ∼ 1 week before maximum light (cf.,
e.g., SN 1994D [HBF+99], SN 1999ac [GAA+05], SN 1999ee [MBS+05], SN 2000cx
[TBB+04], SN 2001el [KNW+03], SN 2003du [GHF+04], SN 2005cg [QHK+06]).

These features are often attributed to some kind of detonation in the explosion
mechanism (cf. section 4.3) that provides sufficient energy for the ejecta acceleration.
Also the impact of the interaction with circumstellar material or an accretion disc
[KNTW04], [WS06], as well as abundance enhancements (an outer region composed
of Si and Ca) are discussed as possible origins of HVFs [TMMN06]. Early detection
seems to be important not only in terms of polarisation but also regarding HVFs
since far before maximum light, HVFs are shown by so many SNe Ia that they
are called “a ubiquitous property” as outlined in Ref. [MBA+05] (cf. also Ref.
[GAA+05]).

As described above, those peculiarities are often observed to be correlated.
[LLF+05] recently discovered the following trend concerning the increasing strength
of line polarisation features:
ordinary or overluminous SN Ia < subluminous SN Ia < SN Ia with HVFs

15



2 Type Ia supernovae

2.2.1 Phillips relation
The above inhomogeneities among SNe Ia seem to exclude any adoption as standard
candles. However, connections between the intensity of spectral lines, expansion ve-
locities, colour, maximum luminosity, and shape of the light curve are known to exist
[Bra98]. The most prominent correlation is the empirical “Phillips relation” [Psk77],
[Phi93]. It states that the peak luminosity is directly linked to the width of the light
curve: brighter SNe Ia rise and decline slower than their fainter counterparts, thus
possessing a wider light curve. Different methods can be employed to “standardise”
the light curves congruently, where the simplest one is the application of a temporal
“stretch factor” [PGG+97]. The coherence discovered in a nearby sample of SNe Ia
is then assigned to distant SNe Ia.

As the above-mentioned number of correlating features indicates, the necessity of
additional corrections to the one-parameter relation emerges when comparing SNe Ia
in detail [WSC+06]. See Ref. [GAN+05] for a recent approach.

2.2.2 Evolutionary effects
Besides the dependence of the SN Ia rate on the galaxy type (cf. section 2.1.3), an-
other correlation concerning the stellar population age has been found: the brightest
events (SN 199T like) only occur in actively star forming galaxies, while substan-
tially low luminous events (SN 1991bg like) are most prevalent in E/S0 galaxies
[HPS+96], [BRB96], [How01], [vLF05]. This behaviour initiated the idea of different
evolutionary channels for SNe Ia [SB05], [MDP05].

The possible influence of evolutionary effects is crucial for the utilisation of SN Ia
data for cosmology, since events of different age are compared (cf. section 2.4).
Recent publications yield no evidence for differences of SNe Ia at various redshifts
in terms of spectral or photometrical evolution [MBF+05], [BMP+06], [HHA+05],
[BDL+06].

The observation of SNe Ia at high redshifts still is a challenging venture even
for the mere classification of the supernova type, so that high accuracy in tackling
explosion details can not be expected at present [LHF+05]. In Ref. [KGC+05] the
accumulation of slowly declining (and therefore bright) SNe Ia is explained by the
bias against the discovery of fast decliners due to their faintness.

2.3 Progenitor scenarios
The progenitor star of a SN Ia can be constrained by the fact that the spectra show
neither H nor He lines (cf. section 2.1.1). SNe Ia are observed not only in young
populations but also in elliptical galaxies. The former suggests that an evolved
progenitor has already ejected its envelope, and the latter excludes progenitors with
a mass higher than 8 M� . Because no radio or X-ray emission arising from mass
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2.3 Progenitor scenarios

accretion onto a heavily bound progenitor is detectable, neutron stars and black
holes are ruled out as progenitors.

Consequently, white dwarfs are proposed as SN Ia progenitors. Since WDs simply
cool down if not affected by external influences, it is nowadays accepted that the
WDs producing a SN Ia have to evolve in a binary system. Neither WDs consisting
only of He nor those composed of O, Ne, and Mg contribute to the SN Ia scenario:
a WD composed of He is presumed to explode when accreted matter increases its
weight up to MWD ∼ 0.7 M�, leaving behind He and 56Ni, but no intermediate
mass elements, clearly contradicting observations [NS77], [WTW86]. In contrast,
O-Ne-Mg WDs are likely to end up in an accretion induced collapse leading to a
neutron star [NK91], [GGI+96].

Therefore, the most likely candidate for a SN Ia progenitor is a WD consisting of
primarily C and O (CO WD) that accretes matter in a binary system. Regarding
the nature of the companion star, different possibilities have been discussed. On the
one hand, the companion could be non-degenerate and supply a mass overflow. On
the other hand, it could be also degenerate and merge with the CO WD.

2.3.1 Single-degenerate scenario

A main-sequence star or a giant serves as a mass donor in the single-degenerate
scenario. With regard to the WD’s explosion mass and the mechanism leading to
ignition, different initial conditions are considered in the following models:

1. Chandrasekhar-mass model

2. Super-Chandrasekhar-mass model

3. Sub-Chandrasekhar-mass model

The accreted material reacts to C and O by shell burning until the Chandrasekhar
mass is approached in scenarios 1 and 2, which is defined as MCh ' 1.456 (2/µe)

2M�

(where the mean molecular weight per electron µe ≈ 2 in CO WDs [ST83]). MCh

is the maximum possible mass of a WD. For heavier WDs, the pressure gradient
no longer balances the gravitational acceleration in the non-rotating case, resulting
in the collapse of the star. As described in sections 3.7 and 4.1, central C ignition
will initiate a thermonuclear runaway and SN Ia explosion when MCh is approached
within a given period of time that neither nova outbursts nor the crystallisation
of the stellar core can prevent. The only significant difference between scenario
1 and scenario 2 is the influence of rapid rotation that theoretically allows for a
much higher MCh in scenario 2. The centrifugal expansion effect counteracts the
gravitational acceleration, thus leading to WDs that can be stable up to ∼ 4 M�

from the hydrostatic point of view [Jam64], [LO67], [OB68], [Dur75], [DI81].
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2 Type Ia supernovae

Whereas the Chandrasekhar-mass model is the preferred progenitor model nowa-
days — the limiting Chandrasekhar mass explains the homogeneity of SNe Ia con-
vincingly — , the super-Chandrasekhar-mass model as proposed by numerical evo-
lutionary studies of Ref. [YL04] (see chapter 3) is widely considered as “exotic”
even though rotation seems plausible in terms of the binary scenario that arranges
for mass accretion via an accretion disc rotating at Keplerian value. The progenitor
masses are expected to lie in the interval 1.4 M� . MWD . 2.1 M�

The super-Chandrasekhar-mass model is the progenitor scenario underlying this
thesis. It is not to be mistaken with the recently proposed scenario of massive He
stars (1.7 M� . M . 2.2 M�) that are CO enriched by He shell burning above the
core [WB06].

Unlike scenarios 1 and 2, in the sub-Chandrasekhar-mass model a He envelope
(0.1 M� . M . 0.3 M�) forms on the surface of the CO WD until a He detonation,
propagating downwards and triggering a central explosive CO burning. This occurs
before the WD approaches MCh. Although it is a promising model in terms of
matching the frequency of occurrence of SNe Ia statistically [Liv00], the predicted
lack of intermediate elements disfavours the model as an explanation for “normal”
SNe Ia. Furthermore, no layer of 56Ni with high radial velocities can be observed
in the spectra of SNe Ia, even though it predicted by the sub-Chandrasekhar-mass
model.

The main challenge of the single-degenerate scenario is the realisation of the suc-
cessful mass flow of H or He onto the CO WD [CIT98]. Low accretion rates (Ṁ .
10−8 M�/yr) are likely to trigger Nova explosions that reduce the stellar mass in-

stead of increasing it [Bee74], [GTW93]. For high accretion rates (Ṁ & 10−6 M�/yr)
the predicted H or He burning or even the generation of a common envelope con-
tradict observations [NNS79]. However, only recently super-soft X-ray sources have
been identified as WDs that steadily accrete H and He [Kv97], [HK03]. Accretion
at moderate rates probably causes the formation of a degenerate He layer and thus
leads to scenario 3 that brings up different obscurities as explained above. How-
ever, for rates of Ṁ & 10−7− 10−6 M�/yr, recent studies support the possibility of
reaching or exceeding MCh [YL04], [NSKH06].

The detection of a type G0-G2 star at the position of Tycho’s SN 1572, moving
with more than three times the mean velocity of other stars at that distance and
therefore suspected to be the surviving companion, strongly supports the single-
degenerate scenario [RCM+04]. Furthermore, numerical studies show that He bur-
ning could be more stable than previously assumed [YLS04], mainly caused by the
rotationally induced mixing at the CO/He interface (widening the shell source), and
centrifugal expansion of the shell source location, in turn favouring a scenario with
rapid rotation.
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2.4 Impact on cosmology

2.3.2 Double-degenerate scenario
Two CO WDs that merge with the emission of gravitational waves are possible
progenitors for SNe Ia when their total mass exceeds MCh [Web84], [IT84]. This
scenario naturally explains the absence of hydrogen, and also the rate of predicted
events is promising [Liv00]. Although observations for close degenerate mergers
possibly reaching MCh are quite rare [KOW98], recent numerical evolution studies
favour this scenario (S.-Y. Yoon, private communication).

However, it is not obvious why the merging of two degenerate WDs should lead
to a rather homogeneous class when mass, composition, and angular momentum
distribution are presumably different [HN00]. Further, three-dimensional studies
suggest that the less massive object is disrupted and forms an accretion disc around
the more massive WD [BCPB90], [RS95]. Other investigations of WD mergers
indicate that an off-centre ignition causes the C and O to be converted to O, Ne,
and Mg, generating a gravitational collapse rather than a thermonuclear disruption
[SN85], [WW86], [ML90], [SN98], [SN04].

Besides the described progenitor systems, further scenarios are under discussion,
e.g., the semi-detached double WD binary model proposed by Ref. [SY05], but found
to be inconsistent with observations by Ref. [BBR05].

2.4 Impact on cosmology
Since the late 1990s, SNe Ia used as standard candles have provided evidence for a
universe that experiences an accelerated expansion since the time when it was about
half of its present age [RFC+98], [PAG+99]. At that time, the predicted dark energy
took over the kinematics of our universe that was ruled by the matter contribution
before. As a consequence of this acceleration, SNe Ia discovered at a redshift of
about 1 are systematically dimmer by ∼ 0.6 mag as it would be the case in an
Einstein-de Sitter universe (i.e., a flat universe that is characterised by a vanishing
cosmological constant ΩΛ).

This discovery is remarkable since the contribution of the dark energy today,
ΩΛ ∼ 0.73, is comparable to the contribution of matter, ΩM ∼ 0.27 [AGR+06]. The
nature of dark energy is not yet established. For example, a positive cosmological
constant according to Einstein or Quintessence, i.e., a time dependence on pressure
and energy density, w, are under discussion. However, the existence of dark energy
is suggested by independent results.

The values of ΩΛ and ΩM are supported not only by the SNe Ia data. They are
confirmed also from the examination of the cosmic microwave background (CMB)
and galaxy clusters. The consistence of these three methods is known as Cosmic
Concordance. The position of the first Doppler peak as well as the comparison of the
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2 Type Ia supernovae

Figure 2.1: Deviations of the luminosities of SNe Ia at different redshifts z from an
empty universe are plotted (from [RST+04]). The thick dashed line represents the best
fit, namely ΩM = 0.27 and ΩΛ = 0.73, of the mean SN Ia data in the lower panel.

peak amplitudes for different multipole moments in the CMB angular power spec-
trum indicate a flat Universe (i.e., the total energy density Ω0 = 1) and constraint
the sum of ΩM and ΩΛ [Whi98], [GJC+98], [dAB+00], [SVP+03]. ΩM is constrained
by the evaluation of the mass of galaxy clusters [CYL+98].

A comparative analysis of local SNe Ia to their distant counterparts is unambigu-
ous (see Fig. 2.1). The SNe Ia at redshift z = 0.5 are dimmer only by∼ 0.2 mag than
local ones compared to those of an empty universe, therefore exhibiting a difference
that is of the same order as the intrinsic scatter in peak luminosity (cf. the upper
panel of Fig. 2.1, section 2.2). However, a non-monotonic trend confirms the cur-
rent acceleration whereas explanations by darkening interstellar dust fail [RST+04]:
SNe Ia are brighter compared to an empty non-accelerating universe for z & 1.5.

For this reason, the validity of the empirical Phillips relation as the basic principle
for the applicability of the SN Ia data (cf. section 2.2.1) is important more than
ever. The origin of diversity among SNe Ia has yet to be determined. Besides
theoretical investigations on explosion physics, accurate observations of distant and
local SNe Ia have intensified [FRM+05].

20



3 Presupernova evolution of
accreting white dwarfs

In the context of the single degenerate binary system, nowadays the favoured pro-
genitor scenario of SNe Ia, a WD accretes matter from a non-degenerate companion
star via a Keplerian disc (cf. section 2.3). Since the average WD mass is ∼ 0.6 M�

[ST83], the amount of matter that has to be accreted for C ignition to occur is large
(this happens soonest for non-rotating CO WDs close to their Chandrasekhar mass,
cf. section 2.3.1). Besides the matter itself also angular momentum is accreted.
Therefore it is reasonable to assume that the WD spins up during its accretion
phase.

This chapter outlines the work of S.-C. Yoon and N. Langer ([YL04] and Ref.
[YL05]), who studied the physics of accreting white dwarfs (AWDs) in detail and
claim that in the case of rapid rotation the limiting mass for C ignition or collapse
can greatly exceed the value of the Chandrasekhar-mass. The derived rotation laws
and temperature profiles serve as templates for the constructed initial models that
are described in chapter 11.

3.1 Work on accreting white dwarfs
Early studies on equilibrium models of rotating WDs (e.g., Ref. [Tas78] and refer-
ences therein) assumed a barotropic equation of state (cf. section 5.2) and implied
axial symmetry for both rigid and differential (i.e., radially varying angular velocity
Ω) rotators. Rotation is known to change the physics of stars since an additional
force, the centrifugal force (cf. Eq. (11.4)), acts outwards and thus has an expanding
effect. While the Chandrasekhar mass limit for CO WDs increases only slightly in
the case of rigid rotation up to ∼ 1.47 M� (any further mass gain is prevented by
mass shedding at the rapidly rotating equator), as outlined in section 2.3.1, it was
shown that in principle WDs can be dynamically stable for masses up to ∼ 4 M� .
In most of the previous studies the angular momentum redistribution during the
accretion phase was not derived in detail and thus the employed rotation laws were
not necessarily physically motivated.

Yoon’s and Langer’s stellar evolution code [YL04] considers the effects of accretion-
induced heating and energy transport, angular momentum transport by various
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3 Presupernova evolution of accreting white dwarfs

instabilities and — within limits — the effect of rotation on the WD structure
by modifications in the momentum and energy conservation equations. Electron
and ion viscosities, relevant for the onset of instabilities, are taken into account.
Transport of the accreted angular momentum is treated as a diffusion process.

3.2 Role of instabilities in the angular momentum
transport

A star that is initially at rest can be spun up by accretion of angular momentum.
The emerging rotation law (i.e., the rotational velocity for each mass element of
the star) depends on the angular momentum distribution. If the star accretes the
angular momentum at the equator via a Keplerian accretion disc, it has to find its
way from the surface layers into the interior in order to induce rapid rotation of the
star. However, if the accretion occurs along the field lines in strongly magnetised
stars, the gain of matter could take place near the poles and not at the equator, which
prevents the star from spinning up efficiently (S.-C. Yoon, private communication).

The study of Ref. [YL04] claims that angular momentum can be transported by
Eddington-Sweet circulations and by turbulent diffusion induced by hydrodynamic
instabilities. The origin and impact of those mechanisms on AWDs are described
below.

3.2.1 Eddington-Sweet circulations

Eddington-Sweet circulations are caused by a thermal imbalance between the equa-
tor and the poles of a rotating star. Since the corresponding time scale is shorter
than the accretion time scale only in non-degenerate regions, Eddington-Sweet cir-
culations play a role in the WD envelope.

3.2.2 Shear instabilities

The Dynamical Shear Instability (DSI) occurs whenever the energy of shear motion
dominates over the buoyancy potential. The core of a WD is susceptible to the DSI,
because there the buoyancy acceleration gbuoy is weaker for two reasons. For gbuoy,
the following expression holds:

gbuoy = g · ∆ ρ

ρ
, (3.1)

where g is the gravitational acceleration and ∆ ρ the deviation from the background
density ρ. First, strong degeneracy which is predominant in the centre leads to a
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reduced density contrast, i.e., smaller values of ∆ ρ/ρ. Second, the gravitational
acceleration is smaller in the stellar interior compared to the outer layers.

The Thermally Induced Shear Instability or Secular Shear Instability (SSI) is present
if the thermal diffusion time scale is shorter than the turbulent viscous time scale. It
is important in non-degenerate stars but relevant for WDs only in the outer regions.

3.2.3 Goldreich, Schubert and Fricke instability
The Goldreich, Schubert and Fricke instability (GSF) can set in if a star is in a baro-
clinic condition (if the equation of state is baroclinic, in contrast to barotropic (cf.
section 5.2) the temperature is an important state variable). Since the temperature
has no effect on degenerate matter as long as the thermal energy is below the Fermi
energy (cf. section 5.3), the GSF instability is likely to be suppressed in the WD
core.

3.2.4 Magnetic instabilities
Magnetic instabilities are potentially important for magnetised WDs, but not con-
sidered in Ref. [YL04].

In summary, the strongly degenerate core of WDs is susceptible to the DSI, but
other instabilities are relevant only in the non-degenerate outer layers.

3.3 Physical assumptions
The stellar evolution starts with a slowly and rigidly rotating WD whose surface
velocity is 10 km/s according to observations of isolated WDs and stellar evolution
models [BKN+05].

Three different initial masses, 0.8, 0.9, and 1.0 M� were chosen in Ref. [YL04]. The

accretion rate Ṁ was selected as moderate in the context of the single degenerate
Chandrasekhar-mass scenario in Ref. [YL04]. The values 3×10−7, 5×10−7, 7×10−7,
and 1×10−6 M�/yr serve as input values. The accreted matter is modelled to be CO
enriched ( X(12C) = X(16O) = 0.487 ), i.e., instantaneous conversion from hydrogen
or helium by shell burning is assumed.

The value of the accreted angular momentum jacc is obtained as follows. Since
non-magnetised WDs in close binary systems are believed to accrete matter through
a Keplerian disc, the material should carry jacc of the local Keplerian value at the
equator. But earlier studies show that WDs will reach overcritical rotation (involving
mass shedding at the equator) well before reaching the Chandrasekhar limit if jacc

is Keplerian. This means that the physics of accreting angular momentum is more
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3 Presupernova evolution of accreting white dwarfs

complicated and the approach has to be modified. It has been shown that the
possibility for the shift of jacc back onto the accretion disc by viscous effects exists
when the WD rotates near the break-up velocity without preventing an efficient
mass accretion [Pac91], [PN91]. In this assumption the following function is applied
to the accreted angular momentum:

jacc =

{
f · jK if vsurf < vK

0 if vsurf = vK

(3.2)

Here, jacc is the specific angular momentum carried by the accreted matter, jK and
vK are the Keplerian values for the specific angular momentum and the surface
velocity, and vsurf is the actual surface velocity. f is the dimensionless angular
momentum gain parameter that determines which fraction of the Keplerian value is
allowed to be accreted. The value of f was set to 0.3, 0.5, and 1.0 in the accretion
study.

3.4 Results

3.4.1 Thermal evolution of accreting white dwarfs
Rotation has a significant influence on the thermal evolution of WDs. As a con-
sequence of the centrifugal expansion effect, rotating WDs are cooler than their
non-rotating counterparts. The thermal structure is of great importance with re-
spect to the WD spin, since it influences the redistribution of angular momentum
by affecting the stability criterion for the onset of the DSI (cf. section 3.2.2).

Fig. 3.1 shows the thermal evolution of an accreting WD. In contrast to non-
rotating WDs in which the central temperature rises rapidly within the accretion
phase, it remains nearly constant in the rotating case. Moreover, if frictional energy
dissipation Ėrot is considered, the star becomes hotter.

The accretion-induced heating is a sensitive function of the accretion rate Ṁ .
For a higher accretion rate, the WD becomes hotter. The existence of an absolute
temperature maximum as suggested by Fig. 3.1, is caused by the accretion induced
heating. It is located in the outer layers of the degenerate core. Since it moves
outwards as the WD gains mass, it plays a key role in the transportation of angular
momentum from the envelope into the core.

3.4.2 White dwarf spin and angular momentum transport
Fig. 3.2 displays typical profiles of the angular velocity during the accretion process.
In [YL04] it was shown that all models rotate differentially while gaining in mass.
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3.4 Results

Figure 3.1: Temperature as a function of the radial mass coordinate of an accreting WD
at three different instants in time. Unlike the non-rotating case, the central temperature
is relatively low and rises only slightly with mass. The outer layers exhibit the typical
accretion induced peak in temperature (from [YL04]).

Figure 3.2: Angular velocity (here denoted by ω) as a function of the radial mass coordi-
nate of an accreting WD at five different instants in time. Soon after the onset of accretion
a characteristic absolute maximum in ω develops in the outer layers (from [YL04]).
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3 Presupernova evolution of accreting white dwarfs

An absolute maximum in angular velocity Ωpeak arises. Its value is in the range
of 1.5 rad/s . Ωpeak . 6.5 rad/s when the central density of the WD reaches the
ignition density of 2.0× 10 9 g/cm3. The corresponding total masses are ∼ 1.5 and
∼ 2.1 M� , respectively. Since Ωpeak is located neither in the centre nor at the surface,
it causes a shear factor that is positive in the core and negative in the envelope:

σ ≡ ∂ Ω / ∂ (ln r) > 0 in the core (3.3)

σ < 0 in the envelope (3.4)

The maximum in Ω is attributed to the fact that the slowly rotating inner part
contracts faster than the rapidly rotating surface layers as the total mass increases.
Since angular momentum is transported in the direction of decreasing Ω, the peak
prevents the envelope from slowing down efficiently by an inward angular momen-
tum transport. It was therefore found that the outer layers rotate fast or even at
Keplerian velocity during the accretion phase. As a result, much of the accreted
angular momentum jacc is not accepted by the star (i.e., jacc = 0 ; cf. Eq. (3.2)):
only 40 % of jacc is accreted by the WD when it reaches 1.4 M� .

Yoon and Langer claim that the degenerate core of an accreting WD rotates
differentially as a function of shear strength σ near the threshold value for the
onset of DSI, σcrit . Since any other mechanism for the transportation of angular
momentum is too slow, stronger shear will decay to σcrit via DSI. So there exists an
inner dynamical shear-unstable region and an outer region dominated by SSI and
Eddington-Sweet circulations. An interface which may be thought to divide these
both regions is located below the position of the peak temperature and therefore in
a region containing a strong temperature gradient which reduces DSI by enhancing
the buoyancy. Thus, when the maximum in temperature moves outwards during
accretion, and in addition stronger degeneracy which is caused by mass gain reduces
the inner buoyancy, the interface moves outwards. As a consequence, the unstable
DSI region also rises towards the surface and hence more angular momentum can
be transported from the outer layers into the core. Altogether, the peak in Ω moves
outwards.

The main conclusions regarding the angular velocity profile are:

• Accreting WDs rotate differentially throughout their evolution.

• DSI is the most important mechanism for the angular momentum transport
in the highly degenerate core.

• The angular momentum gain from the accreted matter and the spin-up are
closely related to the restructured angular momentum and thermal evolution
of the WD as its mass increases.
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Figure 3.3: Temperature and angular velocity (here denoted by ω) as a function of
the radial mass coordinate of an accreting WD prior to ignition. The convective core
(enclosing the mass & 0.6 M�) rotates rigidly, and the temperature in the core rises due
to simmering C burning (cf. section 4.1; from [YL04]).

It is important to note that the profile in angular momentum will not correspond to
Fig. 3.2 when thermonuclear runaway begins. Before ignition, a phase of convective
motion arises in the centre (cf. section 4.1) leading to a very efficient transportation
of angular momentum. Thus a rigidly rotating inner component will form in the
inner part of the WD. A possible angular velocity profile of the progenitor prior to
thermonuclear runaway is shown in Fig. 3.3.

3.5 Influence of physical assumptions
The influence of different assumptions for various physical quantities or parameters
(that were introduced in section 3.3) was investigated in Ref. [YL04] and is listed
here. It turned out that

• the higher the initial mass, the higher the mass Mβ at a certain value of β.
The latter is defined as

β ≡ Erotation

|W |
, (3.5)

where Erotation is the kinetic energy of the rotation and W the gravitational
energy. This relationship is a consequence of the fact that less matter and
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thus angular momentum has to be accreted to reach Mβ if a WD is initially
more massive.

• the lower the angular momentum gain parameter f (cf. Eq. (3.2)), the higher
is Mβ, since less angular momentum is accreted per unit time.

• the higher the accretion rate, the higher is Mβ, since more angular momentum
(but not matter) is rejected by condition (3.2).

• chemical gradients hardly have any effect in WDs unlike in non-degenerate
stars.

3.6 Limitations of the accretion study

The validity of the study of Ref. [YL04] is limited by several physical assumptions.

It is suited only for non-magnetised WDs. Magnetised WDs are potentially sus-
ceptible to magnetic instabilities. Further, the accretion mechanism may be different
(not via a Keplerian disc). It might well be the case that a strongly magnetised WD
will not suffer a rapid speed up or/and decelerate by the magnetic force.

The study also may have duration limits because of the one-dimensional approach.
The study of Ref. [YL04] states that it should work accurately up to about 60 %
of the Keplerian rotation, while above that value the centrifugal force might be
underestimated. However, the central regions are treated properly since it can be
shown that the inner dense core (where ρ & 0.05 ρc) remains nearly spherical (also
see Figs. 11.2, B.1 to B.7). The neglect of nuclear shell burning by the assumption of
instantaneous conversion of the accreted matter is shown to have nearly no influence.

The diffusion process that describes the transportation of angular momentum in
Ref. [YL04] is based on the assumption of shell like rotation. The authors claim that
the shell like dependence of Ω which is inevitable by the nature of a one-dimensional
code might not be appropriate for rotating WDs. Actually, in section 5.2 it is shown
that rotating WDs with a barotropic equation of state display cylindrical rather
than shell like rotation. For this reason, an accurate rewriting of AWD rotation
laws (cf. section 11.1) does not have top priority in this thesis.

Yoon and Langer argue that those limitations might alter some details but do not
affect the qualitative conclusion of the study, which is formulated with the following
words: “Accreting WDs will rotate differentially and can grow beyond the canonical
Chandrasekhar mass without suffering central C ignition, unless they lose angular
momentum through secular instabilities” [YL04].
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3.7 Evolution scenarios: loss of angular
momentum

All accreting WD models discussed in the study of Ref. [YL04] had so much angular
momentum at the end that they could not serve as SN Ia progenitors: The value of
their total angular momentum J was so large that the central density was always
too low to initiate C ignition as a consequence of centrifugal expansion. In section
4.1, the conditions for successful C ignition, namely the ignition density of ρ ignite ∼
2 × 10 9 g/cm3 and the simultaneously necessary ignition temperature of T ignite ∼
1× 10 9 K, are mentioned.

An efficient way to lose angular momentum is the gravitational wave radiation
reaction called the Chandrasekhar, Friedmann and Schutz (CFS) instability, to which
rapidly rotating compact stars are secularly susceptible. The authors show that the
r -mode, whose restoring force is the coriolis force, might be important for the
evolution of accreting WDs. The necessary value of β (cf. Eq. (3.5)) for the onset
of this mode can be as low as . 9 % within a sufficiently short time scale compared
to the accretion time scale. Unlike other modes of the CFS instability that demand
higher values of β for their initiation, the r -mode can be a promising mechanism to
remove angular momentum from the outer layers of a rotating WD (where most of
it is located) by gravitational wave radiation.

Since the CFS instability is likely damped in the presence of strong viscosity (but
not necessarily the secularly unstable modes), different scenarios on the final fate
of accreting WDs are discussed by the authors [YL05]. Fig. 3.4 shows possible
evolutionary paths denoted by the letters A to D, each of which correspond to
different physical consequences. In the following the accretion time scale is labelled
τacc, the time scale for loss of angular momentum due to r -mode instability τJloss

.

• A : τJloss
< τacc

If a sufficient amount of mass and angular momentum is accreted, the working
r -mode instability removes angular momentum. As soon as the total angular
momentum J is small enough, C ignition starts (A1). If the mass flow ceases
due to a limited budget in the binary system, path A2 is followed.

• B : τJloss
> τacc

In this case, the evolution critically depends on the angular momentum accre-
tion efficiency. If it is very efficient, the growth will continue until the mass
budget is exhausted. Since ignition is delayed, the final fate is determined
by τJloss

. If it is short enough, C ignition may occur in a liquid state of the
star, producing a SN Ia (B1). Otherwise if τJloss

is long, the WD core crys-
tallises, leading to an electron-capture induced collapse resulting in a neutron
star (B2). But since a relatively large value for τJloss

leads to ignition densities

29



3 Presupernova evolution of accreting white dwarfs

Figure 3.4: Possible evolutionary paths for accreting WDs. In dependence of the in-
terplay of the accreted mass and accreted or rather lost angular momentum J , the final
outcome varies between a SN Ia and the forming of a neutron star (from [YL05]).

of ρ ignite & 2 × 109 g/cm3, which results in neutron-rich iron group elements,
path B1 is probably not a major evolutionary path.

• C : τJloss
> τacc and low jacc - efficiency

If angular momentum is not efficiently accreted, even for τJloss
> τacc, a SN Ia

explosion is possible, either within the accretion phase (C1) or delayed due to
limited available matter (C2).

• D : Extreme angular momentum transport efficiency

The existence of rigidly rotating WDs through extremely efficient transport
of angular momentum by magnetic torques is possible. In this case the total
angular momentum J has a maximum at 1.13 M� . Since its time scale is only
short enough for more massive WDs, the r -mode instability cannot remove
angular momentum, but the necessary decrease of angular momentum could be
achieved by transferring it back to the accretion disc. The SN Ia progenitor
masses of path D are limited to the narrow interval of 1.38 M� . M .
1.46 M� .

