Almost Completely
Decomposable Groups of

Type (1,2)

Dissertation zur Erlangung des
naturwissenschaftlichen Doktorgrades

der Bayerischen Julius-Maximilians—Universitat
Wiirzburg

vorgelegt von

Ebru Solak

aus Ankara

Wiirzburg 2007






Eingereicht am: 30. Juli 2007
bei der Fakultat fuir Mathematik und Informatik

1. Gutachter: Prof. Dr. O. Mutzbauer
2. Gutachter: Prof. Dr. P. Miiller






Wer den Weg ans Meer nicht weib,
gehe nur dem Flusse nach

Sprichwort

Danksagung

Mein besonderer Dank gilt Herrn Prof. Dr. O. Mutzbauer fiir seine
freundliche und hilfreiche Unterstiitzung wahrend meiner Promotion.
Ich danke meinen Eltern, Nurdan und Dogan Solak , meiner Schwester
Nilay Solak und meinen Freunden, die mir wéhrend dieser ganzen Zeit
Mut gemacht haben.

Wiirzburg, 30.Juli 2007 Ebru Solak






Erklarung

Hiermit versichere ich, dass ich die vorliegende Dissertation selbststandig
angefertigt und dazu nur die angegebenen Quellen benutzt habe.

Wiirzburg, den 30. Juli 2007

Ebru Solak






9.

N TR WD

CONTENTS

Introduction

Preliminaries

(1,2)-groups

Properties of Representing Matrices

Normal Form

General Decomposability

About Decompositions for Regulator quotient of
Exponent p*

Decomposability for Regulator quotient
(Zpk)ll h (Zpkflyz ) (Zpkfl)ZS with £ <6

(1,2)-Groups with Regulator quotient of Exponent < p*

10. Conclusions and open questions
References

13
17
23
33

37

41

63
65






1. INTRODUCTION

We wish to determine indecomposable local almost completely decom-
posable groups with a critical typeset in (1,2) configuration. As a
(1,2)-type configuration we understand an ordered set {7, 7, 73} of
three types with the single order relation 75 < 73. Arnold and Dugas, [2]
and [6] obtained that local almost completely decomposable groups of
type (1,2), briefly (1,2)-groups, with fixed critical types 7, 72, 73, and
regulator quotient of exponent at least p’, allow infinitely many iso-
morphism types of indecomposable groups. It is not known if the
exponent 7 is minimal, i.e., if there are only finitely many isomor-
phism types of such indecomposable groups with smaller exponent.
We describe groups by representing matrices relative to the two main
invariants of almost completely decomposable groups, namely the iso-
morphism types of the regulator and the regulator quotient, with the
intention to show that there are only finitely many indecomposable
(1,2)-groups with those invariants. Note that representing matrices
describe an almost completely decomposable group G as an extension
of the regulator R by the regulator quotient G/R.

Since we are interested in indecomposable groups we may assume the
group G to be p-reduced, and moreover, we can switch the groups
within a near-isomorphism class. This last statement is due, first to
the fact that nearly isomorphic groups coincide in these two invari-
ants, and secondly to a theorem of Arnold [1, Corollary 12.9], saying
that groups that are directly decomposable share this property with all
nearly isomorphic groups.

All final results are collected in the Theorems 10.1 and 10.2. It is shown
that indecomposable (1, 2)-groups with regulator quotient of exponent
< p* are of rank < 5. It is proved that there is an indecomposable
group of rank 4 and there is an explicit test example of a group of
rank 5. The latter group is not known to be indecomposable or not.
Moreover, there are several isomorphism types of regulator quotients,
also for higher exponents, for which there are no indecomposable (1, 2)-
groups. In so far the remaining gap for regulator quotients of exponent
p°, pb gets smaller. But there are still a lot of open problems waiting
for an answer whether for example there are finitely or infinitely many
isomorphism types of indecomposable (1, 2)-groups for those exponents
and a fixed critical typeset.






2. PRELIMINARIES

Let R = @, Sizi C QR be a completely decomposable group, com-
pletely decomposed, with rational groups Z C S; C Q. We call this
a decomposition of R and the set X = (x1,...,2,) a decomposition
basis of R. Let m be a natural number. If p~! ¢ S; for all primes p
dividing m and pS; # S;, then X is called an m-decomposition ba-
sis for the given decomposition of R. If additionally S; C S, for
t(S;) < t(S;) where t(S;) and t(S;) denote the types of S; and S;
respectively, then X is called an m-Koehler basis for the given decom-
position of R. For each decomposition of R there exist such m-Koehler
bases. Since a Koehler basis for the given decomposition of R has the
form (ajxq,...,a,2,), where the a; are rational numbers, we can even
realize any set (71,...,T,) of rational groups T;, where T; = S; such
that the properties of an m-Koehler basis hold for the T;. A torsion-free
abelian group is called m-reduced, for a natural number m, if there is no
proper p-divisible subgroup for any prime p dividing m, or equivalently
for the group R, there is pS; # S; for all 1 <14 < n and all p dividing m.
A torsion-free abelian group G of finite rank is called almost completely
decomposable if it has a completely decomposable subgroup, say R, of
finite index. In particular, G is m-reduced if and only if R is m-reduced.
The completely decomposable subgroups of an almost completely de-
composable group G with minimal (finite) index are called regulating
subgroups. The intersection of all the (finitely many) regulating sub-
groups of G is called the requlator of G. This regulator is a uniquely
determined subgroup, that is known to be completely decomposable.
The isomorphism types of the regulator and the regulator quotient are
isomorphism invariants of an almost completely decomposable group.
Note that the quotient of an almost completely decomposable group
relative to some regulating subgroup is not an invariant.

Proposition 2.1. Let m be a natural number and let

n

R= @ = BT
i=1 i=1
be two direct decompositions of the completely decomposable m-reduced
group R with S, = T]. Then there are two m-Koehler bases (x1, ..., x,)
and (Y1, ..., Yn) of R for the two decompositions of R, respectively, such
that



(1) R=;, Sixz; = B, Siyi, where x; € Six} and y; € Ty,
(2) Ty = Z] 1PiY55 where Pij € Z,

(3) Si m] 1PigS, and piy =0 if S; & 5,

(4) det(p; ;) is relatively prime to m.

Proof. (1) is obvious, say R = @}, Siz}, = @;_, Siy..

(2): There are rationals pj; € S; such that o} = 37, pi 4/}, If there
is a prime divisor ¢ of the denominator of some p; ; with ¢S} = S,
then we replace y; by y7 = ¢~ yj, where t is sufficiently big to change
all p} ; to pf; such that all the denominators of all p}; are relatively
prime to ¢. Those changes of the basis elements 3 do not change the
coefficient groups S}. Thus (yy, .. .,¥,) is still an m-Koehler basis, and
we may assume that the least common multiple s of the denominators
of all pf; in the expression xj = )" =1 Pi;y; has no prime divisor g for
which there exist g-divisible coefficient groups Sj. The least common
multiple s of the denominators of all pf ; is relatlvely prime to m, since
we have m-Koehler bases.

Now we replace all y by y; = s; 1y;’ , where s; is a natural number such
that Sjy; = S's; -1 Yy with ¢~ @é S; for all primes ¢ dividing the least
common mult1ple s This changes all coefficients pj; to integers pj ;.
Thus we obtain R = @), Sz} = @;_, Siy;. and z, = ijl P ;y;- Do-
ing the same with the m-Koehler basis (2}, ..., ), Le., Sjz; = Sjt; 2
for suitable natural numbers ¢; with ¢~' ¢ S; for all primes ¢ dividing
the least common multiple s, we get R = @), Siz; = @, Sit; 2} =
P, Siyi, and x; = Y7 pijy;, where pi; = t;'p;; € S;, and since
pi; € Z we have p; ; € Z. This shows (2).

(3): The equation follows by

x(@:) = x(i) = () x(pigys)-
j=1
Consequently, p; ; = 0if S; ¢ Sj.
(4): To show that the determinant of the matrix p = (p; ;) is relatively
prime to m, observe that the adjoint p’ of p satisfies pp’ = det(p)E,,
where E,, is the unit matrix. Then det(p)y; = > i, i 74, implying
that det(p) is relatively prime to m. O

The transition with the matrix p from one m-Koehler basis of R to
another m-Koehler basis, as in Proposition 2.1, can be considered
as an automorphism p of the divisible hull Q R, defined as p(z;) =
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> i1 Pijyj- This automorphism is called an (R, m)-automorphism.
An (R, m)-automorphism p preserves the divisible hulls of the type
subgroups R(7), i.e., p(Q R(7)) C Q R(7) for all types 7.

An almost completely decomposable group G is called m-local, if the
regulator quotient is a group of exponent dividing m.

Lemma 2.2. Let G be an m-local, m-reduced almost completely de-
composable group with regulator R. If p is an (R, m)-automorphism,
then the group H = R+ p(QG) is nearly isomorphic to G.

Proof. By definition of p we have p(G) C H with index relatively prime
to m. Thus G, H are nearly isomorphic by [10, Theorem 9.2.4]. O

Lemma 2.3. Let G be an m-reduced almost completely decompos-
able group with a completely decomposable subgroup R such that G/R
is a finite group of exponent dividing m. If (xy1,...,2,) is an m-
decomposition basis of R, and if (91 + R, ..., .+ R) is a basis of G/R,
where the cyclic group Z(g; + R) = Zy,, i.e., k; divides m, then there
are representatives

1
g; = E(O%lxl + -+ ij’nain) € g; + R,
J

for 1 < j < r, with integers o;;. Moreover, the entry «;; is unique
modulo k;.

Proof. Let

Gy = @ o ).

J
where o ;x; € R. Then o, = (3;,/7;: is a fraction in canceled form,
and the denominator v;; is relatively prime to m, since we have an
m-decomposition basis. Let p be the least common multiple of all

Yjas- Vi and let g, s be integers such that gp = 1 + sk;. Then

1
95 = (ap=sky)g; = - (apely@r -+ gpofwn) = s(ofyar+-- 4o ).
Since a1 + -+, x, € R and since all coefficients gpa;; € Z, the
desired representative is g; = kj’l (qpoz;Jxl +-- 4 qpozgynxn).
Moreover, if there are two different representatives g;, g7 with integer
coefficients, then

/ j—

9j

/

1
9; = E((O% — )+ 4 (g, - Qjn)Tn) € R,
J
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and k; ' (o, — aji)x; € R for all 1 <i < n. Thus o, = oj; modulo k;
for all 1 < ¢ < n, since G is m-reduced and since we have an m-
decomposition basis. Il

Let G be an m-local, m-reduced almost completely decomposable group
with regulator R and regulator quotient G/R = @, _, Zy,. Let S =
diag(k; ' | 1 < h <) be a diagonal matrix corresponding to the isomor-
phism type of the regulator quotient. Relative to an m-decomposition
basis (x1,...,x,) of R and a basis (g1 + R, ..., g, + R) of the finite
group G/R, there is an r X n integer matrix a = (oy;) as in Lemma 2.3.
The matrix Sa is called representing matriz of G relative to the two
given bases. Note that Sa is unique, if we choose the integer entries
0< Qi < k‘j for all j, 1.

Conversely, suppose that R = @), S;z; with an m-decomposition ba-
sis (21,...,2,). Let S = diag(k;™",..., k') be a diagonal matrix
and let o = (a;;) be an r x n integer matrix with r < n. Then
the decomposition of R and Sa, both together, determine a unique

group G = (R, ¢1,...,¢-) with R C G C Q R, where
1
95 = E(Oéj,lxl ot ),
j

for 1 < j < r. Replacing the entries «;; by o

J8)
mod k;, will not change G. We therefore assume in general that all

— /
where «;; = oy,

entries o; satisfy 0 < «;; < k;. In particular, we put a;; = 0 if
Qi € k?j 7.

We need a well known fact on finite abelian groups. Let G = D, Zgn,
where Z gy, = Z,,, be a finite group of rank r and exponent m, with
basis (g1, - -, 0r). Each automorphism of G allows a description by an
integer matrix U with determinant relatively prime to m. Let S =
diag(k;1 |1 <h< T), corresponding to the isomorphism type of G.
Then the integer matrix U of size r and with determinant relatively
prime to m describes an automorphism of G relative to the given basis
if and only if there is an integer matrix U’ such that US = SU’, cf. |7,
Section 3.11, Theorem 3.15]. Clearly, the integer matrix U’ is also of
size r and has determinant relatively prime to m.

Proposition 2.4. Let Sa be the representing matrixz of an m-local,
m-reduced almost completely decomposable group G with requlator R
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relative to an m-Koehler basis of R and a basis of G/R. Let an au-
tomorphism of the requlator quotient be described by the integer ma-
trix U with determinant relatively prime to m, and US = SU'. Let
an (R, m)-automorphism p be described by the integer matriz (p; ;).
Then the group H = R + p(G), that is nearly isomorphic to G, has a
representing matriz

S(U'a(piy)).

Proof. Let Sa be the representing matrix of the group G relative to
the m-Koehler basis (x1, ..., x,) of R and the basis (g1 + R, ..., 9.+ R)
of the regulator quotient, where the generators g; are given as in
Lemma 2.3 relative to the m-Koehler basis (zi,...,2z,). If the au-
tomorphism of the regulator quotient is given by U, then the new gen-
erators g; are given by the matrix SU’'«a relative to the m-Koehler ba-

sis (21, ..., ,). Now switching to the new m-Koehler basis (y1,. .., yn)
by p, as in Proposition 2.1, we get the representing matrix S(U’oz(pz-,j))
of H as desired. 0

We illustrate these basis transformations by an example.

