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1. Introduction

From the ancient roots of mathematics to the latest streams of modern mathematical research,
there has always been a fruitful interplay between pure mathematical theory on the one hand and
the large field of applications in physics, chemistry, biology, engineering, or economics on the
other. At this, all kinds of mutual influences can be observed. In many cases it happens naturally
that an applicational problem leads to the genesis of a wholenew discpline within mathematics;
calculusor algebraare very prominent examples of that. In turn, the converse direction, in which
a whole theory has been established without an immediate benefit outside of mathematics, finding
enormous practical application decades later, is observedjust as well.

Under the label ofapplied mathematicsall mathematical disciplines are subsumed, which are
concerned with the theoretical background and the computational solution of problems from all
fields of applications and constantly recurring inner mathematical tasks.

In particular, the disciplines ofmathematical optimizationandnonlinear programming, respec-
tively, being subdis ciplines of applied mathematics, dealwith various kinds of minimization (or
maximization) tasks, in which an objective function has to be minimized subject to functional or
abstract constraints, from the most general to very specialcases. In this thesis, however, a spe-
cial class of optimization problems which can be used as a unified framework for problems from
topology optimization, cf. Section 1.1, is investigated in depth. For these purposes consider the
optimization problem

min f (x)
s.t. gi(x) ≤ 0 ∀i = 1, . . . ,m,

h j(x) = 0 ∀ j = 1, . . . , p,
Hi(x) ≥ 0 ∀i = 1, . . . , l,
Gi(x)Hi (x) ≤ 0 ∀i = 1, . . . , l,

(1.1)

with continuously differentiable functionsf , gi , h j ,Gi ,Hi : Rn → R. This type of problem is
calledmathematical program with vanishing constraints, MPVC for short. On the one hand, this
terminology is due to the fact that the implicit sign constraint Gi(x) ≤ 0 vanishesas soon as
Hi(x) = 0. On the other hand, an MPVC is closely related to another type of optimization problem
calledmathematical program with equilibrium constraints, MPEC for short, see Section 1.2 for
further details. In problem (1.1) the constraintsg(x) ≤ 0 andh(x) = 0 are supposed to be standard
constraints, whereas the characteristic constraintsHi(x) ≥ 0 andGi(x)Hi (x) ≤ 0 for i = 1, . . . , l
are troublesome for reasons broadly explained in the sequel.

An MPVC is a very interesting type of problem for various reasons. First of all, it has a large field
of applications in truss topology design, see Section 1.1 and is thus, in particular, interesting from
an engineering point of view. Moreover, due to the fact that the characteristic constraints may be

1



1. Introduction

reformulated by the aid of

Hi(x) ≥ 0, Gi(x)Hi(x) ≤ 0 ⇐⇒ Hi(x) ≥ 0, Gi(x) ≤ 0 if Hi(x) > 0, (1.2)

a combinatorial structure being imposed on the constraintsG andH comes out, which is responsi-
ble for many difficulties, which are typical for these kinds of problems as wascoined by Scholtes
in [59]: An MPVC is a nonconvex problem, even if all constraint functionsg, h,G,H are convex,
due to the product termGi(x)Hi (x) ≤ 0 for i = 1, . . . , l. Furthermore, in most interesting and
relevant cases, see Chapter 4, the standard constraint qualifications like thelinear independence,
theMangasarian-Fromovitzor even theAbadie constraint qualificationare violated. Hence, the
well-known Karush-Kuhn-Tucker conditionscannot be viewed as first optimality conditions off-
hand. For these reasons, in turn, standard NLP solvers are very likely to fail for MPVCs, and so
the challenge of designing more appropriate tools for theirnumerical solution arises naturally.

To get a first impression of what may happen when trying to analyze or solve an MPVC and in
order to illustrate the above mentioned difficulties we take a look at a small academic example.
Fora ∈ R consider the MPVC

min (x1 − a)2 + x2
2

s.t. x2 ≥ 0,
x1x2 ≤ 0.

(1.3)
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with its unique solutionx(a) = (a, 0). What we see is that its feasible set is nonconvex and contains
some lower-dimensional areas which are particularly undesirable if the solution is located there
and one tries to apply a feasible descent method to find it. On the other hand, the feasible set is at
least locally convex for all feasible points except for the point x∗ = (0, 0). At this point both the
explicit constraintH(x) := x2 ≥ 0 and the implicit restrictionG(x) := x1 ≤ 0 are active, a critical
situation which is responsible for many problems in the context of MPVCs. Moreover, the linear
independence constraint qualification is violated atx(a) for all a ∈ R, and for alla ≥ 0 even the
Mangasarian-Fromovitz constraint qualification is violated atx(a).

Before MPVCs have been treated systematically, there have appeared a couple of papers in the
engineering literature, see, e.g., [2], [7], [13], or [33],in which particular cases of our general
setup are considered.

Since MPVCs, in their general form, are quite a new class of optimization problems, very few
works have only been published (or submitted) on this subject. At this, the first formal treat-
ment has been done by Achtziger and Kanzow in [3], where the class of MPVCs was formally
introduced and motivated. Subsequent to this work, there were published a couple of collaborate
papers by Kanzow and the author of this thesis, see [26], [27], and [28], surveying constraint
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1. Introduction

qualifications and optimalitiy conditions for MPVCs. Needless to say, these papers are in large
parts the basis for this thesis. There are two more works waiting for publication, [4] and [31],
containing numerical approaches for the solution of MPVCs,where the first reference presents
broad numerical results, and the second also provides stability theory and second-order conditions
complementing those from [28]. The latest work in the field ofMPVCs is [29] in which exact
penalty results for MPVCs are investigated.

1.1. Applications of MPVCs

In order to display the relevance of programs in the fashion of (1.1) this section deals with a special
problem fromtopology optimizationwhich leads to an MPVC.

In general, topology optimization is concerned with the mathematical modelling of the engineering
problem of distributing a given amount of material in a design domain subject to load and support
conditions, such that the reuslting structure is in a certain sense optimally chosen. Contrary to
traditionalshape design, not only the total weight or volume of the resulting structure may be the
objective of optimization, but rather the actual behaviourof the structure under load in terms of
deformation energy is integrated in the optimization process.

For the more interested reader we recommend the excellent textbook [7], which has become a
standard reference in this field.

The following example is taken from [3] and appears by courtesy of Wolfgang Achtziger and
Christian Kanzow.

Example 1.1.1 In this example we want to find the optimal desgin for a truss structure using the
so-calledground structure approachestablished in [15]. For these purposes, consider a given set
M of potential barsdefined by the coordinates of their end nodes (inR2 or R3). Moreover, for
each potential bar, material parameters are given (Young’smodulusEi, relative moment of inertia
si, stress boundsσt

i > 0 andσc
i < 0 for tension and compression, respectively). These parame-

ters are used to formulate constraints to prevent structural failure if the calculated bar is actually
realized. This, however, is the case if the calculated cross-sectional areaai is positive. Eventually,
boundary conditions (i.e., fixed nodal coordinates) and external loads (i.e., loads applying at some
of the nodes) are given. Such a scenario is called aground structure. The problem (optimal truss
topology design problem) is to find cross-sectional areasa∗i for each potential bar such that failure
of the whole structure is prevented, the external load is carried by the structure, and a suitable ob-
jective function is minimal. The latter is usually the totalweight of the structure or its deformation
energy (compliance).

In order to obtain a good resulting structure after optimization, the ground structure should be
’rich’ enough, i.e., it should consist of many potential bars. Figure 1.1 illustrates a ground structure
in 2D in a standard design scenario. The structure (yet to be designed) is fixed to the left (indicated
by a wall). On the right hand side, the given external load applies (vertical arrow) which must be
carried by the structure. We have discretized a 2D rectangular design area by 15× 9 nodal points.
All nodal points are pair-wise connected by potential bars.After the deletion of long potential
bars which are overlapped by shorter ones, we end up with 5614potential bars. Some of these
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Figure 1.1.: Ground structure Figure 1.2.: Optimal truss structure

potential bars are depicted in Figure 1.1 by black lines.

