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Abstract

The work in this thesis contains three main topics. These are the passage from discrete to continuous
models by means of I'-convergence, random as well as periodic homogenization and fracture
enabled by non-convex Lennard-Jones type interaction potentials. Each of them is discussed in the
following.

We consider a discrete model given by a one-dimensional chain of particles with randomly
distributed interaction potentials. Our interest lies in the continuum limit, which yields the effective
behaviour of the system. This limit is achieved as the number of atoms tends to infinity, which
corresponds to a vanishing distance between the particles. The starting point of our analysis is an
energy functional in a discrete system; its continuum limit is obtained by variational I'-convergence.

The I'-convergence methods are combined with a homogenization process in the framework
of ergodic theory, which allows to focus on heterogeneous systems. On the one hand, composite
materials or materials with impurities are modelled by a stochastic or periodic distribution of
particles or interaction potentials. On the other hand, systems of one species of particles can be
considered as random in cases when the orientation of particles matters. Nanomaterials, like chains
of atoms, molecules or polymers, are an application of the heterogeneous chains in experimental
sciences.

A special interest is in fracture in such heterogeneous systems. We consider interaction po-
tentials of Lennard-Jones type. The non-standard growth conditions and the convex-concave
structure of the Lennard-Jones type interactions yield mathematical difficulties, but allow for
fracture. The interaction potentials are long-range in the sense that their modulus decays slower
than exponential. Further, we allow for interactions beyond nearest neighbours, which is also
referred to as long-range.

The main mathematical issue is to bring together the Lennard-Jones type interactions with
ergodic theorems in the limiting process as the number of particles tends to infinity. The blow
up at zero of the potentials prevents from using standard extensions of the Akcoglu-Krengel
subadditive ergodic theorem. We overcome this difficulty by an approximation of the interaction
potentials which shows suitable Lipschitz and Holder regularity. Beyond that, allowing for
continuous probability distributions instead of only finitely many different potentials leads to a
further challenge.

The limiting integral functional of the energy by means of I'-convergence involves a homoge-
nized energy density and allows for fracture, but without a fracture contribution in the energy. In
order to refine this result, we rescale our model and consider its I'-limit, which is of Griffith’s type
consisting of an elastic part and a jump contribution.

In a further approach we study fracture at the level of the discrete energies. With an appropriate
definition of fracture in the discrete setting, we define a fracture threshold separating the region of
elasticity from that of fracture and consider the pointwise convergence of this threshold. This limit
turns out to coincide with the one obtained in the variational I'-convergence approach.
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Zusammenfassung

Diese Arbeit vereinigt im Wesentlichen drei Themen: Den Ubergang von diskreten zu kontinuierli-
chen Modellen mittels I'-Konvergenz, stochastische sowie periodische Homogenisierung, sowie
Bruchmechanik, die durch nicht-konvexe Wechselwirkungspotentiale vom Lennard-Jones-Typ
ermoglicht wird. Jedes dieser drei Themen wird im Folgenden diskutiert.

Wir betrachten ein diskretes Modell, bestehend aus einer eindimensionale Kette von Teilchen
mit zuféllig verteilten Wechselwirkungspotentialen. Wir sind am Kontinuumsgrenzwert inter-
essiert, welcher das effektive Verhalten des Systems widerspiegelt. In diesem Grenzwert lauft
die Anzahl der Atome gegen unendlich, was einem verschwindenden Abstand zwischen den
Teilchen entspricht. Ausgehend von einer Energie eines diskreten Systems erhalten wir den Konti-
nuumsgrenzwert durch die variationelle Methode der M'Konvergenz, welche den Ubergang zum
kontinuierlichen System liefert.

Die I'-Konvergenzmethoden werden im Rahmen der Ergodentheorie mit einem Homogenisie-
rungsprozess kombiniert, wodurch die Betrachtung heterogener Systeme moglich wird. Einerseits
werden Verbundwerkstoffe oder Materialien mit Verunreinigungen durch eine stochastische oder
periodische Verteilung der Teilchen oder der Wechselwirkungspotentiale modelliert. Anderer-
seits konnen Systeme einer Teilchenart als zuféllig angesehen werden, wenn die Orientierung
der Teilchen von Bedeutung ist. Nanomaterialien wie Ketten von Atomen, Molekiilen oder Po-
lymeren bieten eine Anwendung des Modells der heterogenen Ketten in den experimentellen
Wissenschaften.

Von besonderem Interesse ist das Auftreten von Briichen in diesen heterogenen Systemen.
Wir betrachten Wechselwirkungspotentiale vom Lennard-Jones Typ. Die nicht-standardisierten
Wachstumsbedingungen und die konvex-konkave Struktur der Lennard-Jones Potentiale werfen
mathematische Schwierigkeiten auf, ermoglichen jedoch das Auftreten von Briichen. Die Wech-
selwirkungen gelten als langreichweitig in dem Sinne, dass ihr Betrag langsamer als exponentiell
abfallt. Dariiber hinaus betrachten wir Wechselwirkungen jenseits der ndchsten Nachbarn, was
ebenfalls als langreichweitig bezeichnet wird.

Eine der grofiten mathematischen Schwierigkeiten besteht darin, die Wechselwirkungen vom
Lennard-Jones Typ mit den Ergodensitzen zusammenzufiihren. Die Singularitit der Potentiale
bei Null erlaubt keine Verwendung der Standardtechniken zur Erweiterung des subadditiven
Ergodensatzes von Akcoglu-Krengel. Die Losung dieses Problems ist eine Approximation der
Wechselwirkungspotentiale, welche eine geeignete Lipschitz- und Holder-Regularitét besitzt.
Dartiber hinaus stellt die Verwendung von kontinuierlichen Wahrscheinlichkeitsverteilungen,
anstelle von nur endlich vielen verschiedenen Potentialen, eine weitere Herausforderung dar.

Das Integralfunktional im Grenzwert besteht aus einer homogenisierten Energiedichte und
ermoglicht Briiche, jedoch ohne einen Beitrag dieser Briiche zur Energie. Um dieses Ergebnis zu
verfeinern, skalieren wir unser Modell neu und betrachten dessen I'-Grenzwert, der in Form einer
Energie vom Griffith-Typ gegeben ist und aus einem elastischen Teil und einem Sprungbeitrag
besteht.

In einem weiteren Ansatz untersuchen wir Briiche auf Ebene der diskreten Energien. Mit einer
geeigneten Definition des Bruchpunktes im diskreten System definieren wir eine Bruchschwelle,
die den Elastizitdtsbereich von dem Gebiet mit Briichen trennt. Von diesem Schwellwert berechnen
wir anschliefend den punktweisen Grenzwert. Es stellt sich heraus, dass dieser Grenzwert mit
dem durch die variationelle '-Konvergenz errechneten tibereinstimmt.
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1 Introduction

Calculus of variations is a branch in the field of mathematical analysis. Its main subject is finding
minima and maxima of functionals. Thereby, a variation is a small change in the argument near an
extremal point of the functional under consideration. A basic example is the problem of finding
a connection of two points with shortest length, while fulfilling given constraints like boundary
conditions. Solutions to that problem are known as geodesics. Another prominent example is
Fermat’s principle from 1662, according to which light takes the path that needs the least time.

A first mathematical theory of the calculus of variations was written in 1756 and published in
1766 in Leonhard Euler’s Elementa Calculi Variationum, cf. [51], inspired by the work of Lagrange.
The first problems in this field are even older. Probably the oldest one is the previously mentioned
Fermat'’s principle from 1662 in Analysis ad refractiones, followed by Newton’s minimal resistance
problem from 1687, published in Philosophiae Naturalis Principia Mathematica, see [95], and the
brachistochrone curve problem of Johann Bernoulli in 1696, cf. [13]. For a historical overview, we
refer to [67].

Continuum mechanics and variational models date back at least to the 19th century and the work
in elasticity by Augustin-Louis Cauchy, see [43]. In this framework, models are often based on
minimization problems. This is the starting point of this thesis. We consider a minimum problem
of a discrete energy functional of n particles and are interested in its continuous counterpart in
the limit when the number 7 of particles tends to infinity. In the continuous limiting functional
fracture can be studied by means of discontinuity points of the deformation.

Energy minimization, as already mentioned, is one of the key elements in variational models.
Since the minimum problem increases the number of variables with the size n of the system,
it is difficult to handle for large particle numbers 7, even numerically. On the other hand, the
limiting system involves just a few continuous variables and is therefore easier to handle. One
variational approach in the passage from discrete to continuum is I'-convergence, since it focusses
on minimizers of the energy and thus fits well to the energy minimization problems. This technique
of deriving a macroscopic limit out of a microscopic energy functional yields the main property,
i.e. that it preserves minimizers, as explained in Chapter 2 in detail.

In particular, we consider discrete one-dimensional chains of particles and minimum problems
like
K n—j i+j _ i
u u
min Z Z Anlj () ,
u&z\:c()o,l) =5 jAn

and their asymptotic behaviour in the passage from discrete to continuous systems. Here, u is the
deformation of the chain and A, (0, 1) is the space of piecewise affine functions interpolating the
discrete values of the deformation. The reference configuration of the chain is equidistributed in
the interval [0, 1] with lattice spacing A, and subjected to given boundary conditions (bc). The
interaction potentials J; take into account neighbour interactions up to order K. Especially the case

K > 2 is captured in this thesis. In comparison to the case of only nearest neighbour interactions,
referring to K = 1, higher order interactions are more involved, see [34, 103].



1 Introduction

The main focus of this thesis lies on fracture in heterogeneous media. We consider the question
under which conditions the minimizers of the given minimum problem show discontinuities
of the deformation which are interpreted as fracture of the material. Fracture in heterogeneous
media or composite materials is a topic of ongoing interest and importance for mechanical and
technological applications and has resulted in several mathematical contributions, e.g., [10, 11, 48,
54, 77]. Fracture models can be derived inter alia by considering Lennard-Jones type interaction
potentials J. Due to their asymptotic decay to zero for large positive values, they allow for fracture.
Further, their blow-up at zero, i.e. J(z) — +o00 asz — 0, serves as a non-interpenetration
assumption. There is a wide range of applications of Lennard-Jones type potentials in physics
and chemistry, see, e.g., the Gay-Berne potential in [116] or the Girifalco interaction of fullerene
molecules in [64].

The Lennard-Jones type structure can be considered as long-range interactions in a twofold
way. First, the potentials J(z) shows a decay to zero for large values of z slower than exponential.
Secondly, the notion of long-range interaction refers to interactions beyond nearest neighbours,
i.e. up to order K > 2. Both notions are referred to as long-range character, cf. [57].

A further feature of our model is its heterogeneous structure and the related homogenization
problem. Heterogeneities of the considered material can arise in different ways, for instance
due to fault atoms or different bonds between the same kind of elements, e.g. carbon chains
as - - C=C=C=C=C=C: - - in [80]. The heterogeneous structure is included in our model by
a stochastic or periodic distribution of the interaction potentials. The process of deriving a
homogeneous limit of the heterogeneous system is called homogenization. The distribution of the
potentials is assumed to be stationary and ergodic. Roughly speaking, ergodicity ensures that the
limit of a sample average converges to the expectation value and therefore that the limit of the
discrete heterogeneous system is given as a continuous homogeneous formula. Ergodicity allows
to use results from ergodic theory, e.g., Birkhoff’s ergodic theorem and the subadditive ergodic
theorem of Akcoglu and Krengel.

Stochastic and periodic homogenization in the discrete to continuum analysis can be found, e.g.,
in [3, 4, 94], where the authors consider interaction potentials with polynomial growth. These
conditions rule out fracture, i.e. jump discontinuities in the limit. An approach allowing for
fracture was published in [30, 73], closely related to our setting; we compare our results to those
ones in detail in Section 1.2.3. A main difference to our setting is that neither of those works
includes the Lennard-Jones potential and a continuous probability distribution of this potentials.
The differences in the setting of this thesis compared to the those ones are also discussed in detail
in Section 1.2.3. The extension to potentials of fully non-convex Lennard-Jones type, allowing for
cracks, is the main contribution of this thesis. We combine the passage from discrete to continuous
systems with homogenization of heterogeneous systems in the framework of fracture mechanics
involving non-convex interaction potentials.

We give here some motivation for the one-dimensional setting of our problem. There are two
perspectives. First, one-dimensional chains of particles serve as a toy model, see [44, 74], and
pave the path to higher dimensions. One of the main mathematical advantages is the monotone
ordering of particles and thus a simpler mathematical modelling, see [28, 35]. Secondly, there are
indeed one-dimensional real world nanomaterials as applications, like carbon atom wires, cf. [41,
93, 117], silicon, cf. [85], chains of gold atoms on the surface of semiconductors, cf. [112], fullerene
nanochain lattices, cf. [114] and fullerenes in carbon nanotubes, cf. [113].

In the following we outline the results of this thesis and give an overview of existing related
literature.



1.1 Discussion of the main results

1.1 Discussion of the main results

In the following, we outline the main results of this thesis. The contents of Chapter 4 and Chapter 6,
as well as the underlying model in Chapter 3 are already published by myself together with
S. Neukamm, M. Schiffner and A. Schlomerkemper in [81, 82]. In this thesis, the proofs and
discussions are presented in more detail, compared to the published papers.

The outline of this section is as follows: We start with describing the model which we consider
throughout this thesis, together with its energy. A main focus lies on the interaction potentials that
are of Lennard-Jones type. This modelling is the content of Chapter 3. Moreover, we summarize
the results of the variational limit (Chapter 4), the rescaled model (Chapter 5), the special case of a
periodic setting (Chapter 6) and the ansatz of fracture in the discrete scale (Chapter 7).

Modelling.

The model under consideration is a one-dimensional chain of n + 1 particles, which is illustrated
in Figure 3.1. In the reference configuration they occupy the continuous interval [0, 1] and are
equidistributed with lattice spacing A, := 1. The particles interact via random potentials of
Lennard-Jones type and the distribution of these non-convex potentials is assumed to be stationary
and ergodic. We consider interactions up to K nearest-neighbours, i.e. two particles with reference
positions i and j interact if |i — j| < K, with K € N. Thus for K large, the interaction potentials

show a long-range character, as described above.

The energy of the chain depends on the deformed configuration, i.e. on the deformation of the
particles, which we call u : A,Z N[0, 1] — R. This corresponds to the actual/current position of
the particles. Even if some of the theorems are proven below for arbitrary K, we give here the
simplified version of some of the result for K = 1 for illustration purpose. The energy of the chain
of particles is given by the sum of all interaction potentials and reads

n—1 i i
Hu(w,u) = Ay ¥ J (w, i,”“‘”) . (1.1)

i=0 An

The extension to K interacting neighbours is given in (3.13). The parameter w € Q represents the
random distribution according to a probability space (Q, F,P). The assumptions of stationarity
and ergodicity are formulated by means of a stationary and ergodic group action (7;);cz of
measurable mappings 7; : QO — Q) that couple the random and the space variables by

](a), i Z) = T(Tiw/ Z)r

with ] being a Lennard-Jones type potential.

We impose Dirichlet boundary conditions on the deformation #(0) = 0 and u(1) = ¢ with £ > 0.
Typically the reference configuration does not minimize the energy with the boundary constraints.
In the homogeneous case the minimizing state is given by equidistributed particles. In heteroge-
neous systems, minimizers of the energy are typically non-trivial in the sense that they are neither
given by the reference configuration nor equidistributed. For an illustration, see Figures 1.1 and 1.2.

Variational limit.

The first main result is '-convergence of the energy of the discrete chain to a continuous integral
functional as the number 7 of particles tends to oo, which is asserted in Theorem 4.14. The limiting



1 Introduction

Figure 1.1 | Minimizer in the homogeneous Figure 1.2 | Minimizer in the heterogeneous
case. case.

energy consists of a deterministic, spatially homogeneous and convex integrand, given by an
asymptotic homogenization formula. The limit is the result of a passage from the discrete to the
continuous system combined with a homogenization procedure. In what follows, we give a brief
and simplified overview of the setting and the main results, starting with the interactions potentials
that we use.

Again, we consider here only nearest neighbour interactions leaving the more general case
for the sections to follow. Additionally, instead of giving the general assumptions of the class
of Lennard-Jones type, we focus on the classical Lennard-Jones potential. This is defined by the
two-parameter family J;;(z) := A/z!?2 — B/z® with A, B > 0 and can be given in the equivalent

a=<() )"

where 6 > 0 is the minimizer and —e < 0 is the minimum of the potential, cf. Figure 2.1. The

form

stochastic setting can be interpreted as a random choice of the parameters. Let the set () be defined
as Q = {(é,¢), 6 € [1,2], € € [3,4]}. That is, all potentials that are available in this example have
a minimizer in the interval [1,2] and a minimum in the interval [—4, —3], randomly chosen by the
random variable J(w, -) for every particle of the chain.

In Theorem 4.14 it is shown that the I'-limit of the discrete energy (1.1), subjected to the Dirichlet
boundary conditions from above, is finite in the space BV (0, 1) of functions of bounded variation
with the additional constraint on the singular part of the measure D°u > 0 and is given by

Hirom(1) = [ om (1(5)) dx 12

with the homogenized energy density
1 N-1 ) ) )
]hom(Z):I\}i_I)I;ONinf Z ](w,i,z—l—(I)lJrl—(bl) . (PZER, (DOZd)N:O , z € R.
i=0

We highlight that J,op, is deterministic, convex and spatially homogeneous as shown in Proposi-
tion 4.12. Since the energy is finite on the space BV, the system can show cracks, i.e. jump disconti-
nuities of the deformation u. The additional condition D°u > 0 ensures non-interpenetration of the
chain. In contrast to the non-trivial and non-affine minimizers of the discrete problem, minimizers



1.1 Discussion of the main results

Figure 1.3 | A prototypical potential J;;(i, -) Figure 1.4 | Two different functions Jjom
in the setting (Q1, F1,P1). related to different probability distribu-
tions with identical expectation values

E[6] and Ele].

of the limiting energy are affine under compressive boundary constraints. In detail, it holds true
that

> —E[e] forz <E[§] (compressive case),

= —Ele] forz > E[5] (tensile case),

Jhom (2) (1.3)

with the expectation value [, according to Propositions 4.12 and 4.13. For an illustration, see
Figure 1.4. The structure of the limit (1.2), together with the convexity of Jjom, shows that for
¢ < E[5] the affine function x +— ¢x is the unique global minimizer for the I'-limit in (1.2). No
jumps are possible in this regime. On the other hand, the result (1.3) shows that for £ > E[§] the
minimizer of the limiting energy is not unique, allows for jumps and gives no information about
the number or location of possible cracks. In particular, this justifies the value E[6] as the threshold
of the boundary constraint ¢ separating the elastic from the fracture regime.

The exact shape of the energy density J,om for z < E[§] depends on the given distribution of
the parameters (6, €). We clarify this by two examples. The first one, see Figure 1.3, assumes
(4, €) to be uniformly distributed in Q4 := [1,2] x [3,4]. The second one supposes that §; and ¢;
are independent and two-valued with P(5; = 1) = 0.9, P(§; = 6) = 0.1, P(¢; = 3) = 0.9, and
P(e; = 8) = 0.1. In both examples it holds true that E[§] = 1.5 and E[e] = 3.5. Therefore, while
Jhom coincides for z > E[$] in both cases, they differ for z < [E[5], see Figure 1.4.

The homogenized energy density J,om is given as an asymptotic cell formula, which is typical
in homogenization problems. This is also related to homogenization problems for non-convex
integral functionals, see [22, 92]. The limit is in general not obtained for finite N. However, in
the periodic case, we prove the existence of a cell problem formula for the homogenized energy
density. This essentially relies on the fact that we restricted our analysis to only nearest neighbour
interactions in the periodic case. The energy density reduces to a minimization problem on the
periodicity cell.

The proof of Theorem 4.14 brings together the passage from the discrete to the continuous system
and homogenization methods by ergodic theory. It requires extensions of known I'-convergence
methods and homogenization results since the Lennard-Jones potentials blow up at zero, are
non-convex and do not satisfy polynomial growth conditions neither from below nor from above.



1 Introduction

The basic feature of stochastic homogenization in an ergodic setting are ergodic theorems, in our
case mainly the subadditive ergodic theorem by Akcoglu and Krengel as well as Birkhoff’s ergodic
theorem. Applied to a function not only depending on the probability parameter w € Q but also
on another variable z € R, the existence of the limit in the ergodic theorems has to be extended
to an uncountable set of functions in order to get existence for all z € R. In the case of Lipschitz
continuity, this can be easily done. The demonstration of this fact for Lennard-Jones potentials is
one of the main challenges in the proofs.

The non-convex Lennard-Jones potentials do not fulfil any polynomial growth condition due to
the blow up at zero. We circumvent this issue by a linear approximation of the interaction potentials,
indexed by L. In the setting with the approximating potentials, we can apply the subadditive
ergodic theorem by Akcoglu and Krengel [2] and prove the existence of a corresponding infinite
cell-formula ]}Llom. Afterwards, we remove the approximation by showing that J,,op, is given as the
monotone limit of JL as L — oo and hence exists. Then, the assumption of uncountability on
the set of interaction potentials is difficult to handle in the limit L — oo and therefore needs some
technical lemmas preparing the result.

In the proof of the I'-convergence result, an intermediate scale 1 is introduced, complementing
the macroscopic scale [0, 1] and the microscopic scale A,. The stochastic setting has no natural
intrinsic coarser scale, unlike the periodic case where the periodicity length serves as the coarser
scale. Therefore, this intermediate scale has to be introduced artificially. To remove this scale
afterwards in the limit, the Attouch-Lemma 2.23 provides the necessary results.

Rescaled model.

The continuum limit in (1.2) is finite on the space of BV and therefore allows for cracks. However,
there is no contribution in the energy accounting for these jumps. This is not reasonable from a
physical perspective, since the creation of new surfaces is supposed to cost energy. Mathematically
speaking, the limit shows a separation of scales between bulk and jump part. In order to overcome
this problem, we introduce a suitable rescaling of the energy, since jumps are obtained for rescaled
energies in the limit, cf. [34, 101, 103]. This rescaling yields a bulk and a surface contribution of the
same order, which both are present in the limiting energy. More precisely, we use the y/A,-scaling,
ie.

i yi-1
v = W = Tho Mnd(Tht) foralli € {0,...,n},

VAn

and obtain the rescaled energy

i+1 _ ZJi

Eu(w,0) i= 201 (7 (o "= 4 st ) T w8z ) 1.4

We also need to rescale the boundary condition u(1) = ¢. Moreover, we consider values ¢ of the
boundary condition 1#(1) = £ close to the threshold between the elastic and the fracture regime.
Due to (1.3), this threshold is given by ¢ = E[§]. Following the ideas of [101], adjusted to our
stochastic setting, we focus on some sequence (¢,) C R with ¢, — E[§], satisfying ¢, > E[4] for
every n € Nand

Uy = X And(Tw)

= =Y,
Yn \/E Y




1.1 Discussion of the main results

for some y € R. This new boundary value yields the new Dirichlet boundary condition v(0) = 0
and v(1) = yy.

In Theorem 5.8 it is shown that the rescaled energy (1.4) '-converges to a deterministic en-
ergy that is finite on the space SBV (0, 1) of special functions of bounded variation, with certain
additional constraints, and reads

E(v) = g/ol |v’(x)‘2 dx + B#S,, (1.5)

where a := (E[l])_l and B := inf{—J(w, 6(w)) : w € Q} with a(w) := % PJ(wz2) . The

a 022 |z=5(w)

jump set of v € SBV(0,1) is denoted by S,. This limiting energy is an energy of Griffith type
and consists of a bulk contribution due to elastic deformations and a surface term due to cracks.
While the elastic constant is an expectation value, the parameter in the jump part is the minimal
height that has to be overcome for a jump and can be interpreted as a jump at the weakest bond.
Compared to the I'-limit of the original energy, where jumps occur without any contribution to the
energy, in the rescaled setting each jump costs energy.

The proof of the rescaled case, Theorem 5.8, also uses ergodic theory, in particular the Birkhoff
ergodic theorem. This results in a homogenized elastic constant « in front of the integral of the
elastic part of the energy. The underlying idea is a harmonic approximation of the potentials
at their minimum. This leads to a quadratic energy with well known solutions for minimum
problems due to the method of Lagrange multipliers.

The structure of the energy (1.5) is similar to that of the limiting energy in [30], where truncated
parabolas are considered instead of Lennard-Jones potentials. Due to the periodicity in that setting,
the elastic constant & is given as a harmonic mean instead of the expectation value and the infimum
in the constant 3 becomes a minimum. Having the stochastic results at hand as well as the limiting
energy for the truncated parabolas, we continue with the periodic case and the question to which
extent the constants in the limit of the energy are comparable or even a simplification of the
stochastic setting. This is outlined in the following.

Periodic setting.

The I'-limit of zeroth order as well as the rescaled limit are additionally considered in a periodic
setting in Theorem 6.3 and 6.4. More precisely, we assume a fixed periodicity length M € N and
interaction potentials J; of Lennard-Jones type satisfying the periodicity assumption J; = [i1um,
i € Z. As mentioned above, the main difference to the stochastic setting is the representation
formula of the homogenized energy density, considered in Lemma 6.2. In the periodic case, the
asymptotic homogenization formula Jj,p, reduces to a cell problem formula fyop : R = (—00, 00]
given by

M-1 M-1
fhom(2z) := min {]3/1 Y @) ) a= Mz} )
i=0 i=0

The threshold E[5] of the stochastic setting is replaced by the arithmetic mean & of the global
minimizer for J; over a periodicity cell. In the rescaled setting, the expectation value of the elastic
modulus « is represented by a harmonic mean over the periodicity cell and the infimum in the
jump constant 3 becomes a minimum.
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Fracture on the discrete scale.

The third main part of the thesis is devoted to a completely different approach to the topic of
fracture. So far, fracture occurs in the limit functionals in the sense that the admissible functions
are in the space BV (0, 1). In this space, a jump is well-defined by means of the measure. Phrased
differently, discontinuities of the deformation are interpreted as cracks of the material. In the
discrete system, the functions are piecewise affine and therefore continuous by definition. Hence,
the definition of a fracture point cannot be kept.

The idea is to define a jump, or fracture, respectively, of a discrete function by the steepness of
the slope of the affine interpolation. In particular, we say that the chain has a jump at position
i if and only if the discrete gradient “lj’“l at this position is larger than the jump point zg,.

The value zg,. is given as the inflection point of the Lennard-Jones potential, generalized to an
appropriate definition in the case of Lennard-Jones type potentials.

With the definition of this jump point z¢.,., we define the jump threshold ¢}, separating the
regimes where the energy is minimized with and without a jump. The analogue of this value
% in the previous approach is the threshold E[§]. The asymptotics of the jump threshold ¢}, are
considered by means of a pointwise convergence in Theorem 7.12. Further, a rescaled version of
2% in the /A, rescaling is considered regarding its convergence in Theorem 7.11. The results of
both methods are in well accordance with those of the I'-limits. In detail, the limiting thresholds
separating the elastic and the fracture regime are identical in both cases.

The analysis is mainly based on a subtle choice of properties of the Lennard-Jones type potentials
and well chosen definitions for the jump point and the jump threshold together with the minimal
energies in the elastic and fracture case.

1.2 Overview of related literature

The work in this thesis contains three main concepts. The first one is the passage from a discrete
model problem to the continuum picture by means of I'-convergence. The discrete aspect is
incorporated in the description of the main model as a discrete chain of particles. The second main
topic is fracture, which enters the system through the choice of the interaction potentials being of
Lennard-Jones type. The convex-concave structure allows for jumps of the deformation, referring
to cracks of the chain, in the limiting energies. The third essential concept is the heterogeneous
structure. Different species of atoms as well as impurities or oriented ellipsoidal particles are
covered by the choice of a periodic or stochastic setting of the model. The following sections
provide an overview of the literature related to this work.

1.2.1 T'-convergence in the passage from discrete to continuous systems

Naturally, there are two different ways of describing a model problem, the continuous and the
discrete one. Continuum theories have the great advantage of involving just a few continuous
variables, while discrete systems increase the number of variables with the size of the system. Thus,
continuous equations are easier to handle. Especially in fracture mechanics, the continuous system
has the further advantage that discontinuities of the deformation can be interpreted as cracks in
the material, while in the discrete system there is at first no intuitive analogue. On the other side,
the discrete system is the natural representation of an atomic or molecular system within classical
mechanics. Therefore, it is of interest to connect both theories and combine the advantages of each
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description, which can be done by passing to a suitable limit. Thus, a question that is addressed by
discrete to continuum analysis is the derivation of a continuum model starting from the discrete
system by keeping its main features. This passage from discrete to continuous systems is well
established in literature, see e.g. [16, 37]. Seen from another point of view, the passage from discrete
to continuous systems justifies and establishes the macroscopic model as a good description of the
system, since it is derived by an underlying microscopic one.

The feature that is of interest is energy minimization. Since it focusses on minimizers of the
energy, [-convergence is a suitable tool for deriving a continuous model from a discrete one. This
notion of convergence preserves minimizers of the energy, as explained in Chapter 2 in detail. For
an introduction, see e.g. [30] and [46], and for an overview [15].

A fundamental step towards elasticity theory was made in [29-32], where the authors consider
discrete problems and their limits by I'-convergence under varying conditions on the interaction
potentials. In [3], the authors prove a general integral representation result for continuum limits of
discrete energies. This work was extended in [38] for more general interaction potentials and full
finite-range multi-body interactions. Further, [36] provides a continuous linear elasticity energy
from a discrete energy functional for a specific class of pair interactions. In [104], the author
extends the latter work by considering full next-to-nearest neighbour interactions, more general
cell energies and more general non-affine boundary conditions.

Especially in the one-dimensional case, there exists ample literature dealing with the passage
from discrete to continuum via I'-convergence. In [26], the authors derived, to the best of our
knowledge, for the first time fracture by I'-convergence techniques in the passage from discrete to
continuous systems. Their discrete chain of atoms was subjected to nearest neighbour interactions.
Further models allowing for fracture are considered in [24, 29, 35] beyond nearest neighbours. In
[33], the polynomial growth conditions prevent the limiting energy from showing fracture and a
homogenization formula for the limiting energy density can be shown, as it was done in [24] in
the fracture model. Further, in [71] second neighbour interactions and point defects also allowing
for fracture are considered. Finally in [29, 32], the authors deal with a setting similar to that in
this thesis, but in the homogeneous case. Our heterogeneous model in the periodic setting and its
homogenization results are considered in [30]. Both works, the homogeneous one and the periodic
heterogeneous one do not include random heterogeneous systems as in this thesis. One of the main
challenges of our model is to combine the methods from the stochastic and ergodic homogenization
with the passage from discrete to continuous systems by methods of I'-convergence.

Another widely explored related research area is that of crystallization, see, e.g., [19] for an
overview. It is investigated from the viewpoint of molecular mechanics and includes two- and
three-body interactions. In particular when considering graphene models, new and interesting
structural features can occur, e.g., so-called armchair and zigzag topologies, cf. [49, 87-89]. Also
finite one-dimensional models are considered, cf. [14, 61], where the first one features Lennard-
Jones type interactions. In [58, 59], the authors extend the crystallization problem by different
species of particles and two-body short-range interaction in order to model ionic dimers, which is
connected to the work in this thesis by the one-dimensional discrete ansatz and Lennard-Jones
type interactions.

I'-convergence methods are not only used for the passage from discrete to continuous systems.
They are also a well established tool when small parameters are involved in the modelling of
integral energy functionals. These parameters may arise, e.g., due to periodic structures, see [50, 75],
or a dimension reduction, cf., e.g., [8, 83]. Besides I'-convergence, there are also other approaches
for passages from discrete to continuum systems. Thermodynamic limits are considered in [16, 42]
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and the asymptotics of gradient flows in [110]. Further, [74] deals with the zero-temperature limit
in atomistic models of elasticity involving non-zero pressure.

1.2.2 Fracture and Lennard-Jones type potentials

A main feature of our model is the occurrence of fracture. In continuum models allowing for
fracture the energy often involves two terms, a bulk contribution due to elastic deformations
and a surface contribution due to crack growth, see e.g. [56]. In the framework of '-convergence,
fracture is obtained in the continuum limit when using interaction potentials in the discrete model
satisfying suitable growth conditions, cf. [26, 29, 32], for nearest neighbour interactions and beyond
nearest neighbours, respectively. These conditions are fulfilled by the class of Lennard-Jones type
potentials. Among others, this is a class of potentials allowing for fracture in the limiting energy.
Lennard-Jones type potentials are widely used in physical literature (cf. Section 2.1); moreover,
they are of interest in mathematics. The authors in [62, 111], e.g., consider finite chains of particles
in one dimension with Lennard-Jones interaction potentials. Also in the discrete to continuum
setting, many authors implemented the Lennard-Jones potential, see [24, 29, 32, 35, 71] which are
already discussed above, and additionally [100, 101, 103] including extended boundary conditions
and boundary layer energies.

In the last two decades, many authors worked on fracture models by deriving continuous
theories starting from an underlying discrete model. One of the first contributions to fracture
derived from a discrete to continuum analysis can be found in [109], where nonlinear elasticity
containing fracture was discussed by methods of asymptotic analysis. Further, the method of
I'-convergence was used, starting with [26, 29-32], to derive fracture in the passage from discrete
to continuum systems.

In [109], the author discussed the importance of keeping the microscopic lattice parameter in
the macroscopic limit. This property is not fulfilled in [26, 29, 32]. Therefore, further methods on
dealing with fracture were carried out. One is deriving the I'-limit of first order instead of the zero
order limit, see [24, 37, 100]. The other one uses a rescaled version of the functional, e.g. [34, 37,
101, 103]. In this thesis both approaches are considered. There are also different ways of dealing
with fracture. We name here the method of minimal movements. For the Lennard-Jones case, this
can be found in [27]. Another ansatz uses discrete differential geometry, cf. [49].

The I'convergence result in our case of the rescaled functional is a Griffith type energy. Models
using other growth conditions, instead of the Lennard-Jones type, achieve comparable results, e.g.
[30, 35], which is consistent with our findings. In [30], truncated parabolas are used with the same
structure of the limit. Therefore, the Lennard-Jones case also gives a justification for using a model
with linearised Lennard-Jones potentials.

Even in the research on crystallization Lennard-Jones type potentials are used. In [60], the
authors consider the I'-convergence of a two-dimensional triangular lattice model with nearest
neighbour interactions of Lennard-Jones type. The limit then is a continuum Griffith energy
functional in the small displacement regime. Further, the contribution [115] uses short-range
pair potentials similar to Lennard-Jones type again in the I'-convergence framework. Short-range
in their work means that the potentials J(z) are set to zero for all z > 3 and a given constant
B > 0. Fracture in higher dimensions in the discrete to continuum approach can be found, e.g., in
[78]. Further approaches to fracture models and surface energies in the passage from discrete to
continuum can be found in [71, 73, 74]. The first one focusses on point defects in a one-dimensional
homogeneous Lennard-Jones systems with next-to-nearest neighbour interactions by means of
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I'-convergence. The work in [74] deals with the zero-temperature limit and the thermodynamic
limit instead of variational methods. In their model, pressure and positive temperature are allowed.
The model and the methods in [73] are closer related to this thesis and will be discussed in detail
in Section 1.2.3. Further, [44, 45] considers linear elasticity without the use of I'-convergence.
That work is not directly related to this thesis, since it uses harmonic interactions and, especially
the second one, deals with quasicontinuum methods. It is mentioned here because it is also
settled in the one-dimensional discrete setting and can be seen as a harmonic approximation of the
Lennard-Jones case.

1.2.3 Periodic and stochastic homogenization

The last feature of our model is homogenization. This automatically enters the model when com-
posite materials are under consideration, whether in a periodic or stochastic setting. An overview
of homogenization results in the calculus of variations can be found in [90]. Homogenization
of integral functions, with growth conditions not allowing for jumps, are considered in [22, 75,
92] in the periodic case and in [1, 47] in the stochastic case. Fracture in heterogeneous media is
discussed in [54] by means of periodically perforated domains, in [11, 48] dealing with materials
reinforced by periodic elastic fibers and in [10] considering a brittle composite with soft periodic in-
clusions. Those works all fall in the framework of continuum theories. In the discrete to continuum
setting, homogenization results are, e.g., derived in [3, 4] where superlinear growth conditions
in a periodic or, respectively, stochastic setting are considered. Further, [52, 53, 94] deal with
degenerate growth conditions in the stochastic setting and [25] with ferromagnetic spin systems.
Moreover, related results can be found in [4, 38]. There, the authors work in higher dimensions
and in the framework of stochastic homogenization of discrete energies. They however involve
different growth and coercivity conditions, that rule out the Lennard-Jones type potentials. In
all of these models, jumps do not occur because the growth conditions do not allow for them.
Instead of stochastically distributed potentials, some authors work with stochastic lattices, see
[4, 99], or stochastic diffeomorphisms, e.g. [17, 66]. Finally, different approaches without the use
of '-convergence techniques can be found in literature. In [72], stochastic homogenization is
considered using two-scale convergence as introduced in [20]. The authors of [18] derive limiting
energies for stochastic lattices by application of a thermodynamic limit process. Last, also energies
defined by integral functionals are considered in the framework of homogenization, see, e.g., [40].

Homogenization in the passage from microscopic to macroscopic scales allowing for jumps, that
we are interested in here, can be found in [73]. There, the authors consider a similar discrete energy
density as in our model, with random interaction potentials. The limiting energy is obtained by
means of '-convergence and has a structure similar to our rescaled case, consisting of an integral
term with a homogenized energy density and a jump part. The homogenized energy is given by
an infinite cell formula, as usual in non-convex homogenization and in accordance with our results.
The main difference of our work compared to their contribution is given threefold. First, the
interaction potentials in [73] are convex and satisfy a linear growth condition from below, which
rules out the Lennard-Jones potentials. Second, we additionally include finite-range interactions
up to order K in the I'-limit of zeroth order, whereas [73] considers nearest-neighbour interactions.
Third, in [73] a discrete probability density is considered, while in this thesis, we allow for an
infinite set of interaction potentials, which actually can be uncountable. Although some arguments
of the proofs in this work and in [73] are similar, we have to introduce several new ideas in order
to deal with the differences in the setting described before. One of these are the approximation
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of the interaction potentials by Lipschitz-continuous functions in order to use the subadditive
ergodic theorem, a refined treatment of the competitors for the minimization problem and a proper
adaption to the case of K interacting neighbours.

Another setting allowing for jumps is considered in [30], where a periodic homogenization of
truncated quadratic interaction potentials is discussed. In this case, the I'-limit, cf. [30, Theorem 18],
coincides with the I'-limit of the rescaled fully nonlinear Lennard-Jones setting, in consideration
of suitably chosen constants. A periodic setting with superlinear growth of the potentials can be
found, e.g., in [3]. For an introduction to that topic, we refer to [21].

12
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In this chapter, we give a brief introduction to some topics which of this thesis is based on. In
particular, we consider Lennard-Jones type potentials, define functions of bounded variation, state
some ergodic theorems and recall the concept of I'-convergence. In every section, we give the basic
definitions which are needed to understand the main ideas and results used in this thesis.

2.1 Lennard-Jones type potentials

The interaction potentials of our model are called Lennard-Jones type. Here, we want to give an
idea of that class of potentials as well as some examples that fall into this setting and are used
in the physics literature. There is plenty of literature in mathematics referring to the class of
Lennard-Jones type potentials, which is discussed in Chapter 1.

In view of the upcoming mathematical analysis, we emphasize that the potentials of Lennard-
Jones type are neither convex nor do they fulfil a standard polynomial growth condition. Therefore,
the analysis becomes more advanced and a lot of preliminary results one usually refers to are
ruled out because they assume standard growth conditions or convexity. Further, the potentials are
long-range interactions. As discussed in the introduction, this is due to their decay of the modulus
being slower than exponential.

The classical Lennard-Jones potential is a prototypical example of a function in this class and
therefore was chosen for giving its name. In the subsequent chapters, the basic assumptions
(LJ1)—(LJ3), see Section 3.1, are extended by (LJ4) and (LJ5) in Section 5.2 and by (LJ6)—(L]J9) in
Section 7.2, in a way that is necessary for the proofs. A summation of the assumptions on the
Lennard-Jones type potentials can be found on page 153 and onwards.

A function is called a Lennard-Jones type potential if it fulfils the following properties:
e Suitable regularity conditions, e.g. continuity.
¢ Asymptotic decay:
lim J(z) =0.

z—+o00

e Convex lower and upper bound: There exists a convex function ¥ : R — [0, +o00] and
constants dq,d, > 0 with

lim ¥(z)

zZ——00 |Z|

:+oo

such that
di(Y(z) — 1) < J(z) <dymax{¥(z),|z|} forallzeR.

* Minimum and minimizer: | has a unique minimum point é with J(5) < 0 and it is strictly
convex in (—oo, §) on its domain.

13
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J(2)

! — Lennard-Jones
! double Yukawa

Figure 2.1 | Lennard-Jones and double Yukawa potential.

The decay to zero as z — oo does not admit the potential to have a polynomial bound from
below and the superlinear growth at z — —oo rules out a polynomial growth from above. These
conditions are designed to cover a wide range of potentials with convex-concave structure. Some
examples are discussed below.

It is of interest to keep the assumptions as general as possible instead of giving a precise formula
for the potential, because the special choice of the potential depends on the field of application.
Atomistic and molecular interactions, e.g., are treated differently. Further, even the classical
Lennard-Jones potential is just an approximation and not an exact measured or mathematically
derived formula, therefore it is useful to have assumptions keeping the main features of the
potential without fixing it in detail.

The following formulas show two examples of functionals fulfilling the properties of the class of
Lennard-Jones type potentials. Let €, 6, &, 3, Cpy > 0, then the classical Lennard-Jones potentials
and double Yukawa potentials for z > 0 are given by

12 6
io-<(( ().
Jov(2) = 2 (exp (~a(z — ) — exp (~B(z ~ 5))),

respectively, cf. [55, 84, 86]. Fig. 2.1 shows the two mentioned potentials for a suitable choice of
parameters. It can be easily proven that these potentials fulfil the properties of the Lennard-Jones
type setting. Another way of representing the classical Lennard-Jones potential is given by

A B .
This classical Lennard-Jones type potential, especially in the first representation, is a special case,
referring to n = 12 and m = 6, of the Mie-(n, m)-potential

Jmig(2) := (nfm> (%yﬂ/("—m)e [(gy - (Z)m} ’

with o = 6 ""{/m/n being the value of z for with the potential is zero, i.e. Jyg(0) = 0. Those
potentials consist of a repulsive short-range and an attractive long-range term, which is a standard
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00
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Figure 2.2 | Gay-Berne potential for three different orientations.

way of modelling particle interactions in physics and chemistry, see, e.g., [65, 69, 108].

