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Introduction

Functions of bounded variation of a single variable, or short BV -functions, were first
introduced in 1881 by Camille Jordan [74]. He extended a result about the pointwise
convergence of Fourier series of periodic and piecewise monotone functions proven
around 50 years earlier by Johann Peter Gustav Lejeune Dirichlet [52] who gave the
first rigorous proof of a conjecture on the representability of functions by means of
trigonometric series originally raised in 1808 by Jean Baptiste Joseph Fourier [62].
Jordan proved that the Fourier series of any 27-periodic function x : R — R of bounded
variation converges at each point to the arithmetic mean of the right and left sided
limits of x; in particular, if z is continuous, then its Fourier series converges even
uniformly to x. This is nowadays known as the Dirichlet-Jordan-Theorem. In the same
paper, Jordan also proved that any function of bounded variation may be written as
a difference of two monotonically increasing functions. In this sense, the class BV of
all real-valued functions of bounded variation defined on the real interval [0, 1] is the
linear hull of the set of monotone functions on that interval which do not form a linear
space on their own.

The class BV has also been extended in many interesting directions. For instance,
in the early 1920s, Norbert Wiener made the first noteworthy extension to Jordan’s
bounded variation concept by introducing the space W BV, of functions of bounded
quadratic variation [I54]. He proved that the Dirichlet-Jordan-Theorem still holds for
functions of this type. In 1937, Laurence Chisholm Young showed that this theorem
could be further extended to higher exponents and introduced the class W BV, of
functions of bounded p-variation for arbitrary p > 1 [I59]. Together with Eric Russel
Love, Young gave a comprehensive study of these functions [92] and finally went on
to generalize Wiener’s ideas by replacing the exponentiation by p by a composition
with a suitable convex and increasing “gauge function” ¢ : [0,00) — [0, 00) [160]. By
doing so, he was hoping to extend the Dirichlet-Jordan-Theorem beyond the result he
already proved for functions in W BYV,. In 1940, Raphaél Salem found a condition on ¢
ensuring that the Dirichlet-Jordan-Theorem holds for functions in the resulting more
general space Y BV, [139]. Moreover, in 1972, Albert Baernstein showed that among
the Y BV,-spaces, Salem’s result concerning Fourier series is the best possible [19].

Also in 1972, Daniel Waterman extended the class of BV -functions in another direction
by weighting the summands in Jordan’s definition not by a composition but by a
multiplication with a decreasing sequence A of positive numbers instead [I5I]. The
resulting class ABV of such functions is of particular interest if one takes A to be
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the harmonic sequence A = (1/n),ey; in this case, ABV is denoted by HBV and
functions in this spaces are called “of bounded harmonic variation”. Waterman showed
not only that the Dirichlet-Jordan-Theorem about Fourier series holds for functions
in HBV, he also pointed out that his result is best possible among all ABV-spaces.
Moreover, he showed that for any Young function ¢ satisfying Salem’s condition, the
inclusion Y BV,, € HBV holds. Consequently, among all the generalizations of the
Dirichlet-Jordan-Theorem mentioned here, Waterman’s version is the strongest.
Another notion of “bounded variation” has been introduced by Frigyes Riesz in 1910
[135, 136]. His type of variation seems very natural from a functional analytic point
of view. In fact, an important result states that for fixed p € (1,00) a function
z : [0,1] — R is of bounded p-variation in the sense of Riesz if and only if x is
absolutely continuous and its derivative 2’ belongs to the Lebesgue space L,. In this
case, we write z € RBV),, and the Riesz variation of 2 may be calculated explicitly by
an integral over a’. Clearly, such a formula cannot be true for p = 1, because functions
in RBV]; = BV are in general not continuous, let alone absolutely continuous.
Remarkably, any function z € RBYV, belongs to the Sobolev space W?, and any
function in W in turn agrees almost everywhere with a function in RBV, [56]. This
means that RBYV), consists precisely of the continuous representatives of W'?. In this
sense Riesz introduced Sobolev spaces, at least in the scalar case, around 25 years prior
to Sobolev.

A very comprehensive overview about properties of functions of bounded variation and
their various generalizations may be found in the monograph [6].

Besides the development of the theory of Fourier series, BV -type functions have been
extensively studied also in other fields of mathematics, for instance, in geometric mea-
sure theory, calculus of variations, and mathematical physics. Renato Caccioppoli
and Ennio de Giorgi used them to define measures of nonsmooth boundaries of sets
[34, 35, 48]. Olga Arsenievna Oleinik introduced her view of generalized solutions for
nonlinear partial differential equations as functions from the space BV [125], and was
able to construct a generalized solution of bounded variation of a first order partial
differential equation [126]. A few years later, Edward D. Conway and Joel A. Smoller
applied BV -functions to the study of a single nonlinear hyperbolic partial differential
equation of first order [44], proving that the solution of the Cauchy problem for such
equations is a function of bounded variation, provided the initial value belongs to the
same class.

But functions of bounded variation turn out to be useful even when it comes to ques-
tions from the very foundations of analysis. For instance, it is clear that the sum of
two functions with primitive again has a primitive, but this is wrong when “sum” is
replaced by “product”. This raises the question what the multipliers of the set A of
functions with primitive are, that is, how the functions ¢ : [0,1] — R look like such
that xg belongs to A whenever = belongs to A. A discussion of these and more gen-
eral questions will be the starting point of this thesis: We will discuss some natural
“habitats” of functions of bounded variation and how they are related to other function
classes.
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This thesis is organized in seven chapters. The first chapter will be introductory
in which we collect basic definitions, notations and function classes that we use the
most. To be a little more precise we introduce in Section [1.1| the class C' of continuous
functions, the class B of bounded functions as well as the class D of Darboux functions
(that is, functions with the intermediate value property) and discuss their relation to
BV and to each other. For instance, the inclusions BV N D C C C D N B hold, but
none of these inclusions may be inverted. We also consider Lebesgue measurable and
integrable functions, regular functions, absolutely and Lipschitz continuous functions
and summarize how these classes are related to the class BV'.

Section is then devoted to functions of generalized bounded variation. We formally
introduce the Wiener spaces W BV, the Young spaces Y BV,,, the Waterman spaces
ABV and the Riesz spaces RBV,. Equipped with a suitable norm building upon the
corresponding type of variation, all these spaces become Banach spaces. Since functions
which are zero everywhere except on a countable set become very important throughout
this thesis, a major part of Section is reserved for this kind of functions and how
they behave in the various BV-type spaces. At the end of Section we quickly
discuss Helly’s Selection Principle which provides a certain type of compactness in
BV-spaces: Accordingly, every sequence in one of the BV -spaces that is bounded in
its norm possesses a pointwise convergent subsequence.

The class A of derivatives to which we will give our main attention in Chapter [2]is situ-
ated between the classes C' and D. From Lebesgue’s and Riemann’s integration theory
it is well known that there are functions with primitive which are neither Lebesgue nor
Riemann integrable. Consequently, in order to characterize the functions in A we need
to pass in Section [2.1] to another notion of integration which will be functions that are
integrable in the sense of Kurzweil and Henstock (K H-integrable). Every derivative is
K H-integrable automatically and fulfills the Fundamental Theorem of Calculus. We
also discuss another stronger form of integrability which enshrines both being K H-
integrable and having a primitive. We then move on to other attempts that have been
made in order to find integral free characterizations of the functions in A. However, it
turns out that even if these attempts pretend to be integral free, they are in fact not.
Nowadays, it is still not clear whether functions in A can be characterized without any
kind of integration process; most mathematicians believe that this is impossible.

Moving on to more algebraic questions we discuss what happens when derivatives are
multiplied or composed; we will do this in the Sections and [2.3] where Section
is the largest part of this chapter. Therein we slowly approach a full discussion of the
set A/A of multipliers of the class A as described above which simultaneously serves
as a bridge to the class BV. Indeed, being continuous and of bounded variation is
sufficient but not necessary to be a member of A/A, while there are functions in A/A
that are bounded but neither continuous nor of bounded variation. In fact, functions
in A/A turn out to be those functions that have a primitive and are in a certain sense
of “local” bounded variation [59, [111].
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Besides multipliers of the class A we also consider multipliers in other function spaces
X and Y of real-valued functions on [0, 1]. We denote by

Y/X ={g:[0,] >R |zg €Y forallz € X}

the multiplier set of Y over X. While we identify multiplier sets for some classical
function spaces only in case X = Y in Section we pass in Section to other
combinations, where we also allow X # Y. Some of these combinations are easy
to find. For instance, it is straightforward to show that BV/BV = BV, and that
D/B = C/B = C/BV contains only the zero function 0. However, other combinations
are very difficult to find or even unknown, especially when Y = D. Here, the three
classes D/C, D/A and D/D will be of particular importance for us. Some authors
claim without proof that the class D/D is easily deduced from the following result due
to Radakovi¢ [I33]: If a function g has the property that = + ¢ is a Darboux function
whenever z is a Darboux function, then ¢ is constant. We show in Section that
D/D may indeed be deduced from Radakovi¢’s result, but this deduction is by far not
so easy, especially when g has zeros. Moreover, since we do not know how the classes
D/C and D/A look like, we give only partial results and show how they are related to
other multiplier classes and function spaces.

Section is then dedicated to multipliers of spaces of functions of generalized varia-
tion. Conveniently, the results are quite similar for all such spaces. Since all BV -type
spaces considered in this thesis are algebras, we have X/X = X whenever X is one of
these spaces. On the other hand, if X and Y are two Wiener spaces, then Y/X =Y for
X CY.If X Y, then Y/X contains only functions from Y with countable support.
The same is true if X and Y are two Young spaces or two Waterman spaces. We will
also see that for two Riesz spaces X and Y the condition X ¢ Y yields the strong
degeneracy Y/X = {0}.

Especially for applications it is quite handy that many differential equations may be
solved by rewriting them into integral equations. Those can then often be handled with
fixed point theory, even in the space BV and its various generalizations. In order to use
classical fixed point theorems like those named after Stefan Banach, Juliusz Schauder,
Gabriele Darbo or Mark Alexandrovich Krasnoselskii, one has to check several some-
times complicated conditions on the linear and nonlinear operators involved. This has
been done many times in the BV -type spaces mentioned above; we refer the reader
to the work of the Polish mathematicians Daria Bugajewska, Dariusz Bugajewski and
their colleagues [25] 26], 27, 29, 30, BT, 32} B33, [46].

However, many analytic and set theoretic properties of such operators are either ex-
tremely complicated to characterize or just unknown. While linear operators such as
multiplication, substitution or integral operators are mostly relatively easy to handle,
nonlinear operators like composition or superposition operators behave sometimes in
a rather strange way. The aim of the Chapters 4| and 5] of this thesis is to extend the
theory concerning properties of these operators in the various BV -spaces.
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Here, we consider the following three linear operators in Chapter [4] on two function
spaces X and Y of real-valued functions on [0, 1]. The multiplication operator

My: X =Y, Mga(t) =xz(t)g(t)
for a generating function g : [0, 1] — R in Section the substitution operator
Sy X =Y, Sya(t) = x(g(t))
for a generating function ¢ : [0, 1] — [0, 1] in Section and the integral operator
I, X =Y, Lz(t) = /Olg(t,s)x(s) ds

for a generating function g : [0,1] x [0,1] — R in Section [1.3] For all three operators
we are particularly interested in analytic properties like acting conditions for various
BV-spaces X and Y, as well as continuity (which is for linear operators equivalent to
boundedness) and compactness. Especially for the multiplication operator the results
of Chapter [3| will be useful: Indeed, a multiplication operator M, : X — Y is well-
defined if and only if its generator g belongs to the multiplier space Y/ X. In particular,
recalling the sample results from above, the operator M, maps BV into itself if and
only if g € BV. Moreover, regarding compactness the operator M, : BV — BV is
compact if and only if the support of g is countable, while S, : BV — BV is compact
if and only if ¢ has finite range. We show these and similar results for other BV -type
spaces in the Sections [4.1] and for the multiplication and substitution operator,
respectively. But we also give some remarks on set theoretic properties like injectivity,
surjectivity and bijectivity. For instance, M, : BV — BV is injective, if and only if
g has no zeros, while Sy : BV — BV is injective if and only if g is surjective. Thus,
mapping properties of M, may often be described in terms of the support of g, while
mapping properties of S, can often be characterized in terms of the image of g.
Especially for integral equations a comprehensive investigation of the integral operator
I, is of particular importance for us. Therefore, Section is by far the largest section
of Chapter [l Our main concern is analytic properties, and from the aforementioned
cited papers of the Polish mathematicians Bugajewska, Bugajewski and colleagues
many sometimes quite technical conditions are known guaranteeing that the integral
operator maps a BV-space into itself and is bounded or compact. For instance, if
g(t,-) € Ly for any t € [0,1] and the variation of the function g(-, s) is almost every-
where bounded with respect to s by some L;-function, then I, maps BV into itself
and is bounded and compact. Similar results are known for a few other BV -spaces.
We generalize the known results in two directions: The first is that we give a unified
approach to tackle all BV -spaces at once. The second is that we also consider the op-
erator I, from L., into a BV -space X and give conditions under which such operators
are well-defined, bounded and compact. This will be one of our main ingredients in
the investigation of integral equations.

In Chapter 5| we discuss mapping properties of the following two nonlinear operators
on two function spaces X and Y of real-valued functions on [0,1]. The (autonomous)
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composition operator

Cy: X =Y, Cor(t) = g(2(t))

for a generating function ¢ : R — R in Section [5.1] and the (nonautonomous) super-
position operator

Ng: X =Y, Nyx(t) = g(t,z(t))

for a generating function g : [0,1] x R — R in Section [5.2] As for the composition
operator C, it is well known that C; maps BV into itself if and only if g is locally
Lipschitz continuous [75]. Similar results are also known for the other BV -spaces. We
then give some remarks about injectivity and surjectivity in X =Y = BV and other
BV-spaces. Here, Cy : BV — BV is injective if and only if g is injective. However,
surjectivity is not so easy to describe. We give a sufficient condition which states
that C, : BV — BV is surjective if the slope of g is at suitable points in a certain
sense bounded away from zero; unfortunately, we were not able to decide whether this
condition is also necessary, but we give some indication why we think that it is. We
then move on to different types of continuity. In summary, one can say that the more
regular ¢ is, the more “continuous” C, is in BV and other spaces. For instance, C,
is uniformly continuous on bounded sets if and only if g is continuously differentiable,
locally Lipschitz continuous if and only if ¢ is continuously differentiable with locally
Lipschitz continuous derivative, globally uniformly continuous if and only if ¢ is affine,
and compact if and only if g is constant. Similar results hold also in other BV -spaces,
where the Riesz spaces have to be treated separately. We prove all these results using
a unified approach. Surprisingly, the question of whether C, is automatically pointwise
continuous in BV if g meets the acting condition has an interesting history. The first
proof given in [I18] is very long and complicated, the second was given only recently
in [96]. We give a third proof, but for this purpose we develop some new theory in
Chapter [0] and therefore present the proof there also. Nonetheless, all proofs cannot
be generalized to other BV -spaces, at least to the best of our knowledge.

Section is dedicated to the superposition operator, and we only focus on analytic
properties. Although both operators C, and N, are defined by an outer composition,
the additional dependence of ¢ allows N, to behave rather chaotic and complicated
compared to Cy. Again, many conditions guaranteeing analytic properties are known,
but the behavior of the operator N, even in the space BV is by far not fully understood.
For instance, there is no (useful) criterion for the pointwise continuity of N, in BV.
Again, we provide a unified approach to handle all BV -spaces at once. The aim of
Section[5.2)is to discuss the weird properties of N, and reveal disparities between N, and
C,. For instance, in contrast to Cy too weak kinds of regularity of g seem not directly
connected to any kind of regularity of Ny. It is possible to find a discontinuous function
g :10,1] x R — R that generates a constant and therefore utmost regular operator N,
while it is also possible to construct a globally Lipschitz continuous generator g that
induces a discontinuous operator N, : BV — BV; we give a general technique on
how to construct such examples. Also, in contrast to Cy, there are compact operators
N, : BV — BV generated by nonconstant functions g. Our main result, however, is
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Theorem [5.2.31] It provides for the first time a sufficient condition on g guaranteeing
that N, maps any of our BV -spaces into itself and is locally Lipschitz continuous. We
show that our condition also covers the corresponding results for multiplication and
composition operators which can be seen as special superposition operators. Theorem
will also serve as one of the main ingredients in the theory of integral equations
in Chapter [7]

As mentioned before, the aim of Chapter [0]is to provide a new proof for the fact that
Cy is continuous in BV if g is locally Lipschitz continuous. In order to do that we
approximate Cj, by other composition operator C, for sufficiently smooth generators
gn : R — R, where n € N. This approximation has to be done in such a way that
the continuity of each C, carries over to C,. Therefore, we investigate in Section
on the abstract level of metric spaces the following four types of convergence: Quasi
uniform, semi uniform, continuously uniform and locally uniform convergence. All of
these are able to transmit continuity to the limit function. Historically, quasi uniformly
convergence was introduced by Cesare Arzela [14] [I5], who answered the question what
on top of pointwise convergence has to be assumed in order to guarantee that the limit
function of a sequence of continuous functions is again continuous. Moreover, we
give criteria on such sequences and their underlying spaces under which convergent
subsequences can be extracted and recall that several types of convergence can even
be used to characterize compactness of the domains the functions under consideration
live in. Eventually, we compare all five types of convergence (pointwise convergence
included) with each other.

In Sectionwe then pass to the proof of the fact that Cy is continuous in BV provided
that it is well-defined. For this we first develop some theory and introduce the restricted
variation, another more general type of variation measuring the variation of that part
of a function that falls into a given set. The main result in this section is Theorem
. It states that a sequence (C,,) converges in BV locally semi uniformly to a given
composition operator Cj if and only if the corresponding generators g,, converge in BV
to g and locally have a uniformly bounded Lipschitz constant. The continuity of C is
then a simple consequence.

As for applications Chapter [7] will probably be the most relevant. Here, we consider
Hammerstein and Volterra integral equations, where the latter are only special cases
of the former. A starting point of our considerations in Section [7.1]is the Hammerstein
integral equation

2(t) = h(t) + A /O "k, $)g(x(s)) ds

and some slight modifications that have already been studied in some BV -spaces,
where h, k and g are given and x is unknown. Building on our results presented in the
Chapters [4] and [§] we investigate the much more general equation

x(t) = h(t, x(t)) + Af(t, x(t)) /01 k(t, S)g(s, x(s)) ds

for given data h, f, k and g and prove existence and sometimes also uniqueness for
solutions in BV -spaces. Again, we use a unified approach in order to handle all our
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BV -spaces simultaneously. To get uniqueness of solutions we mostly use the fixed
point theorem of Banach and Caccioppoli which requires strong conditions on the data
involved. We also use other fixed point theorems that require less restrictive conditions
on the data for the price that they guarantee only existence of solutions. Especially for
boundary and initial value problems we investigate the Hammerstein integral equation

ﬂ@:Auw+Aﬂﬁﬁﬁmﬁ@»@,

where A is a linear operator from one BV-space into itself and provide some existence
results building on Schauder’s fixed point theorem. In the short Section we refor-
mulate all results about Hammerstein integral equation to the corresponding Volterra
integral equations, where the upper limit of integration is replaced by the variable t.
The final Section [7.3|is then dedicated to boundary and initial value problems. In [27]
the boundary value problem

'(t) = —Ag(t, 2 (t))

subject to the nonclassical boundary conditions
z(0) = Apz, (1) = Az

are solved, where Ay and A; are linear functionals on BV. Two results are presented in
this paper each of which giving conditions under which the boundary value problem has
a solution. We generalize the ideas, simplify the conditions and summarize everything
in one stronger result that is even able to handle cases that have not been covered
yet. We also give some remarks on how the theory may be applied to other similar
boundary value problems. We end the section with initial value problems

() = —Ag(t, 2(t))

subject to the nonclassical initial conditions
z(0) = Agz, 2'(0) = Az

we present very similar results and conditions guaranteeing the existence of solutions.

Throughout this thesis we give a lot of estimates, proofs and results, and many of them
are quite technical. Therefore, it is of particular concern to us to illustrate most results
by special cases, remarks, comparisons and summaries to make the presentation as
clear as possible. This will be done by a total of 14 figures, 20 tables and 166 examples
and counterexamples.



Chapter 1

Preliminaries

1.1 Classical Classes of Functions

In this section we recall the definitions of classical function spaces which we use the
most. We repeat several mostly well-known results the proofs of which (unless stated
otherwise) may be found in the monograph [6] and in the recent paper [10], respectively.
Before we start, let us make some comments on notations. We primarily consider sets
X of real-valued functions defined on the real interval [0, 1]. Sometimes, the functions
are defined on a compact interval [a,b] = {(1 —t)a +tb | t € [0,1]} with a,b € R (we
allow a > b for technical reasons). We then write X|a, b] instead of X and mean the
set of functions x o v, where x € X and ¢ : [a,b] — [0,1], t — (t —a)/(b— a). The
symbols 0 and 1 always denote the functions that are 0 respectively 1 everywhere on
their domain of definition. Finally, for a set A C R we denote by

t) 1 forte A,
Xa(t) =
. 0 forteR\A

its characteristic function that satisfies xyp = 0 and yg = 1.

To construct examples and counterexamples, we will frequently make use of the fol-
lowing oscillation function ¢4 g, : [0,1] — R which we define for a, f € R and n € N
by the formula

1
t%sin" — for 0 <t <1,
Pa,pn(t) = t (1.1.1)
I6] for t = 0.

In Figure are some pictures showing the behavior of ¢, g, for different parameter
values. While x1, z and x4 are discontinuous and x5 is continuous, the functions 1, o
and x3 are bounded, but x4 is not.

Generally speaking, the function ¢, g, is bounded if and only if @ > 0 and continuous
at t = 0 and hence on all of [0,1] if and only if & > 0 and = 0. Consequently,
denoting by C' the space of real-valued continuous functions on [0,1] and by B the

9
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Figure 1.1.1: Some examples for ¢, g .

space of real-valued bounded functions on [0, 1] the function ¢ shows that the well-
known inclusion

CCB (1.1.2)
is strict. Equipped with the supremum norm

2]l == sup |z(?)] (1.1.3)
0<t<1

both B and C' become Banach spaces and we even have the continuous embedding
C' — B. The spaces C(R) and B(R) denote the spaces of real-valued continuous
respectively bounded functions on all of R equipped with the norm

2]l := sup [z(t)].
teR
For functions in C'la,b] and Bla, b], respectively, we write [|z([;, ;; = Supa<i<p [2(t)] for
the supremum norm.

By the Intermediate Value Theorem any continuous function x € C is a Darboux
function, that is, x(I) is an interval whenever I C [0, 1] is an interval. Consequently, if
D denotes the set of Darboux functions defined on [0, 1], then we have the inclusion

C CD. (1.1.4)

The following example shows that this inclusion is strict as well.

Example 1.1.1. The function ¢_; 1, which for 5 € R according to (1.1.1)) is given by

1sinl for 0 <t <1,
w_181(t) =41 t (1.1.5)
I6] for t =0,

belongs to D for any  and to C' or B for no (. &
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While B and C' are linear spaces, the space D is not. Although D is stable under
multiplication with real scalars, it is not closed under addition.

Example 1.1.2. The functions x := ¢y ;11 and y := —g 0,1 which are given by
1 1
sin— for0<t<1, —sin— for0<t<1,
x(t) = t and y(t) = t
1 fort =0 0 for t =0,

are both Darboux functions. But their sum which is the (bounded) characteristic
function = + y = xqoy is clearly not a Darboux function. &

The preceding two Examples and show that there is no inclusion between
the spaces D and B.

Generally speaking, the functions ¢, g, belong to D if and only if one of the following
five cases is satisfied. Either a > 0 and 5 = 0 and n is arbitrary, or « = 0 and 5 € [0, 1]
and n is even, or & = 0 and € [—1,1] and n is odd, or @« < 0 and 8 > 0 and n is
even, or a < 0 and f is arbitrary and n is odd. For instance, the two functions x3 and
x4 in Figure[l.1.1]are Darboux functions, whereas x; and x5 are not; we will prove this

for the general functions (|1.1.1)) in Proposition |1.1.12| below.

The space C is also contained in L, for any p € [1, oo], where L, denotes the space of all
(equivalence classes of) measurableﬂ functions z : [0, 1] — R such that for 1 < p < 0o
the function |z|? is Lebesgue integrable and for p = oo the function z is essentially
bounded. Here, two functions are considered to be equivalent if they agree everywhere
on their domain of definition except on a set of Lebesgue measure zero. The spaces
L,(I) of functions defined on an arbitrary measurable set I C R of finite positive
measure are strictly decreasing with respect to p, i.e.

L,(I)C Ly(I) forl<p<gqg<oo.
This is no longer true if I has infinite measure.

Example 1.1.3. The function f(t) =1/t for t € I = [1,00) does not belong to L (1),
because

/ F(£)dt = Tim log(b) =
1 b—o00
However, f € L,(I) for any ¢ > 1, as

o0 11—t
/ f(#)?dt = lim = < 00.
1 b—oo q — 1 q — 1

Consequently, L,(I) Z Li(I) in this case. O

It is well known that the L,-spaces when endowed with the norms
/P
Iz, = (/ |z (t) P dt) for 1 < p < o0, (1.1.6)

]|, = esssup |z(t)], (1.1.7)
tel

I'Whenever we talk about measurable functions or sets, we mean measurable with respect to the
Lebesgue measure.
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are Banach spaces. However, only L. (I) is an algebra, because among all Lebesgue
spaces this is the only one which is closed under multiplication. The Hélder inequality
estimates the product of two functions from Lebesgue spaces; we will use this in more

detail in Section [3.2{on I = [0, 1].

Although functions in either of the spaces B and L, are called “bounded” respectively
“essentially bounded”, there is no inclusion between these two spaces.

Example 1.1.4. The characteristic function x4 for A being a nonmeasurabld’ set
A C [0,1] is bounded, but does not belong to Ly, as it is not measurable. The function

M for 0 <t <1,
z(t) =

0 for t =0,

is measurable and essentially bounded, since Q N [0, 1] has measure zero. But it is not
bounded, since z(1/n) = n for all n € N. O

The function in the previous example is a function with countable support. Such
functions will be of great importance in the sequel, in particular in the Chapters |3 and
Ml For a function z : [0,1] — R we write

supp(w) == {t € [0,1] | x(t) # 0} (1.1.8)

for its support. Note that in contrast to the standard definition we do not take the
closure here. More generally, for § > 0 we also define

supp; (z) == {t € [0,1] | [a(t)| > d}. (1.1.9)

Then supps () is decreasing with respect to § in the sense that supps(x) C supp, ()
whenever 6 > 7, and it is related to supp(z) via

supp(z) = 6U supps(v) = UN SUPPy /,, (2)- (1.1.10)

In particular, if supp(x) is uncountable, then supp;(x) is also uncountable for some 6 >
0. Conversely, if supp(z) is countable for all 6 > 0, then also supp(x) is countable as it
is then a countable union of countable sets; this fact also has the following consequence
which we will use later on in Section 4.1l

Lemma 1.1.5. Let x : [0, 1] — R have uncountable support. Then there is some m > 0
and a strictly monotone sequence (t;) in (0,1) such that |z(t;)| > m for all j € N.

Proof. 1f supp(z) is uncountable, then because of (1.1.10) there is some n € N such
that supp; ,,() is uncountable, as well. For m := 1/n we therefore find infinitely many
pairwise distinct numbers s; € supp,,(z) for which |z(s;)| > m holds for all j € N. But

2Giuseppe Vitali was the first who proved in 1905 in [I48] the existence of such sets, but he used
the axiom of choice. Without it an example of Vitali’s type is in fact not possible, and this was proved
later in 1970 by Solovay [143].
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then, since (s;) is a bounded sequence, by a classical argument we can extract from it
a monotone subsequence (¢;). Since the s; are pairwise distinct, so are the ¢; which
makes them form a strictly monotone sequence. [ |

Finally, by S. we denote the family of functions on [0, 1] with countable support, and
by S the family of functions on [0, 1] with finite support. Both families are related by
the strict inclusion Sy C S..

Example 1.1.6. The function z := y4 for some set A C [0, 1] belongs to S. if and
only if A is countable, and to Sy if and only if A is finite. Moreover, supps(z) = A for
0 <8 <1 and suppg(z) =0 for 6 > 1. O

We now turn to the most important space of this thesis, the space BV of functions of
bounded variation which was introduced in 1881 in [74] by Camille Jordan.

Definition 1.1.7. For a function x : [0, 1] — R we call the possibly infinite number

Var(z) = sup zn: |z(tj_1) — x(t;)] (1.1.11)

J=1

the (Jordan) variation of x on [0,1], where the supremum is taken over all finite
partitions P : 0 = ¢y < ... < t, = 1 of [0,1]. If Var(xz) < oo, we say that x has
bounded variation and write x € BV

For functions z : [a,b] — R with a < b we write Var(z, [a, b]) instead of Var(x).
Clearly, every monotone function z : [0, 1] — R belongs to BV with Var(x) = |z(0) —
z(1)]. Conversely, Var(z) = |z(0) — 2(1)| implies that = is monotone. However, BV -
functions can be quite chaotic. The following auxiliary result deals with functions that
have countable support, that is, with functions in S..

Proposition 1.1.8. For x € S, we have

Var(z) = [z(0)| + |z(1)] + 2 > |z (7). (1.1.12)

T€supp(z)\{0,1}

In particular, v € BV if and only if the series in converges.

Proof. Consider an arbitrary partition 0 =ty < ... <t, = 1 of [0,1]. Then

MECREOIES (ORI ECIREUEE WED
<O+ RM+2 Y ko)

Tesupp(z)\{0,1}
This shows the “<”-part in ((1.1.12)).
For the reverse inequality let n € N with n < #(supp(x)\{0, 1}) be fixed, where #A

denotes the number of elements in a set A, and pick numbers t5, t4, tg, . . ., t2, € supp(x)
in strictly increasing order. Set ty := 0 and t9,,2 := 1, and pick for each j € {0,...,n}
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numbers t9;41 € (f2;, t2j42)\ supp(x) which is possible as supp(z) is countable. Then

2n—+2 n+1

Var(e) 2 3 [olty 1) = a(t)] = 3 [oftap)| + 3 Jo(tz)
= |z(0)] + |2(1)| + Qi |z (ta;)]- (1.1.13)

If supp(x) is finite we are done by putting n = #(supp(z)\{0, 1}), because then the
right hand side of coincides with the right hand side of . If supp(z) is
infinite, we may let n — oo, and then the right hand side of converges to the
right hand side of provided that for each n one picks the ¢; appropriately. In

any case, the proof is complete. [ |

Formula (|1.1.12]) allows us to give an example of a function x that is nowhere monotone
but yet of bounded variation [6].

Example 1.1.9. Let (¢,) be an enumeration of all rational numbers in (0, 1). Define
the function z : [0,1] — R by

27" for t = qp,
x(t) = !
0 otherwise.

Then x has countable support and according to formula ((1.1.12) its variation is given
by

Var(z) =2) 27" =2.
n=1

However, z is monotone on no interval [a, b] C [0, 1] with a < b. Since Q is dense in R
we find m,n € N such that a < ¢, < ¢, < b, and since R\Q is also dense in R we find
some ¢ € [0, 1] with ¢, < ¢ < ¢,. But then x(¢,), 2(g,) > 0 = 2(c) which implies that
x is not monotone on [¢,,, ¢,] and hence also not on [a, b]. O

Interestingly, although BV -functions do not necessarily have any monotonicity behav-
ior at all, they are generated by monotone functions [74].

Theorem 1.1.10 (Jordan’s Decomposition Theorem). A function z : [0,1] — R s
of bounded variation if and only if it can be written as a difference v =y — z of two
increasing functions y, z : [0,1] — R.

Obviously, the set M of monotone functions on [0, 1] is not a linear space. For instance,
the sum of the two monotone functions x(t) = t* and y(t) = 1—t is given by (z+y)(t) =
t? —t + 1 which is not monotone on [0,1]. Jordan’s Decomposition Theorem shows
Span(M) = BV, that is, the linear hull of M is BV. Therefore, Theorem can be
understood as the dawn of the BV era. Moreover, it also shows that “nice” properties
of monotone functions carry over to BV -functions. In particular, monotone and hence
BV -functions have only at most countably many discontinuities, and each discontinuity
is of first kind (jumps) or removable [163]. This means that for z € BV all the left-
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and right-sided limits

tll}gl_ z(t) for ty € (0, 1], tll}ggrx(t) for tp € [0, 1)
exist and are finite. Even better, by Lebesgue’s Theorem, every monotone and hence
BV -function is differentiable almost everywhere [86].

In general, functions which have no discontinuity of second kind are automatically
bounded on compact intervals and usually called reqular. So denoting by R the space
of all regular functions on [0, 1], we have the inclusions

BV C RC BN Ly, (1.1.14)

and both inclusions are strict. Note that each BV -function is indeed bounded, since
the relation |z(t)| < [z(0)] + |2(0) — z(¢)| < |z(0)| + Var(x) for each ¢t € [0, 1] implies

2]l < |2(0)] + Var(a). (1.1.15)

The characteristic function xgnp,1;) is bounded and measurable but not regular and
thus shows that the second inclusion in (1.1.14]) is strict. Formula applied
to functions with nonempty but finite support shows that BV and hence R contain
discontinuous functions. However, there is an interesting interconnection between R
and D: Since a Darboux function can have only essential discontinuities and a regular
function can have only jump discontinuities, every regular Darboux function must be
continuous. Conversely, every continuous function is clearly regular. Consequently,

RND=C. (1.1.16)

In particular, BV N D = BV N C. However, not every continuous and hence regular
function belongs to BV, and this is why also the first inclusion in (|1.1.14]) is strict.

Example 1.1.11. The function = = ¢ 1, given by

zfsin1 for 0 <t <1,
x(t) = t (1.1.17)
0 for t =0,

is clearly continuous and hence regular as |z(t)| < ¢ for all ¢ € [0,1]. But z is not of
bounded variation. To see this consider the points 0 < £, < t,_1 < ... < t; < tg =
2/m < 1 of the extremal points of z located at t; = 1/(jm + 7/2). Then

Var(@) 2 Y lalty) —alt)l = L (b1 +ts) = 22 m 2 7 X5
= j= = =
which gets infinitely large as n — oo. &

The function z3 in Figure [1.1.1]is also continuous and of unbounded variation. The
functions x; and x4 also have unbounded variation; only x5 is of bounded variation.
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In general, the function ¢, 3, belongs to BV if and only if & > 1. The proof for this
general fact is given in our next result that summarizes the conditions on «, § and n
in order to make ¢, g, a member of the classes B, C, D and BV. The special case
£ = 0and n = 1 has been discussed comprehensively in [4]; we give the full proof here,
since the generalization to arbitrary § and n will be of importance for the sequel.

Proposition 1.1.12. For the functions @, 3 the following statements are true.
(a) Yapn € B if and only if o > 0.
(b) @apn € BV if and only if « > 1.
(¢) @apn € C if and only if « >0 and = 0.
(d) Yapn € D if and only if one of the following five cases is true.

(i) « >0, =0 and n is arbitrary,
(i) a =0,0< <1 andn is even,
(i) a =0, =1 < B <1 and n is odd,
(iv) a <0, >0 and n is even,

(v) a <0, 5 is arbitrary and n is odd.

Proof. (a) Note that for o < 0 we have for t; := 1/(2jm + 7/2) with j € Ny that
Papn(ty) = 1/(2jm + 7/2)* = 0o as j — oo. For a > 0 we have on the other hand
|0asn(t)] < max{|B],1} for all t € [0,1]. Thus, (a) is established.

To prove (b), note that for a < 0 we have that ¢, 5, ¢ BV because of (a). Thus we
can assume that a > 0 and that ¢, g, is bounded. For t; := 1/(jm 4+ 7 /2) with j € N
we have

Var(¢a,sn) = |a,80(2/T) = Pasn(1)] + Hmsup [asn(t) = Bl + D [@a,pn(t;)
t—0+ =0
In particular, since ¢, g, is bounded, it is of bounded variation if and only if the series
converges. We have

Zwa’ﬁn Z::ta z_: j7T+7r/2)

and this series converges if and only if @ > 1. In this case, and only then, the function
©a,pn is of bounded variation.

(c) The function ¢, g, is clearly continuous at every point ¢ € (0, 1], so we only need
to consider t = 0. Again by (a) we can assume that o > 0, because for a < 0 the
function ¢, g, is unbounded and hence discontinuous. For a = 0 consider the points
t; :=2/(jm) for j € N which converge to 0 as j — co. Then |pgs.,(t;)| = [1 — (—1)7]/2
for all j € N, and the function ¢ 5, cannot be continuous at ¢ = 0, no matter what n
and [ are.



1.1. Classical Classes of Functions 17

For o > 0, however, we have |, g, (t)] < t* for 0 < ¢ <1 and hence ¢, 3, (t) — 0 as
t — 0+. This shows that ¢, g, is continuous at ¢t = 0 if and only if 8 = 0.

(d) Again, ¢, 5, € Dle, 1] for all € € (0,1) and we only need to check what happens
around t = 0. For even n € N we have

0 fora>0,
lim inf = li = =
im in Capn(t) =0 and 1?_1>SEp Vo pn(t) 1 for a=0,

oo for a < 0,

and for odd n € N,

0 for a > 0, 0 fora>0,

liminf p,s,(t) =< -1  for a = 0, and limsup papn(t) =91  for a =0,
t—0+ t—0+

—o0 fora<0 oo for a < 0.

From these estimates (d) is an immediate consequence. |

Note that the conditions in (a) and (b) do not depend on 3 and n, while the one in (c)
is independent of n.

The two examples x5 and x3 in Figure [1.1.1) show that there is no inclusion between
the two spaces C' and BV. Nevertheless, C' and BV are connected in the sense that
the set NBV of all normalized functions z# — x(0), where the right reqularization x#
of a function x € BV is defined by

(1.1.18)

lim, for 0 <t <1,
(1) = img,q 2(s) for 0 <
z(1) for t =1,

can be considered as the dual of C' [0, Theorem 4.31], where the duality is established
by a Riemann-Stieltjes integral.

One can show that BV, equipped with the norm
|z|| = |z(0)| + Var(zx) (1.1.19)

is a Banach space which is continuously embedded into B, by (1.1.15). One can even
show that BV as well as C' and B are closed under multiplication, that is, the spaces
BV, C and B are algebras. In addition, C' is also closed under forming reciprocals of
functions = that have no zeros. Indeed, if x € C has no zeros, then it is bounded away
from zero by the Permanence Principle. But then 1/z is also continuous. An analogue
of this fact is not true in B and BV.

Example 1.1.13. The function

2(t) =

t for0<t<1,
1 fort=0
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belongs to BV and hence also to B, but its reciprocal

1(15)— 1/t for0<t<1,
x 1 fort=0
does not, since it is unbounded near t = 0. &

In contrast to C' to ensure that 1/x € BV or 1/z € B we have to assume explicitly
that © € BV is bounded away from zero, that is, supps(z) = [0, 1] for some 6 > 0. In
this case the estimate

Var(1/z) < § 2 Var(z)
is true.

However, the spaces BV, C' and B are not only algebras, their norms are in a sense
submultiplicative. In general, if a normed algebra (X ||-||) satisfies an estimate of the
form

lzyll < cllzlllyll - for z,y € X

with some constant ¢ > 0 independent of x and y, then we call X a Banach algebra
if (X, ||-|]) is a Banach space; in addition, we say that X is normalized if ¢ = 1. For
instance, the spaces C' and B are both normalized Banach algebras with respect to
the supremum norm |[-[|, given in (1.1.3), whereas (BV,||||..) also equipped with
the supremum norm is a normalized algebra, but not a Banach algebra. That BV
when equipped with the supremum norm is not complete may be seen by the following
example.

Example 1.1.14. For each n € N let z,, : [0,1] — R be defined by
{w for t = 1/(24),5 € {1,...,n},
Tn(t) =

0 otherwise.

Then each x, belongs to BV according to Proposition [1.1.8] as it has finite support.
Moreover, (z,) converges uniformly to the function x : [0, 1] — R, defined by

1/j fort=1/(2)),j €N,
z(t) =
0 otherwise,

because 1
=—— forallneN.
n—+1

[Eid|

In particular, (z,) is a Cauchy sequence with respect to the supremum norm. However,
the limit = does not belong to BV. On the one hand, x has countable support supp(z) =
{1/2,1/4,1/6,1/8,...}, but on the other hand, by Proposition [L.1.§]its variation is

> 2
Var(z) =) = = oo.
i=1J

Therefore, x ¢ BV, and hence (BV, ||-]|,) is not complete. &
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The most function spaces X we investigate in this thesis are real Banach algebras when
endowed with a norm of the form ||z| = |z(0)| + ®(z), where ® : X — [0,00) is a
seminorm on X. The space BV with the norm ({1.1.19)) is an example of such a space.
Most of the time one can replace ||-|| by an equivalent norm ||-||; which then makes X
even a normalized Banach algebra. Here come the details.

Proposition 1.1.15. Let (X, ||-||) be a Banach algebra with X C B and norm
2] = |z(0)] + @(x),
where ® : X — [0,00) is a seminorm satisfying
O(zy) < a®(y) ||zl + 0 ®(@) lylly  forz,yeX (1.1.20)
for some constant o > 1 independent of x and y. Then X, equipped with the norm
2]l = aflzll + @),

is a normalized Banach algebra, i.e. ||zy| < ||z|x |yllx for all z,y € X. Moreover,
in case X — B both norms are equivalent.

Proof. Since ® is a seminorm and |- is a norm, ||-||y is a norm on X for any «.
Moreover,

lzylly = allzylle + @(zy) < aflell [yl +a®@) 2]l + a®@) [yl

< o [|zll [1Ylloo + @@(y) 2]l + a®(2) Y]l + B(2)2(y)

= (afl2llo, + ®(2)) (e ly]l + (1))

= [l x lyllx -
Finally, if X < B, there is some ¢ > 0 such that ||z||_ < c¢||z| for all z € X. Then

2] = [2(0)] + ®(2) < [lz]l + 2(z) < allz] + P(z) = [|lz] s,
lzllx = allzllo + @) < acllz]] + [lz] < (14 ac) [l],

which completes the proof. [ |

For our space BV, the function ®(x) := Var(z) is a seminorm on BV satisfying the
hypotheses of Proposition[I.1.15|with & = 1. Accordingly, the space BV is a normalized
Banach algebra when equipped with the equivalent norm

[zl gy = |zl + Var(z). (1.1.21)

In this thesis we will primarily consider this norm for BV'.

Besides BV < B we also have the embedding BV — L, since each function in BV
is measurable as it is bounded and has only countably many discontinuities, and the
norms satisfy |z, < [l2]., < o] 5y

As we have seen, the class C' is not a subclass of BV. However, the class AC' of
absolutely continuous functions is.
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Definition 1.1.16. A function z : [0,1] — R is said to be absolutely continuous, if it
has the following property: For each € > 0 there exists 6 > 0 such that for each finite
collection ([a;,b;])1<j<n of nonoverlappingﬁ intervals [a;, b;] C [0, 1] the implication

SNla; bl <6 = Y l|a(ay) —x(b)| <e (1.1.22)
j=1 Jj=1

holds.

It is well known that absolutely continuous functions can also be characterized as
follows.

Theorem 1.1.17. A function x : [0,1] — R belongs to AC' if and only if x is almost ev-
erywhere differentiable and its derivative x' belongs to Ly and satisfies the Fundamental
Theorem of Calculus, namely the identity

x(t)—x(s)—/stm’(T)dT for st € [0,1]. (1.1.23)

As said, it is easy to show that
AC C BV (1.1.24)
and this inclusion is also strict, because every absolutely continuous function is con-

tinuous, but there are discontinuous functions of bounded variation.

Example 1.1.18. The characteristic function x = xyo has bounded variation and
is discontinuous at ¢ = 0. Therefore, it cannot be absolutely continuous. Indeed, it
does not satisfy ([.1.22): For e = 1/2 and any § > 0 we have for a1, b1] = [0, ] that
la; — b1| =9, but |z(a1) —z(by)| =1 > e. &

Since every AC-function is continuous, one might ask if the inclusion ([1.1.24)) can be
replaced by AC' = C'N BV. This is not true, and here is a prominent counterexample.

Example 1.1.19. Write every t € [0, 1] in a ternary representation
_ = 4(1)
t= ]z_jl T

and define the Cantor set C := {t € [0,1] | a;(t) € {0,2} for all j € N}. It can be
shown that C is independent of the ternary representation of ¢ which may be not unique

with a;(t) € {0, 1,2}, (1.1.25)

in general, and that C is a compact uncountable null set.
Moreover, denote by N(t) the smallest j such that a;(t) = 1 if it exists. If not, put
N(t) = oco. The Cantor function c: [0,1] — R is then defined by

a1 1 VO (1)
C()—W‘f‘i = 7

3Nonoverlapping means here that the intersection of two intervals contains at most one point.
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It can be shown that the definition of ¢ is independent of the ternary representation
of t, that is, ¢ is well-defined, and that c¢ is the unique continuous extension of the
function ¢ : C — R which satisfies

& 1 a
52

Moreover, ¢ is increasing and continuous and hence belongs to C' N BV. However, c is

for t € C.

also differentiable almost everywhere with ¢ = 0, because ¢ is constant outside of C; in
particular, ¢(C) = [0, 1]. By Theorem [1.1.17|it cannot be absolutely continuous, since

it cannot fulfill the relation (1.1.23]). &

Thus, functions z € AC apart from being continuous and of bounded variation must
have a third property. Indeed, this property is called the Luzin property and states
that £ must map null sets into null sets. The Vitali Banach Zaretskij Theorem then
yields that a function x € C'N BV is absolutely continuous if and only if it satisfies the
Luzin property [76]. The Cantor function from Example does not satisfy this
property, since C is a null set, but ¢(C) = [0, 1] is not.

In contrast to BV-functions it is easier for AC-functions to calculate the variation
explicitly. This is because of the following result.

Theorem 1.1.20. For a function x € AC' we have
Var(z / 2/ (8)| dt = [|2]| . - (1.1.26)

Formula geometrically means that x considered as a curve or path in R has
length Var(z). Thus, functions of bounded variation are sometimes called rectifiable.
Of course, from a geometric point of view this makes more sense in higher dimensions.
The conditions and also make sense for functions attaining values in a
normed space (X, ||-||x). One then just has to replace the absolute values by the norm
||| - In this case Theorem still holds true. In this thesis, however, we will only
consider real-valued functions.

Before we pass to classes of functions with more regularity let us mention the following
curiosity which shows that modifying the partitions or interval collections in the Defi-
nitions [T.1.7] and [T.1.16] leads to unexpected phenomena. Recall that BV is defined by
the condition ([1.1.11)) where the supremum is taken over all ordered partitions of [0, 1].

Instead, let us define the space SBV to consist of all functions x : [0, 1] — R satisfying
(1.1.11)) where the supremum is now taken over all not necessarily ordered collections
of points to,t1, ..., t, 1, t, € [0,1] which satisfy 7, [t; -1 —t;] < 1 instead. We call
the elements of SBV functions of super bounded variation. Clearly, SBV C BV. The
following example shows that the inclusion is strict.

Example 1.1.21. Consider the function  : [0,1] — R, t — /%, and the collection t,
tl, cey top_1 € [0, 1] for k € N, defined by

3 31 3
ol to =0, t3_*21 ooy tog—2 =0, toq = 32
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Then
tiy —t ==Y - <—-Y - =1,
; | j—1 2j—1 — 2 = ]2 =2 P j2
but 2k—1 k \/_ k
~ 3 1
S fwltion) = 2(t) =D |ty | = —.
j=1 Jj=1 =17

gets infinitely large as k — oo. Thus, x ¢ SBV. However, as an increasing function,
x belongs to BV. O

The next result characterizes SBV and states that SBV coincides with the space Lip
of Lipschitz continuous functions, that is, functions x : [0, 1] — R for which there exists
some L > 0 such that

lz(s) —x(t)| < L|s —t| for s,t € [0,1]. (1.1.27)

In this sense the following theorem provides another way of how to define Lip.

Theorem 1.1.22. The equality SBV = Lip is true.

Proof. The inclusion Lip C SBV is trivial. So assume that x € SBV and fix numbers
a,b € [0,1] with a # b. Choose n € N so that

< 2n (1.1.28)

and define the numbers ty := a,t; := b,t3 := a,ty :== b, ..., that is, ¢, := a if n is even
and t,, := b if n is odd. Then, by the first inequality in ((1.1.28]),

Z ’tj—l — ty| = TL|CL — b| S 1.
=1
Since x € SBV there is some M > 0 independent of a,b and n such that
Z |2(tj-1) — z(t;)| < M.

By the second inequality in (|1.1.28]) we get

1Z M
#(a) = 2] = - - lalt; 1) — alty)| < - < 2Mja— ),
=1
and since a, b are arbitrary and M does not depend on a or b, x € Lip. [ |

We remark that a similar phenomenon occurs in Definition [I.1.16] If we there drop the
assumption that the intervals are mutually nonoverlapping, then we also end up with
the space Lip [0, Exercise 3.8].

Even if BV -functions can be quite chaotic and may have many discontinuities, the
following result is very remarkable. It says that all discontinuities of a BV -function
can be “smoothed out” by a suitable change of variables.
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Theorem 1.1.23. A function x : [0,1] — R belongs to BV if and only if it may be
represented as a composition x = y o z, where y € Lip with lip(y) <1 and z : [0,1] —
[0, 1] is increasing.

Theorem [I.1.23] provides another way of how to define BV -functions. A proof can be
found in [58].

It is well known that the space Lip is a linear space. For a function x € Lip we define
its Lipschitz constant by

—x(t
lip(z) = sup 12 = 2O]
0<si<1 |5 —
sF#t

(1.1.29)

For functions z : [a,b] — R we write lip(z, [a, b]) instead of lip(x). Similar notions are

defined for Lip(R).

One can easily show that lip is a seminorm on Lip and that the space Lip when endowed
with the norm ||z|| = |z(0)|+lip(x) is a Banach algebra. Moreover, lip satisfies ([1.1.20)
with o = 1, and so Proposition [1.1.15] ensures that the norm

]l i = Nl + lip(2) (1.1.30)

makes Lip a normalized Banach algebra.

Sometimes, functions x : R — R belong to a given function space X only when
restricted to an interval. In this case, we write

Xioe(R) := {x R — R | z € X[a,b] for any interval [a,b] C R}.
One prominent example of such a space is the family
Lipioe(R) = {2 : R —» R | z € Lipla,b] for any interval [a,b] C R}

of locally Lipschitz continuous functions that play an important role in the theory of
BV -functions. For instance, the composition g o x of a function ¢ : R — R with any
function z € BV is again a BV -function if and only if g € Lip;..(R); we will investigate
this and related phenomena in the Chapters 2] and [] in much more detail.

Observe that the spaces Lip,.(R) and Lip(R) have to be strictly distinguished. For in-
stance, the function ¢t — ¢* for ¢ € R belongs to Lip;.(R) but not to Lip(R). Similarly,
convergence of a function sequence (x,) in Lip;,.(R) now cannot be considered with
respect to the norm ({1.1.30]) anymore. Instead, we say that (z,) converges in Lip,.(R)
if and only if (x,) converges in Lip|a, b] for any two real numbers a < b.

Example 1.1.24. The functions z,, : R — R, defined by z,(t) = max{|t| — n,0}
are Lipschitz continuous throughout R with lip(z,,R) = 1 for all n € N. However,
z,(t) = 0 for all ¢ € [—n,n|. This implies that x,, € Lip,,.(R) with lip(z,, [a,b]) = 0
for all [a,b] C [-n,n| and n € N. We conclude that (x,) converges in Lip,.(R) to 0,
but diverges in Lip(R). &
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It is clear that Lip is a subspace of AC'. One could ask if the characterization given
in Theorem still holds if one replaces 2/ € L; with the requirement that 2’ is
(bounded and) Riemann integrable. Such functions are due to the formula also
Lipschitz continuous with lip(z) = ||2'[|, . However, not every Lipschitz continuous
function has a Riemann integrable derivative, even if the function is differentiable
everywhere.

Example 1.1.25. In 1881 Vito Volterra constructed in [I49] an everywhere differen-
tiable function v : [0, 1] — R with v(0) = v(1) = 0 and a bounded (and hence Lebesgue
integrable) but not Riemann integrable derivative. But this function v is then clearly
Lipschitz continuous. %

Moreover, there are functions that are absolutely continuous but not Lipschitz contin-
uous.

Example 1.1.26. The function x : [0,1] — R, defined by x(t) = /%, is absolutely
continuous which can be shown easily with the help of Theorem [I.1.20} But it is not
Lipschitz continuous, since otherwise we had

[2(0) — z(t)] = Vt < Lt

and hence 1/L < /t for some L > 0 and all ¢ € (0, 1] which is not possible. &
Thus, Lipschitz continuous functions are precisely absolutely continuous functions with
essentially bounded derivative.

In fact, the square root function from Example [1.1.26]is only Hélder continuous with
exponent 1/2; this means that it satisfies an estimate of the form

lz(s) —x(t)| < L|s —t|* for s,t € [0,1] (1.1.31)

with o = 1/2. Functions x satisfying for arbitrary 0 < a < 1 are called Holder
continuous with exponent o, and we write Lip, for the space of such functions. Observe
that this definition makes sense for 0 < a < 1 only, because for a < 0 the condition
(1.1.31)) would not necessarily imply that = is continuous, and for o > 1 any function

satisfying ({1.1.31) must be constant.

Even if AC-functions are differentiable only almost everywhere, formula ([1.1.23)) allows
us to recover some regularity properties from their derivatives. This we will be very
useful in Section .11

Lemma 1.1.27. Let z : [a,b] — R be absolutely continuous, and let D C [a,b] be the
points of differentiability of x. Then the following statements hold.

(a) If 2'|p is uniformly continuous, then x € C'[a,b] and ' is uniformly continuous
on |a,b.

(b) If ©'|p is Lipschitz continuous, then x € C'[a,b] and x' is Lipschitz continuous
on |a,b.
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(c) If 2'|p is constant, then x is affine on |a,b].
(d) If 2'|p is zero, then x is constant on |a,b.

Proof. (a) By [142} Section 13, Theorem D] the restriction 2’|p : D — R has a (unique)
uniformly continuous extension ¥ : [a,b] — R. Using formula ([1.1.23)) we obtain

x(t) = x(a) + /at ' (r)dr = z(a) + /at y(r)dr for t € [a,].

But the Fundamental Theorem of Calculus now says that = indeed belongs to C''[a, b]
and 2/ = y is uniformly continuous on [a, b].

(b) As shown in (a), the function x belongs to C'[a,b] and z’ = y is uniformly con-
tinuous, where y is again the unique uniformly continuous extension of z’|p. In order
to show that y is even Lipschitz continuous, fix s,¢ € [a,b]. Since D is dense in [a, D]
we find sequences (s,,) and (t,) in D converging to s and ¢, respectively. Since z'|p is
Lipschitz continuous on D, we find some L > 0 independent of s and ¢ such that

ly(sn) — y(t,)| = |2'(sn) — 2'(t,)| < Lls, —t,| for alln € N.
Letting n — oo yields due to the continuity of y that

ly(s) —y@)| < L|s — t].
But this shows nothing else than that 2’ = y is indeed Lipschitz continuous on [a, b].
(¢) By (a) we conclude that z is continuously differentiable on [a, b]. Thus, if 2/(t) = ¢

for all ¢ € D, then 2/ = ¢ throughout [a, b], because D is dense and z’ is continuous.
This implies that x is affine.

(d) follows immediately from (c), because in the proof of (¢) we can now put ¢ = 0. B

Note that in Lemma [1.1.27] we cannot get a better result than (a), that is, we cannot
replace “uniformly continuous” by “continuous” there. The first example illustrating
this is a function that is even Lipschitz continuous but not everywhere differentiable.

Example 1.1.28. The function x : [0,1] — R, ¢ — max{2¢,1}, is absolutely (even
Lipschitz) continuous on [0,1] and differentiable at every point of the union D =
0,1/2)U(1/2,1] with 2" = 2x(1/2,1]- In particular, 2’ is continuous at every point of D.
However, z is not continuously differentiable. Note that x’ is not uniformly continuous
on D, since

(1/2 = 0) — 2'(1/2+0)| =2
for all 6 € (0,1/2). ¢

The second example is a function that is everywhere differentiable but has a discon-
tinuous yet Lebesgue integrable derivative.

Example 1.1.29. The function z : [0, 1] — R, defined by

1 ¢ 1
t2cosf—2/ scos—ds for0<t <1,
x(t) = t 0 s
0 for t =0,
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is differentiable with
1
2'(t) = sin ;= ©o01(t) for0<t<1,

where the notation is borrowed from ([1.1.1). At ¢ = 0 we obtain with the help of de
L’Hospital’s rule

t) —x(0 1 2t 1 1
2'(0) = lim 2(t) = 2(0) = lim (tcos - 7/ scosds) = lim tcos— =0,
t—0+ t t—0+ t t Jo S t—0+ t

and consequently =’ = @01 on [0,1]; in particular, 2’ is measurable and |2/| < 1 on
[0, 1] which shows 2’ € L. However, by Proposition|1.1.12] (c), the function ' = ¢ 1
is not continuous (at ¢t = 0). O

Finally, the last classes we discuss here in this section are the classes C™ of n-times
continuously differentiable functions on [0, 1], where we set C° = C'. As usual, limits
at the boundary points of [0, 1] are considered to be one-sided. It is clear that

crcC™ form <n,

and the inclusions are strict for m < n which is shown by the following example.

Example 1.1.30. For n € Ny consider the function z,, : [0,1] — R, defined by

alt) = (n—il—l)' (1- ;)n

where we agree on 0° = 1. Then it is straightforward to show that z, is n-times

1

t— =
2

Y

continuously differentiable with k-th derivative
:L';k) =, for0<k<n.

In particular, the n-th derivative

n

M (t) = ’t— ;’ for 0 <t <1

is continuous, but not differentiable. This shows x,, € C"\C"* for all n, k € N. O
With the help of the Mean Value Theorem it is easily shown that

C' C Lip.

However, this inclusion is also strict, as the function z¢(t) = |t — 1/2| from Example
1.1.301 shows.

In total, we have the chain of strict inclusions
C"CC'CLpCACCCNBVCBY CRCBNLy S Lo C L, (1.1.32)

for n € N with n > 1 and p € R with p > 1.
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1.2 Classes of Functions of Generalized Bounded

Variation

In this section we introduce spaces of functions of generalized bounded variation that
will be studied in this thesis. Since those variations are more complicated to define
than the Jordan variation to construct examples and counterexamples we will consider
not the “smooth” functions ¢, g, defined in but the following “jump” functions
instead. For a real sequence (a;) we define the function J, : [0,1] — R by

N a; ift= L for some j € N,
Jiay(t) = { ’ 4 (1.2.1)

0  otherwise.

It is clear that J(o,) belongs to Lo, and hence to all Lebesgue spaces for any sequence
(a;) and to either of the spaces C and D only if o; = 0 for all 7 € N. So for these
spaces the functions are of no interest. However, J(o,) € B if and only if (a;)
is bounded, and J(,) € BV if and only if >°7%; a; converges absolutely. To be more

precise, supp(J(a,)) € {3, 3 5, - ..} and by Proposition [1.1.8]
Var (J(a,)) =2 |yl (1.2.2)
=1

For further reference, we summarize this as

Corollary 1.2.1. The function J(,) belongs to BV if and only if

[e.9]
> o] < oo
j=1

Its variation can be calculated explicitly by .
As a special case we write for € R

~

1
Ja = J(a;) for aj = —andall j € N. (1.2.3)
jO[

Then Corollary says that J, € BV if and only if @ > 1. In this case, (1.2.2)
yields

=1

Var(Ja) =2 — = 2((a),

=

where ¢ denotes the Riemann zeta function. In particular, Var(Js) = 2((2) = 7%/3.

Since functions with countable support will be of great importance later on, we put a
particular emphasis in investigating such functions in this section.
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The Wiener Variation

We start with a self-evident generalization of Definition [1.1.7]

Definition 1.2.2. For a function z : [0,1] — R and a real number p > 1 we call the
possibly infinite number

Var,(z) = sup S x(ti—1) — x(ty)]P (1.2.4)
j=1

the Wiener variation of x on [0, 1], where the supremum is taken over all finite parti-
tions P:0 =1y <...<t,=10f[0,1]. If Var,(z) < oo, we say that x has bounded
Wiener variation and write x € W BV,,.
Note that for p = 1 the space W BV, reduces to BV. Thus, unless otherwise stated we
always tacitly assume p > 1.
We test Definition [I.2.2] on functions with countable support. Naively, our intuition
might make us believe that there is a perfect analogue to formula , namely
something like

Var,(z) = |z(0)" + |z(1)|P + 2 Z |z (7)|P (1.2.5)
T€supp(x)\{0,1}

for functions x € S.. However, this is not true, and one indication for this might be
that according to Proposition [1.1.8{ we had Var,(z) = Var (|x|p) which looks weird.
Let us make this a little more explicit.

Example 1.2.3. Let us consider the function x := J(ay) With @y = 1,9 = —1 and
a; = 0 for all j > 3. Then the right hand side of (1.2.5)) becomes 4. However, if we
take the partition to := 0,¢; := 1/4,t5 := 1/2,t3 := 1, then

Vary(z) > |2(0) = (P + [2(3) — 2 + |2(3) —z(1)F =2+2°

which is larger than 4 for p > 1. Thus, formula ([1.2.5) cannot be true in general.

A little more scrutiny shows Var,(z) = 2 + 2P. Indeed, for an arbitrary partition
0=ty <...<t,there are two possibilities: Either there exists some k € {1,...,n—1}
with i =tp 1 <tp= %, or there is no such k. If such a k exists, then

> lalty ) = 6P = 3 felti) = ()" + felts) = wlte) P+ folts) — w(tuen)

+ D la(ti—y) —a(ty) P
j=ht2
=24 2P

If not, then for each k € {1,...,n} we have t4_y # } or t; # 5. But in this case,
> lz(tior) —x(t)P <4 <2+ 2P
j=1

Consequently, since Var,(z) is the supremum of all such sums, Var,(z) =2+27.
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In contrast to Proposition [I.1.8] we can now not calculate the Wiener variation of a
function with countable support explicitly but get at least some estimates from above
and below.

Proposition 1.2.4. For x € S. we have
Var (|93|p) = Var, (|a7|) < Var,(r) < 27! Var (|$|p>, (1.2.6)
where
Var (|2) = [#(O)F + [« +2 > Ja(@)P
resupp(x)\{0,1}

according to . In particular, x € W BV, if and only if |x|? € BV.

Proof. To see this first note that ¢t — |¢|? is convex and thus superadditive; in particular,
la — bP < |a? — bP| for all a,b > 0. From this it follows that Var,(|z|) < Var(|z|?).
By considering the same special partition as in the proof of Proposition [1.1.§| one can
show that also Var,(|z|) > Var(|z|?). This shows the equality in ((1.2.6).

Since ’|a| - ]b|‘ < |a — b| for all a,b € R, also the first inequality in ([1.2.6) is proven.

For the right inequality consider an arbitrary partition 0 = ¢y < ... < ¢, = 1 of [0, 1].
Again, since t — [t|P is convex, we have |a — b]P < 2p*1(|a|p + |b|”) for all a,b € R.
This implies

n

> felty 1)~ ate)] < 273 (et )P + Jatt)P)

j=1 j=1
< or! <|x(0)yp tlaMP+2 Y |x(7)|1’> = 27" Var (|zf?),
Tesupp(x)\{0,1}
again by Proposition [1.1.8, This yields the claim. |

For our functions J(,;) this means the following.

Corollary 1.2.5. The function J(a,) satisfies

23" oyl < Var, (J(ay)) <273 oyl (1.2.7)
j=1

j=1
in particular, it belongs to W BV, if and only if the series in converges.

Example has shown that we cannot expect equality in either of these two inequal-
ities in ((1.2.7). However, observe that ((1.2.7)) contains ((1.2.2) for p = 1.

For functions with countable support we deduce from (1.2.6)) for p = 1 that Var(|z|) =
Var(z). However, even for p = 1 the right inequality in formula ((1.2.6)) is false for
functions x having uncountable support.

Example 1.2.6. The function z := 2xgnjo,) — 1 is clearly of unbounded variation on
[0, 1], but |z| is equal to 1 and thus has variation 0. Note that supp(z) = [0, 1]. O
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One can show that the equivalence x € BV & |z| € BV is true for continuous functions

[6].
In can be shown that W BV, when endowed with the norm
]| = |2(0)] + Var,(z)'/” (1.2.8)

is a Banach algebra, and that this norm satisfies the estimate (1.1.20) with &(x) =
Var,(7)/? and a = 1. Therefore, by Proposition [1.1.15, W BV, together with the norm

zllwpy, =zl + Var,(z)'/? (1.2.9)
is a normalized Banach algebra.
It is clear that BV C W BV, for any p > 1. More generally, we have
BV CWBV,CWBV,CR for 1 <p<gq. (1.2.10)

All those inclusions are in fact continuous embeddings. For instance, for the last
inclusion we have

()] < [a(0)] + (|=(t) - x(O)\p)l/p < |2(0)] + Var, (x)"/?
and hence
|z]l, < |=(0)] +Varp(x)1/” < Hx||WBVp; (1.2.11)

in particular, the two norms in (1.2.8]) and are equivalent by Proposition [1.1.15]
That for 1 < p < ¢ the inclusions in are strict can now also be seen with the help
of the functions J, introduced in . Corollary says that J, belongs to W BV,
if and only if ap > 1. In particular, for 1 < p < ¢ we have J,/, € (RNW BV,)\W BV,,.
In addition to the inclusions in we also have

Lipyy,, CWDBV, forp>1,
which is a generalization of the inclusion Lip C BV.
In this context the following analogue to Theorem [1.1.23]is noteworthy.

Theorem 1.2.7. A function x : [0,1] — R belongs to W BV, if and only if it may
be represented as a composition x = y o z, where y € Lipyy, and z : [0,1] — [0,1] is
INCreasing.
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The Young Variation

Even more general than the Wiener variation is the Young variation which has been
introduced 1937 by Laurence Chisholm Young in [I60} [I61]. The weighting function
t — |t|P that has been used to weight the absolute values |z (t;_1) — z(;)| in Definition
is now replaced by a general convex function.

Definition 1.2.8. A function ¢ : [0, 00) — [0,00) is said to be a Young function (or
o-function) if it is convex and such that ¢(t) = 0 if and only if ¢ = 0.

Note that according to this definition every Young function is continuous, strictly
increasing and so that ¢(t) — oo as t — 0o. Moreover, due to convexity, p(st) < so(t)
for all s € [0,1],t € [0,00), as well as (st) > sp(t) for all s € [1,00),t € [0, 00).
Using the notion of a Young function the Young variation is now defined as follows.

Definition 1.2.9. For a function z : [0,1] — R and a Young function ¢ : [0,00) —
[0,00) we call the possibly infinite number

Var,(z) = sgpigo(u(tjl) - x(tj)|)

the Young variation (or -variation) of x on [0, 1], where the supremum is taken over
all finite partitions P: 0 =1¢, < ... <t, =1 of [0,1].
Finally, we denote by

YBV, :={x:[0,1] = R | Var,(Az) < oo for some A > 0}

the space of functions of bounded Young variation.

Observe that p(t) = t? for p > 1 is a Young function, and in this case, Y BV,, = W BV,,.

As in the Propositions [I.1.8] and [I.2.4] we will also for the Young variation consider

functions with countable support.

Proposition 1.2.10. Let ¢ be an arbitrary Young function. For x € S, we have
Var ((|z])) = Var, (|o|) < Vary(z) < 27" Var (p(2]2])), (1.2.12)
where

Var (p(Alz])) = eM\z(O))) + ANz +2 > @(Na(@)]) forA>0

Tesupp(x)\{0,1}

according to (1.1.13). In particular, x € Y BV, if and only if <p()\|x|) € BV for some
A> 0.

Proof. We proceed as in the proof of Proposition[I.2.4] First note that ¢ is convex and
hence superadditive; in particular, ¢(|la —b|) < |¢(a) — ¢(b)| for all a,b > 0. From this
it follows that Var, <|$|) < Var (ap(|x|)) By considering the same special partition
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as in the proof of Proposition [1.1.8| one can show that also Var, (|m|) > Var <g0(|x|))
This shows the equality in ((1.2.12]).

Since ¢ is 1ncreasmg and “a| |b[’ < |a —b| for all a,b € R, also the inequality in the

middle of ([1.2.12]) is proven.
For the remaining inequality consider an arbitrary partition 0 =t < ... < t, = 1 of

[0,1]. Again, since ¢ is increasing and convex we have ¢(|la—0b|) < 27! [@(2|a|)+g0(2|b|)}
for all a,b € R. This implies

> p(lelts ) — wle)l) <27 [o(@le(ti)]) + (2Lt
ot (@(2|56(0)|) + o)) +23 so(2|x<tj>|)>

<27 [p(220)) +e(2z(]) +2 Y ¢(2|x(7)|>)

Tesupp(z)\{0,1}

— 27 Var ((2la])),

where the last equality comes from (|1.1.12). Thus, also the right inequality in (1.2.12])
is true, and this completes the proof. [ |

For our functions J (a;) this means the following.

Corollary 1.2.11. The function J;) satisfies
22@(A|aj|) < Var, (/\3(%.)) < Z¢(2A|aj|> for A > 0. (1.2.13)
j=1 j=1

Moreover, it belongs to Y BV,, if and only if at least one of the two series in
converges for some X > 0.

Proposition [1.2.10] explains why we have not defined the space Y BV,, by the set
YBV] :={z:[0,1] = R | Var,(z) < oo}

as we have done so for the other variations. The reason is that YBV; is not a linear
space, since it is not closed under multiplication with scalars.

Example 1.2.12. The function ¢ : [0,00) — [0, 00), defined by
texp(—1/t) fort >0,
p(t) =
0 for t =0,

is a Young function. Putting o; := 0 and «; := 410g for J € N,j > 2, the function
T 1= J(a;), given by (1.2.1)), is nonnegative and has countable support. Moreover, by
(1.1.12)) we have with 7; = 1/(2j),

Var(go()\li)):QiW(/m(TJ): i o(7; exp(A:;(iﬁ)

A 1
EEA Y P 1.2.14
2 ]Zzﬁ“ log(7) ( )
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For A = 2 the series in (1.2.14)) converges which means that Var (@(Qx)) < o0o. Thus,
by m, also Var,(z) < oo, that is, x € Y BV. However, for A = 4 the series in
1.2.14)) diverges which means that Var (@(4@) = o0o. Again by (|1.2.12) we get that
Var,(4z) = oo which implies 4z ¢ Y BV. &

In general, one only has Y BV, = Span(YBV; ), that is, Y BV, is the linear hull of
Y BV, . However, if ¢ satisfies a so-called d2-condition, that is,

2t
lim sup P (21) < 00, (1.2.15)
t—0+ 90(t>

then Y BV is a linear space. In fact, the dy-condition is not only sufficient but also
necessary for this [I2I]. This is exactly analogous to the properties of Orlicz spaces.
Observe that the function ¢ in Example [1.2.12] does not satisfy a ds-condition, since

2t
lim sup »(2t)
-0+ (t) =0+

1
= 2 lim sup exp <2t) = 00.

The d>-condition, however, has also some other benefits, because it makes explicit
calculations easier. For ¢ satisfying a do-condition, the function M : [0, 0] — [0, o0,
set by M(0) := 0, M(o0) := oo and

2t
M(T) = sup 22 om0 (1.2.16)

o<t<T (1)

is well-defined and increasing. We then have
Var,(2z) < M(Q 2| ) Var,(xz) for x € YBV,, (1.2.17)
and Proposition [I.2.10| reduces to the following familiar form.

Corollary 1.2.13. Let ¢ be a Young function satisfying a do-condition. For x € S, we
have

Var ((p(|x|)) = Var,, (|:1c|) < Var,(z) < 2_1M(2 ||x||oo) Var (gp(|x|)), (1.2.18)
where M is as in and
Var (¢(2))) = e(|2(O))) + e(zW)) +2 > o(jz()])

T€supp(x)\{0,1}

according to . In particular, x € Y BV, if and only if p o |z| € BV.

Note that for the special Young function ¢(t) = t» we have M(T') = 27 for all T > 0
and hence Corollary [I[.2.13| reduces to Proposition [I.2.4]

In order to equip Y BV,, with a norm, we consider the set {x € YBV,, | Var,(z) < 1}
which is absorbing, balanced and convex. Thus, the Minkowski functional

M :YBV, —[0,00), x+—inf{\ > 0] Var,(z/\) <1} (1.2.19)

is a seminorm on Y BV,, [I16] which exhibits the following properties.
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Proposition 1.2.14. If three functions x,y, z : [0,1] = R with z,y € YBV,, for some
constants o, 3 > 0 and each s,t € [0,1] satisfy the estimate

|2(s) — 2(1)] < afz(s) — 2(t)] + Bly(s) —y(D)],
then z € Y BV, with M(z) < aM(z) + SM(y).

We do not give the proof here because we will prove a much more general result in
Lemmal|l.2.26|below. Nevertheless, from Proposition follows that the Minkowski
functional satisfies

M(zy) < ||zl M(y) + |yl M(x)
for all z,y € Y BV,,, because
w(s)y(s) — 2(B)y(t)| <zl ly(s) =y + yll, () — (1))

holds for any s, ¢ € [0, 1]. In particular, this shows that the space Y BV, is closed under
multiplication. Finally, equipped with the norm

2]l = [(0)] + M (x), (1.2.20)

the space Y BV, is a Banach algebra which becomes normalized by Proposition [I.1.15]
when (|1.2.20)) is replaced by

1zlly v, = 2]l + D (2). (1.2.21)

Similarly to BV the reciprocal of a function z € Y BV,, also belongs to Y BV,, if x is
bounded away from zero. More precisely, if supps(z) = [0, 1] for some § > 0, then

Var,(1/z) < Var,(z/6%);
in particular,

Var,(1/x) < § 2 Var,(z).
For the special case ¢(t) = tP it is easily verified that

||37||va¢ = |2l + Var,(2)"/" = ”IHWBVP‘

Since the norm |||y 5, is defined via the unhandy Minkowski functional, it is difficult
to estimate norms of Y BV,-functions. If a ds-condition is assumed, we can consider
the variations themselves instead.

Proposition 1.2.15. Let ¢ be a Young function and let (x,) be a sequence in Y BV,.
The following statements hold.

(a)

<V)\ >0: lim Var,(Az,) = 0) <~ lim M(z,) =0.

n—0o0
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(b) If ¢ satisfies a d9-condition and (x,) is a bounded sequence in B, then

lim Varg(z,) =0 <= lim M(z,) = 0.

Proof. Part (a) has been proven in [I120]. For (b) note that we only have to prove
“="_ because the converse follows from (a). To this end, fix ¢ > 0 and pick m € N
so large that 27 < e. Let (x,) be a sequence in Y BV, which is bounded in B with
Var,(x,) — 0asn — co. Then thereare N € Nand C' > 0 such that ||z,|| . < C/2and
Var,(z,) < M(2mC)™™ for all n > N, where M denotes the function in (1.2.16)). For
a partition 0 =ty < ... <t =1 of [0, 1] we obtain |z, (t;_1) — z,(t;)| < 2||z,] < C
and from that we get

> (2 nts) = wnlt)]) < MECY" 3 p(|nlti1) = walty)])

j=1

< M(2™mC)™ Vary(z,).

Consequently, Var,(2™x,) < M(2™C)™ Var,(x,) < 1 and hence M(z,) < 27™ < ¢ for
all n > N. This shows M (x,) — 0 as n — oo. |

Finally, in order to compare two spaces Y BV,, and Y BV,, for two Young functions ¢
and v, we write ¢ <X ¢ if

. ()
TP o)

<oo  for some A > 0, (1.2.22)

and we also write ¢ < ¢ if ¢ < ¢ and ¢ A 1. With this notation at hand it was shown
in [42] that Y BV,, C Y BV, if and only if ¢ < ¢. In particular, two Young spaces Y BV,
and Y BV, coincide if and only if ¢ < ¢ and ¢ < 1, and so ¥ < ¢ is equivalent to the
strict inclusion Y BV,, C Y BVj,. For instance, the functions op(t) =t and 9 (¢) = ¢* are
both Young functions with ¢ < ¢. This means that Y BV, = BV C Y BV,, = W B4,
in accordance with (1.2.10)).

In general, the chain of strict inclusions

BV CYBV,CYBV,CR (1.2.23)

is true for 1» < ¢ < ¢, where «(t) := t and YBV, = BV, and it can be shown that all
inclusions are continuous embeddings. For instance, for x € Y BV, and A > 0 with
Vary(x/A\) < 1 we have

()] < [2(0)] + A~ (v (|z(t) — 2(0)] /X)) < [(0)] + A~ ( Vary(z/)))
< |z (0)| + A~ (1).

Taking the infimum over all such \ gives |z(¢)| < |z(0)| + ¢~ (1)9(x) and hence

2]l < |2(0)] + ¥~ (1)M(2) < max{L, &~ (D} zllypy, ; (1.2.24)
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in particular, the two norms (|1.2.20]) and (1.2.21]) are equivalent by Proposition [1.1.15]
Note that if 1)(t) = t* we have ¢»1(1) = 1 and hence ((1.2.24)) reduces to (1.2.11)).

Due to the immense generality of Young functions it is much more difficult to prove that
all inclusions in ([1.2.23)) are strict if ¢ < ¢ < ¢. But since we need a similar argument
later in Section we give here a proof. First note that it is easy to find a decreasing
sequence (f3;) of positive numbers 3; tending to 0 such that >332, ¥(3;) = oo. Set
o ::@foralljeNandﬁxA>O. Since a;j — 0 as j — oo there is some n € N
such that A > «; for all 7 > n. This implies

o0

> 2 Y w(ed) = vl =

According to Corollarymthe function J,,) does not belong to YB Vw yet it belongs
to R as (o) converges to 0. This shows that the last inclusion in is strict.
For the first and middle inclusion we would like to find a real sequence (Oéj) in such a
way that J.,) € YBV,\YBV,. According to Corollary this would be the case
if we can arrange (o) so that

> () < 0 and Z@(Aaj) =00 forall A >0. (1.2.25)

=1

The following quite technical Lemma provides a solution and we show how to apply it
after its proof.

Lemma 1.2.16. Let @ : (0,00) x [0,00) — [0,00) satisfy the following conditions.
(i) For each t > 0 the function ®(-,t) is increasing.

Ot
(i) For each A > 0 we have lim sup M =
t—0+

Then for each oo > 0 there exists a sequence (t;) of positive real numbers such that for
all fired A > 0

> B\ t) =00 and ot <o
=1 j=1
Proof. First assume that for each A > 0

m(A) = limsup ®(\, t) > 0. (1.2.26)

t—0+

Then pick a monotonically decreasing sequence (\;) converging to zero such that

3 m(x) =
7=1
For each j € N we find due to ((1.2.26]) some 0 < t; < /27 so that ®(\;, ¢;) > m();)/2.

Then
> 1

250w
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For fixed A > 0 there is some k € N such that A > A; for each j > k. Then with the
help of (i) we obtain

oo o0 j—
20N t) = DR\ ty) > 5 3o m() = o0,
j=1 j=k ]

as desired.
Now assume that (|1.2.26]) does not hold. Then there exists some Ay > 0 such that

t1—1>I0r}i- (I)()\(), t) =0.
By replacing ®(s,t) by ®(s/)\,t) we can assume that \g = 1. Moreover, we get from
assumption (i)

lim ®(\,t) =0  forall A € (0,1]. (1.2.27)

t—0+

Define 9
g:=—+2
o

We are going to define two sequences (ny) in N and (74) in (0, 00) recursively as follows:
We start with n; := 1 and choose 7 > 0 so small that

1 Z @(1,7’1) > 67’1.

This is possible because of (1.2.27)) and (ii). Once n; and 74 have been constructed,
we first choose nyy1 € N so that

ok ok
Lt lem <
B e, m) Tl S 3

e
(1/n, i)

Afterwards we choose 7,1 so small that

1> O(1/npr, Tor) > B

holds. Again, this is possible because of the conditions ((1.2.27)) and (ii).

In total, this construction ensures, that (n;) and (7;) satisfy the relations

1>®(1/ng, ) > B and (1.2.28)
ok 2k
S T —1< < — for all k € N; 1.2.29
in particular,
N1 — gy > 28 —1>1 (1.2.30)
and n; — oo as k — oo.
Rearranging (|1.2.29)) gives
2k 2k
(1 /ng, 75) > ———— and —— > O(1/ng, Tr). (1.2.31)

Ngr1 — Nk + 1 Mgt1 — Nk
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Using the first inequality of (|1.2.31)) leads to

! 1 2¢ Loy —ng + 1
e R e—— U 1.2.32
Msr — e 28 mgp— e 28 mgg =y, (1/r, 7). ( )

and using (1.2.30)) yields

Lome el 1 1_,_# §1(1+ 1 ): 1 <1.
Qk Neg+1 — Nk Qk Ng+1 — Nk Qk Qk -1 2k -1
This and (|1.2.32)) gives
1
— < P(1/ng, ). 1.2.33
FR— (1/ne, i) ( )

Finally, if we compare the second inequality of (|1.2.31]) with (1.2.33)), we find - taking
(1.2.28)) into account - by the Intermediate Value Theorem some s € [1,2] such that

k
O(1/nk, i) = le+jk—nk > 7. (1.2.34)

We now define the sequence (t;) by
tj =Tk for ngy < j<ngyp—1and jkeN.

Fix A > 0. Then there is some ¢ € N such that A\ > 1/ny, for all £ > ¢. By using the

equality in (1.2.34)) and (i) we obtain

0o Mg+1—1 oo Mp+1—1

S =3 3 o)=Y S o(1/nem)

j=1 k=1 j=ny k=t j=ny
[e.e]
= (a1 — i) (1 /ng, i) = Zsk = Z 1=
k={

which shows that 372, ®()\, ;) = oo. On the other hand, by using the inequality in
(1.2.34]) we get similarly

o] 00 00 k; 00 k
> 6= 3t —mn <> % <> (3]
j=1 k=1 Pl A
which shows that 3222, ¢; < a. This completes the proof. [

We are going to show in the following how to use Lemma [1.2.16| to achieve (|1.2.25]).
Let ¢ and ¢ be two Young functions satisfying ¢ A 1 which means

timsup 22 — oo forall A > 0. (1.2.35)
-0+ P(t)
Since 1 is a homeomorphism of [0, 00) with 1(0) = 0 we can substitute with s = ()
and obtain
Mp~L(s
lim sup u =o0 forall A > 0. (1.2.36)

s—0+ S
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We now define ® : (0, 00) x [0,00) — [0, 00) by
O\ 1) = (M (1)),
Since ¢! and ¢ are increasing, condition (i) of Lemma [1.2.16] is met, and ((1.2.36)

takes care of condition (ii). Consequently, Lemma (1.2.16|delivers us a sequence (¢;) of
positive real numbers such that

d ot <1 and > ®(\t;) =00 forall A > 0.
j=1 =1

Substituting again «; := ¢)"'(;), we obtain a sequence (a;) of positive real numbers
such that

o0

> play) <1 and > p(Aay) =00 forall A > 0. (1.2.37)
=1 =1

But Corollary [1.2.11] now says that the function J(,,;) belongs to Y BV,\Y BV, as
desired.

Later in Section we will use the same idea to investigate multiplier sets in spaces
of functions of bounded Young variation.

The Waterman Variation

Another generalized type of variation is that of Waterman which has been introduced
in 1972 by Daniel Waterman [I51].

Definition 1.2.17. A sequence A = ()\;) of positive real numbers \; is called a Water-

man sequence if it is decreasing, converging to 0 as j — oo and so that 3372, A; = +o00.

A particularly simple Waterman sequence is given by A\; = 1/59 for 0 < ¢ < 1, and the
special case \; = 1/j was originally considered by Waterman.

Definition 1.2.18. The possibly infinite number
Vary (z) = sup Y Al f(a;) — f(b)],
j=1

where the supremum is taken over all countably infinite collections ([a;, b;]) of mutually
nonoverlapping closed subintervals of [0,1], is called the Waterman variation (or A-
variation) of the function = over the interval [0, 1].

Finally, we denote by ABV := {z : [0,1] — R | Var,(z) < oo} the space of functions
of bounded Waterman variation.

Observe that this definition remains the same if only finite interval collections are
considered.

For the special sequence \; = 1/j9 we write A,BV instead of ABV. Functions in
A BV are of particular interest and called functions of bounded harmonic variation.

The first big difference in Definition compared to the Definitions [I.1.7] and
is that we here use (finite or infinite) collections of intervals. However, there is

another possibility to calculate the Waterman variation using partitions.
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Proposition 1.2.19. Let A = ()\;) be a Waterman sequence and x : [0,1] — R be any
function. Then

Vary(z) = sup > Aoy|z(tiza) — ()], (1.2.38)
o, j=1

where the supremum is taken over all partitions P :0 =1ty < ... <t, =1 of [0,1] and
all permutations o of N.

Proof. Let us denote the quantity on the right hand side of by v. We need to
show that Vary(z) = v.

Let o be a permutation of N and let 0 = ¢y < ... < t, = 1 be a partition of [0, 1].
Define [ao(j), bo(j)] = [tj=1,t;] for j = 1,...,n and [a,(j), bo(j)] := [0,0] = {0} for j > n.
The collection ([a;, b;]) then consists of mutually disjoint subintervals of [0, 1], and we

obtain
Z)‘G(J|x j-1) —x(t Z o) T(a0(j)) — T (bo( ‘<Z>‘|$a3 — z(b;)|
Jj=1 j=1 j=1
< Var, (z).

Taking the supremum with respect to the partitions and permutations on the left hand
side yields v < Vary(z).

For the reverse inequality take a countably infinite collection ([a;,b;]) of mutually
disjoint intervals and fix n € N. Then the first n intervals can be ordered in the sense
that there is some permutation 7 of {1,...,n} such that

bT(j)SaT(j'f‘l) fOl"]G{l,an_l}

We now define the permutation o of N by ¢(2j) := 7(j) and 0(2j — 1) := n + j for
j€{l,...,n} and o(j) := j for j > 2n. We also define a partition 0 =: t; < ... <
tont1 := 1 by tg; := br(jy and ty;_1 := a,(j) for j € {1,...,n}. Then,

> Ajla(ay) - Z ~le(ary) = 2(br)| = D Aol (taj 1) — x(ty;)]
j=1 Jj=1 J=1

2n

Z o lT(ti—1) — x(t;)] < v.

Letting n — oo yields
> Mlala) - (b)) <.

and taking the supremum with respect to the collections of intervals gives Var, (z) < v
This completes the proof. [ |

We now test Definition [I.2.18 on functions with countable support. More generally
speaking, for arbitrary functions with countable support we have an analogue to the
Propositions [1.2.4] and [1.2.10]
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Proposition 1.2.20. Let A = ()\;) be a Waterman sequence. For x € S, we have
sup > Aoy (75)] < Varp(z) < 2sup > Aoiyl2(Ty)],  (1.2.39)

PN pairwise distinct M pairwise distinct
T1,e.., TnEsupp(z) T1,.-,Tn €SUPP(T)

where the supremum is taken over all natural numbers n < # supp(z) and all permu-

tations o of N.
In particular, v € ABV if and only if the supremum in is finite.