Of course, in view of a practical realization of the calculated structure after optimization, one
hopes that the optimal designa∗ will make use of only a few of the potential bars, i.e.,a∗i > 0 for
a small number of indicesi only, whereas most of the (many) optimal cross-sectional areasa∗i are
zero. Figure 1.2 shows the optimized structure based on the ground structure indicated in Figure
1.1. Indeed, most of the potential bars are not realized as real bars. Such a behaviour is typical in
applied truss topology optimization problems.

The main difficulty in formulating (and solving) the problem lies in the fact that, generally speak-
ing, constraints on structural failure can be formulated ina well-defined way only if there is some
material giving mechanical response. As explained before,however, most potential bars will pos-
sess a zero cross-section at the optimizer. Hence, one option is the formulation of the problem
as a problem with vanishing constraints. A simple formulation of the truss design problem with
constraints on stresses and on local buckling takes the following form

min f (a, u)
s.t. g(a, u) ≤ 0,

K(a)u = f ext,

ai ≥ 0 ∀i = 1, . . . ,M,
σc

i ≤ σi(a, u) ≤ σt
i if ai > 0 ∀i = 1, . . . ,M,

f int
i (a, u) ≥ f buck

i (a) if ai > 0 ∀i = 1, . . . ,M.

(1.4)

At this, a ∈ RM, a ≥ 0, is the vector of cross-sectional areas of the potential bars, andu ∈ Rd

denotes the vector of nodal displacements of the structure under load, whered is the so-called
degree of freedom of the structure, i.e., the number of free nodal displacement coordinates. The
state variableu serves as an auxiliary variable. The objective functionf often expresses structural
weight or compliance but can also be any other measure evaluating a given designa and a corre-
sponding stateu. The nonlinear system of equationsK(a)u = f ext symbolizes force equilibrium
of given external loadsf ext ∈ Rd and internal forces along the bars expressed via Hooke’s lawin
terms of displacements and cross-sections. The matrixK(a) ∈ Rd×d is the global stiffness matrix
corresponding to the structurea. This matrix is always symmetric and positive semidefinite.The
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1. Introduction

constraintg(a, u) ≤ 0 is a resource constraint, like on the total volume of the structure if f denotes
compliance or on the compliance of the structure iff denotes volume or weight. Ifai > 0, then
σi(a, u) ∈ R is the stress along thei-th bar. Similarly, ifai > 0, f int

i (a, u) ∈ R denotes the internal
force along thei-th bar, andf buck

i (a) corresponds to the permitted Euler buckling force. (We as-
sume here that the geometry of the bar cross-section is given, e.g., as a circle or a square. Hence,
the moment of inertia is a scaling of the cross-section, and the buckling force solely depends on
ai). Then the constraints on stresses and on local buckling make sense only ifai > 0. Therefore,
they must vanish from the problem ifai = 0. Fortunately, the functionsσi, f int

i , and f buck
i possess

continuous extensions forai ↓ 0, and thus may be defined also forai = 0 , without any direct
physical meaning, though. This, in view of (1.2), allows a reformulation of the problem in the
form (1.1). In this situation, the definitionsHi(a, u) := ai for all i = 1, . . . ,M will do the job.

We would like to close this section by referring the reader to[3] and Part II of this thesis for more
applications of MPVCs in the ’real world ’.

1.2. Comparison with MPECs

As was already suggested above, there is another class of optimization problems to which MPVCs
are closely related and these aremathematical programs with equilibrium constraints, MPECs for
short. An MPEC is a program of the following fashion

min f̃ (z)
s.t. g̃i(z) ≤ 0 ∀i = 1, . . . ,m,

h̃ j(z) = 0 ∀ j = 1, . . . , p,
G̃i(z) ≥ 0 ∀i = 1, . . . , l,
H̃i(z) ≥ 0 ∀i = 1, . . . , l,
G̃i(z)H̃i (z) = 0 ∀i = 1, . . . , l.

(1.5)

This kind of problem was already thoroughly investigated innumerous publications, where we
would like to refer the reader particularly to the two monographs [37] and [44] containing com-
prehensive material on this subject.

Like the MPVC, an MPEC is a highly difficult problem, since it is also a representative of the class
of nonconvex problems in the sense of [59], due to combinatorial structures on the characteristic
constraints. As will turn out in many places of this thesis, an MPEC is even more difficult than an
MPVC in many respects. For example, see [11], an MPEC violates the linear independence and
the Mangasarian-Fromovitz constraint qualificiation at every feasible point, which is even worse
than for MPVCs, as can be seen later.

In principle, an MPVC may be reformulated as an MPEC by introducingslack variables. In fact,
the MPVC (1.1) is equivalent to the below MPEC in the variables z := (x, s), wheres ∈ Rl is the
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1. Introduction

slack variable:
min
x,s

f (x)

s.t. gi(x) ≤ 0 ∀i = 1, . . . ,m,
h j(x) = 0 ∀ j = 1, . . . , p,
Gi(x) − si ≤ 0 ∀i = 1, . . . , l,
Hi(x) ≥ 0 ∀i = 1, . . . , l,
si ≥ 0 ∀i = 1, . . . , l,
Hi(x)si = 0 ∀i = 1, . . . , l.

(1.6)

The precise relation between (1.1) and (1.6) is stated in thefollowing elementary result, see [3].

Proposition 1.2.1 (a) If x∗ is a local minimizer of(1.1), then z∗ := (x∗, s∗) is a local minimizer
of (1.6), where s∗ denotes any vector with components

s∗i

{

= 0 if H i(x∗) > 0,
≥ max{Gi(x∗), 0} if H i(x∗) = 0.

(b) If z∗ = (x∗, s∗) is a local minimizer of(1.6), then x∗ is a local minimizer of(1.1).

Note that, due to Proposition 1.2.1, the following strategyfor the solution of an MPVC could be
applied: Reformulate the MPVC (1.1) as an MPEC in the fashionof (1.6) and apply one of the
numerous solvers from the MPEC machinery.

This procedure, however, is not recommendable for various reasons: First of all, as was already
suggested above, it has turned out in many situations of MPVCresearch, cf. [3] or [4], for ex-
ample, and it will also show in this thesis, that an MPEC is even more difficult to tackle than an
MPVC. Moreover, the reformulation (1.6) increases the dimension of the problem compared to
(1.1). Furthermore, (1.6) involves some nonuniqueness as to the slack variables, a more serious
drawback when solving it by some appropriate method.

Summing up what has been argued thus far, we have seen in Section 1.1 that an MPVC is a
highly relevant problem from the viewpoint of applications. Furthermore, it was coined that it is
too difficult to simply apply NLP methods for its solution. In addition to that, in Section 1.2 it was
pointed out that also the reformulation of an MPVC as an MPEC is not an appropriate strategy.

Thus, the subject of this thesis, which is the theoretical investigation of MPVCs and the design of
appropriate numerical solution methods, is a desirable goal.

The organization of this thesis is as follows: In the main it is divided into two major parts. Part I
is concerned with the investigation of theoretical background material for MPVCs including con-
straint qualifications (standard and MPVC-tailored) and their associated optimality conditions. In
particular, the special role of the so-calledGuignard constraint qualificationis adressed. More-
over, the notion ofM-stationarity, an optimality concept weaker than the standardKKT conditions,
is focussed and surveyed in depth, using, in particular, thelimiting normal cone, see, e.g., [38], as
a major tool. At this, many of the proofs are inspired by analogous considerations in the MPEC
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field, as can be found in, e.g., [16], [17], [18], or [63], where the latter was also a rich source for
the second-order optimality results presented in Chapter 7. Rounding off the background material,
an exact penalty result for MPVCs is provided in Section 8, where also an alternative proof for
M-stationarity is given.