A further example is the so called hard-core potential. Here, the potential [(z) is set to 4-co for
z < zpe, with z,. > 0. As long as the potential satisfies

lim J(z) = oo,
z—zf,

our class of Lennard-Jones type potentials includes hard-core potentials.

It is also possible to truncate and shift the potential such that J(z) = 0 for z > z¢, with z¢ > 0.
These potentials are also captured by our general assumptions on the interaction potentials, and
are used, e.g., in [9, 105, 107].

Further, we mention the Gay-Berne potentials, see, e.g., [12], which is a generalization of
a Lennard-Jones potential between two particles. Those particles are assumed to be, e.g., of
ellipsoidal shape. Therefore, the orientation of the axis relative to each other affects the interaction
potential. Even in a one-dimensional chain of particles, there are uncountably many possible
interaction potentials that have to be taken into account, represented by the continuous variable
angel of the orientation. An illustration can be found in Figure 2.2. Applications of the Gay-Berne
potential are shown, e.g., in [91, 96-98, 116], dealing with fullerenes, and nanoparticles in liquid
crystals. Another application of Lennard-Jones type potentials is the Girifalco potential [64], which
is used to model interaction of fullerene molecules.

2.2 Functions of bounded variation

We give here a short introduction to the functions of bounded variation, following the overview of
[5], where further details and proofs can be found. Generally speaking, the space BV of functions of
bounded variation is a potential candidate to work with when one considers problems in fracture
mechanics. As it will be derived in the following, functions in the space BV allow for jumps. When
considering deformations of a certain material, the jumps are interpreted as cracks in the material.

In the following, let I = (a,b) C R be an open and bounded interval and let C.(I) denote the
space of continuous functions with compact support on I. We start with the definition of the total
variation and of functions of bounded variation
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Definition 2.1 ([5, Def. 1.4]). Let (X, £) be a measure space and let 1 be a signed measure with respect to
(X, E). We define the total variation || for every E € £ as follows:

|u|(E) := sup { Y |u(Ey)| : Ej € € pairwise disjoint, E = | ] Eh} :
h=0 h=0
Definition 2.2 ([5, Def. 3.1]). Let u € L'(I). We say that u is a function of bounded variation in I if the

distributional derivative of u is representable by a finite Radon measure in 1, i.e. if

'/I.u(i)’dx - 7./1.qbdDu Ve € C2(I),

for some R-valued measure Du in 1. The vector space of all functions of bounded variation in I is denoted
by BV(I).

The Sobolev space W''1(I) is contained in BV (I), since for any u € W' (I) the distributional
derivative is given by Vu L. This inclusion is strict, which can be seen by considering the function
X(cp) € BV(I) \ WHH(I), withc € Tand a < ¢ < b.

The space BV (I), equipped with the norm

lullgyry == [ ul dx -+ |Dul(1),

is a Banach space. This norm-topology is too narrow for many applications. Continuously differ-
entiable functions, e.g., are not dense in BV (I). However, BV (I) functions can be approximated,
in the L' (I) topology, by smooth functions whose gradients are bounded in L!(I).

In comparison to the strong convergence, a different notion turns out to be useful, the so called
weak* convergence. It is useful for compactness properties of the space BV, which we will see
later on.

Definition 2.3 ([5, Def. 3.11]). Let u, u;, € BV (I). We say that (uy,) weakly™ converges in BV (I) to u if
(uy,) converges to u in L'(I) and (Duy,) weakly* converges to Du in I, i.e.

lim /Id)dDuh - /Id)dDu Ve € Co(l),

h—o0

where Cy(I) is the space of continuous functions I — R vanishing at the boundary.

The next proposition gives a simple criterion for weak™ convergence.

Proposition 2.4 ([5, Prop. 3.13]). Let (1) C BV(I). Then (uy,) weakly* converges to u in BV (I) if and
only if (uy,) is bounded in BV (I) and converges to u in L'(I).

This leads to the compactness result in BV.

Theorem 2.5 ([5, Thm. 3.23]). Every sequence (1) C BV\o(I) satisfying
suP{/ |uy| dx + |Duy|(A) = h € N} < oo VA CC Iopen
A

admits a subsequence (uy ) converging in Ll (I) to some u € BVoc(I). If the sequence is bounded in
BV (I) we can say that u € BV (I) and that the subsequence weakly* converges to u.

16



2.2 Functions of bounded variation

2.2.1 BV functions of one variable

The previous definitions and results were all stated in one dimension, even though they are also
valid in higher dimensions. It follows a characterisation of functions of bounded variation that
holds only true in the one-dimensional case. Again, let I = (4,b) C R be an interval. We highlight
some statements which are used in the proofs of this thesis. Further details can be found in [5].

First, we fix some notation. The right-hand side and left-hand side limits

_ 1 s
ux hlgtr)1+h/ u(x™) = hlg(r)l+ﬁ u(s)ds

exist for all x € [0,1) and for all x € (0, 1], respectively. In the following theorem, a definition of a
good representative is given. We denote by A = {t € I : Du({t}) # 0} the set of atoms of the
measure Du.

Theorem 2.6 ([5, Thm. 3.28]). Let u € BV(I). Then, the following statements hold:

a) There exists a unique ¢ € R such that
ul(t) == c+Du((a,t)), u'(t):=c+Du((at]) tel

are good representatives of u, the left continuous one and the right continuous one. Any other function
it : I — Ris called a good representative of u if and only if

a(t) € {ou'(t) + (1 -0’ (r) : 0€ [0,1]} Vel
b) Any good representative i is continuous in I\ A and has a jump discontinuity at any point of A:
At ) =ul() =u'(t7), a(tt) =u'(tT) =u'(t) Vte A.
¢) Any good representative i is differentiable at L-a.e. point of I, denoted by ', which coincides with

the density of Du with respect to L.

The measure Du is a Radon measure and therefore the set A is at most countable. By the
Radon-Nikodym theorem, we can split Du into the absolutely continuous part D*u with respect to
L'(0,1) and the singular part D*u. Further, we define the jump part D/u = Du_ A and the Cantor
part D°u = D*u (I \ A). In this way, we obtain

Du = D*u + D°u = D"u + D/u + D‘u.

The decomposition is unique. According to this, we call u € BV (I) a jump function if Du = D/u,
i.e. Du is a purely atomic measure, and we call u# a Cantor function if Du = Dy, i.e. Du is a
singular measure without atoms. This leads us to a decomposition theorem of BV functions.

Corollary 2.7 ([5, Cor. 3.33]). Let I = (a,b) C R be a bounded interval. Then, any u € BV (I) can be
represented by u® + wl + u¢, where u® € WY(I), u/ is a jump function and u is a Cantor function. The
three functions are uniquely determined up to additive constants and

|Dul(I) = |Du?|(I) + |Du/|(I) + |Duc| (1) /Iﬁ’df+gl a(th) —a(t™)| + |Du|(D),

where 1 is any good representative of u.
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2 Mathematical background

This decomposition only works for BV functions of one variable and not for BV functions of
two or more variables. As an abbreviation, we set

(] (x) := u(x™) —u(x7)
and define the jump set

Su={x€(0,1) : [ul(x) # 0}

foru € BV(0,1), as well as for u € SBV(0, 1) (introduced below). This jump set S, coincides with
the set of atoms A of the measure Du. According to the previous results and definitions, we get for
the absolute continuous part

Du=u'L",
and for the jump part

Dlu = Y (wh(x) —u (x))6x =} [u](x)Sx,

xX€Sy xX€Sy

since the set S, is at most countable.

The next proposition is a relaxation result of a special kind of BV functionals in one dimension
which we will often make use of. The proposition is deduced from [63, Thm. 1.62] and proven in
[102].

Proposition 2.8. Let f : R — R U {+o0} be convex, lower semicontinuous, monotone decreasing with

lim fz) =400 and lim f(z)=ceR.
z—+00

Z——00 Z‘

Let F: BV(a,b) — RU{+oo} be defined as
b
/ Fydx  ifue WH(0,1),
F(u):=<Ja
+o00 else.
Let the functional F : BV (a,b) — R U {400} be defined as

b ‘ s
Fu) = /af(”)dx ifu € BV(a,b), Du >0,
00

else.

Let F denote the lower semicontinuous envelope of F with respect to the weak* convergence in BV (a,b).
Then it holds F = F.

2.2.2 Special functions of bounded variation

The set of special functions of bounded variation has been singled out by E. De Giorgi and
L. Ambrosio as a good space for variational problems where both volume and surface energies are
involved. This overview again follows [5].
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2.2 Functions of bounded variation

We say that u € BV(I) is a special function of bounded variation, and write u € SBV (1), if the
Cantor part of its derivative Du is zero. We obtain

Du=D"+Du=ur'+ Y (ut(x)—u (x))8: VYue SBV(I).

xXE€Sy,

The Sobolev space W''(I) is contained in SBV(I) and this inclusion is strict. For instance if
U = X(a,p/2) for I = (a,b), then u € SBV(I) but u is not a Sobolev function. We state a useful result
about the space SBV (I).

Proposition 2.9 ([5, Prop. 4.2]). Any u € BV(I) belongs to SBV () if and only if Du is concentrated
on a Borel set o-finite with respect to H°.

The following two theorems are a closure and a compactness theorem for SBV (I).

Theorem 2.10 (Closure of SBV, [5, Thm. 4.7]). Let ¢ : [0,00) — [0, 00], 8 : (0,00) — (0, 00] be
lower semicontinuous increasing functions and assume that

lim@*oo lim@:

- 7

f—oo t t—0 t

Let I C R be open and bounded, and let (u;,) C SBV(I) be such that

sup {/(p(|u§1)dx+29(|u; —uh|)} < 00. (2.1)
h I

Sllh

If (uy,) weakly* converges in BV (I) to u, then u € SBV (I), the approximate gradients u;, weakly converge
tou’ in LY(I), D/uy, weakly* converges to Diu in I and

/(p(|u’|)dx < liminf/(p(|u§1|)dx if @ is convex,
I h—oo JI

o(ju* —u~|) < liminfY 0(|u —u|) if0i .
SZM’(W u|) < 1}{1_1}1021521; (|u;" —uy ) if 0 is convex

Theorem 2.11 (Compactness of SBV, [5, Thm. 4.8]). Let ¢, 6, I be as in Theorem 2.10. Let (u;,) C
SBV(I) satisfy (2.1) and assume, in addition, that ||uy||so is uniformly bounded in h. Then, there exists a
subsequence (uy,x)) weakly™ converging in BV (I) tou € SBV(I).

2.2.3 Boundary values in BV and SBV

In this thesis, we often work with Dirichlet boundary values. In order to include boundary values
in the context of BV and SBV functions, an appropriate function space has to be defined. This is
done in compliance with previous works, see, e.g., [26, 100].

For ¢ > 0, the space BV!(0,1) is defined as the space of functions of bounded variation in (0, 1)
satisfying u(0~) = 0 and u(1%) = ¢. Note that BV*(0, 1) is not weakly closed. However, in order
to give some meaning to the boundary values, we will extend functions in BV*(0, 1) outside of
(0,1). The space of special functions of bounded variation in (0, 1) is extended in the same fashion
to SBVY(0,1). As a remark, note that BV(0,1) or SBV¢(0, 1) can be identified with the space of
functions u € BV},.(R) or u € SBVj,.(R), respectively, fulfilling # = 0 on (—o0,0) and u = £ on
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2 Mathematical background

(1, 00). Further, we extend D*u to [0, 1] by

D*u:= Y [u](x)y+ Du,

XESy,

and the jump set by

Su={x € [0,1]|[u](x) # 0},

for every u € BV!(0,1) as well as u € SBV*(0, 1), respectively.

2.3 Ergodic theorems

We deal with random structures in our model by considering stochastically distributed interaction
potentials. The interaction potentials are defined and discussed in Chapter 3. The underlying
stochastic setting is given here, defined in a way that is common in the theory of stochastic
homogenization, see, e.g., [4]. Further, the main theorems of ergodic theory, which we are going to
use in the proofs, are presented. Of course, this is just a brief excerpt of the full theory, but enough
to follow the rest of the thesis.
Let (Q, F,P) be a probability space and let (7;);cz be a family of measurable mappings 7; : Q —
Q which is an additive group action, i.e.
* (group property) Tow = w forall w € Q and 7, 1;, = 7, T;, for all iy, i, € Z.
Additionally, the group action is assumed to be stationary and ergodic, i.e.
* (stationarity) the group action is measure preserving, i.e. P(7;B) = P(B) for every B € F,
i€’
e (ergodicity) for all B € F, the following holds true: If 7;(B) = B for all i € Z then it is
P(B) =0orP(B) =1.
First of all, we state the classical Birkhoff’s ergodic theorem, which of the proof can be found in
[79,81.2, Thm. 2.3].

Theorem 2.12 (Birkhoff’s ergodic theorem). Let {7, },c7 be a measure preserving ergodic group action.
Forall f € LY(Q) there exists a set of full measure Qf C Q such that

n

lim ilf(riw) —E[f] forallwe Oy
=0

n—oo 1 =
holds true.

Birkhoff’s theorem can be generalized in different ways. For this, we have to introduce the
definition of regular families of sets. Let Z = {[a,b[: a,b € Z,a # b}.

Definition 2.13. Let {I; }xen be a family of sets in Z. Then {1y} is called reqular if there exist a constant
C > 0 and another family { I }ren of sets in T such that

(i) I C I forall k,
(ii) I,’< - I,; whenever k < h,
(iii) 0 < |I| < C|I| for all k.

Furthermore, if { I} can be chosen in such a way that R = Uy I then we write klim Iy =R
—00
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2.3 Ergodic theorems

The first generalization of Birkhoff’s theorem is Tempel’'man’s ergodic theorem, see [106] or [79,
§6.2, Thm. 2.8] for a proof. It broadens the allowed range of summation.

Theorem 2.14 (Tempel’'man’s ergodic theorem). Let {I}ren be a regular family of sets in I with
klirn Iy = Rand let {1, },c7 be a measure preserving ergodic group action. Then for P-almost every w
—00

lim 1 Y, fltiw)=E[f], forall feL’(Q), 1<p<oco.
k=oo | Ie] 11

The second generalisation of Birkhoff’ theorem is the subadditive ergodic theorem due to
Akcoglu and Krengel. It allows also for subadditive processes, while Birkhoff’s theorem includes
only additive ones. First, we give the definition of a subadditive process.

Definition 2.15. We say that F : T — L'(Q) is a subadditive stochastic process if P-almost surely the
following two properties hold:

(i) Forevery I € T and for every finite family (L) mepm in Z, with M C N, such that

LNly=0 VkmeM, k#m, I= ] In,
meM

it holds that

F(Lw) < ZMF(Im;w).

(1 _ ' -
(ii) mf{m/ﬂF(I,w) dP(w) : IEI} > oo

Now, we can state the subadditive ergodic theorem, see [2] or [79, §6.2, Thm. 2.9] for a proof.

Theorem 2.16 (Akcoglu and Krengel, subadditive ergodic theorem). Let F : Z — L'(Q) be a
subadditive stochastic process and let { I }ren be a reqular family of sets in T with klirn Iy =R IfFis
—00

stationary w.r.t. a measure preserving group action {1 },cz, i.e. forall1 € Tandall z € 7
F(I+ z;w) = F(I; zw) almost surely,
then there exists ¢ : QO — R such that for P-almost every w

lim Py w)
k—o00 |Ik‘

= ¢(w).
Further, if {7, } ¢y, is ergodic, then ¢ is constant.

Although it is not an ergodic theorem, we recall a result from the theory of subadditive functions.
It can be found in [70, Thm. 7.6.1].

Theorem 2.17. If f(t) is subadditive and finite in (a, 00), a > 0, then

lim @ = inf&

< 0
t—oo t t>a t
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2 Mathematical background

2.4 T'-convergence

In the 1970’s, De Giorgi introduced a new kind of variational convergence, the so called I'-
convergence. Here, we give a brief introduction and summarize the main results, following
the overview given in [21]. For further details, see also [46].

The starting point of many mathematical or physical models is an energy functional depending
on a small parameter. This parameter may arise from an approximation process or a discretization
argument, e.g., and can represent the periodicity length of a lamination or the thickness of a plate.
The smaller this parameter gets the more complex the problem can be. In the vanishing parameter
limit, it may even be degenerate. Therefore, the aim is to replace the problem by a simplified
version.

I'-convergence addresses this issue by providing a limiting functional, which substitutes the
original problem while keeping minimizers. This will be explained later in this section in detail.
First, we give the definition of I'-convergence.

Definition 2.18 ([21, Def. 1.5]). Let X be a metric space equipped with distance d. We say that a sequence
of functions f; : X — R T-converges in X to foo : X — R if for all x € X we have

(i) (liminf-inequality) for every sequence (x;) converging to x

foo(x) < limjinffj(xj),

(ii) (limsup-inequality) there exists a sequence, which we call recovery sequence, (x;) converging to x
such that

foo(x) > limsup f;(x)).
]

The function fw, is called the T-limit of (f;), and we write foo = I'-lim; f;.

Clearly, the existence of the I'-limit depends on the metric 4, since the set of converging sequences
for different metrics can be different.

For I'-convergence, there also exist upper and lower I'-limits, which we want to define in the
following.

Definition 2.19 ([21, Def. 1.24]). Let f; : X — R, j € Nand let x € X. The quantity
r-liminf f;(x) = inf {lim,inff]-(x]-) DX x}
] ]

is called the T-lower limit of the sequence (f;) at x. The quantity

M-limsup f;(x) = inf {lim sup fi(x;) : xj — x}
j j

is called the T-upper limit of the sequence (f;) at x. If we have the equality

M-liminf f;(x) = A = I'-limsup f;(x)
] j
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2.5 Miscellaneous

for some A € [—o0, 400, then we write

A =T-lim f;(x),
]

and we say that A is the T-limit of the sequence (f;) at x.

A useful observation is phrased in the following remark.

Remark 2.20 ([21, Rem. 1.7]). An important property of I'-convergence is its stability under continuous
perturbations: if (f;) T-converges to foo and g : X — [—o0, +o00] is a d-continuous function then (f; + g)
T'-converges to foo + g. This is an immediate consequence of the definition.

Next, we introduce the coerciveness conditions, that will be used in the main theorem of T'-
convergence.

Definition 2.21 ([21, Def. 1.19]). A function f : X — R is coercive if for all t € R the set {f < t}
is precompact. A function f : X — R is mildly coercive if there exists a non-empty compact set K C X
such that infy f = infy f. A sequence (f;) is equi-mildly coercive if there exists a non-empty compact set
K C X such that infx f; = infy f; for all j.

If f is coercive then it is mildly coercive. The reverse implication is not true, which can be seen
by considering any periodic function f : R" — R.

Now, we state the main theorem of '-convergence.

Theorem 2.22 ([21, Thm. 1.21]). Let (X, d) be a metric space, let (f;) be a sequence of equi-mildly coercive
functions on X, and let foo = T-lim f;. Then
]

dmin fo, = liminf f;.
m)%nf 1]rn1r)}f/

Moreover, if (x;) is a precompact sequence such that lim; f;(x;) = lim;infy f;, then every limit of a
subsequence of (x;) is a minimum point for feo.

This theorem shows that under suitable coercivity conditions, minimizers of the original problem
converge to minimizers of the limiting problem. Since energy minimization is one of the main
tasks in physical problems, '-convergence is a suitable convergence tool to replace the original
sequence of functionals by its I'-limit without loosing the essential information. The advantage is
that the limiting functional often uses only a few variables and is easier to handle. A drawback is
that I'-convergence only provides information about the global minimizers and not about local
ones, see [23] for further discussion.

2.5 Miscellaneous

We state the Attouch-Lemma and refer to [7, Cor. 1.16] for its proof. We will use this several times
in the construction of the recovery sequence for merging two parameters.

Lemma 2.23. Let (anm)yen,men be a doubly indexed sequence in R. Then, there exists a mapping
n — m(n), increasing to +oo, such that

limsup a,, () < limsup <lim sup an,m> .

n—oo m—o0 n—oo

23



2 Mathematical background

Finally, we state and prove a lemma on quadratic minimum problems, which we will make use
of in this thesis at various occasions.

Lemma 2.24. Let z € Rand a,b € Nwith a < b. Furthere, let 0 < p; € R forall i € Z. Then it holds
true that

i—g Pi

b-1 b-1 b1 1\ !
min{(b—a) Zpiz? : Zzi—z} =(b—a) (Z ) 2. (2.2)

Proof. Step 1: We show

b—1 b—1 p-1 1\ !
min{(b—a)Zpiziz: Zzi:z}z(b—a)<z ) Z2. (2.3)

i—a Pi

1 1
1 b—1 2 [b-1 1 2
/= (Z oiz] ) Yo
piz i=a i—a Pi

Since all terms are positive, we can square both sides and get

) b—1 ) b—1 1
Z<| Loz ) | X o)
i=a i=a Pi

For this, we calculate by using the Cauchy inequality

b—1

Y =

i=a

1

o] = oz

NI
= Z (pl.zzl-) — < Z
i=a

i=a pi2

This means that we have

for all Zf;al z; = z and this proves (2.3).

Step 2: We apply the method of Lagrange multipliers. Let

b-1 b-1
L(Za, - Zi 2y, A) = (b—a) ) piz? + A <z -y zl-) ,
i=a

i=a

then we calculate

% = Z(b — Ll)piZi —A=0 - Z(b — a)p,-zl- = A, (2.4)
i

dc b—1 b—1

ﬁ—z—l;zi—o & z—l;lzi. (2.5)

From (2.4) we get z; = %/\(b — a)’lplfl, which can be inserted into (2.5) to get

b—1 1 -1
A—Z(b—a)z(Z p~> .
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2.5 Miscellaneous

Again together with (2.4) this yields

-1
b—1
1 1
zZi = — z—.
1 (E; Pz‘) Pi

With this candidate for the extremal value, we get

b—1 b1 (b1 9\ 2 1 L (b1 2p-1
(b—a)Zpizl-z:(b—a) il Y — 2’ = (b—a)z Z—' Zf
i=a i=a i=a Pi pz’ i=a pi i=a Pi
b—1 1 -1
=b-a)2 Y =] ,
i—a Pi
which is a global minimum due to Step 1. Hence, (2.2) follows. O
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3 The discrete model: microscopic scale

We describe the main model of this thesis, which is a one-dimensional chain of particles. This is the
same model as in the article in [81], that I published jointly with S. Neukamm, M. Schéffner and
A. Schlomerkemper. For the reference configuration, consider a lattice given by A,Z N [0, 1], where
n € Nand A, = % Each of the n + 1 particles is assigned to one of these lattice points. Therefore,
the reference position of the i-th atom is referred to as x, := i),. A sketch of the chain can be found
in Figure 3.1, including the interaction potentials | described in the following.

The deformation of the atoms, and therefore the deformed configuration, is defined by u :
AnZ N [0,1] — R and we write u(x!,) = u' for a better readability. In order to deal with the passage
from discrete systems to their continuous counterparts, we identify the discrete functions with
their piecewise affine interpolations. So we define

A, (0,1) :={u € C([0,1]) : uisaffineon (i,i +1)A,, i € {0,1,....,.n —1}} (3.1)

as the set of all piecewise affine functions which are continuous.

3.1 Lennard-Jones type potentials: (LJ1)-(L]3)

The interaction potentials we deal with are of a special class J («, b, d, V) of functions, which are
called Lennard-Jones type potentials and include the classical Lennard-Jones potential.

Definition 3.1. Fixa € (0,1],b > 0,d € (1, 400) and a convex function ¥ : R — [0, 4-o0] satisfying

lim ¥(z) = +oo. (3.2)

z—0t

We denote by J = J («, b,d,¥) the class of functions | : R — R U {+o0} which satisfies the following
properties:
(LJ1) (Regularity and asymptotic decay) The function | is lower semicontinuous, ] € C*(0, c0) and

loc

lim J(z) =00 aswellas J(z) =00 forz<O0.
z—0F

(LJ2) (Convex bound, minimum and minimizer) | has a unique minimizer & with 6 € (%, d)and J(8) <0,
and | is strictly convex on (0, 8). Moreover, || || oo (5,00) < b and it holds

IW(z) —d < J(z) <dmax{¥(z),|z|} forallz€ (0,+0o0). (3.3)
(Lj3) (Asymptotic behaviour) It holds

lim J(z) = 0.

Z—00
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3 The discrete model: microscopic scale

]2(('0/0/') ]2(“)/”_2/')
0 1 2 n—2 n—1 n
0.1 o o
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]1(CU,0,') ]1(“’/1/') ]1(w/n_1/')

Figure 3.1| Chain of 1 + 1 atoms with reference position x/, = iA,. The potentials Ji(w,i,-) describe the

interaction between atom i and i 4 j. The characteristic length scale is A, = L and the macroscopic interval

T
is [0, 1].

Remark 3.2. (i) The choice of the assumptions allows inter alia for the classical Lennard-Jones potential as
well as for a potential with a hard core, described in Section 2. The hard core is achieved by a shift of the
domain from (0, +o00) to (zq, +00), with zg > 0. This can be easily done by shifting the Lennard-Jones
potentials as J(z — zg), which does not affect the T'-convergence result. More generally, the result holds true
for any shift of the domain from (0, +00) to (zg, +00), with zg € R.

(ii) If one uses dom] = [0, +00) instead of dom] = (0, +00), the proofs become much easier, because
then we have J(w,-) € C¥*(0,+00), 0 < a < 1, on its domain, in particular | is bounded on [0, +00).
This simplifies the handling of the ergodic theorems and the approximation (introduced below) is not
necessary. Therefore, Jyom can be derived from the ergodic theorems and the I'-convergence result remains
the same.

(iii) Since we deal with a countable or even uncountable set of functions, the condition (L]2) gives common
bounds for the minimizers and the decay at +oo, respectively.

By defining the class of Lennard-Jones type potentials not only the classical Lennard-Jones
potentials, but a wide range of potentials is covered. Further examples include the double Yukawa
potentials, Mie potentials and Gay-Berne potentials. For a more detailed discussion we refer to
Section 2.1. As discussed in the introduction, the Lennard-Jones type potentials describe long-range
interactions, since their modulus decays more slowly than exponential.

3.2 Random interaction potentials

Our system is allowed to be heterogeneous, i.e. the different particles in the chain need not to
be identical. With this, composite materials can be modelled, where two or more different kinds
of particles are involved, see, e.g., Figure 3.2. Further, this can be used to model particles with
ellipsoidal shape, where the interaction potential between two particles depends on the orientation
they have to each other, no matter if the single particles are different or all of the same type. For a
more detailed description, see the discussion about Gay-Berne potentials in Section 2.1.

There are different kinds of heterogeneous systems. Here, we on the one hand assume a periodic
structure and on the other hand we consider a random distribution of particles. The periodic
setting is discussed as a special case in Chapter 6. In general, we discuss the fully random case in
this thesis.
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3.2 Random interaction potentials
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Figure 3.2 | Randomly arranged chain of atoms. The nearest neighbour interaction potential of two grey
atoms is labelled by J,, that of two white atoms by J;, and that between a white and a grey one by J.. Since
the atoms are randomly distributed, this holds for the potentials as well.

The heterogeneity, and therefore the randomness, enters our model through the interaction
potentials. On the chain of atoms described above, we consider random interactions up to order K,
with K € N. This is one way of modelling random systems, while other authors use approaches by
random lattices or random diffeomorphisms, e.g. [4, 17].

The random interaction potentials are given by {/J;(w,i,")}icz, j=1,..x, with J;j(w,i,-) : R —
(—o00, +00], for a lattice site i and for neighbouring particles from j = 1 up to j = K. Again,
we refer to Figure 3.1 for an illustration. The potentials are of Lennard-Jones type, specified in
Section 3.1. They are assumed to be statistically homogeneous and ergodic. This is a standard way
in the theory of stochastic homogenization, see, e.g., [4].

This assumptions are phrased as follows, cf. Section 2.3: Let (Q, F, P) be a probability space. We
emphasize that this space can be discrete or continuous with uncountably many different elements
in the set ). This is one of the main differences between our setting and the work in [73]. We
assume that the family (7;);cz of measurable mappings 7; : Q — Q is an additive group action, i.e.

* (group property) Tow = w forall w € Q and 7, 4;, = T;, T;, forall iy, ip € Z.
Additionally, the group action is assumed to be stationary and ergodic, which reads:

e (stationarity) The group action is measure preserving, i.e. P(1;B) = P(B) for every B € F,
i€Z.

e (ergodicity) For all B € F, the following holds true: If 7;(B) = B for all i € Z then it is
P(B) =0orP(B) =1.

For each j = 1,..., K we define the random variable J; : Q — J (e, b,d,¥), w — Ji(w)(-) =
f]-(w, -), measurable in w. This maps the sample space into the set of Lennard-Jones potentials.
Then, we define

Ji(w,i,-) :=Ji(tw,-) forallieZ, weQ, j=1,..K (3.4)

This means that every mapping 7; : Q — Q of the group action is assigned to an atom of the chain
and is used to relate the different atoms to different elements of the sample space and therefore to
different interaction potentials. In the following, we denote | j simply by J;, for better readability.
This is not precise, but the two functions can be easily distinguished by their variables. We fix the
following notation for the minimizers. For each w € Q we set

§j(w) := argmin,p {Ji(w,z)}, forallj=1,..K.
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3 The discrete model: microscopic scale

Figure 3.3 | Lennard-Jones potential ], with § =2 and e = 1.

As mentioned above, a potential which satisfies the assumptions of the Lennard-Jones type class
is, e.g., the classical Lennard-Jones potential

5\°[/8\°
= — — — 2 ,
w-e(2)[()' -
where 4 > 0 is the minimizer and —e < 0 is the minimum of the potential. A representation is
shown in Figure 3.3. In order to illustrate the stochastic setting, we recall the example shown in
the introduction. Let the set Q be defined as Q = {(6,¢), 6 € [1,2], € € [3,4]}. Accordingly, w is
related to the parameters 6 and € of the minimizer and the minimum of the potential. This means

that all potentials in this example have a minimizer in the interval [1,2] and a minimum in the
interval [—4, —3], randomly chosen by the random variable J;(w, -) for every particle of the chain.

The potentials have to fulfil some more properties, coming along with the stochastic setting. To
be precise, the assumptions are not on the potentials themselves, but on the random variable J;. In
Theorem 4.14 and all related propositions, only one additional assumption is needed. For Theo-
rem 5.8, we use a second additional assumption, which will be formulated in the corresponding
chapter. Before we can phrase first assumptions, we need to define some notation. Let [f]co«(4) be
the Holder semi-norm of f € C%*(A). Now, the assumption is:

(H1) (Holder coefficient) For every j = 1, ..., K it holds true that E [[ Ji] < oo0.

CO'“(5j,+oo):|

This condition occurs with respect to the infinite set of potentials. When dealing with finitely
many different potentials, this property is fulfilled automatically. Especially, (H1) is fulfilled if the
Holder coefficients on (8, +o0) of all functions | € J are uniformly bounded.

The stochastic setting of the chain with Lennard-Jones type interaction potentials is collected in
the following assumption.

Assumption 3.3. FixK € N, a € (0,1], b > 0,d € (1,00) and a convex function ¥ : R — [0, 0]
satisfying (3.2). Let (Q, F,P) be a probability space and (T;);cyz, be a family of stationary and ergodic group
actions in the sense of the definitions on page 29. For every j € {1,..., K}, we suppose that the random
variable J; : Q — J(a,b,d4,V¥) from (3.4), is measurable and (H1) is satisfied, with [(a,b,d, V) as in
Definition 3.1.
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3.2 Random interaction potentials

Remark 3.4. (LJ2) provides a uniform bound of 5;(w) and of J;(w, §;(w)). Therefore, the random variables
8j(w) and J;(w, 8j(w)) are integrable. By definition of integrability, the expectation value exists for both
random variables, which we denote by E[5;] and E[];(5;)]. Regarding the expectation value as an ensemble
mean, we can also say something about the sample average. This connection is strongly related to ergodicity

and is explained in the next proposition.
Define, for better readability, the random variable
H —
G (w) = [j(w, )] CO4(5(w),+00) /

that is the Holder semi-norm of the function J;(w, -) on (8;(w), 0o). We define some functions,
which represent sample averages of the quantities &;, J;(9;), oc;l and C? , since in the convergence
theorem, we have to deal with this sample averages and their limits. Therefore, the next proposition
shows the limiting behaviour of the sample averages. We define for an arbitrary N € N

(N) 1
sM(w, A) = — 5i(tiw),
(@A) INANZ| Z.eNzA"ﬂZ jTiw)
1
J:(6:) N (w, A) 1= ——— Ji(w,i,é;(tw)), 35
1
CH’(N) w A= ——— cH TWw).
j ( ) INANZ| ; fZg (i)

Proposition 3.5. Let Assumption 3.3 be satisfied. Then there exists an Q' C Q with P(Q') = 1 such that
forallw € Q' all j=1,...,Kand for all A = [a,b] witha,b € R the limits

E[5)] = lim 6" (w, A),

J N—oo

E[J;(s;)] = lim J;(6;)™) (w, A),

N—oo

E[CH] = lim /"™ (w, 4)

] N—oo

exist in R and are independent of w and the interval A.

Proof. For notational simplicity we omit the j-dependence in the whole proof. We prove the claim
of the proposition first for s(N) (w, A) and explain the adaptations of the proof for the other random
variables in the last step.
Step 1. Intervals A = [a,b) witha,b € Z.

Due to the Birkhoff ergodic theorem (see Thm. 2.12), integrability of the random variables (see
Remark 3.4 and (H1)) and ergodicity of the group action provide the existence of Q5 4 C Q with
P(Qs4) =1 for a fixed A with a,b € Z, such that for every w € Q; 4 it holds true that

E[s] = lim 6™ (w, A). (3.6)

N—oo

By defining Qs := N, ez Qs5,4, we get (3.6) for all w € Qs and for all A witha,b € Z, while it still
holds true that P(Q;) = 1.
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3 The discrete model: microscopic scale

Step 2. Technical interlude.

We will prove in this step the following claim: Let T € R, T > 0 and A be an interval. Assume
that tlim 5) (w, TA) exists, where we extend the definition of 5(N) (w, A) in (3.5) from the integers
—00
to the real line, with t € R. Then it holds true that

Jim 5 (w, TA) = lim 6N (w, A). (3.7)

N—o0
Proof of this claim: By definition of 5(N)(w, A) and its extension to the real line, it holds true that

1

w8 = AT

Y s(nw) = sN/D(w, TA) (3.8)
iENANZ

for all N € N. By definition of the limit inferior, it exists a subsequence (Nj) with

liminf 6™ (w, A) = lim 6™ (w, A) & 1im s/ (w, TA) > liminfs®(w, TA).  (39)

N—oo k—o00 k— o0

Further by definition of the limit superior, it exists a subsequence (Ny) with

lim sup 6N (w, A) = lim N0 (w, A) ) Jim sMNe/T) (w, TA) < limsup ) (w, TA).  (3.10)

N—oc0 k=0 k=0 t—o00

Together with the assertion that tlim 51 (w, TA) exists, (3.9) and (3.10) yield
—00

lim 5% (w, TA) = lim 5™ (w, A),

t—ro00 N—oo

which proofs the claim.

Step 3. Intervals A = [a,b) witha,b € R.

To pass to general intervals with a,b € R, we argue as in [47, Proposition 1]. For every € > 0,
there exists T big enough and intervals A; := [a;,b; | and A} := [af,b}] witha,, b, af, b} € Z
such that it holds true

_ + A |TA|
A; CTAC A7, |TA|21—6, |A€+|21—€. (3.11)

Since §(w) < C due to (LJ3), we get for all intervals B C A the inequality

N (e A) < sV (e B+ INMANB)NZ| 19
8" (w, A) < 8™ (w, B) + NA Nz (3.12)
which can be seen by the calculation
SN (w,A)= — 1 Y sra)< 1 ¥ sta)t Y C
INANZ] Gz INANZ] iz INANZ| iEN(A\B)NZ
1 IN(A\ B)NZ|
e — S(Tiw) + et
INBNZ| iel\%ﬂz ' IN(A)NZ|
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3.3 Energy of the system

Now, we get from Step 1

IN(AZ\TA) N Z|
IN(AS)NZ]

(31
E[5] = lim 6™ (w, A) < hmmfé(N)(w, TA) + lim inf
N— N—o0

N—oo

[(AZ\TA)| . GLD

= liminf ™) (w, TA) + C < limsup ™) (w, TA) 4 €C

N—vo0 [(AD)] N—so0
6.12) [(TAN A ~ 61D
< (N) € ="K .
< A}gl;oé (w, A; )+<e+ (TA)| C [6] 4 2¢eC
This shows that

E[5] = lim 6 (w, TA)

N—oo

for A = [a,b) witha,b € R, since € > 0 was chosen arbitrarily. With the result (3.7) from Step 2 we
get

Es] = lim 6™ (w, TA) = lim 6V (@, 4),
—00

N—oo

for every T > 0, which concludes Step 3.

Step 4. Adaptation to the other random variables.
The proof for J(8)(N)(w, A) is exactly the same, replacing Qs by Q 1(5)- since it also holds true
that J(6) ) (w, A) is bounded due to (LJ2). This was important for the analogue of (3.12).

The proof for CH(N) (w, A) can be done analogously with the set Qcn instead of Q5 and with a
different estimate replacing (3.12). The new estimate can be derived, using CH (w) > 0, as follows:

1 1
CHMN(w, A) = ——— CHrw) > ——— cH(rw)
|NAQZ| iENZAﬂZ l ‘NAQZ| iel\%ﬂz l
INBUZ|
=——2C B).
INAUZ| V(w,B)

In the end, we define Q' := Q; N Q 1(5) M Qcn, which yields the assertion of the proposition.
O

3.3 Energy of the system

So far, we defined the one-dimensional chain of particles, the class of interaction potentials and
the random setting. Next, we consider the energy of this model. Let u € A4,(0,1) be a given
deformation with n € N. Then we define the energy of interactions up to order K for a given
deformation u € A, (0,1) as

Hy(w

- it i
; Al (w, m) (3.13)

n[V]w
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3 The discrete model: microscopic scale

As discussed in the introduction, using interactions beyond nearest neighbours is one possible
notion of long-range potentials. For a given ¢ > 0, we take Dirichlet boundary conditions into
account by considering the functional HS : Q x L1(0,1) — (—o0, +o0] defined by

H (w, 1) = {Hn(w,u) ifu e A,(0,1) and u(0) =0, u(1) = ¢,

+o00 else.

In the I'-limit of zeroth order, fixing not only the first and last atom, but also the first K and the
last K atoms would not change the result for the limiting energy. This becomes interesting as a
modelling aspect when considering the I'-limit of first or higher order. Then, the limiting energy
contains the additional boundary constraints as additional degrees of freedom. This is discussed,
e.g.,in [24, 103].

In the following, we are interested in the I'-limit of the energy in (3.13). To this end, we introduce
the function Jhom : R — (—00, +00], which will play an important role in the I'-convergence result.
It is defined by

. N
Jhom(2) := inf E o2 (3.14)
with N € Nand
K N—j i g ,
Thom(@:2) = zirinf{zl X (w’i"H d)J(i)) JPER, ¢ =N =0
=1 i=

fors = 0,...,K—1}.

One of the main results on the way to the limiting energy in Theorem 4.14 is that

Thom (2) = lim JN) (w,z). (3.15)

N—oo

Before we address the '-convergence of the energy, we first provide a characterization of

]}(g;l(w, z), which we frequently use in the following proofs.

Lemma 3.6. For z € Rand N € N, it holds true that

N

]}(lor)n(wlz) =

K N—j 1 i1 , N-1
inf¢ } ) Ji|w i, = ) )7 eR, Y z=Nz 2 =Nl —zfors=0,..,K-25%.

j=1i=0 ] k=i i=0

Proof. For fixed N € Nand w € Q, we define for the term on the right-hand side

N—j 1 i+j—1 ] N-1
p(z):=inf¢ Y Y ;i w,i,j Y /) ipeR ¥ p=Nz pP=pN =2
j=1i=0 k=i i=0

fors = 0,...,K—2},
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3.3 Energy of the system

and for the right-hand side we have by definition

SRS AT AW
q(z) := 1nf{z Z (w,zz+]> 1 q' €R, qsqu_szofors:O,...,Kl}

= ]hom(w,z).

Given a minimizer p = (p?, ..., pN~1) of p(z), we set

i—1
1. Z pk — iz
k=0
fori =0,...,N. Then fors =0, ..., K — 1, it holds true that

s—1
P =Y pr—sz=s2-52=0
k=0

and

-1
PNE= Y PP (N=s)z= Y P ¥ pPF-(N-s)z=Nz—sz— (N-s)z=0.
k=0 =N-s

Thus, g = (¢°, ...,qN) is a candidate for the minimum problem related to q(z). Further, we have

q“”fq 1 (i1
f%-z—j Z p—z+]z—2p +iz | +z=

e

\\H

fori =0,..., N — j. This yields
i+j-1 i+ _ g
]] w/i/l Z pk :]] <w/irz+q-q)/
] k=i ]
which shows p(z) > g(z).
0

On the other hand, given a minimizer g = (4%, ..., ") of q(z), we define

i

=gt gz

fori =0,...,N — 1. Then, it holds true that

Nor N e N_ 0
ZP:Z(‘]JF—’? —i—z):q —q + Nz =Nz,
k=0 k=0

and fors = 0,..,K—2,that p°* = ¢! —g° +z = zand pN = = gN=+1 —gN=5 4 7z = z. Thus,

p = (p°, ..., pN~1) is a candidate for the minimum problem of p(z). Further, it holds true that
1 i+j—1 1 +j— 1 .. )
- Z Pk - Z k+1iqk+z):7’(qz+]7q1)+z'
I k=i j s J
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3 The discrete model: microscopic scale

Therefore, we get

k=i J

1l'+j*1 ) i+j _ 41
]] <w/i/]- Z Pk> = ]] (wrlrz+ qq) 7

which yields p(z) < q(z). This proves p(z) = q(z).
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4 Variational limit: macroscopic scale

In the previous chapter, we have set up the model under consideration. In essence, the discrete
model is a one-dimensional chain of atoms or particles, equi-distributed on the continuous interval
[0,1]. The elements of the chain are linked by randomly distributed interactions potentials of
Lennard-Jones type, up to order K. The latter means that we consider not only nearest and
next-to-nearest neighbour interactions, referring to K = 1 and K = 2, but up to K-interacting
neighbours.