Proof. For the left inequality in ([1.2.39)) we assume for simplicity that supp(z) C (0, 1);
the other case is similar. Fix n < #supp(z), pick numbers 7,...,7,-1 € supp(x),
bring them in increasing order and relabel them by ¢9,t4,ts, ..., to,_2. Set tp := 0 and
ton := 1, and pick for each j € {1,...,n} numbers ty;_1 € (t9;_2,t2;)\supp(z). Fix
a permutation o of N and define another permutation ¢ of N by 0(25) = o(j) and
02j —1) = o(n+j) for j € {1,...,n} and by o(j) = o(j) for j > 2n. Then, by
Proposition [1.2.19]

Vary(z) > zn: Aoy |z (tj—1) — 2(t5)]

j=1
n—1 n
= Ao |z(tay) — x(tajin)| + D Ao (taj—1) — x(t2;)]|
=0 =1
n—1 n—1
= 3 (Netessn + Aaan ) ()] = X Aoy la(r)]-
j=1 j=1

Taking the supremum with respect to ¢ and the partitions we obtain, again with

Proposition [1.2.19 the left inequality in (1.2.39)).
We now show the right inequality. To do this let n < #supp(z), and consider an

arbitrary finite collection ([a;, b;])1<;<n of nonoverlapping subintervals of [0, 1] and any
permutation o of N. We have

> feles) = alb)] < D \fe(os)] + 3 et

<sup Y Aogl(a)| +5up 3 Aoy (b)]

Jj=1 Jj=1

<2sup Y Asgla(m)l.

an pairwise distinct
T1ye.., T EsUpp(z)

By taking the supremum on the left hand side with respect to interval collections we
obtain the remaining inequality. [

For our functions J(o,) defined by (1.2.1) this reads as follows.
Corollary 1.2.21. Let A = ();) be a Waterman sequence. The function J(.,) satisfies
(e} [ee]
sup Z Ao(jy|a| < Vary (3(%.)) < 2sup Z Aoyl (1.2.40)

in particular, it belongs to ABV if and only if the supremum in (1.2.40) is finite.
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In particular, the function J, = J(1/je) introduced in belongs to ABV if and
only if 3272, A; /7% converges which is possible only for & > 0. The supremum over
permutations ¢ in Corollary can then be dropped, because the two sequences
(A;) and (1/5%) are both decreasing for v > 0 and hence the supremum is attained if
o(j) =y forall j € N,

However, in general it is not sufficient to drop the permutation ¢ in (1.2.39) or in

(1.2.40) and simply consider

Var, (z ZA |lz(75)] (1.2.41)

for functions having countable support, because ([1.2.41)) depends on how supp(z) is
actually enumerated. In particular, Var} (x) is simply not well-defined as an expression
that is supposed to only depend on x. The following example illustrates this.

Example 1.2.22. Let A = ();) = () be defined by \; := a; := 1/4/j for j € N, and
let 1= J(a,). If supp(z) = {3, i, ...} ={m,72,...} is given in decreasing order, then
21

Var (z Z)xozj—zf:oo.

Jl']

However, we now show that Varj(z) may be finite if the 7; are ordered “properly”.
We first define P := {2* | k € Ny} to be the set of all powers of 2, and write the
set N\P = {ky, ko, ks,...} = {3,5,6,7,9,...} in increasing order. We now define an
injective function oy : N\P — P as follows. First, pick o1(k;) = 01(3) € P so large
that A3Ag,(3) < 27 3 and then pick the numbers al(kj) € P successively so large that
they exceed o1(kj—1) and satisfy A\ Ay ;) < 27 ki This is possible since A\, — 0 as
k — oco. We then have

Ao, () < 277 for all j € N\P.

Since P and N\o;(N\P) have the same cardinality, we may find a bijective function
o9 : P — N\oy(N\P). The function o : N — N defined by

o(j) =

Ol(j) fOI'j € N\Pv
o9(j) for j e P,

is a permutation of N. If we now define 7; := 7,(;), we obtain

Var} (z Z)\SL‘T] DA T O N < D0 277+ ) Mo

JEN\P JjeEP JjEN\P keNg

§Z2‘J+Z\/§_k:3+\/§<oo.

JjeN kENg

Thus, if supp(x) is enumerated in a clumsy way, Vary cannot decide whether x has
bounded A-variation. O
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In total, one could understand Var} to be a “variation” of x € S, with respect to one
particular enumeration of supp(x), whereas Var,(x) denotes the supremum of all such
variations.

One can show that Var,(-) is a seminorm which makes ABV a Banach space when
equipped with the norm

lz]| = |2(0)] + Vara(). (1.2.42)

For two functions =,y € ABV and a collection of nonoverlapping intervals ([a;, b;]);en
one obtains the estimates

ikj\w(aj)y(aj) i_oj i (12l ly(az) = (0] + Nyl lo(as) = x(b;)])
= [zl il Aily(a;) =y (i)l + Nyl ; Ajla(az) = (by)|

< ||zl Vara(y) + llyll Vara(z)

from which
Vary(zy) < ||z, Vara(y) + [yl Vara(z)

follows. In particular, ABV is even an algebra and, when equipped with the norm
[zl spy = 7]l + Vara(z), (1.2.43)

a normalized Banach algebra by Proposition [[.1.15] Again, as we have seen for the
Jordan, Wiener and Young variation, if x € ABV is bounded away from zero, that is,
supps(x) = [0, 1] for some 6 > 0, then 1/x € ABV with

Vary (1/z) < 82 Vary (z).
We are now going to compare two Waterman spaces I'BV and ABV for two arbitrary

Waterman sequences I' = (;) and A = ();). It was shown in the paper [129] that
ABV C I'BV if and only if

Z Vi
lim sup 2 — < 00; (1.2.44)
j=1

we will write I' < A in this case. Similarly as for Young functions we write I' < A if
I' < Aand A AT'. In general, one has the chain of inclusions

BV C ABV CT'BV C R. (1.2.45)

for I' < A, where all inclusions are continuous embeddings. For instance, we have

|2(t)] < |2(0)] + |2(0) — 2(t)] < |2(0)] + 71 Varp ()
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and hence
]| o < |2(0)] + 77 ! Varp(z) < max{1,1/y} |z[lpg, (1.2.46)

which shows on the one hand the right embedding in (|1.2.45)) and on the other hand
with the help of Proposition |1.1.15|that the two norms (|1.2.42)) and (|1.2.43)) are equiv-

alent.

The left and right inclusion in ((1.2.45) are strict, and for I' < A also the middle is.
To show this, the following auxiliary result is helpful and will also be needed later in
Section 3.2]

Lemma 1.2.23. Let (a;) and (b;) be sequences of positive real numbers such that

n
0o 00 E: a;
d aj=o00=)>Y_b; and limsup ]Zl = 00.
j=1 =1 e -21 b;

j=

Then for each o > 0 there exists a monotonically decreasing sequence (u;) of positive
real numbers tending to zero such that 3272, aju; remains divergent, whereas 3772, bju;
becomes convergent with limit «.

Before we turn to the proof let us quickly mention why this result might be surprising.
If we define A, := 37 a;, B, := >7_;b; and v, := A,/By,, then A, = ~,B, and
lim sup,,_, . 7» = 00. If (a;) is bounded, then A, grows at most linearly. Therefore,

which means that v,, grows slower than linearly. Therefore, A, grows only a little faster
than B,; nevertheless, there is always a suitable sequence (u;) such that Y52, a;u;
diverges while 3322, bju; converges to any positive number we choose!

Proof of Lemmal1.2.25. Let A, and B, be defined as before, that is,

A=) a; and B,:=)_; for n € N,
=1

j=1

and set Ay := By := 0. Then the assertion states that limsup,,_,., g—z = 00, and from

this we obtain
A, — A,

lim sup

— =
n—soc Bp, — Bp

for each fixed m € Ny. This is why we can find a strictly increasing sequence (ny) of
nonnegative integers with n; := 0 such that

1
Bnk+2 - Bnk+1 > 2(Bnk+1 - Bnk) and

A — A, 5
> 2 for all )
5 ~B,, - orall ke N

Tk+1

MNk+1
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Writing Ay := A,,,, — Ay, and By := B, ., — B, , this reads
1
Bit1 > §Bk’ (1.2.47)
Ak k
ML) 1.2.48
> (1249

for all £ € N. We now define

«
Uj 1=
/ 2kB,,

for n, +1 < j <mngyq and j,k € N.

Then we obtain from (1.2.47) that (u;) is monotonically decreasing. Moreover, with

the help of ((1.2.48]),

[ee] oo NEk41 [ee) a Nk+1 Qa ./4 )
doajup =) D, qu; = 5 > a Z?g Z =
j=1 k=1 j=nj+1 k=1 j=ng+1 k=1

and this proves that > 7%, a;ju; diverges. On the other hand we get similarly
00 Nk+1 00 a Nk+1 00 a Bk > 1
ijuj_z Z bu1_22k6 Z bﬂ_Z2k¢B 27_ ’
Jj=1 k=1 j=ng+1 j=ng+1 k k=1

which shows that 3272, bju; converges to a.

Finally, since

n
2 Z bjuj 2 Bnun
and B, — 0o, we must have lim;_,., u; = 0, as desired. [ |

With the help of Lemma [1.2.23] we can now show that all inclusions in (1.2.45)) are
strict for I' < A. For the first inclusion put a; := 1 and b; := A; for j € N in Lemma
1.2.23 Then

n
] 1 a]
lim sup = lim sup

n

Consequently, Lemma |1.2.23| gives us a decreasing sequence (u;) of positive real num-
bers such that
n n
ZUj = and Z)\jUj < 0.
j=1 j=1
But this means that the function J,,;) does not belong to BV by Proposition [[.1.§
But since the u; are in decreasing order, we have for any permutation o of N that

D Aoyt < D0 Njuy < 00;
j=1

=1

in particular, Proposition [1.2.20] ensures J(,,) € ABV, and so the first inclusion in
(1.2.45)) is indeed strict. To show that also the second inclusion is strict is similar;
we will skip this because we use a very similar argument in more detail in Section
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B2l For the last inclusion simply consider J(ir;) for a Waterman sequence (7;), where
[j:=v+...+7;. Then Jq,r;) belongs to R, since I'; = oo as j — oo, but it does
not belong to I'BV by the Abel-Dini-Theorem [50], [77].

One might wonder why we did not give an instance of a function that belongs to R but
to none of the spaces 'BV for any Waterman sequence I'. The reason is the following
remarkable relation which shows how “close” the Waterman spaces are to the space
BV of functions of bounded Jordan variation and to the space R of regular functions.
It says that

BV =NABV  and R=|JABY, (1.2.49)
A A

where the intersection and union are taken over all Waterman sequences A. In partic-
ular, every continuous function belongs to a suitable Waterman space!

Let us remark that there is a link between the Wiener space W BV, the Young space
Y BV, and the special Waterman space A,BV. One may show that for p > 1 and
1 —1/p < ¢ <1 the inclusion WBV,, C A,BV holds, whereas the reverse inclusion
A,BV C WBYV, holds for p > 1and 0 < ¢ <1—1/p. Similarly, it can be proved that
Y BV, C A,BV holds for an arbitrary Young function ¢, if p'~7 € L;.

The Riesz Variation

The last space we are dealing with is the space of functions of bounded variation in
the sense of Riesz which has been introduced in 1910 by Frigyes Riesz in [135], 136].

Definition 1.2.24. Let p € (1,00) and let x be a real-valued function defined on [0, 1].
The possibly infinite number

z(ti1) —x(t) [’
RVar,(z) =sup > (t0) = 2(ty) (t; —t;-1),
j=1 ti-1—1t;
where the supremum is taken over all finite partitions P : 0 = t; < ... < t, = 1 of

[0, 1], is called the Riesz variation of the function x over [0, 1].
Moreover, we denote by RBV, := {z : [0,1] — R | RVar,(z) < oo} the space of
functions of bounded Riesz variation.

Recall that in [I35] Riesz proved the following characterization of RBV,.

Theorem 1.2.25 (Riesz). The class RBV), for 1 < p < oo coincides with the class AC
of absolutely continuous functions with derivatives in the Lebesque space L,. Moreover,
in this case the Riesz variation can be calculated explicitly by the formula

1
RVar,(z) = |[/|[}. = / ! (6)|P dt. (1.2.50)
P 0

In particular, functions with countable support which play an important role in the
spaces WBV,, Y BV, and ABV behave calmly in RBV, for p > 1. Indeed, such a
function belongs to RBV), for p > 1 if and only if it is zero everywhere. This implies
that also J(a,) € RBV), for p > 1 if and only if a; = 0 for all j € N.
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For p = 1, the Riesz variation formally reduces to the Jordan variation, but the formula
(1.2.50]) is then no longer true, as we have seen in and the example thereafter.
However, it still holds for the class of all absolutely continuous functions which is
a subclass of BV, and then we again end up with Theorem [I.1.20f We agree that
whenever we use the symbol RBV), we tacitly assume p > 1, unless stated otherwise.

Formula also implies that RVar,(z)'/? is a seminorm satisfying
RVar, (29)" < [l2]| . RVar,(4)/? + [[y], RVar, )"/
and hence that RBV}, is an algebra which is complete when equipped with the norm
||| = |=(0)] + RVar,(z)"/*. (1.2.51)

By Proposition [1.1.15] RBV], becomes a normalized Banach algebra with respect to
the norm

||x||RBVp = ||$||oo + Rvarp(i)l/p (1.2.52)
which is equivalent to (|1.2.51]). This is because

|z(t) — z(0))”

1/p
(0] < 4000+ a(0) = 2(0) < o) + (OTO) T < a0+ v o

Thus,

2]l < |2(0)] + RVary(2)'” < |2l gy, (1.2.53)

Similar to the space C of continuous functions the reciprocal 1/z of a function z €
RBYV,, belongs again to RBV,, if x has no zeros, because then it must be bounded away
from zero automatically. In this case, supps(z) = [0, 1] for some 6 > 0, and we obtain

RVar,(1/z) < 6% RVar,(z).

There is a remarkable interconnection between the Riesz spaces RBV,, and the Sobolev
space WP = WP[0, 1]: Tt can be shown that a function x : [0, 1] — R belongs to W'?
for 1 < p < oo if and only if there is some y € AC with 3y’ € L, such that z = y almost
everywhere [56]. Consequently, € W'? if and only if z agrees almost everywhere
with a function in RBV,. This means that RBV), consists precisely of the continuous
representatives of WP, In this sense Riesz introduced Sobolev spaces, at least in the
scalar case, around 25 years prior to Sobolev.

Since the Lebesgue spaces are decreasing with respect to p, that is, L, € L, for
1 <g<p< oo (and even for 1 = g < p < c0) we immediately obtain the first three
strict inclusions in

Lip C RBV, C RBV, C AC C BV. (1.2.54)

In this sense, the formal extension RBV,, := Lip would be reasonable. The last
inclusion has been investigated in (|1.1.24]) and the example thereafter.
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A handy summary

As we have seen, all our BV-norms have the form [|z||; = |z(0)| + ®x () respectively
|z]|x = ||z||, + Px(x), where ®x is the corresponding seminorm. Since we do not
want to overburden the reader with cumbersome case distinctions we sometimes use a
general approach working for all BV -spaces. Table summarizes which seminorm
belongs to which space.

Table 1.2.1: BV-spaces and their seminorms.
X = BV W BV, Y BV, ABV RBYV,
Oy = | Var  Var)? m Vary,  RVar)/”

Using these notations the following auxiliary result is a generalization of Proposition

L2114

Lemma 1.2.26. Let X be one of the spaces BV, WBV,, Y BV,, ABV or RBV,,. Let
n €N x,...;0, € X and aq,...,, > 0, and let = : [0,1] — R be a function
satisfying

lx(s) —x(t)| < i ajlzi(s) —x;(t)|  for all s,t €]0,1]. (1.2.55)

Then x € X and

Dx(r) <3 ayx(ay).

j=1

Proof. We first take care of the case X = Y BV, which includes the cases X = BV
and X = WBYV,. The statement is clearly true if oy = ... = a,, = 0, so we can assume
that a; > 0 for at least one [ € {1,...,n}. For each k € {1,...,n} let A, > 0 be so
that Var,(zp/Ap) < 1. For v := a; A + ... + a,A, > 0 and vy, 1= apA/v € [0, 1] we
have ay /v = v/ A\ and 7 + ... + 7, = 1, and thus we obtain from the convexity of ¢
that for any partition 0 =ty < ... <t, =1 of [0, 1],

g:lw <|l’(tj—1> - :U(tj)|> < i:”:(’p (Z”: gl (t; 1) — xk(tj)|>

S§t (3t =)} $ {is@ EE xk<tj>|>]
<3 Var, (/M) < 1.
k=1

Consequently, M(z) < v = a1\ + ...\, and taking the infimum over all such Ay
yields the claim.
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For X = ABV fix a permutation o of N and a partition 0 = tq < ... < t,, = 1 of [0, 1].

Then from (|1.2.55)) we get
Z wlz(ti-1) —z(t)] <,

Ms

Ao (Z anlanlts 1) - u(tm)

1 k=1

e Y Aoy TR (tj—1) — xi(t)]
1 =1

<.
Il

|
M:

i

M:

<Y g Vary (o) Z axPapy (1),

k=1

i
I

where the last inequality comes from Proposition [1.2.19, Taking the supremum with
respect to o and partitions we obtain by another application of Proposition [I.2.19 that

Pppy(z) = Vary(z) < a1 ®Papy(z1) + ... + @ Papy(zn),

as claimed.
Finally, for X = RBV),, we get from (|1.2.55) that

o(t; ) — a1 m N
(Z 1t 1—t i ) = (Z 1t 1—t o1 (Zo"fu’“(tﬂ)_“’k“ﬂ‘)’) )

7j=1 7j=1

1/p
_ f: z":@k|$k(tj—1)—$k(tj)| g
j=1 |tj1 —t;|e= 1P '

k=1

With the help of Minkowski’s inequality this can be further estimated by

1/p 1/p
n (3 aglap(tio) — 2]\ " EAG i (t5) [P
z:: (Z ( Ity — t;|®-D/p > ) <2 (Z \t 1 —t ’p ! )

7j=1 7j=1

< Z o RVar, () /7.
k=1
Taking the supremum with respect to partitions, the desired estimate follows and
completes the proof. [ |

We remark that it is not sufficient to replace ((1.2.55)) by the simpler estimate
lz(t)] < aqlzi ()] + ... + anlaa(t)] for t € ]0,1],
because then x may have unbounded variation. Here is an example.

Example 1.2.27. The characteristic function x = xgn[p,1) does not belong to BV yet
satisfies |z(t)| < 1 =|1(t)| for all t € [0,1] and 1 € BV. &

Since RBV,, C AC for p > 1, see , one cannot expect that the space RBV,,
contains some Hoélder space Lip, for a suitable v < 1. In fact, one may show that
there are functions which belong to each Holder space Lip, for v < 1, but not to BV'.
Consequently, such functions cannot belong to the smaller space RBV,, for any p > 1.
A comparison of our results on the Wiener space W BV, and the Riesz space RBV,
shows that these spaces have quite different properties.
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e The space RBV,, is decreasing in p, while the space W BV, is increasing in p.

e The space RBV,, is contained in C' for any p > 1, while the space W BV,, contains
BV and hence also discontinuous functions.

« The space RBV), is contained in BV, while the space W BV, contains functions
of unbounded Jordan variation.

« The space W BV, contains all Holder continuous functions for v < 1/p, while the
space RBV,, contains functions which are not Holder continuous for any .

Table gives an overview about when our functions J(a;) and their special cases
Ja = Jayjey for @ € R introduced in (1.2.1)) and (1.2.3) belong to certain BV-spaces.

Table 1.2.2: The functions J(,,) and J, and when they belong to our BV -spaces.

X J(a,;) € X if and only if Ja € X if and only if
BV > aj| < oo a>1
j=1
W BV, > aylP < oo ap > 1
j=1
oo oo A
YBV, | 3A>0: Y ¢(Mayl) < oo N >0: Z¢<,a><oo
=1 =1 \J
ABV sup > Ao(j)layj| < o0 Y <o
) j=1J
RBYV, VieN:a; =0 never

Helly’s Selection Principle

We end this introductory chapter with an important result that all the BV spaces
discussed so far have in common.

Theorem 1.2.28 (Helly’s Selection Principle). Let X be one of the spaces BV, W BV,
YBV,, ABV or RBV,, and let (z,) be a bounded sequence in X. Then (x,) has a

subsequence that converges pointwise to some function x € X.

Proof. The proof for BV was given in [71], for Y BV,, and therefore also for W BYV,, in
[121], and for ABV in [I52]. The proof for RBV), follows from that for BV. Indeed, if
(x,,) is a bounded sequence in RBV, for p > 1, then it is also a bounded sequence in
BV by Jensen’s inequality and hence possesses a subsequence that converges pointwise
to o € BV. We call this subsequence again (z,,) and show that = in fact belongs to
RBYV,,. To see this fix a partition 0 = ¢, < ... < t,, = 1 of [0, 1]. Since (z,,) is bounded
in RBV,, there is some M such that

f: Tn(tj-1) — za(t)) g

‘ t

; (tj —tj—1) < RVar,(z,) < M foralln e N.
e -1t
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Letting n — oo yields

p

(tj—tjia) <M

w(tj1) —w(t))
tj,1 — t]'

>

=1

<

and hence RVar,(z) < M. |

Helly’s Selection Principle may be viewed as a certain counterpart of the Arzela-Ascoli
compactness criterion for BV -functions. Note that in general we cannot expect to find
a subsequence that converges in the BV -norm, because BV is infinite dimensional and
hence not compact, even for quite simple sequences.

Example 1.2.29. The functions z,, := Xx{1/(2)} form a bounded sequence in BV and
converge pointwise to 0. But because of ||z, 5, = 3 for all n € N there is no subse-
quence converging in the BV-norm to 0. &

One might think that since regular functions have only countably many discontinuities
a variant of Helly’s Selection Principle might be true also in the space R. Unfortunately,
it is not.

Example 1.2.30. Let (g,) be an enumeration of all rational numbers in Q N (0, 1).
The functions z,, := X{q,,....¢,} With n € N form a bounded sequence in R that cannot
have a pointwise convergent subsequence with limit in R. Indeed, let (z,,)r be any
subsequence of (x,) that converges pointwise to some function z € B. Then x =
X{dny dngsing...}» PUb z cannot belong to R. To see this note that the sequence (gn, )x
is bounded and hence has a subsequence converging to some r € [0, 1]; we name this
subsequence (g, )r again and assume without loss of generality that r € [0,1). Then
z(qy,) = 1 for all k& € N and hence limsup,_,,, z(t) = 1. But since Q is countable,
liminf, ., x(t) = 0. Consequently, z ¢ R. &

But even for simple sequences, a convergence of a subsequence stronger than pointwise
can in general not be achieved.

The following result is intermediate between Theorem [I.2.28 and Example [1.2.30] and
thus acts “between” BV and R. It illustrates once more the difference between these
spaces.

Theorem 1.2.31. Let (x,) be a bounded sequence in R. Assume that (x,) has uni-
formly bounded c-variation, that is, for each € > 0,

sup (inf{Var(y) |y € BV, ||z, —yll < 5}) < 00. (1.2.56)

neN
Then (x,) has a subsequence that converges pointwise to some function x € R.

The proof and many more results in this direction about regular functions can be found
in [63]. We remark that the sequence (z,) of Example is bounded yet not of
uniformly bounded e-variation. Indeed, for ¢ = 1/4, any y € BV and fixed n € N with
|zn — ||, < 1/4 we have |z,(q;) —y(g;)| = |1 —y(g;)| < 1/4 for j € {1,...,n} and



52 1.2. Classes of Functions of Generalized Bounded Variation

|z, (1) —y(r)] = |y(r)| < 1/4 for any r € [0, 1]\Q. This means that |y(g;) —y(r)| > 1/2
for those j and r. But since the ¢; are countable, Var(y) > n which shows

inf{Var(y) |y € BV, ||z, — vl < 5} > n.

Consequently, the supremum in ([1.2.56) is infinite.



Chapter 2

Functions with Primitive

In this second chapter we will analyze the class of all functions which have a primitive
with respect to its size and its relations to other function classes. Apart from recall-
ing known and discussing new results we put a particular emphasis on examples and
counterexamples.

Interested and mindful students may ask the following question during a first semester
course:

Can one characterize those real functions which have a primitive?

In other words: Can we tell by looking at a function x : [0,1] — R whether there is
a differentiable function f : [0,1] — R with f'(¢) = x(¢) for each t € [0,1]? Here, the
limits for f’(0) and f’(1) are considered to be one-sided. In what follows we will denote
the class of all such functions x by the symbol A.

An elementary answer to this problem is, at least to the best of our knowledge, not
known. Of course, there are easy conditions which are either only necessary or only
sufficient and which also arise naturally in first semester courses. For instance, every
continuous function belongs to A, and every function from A is a Darboux function
by the Theorem of Darboux [72, [78]. With the notions introduced in Section |1.2] apart
from the inclusion ((1.1.4)) we have

CCACD. (2.0.1)

Thus, A is situated between continuous and Darboux functions.

The goal of this chapter is an analysis of the class A with respect to its size, its algebraic
properties and its relation to other function classes. For most examples the functions
©a,p,n introduced in will serve as a key ingredient.

For instance, the function x given in Example is differentiable with 2/ = ¢ 1.
In other words, pp01 € A. However, by Proposition (¢), the function g is
discontinuous. This shows that the first inclusion in is strict. We now show by
means of another example that also the second inclusion in ([2.0.1)) is strict.
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Example 2.0.1. By Proposition[l.1.12[(d), the function x := g o2 belongs to D which
is intuitively clear. However, = has no primitive on the entire interval [0, 1]. In fact, x
has a primitive on (0, 1], to wit the function

S 2
f(t)zi—i-zsin%—?/o ssingds,

which is continuously extendable by f(0) = 0. Moreover, this extension is even differ-
entiable at ¢ = 0 with

t)— f(0 1 1 st 2 1 1 2 1
f’(()):hmf()f():—lim/ssinds:—lim tsin— = —
t—0+ t 2 t=0+ 2t Jo S 2 2t=0+ t 2

which, however, does not coincide with g 2(0). Although the function f is differen-
tiable on [0, 1], and f’ = x on (0, 1], it is still no primitive for  on [0, 1], because it has
the “wrong value” at t = 0.

If g was a primitive of © = @2 on [0, 1] with ¢g(1) = f(1), then g would coincide with
f on (0,1] by the Fundamental Theorem of Calculus. By continuity, f = ¢g on [0, 1]
and hence 1/2 = f(0) = ¢’(0) = ¢0,02(0) = 0 which is not possible. Consequently,
©o02 & A. &

In Proposition below, we will add another node to Proposition [I.1.12], namely a
characterization of those parameters (o, 8,n) € R? x N for which ¢, s, belongs to A.
We then have in detail

©Vapn € A if and only if one of the following three cases is true.
(i) a >0, =0 and n is even,

(ii)) o« =0, f = 71T/07rsin”t dt and n is even,

(1ii) o> —1, B =0 and n is odd.

This shows again that the f in Example could not be a primitive of x = g2,
because the correct value at ¢ = 0 should have been

1 /= 1
—/ sin?tdt = -
wJo 2

which was also calculated explicitly.

As we have seen in Section the function classes C, B and BV are linear spaces,
but D is not, as was shown in Example [[.1.2] However, since differentiation is a linear
operator, the class A is also a linear space. To be more precise, if x,y € A with
primitives f and g, respectively, then x + \y € A with primitive f 4+ \g for any A € R.

By that version of the Fundamental Theorem of Calculus which is taught in every
first semester calculus course a primitive can be reconstructed from its derivative by
integration. But this additionally needs the Riemann or Lebesgue integrability of the
derivative which in general is not given automatically. Here is an example of a function
that is differentiable everywhere, but its derivative is integrable neither in the sense of
Lebesgue nor in the sense of Riemann.



2.1. The Kurzweil-Henstock Integral 5}

Example 2.0.2. The function z : [0,1] — R, defined by

9 1

t“cos— for0<t <1,
x(t) = 12

0 fort =0,

is differentiable on [0, 1], and its derivative is given by

1 2 1
() = 275(30825—24—;smt—2 for 0 <t <1,
0 for t = 0.

However, 2’ is not Lebesgue integrable: The term 2t cost~2 is continuous and hence

1

Lebesgue integrable, but the second term %Sint—2 is not. Indeed, the substitution

t = +/s would lead to the integral

[ = [ Seintas= [0
—sin —dt = fsm 5§ =
ot 12 0 S P-101(

But it is easy to show that ¢, g, belongs to L; if and only if « > —1. However, one can
also show (and we will do so in Proposition below) that 2’ is improperly Riemann
integrable.

In addition to the function = we consider again Volterra’s function v : [0,1] — R
introduced in Example [1.1.25] Remember that v is differentiable with v(1) = 0 such
that v" is bounded (and hence Lebesgue integrable) but not Riemann integrable on
[0,1]. The function x + v now is an example of a differentiable function the derivative
of which is neither (improperly) Riemann nor Lebesgue integrable. &

As the last example has shown in order to reconstruct a function from its derivative
neither the Riemann nor the Lebesgue integral is the right choice. The next and first
section of this chapter is therefore dedicated to another type of integration which is a
little more powerful.

2.1 The Kurzweil-Henstock Integral

It is tempting to recover a differentiable function by integrating its derivative. However,
Example has shown that neither the Riemann nor the Lebesgue integral can do
that in a proper way. But the following notion of integration can.

Definition 2.1.1. A finite collection of pairs (7}, [t;_1,t;])1<j<n consisting of real points
7; € [tj—1,t;] and closed intervals [t;_1,t;] with 0 =15 < ... <t, =1 is called a tagged
partition of [0,1]. For a function ~ : [0,1] — (0, 00) Such a tagged partition is called
v-fine if
0 < Jtj—1 —t;] < 29(m)

holds for all j € {1,...,n}.

Finally, a function z : [0,1] — R is Kurzweil-Henstock integrable (K H-integrable) on
[0, 1] if there is some number A € R with the following property: For each ¢ > 0
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there exists some function v : [0,1] — (0,00) such that every 7-fine tagged partition
(75, [tj—la tj])lgjgn satisfies

En: x()(t; —tj-1) — A

=1

<e.

In this case, we write
1
/ z(t)dt := A
0

and name this number the Kurzweil-Henstock integral (K H-integral) of x over [0, 1].
The family of all functions which are K H-integrable over [0, 1| will be denoted by K H.

The K H-integral has all common properties such as monotonicity and linearity with
respect to the integrand as well as additivity with respect to the domain of integration
[68]. A nice and accessible introduction into integration theory using only the K H-
integral may be found in the recent book [61].

The K H-integral is a true generalization of the Lebesgue integral in the following sense:
Every improperly Riemann integrable function and every Lebesgue integrable function
is also K H-integrable. The converse, however, is not true which is again shown by the
functions defined in (|1.1.1)):

Example 2.1.2. The function ¢_; o is improperly Riemann integrable on [0, 1] and so
also K H-integrable, but not Lebesgue integrable as we have already seen in Example
2.0.2l Hence, the function x := ¢_; g 1+Xxqno,1 is K H-integrable yet neither improperly
Riemann nor Lebesgue integrable. &

One can show that a function z is Lebesgue integrable if and only if both x and |z|
are K H-integrable; the function |¢_1 01| may serve as an example of a (nonnegative)
function that is not K H-integrable.

In contrast to the Riemann integral there is no sense in considering improper K H-
integrals. Indeed, if x : [0,1] — R is K H-integrable on every interval [c, 1] for ¢ € (0, 1),
and if the limit

1
lim [ x(t)dt

c—0+ Je

exists and is finite, then x is K H-integrable on all of [0, 1], and its K H-integral is given
by the formula

/le(t) dt = tim [ () dt.

c—0+ Je

A similar reasoning works for the left sided limit. A proof can be found in [68].

With the help of the K H-integral, one has an improved version of the classical Funda-
mental Theorem of Calculus. In fact, the following pointwise version is true.
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Theorem 2.1.3. For z : [0,1] — R the following statements hold.

(a) If v € KH, then the function f :[0,1] — R, given by

() = /Otx(s) ds, (2.1.1)

is differentiable at t € [0,1] if and only if the limit

t+48
6%0 5 /

exists and is finite. In this case, its value coincides with f'(t).

(b) If x € KH and if x(t) = x(t+) for some t € [0,1), then

1 gt
x(t) = 61—1>%1+ g/t z(s) ds. (2.1.2)
A similar result is true in the case x(t) = x(t—) fort € (0,1].

(c) If f:1]0,1] — R is a differentiable function with f'(t) = x(t) for all t € [0,1],
then x € KH with

t
f@t) = f(s) :/ x(r)dr  for all s,t € [0,1].
(d) A function x : [0,1] — R possesses a primitive if and only if x € KH and

)
= 11m5/ (2.1.3)

6—0

holds for any t € [0,1]. The unique primitive f of x satisfying f(0) = 0 is then
given by .

Proof. Part (a) follows immediately from the equality
f(t + 5 /t+5
w5

which holds for all ¢ € [0,1] and § € R\{0} with 0 <t+ 6 < 1.

For (b) fix e > 0 and t € [0,1) so that x(t) = x(t+). Then there is some n > 0 with
z(t) —e <x(s) <z(t)+efort <s<t+mn. For < <nwe deduce that

5(x(t)—e):At+5<x(t)—a)ds§/tt+5 ds</t+6 ds—é( ()+6),
and so e
h;r_l)gljp g/t z(s)ds —x(t)| <e.

Since € > 0 was chosen arbitrarily, (2.1.2) has been established.
Finally, a proof for (¢) may be found in [6§].

Part (d) is only a reformulation of the other statements. |
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Observe that a combination of (b) and (d) yields the well-known fact that every con-
tinuous function has a primitive.

Theorem [2.1.3] answers completely the aforementioned problem of characterizing func-
tions with primitives. In particular, part (d) shows that in order to prove f € A one
has to check two things: First, one needs to prove that the function is K H-integrable,
and second, one has to calculate the limit in at each point and show that it
actually coincides with the corresponding value of the function. We will do exactly
this a couple times later on.

The problem of deciding whether a function has a primitive without using any too
technical tools is an old one. We give here two further characterizations of the functions
in A.

The first criterion uses a refinement of the notion of K H-integrability and works with-
out the limit . Let tg,...,tn, T1,...7, points in [0, 1] with ¢¢ = 0, t, = 1 and
7; € [tj_1,t;] for 1 < j < n. Moreover, let v : [0,1] — (0,00) be an arbitrary function.
We call the partition induced by to,...,t, v-super fine if 0 < |t; — t;_1] < 2v(7;) for
all j=1,...,n.

We call a function x : [0,1] — R SKH-integrable on [0, 1] if there is some number
A € R with the following property: For all € > 0 and ¢ > 0 there is a function
7 :10,1] = (0, 00) such that for all y-super fine partitions (7;, [t;_1,t;]) the implication

r(m)(t; —tj—1) — A <e¢

n
Yot —tial<e =
j=1 1

n

J

holds. In this case, we call the number A the super K H-integral of x over [0, 1].

Let us make some comments to this definition. The subtle difference to Definition 2.1.1]
is on the one hand that here the points ¢; do not have to be ordered as ¢y < < ... <
t,—1 < t,, but that on the other hand this must be compensated by restricting the
total length of the intervals [t;_;,¢;] by c¢. In other words, the variation of the (finite)
sequence (t;) must not exceed c. This condition makes no sense for ¢ < 1 because
then the points ¢; cannot satisfy ¢, = 0 and ¢,, = 1. For ¢ > 1 it means that, roughly
speaking, the points ¢; may not jump back and forth too often. We now have

Theorem 2.1.4. A function x : [0,1] — R belongs to A if and only if x is SKH-
integrable.

The first one who proved the “if”-part of this theorem was Robbins in 1943 [137]; his
proof is short and elementary yet covers only continuous functions. Only recently in
2012, Thomson generalized the arguments and gave a proof for the version stated here
that is also true for not necessarily continuous functions [146).

Since the tagged partitions (7;, [t;—1,%;])1<j<n of [0, 1] have to satisfy stronger require-
ments than those in Definition [2.1.1] it is clear that an SK H-integrable function is
“better” than just an K H-integrable function. Indeed, Theorem shows that
SK H encapsulates both the K H-integrability and the limit condition (2.1.3) which is
needed for the existence of a primitive according to Theorem [2.1.3] (d).
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Moreover, the difference between the requirements of Definition 2.1.1] and Theorem
reminds of the definition of absolutely continuous functions, see Definition [I.1.16}
There, one uses finitely many nonoverlapping subintervals of [0, 1]. If “nonoverlapping”
is dropped, then one ends up at the smaller class of Lipschitz continuous functions.

The second criterion we give is one attempt to characterize the functions in A without
an integral. For instance, Freiling posed the following result [64]: A function ¢ which
maps any interval I C [0,1] to a real number (/) is called additive if for any two
nonoverlapping closed intervals I, .J C [0, 1] we have

YU UNTUJ| = (DI + ()],

where |I| denotes the length of I. In [64] the author shows that a function z : [0, 1] — R
belongs to A if and only if there is an additive interval function 1 such that

lim (1) = z(t) for 0 <t < 1.

I—t

Here, the notion I — ¢ means that for any sequence (I,,) of intervals 7,, C [0, 1] with
|I,| — 0 and t € I,,, the quantities ¢ (I,) converge to x(t) as n — oo. Our Theorem
2.1.3 delivers such an interval function in virtue of

ol b)) = = [ #(s)ds

for 0 <a <b<1and ¢(I)=x(t) for I = [t,t]. Freiling himself admits in [64] that
any such interval function hides some kind of integral and therefore does not really
represent a new tool to characterize A. We will mention other attempts below.

Let us come back to Theorem m The integral in (2.1.3]) can be seen as an average
value of x along the interval [t,t+ §]. Accordingly, part (d) of Theorem says that
x has a primitive if and only if z is in the mean around ¢ equal to z(t). In particular,
x can have only essential discontinuities, as, for instance, x = @, 3, fora <O att =0
shows. Moreover, if z oscillates around x(t), then this must happen in a more or less
symmetric manner. Part (b) of the following proposition illustrates that behavior for

our oscillatory functions (1.1.1]). Here, the integral
— !
i 2(71”) for odd n,
o = / sin ¢ dt = " (2.1.4)
0 (n— 1!

T——-— for even n,
n!!

will be of particular importance, where n!! denotes the double factorial which is defined
by

nll= J[ (n—2k) forneN

k=0
and gives the product of all integers from 1 up to n that have the same parity. We
then have
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Proposition 2.1.5. For the functions @ g from the following relations hold.
(a) Yapn € KH if and only if « > —1 and n is even, or if a > —2 and n is odd.
(b) @apn €A if and only if one of the following three cases is true.

(i) a>0, =0 and n is even,
(ii) a« =0, f =o0,/7, and n is even,
(1)) > —1, B =0 and n is odd.
Proof. (a) First, let n be even. Due to ¢, 5, > 0 the K H-integrability is equivalent
to the Lebesgue integrability. For o > —1 the function ¢, g, is dominated by the

Lebesgue integrable function ¢ — t“ and therefore is Lebesgue integrable itself. For
a < —1 the substitution ¢t = 1/s leads to

1 1 11 1 0o 1 G+1)m 1
/ tasin”fdtZ/ fsin"fdt:/ —sin sds>2/ —sin" sds
0 t ot t 1 =i S
U+ On o 1
Z / sin"sds = — ) —— = o0,
= j—l—l ’/Tj:1j+1

where we have used the shortcut (2.1.4). In this case, ¢, 3, cannot be K H-integrable.

Now, let n be odd and a > —2. With the same substitution as above we come to

! a nl >~ 1 sn
/0 % sin ;dt:/l vz i sds. (2.1.5)

Let uw > 27 and k € N be so that 2km < u < 2(k + 1)7. Then

u 1 2 k=1l (i) u 1
/1 gat2 sin” s ds = { : +> /2 + . } s sin” s ds. (2.1.6)
j=172m ™
Due to
/(2J‘+1>7r T ds < 1 /(2j+1)7r g o,
S S S —_
o sor2 o U S et fye O 7T (et
@j+hm ] 1 (2j+1)m .
/' a+2sin”sd82 a+2/, sin" sds = g )
a0 (27 +1)m)™"" S (25 + 1)r)
and
/ (4w d 2(j+1)m q o
sin” sds < / sin” sds = — —,
(2j+1)m Sa“ (205 + 1 )2 J2j+ ) (26 + D)) -
(G+1)m 2(j+1)m
/ otz sin” sds > a+2 / sin" sds = — In —
Greom s (2§ + D)) /@7 ((2j+ 1))
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we obtain
20+Dr 1 o o
0< / sin"sds < ——— — L (2.1.7)
b 3 2 (o = r)
and hence
k—l/Q(j+1)7r 1 1 k-1 o o
sin” sds < LR L
j=1727 sat? =i\ (gm)? (2(3 + 1)7T) -

(2m)et? (2k:7r)“+2'

Since o > —2, this implies that the series in (2.1.6)) converges. Moreover, the last
integral in (2.1.6) tends to 0 as u — oo, because then also k& — oo. Consequently,
©a,pn is K H-integrable (even improperly Riemann integrable) in this case.

For o« < —2 and m € N we have

(m+)m 1 ) (m+)m 1 '
/ sin” sds :/ ’sm”s’ds 2/
Sa+2

mr Sa+2 mm mn

(m+1)m
|

sin” s|ds = o, > 0.

Consequently, the limit
u
lim sin" sds
u—o0 J1 8§« 2

does not exist in R and so ¢, g, cannot be K H-integrable.
(b) We will combine part (a) with Theorem [2.1.3] (d). To this end, let n be even. By
part (a), the function ¢, g, is only K H-integrable for & > —1 and hence cannot have a
primitive for v < —1 by Theorem [2.1.3)(d). Since @q g, is continuous on every interval
[e,1] it suffices according to Theorem that the limit condition

5
lim (15/0 Pa,pn(t) dt = 0ap.(0) =S

6—0+

holds precisely for the claimed values of @ and 3. For a > 0 we obtain similarly as in
part (a) with the substitution ¢ = 1/s for 6 > 0 the estimates

. | I oo 1 yott
O§/ t‘“sm”fdt:/ sin"” sds < ds = )
0 t 1/6 sot2 1/6 sot2 a+1

For o > 0 it follows that

«

1 o o1
OSS/ to‘smngdtg —0 as 0 — 0+,
0

a+1
and this is why in this case ¢, g, has a primitive if and only if 8 = 0.
On the other hand, for —1 < a <0 and m € N we get

1/(mmr) 1 o 1 © G+ ]
/ t“sinngdt:/ —sin”tdt:Z/ ——sin"td¢
0

mm ta+2 j=m g ta+2
1 & 1 G+ o s 1
> , / sin” tdt = — ,
7Ta+2 j; (] + 1)a+2 i 7T-oz—l—2 j:;—&—l Ja+2
On o0 1 On
— ot? /m+1 to+? d mot2 (o + 1) (m + 1)ot’ (2.1.8)
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where we have used (2.1.4) again. Analogously, one can show for m > 2 that

Y e n L= [ Gnrrar < In 2.1.9
/0 i _/mt TR 7o 2(a + 1)(m — 1)+t (2.1.9)

From we deduce that for —1 < a < 0,
1 9 1
lim sup — / t*sin" — dt = oo
50+ 0.Jo t

which means that ¢, g, cannot have a primitive in this case.

Fora=0,meN 0<d<1and d(m—1)r <1 < dmr we have again with the
substitution ¢ = 1/s,

9 1 oo 1 mm ] oo 1
/ sin”;dt:/ — sin sds—/ — sin sds+/ —Sln sds.
0 1 1

/5 82 /5 82 mr 82

From ([2.1.8) and (2.1.9) we obtain for m > 2,

o,m—1 1 oo 1 O, m
_—— < = —sin"sds < =
mm+1" 0 Jmr 52 Tm—1

Since m — oo for & — 0+, it follows that
1 o1
lim f/ — sin” sds = In.
T

=04+ 0 Jmr s

Moreover, since

1 mm

1
0< -~ —sin" sds < do, — 0 as 6 — 0+,
0Jis 82

we end in total at

SlIl — = —
5—>o+ K /

In this case, @q.n has a primitive if and only if 5 = 0, /7, as claimed.

We now handle the case when n is odd. By part (a), the function ¢, s, is KH-
integrable only for & > —2 and hence cannot have a primitive for a < —2 by Theorem
2.1.3 (d). In addition, ¢, s, is continuous on every interval [¢, 1], by Theorem m
(d) it again suffices to show that the limit condition

5—>0+6/ Popn(t) At = Papn(0) =

is satisfied precisely for « > —1 and g = 0. For a > —2 we get with the substitution

t=1/sfor0<éd <1,
1 .
/to‘ sin™ — / sin” s ds.
1/6 gat2
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For a > —1 we deduce for 2(m — 1) < 1/6 < 2mm and m € N,

1 ¢ 1 1 2mm o0 2(j+1)m 1
5 [ st sat = {/1 > } o sin" sds. (2.1.10)

) /6 j=m jT

Since
1

)
the first term in (2.1.10) goes to 0 as § — 0+. For the sum in (2.1.10) we get from

< 26*to,,

2mm 1
/ 5 sin” sds
1/6 st

1 & 20+0)r 1 J o o
OS*Z/ - sin” sds < = > .na - -
0 = J2m sot2 o o\ (2gm)et? (2(j 4 1)7r>

o
=" <5 tg,,
s@mmyerz =% 7

and this implies that also the entire sum in (2.1.10]) tends to 0 as § — 0+. Consequently,
in this case, ¢, 3, has a primitive if and only if 3 = 0.

Let —2 < a < —1. Introducing the shortcut

G+om 1 .
aj = /j7r Sa+2|s1n s|ds for j € Ny,

the sequence (a;) decreases to 0 as j — oo. Moreover, due to the convexity of the
function ¢ + 1/t*2 we get the estimate
[ L sfas [ L g
a; + a0 = i cat? s’ s|ds + Gion 5002 s s|ds
s -l [ (e )
= ———|sin"(t — 7 ————|sin T
G+ (t — m)ot? G+)r (t 4 m)et?
. ! + ! | sin™ t| dt
sin
G+ \(t —m)et2 (¢t 4 m)ot2

2/(j+2)7r L ginm o] dt = 2
=Sy gorz !PT S

which implies
Qj — Qj41 Z Aj41 — Q542 for all ] € No.

By a generalization of the error estimates for alternating series proved in [36] we have

%ﬂ <D (-1)Yay] < Tm=l for all m € N,
j=m
Since we have for m € N,
1/(mm) 1 o DT 1 s .
/0 t%sin” : dt = ]% /j7r rz sin” sds = jz;n(—l)jaj
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we obtain for even m € N,

1/(mm) 1 o N .
/ t*sin” —dt = > (=1)a; > g > O T3
0 t j=m 2 2{(m+1) }

which in turn implies

1
limsup = [ t%sin" - dt > =,
5—0+ 0 2

Similarly, one can show that

P B R |
hmmff/ t*sin” —dt < ——.
=0+ & Jo t

Thus, by Theorem [2.1.3] (d) the function ¢, g, cannot have a primitive in this case. W

Note that the case a = 0 for even n in Proposition 2.1.5 (b) is special. Here we can
see that a function = has a primitive only if = oscillates at ¢ around z(¢) so that big
amplitudes compensate each other.

Since every continuous function has a primitive, Theorem [2.1.3| ensures the inclusions
CCACKH, (2.1.11)

which supplement the inclusions given in . The function ¢, 01 for =2 < a < -1
shows, that the second inclusion is strict and that the inclusion D C KH does not
hold, while any function with finite support shows that the inclusion KH C D is also
false.

In addition, Proposition m (b) shows that for fixed o and n there is at most one
possibility for 3 to guarantee that ¢, g, has a primitive. Behind this observation hides
a more general result which can be stated as follows.

Theorem 2.1.6. If the two functions x,y € A agree almost everywhere, then they
agree in fact everywhere.

Proof. According to Theorem we have that x,y € KH, and by Theorem 9.9 of

[68] it follows that
/.CE(S) ds = /y(s) ds
I I

holds for any interval I C [0, 1]. From Theorem [2.1.3] (d) it then follows that

t+6 o1 e
- 5L%1+ ) / ds = élgtr)lJr g/t y(s)ds = y(t)
for every t € [0, 1]. |

Theorem [2.1.6] shows that we cannot change the values of a function in A at any
point we please, because then the function will no longer belong to A; we have seen
this already in Example . However, it is not surprising that the condition (a) in
Proposition [2.1.5] does not depend on 3, because it is an integrability condition.
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Our considerations suggest that this phenomenon is also true for Darboux functions,
because if we change a function only at a single point it looses its intermediate value
property in general. The following example illustrates that this suspicion is not true.

Example 2.1.7. For arbitrary 5 € R let us denote by x4 the function

1 1
—sin— for0<t<1,
wp(t) = papppa(t) = g VE 1
15} for t = 0.

By Proposition (d) (v) this function zg is a Darboux function for every €
R. Moreover, 3 and x., agree on (0, 1], but in case 8 # v certainly not on [0, 1].
In particular, this shows that the assumption z,y € A in Theorem [2.1.6| cannot be
dropped, because by Proposition m (b) the function xs belongs to A for 8 = 0, but

not for any 8 # 0. O

An important problem in the theory of real functions is to determine whether a given
class of functions is closed under uniform convergence. The probably simplest examples
are the classes B and C', because every first semester student learns that the uniform
limit of a sequence of bounded respectively continuous functions on a compact interval
is again bounded respectively continuous. We will see in Section that besides uni-
form convergence there are further weaker types of convergence with similar continuity
preserving properties.

A little more surprising might be that the same is true for the class A. A quite
elementary proof for this fact which uses the Mean Value Theorem for differentiable
functions can be found in [147]. We give here an alternative proof as a direct application

of our main Theorem m (d).

Theorem 2.1.8. Let (x,,) be a sequence of real-valued functions that converges on [0, 1]
uniformly to some function x. If each x, belongs to A, then so does x.

Proof. By Theorem m (d), every z,, belongs to K H and satisfies condition ([2.1.3)).
Due to the uniform convergence, we find for fixed € > 0 some N € N such that for all
t € [0,1] and n > N we have

xp(t) —e < a(t) < z,(t) + e

In particular, z is measurable as a limit of measurable functions and bounded from
above and below by the K H-integrable functions x, and so also K H-integrable by
Theorem 5.11 of [87]. For n > N and t,t + d € [0, 1] with § # 0,

t+6 t+4 t+6
—e< = < =
5 / s)ds —e 5 / s)ds 5 / s)ds +e.

Letting § — 0 yields together with Theorem [2.1.3] (d) that

1 ft+o 1 ft+s
xp(t) —e < liminf — x(s)ds < limsup — z(s)ds < x,(t) + ¢,
6—0 t 6—0 t



66 2.1. The Kurzweil-Henstock Integral

and letting n — oo afterwards gives

1 t+o 1 t+s

z(t) — e < liminf — z(s)ds < limsup — z(s)ds < z(t) +e.
30 0 Ji 30 t

Since € > 0 was chosen arbitrarily, = satisfies indeed (2.1.3) and thus belongs to the

class A again by Theorem (d). |

One could ask whether Theorem [2.1.§ remains true if the uniform convergence is re-
placed by one of the other aforementioned weaker forms of convergence. We will con-
sider such types in more detail and answer this question in Section [6.1]

As mentioned above, there were further attempts in the literature to characterize the
functions in A without using integrals; see [43] [63] 115], for instance. It is reasonable
to try to find a characterization by looking at sub- and superlevel sets of the form

Se(z) :={t€[0,1] | z(t) <a} and P,(z):={te€[0,1]|z(t)>a}. (2.1.12)

Characterizing a class A of function on [0, 1] then means that there is a system S of
subsets of R such that

reAd < VaeR: S,(z),P,(x)€S. (2.1.13)

For some classes A this is easy to do. For instance, a function z : [0,1] — R is
continuous if and only if the sets in are all open (in this case, S consists of all
open sets in R), monotone if and only if the sets in are all intervals (in this
case, S consists of all intervals in R) and measurable if and only if the sets in (2.1.12))
are all measurable (in this case, S consists of all Lebesgue measurable subsets of R).
However, it is not possible to find a set system S for the class A = A such that
is fulfilled.

Example 2.1.9. The function x := ¢ 1+1 is nonnegative and belongs to A according

to Proposition m (b). By Example we get that 2?(t) = wo02(t) + 20001 (t) + 1
does not belong to A.

Assume now that there is a set system S for A = A such that is fulfilled. Then
Se(z), Py(z) € S for any o € R; in particular, ) = S_;(x) € Sand [0,1] = P_1(z) € S.
We now fix g € R. If g > 0, then

Sp(r?) = S\/Ez(xQ) = S\/E(x) S and Py(2?) = P\/Ez(xQ) = P\/E(a:) €s.
If 5 < 0 we have
Sg(z®)=0€S and Ps(2*) =10,1] € S.

Thus, we have shown that Sg(z?), Ps(z?) € S for any 5. According to (2.1.13) this
would imply that 22 € A, a contradiction. o
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Generally speaking, if h : R — R is a strictly increasing homeomorphism of R and
S () belongs to some class S for any o € R, then S, (h o x) = Syp-1()(x) also has to
belong to § for any o € R, and a similar reasoning is true for the sets P,. Thus, any
function class A satisfying for some set system S must be closed under outer
compositions with strictly increasing homeomorphisms. As Example has shown,
the class A is not closed under the strictly increasing homeomorphism h(u) = wu for
u < 0 and h(u) = u? for u > 0; we will revisit this and related problems later in Section
2.0l

In view of this last example, the following result is particularly surprising. Its proof
can be found in [132].

Theorem 2.1.10. A function z : R — R belongs to A(R) if and only if for each set
E CR there is a function y € A(R) with 2= (E) =y '(E).

Thus, a function z has a primitive on R if its preimages locally look like those of
another function with primitive. This last result is somewhat circular, because in
order to establish the existence of a primitive, we use the existence of a primitive of
another function. In other words: A function which does not have a primitive produces
the wrong kind of preimages; this observation was refined in [43].

We have seen that the Theorems [2.1.3| and [2.1.4] fully characterize the functions in the
class A. Moreover, A exhibits some pleasant and unpleasant structural properties. For

instance, A is closed under summation and uniform convergence, but it is not closed
under multiplication and composition, as Example has shown. Therefore, the
following problems naturally arise.

Problem 2.1.11. Find a necessary and sufficient condition on g : [0,1] — R such that
xg € A for all x € A.

Problem 2.1.12. Find a necessary and sufficient condition on g : R — R such that
gox €A forallz € A.

Problem 2.1.13. Find a necessary and sufficient condition on g : [0,1] — [0, 1] such
that xog € A for all x € A.

The function g in any of these problems is in a sense universal: It has to withstand the
multiplication respectively outer composition respectively inner composition by any
function x € A. We will discuss these and related problems in the next sections of this

chapter, and start with Problem [2.1.11]
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2.2 Products of Derivatives

While we have given a full characterization of the class A of functions on [0, 1] having
a primitive, we will now discuss the structural properties of A in more detail.

Since differentiation is a linear procedure, the sum of two functions of A again belongs
to A. However, Example has shown that the product of two functions in A
may not belong to A anymore. We give here another example which might be more
interesting, since one factor will be continuous.

Example 2.2.1. The functions

1 1
—sin—- for0<t<1,
B(t) = p_ipoa(t) =4 VE 1 (2.2.1)
0 fort =20
and
\/%Sin1 for0<t<1
y(t) = p1/201(t) = t - (2.2.2)

0 fort =0

both have a primitive f respectively g by Proposition m (b), namely

1 3 gt 1 ¢ 1
f(t) = tv/tcos T 5/ /s cos B ds and g(t) = / V/ssin 3 ds.
0 0

The product zy, however, is the function ¢ o2 which does not have a primitive, as we
have seen in Example and in Proposition [2.1.5] (b). %

Recall that Problem [2.1.11] asks for a universal multiplier for A, that is, for a function
g : [0,1] — R such that zg € A for all z € A. Example has shown that g € C
is too weak for being a multiplier for A. Of course, as usual we can give stronger
conditions on at least one of the factors z,y € A to ensure zy € A. Such conditions
will be given in the seque]ﬂ. Our first pair of conditions also sets the first bridge for
the interconnection between A and BV

Theorem 2.2.2. For z,y :[0,1] — R the following statements hold.
(a) If v € A and y € BV NC, then zy € A.
(b) Ifx € ANB andy € C, then zy € A.

A proof of Theorem [2.2.2| using the approximation theorem of Weierstrass can be found
in [I1]. We will give another proof later for the more general result in Theorem [2.2.12]
but use only the K H-integral.

Part (a) of Theorem says that any y € BV N C' is a multiplier for A. Moreover,
Example shows that we cannot drop the assumption y € BV in (a) and also not
z € B in (b). On the other hand, Theorem allows us to find other multipliers

LCompare to [6], Exercises 1.38, 1.41, 1.44, 1.45.
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g for A. For instance, it suffices that g is continuous and injective, because then it
is strictly monotone and thus belongs to BV. Even simpler, the condition g € C* is
sufficient, because C* C BV N C. If, in addition to g € C*, one requires x to have
a bounded primitive, then zg € A can be deduced from Theorem m (b) instead of
(a). Indeed, if f is a bounded primitive of x, then from the product rule we obtain
xg=f'g=(fg) — fg € A, since ¢ is continuous.

In order to tackle Problem [2.1.11]in a more systematic way, it is reasonable to formally
introduce the class of multipliers in a more general setting. For a function space X of
real-valued functions on [0, 1] we denote by

X/X ={g:[0,]] >R |zg € X forall z € X} (2.2.3)

the multiplier set of X. So our main interest is how the set A/A looks like. A
description of X/X for other spaces is also interesting. The next chapter is dedicated
to this problem in much more generality. In particular, we will investigate X/X and
related more general multiplier sets if the underlying function spaces are one of the
BV-type spaces introduced in Chapter . But for now, let us stay with X/X for some
classes X that have been considered so far. If X contains the constant function 1, then
clearly

X/X C X, (2.2.4)

and in case that X is not closed under multiplication the inclusion in (2.2.4)) is strict.
Note that X/X is always closed under multiplication: Indeed, if g,h € X/X are given
and z € X is fixed, then g € X and hence zgh € X which shows that then gh € X/X.

For the classical spaces X € {C, B, BV} we clearly have equality in (2.2.4)), and The-
orem [2.2.2] (a) shows that BV NC C A/A. The sets A/A, KH/KH and D/D are far
more difficult to describe; we will discuss them in the sequel.

We start with K H/K H. From the Holder Inequality we get that the multiplier set for
L is L. However, L. is not the multiplier set for K H.

Example 2.2.3. The function
—1 if sin(1/t) <0,
g(t) == signpgo1(t) = {0 if sin(1/t) =0,
1 if sin(1/t) >0

belongs to Le,. But for + = ¢_191 € KH we have xg = || ¢ KH, as we have seen
after Example [2.1.2] Thus, g ¢ KH/KH. &

The class KH/KH was fully described in [87]. The author proved the equality
KH/KH = BV*, (2.2.5)

where BV* denotes the space of all functions z : [0, 1] — R that are almost everywhere
equal to some function in BV. This explains that g of Example could not be a
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multiplier for K H, since it can be transformed into a BV -function only if one changes
its values on a set of positive measure. From and BV C BV* it also follows
that for x € KH and y € BV we have xy € KH. This has been proven for the
first time by Chelidze and Dzhvarsheishvili [39]; a proof can also be found in [87] and
[88]. Moreover, on every subinterval [a,b] of [0,1] with 0 < a < b < 1 a Holder-type
inequality holds, namely

b
[ o(00t] < el v 226
where
d
ol sy = sup_ | [ a(t)at
a<lc<d<b |/c

is a natural norm on K H{a, b}, and ||| gy, 4 is the usual norm for BV[a, b}, introduced
in Chapter [, With these tools we are now able to give the promised proof of Theorem

2.2.2.

Proof of Theorem[2.2.3. (a) Let + € A and y € BV N C. By Theorem (c) we
have z € K H, and from follows xy € K H. In order to prove xy € A we have to
check the limit condition (2.1.3)) (with x replaced by xy). To this end, fix t € [0, 1); the
case t = 1 is similar and will be omitted. Since z(s)y(s) = [x(s) — z(¢)]y(s) + z(t)y(s)
for s € [0,1] we get from y € A and that

' t+6 t+5 t+6
(155%5/ ds_}sli%a/ (Dly(s)ds +x(t (155%5/
t+5
—tim 5 [ lals) = a(Oly(s)ds + (0 ).
Thus, we can assume that z(t) = 0. By (2.2.6) we obtain
t+6
| a)y(s)ds| < o(0) Iyl
where we set )
o(d) == sup / x(s)ds|.
[u,v]C[t,t+6] 1V u
By Theorem [2.1.3] (a) and (d) the function f : [¢,1] — R, defined by

is differentiable at u = ¢ with f/(¢) = xz(¢) = 0. This implies that we find for each ¢ > 0
some 7 > 0 so that | f(u)| < elu —t| for |u —t| < n. For 0| < n we get

o(0)= sup |fw)=f(o)|<e sup (jo—t]+[u—t]) <20,
[u,v]C[t,t 4] [,v] C[t,t+6]

We deduce

1 qts
(1;1_I>I(1) g/t z(s)y(s)ds =0,
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which is exactly (2.1.3) for xy and proves (a).

For (b) assume that x € AN B and y € C. We approximate y uniformly by piecewise
linear and continuous functions. For instance, define y,, on [0, 1] piecewise linear and
continuous by y,,(k27") = y(k27") for k € {0,...,2"} and n € N. Since y is continuous,
the functions y,, converge indeed uniformly on [0, 1] to y, and since they are all piecewise
linear, all of them belong to BV N C. By part (a), zy, € A for each n € N. Since z
is bounded, the products xy, converge also uniformly to zy, and finally Theorem [2.1.§]
ensures ry € A. [ ]

Note that we have not used the continuity of y in our proof of part (a), but merely
y € A. However, this is not a real generalization: Any BV -function possesses only jump
discontinuities, but the Darboux property, which every function in A has, excludes
them. Thus, BV N A = BV N C. One could also argue that the proof of part (a) of
Theorem remains valid if one replaces y almost everywhere with another function
y € BV N A. In other words, can we replace the assumption y € BV N C by the
apparently weaker assumption y € BV* N A? The answer is given by

Theorem 2.2.4. The identity
BV*NA=BVnC (2.2.7)
holds.

Proof. Because of BV C BV* and C' C A we only need to show the inclusion BV* N
A C BV NC. To this end, let x € BV* be a function with primitive. By definition of
BV* there is a function h € BV which agrees almost everywhere with x on [0, 1]. The
right regularization

(1) = sligi h(s) forte0,1),
z(1) fort =1

has bounded variation, is right-continuous and almost everywhere equal to h, because
it differs from h in the (at most countably many) points of discontinuity of h. In
particular, h# agrees almost everywhere with z and satisfies h# (1) = z(1). As a BV-
function, h# is K H-integrable, and with the help of Theorem [2.1.3| (b) and (d) as well
as [68, Theorem 9.9] it follows for ¢ € [0,1) that

M B RV o1 gt
h7(t) = 61—1>%l+ g/t h7(s)ds = 61—1>%l+ g/t x(s)ds = x(t).
Since h# (1) = z(1), the two functions h# and z are in fact equal everywhere on [0, 1].
Thus, x is a Darboux function of bounded variation and hence continuous. [ |

In Theorem the set BV* N A cannot be replaced by the larger set BV* N D.
In [45], the author constructed a bounded upper semicontinuous Darboux function
g : [0,1] — R which is 0 almost everywhere but not everywhere. This function then
lies within BV*N D, but neither in BV nor in C'. Moreover, this g can also not belong
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to A by Theorem [2.2.4 The same is shown by Theorem If g had a primitive,
then it would be identically zero.

The multipliers in K H/K H are completely described by . In the literature there
can also be found some asymmetric conditions for being in K H/K H. For instance, the
authors of [67] show using the Holder space Lip,, the following: If a primitive of x € A
belongs to Lip,, and if y € Lipg, then xy € KH if o + 3 > 1. This description of
KH/KH is independent of our characterization using BV and BV*. In fact, g € Lips
is not even necessary for g being in K H/K H, not even for g € A/A, as the following
example illustrates.

Example 2.2.5. The function ¢ : [0, 1] — R, defined by

1
—— for0<t <1,

g(t) = { log(2/1)
0 for t =0,

is increasing and hence of bounded variation. By (2.2.5), g belongs to KH/KH.
Moreover, g is also continuous, and so by Theorem [2.2.2] (a) it even belongs to A/A.
However, a simple calculation shows that ¢ does not belong to Lips for any 5 > 0. <

We now turn to the problem how the multipliers in A/A look like. First, the two
classes A and A/A are different in structure: On the one hand and as we have seen
above, A/A is an algebra, whereas A is not closed under multiplication by Example
or 2.2.1] On the other hand, A is closed under uniform convergence by Theorem
2.1.8, However, A/A is not. To see this, first note that since A/A is closed under
multiplication, the assumption ¢ € A/A implies g € A and hence g%, ¢3,...,¢" € A/A
for all n € N. Therefore, as ¢g(t) = t and any constant function belong to A/A by
Theorem [2.2.2] (a), also any polynomial is a member of A/A. By the Approximation
Theorem of Weierstrass any continuous function can be uniformly approximated on
[0, 1] by polynomials. Now, if A/A was closed under uniform convergence, then any
continuous function would also belong to A/A. However, in Example we have
seen that the continuous function given in (2.2.2)) serves as a counterexample.

From what we have seen so far, the class A/A must have the form
AJA =X NA, (2.2.8)

where X is a (for now unknown) class of functions which contains BV as a subclass.
Conversely, in the next theorem we give a superclass of X.

Theorem 2.2.6. The inclusion
A/ACB (2.2.9)
holds.

Proof. Let g € A/A be given; in particular, g € A and hence ¢ € KH by Theorem
2.1.3/(c), and thus g is Lebesgue measurable [68, Theorem 9.12 (c¢)]. We first show that
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g is essentially bounded in the sense of the Lebesgue measure. Since the statements
g € Ly and ¢g? € L., are equivalent and since A/A is closed under multiplication,
we can assume that g is nonnegative throughout [0,1]. To invoke a contradiction, we
assume that ¢ ¢ L., and construct some function x € A with xg ¢ A; this proves
the theorem. Because g ¢ L., which means esssup g([0,1]) = oo, we find a strictly
monotone sequence (t,) in [0, 1] which converges to some ¢ € [0, 1] and satisfies

esssup g([tn, tni1]) > dn for n € N.

Without loss of generality we can assume that ¢ € [0,1) and that (¢,) is strictly
decreasing; the other cases are similar. Thus, we find s,, € [t,,t,_1] and measurable
sets Ay, C [Sp, Sp + 1y) of measure |A,,| = u,/2 > 0, so that

th < Sp— fn < Sp < Sp+ n < Sp 4 2, < th1
and g(t) > 4n for t € A,,. We now define o, > 0 by

tn - tn—i—l

an::W forn € N,
as well as the function z : [0,1] — R by
0 for t € {0,¢, 1},
o(t) = 0 for t € {tn, Sn — pin, Sn + 21n},n € N,
o for s, <t < s, + pn,n €N,

linear otherwise.

The following picture shows z on some interval [t,,t,_1].

\
\
\
\
\
\ )
\ /
\
\
\
\
\
— >

tn Sn + Hn Sn + 2,Ufn n 1

Figure 2.2.1: The function z on a subinterval.

The function x is K H-integrable on [0, ¢] and on every interval [d,1] for d € (c, 1),
because x is piecewise linear on [0, 1]\{c}. For such a d and n € N with t,, <d <,
we have

1
/ x(t)dt < t)dt = Z/ dt—QZp,]a] Z ol oy oy
d tn S5 —Hj

Since the right hand side remains bounded for d — ¢+ and since x is nowhere negative,
we deduce that x is even Lebesgue integrable on [c, 1]. Moreover,

d s tj—1 55+2 #J
/ x(t)dtgz/ t)dt = / dt_2zuja]

JHy j=n

0 tj—.tj+1 S tn—C

Y

n
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and from that follows

1 d t, —c
Hdt < 22— <
d—c/c x() -

Since d — ¢+ implies n — oo, we obtain

lim — /ﬂﬁﬁn:ozaq

d—ctd — ¢ Je

and as x(t) = 0 for 0 < t < ¢, Theorem m (d) shows indeed x € A.

It remains to show that xg ¢ A, and for that we again use Theorem [2.1.3] (d). If
rg ¢ KH, we are done by Theorem (c). Therefore we assume zg € K H and have
to show that the limit condition (2.1.3)) is violated. By construction of x we have

[ atatyar =3 ) ROYORTES SY AETGVORTESS e

00
Z ]+1 tn — C.

However, from this estimates it follows that

hmamé/ () dt > 1> 0= 2(0)g(0),

6—0+

which means that (2.1.3)) is indeed violated. We deduce zg ¢ A, contradicting the fact
that g € A/A.

Finally, we now show that ¢ is really bounded. Due to g € A/A we have g € A, and
since g > 0 and g € Lo, we get g(t) < ||g|,_ for almost all ¢ € [0,1]. From Theorem
2.1.3| (d) in combination with [68, Theorem 9.9] we obtain

1 t+é 1 t+6
o) =lims [ g0t <lm= [ lgll,..dt = gl

0—0
for each t € [0, 1] and consequently g € B, as claimed. [

In the proof of the last theorem we have deduced g € B from g € AN L. This
deduction does not work anymore if we replace g € AN Ly, by g € DN Ly,. We show
that there is a Darboux function which is zero almost everywhere (and in particular
essentially bounded with L..-norm 0), but attains every real number in every proper
real interval (and so is dramatically unbounded). This example is similar to one found
in the introduction of the book [147], in which the authors construct a Darboux function
that maps any subinterval [a, b] onto the entire interval [0, 1] but has no primitive on
subintervals. Our example is an unbounded version of this idea]

2Compare to Example
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Example 2.2.7. Let I,, = [a,, b,] C [0, 1] with a,,b, € Q and a,, < b, for n € N be an
enumeration of all proper subintervals of [0, 1] with rational end points. Inductively,
one can extract pairwise disjoint Cantor sets C,, C [, such that each has Lebesgue
measure zero. Since each such set C, has the cardinality of R, there are bijective
functions g, : C;, — R for each n € N. We put

gn(t) forteC,,neN,
g(t) == .
0 otherwise.

Now, if an interval [a,b] C [0, 1] with a < b is given, then since Q is dense in R we find
some m € N satisfying I,,, C [a,b]. From g(,,) 2 gim(Crn) = R we deduce ¢g([a, b]) = R;
in particular, g is a Darboux function that attains every real number in any proper real
interval. Because all the sets (), have measure zero, their union has measure zero, too,
and ¢ is indeed zero almost everywhere. By Theorem [2.1.6] ¢ cannot have a primitive
on some subinterval of [0, 1]. &

We are now going to answer the question on how the functions in A/A look like. In
order to do so, let us consider the following class of functions.

BV = {g 10,1 = R | Vt € [0,1] : limsup Var(g, [t + J,t + 20]) < oo} . (2.2.10)
0—0

This class is situated between BV and Lq, that is, the inclusions
BV CBV C L, (2.2.11)

hold, where the first is obvious, and the second is shown in our next

Proposition 2.2.8. Every function in BV is Lebesgue integrable.

Proof. First note that any x € BV is (Lebesgue) measurable since it can have only
countably many points of discontinuity. In order to show that z is Lebesgue integrable
it suffices to show that z is locally Lebesgue integrable on [0, 1], that is, z € Lq([to —
d,to + 3] N [0,1]) for all ¢, € [0,1] and suitable 6 > 0 depending on ;. We only show
this for ty = 0, the other cases are similar.

Since € BV there are M > 0 and N € N such that

Var (x,]n) <M forn> N,

where I, := [27"71 27"]. For any t € I, we have |z(t)] < |z(27")| + Var(z, I,) <
|z(27™)] + M; in particular, |¢(27"7")| < M + [#(27")| for all n > N. This implies
|z(27™)| < (n — N)M +m for all n > N, where m := |2(27%)|, and thus

lx(t)| <(n—N+1)M+m<nM+m fortel,n>N.
We obtain

J

which shows that z is indeed Lebesgue integrable on [0,27"]. |

9—N

lz(t)| dt = i\[/jnil lz(t)| dt < iv (27" =277 (nM +m)

=2"N(m+ M+ MN)
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The characteristic function xgn,1) which belongs to L;\BV shows that the second
inclusion in ([2.2.11)) is strict. Our next example proves that also the first inclusion in
(2.2.11]) is strict. Moreover, it also illustrates that in contrast to BV the class BV is

not contained in B.

Example 2.2.9. The function

log(t) for0<t<1,
2(t) =
0 fort =0

is unbounded and so certainly not in BV. Moreover, for t > 0 and t +§,t +2J € (0, 1)
we have

Var(z, [t + 0,t + 20]) = |x(t + 0) — x(t + 20)| = |log(t + 0) — log(t + 20)|
t+0
t+ 20

log ‘—)O as 0 — 0,
and for t =0 and 0 < § < 1/2 we get

Var(z, [0,20]) = |z(d) — x(20)]| =

1
log 2‘ = log(2).

Consequently, x € BV. O

One could argue that any function x € BV N D must be bounded, since such a function
can have only finitely many discontinuities. Indeed, for any ¢ € [0, 1] the function z
must be of bounded variation on each interval [t + ¢, ¢ + 2] for sufficiently small 6 > 0
and hence continuous there because of the Darboux property. This means that for
each ¢ € [0, 1] the function x must be continuous on [t — §,¢ + 0]\ {¢} for small § > 0,
and thus can have only finitely many discontinuities as [0, 1] is compact. However, the
following example shows that even if z € BV N D is discontinuous at only one point,
then it may still be unbounded.

Example 2.2.10. Define the sequence of natural numbers (k,),en, by
ko, k1, ko, k3,...=0,1,0,1,2,1,0,1,2,3,2,1,0,1,2,3,4,3,2,1,0,...,

which, for instance, can be constructed explicitly as follows. For n € Ny we set

Vitdn—1
- {Z”J . api=in(in+1)  and by = (ip + 1)(in + 2).
Then
b — b, — a, _ a, + by, _al
2 2

We now define the function = : [0,1] — R by x(0) = 0, and piecewise linear and
continuous on (0,1] by x(27") = k, for n € Ny. Here is a picture of z on [2712 1],
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where the t-axis has partially been scaled in a logarithmic manner to make the line
segments more visible.

Figure 2.2.2: The function x on a partially logarithmic scale.

Then z € BV|[a, 1] for all a € (0,1) and Var(z, [2-"*D 27")) = |k, — k,| = 1 for all
n € Ny, and this implies x € BV. To see this, note that for § € (0,1) we find some
n € N such that 27" < § < 27", Therefore, 277! < 2§ < 27"*2: we obtain

Var(z, [6,20]) < Var(z,[27",27"1?]) = 2

and thus indeed x € BV.
Moreover, since z is continuous and nonnegative on (0, 1], and since z([0,27"]) = [0, 00),
we conclude z € D, but = ¢ B. O

As we have seen, the inclusion BV N D C B is false. But it turns true if we replace D
by the space A.

Proposition 2.2.11. The inclusion

BVNACB

holds.

Proof. Fix x € BV N A, and assume that z is unbounded. Then there is a sequence
(t,) in [0, 1] such that |z(t,)| — oo as n — oo. Since [0, 1] is compact, we can assume
by passing to a suitable subsequence that (¢,) converges monotonically to some t,. We
suppose that (t,) decreases to to € [0,1) and that z(t,) — oo; the other cases are
similar. For each n € N there is some k € N such that ¢, € Ji := [to + 27", to +27*1].
For any s € J;, we clearly have

z(t,) < x(s) + Var(z, Ji). (2.2.12)

Since © € A, by Theorem [2.1.3] (d) z is also K H-integrable and satisfies the limit
condition ([2.1.3). Consequently, integrating (2.2.12) on both sides with respect to s

gives

1 t0+27k'+l
(ty) < ﬁ/ ., als)ds + Var(z, Jy). (2.2.13)
to+2~
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Since x belongs to BV, there is some M > 0 such that

limsup Var(z, J;) = M < oo, (2.2.14)

k—00

and since x satisfies (2.1.3) at ¢, we get

1 to2—k+1
lim f/ 2(s) ds = 2(to). (2.2.15)

Letting n — oo implies & — 0o, and we obtain from ([2.2.13)), (2.2.14)) and (2.2.15)) that

1 to+27F+1
oo = lim z(t,) < limsup ( / z(s)ds + Var(z, Jk)>
t

n—00 koo \27F Jigto-+

1 o2 *H
= lim f/ x(s)ds + limsup Var(z, J;,) = x(ty) + M < oo.

to+2—F k—o0

But this is impossible, and the claim is proven. [ |

Proposition [2.2.11] implies that the function x constructed in Example while
having the Darboux property cannot possess a primitive. Moreover, the compactness
of the domain of definition is important: The function z = log on (0, 1] with z(0) =0
from Example belongs to C'*(0, 1] and hence also to D(0, 1], A(0, 1] and BV (0, 1],
but not to B(0,1] and BV (0, 1].

The specialty of the class BV is now that it is exactly that class X of functions we
were searching for in ([2.2.8]). More precisely, we have the following result.

Theorem 2.2.12. The identity
A/A=BVNA
holds.

Fleissner was the first, who characterized A/A completely in the sense of Theorem
using an improper Stieltjes integral and a similar type of bounded variation which
he called distant bounded variation [59]. Later, Marik reformulated Fleissner’s results
and used only functions of bounded variation instead of Stieltjes integrals [I11]. He
identified the missing class X in to be the class of those functions g : [0,1] - R
which satisfy for all ¢ € [0, 1],

lim sup
n— oo

1 2 2 1
Var <97 [t + 27,75 + Q"D + Var (g, [t - Q—n,t - 2"])} < 00. (2.2.16)

Marik together with Bruckner and Weil then used the condition

lim sup

n—00 n

Var <g, [t+ ;,t—k ZD + Var (g, {t — i,t — 1})] < o0 (2.2.17)

instead of (2.2.16]) [24]. However, it is easily seen that the classes characterized by
(2.2.16) and (2.2.17) in fact coincide with the class BV. This was also recognized by
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Maiik who gave an alternative proof for Theorem and his original reformulation
of Fleissner’s result in the paper [113].

We summarize some of the ideas of Marik’s first proof [I11] to give a proof for the
inclusion “2” in Theorem [2.2.12] This will give another impression of how useful
Theorem is for those kind of arguments. The other inclusion is more difficult and
technical to prove; we refer the reader to the literature mentioned above.

Proof of “2 7 of Theorem[2.2.19. Let ¢ € BV N A and x € A; we have to show that
zg € A. To this end, fix t € [0, 1); as in our proof of Theorem m (a) we can assume
that x(t) = 0. For a given £ > 0 we find some 7 > 0 such that the function

satisfies the estimate |f(u)| < elu—t| for |t —u| < n. Writing I; := [t+2-0U+Y ¢ 4277],
we find due to g € BV N A and Proposition [2.2.11| some M > 0 and N € N with

g(s) + Var(g,I;,) <M for j > N,s € I,

From (2.2.6) follows zg € KH(I;) for all j > N, as well as

/ z(s)g(s)ds| < Ms;, (2.2.18)
I
where we put similarly to (12.2.6|)
;1= sup /
[uw]CI; 1V u
From the estimate |f(u)| < e|u — t| we obtain

s;= sup |f(u) — f(v)] < =

[u,v]CI; -t

For 2=+ < § < 27" < ¢ we have using (2.2.18))

t+6 < 1 4Me
/ s)ds <Z s)ds <MZS]<M€ZF: m < 8Me;
t Jj=n J=n
in particular, xg € KH|[t,t + 6]. We deduce
1| pt+s
lim sup — / z(s)g(s)ds| < 8Me,
6—0+ 0|/t

and since € > 0 had been chosen arbitrarily, we obtain

i 5 [ a(o)g(s) ds =0 = ale)gle).
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Similarly, one can show that zg € K H[t—0,t] for t € (0, 1] and sufficiently small 6 > 0,
as well as

Jm < [ (s)g(s) ds = 0 = a(0)g(1)

In total, we have shown that xg is K H-integrable in a neighborhood of any point
t € [0,1] and that it satisfies (2.1.3) there. Since [0, 1] is compact, zg € KH, and an
application of Theorem [2.1.3] (d) yields indeed zg € A. |

Fleissner’'s and Martik’s results encapsulated in Theorem [2.2.12| show, as mentioned
above, that the missing class in (2.2.8)) is X = BV. We check this result immediately
in case of our test functions ¢, g, defined in ((1.1.1)).

Proposition 2.2.13. For the functions the following relations hold.
(a) Yapn € BV if and only if > 1.

(b) Yapn € AJA if and only if « > 1 and = 0.

Proof. To prove (a) first note that ¢, 3, € BV if and only if @ > 1 by Proposition
1.1.12 (b). Therefore, we focus on the case when o« < 1. Due to @, 5, € BV[e, 1] C
BVle, 1] for every ¢ € (0,1), we only need to investigate those triples (a,8,n) €
(—00,1] x R x N for which the condition

lim sup Var(@q. g, [0, 20]) < 0o
0—0+

is fulfilled. To this end, fix 6 € (0,1/2). For ¢, := 1/(mm + 7) with m € N and
tm <20 < ty_1 we have to,, 11 < 0 < ty,,_9. As the t,, run through the local maxima
and minima of ¢, 3, we get for a =1

2m—+1 2m—+1

Var (801,/3,717 [6, 25]) < Var (801,5,7“ [tom+1, tm—l]) = Z l©1,8.1( Z t;
j=m—1 j=m-—1
2m+1
= m 1+ / s
5
1 <4m + 3> log 2
= — —l — as m — 00.
mm — 3 2m —1 s
Because § — 0+ implies m — oo, we deduce that
log 2
lim sup Var (901,,3,n, [, 25]) < %82 o 0,
5—0+ m
and hence @1 4, € BV.
For 0 < a < 1 one shows similarly
2m—2 2m—2
Var (a,5.[6,20]) > Var (9o s, [tzm—%tm]) = > lapalty)l = >
j=m j=m
2m—1 1 2m—1 ]
> / _dt > [
(mt + 5 Cm)> Jm 1o
(2m — 1)1 —mle
— 00 as m — oo

(2m)e (1 «)
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Since again d — 0+ implies m — 0o, we obtain this time

lim sup Var (@a75’n, [0, 2(5]) =
6—0+

and hence ¢, 5, ¢ BV.

Finally, we have for a < 0,

2m—2 2m—2

Var(pa,g.n, [0,20]) = Var(@a,sn, [tam-2, t Z [Papn(ti)l = 3. 15

2m—2
= Y (jr+ /2l > (mm + 7 /2)1*1 > mll,
j=m

and so again ¢, 5, ¢ BV. Consequently, part (a) is proven.
A proof of (b) is now immediate. Just combine part (a), Theorem [2.2.12| and Proposi-

tion 2.1.5] (b). |
Proposition [2.2.13]allows us to provide another example showing that the first inclusion
n is strict. Indeed, combining Proposition (b) with Proposition
(a) shows that ¢; 5, € BV \ BV and, in addition, ¢, € (A/A)\BV. So there are
functions of unbounded variation that still belong to A/A. At first glance it might be
surprising that A/A contains also discontinuous functions of unbounded variation; we
construct such a function in the following

Example 2.2.14. For n € N put p,, :== 3'""/4 and ¢,, := 27", and define g : [0,1] = R
by

0 for t € {0,1},

0 for t € {t,,tn +2un},n € N,
g(t) =

1 for t =t, + pn,n € N,

linear otherwise,

see the following graphic.

Figure 2.2.3: The function g on [0, 1].

Then g is continuous and piecewise linear on (0, 1] and attains values only in [0, 1].
However, g is discontinuous at t = 0, and of unbounded variation near 0, as

Var(g, [tnik, tn]) = 2k for k € N.
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As a measurable, bounded and nonnegative function, g is K H-integrable on [0, 1] and
satisfies for t,,,1 < < t,, the estimates

i <] 2\"
/ g(t)dtzQ”“i > :i<> — 0  asn — .
0

1 /5
| g)dt < —
) 0 ( ) tn+1 j=n+1 3 3

Since 6 — 0+ implies n — co, we obtain

.1
515515/0 g(t)dt = 0 = g(0),

and so g has a primitive by Theorem 2.1.3] (d).
For t,.1 <6 <t, we have t,, < 20 < t,_1, and this yields

Var(g, [57 25]) < Var(g, [tTH-lv tn—l]) - 4;

in particular,
lim sup Var(g, [6,20]) < 4 < oo,
6—0+

which means nothing but g € BV. Theorem [2.2.12| now says g € A/A. &

The zigzag function in Example visualizes the subtle difference between the
classes A and A/A. In order to make a function g with peaks belong to A, its peaks
have to get slim sufficiently quickly, and in order to ensure g € A/A, the positions of
those peaks have to go to zero sufficiently fast. Roughly speaking, A is responsible for
the width of the peaks, and A/A for their placement.

We thus have characterized the multiplier sets X/X for X € {B,BV,C, KH,A}. As
mentioned at the beginning of this chapter, the class D/D is also hard to handle. We
will investigate this class in much more detail in the next chapter, but we still give
some structural properties here and put a particular emphasis on its relation to A.
We first show by means of an example that D is also not closed under multiplication.

Example 2.2.15. In Example [1.1.2| we constructed two functions x,y € D, the sum of
which does not lie within D. From that we easily obtain a corresponding example for
the product, namely the two functions & = expox and § = expoy. They are Darboux
functions, but their product Z§ = exp o (z + y) = exp ox{oy is not. &

Even more interesting is the following example [24] which shows that the product of
two functions of A does not necessarily belong to D anymore.

Example 2.2.16. Let x,y : [0, 1] — R be defined by

x(t) = mmax {gooﬁl/ml(t), O} and  y(f) = mmin {900,_1/7“1(15), O}.

Then both x and y are Lebesgue integrable and continuous on (0, 1]. Similarly as in
the proof of Proposition [2.1.5/one can show that both x and y have primitives. On the
other hand, zy = —xjoy is not even a Darboux function. &
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By replacing y by —y in Example we see that the fraction z/y of two functions
z,y € D (with y(t) # 0 for ¢t € [0,1]) also does not necessarily lie in D. A similar
modification for an analogue of Example however, is not possible. Hruska has
shown in [11], that the quotient x/y of two functions x,y € A (again with y(t) # 0 for
t € [0, 1]) surprisingly always belongs to D!

Because of our discussion of and Example we conclude that the strict

inclusion
D/D C D (2.2.19)

must be true, and so the class D/D is certainly smaller than D. How small D/D
really is will be shown in Theorem in the next chapter, according to which D/D
contains only constant functions!

In Figure below we give a summary of identities and inclusions of the most
important function spaces that have been considered in this chapter. Here, A — B
means A C B.

C/C
\ D
A/A
D/D = {const} / KH
AmBV /’ \ /

BﬂBV

BV \ /
| gy —— Lo
BV/BV H
KH/KH

Figure 2.2.4: Inclusions between classical sets.

The following example shows that none of the somewhat exotic sets BV and BV* which
are both strict supersets of BV includes the other. The same is true if one replaces
BV by the smaller class BN BV.

Example 2.2.17. By Proposition [1.1.12] (a) and (b) and Proposition [2.2.13[ (a) the
functions ¢; 5, belong to B N BV for arbitrary 8 € R and n € N, but not to BV and

hence also not to BV*. However, the function

£(t) = {n fort =1/n,n € N,

0 otherwise

belongs to BV*, but not to BV let alone to B, as x(1/n) =n — oo and

ver (e [ 2]) 2 e (0) == ()l =

show. o
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In Table below we gather all conditions on (a,8,n) € R? x N for which the
functions ¢, g, from (1.1.1)) belong to a certain class of functions.

Table 2.2.1: Conditions under which ¢, g, belongs to certain function classes.