The different evolutionary paths suggest that the progenitor masses for SNe Ia
may not have a constant value but a wide range even within certain path/s that
is/are realized by nature. The minimum mass is the canonical value of 1.38 M� ,
the maximum achievable mass remains uncertain (but it is presumed that it cannot
exceed 2.1 M� by much).
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4 Ignition and propagation of the
thermonuclear flame

This chapter introduces the basics concerning the ignition and combustion of WDs.
After a brief illustration of the pre-supernova WD (section 4.1), different ignition
scenarios are discussed in section 4.2. The propagation of two possible burning
modes is described in section 4.3. Section 4.4 presents instabilities of thermonuclear
flames that are required for the turbulent combustion, which is described in section
4.5. In part II of this thesis, the numerical realisation of the relevant physics is layed
out.

4.1 Initiation of the thermonuclear runaway
The energy of a pre-supernova WD is basically determined by three contributions
[IBHN06]: compressional heating, nuclear burning, and neutrino emission. When
a WD reaches the central density of ρc ∼ 2 × 10 9 g/cm3 as the result of steady
mass accretion (cf. chapter 3), it exceeds the ignition line in the (ρc, Tc) - plane
[YL03], [LHT+06]. By definition, at that time the produced nuclear energy enuc

exactly balances the energy eν that is removed from the core by emission of plasmon
neutrinos. Henceforth, compressional heating proceeds and enuc becomes greater
than eν . For the next ∼ 1000 yrs, convective motion starts and delays heating of
the core [HN00]. The final values are of the order of vconvect ∼ (3− 10)× 10 6 cm/s
[WWK04], [WW04]. But since the WD cannot get rid of the energy by radiation or
by expansion, the centre of the convective core that finally encloses about half of the
mass of the star grows steadily hotter. The cooling of the stellar core by convective
motion is maintained as long as the convective turnover time scale is smaller than
the nuclear time scale τnuc. The latter is introduced in Ref. [WWK04] and denotes
the time that is required to significantly reduce the carbon abundance in an isolated
region of the fluid. As soon as more energy is produced in the core than can be
transferred by convective motion to the outer stellar layers, the cooling mechanism
breaks down. A thermonuclear runaway leads to the explosion of the entire star
when the central temperature reaches ∼ 10 9 K.

Up to this point, the formation scenario of the ignition is widely accepted. How-
ever, clarification in several upcoming points, each of which significantly influencing
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the SN explosion, is still missing: where does ignition actually start inside the star,
how many ignition points are these, and most elementary, what is the burning mode
(a possible change of the mode during the explosion is not yet considered)?

4.2 Multi- vs. single-spot ignition scenario
The initiation of burning is found to have a strong impact on the explosion outcome
[LAH05]. Different possibilities have been discussed for the location and number
of seeds initiating the flame: the single-point central ignition, the single-point off-
centre ignition, and the multi-point ignition that happens in a certain region within
the WD interior. Knowledge about the ignition scenario is not only crucial for the
determination of the burning mode. Small regions of sparks distributed in the core
are thought to lead to a multi-spot ignition whereas an extended hot region favours
the creation of a detonation front (cf. section 4.3). Numerical simulations have
shown that variation of the ignition parameters (number, extent and location of
the flame seed) has a strong impact on the calculated results [NHW96], [RHN02b],
[RH05a]. It turned out that for deflagration models a singular event that initiates
an off-centre deflagration fails to unbind the WD and that the explosion is more
energetic for an increased number of ignition points. However, a maximum energy
output is achieved for a moderate number of ignitions. An even greater number
prevents a strongly wrinkled flame surface and therefore the energy release is less
[SN06], [RHNW06]. The study of Ref. [HS02] finds no evidence for multiple spot or
strong off-centre ignition, maybe as the consequence of an artefact of the employed
numerical scheme as described in Ref. [WWK04].

The latter reference, together with subsequent publications, [WW04] and
[KWG06], favour off-centre multi-spot ignition. In the following, the main idea
of these ignition studies is presented since they serve as an input for the ignition
routine employed in this thesis which is introduced in section 8.2. A combination
of stellar mixing-length theory and Rayleigh-Benard convection is used to derive
an estimate for the beginning of the runaway: temperature fluctuations relative to
an adiabatic background state that are caused by convective motion produce the
ignition points. It is important to know whether motion leading to the temperature
excess in fluid regions is approximately isotropic (described by a Kolmogorov power
spectrum) or obeys a dipole jet flow pattern. A parabolic temperature profile is
assumed for the adiabatic background:

Ta(r) ' T0

(
1 − r2

Λ2

)
, (4.1)

where Λ = 7.35 × 10 7 cm for the central density of ρc = 2 × 10 9 g/cm3. Then
the typical temperature excess gained by fluid elements on their way through the
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hot core regions δTb relative to the background temperature for the isotropic case is
given by

δTb

Ta

∼
(

Λ

R

)4/7 (
G ρ0 δP τ 2

nuc

)−3/7
(4.2)

and for the dipole jet by

δTb

Ta

∼
(

Λ

R

)(
G ρ0 δP τ 2

nuc

)−1/2
. (4.3)

Here R is interpreted as the mixing length, δP is the derivative of the logarithm of
density relative to pressure, τnuc the nuclear time scale and G is Newton’s gravita-
tional constant.

The hottest fluctuations are found not to be located at the centre but within a
shell of radius ∼ 100 km in the isotropic case and clustered along the flow axis in
one side of the hemisphere in the dipole case. This is explained by the fact that the
material heats up when it is transported through the region of high temperature
background, therefore reaches the maximum in temperature somewhat later. In
addition, it turns out that a dipole flow, although likely in the non-rotating WD as
a consequence of the convective pre-supernova motion, is eliminated by even a very
moderate degree of rotation (angular velocity Ω . 0.2 rad/s).

The multi-point ignition scenario is also favoured by a numerical study which con-
siders the evolution of fully resolved temperature fluctuations [IBHN06]. A fluid
element that is hotter than the surroundings has lower density. It rises as a conse-
quence of buoyancy and is exposed to fragmentation processes on its way towards
the stellar surface. Whether this temperature fluctuation succeeds in igniting the
material depends on the nuclear time scale τnuc. Only if τnuc is smaller than the
dispersion time scale, ignition results. Otherwise, the temperature fluctuation frag-
ments before ignition can occur. In accordance with Ref. [WWK04], the ignition
points are found to have a typical size of ∼ 1 km. Furthermore, dispersion turns
out to be more efficient for higher temperature fluctuations because they develop
much faster than their colder counterparts. In the context of a certain probability
distribution function (PDF) for the temperature fluctuations [KWG06], this has
a clear consequence for the number of ignition points. The production of higher
temperature fluctuations is less likely because their occurrence is confined to the
tail of such a PDF. Since hotter fluctuations are more likely to fail to ignite, the
multi-point ignition scenario is favoured.

For the numerical studies presented in this thesis, different ignition conditions
have been employed. Both the number and the location of the ignitions have been
varied. The implementation of the ignition is described in chapter 8.
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4 Ignition and propagation of the thermonuclear flame

4.3 Burning modes: detonation vs. deflagration
Detonations and deflagrations are two fundamentally different burning modes [LL91].
A combustion front proceeds as a detonation if the thin reaction zone at the interface
between burnt and unburnt material propagates as a shock wave which compresses
the fuel. In contrast, a deflagration (also called flame) moves subsonically in the
unburnt material. It is sustained by the equilibrium between heat diffusion and
energy generation.

Unlike detonations that do not allow the expansion of unburnt material, deflagra-
tions are strongly affected by turbulent velocity fluctuations of the fuel [HN00].

4.3.1 Detonations in the context of type Ia supernovae

The burning mode that was initially proposed for SNe Ia was detonation [Arn69].
In this scenario, the over pressure created by the heat of the burning products is
sufficiently high to form a shock wave that ignites the fuel by compressional heating.
Since the burning front moves at the speed of sound in this case, the star has no
time to expand. Therefore most of the the WD matter has such high densities (cf.
section 5.3, Table 11.2) that it is burnt to iron group elements (IGEs). However,
the detonation of a WD hardly produces any intermediate mass elements (IMEs),
which is clearly contradicted by the observed spectra of SNe Ia (cf. section 2.1.1,
[Fil97]).

This observational evidence against detonations as the explosion mechanism for
SNe Ia is also supported by investigations of the explosion ignition. In Refs. [BK86],
[Woo90], [NW97], and [Nie99] it is argued that for a successful initiation of a deto-
nation, a flat temperature gradient and consequently shallow gradient of the nuclear
time scale, d τnuc /dr, is needed. As soon as the thermonuclear runaway (cf. section
4.1) is initiated at the hottest point, adjacent regions are burnt by a combustion
wave with a phase velocity vph = (d τnuc /dr)−1. If vph is comparable to the speed
of sound and the isothermal region is broad enough, a detonation occurs. However,
the existence of these conditions are questionable since many hot ignition points
should occur as a result of the convective fluid motion rather than such a plateau
in temperature (cf. section 4.2).

Rapid rotation of the progenitor star changes the situation insofar as it affects
the condition of equilibrium of the progenitor situation: more material is located at
lower densities compared to the non-rotating star (cf. section 11.5). Nevertheless,
rotation has not yet solved the problem of the overproduction of heavy elements
[Ste90]. It is shown in chapter 13 that, by employing a very different but physically
motivated rotation law (cf. chapter 3), it is possible to construct rotating WDs that
do produce a significant amount of IMEs when detonated. Since also a large amount
of IGEs emerges from the promptly detonated rotators, this model certainly does
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4.3 Burning modes: detonation vs. deflagration

not serve as the main explosion scenario. However, if different explosion mechanisms
are involved in SNe Ia events, the addressed progenitors could be responsible that
energetic events such as SN 1991T [MDT95] produce at least ∼ 1 M� of IGEs and
∼ 0.2− 0.3 M� IMEs (P. Mazzali, private communication).

Deflagration-to-detonation transition

Motivated by the occurrence in terrestrial experiments, a delayed detonation has
been proposed [Kho91], [WW94]. When allowing for such a deflagration-to-
detonation transition (DDT), the star can expand due to the foregoing deflagration.
A considerable amount of IMEs is generated when the detonation is delayed.

Although consistent with kinematics as well as spectra, light curves and nucle-
osynthesis, the conditions for such a transition are questionable in the context of
WD matter [Nie99]. Therefore the criterion for switching the burning mode remains
a parameter that is not well understood up to now (however, see Ref. [GN05] for a
simulation employing a physically motivated transition criterion).

A possible deflagration-to-detonation transition is not further examined in the
framework of this thesis. In contrast, whether the features of SNe Ia can be explained
with as few as possible hypothetical assumptions is explored.

4.3.2 Deflagrations in the context of type Ia supernovae

The SN Ia model W7 [NTY84] marks the start of promising deflagration models.
Unlike the previously introduced detonations, deflagrations propagate subsonically:
an equilibrium of energy generation and heat diffusion is necessary in order to form
a deflagration flame which consists of two zones as a first approximation. In the
diffusion zone (that may be small in the context of degenerate WD matter due to
efficient heat transport), the material is heated up to ignition temperature. Com-
bustion takes place in the attached reaction zone. As soon as the energy generation
rate — depending on the temperature with a large exponent — is on par with the
relatively constant heat conduction rate (this occurs at T ∼ 1 × 10 9 K [TW92],
[IBHN06]), thermonuclear runaway is initiated.

Unlike a detonating WD, a WD that is burned by a flame expands during the
explosion. Since the flame “reaches” the fuel at lower densities, a significant amount
of IMEs can be produced. However, a laminar (i.e., undisturbed) flame that moves
with the laminar speed slam would extinguish as a result of the stellar expansion
before a sufficient amount of energy is released, not even resulting in a complete
unbinding of the WD (slam ≈ 10 7 cm/s ≈ 1 % csound [TW92]). Although heat
conduction is very effective in WDs and thus the propagation velocity of laminar
flames fast, it is small compared to the speed of sound with values up to . 10 9 cm/s
in a dense WD close to MCh.
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4 Ignition and propagation of the thermonuclear flame

But due to the very high Reynolds numbers of WD material (Re ∼ 10 14 [NH95b]),
the flow is likely to be highly turbulent. This has a significant impact on the flame
that is susceptible to instabilities on various length scales and therefore does not
propagate with a laminar but a turbulent velocity stur ( > slam) for most the time
of the SN Ia explosion [NH95a], [NH95b]. The great challenge of the described
pure deflagration scenario is to employ an approach to determine stur by means of
plausible physical assumption instead of considering it as free parameter [Dam39],
[NH95b], [SNH06], [SNHR06]. Good agreement with observations is obtained if
stur . 0.3 csound [HN00].

4.4 Instabilities of thermonuclear flames

As described in the previous section, the flame in WD matter is subject to turbu-
lent motion. This turbulence is caused by hydrodynamical instabilities which are
presented in this section.

4.4.1 Rayleigh-Taylor instability

In the presence of a gravitational field, two uniform fluids with different densities
that are separated by a horizontal boundary are Rayleigh-Taylor (RT) unstable. The
following growth rate is derived by linear perturbation theory [Cha61], [BDR+04]:

nRT =

√
g k

ρ 2 − ρ 1

ρ 2 + ρ 1

(4.4)

where g is the gravitational acceleration from medium 2 with density ρ 2 towards
medium 1 with density ρ 1 and k is the wave number of the perturbation. The fluid
is susceptible to RT instability if the root of Eq. (4.4) is positive, i.e., ρ 2 > ρ 1.

The RT instability, also called buoyancy instability, influences the SN Ia event
since in a star that is ignited at or near the centre, hot and therefore less dense
ashes will be surrounded by denser fuel outside. Any perturbation of the flame
surface leads to the formation of the typical RT mushroom structures. The RT
instability is inhibited as soon as the star expands significantly as a result of the
explosion.

As derived in Ref. [Cha61], rigid rotation stabilises the RT instability for small
wave numbers in a density stratification that increases exponentially in the oppo-
site direction of gravity. The suppression of the RT instability by rotation is also
confirmed by a recent numerical study of Ref. [COZK02].

For the velocity vb of a buoyant bubble, the following expression holds [DT50],
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[GL88], [Rea84]:

vb = c 1

√
At g D

2
(4.5)

where the dimensionless constant c 1 is about 0.5, D is the bubble diameter, g the
gravitational acceleration (that has to be replaced by g eff , i.e., the gravitational
acceleration that is corrected by the centrifugal acceleration in rotating stars), and
At is the Atwood number:

At =
ρ 2 − ρ 1

ρ 2 + ρ 1

> 0 (4.6)

From Eq. (4.5) it is clear that the velocity of rising bubbles is faster if the density
contrast is higher, the gravitational acceleration is stronger, or the extension of the
buoyant material is larger.

4.4.2 Kelvin-Helmholtz instability
Given the case that two fluid layers move — as in the case of RT instability where
rising ashes penetrate into infalling fuel — against each other and form a shear flow, a
surface of tangential discontinuity exists. It can be shown [LL91] that perturbations
of this shear flow will grow by the rate

nKH = k ∆v t

√
ρ 1 ρ 2

ρ 1 + ρ 2

, (4.7)

where ∆v t is a jump in the tangential velocity, ρ 1 and ρ 2 the densities of medium
1 and 2, respectively, and k is the wave number of the perturbation.

In the SN Ia context, the Kelvin-Helmholtz (KH) instability (or shear instability)
arises as a secondary instability resulting from the RT instability. It further increases
the flame surface that was enhanced by the RT perturbation. Additional shear in the
azimuthal direction is present in differential rotators. However, since the angular
velocity profiles of pre-supernova WDs do not contain jumps (cf. section 3.4.2),
rotational shear is negligible compared to the flame shear.

4.5 Turbulent combustion
It is mentioned in section 4.3.2 that an undisturbed flame is too slow to unbind the
WD. But the flame that burns the WD material is wrinkled by turbulent motion
that results from the instabilities presented above. Consequently, the flame surface
and thus the energy release are enhanced. The basics of this turbulent combustion
is given below.
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4.5.1 Turbulent eddy cascade
For a better understanding of the turbulence effect that is present on different length
scales, the idea of a turbulent eddy cascade is helpful [Ric22], [Kol41], [Fri95]. A
fluid of low viscosity is susceptible to the formation of turbulent motion. Energy
that is injected into such a fluid causes turbulence that can be considered as tur-
bulent eddies on the macroscopic scale. These eddies produce successively smaller
eddies and the energy is carried to smaller scales. Below a certain length scale the
flow is essentially laminar because dissipative effects dominate. At the so-called Kol-
mogorov scale, the energy put into the system at the macroscopic scale is dissipated
by viscous effects. If the turbulent cascade obeys Kolmogorov’s energy spectrum,
where the energy for wave numbers k drops as k−5/3, the turbulent velocity v′(l)
— that is identified as the eddy velocity — decreases for smaller length scales l.
A Kolomgorov spectrum emerges for an overwhelming majority of technical and
numerical experiments [ZWB+05].

Depending on the flame thickness δ that marks the relevant length scale for tur-
bulent combustion in SNe Ia and the strength of turbulence on this scale, i.e., v′(δ),
burning takes place in different burning regimes [Pet99].

4.5.2 Flamelet burning regime
Concerning the deflagration process in SNe Ia, the large scale perturbations of the
RT instability drive the turbulence on a length scale comparable to the stellar radius
of the WD. If the turbulent velocity on the length scale of the flame thickness is
much slower than the laminar burning velocity of the flame, i.e., v′(δ) � slam , the
flame becomes at most slightly distorted, thus enhancing the surface, but the flame
profile (cf. section 4.3.2) is not affected or even destroyed. This bending of the flame
takes place from the largest length scale (where the RT instability acts) down to the
Gibson scale lgibs. The latter is defined to be the scale where the turbulent velocity
is equal to the laminar burning speed:

v′(lgibs) = slam (4.8)

The flame surface increases on length scales greater than lgibs but it remains planar
on length scales that are smaller than lgibs. There, eddies rotate more slowly than
slam (cf. section 4.5.1). Thus they are simply burnt by the flame. Therefore, in the
so called flamelet burning regime, the flame proceeds with laminar speed but with
an enhanced surface, which gives rise to an increase of the energy generation rate.

4.5.3 Distributed reaction zone regime
For stronger turbulence, lgibs becomes smaller according to Eq. (4.8) if slam remains
constant. As soon as lgibs has dropped to the order of magnitude of the flame
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width δ, turbulent eddy motion affects the internal flame structure, changing the
microscopic flame profile. As long as only the diffusion zone is influenced — it
may be broader for typical flames — burning takes place in the thin reaction zone
regime. If additionally the very thin reaction zone is influenced, the flame resides in
the broken reaction zone regime (both regimes are summarised as distributed zone
reaction regime).

This combustion theory is derived for deflagrations where the Prandtl number Pr
is near unity (Pr is the ratio of the kinematic viscosity to the thermal diffusivity).
In degenerate WD matter heat conduction dominates over viscous effects and Pr is
accordingly smaller, 10−5 to 10−1 [NP84]. Therefore, the burning mechanism even-
tually “skips” the thin reaction zone regime by directly changing from the flamelet
to the broken reaction zone regime.

At the transition from the flamelet to the distributed zone reaction regime, a
switch in burning modes from deflagration to detonation (cf. 4.3.1) could be possible
[NK97], [LHW+00]. Furthermore, burning could be quenched as soon as the flame
resides in the distributed zone reaction regime.

4.5.4 Turbulent combustion in type Ia supernovae

The flame velocity is a crucial parameter for SNe Ia. In sections 4.5.2 and 4.5.3 it
is explained that the flame is affected in different ways, depending on the strength
of turbulence.

In the flamelet regime the flame starts in matter with high densities (ρ ∼
10 9 g/cm3). As long as lgibs is greater than the length scale of the stellar radius R,
it propagates with slam which can be determined by a fully resolved numerical study
of Ref. [TW92]. As soon as RT motion introduces turbulent motion and lgibs . R,
the thin flame is wrinkled. In that stage of the explosion, the flame width δ is
∼ 10−5 cm and slam is ∼ 10 7 cm/s [TW92]. The burning regime does not change
before the burning to IGEs is finished, which is completed in t . 1.0 s [Rei01].

As time passes, the star expands and the flame becomes thicker and the laminar
burning speed slower (δ ∼ 1 cm, slam ∼ 10 4 cm/s). In addition, turbulence becomes
stronger, so that the distributed reaction zone regime is reached. Eventually this
transition occurs before the density has dropped below ρ . 10 7 g/cm3 when burning
ceases (cf. section 7.2). Thus the burning to IMEs that follows the iron burning could
be affected by a different burning mode ([ZWR+05]; W. Schmidt, in preparation).
However, in the absence of a DDT, the energetics of the SN Ia event will not be
influenced significantly since most of the energy is liberated during the iron burning.

As mentioned in section 4.5.2, the burning velocity in the flamelet regime is slam,
but above lgibs the flame does not proceed in a smooth way. Its surface is wrin-
kled depending on the strength of turbulence. Since the smallest resolved numerical
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4 Ignition and propagation of the thermonuclear flame

scale ∆ is always greater than lgibs for three-dimensional full star studies, the in-
creased surface on scales between ∆ and lgibs has to be considered in a special way. It
can be achieved by the intuitive approach that derives a (higher) turbulent velocity
stur by equating consumption rate of the real flame and the under resolved flame
[Dam39]:

stur = slam
Atur

Alam

, (4.9)

where Atur is the wrinkled flame surface of the turbulent flame and Alam the smaller
smoothed flame surface in the model. Thus, in order to determine the numerical
flame velocity stur, the unaccessible quantity Atur has to be derived by a further
approximation. By considering a Bunsen flame, an expression for Atur is derived
in Ref. [Dam39]. The conical flame surface Atur is obtained from the following
expression, where v′ is the gas velocity at the nozzle of a Bunsen burner whose
nozzle surface corresponds to Alam :

Atur ≈ Alam
slam + v′(∆)

slam

, (4.10)

leading to

stur(∆) = slam + v′(∆) . (4.11)

Although different results for the determination of the turbulent burning speed stur

exist (cf. Eq. (7.4)), it is agreed that for strong turbulence (i.e., v′(∆) � slam),
stur(∆) decouples from slam and is proportional to the velocity fluctuations v′(∆)
[Shc43], [Poc94].

In terms of modelling turbulent combustion in hydrodynamics simulations, the
determination of stur(∆) is necessary. For the simulations presented in chapter 12,
stur(∆) is obtained by the application of a subgrid scale model that is introduced in
section 7.1.2.
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5 Explosion model formulation

Relevant physical facts and equations that are needed in order to model explosions
of rotating WDs are explained in this chapter. The derivation of the hydrodynamics
equations is followed by the presentation of properties of rotating stars and the
physics of combustion in WD material.

5.1 Hydrodynamics

5.1.1 Eulerian and Lagrangian coordinates
Different coordinate systems exist for the description of stellar interiors in the con-
tinuum limit [Tas78], [Mü94], [Sch01]. Two of them, Eulerian and Lagrangian coor-
dinates, are introduced in the following, because they are the limiting cases of the
coordinate system used in the framework of this thesis (cf. chapter 9).

Let x = (x1, x2, x3) be a fixed location in space expressed in Eulerian (or spatial)
coordinates. Then the velocity of a fluid particle at this position is given by

v = v(x, t) . (5.1)

When using Lagrangian (or material) variables, each fluid particle is labelled by its
original position x0 = (x 0

1 , x 0
2 , x 0

3 ) at a certain time t (say t = 0). Then the actual
position x is not an independent but a dependent variable. It is determined as a
function of the independent variables x0 and t:

x = x(x0, t) , (5.2)

and the velocity of the fluid parcel is given by

v(x0, t) =
∂ x

∂ t
. (5.3)

Any scalar, vector, or tensor quantity a which is a function of the spatial variables
(x, t) is also a function of the material variables (x0, t) by the transformation given
in Eq. (5.2). But x(x, t) denotes the value of a that is felt by a fluid particle at the
location x instantaneously, and a(x0, t) is the value of a by a mass element initially
at the location x0 at time t.
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When using spatial variables, the spatial derivative is given by

∂ a

∂ t
≡ ∂ a

∂ t

∣∣∣∣
x = const.

(5.4)

and the material derivative by

D a

D t
≡ ∂ a

∂ t

∣∣∣∣
x0 = const.

. (5.5)

Whereas Eq. (5.4) defines the rate of change of a to an observer located at the fixed
point x, Eq. (5.5) measures the rate of change of a as one follows a mass element
along its path.

With the convention of Eqs. (5.4) and (5.5), the velocity of the fluid v (Eq. (5.3))
is

v =
D

D t
x . (5.6)

Thus the transition from Lagrangian to Eulerian coordinates proceeds as follows:

D

D t
a(x, t) =

∂

∂ t
a(x, t) |x0 =

∂

∂ t
a
(
x(x0, t), t

) ∣∣
x0

=
∂

∂ t
a(x, t) |x + gradx a(x, t) · ∂

∂ t
x(x0, t)

∣∣
x0

(5.7)

or in short

D

D t
a =

∂

∂ t
a + (v · grad) a (5.8)

Eq. (5.8) expresses the rate of change with time of an arbitrary function a(x, t) to
an observer travelling with the fluid particle, located at point x at the instant t.

5.1.2 The Reynolds theorem

Considering the rate of change with time of a in an arbitrary material volume V (t),
one obtains (following the notation of [Tas78], the symbol d/dt designates a deriva-
tive of a function that only depends on time):

d

d t

∫
V (t)

a(x, t) dV =
d

d t

∫
V0

a(x0, t) J dV0 =

∫
V0

(
∂ a

∂ t
J + a

∂ J

∂ t

)
dV0 (5.9)
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Here J denotes the Jacobian of the transformation relating the element of volume
dV (t) to the corresponding element dV0 in material variables:

J =
∂ (x1, x2, x3)

∂ (x 0
1 , x 0

2 , x 0
3 )

(5.10)

Its temporal derivative is computed to be [Mai05]

∂ J

∂ t
= J div v . (5.11)

Therefore Eq. (5.9) becomes

d

d t

∫
V0

a J dV0 =

∫
V0

J

(
∂ a

∂ t
+ a div v

)
dV0 . (5.12)

Accordingly, the Reynolds theorem can now be derived:

d

d t

∫
V (t)

a dV =

∫
V (t)

(
D a

D t
+ a div v

)
dV =

∫
V (t)

[
∂ a

∂ t
+ div (a v)

]
dV (5.13)

Using Gauss’s theorem, the Reynolds theorem (Eq. (5.13)) can be rewritten:

d

d t

∫
V (t)

a dV =
∂

∂ t

∫
Vt

a dV +

∮
S(t)

a v · n dS (5.14)

Here n is the vector normal to the surface S = S(t) surrounding the material
volume. The Reynolds theorem (Eq. (5.14)) illustrates that the rate of change (Eq.
(5.9)) is the sum of two distinct contributions. On the one hand it consists of the
rate of change over a fixed volume Vt (coinciding with the material volume V (t) at
instant t), and on the other hand of a contribution of the flux of a over the bounding
surface s(t).

Let B(a) be the rate of change of a:

d

d t

∫
V (t)

a dV = B(a) (5.15)

Then the general form of a balance equation with the source term s(a) in Eulerian
form follows from Eq. (5.13):

∂ a

∂ t
+ div (a v) = b(a) , (5.16)
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where the source B(a) is

B(a) =

∫
V (t)

b(a) dV . (5.17)

For the special case of the conservation of the quantity
∫

V (t)
a dV in Eq. (5.9) (i.e.,

the temporal derivative is zero), the continuity equation can be derived:

∂ a

∂ t
+ div (a v) = 0 (5.18)

I.e., the two components on the right side of Eq. (5.14) either exactly balance or
both are zero in case of conservation.

5.1.3 Equations for reactive ideal fluids

Although diffusive processes play an important role in SNe Ia — deflagrational
burning is allowed by heat diffusion — it is sufficient to treat the fluid not as real (as
described by the Navier-Stokes equation) but as ideal (i.e., free of dissipation and
diffusion). This approximation holds since both viscous dissipation and diffusion
processes act only on scales much smaller than the resolved ones. That is, the
numerically introduced discretisation error is greater than the error caused by the
omission of viscosity. Therefore, the formally simpler Euler equations are used in
this work to model the flow of stellar material.

From Eq. (5.16), the set of reactive Euler equations including gravitation describ-
ing fluids in the limit of dissipation absence can be derived:

• equation of mass conservation (also known as continuity equation)

∂

∂ t
ρ + ∇(v ρ) = 0 (5.19)

• equation of momentum balance

The momentum of a local fluid element is not conserved but changed by exter-
nal forces and thus obeys a balance equation. In absentia of any dissipation,
the only present source terms are caused by the pressure gradient and the grav-
itational acceleration (that are quoted on the right hand side, respectively):

∂

∂ t
(ρ v) + ∇(ρ v) v = − ∇p − ρ∇Φg (5.20)
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• equation of energy balance

The total energy, defined as the sum of kinetic and internal energy of a local
fluid element follows the subsequent relationship, where the source term ρ S
is caused by energy release of reactive burning:

∂

∂ t
ρ etot + ∇ (v ρ etot) = −∇(v p) − ρ v∇Φg + ρ S , (5.21)

where etot is the specific value of the total energy.

The gravitational potential is obtained from Poisson’s equation in the Newtonian
limit (cf. chapter 10):

∇2 Φg(r) = 4π G ρ(r) (5.22)

The reactive source term S in Eq. (5.21) depends on the species’ reaction rates q
which in turn are usually given as functions of ρ, T and the mass fraction of the
species X:

S = f(q) (5.23)

q = f(ρ, T, X) (5.24)

The included species and the corresponding reaction rates involved in the executed
simulations are specified in section 7.2.

For the balance of species, the following equation holds:

∂

∂ t
(ρ X) + ∇(v ρ X) = q (5.25)

The pressure and temperature must be specified as functions of ρ and the specific
internal energy eint = etot− v2/2 in order to have a complete set of hydrodynamical
equations. Those additional relations are given by the equation of state (EOS, cf.
sections 5.3 and 7.3 for the EOS of WD matter and the numerical implementation
of the EOS, respectively) :

p = p (ρ, eint, X) (5.26)

T = T (ρ, eint, X) (5.27)
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5.2 Barotropic rotators in a state of permanent
rotation

An equation of state is called barotropic if the pressure depends only on the density:

p = p (ρ) (5.28)

The physics of rotating stars simplifies whenever a barotropic equation of state may
be applied. Eq. (5.28) states that isobaric surfaces coincide with the surfaces of
constant density, the isopycnic surfaces. A special case of barotropy, the polytropic
equation of state (11.9), is introduced in section 11.2.

The pressure of WDs depends, in general, on the density, the temperature and
the chemical composition. Nevertheless, a barotropic relation between pressure and
density is thought to be well suited for describing the physics of WDs, since most
of the electrons in the interior are so highly degenerate that in spite of possibly
high internal temperatures the complete independence of the temperature is a good
approximation [Tas78].

The following assumptions are made for the rotating stars used in this thesis:

1. The star is isolated in space and rotates about a fixed axis in space with the
angular velocity Ω.

2. The system is stationary, i.e., the density of each mass element does not change
in time when performing a cyclic motion.

