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Abstract

We prove a sharp Bernstein-type inequality for complex polynomials which are posi-
tive and satisfy a polynomial growth condition on the positive real axis. This leads to an
improved upper estimate in the recent work of Culiuc and Treil (Int. Math. Res. Not.
2019: 3301-3312, 2019) on the weighted martingale Carleson embedding theorem
with matrix weights. In the scalar case this new upper bound is optimal.
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1 Result

Lemma 1.1 Let n be a positive integer and p : C — C a polynomial such that
p(s) >0 foralls >0 and

Ip(s) <s 'L +s)"  foralls >0. (1.1

Then
Ip(0)] < n?, (1.2)
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with equality if

_ e+ 1—s
p(S)—pn(S).—2 . (1 T”<1+s>>' (1.3)

Here, T, (x) = cos(n arccos x) is the n-th Chebyshev polynomial of the first kind.

The source of motivation for Lemma 1.1 has been the recent work of Culiuc and
Treil [1] on the Carleson embedding theorem with matrix weights. In fact, Lemma 2.2
in [1], which they attribute to F. Nazarov and M. Sodin, provides the (weaker) estimate

|p(0)] < e*n? (1.4)

for any polynomial p : C — C satisfying (1.1). Developing a sophisticated Bellman
function technique and making use of estimate (1.4), Culiuc and Treil [1] proved the
following result ([1, Theorem 1.2]). We refer to [1] for the relevant terminology and
notation.

Theorem A (Carleson embedding theorem for matrix weights) Let W be a d x d
matrix—valued measure and let Ay, I € D be a sequence of positive semidefinite d x d
matrices. Then the following are equivalent:

2
. 1/2
W Y|P w 2| i = angiis.
1D

6 Y |[arwr|[ 1< ansi..

1D
1
(i) —— > (W) A[(W);|I] < B{W), forall Iy € D.
| Ol I1eD,Icly

Moreover, the best constants A and B satisfy B < A < CB, where C = C(d) =
4e%d?.

In fact, the proof of Theorem A in [1] requires the estimate (1.4) only for polyno-
mials p : C — C with degree n = 2d, which satisfy (1.1) and are real and positive
on the positive real axis. Therefore Lemma 1.1 implies that one can take

C(d) = 4d>

instead of C(d) = 4¢?d* in Theorem A. In the scalar case (d = 1) this new upper
bound produces the upper estimate A < 4B, which is known to be optimal [4, Theorem
3.3].

Remark 1 The method we use for the proof of Lemma 1.1 can also be used to improve
the bound (1.4) given by [1, Lemma 2.2], which holds for any polynomial p : C — C
satisfying (1.1). This leads to

1p(0)| <2n* —n, (1.5)

see the next section for the proof. The estimate (1.5) is presumably not best possible.
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2 Proofs

The idea is to view both estimates, (1.2) and (1.5), as Bernstein—type estimates. Recall
that for a polynomial 4 of degree N the classical Bernstein inequality says that

max |h'(z)| < N - max |h(2)].
lz|=1 lzI=1

Proof of Lemma 1.1 By assumption, p : C — C is a polynomial satisfying (1.1) and
p(s) > 0 forall s > 0. Then g(z) := zp(z) is polynomial of degree at most n with
q(0) =0, p(0) = ¢’(0), and g(s) > 0 for all s > 0. We define the auxiliary function

_ 4™ -2\
f(Z).—Wq(—(]_i_Z) )— Zakz >

k=—n

a Laurent polynomial of degree < n. It is not difficult to see that the growth condition
(1.1) for p implies the uniform bound

|f(z)| <1 forall|z|=1.

We also note that

p0) =4'(0) = -2f"(),

so our task is to find the best upper bound for | 7 (1)].
In order to find such an estimate, it turns out to be essential that the auxiliary
function f is real and positive (i.e., > 0) on |z| = 1. To see this just note that

k()_;_l 1_<1_Z>2
YT 0¥ 4 14z

is the Koebe function, familiar from the classical theory of univalent functions, which
maps the unit circle |z| = 1 onto the half-line [1/4, 4+00). Hence, on |z| = 1, f(2) is
the product of two real and positive functions.

We are thus in a position to apply the Fejér—Riesz theorem [2] for the Laurent
polynomial f. This gives us a complex polynomial P of degree < n with no zeros in
|z] < 1 such that

f(2)=P@PAJZ), zeC\{0}.