We now let the number # of particles in this chain go to infinity. This corresponds to the passage
from the discrete system to its continuous counterpart. The limiting procedure is performed in
the sense of '-convergence. As we are interested in minimizers of the energy, this variational
convergence is the method of choice. As pointed out in Section 2.4, '-convergence together with
proper coercivity yields not only a limiting energy but also a convergence of minimizers.

This chapter is dealing with the I'-limit of the energy of our model. Section 4.1 starts with an
approximation procedure of the interaction potential. The approximated potentials are Lipschitz
continuous and allow therefore for an application of the ergodic theorems. The homogenized en-
ergy density is a first derived in the case of the approximated potentials. Then, the homogenization
formula with the original potentials are recovered by a limiting analysis for the approximation.
In the end, Section 4.2 shows existence and properties of the homogenized energy density. This
homogenization formula turns out to be the density in the limiting energy functional, which is
stated and proven in Section 4.3.

The results of this chapter have been already published by myself in [81], together with
S. Neukamm, M. Schiffner and A. Schlomerkemper. Here, the proofs and the discussions are given
in more detail.

4.1 Lipschitz approximation of the interaction potentials

The first main issue in the proof of the main Theorem 4.14 is the existence of the limit function

Jhom = lim ]}(gr)n(w, -) for every w € Q' with P(Q’) = 1. A key ingredient of the proof is the
N—o0

ergodic theorem 2.16 due to Akcoglu and Krengel. By applying it to ]}(gr)n(w, z), we get that for
every z € R there exists Q, C Q with P(Q;) = 1 such that for every w € Q; the limit

lim J™) (w,2)

exists and is independent of w. This already seems to be the proof of the existence of the limit J;,om,
however it is not. The problem is the dependence of the set (), on the variable z. Since we want
to have the result proven for all z € R, we have to consider the intersection Q' = (,cr Q; of all
these sets, which is an intersection of uncountably many sets, and hence does not conserve the
property P(Q') = 1.
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4 Variational limit: macroscopic scale

J(2)

\]L ]

Figure 4.1| The fuction | is a typical representant of a Lennard-Jones type potential and J& its z;-
approximation function.

If we had a polynomial growth from above on the interaction potentials, this problem could
be solved by a continuity argument, see e.g. [47, 94]. However, polynomial growth does not
hold true due to the blow up at zero. The blow-up combined with the non-convexity of the
potentials prevents to use well-established homogenization methods. Therefore, our approach is
an approximation of the Lennard-Jones type potentials by functions that exhibit a linear growth at
z — —oo. This approximation allows the application of the ergodic theorem. A drawback is that
removing this approximation in order to get back to the original potentials will bring up certain
challenges.

The following definition provides the approximation, as described above, with linear growth
at z — —oo, and is used as a technical tool. Especially in Proposition 4.6, the advantage of the
approximation in contrast to the original function, takes effect, which is summarized in Remark 4.7
in detail.

Definition 4.1. Fix a decreasing sequence (zp ) ey C R satisfying zp — 0as L — oo and zp < %for
every L € N (see (L]2)). The zy -approximation ]].L(w, -) of Jj(w, -) is defined as

Liw)(z—21) + Ti{a, ’
JHw,z) = mi(@)(z—z) +]j(wz)  forz<z

Ji(w, z) forz > zp,
where m?(w) € Riis the smallest element of the subdifferential 0] ;(w, zL.).

Since J;(w, -) is convexin (0, §;(w)) and % < 6j(w), the subdifferential d];(w, z.) is a nonempty
compact interval. By definition, the approximating function | ]L(w) : R — R is continuous. More
precisely it is Holder-continuous on (zr, +00) and Lipschitz-continuous on (—oo, z1). A sketch
of a Lennard-Jones type potential, together with one of its approximating functions is shown in
Figure 4.1.

Remark 4.2. (i) By Definition 4.1, it holds true that ]]-L(w, z) < Jj(w, z) for every z € R and every
LeN.

(ii) For the approximation | ]-L, a corresponding condition as in (3.3) in (L]2) does not hold true any more.
However, we have

—d < ]]l-‘(w,z) <dmax{¥(z),|z|} forallzeR, j=1,..,K weQ, 4.1)

by construction.
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4.1 Lipschitz approximation of the interaction potentials

Whenever we use the approximation ]jL (w,i,z) instead of each J;(w, i, z) we indicate this with a
superscript of the letter L, that means

Jhom(2) 1= inf B[00 (,2)]

with N € N and

K N—j i+ i ]
ll’lf{ Z ]]L ((U, i,Z + M) : d)l c R,
j=1i=0 ]

]}Llé(g) (w,z) :=

z|=

¢s — (bN—S — Ofors = O,,K_l}

While using the approximation, we are able to prove the counterpart to (3.15), which reads

Fhom () = Jim [0 (w, ).

Before we prove the existence of the above limit in the next section, we have to work out special
properties of the Lennard-Jones type potentials and their approximating functions. This is done in
the following propositions. The first one shows that J is (locally) Lipschitz continuous in (0, 5),
by a combination of the convexity and monotonicity of ] € J on (0, §) together with the growth
condition (3.3). The second one deals with an upper bound on the slopes in the approximation
regime and the third one combines the Lipschitz and the Holder continuity together in one estimate.

Proposition 4.3. Fixa € (0,1], b > 0,d € (1, 00) and a convex function ¥ : R — [0, oo| satisfying
(3.2). Let the approximating function be defined as above. Let A = [a,b), a,b € R, be an interval, and
AN =NANZwith N € N.
(i) There exists a function Cpip : (0,d) — [0, co) depending only on d and ¥ such that the following is
true. Let ] € J(a,b,d, V) be given and let & be its unique minimizer. Then it holds

J(y) = ()

y—Xx

T — |s CLip(0)-

x,y€(p,0)
x#y

(ii) There exists L* such that for all L > L* it holds true that
mf(w) < =M,
with a constant My, > 0 independent of j and w. Further, we have that

M; — oo asL — oo. (4.2)

(iii) There exists an Q' C Q with P(Q') = 1 such that forall w € Q', all j =1, ..., K, it holds true that

1 & . .
7|AN‘ Z ’f]L (w,i,x)— ]]'L (w,i,y)| < CL’H’(N)(w) max {|x —y|*, [x—y|}, (4.3)
j=licAy

for every x,y € R and independent of the choice of A, and some constant 0 < CLHN) () — CLH
as N — oo.
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4 Variational limit: macroscopic scale

Proof. Step 1. Proof of (i).

Since ] is decreasing on (0, §) we obviously have

y—x

for every 0 < x < y < é. Further, for every «, 3,y € (0,6) with @ < B < y it holds true that

J(B) = J(e) _ J() = J(«) _ J(¥) = J(B)
B—a — y—a T yv—p

7 (4.5)

which can be seen as follows: Choose t € (0,1) such that 3 = ta+ (1 —f)y,le. t = Z;%E Convexity
yields J() < t](«) + (1 — t)]J(y) and thus the two equations

JB) - (@) < (1= D) = J(a@) = E=2 (1) - J (@),
1) = 1(B) 2 1) = 11(0) = (1= D]() = 1) = ) = L=E 1) = J (@)

hold true, and imply (4.5).
Next we apply (4.5) to @ = ﬁ, B = %,y: yaswellastoa = %,[3 =x, v =yand get

R A S A
10 -1(&) _J0-T(}) _ 1 -1
xfl - yfl - y—x
R R

A combination of the obtained chains of inequalities yields

1(%) -7 (%) § J) -1 (%) W -JE)

i T oy-xC yx

N

where boundedness from above is due to (4.4). By (L]2),

Wz_zm(H(‘i’(l)*l))'

2R

Hence, for every + < x < y < § it holds

J(y) — ] (x) 1 1

7 K - -

’ Y 2RA |1+ (V¥ 7R + ) )
which implies the assertion.

Step 2. Proof of (ii).
By definition of the subdifferential, it holds true that

Ji(w,y) = Ji(w,x) + m}(w)(y - ),
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4.1 Lipschitz approximation of the interaction potentials

for every x,y € (0, J]. Setting y = 1 and x = z;, we get

< Ji (w, ;1) —Ji(w, z1) . d max {‘1’ (%) , %'} - (%\P(ZL) —d)'

1
d AL d AL

The denominator is always positive and ¥(z;) — co as L — oo. Note that m]L is always negative,
by definition. The right hand side gets smaller and negative as L — co. Therefore, there exists L*
such that for all L > L* it holds true that mJL (w) < —Mp,, with a constant M} > 0 independent of
j and w. Further, by (LJ2), we have that M; — oo as L — oo, which proves (ii).

Step 3. Proof of (iii).
It holds true for every x, y € R that

1 K
L.k IF (/i) = I} (/i)

K1
<2max{KCLlp zr) Z T Z C?(T[w) max{|x — y|*, |x —y|}.

i€AN

This estimate can be derived as follows: recall that for a fixed L, the Lipschitz constant of ]jL (w,i,-)
on (zr, 8) is bounded by Cyip (zr) due to Lemma 4.3 (i). By monotonicity and convexity of J;(w, i, ),
the Lipschitz constant of | ]L (w,i,+) on (—o0,zr) is also bounded by Crp (21 ), by construction of the
approximating function. Further, C]H (1;w) is the Holder constant of ]]-L(w, i,*) on [8;(Tjw), +0),
by definition (see Proposition 3.5 and the related definitions). Now, we have to distinguish between
three cases: (a) x and y are both greater than §;(t;w), (b) both are less than 6;(7;w) and (c) one is
less and one is greater than 6 ]-(Tiw). In the first case (a) the Holder estimate holds, in the second
one (b) we can use the Lipschitz estimate and in the third one (c) we can insert j:]jL(w, i,8;(tiw))
and use the triangle inequality, which results in the factor 2. Since the constants C;p,(zr) and C}q
are all positive, we still increase the estimate, if we sums over the whole set Ay.

Due to (H1) and Proposition 3.5, there exists a set Q' C Q with P(Q’) = 1 such that for all
we Q' all j=1,..., K, the sum on the right hand side is convergent. Therefore, we finally obtain

1 & N
i X 2 i) = @] < €0 @) max(x -y - vl
1l€AN

for every x,y € R and independent of the choice of A, with CLH(N)(w) — CLH almost every-
where as N — oo. This proves (iii).

O

4.1.1 Approximated homogenized energy density

The approximation introduced in Section 4.1 was said to be a suitable approach with respect to
an application of the ergodic theorem by Akcoglu and Krengel and accordingly to the existence
of the limit ]}Eom. This will be specified and worked out now, in Section 4.1.1. Further, we derive
some properties of this limit ]}me. These results will be used as technical tools in subsequent
propositions and theorems.
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4 Variational limit: macroscopic scale

We start with establishing the existence of the function J& . This is done by proving that the

limit N — oo of ]ﬁ(’)(é\{) (w, z) exists and is indeed independent of w. The assertion is formulated in
a more general way, because we need the convergence result in this general form in subsequent
proofs. Let A = [a, b),a,b € R be an interval. Throughout the entire thesis, the notation

id =min{i : i€ NANZ} and 2, :=max{i:ic NANZ},

as N € N, is frequently used. We define a localized version of ]ﬁ;(rzn\]) (w,z) by

K i+j i
L,(N) 1 Lwizg @Y. 0
T (w,z, A) i= ————inf J; (w,z,z+4 t e Ayk(4) o,
ho INANZ| ];1 ‘z‘e’I\%ﬂZ ! J ’
i+j—1eNA
as well as a localized version of ]ﬁi&(w, z) by
K i+j _ i
(N) 1 . . ¢ ¢ 0
I (w,z,A) = ———inf ]'(w,l,z—i—, tpe Ayk(A4) ¢,
hom |NA N Z| ];1 je}\%ﬂl ! J /
i+j—1eNA
where
AR k(A) == {4) :Z—R: ¢ =0for jg@}i\%z{j} —i| < Kor jergl%f)r(wz{j} +1—il < K} . (4.6)

Note that ]lfg)(g) (w, z) and ]lglg]r)n(w, z) are obtained when taking A = [0, 1).
In view of an application of the ergodic theorem by Akcoglu and Krengel, we prove that
]ﬁé(g) (w, z, A) as well as ]1(1221 (w, z, A) are indeed, in a slightly modified version, subadditive.

Proposition 4.4. Let Assumption 3.3 be satisfied. Set T := {[a,b) : a,b, € Z} and denote by L' the class
of integrable functions on the probability space (Q, F,P). Then,

flw): T =L, Am INANZTEN (2, A) + Kdmax{¥(z), |2[},
as well as
folw): T—= LY, A INANZIN) (2, A) + Kd max{¥(z), |z|},

define subadditive processes, cf. Definition 2.15.

Proof. We give the proof for f,(w) and highlight the differences in proving the corresponding
result for fL(w).

Step 1. f.(w) defines a set function from Z to £
By the deterministic upper bound due to (L]2), or due to (4.1) for the approximation, respectively,
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4.1 Lipschitz approximation of the interaction potentials

and with ¢ = 0 foralli =0, ..., n — 1 being a competitor for the infimum problem, we get

K
0<E|[f(w) Z Z ]]-(w,i,z)—|—K2dmax{‘1’(z),\z|}
j=1 ieNANZ
i+j—1eENA

< |NANZ|Kd max {¥(z), |z|} + K2d max{¥(z), |z|} < +o0.

Step 2. Bound from below.

By the deterministic lower bound due to (L]2), or due to (4.1) for the approximation, respectively,
we obtain

AeI{WAlﬁZ| {fz(w) (A) + K2 d max{V¥(z), |Z|}} } > —Kd + K2d max{¥(z), |z|} > —o0.

Step 3. f-(w) is subadditive.

Let Ay,...,Ay C T be such that A, N Ay, = () for all h,m € {1,..., M} with h # m and
with UAm/I:1 Ay =1 A € Z. Then, for every A, there exists a minimizer ¢,, € A?\] k(Am) of
1IN (@, i, Ay), that is

K H‘] i
N, 1 — b
]( (w,i,Am) = o1 Jilw,iz+ 22 _Tm
hom |NA ﬂZ| ]Zl zGN;mﬁZ ! ]
i+j—1eNAy

We set g4 := TM | ¢ € AY ((A). Due to the zero boundary constraint in the definition of
A?\],K(A) it holds true that ¢4 = ¢, on Ay, for all m = 1,..., M. Since ¢4 is a competitor of

]I(lfr)n(w, z, A) and due to the zero boundary condition of ¢,,, we obtain

K i+j
<Y Y (w,i,z+¢ ]¢A>+K2dmax{w<z>,|z|}

j=1 iENANZ
i+j—1eNA

1K j—2

M K H’] d)l M- N )
Z Y Y J (wzz—l— ; >+ YY Y (w ifm — s,z)—i—K dmax{¥(z),|z|}

m=1 j=1 iENA,NZ m=1j=2s=0
i+j—1eNAy,

—

x) M K 1—|—] (P
<Y)y X ];(w,zz—i— ; m>+ZK2dmax{W |z|}_Zfz

m=1j=1 ieNA,N7Z m=1
i+j—1ENAp,

where inequality () holds true due to (L]2), or due to (4.1) for the approximation, respectively,
and since ¥(z) > 0 for all z € R. Thus, subadditivity is proven. O

Remark 4.5. We show in the following the existence of of the function JE_ . One ingredient of the proof is
the subadditive ergodic theorem by Akcoglu and Krengel. Since ]f;om itself is not subadditive, the ergodic
theorem can only be applied to fL(w), or f.(w), respectively, and we obtain

fH(w)(A)
Nannz @
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4 Variational limit: macroscopic scale

pointwise almost everywhere in QO as N — oo to a limit independent of w and A. Further, it holds true that

L
L _ o)) 1, B
Joom(w, 2, A) = NAwNZ) NK dmax{¥(z),|z|} — f(z) -0
as N — oo. Therefore, f-(w) and JE_  vield the same limit. In order to simplify the proofs, we consider
JE . instead of the modified function fL(w) and call it subadditive, although we have only proven that
fE(w) is subadditive. We proceed in the case of Jpom in the same way.

The existence of the function J£__, that we show in the next proposition, is mainly based on the
subadditivity, shown in the previous proposition, because it allows to use the subadditive ergodic
theorem by Akcoglu and Krengel.

Proposition 4.6. Let Assumption 3.3 be satisfied. There exists an Q' C Q with P(Q") = 1 such that the
following is true: Forall w € Q', z € Rand A := [a,b) with a,b € R it holds

Jhom(2) = lim E [0 (2, [0,1))| = lim [0 (w,z, 4). (47)

Proof. In the following Steps 1-3, we will prove that ]ﬁ(’)(g) (-,z, A) converges pointwise almost
everywhere on Q' to a function f(z) independent of w and A. Given this result, the upper bound
from (LJ2) together with the dominated convergence theorem then yields

lim E [ (2, [0,1))] = E[f(2)] = f(2),

N—oo

where the last equality holds true since f(z) is independent of w. This shows the second equality
in (4.7).
Further, N ]ﬁé(é\l]) (+,z,10,1)) is subadditive in view of Proposition 4.4 and Remark 4.5. Because of

linearity and monotonicity of the expectation value, it also holds true that E [N ]}l{(’)(é\{) (-,z10, 1))}
is subadditive. Thus, we can apply Theorem 2.17, a result from the theory of subadditive functions,
to get (again with linearity of the expectation value)

E [N]}fﬁ)(,z, [0,1))}

L . L(N),. .
Jrom(2) = {f B [Jion (2 [0,1)] = inf

E [N (2[0,1))] L
i m i (N)

This shows the first equality in (4.7) and justifies f(z) = JE_ (2).

At this point, it is left to show the existence of the limit I\}im ]ﬁ(’)(g) (w,z, A) pointwise almost
— 00

everywhere, which is done in the following three steps. As indicated at the beginning of Section 4.1,
the ergodic theorem 2.16 due to Akcoglu and Krengel yields, for every z € R and for every A, the
existence of O, 4 C Q with P(Q; 4) = 1 such that for every w € Q, 4 the limit

. L(N)
A, i (472, 4)

exists and is independent of w and A. This already seems to be the proof of the theorem, however
it is not. The difference to the assertion we need to prove is hidden in the type and order of the
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4.1 Lipschitz approximation of the interaction potentials

quantifiers for z, A and Q. The ergodic theorem provides the assertion with a different type and
order of quantifiers. Therefore, we have to do some work to correct and rearrange.

Step 1. The case of a fixed z € R and intervals A = [a,b) witha, b € Z.

We prove pointwise convergence almost everywhere for a fixed z € R. As [NANZ| ]}Lu’)(ri]) (w,z,-)
(N)

is subadditive in view of Proposition 4.4 and Remark 4.5, and ]}LN’)m is stationary and ergodic due
to the stationarity and ergodicity of the group action, the ergodic theorem 2.16 by Akcoglu and
Krengel can be applied. Thus, there exists Q, C Q with P(Q;) = 1 such that for every w € Q,

and for every A = [a,b) with a, b € Z, the limit

N)
Vi, am (24
exists and is independent of w and A. Note that this holds true because of the countability of
the intervals, since we only demand for a,b € Z. Otherwise, the property P(Q;) = 1 cannot be
ensured. More precisely, it holds true that Q. =, ycz Qa, with Q4 C Q being the set on which
the ergodic theorem holds true for a fixed A. Considering A = [0, N), we get

]ﬁom( ) lim ]h ((U,Z,A).

N—oo

Step 2. The case of a fixed z € R and intervals A = [4,b) witha,b € R.

In order to pass to general intervals with a,b € R, we argue as in Proposition 3.5, Step 2 and in

[47, Proposition 1]. For every € > 0, there exists T > 0 large enough and intervals A := [a_, b/ ],
Al == [af,bf]| witha;,b;,af, bl € Z such that
_ AZ| |TA|
A TA C A], 4. >1—g¢, >1—e. 4.8
- CTA C A] A 2 1€ AT| 2 € (4.8)

From (LJ2), we get for all intervals B C A and N large enough the inequality

IN(A\ B) N Z|

L,(N) < TL(N)
Thom (@2, A) < Jyom (@2, B) + = 0o

hom

Cmax{¥(z), |z|}, 4.9)

which can be seen as follows. Taking a minimizer ¢ of the minimum problem related to B, one has

L(N
]ho(m)(w’Z’A)
K iBaxt1—j bt — 1 K it
JF (w,z z+—— > + T (w, i, z)
|NBmZ| ];1 i I j INANZ| ]; HZA:\B ]
iEN(ANB)NZ

iB
1 Imax

K
tNanz g,k Ji@is)

j=2i=iB  +2—j

A\B ‘
(L]Z L N 1 K lmax+17]
< (@2B)+ anz X dmax{¥(z), |z|}
=1 A\B
iEN(A\B)NZ

45



4 Variational limit: macroscopic scale

|NAﬂZ|Z Y dmax{¥(z), |2}

j=2i=iB  +2—j

< ]}Llé)(ri\f)(w, z,B) + dmax{¥(z), |z|} <K|N(A \ B)NZ|+ %(K + 1)K)

1
INANZ|
L,(N) 1 1
< JEE—
< Jotm (w,z,B)+|NAmZ|dmax{‘P( |z|}<( (K+1) >N(A\B)OZ|),
where the last inequality holds true for N large enough. Now, we get from Step 1

Jhom () = lim Jii(w,2, A7)

N—o0
“9) s
< l1m1nf]h( )(w z, TA) +111\]1r;10r<}f| fng\giﬁ)Z?Z’Cmax{‘i’(z), |z| }

. AL\TA)|
— timinf J5™ (w,2, TA) + ATV e oy vy, 21y

N—oo N |(A2_>|
(4.8)
< hmsup]h L (w z, TA) + eCmax{¥(z), |z|}

N—ro0
4.9) TA\ A7
N) [(TAN AL

= AN Ae )|
< Jim 1wz 40) + (e sl ) cmax(v(a), 1)
(48)

= Jrom(2) +2Cemax{¥(z), |z}.

This shows
L T L,(N)
]hOm(Z) - I\}l_l;r;o ]h()m (w’ Z, TA)’

for A = [a,b) witha, b € R, since we can pass to the limit ¢ — 0. With the result (3.7) from Step 2
of Proposition 3.5 we get

]ﬁom(z) = lim ]h o (w,z TA) = 11m ]h (w,z,A),

N—oo

for every T > 0, which concludes Step 2.

Step 3. The case of arbitrary z € R and intervals A = [a,b) witha,b € R.

With the definition of Q. from the previous steps, we define Q' := Nzeq Qz- It holds true that
P(Q’) =1 and that we have for every w € Q’

Jrom(2) = lim TEN (@, 2, A), (4.10)

for arbitrary A and all z € Q. This was shown in the previous steps.

Next, we derive the existence of the limit of ]ﬁ(’)(ri]) (w,z,A) also forz € R\ Qand w € Q. Note,
that the ergodic theorem provides existence of that limit only for w € Q; and not for w € Q'.
For this, let z € R\ Q and (z¢)reny C Q be a sequence with z; — z. Strictly speaking, we can
also assume z € R, but it is not necessary, because we have already dealt with the case z € Q. By
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4.1 Lipschitz approximation of the interaction potentials

contrast, the assumption (zx)xey C Q is essential, because it allows us to use the result (4.10) for
z, in what follows, since (4.10) was only proven for z € Q.

We denote the minimizer related to the minimum problem of ]ﬁ O(I;\]) (w,z, A)by pn . : (NANZ)U

{if. +1} — Rwith qb fin — 0 — d) maxt ! (we drop the index A for the minimizer for better read-
ability), which means that

K ifaxt1-j d)lﬂ Pl
]}E;)(m)(w,z A) = |NAﬂZ ; Z ]]L ((U,l Z+fl\]z ) (4.11)

_lmm

Consequently, we have

i axt1—j i+ i
L,(N) _ 1 L . bz~ PN 2
]hom (wlzlA)_ |NAﬂZ| Zl " ]] w,l,Z—Fi],
==l
A i it+j i
1 imaxT1—J NN

= ]L w,1,Zy + —

INANZ] ];1 i:;;‘ / j

which can be estimated by
L(N) A) > EMN) A
]hom (w’ z, ) = ]hom (wzzk/ )
A t1—] i+ i i+ _ i
1 a1 L . (]5 d)N z L . d)N z YN,z
_WZ 412 ]j w,I,Z-f-f —]]' W,I,Zk—l-f
Since |z — zx| < |z — zx|* for k large enough, we continue with this estimate by using (4.3) and get

TEN (w,2,A) > TEN (@, 2, A) = CEEN) (@) |z — 2. (4.12)

Next we take the limit liminfy_,,, of (4.12). Recalling that CLHWN) (w) — CLH in the limit
N — oo by (4.3), we obtain

o tL(N) . LN . ~LH,N
liminf Jio O (w, 2, A) > liminf Jo 7 (@, 2z, A) = Jim CHEO (w)]z — 2/

= ]ﬁom(zk) - CL'H|Z - Zk|‘x/

where the last equality holds true due to (4.10), by using the assumption (zj )xeny C Q. Subsequently
we take the limit lim sup, _, ., which yields, by the assumption z; — zas k — oo,

C. L,(N) . L
I}Vnglor‘}f Joom (W, z, A) > hgls;lp Joom (2k)-

Now, we can repeat the whole calculation, from (4.11) onwards, by changing the roles of z and z.
Hence, the limits which have to be taken are first lim supy;_, ., and subsequently lim inf;_, .. By
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4 Variational limit: macroscopic scale

this, we get analogously

liminf JE_ (z) > lim sup ]ﬁ(’)(g) (w,z, A).
k=00 N—oo

Together, the two inequalities yield

. L,(N
]}%om(z) = 1\}520 ]ho(m)(w’ ZrA)

(4.13)
= klim JEom(zi), forallz € R\ Qand all (z); C Q.
— 00

This shows that for w € Q' the limit of ]}E;)(rln\])(w, z, A) exists and is independent of w and A

forall z € R\ Q. Altogether, we have that the limit of ]}Lu’)(rﬁ]) (w, z, A) exists for every z € R, is
independent of w and A, and equals JF (z). This finally proves (4.7). O

Remark 4.7. The basic difficulty of the proof of Proposition 4.6 is to extend the result, after applying the
ergodic theorem, in such way that we obtain the limit of ]}Ll;)(é\l]) (w, z, A) forall z € R and an arbitrary
interval A. A main ingredient used in the proofs is the Lipschitz-continuity of the approximating functions,
which yields estimate (4.12). Without this reqularity, it is not readily apparent whether the line of arguments
can be adopted. Herein lies the reason of considering the approximation functions | ]L (w, 1, z) instead of the
original functions J;(w,1,z) as a technical tool. Likewise, the Lipschitz-continuity is useful in Proposition

4.8. Estimate (4.12) also shows the importance of the Holder-reqularity.

After proving the existence of the limit JL om’ We now want to shed some light on the shape and
properties of this function. The following proposition gives some useful technical properties of the
limiting function J£_ , in particular continuity and convexity of JL , as well as its ™limit.

Note that equation (4.13) does not show continuity yet, because it is only valid for sequences
(zn) C Qand z € R\ Q. As already mentioned in the proof, z € R\ Q is not a necessary restriction.
The result holds true also for z € R. The only real limitation is (z,) C Q and this is not enough to
obtain continuity.

Proposition 4.8. Let Assumption 3.3 be satisfied. The map z — ]}Llom(z) is continuous and convex.
Moreover, there exists an QO C Q with P(Q') = 1 such that the following is true: For all w € Q' and
every A =[a,b), a,b € Rit holds

. L,(N) _ 7L
r_l\}gr(}o ]horn <w’ ’A) - ]hom'

Proof. We prove the three assertions of the proposition, namely continuity, convexity and the
I-limit result, separately in the following three steps.

Step 1. Continuity.

Let (zx)ken C R be a sequence converging to z € R. Let ¢y , be a minimizing sequence such
that it holds true d)% .= d)?v ,=0and

itj
KOV (4.14)

N—oo

1 &
lim —Z Z ]]»L w,i,z+
Nj:l i=0

for w € Q' defined in Proposition 4.6. We estimate the term on the left-hand side of this equation
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4.1 Lipschitz approximation of the interaction potentials

and obtain

—j l+] i N—j z+]
i Z ]' (w,i,Z—i—d) ].d)N'Z)—;]ZZ]]L (wlzk+¢ ](PNZ)

z

I
o

]:1 i j=11i=0

N—j i+j 1+]
Z ( (w,i,z—l— d)]d)NZ) —]]L (w,i,zk+d)]¢Nz>)

With this equality, we can estimate (4.14) by

Z\H
||Mx

L,(N)

Jom(2) > T (w, zi) — CEHN) ()2 — 2%, (4.15)

due to (4.3) and since |z — zx| < |z — z|* for k large enough. Next we take the limit N — oo of
(4.15). Recalling that C-H/(N) (@) — CLH in the limit N — oo by (4.3), we obtain

]}%om(z) > ]}Llom(zk) -

by the result of Proposition 4.6. Subsequently we take the limit lim sup, _, ., which yields, by the
assumption z — z as k — oo,

]ﬁom(z) > lim sup ]}%om(zk)'
k—00

Restarting the whole calculation, from (4.14) onwards, by changing the roles of z and z;, we get
analogously by first taking the limit N — co and subsequently lim inf_,

L el
Jhom (2) < liminf i (z¢).
k—o0
Together, this shows [k (z) = klim JE o (zx) and therefore JL_ is continuous.
—00

Step 2. Convexity.

We need to show

]}%om (i‘Z1 + (1 - t)ZZ) < t]}%om(zl) + (1 - t)]lreom(ZZ)

for every t € [0,1] and every z, zz € (0,400). Otherwise, the proof of the inequality is trivial.
Fixt € [0,1]. Let ¢n 2, : N[O, t + ) N Z — R be a minimizer related to the minimum problem of

]ﬁ;(rzn\]) (w,z1,[0,1)), ie ¢y, = (PZI(,“&ZH *fors =0,..,K—1and

i=0

[ _ i+j j
K imax+1—j (]5 ] d)z
L,(N) _ 1 L . N,z N,z
Jrhom (@, 21,[0,1)) = szzl 2 ]]- (w,l,zl + 1]1) )

Further, let ¢y -, : N[t, NJNZ — R be a minimizer of the minimum problem of ]}Eé)(g) (w, 2o, [t,1)),
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4 Variational limit: macroscopic scale

ie.pyn =0= 4;%;; fors=0,..,K—1and

—j i+j

]L’(N)(w 22, (1 1)) = 1 f NZ JE w, i, zo + 7(1)1\[’22 _ d)é\]’zz
hom 7427 (b - |N[t,1) ﬂZ| j:14 ) ] b, 42 ]
l:lm/in
This given, we define a new competitor
PN, =0 for0 <i<K-1,

b H(i—K)(z1—22)(1—t)  forK<i<ipm+1-K,

O = imak(z1 —22) (1= 1) forill) +2-k<i<ilh —14k
¢§V,zz+(N_i)(Zl_22)t forz[ )+K<1<N K,
d)é\],zzzo for N+1—-K<i<N.

Indeed, ¢y fulfils the constraints of the infimum problem of ]ﬁ(’)(g), because (f)lN = 0fori =

0,..,K—=1andi = N+1-K,..., N by definition. In addition, the second and fourth line in the
definition of ¢y is chosen in such a way that in these regimes

zitj oz b g
tz1+(1_t)22+¢Nj¢N :“N'Z%N’Z”
. (4.16)
i+j ¢l+] Y
t21+(1—f)22+¢ .¢N:zz+w,
respectively. Since @y is a competitor, it can be used to estimate
N—j 1+]
1 ] .
]:l i=0
(0,) B
1 K imax+1—j ‘ it ;
=L L [witmr om0
j=1 i=0 j
1 & NZJ G g (4.17)
_.—NZ Z ]]L w/i/tzl‘i‘(l—t)ZZ—.—ilN
j=1,_;1t1) ]
1 K j—2 . lmax*SJrj lmax
+NZ ]]L W,lgé))(*s,tzl+(l—t)22+d) Cb
j=25=0 ]

We consider all three terms of the right-hand side of (4.17) individually in Step A-C and bring it
together in Step D.
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4.1 Lipschitz approximation of the interaction potentials

Step A: First term of (4.17).
Using (4.16), we start with the first term of (4.17), that is

K llgatx""l_j

l+] i
Nj:l i=0 J

04) 4 i+j i
1 K imax+1—j ) d) — (I)
frd N Z Z ]]L w, 1/ Zl _|_ w

i+j ¢i+j _ d)i
]] (w,i,tzl+(1t)zz+d) d)N)]jL w, i,z + A TNA
j=1i=0 ] )

K imax+1—j Tit] ¢i+j —(Di
+%Z Z (]]L (w,z tz1+ (1 —1)zp _|_¢ - ‘PN)_]],L (w,i,zl—i-N’zl].N’Zl )

(4.18)

The second and third term on the right-hand side take into account all contributions that have at
least one ¢k, k = i or k = i + j, in the first or third line in the definition of ¢y. For 0 < i < K—1, it
holds true that ¢§\f,21 =@, =0and d);\n and (f)l;,r] are either both equal to zero or (131;;] - d)’l\n =
(i— K+ j)(z1 — z2)(1 — t). This yields

By =By ONL P | (=K D@ —2)(1 -0
j j - j

< (K+1) ‘(Zl —2z)(1 —i’)| =: (.

For ir[g’;,l +2-K—-j<i< zlﬂgi 1 — j, it holds true that d)lﬂ = zlgal(zl —z3)(1—1), d)é\nl 0

and ¢}, and d)’N,Zl are either also iinaz((zl —23)(1—t) and 0 or iy, — d)erl = ({—K)(z1 —22)(1—1t).
This yields

(K—i+il%) (21 —22)(1— 1)
j

Fi+ 7i i
(1) ] ¢3\] d)N Z] N,Zl

. , <
J J

< (3K—2) ‘(Zl —22)(1 — i’)| =: Cs.

Thus, we can estimate (4.18) with € > 0 and I¢(x) := [x — ¢, x + €) N [0, 1] for N large enough by

.[0,t)

K imax+1—j L d)l+] d')l'
N Z P ]] (w,z tZl+(1—t)Z +]N>
< (57 ) (0,17 + RO 0yt ) 4 PG DE gy etV o),

(4.19)

where the last two steps are due to (4.3).
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4 Variational limit: macroscopic scale

Step B: Second term of (4.17).
The second term of (4.17) can be estimated, using (4.16), as

K N-—j i+j
1 y JE (w,i,tzl+(1—t)zz+qb ; d)N)

]

K N- ¢i+1‘ _ ¢
R E (e Bt

{61) _ i+j i
1 K lmm 1+K ) l+] . (I) - d)l
+ N Z Z ]]L w, itz + (1 — t)Zz + — (P - (pN ]]L w, 1,2y + TNz TNz - N,z
j=1 ;_jt J ]
. i+ i
1 & N . oy — ¢ N, N
+N ; 2 (]]L (w,z,tzl—i—(l—t)zz—i— ; N __'N ]]-L w, 1,2y + —22 =2 7 22 )
=1 N+1—K-j
(4.20)

The second and third term on the right-hand side take into account all contributions that have at
least one d)N, k =iork =i+ j,in the third or fifth line in the definition of d)N Fori = z[t 1) <i<

Eulg 1 + K, it holds true that (I)N = zrgal(zl —z2)(1—1), q’)lel =0 and (I)N and d)N are either
also ik (21 —22)(1 — ) and 0 or §iy/ — dy ! = (i — iloax + ) (z2 — z1)t + (N — zl[ﬁgi)(zl — )t
This yields

(i — itk + ) (22 — 21)t + (22 — 21) (ifmax — tN) ‘

¢l+] quN qu ,Z1 d)é\],zl
/ j

] j

((zo — Zl><lr[na>)</\N t)
JAN

< (2K +1)|(z2 — z)t] + “rzl);ﬂfv'

< (2K+1)|(z —20)t] +

< (2K+ 1) |(Zz — Z1)t| + ‘(Zz — 21)| =: C3.
For N-K+1—j<i< N —j, itholds true that (l)l+] qb}iil = 0 and (i)é\,,zl and (f)’N are either
both equal to zero or @i, — d)N/Z] = (i — N)(zp — z1)t. This yields

d)l+] (’i)l]\] d)N 421 d)é\],zl
j j

<

’ (N —i)(z2 —z1)t

22200 < (K= 1) (22~ )M = o

This result can be used to estimate (4.20) with € > 0 and Ic(x) := [x —€,x 4+ €) N [0, 1] for N large
enough and together with (4.3), by

1 K N-—j 7itj
=Y ) ]}(w,ztz1+(1—t)z Oy — i
N j=1 i:l[t’}) ]
2 NI.(t)NZ NI.(1)NZ
< (1 - N) TN (@, 2, [1,1)) + LNW(%CL’H’(N)(CU) + %qcm(m ().

(4.21)
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4.1 Lipschitz approximation of the interaction potentials

Step C: Third term of (4.17).
The third term of (4.17) is

1 K j72 Zmax_sﬁ'] 1max s
Y Y I w ik stz +(1—t)zz—|—d) - Y .

For the given values of s and j, it holds true that cf)l;]r] — cf)i = 0 because of zl?m)( +2-K<i<
i) + K. This yields

10.8) [0,8)

1 K ]_2 lmaxfs‘k] T imax —S
Z ]]L w, i) — stz +(1—t)22+¢ , — N
N = J
K 2 (4.22)
< NZ Z maX{W(tZl+(1—f)Zz),|tZ1+(1—f)22|}
<11(K+1)KC—>0 as N — oo
~ N2 ’

Step D: Conclusion of (4.17).

Bringing together all previous estimates (4.19), (4.21) and (4.22), we perform the limit N — oo
in (4.17) and get, with the convergence of the constant CLH.(N) (w) — CLH from (4.3),

Je o (21 + (1= H)zp) < tIE (z1) + (1 —t)JE (22) + € (Cy +2Cy +2C5 + Cy) CHH,

where Proposition 4.6 yields the existence of Q" C Q with P(Q') = 1 such that the above calculated
limit exists for all w € Q' and all z1, z, € R. Finally, we can perform the limit € — 0 and get

]}Eom (tz1 + (1 —t)z2) < t]}%om(zl) +(1- t)]}%om(ZZ)’
which shows convexity.
Step 3. I'-limit.

Let (zy)nen be a sequence converging to z. Then, for every N € N we denote a minimizer
related to the minimum problem of ]ﬁ(’)(g) (w,zn, A) by Nz (NANZ) = R, ie.

i )
]L/(N) (CU ZN A Z Z ]L w, i ZN 4 (plN,;N B (plI\I/ZN
h 7 7 i 7 vr -
om ‘NAQZ| j=1 iENANZ ! J
i+j—1eNA

Now, we have

N (o A) = — Ly oy g wiz+M
hom 7 NI |NAﬁZ| ~ ] 7ty .

—1 ieNANZ ]
i+j-1eNA
i+] i i+] i
1 K . bz, — @ . Oz, — @
=y D I M W e R R
| |j: iENANZ ] ]
i+j—1eNA
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4 Variational limit: macroscopic scale

> JEN) (@, 2, A) — CEH M) (w)|z - 2y,

where the last step is due to (4.3) and since |z — zx| < |z — zx|* for N large enough. Recalling that
zN — z and CLH/N) (w) — CLH in the limit N — oo by (4.3) and with Proposition 4.6, we get for
w € Q, by taking the limit lim infy_, o,

L. L,(N) L. L,(N) T L,H,(N) _ a
lﬂlgf]hom (w,zn, A) > l}\]nllgf]hom (w,z,A) hlr\IIljolip (C (w)|z — zn| )

= ]Il{om(z)/

which shows the liminf-inequality. We can take for every z € R the constant recovery sequence
zn = z and get

. L,(N p L,(N
lim sup ]ho(m)(w, zn, A) = limsup ]ho(m) (w,z, A) = JE,(2),
N—o0 N—o0
due to Proposition 4.6. This shows the limsup-inequality and completes the proof of the I'-limit.
O

4.1.2 Limiting functional of the approximation

So far, we have established the limit J: _ and have worked out properties of this function. Now,
we want to recover the homogenization formula for the original Lennard-Jones type potentials.
This means that we have to pass to the limit L — oo in the approximation functions, with the
limit being J,,om. The rest of this section is devoted to the proof of the approximation limit, which
establishes J,,om as the limit of the homogenization formula of the approximation.

We start with a technical lemma, preparing the proof of the limit as L — co. Even though it is
only a technical tool, it is the crucial step towards removing the approximation.

Lemma 4.9. Let Assumption 3.3 be satisfied. There exists an Q' C Q with P(Q') = 1 such that for every
z € (0,400) and w € Q' it holds true that

P L . N

ergg}f Jhom (2) = hgfotip ]k(lorl(w, z, A). (4.23)
Proof. We present the proof for A = [0, 1); the proof for a general interval is essentially the same.
First, note that the assumption z € (0, +oc0) implies finite values of the energy. To show (4.23), we
start for a given z with a minimizer related to the minimum problem of ]ﬁ(’)(g) (w, z), which we call
I— SN-1y
ZLN = (zL/N,...,zL,N ), i.e.