3. Friction that might occur in differential rotators is neglected.

4. Electromagnetic forces are neglected.

A star satisfying these conditions is said to describe a state of permanent rotation
for an inertial observer [Tas78].

Conservation of mass together with the restriction of temporal constant density
demand axial symmetry of the rotating system. If the star is required to rotate about
the z-axis in cylindrical coordinates (s, φ, z) and the centre of the rotator coincides
with the origin of the coordinate system, the components of the velocity are

vs = 0 , vφ = Ω s , vz = 0 , (5.29)

where the angular velocity is

Ω = Ω (s, z) . (5.30)
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The components of the equations of motion follow from Eq. (5.20):

1

ρ

∂ p

∂ s
= − ∂ Φg

∂ s
+ Ω 2 s (5.31)

1

ρ

∂ p

∂ z
= − ∂ Φg

∂ z
(5.32)

Here ρ, p, and Φg are the density, pressure, and the gravitational potential, respec-
tively. When eliminating Φg in Eqs. (5.31) and (5.32), one finds that

∂

∂ z

(
Ω2 s

)
=

∂

∂ z

(
1

ρ

)
∂ p

∂ s
− ∂

∂ s

(
1

ρ

)
∂ p

∂ z
, (5.33)

and with Eq. (5.29) it follows that

2
∂ Ω

∂ z
v = ∇ 1

ρ
× ∇ p . (5.34)

From Eq. (5.34) it is clear that the condition of barotropy (coincidence of isopycnic
and isobaric surfaces) is given if and only if

∂ Ω

∂ z
= 0 . (5.35)

Therefore we can draw an important conclusion: the rotation law of a WD that obeys
a barotropic equation of state (5.28) depends only on distance s to the rotation axis:

ΩWD = Ω (s) (5.36)

Note that Eqs. (5.35) and (5.28) are equivalent statements when describing rotating
objects.

If the condition (5.35) holds, then an equatorial plane of symmetry which is per-
pendicular to the axis of rotation can be proven to exist [Tas78]. This property is
also known as Lichtenstein Theorem.

A further useful property of barotropic stars can be seen when the effective gravity
geff , i.e., the gravitational attraction corrected for the centrifugal acceleration, is
introduced. In cylindrical coordinates the forces are :

gs = − ∂ Φg

∂ s
+ Ω2 s

gz = − ∂ Φg

∂ z

(5.37)

Then Eqs. (5.31) and (5.32) can be rewritten:

1

ρ
∇ p = gs + gz = geff (5.38)
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5 Explosion model formulation

Thus for a star in the state of permanent rotation, the effective gravity is always or-
thogonal to the isobaric surfaces. Furthermore, if the equation of state is barotropic,
the effective gravity also is orthogonal to the isopycnic surfaces.

This section closes with four statements, any of which imply the validity of the
other three if the state of permanent rotation is to be guaranteed [Tas78]:

1. The angular velocity is constant over cylinders centred about the axis of rota-
tion.

2. The effective gravity can be derived from a potential.

3. The effective gravity is normal to the isopycnic surfaces.

4. The isobaric and isopycnic surfaces coincide.

5.3 White dwarf matter
A WD results from a main sequence star with a mass M . 8 M� that has ejected
its envelope after the expiration of nuclear reactions. It resides in an equilibrium
of gravity and pressure due to degenerate electrons. The mean masses and radii
of WDs are M ∼ 0.6 M� and R ∼ 10−2 R� , respectively. The mean density is
ρ ∼ 10 7 g/cm3, and the temperature has a constant value between 10 7 and 10 8 K
that slowly drops when the WD cools [UB99].

The situation becomes different for WDs in binary systems (a considerable number
of WDs occur in binaries [Wei68]). WDs can gain weight by mass accretion. If the
mass reaches the Chandrasekhar limit (cf. section 2.3.1), the electron pressure is no
longer balanced by gravity and the collapse to a neutron star or a black hole occurs.
WDs suffering a SN Ia explosion approach MCh, thereby reaching central densities
in the range of 10 8 to 10 10 g/cm3 and a central temperature of ∼ 10 9 K.

WD matter is characterised by electron degeneracy. The electron gas causes high
heat conductance, which leads to an isothermal condition of an isolated star. Since
the thermal energy of the electrons, about 10 keV, is much lower than the Fermi
energy EF (∼ 1 MeV), temperature variations have no effect on the density and
pressure profiles. In particular, the degeneracy avoids cooling by expansion when
the temperature rises. Only ∼ 0.5 % of the mass has (or rather ∼ 24 % of the
radius encloses) densities less than 10 6 g/cm3 that are non-degenerate and thus the
adiabatic index γ = 5/3 there (see Fig. 11.1, [ST83]).

A pre-supernova WD can be modelled by a polytropic EOS (Eq. (11.9)) with
an adiabatic index of γ = 4/3 that describes the highly relativistic electrons in the
stellar core [Ste90]. However, for the model of the WDs presented in this thesis, an
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5.3 White dwarf matter

approach that is not limited to a certain density regime (i.e., not assuming a fixed
value of γ) is used (cf. section 11.3).

As soon as the thermonuclear runaway is initiated, the EOS is more complicated.
The thermodynamical properties are composed of several contributions [Cox68],
[ST83]:

• Photon gas: According to the Stefan-Boltzmann law, the photon field con-
tribution is comparable to the internal energy of electrons and nuclei for
T ∼ 10 9 K. The energy eγ and pressure pγ of a photon gas with temper-
ature T is given by

eγ =
4 σ

c
T 4 and (5.39)

pγ = eγ / 3 , (5.40)

where σ is the Stefan-Boltzmann constant and c the speed of light. The photon
gas is important especially in hot ashes and at lower densities.

• Electron gas: Near the stellar centre, the Fermi energy has such a high
value that relativistic effects become important. Furthermore, due to the
high temperatures reached during the explosion, degeneracy may be lifted.
Therefore the equation of state has to describe an arbitrarily degenerate and
relativistic electron gas.

The energy ee and pressure pe for the electrons is given by the following equa-
tions:

ee =
8 π

√
2

h3
m4

e c5 β5/2
[
F3/2 (η, β) + β F5/2 (η, β)

]
(5.41)

pe =
16 π

√
2

3 h3
m3

e c5 β3/2

[
F3/2 (η, β) +

1

2
β F5/2 (η, β)

]
(5.42)

Here Fk denote the relativistic Fermi integrals:

Fk (η, β) =

∞∫
0

xk (1 + 1
2
β x)1/2

e−η+x + 1
d x (5.43)

The parameters η and β indicate the strength of degeneration and relativistic
effects, respectively. They are defined as

η =
EF

k T
and β =

k T

me c2
, (5.44)

where k is the Boltzmann constant and me the electron mass.
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5 Explosion model formulation

• Electron-positron-pair creation: For T & 10 9 K, i.e., in the hot ashes, the
photons’ energy suffices to create electrons and positrons. The contributions
of the additional leptons to energy and pressure have the same form as Eqs.
(5.41) and (5.42), but the Fermi integrals (Eq. (5.43)) are replaced by a
modified expression [Cox68]:

F̃k (η, β) = Fk (η, β) + Fk

(
−η − 2

β
, β

)
(5.45)

• Baryonic gas: The nuclei are completely ionised but not relativistic for T .
10 10 K and can therefore be described by the Maxwell-Boltzmann equation.
The energy density en and pressure pn are

en =
3

2
R T ρ

∑
i

Xi

Ai

and (5.46)

pn = 2/3 en , (5.47)

where Ai is the atomic mass of nucleus i and the summation is carried out for
all chemical species.

Since the direct evaluation of the Fermi integrals (Eq. (5.43) and (5.45)) is too
time consuming to be carried out during the simulation, state values are tabulated
(cf. section 7.3).

5.4 Nuclear reactions in white dwarf matter

A complex network involving hundreds of nuclei and more than 3000 nuclear reac-
tions and photodisintegration leads to heavy nuclei up to the iron group [HT96].
The procedure of nuclear burning can be approximately merged in the following
reactions.

The accretion induced compression causes a rise of the central temperature. For
T & 109 K explosive carbon burning sets in:

12C + 12C −→ 20Ne + α (5.48)

Due to the following rise in temperature, the photon field becomes sufficiently en-
ergetic to photodissociate neon when T & 1.5× 109 K:

20Ne + γ −→ 16O + α (5.49)
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The liberated α particles are captured by the remaining heavy ions:

16O (α, γ) 20Ne (α, γ) 24Mg (α, γ) 28Si (5.50)

At even higher temperatures, oxygen fusion (16O + 16O) sets in. Once the tem-
perature exceeds T & 3 × 109 K, photodisintegration plays an important role for
all nuclei. A complex series of photodissociation and α capture reaction follows,
converting silicon into iron group elements.

In this state of Nuclear Statistical Equilibrium (NSE), mainly radioactive nickel
56Ni is generated: unlike in the thermal equilibrium, where every reaction is balanced
by its reverse reaction, in NSE the weak reactions, expressed by the electron abun-
dance Ye, are suppressed. Thus NSE depends not only on density and temperature,
but also weakly on Ye [HT99].

Consequently for SNe Ia the more strongly bound 54Fe is not favoured but 56Ni is
as long as Ye ∼ 0.5 since the resulting 54Fe+2 H are bound even less. However, when
considering high WD densities of ρ & 3 × 10 9 g/cm3, Ye is decreased by electron
capture and the production of 54Fe is favoured [THRT04].

The burning mode (i.e., deflagration or detonation; cf. section 4.3) arising in the
WD affects its temperature (see Fig. 13.2). Higher temperatures are achieved if
the WD is burnt by a detonation. Since the NSE depends on temperature, it may
be reached differently for deflagrations and detonations. Table 13.2 shows that the
high temperatures arising from detonations lead to a narrow peak of the preferred
iron group isotope.

Whereas the reactive SN Ia explosion lasts for . 1.5 s, the characteristic light
curve is observable for many weeks (cf. section 2.1.2). It is powered by the electron
capture decay of 56Ni to radioactive 56Co, that in turn undergoes electron capture
(81 %, Eq. (5.52)) and β+ decay (19 %, Eq. (5.53)), to stable 56Fe, whose half-life
periods are 6.1 and 77 days, respectively [TAC67], [CM69]:

56Ni + e− −→ 56Co + ν̄e (5.51)
56Co + e− −→ 56Fe + ν̄e (5.52)

56Co −→ 56Fe + e+ + νe (5.53)

The energy for the light curve results from γ radiation that is emitted by the excited
states of 56Co and 56Fe.
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6 Pure deflagrations — the actual
state

The actual state of SN Ia simulations based on the pure deflagration scenario, which
is the underlying explosion mechanism of the main focus of this thesis, is outlined.

6.1 Enhancements in modelling type Ia supernovae
During the last years, the pure deflagration model which is presented in part II of
this thesis in its current implementation, has resulted in significant progress as far
as an understanding of SNe Ia is concerned.

Transition to three spatial dimensions
In the past, the energy release in hydrodynamics simulations of SNe Ia was always
below expectations. Due to the transition to three spatial dimensions (together with
a more realistic reaction network as described in the next paragraph), the energet-
ics could be brought in line with values suggested by observations [RHN02a]. In
particular, the WDs in all exploding WD models are unbound which prohibits a
contraction at a later time. This is due to the fact that in two-dimensional cylin-
drical coordinates, (s, φ, z), axial symmetry is assumed, i.e., any dependence on the
azimuthal angle φ is excluded. Although two-dimensional calculations are favourable
in terms of computing capacities, they are not capable of treating turbulent motion
in a correct manner. Turbulence as an elementary property of flames in WD ma-
terial (cf. section 4.5) cannot develop along the direction of φ. A consideration
of the third spatial dimension is required for a realistic model, because the flame
surface is increased by additional structures that can not be shaped assuming axial
symmetry. A three-dimensional model results in a more energetic explosion. This
can be seen in Fig. 6.1 which contrasts the evolution of the total energy for both
two-dimensional cylindrical and three-dimensional Cartesian coordinates.

More realistic burning network
Unlike the early version of the hydrodynamics code that treated burning as a one-
step reaction from fuel to ashes, the current description of burning is more realistic.
The consideration of α-particles and a species representing intermediate mass ele-
ments (IMEs; cf. section 7.2 for details) has led to more powerful explosions. This
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Figure 6.1: A noticeably greater amount of energy is released in three-dimensional si-
mulations. The plots compare the total energy evolution of a non-rotating star which is
ignited by the c3 ignition (cf. section 8.1) in two (solid line) and three (dashed line) spatial
dimensions (from [Rei01]).

is due to the fact that α-particles reduce the temperature and thus buoyant effects.
A longer residence of the flame in the stellar material is the consequence.

Improved derivation of the turbulent burning velocity
A crucial quantity for the simulation of flames in full star simulations is the tur-
bulent burning velocity stur (cf. sections 4.5.4 and 7.1.2). It turned out that the
production of turbulence is largely confined to the regions near the flame front and
the interior ash regions [SNHR06]. This fact of pronounced anisotropy requires a
localised modelling of the physics that can not be resolved.

In order to derive stur, a localised subgrid scale model is employed. By considering
several contributions in the computation of stur, energy generation is significantly
enhanced. Moreover, less unburnt fuel remains (see Figs. 6.2(a) and 6.2(b), respec-
tively).

Enhanced burning by multi-spot ignition
A further increase of released energy is obtained by employing the multi-spot ignition
that became possible with higher resolution of the central stellar region [RHN02b],
[SN06], [RHNW06]. Fig. 6.3 compares the energetics of a WD ignited under various
conditions. The central c3 ignition (cf. section 8.1) releases noticeably less energy
compared to the temporally delayed stochastic multi-spot ignition with high values
of the ignition rapidity Ce (cf. section 8.2). This trend is also evident for the amount
of iron group elements (IGEs) whose generation is the main energy source of the
SN Ia event.

Stochastic ignition is also capable of alleviating a general problem of the deflagra-
tion scenario, namely the presence of fuel at low expansion velocities, i.e., near the
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(a) (b)

Figure 6.2: Evolution of the total energy (Fig. 6.2(a)) and the burnt material (Fig.
6.2(b)) in a three-dimensional simulation with 256 cells per octant. The green line
(“WPF”) denotes the previously employed subgrid scale model, the orange line (“locl.”)
and the blue line (“locl. Archm.”) represent the localised model and the localised model
considering buoyancy effects, respectively. The localised subgrid scale model produces a
more energetic explosion and the burning of more fuel (from [SNHR06]).

(a) (b)

Figure 6.3: Evolution of the total energy (Fig. 6.3(a)) and the amount of IGEs (“Ni”,
Fig. 6.3(b)) for the central c3 ignition and the stochastic multi-spot ignitions with various
ignition speeds “Ce”. Compared to the c3 ignition, a more energetic explosion and more
IGEs are obtained by the multi-spot ignition with Ce = 10 4 (from [SN06]).
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(a) (b)

Figure 6.4: Probability density functions in radial velocity space for a full star simulation
with Ce = 10 2 (Fig. 6.4(a)) and Ce = 10 5 (Fig. 6.4(b)) at t = 5.0 s. More ignition points
alleviate the problem of unburnt material at low radial velocities (from [SN06]).

stellar centre. Fig. 6.4 shows that the amount of slow unburnt material is reduced
significantly for a high number of ignition points (i.e., a large value of Ce).

The ejecta are found to exhibit velocities up to ∼ 14× 10 8 cm/s which compares
fairly well with observations (apart from the existence of HVFs; cf. section 2.2).

6.2 Influence of physical parameters
In order to check the capability of the deflagration model to explain the empirically
established correlation between peak luminosity and light curve shape (cf. section
2.2.1), parameter studies have been carried out. The influence of physical quanti-
ties of the progenitor star that are not well determined by stellar evolution theory
or may change for different SN Ia events has been investigated in detail [RH04],
[THR05] [RGH05]. The impact of the carbon-to-oxygen ratio, the central density
prior to ignition and the metallicity of the progenitor have been analysed. Another
parameter of importance may be the rotation of the progenitor, which is the main
topic of this thesis (cf. part III).

Carbon-to-oxygen ratio
For two reasons, the carbon-to-oxygen ratio was assumed to be a principal source
of peak luminosity variations by influencing the production of 56Ni, i.e., the energy
source of the SN Ia (cf. section 5.4): On the one hand, the laminar burning velocity
rises for a higher carbon fraction X(12C) (cf. Eq. (7.3)). On the other hand, the
lower binding energy for 12C compared to 16O leads to a greater energy release.

However, the influence of X(12C) (which was varied over the range of 0.3 <
X(12C) < 0.6) turned out to be nearly inexistent. A mechanism between the nucle-
osynthesis and turbulent flame evolution was found that almost balances any effect
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Figure 6.5: Evolution of the chemical species for an exploding WD with different carbon-
to-oxygen ratios. The amount of IGEs (“Ni”) is nearly unaffected by X(12C), because a
self-regulating mechanism between nucleosynthesis and turbulent flame evolution is estab-
lished. Note the higher amount of α-particles for greater X(12C) (from [RH04]).

on the amount of generated 56Ni. The higher value of X(12C) leads to a higher tem-
perature and thus to a higher amount of α-particles (see Fig. 6.5), which in turn
causes lower temperatures and higher stellar densities. Burning is suppressed due
to these effects. Although the progenitor’s carbon-to-oxygen ratio affects the energy
release of SN Ia explosions and therefore the ejecta velocities, it has little effect on
the peak luminosity which is determined by the 56Ni mass.

Central density
Just like X(12C), the central density ρc affects the energy release of the models and
thus the expansion velocity of the SN Ia ejecta. A higher value of ρc results in a
more vigorous explosion (see Fig. 6.6) which is thought to originate only marginally
from the laminar burning velocity (cf. Eq. (7.3)). The influence of ρc both on the
energetics and the composition has been found primarily in two different observa-
tions. For higher ρc, more material is present at sufficiently high densities that can
potentially be burnt to IGEs, resulting in a stronger explosion. Furthermore, higher
gravitational acceleration gbuoy (see Eq. (3.1)) is experienced by the flame. Thus
the turbulent cascade (cf. section 4.5.1) develops more quickly and the turbulence-
induced boost of the flame propagation velocity sets in earlier. It is found that more
IGEs and less IMEs are obtained for higher values of ρc .

Metallicity
The metallicity is found to have a large influence on the amount of 56Ni. Changes
of the metallicity of the progenitor star were tested by means of different 22Ne mass
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Figure 6.6: Evolution of the total energy for the initial central stellar density for ρc =
2.6 × 10 9 g/cm3 (lines a, b, and c) and ρc = 1.0 × 10 9 g/cm3 (lines d, e, and f). X(12C)
is 0.62 (a and d), 0.46 (b and e), and 0.30 (c and f) (from [RGH05]).

fractions in the initial composition assumed in a postprocessing run of the simulation
data. Different values for X(22Ne) represent different metallicities since the stellar
metallicity affects mainly the initial CNO abundances. During the pre-explosive H
burning they are converted to 14N and the He burning to 22Ne. A linear dependence
of the ejected 56Ni mass on the progenitor’s metallicity is found, with a variation of
∼ 25% in the metallicity range of 0.1 Z� to 3.0 Z� :

M(56Ni) ' 0.45 M� − 0.031
ZCNO

Z�

(6.1)

However, the amplitude of the variation of the 56Ni mass cannot account for all the
variations in peak luminosity of SNe Ia.

6.3 Limitations of the pure deflagration model

The pure deflagration model still cannot account for all observed characteristics. As
stated in the previous section, the explosion mechanism is fairly robust and cannot
explain the diversity of 56Ni that is suggested by observations (cf. section 2.2). The
maximum amount of 56Ni never exceeds ∼ 0.5 M� in the deflagration simulations,
however, it is & 1 M� for the brightest events.

Whereas the fact of a relatively low amount of 56Ni could be explained by the
hypothesis that the low number of those extremely bright events suggests a totally
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different explosion mechanism, a further obstacle for the acceptance of the pure de-
flagration model is the fact that currently too little IMEs, not more than . 0.3 M� ,
are produced. This in turn might be an effect of the numerical representation of
the flame (cf. section 4.5). The burning to IMEs could proceed in the distributed
reaction zone regime (cf. section 4.5.3) when the turbulent fluid motion affects the
internal structure of the flame, which is thicker at this stage. But since the numer-
ical flame description (cf. section 7.1.1) is successively worse for increasing flame
width, the flame may be represented in an incorrect manner for the burning in the
distributed reaction zone regime [RH05b]. At the beginning, this problem was post-
poned since burning beyond the flamelet regime was neglected, and the lack of IMEs
was explained by an excess of leftover fuel that is potentially converted to interme-
diate mass elements. But recent studies show that, even for very efficient burning
in the distributed burning zone regime, the amount of intermediate elements can
hardly be increased. This is explained by the fact that once a noticeable stellar
expansion is initiated by the early burning stage, the flame cannot get ahead of the
WD’s expansion at a later time.

Limitations on the pure deflagration model are also given from spectral obser-
vations. Leftover fuel is predicted not only in the outer layers but also close to
the centre by the model and, moreover, is more or less distributed all over the star.
This mixing is a consequence of the burning process that is shaped by the large scale
Rayleigh Taylor instability. As mentioned in section 6.1, the multi-point ignition
scenario helps to reduce C and O at the centre, and some SNe Ia may even highlight
that feature. Furthermore, mixed ejecta are not ruled out completely. However,
it is questionable whether the predicted degree of mixing is in agreement with the
bulk of observations of SNe Ia. HVFs (cf. section 2.2), i.e., ejecta at velocities of
v & 1.5× 10 9 cm/s cannot be explained very well by the pure deflagration model.

For these reasons, it is questionable whether the pure deflagration model can
explain strong SNe Ia events. Up to now, the impact of rotation on the flame had
not been investigated. It is presented in chapter 12.
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7 The combustion model
The hydrodynamics code Prometheus employed here was written in 1989 [FMA89]
and has been developed over 17 years. This chapter describes the numerical method
that enables the modelling of WD explosions. The modifications and extensions of
the code that were necessary for this work are presented in the following chapters.

The interested reader is referred to the following theses; [Ste90], [Nie95], [Rei01],
[Rö03], [Sch04], and [Gol04]; and the corresponding publications for further details
on Prometheus.

7.1 Burning front modelling

7.1.1 The level set method
In principle, the reactive Euler equations (Eqs. (5.19) to (5.27)) together with equa-
tions describing diffusion of energy and species across the burning front contain the
physics needed for the treatment of flames. But fully resolved numerical simulations
of the flame are much too time consuming for three-dimensional full star simulations.
Typical grid spacings (∆ & 10 5 cm) are at least 5 orders of magnitude larger than
the flame width (δ . 10 0 cm). The challenge is to find a model that imitates the be-
haviour of microphysical processes and can be applied on the simulation grid scale.
Then the required knowledge of the microphysical processes can be obtained by ex-
periments or fully resolved numerical studies, carried out on small computational
domains.

The widely employed reaction-diffusion approach artificially smears out the tran-
sition region between fuel and ashes to resolve the flame numerically [Kho93]. A
major shortcoming is that the formation of turbulent flame structures is shifted to-
wards greater scales since the flame thickness on the numerical grid is not small but
several grid cells wide.

The level set method , introduced in Ref. [OS88] and applied to SN Ia calculations
in Ref. [RHN+99], provides better spatial confinement since it treats the flame as
a sharp discontinuous surface that divides fuel from ashes in the three-dimensional
computational domain. It is convenient to associate the flame at position r with
the moving zero-isosurface Γ(t) of the so called G-equation that is defined to be -1
in fuel and 1 in ashes:

Γ(t) ≡ { r | G(t, r) = 0 } (7.1)
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In order to identify Γ(t) with the burning front, G(t, r) has to evolve according to
the burning front propagation. This propagation can be separated into two parts.
On the one hand, the front is advected by the fluid motion with a speed v. On the
other hand, it burns with the burning speed s normal to the flame surface:

∂ G

∂ t
= − (v + s n) (−n |∇G|) = (vn + s) |∇G| (7.2)

The burning speed s depends on the burning mode and the background state of the
WD matter.

7.1.2 Determination of the burning velocity
Deflagration

As described in section 4.5.4, the velocity of a flame depends on the burning regime.
The laminar burning speed slam was obtained by Ref. [TW92], who performed
fully resolved numerical studies of flame propagation in CO matter, resulting in an
expression for slam with an error of . 10% :

slam = 9.2 · 10 6 cm/s

(
ρ

2 · 10 9 g/cm3

)0.805 [
X(12C)

0.5

]0.889

(7.3)

Here, X(12C) denotes the mass fraction of carbon and ρ the density of the fuel. Eq.
(7.3) defines the flame velocity when it propagates undisturbed. As soon as turbu-
lent motion emerges in the flamelet regime, the burning speed s becomes greater
than slam. The magnitude of the velocity fluctuations on the grid scale, v′(∆), de-
termine the turbulent flame propagation speed stur(∆) (cf. section 4.5.2), which is
given by the following relation [Poc94] for the conditions in this thesis:

stur(∆) = slam

√
1 +

4

3

(
v′(∆)

slam

)2

(7.4)

As mentioned in Refs. [SNH06] and [SNHR06], the subgrid scale model that com-
putes v′(∆) contains several contributions:

• The rate of production term describes the energy that is transferred through
the turbulence cascade from resolved to unresolved scales. It is determined
locally, therefore no specific turbulence energy spectrum such as Kolmogorov’s
has to be assumed.

• A specific Archimedian force term takes account of buoyancy effects caused
by macroscopic Rayleigh-Taylor motion on unresolved scales.
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log (ρ, g/cm3) 7.5 8.0 8.5 9.0
D [10 9cm/s] 1.143 1.160 1.220 1.323

Table 7.1: Velocity D of the detonation front as a function of density, as obtained by
Ref. [Sha99]

• Turbulent energy is converted into heat by a rate of dissipation term.

• The rate of diffusion term incorporates the transport on unresolved scales
that superimposes the macroscopic advection.

v′(∆) and therefore stur(∆) decrease with increasing resolution since more and
more details of the flame surface are resolved when the number of grid cells is
increased. In terms of SNe Ia explosions, it turns out that stur in highly resolved
studies is of the order ∼ 0.1 csound.

Detonation

Just like the laminar burning velocity for deflagrations, the propagation velocity D
for detonations can be determined by fully resolved numerical studies. Simulations
with detailed nuclear networks yield an endothermal behaviour of the Si reaction
for densities ρ > 2 × 10 7 g/cm3. Thus detonations in that density regime are of
pathological type. For less dense material, the reactions are found to be exothermal
and the detonation velocity is identified as the Chapman Jounguet-velocity, i.e., the
local speed of sound of ashes [Kho89], [Sha99].

For this work, D is obtained as follows. Within the density regime of 10 7.5 g/cm3 ≤
ρ ≤ 10 9.0 g/cm3, the four values listed in Table 7.1 and published in Fig. 2 of Ref.
[Sha99] are linearly interpolated. Below ρ = 10 7.5 g/cm3, D is set to the constant
value of 1.143×10 9 cm/s because the transition to the local speed of sound produces
an abrupt change in D. Note that burning ceases for ρ < 10 7.0 g/cm3 in the
detonation model (cf. section 7.2).

For densities ρ > 10 9.0 g/cm3 that occur early, D is extrapolated from Ref. [Sha99]
by the following fit, returning D in units of 10 9 cm/s :

D = 6.048 − 1.299 · log (ρ) + 0.086 ·
(
log (ρ)

) 2
(7.5)

Note that densities greater than 10 9.3 g/cm3 do not occur in the employed WD
progenitor models. The evolution of D with respect to density is plotted in Fig. 7.1.
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Figure 7.1: Velocity of the detonation front D as a function of density, following Ref.
[Sha99]

7.2 Reaction network

As outlined in section 5.4, the nucleosynthesis involved in SNe Ia explosions is very
complex. Moreover, the majority of reactions take place on extremely short time
scales compared to the explosion duration. In other words, once the thermonuclear
runaway is initiated, the nuclear time scale τnuc is much smaller than the hydro-
dynamical time scale τdyn (τdyn ≈ 0.1 s, [NW97]). There are technical obstacles
that prohibit the solution of the complete nuclear reaction equations (Eqs. (5.23) to
(5.25)). Even if only the energetically important fast reactions in the flame were re-
solved temporally — which is already very demanding in terms of computing power
—, the internal structure of the flame itself has to be resolved in detail which is not
possible for three-dimensional calculations (cf. section 7.1.1 and chapter 9).

Since the priority of this study is on the realistic modelling of the explosion hy-
drodynamics, the burning mechanism in the hydrodynamics code is treated in a
simplified manner [Rei01]. The underlying idea is the following: as long as the
proper amount of energy release of all participating fast reactions is guaranteed
when the flame burns through the WD and if the average molecular weight of fuel
and ashes is roughly correct, the complex reaction network can be reduced to a
coarse effective network. Such an effective network contains single nuclei that rep-
resent groups of elements having similar binding energies and molecular masses: a
mixture of carbon and oxygen (C+O, “fuel”; throughout this work, always an equal
fraction of carbon and oxygen is assumed; cf. section 6.2), intermediate mass ele-
ments (IMEs) represented by 24Mg, iron group elements (IGEs) represented by 56Ni,
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and α-particles.

The implementation is done as follows:

• At high densities, ρ > 5.25× 10 7 g/cm3, CO is burnt to 56Ni, releasing 7.86×
10 17 erg/g. Since NSE (cf. section 5.4) allows for the production of α-particles
in dense hot ashes, the overall energy release can be delayed. The generation
of α-particles is controlled by a NSE data table provided by H.-Th. Janka. It
requires 7.274× 10 17 erg/g. The α-particles are converted to 56Ni during the
later expansion of the star and thus can be considered as an energy buffer.

• At lower densities 24Mg is produced, releasing 4.18 × 10 17 erg/g. It is not
clear if burning to IMEs completely takes place in the flamelet burning regime
or if the transition to the distributed reaction zone regime already affects the
burning of WD matter (cf. sections 4.5.3 and 4.5.4). Further, the impact of
such a transition (quenching the flame or triggering a DDT; cf. section 4.3.1)
is unknown. Depending on the burning mode (cf. section 4.3), the criterion
for burning to cease is chosen differently:

– For detonations whose reaction zone is not affected by any turbulent
motion, burning is stopped at densities below 10 7 g/cm3. This density
threshold for burning is motivated by the study of a numerically resolved
detonation front propagating in WD matter. It was shown that burning
ceases for ρ . 10 7.5 g/cm3 [Mai05].