Example. The two groups G = Z[11 'z + Z[317 ']y + Z “2 and
H = Z[117 2 + Z[317 Yy 4+ Z *¥ have the regulator R = Z[117']z @
Z[3171y. The groups G, H are nearly isomorphic, but not isomorphic.
The regulator has the two 5-Koehler bases {z, 2y} and {z,y}. There is
no automorphism of the regulator R = Z[117 !z & Z[31" ']y that maps
those bases onto each other, since 11 = 31 = 1 (mod 5). Clearly, there
is an (R, p)-automorphism, since 2 is a unit modulo 5. The choice
of a new Koehler basis in general means that we change to another
group. By way of contradiction assume that the restriction «|g of an
isomorphism « : G — H is an automorphism of R, thus it is given by

a rational 2 x 2 matrix A of the form A = <8 2) , relative to the basis

(x,y) of Qz & Qy. The matrix A is diagonal, since R is rigid. The
entries a € AutZ[117'] and b € Aut Z[317'], i.e., a = 11° and b = 31
for s,t € Z. The automorphism «|g (or the isomorphism «) induces

an automorphism @ of 5~ 'R/R that is described by the 2 x 2 matrix
a

A= <0 g) € GL(2,Zs) relative to the basis (5~ 'z + R,5 'y + R) of
5'R/R. ie,a=a+5Z,b=b+5Z € Z/57Z. Wehavea =b =1,

since 11 = 31 = 1 (mod 5) . Hence @ is the identity on 57'R/R,
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thus a(G/R) = G/R # H/R, a contradiction. Thus G,H are not

isomorphic.

Remark 2.5. If an almost completely decomposable group G is de-
composable, then there is a decomposition basis (x1, .. ., x,) of its regu-
lator such that G = (x1, ..., 2s)«® (Tsi1, .- ., Tpn)s, the sum of two pure
hulls in G. Then there is a basis of the regulator quotient such that
a corresponding representing matrix is the direct sum of two matrices,
i.e., it is a block diagonal matrix. By Proposition 2.1 the (R, m)-
automorphisms allow to switch between arbitrary decompositions of
the regulator. By Lemma 2.2 we get a nearly isomorphic group this
way, and by Proposition 2.4 it is clear how to obtain a representing
matrix of those groups. Thus for decomposition questions it is enough
to use (R, m)-automorphisms and automorphisms of the regulator quo-
tient.

The transition from one m-Koehler basis to another m-Koehler basis
by an (R, m)-automorphism and from one basis of the regulator quo-
tient to another one transforms a representing matrix of a group to the
representing matrix of another group that is nearly isomorphic. We for-
mulate this briefly by saying, that we get a corresponding representing
matrix.

Let p be a prime. We call an integer m a unit modulo p if m is not divis-
ible by p. An integer matrix is said to be p-invertible if its determinant
is a unit modulo p. Two integer matrices of the same format are called
congruent modulo p* if all entries of the difference matrix are divisible
by p¥. The p-rank of an integer matrix is the rank of the reduction
of this matrix modulo p over the Galois field GF(p). A square integer
matrix is p-invertible if and only if its reduction modulo p is invertible.

For later use we formulate an elementary result for integer matrices.

Lemma 2.6. Let p be a prime, let r,n,k be natural numbers. For an
integer matriz M of format r x n the following are equivalent:

(1) All matrices LMY , where L is a p-invertible lower triangular
matrix and Y s p-invertible, have the property that every row
has at least one entry that is a unit modulo p.

(2) r < n and for all p-invertible matrices X there is a p-invertible
matriz Y such that XMY = (E,,0) modulo p*, where E, de-
notes the unit matriz of size r.

(3) M has p-rank r.
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Proof. 1t is enough to show that (1) implies (2). We consider all ma-
trices over the field Z,. Then the indicated property translates to
“entries not 0”7 instead of “units modulo p”. Thus M has rank r,
i.e., r < n. Since the lower triangular matrices over a field describe
the Gauf} algorithm downwards, there is an invertible lower triangular
matrix L and a permutation matrix ¢) such that LM has upper tri-
angular form, cf. the LU-decomposition for matrices over fields. Thus
there is an invertible matrix Y such that LMY has precisely r en-
tries 1 along the main diagonal, and all other entries are 0. Now we
consider the original integer matrices. For every p-invertible integer
matrix X, the matrix XM has p-rank r and there is a column permu-
tation P such that XM P = (N, H), where N is p-invertible. Consid-
ering these matrices over the ring Z /p* Z, the matrix N is invertible

and with Y = P (Ngl _N;H) we obtain the desired result. O
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3. (1,2)-GROUPS

A p-local, p-reduced almost completely decomposable group of type
(1,2) is briefly called a (1,2)-group. Now we specialize the notation
to (1,2)-groups. The regulator quotient G/R = EB£=1 (Zpkh)lh, where
k =k >--- >k, >1,is a finite p-group of exponent p* and rank
r= 2£=1 [n. The regulator quotient has the hth step (Zpkh)lh. A basis
of G/R is the union of the bases of those steps, where

h—1 h
{9, + R Zli <J< le}
i=1 i=1

is a basis of the hth step of the regulator quotient. The regulator is
the direct sum R = Ry @ Ry @ R3, where R; is homogeneous of rank r;,
and n = r; + ro + r3 is the rank of GG, and the types of the R; form a
(1,2)-diagram. R is the regulator of G if and only if Ry and Ry @ R3
are pure in G.

To obtain a representing matrix for the group G, we fix a p-Koehler
basis (xl, B R 1 PO S T ,zm) of the regulator R according
to the given decomposition of R. Thus, if R is the regulator of GG, and
since G is p-reduced, the characteristics of the elements of a p-Koehler
basis all have p-height x,(x;) = Xx,(v:) = Xxp(zi) = 0.

Let (g; + R |1 < j <) be a basis of the regulator quotient G/R,

1 72 T3
(3.1) g; = p‘kh (Z 0T + Z Biiyi + Z %ﬂi) ;
i=1 i=1 i=1

where the negative p-power in front is p=*» if Z?;ll I, <5< Z?:l l;
for 1 < h < f, according to the given decomposition of the regulator
quotient.

By Lemma 2.3 the three matrices a = (aj;), 5 = (8ji),y = (7j:) may
be assumed to have integer entries, and they form a so called section
matriz (a, 0, 7) of overall format r x n, whereas the single sections
a, B, v are of format r x ry, r X ro, v X r3, respectively. Let S =
diag(p_’“hElh |1<h< f), where the unit matrices Ej, are of size [},
and k = ky > kg > --- > k; > 1 with the exponent p* = exp(G/R)
of the regulator quotient. The matrix M = S(«a, 3,7) is a representing
matrix of the group G. The section matrix (o, 3,7) is called section
part of the representing matrix M. Clearly, the matrix S is given by
the isomorphism type of the regulator quotient, i.e., S is unique for a
given GG. Moreover, S together with the section part of M determines G
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up to isomorphism but the section part of a representing matrix is not
unique.

The isomorphism type of the regulator of a (1, 2)-group is given by the
sequence ((7’1,7’1), (re, 7o), (7"3,73)), and the isomorphism type of the
regulator quotient is given by the sequence ((k:h,lh) | h=1,... ,f).
A representing matrix M = S(a, 3,7) of such a group reflects all in-
variants of the isomorphism types of the regulator and the regulator
quotient except of the specific critical types 71, 7o, 73 of G.

A more precise description of the automorphisms of G/R and of (R, p)-
automorphisms by matrices is necessary. By Proposition 2.1 an integer
matrix V' describing an (R, p)-automorphism has block structure ac-
cording to the (1,2)-type constellation,

X 0 0
V=0 Xy, X4,
0 0 Xs

where X, X5, X5 are p-invertible matrices, and X, is arbitrary. For
decomposition questions it is enough to consider (R, p)-automorphisms,
cf. Remark 2.5.

The integer matrices describing automorphisms of finite abelian p-
groups inherit a block structure by the block structure of the group.

Specialized to our case let [j,...,[; be natural numbers. An integer
matrix
All A12 . Alf
Agl AQQ . Agf
M = (Ay) = : S :
Af1 Afg R Aff

with blocks A;; of format [; x [; and szzl [; = r, is called a block
matriz of format (l,),. Note that the block matrix M is square of
size r. Let k = ky > --- > k;, > 1 with natural numbers k;,. A
block matrix of format (i), is called an (I, kp)p-automorphism ma-
triz if all diagonal blocks A;; are p-invertible and if A;; € phi—ki M(l; x
l;,Z) for all i@ > j. Note that an ([, k)s-automorphism matrix is
p-invertible and describes an automorphism of a finite p-group isomor-
phic to @£21 (Zpkh)lh relative to some basis. Moreover, for a fixed
sequence (Ip, kp)n, the set of all (I, kj)p-automorphism matrices forms
a multiplicative group.
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Let H=D,_,Zh; = ®£:1 (Zpkh)lh be a finite p-group of exponent p*
and rank r = S 1, Let S = diag(p™ E;, | 1 < h < f), where
the unit matrices Ej, are of size [, corresponding to the isomorphism
type of H. The p-invertible integer matrix U of size r describes an
automorphism of H relative to the given basis if and only if there is
a p-invertible integer matrix U’ such that US = SU’. In particular,
(I, k) p-automorphism matrices describe automorphisms of H, and if
U = (Uij), using block notation, then U" = (Uj;), where all diagonal
blocks U}; are p-invertible and UY; € p*~% M(l; x I;,Z) for all i < j.
The following Lemma is a straightforward consequence of Proposi-
tion 2.4.

Lemma 3.1. Let S(a, 3,7) be the representing matrixz of a (1,2)-group
with regulator R. Let an automorphism of the regulator quotient be
given by the (I, kp)n-automorphism matriz U, and US = SU'.

Let an (R, p)-automorphism be given by the p-invertible integer matriz

X1 00 ‘ ‘ o
V= ( 8 Xy X4 ) Then the corresponding representing matriz s
0 X3

S(U/OéXl, U//BXQ, U,’}/Xg + U/6X4)
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4. PROPERTIES OF REPRESENTING MATRICES

We collect some properties of representing matrices. In particular, we
are interested in properties that are forced by the indecomposability of
the group G, and the fact that R is the regulator.

If the regulator quotient of a group G has exponent p*, then replac-
ing the section part (a,(,7) of a representing matrix by a section
matrix (o/,3,7'), that is congruent modulo p*, will not change the
group. More precisely, by Lemma 2.3, the entries «;;, 5, 7;,i of the sec-
tion matrix ((a;;), (8;:), (7;4)) are unique only modulo p**, where kj,
and j correspond to each other. We will in general replace the entries
@i, Biiy v by 0 if they are in p* Z.

If there are row permutations and column permutations that change
the section part (a, 3,7) into a block diagonal form (4 %) modulo p*,
then the group is directly decomposable. In particular, included is the
special case that there is no block B, i.e., the representing matrix is
of the form (4,0) modulo p*. Clearly, if the representing matrix has a
0-column modulo p*, then the group has a direct summand of rank 1,
a rational group. Groups without rational direct summands are called
clipped.

Lemma 4.1. If S(«, 3,7) is a representing matriz of a (1,2)-group,
then there is a unit in each row of a and there is a unit in each row of

(3,7).

Proof. If there is a row in a without unit, then Ry @ R3 is not pure
in G. If there is a row in ((3,~) without unit, then R; is not pure in G.
In either case the regulator criterion for R would be violated. U

We state that the properties of a representing matrix S(a, 3,7) as in
Lemma 4.1 will not get lost if a p-Koehler basis of the regulator is
replaced by any other p-Koehler basis, and the same for some replace-
ment of a basis of G/R by any other basis.

Lemma 4.2. If S(«a, 3,7) is a representing matriz of a clipped (1,2)-
group, then the matriz « is (square) p-invertible. Moreover, there is a
p-Koehler basis of Ry and representatives of the basis elements of G/ R
such that S(E, (3,7) is the corresponding representing matrix.

Proof. Changing the p-Koehler basis of the regulator and the basis of
the regulator quotient, translates by Lemma 3.1 for the first part « of
the section matrix to the matrix o/ = U'aX;, where US = SU’ for
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some (Ip, kp)p-automorphism matrix U. The matrices U’ form a group
that contains the subgroup of p-invertible lower triangular matrices,
and X; is p-invertible. Thus, by Lemma 2.6 there are U’ and X;
such that U'aX; = (E,,0) modulo p*. But since the group is clipped
no 0-columns occur, hence « is square and p-invertible. Moreover, by
Lemma 3.1 we may choose X; = a~! changing the p-Koehler basis of R;
and no basis changes in Ry, R3. Then the corresponding representing
matrix is congruent to S(E, 3,~) modulo p*. Finally there is a suitable
choice of representatives in the basis elements of the regulator quotient
such that precisely the unit matrix FE, is obtained as the first part of
the section matrix. U

The matrices f and v are of format r x ry and r X r3, respectively.
They have a step structure (lh>£:1a lLe.,r= Z£=1 l5, and the submatrix
Br = (Bi;), where Zz;i I, <1< ZZ:1 I, and 1 < j < ry, is called the
hth step of 5. Similarly v has an (lh)£:1 step structure.

Lemma 4.3. Let G be (1,2)-group with a representing matriz S(E, 3,7).
Suppose that all entries {By; | 1 < j < 1o} C p'Z of the bth row of 3

be contained in p'Z for some t > 0. Suppose that (B,; = ptﬁl;j €

prZN\P L for some 1 < j < 1y, dee., [y is relatively prime to p.

Then there is a p-decomposition basis of Ry such that the bth row of
B' of the corresponding representing matriz S(E,[3',~) has the form

(0,...,0,p40,...,0) where the entry p* is at the jth position. More-

over, for all ¢ # b

i é,j = ﬁc,j lij_l;

® 3y =081 — ﬁc,jﬁb,jilﬁb,l Jor alll # j and 1 < r,
where ﬁ{;j*l €7, ﬁgij’lﬁ;j =1 (mod p*) and p*G C R.
If By; is a unit, i.e., t = 0, then there is a p-Koehler basis of Ry ® I3
such that the bth row of (3',') of the corresponding representing matrix
S(E,B',7) has the form (0,0,...,1,0,...,0) with entry 1 at the jth
position and for all ¢ # b there is additional

© Yoy = Yeu — BejByYou for all 1 < rs.
In particular, B.; € p*Z if and only if 3. ; € p° Z.

