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Abstract

The starting point of the thesis is the universality property of the Riemann Zeta-
function ((s) which was proved by Voronin in 1975:

Given a positive number ¢ > 0 and an analytic non-vanishing function f
defined on a compact subset KC of the strip {s € C: 1/2 < Rs < 1} with connected
complement, there exists a real number T such that

max [((s +147) — f(s)] <e. (1)

In 1980, Reich proved a discrete analogue of Voronin’s theorem, also known as
discrete universality theorem for ((s):
If K, f and € are as before, then

liminflﬂ{l§n§N:maX|C(s+iAn)—f(s)|<5}>O, (2)
N—oo N sell
where A is an arbitrary but fized positive number.

We aim at developing a theory which can be applied to prove the major-
ity of all so far existing discrete universality theorems in the case of Dirichlet
L-functions L(s, x) and Hurwitz zeta-functions ((s;«), where x is a Dirichlet
character and o € (0, 1], respectively. Both of the aforementioned classes of
functions are generalizations of ((s), since ((s) = L(s, xo) = ((s;1), where xq is
the principal Dirichlet character mod 1.

Amongst others, we prove statement (2)) where instead of ((s) we have L(s, x)
for some Dirichlet character y or ((s;«a) for some transcendental or rational
number a € (0, 1], and instead of (An),en we can have:

1. Beatlty sequences,
2. sequences of ordinates of c-points of zeta-functions from the Selberg class,
3. sequences which are generated by polynomials.

In all the preceding cases, the notion of uniformly distributed sequences plays
an important role and we draw attention to it wherever we can. Moreover, for
the case of polynomials, we employ more advanced techniques from Analytic
Number Theory such as bounds of exponential sums and zero-density estimates
for Dirichlet L-functions. This will allow us to prove the existence of discrete
second moments of L(s, x) and ((s; «) on the left of the vertical line 14 iR, with
respect to polynomials.
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In the case of the Hurwitz Zeta-function ((s;a), where « is transcendental
or rational but not equal to 1/2 or 1, the target function f in or , where
¢(+) is replaced by ((; ), is also allowed to have zeros. Until recently there was
no result regarding the universality of ((s;«) in the literature whenever « is an
algebraic irrational. In the second half of the thesis, we prove that a weak version
of statement for ((s; «) holds for all but finitely many algebraic irrational «
in [A, 1], where A € (0, 1] is an arbitrary but fixed real number.

Lastly, we prove that the ordinary Dirichlet series ((s; f) = >, o, f(n)n™°
and (o(s) = Y., o[ P(an + 8)|* are hypertranscendental, where f : N — C
is a Besicovitch almost periodic arithmetical function, o, 3 > 0 are such that

|+ ] > 1 and P € Z[X] is such that P(N) C N.

v



Zusammenfassung

Der Ausgangspunkt dieser Dissertation ist die folgende Universalititseigenschaft
der Riemannschen Zetafunktion ((s), die von Voronin 1975 nachgewiesen wurde:

Zu gegebenem € > 0 und einer analytischen nullstellenfreien Funktion f,
die auf einer kompakten Teilmenge IC des Streifens {s € C:1/2 < Rs < 1} mit
zusammenhangendem Komplement definiert ist, existiert eine reelle Zahl T, so
dass

max [¢(s +17) — f(s)] <e. (1)

Im Jahr 1980 bewies Reich folgendes diskrete Analogon des Voroninschen Satzes,
welches auch als diskretes Universalititstheorem fiir ((s) bekannt ist:
Sind IC, f und e wie oben, so gilt

liNHLioréf%ﬂ{lgngN:r?ealé(K(s—i-iAn)—f(s)]<€}>O, (2)
wobei A eine beliebige, aber fest gewdhlte positive reelle Zahl bezeichnet.

Unser Ziel ist die Entwicklung einer Theorie, welche die Mehrheit der bislang
bewiesenen diskreten Universalitatstheoreme im Fall Dirichletscher L-Funktionen
L(s, x) und Hurwitzscher Zetafunktionen ((s; o) (wobei y ein Dirichlet-Charakter
ist und a € (0, 1]) umfasst. Beide genannten Funktionenklassen verallgemeinern
((s), denn ((s) = L(s, x0) = ((s;1), wobei xo der Hauptcharakter modulo 1 ist.

Neben anderen Resultaten beweisen wir Aussage (2)) mit L(s, x) fiir einen be-
liebigen Dirichlet-Charakter x bzw. ((s; «) fiir ein transzendentes oder rationales
a € (0,1] anstelle von ((s) sowie (An),en ersetzt durch eine der nachstehenden
Folgen:

1. Beatty-Folgen,

2. Folgen von Imagindrteilen der c-Punkte einer beliebigen Zetafunktion der
Selbergklasse,

3. Folgen, die durch ein Polynom generiert werden.

In all diesen Fallen spielt der Begriff einer gleichverteilten Folge eine wichtige
Rolle, und wir schenken diesem Aspekt besondere Beachtung im Folgenden.
Speziell fiir den Fall der Polynome benutzen wir weitere fortgeschrittene Tech-
niken der Analytischen Zahlentheorie, wie besipielsweise Schranken fiir Expo-
nentialsummen und Nullstellen-Dichtigkeitsabschatzungen fiir Dirichletsche L-
Funktionen. Dies erlaubt uns, die Existenz gewisser diskreter quadratischer Mo-
mente fiir L(s, x) und {(s; «) links der vertikalen Geraden 1+:R im Polynom-Fall
zu beweisen.



Im Fall der Hurwitzschen Zetafunktion ((s;«), wobei « transzendent oder
rational, aber ungleich 1/2 oder 1 ist, kann die zu approximierende Funktion f
in (|1)) oder ([2]), wobei ((-) durch {(-; &) zu ersetzen ist, sogar Nullstellen besitzen.

Bis vor kurzem waren hinsichtlich der Universalitiat von ((s;«) in der Lit-
eratur fiir algebraisch-irrationale o keine Ergebnisse erzielt worden. Im zweiten
Teil der Dissertation beweisen wir eine schwache Version der Aussage fiir
((s; «) fiir alle algebraisch-irrationalen e € [A, 1] bis auf héchstens endlich viele
Ausnahmen, wobei A € (0, 1] eine beliebige, aber fest gewéhlte reelle Zahl ist.

Schliefllich weisen wir die Hypertranszendenz der gewohnlichen Dirichlet-
Reihen ((s; f) = >, f(n)n™% und (u(s) = >~ [ P(an + B)|~° nach, wobei
f : N — C irgendeine Besicovitch-fastperiodische zahlentheoretische Funktion
ist, a,, 4 > 0 der Ungleichung |« + | > 1 geniigt und P € Z[X]| die Bedingung
P(N) C N erfiillt.
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Notations

The Vinogradov symbols < and > have their usual meaning, and if the implied
constant depends on some parameter € (say), then we write <.. If we say that
some variable be fixed, then this usually entails that we drop such subscripts even
if the implied constant depends on said variable. The same comments apply to
the Landau symbols o(-) and O(-).

We indicate some of the notations and conventions used in this thesis. Some-
times we explain some of the notations listed below for convenience.

oA, B, ...
A B, ...

usually denote finite sets.

usually denote infinite sets.

denotes the characteristic function of a set A.
means that d divides z.

= exp(2miz).

means f(z) < g(z) and g(z) < f(x).

means f(z) = g(x)(1+o(1)) as z — 0.

are the sets of positive integers, integers, rational numbers,
real numbers and complex numbers, respectively.

=NU{0}.

=/ N (0,+00) for o7 CR.

denote the real part and imaginary part of z, respectively.
s is a complex number with s = o and s = ¢.
={seC:1/2<0<1}.

usually denotes a prime number unless stated otherwise.
=t#{1 <m < n:m coprime to n}.

=t{p < x : p prime}.

denotes the cardinality of a set .o7.
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denotes the Lebesgue measure of a set A.

is the absolute value of z € C.

is the largest integer less than or equal to z € R.
is x — |z] for x > 0.

= mingey |z — y|.

the conjugate of z € C.



Chapter 1

Introduction

We start with the definition of the Riemann Zeta-function and we refer to some of
its most significant properties. We state Voronin’s theorem about the universality
of {(s) and then give an exposition of results with respect to universality theorems
for large classes of zeta- and L- functions. In particular, we focus on Dirichlet L-
functions L(s, x) and Hurwitz zeta-functions ((s; ) since their value-distribution
is the main scope of this thesis.

1.1 Preludé

1.1.1 The Riemann Zeta-Function ((s)

Zeta- and L- functions play a central role in analytic number theory. The Rie-
mann Zeta-function, defined for a complex variable s := o + it by

o] 1 -1
C(S):Z;: 11 (1—%) o> 1, (1.1)
n=1 p prime

may be regarded as the prototype. Both the Dirichlet series and the Euler
product which appear in the identity above, are absolutely convergent in the
half-plane ¢ > 1 and uniformly convergent in each compact subset of this half-
plane. The identity between them was discovered by Euler [I7] and it may be
interpreted as an analytic version of the unique prime factorization of integers. It
was this simple observation that allowed Euler to prove the infinitude of primes,
a fact already known since Euclid’s elementary proof; however, Euler’s reasoning
was by means of analysis. Assuming that there were only finitely many primes,
the product in is finite, and therefore convergent for s = 1, contradicting
the fact that the Dirichlet series in (|1.1]) reduces to the divergent harmonic series
as s — 171,

Riemann [73] was the first who treated ((s) as a function of a complex vari-
able. In his only paper on Number Theory he obtained a series of remarkable
results regarding ((s). He proved that {(s) can be continued analytically to the
whole complex plane except for a simple pole at s = 1. Moreover, he discovered



and proved the functional equation

L (2) ((s) =m 79T (1 o) S) ((1—s), (1.2)

for all complex numbers s, where I'(s) denotes the Gamma-function.

It can be easily seen from and that the only zeros of ((s) in the
half-planes ¢ < 0 and o > 1 are at the negative even integers —2n, n € N.
Indeed, the absolute convergence in the half-plane o > 1 of the Euler product in
yields that ((s) is zero-free in this half-plane. Then the functional equation
implies that ((s) has to have zeros in exactly those places where I'(s/2) has
poles for o < 0; namely, the points —2n, n € N, which are also called the trivial
zeros of ((s). In addition, the reflection principle for ((s),

((3) = ((s),

allows us to study ((s) in the upper half-plane.
In the same memoir, Riemann

1. outlined how a proof of the celebrated prime number theorem would follow
by establishing fundamental properties of {(s),

2. conjectured an asymptotic formula for the number of zeros of ((s) in the
region 0 <o <1, 0 <t <T (counted according multiplicities);

3. conjectured that all non-trivial zeros of ((s), that is, complex zeros with
real part in the interval [0, 1], lie on the vertical line 1/2 4 iR.

The prime number theorem states that

T

m(x) :=f{p <z :p prime} N/

2

du
logu’

This formula was first conjectured by Gauss [23] and it was proved by Hadamard
[29] and de la Vallée-Poussin [92] (independently) who have built on ideas of
Riemann and showed that (1 + it) # 0 for all real ¢ # 0. This can be seen to
be equivalent to the prime number theorem. It also follows from the functional
equation that ((it) # 0 for real numbers ¢. Therefore, the non-trivial zeros of
((s) lie inside the open strip 0 < o < 1. This strip is also called the critical strip
of {(s) since it contains vital information with respect to the zero-distribution of

¢(s).
Riemann’s conjecture on the asymptotic formula
T T
N(T) ~ —log —
(T) o 8o

where N(T) == {p=F+i17:0<8<1,0<y<T, ((p) =0}, was proved by
von Mangoldt [94] 95]. In particular, von Mangoldt proved more precisely that

T T
N(T)= —log— +O(logT), T > 1.



Finally, Riemann’s conjecture on the non-trivial zeros of ((s) having all real
part ¢ = 1/2 is known as the Riemann Hypothesis (RH) and it remains un-
solved so far. There have been various attempts to prove this hypothesis by
several mathematicians over the last 160 years since Riemann posed his conjec-
ture and, although they were not successful, they provided new insights on the
zero-distribution of ((s). For example, Hardy [30] showed that infinitely many
zeros of ((s) lie on the vertical line 1/2 + 4R, which is aso known as the critical
line, while Selberg [80] was the first to prove that a positive proportion of all
non-trivial zeros of ((s) have real part o = 1/2.

In another direction there has been a lot of effort on proving zero-free regions
of ((s) in 0 < o < 1 because they yield an asymptotic formula of 7(z) with
a remainder term. The largest known zero-free region for ((s) was found by
Vinogradov [93] and Korobov [47] (independently) who proved that

((s) # 0 for o > 1 — (log [t|) "3 (loglog |t|)~*/*
as |t| — +oo. This non-vanishing implies

B [ du (log x)3/°
m(e) = / logu +0 <:1: P (_C(loglogx)1/5 ’

2

as r — 00, where C' is an absolute positive constant.
Von Koch [44] showed for fixed § € [1/2,1) that

xT

d
77(95):/10;“+05($9+6) as z—00 & ((s)#0 for o>0.

2

Here RH would imply that one can take §# = 1/2. Moreover, with regard to
known zeros of ((s) on the critical line, it is obvious that # can not be smaller
than 1/2. Thus, RH states that the prime numbers are as uniformly distributed
as possible.

This is only the “peak of the iceberg” with respect to the value-distribution
theory of ((s), especially inside the critical strip, and its applications in problems
arising in Number Theory. We refer to to the monographs of Ivié¢ [38] and
Titchmarsh [90] for a detailed exposition of results regarding ((s).

1.1.2 Voronin’s Universality Theorem

In the 1910s Bohr developed methods to investigate the value-distribution of {(s)
inside the critical strip. In particular, his approach, inspired by concepts from
probability theory, led to important insights. At first [5] he obtained a theorem
for ((s) which nature is very similar to the Big Picard Theorem:

Theorem 1.1. In any strip 1 < o < 1+e€, ((s) takes any non-zero value infinitely
often.

Later, in joint work with Courant [7], he proved



Theorem 1.2. Let o € (1/2,1] be fized. Then the set of {((o +it) :t € R} is
dense in C.

Of course, this denseness cannot hold in the half-plane of absolute convergence of
the ((s) defining Dirichlet series; whether or not this is also true for the critical
line 1/2 + iR is still open (cf. [86]).

Bohr’s line of investigation appears to have been forsaken for some decades.
It was in 1972 when Voronin [98] proved a multi-dimensional version of Bohr’s
latter result:

Theorem 1.3. Given a positive number €, a positive integer N and a vector
(ag,ai,...,an) € CNTY satisfying ag # 0, there exists a positive integer n such
that

€ (s +in) —a;| <&, j=0,1,...,N. (1.3)

Here s has to lie in the right half of the critical strip, i.e., 1/2 < Res < 1 as in
Bohr’s theorem, and () (s) denotes the j-th derivative of ((s) and (¥ (s) = ¢(s).

In view of this remarkable approximation property of ((s) and its derivatives
one might consider an application in order to approximate not a vector of complex
numbers but a a complex-valued function. Of course, Taylor expansion is the
tool to step from approximating numbers to approximation of a function. Indeed
this construction has been realized by Garunkstis et al. [21].

It is not clear whether Voronin had this idea in mind but while writing his
doctoral thesis in 1975 he succeeded in proving the following infinite-dimensional
analogue [99]:

Theorem 1.4. Given a positive number € and an analytic non-vanishing func-
tion f defined somewhere on a disc with center 0 and radius r < 1/4, there exists
a real number T such that

max

< €
|s|<r

C(s+%+i7’) — £(s)

Since the set of target functions is almost unlimited, this phenomenon is called
universality. Voronin called his theorem the theorem about little discs. Reich
[69] and Bagchi [2] improved Voronin’s result significantly in replacing the disc
by an arbitrary compact set in the right half of the critical strip with connected
complement, and by giving a proof in the language of probability theory. The
strongest version of Voronin’s theorem has the form:

Theorem 1.5. Let IC be a compact set in the right half of the critical strip
D:={seC:1/2 <o < 1} with connected complement, and let f(s) be a non-
vanishing continuous function defined on K which is analytic in the interior of
K. Then for every e > 0

1
lim inf — T : T) — : 1.4
im in Tm{TE[O, ] I?e%CXK(S—HT) f(s)|<€}>0 (1.4)

We may interpret the absolute value of an analytic function as an analytic
landscape over the complex plane. Then the universality theorem states that
any finite analytic landscape can be found (up to an arbitrarily small error) in
the analytic landscape of ((s).

4



1.2 Generalizations

1.2.1 Dirichlet L-Functions and Hurwitz Zeta-Functions

The Dirichlet L-functions were introduced by Dirichlet [14] in order to tackle the
problem of the distribution of primes in arithmetic progressions an + b, n € N,
for coprime positive integers a and b.

If ¢ is a positive integer, then a Dirichlet character mod ¢ is a non-vanishning
group homomorphism from the group (Z/qZ)" of prime residue classes modulo
q to C. Therefore, the number of Dirichlet characters mod ¢ is ¢(q), where ¢
is Euler’s totient function. The character which is identically one, is called the
principal character and is denoted usually by yo. By setting x(a) = 0 on the
non-prime residue classes, such a character extends via y(n) = x(a) for n = a
mod ¢, to a completely multiplicative arithmetic function, that is

x(mn) = x(m)x(n),

for any positive integers m and n. Then the Dirichlet L-function L(s, x) attached
to a character y mod ¢ is given by

L(s,x) = Z X(TSZ)

n

:H(1—X]§f))_l, o> 1.

p

This class of functions contains ((s), since ((s) = L(s, xo), where xq is the
principal Dirichlet character mod 1. From here on L(s,y) will always denote a
Dirichlet L-function associated with a Dirichlet character y mod gq.

It may happen that for values of n coprime with ¢, the character y(n) may
have a period less than ¢. If that is the case, we say that y is imprimitive, and
otherwise primitive; the princicipal character is not considered to be primitive.
It can be seen that any imprimitive character is induced by a primitive character.
Moreover, two characters are said to be non-equivalent if they are not induced by
the same primitive character. The characters to a common modulus are pairwise
non-equivalent.

Dirichlet L-functions share many properties with ((s). They also have a
meromorphic continuation to the whole complex plane, with the only difference
that L(s, x) is regular at s = 1 for any non-principal Dirichlet character x. One
can obtain a Riemann-von Mangoldt formula and similar zero-free regions as
for ((s). Furthermore, Dirichlet L-functions to primitive characters satisfy a
Riemann-type functional equation similar to (1.2). Using analogous techniques
as for ((s), one can prove that L(s,x) # 0 for 0 > 1 and, therefore, obtain the
following prime number theorem for arithmetic progressions:

_ : m(z)
m(x;a mod q) :=f{p<z:p=a mod ¢, p prime} ~ —=.
¢(q)
Lastly, the analogue of RH exists also for Dirichlet L-functions; the so-called
Generalized Riemann Hypothesis (GRH) states that

1
L(s,x) #0 forall o> 3 and .



Yet another generalization of ((s) is the Hurwitz Zeta-function which is de-
fined by

= 1
C(S,Oé):nzzom, o> 1.

Here « is a real parameter from the interval (0,1] and for & = 1 we obtain
((s). Hurwitz [37] himself treated only Hurwitz zeta-functions with a rational
parameter. In his investigations on Dirichlet’s analytic class number formula, he
studied Dirichlet series of the form

Z 1
n=a mod m e
which can be rewritten as m=°((s;a/m).

It can be seen that ((s; «) can be analytically continued to the whole complex
plane except for a simple pole at s = 1 and it satisfies a Riemann-type functional
equation; however, on the other side of such equation does not appear ((1 —s; @)
but L(1 — s;a, 1), where L(s; A, ) is the Lerch Zeta-function defined by

= e
L(s; A\, @) ;%njta o>1,

with parameters A € R and « € (0, 1]. For a survey on the Lerch Zeta-function
we refer to [52].

There exists a very convenient connection between L(s,x) and ((s;«) with
rational parameter «, which can be described by the following two identities:

L(s,y) = ;fmc ( f) (15)

r=1 q

and if ¢ and r are positive integers such that 0 < r < ¢ and (r,¢) = 1, then

‘ (S; g) - @%q)

both valid for all s € C, where the summation runs over all Dirichlet characters
x mod q.

It appears that switching from a rational to an irrational parameter does
not affect analytic continuation, functional identities and the order of growth,
however, the zero-distribution definitely depends and the general distribution of
values might depend on the diophantine nature of the parameter.

A major difference between ((s;«) for a # 1/2,1 and ((s) or L(s,x) is
the absence of an Euler product representation in the half-plane o > 1. This
already differentiates the zero-distribution of ((s;«) from L(s,x). It has been
proved by Davenport and Heilbronn [13] and Cassels [12] that ((s;«) has zeros
for o # 1/2,1 in the half-plane o > 1.

(1.6)



In the succeeding chapters we will need the following formula for (s; o) which
holdsforall 0 < a<1,0< o0y <o <2and mx >t >ty >0:

(i)=Y ———+ 210, (7). (1.7)

oo (n+a) 1-—s

For a proof we refer to [43, Chapter III,§2, Theorem 1]. Such a formula is usually
called an approzimate functional equation and has been proven firstly for ((s).

1.2.2 Universality Theorems and Applications of Them

The first who proved universality theorems for Dirichlet L-functions were Voronin
[97], Gonek [24] and Bagchi [2] (independently):

Theorem 1.6. Let x1,...,xs be pairwise non-equivalent Dirichlet characters,
K1,..., K be disjoint compact sets of the strip D with connected complements.
Further, for each 1 < k < J, let fr(s) be a continuous non-vanishing function
on I, which is analytic in the interior of IC,. Then, for any e > 0

hTrrilorgfm {7‘ € 0,7 : joax max |L(s+it, xx) — fr(s)] < 5} > 0.
Observe that the latter universality theorem is proved for a family of L-functions
and not just a single L-function. For that reason it is also called joint univer-
sality theorem and in order to be proved, some sort of “independence” has to be
posed upon the L-functions which appear in the theorem. Here the orthogonality
relation of Dirichlet characters plays that role:

_ ¢(Q)7 if X = Xo,
Z x(a) = { 0, otherwise.
amod q
Gonek [24] and Bagchi [2] in their respective theses proved, additionally to
the aforementioned theorem, that ((s; «) is universal whenever « is not algebraic

irrational. In fact, with the additional assumption of o # 1/2,1 they showed:

Theorem 1.7. Let a € (0,1] be a transcendental number or a rational number
different from 1/2 and 1. Let also IKC be a compact set of the strip D with con-
nected complement, and let f(s) be a continuous function defined on K which is
analytic in the interior of IC. Then, for any e >0

T—o00

liminf%m {7’ €[0,7]: ma,Cx|C(5+z'7'; a) — f(s)] < 5} > 0.
s€

For the proof of the aforementioned theorem when « is transcendental, it is
crucial that the numbers

log o, log(1 + «), log(2 + ), ...

are linearly independent over Q. On the other hand, when « is rational but not
1/2 or 1, then the theorem follows almost directly from the joint universality
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theorem of Dirichlet L-functions and relation ([1.6)). Unfortunately, when « is
algebraic irrational, both of the previous methods fail. We will return to this
discussion in Chapter 4.

It is quite remarkable that the target function f in the preceding theorem
is allowed to have zeros. When such a universality statement holds without
the assumption of f being non-vanishing, we call it strong universality theorem.
Strong universality has an important application to the distribution of zeros. Let
a < op <oy <band let

N(t;o1,00; L) :i=8{peC:01 <Rp <0y, 0<Ip <t, L(p) =0}

for some function L. If a strong universality theorem can be proved for L in the
strip a < o < b, then
N(T;01,09; L) > T, T > 1.

The proof is straightforward and we mention it here briefly. The strong univer-
sality theorem implies that there is 7 > 0 such that L(s + i7) is e-close to a
function f having a zero in a disc inside the strip a < o < b, where ¢ is equal to
the minimum of f on the disc. Then Rouché’s theorem yields that also L(s+i7)
has a zero in that disc and from the positive lower density of the set of 7 given
in the strong universality theorem, the claim follows. This also explains why
the strong universality theorem can not be true for {(s;a) when v = 1/2 or 1.
For, otherwise, ((s;1/2) = (2° — 1){(s) or ((s;1) = ((s) and, thus, the strong
universality theorem would be true for ((s). But from the above discussion, it
would follow for some fixed € > 0 that

1
N<T;§+e,1;(> > T,

which contradicts known zero-density estimates for ((s) in the strip D.

We conclude this section by discussing one more type of universality. The
first discrete universality theorem is due to Reich [71] for Dedekind zeta-functions.
Let K be an algebraic number field (i.e., a finite extension of Q) of degree dx =
[K: Q]. Then the associated Dedekind zeta-function is for o > 1 defined by

1 1\
6) = X e :1;[(1_N(p)8) o

here the sum is taken over all non-zero integral ideals, the product is taken over
all prime ideals of the ring of integers of K and N(a) denotes the norm of the
ideal a. Reich proved the following:

Theorem 1.8. Let K be a compact set of {s € C: 1 — max {2,dg} ' <o < 1}
with connected complement, and f be a non-vanishing continuous function on K
that is analytic in its interior. Then, for any h,e > 0,

1
lim inf —4 {1 <n < N :max|(k(s+ihn) — f(s)] < 5} > 0. (1.8)
N—oco N sek



Observe that the case of ((s) is also included in the latter theorem since ((s) =
Co(s) and dg = 1. Also, if the degree dk is large, then the vertical strip where
we have universality gets thinner and its width depends on dix. However, in case
of abelian fields K, the strip of universality can be extended to the whole strip
D independently of the degree di, as Gonek [24] showed.