– The flame profile may be wrinkled heavily or even destroyed upon arrival
in the distributed reaction zone regime. Therefore, a qualitative crite-
rion is chosen to stop magnesium burning in deflagrations (following W.
Schmidt, in preparation). The time scale of thermal diffusivity, roughly
of the order δ/slam (where δ is the flame thickness and slam the laminar
flame velocity) is approximately equal to the nuclear time scale τnuc (cf.
section 4.1) :

τnuc ≈ δ

slam

(7.6)

This time scale is compared to the time scale of turbulent diffusivity
that is associated with the eddy turnover time on the grid scale τturb(∆).
As soon as the ratio of τnuc (which grows steadily for less dense fuel)
to τturb(∆) (which becomes shorter for stronger turbulence) exceeds a
certain value C∗, burning is stopped:

τnuc

τturb(∆)
= C , no burning for C ≥ C∗ (7.7)
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For the simulations presented here, C∗ was set to 1. However, much
higher values for C∗ did not produce significantly more IMEs (W. Schmidt,
in preparation). τnuc in Eq. (7.6) is obtained by inter- and extrapolated
values of δ and slam tabulated in Ref. [TW92].

• Once magnesium burning is terminated, the leftover CO remains unaffected.

A more detailed knowledge of the chemical composition of the ejecta can be ob-
tained by making use of the tracer particle method (cf. section 7.4).

The unnaturally sharp transition densities for the burning procedure were derived
from data of a W7 run provided by K. Nomoto and therefore are rather phenomeno-
logical. The outcome of the postprocessing of tracer particles may be considered
as a test for the validity of such transition densities that have a potentially large
impact on the simulation. However, it is important to bear in mind that such a test
is not independent of the assumed transition densities since they do affect the value
of the energy release.

The handling of the burning may be one of the most inaccurate parts of the
simulation. Further work on the verification of the above described assumptions
may yield clarification.

7.3 Equation of state
The relevant contributions to the equation of state (EOS; Eqs. (5.26) and (5.27))
for an exploding WD are listed in section 5.3. The numerical computation of the
relativistic Fermi integrals for the electron and the electron-positron-pair creation
contributions (Eqs. (5.43) and (5.45), respectively) is very demanding in terms of
computational power. For this reason, the energy density and pressure for the lepton
and the photon contributions are tabulated for a regular grid in the (log T, log ρ)
plane. The range of these employed tables is given by 3 ≤ log10 T [K] ≤ 11 and−5 ≤
log10 ρ [g/cm3] ≤ 11. It is important to note that the EOS is derived for an electron
number fraction of Ye = 0.5, i.e., for an equal number of protons and neutrons.
Since the maximum density does not exceed 2 × 10 9 g/cm3, this assumption is
suited for WDs considered in this study. However, neutronisation begins to become
important for ρ & 3 × 10 9 g/cm3, causing a lower Ye by electron capture. This
influences not only the EOS but also the NSE (cf. section 5.4). Therefore, the
present implementation is not capable of simulating WDs that are more massive
but still conceivably SN Ia progenitors [LHT+06].

As it will be shown in section 11.3, the bilinear interpolation scheme employed
to extract the desired values is problematic: not only the values of pressure or

68



7.4 Tracer particles

energy density, but also their derivatives are needed, which are piecewise constant.
Although it demands more computational effort, this is avoided by a higher order
interpolation scheme.

7.4 Tracer particles

7.4.1 Recording the explosion in the moving framework

As outlined in section 7.2, it is possible to obtain more detailed information of the
species generated during the explosion a posteriori. Provided that the energy release
of a coarse grid network is adequate to treat the hydrodynamical evolution of an
exploding star properly, a detailed nucleosynthesis calculation can be carried out
by making use of the tracer particle method. Fluid elements with a given mass
are labelled and their advected motion is followed during the SN Ia event while
the corresponding values of position (or velocity components), density, temperature,
and nuclear energy are tabulated continuously. For the calculations presented in this
work, output is written roughly once per (physical) millisecond. The tracer particles
are identified exactly with fluid elements in Lagrangian variables (cf. section 5.1.1).

In addition to the extraction of a a more detailed species composition from the
tracer particles’ information, also synthetic spectra and light curves can be generated
with the help of radiation transfer codes [Rei01].

7.4.2 Implementation details

Regarding accurate statistics, attention should be paid to a proper discretisation of
the tracer particles. Due to the fact that their masses do not change over time, the
stellar material should be divided into bits of equal masses instead of equal volumes.
Otherwise, a large number of tracer particles is “lost” in low density regions that are
not important for the burning process and furthermore, the tracer particles possess
enormous differences in weight.

This requirement is easily met for a spherical star by integrating the mass from
the centre outwards, thereby recording the thickness ∆r(m) of concentrical shells
containing an identical amount of mass ∆m. After remapping the Lagrangian tracer
grid that is equidistant in differential mass ∆m(r), azimuthal angle φ , and cos θ
(where θ is the polar angle) onto the Cartesian grid of the hydrodynamics simulation,
an interpolation routine ensures that even in coarsely resolved regions the tracer data
is derived accurately during the explosion. It turned out that a completely regular
alignment of the tracer particles at the beginning of the explosion causes problems
in the postprocessing analysis. This can be avoided by displacing the tracer particles
slightly from their regular positions.

The situation is different for rotating stars that do not exhibit spherical symmetry
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because the density stratification is not only a function of r but of s and z in
cylindrical coordinates. Moreover, the resolution of the rotating stars is coarse (cf.
section 11.4). Any interpolation within a rotating initial model turned out to be
too inaccurate to obtain stellar volumes of identical masses ∆m. Therefore, the
tracer particles were selected in the same way as for the non-rotating star. But
∆r(m) derived for the non-rotating star was changed in order to account for the
shape of the rotator. This was achieved by increasing the radii containing m so that
the elongated equatorial radius of a rotator can be identified with the artificially
increased surface of the non-rotating star. Subsequently, the masses of all tracer
particles were calculated explicitly.

The fact that the masses (that are computed according to the (r, φ, θ)-grid that
the tracer particles span initially) are no longer identical is a disadvantage. For the
extreme case of a tracer particle that is located outside the stellar poles but still
closer to the centre than the equator, the mass vanishes. The situation is aggravated
even if only a small number of tracer particles is employed. The calculation of the
tracer volumes on the (r, φ, θ)-grid by assuming Cartesian boxes becomes increas-
ingly imprecise for an ever decreasing number of tracer particles, since it only holds
in the limit of small ∆r, ∆φ, and ∆θ. In particular, this shortcoming arises for the
detonation events (cf. chapter 13), where the number of tracer particles has to be
held small. This limitation is necessary to avoid a postprocessing overload caused
by a large number of tracer particles which reside in the computationally time con-
suming NSE (cf. section 5.4) as a consequence of high temperatures and densities.
Therefore, the sum of all tracer masses differs from the stellar mass by . 2.5 %
when setting only 3375 tracers (i.e., 15 zones each in radial, azimuthal and polar
directions). The deviation caused by the coarse Lagrangian grid cannot be reduced
noticeably by increasing the resolution of the hydrodynamics grid which provides
more precise density values for the calculation of the tracer particles’ masses.
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8 Initiation of the thermonuclear
explosion

In order to investigate the impact of certain ignition situations, different methods de-
pending on the burning mode (cf. section 4.3) as well as on the numerical resolution
have been used to initiate the burning front in the hydrodynamics simulations.

8.1 Static ignition
A convenient approach to model the start of the thermonuclear runaway in hydrody-
namics simulations is to burn a certain region instantaneously to ashes. Due to the
very different time scales of the convective phase and the explosion (. 1000 yrs vs.
. 1.5 s, respectively), the initial configuration cannot simply be evolved by starting
the hydrodynamics code prior to ignition and then following the temperature fluc-
tuations (however, note the approach described in section 8.2). The position and
extent of that region burnt at t = 0 s, i.e., at the onset of the explosion tracking,
has to be motivated by ignition studies (cf. section 4.2).

A frequently used initial flame morphology is the c3 configuration. It represents
a central ignition that already has developed instabilities in order to avoid a long
latency of their growth to a noticeable degree [RHN02a]. With three bulges in azi-
muthal direction in each hemisphere, the flame has already emerged into a strong
axial symmetric sinusoidal perturbation (see Fig. 8.1). Besides the fact that the
c3 ignition is reproducible and ensures similar conditions even if initiated in dif-
ferent initial models (it may be chosen to enclose an equal volume of ashes for all

Figure 8.1: Flame surface for the c3 configuration in the upper hemisphere of a star
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stars), a major advantage of the c3 ignition is the applicability for coarse numerical
resolutions.

Provided that the grid is sufficiently fine (bubbles with radius smaller than ∼ 2
grid spacings ∆ will not evolve but dissolve for numerical reasons), the employment
of a large number of bubbles at t = 0 s is a promising realisation of the multi-spot
ignition scenario [RHNW06].

The detonations initiated in the framework of this thesis are started with a spher-
ically burnt region, which were usually ignited exactly at the centre, whereas the
radius is chosen to be twice the grid spacing ∆.

8.2 Ignitions at different instants in time

8.2.1 Stochastic ignition
In an extension to the static ignition approach, the stochastic ignition model, ini-
tiating flame seeds at different instants in time as described in Ref. [SN06], was
applied. A snapshot of the bubbles that are stochastically placed in a delayed man-
ner near the stellar centre within the first tenths of a second can be seen in Fig.
12.12(a).

According to Eq. (4.1), the background temperature of the WD models are de-
termined by the following formula:

Ta(r) = max

{
T0

[
1 − r2

Λ2

]
, Text

}
, (8.1)

where r is the distance to the centre, Λ = 7.35 × 10 7 cm is the extension of the
convective zone for WDs with central density of 2 × 10 9 g/cm3 and Text is the
temperature profile of the WD without the convective temperature peak for the
interior regions. According to Figs. 3.1 and 3.3, Text possesses an accretion induced
peak at the surface layers for accreting WDs. This outer peak is assumed not to be
significant in terms of the ignition process because the corresponding temperature
of the region heated by accretion is . 5× 10 8 K for all models.

The temperature fluctuations relative to the background temperature, δTb/Ta, are
computed according to Eqs. (4.2) and (4.3) for the isotropic and the dipole case,
respectively. The contained parameter Λ/R (where R is the mixing length) is set
to unity in all calculations, allowing for ignitions to occur in the entire convective
region.

The ignition algorithm is based upon the Poisson process, which yields the follow-
ing expression for the probability of i ignitions within the time interval δt :

P t,r(i, δt) =
(ν t,r δt) i

i !
exp (−ν t,r δt) (8.2)
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8.2 Ignitions at different instants in time

Here, ν t,r is a function of the temperature excess δTb and the thermodynamic back-
ground state. As explained in the following, an expression for νt,r can be derived.
For a region of approximately equivalent background state, the number of ignitions
per unit time increases proportionally with the volume of fuel. Since concentric
shells contain material with roughly the same background state, the ignition pro-
bability in shells with width δr � R, denoted by P t,r,δr(i, δt), is considered in the
following.

The ignition probability P t,r,δr(i, δt) is increased if either the sampling time δt or
the ratio of the fuel volume relative to a unit volume is increased. ν t,r in Eq. (8.2)
is a function of shell mean values:

ν t,r,δt = 〈ν t,r Θ[G(t, r)]〉 r,δr
3 r 2 δr

r 3
b

(8.3)

Here, G(t, r) results from the G-equation (cf. Eq. (7.2)), i.e., Θ[G(t, r)] is unity
in fuel and zero in ash regions. Furthermore, the angle bracket 〈 〉 r,δr denotes the
average of the quantity ν t,r that is yet to be determined over shells of radius r and
thickness δr. The expression is normalised by a sphere with radius rb enclosing the
central burning region.

ν t,r,δt represents an inverse time scale (cf. Eq. (8.2)) and is non-zero only in un-
burnt material. It can be approximated by the following expression, which computes
the average quantities of the shell that are important for the ignition process:

〈ν t,r Θ[G(t, r)]〉 r,δr = χu,r,δr(t) · Ce
Snuc

cP δTb

, (8.4)

where cP is the heat capacity for the average temperature and Snuc the nuclear energy
generation rate for the average mass density of unburnt material within a particular
shell. χu,r,δr(t) represents the volume fraction of the unburnt fluid of the cell at
instant t. The only free parameter of the model, Ce, is called the exponentiation
parameter and controls the overall speed of the ignition process.

Strictly speaking, this procedure cannot be applied to very deformed stars since
it postulates spherical symmetry of the central burning region. But not only do
the elongated rotators deviate from spherical symmetry, also the initially spheri-
cal non-rotating WDs are no longer symmetric as soon as the ignition process is
started because of the mixing of fuel and ashes caused by turbulent combustion.
However, it turns out that the spatial variation of the background state variables
of unburnt material contained within a thin spherical shell at an instant in time is
small. Moreover, it is shown that for densities ρ & 0.05 ρc the WD remains almost
spherical. This observation justifies the implementation of the ignition process even
for rotating WDs (cf. section 11.5, [Ste90], [YL05]).
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8 Initiation of the thermonuclear explosion

Furthermore, a derivation of the dipole jet flow (cf. section 4.2) conditions from
spherical shells is not coherent in detail but is a sufficiently good approximation as
long as the ignition sites are placed according to the flow scheme.

8.2.2 Implementation details
The ignition routine, which is called every second hydrodynamical time step, oper-
ates as follows:

• The number of possible ignitions in each shell (the burning region was divided
into 24 equidistant concentric shells for most of the simulations done for this
thesis) is determined according to Eqs. (8.2), (8.3), and (8.4). Note that for
the two possible modes, isotropic turbulence and dipole jet flow (cf. section
4.2), the calculation differs in the expression for the temperature fluctuations
δTb (Eqs. (4.2) and (4.3), respectively) and furthermore in the value of rb in
Eq. (8.3) (Eqs. (24) and (27) in Ref. [WW04], respectively).

• Determination of the ignition location:

– In the isotropic case, the chosen ignition locations are uniformly dis-
tributed within the corresponding shell.

– For the jet flow, the distribution of polar angles θ is not uniform because
more ignitions should occur when convective material has flowed through
the centre, thereby heating up. Consequently, ignition sites are thought
to be clustered along the rotational axis in one of the hemispheres (cf.
section 4.2). This is implemented by the following choice of θ :

θ = π · ( rand )De (8.5)

Here, rand is a function which returns uniformly distributed numbers in
the range between 0 and 1 and De is the dipole ignition exponent. For
De = 1, equipartition in θ is achieved. In the simulations of this thesis,
De = 1/3, yielding a pronounced appearance in the southern hemisphere
(in the convention that the position vector for θ = 0 points towards the
North Pole in spherical coordinates).

At the elected positions, an ignition is “planned”, i.e., a bubble with radius 3 ∆
(where ∆ is the time-dependent grid spacing) is placed. Note that this ignition
only leads to burning if it is placed within unburnt matter. Furthermore, note
that an ignition does not necessarily form a sphere. Particularly, when a lot
of ignitions have already been successfully set, a new incineration often leads
only to a minor increment of burnt material by causing a new buckle on the
already burnt material.
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• If the maximum density occurring in the star drops below 0.5 × 10 9 g/cm3,
ignitions are no longer initiated. Depending on the initial model as well on
the explosion strength and therefore on the total number of ignitions, this
typically occurs for t . 0.7 s.
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9 Comoving hybrid grid

The computational grid employed in this study is neither fixed in time (Eulerian
grid) nor tracks individual fluid elements (Lagrangian grid) but describes a different
approach (cf. section 5.1.1). Since the region of interest, initially a WD of radius
∼ 2×10 8 cm, expands steadily once the explosion is initiated (size of the computa-
tional domain ∼ 5× 10 9 cm after t = 5 s), it is convenient to follow this expansion
with a comoving hybrid grid.

Both an Eulerian and a Lagrangian grid show major disadvantages in the context
of SNe Ia explosions. If the grid is static, either the explosion simulation is limited to
a short interval in time since material escapes beyond the domain boundaries early
or the resolution is generally very coarse (note that the Eulerian implementation of
a grid whose cells increase in the outer regions exponentially corrects this problem
to a certain degree; however, a non-uniform grid evokes different problems, e.g.,
for the implementation of a subgrid scale model; cf. section 7.1.2). Additionally,
the adoption of an adaptive mesh refinement approach is not favourable since the
explosive burning in a SN Ia soon becomes highly structured due to turbulent motion
that develops everywhere. In this case, refinement would simply be too costly.
If the grid follows the turbulent fluid motion (and thus prevents any unphysical
diffusion), it becomes contorted after a short time in the presence of turbulence and
grid tangling occurs. The latter can only be avoided by assigning a new grid, which
is a complicated procedure with respect to the conservation of quantities [Mü94].

The comoving grid described in the following is well suited for simulating SNe Ia.
By virtue of the adaptiveness of the hybrid implementation it is above all advanta-
geous for aspherical explosions that occur for rapidly rotating progenitor stars. In
the following, the impact on the equations of hydrodynamics is introduced. Then
the grid geometry itself is described. Implementation details and a stability test
close the chapter.

9.1 Moving grid transport theorem

When using a moving grid, the hydrodynamics equations change [Mü94], [Rö05].
The necessary modifications are derived in this section.
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In a similar way to the fluid velocity (Eq. (5.6)), a grid velocity vgrid is introduced:

vgrid =
D
D t

rgrid (9.1)

D/Dt is the moving grid derivative, defined as the derivative with respect to fixed
values of the moving grid; rgrid = (r grid

1 , r grid
2 , r grid

3 ) denotes the position of the grid
coordinate. The relative velocity vrel between fluid and moving grid is

vrel = v − vgrid . (9.2)

From Eq. (9.2) it is clear that Eulerian and Lagrangian coordinates represent the
limiting cases of vgrid = 0 and vgrid = v, respectively.

According to Eq. (5.8), which relates Lagrangian to Eulerian coordinates,

D
D t

a =
∂

∂ t
a + (vgrid · grad) a (9.3)

relates the moving grid to Eulerian time derivative of a quantity a. Furthermore,
corresponding to the Jacobian (Eq. (5.10)) of the transformation relating an Eule-
rian volume element to the corresponding element in material variables, the Jacobian
Jgrid transforms the initial volume dV 0

grid into its moving grid volume dVgrid :

dVgrid = Jgrid dV 0
grid (9.4)

Corresponding to the derivation of the Reynolds theorem (Eqs. (5.13) and (5.14)),
the moving grid transport theorem is obtained:

d

d t

∫
Vgrid(t)

a dVgrid =

∫
Vgrid(t)

(
D a

D t
+ a div vgrid

)
dVgrid

=

∫
Vgrid(t)

[
∂ a

∂ t
+ div (a vgrid)

]
dVgrid

(9.5)

Inserting the general form of a balance equation in Eulerian form (Eq. (5.16)) into
Eq. (9.5), the expression that defines the set of equations of hydrodynamics with
the appropriate quantities a and source terms B(a) can be written as follows:

B(a) =

∫
Vgrid(t)

b(a) dVgrid =
∂

∂ t

∫
Vgrid t

a dVgrid +

∫
Vgrid(t)

div (a vrel) dVgrid (9.6)

=
∂

∂ t

∫
Vgrid t

a dVgrid +

∮
Sgrid(t)

a vrel · n dSgrid (9.7)
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The moving grid theorem describes the rate of change of a quantity a that, similar
to Eq. (5.14), consists of two contributions: the rate of change over a fixed volume
Vgrid t (coinciding with the grid volume Vgrid(t) at instant t) and the contribution of
the flux of a on the boundary surface Sgrid(t).

By comparing Eq. (9.7) with Eq. (5.14) is is clear that the changes in the im-
plementation of the reactive Euler equations (cf. section 5.1.3) are only minor: the
advected fluid velocity v has to be replaced by the relative velocity vrel whereas
the velocities implied in the quantity a, i.e., in the form of momentum and energy
density, remain unchanged.

9.2 Grid geometry
Although a grid that expands uniformly in space (i.e., all grid spacings are equal
at a certain instant) is capable to follow an explosion, it has a major shortcoming
[Rö05]. First, the resolution of the central part that is important for the explosion
is initially high but is much lower as soon as the WD expands. Second, due to the
implementation of the flame ignition that does not consider pressure equilibrium
between fuel and ashes, the time step of the simulation is soon limited by shock
waves that move towards the boundaries of the computational domain.

Therefore a different approach was followed. The grid is initially set up with a
fine central resolution and an exponentially increasing cell width outwards. The fine
grid encloses the region where the flame resides (or is capable of being ignited, cf.
section 8.2). As soon as the thermonuclear runaway is started, the grid expands
rectilinearly on the basis of two contributions: the inner part moves to follow the
radial motion vr, flame of a shell with radius rflame which contains the outermost flame
position, and the outer part expands to follow the expansion of the star with velocity
vr, WD where the star’s surface is found at the radius rWD. The velocities of the grid’s
supporting points are then defined in the following way:

v x
grid =


vr, flame ·

x

rflame

for x ≤ rflame

vr, WD · x

rWD

for x > rflame

(9.8)

Here x denotes the x- component of the distance to the centre of the computational
domain where the shells — tracking the flame and the surface of the WD — are
centred. The grid velocities in y- and z- direction are computed accordingly.

Since the flame burns faster than the WD expands, the equally spaced flame grid
will penetrate into the non-equidistant outer grid and increase the number of flame
grid cells at the cost of outer cells.
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9.2.1 Implementation details
For the successful realisation of this procedure, several aspects had to be considered
in the implementation. First, the surface radius rWD in Eq. (9.8) has to be found.
Since neither the pressure nor the temperature vanish at the surface for numerical
reasons and since rapidly rotating WDs are not spherical, a procedure to determine
rWD must be found: the radius of a sphere enclosing a certain amount of mass is
chosen to be rWD. Then vr, WD is the mean radial velocity of a sufficient amount
of cells lying on that spherical surface. When the enclosed mass approaches the
total stellar mass, this procedure also works accurately for very deformed stars. In
practise, the enclosed mass was chosen to be about 99.8 % of the total stellar mass.

Similarly, the outermost position of the flame rflame is defined as a mean value of
flame positions located on a shell. Due to numerics, taking only the radial velocity of
the cell containing the flame that is farthest from the origin is problematic. Instead,
mean values of a certain number of cells lying outside and housing the flame are
taken for obtaining rflame and vr, flame.

In addition, since the flame burns outwards efficiently at the beginning, the in-
ner grid with equidistant spacing expands at the cost of the outer grid with non-
equidistant spacing. But since the star itself does not start to expand before a sound
crossing time, the size of the computational domain could shrink although all grid
points move outwards. This is due to the fact that the outermost and largest cells
may be cancelled when the grid is rearranged with respect to the increasing number
of equidistant cells of the flame grid. Therefore, Eq. (9.8) is replaced by a more
complex expression:

• expansion of the entire grid with velocity vr, WD when the flame is located deep
within the equidistant flame grid, or

• expansion of the entire grid with velocity vr, flame when the

1. flame tends to extend beyond the star, or

2. WD tends to extend beyond the computational domain, or

3. flame tends to extend beyond the equidistant flame grid as a consequence
of an underestimated value of vr, flame (additionally, vr, flame is increased by
the factor 1.4 in this condition)

• else expansion as a hybrid grid as described by Eq. (9.8)

A benefit of the hybrid grid is its enormous flexibility for the explosion at run
time. However, when doing the analysis one has to keep in mind that the dynamics
of an individual simulation creates its own grid (in general, the relationship holds
that more energetic events cause higher radial velocities and therefore are subject to
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coarser resolution compared to weak explosions), making direct comparisons difficult
even for an identical initial grid.

Recapitulating, it is found that the grid motion does not cause numerical problems
even if the expansion is done in a unsteady way (cf. the 3 rd condition of the second
item in the criteria of choices).

9.2.2 Following a grid expansion
Figs. 9.1, 9.3, and 9.5 show a cross section of the yz-plane of the computational
grid of the “14AWD4 Ce = 5 × 10 4 ” explosion model which can be viewed as
representative in terms of grid expansion. The corresponding density profiles are
plotted in Figs. 9.2, 9.4, and 9.6 as a cross section along the rotational axis, where
the flame is displayed by a white thick line. For the sake of clarity only every 4th

grid line is drawn. Mirror symmetry at the equatorial plane of the star is assumed,
i.e., just one hemisphere is calculated (only positive coordinate values of the z-axis).

The grid consists of 256 2 × 128 cells that initially span a volume of (2 · 5.43 ×
10 8 cm) 2 × (5.43× 10 8 cm). The number of equidistant cells enclosing the flame
is 80 3 per octant. The resolution of the flame grid is ∆ x = 7.50 × 10 5 cm at
t = 0.05 s (see Fig. 9.8). The red circle denotes rflame, the outermost position of any
cell containing the flame, and is thus always enclosed by the equidistant flame grid.
The blue line represents rWD and contains nearly all the mass of the WD. It is used
to expand the outer non-equidistant grid region.

While the flame burns outwards, it occupies more and more cells. The number of
equidistant cells has increased to 97 3 per octant at t = 0.5 s (see Fig. 9.3). The
flame grid resolution then is ∆ x = 1.82× 10 6 cm, and the size of the computation
domain has shrunk to 4.36× 10 8 cm (see Fig. 9.7).

In the homologous expansion phase (cf. section 9.3; t = 5.0 s, see Fig. 9.5), the
number of equidistant cells is 106 3 (total of 128 3) per octant. ∆ x = 7.58× 10 7 cm.
The computational domain extends up to 1.24× 10 10 cm in every spatial direction.
When burning has ceased (t & 1.5 s), the level set (i.e., the white thick line; cf.
section 7.1.1) no longer represents the flame but a borderline between fuel and ashes
that drift outwards. rflame is greater than rWD as soon as any burnt material passes
the region containing most of the mass. Compared to non-rotating explosions, this
usually happens much sooner for explosions of rotating stars since the flame breaks
out of the WD in the polar regions earlier.

Note that the computation domain shrinks near the beginning (up to t ∼ 0.6 s,
see Fig. 9.7). This behaviour seems surprising as both rflame and rWD increase with
time. It is explained by the fact that the number of equidistant grid cells increases
at the cost of outer elongated grid cells when the flame travels initially outwards.
The expansion of the WD that is not possible before a sound crossing time magnifies
the domain in the following.
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Figure 9.1: Grid of the “14AWD4 Ce = 5 × 10 4 ” explosion model at t = 0.05 s. The
number of equidistant cells per octant is 80 3 with a total of 128 3. rWD = 2.59× 10 8 cm
(blue circle) moves outwards with vWD = 0.00 cm/s, rflame = 3.6 × 10 7 cm (red circle)
moves outwards with vflame = 6.0× 10 7 cm/s. For the sake of clarity, only every 4th grid
line is drawn.

Figure 9.2: Density contours and the flame (white thick contour line) of the “14AWD4
Ce = 5 × 10 4 ” explosion at t = 0.05 s. The grey thick contour line encloses densities
greater than 5.25× 10 7 g/cm3, the red line greater than 1.05× 10 7 g/cm3, and the white
line greater than 10 4 g/cm3. Equatorial symmetry is assumed.
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Figure 9.3: Grid of the “14AWD4 Ce = 5 × 10 4 ” explosion model at t = 0.50 s. The
number of equidistant cells per octant is 97 3 with a total of 128 3. rWD = 2.64× 10 8 cm
(blue circle) moves outwards with vWD = 9.8 × 10 7 cm/s, rflame = 1.55 × 10 8 cm (red
circle) moves outwards with vflame = 5.11 × 10 8 cm/s. For the sake of clarity, only every
4th grid line is drawn.

Figure 9.4: Density contours and the flame (white thick contour line) of the “14AWD4
Ce = 5× 10 4 ” explosion at t = 0.50 s. Equatorial symmetry is assumed.
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Figure 9.5: Grid of the “14AWD4 Ce = 5 × 10 4 ” explosion model at t = 5.00 s. The
number of equidistant cells per octant is 106 3 with a total of 128 3. rWD = 5.196×10 9 cm
(blue circle) moves outwards with vWD = 1.143× 10 9 cm/s, rflame = 6.724× 10 9 cm (red
circle) moves outwards with vflame = 1.489× 10 9 cm/s. For the sake of clarity, only every
4th grid line is drawn.

Figure 9.6: Density contours and the flame (white thick contour line) of the “14AWD4
Ce = 5× 10 4 ” explosion at t = 5.00 s. Equatorial symmetry is assumed.
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Figure 9.7: Temporal evolution of the
computational domain size per octant
for the “14AWD4 Ce = 5 × 10 4 ” ex-
plosion. The dashed line represents the
initial equatorial radius of the 14AWD4
rotator.
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Figure 9.8: Temporal evolution of the
cell size of the equidistant flame grid of
the “14AWD4 Ce = 5× 10 4 ” explosion
model

9.3 Homologous expansion phase
The moving grid enables one to follow the explosion. Although the burning process
in terms of SNe Ia is finished after ∼ 1.5 s (see the evolution of Enuc in Fig. 9.9), the
subsequent expansion phase may have a significant impact on the synthetic spectra
until the homologous expansion is reached [Rö05].

The homologous or self-similar expansion is characterised by a fluid velocity that
is proportional to the central distance r :

v(r) ∝ r (9.9)

As soon as Eq. (9.9) is fulfilled at every location r, the relative positions of the
ejecta do not change anymore. The instant of reaching homologous expansion can
be estimated by a comparison of the different contributions to the total energy.
Most of the energy released in the explosion is needed to stem the initially high
gravitational attraction of the star. As a result of the expansion, the WD cools and
has excess kinetic energy. Therefore, the homologous phase is indicated by a small
amount of gravitational and internal energies compared to the kinetic energy.

Fig. 9.9 shows that after t = 5 s, both the gravitational energy (E 5 s
grav = −0.89×

10 50 erg) and internal energy (E 5 s
int = 0.22 × 10 50 erg) are small compared to the

kinetic energy (E 5 s
kin = 7.70 × 10 50 erg). Although this trend becomes even clearer
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Figure 9.9: Temporal evolution of the different energy contributions of the 8rigid model
(stochastic ignition: Ce = 5 × 10 3) is plotted. At t = 5 s both the gravitational and
internal energy are small compared to the kinetic energy.

after t = 10 s [Rö05], due to the cost of three-dimensional calculations all simulations
for this thesis were stopped after t = 5 s which is nevertheless a good approximation
for the instant when homologous expansion is achieved.

9.4 Test for hydrostatic stability
A star in hydrostatic equilibrium (i.e., fulfilling the temporally constant version of
Eq. (5.20)) remains unchanged. However, in practice the numerical discretisation
will cause fluctuations in the density and velocity profiles sooner or later, especially
when the star rotates rapidly. In addition to effects of the hydrodynamical setup
such as the flux splitting scheme [Mü94], several mechanisms, not necessarily strictly
distinguishable from each another, may contribute (cf. sections 10.4 (approximated
gravitational potential), 11.3 (oscillation of state variables), and 11.4 (interpolation
effects)).