Proof. Let (1, ..., Tr Y1y -y Yry; 215 - - - 5 2y ) De the p-Koehler basis of
R = Ry ® Ry & Rj3 for the given representing matrix. There is a new



19

p-Koehler basis of Ry with the element

T2
Vi =i+ B
=
=
instead of ;. This changes the representing matrix to S(E, #',v) where
the bth row of 4’ has the form (0,...,0,p%0,...,0) and p’ is in the jth

column. To avoid duplication in the proof we deal with only the case
that 3, ; is a unit. Then there is a new p-Koehler basis of Ry ® R3 with

the element
T2 r3
y; = Z Boayr + Z Vo,s%s
=1 s=1

instead of y;. This changes the representing matrix to S(E,3',7')
where the bth row of (#',~') has the form (0,0,...,0,1,0,...,0) with
entry 1 at the jth position. Denote an arbitrary row of (3,v) with
index ¢ as a representing element of a generating element of G/R in

ro r3
gc = pikl (xc + Z ﬁc,lyl + Z PYc,sZs) .
=1 s=1

If we choose (Y1, .., Y-, Ypy; 21, -5 2ry) Where y; = y; for all [ # j
and yé- defined as above, as a new basis of Ry @& R3, then modulo R

Ge=p xc+Zﬁclyl +Z% szs_‘_ﬁc 7617] Zﬁblyl Z% szs

l#J l#J
=p [mc+5cjﬁbjy]+2ﬁcl BCJﬁbjﬁblyl'i'Z’ch 6cyﬁb]'7bs)zs]
l#a

the form

O

Lemma 4.4. Let G be (1, 2)-group with a representing matriz S(E, 3,7).

If in the bth row of v there is a unit v, ; for some 1 < j < ro, then
there is a p-Koehler basis of R such that the new corresponding rep-
resenting matriz is S(E,3,7') where the bth row of v has the form
(0,0,...,1,0,...,0) with entry 1 at the jth position. Moreover, for all

c#b
Vei = VeiVog O Yoy = Yei = Ve Vo, Wou Jor all 1F# 7,

where %;; €Z, fybjjlfyb,j =1 (mod p*) and p*G C R.
In particular, v ; € p*Z if and only if v, ; € p* Z.
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Proof. Let (21, 22, ..., 2r,) be a p-Koehler basis of Rs. If v, ; is a unit,
then there is a new p-decomposition basis of R3 with the element

3
Z;‘ = Z Vb,s%s
s=1
instead of z;. This changes the representing matrix to S(E, 3,v') where
the bth row of 4/ has the form (0,0,...,0,1,0,...,0) with the entry 1
at the jth position. The new 7 is obtained by exactly the same rules
as in the analogous proof of Lemma 4.3. Clearly, this transformation
will not change 3. O

A straightforward consequence of Lemma 4.3 and Lemma 4.4 is the
following corollary.

Corollary 4.5. Let G be a (1,2)-group with S(E, 3,7) as representing
matrix
(1) Suppose that By; = p* where t > 1 and jy,...,Js € [1,72] such
that By ;, € p* Z\0. Replacing yp by

h=mw+p" Y Bl
=1

changes only the entries of 3 with column indices j;. In partic-
ular, if Bej, = 0 for c #b, then B, ; = — BB

(2) Suppose that v, is a p-unit and ji,...,jJs € [1,r3] such that
M., 7 0. Replacing 2z, by

S
%=+ > Vi
=1
changes only the entries of v with column indices j;. In partic-
ular, if v.j, = 0 for c # b, then Vé,jl = =i Vb,

A zero matrix with a rows and b columns is denoted by 0[a x b]. Recall
that the unit matrix of size s is denoted by FE,. Let for a matrix 3 the
subblock of 3 consisting of the rows with index a < ¢ < b be denoted

by ﬂ[a,b} .

Lemma 4.6. Let G be (1,2)-group with a representing matriz S(E, 3,7).
Suppose that no entry of the subblock By is a unit. If ya5 = (0[(b —
a) x s|,9), then there is a p-Koehler basis of Ry and a basis of G/R
such that the corresponding representing matriz (5',7') has the follow-
mg properties:
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o B[Il,a—l] = O1,a-1)-

e There is no unit in ﬁ[’a,b].

o The first s columns of V1,41 and 7[/1,a—1} are the same. If the
last r3 — s columns of v form the 0-matrix, then this part of v/

forms the 0-matriz.
e Thereisrs > s+b—a and

Vit = (O[(b —a) x 5, By_q, 0[(b—a) x (rs— (s +b— a))]),

Proof. Since there is no unit in Jj,4), all units of this block of (3,~)
are in 7. Assume that 7,; is a unit for some s < j < r3. By
Lemma 4.4 there is a p-Koehler basis of R3 such that the ath row of
is changed to (0,0,...,0,1,0,...,0) where the entry 1 has the column
index s 4+ 1. This transformation does not change 3. Moreover, there
is a basis of G/R such that 7,541 = 0 for all a +1 < ¢ < b. This
basis transformation of G/R changes the entries of 5 with row indices
c where a +1 < ¢ < b. But there are no changes in §j ,—1. Let
S(E,3",+") be the new representing matrix. Then we have

ﬁﬁ,afl} = B[l,a—l] .

Since there is no unit in g;, B and by Lemma 4.4 the first s columns
of fy[’;’a_l] and 7)1 4—1) are the same. Furthermore, by Lemma 2.6 and
Lemma 4.1 the submatrix of the last r3 — s columns of ’y’;,b] has p-rank
b— a. Thus r3 > s+ b — a and there is a p-Koehler basis of R3 and a
basis of G/ R such that we finally get

Vo) = O[(b — @) X 5], Epa, 0[(b — @) X (r3 = (s + b — a))]).

If the last r3 — s columns of v form the O-matrix, then by Lemma 4.4
this part of 7/ forms the 0-matrix. O

Lemma 4.7. Let S(E, 3,7) be a representing matriz of a (1,2)-group.
Suppose that the entry B., € p' Z\p"** Z, t > 0, is in the hth block.
Then there is a basis of G/R such that the corresponding representing
matriz is S(E, B',~") with the property that

(1) B., in the sth block, s > h, is either (3., =0 or 3, ¢ p' Z,

(2) B, in the sth block, s < h, is either (., = 0 or (., ¢ pF~* ' Z.

In particular, if Bap is a unit, i.e., t =0, then for ¢ > a all 3., = 0.

Proof. We may assume that 3,, = p'. Denote a row of (3,~) with
index ¢ as representing element of a generating element of G/R in the
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form
T2 T3
gec = Pikhl (xc + Z ﬁc,lyl + Z ’Yc,szs)-
=1 s=1

For ¢ > a and (3., € p'Z, in the sth block of 8, s > h, we choose
representatives for a new basis of G/R by
ge = Y0P

kp—ks—t
" ﬁqbgaa
/

g9 = 9j for j#c.

Then the representing matrix changes to S(£, #',v') where 3., = 0.
For ¢ < a and 3, € pF~ 7 in the sth block of 3, s < h, we choose
representatives for a new basis of G/R by

ge = 9e—P

kp—ks—t
" ﬁc,bgaa
/

g9, = 9j for j#ec.

Then the representing matrix changes to S(E, 3',7) where 3., = 0.
]

Lemma 4.8. Let S(E,3',v) be a representing matriz of a (1,2)-group.
If B has a unit (3, in the hth block, then there is a p-Koehler basis
of Ry & Rs3 and a basis of the regulator quotient such that the first row
of the hth block of (8,7) of the corresponding representing matriz is
0,...,1,0,...,0), where the entry 1 is at the bth position and the bth
column of (B,7) is (Brp,- - - ’62?;11 Lo 10,0, 0)%

Moreover, if By is an entry of 3 in the sth block, for s < h, and in the
bth column, then either B, =0 or Biy & p*— Z.

Proof. 1f 3], in the hth block of " is a unit, then, by Lemma 4.3, there
is a p-Koehler basis of Ry @ R3 such that the ath row of the hth block
of the new representing matrix (3,v) is (0,...,1,0,...,0), where the
entry 1 is at the bth position. We may permute the ath row to the first
row in the hth block by a change of basis of G/R, and the rest follows
by Lemma 4.7. U
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5. NOrRMAL FORM

Let A = (A;j) € M(m xn,Z) be a block matrix with blocks A;;, where
Ajj € M(u; x vj,Z) and uy + -+ - +ug, =m and vy + -+ - + vy, = n.
(A;; | 7) is the ith block row of the block matrix (A;;), i.e., a matrix of

format u; x (3, v;).

Definition. Let M = S(a, 3,7) be a representing matrix of a (1,2)-
group G where S = diag(p™™ E;, | h=1,...,f). Then M is said to be
in normal form of format (ky, [, mh)£:1 if « = E,, where r = Z£:1 Iy,
the matrix (3 is of format r X ro, the matrix v is of format r x r3 and (3
and 7 are block matrices with block rows 3i,...,08y and v,...,7;,

B1 7
respectively, i.e., 3 = | : | where (3 is of format [;, X7 and v = ( : >

By f
where 7, is of format [, x r3 for all h = 1,..., f. Moreover, the block

rows of 4 and ~ have the following structure:

oy > Zle m,, and (), has block rows ﬁ,gl) and ﬁ}(?) for h =
1,..., f of format m;, x 79 and (I, — my) X 1o, respectively.

,gl>:< mhxzmz o O (s — Zmz )
= (010t = m x zmz )

where 3} is of format (I, —my) X (7"2 — " my).
If my, = 0 or [, = my, then one of these two block rows do not
exist.
°ry > Z:zl( — m;) and 5, has block rows 7h and 'yh ) for
h=1,..., f of format my x r3 and (I, — my) X r3, respectively.
%(11) = O[mh X 7’3]7
h—1 h

’)/}(LQ) = (0 [(lh—mh) XZ(lz—mz)] ) E(lh—mh)’ 0 [(lh_mh) X (7“3—2([;;-77%«))]) )

z=1 z=1

If my = 0, then 'yh ) does not exist, and if I, = my, then 7,(12)

does not exist.

Lemma 5.1. Let G be a (1,2)-group with G/R = @izl(Zth)lh. Then
there is a p-Koehler basis of R and a corresponding representing matrix
S(E,B,v) such that the hth block of (3,v) has the form
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(ﬂha’Yh): P
0 pn ||[Ey—m, | O

FIGURE 1

i.e., (Bn,yn) is in normal form. If my = lp,, then (Bu,yn) = (E,,0). If
mp = 07 then (ﬁha ’7}1) = (pnha Elh7 O)

Moreover, if G has a representing matriz S(E, 3',~") with a zero row
in the hth block of (', then there is also a zero row in the hth block

of B.

Proof. Let G be represented by S(F, 3,v") relative to a p-Koehler basis
of R. If there is no unit in [;, then by Lemma 4.6, Figure 1 specifies
to (Bn,vn) = (pmw, E4,,0), ie., my = 0 and the block row beginning
with F),, does not exist.

Let a be minimal where Zz;i l, <a< 22:1 [, with respect to that
there is a unit in the ath row of ;. By Lemma 4.8 there is a p-
Koehler basis of Ry @ R3 and a basis of G/R such that the first row of
(B1,,7;,) changes to (1,0,...,0) and the first column of 3} changes to
(1,0,...,0)". There is possibly again a row with minimal index b where
a<b< 22:1 l,, such that there is a unit in the bth row of 3. Then
again by Lemma 4.8 there is a p-Koehler basis of Ry & R3 and a basis
of G/R such that the second row of (3},~;) changes to (0,1,0,...,0)
and the second column of 3] changes to (0,1,0,...,0)". We may con-
tinue with this procedure for 3; as far as there are units. Then (3}, 7})
changes to (0,7} ) where

E 0 0
/! n mp
( ha’Yh)—( 0 % *)

If my, = Iy, then (8}, ;) specifies to (On, ) = (E3,,,0). If my < Iy,
then (5, ~;) has the form

T
(hv’Yh)—< Oh p5(1)‘(5(2) .

If there was a O-row in (3}, then this row is not changed by the above

basis transformations and will occur in the matrix pé(.
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Since each row of the matrix ((,7) has to contain a unit, forced by
the regulator criterion, the matrix 6 has at least that many columns
as rows, i.e., r3 > I, — my,. By Lemma 4.6, the matrix 62 changes
to (Ej,—m,,0). The unit matrix E,,, and the corresponding rows and
columns remain unchanged. Moreover, no new units occur in 3. Hence
(B, ;) changes to (Oh,vn) where

En, 0] 0 0)

) = 0
(O 1) ( 0 pmn| Epm, O

Lemma 5.2. Let G be a (1,2)-group with G/R = @izl(Zpkh)lh, where
f > 2. Then there is a p-Koehler basis of R and a corresponding
representing matriz S(E, 3,7) such that the hth and (h+ 1)th blocks of
(B,7) have the form as in Figure 2.

Em; 0 0
P Ey—my 0
< Bh Yh ):
Bht1 || Ynt1 Byl 0 0
0| 0 [P+ 0  (Eipyi—mnsq| O
FIGURE 2

In particular,

e if my =0, then rs > 1, and (B, ) has the form
(Bhsvn) = (01, B, Ol x (s — 1n)]).
o Ifmy, =1y, then ro > 1, and (Bh,yn) has the form

(ﬁh,’}/h) = (Elh,O[lh X (7’2 — lh)],O[lh X 7’3]).

o Ifmyy =0, then rs > Iy + U1 — my and (Bpa1, Yaa1) has the
form

(Bra1,741) = (Oflpy1r X mp], pring1,
O[ln+1 X (In —mn)], Epy s Ollnga X (3 — (I — mp + lny1))]-
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o If mpyy = lpy1, then ro > my + Ly and (Bri1, Yae1) has the
form
(Bha1,Yh+1) = (O[pg1 X map], B,y Ollag1 X (r2 — (mp +lpy1))], Ollag 1 X 73]).