Clearly, |P(z)| < 1 forall |z] = 1. We can therefore apply a sharpening of Bernstein’s
inequality due to P. Lax [3] (confirming an earlier conjecture of Erdos) which asserts
that

max |P'(z)| <

~max |P(z)] <
|z|=1 =1

|zl

n
3"

oS
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In particular,
1p(0)] = 1g' ()] =2 f"(D] = 4|P'(D)|* < n?,

proving (1.2). Clearly, the polynomial P, (z) = (z" — 1)/2 has the property | P, (1)| =
n/2,s0 | £/ ()| = n?/2 for f,(z) := Py(z) P,(1/2). It is easy to see that

_(I+ )" 1-z\?
fu(2) = (47)" 4n 1+2
for a polynomial g, of degree at most n with ¢g,(0) = 0, and it is straightforward to
check that p, (z) := ¢, (z)/z has the form (1.3). O

Proofof (1.5) By assumption, p : C — C is a polynomial satisfying (1.1). Then
q(2) := zp(z) is polynomial of degree at most n with g(0) = 0 and p(0) = ¢g’(0). We
define, closely following the proof of [1, Lemma 2.2], the auxiliary function

(o LD _(1—z>2
8(2) = —r—4q T2 ,

a polynomial of degree N < 2n. As before, the polynomial g has the property that

lg(z)] <1 forall|z]=1.
Now note that
p(0) = —2g"(1).

Hence, we could apply the classical Bernstein inequality twice, first for g’ and then
for g”, but this would result in

Ip(0)] =2|g" (D] <2N(N — 1) < 4n2n — 1),

which is not particularly good. However, as observed in [1, Proof of Lemma 2.2] we
can assume without loss of generality that g has no zeros in |z| < 1. We can therefore
apply as above the inequality of Lax which leads to

N
/
max Z)| < — -max )| =<n.
max ¢'(3)] < 5 - max [g(3)] <

This brings us in a position to apply Corollary 14.2.8 in [5] for the polynomial g’
which has degree < 2n — 1. Hence

lg" @1 +12n —1g'(2) — 28" @ <n@2n—1), |zl <1,

Taking z = 1 and noting that g’(1) = ng(0) = 0, gives 2|g”"(1)| < n(2n — 1), as
required. o
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3 Remarks

The polynomials p which occur in the proof of Theorem A in [1] are of the form

ps) =Y pi&Il,
1D

with p;(s) > 0 for all s > 0 and each p; a polynomial of degree at most 2(d — 1).
The extremal polynomial p,; in Lemma 1.1 has degree 2(d — 1) and all its 2(d — 1)
zeros are on the positive real axis and are double zeros. This implies that

p(s) = pa(s) < ViepIewy=opill|l =cU)paa.

Hence the extremal polynomial p,; of Lemma 1.1 shows up in the proof of Theorem A
only if each p; is a multiple of pog.

After acceptance of the paper the authors found another short proof of Lemma 1.1
based on Markov’s inequality [5, Theorem 15.1.4] which allows to identify all
extremal polynomials. In fact, using the change of variables s = (1 —x) /(1 + x)
we have

1 _nl-n n—lg _ l—x 1 sp(s) _
gx):=1-2""04+x)"""(1 x)p<—1+x>—1 2—(1+s)”’ x e (—1,1).

By assumptions, g is a polynomial of degree at most n such that ¢g(1) = 1, ¢'(1) =
p(0) and |g(x)| < 1 for all x € [—1, 1]. By Markov’s inequality, | p(0)| = |¢’(1)] <
n? with equality if and only if ¢(x) = T} (x). This proves (1.2) with equality if and
only if p = p, asin (1.3).

Acknowledgements The authors would like to thank Stefanie Petermichl for raising the problem of finding
the sharp form of Lemma 2.2 in [1] and for various helpful discussions and remarks.

Funding Open Access funding enabled and organized by Projekt DEAL.

Data availibility The manuscript has no associated data.

Conflict of interest The authors declare that there is no conflict of interest.

OpenAccess This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.


http://creativecommons.org/licenses/by/4.0/

40 Page6of6 D. Kraus et al.

References

1. Culiuc, A., Treil, S.: The Carleson embedding theorem with matrix weights. Int. Math. Res. Not.
2019(11), 3301-3312 (2019)

2. Fejér, L.: Uber trigonometrische Polynome. J. Reine Angew. Math. 146, 53-82 (1916)

3. Lax, P.D.: Proof of a conjecture of P. Erdos on the derivative of a polynomial. Bull. Amer. Math. Soc
50(8), 509-513 (1944)

4. Nazarov, F, Treil, S., Volberg, A.: Bellman function in stochastic control and harmonic analysis. In:
Systems, approximation, singular integral operators, and related topics. Proceedings of the 11th inter-
national workshop on operator theory and applications, IWOTA 2000, pp. 393-423, Bordeaux, France,
(2000)

5. Rahman, Q.I., Schmeisser, G.: Analytic theory of polynomials. Oxford University Press, Oxford (2002)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.



	A sharp Bernstein–type inequality and application to the Carleson embedding theorem with matrix weights
	Abstract
	1 Result
	2 Proofs
	3 Remarks
	Acknowledgements
	References