N—j i+j—1
L(N 1 o1 N
]h()(]fn)(wlzl [0/1)) = N Z ]]L <(,U,l,], Z Zli,N) .
]

=1 i=0 k=i

We define the set of all indices i with ZiL’N being in the regime where J; and its approximation ]jlf
differ by

Inyw={i:2z y<z}, forall L, N€EN.
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4.1 Lipschitz approximation of the interaction potentials

Step 1. We claim that

1 .
lim lim — — ] =0. 4.24
tim i,y X () (429

By definition of I} y, every term in the sum in (4.24) is non-negative. Suppose that for some € > 0
it holds

lim sup lim sup % Z (zL — ZILN) > €. (4.25)

L—oo N—oo i€l N

We recall that mJL(w) is the slope of | ]L in the regime z < z; due to Definition 4.1. Using Proposi-
tion 4.6 and (L]2), we obtain

L 1 K N—j 1i+j*l .
Jiom(z) = lim — Ji| iw, = z
fom N—oo N /;1 S\ kz::z N
1 K N=j 11
= limsup Z 2 Jj | mw, = Z 2 | +limsup N Y h (le Z N)
N—oo j=2 i=0 -, N—o0 il N
1 1 L i
-l—hmsup Ji (tiw, z) +limsup — Y my(tw)(z y —21)
N—oo ZGILN N—o0 lGIL,N

> —Kd + lim sup — Y mi(tw)(z) y —z1) > —Kd + M*lim sup 1 Y (z—2 ),

N—o0 i€l N N—o0 i€l N

where the last inequality is due to Proposition 4.3 (ii). Hence, a combination of (4.2) and the
assumption (4.25) yields

limsup JE(z) = co.
L—o0

This is absurd in view of the estimate
Jhom (2) < Kdmax{¥(z), |z|} < oo,

valid for every L € N. Thus the claim is proven.

Step 2. Conclusion

We provide a new sequence of competitors (21 ) for the minimization problem in ]}Llé)(g) (w,z)
satisfying 22,N > zp foralli € {0,...,N—1} and

L—oo N—oo N

K N—j 1 i1 1 i1
lim lim — Z Z ( (Tiw,j ) ZIi,N) —]]-L (Tiw,j ) ZliN)) > 0. (4.26)

j=1i= k=i k=i
Obviously (4.26) and 2 zL N = zr foralli e {0,.. — 1} imply the claim (4.23), due to
1 KNS 1T . 1T
0< Iim lim — I | tiw, = Z - tw, = 2
LeooN%ooN]; i=0 <] < ' ) kZ:l L’N> / ( l J kZ:z LN))
1 K N=j 1 it 1itic1
= hLm 1nf11m1nf Z ( ( Tw, ~ Z Z’£N> —Jj (T,-w,. Z 2{1\,))
—00 ]:1 =0 i ] k=i
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4 Variational limit: macroscopic scale

0 . ] K N=j R
= ligg}f (]hom(z) — limsup N Z ' Jj (Tiw,j Z 2L/N>>

(%) 1 K N—j
.. . N .. N
< thLg}f (]ﬁom(z) — lim sup ]}(lor)n(w,z)> < h{i};‘”ﬁom( z) — limsup — Z Z ]}(lor)n(w z)

N—oo N—oo ]:1 i=0

where the last step (#*) holds because ]}(gr)n(w, z) is independent of L, and in (*) Proposition
4.6, together with liminfy_, o (ax + bx) = a + liminf by if a; — a, was used. Indeed, it holds true
that —a + liminf(ay + by) = liminf(—ay) + liminf(ag + bx) < liminf(by) and thus lim inf(aj +
by) < a -+ liminf(by). The reverse inequality is trivial, since liminf(ay + by) > liminf(ay) +
liminf(by) = a + liminf(by).

Since z;, — 0 as L — oo, it holds true that z; < z for L big enough. Especially the constraint

55 —N s—1
75 = ‘
minimizer with 2}, > z; forevery i € {0,..., N}.

= zfors =0, ..., K — 2 creates no conflict regarding the purpose of constructing a
In what follows we suppose that there exists i € {0,..., N — 1} such that £} , < z| (the other

case is trivial). The constraint Zizial(zé\, —z) =0,implies I . :={i : z< ZiL,N} # () and we
obtain

;_ An-9< T (@En-2+ L (En-2)

IGIL,N,Z Z'EIL,N (427)
& Y z-zn) < Y (FN—2).
iEIL’N ieIL,N,z

Combining (4.27) and the assumption z; < z, we find vé\] fori = 0,...,N—1with0 < vé\] <
max{zy, —z,0} and

Y (z-zy)= X o (4.28)

iEIL,N i=0

Notice that by construction v}; = 0 whenever i ¢ I y .. Next, we define 2 y by

. ZL fori € IL,N/
Al _
2LN = ,
i i .
ZL,N — UN fori ¢ IL,N-

By definition it holds ilL N = zL foreveryiand Z; y is a competitor for the minimization problem in

thedef1n1t1onof]h ). Indeed, zLN—zLN—zforallle{O K-1}U{N—-K+1,...,N—1}
and this competitor also fulfils the boundary constraint, Wthh can be seen by

N-1 . .
Y (By-2)=Y (z1—2)+ ) (Zy—on—2)
i=0 iely 1¢[L
, N-1 N-1 , N-1 - g
=Y (z-2)- Y (Ey-29)+ Y (Ey-2) - Yo=Y (z—-2y)— Y oy = 0
iEIL iEIL i=0 i=0 iEIL =
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4.1 Lipschitz approximation of the interaction potentials

Fix p = p(b,d,¥) € (0, ] such that
%‘P(z) —d>b forallz <)p, (4.29)

where b,d and V¥ are the constants and the convex function from the definition of 7, respectively.
Further, we define p, := min{%, %, p}. We consider for all L sufficiently large such that z; < p;

k=i k=i

i+j—1 i+j—1
D-ffL,N o . lzﬂ B | 11+] &
UG5 = ]j Tzw/j Z ZLN ]] Tzwrj Z ZIN

To show (4.26), we distinguish three cases:

e Case(i): 1 fﬂ ! Z’i N < Zlﬂ ! 2k N < 8j(Tiw). Since ]].L(Tiw, -) is monotonically decreas-
ing on (O, 8j(Tiw)] (see (L]2)) it follows D1ffiLjN > 0.

e Case (ii): 1 ZH] ! 2’£N > dj(tiw). Itis DiffiL,}.N > 1y ( Zlﬂ ! zk ) —d — b. By the defini-

tion of p (see (4.29)), we have either Diffl.L].’N >0or Zl+] ! Z’i NP>z

o Case (iii): 15,7070 2k | < 5j(rw) and L 8 < LTI AR (L By the definition of

2, there exists k € {z Ji+j—1} such that zL N 2 z and thus < ):H] ! 2k > +2z, since

’i > 0 due to the finite value of the energy.

Those indices i where DiffiL]fN > 0 holds true, do not cause a problem regarding the proof of (4.26).

In order to conclude the proof of (4.26), we have to further consider Case (iii) and the part of Case

(ii) where 1 H ! k> p. As an abbreviation, we name the set of those remaining indices Irem.
LN = g

For this, we need a finer estimation and define sets of small and big shifts. Let 4 > 0, then we get
IL,N;j = {Z S {0,...,N — ]} : {i,...,i+ ] — 1} NIy # @},
Ii nyji={i €{0,... N=j}\ LN ok, < uforallk =i,..i+j—1},
=10, N =\ (I U )
I nj={i€ln o |28 — 2| < wforallk =i .., it+j—1},
ILN] ILN]\ILN]f

We claim that for every 1 > 0 and for every j = 1, ..., K it holds true that

lim lim |I N=0 and lim lim |I? .|/N =0. 4.30
im 1m|LN]\/ an L1—>I20NE>I;O|L'N']|/ (4.30)

L—o0

Indeed by definition, we have

Zvé\,:% v

iGIL,N,z i€l N;1 ie

Ca0s) 1 .
0< + UN = N )y <ZL - ZZL,N) ,

iEIL/N

Z|=
L

z|=
SN

%

LN;1
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4 Variational limit: macroscopic scale

and the asymptotic result limy_, o, limy_, % Yiel y (ZL — ZE,N) = 0 from (4.24). Therefore, we

have limj _, o, limy_. o % Zielsl vé\] = 0aswell aslim; o limn_, % Yy ) vé\] = 0, because of

iel? .
v}, > 0. In particular, since we have

0 < ‘IZN;1| < 1 ;
=N M=N. ; N/
lEIL'N;1

it follows that for every p > 0 it holds true that limj _, o, limy_ oo |I£,N;1 |/N = 0. Since |I£ N;]«| <
K]IZN;1 |, we also get lim o, limy o0 |1 N;]-\/N = O forevery j =1, ..., K. In an analogous way,
we have

o<y T o(a-A)ry T o(a-d)=y ¥ (a-4),

i€lf ya i€l va i€l N
and the asymptotic decay limj o imy_ 0 % Yiel y (ZL — Zi N) = 0 from (4.24), which yields
limj o limy o % Zief{ . (ZL — ZiL,N) = 0. Together with
7b
I N2l 1

0 KRy L (a-i),

;=T
zeIL,N;1

this yields im0 limy o0 |17 yq|/N = 0. Since |I~Ilj,N;j| < K| | + K1 4|, we also get
limy oo limy_ o |I~ZN;]-|/N =0, for every j = 1,..., K. This concludes the proof of claim (4.30).

Now, we consider (4.26) for the remaining indices Irem, separately for the previously defined
small and big shift sets. We start with the big ones. By definition of Case (ii) and (iii) we get 25, > p.
forall i € Irem and using (LJ2) yields

LN L ' i+j—1 . L 1 i+j—1 L
Diff; " = Jj w,z,? Y o i |w z,; Y N | = —d—dmax{¥(p.),|p:|, b} = —C;
k=i k=i

and therefore for (4.26)

L 1 i+j—1 . L 1 i+j—1 L
Z ]] w/l/7 Z ZN _]] w/l/; Z 2]\]
lie (If,N;/UTf,N;j> Nlrem k=i k=i

110 .l + 112 ]
Z —C, > —%K(—Cz)-

i b ib
i€ (12, UTE ;) e

z|=
M

-
Il

A\
z| =
M

Together with (4.30) this shows (4.26) for the big shift sets. The small shift sets yield by definition
23\, > p, and Zé\, > p; and allow for the following calculation: with (4.3) and for u < 1 we get

1

L 1 i+j—1 . L 1 i+j—1 L
N ) Jj w,z,; Z v | = Jj w,z,; Z 25
T=Vie (1, UT; ;) e k=i k=i

]
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4.1 Lipschitz approximation of the interaction potentials

1 K 1 i1 1 i+i-1
L L (ead L A) - (ws] L))
I=Vie (1 nyUT i) Nlrem k=i k=i
1 K 1 K N-1
S DR VI T RIS 55 WU SRS

i€ (15 VT ;) e

because |z§, — 2K, | = 0k, < por |2 — 2K | = 2K, — 21| < 1, by the definition of the small shift set.
Here, [-]Cg,“( p,,00) 18 the Holder seminorm. Now, (H1), Proposition 3.5 and Proposition 4.3 (i) yield
for fixed u > 0

: : 1 S . [24 : [24 —
AN & ) o 7 = Jim w7C10) = °Cl02)

with a constant C(p;) independent of L. As this holds for every u > 0, we can take afterwards the
limit p — 0, which shows (4.26) for the small shift sets and concludes the proof.

O

Finally, we can state the result that the homogenization formula for the approximation converges
to the original homogenization formula Jj,qp, in the limit L — oo.

Proposition 4.10. Let Assumption 3.3 be satisfied. There exists an Q' C Q with P(Q’) = 1 such
that the following is true: For all w € Q', z € Rand A := [a,b) with a,b € R it holds true that

l\}im ]1(1221(‘“' z, A) exists in R and is independent of w and A. Moreover, it is
—00

. L
I o (/2 4) = ) Jiom ().

Proof. For z ¢ (0, +00), we have l\}im ]ﬁg&(w, z,A) = oo and Llim JE.(z) = oo, because of (LJ1)
—00 —00
and the definition of the regularization. Hence, the assertion is proven in this case.

Fixw € O,z € (0,+) and A = [4,b), a,b € R. We prove two inequalities. The first
one is simple to show. By the definition of the regularization ]]-L it obviously holds true that

Iﬁ;frff) (w,z,A) < ]ﬁfﬁn(w, z, A) and thus by Proposition 4.6
Jhom(2) < liminf [10) (@,2, ). 4.31)
Lemma 4.9 yields for every z € R the second inequality

lim inf J{,,,,(2) > limsup 1IN (@, 2, A). (4.32)
—00

N—oo

The inequalities (4.31) and (4.32) together yield

lim i (z) = lim [0 (w,z, A),

which has a left-hand side independent of w and A and therefore shows that I\}im ]ﬁg&(w, z,A)
—00

exists and is independent of w and A. Altogether, this shows the assertions of the proposition. [J
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4 Variational limit: macroscopic scale

Remark 4.11. In [73], the authors deal with a situation similar to ours. Apart from the growth conditions
ruling out e.g. the classical Lennard-Jones potential, the main difference is the number of potentials considered.
In [73] a discrete probability density is considered, while in our case the set J («, b, d, V) can be infinite,
even uncountable, which refers to a continuous probability density. This continuous density requires the
technical result of Lemma 4.9 as a main ingredient of our proof of Proposition 4.10.

4.2 Homogenized energy density

In the previous section, we have established the limit of ]1(113]1)11 being equal to the limit of the
homogenized energy density with respect to the approximations of the interaction potentials as
L — oo. We are now in the position to prove the existence of the homogenization formula o,
which uses the unapproximated, original interaction potentials. Further, we derive a number
of properties of Jhom. In particular, we prove in the following proposition convexity, lower
semicontinuity, monotonicity and a blow up at zero, as well as a I'-convergence result. The section
is closed by a proposition showing special results for the case of nearest neighbour interactions.

Jhom Will be an important ingredient of the I'-limit. In Remark 4.15, some further observations
about the homogenization formula are highlighted, additional to the following proposition.

Proposition 4.12. Let Assumption 3.3 be satisfied. There exists an Q' C Q with P(Q') = 1 such that
the following is true: Forall w € Q', z € Rand A := [a,b) with a,b € R it holds

Jhom(2) = lim E[J\0) (-,2,[0,1)] = lim [ (e,z, 4). (433)

The map z — Jnom(2) is convex, lower semicontinuous, monotonically decreasing and satisfies
lim Jhom(z) = +o0. (4.34)
z—0+
Moreover, it holds for every w € Q' and A := [a,b),a,b € R
i V) —
I- I\}I—I};o ]hom(wr v A) = Jhom- (4.35)
Proof. We prove the different claims separately in the next steps.

Step 1. Equation (4.33)

By Proposition 4.10 ]}(11;21(' z, A) converges pointwise almost everywhere on Q in R to a func-
tion f(z) independent of w and A. The upper bound from (L]2) together with the dominated
convergence theorem then yields

lim E [J3) (2 [0,1)] = E[f(2)] = £(2),

N—oo

where the last equality holds true since f(z) is independent of w. This shows the second equality
in (4.33).

Further in view of an application of the subadditive ergodic theorem of Akcoglu and Krengel,
we note that N ]ﬁgr)n(, z,[0,1)) is subadditive in view of Proposition 4.4 and Remark 4.5. Because

of linearity and monotonicity of the expectation value, it also holds true that E {N J (N) (,z,0, 1))}

hom
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4.2 Homogenized energy density

is subadditive. Thus, we can apply Theorem 2.17, a result from the theory of subadditive functions,
to get (again with linearity of the expectation value)

E [N](N) (z [0,1))}
_ (N) _ hom
]hom(z) - Z\lfrel%:\TE |:]h0m('/ z, [0/1)):| - I\lfrelf\l N

_ E[NJGa (2 [0,1))]
= lim
N—oo N N—oo

This shows the first equality in (4.33) and justifies f(z) = Jhom(2)-

Step 2. This step deals with the properties of the map z — Jjom(z), namely convexity, lower
semicontinuity, monotonicity and the blow up at zero.

Convexity.
By Proposition 4.10, Jhom(z) = Llim J& m (2) holds true, and J; _ (z) is convex due to Proposi-
— 00

tion 4.8. Therefore, we get the convexity of J,om(z), because it is the pointwise limit of a sequence
of convex functions and therefore convex itself.

Lower semicontinuity.

Due to convexity, Jom(z) is continuous on its domain, i.e. on (0, +00). Further, we get from
(3.2) the estimate

(4.38) 1
lim Jhom(z) > lim <dK‘P(z)—Kd> =" 0. (4.36)

z—0t z—0F

This shows lower semicontinuity.

Monotonicity.
The map Jjom is bounded from below, which can be seen from (4.38) and ¥ > 0.

Next, we prove that J,,on, is monotone decreasing. For this we fix 0 < y < z < oo and show

Jhom (V) = Jhom(2). Let zy : {0, ..., N — 1} — R be a minimizer related to the minimum problem

of]}(f(\)]IL(w,y) Le. ZN—Z% s1=yfors=0,..,K-2, ):No ZN_NYand

K N-j R
]hom w, )/ Z Z ]] (w’l’]’ kZ’ ZN) :
j=11=0 =i

Next, we manipulate zy in order to construct a competitor for the minimum problem related to
(N)
Jhom (@, z). We set

z fori=0,..,K—2andi=N-K+1,.., N—1,
(z—v)(N/2—K+1)+ 2K fori=K-1,

(z—¥)(N/2=K+1)+z87K  fori=N-K,

ZN otherwise.
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4 Variational limit: macroscopic scale

Indeed, Zy fulfils the constraints ):N 01 Zyy = Nzand zy; = z% sl — 7 fors =0, ..., K — 2. Hence,
we can estimate
1 K N=j q i »
]hom( z) < N Z ]] w, L= Z N
j=1i=0 ] k=i

(4.37)

k=i k=i

| K 1 i1 R
LIRS D D N V1 (S S BV CE0 )

We now argue that the remainder converges to 0 as N — oco. The second part of the sum can
be estimated by ]] (w, il Zl+] ! ZII‘\,) < d, due to (L]J2). Since each sum contains at most K
elements, the prefactor N ensures the convergence to zero.

The first part of the sum needs a finer argument. Due to supy ]ﬁfg\(w y) < oo, we have zi, > 0
for every i = 0, ..., N — 1. With this, we consider the first part of the sum J; (w i, Zlﬂ ! ’I‘\])
Now it holds true that zZ§; = zfori < K—2andi > N — K+1,andzN > (z—7y)( N/2 K+1)
fori=K—1landi= N —K, and Z’I(\] > 0 otherwise. This yields Zi+171 7k, > z as N large enough.
Therefore, J; (w i, = ):l+] 1k ) is bounded, due to (3.3) from (L]J2). Since both sums contain at
most K elements, the prefactor § ensures the convergence to 0.

As the remainders in (4.37) vanish as N — oo, we get, using Proposition 4.10,

Jrom(2) = lim Ji) (,2) < lim 0 (@,%) = Jnom (),

which is the desired result and finally shows that Jom (z) = Jhom (V) for all z > y. Together with
(4.36), this shows that Jj,,y, is monotonically decreasing.

Blow up at zero, proof of (4.34).

From the condition (L]J2) we have

K N ; ;
Jhom(@,2 [0, 1)) = inf {NZ; <w,lz+¢ﬂ_¢)}

beA (0,1)) j

1 K1 ( ¢>f+f—¢i> 1 EN—j+1
> - inf z4+ — —Kd > = ————VY(2)—Kd,
4 pe A (([01)) {Z ; j d]; N )

where we used in the last estimate Jensen’s inequality and ¢ & A?\], x([0,1)), see (4.6). By taking
the limit and since we know from Proposition 4.10 that J;,om, (z) exists in R, we get

Jhom (z) = lim ]}(IN) (w,z) > 1I(‘]l’(z) — Kd. (4.38)
- om d
Clearly, (3.2) and (4.38) imply (4.34).

Step 3. I'-limit, equation (4.35).

For z € R, let (zy) be a sequence with zy — z. Then, the definition of the approximation and
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4.3 T-limit of the energy

Proposition 4.8 yield

c . (N) .. L,(N) L
1m1£f]hom(w, zN, A) > hl\lrrblor(}f]hom (w,zn, A) > Jiom(2)-

Further, taking the limit L — co we get with Proposition 4.10 that lim infxr_, o, ]}(1](:& (w,zn, A) >
Jhom (2), which proves the liminf-inequality.

For z € Z, take the constant recovery sequence (zy)nen With zy := z. Then it holds true that

lim sup ]ﬁfrz\(w, zN, A) = limsup ]}(gr)n(w, 2,A) = Jhom(2),
N—oo N—oo

which proves the limsup-inequality and completes the proof of the I'-limit.

O

If we restrict ourselves to the case of only nearest neighbour interactions, i.e. K = 1, we can
refine the previous proposition. This is the subject of the next proposition, cf. also Figure 4.2.

Proposition 4.13. Suppose that Assumption 3.3 is satisfied and set K = 1. Then, Jnom given in (3.14)
satisfies
min fom(2) = E[J1(61)] and  Jnom(z) = E[J1(81)]  forall z > E[8].

Proof. We claim
rzrgﬂlg ]hom(z> = ]hom(E[‘Sl]) = EUl(‘Sl)]' (4.39)

By (LJ2), we have min,cp J1(w, z) = J;(w, 81 (w)). Hence, for every z € Rand w € Q it holds
N 1 N-1
Thom(@,2,10,1)) = = ¥ Ji(Tiw, 8 (ricw))
i=0
and thus by Propositions 4.12 and 3.5
Jhom (2) > E[J1(81)] for every z € R.

Combining Proposition 3.5 in the form limy_,o 5 L' &1(Tiw) = E[61] for P-a.e. w with the
I'-convergence statement (4.35) of Proposition 4.12, we obtain for P-a.e. w

1

1 N=
lim sup N Z

N—oo i=0

N-1
Nh(Tiw, 81 (tiw)) > thr;inf]ﬁﬁ (wi] Y 51(Tiw)> > Jhom (E[81])
° i=0

and thus (4.39) follows, which proves the proposition.
O

With all the previous results, we gathered enough information about the properties of the
function Jhom. A sketch can be found in Figure 4.2. Next we state the convergence result.

4.3 T'-limit of the energy

In this section, we finally prove the '-convergence result for the sequence (H5(w, -)) of our energy.
The limit n — oo refers to an increasing number n of particles in the chain and therefore is the
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4 Variational limit: macroscopic scale

3)
)

E[J1(61)]

~—~p ~—~
—

Figure 4.2 | The function J,,om for K = 1 in the case of two different potentials ] and J, which are equidis-
tributed. Therefore the expectation values lies within the middle of both.

passage from the discrete to the continuous system. The density of the limiting energy functional
turns out to be the homogenization formula J,,,, which we established in the previous sections.
Note that in the literature also the notion I'-limit of zeroth order is used.

Theorem 4.14. Let Assumption 3.3 be satisfied. Let ¢ > 0. Then, there exists an Q' C Q with
P(Q') = 1 such that for all w € Q' the T-limit of H,(w,-) with respect to the L1(0,1)-topology is

H}{Om : L(0,1) — (—o0, +o00], given by
1 / . s
u'(x))dx ifu e BV*(0,1), D°u >0,
i) = | o Jrom /() 5 Fu e BV
+o00 otherwise.
with

d)S — d)N*S — Ofors = OI’K_l}

Moreover, the minimum values of H(w, -) and Hﬁom satisfy

lim inf H;, (c, u) = min Hfor, (1) = Jaom (£)-

Remark 4.15. Some remarks on the homogenization formula.

(i) We emphasize that the function Jnqom is deterministic, i.e. it depends only on the variable z and not
any more on the stochastic variable w.

(ii) We use Lennard-Jones type potentials because they allow for fracture in general. Indeed, the limit
functional includes jumps since the energy is finite for deformations u in the space BV'(0,1).
Consequently, jumps are allowed.

(ii1) The limiting energy is only finite for D°u > 0. This refers to positive jumps and guarantees that the
chain shows no self interpenetration.

(iv) The homogenized energy density is given by an asymptotic cell formula. This is a typical result in
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4.3 T-limit of the energy

stochastic homogenization, see, e.g., [4, 47, 94]. In Chapter 6, we consider the periodic case with
nearest-neighbour interactions. There, the asymptotic cell formula reduces to a minimization problem
on the periodicity cell.

(v) The limiting energy reveals a major disadvantage. The jumps, which are allowed to occur, do not cost
any energy, because the integrand Jom, only takes into account the absolute continuous part of the
measure u'. Therefore, the chain can have arbitrarily many jumps without an increase of energy due
to cracks. This problem will be overcome in Chapter 5 via a rescaling approach.

(vi) In the case of only nearest neighbour interactions, i.e. K = 1, we can elaborate on the regime where
jumps can occur. Due to Proposition 4.13, it holds true that Jhom (€) = Jhom (E[61]) for £ > E[51].
Therefore, a minimizer of Hflom can have a jump for £ > E[61]. Indeed, the limiting energy of
uq(x) == Lx and uy(x) := E[é1]x for x € [0,1) and uy(1) := £ is the same, while u, has a jump
and uq has not.

In contrast, for | < E[51] no jump is possible, because here the function Jyon, is monotonically
decreasing, c.f. Proposition 4.12. Therefore, we call the regions of the boundary value ¢ separated by
the value E[61] elastic and jump regime, respectively.

Proof. The existence of J,om, and some properties of that function were shown before in Proposition
4.12.

Step 1. Compactness.

Let (u,) C L1(0,1) be a sequence with sup, Hf;(w, u,) < oo. Then, we have u, € A,(0,1) (cf.
Definition 3.1) and u,(0) = 0, u,(1) = ¢ for every n € N, by definition. Since ¥(z) > 0 for all
z € R, we can estimate the energy from below by

K i+j _

n—j u ui\ (Lj2) 1 K noj Ut i K n—j
CZZZ/\n]j wlll% > EZ A % —dZZAn
j=1i=0 J/n =11 n j=1i=0 (4.40)

n—1 i+1 _ i
S R

By using the Jensen inequality, we obtain from (4.40)

n—1 i+1 _ i 1
e > %w (Z An (”"A””>> - %\y (/O i (x) dx> . (4.41)
i=0 n

We know from (3.2) that ¥(z) — oo as z — 0. Since (4.41) shows that ¥ (fol ul,(x) dx) is
bounded, (3.2) tells us that fol u,(x) dx has to be bounded from below by zero, which reads

1
0 </0 uj, (x) dx.

In addition, the boundary conditions yield
1
0< / uly dx = uy (1) — uy (0) = 2.
0
This shows ||u},[|11(9,1) < ¢- Since u,(0) = 0, we get by the Poincaré inequality [21, Thm. A12]

[unllwrigoy < C. Since ||ty || 1.1 (0,1) is equibounded, we can extract a subsequence (not relabelled)
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4 Variational limit: macroscopic scale

(1) which weakly* converges in BV(0,1) tou € BV(0,1) [5, Thm. 3.23]. By definition, we also
have u € BV*(0,1). This can be seen by defining the extension i, € BV},.(R) of u, as

0 ifi <0,
=< ul  if0<i<n, (442)
¢ ifi >mn,

which is in W (R) because it holds 1, (0) = 0 and u, (1) = ¢ for every n € N. Then, il, converges
weakly* in BV}, (R) to the extension ii of u. Therefore, we have

u(07) = lim @(t) =0 and u(1") = lim d(t) = £.
t—=0~ =1+
Since we need it in the following, we again go back to (4.40). The same calculation holds true
if we consider a given partition Iy = [c,d], k = 0,1,...,m and ¢,d € [0,1], of [0, 1], assuming
(nl;NZ)N (nyNZ) = () for j # k and for all n € N. Inequality (4.40) then becomes

. 1 n—1 uiJrl _ ui 1 ui+l _ ui
CZZAn‘y(H):Z Z )\n\y("">.
d 5 An 4= ienl,NZ An

Since all terms in the sum are positive due to W(z) > 0 for all z € R, they all have to be bounded
separately. That is, for every k = 0, ..., m and with the Jensen inequality, it holds true that

"
. . ) A

R 1 uitl gl 1 ZlenlkﬁZ n ( h )

¢> - AnY <" ") > = An | W n
diGn;k’mZ ! An d ien%mz " Yienl,nZ An
1 S uy(x) dx

= (InkNZA)Y [ S —

g (PN Z[As) ( N ZA, |

with [[" := Ay [min{i : i € nly N Z}, max{i : i € nly N Z} 4 1). Since we know that ¥(z) — oo for
z — 07 and witha := min{x : x € [; N 2Z} and b := max{x : x € [, N 1Z} we obtain

0< /I+ ul, (x) dx = uy (b) — uy(a).

With the same line of arguments as above, we then obtain

||(”;1)||L1(1k*) < tn(b) — un(a). (4.43)

The results will be applied in the proof of the limsup-inequality below.
Step 2. Liminf inequality.
Let (u,) C L(0,1) be a sequence with u, — u in L'(0, 1) and with sup, Hj(w, uy) < oo. From

the compactness result, we know that u, —* u in BV(0,1), [[uy[l;1(0,1) < C and u fulfils the
boundary conditions. We regard u as a good representative (cf. [5, Thm. 3.28] or Definition 2.6).
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4.3 T-limit of the energy

The aim is to show the liminf-inequality

1
lim inf H (w, u,) > /0 Jhom (#(x)) dx. (4.44)
We replace u, with 1, which is the sequence (il,,) of piecewise constant functions defined by
fiy(i/n) = u,(i/n) with i, being constant on [i,i +1)1,i € {0,1,...,n — 1}. It is first shown that
il also weakly* converges to u in BV(0, 1). For this, (i) || x| gy (0,1) < oo and (ii) 1, — u in LY(0,1)
has to be proven.
For (i), we get with the Poincaré inequality in BV (0, 1), see [5, p.152],

1
By (o,1) =/0 || dx + [Di|(0,1) < C[D2|(0,1) + [D|(0,1)

n—1 ;
() ()
=0 n n
_n-1| 1 _n-1 il
_¢ / uhy(x)de| < C Y [l (x)] dx = Cllullpi o)
i=0 n i=0"n

This term is bounded, which proves (i), because we assumed the norm to be equi-bounded.

For (i), we have ||, — ul[11(01) < [0 — unll1(0,1) + [[tn — |11 (0,1) due to the triangle inequal-
ity. Since u, —* u in BV(0, 1), the second term converges to zero. Thus, we only have to consider
the first one. It holds

litn = sl o) = /|un—un|dx—z/1 o= it dx
noord i—1 x
:Zﬁq ﬁn(x)—un< - )—ﬁ] u;(y)dy’ dx
i=1""n n

A i—-1\ ,
:Z/_1 x— u
=15 n

As the norm of u), is equi-bounded, the right hand side converges to zero as n — oco. Altogether,

1& [ 1
x)| dx < ” Z ﬁ_l ]u;(x)| dx = E”“/n”Ll(o,l)-
=175

this shows (ii).
The reason, why we can easily switch to 7, instead of u, is that it has the same discrete difference
quotient as u,, and therefore it holds true that

K n—j . ul+] ul, AH‘] _qi
w;”n Z ZAI’!]] w!llji Z ZAﬂ]] (U, 7 ]A -1 .
j=1i=0

j=1i=0

With this, we pass to a subsequence (il,;, ) with

Uy

K ng—j 12:1"‘] Y
liminf HS (w, u,) = Z Y A | wi, ——=
=1 i=0 ]An

n—o0 k

k’) such that Ay, — 1

Since it holds i1, — u in L(0, 1), we can pass to a further subsequence (i,
ﬁnkl) and call it just (i1,).

pointwise almost everywhere. From now on, we relabel the subsequence (
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4 Variational limit: macroscopic scale

M=4
t t t t t
0 _01 '12 ‘23 3 4
Tmax Tmax Tmax Tmax
I N I I | A I A I
,IIIIII|IIIIIIIIII|IIIIIIII|III|
<0 i1 2 hig 3
lmin Zmin Imin A lmin
[0,1] " 1

Figure 4.3 | Illustration of the definitions . and if., for M = 4.

Step A: Introduction of the first additional and artificial scale.

As it is common in homogenization theory, we introduce an artificial coarser length scale &
and provide a liminf inequality of the form (4.44), where u on the right-hand side is replaced by
a suitable piecewise affine interpolation us of u. The claimed inequality (4.44) then follows by
sending 6 — 0 and a suitable relaxation result.

We define the coarser grid as follows: For a fixed 6 > 0, small enough, there always exists M € N
and tg, ..., tpr € [0,1] such that tg = 0, tp = 1, 6 < tyy1 — tm < 28, by is not in the jump set of u
and 4, (ty) — 1(ty) pointwise as n — oo and for every m = 0,1, ..., M. With the definition

it c=min{i : i € nfty, tyi1)},
M

inoci=max{i:i€nlty tui1)},

illustrated in Figure 4.3, we can estimate

K M-1 igaxtl-j it _ g M-2 K j=2 fimax =St plmax—s
. n . n n
= Z ATZ Z ]] wlllfn + Z Z /\n]] wlllﬁrfl‘lax —-S, i .
j=lm=0 =i J2n m=0 j=25=0 J%n
(4.45)
The second term of (4.45) vanishes as 1 — oo, which can be seen as follows:
M-2 j_2 o ﬁ;maxfs+] _ u":/lmax_s
Z An]j W, Imax — S, iA
m=0 j=2s=0 JAn
' (4.46)
@41 M=2 K j=2 5
> Y Y Au(—d) > =2 dK°M — 0 asn — oo.
m=0 j=2s5=0

Step B: Introduction of the second additional and artificial scale.

We want to continue with the first term of the right hand side of (4.45). In order to deal with
the non-locality of the energy (due to the interaction beyond nearest neighbours) we introduce
a second small scale 0 < € < 6 and manipulate u, in a small boundary layer of size ~ € at the
boundary of the intervals (¢, t;+1), see Figure 4.4 for illustration. This additional scale simplifies
the calculation of the upcoming remainders.
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4.3 T-limit of the energy

The scale is defined as follows: Let € > 0 with € << ¢ (therefore it is reasonable to consider in
the following first the limit e — 0 and then 6 — 0). Because of the pointwise convergence almost
everywhere of il,, we can find for every m = 0, ..., M values a,, € R and b;, € R (explicitly, a,,
and b, depend also on M, n and €, but we do not denote this for better readability) which are not
in the jump set of u such that t,;, < ay < by < tpi1,€ < am —ty < 26, € < tyy1 —by < 2eand
0y (am) — u(am) and @, (by,) — u(by,) pointwise in R as n — oco. With that, we define ;" € N
and hl" € N, with 0 < %" < hl < n such that a,, € Ay [y, " +1) and by, € Ay [hﬁ’”,hf,’” +1).
Note that for 1 large enough it always holds true that i, + K << hj" and W << it — K.

We further need a modified version i, of the function i, because 7i,, does not fulfil the boundary
constraint of the infimum problem of | i 05::) Therefore we perform a minor modification, such that
il becomes a competitor for the infimum problem. Recall that the discrete difference quotients of
u, and 1, are the same, by construction, and can therefore be used equivalently. Now set
_ uﬁzm — uﬁﬁm + 2e

AR — Him +2)

€
Zom

which will be the average slope of i, on the interval A, [i”. ,i%. + 1]. Since (1) is piecewise
constant and by the definition of a,, and b,,, we get as n — oo
A A A
ge o " — iy +2e 1y (by) — ty(am) + 2€
M ARl —hm e 2) A (hbr — h 4 2)

(4.47)
u(by) — u(ay) + 2¢

%
by —am

With this, we define ii,, as the continuous and piecewise affine function with

-0
i, =0,
<itl i
Un " Mn _ e for M. <i<hW _2andKln +1<i<i"
A — “n,m min = % =" n — & = fmax~
n
i, =a e for i=h%andi=h"+1,
i+l i i+1 i
gt — g uttt —y .
i =" 4 for him <i<hlm 1.
An An

A sketch of this construction can be found in Figure 4.4. Note that the boundary constraints of
the infimum problem of J, hZ;L are fulfilled, by definition. Further, note that the slopes of u, and
il are the same on the interval hj" < i < hi’{” — 1. The two parts where the slope is set equal to
the value e by definition of i, are of technical reasons. They are designed in such a way that the
remainders, which show up in the following, can easily be estimated. This can be seen in (4.50),
where the presence of the jump ensures that the discrete gradients can be bounded from below by
a positive value converging to +oo.
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4 Variational limit: macroscopic scale

u(x)

F— eto2e—
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Z‘gin ht;lm th imax T 1

Figure 4.4 | Illustration of the definition of .
Given this, and by definition of ]}(f(l))m, we estimate the first term of the right-hand side of (4.45):

M-1 mﬂx‘i’1 ] "H'] ﬁi
A w, i, ——=
Z n ]] jAn
l

m=0 i=

M"Jw

M-
> Y Al — i A 1T (0,28 0 (s b))

m=0

L L 4.48)
M-1 K Hm—1 NS k] (

+ Y Y Y (i wi ) g i, e

m=0 j=1 i=i". JAn jAn

min

M—1 K ifaxtl—j ﬁiﬂ' i ﬁiﬂ' i
n . n
+222A¢@mﬁg}%w.".

m=0j=1j—pbtn _j11

v

Step C: Vanishing remainders.

Later on, we will continue with the first term of (4.48) in (4.51). Before, the second and third
terms of (4.48) are considered in the limit n — oco. As the calculation and the arguments are the

same, we only show them for the second one and leave out the analogous considerations for the
third one. We show in the following that

-1 K hj"—1 ﬁ;‘i'j_ﬁi ) 11;1"'] ﬁl
hmmf Z Z Z zTn —Ji|w,i, ]T > —Ce, (4.49)

m=0 j=1i=i".

min

for a constant C > 0. The first part of (4.49) can be estimated by using (4.1) as

M-1 K H"-1 ﬁlﬂ Ai 1 K hyt-1
zzzw@u. )L e
m=0 j=1i=i" JA m=0 j=1 i=i"

min

> —MK (b — " ) Apd =5 —MKd(ay, — ty) > —2eMKd = —Cye,
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4.3 T-limit of the energy

with C; > 0. The second part of (4.49) reads

By construction of i, and since we consider ir"fﬁn < i < h¥m —1, it holds true that

i — i _ g gttt . it i _1 . Zq: ke gk +yi
jAn jAn jAn j o k=p An An )’

where x € {0,...,j}, p > hy", g < W —1+j,9g—p+1 < jy € {0,1} and from y =

follows g < p. Further, we know from (4.47) that zj, ,, converges and is therefore bounded by a
k+1 k

Aiu” > 0foreveryk=0,..,n—1.

Consequently, one of the following two cases holds true, namgly either Case 1

constant C > 0. Due to sup, H, (w, uy) < oo, we have

o, —ag 1

1l
jAn L= (]Zz,m) = Zpm
or Case 2
i i A R
iy N -MC+e/j . C
£ "> _(-iC =" > — 4.50
e L ) R ey @)

for n large enough. In Case 1, we get

M—-1 K -1 at g M-1 K Hj"—1
YY L M (“’M> > Y Y X Awdmax{¥ () |zhal)

m=0 j=1 i=i".

-1 K hy"—1
> Z Y Z Andmax{max‘y()

m=0 j=1i=i" |Z|<C |Z‘§C
> —MKC, A, (hom — i ) "=F —MKC, (ay, — tn) > —2eMKC, = —Cae,

with C;, C; > 0. In this calculation, we assume that zj, ,, lies in the domain of ¥. This is indeed the
case, as can be made clear by (L]2), from which we get (recall ¥(z) > 0 for all z € R)

K n—j u i
oo>supH (w, uy) =sup Y Z?\n]] w, i, ———"

nj=1i=0 jAn

i+j i n—1 i+1 i
Uy - —uy, 1 u, = uy,
> — — ") - > Z nTn)
sup 2 E An ( < i > d) > sgp 2 )\nd‘i’< A ) dK,

nj=1i=0 i=0

i+1 _ i
which shows that u”)\iun foreveryi =0,...,n — 1 lies within the domain of ¥. Then,
n

b a S WA
. hnm _ hnm 1 n uln"r

—ul, 2e
b a b a A + b a 4
hnm _ hnm + 2 hnm _ hnm i:th n )\n (hnm _ hnm + 2)

Zn,m
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4 Variational limit: macroscopic scale

where
hbr — 1
b a = 2 — 1’
hnm - hnm +2 1- b a
hnm _hnm
2e . 2e 2
— < lim . <—
. . b, . . . .
min u;/;i*l —ul, 1 By —1 uzn+1 oyl u;:rl —ul

< — S ZH o
i=0,...,n—1 /\n I’lnm — h?[m i=}m An
—'n

For € small enough and 7 large enough, z;, ,, therefore also lies in the domain of ¥, which proves
the assumption.

Sitj
In Case 2, we have "Tu” > d for n large enough, with d from (L]J2). This yields, for n large
n
enough, with (LJ2)

K hy"—1 gt i M-1 K Hj"—1

. / n n —
Y Y Ajlwi T = ) ), ), b
=1 i=i J/n m=0 j=1i=i"
n—oo

> —MKbA, (hfm — i) — —MKb(ay — tm) > —2MKbe = —Cge,
with C3 > 0. Together this shows (4.49), by choosing C := C; + C + C3.

Step D: Conclusion and removal of the two artificial scales.

Now, we combine the previous results. By passing to the limit lim inf,_, in (4.45) and with
Proposition 4.12 (i.e. (4.35)), (4.46), (4.47), (4.48) and (4.49), we obtain

M-1
lim inf Hj (e, u,) > lim inf mgo Ao |l = 00 4 1 T (0,28, [y Eeg1)) — 2Ce
. (451)
- u (by) —u(am)+2e€
>y |tm+1—tm|1hom( ()~ 1) )—ZCe.
m=0 m m

For liminf,_,o, we then get

liming (bm) —u (am) +2€ _ u(tmsr) — ultm)
e—0 bm — Ay

7

byl — tm

as there is no jump in ay,, b, and t, and therefore u is absolutely continuous. Hence we can
continue with (4.51) by

M-1 _
lim inf HY (w, u,,) > lim inf Y ltws1 — bl Thom <u (bm) —u (am) +2€

n—00 e—0 bm — Aam

m=0

(4.52)

M-1
2 Z |tm+1 - tm| ]hom (u (tm+l) —u (tm>) ’
m=0

tt1 — tm

since Jhom is lower semicontinuous due to Proposition 4.12. We now define (w),) as the piecewise
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4.3 T-limit of the energy

affine interpolation of u with grid points t,,, with wy;(0) = 0 and wy(1) = ¢ for all M. We
continue by estimating (4.52) as follows:

M
wpm (¢ —wpm (t
hmlan (w, uy) Z tms1 — tur| Jhom < M (tm+1) M ( m))

n—oo tm+1 — tm

(4.53)
= /0 ]hom (wﬁ\/l(x)) dx.
Note that [0, fulfils all assumptions of Proposition 2.8 (see Proposition 4.12) and wy; —* u in

BV(0,1), which is discussed below. Therefore, we finally get, by taking the limit lim infy;_,,
(which corresponds to 6 — 0) on both sides in (4.53),

1 1
tim inf Hj (e, 1) > Hminf [ Juom (w44(2)) dx > [ from (1 (x)) .
Due to oo > liminf, o Hﬁ(w, uy,), Proposition 2.8 yields D°u > 0 on (0, 1).