Papn € |ifa | and and n
B >0 arbitrary arbitrary
C >0 = arbitrary
D >0 = arbitrary
=0 |€][0,1] even
=0 |e[-1,1] odd
<0 >0 even
<0 arbitrary odd
BV > 1 arbitrary arbitrary
BV~ >1 arbitrary arbitrary
BV >1 arbitrary arbitrary
A >0 =0 even
=0 | =2%[ sin"¢dt | even
>—-1=0 odd
A/A >1 | =0 arbitrary
L, > —1 | arbitrary arbitrary
KH > —1 | arbitrary even
> —2 | arbitrary odd
KH/KH | >1 arbitrary arbitrary

We close this section with a question that is important for applications: How does
the algebra Alg(A) generated by A look like? Of course, this question makes sense
only because the product of two functions with primitive does not necessarily have a
primitive.

It is easy to see that any function z € A belongs to the class By of Baire-1 func-
tions which are those functions that can be written as a pointwise limit of continuous
functions. Indeed, if f is a primitive of x € A, then

(t) = f'(t) = lim n|f(t+1/n) = f(t)] for0<t<1,

where f has been continuously extended to [0,2] by f(t) = f(1) + z(1)(t — 1) for
te(1,2].

Thus, A C By, and since B; is an algebra, we even have Alg(A) C B;y. A characteriza-
tion of those Baire-1 functions which can be expressed as a product of two (or, more
general, finitely many) functions from A is to the best of our knowledge not known; we
only know that not every Baire-1 function can be written that way. Here is an example
of such a function, that even belongs to B; N D.
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Example 2.2.18. By the Propositions [I.1.12] and [2.1.5] it is immediate that the func-
tion p : [0,1] — R, defined by

1
2—|—sin¥ for 0 <t <1,
1 for t =0,

p(t) :=2+@o-11(t) =

is positive and belongs to B;ND. However, by Proposition[2.1.5](b) it has no primitive.
We now show that p cannot be written as a product of two functions from A.
Assume the opposite, that is, p = zy for some z,y € A. Then both z and y are
Darboux functions, and since p is positive everywhere on [0, 1], both x and y are either
positive or negative throughout [0, 1], since a sign change of = or y implies that p has a
zero. Moreover, since 1 < p < 3 on [0, 1], we get from the Cauchy Schwarz Inequality
for 0 <6 <1,

(;/Oép(t)dty < ;’2 </06\/mdt>2 §3<(15/06x(t)dt> <(15/06y(t)dt>.

Letting 6 — 0+ yields together with Theorem (d) and Proposition (b),
4 < 32(0)y(0) = 3p(0) = 3,

a contradiction. &

In view of Example [2.2.18| the following result of Preiss proved in [I31] is remarkable.

Theorem 2.2.19. The identity
By ={zy+z|xyz€A} (2.2.20)

is true, that is, every Baire-1 function p can be written as a sum p = xy + z of a
product of two derivatives and another derivative. If p is bounded, then the functions
x,y, z can be chosen to be bounded, as well. In particular, Alg(A) = B;.

Theorem [2.2.19] is indeed astonishing: Although there are many Baire-1 functions p
which cannot be expressed as a product of two functions form A it suffices to add a
suitable function from A to change that. We illustrate this with the following

Example 2.2.20. Let p : [0,1] — R be defined as in Example [2.2.18; we already know
that p cannot be written as a product of two derivatives. On the other hand, we have
seen in Example 2.2.16| that —x(oy = 2y with suitable z,y € A. Finally the function

!
2+sm¥ for 0 <t <1,
2 fort =0

Z(t) =2+ <,00,0,1<t> =

has a primitive, because in contrast to p it has the correct value at ¢ = 0. In total,
P=—X{o} T 2z=2TYy+ 2,
in accordance with Theorem [2.2.19| &
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The determination of Alg(X) for a given function class X reminds of the well-known
problem from Linear Algebra to determine the linear hull Span(X) of a given set of
vectors X which itself is not a vector space. For instance, if M is the set of monotone
functions on [0, 1], then Span(M) = BV, and so this problem can be seen as the dawn
of the BV era. For X € {B,BV,C,A, KH} this problem is not of major interest, as
Span(X) = X in these cases. However, in view of Example [1.1.2] the question on how
Span(D) looks like, is interesting indeed. The answer is very surprising and given in
the following theorem. Since with Example we now have all tools at hand we give
here a short proof based on an idea presented in the book [22].

Theorem 2.2.21. The linear hull Span(D) comprises all functions, since every func-
tion x : [0,1] — R can be written as the sum x = y + z of two Darbouz functions
Y,z €D.

Proof. Let x : [0,1] — R be an arbitrary function, and let g be the function constructed
in Example We put

h(t) :== log |g(t)| if g(¢) # 0,
S if g(t) =0,

as well as

{h(t) if g(t) > 0,

x(t) — h(t) if g(t) =0,
2(t) — h(t) if g(t) <0

h(t) if g(t) < 0.

The two functions y and z then attain every real number in every proper interval. To
see this, fix [a,b] C [0,1] with @ < b and £ € R. Since ¢ attains every real number
in [a,b] there is some ¢ € [a,b] such that g(t) = ¢¢ > 0. Then h(t) = £ and hence
y(t) = h(t) = £ Similarly, one shows that z also attains £ by replacing e® by —e®.
Thus, the functions y and z are Darboux functions. The identity x = y + 2 is clear. B

It seems that the first one who mentioned the result of Theorem 2.2.21] was Lindenbaum
[90]. Other proofs of Theorem [2.2.21| were also given by Sierpinski [I41] and Fast [57].

2.3 Compositions of Derivatives

In this section we discuss the composition z o y of two functions z and y and are
particularly interested in the case when z and y come from A, provided that z is
defined on the range of y. To be more specific, recall that Problem asks for a
universal perturbation for A, that is, for a function g : R — R such that gox € A for
all z € A. Similar to the multiplier problem investigated in Section we approach
this problem more rigorously and introduce

(X)) ={9g:R—>R|goxe X forall z € X}, (2.3.1)
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where X is a set of real-valued functions defined on [0,1]. In other words, the class
IT1(X) is the largest class of possible outer perturbations that do not leave X. Of course,
we are most interested in finding IT(A).

Analogously, Problem asks for a universal substitution for A, that is, for a
function ¢ : [0,1] — [0, 1] such that z o g € A for all z € A. We similarly introduce
the set

Y(X):={g:[0,1] = [0,1] | xrog e X for all x € X}, (2.3.2)

where X is as before. In other words, the class ¥(X) is the largest class of possible
inner substitutions that do not leave X. Again, the class ¥(A) is of particular interest
for us.

In general, if X contains alf| affine functions x(t) = at + b for arbitrary a,b € R, then

II(X) C Xioe(R), (2.3.3)
and if the identity function x(t) = ¢ is contained in X, then
Y(X)CX. (2.3.4)

For instance, it is obvious that the classes B, C' and D are “closed under composition”
in the following sense:

H(B) = Bloc(R)a E(B) = {g : [07 1] — [O’ 1]}

I(C) =CR),  X(C)={g:[0,1] = [0,1] [ g € C},
(D) = Dioe(R), )={g:10,1] = [0,1] [ g € D},

o)
~)

or less mathematical and more as a mnemonic:

The classes BV, A and K H, however, are not closed under outer composition; we
summarize three counterexamples in the following

Example 2.3.1. (a) Let g : R — R and z : [0,1] — R be defined by g(u) = y/|u| and
z(t) = p204(t). Then we have g € BVj,.(R) and x € BV by Proposition [1.1.12| (b),
but by the same Proposition g oz = @102 ¢ BV.

(b) Let g : R — R and z : [0,1] — R be defined by g(u) = u* and z(t) = @o01(t).
Then we have g € Aj.(R) and x € A by Example [1.1.29, but by Example on the
other hand goz = g2 & A.

(c) Let g : R — R and z : [0,1] — R be defined by g(u) = u? and z(t) = p_1/20.1(t).
Then we have g € KHj,.(R) and x € KH by Proposition 2.1.5] (a), but by the same
Proposition gox = ¢_192 ¢ KH. &

3In fact, it suffices to guarantee that affine functions of the form xz(t) = 2at — a for infinitely many
arbitrarily large a > 0 are contained in X.
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Sometimes, describing I1(X) is not so obvious. For example, Josephy showed in 1987
in [75] that the perturbation set II(BV') precisely contains locally Lipschitz continuous
functions, that is

[(BV) = Lipe(R).

The function g(u) = u?, for instance, belongs to II(BV), but the function g(u) = y/|u]
does not. This explains Example [2.3.1] (a).

We will now talk about the set II(A) which is most important for us in this section.
Recall that we have seen that A is not an algebra, because it is not closed under
multiplication. The parts (b) and (c¢) in Example illustrated that even in case
g € C®(R) from z € A (respectively x € KH) it does not necessarily follow that
gox € A (respectively gox € KH); we therefore have C* ¢ TI(A) and also C* ¢
II(KH). While we do not know how exactly II(K H) looks like, the class TI(A) is
known and will be given in Theorem below. But first a remark is in order. As
Example m (b) shows, a continuous perturbation g may transform a function x with
primitive into a function g o x without a primitive. If we replace the condition z € A
with the condition x € A/A (which is stronger, because the inclusion A/A C A is
strict), we get the following asymmetric result.

Theorem 2.3.2. From g € C(R) and x € A/A it follows that gox € A.

Proof. By Theorem [2.2.6|the function z is bounded, that is, |z(t)] < M for some M > 0
and all ¢t € [0,1]. By the Approximation Theorem of Weierstrass we find a sequence
(pn) of polynomials which converges on [—M, M| uniformly to g. Then the sequence
(pn o) converges uniformly on [—M, M| to gox. As we have seen after Example [2.2.5]
each composition p, o x belongs to A/A, and since A/A is a subset of A, also to A
itself. But then Theorem [2.1.8| ensures g oz € A, as claimed. [ |

The quite surprising solution for the perturbation problem for X = A is contained in
the following theorem the proof of which can be found in [13].

Theorem 2.3.3. A function g : R — R belongs to II(A) if and only if g is affine, that
is, g has the form g(u) = au + b for some fized numbers a,b € R.

Theorem [2.3.3explains why the class A remains not invariant even under the extremely
smooth nonaffine function g(u) = u? of Example[2.3.1](b). We can formulate this result
more drastically as follows: If g is not affine, then we always find some function x with
primitive so that g o x has no primitive. Moreover, from this it also follows that we

cannot decide whether a function = belongs to A by just looking at its level sets (2.1.12]).
Indeed, if we compose x : [0,1] — R with the nonaffine smooth function g(u) = u?,
then the sets (2.1.12)) for x and g o x are the same, while x may have a primitive,

whereas g o  may not.

We now turn to a discussion of Problem [2.1.13and try to find ([2.3.2)) for several classes
X, especially for X = A. Within the upcoming Theorems [2.3.4 and [2.3.5| we give some

sufficient conditions for this case. In the first theorem we denote by BV'! the set of
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all differentiable functions x : [0,1] — R with 2’ € BV. Note that every function
from x € BV?! automatically belongs to C!, since by a theorem of Darboux, 2’ is a
Darboux function, and hence can have only essential discontinuities which, however,
cannot occur, as &’ € BV can have only jump discontinuities. Consequently, we have
the surprising inclusion BV! C C!, whereas the analogous inclusion BV C C is of
course not true.

Theorem 2.3.4. Let g : [0,1] — [0, 1] be in BV with ¢'(t) # 0 for all t € [0,1]. Then
xog €A forallx € A.

Proof. Let x € A, and let f be a primitive of x. If we define
1
T:=(fog)=(xog)g and §:=—, (2.3.5)
g

then we have £ € A (according to our construction), and § € C'N BV, because ¢ is
bounded away from zero. Due to

(fog)
g/
we can apply Theorem [2.2.2] (a) to # and § and obtain z o g € A, as claimed. [

zog=flog= =7y

Theorem is a simple consequence of Theorem [2.2.2) (a). If we use part (b) of
Theorem [2.2.2] instead, we get new information yet can only take bounded functions
into account.

Theorem 2.3.5. Let g : [0,1] — [0,1] be in C* with ¢'(t) # 0 for allt € [0,1]. Then
xog€eA forallz € ANB.

Proof. Fix x € AN B, let f be a primitive of x and define  and ¢ as in (2.3.5). This
time, Z € A is bounded, since z is bounded, and ¢’ as a continuous function is also
bounded away from zero which ensures that ¢ is also continuous. Therefore, the same
calculation as in Theorem shows that from Theorem m (b), applied to Z and
7, the claim follows. [ |

The Theorems [2.3.4 and [2.3.5| raise the question whether the condition ¢ € C! with
g # 0is sufficient, that is, whether one can replace g € BV! by g € C* in Theorem[2.3.4]
or z € AN B by x € A in Theorem [2.3.5] In fact, a much more general result is true.
In [I12] and also in [132] the authors gave a detailed yet very technical characterization

of X(A).

Theorem 2.3.6. Let g be an increasing homeomorphism of [0,1], and let vy : [0,1] — R
be a function satisfying

Dg~(t) <~(t) < Dg~'(t) for0<t<1, (2-3.6)

where Dg and Dg denote the respective lower and upper Dini derivatives of g. Then
g € X(A) if and only if
1 )

lim sup

MSUD T o) o Var (’Y, [t,s]) ds < oo
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is true for all t € [0, 1].

In the light of Theorem the hypothesis ¢ € BV! in Theorem which might
look artificial at first glance makes now sense. Indeed, together with the assumptions
made in Theorem the function g is even a diffeomorphism, and we can but (t) =
(g71)(t) in (2-3.6) which then satisfies the integral criterion of Theorem [2.3.6]

By the way, the substitution set ¥(BV) is also known and was identified in [75], as well.
We call a function g : [0,1] — [0, 1] pseudo-monotone if there is some natural number
N € N such that the preimage g~'[a, b] of any interval [a, b] C [0, 1] can be written as a
union of at most IV intervals. Of course, every monotone function is pseudo-monotone,
and it can be shown that any pseudo-monotone function is of bounded variation [75].
The converse, however, is not true, and here is an Example illustrating this.

Example 2.3.7. By Proposition [1.1.12| (b), the function g := ¢y is of bounded
variation, but because of the identity

1 1 1
-1
0}) =40, —, —, —, ...
7 oD ={0 s
it is not pseudo-monotone. &
In [75] the author proves that X(BV') precisely contains all pseudo-monotone functions.

The function g of Example therefore belongs to BV\X(BV'). We will come back
to these functions in Section 4.2l

The following Table [2.3.1] gives an overview about the sets X/X, II(X) and ¥(X) (as
far as we know) for the most important classes X.

Table 2.3.1: X/X, II(X) and ¥(X) for important classes X.

X|C|B BV A D KH
X/X|C|B BV ANBV constant | BV*
II(X) | C | B | locally Lipschitz affine D 77
Y(X) | C | B | pseudo-monotone | Theorem [2.3.6 D 777

In the context of the perturbation and substitution of functions several problems con-
cerning the decomposition of given functions arise. Recall that from the theory of
BV -functions the following results are known.

(a) A function z : [0,1] — R belongs to BV if and only if x can be written as a
composition z = g oy, where y : [0,1] — [0, 1] is increasing and ¢ : [0,1] — R is
Lipschitz continuous with lip(g) < 1.

(b) For every function x € BV N C there is a function ¢ : [0,1] — [0,1] such that
x o g is differentiable at every point of [0, 1].

The first result shows that a given BV-function can be decomposed into two much
better BV -functions, whereas the second result means that a given continuous BV-
function can be improved by a suitable substitution. Analogously, for the classes A
and A/A questions for similar decompositions may be asked.
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Problem 2.3.8. Can one find classes X C A, such that for every function x € X there
is a substitution g : [0,1] — [0,1] so that x o g belongs to A or AJA? For instance, is
this possible for X = D¥

We remark that Problem [2.3.8 has been answered partially by Maximoff in 1947 for
X = DnN B, [114]. He showed that every Baire-1 function z : [0,1] — R with the
Darboux property can be transformed by an increasing homeomorphism ¢ : [0,1] —
[0, 1] so that x o g has a primitive.

An analogue of Maximoft’s result cannot be true for functions which belong to D but
not to B;. For instance, let « be the Darboux function from Example[2.2.7] that attains
all real values on any proper real interval. Then x is nowhere continuous and therefore
no Bi-function [128]. Now, if ¢ : [0, 1] — [0, 1] is any increasing homeomorphism, then
g is strictly increasing and by the Intermediate Value Theorem maps proper intervals
onto proper intervals. Consequently, the function x o g also attains all real values on
every proper interval and hence cannot be continuous anywhere. Thus, again, x o g
cannot be a Baire-1 function and, in particular, cannot have a primitive.



Chapter 3

Multiplier Spaces

In Example we have seen that the class A of all real-valued functions having a
primitive on [0, 1] is not closed under multiplication, and it therefore seemed natural
to search for functions g with the property that, for each x which is a derivative, the
product xg is a derivative, as well. According to we denoted the set of those
functions by A/A and gave a characterization in Theorem . We will now continue
the discussion of X/X in both a more general and a more rigorous way.

Given two function classes X and Y of real-valued functions defined on [0, 1], can we
identify all functions g such that the product zg belongs to Y whenever x belongs to
X7 Such a function g is said to be a multiplier of the set' Y over the set X.

Definition 3.0.1. Let X and Y be two sets of functions [0, 1] — R. We call the set
Y/X:={g:[0,1] >R |zgeY forallz € X} (3.0.1)

the multiplier set of Y over X.

The following properties of Y/ X are immediate consequences of the definition.

Proposition 3.0.2. Let X, X1, X5, Y, Y1, Y5 be sets of real-valued functions on [0, 1].
The following statements are true.

(a) If Y1 CY,, then Y1/ X CYy/X.

(b) If X, C Xo, then Y/ X5 C Y/X,.

(c) If 1€ X, thenY/X CY.

(d) If X CY and Y is closed under multiplication, then Y CY/X.
(e) If X CY and X is closed under multiplication, then X C Y/X.

(f) If 1eXNY andY is closed under multiplication, then Y/X =Y if and only if
XCY.

Although Proposition follows immediately from the definition of Y/X, let us
quickly justify some of the results. For instance, if Y7 C Y5 and ¢ € Y;/X, then

92
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xg € Y; for all x € X. But since Y7 C Y, we also have that xg € Y, for all x € X
and this shows g € Y2/X and hence (a). Part (b) is proven similarly, and (c) is clear.
For (d) fix g € Y and z € X. Since X C Y we also have x € Y, and since Y is closed
under multiplication, g € Y. This shows g € Y/X. Similarly, one can prove (e). For
(f) note that if X C Y, then Y/X =Y follows from (c) and (d). If, however, X Z Y,
then there exists some function x belonging to X but not to Y. Since 1 belongs to Y,
but 1 = x does not, we have 1 ¢ Y/X and hence Y Z Y/X. This shows (f).

As we have already seen in Section , the explicit calculation of Y/X for given sets
X and Y, in some cases is quite easy, in other cases - even if X =Y - surprisingly
difficult, and sometimes even leads to some kind of degeneracy if X ¢ Y. For example,
the Holder inequality for Lebesgue spaces implies

/L, = Lpqjp—q) for1<q<p<oo,
e {0ae} forl<p<gq<oc;

in particular, L,/L, = L. For the sake of completeness we will give a short proof of
this well-known relation in Theorem B.2.11]

More generally, the analogous problem has also been solved for Orlicz spaces (see e.g.
[3, 12], 127], and references therein). The first results have been obtained in the 1960ies
and state for example that, if Ly, Lg denote two Orlicz spaces defined by Young
functions ® and W, respectively, then

W\
Ly/Lo=Le  if0<limsup qf(;;)

< oo forall A >0;

in particular, Le/Le = Lo. For further references regarding multipliers in Lebesgue-
, Orlicz and other more abstract spaces we refer the reader to the papers of Lech
Maligranda and his coauthors 79, 80, 811, [97) 98|, [99, [100].

In this chapter we will discuss the classes Y/ X when X and Y are classical spaces like
B, C, D, A and BV as well as other BV-type spaces like WBV,,, Y BV,,, ABV and
RBV,,.

For our classical classes B and C apart from the obvious identities B/B = B and
C/C = C'it is straightforward to show that

B/C =B and C/B={0};

we will prove this at the beginning of the next section.

For the class A of functions having a primitive that we have excessively studied in
Chapter [2| it is much harder to determine multiplier space Y/X if X or Y is equal to
A. As we have seen in Theorem even the class A/A is not so easy to describe.
We will discuss such classes in more detail in the next Section [3.1] and compare them
to BV. Section [3.2] is dedicated to functions of generalized bounded variation. To
be precise we will compare the classical spaces to each of the spaces Y BV,,, ABV
and RBV),. Moreover, we will characterize 'BV/ABV for two arbitrary Waterman
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sequences I' and A, YBV, /Y BV,, for two arbitrary Young functions ¢ and ¢, and
RBV,/RBYV, for two arbitrary exponents 1 < p,q < oco. For the definitions of these
spaces we refer the reader to Section [I.2]

However, there are still open problems even for classical spaces; in particular, the
class D which is closely related to A and has been investigated in Chapter [2| causes
many difficulties. Right after we promised to prove that D/D contains only
constant functions; this will be done in Theorem below. Moreover, a complete
characterization of the multiplier sets D/C and D/A - to our knowledge - is not known;
we discuss them in more detail. Since we can present only partial results regarding
these classes, we obtain as a consequence only partial results for D/RBV), and similar
classes in Section 3.2

3.1 Multipliers in Classical Spaces

Recall from (2.0.1]) that the (strict) inclusions C' C A C D hold which is sometimes
helpful in calculating multiplier sets involving one of these classes.

Our main interest of this section is to characterize Y/X for Y, X € {B,C, D, A}. Note
that since B and C' are algebras with 1 and C' C B, by Proposition (f) we
immediately get C/C = C, B/B = B and B/C = B.

Our first result shows that if X compared to Y is too large, then Y/X only contains
the zero function. This is true for Y € {C, D, A} and certain spaces X:

Proposition 3.1.1. Let X be a class of real-valued functions on [0, 1] that contains all
characteristic functions of singletonsﬂ Then for g : [0,1] — R the following statements
are equivalent.

(a) g =0. (b) g C/X. (c) ge AJX. (d) ge D/X.

Proof. Obviously, (a) implies (b). Since C'C A C D we obtain from Proposition [3.0.2)
(a) the inclusions C'/X C A/X C D/X, which show the implications “(b)=-(c)” and
“(c)=(d)”. For “(d)=(a)” fix g € D/X and t € [0,1]. Then z := xy;; € X and hence
rg = xq39(t) € D which is possible only if g(t) = 0. Since ¢ was arbitrarily chosen,
g=0. |

For instance, if we choose X = B in Proposition [3.1.1] then we obtain C/B = A/B =
D/B = {0}. However, the example C'/C' = C shows that we cannot drop the assump-
tion that X contains characteristic functions of singletons.

Our next result characterizes B/D and B/A. Recall that the symbols Sy and S,
denote the classes of real-valued functions on [0, 1] with finite and countable support,
respectively.

1Such spaces will become very important in Section for the investigation of the linear multipli-
cation operator, see Definition and below.
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Theorem 3.1.2. For g : [0,1] — R the following statements are equivalent.
(a) g € Sy. (b) g€ B/D. (c) g € BJA.

Proof. Tf supp(g) is finite, then supp(zg) is also finite for any function z : [0, 1] — R;
in particular, zg € B for all z : [0, 1] — R, and this shows “(a)=(b)”. Since A C D, it
follows from Proposition [3.0.2] (b) that B/D C B/A which shows “(b)=(c)".

7 assume that supp(g) is infinite. Then there is a
sequence (t,) in supp(g) of distinct numbers converging to some ¢t € [0,1]. Without
loss of generality we may assume that the sequence (t,) is strictly decreasing, 0 < t,, < 1
for all n € N and ¢t = 0, because the argument for the general case is basically the

same. Choose ¢, > 0 so that

For the remaining part “(c)=-(a)

ln
s M ), (31.1)
n

thi1 +Eng1 <tp —ép for all n € N. (3.1.2)

Let us define the function z : [0, 1] — R as follows: Let x(0) = x(1) = 0,

$(@J ::n/g<u07
x(t, —en) =x(t, +e,) =0 forneN,

and let x be piecewise linear and continuous otherwise. Then x is well-defined by
(3.1.2) and nonnegative and continuous on the interval (0, 1], and for ¢,; < 0 < t,, we

have by (B.11),
5 00 ) 00
0< [(aat <Y ety = X rlot) € 3 (8- ha) =t <8
j=n j=n Jj=n-+

In particular, x is Lebesgue and hence K H-integrable on [0, 1] with

0—0+

lim (15/05;1;@) dt = 0 = 2(0).

Since  is continuous on (0, 1], it follows that z € A by Theorem [2.1.3] (b) and (d).
But z(t,)g(t,) = n for all n € N showing xg ¢ B and hence g ¢ B/A. [

As a consequence we get a result similar to Proposition [3.1.1} If Y compared to X is
a huge class of bounded functions, then the multiplier spaces Y/D and Y/A are again
very small.

Corollary 3.1.3. Let Y C B be a class of real-valued functions on [0, 1] that contains
all functions with finite support. Then for g : [0,1] — R the following statements are
equivalent.

(a) g €Sy. (b) g €Y/D. (c) g€ Y/A.
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Proof. 1f supp(g) is finite, then supp(xg) is also finite; in particular, zg € Sy C Y for
any x : [0,1] — R, and this shows “(a)=-(b)". Since A C D, it follows from Proposition
(b) that Y/D C Y/A which shows “(b)=-(c)”. Since Y C B, Proposition [3.0.2)
(a) yields Y/A C B/A. But Theorem [3.1.2] gives that B/A and therefore also Y/A
contains only functions with finite support. Consequently, “(c)=-(a)” is proven. |

For instance, if we take Y = B, then Corollary is exactly Theorem |3.1.2 How-
ever, the relation A/A = BV N A of Theorem [2.2.12| shows that we cannot drop the
assumption that Y contains all functions with finite support.

One of the most difficult problems in the framework of classical function spaces seems
to be a characterization of D/D which we will handle in the following.

If one replaces “multiplication” by “summation”, the following result due to Radakovié¢
is known and was proven in [133].

Theorem 3.1.4. Let g : [0,1] — R be such that x + g € D for all x € D. Then g is
constant.

Several authors claimed that Radakovié¢ proved in [I33] the same statement for prod-
ucts. Others stated that the assertion for products can easily be deduced from Theorem
by taking logarithms [20, 23] [66], 123], but none of them proves this. We will show
in the sequel that the product version actually can be deduced from Theorem [3.1.4]
but its proof is, at least in our opinion, not as trivial as it might appear at first glance.
We start by treating a special case first, namely we assume that a multiplier g € D/D
has no zeros in [0,1] at all. Then, due to the Darboux property, g must be either
everywhere positive or everywhere negative on [0, 1]. Taking logarithms as suggested
then indeed yields that g must degenerate to a constant. In fact, the following slightly
more general result is true.

Lemma 3.1.5. Let 0 < a < b <1 and g € D/D be so that g(t) # 0 for all t € (a,b).
Then g is constant on [a,b].

Proof. Fix g € D/D. Then g € D by Proposition [3.0.2] (¢), and due to the Darboux
property we have that g is either strictly positive or strictly negative on (a,b). We
assume the first, the latter case is similar.

Pick § > 0 so small that § < (b —a)/2. Then [a + 0,b — ] C (a,b), and we can define
h:[0,1] = [a+d,b0— 6] by h(t) = (b —a—2§)t +a+ d. Then h is linear and maps
[0, 1] bijectively onto [a+d,b— 0] with linear inverse. Moreover, the function G := goh
satisfies G(t) > 0 for all ¢ € [0, 1] and still belongs to D/D. To see this, fix F' € D and
define x : [0,1] — R by

F(0) for t € [0,a +6),
x(t) = ¢ F(h7Y(t)) fort € [a+d,b— 0],
F(1) for t € (b—4,1].

Then x € D, FF = xoh, and F'G = (zg) o h. Since g € D/D, we have xg € D and
hence F'G € D as claimed.
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For any x € D we have exp ox € D and now obtain z+log G = log(e*G) € D. Theorem
yields that the Darboux function log G and hence G is constant. But this means
that g is constant on [a+d,b—d]. Since d can be chosen arbitrarily small, g is constant
on (a,b), and due to the Darboux property it is constant even on |a, b]. [ |

In particular, if ¢ € D/D has no zeros in [0, 1] at all, Lemma shows, that it follows
indeed from Theorem that ¢ is constant. But if ¢ has zeros, things are not at all
so obvious.

However, the general product case follows immediately from Theorem 2 of [123]. We
give an alternative proof and show how the product result can indeed be deduced from
Theorem [3.1.4] for which we need some technicalities that will be given in the following.

Definition 3.1.6. The symbol ¢ := card(R) denotes the cardinality of the set R of real
numbers. Let Z be any system of subintervals of [0, 1]. We call a set E' C [0, 1] c-dense
with respect to T if card(ENI) =c forall [ € Z.

For instance, [0, 1] itself is c-dense with respect to any system of nondegenerate inter-
vals, whereas Q N [0, 1] is never. A similar version of the following auxiliary result has
been proven in the paper [124].

Lemma 3.1.7. Let E C [0,1] and let T = (I,)nen, N € N, be the countable system
of all closed and nondegenerate subintervals of [0,1] with rational end points. If E

is c-dense with respect to I, then there are pairwise disjoint sets (Ap)nen Such that
A, C ENI, and card(A,) = ¢ for alln € N.

Proof. Let J be the system of all open subintervals of [0, 1] which intersect E. We first
prove that any set F' C [0,1] is c-dense with respect to Z if and only if F' is c-dense
with respect to the system J.

To see this assume that F' is ¢-dense with respect to Z and fix J € J. Then there is
some t € J N E. Since J is open, we find some I € Z such that t € I C J. Since F' is
c-dense with respect to Z, it follows that ¢ = card(# N I) < card(F' N J) and therefore
card(F' N J) = ¢. This shows that F' is also ¢-dense with respect to J.

For the opposite direction suppose that F' is ¢-dense with respect to J and fix I € 7.
Since E' is ¢-dense with respect to Z, there is some t € E N [°. But then I° € J, and
since F is c-dense with respect to J we obtain card(F N 1) > card(F N I°) = ¢ which
implies card(F N I) = ¢. Consequently, F is also ¢-dense with respect to Z.

In particular, F is ¢-dense with respect to J. Thus, by [124], there are pairwise disjoint
sets By, By, Bs, ... C E, each of which being ¢-dense with respect to J (and therefore
also with respect to Z), such that

E=J B
neN

Define A, := B, NI, C ENI, forn € N. Then A, C B, for all n € N; in particular,
the A, are pairwise disjoint. Moreover, since each B, is ¢-dense with respect to Z,
card(A,,) = card(B, N I,,) = ¢, as desired. |

We are now ready to prove
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Theorem 3.1.8. A function g : [0,1] — R belongs to D/D, if and only if g is constant.

Proof. Obviously, any constant function belongs to D/D, so it remains to prove the
converse. To do this fix ¢ € D/D. First, let us note that then g € D by Proposition
3.0.2| (¢). Since D/D is closed under multiplication we have g € D/D. Moreover,
because of ¢ € D, showing that g is constant is equivalent to showing that ¢? is
constant. Therefore, we can assume that g > 0.
Let

Z =g '({0}) = {t€0,1] | g(t) = 0}
be the set of zeros of g. If Z = (), that is, g(¢t) > 0 for all ¢ € [0, 1], then it follows
immediately from Lemma [3.1.5 that g is constant.
Assume now that Z # (). We would like to show that Z = [0, 1] which means that
g =0 on [0,1]. The proof for this will be divided into two parts. In the first part we
show that Z is a closed subset of [0,1], and in the second part we show that Z is a
dense subset of [0, 1].
To prove the first part assume that Z is not closed. Then there exists some ¢ € [0, 1]
with g(¢) > 0 and a sequence (t,) of elements of Z converging to c¢. Let us consider
the set

E:={te0,1]|g(t) < glc)/2}.

We claim that for each interval [a, b] C [0, 1] either ENJa,b] = 0 or card(EN[a,b]) = ¢.
To see this, let us fix [a,b] C [0,1] and assume that E N [a,b] # (). Let s € [a,b] N E.
If g(t) < g(c)/2 for all t € [a,b], then E N [a,b] = [a,b] and our claim is proved. If,
however, ¢g(1) > g(c)/2 for some 7 € [a,b], then, since the function ¢ is a Darboux
function, it attains all real numbers between g(s) < g(c¢)/2 and g(7) > g(c¢)/2 on [a, b];
in particular, card(E N [a, b]) = ¢, which again proves our claim.

Now, let (1,,)nen be the countable collection of all closed and nondegenerate subintervals
of [0, 1] with rational end points. Define

N:={neN|ENIL, #0}.

As shown above, card(E N I,) = ¢ for each n € N, that is, F is ¢-dense with respect to
(In)nen- Therefore, by Lemma , we can choose pairwise disjoint sets A, C EN1I,
and surjections h, : A, — (0,1] for all n € N. Then the set A := U,y A, clearly
satisfies A C F.

Consider the function A : [0,1] — [0, 1], defined by the formula

ht) = hn(t) forte A, andn € N,
0 for t € [0, 1]\ A.

Since the sets A,, are pairwise disjoint, the function h is well-defined. We claim that
h € D. To see this, fix [a,b] C [0,1]. Assume that there exists some m € N such that
I, C[a,b]. Then

[O’ 1] 2 h([aab]) 2 h(Im) 2 h(Am) = hm(Am) = (Oa 1]7
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and this shows that h([a,b]) is an interval.

Now assume that I,  [a,b] for all k € N. Then E N (a,b) = ), since otherwise there
was some t € F'N(a,b), and therefore there was some m € N such that ¢t € I,,, C (a,b).
But then we would have I, N E # () which means that m € N, contradicting the
assumption that I, & [a,b] for all k& € N. Thus, we have E N (a,b) = 0, that is
g(t) > g(c)/2 for all t € (a,b). By Lemma we infer that g(t) = d for some
d > g(c)/2 and all t € [a,b]; in particular, E'N [a,b] = (). Therefore, h(t) = 0 for all
t € [a,b], because otherwise we would have h(s) > 0 for some s € [a,b] N A, and since
A C FE we had s € E N [a,b] which is not possible. This means h([a,b]) = {0}. Thus,
we have shown that A maps closed intervals onto intervals which proves that indeed
h e D.

Since ¢ is an accumulation point of Z we may assume (by passing to a subsequence, if
necessary) that ¢, < c for allm € N or ¢, > ¢ for all n € N. We are going to investigate
only the first case, because the second can be treated similarly. Let us define the
function « : [0, 1] — R by the formula

h(t) for 0 <t <ec,
x(t) =
1 fore<t <.

We claim that = € D. To see this, fix [a,b] C [0,1] with a < b. If b < ¢, then z([a, b]) =
h([a,b]) is an interval, because h € D. If ¢ < a, then obviously z([a,b]) = {1}. Now,
let a < ¢ <b. Since t, < c for all n € N and t,, — ¢, there exists some m € N such
that a < t,, < c and ¢(t,,) = 0; in particular, ¢,, € F and there exists some n € N
such that t,,, € I,, C [a,¢) C [a,b]. But then

[0,1] 2 2([a, b]) 2 z([a, c]) 2 x(In) = h(ln) 2 h(An) = hn(An) = (0,1],

and again, z([a, b]) is an interval. Consequently, x € D.
Now, we have

h(t)g(t) for 0 <t <e,
g(t) forc<t<1.

Then z(t)g(t) < g(c)/2 for t < ¢ and z(c)g(c) = g(c), showing that xg ¢ D and
contradicting the fact that ¢ € D/D. Thus, Z is closed and the first part of the proof
is completed.

We now pass to the second part of the proof in which we show that Z is dense. First
note that Z is not empty by assumption. Assume that Z is not dense. Then there is
an open nonempty interval I C [0, 1] such that g(¢) > 0 for all t € I. Fix s € I and
define

a:= s — dist ((Z N[0, s]) U {0}, s) and b:= s+ dist ((Z N[s, 1)) U {1}, s).

Then g(t) > 0 for all ¢ € (a,b) and hence, by Lemma [3.1.5 ¢(t) = d for some d > 0
and all ¢t € [a,b]. However, since Z is closed and not empty, it follows that a € Z or
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b € Z, which implies g(a) = 0 or g(b) = 0. In any case we end up with d = 0, and this
is our desired and final contradiction. |

Note that Theorem [3.1.8|also shows that D is not closed under multiplication, since if
it was, then Proposition m (f) implied D/D = D, a contradiction.

Lemma [3.1.7] can also be used to create well-known examples of functions which attain
every real number on every subinterval of [0,1]. We have given an example of such a
function already in Example [2.2.7 we will present here another such function, but this
time we prove its existence with the help of Lemma [3.1.7]

Example 3.1.9. Indeed, if we apply Lemma on E = [0,1] we obtain pairwise
disjoint sets (A, )nen such that A, C I, and card(A,) = ¢ for all n € N, where (1,,) is
an enumeration of all closed proper subintervals of [0, 1] with rational end points. Due
to card(A,) = ¢ there are surjections ¢, : A, — R for all n € N. Define z : [0,1] - R
by

{gon(t) fort € A, and n € N,
x(t) =

0 otherwise.

If I C [0,1] is any proper closed subinterval of [0, 1], then there is some n € N such
that A, C I, C I. Since x(A4,) = ¢n(A,) = R we obtain z(I) = R, and so x has the
desired property. In particular, € D, but z is continuous at no point of [0, 1] and
hence not even a Baire-1 function [128]. O

A consequence of the Theorems [3.1.2] and [3.1.8]is the following

Theorem 3.1.10. Let g : [0,1] — R. Then the following statements are equivalent.

(a) g=0. (c) g€ C/A. (e) g€ C/B. (9) g € D/B.
(b) g€ C/D. (d) g€ A/D. (f) g € A/B.

Proof. Obviously, 0 belongs to each of the given multiplier classes which shows that
(a) implies all the other statements. Moreover, since C' C A C D it follows from the
parts (a) and (b) of Proposition [3.0.2 that C/D C C//A and C/X C A/X C D/X for
X € {D,A, B}, which shows the implications “(b)=-(c)”, “(b)=(d)”, “(e)=(f)” and
“(H)=(e)".

For “(c¢)=(a)” fix g € C/A. Due to C C B we get with the help of the parts (a) and
(c) of Proposition [3.0.2 that C/A C B/A and C/A C C. Thus, g € C N B/A, and by
Theorem [3.1.2 supp(g) is finite, which is possible only if g = 0.

For “(d)=(a)” fix g € A/D and note that A/D C D/D, due to A C D and Proposition
3.0.2| (a). Theorem implies that g must be constant. The function = := ¢g1 1,
defined in (L.1.1)), belongs to D\A by the Propositions [L.1.12] and 2.1.5| and so does
xg, unless g = 0.

The implication “(g)=-(a)” is already covered by Proposition (3.1.1] |
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The Multiplier Spaces D/C' and D/A

While we have given the characterization of A/A in Theorem [2.2.12 which was found
by Fleissner and Maiik [59, 111], the class A/C was also identified by Maiik, who
proved in [I112] that g belongs to A/C if and only if

1 T
geA and lim sup ; / lg(s)|ds < oo for 0 <t <1. (3.1.3)
T—tJt

Tt

However, it is noteworthy that Theorem together with Proposition [3.0.2] (¢) and
(e) tells us that

A/(CNBV) = A, (3.1.4)

and Proposition (b) says A/C' C A/(C'N BV). Moreover, a comparison between
and suggests that A/C' is strictly smaller than A/(C' N BV). Indeed,
condition forces g € A/C to be Lebesgue integrable. Thus, any function g € A
that is not Lebesgue integrable belongs to A/(C'NBV'), but not to A/C; the derivative
g = 2’ of the function z of Example [2.0.2]is an instance of such a function.

The remaining two classes D/C and D/A are way more difficult to characterize, and
their exact form is - at least to our knowledge - unknown. In the following we will
discuss them in more detail and begin with D/C.

First note that C € D/C C D by (c) and (e) of Proposition [3.0.2 we will show
that both inclusions are strict in the sequel. In [122] and [144] it was shown that for
each nonconstant continuous function x there is some function g, with the following
properties:

e ¢, is a Darboux function,
e g, is not a Darboux function, and

 the set of points of discontinuity of g, is meager.

In particular, such g, cannot belong to D/C, and so, indeed, D/C C D. Moreover, the
function ¢ .1, defined in , belongs to A\C for 5 = 0 by Proposition and
to (DN By)\A for 0 < |5 <1 by the Propositions|1.1.12{ and [2.1.5] where B; denotes
the class of Baire-1 functions. This shows that we also have the strict inclusions
C C A C DnBp. It is therefore reasonable to ask whether the classes A or even
D N By fit somewhere into the chain of inclusions C' C D/C C D. In order to answer
this question let us recall a characterization of the functions in D N B; that has been
given by Young in [162].

Theorem 3.1.11. Let g € By. Then g belongs to D N By if and only if the following
two requirements are satisfied.

(i) For each t € (0,1] there exists a sequence (s,) in [0,1] converging to t such that
sp <t for allm € N and lim,,_, g(s,) = g(t).
(t

(ii) For each t € [0,1) there exists a sequence (t,) in [0,1] converging to t such that
t <t, foralln € N and lim,,_,~ g(t,) = g(t).
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With the help of Theorem we now obtain

Proposition 3.1.12. A function g : [0, 1] — R belongs to the class (D N By)/C if and
only if g € DN By.

Proof. By Proposition [3.0.2)(c), the inclusion (DNB;)/C € DN B; holds, so it remains
to show that the reverse implication also holds. To show this assume that g € D N By,
and fix € C'and t € [0,1]. Then xg € B;. Without loss of generality let ¢t € (0,1); the
cases t = 0 and ¢t = 1 are treated similarly. By Theorem [3.1.11] there exist sequences
(sn), (tn) € [0, 1] both converging to ¢ such that s, <t <t, for all n € N and

lim g(s,) = g(t) = lim g(t,).

n—00 n—0o0
Since x € C,
dim 2(sy)g(sn) = x(t)g(t) = lim x(tn)g(tn).
Again by Theorem [3.1.11| we have xg € D N B; showing that indeed g € (DN By)/C,
as claimed. [

The last result simply says (D N B;y)/C = D N By; in particular D N By € D/C by
Proposition W (a), and for g € DN By and = € C C By we have that zg € B;. This
suggests that D/C is strictly larger than D N By, which is indeed true and content of
the following

Proposition 3.1.13. There is a function g € D/C' that does not belong to By .

Proof. In [57] it was proven that there exists a function gy € D such that for each
x € C and each proper interval I C [0, 1] we have (z + go)(/) = R. We now consider
the function g := e% which also belongs to D, since exp is continuous.

Fix # € C and assume that x(t) > 0 for all ¢t € I and some interval I := [a,b] C [0, 1]
with a < b. Define y : [0,1] — R by

xz(a) forte|0,a),
y(t) :==qax(t) fortel
z(b) fort e (b,1].

Then y € C and y(t) > 0 for all ¢ € [0,1]. Moreover,
(zg)(1) = (yg) (1) = 5V (1) = (0, 00).
If, however, z(t) < 0 for all ¢ € I, then a similar argument shows that
(xg)(I) = (=00,0).

In particular, if we take x = 1, then g attains all positive real numbers in every interval.
But then g cannot be an element of B; as it is discontinuous everywhere [128].

Now, fix any compact nondegenerate subinterval I of [0,1] and again some x € C.
Then z(I) = [¢,d] for some ¢,d € R with ¢ < d.
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We now distinguish eight cases. If 0 < ¢ = d, then (xg)(I) = cg(I) = ¢(0, 00) = (0, 00),
if c=d <0, then (zg)(I) = ¢(0,00) = (—00,0), and for ¢ = 0 = d we have (zg)(I) =
{0}. If 0 < ¢ < d, then (zg)(I) = (0,00). If ¢ = 0 < d, then I contains an interval
J in which z attains only positive numbers. In this case we have (zg)(I) = [0,00). A
similar argument shows that if ¢ < 0 < d, then (xg)(I) = R, and if ¢ < 0 = d, then
(xg)(I) = (—00,0]. Finally, if ¢ < d < 0, then we obtain (zg)(I) = (—00,0). In either
case, (xg)([) is an interval, and so xg € D. But this means nothing else than g € D/C,
as desired. [

Looking a little closer at the construction of g in the proof of Proposition [3.1.13| one
might think that D/C consists of those functions which attain every (positive) real
number in every interval. This is not true. In [I33] was given an example of a function
g attaining all real numbers in every nondegenerate subinterval of [0,1] such that
r+g ¢ D for some z € C. Exponentiation gives a function g attaining all positive real
numbers in each nondegenerate subinterval of [0, 1] such that zg ¢ D for some z € C
and hence g ¢ D/C. In particular, this shows once again that D/C' is a proper subset
of D. Conclusively, we have

CCACDNB CD/CCD.

We now turn to D/A. Note that by (a) and (b) of Proposition we have A/A C
D/A C D/C. In contrast to D/C the class DN B; is not a subclass of D/A, and even
worse neither is A. In Example [2.2.16| were given two functions in A € D N By the
product of which does not belong to D; in particular, D/A C D.

Again from (a) and (b) of Proposition we get that M := (DN By)/(DNBy)is
a subclass of D/A. Here, the class M has been characterized more explicitly in [60].
Accordingly, M consists of all functions ¢ in D N B, such that if s € [0, 1] is a point
of right (left) discontinuity of g, then g(s) = 0, and there exists a sequence (t,) in
[0, 1] of zeros of g converging from the right (left) to s; in particular, any continuous
function belongs to M. Thus, both the class A/A and the class M are contained in
D/A, although there is no inclusion between them.

Example 3.1.14. Recall that the functions x = ¢_;,90,1 and y = ¢1/20,1 which have
been considered in Example both belong to A, but their product zy = ¢p 02
does not, and so y is not an element of A/A which is also clear by Proposition [2.2.13]

Moreover, ¥y is continuous and hence lies in M N A.

On the other hand the function g from Example is neither continuous nor of
bounded variation but belongs to A/A with g(0) = 0. The function g : [0,1] — R,
defined by g(t) = g(t) + 1, then still belongs to A/A but cannot belong to M since §
is discontinuous at t = 0 with §(0) =1 # 0. O

In addition, this example also shows that both A/A and M are proper subsets of D/A,
and that A is no subset of M. Finally, M is also no subset of A, since the function
¢_1,0,1 belongs to M, but not to A by Proposition [2.1.5]
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The following Figure summarizes inclusions of most function classes that have
been considered so far. Here, A — B means A C B.

CmBV\C/
\

Figure 3.1.1: Inclusions between classical sets.

Other inclusions than those shown in this diagram do not hold. The dashed arrow

indicates, however, that we were not able to decide wether the inclusion D/A C DN B,
holds.

Multipliers in BV

In this last part of this section we are going to extend our considerations by comparing
each of the classical classes C', A, D and B considered so far to the class BV of functions
of bounded Jordan variation introduced in Definition [LT.7

First note that since both BV and B are algebras with 1 and linked by BV C B, we
get by Proposition [3.0.2] (f) that BV/BV = BV, B/B = B and B/BV = B. Our next
result in this section characterizes BV/B and BV/C.

Theorem 3.1.15. Let g : [0,1] — R. Then the following statements are equivalent.
(a) g € BV NS.. (b) g € BV/B. (¢) g€ BV/C.

Proof. “(a)=-(b)”: Assume first that g € BV and supp(g) is countable. Fix z € B.
Then there exists M > 0 such that |z(¢)] < M for all ¢ € [0,1]. It follows that

supp(zg) C supp(g), and by Proposition [1.1.8]

Var(zg) <2 > |e(t)gt)| <2M Y |g(t)| < 2M Var(g) < oo,

tesupp(g) t€supp(g)
showing that xg € BV. Consequently, g € BV/B.
“(b)=(c)”: Since C C B we get by Proposition [3.0.2] (b) that BV/B C BV/C.
“(c)=-(a)”: Assume g € BV/C. Since 1 € C, Proposition (c) immediately yields
g € BV. Now, suppose that supp(g) is uncountable. Then by Lemma we find
some m > 0 and a strictly monotone sequence (t,,) in (0, 1) converging to some ¢ € [0, 1]
such that |g(t,)| > m for all n € N. Without loss of generality we may assume that the

sequence (t,) is strictly decreasing and t = 0 . Let us pick s, € (t,11,t,) for n € N and
let us define x : [0, 1] — R piecewise linear and continuous on [0, 1] by z(0) = z(1) = 0,

z(s,) =0 and z(t,) =1/n forn e N.
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Then x € C and
o0 o0 1
Var(zg) > > [#(tn)g(tn)| > m Y — = o0
n=1

n=1 n
which shows zg ¢ BV and contradicts g € BV/C. |

Finally, another application of Proposition with X = BV immediately gives
C/BV = A/BV = D/BV = {0}. Moreover, Corollary applied to Y = BV,
yields BV/D = BV/A = &;.

Table below summarizes all multiplier classes considered so far. Note that we
were not able to fully characterize the classes D/C and D/A.

Table 3.1.1: Multipliers in classical spaces.
c/C=C A/C = (3.1.3 D/C =777 B/C =B BV/C =BV NS,
C/A ={0} A/A=BVNA|D/A=777 B/A=S8; | BV/A=S§;
C/D={0} |A/D={0} D/D = 1R B/D=S8; | BV/D =Sy
C/B = {0} A/B = {0} D/B = {0} B/B=B | BV/B=BVnNS.
C/BV ={0} | A/BV = {0} D/BV ={0} | B/BV =B | BV/BV = BV

It is now reasonable to ask whether the results showing in this table remain true if we
replace BV by one of the other BV -spaces WBV,, Y BV,,, ABV or RBV,. Moreover,
we are interested in investigating I'BV/ABYV for two arbitrary Waterman sequences I’
and A, Y BV, /Y BV, for two arbitrary Young functions ¢ and ¢ and RBV,/RBYV, for
two arbitrary exponents 1 < p,q < oo. These and related problems will be discussed
and answered in the next section.

3.2 Multipliers in Generalized BV -Spaces
In this section we are going to generalize the results of the previous section to spaces

of functions of generalized bounded variation. Let us start with the spaces of functions
of bounded Wiener and Young variation introduced in the Definitions [1.2.2] and [1.2.9)]

respectively. Multiplier sets for the Wiener spaces W BV,, have already been character-
ized in [40]. We will give here a more general argument for the Young spaces Y BV,
from which all results for Wiener spaces will follow.

Multipliers in W BV, and Y BV,

First note that since Y BV,, for an arbitrary Young function ¢ is an algebra with 1, we
have Y BV,,/Y BV,, = Y BV, by Proposition [3.0.2) (f). Moreover, Y BV,, C B implies
B/Y BV,, = B, again by Proposition [3.0.2 (f).
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Another application of Proposition [3.1.1] for X = Y BV, for some Young function ¢
immediately gives C/YBV,, = A/YBV,, = D/YBV, = {0}. However, if we ap-
ply Corollary to Y = Y BV, instead, we obtain that the spaces Y BV, /D and
Y BV, /A are the same and precisely consist of all functions having finite support, i.e.
YBV,/D =YBV,/A =S;.

In the sequel we are going to describe the multiplier spaces of two arbitrary spaces
Y BV, and Y BVj,. Note that by Proposition [3.0.2 (f) we have Y BV, /Y BV,, = Y BV,
if and only if Y BV, C Y BV,;,. Consequently, for the general case we need to know when

one such space is contained in the other. But this has already been answered in (|1.2.22])
and below. Accordingly, if ¢ and ¢ are two Young functions, then Y BV,, C Y BV,, if
and only if ¥ < .

We will now turn to our main theorem concerning Young spaces which characterizes
the multiplier spaces Y BV,,/Y BV,,. For this we need the technical result from Lemma
1.2. 16l

Theorem 3.2.1. Let ¢ and ¢ be two Young functions. Then the following statements
hold.

(a) If Y =< o, then Y BV, /Y BV, =Y BV),.
(b) If ¥ £ o, then Y BV, )Y BV, = YBV, N ..

Proof. (a) By (1.2.22)), the condition ¢ < ¢ implies Y BV,, C Y BV}, and so the result
follows immediately from Proposition [3.0.2] (), as mentioned before.

(b) Assume first that ¢ € Y BV,, and supp(g) C {t; | j € N} is countable, where
we arbitrarily pick ¢; € [0, 1]\ supp(g) for j > #supp(g) if supp(g) is finite. Then
Vary(Ag) < oo for some A > 0. If x € Y BV, is given, then z is bounded by some
M > 0, say. Then supp(zg) is countable as well, and for p := A\/(2M) we obtain by
Proposition [1.2.10],

Vary (uwg) <Y 1(2ul(zg)( Z (Mg(t;)]) < Vary(Ag) < oo
Jj=1 J=1

Thus, g € Y BV, which shows g € YBV,,/Y BV,
We now prove the converse, i.e. Y BV, /Y BV, CYBV, NS,. Due to ) A ¢ we have

by (T.2.22) that
. ()
im sup

=0 for all A > 0.
t—0+ ¢<t>

Since ¢ is an increasing homeomorphism of [0, c0), substituting s = ¢(t) and defining
B(N, s) = z/)<)\<p_1(s)) leads to

=00 for all A > 0.

D\
lim sup (A 5)
s—0+ S
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Moreover, ®(-, s) is increasing for each fixed s > 0. Thus, we can apply Lemma [1.2.16
with o = 1 and obtain a sequence (7;) in (0, 00) such that

P(A\, 1) =00 forall A >0  and > <L

M

1

J

The substitution u; := ¢~!(7;) therefore yields a sequence (u;) in (0, 00) which satisfies
> Y(Au;) =00 forall A >0 and > pluy) <1

Assume now that g € YBV,,/Y BV, but g ¢ Y BV, NS.. By Proposition 3.0.2 (c) we
have g € Y BV}, so supp(g) must be uncountable. By Lemma we get some m > 0
and a sequence (t;) in (0, 1) of pairwise distinct numbers such that |g(¢;)| > m for all
j € N. Define the function z : [0,1] — R by z(t;) := u; for all j € N and z(t) =0
otherwise. Then on the one hand, by Proposition [1.2.10

Var,(2/2) < z D= plu) <1,

j=1 j=

and so x € Y BV,,. However, for each A > 0 we get again from Proposition [1.2.10]

—

Y(Amu;) = oo

NgE

Vary(Azg) > Z (A(zg)(t))]) >

Il
—

J

which shows zg ¢ Y BV,, and eventually g ¢ Y BV,,/Y BV, a contradiction. |

We are now going to compare Y BV, with the classical spaces B, D, A and C from the
first section of this chapter. Here we have again an analogue of Theorem [3.1.15]

Theorem 3.2.2. Let 1) be a Young function and let g : [0,1] — R. Then the following
statements are equivalent.

(CL) gGYBV¢ﬂSC (b) gGYBVw/B (C) gGYBVw/C

Proof. For “(a)=-(b)” assume that g € Y BV}, and supp(g) C {t; | j € N} is countable,
where we again choose t; € [0, 1]\ supp(g) arbitrarily for j > # supp(g) if supp(g) is
finite; in particular, Var,(Ag) < oo for some A > 0. Fix x € B. Then z is bounded by
some M > 0, say. Of course, we have supp(zg) C supp(g). Therefore, for u:= A\/(2M)
we obtain by Proposition [1.2.10],

Vary (puzg) < Zw 2p)x(t; Z (Alg(tj)]) < Vary(Ag) < o0

7j=1
which shows zg € Y BV,, and hence g € YBV,,/B.

Note that “(b)=-(c)” immediately follows from Proposition [3.0.2] (b), since C C B.

We now prove the remaining part “(c)=-(a)”. To this end, assume that g € Y BV,, has
uncountable support. Then by Lemma we find a strictly monotone sequence ()
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in (0, 1) converging to some ¢ € [0, 1] and a constant m > 0 such that |g(¢;)| > m for
all j € N, and we may assume that (¢;) is strictly decreasing and converges to ¢ = 0.
Pick s; € (tj41,t;) for all 7 € N. Note that since ¢ is an increasing homeomorphism of
[0,00) with ¢(0) = 0, the numbers

1
uj = |t (j) for j € N

are well-defined and converge to 0 in such a way that

i:: ( ) i ( 1/]> i;:oo

j=1 7j=1

Since u; — 0 as j — oo, for each fixed A > 0 there is some N()\) € N such that A > u;
for all j > N(A). Therefore, since 1 is increasing,

)z 3 u(i) =ox

J=N(x
Define z : [0, 1] — R piecewise linear and continuous by
z(0) :==2(1):=0, z(t;):=u; and xz(s;):=0 for all j € N.

Then z € C and for each A > 0 we obtain

Vary(Azg) > > 0(A(zg)( =Y _w(\g(t; Z (Amu;) = 0.
Jj=1 j=1 j=1
But this shows zg ¢ Y BV, and hence g ¢ YBV,,/C. |

Let us discuss some special cases of the Theorems [3.2.1] and [3.2.2] For ¢(t) = t*
and ¥(t) = t9 for 1 < p,q < oo, the spaces Y BV, and Y BV, precisely coincide
with the spaces of functions of bounded Wiener variation, i.e. Y BV, = WBYV, and
Y BV, = WBV,. In this case, the condition 1 < ¢ is equivalent to p < ¢, and Theorem
B.2.1] reads as follows.

Corollary 3.2.3. Let 1 < p,q < oo. Then the following statements hold.
(a) If p < q, then WBV,/W BV, = WBV,.
(b) If p > q, then WBV, /W BV, = WBV,NS..
In particular, for p =1 < ¢ we obtain WBV,/BV = WBV,, and for p > ¢ =1 we get

BV/W BV, = BV NS,.. More generally, if only one of the Young functions is replaced
by t + tP, then Theorem yields the following four cases.
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Corollary 3.2.4. Let 1 < p,q < oo and ¢ and ¢ be Young functions. Then the
following statements hold.

t
(a) If limsup ﬂ)ty < 00, then Y BVy /W BV, =Y BVj.
t—0+

(b) If lim sup wt(;) = o0, then YBV,,/WBV, =Y BV, NS.,.
t—0+4
14
(c¢) If lim sup < 0o, then WBV, /Y BV, = WBV,.
t—0+ 90(t>

tq
d) If li
(d) If msup o

Note that indeed Corollary reduces to Corollary for o(t) = t? and ¥(t) = t2.
In general, if we put p = 1 in Corollary (a) we obtain from the convexity of
and 1(0) = 0 that

= oo, then WBV,/Y BV, = WBV,NS..

1
lim sup v(t) < lim sup () =9Y(1) <0
t—0+ t t—0+ t

and hence YBV,,/BV = Y BV,. Similarly, if © A ¢ for «(t) = t being the identity
function which is equivalent to
lim sup o =0
=0+ (1) 7
we get from (d) by putting ¢ = 1 that BV/Y BV, = BV N S.. Note that on the other
hand the case ¢ < ¢ leads to Y BV,, = BV and hence to BV/YBV¢ = BV.

Moreover, the special case of Theorem with ¥ (t) = t9 reads as follows.

Corollary 3.2.5. Let 1 < ¢ < o0 and g : [0,1] — R. Then the following statements
are equivalent.

(a) g € WBV,NS.. (b) g€ WBV,/B. (c) g€ WBV,/C.

Note that for ¢ = 1 Corollary reduces to Theorem [3.1.15]

Multipliers in ABV

We now continue our generalizations to the spaces of functions of bounded variation in
the sense of Waterman introduced in Definition [1.2.18 We are particularly interested
in characterizing Y/ABV and 'BV/X for X,Y € {B,C,D,A, BV,ABV}, where I’
and A are arbitrary given Waterman sequences.

First notice that ABV is an algebra with 1, and so from Proposition [3.0.2] (f) we get
ABV/ABV = ABV.

Recall that equation says that not only ABV C B holds for all Waterman
sequences A, but also that each Waterman space comprises BV, and that each regular
function belongs to at least one Waterman space. Because of that and Proposition

(f) we immediately get 'BV/BV =T'BV and B/ABV = B.

Let us now consider an analogue to Theorem [3.1.15
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Theorem 3.2.6. Let g : [0,1] — R and ' be a Waterman sequence. Then the following
statements are equivalent.

(a) g€ T'BV NS.. (b) g e 'BV/B. (c) ge 'BV/C.

Proof. Throughout this proof let the Waterman sequence I' be given by I' = (v;).

“(a)=-(b)”. Assume that g € 'BV has countable support. Fix x € B. Then there exists
M > 0 such that |z(t)| < M for any t € [0, 1]. Of course we have supp(xg) C supp(g) C
{m,72,...} with 7; € supp(g), where we again pick arbitrary 7; € [0, 1]\ supp(g) for
J > #supp(g) if supp(g) is finite. By Proposition we have

Varr(zg) < QSupZ%7 H(xg)(m;)| < 2Msupz% g(m;)| < 2M Varp(g) < oo,
Jj=1 J=1

where o runs through all permutations of N. Thus zg € 'BV and hence g € 'BV/B.

“(b)=(c)” follows directly from Proposition [3.0.2] (b), since C' C B.
“(c)=-(a)”. Assume now that g € 'BV/C. Certainly, 1 € C, and so g € I'BV by

Proposition (c). Suppose now that supp(g) is uncountable. By Lemma we
obtain an m > 0 and some sequence (t,) in (0, 1) of pairwise distinct terms such that

lg(t,)] > m for all n € N. Without loss of generality we can assume that (t,) is strictly
decreasing and converging to 0. Pick s,, € (t,11,t,) forn € N and let I';, := y1+. . .+7,.
Now, define x € C' piecewise linear by z(0) = z(1) = 0, z(s,) = 0 and z(t,) = 1/T, for
n € N. Let us define a finite collection of nonoverlapping subintervals of the interval
[0,1] by [a;j,b;] = [sj,t;] for j € {1,...,n}. Then

Varr(xg) Z |—Z'y] xg)(t;)| > m Z;—

By a result of Abel and Dini [77],

and hence zg ¢ I'BV, contradicting g € 'BV/C. |

ﬁ\g

An application of Proposition for X = ABV for some Waterman sequence A
immediately gives C/ABV = A/ABV = D/ABV = {0}. Moreover, if we apply
Corollary to Y = ABV instead, we obtain ABV/D = ABV/A = S;.

In the sequel we are going to describe the multiplier spaces of two arbitrary Waterman
spaces I'BV and ABV. Note that by Proposition (f) we have ' BV/ABV =T'BV
if and only if ABV C I'BV. Consequently, for the general case we need to know when
one such space is contained in the other. But this has already been answered in the
discussion around . Accordingly, if I" and A are two Waterman sequences, then
ABV CT'BV if and only if I' < A.

We are now in position to prove the following
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Theorem 3.2.7. Let I' and A be two Waterman sequences. Then the following state-
ments hold.

(a) IfT = A, then TBV/ABV =TBV.
(b) IfT £ A, then TBV/ABV =TBV NS8..

Proof. Throughout this proof let I' = (y;) and A = ().

Note that by (|1.2.44]) the assertion I' < A is equivalent to ABV C I'BV. Consequently,
(a) follows immediately from Proposition [3.0.2] (f), as mentioned before.

For (b) assume first that ¢ € I'BV and supp(g) C {t1,1s,...} is countable, where we
pick arbitrary ¢; € [0, 1]\ supp(g) for j > #supp(g) if supp(g) is finite. If z € ABV
is given, then z is bounded by some M > 0, say. Then supp(zg) C supp(g), and we
obtain by Proposition [1.2.20},

Varr(zg) < QSupZ'ya(j)|x(tj)g(tj)| < 2M supz%(j)|g(tj)| < 2M Varr(g) < oo,
o 4 o =

and hence zg € I'BV which shows that g € 'BV/ABV.

For the reverse implication assume that supp(g) is uncountable. By Lemma there
is a constant m > 0 and a sequence (¢;) in (0,1) such that |g(¢;)| > m for all j € N.

Now apply Lemma [1.2.23| to a; = 7;,0; = A\; and o = 1 and obtain a monotonically
decreasing sequence (u;) in (0, 00) tending to zero such that

Z%’“j = 00 and Z)\juj =1.
=1 =1

Define x(t;) := u; and x(t) = 0 elsewhere. Then with the help of Proposition [1.2.20

we have

Vary(z) <23 Mu; =2,

i=1

that is, x € BV. Note that the sum on the right hand side of ((1.2.39)) is maximal for
the given ordering of ()\;) and (u;) as both sequences are decreasing [6]. On the other
hand, again by Proposition [1.2.20]

Varr(zg) > > vile(t)g(t;)| = m > vju; = oo
j=1 j=1

showing that xg ¢ 'BV and hence g ¢ I'BV/ABV. That each function g € I'BV/ABV
belongs to T'BV follows from Proposition [3.0.2] (¢). This completes the proof. [

In the light of (1.2.49) it is reasonable to ask how the “limit” spaces BV/ABV,
I'BV/BV, R/ABV and I'BV/R look like. With the help of Proposition we
obtain the following

Corollary 3.2.8. Let A be a Waterman sequence. Then BV/ABV = BV N S..
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Proof. Let g € BV have countable support. Then Theorem [3.1.15| yields ¢ € BV/B,
and since ABV C B we get by Proposition (b) that g € BV/ABV.

Suppose now that g € BV/ABV for A = ();); in particular, ¢ € BV by Proposition
3.0.2(c). The sequence I' = (v;), defined by v; := \/)\7J , clearly is a Waterman sequence,
and since BV C I'BV we obtain from Proposition (a) that ¢ € 'BV/ABV.
However, since

Vn Van 1

lim — = lim = lim

n—oo )\ n—oo )\, n—oo \/ )\ o

oo,

we obtain with the help of the Stolz-Cesaro-Theorem [119] that I' A A. Finally,
Theorem yields that supp(g) is countable. |

For the “flipped” space ' BV/BV note that we already know 'BV/BV = T'BV. More-
over, since ABV C R we also obtain R/ABV = R from Proposition (f). Finally,
since C' C R C B, we have that 'BV/B C I'BV/R C I'BV/C by Proposition m
(b), and Theorem eventually shows that 'BV/R =TBV N S..

Let us now discuss some special cases of the Theorems|3.2.6|and [3.2.7] For 0 < p,q <1
we consider the two Waterman sequences A, = (1/n”) and A, = (1/n9) for which the

the condition A, = A, is equivalent to p < ¢ (again by the Stolz-Cesaro-Theorem
[119]). Consequently, Theorem reads as follows.

Corollary 3.2.9. Let 0 < p,q < 1. Then the following statements hold.
(a) If p <gq, then A\;BV/A,BV = A\,BV.
(b) If p > q, then A,BV/A,BV = A, BV NS..

Recall that the space A,BV is of particular interest for p = 1 and called the space of
functions of bounded harmonic variation, abbreviated by the symbol HBV = A{BV.
In particular, for 0 < p < 1 = g we obtain HBV/A,BV = HBV ,andforp=1>¢ >0
we get A,BV/HBV = A,BV NS,, both as a consequence of Corollary .

Analogously, Theorem then reads as follows.

Corollary 3.2.10. Let 0 < ¢ < 1 and g : [0,1] — R. Then the following statements
are equivalent.

(a) g € AJBV NS,. (b) g € A,BV/B. (¢c) g€ A\;BV/C.

The spaces BV, WBV,, Y BV, and ABV have in common that they all contain func-
tions of finite and countably infinite support. In the next and final subsection we
consider multiplier spaces for the Riesz spaces RBV), that do not have this property,
as any function in RBYV,, is automatically continuous for p > 1.
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Multipliers in L, and RBYV,

As a final generalization we now consider functions of bounded variation in the sense
of Riesz as defined in Definition Recall that for 1 < p < oo the class RBV,
coincides with the class AC' of absolutely continuous functions with derivatives in the
space L,. Moreover, in this case the Riesz variation can be calculated explicitly by the
formula ([1.2.50)).
If we write

L, ={rc AC | 2’ € L,} for1<p < oo,

then Riesz’ result states that

AC for p =1,
L, =4 RBV, forl<p< oo,
Lip for p = oo,

whereas, by definition, RBV, = BV # AC.

Recall that RBV, can be interpreted as the set of continuous representatives of the
Sobolev space W1'P; in particular, for each function o € WP there is a function & € L,
such that x = ¥ almost everywhere.

Thus, the Riesz spaces are closely related not only to Sobolev spaces but also to
Lebesgue spaces. In order to find multipliers for Riesz spaces, we therefore need mul-
tipliers for Lebesgue spaces. As adumbrated at the beginning of this chapter, Holder’s
inequality is of good use here. We will prove in a little more detail the following
characterization of Lebesgue multipliers.

Theorem 3.2.11. Let 1 < p,q < oco. Then

e forl1 <g<p< o0,
LL, - L, for1<gqg<p=o0, (3.2.1)
T L Jor1<p=q< o0,

{0 a.e} forl<p<qg<oo.

Proof. We first prove for 1 < p < oo the identity

Lo forl<p<oo,

LM%:{I” (3.2.2)

L, forp=1.

Note that for 1 < p < oo the inclusion L% C Ly/L, is a trivial consequence of
Holder’s inequality. Indeed, if g € Lp%l and x € L, are given, then Hoélder’s inequality
guarantees immediately zg € L; as 1% is the Holder conjugate to p. The same
argument holds for p = 1 and shows L., C L;/L;.

For the converse there is a little more to do. For fixed g € L,/ L, with 1 < p < oo we

also have |g| € L1/L,. On L, we define the linear functional 7": L, — R by

TWZA%mm@mt
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which is well-defined due to |g| € Ly/L,. We now show that T is bounded. If T is
unbounded, there is a sequence (xy) in L, with ||xk||Lp = 1 and |Txy| > 3* for all
k € N. The function - |2,

k=1 2

then belongs to L, because

o0

el
Izl < > =1

k=1

On the other hand, the function z|g| does not belong to L;, because by the Monotone
Convergence Theorem,

! =1 fae()] N,
JRECICTTES o M- VOIS SELLE SRS
0 k=170 m1 =

But this contradicts |g| € Li/L,. Consequently, T' is a bounded linear functional
on L, and therefore has, by a well-known theorem of Riesz (see [153] for a proof), a
representation of the form

Tx::AIx@Vdﬂdt

for some function h € L,, where ¢ is the Holder conjugate to p, that is, ¢ = p%l for

1 <p<ooand qg=ocfor p=1. Thus, |g] = h almost everywhere which implies
g € L,, as claimed. In total, formula 1} is established.

We are now going to deduce from (3.2.2) the remaining identities. Let 1 < ¢ <p < o0
andsetrzgands:p— Thenrs>1and +7—1 Fix g € Lre and x € L,,.

p—q
Since (|z]?)" = |z|P € Ly and (|g|?)* = |g|7-7 € Ll, we have |z]|? € L, and |g|? € L, and
from Hoélder’s inequality we obtain that |xg|? € Ly, hence zg € L, and thus g € L,/L,,.
The same argument works for 1 < p = ¢ < oo. Finally, Lo /Ls = Lo follows from
Proposition (f). This proves the first and third of the four identities in (3.2.1).
For the second note that for 1 < ¢ < oo the inclusion L, C L,/Ls follows instantly
from Hoélder’s inequality, and the inclusion L,/Ls, C L, is a consequence of Proposition
3.0.2[ (c).
For the fourth and final identity in fix1<p<gqg<ooandyg € L,/L,and assume
that g is not zero almost everywhere. Then there is some measurable set £ C [0, 1] of
finite positive measure and some m > 0 such that |g(¢)] > m for all t € E. For z € L,
we have z € L,(E) and

m>/u w&>w/u )| dt,

and consequently € L (E). This shows L,(E) C L,(E) and hence p > ¢, a contra-
diction. This proves g = 0 almost everywhere and completes the proof. [ |

Before we proceed with a characterization of the multipliers RBV,/RBV,, let us re-
mark another interpretation of Holder’s inequality. It states that if x and y belong to
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conjugate Lebesgue spaces, the product belongs to L;. It is shown in [5] that this is
precise in the following sense: If 1/p+1/¢ =1 and = € L,, then

1
e, =sup { [ a0 dt |y € Loyl <1} (323)

in particular, the norm of the linear functional

1
yr—>/:vtytdt
0

is precisely the L,-norm of z. In fact, one can show that the supremum in (3.2.3) is a
maximum for x € L, with 1 < p < co. The following example shows that for p = oo
this is no longer true [5].

Example 3.2.12. The function z : [0,1] — R, ¢~ ¢, belongs to Lo, with ||z|, =1
If any y € L with 0 < |ly[|,, <1 is given, one can pick § € (0,1) so that

1-6 1
L wiae= Sy,

as the Lebesgue integral is absolutely continuous with respect to the domain of inte-
gration. We now obtain

[eouad < [ lulas [ elyolar
3(1—5)/016 |dt+/ (1) dt

)
— ['wrar-s [y |w<(u—)mm<1—mmm

Consequently, the number |[z[|,_ and hence the supremum in cannot be attained
by values of the functional [y z(t)y(t) dt, as long as y satlsﬁes ||y|| L, <L &

We remark that there is another difference in this context, depending on the choice
of p: In case 1 < p < oo, the supremum in is attained by a unique function
y € L,. However, for p = 1 or p = oo, even if the supremum in (3.2.3)) is attained by
some function y € L,, this function must not be unique. This is illustrated by the next
two examples [5].

Example 3.2.13. Consider the functions x = y; = Xjo,1/29) and y» = 1. Then z € L,
and yi, 92 € L with ||y1||LOO = ||y2||Loo = 1. Moreover,

1 1 1
2l =5 = [ a@n@dt= [ 2@,
but v, is not equal to ys almost everywhere. &

Example 3.2.14. Consider the functions x = 1, y; = 2x(0,1/2] and y2 = 2x(1/2,1]- Then
T € Lo and yy1,y2 € Ly with |ly1][,, = [Jyall,, = 1. Moreover,

el = 1= [ a(ydt = [ ali(n)r

but g7 is not equal to ¥, almost everywhere. &
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We are now going to give a full characterization of the spaces RBV,/RBV,, for arbitrary
exponents 1 < p, ¢ < oo which is an immediate consequence of Theorem [3.2.11] Note
that by Proposition [3.0.2 (f) we have RBV,/RBV, = RBV, if and only if RBV, C
RBYV,. Consequently, for the general case we need to know when one such space is
contained in the other. Recall that similar to Lebesgue spaces we have RBV,, C RBV,
if and only if p > ¢. In addition, note that RBV, C AC whenever p > 1. As a
consequence, we obtain

Theorem 3.2.15. Let 1 < p,q < oo. Then the following statements hold.
(a) If p > q, then RBV,/RBV, = RBV,.
(b) If p < q, then RBV,/RBV, = {0}.
(¢) If ¢ > 1, then RBV,/AC = {0}.
Proof. (a) Since p > ¢, we have RBV, C RBV,, and (a) follows again immediately

from Proposition [3.0.2] (f), as mentioned before.
For (b) with p > 1 fix g € RBV,/RBV,, and y € L,. The function

x(t) = /Oty(s) ds

is then absolutely continuous with 2’ = y € L, and hence belongs to RBV,. From
Proposition (c) follows ¢ € RBV, and thus ¢ € AC with ¢’ € L,. Moreover,
since ¢ is a multiplier of RBV, over RBV,, we have xg € RBV, and in particular
2'g+xg" € L,. Because of v € AC' C Lo, the product z¢’ belongs to L, and hence
2'g = yg must belong to L,, as well. As this is true for all y € L, we have shown that
g € L,/L,. By Theorem it follows that g is zero almost everywhere, and since
g is continuous, we conclude g = 0 everywhere, as desired.

For (c) repeat the argument used for (b) with p =1 and RBV,, replaced by AC'. Since
AC C BV we obtain the remaining part of (b) for p = 1 from (c) and Proposition [3.0.2]
(b). This completes the proof. |

We remark that the parts (b) and (c) of Theorem can also be proven without
Theorem . Indeed, in order to prove (b) for p > 1 fix g € RBV,/RBV,, for p < ¢
and assume that g is not identically zero. Because of ¢ > p > 1 the function g is
continuous, and there is some proper interval [a,b] C (0, 1] and some constant m > 0
such that |g(t)| > m for all ¢ € [a,b]. Now define

ht) = {(t —a)72/*9) for t € (a,b],

0 for t € [0,a] U (b, 1] and x(t) = /0 h(s)ds.

Then h € L,\L,, and therefore x € RBV,\RBYV,. By definition of g, the product zg
must belong to RBV,. However, we obtain for s € (a, b],
RVar(zg) > (s — a)' ™ [(zg)(s)|" = m?(s — a)' ™ [a(s)|"
mi(p+q)

= m(s — a)m, (324)
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Since ¢ > p, the exponent ﬁ in 1} is negative, and hence the right hand side in
(3.2.4) goes to infinity as s — a+. Consequently, RVar,(xg) = oo which contradicts
g € RBV,/RBYV,. The same argument works with p = 1 to prove (c).

Let us add some comments to this result. First of all, although part (b) of Theorem
looks different than the corresponding results for the other BV -spaces (Theorem
B-2.1, Corollary and Theorem [3.2.7)), it still fits perfectly. Since in part (b) we
assume ¢ > 1, each function ¢ € RBV,/RBV, must be continuous, and the only
continuous function with countable support is the function 0.

Moreover, assertion (a) is of particular interest for ¢ = 1, because then we obtain
BV/RBV, = BV forall p € [1,00). In particular, for p = 1 we obtain again BV/BV =
BV. On the other hand, from (b) for p = 1 we get that RBV,/BV = {0} for all ¢ > 1,
and part (c) solves a conjecture that we made in [2§].

We now compare RBV, for fixed ¢ > 1 to the classical spaces B,C, A and D, and also
to Lip and AC'; a first comparison of this kind was already given in Theorem [3.2.15

(c). First note that implies
Lip C RBV, CAC C CNBY,
and we obtain the inclusions
Lip/C C RBV,/C C AC/C C CnN(BV/C)

and
Lip/BV C RBV,/BV C AC/BV C C/BV

by Propositionm (a). But the only continuous function in BV/C'is the zero function
0 by Theorem and the only function in C/BV is also the zero function, as has
been pointed out right after Theorem [3.1.15. Hence, Lip/C = RBV,/C = AC/C =
{0} and also Lip/BV = RBV,/BV = AC/BV = {0}, and since C C B and C C A C
D we obtain in total Lip/X = RBV,/X = AC/X = {0} for X € {B,BV,C,A,D} by
Proposition [3.0.2 (b). Moreover, RBV,/Lip = RBV, by Proposition [3.0.2] (f).

We are now considering Y/RBV, for fixed p > 1 and Y € {B, BV,C, A, D, Lip, AC'}.
We already know that BV/RBV, = BV. Also note that since RBV,, C C' C B we have
B/RBV,, = B and C/RBV,, = C by Proposition[3.0.2] (f). Finally, since A/(CNBV) =
A by Theorem [2.2.2land RBV,, C CNBV we obtain A/RBV, = A by Proposition[3.0.2)
(b) and (c). Similar relations hold for Y/Lip and Y/AC, namely Y/Lip = Y/AC =Y
for Y € {C,A,B,BV}. Moreover, since RBV, C AC, Proposition m (f) yields
AC/RBV, = AC. Finally, Lip/RBV,, C RBV,,/ RBV, = {0} by Proposition (a)
and Theorem (b), and thus this gives us Lip/RBV,, = {0}.

However, the class D/RBV,, and the analogous classes D/Lip and D/AC seem to be
much more complex, and we do not know how they look like. In addition to the
inclusions mentioned in Figure [3.1.T] at the end of Section 3.1 we only know that

DNB, CD/CCD/(CNBV)C D/AC C D/RBV, C D/Lip C D,

and we believe that all of the given inclusions are strict.
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The following tables summarize most of the multiplier classes under consideration.
Table compares the results from Section [3.1]to the results about Waterman spaces

of Section [3.2

Table 3.2.1: Multipliers in BV and ABV.

Jordan variation

Waterman variation

C/BV = {0}
A/BV = {0}
D/BV = {0}
B/BV =B

BV/C = BV NS,

BV/A = S
BV/D = §;
BV/B =BV NS,
BV/BV = BV

C/ABV = {0}
A/ABV = {0}
D/ABV = {0}
B/ABV =B

BV/ABV = BV N,

I'BV/C =TBV NS,

TBV/A = S;

TBV/D = S;

I'BV/B=TBV NS,

I'BV/BV =TBV

I'BV/ABV =TBV for T' < A
TBV/ABV =TBV NS, for T £ A

Table |3.2.2] shows the new results from Section about Wiener, Young and Riesz

spaces.

Table 3.2.2: Multipliers in Y BV,, and RBV/,.

Young variation

C/YBV, = {0}
A/YBV, = {0}
D/Y BV, = {0}
B/YBV, =B

YBV,/C =YBV,NS,
YBV,/A =8
YBV,/D =58
YBV,/B=YBV, NS,
YBV,/BV = YBV,

BVJYBV,=BV NS, fort A ¢

YBV,)YBV, = YBV, for ¢) < ¢
YBV,/YBV,=YBV,NS. for ) £ ¢

Riesz variation (1 < p,q < o)
C/RBV, = C

A/RBV, = A

D/RBV, =77

B/RBV, = B

BV/RBV, = BV

RBV,/C = {0}

RBV,/A = {0}

RBV,/D = {0}

RBV,/B = {0}

RBV,/BV = {0}
RBV,/RBV, = RBV, for ¢ < p
RBV,/RBV,, = {0} for ¢ > p

Note that the results about Jordan, Waterman and Young variations are completely
similar, whereas the results for the Riesz variation are slightly different. This is because
functions in RBV,, for p > 1 are continuous. Moreover, similar to the class D/C we do
not know how the classes D/RBYV,, for p > 1 look like.
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Finally, our last Table below gives an overview about the other classes related to
BV -type spaces.

Table 3.2.3: Multipliers in other classes.

Other classes (1 < p,q < o)
C/Lip=C | CJAC=C | RBV,/Lip = RBY,
AJLip=A | AJAC=A | Lip/RBV, = {0}
D/Lip=77" | DJAC =777 RBV,/AC = {0}
B/Lip=B | BJ/AC=B | AC/RBV, = AC
BV/Lip= BV | BV/JAC =BV | R/IABV =R
Lip/C ={0} | AC/C ={0} |ABV/R=ABVNS.
Lip/A ={0} | AC/A ={0}
Lip/D ={0} | AC/D = {0}
Lip/B={0} | AC/B ={0}
Lip/BV = {0} | AC/BV = {0}




Chapter 4

Linear Operators between
BV -Spaces

The purpose of this chapter is to study several linear operators mainly in BV -spaces
X and Y, where the symbols X and Y represent one of the spaces BV, WBV,, Y BV,
ABV or RBV,, introduced in Chapter . In detail we will consider

o the multiplication operator M, : X — Y, generated by a function g : [0,1] — R
and defined by

My (t) = z(t)g(t), (4.0.1)

o the substitution operator S, : X — Y, generated by a function ¢ : [0,1] — [0, 1]
and defined by

Sga(t) = z(g(t)), (4.0.2)

o the integral operator 1, : X — Y, generated by a function ¢ : [0,1] x [0,1] = R
and defined by

el = | L o(t, ) (s) ds. (4.0.3)

For all these operators we are particularly interested in analytic properties like act-
ing conditions, continuity and compactness, but we will also investigate set-theoretic
properties like injectivity, surjectivity and bijectivity.

4.1 Multiplication Operators

In this section we investigate the multiplication operator M, : X — Y, defined by
M,x(t) == z(t)g(t) fort e [0,1],

where X and Y are linear spaces of real-valued functions on the interval [0, 1], and
the generating function ¢ : [0,1] — R is given. In order to guarantee that M, is well-
defined, we have to make sure by imposing proper conditions on g that M,(X) C Y.

120
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That is, the product zg must belong to Y, whenever x belongs to X. Using the notation
for multiplier sets

Y/X={g:]0,]] >R |zgeY forallz € X}

introduced in (3.0.1)) we have M/ (X) C Y if and only if g € Y/X.

As we have seen in the previous chapter, in some spaces, especially when X =Y, the
classes Y/ X are easy to find: For instance, we have seen in Section that B/B =B
and C'/C = C which means for our multiplication operator nothing but M,(B) C B if
and only if g € B and M,(C) C C if and only if g € C.

Generally speaking, if X = Y is closed under multiplication and contains 1 then
X/X = X by Proposition [3.0.2] (f) and therefore M,(X) C X if and only if g € X.
The spaces C' and B clearly have both properties.

However, in other classes of functions which are not closed under addition or multipli-
cation, a characterization of X/X or even Y/X can be much harder. As we have seen
in Section this is difficult especially if the class D of Darboux functions is involved.
For instance, the class D/C satisfies the chain of inclusions

CCACDNB CD/CCD,

where B; denotes the class of Baire-1 functions, but its exact characterization is - at
least to our knowledge - unknown.

If X and Y are different spaces, the assumption M (X) C Y can lead to a strong
degeneracy of the generator g. Roughly speaking, this is true whenever X is “large”
and Y is “small”. For example, the classes C'/B, C/D and D/B contain only 0 by
Theorem [3.1.10, In terms of the multiplication operator this means that either of the
inclusions M, (B) C C, M,(D) C C and My (B) C D is possible only for g = 0.

In this section we investigate M, for the case when X and Y are some of the BV -type
spaces BV, WBV,, YBV,,, ABV and RBV), introduced in Chapter . Since all five
classes are closed under multiplication and contain the function 1, the multiplication
operator from one such space into itself is always well-defined if and only if g itself is
a member of that space. However, if X and Y are different spaces, the requirement of
M, : X — Y to be well-defined may again lead to some degeneracy. For instance, as

we have seen in Corollary and Theorem [3.2.15]

WBYV, for 1 <p <gq,
WBV,/WBV, = (4.1.1)
WBV,NS, forl<gq<p,
RBV, for1l<q<p,
RBV,/RBV, = ¢ DEo=4=P (4.1.2)
{0} for 1 <p<yg,

where S, denotes the set of functions with countable support. According to the Theo-

rems [3.2.1] and [3.2.7] similar relations hold in Y BV, and ABV.
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We are going to start our investigations by giving general criteria for injectivity, sur-
jectivity and bijectivity for the multiplication operator M, : X — Y. Most of them
can be expressed in terms of the support supp and supp; of the generating function g

as defined in (1.1.8) and (1.1.9). Recall that if supp(g) is uncountable, then supps(g)
is infinite for some § > 0. Conversely, if supps(g) is countable for each 6 > 0, then
supp(g) is also countable as it is then a countable union of countable sets by ([1.1.10]).

Since M, as a linear operator is injective if and only if its null space contains only the
zero vector, we immediately obtain a criterion for injectivity.

Proposition 4.1.1. For g € Y/X, the operator M, : X — Y is injective if and only
if for each x € X\{0} there is some t € supp(g) such that x(t) # 0.

This condition, however, is too broad and shows that an injectivity criterion in general
does not only depend on ¢ but also on X. In some cases, namely if the space X is
sufficiently “large”, the dependence on X is redundant. We give two such cases and
introduce some terminology.

Definition 4.1.2. We say that a linear space X of real-valued functions on [0, 1]
« separates points if for each t € [0, 1] there is some x € X such that z(t) # 0,
o strongly separates points if X contains all characteristic functions of singletons,

o uniformly separates points if X C C' and if for each t € [0,1] and each § > 0
there is some = € X such that ¢ € supp(x) C [t — d,t + 4.

Note that each space which separates points uniformly or strongly also separates points.
Other relations, however, do not hold. For instance, the spaces C, B, BV, ABV,
W BV, Y BV, and RBV), separate points. However, the spaces B, BV, WBV,, Y BV,
and ABV separate points strongly, but not uniformly, whereas the spaces C' and RBV,,
separate points uniformly, but not strongly. Finally, the space of constant functions
only separates points, but neither strongly nor uniformly.

With these definitions at hand, we obtain

Proposition 4.1.3. For g € Y/X the following statements are true.
(a) If supp(g) = [0, 1], then the operator M, is injective.