Moreover, if G has a representing matriz S(E, 3',~") with a zero row
in the hth or in the (h + 1)th block of ', then there is also a zero row
in the hth or in the (h + 1)th block of (3, respectively.

Proof. Let G be represented by S(E, 3',~') with S = diag(p~* Ej, | h).
Then by Lemma 5.1 there is a p-Koehler basis of Ry @ R3 and a basis
of G/R such that (4',7’) changes to (5”,+") where the hth block row

of (8”,~") has the form
0 0 )
Ey_m, 0)°

"oy Emh 0
(Bhs>n) ( 0 pm
Moreover, if my, = 0, then (8, vn) = (pnn, Ei,,, 0[l, % (13 —1)]) and if
my = lh, then (ﬁh;f}’h) = (Elh,()[lh X (7’2 — lh)],O[lh X Tg]).

Hence we have

1! ,.Y// Emh O 0 0

( //h //h ) = 0 pnn Elh—mh 0

h+1 P)/h—i—l 51 52 ‘ 53 54
Then there is a basis transformation of G/ R such that 6; = 0[l,41 X myp]
and 83 = O[lpy1 x (I, — my)]. The hth block of 3”7 is unchanged. The
matrix Jy is of format 1 X (ro —my,) where 19 —my, > I, because of
the regulator criterion. Then by Lemma 5.1 there is a p-Koehler basis

of Ry and a basis of G/R such that J, changes to &, = < E”Bh“ P,S >
2

The matrix d4 in (8}, 77,,) is of format I,y X (r3 — (I, —my)) where
rs — (I, —mp) > lp1 — mypyq because of the regulator criterion. Hence
by Lemma 5.1 the matrix (d3,d4) changes to

E, 0 0 0
83, ) =< Mt >
( ? 4) 0 bp2 Elh+1*mh+1 0
Thus the (h + 1)th block of (5”,4”) has the form

/! " _ O Emh+1 0
(5h+1 |’Yh+1) < 0 0 P2

0 0 0>
0 Elh+1_mh+1 0

If mp4q =0, then

(Br+1:h41) = Ollp+1 X mp, ppt1], 0lht1 X (In —mp)], By 5 Ollag1 X (r3 — (ly —mp +1p11))]).
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If mp1 = lpy1, then ro > my + [, 11 by the regulator criterion and

(Brt1,Yn+1) = Olp1 X mp], By, 4 Ollpg1 X (r2 — (mp + 1p41))], Ollpt1 X 73]).

The matrix F,,, in (3, the unit matrix Fj, _,,, in 7, and the corre-
sponding rows and columns are not changed. Moreover, no new units
occur in the hth block of (3”,~"). If there was a zero row in 3}, then
this row is not changed and will occur in the matrix 7,. If the origi-
nal (" has a 0-row in (h + 1)th block it will remain unchanged and will
occur in pp. Thus the new representing matrix is S(FE, 3,~) where the
hth block and (h+1)th block of (3,~) have the form as in Figure 2. O

Lemma 5.3. Let G be a (1,2)-group with G/R = @ﬁzl(Zth)lh. If
kn — kpow = 1 for some h = 1,...,f — 1, then there is a p-Koehler
basis of R and a basis of G/R such that the corresponding representing
matriz is S(E, Bx, v«) where

E,, 0 0

h

Bh ’Yh
(Frltt) | s

Mh+1

0 [pDy|0| 0 ||Ey_m, 0

0 0 0 0 pD2 0 Elh+1—mh+1 0

with diagonal matrices pDy and pDs. The matrices pDy and pDy con-
tain only p-powers as entries. If m, = 0 or my, = l;,, then either the
block row and block column containing the unit matriz L, does not
exist or the block row and block column containing pDy does not exist
and if my, ., = 0 or muy1 = lpg1, then either the block row and block
column containing the unit matriz E,,, . does not exist or the block
row and block column containing pDs does not exist.

Proof. Let G be represented by S(E, 3,) and let (8",7") and (31, 4"*1)
be the hth and (h + 1)th blocks of (8,7), respectively. Then by
Lemma 5.2

B, 0 0 |0 0 0
v (P N0 Y @ E 00
5h+1 ,thrl 0 Emh-l—l 0 0 0 0

0 0 m¥®|lo E 0
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Since kj — kpy1 = 1 there is a basis transformation of G/R such that
pn™ = 0, that does not change anything else.

Now we apply basis transformations of G/R only affecting the rows of
, nor of o, .
There are additional changes in v that we consider later. Hence only

pn® and pn®. Those will neither change the rows of £,,

the matrix ¢ = ( zzg;) is treated by the adequate automorphisms
of G/R.

Let (wa,b | a, b) be the ideal generated by all entries of v such that
(Yap | a,b) C pt Z\p" 1 Z. 1f there is an entry pnfz with pnc(fg Z C
pt Z\p"" 1 Z, then by Corollary 4.5 there is a p-Koehler basis of Ry and
by Lemma 4.7 a basis of G/R such that the first row of pn® changes
to (p™,0,...,0) and the first column of ¢ changes to (p™,0,...,0)",

i.e., 1 changes to the form as in Figure 3. If there is no entry pnc(fg

with pnfg Z C p"* Z\p" ' Z, then by Corollary 4.5 there is a p-Koehler
basis of Ry and by Lemma 4.7 there is a basis of G/R such that the
first row of pn® takes the form (0,...,0,p") and the last column of
¥ changes to (0,...,0,p",0,...,0)". This last conclusion follows by
kn — kpy1 = 1. Hence we get ¢ as in Figure 4.

Because of notational reasons the p-powers that are in the first part of
1) are denoted by t; and those in the right part of ¢ are denoted by s;
where ¢ > 1.

ptl 0 . 0 0
0 Pﬁ(ﬁ)

(4) 0
=0 P =0 0] p"
0 0
AR LU
0 0

FIGURE 3 FIGURE 4

. (™ pn'® .
If we repeat this procedure with ) | or L respectively,
rn pn
then the first row and first column in the case of Figure 3 will not

change. Also in the case of Figure 4 the first row of the second block
of 1 and the last column of ¢; will not change. Thus we obtain one
of the cases as in Figure 5, 6 or 7,
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pt1 0 0 0
0 pt2 0 0
0 0
o = )
0 0
0 0
pr(2)
0 0
FIGURE 5
pit 0 0 0 0 0
0 0
(5)
pv . .
py(3) 0 0 0
0 0 0 0| 0 51
3 = 3 s = s P
o 0 .- 0 pH 0 0|p2] 0
0 0 0 0
o : pv(6)
0 0 0 0
FIGURE 6 FIGURE 7

where 0 < t; <ty and 0 < 51 < 39.
Successively repeating this procedure on the submatrices pr¥) the orig-
inal matrix 1) changes to ¢’ where

pD; 0 0
Y = 0O 0 0 |,
0 0 po
where pD; is a diagonal matrix and pD; has only p-powers, not equal
0 .. 0 p
. 0 .. p%2 pO . .
to 1, as entries, and pf = - : withs; > 1fori=1,...,u.
pé” ‘0 w0

There is a row permutation, i.e., a new basis of G/R, such that pf
changes to a diagonal matrix pD, = diag(p®,...,p°"). This basis
transformation does not change the other blocks of 5. But the unit
matrix for « is changed. By Lemma 4.2 we obtain the unit matrix
back without changing anything else. Hence ¢’ changes to 1" where

pD; 0 0
Y = 0O 0 O
0 0 pDy

with diagonal matrices pD; and pD,. Furthermore, pD; and pDs have
only p-powers as entries.
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As mentioned before the above transformations do not change the the
rows of the block matrices E,,, and E,,, . Clearly, the unit matrices
in v will change to invertible matrices U; and Us, respectively. More-
over, we get

En, 0 00 0o 0 0
Pl Y [ 0o 0 ppio 0 [t W 0
P AT 0O Fmy,, 0 0 O[O0 0 0
0 0 0 pDy | 7@ U, 0

with suitable matrices 7 and 7(3. Then by Corollary 4.5 there is a
p-Koehler basis of Rs such that 7™ = 0 and 7® = 0, since Uy, U, were
invertible. This basis transformation does not change (3. Hence the

h h
matrix M changes to the claimed form of ( ﬂgil WZTH ) O

Lemma 5.4. Let G be a (1,2)-group with representing matriz S(E, 3,7).
Then there is a p-Koehler basis of R and a basis of G/R such that the
corresponding representing matriz is S(E, 3',v") where

En, 0 0
PH1 1O — 0
En, 0 0
(Bis1e) = pH2 Ely—m, 0
Ep, | 0 0
0 [ 0 0] 0 |puf o 0 |0Biy-m, |0

FIGURE 8
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e [fmy, =0, then r3 > Zgzl(ls —ms) and

h
(ﬁh?f)/h) = (O[lh X st]7puh7
s=1

h

Ol xS — )], Bu, Ol % (5 — 3 (s — ma))]),

s=1

e ifmy =1, then ry > Zgzl ms and

(Broyn) = (0[l, x ims], Ey, Ol x (r2 = Y _my)], 00l x r3)).

Proof. By Lemma 4.7 and Lemma 5.1 the matrix (3,7) can be trans-
formed to the following matrix (3’,~') where ro > my and r3 > [ —my
since there is a unit in each row of (#',7/).

E|l 0 0
pu1 || E| O
(B,7) =
b1 7
0 0

There are only zero matrices below the unit matrices in (3',') by
Lemma 4.7. Now we apply Lemma 4.7 and Lemma 5.1 on the sub-
matrix (51,7v1). Then (4',7') changes to the following matrix (3”,~")
where 79 > my +mg and 3 > (I —mq) + (la — mg) since there is a unit
in each row of (8",7").
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1) 0 0
b E 0
E| 0 0
(5//7 ’}//) _ DPl2 E|O0
B Y2
0 0 00

Again by Lemma 4.7 there are only O-matrices below the unit matrices
in (8”,v"). Moreover, by Lemma 4.6 the form of the first block does
not change and the 0-matrices in (3’',7’) remain unchanged. By in-
duction, successively applying Lemma 4.7 and and Lemma 5.1, we get
rg > 3" mgand r3 > 32" (I, —m,) and we obtain finally (8.,7.) as
in Figure 8. U
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6. GENERAL DECOMPOSABILITY

The basic technique to handle decompositions is the next, well known,
lemma.

Lemma 6.1. ([8, 9.3]) Let A = B @ C be an abelian group with fully
invariant subgroup F. Then F = (FNB)® (FNC).

In general intersections and sums of fully invariant subgroups are fully
invariant. Fully invariance is a transitive property. In torsion-free
abelian groups pure hulls of fully invariant subgroups are fully invari-
ant. In the context of an almost completely decomposable group G
there are certain fully invariant groups that play an important role.
The regulator R, the type subgroups G(7), G*(7), and nG.

Also helpful for considering decompositions of almost completely de-
composable groups is the following result.

Lemma 6.2. Let n be a natural number, let A be a torsion-free abelian
group, and X, Y, X" )Y R C A, where X C X', Y CY', XY C, R
and X'/ X and Y']Y are torsion. Then
nTRN(X' @Y )=n"'XnX)o n'YNnY).

Proof. Obviously n ' RN(X’®Y’) D (n ' XNX) @ (n 'Y NY’). Let
r=a2+4+y € n'RN(X'@®Y’) in unique presentation in X’ & Y.
Then nr = naz’ +ny’ € R where nz’ € X’ and ny’ € Y. On the
other hand nr € (X @ Y)E = X @Y, since X’ @Y’ ¢ (X @ V)4
and X &Y C, R. Hence nr = x 4+ y with unique representation in
X®Y. By X € X' and Y C Y’ we get x = na/, y = ny/, ie.,
ne' € X,ny' €Y. Thusa’ € n!XNX" and y € n='Y NY”, such that
n'RN(X'@Y)C(n ' XNX)® n 'Y NnYy). O

For a decomposable (1,2)-group G = H & L with regulator R = R; &
Ry @ R3 we obtain by Lemma 6.1 and by the Dedekind modular law
the following facts:

R, = (RNH)®[RNL),
Ry = (RsNH)® (RsN L),
Ro®Ry = [HN(Ry® (RsNL))|®[LN(R®(RsNH))| ® Ry,
G/Rs = H/(HNR3)® L/(LNR3) isa (1,1)-group,
G/Ry = H/(HNRy)®L/(LNRy) iscompletely decomposable.

Moreover, we know that an indecomposable (1, 1)-group has rank < 2.
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The next corollary displays how Lemma 6.2 can be used.

Corollary 6.3. Let G = H @ L be a direct decomposable almost com-
pletely decomposable group with regulator R. Then for non-negative
integers i,

p'RN(PWG+R)=(p 'RNHN(P'G+R))® (p'RNLN(PYG+R)).

There are some simple constellations in a representing matrix that allow
to read off direct summands of rank 2, 3,4, 5, respectively.

Proposition 6.4. Let G be a (1,2)-group with S(E,3,7) as a repre-
senting matrix.

(1) If

—
o
o
o
[e=]

Br=0 - 0

0

where 1 is at position (i, j) in B, then (z;,y;). is a direct sum-
mand of rank 2.

If

—_
=]
[e=]

B=[0 - oflo - 0

where 1 is at position (i,7) in v, then (x;, z;). is a direct sum-
mand of rank 2.

(2) If
0 0
0
B,v)=/0 --- 0 p 0 -~ 0flO -~ 0 1 O 0
0 0
0 0

where p' # 1 is at position (i,7) in (3, then (z;,y;, z:)« is a direct
summand of rank 3.
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(3) If
0 0
0 0
0 0o pt o o1lo 01 0 0
0
Bsv) =
0 0
0 0 1 0 01l o0 0 0 0 0
0
0 0

where pt # 1 is at position (i1,7) and 1 at position (iy,7), both
in B, then (i, Ti,, Y;, ziy )« 1S a direct summand of rank 4.