Bagchi [2] obtained the joint discrete universality of Dirichlet L-functions.
Based on his work, Sander and Steuding [76] obtained a discrete joint universality
theorem for Hurwitz zeta-functions. There exists a rich literature on discrete
universality results for zeta-functions and there are at least twice as many as
the current ones for the continuous universality. The reason is that in such
theorems we can also ask what other sequences could replace the arithmetic
progressions (hn),ey in . It is apparent that discrete universality provides
more information regarding the value-distribution of the zeta- or L-function we
wish to study, since we can examine this function’s behaviour over a prescribed
(discrete) set.

For more results on (discrete) universality theorems and more references we
suggest to the interested reader the book of Laurinéikas [50], the survey of Mat-
sumoto [56] and the monograph of Steuding [86].

The most spectacular application of universality is Riemann’s hypothesis. It
has been discovered by Bagchi [3] that RH is equivalent to the property that
((s) can approximate itself in the sense of Voronin’s theorem . Indeed, if
there are zeros to the right of the critical line, then the approximation property in
combination with Rouché’s theorem would imply the existence of infinitely many
complex zeros in a domain where there should not be any zero at all; a classical
zero-density estimate for the number of hypothetical zeros off the critical line and
the positive lower density for the approximating shifts conclude the reasoning in
the same way we described above.

Another consequence of universality for a zeta- or an L- function is the
functional independence of the corresponding function. We say that the func-
tions f1(s), ..., fm(s) are functionally independent if for any continuous functions
Fy, Fy, ..., Fy : C™ — C, not all identically vanishing, the function

N

ST SFE5), - fus))

k=0
is non-zero for some values of s. It was Voronin [96] who first proved that Dirichlet
L-functions are functionally independent by applying his universality theorem
(in fact, it may have been his original aim until he discovered the universality
property of ((s)). We give here a general statement of Voronin’s theorem and a
proof can be found in [86, Theorem 10.3].

Theorem 1.9. Assume that L is a function satisfying the universality prop-
erty (L.4) in place of ((s), z = (20,21, -+, 2m-1) € C™ and suppose that Fy(z),

Fi(z),..., F,(z) are given continuous functions, not all identically zero. Then
there is s € C such that
N

s¥Fy (L(s), L' (s),..., L™ D(s)) £ 0
k=0



1.3 Outline of the Thesis

We aim at a deeper understanding of the value-distribution of Dirichlet L-
functions and Hurwitz zeta-functions inside the strip D.

In Chapter 2 we obtain discrete second moments for the aforementioned zeta-
and L-functions with respect to polynomials. We prove by elementary methods
that if o > 1 and d € N, then for almost all vectors (a1, ..., aq) € [0, +00)?

N—oo

N
lim %;K(a—i—i(alnju.._,_adnd);a) 2 = ¢(20; @)
and

ol .
1\}1—I>I;0N2|L (c+i(an+-+am?),x)|* = L(20, xo)-

Moreover, we obtain the same result on the left of the vertical line 1 + ‘R by
using more advanced tools from Analytic Number Theory, such as estimates for
Weyl sums and order estimates of L(s, x) and ((s; «) near the line 1 4 iR.

In Chapter 3 we prove a series of discrete universality criteria for L(s; y) and
((s; ) with respect to uniformly distributed sequences (x,)neny Without posing
growth conditions on x,, as it is usually done in such theorems. These criteria
were motivated by our previous work [53], 83, 84]. To justify our results we give
three examples of such sequences that will satisfy our universality criteria. They
all have less structure than an arithmetic progression (hn),cy which is the most
attractive (but easy) candidate for discrete universality theorems. The example
on the c-points that will be mentioned further ahead is the outcome of joint work
with Jorn Steuding and Teerapat Srichan. Building on results from Chapter 2
and using basic zero-density estimates for L(s;x), we prove in the final part of
this chapter a discrete universality theorem by using the logarithms of L(s, x).

In Chapter 4 we tackle the open question of whether ((s;«) with algebraic
irrational has the universality property or not. This is joint work with Jorn
Steuding and we give partially an affirmative answer. We also obtain effective
universality results.

In Chapter 5, we prove by elementary means, a weak version of the functional
independence property for Dirichlet series for which is not known yet whether
they are universal or not. The statements can also be found in [82]. This series
are generated by almost periodic arithmetical functions and Beatty sets. Beyond
the scope of this thesis, we have also proved analytic continuation [85] of such
series.

10



Chapter 2

Discrete Moments with respect
to Polynomials

In this chapter we obtain discrete second moments for {(o+it; «) and L(o+it, )
in the half-plane o > 1/2 with respect to shifts of the imaginary argument ¢. In
particular, we generalize some results regarding the Riemann Zeta-function and
we study the case when these wvertical shifts are generated by a polynomial of
arbitrary degree. In the last section we recall the Lindel6f Hypothesis and state
a conditional result.

2.1 In the Half-Plane 0 > 1

From here on a,b,... will always denote a vector of [0, +00)? while P,(z) :=
ax + -+ + agz? define a real-valued polynomial. Since ((s;a) and L(s, x) are
absolutely convergent in the half-plane o > 1, computing their discrete second
moments with respect to P,(z) is quite easy if one is willing to omit a negligible
set of [0, +00)?. This set can be written explicitly:

~ k

L(d,a) = ﬂ ﬂ {QE [0, +00)? : a;log ; Ta
reQd k=0
kAl

- #27rri,1§i§d}.
(6%

We can prove now the following theorem:

Theorem 2.1. Let d > 1 be an integer, a« € (0,1] and o > 1. Then, for any
a € L(d,«) and any b € L(d, 1), we have

N—oo

N
lim %Z C(o + iPy(n); ) = (207 0)

and

N
.1 : 2
1\}520 N 5_1 |L(o +iBy(n), x)|* = L(20, x0).

11



Proof. We have

N N -0 iPy(n)
.1 : .1 (k+ ) k4 o
lim Pn)a) = lim 33"
im n:1|C(a—i—Z w(n); ) im N ( )

N—oo N N—voo N &= £ ({ + a) \l+a
> —o N iPg(n)
k 1 k
=y O > ()
k=0 ( ™ Oé) Nmreo n=1 + o
= A,

where interchanging summation and the limit operator is valid by the absolute
convergence of the double series )7, , ((k +a)(f +«))™". If we split now the
latter double sum in sums of diagonal and non-diagonal terms, we get

o N
1 o1 P,(n). k+a
A=((2050) + lim — o | '
“f U7a)+k£0 (k4 )7 (0 +a) Ngr‘l)ONnﬂe( 2 Og€+a>
kL

Observe that for any pair (k, ) with k& # ¢, log ((k+ «)/({ + «)) P,(x)/27 is a
polynomial with at least one irrational coefficient as can be seen from our choice
of the vector a. Therefore, Theorems and [A.4] yield

N
. 12 P,(n) E+ay
J\}l—rgoﬁ e( 2m 10g€+a>_0

n=1

for any pair (k,£) with k # ¢, and the first part of the theorem follows.
The case of L(s,x) is similar. Indeed, since b € £(d, 1), we obtain that

N N iPy(n)
o . , 1 NGINONZANS
&%N; |L(0 +iPy(n), X)I* = ]}gr;oﬁnZ 2_: kote \ ¢

=1 k=1
— |x(k)|”
:Z k20 +
k=1
o] N N
x(k)x(4) 1 By(n), 'k
T e A D e 5 loey
k=1 n=1
k#L
:L(207X0)'

We do not discuss the case of a € [0,+00)?\ L(d, ), mainly because the
primary results of this chapter, which are given in the next section, are also of
metric nature. We state here, however, the case of d = 1 for L(s, x), which was
proved by Reich [70]. Before that we need to introduce the finite Euler products

Las,x) =[] (1 - X(p))_l, o >0,

S
peEM p

where .# is a finite set of primes and x a Dirichlet character mod g¢.

12



Theorem 2.2. Let o = {2mm (log(k/0) ™"k, t,m e N with k # }.
i. ForO<a; ¢ o and o > 1/2,

N 7
1 1
lim — 521 |L(U+ia1n7X)|2 = lim —T/|L(a+ia1t,x)]2dt.

N—ooo [V T—o0
" 0

ii. For 0 < a; € o and o > 1/2, there exists a finite set of prime numbers
A, independently from L and o, such that

N N
.1 , 9o .1 . 9
]égréoﬁzgw(a%—zam,xﬂ = ]\}E&N;w%(a—i_mm’w‘ X
T
1 (| L ?
XTIEEOT/‘W(OHW’X) dt.
0

We expect similar statements to hold also for d > 2, as well as for ((s; ),
although there is no Euler product for o # 1/2, 1.

2.2 Inside the Strip 1/2< o<1

Our aim is to obtain similar discrete second moments like in the previous section
inside D = {s € C:1/2 <o <1}. As we mentioned earlier, the case of linear
polynomials P,, (x) has been resolved by Reich [70] for L(s,x). In subsection
2.2.1] we sketch a proof also in the case of ((s; ).

The situation of higher degree polynomials is much more difficult. At first,
we have to use an approximate functional equation for ((s;a) or L(s,x). Of
course, the length of the Dirichlet polynomial in any such equation is depending
on t. Therefore, when the degree of P,(z) is large, the known approximate
functional equations contain rather long Dirichlet polynomials. In subsection
we provide a method to control the length of those Dirichlet polynomials,
by taking its summands running up to a small power p of t. The repercussion
of this approach is that we are forced to narrow the strip where we can prove an
asymptotic formula for the discrete moments. The left abscissa of this strip can
be computed explicitly, depends on the degree of P,(x) and is less than one.

The second and major difficulty is that one is led to estimate finite expo-
nential sums ) e (F,(n)) which are known as Weyl sums. In the case of linear
polynomials the latter sum is a geometric series and can be estimated rather
efficiently. It is worth mentioning the ingenious work of Good [25], who proved
an asymptotic formula for the discrete fourth monents of {(s) in D by estimating
such sums. His approach can easily be adapted for the discrete second moments
of {(s;a) and L(s, x), when someone wishes to have an explicit error term as N
tends to infinity. On the other hand, for higher degree polynomials the known
estimates for such sums rely heavily on the rational approximations of the co-
efficients of P,(z) and the corresponding length of the sum. At this point lies

13



the main difference with the case of the continuous moments, where exponen-
tial integrals fabe (P,(z)) dx, have to be estimated and they are much easier to
handle than the Weyl sums (see for example [38, Chapter 2]). At the expense
of a negligible set of vectors a, we will be able to overcome such difficulties in
subsection by making use of known mean value estimates for Weyl sums.

2.2.1 The Case of Linear Polynomials

In order to obtain discrete second moments for ((s; a) with respect to linear poly-
nomials, we will employ basic properties of Besicovitch almost-periodic functions,
as well as the so-called Gallagher’s lemma. We refer to [78, Chapter VI| for a
treatment of almost-periodic arithmetical functions or Section We state here
Gallagher’s lemma, which is proven to be extremely useful in analytic number
theory.

Lemma 2.1 (Gallagher’s Lemma). Let Ty > 0, T > 6 > 0 and £ be a fi-
nite subset of C [Ty +6/2,T + Ty —0/2]. Define also Ns(x) = 51 41<s 1
and assume that f(z) is a complez-valued continuous function on [Ty, T + To)
continuously differentiable on (To, T + Ty). Then

T+To T+To T+T, 1/2
_ 1
Soaposors; [wra | [ i@ [ 17wk
te® 7 7 h
Proof. For a proof see [59, Lemma 1.4]. ]

Before stating the next theorem, we define the following Dirichlet polynomials

[y

o

1

(s,a) — (o (s, ) == m,

n

(2.1)

Il
=)

for every (s,a) € C x (0, 1].
Theorem 2.3. Let a € (0,1], a; € L(1,«) and 0 > 1/2. Then

N
.1 : 2
Nll_r}cl)o N E_l ¢ (0 + tain; a)|” = ((20; ).

Proof. If we set fo(t) := ((o+1it; o) —(g(o+it; o), for any ¢t > 0 and Q € N, then
Lemma implies that, for any integer N > max{Q, Q/a1}, Tp = a1(N — 1/2),
T=a;N,d=a; and B ={an: N <n<2N},

2N
Z ¢ (0 + ia1n; ) — Cq (0 + ian; )|
n=N

1/2
2a1 N 2a1 N 2a1 N
1
<1 / Fo(t)2dt + / folt)dt / ()Pt
a1(N=1/2) a1(N=1/2) a1 (N=1/2)
(2.2)
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The definition (2.1)) of (g(s;a) and the approximate functional equation (L.7)
for {(s; ) imply that

fot) = 3 (;ww

n a)otit
Q<n<t T )

for any 0 < a1 N <t < 2a;N. Therefore,

2a1 N 2a1 N 2 2a1 N
1
2 —20
|fo@®)|” dt < E o)y dt + / t27dt. (2.3)
a1(N—1/2) ar(N—1/2) 1Q=nst ar(N=1/2)

The second term in the right-hand side of (2.3) is O,, (N'727). We also have

2a1 N 1 2
Z n+ « o+it
a (N—1/2) 1Q=n=t ( )
1
<aN > Gramt
Q<k<2a1N (k + Oé)
2a1 N .
o<k iiToa N (k+a)({+ a)° {+
= = max{k,l,a1 (N—1/2)}
1 k+a\
<<a N 1—20 1
NG * Z (k+a)0(£+a)0<og€+a)

0<t<k<2a1 N

<<a1,a NQ1—20' 4 N?—QU(log N)2,

where the square of the logarithm appears for the case of o = 1. Hence, relations
2:3) and (2.4) yield that

2a1 N
|fo)P dt a0 NQ'™27 + N2727(log N)2. (2.5)
a1(N—1/2)
We can prove in the same manner that

2a1 N

/ | fég(t)|2 dt <ay0 NQ'™7 + N*27(log N)?, (2.6)
a1 (N—-1/2)

where

fo(t) = Z —log(n +a) +O0(t™)

oS (n+a)a+it

for any 0 < ay N <t < 2a;N. We deduce now from relations (2.2), (2.5) and
[2.6) that

N—oo

N

. 1 | | .

lim sup N E ¢ (0 4 ian; a) — (o (0 +ian; @) Koo Q7.
n=1
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Since the functions
R >t +— (oo +iat; ),

@ € N, are elements of the set A := spang {t — e(ft) : 5 € [0,1)}, the latter
relation implies that the function

N> n+—— (0 +ian;a)

is a B%-almost periodic arithmetical function (see Section [A.5]), its mean value
exists and, from Theorem it follows that

N
.1 :
Nh_I)I(l)O ¥ E_l ¢ (0 +ia1n; a)|

N
| . 2
— QII—I&J\P—I&N E_l |Co (0 +iayn; o)

Q-1 1
= lim —
Q—o0 kZ:O (k + a)QU
N
.1 (k+a) [(an, k+a«
lim — 1
N Z N%NZ (f—l—a)"e(QW Og€+a)
0<kAI<Q—1 n=1
=((20;a).

2.2.2 An Approximate Functional Equation

We start with another approximate functional equation for ((s;«a) and L(s, x),
respectively. All constants appearing in this subsection, implicit or not, are
effectively computable unless stated otherwise.

Theorem 2.4. For every p > 0, there ezists a positive number v = v(u,0y),
such that

((s;a) = Z ;JFOM0 (), t>t > 1,

om (M H Q)

and

L(s,x) = Z XSZ) + 0oy (7)), t >8> 1,

n<q(th+1)

uniformly in A(p) < o9 <o <1and0<a <1, where

H) = 1 .
min{2—,1—9u2}, if 0<p<l,
I

0 =4/(27n?) and n = 4.45. Moreover, if u > 1 or A(p) = 1—0p? for0 < p < 1,
the approzimate functional equations hold uniformly in A(p) < o9 < o <2 and
0<a<l.
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We will prove the theorem only in the case of ((s;«), since we can obtain
the above approximate functional for L(s, x) directly from its expression as
a linear combination of finitely many Hurwitz zeta-functions. The proof of the
theorem is based on some well-known order estimates and approximate functional
equations for ((s; ), as well as Perron’s formula.

Lemma 2.2. Ife € (0,1), then

Glsia) = ((s;0) —a <L |t |t] = to >0,
uniformly in 1 —e <o <2 and 0 < a <1.
Proof. For a proof see [1, Theorem 12.23]. O

The next lemma has its origins in the work of Vinogradov and Korobov re-
garding zero-free regions of the Riemann Zeta-function. It has undergone through
the decades many generalizations and improvements. We present here the latest
version due to Ford [I8, Theorem 1]:

Lemma 2.3. The following bound
Gils;a) < 1O 1082 ], |t >t > 1, (2.8)
holds uniformly in 1/2 <o <1 and 0 < o < 1.

Proof of Theorem[2.. The case of u > 1 follows immediately from the approxi-
mate functional equation (1.7]) for {(s;a):

1—s

1 T
Ja) = Oy (x77), t>1ty >0,
) O;z(n+a)s+1—s+ o(T77), 2t

where 0 < 0y < 0 <2 and mx > t. We only need to set x = t*.
If now 0 < 1 < 1, then we see that

1
5,0 if M0</1’<17

1—0u? if 0<p< po,

where py € [1/2,3/4] is the unique real root of the polynomial Q(z) = 2023 —
20z + 1 in the interval [0, 1].

Let pg < p < 1. We consider the approximate functional equation for ((s; o)
due to Miyagawa [58, Theorem 2|, which is a generalization of the approximate
functional equation for {(s) due to Hardy and Littlewood [31], Theorem 1]:

C(S;a) = Z (;+O<x—a+|t|l/2—ayg_1)+

n -+ «)f
0<n<lz + )

R () () )

n<y




where 0 < o < 1and z > 1, y > 1 are such that 2rzy = [t|. If we set x = t#,
then Stirling’s formula (see Theorem |A.8)) yields for ¢ > ¢ty > 0 and 0 < o < 1
that

1 . 1
. — - [2—0o —o 1/2—0+(c—1)(1—p)
((s50) = Y oy <l > —— HtT z

0<n<tH n<tl—w/(2m)

<<“ t1/27¢7+(17u)o I tfop+u71/2
<<,u t1/2—crp, + 75—1/2—(7#—0—#7

where the exponent of ¢ in the latter relation is negative for

1
— < o<1
21
Lastly, let 0 < p < po. If we set ¢ = 14 b, where b = b(u) € (0,1] will be
determined later on, and x = m + 1/2, m € N, then the absolute convergence of
(1(s; @) in the half-plane o > 1 and Perron’s formula (see Theorem [A.9)) imply
that

c+iT

Y TRNES VA S

— et
27i —~ (n+a)

1 o= /z+a\° T+
+OUO (fz;(n—{—a) ‘logn—l—a

n=

c—iT

(2.9)

uniformly in ¢ > 09 > 0 and 0 < @ < 1. We estimate the sum in the error term.
Observe that

x4+ o\’ T+«
Z+Z <n+a> 'IOgn—i—a

n<% n>2x

-1

< 2 Z+ Z max{z,n} + «
n<

% n>2x TLC|$ - n‘

[e.9]

(2.10)

while if we set g =m —nforz/2 <n<zxandr =n—mforz <n <2z, we

have
(x—koz)c‘ T+«
E log
n—+ o n—+ o

r°max{z,n
« Y Lmaxtrn)

£ <n<2s ggnghnc |z = n]
1 1 (2.11)
| ¥ ey L
0<gszzt T 2 pg2epl 2
<L xlogx
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Hence, we deduce from ([2.9)-(2.11]) that

c+iT
1 (x + a)? “ 1 z¢  zlogx
— )Y =N 0, (= . (212
2m/§1(8+2’a) PR z;(n+a)3+ °<bT+ T ) (2.12)
c—iT n=

uniformly in ¢ > 09 >0 and 0 < a < 1.

Let 1 — k < 0 < 2 be arbitrary, where kK = k(u) € [0,1/2] will be determined
later on. Let also T" > t and consider the rectangle R with vertices 1 —3xk—o 4T,
¢ +1T. By the calculus of residues we get

1 z 1-s
o [ om0 - o+ B sy o @),
(2.13)
Observe that Lemma [2.2] implies that
ce—iT 1-3k—o4iT o
/ + / CI(S + Z; Q)@dz <. r T , (214)
1-3k—o—1T c+iT

while Lemma [2.3] yields

1-3k—0o—iT

Gls + 2 0)—— 11— 3k + iul

T
(40, oo [l00 S0 i,
z
-T

1-3k—o+iT
&L, @ TR (logT)? .
(2.15)

From relations ([2.12))-(2.15)) we deduce

:L.c

L e 1 xlogx 1oyl
Cl(s’a)_;(n+a)s+00°(bT+ T >—|—O(£B t)+

+ O“i <$CT—1+3/€ + $_2HT(3N)3/277 (log T)2) ‘

If we set m = |t#], then the last three terms in the latter relation are bounded
above by

C(00, K, b) (t(1+b)p,—1b—1 Lgp(=0) =1 4 y(b)ut3r—1 g y(=2ut 3321 %) (log t)z) 7

where C'(0g, k,b) > 0 is a constant. It is clear now that for x = 4u?/(27n?) and
b <, 1 sufficiently small, the theorem follows also for 0 < p < pg < 3/4. [

2.2.3 Estimates of Exponential Sums

Bounds for exponential sums, especially in the case of Weyl sums, lie at the
heart of analytic number theory. There is a vast literature regarding methods to
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estimate them as well as their numerous applications. We refer to [38], [39] and
[77] for an exposition of such results.

In our case we focus on mean value estimates for Weyl sums, that is, on upper
bounds for the quantity

Jh’d(N) = /
(0,1]¢

where h,d and N are positive integers. Observe that Jj, 4(N) denotes the number
of integral solutions of the system

N 2h

e (aln + -+ adnd) day . ..day,
n=1

Xl + -+ Xh - Xh+1 + -+ X2h
X+ ..+ X=X+ .+ X3
X+ .0+ X = X, o+ 0+ XY,

with 1 < Xj,..., X9, < N. Recently, Bourgain, Demeter and Guth [9] proved
the so-called main conjecture in Vinogradov’s Mean Value Theorem:

Theorem 2.5. For any integers h > 1 and d, N > 2,
Jhd(N) e Nh+6 + N2h*d(d+1)/2+e

It should be mentioned here that the case of d = 2 follows from elementary
estimates for the divisor function, while the case of d = 3 was first solved by
Wooley [101]. We use the latter theorem to obtain a rather useful metric result.

Lemma 2.4. Let d > 2 be an integer, a € (0,1] and €, > 0. Then, there exists
a set F(d, o, u,€) C [0,+00)? of full Lebesque measure with elements satisfying
the following property:

If a € F(d,a, p,¢€) is a vector of real numbers which coefficients are bounded
by an M, € N, then there exists K, € N such that

d
N iPy(n d(d+1) L k—l—aJ
k+a a(n) = log Tha | T 1 NAd+1)/2+1+2pd+3¢
Z ; L ge kta (2.16)
! +« log {4«

for every integer N > K, and any integers 0 < { < k < (dM,N%)*.

Proof. For any positive integers M, N, k, any integer 0 < ¢ < k and for h =
d(d+ 1)/2, Theorem [2.5| yields that

N ,I{Z+Oé 1Py (n) 2h o d
Jon 2 (55) ] o= (i) |
[0,M) |2 l+a log e l+a [Oﬂlog%]d
d
2m ([ log 52| + 1
< ( (L f-i—()éJ ) Jh7d<N)

k+a
lOg l+a

d
log &t | 41
< C(d, 6) <L & E-l—on > Nthe’

k+a
IOg {4

> e(Pun)

n=1
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where C(d,e) > 0 is a constant. Therefore, the set £(d, o, p, e, M, N, k,{) of
those a € [0, M]¢ satisfying

N i () |4 M1 kta d

RPN |- log bHe | +1 d(d+1)/2+1+2pd+3€
3 > C(d, e) T N ’
— {+ log o

has Lebesgue measure m (€(d, o, p, €, M, N, k, £)) < N~0+214+9)  Hence, the set

G(d,a,p, e, M,K) := U U E(d, v, e, M, N, k, L)

N=K1<e<k<(dMN®)"

has Lebesgue measure m(G(d, o, i, €, M, K)) <qpuenm K¢, for every positive
integers M and K, and, thus, the set

F(d, o, pu,€) == [0, +00) \ (U ﬂ G(d, o, p, e, M, K)) , (2.17)

M=1K=1

is of full Lebesgue measure. m

2.2.4 A Metric Result

Here we prove the main theorems of this chapter, that is, discrete second moments
for {(s;a) and L(s, x) on the left of the vertical line 1 + iR. But before that we
need to introduce the quantities

11 2 1
Bld, ) = 2ud (é Cd+1 d(d+ 1)) (2.18)
and
S(d) := m@ max {A(u),1 —B(d,u)} € (0,1), (2.19)

O<p<=—4;

where d > 2 is integer, 1 > 0 and A(p) is as in (2.7)). It will become apparent
from the subsequent proofs how we came up with these numbers.