In Part II numerical algorithms for the solution of MPVCs areestablished, including extensive con-
vergence analysis and numerical applications. The first procedure is a smoothing-regularization
algorithm, which was in a similar way already investigated for MPECs in [21]. For the conver-
gence theory,Clarke’s generalized gradientin the sense of [14] comes into play. The second one
is a pure relaxation approach comparable to the one surveyedin [58] for MPECs.

Notation

In large parts most of the notation that is employed has become standard. For a brief overview we
refer the reader to the end of this thesis. Nevertheless, we will now explain in more detail some of
the more universal symbols which are used in many chapters.

The space of the real numbers is denoted byR, whereR+ andR− are the nonnegative and nonpos-
itive real numbers, respectively.

For an arbitrary setS, its n−fold cartesian product is indicated bySn, that is, we have

Sn = S × · · · × S
︸       ︷︷       ︸

n−times

.

In particular,Rn labels then-dimensional real vector space, whereRn
+ andRn

− describe its nonneg-
ative and nonpositive orthant, respectively.

A vector x ∈ Rn is always understood to be a column vector, its transpose is given by xT . Its
components are denoted byxi , which in particular justifies the notationx = (xi)i=1,...,n. For a
vectorx ∈ Rn and a vectory ∈ Rm we simplify notation by

(x, y) := (xT , yT)T .

Analogously, a matrixA ∈ Rm×n consisting ofm rows andn columns can be defined via its entries
by A := (ai j )i=1,...,m, j=1,...,n. Again,AT denotes its transpose.

In general,f : Rn→ Rm describes a function that maps fromRn toRm. In case of differentiability
f ′(x) denotes its Jacobian atx. In addition to that, ifm = 1, ∇ f (x) denotes the gradient off at x
which is assumed to be a column vector. Moreover, for a twice differentiable functionf , ∇2 f (x)
indicates the Hessian off at x, that is we have

∇2 f (x) =
( ∂

∂xi∂x j
f (x)

)

i, j=1,...,n
.

For a functionf : Rn × Rm→ R, we may also partially apply the∇-operator and we set

∇x f (x, y) :=
( ∂

∂xi
f (x, y)

)

i=1,...,n
and ∇y f (x, y) :=

( ∂

∂y j
f (x, y)

)

j=1,...,m
.
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The same principle will be applied to the subdifferential operators∂, ∂Cl etc.

Analogously, for the∇2-operator and a functionf : Rn × Rm→ R we put

∇2
xx f (x, y) :=

( ∂

∂xi∂x j
f (x, y)

)

i, j=1,...,n
and ∇2

xy f (x, y) :=
( ∂

∂xi∂y j
f (x, y)

)

i=1,...,n, j=1,...,m

Moreover, in case that there exists a vectorc ∈ Rn and a scalarb ∈ R such thatf (x) = cT x+ b for
all x ∈ Rn we call the functionf affine linear, or simplyaffine.

The notion of a functionf : Rn→ Rm which maps elements fromRn to elements inRm is extended
to the concept of amultifunctionor set-valued map. This is expressed byΦ : Rn ⇉ Rn, which
describes the fact that the multifunctionΦ maps vectors fromRn to subsets ofRm. The graph of
this multifunction is given by

gphΦ := {(x, y) ∈ Rn+m | y ∈ Φ(x)}.

We use‖ · ‖ for an arbitrarylp-norm inRn, that is, forx ∈ Rn we put

‖x‖ := ‖x‖p :=






(
∑n

i=1 |xi |p)
1
p if p ∈ [1,∞),

∑n
i=1 |xi | if p = ∞.

If a particularlp-norm is used, this will always be noted in advance.

For x ∈ Rn andr > 0 we will denote the open ball with radiusr aroundx by Br(x), i.e.,

Br(x) := {y ∈ Rn | ‖x− y‖ < r}.

Additionally, we put
B := {x ∈ Rn | ‖x‖ ≤ 1},

i.e., B is the closed unit ball around the origin. For an arbitrary set ∅ , C ⊆ Rn the function
dC : Rn→ R+ given by

dC(x) := inf
y∈C
‖x− y‖,

denotes the distance of the vectorx ∈ Rn to the setC measured in the respective norm‖ · ‖.
Moreover, for a closed setC , ∅ we define the multifunction ProjC : Rn⇉ Rn by

ProjC(x) := {y ∈ C | ‖x− y‖ = dC(x)}.

ProjC(x) is then called the projection ofx ontoC.

Sequences inRn are denoted by{ak} ⊆ Rn. In order to describe convergence to a limit pointa ∈ Rn

we writeak → a or lim
k→∞

ak = a. Moreover, we compactly write{ak} → a for a sequence{ak} ⊆ Rn

with ak → a. For a sequence{ak} ⊆ R we useak ↓ a to describe the case thatak → a andak > a
for all k ∈ N. Analogously,ak ↑ a has to be interpreted.

8





Part I.

Theoretical Results
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2. Concepts and results from nonlinear
programming

In this chapter we briefly recall some basic notions from nonlinear programming, which are fre-
quently employed in the subsequent analysis or that are usedto motivate some of the new concepts.
For these purposes, consider the general nonlinear programming problem of the form

min F (x)
s.t. Gi(x) ≤ 0 ∀i = 1, . . . , r,

H j(x) = 0 ∀ j = 1, . . . , s,
(2.1)

whereF ,Gi ,H j : Rn → R are assumed to be continuously differentiable functions. Excellent
textbooks including exhaustive treatment of these kinds ofproblems are, e.g., [5], [22] and [43].

For further analysis we use the following definition which has become a useful standard abbrevi-
ation. If x∗ is feasible for (2.1) we put

IG(x∗) := {i | Gi(x
∗) = 0}, (2.2)

which is actually the set of indices for whichGi is active atx∗. Furthermore, we denote the feasible
set of (2.1) byX.

2.1. KKT conditions and constraint qualifications

2.1.1. The Karush-Kuhn-Tucker conditions

A fundamental, perhaps the most important result in the fieldof nonlinear programming is the
following theorem initially proven by William Karush in hismaster’s thesis [32] and then inde-
pendently in a collaboration by Harold W. Kuhn and Albert W. Tucker in [35]. This led to calling
it Karush-Kuhn-Tucker conditions, KKT conditions for short. Actually, it provides a necessary
optimality criterion for (2.1) in case that one of the so-called constraint qualifications, CQs for
short, holds at the point of question. We will broadly discuss some of the most prominent con-
straint qualifications for a standard optimization problemlike (2.1) and their relationships after
this result.

Theorem 2.1.1 (KKT conditions) Let x∗ be a local minimizer of(2.1) satisfying a constraint
qualification. Then there exist vectorsα ∈ Rr andβ ∈ Rs such that

0 = ∇F (x∗) +
r∑

i=1

αi∇Gi(x
∗) +

s∑

j=1

β j∇H j(x
∗) (2.3)

11



2. Concepts and results from nonlinear programming

and
Gi(x∗) ≤ 0, αi ≥ 0, αiGi(x∗) = 0 ∀i = 1, . . . , r,
H j(x∗) = 0, ∀ j = 1, . . . , s.

(2.4)

In the course of increasing popularity of the subgradient calculus, a large number of generaliza-
tions of Theorem 2.1.1 have arisen, employing a nonsmooth calculus as provided in, e.g., [14],
[42] and [61], where, roughly speaking, the gradients in (2.3) are replaced by the respective sub-
gradient and the equality becomes an inclusion.

2.1.2. Constraint qualifications

Obviously, constraint qualifications play a key role in the formulation of the above theorem. A
constraint qualification, in general, is a property of the feasible set represented by the constraint
functions, which guarantees that the KKT conditions are in fact necessary optimality conditions.
Quite a lot of different CQs have been established by different authors and shown to yield KKT
conditions. A very exhaustive survey on this subject is given in [48]. For a less comprehensive but
still very good overview one may also confer [6].