(b) If X strongly separates points, then the operator M, : X — Y is injective if and
only if supp(g) = [0,1].

(¢) If X uniformly separates points, then the operator M, : X — Y is injective if
and only if supp(g) = [0, 1].

(d) If Y separates points, then the operator M, : X — Y is surjective if and only if
supp(g) = [0,1] and 1/g € X/Y'.

(e) IfY separates points, then the operator My : X — Y is injective if it is surjective.
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Proof. (a) Clearly, zg = 0 for x € X (if and) only if z = 0, and so the null space of
M, only contains 0 which implies the desired injectivity.

(b) Let M, be injective and fix ¢ € [0,1]. Then z := xy; € X, and since z # 0 and
M, is injective, xg # 0. But this is possible only if g(¢) # 0. Since ¢ was arbitrary,
g(t) #0 for all t € [0, 1], i.e. supp(g) = [0, 1].

Conversely, if supp(g) = [0, 1], then M, is injective by (a).

(c) Let M, be injective and fix ¢ € [0, 1] such that g(t) = 0. For each § > 0 there is
some x € X such that ¢ € supp(z) C [t — d,t + J]. In particular, z # 0, and since
M, is injective, zg # 0. But since supp(zg) C supp(z) C [t — J,t + 4], there is some
s € [t —0,t+ 0] N[0,1] such that g(s) # 0 and hence s € supp(g). This shows that
supp(g) is dense in [0, 1].

Conversely, if supp(g) is dense in [0, 1], then M, is injective. To see this, fix ¢ € [0, 1]
and x € X such that xg = 0. If g(t) # 0, then x(t) = 0. If g(¢) = 0, then since supp(g)
is dense in [0, 1], there is a sequence (t,,) in [0, 1] converging to t such that g(t,) # 0

for each n € N. Then z(t,) = 0 for each n € N and due to continuity, z(t) = 0.
Consequently, z = 0.

(d) Let M, be surjective and fix ¢t € [0, 1]. Since Y separates points there is some y € YV’
such that y(t) # 0. Since M, is surjective we find some x € X such that xg = y; in
particular, g(t) # 0, and consequently ¢(t) # 0 for all t € [0,1], as ¢ was arbitrary.
This shows supp(g) = [0, 1]. For any y € Y we again find € X such that zg = y and
hence y/g = x € X which proves 1/g € X/Y.

For the converse assume that supp(g) = [0,1] and 1/g € X/Y. For y € Y the function
x :=y/g belongs to X and satisfies xg = y, i.e. M, is surjective.

(e) follows instantaneously from (a) and (d). |

We remark that if M, : X — X is surjective (or even bijective) and X does not separate
points, then g may have zeros.

Example 4.1.4. Let X = {z € BV | 2(0) = 0} and g = x(o,;- Then M, maps X into
itself and is bijective, because Myx = x for all x € X. However, g obviously has a zero
at t = 0. ¢

Note that this example is not contradictory to Proposition [4.1.3] (d), because X does
not separate points. Even if the operator M, is considered to be an operator from X
into BV instead of X itself, then it does not contradict Proposition [£.1.3] (d), because
in this case, M, is not surjective anymore.

We now apply Proposition to the spaces of our interest and obtain as a conse-
quence the following result. Recall that according to our agreement after Definition
the symbol RBV, implicitly means p > 1, unless otherwise stated. This implies
that functions in RBV,, are automatically continuous, whereas functions in RBV;, = BV
are usually not.
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Corollary 4.1.5. For g € Y/X the following statements are true.

(a) If X is any of the spaces B, BV,WBV,,YBV,, or ABV, then My, : X — Y s
injective if and only if supp(g) = [0, 1].

(b) If X is any of the spaces C' or RBV,, then M, : X =Y is injective if and only
if supp(g) = [0,1].
(¢c) IfY € X C B and Y is any of the spaces B,C, BV, WBV,,Y BV,,,ABV or

RBV,, then My : X — Y s surjective if and only if inf,cq1|g(t)| > 0. In this
case, My is also injective.

Proof. (a) follows from Proposition [£.1.3] (b), and (b) follows from part (c) of Propo-
sition A.T.3l

For (c) assume that M, is surjective. Then from Proposition (d) we obtain that
supp(g) = [0,1] and 1/g € X/Y. Note that 1 belongs to all of the spaces B, BV,
ABV, BV, RBV, and C, and we obtain X/Y C X C B from Proposition [3.0.2] (c).
Thus, 1/g is bounded, and this is possible only if inf,cjo 1) [g(Z)] > 0.

Conversely, assume that infcjo17|g(¢)| > 0. Then supp(g) = [0,1] and 1/g € Y. Since
Y is closed under multiplication we have Y C X/Y by Proposition [3.0.2] (¢) and hence
1/g € X/Y. Again from Proposition [£.1.3] (d) we obtain that M, is surjective, and
that it is also injective follows from Proposition [.1.3] (e). [

In particular, for the special case X =Y, we have

Corollary 4.1.6. The following statements are true.

(a) If X =Y is any of the spaces B, BV, WBV,, Y BV, or ABV, then My : X — X
is injective if and only if supp(g) = [0, 1].

(b) If X =Y is any of the spaces C or RBV,, then M, : X — X is injective if and
only if supp(g) = [0, 1.

(c) If X =Y is any of the spaces B, C, BV, WBV,, YBV,,, ABV, or RBV,, then
My : X — X is surjective if and only if inf,coq17|g(t)| > 0.

(d) If X =Y s any of the spaces B, C, BV, WBV,, YBV,,, ABV, or RBV,,
then My : X — X s bijective if and only if inf,coq)|g(t)| > 0. In this case,
Mg_l - Ml/g-

Note that for these spaces, a surjective multiplication operator My : X — X is always
automatically injective and hence bijective. In this case, for the inverse operator the
relation

M, = My, (4.1.3)

holds. However, this is no specialty of the particular space X, but of the operator
itself. Indeed, if X is any space of real-valued functions on [0, 1] and M, : X — X is
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surjective, then it is always injective. To see this suppose by contradiction that there
is some = € X with M,z = 0, but x # 0. This means that there is some ¢ € [0, 1] such
that z(t) # 0. Due to xg = 0 we get g(t) = 0. But since M, is assumed to be surjective,
we must find some z € X such that M,z = z; in particular, 0 = 2(t)g(t) = x(t) # 0, a
contradiction.

However, such an operator, even if it is bijective, does not have to satisfy the identity
(4.1.3) anymore, because in the situation of Example the function 1/g is not even
defined.

We now turn to analytic properties of the multiplication operator M, : X — X. Here,
we are particularly interested in continuity and compactness for X being one of the
spaces BV, WBV,, YBV,, ABV or RBV,,.

Recall that for a linear operator L : X — Y between two normed linear spaces (X, ||| y)
and (Y, ||-|ly) the operator norm is defined by

L
1oy = sup 20— o iz,
220 Zllx  Jal=t

Then L is bounded if and only if || L] .y is finite. Note that in these cases, as a linear
operator, L is then even globally Lipschitz continuous.

We then have the following quite general result.

Proposition 4.1.7. Let (X, ||| ) and (Y, ||-||y-) be normed linear spaces of real-valued
functions on [0,1], where X — Y with embedding constant ¢ > 0 and 1 € X with
|Lllx = 1, and suppose that Y is a normalized algebra. Then, for g € Y/X, the
operator My : X —'Y is bounded with

lglly < IMllx oy < cllglly -

Proof. Since 1 € X we have || M|, > [[My1]], [|1]y = |lg|ly- which shows the first
inequality.

Since X — Y with embedding constant ¢ > 0, that is, | z||y < c||z||y forallz € X, we
have [|zglly < [|z]ly [lglly < cllzllx [lglly, where we have used that Y is a normalized
algebra in the first estimate. From this follows ||M,| .y < c||g|l,, which shows the
second inequality.

Finally, we have ¢ = g1 € Y, and this ensures that the upper and lower bounds for
| My|| .,y are finite. [

For the special case that X = Y is one of our BV-spaces, we have X/X = X and
hence, since all those spaces contain the function 1 that has norm 1, we obtain the
following

Corollary 4.1.8. Let X be one of the spaces BV, WBV,, YBV,, ABV or RBV,.
Then for g € X the operator M, : X — X is well-defined and bounded with

||Mg||X_>X = HQHX .
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Proposition [£.1.7] allows us to compute the operator norm of M, also for different
combinations of BV-spaces. Let us give some sample results in this direction. For
instance, we have for 1 < p < ¢ < oo that WBV,, — W BV, with embedding constant
1, and thus Proposition 4.1.7| says

||M9||WBVP—>WBVq = HgHWBVq' (4.1.4)

Similarly, we obtain from Proposition for the Riesz spaces for 1 < ¢ < p < oo,

||M9HRBVP—>RBVq = HgHRBVq' (4.1.5)

However, the cases p > ¢ for the Wiener spaces and g > p for the Riesz spaces are not
covered by Proposition even though the estimates (4.1.4)) and (4.1.5)) remain valid.
Indeed, if p > ¢, then Corollary yields that any g € W BV, /W BV,, degenerates
to a function in WBV, N'S.. Thus, for x € WBV,, we have z € B and

||g||WBVq B ||:Ug||WBVq < 2l ||g||WBVq = ||x||WBVp ||g||WBVq

and hence (4.1.4)).
The case ¢ > p for the Riesz spaces is much more boring, because Theorem then

says that any ¢ € RBV,/RBYV, must be equal to 0, and then (4.1.5) is clearly true.

Other cases that are not covered by Proposition 4.1.7|either are sometimes also known.
For instance, one can show with the help of Holder’s inequality that

HMgHLp%Lq = Hg”qu/(IFq) for p > q.

However, the operator M, is not always bounded.

Example 4.1.9. Consider the space C} := {z € C' | 2(0) = 0} equipped with the
norm |||, and the function ¢ : [0,1] — R, defined by

1

n for 0 <t <1,

0 fort=0.

g(t) =

Then g € L, /C}, because for z € C} the function
z(t)
t

0 fort =20

for 0 <t <1,
x(t)g(t) =

satisfies

dt < [|2']| -

e, = [ leglae= [ 5] [ #()ds

Consequently, the operator M, : C} — L; is well-defined. However, M, is not bounded.
Indeed, the functions z,, : [0,1] — R, for n € N defined by

2nt —n*t? for 0 <t < 1/n,
Tn(t) =

1 for 1/n <t <1,



4.1. Multiplication Operators 127

belong to Cf with ||z,]|,, =1 for all n € N, but the functions M,z,, satisfy

1

1 1/n ) 1 3
||Mg$n||L1 = /0 | My, (1)] dt = /0 (2n -n t) dt + nt dt = 5 + log(n)

and hence form an unbounded sequence in L. &

Note that the functions x,, constructed in Example do not contradict Proposition
4.1.7| because 1 ¢ Cj, even though Cj — L, and (Cj, ||-||..) is a normalized algebra.

Let us now pass to compactness. A first criterion which yields compactness of a linear
operator is that its range is finite dimensional. The following theorem states that the
multiplication operator has finite dimensional range if and only if supp(g) is finite.
This was first proven for X =Y = BV and X =Y = WBYV,, in the recent papers [17]
and [16], respectively, but it is also true in a more general setting. In fact, with the
same idea we prove that the dimension of the range of M, coincides with the number
# supp(g) of points at which g is not zero.

Theorem 4.1.10. Let X be a linear space of real-valued functions on [0, 1] which sep-
arates points strongly, and let g € Y/X. Then for M, : X — Y we have dimIm(M,) =

#supp(g).

Proof. We first show the inequality dimIm(M,) > # supp(g) which is obviously true
for g = 0. Thus we assume that g # 0 which implies # supp(g) > 1, and fix n € N
with n < #supp(g). Then there are pairwise distinct numbers ¢4, ..., t, € supp(g); in
particular, g(t;) # 0 for 1 < j < n. The functions y; := x{,19 belong to Im(M,), since

X contains all characteristic functions of singletons. For j € {1,...,n} let \; € R be
so that .

Z Ajyj =0.

j=1

By evaluating this equation at t = ¢, for each k € {1,...,n}, we get that

0="> Ny;(te) = Mexqer9(te) = Aeg(ty) for 1 <k <n,
=

which implies A\, = 0 for 1 < k < n. Thus, {y1,...,ys} is a linearly independent subset
of Im(M,); in particular, dimIm(M,) > n. Since this is true for each n < #supp(g),
we obtain dim Im(M,) > # supp(g).

In order to show the reverse inequality dimIm(M,) < #supp(g), we can assume
that #supp(g) < oo, because otherwise the inequality is clearly true. This time,
let n := # supp(g) and write supp(g) = {t1,...,t,}. Since X contains all characteris-
tic functions of singletons, the functions y; := xy;,;9 for j € {1,...,n} form a subset
of Im(M,). Let y € Im(M,), that is, there is some z € X such that y = xg. Then

y=zy= > z(t)g(t)xu = Z

te[0,1]
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which shows that the linear hull of {y,...,y,} contains y. But since y was chosen
arbitrarily, it contains the entire range Im(M,); in particular, dimIm(M,) < n =
# supp(g), and this completes the proof. [ |

Note that we cannot drop the word “strongly” in Theorem

Example 4.1.11. Let X = 1R be the space of constant functions, let Y = C, and con-
sider M, : X — Y, generated by ¢(t) = ¢t. Then supp(g) = (0, 1] is even uncountable,
but

Im(M,) = {y 10,1 = R | y(t) = at,a € ]R} = Span({g})
is a one-dimensional subspace of C. O

We are now in position to prove the main result which provides a full characterization
of those g that generate a compact multiplication operator M, : X — X. This result
has been proven for the special case when X =Y = WBV, for 1 < p < oo also in
16, [17].

Theorem 4.1.12. Let X be one of the spaces BV, W BV,, Y BV,, with ¢ € d,, or ABV,
and let g € X. Then M, : X — X is compact if and only if supp(g) is countable.

Proof. First note that for all the spaces under consideration we have X/X = X and
hence M, is well-defined.

We first prove the theorem for X = Y BV, and some fixed Young function ¢. This also
implies the result for X = BV and X = W BV, for 1 < p < oo. To this end, we begin
by assuming that supp(g) is countable and show that M, : Y BV, — Y BV, is compact.
If supp(g) is finite, then M, has finite dimensional range by Theorem and hence
is compact. If supp(g) is infinite, we can write F := {t1,s,t3,...} = supp(g) C [0, 1].
Setting E, := {ti,ts,...,t,}, the functions g, := xg,g have finite support and thus
belong to Y BV,,. By Theorem the operators M,, : Y BV,, — Y BV,, have finite
dimensional range and hence are compact. Moreover, since g € Y BV,, C B and ¢ € 0o,
the variation Var,(g) is finite. Finally, g, — ¢ = —xm\g,9. We obtain with the help of

Proposition [I.2.10]

vaw(gn_ )< 5 2 (lt)1). (4.1.6)

j=n+1

Since, again by Proposition
S o(lat)) < 3 e(lg(t))]) < Var,(g) < oo,

j=n+1 j=1

the right hand side of (4.1.6]) and therefore also Var,, ((g,—g)/ 2) and hence Var,(g,—¢)
(due to ¢ € d2) go to 0 as n — oo. By Proposition [1.2.15[ (b), also (g, — g) — 0 as

n — oo. Additionally, by Proposition [1.2.10]

o(lgn =3l ) = (igg |g(tj)|> = Suw(lg ) < Z #(lg(t;)]) < Varg(gn — g)-

j=n+1
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Consequently, ¢( ||gn — gl ), hence ||g, — g|., and eventually ||g, — glly ., g0 to 0
as n — oo. Finally, by Corollary [£.1.8]

HMgTL - MQHYBVLP = Hgn - gHYBVW — O as n — o,

and so M, is compact, as well.

For the converse assume now that supp(g) is uncountable which implies that suppg(g)
is infinite for some § > 0. Then there is a sequence (t,,) in supp;(g) of pairwise disjoint
points; in particular, |g(¢,)] > 6 for all n € N. The functions z, := X, form a
bounded sequence in Y BV, but for m,n € N with m # n we have

1My = Myzally gy > 119 - (@ — 2a)llag > |9(tn) (2m(8n) = ()| = lg(t)] > 6

and hence (M, x,) cannot have a convergent subsequence. Thus, M, cannot be com-
pact.

We now mimic this proof for X = ABV, where A = ()\,) is a fixed Waterman sequence;
the ideas are the same. We first assume that supp(g) is countable. If supp(g) is finite,
then M, has finite dimensional range by Theorem and hence is compact. If
supp(g) is infinite, we can write F := {t1,ls,t3,...} = supp(g) € [0,1]. Setting
E, = {t1,ts,...,t,}, the functions g, := xg, g have finite support and thus belong to
ABYV. By Theorem the operators My, : ABV — ABV have finite dimensional
range and hence are compact. Moreover, g, — g = —Xg\E, 9, and thus by Proposition

[L.2.20

Vary(gn — ) < 2sup >, As(lg(t)], (4.1.7)
7 j=n+1
where the supremum is taken over all permutations ¢ of N. Since
sup Z Ao( |<supZ)\ (t;)] < Vary(g),

j=n+1 7j=1

again by Proposition|1.2.20] the right hand side of (4.1.7)) and therefore also Vary (g,—g)
goes to 0 as n — co. Additionally,

l90 = glloc = sup gDl < A sup 3 Asiylg(ty)] < X Vary (9. — 9).
j>n 7 j=n+1
Consequently, ||g, — ¢l|, and eventually ||g, — g|/,5 g0 to 0 as n — oco. Finally, by
Proposition [4.1.7]

and so M, is compact as well.

For the converse assume now that supp(g) is uncountable which implies that supps(g)
is infinite for some § > 0. Then there is a sequence (t,,) in supp;(g) of pairwise disjoint
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points; in particular, |g(t,)] > 0 for all n € N. The functions x, := xy,; form a
bounded sequence in ABV, but for m,n € N with m # n we have

1My = Myzall sy > 19 (@m = 20) oo = |9(t0) (#m(tn) = 2ata))| = lg(ta)] = 5 >0

and hence (M,x,) cannot have a convergent subsequence. Thus, M, cannot be com-
pact. |

For the Riesz spaces RBV, we have a similar result. However, since each function in
RBYV,, is continuous, compactness of M, leads to a stronger degeneracy.

Theorem 4.1.13. For g € RBV,, the operator M, : RBV,, — RBV, is compact if and
only if g = 0.

Proof. If g = 0, the operator M, is clearly compact. We now assume that ¢ is not
identically zero. Since g is continuous, there is some interval [a,b] C [0, 1] with a < b
such that g(t) # 0 for all ¢ € [a,b]. The set

K = {x € RBV, |Vt € [0,1]\[a,b] : z(t) = 0}

is a closed infinite dimensional subspace of RBV, and hence complete. Obviously,
M,(K) C K, and we have in fact M,(K) = K. To see this fix y € K and define
z:[0,1] — R by

o [0 oo
0 for ¢t € [0,1]\[a, b].

Then clearly M,x = xg = y. Since ¢ is continuous on the compact set [a,b], it is
bounded away from zero which ensures RVar,(z) < oo. Thus, the restriction M| :
K — K is surjective and hence not compact, and so M, is also not compact. [ |

Note that Theorem [4.1.13| also provides an analogue for Theorem 4.1.10/in RBV,: A
multiplication operator M, : RBV,, — RBV, has finite dimensional range if and only
if its generator degenerates to g = 0.

Recall that the essential norm of a bounded linear operator A between two Banach
spaces X and Y is defined by

|All, := inf{ |A— K|y .y | K:X —Y linear and compact} (4.1.8)

and measures the distance from A to the closed subspace of compact linear operators.
In particular, ||Al|, = 0 if and only if A itself is compact. Our previous discussions
suggest that in X =Y = BV the equality

| M|, = inf {5 > 0 | supps(g) is ﬁnite} (4.1.9)
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holds. We were not able to decide whether this conjecture is true. However, some
partial results are possible. Recall that the right reqularization g* of a function g € BV

is defined by
A1) = SILIEFQ(S) for t € [0,1),
g(1) for t = 1.

Then Var(g#) < Var(g), and h := g — g% belongs to BV and has countable support,
because g* differes by g only at the (at most countably many) points of discontinuity
of g. Thus, by Theorem [4.1.12| M, : BV — BV is compact. Consequently,

14,11, = 1Myl = My + M|, < M|+ 101, = My,
This and interchanging the roles of ¢ and ¢g” show
14y, = [
We claim that the essential norm of M, satisfies the upper estimate
1M1, < ||g*|,, (4.1.10)
and, if g is bounded away from zero, also the lower estimate
A V2 (4.1.11)

In order to show (4.1.10)) we obtain similarly as above and with the help of Corollary

ma

18451 = [ My, < Mot = 105 = Ml sy = 1Mg=allmy

=l = Hloy = |5 ,-

For the proof of we assume that g is bounded away from zero. Then g7 is
also bounded away from zero and hence by Corollary (d) generates a bijective
operator My» : BV — BV with inverse M;#l = M 4#. For any compact operator
K : BV — BV we must have, again with Corollary [1.1.§]

1 1 1

[Mor = Kl s > ]~ ot~ T

BV =BV

since a compact operator in an infinite dimensional space cannot be invertible. The
estimate (4.1.11)) now follows by taking the infimum over all compact operators K.

It is clear that equality holds simultaneously in (4.1.10) and (4.1.11)) if and only if ¢* is
constant. In this case, the conjecture (4.1.9)) is indeed true, since then g is of the form

g(t) = ¢+ h(t), where ¢ = g¥ is the constant and h € BV is a function with countable
support. But since h € BV, we must have that suppg(h) is finite for all § > 0 and
hence the quantity in is just equal to ¢ which then coincides with the bounds
given in and (4.1.11). We illustrate this in the following example.
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Example 4.1.14. Let (r,) be any sequence of pairwise distinct numbers in (0, 1). For
fixed ¢ > 0 define g on [0, 1] by

c otherwise.

c+1/n? fort=r,,
9() :{

Then g € BV with g# = ¢. If ¢ = 0, then g has countable support, and hence M,
is compact by Theorem {.1.12{ with [|M,||, = 0. For ¢ > 0, the function g# = c is

bounded away from zero, and the quantities (4.1.10|) and (4.1.11) are all equal to ¢, i.e.
| M,]||, = c. Moreover, for arbitrary ¢ > 0 the set

supps(g9) = {rn | 1/n2 > 6 —c,n €N}

is finite for each § > ¢ and becomes infinite for § < ¢, and thus the quantity given in
(4.1.9) is equal to ¢, as well. So in this case our conjecture is true. &

If, however, g is not “essentially constant”, then the bounds in (4.1.10)) and (4.1.11])

may drift apart the closer g comes to zero.

Example 4.1.15. For fixed a > 0, the function ¢(t) = t+« for ¢ € [0, 1] is continuous,
bounded away from zero and of bounded variation with ¢ = ¢#. From (4.1.10) and
(4.1.11)) we get

ala+1) 1

yra " ey < Mol < lolpy =+

Consequently, since

: 1 :
alggljt m =0 and Ocli)%l-‘r Hg#HBV =2

the “gap” between (4.1.10)) and (4.1.11]) becomes 2 for our functions g as a« — 0+.
However, we clearly have

inf{é > 0 | supp;(g) is finite} = a + 1,

which sits almost in the middle between (4.1.10)) and (4.1.11]). O

4.2 Substitution Operators

In this section we investigate the substitution operator S, : X — Y, generated by some
function g : [0,1] — [0,1] and defined by

Sgx(t) = x(g(t)) for 0 <t <1,

where X and Y are linear spaces of real-valued functions on [0, 1]. Although S, is
a linear operator, not so much is known about it, even in case X = Y, particularly

if X =Y is one of the spaces BV, WBV,, YBV,, ABV or RBV, which have been
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introduced in Chapter [I} But since S, is not the center piece of this thesis, we only
give a brief discussion.

First, Sy : X — X is well-defined if and only if 2 o g belongs to X whenever x does,
and using the notation introduced in this is equivalent to ¢ € ¥(X). For
instance, we have seen at the beginning of Section that ¥(B) contains any function
g :10,1] — [0, 1], while ¥(C) consists of all continuous functions g : [0,1] — [0, 1].

For our BV -type spaces things are more difficult. As we have already mentioned prior
to Example [2.3.7 the set X(BV) is precisely the class of those functions g : [0,1] —
[0, 1] which are pseudo-monotone, that is, ¢ : [0,1] — [0, 1] belongs to X(BV) if and
only if there is some N € N depending only on g, such that for any compact interval
J C [0,1] the preimage g~'(J) can be written as the union of at most N intervals
which may be open, closed, half-open or singletons. Any monotone function is pseudo-
monotone (with NV = 1), and any pseudo-monotone function is of bounded variation.
However, Example has shown that not every function of bounded variation is also
pseudo-monotone.

That the operator S, maps BV into itself if and only if g is pseudo-monotone was
shown by Josephy in [74]. In fact, the same had been proven later for BV replaced by
X =Y BV, with ¢ € 6, by Galkin [65]. In this case, the estimate

Var,(x o g) < 2N Var,(z) forxz € YBV, (4.2.1)

holds, and we have HngHYBw < 2N [|z[|y 5y, for all x € Y BV,, which shows that the
operator S, is automatically continuous. This, of course, is also true in the Wiener
spaces W BV,

Unfortunately, we do not know what happens when X = ABV or X = RBV,. How-
ever, if S, maps RBV), into itself, then g must belong to RBV,, and hence pseudo-
monotonicity alone is not sufficient as an acting condition between Riesz spaces.

Before we give general results concerning injectivity and surjectivity, we start by taking
a closer look at S, : ¢ — C. As said, this operator is well-defined if and only if
g :[0,1] — [0,1] is continuous, and in this case, calculating its norm is trivial: Since
the function 1 belongs to C', we immediately obtain

HSchﬁo =1

which is independent of g.
However, the following example shows that injectivity or surjectivity of g does not
imply the injectivity respectively surjectivity of S,.

Example 4.2.1. The function g : [0,1] — [0,1], t — /2, is injective, but not sur-
jective. However, S, is not injective, because the function x : [0,1] — R, defined by
xz(t) = t for t € [0,1/2] and arbitrary for t € (1/2,1] is mapped into the function
y(t) =t/2 for t € [0, 1], no matter how exactly x is defined on (1/2,1].

On the other hand, the function g : [0,1] — [0, 1],¢ — 4¢(1 — t), is surjective, but not
injective. However, S, is not surjective, because there is no function z : [0,1] — R
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satisfying z(g(t)) = ¢ for all £ € [0,1]. Otherwise, we had 0 = z(g(0)) = z(g(1)) =1
which is clearly impossible. &

The last example shows that the surjectivity of S, seems to force g to be injective.
That this is indeed true is shown by the following result.

Proposition 4.2.2. Let g : [0,1] — [0, 1] be continuous. Then the following statements
hold.

(a) The operator Sy : C — C is surjective if and only if g is injective.

(b) The operator S, : C — C is injective if and only if g is surjective. In this case,
Sy is even an isometry, i.e.

1Se2llo = 12l forz e C.

Proof. (a) Suppose that S, : C' — C' is surjective and fix r, s € [0, 1] with g(r) = g(s).
Since y(t) = t belongs to C, there is some function z € C' with z(g(t)) = y(t) =t for
all ¢ € [0, 1]. This implies r = z(g(r)) = z(g(s)) = s and hence the injectivity of g.
Conversely, assume that ¢ is injective. Then K := g¢([0,1]) C [0,1] is a compact
interval, and the function g : [0,1] — K is a homeomorphism. Given y € C, the
function yog~! : K — R is continuous which can be extended to a continuous function
z on [0,1]. Thus, z € C'and xog =y.

(b) If g is surjective, we have

159 = sup [z(g(s))] = sup [z(t)] = ||lz]
s€[0,1] t€[0,1]

showing that S, is an isometry and in particular injective.

Conversely, assume that S, is injective. Fix ¢ € [0, 1] and consider the functions z,, € C,
defined by

T, (s) = max {O, 1—nls— t|} for all n € N.

Then t € supp(z,) C [t — 1/n,t + 1/n] for each n € N. Since z, # 0 and S,
is injective and linear, none of the functions S,x, can be zero everywhere, and so
there are s, € [0,1] with S;z,(s,) = 2,(g9(sn)) # 0 for each n € N. This implies
g(sn) € supp(x,,) for each n € N and hence ¢g(s,,) — t as n — oco. But this shows that
9([0,1]) is dense in [0, 1], and since g is continuous, ¢ is surjective. [

Observe that the “crossover” between surjectivity and injectivity in our proposition is
perfectly symmetric. And on top of the injectivity of S, we get the isometry property
in (b) for free. Also, this proposition shows that it was not accidental that the first
function g in Example is not surjective, while the second one is not injective.
Our aim is now to see how we may imitate the proof to get a similar result in general
spaces X and Y of real-valued functions defined on [0, 1].
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Proposition 4.2.3. Let g : [0,1] — [0,1] be so that S, maps X into Y. The following
statements are true.

(a) If g is surjective, then S, is injective.

(b) If X separates points strongly and S, is injective, then ¢([0,1]) = [0,1], i.e. g is
surjective.

(¢) If X separates points uniformly and S, is injective, then g([0,1]) = [0,1]. If, in
addition, g is continuous, then g is even surjective.

(d) If Y contains at least one injective function and S, is surjective, then g is injec-
tive.

Proof. For (a) fix x € X with Sjz = 0. For t € [0,1] we find some s € [0, 1] with
g(s) = t. This implies x(t) = x(g(s)) = Syx(s) = 0, and since t was arbitrary, x = 0.
Since Sy is linear, S, is injective.

For (b) assume that X separates points strongly. Then, for fixed t € [0, 1], the function
x 1= Xqy belongs to X. Since S, is injective and x # 0, the function S,z cannot be
zero everywhere. Thus, there must be some s € [0, 1] such that Syx(s) = z(g(s)) # 0
and hence g(s) = t which proves that g is indeed surjective.

If X separates points uniformly, then for fixed ¢ € [0, 1] and each n € N we find z,, € X
such that

t € supp(x,) C [t —1/n,t + 1/n].

Since Sy is injective and z,, # 0, none of the function S,x, is zero everywhere. Thus,
there must be s, € [0, 1] such that Syz,(s,) = z,(9(s,)) # 0 and hence

lg(sn) —t| <1/n foralln €N

which shows that ¢(s,) — t as n — oco. This proves g([0,1]) = [0, 1].
If g is continuous, then we even have ¢([0, 1]) = [0, 1] which means that g is surjective.
This proves (c).

To prove (d) let y € Y be an injective function. Since S, is surjective, there must be
some r € X such that S,z = y. For fixed s,t € [0, 1] with g(s) = ¢(¢) we obtain

y(s) = Sgz(s) = x(g(s)) = z(g(t)) = Sea(t) = y(2),
thus s =t as y is injective. But then g is also injective. [

Comparing Proposition and Proposition one can see that injectivity of M,
is related to the support of g, while injectivity of S, is related to the image of g.
Moreover, in contrast to the multiplication operator, there are surjective substitution
operators which map BV into itself and are not injective.
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Example 4.2.4. Define ¢ : [0,1] — [0,1] by g(¢) = t/2. Then g is strictly increasing
and hence injective, but not surjective. In particular, S, maps BV into itself, but

cannot be injective by Proposition m (b). However, S, is indeed surjective, since for
fixed y € BV the function z : [0,1] — R, defined by

y(2t) for 0 <t <1/2,
x(t) =
y(l) forl/2<t <1,

belongs to BV and satisfies x o0 g = y. O

Let us have a look at Proposition again and see what it tells us, apart from B
and C, about our BV -type spaces.

Corollary 4.2.5. Let g : [0,1] — [0,1] be so that S, maps X into Y. The following
statements are true.

(a) If g is surjective, then S, is injective, no matter what X andY are.

(b) If X is one of the spaces B, BV, WBV,, YBV,, or ABV and if S, is injective,
then g is surjective.

(¢) If X is one of the spaces C' or RBV, and if S, is injective, then ([0, 1]) is dense
in [0,1]. If, in addition, g is continuous, then g is surjective.

(d) If Y is one of the spaces B, C, BV, WBV,, YBV,,, ABV or RBV, and if Sy is
surjective, then g is injective.

By comparing the parts (b) and (c) in Corollary one might ask if the stronger
statement (b) is also true if X is one of the spaces C' and RBV,, without putting further
constraints on g. In other words, one might ask why (b) and (c) have to be considered
separately. The reason is simple: If X is C' or RBV,, and S, maps X injectively into
any function space Y, then we cannot expect g to be surjective, as illustrated by the
following example.

Example 4.2.6. Let ¢ : [0,1] — [0, 1] be given by

t for0<t<I1,
g(t) =
1 fort=0.

Then the operator S, maps the space C' into the space B. Moreover, S, is injective. To
see this, fix z € C and assume S,z = 0. For any 0 < ¢ < 1 we have ¢g(t) = ¢ and hence
0= S,z(t) = x(g9(t)) = z(t), and due to the continuity of x we conclude x = 0. This
implies that S, is indeed injective. But g is not surjective, because it has no zeros.

Note, however, that g([0,1]) = (0, 1] is dense in [0, 1], and this is in total accordance

with part (c) of Corollary &

Note that the injective and surjective criteria of Proposition can be found entirely
within Corollary (c) and (d). Also observe that all the spaces mentioned in
Corollary (d) contain the injective function y(t) = ¢t. The special case X =Y =
Y BV,, with ¢ € 4, is included in our next set of consequences.
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Corollary 4.2.7. Let g : [0,1] — [0, 1] be pseudo-monotone, and let X be one of the
spaces BV, WBV,, or Y BV,, with ¢ € ;. Then the following statements are true.

(a) The operator S, : X — X is injective if and only if g is surjective.
(b) If the operator S, : X — X is surjective, then g is injective.

(¢c) The operator S, : X — X is bijective if and only if g is bijective and g~* is
pseudo-monotone. In this case, Sg_1 = Sg-1.

Proof. Indeed, part (a) follows immediately from Proposition[t.2.3)(a) and (b), whereas
part (b) can be deduced from (d) of Proposition |4.2.3] Note that the identity function
z(t) =t belongs to Y BV, and is injective.

To prove (c) note that if S, is bijective, then it follows from (a) and (b) that ¢ is
bijective. Let T" be the inverse operator of S,. Then

TS,x(t) = (Tz)(g(t)) = z(t) forallte]0,1]

and hence
Tx(s) = (97" (s)) = Sy-1z(s) for all s € [0,1].

But then ¢g~! must be pseudo-monotone. Conversely, assume that g is bijective with a
pseudo-monotone inverse g~'. Then S,-1 maps Y BV, into itself. Moreover,

SgSy-1(t) = Sy-r12(g(t) = x(g(g™' (1)) = 2(t)

and similarly S,-1S,2(t) = z(t) for all t € [0,1] and = € YBV,,. This completes the
proof. [ |

It is unclear whether the injectivity of g also implies the surjectivity of S, for the spaces
considered in Corollary [£.2.7]

We will now discuss the last of the analytic properties of our interest, namely compact-
ness. For the multiplication operator we have seen in Theorem that M, : BV —
BV is compact if and only if g has countable support. This, however, cannot be true
for S, : BV — BV, and here are three reasons: First, if the support of g is countable
but contains infinitely many elements, then the function g cannot be pseudo-monotone.
Second, the constant function ¢ = 1 which has uncountable support obviously gener-
ates a compact operator S, : BV — BV. And a third reason why the support of g is
not the appropriate tool for characterizing compactness may be found in Proposition
[4.2.3] because we have seen there that the image set of g regulates mapping properties
of S,. But even if the image of g is countable, the operator S, still does not need to
be compact.

Example 4.2.8. Define g : [0,1] — [0,1] by g(0) = 0and g(t) = 1/nfort € (7, ;] =
I, for all n € N. Then g is increasing and hence pseudo-monotone, but S, which indeed
maps BV into itself, is not compact. To see this, consider the functions z,, := x{1/n

for n € N which clearly form a bounded sequence in BV with ||z,| 5, < 3 for all
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n € N. However, Syz,(t) = z,(g9(t)) = 1 for t € I, and Syx,(t) = 0 otherwise
which can be rewritten as Sgx, = Myxz,. By Theorem {.1.12] S, is not compact,
since supp(1) = [0, 1] is uncountable, although (x;,) is a bounded sequence in BV as
X1 |l gy < 3 for all n € N. O

Surprisingly, again in contrast to the multiplication operator, the only compact sub-
stitution operators are those with finite dimensional range.

Theorem 4.2.9. Let X be one of the spaces BV, WBV,, Y BV, or ABV, and let the
function g : [0,1] — [0, 1] be pseudo-monotone and so that S, maps X into itself. Then
the following statements are equivalent.

(a) The operator S, has finite dimensional range.
(b) The operator S, is compact.
(c) The set g([0,1]) is finite.

In this case, dim Im(S,) = #¢([0, 1]).

Proof. The implication “(a)=-(b)” is obviously true. To prove “(b)=-(c)”, assume that
the set ¢([0,1]) is infinite from which we then can extract a sequence (s,) of pairwise
distinct numbers. Since each s, belongs to the image of g, there are numbers ¢,, € [0, 1]
such that g(t,) = s,. The functions z,, := x{,} now form a bounded sequence in X,
but the sequence (S,x,) cannot have a Cauchy subsequence in X, as for m # n,

Hngm - ng”HX > Hsgmm - ngnHoo > |ngm(tn) - ngn(tn”
= |2 (9(tn)) — 2n(g(tn))| = [Tm(sn) — Tn(sn)| = 1.

Thus, the operator S, is not compact.

For the last implication “(c)=-(a)” assume that ¢([0, 1]) is finite and hence can be writ-
ten as ¢([0,1]) = {s1,...,s,} for some numbers s1,...,s, € [0,1] and n = #g([0, 1]).
Then the points s; are pairwise distinct which ensures that the corresponding preim-
ages A; := g~*({s;}) partition [0, 1]. Since g is pseudo-monotone, each set A; has only
finitely many connected components which ensures that the functions x; := xa, =
SgX{s;} belong to X. Moreover, for any x € X and ¢ € A; we have

Sy (t) = x(g(t)) = x(s;) = w(s;)xa, (1),

and so for arbitrary ¢ € [0, 1],

Consequently, S,z € Span({z1,...,2,}) which shows that S, has finite dimensional
range. Since the A; are pairwise disjoint, the functions z; are linearly independent and
thus form a basis of the range of S,. This shows dim Im(S,) = #g([0, 1]). [
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Let us make two final remarks. First, we do not know if the fact that g is pseudo-
monotone is sufficient to guarantee that S; maps also ABV into itself. This is why in
Theorem we had to make that as an explicit assumption. Second, many linear
operators in functional analysis are proved to be compact by approximating them by
operators with finite dimensional range; for instance, we have done so in the proof of
Theorem [£.1.12] Remarkably, Theorem [£.2.9)shows that the operator S, is compact in

many BV -spaces of our interest only if it has finite dimensional range itself.

4.3 Integral Operators

In this section we study the integral operator in spaces of functions of bounded
variation. There is a vast literature on the behavior of this operator in the space of
continuous or measurabld'| functions, but considerably less is known in the space BV
and its various generalizations.

Arbitrary Kernels

To begin with, we state two conditions on the kernel function g : [0,1] x [0,1] — R
which will be used over and over in this section. Here, the symbol V 's means “for
almost all s”.

Vi e [0,1]:  g(t,-) € Ly, (A)
dmelL;V'se[0,1]: Var (g(-,s)) < m(s). (B)

Condition (A) is needed for the integral in (4.0.3) to make sense. Condition (B)
guarantees, that the operator I, acts in BV. Indeed, the following was shown in
[29].

Theorem 4.3.1. Under the conditions (A) and (B) the operator 1, maps the space
BV into itself and is bounded.

It turns out that the conditions (A) and (B) are too strong and can be relaxed as follows
in order to gain the same result. One can show that (B) and the weaker condition

Vt e [0,1]:  g(t,-) is measurable and ¢(0,-) € L, (A7)
together imply (A). On the other hand, if we weaken (B) by
Im e Ly Vs €[0,1]: lg(,5)llo < mls), (B’)

that is, if we replace the majorization of the variation by a pointwise majorization,
then Theorem may fail. Here is a simple example.

'Recall that the terms “measurable” and “almost everywhere” in this thesis are always understood
with respect to the Lebesgue measure.



140 4.3. Integral Operators

Example 4.3.2. Let g(t,s) = xg(t). Then (A) and hence also (A’) holds even with
g(t,)) =1 € Ly for t € QN [0,1] and g(t,-) = 0 € Ly, for t € [0,1]\Q, and (B)
holds with m = 1, because ||g(-,s)||.. = 1 for all s € [0,1]. However, (B) does not
hold, because Var(g(-,s)) = Var(xg) = oo for all s € [0,1]. The operator I/, now maps
x=1¢€ BV onto I,x = xqg which is not in BV &

oo

In general, however, Theorem [4.3.Tonly gives a sufficient condition on g that guarantees
I,(BV) € BV. This condition is not necessary as the following example shows.

Example 4.3.3. For fixed s,t € [0,1] we have s —t € Q if and only if there is some
number ¢ € [—£,1 — ] N Q such that s = ¢+ q. We therefore define

Q) :={t+qlqgeQ@n[-t1-14} C[0,1]

and have s —t € Q if and only if s € Q(¢). Moreover, the set Q(¢) is countable and
dense in [0, 1] for each fixed ¢ € [0, 1].

The function g : [0,1] x [0,1] — R, defined by g(t,s) = xa(s —t) = xow)(s), clearly
satisfies condition (A) and hence also (A’), because for each fixed t € [0, 1] the set Q(¢)
is countable and hence g(t,-) = 0 almost everywhere. This also implies that [,z = 0
for any x € BV, and so I, maps BV into itself and is bounded.

But since xg(s — t) = xq(t — s) we also have g(t,s) = xq)(t), and for each fixed
s € [0,1] the function g(-, s) = xq(s) does not belong to BV. This means that (B) is
violated. However, (B’) is clearly satisfied with m = 1. &

In fact, the conditions (A) and (B) together are so strong that they are even sufficient
for I, to map W BV, as well as L., continuously into BV. This statement was proven
for WBYV, in [32]; for L., it is true, because for a partition 0 =ty < ... < t, = 1 of
[0,1] and = € Lo,

i /01 g(tj-1,8)x(s)ds — /01 g(t;,s)z(s)ds

J=1

. /01 2: l9(t1,5) — g(t;, 5)||(s)| ds

1
< lloll,., | m(s)ds.

where m € L, is the bound from condition (B). Thus,
1
Var (ng) < ||zl / m(s)ds < oo. (4.3.1)
= Jo

We will see in Theorem [4.3.21] below that a similar result is true in all our BV -spaces.

In order to get a milder condition which is both necessary and sufficient, we introduce
another requirement for g:

sup Var (/OTg(~, s) ds) < 0. (C)

7€[0,1]

For instance, the function g in Example cannot satisfy (C), because for any
7 € (0, 1] we have

Var (/OTg(~, s) ds) = Var (TXQ) = 0.
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Note, however, that (B) implies (C). Indeed, if (B) is satisfied, 0 = ¢, < ... < t, =1
is a partition of [0,1] and 7 € [0, 1] is fixed, then, similarly as before,

é S/Olm(s)ds

/Og(tj_l,s)ds—/o g(t;,s)ds

which implies

sup Var (/0 g(+, ) ds) < |mll, -

7€[0,1]

If we now combine (A) being the overall assumption on g with (C), we get exactly
what we want.

Theorem 4.3.4. Let g satisfy condition (A). Then the following conditions are equiv-
alent.

(a) The kernel function g satisfies condition (C).

(b) The operator I, maps the space BV into itself and is bounded. In this case,
Var(l,z) < 2|z| 5, sup Var (/ g(-, s) ds) . (4.3.2)
T7€[0,1] 0

A proof can be found in the paper [32]. In fact, there was proven the following slightly
more general result.

Theorem 4.3.5. Let g satisfy condition (A). Then the following conditions are equiv-
alent.

(a) The kernel function g satisfies condition (C) with Var replaced by Var,.
(b) The operator 1, maps the space BV into W BV, and is bounded.

This, however, is also bad news, because analogous conditions (C) for X being one of
the spaces Y BV,,, ABV and RBV, may only yield that I, maps BV continuously into
X and not X into itself. Indeed, for ABV, the following had been proven in [30].

Theorem 4.3.6. Let g satisfy condition (A). Then the following conditions are equiv-
alent.

(a) The kernel function g satisfies condition (C) with Var replaced by Vary.
(b) The operator I, maps the space BV into ABV and is bounded.

Consequently, the (C)-type conditions seem to be too weak to be sufficient for /, to map
a BV -space into itself, while the (B)-type conditions seem too strong to be necessary.
We will see in Theorem and Corollary below how strong the really are.
The treasure must be hidden somewhere in between, but we do not know where exactly.

For the Riesz spaces, however, the following result is known [7].
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Theorem 4.3.7. If the kernel function g satisfies the conditions (A), (B) and
Vis€[0,1]: dg(s)eC  and (s [log( )l ) € Ly, (D)
then 1, maps RBV, into itself and is bounded.

Condition (D) together with Riesz’ Theorem [1.2.25( implies that g(-,s) € RBV, for
almost all s € [0,1] and any p € (1,00), because from 0,g(-,s) € C follows d1g(-, s) €
L., and hence

RVar, (g(-.5)) = /01 01g(t,5) [ dt < oo,

Moreover, the second condition in (D) then yields that the Riesz variation satisfies

RVar, (g(~,8)) < 101g(-, s) 1%

where the right hand side is then an L;-bound with respect to s. Thus, condition
(D) seems to be an analogue to condition (B) for Riesz spaces and therefore not as
restrictive as it may appear at first glance. However, we will see later in Corollary
that the actual (B)-type condition for Riesz spaces is strictly weaker than (D)
yet more powerful as it is able to guarantee an even stronger result about compactness
of the operator I,.

Let us come back to BV and the conditions (A) and (B) for a moment. Since for
t € [0,1] and z € BV we get under the assumptions of Theorem [4.3.4] from (4.3.2)) that

1,20 < 1y O)] + 1yo(t) = La(0)] < ol 1900, )], + Var(L,2)
< el 0. ), + 2 el gy sup Var ([ g(.s)ds).
T7€[0,1] 0

We obtain for the BV-norm of I,

Mol < 1900, Yy, + 4 sup Var ([ () ds) (433)
The authors of [31] gave an example of a function g : [0, 1] x [0, 1] — R satisfying (A),
(B’) and (C), but not (B). We give here a simpler example.

Example 4.3.8. Let g : [0,1] x [0,1] — R be defined by g(t,s) =
Example 4.3.3l We have seen there that g satisfies (A), (A’) and (B
Because of

Xo(t — s) as in
"), but not (B).
/Tg(t, s)ds =0 forallt,7 € [0,1],

0
it satisfies condition (C). &

There are two special cases for the integral operator (4.0.3) that are important for
applications, namely those which are generated by separated kernels and by Volterra
kernels. We do not investigate Volterra kernels intensively in this thesis and only give
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some brief overview about some known results at the end of this chapter. Separated
kernels, however, that is, kernels ¢ : [0, 1] x [0, 1] — R given by

g(t,s) = g1(t)ga(s) (4.3.4)

with g1, g2 : [0,1] — R may often be used to find counterexamples. For gy € Ly, the
integral operator (4.0.3) then has the form

La(t) = /0 L (t, $)a(s) ds = g (1) /D L o(s)a(s) ds, (4.3.5)

but we point out that the integral in (4.0.3)) may make sense also if only g2 € L. For
instance, if g; = 0, then g, can be any function whatsoever, and still I, is well-defined
and maps any function z : [0,1] — R onto the zero function 0. Let us see how the
conditions considered so far translate to separated kernels.

Proposition 4.3.9. The kernel function g : [0,1]x[0, 1] — R given in separated kernels
g(t,s) = g1(t)ga(s) for g1, 92 :[0,1] — R satisfies
(A) if and only if gy =0 or go € Ly.

(A’) if and only if g1 = 0, or gy is measurable and g1(0)gs € L.

(B) if and only if g1 is constant, or g» = O almost everywhere, or g1 € BV and
lg2| < m for some m € L.

(B’) if and only if g1 = 0, or go = 0 almost everywhere, or g1 € B and |gs| < m for
somem € L.

Moreover, if go € Ly, then g satisfies
(C) if and only if g2 = 0 almost everywhere or g, € BV'.

Proof. The first four cases follow immediately from the definitions of the conditions
(A), (A7), (B) and (B’). We only want to leave some words on (C). It is clear that if
g2 = 0 almost everywhere or g; € BV then g satisfies (C). For the converse assume
that g» € L; is not zero almost everywhere. From Theorem we obtain that

Gt) = | ' go(s) ds

is absolutely continuous with G’ = g5 almost everywhere; in particular, G cannot be
constant. Thus, there is a 7 € (0, 1] with G(7) # 0, and from (C) we obtain

oo > Var </T g(-, s) ds) = |G(71)| Var(g1)
0
and hence ¢, € BV. [ |

From Proposition 4.3.9|we immediately get that the kernel g from Example|4.3.2|cannot
satisfy condition (C).

Even for separated kernels there is a subtle yet significant difference between (A) and
(A7) as well as between (B) and (B’). It is clear that (A) implies (A’) and that (B)
together with ¢(0,-) € L; implies (B’), but none of these inclusions may be inverted.



144 4.3. Integral Operators

Example 4.3.10. (a) Let g(t,s) = g1(t)g2(s) with g1 = x(01) and

(s) /s for0<s<1,
g2(s) =
’ 0 for s = 0.

Then Proposition tells us that (A’) is satisfied, because g; # 0 and g, is mea-
surable with ¢,(0)gs = 0 € Ly, but (A) is not satisfied, because g ¢ L;. The same
proposition also guarantees that both conditions (B) and (B’) do not hold for this
kernel.

Condition (C) cannot be satisfied, because

/ g(t,s)ds =00 for 0 <t <1.
0

(b) If g(t,s) = g1(t)g2(s) with g1 = xq and ¢g» = 1, then (B’) is satisfied, but (B) is
not, again by Proposition For this kernel, the same proposition guarantees that
both conditions (A) and (A’) do hold, while (C) does not. &

Proposition also tells us that for separated kernels the two conditions (A’) and
(B’) together imply (A). This is why we could not combine the two sample functions
in (a) and (b) of Example into one function. More general, the two conditions
(A’) and (B’) indeed imply (A) also for arbitrary kernels. To see this, note that (B’)
gives

lg(t,s)] < m(s) foralltel0,1] and almost all s € [0, 1],

and since g(t,-) is measurable due to (A’) the condition (A) holds with [|g(Z,-)[|,, <

[m]|,,; in particular, we even get that g(t,-) is integrable uniformly in ¢.

However, if one replaces the supremum norm in (B’) with the L.-norm, the two con-
ditions (A’) and (B’) together may no longer imply (A), as is shown by the following
example.

Example 4.3.11. Consider the kernel

/s fort=1,0<s<1,
g(t,s) =141 fort=1,5s=0,
1 for0<t<1,0<s<1.

Then (A) is violated, because g(1,s) = 1/s for 0 < s < 1 is not Lebesgue integrable
with respect to s on [0, 1]. In particular,

lg(-,s)|l, =1/s for 0 <s <1,
and so (B’) is also violated. Moreover, for any s € (0, 1],
Var (g(’s)> :1/3_1

which cannot be bounded by a function m € L; in the sense of (B), and so (B) is also
violated.
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However, (A’) holds as g(t, -) is measurable for each fixed ¢ € [0, 1], and g(0,-) =1 € L;.
Finally, ||g(-,s)||,_. = 1 holds for any s € [0, 1] and hence (B’) with [|-]| replaced by
[Nl is true with m =1 € L.

Note that (C) can also not be true, since

/Tg(l,s)ds = 0
0
for any 7 € (0, 1]. &

Separated kernels (4.3.4]) cannot generate an instance as in Example 4.3.8| because for
those kernels g = ¢g1go with go € L; condition (C) is equivalent to (B). However, if
g2 = 0 almost everywhere, then neither (B) nor (C) implies ¢; € BV.

Example 4.3.12. The kernel function g(t,s) = g1(t)g2(s) with g1 = g2 = xq satisfies
g1, 92 € Ly with g; = go = 0 almost everywhere and thus (A), (A’), (B), (B’) and (C)
by Proposition 4.3.9 but g; = xg is clearly not of bounded variation on [0, 1]. O

If g € BV and g, € Ly, we get an improved version of the estimate (4.3.3). Indeed,
with the help of (4.3.5)) we have for x € BV,

1
el = ltllay | [ 2(5)2(5) ds| < gl el ol

and thus

||]9||BV—>BV < HngBV ||92||L1 .

The study of solutions to integral equations, both linear and nonlinear, in BV -spaces
is motivated by numerous applications to real world problems; we give two examples
of such motivations at the beginning of Chapter [7] Sometimes it is useful or even
necessary to look for solutions in the space BV N C, that is, to add continuity. So
there is some interest to find conditions which guarantee or are even equivalent to the
inclusion

1,(BVNC)C BVNC.

To this end, we introduce another condition on the kernel function g.

Ve >0 3(5>0Vt1,t2,76 [0,1] :

t—t] <6 = ]ATg<t1,s>—g<t2,s>ds <e (B

This new condition (E) is obviously satisfied if ¢ : [0,1] x [0,1] — R is continuous,
because then g¢(-,s) is continuous for each s € [0, 1] and uniformly with respect to
t € 10,1]. If this uniformity is dropped, that is, if (-, s) is merely continuous for each
s € [0,1], then (E) may no longer be true.
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Example 4.3.13. Let ¢ : [0,1] x [0,1] — R be given by

for 0 < s <1,
glt,s) =qt+s

0 for s = 0.

Then g(-, s) is continuous for every fixed s € [0,1]. For7 =1, ¢, =t> and t, = t € (0, 1]

we have
1 1 1 1
)i [ ()
/o(g< s) = g(t.s) ) ds o \2+s t1s)°

1 1+ — t— 0+
= 10 EE—— 0 as
S\it e

showing that ¢ cannot satisfy (E).

Also note that g cannot satisfy any of the other conditions (A)—(D). To see this observe
that g(0,s) = 1/s for 0 < s < 1 is not Lebesgue integrable with respect to s on [0, 1]
showing that g cannot satisfy (A’) and hence also not (A). Moreover, for fixed s € (0, 1]
we have ||g(-, s)||,, = 1/s which cannot be bounded by a Lebesgue integrable function.
Thus, (B’) is violated. Similarly, for s € (0, 1],

Var (g(~,s)) = 1 ! = L

s 1+s s(1+s)

cannot be bounded by an integrable function, and so (B) is also violated. Moreover,
(C) does not hold, because

/Tg(O,s)dSZ 00
0
for any 7 € (0, 1]. Condition (D) is also not satisfied, since

1

(t+ )

1

52

s = 10ug(, 8)llo = sup

t€[0,1]

o0

does not belong to L, for any p > 1. &

We remark that besides the kernel in Example none of the remaining kernels in
the examples considered so far does satisfy (D) as none of these kernels is differentiable
with respect to ¢ for almost all s, with one exception: The kernel g(¢,s) = xo(t)xo(s)
from Example is zero for almost all s and hence satisfies (D).

The importance of this new condition (E) is now illustrated by the following result
which was proven in [32].

Theorem 4.3.14. Let g : [0,1] x [0, 1] — R satisfy condition (A). Then the following
statements are equivalent.

(a) The kernel function g satisfies the conditions (C) and (E).

(b) The integral operator I, maps the space BV N C into itself and is bounded, and
the set {I;x | x € BVNC,|z| 5, < R} is equicontinuous for every R > 0.
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A quite similar but slightly stronger condition than (E) is
V5>035>0Vt1,t2€ [O, 1] . ‘tl—t2’ §5 = ”g<t17)_g<t27)”L1 SE. (F)

It is clear that (F) implies (E). The converse, however, is not true, if we allow the
integral in (E) to be an improper Riemann integral.

Example 4.3.15. Let 7, :== 1 —1/2" and p, := 1 — 3/2""2 for all n € Ny. Then
Tn < fin < Tnp1 and (7, + Tua1)/2 = pp for all n € Ny Therefore, the function
h:[0,1] — R, defined to be piecewise linear and continuous on [0, 1) by A(1) := 0 and
h(1,) := 0 and h(p,) = (=1)"2"/(n + 1) for all n € Ny, is Riemann integrable on any
interval [0, a] for a € (0,1). We show that A is improperly Riemann integrable on [0, 1].
Observe that

n Tn — Tn—1 (_1)n+1
h(s)ds = ———h(up_1) =
[ hs)ds = T R ) = 2
n — Tp—1 ]-
= 1) == f .
[ Il ds = = ()| = 5 forneN

Fix a € (0,1) and pick n € N such that 7,1 < a < 7,,. Then

a Tn—1 Tn ]_
/ h(s)ds — / h(s)ds| < / |h(s)|ds = —
0 0 Tn-1 4n

and
Th—1 n—1 i n—l j+1
/ h(s)ds = Z/ Z
0 j=1 Tj—1 j=1
Letting a — 1— implies n — oo and hence
1 a 0 (__ j+1 10g2
h(s)ds = li :
[, pisyas = tim ["his)as = 3 =

However, h is not Lebesgue integrable on [0,1]. Even worse, h ¢ L, for any p > 1.
Indeed, a straightforward but cumbersome calculation shows

o 9jp—j—p
/|h |pds—Z/ (s)Pds =Y ———
i1

j=1 (p+1)47

which is divergent for any p > 1.
We now define the function g : [0, 1] x [0, 1] — R by g(¢, s) := th(s). Then

lg(trs-) = gt ), = 81 = taf [|All, = 0o for all ¢y 7 t5 in [0,1].

Thus, g does not satisfy (F). But it does satisfy (E), because

/OT h(s)ds|,

and the right supremum is finite as h is improperly Riemann integrable on [0, 1].

sup
T€[0,1]

/ g(t1,5) — g(ta, s)ds| = [t; — ta] sup
0 7€[0,1]



148 4.3. Integral Operators

Note that this kernel g does not satisfy the conditions (A), (B) and (B’), while it does
satisfy the conditions (A’). This follows from Proposition as ¢ is given in separated
kernels.

Moreover, the variation

Var (/OTg(-,s)ds) = /OTh(s)ds :

where the integral is meant in the sense of Riemann, is finite for each 7 € [0,1]. In
particular, h is Kurzweil-Henstock integrable on [0, 1] in the sense of Definition [2.1.1]
and therefore the function .

T — /0 h(s)ds

is continuous [68] and hence bounded on [0, 1]. Consequently, condition (C) is satisfied.
Finally, (D) is not fulfilled, because the function s — ||01g(-,s)||., = |h(s)| does not
belong to L, for any p > 1. &

Let us now check which of the kernels in the examples considered so far does satisfy the
conditions (E) and (F), respectively. The kernel g(t, s) = xg(¢) from the Examples[4.3.2)
and [4.3.10| (b) cannot satisfy (E) and hence also not (F), because for any ¢t € [0, 1]\Q
we have

/01 g(0,s) —g(t,s)ds = 1.

The kernel g(t,s) = xo(t —s) = xo(s —t) from the Examples [4.3.3| and [4.3.8, however,
does satisfy (F) and therefore also (E), because for any tq,ts € [0, 1] we have

/ ‘9 t1,s) — g(ta, 5) dS —/ ’XQ t1 — ) — xolta — 5)’d5 0,
as xo(t — s) = 0 for fixed ¢ € [0,1] and almost all s € [0, 1].
The kernel g(t, s) = ¢1(t)g2(s) from Example 4.3.10| (a) with g; = x (0,1 and

(s) /s for 0 < s <1,
g2\8) =
? 0 for s =0

cannot satisfy (E) and hence also not (F), because for any ¢ € (0, 1] we have

/01 (g(t, S) - g(O, 3)) ds — /01 i b — o

A similar reasoning holds for the kernel

/s fort=1,0<s<1,
g(t,s) =11 fort=1,5s=0,
1 for0<t<1,0<s<1

from Example [4.3.11] Indeed, for ¢ € [0,1) we obtain

/01 (g(l,s)—g(t,s))dsz/ol (i—l) ds = o0,
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showing that neither (E) nor (F) can hold.

For the kernel g(t, s) = xo(t)xo(s) from Example|4.3.12) we have that ¢(¢,-) = 0 almost
everywhere for fixed ¢ € [0, 1] and so (F) as well as (E) must be satisfied.

As we have seen in Example [4.3.13], the kernel

for 0 < s <1,
g(t,s) =< t+s

0 for s = 0.

does not satisfy (E) and hence also not (F).

In general, condition (F) together with (A) now takes care for I, to map L into C.
But even more is true, namely, a perfect analogue to Theorem which reads as
follows.

Theorem 4.3.16. Let g : [0,1] x [0,1] — R satisfy condition (A). Then the following
statements are equivalent.

(a) The kernel function g satisfies the condition (F).

(b) The integral operator I, maps the space Lo into the space C' and is bounded, and
the set {I,x | € Lo, ||2]], < R} is equicontinuous for every R > 0.

Proof. “(a)=-(b)”: That the operator I, is well-defined follows from (A), and that it
maps the space Lo, into C follows easily from (F). Indeed, for fixed ¢ > 0 we find
accordingly some § > 0 such that |t; — #5| < ¢ implies |[g(t1,-) — g(t2,-)|,, < e. For
such ty,t5 € [0,1] and = € L, it follows that

att) — Lya(t)] < [ lott, ) = gt 9)lla(s)] ds < lg(er, ) = glts, ), el

<ellzll..,

showing that the function I, is continuous and that the set { I,z | 2 € Lo, ||z, < R}
is equicontinuous for any R > 0.

It remains to prove that I, : Lo, — C is bounded. To do so, pick for € = 1 according
to condition (F) some n € N such that [t; —t5| < 1/n implies ||g(t1,-) — g(t2, )|, < 1.
Define 7; := j/n for j € {0,...,n} and fix t € [0,1]. Then there is some j € {1,...,n}
such that 7;,_; <t < 7;. This gives for all s € [0, 1],

lg(t, )]
<|g(t,s) — g(7j-1,8)| + |9(Tg 1,8) — 9(Tj—2,8)| + ...+ |g9(m1,5) — g(70, 5)| +]9(0, 5)|

= |g<t78) Tj 1,S ’+Z‘g Ti—1,S (Tz; )‘ + ‘g(o 3)'

<|g(t,s) —g(rj_1,s !+Z!g Tic1,8) — g(7i, )| + [9(0, )|
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and consequently,

Hg@wﬂhléHg@w)—g@y1wﬂhg+§i”ﬁnhﬂ—wﬂnwﬂhl+ﬂgmwﬂh,

=1
Since |1;_1 — 7;| = 1/n and |t — 7;_1] < 1/n we obtain
lg(t: ), < n+141lg(0, )], -

This implies for x € L., the estimate

0] < g, g, ol < (n+ 1+ 190015, ) el -
Since this is true for any ¢ € [0, 1], we have shown that I, : Lo, — C' is bounded with
Hgllp e < n+1+1g(0, ), -

“(b)=-(a)”: Assume that the set M := {I,x | € L, ||z, _ < 1} is equicontinuous.
This means that for any fixed e > 0 we find a § > 0 such that |t; — t3] < 0 and
|z]|, . < 1imply [lyz(t1) — I,z (t2)| < . We now fix such t1,£, € [0,1] and consider
the function

hs) = gltr,5) — g(ta, )

which is measurable due to condition (A). In particular, the sets
H_ ={se€[0,1] | h(s) <0} and Hy:={se€[0,1] | h(s) >0}

are measurable, and thus the function  := xu, — xu_ belongs to L, with [[z]|, <1
and hence € M. We then have hx = |h| and also

o) = glta, Mg, = [ 10 ds = [ hsals)ds = yaler) — Lya(r) < =

But this is nothing else than condition (F), and the proof is complete. |

For the reader’s ease, let us recall in Table which of the conditions (A)—(F) are
fulfilled by the examples considered so far in this section.

Table 4.3.1: Properties of g in the above examples.
Example | (A) (A) (B) (B) (C) (D) (E) (F)

4.3.2 yes yes no yes no no no no
4.3.3 yes yes no yes yes no yes yes
4.3.8 yes yes no yes yes no yes yes

4.3.10[(a) | no yes mno no no no No 1O

4.3.10[(b) | yes yes mno yes no no no 1o

4.3.11 no yes no no no no no no
4.3.12 yes yes yes yes yes yes yes yes
4.3.13 no no no no no no no 1o

4.3.15 no yes no no yes NO yes 1o
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In Chapter [7] we will apply some of the theoretical results developed in this section to
nonlinear integral equations involving linear integral operators like and nonlinear
composition or superposition operators like (5.0.1)) and ; we will investigate the
latter two in the next chapter. In order to prove the existence of solutions of those
integral equations we will use fixed point theory, mostly Banach’s Fixed Point Theorem
for contractions and Schauder’s or Darbo’s Fixed Point Theorem for compact maps.
Since a bounded linear operator is always Lipschitz continuous, for applying Banach’s
theorem we have to ensure only a Lipschitz condition for the nonlinear operators; this is
a difficult problem, as we will see in the next chapter. On the other hand, for applying
Schauder’s or Darbo’s fixed point theorem we need (at least sufficient) conditions on g
guaranteeing that I, is compact, since the nonlinear part is compact only under quite
exceptional assumptions.

The following result was proven in [31] and gives a compactness criterion for the oper-
ator I, acting in the Wiener space W BV/,.

Theorem 4.3.17. Under the conditions (A) and (B), the integral operator I, maps
W BV, continuously into W BV, and is compact for any p,q > 1.

The proof is based on Helly’s Selection Principle, see Theorem [1.2.28

In order to achieve similar compactness results for other BV -spaces we introduce the
following conditions.

30 >03me L V's€[0,1]: Var, (0g(-,5)) < mf(s), (B,)
V0 >03Imge L V'se€[0,1]: Var, (Hg( ,s)) < mp(s), (B:)
Ime L, V'se[0,1]: Vary (g( ,s)) < m(s), (Ba)

dme L, V'se[0,1]: RVar, (g(-, 3)) < m(s) (B,)

Note that the new conditions (B,) respectively (B?), (By) and (B,) act in the spaces
Y BV,, ABV and RBV,, respectively, as analogues to condition (B) in the space BV.
Since these conditions will play an important role in Chapter [7] and since we do not
want to repeat all proofs for each individual BV -space we take a uniform approach
and summarize the conditions (B,), (B}), (Ba) and (B,) for X being one of the spaces
BV, WBV,, YBV,, ABV and RBYV, in the following conditions.

30>03me L V'se[0,1]: Varx (6g(-,s)) < m(s), (Bx)
V8 >03mye L, V'se[0,1]: Vary (Hg(-, s)) < my(s), (B%)

where Varx denotes the variation of the space X, that is, Varpy = Var, Varypgy, =
Var,, Varypy, = Var,, Varypy = Varp and Vargpy, = RVar),.

We make two comments on these conditions. It is clear that the (B%) condition implies
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(Bx) in any BV-space X. For the converse, note that for z € X and 6 > 0 we have

Var(fz) = 0 Var(x),
Var,(6z) = 6 Var,(z),
Var, (0x) = 0 Var,(x),

RVar,(0x) = 6 RVar,(x).

As a consequence, the two conditions (By) and (B%) are equivalent for X being one
of the spaces BV, WBYV,, ABV or RBV,, and we can assume § = 1 in (Bx) for these
spaces. However, in the space X = Y BV,, both of these conclusions are false; we give
an example.

Example 4.3.18. Let ¢ and J,) be as in Example and consider g(t,s) =
J(a;)(t). We have seen in that example that Var,(g(-,s)) < c for all s € [0,1] and
some ¢ > 0, but Var,(4g(-,s)) = oo for all s € [0,1]. Thus, g satisfies (B,) but not
(B}). Note that below Example we have also seen that ¢ does not satisfy a
do-condition. &

If the Young function ¢ is given by ¢(t) = t? and thus Y BV,, = W BV,,, then condition
(By) is equivalent to

Jm e Ly ¥'s€[0,1]: Var, (g(-s)) < m(s);

this is exactly the condition in Theorem [£.3.5 In particular, in this case the conditions
(B,) and (B}) are equivalent.

For separated kernels we have the following analogue to the (B)-part of Proposition
4.5.9.

Proposition 4.3.19. The function g : [0,1] x [0,1] — R given in separated kernels
g(t,s) = gi1(t)g2(s) for g1,z : [0,1] — R satisfies

(Ba) if and only if g1 is constant, or go = O almost everywhere, or g1 € ABV and
lg2| < m for some m € L.

(B,) if and only if g, is constant, or go = 0 almost everywhere, or g € RBV, and
lga] < m for some m € L,.

One might wonder why there is no entry for the Young variation. The reason is that
for separated kernels with g not being zero almost everywhere the condition

g1 € YBV,, and |go| < m for some m € L,
is simply not equivalent to (B,).
Example 4.3.20. Let go € L; be given by

(s) 1/y/s for0<s<1,
g2(s) =
? 0 for s =0,
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take ¢ and g, = J(a,) as in Example and set g(t,s) = ¢1(t)ga(s). There we
have seen that Var,(g1) < oo and hence g; € YBV,,. But we have also seen that
Var,(4g1) = oo. Since g(:,s) € S for any s € [0, 1] we have for any fixed § > 0 and
0 < s <6%/16 that

Var, (09(-, s)) = Var, (919/\/§> > Var, (491) = 00.

But then (B,,) is violated, although g, € L. o

The importance of the (B)-type conditions summarized in (Bx) become now apparent
in one of our main theorems of this section. It generalizes the results of Theorem
to our other BV -spaces.

Theorem 4.3.21. Let X be one of the spaces BV, WBV,, YBV,, ABV or RBV,.
Under the conditions (A) and (Bx) the integral operator I, maps the space Lo into
the space X and is bounded with

“IQHLOOHX <1lg(0, ')HLl

2||m||L1 for X = BV,
2 [|m/? for X = WBV,,
+071 (Sfl(l) + 1) max {1, [mllg, } Jor X =Y BV, (4.3.6)
(14 27) Imll,, for X = ABY,
2 |lm /" for X = RBV,,

where 0 is taken from condition (Bx ).

Note that, as pointed out before, in the spaces BV, WBV,, ABV and RBV, the
number @ in (Bx) may be forced to be equal to 1 when m is adjusted properly. This,
however, is not true in the space Y BV,,. Therefore, according to Theorem [4.3.21] the
operator norm ||I,||, . in general depends on both the bound m and the value of 6,
both coming from (By).

Proof of Theorem[{.3.21] First note that

Loz (0)] < llg(0, )l Nl - (4.3.7)

For X = WBYV, with 1 < p < oo assume that g satisfies (Bypy,) with ¢(t) = t* for
some # > 0 and pick m € L; so that Var, (Hg(~,s)> < m(s) for almost all s € [0, 1].
Let 0 =ty < ... < t, = 1 be a partition of [0,1] and fix x € WBV). From Jensen’s
inequality we obtain

1

[

l9(tj-1,8) — g(t;, 9)| la(s) P ds

S| Lt 1) = La(t)| ds < /0
j=1

1

J

IN

077 | m(s)le(s)["ds <O [lz|[L_ Imll,, -

S~
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Consequently Var,(l,z)'? < 67|z, HmHl/p and with the help of (4.3.7) and
(1.2.11)) we obtain

HIgQJHWBVp = Lyl + Var, (I,z) /7 < |I,z(0)| + 2 Var,(I,z)"/?
< Wl (0.1, + 26~ )

which means that I, maps L., into W BV, is bounded and satisfies (4.3.6)). This also
shows the result and the desired estimate for the space BV.

For X = Y BV, assume that g satisfies (By py, ) for some 6 > 0, pick accordingly m € L,
so that Var,, (Hg(-,s)) < m(s) for almost all s € [0,1], and let 0 =ty < ... <t, =1
be a partition of [0 1]. For fixed z € Y BV, (without loss of generality we may assume
x|, > 0), ¢ = [|z|,_ max{l,|m], } and p := 07"y we have with the help of
Jensen’s mequahty

> o (bt ) = a0)l) < 3 ([ lottir,0) = ot 1)

5 0(t109) = 5.5} )

||:c||L / (9]g(tj_1,s) ~ gt;.5)]) s

b,
< = ds <1.
< [ings)ds <

Consequently M([yx) < p = 6" |||, max{1, ||m]|[, }, where the symbol 90t denotes

the Minkowski functional (1.2.19)). With (4.3.7)) and ((1.2.24)) we obtain
1yzlly gy, = Igolloe + M (Lgx) < [Tz (0)] + (97'(1) + 1)M(Iy2)
< el (1900, Y, +07 (7 (0) + 1) max{1, fmil, )

which means that I, maps L, into Y BV,,, is bounded and satisfies (4.3.6).

For X = ABV it was shown in [30] that under the assumptions (A) and (Bapy) the
operator I, maps Lo into ABV and is bounded with

Vara(Iyx) < 07" ||l _ [lmll,, -
With the help of ([1.2.46]) and (4.3.7) we obtain
gzl y gy = Hgll, + Vara(Ioz) < |1,z (0)] + (1 + M) Vara ()
= llzll,.. (190, Mg, +67(1+X7) lmll, )-

This shows that I, maps Lo into ABV and is bounded with (4.3.6)).

For X = RBV,, we proceed as in the proof for X = Y BV,,, but this time, calculations
are much easier. Assume that g satisfies (Bgrpy,) for some ¢ > 0, pick accordingly m €
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Ly so that RVar,(0g(-, s)) < m(s) for almost all s € [0,1], and let 0 =ty < ... <t, =1
be a partition of [0,1]. For fixed + € RBV), we have with Jensen’s inequality

zn:’[ :B(] 1) / ’g j—1,5 (t378)| | ( )|pds

j=1 |tj 1_t|p1 |tjl t|p1

<o /0 m(s)[e(s)l"ds < 67 2], mll,

Consequently, RVar,(I,2)'/? < 67! ||z||,_ ||m|\1/p With (4.3.7) and (1.2.53)) we obtain

g2l gpy, = Mgzl + RVar, (I,z)"? < |I,2(0)| + 2 RVar,(I,z)"?

< lal,., (1900, )y, +267 )

which means that I, maps L into Y BV,,, is bounded and fulfills (4.3.6). [ |

Although the condition [;(L,) € X may seem somewhat annoying (as [,(X) C X
seems more natural), it has the advantage that the nonlinear part of the fixed point
operators that we consider in Chapter [7|has to map only X into L, which in many cases

may be easily achieved. We give one sample criterion for the nonlinear superposition
operator in Theorem in the next chapter.

As announced the conditions (A) and (By) are too strong to be responsible only for
the boundedness of I,. Indeed, we get compactness for free. Surprisingly, this is true
for the spaces BV, W BV, ABV and RBV,, but probably not for the space Y BV,, (we
do not know if (By) is sufficient). For this space, we need the stronger condition (B%)
which is equivalent to (By) in all the other BV -spaces. We then get an even stronger
result that has been proven in [32] for X = BV.

Proposition 4.3.22. Let X be one of the spaces BV, WBV,,, Y BV,,, ABV or RBV,,.
Assume that (z,,) is a bounded sequence in L., and converges almost everywhere to
some ¥ € L. If g : [0,1] x [0,1] — R satisfies the conditions (A) and (B%), then
(Igxn) is a sequence in X that converges in X to I,x.

Proof. By Theorem the integral operator I, maps L into X, and this shows
that the functions I,x,, belong to X for each n € N. We now show that they converge
in X to I,z. Equivalently we show that the functions Iy, converge to 0 in X, where
Yn 1= Ty, — .

We start with the space X = Y BV,. Since g satisfies (B})) we find for each 6 > 0
a function mg € Ly so that Var, (Qg(-,s)) < mgy(s) for almost all s € [0,1]. Let
0=ty <...<ty=1Dbe a partition of [0,1] and let A > 0 be fixed. Since (y,) is
a bounded sequence in Ly, we find some p > 0 such that A|y,(s)] < p for all n € N
and almost all s € [0, 1]. Moreover, the convergence of the sequence (y,) to 0 almost

everywhere implies that the sequence also converges in measure which means that the
measures of the sets A, := {s € [0,1] | |yn(s)| > 1/A} tend to 0 as n — oco. We obtain
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again with the help of Jensen’s inequality

3= o (Aan(t-0) = Lt Zso( [ lotti-1.5) = 9045, 9] s
{[ }Zs@(w o) - g(tj,smyn@\)ds

< [, X et - g(tj,sn)ds
[ ons IZwa 105) = 9(t5,9)] ) ds

S/An m(5) ds+>\/0 1y (5)|ma (5) ds. (4.3.8)

Since |A,| — 0 as n — oo, the first integral in goes to 0 as n — oo. Since (y,)
is bounded in L., and converges almost everywhere to 0, the second integral in (4.3.8|)
goes also to 0 by the Dominated Convergence Theorem. Thus, we have shown that
Var,(A,y,) — 0 as n — oo for each A > 0. By Proposition (a) we conclude
M(Lyyn) = 0 as n — oo.

Moreover, the Dominated Convergence Theorem also implies |/,y,(0)| — 0 as n — oo,
and with the help of we finally obtain [[Igynlly 5, — 0 as n — oc.

Next, we give attention to the space X = ABV. Let ([a;,b;])1<j<k be a collection of
nonoverlapping intervals in [0, 1] and let m € L; be so that Vary(g(-,s)) < m(s) for
almost all s € [0, 1] according to (B}) with § = 1. We have

ZA | 9Yn a] gyn / (Z)\ |g Qaj, S g(bj75)|) |yn(3)|d3
< [ m(s)luns)| ds

and hence Vara(Iyy,) < ||my,ll,,. From the Dominated Convergence Theorem again
follows that ||my,l||,, — 0 and hence Vars(lyy,) — 0 as n — oo. Since |I,y,(0)] — 0
we conclude with (1.2.46) that ||I;y,||, g, — 0 as n — oc.

Finally, we deal with X = RBYV,. We proceed as in the proof for X = Y BV,,, but this
time, calculations are again easier. Let 0 =ty < ... < t; = 1 be a partition of [0, 1]
and let m € L; be so that RVar,(g(-,s)) < m(s) for almost all s € [0,1] according to
(B;) with # = 1. We have with Jensen’s inequality

Z |Igyn Jj— 1 ]gyn( >|p / |g j=1:5 ( )| | n( )|pd8

|t 1_t|p1 j=1 |t11 t|p1

< [ mls)lyn(s)P s

7=1

Consequently, RVar,(Iy,)"? < |m|y,[P ||2/1 P As above we conclude with the Domi-
nated Convergence Theorem and (1.2.53]) that “IgynHRBVp — 0 as n — oo. [
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We remark that the sequence (x,,) in Proposition [4.3.22| need not to converge in L, to
x. Otherwise, the result would have followed immediately from Theorem [£.3.21]

As a consequence of Proposition [4.3.22) we get the promised compactness criterion.

Corollary 4.3.23. Let X be one of the spaces BV, WBV,, YBV,,, ABV or RBV,.
Under the conditions (A) and (By ) the operator I, maps the space X into itself and is
compact.

Proof. From Theorem we get that the operator I, maps L. and hence also
X into X. We now show that I, : X — X is compact. To this end, let (z,) be a
bounded sequence in X. In view of Helly’s Selection Principle (Theorem we
find a subsequence (z,, )r of (z,) which converges pointwise to some function z € X.
Since (z,,) is bounded in X it is also bounded in Lo,. Proposition[4.3.22) now guarantees
that the sequence (I,x,, )r converges in X to [,z. Consequently, I, is compact. [

For X = RBV, the result in Corollary .3.23] is indeed stronger than Theorem [.3.7]
because we now get compactness. Even better, the condition (Bgpy,) or equivalently
(B,) is weaker than condition (D), as announced earlier. Note that (D) implies, as
already mentioned, that g(-,s) € RBV,, for almost all s € [0,1] and any p € (1,00) as
well as RVar,(g(+,s)) < m(s) for some m € Ly. Thus, (D) indeed implies (B,). But
condition (B,) is strictly weaker than (D), as is shown by the following example.

Example 4.3.24. The function g : [0, 1] x [0, 1] — R, given by

t
g(ta 3) :/0 X[0,1/2]<T> d7—>

is for no s € [0, 1] continuously differentiable with respect to ¢ and thus cannot satisfy

(D). However, for all s € [0, 1] we have by Riesz’ Theorem [1.2.25 that
1 1

RV 58)) = / t)dt = =

ar, (g(-,5)) | Xpoayz(t) i

and hence condition (B,) is met for any p € (1, 00). O

As we have seen in Theorem [£.3.21] under the hypotheses of Corollary the
operator I, maps even L., into the respective spaces BV, WBV,,, Y BV,,, ABV and
RBYV,. However, we cannot expect I, : Lo, — X for X being one of these BV -spaces
to be compact. We illustrate this for the space X = BV.

Example 4.3.25. Let g : [0,1] x [0,1] — R be defined by g(t,s) := xj0,4(s). Then
g clearly satisfies (A) and (B). Moreover, for n € N and j € {1,...,2"} define the

intervals [;,, := (g;nl, 237) and let x,, € L, be given by

0 (=1)7*t for t € I;,,
T (t) =
0 for t € {0,1/27,2/27, ... 1}.

The functions z,, form a bounded sequence in L, with |[z,||, =1 for any p € [1,00].
But for the integrals we obtain

Yn(t) = Ly, (t) = /01 g(t, s)x,(s)ds = /Ot xn(s)ds,
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and thus each y, € AC is a piecewise linear “zigzag” function with ||y, ||, = 1/2"; in
particular, (y,) converges uniformly to 0. But it cannot have a subsequence converging
in BV to 0, because Theorem [1.1.20| dictates Var(y,) = ||y, ||, = [|7all,, = 1 for each
n € N. &

Note that the sequence (z,) in Example [4.3.25| is bounded in L., but not in BV,
because Var(x,) = 2" for each n € N. Thus, Example 4.3.25|is not contradictory to

Corollary 4.3.23]

Since the (B)-type conditions will play the most important role in Chapter [7| we collect
them in Table below to bring some structure into the thicket of formalism.

Table 4.3.2: Conditions (Bx) and (B%) in our BV -spaces.

X (Bx) (Bx)
. Im e L V's € [0, 1]: Ime L V's € [0, 1]:
Var(Q('? S)) < m(s) Var(Q('v S)) < m(s)
dm e L1 V's €|0,1]: dm e Ly V's €]0,1]:
WBY,
Varp(g(‘,s)> < mf(s) Varp(g(~,s)) < m(s)
VBl 30 >03Ime Ly V'se€[0,1]: | VO >0 3Imy € Ly V's € [0, 1]:
’ Var,, (99(-, 3)) < mf(s) Var¢<eg(~,s)> < my(s)
dme L, V'se[0,1]: Ime L, V'se[0,1]:
ABV
VarA(g(-,s)) < m(s) VarA(g(-,s)> < mf(s)
dme L, V'se|0,1]: Ime L, V'se|0,1]:
RBY,
RVarp(g(~,s)> < m(s) RVarp<g(-, s)) < mf(s)

We remark that the integral operator I, : X — X can never be injective if X is
one of the spaces BV, WBV,,, YBV,, or ABV. Indeed, in all of these spaces lies the
characteristic function x = x{oy which, albeit not being 0 itself, is mapped by I, onto
the zero function 0.

Moreover, an integral operator with separated kernels g = ¢,¢> cannot be surjective
either, because from we see that [,x = cg; for a number ¢ depending on « which
shows that the range of I, is one-dimensional.
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Volterra Kernels

A particularly interesting case of linear integral operators is when the kernel function
g is a Volterra kernel which means

g(t,s) =0 for0<t<s<I. (4.3.9)

The corresponding operator I, has then the form

%x@);:gm@pzéﬂﬂa@x@yh, (4.3.10)

and we call such operators Volterra operators in the sequel. Of course, all results
for integral operators from the first part of this section remain true also for Volterra
operators. Therefore, we present here how the conditions (A), (B) and their relatives
(Bx) and (B%), (C), (D), (E) and (F) look like for Volterra kernels. Since Volterra

kernels can only attain values different from zero on the triangle
T={(ts)|0<s<t<1}

those conditions must take in account only points (¢,s) € T. Therefore, an arbitrary
kernel meeting these conditions only on 7" and hence satisfying the Volterra versions of
the conditions (A)—(F) does not have to satisfy the original conditions. For each such
situation we give here in this subsection an explicit example.

We start with condition (A) which is the overall basic assumption on the kernel. It
now reads

Vte[0,1]: glt.-) € L]0, ). (VA)

Arbitrary kernels satisfying (VA) do not need to also satisfy (A).
Example 4.3.26. Consider the kernel g, defined by

/s fort=0<s<1,
g(t,s) = ,
0 otherwise.

Clearly, ¢(0,-) € L;1]0,0]. For ¢t > 0 we have g(t,-) = 0 and hence also ¢(t,-) € L]0, ]
which shows that (VA) is true. However, ¢(0,-) ¢ L;[0,1] = L; showing that g does
not satisfy condition (A). O

The second most important condition is (B) and its relatives (Bx) and (B%) for our
various BV -spaces X. Condition (B) now reads for Volterra kernels

dm el V'se[0,1: |g(s,s)|+ Var (g(-,s), [s, 1]) < m(s). (VB)

Note that the kernel g in Example |4.3.26| does satisfy (VB) but not (B). Indeed, for
s € (0,1],
Var (g(-,s)) =1/s
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which cannot be bounded by a function m that is Lebesgue integrable on [0, 1] with
respect to s. However, since g(t,s) = 0 for all t € [s, 1], we have

l9(s, 5)| + Var (g(t,5), [5,1]) = 0,

and so (VB) is indeed satisfied.

Observe that if we require the majorant m in condition (VB) to belong not only to L4
but also to L, for some p > 1, then ¢(¢,-) € L, for all ¢ € [0,1]. This follows from
g(t,s) =0 for 0 <t <s<1and from the estimate

l9(t, )| < lg(s,5)] + 1g(s,8) = g(t, )| < |g(s, )| + Var (g(-, ), [5,1]) < m(s)

for all ¢ € [s, 1] and almost all s € [0, 1].

With these two modified conditions (VA) and (VB) Theorem reads for Volterra
operators as follows.

Theorem 4.3.27. Under the conditions (VA) and (VB) the operator V, maps the space
BV into itself and is bounded.

As we have seen in Theorem [4.3.4] condition (B) may be relaxed to condition (C) in

order to get the same result. For Volterra kernels ¢ condition (C) becomes

min{7, }
sup Var (/ q(-, s) ds) < 0. (VC)
7€[0,1] 0
This means that the Jordan variation of the function ¢ — [ g(t,s)ds stays

bounded as 7 runs through [0, 1]. The kernel g from Example [4.3.26 cannot satisfy (C)
or (VC), because g(0,s) = 1/s is not integrable near 0 with respect to s.

In the next example we show that an arbitrary kernel g may satisfy both (A) and (VC)
but not condition (C).

Example 4.3.28. Consider the kernel

for 0 <t <1,
g(t,s) = s+t
0 for t = 0.

Clearly, g satisfies (A) and hence also (VA). Since ¢(¢,0) = 1/t for ¢ € (0,1] is un-
bounded, (B) cannot hold. And (VB) can also not be satisfied, as

1
= — for0<s<1
9(s.8)l = 5 for0<s<

cannot be bounded by a Lebesgue integrable function on [0, 1]. On the other hand, g
satisfies (VC). To see this, define

min{r,t}
h(t,T) = / g(t,s)ds for 0 <t,7<1.
0
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Then we have h(0,7) = 0 for all 7 € [0,1]. For £ > 0 and 7 € [0, 1] we have

min{7,t} ] i t log 2 for0 <t <,
h(t,7) = / ds = log (1 | i, 4 }> _ )]s or =7
0 s+t t log(1+7/t) forT<t<1

which implies

sup Var (h(~,7’)) = sup Var (h(,T)) = sup (2 log 2 — log(1 —|—7')> = 2log 2.
T€[0,1] 7€(0,1] 7€(0,1]

Thus, (VC) is true. However, (C) is not, because for 0 <t <1 we have

1 11
t,d:/ ds = log(1 + 1/t
| atts)ds = [F—— ds =log(1+1/1)

and this becomes unbounded and hence of unbounded variation with respect to ¢ when
t gets close to 0. &

The Theorems [4.3.4], [£.3.5] and [£.3.6] can now be reformulated and summarized in the
following Volterra version.