Theorem 2.6. For every integer d > 2, any « € (0,1] and any oy € (S(d), 1],
there are effectively computable positive numbers p = u(d), € = e(d,oq) and
v =v(d,oq) such that, for any a € F(d, a, p,€)

N
1
I + iR @) = ((20:0) + Ougpaa (V). N 21,
n=1
uniformly in o9 < o < 1. Moreover, for « =1 and any a € F(d, 1, i1, €)
LN
N Z |L (0 + iPQ(”)? X)|2 = L(207 XO) + Od,U()yQ (N_V) ) N > 17
n=1

uniformly in o < o < 1.
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Proof of Theorem[2.6. Let a = (ay,...,aq) € F(d, o, p,€)\ {0} be such that
la;| < M, for some M, € N and every i = 1,...,d. The numbers p and € will be
suitably chosen later on.

Let N, > K, be such that P,(N,) > 2. Notice here that all polynomials we
consider are strlclty increasing functions in [0, +00). Using the approximate func-
tional equation for ((s;a) from Theorem n and applying the Cauchy-Schwarz
inequality we obtain for every N > N, that

Y 1o +iPu(n); @)

N

=0+ > | > (k+ oz)l"ﬂ'Pa(n) + O (P, ()

n=Na |0<k<P (n)

= S+ 04 (14 Ty + (SvTw)'?),
where v = v(p, 09) > 0 is as in Theorem 2.4 and
N
_ 2 _ -
- Z ‘OAWO (Pg V(n))‘ Lpo0.a Z n=2 <pooa L+ N Mo (2.21)
n=Ng n=Ng

and

P S  Ge

n=~Nga 0<{,k<PL (n

Splitting Sy into sum of diagonal and non-diagonal terms yields

N

Sy = Z [C(20;0) + O ((PE(n)' )] +

n=Ng

1 k4 o) e
* Z Z (k+a)(l+a)y <€+a>

n=Na 0<l£k< P} (n)

(2.22)

=(N = No)((20;0) + Opopa | D n®72 | + Ry

n=Ng
=N((20;a) + 0,004 (N1+d“(1_20)) + Ry,

with
iPa(n)

Ry= 3 (k+a)01(£+a)" 2 (’;ij)

0<t#£k<Pl(N) ned (N,a,k.l,q)
and

o/ (N,a,k,,0) == {N, <n < N: Pu(n) >max {(k+a)/" (£ +a)/"}}
— {N,,...,N}.
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Observe that

e Y e ”z (b

0<l<k<PE(N)

1Py (n)

_|_

]Vlz_l k+a iPg(n)
= \l+a ’

(2.23)

By our choice of the vector ¢ and Lemma [2.4] it follows that

N i Pa(n) a] k+ta 1 L/(@+)

kE+a) * L 08 E+@J * 1/242p/(d+1)+1/(d(d+1))+e
i) | = : v
A\l +a log 7o

for every N > K, and any 0 < ¢ < k < (dMgNd)”. Implementing the latter

bound to (2.23)), we obtain

Ry < Ni72wdBlduw+ep, (2.24)
where
1 /1 2u 1
Bld,u) =—|=— — 2.25
(d. 1) mu(z d+1 dw+n) (2.25)
and
1/(d+1)
k+a
Ry e MG Z (k+a)° { = log sz + 1
. a o My kta
0<t<k<PL(N) (t+a) o log e

(k+a)° (k + )° k+ao\ !
< 3Gt X ey () ew

0<¢<k<PL(N) 0<¢<k<PL(N)
e log b2 <3

Cagao (PHN) ) (1og N)?
L d,p,00,0,0 N(2_2U)“d(10g N)2

for every N > K,. The square for the logarithm results with respect to the case
of o = 1.

Gathering up the terms and estimates from ([2.20))-({2.26]), we deduce that

=D ¢ (o +iP,(n); )] — ((20; ) Kapopame NHET20/2 4 N7U2 4 y—2dv

| N-H(B(d ) +o—1)+e
(2.27)

for every N > N,, where ¢ < 1 and p > 0 are such that B(d,u) + 0 — 1 is
positive. Notice that this is possible only when B(d, p) > 0, or equivalently from
(2.25)), when

d?+d—2

0
SHS T
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It remains to choose u = p(d) in such a way that we can obtain the wider
strip possible containing its right boundary 1+:R, bound to the method we have
used. In view of , and the preceding discussion, the abscissa of the
left boundary of the wider strip is given by

S(d) = min  max{A(un),1-B(d, )}

and the desired p is the one for which the aforementioned well-defined minimum
is attained. Now the first part of the theorem follows from and for an
arbitrary 0 < € < ud(oo — S(d))/2.

The proof for the discrete moments of L(s, ) follows the same reasoning as
above with slight changes. This time we use the second approximate functional
equation from Lemma [2.4] the sum of the diagonal terms of the corresponding
Sy gives the main term L(20, XO) While the sum of the non-diagonal terms is
treated in the same way as in - 2.26|) by applying once more Lemma
for a = 1. D

2.2.5 Discrete Moments with respect to Monomials

Of particular interest, especially regarding the next chapter, is the special case
of P,(z) = az?. Tt is clear from the previous section that as soon as we have

estimates for
Mp.a( /

analogous to the one of Theorem [2.5] we can obtain similar results as before. Ob-
serve that My (N) denotes the number of (2h)-tuples (X7, ..., Xa) of positive
integers not exceeding N for which

2h

N
E (§ an
n=1

Xt + X = X+ + X5,
In that direction, Salberger and Wooley [75] proved the following theorem:

Theorem 2.7. Suppose that d and h are positive integers with d > 2h — 1 >
3. Let also Ty(N) denote the number of (2h)-tuples (X1, ..., Xon) of positive
integers not exceeding N for which the h-tuple (Xi,...,X}y) is a permutation of
(Xh+1, e ,Xgh). Then

My, 4(N) = Tj(N) <pe NHMNEDFe

where

—2+2/V3+k(d,h—1,2h—2), if d>2h—1,

Mdoh) = { —1+r(dh—1,2h—2), if d=(2h =17 (998
Y * 1 '
-5 if d > (2h)*"
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and

k(d, k,m) = i (r+1)/V4d,
r=k+1

for any positive integers d, k and m with k < m.

By definition T},(N) ~ h!N". Therefore,
Mh,d(N) <<h,6 Nh +Nh+A(d,h)+e’
and we can prove a lemma similar to Lemma [2.4,. We omit its proof.

Lemma 2.5. Suppose that d and h are positive integers with d > 2h — 1 > 3,
a € (0,1] and €, > 0. Then, there ezists a set Fpo(d, o, p,€) C [0, +00) of full
Lebesgue measure with elements satisfying the following property:

If a € Fpo(d,a,p,€) is a real number bounded by an M, € N, then there

exists K, € N such that

L% log k:—‘ron +1

N iand |2 k+a
Z k+ «a < I+ NP R)+1+2ud+ 3¢

{+ « e log kta

n=1 l+a

for every integer N > K, and any integers 0 < { < k < (dM,N%)*.

Now in order to obtain a theorem for the monomials P, (x), similar to Theorem
m we need to choose 2 < h < (d+1)/2 and p > 0 in such way that the number

1 (1 Ad, h)+1 —I—Q,ud)

2 2h

Bmo(d7 H, h) = Qu_d

is positive. The argumentation of how we come up with the quantity B,,,,(d, u, h)

is the same as in the proof of Theorem [2.6, From definition (2.28) of \(d, h) we
know that for any d > 3 and h = 2

1 Ad,2)+1
5= a1 Y

Hence, there is 2 < h,,, < (d + 1)/2 such that

ol Mdhw)+l 1 AdM D
mo =G Wimo  2ehedis 2 2h '
If we set now
Sio(d) : = min  max{A(u), 1 — Buo(d, pt, himo) } (2.29)

0<pi<emo/(2d)

then we can prove the following theorem in the same way as Theorem [2.6]
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Theorem 2.8. For every integer d > 2, any o € (0, 1] and any ¢ € (Spo(d), 1],
there are effectively computable positive numbers p = u(d), € = e(d, o) and
v =v(d,o0) such that, for any a € Fpo(d, o, p,€)

|
N Z |C (0 + ian®; a)|2 = ((20;a) + Od g 0,0 (N_”) , N>1,
n=1

uniformly in oo < o < 1. Moreover, for « =1 and any a € F,,,(d, 1, p, €)

1 N 00 2
=L (o +ian’ )P =Y ’ng' + Odgoa (N), N> 1,
n=1 n=1

uniformly in oy < o < 1.

Notice that in the latter theorem we consider also d = 2. In order to treat
this case, our starting point is a classical estimate due to Hua [36]:

1

/

0

4
da <. N,

N

Z e ((1712)

n=1

We can then argue as before to compute the corresponding quantity S,,,(2).

2.3 The Lindelof Hypothesis

As we have already mentioned in the beginning of the previous section, in our
attempt to control the length of the Dirichlet polynomials appearing in the ap-
proximate functional equations of Lemma [2.4] we are forced to narrow the strip
inside D for which we can prove discrete second moments. Indeed, one could
argue that there is some o7 with 1/2 < 7 < 1 such that S(dy) < oy for infinitely
many integers dj > 2, k € N. But that would require at first

max {A(u), 1 — B(dy, i)} < 01
for all k € N and some 0 < p, < (d2 + di, — 2)/(4d},), or, equivalently,

d2+dy — 2
1—o1)(dp+1)+1)

A(ux) <oy and Nk§4d%<<

for all £ € N. Then we would have klim pur = 0 and, by the definition (2.7) of
—00
A(p), that 1 = klim A(ug) < o1, which contradicts our assumption about o;.
—00

Hence, S(d) tends to 1 from the left as d tends to infinity. The same holds true
for S,.0(d).

Of course, it would be desirable to prove S(d) = S,,,,(d) = 1/2, for any d > 2.
The definitions and already give us a hint of how that could be
achieved. It would suffice if we were able to take A(u) = 1/2 for any 0 < pu < 1,
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since lim B(d,u) = lim B,,.(d, i, hmo) = +0o. This is where the Lindelof
u—0t u—0+t
hypothesis (LH) for ((s;«) and L(s, x) can be used:

1 1
¢ (5 + it; a) L |t and L <§ +it, X) L Nt |t >t > 0.

In fact, the truth of the Lindelof hypothesis for all L(s, x) is also known as the
Generalized Lindelof Hypothesis (GLH). For a discussion on the LH for the
Riemann zeta-function we refer to [43] and [90]. All results presented there can
be seen to hold true for L(s,x) as well, the most notable being that the GRH
implies the GLH. Naturally, such an implication has no meaning in the case of
((s;a) when o # 1/2,1. Garunkstis and Steuding [22] study the LH for the
Lerch zeta-function which is a generalization of ((s; ).

In our case a classical result for ((s) (see for example Theorem 13.3 in [90])
was the inspiration for our Lemma [2.4] where the number A () first appears:

If the LH for ((s) is true, then for any o > 1/2 and any 0 < u < 1, there is
an v =v(o, 1) such that

1
()= —FO(™), t21>0.
n<tH

It is then quite straightforward to prove the following conditional results:

Lemma 2.6. Under LH for ((s;«) and GLH, the approzimate functional equa-
tions of Lemma [2.4) hold true with A(p) = 1/2 for any 0 < p < 1.

Theorem 2.9. Under LH for ((s;a) and GLH, Theorem [2.6 and Theorem
hold true with S(d) = Sy0(d) = 1/2, for any integer d > 2.
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Chapter 3

Discrete Universality Theorems

We continue with the study of the value-distribution of L(s, x) and ((s;«). In
particular, we begin with developing two sufficient criteria to prove discrete uni-
versality theorems. We then provide examples of sequences satisfying these cri-
teria, such as Beatty sequences, ordinates of c-points of zeta-functions, and se-
quences generated by polynomials.

3.1 Ciriteria for Discrete Universality

From the first proof of the continuous universality for ((s) due to Voronin until
today, the tools used to prove such theorems have been refined by numerous
mathematicians. The setting, however, is essentially the one initiated by Voronin.
One may say that there is indeed a “silver bullet” to prove universality theorems
for most of the zeta- and L- functions known so far. The probabilistic approach
introduced by Bagchi is based, in fact, on the same three components. The
first one consists of a denseness theorem regarding twisted Euler products and
Dirichlet polynomials in some suitable Hilbert space of analytic functions. The
second amounts to none other than the theory of uniformly distributed sequences,
while the last one involves the approximation in the discrete mean square of
our selected zeta- or L- function by a sequence of Dirichlet polynomials. In the
following subsections we try to make perceivable how these notions “manufacture
the silver bullet” that leads to discrete universality for L(s,y) and ((s;«). We
favor Voronin’s approach over Bagchi’s, since it seems to us more natural.

A second way to prove universality theorems is straightforward and rather
efficient. One needs only to find a representation of the zeta- or L- function as
a linear combination or a product representation of jointly universal functions.
This argument is the only way so far to prove that {(s; o) with o # 1/2, 1 rational
is universal and it was shown by Gonek [24] and Bagchi [2] (independently). This
is also why we discuss discrete joint universality of Dirichlet L-functions.

Lastly, there is a third way to prove universality due to Good [26]. As a
matter of fact Good’s method yields in some cases quantitative results for the
value-distibution of ((s) inside D. However, it is quite technical and it has been
adapted by very few researchers, such as for example Garunkstis [21] and Gonek
[24]. We will return to this discussion in Chapter 4.
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3.1.1 The case of Dirichlet L-Functions

If x is a Dirichlet character mod ¢ and . is a finite set of primes, we define the
truncated and twisted Euler product

(s,w) — La(s, x,w) =[] (1 - M)_l ,

S
pEM p

for every (s,w) € {s € C:0 >0} x RF. We also set L_4(s,x) := L(s, x,0) for
brevity. Lastly, we say that an open set R C C is admissible if for every positive
number ¢ the set

Re:={w € C: thereis s € R such that |s —w| < &}

has connected complement.
The first lemma establishes a denseness theorem for the aforementioned FEuler
products in the space of analytic functions which are defined in the strip D.

Lemma 3.1. Let R be a bounded admissible set together with its closure R
contained in the vertical strip 1/2 < o < 1. Let x1,...,xs be pairwise non-
equivalent Dirichlet characters and let f1,..., f; be arbitrary functions which are
non-vanishing continuous on R and analytic in the interior. Then there exists a
sequence of real numbers w, = (wgp)pep depending only on x1,...,X, such that
for every € > 0 and arbitrary 0 < z < y, there exists a finite set of primes M
containing all primes z < p <y but no primes p < z with

max max|L.(s, Xj,wo) = f(5)| <e.

Proof. For a proof see 41, Lemma 7]. O

The next lemma points out where the theory of uniformly distributed se-
quences is applied in order to prove discrete universality theorems.

Lemma 3.2. Let (z,)nen be a sequence of real numbers such that the sequence

of vectors
( logp)
T , neN,
2T pett

is uniformly distributed mod 1 for every finite set of primes 4. Then for any
pairwise non-equivalent Dirichlet characters x1,...,xy, any z > 0, any real num-
bers &,, p < z, any compact set KK C D with connected complement, any functions
fi, ..., f7 continuous non-vanishing on K and analytic in its interior, and any
e > 0, there exist positive numbers ¢ and v such that

max max | Liper:<psu) (s + itn, X;) = fi(s)] < ¢

1
iminf — <n< :
thri}Orélej 1<n<N > c

for every u > v.
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Proof. By Mergelyan’s theorem (see Theorem , we may assume without
loss of generality that f1,..., f; are polynomials which are non-vanishing in k.
Therefore, we can find a bounded admissable set R satisfying IC C R C RCD
where f1,..., f; are non-vanishing.

Lemma 3.1] yields the existence of a sequence of real numbers w, = (wop),,cp
such that, for every y with 0 < z < y, there is a finite set of primes .#,, containing
all primes z < p < y but no primes p < z with

max max |L 4, (s, xj,wy) — f(s)| < Z (3.1)

1<j<J seR

Let w > 0 be such that A, := {p € P: 2 < p < u} DO #,. By continuity it follows
that there is a ¢ > 0 such that, for every ¢ := (¢p)p -, belonging to the closed
and Jordan measurable set -

max ||¢, — wOp” <

(¢p>p§u [ ] I;lélgi ||(bp - £pH <€

we have
€
1?]’225 LeR ‘L//[y <S’ Xj» (¢p)p€%y) ~La (S’ Xj» (w0p>p€///y> < 4
It then follows from inequality (3.1)) that
€
i max | Lo, (56, (@0)ye ) = 5(0)] < 5 32)
Now by assumption we know that the sequence
1
Ly = (xn ng) ; nE N7
2 p<u
is uniformly distributed mod 1 in R™®. Thus, by definition
- 1
Jim Z L= lim S¢{1<n<N:{z,}eL}=m(L), (33)

{1;}65

which in this case coincides with the Jordan measure on R™®) In addition, if we
define for every j = 1,...,J and s € R the Riemann integrable and 1-periodic
function

Fjq @) = ‘L//y (&Xj, (¢p)pe,//fy) (L,/Vu\///y <57Xj’ (¢p)pe%\,/zy) - 1)

whenever {gﬁ} € L and 0 otherwise, then

2

’

N N
Z |L/Vu (S + iz, XjaQ) - L//@ (S + 1y, Xj7Q)|2 = Z Fj,s (@n) :
n=1 n=1
{z, el
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In view of Theorem and relation (3.2)) we have that
L X
tm 2 F ) = [ R

< (maxl o)+ §)Qm<£>x

se
1 1
2
X / ot / ‘L/Vu\/fy <Sa X (Qsp)pg,/j@\uﬁy) - 1‘ H dgbpv
0 0 pEN N\ Ay
(3.4)
uniformly for j = 1,...,J and s € R, since the family of functions

{F},S:E%C:lgjgj,seﬁ}

is uniformly bounded and equicontinuous.
The set A, \ A, contains only primes greater than y. Therefore, in view of
(3.4) we can choose y > 0 sufficiently large such that

N 2
1 , 2 7 (d(OR,K))"m(L)e?
A}l_r}ICl)ON ; //R }(L% - L(%y) (s—l—zxn,xj)’ dodt < 57 )
{z,}el

Then it follows from Theorem [A.T6 that

m(L)e?
8J

N—oo sek

N 2
lim sup% Z (max } (Ly, — L) (s+ mn,Xj)’) <

n=1

{z, }eL

for every j = 1,...,J. Taking also into account relation (3.3)), we deduce that

. 15
liminf 441 <n<N: max max (L, = L) (s +iza,x5)| < 5 | m(£)
Noco N {@n} e £ 2

(3.5)

Now the lemma follows from (3.2) and (3.5) if we set v = max{p : p € #,} and
c = m(L)/2. As a last remark we notice that for fixed v the number ¢ is the
same for all u > v. O

We conclude with the first criterion to obtain discrete joint universality for
Dirichlet L-functions with respect to a given sequence of real numbers (z,)
In fact, our theorem is the discrete analogue of |41, Theorem 3].

neN’

Theorem 3.1 (Discrete Joint Universality Criterion for L(s,x)). Let
X1, - - -5 XJ be pairwise non-equivalent Dirichlet characters. Let also (xy,)nen be a
sequence of real numbers such that the sequence of vectors

1
(xn ng) , neN,
2 peEM
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is uniformly distributed mod 1 for every finite set of primes A4, AND

2N
. . 2
1 Z ‘L(S + 12y, Xj) - L{peﬂj’:pgw}(s + an»Xj){ - O,
n=N

lim limsup
W0 N0

j = 1,...,J, uniformly in compact subsets of D, = {s€C:o, <o <1},
where o, € [1/2,1). Then for any compact set I C D, with connected comple-
ment, any z > 0, any real numbers &,, p < z, any functions fi, ..., f; continuous
non-vanishing on K and analytic in its interior, and any € > 0,

max max|L (s + iz, x5) — fi(s) <e

Proof. Let € be a suitable positive number which will be determined later on.
Define the functions

; Xj(p)e(=¢)
)= 506 T (1 - 7=,
Pz 4
for every s € L and j = 1,...,J. By the assumption on the uniform distribution
of (x,)nen and Lemma there exist positive numbers ¢ and v, both depending

on &, such that

max max ’L{pep;z@@}(s + 0%, X;5) — JFJ(S)‘ <é

1<j<J sek N
logp ¢
=L gl <

1
hmmfﬁﬁ 1<n<N:

N—o0 max

Tn
p<z

(3.6)

for every u > v. If 1 <n < N is an element of the preceding set, then, for every
sekandj=1,...,J,

‘L{pEP:p<u} (S + il‘n, X]) — f](s)’
-1

% s+z;rn >
< max (1—i>_1 <§+ f(s)—f(s)H(l— XJ(p))D
= ek o pg J J s pS-HiUn

)2 | = X (p)e(=&p) X;(p)
< 97 g+1£1€€}c><|fj(s)|£[z(l— . >_£[Z<1_ps+m>“.

Observe that the functions

(s e TL (1 52 s

p<z
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p<z

defined for fixed z > 0 and any (s, (wp) ) € K x R™3) are uniformly continu-

ous. Hence, if we take € = £(2,IC, f1,..., fs,€) to be a sufficiently small positive
number, then for the positive integers n < N it follows from relations (3.7) and

log p
Tpn—(F— — gp

<e<eg
27 -

max
p<z

that

121]?251’?68]5{ ‘L{pGP’:pSu} (s +in, x5) = fﬂ(5)| <

DO ™

Hence, the latter inequlaties hold true for any positive integer n < N from (3.6)).
Therefore, if

‘ €
e max | Liperspeu) (5 + i, X;) = fy(9)] < 5
A (u,N):=¢1<n<N: log p )
1322( n 2m —o| <
then
. (u, N)
llNIILIOI})f N > c

for every u > wv.

Now let R be a bounded admissable set such that K € R € R C D,,,.
Then the second assertion of the theorem implies that for every § > 0 there is
w = w(d) > 0 such that

2N
1 2
lim su L—L peur) (8 + iz, x;)| dodt < 62
N—>oopN+1nZN//R’( tepirsn) ol
foreveryu > wand j =1,...,J. In view of Theorem and since any interval

(and, therefore, any sum), can be divided in a dyadic manner

J
N N log N
i 1_}:4)[%1,2]}, el

we obtain
N 2
lim sup 1 Z max | (L — Lipep. <u}) (s + iz, X)‘ dodt <z x 62
Neosoo N — SEK p P> ? J )
for every u > w and j = 1,...,J. The dependence of the implicit constant on

R is in fact on o,,. It is clear from the latter relation that for any sufficiently
small positive number § = §(o,, IC, J), if

PB(u,0,N) = {1 <n < N : max max|(L — L{pep;pgu}) (s + ixn,xj)‘ < (5} ,

1<j<J sek
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then

(B N) |

lim inf
N—o00
for every u > w.
If we take 0 sufficiently small such that ¢ < max{c,e/2} and u = max{v, w},
then

timint HE N OBWOEN)) o i BN | gy gy B0 N)
N—o0 N Nesoo N ooe N
>c+1-0-1
>0,
(3.8)

The theorem follows now from (3.8)) and an application of the triangle inequality.
[

As it is stated, the theorem supersedes a previous result due to Macaitiené
[55], where she proved a similar criterion for {(s). The significance of our theorem
does not lie only on the fact that it is a generalization of the aforementioned
result to the more general setting of Dirichlet L-functions, and even more a
joint universality theorem, but also to the fact that it is stronger in the sense
of relaxing the conditions which were set in [55] for the sequence (x,)nen to
satisfy. In particular, the sequence (a,)nen should be uniformly distributed
mod 1 for every irrational o, x,, < n as n — 400 and, for any integers 1 <
n#m < N, |z, —x,| > 1/yn, where (y,)nen is a sequence of real numbers
satisfying x,y, < n as n — +o0o. It can be seen that the last two conditions
are sufficient to prove the second assertion in our theorem with o, = 1/2, as
it would follow by an application of Gallagher’s Lemma (Lemma and a
classical result due to Bohr [6] on the approximation of ((s) by truncated Euler
products ( 4(s) in the mean-square. However, these conditions are not necessary
as we will show in the next chapter when we consider sequences of polynomials
P,(xz) = apa™+ - -+ + a1x + ag. In this case it is obvious that P,(n) = O(n) does
not hold for polynomials of degree greater than one.

A last remark about the number o,,, which appears only in the second con-
dition for the discrete mean-square. We do not expect that o,, can be smaller
than 1/2, because it is the least possible number provided by Lemma .

3.1.2 The case of Hurwitz Zeta-Functions

The succeeding results are similar to the ones of the previous subsection, but in
the case of ((s;«) the target function f does not need to be non-vanishing. Ac-
tually, this is the first time in the literature where applying Voronin’s approach is
used to prove discrete universality for ((s; «) instead of applying Bagchi’s prob-
abilistic treatment. There is an extensive literature regarding the probabilistic
model and we encourage the interested reader to study the bibliographies in [56]
and [86].
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The following lemma is a special case of Lemma 2.2 in Gonek’s thesis [24]
for A := {log(n+ ) : n € Ng} and « € (0,1]. It should be mentioned that its
proof is, in principle, different from the one of Lemma [3.1, which depends on
a theorem of Pechersky [63]. Basically, Pechersky’s theorem is an extension of
Riemann’s theorem on rearrangements of conditionally convergent series of real
numbers to Hilbert space. Gonek derives his lemma by incorporating techniques
introduced by Good [26].