Three of the most common ones are thelinear independence constraint qualification (LICQ), the
Mangasarian-Fromovitz constraint qualification (MFCQ)and theAbadie constraint qualification
(ACQ). LICQ is defined as follows and goes back to [36].

Definition 2.1.2 (LICQ) Let x∗ be feasible for(2.1). Then LICQ is said to hold if the gradients

∇Gi(x∗) (i ∈ IG(x∗)),
∇H j(x∗) ( j = 1, . . . , s)

(2.5)

are linearly independent.

In turn, MFCQ obviously is due to Mangasarian and Fromovitz in [41].

Definition 2.1.3 (MFCQ) Let x∗ be feasible for(2.1). Then MFCQ is said to hold if the gradients

∇H j(x
∗) ( j = 1, . . . , s)

are linearly independent and there exists a vector d∈ Rn such that

∇Gi(x∗)Td < 0 (i ∈ IG(x∗)),
∇H j(x∗)Td = 0 ( j = 1, . . . , s).

(2.6)

In order to define ACQ we need to introduce two cones which are standard tools in optimization
theory. Letx∗ be feasible for (2.1) then the following set

T (x∗;X) :=
{
d ∈ Rn

∣
∣
∣ ∃{xk} ⊆ X, {tk} ↓ 0 : xk → x∗ and

xk − x∗

tk
→ d

}
(2.7)

is called thetangent coneof the setX at the pointx∗. Sometimes this cone is also referred to as
Bouligand tangent coneor contingent cone. Note that the tangent cone is in fact a cone. Moreover,

12



2. Concepts and results from nonlinear programming

note that, in particular, for the tangent cone of the feasible set of the MPVC (1.1) at a feasible point
x∗ we will compactly writeT (x∗).

Now, we call the following set

L(x∗) =
{
d ∈ Rn | ∇Gi(x∗)Td ≤ 0 (i ∈ IG(x∗)),

∇H j(x∗)Td = 0 ( j = 1, . . . , s)
} (2.8)

the linearized coneof (2.1) atx∗, where the dependence onX which is reflected by the defining
constraintsG andH , is suppressed in the notation, since it will always be clearfrom the context
which constraint set the cone refers to. We are now in a position to state ACQ as initially done in
[1].

Definition 2.1.4 (ACQ) Let x∗ be feasible for(2.1). Then ACQ is supposed to hold if

T (x∗,X) = L(x∗).

Note that one always has the inclusionT (x∗,X) ⊆ L(x∗), hence verifying ACQ reduces to the
converse inclusion. Moreover, mind that ACQ always holds ifall constraint functions are affine
linear.

Another CQ which did not receive too much attention until it found application in the MPEC field,
see, e.g., [17], is theGuignard constraint qualification (GCQ), introduced by M. Guignard in [23].
In its definition the notion of thedual coneoccurs which is explained below.

Definition 2.1.5 LetC ⊆ Rn be a nonempty set. Then

(a) C∗ := {v ∈ Rn | vTd ≥ 0 ∀d ∈ C} is thedual coneofC.

(b) C◦ := {v ∈ Rn | vTd ≤ 0 ∀d ∈ C} is thepolar coneofC.

Note thatv ∈ C∗ if and only if−v ∈ C◦, henceC◦ is the negative ofC∗. Furthermore, mind that the
dual and the polar cone of a set is always closed and convex. Moreover, for two setsA ⊆ B(⊆ Rn),
apparently, one obtains the converse inclusionsB∗ ⊆ A∗ andB◦ ⊆ A◦, respectively.

Definition 2.1.6 (GCQ) Let x∗ be feasible for(2.1). Then GCQ is said to hold if

T (x∗,X)∗ = L(x∗)∗.

At this, note that, due to what was argued above, the inclusion L(x∗)∗ ⊆ T (x∗,X)∗ always holds.
Evenually, mind that GCQ could have been equivalently defined by the use of the polar instead of
the dual cone.

As can be seen in the above mentioned references [6] and [48],for example, the following simple
relation holds for the four CQs that we have introduced thus far:

LICQ =⇒ MFCQ =⇒ ACQ =⇒ GCQ. (2.9)

13



2. Concepts and results from nonlinear programming

The converse directions do not hold in general, cf. [48] for counterexamples.

In this chain of implications the first implication is easilyverified, and the third follows immedi-
ately from the definitions. It takes more work to prove the second implication. This reflects the
fact that there is quite a gap between LICQ and MFCQ on the one hand and ACQ and GCQ on
the other hand in terms of strength and nature of the respective condition. First of all, cf. [48] and
[6], there is a number of CQs lying between MFCQ and ACQ. And moreover, ACQ and GCQ are
cone-based CQs, whereas LICQ and MFCQ are directly defined via the constraint functions.

ACQ and GCQ are typically held to be pretty weak conditions, in particular GCQ is in a sense, cf.
[23] and [48], the weakest constraint qualification to yieldKKT conditions at a local minimizer.
Thus, they typically have good chances to hold. On the other hand, they are pretty hard to verify,
in particular, since the tangent cone is involved. In turn, LICQ and MFCQ are rather strong
assumptions, but may be verified pretty easily. This, in particular, makes them more appealing
from a numerical viewpoint.

2.1.3. B-stationarity

At places, see Section 9.4, e.g., we will employ the notion ofB-stationarity which is defined
below.

Definition 2.1.7 (B-stationarity) Let x∗ be feasible for(2.1). Then x∗ is called a Bouligand-
stationary or B-stationary point of(2.1) if

∇ f (x∗)Td ≥ 0 ∀d ∈ T (x∗,X). (2.10)

Note that (2.10) is equivalent to saying that∇ f (x∗) ∈ T (x∗,X)∗.

The following result is well known in optimization and it states that B-stationarity is a necessary
optimality condition for the nonlinear program (2.1), holding without any assumptions.

Proposition 2.1.8 Let x∗ be a local minimizer of(2.1). Then x∗ is a B-stationary point of(2.1).

B-stationarity is linked to the KKT-conditions in the following fashion.

Proposition 2.1.9 Let x∗ be feasible for(2.1)such that GCQ holds. Then x∗ is B-stationary if and
only if it is a KKT point.

2.2. The convex case

As a reminder we briefly recall the notion of a convex set and a convex function. To this end,
consider the following definitions.

Definition 2.2.1 Let C ⊆ Rn be a nonempty set. Then C is called convex if for allλ ∈ [0, 1] we
have

λx+ (1− λ)y ∈ C ∀x, y ∈ C.

14



2. Concepts and results from nonlinear programming

Definition 2.2.2 Let C∈ Rn be convex and f: C→ R. Then f is said to be

(a) convex on C if for allλ ∈ [0, 1] it holds that

f (λx+ (1− λ)y) ≤ λ f (x) + (1− λ) f (y) ∀x, y ∈ C.

(b) strictly convex on C if for allλ ∈ (0, 1) it holds that

f (λx+ (1− λ)y) < λ f (x) + (1− λ) f (y) ∀x, y ∈ C with x, y.

In addition to that, we say that f is (strictly) convex if it is(strictly) convex on the wholeRn.

For differentiable functions there is a well-known characterization of convexity which is stated
below.

Lemma 2.2.3 Let C⊆ Rn be convex and f: C→ R. Then

(a) f is convex on C if and only if

f (x) − f (y) ≥ ∇ f (y)(x− y) ∀x, y ∈ C.

(b) f is strictly convex on C if and only if

f (x) − f (y) > ∇ f (y)(x− y) ∀x, y ∈ C with x, y.