Theorem 4.3.29. Let X be one of the spaces BV, WBV,, or ABV, and let the Volterra
kernel g satisfy condition (VA). Then the following conditions are equivalent.

(a) The Volterra kernel g satisfies condition (VC) with Var replaced by Vary.

(b) The operator V; maps the space BV into X and is bounded.

Here, Varpy = Var, Vary gy, = Var, and Varygy = Var,.

In order to reformulate the Theorems [4.3.14] and [4.3.16] we need to translate the con-
dition (E) and (F) into the Volterra setting. If g is a Volterra kernel, then for fixed
t1,t2 € [0,1] we have

|9(t1,8) = g(t2,s)| for 0 < s < min{ty, 22},
lg(t1,s) — g(ta, s)| = ‘g(max{tl,tg}, s)‘ for min{t,t2} < s < max{ty,t2},
0 for max{t;,t2} < s <1.

Consequently, condition (E) reads

V5>035>0Vt1,t2,76[0,1]2 |t1—t2|§5

min{ti,t2}
/0 X[o,7](5) <9(t1, s) — glta, s)> ds

max{ti,t2}

=

+ sign(t; — t2) / X[O,T](s)g(max{tl,tg}, S) ds| <e. (VE)

min{tl,tg}

For instance, the kernel g from Example [4.3.28] does not satisfy this condition and
hence also not condition (E). Indeed, for 7 =1, t; = 0 and ¢, =t € (0, 1], we have

min{0,¢} . max{0,t}
L7 Xon(5) (900.5) = g(t.) ) ds -sign(=) [ ()9 (max{0,1},5) ds

min{0,t}

t 1
= ds =log?2
0 s+t
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which cannot be pushed arbitrarily close to 0 when ¢ approaches 0.

Taking into account the special structure of an arbitrary Volterra kernel g condition
(VE) can be shortened to the condition

Ve > 036 >0 Vi, to,7 € [0,1] :

max{t1,t2,7}
f—tl<s = || g(t1,s) = glta, s) ds| < e.

Again, condition (VE) is weaker than (E) for arbitrary kernels. For instance, the kernel
g from Example does satisfy (VE), because g(t,s) = 0 whenever ¢ € (0, 1]. But
it cannot satisfy (E), since g(0,s) = 1/s is not integrable near 0 with respect to s.
However, even if an arbitrary kernel satisfies (A) and (VE), condition (E) does still not
have to be fulfilled. This is shown by the next example.

Example 4.3.30. The kernel

for0 <t<s<l1,

t+s
g9(t,s) =0 for0=t<s<1,
0 for 0<s<t<1

has the property that g(¢,s) = 0 whenever 0 < s < ¢ < 1. In particular, all the Volterra
conditions (VA), (VB), (VC) and (VE) are satisfied. Moreover, (A) is fulfilled, because
g(0,s) = 0 and 0 < g(t,s) < 1/(t+ s) for t € (0,1] and all s € [0,1]. However,
(B) is not satisfied, because for s € (0,1], we have Var (g(-,s)) = 2/s which cannot
be bounded by an L;-function. Similarly, (C) is not satisfied, because for 7 = 1 and
t € (0,1) we have

1 L1 t+1
/Og(t,s)ds:/t thSds:log _2; —r 00 ast—0+.

Finally, for 0 <t <1/2 <1 =,

1 1 1 t+1 2t +1
t,—2t,d:/ ds — ds =1 ~1
/og( s)=g@ts)ds = | mids = g ds s lee g m ey
2t + 2
=1 — log 2 t— .
og2t+1 og2 as 0+
Thus, (E) is also not true. &

Theorem [4.3.14] now reads as follows.

Theorem 4.3.31. Let g : [0,1] x [0,1] — R be a Volterra kernel satisfying (VA). Then
the following statements are equivalent.

(a) The Volterra kernel g satisfies the conditions (VC) and (VE).

(b) The Volterra operator V, maps the space BV N C into itself and is bounded, and
the set {Vyx | v € BV NC,||z||z, < R} is equicontinuous for every R > 0.
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Similarly, condition (F) can be translated into

V8>035>0Vt1,t2€[0,1]: ’tl—t2|§(5
min{¢,t2} max{t1,t2}
=,
0

Its shorter version for Volterra kernels ¢ is

ds +

g(t1,s) — g(ta, s) g(max{tl,tg}, s) ds <e. (VF)

min{t1 ,to }

max{t1 ,tg}

VE>OE|(5>Ovt1,t2€[O,1]I |t1—t2‘§5:>/ <e.
0

g<t17 8) - g(t27 8) ds

The same kernel function as in Example |4.3.30| shows that (VF) does not imply (F)
for arbitrary kernels. Now, Theorem [4.3.16|in its Volterra version reads as follows.

Theorem 4.3.32. Let g : [0,1] x [0,1] — R be a Volterra kernel satisfying (VA). Then
the following statements are equivalent.

(a) The Volterra kernel g satisfies the conditions (VF).

(b) The Volterra operator V, maps the space Lo into the space C' and is bounded,
and the set {Vyx | € Lo, ||7||,_ < R} is equicontinuous for every R > 0.

As an analogue to Table let us summarize our last three examples and which
properties they fulfill in Table below.

Table 4.3.3: Properties of ¢ in the above examples.

Example | (A) (VA) (B) (VB) (C) (VC) (E) (VE)
4.3.26 no yes no yes no no no  yes
4.3.28 yes yes  no no no yes 1o no
4.3.30 yes yes no yes no yes No  yes

We now turn to the most important conditions, namely the (B)-type conditions for one
of our BV-spaces X. For a Volterra kernel g in either of the spaces BV or ABV both
conditions (By) and (B%) are equivalent and read

dmeL,V'sel0,1]: Jg(s,s)|+ Vary (g(-, s), [s, 1]) < mf(s), (VBx)

where again Vary denotes the variation of the space X, that is, Vargy = Var and
Varppy = Vary. In the general space X = Y BV, however, the situation is more
complex. Condition (Bygy,)=(B,) is now

30>03Ime L V'sel0,1]: ¢(0lg(s,s)]) + Var, (6g(-, ), [s,1]) <m(s), (VB,)
and condition (B} py, )=(B,) becomes

V8 >03Imye Ly V'se[0,1]:
cp(@|g(s, s)|) + Var,, (Hg(-, s), [s, 1]) < mp(s). (VBY)
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In particular, for the Wiener space W BV, we get that both conditions are equivalent
and read

Im e Ly Vs €[0,1]: |g(s, )| + Var, (g(-,5), [5,1]) < m(s). (4.3.11)

Since the Young variation often exhibits surprising properties, we give here a more
detailed argument for the equivalence of the conditions (B7,) and (VB})) in the case of
Volterra kernels. The argument for condition (VB,,) is similar and will be skipped.

Let g : [0,1]x[0,1] — R be a Volterra kernel, assume that g satisfies (B},) and fix 6 > 0.

Because of (BY), we find for our 6 a function m € L, such that Var, (99(-, s)) < m(s)
for almost all s € [0,1]. But this implies

Var,, (Hg(-, s), [s, 1]) < Var, (99(-, s)) < m(s)

for almost all s € [0,1]. Moreover, since ¢(t,s) = 0 for 0 < ¢ < s, we have for almost
all s € (0, 1] by Proposition [1.2.10| applied on [0, s],

90(9|g<57 S)’) = Var (QO(GLQ(‘, 3)‘)7 [07 S]) < var@ (9g<'7 5)? [07 5])
< Var,, (Qg(-, s)) < mf(s).

This gives (VBY) with mg := 2m.
Now, assume that the Volterra kernel g satisfies (VB,), that is, for any a > 0 there is
some m, € L; such that

p(alg(s, s)|) + Varg(ag(-, s)) < ma(s)

for almost all s € [0,1]. Fix # > 0 and s € (0, 1] and a partition 0 =, < ... < t, = 1.
Then there is some k € {1,...,n} such that t,_; < s < t;; in particular, g(¢;,s) =0
for all j € {0,...,k—1}. We obtain

o(0lg(ti-1,9) — g(t;, 9)|) = o(Olg(te. 9)|) + > @ (0lg(tior,5) — g(t;,9)])
=1 j=k+1

< @(0l9(tx, 5)]) + Var, (0g(-, s).[5,1]).

J

In addition, from the convexity and monotonicity of ¢ we get,

o (0lg(ti, s)[) <27 [so(ze|g<s,s> — g(tk, 5)|) + ¢ (26]9(s, s>|)}
<27t [Varso (29]9(-, s)|, [s, 1]) + 90(29|g(3, 3)\)]
In total, we obtain for almost all s € [0, 1],

Var,, (9|g(~, s)|) < 2’%0(26\9(3, 3)|) + 27! Var, (20g(~, s), [s, 1]) + Var, (Hg(-, s), [s, 1])
< 2*1m29(s) + m9<8)

and thus condition (B,) holds with m = 27 gy + my.
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Finally, condition (B,) for the Riesz space translates to the following condition.
ImeL;V'se[0,1]: g(s,s) =0 and RVar, (g(-, s), [s, 1]) < mf(s). (VB,)

Here, the strong degeneracy ¢(s,s) = 0 almost everywhere along the line ¢ = s comes
from the fact that each function in the Riesz space RBV,, for p > 1 is continuous.

To overcome annoying case distinctions in what follows we will extend the symbol
(VBx) to the spaces X = YBV,, and X = RBV, by setting (VBypy,)=(VB,) and
(VBrpy,)=(VB,). Analogously, we extend the symbol (VBY) by (VB} 5, )=(VB) for
the space X = Y BV, and by (VBjpy, )=(VB,) for the space X = RBV,. Using this
uniform approach we are now in position to restate Theorem 4.3.21] Proposition [4.3.22
and Corollary [£.3.23] also for the Volterra operator. These three results now read as
follows.

Theorem 4.3.33. Let X be one of the spaces BV, WBV,, Y BV,, ABV or RBV,, and
let g : [0,1] x [0,1] — R be a Volterra kernel. Under the conditions (VA) and (VBx)

the Volterra operator V, maps the space Lo into the space X and is bounded with

2[ml|,, for X = BV,
2 ||m| /7 for X = WBV,,
Vol oy <678 (9711 + 1) max {1, |m|,, } for X =YBV,, (4.3.12)
(14271 Imll for X = ABV,
2|l for X = RBY,,

where 0 is taken from condition (VBx).

Note that since any Volterra kernel g(t,s) vanishes for s > ¢, the norm [|g(0,-)||,, in
does not appear here. Furthermore, the condition (VB,) for the Riesz space
is rather strong, because of the almost everywhere degeneracy g(s,s) = 0 occurring
therein. This condition is far from being necessary for the operator V, to map L
continuously into RBV,,.

Example 4.3.34. Consider the Volterra kernel g, defined by ¢(t,s) = 1 for 0 < s <
t <landg(t,s) =0 for 0 <t < s <1. The corresponding Volterra operator

t
Vyx(t) = / z(s)ds for0<t<1
0
maps even L, into RBV), and is bounded for 1 < p < oo, because for z € L,,
Y 1 . 1/p
Vel = Vel + RVt (V)2 < izl + ([ (V) ()P as) < 2l

However, g(s,s) =1 for all s € [0, 1]. O
Proposition (4.3.22)) becomes
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Proposition 4.3.35. Let X be one of the spaces BV, WBV,,, Y BV,,, ABV or RBV,,
and let g : [0,1] x [0,1] — R be a Volterra kernel. Assume that (x,) is a bounded
sequence in Lo, and converges almost everywhere to some x € Lo,. If g satisfies the
conditions (VA) and (VB%), then (Vyx,,) is a sequence in X that converges in X to
Vy.

Its compactness criterion, namely Corollary 4.3.23| turns into

Corollary 4.3.36. Let X be one of the spaces BV, WBV,, YBV,,, ABV or RBV,,
and let g : [0,1] x [0,1] — R be a Volterra kernel. Under the conditions (VA) and
(VB%) the operator V,, maps the space X into itself and is compact.

Before we end this chapter with some additional remarks let us summarize the (B)-type
conditions in Table below which is an analogue to Table [£.3.2]

Table 4.3.4: Conditions (VBx) and (VBY) in our BV -spaces.

X (VBx) (VB3)
BY Ime L, V'sel0,1]: Ime L V'sel0,1]:
|g($, S)| + Var(.g('a 5)7 [Sa 1]) S m(s) ‘9(57 5)| + Var(f]('? 5)7 [Sa 1]) S m(s)
dm € Ly V/SG[O,H: dm € Ly V'SE[O,l]:
WBYV,
lg(s, )| + Var, (g(-, 5), [5,1]) < m(s) lg(s, )| + Var, (g(-, 5), [5,1]) < m(s)
30 >03Ime L V'se[0,1]: V0 >0 3Imy e Ly V's€[0,1]:
YBVS(,

@(0lg(s, 8)]) + Vary (Bg(-, 5), [s,1]) <m(s) | ¢(0lg(s,s)]) + Vary (8g(-, ), [s,1]) < mg(s)
Ime L, V'se|0,1]: EImEL1VSE[01

ABV ] J
lg(s, s)| + Vara (g(-,s), [s,1]) < m(s) lg(s, s)| + Vara (g(- 1)) <
Ime Ly V'se|0,1]: ImelV 36[0 1):
RBY,
g(s,s) =0 and RVar,(g(-, s),[s, 1]) < m(s) | g(s,s) =0 and RVar,(g(-, s), [s,1]) < m(s)

We remark that Volterra operators V; have in general much nicer properties than just
ordinary integral operators I,. For example, the operator V, has often spectral radius
zero, for instance, if one of the iterated kernels is bounded, and this is useful in the
search for invariant balls for nonlinear operators of Volterra type. This is not true for
the general operator I, and neither for an arbitrary Volterra operator V. We give two
examples to show this.

Example 4.3.37. Consider the kernel function ¢(¢,s) = 1 for all ¢,s € [0,1] which
even satisfies (A) and (B). By Theorem 3.1 I, : BV — BV is well-defined and
bounded. The function = 1 belongs to BV and is mapped by I, into itself. Thus, 1
is an eigenvector with corresponding eigenvalue 1. &

Example 4.3.38. Consider the Volterra kernel g, defined by

for 0 <s<t<1,
g(t,s)=¢ s+t
0 for0<t<s<l.
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Since this kernel coincides on the triangle T := {(¢,s) | 0 < s < t < 1} with the kernel
investigated in Example it satisfies (VC) as we have seen therein. By Theorem
the Volterra operator V, maps the space BV into itself and is bounded. As such,
the function z(¢) = t belongs to BV and is mapped by V, into the function (log2)z.
Thus, z is an eigenvector of V, with corresponding eigenvalue log 2. &

The following theorem shows that, due to the special structure (4.3.9)) of the kernel
function g, a Volterra operator maps a quite large space continuously into BV [31].

Theorem 4.3.39. Suppose that g satisfies condition (A) and (VB), where m € L,
for some p € [1,00). Then the operator V, maps the space L1y into BV and is
bounded.

So Theorem shows that, the milder the condition on the majorant m in (VB)
with L, replaced by L, (i.e. the smaller p), the smaller we may choose the space of
departure L,/-1) for V. It also implies that if (z,) is a sequence that converges in
Ly/p—1y to O for some p € [1,00), then the sequence (Vg (z,)) converges to 0 in BV.
One may show that this is also true if (z,,) converges merely almost everywhere to 0
and not necessarily in L, /,—1); see Proposition [.3.22 and [4.3.35] for p = 1. However,
this is no longer true for p = oo, that is, for L,/;,-1) = L1, as the following example
shows [31]:

Example 4.3.40. For the kernel function take g(t,s) = x(s) which satisfies (A)

and (VB). The sequence x,, := nyx[o,1/n] is a bounded sequence in L; with [|z,[/, =1
and converges almost everywhere but not in L; to 0. But
t
Vo, (t) = / zp(s)ds =nmin{t,1/n} for 0 <t <1,
0
which shows ||V 2| 5,, = 2 for all n € N. O

For Waterman spaces ABV an exact analogue of Theorem holds where condition
(VB) is replaced by (VBagy) [30].

Theorem 4.3.41. Suppose that g satisfies condition (A) and (VBapy ), where m € L,
for some p € [1,00). Then the operator V; maps the space L1y into ABV and is
bounded.

Note that Example may serve to show that in the Theorems [4.3.39| and [4.3.41]
we cannot expect the operator V;, : L, -1y — BV respectively V, : L, -1y — ABV

to be compact for any p > 1.



Chapter 5

Nonlinear Operators between
BV -Spaces

The purpose of this chapter is to study two nonlinear operators mainly in BV -spaces
X and Y, where the symbols X and Y represent one of the spaces BV, WBV,, Y BV,
ABV or RBV,, introduced in Chapter . In detail we will consider

» the composition operator Cy: X — Y, generated by g : R — R and defined by
Cyx(t) = g(=(t)), (5.0.1)

o the superposition operator N, : X — Y, generated by ¢ : [0,1] x R — R and
defined by

Ny (t) = g(t,2()). (5.0.2)

The superposition operator Ny is often called Nemytskij operator, especially in Russian
literature. This and the fact that the character S is reserved for the substitution
operator that we have studied briefly in Section is the reason why we use the
symbol N for the superposition operator.

For both the composition and the superposition operator we are particularly interested
in analytic properties like acting conditions, continuity, boundedness and compactness.
But we will also investigate set-theoretic properties like injectivity, surjectivity and bi-
jectivity. Although the composition operator Cy is similarly defined as the substitution
operator S, that we have studied in Section it exhibits due to its nonlinearity a
completely different behavior than its linear counterpart. However, almost all its an-
alytic properties may be fully characterized in terms of the generating function g; we
will do this in Section and give a summary at the end in Table [5.1.2]

The superposition operator NNV, is only a slight generalization of the composition oper-
ator Cy, but the dependence on ¢ leads to quite unexpected properties and will make
both the investigations and the formulation of results much more complicated. Not all
analytic properties are fully understood; we give a summary especially referring to the
disparities of the composition operator C; and the superposition operator IV, at the

end of Section

168
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5.1 Composition Operators

In this section we are going to investigate the composition operator C, : X — Y,
generated by some function ¢ : R — R, which is defined by

Cyr(t) = g(z(t)) for0<t<1,

where X and Y are one of the spaces BV, WBV,, YBV,,, ABV or RBV, which have
been introduced in Chapter [l However, we primarily focus on the case when X and
Y are the same BV-space and give only a few results for X # Y. For X =Y, the
composition operator is well-defined if and only if g o x belongs to X whenever x
does; in short: C,(X) C X. For instance, it is easy to show that this is the case for
X = B and X = (' if and only if g is locally bounded respectively continuous, and
we have given these and other examples in Section Observe that, in contrast to
the substitution operator Sy, the operator Cy is nonlinear, and so boundedness and
continuity are independent here.

For our BV -type spaces, things are a little more difficult. Recall that Josephy proved
in [75] that Cy maps BV into itself if and only if g is locally Lipschitz continuous which
we denote by g € Lip,.(R), and the same had been proven later on for X = RBYV,
by Marcus and Mizel [I01]. Moreover, Ciemnoczolowski and Orlicz proved in [42] that
C, maps W BV, into itself if and only if g € Lip,,.(R). More generally, they proved
that g € Lip.(R) is necessary and sufficient also in Y BV,,, where for necessity the
assumption ¢, ! € dy is needed. We do not know what happens when ¢ or p=! do
not satisfy a do-condition. Finally, Pierce and Waterman proved C,(ABV) C ABV if
and only if g € Lip;.(R) in [I30]. We summarize these results in the following

Proposition 5.1.1. Let g : R — R. The following statements are true.

a) If X is one of the spaces BV, WBV,, ABV or RBV,, then C, maps X into itsel
P p g
if and only if g € Lipi.(R).

(b) If g € Lipie(R), then C, maps the space Y BV, into itself. If both ¢ and o~*
satisfy a do-condition, the converse is also true.

Note that (a) for X = W BV, follows indeed from (b), since in this case ¢(t) = t? has
the property that both ¢ and p~!(t) = t'/? satisfy a d,-condition.

We also remark that acting conditions for Cy : X — Y are sometimes also known
if X and Y are distinct spaces. For instance, C,(WBV,) C W BV, holds for p < ¢
if and only if g € Lipfo/cq (R), where Lipj .(R) denotes the space of all locally Holder
continuous functions with exponent o < 1.

If X is one of the spaces BV, WBV,, YBV,,, ABV or RBV,, and ||| is its respective
norm, then the inequality

lg o 2/l < 19(0)] +lip (g, [~ R, R]) |||
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holds for g € Lip|—R, R] and x € X with ||z|_ < R, where

CORPETEIN

lip (g, [—R, R]) = sup {
denotes the optimal Lipschitz constant of g on [—R, R]. This means that C, is (lo-
cally) bounded in this case. Of course, the situation in Proposition for YBV,, is
unsatisfactory because we have to deal with an additional d-condition. However, if we
additionally assume boundedness of C,, then we can show that C; maps any of our
spaces X into itself and is bounded if and only if g € Lip;,.(R). We will reformulate and
prove this statement later in Theorem [5.1.19] when we talk about analytic properties
of U, like compactness and continuity. Since C,, in contrast to the multiplication and
substitution operator, is not linear, conditions on ¢ characterizing pointwise, locally
uniform and locally Lipschitz continuity, may differ. We present a full characterization
of uniform and Lipschitz continuity on bounded sets and on the entire space. However,
pointwise continuity is a much harder problem and - as far as we known - only solved
in BV and RBV,; we will give some sample results at the end of this section. In
Theorem in Section [6.2| we will present a new proof for the pointwise continuity
of Cy : BV — BV. But for the moment we will focus on more basic properties.

The following statements are almost immediate consequences of the definitions and the
fact that constant functions belong to either of the mentioned BV -spaces.

Proposition 5.1.2. Let X be any of the spaces BV, WBV,,, Y BV, with ¢, o™ € 0y,
ABV or RBV,, and let g € Lip;,.(R). Then the following statements are true.

(a) The operator C, is injective if and only if g is injective.
(b) If the operator C, is surjective, then g is surjective.

(¢) The operator C, is bijective if and only if g is bijective and g~ € Lip(R). In
this case, C'g_l =Cy1.

Proof. (a) Assume that C,, : X — X is injective and fix u, v € R with g(u) = g(v). The
constant functions = u and y = v belong to X and satisfy Cyx = gox = goy = Cyy,
and since C, is injective, we conclude z = y and hence u = v. This shows that g is
also injective.

Conversely, assume that g is injective, and fix z,y € X with Cyoz = Cyy. For fixed
t € [0,1] we then have g(z(t)) = Cyx(t) = C,y(t) = g(y(t)), and since g is injective, we
obtain x(t) = y(t). Since this is true for each ¢ € [0, 1], it follows that x = y and hence
the injectivity of Cj.

(b) Assume that Cy is surjective and fix v € R. The constant function y = v belongs
to X, and since (| is surjective, there is a function z € X with Cyx = y. In particular,
v =19(0) = g(z(0)) = g(u) with u := x(0) which shows that g is surjective, as well.

(c) If C is bijective, then from (a) and (b) follows that g must be bijective. If y € X
is fixed, we find some z € X such that Cyjz = y. Consequently, z = g1 oy = Cy-1y,
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and since y was arbitrary we conclude that the operator Cy-1 maps X into itself. By
Proposition [5.1.1} ¢7' € Lipi,.(R), and since CyCy-1x = x for all © € X, we obtain
C ; b= Cgfl.

If, conversely, g is bijective and satisfies g~ € Lip;o.(R), then the operator C,-1 maps
X into itself. As CyCyx = v = Cy1Cyx for all € X, the operator Cy must be
bijective with Cg’l = Cy. [ |
We remark that the assumption ¢, =1 € &, is only needed for the “only if”-part (c) of
Proposition [5.1.2] The parts (a) and (c) fully characterize injectivity and bijectivity of
the operator C, : X — X in all the spaces BV, WBV,, YBV,,, ABV or RBV,. Condi-
tion (b), however, provides only a necessary condition on g that makes C, surjective,
namely that g is surjective itself.

In Table we summarize basic properties concerning injectivity and surjectivity of
the multiplication operator M, from , the substitution operator S, from (4.0.2))
and the composition operator Cy from in the space BV.

Table 5.1.1: Some mapping properties of some operators in BV'.

M, is injective <= supp(g) = [0, 1]

M, is surjective supps(g) = [0, 1] for some § > 0

Sy is injective g is surjective

C, is injective

<~
<~

Sy is surjective == g is injective
<= ¢ is injective
_—

C, is surjective g is surjective

We have seen that if the operator Cj is surjective, then g must be surjective, as well.
But does a surjective g generate a surjective operator C;? The answer for all our BV-
type spaces is negative, and we illustrate this by the composition operator C, : X — X,
generated by g(u) = u?, and the functions J(a,), defined in (1.2.1). The first example
lives in X = BV.

Example 5.1.3. The function g : R — R, u — u?, is surjective (even bijective), but
C, is not surjective. Take, for instance y = J(1/;3), that is, y(1/(2j)) = 1/5° for j € N
and y(t) = 0 elsewhere on [0,1]. Then y € BV by Corollary [1.2.1]

But any z satisfying C,z = y also satisfies z(t) = W for all ¢ € [0, 1] which gives
x(1/(25)) = 1/j for j € N and z(t) = 0 elsewhere on [0, 1], that is, * = J(/;) which
does not belong to BV, again by Corollary [1.2.1] O

The next example treats the case X = Y BV,, and therefore generalizes the idea of the
previous example.

Example 5.1.4. Let g(u) = u® be as in Example |5.1.3, Define @ : (0,00) x [0, 00) —

[0, 00) by
D) = o (Ae/@—l(t)> .
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Then ®(-,t) is increasing for each t € [0,00). Since ¢ is a homeomorphism of [0, c0),
we have for all A > 0,
DAt A 2
lim sup (A1) = lim sup P(As) > limsu #ls7) =
tsor 1 so0+ (%) T ssor s@(s?)
By Lemma [1.2.16| we find a sequence (u;) of positive numbers such that

> u;<oo and Y P(\uj) =oco forall A >0,

j=1 j=1

and the substitution v; := {/¢~1(u;) yields

ng(vj-’) <oo and Y ¢(lv;) =00 forall A > 0.
=1 =1

But this implies that the function y = J (v9) belongs to Y BV,, by Corollary|1.2.11} while
the only function x with Cyz = y is x = J(,;) which does not belong to Y’ BV,,, again
by Corollary [1.2.11] Thus, Cy : Y BV, — Y BV, is not surjective. O

The third example in this series shows an analogous behavior of Cy in ABV.

Example 5.1.5. Let g(u) = u? as in Example and let (\;) denote the Waterman
sequence A. If we define A,, := A\ +...+ \,, then a theorem of Abel and Dini [77] says
Z —= < oo and Z = .

J=1 A? j=1 A

This implies for any permutation o of N that

> 1 A

Ao(i)—= < < oo,

2y = 2 g
as both sequences ()\;) and (1/A3) are decreasing. Thus, the function y = J; /A2)
belongs to ABV by Corollary [I.2.21] while the only function z with Cyz =y is = =
Jay/a;) which cannot belong to ABV, again by Corollary [[.2.21} Thus, again, C; :
ABV — ABYV is not surjective. &

The last example handles the case X = RBV,,.

Example 5.1.6. Let g(u) = u?® as in Example , and let p > 1 and ¢ :=2(p—1)/p.
The function y : [0,1] — R, defined by y(t) = t4, belongs to RBV,, since y/(t) = qt?™*
belongs to L, as p(¢ —1) =2(p—1) —p =p —2 > —1. Since g is bijective, the only
preimage of y is the function x(t) = t%/3. However,  does not belong to RBV,, since
y'(t) = 173 and (¢/3 —1)p =2/3(p — 1) — p = —p/3 — 2/3 < —1. Consequently,
C, : RBV,, = RBV,, cannot be surjective. &

The function g(u) = u? used in the last four examples defined injective composition
operators by Proposition [5.1.2l These examples therefore also show that injectivity
of C, does not imply surjectivity of C,. However, in contrast to the multiplication
operator, where surjectivity implies injectivity, there are composition operators that
are surjective but not injective. We will give an example in BV below (see Example

5.1.8]) for which we need some technical result in advance.
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Lemma 5.1.7. Let y be a member of one of the classes BV, WBV,,, Y BV, or ABV,
and let a,b,c € R with a < b < c¢. Then there is a set A C [0, 1] with finitely many
connected components such that

y_l([a, b]) CAC y_l([a, c))

Proof. For better readability we write Ay := y~1([a,b]) and A, := y~'([a,c)). Let T be
the system of the connected components of A.. Then the sets in Z are pairwise disjoint
intervals. We show that

A=U{IeT|InA,#0}

has the desired properties. First, A is clearly a subset of A.. Moreover, A, is a subset
of A. To see this fix t € A,. Since b < ¢, we have A, C A, and hence t € A.; in
particular, there is some I € Z such that ¢ € I. But then I N A, # 0 and hence I C A
which implies t € A. This shows A4, C A C A..

We now show that A has only finitely many connected components. Assume the
opposite, that is, A has infinitely many connected components. Then we can extract
from them pairwise disjoint intervals Iy, I, I5,... € Z. By construction, [; N A, # ()
and this ensures that we can pick ¢; € I; N A, for all j € N; in particular, a < y(t;) <b
for all j € N. Since the sequence (tj) is bounded, we can assume (after passing to a
suitable subsequence if necessary) that (¢;) is strictly monotone, and without loss of
generality we may assume that (¢;) is strictly increasing; the other case is similar.

We claim that for each j € N there is some s; € (¢,;41) with y(s;) > c. If not, we
have y(s) < c for all s € (t;,t;41), and since y(t;) < b < c and y(t;41) < b < ¢ we even
have y(s) < ¢ for all s € [t;,t;41] and consequently [t;,%;41] C A.. Since ¢; € I; and
[t;,t;+1] is connected, we must have [¢;,¢,41] C I;. But the same argument also shows
[t;,tj+1] C Ij41 and hence [t;,t;11] € I; N 141 = 0 which is clearly impossible. Thus,
we indeed find s; € (t;,t;41) with y(s;) > ¢ for all j € N.

Now, if X =Y BV, then for all A > 0,

Var,(\y) >ng<)\|y3] —y(t ) i ( c—b)

7=1

and hence y ¢ Y BV, a contradiction. If X = ABV, then
Vara(y) = D Ajly(s;) —y(t;)] = (b—c Z
j=1 i=1

and so again y ¢ ABV. [

We remark that Lemma also holds for y € RBYV,,, but this will not be needed in
the sequel.
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Now, here comes the promised example of a composition operator Cy : BV — BV
which is surjective, but not injective.

Example 5.1.8. Define the function g : R — R by g(u) := min{u + 2, |u|} which is

shown in Figure [5.1.1
A

Figure 5.1.1: The function g on [—3,2].

Then for fixed v € R we have

{v—2} for v < 0,
g_l({v}) =4¢{v—-2,—v,0} for0<wv <1,
{v} for v > 1.

In particular, g is surjective but not injective, and so Cy : BV — BV is not injective by
Proposition m (a). However, we claim that C, is surjective. To see this, fix y € BV.
Then y([0,1]) C [a, b] for some a,b € R with a < 1/3 <b. By Lemma there is a
set A C [0, 1] with only finitely many connected components such that

y ' (la,1/3])) € A Sy ([a, 2/3)).
Define z : [0,1] — R by

_Jy(t) =2 forte A,
z(t) = {y(t) for t €[0,1

]\A} B (y(t) B 2>XA<t) +y(t)xj0,\a(f)-

Since A and hence [0, 1]\ A have only finitely many connected components, both func-
tions x4 and x[o,1\4 belong to BV, and so does z, as BV is an algebra. Moreover, by
construction, g(z(t)) = y(t) for all t € [0, 1]. O

The same example also works if the space BV is replaced by the other spaces W BV,
Y BV, or ABV. However, we will see later on that it will not work in the Riesz space
RBV,.

The fact that for each v € R there is some u € R such that g(u) = v (and hence pure
surjectivity) is only necessary but not sufficient for C, to be surjective, as was shown
by the Examples [5.1.3] [5.1.4], [5.1.5] and [5.1.6, We therefore need to impose more on
those u to ensure surjectivity of C,.




5.1. Composition Operators 175

Definition 5.1.9. We call a function g : R — R nonflat at u € R if there are compact
intervals I, J C R such that u € I°, g|; : [ — J is bijective and (g|;)~" € Lip(J).

Example 5.1.10. The function g;(u) = u?® from the Examples [5.1.3} [5.1.4} [5.1.5 and
which generates a surjective operator Cy, in neither of the spaces BV, WBV,,
ABV and RBV, is nonflat at all v € R\{0}, but not at v = 0 which is the only
preimage for v = 0.

The function go(u) = min{u — 2, |u|} from Example however, which did generate
a surjective operator Cy, : X — X in all the spaces BV, WBV,, Y BV,, and ABV, is
nonflat at all u € R\{—1,0}, where go(—1) = 1 and g»(0) = 0. But for v = 0 we can
choose u = —2 as a preimage at which g is nonflat, while for v = 1 we can choose

u = 1 where g, is nonflat. Consequently, this function has the property that for each
v € R there is always some u € R that go(u) = v and that g is nonflat at w. &

The last example suggests that the missing property for surjectivity of Cj is that for
each real number the generating function g has at least one preimage at which g is
nonflat. This is indeed true and content of the following result which gives at least a
sufficient condition for the surjectivity of Cj,.

Theorem 5.1.11. Let X be one of the spaces BV, WBV,, YBV,, or ABV, and let
g € Lipi,e(R). Assume that for each v € R there is some uw € R at which g is nonflat
such that g(u) =v. Then C,: X — X is surjective.

Proof. Fix y € X and let [c,d] := y([0,1]). By hypothesis, for each v € [c,d] there
exists some u € R at which ¢ is nonflat such that g(u) = v. This means that for each
v € R there is some v € R and compact intervals I, J, such that u € I?, g(u) = v,
gl1, : I, — J, is bijective and (g|7,) "' € Lip(J,). In particular, g|;, is strictly monotone
on I, which implies v = g(u) € g(I7) = J7. Hence, the system

{21 veled}
forms an open cover of [¢,d], and since the interval [c,d] is compact, we need only
finitely many of these intervals to cover it. Let vy,...,v, € [¢,d] be points generating
these covering intervals, and let I; := I,; and J; := J,, = [c;,d;] with ¢; < d; be so

that gz, - I; — J; is bijective, (g7;)~" € Lip(J;) and [c,d] € Uj_, J5; in particular,
0.0 =y (leed)) = U v (55) = U™ (lesn ) (5.1.1)
j=1 j=1

Without loss of generality we can assume that

Cj<dj_1<Cj+1<dj forjE{Q,...,n—l},
cg<c and ¢,<d<d,. (5.1.2)

Taking (5.1.2)) into account we find by Lemma sets A; C [0, 1] with only finitely
many connected components such that

v (leneinl) €4 Sy (lendy)  forje{lm—1}.
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Writing A,, := [0, 1], the sets B;, recursively defined by

j—1
i=1

also have only finitely many connected components and are pairwise disjoint.

We now show

n

0,11 = | B;. (5.1.3)

=1

To see this first note that each B; is a subset of [0, 1], and thus we only need to show

that [0,1] € Uj_, B;. But this is clear, since if ¢, € [0, 1]\ U}Z| B;, then

ty € [0, 1]\@1 B, = ([0, 1]\@1 B,) N A, = B,

which shows ¢y € Uj_; B; and hence . Consequently, the sets B; form a partition
of the interval [0, 1].
Writing h; = (g|;,)~" : J; — I, for j € {1,...,n}, each function ¢; : [c, d] — R, defined
by
h;(v)  for v e Jj,
(V) == {hi(e;) forv € [e,¢;),
h;(d;) for v e (d;,d],

belongs to Lip[c,d] for j € {1,...,n}. Let us now define the function x : [0, 1] — R by
w(t) =Y @ (y(t)) xs, (1):
j=1

Since each ¢, is Lipschitz continuous, we have p; oy € X for each j € {1,...,n}, and
since each B; has only finitely many connected components, we also have xp, € X for
each j € {1,...,n}. Finally, since X is an algebra, z € X.

It remains to show that g(z(t)) = y(¢) holds for each ¢ € [0,1]. To this end, fix
to € [0,1]. Then there is exactly one j € {1,...,n} such that t, € B;. If j < n, then
to € A; and hence y(to) € [¢;,d;) C J; which implies

g(z(te)) = g (;: or(u(t)) xa, (to)> = 9<s0j (y(to))) = y(to).

If j = n, then tg ¢ Ay for all k£ € {1,...,n — 1}, since otherwise we had t, € A
for some k£ € {1,...,n — 1} and hence ¢, € ([O, 1\ U=t Bl-) N Ax = By, which is not
possible. But this implies y(tg) ¢ [¢;, ¢;41] for all i € {1,...,n — 1} and hence

n—1

y(to) € [e;d\ U lei, cina] = [e, d\[er, en] = (en, d] € [en, dn] = Jn.

i=1
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Again we obtain

o(a0) = 0 (X 2n(s0) o 10)) = (o (100)) = ot

and this shows indeed Cyz = y and hence the surjectivity of C,. |

It is, however, not clear if the condition given in Theorem [5.1.11]is also necessary. In
order to find out if weakening this condition slightly still remains sufficient, we need to
have a closer look at the term “nonflat”.

Recall that local Lipschitz continuity geometrically means that the slope of the function
is locally bounded. For a function to be nonflat at a point it is therefore reasonable to
ensure that the slope in a neighborhood of that point needs to be bounded away from
zero. This is indeed true and the content of the following

Proposition 5.1.12. A continuous function g : R — R is nonflat at u € R if and
only if there are numbers §, m > 0 such that |g(u1) — g(uz)| > mluy — ua| for uy,us €
[u —d,u+ d].

Proof. Let g be nonflat at u. Then there exist compact intervals I, J such that u € I°,
glr : I — J is bijective and h := (g|;)~' € Lip(J). Then there is some § > 0 such
that [u — d§,u + ] C I, and by replacing I with [u — 6, u + §] and J with g(I) we can
assume that [ = [u — d,u + 0] and J = g(I). Note that due to the continuity of g, the
set g(I) is again a compact interval. Since h € Lip(J) there is some L > 0 such that
|h(v1) — h(ve)| < Ljvy — vyl for all vy, vy € J. Substituting uy = h(vy) and uy = h(vs)
we obtain |u; — us| < L|g(uy) — g(ug)| and hence |g(u1) — g(uz)| > m|uy — usy| for
m :=1/L and all uy,uy € I = [u— 0,u + ], as claimed.

Now assume that there are constants d, m > 0 such that |g(u1) —g(u2)| > m|uy —us| for
Uy, ug € [u—0,u+9d]. Then g is injective on I := [u—J,u+d]. Since g is continuous, the
set J := g([) is also a compact interval, and g|; : [ — J is bijective. Let h be its inverse,
ie. h = (g/1)™':J — I. Then for vi,vy € J we set u; := h(vy) and uy := h(vy).
By writing L := 1/m we obtain |h(v) — h(ve)| = |us — ua| < L|g(uy) — g(us)| =
L|g(h(v1))—g(h(ve))| = L|vy —vs|, and this shows (g|;) ™' = h € Lip(J). Consequently,
g is nonflat at u. [ |

Thus, g being nonflat at a point ug means that the slope of g in a neighborhood of ug
is bounded away from zero. In particular,

i g 19— 9(w)]

> 0. 5.1.4
U—rUQ ’u — 'U/()’ ( )

It is now reasonable to ask whether the condition being nonflat at uy = v in Theorem
may be replaced by the weaker condition . Surprisingly, the answer is
negative, even if this weaker condition is satisfied only at one single point while the
function remains nonflat at all other points. Even this case may cause the corresponding
operator C, to be not surjective anymore. We illustrate this in the following example,
where we will construct a function g : R — R with ¢(0) = 0 which is bijective, globally
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Lipschitz continuous and nonflat at every point of R except at ug = 0, where it at least

satisfies ([5.1.4)), that is,

g
U

lim inf > 0. (5.1.5)
u—0

Example 5.1.13. Consider g : R — R, defined by

—1
B yonlT 2 forom<yc< 27m3—% and n € N,
n n
g(u) = 2y — 2+ for 27322 <y <27 and n €N,
u for u € (—o0,0] U [1, c0).

Figure [5.1.2] shows the relevant part of the graph of g.

A
1 ...................................................................................................................
2
/
—
—a — > U
0 1
2
Figure 5.1.2: Graph of g on [0,1/2].
Then g is globally Lipschitz continuous with lip(g) = 2,
3n—1 2ty
27"y =2"" 27" = f .
927") and g< 2n—1> o1 lornel
Moreover, g is strictly increasing and bijective with inverse
nv—2"n—-1) for27" <wv< 2;::” and n € N,
g '(v) = 242" for 2;2:” <ov <2 and n €N,
v for v € (—00,0] U [1, 00).

By Proposition [5.1.2] (a), the operator Cy : BV — BV is injective. If it was surjective
and so bijective, then by Proposition (c) the function g had a locally Lipschitz
continuous inverse. However, ¢g~! is not locally Lipschitz continuous at v = 0.
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We also can see directly that Cy; cannot be surjective. To this end, define 7,, C
(277 27"H) gy, > 0 and m,, € N so that
2—n—1

Yn = and m, < —— < 2m,
n 2y,n?

and
2777,
Tn:{zn—i—'j‘jzo,,mn—l},
m

n

and set y : [0,1] = R by y(0) =0, y(1) = 1/2 and

27" +y, forteT,,
y(t) = _ —n g—n+l
27" for [27™ 27T\ T,.

Then y € BV with

2

Var(y) = Z Var(y, 27", 27"]) = 3 (2y,m,, + 27" —277)
n=1 n=1
223 % 1+1 < o0,

1
n?

2— n+1

Moreover, y([27",27"]) C [27", 24—
satisfying Cyx = y is given by z(0) = 0,2(1) = 1/2 and

), and hence the only function x : [0,1] = R

27" +ny, forteT,,
x(t) =
2" for [27", 27"\ T,

However, ¢ BV, since
o0 (0.) 1
Var(z Z Var(z, 277, 27")) = Y (2nym, + 277 =277 > o +1=00
n=1 = n

Consequently, C, : BV — BV cannot be surjective.

Finally, ¢ is obviously nonflat at any u # 0 but cannot be nonflat at © = 0, as the
gray line segments near the origin (see Figure have slopes that get arbitrarily
close to 0. However, g satisfies , because for u < 0 we have g(u) = u, and for
27" <y < 27" with n € N we have due to the monotonicity of g,

g(u) > g<2_”> =2"">u/2.

Consequently,
lim inf M > 1
u—0 u 2
and so (5.1.5)) is indeed true. &

The last example shows that weakening the condition given in Theorem only
slightly turns down the surjectivity of C;. We therefore conjecture that this condition
is also necessary, but we were not able to prove it.
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The previous results referred to BV -spaces which contain characteristic functions and
therefore excluded our last space RBV),. Here, the situation is again different, but
apparently as complicated as in BV. However, the condition given in Theorem [5.1.11
is not sufficient to guarantee that C, from RBYV), into itself is surjective.

Example 5.1.14. Define g(u) := min{u + 2, |u|} as in Example [5.1.8, There we
have seen that C;, maps the space BV into itself and is surjective. However, since

g is Lipschitz continuous, Cy maps also the space RBYV, into itself. But this time,
C, : RBV,, = RBYV,, is not surjective. Recall that for fixed v € R,

{v—2} for v < 0,
971({7}}) =¢{v—-2,—v,v} for0<wv<l1,
{v} for v > 1.

The function y(¢) = 3t — 1 maps the interval [0, 1] bijectively onto [—1,2]. If z € RBV,
is a function satisfying Cyx = y, then x must be injective and continuous. But since
y(0) = =1 < 0 and y(1) = 2 > 1, we must have x(t) = y(t) — 2 for t € [0,2/3] but
simultaneously x(t) = y(t) for t € [1/3, 1] which is not possible. O

The following result is a sufficient condition on g to ensure that Cy : RBV,, — RBV,, is
surjective. It says basically that those “zigzag” patterns like in Example [5.1.14] must
be compensated somewhere else.

Proposition 5.1.15. Let g € Lip;,.(R). Then the composition operator Cy : RBV,, —
RBYV,, is surjective if for any compact interval J C R we find a compact interval I C R
such that g|; : I — J is bijective and (g|;)~' € Lip(J).

Proof. Assume that g possesses the property that for any compact interval J C R we
find a compact interval I C R such that g|; : I — J is bijective and (g|;)~! € Lip(J).
Fix y € RBV,. Then y is bounded and continuous, and by the Intermediate Value
Theorem, J := y([0,1]) is a compact interval. By assumption, there is some compact
interval I C R such that g|; : I — J is bijective and g|;* € Lip(.J). Therefore, the
function z := g|;* oy is well-defined, belongs to RBYV, and satisfies g o x = y, that is,
Cyx = y. Since y was arbitrary, C, : RBV, — RBV/, is surjective. [ |

The function g from the Examples[5.1.8|and [5.1.14] does not have the property assumed
in Proposition [5.1.15] Indeed, if one takes J = [—1,3], then g maps no interval bi-
jectively onto J. This explains why ¢ in Example [5.1.14] did not generate a surjective
operator C, : RBV,, = RBV,,.

One could argue that the condition given in Proposition is equivalent to g being

nonflat at any v € R. This is not true. In fact, neither of these two conditions implies
the other. The next example shows that being nonflat at any v € R does not imply
the condition given in Proposition [5.1.15]

Example 5.1.16. The function g(u) = €" is nonflat at any u € R. However, for the
compact interval J = [—1,0] there is no compact interval I C R such that g|; : I — J
is bijective. &
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The reason for this is that the condition in Proposition implies the surjectivity
of g whereas being nonflat at each u € R does not. However, if one requires g to
be nonflat at any v € R while being surjective, then g must be a homeomorphism of

R with locally Lipschitz continuous inverse. On the other hand, there are functions
satisfying the condition of Proposition [5.1.15] which are not bijective on R.

Example 5.1.17. The function g : R — R, defined by g(u) := u?cos(u), is locally
Lipschitz continuous, surjective but not injective. Therefore, it cannot be nonflat at

any u € R. Indeed, g is differentiable with ¢’(0) = 0, and so ((5.1.4) is violated at u = 0
(and, similarly, at the infinitely many locally extremal points of g).

However, g does meet the requirements of Proposition Indeed, if J C R is a
compact interval, then one can choose k € N so large that

JC (g(kw),g((k+ m)) _ g<(k:7r, (h+ m)).

But since g is injective on [km, (k + 1)7], there is a compact interval I C [k7, (k + 1)7]
such that g maps I bijectively onto J with g~ € Lip(J). &

We now come back to analytic properties of Cj; and formulate and prove the promised
result concerning the boundedness of C,. For this and the rest of this section we need
the following technical auxiliary result.

Lemma 5.1.18. Let X be one of the spaces BV, WBV,, Y BV,, ABV or RBV,, and
let g : R — R be so that C, maps X into itself. For fired R > 1 there is o > 0 such
that for u,v € R, a € (0,9|, 5 € [0,a] and v € (0,1] there are functions xz,y € X
which satisfy

(1) ||zl <max{lul,[u+al}+2R/y and [[y|x < max{[v], v+ 5[} + 2R/,

(i) ||z = yllx = [u—wv| fora =5,

(’L’LZ) g<u+a)_g(u) _g(U—F@)-g(U) < 167Hng_ngHX

The functions x and y can be chosen of the form x(t) = u+ah(t) and y(t) = v+ Sh(t),
where h € X satisfies ||h||, = 1.

The most important inequality is of course the one given in (iii). It basically says that
the difference of the slopes of g at two prescribed points u and v can be estimated from
above by the norm of Cyz — Cyy, where x and y are suitably chosen functions that are
close to u and v, respectively. In this sense the growth of g may be estimated by the
mapping behavior of Cy; in particular, if Cyx stays close to Cyy, then g cannot grow
too rapidly. This is of course a very vague interpretation of Lemma but it will
be of great use later on, where it will be applied in detail.
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Proof of Lemma[5.1.18, Fix u,v € R and R > 1. We handle the three cases X =
YBV,, X = ABV and X = RBV,, separately and start with X =Y BV/,.

First, pick ¢ > 0 so that 0 < ¢(p) < R. This is possible since ¢(r) — 0 as r — 0+.
Fix a € (0,0], 8 € [0,a] and v € (0,1]. Then we have R/p(ay) > R/p(0) > 1, and
this is why we find some n € N so large that

R
n < < 2n. (5.1.6)
p(ay)
Define the functions x,y : [0,1] — R by
- , a forl<j<n,
T = U+ J(ay) with a; = » (5.1.7)
0 forj >n,
for 1 <j<n,
y:=v+Js) with Bj = b T I = (5.1.8)
0 forj>n,
where we use the functions defined in (1.2.1)). Then z,y € Y BV,, with
2]l = max{|ul, |u+af} and |yl = max{[v], |v+ B[} (5.1.9)

Moreover, since R > 1, we have due to the convexity of ¢ the estimate p(ay/R) <
¢(ay)/R and hence by Corollary [1.2.11{ and (5.1.6)),

Var,, <2Rx/7> = Var,, (W) = Var,, (;;;;;) < nyp (ig) < ngo(gv) <1,

y v+ J8) J8)) By 047)
Var, <2R/V> Var,, ( 2R/ > Var, <2R/V> _ncp(R < np 7)) S 1

This implies M(z) < 2R/~ and M(y) < 2R/~, and therefore

[2lly gy, < max{lul, [u+al} +2R/y, |lyllypy, <max{|v],|v+ B[} + 2R/,

which is property (i).

If « =3, then x — y = u — v, and hence 9 (z — y) = 0. In this case, ||z — y||YBV¢ =
|z — vy, = |v — v| which is property (ii).

To show (iii), let A > 0 be so that

Var, (W) < 1.

In order to estimate the Young variation of C,z — Cyy, note that Cyx — C,y — g(u) +
9(v) = (), where n; = g(u+ @) — g(u) — g(v + B) + g(v) for 1 <j <nandn; =0
for j > n. Thus, from Corollary [1.2.11{ we obtain by using (5.1.6) and R > 1,

gox—goy> 22mp(lg(wa)—g(u)—g(erﬁ)Jrg(v)!>

1>
_Var‘p( 3 3

1 lg(u+ ) — g(u) — g(v+ B) + g(v)]
plam)” ( A ) '

>
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Multiplying by ¢(a7), applying ¢!, dividing by ay and multiplying by A on both
sides gives

<A

v

If we now take the infimum over all such A, we get

1‘g(u+a) —g(u)  gw+8)—gv)
gl o @

1 |g(u +a) —g(u)  g(v+p5)—g)

< m(ch - ng) < Hng - ngHYva )

and this proves (iii).

We now prove the statement for X = ABV, where A = (};) is the Waterman sequence
for ABV, and A,, := A\ + Ay + ... + \, its partial sums. This time, choose p so that
R/o = A. Fix a € (0,9, p € [0,a] and v € (0,1]. Then we have R/(ay) > R/p =
A1 = Ay, and this is why we find some n € N so large that

R
Ay < 5 < 2A,. (5.1.10)
ary
Note that since (\;) is decreasing we have A, 1 < 2A,, for all n € N, and this implies
that the intervals ([An, 2A,])nen cover [Aq, 00), because A,, — oo as n — oo.

Define the functions z and y as in (5.1.7) and (5.1.8). Then z,y € ABV with (j5.1.9).
Moreover, by ((5.1.10) and Corollary |1.2.21]
2R

Varp (7) = Vara(J(a,)) < 2 Z Aja = 2al\, < 7,
j=1

- 2R
Vara(y) = Vara(3(s)) <23 X8 =280 < 208, < =~
j=1

These estimates imply property (i).

Property (ii) is again fulfilled as for o = 8 we have Vary(x — y) = 0.

To show (iii) we argue similarly as for X = Y BV,, but this time we use Corollary

1.2.21{and (5.1.10) together with R > 1. Accordingly, we obtain
ICy = Cyyllapy = Varagow —goy) = Aulg(u+a) — gu) — g(v+ B) + g(v)|

S 1 lgluta)—glu) glv+B)—gl)
= 5 o o

)

and so (iii) is established. Note that in the last two cases the functions = and y have
indeed the form z = u+ ah and y = v+ Sh, where h = J(¢;) with (; =1for 1 <j <n
and ¢; = 0 for j > n satisfies ||| = 1.

Finally, we show the statement for X = RBV,,, but for that we need to proceed a little
different than before. First, we choose ¢ so that R/(8¢0) = 1, because then we have
for o € (0,0, 5 € [0,a] and v € (0,1] that R/(8ay) > 1. For such fixed a and v we
therefore find an n € N so large that

R
2-1p < TV < 1) 1/p, 5.1.11
n < 804’}/ < (n—i— ) ( )
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The function h : [0, 1] — R, defined by

ht) 0 f0r0<t<2+1,
[cos(%)}2 for -t <t <1,

belongs to RBV,, because h € AC, and by Theorem [1.2.25|

! Yem o [sin(m/p Y
RVar, (h)"/? = / Rpd) == / ISTOF g
arp( ) ( 1/(2n+1)| ( )| ) 2 < 1/(2n+1) t2p

1/p 2 1/p
< m /1 idt T (2n+ 1) —2n—1 < 160277,
2 \J1/@n+1) 129 2\ 2n+1)(2p—-1)

Moreover, 0 < h(t) <1 for all ¢t € [0, 1] with
W) =1 and n(- 0 forje {1 )
— ] =1 an = or coy )
2] J _ 1 .] Y ) J
in particular, ||h|| = 1. The functions = := u + ah and y := v + Sh then also belong
to RBV), and satisfy
RVar, ()7 = RVar,(ah) < 16an*"1? < 2R/,
RVar,(y)"/? = RVar,(8h) < 166n>~1/? < 16an* 1P < 2R/~,
by (5.1.11). In addition, ||z||, < max{|u|,|u+ «|} and |y, < max{|v|,|v+ (|}, and
this shows part (i).
Again, (ii) is satisfied for o = § as then RVar,(z —y) = 0.
For (iii) note that

gox—goy (Qj 1)—(gox—goy)(%j)]p v

|Cgz — ngHRBVp > Z ‘

n . 1/p
=1g<u>—g<u+a>—g< )+ 90+ 8) (g@f—w)p‘)

n+1)>-1/p
- (2)‘9(“)—9(“+04>—g(v)+g(v+ﬁ), (5.1.12)
where we have used the identity
n 9 Ap—1 (n + 1)2p—1
jz::l (47" =2i)" = =, — (5.1.13)

which we are going to prove now by induction. For n = 1 the estimate (5.1.13]) is
clearly true (even with equality). Assume that (5.1.13) has already been established
for some fixed n € N. Then we obtain
n+tl 2p—1
.9 AVZat (n + 1) P p—1 9 p—
2(43 —2]) ZT+2 (2n —|—3n+1)

=1
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We show that the inequality

(n+1)%-1 (n+2)2~1
2p 2p

holds, because then (5.1.13)) is proven for n replaced by n + 1. Note that (5.1.14]) is

equivalent to the estimate

o (2 4304 1)" > (5.1.14)

Pn+2)—n+1) < 2p_1(2n2+3n—|— 1)p_1, (5.1.15)

where t(t) := t?’~!/2P. From the Mean Value Theorem we obtain ¢)(n+2)—1(n+1) =
YP'(€) for some & € [n+ 1,n + 2], and this yields
2p

bin+2) —Yn+1) < 2;1(n2+4n+4>p_1. (5.1.16)

However,
-1 _
(2p—1)(n?+4n+4)" " <22 (202 4 30+ 1) (5.1.17)

is true for our n. Indeed, if n = 1, then the inequality reduces to 2p — 1 <
22P=1(2/3)P~1 which is true for all p > 1, and if n = 2, then the estimate reads
2p — 1 < 22P71(15/16)P~! which again is true for all p > 1. If n > 3, then is
also true as 2p — 1 < 22?71 and n? + 4n + 4 < 2n? + 3n + 1. Consequently, ((5.1.17))
holds for our n. Combining and we see that and hence also
is true. Finally, (5.1.13)) is indeed established.

Using and R > 1, we obtain from ([5.1.12)),

gw) —glut+a) g(v) —g(v+p)

Y

1
1t = Cotllans > 15|

which again shows (iii) and finally completes the proof of the Lemma. [

We are now in a position to formulate our result about the acting conditions and
boundedness of Cy. Recall that

Br(X)={z e X | |alx <R}

denotes the closed ball around 0 with radius R in a normed vector space (X, |||/ x)-

Theorem 5.1.19. Let g : R — R, and let X be one of the spaces BV, WBV,, Y BV,
ABV or RBV,. Then C, maps X into itself and is bounded if and only if g € Lipj.(R).

Proof. We have already seen in the comments around Proposition that if g €
Lipio(R), then C, maps X into itself and is bounded. We now prove the converse
which, again by Proposition [5.1.1} is only necessary for X = Y BV,,. To this end, fix
R > 1 and consider

A:=Buyp(YBV,) = {z € YBV, | |alys, <34R}
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which is a bounded subset of Y BV,,. Since (| is assumed to be bounded, there is some
L > 0 such that ||Cyz||y 5, < L/2forall x € A.

By Lemma [5.1.18] there is some o0 € (0, R] such that for u € [-R, R], v =0, o € (0, 9],
f =0 and v = 1/16 there are functions z,y € Y BV, of the foorm z = u + ah and
y = v+ ph = 0 with h € YBV,, [zllypy, < max{[ul,|u+ a|} +2R/y < 34R,

1ylly gy, = 0 and

g(u+a) = g(u)

< ||Cor = Coylly gy, < I1Czlly gy, + [1CeOlly gy, < L;

note that =,y € A. We get |g(u + o) — g(u)| < Lo or equivalently |g(u') — g(u)] <
L(u' —u) for u,u’ € [-R, R], 0 < v'—u < p. This implies that g is Lipschitz continuous
on [—R, R], and since R was arbitrary, it is locally Lipschitz continuous on all of R. W

Lemma [5.1.18] can also be used to characterize compactness. Recall that an arbitrary
operator T' : X — X from a normed space X into itself is compact if and only if
every bounded sequence is mapped by T into a sequence from which a convergent
subsequence may be extracted. It turns out that, in contrast to the multiplication
operator, compactness of the composition operator Cy leads to a very strong degeneracy
of g. Here and in the upcoming results we will frequently combine Lemma [5.1.18 with
Lemma [1.1.27

Theorem 5.1.20. Let X be any of the spaces BV, WBV,, YBV,, ABV or RBV,,
and let g € Lipjoc(R). Then Cy: X — X is compact if and only if g is constant.

Proof. 1t is clear that Cy : X — X is compact if ¢ is constant, and so it remains to
prove the converse. To this end, let D C R be the set of points of differentiability of
g which has full measure as g € Lip,(R). According to part (d) of Lemma
in order to show that ¢ is constant it suffices to show that ¢'|p is zero. So let us
fix v € D. By Lemma (with v = u) we find for R = 1 some ¢ > 0 and for
v=1/16, 8 = 0 and a,, = 1/n,n € N,;n > 1/p functions z,, and y, with [|z,|y <
max{|ul, |u + an|} +32R < |u| + 1+ 32R and

g(u+ om) — g(u)

Qp

< 1Cqzn = Comnllx (5.1.18)

where z,, = u + ay,h,, for proper h,, € X with ||h,| = 1, and y,, = w. In particular,
the x, form a bounded sequence in X.

Since «,, — 0 as n — oo, the functions z, converge pointwise to y = u. Moreover,
since g is continuous, the compositions Cyx, converge pointwise to Cyy = g(u); in
particular, the limit function of any subsequence of (Cyx,) which converges in X must
be Cyy = g(u).

But since Cy is compact, there must be a convergent subsequence (Cyz,, )i of (Cyxy)
in X, and since g is differentiable at u, we obtain from ,

|g/(u>‘ — lim g(u+ank) _g<u>

k—o0 Qo

) < kh—glo Hchnk — CyYn, HX

= lim [|Cyn, — Cyyll = 0.
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Thus, ¢'(u) = 0, and as u € D has been chosen arbitrarily, the result follows indeed

from part (d) of Lemma [1.1.27] |

We now turn to more delicate questions, a characterization of Lipschitz, uniform and
pointwise continuity of C, : X — X for X being one of our BV -type spaces. We start
with Lipschitz continuity, both on the entire space and on bounded sets.

By a local Lipschitz continuity of Cy : X — X we mean a condition of the type
Gy = ol < L(R) iz =yl for Ilelly . Iyl < B (5.1.19)

that is, Lipschitz continuity on closed balls in X. It turns out that C, satisfies an
estimate of the form if and only if ¢ is continuously differentiable with locally
Lipschitz continuous derivative. Denoting the space of such functions by Lipj,.(R) the
following result is known.

Theorem 5.1.21. Let g € Lipi,.(R), and let X be one of the spaces BV, W BV,
YBV,, ABV or RBV,. Then Cy: X — X is locally Lipschitz continuous in the sense

of if and only if g € Lipj,.(R).

Proofs of this theorem can be found in [9] for BV, WBYV,,, Y BV,, and RBV,, and even
for other BV -type spaces like, for instance, the space of functions of bounded variation
in the sense of Korenblum [117]. For our BV -spaces, the “if”-part can alternatively be
proved using Lemma 5.48 of [6] and Lemma [1.2.26} we will show how to do that in a
moment. However, the proofs for the “only if”-part in the aforementioned literature do
not cover all our variations at once or are quite complicated, because they are mostly
based on Helly’s Selection Principle. Therefore, we show that our all-round Lemma
5.1.18 also provides a quite short proof for all our BV -spaces X at once without any
additional ingredients.

Proof of Theorem[5.1.21. First assume that g € Lip,.(R), fix R > 0 and z,y € X
with ||z, |yl x < R; in particular, z(t),y(t) € [-R, R] for all t € [0,1]. By Lemma
5.48 of [6] there are Ly(R), L2(R) > 0 only depending on R such that

p@@»—g@@»—g@@»+g@mﬂ
< L) ([os) = 2] +[uis) = 98] ) (Jols) = ()] + Jolt) = wi0)])
+ La(R)|(s) — y(s) = (1) + y(0)
<204(8)([a(s) - 2(t)| + [y() = y(®)]) o ~ 9l
+ La(R)|2(s) — y(s) — a(t) + y(t)| forall s,¢ € [0,1].
From Lemma [[.2.26] we obtain

Px(gox—goy) <2Li(R) (@X(m) + @x(y)) |z =yl + L2(R)Px (2 — y)
<ARLi(R) [z =yl + L2(R)Px (7 — y),
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where ®x denotes the seminorm part of ||| as in Table[1.2.1]
Moreover, since g € C*(R) and hence g € Lip,.(R) there is some L3(R) > 0 only
depending on R such that

lgox—goyll, = Sup 9(=®) = g(u(®))]

< Ly(R) sup |e(t) = y(1)| = Ls(R) |z =yl

te(0,1]

In total, we obtain

1€z = Coyllx = llgox —goyl +Px(gor —goy) < L(R) |z =yl x,

where

L(R) := max { L3(R) + 4RLy(R), L»(R) }.
Since R was arbitrary, C, is locally Lipschitz continuous.

We now show the converse and assume that C, : X — X is locally Lipschitz continuous
in the sense of . In order to show that g is differentiable with locally Lipschitz
continuous derivative, by Lemma (b) it suffices to show that ¢'|p is Lipschitz
continuous on [—R, R] for each R > 1, where D is the set of points at which ¢ is
differentiable. So let B > 1 be fixed. Since the set

A= Bg4R(X) = {l’ eX | ”‘THX < 34R}

is bounded in X, we find some L > 0 such that ||Cyz — Cyy|| < L ||z —y|| for all
z,y € A. By Lemma [5.1.18 we find some ¢ € (0,R] and for u,v € [-R,R| N D,
a=¢€(0,p] and v =1/16 functions z,y € A with ||z —y||y = |v — v| and

slur o) =gt 90* D90l < jce — Cpyll < Ll —ylly = Liu ol

But letting @ — 0+ immediately yields |¢'(u) — ¢'(v)| < L|u — v|, and the claim is
proven. [ |

Thus, the local Lipschitz condition (5.1.19) imposed on C, leads to a stronger regularity
condition of g, as expected. However, the natural question arises what happens when
C, is supposed to be even globally Lipschitz continuous. This is possible only for highly
degenerate functions g, namely only if ¢ is affine. This phenomenon has been discussed,
even in the nonautonomous case, for many function spaces and especially for spaces of
functions of bounded variation of various types. A detailed survey can be found in [6].
In many cases, especially in all our BV -spaces, this degeneracy occurs even if “globally

Lipschitz continuous” is replaced by “globally uniformly continuous”; we give a short
proof again with the help of Lemma [5.1.18|

Theorem 5.1.22. Let g € Lip,.(R), and let X be one of the spaces BV, W BV,
YBV,, ABV or RBV,. Then Cy: X — X is globally uniformly continuous if and only

if g is affine.
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Proof. 1f g(u) = au+ b is affine, then the uniform continuity is immediate. Indeed, for
all x,y € X we have
Cor — Cyy = My(z —y),

where h(t) = a for all t € [0, 1]. By Corollary 4.1.8, ||Coz — Coyllx < [|h]lx |z — yllx =
la| [|x — y|| . Thus, we even have globally Lipschitz continuity in this case.

For the converse, assume that Cy : X — X is uniformly continuous on all of X. In
order to show that ¢ is affine, it suffices to show that ¢'|p is constant, where D is
the set of points at which ¢ is differentiable, according to Lemma (c). Due to
the globally uniform continuity of C, there is some 6 > 0 such that for all z,y € X
with ||z —y||y < 6 we have ||Cyz — Cyylly < 1. Now, fix u,v € D with |u —v| < 0.
By Lemma (with R = 1) there is some ¢ € (0,1] such that for u,v € D
with |[u —v| < 0, a = f € (0,9] and v € (0,1] there are functions z,y € X with
=yl = lu— o] and

< 16y HOgI - ngHX .

‘g(u +a)—g(u) glv+a) g

But since [u — v <6 we have ||z — y[|y <, so |Cyz — Cgy|| ¢ < 1 and hence

« «

‘g(u +a)—gu) glv+a)—g) < 167.

Now, if we let first & — 0+ and afterwards 7 — 0+, then we get ¢'(u) = ¢'(v). And
since the points u,v € D have been chosen arbitrarily, ¢'|p is constant. [ |

The last question to answer in the framework of uniform continuity is what conditions
have to be imposed on g to guarantee that C; : X — X is locally uniformly continuous,
that is, uniformly continuous on bounded subsets of X, where X is one of our BV-
spaces introduced in Chapter [I The authors of [31] and [32] proved for X = BV and
X = ABV that g € C*(R) generates a continuous operator Cy, : X — X, and they did
that by approximating the operator C, by locally Lipschitz continuous composition
operators uniformly converging on bounded subsets of X to Cy. We will come back to
this principle later in Section However, they actually proved (but did not mention)
that this operator Cj is then even locally uniformly continuous. Another proof for this
was given earlier in 1969 for X = BV in [55]. We give here a more elementary proof
for this fact and show even more: g € C'(R) is in fact equivalent to the locally uniform
continuity of Cy in all our BV -spaces.

Theorem 5.1.23. Let g € Lip,.(R), and let X be any of the spaces BV, W BV,
YBV,, ABV or RBV,,. Then Cy: X — X is uniformly continuous on bounded subsets
of X if and only if g is continuously differentiable on R.

Proof. We first assume that Cy is uniformly continuous on bounded subsets of X. In
order to show that ¢ is differentiable and has a continuous derivative, we show that
¢'| p is uniformly continuous on [—R, R] for each R > 1, where D is the set of points at
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which ¢ is differentiable, in accordance with Lemma|1.1.27] (a). To this end, let R > 1
and € > 0 be fixed, and consider the ball

A=Byp(X) = {z € X | ||z]|y <34R}

which is bounded in X. Since Cy is uniformly continuous on A, there is some 6 € (0, R)
such that for all 7,y € A with ||z —y||, < d, we have ||[Cyzx — Cyy||y < e. Now, fix
u,v € D with |u — v| < §. By Lemma [5.1.18] (with v = 1/16) there is some ¢ € (0, R}
such that for all a = 8 € (0, g] we get z,y € A with ||z — y||y = |u — v| and

glu+a)—g(u) glv+a)—g)

o - < ||Cyz — ng”X < e

Letting o — 0+ yields |¢'(u) — ¢'(v)| < €, and this proves the claim.
For the converse, assume that g is continuously differentiable in all of R, and fix ¢ > 0

and a bounded set A C X. Then there is some R > 0 such that ||z||,, < R for all
x € A. Because of the continuity of ¢’, the function G : R? — R, defined by

{M for u # v,

u—v
g'(u) for u = v,

= max{|ul, |v|} for R? and the Eu-
clidean norm for R, and in particular uniformly continuous on compact subsets of R2.
Thus, we find a ¢ € (0, ] such that

is continuous with respect to the norm ||(u,v)||,, :

|G(ur,v1) — G(ug,v2)| <€

for all (u1,v1), (ug,v2) € [—R,R]* with [[(u1,v1) — (u2,ve)]|,, < 6, and why G is
bounded on [—R, R]?, ie. |G(u,v)] < M for some M > 0 and all u,v € [—R, R].
Moreover, since ¢ itself is uniformly continuous on [— R, R|, we can assume that § is so
small that |g(u) — g(v)| < € holds for all u,v € [—R, R] with |u — v| <§.

We now fix z,y € A with ||z — y|| < 6; in particular, we have ||z|_ , |ly|l,, < R and
|z — y||, < ¢ which implies z(t),y(t) € [-R, R] and |z(t) — y(t)| < ¢ for all t € [0, 1].
For fixed s,t € [0,1] we write for abbreviation z; := x(s),ys 1= y(s), ¢ := x(t),y; =
y(t). Then ||(zs, ) — (ys, v)ll,, < Iz =yl <9, and thus

’G((L’S, xt) - G(ysayt)’ S €.
This implies
(Cyr = Cyy)(s) = (Cyr = Cy) (1)| =
Tay 1) (s — 1) = G(ys, 1) (s — 1)

— ‘G(
<|Gws ) = Gys w0)|l2s = 2ol + |G lys w0)|l2s — 20 — s + 0l
< ela(s) — x(t)] + M|a(s) — y(s) — 2(t) + y(t)] (5.1.20)

() = 9(5.) = g(w0) + g(w)
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Let @ be the seminorm part of ||-|| as in Table Then by (5.1.20) and Lemma
[L.2.26,

P(Cyxr — Cyy) <e®(x) + M O(z —y). (5.1.21)
Finally, by our choice of 9,

|Cox — Cyy|l,, = sup ‘g(w(t)) - g(y(t))] <e. (5.1.22)

te(0,1]

Combining ([5.1.21]) with ([5.1.22)) while taking ¢ < ¢ into account gives
[Cy = Coylly < e+ llelly + Ml —ylly <(1+ R+ M),

and this completes the proof. [

As a last result, we discuss the most difficult problem which is a characterization of
pointwise continuity of Cy : X — X if X is one of our BV spaces. This problem is
far from being fully understood and seems to be extremely complicated. The first one
who discussed this problem was Morse [I18] who proved 1937 that Cy : BV — BV
is pointwise continuous if and only if ¢ € Lip;,.(R). In other words, as soon as the
composition operator C, : BV — BV is well-defined (that is, g € Lip;,.(R)), we get
boundedness and pointwise continuity of C, for free. However, Morse’s proof including
all auxiliary results is around 30 pages long which shows that the continuity problem
seems to be highly nontrivial indeed. In the recent paper [96], the author gives a more
straightforward and elegant proof. In Section [6.2] we will discuss this problem in more
detail and give a third proof in Theorem We will follow another idea and give
some insight into the convergence behavior of sequences of composition operators in the
space BV. However, it seems that all the aforementioned ideas cannot be generalized
to ABV or Y BV, not even to WBV,,.

In the Riesz space RBV),, however, we may use a trick to get continuity. As was shown
by Marcus and Mizel [101], the composition operator C, for g € Lip;,.(R) maps the
Sobolev space W for p > 1 into itself and is continuous. Since RBYV), contains the
continuous representatives of WP, and since their RBV,-norms agree with their W!?-
norms, we conclude that Cy : RBV,, — RBV, is also continuous. Summarizing these
observations, we obtain

Theorem 5.1.24. Let g € Lip;,.(R), and let X be BV or RBV,. Then Cy : X — X
18 continuous.

As said, we do not know if the same result is true for X being one of the spaces
WBV,, YBV, or ABV. However, similar continuity results are known. For instance,
the authors of [31] proved that for g € Lip;,.(R) the operator C;, maps BV into W BV,
and is continuous for any p > 1. The same authors achieved in [32] a particularly
noteworthy result: If g : R — R is continuous and A is a given Waterman sequence,
then one can construct another Waterman sequence I' such that C;; maps ABV into
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I'BV and is continuous. It is, however, not clear under which circumstances A = T
holds.

Finally, note that many of the mapping properties of the composition operator dis-
cussed here in both BV -spaces and other spaces may also be found in the survey paper

[3].
Table [5.1.2 summarizes what we know about the composition operator Cy : X — X
for X being one of our BV spaces BV, WBV,, Y BV, with ¢ € §,, ABV or RBV,;:

Table 5.1.2: Mapping properties of C, reflected by those of g.

Cy: X = Xis if and only if
well-defined g € Lipi,(R)
bounded g € Lipi,(R)
continuous

(known only for X — BV and X = RBV,) 9 € LiPioc(R)

locally uniformly continuous g € CY(R)
locally Lipschitz continuous g € Lip,.(R)
globally uniformly continuous g is affine
globally Lipschitz continuous g is affine
compact g is constant

Although boundedness and continuity are in general independent for a nonlinear op-
erator, as mentioned before, the table shows that for the operator C, they are in fact
equivalent, at least in the spaces BV and RBV,,.

5.2 Superposition Operators

In this section we investigate the superposition operator Ny : X — Y defined by (5.0.2)
between two function spaces X and Y of real-valued functions on [0, 1], that is,

Nya(t) = g(t,x(t)) for0<t<1,

where g : [0,1] x R — R is a given function. The behavior of N, is much more complex
than that of its little brother Cy which we have studied in the previous section. This
section is dedicated to investigate the superposition operator in our BV -spaces
with respect to analytic properties like continuity and compactness. Unfortunately,
not so much is known in the spaces WBV,,, Y BV,, and RBV,, and the superposition
operator in contrast to the composition operator Cy reveals very often quite weird and
unexpected properties. We therefore focus ourselves mainly on the space BV and give
comments for the other BV -spaces.
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For making the presentation more coherent and for not overburdening the formula-
tion of the upcoming results, we collect here right from the beginning seven technical
conditions (A)—(G) on the generating function g : [0,1] x R — R.

dL >0Vu,veR:  |g(-,u) —g(-,v)||, < Llu—1], (A)

VR >03Lg >0Vu,v € [-R,R]: |g(-,u)—g(-,v)| < Lrlu—1v], (B)
dM >0Vu€eR: Var (g(,u)) < M, (C)
VR>03Mp>0Vu € [-R,R|: Var(g(-u)) < Mg, (D)

dIM >0V0=ty<...<t,=1Vug,...,up_1 € R:

> lglti1uio0) = gty uy0)| < M, (E)
j=1

VR>03IMr>0V0=ty<...<ty,=1Yug,... , un1 € [—R,R]:
n—1

Sl —ul <R = Y |glt1,ui0) — gty ui)| < M, (F)
j=1 j=1

VR>03IMp>0V0=ty<...<t,=1Yup,... uy € [~R, R]:

n

D lujor—ui| <R

=1
= > ‘g@jflauj) - g(tj,uj)‘ < Mg
j=1
and ’g(tj—lv uj-1) = g(tj-1, Ug)‘ < Mkg. (G)
=1

One could call (A) a Lipschitz condition for g(t,-), uniformly in ¢, (B) a local Lipschitz
condition for ¢(t,-), uniformly in ¢, (C) a variation condition for g(-, ), uniformly in
u, (D) a wvariation condition for g(t,-), locally uniformly in u, (E) a mized condition
for g, (F) a local mized condition for g and (G) a local crossed mized condition for g.

Note that for functions g not depending on its first argument, that is, g(¢,u) = h(u) for
all t € [0,1],u € R and some function h : R — R, condition (A) reduces to h € Lip(R),
(B) is the same as h € Lip,.(R), and the conditions (C)—(F) are always satisfied.
Condition (G) is equivalent to h € SBV[—R, R], where SBV is the class of function
of super bounded variation introduced in Section [1.2] But in Theorem [1.1.22] we have
seen that SBV[—R, R| = Lip|—R, R] and so (G) is equivalent to h € Lip;.(R).

Let us come back to the general case when g depends on both arguments. There
are some obvious interconnections between the conditions (A)—(G) which we collect in

Figure |5.2.1} Here, (X)—(Y) means that (X) implies (Y).
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< @

///@>
<>\\\
(D)
Figure 5.2.1: Relations between the conditions (A)—(G).
None of these implications can be inverted, and we will show this in the sequel by a series

of examples. In order to give such examples, we will frequently consider generating
functions g that have the form

; fort=21,5 €N,
g@@Z{%w)or " (5.2.1)

0 otherwise,

where ¢; : R — R for j € N are arbitrary functions. In the following result we give
precise criteria on the sequence (y;) under which the function ¢ in (5.2.1)) satisfies the
conditions (A)—(G). Note that for fixed u € R we have for ¢ in (5.2.1) the identity

g(t,u) = 3(%@)) (1), (5.2.2)

where J denotes the functions defined in (|1.2.1]).

Proposition 5.2.1. Let ¢; : R — R for j € N be arbitrary functions. Then g in
satisfies condition

(A) if and only if there is an L > 0 such that |p;(u) — ¢;(v)| < Llu—v| for all j € N
and all u,v € R,

(B) if and only if for each R > 0 there is an Lr > 0 such that |pj(u) — ¢;(v)] <
Lglu —v| for all j € N and all u,v € [-R, R],

(C) if and only if there is an M > 0 such that ) ’(pj(u)‘ < M forallu € R,
=1

(D) if and only if for each R > 0 there is an Mg > 0 such that > ‘gpj(u)‘ < Mg, for all
u€[~R,R], =
(E) if and only if there is an M > 0 such that > ‘goj(uj)‘ < M for all sequences (u;)
j=1
n R,
(F) if and only if for each R > 0 there is an Mg > 0 such that ) ‘goj(uj)‘ < Mg for
j=1

all sequences (u;) in [—R, R] satisfying 3232, [uj 1 — u;] < R,

(G) if and only if it satisfies (F).
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Proof. Let the conditions mentioned here in Proposition be labeled by (A*)-
(G*). We need to prove that (A) < (A*), (B) < (B*) and so on. First note that the
equivalences (A) < (A*), (B) & (B¥), (C) & (C*) and (D) < (D*) are clear, where
for the latter two we use and . For the remaining proof let 7; := 1/(2j)
for 7 € N.

For “(E)=(E*)” assume that ¢ in satisfies condition (E) with M > 0. Let (v;)
be a sequence in R and n € N be fixed. For j € {0,...,n—1} set ty;41 = 7,,—;, to := 0,
to, := 1 and then pick to; € (t9;_1,2j41) arbitrarily for j € {1,...,n — 1}. Moreover,
set ug; := Ugjy1 1= v,—j for j € {0,...,n —1}. Condition (E) yields

2n n
M= ‘g(tj—lauj—l) - g(tj7uj—1)‘ =2) ’%‘(Uj)}
j=1 j=1
and letting n — oo gives (E*).

For the converse assume that g satisfies (E*) with M > 0 and fix a partition 0 = ¢y, <
... <t, =10f[0,1] and numbers vy, ...,u,—1 € R. If we set u; := 0 for j > n, we get
by (E*),

3

ﬁ;‘g(tj—lvuj—l) = gty ui-n)| < D Jgltyrs i) + Zn; lg(tj, ;1))
i= j=

01

IN

‘%‘—1(%‘—1)‘ + i ‘@j(uj—l)‘ <2M
2 j=1

<
Il

which establishes (E).

For “(F)=(F*)” assume that g in satisfies condition (F) with Mg > 0 for
R > 0. Let (v;) be a sequence in [~R, R] with >52, |v; 1 —v;| < R, and let n € N
be fixed. For j € {0,...,n — 1} set taj41 = Ty—j, to := 0, to, := 1 and then pick

tgj € (tgjfl, t2j+1) arbitrarily for ] < {1, N 1} MOI‘GOVGI’, set Ugj = Uj41 = Un—j
for j € {0,...,n—1}. Then ug, ..., u2,+1 € [—R, R] with
2n—1 n

o0
Do luj =l =" v =l <D v — v < R.
j=1 =2 j=1

Consequently, condition (F) yields
2n n
Mp >3 ‘g<tj—lyuj—l) - g(tj,uj—1>’ =2), )%‘(Uj)‘
=1 i=1

and letting n — oo gives (F*).

For the converse assume that ¢ satisfies (F*) with Mg for fixed R > 0, and fix a
partition 0 = ¢ty < ... < t, = 1 of [0,1] and numbers uy,...,u, 1 € [—R, R] with
YUty —u] < R. Let T := {7, | j € N}, where the 7; have been defined at the
beginning of this proof. From the numbers g, ..., %, we extract those which belong to
T and relabel them ¢t;,,....t; =m,,...,7,,; note that t,, ¢ T and hence m < n. The
numbers u;, as well as the numbers u;, _; then satisfy

n—1

m m
Z |ujk—1 - ujk” Z |ujk—1_1 - ujk_1| < Z |uj—1 - uj| < R.
k=1 k=1 7j=1
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Consequently, we can apply (F*) and obtain

zn:l’g(tj—huj—l) g(t5, 15 ‘ Xn:‘ (tj -1, uj-1) ‘+Zn:’9(tjauj—1)‘
= =1

j=1
=3 |9t w,)| + Z l9(t uj )| = Z o1, ()

k=0 k=0 k=0
which establishes (F).

Since in general (G) implies (F) we only have to prove that (F) also implies (G) for
the function (5.2.1). Thus, assume that g satisfies (F). We already know that then it
satisfies also (F*). Because of

i‘ﬂ@'buj) g(tj, uy) ‘ Z‘g j—1; Uj ‘—FZ‘Q tj, uy) ‘
=

+ i “plk (ujkfl)‘ < 2Mp
k=0

and . n n
Zl’g(tj—lauj—l) tin,ug)| < Z‘ i- 1»uj—1)‘+z:‘9(tj—1auj)‘
j= j=1 j=

we can use the same argument as in the implication “(F*)=-(F)” to prove that g also
satisfies the condition (G). |

We can now use Proposition to construct examples showing that none of the
implications given in Figure [5.2.1] can be inverted, with one exception: Since for the
function g in the conditions (F) and (G) are equivalent, in order to show that
(F) does not imply (G) we need an example that has not the form (5.2.1)). Here is one:

Example 5.2.2. It suffices to consider a function g which is independent of t. Indeed,
take any function ¢ : R — R and set g(t,u) := ¢(u). Then (C), (D), (E) and (F) are
clearly satisfied, because g(s,u) — g(t,u) = 0 for all s,¢ € [0,1] and u € R. Condition
(G) now translates to the following condition:

VR>03dIMr>0V0=ty<...<t,=1Vug,...,u, € [-R,R]:

Yo luj—wl <R = Y e(uj) — o(uy)| < Mg

— o
By Theorem [1.1.22] this is equivalent to ¢ € Lip[—R, R| for each R > 0. Thus, for
any function ¢ which is not locally Lipschitz continuous the corresponding generator g
will satisfy (F') but not (G). For instance, p(u) = \/m will do the job. Note that this
function cannot satisfy (A) or (B), because it is not locally Lipschitz continuous with
respect to wu. &

None of the ostensibly strong conditions (A) and (B) does imply any of the other
conditions (C), (D), (E), (F) or (G).

Example 5.2.3. Let ¢; := 1 for j € N and consider ¢ in . Then clearly (A) and
(B) are met, but neither (C), (D), (E), (F) nor (G) hold, because none of the series in
Proposition [5.2.1| can converge. &
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The next example shows that neither (C), (D) nor (F) implies (E).

Example 5.2.4. Let ¢; := X(;;+1) for j € N and consider g in . Any fixed
u € R belongs to at most one interval (j, 7 + 1). Thus, ¢;(u) = 0 for all but at most
one j € N; in particular, g satisfies (C) and (D) by Proposition [5.2.1] with M = 1 and
Mpg =1, respectively.

Moreover, for fixed R > 0 and any sequence (u;) in [—R, R] we have that ¢, (u;) =0
for all j € N and n > R; in particular, g satisfies (F) and hence (G) by Proposition
With Mp = R. But by the same Proposition, g cannot satisfy (E), because for the
sequence u; := j + 1/2 we have that ¢;(u;) = 1 for all j € N. Note that g can also not
fulfill (A) or (B), because none of the functions ¢; is locally Lipschitz continuous. <

A slight modification of the previous example shows that neither (C) nor (D) implies
any of the conditions (E), (F) and (G).

Example 5.2.5. Let ¢; = X(4 y for j € N and consider g in (5.2.1). Any fixed
J
u € R belongs to at most one 1nterval (?, 1). Thus, ¢;(u) = 0 for all but at most

one j € N; in particular, g satisfies (C) and (D) by Proposition [5.2.1] with M = 1 and

Mpr = 1, respectively.

Moreover, g cannot satisfy (E), (F) or (G), again by Proposition because for
%) for j € Nin [-1,1] = [-R, R] we have on

R =1 and the sequence u; := 1 (i +
the one hand

>0 3
;|uj_1_uj’:u1_nh—>n§ou”:4Sl:R

and on the other hand ¢;(u;) =1 for all j € N. Finally, g cannot satisfy (A) and (B),
because none of the functions ¢; is locally Lipschitz continuous. &

The last example in this series proves that (D) does not imply (C) and that (A) cannot
be deduced from (B).

Example 5.2.6. Let ¢;(u) := u*/j* for u € R and j € N. Then

Z‘PJ (uj) :i

= 7=1

£
SN

J (5.2.3)

.

for any real sequence (u;). In particular, if u; = u for some fixed v € R and all j € N,

(5.2.3) becomes

2

e T
Z%‘(Uj) = glﬁ?
j=1

and so g in (5.2.1)) satisfies (D) but not (C), as well as (B) but not (A) by Proposition
. Moreover, (E) is not satisfied, because for the sequence u; := j the series in
(5-2.3) diverges. Condition (F) and hence also (G) however, are satisfied, because if
(u;) is bounded by R > 0, then the series in is majorized by R?mr?/6. &

We remark that even if (A) and (B) alone do not imply any of the other conditions,
(B) together with (F) implies (G). This explains why the function ¢ in Example
had to be chosen so that it was not locally Lipschitz continuous.
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We summarize in the following table which of the previous five example satisfies the
conditions (A)—(G).

Table 5.2.1: Conditions (A)—(G) in the above examples.

Example | (A) (B) (C) (D) (E) (F) (G)
0.2.2 no no yes yes yes yes 1o
0.2.3 yes yes no no no no 1o
5.2.4 no no yes yes no yes yes
5.2.5 no no yes yes 1NO NO 1o
0.2.6 no yes no yes no yes yes

From this table we see immediately that none of the implications in Figure [5.2.1] can
be inverted. We therefore present the same diagram again here in Figure [5.2.2] but
this time, the numbers labeling the arrows refer to the examples which show that the
corresponding implications cannot be inverted.