(4) If

0 0 0
0
0 0 pm 0 ol o 01 0 0 0
0 0 0
(B,v) = :
0 0
0 0 p* 0 ol o 0 0 0 1 o0 0
0 0 0
0 0 0

where p™ # 1 is at position (i1, 7), and p™ # 1, at position (iz, j)
in B, then (T, Tiy, Yj, 2y Zig)« 15 @ direct summand of rank 5.

Lemma 6.5. Let G be a (1,2)-group with representing matrix S(E, 3,7).
If there is a zero row in 3, then G is decomposable.

Proof. Let S(E, 3,7) be the representing matrix of G. By Lemma 5.4
the matrix (,7) has the form as in Figure 8. Now assume that the
1th row, that is in the Ath block §;, of 3, is zero. This 0-row occurs in
the second part of the hth block , i.e., it is in puy in Figure 8. Then
for j =i—3"_ m,, there is a direct summand (z;, z;), of G of rank 2,
c.f. Proposition 6.4. Thus G is decomposable. O

Lemma 6.6. Let G be an indecomposable (1,2)-group with a represent-
ing matriz S(E, B,7). If the entry B in the hth block By, is a unit, then
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there is an s < h such that the sth step 35 has an entry B., ¢ pt=—*r7Z
in the same column b.

In particular, no entry of the first block (31 of the representing matrix
of an indecomposable group is a unit, and if k = ko + 1, then also no
entry of the second block (5 of the representing matrixz is a unit.

Proof. Let the entry 3,4 in the hth block 3, be a unit. If 8., € p*—* Z
for all entries in the blocks 3 of 3 where s < h, then by Proposition 6.4
(Za, Yp)« 18 a direct summand, contradicting the indecomposability of G.
The statements for the first and the second blocks of  are immediate
consequences. O
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7. ABOUT DECOMPOSITIONS FOR REGULATOR QUOTIENT OF
EXPONENT pF

Theorem 7.1. An indecomposable (1,2)-group with homocyclic requ-
lator quotient has rank 3. In particular, there is a natural number | < k
for an indecomposable (1,2)-group G with homocyclic regulator quotient
of exponent p*, k > 2, such that G has the normal form

G=[(z). ® W) ® (2).] +p " Z(z +p'y + 2).

Proof. Let GG be the indecomposable group with regulator R. By
Lemma 5.4, and by Lemma 6.6 and since the regulator quotient is
homocyclic, a representing matrix has the form p~*(E,pn, E). By
Lemma 3.1 and the elementary divisor theorem there is a basis of the
regulator quotient and a p-decomposition basis of Ry such that the
corresponding pn has non-zero entries only on the main diagonal, i.e.,
pn = diag(p™, ..., p%*,0,...) where 1 < iy < --- < i, < p*. If, in par-
ticular, £ = 1, then pn = 0 and G has a direct summand of rank 2
and is decomposable. Thus, k£ > 2. By Proposition 6.4 a 0-line in pn
causes a direct summand of rank 2. This is a contradiction since G is
an indecomposable (1,2)-group, hence at least of rank 3. Thus pn is
square and each row of the representing matrix displays a direct sum-
mand of rank 3, already in the desired normal form with an entry p',
1 <1 < k. Those summands of rank 3 are indecomposable, since an
easy application in this special case shows that such a summand is
clipped. O

Theorem 7.2. A (1,2)-group with regulator quotient isomorphic to
(Zpe )" @ (Zy—1)" is decomposable and the direct sum of rational groups,
of indecomposable (1,1)-groups of rank 2, and of indecomposable (1,2)-
group with homocyclic regulator quotient of rank 3.

Proof. By Lemma 5.3 we obtain a normal form for the representing
matrix. If we omit the obvious direct summands of rank 1 and of rank 2,
then we get a representing matrix of the form S(E,pn, E), where 7 is
a square diagonal matrix with p-power entries on the main diagonal.
Each row of the representing matrix displays a direct summand of
rank 3, already in the desired normal form for groups with homocyclic
regulator quotient. Those summands of rank 3 are indecomposable by
Lemma 7.1. O
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Theorem 7.3. An indecomposable (1,2)-group with requlator quotient
isomorphic to (Zy)" & (Z,)" with k > 3 is of rank 4.

In particular, there is a natural number ! < k—1 for an indecomposable
(1,2)-group G with the above requlator quotient such that G has the
normal form

G = [(21)+ & (22)+ ® W)+ ® (2).] +p " Z(z1 + D'y +2) +p ' Z(z2 +y).

Proof. By Lemma 5.2 we have a normal form of the representing ma-
trix of the group G as in Figure 2. Omitting all the obvious direct
summands of rank < 3, and using that the entries in the second block
of 3 are either p-units or 0 we get the normal form:

_\pm opne | B
(5’7)—[E 0 01‘

By Lemma 3.1 we may even assume that the block matrix (pn;, pns)
has p-powers on the main diagonal and all other entries are 0. By
Proposition 6.4 and since G is indecomposable, the matrix pn; is a
square diagonal matrix of size [;, and pny = 0. So we end up with the

w-f |1

Thus l; =l and (z1, 2,41, Y1, 21)« 18 a direct summand of G of rank 4.

normal form:

Thus [y = I, = 1 and G is of rank 4 and in the desired normal form.
Note for £ < 3 this normal form can be simplified to pn; = 0.
It remains to prove that this group G is indecomposable. First note that

the group G is clipped as shown below. The matrix (3,7) = <}1) é) is

p-invertible. By Lemma 3.1 all basis transformations transform (3,~)
into an equivalent matrix that is also p-invertible and does not contain
a O-line. A rational direct summand of type as x; is equivalent to
the existence of a 0-row of [, and the existence of a rational direct
summand of one of the both other types is equivalent to the existence
of a O-column of (3,7). Hence G is clipped.

Second, if G = H @ L, then we may assume that the regulator quotient
of H is p*. All possible representatives g of an element in the regulator
quotient of order p* are up to some unit factor and modulo the regulator
of the form

g =p "(z+py+2)+ap  (2aty) = p F (@1+ap" oo+ (P +ap T y+2).
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All those elements g have non-zero coefficients in Q(z, x2) and since
p'+apt~1is never a unit, there is no decomposition of Ry® Rz = Ry® R3
such that g € (R @ R)).. Thus H is not of rank 2, it must be at least
of rank 3. Hence, since G is clipped, it is indecomposable. U
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8. DECOMPOSABILITY FOR REGULATOR QUOTIENT
(Zp )" ® (Zpe—1)2 @ (Zye—1)'* WITH k < 6

Lemma 8.1. Let G be a (1,2)-group with regulator quotient
G/R =~ (Zym)® ® Lypn,
where m > n. Let S(E,[3,v) be the representing matriz of G with

P'E . .

(B,7) = ; E | wherei > f and p = (u; | j) and at least one
pp

entry p; s a unit. Then there is a p-decomposition basis of R and a

basis of G/ R such that the representing matriz changes to S(E, 3',7')

where
') = r'E g

Proof. Let (x1,...,Ts11;Y1, -, Ys; 21,- - -, 2s+1) be the p-Koehler basis
of R. Let (g1 + R,...,g9s+ R,h+ R) be a basis of G/R where

o gr =p "(x +pys +2) for 1 <k <sand

S
e h=p"(xs1 +prujyj+zs+1), where p1; € Zforj=1,...,s.
j=1
We may assume that pq is a unit, say gy = 1. Then there is a new
p-Koehler basis of Ry with the element

yr =1+ me
1=2
Then by Lemma 4.3 the matrix [ changes to the matrix 3” where
the first row of 3” has the form (p’, —p‘us,...,—p'us) and the last
row of 37, the matrix p/u, has the form (p/,0,...,0) . All the other
rows remain unchanged. Now we choose the new basis of G/R as
(¢y + R, g2+ R, ...,g9s + R, h) where

gy = g1+ f2gs + -+ + HsGs

as a new basis of G/R such that " changes to g’ = ( o S)E 0 )

and the matrix v changes to an upper triangular matrix. But then by
Lemma 4.4 there is a basis of R3, using the diagonal entries as pivots,
such that again the unit matrix in v is reestablished. Hence the claimed
form of (3,7) is obtained. O
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Theorem 8.2. Let G be a (1,2)-group with regulator quotient
G/R ~ (Zpk)ll D (Zpkq)lz D (Zpkfz)ls
of exponent < pb. Then G is decomposable.

Proof. Assume that G is indecomposable with a representing matrix
S(E,B,7). If there is a unit in the first two blocks of (3, then by
Lemma 6.6 the group G has a direct summand of rank 2. By Lemma 6.5
the same is true if there is a O-row in 3. Since the group is in particular
clipped, there is no 0-column in 3, and by Lemma 5.3 the matrix (53,7)
has the following normal form:

(pD1| 0 [OE[0]O ]
B,v)=| 0 [pD[0]JO]E] 0|
(x| Y [z]ofo[w]

where Dy, Dy are diagonal matrices with p-powers (possibly 1) on the
diagonal of size hq, hs, respectively. The unit matrices in v are already
used to create the 0-blocks in the block row (XY, Z,0,0,W), and it is
used that ( has no 0-row.

G has rank > 7 forced by the regulator quotient. In the following we
change the representing matrix without changing the respective letters
indicating the relevant blocks.

By the Gauss algorithm downward we may assume that the columns
of B with index < hy + ho, i.e., columns with pD;, pD, above, have
the following property:

Property: If pd € p* Z\p*"™' Z is an entry in pDy,pDs,
on the diagonal, respectively, then x € (p* ' Z\p*Z) U {0}| (*)
for all entries x in the same column of X,Y , respectively.

If there is an entry of X or Y, say x, that does not have this property,
then by Lemma 4.7 there is a basis of G/ R, using the entry in pDy,pD,
as pivot, such that x changes to 0. This will change the last block row
(0,0, W) in 7. But by Lemma 4.8 there is a basis of Rs @ R3 such that
again the original form (0,0,W) is obtained. Either there is a unit
in (X,Y,Z) and we take it as a pivot, or there is no unit in a row of
(X,Y, Z), but then by the regulator criterion there is a unit in W that
is used as a pivot. Hence we may assume that each column of § with
index < h; + hs has Property (x).

If there is a unit in (Y, Z) with position (7, j) in 3, then by Lemma 4.8
there is a basis of Ry @ R3 such that the ith row of () changes to
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(0,...,0,1,0,...) where the entry 1 is at position j and by Lemma 4.7
there is a basis of G/R such that the jth column of § changes to
(0,...,0,1,0,...,0)". But then by Proposition 6.4 there is a direct
summand of rank 2, contradicting the assumption that G is inde-
composable. Hence the entries of the matrices Y and Z are in pZ.
Moreover, by row and column permutations the matrix pD; changes
E 0
po p?D1
in the first block of v, but by column permutations in v again the unit
matrix is reestablished, without changing (/3,) elsewhere. By Prop-
erty (%) there are units in all columns of X corresponding to pE, i.e.,
with index < hz, and there is no unit in the columns of X with in-
dex > hs. Otherwise, by Proposition 6.4, using such a unit as pivot,
there is a direct summand of rank 2, contradicting the assumption
that G is indecomposable. By Lemma 4.8 there is a p-Koehler basis
of Ry @ R3 and by Lemma 4.7 there is a basis of G/R such that (3, 7)
changes to

to , where pF is of size hz. This changes the unit matrix

pE 0 E 0

0 | p*Dy ‘ 0 0| F ‘ 0
By=_ 0 |pDa] 0] 0 [E[O]

E | pXy | pY1 | pZ1 0

0 | pXo | pYa | pZs 0o |E

If there is a p-unit in Dy, at position (i,7) in 3, then the ith row
of § is of the form (0,...,0,p,0,...,0) where p has column index j
and by Lemma 4.7 there is a basis of G/R such that the jth column
of 3 changes to (0,...,0,p,0,...,0)" where p is at position (4, 7). But
then (z;,y;,2). is a direct summand of rank 3 by Proposition 6.4,
contradicting the assumption that G is indecomposable. Hence the
entries of the matrices pD, are in p? Z.

If there is a row pivot in Zs for the block row (pXs, pYs, pZs), at position
(7,7) in 3, then by Corollary 4.5 there is a p-Koehler basis of Ry such
that the ith row of ((,+) changes to (0,...,0,p,0,...,0,1,0,...,0)
where p is at position (4, j) and 1 is at position (i,1) where | =i — hs.
Moreover, by Lemma 4.7 there is a basis of G/R such that the jth
column of 3 changes to (0,...,0,p,0,...,0)" where p has row index i.
This changes the submatrix M = y([l1+l2+1, 1 +lo+hs], [1+la+1,735]),
and the unit matrix in the last block of 4. But then by Corollary 4.5
there is a p-Koehler basis of R3 such that again the unit matrix in
the last block of 7 is obtained. Furthermore, by Lemma 4.8 there is a
p-Koehler basis of Ry @ Rj3, using the entries of the unit matrix in the
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last block of 3 as pivots, such that again M changes to 0. This changes
the submatrix M’' = ~([1, hs], [l1 + la + 1,73]) in the first block of ~.
By Corollary 4.5 there is p-Koehler basis of R3 such that again the
M’ changes to 0. All the other rows and columns remain unchanged.
Then (z;,y;, 2;)« is a direct summand of G of rank 3 by Proposition 6.4,
contradicting the assumption that G is indecomposable. Hence there
is no row pivot in pZ, for the block row (pXs, pYs, pZs), in particular
the entries of pZ, are in p?Z.