Lemma 3.3. Let K be a compact set with connected complement in a strip
1/2 <01 <0 <oy <1 and f be continuous on K and analytic in its interior.
Then, for any o € (0,1] and any R € N, there ezists an ineffectively computable
positive number Qo = Qo(o1, 02, K, a, f, R) such that for any integer Q@ > Qo,
there are real numbers 0, k = R, ..., Q) — 1, for which

Q-1

Z: k:—l—a

Note that the condition of f being non-vanishing has already been dropped.
Using the latter lemma we prove

max Lo1,00.K,0 R™Y/2,

seX

Lemma 3.4. Let K be a compact set with connected complement in a strip
1/2 <01 <0 <oy <1 and f be continuous on K and analytic in its interior.
Then, for any A € (0,1] and any R € N, there exists an ineffectively computable
positive number Qo = Qo(o1,09, K, A, f, R), such that for any integer Q > Qo

and any real number a € [A, 1], there are real numbers O, k = R,...,Q — 1, for
which
R—1 Q-1
o R*l/Z.
Hsléalé< f(S) k:O k"—Oé kZ]; k+0é <<1» 27’C’A

Proof. Let A € (0,1] and R € N. If
R71/2

l<pg
PSS+ o, A)

(3.9)

is sufficiently small, we divide the interval [A, 1] into finitely many disjoint subin-
tervals of length at most p, say L,,, m = 1,..., M, and we choose one number
from each such interval o, € L,,. Then, for every m = 1,..., M, Lemma
yields the existence of a positive number Q,,, = Q.. (01, 02, K, o, f, R) such that
for any integer () > @,, there are real numbers 6,,;, with

=
-

1 R, e(Omk)
_ - 2 : _\Imk) —1/2 1
ek /(s) “(k+an) = (k+ap) <A (3.10)

B
Il

where the implicit constant depends on o1, 09, K and «,,. We set

Qo :=max{Q, :m=1,...,M}
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and assume that @) > Qo is an integer and « € [A,1]. Then « € L, for some
m=1,..., M and, if we set 0} := 0,1, forall k = R,...,Q — 1, we deduce from

(3.10) and the triangle inequality that

max |f(s) — T e YIRS
sek —~ (k+a) kZR(k’—i—a)
R—1 Q-1
e(@mk)
oot by - )+ 5 (F0 - )
kzo k+a)s (k—l—am = k—l—a (k4 au,)
+R‘1/2
Q_l Qm 1 /
—1/2
Coroar mxls| ) / W+R
Q-

—1/2
<<U1702,’C |Oé Z k+A 1+01 +R /
<<0'170'27’C7am R_1/2’

Since the choice of a,, depends only on A, the lemma follows. O]

The proof of the succeeding lemma is almost the same as the one for Lemma
In fact, in some points it is even simpler. Nevertheless, we give a detailed
proof. Before proceeding we furthermore need to define the following Dirichlet
polynomials

-1

Lo

e(0x)

(5,0,0) — (o (8,0, ) = m,

(3.11)

i

0
for every (s,0,a) € C x RN x (0,1]. We also set (o(s; ) := ((s,0, ) for brevity.

Lemma 3.5. Assume that o € (0, 1] is a transcendental number. Let (z,)nen be
a sequence of real numbers such that the sequence of vectors

1
(l‘nw) , n e N’
2 0<k<Q—1

1s uniformly distributed mod 1 for any positive integer ). Then, for any compact
set I C D with connected complement, any function f continuous on K and
analytic in its interior, and any € > 0, there exist positive numbers ¢ and Qg
such that

N—oo

1 .
hmmfﬁﬁ{l <n<N: rglealg(KQ (s 4+ izp;a) — f(s)] < 6} >0

for every integer QQ > Q.
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Proof. Let R be a bounded admissable set satisfying the relation K C R C R C
D. If R is a positive integer such that R > (£/2)""/%, then Lemma 4l yields the
existence of a positive integer )y and real numbers 0y, k ., Qo — 1, with

g (5 Wlocucan-1.0) = 109 <

There is 0 > 0 such that, for any integer ) > )y and any

Z. (3.12)

peL = {(¢k)o<k<Q—1 €[0,119: max |¢p — O] < 5} ,

0<k<Qo—1

we have

sl (s Ohcn1-0) =G (- O )] <

It then follows from relation (3.12) that

r?e%i(‘%o (3’ (@k)o<reqo-1 ’O‘) - ﬂs)‘ =

Since the sequence

(3.13)

DO M

log(k
in = (ITLM> , n E N7
2m 0<k<Q—1

is uniformly distributed mod 1 in R?, we have

]\}1_15(1)0— Z 1= ]&g}?)o—jj{1<n<]\f {z,} € L} =m(L). (3.14)

{1‘ }EE

If we define for every s € R the Riemann integrable and 1-periodic function

2
‘CQ ( ¢k)0<k<Q 1 ) - CQo (5, - (¢k)ogn§Q0_1 705> ‘ ;
whenever {Q} € L and 0 otherwise, then Theorem yields

lim — Z 1Co (5 + iz, 0, @) — (o, (5 + i, 0, )|

N—oo N
{x }Gﬁ
= lim Z F({z,})
—/E@@ (3.15)
L
1 1o () 2 g1
—u(c) [+ [ ST e
0 0 k=Qo (k + a) k=Qo
o0y !
=Im R
=, (k + a)?0
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uniformly for s € R, since the family of functions
{FS:E—HC:sEﬁ}

is uniformly bounded and equicontinuous.
In view of (3.15)) we can choose a sufficiently large positive integer )y such
that

lim% ; //RKCQ_CQO)(5+ixn;Oé)]2dadt< 7 (d(OR, K)) " m(L)e .

N—o0 8
{z,}€L

It then follows from Theorem [A.16] that

1 X > m(L)e?
o o 7 (il ~Gan) o+ imel) < PE
{z,}el

Taking also into account relation (|3.14]) we deduce that

. g
li]{[ninf%u{neN: max|(Go = Cao) (s +izns @)l < 5 }>mT£) (3.16)

{z,} el
Now the lemma follows from (3.13)) and (3.16) if we set ¢ = m(L)/2, which
is the same for fixed )y and any integer ) > Q). n

One could consider « in Lemma 3.5 to be a rational or an algebraic irrational
number in (0, 1], without any changes in the proof. Let us assume for the time
being that « is a rational or an algebraic irrational in (0, 1]. According to the
lemma, we would have to prove that the sequence

log(k
<xnw> , n e N’
2m 0<k<Q—1

is uniformly distributed mod 1 for any positive integer (), or equivalently, that
for any positive integer () and any lattice point h = (hg)o<k<g-1 € Z%, h # 0,
the sequence

Q-1
(;—; Z hi log(k + a)) (3.17)

k=0

is uniformly distributed mod 1. However, the numbers log(k+a), 0 < k < Q—1,
could be linearly dependent over Q for some () and, thus, for a suitable lattice
point h # 0, the latter sum could be zero. But then the sequence in
could never be uniformly distributed mod 1 for any sequence (x,),en and the
lemma would have no meaning to begin with. That is why we assume that «
is a transcendental number, in which case the numbers log(k + «), k € Ny, are
linearly independent over Q.
Now arguing similarly as in the proof of Theorem [3.1] we obtain
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Theorem 3.2 (Discrete Universality Criterion for {(s;a)). Assume that
a € (0,1] is a transcendental number. Let (z,)nen be a sequence of real numbers
such that the sequence of vectors

1
<xnw> , n e N’
2m 0<k<Q—1

is uniformly distributed mod 1 for any positive integer (), AND

2N

lim limsu s+ ix,; o) — S+ iz, o 2:O,
Jim N%"NH;V'C( ) = Gal )

uniformly in compact subsets of D, , where o, € [1/2,1). Then, for any compact
set K C D, with connected complement, any function f continuous on IC and
analytic in its interior, and any € > 0,

1
iminf —441<n<N: ) —
hNIringti{l <n< N.rsnea’gd((s—i-mn,a) f(s)] <5} > 0.

Proof. From the assumption on the uniform distribution of (z,),eny and Lemma
[3.5] we know that there are positive numbers ¢ and @)y, both depending on &,
such that, if

AQN) = {150 < N maxlGo (s + iai) ~ £(9)] < < .,

then

3 (Q,N)
thﬁlorgf —y ¢ (3.18)

for every ) > Q. o
If R is a bounded admissable set such that K € R C R C D, , then the

second assertion of the theorem implies that, for every é > 0, there is a positive
integer ()1 = Q1(0) such that

li]r\?j;p N:— : i//R (¢ = Co) (5 + izy; @) dodt < 62
or
| 2
li]:r;ljolip i Z (I?Ea’é( (¢ — Co) (s +ixp; a)|> dodt <,,,  0°

for every @ > QQy. Hence, for any sufficiently small positive number 6 = §(o,,, K),
if

2(Q.0.N) = {150 < N imax|(C = Go) (s i )] <3
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then

lim inf i2(Q. 0. N) >1-94
N—o0
for every @ > Q1.
If now ¢ is sufficiently small such that § < max{c,e/2} and @ = max{Qo, @1},

then

hoing £ (@ N) 0 B(Q.6.N))

m in N >c—0>0

and the theorem follows. O]

Although we can not obtain directly by the same methods discrete univer-
sality theorems for ((s; ) when « is a rational number in (0, 1], the expression
of such Hurwitz Zeta-function as a linear combination of Dirichlet L-functions
and Theorem yield the following theorem. The proof has no significant
differences with the one given in |24, Theorem 4.1], but we will provide one for
the sake of completeness regarding our discrete universality criteria.

Theorem 3.3 (Discrete Universality Criterion for ¢ (s;7/q)). Letr,q > 1
be integers such that (r,q) = 1. Let also (x,)nen Satisfy the conditions of Theorem
[3.1) for all Dirichlet characters mod q. Then, for any compact set KC C D, with
connected complement, any function f continuous on IC, analytic in its interior
and non-vanishing when ¢ =1 or 2, and any ¢ > 0,

< 5} > 0.

¢ (s +iy; g) ~ f(s)

Proof. 1f ¢ = 1, then ((s;1) = ((s) = L(s,x0), Xo being the unique Dirichlet
character mod 1, and the Theorem yields the the result.

If g =2, then ((s;1/2) = 2°L(s, x0), Xo being the unique Dirichlet character
mod 2. We apply Theoremfor 2=26=0, f(s) = 279f(s), s € K, and a
sufficiently small €. Then the set of integers n > 0 such that

1
liminfﬁﬂ{l gngN:r?ealéc

N—o0

max ’L(s + iz, X0) — f(s)| < &
se
and
log 2
n <€, 3.19
22) < (319)

has positive lower density. But for those integers n we also have that, for every

seC

‘g ( e %) — F(5)| = 12755 | | L (5 + iy o) — 27 £(5)]
<2(e+|7(s) — 277 f(s))

<2(¢& 2-¢ 1 — 2 n
<2 (Ermp L2,
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which can be made arbitrarily small by choosing sufficiently small &, as follows
by the uniform continuity of § — 2% 6 € R, and relation (3.19)). Therefore, the
same set of integers, which has positive lower density, can be used for ((s;1/2).
Lastly, for ¢ > 3, let x1,..., Xy(g), be the pairwise non-equivalent Dirichlet
characters mod ¢ and f a function which can also have zeros in IC. If we fix a
positive number ¢ such that
max | f(s)q "]
c> se :
wlg) —1
then the functions s — f(s)¢~* +cand s — f(s)qg° —c(p(q) — 1), s € K, do
not vanish in /C. Therefore, the functions
xu(r) (f(s)a™" —cle(q) = 1)), j=1,
s+ fi(s) =
X (f(s)g* +¢), J=2,...,9(0),

are continuous non-vanishing on C, analytic in its interior and

s v
= m jZIXj(T)fj(S)

for every s € K. We apply Theorem[3.1|with z = ¢, §, = 0, p < 2, and sufficiently
small €. Then the set of positive integers n such that

L n ; 35
1<r]n<a;<(q)r§1€aléc\ (s +ixn, xj) — fi(s)] <€

and
log g log p
T Tn—Ff

27 27
has positive lower density. But for those integers n we also have that, for every

s €K,

< max
plg

<<max
p<q

ng <& (3.20)
7T

‘4 (8+ixn; g) — f(s)

_ ‘_’ ij (@ L(s +izn, x5) = £5(5))

q w(q)
< — ¢ L(s +ixn, x;) — f(s
(P(CD — | ( ]) J( )|
q »(q)
< —— &+ max | f;(s)| |[¢"" — 1]],
e a9 1

which can be made arbitrarily small by choosing sufficiently small &, as follows
from the uniform continuity of § — ¢, § € R, and relation (3.20)). There-
fore, the same set of integers, which has positive lower density, can be used for
((s57/9). =

We do not treat the case of algebraic irrational « € (0, 1] here. In fact, it is
still an open problem whether ((s; «) for such an « is universal or not! We will
return to this topic in the next chapter which is devoted completely to this case
and where we give a partial answer to this problem.
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3.2 Sequences leading to Universality

This section is dedicated, as already implied by the title, to sequences which
satisfy the criteria we proved in the previous section. The usual candidates are
arithmetic progressions (an),cn, for fixed a > 0, since they behave quite well
and the proofs for discrete universality are much alike the ones for continuous
universality. An interesting and open question is whether continuous universality
implies the discrete one or vice versa. If that is the case, then one has to consider
with respect to which sequences the discrete universality is equivalent to the
continuous one. Is it with respect to any sequence or just, for example, arithmetic
progressions?

It is apparent that discrete universality provides more information regarding
the value-distribution of the zeta- or L-function we wish to study, since we can
examine this function’s behaviour over a prescribed (discrete) set. We give three
examples of such sets which are generated by sequences with less structure than
the one of arithmetic progressions. We start with Beatty sequences (|an|)nen,
which behave almost like arithmetic progressions, then we present a discrete
universality result with respect to ordinates of c-points of a suitable zeta-function.
Lastly, we treat the most difficult case of polynomial sequences (P,(n))nen-

For the sake of simplicity we say that a sequence (z,)nen is U, a, 0y )-
unwersal, if it satisfies the conditions of Theorems and inside a strip
1/2 < 0, < 0 < 1. Respectively, a sequence (z,)nen is U(L, 0,,)-universal,
if it satisfies the conditions of Theorem for any finite collection L(s,x;),
j=1,...,J, inside a strip 1/2 < 0, < 0 < 1, where xq,. .., xs, are assumed to
be pairwise non-equivalent Dirchlet characters. In addition, since a sequence is
(¢, a, o )-universal for rational o € (0, 1] if it is U(L, 0, )-universal with respect
to all Dirichlet characters mod ¢ by Theorem [3.3] we will not mention this case
furthermore.

3.2.1 Beatty Sequences

If a is a positive real number, then (|an|),en is called a Beatty sequence. We
present here only our principal result regarding such sequences, since we mainly
wish to highlight the discrete universality criteria of the previous chapter. More-
over, we will give a more detailed introduction and description of Beatty se-
quences in the last chapter. Lastly, we only consider the case when a > 1,
for, otherwise, the Beatty sequence contains the sequence of all positive integers
and this case has been studied already in the literature with respect to discrete
universality theorems.

Theorem 3.4. Let o € (0,1] be a transcendental number. Then for almost all
a > 1 the sequence (|an|)nen is U((, a, 1/2)- and U(L, 1/2)-universal.

Proof. We start by defining the sets

[eS) Q-2
Ly(a) == ﬂ m {a>1:ﬂ+m2+zmk+zlog<k+a)¢Z}

2
Q=2 (my,...,mq)€Zl\{0} ¢ "

k=0
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and

o Smy log r
EQ.— ﬂ ﬂ {a>1.7+m2+m3 9r ¢Z}

re€Q\{1} (m1,m2,m3)€Z3\{0}

Observe that both sets £1(«) and L4 are of full Lebesgue measure. In addition,
if a is an element of £;(«) or Ly, then the numbers

log o log(Q@ — 1+ )
—— ...,
2 T 27

are linearly independent over QQ for any positive integer (), or the numbers

( )
1, a/, a
pEA%

are linearly independent over QQ for any finite set of primes .#, respectively. In
view of Corollary and Theorem [A.4] this implies that, if a is an element of
L1(a) or Ly, then the sequence

1
<La/nj w) , n E N7
2 0<k<Q-1

is uniformly distributed mod 1 for any positive integer (), or the sequence

1
(Lan] ng) , neN,
2 peEM

is uniformly distributed mod 1 for any finite set of primes .#, respectively.
Therefore, the first condition of Theorems [3.1] and [3.2] on uniformly distributed
sequences is satisfied.

It is left to show that the second condition of Theorems and regarding
the discrete mean-squares also holds. To this end, let a € Li(a), H > 0,
1/2 < 09 < 07 <1 and set

1,a,a

folo,h,t) == ((o 4+ ih+it;a) — (oo + ih + it; a),

for any 09 < o < oy, any |h| < H, any t > 0, and any ) € N. Then Gallagher’s
lemma (Lemma implies that, for any N >¢ y 1 sufficiently large integer,
To=aN —(a+1)/2, T=a(N+1),0d=a—1and B ={|an] : N <n < 2N},

IN
Z IC (0 +ih+ilan];a) — (o (0+ih+iLanJ;a)|2
n=N

2aN+(a—1)/2+H

<o folo, 0,02 dt+ o)
aN—(a+1)/2—H
2aN+(a—1)/24+H 2aN-+(a—1)/24+H 1/2
+ / fo(o,0,4)2dt / (0,0, 8)dt
aN—(a+1)/2—H aN—(a+1)/2—H
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whenever 09 < 0 < 0y, |h| < H and @ € N. Since the interval
[aN — (a+1)/2— H,2aN + (a —1)/2 + H]
is a subset of
[a (g — %) ,aN] U {a (N— %) ,QQN] U {a (QN— %) ,4aN} )

for sufficienlty large integer N >¢ y 1, we deduce from relations (2.5) and ({2.6)
of the previous chapter, and relation (3.21]), that

2N
hgl_,solipN—f— 1 T;VK(U—Fih—i-i[anJ;a) — (o (O’—l—ih—{—@[anJ;a”Q o Qi
Hence,
2N
lim lim sup Z I (o0 +ih+ilan];a) — (o (o 4 ih +ilan];a)]* =0,

Q=0 Nooo N+1n:N

uniformly in 02 < 0 < ¢y and |h| < H. Thus, the second condition of Theorem
is also satisfied and we deduce that the sequence (|an|),en is U(C, o, 1/2)-
universal.

To prove now that (|an|)nen is U(L, 1/2)- universal for any a € Ly, we only
need to show that for any Dirichlet character y

A | |
+1 Z ‘(L - L{pelP’:pgw}) (o —|—zh+z[an],x)‘2 =0,
n=N

lim limsup
W00 N0 N

uniformly in 09 < 0 < o7 and |h| < H. This will follow, in the same manner as
in the case of ((s; ), by applying Gallagher’s lemma to

folo,h,t) := L(o +ih +it, x) — Lipep: p<wy(0 + ih +it, x)
and using the identities

T
lim lim sup % / |(L — L{pep;pgw}) (s + it, X)’2 dt =0
0

W—=00 T 00

and

2

dt = 0,

W—=00 T 500

T
1
lim lim sup T / ’ (L — L{pep;pgw})/ (s + it, x)
0

which hold uniformly in compact sets of the critical strip D. The first identity
was proved by Bohr [6, Hilfssatz 2] for ((s) and it is straightforward to prove it
also for L(s, x). The second identity follows from the first one and an application
of Cauchy’s integral formula, that is,

1 (L - L{ eP: <w}) (’Z + it X)
L— Lipep:peurt) it,x) = — peps 2d
( {peP:p< }) (s +it, x) o /s—z|e (z — 5)2 %
where € is a sufficienlty small and fixed positive number. This concludes the
proof of the theorem. n

45



3.2.2 c-points of Zeta-Functions from the Selberg Class

Given a complex number ¢ and a suitable zeta-function £(s), the roots of the
equation

£(s)=c

are called c-points of £(s) and will be denoted by p. = . + 77y.. Here and in the
sequel the c-points are counted according to multiplicities. Moreover, we restrict
ourselves to the upper half-plane of C and we assume that a sequence of c-points
(Pen)nen, is taken in such a way that, if n < m, then 0 < 7., < Yem.

Garunkstis, Laurincikas and Macaitiené [20] have proved that the sequence
(Yo,n)nen, which corresponds to the non-trivial zeros of ((s), is $(¢,1,1/2)-
universal under assumption of what they call a weak Montgomery conjecture
on the spacing of the imaginary parts of the non-trivial zeros (as it would follow
from the pair correlation conjecture of Montgomery [60]). Later, Garunkstis and
Laurincikas [19] obtained the same universality theorem assuming RH.

In this subsection we give an unconditional proof of the aforementioned result
in the more general setting of this thesis, as well as in the more general context
of c-points of zeta-functions £(s) from the Selberg class. This class, which is
usually denoted by S, was introduced by Selberg [81] and consists of Dirichlet
series

o) =y 2

satisfying the following hypotheses:

i. Ramanujan hypothesis. a(n) <. n*

ii. Analytic continuation. There exists a non-negative integer k£ such that
(s — 1)%£(s) is an entire function of finite order, that is,

(s — 1)"L(s) < exp (T’A) , sl =r—= o0

for some positive number A.

iii. Functional equation. £(s) satisfies a functional equation of type
Ae(s) = whAe(1 —73),

where
J
Ag(s) = £(s)Q* H T (\js + ;)
j=1

with positive real numbers @), A;, and complex numbers p;, w with $p; > 0
and |w| = 1.

iv. Euler product. £(s) has a product representation

£(s) = H L,(s),
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where

£,(5) = exp (i b(pk)>

ks
k=1 p

with suitable coefficients b(p*) satisfying b(p*) < p* for some 6 < 1/2.

Axioms (i) and (ii) imply that a function £(s) from S is a Dirichlet series which
is absolutely convergent for ¢ > 1 and it has an analytic continuation to the
whole complex plane except for a possible pole at s = 1. From axiom (iii) one

can obtain the quantity
J
dg =2 Z )\ja
j=1

which is called the degree of £(s) and, although the data from the functional
equation is not unique, de is well-defined. Axiom (iv) implies that if £ € S
and it is not the zero function, then a(1) = 1. Moreover, one can prove that if
de € 10,1), then de = 0 and £ = 1, which is the only constant function in S (see
[86, Theorem 6.1]).

For a survey on the Selberg class and the value-distribution of its functions we
refer to Kaczorowski and Perelli [42], Perelli [64] and Steuding [86]. The simplest
examples of functions belonging to S are, to name a few, shifts L(s + if), x)
of Dirichlet L-functions attached to primitive characters x with § € R, and
Dedekind zeta-functions to number fields K. The first family is of degree one
while the second one has degree equal to the degree of the field extension K/Q.

Steuding [87] proved that if ¢ is a complex number and (pen)nen, is the
sequence of non-trivial c-points of ((s), then the sequence (a7, )nen, is uniformly
distributed mod 1 for every real number a # 0. The adjective non-trivial means
that the c-points in question are not located in the neighbourhood of a trivial
zero of ((s). Jakhlouti, Mazhouda and Steuding [40] proved a similar result for ¢-
points of zeta-functions from S by assuming the truth of the Lindel6f hypothesis.
Such sequences are seemingly good canditates for our universality theorems since
they already behave, or it is assumed that they should behave, as uniformly
distributed sequences. However, the second condition on discrete mean-squares
is still unknown unconditionally even for the simplest examples of zeta-functions.
This explains why in [19] and [20], assumptions which have not yet proven to be
true are considered.

Our approach is rather elementary and arises from the fact that, in general,
there are about 7'logT c-points of £(s) with T" < . < 2T (see [86, Corollary
7.4]). So we just need to find a subsequence of the original sequence (Ve )nen, say
(Ve ) penys Such that the sequence (a7yem, )y, is uniformly distributed mod 1 for
every real number a # 0, but it also satisfies the second condition for the discrete
mean-squares in Theorems [3.1] and This becomes possible by making use of
a classical order result for functions from & and by generalizing a result due to
Littlewood [54] regarding ((s).
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Lemma 3.6. Let £ € S. Then
Lo +it) < [t| V22 21 — 5 4 it), [t] > 1, >0,
uniformly in any strip o1 < 0 < 9.
Proof. For a proof see [86, Theorem 6.8]. O

Lemma 3.7. Let £ € S\ {1} and ¢ be a complex number. Then there exists a
positive number A = A(c) such that for every T > exp(3) one can find a c-point

Be + i of £(s) satisfying
A

=T < —————.
v | log loglog T

Proof. Let ng > 1 be the first positive integer n such that the n-th coefficient of
the Dirichlet series represantation of £(s), a(n), is non-zero. We know that such
a number exists, because £(s) differs from the only constant function in S. This
also implies that dg > 1. In the sequel we make use of the notation a, := a(n),
for all n € N.

Now we define the function

( s
%(S(S) ~1), ife=1,
£(s) — ¢, if Re < 1,
9(s) =9 - £(s), if Fe > 1,
—i(L(s) —¢), if Re =1 and e > 0,
\i(S(s)—c), if Re =1 and e < 0,

for every s € C\ {1} . Then there exists o9 = og(c) > 1 such that

g(s) = R(g(s)) < 1, (3.22)

uniformly in the half-plane 0 > ¢y — 1. Indeed, the absolute convergence of £(s)
in the half-plane o > 1 implies that

R(g(s)) < lg(s)] <1,

uniformly in any half-plane ¢ > o1 > 1. On the other hand, for ¢ > 1,

p

|a’n0| + >Z (nO/n)U E(nv t)a c=1,
n>ng
fc—1+ >Z n~F(n,t), Re<l1,
n>ng
R(g(s)) =4 1—Re— n;m n=°F(n,t), Re>1,
Se+ ; J_”G(n,t), Re =1 and e > 0,
n>ng
Qe — >Z n=?G(n,t), Re =1 and e < 0,
\ n-no
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where

E(n,t) := |an,|™" [?R (@ngan) cos (tlog ™) — S (@nyay) sin (t log %)} ,
F(n,t) := Ra,, cos (tlogn) + Sa, sin (tlogn) ,
G(n,t) := Say, cos (tlogn) — Ra, sin (tlogn) .