(A)@‘
ﬁﬁv i
Ee?» e

—~

-
HeQ

Figure 5.2.2: Relations between the conditions (A)—(G).

We now come back to the general superposition operator N, : BV — BV. Let us
check the sufficiency (or necessity) of the conditions (A)—(G) for the acting condition
Ny(BV) C BV and the analytic properties of N,. To begin with, we remark that
Lyamin [94] claimed that the conditions (B) and (D) together imply N,(BV) C BV.
However, Mac¢kowiak showed in [95] by means of a sophisticated example that this is
in fact false, even if (A) and (D) are assumed to be true. With the help of our special

functions ([5.2.1)) and Proposition we can now give a much simpler example.
Example 5.2.7. For j € N we define ¢; : R — R by

o;(w) = max {o, 1/j — ||ul - 1/3'\}.
Figure shows the relevant part of ¢; for fixed j € N.

1/j

\

~2/j 1)) 1/] 2/

Figure 5.2.3: The function ¢; for fixed j € N.
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Then the ¢, are globally Lipschitz continuous with lip(¢;) = 1 for all j € N; in
particular, the corresponding function ¢ in satisfies (A) by Proposition m
Moreover, ¢;(0) = 0 for all j € N, and for fixed v € R\{0} we have ¢;(u) = 0 if
|u] > 2/j. Since 0 < p,(u) < |u] for all j € N and u € R we obtain in this case

Seiws X jl<e

3<2/|ul
which shows that g satisfies (C) and hence (D), again by Proposition [.2.1] But N,
does not map BV into itself. For instance, the function z(¢) := t clearly belongs to
BV but
1 1
(L fort:i., — fort=—,
(t,:v(t)) _ Jeily) 20— ]2 2j
0 otherwise, 0  otherwise,

N,

9

does not.
The same idea leads to the sequence u; := % for j € N and g := 1 with 372, |u;_; —
uj| =1 and

D_ei(w) =2 ¢ 57 ) =255 =

j=1 j=1 J j=14J]
Consequently, neither of the conditions (E), (F) and (G) can be satisfied, again by our
Proposition [5.2.1 O

The first correct sufficient conditions for the inclusion N,(BV) C BV have been ob-
tained by Bugajewska in 2010 [25] and Bugajewska et al. in 2016 [26] and read as
follows.

Theorem 5.2.8. If the generating function g : [0,1] x R — R satisfies (A) and (E),
then Ny maps BV into itself.

Theorem 5.2.9. If the generating function g : [0,1] x R — R satisfies (B) and (F),
then Ny maps BV into itself and is bounded.

Since (A)=(B) and (E)=-(F), but neither (B)=-(A) nor (F)=-(E), Theorem is
actually stronger than Theorem [5.2.8f Moreover, the Theorems [5.2.8 and [5.2.9] explain
why ¢ in Example could not satisfy (E) and (F), because Ny (BV) ¢ BV in this
case.

However, the conditions given in the Theorems and are only sufficient for
the boundedness of the operator N,. We illustrate this for the condition (B) by the
following simple

Example 5.2.10. Define ¢; : R — R by ¢1(u) = min{,/|u|,1} and ¢; = 0 for j > 2.

Then by Proposition the corresponding function g in (5.2.1)) satisfies (C), (D), (E),
(F) and (G), but neither (A) nor (B). Nonetheless, N, maps BV into itself, because

for x € BV we have

Nyx(t) = g(t,:c(t)) = {min{ |z(1/2)], 1} for t = 1/2,

0 for t € [0,1]\{1/2},




200 5.2. Superposition Operators

and hence
Nyl = 3min {y/la(1/2)]: 1} < 3/ ol gy
which also shows that N, : BV — BV is bounded. &

However, the condition (B) and (D) are “almost” necessary for the boundedness of N,.
The precise formulation is as follows [55].

Theorem 5.2.11. Let g : [0,1] x R — R be so that N, maps BV into itself and is
bounded. Then g can be written as

g(t, u) = gl(t7 u) + gQ(tv u)v
where the functions g1, g : [0,1] x R — R have the following properties.
(a) The function g, satisfies the conditions (B) and (D).

(b) The function go vanishes on ([0,1]\C) x R, where C C [0,1] is some countable
set.

It turns out that condition (G) alone is exactly what we need to characterize bounded
superposition operators in BV [26]:

Theorem 5.2.12. The superposition operator Ny maps BV into itself and is bounded
if and only if the generating function g : [0,1] x R — R satisfies condition (G).

This explains why the function ¢ in Example [5.2.10[ had to satisfy condition (G), in
contrast to the function ¢ in Example [5.2.7]

The fact that boundedness is included in Theorem [5.2.12 is somewhat unsatisfactory:
One could ask whether or not condition (G) is also necessary for the mere inclusion
Ny(BV) € BV without the boundedness requirement on N,. This is not true, because
in contrast to the composition operator C; which we have studied in the previous
section the superposition operator N, need neither be bounded nor continuous if it
maps BV into itself. This is illustrated by the following example which is a slight
modification of Example [5.2.10]

Example 5.2.13. Define p; : R — R by

() 1/u for u # 0,
u) =
1 0 for u = 0,

and ¢; = O for 5 > 2. Then by Proposition the corresponding function ¢ in
(5.2.1)) satisfies none of the conditions (A)-(G). Nonetheless, N, maps BV into itself,
because for x € BV with 2(1/2) # 0 we have

1/2(1/2) fort=1/2,

ot =) = {0
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and Nyz = 0 if 2(1/2) = 0. This implies || Nyz| 5, = 3/[2(1/2)| for functions € BV
with 2(1/2) # 0 and becomes infinitely large the closer x(1/2) gets to 0. Consequently,
in this case the operator N, maps BV into itself but cannot be bounded. &

The previous example shows that neither of the condition (A)—(G) is necessary for the
acting condition Ny(BV) C BV which again illustrates impressively the weird behavior
of the operator NNV, in contrast to its quite well behaving little brother Cj.

As far as we know, a practical condition both necessary and sufficient for the acting
condition N, (BV') C BV is not knownH Such a criterion should be weaker than (G),
but include the function ¢ from Example [5.2.13]

Concerning boundedness of Ny, the following result seems to be of independent interest.
It shows that the boundedness of g is reflected in the boundedness of N, [26].

Theorem 5.2.14. The following statements are true.

(a) Under the condition (B) the operator Ny is bounded in BV if and only if g is
locally bounded.

(b) If N,(BV) C BV, then the set

Tioi= {r€ 0,11 sup ot 0)] = o

lul<r
is finite for each R > 0.

Part (b) of Theorem says, roughly speaking, that the points ¢ for which g(¢,-)
is unbounded on [—R, R] must be isolated. That Tk can be nonempty for all R > 0
was shown in Example [5.2.13} For the function g therein we have Tp = {1/2} for all
R > 0. For the functions ¢ in all other examples considered in this section so far the
set T is empty for any R > 0, as these functions are locally bounded with respect to
u € R for each fixed t € [0, 1]. However, even T = () for all R > 0 is not sufficient for
Ny(BV) C BV, as Example shows.

For Waterman spaces ABV an analogue of Theorem is true where condition (F)
has to be replaced by the following condition.

VR>03IMr>0V0=ty<...<t,=1Yug,...,u, € [—R,R]:
sup > Aoy |uj1 —uj| < R = sup Y Aoy lg(tj—1,u5-1) — g(tj,u;1)| < Mg,
) 7 j=1
(Fa)

and the suprema have to be taken over all permutations o of N. In [30] the following
result was shown.

Theorem 5.2.15. If the generating function g : [0,1] x R — R satisfies (B) and (Fy),
then Ny maps ABV into itself and is bounded.

! Actually, there is a condition both necessary and sufficient for N,(BV) C BV given in [31], but
it is far from being practical and extremely technical.
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Again, also for the Waterman space we have a perfect analogue to Theorem but
condition (G) has now to be adjusted in the following way.

VR>03IMr>0V0=ty<...<t,=1Vug,...,u, € [-R,R]:

sup Y As(pluj1 —uyl <R
SUP, > Ao()|9(tj-1,u;) = g(tj,4;)] < My and
— le (GA>
Sup, Z )\(,(j)|g(tj,1, uj71> - g(tjfla U])’ < Mp,
=1

where the suprema are taken over all permutations o of N. In [30] the authors proved

Theorem 5.2.16. The superposition operator N, maps ABV into itself and is bounded
if and only if g satisfies condition (Gy ).

We do not know if there are any conditions similar to (G) and (Gp) for the spaces
Y BV, and RBV,. However, we prove a necessary condition for an operator N, that
maps RBV, into itself and is bounded which will be needed in the sequel and might
be of its own interest.

Proposition 5.2.17. Let g : [0,1] x R = R be so that N, maps RBV), into itself and
is bounded. Then g(t,-) is continuous in R for each fizred t € [0, 1].

Proof. Fix u € R, s € [0,1] and € > 0. We assume s € [0,1); the proof for s = 1 is
similar. Since N, maps the space RBYV,, into itself the function g¢(-,u) is continuous at
s. This is why we find some § > 0 such that

[t—s| <6 = |g(s,u)—g(t,u)] <e/2. (5.2.4)
Moreover, since Ny is bounded there is some M > 0 such that
1zl gpy, < lul+2 = RVar,(N,z)"/? < M/2. (5.2.5)
Fix v € [u — 1,u + 1]\{u} so that

lu —v| < min{(l—s)(pl)/p,5(p1)/1’,]\;}, (5.2.6)

and define t = s + |u — v\p/(p_l) which implies 0 < s <t < land 0 < t —s =
lu — v|P/®P=1) < §. From (5.2.4) we get

lg(s,u) — g(t,u)| < e/2. (5.2.7)

The function z : [0,1] — R, defined to be piecewise linear and continuous by z(0) =
v =x(s) and x(t) = u = x(1), has norm

|u— 2|
7 < lul+2.

121l gy, = max{[ul, [v]} + (t— 80
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Therefore, by (5.2.5)), RVar,(N,z)Y? < M/2 which implies

u _ los2(9) — g(ta®)] _ Jo(s.v) ~o(t.u)|

2 = (t —s)e-1/p lu — |
From this, ((5.2.6)) and ([5.2.7)) we obtain

M €
l9(s,v) = g(s,u)| < lg(s,v) = g(t, w)| +|g(t,w) = g(s,u)| < T Ju—v|+ 5 <,
and this finishes the proof. [ |

There are three questions naturally arising when we look at Proposition [5.2.17] The
first is whether the statement follows from the inclusion RBV,, C C for p > 1. However,
this inclusion gives us that if N, maps RBV,, into itself, then ¢(-,u) is continuous on
[0, 1] for each fixed u € R. Proposition , on the other hand, guarantees that under
the additional assumption that N, is bounded in RBV/, also g(t, -) is continuous on R
for each fixed ¢ € [0,1]. Thus, g is continuous with respect to both of its arguments
separately.

Therefore, the second question is, whether under the hypotheses of Proposition
the function ¢ as a function of two variables is continuous on [0, 1] x R. Unfortunately,
we do not know the answer.

However, the third question, namely whether Proposition [5.2.17]is true in other BV-
spaces like BV itself, is easily answered by a counterexample.

Example 5.2.18. The function g : [0,1] x R — R, defined by

)1 for (t,u) = (0,0),
altu) = {0 for (t,u) # (0,0),

generates a bounded operator N, : X — BV on any function space X, since

Ng:(,‘ _ X{O} for $<O) = O,
0 for x(0) # 0,

and thus || Ny 5, € {0,2}. However, g(0,-) = x{o} is discontinuous at u = 0. &

The previous example represents a more general fact about superposition operators.
Indeed, Proposition is wrong in other “non-regular” BV -spaces, especially in
BV itself. The authors of [26] have shown that if N, maps BV into itself, then nothing
can be said about the function u +— g(t,u) for fixed t € [0, 1].

We now turn to continuity properties of the superposition operator N, defined in
. As we have seen in the previous section, boundedness and continuity as well as
the pure acting condition are equivalent for the composition operator Cy : BV — BV
and also equivalent to a certain regularity on g, namely a local Lipschitz continuity in
R. Moreover, locally uniform continuity of C, : X — X was characterized in Theorem
for all our BV-spaces. Accordingly, it is equivalent to g being continuously
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differentiable in R. Consequently, there is a nice symmetry in the regularity of g and
its operator Cy: The more regular g is, the more regular Cj is, as well, and we have
illustrated and summarized this in Table (5.1.2]

In the case of a superposition operator, however, things are completely different, not
to say much worse. It turns out that the regularity of the generating function seems to
have not so much to do with the regularity of the corresponding superposition operator
Ny. Mackowiak showed in [96] that even a globally Lipschitz continuous function g :
[0,1] x R — R may generate a discontinuous superposition operator N, : BV — BV.
His example is a piecewise linear function. In the following proposition we describe a
general technique on how to construct such functions. The idea is that g(-, u,) = gn
is a Lipschitz function for each n € N with a uniform Lipschitz constant but so that
its BV-norm is uniformly bounded away from 0, where the number sequence (uy)
decreases sufficiently fast to 0. On the other hand, the functions g, have to converge
uniformly to 0. We can then take the sequence (x,) of constant functions z,, := u,
that converges in BV to 0, but Nyx,(t) = g(t, z,(t)) = gn(t) has, as said, a BV -norm
that is bounded away from 0 and hence cannot converge to 0. This implies that N, is
discontinuous as an operator from BV to BV. Here come the details.

Proposition 5.2.19. For every n € N choose functions g, € BV and numbers u, €
(0,1] such that the following requirements are all met.

(i) gn € Lip|0,1] with lip(g,) < L for some L > 0 and all n € N,
(ii) Var(gn) > 1,
(7ii) The sequence (uy,) strictly decreases to 0 as n — oo,

(iv) There is some M > 0 such that for all n € N,

lonllos + lgnsl _
Up — Un+1
Then the function g : [0,1] x R — R, defined by
g1 for u > uq,
U — Uy, Uy — U
g(,u) = g+ Gn+1 Jor uppr S u <wup,n €N, (5.2.8)
Up — un+1 Up — un+1
0 for u <0,

is globally Lipschitz continuous and generates a superposition operator Ny : BV — BV
that is discontinuous.

Proof. Condition (iii) guarantees that g is well-defined.
We first show that ¢ is Lipschitz continuous on [0,1] x R. Observe that with the
help of (i) we get lip(g(-,u)) < L for all fixed u € R\(0,u;), since for u > u; we



5.2. Superposition Operators 205

have g(-,u) = g1, and g(-,u) = 0 holds for v < 0. For fixed u € (0,u;) we have
Upt1 < u < u, for some n € N and hence

uUu—u
Org(t,u)| < ——F g ()] + ——— — o
Up, Up+1 Unp, Unp+1 n Unp+1 Unp, Unp+1

by (i) for almost all ¢ € [0, 1]. This implies
‘g(s,u) — g(t,u)) < L|s—t| foralls,te[0,1],uecR.

Conversely, for fixed ¢ € [0,1] the function g(t,-) is constant on R\(0,1) and hence
Oa9(t, ) = 0 there. On each interval (w1, u,) we have

19nloo + 1gn+l

Brg(t. )] <
2g(t, ) < e B

by (iv) and hence
’g(t,u) — g(t,v)’ < MJu—wv| forallte|0,1],u,v €R.
This gives in total
‘g(s,u) - g(t,v)‘ < Lls—t|+ M|u—wv| foralls,tel01],u,veR

showing that g € Lip(]0, 1] x R).

The sequence (z,) of functions x, € BV, defined by z,(t) := u, for all t € [0,1],
converges in BV to 0, due to ||z, 5, = |u,| and (iii). Moreover, Nyx,(t) = g(t, u,) =
gn(t) and thus,

[Ngtn = Nl gy, = [lgnll gy = Var(ga) > 1,

by (ii). But this means nothing than that the operator N, is not continuous at 0 with
respect to the BV -norm. [ |

We now give a practical example of such a construction.
Example 5.2.20. For n € N the functions

in(2"mt 1
gn(t) = SlIl2(n+ZT) together with the numbers wu,, := 7 (5.2.9)

satisfy all four conditions (i)—(iv) of Proposition [5.2.19 Indeed,
lg),(t)| = 7| cos(2"t)|/2 < 7 /2 for t € [0,1]

and hence (i) is fulfilled with L = 7/2. Moreover, by Theorem [1.1.20| we have

Var(g,) = /0 1

for all n € N which proves (ii). The sequence (u,) clearly decreases to 0, and finally

g%(t)‘ dt = 72r/01 ‘ cos(2"7rt)‘ dt =1

Uy — U1 - 2n—2-n-1 2

lgnlloe + llgnialloe 27" 142772 3
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This shows that also (iii) and (iv) are met with M = 3/2.

Figure 5.2.4: Lipschitz continuous g generating a discontinuous operator N, in BV

Figure shows g of (5.2.8) generated by the g, defined in (5.2.9) on [0,1] X

[1/64,1/2]. The thick black waves represent the functions gi,..., gs, where g; is in
the back and gg is in the front.

Let us now check which of the conditions (A)—(G) are satisfied by g. Note that since
g is globally Lipschitz continuous we find some K > 0 such that

lg(s,u) — g(t,v)| gK(\s—tl~|—|u—v\) for s,t € [0,1],u,v € R. (5.2.10)

In particular, [[g(-,u) — g(-,v)||, < K|u — v| for all u,v € R showing that (A) and
hence (B) are satisfied. Moreover, for a partition 0 = tq < ... < t, = 1 of [0, 1] and
arbitrary numbers uq, ..., u,—1 € R we have

> ‘g(tj—buj—l) - g(tj’uj—l)‘ SKY |tia—tl=K

j=1 j=1
and thus condition (E) with M = K. But this implies that also the conditions (C), (D)
and (F) are fulfilled, and that the operator N, maps BV into itself and is bounded by
Theorem [5.2.8] Furthermore, by Theorem [5.2.12] condition (G) must also be satisfied.
Indeed, if R > 0, a partition 0 = ¢, < ... < t, = 1 of [0, 1] and numbers u, ..., u, €
[—R, R] with > | |u;—1 — u;j| < R are given, then we obtain from that

J

> ‘g(tj—lauj) - g(tj,uj)’ <KDY Jtia—t] =K,
j=1

j=1
Z ‘g(tjflyujfl) - g(tj—ljuj)) < KZ luj1 —u;| < KR,
j=1 j=1

and this proves that g also satisfies (G) with Mp = max{K, KR}. &

We have now a method to construct functions ¢ : [0,1] x R — R that are globally Lip-
schitz continuous yet generate a discontinuous operator N, : BV — BV. Conversely,
we now give an example of a discontinuous function g : [0,1] x R — R that generates
a constant (and therefore an utmost smooth) operator N,,.
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Example 5.2.21. Let ¢; : R — R for j € N be defined by ¢; = 1 and ¢; = 0 for
j > 2. Then the function g, defined by , has the form g(t,u) = xq1/2)(t) and is
discontinuous at each point (1/2,u) € [0, 1] xR. For an arbitrary function z : [0,1] — R
we have Nyx = X{1/2y and so Iy is constant. In particular, this operator /N, maps any
function space X whatsoever into any of the spaces BV, WBV,, Y BV, and ABV and,
if X is normed, is globally Lipschitz continuous. &

Interestingly, a function g € C' does not only generate a locally uniformly continuous
composition operator (see Theorem [5.1.23), but also a locally uniformly continuous
superposition operator [96].

Theorem 5.2.22. If g : [0,1] x R — R is continuously differentiable, then N, maps
BV into itself and is uniformly continuous on bounded subsets of BV .

As we have seen in Example [5.2.21] the converse of Theorem [5.2.22] is far from being
true. This is again in contrast to the composition operator C, : BV — BV, where ¢ :
R — R being continuously differentiable is equivalent to Cj; being uniformly continuous
on bounded subsets of BV (see Theorem .

Sometimes one is not interested in global continuity on the entire space, but rather in
continuity at a particular point. For fixed x € BV we impose the following condition.

V5>035>0V0:t0<...<tn:1‘v’u0,...,un€[—5,6]: Z|uj_1—uj|§5
=1
=2,

J=1

[g(tjl, u; + :c(tj,l)) - g(tj, u; + x(tj)ﬂ
_ [g(tjl,x(tjl)) —~ g(tj,x(tj))” <e
and En:

gty + 2(t;)) —'g(tj—lauj‘+’$(tj—1))‘2§ €. (H(z))

For the special case that N,0 = 0, condition (H(0)) reduces to the following condition.
Ve >0 3(5>OV0:t0< <tn:1Vuo,...,un € [—(5,5] : Z\uj,l—uj\ <9

=1

— 3 gty w) — gty )| < e and D" |gltr,uim) — gt w)| < e (Ho)
j=1 j=1

The conditions (Hp) and (G) look very similar yet neither of them implies the other.
Example 5.2.23. Let ¢ : [0,1] x R — R be defined by g(¢,u) = h(u) with
h(u) = {u for |u] <1,

0 for |u| > 1.

In particular, N, = C},, that is, the superposition operator is in fact a composition
operator with generator h and satisfies N,0 = 0.
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We now show that ¢ satisfies (Ho) but not (G). For € > 0 pick 0 := min{e, 1}. Then
for any partition 0 = ¢ty < ... < t, = 1 and any collection wuy, ..., u, € [—§,0] of real
numbers with .

> i —uy| <6

j=1
we have

3ottt )] = - [tw) — | =0 <

and, as |u;| <o <1forall j€{0,...,n},
>~ ot 1 i) = g1, )| = X i) = h(u)| = 3 fuja =g <5 <e.
j=1 j=1 J=1

Thus, g satisfies (Hy). However, for R := 3 and v; := 1+ (—1)7277 for j € Ny we have
2n

3
Z|Uj_1—vj‘:3—47§3:R fOI‘?’LEN,

=1

but, as v; > 1 for even j and 0 < v; < 1 for odd j,

2n 2n n

> glti1v0) = glt1,0)| = 2 [hlv; 1) = hlvy)| =23 (1-27%4) >

j=1 j=1 j=1
which becomes unbounded as n increases. Consequently, g cannot satisfy condition
(G). This is also clear by the fact that for composition operators C}, condition (G) is
equivalent to h € Lipy,.(R). But our h here is not even continuous. &

In a moment we will see that also (G) does not imply (Hy). But first we mention the
following result which states that (H(x)) provides a pointwise continuity criterion for
N, [96].

Theorem 5.2.24. Let g : [0,1] x R — R be so that N, maps BV into itself, and let
x € BV be fixed. Then N, is continuous at x € BV if and only if for each t € [0, 1]
the function g(t,-) is continuous at u = x(t) and (H(z)) holds.

Let us have a quick look back again at the function g of Example [5.2.20| which has been
constructed in such a way that N, is discontinuous at x = 0. As we have seen there,
g satisfies all the conditions (A)—(G) and hence generates a superposition operator
N, that maps BV into itself and is bounded. Moreover, since g is globally Lipschitz
continuous, the function ¢(¢, -) is continuous at u = 0 for each fixed ¢ € [0, 1]. However,
by Theorem [5.2.24] condition (H(z))=(H,) cannot be satisfied at z := 0. Indeed, let
gn be the functions defined in (5.2.9), and set € := 1/2. Pick § > 0 arbitrarily and
choose k € N so large that v := 1/2¥ < §. Since Var(g,) = 1 we find a partition
0=ty <...<ty=10f][0,1] such that

m 1
Z|9k: i—1) — gk(t ')|>§‘
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Now, consider u; := v = 1/2% for j € {0,...,m}. Then u; € [—4,6] for all j €
{0,...,m} and 372, |uj1 — u;| = 0, but

m m m 1

> ‘g(tj—lauj) - g(tjauj)’ =) ’9(%‘—1,1)) - g(tj»v)‘ =) ‘gk(tj—l) - gk(tj)’ > 5 =c
=1 =1 =1
Thus, (Hp) cannot hold. In particular, none of the conditions (A)—(G) implies (Hy).
We now consider the global Lipschitz condition of N, i.e. a condition of the form

|Ngx — Noyll 5 < Lz =yl 5y for x,y € BV, (5.2.11)

where L > 0 is a constant independent of z and y. The following result is similar to
Theorem [5.1.22 and was proven in [108].

Theorem 5.2.25. Let N, map the space BV into itself.
(a) If N, is Lipschitz continuous in the sense of (5.2.11)), then
lg(t,u) — g(t,v)| < Lju — v fort e [0,1],u,v € R, (5.2.12)

and the right reqularization g%, defined by

lim, , 0<t<1,
g () = | e 95, u)Jor (5.2.13)
g(1,0) fort=1,
is affine, that is, there are two functions a,b € BV such that
g (t,u) = a(t)u + b(t) fort € 0,1],u € R. (5.2.14)

(b) Conversely, if g coincides with g* defined by and is of the form (5.2.1/

for two functions a,b € BV, then N, is Lipschitz continuous in the sense of

5.2.11)).

Let us remark that, unfortunately, there is a tiny gap between the statements (a) and
(b) of Theorem [5.2.25| Part (a) says that from (5.2.11)) it follows that g is affine with
respect to u. However, part (b) states that if g# is affine with respect to u and g = g¥,

then N, satisfies ((5.2.11]). In particular, the function g from Example|5.2.21| generating
a constant and hence globally Lipschitz continuous operator N, : BV — BV does not

contradict Theorem [5.2.25| because although being not affine itself, g* = 0 is. Thus,
g% being affine is only necessary for the global Lipschitz condition for N,. We show in
the following example, that it is not sufficient, and that (5.2.12]) cannot be dropped.

Example 5.2.26. The function ¢ : [0,1] x R — R, defined by

(t.) u? fort =0,
7u =
g 0 forO0<t<1,

does not satisfy (5.2.12) and hence generates an operator N, that cannot be globally
Lipschitz continuous in the sense of (5.2.11)). Moreover, g#(t,u) = 0 for all ¢t € [0, 1]
and u € R, and so g7 has the form (5.2.14) with a = b = 0. &



210 5.2. Superposition Operators

It is clear that in the autonomous case g(t,-) = g for all ¢ € [0, 1] and some function
g : R — R there is no difference between ¢g* and § since the regularization refers only
to the variable ¢t. In this case, Theorem |5.2.25| reduces to Theorem [5.1.22]

One might ask whether under the hypothesis of part (a) of Theorem the function
g itself must be affine with respect to v and not only its regularization ¢g#*. We give
here an example which shows that the answer is negative. Our example is a slight
simplification of the example given in [108].

Example 5.2.27. Let g be as in (5.2.1) with ¢;(u) := 277 sin(u) for all j € N. By
Proposition [5.2.1] the function g satisfies the conditions (B) and (F) (even (A) and (E))
and therefore generates an operator /N, that maps BV into itself and is bounded by
Theorem [5.2.9, For any partition 0 =ty < ... <t, =1 and x,y € BV we have

jzi:l\fvm_l)—Ngy<tj_1>—Ngx<tj>+ (ty)] <2 z\ )= Nyy(ty)
b)) ) )

<2lz =yl > 27 < 2|z —yllpy -
j=1

<2y 27
j=1

()03

o(ta(0) ~ g(t.90)| < s [sina(t) —siny(t)] < e sl

Moreover,

[Ngz — Ngyl|, = sup
te(0,1]

< llz = yllgy

which gives in total ||[Nyx — Ngyll 5, < 3|z — yll5y,- This proves that N is globally
Lipschitz continuous in BV. However, g(%j, u) is clearly not affine with respect to u
for any 7 € N. &

Note that ¢#(t,u) = 0 for all ¢ € [0,1] and u € R for g in the last example, in
accordance with Theorem [5.2.25| (a).

We point out that a stronger degeneracy phenomenon has been proved for many other
normed function spaces X, namely, if N, maps X into itself and is globally Lipschitz
continuous, then ¢ is affine with respect to u, that is, g(¢,u) = a(t)u+b(t) for functions
a,b € X. For instance, this has been proved for X = C™ in [104], 105], for the Sobolev
space X = W' in [I06] and for the space X = WBV,? of functions of bounded
(p, 2)-variation in [I07]. Likewise, an analogous result was shown in [I03] for the space
X = Lip, of Holder continuous functions with exponent ae < 1 and in [93] for the space
X = C™* of functions with Holder continuous n-th derivative.

As we have seen in Theorem [5.1.22] already uniform continuity of C, leads to a strong
degeneracy of g. In fact, a similar result is true for the superposition operator in all our
BV-spaces. The degeneracy of g is then expressed in terms of its right regularization

as in Theorem [5.2.25]
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Theorem 5.2.28. Let X be any of the spaces BV, WBV,, Y BV, or ABV. If N,
maps X into itself and is uniformly continuous, then g* is of the form (5.2.14) for
a,be X.

In fact, Theorem remains true if the operator N, is merely uniformly bounded
[6].

In [I] the authors have shown that for the Riesz space an even stronger degeneracy
occurs. To be more precise, they proved the following.

Theorem 5.2.29. If N, maps RBV), into itself and is uniformly continuous, then g is
of the form g(t,u) = a(t)u + b(t) for some functions a,b € RBV,,.

It is clear that the converse of Theorem [5.2.29|is also true, even for all our BV -spaces
X. Indeed, if g is of the form g(t,u) = a(t)u + b(t) for a,b € X, then for z,y € X we
have

Nyae(t) = Nay(t) = g(t.2(8)) — 9(t.4(5)) = a(t)(2(t) — y(1)) for t € [0,1]

and hence
[Ny — Ngyll o < llall llz —yll -

Moreover,

Nyols)=Nyy(s) = Nya(t) + Nyg(0)] =

als) (#() = 5()) — alt) (w(0) = (1))
a(s) [x(s) — y(s) — x(t) + y(t)] + [als) — a(®)] [2(t) y(t)}\
< ally [2(s) = y(s) = x(t) + y(t)| + |a(s) — a(®)| ||z — vl

for any s,t € [0,1]. Using the symbol ®x for the seminorm part of our BV-norms as
summarized in Table we obtain by Lemma [1.2.206]

Ox (Nyz — Noy) < [lall,, @x(z —y) + Px(a) Iz =yl

and thus in total |[Nyz — Nyl < |lal| ¢ [|x — y||x. This shows that Ny : X — X is
even globally Lipschitz continuous.

The following is an extension of Example[5.2.26/and shows that the converse of Theorem
5.2.28|is not true in general.

Example 5.2.30. Let g be as in Example [5.2.26] and let X be any of the spaces BV,
WBV,, YBV, or ABV. Then N, maps X into itself and is bounded, because for any
x € X we have

Ny (t) = x0p(0)*.
Moreover, g% (t,u) = 0 for all ¢ € [0,1] and u € R, as we have seen in Example [5.2.26]

But N, cannot be uniformly continuous. To see this, pick any ,u > 0. The constant
functions = w and y = v+ ¢ belong to X with ||z —y||y =6, but

INyz = Nyylly = 1Nz = Nyl = (u+6) — u? = 2u8 + 8

which gets infinitely large as u — oo. &



212 5.2. Superposition Operators

Uniform continuity of N, implies that g¢(¢,-) is uniformly continuous for each fixed
t € [0,1] (which is not true for the function ¢ in the previous example), and so this and
probably something else is missing in Theorem [5.2.28]to gain a necessary and sufficient
condition for the uniform continuity of N, in X. But we do not know what exactly.

Later in Chapter [7] we apply some of the theoretical results presented here to integral
equations which we will solve with fixed point theorems. For most applications the
Banach-Caccioppoli Fixed Point Theorem will do the job. However, applying it to
the entire space would require the underlying superposition operators to be globally
Lipschitz continuous which in most cases is too restrictive, as we have seen before.
Therefore, we will use it only locally in order to gain solutions that are at least locally
unique. The advantage is that then the corresponding superposition operators need to
be only locally Lipschitz continuous. As in ([5.1.19)) we mean by that a condition of the
form

INye = Noylly < Lellz =yl for fally. lyllx < R (5.2.15)

where X is one of our BV-spaces. As far as we know apart from trivial sufficient
conditions there are no conditions known for g to make N, satisfy . We now
give here a sufficient condition which is very similar to Theorem[5.1.21] Therein we have
seen that the composition operator C, maps any of our BV-spaces locally Lipschitz
continuously into itself if and only if h € Lip], (R). A similar result is also true for the
superposition operator.

Theorem 5.2.31. Let X be any of the spaces BV, WBV,, YBV,,, ABV or RBV,.
Assume that g : [0,1] x R — R satisfies the following conditions.

(1) 9(-,0) € X,
(ii) g(t,-) € CYR) for each fized t € [0, 1],
(iii) Oqg(-,0) € B,
(iv) For each R > 0 there is some Ag > 0 such that
|029(t, u) — Dag(t,v)| < Aglu — v
whenever t € [0,1], u,v € [-R, R].
(v) For each R > 0 there is some Br > 0 and a function zgr € X such that
lg(s,u) — g(s,v) = g(t, u) + g(t,v)| < Br|zr(s) — zr(t)[|u — v|
whenever s,t € [0,1] and u,v € [-R, R].

Then N, maps X into itself and is locally Lipschitz continuous in the sense of .
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Proof. First note that once (5.2.15)) has been established, it follows from (i) that IV,
maps X into itself, because

[Ngz]|x < [[Ngz = NgOl| i + [INgOl x < L[]l x + [[NgOl| x < 00

We thus have to focus only on (5.2.15). For that fix R > 0. We first show that g
satisfies for fixed uy, us,v1,v2 € [-R, R] and s,t € [0, 1] the estimate

|g(87u1) - 9(877}1) - g<t7u2) + g(t,U2)|
S AR<|U1 — ’lL2| + |U1 — U2|> (|u1 — U1| + |U2 — U2|)
+ MR|U1 — V] — U + ’Ug| + BR|ZR<S) - ZR(t)HUQ — V2|, (5216)

where Mpg is given by
Mp = RAR + [|02g(-, 0) || . ; (5.2.17)

note that (iii) guarantees that Mp is finite. To this end, first note that for uy, ug, vy, ve €
[—R, R] and s,t € [0, 1],

|g(57u1) - g(S,'Ul) - g<t7u2) + g<t7U2>|
< ‘9(57 ul) - g(s, Ul) - g<57u2) + 9(377}2)‘
+ |g<8a u?) - 9(87 U?) - g(ta u?) + g(ta U?>|
< ‘g(S, U’l) - g(S, Ul) - g(57u2) + g(S,U2)| + BR|ZR(8) - ZR(t)HuQ - 02’
by (v). To estimate the remaining term |g(s,u1) —g(s,v1) —g(s, uz) + g(s, v2)| consider
the function h(u) := g(s,u) for fixed s € [0,1]. This function is continuously differen-
tiable in R by (ii) and satisfies |h'(u) — A/ (v)| < Ag|u —v| by (iv). By [0, Lemma 5.48]
we obtain
[A(ur) = h(v1) = h(uz) + h(vs)]
S AR(|U1 — UQ‘ + |Ul - Ug|> <|U1 - U1’ + |UQ - U2|>
+ Mg(s)|uy — vy — ug + sl (5.2.18)

where

Mpg(s) = Wl _pp = = Sup [D29(s, w)|-

Since |02g(s, u)| < |029(s,u) — 029(s,0)| 4+ |029(s,0)| < Aglu| + ||029(-,0)||, < Mg for

lu| < R by (iv), the estimate ([5.2.16)) follows.
For functions z,y : [0,1] — R and s,t € [0, 1] we obtain from (/5.2.16)),

|Nyz(s) = Ngy(s) — Ny (t) + Nyy(t)|
= Jo(s.2(5)) = 95.0(5)) = g(t.2(0) + 9(t,0(0))
< An(las) = 2] +1y(s) = O] ) (Ials) = y()] + lalt) = y(0)])
+ Mg|a(s) = y(s) — o(t) + y()| + Br|2r(s) — za(t)|[2(t) — y(1)]
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and thus,
|Nyz(s) — Nyy(s) — Nyz(t) + Nyy(t)]
<24n o =yl (Jo(s) = 2(0)] + ly(s) ~ 9(0)])
+ Mgla(s) —y(s) — x(t) + y(t)| + Br |z — yll [2r(s) — 2r()].  (5.2.19)
By Lemma we get for x,y € Br(X),
Px(Nyz — Nyy) < 24z [z =yl (2x(2) + Px(y))
+ Mg ®x(r —y) + Brllz — yll, Px(2r)
< (4RAR + Br®x(zp)) |z — yllo, + Mr®x(z —y),  (5.2.20)

where ®x is as in Table|1.2.1} Moreover, for s =t € [0, 1] we obtain from (5.2.16|) with
uy = x(t), v1 = y(t), ug = vy =0,

|Nya(t) = Noy(®)| = |g(t,2(8)) — g(t,5(1))]
< An(Jo(0)] + [y(®) ) lo(t) = y(0)] + Mala(t) = y(0)
< (2RAR + M) [z =yl - (5.2.21)
Combining (5.2.20) and (5.2.21)) yields
[Ngz — Noyllx < <6RAR + Br®x(2r) + MR) |z = yllo + MrPx(z —y)
< (6RAR + Br®x(zr) + Mg) |z =y -
Finally, taking into account, we obtain for any of our BV -spaces X,

Ny = Nyl < (TRAR+ Ba®x(en) + 1090, 0)llc ) o —vlly (5222
which is the desired estimate (5.2.15)) with
Lr =TRAR + BrPx(2r) +|029(-,0)|
The proof is complete. [

As we have seen, under the assumptions of Theorem [5.2.31] the superposition operator
N, satisfies the estimate

Ny = Nyyll < (TRAR + Brbx(zn) + 10290, 0)ll ) Iz =yl (5:2:23)

for all x,y € X with ||z]|y, |ly||x < R, where ®x is as in Table [1.2.1]

We remark that condition (iv) in Theorem [5.2.31| says that 0,9 satisfies condition (B).
Moreover, any g € C*([0, 1] x R) satisfies all the hypotheses of Theorem [5.2.31} Indeed,
for such g the conditions (i)—(iv) are clearly fulfilled. Moreover, the function

g(tv u) B g(tv U)

G(t,u,v) = u—v
Oag(t,u) for u = v,

for u # v,
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belongs to C1([0,1] x R x R); in particular, for each R > 0 there is some Bg > 0 such
that |G(s,u,v) — G(t,u,v)| < Bg|s —t| for all s,t € [0,1],u,v € [-R, R], and this
implies (v) with z(¢) = t. Thus, the hypotheses of Theorem are not as artificial
as they may appear at first glance.

However, Theorem [5.2.31| may also be applied to discontinuous functions g satisfying
the conditions (i)—(v). For instance, the function ¢ in Example is discontinuous
yet meets all the conditions of Theorem for X = BV. Indeed, we have seen that
this g generates a constant operator Ny : BV — BV. Here is another more general
example that deals with separated variables in one of our BV -spaces X.

Example 5.2.32. If g : [0,1] x R — R is given by g(¢,u) = ¢1(t)g2(u) for g1 € X and
g2 € Lip},.(R), then the conditions (i)-(iv) of Theorem are satisfied. Indeed,
9(+,0) = ¢192(0) and Oa9(-,0) = g1g5(0) are in X and bounded, because g, is, and so
(i) and (iii) are fulfilled with

1829+ 0)ll o = 192(O)[ ]9/l -

Moreover, g(t,-) = g1(t)gs belongs to C*(R) for each ¢ € [0, 1] which is (ii). The partial
derivatives with respect to the second argument fulfill

Dg(t, ) — Bag(t, )] = g1 (1) |g5(1) — gh(0)] < lgnl.o v (g [~ R, R)) u— o]

for u,v € [—R, R] and thus (iv) holds with

Ar = ||g:]l lip (g4, [ R. R)).

Finally,

|9(s,u) = g(s,0) = g(t;u) + g(t,v)] = |g1(s) = g1(D)]|g2() = g2(v)]

for s,t € [0,1],u,v € [-R, R], and because of g; € X and g2 € Lip;,.(R) condition (v)
is satisfied with
2p=g¢1 and Bpg=Ilip (gg, [—R, R])

In particular, N, : X — X is locally Lipschitz continuous by Theorem [.2.31} but ¢,
and hence also g can be discontinuous. &

As a special case of Example [5.2.32] let g; € X be arbitrary and go(u) = u for all
u € R. Then N, = M, with

Mg,z = My,yllx <llgrllx llz —wllx fora,yeX,

and this shows that Theorem [5.2.31] covers Corollary [£.1.8|
If we take g1 = 1 and ¢» € Lip},.(R) in Example 5.2.32] instead, then N, = C,, with

G = Conylly < (TRp (g5, (=R ) + |540)]) o =yl for 2.y € Ba(X),

and this shows that Theorem [5.2.31] also covers Theorem [5.1.21. However, in contrast
to Theorem [5.1.21] the hypotheses of Theorem |5.2.31]| are not necessary.



216 5.2. Superposition Operators

Example 5.2.33. Consider the function g : [0,1] x R — R, defined by g(t,u) =
xqoy(t)|ul. Then g(0,u) = |u| is not differentiable with respect to u, and so g does
not meet (ii) in Theorem . However, g generates an even globally Lipschitz
continuous superposition operator N, : BV — BV. To see this, note that for any
x,y € BV,

‘$(0)’ - ’y(O)‘ for t =0,
0 for 0 <t <1,

Nga(t) = Ny(t) = g(t,2(t)) = g(ty(t)) = {

in particular, ||Nyx| 5, = 2|2(0)|, and so N, maps BV into itself. Moreover,
INgz = Nyyll g = 2/[2(0)] = [y(O)| < 2l = yllc < 2]z =yl py

for any x,y € BV, and thus N, is indeed globally Lipschitz continuous in BV'. &

Note that Example [5.2.33] is not contradictory to Theorem [5.2.25] because for the
generator g(t,u) = xo3(¢)|ul, any ¢t € [0,1] and v € R we have g#(¢,u) = 0 which is

affine in the sense of (5.2.14)).

Instead of considering operators IV, from a BV-space X into itself it will be of great
use later on in Chapter m to also consider N, as an operator from a BV-space X into
Loo. In order to find conditions for the local Lipschitz continuity of such operators one
needs to find for each R > 0 a number Li > 0 such that

[Ngz = Ngyll, . < Lrllz—ylx for [lz][x,llylx < R. (5.2.24)

To establish that one can give much milder conditions on g than those given in Theorem

5.2.31. We end up with

Theorem 5.2.34. Let X be any of the spaces BV, WBV,, YBV,, ABV or RBV,,
and let g : [0,1] x R — R be given. Then the operator N, maps the space X into L
and is locally Lipschitz continuous in the sense of (5.2.24) if g satisfies the following

two conditions.
(i) g(-,u) is measurable for each u € R, and g(-,0) € L.

(ii) For each R > 0 there is some ar € Lo such that ‘g(t, u) — g(t, v)‘ < ag(t)|u—v|
for all t € [0,1] and all u,v € [-R, R].

Proof. Assume that g satisfies (i) and (ii) and fix R > 0. Since ag € Lo, there is some
constant Lr > 0 such that ag(t) < Lg for almost all ¢ € [0,1]. For z,y € X with
lz]l 5, ly|lx < R we then have for almost all ¢ € [0, 1] by (ii),

l9(t2(1) = g(t.y(®)| < Lale) — y()!.
Thus, since [z, < |||, < [|2]/x for all z € X,

[Ny — NngLm < Lgpllx— ?JHLoo <Lglz-ylx-
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This shows that (5.2.24)) is satisfied. Moreover, from this and (i) we obtain
INgzll,, < [INgz = NgOI[ + [[NgOl,, < RLr+ [lg(-0)ll., ,
and thus /N, maps the space X into L. [ |

Clearly, Theorem [5.2.34) remains true if one replaces Lo, by the space B of bounded
functions; one then just has to replace (ii) by condition (B). Moreover, under the

hypothesis of Theorem the operator IV, maps even L, into itself and is locally
Lipschitz continuous.

At this point we remark that condition (i) in Theorem together with condition
(ii) implies that g(¢, ) is continuous for (almost) all ¢ € [0, 1]. This means in particular
that g is a so called Carathéodory function which guarantees that the superposition
operator N, maps the space of measurable functions into itself [37]. However, being a
Carathéodory function is only sufficient but not necessary for this acting condition on
the space of measurable functions, and the problem of finding sufficient and necessary
conditions is delicate. For a detailed discussion of this and related problems see also
[12].

Moreover, we remark that Theorem only provides a sufficient condition for the
local Lipschitz continuity of Ny : X — Lo, and we do not know if it is also necessary.
The crucial part in condition (ii) is that the function ar € Lo, must be independent of
w and v, that is, (ii) is equivalent to the condition that for each R > 0 there is some
Lgr > 0 and some null set N C [0, 1] such that

‘g(t,u) — g(t,v)| < Lglu —v| (5.2.25)

for all ¢ € [0,1]\N and all u,v € [—R, R]; in particular, N is independent of u and wv.
Therefore, one might think that (ii) could be weakened by

VR>03Lg>0: |g(,u)—g(,v)|,. < Lgrlu—uvl, (5.2.26)

because this means that only for each fixed u, v € [—R, R] there is a null set N depend-
ing on u and v such that holds for all ¢ € [0,1]\N. By considering constant
functions it is easy to show that is necessary for IV, : X — L to be locally
Lipschitz continuous. However, as the following example shows, it is not sufficient,
even when (i) is added.

Example 5.2.35. Let g : [0,1] x R — R be defined by

1/t forO0<t=u<1,
g(t,u) = _
0 otherwise.

Then g(-,u) is measurable for each u € R, and ¢(¢,0) = 0 for any ¢t € [0, 1] showing
that (i) in Theorem [5.2.34] is satisfied. Moreover, for fixed u,v € R we have g(t,u) =0

for all t € [0,1]\{u,v} and hence ||g(-,u) —g(-,v)[|, = 0. Thus, (5.2.26) is also

satisfied. However, the function z(t) = t clearly belongs to any of our BV -spaces X,
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but g(t,z(t)) = 1/t for 0 < t < 1 does not belong to L. Thus, N, does not map X
into L. Note that g does also not satisfy (ii) of Theorem because otherwise
we had |g(t,t) — g(¢,0)| < a1(t)t for some function a; € Ly, and all ¢ € (0, 1] which
would imply a;(t) > 1/t* for such ¢t. But this is impossible. &

The following example shows that we cannot drop assumption (i) in Theorem [5.2.34]
Example 5.2.36. Let g : [0,1] x R — R be defined by

1/t for0<t<1,

t,u) =u+
9(t,u) {0 for t = 0.

Then |g(t,u) —g(t,v)| = |u—wv| for all u,v € R and ¢ € [0, 1] and hence (ii) of Theorem
5.2.34] (even globally) is satisfied.

However, condition (i) fails for g, because g(t,0) = 1/t for 0 < t < 1 is not essentially
bounded; in particular, N,0 ¢ L, although 0 € X. This also shows that even if g is
globally Lipschitz continuous N, does not have to map any linear function space into
the space L. &

Let us now take a closer look at compactness. As Theorem shows, the composi-
tion operator C; is compact only if the generating function g degenerates to a constant
function. The situation is of course different for superposition operators. To see this,
let us again have a look back at the linear multiplication operator that we have ex-
haustively studied in Section [{.1} This is because a multiplication operator M}, can be
considered as a superposition operator N, with ¢(t,u) = h(t)u, and we have already
done so in Example [5.2.32] and the special cases thereafter. According to Theorem
such operators are compact in BV if and only if supp(h) is countable. In par-
ticular, there are many compact superposition operators N, where g is not constant.
Here is an example.

Example 5.2.37. Our function g in (5.2.1) with ¢;(u) = u for all j € N generates
a superposition operator which is in fact a multiplication operator N, = M} with
generating function h = x4 and support A := {1/(2j) | j € N}. By Theorem ,
N, is compact. &

One could conjecture that the result for multiplication operators carries over to super-
position operators, requiring that supp g(+, u) is countable for each u € R. However, the
following two examples show that this condition is not necessary for the compactness
of Ny, and it even does not guarantee the acting condition N,(BV) C BV.

Example 5.2.38. The function g(¢,u) = 1 generates a constant and hence compact
operator N, : BV — BV, but supp g(-,u) = [0,1] for all u € R. &

Example 5.2.39. The support supp g(-,u), where g is as in (5.2.1) with ¢; = x1/(2j)
for all j € N, has either only one element or is empty. But /N, does not map BV
into itself, since the identity function z(¢) = ¢ which belongs to BV is mapped to the
function ¢(t,t) = xa(t) with A :={1/(27) | 7 € N} which does not belong to BV. <
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The last two examples have shown that we cannot expect supp g(+,u) to be countable
for every u € R if N, is compact. However, if we shift (-, u) into g(-,u) — g(-,0), then
we obtain the following result.

Theorem 5.2.40. Let X be any of the spaces BV, WBV,, Y BV, and ABV, and let
the generator g : [0,1] x R — R be so that N, maps X into itself and is compact. Then

supp (9(-,0) — 9(-,0)) (5.2.27)
s countable for each u € R.

Proof. Fix t € [0,1] and u € R and let (7,) be a sequence in (0,1)\{t} that converges
to t. The functions z,, = uxy-,; form a bounded sequence (z,) in X. Indeed, we
have |lz,||,, = |u| for all n € N. For X = Y BV,, we have by Proposition |1.2.10| for

A =2lul/¢7!(1),
Var, <q;?> < (2\)\14) =1.

and hence M(z,,) < 2|u|/e~1(1). In total, this gives [znlly By, < (1+2/gp‘1(1)>|u\ for
all n € N in this case.

For X = ABV we get from Proposition that Vary(z,) < 2A1|u| and hence
|Zallypy < (14 2M)[uf for all n € N.

In any case, the sequence (z,,) is mapped by N, into the sequence

un(s) = g(s,xn(s)) _ {g(s, u) for s =1,,

g(s,0) for s # 7,.
Since N, is compact in X, the sequence (y,) has a subsequence (y,, ) that converges
in X and hence also pointwise to some function y € X. For fixed s € [0, 1]\{¢} we have
s # T, for sufficiently large n € N as the 7,, converge to ¢, and hence y,, (s) = g(s,0)
for sufficiently large £ € N. For s =t we have s # 7, even for all n € N and thus again
Yn, (s) = g(s,0) for all k € N. Consequently, y(s) = g(s,0) for all s € [0,1].
The convergence of (y,,) to y in X =Y BV, implies that M (y,, —y) — 0 as k — oo.
Therefore, there exists a sequence (ju) of positive real numbers tending to 0 such that

Yny, — y) > 0 (‘ynk (t) - y(t) _3;% (Tnk) + y(Tnk) )

1> Var, (
223

_, (\gmw —9<w70>!) o (o)
M 223

(T )| < pe™' (1)
for all £ € N, where h(s) := g(s,u) — g(s,0). For k — oo the right hand side goes to
zero, and thus taking the limit inferior on both sides with respect to & yields

and thus

lim inf |h(s)| = 0. (5.2.28)
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For X = ABV we obtain

VarA(ynk - y) Z Al’y”k (t) - y(t) - ynk(Tnk) + y(Tnk) = )\1‘9<Tnk7u) - Q(Tnk7 0)‘

= Aa[h(7,)]

for all £ € N. Again, for £ — oo the left hand side goes to zero, and thus taking the
limit inferior on both sides with respect to k yields also in this case (5.2.28)).

Since t was picked arbitrarily, holds in fact for all ¢ € [0,1]. By assumption, N,
maps X into itself which implies that h belongs to X. Thus, h has at most countably
many points of discontinuity. But at every point ¢ € [0, 1] of continuity, implies
that h(t) = 0. Consequently, i has countable support, and this was exactly what we
had to establish. [ ]

First, let us quickly discuss the weird looking condition that is countable for
each u € R in Theorem . If N, maps BV into BV, the function g(-,u) belongs
to BV and possesses one-sided limits at each point in [0, 1] for every fixed u € R. If,
in addition, these limits coincide with the values of the function at the corresponding
points, that is,

g(t,u) = lim g(s,u) for0<t<1 or  g(t,u) = lim g(s,u) for0<t<1

s—1+

and

lim g(s,u) = g(0,u) and lim g(s,u) = g(1,u)

s—0+ s—1—

holds true for each u € R, then the countability of actually implies g(t,u) =
g(t,0) for all t € [0,1] and u € R which means that g does not depend on u whatsoever!
In particular, Theorem is a special case of Theorem [5.2.40| which in turn covers
the necessity in Theorem [{.1.12] Indeed, if Ny is a multiplication operator in BV,
that is, g(t,u) = h(t)u for some h € BV, then the countability of implies that
supp(h) is countable. Observe that Example is now also covered by Theorem
6240

Theorem [5.2.40]does not cover the Riesz spaces which we will consider now. In Theorem
we have seen that the multiplication operator M, : RBV, — RBV, is compact
if and only if ¢ = 0. In Theorem we have shown that the composition operator
Cy : RBV,, — RBV, is compact if and only if ¢ is constant. Thus, it is reasonable to
suspect that a compact superposition operator N, : RBV,, — RBV, which enshrines
the properties of both the multiplication and the composition operator should behave
in a similar way. Indeed, our suspicion is correct.

Theorem 5.2.41. Let g : [0,1] x R — R be so that N, maps RBV), into itself. Then
Ny is compact if and only if there is some h € RBV), such that g(-,u) = h for allu € R.

Proof. 1t is clear that if g(-,u) = h for some h € RBV,, and all v € R, then N, is
compact since Nyz = h for all z € RBV,,.
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For the converse let N, : RBV,, — RBV, be well-defined and compact. We show that
g does not depend on its second argument and hence has the predicted form. In order
to do so fix 7 € [0,1] and u € R and let

S = limsup

v—0

‘g(T,u+v) —g(r,u) ‘

Then there is a sequence (v,) in [—1,1]\{0} converging to 0 such that

lim =5
n—oo

‘g(T,u+ Un) — g<7-7 u)

Consider the functions z, : R — R, defined to be continuous and piecewise linear by
zn(t) = u for |7 —t| > n, and z,(7) = u + v,, where 1, := |v,[?/®*~Y; in particular,
N, — 0 as n — oo. The functions z,, := z,|o,1) then form a bounded sequence in RBV,,

1 T+Nn
[ wrar< |
0 T—"n

since
|Un |p _

[P

P
dt =2

Un
Tin
which implies

|2nll gy, = 1l + RVary ()" < | + vn] + 27 < Ju + 1427 forn € N.

Since the operator N, is compact it is also bounded which implies that the function
g(T,-) is continuous in R by Proposition . Moreover, the compactness of N, also
tells us that the functions y,, := Nyx,, must have a subsequence (y,, ) that converges in
RBV), to some y € RBV,,. For fixed t € [0,1]\{7} we have y,(t) = g(t, z,(t)) = g(t,u)
for sufficiently large n and hence y(t) = g(t,u). At 7 we have

y(7) = lim (7’, T, (7’)) = lim g(7,u+ vy,) = g(7,u),

k—o0 k—o0

and here we used the continuity of ¢(7,-) and the fact that v, — 0 as k — oco. Thus,
y(t) = g(t,u) for all t € [0, 1].
We now obtain

Up o 97+ ) = y(7 + ) = o (7) + (7))

RVary(yn, —y)"" 2 oD/
n
g(T + Dy Ty (T + nnk)) — g(T + nnk,u) — g(T, xnk(T)) + g(r, u)’
- &= D/p
g(T, U+ vnk> — g(T, u)‘

[0, |

for sufficiently larke & € N; if 7 = 1 we have to replace 7 +n,, by 7 —n,,.
Since RVar,(y,, — y)'/? goes to 0 as k — co we obtain

0= lim g(T,u—i-vnk) —g(T, u)

k—o0 Un

k
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This shows 0g(T,u) = 0 for all u € R and hence g(7,u) =: h(7) for all u € R. Since 7
was arbitrary and N, maps RBV, into itself we conclude g(t,u) = h(t) for all ¢ € [0, 1]
and v € R with h € RBV,,. [

Let us now come back to the space BV. The natural question is now if the countability
of for each u € R is in fact equivalent to compactness of N,. Unfortunately,
the answer is negative, and we give three examples to illustrate this. The first shows
that the countability of alone (without the requirement N,(BV) C BV) is
not sufficient to guarantee that we can always extract from (N,z,) a subsequence
converging in BV even if both (z,) and (N,z,) are bounded sequences in BV

Example 5.2.42. Let g(t,u) := x0y(t — u), that is,

1 fort =u,
g(t,u) =
0 fort # u.

In particular, for u = 0 we have g(t,u) — g(¢,0) = 0 for all ¢ € [0, 1], and for u # 0 we
get

-1 fort=0,

g(t,u) — g(t,0) =31  fort=u,
0 forte[0,1\{0,u},

and thus supp (g(-,u) — g(-,O)) € {@, {0}, {O,u}} which shows that (5.2.27) is even
finite for each u € R. The functions x,(t) = t,xq,)(t) with ¢, := 1/(2n) for all
n € N (or any other bounded sequence of pairwise distinct numbers t,, € (0,1)) form a

bounded sequence in BV, since ||z, 5, = 3t, for all n € N. Moreover, since z,(t) =t
if and only if ¢ € {0,¢,} we have

1 forte{0,t,},

Notn(t) = {0 for ¢ € (0, 11\{t,},

and so (Nyx,,) is also a bounded sequence in BV with || Ny, 5, = 4 for all n € N.
However, (Nyx,) cannot have a subsequence converging in BV, since it cannot have a
Cauchy subsequence in BV. This is, because for m # n we have

1 for t =t,,,
Ny (t) — Nyzp(t) = =1 for t = t,,,
0 forte[0,1\{tm, tn},

and thus || Nyx,, — Nyxy|| 5, = 5 for all m # n.

Finally, N, does not map BV into BV. To see this, consider the function z(t) =
©3,0,1(t) +t which was defined in (L.II). It is easy to verify that x is continuously
differentiable on [0, 1] and hence belongs to BV. Moreover, z(t) = t if and only if
t e {0}U{1/(mn) | n € N} = A. But z is mapped by N, into the function x4 which
is not an element of BV O
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The next example shows that even an operator N, which maps BV into BV with
countable set ([5.2.27)) for each v € R may not be compact.

Example 5.2.43. Define g : [0,1] x R — R by

n fort:O,u:%,nEN,
g(t,u) =

0 otherwise.

For any function z : [0,1] — R we then have g(-,z) = nxqo if 2(0) = 1/n for some
n € N and g(-,z) = 0 if (0) # 1/n for all n € N. Clearly, the sets contain
at most ¢ = 0 for each u € R, and N, maps any space of real-valued functions on
[0,1] into BV. But N, as an operator from BV into itself is not compact, because the
constant functions x,, = 1/n form a bounded (even convergent) sequence in BV, but
the functions Nyx,, = nxyo cannot have a convergent subsequence in BV. Note that
N, is also discontinuous and unbounded. &

The last example of this series is more complicated but presents a bounded but not
compact operator Ny : BV — BV generated by a function g that has finite sets ([5.2.27))
for each u € R.

Example 5.2.44. For n € N put A4, := {k/2" | k € {1,...,2" — 1}} and define the
functions g, :== 27"x4,. Consider ¢ : [0,1] x R — R, defined by

gn(t) foru=2""neN,
g(t,u) = ,
0 otherwise.

Figure shows those points (¢,u) € [0,1] x [0,1/2] at which g is not zero. At these
points the value of g is u.

-

ool —

L 3 1
2 4
Figure 5.2.5: The points at which g is not zero.

We first show that g generates a bounded operator IV, : BV — BV which is the hardest
part. In order to do so fix x € BV and set y(t) := g(t,z(t)). Then ||y|, < 1/2, and
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Var(y) being finite or infinite is given by

Var(y) =2 > y(t)

tesupp(y)

according to Proposition [I.1.8] because g has countable support, and so has y. If
supp(y) is finite, y € BV and we are done. We therefore assume that supp(y) is infinite.
Note that then for each such ¢ € supp(y) we find m € N and k € {1,...,2™ — 1} such

that L |
t=— and z(t) = —.
om0 x(t) o
We now pick n € N and pairwise distinct to,...,t, € supp(y); without loss of gen-
erality we may assume 0 < tg < --- < t,, < 1. Defining u; := z(¢t;) and J := {j €

{1,...,n} | uj_1 # u;} gives
Sult) =3 gt u) = 3 gltyw) + 3 gty uy). (5.2.20)
j=1 j=1 jeJ j¢J

To estimate the last sum in (5.2.29) we fix j € {1,...,n}\J. Then u;_; = u;, and we
find numbers m, kj—17kj e N, kj—l < ]fj, such that tj—l = kj_1/2m, tj = k]/zm and
uj—1 =uj =1/2™. Then

1 ki —ki_q
9t w) = 50 < o =1~ i

and consequently

Zg(tj,uj) S th — t]’,1 S 1. (5230)
j¢J i¢J

We now take care of the second to last sum in (5.2.29) and fix j € J. Since u;_; # u;,
either u;_1 > 2u; or u;—; < uj/2. In the first case we get u;_; —u; > wu; and in the
latter we obtain u; — u;_; > w;/2. But in any case we have

uj < 2fuj1 — uyl,
and this leads to

> gty ug) <23 |ujog — uj| < 2Var(z). (5.2.31)

jed jeJ

Thus, putting (5.2.29)), (5.2.30)) and (5.2.31) together yields

y(t;) < 2Var(z) + 1,
-1

J

and since n has been picked arbitrarily, this is true for any n € N. Consequently,

Var(y) < 4 Var(x) + 2.
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Finally,
INgzl gy = Iyl gy = Yl + Var(y) < 4|zl 5y +5/2

which shows that N, is indeed a bounded operator from BV into itself.

However, N, is not compact: The sequence (z,) of constant functions z,, = 27" is
mapped into the sequence (g,) with ||g,||,, = 27" — 0 as n € N. Therefore, any
subsequence of (g,) must (uniformly) converge to 0. However, such a subsequence
cannot converge with respect to the BV -norm, since

n 2" —1 1
Var(g,) = 21T HA, = Ton1 =2~ 1 >1 forneN.
Consequently, N, : BV — BV cannot be compact. &

We now give some examples of compact superposition operators in BV. First, let us
mention that if N, has the form

Ng = Cf o M# o Ch, (5232)

that is,
Ny (t) = f(,u(t)h(m(t))) for 0<t<1,

where Cy and C}, are composition operators generated by functions f,h : R — R,
respectively, and M), is a multiplication operator generated by a function p : [0,1] — R,
then the operator N, : BV — BV is compact if f,h € Lip,.(R) and p € BV N S..
Indeed, if h € Lip;,.(R), then Cj, is bounded by Theorem , and p € BV NS,
implies that M, is compact by Theorem Consequently, M, o C} is compact in
BV. Again, [ € Lip;,.(R) yields together with Theorem that C} is continuous

in BV and so in total N, is compact as an operator from BV into itself.

Based on these general observations we give now two examples of compact superposition
operators N, : BV — BV. The first one is generated by a function ¢ in separated
variables which cannot be written as a multiplication operator. The second one is
generated by a function g which cannot be written in separated variables.

Example 5.2.45. Let g(t,u) = xgnpo,1](t)u® be given in separated variables. Writing
f(u) =u, p(t) = xgnpa(t) and h(u) = u? we have f,h € Lip,(R) and p € BV NS,
and we conclude by what we have observed above that N, = Cy o M, o C}, maps BV
into itself and is compact. However, since h is not linear, the operator N, is not a
multiplication operator. %

Example 5.2.46. The function g(t,u) = sin(xgno,1)(t)u) cannot be written in sepa-
rated variables. Setting f(u) = sin(uw), pu(t) = xqnp,](t) and h(u) = u, we again have
f,h € Lipio.(R) and pr € BV NS, and conclude that Ny = C o M), o Cj, maps BV into
itself and is compact. &



226 5.2. Superposition Operators

It is now time to summarize what we know about the disparities between the compo-
sition operator C, and the superposition operator N, in the space BV .

e Whenever the composition operator C; maps BV into itself, it is automatically
bounded; this is not true for the superposition operator N,, see Example |5.2.13|

o Whenever the operator C; maps BV into itself, it is automatically continuous;
this is not true for the superposition operator N, see Example [5.2.20]

 The acting condition Cy(BV') C BV holds precisely for locally Lipschitz contin-
uous functions g : R — R; the acting condition N,(BV) C BV may hold even
for discontinuous functions g : [0,1] x R — R, see Example [5.2.18]

» The local Lipschitz continuity of g : R — R guarantees the continuity of Cj in
BV, not even the global Lipschitz continuity of g : [0,1] x R — R guarantees the

continuity of N, in BV, see Example

e Only affine functions g : R — R generate globally Lipschitz continuous operators
C, in BV’; this is not true for the superposition operator N, for g : [0, 1] xR — R,
see Example [5.2.21]

e Only constant functions g : R — R generate compact operators C, in BV; this
is not true for the superposition operator N, for g : [0,1] x R — R, see Example

237

On the last pages of this section we make some remarks concerning so called locally
defined operators which are defined as follows.

Definition 5.2.47. Let X and Y be spaces of real-valued functions on [0, 1]. A (linear

or nonlinear) operator 7' : X — Y is called locally defined if for each open interval
I C R the implication

£U|m[0,1] = y|m[0,1] - (T33)|m[0,1] = (Ty)|m[o,1]

holds for all functions z,y € X.

Locally defined operators are also called operators with memory in the literature.
Clearly, any multiplication, composition and superposition operator is locally defined
as long as it is well-defined. Indeed, from x(t) = y(t) for t € I N[0, 1] it follows that
Mya(t) = g(t)2(t) = g(t)y(t) = Myy(t) and Cya(t) = gla(t)) = g(y(t) = Cyy(t) and
Nyx(t) = g(t,z(t)) = g(t,y(t)) = Nyy(t) for all t € I N[0, 1], respectively.

Here are three examples of operators from the space BV into itself which are not locally
defined.

Example 5.2.48. The substitution operator S, : BV — BV, defined in (4.0.2)) and
generated by g : [0,1] — [0,1], ¢ — 1, is not locally defined. The functions = := X2,
and y := 2x1/2,1) both belong to BV and agree on the open interval I := (0,1/2), but

Sya(t) = a(g(t) = w(1) = 1 # 2 = y(1) = y(g(t)) = Syy(t) for any ¢ € [0, 1]. o
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Example 5.2.49. The integral operator I, : BV — BV, defined in and gen-
erated by ¢ : [0,1] x [0,1] — R, (¢,s) + 1, is not locally defined. The functions
T = Xp,1/2 and y := 2x[0,1/2] both belong to BV and agree on the open interval
I:=(1/2,1), but

Ix(t) = /01 g(t,s)z(s)ds = /01/2 1ds = ;

1/2 1
#1= /0 2ds = /0 g(t,s)y(s)ds = Iy(t)
for any ¢ € [0, 1]. &

Example 5.2.50. The Volterra operator V, : BV — BV, defined in (4.3.10) and
generated by ¢ : [0,1] x [0,1] — R, given by

1 for0<s<t<1,
g(t,s) =
0 for0<t<s<l,

is not locally defined. The functions x := x[o,1/2] and y := 2x(o,1/2) both belong to BV
and agree on the open interval I := (1/2,1), but

Vo (t) = /Otg(t, s)z(s)ds = /01/2 1ds = ;

1/2 t
A1= [ T2ds= [ glt.s)y(s) ds = Vyy(t)
0 0
for any t € I. &

The point is now that if X and Y are certain spaces of continuous functions, then any
locally defined operator T': X — Y is in fact a superposition operator. For instance,
the following has been established in [89].

Theorem 5.2.51. For each locally defined operator T' : C' — C' there is exactly one
continuous function g : [0,1] x R — R such that T' = N,,.

In [89] it was also shown that the same result remains true if C is replaced by C'.
Surprisingly, in this case, the function g may not be continuous anymore.

Similar representation results have been achieved for other function spaces. For in-
stance, if T' : X — (C is locally defined on X = C™, the space of n-times con-
tinuously differentiable functions, it was shown in [89] that then 7" has the form
Tx(t) = g(t,z(t),2'(t),...,2™(t)) for some function g € [0,1] x R**! — R. Other
results in this direction are also known for X = Lip,, the space of Holder contin-
uous functions [I57], and for X being the space of Whitney differentiable functions
[109, 110, [156].

It turns out that we have a similar result if X is one of our BV -spaces intersected with
the space C.

Theorem 5.2.52. Let X be any of the spaces Lip, BV, WBV,, YBV,, ABV or
RBV,. Then for any locally defined operator T' : X N C — C there is exactly one
function g : [0,1] x R = R such that T' = Nj.
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Theorem was proven in [I58] for X = Y BV, and hence also for X = WBYV,
and X = BV and in [I§] for X = RBYV,. Theorem remains true even for other
BV-type spaces like X = W BV),.), the space of functions of bounded Wiener variation
with variable exponent p : [0,1] — (1,00) [69] . The proofs for all these results are
very similar. We present here the proof for X = Lip and for X = ABV for which we
could not find a reference.

Proof of Theorem for X = ABV and X = Lip. We begin by showing
Claim 1: The following implication holds.

Ve,ye XNCOVre (0,1): z(r)=y(r) = Tx(r)="Ty(r). (5.2.33)

To this end, fix x,y € X N C and 7 € (0,1) with z(7) = y(r). Then the function
z:10,1] — R, defined by

x(t) for0<t<r,
2(t) =
y(t) forr <t <1,

belongs to X NC'. Moreover, z coincides on [0, 7] with z and on [7, 1] with y. Therefore,
there is some 7 > 0 such that the open intervals I, := (7 — 2¢,7) and J. := (7,7 + 2¢)
are contained in [0, 1] and satisfy x|, = z|;. and y|,, = z|,. for all € € (0,n). Since T
is locally defined on X N C' it follows that

(Tz)|;. = (T2)|. and (Ty)|s. = (Tz2)|,. for all € € (0,7n).
But this implies
Ta(r—e)=Tz(t—¢e) and Ty(r+¢e)=Tz(t +¢) for all € € (0,n),

and since T'x, Ty and Tz are continuous at 7 we conclude by letting ¢ — 0 that

Tx(r) =Tz(1) = Ty(r). Thus, (5.2.33)) is true, indeed.

Claim 2: For x,y € X N C with (0) = y(0) there are sequences (s,) and (t,) in (0,1]
both decreasing to 0 and a function z € XNC' such that z(s,) = z(s,) and z(t,) = y(t,)
for allm € N.

Claim 2 follows for X = ABV from [I58]. Therein it was shown that z can be con-
structed in such a way that z € BV N, even if x and y are merely continuous without
having bounded Waterman variation.

We now show Claim 2 for X = Lip. To this end, let s, := 2272" and t,, = 272"
for n € N. Then both (s,) and (¢,) are sequences in (0,1] that converge to 0 so
that s,41 < t, < s, for all n € N. Consider the function z : [0,1] — R, defined by
2(0) = z(0) = y(0) as well as by z(s,) = z(sp), 2(tn) = y(t,) and linear between s,,1
and t, and between t, and s, for all n € N; Figure [5.2.6 shows how the function z
(thick black lines) “zigzags” between z and y.
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Figure 5.2.6: The function z “zigzagging” between = and y.

Since x,y € Lip we also have x — y € Lip, and since z(0) — y(0) = 0,

l2(s) — y(s)| < (lip(x) +lip(y))s for s € [0,1].
Thus, for all n € N we have

|Z(3n) - Z(tn>| . |x(5n) - y(tn)| < |x(3n> - x(tn)‘ 4 |$(tn) - y(tn)|

Sn_tn Sn_tn Sn_tn Sn_tn

< lip(z) + <1ip(a:) +lip(y)) n .~ = 2lip(2) + lip(y)

Sp — Uln

and
2(tn) — 2(Sn41) - ly(tn) — 2(Sni1)| < y(t,) — (tn)] i 2(tn) — 2(Sn+1)]

tn — Sn+1 tn — Sn+1 - tn — Sn+1 tn — Sn+1
tn : . :
< (lip(az) + lip(y)) P lip(z) = 3lip(x) + 21ip(y).
n — °n+4l

Consequently, z € X N C with lip(z) < 3lip(z) 4+ 2lip(y), and Claim 2 is established.

Claim 3: The implication [5.2.35 holds also for T € {0,1}.

Let 7 = 0 (the argument for 7 = 1) is similar. Fix z,y € X N C with z(0) = y(0). By
Claim 2 there are sequences (s,) and (t,,) in (0, 1] both decreasing to 0 and a function
z € X N C such that

2(sp) = x(s,) and  z(t,) = y(t,) for all n € N.

Without loss of generality we may assume that 0 < s,,t, < 1 for all n € N. Then by
Claim 1 it follows that

Tx(sp) =Tz(s,) and Ty(t,) =Tz(t,) for all n € N.

Finally, the continuity of Tz, T'y and T'z yields Tx(0) = T'z(0) = Ty(0).

Claim 4: There is exactly one function g : [0,1] x R = R such that T = N,,.
Define g : [0,1] x R — R which generates the desired superposition operator by

g(t,u) = T(ul)(t).

For any function z € X N C and fixed 7 € [0,1] we have z(7) = (93(7)]1) (1), where
both = and z(7)1 belong to X NC. We get with the help (5.2.33) and Claim 3,

g(m,x(r)) = T(2(r)1)(r) = Ta(r).
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This shows the existence of g. If A : [0,1] x R — R is another function with 7" = N,
then for any ¢ € [0,1] and u € R,

g(t,u) = T(u)(t) = h(t, (u)(t)) = h(t, ).

This shows the uniqueness of g and completes the proof. [

We end this section with two examples of locally defined operators which cannot be
represented as superposition operators.

Example 5.2.53. Define T : BV — R by Tz := %, where 2% denotes the right
regularization of x defined in . To show that T is locally defined, fix z,y € BV
and an open interval I C R such that x|;n,1] = y|in,1]- Without loss of generality we
may assume that N[0, 1] # 0. Fix 7 € I'N[0,1]. Since I is open and z and y coincide
on I N [0,1] they also coincide in a neighborhood of 7. In particular, z# = y# in that
neighborhood. Since 7 was chosen arbitrarily in N[0, 1] we conclude Tz = 2% = y# =
Ty on I NJ0,1]. Consequently, T is locally defined.

However, T' is not a superposition operator. To see this assume the opposite, that is,
assume that there is a function g : [0,1] x R — R such that z#(t) = Tz(t) = g(t, z(t))
for all z € BV and t € [0,1]. If we take x = xq0; € BV then ¢(0,1) = ¢g(0,z(0)) =
2% (0) = 0, but on the other hand ¢(0,1) = ¢(0,1(0)) = 1#(0) = 1, a contradiction. <

This example also shows that we cannot drop the requirement in Theorem that
the domain and the target space of T' are subsets of €. The same is true if X N C
in Theorem is replaced by a space that contains all functions that agree with a
continuous function almost everywhere, even if the operator 1" maps this space into C.
This is illustrated by our last example in this chapter.

Example 5.2.54. Let X :={y+ 2 | y € C, 2z = 0 almost everywhere}, and define the
operator T': X — C by

Tz(t) = lim — z(s)ds. (5.2.34)

Then T is well-defined, because X C L;, and if x € X, then x can be written as
x =1y + z for some y € C and z : [0,1] — R with z = 0 almost everywhere. Such z is
then mapped by T into the function y, because

t+6 t+6
oty =y [ (o) + 00) o = g5 [ wlo) s =yt

holds for all ¢ € [0, 1], where the last equality follows from Theorem (b).

Moreover, it is clear that 7' is locally defined, because the integral in (5.2.34) needs
to know only how z looks like in a neighborhood of t. But T is not a superposition
operator. Otherwise we had Tx(t) = ¢g(t,z(t)) for some function g : [0,1] x R — R
and all ¢t € [0,1]. For the two functions 1 and x(o; both belonging to X this would
imply on the one hand ¢(0,1) = ¢(0,1(0)) = T1(0) = 1(0) = 1, but on the other hand
9(0,1) = g(0, x103(0)) = T'x{03(0) = 0(0) = 0, a contradiction. &
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We remark that the fixed points of the operator T in Example are precisely all
continuous functions.

If therein X is replaced by the space K H of all Kurzweil-Henstock integrable functions,
then T is no longer well-defined, for two reasons: First, the limit in (5.2.34) may
not exist at some ¢ € [0,1]. Second, the resulting function 7'z does not have to be
continuous. However, T" can be replaced by the operator T:KH— KH , defined by

46
. lim — / ds if the limit exists and is finite,
T[[,‘ t = 6—0 (5

otherwise,

which can be considered as an extension of 7" onto K H that is now well and still locally
defined. It can be shown that 7'z = z almost everywhere [84]. In this setting the fixed
points of T in the subspace

t+6
KH, := {x € KH | vt €|0,1] hm 5/ s)ds exists and is ﬁmte}

of those K H-integrable functions x for which the limit exists and is finite
are precisely those functions which have a primitive, and this is exactly the assertion
of Theorem m (d). The fact that T and hence also T cannot be represented as
superposition operators might be one tiny of the many reasons why the class A of
functions with primitive is still entangled by some mysteries.



Chapter 6

Types of Convergence which
Preserve Continuity

It is a well-known fact that a locally uniformly convergent sequence of continuous func-
tions always has a continuous limit function. That is, the continuity is preserved under
locally uniform convergence. In probably every Analysis course it is also pointed out
by means of the example f,(x) = 2" for x € [0, 1] that the locally uniform convergence
cannot be replaced by pointwise convergence. However, continuity of the limit function
is not equivalent to locally uniform convergence.

2 2.2

Example 6.0.1. Consider the continuous “hump”-functions f,,(z) = nz? exp (—n x )
for n € N and z € R. For z # 0 we have f,(x) — 0 as n — oo, and f,(0) = 0 and
fn(1/n) = 1/e for each n € N. Consequently, (f,) converges pointwise but not locally
uniformly on R to the continuous function 0. %

Note that these “hump”-functions form a bounded sequence with respect to the supre-
mum norm that has no locally uniformly convergent subsequence.

This raises the question what additional assumption on top of pointwise convergence
can be made in order to guarantee that the limit function of a sequence of continuous
functions is always continuous. The first one who solved this problem was Arzela
in 1883, who introduced in [14] and [15] the term piecewise uniform convergencdl]
and investigated series of continuous functions on compact real intervals which was
also discussed in [I55]. His term was later renamed into quasi uniform convergence
and generalized and modified in many directions, for instance, for a discussion of the
same question in topological spaces [2]. A detailed survey including Arzela’s original
definition and the historical development of this type of convergence can be found in
[38]. Nowadays, the term quasi uniform convergence seems to be used not consistently;
we will give the definition of which we will make use at the beginning of Section
below.

'His original Italian notion is convergenza uniforme a tratti. In English literature, one sometimes
finds the translation uniform convergence by segments.

232
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In this chapter which will also be published as [I34] we investigate - in addition to
pointwise and locally uniform convergence - three further types of convergence in met-
ric spaces which are, besides a variant of the classical quasi uniform convergence, also
semi uniform and continuously uniform convergence. We give criteria under which a
sequence converges in one of these types and keep our eyes on those which preserve
continuity. In addition, we give some conditions on sequences of functions and their un-
derlying spaces under which convergent subsequences can be extracted and recall that
several types of convergence considered herein can be used to characterize compactness
of the domains the functions under consideration live in. Eventually, we compare all
five types of convergence with each other and give a summary of the relations among
them at the end of Section [6.1] However, we will focus our attention on semi uniform
convergence which will be of particular importance in Section [6.2]

Therein we are going to apply some of the results from Section [6.1]to the (autonomous)
composition operators in the space BV which we have discussed in detail in Section
b.1] As we have seen in Proposition there are known criteria under which such
operators map the space BV into itself. Moreover, we gave criteria under which the
composition operator is locally Lipschitz continuous (Theorem , globally uni-
formly continuous (Theorem and uniformly continuous on bounded subsets of
BV (Theorem [5.1.23). But as we have already mentioned at the end of Section [5.1] the
question of whether the composition operator is automatically pointwise continuous in
the space BV has an interesting history. Its positive answer has two quite technical
proofs, the first of which given in [I18] is almost 30 pages long, and the second was
given quite recently in [96]. In Section [6.2{ we will apply some of the theoretical results
developed in Section and present a new and short proof for this fact. We also give
criteria under which sequences of composition operators converge locally uniformly and
semi uniformly in the space BV'.

6.1 Five Types of Convergence in Comparison

In what follows, let (X,dx) and (Y,dy) be metric spaces. Just for the sake of com-
pleteness, let us start with recalling the definition of locally uniform convergence.
Definition 6.1.1. Let f,, f : X — Y for n € N be functions, and let z € X be fixed.

We say that the sequence (f,) converges locally uniformly to f at x if there is some
0 > 0 such that for each € > 0 there is N € N such that for all n > N and y € X with

dx(x,y) < 6 we have dy(fn(y), f(y)) <e.
Using quantifiers, this reads

>0ve>03INeENIR>NYyeX: dx(ry) <5 = dy(fuly). fy) <e.

Moreover, we say that (f,) converges locally uniformly to f in X if (f,) converges
locally uniformly to f at each z € X.

It is clear from this definition that locally uniform convergence implies pointwise con-
vergence.
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As written at the beginning of this chapter, a necessary and sufficient condition on top
of pointwise convergence of a sequence (f,) of continuous functions to guarantee that
f is continuous is that the convergence is not only pointwise but also quasi uniform.
Since there are many different definitions for this term, we state the definition we will
work with here in detail. It is a pointwise version of Arzela’s original deﬁnitionﬂ and
was also used in [54, Definition 1] under the name “almost uniform convergence”; for
metric spaces it reads as follows.

Definition 6.1.2. Let f,,, f : X — Y for n € N be functions, and let € X be fixed.
We say that the sequence (f,,) converges quasi uniformly to f at z if for each ¢ > 0
and each N € N there are § > 0 and n > N such that for all y € X with dx(z,y) <§
we have dy (fn(y), f(y)) <e.

Using quantifiers, this reads
Ve>0YNENTI>0I>NWyeX: de(ry)<d = dy(fuly) f(v)) <e

Moreover, we say that (f,,) converges quasi uniformly to f in X if (f,,) converges quasi
uniformly to f at each z € X.

Let us make five comments on this definition. First, locally uniform convergence clearly
implies quasi uniform convergence, but quasi uniform convergence does not imply point-
wise and hence also not locally uniform convergence:

Example 6.1.3. The functions f, = (—1)" for n € N converge quasi uniformly in R
to the constant function 1, but not pointwise and thus also not locally uniformly. <

Second, and more surprising, Example [6.1.3] also shows that the limit function of a
quasi uniformly convergent sequence may not be unique! Indeed, f = —1 is another
quasi uniform limit (in the above Definition just take even n for f and odd n
for f ); in particular, the quasi uniform convergence cannot be induced by a metric.
Third, the functions f, = ((—1)" + 1)n for n € N converge quasi uniformly to the
zero function 0 and show that a quasi uniformly convergent sequence may neither be
bounded nor a Cauchy sequence, not even pointwise. Fourth, the same example shows
that an arbitrary subsequence of a quasi uniformly convergent sequence may not be
quasi uniformly convergent anymore (consider the subsequence fo, = 2n). Lastly, a
sequence which has a quasi uniformly convergent subsequence must be quasi uniformly
convergent itself. Therefore, quasi uniform convergence behaves completely different
than ordinary types of convergence and always requires caution when used.

Let us come back to continuity. With Definition [6.1.2 at hand one can show

Theorem 6.1.4. Let (f,) be a sequence of continuous functions f, : X — Y, let
f: X =Y bea function and let x € X be fived. Then the following statements are
equivalent.

(a) The sequence (f,) converges quasi uniformly to f at x.

(b) The function f is continuous at x and f(x) is a limit point of (f,(x)).

2See [14] and [I5] and also [38] for his original definition.
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Proof. “(a)=-(b)”: Fix € > 0. Since (f,,) converges quasi uniformly to f at =, we find
for each N € N some § > 0 and m > N such that
£
dx(ey) <6 = dy(fu(v). fW) < 5
In particular, for y = x, we obtain dy (f,,(z), f(x)) < £, and this shows that f(z) is a
limit point of (f,(z)).
Now, for N = 1 we pick ¢ and m accordingly and keep it fixed. Since f,, is continuous

5
3

at x, we find some 7 > 0 such that
€
dx(ey) <n = dy(fule). fuly)) < 5.
Thus, we obtain for y € X with dx(z,y) < min{d,n} that

dy (f(2), F(¥)) < dy (£(2), fn(@)) + dy (fin(@), Fn(¥)) + dy (fun (), F () <2,

which shows the continuity of f at x.

“(b)=-(a)”: To show that (f,) converges quasi uniformly to f at z, fix £ > 0 and
N € N. Since f(z) is a limit point of (f,(z)), we find some m > N such that

dy (fle), f(2)) < =

Since f,, is continuous at x we find some 7 > 0 such that

dx(@y) <n = dy(ful@) fuly) < 3,

and since f is continuous at x we find some o > 0 such that

dx(z,y) <0 = dy(f2). () < 5.

Thus, we obtain for y € X with dx(z,y) < min{d,n} that

dy (fm(®), () < dy (fm(®), fn(2)) + dy (fu(2), £(2)) + dy (£(2), f()) <&,
which shows the quasi uniform convergence of (f,) at x. [

Note that the additional requirement in (b) of Theorem [6.1.4] namely, that f(x) is

2

a limit point of (f,(x)), is a natural requirement for the implication “(b)=-(a)”, and

interconnects the limit function with the sequence.

Theorem implies that the limit function of a pointwise convergent sequence of
continuous functions is continuous if and only if the convergence is quasi uniform,
and this is just Arzela’s original result mentioned at the beginning; in particular, the
sequence (f,) given in Example converges quasi uniformly.

Moreover, Theorem [6.1.4] also says that the convergence cannot be quasi uniform if the
pointwise limit function of a sequence of continuous functions is discontinuous. We
illustrate this explicitly in the following
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Example 6.1.5. The continuous functions f,, : [0,1] — R, defined by f,(z) = =",
converge pointwise to the discontinuous characteristic function f := xgy on [0,1].
Theorem now implies that the convergence cannot be quasi uniform at = = 1.
This can be seen also directly: Note that

y* for 0 <y <1,

‘fn(y) — f(y)‘ = {O for y = 1.

For e = %, N = 1 and arbitrary § > 0 and n € N we can pick y := max{1—4/2,27'/"} €

(0,1). Then |y —1]=1—-y <6/2 < and |f,.(y) — f(y)| = y" > 3 = ¢, and this shows
that (f,,) does not converge quasi uniformly to f at x = 1. O

However, even if a sequence of everywhere discontinuous functions converges pointwise
to a continuous function the convergence may not be quasi uniform:

Example 6.1.6. Denote by p,, the n-the prime number, and let

A, = {;Z | m € Z,k € N, ged(m, p,) = 1} for n € N.
Then the sets A,, are all dense in R. To see this, fix n € N, x > 0 and € > 0. Choose
k € N so large that pf(z + ¢) — pfz = pfe > 2. Then the interval {pﬁx, pr(x + 6)}
contains at least two consecutive integers, of which at least one is coprime to p,. If we
call this integer m, we obtain pf(z + ) > m > pFa and hence m/pF € [z,2 + €] N A,
as desired. The same reasoning works for z < 0.

To prove that the A, are pairwise disjoint, assume that x € A, NA,, for some n; # ns.
Then there are my, my € Z, kq, ks € N such that

mp mo .
]fll == ]% with  ged(my, pn,) = 1 = ged(ma, p,)-
This implies mpf2 = mopk!, and thus m; must be dividable by p,,, as p,, and p,, are

distinct prime numbers, contradicting ged(mq, p,,) = 1.