Similarly, if there is a row pivot in pZ; for (pXi, pY1,pZ1), at position
(,7) in (3, then by Corollary 4.5 there is a p-Koehler basis of Ry such
that the ith row of (83,7) changes to (0,...,0,1,0,...,0,p,0,...,0)
where p is in pZ;, at position (i, j) in 3, and 1 is at position (7,1) where
I =i — (ly +lp). Furthermore, by Lemma 4.7 there is a basis of G/R
such that the jth column of 8 changes to (0,...,0,p,0,...,0)" where p
has row index ¢. This changes the unit matrix in the last block of 3 and
the submatrix N = ([l +la+hs+1,7],[1, h3]) below E in $. Then by
Corollary 4.5 there is a p-Koehler basis of Ry such that again the unit
matrix in the last block of 3 is obtained. This changes pE in the first
block of 3, but by Lemma 8.1 again pFE is reestablished. By Lemma 4.3
the new entries of N are all divisible by p since the entries of pZ, are
in p?>Z. Then by Lemma 4.7 there is a basis of G/R, using the entries
of pFE as pivots, such that again the original N is obtained. This causes
some changes in the submatrix N = ([l + Iz + hsg + 1,7],[1, h3]) in
the last block of v. By Corollary 4.5 there is a p-decomposition basis
of R, using the entries of E in ~ as pivots, such that again N’ changes
to 0. But then by Proposition 6.4 there is a direct summand of rank 5,
contradicting the assumption that G is indecomposable of rank > 7.
Hence there is no row pivot in pZ; for (pXi,pYi,pZy) i.e., the entries
of pZ; are in p? Z. By the same arguments above there is no row pivot
in pY for the block row (pX,pY,pZ), in particular the entries of pY
are in p? Z. Hence all the row pivots of the block row (pX,pY,pZ) are
in pX. Moreover, there is no zero row in X. Otherwise, since the row
pivots of (pX,pY,pZ) are in pX this row of (Y, Z) is also 0. Then by
Proposition 6.4 there is a direct summand of rank < 4, contradicting
the assumption that G is indecomposable. By Property (x), and since
the entries of Y are in p?Z , the entries of p?D, are in p®Z. Hence
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(B,7) changes to

pE 0 E 0

0 [ p*D1 | 0 0|E|] 0
Bn=_0 [¢¥D:] 0 ]| 0 [E]O]

E | pXi | Y1 | P*Z 0

0 | pXo | p*Ys | p*Z o [E

If the regulator quotient is of exponent p*, then p?Y = 0 and p?Z = 0.
But then by Proposition 6.4 there is a direct summand of rank < 3.
Hence these matrices do not exist, contradicting the given regulator
quotient. Hence the group G with regulator quotient of exponent p* is

decomposable.

Now let the exponent of the regulator quotient be p°® or p®. By Lemma
4.7 there is a basis of G/R such that the entries in each column of pX;
that have higher p-power divisors than the entries in the same column
of pXs change to 0. The remaining entries in pX; are automatically
column pivots. Then we permute the smallest p-power divisor in pXj,
at position (1,1) in pX;. By Corollary 4.5 there is a p-Koehler basis of
Ry and since the entries in pX; are column pivots by Lemma 4.7 there
is a basis of G/ R such that pX changes to

ptt 0 .- 0

X =
p pX'

We repeat the same procedure with the matrix pX’. The first row and
the first column of the matrix pX will not change. Thus we obtain

pX//

Successively repeating this procedure on the submatrices, and using
that pX has no 0-row and no O-column the matrix pX changes to

X D3 0 : ) B
(;{;) _ ( pOS o ) This changes the submatrix H = G([ly + ls + hs +

1,7],[1, hs] below E in 3, but does not change the property that all
the pivots are in pX. The new entries of H are all divisible by p. By
Lemma 4.7 there is a basis of G/R, using the entries of pE as pivots,
such that again H changes to 0. This causes changes in the matrix
H =~([l1 + 1o+ hs + 1,r],[1, h3]). But then by Corollary 4.5 there is
a basis of Rj3, using the entries of £ in the last block of v as pivots,
such that again H’ changes to 0. All the other rows and columns
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remain unchanged. Moreover, by Corollary 4.5 there is a p-Koehler
basis of Ry and by Lemma 4.7 there is a basis of G/R such that pf
changes to pD,4, where D, is a diagonal matrix with p-powers on the
diagonal. This will change the matrix p?D; and the unit matrix in the
last block of v, but by Property (%) there is a basis of G/R such that
again p>D; is reestablished. By Corollary 4.5 there is a basis of Rj
such that again the unit matrix in v is obtained. Hence the matrix pX

changes to the matrix <p Dy 0 > and (3, ) has the following form:

0 pD4
pE 0 E 0
0| p’Di | 0 0|E|] ©
(8,7) =| 0 [»D:[ 0 [ 0 [EJO]
E [pDs| 0 [ p™v: | p?24 0
0| 0 |pDy]| p?Ys | p?Zs 0 | E

By Corollary 4.5 there is a basis of Rs, using the entries of the unit
matrix in 3 as pivots, such that the first row of (E,pD3) changes to
(1,0,...,0). This changes the entry at position (1,1) in the submatrix
T = B([1,hs],[hs + 1,141]) in the first block of 5. By Property (x)
if the entry in p?D;, at position (4,7) in 3, where i = j = hz + 1,
is in p*Z\p*t' Z, then the entry in pDj3, at position (/,7) in 3, with
I[=1+Iy+1,isin p* ' Z \ p* Z. Thus by Lemma 4.3 the new entry at
position (1,1) in the matrix T, is in p* Z \p*™' Z. Hence by Lemma 4.7
there is a basis of G/R, using the entries of p?D; as pivots, such that
the jth column of 3 changes to (0,...,0,p%0,...,0)" where p* has row
index 7. This will change the submatrix 77 = v([1, hs], [h3+1, [1]) in the
first block of 7. By Corollary 4.5 there is a basis of R3 such that again 7"
changes to 0. All the other rows and columns remain unchanged. But
then (z;,y;,2). is a direct summand of rank 3 by Proposition 6.4,
contradicting the assumption that G is indecomposable of rank > 7.
Hence the unit matrix in the last block of § and the corresponding
columns do not exist and (3,~) changes to

(D] 0 TE[ 0 |
B=0 [pPD:] 0 [JO[E]O]
L pX [pY [PPZ]] 0 |EB]

Now we show that there is no zero row in p?~Z. Assume that the ith row
of p?Z is zero. If the ith row of p?Y is also zero, then by Corollary 4.5
there is a p-Koehler basis of R, such that the ith row of g changes to
(0,...,0,p4,0,...,0) where p' is the pivot of the ith row of 3, that is in
pX and at position (7,7) in 8. This changes p? D; but by Property (x),
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there is a basis of G/R such that again the matrix p®>D; is obtained.
Moreover, there is a basis of G/R such that the jth column changes
to (0,...,0,p1,0,...,0,p,0,...,0)%, where p*! is in p?D; and at
position (j,7) in 3, and p' is at position (i, j) in 4. This changes only
the unit matrix in the last block of v to a lower triangular matrix. By
Corollary 4.5 there is a p-Koehler basis of R3 such that again the unit
matrix in the last block of « is reestablished. Then by Proposition 4.5
there is a direct summand of rank 5, contradicting the assumption that
G is indecomposable of rank > 7. Hence, if the ith row of p?Z is zero,
then there is at least one non-zero entry in the ith row of p?Y. Assume
that the entry p' in p?Y’, at position (i,7) in 3, is the row pivot of the
ith row of p?Y. By the assumption that the ith row of p*Z is zero
and by choosing a new basis of Ry the ith row of (p?Y, p?Z) changes to
(0,...,0,p4,0,...,0) where p' has column index j. This changes p®Ds,
but by Property (x) there is a basis of G/R such that again p*D, is
reestablished. Moreover, there is a basis of G/R such that the jth
column of 3 changes to (0,...,0,p',0,...,0)" where p’ has row index i.
This changes the submatrix A = B([l; + 1,11 + b}, [1,11]) in the second
block of (3, and causes some changes in v which are not important for
our result. By Lemma 4.7 there is a basis of G/R, using the entries
of p?D; as pivots, such that again the matrix A changes to 0. But
then there is a 0-row in the second block of 3, i.e., by Proposition 6.4
a direct summand of rank 2, contradicting the assumption that G is
indecomposable. Thus there is no 0-row in Z and since G is clipped
there is no O-column in Z. Thus, and by the assumption that the
given regulator quotient is of exponent < 6, by Lemma 4.3 there is a
p-Koehler basis of Ry and by Lemma 4.7 there is a basis of G/R such
P’E 0

0 p*E
in the unit matrix in the last block of ~, but then there is a p-Koehler
basis of R3 such that again the original ~ is obtained. Thus (f3,7)
changes to

that p?>Z changes to the matrix ( . This causes some changes

B 0 [E] 0 |
Gy L0 D] 0 Jo[B] 0
pXi | pY1 | PPE| 0 0o |[EJO
pXy | pYa | 0 |p°E 0 E

By Corollary 4.5 there is a p-decomposition basis of R, such that p?Y;
changes to 0. All the other rows and columns remain unchanged. Since
all the row pivots of the block row (pXi,p?Yy,p*E) are in pX; the
entries of pX; are in (pZ \p*Z)U{0}. Thus, and since there is no zero
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row in pX; by Corollary 4.5 there is a p-Koehler basis of Ry and by
Lemma 4.7 there is a basis of G/R such that pX; changes to (pF,0).
This will change p>D;, and the matrix p?E to a lower triangular matrix
and the unit matrix in . But by Property (x) there is a basis of G/R
such that again p?D; is obtained and by Corollary 4.5 there is a basis
of Ry such that again p?E is reestablished. Moreover, by Corollary 4.5
there is a basis of R3 such that again the unit matrix in « is obtained.
Thus (3, ) changes to

|_p’Di | 0 [E] 0 |
Gyl 0[PPl 0 [0[E[ 0
’ pE | 0 0 [p2E] 0 0 [ETJO
pXo | pXj | p*Ya | 0 |pPE 0 E

where pE is of size hy.

If the given regulator quotient is of exponent p°®, then p*E is the 0-
matrix and the second part of the last block of (3,v) does not exist.
But then by Proposition 6.4 there is a direct summand of rank 6. Hence
pFE and the corresponding rows and columns do not exist, contradicting
the given regulator quotient. Thus the group G with the given regulator
quotient of exponent p° is decomposable.

Now let the regulator quotient be of exponent p®. By Corollary 4.5
there is a basis of Ry and by Lemma 4.7 there is a basis of G/R such
that (pXs, pX}) changes to <p22(§’ p (j)E prg) where pFE is of size hs.
This changes p*>D;, the matrix p3E gets a lower triangular matrix and
the unit matrix B = ~([lh + o+ ha + 1,7],[l1 + o + hy + 1,73]). By
Property (*), there is a basis of G/R such that again p?D; is obtained.
Moreover, there is a p-Koehler basis of Ry, using the diagonal entries of
the lower triangular matrix as pivots, such that again the matrix p>E
is reestablished, without changing ((3,~) elsewhere. By Corollary 4.5
there is a basis of Rj3, using the diagonal entries of B as pivots, such
that again the matrix B changes to unit matrix. Thus (3,~) changes

to
| p° D1 | 0 [E] 0o |
| 0 »°D2| 0 JJOo[E] 0 |
(8,7) =|_pE 0 0 |p’E| 0 0o [EJo0
O 1PEL 0 by | o | R 0 E
p*Xy | 0 | p*Xs
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Moreover, there is a basis of G/R, with pivots in pE above, such that
the submatrix pX) changes to 0. This will change the submatrices
F = 0([li + 1o+ hy + hs + 1,7],[l1 + lo + 1,11 + Iy + hy]) below p*E
and F' =~([ly + 1o+ hy+ hs+ 1,7, [lh + 1o+ 1,11 + ls + hy]) below E
in 7. The new entries of F' are divisible by p?. By Corollary 4.5
there is a p-Koehler basis of Rs, using the entries of p*>E, such that
the entries of F' that are in p3Z change to 0. Hence the new entries
of F are € (p*Z\p*Z) U{0}. But since all the row pivots of the block
row (pX,p?Y,p*’Z) are in pX, the matrix F is zero. Furthermore, by
Corollary 4.5 there is a basis of R3, using the entries of £ in the last
block of v as pivots, such that F’ changes to 0. Thus ((,~) has the
following form:

| D] 0 2] o |
| 0 "D 0 [Jo]E[] 0 |
(B,7) =| pE 0 0 |[p?E] 0 0 [E]O
o PP % |y, | 0 | e 0 E
0 |p*X3

Then by Proposition 6.4 there is a direct summand of rank 6. Hence
pE = 6([lh + 1o+ 1,1 + 2+ hy, [1, hy]) and the corresponding rows and
columns do not exist and (/3, ) has the following form:

(D[ 0 JE 0]
0 [#D[ 0 [0]B[0]

(8,7) = >
pE 0 p }/2 p3E 0 E

0 | p’Xs | p*Y;

Since there is no 0-row and no O-column in p? X3, and since the entries
of p? X3 are in (p?>Z\p*Z) U {0} by Corollary 4.5 there is a p-Koehler
basis of Ry and by Lemma 4.7 there is a basis of G/R such that p?X}
changes to p?E. This will change p?D;, and p*E and the unit matrix
in the last block of 7. But by Property (x) there is a basis of G/R such
that again p?D; is obtained. By Corollary 4.5 there is a basis of R,
such that again p3F is obtained and a basis of R3 such that again the
unit matrix in 7y is reestablished. Again by Corollary 4.5 there is a p-
Koehler basis, using the entries of p3E as pivots, such that the entries
of p*Y] that are in p3Z change to 0. All the other rows and columns
remain unchanged. Hence the entries of p?Y, € (p*Z\p* Z{0}. Since
all the row pivots for (p?X3, p*Yy, 0, p3E) are in p>X3 the matrix p*Y;
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is 0. Thus (3, ) has the following form:

| 0 [¢¥D] 0 JO]B]O]

pE| 0 | pY2 | spll o | E
0 |[p’E| 0

But then by Proposition 6.4 there is a direct summand of rank 6. Hence
the matrix p?E and the corresponding rows and columns do not exist
and ((3,7) has the following form:

(D] 0 JE] 0 ]
B,)= 0 [p’Dy] 0 [JO[E]O]
L pE [pYa [PE] 0 [ B

There is no 0-row and no 0-column in p?Y;. Otherwise there is a direct
summand of rank 6. Hence p?Y5 changes to p? E. This will change p® D5,
and the matrices pF and p*E to a lower triangular matrix. But by
Property (x), there is a basis of G/ R such that again p®Ds is obtained.
There is a basis of R, such that again the matrices p?E and p3E are
obtained. Hence (3,~) has the form:

"o 0o [[E] 0 |
B:v)=] 0 |p*Da| 0 JO|E]O]
| pE [ P’E [PE[0]0]E]

There is a p-Koehler basis of Ry such that the ith row of (3,7) where
i = I; + Iy + 1 changes to (p,...,0,...,0,p% ...,0,1,...,0) where p
is at position (i,1), and p* is at position (i,5) where j = i and 1 is
in v, at position (7,l) where [ = ¢ . This changes only the entry at
position (1,1) in the submatrix H = S([1,01],[l1 + 1,11 + 13]) in the
first block of 5. The new entry at position (1,1) in H, and at position
(1,11 + 1) in 3, is divisible by p. Hence there is a basis of G/ R, using
the entries of p3 D, as pivots, such that again the submatrix H changes
to 0. Then by Proposition 6.4 there is a direct summand of rank 3,
contradicting the assumption that G is indecomposable. Hence p®D,
and the corresponding rows and columns do not exist, contradicting the
given regulator quotient. Thus the group G with the given regulator
quotient of exponent p® is decomposable. Il
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9. (1,2)-GROUPS WITH REGULATOR QUOTIENT OF EXPONENT < p*

Theorem 9.1. There is no indecomposable (1,2)-group with regulator
quotient of exponent p. An indecomposable (1,2)-group with regulator
quotient G/R of exponent p? is of rank 3.