Thus, for sufficiently large oy we have
lg(s)] = R(g(2)) > 1,

uniformly in ¢ > 09 — 1. Moreover, by arguing similarly, we can take oy large
enough such that also

1£(s)[ > 1, (3.23)

uniformly in ¢ > ¢ — 1.

Lastly, we define for every s € C\ {1} the function f(s) := logg(s), where
the logarithm takes its principal value for ¢ > 09 — 1, and for other points s we
define f(s) to be the value obtained from f(og) by continuous variation along
the line segments [0q, ¢ + it] and [0¢ + it, o + it], provided that the path does
not cross a zero or a pole of g(s); if it does, then we take f(s) = f(s+0). From
the latter definition and it follows that

fls) <1, (3.24)

uniformly in o > oy — 1.

For the second part of the proof we employ a technique used by Titchmarsh
(see [90, Theorem 9.12]). In the sequel Ay,..., A5 denote positive constants,
which may depend on dg, ¢ and some suitable positive numbers oy and €. Since
these quantities are considered to be fixed here, we do not indicate this depen-
dence in any of the implicit constants in the sequel of the proof.

It suffices to show that for every sufficiently large positive number T, if there
is no e-point of £(s) such that |y, — 7| < & < 1/2, then § < (logloglogT)™". To
this end, let T" be a large positive number and assume that £(s) has no ¢-point
such that |y, — T| < § < 1/2. Then, the function f(s), as it was defined above
is regular in the rectangle

R:={s€C:—(op+1)<o<oy+1, [t—=T|<0d}.

We set
N = L%J +1, (3.25)
and we consider the circles
nod mo
= tls — ——+il || =—7;
Kn {SE(C s (ao 4+Z )‘ 4},
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we define the maximum value of f on them by

M, := max |f(s)|

SGICm,n

for every n =0,...,N and m = 1,2, 3,4. Observe that all circles C,, ,, lie inside
the strip —(0¢g + 1) < 0 < 09 + 1 and, in particular, in R.
The absolute convergence of £(s) in the half-plane o > 1 implies that

Ls) < [t [t = to >0,
uniformly in ¢ > oy > 1. This and Lemma [3.6] yield that
L(s) < |t|¥Fro0ddete g > ¢ > 0,
uniformly in the strip —(op + 1) < 0 < 09 + 1. We then deduce that
R(f(s)) =log|g(s)| < ArlogT, (3.26)

uniformly in R whenever T' > 1 is sufficiently large. If we apply now the Borel-
Carathéodory inequality (Theorem [A.20) to f(s) on the circles K34 and Ky,

then 35 51 35
2 + 2

< 2 4

Ms, < 5_§15§£€f§)%(f(5>>+ Y

and it follows from relations (3.24)) and ({3.26]) that
Mg}o S 7141 log T+ AQ. (327)

|f (o0 +14T)]

It is easy to see that og —J /44T lies inside the bounded component of C\ ICs.
Hence, an application of the Borel-Carathéodory inequality to f(s) on the circles
K31 and K41, the maximum modulus principle and relations ([3.26) and (3.27)
yield

M, < _2° ROE(s) + 10 ¢ (o — 674 10T
3’1_5—%55?1&},{1 (f(s)) 5_%5 o) ]

S 7<A1 lOg T + Mg,o)
S (7 + 72) Al lOgT -+ 72A2.

Continuing this way we deduce that
Ms, < (74 +T) A logT + 7" Ay < 7" Azlog T (3.28)

for every n =0,..., N.
Next we apply Hadamard’s three-circles theorem (Theorem [A.19) to f(s) on
the circles ICy ,,, Ko, and s, that is,

b
M27n S Mcll,nM?),n

for every n = 0,..., N, where a = log(3/2)/log3 and b = log2/log3. Observe
also that ICy ,, lies inside the bounded component of C\ Ky ,,—; and, therefore, the
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maximum modulus principle implies that M, ,, < Mjy,,_; for everyn =1,..., N.
Hence,
My, < M{, M, <M, M;,

for every n =1,..., N. We then have that
2
M2,1 < Mg,oMg,p M2,2 < Mg,1Mg,2 < Mg,oMgf)lMg,za s

and, eventually,
N72b

M, x < Mg Mg, *Mg, 0. My,
or, by ,
M,y < Mgf;?aN*lb—&-QaN*Qb—&—m—i—Nb (Aslog T)aN‘leraN—QbJr---er. (3.29)
Since a,b > 0 and a + b = 1, it follows that
a¥b 4+ 20N+ -+ Nb < N?

and
"o+ a P+ +b=b(1-a"V)/(1—a)=1-d".

Moreover, in view of relation ,
Mgy < My < 1.

Thus, relation becomes

M,y < A7V (log 7). (3.30)

Now observe that relation and Lemma imply that
£(s) > [t FHE i > 4 > 0,

uniformly in the strip —(og+ 1) < 0 < —0p and, since —(0p+1) < 09— N§/4 <
—0y, it follows that

N§
M, N > ’f (00 e +iT)‘ > AslogT,

where T > 1 is sufficiently large. Taking into account relation (3.30)), we obtain
that .
2
As(log T)™" < ATV

or
" Ay
loglogT < | — log— 4+ N-log7 ).
a A5
Taking once more the logarithm yields that
logloglogT <« N

and, by the definition (3.25)) of IV, the lemma follows. O
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Corollary 3.1. Let £ € S\ {1}, b > 0 be a real number and ¢ a complex
number. Then there exists a subsequence of c-points (pen, )iy, of £(s), such
that Yen, = bk +o(1), as k — oo, and the sequence (aYenym ) ey, 8 uniformly
distributed mod 1 for every real number a ¢ b='Q and every positive integer m.

Proof. Let (pen)nen be the sequence of c-points of £(s). Then, for every k >
k' = |exp(3)/b], Lemma yields the existence of a positive integer n; such
that 7., = bk + O ((logloglog(bk))™) = bk + o(1), as k — oo. We also set
Yesny = Vem,, for every positive integer & < k’. Now, if a ¢ b~'Q is a real number
and m a positive integer, then the sequence (abk™), .y, is uniformly distributed
mod 1 (see Theorem [A.4)) and limj_, (abk™ — aYep,m) = 0. Hence, Theorem
implies that the sequence (a7enym )y 18 uniformly distributed mod 1. [

We can now show how the preceding corollary generates infinitely manygood
sequences of ordinates of c-points of a given function from the Selberg class which
satisfy the conditions of our universality theorems.

Theorem 3.5. Let £ € S\ {1}, a € (0,1] be transcendental and ¢ be a complex
number. Then there exists a subsequence of c-points (pem,,)pens 0f £(s), such that
(Ve pen 8 (¢, @, 1/2)- and U(L, 1/2)-universal.

Proof. From Corollarythere exists exists a subsequence of c-points (pen,, ) e
of £(s), such that v, = 27k +o(1), as k — oo, and the sequence (aYen, )y
is uniformly distributed mod 1 for any positive number a ¢ (27)~'Q. This, the
linear independence of the sets {logp : p € P} and {log(m + «) : m € N} over
Q, respectively, and Corollary yield that the sequences

| |
(22) ) o (m52) o nen
T ) pe T 0<m<Q—1

are uniformly distributed mod 1 for any finite set of primes .# and any positive
integer Q.
Now let H >0, 1/2 < 09 < 07 < 1 and set
folo,h,t) == ((o + ih +it; o) — (oo + ih + it; a)
for any 0y < o < oy, any |h| < H, any t > 0 and any @ € N. Then Lemma [2.]]

implies that, for any sufficiently large integer N >¢g g 1 with |y, —27k| < 1/2
for k>N, To=20N —1/4, T =27N +1, B ={vVem, : N <k <2N} and

S= < min P, ~ e
2 N<mzk<en '™ e D
the following inequality holds:
. ArN+3/4+H
> lfohrend <2 [ Ifolo.0.0 dex
k=N 2rN—1/4—H
AnN+3/4+H AnN+3/4+H 1/2
+ / | fo(o,0,t)2dt / | /6 (0,0, t)[*dt
orN—1/4—H orN—1/4—H
(3.31)
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for any 09 < 0 < oy, any |h| < H and any Q € N. Since the interval
[2rN —1/4 — H, 47N + 3/4 + H] is a subset of

o (3-2) o (+-2) e (-3 ]

for sufficiently large integer N >¢ g 1, we deduce from relations (2.5)) and ({2.6)
of the previous chapter, and relation (3.31)) that

2N
1
lim sup D 1C(0 +ih + iYen; @) = Co (0 + ih + iven; @) <o Q'
N—oo N“‘ 1
k=N

or
2N

li li h ) eng - h Ven ; 2:07

uniformly in 09 < 0 < o7 and |h| < H. Therefore, the second condition of
Theorem is also satisfied and, thus, we deduce that the sequence (7., )
is (¢, ar, 1/2)-universal.

To prove that (Yem,) ey, i $4(L,1/2)-universal we argue similarly as above
and as we did in the case of Beatty sequences, by making suitable changes wher-
ever needed. O

keN

3.2.3 Polynomials and Monomials

In the last part of this section, we give an example regarding universality theo-
rems with respect to sequences of numbers which are generated by polynomials
of degree larger than one. In this case, the usual method of using Gallagher’s
lemma in order to estimate discrete mean-squares, the second condition of our
universality theorems, through continuous ones, is not applicable anymore. In-
stead, we employ our approach from Chapter 2. The only drawback is we are not
able to prove discrete universality theorems to the whole strip D, but to a thinner
one having a width depending on the degree of the polynomial in discussion.

Theorem 3.6. Let a € (0,1] be a transcendental number and d > 2 be an integer.
Then for almost all a,b € [0, +00)?, the sequences (Py(n))nen and (Py(n))nen are
(¢, o, S(d))- and U(L, S(d))-universal, respectively, where Py(x) = a1x + - -+ +
aqz? and S(d) is defined by ([2.19).

We break down the proof by showing, essentially, the two conditions of The-
orems [3.1] and [3.2] in two seperate lemmas.

Lemma 3.8. Let o € (0,1] be a transcendental number and d > 2 be an integer.
For almost all a,b € [0, +00)%, the sequences

((Pa(n)bg(/;_:oz))KKQl) and ((Pb(n) k;ip )p@) , neN,

are uniformly distributed mod 1 for any finite set of primes 4 and any positive
integer @, respectively.
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d

0 -1
a€ L(a):=[0,+00)%\ <Z %’;*“)) 1q€Z, QEN, meZ?\{0}

be L= 10,400)"\ {f% : (g,7) € Ng x <@>0\{1})} .

It is not difficult to see that £ and L(«) are of full Lebesgue measure and, in
order to prove that the sequences in the lemma are uniformly distributed modulo
1, it suffices to show that, for any lattice points e = (ex)o<k<g-1 € Z% \ {0}, and
h = (hy)pe.aw € Z*” \ {0}, the sequences

Q-1
(% Z ex log(k + a)) and (P;(:> Z hy logP)
neN neN

k=0 peEM

are uniformly distributed mod 1 (see Corollary |A.2)). But this follows from our
choice of @ and b and Theorem [A.4] O

We recall here briefly the setting from Subsection [2.2.4] Let

S(d)= min max{A(u),1 —B(d,n)} € (0,1),

2 —
O<p<EH4=2

be as in ([2.19)), u be the number in the interval (0, (d* 4+ d — 2)/4d) for which the
latter minimun is attained, oo € (S(d),1], € € (0, ud(cg — S(d)/2) arbitrary but
fixed, and F(d, a, p, €) as in (2.17)).

Lemma 3.9. Let a € (0,1] be a transcendental number, d > 2 be an integer,
oo € (S(d),1] and H > 0. Then, for all a € F(d, a, y,€),

Q—00 N_ooo 2

N
L N . 2
lim lim sup T ; |(¢ = Cg) (0 + i(Pu(n) + h);a)]” =0,
uniformly in S(d) < o9 < o <1 and |h| < H. Moreover, for « = 1 and any
b E ‘F(d7 17/’67 6)}
2N

1
lim limsup ¥ Z |(L — L{peP:pgw}) (o +i(Py(n) + h), X)|2 =0,
n=N

W—00 N 00

uniformly in S(d) < o9 <o <1 and |h| < H.

Proof. Let a = (a1, ...,aq) € F(d,a, p,€)\{0}. Then, thereis K, € N such that

a€[0,2M, + H]"\ G(d,a, i, e, 2°M, + H, K,).
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Using the approximate functional equation for ((s;«a) from Theorem , we
deduce that

1
(C - CQ)(U + it; CY) = Z W + O,u,ao (t_u) )

Q<n<tr

for any 0p < 0 < 1 and t > QY*. Then, for any sufficiently large N > H
max {Ql/ﬂ, KQ} and t,,p := Py(n) +h >,y n, n > N, we have that

2N 2N
1

D= (o +i(Paln) +hya)* =D | D (g ayri Opao (L)

n=N n=N kgtg A

<<,u,ao,g,H SJIV + R?V + N1_2V + 17

(3.32)
where
Sl = iv: > - % > 1« Ng, (3.33)
b ol (k4 a)? =E (k+ «a)?
, N 1 k+ o\
N ::gwgtg’h((km)(ua»a (€+a) .

1 E+ o) Fam
< 2. (ko) +a)y 2 (€+a)

1<0£K<(Py(2N)+h) ne€B(N,a,h.k,0)
and

B(N,a,h, k() = {N <n < 2N : Py(n) > max {(k+a)/" ({+a)/"} —h}
C{N,...,2N}.

We may argue similarly as in (2.23)-(12.26)) to prove that Ry = o(/N) as N — o0,
where the implicit constant depends only on d, o9 and a. Therefore, we obtain

from (3:32)-(333) that

2N
timsup - 3 1(C ~ o) (7 + i(Paln) + 1) @) St Q2 (335)
n=N

N—oo

and, thus,

N
im timsup 3" I(C ~ o) (0 + i(Palm) + B)s)F =0,
n=1

1
Q—00 N_oo

uniformly in 0p < o <1 and |h| < H.
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Now let b € F(d,1,pu,¢€) and € > 0 be arbitrary. Then, the absolute conver-
gence of Lpepp<wy(s) in the half-plane o > 0 implies that for every w > 0 there
is T, > 0 with

x(n)

n(f—l—it

L{pEP:pSw} (U + i, X) = + OO’O (€>

n<tH
pln=p<w
for any 09 < 0 < 1 and t > T,. Hence, using the approximate functional
equation for L(s, x) from Theorem [2.4] we deduce that

* x(n)

(L = Lipepp<uy) (0 +it, x) = e + Odp (+17Y)

n<tH

for any 09 < 0 < 1 and t > T,, where Z* runs over the positive integers n
satisfying p t n for all primes p < w.

The remaining part of the proof follows the same reasoning as for ((s; o) with
appropriate changes where needed. After the required calculations, we have that

lim lim sup — Z } L L{pepp<w}) (o +i(Py(n) + h)7X)|2 LdoobH €

W0 N_so0

uniformly in 09 < ¢ < 1 and |h| < H. Since ¢ was arbitrarily chosen, the lemma
follows. O

Proof of Theorem[3.6. The sets L(a)NF(d, a, p1, 09, €) and LNF(d, 1, p, 09, €) as
they were defined in the previous lemmas, are of full Lebesgue measure. More-
over, if a € L(a) N F(d, o, pu,00,€) and b € LN F(d, 1, p,0p,€), then the se-
quences (Py(n)), .y and (FPy(n)),, o satisfy the assumptions of Theorems 3.1 and

respectively. Thus, (Py(n)), oy is 4(¢, o, S(d))- universal, while (Pb n)),en
is YU(L, S(d))-universal. O

We can prove with the same machinery the analogous result for monomials:

Theorem 3.7. Let o € (0, 1] be a transcendental number and d > 2 be an integer.
Then, for almost all a € [0,400), the sequence (Py(n))nen s U((, o, Spo(d))- and
U(L, Spno(d))-universal, where P,(z) = ax? and S,,(d) is defined by ([2.29).

The restriction on the strip of universality, which is characterized by the left
abscissae S(d) and S,,,(d), depending on which case we are working on, occurs
in Lemma [3.9| (and the corresponding lemma when it is about monomials). The
reason behind is that we are forced to use approximate functional equations
for ((s; ) and L(s, x) which contain Dirichlet polynomials of short length but
for which it is not known yet whether they hold for the whole strip D. It is
apparent that if we could widen the strip in Lemma 3.9 then it would follow
immediately that we could widen the strip of universality, since Lemma has
no restrictions on that matter. Therefore, as we did in Section [2.3] we could give
some conditional results, with respect to the Lindelof hypothesis, which are now
easy to prove, because we established the necessary background.

Theorem 3.8. Under LH for ((s;a) and GLH, Theorem[3.6 and Theorem [3.7]
hold true with S(d) = S,,0(d) = 1/2, for any integer d > 2.
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3.3 A Shortcut via Euler Products

The main difference between L(s, x) and ((s; ) when o # 1/2,1, is that L(s, x)
can be expressed as an Euler product in the half-plane of absolute convergence of
its Dirichlet series representation, that is, in the half-plane ¢ > 1. This already
implies that any L(s, x) is zero-free in the half-plane o > 1, on the contrary to
((s; ) when o # 1/2, 1 for which it has been proved by Davenport and Heilbronn
[13] and Cassels [12] that it has zeros in the aforementioned half-plane.

In our case, the existence of an Euler product allows a degree of flexibility
when dealing with universality theorems, because one may use the logarithm of
L(s, x), that is,

og L _——E og P 2:2:1 p g ZAn n
1 ) 1 <1 Xp<s)) 1 k <XP(S)> pt TES l)(j'(g(n)
(3.36)

for every s € C with o > 1, where we chose the single-valued analytic branch of
log L(s, x) on the half-plane ¢ > 1 such that

lim log L(s, x) = 0.

o——+00

Here A : N — C is the von Mangoldt-function

Aln) = logp, if n = p* for some p € P and k € N,
n= 0, otherwise.

The expression is impractical when we wish to study the behaviour of
L(s,x) in D. Nevertheless, one can extend the definition of log L(s, x) inside D
in the following way: for each zero 5+ i+ of L(s, x) with 5 > 1/2, we remove the
segment [1/2 + iy, + i7] from the half-plane o > 1/2, as well as the segment
(1/2,1]. We call the resulting slit half-plane H,, and for every s with 1/2 < 0 <1
we define log L(s,x) to be the value obtained from log L(2,y) by continuous
variation along the line segments [2,2 + it] and [2 + it, 0 + it].

Of course the preceding process would be superfluous under GRH, but we are
trying to avoid conditional results, which means that our knowledge regarding
the distribution of the zeros of L(s, x) inside D is rather poor. Still it is suffi-
cient enough, with respect to zero-density estimates, to obtain an approximate
functional equation for log L(s, x):

Theorem 3.9. Let 6 > 0 be fized and x be a Dirichlet character mod q. Let also
y be a function on T > 0 such that y — +o0 and y = o (T‘W) as T — +o0.
Then, for all sufficiently large T >5 1, there exists a set J(T) C [T,2T] of
measure m(J (T)) <, T'°y(log T)'* such that

Am)x(n) 0, ((log y)’ logt)

log L(s +aT, X) - Z ns+HiT logn y5/2

n<y

foralls e R(6,y) ={s€C:1/2+20 <o <1, |t| <y} andT € [T,2T\T(T).
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This is a generalization of a lemma due to Lamzouri et al. |49, Lemma 4.1]
who proved it for {(s) whenever s lies in a disc with center 3/4 + ity and radius
r < 1/4. We will prove our theorem in the same manner as they did for ((s)
by applying a result due to Granville and Soundararajan [27, Lemma 8.2] and a
weak version of a theorem due to Montgomery [59, Theorem 12.1].

Lemma 3.10. Let x be a Dirichlet character mod q and s = o + it be a complex
number with o > 1/2 and t > 4. Let also y and oq be real numbers satisfying
2 <y<t—2and 1/2 < 09 < o. If L(z,x) is zero-free in the rectangle
{z€C:00<Rz<1, |32 —t| <y+ 3}, then

log L(s, y) = Z M +0, (M) :

— )2
52, n®logn (o1 — 09)

where o1 := min {(c + 0¢)/2,00+ 1/logy}.

Proof. The proof follows in the same way as in [27, Lemma 8.2]. The additional
assumption on y allows to avoid the possible pole of L(s,y) at s = 1 in case
X = Xo is the principal character mod q. O

Lemma 3.11. Let N(o,T,x) be the number of zeros 5 + iy of L(s,x) with
o<p<1and0<|y| <T, whereoc >0 and T >2. If1/2 <o <1, then

Y N(o,T,x) < (¢T)**~*(log T)",
X

where the summation runs over all Dirichlet characters x mod q.
Proof. For a proof see [59, Theorem 12.1]. O

Proof of Theorem[3.9. Let ¢ := 1/2 + § and define Z;, j = 1,2, to be the sets
of those 7 € [T + (j — 1)y, 2T — (j — 1)y] for which the rectangles

{z€C:00<R2< 1, Sz —7| < jy+3}

are free of zeros of L(z,x), respectively. Observe that Zo C Z; and 7+t € 7
for all 7 € 7o and s € R(6,y). Therefore, if we set o1 := 0p + 1/logy and take
sufficiently large T' >; 1, it follows from our assumption on y and Lemma |3.10
that

log L(s +i7, x) = Z

n<y

Am)x(n) 0, ((log y)* 1Ogt)

ns+iT log n yo/2

uniformly in s € R(d,y) and 7 € Zy. If we set J(T') = [T,2T] \ Zy, then it
follows from the definition of Z,, our assumption on y and Lemma that
m(J(T)) <, T'°y(log T)™ for all sufficiently large T >>; 1. O

We are now ready to prove the last theorem of this chapter.
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Theorem 3.10. Let d > 2 be an integer and 6 € (0,1/2). Let also x1,...,xs be
pairwise non-equivalent Dirichlet characters. Then, for almost all a € [1,400)
the following holds:

IfK C{seC:1/2+20 <o <1} is a compact set with connected comple-
ment, z is a positive real number, &,, p < z, are real numbers, fi,...,f; are
continuous non-vanishing functions on IC and analytic in its interior, and € is a
positive real number, then

max max |L (s + ian?, x;) — f;(s)| < e

I 'flti l<n<N 1<j<J sek .
minf — <n< : 1 > 0.
N—oo N max xnﬂ — é‘p < £

p<z 2T

One could argue that what we are actually proving is that, for almost all
a € [1,+00), the sequence (cmd)neN is (L, 1/2 + 26)-universal. However, the
latter definition was for sequences which satisfy the conditions of Theorems (3.1
or 3.3l In our case we were unable to prove the condition on the discrete
mean-squares for a strip with width that does not depend on the degree of the
polynomial. On the other hand, we can prove the analogous condition for the
logarithms of L(s, x;) and this will allows us to obtain the above universality
theorem.

Proof of Theorem[3.1(} By Mergelyan’s theorem, we may assume without loss of
generality that fi,..., f; are polynomials which are non-vanishing in K. There-
fore, we can find a bounded admissable set R satisfying L C R C R C D where
fi,--., f7 are non-vanishing. Let

a€ Ll := [1,+oo)\{1i% : (q,7) € Ng x (Q>0\{1})}.

Then, in view of Corollary and Theorem [A.4], it follows that the sequence

51
@mﬂ%) —
2T ped

is uniformly distributed mod 1 for any finite set of primes .#, where d = J(d, )) =
0 (mod d) will be determined later on. Therefore, it follows from Lemma 3.2] that
there exist positive numbers ¢ and v such that

s ood
o, [Foers o (o o i) =0 <<
;logp
d _
27 &

> C
N—oo

1
liminfﬁﬁ 1<n<N:

max
p<z

an

<e€

(3.37)

for every u > wv.

Let log L(s, x1), - - -, log L(s, x7) be defined as in the beginning of this section
on ﬂle H,, Let also log fi,...,log f; denote the principal branches of the log-
arithms of fi,..., f; on R, respectively. Then the latter relation and continuity

29



implies that, if

€
112?2%] max log Lipep: p<u} (s + 2an ,X]> — log f](s)‘ < 3
o (u,e):=qn € N: slogp
max||an’ 5 &) <€
for all sufficiently small € > 0, then
o 1, N
limint L@ NLN]) (3.38)
N—oo N

for every u > v.

Set y := (log T')*°. Then it follows from Theorem that, for all sufficiently
large T >sx 1, there exists a set J(T) C [T, 27] with m(J (7)) < T*7%/% such
that

1
log L 8 + ZT XJ Z ]{}3+17 log ]{] (@)

foralls e R, 7 € [T,2T)\J(T) and j = 1, ..., J. The implicit constants depend
on ¢i,...,qs, but we will not mention this dependence from now on.