Axially symmetric motion follows an orbit that can only be approximated by small
alternating perpendicular steps on a Cartesian grid. The smaller these steps are,
the more accurately an axially symmetric motion can be described. Unless the grid
spacing is fine enough, problems regarding the rotation occur.

It was tested whether rapid rotators remain stable on the grid structure that
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9.4 Test for hydrostatic stability

Figure 9.10: Density contours for the 20AWD3 model during the test for hydrostatic
stability. Equatorial symmetry is assumed.

was used for the SNe Ia simulations for the period of nuclear burning. For the
hydrostatic stability test the grid introduced in section 9.2 was used. However, no
temporal motion of the grid was allowed since neither expansion nor contraction of
the star occur as long as hydrostatic equilibrium is maintained. The simulations
were followed up to t = 1.5 s, the time when burning would have stopped if the WD
had been ignited.

A comparison of density contours at different instants serves as a simple check
for hydrostatic stability. Figs. 9.10, C.2, and C.3 show the density profiles of the
20AWD3, 10AWD1, and 8rigid rotators in the yz-plane (rotation axis in z-direction),
respectively. The grey thick contour line encloses densities of ρ > 5.25× 10 7 g/cm3,
the red thick line ρ > 1.05 × 10 7 g/cm3, and the white outer line marks ρ =
10 4 g/cm3. Up to t = 1.0 s, the contour lines retain their shape except at the
surface. Later the WDs’ core density becomes lower. Two reasons are responsible
for amplified deviations in the outer layers. First, the resolution of the grid is worse
there (see panel for t = 1.00 s in Fig. 9.10 where the grid structure affects the stellar
surface). Second, no pressure gradient is considered below the threshold density of
ρ = 10−3 g/cm 3.

Figs. 9.11, C.1(a), and C.1(b) show the absolute value of the radial velocities |vrad|
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Figure 9.11: Modulus of the radial velocity as function of the central distance at four
different times for the 20AWD3 model

that are averaged at certain distances from the stellar centre r in one section of the
three-dimensional domain. The restriction of axial symmetry for the WD models
in equilibrium (cf. section 5.2) does not allow for any radial motion, therefore |vrad|
indicates instabilities caused by the grid among other things.

Similar to the simulations without rotation [Rei01], the highest radial velocities
occur in the outer regions whereas the value of |vrad| in the central region is low. The
missing pressure gradient in the pseudo-vacuum surrounding the star causes high
infalling velocities of less dense matter. The radial velocities in the inner region are
at all instants found to be . 4 × 10 7 cm/s and therefore an order of magnitude
lower than the characteristic velocities due to nuclear burning. The high radial
velocities resulting for inner regions in the analysis for the 20AWD3 model (see Fig.
9.11) are explained by the low value of the polar radius (cf. Table 11.2). It causes
biased statistics since high |vrad| at the polar surface appear at distances r that are
important for burning near the equatorial plane (see the broad bulge of material
enclosed by the red line in Fig. 9.10).

Since the mass fraction of the problematic surface regions is negligible and fur-
thermore burning does not take place there, the stability of all discretised models
on the grid can be assumed.
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10 Gravity

The gravitational force compensates for the counteracting pressure gradient and
the centrifugal force, both acting outwards, within a rotating star in hydrostatic
equilibrium.

This chapter describes an efficient way to compute the gravitational potential of
deformed rotators in hydrodynamics simulations that cannot be approximated by a
radially symmetric matter distribution due to their oblate shapes.

10.1 Gravity in rotating white dwarfs
In order to account for the effect of self-gravity, the gravitational potential Φg(r) has
to be computed. Although WD matter prior to carbon ignition has high densities
(ρc ∼ 2×10 9 g/cm3 [LHT+06]), it is sufficiently low to work in the Newtonian limit
[Dem98] 1.

In this limit, Φg(r) is obtained via Poisson’s equation

∇2 Φg(r) = 4π G ρ(r) , (10.1)

where the source ρ(r) is the density distribution at position r and G is Newton’s
gravitational constant, i.e., Φg(r) is derived from a density distribution by a homo-
geneous second-order elliptic partial differential equation. The integral form of Eq.
(10.1) directly leads to Φg at point r:

Φg(r) = − G

∫
V

ρ(r′)

|r − r′|
dr′ (10.2)

As can be seen from Eq. (10.2), the density values ρ(r′) of all positions r′ con-
tribute to the solution of Φg(r). Density changes at arbitrary distances from r will
immediately affect the value of Φg(r).

1 The potential influence of general relativistic (GR) effects has been calculated both by generating
a rotating WD with a code that considers GR effects [KEH89], and by examining the localised
Schwarzschild radii, i.e., the Schwarzschild radii derived for enclosed matter along the line
centre – stellar surface . In both cases, the consideration of GR effects turned out to be
dispensable.
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10 Gravity

Because of this highly non-local nature of Eq. (10.2), the computation of Φg(r) in
hydrodynamics simulations is costly even with the power of today’s supercomputers.
The hydrodynamics code Prometheus processes the gravitational accelerations
whenever a “hydro sweep” is executed (see appendix A), i.e., a one-dimensional
subroutine (obtained by the method of “dimension-splitting”, see Ref. [Mü94]) is
solved. Since for a three-dimensional simulation three hydro sweeps which change
the source ρ(r) are executed for each increment of time, Φg(r) has to be calculated
triply per time increment. Therefore, Φg(r) must be derived efficiently. Solving
(10.2) directly whereby the interactions of all computational grid cells must be
considered makes great demands on the CPU power in three spatial dimensions.
Furthermore it is not possible on a computer cluster with distributed memory since
intensive communication is necessary, more precisely the interchange of all density
values.

10.2 Multipole expansion of Poisson’s equation
A multipole expansion of Φg(r) can be an efficient method in order to deal with
the non-locality of Eq. (10.2) when it is justifiable to terminate the expansion at a
low order. Every deviation of the density stratification from spherical symmetry de-
mands inclusion of higher order terms. However, WDs that are noticeably deformed
by rotation exhibit cylindrical symmetry (cf. section 5.2), which favours the method
of a multipole expansion. Φg(r) can be computed to high precision by expanding
Φg(r) only up to low order terms (cf. section 10.3 and Ref. [Fli93]).

The Green’s function for Eq. (10.2) expanded in spherical harmonics Y m
l (θ, φ)

looks as follows [Jac98]:

1

|r − r′|
= 4π

∞∑
l=0

l∑
m=−l

1

2l + 1

rl
<

rl+1
>

Y ∗
lm(θ′, φ′) Ylm(θ, φ) , (10.3)

where

r< ≡ min{|r| , |r′|} (10.4)

r> ≡ max{|r| , |r′|} (10.5)

and the components of r and r′ are expressed in spherical coordinates (r, θ, φ) about
the density distribution’s centre of mass rcm [Nol99]:

rcm =

∫
V

r ρ (r) d3r∫
V

ρ (r) d3r
=

∫
V

r ρ (r) d3r

Mtotal

(10.6)
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10.2 Multipole expansion of Poisson’s equation

The expansion about the centre of mass assures that low-multipole terms dominate
in Eq. (10.3).

The spherical harmonic functions with the parameters l and m are

Ylm(θ, φ) ≡ (−1)m

√
2l + 1

4π

(l −m)!

(l + m)!
Plm cos(θ) eimφ , (10.7)

where Plm are Legendre polynomials. With Eq. (10.3) Poisson’s equation (10.2) is
as follows:

Φg(r) = − 4πG
∞∑
l=0

l∑
m=−l

1

2l + 1

{
Ylm(θ, φ) × (10.8)

[
r l

∫
r < r′

ρ(r′) Y ∗
lm(θ′, φ′)

r′ l+1
d3r′ +

1

r l+1

∫
r > r′

ρ(r′) Y ∗
lm(θ′, φ′) r′ l d3r′

]
The sum over m of the products of the spherical harmonic functions (10.7) for a
given value of l becomes

l∑
m=−l

Y ∗
lm(θ′, φ′) Ylm(θ, φ) =

2l + 1

4π

[
Pl0(cos θ) Pl0(cos θ′) + (10.9)

2
l∑

m=1

(l −m)!

(l + m)!
Plm(cos θ) Plm(cos θ′) cos

(
m(φ− φ′)

)]
.

Finally, with this expression and the usage of a trigonometric identity for the differ-
ence in azimuthal angles, φ− φ′, Eq. (10.8) turns into

Φg(r) = −G

∞∑
l=0

Pl0(cos θ)

[
rl µe,out

l0 (r) +
1

rl+1
µe,in

l0 (r)

]
− (10.10)

2G
∞∑
l=1

l∑
m=1

Plm(cos θ)

[
(rl cos mφ) µe,out

l0 (r) + (rl sin mφ) µo,out
lm (r) +

cos mφ

rl+1
µe,in

lm (r) +
sin mφ

rl+1
µo,in

lm (r)

]
,
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10 Gravity

where the integrals in (10.8) are substituted by the source moments µlm(r) :

µe,in
lm (r) ≡ (l −m)!

(l + m)!

∫
r > r′

r′ l ρ (r′) Plm(cos θ′) cos mφ′ d3r′ (10.11)

µo,in
lm (r) ≡ (l −m)!

(l + m)!

∫
r > r′

r′ l ρ (r′) Plm(cos θ′) sin mφ′ d3r′ (10.12)

µe,out
lm (r) ≡ (l −m)!

(l + m)!

∫
r < r′

1

r′ l+1
ρ (r′) Plm(cos θ′) cos mφ′ d3r′ (10.13)

µo,out
lm (r) ≡ (l −m)!

(l + m)!

∫
r < r′

1

r′ l+1
ρ (r′) Plm(cos θ′) sin mφ′ d3r′ (10.14)

The superscripts e and o stand for even and odd in accordance with the symmetry
of the trigonometric functions cos and sin that act on the azimuthal angle. in and
out denote the inner and the outer source moments.

The advantage of using a multipole expansion is due to the fact that the source
moments (Eqs. (10.11) to (10.14)) which have to be calculated in order to obtain
Φg(r) in Eq. (10.10) can be evaluated within a local domain: the radial contribution
of each computational cell to the source moments is determined independently and
added to the 5-dimensional moment vector containing all source moments with the
following form:

µ
e/o , in/out
lm (r) = µ

(
r , e/o , in/out , l , m

)
(10.15)

Once all contributions of a local domain have been calculated, a single data exchange
with all other domains suffices to complete (10.15) by summing up all contributions,
and Eq. (10.10) can be solved easily.

10.3 Implementation details

The implementation of the moment vector (10.15) requires a discretisation in its
radial distance from rcm. The number of entries in the moment vector is

nentries = (nradial + 1) · 2 · 2 · (lmax + 1) · (mmax + 1) . (10.16)

In order to minimise the size of the vector (10.15) that is to be exchanged, the
discretisation in r must be sufficiently coarse. Test calculations have shown that for
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10.4 The lowest possible expansion order

reasonable accuracy in computing Φg(r), it is reliable to determine nradial as follows:

nradial = int

(
2 ·Rdiagonal

(∆xmin ∆ymin ∆zmin)1/3

)
+ 1 (10.17)

Here ∆[xyz]min are the smallest grid spacings and Rdiagonal is the length of the
diagonal across the cubic irregular computational grid that changes in size over
time (see chapter 9).

Note that the speed of the multipole algorithm in parallel operation might be im-
proved if working with a non optimised compiler by rearranging the multi-dimensional
moment array (10.15) to a one-dimensional vector with nentries positions.

10.4 The lowest possible expansion order
In order to determine the the lowest possible expansion order of the Poisson equation
for which the capability to reproduce Φg(r) accurately is still guaranteed, reference
values are needed. The direct output from the multipole algorithm with different
limiting parameters l and m, Φmpole

g lm , was compared to the values obtained by means

of the rotating initial model Φinimod
g (see chapter 11) 2.

Due to the implied symmetries of the rotating initial models (cf. section 5.2),
it is adequate to do this test on a cylindrical (s, z)-grid for one quadrant of the
star: equatorial symmetry leads to contributions of even l only, axial symmetry
implies that m is zero. Attention is drawn to the fact that both symmetries are
not warranted once the WD is ignited. However, the deviations from axial and
equatorial symmetry due to burning are assumed to be relatively small.

The percentage deviation dev of Φmpole
g l0 from the reference value Φinimod

g is defined
as follows:

dev(s, z) ≡
Φinimod

g (s, z) − Φmpole
g l0 (s, z)

Φinimod
g (s, z)

· 100 (10.18)

The deviations were calculated by comparing the values of Φmpole
g lm (s, z) with those of

the initial model Φinimod
g (s, z) that initially had to be interpolated from Φinimod

g (ir, it)
in adaptive spherical coordinates for the (s, z)-grid of the hydrodynamics code (see
section 11.4). As Φinimod

g (ir, it) is accessible only for positions within the stellar
surface, dev(s, z) was computed only for that region.

Statistical evaluations [BSMM99] of two WD models, namely the critical rigid
rotator (“8rigid”) and a rotating accreting white dwarf (“10AWD1”), cf. section

2 Note that Φg(r) for the initial model solver had been also derived by a multipole expansion
beforehand. The values lmax = 10 and mmax = 0 are set in the initial model solver.
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8rigid lmax = 0 lmax = 2 lmax = 4

x̄ [10−3 %] − 124.31 9.81 6.71
x̃ [10−3 %] − 0.89 8.72 6.38
s [10−3 %] 4.33 0.25 0.03

min. [10−1 %] − 10.5214 −0.1769 − 0.1757
max. [10−1 %] 5.4887 2.0369 2.0041

Table 10.1: Arithmetic mean (x̄), median (x̃), standard deviation (s), minimal (min.)
and maximal (max.) values of dev for the 8rigid model

10AWD1 lmax = 0 lmax = 2 lmax = 4

x̄ [10−3 %] − 284.77 28.86 16.60
x̃ [10−3 %] 113.58 20.31 15.13
s [10−3 %] 1.84 0.37 0.81

min. [10−1 %] − 35.0678 −1.0691 − 0.0443
max. [10−1 %] 19.1973 3.7763 4.2393

Table 10.2: Arithmetic mean (x̄), median (x̃), standard deviation (s), minimal (min.)
and maximal (max.) values of dev for the 10AWD1 model

11.5, are summarised in Tables 10.1 and 10.2, respectively. x̄ is the arithmetic
mean, x̃ the median, s the standard deviation, and min. the most negative and
max. the most positive value ever arising for dev(s, z). In the case of a monopole
algorithm (lmax = 0), there are noticeable deviations of Φmpole

g 00 from the desired value
of Φinimod

g . These deviations decrease roughly by an order of magnitude when taking
the quadrupole term (l = 2) into account, whereas the inclusion of the octupole
terms (lmax = 4) only produces a tiny further improvement.

Taking a closer look when the truncation of the expansion takes place after the
quadrupole terms, one can see that the mean deviation from Φinimod

g is much less
than one-tenth of a percent. Also the standard deviation of dev is relatively small,
less than 3% of the mean value. This implies that the gravitational potential is
approximated very well for lmax = 2. The median has approximately the same value
as the mean, which means that most of the deviations are small and very few large
outliers occur.

Tables 10.1 and 10.2 show that the 8rigid model is generally better approximated
by low order terms of the multipole expansion than the 10AWD1 model. This
is due to the fact that the former star has a “more spherical” shape whereas the
rotation law proposed for AWDs (see section 11.5 and appendix B), more precisely
the maximum in angular velocity, causes a characteristic deepening at the poles.
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Figure 10.1: Deviations of Φmpole
g l0 from Φinimod

g in percent for the 8rigid and 10AWD1
rotators as a function of lmax within the star

This can also be seen in Fig. 10.1, where the spatially resolved value for dev(s, z)
is plotted for both WD models each with lmax = 0 and lmax = 2 within the star. In
addition, the illustration shows the shape of the rotators as a projection on the top
surface of the figure which, in turn, display contour lines of dev(s, z). Φinimod

g (s, z)
is generally over estimated (dev negative) for lmax = 0 in the region from the centre
(s = 0, z = 0) to the pole (0, rpol), and underrated in the region from the centre to
the equator (requ, 0).

Noticeable deviations from Φinimod
g occur at the surface of the star. This obser-

vation can be explained by the fact that the interpolation scheme in Φinimod
g and ρ

used in the computation of Φmpole
g l0 on the (s, z)-grid does not work as accurately at

the stellar surface as inside the star (cf. section 11.4).

Except for the central region, where the deviations show a slightly alternating
fashion between adjacent grid points and the just mentioned outliers at the stellar
surface, dev(r) is a very smooth function in space. This means that neighbouring
values of Φmpole

g l0 (r), even if they deviate slightly from Φinimod
g (r), behave in the same
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manner. Consequently, since the gravitational accelerations ggrav needed for the
hydrodynamics simulation are obtained as the spatial derivatives of Φg(r), a low
order multipole expansion for the gravitational potential is very promising:

ggrav(r) = −∇ Φg(r) (10.19)

A survey reveals that taking octupole terms into account increases the computa-
tion time of the Poisson algorithm by about 10 percent when equatorial symmetry
is assumed, and from Eq. (10.16), it is apparent that the memory that is to be
transmitted between cluster machines would increase by a factor 5/3 even for the
constriction to axial symmetry. Since the computational effort was to be kept small
and the octupole terms do not increase the accuracy to a high degree, lmax was lim-
ited to 2 for all simulations of this investigation. For economical reasons, a possibly
emerging dependence of ρ(r) on the rotation angle φ is not considered, i.e., m is set
to 0. Initially it is nonexistent due to axial symmetry. During the hydrodynami-
cal simulation it is thought to be small (this assumption should not be worse than
the common practice of employing a monopole Poisson algorithm for non-rotating
stars).

The predictions of the analysis of Eq. (10.18) on the multipole algorithm’s ca-
pability to solve Φg(r) for rotating stars accurately remain speculative unless the
influence of the limitation of the multipole expansion to a certain value of lmax is
studied. Fig. 10.2 shows the density profile of the 10AWD1 rotator (for which the
approximated potential was worse with lmax = 2 compared to 8rigid). The upper
left panel represents the star at t = 0 s, i.e., at the beginning of a hydrodynamical
simulation. Without discretisation errors and with the correct forces on each mass
element, the density profiles should not change over time (cf. section 9.4). The error
resulting from a low order multipole Poisson algorithm becomes visible since the test
for hydrostatic stability was carried out for different values of lmax : the lower left
panel makes clear that a monopole algorithm is not able to compute Φg(r) to the
demanded accuracy since the density stratification changes within the time span of
1.5 s (i.e., some time longer than it takes an exploding WD to unbind). The grey
contour line at log10(ρ) = 7.72 and the red line at log10(ρ) = 7.02 represent densities
up to which burning to iron group elements (IGEs) and approximately burning to
intermediate mass elements (IMEs) takes place (cf. section 7.2), respectively. The
white outer line at ρ = 10 4 g/cm3 represents the stellar surface. For lmax = 0 both
the grey and the red line are shifted in the polar direction by about 80 km. For
lmax = 2, however, the contour lines up to ρ ≈ 106 g/cm3 are preserved. The fact
that the WD keeps its shape with lmax = 2 (and that the octupole terms do not
visibly improve the result) justify the truncation of the multipole expansion after
the quadrupole term.
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10.4 The lowest possible expansion order

Figure 10.2: Test for hydrostatic stability of the 10AWD1 model for various values of
the limiting parameter lmax. Densities greater than those enclosed by the red line will
approximately burn to IMEs, those enclosed by the grey line to IGEs if the star is ignited.

97



98



11 The initial rotator model

In order to simulate the explosion of a rotating star, a rotating density stratification
in hydrostatic equilibrium had to be generated, serving as the input for the hydro-
dynamic simulation. This chapter explains the method used for the construction of
the rotators.

11.1 Stationary equilibrium in integral form
For an arbitrary set of coordinates, the stationary equilibrium of a self-gravitating
and rotating gas in differential form is written as [EM85]

− (v∇)v =
1

ρ
∇p + ∇Φg , (11.1)

where ρ is the density, p the pressure, v the fluid velocity (cf. Eq. (5.20)) and Φg

the gravitational potential that is described by Poisson’s equation (10.1):

∆Φg =

{
4 π G ρ , inside ,

0 , outside .
(11.2)

When the star is in a state of permanent rotation (cf. section 5.2), the fluid velocity
v in cylindrical coordinates (s, φ, z) is given by

v = s Ω(s) eφ , (11.3)

where s is the distance from the rotation axis. With Eq. (11.3), the equation of
equilibrium (11.1) reduces to

1

ρ
∇p = − ∇Φg + s Ω2(s) es . (11.4)

The second term on the right hand is called centrifugal acceleration. Solving Eq.
(11.4) directly raises severe problems [HE82], since the boundary conditions must
be treated properly: the gravitational potential and the pressure have to be finite at
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11 The initial rotator model

the centre, the gravitational potential has to be zero at infinity and the pressure is
zero at the surface of the rotator. Therefore it is convenient to employ the Poisson
integral instead of Eq. (10.1), which has the following shape in spherical polar
coordinates (r, θ, φ) when axial and equatorial symmetry is applicable (cf. section
5.2):

Φg(r) = − G

∫
V

ρ(r′)

|r − r′|
dr′ (11.5)

= − 4πG

∞∫
0

r ′ 2dr ′
π/2∫
0

sin θ ′dθ ′
∞∑

n=0

f2n(r, r ′)

· P2n(cos θ)P2n(cos θ ′)ρ(r ′, θ ′)

Here P2n are the even Legendre polynomials and

f2n(r, r ′) =

{
r ′2n/r2n+1 for r ≥ r ′ ,

r2n/r ′2n+1 for r < r ′ .
(11.6)

Since Eq. (5.35) holds, the centrifugal force component in Eq. (11.4) can be obtained
from a centrifugal potential Φc :

Φc = −
s∫
Ω2(s ′)s ′ds ′ (11.7)

Integrating Eq. (11.4) yields∫
1

ρ
dp + Φg + Φc = C , (11.8)

where C is the constant of integration. Eq. (11.8) is an equation for which the
incorporation of the boundary conditions is straightforward.

11.2 Implementation details
Eqs. (11.7) and (11.8) indicate that the implementation of the integral equation
describing stationary equilibria is easiest when the (reciprocal value of the) density
can be integrated analytically with respect to the pressure and when the rotation
law Ω(s) is an analytical square integrable function.

100



11.2 Implementation details

The first condition is fulfilled for a special case of a barotropic equation of state,
the polytropic equation of state:

p = κ ρ γ = κ ρ 1+ 1
n (11.9)

Here κ is the polytropic constant and γ the adiabatic index. Instead of γ the
polytropic index n = 1 / (γ − 1) is often cited. Both κ and γ have to be chosen
adequately for the physical system of interest.

A flexible approach to incorporate the rotation law motivated by the physics of
chapter 3 is to employ a polynomial representation (which is terminated after the
5th order in the following):

Ω(s) =

{
Ωc for 0 ≤ s̄ ≤ s̄rigid

Ωc + c1 s̄ + c2 s̄2 + c3 s̄3 + c4 s̄4 + c5 s̄5 for s̄rigid < s̄ ≤ s̄max

(11.10)

Here s̄ is the normalised distance from the rotation axis and s̄rigid the normalised
distance from the rotation axis out to the position for which the angular velocity
has a constant value of Ωc :

s̄ ≡ s

r equator
surf

and s̄rigid ≡ srigid

r equator
surf

(11.11)

As will become clear later, from a numerical point of view that it is favourable to
use the normalised value of the distance from the rotational axis. As a result of
the normalisation, the maximal value of s̄, namely s̄max, is equal to one. Since rigid
rotation is believed to occur in the pre-supernova convective core due to a very
efficient exchange of angular momentum [YL04], rigid rotation of the interior may
be assumed: srig denotes the distance out to which Ω is constant. The polynomial
coefficients c1 to c5 have to be determined according to the desired rotation law.

In order to check the accuracy of the code by means of a comparison with different
numerical methods that are employed for finding the equilibrium configurations
[Hac86], [KEH89], the widely employed j-const. (11.12) and v-const. (11.13) rotation
laws have also been implemented:

Ω(s) = Ωc / (1 + s2/A2) (11.12)

Ω(s) = Ωc / (1 + s/A) (11.13)

The length scale parameter A in Eqs. (11.12) and (11.13) specifies a distance from
the rotation axis up to which rotation is roughly rigid. The names of these two ro-
tation laws are attributed to the fact that the limiting case of A → 0 in Eqs. (11.12)
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11 The initial rotator model

and (11.13) yields a mass distribution with constant specific angular momentum or
constant track velocity, respectively.

According to Ref. [YL05], neither j-const. nor v-const. rotation are expected to
occur among WDs in the history of the single-degenerate scenario. This study claims
that those rotation laws may be considered as artificial merely since the rotation
is so highly differential that the shear is much greater than allowed by the critical
value for the onset of the dynamical shear instability.

Following these specifications, Eq. (11.8) becomes

γ

γ − 1
κ ρ γ−1 + Φg + Φc = C , (11.14)

where the gravitational potential Φg is determined by Eq. (11.5) and the centrifugal
potential Φc (11.7) appears as follows:

Φc = −
srigid∫
0

Ω2
c s ′ds ′ −

smax∫
srigid

Ω2(s ′)s ′ds ′ =

−
{

1

2
Ω2

c s2 +
2

3
Ωcc1 (s3 − s3

rigid)
∣∣
s > srigid

+

1

4

(
2 Ωcc2 + c2

1

)
(s4 − s4

rigid)
∣∣
s > srigid

+

2

5
(Ωcc3 + c1c2) (s5 − s5

rigid)
∣∣
s > srigid

+

1

6

(
2 Ωcc4 + 2 c1c3 + c2

2

)
(s6 − s6

rigid)
∣∣
s > srigid

+

2

7
(Ωcc5 + c1c4 + c2c3) (s7 − s7

rigid)
∣∣
s > srigid

+

1

8

(
2 c1c5 + 2 c2c4 + c2

3

)
(s8 − s8

rigid)
∣∣
s > srigid

+

2

9
(c2c5 + c3c4) (s9 − s9

rigid)
∣∣
s > srigid

+

1

10

(
2 c3c5 + c2

4

)
(s10 − s10

rigid)
∣∣
s > srigid

+

2

11
c4c5 (s11 − s11

rigid)
∣∣
s > srigid

+
1

12
c2
5 (s12 − s12

rigid)
∣∣
s > srigid

}

(11.15)

From Eq. (11.14) it is clear that for a given rotation law (Eq. (11.10)) and a
given value of the adiabatic index γ (in Eq. (11.9)), the rotating configuration is
completely determined by the following quantities:
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• κ (or central pressure) ,

• central density ρc and

• central angular velocity Ωc .

It is reasonable to specify the central angular velocity Ωc for a rotating model,
particularly when the rotation law is of the form (11.10) and Ωc serves as zeroth
order input. But the axis ratio a,

a =
r pol
surf

r equator
surf

, (11.16)

was chosen to specify a model instead of Ωc. This approach complicates the process
of finding of an equilibrium configuration with a desired rotation law since Ωc cannot
be predetermined but has to be obtained by choosing an adequate value of a, in
general by trial and error. It is advantageous that equilibria configurations can be
deformed by a desired degree in a dimensionless manner.

Following the study of Ref. [EM85], Eq. (11.14) is discretised on a two-dimensional
grid with nt equidistant angular supporting points in the interval of 0 ≤ θ ≤ π/2
(equatorial symmetry is assumed without loss of generality, cf. section 5.2) and nr

equidistant but angular dependent radial supporting points:

θi =
π

2

i− 1

nt − 1
, i = 1, ..., nt (11.17)

rij = rj(θi) = rsurf(θi)
j

nr

, j = 1, ..., nr (11.18)

The index j = 1 refers not to the centre but to the total number of nt radial
supporting points that are located adjacent to the centre.

The discretised equilibrium equation now reads

(i) in the centre:

γ

γ − 1
κ ρc

γ−1 + Φg(0) = C , (11.19a)

where the central gravitational potential Φg(0) is given by

Φg(0) = − 4πG
∑

l

sin θl ∆θl

∑
m

rlm ∆rlm ρlm . (11.19b)
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11 The initial rotator model

(ii) for 1 ≤ i ≤ nt and 1 ≤ j ≤ nr :

γ

γ − 1
κ ρij

γ−1 + (Φg)ij + (Φc)ij = C , (11.20a)

where the density ρij and the gravitational potential (Φg)ij are given by

ρij = ρ(rij, θi) , (11.20b)

(Φg)ij =− 4πG
∑

l

sin θl ∆θl

∑
m

r2
lm ∆rlm

·
∑

n

f ij
2n,lm P2n(cos θi) P2n(cos θl) ρlm

(11.20c)

with

f ij
2n,lm = f2n(rij, rlm) , (11.20d)

and the centrifugal potential (Φc)ij is obtained via Eq. (11.15) by replacing s with
(rij sin θi) .

(iii) at the surface, i.e., for 1 ≤ i ≤ nt and j = nr :

ρi,nr = ρ(ri,nr , θi) = 0 . (11.21)

n is the index of all Legendre polynomials. ∆θl and ∆rlm are the angular and radial
grid spacings (the indices l and m correspond to the inner loop in angular and radial
direction arising in the calculation of the gravitational potential), respectively.

Eqs. (11.19a), (11.20a), and (11.21) form a system of (nr + 1) · nt + 1 nonlinear
equations for the (nr +1) ·nt+2 unknowns, namely nt ·nr densities ρij, the nt surface
radii ri,nr , the integration constant C, and the central angular velocity Ωc. Together
with the additional Eq. (11.16), an equilibrium model is uniquely determined.

The nonlinear system of equations is solved by the Newton-Raphson iteration
scheme. Since a sufficiently good initial guess is demanded for a Newton-Raphson
algorithm to converge [PTVF03], a sequence of models is computed, starting from
a non-rotating spherical star that becomes more and more deformed while the axis
ratio (Eq. (11.16)) decreases steadily, e.g., by the factor 1/1.05. The previous less
deformed and initially a spherical model serves as input for the construction of each
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deformed model. The convergence of a model is taken to be complete when the
relative change of any variable of the nonlinear system is less than ε, e.g., 10−4.
Unlike the self-consistent field approach [Hac86] which allows for convergence even
when starting with a uniform density configuration, the primary slightly rotating
density profile has to be supported by a stratification that obeys the equation of
state (EOS) of a WD (cf. section 5.3) fairly well.

A disadvantage of this method is the fact that the distribution of angular momen-
tum changes from model to model within a particular sequence since the rotation
law is a spatial function that has to be determined a priori, however, the shape
and mass of the rotators change from model to model. This results in a different
distribution of specific angular momenta [Ste90].