Proof. Let G be a (1,2)-group with (homocyclic) regulator quotient
of exponent p. By Theorem 7.1 the group G is decomposable. If the
regulator quotient G/R = (Z,2)"* & (Z,)", then by Theorem 7.2 the
group G is decomposable. Hence G/R = (Z,)', i.e., the regulator
quotient is homocyclic. Then by Theorem 7.1 the group G has rank 3
if it is indecomposable. O

Theorem 9.2. An indecomposable (1,2)-group with requlator quotient
of exponent p* is of rank 3 or 4.

Proof. We discuss the different isomorphism types of the regulator quo-
tient G/R. If G/R = (Z3)' or G/R = (Z)" @ (Z,2)"2, then G is
of rank 3 by Theorem 7.1 and by Theorem 7.2. The case G/R =
(Zs)" @ (Z,2)"2 @& (Z,)" cannot happen by Theorem 8.2. There is only
left the case G/R = (Z,3)" & (Z,)", and by Theorem 7.3 the rank of G
is then 4. U

Let G be a (1, 2)-group with a representing matrix S(E, 3,v) and with
regulator quotient G//R of exponent p*. If the group G is indecompos-
able with regulator quotient G/R =~ (Z,)", then by Theorem 7.1 the
group G has rank 3. By Theorem 7.2 there is no indecomposable (1, 2)-
group G with the regulator quotient G/R ~ (Z,)" & (Z,3)2. If G is
indecomposable with the regulator quotient G/R =~ (Z, )" & (Z,1)"2,
then by Theorem 7.3 the group G has rank 4. Moreover, if the regu-
lator quotient G/R =~ (Zy1 )" @& (Z,3)" & (Z,2)", then by Theorem 8.2
the group G is decomposable. Now we will discuss the remaining iso-
morphism types of the regulator quotient G/R of exponent p*.

Theorem 9.3. An indecomposable (1,2)-group G with requlator quo-
tient G/ R ~ (Zy)" & (Z,2)" is of rank < 5.

Proof. Let S(E,[3,7) be the representing matrix of G. If there is a
unit in the first block of 3, then by Lemma 4.3, by Lemma 4.7 and
by Proposition 6.4 the group G has a direct summand of rank 2. By
Lemma 6.5 the same is true if there is a O-row in 4. In the following we
successively change the bases of R and of G/ R, but to simplify notation
we will use the same letters for 3,+ and all occurring submatrices
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in (,7), choosing new bases of R or of G/R. By Lemma 5.2 there is
a p-Koehler basis of R and a basis of G/R such that (3, ) changes to

pE 0 E[0][0]0
B p*E 0 0|E|0]0O
G=l 0 5 el oo E] 0
(ol m [ cle] 0 [é]

with block matrices 9, n, (, p and ¢;.

By Lemma 4.3, by Lemma 4.7 and Proposition 6.4 if there is a unit
in 7, at position (¢, j) in 3, then (z;,y;). is a direct summand of rank 2.
Hence all entries of n are in pZ. The same holds for the matrices ¢
and p. Moreover, there is no zero column in §,7,¢ and p. Otherwise by
Proposition 6.4 there is a direct summand of rank < 3.

By Lemma 4.3 there is a basis of Ry and by Lemma 4.7 there is a
basis of G/R such that the matrix ¢ changes to (g 1?6) where F
is of size hz. This will change pF but by Lemma 8.1 again pE is
reestablished. Hence (3, ) changes to

pE 0 0 0

2E 0 0|E 0

B =] ° 0 |p*E| 0 ||O]O0|E]|DO
E|1 0| pn | pC | pp 0 b1

0 | pd | pu1 | ppe | pus 0 )

where pE is of size h;.

By Lemma 4.8 there is a basis of Ry @ R3, using the entries of the iden-
tity matrix in the second block of (3 as pivots, such that ¢; changes to 0
and pn, pC and pp remain unchanged. This will change the submatrix
Y =~([1, hy] X [rs — l1,73]). But then by Corollary 4.5 there is a basis
of R3, using the entries of Ej, in the first part of the first block of v as
pivots, again Y changes to 0 without changing v somewhere else. By
the regulator condition there is a unit in each row of ¢,. Since G is
clipped there is no zero row in ¢5. Hence by Lemma 4.4 there is a new
basis of R3 and by Lemma 4.7 there is a new basis of G/R such that ¢,
changes to E without changing v elsewhere. Moreover, by Lemma 4.7
there is a basis of G/R, using the entries of pE as pivots, such that pd
changes to 0. This will change the submatrix A = S([l; +hs+1], [1, ha])
below F in 3, and the submatrix A" = ~([l; + hs + 1,7],[1, h1]). By
Lemma 4.7 there is a basis of G/ R, using the entries of F in (3 as pivots,
such that again A changes to 0. By Lemma 4.3 there is a basis of Rj,
using the entries of E in the last block of v as pivots, such that again
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the submatrix A’ changes to 0. But then there is a direct summand
of rank 3, contradicting that GG is indecomposable. Hence pd and the
corresponding columns do not exist and (3,7) changes to

pE 0 E[0[0]0
P2E 0 0|E|0]O
=21 o PE| 0 ||0]0|E]|O
0
0

E | pn | p¢ | pp 0
0 | pu1 | pu2 | pus E

Recall that pFE is of size h; and let p>E be of size hy. Assume that the
matrix po has a p-unit, at position (4,7) in (. Since the entries of the
submatrix pus € (pZ\p*Z) U 0, there is a p-Koehler basis of Ry such
that the ith row of (3,~) changes to (0,...,0,p,0...,1,0,...,0) where
pis at position (4, 7) and in the matrix pus, and the entry 1 is at position
(,0) in «y where [ = i — hy. This causes some changes in the block row
of 3 with p®F that are not important for our result. Moreover, by
Lemma 4.7 there is a new basis of GG/R such that the jth column of
changes to (0,...,0,p,0,...,0)" where the entry p is in the ith row of /3.
This changes the submatrix M = y([hy +ho+1,11], [r3 — 1, 73]) and the
submatrix N = vy([ly + 1,11 + h1], [r3 — {1, 73]). By Corollary 4.5 there is
a new basis of Ry such that M changes to 0 and by Lemma 4.8 there
is a new basis of Ry @ R3 such that again the matrix N changes to 0.
All the other rows and columns remain unchanged. Then (x;, y;, 2;). is
a direct summand of rank 3 by Proposition 6.4. Hence pus = 0 and by
the same arguments also pus = 0. Thus (3, 7) changes to

pE 0 Elo]o0]o0
. p’E 0 0|E|l0|O
(B,7) = 0 |pPE|o0f[0]|0]|E|O
E | pn | p¢ |pp 0 0
0 [pu1| 0 |0 0 E

If 17 has a p-unit, at position (4, 7) in 3, then by Lemma 4.3 there is a
p-decomposition basis of Ry such that the ith row of (3,7) changes to
0,...,0,p,0,...,0,1,0,...,0) where p is in the matrix pu;, at posi-
tion (7, 7) in 3, and the entry 1 is at position (i,1) in v where [ = i — h;.
This will change p*E, but by Lemma 8.1 again the matrix p?FE is
obtained. Moreover, there is a basis of G/R such that the jth col-
umn of 3 changes to (0,...,0,p%0,...,0,p,0,...,0)" where p? has
row index j and p has row index ¢. This will change the submatrix
N =~([li + 1,11 + hq],[r3s — l1,73]). But then by Lemma 4.8 there is
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a basis of Ry @ Rg3, using the entries of Ej, in the second block of (3
as pivots, such that again N changes to 0. This causes changes only
in the submatrix Y = ~([1, hy], [r3 — {1, 73]) in the first block of 7. By
Corollary 4.5 there is a basis of R3 such that again Y changes to 0. All
the other rows and columns remain unchanged. Then (x;, z;,y;, 25, 21)
is a direct summand of rank 5 by Proposition 6.4, contradicting the
assumption that G is indecomposable. Hence pu; = 0. But then by
Proposition 6.4 the group G has a direct summand of rank 2, contra-
dicting the assumption. Thus the matrix pp; and the corresponding
rows and columns do not exist and (/3,7) has the following form:

pE 0 EJ0]O
p’E 0 0/E|O

LE o | pC (o] 0 ]

If the matrix p has a p-unit, at position (7, j) in 3, then by Corollary 4.5
there is a p-Koehler basis of Ry such that the ith row of g changes to
0,...,0,1,0,...,0,p,0,...,0) where 1 has column index ¢ — [; and p
has column index j. Moreover, by Lemma 4.7 there is a new basis
of G/R such that the jth column of 3 changes to (0,...,0,p,0,...,0)"
where p has the row index . This will change the unit matrix in the
second block of 3. But by Corollary 4.5 there is a new basis of Rj
such that again this unit matrix is obtained. This will change the
matrix pE in 5. But by Lemma 8.1 again the matrix pF is obtained.
This causes changes in Fj, in the first block of v. By Corollary 4.5
there is a basis of R3 such that this unit matrix in the first block of
is reestablished without changing v elsewhere. Then (x,, Z;, Ya, Yj, Za)
is a direct summand of rank 5 by Proposition 6.4, where a = 7 — [;.
Hence pp and the corresponding rows and columns do not exist and
(8,~) has the following form:

oE 0 E]0]0
pP?E|l 0 [[0O]E|O

(677): 0 0 p3E olol|E
LElpm o[ 0 |

If there is a p-unit, in ¢, at position (¢, 7) in /3, then by Corollary 4.5
there is a p-Koehler basis of Ry and by Lemma 4.7 there is a basis of
G/ R such that the ith row of 3 changes to (0,...,0,1,0,...,0,p,0,...,0)
where 1 has column index 7 — /; and p has column index j. This will
change the matrix p*E and the submatrix X = B([hy +he + 1, 1], [h1 +
1, h1 + hs]). By Lemma 8.1 again the matrix p*E is obtained. The new
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entries of X are divisible by p* by Lemma 4.3. Then there is a basis
of G/R such that again X changes to 0 without changing (3 elsewhere.
But this will change the submatrix Y = ~y([h1+ho+1, 4], [h1+1, h1 +ha)]).
Then by Corollary 4.5 there is a basis of R3, using the entries of E in
as pivots, such that Y changes to 0, without changing (3, y) somewhere
else. Moreover, by Lemma 4.7 there is a new basis of G/R such that
the jth column of 8 changes to (0,...,0,p,0,...,0)". This will change
the submatrix T = 3([h1 + ha + 1,11], [1, h1]). The new entries of T" are
all divisible by p? by Lemma 4.3. Then there is a basis of G/R such that
again T' changes to 0 without changing 3 somewhere else. This causes
some changes in v that do not play an important role for the result.
But then there is a zero row in the submatrix 3([hy +ho + 1, 14], [1,72]),
i.e., a direct summand of rank 2 by Proposition 6.4, contradicting the
assumption that G is indecomposable. Hence the block matrix p*E
and the corresponding rows and columns do not exist and (/,) has
the following form:

pE| 0 | E
B.,7) = 0 |[PE| 0
L E [ 0]oO]

There is a basis of Ry, using the entries of E in 3 as pivots, such that pn
changes to 0. This will change the submatrix B = (([1, hq], [h1 + 1, 11]).
The new entries of T are divisible by p?. But then by Lemma 4.7 there
is a basis of G/R, using the entries of p? £ as pivots, such that again B
changes to 0. This causes changes in B’ = ~([1, h1],[h1 + 1,{1]). By
Corollary 4.5 there is a basis of R3, using the entries of E in 7, such

b o

that again B’ changes to 0. But then there is a direct summand of
rank < 4. Since G is indecomposable the part (3,v) has either the

2
form ( ]19 é ) or ( Z; (1) (i ), i.e., the group G has rank < 5 if it is
indecomposable. 4

Theorem 9.4. Let G be a (1,2)-group with regulator quotient
G/R ~ (Zp4)l1 S¥) (Zps)l2 SY) (Zpl)l3.
Then G is decomposable.