Step E: Proof of wyy —* uin BV(0,1).

Finally, we sketch the argument for wy; — u in BV(0,1). Clearly it suffices to show that (i)
sup [wmllwii(o,1) < o0 and (ii) wp — uin L'(0,1). Regarding (i), we observe

HwM||L101 /|wM |dx_121/ x)| dx
v [ fult) —u(tiog)
“RJ [T

ti—tiq
= Z [u(t;) —u(tio1)| < [[illpy(-1,2),

zl)

M
dx f‘*leﬁ
1

i=1

where ii denotes the extension of u € BV(0, 1) satisfying # = 0 on (—o0,0) and i = £ on (1, o0).
Since u € BV*(0,1) implies ||i]| BV(~1,2) < 00, we obtain (i) by an application of the Poincaré
inequality, together with wy;(0) = 0 for every M. It is left to provide the argument for (ii). The
definition of wys and the fundamental theorem of calculus yield

M o
Jons —wlsion = X [ leom(x) —u()] dx
i=1""t

M £
gt—%zl(ﬁlmw<nd%+qu,LJﬂ
25(whe 110 + 21Dl ([0, 1),

where we used t; — t;_1 < 26 in the last step. Thus, (ii) follows from (i) and the fact that
|Du([0,1]]) < oo, since u € BV!(0,1).

Remark on the two scales.

The two remainders showing up in (4.48) are the reason for introducing the second artificial
scale €. In the case of next-to-nearest neighbours, these remainders do not appear in the first place.
Therefore, the second scale is not necessary in that case. It is only useful for the case K > 2.
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4 Variational limit: macroscopic scale

Step F: Additional constraint D°u > 0.

It is left to show D°u > 0 on [0, 1]. For this, we argue as in [26, Thm. 4.2]. Set I = (—1,2) and
extend the definition of A, (0, 1) (cf. Definition 3.1) to A, (I) as the space of continuous piecewise
affine functions on the interval I = (—1,2). Further, define F,, : L'(I) — (—o0, +00] as

2n—1 1+1 _u ¢ A
MY | —— ifue A,(I),
Fi(u) = l;n ( An ) e D

400 otherwise,

with ¥ from (L]2). From [29, Thm. 3.7] we get that the I'-limit of F,, with respect to the convergence

1
in Lloc

(—1,2) is given by

2
/ Y (x))dx  ifu € BVie(—1,2), [u] > 00n S(u),
Flu)=<¢/-1
+o00 otherwise in L'(—1,2).
Now, for a sequence (u,) C L(0, 1) satisfying sup,, H(w, uy) < +o00 and u, — uin L1(0,1), we

define v, as a continuous and piecewise affine extension of u, as follows: Let v, (x) = u,(x) for
x € [0,1], and forany x € R\ (0,1) we set v},(x) = d, with d from (LJ2) . With

xd forx <0,
v(x) = { u(x) forx € [0,1],
{+(x—1)d forx>1,

we have v, — vin Lllo .(R). With the definitions above and (LJ2), we find

C > liminf H,(w, uy)

n—o0

1 u1+1 " ultl i
_11g£f<z /\nh( )+ZZA”]]< ]7\n>>

j=21i=0

n— uz+1 i
Zli,gglf<z n]l( )"’ZZA” >
i=0

j=2i
2n—1 z]iJrl _ Ui —1 2n—1
> liminf (Y. Au (sz> ~ Y M (wid)— ¥ Aufi (w,i,d) —Kd |
=00 i=—n n i=—n i=n

Since it holds true that |J; (w,i,d)| < b by (LJ2), we can continue the above estimate by using (3.3)
from (LJ2) and get

L. y = vl ol
C>hr{1_1>£an(w,un) zllggfi;n)\nh( i /\n) —2b—Kd
> L liminf Ey(0,) — 3d — 26— Kd > SF(0) — (K +3)d — 2b
=7 17{2%}3 n\On) — - - =3 0) — — =20,

where the last inequality is the liminf-inequality due to the I'-convergence of F; to F.
Thus, F(v) is bounded and therefore the definition of F(v) tells us Dv > 0in I = (—1,2). Note
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4.3 T-limit of the energy

that the restriction of D*v to [0, 1] equals D*u. Hence, we get that D1 > 0 in [0, 1]. This concludes
the proof of the liminf-inequality.

Step 3. Limsup inequality.
We need to show that for every u € BV!(0,1) with Du > 0 there exists a sequence () such
that

lim sup HS (w, u,) < Hﬁom(u). (4.54)

n—o0

By Proposition 2.8, it is sufficient to show (4.54) for u € W'1(0,1), instead of u € BV(0,1). This
can be made clear as follows: From Proposition 2.8 it is known that the lower semicontinuous
envelope of

E(u) == /Olfhom(u’(X))dx foru € WH(0,1),
“+00

else,

is H om (1), ie.sc&€ = H om With respect to the weak* convergence in BV (0, 1). Further, we know
that the lower semicontinuous envelope with respect to the strong convergence in L!(0, 1) can be

even smaller, i.e. sc;1 (0,1)5 < SCBV(O,l)g = H! Consequently, if we show (4.54) for £, which

hom*
means that we have

M-limsup HY (w, u) < £(u),

n—00

then, with the definition of the lower semicontinuous envelope as sc f(x) := sup{ g(x) : gls.c,g <
f}, we get

r- hHLSUP Hyy (@, u) < sepao,1)€(#) < scpyo,1)€(4) = Hiyom (1)
n—oo
This result holds true since the I'-lim sup is always lower semicontinuous (see, e.g., [21, Prop. 1.28]).
Therefore, (4.54) has to be shown only for u € wil (0,1). At first, we do not take boundary values
into account in Steps A-C. They will be included and discussed in Step D. In order to indicate
omitted boundary values, we drop the superscript /.

Step A: Affine functions.

We start with constructing a recovery sequence for an affine function u(x) := zx for z € R, that
is u'(x) = z. We just consider z € (0, +00), since for z ¢ (0, +0), the limsup-inequality is trivial
because then we have Hyp, (1) = oo, for u(x) = zx. With Proposition 4.10 and 4.13, we get the
existence of an Q' C Q with P(Q’) = 1 such that forallz € Rand all A = [4,b), 4,b € R it holds
true that

A
1 fm.
lim ——inf{
n—oo |nANZ f

min

ax+17]' i+j i ) )
Y J (W, i,z+ (1)1(#) , pimintS = i1 = 0

for s=0,.., K— 1} = Jhom(2),
(4.55)
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4 Variational limit: macroscopic scale

<>

0 0,1] n 1

Figure 4.5 | The two length scales A, and 7, involved in the proof of the limsup-inequality.

where, as before,

A :=min{i,i € nANZ} and {4, :=max{i,i € nANZL}.

min

Let n > 0 represent a coarser scale than A,. For simplicity, we assume 1/n € N, such that
the interval [0, 1] can be split equidistantly. The partition of the interval is labelled by I} :=
[kn, (k+1)n) withk =0, ..., % — 1. An illustration of the two length scales, the finer one referring
to A, and the coarser one referring to 7, is shown in Figure 4.5.

Now, let 17 be fixed. Then, for every n € N there exists a minimizer ¢, ;n : {i:ienl]NZ} —
(—00, +00] of the minimum problem in (4.55) with A = I,? for every k = 0, ..., % — 1, which is

interpolated to a piecewise affine function. Further, we define ¢, N (%) == A, N (%) and

n
1_
3 1

() = 2x+ Y @, (X)xpn (%),
=0

where x; is the characteristic function of the interval I. This is not yet the recovery sequence. By
definition, it holds u,,,(0) = 0 and u, (1) = z := £ for every n € N. First, we show

lim sup Hy (w, tnn) < Jhom(2)- (4.56)

n—oo

1 . PP
By the definition H, (w, u, I) = Z?Zl Zzn:qz;);mzl ] An]] (CU, it J;;\;” ) for shorthand, we obtain

1! ) . .
K ifax+1—j ( ' P, (G4 j)An) — P, (z)\n)>
w,1,z+

Hn(w/ Unmn, I]?) =M Z Z ]] jA
= ’
(i + j) (i)
K imaxt1—j d) el Z+] _d) I i
=M Y Ji (wri,z—i— i T
j=1 ! J

1 iy

%71 %*2 K j—2 m ui,ﬁaX*SJr]‘ _uin}gaxfs
. nmn nn
Hu(w,unn) = Y, Ho(w, unp, I[}) + Y Y Ay | @ iax — s, iA ’
k=0 k=0 j:2 s=0 ] n
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4.3 T-limit of the energy

by construction, we have for the first term

11 1 11
JLHC}O Z Hy(w, upy, 1 Z |I |Thom (2 Z MJhom(2) = Jhom (2)-

The second term yields, noting that —s + j < Kand s < K —1,

1 . il
[ a uZ“ﬁﬁX_H]—uZ‘f‘%ﬁ %72 L
Z Z Z Ml | @, idhax — s, ————> Z Z A (w,zmax—s,2>

=

(L)

i M:

K j—2 1
Z’ Z’ pdmax{¥(z),|z|} < Ayd max{¥(z),|z|} (—1) §(K+1)K—>O asn — oo.

Together, this shows (4.56). For later references, notice that this result is independent of 7.

Next, we show

}’11}(1) nli_{lg()”un,r’ — u”Ll(O,l): 0. (457)

Since we know that the energy of (u,;) has to be equi-bounded, we get from the compactness
result (4.43) for all k € {0, ..., % —1}

00l gy < 12l (4.58)

because we have w5 (b) — upn(a) = z|I'| + @y, (D) = @, n(a) = z|['| + 0, where a := inf{x :
x € '} and b := sup{x : x € ['}. It follows

||<P:1,113||L1(1,?) < Cn,

because of
[0yl = [ 16,10 +2 2l dx
< /m ] ()| dx+/1n 2] dx < 2|z||17| = C|I7] = C.
k k
Recall that |I}'| = 1 by definition, which yields

o, poldr= [
k

k/ @), (5 ds
<o Jylo

dx<//

dsdx =17

nI”

nI”

This leads us to

1_1 1
n

[t _””Ll(o,l) :/0 Z P, 1” XI” dx < Z

. ‘Pn,lg(x)‘ dx< Y Cn? =
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4 Variational limit: macroscopic scale

which proves (4.57) to be true. Since our aim is to construct a recovery sequence, which is only
dependent on 1, we have to pass to an appropriate subsequence. This is done with the help of the
Attouch Lemma. Combined, the liminf-inequality, (4.56) and (4.57) yield that

tim sup lim sup ( (@, 1) ~ nom (2)| + ln — ullp101)) = 0.
n—0 n—00
Using this result with the Attouch Lemma (Theorem 2.23), we therefore get the existence of a
subsequence 11, with 7, — 0 as n — oo and

0 < Timsup (|Hu(, tnn,) = Jrom (2)] + [tm, = ull110,1)

n—o0

< tim sup lim sup (|Hu(, 1) = Jnom (2)| + [t = ]l 121) ) = 0.

r’~>0 n—o00

Finally, this shows that H, (w, tts,n,) — Jhom(2z) and uy,, — uin L1(0,1) as n — oco. Therefore
(1tn,n, ) is the recovery sequence for the affine function u(x) = zx with z € R.

Moreover, we also have u, ,, — 1 weakly* in BV (0, 1), since (4.58) yields the boundedness of

limsup,,_, ., ([}, l11(0,1) < oo

Note that the same construction can be applied on any interval (a, b) instead of [0, 1]. This allows
us to pass to the next step, namely the construction of a recovery sequence for piecewise affine
functions.

Step B: Piecewise affine functions.

With this construction of a recovery sequence for affine functions, we can construct a recovery
sequence for piecewise affine functions by dividing the interval [0, 1] into parts where the function
is affine and repeating the above construction. The difficulty lies in gluing the different parts
together. We show this by considering a function u with

Z1X for x € [0,a),
u(x) :==
z1a+zp(x —a) forx € [a,1],

for 0 < a < 1. This function is piecewise affine with #/(x) = z; on (0,4) and #/(x) = z; on (a,1).
Let (u]) be the recovery sequence for u(x) = z1x on (0,a) and (u2) the recovery sequence for

u(x) = zpx on (a,1) constructed in Step A. Without relabelling it, we extend u); continuously

with constant slope z; on (z‘lﬁ;‘fﬁ, a), because it is not defined there yet. The same we do for u% on

( .[a,1)

4, imax ) with slope z,. Then, we claim that
U (%) 1= 14, (%) X[0,0) + (Zla +up (x — ﬂ)) X[a,1]
is a recovery sequence for u. Indeed, it holds true that
tn (%) = wh()X(0,0) + (210 + 3 (x = 2)) Xp01

— 21XX[0,0) + (210 + 22(x — a)) X[g,1] = U(X)
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4.3 T-limit of the energy

in L1(0,1) as n — oo, since both sequences are recovery sequences. Further, we get

Hy(w,uy) = Hy(w, u}, [0,a)) + Hy(w, u?,[a,1))

;[0.2) 0.a)
lmﬂx—s+] lmax S
0, u u
+ZZMLwAQﬁﬂ1 A"
j=2s5= JAn
By construction, we have that
tim (Eu (e, uh, 0,0)) 4 Ha @1 [0.1)) = [ nom(z1) @+ [ Jnom(z2)

= /01 Jrom (' (x

For the given values of s and j, we get

.[0,a) 0, 0, . 0,
u;max_s"'] uz[né’x) s z1a+ 2 ((q[nﬁ)z —5+ ]) Ap — u) -7 (Ana”)z — s)) An

JAn JAn
a— A, (1L2f,2 — s)
= (21 — 22) 7 + 25 =: zp.
0,
‘[O ll) a— Ai’l (11[11;2 - S) S
Since A, imax — 4, we obtain /\ — - < 1asn — oo, and therefore it holds true
n

that z; is a convex combination of z; and z; for n large enough. This yields

ui[o’a>fs+j 1[0”) —s
O max p— max
Z Z An]] w, 1L1;>2 -5, ) Z Z /\n]] (w lmax S/Zn)
j=2s= J/n j=2s=
(UZ)
Z Z And max{V¥ (z,), |zn|} < /\ndC (K+1)K—0 asn — oo.
j=2s=

Altogether, this shows the limsup inequality

lim sup Hy, (w, uy) / Jhom (1

n—o00

Step C: W -functions.

Now, we provide arguments to pass to functions u € WL For u € W'1(0,1), consider the
piecewise affine interpolation uy of u with grid points t};, which means uy € C(0, 1) is affine on
[tfv_l, t);) and it holds un(ty) = u(t)y) forall j = 0, ..., N. This is well defined because we can
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4 Variational limit: macroscopic scale

consider u as its absolute continuous representative. By the Jensen inequality, it holds true that

N t/
Hhom / ]hom dx - Z t’ 1]hom( /(x))dx
j=1"
N . . ot
-1 1 N
> Z (ff\, - ff\[) Jhom <]_1] /H u'(x) dx)
j=1 ty — iy i

(4.59)

I
Mz

(t{{l - tﬁ\,) Thom (M (” (ﬁv) —u (thl))>
(tiﬁl N th> Jhom (tfll_t] (MN (tf\]) —UN (ff\l_l)>> _ /01 ]hom(uf\f(x»
N N

The I'-lim sup is known to be lower semicontinuous. With the same line of arguments as in

-.
Il
—_

Il
Mz

-
I
—

Step E of the liminf inequality, we get that uy —* u in BV(0, 1). The I'-lim sup of piecewise affine
functions was already constructed in the previous steps. Thus we have

Ls.
I'-lim sup Hy, (w, u) %C liminf {F— lim sup Hy (w, uy) }

n—o00 N—oo n—00
' 1 . 459) 1 .
<limsup [ Jhom(uy(x))dx < limsup [ Jhom(#'(x)) dx = Hpom (1),
N—oo 70 N—oo 70

which yields the limsup-inequality for W!1(0,1). As argued in the beginning of the proof, this
shows the limsup-inequality for the functional without boundary constraints.

Step D: Boundary values.

As a last step, we take boundary values into account. Following [26, Thm. 4.2], let u € BV*(0, 1)
be such that Hyom (1) < 400, 0 < u(0") and u(17) < £. We have shown in the previous steps
that there exists a sequence (u,) such that u,, — u in L'(0,1) and

N
lim sup Z Z Al (w i ) / Trom (i1 x. (4.60)

n—00 =1 =

Note that the left-hand side does not equal lim sup,,_, HY(w, uy), because u, possibly has not
the correct boundary values, as well as that the right-hand side is not equal to Hyom (#) for the
same reason. The result above also holds true, if we pass to a subsequence of (u,) which converges
pointwise almost everywhere in (0, 1). We fix two points o and S such that0 < a < B < {, x ¢ Sy,
B & Su, un(a) = u(ax) and u,(B) — u(B). Further, let the sequences (h) C N and (hf) c Nbe
such that & € [h%, h% +1)A, and B € [hg , hﬁ + 1)A,. First, we argue that it also holds true that

K hi—j-1 Wt i
limsup ) Y AuJj <w, ) / Tom (i X, 4.61)

n—00 =1 i=hF+1

which is the same as (4.60) but on the interval («, 3). Note that the liminf-inequality also holds
true for the interval (e, B) instead of (0, 1) since J; is uniformly bounded from below by d due to
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4.3 T-limit of the energy

(LJ2). Thus, this yields

K hfi—j-1 Uy
limsup ) ) M | w.i, %
n

n—oo =1 i=hF+1

460 Wy
/ Jhom (' (x)) dx — lim inf Z Z Adj | w,i, Tn
n

j=1i=0

uH—] Lli
_ n T Yn
11nm_>1nf z 2 An]j (w, iy )

I P
< [ om0 8= [ om0 (0) 2 = [ om0/ (3)) = [ om0 (5 i,

which proves (4.61).
With the definitions from above and with d from (L]2), we define v, € A,(0,1) by

Anid if 0<i<h
() — Lo if i=hy,

o = ul if he <i<hb
un(B)+3(1—pB) if i=hh,
0= An(n—i)d if nf<i<n.

Note that v, satisfies the boundary conditions v,(0) = 0 and v,(1) = ¢ by definition, and it
holds true that v, — uyg = X(0,0) + UX(ap) + (#+ € —d)x(pn) in L1(0,1) with i(x) = dx,
where u, g also satisfies the boundary conditions. That convergence holds true because of the
pointwise convergence of u, to u almost everywhere and the Vitali convergence theorem, where
the equiintegrability holds true due to the boundedness of (v,) in L*(0, 1). We want to show

lim sup H: (w, v,) / Jhom (#'(x)) dx + (e« + 1 — 3)Kb, (4.62)

n—00

with b from (LJ2). For this, we first discuss different terms showing up in the energy H(w, v,)
separately, and combine all results in the end. First of all, we consider the terms containing i = h.
Since we have u(0") > 0 we get for a small enough 1(0")/2 < u(«) due to D’u > 0, and because
of uy () = u(x) it also holds true that #(0") /2 < u,(«) for n large enough. Therefore, we obtain
for « small enough and n large enough

o — o (o) — S = Au(h —1)d  u0)/2 - 3% = An(hy —1)d

An An An

(4.63)

> — — 00 asn — 0o,
An

o _ o a a
where we used that A,h% — « as n — oco. Further, with u, (a) = uZ" + % (uZ”H — uﬁ”), we

81



4 Variational limit: macroscopic scale

have

Rl R & — Aphyy 1
S B 4 h+1 (u - ") 1—-——— ) + 3
vnﬁ+ — vy uy" - un(‘x) + %‘X - " " An 2 >

An An N An -

[0

e

(4.64)

>

n

The last inequality can be explained as follows: Since it holds true that A,k < « and o —
Anhy < Ay, the second term in the second bracket is bounded by 1 and positive. Further, due to
sup, Hy(w, uy) < oo, it holds true that ul+l ’n > 0foreveryi=0,..n—1.

For the corresponding terms with Kb, the arguments are the same.

Now, we use the results (4.63) and (4.64) to consider the following terms of the energy

K I ot i K K o i
limsup ) ) A w,i,% and limsupz Z A w,i,],T” )

oo =1 i j oo i1, 4B

Again, we show the calculations for & and skip them for hf, because the arguments are similar. In
the given interval it holds true that, with i = kjy — j, ..., hY,

j—1
i+j i i+k+1 i+k
U —vn—Z(vn — 0, )
k=0

At least one of the terms from (4.63) and (4.64) is always part of this telescopic sum. The other
discrete differences from the telescopic sum are either d > 0 or u/;*! — u!,. Due to sup, H Hw,uy) <
o0, we have “ i > 0 foreveryi =0,...,n — 1. Therefore, the remaining terms of the telescopic

sum can be estlmated from below by zero. Altogether, it holds true that vifj — i, > C for some
C > 0, which yields (ULH — i)/ (jAn) > nC/j = nC > d for n large enough (with d from (L]J2)).
With that and (L]2), we get for n large enough

K Iy l+J _ o K hy
n
Y X Al w”jT SZ, Anb < AuK(K+1)b,
j=li=h%—j
(4.65)

K Kt obtl _ i K P
Y ) A"ff<‘”"m"><2 Y M < AK(K+ 1
n

J=li= hﬂ—j J=1i=pb j

The last remaining terms of the energy are

fh% j—1 ( Ulﬂ i) fhﬁzf’* sz Z Z

Mi | w, i, L Anfi (w,i,d) /\ b
=1 i=o ! jAn j=1 : j= (4.66)

= K(h§ — j)Anb

as well as

K n-j Ul+] vl (Lj2) K n=j

Y Y A w,i,f Z Z Mlj(w,iyd) <Y Y Ab

i=1i=pf i1 J i=1i=nf 11 =1 i—nf 11 (4.67)

=K(n—j—h)A.b.
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4.3 T-limit of the energy

Now, we combine the previous estimates and consider the energy. Using (4.65), (4.66), (4.67), we
find

K n—j 'Z)l+] ol
lim sup HS (w, v,) = lim sup Z Y AuJj | w,i, T”
n

n— 00 n—oo  j=1i=0

K hi—j-1 oty K he oty
Slimsupz Z )\n]j w,i,T —i—hmsupZZ)\n]] Tﬂ

n—00 =1 i—hE+1 n—00  j=1i=0

K n—j ot i
+ lim sup Z Z An]i | w, i, %
n

n—oo  j—1 i:h'g—j

461
/ Jhom (¢’ (x)) dx + lim sup K(hj; — j)Aub + limsup A, K(K + 1)b

n—00 n—o0

+ lim sup A,K(K + 1)b + lim sup K(n — j — hB)A,b

n—o0 n—o00

— /[3 Jhom (1 (x)) dx + Kab + K(1 — )b,

24

as n — oo. This proves (4.62).

The argument above can be applied to every sequence (et;) C (0,1) and (Bx) C (0,1) fulfilling
o — 0and By — 1ask — oo. The lower semicontinuity of the I'-lim sup, (4.62), and u,, 5, — u
in L1(0,1) as k — oo provides

M-lim sup HY (w, u) < liminf (F lim sup Hj (w, ty,, ﬁk)>

n—o00 k—o0 n—»00

B
< limsup < . ]hom( ( ))dx+<‘xk+l_/3k Kb) / ]hom dX_I_Ihom( )
k—o0 k
This proves the limsup inequality for u € BV*(0,1) with 0 < u(0%) and u(17) < ¢.
The last step is to consider u € BV*(0,1) with H{__ (1) < 4+oco and u(0%) = 0 and u(17) = £.

hom
Since ¢ > 0, there exists a sequence (uy) fulfilling uy — u weakly* in BV (0, 1) with

/01 ]hom(ug\l(x)) dx — /01 ]hom(u/(x)) dx/ 0< ”N(O+)/ ”N(lf) < 6/ DS”N > 0/ (4-68)

which can be easily constructed by some cut-off argument near the boundary, cf. [26, Thm 4.1].
With this construction of the recovery sequence, it holds true that Mlimsup,, , . Hf(w, uy) <
H{_ _(uy) for every N. Together with the lower semicontinuity of the I'-lim sup, (4.68), and

hom
uy — uin L1(0,1) as N — oo, this provides

M-lim sup HY, (w, u) < liminf (F— lim sup Hﬁ(w,uN)) < limsup Hf (uyn) < Hfo, (1)
n—00 N—oo n—00 N—o0

This proves the limsup inequality with boundary constraints.
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4 Variational limit: macroscopic scale

Step 4. Convergence of minimum problems.

The convergence of minimum problems follows from the coercivity of HY,(w, -) and the fun-
damental theorem of I'-convergence (see e.g. [21, Thm.1.21] and Theorem 2.22). Since Jyom is
decreasing, we get from the Jensen inequality and from D*u > 0

i g (0) 2 o ([ 1/(6) ) 2 Jrom (DU(0,1]) = From (0

Finally, we get the reverse inequality from testing with u(x) = (x.
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5 Surface energies: rescaled model

In the previous chapter, we worked out the I'-limit of our discrete model. Theorem 4.14 shows
that this limit is finite for deformations u € BV*(0, 1) with only positive jumps, i.e. D’u > 0. In
particular, u is allowed to have jump points. The limiting energy reads

/01 ]hom(u/(x))r

which depends only on the absolute continuous part of the derivative and not on the discontinuity
at all. Therefore, jumps do not cost any energy. It is energetically equivalent if the chain has a crack
or not, and in particular the amount of cracks does not matter.

This observation is clearly not consistent with physical considerations. A jump, which corre-
sponds to a crack in the chain, produces a surface on both sides of the broken material, and thus is
expected to cost energy. In the limiting energy of Theorem 4.14, only the bulk part of the energy
is present. Mathematically, this refers to a separation of scales between the bulk and the surface
contribution of the energy, and was already discussed in, e.g., [109].

We are interested in obtaining information about jumps in the limit, the cost of energy that
emerges together with a jump and the related minimizers of the limiting energy. Thus, we discuss
here two approaches to overcome the separation of scales in the energy, which are both well
established in the literature (see Chapter 1 for references). The first approach is to consider suitable
rescaled energies, and the second one is the I'-limit of first order.

The idea behind rescaling is to scale the energy in such a way that bulk and surface contributions
are of the same order of magnitude. The limiting energy then consists of both contributions, bulk
and surface, as none of them is subordinated. It turns out that in our case the so-called \/A,-scaling
is the proper one for the energy (3.13). Establishing this rescaling and considering the I'-limit of
this rescaled energy are the main topics of this chapter and the content of Sections 5.1-5.4.

The I'-limit of first order also contains surface contributions, cf., e.g., [24, 100]. It is part of the
I'-development of a function, which is an asymptotic expansion in terms of A;, introduced in
[6]. The I'-limit of zeroth order, i.e. the one of Theorem 4.14, is the first term of such a (formal)
expansion, and the I'-limit of first order is the second one, and therefore the term of order A,.
The expansion also works for the minimizers, that is, minimizers of the first-order I'-limit are the
term of order A, in an asymptotic expansion of the minimizers of the functional. In Section 5.5
of this chapter we will show that the I'-limit of first order neither exists in the periodic nor in the
stochastic setting. Hence considering the rescaled energy is the method of choice for heterogeneous
materials.

5.1 Rescaled energy

As discussed above, the problem of the energy of the system is the separation of scales, which
becomes visible in the limiting energy of Theorem 4.14. There, the jumps of the deformation u
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5 Surface energies: rescaled model

do not contribute to the energy. Thus, our method of choice consists in starting from a rescaled
version of our energy functional, in which the bulk and the surface contributions are of the same
order and can both contribute in the limit.

The rescaling involves two main steps. First, the deformation u is transferred into the displace-
ment w, which means one does not consider the absolute position of the particles, but instead
their deviation from the minimizer of the unconstrained problem. Second, the displacement w
is rescaled properly into a new variable v. This was already established in [34]. Inspired by this
preliminary work, and properly modified for our stochastic setting, we define a new piecewise
affine function w : A,Z N [0,1] — R, being the displacement, as

i-1
whi=u' =l =u' = Y Ad(ew),
k=0
with the global minimizer iy : AxZ N [0, 1] — R of the energy (3.13), which is given by u' . =
An ):};10 5(Tew). This definition implies (u'*t1 — u’) /A, — §(t;w) = (w'*! — w')/A,. Next, the
proper change of variables, for which one gets a non-trivial limit, was already identified in [34]
and [37] as w = y/A,v. It is called v/A,-scaling and provides our final rescaled variable

i ul — Z};lo Ad(Tew)

v
VA

foralli € {0,...,n}. (5.1)

In particular, note that

uiJrl _ ui vi+1 _ Ui
P o +5(tiw).
n

So far, the rescaling shifts the minimizer of the potential J(w, -) to the position v’ = 0. The last step

towards the final rescaled energy is adding a term independent of v to the potential. Note that
the addition of a constant does not affect minimizers. This is done in such a way that it shifts the
minimum of the resulting effective potential to the value 0. More precisely, the final energy in the
surface scaling reads

,01'+1 _ .01'

Ey(w,0) i= gol (7 (v T S(rw) ) = (,8(7)) ). 52)

We consider here the case of nearest-neighbour interactions, which is K = 1. Therefore, the index j
of the potentials, which refers to the considered neighbour, is suppressed. We expect that analogous
results hold true in the case K > 2, although the proofs would become more technical and would
involve more cumbersome notation.

The Dirichlet boundary conditions of the energy in (3.13) read u(0) = 0 and u(1) = ¢. We
consider a boundary value £ close to the threshold between the elastic and the fracture regime,
where we expect the occurrence of fracture, i.e. { = E[6] due to Remark 4.15. Following the ideas
of [101], adjusted to our stochastic setting, we focus on some sequence (¢,) C R with ¢, — E[5],
satisfying ¢, > E[5] for every n € N and

0, — ):Z:é And(Tpw)
Yn = = -7,
n ,

(5.3)
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5.2 Lennard-Jones type potentials: (LJ4) and (LJ5)

for some y € R. This new boundary value y,, which is a rescaled version of ¢, is rescaled in the
same way as the deformation u to the displacement v, and yields the new Dirichlet boundary
condition v(0) = 0 and v(1) = ;. For simplification, we assume

1 n—1
by > - i;) 5(tjw) foreveryn € N.

By definition, it holds true that ¥ > 0 as well as y,, > 0 for all n € N. For every n, we set y,, as the
new boundary value for the displacement. If u € A, (0, 1), then the new variable v belongs to the
space

A¥(0,1) := {v € A4,(0,1) : v(0) =0,0(1) = y,}.

Altogether, we get the rescaled energy functional E}" : Q x L'(0,1) — (—o0, +00] with

Eq(w,0) forv € A}"(0,1),

+o0 else.

EJ"(w,v) = {

In what follows, we derive the I'-limit of this energy.

5.2 Lennard-Jones type potentials: (LJ4) and (L]5)

First we present additional assumptions on the interaction potentials needed in the derivation of
the I'-limit of the rescaled energy. These assure more regularity of the Lennard-Jones type potential
than (LJ1)-(LJ3). The new assumptions are collected in the definition of Jreg(ex,b,c,d,¥,n) C
J (a,b,d,¥) of Lennard-Jones type potentials. A list of all assumptions from the different chapters
can be found at the end of the thesis.

Definition 5.1. Fix « € (0,1], b > 0,d € (1, +00) and a convex function ¥ : R — [0, +o0] as in
Definition (3.1). Further, fixn > 0and ¢ > 0. We denote by Jreg = Jreg(oc, b,c,d, ¥, n) the class of
functions ] : R — R U {+o0} which satisfy the properties (LJ1)—(L]3) from Definition 3.1 and additionally
the following properties:

(LJ4) (Regularity) It is | € C3 on its domain.

(LJ5) (Harmonic approximation near ground state) For |z — 5| < n, it holds true that

Remark 5.2. This remark gives some comments on the new properties (L]4) and (LJ5).

(i) The reqularity condition in (LJ4) is not sharp. In principle, it would suffice to demand | € C2. Due to
the C3 regularity, it is possible to use the Lagrange form of the remainder in a Taylor-expansion. This
will be used in the proof of Theorem 5.8. Without a continuous third derivative, it is still possible to
formulate the Taylor-expansion and use it in the proof. However, Hypothesis (H2) (see below) would
be much more difficult to formulate, which is the reason for choosing | € C>.

(ii) A harmonic approximation, like in (LJ5), of a function f € C? at the minimum point x is always
possible as long as it holds true that f"(xo) > 0. This can be seen as follows. Without loss of
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5 Surface energies: rescaled model

(iii)

(iv)

generality, we set xy = 0 and consider the Taylor-expansion of f(x), which reads

Fx) = £0) + £/O)x+ 3702 +0 () = £(0) + 37" (0) +0 (+?),

since 0 is a minimizer and therefore we get f'(0) = 0. Now, the question is under which assumptions
one can find constants ¢ > 0 and n > 0 such that

1
Zx2
c

Fx)— £(0) = 3" (0)2 +0 () >

1 1 (5.4)
Lo _ - 2 2\ >
& (2f (0) c) +o<x)_0
on| —n,n[, c.f. (LJ5). First of all, recall that O is a minimizer, from which we get f"(0) > 0. To show
the initial assertion, we need to prove (a) that for f"(0) = 0 the estimate (5.4) can not be true, and
(b) that for f"'(0) > 0 one can always find ¢ > 0 and n > 0 to fulfil (5.4). We start with (a). For
f"(0) =0, (5.4) reads

1 2 2 2 1 -2 2 -2 2 1
— > >
_Ex +0<x)—x ( C—l—x O(JC) 0 < X o(x) C/

which is a contradiction to the definition of the Landau-symbol. This shows (a). Now we discuss (D).
With the definition C := %f”(O) — 1 there always exists a ¢ > 0 such that C > 0. With this specific
¢ >0, (5.4) reads

sz—i—o(xz)zO & C+x720<x2)20.

This inequality holds true for x small enough because of the convergence x 20 (x*) — 0 for x — 0
due to the definition of the Landau-symbol. This defines n > 0 and the assertion is proven.

With the definition

_ 19%(2)
R S Y

4

z=0

it follows from (L]5) and (ii) that o« > Cy for a constant Cy > 0 uniformly for all potentials in the
class Jreg(ex,b,c,d, ¥, m).

The assumption in (L]5) contains a uniform bound to handle the situation of infinitely many potentials
and is needed for the stochastic setting. For finitely many different potentials, (L]5) is fulfilled
automatically.

We consider the stochastic setting introduced in Section 3.2, with the random variable [ : O —

Jreg(e,b,c,d, ¥, n). We define some notation concerning the assumptions introduced above. We
set forall w € Q

10%](w,
a(w) = 35

7

z=6(w)

andfor0<l<<%
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5.2 Lennard-Jones type potentials: (LJ4) and (LJ5)

Since %(w, -) is continuous due to (LJ4), C*(w) < oo holds true for every w € Q and every
0<k<1.

As in Section 3.2, we need further properties, coming along with the stochastic setting and
the uncountability of the probability space. This new assumptions again are not phrased on the

potentials themselves, but on the random variable J. They read:

(H2) (Third derivative near ground state) There exists 0 < k* < % such that E[C¥'] < co. As a
direct consequence, it also holds true that E[C*] < oo for every k < k*, by definition of C*.

(H3) (Uniform convergence of the asymptotic decay) It holds true that

Jim max |J(w,z)| = 0.
As already said, these conditions occur with respect to the infinite set of potentials. When dealing
with finitely many different potentials, (H2) and (H3) are fulfilled automatically.
The stochastic setting of the chain with Lennard-Jones type interaction potentials in the rescaled
setting is collected in the following assumption.

Assumption 5.3. Fixa € (0,1],b > 0,¢ > 0,d € (1,0), 1 > 0and a convex function ¥ : R — [0, oo]
satisfying (3.2). Let (Q, F,P) be a probability space and (1;);cz, be a family of stationary and ergodic group
actions in the sense of Section 3.2. We suppose that the random variable | : O — Jreg((x, b,c,d, ¥, n)
given as in Section 3.2 is measurable and (H2) as well as (H3) are satisfied, with Jreg(cx, b,c,d,¥,n) asin
Definition 5.1.

Remark 5.4. Due to Remark 5.2 (iii), it holds true that 0 < (a(w)) ™' < C and this implies integrability
of the random variable (a(w)) ™. By definition of integrability, the expectation value of (x(w)) ™! exists
and is denote by E[ac~1]. Regarding the expectation value as an ensemble mean, we can also say something
about the sample average. This connection is strongly related to ergodicity and is explained in the next
proposition.

We define now functions, which represent sample averages of «~! and C* and consider their
limits in the next proposition. For arbitrary N € N we set

1 1

*L(N)( A) -
[0 4 w, . ’
INANZ| ie]\%ﬂl a(T;w)
1
co(N) w,A) = ———— C*(tjw).
WA =nNanz &,

Proposition 5.5. Let Assumption 5.3 be satisfied. Then there exists an Q' C Q with P(Q') = 1 such that
forallw e Q' all j=1,...,K, all k < «* and for all A = [a,b] with a,b € R the limits

Ela1] = I\}gr;o a VN (w, A),

E[C*] = lim C*N)(w, A)

N—oo

exist in R and are independent of w and the interval A.

Proof. The proof is fully analogous to the proof of Proposition 3.5, but with the following adapta-
tions.
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5 Surface energies: rescaled model

Integrability of the random variables is now guaranteed by Remark 5.4 and (H2).

The proof for = (N)(w, A) is done with the set Q1. Note that &~ (N)(w, A) is bounded due
to Remark 5.2 (iii), which is important for (3.12).

The proof for C*(N)(w, A) can be done analogously, with the set Qc«, but with a different
estimate instead of (3.12)). The new estimate can be derived, using C*(w) > 0, as follows:

1

1
W) (w, A) = CY(tiw) > ———+ C(tiw)
AN " ) % AN s
INBUZ| (N
,B).
|NAUZ|C V(w,B)
Defining Q' := Q1 N Qc« yields the assertion of the proposition. O

5.3 Compactness

In the previous section, the new assumptions on the interaction potentials and the random variable
were stated and discussed. With this, the I'-limit of the rescaled energy and preliminary results
can be considered. First, we want to state a compactness result for functions with equibounded
energy, which will ensure the convergence of minimizers in the sense of the main theorem of
I'-convergence, Theorem 2.22.

Theorem 5.6. Let Assumption 5.3 be satisfied. Let 'y, be such that (5.3) holds true. Let (vy,) be a sequence
of functions such that

sup E)" (w, vy) < +o0,
n

for every w € Q. Then, there exist a subsequence (vy, ) and v € SBVY(0,1) such that v,, — vin L*(0,1)
holds true and

v € L?(0,1), #S, < +oo, [0] >0in]0,1].

Moreover, there exists a finite set S C [0, 1] such that v,, — v locally weakly in H*((0,1) \ S).

The following proof is inspired by [34, 101]. Our assumptions of the Lennard-Jones type
potentials are particularly developed in such a way that the proof of [34, 101] can be adopted easily.
This mainly relies on the uniform harmonic approximation in (LJ5), that holds true for all w € Q.

Proof. Let (vy) be a sequence with sup, E}*(w,v,) < +o0o. Then, we have v, € A}*(0,1). By

(LJ5), there exist constants K71, K, > 0 such that

£ (0, 00) = ;: (1 (v “ﬁ‘ +5(0)) - T (g, 5(50)) )

z+1 U 2 n—1 Z]i+1_vi 2
> K ANKy | = MK | 22— ) AKy .
L (0 (") nke) = (ko (%)

We frequently make use of this inequality in the following. First of all, one can extract from (5.5) a
bound for the gradients. The energy is equibounded and all terms in the sum are positive. Together
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5.3 Compactness

with the superlinear growth at zero due to (L]1) this yields

5(tiw) + u >0
T =Y
foralli € {0,...,n — 1} and for all n € N. Since we have §(t;w) < d foralli € {0,...,n — 1} due to
(LJ2), we have
U;jl _ Z)i d

- i (5.6)

Step 1: We are going to show sup,, ||v || 11 (0,) < to0 and the existence of a subsequence vy, and
v € BVY(0,1) such that v,, =* vin BV(0,1).
We define

I, = {i €{0,.,n—1} : vif! < U;},

i1 _ i\ 2
[~ = {ie I Ay (v"v"> sz}.
An

Since all addends of the rescaled energy are positive, we have

il _ i\ 2 il _ i \ 2
E%n (w/ Un) > Z AnKq <nAn> ANKp | = Z MKy (nAn> + Ko#l, —
n n

icl, icl; \I, ~
As the energy is equibounded and K, > 0 this shows I™~ := sup, #I,~ < +oo. Defining
(v),)” = — (v}, N0), we get with the Holder inequality
oitl _pi | (5.6) e d
||(U;)_||L1(0,1) =Y M| <Y A | H#H A | =
iely An iely \I;~ An VAn
1 1
oitl i 2\ :
<| X AT Y A HHL VA
i€l \Iy ™ " i€l \I; ~

2
< <1E%”(w,vn>) +1d
Ky

Therefore, we have ||(v},) || 11 (0,1) < Cforalln € Nand fora constant C > 0, because it was shown
before that I~ ~ < oo holds true. Together with the boundary data v,(0) = 0 and v, (1) = vy, this
leads to

/{ngo} v),(x)dx =y, — /{v;<0} v}, (x)dx <y, + C.

From this, we get

l ~
10wl 00y = /O |0}, (x)| dx <y +2C < C,
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5 Surface energies: rescaled model

as ¥ is converging and therefore bounded due to assumption (5.3). Since we have v, (0) = 0, the
Poincaré inequality (cf. [21, Thm. A.12]) now provides sup,,||va|y11(0,1) < +00. The equibound-
edness of the Wll-norm then again yields the existence of a subsequence v, and v € BV(0,1)
such that v,, —* vin BV(0,1). By defining an extension of v, as in (4.42) with an analogous
argumentation, it also holds true that v € BV (0, 1).

Step 2: We show v € SBVY(0,1), v’ € L?(0,1) and #S, < +oo.