We are now in a position to be concerned with the actual subject of this section which is the
following type of optimization problem

min F (x)
s.t. Gi(x) ≤ 0 ∀i = 1, . . . , r,

H j(x) = 0 ∀ j = 1, . . . , s,
(2.11)

where the functionsF ,Gi (i = 1 . . . , r) are convex and the functionsH j ( j = 1, . . . , s) are affine
linear. This type of problem is typically held to be pretty well-posed, in particular because its
feasible region is a convex set and hence the following well-known result, see [5], e.g., applies.

Theorem 2.2.4 Let S⊆ Rn be nonempty and convex and let f: S→ R be convex on S . Consider
the problem

min f (x) s.t. x ∈ S, (2.12)

and suppose that x∗ is a local minimizer of(2.12). Then the following holds true:

(a) x∗ is a global minimizer of(2.12).

(b) If either x∗ is a strict local minimizer, or if f is strictly convex, then x∗ is the unique global
minimizer of(2.12).
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2. Concepts and results from nonlinear programming

For the remainder we refer to programs in the fashion of (2.12) asconvex programs. In particular,
(2.11) is a convex program.

Moreover, in addition to the above result it is known that theKKT conditions from (2.3) and (2.4)
are sufficient optimality conditions for (2.11), that is we have:

Theorem 2.2.5 Let x∗ be a KKT point of(2.11). Then x∗ is a minimizer of(2.11).

A prominent constraint qualifcation in the field of convex programming is the so-calledSlater
conditionor Slater constraint qualification (SCQ), which is due to M. Slater, see [60], but can be
found in any comprehensive textbook like [5], [6] or [22].

Definition 2.2.6 (SCQ) The convex program(2.12) satsifies the Slater constraint qualification
(SCQ) if there exists a vectorx̂ ∈ Rn such that

Gi(x̂) < 0 (i = 1, . . . , r), H j(x̂) = 0 ( j = 1, . . . , s).

The following result relates SCQ with the standard CQs from Section 2.1.2 by discovering its
sufficiency for ACQ.

Theorem 2.2.7 Let SCQ be satisfied for the convex program(2.12). Then ACQ holds at every
feasible point.

2.3. Second-order optimality conditions

This section deals withsecond-order optimality conditionsfor nonlinear programs in the fashion
of (2.1). We present both necessary and sufficient conditions, but we focus on the latter. For the
remainder of this section we assume all functions in (2.1) tobe twice continuously differentiable.

Second-order sufficient optimality conditions have initially arisen in the context of stability and
sensitivity analysis of perturbed optimization problems,see [34] or [52], e.g., and are now part of
any comprehensive textbook on optimization, see [5], [22] or [43].

Considering the standard nonlinear program (2.1), the basic tool for the formulation of second-
order conditions is the associated functionL : Rn × Rr × Rs→ R given by

L(x, α, β) := F (x) + αTG(x) + βTH(x) (2.13)

= F (x) +
r∑

i=1

αiGi(x) +
s∑

j=1

β jH j(x), (2.14)

which is called theLagrangian (function)of (2.1). By the aid of the Lagrangian one may, for
example, rewrite the KKT conditions from Theorem 2.1.1 as follows: A feasible pointx∗ of (2.1)
is a KKT point if and only if there exist multipliersα, β such that

∇xL(x∗, α, β) = 0, α ≥ 0, αTG(x∗) = 0.
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2. Concepts and results from nonlinear programming

Second-order optimality conditions in optimization are always stated in the sense that the Hessian
of the Lagrangian has (sufficient conditions) or is shown to have (necessary conditions) certain
definiteness properties on a particularcritical cone. The cones that will play this role for our
purposes are given as follows. Suppose that (x∗, α, β) is a KKT point of (2.1). Then recall that

IG(x∗) = {i | Gi(x
∗) = 0},

and put

I+G(x∗) := {i ∈ IG(x∗) | αi > 0},
I0
G(x∗) := {i ∈ IG(x∗) | αi = 0}.

Then we define
K(x∗) := {d ∈ Rn | ∇Gi(x∗)Td = 0 (i ∈ I+G(x∗)),

∇Gi(x∗)Td ≤ 0 (i ∈ I0
G(x∗)),

∇H j(x∗)Td = 0 ( j = 1, . . . , s)},
(2.15)

and
K s(x∗) := {d ∈ Rn | ∇Gi(x∗)Td = 0 (i : αi > 0)),

∇H j(x∗)Td = 0 ( j = 1, . . . , s)}. (2.16)

Mind, however, that the latter cones depend also on the multipliers, which are unique in the case
that LICQ holds atx∗ . Moreover, note that, apparently, with the linearized coneL(x∗) of (2.1) at
x∗, one hasK(x∗) ⊆ K s(x∗) ⊆ L(x∗). Furthermore,K(x∗) = K s(x∗) holds, for example, under the
following condition.

Definition 2.3.1 (SCS)Let (x∗, α, β) be a KKT point of(2.1). Then we say that strict complemen-
tarity slackness (SCS) holds if

αi + Gi(x
∗) , 0 ∀i = 1, . . . , r.

The notion of strict complementarity slackness has been successfully employed in many situations
of optimization theory. For example, SCS yields differentiability of most of the prominentNCP-
functions, like theFischer-Burmeister function, see [20], or themin-functionas used in, e.g., [45].
Thus, in the presence of SCS, the KKT conditions can be rewritten as a differentiable system of
equations.

Eventually, we may now state the second-order sufficient conditions that we need in the sequel.

Definition 2.3.2 Let (x∗, α, β) be a KKT point of(2.1). Then we say that

(a) second-order sufficient condition (SOSC) is satisfied if

dT∇2
xxL(x∗, α, β)d > 0 ∀d ∈ K(x∗) \ {0},

(b) strong second-order condition (SSOSC) is satisfied if

dT∇2
xxL(x∗, α, β)d > 0 ∀d ∈ K s(x∗) \ {0}.
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2. Concepts and results from nonlinear programming

Note that, SOSC and SSOSC coincide under SCS.

The following result is well known in optimization and can befound in, e.g., [5].

Theorem 2.3.3 Let (x∗, α, β) be a KKT point of(2.1) satisfying SOSC. Then x∗ is a strict local
minimizer of(2.1).

Obviously, since SSOSC implies SOSC, we get the following corollary.

Corollary 2.3.4 Let (x∗, α, β) be a KKT point of(2.1)satisfying SSOSC. Then x∗ is a strict local
minimizer of(2.1).

For completeness’ sake and since it motivates the MPVC-tailored results in Chapter 7, we also
provide a prominent second-order necessary result for (2.1), which can also be found in [5], for
example.

Theorem 2.3.5 Let x∗ be a local minimizer of(2.1) satisfying LICQ. Furthermore, let(α, β) be
the associated (unique) multipliers such that(x∗, α, β) is a KKT point of(2.1). Then it holds that

dT∇2
xxL(x∗, α, β)d ≥ 0 ∀d ∈ K(x∗).
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3. Tools for MPVC analysis

This chapter is supposed to provide some concepts and abbreviations which have turned out to be
extremely helpful for the analysis of MPVCs.

For the remainder we decide to denote the feasible set of the MPVC (1.1) byX and we put

θi(x) := Gi(x)Hi(x) ∀i = 1, . . . , l. (3.1)

A first crucial tool is the following list of index sets. For these purposes, letx∗ ∈ X. Then we put

J :=
{
1, . . . , p

}
,

Ig :=
{

i
∣
∣
∣ gi(x

∗) = 0
}

,

I+ :=
{
i
∣
∣
∣ Hi(x

∗) > 0
}
,

I0 :=
{
i
∣
∣
∣ Hi(x

∗) = 0
}
.

(3.2)

Furthermore, we divide the index setI+ into the following subsets:

I+0 :=
{

i
∣
∣
∣ Hi(x

∗) > 0,Gi(x
∗) = 0

}

,

I+− :=
{
i
∣
∣
∣ Hi(x

∗) > 0,Gi(x
∗) < 0

}
.