We now consider the everywhere discontinuous functions f,, := x4, on R; these satisfy
fn(0) =0 for all n € N, as 0 ¢ A,, for all n € N. Moreover, each fixed x € R\{0}
belongs to at most one A, as the sets A,, are pairwise disjoint. Thus, f,(x) # 0 for that
x and at most one n € N. This shows that (f,,) converges pointwise to the everywhere
continuous function 0. However, the convergence to 0 can nowhere be quasi uniform,
since for each x € R, n € N and 6 > 0 we have

sup |fu(y)| = sup |xa,(y)| =1,
|z—y| <o lz—y|<o

as each A, is dense in R. O

Also observe that Example[6.1.5shows that only the second assertion in Theorem [6.1.4]
(b), that is, the limit point part, alone does not suffice to imply (a), while Example
shows that only assertion (b) in Theorem without the overall assumption
that the sequence consists of continuous functions does also not suffice to imply (a).
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A tiny modification of Definition [6.1.2] leads to another type of convergence which in
contrast to quasi uniform convergence does imply pointwise convergence.

Definition 6.1.7. Let f,, f : X — Y for n € N be functions, and let z € X be fixed.
We say that the sequence (f,,) converges semi uniformly to f at x € X if for each ¢ > 0
there exist N € N and ¢ > 0 such that for all n > N and y € X with dx(z,y) < 0 we
have dy (f.(y), f(y)) <e.

Using quantifiers, this reads
Ve>03INENI >0 NWyeX: dley) <8 = dy(fuly), /() <e.

We say that (f,,) converges semi uniformly to f in X if (f,) converges semi uniformly
to f at each z € X.

This new definition has some benefits. First, the major difference between Definition
[6.1.1] and Definition [6.1.7] is that the ¢ in the definition of semi uniform convergence
may depend on . Second, it is clear from that definition that semi uniform conver-
gence implies both pointwise and quasi uniform convergence and hence always ensures
uniqueness of the limit function. In particular, the two sequences constructed in the
Examples [6.1.5] and [6.1.6] can neither converge semi uniformly nor locally uniformly,

since they do not converge quasi uniformly. Moreover, it is also clear from the def-
inition that any subsequence of a semi uniformly convergent sequence is again semi
uniformly convergent. Thus, the definition of semi uniform convergence recovers most
of the familiar properties a “nice” type of convergence should have. But we pay a price
for this. Semi uniform convergence is indeed stronger than quasi uniform convergence
which is again shown by the functions f,, = (—1)" of Example [6.1.3] They converge
quasi uniformly to either 1 or —1, but they cannot converge semi uniformly, because
they do not even converge pointwise. Thus, semi uniform convergence requires more
restrictive assumptions on the sequence. However, semi uniform convergence is weaker
than locally uniform convergence, and we give three examples for this, the first one
being a sequence of functions which are everywhere discontinuous on R.

Example 6.1.8. Let the sets A, be defined for all n € N as in Example [6.1.6] and
consider the modifications g, : R — R of the functions in the same example, defined
by

gn(z) = {SCXAn(SU) for o # 0,

% for z = 0.

Since the x4, converge pointwise to 0, as we have seen in Example and ¢,(0) =
% — 0 as n — 00, also (g,) converges pointwise to 0. Moreover, since each A, is dense
in R, for fixed n € N and 6 > 0 we have

1 1
su 9] = e { s b, ] = o 1.5},
lyl<d - lyl<s n

and (g,) fails to converge locally uniformly at = = 0.
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If, however, for fixed £ > 0 we choose § = ¢, then we have for |y| < ¢ and n > %,

1
92(0)] < max {55} = =,

and this shows that (g,) converges semi uniformly to 0 at x = 0. But for the same
reason as in Example [6.1.6] at every other point x # 0 the convergence again cannot
be semi uniform. &

The next example consists of functions which are everywhere continuous and, exactly
as in Example[6.1.8] converge semi uniformly but not locally uniformly to 0 at x = 0.

Example 6.1.9. For n € N define g, : R — R by

20 2p(1 —2"z) for 0 <z <277
gn(:B) = .
0 otherwise.

Then each g, is continuous everywhere on R and attains values different from zero
only for z € (0,27") and its global maximum 1 at z = 27"~1. Moreover, the sequence
(gn) converges pointwise on R to 0. We now consider the sequence (f,) of functions
fn : R — R, defined by

£() TGn (2’“3: — 1) for 2% < x < 27F*1 and k € N,
n\L) =
0 for x € R\ (0, 1].

Then the functions f,, while being continuous on R for each n € N converge pointwise
to 0.
For fixed § > 0 we find k£ € N such that 27%+! < § and obtain for all n € N,

swp [fu(y)] > sup  ygu(2y—1) =27,

ly|<é 27 h<y<2-hH1

which shows that (f,,) cannot converge locally uniformly to 0 at = = 0.
However, the convergence is semi uniform at x = 0. To see this fix ¢ > 0 and choose
0 = e. Then we obtain

sup |fn(y)| < suply|=0=¢
ly|<é ly|<é

which holds for all n € N. &

Since semi uniform convergence implies quasi uniform convergence, the two sequences

constructed in the Examples [6.1.8] and |6.1.9| converge quasi uniformly, as well.

We will give a third example showing that semi uniform convergence is indeed weaker
than locally uniform convergence in Example [6.2.9]in the next section.

As we have seen, semi uniform convergence is situated between locally uniform and
pointwise convergence. The following result gives a comprehensive and pointwise cri-
terion for semi uniform convergence of continuous functions.

Theorem 6.1.10. Let (f,) be a sequence of continuous functions f, : X — Y, let
f: X =Y be a function and let v € X be fixed. Then the following statements are
equivalent.
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(a) The sequence (f,) converges semi uniformly to f at x.

(b) The sequence (f,) is equicontinuous at x, the function f is continuous at x and
(fu(x)) converges to f(x).

Proof. “(a)=-(b)”: Since semi uniform convergence implies quasi uniform convergence,
we obtain from Theorem that f is continuous at x. To show that (f,) is equicon-
tinuous at x, fix € > 0 and pick according to the continuity of f at x some d,, > 0 such
that
£
dx(v,9) <0 = dy(f(2), () < 5 (6.1.1)

Since (f,,) converges semi uniformly to f at x, we find § > 0 and N € N such that

Vn>N:oodx(z,y) <6 = dy(fa(y), fv) < (6.1.2)

Wl ™

Finally, since each function f,, is continuous at x, we find for each n < N some 9,, > 0
such that

dx(w.y) <00 = dy(ful) () <e.

Letting 7 := min{dy, da,...,0n_1, 0, 0} implies for n < N and y € X with dx(z,y) <
n that dy (f.(z), fu(y)) < e. For n > N we obtain for those y

dy (fo(2), fa(0)) < dy (ful@), F(@) +dy (f(@), F@)) + dy (F ), faly)) < e

and hence the equicontinuity of (f,) at x. Here we have estimated the first and last

term by (6.1.2)) and the middle term by (6.1.1). That (f,(x)) converges to f(z) follows
also from (6.1.2]). Consequently, (b) is proven.

“(b)=-(a)”: To show that (f,) converges semi uniformly to f at z, fix ¢ > 0. Since
(fn(x)) converges to f(x), we find some N € N such that

Yn> N: dy(fn(x),f(x)> < % (6.1.3)
Since (f,,) is equicontinuous at x we find some 1 > 0 such that
meEN: de(wy)<n = dy(fule) i) <5 (6.0.4)
and since f is continuous at x we find some 9 > 0 such that
dx(ay) <6 = dy(f@).J() < 3. (6.1.5)

Thus, we obtain for y € X with dx(x,y) < min{d,n} and n > N that
dy (fa(y), F(W)) < dy (fu(), ful@)) +dy (ful@), (@) + dy (f(2), f(y) <e.
Here we have used (/6.1.4]) for the first, (6.1.3]) for the second and (6.1.5) for the last

term. This shows (a) and completes the proof. [
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Let us compare the requirements (b) of Theorem and of Theorem [6.1.10 Quasi
uniform convergence at a point x implies that the limit function is continuous at x,
and that the limit function can be approximated at x at least by a subsequence. From
semi uniform convergence at x, however, we get in addition that the limit function can
be approximated by the entire sequence at x. But more important is that the sequence
itself must be equicontinuous at x. Thus, in contrast to quasi uniform convergence, the
limit function of a pointwise convergent sequence of continuous functions is continuous
if - but not necessarily only if - the convergence is semi uniform.

Note that since the pointwise limit of an everywhere equicontinuous sequence of func-
tions is continuous, the “global” version of Theorem reads as follows.

Corollary 6.1.11. Let (f,) be a sequence of continuous functions f, : X — Y and let
f: X =Y be a function. Then the following statements are equivalent.

(a) The sequence (f,) converges semi uniformly to f.
(b) The sequence (f,) is equicontinuous and converges pointwise to f.

Of course, we cannot expect the implication “(b)=-(a)” in Corollary [6.1.11] to remain
true if we drop the pointwise convergence in part (b); the functions f,, = n may serve
as a counterexample. Moreover, the same example shows that we even cannot extract
a semi uniformly convergent subsequence if we only assume (f,) to be equicontinuous
and not necessarily pointwise convergent. However, if we make sure that the spaces
X and Y are sufficiently “small”, then we indeed find a semi uniformly convergent
subsequence. Note that the following result is very similar to the famous and well-
known theorem of Arzela and Ascoli.

Corollary 6.1.12. Let (f,) be an equicontinuous sequence of functions f, : X — Y,
where X is separable and Y is compact. Then (f,) has a semi uniformly convergent
subsequence with a continuous limit function.

Proof. Since X is separable, there is a set D := {x, 9, x3,...} which is countable
and dense in X. Since Y is compact, we find a subsequence (f, 1) of (f,) such that
(fua(x1)) converges. Again, since Y is compact, we find a subsequence (fy,2) of (fn1)
such that (f,2(z2)) converges. Continuing this process, we obtain for each k& € N and
k > 1 a subsequence (f, ;) of (fnx—1) such that (f,x(xx)) converges. By a diagonal
argument, the sequence (g,,), defined by g¢,, := f,,, converges at each xy.

Fix 2 € X and ¢ > 0. First, since (f,) and hence (g,) is equicontinuous at x, we find
a 0 > 0 so that

€
VYneN: dyx(zy) <o = dy(gn(a:),gn(y)) < 3

Second, since D is dense in X, we find some k € N such that dx(zy,z) < §. Lastly,
since (g, (zx)) converges, it is also a Cauchy sequence, and we find some N € N such
that

15
‘v’m,n Z N : dY(gWL(xk‘)agn(xk)) S g
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By combining all the three arguments we obtain for m,n > N,

dy (gm (), 9a(®)) < dy (g (@), g () ) + dy (Gm(2), Gu(@1) ) + dy (gn(w8), gu (7)) <,

showing that (g,(z)) is a Cauchy sequence in Y. Since x was arbitrary and Y is
compact and hence complete, (g,) converges pointwise to some function f : X — Y.
Finally, f must be continuous as a pointwise limit of an equicontinuous sequence. By

Corollary [6.1.11}, (g,,) converges semi uniformly to f. [ |

The following two examples show that Corollary[6.1.12]turns wrong if X is not separable
or Y is not compact. The first example is of particular interest, since it provides another
sequence of functions that converges quasi uniformly but not semi uniformly.

Example 6.1.13. Let X be the metric space of all functions on R with values in
[—1,1], equipped with the supremum norm |-, and let ¥ = [—1,1] be equipped
with the Euclidean norm. Then X is not separable, but Y is compact. The functions
fo: X = [-1,1], 2 — x(n), form an (even uniformly) equicontinuous sequence, since

(@) = fa(y)] = [2(n) —y()| <z —yll, forz,yeX,nel,

but cannot have a semi uniformly convergent subsequence. Even worse, they cannot
have a pointwise convergent subsequence. Indeed, assume that the subsequence (f,, )x
converges pointwise, where ny < ny < ng < .... The function £ : R — [—1, 1], defined
by

; (—=1)* fort =ny, k €N,
¢® 0 otherwise,

belongs to X. But then (f,, (§))x is divergent, since

f(€) = &(ni) = (-1)F

diverges as k — oo. In particular, (f,,) converges neither locally uniformly nor semi
uniformly nor pointwise.

We now show that (f,,) converges quasi uniformly to the function

f:X —[-1,1], z — limsup x(n).

n—oo

Note that f is well-defined since for x € X the sequence (z(n))nen taking values only
in [—1,1] has a finite limit superior in [—1,1]. Observe that if x € X is fixed, then
there is a subsequence (z(ng))x of (z(n)), such that the numbers x(ny) converge to

limsupz(n) = f(x).

n—oo
This means that f(z) is a limit point of (f,(z)). If € > 0 is fixed and y € X so that
Iz =yl < &, then
x(n) —e <y(n) <x(n) +e
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for large n € N, and taking the limit superior on both sides yields

f(@) - f)] =

lim sup z(n) — lim sup y(n)‘ <e.
n—oo n—oo

This shows that f is continuous at . By Theorem (fn) converges quasi uniformly

to f at x. As x had been chosen arbitrarily, the quasi uniform convergence on X is

established. &

We remark that the same idea as presented in Example [6.1.13| shows that (f,) also
converges quasi uniformly to the function
f:X = [-1,1], 2 liggiorc}fx(n).

This function is different from f in Example|6.1.13] as the function z(t) = cos(7t) that
belongs to X shows, because we have

f(z) = limsup cos(nm) = limsup(—1)" =1
n—oo n—oo

#—1= liggggf(—l)" = lim inf cos(nm) = f(x).

This again illustrates that a quasi uniform limit may not be unique.

Example 6.1.14. Let X = R and Y = (0, 1] be equipped with the Euclidean norm.
Then X is separable, but Y is not compact. The functions f,, : R — (0,1], = — %,
form an equicontinuous sequence, since |f,,(x) — f,(y)| =0 for all z,y € R and n € N,
but cannot have a semi uniformly convergent subsequence. Even worse, they cannot
have a pointwise convergent subsequence, since any subsequence (f,, )i of (f,,) would
pointwise (even uniformly) converge to 0 which does not belong to Y = (0, 1].

The same reasoning works to show that (f,,) neither converges quasi uniformly nor has

a quasi uniformly convergent subsequence. &

We add another notion of convergence which appears sometimes in books even for
beginners’] This definition is also only a tiny modification of Definition [6.1.7, but
exhibits some weird properties.

Definition 6.1.15. Let f,,, f : X — Y for n € N be functions, and let x € X be fixed.
We say that the sequence (f,,) converges continuously uniformly to f at x € X if for
each € > 0 there exist N € N and 6 > 0 such that for all n > N and y € X with

dx(x,y) < 6 we have dy(f,(y), f(z)) <e.
Using quantifiers, this reads

¥e>03NeNII>0Vn>NWyeX: dy(y)<d = dy(fuly) f(x)) <e

We say that (f,,) converges continuously uniformly to f in X if (f,) converges contin-
uously uniformly to f at each z € X.

3See, for instance, [91].
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Note that continuously uniform convergence is in the literature often just called “con-
tinuous convergence” or “a-convergence”, and similar to the definition of pointwise
continuity, defined via sequences [73, O1]. But both definitions are equivalent, as the
following result shows.

Proposition 6.1.16. Let f,,f : X — Y for n € N be arbitrary functions, and let
x € X be fixed. Then the following statements are equivalent.

(a) The sequence (f,) converges continuously uniformly to f at x.

(b) For each sequence (x,,) in X converging to x the sequence (fn(x,)) converges to
f(z).

Proof. “(a)=(b)”: Let (f,) be continuously uniformly converging to f at z, fix a
sequence (z,) in X which converges to =, and pick ¢ > 0. Due to the continuous
convergence of (f,,) to f at x we find some N € N and some § > 0 such that

Vn>N: dx(z,y)<di = dy(fn(y),f(a:)) <e.
Since (x,) converges to z, we find some M € N such that
Vn>M: dx(z,x,) <9

For n > max{M, N} we therefore obtain dy (fn(xn), f(m)) < ¢ which proves (b).

“(b)=(a)”: Assume that (f,) does not converge continuously uniformly to f at z.
Then there exists some € > 0 such that for all m € N and 6 = 1/m we find n,, > m
and ¥y, € X with

dx (Ym,x) < 1/m and dy(fnm(ym),f(x)) > €.

The sequence (zy), defined by

{ym for k = n,,,m € N,
T =

x  for k ¢ {ny,nq,ns,...},

converges to z, since (y,,,) does, but dy ( Frm (@n,)s f (a:)) > ¢, and consequently (f,,(z,))
cannot converge to f(z). |

Proposition[6.1.16/ (b) can be used to show that the sequence (f,,) in Example does
not converge continuously uniformly. Indeed, if we choose x,, = 1/n which converges
to 0, we have f,(x,) = 1/e which cannot converge to 0 = f(0).

The only but very subtle difference between the Definitions and which
differ only by one letter is that continuously uniform convergence directly measures
the distance from f,(y) to f(x) and not to f(y). In particular, continuously uniform
convergence implies pointwise convergence. This has a surprising consequence: The
limit function of a continuously convergent sequence is always continuous, no matter if
the functions forming the sequence are continuous. Even more is true: The following
result shows how continuously and semi uniform convergence are related.
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Theorem 6.1.17. Let f,, f: X — Y forn € N be arbitrary functions, and let x € X
be fixed. Then the following statements are equivalent.

(a) The sequence (f,) converges continuously uniformly to [ at x.
(b) The sequence (f,) converges semi uniformly to f at x, and f is continuous at x.

Proof. “(a)=(b)”: To show that f is continuous at z, fix £ > 0. Since (f,) converges
continuously uniformly to f at x we find some N € N and 6 > 0 such that

Vn>N: o odx(z,y) <6 = dy(fay) f@) < (6.1.6)

<
3
For fixed y € X with dx(x,y) < 6, the sequence (f,(y)) converges to f(y), and that is
why we can find some n > N such that dy (f,(y), f(y)) < ¢/3. Using (6.1.6) we obtain

2
dy (f(2). f(y)) < dv (£(@). ful) + v (Falv). f(v)) < e <,
that is, f is continuous at x. Moreover, for all n > N, we get again with (6.1.6]),

dy (fa(v), F(9)) < dy (fa(), f(2)) +dy (f(2), f(y)) <,

and this shows that (f,) converges also semi uniformly to f at x and proves (b).

“(b)=(a)”: Fix e > 0. Since (f,) converges semi uniformly to f at z, we find some
N € N and 0 > 0 such that

£
Vn>N: dx(z,y) <o = dy(fn(y),f(y)) < 3 (6.1.7)
Moreover, since f is continuous at x, we find some n > 0 such that
€
dx@y)<n = dv(f) f@) <5 (6.18)

For y € X with dx(z,y) < min{d,n} and n > N we therefore obtain from (6.1.7)) and
(6.1.8) that

dy (faly), () < dy(faly), F(y)) +dv (f(y), f(x)) <&

holds which proves (a). |

Theorem shows that continuously uniform convergence always implies semi uni-
form convergence; in particular, the sequences constructed in the Examples[6.1.3] [6.1.5]
16.1.6], 6.1.13|and [6.1.14] cannot converge continuously uniformly as they do not converge
semi uniformly. However, the implication “(b)=-(a)” of Theorem applied to the
Examples [6.1.8] and [6.1.9| shows that the two sequences given therein converge not

only semi uniformly but also continuously uniformly at x = 0. In addition, since the
sequence (f,) of Example does not converge continuously uniformly but point-
wise to a continuous limit function, we get from Theorem that it does also not
converge semi uniformly.
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Furthermore, Theorem [6.1.17] also shows that continuously uniform convergence of
(fn) always implies the continuity of the limit function, even if every function f, is
discontinuous everywhere. For example, the everywhere discontinuous functions f, :=
% Xq converge (continuously) uniformly on R to the everywhere continuous function 0.
One could also naively argue that with the help of Theorem every function f can
be shown to be continuous everywhere by just taking f,, = f for all n € N. However,
such a sequence converges semi uniformly (even uniformly) to f, but only continuously
uniformly if f is continuous. This leads to another interesting fact: constant sequences
of functions being all equal to a function f do converge pointwise, (locally) uniformly,
semi uniformly and quasi uniformly on the entire space, but they may not converge
continuously uniformly, namely if the limit function f is discontinuous. Such a sequence
is given in our last example of this section.

Example 6.1.18. The functions f,, = xg do not converge continuously uniformly on
R by Theorem [6.1.17 since the pointwise limit f = xq is discontinuous everywhere.
However, as a constant sequence, it clearly converges locally, semi and quasi uniformly
as well as pointwise. O

After the proof of Theorem we raised the question whether the set A of derivatives
is closed under not only uniform convergence but also under one of the weaker types of
convergence considered in this section. Since the interval [0, 1] on which the functions
in A live is compact, we first check how the types of convergence of this section behave
on compact metric spaces in general.

For instance, it is well known that locally uniform convergence coincides with uniform
convergence if we impose compactness on the metric space X. Surprisingly, in this case
continuously and semi uniform convergence not only do behave calmly, they can even
be used to characterize compactness.

Theorem 6.1.19. The following statements are equivalent.
(a) The space X is compact.

(b) Each sequence (f,) of arbitrary functions f, : X — Y which converges semi
uniformly to a function f : X — 'Y also converges uniformly to f.

(c) Each sequence (f,) of arbitrary functions f, : X — Y which converges continu-
ously uniformly to a function f : X — 'Y also converges uniformly to f.

Proof. To show “(a)=-(b)”, fix ¢ > 0 and let (f,) be a sequence of arbitrary functions
fn : X — Y which converges semi uniformly to a function f : X — Y. Then for each
x € X there is some N(x) € N and some §(z) > 0 such that

Vn>N(z)Vye X: dx(z,y) <d(x) = dy(fn(y),f(y)) <e.

Since the open balls B(z) := {z € X | dx(z,2) < 6(z)} cover X and X is compact,
we find z1,..., 2, € X such that the balls B(x1),..., B(z,,) are sufficient to cover X.
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For fixed y € X we therefore find some k € {1,...,m} such that y € B(xy), and hence
for n > max{N(z1),..., N(z,,)} we obtain dy (fn(y), f(y)) < & which shows that (f,)

indeed converges uniformly to f.

For “(b)=-(c)”, let (f,) be a sequence of arbitrary functions f,, : X — Y which con-
verges continuously uniformly to a function f : X — Y. By Theorem [6.1.17 the
sequence (f,) also converges semi uniformly to f, and by (b), (f,) converges even
uniformly to f.

Finally, the implication “(c)=-(a)” follows from [73, Theorem 3.2] and Proposition
0.1.16l [

Note that if X is not necessarily compact the implication “(b)=>(c)” in Theorem
is still true, whereas the implication “(c)=-(b)” is true if f in part (b) is additionally
assumed to be continuous; this follows immediately from Theorem [6.1.17 Thus, for
continuous limits f the statements (b) and (c) are in fact equivalent, no matter whether
X is compact. This also explains why the sequences constructed in the Examples
6.1.8 and cannot converge semi respectively continuously uniformly in an entire
neighborhood of x = 0, since then they would need to converge also uniformly in this
neighborhood by Theorem [6.1.19] but they do not converge locally uniformly at z = 0.

Caution within non compact spaces: In this case, Theorem only says, that
there exist sequences of functions which converge semi/continuously uniformly but not
uniformly. It does not say that any sequence which does not converge uniformly also
not converges semi/continuously uniformly. For instance, the functions f,(z) = 2™ on
[0, 1) converge pointwise and semi uniformly (even locally uniformly) but not uniformly
to 0, although [0, 1) is certainly not compact.

In the next section we will investigate sequences of functions which do converge semi
uniformly but not locally uniformly. The spaces such sequences live in therefore cannot
be compact by Theorem [6.1.19] In our case, this will be balls in the space BV which

- as BV is an infinite dimensional vector space - cannot be compact, indeed.

Let us now compare all notions of convergence considered so far at a fixed point x € X.
Here is a compact comparison between pointwise convergence

(P) Ve >03N eNVn>N: dy(ful2), f(z)) <&,

as well as locally (L), semi (S), continuously (C) and quasi uniform convergence (Q)

at x:
(L) 30>0Ve >0IN eNVn > NWy € X dx(z,y) <6 = dy(falv), fv)) <-,
(S) Ve> 03N €N >0Vn> NVye X: dx(r,y) <6 = dy(fuly), f(v)) <&,
(C) Ve>0INENI>0Vn > NVy e X: dx(z,y) <0 = dy(fuly) f(x)) <e
(Q) Ve >0VYNENI>0In>NVyeX: dx(ey) < = dy(fuly). /) <e
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In particular, (L)=(S)=-(Q), and (L), (S) and (C) imply (P). Theorem |6.1.17| proved
that (C) implies (S) and hence also (Q). We end up with the following diagram.

/

pointwise

locally uniform

semi uniform

continuously uniform

S

Figure 6.1.1: Relations between types of convergence.

quasi uniform

Other implications than those in Figure [6.1.1 do not hold, as was shown by our exam-
ples. To make this a little more visible, let us collect the convergence properties of the
sequences constructed in all the examples in Table below. A “yes” means that the
sequence converges at least at a particular point and not necessarily globally. Similarly,
a “no” means that the sequence diverges at a particular point under consideration.

Table 6.1.1: Convergence properties of example sequences.

locally continuously semi quasi
Example uniform uniform uniform uniform pointwise
6.0.1 no no no yes yes
6.1.3 no no no yes no
6.1.5 no no no no yes
6.1.6 no no no no yes
6.1.8 no yes yes yes yes
6.1.9 no yes yes yes yes
6.1.13 no no no yes no
6.1.14 no no no no no
6.1.18 yes no yes yes yes

This table can now be used to show that none of the implications in the above diagram
may be inverted. For instance, Example shows that neither (P) nor (Q) implies
any of the types (S), (L) and (C). Example proves that (S) does not imply (C)
which in turn is not implied by (L). Conversely, (L) can also not be deduced from (C)
or (S), as is shown by the Examples [6.1.8/and [6.1.9, Finally, (P) does not imply (Q)
due to the Examples [6.1.5 and [6.1.6] and (Q) does not imply (P), as we have seen in
Example [6.1.3
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6.2 Continuity of Composition Operators in BV

In this section we are going to apply Theorem |6.1.10| to composition operators Cj :
BV — BV as defined in (5.0.1)) in the space BV of functions of bounded Jordan
variation. By Proposition [5.1.] (a) such operators C,, are well-defined if and only if

g € Liploc (R) .

A key ingredient in the proof for the continuity of C; will be the following generalization
of Definition

Definition 6.2.1. For a set U C R, a partition P: 0 =1y < ... <t, =1of [0,1] and
some function z : [0, 1] — R we define the index set

J(x,U,P):={j € {1,...,n} | [¢(t;-1),2(t;)] C U}

as well as the short cut
rVar(z, U, P) :== ) ‘a:(tj_l) — m(tj)’.
je€J(z,U,P)

Moreover, we define the variation of x restricted to U by

Y

rVar(z,U) := suprVar(z,U,P) =sup > ‘x(tj,l) —z(t;)
P P e(z,U,P)

where the supremum is taken over all partitions P of [0,1]. Here, we agree that the
sums are 0 if J(z, U, P) = 0.

Observe that Definition comprises Definition as we have Var(x) = rVar(z, R)
for any function z : [0,1] — R.

The restricted variation measures the variation of those parts of the function x whose
values lie in U. It is clear from the definitions that rVar(z, -) is increasing in the sense
that rVar(z,U) < rVar(z,V) whenever U C V.

Example 6.2.2. Each monotone function z : [0,1] — R is of bounded variation, and
for any Lebesgue measurable set U C R we have

rVar(z, U) < min{|U|, Var(z)},

where |U| denotes the Lebesgue measure of U. However, we cannot expect equality.
In fact, for z(t) = ¢t and U = R we clearly do have equality, but for U = R\Q we have
rVar(z,U) =0 < 1 = min{|U|, Var(z)}. &

The last example not only shows that the restricted variation only makes sense for
sets U which are not too “thin”, so, for instance, for open sets, because in general we
always have rVar(z, R\Q) = 0, no matter what x is. Moreover, if the range of x does
not lie within U, then the restricted variation cannot reflect the overall behavior of x
in a proper way. In particular, rVar(z,U) = 0 does not mean that z is constant, in
contrast to the ordinary variation, where Var(x) = 0 implies that x is constant.
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In Example it is shown that we may have rVar(z, U, P) = 0 for every partition
P of [0,1] and an appropriate U lying dense in R, although z is not constant. The
following dual example is of interest which shows that we may have rVar(z, U, P) = 0
for every U and infinitely many partitions P whose mesh size shrinks down to 0.

Example 6.2.3. Consider the characteristic function x := xgnjo,1) and the partitions
P,:0=ty, <...<tyn, given by t;, := j/n for j € {0,...,n} and n € N. Then the
mesh size of P, tends to zero as n — oo. But

rVar(z, R, P,) zn:‘ (tj—1n) — (tj,n)’zo

for each n € N, and this gives rVar(z,U, P,) = 0 for any set U C R and all n € N,
although x is of unbounded Jordan variation! &

Example [6.2.2] also suggests that the restricted variation of a given function becomes
smaller and smaller, the smaller |U| gets, and hence decreases to zero if |U| does so.
This also makes perfect sense, since then less and less of the values of x belong to U.
However, we can do better. The restricted variation is also continuous with respect to
x and U, even when the size of U is measured with the Lebesgue outer measure |U|*.

Lemma 6.2.4. Let x € BV. Then rVar(z,U) is continuous with respect to x and U
in the following sense: For each € > 0 there is some 0 > 0 such that for all y € BV
and all sets U C R we have

lz=yllgy <6 and |Ul* <06 — rVar(y,U) < e.

Proof. Fix ¢ > 0 and € BV. Then there is a partition 0 = sy < ... < s, = 1 of [0, 1]
such that

Zi: z(sj_1) — x(s;)| > Var(z) — Z. (6.2.1)

Choose § := 3755 and fix y € BV with |z —yl|lgy < 6. Then

Var(y) = [yl gy = Wl < llz = yllpy + Var(z) + |2/l — Iyl
<0+ Var(z) + ||z = yll, <0+ Var(z) + [lz =yl
< 26 + Var(x), (6.2.2)

and for all st € [0,1],
[z(s) — 2(t)] < [x(s) — y(s) — x(t) + y(@)] + [y(s) — y(t)]

< Var(z —y) + [y(s) —y(t)| < 5+ |y(s) — y(t)]- (6.2.3)
From (/6.2.1)) we obtain with the help of (6.2.2) and (6.2.3))
p p 6‘2 1) c
D ly(si) —wlsp)l =" X |w(sj1) —@(sy)l —pd =" Var(z) —pd — 7
Jj=1 j=1
©23) e e
> Var(y) — (p+2)6 — 1= Var(y) — 7 (6.2.4)
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Fix a set U C R with |U]* < §, and let P : 0 =1ty < ... < t,, = 1 be a partition of
[0,1]. We now consider the partition T : 0 = 7 < ... < 7y = 1 created by putting the
s; and t; together. For a chain s;_; <1; <ty < ... <ty < s, we have

[y(sk1), y(si)]\U
C ([y(sk—l) } ) O([ (tivj—1) (tz‘+j)]\U> U ([?J(ti+l)ay(5k)]\U>,

J=1

hence

p p
Z\ y(si-1) = y(se)| —plUT" <3|l

* *

[ Sk— 1 Sk }\U

[ y(rjm1) y(t)|\U

and therefore
p
Z ’ Sk-1) (Sk)‘ -plU" < ). ‘y(Tj,l) - y(Tj)‘. (6.2.5)
k=1 J¢J(y,U.T)

Moreover, for k € J(y,U, P) we have two possibilities. The first is that there exists an
index j € {1,...,p} such that ¢,_; < s; < t. In this case, we have

ly(te) = y(te)| < [UT"

The second case is that there is no such index j. Then t,_; = 7,_1 < 7; = t}, for some
l€{1,...,N}, and in this case, [ € J(y,U,T) and

‘y(tk—l) - y(tk)‘ = ‘y(Tl—l) - y(Tl)"

But since there are only p points s;, the first case can occur at most p times. Thus,
we obtain

> i) —ut)| < X fulrm) — )|+ plU (6.2.6)

Ji€J(y,U,P) JE€J(y,U,T)

By adding (6.2.5)) and (6.2.6) and using we reach the final estimate

S ) —ut)| <Y \y<rj_1>—y<rj>|+ > ) ()

JEJ(y,U,P) Ji€J(y,U,T) J¢J(y,U,T)

- i [y(si-1) = y(se)| + 20

+2p|U|" <e¢

l\D\(")

which eventually proves rVar(y, U) < ¢ and hence the claim. [

Since Lipschitz continuity is a fundamental requirement on the generating function
g : R — R of the composition operator C; : BV — BV to be well-defined, we need to
investigate it in a little more detail. Recall that we denote by lip(f, [a, b]) the optimal
Lipschitz constant of a function f : [a,b] — R.
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Note that by a result of Dinﬁ7 the Lipschitz constant can also be calculated by the
formula

lip(f, [a,b]) = sup limsup M (6.2.7)
velad v [Ty
If f € Lip[a,b] and z : [0,1] — [a, b] belongs to BV, it is easy to see that
Var(f ox) <lip(f, [a,b]) Var(z). (6.2.8)

The following is a certain converse of this inequality.

Proposition 6.2.5. Let R > 0, f € Lip|—R,R], « € (0,1) and > 0. Then there
exists some x : [0,1] — [—R, R] with Var(z) < 2/ and

Var(f ox) > aflip(f,[-R, R)).

Proof. Due to Dini’s formula (6.2.7) we find u,v € [—R, R] such that 0 < |u —v| < 3
and

’f (W =IO 5 wtip(f, [~ R, R). (6.2.9)
u—v
Choose k € N so that
26]{: <|u—v| < i (6.2.10)

and define x € BV by

o(t) = u forte {%,%,%,...,ﬁl},
v otherwise.

Then z(t) € {u,v} € [-R,R] for all t € [0,1] and Var(z) = 2k|lu — v| < 28 due to

(6.2.10). We obtain with (6.2.9)) and ((6.2.10)

Var(f o x) = 2k|f(u) — f(v)| = o 2k|u — v|lip(f, [-R, R]) = aflip(f, [- R, R]),
as claimed. [

At this point we recall another link between BV -functions and Lipschitz continuous
functions, given by Theorem A function belongs to BV if and only if it can be
written as a composition of a nonexpansive function (i.e. lip < 1) and a monotonically
increasing function.

We are now approaching the main result of this section, the proof of the continuity of
the operator Cy : BV — BV, defined in ({5.0.1)), provided that g € Lip;,.(R).

The idea is as follows. Given Cy for some fixed g € Lip,.(R), approximate C; by
other continuous composition operators Cy, such that the convergence transmits the

4The first proof was given by Dini in 1878 in [51], but it can also (and perhaps more elegantly) be
deduced from a theorem of Zygmund [I38, Chapter VI, §7].
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continuity of Cy, to Cy. Recall that in Theorem we have proven that a compo-
sition operator Cf is continuous (even locally Lipschitz continuous) if the generating
function f is of class C! in R and has a locally Lipschitz continuous derivative. In
particular, if we choose g, to be of class C*° on R, each Cy, would be continuous, and
an appropriate continuity preserving type of convergence would make C, continuous
as well. Of course, uniform convergence on balls would do the job. However, we have
the following

Theorem 6.2.6. Let g,,9 € Lipio.(R) for n € N and R > 0 be given. The following
statements are equivalent.

(a) (Cy,) converges uniformly to C, on the set

{x € BV | ||z||, < R and Var(z) < ZR}.

(b) The relations Jim 19n = gll_p.r =0 and lim lip(g, — g, [—R, R]) =0 hold.

In [31] the authors proved that (b) implies the uniform convergence of (C,,) to C, on
the closed ball Br(BV) = {z € BV ||jz| gz, < R} for the special case when g, are
certain Bernstein polynomials approximating g. With the same idea one obtains (a)
with the general assumptions made in (b):

Proof. For this proof we set
B := {:L‘ € BV | ||z, < R and Var(z) < QR}.

To show “(a)=-(b)”, note that the C,, converge uniformly to Cy on B. That is why
the numbers

sy i=sup||Cy,x — Cox|| 5y
€D

converge to 0 as n — oo.
The function z : [0,1] — [—R, R], defined by z(t) = 2Rt — R, belongs to B, maps [0, 1]
homeomorphically to [—R, R] and gives

190 = 9ll_pmy = llgn 0@ = g0zl < |Cy,x — Cyzl gy, < s

which proves the first claim of (b). Proposition [6.2.5 applied with « = 1/2 and 8 = R
to f = g, — g, yields for each n € N a function x,, € B such that

lip(gn — g, [~ R, R]) < 2R~ Var(g, oz, — go x,) < 2R ||Cy 2 — Cyn 5y
< 2R_1sn,

and thus proves the second claim of (b). Consequently, (b) is established.

For the reverse implication “(b)=-(a)” note that for x € B we have on the one hand

1Cgx = Cyll g = lgnox —goxll, <llgn—3ll_ga> (6.2.11)
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and on the other hand

Var(Cy,x — Cyz) < lip(g9, — g, [—R, R]) Var(z) < 2Rlip(g, — 9, [-R, R]) (6.2.12)

by (6.2.8)). Since the right hand sides of (6.2.11)) and (6.2.12)) converge to 0 by (b), and
since they do so independently of z, (a) is proven. [ |

The condition (b) of Theorem means that the g, converge in the topology of the
space Lip;,.(R) to g, but this is a strong requirement: If g, is of class C* for each
n € N, then g must also be of class C', since C'(R) is a closed subspace of Lip,.(R).
This is why the authors in [31] only got that C, is continuous in BV if g € C*(R),
because they approximated g by Bernstein polynomials. In order to get continuity of
C, for g € Lipi(R), we need another weaker type of convergence which still preserves
continuity. It turns out that semi uniform convergence is exactly what we are looking
for, and this is the content of our next

Theorem 6.2.7. Let g,,9 € Lipio.(R) for n € N and R > 0 be given. The following
statements are equivalent.

(a) (Cy,) converges semi uniformly to Cy at each x € BV with ||z||, < R and
Var(z) < 2R.

(b) The relations li_>m lgn — gHBVH“ . = 0 and sup lip(gn — g,[—7,7]) < 00 hold for
00 ’ neN
each r € (0, R).

In particular, if (b) holds for all v > 0, then the sequence (Cy,) converges in BV semi
uniformly to the operator C.

Proof. “(a)=-(b)™: Fix r € (0, R). We first show that [|g, — gl zy_,,) = 0 as n = occ.
To this end, define x(t) := 2rt — r on [0,1]. Then = maps [0, 1] strictly increasingly
and bijectively onto [—r, ] with ||z||  =r < R and Var(z) = 2r < 2R. Because of (a),
the sequence (Cy, ) converges semi uniformly to C, at x, and this implies that (C,, (z))
converges in BV to Cy(z). This means

0= lim [|Cy, (z) = Cy(2)ll gy = 1m0 llgn = gll gy -

n—o0

We now write f, := g, — g for n € N and show that

ilelg lip(fn, [—7,7]) < 00. (6.2.13)

For each n € N pick u,, v, € [—r,r] with u, # v, and so that

[fn(tn) = fn(vn)]

|, — V|

where ((6.2.14)) is justified by Dini’s formula (6.2.7]).

Since [—r,r| is compact, we can assume by passing to suitable subsequences that u,, —

1
> 5 lip(fon, [—7,7]) and [un, — vp| < —, (6.2.14)

w and v, — w for some w € [—r,r]. The constant function = = w for t € [0, 1] belongs
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to BV with ||z|| = |w| <7 < R and Var(z) = 0 < 2R; hence by (a) we find for e =1
some N; € N and ¢ € (0,4R) such that

Vn >N, Vy € BV :
lz —yllgy <0 = [|Cyy — ng”BV = |faoyllp, < 1. (6.2.15)

Since both (u,) and (v,) converge to w, there is some Ny € N such that

)
Vn > Ny : max{|un —w|, |vp —w\} < 3

For each n € N let z,, : [0,1] — [—r, 7] be the BV -function constructed in the proof of
Proposition with o = 1/2, f = 6/4, u = u,, v = v, and R replaced by r. Then
|znll, <7 < R and Var(z,) < §/2 < 2R, and thus

|zn — 2| gy = llzn — x|, + Var(z, — ) = max{|u, — w|,|v, — w|} + Var(z,) <0

for n > N, and additionally

i (o for]) < Vet 03]  SUnotnly

From this follows with the help of (6.2.15]) lip (fn, [—, 7’]) < 8/6 for n > max{Ny, Ny}

which proves (6.2.13]).
“(b)=(a)": Write f, := g,—g, fixe > 0and € BV with ||z|| ., < R and Var(z) < 2R.
Choose r > 0 so that ||z|| ., <7 < R. Because of (b),

L:= iléIN) lip (fn, [—, r]) < 0.

By Lemma there is some 0 € (0,r — [|z||. ] such that for all y € BV and all
subsets U C R,

€
— < < — <np:= .
lz —yllgy <6 and |U[* <9 rVar(y,U) <n I LAk

Fix y € BV with [l =y 5, < 9. Then [lyll, < |lz =yl + [zl <0+ [zl <7
and thus y(t) € [—r,r| for all ¢t € [0, 1].

Again by (b), |[fall gy, = 0 as n — oo, and that is why we find some N € N such
that

(6.2.16)

)
||fn||BV[_r7,,} < % for all n > N.
Fix such n > N and let Z be the system of intervals

Ti= {5, S [0 | 1fals) = fult)] > nls — 1}

By Vitali’s Covering Lemma we find some countable subsystem {I; | j € J} with index
set J C N of pairwise disjoint intervals of Z such that

U=z 5L,

jed
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where for a compact interval I = [s,t] with s < t the symbol 5] denotes the compact
interval [s —2(t —s),t+2(t —s)]. Consequently, U is a set with outer Lebesgue measure

. o0 o 5 oo
U" <Y 1L =5 |s; —t;] < 52 | fu(s5) — fult))]

jeJ JjeJ jeJ
5)
< n 1l gy < 0. (6.2.17)

Now, let P: 0 =1ty < ... <ty = 1 be a partition of [0, 1]. Therefore, borrowing the
notation from Definition [6.2.1]

m

>_|fa (y(tj1) - fn(y(tj))’
= > h(ut) - fn(y(tj))‘ + )

j=1
fn (y(tj—1)> - fn(y(tj))’
JEJ(y,U,P) J¢J(y,U,P)

<L Y |yt =y +n X |ulti) — ()

J€J(y,U,P) i¢J(y,U,P)
< LrVar(y,U) +nVar(y) < n(L +4R) < e. (6.2.18)

Here we have used (6.2.16) and Var(y) < ||yllgy < llz — vllgy + 11zl gy < 0+3R < 4R.
This shows Var(f, oy) < ¢ for all y € BV with ||z — y| 5, < 6.
Finally, for n > N and such y,

10 wllmy = 1 0l + Var(fo o) < I allpypy +¢ < <5(L+4R) " 1)

<5<R+1>.
- 5(L 4 4R)

This completes the proof. [ |

Let us make two comments. First note that condition (b) of Theorem is indeed
weaker than condition (b) of Theorem [6.2.6, since in Theorem we only need
convergence of (g,) in BV and boundedness of the Lipschitz constants, whereas in
Theorem we need convergence of (g,,) in Lipy..(R); Example[6.2.9]at the end of this
section will illustrate this difference. Second, note that condition (b) of Theorem [6.2.7]
gives with the help of Theorem [6.1.10| a criterion under which composition operators
are locally equicontinuous in BV'.

As a consequence we reach the goal of this section and obtain a new proof for the fact
that the composition operator generated by a locally Lipschitz continuous function is
continuous in BV

Theorem 6.2.8. Let g € Lip;,.(R). Then the operator Cy : BV — BV is continuous.

Proof. Fix R > 0. Since g € Lip;o.(R) we have g € AC[—R, R] and ¢’ € L. [—R, R].
The function h := ¢'x[—r g then belongs to Lo (R). The functions constructed in
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Chapter II of [140] are C*°-functions h, : R — R and satisfy
1
s — h”Ll[—R,R] < n and

el et mmy < Bl mm = 19y = lip (9, =R, R])
We now define g, : R — R by

9u(u) = 9(0) + [ ha(t) .
Then each g, is of class C* with ¢/, = h, on R and satisfies

197 = llpvirr = 192 — 9ll_rr + Var(g, — g, [=R, R]) < 2|lg, — d'll 1, 1_r.y
2
=2|h, — h||L1[—R,R] < .

Moreover,

1ip (g, [= R, R)) = 90l ey = Wnll o mpy < 1ip (9, =R, R))

for each n € N. Hence, each g,, generates a composition operator C,, which maps BV
into itself and is continuous (even locally Lipschitz continuous) by Theorem .
Finally, the C,, converge semi uniformly to C, at each € BV with ||z| 5, < R by
Theorem [6.2.7] and this leads to the desired continuity of Cy at those z by Theorem
6110 |

Eventually reaching the end of this section we would like to keep our promise made
in Section [0.1] to give a third example of a sequence of functions which converges semi
uniformly but not locally uniformly.

Example 6.2.9. Consider the functions

g(u) :=|u| and g,(u)=y/u>+1/n forue R neN.

Then g is Lipschitz continuous on R, but not differentiable at u = 0, and each g, is of

class C* on R with "

G ey

We obtain for fixed R > 0 and n € N,
1
In — 9| :sup‘ u? — u2—|—1n’§,
o = ol = sup VA2 = 2 41 <

. |ul
lip(gn — g, [-R.BR) = ldh — 9|, 1 pm= sup |—————1=1,
PR =l = S onionn = S| T
190 = 9l pvi—rry = 190 — 9l _pmy + 190 = 'l 1, .y

342 (\/nR2 — VnR?f 1)
\/ﬁ

—1’du:

§1+2/R’u
v e L 1n
sjﬁ.
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Thus, condition (b) of Theorem|[6.2.6|fails for any R > 0 and hence Cj, cannot converge
in the space BV locally uniformly to C, at x = 0 € BV. However, condition (b) of
Theorem holds for any R > 0 and thus the C,, converge in the space BV semi
uniformly to C, at x = 0. O

Note that the function g as well as each function g, from the previous example are
Lipschitz continuous and therefore generate composition operators Cy and Cy, which
are continuous in BV by Theorem [6.2.8]

The question is now if the theory developed in this section might be transferred to
other BV -spaces. Unfortunately, we do not know the answer to this question, but
we conjecture that Theorem is still true in the spaces WBV,,, Y BV,, and ABV,
when BV in part (a) is replaced by one of the respective spaces and (b) is kept. If
this conjecture is true, then the continuity of C, in other BV-spaces would follow
exactly as in the proof of Theorem [6.2.8] However, the main ingredient for the relevant
implication “(b)=-(a)” in Theorem is Lemma and thus the continuity of the
restricted variation. It is not at all clear how to prove an analogue of this lemma in
other BV -spaces, although its statement seems to be true in such spaces, at least from
a (perhaps naive) geometric or graphic point of view.



Chapter 7

Integral Equations

Integral equations often describe specific real world phenomena and are therefore of
great interest. For instance, the authors of [I02] introduced a second order boundary
value problem the solution of which describes the temperature distribution of an adi-
abatic chemical reactor of length 1. These solutions may be found by rewriting the
problem into the nonlinear Hammerstein integral equation

u(t) = le’\(t’l)Hu + /01 k(t, s)f<u(s)) ds,

A
where
1 for 0<s<t<1, —w)e* foru < B,
Kt s) = or 0<s<t< and f(u) = u(f —u)e oru<f
A8 for0<t<s<l1 0 for u > 3.

The constants A is the Peclet number, p is the Damkohler number, § is the dimension-
less adiabatic temperature rise, and the function u represents the local temperature at
a point ¢ of the tube in which the reaction happens. The (possibly nonlinear) func-
tional H models a feedback control system on the reactor that adds or removes heat
according to the temperatures detected by some sensors located along the tube, see
[41] and references therein for details.

Another example is given by the author of [21] who discusses a model describing the
nonlinear age-depending growth of a single population under harvest which generalizes
the original model introduced in [70]. The total population P(t) at time ¢t can be
described under certain assumptions by a nonlinear Volterra integral equation of the
form

t—s
0

P() = p(t) ~ hit) + [ e (= [ u(ryar) P95 (PLs)) s

where p, 4 and h are parameters depending on time and 3 is a parameter depending
on the population size.

Especially the last example motivates the search for BV -solutions to integral equations,
because functions of bounded variation may have jumps which then can be interpreted
as sudden deaths or births of the population. Moreover, the total increment and

258
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decrement of the population is bounded as there is only a finite amount of biomass in
the system under consideration. We will mention two further examples of applications
of solutions to integral equations at the beginning of Section below.

While there exists a large literature on continuous or integrable solutions of integral
equations of the aforementioned type, considerably less is known on BV -solutions.

In this last chapter we apply some of the results from the previous chapters to solve
integral equations in the spaces of functions of bounded variation of various types. We
will prove existence and sometimes also uniqueness of solutions to either Hammerstein
or Volterra integral equations. Our main tool is fixed point theory, so we will impose
suitable conditions on the data which make it possible to apply well-known fixed point
theorems. Although those conditions have been already considered in the Chapters
and [ we will repeat them here to make the presentation self-contained.

In the first section we will focus on nonlinear Hammerstein integral equations, first
only in the space BV and later also in other BV -spaces. The second section is devoted
to nonlinear Volterra integral equations where we mainly rewrite our results of the first
section. In the third and final section we make some remarks on boundary and initial
value problems in the space BV where the boundary and initial conditions are given
in a nonclassical coupled setting. Based on Schauder’s fixed point theorem we give a
simple sufficient condition under which such boundary and initial value problems may
be solved and simultaneously generalize the ideas and results developed in the paper
[27] that served as a point of departure for many considerations presented here.

7.1 Hammerstein Integral Equations
The first equation that we consider in this chapter is
1
z(t) = h(t) + )\/ k(t, s)g(aj(s)) ds for0<t<1, (7.1.1)
0

where the functions h : [0,1] — R, &k : [0,1] x [0,1] - R and g : R — R are given
and the function z : [0, 1] — R is unknown. We point out that the role of A in (7.1.1])
is very important. For example, in the problems concerning calculation of either free
pulsation of harmonic vibrations of a string or a critical speed of a shaft is reduced
to calculating such values of A for which the corresponding integral equation, being
special cases of , have a nontrivial solution.

As mentioned above, in this section we are going to look for solutions x of equation
(7.1.1) in the space BV. Borrowing the notation from the Chapters 4| and |5 we may
write equivalently as the operator equation

r=h+ AIoC,)z, (7.1.2)

where [, denotes the integral operator generated by k : [0,1] x [0,1] — R, and
C, denotes the composition operator generated by ¢ : R — R.

For convenience of the reader we will repeat here some assumptions which appear in
previous chapters and will be needed in the study of these equations; we denote them
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by (H1), (H2), ... without referring to similarly labeled in the Chapters [ and [ The
following conditions will be used throughout the sequel; as before, the symbol V's
means the indicated property holds only for almost all s.

vVt e [0,1]:  k(t,-) € Ly, (H1)
Idme L, V'sel0,1]: Var (k:(,s)) < m(s), (H2)
g € Liploc(R)' (H?))

Note that condition (H1) is condition (A]), and (H2) is for the integral operator
I;, of Section Condition (H3) is the fundamental acting condition for C; from
Theorem B.1.19

The above conditions suffice to obtain the first existence and uniqueness result that
has been proven in [29]. Recall that for any of our BV -spaces X we denote by

Br(X) = {z e X | |alx <R}

the closed ball in X with respect to the norm ||-||, with radius R > 0 and centered at
the function 0.

Theorem 7.1.1. Assume (H1), (H2) and (H3), and let h € BV be fized. Then for
each R > ||h|| 5y, there is some o > 0 such that equation has for fized \ € (—p, 0)
a unique solution in Br(BV).

To be more precise, if R > ||h|| 5, is given, the number ¢ can be chosen to be

O 1
0 = min - . (7.1.3)
{ugum,m lip(g. [~ R R)) | 2m + k(0. [T,

This also shows that if g grows faster than linear, the number ||g|_p z grows also
faster than linear and hence makes o smaller the larger R is chosen. This means that
if we want to make the domain Br(BV') of possible solutions large, we have to pay
the price that the set of admissible parameters A for which uniqueness or solvability
can be achieved becomes small. We illustrate this in the following two examples. The
first shows generally how the minimum in looks like if the kernel is given in
separated kernels. The second is a concrete example of an integral equation with such
a kernel and h = 0.

Example 7.1.2. If the kernel k(t, s) = k;(t)k2(s) is given in separated kernel with k; €
BV and ky € Ly, then by Proposition the conditions (H1) and (H2) are fulfilled,
and we can simply put m(s) = Var(ki)|kz(s)|. Moreover, the norm [2m + |k(-, 0)|||,

occurring in ([7.1.3)) is then

2+ 0, ), = [ [2VarGho)lka(s)] + i (O)ka(s)] | ds

= (2Var(k‘1) + \k:l(O)]) ||k2||L1 :
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Thus, ([7.1.3) becomes

o — min L B 0l 1 ! |
190li-rr lilg (=R, R) [ (2Var(ky) + k1 (0)]) [[Ra]l

Observe that the “larger” ki, ks and g are the smaller becomes ¢ and hence the corre-
sponding set of admissible parameters . O

As a further example which will frequently serve as a test animal in the sequel we
consider for several values of @ > —1 and § € R the integral equation

o(t) = At /01 ((a +1)]a(s)]* + 253) ds for0<t<1 (7.1.4)

in the space BV. This equation is of the form with the functions h = 0,
k(t,s) =t and g(u) = (a + 1)|ul* if and only if 8 = 0. The structure of
dictates that any solution must be of the form z(t) = ct for some ¢ € R and is
therefore automatically continuous (even analytic). Plugging this into reveals
the characteristic equation

c=(|c[* + 8) (7.1.5)

which means that a function z € BV is a solution of if and only if it has the
form z(t) = ¢t with ¢ satisfying (7.1.5). Theorem is now applicable if and only
if « > 1 and § = 0 and guarantees in this case that for || smaller than p in
equation can be solved for c. We illustrate this in the next two examples. We

start with a = 1 and 8 = 0 for which ([7.1.4)) is a special case of ([7.1.1]).
Example 7.1.3. For a =1 and 8 = 0 equation ([7.1.4)) reduces to

() = 2)\75/01 12(s)| ds. (7.1.6)

In the notation of we can take h = 0, g(u) = 2|u| and k(t,s) = ki(t)ka2(s) in
separated kernels with ki(¢) =t and ko(s) = 1. Obviously, the conditions (H1), (H2)
and (H3) are satisfied with Var(ki) = 1, k1(0) = 0, ||k2[|;, = 1, |9/l _pr = 2R and
lip(g,[—R, R]) = 2. With the help of Example [7.1.2] we obtain for any R > 0 that
o = 1/4. In particular, Theorem says that for any A € (—1/4,1/4) equation
has only one solution in BV, and clearly, this must be the function 0. Indeed,
the characteristic equation reads ¢ = A|c| which has for |A\| < 1/4 only one
solution, namely ¢ = 0. O

We make two comments on the bound ¢ = 1/4 in the previous example. First, this
bound and in general the bound given in is not optimal in the sense that equation
(7.1.1) may have a unique solution even for |A\| > p. This is easily seen again in the
previous example, because the characteristic equation ¢ = M|c| has for any |A| # 1
the unique solution ¢ = 0. Even worse, for A = 1 every ¢ > 0 and for A = —1 every
¢ < 0 is a solution which means that has uncountably many different solutions
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in BV. Second, since p = 1/4 is independent of R the set of admissible parameters A
is also independent of R which means that for these A\ there can be only one solution
x to in the entire space BV. This is of course not always so, and the set of
those A may become small when R is chosen to be large. We illustrate this in the next
example.

Example 7.1.4. Consider again equation (7.1.4)), but now for « = 2 and g = 0. It
then reads

x(t) = 3\t /01 z(s)*ds. (7.1.7)

In the notation of we can again take h = 0 and k(t, s) = ki (t)ka(s) with ky(t) = ¢
and ko(s) = 1, but this time, g(u) = 3u®. Again, the conditions (H1), (H2) and (H3)
are satisfied with Var(ki) = 1, k1(0) = 0 and |[k2||,, = 1. Moreover, [|g[||_g g = 3R?
and lip(g, [~ R, R]) = 6R. With the help of Example we obtain for any R > 0,

) { R 1 } 1 1
=mins ——, —¢ == ——.
¢ 3R2GRJ 2 12R
In particular, o gets smaller the larger R is chosen. &

As we have seen, the bound p for the admissible parameters \ for which equation
has a BV-solution is in general strongly related to the radius R of the ball in
which solutions can be guaranteed. One may enlarge the bound g and therefore also
the set of A by replacing the norm ||-|| 5,, by a smaller norm. For instance, if we use the
norm ||z, = |2(0)| + Var(z) instead of the equivalent norm ||z|| 5, = |||l + Var(z),
then it is shown in [29] that ¢ can be chosen to be

SR 2 AR 1
ol Tple, (=R 8] | T+ TR0,

Therefore, o can be enlarged by a factor of up to 2. For instance, the bound p in
Example would now be p = 1/(6R). However, for the rest of this thesis we stick
to the norm ||-|| 5, because many estimates are then a little simpler.

Before we turn to a more general equation than (7.1.1]), we point out that one might
think that Theorem could also be formulated in the following way.

Theorem (7.1.1]". Under the assumptions (H1), (H2) and (HS3) there exists a number
0 > 0 such that for every X satisfying |\| < o, the equation has a unique solution
in BV.

Here, ¢ can be any number strictly less than the minimum in (7.1.3]). This formulation,
however, is not true, because it pretends that equation (7.1.1)) has only one unique

solution in the entire space BV for |A| < p. But the following example shows that
under the hypothesis of Theorem there can be more than one solution in BV.
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Example 7.1.5. Consider again the integral equation from Example . We
have seen there that all the conditions (H1), (H2) and (H3) are fulfilled. Theorem
would now say that equation has only one solution in BV for all [A| < g
and some ¢ > 0. However, there are in fact two BV -solutions for every A # 0. To see
this, we solve again the characteristic equation for fixed A # 0 which now is

c= M\

The first obvious solution ¢ = 0 generates the function x = 0 which clearly is a
solution to . However, also ¢ = 1/ being the second solution of the characteristic
equation generates the solution x(t) := t/A with norm ||z, || 5,, = 2/|A| and so Theorem
[ 1.IFl cannot be true.

From Example [7.1.4 we get ¢ = 1/(12R) for any R > 0. Thus, if 0 < |A\] < p, then
llzxll g = 2/|A| > 24R > R. This means that if R > 0 is chosen arbitrarily, o is given
by and 0 < |\| < o s fixed, then equation has two distinct BV -solutions,
but the second one, namely x,, does not lie within the ball Bg(BV') and hence is not
covered by Theorem [7.1.1 O

As the previous example shows, Theorem yields uniqueness of the solution x of
(7.1.1)) indeed only in the ball Bg(BV'). There may be other solutions outside of that
ball.

Theorem has been proved by showing that the operator T' = h + A(I o C}) has
a fixed point in the ball Bg(BV) that is invariant under 7. The conditions given in
Theorem to ensure the existence of such invariant balls have been generalized
in the literature. We cite a sample result which uses milder a priori estimates. For
example, in [33] the authors impose the following conditions:

« There exists a function 1 : [0,00) — [0, 00) with ¢(u) > 0 for u > 0 and

lg(u)| < 1/)<|u|) for u € R.

« For each R > 0 there exists a continuous increasing function ¢ : [0, c0) — [0, 00)
with
l9(u) = 9(v)| < ¥r(lu—v]) for |ul,|v] < R.

It is then shown that under additional appropriate assumptions, for each sufficiently
large R there is some o > 0 such that equation has a solution in Bg(BV') for
every |A| < o. Clearly, by putting ¥(r) := |lg||._,, and ¢r(r) = lip(g,[-R, R])r in
the above conditions, one can recover Theorem [7.1.1]

More general choices for g, however, are also possible. For instance, one could
choose ¥r(r) = a(R)arctan(r) or ¥g(r) = a(R)log(1 + r) for appropriate functions
a : (0,00) — (0,00) and therefore enlarge the range of applications of the results
presented in [33].
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We now consider a slightly more general nonlinear Hammerstein equation by replacing
C, in (7.1.2) by a superposition operator N,, defined in (5.0.2) and generated by a
function ¢ : [0,1] x R — R. Then (7.1.1)) reads
1
x(t) = h(t) + )\/ k(t, s)g(s,x(s)) ds for0<t<1,; (7.1.8)
0

note that our sample equation ([7.1.4)) has this form. The operator equation ([7.1.2))
becomes

r=h+ A{oN,)z. (7.1.9)
Again, we impose three further conditions.
sup ||k(t7 ')||L1 < o0, (H4)
te€(0,1]
sup Var (/T k(- s) ds) < 00, (H5)
7€[0,1] 0
g € Lipi,e(]0,1] x R). (H3%)

Note that (H3*) is a natural generalization of (H3) to two dimensions. Also note that
(H4) implies condition (A) while (H5) coincides with condition (C) of Section [4.3|
Moreover, (H1) and (H2) together imply (H4). This is, because if

. 5)| < [K(0,) = Kt 5)| + 150, 5)] < Var (k(-,)) + [k(0,9)] < m(s) + K(0,5)
holds for all ¢ € [0, 1] and almost all s € [0, 1] and some function m € L;, then

1Rz, < limll, + 150, ), »

and so the supremum in (H4) becomes at most ||m|, + [|k(0,-)[[, . Also, observe
that (H3*) implies condition (G) of Section [5.2| which plays a crucial role in Theorem
5.2.12 because for R > 0, any partition 0 = ¢y < ... < t, = 1 of [0,1] and points
Ug, - - -, U, € [—R, R] with

n
dolujr—ul <R

j=1
we obtain
D o lg(ti—i,ug) — g(tj, uy)| < Lpy | |tj—y — tj| = Lg,
j=1 j=1
D olg(tir,uj1) = g(tj1,us)l < Lr Y |uj1 —us| < RLg,
j=1 j=1
where

Lg = hp(ga [07 1] X [_R7 R])
:&m{w@no—g@mﬂ

ls —t| + |u —v|

| s,t €[0,1],u,v € [-R, R], (s,u) # (t,v)} . (7.1.10)

Thus, (G) follows with Mg := max{Lg, RLr}.

With these new conditions at hand the following result was proven in [32].
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Theorem 7.1.6. Assume (H3*), (H4) and (H5), and let h € BV be fized. Then for
each R > ||h|| 5, there is some o > 0 such that equation has for fized \ € (—o, 0)

a unique solution in Br(BV).

To be more precise, if R > ||h||5,,, the number o can be chosen so that

R — 2|l g 1
(251 + 110, )1, ) (LR + RLg + |90, O)I) LS

0 = min (7.1.11)

where ) is the supremum in (H5), Sy is the supremum in (H4) and Lg = lip(g, [0, 1] X
[—R, R]) is defined as in ([7.1.10)).

A few remarks are in order. First, an analogue to Theorem[7.1.6]in the sense of Theorem
is also wrong, as we have seen in Example [7.1.5 Nevertheless, Theorem [7.1.6
as stated here has a wider range of applications than Theorem [7.1.T] for two reasons.
First, superposition operators are of course more general than composition operators.
Second, there are kernel functions which satisfy the condition (H4) and (H5) but not
condition (H2).

Example 7.1.7. Let k(t,s) = xo(t — s) be the kernel function that we have already
studied in the Examples |4.3.3/ and [4.3.8, We have seen there that k satisfies (H1) and
(H5) but not (H2). Since, for fixed ¢ € [0, 1], we have

1
Ik, = [ xalt=s)ds =0,

the kernel function £ also satisfies (H4). In particular, Theorem is applicable
provided that g € Lip.([0,1] x R), but Theorem is not. However, for this
particular kernel, the integral equations and have only the solution x = h,
since the integral vanishes in both equations. Note that in this case, Theorem [7.1.6]
yields indeed uniqueness of solutions in the entire space BV, because g = oo in (|7.1.11]
for any R > ||h| gy &

It is clear that Theorem is applicable to our test equation ([7.1.4]) with k(¢,s) =t
and g(t,u) = (a+ 1)|ul|* + 26t if and only if « > 1 and f is arbitrary.

As we have seen in Example the integral equation ([7.1.6)) can have infinitely many
solutions. We now consider a similar example which has for 5 > 0 at most two solutions

and illustrates the bound ([7.1.11)).

Example 7.1.8. This time, we have a look at (7.1.4) for &« = 1 and arbitrary  which
now reads

a(t) = 2)\15/01 (lz(s)| + Bs) ds. (7.1.12)

In the notation of ((7.1.8]) we have h = 0, k(t,s) = t and g(t,u) = 2|u| + 28t. Thus,
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||k<07 ')“Ll = 07 |g(070>| =0 and

S = sup Var( Tk(-,s) ds) =1,
0

T€[0,1]

Sy = sup [|k(t, )], =1,
te(0,1]

L =1ip (9,[0,1] x [-R, R]) = 2max{1,|3]}.

We obtain from ([7.1.11)),

(R) = min{ al ! } = i < !
PR = 4(1+ R)max{1, |8} 2max{1,|8|} [  4(1 + R)max{1,|3|} 4

for R > 0. Since p(R) — 1/(4max{1,|B|}) =: 0o > 0 as R — oo, Theorem now
even states that equation (7.1.12]) has for every A € (—po, 00) a unique solution in the

entire space BV.
Indeed, the characteristic equation of ((7.1.12) is

c= e + B). (7.1.13)

For f > 0 it has no solution if |A| > 1 and a unique solution if |[A| < 1, namely
c=MA3/(1 —|A]). For g =0 is has only ¢ = 0 as a solution if |A| # 1, but any ¢ < 0 if
A= —1and any ¢ > 0 if A = 1, as we have seen in the discussion after Example [7.1.3]

In this case, (|7.1.13)) and therefore ([7.1.12)) have infinitely many solutions. For g < 0,
equation ([7.1.13) has one or two solutions, namely ¢ = A\3/(1 — \) for A ¢ (0, 1] and

c=M3/(1+ \) for X\ ¢ [—1,0].

As before, the bound gy < 1/4 is not optimal. O
In contrast to equation ([7.1.6) from Example which has a unique solution for every
|A| # 1 and infinitely many solutions for |[A| = 1, equation ([7.1.12)) has no solutions
whatsoever for |[A\| > 1 and 8 > 0.

We have now solved ([7.1.4) for « = 1 and arbitrary §. In the next example we will
solve it also for & = 2 and arbitrary 3. Since then the characteristic equation ([7.1.5))
reduces to a simple quadratic equation, we do not need so many case distinctions as in

Example
Example 7.1.9. Consider (7.1.4) for a = 2 but arbitrary 5, that is,

1
z(t) = )\t/ <3x(8)2 + 255) ds (7.1.14)

0
with characteristic equation ¢ = \(c?+ 3) which is equivalent to the quadratic equation
A —c+ A3 =0. (7.1.15)

For A = 0 there is only the solution ¢ = 0. For A # 0, this quadratic equation has two
solutions if 4\23 < 1, namely

14T —4\28
2A ’

CcC =
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only one if 4\?3 = 1, namely ¢ = 1/(2\), and no (real) solution if 4\?3 > 1. In
particular, for 5 = 0 we regain the two solutions ¢ = 0 and ¢ = 1/ found in Example

[7.1.5] O

Let us come back for a second to condition (H3*) which states that g : [0,1] x R - R
is locally Lipschitz continuous with respect to both arguments. We will see later that
for our purposes this condition is too restrictive. Thus, we will rather use the following
weaker condition

VR>03Lp >0Vt e [0,1) Vu,v e [-R R|: |g(t,u) = g(t,v)| < Lplu—v| (H6)

which is precisely condition (B) of Section and may be reformulated equivalently
as
VR>03dLg>0Vu,ve [-R,Rl: |g(-,u)—g(,v)|, < Lglu—mu|

It imposes a local Lipschitz condition on the second variable, uniformly in the first,
but does not impose a Lipschitz condition on the first variable. Clearly, (H6) is indeed
weaker than (H3*), and here is an explicit

Example 7.1.10. The function g(¢,u) = v/tu for t € [0,1] and u € R satisfies (H6)
with Lr = 1 for all R > 0, but it does not satisfy (H3*), because t + 1/t is not
Lipschitz continuous near t = 0. &

We will see later in our main Theorem that it suffices to require the inequality
in (H6) to be true for only almost all ¢ € [0, 1].

Since the interest in finding solutions to equations like and is moti-
vated by problems from physics, biology, economics and other sciences, sometimes it is
necessary to consider continuous BV -solutions.

Here we impose the following two conditions

Ve >0 36 >0 Vi, ty € [0,1] V's € [0, 1] :
[t —ta] <0 = |k(t1,5) = k(ta, s)| <, (H7)

Ve > 036 > 0 Vity,ts, T € [0,1]

t— o <6 = ‘/Tk(tl,s)—k(tz,s)ds <e (HY)
0

Note that (HS8) is precisely condition (E) from Section and is crucial in Theorem
which provides a necessary and sufficient condition for the integral operator I
to be bounded on BV N C. Moreover, it is clear that (H7) implies (H8). The reverse
implication, however, does not hold in general.

Example 7.1.11. Consider a kernel in separated kernels with k(t,s) = ki(t)ko(s),
where k; is injective and continuous and ky € L1\ L. Then

k(t1, 8) = k(ta, )| = [k (t1) =k (£2)][Ra(s)]
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gets unbounded for fixed ¢; # t3, because ko is essentially unbounded. Thus, (HT7)
fails. However, (H8) is satisfied. To see this fix £ > 0 and pick 6 > 0 so small that
k1 (t1) — ki(ta)| < g/ ||kally, for [t1 —ta| < 05 note that k; is also uniformly continuous
and ky ¢ Lo implies |[A2||, > 0. Then

/OT k(ty, s) — k(ta, ) ds| = [ki(t1) — ka(ts)] ‘/O ka(s) ds

and (HS8) is established.
For a sturdy example take, for instance, ki(t) =t and kqo(s) = 1/4/s for 0 < s < 1 and

k2(0) = 0. &

The stronger condition (H7) is now essential for the following result that has been

< k(1) — ka(t2)| K2l ,, <,

proven in the paper [29].

Theorem 7.1.12. Assume (H1), (H2), (H3) and (H7), and let h € BV N C be fized.
Then for each R > ||h|| gy, there is some o > 0 such that equation has for fized
A € (—p,0) a unique solution in Br(BV NC'), where BV NC is equipped with the norm

1l v -

Since the kernel k(t, s) = t clearly satisfies (H7), our test equation ([7.1.4)) can be solved
using Theorem [7.1.12]if and only if @« > 1 and 5 = 0. As we have seen, any solution to
(7.1.4) must be of the form x(t) = ¢t and hence is automatically continuous.

The proofs of all the preceding existence results heavily base on the Banach-Caccioppoli
Contraction Principle, which explains why we also obtain uniqueness of solutions. We
now present a result that has been proven with the fixed point theorem of Schauder.
The advantage is that we may impose weaker conditions on g and that we get existence
of solutions for every A € R. But of course, we have to pay a price for this: We loose
uniqueness of solutions in balls.

The first result in this direction deals with equation for h = 0, that is, with fixed
points of the operator A\(I o Cy). For this we need to impose the following conditions
ong:R—R.

3¢>1YR>0: g€ RBV,[-R,R), (HO)
i 9@

ul oo |ul

Here, RBV, denotes the Riesz space introduced in Definition [1.2.24] Condition (H10)
means that g obeys a strictly sublinear growth for large values of the argument. The

= 0. (H10)

following result was proven in [31].

Theorem 7.1.13. Under the assumptions (H1), (H2), (H9) and (H10) the equation
has for h = 0 and every A € R a solution x € BV.

For our test equation with § = 0 the condition (H9) is equivalent to o > 0
whereas condition (H10) restricts a to be less than 1. Thus, in total, Theorem
can be applied to (7.1.4) if and only if 0 < a < 1 and f = 0. We give an explicit
example for the case a = 1/2.
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Example 7.1.14. Equation ([7.1.4)) reads for « = 1/2 and § = 0,

2(t) = 2>\t/01 ()] ds (7.1.16)

with characteristic equation ([7.1.5))

C:/\\/H-

This equation has for every A € R at most two solutions, namely the unique solution
¢ = 0 for A = 0, the two solutions ¢ = 0 and ¢ = A\? for A > 0, and the two solutions
c=0and c = -\ for A < 0. &

Thus, Example shows that we cannot expect uniqueness of the solutions given
by Theorem [7.1.13]

In fact, the authors of [32] proved a more general result, namely Theorem [7.1.13| for
arbitrary h € BV and the nonautonomous case g : [0,1] x R — R. More precisely,
they showed that

H(r,z)(t) := Th(t) + TA /01 k(t, s)g(s, x(s)) ds for0<t <1

defines (under some additional hypothesis) an admissible compact homotopy joining
the operator H(1,z) = h + A(I; o N,)x and the operator H(0,z) = 0 on a suitable
ball in BV, and then applied the Leray-Schauder degree on that ball. The growth
condition (H10) has then to be replaced by its nonautonomous version

gl

|u|—o0 ’u|

=0. (7.1.17)
The following example which generalizes Example shows that even under the

hypothesis ([7.1.17)) solutions to the integral equation ([7.1.8]) may not be unique.
Example 7.1.15. Consider again ([7.1.4]) for &« = 1/2, but this time for arbitrary . It

reads
x(t) = Mt /01 <2\/m+ 255) ds (7.1.18)

with corresponding characteristic equation

c:)\<\m+6>. (7.1.19)

To solve this equation we consider for # € R the function ¢g, defined by

R f > 0,
QOBIDIB%R,IH—) ﬁ':{ OI"B

R\{~(2, 5%} for § < 0.

t
Vit +8

For 8 > 0 the function ¢z : R — R is bijective justifying why the equation ¢z(c) = A
and hence also ((7.1.19)) has for given A € R exactly one solution ¢. For § = 0 equation



270 7.1. Hammerstein Integral Equations

(7.1.19) has at most two solutions, namely one for A = 0 and two for A # 0, as we have

seen in Example We therefore focus on < 0; Figure shows ¢z for some
fixed g < 0.

Figure 7.1.1: The function ¢z for 8 < 0.

Since the function ¢z is symmetric with respect to (0,0), we only consider it for ¢ > 0.

As
A @s(t) = 0o = lim s(t),

the function pg must have a minimum in (52

28+t
2(5+\/¥)2

this minimum must be located at ¢y := 43% at which ¢g is

,00). Since

©i(t) = for t > 0,

mo = p(to) = 45%/(8 +2|6]) = —48 > 0,

and g is strictly decreasing in (32, to) and strictly increasing in (¢y, 00). Consequently,
for A < mg equation ((7.1.19) has no solution ¢ > 3%, for A\ = my it has exactly one
solution ¢ > 32, namely ¢ = to, and for A\ > my it has two solutions ¢ > /3%. Since
03(0) =0  and lim @g(t) = —oo and  @j(t) <0 forte (0,52>,
t—p2—

@p is strictly decreasing from 0 to —oo on [0, 3?). Thus, for A < 0 equation (7.1.19)
has one further solution in [0, 5%).

Due to the symmetry we conclude that for A > —my, equation ([7.1.19)) has no solution
c < —f32, for A = —my it has exactly one solution ¢ < —/32%, namely ¢ = —t4, and for

A < —my it has two solutions ¢ < —f2. Moreover, for A > 0 equation ([7.1.19)) has one
further solution in (—3%,0). O
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Since we now have fully solved equation (7.1.4) for the three cases a € {1/2,1,2} we
organize in Table the number of solutions for all combinations of the parameters
a, B and .

Table 7.1.1: Number of solutions of equation (7.1.4) for o € {1/2,1,2}.

parameters number of solutions
a=2 | =0 A#0 2
A=0 1
B #0 A=0 1
0<4BX? <1 2
46N =1 1
4602 > 1 0
a=1 | 5>0 A <1 1
Al >1 0
=0 Al =1 00
A #1 1
g <0 A > 1 2
A <1 1
a=1/2]5>0 AeR 1
=0 A#0 2
A=0 1
g <0 |A| > —4p 3
|A| = —4p 2
|A| < —4p 1

We now generalize the previously discussed equations (7.1.1)) and (7.1.8) and consider
the equation

1
x(t) = h(t,x(t)) + Af(t,x(t)) / k(t, s)g(s,x(s)) ds for0<t<1 (7.1.20)
0
which can be written as the operator equation
r = Npx + ANygz(I); o Ny)x. (7.1.21)

Clearly, one can recover by setting h(t,u) = h(t), f(t,u) = 1 and g(t,u) = j(u)
and by letting h(t,u) = h(t) and f(t,u) = 1.

In order to solve equation (7.1.20)) in its full generality we use the fixed point theorem
of Banach-Caccioppoli. Since we do not know any nontrivial condition for compactness
of the superposition operator we also solve - but only special cases - with a
variant of Darbo’s fixed point theorem which is also a generalization of Krasnoselskii’s
fixed point theorem. The former will get us a unique solution but only for small A
while the latter lets us find solutions for any A which may not be unique. However,
in any case we need due to the generality of the equation (7.1.20)) a lot of conditions
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on the data involved. Although all these conditions have been presented in previous
chapters we will repeat them here for the convenience of the reader.

For a function ¢ : [0,1] x D — R with D € {[0,1],R} and a space X of real-valued
functions on [0, 1] and a space Y of real-valued functions on D we impose

g('70> € X, (Hll(X))
VueR: g¢g(,u) € X, (H11*(X))
Vte[0,1]: g(t,-) €Y, (H12(Y))

as well as

VR>03Lgr >03zgr € X Vs, t €0,1] Yu,v € [-R, R] :
l9(s,u) = g(s,v) = g(t, u) + g(t,v)] < Lir|2(s) = 2(t)||u -], (H13(X))

where the last condition has been recovered from (v) of Theorem [5.2.31} Observe that
(H12(L4)) is precisely condition (H1). Moreover, we define

VR >0 dag € Ly Vt € [0,1] Yu,v € [-R, R] :
lg(t, u) — g(t, 0)| < agr(t)|u—v], (H6™)

and that is a light generalization of condition (H6) which was defined as
VR >03Lg>0Vu,v € [-R,R|: |g(-,u)—g(-,v)| < Lrlu—v|. (H6)

So, for measurable g clearly (H6) implies (H6*) with ag = Lg, but not vice versa,
because in (H6*) the function ar may be unbounded. Finally, for a function k :
[0,1] x [0,1] — R and a BV-space X we recall the (B)-type conditions of Section
which we have summarized as follows (also see Table [4.3.2)).

30 >03Ime L, V'se[0,1]: Vary («91{(-, s)) < m(s), (H14)

where Vary stands for the variation of the space X, that is, Vargy = Var, Vary gy, =
Var,, Varypy, = Var,, Varypy = Vary and Varggy, = RVar,. As we have seen in
Section the scaling factor 6 is relevant only in the space Y BV,, when ¢ is arbitrary,
because (H14) is precisely condition (By) from that section. In all other BV-space
BV, WBV,, ABV and RBV,, we can always assume # = 1; nevertheless, Table [4.3.2]
lists (H14) in all BV -spaces separately. Armed with this arsenal of conditions we are
now in position to formulate and proof our main result of this section.

Theorem 7.1.16. Let X be any of the spaces BV, WBV,, YBV,, ABV or RBV,,
and let f,g,h:[0,1] x R - R and k : [0,1] x [0,1] — R be functions. Assume that

(i) k satisfies (H12(L1)) and (H14),
(ii) g satisfies (H11* (L)) and (H6*),

(iii) f satisfies (H11(X)), (H12(C*(R))) and (H13(X)),
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(iv) Oof satisfies (H11(B)) and (H6),
(v) h satisfies (H11(X)), (H12(CY(R))) and (H13(X )) with
|h(s,u) — h(s,v) — h(t,u) + h(t,v)| < Eg|lwgr(s) — wg(t)||u — v|
and wg € X,
(vi) Oxh satisfies (H11(B)) and (HG6) with
1021+, u) = O30 (-, v) o < Crlu—vl.

Then for each R > 0 satisfying

sup Hh(,x())HX <R and TRCg+ Er®x(wg)+ ||0:h(-,0)||, <1 (7.1.22)

||$HX§R

there is some ¢ > 0 such that equation (7.1.20) has for fired A € (—p,0) a unique
solution in Br(X), where ®x is as in Table[1.2.1]

Before we give the proof, let us summarize and comment the requirements (i)—(vi) in
Theorem even at the risk of being redundant in a more accessible and compressed
way. The (H11)-type conditions in (ii)—(vi) mean nothing but

g(,u) € Lo YVu € R, f(+,0),h(-,0) € X,  02f(-,0),02h(+,0) € B. (7.1.23)
The (H12)-type conditions in (i), (iii) and (v) read
vt e[0,1]: k(t,-) € Ly, f(t,-),h(t,) € CY(R) (7.1.24)

and justify simultaneously the existence of d,h and Oy f in ((7.1.23). The condition
(H14) in (i) is again

30 >03Ime L, V'se[0,1]: Vary ((%(-, s)) < m(s). (7.1.25)
The (H6)-type and (H13)-type conditions in (ii)—(vi) can be summarized as follows:

For each R > 0 there are constants Ag, Bg, Cr, Dg, Er > 0 and functions zg, wg € X
such that

V't e [0,1] Vu,v € [<R, Rl |g(t,u) — g(t,v)| < Aglu— v, (7.1.26)
as well as for all u,v € [-R, R],

[02f(-;u) — o f (-, 0) || oo < Brlu— ], (7.1.27)
102h(-, w) — Oah(-, V)|l < Crlu— ], (7.1.28)

Vs, t €[0,1] :

£(5,0) = £(5,0) — F(t,u) + £(t,0)] < Drlza(s) — za(®)llu—v],  (7.129)
Vs, t €[0,1] :

|h(s,u) — h(s,v) — h(t,u) + h(t,v)| < Eglwg(s) — wg(t)||lu —v|.  (7.1.30)
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These conditions together with the Theorems [£.3.21], [5.2.31] and [5.2.34] will then guar-
antee that the single components N, Ny and I, o Ny in equation ([7.1.21)) satisfy a
Lipschitz condition in such a way that the entire operator N, + ANy - (I; o N,) maps

the ball Br(X) into itself and is a contraction provided that X is sufficiently small and
R is sufficiently large.
Let us now take a deep breath for the

Proof of Theorem |[7.1.16. Fix R > 0 so that ([7.1.22) holds and let the quantities
AR, Br,Cr,Dgr,Er > 0 and zg,wr € X be as in (7.1.26)—(7.1.30). We start with
I, o N, and define vx = vx(k,m, ) to be the bound on the norm of I as in (4.3.6]),
that is,

2{mll,, for X = BV,

2 ||m| for X = WBV,,
vx = R0, ), + 0705 (971(1) + 1) max{1, |m|,,} for X = YBV,,

(1+ A7) Imll, for X = ABYV,

2 ||ml| /7 for X = RBV,,

where 6 and m are as in (H14). Then vyx is well-defined and finite by (i). By Theorem
4.3.21] the integral operator I maps L., into X and satisfies

[ lkzllx <vxzll, forz € L. (7.1.31)

By (ii) the function g satisfies all conditions of Theorem [5.2.34] with the Lipschitz
constant Ag given in ([7.1.26)). Accordingly, the operator N, maps X into L., with

INgz = Ngyll,.. < Arllz —ylly for z,y € Br(X).
This, the linearity of I, and imply for such z and y,
|(Zy o Ng)x — (I o Ng)yll x < vxArllz —yllx, (7.1.32)
as well as
[(Zx © Ng)xlly < [|(Zk o Ng)x — (Ix 0 Ng)O|| x + [[ 1 N0]|

< AxAr |7l +x g0,
<yx (RAR + [lg( 0)ll,..) - (7.1.33)
We now turn to the operators Ny and Nj,. By (iii)—(vi) the functions f and h satisty

all hypotheses of Theorem [5.2.31| with the necessary constants given in ([7.1.27) and

(17.1.29) for f and in ((7.1.28) and ((7.1.30) for h. Accordingly, the operators Ny and N},
map the space X into itself, and by ([5.2.23]) they satisfy the estimates

INgz = Nyylly < (TRBr + Dp®x(2p) + 10, 0)lls ) |z = vl (7.1.34)
Ny = Nyyllx < (TRCr + Ep®x (wg) + [0, 0)|, ) 2 —yly  (7.1.35)



7.1. Hammerstein Integral Equations 275

for all z,y € Br(X). Moreover,
[Nyl <INz = N0l x + [[NfOl
< TR?By+ RDp®x (25) + RO C,0) | + 1FCO)y  (7.1.36)
for these z. Setting
Ly :=TRCR + Er®x(wg) + [|020(-, 0)|
My:= sup [a,2())]

lellx <R

oo !

Ly :=TRBr + Dp®x(2r) + |02/ (-, 0)|, ;
My := TR?Bg + RDr®x (zr) + R |02/ (-,0)|| o + I/ 0) x ,
L3 := vyx A,
My = 7x (RAR + [lg( 0)]l,..) -
as well as Ty := Ny, Ty := Ny and T3 := [, o Ny, we thus have in total

w

1Ty~ Tyl < Lille—yly and [Tyall < M; for 2,y € Ba(X),j € {1,2,3).

This follows for 7 = 1 from ([7.1.35)) and the definition of M, for j = 2 from ([7.1.34))

and ([7.1.36)), and for j = 3 from (|7.1.32)) and ((7.1.33]).
By (7.1.22), we have M; < R and L, < 1, and we can therefore pick o > 0 so that

M1 + QMQMg < R and L1 + Q(MQLQ, + Mng) <1 (7137)
Any fixed A € (—p, 0) then satisfies
My + |/\|M2M3 < R and Li+ |>\|(M2L3 + M3L2) < 1. (7138)

It remains to show that 7" := T} + AT5 - T5 maps Br(X) into itself and is a contraction
for A € (=0, 0). On the one hand, for fixed x € Br(X) we obtain from the left part of
the estimates in ((7.1.38)),
ITally = [Ty + A(To) (Tya) L < | Thel + M 1 Taal . [T
< My + |A\M;M; < R;
in particular, 7" maps Br(X) into itself. Note that we have here used the fact that X
is a normalized algebra. On the other hand, for z,y € Br(X) we get
[Tz —Tyllx
= Tz — Ty + M(Tox)(Tsz) — A(Tay) (Tsy) | ¢
< [T = Twyl x + M [(Tox)(Tsx) — (Tox)(Tsy) || x
+ [AN(Tox)(Tsy) — (Toy) (Tsy) |l
< Lyfle = ylly + M Tzl x T2 — Tayll x + M T2z — Tyl x [Tyl
< Lyl —ylly + [AMaLs |z = ylly + [A[Ms Lo |l =yl x

= (Ll + Al (Mst + M3L2)> [z = yllx; (7.1.39)
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in particular, T is a contraction because of the right estimate in ((7.1.38]). Thus, the
Banach-Caccioppoli Fixed Point Theorem guarantees the existence of a unique solution

o (7.1.20)) in Br(X). The proof is complete. [ |
The crucial condition in Theorem [7.1.16}is of course ([7.1.22)) and we make some remarks

on that condition. It guarantees that there exists at least one radius R such that the
operator N, maps the ball Br(X) into itself and is a contraction on that ball. This is
a mandatory requirement, because Theorem shall also be applicable for f = 0.
But in this case, equation reduces to the fixed point problem N,x = x which
is solvable with the Banach-Caccioppoli Fixed Point Theorem only if N, itself meets
all its requirements.