We define the set
oitl i \ 2
In =<iE {0,...,1’1 — l} : AnKl (nAn> Z KZ ’
n

and (9,) C SBV(0,1) by 9,,(1) := vy, and

On(x) ifx e Agli,i+1),1¢ I,
Fn(x) 1= { 0, (iAy) ifx € Auli,i+1), i€ Ly, [0a(iAn)| < |oa((i+1)A4)],
vn((i+1D)A,)  ifx €A, i+1), i€ Ly, [0a(iAn)| > |0a((i 4+ 1)An)].

The construction of 3, is done in such a way that we can show (i) lgm 101 — onll 1101y = O and (ii)
n—o0 ’

10n]lBv(0,1) < Cllonllwii(o,1) and therefore 3, —* vin BV(0,1) holds true up to the subsequence
Uy, cf. Step 1 (not relabelled). We start with (i) and observe

(i+1)
Jow—oullon = £ [, on(x) o)
icl, 57)
(i+1)A, .
— Z/ Oy (iAn) — vn(idn) +/ )dy‘
icl, YW\

We have to distinguish two cases, namely |v,(iA,)| < |v,((i + 1)A)| and |0, (iAn)]| > |va((i +
1)An)|. For the first one, 0, (iA,) = v, (iA,) holds true as well as 7}, (y) = 0 and therefore

X

(i) = 0uih) + [ 34(0) ~ () dy] =

X /
— d
/M” U (y) y’
X p (i4+1)An ,
< [ bl dy< [ o] dv.

For the second case |v,(iAy)| > |04 ((i + 1)Ay)|, it holds true that 3, (iA,) = v,((i + 1)A,) and

~/

7, (y) = 0, thus we get

X

(i) = 0ui00) + [ 340) ~ () dy| =

(i + 1)) — 0 (iAn) —/
-(i+1)/\n ,
/x 0, (y) dy‘

y)| dy,

o, (y) dy‘

(i+1) A

v (y) dy — /X () dy’ =

(i4+1)Ay ,
ars [

iAn

(i4+1)An
< / v,
X
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which is the same result as for the first case. Therefore, we continue with (5.7) as

(i+1)A (i+1) A
o —wlon< ¥ [ [

i€ly

z+1 i

i+1 i
n_ —Un

Ty
=A
P

which shows (i) nle 100 — vnllp1(0,1) = O. Next, we show (ii). It holds true that
n ,

dx = Aullonllpi(0) < A,

[oullvion = [ 18] dxt [ [3,00] dxt X lon((i-+1)A0) —a(i)

i€l
1+1 i
An

ZA”J

iely, An

<2/ lon(2)] dx + ¥ A,
i¢l,

< Cllonllwiao1)-

The estimate (x) can be seen as follows. For i ¢ I, it holds true that 7,(x) = v,(x) and the
estimate is obviously true. For i € I,,, we have to distinguish between two cases, (a) v, (iA,) and
vn((i + 1)An) have the same sign and (b) v, (iA,) and v, ((i + 1)A,) have different signs. For (a),
it holds true |3, (x)| < |v,(x)|, by construction. For (b), f(lH)A” [T, (x)] < 2f(l+l A |, (x)] holds
true, recalling that v, is affine on the given interval. Altogether, this shows (i) [19nllpy(0,1) <

Cllonllwii(oq)-

Moreover, #S;, = #1,, holds true, by definition of @,. From (5.5) and with C > 0, we get

i1 _ i\ 2 1
C> E}Z”(w,vn) > Z (AnKl (U”/\v") ) + Ko#I, > min{Ky, Ky} (/0 |z7/n(x)|2 dx—l—#55n> ,
i¢l, n

which yields sup, ||7, || 12(0,1) < +oo and sup, #S5, < +oo. Therefore, the closure theorem for
SBV, see Theorem 2.10, provides v € SBV(0,1), @, — o’ in L'(0,1), up to the subsequence
Uy, cf. Step 1 (not relabelled), D3, —* Divin (0,1) and #S, < liminf, . #S5, < oco. Fur-
ther, sup, [|9}[/12(0,1) < +oo yields ), — ¢’ in L%(0,1) with o' € L?(0,1). By Step 1, we have
v € BV7(0,1), which also provides v € SBVY(0,1). This completes Step 2.

Step 3: We show that there exists a finite set S C [0, 1] such that v,, — v locally weakly in
H'((0,1)\ S).

In order to simplify notation, we omit the index k of the subsequence. Since sup, #S5, < oo,
there exist m € Nand xJ,...,x, € [0,1] such that S;, C {x! : i € {1,...,m}}. From D/g, —*
D’v we get that x}' — x; € [0,1] forall i € {1,...,m} up to a subsequence. For a fixed n >
0, we define S := {xq,...,xn} and Sy := UL (x; — 1, x; + n). Due to the convergence of x7,
there exists N € N such that S5, C S; and therefore v, = 3, on (0,1) \ S;; for n > N and
sup,>nl19ll2(0,1)\s,) < +oo- Then, the Poincaré inequality on every connected subset A of
(0,1)\ S, yields sup, || vx ||Lz((0,1)\5n) < 00, which can be shown as follows:

/A |Un|2 dx < /A ((vn — Ty)? +27an7") dx < CHU;HLz(O,l) +2/Avn dx - 3,

SCHU;HLZ(Ol |A|||U”HL1 0,1)”
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5 Surface energies: rescaled model

where 7,, := \,17\ J4 vn(x) dx. The right hand side is uniformly bounded, which was shown in Step

1 and Step 2. Altogether, we have v, — v in H'((0,1) \ S;). Since n was chosen arbitrary, we get
our final result by passing to the limit as 7 — 0.

Step 4: We show [v] > 01in [0, 1], i.e. [v](x) > 0 for x € S,.
Inspired by [34, 101], there exist constants D1, Dy, D3 > 0, such that

n—1 vitl _ o n—1 it _ i
B (w,o) = X, (1 (w0, = () ) = Jrw,s(mw)) ) = T o (=) 69
i=0 n i

with

Dix*AD,  forx >0,

p(x) =

Dix>* AD3  forx <0.

It is not restrictive to assume

D3 > Dyd?, (5.9)

because of the superlinear growth at z — 07 of the potentials J(w, z) and the asymptotic behaviour
lim; 400 J(w,z) =0 > J(w, 8(w)). We define

, , i+1 iN2
If = {i €{0,...,n—1} : ¥/ > ¢! and D, (M> > Dz},

v
7 i+1 i UZH - Uﬁ 2
I, =<ied{0,..,n—1} : 0" <viand D; | -—~="| >Dj3,.
n { } n n 1 ( m ) 3
First of all, I, = () is valid, because
. . €l D (5.9) Dd? €l; and (5.6) . .
(il —oi)2 S 23, ST A = a2A, > (0 —0l)?

D" D,

is a contradiction. Since all summands in (5.8) are positive, we get

E(w,00) > Y % =% 4 i
n rYn) — (P m n 2-
i¢ly

Thus, the equiboundedness of the energy implies sup, #I,7 < co. We define (d9,) C SBV(0,1) as

{Un(x) forx € Apli,i+1),i¢ L},

o (iAn) forx € Ayli,i+1), i€ L}.

Similarly as in Step 2, we have 9, —* vin BV(0, 1), up to a subsequence. By definition, 9, (x) has
only positive jumps, i.e. Di 0, > 0in (0,1). Now, we define the following auxiliary functions in
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5.4 T-limit of the rescaled energy

SBV(a,b) foranya < Oand b > 1.

0 for x <0, 0 forx <0,
w(x) := ¢ v(x) for0 < x <1, Wy (X) 1= 4 D, (x) for0 <x <1,
0% forl <y, Vn forl <y,

to capture also possible jumps at the boundary. With ¢, —* vin BV(0, 1), this also yields w, —* w
in BV(a,b) foranya < 0and 1 < b.

2

v n—1 1+1 70 Az+1 @gﬂ
EY (w, 0y) > On % AD + Dy#S;
(. 0n) ;0@( N ) lgﬁ”( p» ) 20
> Dy [ |8,(x)]? dx + Do#Ss, = D1/ |w),(x)|? dx + Dy#S,,.

Again due to Theorem 2.10, this provides Diw, —* Diw in (a,b). By construction of w, and by
D/, > 0in (0,1), we get Diw, > 0in (a,b). Altogether, this yields Diw > 0in (a,b). And since
DJv is the restriction of D/w to [0, 1], we finally get D/v > 0in [0, 1]. O

5.4 T'-limit of the rescaled energy

Before we consider the I'-limit itself, we first state a technical result which we need in the proof of
this '-limit theorem. It shows an extension of the Birkhoff ergodic theorem (Theorem 2.12).

Proposition 5.7. Let (Q, F,P) be a probability space and let (;);cy, be the additive, stationary and ergodic
group action introduced in Section 3.2. For € > 0 and x € R, let IS =|x — €,x + €[ and let f be an
integrable random variable. Then there exists an Q' C Q with P(Q') = 1 such that for every x € R and
every k € Q we have

Jm s X Xgmwzn =B e

Proof. From the Birkhoff ergodic theorem (Theorem 2.12), we get the existence of O, ; . C Q with
P(Qy e) = 1 such that

1
lim — =E
B pen Xt = B [y
for a fixed x € Q, fixed k € Q and a fixed € € Q. Since for O := NxeQkeQ,ecq Cx ke We have
P(Q) = 1, the assertion of the theorem is already shown for every x € Q, k € Q and € € Q. Itis
left to expand it to € € R and x € R, which is done in two steps.

Step 1: We prove the assertion for € € R\ Q. For this, notice that for every € € R\ Q there exist

sequences (e}) C Qand (€%) C Q withel, — €, €% — eand €}, < e < €%, forevery N € N. The
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5 Surface energies: rescaled model

1 2
definition implies LN I£ C I.N. Therefore, it holds true that

1 2e3n 1
LX)k < 5 L X(f(me)sk) <

> 2
, . icZnmle 2en 2eyn
icZnnI N

Ze}vrz 1

Y XU () h)

2en 2eln
€
icZnnl N

Taking lim sup,,_, _, and recalling x, k, e}\], e%\] € Q, weget

1 2
€ . 1 €
?NE[ngk] < limsup >— Y X<k < ?N]E[ngk]-
n—oco ieZnnl§

1,2
Passing subsequently to the limit as N — oo, we get the assertion by e% — 1.

Step 2: We prove the assertion for x € R\ Q. For this, notice that for every xy € R\ Q there
exist sequences (xy) C Q and (ey) C R with xy — xp and ey = € + |xy — x| for every N. The
definition implies I C I{N. Therefore, we get

1 2eyn 1

_— <
2en ieZ;:’ﬂ,fo X(f(riw)sk) = ey 2enn

Y X(f(xw)<h)-

iezZnnl

Taking limsup, _, , we get

. 1
lim sup Yen Y X(f(riw)<k) = e?NE [Xfﬁk} ¢

n—oo “€M jegnre

because xy € Q. Subsequently, we take the limit as N tends to infinity and get

1
limsup — X(f(r <E|x . (5.10)
n—>oop 2en ieZ;;tl,io Ulre)=h [ fgk]
Analogously, we prove
|
lim golf@‘ Y _ X(f(riw)<k) >E {ngk} , (5.11)
IEZﬂnIxO

if we replace the requirement I C ItN by It C I and ey = e+ |xn — xo| by exy = € — |xny — xg].
Then, (5.10) and (5.11) together yield

1
lim —— X(f(riw)=k) = E | Xf<k
noyo0 2en ieZ%l,fo (f(riw)>k) [ f }

for xp € R\ Q, which completes the proof. O
In Theorem 5.6 we have stated and proven a compactness result preparing the upcoming I'-
convergence theorem. This compactness result shows properties of the limit v of a sequence of

displacements v, with equibounded energy. These properties are collected in the definition

SBVY(0,1) := {v € SBVY(0,1) : o' € L2(0,1), #S, < +00, [0] > 0'in [0,1]},
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5.4 T-limit of the rescaled energy

Figure 5.1 | Chain with a crack in the middle. The dotted line is the broken bond due to the crack and matches
the term f3 in the energy functional, cf. Theorem 5.8.

which is used to simplify notation. Now, the theorem will be given. Remark 5.9 compares our
result to previous work, for a more detailed overview, we refer to the introduction.

Theorem 5.8. Let Assumption 5.3 be satisfied. Let vy, be such that (5.3) holds true. Then, there exists an
Q' C QwithP(Q') = 1 such that for all w € Q' the sequence (E}") T-converges with respect to the
L1(0,1)-topology to the functional EY given by

1
Evo) g/o 0/(x)|* dx + B#S,  ifv € SBVZ(0,1),
+00 otherwise,

2] (w,z)
922

where o := (E[é])_l and B := inf{—J(w, 5(w)) : w € Q}, with a(w) := 1 —5(w)

Moreover, for y > 0 it holds true that

. . Yn — . y — . 2
nlggolrvlen (w,v) mva (v) = min{ay~, B}.

Remark 5.9. (i) In our limiting energy, « is the constant of the elastic part of the energy. This constant «
is the inverse of the expectation value of the inverted second term of the Taylor expansion of J(w, -). In the
periodic setting, cf. Chapter 6, « is given as the harmonic mean of o; 1= % J!'(8;), i.e. the quadratic term in
the Taylor expansion. In [30], where a periodic setting with truncated parabolas is considered, the prefactor
of the quadratic energy replaces the coefficient o; of the Taylor series. The elastic constant  thus is also its
harmonic mean. Therefore, our result, especially regarding the elastic constant, extends the periodic setting
to the stochastic one in a natural way.

(ii) The constant [3 of the fracture part of the energy is not an expectation value, in contrast to «. Here,
the infimum over all potentials is considered. This can be interpreted as the fact that if the chain breaks, it
does so at its weakest point. The defining term of [3 can be seen as a boundary layer energy. The quantity
which is infimized in the definition of 3 is —](w, 6(w)), which is exactly the bond of the chain which is
broken or missing due to the crack, see Figure 5.1. In the case of more interacting neighbours, this term
would take into account all bonds which are broken at the site of the crack. It is referred to as boundary layer
term of the energy.

In the periodic setting, cf. Chapter 6, the infimum is replaced by a minimium. This is again in accordance
with [30], where the constant of the fracture part of the limiting energy is the minimum over the truncation
heights. This is the natural analogy to the value —J(w, 5(w)), since both quantities represent the increase
of energy from the minimum of the potential to +oo.

Proof. First of all, the expectation value of a~! exists due to Remark 5.4 and therefore « is well
defined. In the following, we use a Taylor expansion of J(T;w, x) several times, which reads

J(tiw, 5(tiw) + x) = ] (tiw, §(tiw)) + a(Tiw)x* + 0w, x), (5.12)
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5 Surface energies: rescaled model

with a(t;w) == 1]"(tiw, §(T;w)) and

W%o as || = 0.

Since | € C3 by (LJ4), we can use the Lagrange form of the remainder and get

3 .
% (”(ale;U'y) x> for some & between §(7;w) and &(T;w) + x. (5.13)
y=£

n(tiw,x) =

Step 1. Liminf inequality.
Letv € L'(0,1) and let (v,) C L'(0,1) be a sequence with v, — v in L' (0, 1). We have to show

1
lirginfEZ”(w,vn) > g/ |v’(x)|2 dx + B#S,. (5.14)
n—00 0

It is sufficient to have a look at (sub-)sequences with equibounded energy, that means that it holds
true sup,, E)" (w,v,) < oo, because the other case is trivial. For such a sequence, the compactness
result from Theorem 5.6 provides v € SBV/} (0, 1) and the existence of a finite set S = {x1, ..., xn }
such that v, — v locally weakly in H'((0,1) \ S). Now, let p > 0 be such that |x; — xj| > 2p forall
X, Xj € S,i 75 ] We define

I
C=z

SP: (X,'—p,xi—O—p),
i=1
Qu(p):={ie{0,..,.n—1} : (i,i+1)A, C (0,1)\ Sp},
Su(p) :={ie{0,...n—1} : i ¢ Qu(p)}.

The sets S, (p) and Qn(p) separate indices close to a jump of v from those away from a jump.
According to this, the energy can also be separated into

i+1 _ i
El"(w,vn) = Y (] (Tiw, G 6(Tiw)) -] (Tiw,é('riw)))
ieQn(P) m

r (i R B )) -1 (w5
+ Tw, 22—+ 5(tiw) | — J (Tjw, §(T;0 .
i€S(p) Van

We now show that

B 0#1 - vi, / 2
lim inf Z ) (] <Tiw, +5(Tiw)) —](Tiw,é('riw))) > g/(o s ['(x)|7dx (5.15)
p ¢ 4

n—o00 icOn( ‘//\n

and

n—00 vV Ay

i€Su(

i+1 _ i
liminf Y (] (Tiw,M +5(Tiw)) —](Tiw,é(’ria)))> > BHS,, (5.16)
p)

which provides (5.14) as p — 0 and by using v’ € L?(0,1).
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5.4 T-limit of the rescaled energy

Step A: Proof of the elastic part of the energy (5.15).

For M € N, which represents a coarser scale, we define

i+1 i
Uy = — Uy

I, := {ie{O,...,n—l} : 3
n

1
>A7’18}/

Lnp:={j€{0,...n —1YOAMZ : {j, ... j+M—1}N1, # 0},

1 if xe[ii+1)A,andi€Z\ 1,
Xn(x) = .. .
0 if xe€li,i+1)A,andi€ I,
1 if xelj,j+M)Ayand je MZ\ I, um,
oo () = [j,j+ M)Ay and j \ I,

0 if xe[j,j+M)A,and € I, pm.

The sets I, and I, 1 and the associated functions x;, and x;, » are used in what follows. The choice
of the exponent —1/8 is also of technical nature, fitting to the estimates in the following liminf and
limsup estimates. First, we derive some properties of these functions. Since all summands are
positive and with the help of (5.5), we can estimate for n large enough

n—1 il o 2 B G 2
El(w,v0) > Y | MKy <”A”) AKy | > Y (K (”A”) A Ky
F__ n n

i=0 i€l

_1\2 3
> #In/\nKl <An 8> = #InKl/\;%/

_3
which shows #I, = O(A, *) due to the equiboundedness of the energy. Furthermore, we have

{x € (0,1) : xu(x) £ 1} < [{x € (0,1) : xuu(x) # 1}] < M, - Ay,

ie. x» — 1and x, y — 1 bounded in measure in (0,1) as n — oo.

We set Xiz := xn(iAn) and likewise for x;, 1. The energy then reads, with the help of the Taylor
expansion (5.12),

£ (1 (re % s() )~ (st

ieQn(P)

2 . .
i+1 o

= Y |«(tw) (M) +n(fiw,v”") (5.17)
i€Qn(p) Vi VA

‘ i+l _ i\ 2 , i1 _ i
> ¥ <x;oc<nw>an (5 +xim (nw,””””))
i€Qn(p) n VA

We consider both terms of the sum separately in the next two steps. This is possible, because the
second term vanishes as n — co and we can use liminf, oo (a4, + b,) = liminf, o0 (a,) + b for
b, — b.
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5 Surface energies: rescaled model

t t t t Iy =t
0 o b B2 L3, =M
lmax lmax Zmax Zmax
II I I I I A I I I O A B III
,IIIIII|IIIIIIIIII|IIIIIIII|III|
0 il 2 - 3.
min min min A min
[0,1] " 1

Figure 5.2 | The definitions of i, = and i}y, for M = 4.

Step B: Proof of the elastic part of the energy (5.15) - Second addend of (5.17).
In order to show convergence to zero of the second term on the right-hand side of (5.17),
we use the Lagrange form of the remainder from (5.13) and get, with &; between 6(7;w) and

i+1_ i
5(riw) + B,

- vitl ot 1 3 (tw, y)
in(,r,w, n n>: P iw,
Z n 1 /Tn lez 1’16 ay3

iEQn(p) i€Qn (P)

y=¢&; VAn

~1
< A, ¥ and equivalently it holds true that

i+1 i
L
n

For alli € Qy(p) with x/,(x) # 0 we have
v, vit

i+1 1. 3
U”J:/E = ”TU”‘ < Aj. Therefore, &; € [8(Tw), §(Tiw) + k] C [8(Tw) — &, 8(Tw) + K]
for n large enough with k < k* from (H2). Thus, we can estimate for n large enough

. i+1 _ i 3 ) 3\ 3
R e | I i IC)
i€Qn(p) Vi i€Qn(p) y y=¢i
1 n—1 3 . 1
S lAﬁ Afl sup Ll(;)’y) S CA;?,
6 i=0 xe[§(tjw)—«,6(Tjw)~+«] ay y=x

where the last estimate is due to the convergence of the random variable C* to its expectation
value, see Proposition 5.5. Therefore, the whole expression converges to zero as n — oo, which
proves the assertion of convergence to zero of the second term to be correct.

Step C: Proof of the elastic part of the energy (5.15) - First addend of (5.17).

We continue with the first part of the sum in (5.17) and rearrange it. Following the construction
in the proof of the liminf-inequality of Theorem 4.14, we define for 6 > 0 and M € N the coarse
grained grid tg, ..., tpr € [0,1] withtg =0, tyy = 1 and & < ty 41 — b < 26 in such a way that
it holds true that v, (t,,) — v(t») pointwise as n — oo and for every m = 0, ..., N. For better
readability, we define I, := [ty, ty+1) for m = 0, ..., M. Further, we set (pictured in Figure 5.2)

it c=min{i : i € ZNnl,},

imai=max{i:ie€ZNnly,},

for which it holds true by definition

Apimi =ty and  Anip — tpe1 as 1 — oo.
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5.4 T-limit of the rescaled energy

The energy can be written as

. vz+1 — o . vl-‘rl —
£ Awthamo) (=) = Y A, atne) (B
i€Qu(p) " i€Qu(p) "
S 2
vz+1 ol
Z XnM Z /\noc T;Ww ( 5 n
0 n
(nImﬁ%CQn(p) i€ZNnly,
M i+1 i 2 i+1 i ) )
v -0 v -0 mo 41 "
> L xmind ¥ atre) (B0) g B (s —v;mm)}
m=0 i€ZNnly n i€ZNnly n

sm

—-1 +1 i 2
(*) M m o . 1 1 ,Unmax ,Unmm
= A — . 1 = 7
Z Xn,M " (Zmax fmin + ) oo —im 1. Z “(Tiw) An ( Imax — mm 1)

max min i€ZNnly

where (%) holds true due to Lemma 2.24. Now, we pass to the limit lirr_l> inf. Therefore, note that it
n o0
holds true that

-1
. 1 1 1\ !

n—00
max rrun i€ZNnly, @

This follows from Proposition 5.5, since ij,, — .. +1 = |ZNnly|. As a result, we get with

liminf, (a,b,) > liminf,(ay,) - liminf, (b,)

5 NEAEAY
lim inf Xy (Tiw ()
n—00 i€Onlo) An
v gax+1 vl?rl\in 2
> (E| —1}) lim inf A — i1 n n :
= a 11‘1‘111‘1 Z XnM ﬂ(max min T ) An(max_ m1n+1)
(nlmﬁZKQn( )

For the next term, since by construction it holds true that A, (ifi,, —i™. +1) — (tyi1 — twm),

we can again follow the proof of the liminf-inequality of Theorem 4.14 and obtain pointwise

convergence of

m

1
ol vnmm _, omltni1) =om(tn) (5.18)
An ( Imax — mm + 1) fm1 = bm

since it holds true that 2 . +1 = 12;1 and vy is defined as the piecewise affine interpolation of v

with grid points t,,. For writing the sum as an integral, we define

M M
SoMpn = U Iy = U [t tms1) s
m=0 m=0
ImNSn(p)#0 ImNSn(p)#0
M M
Spm = U In = U [tmrthrl) ’
m=0 m=0
ImNSp#0 ImNSp#0

where, by definition, S, p,, = Sp,m holds true as n large enough. Therefore, with the definition of
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5 Surface energies: rescaled model

vy, M as the piecewise affine interpolation of v, with respect to i, , we get
liminf Y Auxa(tw) A > (B [a1]) " limint 0! v]?d
e . Z nXn @\ TV VY ( [(X }) PR (0,1)\S Xn,M|On, M| AX
i€Qu(p) ¢ pMn (5.19)

> (Bl ]) /(0,1)\% [y () dx,

where the last inequality follows from the weak lower semicontinuity of the L? norm and because
we have x,,» — 1 bounded in measure, v; ,; — v} in L? (because of 5.18) and thus x;; MUy —
vhy in L2,

It remains to perform the limit l}é{‘n inf. Since the left hand side of (5.19) is independent of M we
—00

only have to consider

lim inf ol ()| dx
M-vo0 <o,1)\sp,M’ )
(5.20)
> lim inf o, (x)* dx — limsu oh(x)]? dx.
M—o0 (011)\Sp| M ’ M—)oop Sp,M\Sp‘ M |

Step E of the liminf-inequality in the proof of Theorem 4.14 shows that v); —* v in BV, and
therefore vj; — v in L'(0,1). The compactness result in Theorem 5.6 further yields v’ € L?(0, 1).
For an interval (a,b) C (0,1) \ S, we define the coarser grid points as before, with ty) = a and
tp = b. Using the Holder inequality, which is possible due to v = Vv on (a,b), we get the uniform
bound

' 3 (tws1) = 0(tm) |
||Z)§\/I‘|%2(,J b) = / ‘U;\/I(X)Fdx = Z (thrl _ tm) M
, ! m=0 m+1 — tm

M 1 m+1

2 M t
<y /
m=0 " tm

i
/ . v’ (x) dx
t"‘l

2
0 (x)|” dx = ||v/||i2(a,b),

m=0 fmt1 — tm

which yields v}, — ¢ in L?(a,b) as M — oo. This result can be applied to (0,1) \ S, and reads
vhy — o' in L2((0,1) \ Sp) as M — oo. Since the integral functional is lower semicontinuous, we
can estimate the first term of the right hand side of (5.20) by

lim inf L) d >/ '(x)[? dx.
VIR Japs, [P = 1 [ e

The second part of (5.20) fulfils

lim sup |U§V1(x)]2 dx =0,
M— o0 Sp,M\SP

which can be seen as follows: We assume that S, consists only of one interval (which corresponds
to S = {x1}) and note that the proof for finitely many intervals is analogous. By construction,
there exist sequences kj; and ¢, such that

Sp,M \ Sp C ([tkM’tkM+1] U [teM'th-i-l])

102



5.4 T-limit of the rescaled energy

and

by = Xi =P, tky+1 = Xi — 0,
M M (5.21)
to, > xitp, to1 —xi+p asM — oo

Therefore, it holds true that

t t
/ [0hy(x)]? dx < / . [Wh(x)]? clx—i—/éM+1 |0 (x)]* du.
Sp,m\Sp ty

oy M
We are going to consider only one of these two terms, because they have basically the same
structure, and show that it converges to zero. Observing that the integration area is contained
in (0,1) \ S for M > p (in fact, for 26 < p) and therefore v can be assumed as the absolutely
continuous representative, we get with the Holder inequality

0 (1) =2 (i) [T [0 () =0 (b))

g +1
[ om0l dx = (1 = tiy,)

1 byt 2 1 it 2
+ +

e / MUY () dy| < ————— / Y0 (x)] dx

B+t = B |ty on+1 — tey \ ey

1 2
1 tkM+l 2 2 1 tkM+1 o

S i / ' ()|" dx | (e — i) 2| = / |0/ (x)|* dx.

k1~ by by by,

Since v is absolutely continuous, the integral functional is continuous with respect to its integral
bounds due to the fundamental theorem of calculus. Together with (5.21), this shows

ty tr
lim sup m |v’(x)’2 dx= lim [ M7 ]v’(x)|2 dx = 0.
M—oo Yty M=o Jty,,

Together, Step A—C show (5.15).

Step D: Proof of the jump part of the energy (5.16).
It is left to show

n—00 vV An

i€Sy(

Ui+l _ vi
liminf )’ (] (Tiw, L —I—(S(Tiw)) —](Tiw,é(Tiw))> > B#S,.
p)

According to [34, (117)], one can find a sequence (h!,) C N for every t € S, with A,h!, — t as
n — oo such that

lim 2 — " = fco. (5.22)

Especially, i, ¢ Q,(p) holds true for n large enough. The existence of such a sequence can
be seen by a contradiction argument: If this did not exist, we would get v, < C/y/A, in a
neighbourhood (t — &,t + &) of t. Following Step 1 of the proof of Theorem 5.6, this would
imply fttjé |v/,|>dt < CE}"(w,v,), and therefore v, would be equibounded in H'(0,1) in a
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5 Surface energies: rescaled model

neighbourhood of ¢. Therefore, we get

) ) (] (Tiw/ U;’H\/A:n% + 5(Tiw)> —J (Tiw,(S(Tiw)))

i€Sy(p
vﬁiﬁrl _ vﬁﬁ
> tezS:v <] (Th;w, BV +6 (Th;w)> -] (Th;w,é (Thzw))>

WAl
vy — oy )
> J| tpw, ————+0 (1w )+ inf{—J] (w,8(w)) : we Q}
tEZSU ( ! VAn ( ! ) t;’v

Pt _
-y (Thtnw/ % +5 (Th;w>> 1 B#S,.
n

By taking lim inf,_,, the first term vanishes because of (5.22) and (H3) which says that every
Lennard-Jones type potential uniformly converges to 0 as z — oo.

Step 2. Limsup inequality.
We have to show that for every v € SBV/ there exists a sequence v, with v, — vin L'(0,1)
such that

lim sup E}" (w, v,,) < EY ().

n— o0

Without loss of generality, we consider #5, = 1 to keep the notation simple. The extension to the
case #5;, > 1 can easily be proven since we construct the recovery sequence step by step, starting
from affine functions and glueing them together to a piecewise affine function. The case #5, = 0 is
included by setting the jump height to zero which simplifies the subsequent calculations.

We already know from the compactness result in Theorem 5.6 that v is piecewise H'! (0, 1). There-
fore, we can write v = v, + v ir where v, € H 1 (O, 1) and v i is a piecewise constant function. By a
density argument, see [21, Rem. 1.29], we can assume v, € C2[0, 1]. Note that this approximation
can be chosen in such a way, that it keeps the boundary values, see e.g. [39, Section 2.4, Cor. 3].
We construct explicitly a recovery sequence for affine functions with a single jump and extend it
afterwards to the general case.

Step A: Affine function.
We construct a recovery sequence for an affine function v with slope z, a jump in 0 and constant
near the jump. That is, for z € dom]J; and a small p > 0, we have

0 forx =0,
v(x) = q v(0%) forx € (0,p),
v(0")+ (x—p)z  forx € [p,1],

with v(0") > 0 defined such that

v(1) =0(0") +(1-p)z=7, (5.23)
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5.4 T-limit of the rescaled energy

in order to fulfil the boundary constraint as well as the assumption #S, = 1 and [v] > 0 from the
compactness result in Theorem 5.6. Without loss of generality, the jump is at 0. A jump at 1 can be
constructed analogously, with small changes. Wherever in the proof it is important where exactly
the jump lies (which will be in (5.29)), we highlight it and proof it in a general way.

There exists a unique sequence T, such that p € [Ty, T, + 1)A,. First, we consider € > 0 fixed
such that € < pand € < T, A, and define

hy = argming_; ., 1 {—J(tiw, 8(Tiw)) : |iAy — 0] <€}

Let (u)ken > 0 be a sequence in R with py = 1%’) for all k € N. We define a partition of the

interval (p, 1] by I]H" = (p+ jug, p+ (j+ 1) withj=0, ..., 1}:—’{’] — 1. Hence, the set

{I;Lk : ykzl_Tp, j=0,...,k—1,kEN}

is a countable set of sets. Thus, for all I = I;”‘ with yy, = %, ke Nand j=0,.. k—1, wecan pass
to the limit in the sense of Tempel’'man’s ergodic theorem, cf. Theorem 2.14. Thereby, the set Q/, for
which the ergodic result holds true, is the intersection of countably many sets Q;. In the following,
we leave out the index k and just refer to the sequence py by p.

From now on, let u be fixed. We define for j = 0,..., (1 —p) /1t — 1 =: jmax

I = (p+ ju,p+ (j+1)ul,
I, =Z0nl,

.j,n
lmin

:=min{i : i € ZﬁnI]“},
iy o= max{i : i €ZN nI]F‘},
I]lf;kl = I]L'fn U {Zirllrlln - 1} \ {lfﬁ’;x}

Note that U?ri%" I ]“ Z = {Ty,...,n — 1} holds true. With this notation, we define two sequences of
piecewise affine functions, (¢,) and (¢, ), which together (almost) form the recovery sequence

(vy), defined by
Un = Qn + Pn.

To be precise, the sequence v, has to be a sequence vy, ,,, depending on . Since this does not
affect most of the calculations, we drop the subscript u whenever it is not relevant. In the last step
of the proof, we get from the Attouch-Lemma, see Theorem 2.23, the existence of a sequence 1,
such that (vy,,, ) finally is the recovery sequence. We first define (¢, ), which accounts for the jump
and the boundary conditions, by

v(07) =0 for0 <i<hs,
o(0") +yn—y forh§ <i<n.

Since later we extend this construction to piecewise affine functions, we have to take care of the
boundary values y,, and y. They have to be understood as the boundary data of the considered
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5 Surface energies: rescaled model

interval. That is, for an interval which does not contain x = 0 or x = 1, it holds true that y,, = y
and therefore the term y,, — y cancels out.

The sequence (¢,,) optimizes the elastic energy and is given by

0 for 0<i<hg,
i z (TyAn — p) » for h§ <i< T,
= 1 1 i
z (@ —1)A —p) + Y Az Y, for iell .
( min ) I]“:;\ kel a(tew) i 1 a(tew) m
Note that the definition provides for every j = 0,..., (1 —p)/p—1
l{;\y;)( J— lmaX lmaX
v?’l - + ¢ -1
N in 1 1 ié’qygxfl 1
=00 )+vn—v+z((, —1)A—p) + Anz
( ) n ( min ) n ) |Iu*| kg* oc(’rkw) nkiij’zn : (Tkw>
Jm ~'min

(i = D = p) + Auz| 5|

I
=
o
4
+
3

|
~<
+
N

(i = DAn = ) + Auz (il — il +1)

(
(
(
o(0Y) +yn—y+z ((1m’fix)}\71 - p) — i Ve —7.

(5.24)

Therefore, v, and v coincide at the value iy up to their boundary conditions. Together, the
sequence (vy,,,, ) of piecewise affine functions v, € A} (0,1), with v, := @, + ¢y, is the recovery
sequence for a well-chosen ;. To prove this, we have to show that (a) v, fulfils the boundary
conditions, (b) the limsup inequality is fulfilled and (c) v, — v in L*(0, 1).

-jmax "

(a) We consider the point i = n because v(1) = v};. Since n = zfr‘l“a”‘)f’ , by (5.24) we get v}, = v’““th =

v(0T) +z(nAy —p) +vn—y = ¥n. Thus, the boundary condition is fulfilled.

(b) We have

£ (won) = T (1 (e, 2 =% 4 st )~ (mw ()

Z)z'+1 _ Z)i

'y (1 (e 2% b))~ s

50 (e 2% st )~ (i i)

i=hg+1

it _ i 2 oitl i
+ Anee(Tiw nn) + (T,w/nn)
IZY’"n < " l < /\n 1 ' v)\n

he+1 S
+] (Thswrwﬁ(%w)) —J (g w, 8 (Thg ).
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5.4 T-limit of the rescaled energy

This energy has four parts. The first two parts (from zero to hj, — 1 and from hy, +1to T, — 1)
are identically zero by definition of v,,. To get the limsup-inequality, we have to show the two

inequalities
n—1 oitl _ i \2 i
lim sup Z A (Tw) ("”) +7n <Tl-w,””> < cx/ |o/ (x (5.25)
n—0o =T, An
and
a1
limsup | ] [ ew, ——"+ 6 (e w) | — J(tpgw, 8 (e w)) | < B, (5.26)
n—co VAn

where the first one is the elastic part and the second one is the jump part of the limiting energy.

Proof of Equation (5.25), elastic part.

We start with rearranging the sum, i.e.

n—1 i+1 i\ 2 i+1 i
ottt — o ottt — o
Aa(tiw) [ 2A——"n) 4 <frw,””>
i_ZTn(”(’)( ) (s
fo Z il _ i\ 2 fo Z vitl i
Ane(T;w (”> + 7 ('rl ") .
j=0 ity An j=0 il VAn
By the definition of v, we get
-2
it i\ 2 1 1 1
Ap(Tiw) <””) = A 22
Z.EZW S An iezl;‘* "a(tw) |I]“:|kezl‘p* a(tew)
jm jm jim
-1
1 1
=2 |I”*|z
" ] kZI a(7c0)
Plugging this in, we obtain
n—1 o+l _ i\ 2 il _ o
Ao (T n_n n) +n<7w,”)
i:;n el )( An l VAu
-1
B jfo |I“*‘22 1 Z 1
= T ) (5.27)
-1
—l—jfx Y n|Tw VA 1 Z 1 271
B\ TV A s | e
jim

Now we consider lim sup,,_,  of (5.27). The two parts of the sum are discussed separately in (i)
and (ii) below. The first one becomes the elastic part of the energy and the second one vanishes.
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5 Surface energies: rescaled model

(i) The first part of (5.27) is

-1
]max 1

1
Z An‘lu* |IPL* Z

| keI#* “(Tkﬂ))

We take lim sup of this equation, and with Proposition 5.5 and A, |I **| — 1 we obtain
n—o00

-1

]max 1 1
lim su A I”*
moe LA e L s
' -1
< ]fx <limsu A |I“*|) Zlimsu ) !
N j=0 n~>oop Him n%oop ‘I'u* kel a(tw)

! ; Pz (]E [01_1})71 =(1-p)2? (IE [a‘l})il :06/: 22 dx zg'/o.l |0/ (x)|? dx,

P-almost everywhere. This is exactly the result we expected in order to get (5.25). We now show
that the remaining part of (5.27) vanishes, which will conclude the proof of (5.25).

(ii) The second part of (5.27) is

-1

e 1 1 1
n| tw, A, z—r
]gb iezl;‘.’f;‘ ' \I]”*| E%; a(Tew) a(tw)

Before continuing with the estimate, we have a closer look at the argument of 1(;w). Since a(w)
is bounded from below due to Remark 5.2 (iii), we get

-1

1
VA “p* Z MWS\/EC,

EI“* (24 Tkw

because of the convergence of the sum to E [a '], due to Proposition 5.5. As before, we use the
Lagrange form of the remainder from (5.13) and get with &; € [6(T;w) — VA,C, é(T,w) + VAxC]

-1

]mﬂx 1
n\| tw, A z
]Z IGZI:,” i |I]“; ZGZI;H a(tew) a(tw)
-1 3
Jmax 1 3] (tw,y) 1 1 1
— — NIl \/7 z
];) T o3 e, n 1]“:;| Zl:ﬂ* a(tw) a(tw)
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5.4 T-limit of the rescaled energy

We can again use the estimate from above and get with k < k* from (H2) for n large enough

-1 3
e %] (tjw, y) 1
];) ze;‘ Wl v LM ; a(Teew) | |‘X(Tiw)
mn

n—lq A3 (tiw v)
< - ‘ vV AC

&6 ay3 =t ( " )

1 n—1 3 . 1

< 1(33)\,% An sup Lﬁu,y) < CA2

6 i=0 x€[6(t;w)—k,6(T;w)+kK]| ay y=x

where the last estimate is due to the convergence of the random variable C* to its expectation
value, see Proposition 5.5. Therefore, the whole expression converges to zero, which concludes the
proof of Equation (5.25).

Proof of Equation (5.26), jump part.

The last remaining part of the energy is the limsup of

m1
v
] Thgw,u—i—é Thew) | — (e w, 8 (Thew)).
=5 (g ()
We get
hs+1 hs
o =0 0(0") +yn — v+ 2 (Tuds — p)
\/An VAfl

asn — oo since ¥, —y — 0, TyA, — pand v(0") > 0. Therefore, we obtain

— 00

St _
] (Thﬁw, ni\/}\»n +6 (Thﬁw)> —+0
n

due to (H3). By definition of & it holds true that

—J(tpew, 8 (mpgw)) = inf  {—J(tiw, §(tiw)) : |idy — 0] < €}.

0<i<n-—1

For further reference in the proof of Theorem 7.11, Step 1, we define

Ba(w,x,€) = _inf {~J(mico, 8(mw)) : [iAy — x| < e} (5.28)
0<i<n—1

In our case, the jump is at x = 0. Since we are going to extend this construction to piecewise

affine functions, the jump needs also to be allowed to be placed at any point in the interval [0, 1].

Therefore, we have to show that the results also work for an arbitrary x.

For the result of equation (5.26), it is now left to show that for every w € Q' and every x € [0, 1]
and every € > 0 it holds true that

hm Bu(w, x, €)= 11m inf {—J(tjw,é(tiw)) :

—00 0<i<n—1

iAy—0| <e} =B
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5 Surface energies: rescaled model

Since 3, (w, x, €) > f3 holds true for every w, n, x and € by definition, we only need to prove

lim pu(wve) = lim inf {~J(tew,5(qw)) : [ih -0 <e} <. (5:29)
First, notice that 3, (w, x, €) is bounded, because of the boundedness of ] by ¥ due to (L]2). Let
Bn(w, x, €) be an arbitrary subsequence (not relabelled). Then, there exists a further subsequence
(again not relabelled) which is convergent due to Bolzano-Weierstraf. If we can show, that every
subsequence of that type converges to the same limit independent of w and x, we get convergence
of the whole sequence, since then every subsequence has a further subsequence with the same
limit. This is what we are going to prove in the following. It holds true, with IS :=]x — €, x + €]
and k € R, that

. . 1
inf {—J(tw,8(tiw)) : |idg—x[ <e}-5—= Y X(_j(rws(nw)<k)

e 2en ;i jmne
1
< E Z (_I(Tiw/5(Tiw)))X(—](Tiw,é(’riw))gk) (5.30)
i€eZnnl§
PR y
~ 2en iezmnl,?X(fj(Tiw’é(T"‘”))Sk)'

From Proposition 5.7, we get for k € Qand all x € R

1
2en .EZ; X (rawd(mie)) <k) —E {wasw} asn — oo,

independent of x and w, where J(§) represents the random variable w — J(w, §(w)). Since we
consider a convergent subsequence of 3, (w, x, €), passing to the limit n — oo in (5.30) yields for

keQ
Jim 0525_1 {—J(miw, 8(Tiw)) : |iAy — x| < e} -E {X(—](é)gk)} <k-E [X(—](é)gk)} . (530)
For k > inf{—J(w, 6(w)) : w € Q} = B, it holds true that
E X020 = PU-1(®) < k}) > 0.
Therefore, we divide by the expectation value in (5.31) and obtain fork > 3,k € Q
Jim Bu(w,x,€) = Jim 0912571 {-J(tiw, 8(tjw)) : |iAy — x| < e} <k.

