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Ensemble reachability of homogenous parameter-depedent systems
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In this paper we consider the class (A, B) of parameter-dependent linear systems given by matrices A € C"*™ and B €
C™*™. This class is of interest for several applications and the frequently met task for such systems is to steer the origin

toward a given target family f(6) by using an input that is independent from the parameter. This paper provides a collection
of necessary and sufficient conditions for ensemble reachability for these systems.
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1 Introduction
The focus of this paper is on parameter-dependent linear systems which are homogenous, i.e.
2a(t,0) = 0Ax(t,0) + Bu(t),  x(0,0)=0€C" )

where 6 is a parameter varying over a compact and contractible set P C C with empty interior and matrices A € C"*™ and
B € C™*™, Driven by applications, e.g. quantumm systems, the class of homogenous parameter-dependent systems has
reached attraction in the literature, cf. [1-3] and the references therein. The essential issue is to control the entire family of
systems by a parameter-independent control input which is broadcast to all members of the family and the significance is the
input function u is not allowed to depend on the parameter. This assumption makes the problem infinite-dimensional, as the
states are defined by functions of the parameter, whereas the input space is finite-dimensional. The question we are addressing
is to steer the origin towards a given family { () | € P} of terminal states. As pointed out in [4] exact reachability is never
possible in this setting. Therefore, we consider the following notion of approximate reachability.

Definition 1.1 We call (1) (or the pair (8 A, B)) uniformly ensemble reachable if for every € > 0 and f € C(P,C") there
are T > 0 and an input u € L*([0, 7], R™) such that the solution ¢(, 6, u) to (1) satisfies supgcp ||o(T,6,u) — f(8)| < e.

Note that, although we used (1) to introduce the class of systems, the results are also valid for discrete-time systems. As
there is also research treating general matricies A(#) and B(#), the goal of this paper is to provide an exposition of conditions
on A and B that are necessary and sufficient for uniform ensemble reachability.

2 Ensemble reachability for homogenous parameter-dependent systems
We start the presentation by recalling known results and afterwards we contribute new conditions for uniform ensemble
reachability of this class of systems. The recap is carried out in the subsequent propostion, cf. [1,2].
Proposition 2.1 Let P be compact, contractible with empty interior.

(a) If 0A, B) is uniformly ensemble reachable, then (A, B) is controllable, A is invertible and if 0 € P it follows that
rank B = n.

(b) If0 € P, then (0 A, B) is uniformly ensemble reachable if and only if rank A = rank B = n.

(c) Then, (A, B) is uniformly ensemble reachable if (A, B) is controllable, A is invertible and diagonalizable such that
{0X\ |0 €PIN{ON |0 € P}t =0Dforallk #1€{1,..,r}

In particular, if the parameter set contains the origin, any single-input pair (§ A, b) is never uniformly ensemble reachable
(unless n = 1). By [3, Proposition 3] it follows that a scalar pair fa, b) is uniformly ensemble reachable if and only if a # 0
and b # 0, regardless of whether 0 € P or not. Based on the latter statement we assume from now on that A is invertible.
Moreover, let Ay, ..., A, denote the distinct non-zero eigenvalues of A. Hence, there is an invertible matrix 7" such that

J1 B
T'AT = T'B=| :
Jy B,
where J, is the Jordan matrix consisting of all Jordan blocks to the eigenvalue \;. Let nj denote the size of the Jordan
matrices Ji, k = 1, ..., 7. Using this notation we provide the following new necessary condition.
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Theorem 2.2 Let P be compact, contractible with empty interior and 0 € P. Suppose the pair (0 A, B) is uniformly
ensemble reachable. Then,

(a) rank B > maxp—1,.. , k.
(b) rank By, = ny.
(©) ifr=2itholds {6\ |0 € P} N {020 € P} = 0.

In other words, the rank of the input matrix is necessarily greater or equal to the size of the largest Jordan matrix of A.
Before we provide the proof, we have to recap some notation. The continuous mappings I'y, ..., ', given by I'y: 0 — 0Ag
have the following properties:

T

Te(0) #T4(0) VEk#1 and | JTi(0) = 0(0A),

i=1

where o (6 A) denotes the spectrum of § A. In the sense of [5], the mappings I'y, ..., ', are called a pointwise disjoint eigenvalue
selection. Also it is easy to see that the pair (9 A, B) is uniformly ensemble reachable if and only if (071 AT, T~1B) is
uniformly ensemble reachable.

Proof. Tosee (a), let n, = maxy—1,..., ni. Then, there is change of coordinates .S such that

14e_ (M N 1p_ le 5:32
S AS_(O J7'> S B—(B3 B4>

for some matrices M, N and Bi, By, B and B,. In particular, the pair (0.J,, (B3 B4)) is uniformly ensemble reachable
and from [5, Proposition 6] we conclude that n, = rank (B3 B,) < rank B.

To see (b), note that the mappings I'y, ...,I', define a pointwise disjoint continuous eigenvalue selection. Then, the ap-
plication of Theorem 2 in [5] yields that each pair (6.Jx, By) is uniformly ensemble reachable. The assertion then follows
from [5, Proposition 6].

To see (c), we note that due to space constraints we examplarily treat the pair

M10 10
olo X o],[o 1]], a=o.
0 0 X a 0

If uniform ensemble reachability holds, it follows that single-input system

2(t,0) = (931 9i2> =(t,0) + (;) u(t)

is uniformly ensemble reachable. Thus, by [5, Theorem 3 (c)], one has {61 A1, 01 A2} N {021, 02X} = 0 for all 1 # 6. This
shows assertion (c) and the proof is complete.
O

We close this paper with the following sufficient conditions.

Theorem 2.3 Let P be compact, contractible with empty interior and 0 ¢ P and rank B = m < n. Then, (A, B) is
uniformly ensemble reachable if rank By, = ny and

{00 |0 €PIN{ON|0€P =0 VE#£L )

Proof. Since the eigenvalues Ap, ..., A, are non-zero, the eigenvalue functions A, (#) := )\ are injective. Since rank By, =
nk, we can apply Proposition 5 in [5] and conclude that every pair 6.Jy, By) is uniformly ensemble reachable. By condi-
tion (2), toghether with [5, Theorem 1] it follows that (0T ~1 AT, T~!B) is uniformly ensemble reachable. This shows the
assertion. O

We conjecture that the condition (2) is also necessary for the case of more than two distinct eigenvalues.
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