Let N, n and M be positive integers such that N < n < 2N and d = d(d, 9)
be an integer multiple of d such that dé > 4. If we set

E'(n,M,d, o) = {a € [1,2M] : an® € LAjj (/md)} = ! (Cj J <knd>> ,

where f(z) := zn is a linear transformation on R, then, for all sufficiently large
integers N >; 1 and any positive integer M, we have
M
1 1-5/2 .
m(E'(n, M, d, ) < — ( ) Cars B2,

d
L

Therefore, the set

G'(K,M,d,?) : G US (k, M, d,0)

N=K k=N

has Lebesgue measure
m(G' (K, M,d,5)) <y K29/

for all sufficiently large integers K >;x 1 and any positive integer M. Now if
we set G'(K, M) = [1,2M] for the remaining of the positive integers K and

F(d6) = (U(]gKMua)

M=1K=1
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then F'(d,0) is of full Lebesgue measure. Moreover, if a € F'(d,§), then, by
construction, there exists Ky = Ko(a,d, R) > 0 such that

i A(k)x; (k) 1
log L <s + ian an> = ];y:, m +0 (log—N) (3.39)
for any s € R, any integers N > Ky and N <n < 2N and any j = 1,...,J,
where y' := (cilog(aN))Ma
We turn to the logarithms of the truncated Euler products Lpepp<u} (s, X;)

for oc,w > 0 and j = 1,...,J. Choosing the single-valued analytic branch of
log L{pep.p<w} (5, x;) on the half-plane o > 0 such that

lim log L{pG]Pp<'w}(S x) =0,

o—-+00
we have
) —  AlR)x;(k)
log Liperpeuy (5, X;) = = 3 _ log ( = 2 ik
p<w k=1
plk=p<w
foro,w > 0and any j = 1,...,J. Then, the absolute convergence of the Dirichlet

series on the right-hand side of the latter relation in the half-plane o > 0 implies
that, for every w > 0, there is T,, > 0 with

3 A(k)x; (k)
log L{pE]P’:pS’w} (87 X]) - ]‘CS 10; kf + OO’O (8)
k<y’

plk=>p<w

for any 09 < 0 < 1 and t > T,. Hence, using the approximate functional
equation for log L(s, x) (3.39)), we deduce that
i A(k)x;(k 1
p|l<:::p>w
for any s € R, any integers N > Ko+T,and N <n <2N andanyj=1,...,J.
Now we consider discrete moments. Let j € {1,...,J} and N > K, + T, be
an integer. Then

2N

1 2
!
7;\[’ log L — log Lipep:p<u}) <5+7’an ’X]> LSy + N <€+ logN) ’
(3.40)
where
d
A(K)x; (k) A(R)A(O)x - h
;o NAINET
Sy =(N+1) Z k27 log k + Z (ke)o logk:logé Z
E<y' 1<k#L<y’
plk=p>w plk=p>w
pil=p>w
1 2N k an N k and
N4 - vi
< Nw™™* + Z (M)glz<g) +Z(€) ]’
1<b<k<y’ n=1 =t
(3.41)



uniformly in s € R. We bound the latter exponential sums from above by
using the estimates from Subsection [2.2.5] In particular, if we assume without
loss of generality that d > 16, then for h = 1, @ = 1, u = 1/(4d), € = 1/12
and a € Fpo(d,1,1/(4d), 1/12), where Fyo(d, v, 1, €) C [0,400) is defined as in
Lemma [2.5| and is of full Lebesgue measure, it follows that there exist positive
integers M, and K, such that a < M, and

(1)

n=1

12

Lt b1,

3.42
log % ( )

~ -~ 1/(4d)
for every integer N > K, and any integers 1 </ < k < <dMaN d) . Observe
that

y = (0710g(a]\f)>4/5 <5 (cZMaN‘i> e

as N — +4o00. Therefore, if we choose an a from the set of full Lebesgue measure

F'(d,8) N Fpo(d,1,1/(4d),1/12), then relations (3.41) and (3.42) yield that

4o logt| +1

log %

1
S;V < Nw746_|_N3/4 Z ( )0

1<l<k<y’

s 34 (5 (2-20)4/6 -
Las N + N (d log(aN)) log <d log(aN)> :

(3.43)

uniformly in s € R and for all sufficiently large integers N >5 Ko+ K, + T,,.
It follows from relations (3.40) and (3.43) that, if a is an element of the set
of full Lebesgue measure F'(d, d) N Fpo(d, 1,1/4d,1/12), then

2N
1 - 2
h]r\?_ilip N1 nE;V ’(log L —log L{pep:pgw}) (s + ian?, Xj) ‘ a5 €%, (3.44)

unifromly in s € R and for all sufficiently large w .5 ¢ /9. In view of
Theorem [A.16] we have

N 2
. 1 g
lim sup N E (rialg( ‘ (log L —log L{pep:pgw}) (s + ian ,Xj) D KR K a,6 2

N—oo

for all sufficiently large w >, 5 e /® and any j = 1,...,J. Thus, if

<5
2

>1—¢ (3.45)

B(w,e) = {n € N: max max ‘ (logL — log L{pe]p:péw}) (s + ian‘i, Xj>

1<j<T sek
for any sufficiently small positive number ¢ <5k s 1, then

B(w,e) N [1, N])

lim inf
N—o0

for all sufficiently large w >, 5 e~/(29).
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Assume now that a is an element of the set
L0 F (d,8) N Fpo(d,1,1/(4d),1/12)
which is of full Lebesgue measure. If we set

o L (s ian ) —log ()] <
log p

N on S

€(c) :=<neN

max
p<z

<e€

then for any sufficiently small positive number € < ; ¢, where ¢ and v are as
in (3.37), and any sufficiently large number w >,5 e~ %/®9 + o, it follows from
relations (3.38) and (3.45) and an application of the trianlge inequality, that

lim inf ﬁ(%(g) N [17 N]) > lim inf ﬁ(ﬁ(w»s) N e%)(wﬁ) N [1, N])

N—oo N N—oo N

> 0.

Now observe that, if

an® v.) — f.
11;1?;5216%(‘L(5+wn x;) — fis)| <e
Cg/(é\) =<¢néeN: logp
rzrolﬁax o — o

<e€

then continuity and the assumption d = 0 (mod d) imply that €”(c) D %(e),
when € <k s ¢ is a sufficiently small positive number. This concludes the proof
of the theorem. |

Corollary 3.2. Let d > 2 be an integer, o € (0,1] be rational and § € (0,1/2).
Then, for almost all a € [1,+00) the following holds:

IfK C{seC:1/24+20 <o <1} is a compact set with connected comple-
ment, f is a continuous function on K and analytic in its interior, and € is a
positive real number, then

liminf%jj{l <n<N: I&E}é{{( (s—f—iand;a) — f(s) < 5’} > 0.

N—o0

Proof. The proof is almost the same as the one of Theorem [3.3] only this time
we use the previous theorem. O
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Chapter 4

Hurwitz Zeta-Functions with
Algebraic Parameter

In this chapter we study the value-distribution of ((s; a) inside D, where « is an
algebraic number in the interval (0,1]. We mainly incorporate ideas of Voronin
and Good, who studied the case of ((s) = ((s; 1), to obtain a weak but effective
universality result and a strong but ineffective one in vertical strips inside D,
which width depends on the degree of a.

4.1 Effective and Ineffective Results

The question whether ((s;a) with an algebraic irrational number o € (0,1] is
universal or not, remains, up to now, open. The main difficulty occurs from the
fact that the numbers log(n+«), n € N, could be linearly dependent over Q and,
therefore, the machinery used for universality theorems is not applicable. To give
an example, if a = (2/2 — 1)/2, then log o — 3log(a + 1) + 2log(a + 2) = 0.

Nevertheless, the majority of the mathematical community which is interested
in the universality properties of zeta-functions expects that ((s;«a) with a €
Ay, where A; will denote the set of algebraic irrational numbers in the unit
interval [0, 1], should also be universal. For instance, Laurinc¢ikas and Steuding
[51] obtained limit theorems for ((s;«), o € Ay, which unfortunately are not
sufficiently explicit for being used in a hypothetical proof of universality.

Moreover, there is the belief that such a result could follow by the already
established methods for universality theorems and by a classical lemma due to
Cassels [12], who proved that for any « algebraic irrational and every sufficiently
large positive integer N, more than half of the numbers log(n+a), n =0,..., N,
are linearly independent over Q. Indeed, Mishou [57] used Cassel’s lemma to
prove that for any o € Aj, any € > 0 and any complex number z, there is
s € C with ¢ > 1 such that |((s; ) — z| < e. This interesting result can be
regarded as a forunner of a universality theorem. However, it is obtained in the
half-plane ¢ > 1 where the behaviour of such zeta-functions is, more or less,
well-understood.

Almost all universality theorems that can be found in the literature have cer-
tainly one thing in common: they are ineffective. It is intriguing that, although
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these theorems provide us with sets of positive lower density, which elements
can be used as vertical shifts of the zeta-function in interest to approximate al-
most any function in some suitable vertical strip, no information regarding upper
bounds for the first such shift can be extracted.

The first one who obtained upper bounds for shifts of weak universality was
Good [26], who studied the value-distribution of log ((s). Good proved, among
other things, that for any a from a suitable subset of [1,2] of full Lebesgue
measure, any integer N > 0, any vector of complex numbers a = (ayo, ..., ay),
any 0 € (1/2,1) and any € > 0, that there exists an effectively computable
positive number ng = ng(a, N, a, o, ) such that the system of inequalities

| (log )™ (0 + ian) —ax| < e, k=0,... N,

has a positive integer solution n < ng. This is a quantitative version of Voronin’s
weak universality theorem [08] stating that, for ¢ € (1/2,1] and any integer
N >0,

{(¢(o +in),(' (o +in),...,(M (o +in)) : n € N} = CV T, (4.1)

In 1989, Voronin [100] gave an alternative proof of Good’s aforementioned result.

Our first theorem is an analogue of the preceding statements in the case of
((s;a), a € A;. We postpone the definitions of the set A(Q, M) C A and of the
numbers E = E(R,Q,0) and K = K(Q, M, «) that appear in Theorem to
the next section, where we also explain how we came up with them (see ,
and ([£.30)), respectively). We only point out that A; \ A(Q, M) is finite,
for every choice of ) and M. Moreover, all constants appearing in this chapter,
implicit or not, are effectively computable unless stated otherwise.

Theorem 4.1. For every o € (1/2,1], N € N, A € (0,1] and d > 3, there
exist positive numbers cy, c¢1, ¢ which depend on o and N, c3 = c3(N, A), ¢4,
cs = c5(N,d) and v = v(d, N), such that the following is true:

Let e >0 and a := (ag, . ..,a,) € CN*L. Let also

R> ¢ £4/(1-20)

and Qo > c1R be positive integers satisfying the system of inequalities

¢ (Jag] + A7?) <E % KN — ) (log Qo)*, k=0 N
2 (|ak =B SN0 0 ! H(log Qo)™ yooon V.

Then, for any Q > e3(Qo +1/e%), M > cyexp (2Q%), o € A(Q.M) A [A1
of degree d(a) < d — 1, where

1 40 1 1/2
< " 4.2
24 267 (3(1—0)) (4.2)

and the left-hand side of the inequality is 400 for o =1, and any

T > c5max { (K exp ((M + 2) exp (Qz))) T d( ,5_2”}, (4.3)
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there is T € [T, 2T with
|C(k)(a+z'7';oz)—ak}<€, k=0,...,N. (4.4)

Moreover, if My («, o) is the set of those 7 € [T, 2T for which

2.1 1/2
}C(k)(a+i7;a)—ak‘<(ngi1> e, k=0,....N,
then
nmmflm(M (o, 0)) > 1Q—2Q (1-Q7?)
T—o0 T r ’ -2 ‘

Observe that the theorem has meaning only when o > 1 — &, where

98 . 52
$i= 37797 502

as follows from for d = 3.

Previously, we characterized Good’s and Voronin’s results as weak universality
theorems for some reason. It can be easily seen that the universality of ((s)
inside D implies relation for any positive integer N and any o € (1/2,1)
(but not for 0 = 1). The steps of the proof are simple and we give them here
briefly. If a = (ag,...,an) is a vector of complex numbers with ay # 0 and
o € (1/2,1), then we can construct an entire function f which is zero-free and
satisfies f®) () = ai for all k = 0,...,N. We then apply the universality
theorem for ((s) to approximate f in a disc D(0, d) of fixed and sufficiently small
radius 0 > 0 such that D(o,d) C D, we expand ((s) in its Taylor series in the
prescribed disc and we use Cauchy’s estimates for the function (s + i7) — f(s).

The inverse process does not imply the universality theorem for ((s) in its
full power. However, as it was noticed by Garunkstis et al. [21] it yields a weak
form of the original theorem. Following their approach we will also prove a weak
universality theorem for ((s;a), a € A;.

~ 0.000746,

Theorem 4.2. Let 1 — &£ <09 <1, sg =09+ ity and f : I — C be continuous
and analytic in the interior of K = {s € C : |s — so| < r}, where r > 0. Let
also 0 < A <1 and e € (0,|f(s0)]). Then, for all but finitely many algebraic
irrationals o in [A, 1] of degree at most dy — 1, where

g L 40 1\
T ody 267 \3(1—09))

there exist real numbers T € [T,2T] and § = (e, f,T) > 0 such that

max |((s+iT;a) — f(s)] < 3e,

|s—so|<dr

whenever T = T(e, f,«) satisfies (4.3). The set of the exceptional o can be
described effectively, while the dependence of T on f arises from the first N
Taylor coefficients of f for sufficiently large N.
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While proving Theorem we realized that our method can be applied also
in the case of strong universality, that is, without “shrinking” the given compact
set KC. However, effectivity is lost with respect to the finitely many exceptions
of a and an upper bound for 7.

Theorem 4.3. Let K C {s€C:1—-¢(<09<0 <1} be a compact set with
connected complement and f be continuous on K and analytic in its interior.
Let also A € (0,1] and e > 0. Then for all but finitely many algebraic irrationals
a in [A, 1] of degree at most dy — 1, where

g L 40 1\
T 2dy 267 \3(1—0y)/)

there exist real numbers 7 € [T, 2T such that

max [((s +i7; ) — f(s)] < 2¢

for every T sufficiently large. Moreover, the set of T satisfying the latter inequal-
ity, has positive lower density.

The restriction on the strip of universality reminds us of the case of the
Dedekind zeta-function (k(s), where K is an algebraic number field over Q.
Reich [69], [71] proved that (x(s) is universal in the strip max{1/2,1 — 1/d},
where d = [K : Q) is the degree of the number field.

4.2 Auxiliary Lemmas

The proofs of the theorems are rather long and technical. Therefore, we try to
present large parts of them in this section as auxiliary lemmas.

We start with a modification of Good’s Lemma 9 in [25] on the effective
approximation of vectors of complex numbers by suitable twisted Dirichlet poly-
nomials. An alternative option would be to follow Voronin’s approach as in [43]
Chapter 8, Section 2, Lemma 1]|. Interestingly enough, we could not deduce a
result for ¢ = 1 by the second way. And since also Good does not include the
case of o0 = 1, we shall add it in our proof.

Lemma 4.1. For every o € (1/2,1] and N € N, there exist positive numbers
Cy, C1 and Cy, depending on o and N, such that the following is true:
Let A€ (0,1, e >0 and a= (ag,...,ayx) € CNTL. Let also

R > CO 84/(1720)
and Qo > C1R be integers satisfying the system of inequalities

lo Qo N
Cy (Ja| + A™/?) < E(R, Qo, 0) (ﬂ) E(N — k)! (log Qo)

2N log QO
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k=0,...,N, where

( -0 (1—0)/(4N3)
dl e -1 ,0#1,
23+o(1— o) [\R+1
E(R,Q,0) i | @3
Q
log Yot o
\ 2°N3 Y
Then, for every Q > Qo and o € [A, 1], there exists 8, € [0,1]9 such that
‘ CQ (5,04, ) —ag| <e, k=0,...,N.

Proof. Let R = R(e,0, N) be a positive integer which will be specified later on.
We consider for every integer () > R the set of vectors

Dro:={z=(2p,..-,2¢-1) : |zl < 1L, n=R,....Q — 1}

and define the functions

Q-1 k
. (—log(n + «))
(z,) — gi(z,a) = ;R Zn iy (4.6)

for every (z,a) € Drg % (0,1] and £k =0,..., N.
First we will determine for a given vector of complex numbers (Ao, ..., Ayx)
an integer () such that, for every 0 < o < 1, the system of equalities

g(z,a) = A, k=0,... N, (4.7)
has a solution z,, € Dgq, that is, (Ao, ..., Ay) belongs to the set
g = {<90<Z7Oé)7 -3 gN (Z7a>> VS DRQ} .

Observe that G is a closed convex subset of the complex Hilbert space CN*!
endowed with the inner product

(o, 2N), (Yo, ---,YN)) = Z?R(xk%)

Thus, in view of Theorem it is sufficient to show that for sufficiently large @
and for arbitrary 0 < a < 1 and non-zero ({y,...,ly) € CN*1 there is z € Dpg
such that

N N
D legi(z, ) = > LA (4.8)
k=0 k=0

One can see that
N

Zekgkwmm:{ A<V ZHQ) > b~ logon-+ )

n=R k=0

(4.9)
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Indeed, the inclusion of the set on the left-hand side in the set on the right-
hand side is obvious, while if w = |w|e(¢) belongs to the disc described in the
right-hand side of (4.9), we can choose z € Dgq with

Zn = ’l‘/’e (gb —arg (Z l(—log(n + a))m)>

m=0

such that

N
nggk(za Oé) =w.
k=0

Therefore, from (4.8) and (4.9)) it is sufficient to show that, for sufficiently large
Q and for arbitrary 0 < o < 1 and non-zero ({g,...,{y) € CN*1,

N

1
NATE SIS
Now, consider the polynomial
N
r) =Y (-1)a*, zeR, (4.11)
k=0

and the following partition of the interval [log(R + «), log @]
Q

k
a:k.—log(R—l—a)—l—NlogRJra, k=0,...,N. (4.12)
If we set in addition
N
Gi(z):= [[(@—=2m), k=0,...,N,
ik
then it follows that
‘ N N N N ‘
‘ng)(o)) <> N > | =@, | < W(logQ)N_] (4.13)
m1=0 mo=0 m;=0 ’
mi7ék m2;k:m1 mj#k,mi,....mj_1
and
N N
Q Q
Gr( = —— | kNN —k)! 4.14
|G ()| 1_:[ R+a N g R+a ( ) ( )
me£k
for any j,k = 0,...,N. In view of Lagrange’s interpolation theorem (see Theo-

rem [1.19)
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and relations and ( -, we obtain

N
ip a0 S Hegnteors (
Grlz) |~ N =)l \log 7%

=0

il = [P9(0)

for j =0,...,N. Therefore,

1 log 7% R
a ¢, 1 T < P . 4.15
NH(QNIOgQ Zﬂ ¥ =3 0 @P < 3o 1PG)l. (413
Let yx, k=1,..., N, be such that z,_; <y, < x; and

p (xfl?k; — Tg—1 n Tk —1—901.:—1)‘

[P(ye)] = max [P(z)| = max

z€[w)_1,78] z€[-1,1]

2 2

for k =1,...,N. Markov’s inequality (see Theorem |[A.14)) states that

max
ze€[—1,1]

P/(x)) < N? max

z€e[—1,1]

P(x)‘

for any P € C[X] of degree at most N. Thus,

max |P'(z)] = max |P’ (xxk il L + xk_l)‘
TE€[TR_1,Tk] ze[—1,1] 2 2
2 d — X _
_ max —P(:L‘:Uk Tk 1+3?k+96k 1)‘
a€[-1,1] T, — Tp—1 | dx 2 2 (4.16)
2N? T — Th—1 T + Tr—1
< ——— max |Pl=x +
T — Tp—1 z€[—1,1] 2 2
2N?
= —|P
———|P(w)|

for k=1,..., N. If we set now

T SRS ;) T VRt
k= ZL‘E[ZE}c_l,fEk]-lx_yH_ T T 4N3 ) — LV, ( )

then relations (4.12)), (4.16]), (4.17) and the mean-value theorem imply that for
every x € Iy there is a &, between the points x and y; such that

P ()|

(P(@)] = [Ply)] = [P(ye) = P(@)] = [P(y)] = [P'(&) (g — 2)| =2 —5

or

max |P(z)|=|P(yx)| <2 min |P(x)| (4.18)

TE[T)_1,T] z€[xK_1,71]k

for k=1,...,N. Since
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at least one of the intervals [yx — S, yx| and [yx, yx + S| is contained in Z. We
denote those intervals by

jk = [Ck,Ck—}—S], k’:l,,N (419)

Then, it follows from (4.11)), (4.12)), (4.18) and (4.19) that

Q-1 N Q-1

2, (n +104)" > tu(=log(n+a))*

n=R k=0

[P(log(n + a))]
(n+ a)°

=1

3 | P(log(n + o))

(n+a)°

v

(4.20)
k=1 log(n+a)€Jk

X P ()] 1
D D DR

ek <n+a<ektS

v

Observe that

1
>, =2

ek <n+a<ek TS e

Since ¢, > log R for k= 1,..., N, the definition of S yields that

(

Rl-o 0 \1Lo/EN
-1 <1
| 21— o) (R+1> 7S
> o2
ek <nta<e® Sng Q
Fenaset log 77 o=1
(8NN3 o

for sufficienty large R > land @ > C1 R, where C; = C1(0, N). Recall that the
right-hand side part of the latter inequality is equal to 2277 E(R, Q, o). It follows

now from relations (4.18]) and (4.20) that

Q-1 N N
Z m ka(— log(n + )| > 2E(R, Q, o) Z |P(ys)|

! (4.21)

> E(R,Q,0) p_ |P(xx)|.

M=

i

0

Thus, in view of relations (4.15) and (4.20)), if we choose @) > C} R large enough
so that the system of inequalities

log Riﬂ

N
m) KN — k) (logQ)*, k=0,...,N, (4.22)

Ak <E(R,Q,0) (
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is satisfied, then relation ([4.10) holds for arbitrary a € (0,1] and any non-zero
vector (lg,...,¢y) € CNTL. Hence, for every E (0 1] the system (4.7) has a
solution z, € Dgq as long as ) > C R satisfies

If U >, n 1 is large enough so that the functions

1 k
_, (loga)

:LvO'

. k=0,...,N, (4.23)

are decreasing in [U, +oc], then for every R > U, o € [A,1] and kK = 0,..., N,
we have that

R-1 _1\n(_ k _ k u _1\n k
3 (=1)"( 10g(na+ a)) < (zloga)® 3 (1) (log(nja)) ’
— (n+ ) a o (n+ a)
_ k U 1\ k
< (loga)® 3 (=1)" (log(n +y))
a’ yel0,1] | < (n+y)°
S CZA_1/27
where Cy = Cy(o, N) > 1. Therefore, if we set
R—1
_ .7 (—D"(—log(n+a))*
Ak—Ak(Oé).—CLk nZ:O (n+a)a y k—O,...,N,

it follows from (4.22)) that for every o € [A, 1] the system of equalities (4.7 has
a solution z, € Dgrg as long as () > (' R satisfies the system of inequalities

N
log -

C ATV?) < E(R L BN — k) (logQ)F, k=0,...,N.
2(’ak|+ )_ ( 7Qaa> 2N10gQ ( )(OgQ> ) ) )
Since the right-hand side of these inequalities tends to infinity as () — oo, the

system is solvable for all sufficiently large Q).

Let Qg > C1 R be the smallest integer satisfying the aforementioned system,
Q@ > Qo and a € [A,1]. Let also z, := (2n) gy, 1 be an element of Drq, such
that -

91(Za, @) = Ag(a), k=0,...,N. (4.24)

From Theorem we know that there are real numbers 6,,, n =R,...,Q — 1,
such that
2

Qo—1 k Q-1 k
(—log(n + «)) (—log(n+ a))" e (6y)
(Z S utar 2 (nrar )

Q-1 k
(—log(n + a))
2 ( (n+ay )

<4 iv:z logn—l— 1))

=0 n=R
1-2
<<mA;}2 7,

2

IN

(4.25)

CN+1
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Let

. .
R > N (U‘l’ g) > N (g)

be sufficiently large, with U being the number defined in (4.23), and set ¢, =
(Bon)o<n<g-1 to be

0. . n/2, 0<n<R-1,
=1 0,, R<n<Q-1.

Then (4.6), (4.24) and (4.25) yield

o S (—log(n + )" e (6)
gt (8o a) I Avle) =2 (n+ )7
§=0 n=R
Qo—1 k
(—log(n + «))
< |9k (2q, @) nz;%zn (n+a) +e
=¢
for k=0,...,N. ]

Lemma 4.2. For every d > 3 and k € Ny, there exists a positive number v =
v(d, k) such that

Ltl/d

—log(n + ) i
;% (n+ ) s (17) 1

uniformly in A ((d+1/(2d))™) <o <1 and 0 < a <1, where

(o) ) rmoed)” a0

=4/(2Tn%) and n = 4.45.

Proof. Since d > 3, we have from Theorem that A(u) = 1 — 0u? for any
0 < p < 1/d. In addition, there exists a positive number v(d) such that

C(S;Oé): Z %—FOd(f”), t>t > 1,

0<n<tl/d n+a)
uniformly in 0 < o <1 and

() <3 (a((03) ) ra(3)) <oee

Now the lemma follows by applying Cauchy’s integral formula in the latter ap-
proximate functional equation for ((s;a). ]
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Before proving the next lemma, we need to introduce some notation. The
naive height of a complex polynomial P(X), denoted by H(P), is the maximum
of the absolute values of its coefficients. If « is an algebraic number, then its
degree and height, which we denote by d(«) and H(«), are defined to be the
degree and the height of its minimal polynomial over Z, respectively.