(3.3)

Similarly, we partition the setI0 in the following fashion:

I0+ :=
{
i
∣
∣
∣ Hi(x

∗) = 0,Gi(x
∗) > 0

}
,

I00 :=
{

i
∣
∣
∣ Hi(x

∗) = 0,Gi(x
∗) = 0

}

,

I0− :=
{
i
∣
∣
∣ Hi(x

∗) = 0,Gi(x
∗) < 0

}
.

(3.4)

Note that the first subscript indicates the sign ofHi(x∗), whereas the second subscript stands for
the sign ofGi(x∗). Mind, however, that the above index sets substantially depend on the chosen
point x∗, but for our purposes it will always be clear from the contextwhich point they refer to.
Moreover, note that a very special role will be played by the bi-active setI00, as was already
foreshadowed in the introduction.

The gradient of the functionθi from (3.1) at a feasible pointx∗ ∈ X may be expressed with the
above index sets as

∇θi(x
∗) =






Gi(x∗)∇Hi(x∗) if i ∈ I0− ∪ I0+,

0 if i ∈ I00,

Gi(x∗)∇Hi(x∗) + Hi(x∗)∇Gi(x∗) if i ∈ I+−,
Hi(x∗)∇Gi(x∗) if i ∈ I+0.

(3.5)
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3.1. Some MPVC-derived problems

At places we will make use of some auxiliary problems that arederived directly from the MPVC.
For these purposes, letx∗ be feasible for (1.1). ThenP(I00) denotes the set of all partitions of
the index setI00. Now, let (β1, β2) ∈ P(I00) be an arbitrary partition of the index setI00 into two
subsets, that isβ1 ∪ β2 = I00 andβ1 ∩ β2 = ∅. ThenNLP∗(β1, β2) describes the nonlinear program

min f (x)
s.t. gi(x) ≤ 0 ∀i = 1, . . . ,m,

h j(x) = 0 ∀ j = 1, . . . , p,
Hi(x) = 0 ∀i ∈ I0+,

Hi(x) ≥ 0 ∀i ∈ I0−,
Gi(x) ≤ 0 ∀i ∈ I+0,

Hi(x) ≥ 0 ∀i ∈ β1,

Gi(x) ≤ 0 ∀i ∈ β1,

Hi(x) = 0 ∀i ∈ β2,

Hi(x) ≥ 0 ∀i ∈ I+,
Gi(x) ≤ 0 ∀i ∈ I+− ∪ I0−.

(3.6)

Note thatNLP∗(β1, β2) does not contain any product constraints and thus, does notshow a combi-
natorial aspect.

This program will turn out to be an appropriate tool of proof for an intrinsic characterization of the
tangent and theMPVC-linearized conewhich is still to be introduced in the subsequent section.
Thus, it is reasonable to already envision the linearized cone of this program, which is then given,
cf. (2.8), by

LNLP∗(β1,β2)(x∗) =
{
d ∈ Rn | ∇gi (x∗)Td ≤ 0 (i ∈ Ig),

∇h j (x∗)Td = 0 ( j = 1, . . . , p),
∇Hi(x∗)Td = 0 (i ∈ I0+),
∇Hi(x∗)Td ≥ 0 (i ∈ I0−),
∇Gi(x∗)Td ≤ 0 (i ∈ I+0),
∇Hi(x∗)Td ≥ 0 (i ∈ β1),
∇Gi(x∗)Td ≤ 0 (i ∈ β1),
∇Hi(x∗)Td = 0 (i ∈ β2)

}

.

(3.7)

Another useful problem is the so-calledtightened nonlinear program, TNLP(x∗) for short, which
is defined by

min f (x)
s.t. gi(x) ≤ 0 ∀i = 1, . . . ,m,

h j(x) = 0 ∀ j = 1, . . . , p,
Hi(x) = 0 ∀i ∈ I0+ ∪ I00,

Hi(x) ≥ 0 ∀i ∈ I0− ∪ I+,
Gi(x) ≤ 0 ∀i = 1, . . . , l

(3.8)

The reason why it is calledtightenedis that its feasible set is obviously contained inX. (Another
tightened nonlinear program in the context of MPECs was usedin [56] in order to define MPEC-
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tailored constraint qualifications.) TheTNLP(x∗) will serve to investigate relations of some of the
MPVC-tailored constraint qualifications very concisely, see Chapter 5.

3.2. Representations of the standard cones and the
MPVC-linearized cone

By the aid of the index sets from (3.2)-(3.4) it is possible tofind a very handy representation for
the linearized cone, cf. (2.8), at a feasible point of an MPVC.

Lemma 3.2.1 Let x∗ ∈ X be a feasible point for(1.1). Then the linearized cone at x∗ is given by

L(x∗) =
{

d ∈ Rn | ∇gi(x∗)Td ≤ 0 (i ∈ Ig),
∇h j(x∗)Td = 0 ( j = 1, . . . , p),
∇Hi(x∗)Td = 0 (i ∈ I0+),
∇Hi(x∗)Td ≥ 0 (i ∈ I00 ∪ I0−),
∇Gi(x∗)Td ≤ 0 (i ∈ I+0)

}
.

(3.9)

Proof. Let θi for i = 1, . . . , l denote the function from (3.1). Then, using the definition ofthe
index sets from (3.2)-(3.4), it follows from its definition,see (2.8), that the linearized cone of the
program (1.1) atx∗ is given by

L(x∗) =
{
d ∈ Rn | ∇gi(x∗)Td ≤ 0 (i ∈ Ig),

∇h j(x∗)Td = 0 ( j = 1, . . . , p),
∇Hi(x∗)Td ≥ 0 (i ∈ I0),
∇θi(x∗)Td ≤ 0 (i ∈ I0 ∪ I+0)

}
.

Now, using the expression of the gradient∇θi(x∗) for i ∈ I0 ∪ I+0 as given in (3.5), it follows that

∇θi(x
∗)Td ≤ 0 ⇔ ∇Hi(x

∗)Td ≤ 0 ∀i ∈ I0+,

∇θi(x
∗)Td ≤ 0 ⇔ 0 ≤ 0 ∀i ∈ I00,

∇θi(x
∗)Td ≤ 0 ⇔ ∇Hi(x

∗)Td ≥ 0 ∀i ∈ I0−,

∇θi(x
∗)Td ≤ 0 ⇔ ∇Gi(x

∗)Td ≤ 0 ∀i ∈ I+0.

The first equivalence, together with∇Hi(x∗)Td ≥ 0 for all i ∈ I0, gives∇Hi(x∗)Td = 0 for all
i ∈ I0+, whereas the second and third equivalences do not provide any new information. Putting
together all these pieces of information, we immediately get the desired representation of the lin-
earized cone. �
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Another cone, which was initially employed in [26], is

LMPVC(x∗) :=
{
d ∈ Rn | ∇gi (x∗)Td ≤ 0 (i ∈ Ig),

∇h j (x∗)Td = 0 ( j = 1, . . . , p),
∇Hi(x∗)Td = 0 (i ∈ I0+),
∇Hi(x∗)Td ≥ 0 (i ∈ I00 ∪ I0−),
∇Gi(x∗)Td ≤ 0 (i ∈ I+0),
(∇Hi(x∗)Td)(∇Gi (x∗)Td) ≤ 0 (i ∈ I00)

}
.

(3.10)

We will call LMPVC(x∗) theMPVC-linearized conesince it takes into account the special structure
of the MPVC. Note that it is, in general, a nonconvex cone, andthat the only difference between
LMPVC(x∗) and the linearized coneL(x∗) is that we add a quadratic term in the last line of (3.10),
cf. Lemma 3.2.1. In particular, we always have the inclusionLMPVC(x∗) ⊆ L(x∗).