Proof. Assume that G is indecomposable with a representing matrix
S(E,3,7). Then by Lemma 6.6 there is no unit in the first two blocks
of f and by Lemma 5.3 the part (3,7) of the representing has the
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normal form

[(pDi[0] 0 [E]O[0]

By =[ 0 [0[pD:[[0[E]O]

Lo vl n Jofole]
with diagonal matrices pD; and pD,. Note that the group G with the
given regulator quotient is of rank > 6. In the following we successively

change the bases of R and of G/ R, but to simplify notation we will use
the same letters for 3,~ and all occurring submatrices in (3, 7).

)

The entries of p,,n and p are units or zero and no 0-column exists in
these matrices. Otherwise there is a direct summand of rank < 3.

If there is a unit in v, at position (4, j) in 3, then (z;, y;). is a direct sum-
mand of rank 2 by Lemma 4.3, by Lemma 4.7 and by Proposition 6.4,
contradicting the assumption that G is indecomposable. Hence v = 0.
But this contradicts the fact that there is no 0-column in v. Hence v
and the corresponding columns do not exist. Applying row permuta-
tions and column permutations to the matrix (3,) changes (3, ) to

pE] 0 | 0
0 |p*E| 0 0 E| 0|0
0| 0 |p’E
(8,7) = pE| 0
0 0|E|0
0 | p*E

lnlclofnfe] 0 [p]

By the same arguments as above the matrices o and 1, and the corre-

sponding columns do not exist. Thus (,~) changes to

pE 0 E 0

Lo pPE[O0fJO[E] O
U= 0 [pE 0] 0] B]0]
el ¢ a0 |p]

where pE in the first block of 3 is of size h;.

If there is a unit in (, at position (7, j) in 3, then by Lemma 4.8 there
is a p-Koehler basis of Ry @ R3 such that the ith row of (3,7) changes
to (0,...,0,1,0,...,0) where 1 has the column index j. This changes
the matrix p?E and the submatrices X = 3([hy + 1,11, [1, hy]) and
Y = B([h + 1, 4], [li + 1,72)) and Z = ~([hy + 1,14],[ly + 1,73]). By
Lemma 8.1 again the matrix p?E is obtained. By Corollary 4.5 there
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is a p-Koehler basis of R3 such that again Z changes to 0, without
changing v somewhere else. The new entries of X any Y are divisible
by p* by Lemma 4.3. Then by Lemma 4.7 there is a basis of G/R such
that again the matrices X and Y change to 0. This causes changes in
T =~y(lhy+1,1],[1,]) and in V = y([hy + 1, 4], [l1 + 1, 73 — by]). But
by Corollary 4.5 there is a basis of R3 such that again 7" and V' change
to 0, without changing ((3,v) elsewhere. Moreover, by Lemma 4.7
there is a basis of G/R such that the jth column of § changes to
0,...,0,p%0,...,0,1,0,...,0)" where the entry p? is at position (7, 5)
and 1 is at position (i,7) in (. All the other rows and columns of
(B,7y) remain unchanged. But then (x;, z;, y;, 2;). is a direct summand
of rank 4 by Proposition 6.4, contradicting the assumption that G is
an indecomposable group of rank > 6. Hence the matrix ¢ and its
corresponding columns do not exist. Thus (3,7) has the following

o E[ T TE] 7]
6= 0 pE] 0 B]0]
el 0 [p]

By the same arguments as above for the non-existence of ( also the
matrix 7 and the corresponding columns do not exist. But then the
second block of 3 is zero, i.e., by Proposition 6.5 there is a direct
summand of rank 2. Hence the second block of (3,v) does not exist,
contradicting the given regulator quotient. U

Theorem 9.5. Let G be a (1,2)-group with regulator quotient
G/R ~ (Zp4)l1 b (Zp2)12 P (Zpl)l3.
Then G is decomposable.

Proof. Assume that G is indecomposable with a representing matrix
S(E,B,7) . By Lemma 6.6 there is no unit in the first block of f.
Moreover, there is no zero row in 3. Otherwise, by Lemma 6.5 there is
a direct summand of rank 2. By Lemma 5.2 there is a p-Koehler basis
of R and a basis of G/R such that (3, ) changes to

pE 0

0 |pPE| 0 E |0
Bm=__0 [rFE]O

ol v [ n ¢l 0 [é]

(6 [ o[« fe[ 0 [¢]
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Note that the group G with the given regulator quotient is of rank > 5.
In the following we successively change the bases of R and of G/R,
but to simplify notation we will use the same letters for 3,~ and all
occurring submatrices in (3, ), choosing new bases of R or of G/R. By
Proposition 6.4 if there is a unit in ¢, at position (7, j) in 3, then (z;, y;)«
is a direct summand of rank 2. Hence all entries of ( are in pZ. The
same holds for v and 7, i.e., all entries of v and n are in pZ.

If there is a unit in p, at position (7, j) in 3, then by Lemma 4.8 there is
a new p-Koehler basis of Ry@® R3 such that the ith row of (3, ) changes
to (0,...,0,1,0,...,0) where 1 has column index j and by Lemma 4.7
there is a new basis of G/R such that the jth column of 3 changes to
(0,...,0,1,0,...,0)" where 1 has row index ¢. Then (x;,y;). is a direct
summand of rank 2 by Proposition 6.4, contradicting the assumption
that G is indecomposable. Since the entries of p are units or zeros,
p = 0. The same holds for k. Thus (/3,v) changes to

pE 0

0 | p°E 0 E |0
(8,7) = 0 P’E] 0

L ov o [pC]] O [o1]

(o] o[ ofof o [¢]

where pFE is of size h; and p?E is of size hs.

If there is a unit in o, at position (i, ) in 3, then there is a p-Koehler
basis of Ry @ R3 such that the ith row changes to (0,...,0,1,0,...,0)
where 1 has column index j. This changes p?E, and the submatrices
X = ﬁ([hl +1, hy +h2], [1, hl]) and Y = ’}/([h1 +1, hy —i—hg], [hl +ho+1, 7’3]).
The new entries of X are all divisible by p* by Lemma 4.3. Then there is
a new basis of G/R such that X changes to 0. By Lemma 8.1 again the
matrix p?E is obtained and by Corollary 4.5 there is a new basis of R
such that Y changes to 0. Moreover, there is a basis of G/R such that
the jth column of 3 changes to (0,...,0,p?0,...,0,...,0,1,0,...,0)
where p? has the row index j and 1 has the row index i. All the other
rows and columns remain unchanged. Then by Proposition 6.4 there
is a direct summand of rank < 4, contradicting the assumption that G
is an indecomposable group of rank > 5. Thus, and since the entries
of o are units or zero the matrix o = 0. Hence (3,) has the following
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form

pE 0
0 | p°FE 0 E |0
By=__0 [VE]O

Lo lov e [pC]] O [

51010 0] 0 [on
Since the entries of p are units or zero by Corollary 4.5 there is a

basis of Ry and by Lemma 4.7 there is a basis of G/R such that u

E 0
o |
is obtained. Hence (f3,7) changes to

changes to This will change pE, but by Lemma 8.1 again pF

pE 0
0 |p’E 0 E |0
0 p’E| 0
B =[ETo
pv | pn |pC| O |1
00

[0fs[ oo fof ofé]
By the same arguments as above for the matrix o, also 6 = 0. But then
the last block of 3 is 0. By Proposition 6.4 there is a direct summand of
rank 2, contradicting the assumption that G is indecomposable. Thus,

the matrix ¢ does not exist, contradicting the given regulator quotient.
0

Theorem 9.6. Let G be a (1,2)-group with regulator quotient
G/R ~ (Zp4)l1 © (Zp3)l2 © (Zp2)l3 © (Zpl)l4-
Then G is decomposable.

Proof. Assume that G is indecomposable with a representing matrix
S(E,3,7). By Lemma 6.6 there is no unit in the first two blocks of £.
By Lemma 5.3 the matrix ((,~) has the normal form

|
[0 [pbs]0] 0 B0
BT oo lo 1A
C v [plololr]

with diagonal matrices pD; and pDs.

Note that the group G with the given regulator quotient is of rank > 8.
In the following we successively change the bases of R and of G/R,
but to simplify notation we will use the same letters for 3,~ and all
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occurring submatrices in ((3,7). By row permutations and column per-
mutations the matrix ((3,~) changes to

pE 0 0
0 p’E 0 0 O|E|]0]O
0 0 pFE
(8,7) = pE 0
0 0 B 00 |E|O

lp[ [0 [n]lofsfo]0]x]
(v [wlv]s [pfo]o]r]
There is no unit in 9,0,n,0,¢, w,s and p. Otherwise by Proposition 6.4
there is a direct summand of rank 2. Hence all entries of 9,0,n,0 and ¢
are in pZ. Thus, and since the entries of w and ¢ and p are units or

zero, the submatrix w = 0, and the submatrices ¢ = 0 and p = 0.
There is a p-Koehler basis of Ry and a basis of G/R such that the

E
matrix p changes to ( 0 p(L) where F is of size hy. This changes pFE

in the first block of 3, but by Lemma 8.1 again pFE is reestablished.
Moreover, there is a p-decomposition basis of Ry @ R3, and a basis
of G/R , using the entries of F in 3, such that (3, ) changes to

pE 0 0
0 p’E 0 0 0 ||E|0]O
0 0 p°FE
pE 0
(B,7) = 0 0 pF 0 |O|E|O
E| 0| pd | pd |pn| po |pp||0]0]|O0
0 |pu| pd' | p0" | pn' | po’ |pg' || 0|0 |

[of¢[wfofv]oJofofofr]

where pE and p?FE in the first block of 3 are of size h; and hy respec-
tively, and the matrix pE in the second block of [ is of size hs.

By the regulator condition there is a unit in each row of x’. Hence
there is a p-Koehler basis of R3 and a basis of G/ R such that £’ changes
to (E,0). Moreover, there is a basis of G/R, using the entries of pE as
pivots, such that pu changes to 0. This changes the 0-matrix below E
in (3, and the submatrix X = ([ly + lo + ha + 1,11 + Io + I3], [1, hy]).
There is a basis of G/ R, using the entries of F in 3 as pivots, such that
again the 0-matrix below FE is obtained. There is a basis of R3, using
the entries of ¥ = (E,0) such that X changes to 0. Furthermore, if
there is a unit in ¢, at position (7, j) in 3, then by Lemma 4.8 there is
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a p-Koehler basis of Ry @ R3 such that the ith row of (3,7) changes to
(0,...,0,1,0,...,0) where 1 has column index j. By Corollary 4.5 this
causes changes in the block row (0,p*FE,0, E,0), in the first block of
(B,7). There are also changes in the third block of ((,+) but they are
not important for our result. By Lemma 8.1 again the matrix p*E
is obtained. By Corollary 4.5 the new entries of the submatrices
Y = B([hi+1, hi+hol, [1, 1)), and Z = B([hy~+1, hy+ho), [l1+1, [ +hs])
are divisible by p?. Then by Lemma 4.7, using the entries of pE in the
first block of  as pivots, again the matrix Y changes to 0. Similarly,
by Lemma 4.7, using the entries of pE in the second block of 5 as piv-
ots, Z changes to 0. This will change the first block of . But then by
Corollary 4.5 there is a p-Koehler basis of R such that again the first
block of « is reestablished, without changing (3,7) elsewhere. More-
over, there is a basis of G/R such that the jth column of 5 changes
to (0,...,0,p%,0,...,0,1,0,...,0)" without changing (3,~) elsewhere.
But then (z;,x;,y;,2;)« is a direct summand of rank 4 by Proposi-
tion 6.4, contradicting the assumption that G is indecomposable of
rank > 8. Hence 1) = 0. Thus, and by the same arguments as above
v = 0. Hence (3, 7) changes to

pE 0 0
0 |p?’E 0 0 0 (E|O0]|O
0 0 p°FE
pE 0
(B,7) = 0 o el 0|0 B0
E|0| p§ | pf |pn| po | pp |l 0|00
00| pd | po |pn | po’ | pd || 0|0 |k

(of¢loJofofoJofofofr]
If there is a unit in ¢, then by Proposition 6.4 there is a direct summand
of rank < 5. Hence the matrix ¢ = 0. But then by Proposition 6.4
there is a direct summand of rank 2. Thus the matrix 7 does not exist,

contradicting the given regulator quotient. O
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10. CONCLUSIONS AND OPEN QUESTIONS

We collect all results.

Theorem 10.1. Indecomposable (1,2)-groups with requlator quotient
of exponent p* are of rank 3.

Indecomposable (1,2)-groups with requlator quotient of exponent p* are
of rank 3 or of rank 4.

Indecomposable (1,2)-groups with requlator quotient of exponent p* are
of rank <'5. This boundary is sharp if and only if the test example Gy,
given below, is indecomposable. In particular, the requlator quotient of
indecomposable (1,2)-groups with requlator quotient of exponent p* is
either isomorphic to Zﬁ; @ Z;i122 or homocyclic, Zé4.

Indecomposable (1,2)-groups with homocyclic requlator quotient of ex-
ponent > p* are of rank 3.

Indecomposable (1,2)-groups with regulator quotient of exponent > p?
and isomorphic to

(Z)" & (Z,)"

are of rank 4.

Theorem 10.2. There is no indecomposable (1,2)-group with regulator
quotient of exponent p.

There is no indecomposable (1,2)-group with regulator quotient of ex-
ponent p* and isomorphic to

(Zyp)" © (Zyer)™.

There is no indecomposable (1,2)-group with requlator quotient of ex-
ponent < p® and isomorphic to

(Zpk)ll () (Zpkq)lg () (Zpkfz)l?’.

Open Questions.

(1) Test example G4. The estimation rank G < 5 for the maximal
rank of an indecomposable (1,2)-groups G with regulator quotient of
exponent p* is not known to be sharp. For this it remains to prove that
the group G4, explicitly given by its representing matrix

0N (1010

is indecomposable.
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(2) There are some isomorphism types of the regulator quotient in the
cases of exponent p® and p®, which are not dealt with. It is not clear if
the same arguments apply as before.
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