Further, we get for k € Q

nh_}rgo Bu(w,x,€) = nli_}r& 091254 {-J(tjw, 8(t;w)) : |iA, — x| < €}

TSP . e ' it i —
hir{‘lﬁnfnlggoog;gg_l{ J(tiw, 8(tiw)) = |iA, x|<e}_]1<r/13k B,

which finishes the prove of (5.29) and therefore the proof of (5.26).
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5.4 T-limit of the rescaled energy

Altogether, we have shown (b), namely

lim sup E}" (w, vy) <oc/ |0 (x)|?dx + B = EY(v). (5.32)

n—o0

(c) It is left to show v, — v in L1(0,1). For this, we split the integral as

1
o = vl = [ lou(x) — o) dx
A (5.33)
hn)\n TnAn 1
= / [0, (x) — v(x)] dx+/ |on (x) — v(x)] dx—l—/ [v(x) —v(x)| dx
0 hf,)\n TnAn

and consider each interval separately, in Part (i) to (iii) below. Later, in Part (iv), we combine the
results from (i) to (iii) with the Attouch-Lemma, see Lemma 2.23.

(i) For the first integral in (5.33), we get
hE Ay B An
[ lent) —o()ldx = [ jo(07) 00" d
0 0
= [0(07) = 0(07)|hzAn < [0(07) = 0(0F)]e.

(ii) For the second integral in (5.33), we get

TuAn
| fon() = o()] dx

ﬁ)‘n
TuAn
_/ 0(0) + vu — ¥+ 2 (TuAy — p) — 0(07)] dx
he +1)An
(HE+1)An + _ _
[ o00) + v X“(m" P) (x — hAy) — 0(0%)| dx
n’\n n

= |yn_'V"‘Z(Tn)\n_p)“Tn_h;Eq_l)An
1
+[0(0%) +vu — ¥+ 2 (TaAn — p)| (2/\”115 + 2)\n) — A0(07T)
< |')/n—7+Z(TnAn_p>|(Tn—h,€1—1)An
+ 1 +
+ [0(0%) + vu — v + 2 (TuAn — p)| 2e+ 5 —A0(07)

—20(0T)e as n— oo,

since hj;A, is bounded by €, v, — v and TyA;, — p.
(iii) The last integral in (5.33),

/1 |on(x) — 0(x)| dx,

TnAn
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5 Surface energies: rescaled model

is the most interesting one. With €;9 = 1for j = 0and €0 = 0 for j > 0, we get

;. ) ot = L /< [on(x) — v(x)] dx

]max lmax/\n
/ 0 —v+2z(Tudn —p) €jo + /]n " -7 (y) dy' dx
]max Zmax lmax/\n jmax 1max
/ / 10, (y )—v(y)|dydx+2/ Yu— v +2(Tuhn — p) €| dx
min 1)A” min 1)}\” mm
Jmax i, ImaxAn ’ ’ 1-— 1%
< X (Bt )2 [ 27 1000 =9 ()l det =P (e A (= 71+ 2)
j=0 min n

jmax i A 1_
max/\n P
<Y (A [0 ) =9 ()] e (=2,
(5.34)

because we have p — T,A;, < A, and A, (1max — i T 1) < p+ Ay. The integral in the last row of
(5.34) has to be considered separately. For j > 0, itis v/(x) = z and therefore we get

A )
Ly 190(0) = ()]
n

min

(i+1)An
e SN A IEE Ny WY NG Sy T A

L o ’1;1; et a(rw) | e(tiw)
1
1 1 1
=Ml igﬁ ’I“* ZI‘L () | a(mw) ! -
-1
1 1 1
SN SR el B Py R
= 20zl [I5] < C- (ut M),

since it holds true that A, ‘I N *’ = Ay <1max i+ 1) < u+ A,;. Now that we have determined
the integral in the last row of (5.34) for j > 0, we calculate it for j = 0 by

0,n
imaxAn , ,
[ o(x) o () dx

TnAn
(5.36)

4 (Tu+1) Ay i?ﬁgx/\n
= [\t =l [ ol () o)l et [ o () — o' ()] d
o

TuAn Tp+1)An
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5.4 T-limit of the rescaled energy

The first addend of (5.36) is

-1

p P 1 1 1
/ |v;(x)—z/(x)|dx:/ Y z — 0] dx
TyAn TuAn ‘I#* ke[#* OC(TkCU) @ (TTn CU)
Jm jm
-1

1
i

Y
ke TH* (X(Tk(U)
jn

= (p— TuAu) (T w)

which converges to zero as n — oo because of the convergence T;A;, — p, Proposition 5.5 and the
boundedness of « ' (w) due to Remark 5.4. The second addend of (5.36) is

-1

(Tut 1) (Tu+1)An 1 1
/ joh(x) /()| dx = [ : i
P p ’1#* ke Iu*‘x (Tew) o (Tr,w)
-1
1 1 1
=Ty + DA —p) |z -1
(Tw + DAn —p) |2] ‘Iﬁ kzl;” a(tw) | a (T, w)
, jon

which again converges to zero as n — oo because of the convergence (T, + 1)A, — p, Proposi-
tion 5.5 and the boundedness of a~!(w) due to Remark 5.4. For the last addend of (5.36), we reuse
the calculations from (5.35) and get

% A (i+1)A .
fo @) =y [ x) — /()] dx

(Tut1)An i€l \ (T}

-1 -1
1 1 1 1 1 1
=Y A ) z —z|— Ay z -z
jm Jn jn Jn jm

< 20z[An |1+ CAw < C (1 + An),

where the bound C is due to the boundedness of &~ ! (w) by Remark 5.4 and the convergence of
the sum according to Proposition 5.5. Altogether, this yields, for (5.36) and for n large enough,

Inﬁgx/\n
/ 10 (x) — o' (x)| dx < C (14 An). (5.37)
TyAn
Combined, (5.34), (5.35) and (5.37) lead to

1 jmax 1 —p

Sl = o) dx < X (et A)Cl+-A) + = (fya =¥l +2)
n/\n ]‘:O
—p 1—p
(14 An)Cp+ An) + i ([vn — v+ zAn)

- A2 1— -
§C<u+2)\n+:> +Tp(|7/n—y|+z)\n)—>cu asn — oo.
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5 Surface energies: rescaled model

(iv) Altogether, we have shown in the steps i)-iii), that

lim sup||vy — v[[11(91) < Ce+Cu. (5.38)
n—oo
Now, by setting € = 1, we combine the results from (5.32) and (5.38) and get (recall that v, strictly
accurate is vy, )

lim sup lim sup (|E2{”(w, Onu) — EV(0)| + [|onu — U”Ll(o,l)) =0.
/14)0 n—o00

From the Attouch-Lemma in Theorem 2.23, we therefore get the existence of a subsequence 1,
with g, — 0asn — oo and

0 < timsup (|E}" (0, 0u,) = EY(0)] + o, ~ 0l 1101

n—oo

< timsup lim sup (|} (@, 03,) — EY(0)] + [0 — 0l 1)) = 0.
‘uﬁ)o n—o0

Finally, this proves |[vp,u, — 01101y — 0asn — oo, which concludes (c). Altogether, (vy,,) is
the recovery sequence for the affine function v(x) = zx, which was the goal of Step A.
This construction of a recovery sequence for affine functions with a jump can easily be extended

to piecewise affine functions with jumps by dividing the interval [0, 1] into parts where the function
is affine.

Step B: Smooth functions, constant near the jump.

We have constructed a recovery sequence for piecewise affine functions with jumps. With
this result, we get a recovery sequence for every v € C?([0,1]\ S,) where v is constant on
x € [xp —1,% +n] with S, = {xo} and n > 0 small enough. The justification is as follows:
onx € [xg — 1, xp + 1|, v is already affine. On [0, xy — n] and [x¢ + 1, 1], we take, for § > 0, the
piecewise affine interpolation vy of v with grid points (t?] ) =0, b njny Withto = 0, tay = x0 — 1,
tpy = X0+ 1, tj, =land s < t}il — t?’ <26forj=0,...any —1,bn,...ijn. Note that for 6 — 0
we also get N — oo, which is the reason why we use both equivalently. Then, we get by using the
Jensen inequality

EY(v) = g/ol 10/ ()2 dx + B

NN N 1 B
—a) (=) e [ @R+ p
]':0 t] —t]«71 N

j—1

B (-0 [t [ o]
>a) (V- 7/ o'(x)dx| +B
Fr I R AR AP (5.39)
2
N o() —o(tY )
=a) (N -tN)) | L] +8
= ] =1 N _ (N
j=0( ) i
N t;\] / 2 ! / 2
—a} [ NP dx+p=a [ o) dr+ = E (o).
j=0tj-1
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5.4 T-limit of the rescaled energy

We argue as in Step E of the proof of the liminf inequality from Theorem 4.14 to get vy — v in
L'(0,1). Further, the I'lim sup is lower semicontinuous. Therefore, we get

Ls.c. () (5.39)
I-limsup E}"(w, v) SSC lim inf <F-limsup E%"(w,vN)> < lil\rlninfEV(vN) < EY(v),
—00

n—c0 N—roo n—00
where (x) follows from the construction of the recovery sequence for piecewise affine functions in

Step A, which keeps the boundary values, see [39, Section 2.4, Corollary 3].

Step C: Smooth functions.

Now that we have a recovery sequence for v € C2([0,1] \ S,) where v is constant on x €
[xo — 7, X0 + 1], we can extend it to functions v = v, + v; with o, € C?[0,1] and v; is piecewise
constant, which concludes the limsup-inequality. Without loss of generality, we set S, = {x¢}.
Now, we define, for n > 0 small enough, an approximation vy with

ve(x) for x <xy—n,
0 (x) := { ve(xg — 1) for x € [xg—n,x0+m1),

ve(x) —ve(xg + 1) + vc(x0 — 1) for x>xp+n.

Then, v = v + v; has two properties, namely (a) o7 — v in L'(0,1) for n — 0 and (b)
Jd 1o (x) 2 dx — [ [0L(x)|? dx for 1 — 0, which can be seen as follows.

(a) We prove v — vin L'(0,1) for 1 — 0:

-1 . Xo+1 1
/O o (x)—v(x)\dx:/x |vc(x0—n)—vc(x)|dx+/xo+n|vc(x0—n)—vc(x0+n)|dx

0=
Xo+1
< 2njoc(xo — )| +/x ve(x)| dx + (1 = xo — n)[oc(x0 — 1) — ve(x0 + 1)
0=
— 20 |vc(x0)| + 04 (1 —xq) - |[ve(x0) —vc(x9)] =0 forn — 0.
Recall that we have v, € C2[0, 1].
(b) We prove [y [0 (x)[2dx — [y |0L(x)[? dx for n — 0:
1 , xX0—1 1 1
/ o7 (x)|2dx:/ |0l (x) |2 dx+/ |0l (x) |2 dx—)/ |ol(x)[*>dx forn — 0.
0 0 X0+ 0
Similarly to the density argument of [21], we get with the properties (a) and (b)

(a)+l.s.c. (%) (b)

M-limsup E}" (w,v) < liminf (F— limsup E)" (w, U”)) < liminf EY(0) < EY(v),
n—o0 n—0 n—00 n—0

where (x) follows from the construction of the recovery sequence from Step B. Note that this

construction also keeps the boundary values. Since the conclusion to an arbitrary v € SBV/} was

already discussed in the beginning of the limsup-part, the construction of the recovery sequence is

completed.
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5 Surface energies: rescaled model

Step 3. Convergence of minimum problems.

The convergence of minimum problems follows form the coerciveness of E};* and the '-convergence
result due to the main theorem of I'-convergence, cf. Theorem 2.22. It is left to show

mvin EY(v) = min{ay?, B}. (5.40)

This is done analogously to [101]. For y > 0 fixed and v with boundary conditions v(0) = 0 and
v(1) = y and fulfilling [v] > 0 on S, we have to distinguish two cases: First, let S, = (), then we
have v € W"1(0, 1) and with the Jensen-inequality we get

INC

2
2

1
o [ 1o (x)Pdx > a ~ ay
JO

and therefore with the minimizer v(x) = yx

min EY (v) = min {0(/01 |0/ (x)|? dx} = ay?

v

Second, for S, # (), we get because of « > 0

v

1
min EY (v) = min {oc/ |0/ (x)|? dx + /5#51;} =B
v 0
where the minimizer has one jump point S, = {t} and is given by

0 ifxel0t),

o) = vy ifxet1).

This shows (5.40). O

5.5 Comment on the I'-limit of first order

The T'-limit of first order of a functional E,, is defined as the I'-limit of the rescaled functional

By () i E,(u) —Ainnfu E(u),

where E(u) = I-1lim E;, (u).

In the heterogeneous, periodic setting, this first order I'-limit does not exist. We show this in the
following. This is in line with [37], where the authors consider a periodic integral energy functional
and its homogenized limit and conclude that the I'-limit of first order does not exist.

In our case, the I-limit E{ _ of E{(w, u) is derived in Theorem 4.14, as well as min, E{ | (u) =
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5.5 Comment on the I'-limit of first order

Jhom (£). Therefore, the T-limit of first order is the I'-limit of

n—1 i+1 i
Y Ag (Tiw, u*/\—u) —min E'(u)
Ef () = =0 A~
n—1 ui+1 _ ui n—1
=Y (1 (w0, 5 )~ messma) ) + E (50, 85@) = o (0)-
i=0 n i=0

(5.41)

The first term is exactly the rescaled energy (5.2) of Section 5.1. From Theorem 5.8, we know that
its I'-limit exists. The second term

Hi (J(tiw, 8(Tiw)) = Jhom (€)) (5.42)
i=0

is independent of u. If its limit n — oo existed, it could be treated as a continuous perturbation,
see Remark 2.20. Then, the I'-limit of (5.41) would be the sum of the rescaled I'-limit and the limit
of (5.42).

However, we now show for the periodic case that the sum in (5.42) is not convergent. For this,
Ji(z) is used for the interaction potential between atom i and i + 1 and the expectation value is
replaced by the arithmetic mean. For details on the special case of periodicity and the related
definitions and results, we refer to Chapter 6. For simplicity, assume 6; = é foralli € Z and ¢ = 4.
Then, Proposition 4.13 yields

]hom(g) = ]hom(‘s) = ]hom(g) = m

We can assume to have at least two different potentials (otherwise we are in the homogeneous

case), and without loss of generality we set Jo(8) # J(5). With M € N being the periodicity length,
(5.42) reads

|
_

n

(&)= T(®)) =

i=0

0 if n=kMforsomek €N,
Jo(6) —J(6) #0 if n=kM+1 for somek € N.

This shows that in the periodic case, (5.42) has at least two different accumulations points. For
every accumulation point, (5.42) is a continuous perturbation to the already known I'-limit of the
rescaled energy, and leads to a different I'-limit of first order in each case. Thus, the I'-limit of first
order depends on the subsequence chosen and therefore does not exist.

In the stochastic case, the (non-)convergence of (5.42) is difficult to handle. We note that (5.42)
can be reformulated as

1 n—1
n (1’[ ;) ](Tiw/ 5(’[{6())) - ]hom(€)> ’

and is thus related to the topic of convergence rates in the field of ergodic theorems, with
%Z?:_()l J(tiw, 5(tiw)) — Jhom(¢). This is addressed in various papers. For an overview, see,
e.g., [79, p.14-15]. In [76], the author states that it is not possible to obtain an estimate on the
convergence rate that only depends on J. A fundamental step towards this statement is the work
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5 Surface energies: rescaled model

in [68] and [79]. There, the authors prove theorems stating that for any given ergodic group action,
one can choose indicator functions with arbitrarily high and arbitrarily low rate of convergence in
the ergodic theorem. Especially, this indicates that (5.42) does not converge in our general setting,
and thus is a strong hint that the I'-limit does not exist. It remains an open problem whether
convergence of (5.42) can be obtained in some special cases.
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6 Periodic setting

This chapter is devoted to the periodic setting, i.e., compared to the previous model, we replace
the stochastic dependence of the Lennard-Jones interaction potentials by a periodic dependence.
This is in some sense a simplification or specification of the stochastic setting, since the proofs of
the I'-convergence theorems are mainly the same but much simpler. However, the results show
interesting new features, especially regarding the homogenization formula.

The theorems of this chapter are chronologically the first results of the doctoral thesis. The
stochastic case was then built on the periodic case, which served as a foundation. I published the
results of the periodic setting, that are presented in this chapter, in [82], jointly with M. Schéiffner
and A. Schlomerkemper.

The motivation and the approach is completely analogous to that of Chapter 3-5. Therefore, we
here highlight only the differences in setting and assumptions to the stochastic case and state the
corresponding results for the theorems and propositions. The proofs are only given in that cases
where they differ considerably or show new and interesting features. We refer for the remaining
proofs and further details to [82].

6.1 Discrete model and Lennard-Jones type assumptions

The discrete model of the one-dimensional chain of atoms with reference configuration equidis-
tributed in [0, 1] is the same as in Chapter 3. As in [82], we consider the case of nearest neighbour
interactions, i.e. K = 1. Instead of the random distribution of the interaction potentials, we assume
a periodic setting with periodicity length M € N. Therefore, we redefine the interaction potential
of particle i and i + 1 by

J(i,z) := Ji(z) foreveryic€ Z,

where the variable w is not needed any more because there is no random variable. Periodicity now
means that we have

Ji=Jizm foreveryie Z.

Fig. 6.1 shows an example of a periodic chain with periodicity length M = 3 and two different
types of atoms, grey and white, where the interaction potential of two atoms of the same type is
assumed to be different from the interaction between different types of atoms.

In the following, we frequently make use of the abbreviations for the averages
_ 1 Mz—l 1 Mz—l
0= — 6 and J(6):= — Ji (7). (6.1)
M i=0 1 M i=0 o

These mean values substitute the expectation values from the stochastic setting. Since they
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6 Periodic setting

Ja Ja Ja
7\ 7\ VRN
© 0 O 06 6 O 06 0 O
N\ N\ N4
Io Io Jo Jo Jo

Figure 6.1 | Chain of atoms with periodicity M = 3 and two different types of atoms (grey and white). The
interaction potential J, between two grey atoms is different to the interaction ], between a white and a
grey atom.

can simply be computed without any limiting process, we do not need results like those in
Propositions 3.5 or 5.5.

Next, we introduce the Lennard-Jones type potentials that are allowed in the periodic case. We
first state the assumptions and then discuss the differences to the earlier class of Lennard-Jones
type potentials. They are slightly modified compared to [82]. We say that the interaction potentials
Ji are of Lennard-Jones type if they fulfil the following conditions:

(LJ1*) Forany i € {0,..., M — 1}, the function J; : R — (—o0, +-00] is lower semicontinuous and in
C?(;ff, 0 < a« < 1onitsdomain dom]; = {z € R : J;(z) < +o00}. Further, we assume that
the domain is an open set and independent of i, i.e. domJ; = (z4om, +00) =: dom], with
Zdgom < 0, and that

lim ]i(Z) =0.

z—+00

(LJ2*) There exists a convex function ¥ : R — [0, +o0] and constants d1, d, such that

lim m=—|—oo and
Z——00 |Z|

di(W(z) — 1) < Ji(z) < dymax{¥(z),|z|} forallze R, i € {0,.... M —1}.

Further, J; has a unique minimum point é; with J;(4;) < 0 and it is strictly convex in (—oo0, ;)
on its domain.

(LJ3*) The functions J;, i € {0, ..., M — 1} are C? on their domain.
(LJ4*) There exist u > 0 and C > 0 such that for alli € {0,..., M —1}

Ji(x) = Ji(8;) > C(x — &;)?

for |x — §;| < p.

The assumptions (LJ1*)-(L]2*) are applied in the proof of Theorem 6.3 regarding the I'-limit of
the energy H,, defined in (6.2). Theorem 6.4 deals with the rescaled version of that energy and is
based on the assumptions (LJ1*)—(L]4%).

The main difference of (LJ1*)-(L]J4*) to the original Lennard-Jones type assumptions (LJ1)-(L]5)
together with (H1)-(H3) is that most assumptions that deal with common lower or upper bounds
are not needed any more. This is due to the fact that in the periodic case we only consider
M different functions as interaction potentials, while in the stochastic case uncountably many
potentials are allowed. Therefore, the assumptions with common bounds are fulfilled automatically.
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6.1 Discrete model and Lennard-Jones type assumptions

1 2 3 4 .5 6

-1t

Figure 6.2 | A potential J; and its convex, lower semicontinuous envelope [*.

In contrast, the bounds in (L]J2*) and (L]J4*) are retained, since those estimates deal not only with
common bounds by constants but instead with a common bound by a convex function or a
quadratic estimate, respectively. These bounds are also required in the homogeneous case, cf. [24,
100, 101]. In particular, the following assumptions are not needed any more:

¢ The bound on the minimizers from (L]J2), i.e. § € (%, d).
¢ The bound for large values of z from (LJ2), i.e. [|]|| Lo (5,00) < b-

e The regularity in (L]J3*) is of the type C?, instead of C? in (LJ4), which also refers to a common
bound of the remainder in the Taylor approximation, which is formulated in (H2).

¢ The expectation value of the Holder coefficient in (H1) and the uniform convergence in (H3).

A further difference concerns the domain of the function J. In the periodic case, the domain can
even be (—oo, +00). This is ruled out by (LJ1) in the stochastic setting, where we assume (0, c0) to
be the domain and allow for shifting it. That is the reason for the slight changes in the definition of
the blow up of the function ¥ at —oo or 07 respectively, and of the function J at 0.

Remark 6.1. Notice that a consequence of (L]1*) and (LJ2%) is that the convex, lower semicontinuous
envelope [** of ]; is given for eachi € {0,..., M — 1} by

]i(z) l'fZ < 51'/

e = Ji(8;) else.

An illustration of the convex, lower semicontinuous envelope J* can be found in Figure 6.2.
With the deformation of the particles denoted by u : A,Z N [0,1] — R and the abbreviation
u(x}) = u', as before, we can again identify the discrete deformations u with their piecewise affine
interpolations, i.e. u € A, with

Ay = {u € C([0,1]) : uisaffineon (i,i+1)A,, i €{0,1,...,n —1}}.

The energy in the periodic case reads

)= 3 (), 62)
i=1 n

and we impose the same Dirichlet boundary conditions #(0) = 0 and u(1) = ¢ for some given
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6 Periodic setting

¢ > 0 as before. Altogether, this yields the functional H} : L'(0,1) — (—o0, +00] defined by

HE (1) = {Hn(u) ifue Ayand u(0) =0, u(l) =¢,
400  else.

The rescaling here is similar to that of Section 5.1 and reads

TS S
0= W= Ly Mk foralli € {0,...,n},
VA
cf. (5.1). Since this definition yields
ui-i-l _ ui vi-‘rl _ Ui
Ry
An vV Ay

we get the following rescaled energy

. —mi n—1 i+1 _ i
En(v) ::Hn(umm + An}\v) miny Hn(u> _ Z <]1 (UJ:/TU —+ 51‘> —Ji (5i)> .
n i—0 n

We also have to rescale the boundary data. Theorem 6.3 and Lemma 6.2, which we state below,
show that the threshold between the regime of elasticity and that of fracture is given by £ = 5. In

the stochastic setting, this threshold is the expectation value of the minimizers. Now, it is the mean
value. As in [82], we follow again the ideas of [101] and consider the energy E; for some sequence
(¢4) C R with £, — 5, satisfying

_ Y70 Andy .

s VA

and ¢, > & for every n € N. For simplicity, we assume

(6.3)

1 n—1
ly> =Y & foreveryneN.
=

By definition, it holds 7 > 0 as well as 17, > 0 for all n € N. They serve as boundary values of the
new variable v, and therefore, for u € A,,(0, 1), the new variables v belong to the space

A" .= {ve A,(0,1) : 2 =0, v" = n,}.

Altogether, we get the rescaled functional E}" : L1(0,1) — (—oo0, +o0] with

+o00 else.

1 ATn
Ewuaz{E“” ifo e A7(0,1),

6.2 Homogenization formula and I'-convergence results

The biggest difference between the stochastic and the periodic case is the representation of the
homogenized energy density. In the stochastic case, Ji,m Was given by an asymptotic homog-
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[ S 7z

TORA

J1(61
J2(82)

Figure 6.3 | The function ]Egrrn together with the two interaction potentials J; and J; in the case M = 2.

enization formula. In the periodic case, it reduces to a cell-problem formula. It is defined as
IPEI‘

hom : R — (—o00, 00] and given by

M-—1 M-1
]ﬁ;@%=mm{;121?&0:‘ azkh}, (6.4)

which is well-defined since the minimum exists. The validity of the cell-problem formula (6.4)
crucially relies on the fact that we use only nearest-neighbour interactions. Indeed, even in the
case of homogeneous interactions and a setting beyond nearest neighbours with K > 3, the
effective energy density is in general given by an asymptotic cell formula, see, e.g., [32]. Further,
for K > 2, it was recently shown in [103] that in the case of homogeneous Lennard-Jones type
interactions with finite range the effective energy density can be computed explicitly, due to the
specific convex-concave shape of the interaction potentials.

We now state a lemma, which is the counterpart to the results in Proposition 4.12. In order to
highlight the main differences between the stochastic and the periodic setting, we present the proof,
which has already been published in [82]. It is essentially copied from the published version in [82].
A sketch of ]ngn, relying on the results of the next Lemma and in particular on the cell-problem
formula, is shown in Figure 6.3.

Lemma 6.2. Suppose that the hypotheses (L]1*) and (L]2*) hold true. Then, the function ]Esfn, defined in
(6.4), is convex, monotone decreasing, and it holds

flz) fz<3
R =1 9
J(e) ifz=39,

where

1 M=1 M=1
f(z):= min{M Z Ji(z) : ) Z :Mz}

and J () is defined in (6.1). Moreover, it holds

——— = +o00. (6.6)
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6 Periodic setting

Proof. Step 1. Convexity.
Letz(1),z(2) ¢ Rand t € [0,1] be given and consider z = tz(! )+ (1— t)z(z) According to the
definition of ]p " in (6.4), there exist Z(1), Z(2) ¢ RM satlsfymg ZM 1Z D = 20) for j=12

such that M1
) 1 M= .
per _ sk [ (f) L
CAORES WHCD R
1=
Note that Zf\ial (tz§1) +(1- t)Z§2)> = z and thus

o () - ()

i (120 + (1= 0z > P (2,

=

N
I

-1

s () + =0 5, (=) -

v
|-
D

hom

I
<)

which proves the claim.

Step 2. Monotonicity.

Since [/ is monotone decreasing fori =0,...,M—1, cf. (LJ1*), (LJ2*) and Remark 6.1, we
obtain the monotonicity of ]h om”

Step 3. The identity (6.5).
First, we notice that (LJ1*) and (LJ2*) imply that

J(8) < Eﬁ;()<f() forallz € R.

For given z > §, we find Z € RM satisfying %; ZM 1Z; = zand Z; > §; and thus the definition of
JP® in (6.4) and Remark 6.1 yield J°*" (z) = J(9).

hom hom

Hence, it is left to show (6.5) for z < 8. Let z < § be given and let Z € RM be such that

M-
R0 =35 & 1720 nd 3 % 7= ©7

We claim that Z; < §; for every i € {0,...,M — 1}. Indeed, assume that there exists i’ €
{0,...,M — 1} such that Z; > &y. By (6.7), z < & and the definition of § (cf. (6.1)), we find
i"” € {0,...,M — 1} such that Z;y < 51«//. Set ¢ = min{Zy — 6y,6» — Zy»} > 0 and consider
Z € RM given by Z; = Z; ifz' € {o,.. —13\{i,i"}and Zy = Zy —q, Zip = Zi + q. The
construction of Z implies i ):M 17 =2z, 51’ < Zy < Zpand Zyp < Zy < 5. From Assump-
tion (LJ2*) and Remark 6.1 it follows that J/* is strictly decreasing on dom J; N (—oo0, ;) and
Ji*(z) = J*(8;) for z > §; for every i = 0,... M — 1. Hence, we obtain

per (\ 1 M= (2, 1= jper

hom(z) = M ZO Z hom(z)
1= :

which is absurd.

The existence of Z € RM satisfying (6.7) is straightforward and it holds J;*(z) = Ji(z) forz < §;,
cf. Remark 6.1. Thus, we obtain f(z) < JP*" (z) < f(z) and thus f(z) = J°°" (z) forall z < 3.

hom hom
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6.2 Homogenization formula and I'-convergence results

Step 4. The limit (6.6).
A combination of the lower bound in (LJ2*) and Jensen’s inequality yields for every z € R4

M M
]ﬁsfn(z) > min {dl]l\/f Z W(Zi) - dl : Z Z; = MZ} > d1\y(2) - dl.
i=1

i=1

Thus, the superlinear growth of ]ﬁgfn —o00, i.e. (6.6), is a direct consequence of the superlinear

growth of ¥ at —oo, cf. (LJ2¥). O

In the limit # — oo, which means that the number of lattice points tends to infinity, we get the
following I'-convergence results in the periodic setting. The first theorem gives the I'-limit of zeroth
order, similar to that of Chapter 4, and uses the homogenization formula ]}}:Ce)fn’ which we have
discussed in Lemma 6.2.

Theorem 6.3. Let £ > 0 and let (LJ1*)—~(LJ2*) hold true. Then, the T-limit of HY with respect to the
L1(0,1)-topology is H® : L1(0,1) — (—o0, +00], given by

/ B (¢ () dx i u € BVY(0,1), D'u > 00n [0,1],

else.

Moreover, the minimum values of H, and H® satisfy

4 ; 14 _
lim inf Hy, (u) = min H" () = fuom (£)-
The second theorem states the I'-limit of the rescaled functional, corresponding to the stochastic
results in Chapter 5.

Theorem 6.4. Let n,, — 1 be such that (6.3) holds. Let (L]J1*)—(LJ4*) hold true. Then, the sequence (E;I")
I-converges with respect to the L1(0, 1)-topology to the functional E" given by

1
(o) g/o 0/ ()2 dx + B#S,  ifv € SBV(0,1),

+o00 else,

-1
where ai= [ - % 1 and B:= min (—J;(&)), with o := 1 (5;).
= M Pt o ; \%1/))r 1 1

Moreover, for n > 0 it holds true that

lim inf El(v) = min E"(v) = min{an?, B}.

The proofs of both theorems are similar to the corresponding ones from the stochastic setting
but simpler. One of the main differences is that the mesoscale, introduced in the proofs, is not
needed because the periodicity length M operates as a mesoscale. Further, no ergodic theorems
are needed. Instead, the calculation of mean values and an approximation of the remainder is
sufficient. We refer for details and for the proofs to [82].
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7 Fracture on the discrete scale

In the previous chapters, we investigated the discrete model by means of I'-convergence. We
obtained that the chain of atoms, subjected to the boundary conditions #(0) = 0 and u(1) = ¢, can
show fracture in the limit. The threshold where the elastic behaviour of the chain changes into
fracture is given by a certain value of the boundary constraint £. The continuum limit is given in
the framework of BV functions. There, a jump is defined as the discontinuity point of the good
representative of u.

The discrete model only provides the values of the deformation for the lattice points. The defor-
mation on the whole interval [0, 1] is considered as a piecewise affine function, by interpolation.
Thus, by definition, the deformation is continuous and does not show jumps at all. The aim of this
chapter is to provide a suitable definition for a jump point in the discrete setting, and according to
this, a definition of a threshold separating the elastic and jump regime. Section 7.1 contains these
new definitions as well as a number of preliminary results. The new definitions come along with
further properties on the class of Lennard-Jones type potentials. They are phrased and discussed
in Section 7.2.

In Section 7.3, we consider the limiting behaviour of the newly established jump threshold as
n — oo. This is done first for the special case of a fixed minimizer of the random potentials. This
restriction allows to consider also the rescaled version of the jump threshold. Later, the assumption
on the minimizer is dropped and the non-rescaled version of the theorem can be proved. The
chapter is completed by Section 7.4, where the results are compared to those of Chapter 4 and
Chapter 5 employing I'-convergence analysis.

7.1 Jump threshold

A jump in the continuum regime is defined as a discontinuity point in the setting of BV-functions.
Since in the discrete setting the deformation is given as a piecewise affine function, there are no
discontinuity points, by definition. Therefore, we need a new definition for a jump in the discrete
picture. This is done by defining a threshold z¢,. for a given potential. We then say that the chain
has a jump at a given site, if the slope at this site is larger than the threshold.

Definition 7.1. For a Lennard-Jones type potential | € .Zeg(oc, b,c,d, Y, n), cf. Definition 5.1, we define
a jump or fracture point by

9*J(2)
Zfrac := SUp {a Lo > 0on [6,a]} .

Then, we say that a jump occurs at position i* of the chain of particles if and only if the discrete gradient
ity it

fulfils 2" = 3 > Zfrac

Especially for the classical Lennard-Jones potential, z¢.,. is the inflection point, see Figure 7.1.
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7 Fracture on the discrete scale

Figure 7.1 | Jump threshold. For a classical Lennard-Jones potential ], where zg, is the inflection point.

Similar definitions and constructions are well known, e.g., from image processing or numerical
simulations, where an edge or a shock, respectively, is characterized as a given quantity being larger
than a presumed value. The new idea here is to take the (generalized version of the) inflection
point of the Lennard-Jones type potential as the threshold for the jump regime.

The threshold from Definition 7.1 is well defined. Indeed, by (L]J5) and Remark 5.2 (iii), we know
9J(2)

that 3.2 > C for some constant C > 0. Together with (L]J4), which ensures that | € C3, we
z=0
. . . 0%](z)
know that for all Lennard-Jones type potentials there exists an a > 0 with 5.2 > 0on [5,a].

Before we continue with further definitions concerning the threshold of fracture we highlight
some technical properties of the Lennard-Jones type potentials, corresponding to the newly defined
jump point. These properties follow from (LJ1)—(L]J5).

Proposition 7.2. Let Assumption 5.3 be satisfied. Then the following statements hold true for all | €

Treg(et,b,c,d, ¥, m):

?J(z)
0z2

d
(ii) é is increasing and positive on (8, Zgrac )-

(i) ] is strictly convex on (0, Zgrac), i.e. > 0 for z € (0, Zrac)-

sup

(iii) There exists z?;lalz € Rwith sup{zgac @ | € Treg(et,b,c,d,¥,m)} = Zgne

Proof. Step 1. Proof of (i) and (ii).

92
Since we know from (LJ2) that | is strictly convex on (0, §), we get 8]2(22) > 0 on (0, §]. To-
2
gether with Definition 7.1, this yields J a]Z(zz) > 0 on (0, zgac) or rather that J is strictly convex on
ad
(—00, Zfrac ), which proves (i). Therefore, it also holds true that a—i is increasing on (4, Zgac ), which
proves the first part of claim (ii).
A Taylor expansion yields
9, y_9] ]
a—z(z) = a—z(é) + ﬁ(é)(z— 5) forsome & € [4,z].
] . . L . 0]
Together with 3, being increasing and 6 being the minimizer of |, i.e. 3, (6) = 0 due to (L]2), we
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7.1 Jump threshold

get for z € (8, Zfrac)

o P

22 = S5O >0,

which proves the second claim of (ii).

Step 2. Proof of (iii).
By claim (i), it holds true that g—i is increasing on (6, zg,. ). Convexity further yields, for all e < 7,

)
J(6+e)—J(5) < a—i(é + €)e.
Using (LJ5), we then get
(L5
L' po v 10) < Lot oe,
which yields
1 9]
—-e< == . .
Ce_az(é—i-e) (7.1)
Further with (LJ4), we can calculate
B Zfrac a]
(i) = J(5+¢) + [ 51 (x) dx

(7.2)
(*) 1 1
> —d + Ee(zfrac —6— 6) > —d+ Ee(zfrac —d— e)/

where in (%) we used (LJ2), (7.1) and claim (ii) (the first derivative is increasing and therefore

minimal at § + € on the integration area).
(b+d)c

Assume, as a contradiction argument, that for one | we have zg,,. > max {d , e+ d+ e} =

(b+d)c

€

+d + €. We then get

7.2) 1
](Zfrac) > —d + Ee(zfrac —d— €) >b and Zfrac > d/

which is a contradiction to (LJ2). Therefore, it holds true that zg,. < C, and we can define
Z?:alz = Sup{zfrac : ] € L7I'eg((x! b/ C/ d/\y/ TI)}.

Recall the stochastic setting of our model of Chapter 3. For the fracture point, we set for w € Q

2
Zfrac(w) ‘= sup {b‘l : % > 0on [6(w),a]} .
After the definition of the jump point for the interaction potentials, we now define the threshold

of fracture, separating the elastic and the jump regime. This is done by means of the energy. First,
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7 Fracture on the discrete scale

the minimal energy of our chain of atoms is defined as

z+l_u

M, (w,z) = min { Y AuJ (le, ) > cue Ay(0,1), u(0) =0,u(l) = z}.

In the following, we switch to a different notation for better readability. That is, we use the change
of variables z/, := % and accordingly the adapted boundary condition Y./ L2l = nz

We are interested in energy minimization together with the question whether a jump occurs or
not. The jump is only preferable if the energy of the chain with jump is smaller than any energy
without a jump. Therefore we define a minimal elastic energy

{ Y AT (le, ) i Z = nz,7}, < zgac (iw) Vi € {0, ..., n — 1}}

el o n—1
Mn (w, Z) T if z< An Z zfrac(’riw),
i=0

+oo otherwise.

The definition of M¢! takes into account the fact that, for large values of z, it is not possible to fulfil
):?;Ol zi = nzand 7}, < zg, (Tiw) for alli € {0,...,n — 1} simultaneously. Further, we define a
minimal fracture energy

Mirac(w, z) .= 1nf{ Y A (tiw, z Z z =nz,31€{0,...,n — 1} with zﬁl > Zfrac (T;w)} )

Note that if the minimizer of M, (w, z) fulfils z/, < zgac(T;w) foralli € {0, ...,n — 1}, then we get
M (w,z) = M,(w,z). On the other hand, if the minimizer of M, (w, z) consists at least of one
i€{0,...,n — 1} such that z; > Ztrac (T;w), then M (w, z) = My, (w, z) holds true.

With the definitions of the minimal elastic and fracture energy, we define the threshold for a
jump in the discrete picture as

0 (w) = sup {z eR : M (w,0) < M,ffaC(w,e)} :

The limiting behaviour and the convergence rate of this variable is the topic of the next sections.
For preparing the convergence analysis, we first prove that £}, is bounded.

Proposition 7.3. Let Assumption 5.3 be fulfilled. Then, it holds true that % < i (w) < z?;}z for every
n € Nand for every w € Q, with the constant d from (L]2).

Proof. Step 1. Upper bound.

The upper bound is given by z?:alz from Proposition 7.2 (iii). This follows from the definition of
Mg and £ (w), since we have £ (w) < A, X1, ! rac(Tiw) < Ay Y 01 z;’;gz = z?;la}z

Step 2. Lower bound.

To prove that £;(w) > 1, we have to show that Mg (w,z) < Mif(w,z) for all z < % We
drop for a moment w in the formulae for better readability. Thus, assume z) to be a min-
imizer of Mfra¢(z) for z < %, i.e. to fulfill the constraint ¥} ' = nz and define the set
I, := {i €{0,...,.n—1}, zl > Zrac(Tiw } I, is not empty, by def1n1t10n of Mfrac,
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7.1 Jump threshold

Now, we introduce y; > 0 such that the following conditions are satisfied:
(i) zi +vi < 6if 2, < &,
(i) y; = 0if 2, > §;,
(i) X729 vi = Liej, (2h — &)-
Especially, this definition yields y; = 0 for i € I,,. The well-posedness of the conditions for y; can
be proven by showing that (ii) and (iii) allow for (i). Set I, := {i € {0,...,n — 1} : z}, < §;}. By
definition, we get

1= 1 1"
;g 252 z§
and with this
n—1
) (51'—22) >y (22—51)4- Y (22—51') >y (22—51') i Z% (i Z Yis
icly icly i¢ (I,Ul,) icly icly

since zi, — &; > 0 fori ¢ (fn U fn). This shows (i) and therefore y; with the required properties
exist. With this, we now define

d; fori e I,

zZh+y;  else.

The constraint is still fulfilled, since y; = 0 for i € I, by definition and thus

1 n—1 . 1 .
o Zln:E Z‘Si+Z(Z§1+Vi> —*Z(S-f— Z(Z +7/1) ZZ
i=0 icly i¢l, iely " icl,
1 n—1
:*Z< )"_EZ%’—FZ:Z’
icly, i=0

and it holds true that

MZL()>M2LCQ,

since J; is strictly decreasing on (0, &;] due to (LJ2). By construction, it holds true that z/, < z¢;.. (T;w)
foralli =0,...,n — 1 and therefore we have

Mfrac ) = An Z L( ) > Ay Z L( ) ZMgl(z).
This shows
M (z) — Mg (z) >0,

which proves the assertion. O
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7 Fracture on the discrete scale

7.2 Lennard-Jones type potentials: (LJ6)—(L]J9)

We list the assumptions which we need for the following proofs and theorems. They deal with the
jump threshold and, related to this, with the second derivative and the curvature. For notational
convenience, we introduce for all | € Jreg (a,b,c,d, ¥, 1)

Merac :=min {J(z) : 2 € [Zfae, +00)},
and the related definition for the stochastic setting for all w € Q
Mpac(w) :=min{J(w, z) : z € [Zfrac(w), +0)},

which is the minimum value of | or J(w, z), respectively, in the regime beyond the jump threshold.
Indeed, this is well defined because of (LJ2) and (LJ3) together with the continuity of | due to (LJ1).
The next two definitions introduce the class of Lennard-Jones type potentials Jeurv (o, b, ¢, d, ¥, 1)
and Jeurv(a, b, ¢, d, ¥, 1), respectively. They are subclasses of jreg(zx, b,c,d,¥,n) and are used for
the results in this section. A list of all assumptions from the different chapters can be found at the
end of the thesis.