Let

)\:R—>R+

be an infinitely differentiable function with supp(A) C [—1, 1] and fj;o Az)dz =
1. We also assume that A is bounded above by 1. If () > 2 is an integer, we set
§ := Q72 and define the function

6 — Ag(6) = QI:[OA (%)

for any 8 = (0, ...,00-1) € [—1,1]%. Then, supp (Ag) C [—1/2,1/2]¢ and we
can extend Ag onto all R by periodicity with period 1 in each of the variables
0,,n=0,...,Q — 1. The function

()

extended to R by periodicity with period 1, has a Fourier expansion

V(D) 5 ot

n=—oo

where

=6 and c, = /1/\ <§) o(—nf)df < ——. necZ\{0}.  (427)

n2y2’

The last relation follows from integrating twice by parts and the implicit constant
depends only on our choice of A\. Thus, the Fourier expansion of A is given by

Ag(0) = dye((m,0)),

where m = (mo, ..., mg_1) € Z% and
Q-1
dp, = H Cm,, -
n=0
We define for every m € Z% \ {0} and z € R the polynomials
Q-1 Q-1
Q) == H (n4x)™ and Q(z):= H (n+a) ™.
0 et
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Let M :=Z2 N [-M, M]? and
P2(Q.M) = {Pn=Q}— Q, :m e M\ {0}}. (4.28)

Observe that Z2(Q), M) is a set of non-zero integer polynomials of degree at most
M@ and height bounded by a constant H(Q, M). We also define the set

A(Q, M) = Ay U Ay, (4.29)
where

Al II{&EA[Id<C¥)>MQ+1},

Ay, = {a e A\ A :Vz,y e NN [O,exp2 (QQ)] ,

for m e M\ {0}, and

Finally, we consider the curve

R x (0,1] 3 (7,) — ~o(r, a) = (k’g(”—w)f) .
2m 0<n<Q
Lemma 4.3. For any k € Ny and d > 3, there exist positive numbers C3 = Cs(k),
Cy and Cs(d, k), such that the following is true:
Lete >0, Q > C3/e®, M > Cyexp (2Q?), a € A(Q, M) and d > d(a) + 1.
Then there exists positive number v = v(d, k), such that if

4d

T > Csmax { (Kexp ((M +2)exp (Q%))) @ =3 ,6_2"},

where

K = K(Q, M, a) := [H(Q, M) (MQ +2)]"® " [H(a)(d(a) + 1)"/2] """,

(4.30)
we have
1 2T
0T /A(’}/Q(T, a)—0)dr —1| < Q_2
T

and

2T % 9

[0 tatr.) =) ¢ (0 + irsa) = Zoo(s+in0a)| | ar

r - (4.31)

<2 [Aotralra) - 0))dr
T

for any 0, € R? and A ((d+1/(2d))™1) < o < 1, where A ((d+1/(2d))™!) is
defined as in (4.26]).
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Proof. First, we will show that

2T
1 _
W/AQ(VQ(T,Q)—Ql)dT—l <Q

T

for suitable @, o, T and any 8, € R¥. The Fourier expansion of the function
0 — Aq(0—0,)

is given by

A0 —60)) = hwme((m.0)),

where hg := 69 and hy, := dype((m,—0,)), m € Z9. For M € N,

+o00 Q-1
S st m2)| < S hal <0 5 e} (3 k) -

mgM mé¢M In|>M n=—00
From (4.27) we know that
1 400 A 2
Secd m Ews(@). o

where A > 1 is an absolute costant. Therefore, from (4.32) we conclude that

2Q
A8 —6)) = D hme((m,8)) + O (% (?) ) : (4.34)

meM

Observe that by 6 = Q=2 we have

A 2Q A 3Q ;
Q@ (3) < Q6% (g) < 69Q (AQ)*? < §%exp (@)

Hence, relation (4.34]) can be written as

0% exp (@%) <Q2>) . (4.35)

Nof8~8) = 3 hue((m.0)) +0 (=

meM

In the sequel we use the notations
1) =Ag (yg(T,0) —0,) and n:=n+«

in order to avoid extensive expressions. In view of (4.35)), we have
o7 o7

[ =+ S b [[ettmnatr. ) +0 (P2,

T meM\{0} T
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or

Q—T/ d7—1+5QT S /(ggz;) d¢+0(%).

meM\{0} T

(4.36)
It follows from the definition of h,, and (4.33)) that
A “ Q 6Q Q 2
Dol < (%) <0%(AQ" < 8% (Q7). (4.37)

It also follows from (4.28) and (4.29) that if m € M \ {0} and a € A(Q, M),
then Py (a) = Q) (a) — Qp(a) # 0. Thus,

("
/<Qr_n<a)> dr <«

T

log

Qi () ‘ max{Q}; (a), Qp,(0)}

0..(a) On(0) - Qnla)] ~ A

Now Corollary yields that, for every m € M\ {0} and a € A(Q, M),

Q1 () — Q)| > [H(Q, M) (MQ + 1))~ [H(a)(d(a) + 1)V?] “ > K.

(4.39)
Along with the estimate
Q
maX{Q;(a), Qula)} < HnM < exp (MQQ) , (4.40)
n=1
we conclude from - - that
LT (@1  Kesp (M +1)Q?)
exp exp +
5QT/€(T)dT 1< i + T )
T

For Q > 1, M > exp (2Q%), a € A(Q, M) and T > Kexp ((M + 2)Q?), with
suitable constants in >, we obtain

2T

(SQ_T /AQ(’YQ(T, OZ) —Q1>d7' -1 < Q_2 (441)
T

We proceed now with the proof of relation (4.31). Let I denote the left-hand
side of (4.31)). Let also a € A(Q, M) and d > d(«) + 1. It follows from Lemma
that there exists positive number v = v(d, k), such that

[e1/4)

—log(n + a))" -
(M (s;a) = E ( - + 04 (t77), t2>t >0,
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uniformly in A((d—l—l/(Qd))fl) <o <1land 0 < a < 1. By substituting
this approximate functional equation in [ for sufficiently large T >, (), and by
setting p(7) := |71/¢], it follows that I < I + I, where

2
2T p(7) 2T

oo 7 )
L = /é(r) g % dr and I, = /E(T) Ouy (777) dr.
nU 1T ’
T n=@Q T

Thus, it suffices to prove the theorem for I; and I,. We start by estimating I;:

) 2

e 2) log 71"
I < (5Q+O (ﬁ))/ Z nUiT dr+

T p(7) ~“\k 2
—1
s X [elmman | L SE | (42)
meM\{0} T n=Q
5% exp (Q?)
Q
= {5 +O< M )1 S1+ Z || [S2m -
meM\{0}

We estimate each of the terms on the right-hand side of (4.42)) seperately. By
interchanging integration and summation we obtain

p(2T) (lo ~)2k i (log 711 log 715 )* T\
n n n n
S = E %T/deL E ELCRL L /(72) dr,
n2e ning nq
n=Q T Q<n1#n2<p(2T) b

where 77 = max {T, ﬁd} and T = max {T, ﬁf,ﬁg}. Since o € (0,1], d > 3 and
o>A(1/(d+1/(2d))) > 3/4, we get

p(2T)

logn) (log n)** B -
Z (o) e <k Z s <k Q2 (log Q)™ <1, Q74 (4.43)
n=Q
and
log 71, log fip)* log p(2T))*"
> log L ) <, > %. (4.44)
Q<n1#na<p(2T) e Q<ni#na<p(2T) (M17)
Therefore,

2T .
1 2T Qk ~ 1T
S <, Q_1/4T+ Z % /(@) dr
1>

Q<n1#n2<p(2T) (21722 n1
1 fio |1
<p Q7MT 4 (logp(ZT))% T 10g~—2
Q<n1#n2<p(2T) (n1n2) ny
< Q*1/4T + p<2T>1/2 <logp(2T))1+2k
<k QT +p(21)P1. (4.45)
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For the second sum we have by interchanging integration and summation

p(27) (log ﬁ)Qk 2T Q- (a) i
SQm = Z 720 / <Q_ (a)) dr +

n=Q T m
2T i
log 7y log fig)* +(a)n
ooy lmlen)t (gg ;) Ry
Q<mgm<pery 12 S \Fml®Mm

Here we consider two subcases, depending on whether a € A; or a € Ay. Tt
follows from the definitions in (4.28) and (4.29) that, if m € M\ {0} and a € Aj,
then

Qu(@) = Qpla) #0 and Qp()n2 — Q)i # 0. (4.47)
Thus, applying Corollary it follows similar as in (4.38])-(4.40) that

2T

Qne))” :
/ (Qr_n(a)> dr < Kexp (MQ?) (4.48)

T

< K p(2T)4® exp (MQQ) .

J \ @ule)m Qi ()2 = Q)i
(4.49)
From relations (4.43)), (4.44)), (4.46)), (4.48)) and we obtain
Som <, (Q—1/4 + p(27)V/#4) (1og p(2T))2k> K exp (MQ?) (4.50)

<, (Q7Y 4 p(2T)P/ @) K exp (MQ?) .

If now o € Ay, then the second condition of relation (4.47) may not be satisfied.
However, by the construction of the set A, this can not happen too often. Indeed,
for every m € M \ {0}, the equation

Qnla) z+a
Qu@)  yta

has at most one solution in the positive integers, (p, Ym) say, with z,, # Ym, as
follows from the irrationality of a. In case such a solution does not exist in the
set (NN[Q, —|—oo))2, the estimate for So,, is the same as in (4.50). If it exists,
then we have to add in the term

(10g (2 + )" (log (Yo + )"

@m0 (gmt o)

Y
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where z,, and y,, are both greater than () and at least one of them is greater

than (exp (QQ))Z. Therefore, for sufficiently large @@ >, 1, the additional term is

bounded above by
T

exp (Q%) Q'
In view of the preceding and (4.37)), (4.42)), (4.45)) and (4.50), we conclude that

1 590 (2292 (grii 4 pory

M
T
Q 2 —1/4 3/4+d(a) 2
+ 0% exp (Q%) {(Q + p(27) ) Kexp (MQ?) + exp (Q%) Q172
or
2 K M +1)Q?
I < Q1 l2+ eXpA(f ) 4 eXp((T +1@ )] 59T+
@) (4.51)
+ {1 + % + Kexp ((M + 1)@2)} §9p(2T)3/4tdle),
Observe that
p(2T>3/4+d(a) <<d,k T3+4(ti(§)—d) T
Then, for Q >, 1/e%, M > exp (2Q?), a € A(Q, M), d > d(a) + 1 and
T >k (K exp ((M + 2)Q2)) T i3 , (4.52)
with suitable constants in >, we deduce from (4.41]) and (4.51)) that
o7
2
h<5 [Aoboma)-g)ar (4.53)
T
for every A ((d + 1/(2d))_1) <o <1andf, €RY.
Finally, we estimate I by
o7
]2 <<de T_V/AQ (’)/Q(T, Oé) - Ql) dr. (454)
T
The lemma now follows from (4.52))-(4.54)). O

If in the latter lemma we take & = 0 and s instead of o, where s will range
over a rectangle inside the critical strip, then by minor modifications in the above
proof where necessary, we obtain the following

Lemma 4.4. For every H > 0 and d > 3, there exist positive constants C§, C}
and C; = CL(H,d), such that the following is true:

81



Lete >0, Q > C4/e8, M > Clexp (2Q%), a € A(Q, M) and d > d(a) + 1
Then there ezists a positive number v = v(d), such that, if

T > Clmax { (K exp ((M + 2) exp (Q2))) T a(e ,872”},

we have
2T
MLT/A(’}/Q(T,Q) —0)dr —1| <@~
T
and
o7 2T
[ Aetalr.a) = 0) (¢ - Go) s +ima)fdr < 2 [ Ao (ro(ra) ~ 0))dr
T T

for any 0, € R? and s € R, where R is the open rectangle with vertices oy iH
oo +iH and A(1/(d+1/(2d))) < o1 <0y < 1.

4.3 Proofs of the Main Results

We are now able to finish the proofs of the theorems from the first section.

Proof of Theorem[/.1. Let o, N, A, €, a, R and Q be as in Lemma [4.1 Then,
for every @ > @y and « € [A, 1], the system of inequalities

g
< - k=0,....,N
47 ) )

S=0

‘@C@ 5906

has a solution 8, = §,(a). If we take 6 = @2, then the inequality

16, — Oon| <0 (4.55)
implies that
o Q]'mgn+a )" e(0) = e(6on)|
5k (6e (5,8, 0) = Cq (5,69, )) o ; n+a)°

1
< E(SQ log Q
< Afl/QQfl IOgNQ
<N,A Q'/?

for k =0,...,N. Thus, the system of inequalities

1/2
<< <<gzi) S k=0,...,N, (456)

S=0

-

@CQ <S> Q7 Oé)
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is satisfied whenever o € [A,1], Q@ >na Qo + 1/e* and holds. On the
other hand Lemma yields, for every @ > C3(N)/e®, M > Cyexp (2Q?),
a € AQ,M)NI[A1] and d > d(a) + 1, the existence of a positive number
v(d, N) such that, for every

T > C5(d, N) max { (Kexp ((M +2)exp (Q%))) T d(w ,6721/},

we have
2T
/AQ(WQ(T, a)—0y)dr >0° (1-Q %) T (4.57)
T
and
N 2T i )
Z Ag (vo(T,a) — 6,) (W (o +ir;a) — WCQ (s+i7,0, ) dr
k=0 S s=0
N 2 or
< Z /AQ(’)/Q(T, a) —6y)dr
o AN 1)) (4.58)
, 20
£
=7 /AQ(VQ(ﬂ a) — 0,)dr
T

<SR (14+QY)T
4

for A(1/(d+1/(2d))) <o <1

Let Q >y.a (Qo+ C5(N)/e®), A(1/(d+1/(2d))) < o < 1 and assume that
there is no solution 7 in [T, 27 for the system of inequalities (4.4). Then, for
every 7 € [T,2T], there is a k, € {0,..., N} such that

N
k=0

k 2

. 0 .
C(k) (o0 +it;a) — @CQ (s + 17,0, @)

ok ?
> ‘C(kf) (0 +it;a) — ek (o (s +1i1,0, @) .
1 2 kr 2
(k+) ,
> 3 |C (c+im; ) —ag,| — |ak, — ek Co (s +1i7,0, @) .
g2 g2
>
-2 4
_e
=
as follows from (4.56|). However, this contradicts (4.58)).
Now let
Ur(a) == {1 € [T.2T] : Ao(vo(T,a) — §,) # 0} . (4.59)
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By definition Aq is bounded above by 1. This and (4.57)) imply that
m (Ur(a)) > 6% (1-Q ) T. (4.60)

If Mr(a,0) is the set of those 7 € Ur(«r) for which the system of inequalities

) 1 1/2
Q° + ) N

(W (0 +imia) —ar] < (QW

is satisfied, then relations (4.56))-(4.60]) yield that
1
m (Mr(o,0)) > §5Q (1-Q*)T.

For if that was not true, we would have
N
k=0

for every 7 in the set of positive measure Uy (o) \ Mz(a, o). It then would follow

from (£.56), (57) and (E60) that

k 2

dsk

—_

Q>+
Q-1

2
C(k) (0 +iT;00) — Co(s+i1,0,a) > %

S=0

2T N 2
. o .
/AQ (vo(T, @) — 6,) Z (W (o +ir;a)— @QQ (s +i7,0, @) dr
T k=0 s=o
e2Q*+1 /
> — Ao (vo(T, ) — 6y) dT
S s Ao e) )
e2Q*+1
> — A —0,)dr —
> S [ Aele(r) =8 dr —m(Mye.0))
€ o L
> Zé (1+Q )T,
which contradicts (4.58]). ]

Proof of Theorem[{.4 Beginning with the Taylor series of f,

£ (s,
fis) = S L0,
k=0 )

k

valid for s € K, we observe, by Cauchy’s formula

®)(s :k—! ﬂds
FB(s0) = At /| G ,

27i — 5p)F

that }f(k)(so){ < kIMr=*, where M := max)s_s—, |f(s). Fixing a number d, €
(0,1), we get
’f(k)(s(])

(5 — 80)%| < Mo}

k!
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for |s — so| < dor. If € € (0,]f(s0)|), we can find N = N(dp, e, M) such that

Z f(k —50)°| <e,

for |s — so| < dor.

Now let § € (0,d0). Then, of course, the latter inequality holds in particular
for s satisfying |s — so| < dr. Now we apply Theorem with a, = f®)(s),
k=0,...,N. Then, for « € A(Q, M) N [A,1] of degree at most dy — 1, and T
satisfying relation , there exists t; € [T, 27T such that

€W o +iti;a) — [P (so) < e k=0, N,

Thus,

(k) ( N f(k)
Y, = ZC UO+Zt1, S—Sg)k—zf k(!so) (S—So)k
=0 k=0
N
< Z
k=
g €ex

< ((57")

for |s — so| < dpr. Now write 7 = t; — to, then 1+ ity = s¢ + i7.

Next we use the Taylor expansion for ((s;a) on the shifted disk K + i7. For
this purpose we need to exclude the simple pole at s = 1; hence we also request
T > r. Under this assumption we have

C(s +ima) = i (" (so+iT; ) (5 — s0)F

k!
k=0

for s € K. Let M(7) := max)s_s|=r [((s + i7;a)|. Then, again by Cauchy’s
formula,
(W (sg +iT; )

(s — so)k‘ < M(r)6"

k!
for |s — so| < dor. Hence,
N
Y3 = |((s+iT;a) ZC SO+” a)(s—so)k
k=0
®) (59 4 iT; o
= Z C ( Ok| )(S — So)k
k>N '
5N
<
for |s — so| < dpr. In combination with the above estimates this yields
N
IC(s+it;a) — f(s)] < 1+ X+ X3 <e+ceexp(dr)+ M(T)1 5
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for |s — so| < dr. Now we choose § > 0 such that M (7 )1 5 = €(2—exp(0r)); this
choice is possible since the left hand side tends to zero as ¢ — 0 while the right
hand side tends to € > 0, resp. the left hand side tends to infinity but the right
hand side remains bounded as 6 — 1. This proves the corollary. O]

Proof of Theorem[{.3. Let R be an open rectangle in the strip
3
Z<1_£§00§0§1

with vertices oy + iH, 09 +1H, where H > 1 such that K C R . Let also Qg
be the ineffective constant given in Lemma [3.4] for

4 0\2
Then, for every @ > @y and « € [A, 1], there are real numbers 6y, = 0y, («) for
which

R-1

max < RV2<E,
sekC 4

Q- 00
n—i—a TLZ:: n+a

If we take 6y, =0 forall 0 <n < R—1and 6! = Q% > QR, then the inequality

n=0

10, — Oon| <0 (4.61)

implies that

QOn)l (5@ 1 g
< - e =
n+a _a01<RA3/4<<4

max [Go (s, 8, a) = Go (s, 89, )]

M@

n=0

Thus, by increasing if necessary R with respect to A and ¢, we have

2 1 1/2
mx |6 - o sl < 5 < (25 7) 3 (4.62)

whenever A < a <1 and (4.61)) is satisfied.
On the other hand Lemma [4.4] yields, for every

8
27(og — 01)H>

(K, 0G)z

M > Clexp (2Q?), a € A(Q,M)N[A,1] and d > d(a) + 1, the existence of a
positive number v(d) such that, for every

QZ€§€§=¢’§<

T > CL(H,d) max { (K exp ((M + 2) exp (Qz))) a3 ,552”},

we have
2T

[ Aatra(ra) ~ a2 6 (1= T (463)

T
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and

2T

[ Bei0r) =81~ @) (s +ima)dr < 2 [ g (a(ra) - ) dr

T

for every s € R. Then, Theorem yields that

2T

2
[ 80 a(ra) = ) (max (s iria) o (s ir0.a)l ) dr

< WT/AQ (o(T, @) — ) //G|(C—CQ) (s +it;a)|" dodtdr o

2T
52
< [Aalora) -8 dr
T

< 40 (1+Q*)T
. .

Now the theorem follows by arguing similarly as in the proof of Theorem
For the sake of completeness we repeat briefly the proof of the positive lower
density.

Let Q > Qo + Cheb, M > exp (2Q?) and o« € A(Q, M) N [A, 1] be of degree
at most dy — 1. If Nz(a) is the set of those 7 € Ur (), where Ur(a) was defined
in , such that the inequality

1/2
mea’g<|g(s—|—i7';a) — f(s)] < (2?221_1) €< 2

is satisfied, then it follows from (4.62))-(4.64) that
1
m (Nz(a)) > §5Q (1-Q )T

The only difference to the proof of Theorem is that here the number @)y, and
in consequence the number @) too, is ineffectively computable. O
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Chapter 5

Hypertranscendence

We use Ostrowski’s theorem to prove the hypertranscendence of ordinary Dirich-
let series, whose coefficients are given by some arithmetical function with specific
properties. At first we consider arithmetical functions which are almost-periodic
in the sense of Bohr and Besicovitch, while in the second part we study zeta-
functions which arise from Beatty sets.

5.1 A Passage from Arithmetic to Analysis

Let C[Xy, ..., X,] be the set of all polynomials of n 4+ 1 variables which have
complex coefficients. A holomorphic function is called hypertranscendental if it
does not satisfy a non-trivial algebraic differential equation. More precisely, a
holomorphic function f : Y« — C defined on a non-empty open set U C C is
called hypertranscendental, if for any relation

P (f(s), f'(s),-., f™(s)) =0,

where P € C[X,,...,X,], that holds identically for s € U, we have P = 0.

The study of differential independence for Dirichlet series has a long history.
The first result in the literature is from 1887 and is due to Holder [35] who proved
that Euler’'s Gamma-function I' is hypertranscendental. In his famous address at
the 1900 International Congress for Mathematicians in Paris, Hilbert [34] stated
that ((s) is hypertranscendental and the proof is based on the hypertranscen-
dence of the Gamma-function and the functional equation of ((s).

A detailed proof of Hilbert’s statement for the hypertanscendence of ((s) was
given by Stadigh (cf. [62]) in his PhD thesis. Later, Ostrowski [62] showed a much
more general theorem. Before stating it, we need to inroduce some notation. In
the sequel we denote by p, the n-th prime and, for any positive integer y, we set

My = {plfln-p];y:kl,...,kyeNO}.

If L(s;a) is an ordinary Dirichlet series, that is,

L(s;a) := Z aln)

ns ’

n=1
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where a : N — C is an arithmetical fucntion, let o(L) be the abscissa of absolute
convergence of L(s;a), that is,

"

N
mSUp N log (nz::l ]a(n)\) , if anl la(n)| diverges,
o(L) = (5.1)

log ( ; la(n )|> , if >7,51 |a(n)| converges.

lim sup

lim sup
N—oo 108 N

\

The latter formula can be found in [91, 9.15].
Assume that p is a non-negative integer, hg < hy < --- < h, are real numbers
and vy, v1, ..., v, are non-negative integers with

o
Z vi+1).
7=0

Finally, we define 2 to be the class of all ordinary Dirichlet series L(s;a) satis-
fying the following two conditions:

i. o(L) < o0;

ii. there exists no positive integer y such that {n € N:a(n) # 0} C .4,.

With the above notation, which will be kept for the rest of the chapter, Ostrowski
proved

Theorem 5.1. Let L(s;a) € 9 and P € C[Xy,...,X,] be a non-zero polyno-
mial. Then,

P(L(s 4 ho;a), L'(s + ho: a), ..., LY (s + ho:a), L(s + hy; a),
L LY (s+ hyja),..., L(s+ hy,a),..., LW (s 4 hu;a)) =0

does not hold identically for s € C with o + hy > o(L). In particular, for p =0
and hg =0, L(s;a) is hypertranscendental.

Reich [72] improved Ostrowski’s theorem, where he substituted the non-zero
polynomial P, with a continuous and locally non-trivial function ¢ : C¥ — C,
that is, a function such that for every non-empty open set Y C C¥, the restriction
of ® to U is not identically zero. Recently, Nagoshi [61] proved a generalization
of Reich’s result:

Theorem 5.2. Let L(s;a) € Z, N be a non-negative integer and 5 : C¥ — C
be a continuous and locally non-trivial function. When N > 1, let ®q,..., Py_1 :
C¥ — C be continuous functions. Then,

> 8" P, (L(s + ho; a), L'(s + hos a), ..., L¥) (s + ho; a), L(s + ha; a),

LY (s 4 hysa), .. L(s+hy), ..., LY (s 4 hy;a)) =0
does not hold identically for s € C with o + hy > o(L).
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Corollary 5.1. Assume that L(s;a) € 2. Moreover, let N and M be non-
negative integers and g, ..., Oy_1,Pn : CMFTL — C be defined as in Theorem

53 If )
Z s"®,(L(s;a), L'(s;a),..., L™ (s;a)) =0
n=0

holds identically for s € C with o > o(L), then ®,, =0 for every 0 <n < N.

The latter corollary can be considered as a weak version of the functional
independence described in Chapter 1. In the sequel we identify two classes of
Dirichlet series L(s;a) which are not (yet) proven to have the universality prop-
erty, as subsets of . Although, this approach does not lead to universality or
even functional independence in the sense of Voronin, the simple property (ii)
that we ask from an arithmetical function a to have, will allow us to prove, using
only elementary methods, that L(s;a) € 2 and, thus, it satisfies Corollary .