Recalling the programNLP∗(β1, β2) from (3.6) we are now in a position to state a result which
provides a very fruitful characterization of both the MPVC-linearized cone and the tangent cone
of the MPVC (1.1).

Lemma 3.2.2 Let x∗ be feasible for(1.1). Then the following statements hold:

(a) T (x∗) =
⋃

(β1,β2)∈P(I00)

TNLP∗(β1,β2)(x
∗).

(b) LMPVC(x∗) =
⋃

(β1,β2)∈P(I00)

LNLP∗(β1,β2)(x
∗).

Proof. (a) ′ ⊆′: Let d ∈ T (x∗). Then there exist sequences{xk} ⊆ X and{tk} ⊆ R with tk ↓ 0 such
that xk−x∗

tk
→ d. Thus, it suffices to show that there exists a partition (β̂1, β̂2) ∈ P(I00) and an infinite

setK ⊆ N such thatxk is feasible forNLP∗(β̂1, β̂2) for all k ∈ K. Sincexk is feasible for (1.1) and
all functions are at least continuous, we havegi(xk) ≤ 0 (i = 1, . . . ,m), h j(xk) = 0 ( j = 1, . . . , p),
Hi(xk) ≥ 0 (i ∈ I0−), Hi(xk) ≥ 0 (i ∈ I+) andGi(xk) ≤ 0 (i ∈ I+− ∪ I0−) for all k ∈ N sufficiently
large. Fori ∈ I0+ we haveGi(xk) > 0 for k sufficiently large, again by continuity. Therefore, we
obtainHi(xk) = 0 for all i ∈ I0+ and allk sufficiently large, asxk is feasible for (1.1). Using a
similar argument, we also obtainGi(xk) ≤ 0 for all i ∈ I+0 for k sufficiently large. Now put

β1,k :=
{
i ∈ I00 | Gi(x

k) ≤ 0
}

and β2,k :=
{
i ∈ I00 | Gi(x

k) > 0
}

for all k ∈ N. SinceP(I00) contains only a finite number of partitions, we can find a particular
partition (̂β1, β̂2) and an infinite setK ⊆ N such that (β1,k, β2,k) = (β̂1, β̂2) for all k ∈ K. Then
(β̂1, β̂2) andK have the desired properties.
′ ⊇′: For all (β1, β2) ∈ P(I00) one can easily see by the definition of the respective programs
that any feasible point ofNLP∗(β1, β2) is also feasible for (1.1). Hence, we obtainT (x∗) ⊇
TNLP∗(β1,β2)(x

∗) for all (β1, β2) ∈ P(I00), which implies the claimed inclusion.

(b) ′ ⊆′: Let d ∈ LMPVC(x∗). Recalling the representations of the corresponding linearized cones,
see (3.10) and (3.7), respectively, we only need to show thatthere exists a partition (β1, β2) ∈ P(I00)
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3. Tools for MPVC analysis

such that∇Gi(x∗)Td ≤ 0 (i ∈ β1) and∇Hi(x∗)Td = 0 (i ∈ β2) holds, since all other restrictions are
trivially satisfied. To this end, put

β1 :=
{

i ∈ I00 | ∇Gi(x
∗)Td ≤ 0

}

, β2 :=
{

i ∈ I00 | ∇Gi(x
∗)Td > 0

}

.

Since we have (∇Hi(x∗)Td)(∇Gi (x∗)Td) ≤ 0 and∇Hi(x∗)Td ≥ 0 for all i ∈ I00 by assumption, we
can conclude from the above definitions that∇Hi(x∗)Td = 0 holds for alli ∈ β2 which proves the
first inclusion.
′ ⊇′: This inclusion follows immediately from the definitions ofthe corresponding cones. �

The previous Lemma may be viewed as the counterpart of corresponding results known from the
MPEC literature, see, e.g., [37, 47, 17].

An immediate consequence of Lemma 3.2.2 is the following corrollary.

Corollary 3.2.3 Let x∗ be feasible for(1.1). Then we haveT (x∗) ⊆ LMPVC(x∗) ⊆ L(x∗).

Proof. Since the tangent cone is always a subset of the corresponding linearized cone, we
clearly haveTNLP∗(β1,β2)(x∗) ⊆ LNLP∗(β1,β2)(x∗) for all (β1, β2) ∈ P(I00). Invoking Lemma 3.2.2,
we therefore obtain

T (x∗) =
⋃

(β1,β2)∈P(I00)

TNLP∗(β1,β2)(x
∗) ⊆

⋃

(β1,β2)∈P(I00)

LNLP∗(β1,β2)(x
∗) = LMPVC(x∗),

which proves first inclusion. The second inclusion follows immediately from the definition of the
respective cones. �
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4. Standard CQs in the context of MPVCs

In this chapter we investigate how appropriate standard constraint qualifications such as LICQ,
MFCQ, ACQ and GCQ are for MPVC analysis.

At this, it is argued that both LICQ and MFCQ must be held to be too restrictive for MPVCs.
Moreover, ACQ, too, will be shown to be a very strong assumption for MPVCs and hence is
violated in many cases. Only GCQ will turn out to be a reasonable assumption for the MPVC.

The following Section 4.1 is based on material investigatedin [3], whereas Section 4.2 and 4.3 go
back to [26].

4.1. Violation of LICQ and MFCQ

The first result reveals that standard LICQ, see Definition 2.1.2, is always violated for an MPVC
under pretty mild assumptions. Recall for the subsequent analysis that we have setθi := GiHi for
i = 1, . . . , l.

Lemma 4.1.1 Let x∗ be feasible for(1.1)such that I0 , ∅. Then LICQ is violated at x∗.

Proof. Let j ∈ I0. Then∇θ j(x∗) = G j(x∗)∇H j(x∗), that is,∇θ j(x∗) is a multiple of∇H j(x∗), and
since both theH j− andθ j−constraint are active atx∗, LICQ is violated. �

The following lemma shows that under slightly stronger assumptions MFCQ, cf. Definition 2.1.3
does not hold for an MPVC either.

Lemma 4.1.2 Let x∗ be feasible for(1.1)such that I00∪ I0+ , ∅. Then MFCQ is violated at x∗.

Proof. Let j ∈ I00 ∪ I0+. If j ∈ I00 then∇θ j(x∗) = 0 and thus,∇θ j(x∗)Td = 0 for all d ∈ Rn, and
hence MFCQ is violated. In turn, forj ∈ I0+ it holds that∇θ j(x∗) = G j(x∗)∇H j(x∗). Thus, if for
somed ∈ Rn we have∇H j(x∗)Td > 0 this yields∇θ j(x∗)Td > 0, which shows that MFCQ is not
fulfilled in this case either. �

The previous two results were taken from [3], with slightly different proofs though, where it is
also argued that the assumptionI00 ∪ I0+ , ∅ is quite reasonable for MPVCs and satisfied for a
big class of applications from truss topology optimization. Thus, one must come to the conclusion
that both the LICQ and MFCQ are too strong assumptions for MPVCs.

Note that for MPECs the situation is even worse, that is, LICQand MFCQ are always violated at
any feasible point, see [11].
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4. Standard CQs in the context of MPVCs

4.2. Necessary conditions for ACQ

We will now discuss the Abadie constraint qualification, seeDefinition 2.1.4, in the context of
MPVCs.

The Abadie constraint qualification requires that the tangent coneT (x∗) is equal to the linearized
coneL(x∗). Hence a necessary condition for the ACQ to be satisfied is thatT (x∗) is a polyhedral
convex cone. The aim is now to provide several characterizations of this necessary condition. To
this end, we first state the following assumption.

(A1) ACQ is satisfied for all nonlinear programs NLP∗(β1, β2), (β1, β2) ∈ P(I00), wherex∗ denotes
a given feasible point of the MPVC.

This assumption is held to be fairly weak, and a sufficient condition is the LICQ-type assumption
to be formally introduced in Section 5, which is also shown toimply GCQ, see Theorem 4.3.2.