Definition 7.4. Fix x € (0,1],b > 0,¢ > 0,d € (1,400), n > 0, and a convex function ¥ : R —
[0, +o0] satisfying (3.2), as in Definition 5.1. We denote by Jeurv = Jeurv(a, b, ¢, d, ¥, n) the class of
functions | : R — R U {400} which satisfy the properties (L]1)—(L]5) from Definitions 3.1 and 5.1, and
additionally the following properties:

(Lj6) It holds true that zgac — O > %

(LJ7) It holds true that meae — J(8) > %.

(LJ8) It holds true that

._.
=}
=

—

QO
D)
—
—
N
S—
N
m
=
(o)
+
=,

—

IV
Q-

(LJ9) It holds true that

2
sup{aajz(zz) Dz € [5,5+n]} <c.

Remark 7.5. (i) In the case of finitely many potentials, (L]6)—(L]9) are trivially fulfilled.

(ii) Due to the uniqueness of the minimum, cf. (L]2), it holds true that mg,. > J(6) for all | €
J(,b,d,¥). (L]7) additionally asks for a common lower bound of the difference between the unique
minimum and the other local minima.

(iii) (L]9) can be replaced by a weaker assumption:
(H4) Fix0 <6 < %. Then it holds true that

2
sup {gzi(riw,z) cz € [d(tw), 8(tiw)+n], we Q,ie€{0,..,n— 1}} <cnb.

This is no longer a property of the class of Lennard-Jones type potentials, but instead an assumption on the
random variable ] (w, -). Consequently, we phrase this in an additional hypothesis (H4). We will give all of
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7.3 Convergence results

the following proofs with this weaker assumption (H4) instead of (L]9). Indeed,

2
sup {?,ZZ(TI“"Z) z € [§(tiw), é(tiw) +1], we Q,ie{0,..,n— 1}}
2 (LJ9)
< sup sup{a ](22) 1z € [5,5+n]} < c<cen®.
]equ['V az

(iv) In the case 5(w) = 1 for all w € Q, (L]6) reduces to inf{zg,c(w) : w € Q} > 1.

Since we want to replace assumption (L]J9) by (H4), we need a modified definition of the
Lennard-Jones type potentials Jeury (o, b, ¢, d, ¥, n), without assumption (LJ9).

Definition 7.6. Fix x € (0,1, b > 0,¢ > 0,d € (1,+00), n > 0 and a convex function¥ : R —
[0, +00] satisfying (3.2), as in Definition 5.1. We denote by Jeury = JTeurv(a, b, ¢, d, Y, n) the class of
functions | : R — R U {+oo} which satisfy the properties (L]1)—(L]8) from Definitions 3.1, 5.1 and 7.4.

The stochastic setting of the chain with Lennard-Jones type interaction potentials in the discrete
fracture setting is collected in the following assumption.

Assumption 7.7. Fixx € (0,1, b > 0,¢ > 0,d € (1,00), 71 > 0,0 < 6 < %anda convex

function ¥ : R — [0, oo satisfying (3.2). Let (Q, F,P) be a probability space and (7;);cy, be a family
of stationary and ergodic group actions in the sense of Section 3.2. We suppose that the random variable
J:Q — Jeurv(a,b,c,d, ¥, n) given as in Section 3.2 is measurable and (H2), (H3) as well as (H4) are
satisfied, with Jeurv(a,b,c,d, ¥, n) as in Definition 7.6.

7.3 Convergence results

We are now in the position to consider convergence of the quantity ¢}, in the limit n — oo. This
is separated in two subsections. The difference between Section 7.3.1 and Section 7.3.2 is that in
the first one additionally §(w) = 1 for all w € Q is assumed, while in the second one, the fully
random potentials are considered. The additional assumption allows to consider also the limit of
the rescaled threshold v;;, arising from ¢} by the \/A,-rescaling, as in Chapter 5.

7.3.1 Random potentials with fixed minimizers

In this section, we set §(w) = 1 forall w € Q.

First, we give preliminary results. The next proposition is dealing with minimizers of the
minimal elastic and fracture energies.

Proposition 7.8. Let Assumption 7.7 be satisfied. Let C > 0 be such that C> > cb, with b, c being the
constants from the class of Lennard-Jones type potentials. Then, the following statements hold true for all
we Q.
(i) Any minimizer z, € R" of M (w, 1 + v/A,C) or M3 (w, 1 + /A,,C), respectively, satisfies, for
n large enough,

0<

QJ‘@
N |~

(w, Z;) < cCnf2 foralli € {0,...,.n —1}. (7.3)
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7 Fracture on the discrete scale

(ii) For a minimizer z,, € R" ofM,el1 (w, 14 +/ /\nC) it holds true that, for n large enough,
1<z <1+c2cn® 2, (7.4)

foralli € {0,...,n — 1}, which especially yields zi, — 1 uniformly as n — co.
(iii) Any minimizer Z, € R" of Mfra® (w, 1 + /A, C) satisfies: If the subsequence (Zy, ) fulfils z, <
Zrac(Tiw) forall i =0, ..., n — 1, we have

. _1
1<z <1+cCn) 2, (7.5)
for k large enough, which especially yields Z;k — 1 uniformly as k — oo.

Further, there exists at least one subsequence (Z,, ) and for every ny a corresponding index i,, with
i
Zyt — 00 ask — oco.

Remark 7.9. When using (L]9) instead of (H4), the corresponding inequalities read

(7.3):0 < % (w,2) < ccn73,

(74):1<z <14+cCn 2,

1
< s 20,2
(75):1<z, <1+cCn?.

Proof. We drop here the dependence of w for a better readability and define zér e = Zirac(Tiw),
Ji(z) := J(tiw, z) and m . := Mgac(Tjw). Then, we can use the short form J/ and J/’ for the first
and second derivative of | with respect to z.

Step 1. Proof of (i).

Let Z,, be a minimizer of Mﬁl (1 + \//\nC) or Mflrac (1 + \/)\nC), respectively. Then, there exists
iy such that z;! > 1+ v/A,C and i, such that z;} < 1+ /A,C. By (LJ6), we have zg, — 1 > % and
hence

1<1+/AC<z2l, (7.6)
22 <1+ VA€ < Zhoo, 7.7)

for sufficiently large n. Due to the method of Lagrange multipliers, it holds true that, for i =
0,...,n —1 and for n large enough such that v/A,,C < 7,

(7.6) ) . . (7.7)
0°< Ji (@) = i) = Th(28) < T (14 V€)= JL (1) + T4 (E)VAC

(H4)
< Cen® /Ay = cCnf—? with & € [1,1 + \/Ec} )

where we used that for every i the function J! is increasing for z < zér A (Proposition 7.2 (i)) and
positive for z > 1 (Proposition 7.2 (ii)). This proves for alli € {0,...,.n — 1}

0<Ji(Z) < cCn~z.
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7.3 Convergence results

Step 2. Proof of (ii) and the first part of (iii).

We can now use (7.1) and (7.3) for all € < 1 and 7 large enough (0 < 8 < % by definition), and
get

@73 7.1)
mn:ogyﬁggcoﬁé<%egrm+@.

Therefore, for a minimizer of M¢' (1 + VA C ) the following holds true, due to (LJ6): by definition,
we have qu < z}rac foralli =0,...,n — 1. Further, for all ¢ < % < zimc — 1 and since ]l( is strictly
increasing on (—oo, z{,, .| due to Proposition 7.2 (i) and (ii), this yields 1 < z, < 1+ e. This
especially holds true for all e < min 1, n}. Thus, with &; € [1,z},] C [1,1+ €] and 7 large enough,
we can use the mean value theorem to obtain

7.3 . . .
c@*ygﬁﬁﬁ—VQW%ﬂ)Z*%—Uf

— N

which yields

and hence a uniform convergence z/, — 1 asn — oo, since 0 < 6 < é by assumption.

The corresponding estimate holds true for every subsequence (Z;, ) with quk < zér ac Of a mini-
mizer of the minimal fracture energy M,ffac (1 + A C )

Step 3. Technical interlude.

In order to prepare the proof of (iii), we first study the following assertion: Let Z, be a minimizer
of Mfra¢ (14 y/A,C) and define

IV .= {l S {0/---171 - 1} : Z; > Zérac} :

Then, it holds true that

il
n

N

— 0 asn — oo. (7.8)

The proof of this assertion is given in the following. Assume that “—’g;l does not converge to zero.
Then, there exists an € > 0 such that for a subsequence (not relabelled) it holds true that

]

i 2

We want to compare the minimizer z,, with another competitor Z, fulfilling also the boundary
constraints of M2 (1 + /A,C). We set i, :=min{i : i € [V} and set

min

€ (7.9)

nC+1 fori=1i%.,
= Vi min (7.10)

1 otherwise.

which is well defined, since |I?| > 1 holds true due to the definition of M. Consequently, we
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7 Fracture on the discrete scale

get with the minimizer z;
n—1 ) . w.
M]l;rac (1 + 1/AnC) = A Z Ji(z2h) = An Z Ji (Z%) + /\”]iﬁ)ﬁn (z;mm) , (7.11)
i=0 A
and with the new competitor 2,
n—1 .
M (14 /AC) <A X JiE) = A ¥ () + A, (CV+1).  (7.12)
i=0 iAW

We now calculate the difference of (7.11) and (7.12) and show that this difference is strictly positive,
which is a contradiction to the minimality of Z,. Indeed for n large enough, it holds true that

M X (5 (2) =5 0) + A (T (59) = J, (Cvi+1))

i
o % (i (2) = 1:(0) + A (<= T, (CVa+1))
Hitnin
> Ay ZI, (e = i) + A (=b = Jiw, (CVn+1))
i#iin

(LJ7) I —11 1
> ~a b + 0 (—b—]ﬁin (C\/E-i-l))

79) 1

zn<(fe—1)b b—Jiw (C\/ﬁ+1)>>0

The lower bound by zero follows from (H3) for n large enough. Thus, this is the desired contradic-
tion and therefore (7.9) is wrong and (7.8) is proven.

Step 4. Proof of the second part of (iii).

Assume z,, to be a minimizer of Mf¢ (1 + /A,C) which is uniformly bounded, i.e. z;, < A
holds true for all n and foralli =0, ...,n — 1.

With the boundary condition of Mfrac (1+v/A,C), we get by the uniform bound of the mini-
mizer

Vie=ty@-nilye g%z )+ fila ),

iy 161,2”

thus

|Iy | 1 i
o<m( s 1)) < L@ 7.13)

for n large enough. The lower bound by zero follows from (7.8).

We use once again £, from (7.10) as a competitor for the minimum problem of the minimal
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7.3 Convergence results

fracture energy Mﬁrac (l +VA,C ) , fulfilling also the boundary constraint. Thus, the difference of
(7.11) to (7.12) is calculated and it is shown that this difference is strictly positive. Therefore, this is
a contradiction to the minimality of Z,,. Indeed, it holds true for # large enough that

M X i (2) + A (20) = A X T (1) = A, (CVR+1)

i#itgin i
o ; (i (%) = 1) + 2w (=b = T, (CVr+1))
i1w
e Anil&f (2 - 1)2 +An (=0 =i, (CVE+1)),

and continuing with the Holder-inequality

2
i (G5 ) h e i)

i¢ Ly

(LI TR

w 2
_1 (1 (c- |\I/”7,Z|(A—1)> —b—Jw (C\/ﬁ+1)> >0,

n c

for n large enough. The last inequality, i.e. the strict lower bound by zero, is due to (H3) and (7.8),
from which we have [ (Cy/n+1) — 0and |[}|//n — 0, and from the assumption C% > cbof
the proposition.
Thus, this is the desired contradiction and therefore the claim of the uniform bound of the
minimizer Z, is wrong. This shows assertion (iii).
O

The next proposition is a refinement of Proposition 7.3, that asserts boundedness of £};. Now, we
derive a sharper upper bound.

Proposition 7.10. Let Assumption 7.7 be fulfilled. Let C > 0 be such that C*> > cb, with b, c being the
constants of the class of Lennard-Jones type potentials. Then, it holds true that (};(w) < 14 \/A,C for all
w € Qand for n € N large enough.

Proof. We drop here the dependence of w for better readability and define J;(z) := J(t;w, z). We
show in the following that for a fixed C > 0 with C? > cb there exists 1y € N such that for all
x € [1+A,C,+00) and n > ng it holds true that M (x) > Mi(x), which then yields the
assertion.

Step 1: Proof of Mfra¢ (1 + v/A,C) < Mg (1 + /A,C) for large n.

Fix C > 0 with C? > cb. Let z, be a minimizer of M¢' (1++/A,C). Since (7.4) shows that zZi =1
uniformly for all i, we get from (L]5), because z; <1+ nforalln > n; withn; € N, and together
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7 Fracture on the discrete scale

with Jensen’s inequality

n—1
My (14 VA€) 2 A T (1) + 16 - 12)
- (7.14)
n—1 1 n=1 2 n—1 1 )
> A Y (1) + ()\n Y (z, —1)) =AY Ji(1)+ EC An.
i=0 i=0 =0

On the other hand, for 1 large enough, the competitor z/, := 1 fori > 1 and z0 := \/nC + 1 > z¢,c
satisfies the boundary constraint Z?;Ol zi, = n(1 4 v/A,C) and thus we have

n—1
M (14 VAC) < Aw ¥ (1) + Aufo(ViC +1)
i=1
(7.15)

n—1
= A Y Ji(1) + Au (Jo(vnC+1) — Jo(1)) .
i=0
Since C? > cb by assumption, there exists € > 0 with C? = cb + €. Due to (H3), there also exists

ny € N such that |Jo(y/nC +1)| < £ for all n > n,. Thus, we define g = max{ny,n,} and get
for all n > ng by (7.14) and (7.15)

Mg (14 V€)= ME (14 1/2,C) = Ay <ic2 — Jo(vnC+1) + ]o(l))

(

(7.16)
L;Z) An <b+ g —Jo(v/nC+1) — b) = Ay (% —]O(\/ﬁ(j_|_1)> > A"zic > 0.

This yields for all n > ny

Mfrac (1 + \/Tnc) < Me! (1 + \/Tnc) ,

which concludes Step 1.

Step 2: Proof of M (1 + /A,C*) < M (1 + /A,C) for large n.
Now, consider C* > C. Analogously to (7.15) we obtain

Mirac (1 " \/ﬂC*) “a nil Ji(1) 4+ An (Jo(v/nC* +1) — Jo(1)) .
i=0

Due to (H3), it holds true that | Jo(v/nC* + 1)| < 5 forall n > np with the same index n; as before,
since y/nC 4+ 1 < y/nC* + 1. Thus, with an analogous calculation as in (7.16) we get for all n > ng

Ml (1 + \/Tnc) — Mfrac (1 + \/Tnc*) > /\n% >0,
which yields

Mfrac (1 + \/Ec*) < Me! (1 + \/Ec) ,

which concludes Step 2.
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7.3 Convergence results

Step 3: Proof of M&! (14 v/A,C) < M& (14 v/A,C*) for large .
Let z,, be a minimizer of Mﬁl (1 + \/)\nC*). Due to the boundary constraint, which reads
Yzl = n(1+/A,C*), it holds true
n—1
Y (z,—1) = /nC* > /n(C* - C).

i=0

Thus, there exists g/, > 0 with Z?:_Ol Bi, = /n(C* — C) such that zi, — i, > 1. We define a
competitor z, for the minimum problem of M&! (1 + /A,C) by

2=~

foralli € {0,...,n —1}. Indeed, z, fulfils the boundary constraint, since
n—1 n—1 n=1
Y=Yz Y h=n(1+VAC) - va(C -0)=n(1+VAcC).
i=0 i=0 i=0

Foralli =0,...,n — 1, it holds true that z}, < zi _ . by definition of the minimal elastic energy, and
due to Proposition 7.8 it is zfq > 1. The definition of 3, further yields 251 < zéra . and Zln > 1 and
zi, < zi,. Since Proposition 7.2 shows that J/ is positive on (1, zim o), we get Ji(z1) < J(2}), which
gives

Me! (1 + \/EC) < Mo (1 + \/EC*) . (7.17)

This includes also the trivial case of C* being large, where M¢! (1+ v/A,C*) = 400. Thus, Step 3
is proven.

Step 4: Conclusion.
The result of Step 2, together with (7.17), yields

Mfrac (1 + \/Tnc*) <M (1 + \/ﬂc*) )

for every C* > C. Since C* can be chosen arbitrarily large, this yields for all n > ng
M€ (x) < M (x)

forall x € [1 + VAC, +oo). Therefore, by definition of ¢}, we get £;; <1 + 1/A,,C, which proves
the assertion of the proposition.
O

As announced earlier, we consider here not only the threshold ¢}, but also its rescaled version v;;.
The rescaling is done in the same way as in Chapter 5, i.e. we switch from the boundary data ¢;; of
the deformation to the boundary value y;; of the displacement and additionally scale it with v/A,,.
Together, this reads

Yn(w) := T
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7 Fracture on the discrete scale

The following theorem gives the limiting behaviour of both, the threshold ¢}, and its rescaled
version ;.

Theorem 7.11. Let Assumption 7.7 be satisfied. Then, there exists an QO C Q with P(Q') = 1 such that
forall w € Q' it holds true that

. l(w)—-1 B
i vy (w) = ,}B’é‘om—ﬁ'

-1
where o := ) and B := inf{—J(w,é(w)) : w € Q} = inf{—J(w,1) : w € Q}, with
a(w) =3 32(];;’22) . Particularly, this yields
z=o(w
255, fale) = 1.

Proof. We drop here the dependence on w for better readability and define z%r ac -= Zfrac(Tiw) and
Ji(z) == J(Tiw, z). Then, the first, second and third derivative with respect to z are written J/, J
and J" in short.

From Propositions 7.3 and 7.10, we get

with C2 > cb. This shows that every subsequence of y}; has a convergent subsequence. We define

A as its limit and prove the limit to be equal to \/g and thus independent of the subsequence.

Step 1. Proof of A < \/E.

We prove this by a contradiction argument. Assume that A >/ g. Then, for every € > 0 (small

enough) there exists N € N such that

7/,’;>‘/§+e forn > N. (7.18)

Let 0,, > 0 be such that 0, < An\/g < \/)\n\/g < \/Anw/g + € < VAyv;. Then, we obtain

Vs = o> A"(V” [) ws’TH[ 2\/§T>W€C€'

(7.19)

with C. > 0. Together with Proposition 7.10, this yields
14 /AeCe < 05 — 0y <1+ /AC, (7.20)
with a fixed constant C > 0 fulfilling C” > cb. Let z, be a minimizer of M&!(¢% — 0y,), i.e. Zl o Zh =
n (£; — oy,). Further, we define z/, := 2 1 or equivalently zi, = 1+ \/A,z},. Note that this

o
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definition yields A, Z Z ( — oy — 1) = v} — /noy,. Now, we get

n—1 1 .
Mﬁl(@ﬁ —0on) = Ay l;] Ji (1 + nﬂq)
n—1 n—1 1 r 1 i 3
= Ay lg Ji(1) + Ay 1;) E]l.”(l)/\n (zn> + Ay Z ]/// =7 (zn)

() nzl n-l1 - « /// 1 2i\3
> A Y W+ (A Y — ] (= Vi) + A Z S o2 (z)
=0 i=0 %i
(7.21)

with & € [1,1+4 v/A,2,] and (x) from Lemma 2.24.
Since (7.20) holds true, we can apply Proposition 7.8 (i) with C = C(n) and eC, < C(n) < C. We
can derive from (7.3) with &; € [1,1+ /A,Z}]

_ NEAVE] .
Cn2 > J! (1 + \/Anz;l> > —Vizy

since v/A,Z, < 1 for n large enough because of the uniform convergence 1+ v/A,z}, — 1 due to
(7.4) in Proposition 7.8 (ii). It follows that

=i 2= 0
zi, < c*Cn
— 1
holds true and therefore, with k) := c2CM?~2 and M < n,

1

N X_‘j 1 m( o (Z;)3 < m% (c26) n30x, Z ]///

1 ~\3 n—1 ]. —\3 nl K,
3L ) a5t ) =1L (20 0 E

with C* from (H2). From Proposition 5.5 and (H2), we get, for n large enough, the existence of
an M* such that A, Y-} C:*M* — E[C*M*] < oo as 1 — oo, and thus the sum is also bounded by a
constant C > 0. Altogether (7.21) yields, for n large enough,

1 ~ i) 2 31 7 5\3 ~
MI(G=0n) 2 A ¥ D)+ M (M Y — | (i = Vinow)? =n¥ 732 (JC)°C. 722)
i=0

i—0 %i

On the other hand, for n large enough, the Competi'tor zf1 :=1fori > 1and 22 =n (\/)\n *— O'n) +
1 > zg,c satisfies the boundary constraint Z?:_()l 2, = n(¢}, — o) and thus we have

M(6 = ou) < A ;1 i) + Ay, (1 (VA —on) +1)
=My i: 5+ A (J, (n (VAvi—on) +1) =1, (1) (7.29)

n—1
< Au ;0 Ji(1) + An Qqéﬁ‘.iﬁ‘u \Ji (xn)| = ]f,,(”) ,
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7 Fracture on the discrete scale

with x,, :=n (\//\nj/;kl — O'n) +1 > y/nCee due to (7.19) and with [, := argmin{—J;(1) : 0 <i <
n—1}.

We combine the results of (7.18), (7.22), (7.23) and 0 < o0, < /\n\/g with the fact that v}, is
bounded by C; > 0, since it is convergent. This yields for n large enough, together with the

-1
definitions «y, := ()\n yrl l) and 3, := min{—J;(1) : 0 <i<n-—1},

i=0 24

M3 (6, — on) — M (4, — on)

> Ay (‘xn ((,)/2)2 *2\/ﬁ0-n')/: +1’10'2) o %n?ﬂ—% (c26)3(~j— ( max 1 Ul (xn)] ]fn(1)>)

i€{0,...n—

—\3 ~
> Ay (cxn <£ + e) - oan\/ﬁ/\n\/ECf - %ngef% (CZC) C—pBn— ie{énaz_l} |Ji (xn)>

ay 200, |3 n39‘%
2%1((0(_1)/5+(ﬁ_/3n)+an€_\/ﬁ\/;(:f_ 6

The definition implies 3, (w) < Bn(w, x,€), with B, (w, x, €) from (5.28), for every x € [0,1]. In
(5.29), we proved for w € Q' that we have }115210 Bn(w, x,e) < . Further, 8, > B also holds true by
definition. Together, this yields B, — 8 as n — oo. Since (H3) yields max;cg,. ,—1} |/i (xa)| = 0,
and it holds true that 30 — 3 < 0 and &, — a by Proposition 5.5 as N — oo, we get from (7.24) for
n large enough

(cZE)BC— max |]i(xn)|>.

i€{0,..,n—1}
(7.24)

M (6, — on) — MP(6; — ou) > 0,

because a;, —+ a > 0 and € > 0. This holds true for every 0 < o, < A, \/g, and therefore we
get MS!(x) > Mfrac(x) forall x € (ffl — A \/g, Eﬂ . This is a contradiction to the definition of ¢};.
5

Therefore, the claim is wrong and we obtain A < /=
o

Step 2. Proof of A > \/F

[24

We proof this by a contradiction argument. Assume that A < \/E . Then, for every € > 0 (small
enough) there exists an N € N such that -

y,’;<’/§—e forn > N,

<Ny §—€+1::kn forn > N. (7.25)

and therefore

. -1 .
Since !, := /£ —¢€ ()\n Z?;Ol (xl’) ‘x% fulfils the boundary condition Z?;01 2l =1,/ g — €, we get

IR
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7.3 Convergence results

with & € [1,1+ VAu2E]
n—1 .
M k) < An X Ji (14 V/Auh)
i=0

n—1 n-11q y n=11 1 )3
~ A, i;) Ji(1) + Ay l;) A, (zn> + A Z . ()

VS
IR
|
[0
N———
(O8]
D.)

= B s /// 1
:AnZ]i( +An<_€>an+/\n 6 3/2 Z] oo
i=0 = %

We already know that o, — avas n — oo for w € Q/, which yields that «, is bounded. Further,
ocl._l < C, for all i by Remark 5.2 (iii). Thus, 2;1 =4/ g — eocn“% is also bounded and therefore

& € [1,1+ v/A,C]. Using these results, we get, with ky := 4/ ﬁC and M < n, that

SL/ i /// (&)

R 1 . n—1
572 CAn sup {|J;" (x)] :xE[l—KM,l—f—KM]}:mC)\nZCfM.
i=0

with C; M from (H2). Again from (H2), we get the existence of an M* for which it holds true that,
together with Proposition 5.5, Ay Y CiMY — E[C*M*] < oco. Therefore the sum is also bounded
by a constant C > 0. Altogether, this ylelds for n large enough

n—1
M (kn) < A Y Ji(1) + An (i - e> oy + #C. (7.26)

i=0
On the other hand, we take a minimizer z}, of M!2(k,). From Proposition 7.8 (iii), we get the
existence of a subsequence (not relabelled) and for every 7 a corresponding index i, with

zZh 5 00 asn — oo. (7.27)
n

We define [, as the index iy for which Zfl” >zl frac- Then, we get

frac _ = (s = st R =1,
ME (k) = An X Ji (2) = An X i (20) + Al (20)
i=0 i=0
7 (7.28)
n—1

> A Z ]z +An]1 —An Z]z +/\n (]fn(zrff)_]fn(l))'

z#ln

143



7 Fracture on the discrete scale

Altogether, (7.26) and (7.28) yield

A 1
Mflrac(kn) _ Mﬁl(kn) > A (]fn(zzlf) - ]fn(l) - (ﬁ - €> n 111/2C>

[24
N 1 »
> Au (]fn<z;l1”) + Bn — <§ — e> oy — Wc) (7.29)

. . 1 -
= Mn <]fn(2111") + (Bn—B) + <1 - 0;) B+ ean — n1/zc) :

Assumption (H3) together with (7.27) yields ]jn(zf;”) — 0. Since 0y, - & > O and 3, — B3 as
n — oo for w € Q' (c.f. Step 1), we get from (7.29) for n large enough

ME (k) — ME(ky) > 0.

This is a contradiction to the definition of /;;, because we know from (7.25) that k,, > ¢}, and

B

therefore £}, is not the supremum. Therefore, the claim is wrong and we obtain A > / P
Step 3. Conclusion.

All in all, we have shown that for each subsequence there is a convergent subsequence (not
relabelled) such that

F—1
o= — B as n — oo.

Vi = , a

Since the limit is independent of the chosen subsequence, the hole sequence converges. This

especially yields

g, —1 asn — oo.

7.3.2 Fully random potentials

From now on, we drop the assumption §(w) = 1 for all w € Q and allow for arbitrary values of
5(w). In this case, we cannot recover the full Theorem 7.11, but part of it. The next theorems shows
us the limiting behaviour of the jump threshold ;.

Theorem 7.12. Let Assumption 7.7 be fulfilled. Then, there exists an Q' C Q with P(Q') = 1 such that
forall w € Q' it holds true that
nh_)rgo 0 (w) = E§)].
Proof. We drop here the dependence on w for a better readability and define zir ac = Zfrac(Tiw)
and J;(z) := J(tjw, z). Then, we can use the short form J/, ] and ]/ for the first, second and third
derivative with respect to z.
Due to Proposition 7.3, £}, is bounded and therefore every subsequence of ¢, has a convergent

subsequence (not relabelled). We define A as its limit and prove the limit to be equal to E[5] and
thus independent of the subsequence.
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7.3 Convergence results

Step 1. Proof of A < E[5].

We proof this by a contradiction argument. Assume that A > E[5]. Then, for every € > 0 (small
enough) there exists N € N such that

0: > E[5] +2¢ forn > N.

Further, we know that A, Y 5; — E[5] and therefore there exists for every e > 0 (small enough)
an N € N such that

]| <e forn>N.

n—1
A Y 8 —E[s
i=0

Together, this yields for N := max{N, N'}
n—1 o
ly>M Y, 8i+e forn>N. (7.30)
i=0
Let o0 > 0 with o < e. Let z,, be a minimizer of M (¢}, — o). We set

g::@e{amm—q}m;>@+e}

Itis 0 < #I, < n and therefore 0 < #I,,/n < 1. Further, it holds true that #I,,/n — A asn — oo, for
some A > 0. This can be seen by a contradiction argument. Assume #I,/n — 0. Then the upper
bound of the fracture points by z?rua}z from Proposition 7.2 (iii) yields

17’!

E[5}+2€_0<£j‘_g_ﬁl§(’) flgnz + - lgz
! (7.31)
1 sup 1 #In
< 7#Inzfrac + E ; (51 =+ 6) E#I”Zfrac + — ; 5 + 1— 7
11, 11y
We further have

1 11zl 1
=Y si==Ys6-=) 6 =E[5]+0,
midt, niZo e,

because of the boundedness of §; and the assertion #I,/n — 0. With this, we get from (7.31), as
n— oo,

E[6]+2e —0 <0+ E[5]+€

which is a contradiction to o < €, and therefore #I,/n — A > 0 as N — oo holds true.

Now, we can estimate, with |/ being positive on [§;, zir .| (see Proposition 7.2 (ii)) and with
& € [01,0i + €],

M —0) =AM Y Ji(Z) + A Y T2 > A Y T8 +€) + A X (6

i€ly i¢l, i€ly i¢l,
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7 Fracture on the discrete scale

= Ay Z <]i(5i) 1€ + — ]”/( ) > + An Z ]i(‘sz)

iel, i¢l,

(*) ) —1 |]/" )| 3 H2) nolce
>An2]l )+ CCpe /\HZ > AnZL )+ CChe® — A Z?le,
i=0 i=0

where in (x) we used &; > C, from Remark 5.2 (iii) and #I,,/n > C > 0, for n large enough and
with € < A, because of #I,/n — A > 0. Due to (H2), we have A, ¥/~ 1cs — E[C¢’] < C for some
e* small enough. This yields, for all w € Q/,

MEN(E; — o) > Ay Z Ji(8;) + CCre® — nf Cie3
i=0 i=0 6

>
™

— E[J(8)] + CCre® — %3 =E[J(5)] + € (ccd — e> > E[J(5)] + €°C,

for C > 0 and e small enough.
On the other hand, for 1 large enough, the competitor z, := §; fori > 1 and 2z} := n (£ — o) —
(Z?:‘Ol 51-) + &y satisfies the boundary constraint ):?:_01 zl, = n(¢} — o) and thus we have

n—1
Mty — 0) < Ay Z Ji(8;) + AnJo <” (b —0) — <Z 51‘) + 50)

i=0

= An Z Ji(6:) + Au (]o (n (b —0)— (nzl 5i> +50) —]0(50)>
i=0

— E[J(8)] +0,

since we have n (Z* —o—- MY, Ls; ) > n(e — o) for n sufficiently large, due to (7.30), combined
with (LJ3). Together, this shows that for n large enough,

M (6, — 0) < M (6, — o),

for every 0 < o < ¢, and therefore we obtain MS!(x) > Mfrac(x) for all x € (£} — ¢, £]. Thisis a
contradiction to the definition of £;;. Therefore, the claim is wrong and the assertion A < E[§] is
proven.

Step 2. Proof of A > E[4].

We prove this by a contradiction argument. Assume that A < E[5]. Then, for every e > 0 (small
enough) there exists an N € N such that for all n > N

n—1
Uy <A Y, 6i—e=:ky. (7.32)
i=0
Assume z/, to be a minimizer of Mfrac(k,) fulfilling the constraint Y, 2l = nk, and define the

set [, := {z €{0,..,n—1} : z}, > Zfrac} By definition of MT2¢, the set In is not empty. Now, we
introduce y; > 0 such that the following conditions are satisfied:

() 2, +y; < &ifz, <9,
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7.3 Convergence results

(i) v; = 0if 2, > &,

(i) X1 vi = Lieq, (2h — ).
Especially, this definition yields y; = 0 for i € [,,. The well-posedness of the conditions for y; can
be proven by showing that (ii) and (iii) allow for (i). Set I, := {i € {0,...,n — 1} : z}, < §;}. From
(7.32), we get

1 n—1 1 n—1 1 n—1
Eigéifezkn:;lgzn <~ 5120(6172;)26,
and with this
1 : 1 ; 1 : 1 ;
—Z((Si—zlrl):— (z;—é,)—l—— ) (z;—éi)—ﬁ—ez— (z;—éi)
n = n = n., . n =
iel, iel, i¢ (L,ul,) iel,
(iii) 1 nolo (i) q
= - Z Yi = — Z Yis
n = Ty
=0 iel,

since ¢ > 0 and z/, — §; > 0 fori ¢ (fn U fn). This shows (i) and therefore y; with the required
properties exist. With this, we now define

i d; fori e I,,
Z, = ]
zh 4+ v else.
The constraint is still fulfilled, since
P | ; 1 1l 1 .
s rm= [ Lat Y (By) = Lot X (B+n) -, La
n = n\ ~ s n =~ n /= n =~
iel, i¢ly, iel, 1 iely,
1 . 1 n—1
=Y (6-2) 4 L vtk =k,
iel, i=0

and it holds true that
n—1 n—1
A Ji () > A Ji (Z1),
nlgl(n) nigol(n)

since J; is strictly decreasing on (zgqom, 8;] due to (LJ2). By construction, it holds true that 7 < zér ac
foralli =0,...,n — 1 and therefore we have

n—1 ) n—1 )
M;ffac(kn) = An Z ]z' (Ziq) > Ay Z ]i (251) > Mﬁl(kn)~
i=0 i=0
This shows

M;rac(kn) - Mgl(kn) >0,

which is a contradiction to the definition of ¢}, because we know from (7.32) that k, > ¢}, holds
true and therefore ¢}, is not the supremum. Therefore, the claim is wrong and we have A > E[4].
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7 Fracture on the discrete scale

Step 3. Conclusion.

All in all, we have shown that for each subsequence there is a convergent subsequence (not
relabelled) such that

0, - E[5] asn — oo.

Since the limit is independent of the chosen subsequence, the hole sequence converges to E[5].
O

7.4 Comparison to I'-convergence results

In the previous sections, we have established the limit of the jump threshold in Theorem 7.12 and
7.11. The results are only valid under stricter assumptions than those imposed for the I'-limit in
Theorem 4.14 and 5.8. In particular, the stronger assumptions are (LJ6)-(L]9), and in Theorem 7.11
the additional assumption is §(w) = 1 for all w € Q. Nevertheless, we compare here the results
of the discrete fracture jump threshold with the results of the I'-limits of zeroth order and of the
rescaled case.

The T'-limit of zeroth order, Theorem 4.14, is finite for u € BV (0,1) with D°u > 0 and reads

1
Ehom () = [ Jnom (1 () dx.
Moreover, the theorem yields us information about the minimum values. They can be calculated as

Jnom (£) for £ < E[],

min Efgpy (1) = Jrom (£) = {
Jrom (E[3])  for £ > E[5].

According to this, the threshold where the elastic and the jump regimes are separated is E[5].
This exactly corresponds to the result of Theorem 7.12, which says that the fracture threshold £;;
converges to the same value, i.e.

0 (w) — E[8] as n — oo.

Even in the rescaled case, the results are in good compliance. The I'-limit of the rescaled energy
in the \/A,-scaling is given in Theorem 5.8. The energy is finite for v € SBV/ (0, 1) and reads

EY(v) = g/ol ’v’(x)|2 dx + B#S,.

Again, the theorem gives the minima of the energy. For y > 0, they are given by

2 : B

ay ify<i/&

min EY (v) = min{ay?, B} = .
’ B ify>,/L

This shows us the threshold between elasticity and fracture in the rescaled case. In fact, the value

\/g divides the region into elastic behaviour and the regime where cracks occur. The rescaled
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7.4 Comparison to I'-convergence results

fracture threshold y;};, which arises from ¢}, by the same +/A;-rescaling in the same way than the
rescaled energy, provides the same information. Theorem 7.11 shows that

j/;‘l(w)_én(w\/))\»_l% g as 1 — oo.
n 159

The techniques, by which the results for the threshold are calculated, are completely different.
While the I'-limits from Chapter 4 and Chapter 5 are derived within the variational framework of
'-convergence, the theorems in this chapter are based only on convergence in the real numbers.
Nevertheless, they yield the same threshold that divides the elastic and the fracture regime of the
chain.

The T'-limit of course specifies the limiting energy functional and gives information about the
minimizers. None of this is so far achieved in the framework of this chapter. It remains an open
problem whether it is possible to recover the same results as those of the I'-limits.
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8 Outlook

As closing remarks we outline some ideas of possible extensions of the results of this thesis. The
most obvious generalisation is to consider higher dimensions. All results in this thesis are stated
and proven in the one-dimensional setting. Difficulties in dimensions higher than one are a proper
definition of K interacting particles and even more technical estimates. Most likely the properties
of the interaction potentials have to be adjusted in order to achieve compactness, cf. [35, page 3].

Furthermore, one can think of extending the K-interacting neighbours to interactions where each
particle interacts with each other particle. This could be done by an additional limiting procedure,
where K tends to infinity, which is an open problem even in the homogeneous case. Another
possible reformulation would be considering other approaches to the random setting, like working
with stochastic lattices, cf. [4], instead of the stochastic interaction potentials that we have chosen.
It would be interesting to analyse whether the results in the continuum limit coincide.

In the variational limit of the energy in Chapter 4, the energy density of the limiting functional
is given by the asymptotic homogenization formula ;. In Proposition 4.13, some additional
properties of this function have been worked out, but only in the case K = 1. It would be interesting
to study, whether one can derive similar results in the case K > 1. This will make the proof even
more technical and would supposedly be only possible by imposing further assumptions on the
Lennard-Jones type potentials.

In Chapter 5, the rescaled energy is discussed in the case of only nearest neighbour interactions,
i.e. K = 1. In the case of K > 1, surface terms are a part of the limiting energy. To this end one
has to choose carefully the right amount of boundary data of the discrete energy, because this
influences the exact representation of the jump and the boundary layer energies in the limit, see,
e.g., [34, 101] for corresponding work in the homogeneous setting. Further, it would be of interest
to search for special cases which yield existence of the first order I'-limit and would allow to
understand its limitations in more detail, cf. the end of Chapter 5.

Chapter 7 deals with the new ansatz for fracture in the discrete setting, where the fracture point
Zrac Of a potential is defined in such a way that values of the discrete gradient of the deformation
above zg,. are considered as jumps. The limiting analysis of the fracture threshold ¢}, as well
as of the rescaled fracture threshold y;, is so far restricted to the case K = 1. An extension to K
interacting neighbours, with K > 1, would be desirable. Moreover, the rescaled fracture threshold
was only derived under the assumption that all potentials have the same minimizer. It would be
interesting to see, whether the same result holds true without this condition. We established the
fracture point z¢,. by means of the second derivative and showed that, with this choice, ¢}, leads
to a threshold between the elastic and fracture regime in the continuum that is identical to the one
obtained by I'-convergence. An immediate question would be if also other definitions and choices
of such a fracture point yield comparable or even identical results. In the stochastic setting, another
task is to derive convergence rates and fluctuation of the fracture threshold, especially regarding
probabilities for fracture in the discrete problem. Furthermore, it is also of interest, to consider
pointwise convergence of the energy minimization problems, involving the fracture point, and to
see whether the outcome is related to the I'-limit results.
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List of assumptions

Assumptions for the variational limit.

Assumption on the Lennard-Jones type potentials, page 27.
Fixa € (0,1],b > 0,d € [1,400) and a convex function ¥ : R — [0, +o0] satisfying

lim ¥(z) = 4o0.

z—0t

We denote by J = J(a,b,d,¥) the class of functions | : R — R U {400} which satisfies the
following properties:

(LJ1) (Regularity and asymptotic decay) The function | is lower semicontinuous, | € C?O’f‘(O, o)

and

lim J(z) = oo aswellas J(z) =00 forz <O0.
z—0F

(LJ2) (Convex bound, minimum and minimizer) | has a unique minimizer § with é € (%, d) and
J(8) < 0,and ] is strictly convex on (0, 5). Moreover, ||]|| 1o (s,,0) < b and it holds

%‘P(z) —d < J(z) <dmax{¥(z),|z|} forallz e (0,+o0).
(LJ3) (Asymptotic behaviour) It holds

lim J(z) =0.

Z—00

Assumption on the random variable, page 30.

(H1) (Holder coefficient) For every j = 1, ..., K it holds true that E [U}'] < oo.

COx (5J’+00):|

Assumptions for the rescaled model.

Assumption on the Lennard-Jones type potentials, page 87.

Fixa € (0,1],b > 0,d € [1,+00) and a convex function ¥ : R — [0, +o0] as above. Further, fix
n > 0and c > 0. We denote by Jreg = Jreg(e, b, ¢, d, ¥, n) the class of functions ] : R — RU{+o0}
which satisfy the properties (LJ1)-(LJ3) and additionally the following properties:

(LJ4) (Regularity) Itis | € C3 on its domain.
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List of assumptions

(LJ5) (Harmonic approximation near ground state) For |z — 8| < 7, it holds true that

A=

J(z) = J(8) = —(z = 8)%.

Assumption on the random variable, page 89.

(H2) (Third derivative near ground state) It exists 0 < k* < % — Z4om Such that ]E[CK*] < 0. Asa
direct consequence, it also holds true that E[C¥] < oo for every k < k*, by definition of C*.

(H3) (Uniform convergence of the asymptotic decay) It holds true that

li = 0.
lim max |J(w,z)| =0

Assumptions for fracture in the discrete.

Assumption on the Lennard-Jones type potentials, page 132.

Fix x € (0,1],b > 0,c > 0,d € [1,+00), n > 0, and a convex function ¥ : R — [0, +00] as
above. We denote by Jeurv = Jeurv(e, b, ¢, d, ¥, n) the class of functions | : R — R U {+o00} which
satisfy the properties (LJ1)-(LJ5), and additionally the following properties:

(LJ6) It holds true that z¢,c — 6 > %.
(LJ7) Itholds true that mg,. — J(8) > %
(LJ8) It holds true that

o=

[0
1nf{ 8]7:(22) 1z € [5,6+n]} >

(LJ9) It holds true that

2
sup{aajz(zz) 1z € [5,5—!—77]} <c.

The class Jeurv = Jeurv(a, b, ¢, d, ¥, n) is defined in the same way as Jeurv(, b, ¢, d, ¥, 1), but
without assumption (L]9).

Assumption on the random variable, page 132.

(H4) Fix0 <6 < %. Then it holds true that

2
Sup {gZ;(Tiw'z) cz € [J(riw), s(tiw) +n], we Q,i€{0,...,n— 1}} < cn®.
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