5.2 Dirichlet Series with Almost Periodic Coef-
ficients

In this section we study ordinary Dirichlet series L(s;a) which arise from almost
periodic arithmetical functions @ : N — C. We refer to Section for an
introduction to the notion of almost periodicity. We present only the necessary
definitions needed to state our results. Let

A :=spanc {t —> e(ft) : 5 €[0,1)}.

An arithmetical function a is called uniformly almost periodic if, for any ¢ > 0,
there exists P € A such that |la — P| < ¢, where ||a|« := sup,cy|a(n)|. We
denote the set of all these functions by A,.

Moreover, if ¢ € [1,4+00), then an arithmetical function a is called B?-almost
periodic if, for any € > 0, there exists P € A such that [[a — P||, < &, where

1/q
1
= | I — q .
lallq (ﬁgsogpr Ia(n>|>

n<zx

We denote the set of all these functions by A%
Lemma 5.1. Let Aj := {a € A7 |a||, > 0}, ¢ > 1. Then, A,\{0} C (>, Aj-

Proof. For a € A, \ {0}, there exists a positive integer ng such that a(ng) # 0,
and a trigonometric polynomial P € A such that

sup la(n) — P(n)] < - (5.2)

where ¢ is a fixed positive number satisfying € < |a(ng)|. It follows from Theorem

that the set £ (P,¢/3) N Z, where

& <P,§> = {TE]R:sup|P(J:+T)—P(x)| < E},

zeR 3
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is relatively dense. Thus, there exists ¢ > 0 such that any interval of the real
line of length ¢ contains at least one integer from the set £(P,e/3). Hence, for
any k € Ny, there is an integer 7, € [ng + 2k(, ng + (2k + 1)¢] such that

€

ilelIIR? |P(z+ 1) — Px)] < 3 (5.3)

Then, relations (5.2]) and (5.3) yield that

sup la(n + 1) —a(n)| < e
neN

and, thus,
la(ng + 71)| > |a(ng)] —e >0

for every k € Ny. Since 75, < no+(2k+1)¢ and 711 —71 > 2(k+1)0—(2k+1)¢ > 0,
it follows that
1 1 (k + 1) (Ja(no)| — &)

k
S q
o + 7% nz::l la(m)]* 2 2n0+(2k+1)£;|“(n0+7”)| 7 ng+ 2k + 1)1

for every k € Ny. Therefore,

no+T, 1/
lallg = { L : OEH\ ()] | latno) - >0
a 1m an =
q — k—oo Ng + Tk = (26)1/f1

and this completes the proof. O]

Theorem 5.3. If a € Af for some ¢ > 1, then L(s;a) € 9.

Proof. For a € A%, there exists a triginometric polynomial R € A, such that
llall; >0 and |ja — R||, < 1.

The first condition implies that the series ) -, |ay| is divergent, while the second
one, by Minkowski’s inequality (Theorem [A.12)), that

N
1
i q
N 7?1 la(n)[* < max |R(z)]

for all N € N. In view of the formula ({5.1]) for the abscissa of absolute convergence
o(L) and Hoélder’s inequality (Theorem [A.11)), it follows that

N
1
L) =1li 1
o(L) m sup ;= log <n§:1 |a(n)|>

1 N 1/q
< i log | N1~/a q
< limsup ;= log (Z\a(n)l >

n=1

=1
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Now assume that a* := {n € N:a(n) # 0} C ., for some positive integer
y. The assumption ||al|, > 0 implies that a* is infinite. Since a € A, for the
positive number ||a||,, there exists a trigonometric polynomial P € A such that

1/q
(nmsup LS Jafm) - P<n>|q) —Na=Ply<lall. (54

Using Minkowski’s inequality we obtain that

1/q 1/q
(Z ja(n) — P(n)|q) > > Lar(n)]a(n) - P(n)|q>
o o 1/q 1/q
> DT (n)la(n)lq> - (Z Las (n)| P(n)]*
- 1/q - 1/q
> (> |a(n)|q) —L (Z l%(n)) :

where |P(z)| < L for all z € R. Thus,

T—00

1/q
lall, < |la—P|l,+ L (hmsup Z]l///y ) : (5.5)

n<x

Recalling the definition of M, it follows that, for suffciently large z >, 1,

] L ,
> 1y, (n) Z Z 1<y Y 1k, 1ngyH1 '
n<x k1=0 ky=0 k1 =0 ey =0 =1 08 Di

>Y_ kilogpi<logx
Therefore,
li 1 -0
s 3o

and, thus, from ({5.5))
lallg < lla = Pllg,

which contradicts inequality (5.4). Hence, there is no positive integer y such that
a* CM,. O

Theorem can not be generalized to the whole space A?. Consider, for
example, the function 14 : N — {0,1} where A = {2" : n € N}. Then, 14
belongs to A? with || 14|, = 0 for any ¢ > 1, since

1
Jim 5 2 1) =

n<x
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Taking the corresponding Dirichlet series

N

n=1 n=0

one can prove that it satisfies the non-trivial algebraic differential equation

f'+1og2(f* = f) =0

and, thus, it is not hypertranscendental.

However, the set {a € A9 : ||a||, = 0} contains also arithmetical functions
with far more interesting properties. In [79] it is proved that for suitable mul-
tiplicative functions a with zero mean-value, the corresponding Dirichlet series
L(s;a) has the universality property, in the sense of Voronin, inside some strip
of the complex plane which depends on a. In the case of a periodic arithmetical
function a, the value-distribution of the corresponding Dirichlet series L(s;a) is
much better understood. We refer to [86] for an exposition of relevant results,
where universality results are obtained as well.

5.3 Beatty Zeta-Functions

For given positive real numbers «, 3, the associated Beatty set or Beatty sequence
is defined by
B(a, B) = {lan+ 8] : n € N},

where it is understood that the elements of %(«, ) are to be enumerated in
increasing order. Often enough only the case f = 0 is considered and, thus,
sometimes A(«, 0) is called homogeneous. Otherwise, Z(a, ) is called inhomo-
geneous Beatty set. We refer to [88] and the references cited there for a survey
on Beatty sets and some generalisations thereof. We will only present a very
special feature of Beatty sets, as well as the prime number theorem analogue for
such sets.

Lemma 5.2. Suppose that o« > 1 and 8 > 0 are real numbers. Then an integer
m is an element of B(«, ) if and only if

TG (5_1,5} mod 1.

(07 (67 (0%

Proof. This follows immediately from the definition of &(«, 3). O

Theorem 5.4. Suppose that o > 1 and B > 0 are real numbers. Then,

1 —1 1
lim —— {pgx prime:me<ﬁ ,—} modl}:—
o

T—00 71'(:[,‘) « (0% (0%

The proof of the theorem follows from a classical theorem due to Vinogradov
(see [39, p. 489
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Theorem 5.5. Let p,, denote the n-th prime and suppose that o > 0 s irrational.
Then the sequence ({pn/a}),cn s uniformly distributed mod 1.

We consider polynomials P € Z[X] of positive degree satisfying P(N) C N
and we want to investigate the more sophisticated Dirichlet series, which we also
call Beatty zeta-function,

L(s; P, B(a,B)) := Z

1
c P(lan+ B])*
Further we will assume that |« 4 5] > 1 to have everything well-defined.

Theorem 5.6. Let o, 5 be positive real numbers with |+ 8] > 1 and P € Z[X]
be a non-constant polynomial with P(N) C N. Then L(s; P,%#) € 9.

Proof. Since P is a non-constant polynomial, it follows that
P(lan+p]) > |lan+ (] >n

as n — oo. Therefore, L(s; P, #(a, 3)) is absolutely convergent for ¢ > 1. This
allows us to rearrange the terms of the latter series in the following manner

L(s: P, B0, 5) = 3 20

n=1

ms '

where a(m) = g{n € N : P(lan + ) = m}. Thus, L(s; P, %) is an ordinary
Dirichlet series with o(L) < 1.

Now assume that a* := {n € N : a(n) # 0} C .#, for some positive integer y.
Let P(x) = apr®+...+a1x+ag be the given polynomial with integer coefficients

and ; .
P1epa ... py + 1, if P(|8]) =0,

[P(LBD)Ip1p2 - -py, if P(B]) #0,

where d € N is sufficiently large so that P(|ant + ) > P(|3]) for all n € N.
Recall that p, denotes the n-th prime. We consider two cases. If « is a positive
rational number, that is, if & = r/q for some positive integers r and ¢, then we
set ng = q7 and we observe that

P(lang + 8]) = ap(rm + [B])" + ...+ a1(r7 + |B]) + ao = trm + P(|8]),

where / is a strictly positive integer by our choice of d. But then
or(mpy .. .py + 1), if P(|8])=0,

|P(LBDIErpy?p .. .py £1), if P(1B]) #0,

P(lang +5]) =

which clearly implies that P(|ang + 8]) ¢ M,. Thus, the assumption of the
existence of such y is not true in case « is a positive rational number.
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If « is a positive irrational number, we employ the theory of continued frac-

tions (see [32, Chapter X]). Let [ag, a1, as . . .| be the continued fraction expansion
of o and

In = [ag, a )

- = Y0, UL,y .-y Un],

an

n € N, its n-the convergent. Then

r 1 1
0<a——2< <
QZn q2n 2”Q2n

(5.6)

for all n € N. Hence, if we take a sufficiently large positive integer n such that

i< 1_(B_LBJ)’ (57)

2n T

then relations (5.6)) and (5.7]) yield that
0 < ago,m+p— (rant+ |B]) <1

or, equivalently,
LQ/QQnT + BJ = TonT + LBJ

If we set ng = @o, 7, then

P(lang + B]) = P(ron + |8]) = lran + P(15]),

where ¢ € N, and the proof follows as in the case of o being a positive rational
number. O

If P(x) =z, > 1and 8 > 0, we can actually derive more information about
the Beatty zeta-function

= 155(0,) (1)
( ; an+ﬁj ;T, o>1. (5.8)

From Theorem it follows that, if p? is the n-th prime in %(a, ), then
p? ~ anlogn. (5.9)

This yields an interesting result regarding the measure of hypertranscendence of

L(s; B(a, B)).
As we have aready defined in the beginning of this chapter, a holomorphic
function f : U — C is hypertranscendental if for any relation

P(f(s), f/(5), ..., f™(s)) =

where P € C[Xy, ..., X,], that holds identically for s € U, we have P = 0. The
term “hypertranscendence” is chosen for a good reason. That is because we ask
from a function to have a property that exceeds the one of transcendental real
numbers, like e and 7. And as in the case of transcendental numbers, one may
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ask “how far” is f from being algebraic, in the sense of finding lower bounds for
the quantity

inf [P (f(s), f'(s), ... [7(s))

if P# 0and n € N. Of course we can say, alternatively, that such bounds
measure the hypertranscendence of f.

Such problems were first investigated by Popken [65] [66], 67, [68]. His main
object of research was transcendence of real numbers or arithmetical functions.
However, in those references one can find yet another example of how the prop-
erties of an arithmetical function a affect the value-distribution of the associated
Dirichlet series L(s;a). For a more detailed account on this special connection
that an arithmetical function a share with L(s;a), we refer to [45] and [46]. In
particular, we are going to make use of the following theorem which is proved in
[45, Corollary 3.3]:

Theorem 5.7. Let L(s;a) =), -, a(n)n™° be a Dirichlet series, r be a positive
integer and P € C[Xy,. .., X,| be a non-zero polynomial of total degree g. If there
is a set of r + 1 primes {py < -+ < pry1} such that a(p;) #0,i=1,...,r+1,
then

|P(L(ﬁa)aﬂ(ﬁa),...,L<T>(.;a))|2( 1 ) |

Pr+1

where the Dirichlet series, their derivatives and operations are considered for-
mally.

The latter theorem, the definition (5.8) and relation (5.9) yield the following
theorem regarding the measure of hypertranscendence of L(s; Z(«, 3)):

Theorem 5.8. Let a« > 1 and B > 0. Then, for any positive integer r and any
non-zero polynomial P € C[Xq,...,X,] of total degree g,

|P (L (s; B(a, B)), I/ (s; B, B)), ..., L") ({g%(%ﬂ)))‘ >0 (ow‘llogr)g’

uniformly in o > og > 1.
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Appendix A

A.1 Uniformly Distributed Sequences

The material presented here can be found in [48]. We begin with the definition
of a uniformly distributed sequence.

Definition A.1. A sequence of real numbers (x,)nen 1S said to be uniformly
distributed modulo 1 (abbreviated u.d. mod 1) if for every 0 < a < b < 1 the
following relation holds:

lim t{1<n<N:{z,} €lab)}
N—o0 N

=b—a

Already from the definition, one can prove

Theorem A.l. If the sequence (z)nen @S u.d. mod 1, and if (Yn)nen S @ Se-
quence with the property lim, ., (z, — y,) = «, a real constant, then (Y, )nen IS
u.d. mod 1.

Proof. For a proof see [48, Chapter 1, Theorem 1.2]. n

Uniformly distributed sequences have two remarkable properties which are
described in the next two theorems.

Theorem A.2. The sequence of real numbers (x,)nen is u.d. mod 1 if for every
real-valued continuous function f defined on [0,1] the following relation holds:

N—o0

1S /
i 2 f(d) = | .

Proof. For a proof see [48, Chapter 1, Theorem 1.1]. O

Corollary A.1. The sequence (,)nen 8 u.d. mod 1 if for every complex-valued
Riemann-integrable function f on R with period 1 the following relation holds:

lim lE:f(xn) = /f(m)dx

N—ooo [V
n

Proof. For a proof see [48, Chapter 1, Corollary 1.2]. [
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Theorem A.3 (Weyl’s Criterion). The sequence (zp)nen is u.d. mod 1 if and

only if
| XN
Ji g 2 ¢t =0
for all integers h # 0.
Proof. For a proof see [48, Chapter 1, Theorem 2.1]. m

The latter theorem implies for example that the sequence (an),ey is u.d.
mod 1, if « is an irrational number. In fact, the following theorem holds true.

Theorem A.4. Let P,(z) = a1x + -+ + aqz? be a polynomial of degree d > 1
with real coefficients. If a; is irrational for some j =1,...,d, then the sequence
(Py(n))nen is u.d mod 1. If aq is irrational, but ay/aq is rational fork =1,...,d,
then the sequence (| Py(n)] 0), . is u.d. mod 1 if and only if 1, aq, 0ay are linearly
independent over Q. Otherwise, the sequence (| Py(n)]0) _ is u.d. mod 1 for
every irrational 6.

neN

Proof. For the first part of the lemma see [48, Chapter 1, Theorem 3.2], while
for the second part [11, Theorem 2]. O

We also give the multidimensional setting of uniformly distributed sequences.

Definition A.2. A sequence of vectors of real numbers x, = (Tp1,...,Tne),
n €N, is said to be u.d. mod 1 in R® if for every 0 < a; <b; <1,j=1,...,¢,
the following relation holds:

lim %ﬂ {1 <n<N:{z,}e H[aj,bj]} = [[®; - ay).

N—oo
Jj=1 Jj=1

Theorem A.5. The sequence of vectors of real numbers (x,)nen is u.d. mod 1
in R if for every compler-valued Riemann-integrable function f defined on [0,1]¢
the following relation holds:

N
im 3 Sz = [ fla)de
N= z::l [0,1]¢

Proof. For a proof see [48, Chapter 1, Theorem 6.1]. n

Theorem A.6. The sequence of vectors of real numbers (x,)nen 1S u.d. mod 1
in RY if and only if for every lattice point h € Z*, h # 0,

| N
lim N Ze ((h,z,)) =0.

N—o0
n=1

Proof. For a proof see [48, Chapter 1, Theorem 6.2]. [
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Corollary A.2. The sequence of vectors of real numbers (z,,)nen S u.d. mod 1
in RY if and only if for every lattice point h € Z°, h # 0, the sequence of real
numbers ((h,x,)),cy 5 t.d. mod 1 in R.

Proof. For a proof see [48, Chapter 1, Theorem 6.3]. O

Lastly, we present a discrete analogue of a theorem which can be found in
[43, Appendix, §8, Theorem 3]. The proof is straightforward and so we omit it.

Theorem A.7. Suppose that the sequence (z,,), oy is u.d. mod 1 in RN. Let
L be a closed and Jordan measurable subset of [0,1]~ and let F be a family of
complez-valued continuous functions defined on L. If F is uniformly bounded
and equicontinuous, then the following relation holds uniformly with respect to
fez:

A.2 Useful Formulas and Inequalities

Theorem A.8 (Stirling’s Formula). If 01,09 are real numbers with o1 < o9,
then

—rlt 1
IT(s)| = (2m)Y2|t|7 % exp (%) (1 + O, 0 (W)) L |t >t >0,

uniformly in o1 < o < 9.
Proof. For a proof see [89, Chapter II, Corollary 0.13]. [

Theorem A.9 (Perron’s Formula). Let ¢,y and T be positive real numbers. If
we set

0, O0<y<l, c+iT 1
1 1 z
S(y) =4 = = d I(y,T):=— F—
1, y>1 c—iT
then
g
y min ) ) y Y
1y, T) =) < . T|logyl
= = 1.
T Y
Proof. For a proof see [38, Lemma 12.1]. m

Theorem A.10 (Abel’s Summation Formula). Let (an)nen be a sequence of
complex numbers. If

At) =) an, t>0
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and f € CY([1,z]), then

> anf(n) = A~ [ @S W

1<n<z 1

Proof. The proof follows immediately from an application of the formula for
partial integration of Stieltjes-integrals:

x

— /A(t)f’(t)dt.

1

xT

S auf(n /f 040 = [A0f0)

1<n<z 1-

]

Theorem A.11 (Holder’s Inequality). Let X be a measure space with measure
w and p,q € (1,+00) be such that 1/p+1/q=1. Then

[ iralae< ([ Ifl”du> ( / |g|Qdu)l/q (A1)

for any measurable functions f,qg: X — C.
Proof. For a proof see [16, Theorem B.15]. O

Theorem A.12 (Minkowski’s Inequlaity). Let X be a measure space with mea-
sure p and p € (1,400). Then

(/X |f+g|Pdu) " < (/X ,f’pdﬂ) 1/p+ (/X |g|pdﬂ)1/p (A2)

for any measurable functions f,g: X — C.
Proof. For a proof see [16, Theorem B.16]. ]

A.3 Polynomials and Polynomial Inequalities

The first two theorems can be found in the homonym book of Borwein and Erdélyi
[8], where they are presented as exercises. Lagrange’s interpolation theorem is
given in [8, Chapter 1, Section 1, E.6], while Markov’s inequality in [8, Chapter
5, Section 2, E.2].

Theorem A.13 (Lagrange’s Interpolation Theorem). Let z; and y;, 1 =0, ..., n,

be arbitrary complex numbers except that the z; must be pairwise distinct. Then
the polynomaial

n n
zZ — Zj
z) = , 2 €C,
B E=
k=0 =0
i#k
1s called the Lagrange interpolation polynomial and it is the unique polynomaial
with complex coefficients and of degree at most n such that

for everyi=20,...,n.
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Theorem A.14 (Markov’s Inequality). Suppose that P € C[X] is of degree at

most n and it satisfies
’P <cos ‘E)‘ <1,
n
max ‘P(m)(x)| <

n? (n? = 1) (0% = 2%) .. (n = (m —1)°)
ae[~11] h (2m = 1)}

for every 7 =1,...,n. Then

for everym=1,... n.
The next theorem originates from a work of Giiting [28].

Theorem A.15. Let P(X) and Q(X) be non-constant integer polynomials of
degree n and m, respectively. Denote by o a zero of Q(X) of ordert. If P(a) # 0,
then

[Pa)] = (n+1)' =™ (m + 1)~/ H(P)' ="/ H(Q) ™/ (max{1, [a})"
Proof. For a proof see |10, Theorem A.1]. O
From Theorem [A.15] we obtain

Corollary A.3. Let P(X) be a non-zero integer polynomial of degree n and
a € (0,1] an algebraic number of degree d(c) and height H(«). If P(a) # 0,
then

[P(a)] = (n+ 1) (d(a) + 1) 2H(P) " H(a) ™.

A.4 Facts from Hilbert Space Theory and Func-
tion Theory

Let R C C be a bounded domain. The Bergman space A?(R) is the set of all
analytic functions f : R — C which are square integrable on G, endowed with
its natural norm

1 fIer) = //R | f (o +it)|*dodt.
Theorem A.16. Let R be a bounded domain. If f € A*(R) and z € R, then

JE
f(2)] < WWHA?(R),

where d (z,R) = min{|z —w| : w € IR}.

Proof. For a proof see [15, Chapter 1, Theorem 1]. n
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Theorem A.17. Let xq,...,x, be elements of a complex Hilbert space H and

let as, ..., a, be complex numbers with |a;| <1 for 1 < j <n. Then there exist
complex numbers by, ... b, with |bj| =1 for 1 < j <n, satisfying the inequality
n n 2 n
> ajap = bl <4l
7=1 7=1 H Jj=1
Proof. For a proof see [86, Lemma 5.2]. O

Theorem A.18. Let X be a locally convex vector space. Let K C X be a closed
convex set, and suppose that z € X \ K. Then there exists a continuous linear
functional ¢ € X* and a constant ¢ € R such that {(y) < ¢ < l(x) for ally € K.

Proof. For a proof see [16, Theorem 8.73]. O

Theorem A.19 (Hadamard’s Three-Circles Theorem). Let so € C and f be an
analytic function, reqular for ri < |s — so| < r3. Then for every ri < ro < rs

max 179) < (e 1706)) (| ma |f(8)|>b,

|s—so|=T2 [s—so|=r1 |s—so|=r3
where
_ log(rs/rs) and b — log(rg/rl)‘
log(r3/m1) log(rs/r1)
Proof. For a proof see [91) Section 5.3]. O

Theorem A.20 (Borel-Carathéodory Inequality). Let sq € C and f be an ana-
lytic function, reqular for |s — so| < R. Then for every 0 <r < R

R+r

e [705)] < o s RO + TGl
Proof. For a proof see [91, Section 5.5]. ]

Theorem A.21 (Mergelyan’s Theorem). Let K C C be a compact set with
connected complement. Let also f be a continuous function on IC and analytic in
its interior. Then for every e > 0 there exists a polynomial P € C[X] such that

max|f(2) = P(2)] < &,

Proof. For a proof see [74, Chapter 20]. O

A.5 Spaces of Almost Periodic Functions

The theory of almost-periodic functions was pioneered by Bohr and developed
by himself, Besicovitch, Bochner, Stepanoff, Weyl and many others. We recom-
mend Besicovitch’s book [4] on a survey to the different kinds of almost periodic
functions. However, since we focus on properties of arithmetical functions, [78]
is also of great importance.
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Definition A.3. A set £ C R is said to be relatively dense if there exists a
number £ > 0 such that any interval of length ¢ contains at least one number of
the set &.

Definition A.4. A continuous function f : R — C is called uniformly almost-
periodic if, for every € > 0, the set

E(f,e) = {7’ eR:sup|f(z+71)— f(x)| < 6}
Tz€R
15 relatively dense.

Observe that periodic functions belong to this more general class of functions.

Theorem A.22. Let f : R — C be a uniformly almost periodic function. Then,
for any e > 0, the set E(f, &) NZ is relatively dense.

Proof. For a proof see the theorem in [4, Chapter I, §11, 4°]. H

Let
A :=spanc {t —> e(0t) : 5 €[0,1)}

denote the set of all trigonometric polynomials with complex coefficients. Bohr
[33] proved the following remarkable theorem:

Theorem A.23. A continuous function f: R — C is uniformly almost periodic
if and only if there is a sequence of trigonometric polynomials P, € A, n € N,
such that

lim sup |P,(z) — f(x)] = 0.

n—oo zeR

Bohr’s work inspired many mathematicians to study the set A (or subsets of
A) endowed with various norms or semi-norms. We turn our attention to the
uniform norm and the Besicovitch semi-norms. It is straightforward to confirm
the following lemma by using Minkowski’s inequlaity (Theorem [A.12)).

Lemma A.1. Let ¢ > 1. The functionals
[ floos I+ llg s A —R

defined by the formula
[Plloc = sup |P(n)|
neN

and
1 1/q
P||, = | limsup — P(n)|?
i1, = (s 10
for any P € A, are semi-norms. Moreover, || - || is a norm.

Now we can naturally introduce the concept of almost periodicity in the case
of arihmetical functions f : N — C:
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Definition A.5. We define
A, =1 |l — closure of A

to be the space of uniformly almost periodic arithmetical functions and for ¢ > 1,
Al = || - ||, — closure of A

to be the space of Bl-almost periodic arithmetical functions.

It can be seen that (A", || - ||) and (A, || - ||;) are Banach spaces and
ACA, CA CACA

for any 1 < ¢ <r. The latter follows from the inequality || f|, < ||f|l, for » < ¢
and f an arithmetical function. Moreover, if f € A!, then its mean-value

M() = lim 5 Y fn)

n<x

exists. We refer to [78, Chapter VI| for the aforementioned statements. In our
case we will need the following

Theorem A.24. Let f and g, k € N, be Bi-almost periodic arithmetical func-
tions for some q > 1 such that

lim gy — fll, = 0.
—00

Then
lim M (gy) = M(f).

k—o0

Proof. We know that M (f) and M(gx), k € N, exist and

M(gs) — M(f)] = lim -

T—0o0 U

> (g(n) = f(n))

n<x

< llge = Flls < llgs = fllo-

Taking k — oo the theorem follows. m
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