Particularly when choosing a rotation law in polynomial form such as Eq. (11.10),
it is convenient that the distance from the rotation axis s is normalised to the
equatorial radius of the star, r equator

surf (cf. Eq. (11.11)). Severe problems arise when
the star becomes more and more deformed so that a non-normalised s in Eq. (11.10)
exceeds the value for which the coefficients of the rotation law are derived (that is
when s > r initial

surf ). This causes negative or very high values for the angular velocity
Ω.

11.3 Piecewise polytropic approximation method
This method is introduced for a polytropic EOS (Eq. (11.9)). Since a WD can be
described with a polytropic equation of state only within certain density regimes
when γ and κ remain constant (the value of γ in Eq. (11.9) is 4/3 in the relativistic
degenerate core but 5/3 in the non-degenerate envelope), it is necessary to replace
Eq. (11.9) by a more realistic yet barotropic equation of state.

A straightforward way to do this is presented in Ref. [ME85]. Eq. (11.9) is
partitioned into N − 1 intervals for N monotonically increasing density values, ρ1 <
... < ρd−1 < ρd ... < ρN , that each obey a polytropic relation to pressure via desired
values of γ and κ :

p = κd ρ γd for ρd ≤ ρ ≤ ρd+1 where d = 1, ..., N − 1 (11.22)

Here κi and γi are the interval dependent polytropic constant and adiabatic index,
respectively. The interval dependent adiabatic indices γd and polytropic constants
κd are obtained for a given density ρd by employing the equation of state of the
hydrodynamics program describing WD matter (cf. section 5.3). Together with the
input values at a certain temperature Td, the EOS then supplies the values of the
density dependent pressure pd and adiabatic index γd. The temperature must be
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11 The initial rotator model

a unique function of the density for barotropy. The temperature profile used for
this thesis was suggested by detailed studies of accretion (cf. Figs. 3.1 and 11.1,
[YL04]) and the convective pre-supernova core (cf. Eq. (4.1)). By calling the EOS
subroutine for each density ρd, a table of corresponding ρd, pd, and γd is constructed.

Then the polytropic constants κd can be obtained via the relation

κd =
pd

ρd
γd

. (11.23)

To assure a uniform tabulation, the steps in ρ, as proposed by the study of Ref.
[ME85] are defined as follows:

log (ρd) = log (ρd−1) +
log (ρN)− log (ρ2)

N − 2
for 3 ≤ d ≤ N (11.24)

In this work, the values of ρ1, ρ2, and ρN in g/cm3 were chosen to be 0, 100, and
1010, respectively. The total number of steps N was 10000.

Fig. 11.1 shows the input values for the EOS, i.e., temperature and density,
in the upper panel. Due to the convective core, the temperature drops roughly
parabolically with respect to distance from the centre (see Eq. (4.1)), which can
be seen in the the plotted dependence on density. Furthermore, there exists a local
maximum in temperature at large radius, representing the accretion induced heating
of the rotator. The lower panel shows the resulting adiabatic index. Obviously, γ
is not a smooth monotonic function of density but shows steps and oscillations.
This behaviour is caused by the fact that for the employed EOS, the pressure is
tabulated for density and temperature (cf. section 7.3) and obtained by a bilinear
interpolation scheme (i.e., linear interpolation in density and in temperature). This
kind of interpolation is not fully satisfying since not only the interpolated values
(i.e., pressure) but also derivatives of interpolated values are used in order to obtain
the adiabatic index γ:

γ =
ρ

p

d (log p)

d (log ρ)
(11.25)

The shape of γ causes no problems regarding numerical convergence or hydrostatic
stability. Nevertheless a higher order interpolation routine [TS00] should be em-
ployed for the state variables in the future since irregularities arising in expressions
such as (11.25), which contains the speed of sound, potentially lead to a variety of
problems.

106



11.3 Piecewise polytropic approximation method

10-2 100 102 104 106 108

ρ [g/cm3]

2•108

4•108

6•108
T

 [
K

]

10-2 100 102 104 106 108

ρ [g/cm3]

1.40

1.50

1.60

1.70

γ e
os

Figure 11.1: The adiabatic index γ as used in the piecewise polytropic method is plotted
versus density ρ (lower panel) for an accreting WD temperature profile (upper panel).
The steps and oscillations of γ arise from a low order interpolation scheme of the state
variables.

In addition to the changes in the first term in Eq. (11.14), namely replacing κ
and γ by κi and γi, this equation has to be modified for the piecewise polytropic
approximation method in one more aspect. Since the effective potential (Φg +Φc) is
required to be continuous at the interval boundaries, the constant of integration C
in Eq. (11.14) is no longer independent of the density but has to obey the following
condition:

κd+1 γd+1

γd+1 − 1
ρd

γd+1−1 − Cd+1 =
κd γd

γd − 1
ρd

γd−1 − Cd for d = 1, ..., N − 1 (11.26)

CN is identical to C of Eq. (11.14), which is one of the variables of the nonlinear
system to be determined.

The corresponding code has been compared with the results of the Self Consistent
Field method [KEH89] that describes a completely different approach to finding
equilibria configurations for the case of a polytropic equation of state and the j-
const. rotation law. Only tiny deviations were observed, therefore the adequacy of
this method is confirmed.
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11 The initial rotator model

11.4 Transformation between different grids
As stated above, the order of the nonlinear set of equations to be solved is nv =
(nr + 1) · nt + 2. Since nv increases with the number of both radial and angular
supporting points nr and nt, the introduced method is limited to low resolution. On
the one hand, it is costly in terms of CPU time to factorise the Jacobian matrix
at every step of the Newton-Raphson iteration scheme. The matrix is occupied
at nearly each position, furthermore it obeys an irregular pattern, which favours
the costly Gaußian elimination scheme of the triangular decomposition in order
to solve the linear system of equations. On the other hand, the required working
memory becomes enormous for increased resolution. For nr = 44 and nt = 16
the size of the matrix is 4.2 megabytes when working with 8 byte precision, for
nr = 130 and nt = 110 it is increased to more than 1.6 gigabytes. This is a severe
limitation since Gaußian elimination cannot efficiently be parallelised. Note that
different modifications of the Newton-Raphson iteration scheme exist that demand
fewer factorisation steps at the cost of convergence or can be restricted to a given
amount of working memory at the cost of computational effort [Kan03].

Due to these limitations it is important to use an accurate method for the in-
terpolation of the rotating initial model values (densities and angular velocities)
from adaptive spherical coordinates (Eqs. (11.17) and (11.18)) on the rectangular
coordinate system with which the SN Ia explosion is followed.

The interpolation proceeds as follows (see Ref. [Ste90] for a similar approach):

1. Each coordinate X of the rectangular grid, i.e., X (x, y, z), is converted into
the corresponding comoving coordinate X (rrect, θrect) :

rrect =
√

x2 + y2 + z2 (11.27)

θrect = arctan

(√
x2 + y2

z

)
(11.28)

2. According to Eq. (11.18), the indices ismall and ilarge that correspond to the
enclosing angles, are found such that:

θismall
≤ θrect < θilarge

(11.29)

3. The corresponding radial indices jfit, i are found such that:

r(jfit, i)
(θi) ≤ rrect < r(jfit, i)+1(θi) for i = ismall and i = ilarge (11.30)
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4. The spacing values for the four point radial stencil for both enclosing radial
vectors rj(θi small

) and rj(θi large
) are computed, each of them being equally

spaced in the radial direction by ∆i small
and ∆i large

:

∆1, i = rrect − r(jfit, i)−1(θi) (11.31)

∆2, i = rrect − r(jfit, i) (θi)

∆3, i = rrect − r(jfit, i)+1(θi)

∆4, i = rrect − r(jfit, i)+2(θi) for i = ismall and i = ilarge

5. The quartic mean for the quantity Q̄rect (being either the density ρ or the
track velocity vrot) of both enclosing radial vectors is computed:

Q̄rect
i =

(
− ∆2, i ∆3, i ∆4, i

6
·Q(jfit, i)−1

+
∆1, i ∆3, i ∆4, i

2
·Q(jfit, i)

− ∆1, i ∆2, i ∆4, i

2
·Q(jfit, i)+1

+
∆1, i ∆2, i ∆3, i

6
·Q(jfit, i)+2

)
· ∆−3

i

for i = ismall and i = ilarge

(11.32)

6. The quadratic angular mean of Q̄ismall
and Q̄ilarge

is obtained:

Q̄rect = Q̄rect
ismall

+
θrect − θismall

θilarge
− θismall

·
(
Q̄rect

ilarge
− Q̄rect

ismall

)
(11.33)

7. The track velocity is computed as follows:

vrot = Ω
(
rj(θi) sin θi

)
· rj(θi) sin θi (11.34)

8. The stencil (11.32) for the radial quartic interpolation scheme that demands
two neighbouring supporting points outside and inside is modified if the con-
sidered point is too close to the centre or the surface (and thus less than two
points are available for the one-sided interpolation). This guarantees a usable
interpolation (which is asymmetric in that case).

Integral quantities as the total mass, gravitational energy or kinetic energy may
be used in order to check the accuracy of this interpolation method (cf. Table 11.1).
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inimod promet inimod promet inimod promet
M [M� ] Egrav [10 51erg] Erot [10 50erg]

8rigid 1.4661 1.4653 -3.2074 -3.2040 4.4164 4.4122
10AWD1 1.6374 1.6362 -3.6701 -3.6649 1.7484 1.7465
11AWD2 1.7428 1.7410 -4.0330 -4.0242 2.6252 2.6216
20AWD3 2.0150 2.0131 -4.5283 -4.5184 4.4652 4.4597
22AWD3 ∗ 2.0687 2.0680 -4.5004 -4.4967 4.5549 4.5541
14AWD4 1.7911 1.7897 -4.1419 -4.1353 2.9907 2.9871
16jconstadr05 1.8025 1.8012 -4.2779 -4.2714 3.1631 3.1598
16vconstadr02 1.7067 1.7057 -4.0605 -4.0556 2.3929 2.3908

Table 11.1: The total mass M , gravitational energy Egrav, and kinetic energy Erot as
given from the initial model algorithm (“inimod”) and obtained by the hydrodynamics
code Prometheus (“promet”) at t = 0 s. The difference is caused by the remapping of
the discrete densities and velocities that underlie those quantities from adaptive spherical
coordinates on a (non-equidistant) Cartesian grid. The resolution of the initial model algo-
rithm was 90 radial and 80 angular supporting points, the resolution of the hydrodynamics
code was 1283 cells per octant (∗ 503 cells per octant).

Both the initial model algorithm and the hydrodynamics code compute those quan-
tities in a separate manner (on different coordinate systems) from the densities and
velocities of the supporting points. The agreement was satisfying since deviations
typically arose only in the 3 rd digit, and these deviations could even be further de-
creased by using a grid that is finer in the outer regions for the hydrodynamics code
(cf. chapter 9).

11.5 Constructed initial models

Since rapid rotation of accreting WDs is not guaranteed (it is a common belief
that the presence of strong magnetic fields potentially decelerates WDs [YL04])
and the possible shape of the rotation law may vary to a large degree for different
assumptions in the accretion model or simply from star to star (cf. chapter 3), the
initial models employed for this study were chosen to cover a broad range of possible
rotation laws and, accordingly, masses. Tables 11.2 and 11.3 summarise quantities of
the most frequently used models. Note that differential rotators can become heavier
than the critical rigid rotator since Ω is allowed to have a high value within the star
and to drop towards the equatorial surface. As a consequence, overcritical rotation
is avoided. However, it sets in when the gravitational force is no longer able to
compensate for the centrifugal force, initially at the equator (the effective gravity
no longer points inward). Then mass shedding at the equator occurs.
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11.5 Constructed initial models

model 8rigid 10AWD1 11AWD2 20AWD3 22AWD3 14AWD4

Ωc [rad/s] 0.37242 1.5999 4.6074 3.9847 3.6791 4.5934
c1 0 7.3470 4.5 -18.823 -18.823 -16.265
c2 0 62.006 -15 196.62 196.62 162.39
c3 0 -275.25 9 -563.38 -563.38 -480.84
c4 0 342.62 0 600.25 600.25 531.85
c5 0 -137.09 0 -218.51 -218.51 -2.0081

s̄rigid 1 0 0 0 0 0.2
requator/rpol 1.477 1.629 1.710 2.183 2.407 1.796

Ωpeak [rad/s] Ωc 4.4126 4.5158 5.2236 4.9013 5.1986
M [M� ] 1.4661 1.6374 1.7428 2.0150 2.0687 1.7911

Mhigh [M� ] 1.302 1.393 1.481 1.469 1.409 1.490
Mhigh/M [%] 88.8 85.1 85.0 72.9 68.1 83.2

Mmed [M� ] 0.126 0.180 0.200 0.401 0.449 0.227
Mmed/M [%] 8.6 11.0 11.5 19.9 21.7 12.7
rpol [10 8cm] 2.1721 2.0180 1.8985 1.8836 1.9214 1.8833

requator [10 8cm] 3.2092 3.2871 3.2471 4.1116 4.6240 3.3822
Eint [10 51 erg] 2.5878 2.7395 2.8895 2.9604 2.9153 2.9148

Egrav [10 51 erg] -3.2074 -3.6701 -4.0330 -4.5283 -4.5004 -4.1419
Erot [10 50 erg] 0.442 1.748 2.625 4.465 4.555 2.991

Ebind [10 50 erg] -5.754 -7.558 -8.810 -11.214 -11.296 -9.280
β [%] 1.3769 4.7639 6.5092 9.8608 10.121 7.2206

J [10 50 g cm2/s] 0.37747 0.91512 1.1968 2.1951 2.4816 1.3602

Table 11.2: Physical quantities of the constructed initial models. The central density is
ρc = 2.0 × 10 9 g/cm3 for all models. Mhigh is the mass for all material if ρ > 5.248 ×
10 7 g/cm3, and Mmed if 5.248×10 7 g/cm3 > ρ > 1.047×107 g/cm3 . In the non-rotating
case (ρc = 2.0 × 109 g/cm3, M = 1.4 M�) Mhigh and Mmed are 1.268 M� (90.6 %) and
1.110 M� (7.9 %), respectively. Furthermore, the non-rotating star possesses the following
quantities: r = 2.1905 × 10 8 cm, Eint = 2.5228 × 10 51 erg, Egrav = −3.0275 × 10 51 erg,
Erot = 0.000× 10 50 erg, and Ebind ≡ Eint + Egrav + Erot = −5.047× 10 50 erg.
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11 The initial rotator model

model 16jconstadr05 16vconstadr02

Ωc [rad/s] 6.4076 10.120
A [requator] 0.5 0.2
requator/rpol 2.183 2.183

M [M� ] 1.8025 1.7067
Mhigh [M� ] 1.534 1.493

Mhigh/M [%] 85.1 87.5
Mmed [M� ] 0.191 0.157

Mmed/M [%] 10.6 9.2
rpol [10 8cm] 1.8087 1.8134

requator [10 8cm] 3.9481 3.95858
Eint [10 51 erg] 3.0072 2.9678

Egrav [10 51 erg] -4.2779 -4.0604
Erot [10 50 erg] 3.163 2.393

Ebind [10 50 erg] -9.544 -8.533
β [%] 7.3941 5.8933

J [10 50 g cm2/s] 1.3785 1.0535

Table 11.3: The same parameters as in Table 11.2 for the “exotic” jconst and vconst

rotators
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11.6 Distribution of specific angular momentum

It is important to note that the coefficients of the rotation law in Table 11.2 are
only valid for this particular model and not necessarily for the whole sequence. To
avoid convergence problems in the Newton-Raphson iteration scheme [PTVF03], a
stellar model yielding a desired central angular velocity was constructed initially.
Then the axis ratio was not increased but the coefficients c1 to c5 were adjusted in
order to obtain the desired rotation law.

The rotation law was not fitted for an exact overlap with the proposed rotation
laws (cf. chapter 3). In contrast, the value of the angular velocity Ωc, the peak value
of Ω, and the total mass were emulated, which is not seen as constraints considering
the multitude of proposed rotation laws (N. Langer, private communication). The
mass accretion from a Keplerian disc implies a critically rotating surface of the AWD
rotators which can not easily be incorporated because the initial model algorithm
aborts when mass shedding for a model is detected. Therefore it is assumed that
the surfaces of most constructed models in this study do not rotate critically. This
is not problematic since the outer layers of a star do not affect the nuclear burning
in the interior.

Fig. 11.2 shows the density profile and Ω for both spatial and mass coordinates
(the corresponding plots for the other considered models are listed in appendix B,
Figs. B.1 to B.7). The latter is plotted for the cases of either enclosed spherical or
cylindrical shells since both definitions of the mass coordinate are commonly used
in the literature. Note that for the underlying cylindrical rotation (cf. Eq. (5.35)),
only the cylindrical mass coordinate is adequate to describe Ω. Nevertheless, since
the rotation law is derived for shell like rotation (cf. section 3.6), the dashed line
may serve as an approximation for shell like rotation: it represents the mass enclosed
by a sphere with radius r that reaches Ω in (and only in) the equatorial plane.

The grey thick contour line encloses densities greater than 5.25× 10 7 g/cm3 and
the red line densities greater than 1.05 × 10 7 g/cm3. These density thresholds
roughly indicate the region up to which burning to iron group elements (IGEs)
and intermediate mass elements (IMEs) takes place (cf. section 7.2) if the star has
not expanded while the flame is propagating outwards. The white contour line at
ρ = 10 4 g/cm3 indicates the stellar surface.

Fig. 11.3 illustrates the mass proportions that fall into those density regimes for
the rigid, j− const., and AWD rotator series, for which the axis ratio a is decreased
in each case. Since the burning products are closely related to the material densities,
those proportions which apparently depend on the rotation law are of importance
in the SN Ia context, as described in chapters 12 and 13.

11.6 Distribution of specific angular momentum

A WD is is well described by the barotropic equation of state which demands a
cylindrical rotation law (Eq. (5.35)) and therefore fulfils the conditions of a ho-
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11 The initial rotator model

Figure 11.2: Density contour lines and the rotation law both in spatial and in mass
coordinates for the 14AWD4 model. Note that the extent of the convective core (i.e., the
rigidly rotating inner part) is estimated following Ref. [YL04].

mentropic star (i.e., entropy is constant in time and space). For the latter it can
be shown that a necessary (but not sufficient) condition for stability is the Solberg
criterion [Tas78], [KS82], [YL04]:

d

d s

(
d J

d M

)
≡ d

d s
(j) =

d

d s

(
s2 Ω

)
=

d

d s

(
s4 Ω2

)
+ const. 6< 0 (11.35)

Here, d M is a mass element with the corresponding angular momentum d J , con-
sequently j denotes the specific angular momentum and s is the distance from
the rotational axis. Equation (11.35) demands that the specific angular momentum
must necessarily increase outwards for stability. It is also known as Rayleigh criterion
when applied to inviscid, incompressible fluids without gravitational interaction.

The impact of the criterion becomes clear when considering a slight displacement of
a fluid element whose angular momentum is conserved. If Eq. (11.35) holds and the
fluid element moves outwards, it reaches a position that is located amid particles with
higher angular momentum. Since the displaced particle has less angular momentum,
a smaller centrifugal force acts on it, which results in a deceleration of the outward
motion. Similarly, a particle that moves inwards is driven outwards by the excess of
angular momentum.

Fig. 11.4 shows the specific angular momentum of the constructed rotators. The
Solberg criterion is fulfilled except in the outer layers that were not modelled for
numerical reasons (cf. section 11.5). Note that AWDs fulfil the Solberg criterion
globally [YL04] since the surface region rotates much faster with the Keplerian value.
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11.6 Distribution of specific angular momentum
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Figure 11.3: Fractions of the total mass in the high density regime (ρ > 5.248 ×
10 7 g/cm3, “IGEs”), the medium density regime (5.248 × 10 7 g/cm3 > ρ > 1.047 ×
107 g/cm3, “IMEs”), and the low density regime (ρ ≤ 1.047 × 107 g/cm3 , “C+O”) for
different rotation laws versus the ratio of equatorial and polar radius

It is important to mention that the Solberg criterion has a limited significance on
AWDs. Stability according to the Solberg criterion does not rule out any occurrence
of instabilities. An accreting WD resides in a state of permanent perturbations
by mass and angular momentum gain leading to a steady redistribution of angular
momentum which in turn requires the appearance of instabilities (cf. section 3.2).

Altogether it can be stated that if the angular momentum decreased outwards,
any accretion of material is unlikely since mass shedding occurs as described above.
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11 The initial rotator model

Figure 11.4: Specific angular momentum j in units of [cm2/s] for rotators in this study.
The solid line denotes the mass coordinate on cylinders, the dashed one represents the
mass coordinate on spheres. Only at the stellar surface does j decrease with increasing
distance from the rotational axis (note that the cylindrical as well as the spherical mass
coordinate is a strict monotonic function of the position). Moreover, note that despite
its name the jconst rotation law does not yield density distributions with constant specific
angular momentum when the parameter A deviates from zero (A = 0.5 here).
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Part III

Simulations of explosions of
rotating White Dwarfs
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12 Pure deflagrating rapid rotators

As speculated, e.g., in Ref. [YL04], rotation could be the parameter that is respon-
sible for a variety of SN Ia features that cannot be explained by the current version
of the deflagration model (cf. section 6.3). As outlined in chapter 3, the masses of
some progenitor stars are perhaps super-Chandrasekhar. It is evident that a higher
amount of progenitor mass may lead to more energetic explosions. Accordingly,
nickel masses as inferred for SN 1991T could be the outcome of such an explosion.

In the following, the influence of rotation on the flame is introduced by the con-
sideration of two typical explosions. Then an overview of the parameter space that
is covered by this study is given. Explanations for the failure of rapid rotation in
the pure deflagration scenario follow.

12.1 Following typical explosions
Due to the fact that the ignition scenario is found to have an impact on the explosion
outcome (cf. section 4.2), both static (cf. section 8.1) and stochastic ignitions (cf.
section 8.2) are tested in the framework of this thesis. The deflagration scenario
for rapid rotators is analysed by means of the combustion of the 14AWD4 rotator
(cf. section 11.5) which was separately ignited by both ignition realisations. The
outcome of the two explosions can be regarded as typical for the deflagration of
rapidly rotating WDs.

Fig. 12.1(a) shows the flame surface embedded in density profiles at four instants
for the 14AWD4 rotator that is ignited in the stochastic ignition scenario. Unless
stated differently, the simulations for this chapter were carried out for one hemi-
sphere only (with the grid extensions described in section 9.2.2). Thus the contour
plots — cross sections in the yz-plane along the rotation axis — exhibit equatorial
symmetry. According to the threshold values for nuclear burning (cf. section 7.2),
the red contour line encloses densities down to which intermediate mass elements
(IMEs) can be produced. Material within the grey contour line is converted to iron
group elements (IGEs) if burnt by the flame.

At t = 0.1 s, 363 ignitions are set isotropically in the interior of the star for the
“14AWD4 Ce = 5 × 10 4 ” explosion model (see Fig. 12.1(a)). Even at this early
period, an agglomeration of the flame around the rotation axis (which points along
the x axis) is visible. This trend is intensified when burning has ceased at t = 1.5 s,
causing a noticeable amount of unburnt material in the equatorial plane.
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12 Pure deflagrating rapid rotators

(a) “14AWD4 Ce = 5× 10 4 ” explosion model

(b) “14AWD4 c3” explosion model

Figure 12.1: Density contour lines for the pure deflagration of the 14AWD4 rotator
at different instants for stochastic ignition (upper panels) and c3 ignition (lower panels).
Cross sections along the rotation axis of these simulations exhibiting equatorial symmetry
are shown.
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12.2 Impact of buoyancy

The same trend, namely preferred burning towards the poles and unburnt stellar
material even close to the centre, emerges for c3 ignition (see Fig. 12.1(b)): the
flame bulges that are located near the rotation axis evolve much faster compared to
their equatorial counterparts, although they initially had the same size. However,
note that unlike the case of stochastic ignition, the central region is at least partially
burnt.

This anisotropic deflagration in rotating WDs is investigated in section 12.2. The
influence of the free parameter of the stochastic ignition model (cf. section 8.2) is
tested on the basis of one rotating WD model in section 12.3. Sections 12.4.1 and
12.4.2 present a parameter study concerning the rotation law for the c3 ignition and
the stochastic ignition, respectively.

12.2 Impact of buoyancy

As stated in section 4.4.1, the ashes of SNe Ia are subject to buoyant motion. The
existence of a preferred direction for the flame (see Figs. 12.1(a) and 12.1(b)) is
caused by the buoyant force that acts anisotropically for rotators. Fig. 12.2(a)
shows the gravitational acceleration ggrav inside the 14AWD4 rotator. As a result
of the lager density gradient along the rotation axis, ggrav is stronger (indicated
by longer arrays) in this direction compared to the equatorial plane. Buoyancy
is caused by the effective gravitational acceleration geff introduced in section 5.2,
i.e., the gravitational acceleration including the centrifugal acceleration as plotted
in Fig. 12.2(b). geff is orthogonal to the coinciding isobaric and isopycnic surfaces
(cf. section 5.2) and compensates the pressure gradient in hydrostatic equilibrium
exactly. The difference in geff along polar and equatorial direction is even larger
than the difference in ggrav, which can be seen in Fig. 12.3.

Together with the Atwood number At (cf. Eq. (4.6)), geff can be used to determine
the velocity of a rising bubble. Fig. 12.4(b) shows the gradient of density of the
exploding WD “14AWD4 Ce = 5 × 10 4 ” at t = 0.5 s along various directions that
are indicated in Fig. 12.4(a). The value of At does not strongly depend on the
location of the flame inside the star, although a higher value of At in regions of
stronger density gradient, i.e., along the rotation axis, is thinkable. At is always
. 0.5. Nevertheless, due to its dependence on geff , the rising velocity vb (cf. Eq.
(4.5)) is affected by the position inside the star. The difference of geff in polar and
equatorial direction is given by a factor of . 1.3 (see Fig. 12.3). This means that
according to Eq. (4.5), the rising velocity of ashes is greater by the factor of .

√
1.3

in the polar direction. The velocity of the fastest bubbles is of the order ∼ 10 8 cm/s
(with At = 0.5, geff = 2 × 10 10 cm/s 2, and a bubble diameter of 10 8 cm), a value
that is approximately 10 % of the speed of sound. Accordingly, smaller bubbles rise
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12 Pure deflagrating rapid rotators

(a) ggrav (b) geff

Figure 12.2: Density contour lines together with the gravitational acceleration ggrav (Fig.
12.2(a)) and the effective gravitational acceleration geff (Fig. 12.2(b)) that is indicated
by arrows, respectively, for the 14AWD4 rotator. Note that geff is orthogonal to the
coinciding isobaric and isopycnic surfaces (outside the star, the centrifugal acceleration is
zero).

more slowly. A lower limit for the rising speed is of the order of 10 6 cm/s (with
At = 0.1, a lower gravitational acceleration and the bubble dimension of 10 5 cm).

The difference in flame morphology between the polar and equatorial direction is
greater than the factor

√
1.3 as can easily be seen in Figs. 12.1(a) and 12.1(b). The

large difference in flame propagation speed can be explained by consequences which
emerge from a small initial difference. As outlined in section 7.1.1, the propagation
velocity of the flame consists of an advected component and the burning speed
component normal to the flame surface. In the first case, buoyancy acts directly
on the advection component and causes a slightly higher advection velocity in polar
direction. Shortly after that, the burning speed is also indirectly influenced by these
rising motions, due to the fact that turbulence is evoked by large scale motion (cf.
section 4.5.2). The formation of turbulence causes an enhanced burning velocity
that is no longer limited to the laminar value (cf. section 4.5). Therefore, fast
burning is possible only in regions with sufficient turbulence.

The evolution of turbulence is shown in Fig. 12.5(a) where the subgrid scale
velocity (cf. section 7.1.2) for the “14AWD4 Ce = 5 × 10 4 ” explosion model is
plotted. At t = 0.5 s, the strongest turbulent motion appears at the top of the flame
near the poles. As argued, turbulence is much weaker close to the equatorial plane.
As a consequence, the flame propagation is suppressed there and, accordingly, fuel
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Figure 12.3: Gravitational acceleration ggrav (dotted line) and the effective gravitational
acceleration geff (solid line) along the rotation axis, the stellar diagonal, and the equatorial
plane for the 14AWD4 rotator. The edges of the red line (at ∼ 3000 km) and the blue line
(at ∼ 3400 km) appear due to the absence of centrifugal acceleration outside the star. The
dashed thick black line represents the spherically symmetric gravitational acceleration for
the non-rotating star of equal central density.

remains unburnt at the centre.
The largest clumps of ash develop primarily in the polar direction due to the more

effective buoyancy. As a consequence of their size (cf. Eq. (4.5)), those clumps
rise fastest. Soon combustion is dominated by the largest flame bubbles, in turn
enhancing turbulence.

The impact of buoyancy becomes apparent in an impressive manner for the ex-
treme case of rotation that is so rapid that the maximum density no longer coincides
with the central density but forms a ring in the equatorial plane (see appendix D,
Fig. D.1). If a buoyant fluid element is located in the interior of the massive ring, it
“rises” no longer towards the stellar surface but to the centre. However, the rotation
laws that are needed to obtain such rotators are considered to be unrealistic in the
SN Ia progenitor scenario (cf. chapter 3).

Turbulent combustion is characterised by the penetration of fuel and ashes. How-
ever, transport of material orthogonal to the rotation axis demands the exchange
of angular momentum. The ashes enclosed by the outward burning flame need to
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Figure 12.4: Density contour levels for the “14AWD4 Ce = 5 × 10 4 ” explosion model
(panel 12.4(a)) and density profiles along designated directions in the yz-plane (panel
12.4(b)) at t = 0.5 s. The straight lines in the contour plot indicate the directions along
which the density contrast is extracted in Fig. 12.4(b). The colours correspond to those
used for the one-dimensional density plot, respectively. The Atwood number At is acces-
sible by comparing the density contrast between fuel and ashes, noticeable as jumps in
density.

accept angular momentum whereas inflowing fuel has to give off angular momentum
(see Fig. 11.4) for the rotation laws considered in the SN Ia context. The inves-
tigation of a potentially significant inhibition of turbulent combustion due to such
a “barrier” in angular momentum exchange is not trivial in systems that exhibit a
pressure gradient. An estimation of the influence of this effect can be achieved by
looking at the radial velocities emerging during the explosion. From Fig. 12.5(b) it
is apparent that any radial flow is much weaker in the equatorial plane compared to
the polar regions burnt by the flame. This behaviour does not necessarily indicate
the blocking of turbulent combustion by inefficient angular momentum exchange,
because the absence of radial motions can also explained by the preferred burning
direction caused by buoyancy as described before. However, inhibition of the an-
gular momentum exchange between fuel and ashes is supported by the fact that
inflowing (i.e., negative radial) velocities as the result of large scale Rayleigh-Taylor
motion is also absent.