Furthermore, the interplay between the radius R and the bound p for the admissible
parameters A is given by . To find such p depending on R, one has to calculate
the parameters Ly, Lo, L3, My, My, M3 and then pick p so that is satisfied. We
illustrate this on our test equation (|7 in the following

Example 7.1.17. Consider again the equation (7.1.4]) for the parameters @ > —1
and 8 € R in the space BV. In the notation of we can put h(t,u) = 0,
f(t,u) =1, k(t,s) =t and g(t,u) = (o + 1)|u|* + 20t. This implies for the quantities
in (7.1.26)(7.1.30) that Az = (o + 1)|a|R*™, B = Cr = Dp = Er = 0 and
zr = wr = 0; in particular, Theorem is applicable only if & > 1. Due to
vy = Ypv(k,m,0) = vpy(1,1) = 2, the numbers Ly, Ly, L3, My, My, M3 then become

L =0, Ly =0, Ly =2(a+ 1)|a| R,
M, =0, M, =1, M3:2((a+1)|a|R°‘+2]6]).
Therefore, condition ([7.1.37]) now reads
2@(( 1)|a|R® + 2\5|> <R (7.1.40)
20(a+ 1)|a|R* ™ < 1 (7.1.41)

This explains that for a = 1 the bound p may be chosen independently of R as we have
seen in Example and the discussion thereafter, because in this case STOWS
linearly while remains constant as R — oco. For a > 1, however, (|7 ZTrows
faster than linearly while becomes unbounded as R — co. To compensate this,
o0 has to be picked smaller the larger R is chosen. &

In case that N}, is a constant operator, that is, h(t, u) = h(t) for some h € X, condition
7.1.22) reduces to | < R which is the condition R > |\h]| gy in the Theorems|7.1.1
and [7.1.6f Moreover, if g does not depend on t, that is, g(t,u) = g(u), then the
condition (H6*) posed in Theorem reduces to g € Lip,,.(R) which is exactly
(H3) of Theorem In this sense, our very general Theorem covers both
Theorem [7.1.1] and Theorem [7.1.6] However, this is not entirely true, as in Theorem
the conditions (H4) and (H5) required for the kernel function & are milderl] than

1See Example
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(H2) used in Theorem [7.1.1} Nevertheless, Theorem [7.1.16| has a much wider range of
applications due to its generality.

We now look for (possibly unique) continuous solutions to ((7.1.20]) in our BV-spaces
and impose the following additional condition on the kernel function & : [0, 1] x [0, 1] —
R of the integral operator I.

Ve>03d0>0 th,tg € [O, 1] . ’tl — t2| S o = Hk(tl, ) - k’(tz, .)HLl S E. (H15)

This is precisely condition (F) from Section [4.3] We then have the following variant of
Theorem [7.1.16] which generalizes Theorem [7.1.12]

Theorem 7.1.18. Let X be any of the spaces BV, WBV,, YBV,, ABV or RBV,.
Assume that all hypotheses of Theorem |7.1.16] are met. Moreover, assume in addition
that the functions f and h therein are continuous and that the kernel k satisfies the
additional assumption (H15). Then for each R > 0 satisfying there is some o >
0 such that equation has for fired X € (—o, 0) a unique solution in Br(X NC).
Here, the space X N C is equipped with the norm ||| .

Proof. As we have seen in the proof of Theorem [7.1.16|for any R > 0 satisfying ([7.1.22)
there is some ¢ > 0 such that the operator T}, defined by

Tz = Npz + ANz (I o N,)z,

maps the ball Bg(X) into itself and is a contraction on that ball for every A € (—p, o).
Now, since we assume in addition that f and h are continuous, the superposition
operators N and Ny map C into itself. Moreover, since Ny, maps X into L, by
Theorem [5.2.34] it clearly also maps X NC into L. The additional assumption (H15)
on the kernel k now guarantees that I maps Ls into C' by Theorem [£.3.16 Thus,
Ty maps even the ball Br(X N C) into itself and is a contraction on that ball for
every A € (—p,0). The claim follows now from the Banach-Caccioppoli Fixed Point
Theorem. |

Note that Theorem [7.1.18| can be applied to our test equation (7.1.4)) if and only if
a > 1.

We illustrate again the interplay between the different quantities Ag, Br, Cr, Dr and
Egr, but now on a more abstract level by investigating the following special case of
equation ([7.1.20) which is still a slight generalization of ((7.1.8)).

Example 7.1.19. Consider the equation

o(t) = a(t)e(t) +b(t) + A | k(t,5)g(5, 2(5)) ds (7.1.42)

with the given data a,b:[0,1] = R, k:[0,1] x [0,1] — R and ¢ : [0,1] x R — R. This
equation is indeed a special case of (7.1.20)) with f(¢,u) = 1 and h(t,u) = a(t)u + b(t).
In particular, O f(t,u) = 0 and Osh(t,u) = a(t), as well as h(-,0) = b and f(-,0) = 1.
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We now check the hypothesis of Theorem [7.1.16] and work ourselves through the list
(7.1.23)—(7.1.30]) of required conditions. Line is satisfied if g(-,u) € Lo for
cach u € R, a € B and b € X. is satisfied if k(t,-) € L, for each t € [0, 1].
Condition holds if Varx (0k(-,s)) < m(s) for some m € Ly, some § > 0 and
almost all s € [0,1]. Additionally, we need

‘g(t, u) — g(t,v)‘ < Aglu—wv| for almost all ¢ € [0,1] and all u,v € [-R, R]

in order to fulfill (7.1.26). The lines (7.1.27), (7.1.28) and are satisfied with
Br=Cgr = Dg=0and zg = 0. Finally, holds with Fr = 1 and wr = a, and
so a € B needs to be replaced by the stronger requirement a € X.

Since h(t, 2(t)) = a(t)x(t) + b(#) we have [h(-,2()|lx < llally B+ [bllx for 2]l < R.
For we also need TRCR + Er®x(wg) + ||02(-,0)|, = ®x(a) + ||la]|, = |lal x-
If now [jal|y < 1, then (7.1.22) is satisfied for all sufficiently large R, and Theorem
says that for each such R there is some o > 0 such that has for fixed
A € (—o, 0) a unique solution in Br(X). &

As we have seen in Example and the comments thereafter an integral equation of
the form ([7.1.20) may have more than one solution. The question is now if we can get
uniqueness of solutions in the entire space with the help of the fixed point theorem of
Banach-Caccioppoli. Of course, this is possible only if the operator Nj, + ANy(I}, o Ny)
is a contraction on the entire space; in particular, N and Ny should be contractions,
and Ny should map the entire space into a ball of fixed radius if we want to impose as
less restrictions to k& and g as possible. According to the Theorems [5.2.28 and [5.2.29]
this is doable only if the generating functions f and h degenerate to “almost” affine
functions; we therefore consider only the equation for this purpose.

Theorem 7.1.20. Let X be any of the spaces BV, WBV,, Y BV,,, ABV or RBV,.
Assume that the functions g : [0,1] x R - R and k : [0,1] x [0,1] — R satisfy (i) and
(it) of Theorem[7.1.1¢ and the additional condition

lim Ar < oo, (7.1.43)

R—o0

where Ag 1s as in . Finally, assume that the functions a,b : [0,1] — R belong
to X and satisfy ||a|ly < 1. Then there is some o > 0 such that equation has
for fized X € (—o, 0) a unique solution in the entire space X .

Note that Ap is increasing with respect to R, and this justifies that the limit in ([7.1.43])
exists at least in the extended sense.

By Example all conditions on the data in Theorem are satisfied. Ac-
cordingly, there is some o > 0 such that equation has for every A € (—p,0) a
solution in X. However, p may depend on the radius R of the ball in which solutions
exist. In order to show that there is for each such A only one solution in the entire
space X we need to prove that o can be chosen to be the same for infinitely many
arbitrarily large values of R, and this is what we are going to do now.
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Proof of Theorem[7.1.20 As we have discussed in Example we have h(t,u) =
a(t)u + b(t) and f(t,u) = 1. From ([7.1.43]) we see that there is a number A > 0 such
that vxAr < A for all R > 0, where vx is as in the proof of Theorem [7.1.16] Because
of |la|ly <1 we can pick ¢ > 0 so that

lallx +0A <1, (7.1.44)

In the proof of Theorem (7.1.16 we also have considered the numbers AM;(R) = M; and
L;(R) = L; for j € {1,2,3}, and we do so here again. For these we have with the

results found in Example [7.1.19]

Li(R) = Dx(a) + [|auh(- 0. = fall .
MR) = sup [h(-20))||, < llally R+ bl .

lzll x <R
Ly(R) = 0,
My(R) = | (- 0)]lx =1,
L3(R) = vx AR,
Ms(R) = vx (RAR + (- 0) . )-

We now fix A € (—p, ) and get
Mi(R) + AMs(R)M3(R) < [lallx R + [[b]lx + Myx (RAR + [lg(- 0|, )
< R(|lallx + AA) + Mx llg (-, )]l .. + 1bllx -

Because of (7.1.44) we have ||al|y + AA < 1, and this is why we can find an Ry > 0
such that

M;i(R) + AMy(R)M3(R) < R for all R > R,. (7.1.45)
Moreover, for all R > 0 we also have
Li(R) + A(Ms(R)Ls(R) + Ms(R)La(R)) < [lally + MxAr < |lallx + A

<lla|lx + 0A < 1. (7.1.46)

From (|7.1.45)) and ([7.1.46)) we conclude similarly as in the proof of Theorem [7.1.16|that
the operator T : X — X, defined by

Tx(t) = a(t)x(t) + b(t) + )\/01 k(t, s)g(s, x(s)) ds,

has a unique fixed point in the ball Br(X) for every R > Ry; in particular, equation
(7.1.42)) has exactly one solution in the entire space X. [

For our test equation ([7.1.4)) we have seen in Example([7.1.17|that Ar = (a+1)|a|R*™L.
In particular, we can apply Theorem to this example if and only if a = 1, because

(7.1.43) forces Ag to stay bounded as R — oo.
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Applying the Banach-Caccioppoli Contraction Principle to equation is also
interesting from a computational point of view, because it provides an explicit method
on how to actually find the solution. Indeed, if the existence of a solution is guaranteed
on a ball Bg(X) one may calculate it explicitly by an iterative process: Starting with
xo := 0 the recursively defined sequence (x,,) of functions, defined by

Tnt1 = Npxy + AN, (I 0 Ny,

converges in the BV -type norm ||-||x to the unique solution z € Br(X). Moreover, the
speed of convergence is given by the a priori estimate

q'n»
|z — 2 x < T4 1]l x

where, as we have seen in ([7.1.39), the number ¢ = Ly + |A[(MaLs+ M3 Ls) is a contrac-
tion constant of the operator Ny, + ANy - (I o Ny) and the quantities My, M3, Ly, Lo, L
are as in (|7.1.38]). Let us illustrate this in the following example in the space BV .

Example 7.1.21. Let

L for0 <t <
- or >~ ~ 57
h(t) = ! 240 1

1

Z - W for 5 <t <1,
and consider the integral equation
1 > [l
x(t) = h(t) + %e’x(t) / z(s)ds. (7.1.47)
0

In the notation of (7.1.20)) we have f(t,u) = e~*, g(t,u) = wand k(t, s) = 1. Therefore,
for R = 1 the quantities in ((7.1.25)—(7.1.30) become

m:(D, (9:1, AR:L BR:2, CR:DR:ERZO, ZR:U)R:(D.

Since vpy = vy (k, m,0) = 1 in this case, the numbers in ((7.1.37) are

T 121 1
BV 240 120e1/167

Thus, for A = 1/30, we have

Li=0, M = Ly=14, My=15 ILs3=1 M;=1.

121 1 1

My 4+ AMyMy = — — —<l=
1AM = o T Togete T < E,
29

Consequently, the requirements in ((7.1.38)) are satisfied which means that (7.1.47)) has
a unique solution z € By (BV) by Theorem [7.1.16]
In order to find the solution x explicitly, one may now compute the iterates

1 1
Tni1(t) = h(t) + %e’”"(tp/o zn(s)ds for n € Ny,
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where zy := 0. Note that we already know from the Banach-Cacciopolli Fixed Point
Theorem that (x,,) converges in BV to x. Since h is of the form

h<t>:{a1 for 0 <t <1 1 1 1

—_ Y b= - —
by fori<t<1, “ 240" 1T 4 240e/16

each iterate x,, is also of this form, that is,

a, for0<t<i
() =4 " LY formeN,,
b, for;<t<1,

where the sequences (a,) and (b,,) satisfy the coupled recurrence relation
a a—l—l “%i(a, +b,) and b b—l—le*bQ( +by)
n = ——€ (a, n n = N "“an n
1= 0t s 1= 0+ o5

and the initial states ag = by = 0. Computing the first iterates of (a,) and (b,) gives
the numbers listed in Table [[.T.21

Table 7.1.2: Approximate values of (a,) and (b,) for n € {0,...,5}.
n 0 1 2 3 4 )

a, | 0.000000 —0.004167 —0.000135 —0.000004 0.000000 0.000000
b, | 0.000000  0.246086 0.249881 0.249996  0.250000  0.250000

This suggests that the solution x is given by

0 foro<t<1i
:L‘(t):{ orv=t=y

1 1
1 f0r5<t§17

and it is easy to check that z is indeed the (unique) solution in B, (BV).

Note that a contraction constant ¢ of the operator defining the right hand side of
(7.1.47)) is given by , that is, ¢ = 29/30. In particular, the speed of convergence
of the iterates x,, to the solution x may be estimated by

29\"
=l <30 (55) Il

As Table shows, in this example the convergence seems to be much faster. &

In order to solve equation we have used the Contraction Principle of Banach-
Caccioppoli. As we have seen in the discussion around Theorem one is temped
to try other fixed point theorems to solve , and this is what we are going to do
in the following.

The operator T = Nj, + ANy - (I o N,) in is the sum of the two operators
Ty = Ny and Tp = ANy - (I o N,). If we can manage to arrange that 7} is a contraction
and T5 is continuous and compact such that its sum maps a closed ball into itself, then a
variant of Darbo’s fixed point theorem would deliver a fixed point and hence a solution
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to in that ball. The advantage of this ansatz is that the operator T, may
now only be continuous and not necessarily a contraction which allows us to impose
milder conditions on g. The price we pay is then again that we cannot expect to get
uniqueness of solutions. Unfortunately, there is another problem we have to overcome:
We do not have a (nontrivial) sufficient condition on the superposition operator Ny to
be compact, except those letting Ny degenerate to either a multiplication or a constant
operator. This way, we can only solve special cases of , and we will focus on
one in particular which reads

1
x(t) = h(t,2(t)) + A / k(t, 5)g (s, 2(s)) ds. (7.1.49)
0
Here is the formulation of the Darbo like fixed point theorem we were talking about.

Theorem 7.1.22. Let E be a nonempty, bounded, closed and convex subset of a Banach
space X . Assume that the operators T1, Ty : E — X satisfy the following conditions.

(i) Ty is a contraction,
(ii) Ty is continuous and compact,
(iii) Tyx + Tox € E for allz € E.
Then the operator T' =T\ + Ty has a fixed point in E.

Observe that Theorem [7.1.22] indeed follows from the classical fixed point theorem of
Darbo, because if T} is a contraction with contraction constant L € [0,1), and if T
is compact, then p((Ty + T5)(M)) < Lu(M) for all M C E and p being either the
Kuratowski or the Hausdorff measure of non-compactness [47, 83]. Also note that
Theorem is a stronger version of a fixed point theorem of Krasnoselskii [82].
Therein, condition (iii) is replaced by the much more restrictive condition Tyz+Try € F
for all x,y € E.

We also remark that the continuity requirement in (ii) cannot be dropped.

Example 7.1.23. Set X = F = [0,1] and 7} := 0 and 75 := xyo}. Then Tj is a
contraction, Ty is compact but not continuous on E, and Tix + Tox = x € {0,1} C F
for all z € E. However, T' = T} + 15 has no fixed point in F, because Tx = x is
equivalent to Xoy(¢) = « which has no solution in F. O

To use Theorem [7.1.22] for equation ([7.1.49) we impose the following new conditions
ong:[0,1] x R—R.

VR >03Mp>0V't€ 0,1 Yue[~R R|: |g(t,u)| < Mp, (H16)
V'tel0,1: gt ) € C(R). (H17)

In addition, we need the following condition on the kernel function % : [0, 1] x [0, 1] — R.

V0 >03myge Ly V'se€[0,1]: Vary <9k(-, s)) < my(s), (H18)
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where Vary denotes again the respective variation in the space X as in (H14). This
condition is precisely condition (B%) in Section and equivalent to (H14) for any
of our BV-spaces except for X = Y BV,,, as we have seen in Example . For a
precise formulation of (H18) for each individual BV-space we refer the reader to Table
[4.3.2] With these new conditions at hand, we obtain

Theorem 7.1.24. Let X be any of the spaces BV, WBV,,, YBV,, ABV or RBV,,
and let g,h : [0,1] x R = R and k : [0,1] x [0,1] = R be functions. Assume that

(i) k satisfies (H12(Ly)) and (H18),
(ii) g satisfies (H11*(Loo)), (H16) and (H17),
(iii) h satisfies (H11(X)), (H12(C(R))) and (H13(X)) with
(s, u) = (s, v) = ht,u) + h(t,0)| < Eglwp(s) — wa(t)|[u— vl
and wp € X,
(iv) Oyh satisfies (H11(B)) and (H6) with

125 0) — Bah(-,0) < Crlu — o],

Then for each R > 0 satisfying

sup [a(-2())||, <R and TRCR+ Ep®x(wg)+ [|0:h(-,0)[, <1  (7.1.50)

lellx <R

there is some o > 0 such that equation has for fized A\ € (—o,0) a solution in
Bgr(X).

Proof. For R > 0 let

= [i(20)],

[zl x <R

Condition ([7.1.50]) together with (iii), (iv) and Theorem [5.2.31| guarantees that the
operator T} := Nj, maps the ball Bg(X) into itself with

|Thz||y = || Nnxl|x < Sk for x € Br(X). (7.1.51)

Moreover, 17 is a contraction on Br(X) by ([5.2.23)) and ([7.1.50)).

We now deal with the operator 75 := I, o N, and show first that 7, maps the space X
into itself. If vx = ~(k,m, ) denotes the same constant as in the proof of Theorem

7.1.16, we have by (i) and Theorem [4.3.21] that [, maps the space Lo, into X and is
bounded with

Mwlly < Nzl for o € Le.
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Moreover, (ii) implies that for each R > 0 there is some My > 0 such that |g(t,u)| <
Mp, for almost all ¢ € [0,1] and all u € [-R, R]. In particular, N, maps the space X
into Lo, with

HNQ'THLOO < Mg forz € Br(X). (7.1.52)
This means that 75 = I, o N, maps the space X into itself and is bounded with
|Tox||y = |(Ix o Ng)z||y < vxMp for z € Br(X). (7.1.53)

We now show that 75 : X — X is continuous. To this end, fix z € X and take a
sequence (z,,) of functions in X that converges in X to the function z. In particular,
the sequence (x,,) lies in a ball Br(X) for some R > 0 and converges pointwise to x.
By (ii), g(t, -) is continuous for almost every fixed ¢ € [0, 1]; in particular, the functions
Nyz,, = g(-, 2, (+)) converge to Nyz = ¢(-,x(-)) almost everywhere on [0, 1], and because
of they form a bounded sequence in L.,. By Proposition we conclude
that the functions Thx,, = (I o N,)z, converge in X to Thx = (I} o Ny)x. This shows
that 75 is continuous.

A similar argument yields that 75 is compact. Indeed, if (z,,) is a bounded sequence in
X we find by Helly’s Theorem a subsequence (r,,); which converges pointwise
to some function x € X. Exactly as above we get that the functions Tox,; = Iy o Ny,
converge in X to Tyx = I, 0o Nyx as j — oo.

We now fix R > 0 with . Then Sk < R, and this is why we can pick o > 0 so
that

Using the estimates ((7.1.51]) and ([7.1.53)) this implies for T) := T1+AT3 with A € (—p, 0)
fixed,

1Tzl x < 1 Thwllx + (A T2zl x < Sk + [Avx Mg
SSR+Q7xMR§R fOI'LUGBR(X)

which means that Ty maps the ball Bg(X) into itself. By Theorem [7.1.22] applied with
E = Bg(X), we obtain that Ty has a fixed point which is a solution to ([7.1.49)) in the
ball Br(X). [

Of course, if we impose additionally that A is continuous and that k satisfies (H15)
we get an analogue of Theorem [7.1.18] The proof is exactly the same as before. The
additional hypothesis on h and k guarantee that the operators N, and I}, o N, map the
space C' into itself. We therefore obtain

Theorem 7.1.25. Let X be any of the spaces BV, WBV,, Y BV,,, ABV or RBV,.
Assume that all hypotheses of Theorem |7.1.24] are met. Moreover, assume in addition
that the functions h therein is continuous and that the kernel k satisfies the additional
assumption (H15). Then for each R > 0 satisfying there is some o > 0 such
that equation has for fized X € (—o,0) a solution in Br(X N C). Here, the
space X N C' is equipped with the norm ||-|| .
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The two differences between the Theorems and and the Theorems
and is that in the latter two the conditions on g are milder for the price that
we loose uniqueness of solutions. In particular, the latter two theorems are applicable
to our test equation ([7.1.4) if and only if & > 0. As we have seen in Example ,
unique solutions cannot be guaranteed.

As a last existence result concerning equation (|7.1.49)) we give criteria under which it
has at least one solution in X for every A € R.

Theorem 7.1.26. Let X be any of the spaces BV, WBV,, YBV,,, ABV or RBV,.
Assume that the functions g,h : [0,1] x R — R and k : [0,1] x [0,1] — R satisfy all
conditions of Theorem[7.1.2]] and the additional assumptions

VR>0: Lgp<1 and limsup i = Sg

L Y 7.1.55
Homl M+ 1/R~ °° (7.1.55)

where

L := TRCg + Er®x(wg) + ||02h(-,0)]

o0 !

Mp := sup ||g(-,u)||Loo and Sr:= sup [h(,z())|lx -

lul<R =l x <R

Then equation has for every A € R a solution in X.

Proof. Fix A € R and let vx be as in the proof of Theorem |7.1.24] Due to ([7.1.55))
there is some R > 0 such that Lr < 1 and R — Sg > vx|A|(Mg + 1/R) which implies

Sk + [Ayx Mg < R.

As a consequence, the operator Ty := 11 + AT5, where T7 := Nj, and T, := I o N,
maps the ball Bg(X) into itself, 7T} is a contraction on that ball and AT; is continuous
and compact, as we have shown in the proof of Theorem Theorem is now
an immediate consequence of Theorem [ |

Theorem can be understood as a generalization of Theorem Let us now
check how the condition ([7.1.55)) looks like for our test equation (|7.1.4)).

Example 7.1.27. Let o > 0. As we have seen in Example[7.1.17, Lr = Sg = 0, where
Lr and Sk are now as in Theorem . Moreover, since g(t,u) = (a+ 1)|u|* + 20,
we get
(a+1)R* = 2|8] < Mg < (a+1)R* +2|8],
where My is also as in Theorem [7.1.26l We obtain
R < R — Sk < R
(a+1)R*+2|p|+1/R~ Mp+1/R ~ (a+1)R*—=2|B| +1/R

and hence

R oo for0<a<,
lim — P’ _
A ey R Y2 fre=1
0 for a > 1

which means that ([7.1.55)) is satisfied if and only if 0 < o < 1. &
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Thus, Theoremis applicable to equation ifand only if 0 < o < 1 and 3 is
arbitrary. This explains why the equations and do not have solutions
for every A as we have seen in the Examples [7.1.8] and [7.1.9] respectively, whereas
equation has solutions for every A (for § < 0 and |A\| > —43 even more than
one), as we have found out in Example [7.1.15

The following Table shows the combinations of parameters o and 3 for which the
theorems discussed so far may be applied to solve our test equation ([7.1.4]).

Table 7.1.3: Parameters in ((7.1.4)) for which the preceding theorems may be applied.

Theorem parameters
7.1.1 a>1 =0
7.1.6 a>1 beER

7.1.12 a>1  B=0
7113 |[0<a<1l B=0
7.1.16 a>1 BeR
7.1.18 a>1 BeR
7.1.20 a=1 BeR
7.1.24 a>0 BeR
7.1.25 a>0 BeR
71260 |0<a<1l BEeR

Especially for boundary and initial value problems which we will discuss briefly in
Section [7.3] the following more abstract equation will turn out to be very handy. Let
us consider

x(t) = Az(t) + )\/01 k(t, s)g(s, :1:'(5)) ds for0<t<1 (7.1.56)

in a BV-space X, where A : X — X is a linear operator. In order to solve this
equation, we need a variant of Darbo’s Theorem [7.1.22] for balls. The idea for the
proof is taken from [49] and relies on the fixed point theorem of Schauder.

Theorem 7.1.28. Let (X, ||-||) be a Banach algebra. Assume that the operators A, S :
X — X have the following properties.

(1) A is linear and bounded with |A™||_, <1 for some n € N.
(ii) S is continuous and compact with S(IB%R(X)> C Br(X).

If the radii R and R’ are related by

W ZHA”HXHX— ’ (7.157)

||X—>X

then the operator A+ S has a fized point in Br(X).
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Proof. Because of (i) the Neumann series of A converges, and I — A is invertible with

00 n—1
I—A) =S am| S A
=0 =0
In particular, (I — A)~! is bounded with

H([ —A)™ HX—>X = 1— HA"HX%X Z H Hxﬁx‘
Since S maps the ball Br(X) into the ball Bg/(X) by (ii), the composition T" :=

(I — A)~' o S maps the ball Bg(X) into the ball Br(X), where R” is given by

/!
G a3 L NG
Consequently, if R” < R, and this is just the relation , the operator T' maps
the ball Br(X) into itself. Moreover, since S is continuous and compact and (I — A)™!
is linear and bounded, the operator T is also continuous and compact. By Schauder’s
Fixed Point Theorem, T has a fixed point z € Br(X) which means (I — A)~'Sz = .
Equivalently, Sz = (I — A)x = © — Az and hence Ax + Sz = x. This completes the
proof. [ |

Using Gelfand’s Formula
R(4) = Jim [|4"[Y", x

n—oo

for the spectral radius PR(A) of a linear operator A : X — X on a Banach space
X (see [85]) one may replace condition (i) of Theorem by R(A) < 1. While
MR(A) < 1 is equivalent to [[A"||y_ < 1 for some n € N, it is not equivalent to
|A|lx_x < 1. Furthermore, having spectral radius less than one does not mean that
the operator norm is bounded somehow in terms of the spectral radius. We show both
in the following example.

Example 7.1.29. For ¢ € R consider the linear operator A. : BV — BV, defined by
Acx(t) = ctx(0). Then ||Acll 5y 5y = 2|c|, but since

A2z(t) = Ac(Ax)(t) = ct(Ax)(0) =0 for all z € BV,t €[0,1],

we have [|A2|| 5, gy = 0. By picking ¢ arbitrarily large we see that the norms of the
operators A, may become arbitrarily large although the operators A. themselves still
have spectral radius 0. &

Note that if || A,y < 1 which means that A itself is a contraction, then the relation
(7.1.57) reduces to R' < R(1 — ||Al|x_y). We can now apply Theorem [7.1.28 to
equation ([7.1.56)).
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Theorem 7.1.30. Let X be any of the spaces BV, WBV,, YBV,, ABV or RBV,.
Assume that the functions g : [0,1] x R — R and k : [0,1] x [0,1] — R satisfy (i)
and (ii) of Theorem [7.1.2f, Moreover, assume that A : X — X is a bounded linear
operator with || A" x_,x <1 for some n € N. Then for each R > 0 there is some ¢ > 0
such that equation has for fized X € (—p,0) a solution in Br(X).

Proof. As we have seen in the proof of Theorem the operator S := I o Ny, maps
the space X into itself, is continuous and compact and satisfies the estimate ,
that is,

HS’;EHX <yxMp forz e Bgr(X),R >0, (7.1.58)

where 7x is as in the proof of Theorem [7.1.16/and Mg := sup,<p [|9(-, u)|| -
The inequality (7.1.58) means that S maps the ball B(X) into the ball B, mp (X) for

any R > 0. Note that My is finite for each R > 0 as ¢ satisfies (H16). We now fix
R > 0. Since ||A"||x_,x < 1 we may pick ¢ > 0 so that

M
27 —ﬁXAnni X} Z [ < )

Then, for each A € (—p, 0) the operator S := AS maps the ball Bz(X) into the ball
Br(X), where R" = |\|yxMg. Because of (7.1.59), the two radii R and R’ satisfy

(7.1.57). Thus, A+ S = A+ AS has a fixed point in B(X) by Theorem [7.1.28, N

As an application we look at the following

Example 7.1.31. Consider the integral equation
1 1
z(t) = gt/ x(sinQ(ws)) ds + /\/ sin(ts) cos (wx(s) + s) ds (7.1.60)
2 Jo 0

in the space BV for a constant w > 0. In the notation of ((7.1.56) we have k(¢,s) =
sin(ts) which clearly satisfies (H12(L;)) and (H18), g(t,u) = cos(wu +t) < 1 for all
t € [0,1] and u € R which obviously fulfills (H11*(L)), (H16) and (H17), as well as

—t / sm ds

which defines a linear operator A : BV — BV with

/01 x(sinQ(ws)) ds

Consequently, [|Al 55y < w, and the function & = 1 shows even [|Al 5, 5, = w.
Since, by Theorem [1.1.20],

[Az] gy = [|Az]|, + Var(Az) = w <w |zl gy -

1 1
Var (01{:(-,3)) = 9/ ‘81k:(t,s)’ dt = 0/ s ‘COS(tS)‘ dt < 0s
0 0
we can take §# = 1 and m(s) = s in (H14) and get

vev = vpv(k,m,0) = ||k(0,-)|,, +20" [|m||,, =1,



7.1. Hammerstein Integral Equations 289

as well as Mg = 1, where v5y and My, are as in the proof of Theorem [7.1.30] Moreover,
the estimate is certainly satisfied if w € (0,1) and 0 < p < (1 — w)R, because
then A is a contraction. Thus, for w € (0,1) Theorem says that for any R > 0
and |\ < (1 — w)R equation has a solution z € Bg(BV). &

Note that equation ([7.1.60)) cannot be written in the form and hence cannot
be solved using Theorem [7.1.24] or one of its successive results. Later in Example[7.3.4]
we will see that integral equations of type may indeed be solved with Theorem
[L1.30 even when A is not a contraction.

If one replaces X in Theorem by X N C and adjusts the requirements on the
data, we obtain the following result which is very similar to Theorem [7.1.25]

Theorem 7.1.32. Let X be any of the spaces BV, WBV,, YBV,,, ABV or RBV,.
Assume that the functions g : [0,1] x R - R and k : [0,1] x [0,1] — R satisfy (i) and
(ii) of Theorem and that k meets in addition (H15). Moreover, assume that
A: XNC = XNC is a linear operator with |A"| yrooxne < 1 for some n € N.
Then for each R > 0 there is some o > 0 such that equation has for fized
A € (—p,0) a solution in Br(X N C). Here, X N C is equipped with the norm ||| .

The proof rests on the same ideas as presented in the proofs of the Theorems [7.1.25
and and will be omitted. Observe that since £ and A in Example even
satisfy the hypotheses of Theorem , any solution to must be continuous.
Let us summarize in Table [7.1.4] which of the preceding theorems may be applied to
the various Hammerstein integral equations considered in this section. As always, X
serves as a placeholder for one of the spaces BV, WBV,, Y BV,,, ABV and RBV,,.

Table 7.1.4: Theorems solving Hammerstein integral equations of several types.

By Theorem equation has solution in for

7.1.1 7.1.1 exactly one Bgr(BV) small |\l
7.1.6 7.1.8 exactly one Bgr(BV) small ||
7.1.12 7.1.1 exactly one  Br(BV NC) small |\l
7.1.13 7.1.1 at least one BV all A and h =0
7.1.16 7.1.20) exactly one Bgr(X) small ||
7.1.18 7.1.20) exactly one Br(X NC)  small ||
7.1.20 7.1.42)  exactly one X small ||
7.1.24 7.1.49)  at least one Bpr(X) small ||
7.1.25 7.1.49) at least one Br(X NC)  small [A|
7.1.26 7.1.49 at least one X all A
7.1.30 7.1.56) at least one Bgr(X) small |A|
7.1.32 7.1.56)  at least one Br(X NC)  small ||
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7.2 Volterra Integral Equations

In this short section we translate the theorems discussed in the previous section onto
Volterra integral equations, that is, equations of the form

z(t) = h(t,x(t)) + Af(t,x(t)) /Otl/(t, s)g(s,x(s)) ds for0<t<1, (7.2.1)

for given data f,g,h : [0,1] xR — R and a Volterra kernel v : [0, 1] x [0, 1] — R, that is,
v(t,s) =0 for 0 <t < s <1. Note that any Volterra integral equation can be
understood as a Hammerstein integral equation where the kernel & is replaced
by the Volterra kernel v. Therefore, each result of the previous section remains true for
the equation (|7.2.1)) and its various special cases. However, due to the special structure
of the Volterra kernel, conditions imposed on the kernel k£ in Section may now be
rephrased in a more relaxed form, and we already did so for most of the conditions
considered so far in Section [£.3] For convenience of the reader we again repeat the
needed conditions here to make the presentation self-contained.

Let us begin with the Volterra version of equation (7.1.1) which is
¢
(t) = h(t) + )\/ u(t.s)g(a(s)) ds for0<t <1 (7.2.2)
0

and the two corresponding conditions (H1) and (H2). Since these two conditions are
precisely (A) and (B) of Section [4.3] their Volterra equivalent is given by

Vi e [0,1]:  v(t,-) € L1]0,1], (V1)
Idme L V'se[0,1]: |v(s,s)|+ Var (V(-,s), [s, 1]) < mf(s), (V2)

and these are the conditions (VA) and (VB) of Section [4.3|
With (H1) and (H2) replaced by (V1) and (V2) we obtain from Theorem [7.1.1}

Theorem 7.2.1. Assume (V1), (V2) and (H3), and let h € BV be fized. Then for
each R > ||h|| 5, there is some o > 0 such that equation has for fixzed A\ € (—o, o)
a unique solution in Br(BV).

The bound p for the admissible parameters A given in ([7.1.3) is now

N P 1
0 = min ' T ) (7.2.3)
{ 19l Gplg. [~R.R)) [ 2[mll,

because v(0, s) = 0 for all s € (0,1]. This may enlarge the set of the A, as the following
example demonstrates.
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Example 7.2.2. We consider the Hammerstein and Volterra equation

1 ¢
x(t) = )\/ k(t,s)x(s)ds and x(t) = )\/ K(t, s)x(s)ds (7.2.4)
0 0
in the space BV, where
max{s_t,t_s} for 0 < s <1,
k(t,s) = s 1—s
1 for s € {0,1}

which is shown in the picture below as a function of ¢ only.

1

T . >
0 S 1

Figure 7.2.1: k(+, s) for some s € (0, 1).

In the notation of and we can put A(t) = 0 and g(u) = u. Then
9]l _g g = R and lip(g, [=R, R]) = 1. For fixed s € (0,1) we have Var (n(-,s)) = 2.
For s <t < 1 we have k(t,s) = =2 and thus |k(s,s)| + Var(k(-,s),[s,1]) = 1.
Consequently, we take m; = 2 for m in (H2) and my = 1 for m in (V2). Due to

k(0,-) = 1 the corresponding ¢ become p; = 1/5in (7.1.3)) and oo = 1/2in (7.2.3). <

Since the assumptions on the kernel in Theorem [7.1.13| are the same as in Theorem
7.1.1], the Volterra equivalent of the former becomes

Theorem 7.2.3. Under the assumptions (V1), (V2), (H9) and (H10) equation
has for h =0 and every A € R a solution x € BV'.

Observe that we could not expect uniqueness of solutions in Theorem and neither

can we here.

Example 7.2.4. Consider the Volterra equation

() = ‘;’At /Ot J](s)] ds (7.2.5)

which is a Volterra equivalent to (7.1.16|). Obviously, x = 0 is a solution. However,
the ansatz x(t) = ct? for p > 0 yields that p = 4 and 2¢ = A\\/|¢|. This equation has
for any A € R a solution, namely ¢ = A\?/4 for A > 0 and ¢ = —A\?/4 for A < 0. In

particular, has for any A # 0 at least two distinct solutions. &
The slightly more general equation ([7.1.8]) reads in the Volterra version
z(t) = h(t) + )\/Ot v(t, s)g(s,x(s)) ds for0<t<1. (7.2.6)
The kernel conditions (H4) and (H5) turn into
til[%)li] [ (t ) o < 00 (V3)

min{, }
sup Var (/ v(-,s) ds) < 0. (V4)
0

T€[0,1]
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Here, (V4) is precisely (VC) of Section {4.3| and means that the Jordan variation of the

min{,t}

function t — |, v(t, s) ds stays bounded as 7 runs through [0, 1]. As we have seen
in Example an arbitrary kernel satisfying (H1) and (V4) does not have to satisfy
(H5). In the next example we show that an arbitrary kernel k£ may satisfy (H1), (V3)
and (V4) but not (H5).

Example 7.2.5. Consider the kernel & : [0,1] x [0, 1] — R, defined by

1 t forO<st<1
k(L. s) = /\/st  for st <1,
0 for st = 0.

For each t € [0,1] we have k(t,s) = 0 if t = 0 and k(t,s) = t~/2/{/s for 0 < 5 < 1.
Thus, k(t,-) € L; for each ¢ € [0,1] and so k fulfills (H1). Furthermore,

1 1
sup ||k(ta')||L1[0,t] = Sup \/Z/O %ds =2

te[0,1] t€(0,1]

showing that k& meets (V3).
Letting

min{,t}

h(r,t) ::/O k(t,s)ds

we have for any 7 € [0,1] and ¢ € (0, 1],

min{7,t} ]|
h(r,t) = /0 N ds = 2y/min{r/t, 1},

and for ¢t = 0 we get h(7,0) = 0. Consequently,

sup Var (h(T, )) = sup (4 - Qﬁ) =4

T€[0,1] 7€[0,1]

showing that k satisfies (V4). However, for ¢, 7 € (0, 1],

T 2\/F
k(t,s)ds = —=
/0 (t,s)ds i
which is unbounded with respect to ¢t. Consequently, (H5) cannot hold. &

With the respective Volterra versions (V3) and (V4) for (H4) and (H5) at hand, The-
orem [.1.0] reads as follows.

Theorem 7.2.6. Assume (H3*), (V3) and (V/4), and let h € BV be fized. Then for
each R > ||h|| 5y, there is some o > 0 such that equation has for fized X € (—o, 0)
a unique solution in Br(BV).

The number p from (7.1.11]) bounding the set of parameters A for which Theorem
may be applied is then
R — Al gy !
’ LRSQ
25, Lr + RLg + 19(0,0)|

0 = min

, (7.2.7)
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where 5 is the supremum in (V4), S, is the supremum in (V3) and Lg = lip(g, [0, 1] x
[—R, R]) is defined as in ([7.1.10)).

For searching continuous BV -solutions to we have to adapt condition (H7) to
Volterra kernels. Let us assume for a moment that v is a Volterra kernel satistying
(H7), and let ¢ > 0 be given. Then there is some § > 0 such that for each t1,t, €
[0,1] with [t; — t3] < 0 there is a measurable set I C [0,1] of measure 1 so that
|v(t1,s) — v(ty,s)| < eforall s €. Fort; < s <ty this implies |v(ts, s)| < ¢, and for
ty < s <ty it gives |v(t1, s)| < e. Therefore, (H7) implies the following two conditions.

¥e>036 >0Vt e[0,1]V's € [0,1]:
0<t—s<é = |v(t,s)| <e (Vba)

Ve > 035>0V, € [0,1] ¥'s € [0, min{ty, 1}] :
[ti —t2| <6 = |v(ty,s) —v(ty,s)|] <e. (Vbb)

For a Volterra kernel v these two conditions together imply in turn (H7). To see this
pick for a given € > 0 a number J > 0 such that (Vba) and (V5b) hold simultaneously.
Let t1,t2 € [0,1] be so that [t; — t3] < 0. Then by (Vba) there are measurable sets
I,1,1.2 € [0,1] of measure 1 such that |v(t;,s)| < e forall s € I,; and |v(ta,s)] < ¢
for all s € I,5. By (Vbb) we find another measurable set I, C [0, min{ty,?5}] of full
measure |[,| = min{ty, %2} such that |v(t1,s) — v(ta,s)| < e for all s € [,. Then
J=1,1N1,N (]b U (min{ty, t2}, 1]) has measure 1. Now, fix s € J. If s <t <ty we
have s € [, and thus |v(t1,s) —v(t, s)| < e. Fort; < s <ty we have s € I, 5 and hence
lv(t1,s) — v(ta, s)| = |v(te, s)| < e. Similarly, |v(t1,s) — v(ta,s)| = |v(ty,s)] < e for
ty < s <y, because then s € I,;. Finally, for ¢;,t, < s we have |v(t1,s) — v(t2, )| =
0 < e. Consequently, (H7) holds.

An arbitrary kernel k satisfying (V5a) and (V5b) does not have to satisfy (H7). Here
is an example of such a kernel.

Example 7.2.7. Define & : [0,1] x [0,1] — R by k(t,s) = xqo(t). Fort € (0,1] we
have |k(t,s) — k(0,s)| =1 for all s € [0, 1] and hence (H7) is violated.

However, (V5a) and (V5b) hold. To see this fix ¢ € [0,1]. If ¢ > 0 then k(t,s) = 0 for
all s € [0,1]. If t = 0, the set of all s with 0 < s < ¢ contains only s = 0 and hence is a
null set. Thus, (V5a) is satisfied. For (V5b) fix ¢1,te € [0,1]. If m := min{ty,t2} > 0,
then t1,t5 > m > 0, and for s € [0, m] we have k(t1,s) = k(t2,s) = 0. If m = 0, the
set [0,m] contains only s = 0 and hence is a null set again. Consequently, also (V5b)
is satisfied. &

With the condition (HT7) replaced by (V5a) and (V5b) and the kernel k replaced by a
Volterra kernel v, Theorem can now be reformulated as follows.

Theorem 7.2.8. Assume (V1), (V2), (H3), (V5a) and (V5b), and let h € BV NC' be
fized. Then for each R> ||h|| 5y, there is some o > 0 such that equation has for
fized A€ (—o,0) a unique solution in Br(BV NC'), where BV N C is equipped with the
norm |l py-
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We now come to the main result, namely Theorem [7.1.16] which solves the most general
Hammerstein integral equation . In order to translate this theorem onto the
equation (7.2.1)) we have to look only at the conditions made in part (i) of Theorem
7.1.16, Besides (H12(L;)) which is equivalent to (H1) we also imposed (H14) which is
equivalent to (By) from Section 4.3l For Volterra kernels, (H1) is precisely (V1), and
the Volterra version of (Bx) is just (VBx) from Section [4.3| again which may be found
for each BV -space individually in Table[4.3.4] Therefore, we say that a Volterra kernel
v satisfies (V6) if and only if it satisfies condition (VBx) given in that table. We then
obtain from Theorem the following Volterra version.

Theorem 7.2.9. Let X be any of the spaces BV, WBV,, Y BV,,, ABV or RBV,, and
let f,g,h:[0,1] x R — R be functions and v : [0,1] x [0,1] — R be a Volterra kernel.
Assume that f,g and h satisfy (ii)-(vi) of Theorem[7.1.16, Moreover, assume that v
satisfies (V1) and (V6). Then for each R > 0 satisfying there is some ¢ > 0
such that equation has for fized X € (—p, 0) a unique solution in Br(X).

For the Volterra equivalent of equation ([7.1.42)) which is given by
t
2(t) = a(t)z(t) + b(t) + A / v(t,s)g(s,x(s))ds for0<t <1 (7.2.8)
0

we get the following version of Theorem [7.1.20

Theorem 7.2.10. Let X be any of the spaces BV, WBV,, YBV,, ABV or RBV,.
Assume that the Volterra kernel v : [0,1]x[0, 1] — R satisfies (V1) and (V6). Moreover,
assume that the function g : [0,1] x R — R satisfies (ii) of Theorem and the
additional condition

lim AR < 00,
R—o0

where Ag 1is as in . Finally, assume that the functions a,b : [0,1] — R belong
to X and satisfy ||a||y < 1. Then there is some ¢ > 0 such that equation has
for fized X € (—o, 0) a unique solution in the entire space X .

In order to translate Theorem [7.1.18 we need a Volterra equivalent of condition (H15)
which is precisely condition (F) of Section [4.3] In the Volterra setting it is equivalent
to condition (VF) of the same section and reads

‘v’5>035>0‘v’t1,t2€[0,1]: |t1—t2|§5
min{ti,t2} max{ti,t2}
)
0

ds +
min{ti,t2}

As we have already seen in Example [£.3.30] and the remark prior to Theorem [4.3.32] an

arbitrary kernel satisfying (V7) does not have to satisfy (H15). With this condition at

hand we obtain the following Volterra version of Theorem

g(t1,8) — g(ta, s) ds <e. (V7)

g(max{tl, ta}, s)
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Theorem 7.2.11. Let X be any of the spaces BV, WBV,, YBV,, ABV or RBV,,
and let f,g,h : [0,1] x R = R be functions and v : [0,1] x [0,1] — R be a Volterra
kernel. Assume that f,g and h satisfy (ii)-(vi) of Theorem[7.1.16. Moreover, assume
that f and h therein are continuous and that the kernel v satisfies (V1), (V6) and
(V7). Then for each R > 0 satisfying there is some ¢ > 0 such that equation
has for fired A € (—o, 0) a unique solution in Br(XNC). Here, the space X NC

is equipped with the norm ||-|| .

We pass to equation ([7.1.49) which in Volterra style is given by
t
z(t) = h(t,x(t)) + )\/ V(t,s)g(s,x(s)) ds for0<t<1. (7.2.9)
0

Since the Theorems[7.1.24] [7.1.25 and [7.1.26] concerning this equation have been proven
with Darbo’s Fixed Point Theorem which needed condition (H18) instead of
(H14) we now replace (H18) by its Volterra equivalent. As we have seen in Section
this is precisely condition (VB%) given in Table and so we say that a Volterra
kernel v satisfies (V8) if and only if it satisfies condition (VB%) given in that table.
If we now replace (H18) in the Theorems [7.1.24] [7.1.25/ and [7.1.26| by (V8) we obtain
their Volterra versions.

Theorem 7.2.12. Let X be any of the spaces BV, WBV,, YBV,, ABV or RBV,.
Assume that the functions g,h : [0,1] x R — R satisfy (ii)-(iv) of Theorem [7.1.24]
Moreover, assume that the Volterra kernel v : [0,1] x [0,1] — R satisfies (V1) and
(V8). Then for each R > 0 satisfying there is some o > 0 such that equation

has for fized A € (—o, 0) a solution in Br(X).

Theorem 7.2.13. Let X be any of the spaces BV, WBV,, YBV,, or ABV, and let
g,h :[0,1] xR — R be functions and v : [0,1] x [0, 1] — R be a Volterra kernel. Assume
that that g and h satisfy (ii)-(iv) of Theorem [7.1.24. Moreover, assume in addition
that the function h therein is continuous and that the kernel v satisfies (V1), (V7) and
(V8). Then for each R > 0 satisfying there is some o > 0 such that equation
has for fixred A € (—p, 0) a solution in Br(X N C). Here, the space X N C is

equipped with the norm ||| 5.

Theorem 7.2.14. Let X be any of the spaces BV, WBV,, YBV,, ABV or RBV,,
and let g,h : [0,1] x R — R be functions and v : [0,1] x [0,1] — R be a Volterra kernel.
Assume that the functions g, h : [0,1] x R — R satisfy (ii)—(iv) of Theorem[7.1.2] with
. Moreover, assume that the kernel v satisfies (V1) and (V8). Then equation
has for every X € R a solution in X.

Finally, we consider equation ([7.1.56)). Its Volterra version is
t
x(t) = Ax(t) + )\/ v(t, s)g(s,x(s)) ds for0<t<1. (7.2.10)
0

We obtain the following Volterra variant of Theorem
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Theorem 7.2.15. Let X be any of the spaces BV, WBV,, YBV,, ABV or RBV,,
and let g : [0,1] x R = R be a function, A : X — X be a linear and bounded operator
and v :[0,1] x [0,1] — R be a Volterra kernel. Assume that g satisfies (ii) of Theorem
that ||[A™||x_,x < 1 for some n € N and that v satisfies (V1) and (V8). Then
for each R > 0 there is some p > 0 such that equation has for fixred A € (—o, 0)
a solution in Br(X).

Similarly, one may get a Volterra version of Theorem [7.1.32 by replacing (H1) by (V1),
(H15) by (V7) and (H18) by (V8).

We end this section with two further comments. If the solution of a nonlinear equation,
like those considered in this chapter, is not unique, it is of some interest to have infor-
mation on the topological structure of the solution set. One prominent example is the
Rs-property which means that the set of solutions is homeomorphic to the intersection
of a decreasing sequence of absolute retracts.

Below we cite a sample result of this type for solutions z € ABV N C of the Volterra
integral equation . Since this equation can be reformulated as a fixed point
problem ([7.1.9) where the integral operator I induced by a kernel k has to be replaced
by a Volterra operator V, induced by a Volterra kernel v, our discussion will rely upon
the following structural result on fixed point sets of continuous operators in C' which
was proven in [I45].

Proposition 7.2.16. Let T' : C — C be a continuous operator which satisfies the
following four conditions.

(i) The set T(C) C C is equicontinuous.
(ii) There exist to € [0,1] and yo € R such that Tx(ty) = yo for all x € C.
(iii) The operator T is locally defined?]
(iv) Every sequence (z,,) in C satisfying
lim ||z, — Tz, =0
n— oo
has an accumulation point in C'.
Then the fixed point set of T' is a compact Rs-set.

Condition (i) in Proposition suggests to use some Arzela-Ascoli type result, while
condition (iv) is usually called a Palais-Smale condition; this is an important ingredient
of topological and variational methods in nonlinear analysis.

In order to apply Proposition to the solution set of equation recall that a
function ¢ : [0, 1] x R — R is said to satisfy an L,-Carathéodory condition if t — g(t,u)
is Lebesgue measurable for each u € R, u — f(t,u) is continuous for almost each

2See Definition
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t € [0,1], and |f(t,u)| < m,(t) for almost all ¢ € [0, 1] and some function m, € L,.
Moreover, we need the following technical hypothesis

Ve > 030 >0 Vty,ta € [0,1] :

t1
0§t2—t1§(5 — /
0

k(tr,5) = k(ta, s)|my(s) ds <& (V9)

which is some modification of (V7) and involves the function m,, from the Carathéodory
condition. The following result was proven in [30].

Theorem 7.2.17. Suppose that g : [0,1] x R — R satisfies an L,-Carathéodory con-
dition for some p € (1,00], and let h € BV N C and \ € R. Assume that the Volterra
kernel v satisfies (V1), (V6) with m € L, and 1/p+1/q =1 and (V9). Then the set
of all x € BV N C solving is a compact Rs-set.

The proof basically rests on showing that the operator T' = h + I, o N, satisfies all
the conditions imposed in Proposition [7.2.16] Note that (ii) is satisfied for ¢, = 0 and
yo = h(0) and (iii) is clearly true as we have seen at the end of Section [5.2] The most
restrictive condition is of course condition (i), and this is the reason why Theorem
cannot be generalized so easily to equation (7.2.1)). This is because if b : [0,1] xR — R
generates a superposition operator NV;, from C' into itself such that the set N, (C) is an
equicontinuous subset of C, then N, actually degenerates to a constant operator. To
see this, first note that the acting condition N,(C) C C implies that h is continuous
with respect to its first argument. Second, the equicontinuity of N, (C') implies

Vte[0,1]Ve>030 >0Ve e C VT €0,1]:
t—7[ <6 = |Nua(t) - Nux(r)| <e. (7211)

We now fix u,v € R, ¢t € [0,1] and € > 0. Then we pick § > 0 according to (7.2.11]) and
choose 7 € [0,1] so that 0 < |t — 7| < min{e,0}. The function z : [0,1] — R, defined
by

_t=s T—3S5

= v+ u,
t—T T—1

z(s)

belongs to C' and satisfies z(t) = v and x(7) = v. Consequently, from ((7.2.11)) we now
obtain |h(t,u) — h(r,v)| < e. Since h(-,v) is continuous at ¢, it follows by letting ¢ — 0
that 7 — ¢ and hence h(t,u) = h(t,v). But this means that h is actually independent
of its second argument and hence N, degenerates to a constant operator, as claimed.

As a final remark we point out that every result in this section guarantees a solution
of a Volterra integral equation that lives on the entire interval [0, 1]. Due to the special
structure of the Volterra operator it is sometimes possible to achieve solutions only
on a subinterval [0, 7] of [0,1] with the benefit that the underlying Volterra integral
equation may have solutions on that subinterval for a larger set of parameters A. One
sample result concerning equation ([7.2.2)) was proven in [29]: Indeed, the author has
shown that under the assumptions (V1), (V2) and (H3) for each R > ||h| 5, there is
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some T' € (0,1] and ¢ > 0 such that the Volterra integral equation (7.2.2)) has a unique
solution z € Br(BV[0,T]) for any |A| < o. The interplay between g and 7' is given by

Q:mm{R—nhnBv ! } !

||9||[_R,R] "lip(g, [~ R, R]) 2HmHL1[O,T].

the relation

Note that the only difference to formula is that here the Li-norm of m is taken
only on [0, 7]. This shows that since ||ml|, o7y — 0 as T"— 0+ one can make o large
by taking 7" small. In particular, equation ([7.2.2)) now has solutions for every A, but
the larger |A| is chosen the smaller may be the domain on which the solutions live.

7.3 Boundary and Initial Value Problems

It is well known that boundary value problems are closely related to Hammerstein
integral equations like and initial value problems are closely related to Volterra
integral equations like . In this section we give examples illustrating these rela-
tions in more detail. We discuss some problems which may be solved by means of our
results obtained in the Theorems [7.1.30] and [.2.15. While there is a vast literature
on continuous solutions of such problems, considerably less is known on BV -solutions.

We will be interested in solutions primarily in the spaces BV equipped with ||-|| 5.

Boundary Value Problems

We start with a boundary value problem in a nonclassical setting. Consider the second
order equation

() = —Ag(t,x(t)) for0<t<1, (7.3.1)
subject to the coupled boundary conditions
z(0) = Apz and z(1) = Az, (7.3.2)

where Ag, A1 : BV — R are given linear functionals. In the following we refer to
the boundary value problem ([7.3.1)) together with the boundary conditions (7.3.2]) by
the symbol (BVP). In order to solve (BVP) with Theorem [7.1.30] we consider the

Hammerstein integral equation
1
z(t) = Az(t) + )\/ k(t, s)g(s,m(s)) ds for0<t<1, (7.3.3)
0

where

(7.3.4)

(t.5) t(l—s) for0<t<s<l,
K ’S =
(1—-t)s for0<s<t<I,
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is the usual Green’s function of the second order derivative and A is a linear operator
from BV into itself. The bridge between (7.3.3) and our (BVP) is now built by our

next result. Denoting by
Cl:={reC'|a e AC}

the space of all continuously differentiable functions with derivative in AC' it says that
any x € BV solving (7.3.3) automatically belongs to AC!, provided that the linear
operator A : BV — BV is defined by

Az(t) = (1 —t)Apx + tAjz for 0 <t <1, (7.3.5)

where Ay and A; are the linear functionals used in ((7.3.2)).

Proposition 7.3.1. Let g : [0,1] x R — R satisfy (H11*(Ls)), (H16) and (H17),
and let A : BV — BV be defined by . Then any function x € BV solving
is differentiable in [0, 1] and has an absolutely continuous derivative. Moreover,

it satisfies and solves almost everywhere.
If, in addition, g is continuous in [0,1] x R, then x is of class C* and solves (BVP)

everywhere on [0, 1].

Proof. Assume that (7.3.3) is satisfied for some x € BV and some A € R. First
observe that h(s) := g(s, z(s)) belongs to L because of (H11*(L,)), (H16) and (H17).
Moreover, we set

1
olt) =[xt s)g( 2(s)) ds
—/ (1—1)s ds—/ t(1—s)h(s)ds for 0 <t <1.
By [150], the function ¢ belongs to AC' with
t t
o'(t) = —/ sh(s)ds — / (1 —s)h(s)ds for almost all ¢t € [0, 1],
0 1

but since the right hand side is again in AC' we conclude that ¢ € C* with ¢’ € AC.
Moreover, we obtain

" (t) = —th(t) — (1 — t)h(t) = —h(t) for almost all ¢ € [0, 1].

In addition, by definition of A the function Az is affine and hence of class C? with
(Az)" = 0. From ([7.3.3)) follows

z(t) = Az(t) + Ap(t) for 0 <t <1

in particular, this shows that (7.3.1]) holds indeed almost everywhere in [0, 1]. Moreover,
since ¢(0) = (1) = 0, we obtain x(0) = Ax(0) = Agz and z(1) = Az(1) = Ax.
Consequently, the first part of the proof is complete.

If, in addition, g is continuous, then so must be z” which means that z is of class C?
and solves (BVP) everywhere on [0, 1]. |
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According to Proposition [7.3.1] in order to find a solution z € AC! of (BVP) - and by
this we mean a function x € AC' that satisfies the boundary conditions and
the equation (7.3.1) almost everywhere on [0, 1] - all we have to do is to make sure
that the norms of the two linear functionals Ay and A; behave in such a way that the
norm of the iterate operator A™ shrinks below 1 for some n € N. We give two sufficient
conditions for this in the following theorem the ideas of which come from [27].

Theorem 7.3.2. Assume that the function g : [0,1] x R — R satisfies (H11* (L)),
(H16) and (H17). Moreover, assume that the linear functionals Ay, A1 : BV — R are
bounded and satisfy one of the following two conditions.

(a) [[Aoll gy + 21 A0 — Aill gy < 1.
(b) Aol = A11 =0 and |Agw — Ayw| < 1, where w(t) :=t fort € [0, 1].

Then for each R > 0 there is some o > 0 such that (BVP) has for fized A\ € (—o,0) a
solution x € Br(AC"). Here, the space AC' is equipped with the norm ||-|| 5 -
If, in addition, g is continuous in [0,1] x R, then every such solution is of class C*.

Proof. Define A as in Proposition that is, Az = (1 — w)Apr + wA;z. Since
Ag and A; are supposed to be bounded and linear, then so is A. We show for either
of the two options (a) and (b) that there is some n € N such that ||A"|| 5z 5y <
1. Once this is done, Theorem [7.1.30] tells us that for each R > 0 there is some
o > 0 such that the integral equation has for fixed A € (—p, 0) a solution
r € Br(BV). By Proposition the solution x belongs to AC!, has the correct
boundary values according to and satisfies almost everywhere. Note that
r satisfies (H12(L)) and (H18), because Var(k(-, s)) = 2s(1 — s) for all s € [0, 1], and
hence Theorem [7.1.30] is applicable. If g is continuous, then z is twice continuously
differentiable.

It remains to show ||A"|| 5, 5, < 1 for some n € N provided that A, and A, satisfy
(a) or (b). Let us start with (a). We have for any x € BV,

1Azl gy = 11402 + (A — Ao)all gy < 1y [Aoz] + 1wl y | (A1 — Ao)e]

< ||A0||BV—>R ||5E||BV + 2] Ao — A1||BV—>]R ||x||BV‘

Consequently,

||A||BV—>BV < ||A0||BV—>R +2 ||A0 - A1||BV—>R <1

by (a), showing that A is a contraction. In this case, we may take n = 1.

We now assume that Ay and A; satisfy option (b). Note that in this case, A1 = 0. By
induction, we first prove that the iterates of A are given by

A2y = ((]l —w)Aqw + wAlw) (Alw - Aow)n(Alx - A0x> (7.3.6)
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for x € BV,n € Ny, where we set 0° := 1. First, we have
A(Azx) = A((]l —w) Aoz + wAlzz:) = A(1l —w)Aox + AwAz = Aw(Ajz — Apz)
= ((:ﬂ. — UJ)A()U) + wAlw) (A1$ — Aol’),
and this is ([7.3.6)) for n = 0. Moreover,

Ay (Az)—Ap(Ax)
= (A1 — A)((1 — w) Aoz + wA )
= (A; — Ay)(1 —w)Apz + (A; — Ag)wA 1z = (A — Ag)w(Ayz — Ap)
= (Ajw — Agw) (A — Agz).

From this we deduce that if ((7.3.6) has been proven for some n € Ny, then
Ay = A" (Az) = (1 — w)Agw + wAyw) (Ayw — Agw)" (A;(Az) — Ag(Ax))
= (1~ w)Agw + wAw) (Aw — Agw)"" (Ayz — Agz).

By induction, ([7.3.6]) is established. As a consequence we get for n > 2,

n—2
1A gy v < 1@ = w)Agw + wArw] gy [Arw — Agw|" (| Aol gy + Al v )
and since |A;w — Agw| < 1 by (b) we find some n € N such that ||A"|| 5y .5, <1. W

Let us now pass to some example showing how to apply Theorem The following
is similar to an example from [27] and builds on option (a) of Theorem [7.3.2

Example 7.3.3. Consider the boundary value problem
x(1/2) + §(2/3), (7.3.7)

with ¢ satisfying (H11*(L,)), (H16) and (H17). We are interested in finding a solution
xr € AC'. In the notation used in ((7.3.2)) we define our functionals Ay and A; by

Aoz = 12(1/2) + t2(2/3) and Az = 1x(1/4) + s2(4/5).
Then Ay and A; are bounded linear functionals on BV with

[Aoz] < 7 1zl + 5 2l < 33 25y

and

Aoz — Avz| = |1(2(1/2) — 2(1/4)) + (2(2/3) — 2(4/5))|

< %Var(a:) + %Var(x) < g |z 5y -
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Thus,

39
HAOHBV%]R +2 HAO - AIHBV%R < E <1

which means that Ay and A; satisfy option (a) of Theorem [7.3.2] Accordingly, (7.3.7)
has for small |[A\| an AC'-solution. Observe that Ay and A; do not satisfy option (b),

The next example shows that in some cases only option (b) in Theorem can be
used.

Example 7.3.4. Consider the boundary value problem
2'(t) = —)\g(t,x(t)) for 0 <t <1,
z(0) = 3x(1/2) — 32(2/3), (7.3.8)
z(1) =2x(1/4) — 22(4/5)

with g satisfying (H11*(Lw)), (H16) and (H17). We are interested in finding a solution
x € AC'. In the notation used in ([7.3.2)) we define our functionals Ay and A; by

Apxr = 3x(1/2) — 32(2/3) and Az :=2x(1/4) —22(4/5).

Then Ay and A; are bounded linear functionals on BV with Aygl = A;1 = 0 and,
writing w(t) =t as in Theorem [7.3.2]
3

1 8 3
Agw — Aww| =2 —2- =42 =2 <1
|0U) 1’(1]‘ ’2 2+5’ 5<

which means that Ay and A; satisfy option (b) of Theorem [7.3.2] Accordingly, (7.3.8))
has for small |A\| an AC'-solution. Observe that Ay and A; do not satisfy option (a),

because
Aoxp,a 3

Pxoszal,, 2
and so || Aol gy_g = 3/2 > 1. &

Unfortunately, in some cases, neither option (a) nor option (b) of Theorem can
be used. We give a third example.

Example 7.3.5. Consider the boundary value problem
2 (t) = —)\g(t,x(t)) for 0 <t <1,
z(0) = z(1/3) + z(2/3), (7.3.9)
v(1) = —La(1/3) - La(2/3),

with ¢ satisfying (H11*(Ly)), (H16) and (H17). In the notation used in (7.3.2)) we
define our functionals Ag and A; by

Aoz = x(1/3) + z(2/3) and Az := —3z(1/3) — 12(2/3).

Then Ay and A; are bounded linear functionals on BV. However, Al = 2 # 0, and
so option (b) of Theorem cannot be used. But (a) cannot be used either, because
the same equality also shows || Ao 5y > 2. O
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We therefore generalize the ideas of Theorem [7.3.2] Due to the special structure of
the linear operator A defined in ((7.3.5) it is possible to give an exact formula for its
spectral radius. For this purpose we prove first an abstract result about the spectral
radius of linear operators of a slightly more general form than which might be
of its own interest.

Proposition 7.3.6. Let (X, ||-||) be a real Banach space, let Ay, Ay : X — R be bounded
linear functionals and let v,w € X be fired. Then for the spectral radius R of the
operator A : X — X, defined by

Az = vApr + wAijx for x € X, (7.3.10)
we have the relationship
A(ﬂ) A1U
A) = . 3.11
R(A) =R (Aow A1w> (7.3.11)

Proof. For this proof we set
C = A()U A1U .
Ao’w Alw
We first prove the “<”-part in ([7.3.11)) and begin by showing that the iterates of A can
be written in the form
A"z = va,x + whb,x  for x € X, (7.3.12)

where a,, b, : X — R are linear functionals satisfying for all x € X the linear recursions

p1T = apvAgr + a,wAx and arx = Apx, (7.3.13)
bpi1x = byvApx + bywAix and bix := Ajx. (7.3.14)

Indeed, once the formula ([7.3.12)) for A™ has been established for some n € N, we get

A"y = A" (Az) = va,(Az) + wb, (Ax)
=0- (anvon + anwAlx) + w - (bnvon + bnwAlx) (7.3.15)

= Vap 1T + Whyy .

Plugging v and w for = into the recursion formulas ([7.3.13)) and (7.3.14]) we see that

the four numbers a,v, a,w, b,v and b,w put into the matrix
B, — (anv bnv>
apw  byw
in turn satisfy the matrix recursion B,,; = CB, for all n € N with B; = C. Thus,
B,.1 = CB, and hence

B, =C" forallneN. (7.3.16)
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Setting

M = mase { Joll 4ol 90 14l Tl 4ol [l 141 |

we obtain from ([7.3.15|)

4] < el Ao+ o Bl

+ ol ([0l Aol + I 141 )
< M(Janv] + |anw] + [byv| + [baw]) < 2M ||Bu|ly, = 2M [|C7]., ,

where ||-|| . denotes the row sum norm of a matrix. Consequently, by Gelfand’s formula,

R(A) = Tim 47" < lim (20 ]1C" 1/n—l' o = m(C
(A) = lim ||A"+] im Il ) = lim [[CTIL" = R(C),

n— o0 X—X = n—=oo

and this is the inequality “<” in ([7.3.11)).

We now prove the remaining inequality “>" in (7.3.11)) and distinguish between the
cases when v and w are linearly dependent respectively independent in X.

Case 1: Assume w = Mv for some A € R. In this case, we have

C = Aol} Alv
N )\A()U )\Alv

with R(C) = |Agv + AAjv|. Moreover, we get for the linear functional L := Ay + \A;,

Az = v(Ag + A1)z = vlzx,
A%z = A(Az) = vL(vLx) = vLvLz,
Adr = A*(Ar) = vLvL(vLz) = v(Lv)* L

and inductively
Ay =v(Lv)" 'Lz foralln € N,z € X, (7.3.17)

where we set 0° := 1 again. If v = 0, we also have w = 0 and hence A =0 and C =0
which implies R(A) = R(C) = 0. We therefore assume v # 0. If Lz =0 for all z € X,
we have Ag = —AA; which implies on the one hand Az = 0 for all z € X and hence
M(A) =0, and on the other hand

C — —>\A1’U Alv
n —)\2A1U )\Al'l}

with R(C) = 0 = R(A). We therefore suppose that there is some y € X with Ly # 0
and ||y|| = 1. Consequently, by (7.3.17)),

1A 1 > [|A"yll = lloll [Agv + AArv|" | Ly]
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and hence by Gelfand’s formula

R(A) = lim || A" > [Aov + MAyo| = R(C).

n—o0

This proves the “>"-part in ([7.3.11)) for Case 1.

Case 2: Assume w # pov for all p € R. By definition, the spectral radius of the operator
A on the real space X is the spectral radius of its complexification A : X¢ — X,
defined by A(xz + iy) := A(z) + iA(y), where X¢ := {z + iy | x,y € X} denotes the
complexification of X equipped with the norm

|z +iyllx. = max [lcos(t)z + sin(t)yl]

and the common addition and multiplication with complex scalars. In addition, we
have

[zl = Izl x. = llizllx, forallze X and  [Allxx = Al x.x -

Similarly, we complexify the functionals Ag and A; by extending them to the functionals
Ag, Ay : X — C via

Ao(x +iy) = Apx + iAoy and  Aj(x +iy) = Ajx + iAy.
By splitting into real and imaginary parts we see that then
Az = vApz +wA 1z for all z € Xc.

Let now A € C be an eigenvalue of CT with eigenvector u = (uy,us) € C?\{(0,0)},
that is,
u'C = T

which means
w Agv + us Agw = Ay and w A1 + us Ajw = . (7.3.18)
Since v and w are linearly independent in X, there are z,y € X with
Az = Re(ur) v+ Re(ug) w and Ay = Im(uy) v + Im(ug) w.
Setting z := x + i1z € X¢, this leads to
Az = A(x +iy) = Az + i Ay = vuy + wug,

and since v and w are linearly independent in X and u = (uy, uz) # (0,0), we conclude
Az # 0. We obtain from ([7.3.18))

A(Az) = vAg(Az) + wA 1 (Az) = v(ug Agv + us Agw) + w(ug A1v + ug Ayw)
= Muv + ugw) = AAz.

Since Az # 0 we conclude that Az is an eigenvector and A is an eigenvalue of (the
complexification of) A. Consequently, R(A) > R(CT) = R(C). |

Let us look at an example in the very simple case that X = R.
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Example 7.3.7. For X = R consider the functional Ar = vAqr + wA;x, where
Aoz = ax, Ayxr := br and a,b,v,w € R are constants. Then Az = (av + bw)zx, and
the iterates of A are given by A"z = (av + bw)"z. Thus, R(A) = |av + bw|. On the
other hand it is easy to see that the matrix

C_ Apw  Aw\  fav b
 \Ayw Ayw)  \aw bw

has the two eigenvalues 0 and av + bw. Again, R(C) = |av + bw|, in accordance with

Proposition [7.3.6] ¢

The following refinement of Theorem is now immediate.

Theorem 7.3.8. Assume that the function g : [0,1] x R — R satisfies (H11* (L)),
(H16) and (H17). Moreover, assume that the linear functionals Ay, Ay : BV — R are
bounded with

A()’U Al’U
1 3.1
m(AOw A1w> <1, (7.3.19)

where the functions v,w € BV are defined by v(t) =1 —t and w(t) =t fort € [0,1].
Then for each R > 0 there is some o > 0 such that (BVP) has for fized A\ € (—o,0) a
solution x € Br(AC"). Here, the space AC' is equipped with the norm ||-|| g -

If, in addition, g is continuous on [0,1] X R, then every such solution is of class C*.

Proof. The argument is similar as in the proof of Theorem Accordingly, we only
need to show that the operator Ar = vAjx + wA; x satisfies || A" 5\, 5 < 1 for some
n € N. But this is clear, because in combination with Proposition yields
that |(A) < 1. [

Before we turn back to Example [7.3.5] let us mention that Theorem [7.3.2]is completely
covered by Theorem [7.3.8, Indeed, in the proof of Theorem we have shown that
under the option (a) or (b) we have :3(A) < 1 and thus

AO?} Al?}
1
R (Aow A1w> <

by Proposition Moreover, Theorem has three further advantages: First,
since it uses the spectral radius of the operator A and not its norm, Theorem [7.3.8] is
independent of the norm used in BV. Indeed, one may show that Theorem still
holds if BV is equipped with the smaller norm ||z||,, = |2(0)| + Var(z). In this case,
option (a) can be replaced by

HAOH*BV%R + HAO - AlH*BVHR < 17 (a*)

where ||-|| 5y, g is the operator norm for linear functionals from (BV, |- ,,) into (R, |-]);
for instance, this was done in [27] in the subspace BV N C of BV equipped with the
norm |||, for functionals Ay and A;, defined via Riemann-Stieltjes integrals.
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Second, is easier to varify than the options given in Theorem . And third,
in the following example, in which we come back to Example [7.3.5] we show that
neither Theorem nor its modification with (a*) may be applied to (BVP) while
Theorem may be, indeed. So Theorem is stronger than Theorem

Example 7.3.9. Consider again the boundary value problem from Example|[7.3.5| with
the functionals

Aoz = x(1/3) + 2(2/3) and Az := —3z(1/3) — 12(2/3).

There we have seen that Agl = 2 # 0 holds and hence that Theorem cannot be
applied. But neither can its modification with (a*), because the same equality shows

Aol 5y = 2, as 1]l 5y, = [Ty = 1.
However, the matrix in ([7.3.8)) becomes

A(ﬂ) A1U . 1 —1/2
Aw Aw)  \1 —1/2
and has the eigenvalues 0 and 1/2. Thus, Theorem may be applied. &

Summarizing the previous examples, we always considered boundary conditions of the
form

x(0) = azx(m) + bx(1z) and (1) = cx(oy) + dz(o2), (7.3.20)

where a,b,¢,d € R and 7,79, 01,05 € [0,1] are given. The estimate (7.3.19)) now says
that Theorem may be applied if and only if

R <a(l —7)+b(1—m) c(l—01)+dl - 02)> -1 (73.21)

aty + by coy + dos

Instead of considering “local” boundary conditions of type ([7.3.20)), we may - of course
- also look at “global” boundary conditions like, for instance,

1 1
x(0) :/ ko(s)z(s)ds and (1) :/ ki(s)z(s)ds,
0 0
where kg, k1 € L1. Then Ay and A; are defined by
1 1
Aoz :/ ko(s)z(s)ds and Ajx :/ ki(s)z(s)ds
0 0

and thus Theorem [7.3.§ may be applied if and only if

/lko(s)(l—s)ds /lkl(s)(l—s)ds

R 0 1 0 1 < 1.
/ ko(s)sds / ki(s)sds
0 0
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Example 7.3.10. Consider the boundary value problem
2'(t) = —)\g(t,x(t)) for 0 <t <1,
1 /1
2(0) = 2(1) = f/ z(s) ds.
2 Jo

We then have ky = k; = 1/2 and

(7.3.22)

[y A= 9ds [Thn(s)(1 =) ds :%<1/4 1/4) Ly

) _
/ ko(s)sds / ki(s)sds 1/4 1/4
0 0
Thus, under the assumptions of Theorem we find for small |A| a solution z €
AC. %

Before we turn to initial value problems we point out that condition (7.3.19) is not
necessary for (BVP) to have a solution in AC?.

Example 7.3.11. Consider the boundary value problem

2’ (t) = x(t) (2 + 4t2) for 0 <t <1,
z(0) = e Yix(1/2), (7.3.23)
z(1) = e¥iw(1/2).

In the notation of (7.3.20) we have a = e /4, b=d =0, c=¢** and 7, = 0, = 1/2.
Thus, the spectral radius of the matrix in ([7.3.21]) becomes

1 6_1/4 63/4 1—|—€

Nevertheless, it is easy to check that the function x(#) = exp(t?) is an (even analytic)
solution to the boundary value problem (|7.3.23|) for A = 1. &

The theory developed in this section may be applied to other similar boundary value
problems than those we have considered in the examples so far. Instead of inundating
the reader in too much technicalities, we skip the details and will be brief, because the
arguments are similar as those used before.

Consider the third order boundary value problem

2"(t) = =Ag(t,x(t)) for0<t <1,
' (0) = Apz, (7.3.24)
x’(l) = All',

where Ay, A1 : BV — R are bounded linear functionals. We are looking for solutions

x in the space
AC? .= {r € C? | 2" € AC}
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by which we mean a function x € AC? that satisfies the differential equation

2"(t) = =Ag(t, x(t))

almost everywhere in [0,1] and has the correct boundary values z'(0) = Apz and
2'(1) = Ajz. In order to find such a solution we solve the integral equation

x(t) = Ax(t) + )\/Ot /01 K(T, s)g<3,$(s)) dsdr for0<t<1 (7.3.25)

instead of ([7.3.3)) in the space BV, where k is again the Green’s function (7.3.4]), and
the linear operator A : BV — BV is now given by

1 1
Ax = —5(1 - t)QAOZU + §t2A1$ =vApr +wAz,

where 1 1
v(t) = —5(1 —t)? and w(t) = 5152 for 0 <t <1.
For x € AC? the outer integral in ([7.3.25)) defines a differentiable function. Similarly

as in Proposition one may show that any function x € BV satisfying (|7.3.25))
is a solution in AC? to the boundary value problem (7.3.24]). Note that for the first

derivative we have
1
() = (1 —t)Agx + tAyx + )\/ K(t, S)g(s, x(s)) ds for0<t<1 (7.3.26)
0

and so indeed 2'(0) = Apx and 2/(1) = A;x.
Now, in order to solve ([7.3.25) we can use Fubini’s Theorem to reduce the double
integral to a single one and transform the integral equation into

x(t) = Ax(t) + )\/01 R(t, s)g(s,x(s)) ds for0<t<1, (7.3.27)

where

t 1 2—1)t - for0 <s<t<l,
’%(tas):/ H(T,S)d’]'zf 8(< ) 3) or <s<t<
0 2 1t2(1 - s) for0<t<s<l.

Consequently, under the hypotheses of Theoremm (with v and w as above), we may

solve ([7.3.27)) and therefor also ([7.3.25) exactly as we solved (BVP), namely with the
help of Theorem
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Initial Value Problems

The theory developed so far in this section can also be used to solve initial value

problems with coupled nonclassical initial conditions. Such problems will be treated
now. Consider again the second order equation ([7.3.1)), that is,

() = —Ag(t,x(t)) for0<t<1, (7.3.28)
but this time subject to the coupled initial conditions
z(0) = Agx  and 2/(0) = Az, (7.3.29)

where Ay, A; : BV — R are given linear functionals. In the following we refer to

the initial value problem (|7.3.28)) together with the initial conditions (7.3.29) by the
symbol (IVP). In order to solve (IVP) we proceed similarly as we did to solve (BVP),

but this time we use Theorem instead of Theorem [7.1.30 To this purpose we
consider the Volterra integral equation

x(t) = Ax(t) + )\/Ot v(t, s)g(s,x(s)) ds for0<t<1, (7.3.30)

where the Volterra kernel v is given by

s—t for0<s<t<l1,
v(t,s) = (7.3.31)

0 for0<t<s<l,

and A is a linear operator from BV into itself. The bridge between ([7.3.30) and
our (IVP) is now built by the following proposition which is a perfect analogue to
Proposition

Proposition 7.3.12. Let g : [0,1] x R — R satisfy (H11* (L)), (H16) and (H17),
and let A: BV — BV be defined by

Az(t) = Agz +tA1x for 0 <t < 1. (7.3.32)

Then any function x € BV solving (7.3.50) is differentiable in [0,1] and has an abso-
lutely continuous derivative. Moreover, it satisfies and solves almost

everywhere.
If, in addition, g is continuous in [0,1] X R, then z is of class C* and solves (IVP)
everywhere on [0, 1].

Proof. Assume that ((7.3.30|) is satisfied for some x € BV and some A € R. First
observe that h(s) := g(s, z(s)) belongs to L, because of (H11*(L,)), (H16) and (H17).
Moreover, we set

o(t) == /Oty(t, 5)9(3,:6(5)) ds = /Ot(s —t)h(s)ds for 0 <t <1.
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By [I50], the function ¢ belongs to AC' with
t
Q'(t) = —/ h(s)ds for almost all ¢t € [0, 1],
0

but since the right hand side is again in AC we conclude that ¢ € C* with ¢’ € AC.
Moreover, we obtain

©"(t) = —h(t) for almost all ¢ € [0, 1].

In addition, by definition of A the function Az is linear and hence of class C? with

(Az)" = 0. From ([7.3.30) follows
x(t) = Az(t) + Ap(t) for 0 <t <1

in particular, this shows that (7.3.28)) holds indeed almost everywhere in [0, 1]. More-
over, since p(0) = ¢’'(0) = 0, we obtain z(0) = Az(0) = Agx and 2/(0) = (Az)'(0) =
Ajz. Consequently, the first part of the proof is complete.

If, in addition, g is continuous, then so must be z” which means that z is of class C?
and solves (IVP) everywhere on [0, 1]. |

Proposition [7.3.12| says that any © € BV solving ([7.3.30) automatically belongs to
AC". Consequently, in order to find a solution z € AC" of (IVP) - and by this we

mean a function x € AC" that satisfies the initial conditions ((7.3.29)) and the equation
(7.3.28)) almost everywhere on [0, 1] - all we have to do is to make sure that the norms of

the two linear functionals Ag and A; behave in such a way that the norm of the iterate
operator A", where A is now given by ([7.3.32), shrinks below 1 for some n € N. In

Theorem (a) we have given such a criterion which was so strong that the operator

Ain (7.3.5)) was a contraction. A similar criterion for the operator A in (7.3.32)) would
now read

max { || Aol gy g » [ Ao+ Aill v g |+ 141l gyp < 1. (7.3.33)

Indeed, since t — Ax(t) for fixed € BV parameterizes a straight line through the
points (0, Apx) and (1, Agx + A;x) we can calculate its BV -norm explicitly and obtain

1A%l gy = [| Az, + Var(Az) = max {|Aoz], [ Aoz + Asz|} + | Az
< ((max {1 4oll y - I140 + Aill gy } + 141l gy ) Il -

Thus, the estimate (7.3.33) guarantees || Al 5y, 5y < 1, that is, A is a contraction.
Example 7.3.13. Consider the initial value problem

2 (t) = —)\g(t,:c(t)) for 0 <t <1,
x(0) = 22(1/2) + x(2/3), (7.3.34)
2'(0) = 72(1/4) + 5z (4/5),
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with ¢ satisfying (H11*(L)), (H16) and (H17). Note that the “right hand sides” of
(7.3.34) are the same as in ([7.3.7). Exactly as in Example we define

Aoz = 12(1/2) + t2(2/3) and Az = 1x(1/4) + ;2(4/5).
Then Ag and A; are bounded linear functionals on BV with

|[Aoz|, |Arz] < 7 [I2lle + § 12l < 5 12l 5y

|Aox + Arz| = Hw(1/2) + 2(1/4)| + E|2(2/3) + 2(4/5)|

7l + 3 12l < 55 el sy -

Thus,

13

max{ [ Aol iz » 140 + A1||BV—>R} + 1Al pyr < 14 <l

which means that Ag and A; satisfy (7.3.33)). Accordingly, (7.3.34) has for small || an
AC"-solution, analogously to the boundary value problem (7.3.7)). &

One may now think that option (a) of Theorem m always implies ((7.3.33]) or vice
versa. But no such implication is true, as the following example shows.

Example 7.3.14. Define the two functionals Ag, A; : BV — R by
1
Aoz = Az = 53:(7‘)

for some 7 € [0,1]. Then [|[Aoll 5y = lA1llgr_r = 1/2, [|[A0 — A1l gyr = 0 and
| Ao+ A1l gyg = 1. Thus, the estimate (7.3.33)) is violated, while (a) of Theorem
[7.3.2 is fulfilled.

On the other hand, if we instead define

1 1
Apz = g%(T) and Ajzx:= —gl’(T)

again for some fixed 7 € [0, 1], then [[Ao| gy g = [| A1l pyr = 1/3, [[Ao — Asll gy r =
2/3 and ||Ao+ Ai]lgyg = 0. In this case, (a) of Theorem is violated while
(7.3.33) is fulfilled. o

We now jump to Theorem and see how it looks like in the setting of (IVP). Since
the structure of the linear operator A in is covered by Proposition we
have a general method to calculate the spectral radius of A. Accordingly, we have the
following analogue to Theorem [7.3.8
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Theorem 7.3.15. Assume that the function g : [0,1] x R — R satisfies (H11* (L)),
(H16) and (H17). Moreover, assume that the linear functionals Ay, Ay : BV — R are
bounded with

Al AL
R ( oo Alw) <1, (7.3.35)

where the function w € BV is defined by w(t) =t fort € [0,1].

Then for each R > 0 there is some o > 0 such that (IVP) has for fized A € (—o,0) a
solution x € Br(AC™). Here, the space AC' is equipped with the norm ||-|| gy -

If, in addition, g is continuous on [0,1] X R, then every such solution is of class C*.

Proof. The argument is similar as in the proof of Theorem [7.3.8} we just have to change
four things. The first is that we now consider the linear operator A : BV — BV,
defined by

Axr = 1Apx + wAx  for x € BV,

where w(t) = t. Second, we now use together with Proposition[7.3.6]to guaran-
tee that R(A) < 1 and that we therefore find some n € N such that ||A"|| 5, 5, < 1.
Third, Theorem yields a solution x € BV of the Volterra equation .
Fourth and finally, Proposition tells us that z in fact belongs to AC' and solves
(IVP). Moreover, it also tells us that if g is continuous, then z is of class C? and
therefore a classical solution to (IVP). |

Let us have a look back at Example [7.3.14]

Example 7.3.16. Consider the initial value problem

'(t) = —/\g(t,x(t)) for 0 <t <1,
z(0) = 1x2(1/2), (7.3.36)

2

2'(0) = 5(1/2),

2

with g satisfying (H11*(L)), (H16) and (H17). Using the functionals Az := 32(1/2)
and Ajz := 1x(1/2) which are precisely the functionals used in Example [7.3.14] for
7 = 1/2 we have seen there that is violated; even worse, the operator Ax =
1Apx + wA 2z with w(t) =t is no contraction in BV, as ||Al||z,, = 1. However,

= — — 1

and so Theorem [7.3.15| tells us that (7.3.36) has for small |A\| an AC*-solution. &

Let us again look at the general kind of initial value problems we have considered so

far in the previous examples. Similar to ([7.3.20]) they have the form

z(0) = ax(m) + bz(r) and 2/(0) = cx(oy) + dx(o2), (7.3.37)
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where a,b,¢,d € R and 1,79, 01,09 € [0,1] are given. The estimate (7.3.35)) now says
that Theorem may be applied if and only if

w( ot erd )y (7.3.38)
at + b coy + doa

From this it is easily seen that there is also no inclusion between the two estimates
(7.3.21)) and ((7.3.38)).

Example 7.3.17. Let 1y = 01 = 1/3, 79 = 0 = 2/3 and ¢ = d = 0. Then the matrix

in ([7.3.21]) becomes

(o congs o

with spectral radius |2a + b|/3, whereas the matrix in ([7.3.38]) turns into

a+b 0
(a/3 +2b/3 O)

with spectral radius |a + b|. Consequently, for a = —1/2 and b = 5/2 the spectral
radius of the first matrix is 1/2 while that of the second matrix is 2. For a = 11/2 and
b = —5, however, it is exactly the other way round. &

Similarly as we did for boundary value problems instead of considering “local” initial
conditions of type (7.3.37), we may also look at “global” initial conditions like, for
instance,

z(0) = /01 ko(s)z(s)ds and 2'(0) = /01 ki(s)x(s)ds,
where kg, k1 € L. Then Ay and A; are defined by

Agz = /01 ko(s)z(s)ds and Ajx = /01 ki(s)z(s)ds
and thus Theorem may be applied if and only if
/01 ko(s)ds /01 ki(s)ds

Ry 1
/Oko(s)sds /Okl(s)sds

< 1.

Example 7.3.18. Consider the initial value problem
() = =Ag(t,2(t)) for0<t<1,
z(0) =2/(0) = /01 sz(s)ds.
We then have ky(s) = k1(s) = s and
1 1
0 /Olko(s)ds /Olkl(s)ds :%Gg 1§§>:5<1'
/0 ko(s)sds /0 ki(s)sds

6
Thus, under the assumptions of Theorem [7.3.15( we find for small |\| a solution = €
AC. O

(7.3.39)
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As a last remark we point out that condition (7.3.35)) is not necessary for (IVP) to
have a solution in AC?.

Example 7.3.19. Consider the initial value problem
() = —4\ (4t2x(t) +4/1— m(t)z) for 0 <t <1,

#(0) = V2 z(\/7/8), (7.3.40)
Z'(0) =0.

In the notation of (7.3.37) we have a = v/2, b = c =d = 0 and 7, = \/7/8. Thus, the
spectral radius of the matrix in ([7.3.38) becomes

9%(\/\52 8>zx/§>1.

Nevertheless, it is easy to check that the function x(t) = cos (2152) is an (even analytic)
solution to the initial value problem ([7.3.40f) for A = 1. O

To conclude, the situation here is basically the same as for (BVP).
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