In summary, both the buoyancy that is enhanced at the poles in rotating WDs
and the blocked mixing orthogonal to the rotation axis lead to a strongly anisotropic
flame that leaves behind unburnt material at the stellar centre.
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12.2 Impact of buoyancy

(a) turbulent velocities: “14AWD4 Ce = 5× 10 4 ” explosion model

(b) radial velocities: “14AWD4 Ce = 5× 10 4 ” explosion model

Figure 12.5: Contour lines of the turbulent velocities (upper panels, Fig. 12.5(a); q sgs ≡√
3 v′(∆) ) and the radial velocities (lower panels, Fig. 12.5(b)) for the “14AWD4 Ce =

5 × 10 4 ” explosion model at different instants (cf. Fig. 12.1(a) for the density contour
levels of this explosion). Cross sections along the rotation axis of simulations exhibiting
equatorial symmetry are shown.
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12 Pure deflagrating rapid rotators

Ce 5× 10 1 5× 10 3 5× 10 4 5× 10 5 5× 10 7 10 4

mode iso iso iso iso iso dipole
Ω [π] 2 2 2 2 2 4

I2π 13 152 391 809 19980 247

t = 5 s
Ekin [10 50 erg] 2.87 3.61 5.30 6.90 6.11 4.43
Etot [10 50 erg] 0.21 1.33 3.54 5.47 4.62 2.55
Enuc [10 51 erg] 1.050 1.182 1.420 1.619 1.535 1.310

IGEs [M�] 0.40 0.51 0.69 0.79 0.74 0.62
[% Mtot] 20 25 34 39 37 31

IMEs [M�] 0.51 0.46 0.41 0.46 0.45 0.40
[% Mtot] 25 23 20 23 23 20

C+O [M�] 1.10 1.04 0.91 0.76 0.82 0.99
[% Mtot] 55 52 46 38 40 49

Table 12.1: Energetics and compositions for the deflagration study that is activated by
stochastic ignition with different values for Ce in the 20AWD3 rotator (Mtot = 2.01 M�).
Here Ω denotes the total spherical angle covered by the simulation domain.

12.3 Ignition speed in the stochastic ignition
scenario

The stochastic ignition process (cf. section 8.2) contains one free parameter: the
exponentiation parameter Ce that controls the overall speed of the creation of ig-
nitions. Just as in the original work [SN06] (see Fig. 6.3(a)), this parameter was
varied over a broad range in order to study the influence of Ce. For this reason,
the 20AWD3 rotator (see appendix B, Fig. B.4) was ignited for Ce between 5× 10 1

and 5 × 10 7 (see Table 12.1) in the isotropical mode, i.e., for ignitions that are
placed without preference (cf. section 4.2). The evolution of the total energy and
the composition of these simulations is summarised in Figs. 12.8(a) and 12.9(a),
respectively.

Increasing Ce beyond the value 5 × 10 1 results in a higher amount of IGEs (see
Table 12.1 and Fig. 12.9(a)). However, similar to the results of the original work
that studies the combustion of non-rotating WDs, there exists a certain Ce, which in
fact is not the largest value, but yields a maximum in energy output. This happens
for Ce = 5 × 10 5. This effect is explained by the fact that an even higher number
of flame ignitions cannot further enhance the flame surface but, on the contrary,
inhibits the growth of the flame surface and thus limits the energy generation (see
Ref. [SN06], cf. also Ref. [RHNW06] for the discovery of the same trend for the
static multi-spot ignition).
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12.3 Ignition speed in the stochastic ignition scenario

Figure 12.6: Density contour lines for the pure deflagration of the 20AWD3 rotator at
different instants, ignited by the dipole jet flow scenario. Cross sections along the rotation
axis of a full star simulation is shown.

However, employing the value Ce = 5× 10 5 amounts to burning the entire centre
almost instantaneously because within the first tenth of a second 792 ignitions are
initiated within a central region of the typical radius of ∼ 350 km. Since high values
of Ce not only seem unphysical but also cannot serve as a remedy for the problems
arising for the stochastic ignition in combination with rotation (cf. section 12.4.2),
the values of Ce = 5× 10 3 and Ce = 5× 10 4 were used in this work.

The dipole jet flow scenario — the incineration of a hemisphere mainly as described
in section 8.2.2 — was also tested by means of the 20AWD3 rotator. However, as
the impact of buoyancy already suggests (cf. section 12.2), this ignition realisation
does not ameliorate the problem of remaining fuel close to the centre. If ignitions
are set mainly in one hemisphere (without loss of generality, the southern one), the
northern hemisphere is also burnt at a later time, but C and O are leftover in the
core as Fig. 12.6 shows. In the non-rotating case, a strong off-centre ignition also
leads to a delayed burning of the distant stellar part, but less centrally located fuel
remains (F. Röpke, private communication).

A remarkable result emerges from a determination of the influence of the detailed
location of randomly chosen ignition points (cf. section 8.2.2 for the method of
placing ignitions). The “8rigid Ce = 5× 10 3 ” explosion model (see Table 12.3) was
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12 Pure deflagrating rapid rotators

(a) 167 ignitions set within 0.53 s (b) 163 ignitions set within 0.44 s

Figure 12.7: Ignition radii (upper panels) and polar angles (lower panels) of the ignitions
that are set in the “8rigid Ce = 5× 10 3 ” (Fig. 12.7(a)) and “8rigid∗ Ce = 5× 10 3 ” (Fig.
12.7(a)) explosion models, which only have two different seeds in the random number
generator that arranges the ignitions

simulated twice. The only difference was a different seed for the random number
generator which sets the ignition position within a shell whose number is determined
by the Poisson process. Due to the randomness and nonlinearity of the problem, the
total number of ignitions is not entirely but approximately the same: 167 vs. 163
ignitions were set during the simulations. However, the outcome of both explosions
shows considerable differences, in particular the generated nuclear energy deviates
by ∼ 20 %.

Figs. 12.7(a) and 12.7(b) show the radii and polar angles of the initiated ignitions
versus time for both simulations. Differences as a result of the randomly generated
ignition locations are present, but don’t seem immense. As outlined in section 12.2,
it is clear that the detailed ignition location plays a role particularly for the inciner-
ation of rotating stars because ignitions close to the rotation axis form more rapidly
and dominate the explosion. Therefore, the influence of the random numbers is
expected to be larger in rotating stars compared to their non-rotating counterparts.
Anyway, the result that the exact locations of ignitions significantly alters the ex-
plosion outcome should be of interest for the SN Ia ignition research. Furthermore
it could be related to the diversity among SNe Ia.
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12.4 Variation of the rotation law

12.4 Variation of the rotation law
The influence of the rotation law on the pure deflagration scenario is investigated in
the following. Rapidly rotating WDs can greatly exceed the canonical Chandrase-
khar mass: the progenitor stars under consideration possess masses in the range of
1.40 M� (no rotation) and 2.01 M� (model 20AWD3).

An important conclusion can already be drawn by looking at the mass densities
which the different WD models exhibit. The total mass increases by ∼ 44 % from
the non-rotating star to the 20AWD3 rotator. However, the mass fraction with
densities greater than 5.25× 10 7 g/cm3 (the threshold density above which burning
to IGEs takes place) grows by only ∼ 16 %. The fraction of dense material within
the star decreases from ∼ 91 % in the non-rotating star to only ∼ 73 % in the
20AWD3 rotator which — although heavier by ∼ 0.6 M� — contains only ∼ 0.2 M�

more IGEs (see Figs. 12.10(a) and 12.10(b)). Therefore it is doubtful whether
the pure deflagration of rapidly rotating super-Chandrasekhar-mass models yields
significantly more 56Ni compared to the non-rotating case.

The rotation law is varied for both the c3 ignition scenario (section 12.4.1) and
the stochastic ignition scenario (section 12.4.2) in the following.

12.4.1 c3 ignition

Fig. 12.8(b) demonstrates the temporal evolution of the total energy Etot for dif-
ferent rotators that are ignited with the c3 ignition. Note that the more massive
WDs start from more negative values of total energy. This is caused by the larger
gravitational energies Egrav for heavier stars (see Table 12.2). All simulations end
in successful explosions that cause the star to unbind at t ∼ 1 s, whereas this takes
longest for the heaviest WD, 20AWD3. The differences in Etot that are apparent
in the beginning become smaller during the explosion process, which is caused by a
higher amount of released nuclear energy Enuc for the more massive WDs.

The non-rotating star exhibits the highest value of Etot in the homologous ex-
pansion phase (cf. section 9.3). Etot at t = 5 s consists mainly of kinetic energy
Ekin of the ejecta (cf. Fig. 9.9 for the typical temporal evolution of the energy
contributions). Accordingly, the ejecta are fastest for the non-rotating progenitor
on average, as will be shown in section 12.7.

With respect to the stellar composition after the explosion, the following trend
is visible from Table 12.2 and Figs. 12.9(b), 12.11(a), and 12.11(b): the heavier
the progenitor, the more fuel is left unburnt. The amount of IGEs after 5 s ranges
from 0.54 M� for the non-rotating star to 0.67 M� for the rapidly rotating model
20AWD3. However, the fraction of IGEs with respect to the total mass decreases
for rapid rotation. Only 33 % of the total 2.01 M� is converted to IGEs for the
20AWD3 rotator. The amount of IMEs rises for more rapid rotation, its fraction
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12 Pure deflagrating rapid rotators

norot 8rigid 10AWD1 11AWD2 14AWD4 20AWD3

Mtot [M�] 1.40 1.47 1.64 1.74 1.79 2.01

Ω [π] 2 2 2 2 2 2

t = 0 s
Egrav [10 51 erg] -3.027 -3.204 -3.665 -4.027 -4.135 -4.518
Erot [10 50 erg] 0.00 0.44 1.75 2.62 2.99 4.46

β [%] 0.00 1.38 4.78 6.50 7.22 9.87

t = 5 s
Ekin [10 50 erg] 6.49 6.53 6.63 5.99 5.42 5.28
Etot [10 50 erg] 5.89 5.87 5.74 4.84 4.09 3.50
Enuc [10 51 erg] 1.076 1.129 1.291 1.318 1.289 1.419

IGEs [M�] 0.54 0.56 0.65 0.65 0.64 0.67
[% Mtot] 38 39 40 37 35 33

IMEs [M�] 0.28 0.30 0.34 0.36 0.35 0.44
[% Mtot] 20 20 20 21 20 22

C+O [M�] 0.58 0.61 0.65 0.73 0.80 0.90
[% Mtot] 42 41 40 42 45 45

Table 12.2: Energetics and compositions for the deflagration study that is initiated by
the c3 ignition in different rotators. Here Ω denotes the total spherical angle covered by
the simulation domain.

is remarkably constant at ∼ 20 % for all rotation laws. Combined with the fact
that the amount of unburnt material becomes larger for faster rotators, this result
indicates that the higher absolute amount of IMEs for the rapid rotators is not
obtained “at the cost” of fuel in contrast to experimental observations (cf. section
12.7). It is a consequence of the small amount of produced IGEs.

12.4.2 Stochastic ignition

All in all, the trends regarding the outcome of the explosion that can be derived from
the c3 ignition in section 12.4.1, remain valid for the stochastic ignition scenario.
But the situation is aggravated, i.e., even less IGEs and IMEs are produced and
even more fuel remains (see Table 12.3 and Figs. 12.8(c), 12.9(c), 12.11(a), and
12.11(b)). This is explained by the fact that, unlike the symmetric c3 ignition,
the stochastically ignited bubbles are immediately subject to buoyant motion since
the net buoyancy is not balanced by a symmetric alignment of the ashes, therefore
having less time to burn the central region efficiently. For this reason, the c3 ignition
may be considered as artificial only because it is unlikely — bearing in mind that the
c3 ignition probably arises from a central one-point ignition — that within rotators
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12.4 Variation of the rotation law

norot 8rigid / 8rigid∗ 10AWD1 11AWD2 14AWD4 20AWD3

Mtot [M�] 1.40 1.47 1.64 1.74 1.79 2.01

Ce 5× 10 3 5× 10 3 5× 10 3 5× 10 3 5× 10 4 5× 10 3

Ω [π] 2 2 2 2 2 2

I2π 172 167 / 163 168 154 404 152

t = 0 s
Egrav [10 51 erg] -3.027 -3.204 -3.665 -4.027 -4.135 -4.518
Erot [10 50 erg] 0.00 0.44 1.75 2.62 2.99 4.46

β [%] 0.00 1.38 4.78 6.50 7.22 9.87

t = 5 s
Ekin [10 50 erg] 8.69 7.70 / 5.63 8.64 3.67 3.68 3.61
Etot [10 50 erg] 8.16 7.04 / 4.82 7.84 1.95 1.97 1.33
Enuc [10 51 erg] 1.282 1.234 / 1.005 1.495 1.016 1.073 1.182

IGEs [M�] 0.67 0.63 / 0.50 0.79 0.47 0.52 0.51
[% Mtot] 48 43 / 34 48 27 29 25

IMEs [M�] 0.28 0.30 / 0.27 0.32 0.34 0.31 0.46
[% Mtot] 20 20 / 19 20 20 17 23

C+O [M�] 0.45 0.54 / 0.70 0.53 0.93 0.96 1.04
[% Mtot] 32 37 / 47 32 53 54 52

Table 12.3: Energetics and compositions for the deflagration study that is activated by
the stochastic ignition with Ce = 5× 10 3 (Ce = 5× 10 4 for 14AWD4) in different rotators
(∗ note the different values for both simulations with the 8rigid rotator that initially only
vary the seed for the random number generator used for the stochastic ignition process).
Here Ω denotes the total spherical angle covered by the simulation domain.

such a flame morphology could ever evolve.

Fluctuations in the composition between different progenitor models are more
distinct for stochastic ignition compared to c3 ignition. This is due to the fact that
not only the overall number of ignitions but also the specific locations of the ignitions
influence the explosion outcome (cf. section 12.3).

Noticeable is the “success” of the non-rotating and the 10AWD1 (see appendix
B, Fig. B.2) progenitor models combined with the stochastic ignition. Both models
share the low influence of rotation in the central stellar region. Note that the
angular velocity of the 10AWD1 rotator is comparably low in the core because an
efficient angular momentum transport caused by convective pre-SN Ia motion is not
admitted. Thus, the multi-spot ignition that is consistent with many features of
the “Branch normal” (cf. section 2.1) events for non-rotating WDs [SN06], is also
successful for the 10AWD1 rotator. In addition, even more fuel is available for the
10AWD1 rotator to power the explosion. However, employing rotation laws similar
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12 Pure deflagrating rapid rotators

to the one of the 10AWD1 rotator is not a good “recipe” to generate powerful
SN Ia explosions, since the convective phase is necessary for the initiation of the
thermonuclear runaway (L. Iapichino and S.-C. Yoon, private communication; cf.
section 4.1).

From the “14AWD4 Ce = 5× 10 4 ” explosion model it can be seen that IMEs are
not generated “at the cost” of C and O but that of IGEs. Since a higher value of
Ce (Ce = 5 × 10 4 for the 14AWD4 rotator but 5 × 10 3 elsewhere) leads to more
IGEs (cf. section 12.3), the lack of IMEs in favour of IGEs for the 14AWD4 rotator
(see Fig. 12.11(b)) confirms the close relationship between IGEs and IMEs: a more
energetic explosion, resulting in a comparably high amount of IGEs, causes such a
rapid expansion of the star that the burning to IMEs ceases early and leaves behind
a large amount of unburnt material.

The “16jconstadr05 Ce = 5 × 10 3 ” and “16vconstadr02 Ce = 5 × 10 3 ” explosion
models are only capable of generating a small amount of IGEs (see Table 12.4).
Indeed, neither the jconst nor the vconst rotation law are considered as realistic in
terms of accreting WD rotation (cf. chapter 3).

12.5 Influence of numerical resolution

All simulations for this work were done in three spatial dimensions. At least one
hemisphere or even a full star were considered. Therefore, the resolution was chosen
to be relatively coarse (cf. section 9.2.2): the spacing of the initial flame grid was
7.5 × 10 5 cm. In order to get an estimate of the accuracy of all simulations, the
“8rigid Ce = 5× 10 4 ” explosion model was redone with doubled resolution.

The outcome of both the coarse and the fine simulations are summarised in Table
12.5. As a result of higher spatial resolution, a larger number of ignitions, namely
1291 as compared to 421, that are smaller in size could be initiated. Although the
impact of stochastic ignition on the explosion outcome is known (cf. section 12.3),
both simulations are in accordance to a high degree with respect to the energetics
and compositions. This could be due to the fact that the exponentiation parameter
used for the resolution study is comparably high. Thus, stochastic effects could
cancel out each other, leading to a more homogeneous explosion.

Fig. 12.12 shows the flame surface of the highly resolved “8rigid Ce = 5 × 104 ”
simulation at four instants within a hemisphere. The typically emerging Rayleigh-
Taylor “mushrooms” of ash burning towards the stellar surface are clearly visible
from these three-dimensional plots. The flame surface is coloured according to the
value of the turbulent velocity fluctuations. Note that these are highest in gaps and
in the space between the mushrooms, since there the shear motion is largest.

Although the resolution study is done only on the basis of two simulations, the
result indicates that the resolution employed for most of the simulations is sufficient.
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Figure 12.8: Temporal evolution of
the total energy for the deflagration
study that is initiated by stochastic ig-
nition with different values for Ce in
the 20AWD3 rotator (Fig. 12.8(a)),
by c3 ignition in different rotators (Fig.
12.8(b)), and by stochastic ignition in
different rotators (Ce = 5 × 10 4 for the
14AWD4 rotator, else Ce = 5×10 3) (Fig.
12.8(c))
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Figure 12.9: Temporal evolution of
the composition for the deflagration
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nition with different values for Ce in
the 20AWD3 rotator (Fig. 12.9(a)),
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Figure 12.11: Burning products af-
ter t = 5 s as the outcome of simula-
tions that are ignited by stochastic igni-
tion (solid lines) and c3 ignition (dashed
lines). Note the influence of the stochas-
tic burning on the explosion outcome as
can be seen for the 8rigid rotator: there
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12.5 Influence of numerical resolution

(a) t = 0.1 s (b) t = 0.5 s

(c) t = 1.0 s (d) t = 1.5 s

Figure 12.12: Flame surface for the highly resolved “8rigid Ce = 5 × 104 ” explosion
model. The initial flame grid spacing is ∆x = 3.75 × 10 5 cm. Only the simulated hemi-
sphere is shown, which may hide the fact that the explosion is quite aspherical even for
the critical rigid rotator. The surface colours denote the value of the amount of turbulent
velocity fluctuations, ranging from dark blue (10 6 cm/s) over green and yellow to red
(10 8 cm/s).
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12 Pure deflagrating rapid rotators

16jconstadr05 16vconstadr02

Mtot [M�] 1.80 1.71

Ce 5× 10 3 5× 10 3

Ω [π] 2 2

I2π 159 158

t = 0 s
Egrav [10 51 erg] -4.271 -4.056
Erot [10 50 erg] 3.16 2.39

β [%] 7.40 5.89

t = 5 s
Ekin [10 50 erg] 1.66 1.29
Etot [10 50 erg] -0.75 -1.11
Enuc [10 51 erg] 0.817 0.679

IGEs [M�] 0.34 0.29
[% Mtot] 19 17

IMEs [M�] 0.34 0.27
[% Mtot] 19 16

C+O [M�] 1.12 1.15
[% Mtot] 62 67

Table 12.4: Energetics and compositions for the deflagration study that is activated by
stochastic ignition with Ce = 5×10 3 in the 16jconstadr05 and 16vconstadr02 rotators. Here
Ω denotes the total spherical angle covered by the simulation domain.

12.6 Shear motion during the explosion

It is a common belief that the shear introduced by differential rotation can enhance
the explosion strength by increasing the flame surface. Although rotating WDs
exhibit high rotation velocities (the surface of the 8rigid rotator moves with 2.5 %
of the speed of light), within the entire span of time during which burning takes
place (t . 1.5 s) the direct influence of rotation on the flame surface is limited. The
critical rigid rotator 8rigid accomplishes only half a rotation if the burning induced
expansion is neglected. The latter arranges a slowdown of the star as soon as the
thermonuclear runaway is initiated as a result of angular momentum conservation.

Fig. 12.13 presents the rotation law profile by means of the averaged velocities
arising at certain distances to the rotation axis. In view of Fig. 11.2, the kink in
angular velocity Ω does not make an impact on the track speed within the WD (in
Fig. 12.13, it is slightly visible at a distance of 680 km).

Unless a distinct jump in Ω occurs — which is not the case for smooth differential
rotation — , the flame will not be significantly influenced by rotation in a direct way
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12.7 Interpretation with respect to spectral features

cells per octant 128 256
mode iso iso
Ω [π] 2 2

I2π 421 1291

t = 5 s
Ekin [10 50 erg] 8.46 8.17
Etot [10 50 erg] 7.87 7.56
Enuc [10 51 erg] 1.322 1.302

IGEs [M�] 0.70 0.69
[% Mtot] 48 47

IMEs [M�] 0.28 0.28
[% Mtot] 19 19

C+O [M�] 0.49 0.50
[% Mtot] 33 34

Table 12.5: Energetics and compositions for the deflagration study that is activated
by stochastic ignition with Ce = 5 × 104 in the 8rigid rotator (Mtot = 1.47 M�). The
resolution is doubled for the simulation summarised in the right column. Here Ω denotes
the total spherical angle covered by the simulation domain.

(but, as described in section 12.2, due to buoyant and angular momentum effects).
It might be the case that, as proposed in Ref. [YL04], rotation could trigger a

deflagration-to-detonation transition (cf. section 4.3.1) since the outer layers still
rotate rapidly when the outward burning flame causes a slowdown of the WD. The
resulting gradient in velocity due to burning is higher than by differential rotation (cf.
Fig. 12.13 at t = 0.9 s and y ∼ 4400 km) and could possibly generate a detonation
if the flame surface is increased abruptly and therefore also the released energy.
However, because the knowledge of the initiation of a deflagration-to-detonation
transition in WD matter is only rudimental, the transition to detonation in rapidly
rotating WDs is beyond the scope of this work but may be investigated in the future.

12.7 Interpretation with respect to spectral features
An inspection of the composition and the kinematics of the ejecta in the homologous
expansion phase allows a prediction of spectral features even without employing a
detailed postprocessing study. Regarding rotation, the most serious discrepancy
between the simulation results and observations is the prediction of C and O at low
radial expansion velocities, i.e., close to the centre. This result, already a problem
for the non-rotating deflagration model, grows more acute for rapid rotation.

Fig. 12.14 shows the total and fractional mass densities after t = 5 s for the “norot
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Figure 12.13: Mean velocities in x-direction (in the yz-plane) as function of the distance
to the rotation axis y at different times

c3” and “20AWD3 c3” explosion models (for the sake of demonstration, only the
c3 ignition — the results are qualitatively in accordance with those of the stochastic
ignition — is presented here). It is derived from observations (cf. section 2.1.1) that
the IMEs should be located in the outer regions and enclose the IGEs for normal
SNe Ia, whereas C and O shouldn’t be present near the centre at all. However, as a
result of the turbulent combustion whose driving force is the Rayleigh-Taylor motion,
the species are mixed throughout the stellar interior. Furthermore, the existence of
a significant amount of fuel in the core is inconsistent with observations.

c3 ignition appears to be rather unrealistic because the implied symmetries are still
visible after t = 5 s in the non-rotating case. A clear trend that becomes stronger
for more rapid rotation emerges for all explosions considered in this investigation:
the flame, initially almost only burning towards the stellar poles, generates IGEs
there. Later when the flame approaches the equatorial plane and the density has
already dropped, IMEs are produced between the polar and equatorial directions.
Finally, burning ceases even before the central part and the equatorial plane could
be burnt.

A further remarkable trend arises for the species in radial velocity space. As can be
seen from Fig. 12.15, broad lines (i.e., lines covering a wide range of radial velocities)
are expected for all species from the explosion models both in the non-rotating case
and for the 14AWD4 rotator. The distinct peak of C and O at low radial velocities
for the rapid rotator, indicating a considerable amount of unburnt material close to
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12.7 Interpretation with respect to spectral features

(a) “norot c3” explosion model

(b) “20AWD3 c3” explosion model

Figure 12.14: Total and fractional mass densities after t = 5 s for the “norot c3”
(12.14(a)) and “20AWD3 c3” (12.14(b)) explosion models. A mixing of the species
throughout the star emerges in both scenarios, particularly the rapid rotator leaves fuel in
the stellar core. Cross sections along the rotation axis of simulations exhibiting equatorial
symmetry are shown.
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Figure 12.15: Probability density functions in radial velocity space for the “norot Ce =
5× 10 4 ” (Fig. 12.15(a)) and “14AWD4 Ce = 5× 10 4 ” (Fig. 12.15(b)) explosion models

the centre, severely contradicts the bulk of observations.
The highest radial velocities in the non-rotating case are . 15×10 8 g/cm3. Conse-

quently, high velocity features (cf. section 2.2) cannot be explained by the deflagra-
tion model in its current implementation. In the rotating case, the radial velocities
are even smaller (. 10 × 10 8 g/cm3), although the rotating progenitors include a
noticeable amount of rotational kinetic energy. This is basically due to the fact that
the gravitational attraction of the rotators is greater (cf. Table 12.1) and in addition
the released energy is comparatively small because of incomplete burning.

Fig. 12.16 compares the initially available rotational energy (bottom of the bars)
and the kinetic energies of the ejecta after t = 5 s (top of the bars) for different WD
models. Except for the 10AWD1 rotator without convective core, the disposable
kinetic energies become successively smaller for increasing strength of rotation. Note
that for the “20AWD3 Ce = 5×10 3 ” explosion model, the kinetic energy after t = 5 s
is even less than the kinetic energy initially present in the rotation motion.

Faced with this unambiguous result in opposition to observations for deflagrated
rapid rotators, the question of compatibility of rotation and deflagration arises. If
rotation of the progenitor star was proven beyond doubt, to what extent is rotation
allowed to be developed and the pure deflagration model not ruled out at the same
time? The answer is as follows: rotation that is so rapid that the stellar mass is
significantly enhanced (say by more than & 0.2 M�), is incompatible with the pure
deflagration scenario in its present realisation. Of course, this statement is imprecise
since different rotation laws may lead to identical stellar masses. But more precisely,
if the stellar interior of a heavy WD rotates rigidly as demanded by the accepted
pre-SN Ia scenario (unlike the 10AWD1 rotator), no SN Ia will be the outcome if
the pure deflagration scenario is valid.
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Figure 12.16: Initially available rotational energy (bottom of the bars) and kinetic energy
of the ejecta after t = 5 s (top of the bars) for successively heavier WD models

Of outstanding interest is the critically rotating rigid rotator, whose mass is in-
creased only slightly by 0.07 M� (the 8rigid rotator, see Fig. B.1) as the possible
outcome of a evolutionary scenario that is dominated by braking magnetic torques
or efficient viscous angular momentum transport. Comparing Figs. 12.17(a) and
12.17(b) with 12.14(a) and 12.15(a) respectively, it can be stated that although ro-
tation does not improve the shortcomings of the implemented deflagration model, a
deflagration of the critical rigid rotator yields approximately the same results as the
deflagration of the non-rotating star. Hence, as soon as the present limitations of
the non-rotating deflagration model are corrected, a critically and rigidly rotating
WD is conceivable as a SN Ia progenitor in the pure deflagration model.
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Figure 12.17: Total and fractional mass densities after t = 5 s for the “8rigid Ce = 5×
10 4 ” explosion model (Fig. 12.17(a); cross sections along the rotation axis of simulations
exhibiting equatorial symmetry are shown) and the probability density function in radial
velocity space for the same scenario (Fig. 12.17(b))
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13 Prompt detonation studies

As shown in sections 11.5 and 12.4, a major obstacle for the pure deflagration
scenario is the fact that additional stellar material due to rapid rotation exists
mainly at lower densities (cf. Figs. 11.3 and 12.10(a)). As soon as the deflagration
is initiated, the stellar material becomes less dense. A considerable amount of fuel
is left unburnt because its density is too low for nuclear reactions.

However, if the WD is burnt in such a rapid manner before it expands — this is
achieved by a sonically propagating reaction, i.e., a detonation — the situation is
different.

13.1 Prompt detonation of rotators in the past
The reason why the deflagration scenario arose in the early 1980ies is the fact that the
prompt detonation of a non-rotating Chandrasekhar mass WD was found to result
in an excess of iron group elements (IGEs) (& 1.25 M�) and a lack of intermediate
mass elements (IMEs; . 0.15 M�). The possibility of stellar rotation to escape
this problem by lifting the dense material was realised in Ref. [SMH92]. However,
the authors concluded that the bulk of WD matter was nevertheless burnt to IGEs
and, accordingly, even rapid rotation did not change the situation. Whenever a
significant amount of IMEs was obtained by rotation in their study, the amount of
IGEs was simultaneously too high, namely super-Chandrasekhar.

From a contemporary point of view, the cited work has to be considered in a
different way for two reasons. On the one hand, today’s observations agree that
there exist at least some very luminous SNe Ia as SN 1991T with more than one
solar mass of 56Ni which need an explanation. Whereas the frequently occurring
subluminous SNe Ia could be explained by the deflagration scenario (cf. chapter 12),
the involvement of an detonation process seems unavoidable for very overluminous
SNe Ia: the high amount of 56Ni, together with a considerable amount of IMEs that is
necessary for the SN Ia classification imply a super-Chandrasekhar-mass progenitor
star that is not in tune with the pure deflagration model (cf. chapter 12). On the
other hand, the jconst rotation law was employed in Ref. [SMH92]. However, recent
studies justify the assumption that there is no reason why an accreting WD should
rotate more rapidly in the interior than at the surface layers [YL04]. As presented
in the following, the prompt detonation of accreting WDs, i.e., those stars whose
rotation laws obey the characteristics presented in section 3.4.2, offers possibilities
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13 Prompt detonation studies

in terms of strong SNe Ia events that cannot be explained by the pure deflagration
scenario exclusively.

A considerable amount of 56Ni is obtained if the flame crosses dense material in
the pure deflagration scenario (however, note that for densities ρ & 3 × 10 9 g/cm3

adverse electron capturing becomes important). However, a sufficient amount of
IMEs can only be achieved for a noticeable amount of less dense material within
the progenitor in the prompt detonation scenario. An estimate for the burning
products of detonating WDs can be obtained by looking at the material densities
present in the hydrostatic case, because the detonation front incinerates the star
before changes in the stellar structure can occur. From Fig. 11.3 it is clear that
for the AWD3 series, less IGEs and, at the same time, more IMEs are generated.
The 22AWD3 model (requator/rpol = 2.4) contains 1.41 M� of IGEs and 0.45 M� of
IMEs. In contrast, the jconst sequence used in Ref. [SMH92] always produces more
IGEs and less IMEs. It is assumed that for densities of ρ > 5.25× 10 7 g/cm3, IGEs
are generated. At lower densities down to ρ > 1.05 × 10 7 g/cm3, the detonation
results in IMEs. Below this density threshold, no burning takes place.

Caution is advised with this estimate since, as described in section 7.2, these
density threshold values are obtained from a deflagration run. However, nuclear
burning is not merely a function of density, and therefore the threshold values could
be different for detonations. As written in section 5.4, the NSE also depends on
the temperature which is usually higher for detonations compared to deflagrations,
which brings an indirect dependence of NSE adjustment on the burning mode. How-
ever, the aim of the work presented in this chapter is to display the possibilities that
prompt detonations of accreting WD rotators yield and not a quantitative analysis
of detonating WDs.

13.2 Following a prompt detonation

Because of the lack of highly structured turbulent flow that forms in the context
of turbulent combustion, the resolution of the computational grid was chosen to
be much coarser (initially, ∆x = 1.2 × 10 7 cm) for prompt detonations, so that
even a full star simulation could be realised on a personal computer. Fig. 13.1(a)
shows the density contours of the “22AWD3 detonation” explosion model which is
centrally ignited. Even though the outcome concerning the composition is clear
— the density dependent burning implemented in the hydrodynamics code should
end with exactly the same amount of species that has been previously estimated
by means of the hydrostatic model — the explosion gives insight into the spectral
features that are anticipated by the simulation. The burning front (white thick line)
moves outwards with the density dependent velocity as described in section 7.1.2
(it does not stop when burning ceases but propagates steadily outside once burning
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13.2 Following a prompt detonation

(a)

(b)

Figure 13.1: Density contour lines for the prompt detonation of the 22AWD3 rotator at
different instants (upper panels, the white thick line represents the detonation front) and
the total as well as fractional mass densities after t = 2.3 s for the same explosion model.
Cross sections along the rotation axis of a full star simulation are shown.
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density hydro postproc

Mtot [M�] 2.07 2.07 / 2.12 ∗ 2.12

t = 0 s
Egrav [10 51 erg] -4.500 -4.497
Erot [10 50 erg] 4.55 4.55

β [%] 10.11 10.12

t = 10 s
Ekin [10 50 erg] 15.88
Etot [10 50 erg] 15.30
Enuc [10 51 erg] 2.650

IGEs [M�] 1.41 1.47 1.75
[% Mtot] 68 71 83

IMEs [M�] 0.45 0.42 0.29
[% Mtot] 22 20 14

C+O [M�] 0.21 0.18 0.08
[% Mtot] 10 9 3

Table 13.1: Quantities for the “22AWD3 detonation” explosion model from the initial
model (“density” column), the hydrodynamics code (“hydro” column), and the postpro-
cessing (“postproc” column) (∗ total mass of tracer particles)

has terminated for numerical reasons).

The high amount of IMEs for the 22AWD3 rotator, predicted between the grey
and the red contour line, is caused by the peak in angular velocity that leads to
an equatorial bulge of low dense material that is typical for accreting WD rotation.
The density stratification along the equatorial plane is enlarged (cf. Fig. B.5).

Table 13.1 summarises the values that are derived directly from the rotating initial
model (“density” column) and those obtained by the hydrodynamics code. Devi-
ations in the composition and, above all, the total stellar mass are clearly visible.
The difference in composition after t = 10 s can be explained by errors occurring
due to the transformation of the initial model to a coarse grid and hydrodynamical
instabilities of the star (burning ceases after t . 0.3 s, any pulsating motions before
that time affect the composition) and further due to the discretisation of burning
by the level set method. The mass of the tracer particles adds up to 2.12 M� , which
exceeds the stellar mass of the 22AWD3 rotator by more than 2 %. This is caused
by the fact that only a small number of tracer particles, namely 15 3, are employed
(cf. section 7.4).

Compared to the subsonic deflagrations, the entire explosion proceeds faster for
detonations. Fig. 13.2 visually describes the evolution of the energy contributions
of the turbulent deflagration of a similar rotator and of the “22AWD3 detonation”
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13.3 Expected spectral features
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(a) “20AWD3 deflagration Ce = 5× 10 3 ”
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(b) “22AWD3 detonation”

Figure 13.2: Evolution of the energy fractions for a deflagration scenario (Fig. 13.2(a))
and the prompt detonation (Fig. 13.2(b))

explosion model. The high temperatures caused by the detonation lead to a no-
ticeable peak in the internal energy at t ∼ 0.1 s. The nuclear energy released by
the detonation exceeds Enuc for the deflagration scenario by the factor of ∼ 2.5. It
leads to an early unbinding of the star (which is hardly achieved in the deflagration
case for the specific deflagration scenario) and furthermore to ejecta whose overall
kinetic energy is increased by the factor of ∼ 3. Even though completely different
burning modes are adopted, the energetics are not entirely different. Furthermore,
Enuc could be decreased by assuming a lower carbon-to-oxygen ratio (cf. section
6.2). It was fixed to X(12C) = 0.5 for the detonation study. However, several pub-
lications indicate that in the WD’s interior it is less than 0.5 [CA75], [UNYW99],
[HS02], [LHT+06] which results in a less energetic explosion.

13.3 Expected spectral features

The most striking property with respect to spectral features is the extreme dis-
tribution of species even in the homologous expansion phase. Fig. 13.1(b) shows
cross sections along the rotation axis for the total and fractional mass densities at
t = 2.3 s. Note that the extent of the ejecta at that time approximately corresponds
to the expansion that is reached for pure deflagration studies after t = 5 s. Whereas
IMEs are only present in a torus in the equatorial plane, IGEs break out at the poles
and therefore are already visible at an early period. No fuel is left at the centre.
The noticeable adjustment of the species should lead to a strong dependence on the
line of sight.

As already stated, the higher amount of released nuclear energy leads to more
energetic ejecta. Fig. 13.3(b) shows the resulting radial velocities at t = 5 s for
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(b) “22AWD3 detonation”

Figure 13.3: Probability density functions in radial velocity space for the deflagration
scenario (Fig. 13.3(a)) and the prompt detonation (Fig. 13.3(b)) at t = 5 s. The velocity
increments are different for the deflagration and detonation simulation (dv = 5×10 6 cm/s
and dv = 4 × 10 7 cm/s, respectively) as a result of the different resolution for both
hydrodynamics simulations.

the different species. No fuel appears at low velocities, which is promising in the
SN Ia context. IGEs are encountered over a broad range of velocities but are most
prominent at lower radial velocities (vr ∼ 5 × 10 3 km/s). IMEs are found at some
higher velocities, and are most prominent at vr ∼ 10 × 10 3 km/s. In addition,
some of the ejecta exhibit velocities up to vr ∼ 20 × 10 3 km/s. Therefore, high
velocity features (HVFs) could arise from prompt detonations of rapidly rotating
WDs. The composition structure and velocity agree fairly well with restrictions
that have been derived for SN 1991T by a synthetic spectrum [FBHB99]. Further
benefits of the prompt detonation of the 22AWD3 rotator arise from recent work on
three-dimensional spectral synthesis for early spectra [TMMN06]. It was found that
a thick torus — similar to the one embodied by the IMEs — can naturally explain
the diversity in observed strength of the HVFs by covering parts of the star.

13.4 Postprocessing of the prompt detonation

Thanks to F. Röpke who made postprocessing data of the “22AWD3 detonation”
explosion model available, insight into the composition resulting from that scenario
is more profound (cf. Ref. [THRT04] for more details on the postprocessing code
relating to SNe Ia). For example, the composition emerging from the postprocessing
can be compared to the composition of the hydrodynamics code by evaluating the
tracer data. Unfortunately, the significance of a direct comparison of the composition
can not be considered as an independent test of the accuracy of the nuclear burning
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13.4 Postprocessing of the prompt detonation

IMEs [M� ] IGEs [M� ]
28Si 0.15 56Ni 1.48
32S 0.08 58Ni 0.13
36Ar 0.02 57Ni 0.05
40Ca 0.02 54Fe 0.05
24Mg 0.01 60Zn 0.01

52Fe 0.01
55Co 0.01
62Zn 0.01

Table 13.2: Composition of various species for explosion scenario of “22AWD3 detona-
tion” from the postprocessing calculation. All species exceeding the amount of 5×10−3 M�

are listed.

(cf. section 7.2). Its usefulness is limited since the composition obtained by the
postprocessing results from the (potentially incorrect) density thresholds for nuclear
energy release. Any difference in composition indicates that the released energy
is incorrect to some degree, which might have influenced the process of the entire
explosion. Otherwise, even the lack of deviations cannot guarantee the correctness
of the composition since the result is biased in either case by the assumptions made
for burning. However, as stated above, the aim of this chapter is to display the
feasibility of detonations in WD matter to produce IMEs. Since it can be shown
that they are not missing at all in spite of high detonation temperatures, further
work may be spent on this topic in order to derive quantitative results.

Although the difference is clearly present when looking at the composition assumed
for the hydrodynamics and obtained from the postprocessing (see Table 13.1; middle
and right column, respectively), a significant amount of IMEs resulting from the
prompt detonation of an accreting WD rotator is derived by postprocessing: Even
though it is not large compared to SNe Ia, 0.29 M� is generated within the 22AWD3
rotator; a number that compares fairly well for SN 1991T-like events which exhibit
more than a solar mass of 56Ni and a small amount of 0.2 to 0.3 M� of IMEs (P.
Mazzali, private communication). Table 13.2 lists all isotopes of IGEs and IMEs that
exceed five-tenth of a percent of a solar mass. The amount of 56Ni, namely 1.48 M� ,
is extraordinarily high and should lead to very bright SNe Ia by serving as the
energy source for the light curve (cf. section 5.4). As a result of high temperatures,
fewer neutron-rich isotopes among IGEs are produced. Whereas the radioactive
decay of 56Ni supplies the energy for the light emitted by the SN Ia ejecta, the
presence of other iron group nuclei enhances the opacity of the ejecta and causes
a broadening of the light curve [RHN02b]. The ratio of 56Ni / 58Ni = 11 for the
“22AWD3 detonation” explosion model.
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13 Prompt detonation studies

13.5 Detonating rotators: only an exotic scenario?
As derived in the previous sections, the prompt detonation of a rapidly rotating
WD fulfils the criteria of superluminous SNe Ia regarding spectral and bolometric
features. Therefore it represents an explanation for the rather small number of
SN 1991T-like explosions. The spectral evidence against the prompt detonation
scenario has been shown to be not valid for a rapid rotator in this investigation.

Support for the deflagration scenario is also derived by considering the ignition
episode (cf. section 4.3.1). But it may still be the case that the initiation of deto-
nations is favoured within rotating stars. This topic may be the subject of future
work.

The prompt detonation may be seen as nothing but a deflagration-to-detonation
transition (DDT, cf. section 4.3.1) happening at an early period, namely already at
the initiation of the explosion. Albeit there is an entirely different distinction to the
DDT scenario: the transition itself, whose existence is questionable, is not needed
in the context of the prompt detonation.

Assuming that the entire span of SNe Ia observations can be explained by the
deflagration scenario for the subluminous and normal SNe Ia and the detonation
scenario for the superluminous ones and accepting that two entirely different burning
modes exist in parallel, a question arises: what causes the WDs to either not rotate
at all (then the deflagration model is most successful) or, in contrast, to rotate very
rapidly in order to permit the production of IMEs for the detonation? If it can be
shown that rotation has an impact on the selection of the burning mode leading to
a detonation, a basic approach for this hypothetical coexistence is found.

It can be summarised that a prompt detonation is able to explain a subgroup of
SNe Ia observations, as long as the rotation, above all in the outer layers, is rapid
enough.
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14 Conclusions

The influence of rotation of the progenitor star on the SN Ia explosion is investigated
in this thesis.

It has been shown that the amount of iron group elements is not significantly
increased, although the rotating WD models are notably heavier than their non-
rotating counterparts. Due to the centrifugal expansion, rotators contain more ma-
terial at low densities in general, thus the amount of material capable of burning to
iron group elements is only weakly increased if the star is burnt by a deflagration.
Furthermore, due to rotationally induced non-isotropic buoyancy effects and, at the
same time, inhibition of effective mixing parallel to the equatorial plane, the flame
develops a clear direction preference towards the stellar poles. This leads to com-
parably weak and anisotropic explosions that leave behind unburnt material at the
centre and in the equatorial plane. However, no significant effects of shear motion
acting on the flame are observed. Deflagrations of rapid rotators do not cause high
velocity features but result in overall low expansion velocities. Rapid rotation of
the progenitor star as proposed in Ref. [YL04] is ruled out in combination with the
present realisation of the pure deflagration scenario. The incineration of the critical
rigid rotator shows similar features as the non-rotating scenario. Therefore, critical
rigid rotation could generally be possible in the deflagration context.

The prompt detonation of rapidly rotating WDs represents a promising model for
the explanation of superluminous SNe Ia events with the amount of 56Ni that is
derived for SN 1991T. The exclusion of the prompt detonation scenario for SNe Ia
is disproved by taking into account the fact that intermediate mass elements can be
generated within rapid rotators. The exhibition of high velocity features is predicted
for the ejecta. Promptly detonation of rapidly rotating WDs can not account for
a large part of SNe Ia events but could be the explosion scenario for the rarely
observed and extremely bright SNe Ia events.

Rotation of the progenitor star is unlikely to be the parameter that causes the
observed variation in peak luminosities among SNe Ia. Rapid rotation of the pro-
genitor star that is derived by an accretion study can lead to a great variety in
explosion strength in the deflagration scenario, but only within a range that is ruled
out for observational reasons. Otherwise, even the possible critical rigid rotation
can not account for a significant spread in the explosion outcome.
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15 Zusammenfassung der Arbeit
Den Supernovae des Typs Ia (SNe Ia) wird seit Ende der 1990er Jahre beson-
dere Bedeutung beigemessen. Denn wenn sie als Standardkerzen eingesetzt wer-
den, legen sie eine momentan beschleunigte Expansion des Universums nahe, was
folglich auf einen neuen Beitrag zum Gesamtinhalt des Universums, die Dunkle En-
ergie, schließen lässt. Entfernte SNe Ia erscheinen nämlich weniger hell, als man
es in einem Universum ohne eine heutzutage beschleunigte Expansion erwarten
würde. Um SNe Ia für die Vermessung des Universums heranziehen zu können,
muss man allerdings die Beobachtungsdaten standardisieren, denn immer genauere
Beobachtungen bringen eine intrinsische Streuung hinsichtlich ihrer Helligkeit zu
Tage, welche in derselben Größenordnung wie dieses kosmologische Phänomen liegt.
Die Standardisierung wird bislang vorgenommen, ohne dass die eigentliche Ursache
der Verschiedenartigkeit bekannt ist, denn die Übereinstimmung der abgeleiteten
kosmologischen Daten mit denjenigen unabhängiger Methoden verleitet dazu, die
Standardisierung unverstanden einzusetzen.
So muss ein Explosionsmechanismus gefunden werden, welcher eine Variation der
Helligkeit von SNe Ia über eine Größenordnung erklärt, welche auf den Massen-
bereich von 0, 1 − 1, 0 Sonnenmassen der Energiequelle radioaktiven Nickels, 56Ni,
schließen lässt. Seit Mitte der 1990er Jahre liefert die turbulenten Deflagration
als Explosionsmodell viel versprechende Resultate: Eine Unterschall-Flamme ver-
brennt einen Weißen Zwergstern aus Kohlenstoff und Sauerstoff, wobei die Flam-
menoberfläche aufgrund turbulenter Strömungen derart vergrößert wird, dass die
Explosion auf eine ausreichende Stärke anwächst, um das im SN Ia - Kontext nötige
völlige Zerreißen des Sterns zu bewirken. Die dreidimensionalen Hydrodynamik-
Simulationen zeigen zudem, dass mittels der turbulenten Deflagration die für diese
Supernovaklasse typischen mittelschweren Elemente erzeugt werden können und
auch die typische Menge an 56Ni, um den Großteil der SNe Ia - Beobachtungen
zu erklären.
Allerdings weist das reine Deflagrationsszenario in der aktuellen Implementierung
noch Unzulänglichkeiten auf: Die leuchtkräftigsten Ereignisse können bislang nicht
erklärt werden, denn diese erfordern die Produktion von rund einer Sonnenmasse
an 56Ni, deutlich mehr als der Maximalwert im Deflagrationsmodell von ca. 0,6
Sonnenmassen. Auch hinsichtlich spektraler Eigenschaften von SNe Ia lässt das De-
flagrationsmodell Schlussfolgerungen zu, die mit Beobachtungen nicht in Einklang
zu bringen sind: Kohlenstoff und Sauerstoff bleiben in größeren Mengen in der Stern-
mitte unverbrannt zurück, zudem sind die Reaktionsprodukte über das ganze Stern-
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innere vermischt und nicht, wie die Beobachtungen nahelegen, geschichtet. Auch die
mittlerweile häufig nachgewiesenen Spektrallinien besonders schneller mittelschwe-
rer Elemente verlangen nach einer Erklärung.
Bislang wurde schnelle Rotation des Vorläufersterns, wie sie von einer Sternentste-
hungsstudie vorhergesagt wird — ein Weißer Zwergstern akkretiert Materie und
deren Drehimpuls von einem nichtentarteten Begleitstern über eine Keplersche Ak-
kretionsscheibe — , in den Simulationen vernachlässigt. Es ist Ziel dieser Arbeit, den
Einfluss der Rotation auf die SN Ia - Explosion zu untersuchen. Es ist zu erwarten,
dass die resultierenden Simulationen deutliche Unterschiede zum nichtrotierenden
Fall aufweisen, denn rotierende Vorläufersterne können wesentlich schwerer sein:
nicht nur ca. 1,4 Sonnenmassen, das ist der Wert, bei welchem im nichtrotieren-
den Fall die Gravitationskraft stärker wird als der entgegenwirkende Druckgradient,
sondern bis zu ca. 2,1 Sonnenmassen. Neben diesem größeren Materiereservoir,
welches für die Erklärung großer Mengen an 56Ni in Frage kommt, könnte außerdem
die nach außen brennende Flamme von der Rotation beeinflusst werden. Zusätzliche
Scherung könnte die Explosion verstärken.

Für die Untersuchung des Einflusses von Rotation auf die Sternexplosion mussten
zunächst sich im hydrostatischen Gleichgewicht befindliche rotierende Anfangsmo-
delle erzeugt werden, welche ein Rotationsprofil aufweisen, das dem akkretierender
Weißer Zwergsterne entspricht. Bevor diese gezündet werden konnten, war weiter-
hin der Hydrodynamik-Code zu modifizieren. Es wurde durch die Implementierung
eines Multipol-Poissonsolvers sichergestellt, dass das Gravitationspotential auch für
Sterne, welche aufgrund ihrer Rotation deutlich von der spährischen Gestalt ab-
weichen, akkurat berechnet werden kann. Zudem wurden die Algorithmen des ex-
pandierenden Rechengitters und der Zündroutine hinsichtlich der Rotation erweitert.

Die Berücksichtigung schneller Rotation des Vorläufersterns kann die Beschränkun-
gen des reinen Deflagrationsszenarios nicht beseitigen. Im Gegenteil, die Unzuläng-
lichkeiten werden noch verschärft. Aufgrund der Tatsache, dass rotierende Weiße
Zwergsterne zwar schwerer sind, die zusätzliche Masse aber größtenteils niedrige
Dichten aufweist, steht nicht viel mehr Materie zur Verfügung, welche potentiell
zu 56Ni verbrannt werden könnte. Zudem entwickelt die Flamme, welche Auftrieb-
skräften unterliegt, in schnellen Rotatoren eine klare Vorzugsrichtung zu den Stern-
polen. Weil auch noch der für die turbulente Verbrennung notwendige Materieaus-
tausch senkrecht zur Rotationsachse gehemmt ist aufgrund des auszutauschenden
Drehimpulses, ergibt sich folgendes Bild für die Deflagration schneller Rotatoren:
Zu viel unverbranntes Material bleibt in klarem Widerspruch zu Beobachtungen im
Sternzentrum und nahe der Äquatorialebene zurück. Die Explosionen fallen deshalb
im Vergleich zum nichtrotierenden Szenario schwach aus. Dieser Trend ist auch
auf die Tatsache zurückzuführen, dass die betrachteten Vorläufersterne zwar sehr
schnell rotieren, jedoch zu langsam sind, um die Flammenausbreitung direkt durch
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Scherbewegungen zu beeinflussen. Explosionsprodukte mit sehr schnellen Ausbrei-
tungsgeschwindigkeiten, wie in frühen Spektren beobachtet, können nicht erklärt
werden.
Folglich ist die schnelle Rotation des Vorläufersterns mit dem Deflagrationsszenario
nicht vereinbar und somit unwahrscheinlich. Sollten allerdings solch schnell rotie-
rende Weiße Zwergsterne als Vorgänger für SNe Ia nachgewiesen werden, ist es
das Deflagrationsszenario, das nicht aufrechterhalten werden kann. Von besonderer
Bedeutung ist die kritische starre Rotation. Dieser Fall könnte als Evolutionsergeb-
nis akkretierender Weißer Zwergsterne im Einfluss starker Magnetfelder eintreten,
die Gesamtmasse des Sterns ist aber kaum erhöht, und auch an der Masse des
erzeugten 56Ni ändert sich im Vergleich zum nichtrotierenden Szenario kaum etwas.
Allerdings kommen kritisch und starr rotierende Weiße Zwergsterne als Vorläufer-
sterne von SNe Ia im reinen Deflagrationsszenario in Frage, sofern es gelingt, die
Unzulänglichkeiten des Deflagrationsmodells im nichtrotierenden Fall zu beseitigen.

Eine grundlegend andere Situation ergibt sich aus der sofortigen Detonation von
schnell rotierenden Weißen Zwergsternen. Die im Vergleich zur Deflagration schnel-
lere Detonation verbrennt nichtexpandiertes Sternmaterial und erzeugt einen großen
Anteil an 56Ni. Die bislang anerkannte Vorstellung, dass annähernd keine mit-
telschweren Elemente aus der Detonation von Weißen Zwergsternen resultieren,
ist widerlegt, sofern ein Rotationsgesetz zugrunde liegt, das im Einklang mit der
Akkretions-Vorgeschichte steht. Sowohl in bolometrischer als auch spektraler Hin-
sicht ist die sofortige Detonation schnell rotierender Weißer Zwergsterne ein vielver-
sprechendes Explosionsszenario für die leuchtstärksten SNe Ia.
Unter der Annahme, dass tatsächlich zwei unterschiedliche Brennmodi für die Erklä-
rung des ganzen Spektrums der SNe Ia - Ereignisse vonnöten sind, und zwar die
turbulente Deflagration für wenig leuchtstarke bis normale SNe Ia und die sofor-
tige Detonation für die sehr leuchtstarken SNe Ia, stellt sich folgende Frage: Was
veranlasst die Vorgängersterne, einerseits für eine erfolgreiche Deflagration fast gar
nicht, andererseits aber für eine erfolgreiche Detonation äußerst schnell zu rotieren?
Dieser Sachverhalt sollte untersucht werden, wenn die sofortige Detonation für die
Erklärung leuchtstarker Ereignisse herangezogen wird.

Aus der großen Vielfalt an Rotationsgesetzen, welche sich aus Akkretionsstudien
ableiten lässt, resultiert eine ebenso breite Streuung hinsichtlich der Explosionser-
gebnisse Weißer Zwergsterne. Da allerdings der Großteil der Resultate nicht mit
den Beobachtungen von SNe Ia in Einklang zu bringen ist, kann die schnelle Rota-
tion des Vorgängersterns nicht die anfangs erwähnte Klasseninhomogenität erklären.
Doch erst wenn die Natur des Explosionsszenarios bzw. der Explosionsszenarien
der SNe Ia geklärt ist, kann das Potential dieser herausragenden astronomischen
Ereignisse ohne Mutmaßungen voll ausgeschöpft werden.
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A Cycle of the hydrodynamics code
The Newtonian finite-volume hydrodynamics code, Prometheus, employed in this
investigation represents a future trend for the original version [FMA89] towards
full-blown simulations of SNe Ia. Its handling of the hydrodynamics is based on
the Piecewise Parabolic Method [CW84], and is a Godunov type upwind scheme
[God59] which preserves third-order accuracy in space. The level set front tracking
scheme (cf. section 7.1.1) is a guarantee for a defined model of the reaction zone,
which is necessary to model turbulent combustion properly.

The code employed for this thesis works as follows:

• Before the time integration is started, the following steps are carried out:

– The three-dimensional computational grid (cf. chapter 9) capable of hous-
ing the WD is constructed.

– The density profile, ρijk, velocity components, v(x, y, z)ijk, temperature
profile, Tijk, and composition, Xijk of the rotating WD are set onto the
grid. For the (ρ, T, X) distribution, the equation of state (cf. section 7.3)
is subsequently called in order to obtain pressure pijk and energy density
eijk.

– The tracer particles are assigned in a manner which is consistent with
the density profile of the WD (cf. section 7.4).

– In the case of a static ignition at t = 0 s, the level set is arranged according
to the flame surface (cf. section 8.1). The burning routine provides the
energy release (cf. section 7.2) and flame velocity (cf. section 7.1.2).

• The time integration is started, whereby the following steps are performed
within half a cycle, i.e., one time step:

– The velocities of the grid are determined (cf. section 9.2).

– The time step size is chosen to satisfy the Courant-Friedrich-Levy (CFL)
condition.

– According to the operator splitting method, sequential one-dimensional
sweeps, each of them solving Riemann problems, are performed:

A x-sweep for every y- and z-coordinate is arranged, followed by the
calculation of the gravitational acceleration and a call of the equation
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A Cycle of the hydrodynamics code

of state in order to obtain the new temperatures for the corresponding
values of (ρ, p, e). The following y- and z-sweeps obey the same pattern.

– The gravitational potential is computed (cf. section 10.2) and averaged
with its old values in order to preserve second order accuracy in time
according to the Strang-splitting. Then velocity and energy is updated.

– The level set is propagated according to the advection and the burning
speed contribution. In case of deflagrations, the subgrid energy is com-
puted (cf. section 7.1.2). The tracer particles are advected to their new
positions.

– Burning according to the level set is arranged (cf. section 7.2). Since it
is not directly coupled to the hydrodynamical advection and the burning
time step is usually much shorter compared to the CFL condition, it
is treated independently by organising as many burning time steps as
necessary to complete the CFL time step.

• Apart from the following changes, the second half of the cycle elapses in the
same way as the first half:

– In order to preserve second order accuracy in time, the sweep direction
is reversed to the sequence of z, y, x since the operator splitting method
violates time symmetry.

– The grid is not moved.

– In case of the stochastic ignition, ignition is carried out before burning
takes place (cf. section 8.2).
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B Constructed initial models

In the following, the rotating initial models created with the method introduced in
chapter 11 are summarised. The central density ρc of all models is 2.0× 10 9 g/cm3

and coincides with the maximum density inside the star. The thick grey contour line
encloses densities greater than 5.25× 10 7 g/cm3, and the red line densities greater
than 1.05× 10 7 g/cm3. The white contour line marks the density of 10 4 g/cm3 and
serves as an indicator of the stellar surface.

Note that only the cylindrical mass coordinate (solid line in the right panels)
describes cylindrical rotation properly.

Figure B.1: Density contour lines and the rotation law both in spatial and in mass
coordinates for the 8rigid model
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B Constructed initial models

Figure B.2: Density contour lines and the rotation law both in spatial and in mass
coordinates for the 10AWD1 model

Figure B.3: Density contour lines and the rotation law both in spatial and in mass
coordinates for the 11AWD2 model

Figure B.4: Density contour lines and the rotation law both in spatial and in mass
coordinates for the 20AWD3 model
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Figure B.5: Density contour lines and the rotation law both in spatial and in mass
coordinates for the 22AWD3 model

Figure B.6: Density contour lines and the rotation law both in spatial and in mass
coordinates for the 16jconstadr05 model

Figure B.7: Density contour lines and the rotation law both in spatial and in mass
coordinates for the 16vconstadr02 model
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C Test of hydrostatic stability

The test for hydrostatic stability on the grid of the hydrodynamics simulation as
presented in chapter 9 for the 20AWD3 rotator is enlarged to the 8rigid and 10AWD1
rotators in the following.
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Figure C.1: Modulus of the radial velocity as a function of the central distance at four
different times for the 8rigid rotator (Fig. C.1(a)) and the 10AWD1 rotator (Fig. C.1(b))
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C Test of hydrostatic stability

Figure C.2: Density contours for the 8rigid rotator during the test for hydrostatic sta-
bility. Equatorial symmetry is assumed.

Figure C.3: Density contours for the 10AWD1 rotator during the test for hydrostatic
stability. Equatorial symmetry is assumed.
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D Impact of buoyancy

The effective gravitational acceleration, i.e., the gravitational acceleration that is
corrected for the centrifugal acceleration, is plotted on top of the density contour
lines for the 25jconstadr02 rotator in Fig. D.1.

Figure D.1: Density contour lines and the effective gravitational acceleration (indicated
by arrows) of the 25jconstadr02 model. Due to the fact that the maximum density is not
located at the stellar centre, buoyant motion occurs towards the centre in the torus of
dense material.

This model for hydrostatic equilibrium demonstrates the effect of the density strat-
ification on buoyant motion. Central and maximum densities do not coincide for
the 25jconstadr02 model. In contrast, a torus of dense material has formed at the
equator. Buoyant material “rises” towards the centre of the star if it is located inside
the dense torus.

However, by no means can the 25jconstadr02 rotator be considered as a SN Ia
progenitor: its mass is too high (M = 3.09 M�), the rotation law unrealistic (cf.
chapter 3), the maximum angular velocity too high (Ωc = 164.5 rad/s), and the
maximum density too high (ρmax = 2.7× 10 10 g/cm3).

The modulus of the gravitational acceleration and the modulus of the effective
gravitational acceleration is plotted for the polar direction, diagonal direction, and
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D Impact of buoyancy
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Figure D.2: Modulus of the gravitational acceleration (dashed) and the effective gravita-
tional acceleration (solid) along the rotation axis, the stellar diagonal, and the equatorial
plane for the 25jconstadr02 rotator

equatorial direction in Fig. D.2. Note the large impact of the centrifugal accelera-
tion, leading to a shift in direction of ggrav at s ∼ 200 km and geff at s ∼ 300 km
(this is the position of the highest density, see Fig. D.1) in the equatorial plane. At
the position of the highest density, the pressure gradient together with the effective
gravity vanish. The edges of the red and the blue line (at ∼ 830 and ∼ 940 km,
respectively) appear due to the absence of centrifugal acceleration outside the star.
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