Using (A1), we are able to state the following result that maybe viewed as a counterpart of [47,
Proposition 3] (note, however, that part of its proof is different).

Proposition 4.2.1 Let x∗ ∈ X be a feasible point of the MPVC from(1.1) such that assumption
(A1) holds. Then the following statements are equivalent:

(a) T (x∗) is polyhedral.

(b) T (x∗) is convex.

(c) For all d1, d2 ∈ T (x∗) and all i ∈ I00, we have
(∇Gi(x∗)Td1)(∇Hi(x∗)Td2) ≤ 0.

(d) There exists a partition(β1, β2) ∈ P(I00) such thatT (x∗) = TNLP∗(β1,β2)(x∗).

Proof. (a)=⇒ (b): This is obvious.

(b) =⇒ (c): Let d1, d2 ∈ T (x∗) and i ∈ I00 be arbitrarily given. Defined(λ) := λd1 + (1 − λ)d2

for λ ∈ (0, 1). Due to (b), we haved(λ) ∈ T (x∗) for all λ ∈ (0, 1). Because of (A1) and Lemma
3.2.2, however, we haveT (x∗) = LMPVC(x∗). This impliesd(λ) ∈ LMPVC(x∗) for all λ ∈ (0, 1). In
particular, we therefore have

(∇Gi(x
∗)Td(λ)

)(∇Hi(x
∗)Td(λ)

) ≤ 0.

Using the definition ofd(λ), this can be rewritten as

0 ≥ λ2[(∇Gi(x
∗)Td1)(∇Hi(x

∗)Td1)]

+(1− λ)2[(∇Gi(x
∗)Td2)(∇Hi(x

∗)Td2)] (4.1)

+λ(1− λ)
[(∇Gi(x

∗)Td1)(∇Hi(x
∗)Td2) +

(∇Gi(x
∗)Td2)(∇Hi(x

∗)Td1)].
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4. Standard CQs in the context of MPVCs

Now suppose that
(∇Gi(x∗)Td1)(∇Hi(x∗)Td2) > 0 (the case withd1, d2 being exchanged can be

treated in a similar way). Sinced2 ∈ T (x∗) = LMPVC(x∗) and i ∈ I00, we have∇Hi(x∗)Td2 ≥ 0.
This therefore implies∇Gi(x∗)Td1 > 0 and∇Hi(x∗)Td2 > 0. Again exploiting the fact that
d1, d2 belong to the coneLMPVC(x∗), we obtain∇Gi(x∗)Td2 ≤ 0 and∇Hi(x∗)Td1 = 0. Tak-
ing this into account, dividing (4.1) by 1− λ, and then lettingλ ↑ 1, we get the contradiction
(∇Gi(x∗)Td1)(∇Hi(x∗)Td2) ≤ 0 from (4.1).

(c) =⇒ (d): Let (c) hold and recall thatT (x∗) = LMPVC(x∗). Furthermore, mind that the cone
LMPVC(x∗) is defined by the following set of equations and inequalities:

∇gi (x∗)Td ≤ 0 (i ∈ Ig),
∇h j (x∗)Td = 0 ( j = 1, . . . , p),
∇Hi(x∗)Td = 0 (i ∈ I0+),
∇Hi(x∗)Td ≥ 0 (i ∈ I00 ∪ I0−),
∇Gi(x∗)Td ≤ 0 (i ∈ I+0),
(∇Hi(x∗)Td)(∇Gi (x∗)Td) ≤ 0 (i ∈ I00).

(4.2)

Now let (β1, β2) ∈ P(I00) be a particular partition defined as follows:β1 contains all the indices
i ∈ I00 such that there is a vectord = di which satisfies the system (4.2) and such that, in addition,
it holds that∇Hi(x∗)Td > 0, i.e., this inequality is satisfied strictly. Then putβ2 := I00 \ β1. Thus,
for all i ∈ β2 and all vectorsd satisfying the system (4.2), we necessarily have∇Hi(x∗)Td = 0.
We now claim that

(T (x∗) =
) LMPVC(x∗) = LNLP∗(β1,β2)(x∗)

(
= TNLP∗(β1,β2)(x∗) in view of (A1)

)

. Comparing the definitions of the two conesLMPVC(x∗) andLNLP∗(β1,β2)(x∗), we only have to
verify that∇Hi(x∗)Td = 0 for all i ∈ β2 and∇Gi(x∗)Td ≤ 0 for all i ∈ β1. The former is true in
view of our previous comments, and the latter follows from the definition ofβ1 which says that,
for any i ∈ β1, we can find a particular vector̃d satisfying the whole system (4.2) such that, in
addition,∇Hi(x∗)T d̃ > 0. Assumption (c) then implies the desired inequality∇Gi(x∗)Td ≤ 0.

(d) =⇒ (a): This follows immediately from Assumption (A1). �

At this point, we would like to point out that the statements (a)–(d) from Proposition 4.2.1 are
only necessary but not sufficient conditions for ACQ. In fact, it is known, see [1] for a simple
standard optimization example, that the tangent cone mightbe polyhedral without being equal to
the corresponding linearized cone.

For MPVCs, however, the situation is even more complicated since Lemma 3.2.2 tells us that the
tangent coneT (x∗) is typically the union of finitely many cones. Consequently, the tangent cone
T (x∗) is usually nonconvex, i.e., the Abadie constraint qualification does not hold.

4.3. Sufficient conditions for GCQ

Our aim is to provide conditions which are reasonable for MPVCs but still sufficient for GCQ.
Since it is well known, see, e.g., [23] or Chapter 2, that GCQ implies KKT conditions as a nec-

26



4. Standard CQs in the context of MPVCs

essary optimality criterion at a local minimizer of a standard optimization problem, we hereby
obtain constraint qualifications to imply KKT conditions ofthe MPVC, and which have a much
better chance to be satisfied opposite to standard constraint qualifications like LICQ, MFCQ or
ACQ, see the discussion above.

The major goal of this section is to show that GCQ holds at a feasible point of an MPVC under
the presence of an LICQ-type constraint qualification whichoccured first in the context of MPVC
analysis in [3, Corollary 2] and will be formally introducedin Chapter 5.

For these purposes consider the following auxiliary result, where again the problemNLP∗(β1, β2)
from (3.1) comes into play.

Lemma 4.3.1 Let x∗ be feasible for the MPVC(1.1)such that the gradients

∇h j(x∗) ( j = 1, . . . , p),

∇gi(x∗) (i ∈ Ig),

∇Hi(x∗) (i ∈ I0),

∇Gi(x∗) (i ∈ I00 ∪ I+0)

are linearly independent. Then standard LICQ holds at x∗ for all programs NLP∗(β1, β2) and all
(β1, β2) ∈ P(I00).

Proof. Let (β1, β2) ∈ P(I00) be given. In view of the definition ofNLP∗(β1, β2) in (3.6), we have
to show that the gradients

∇h j(x∗) ( j = 1, . . . , p),

∇gi(x∗) (i ∈ Ig),

∇Hi(x∗) (i ∈ I0),

∇Gi(x∗) (i ∈ β1 ∪ I+0)

are linearly independent. Since we haveβ1 ⊆ I00, this is trivially satisfied, because of the assumed
LICQ-type condition. �

The latter result enables us to prove the above mentioned suffiency result for GCQ.

Theorem 4.3.2 Let x∗ be feasible for the MPVC(1.1) such that the assumptions of Lemma 4.3.1
hold. Then GCQ is satisfied at x∗.

Proof. In view of Definition 2.1.6 and the well-known inclusionL(x∗)∗ ⊆ T (x∗)∗, we only need
to prove that the converse inclusionT (x∗)∗ ⊆ L(x∗)∗ holds. To this end, first recall that we have

T (x∗) =
⋃

(β1,β2)∈P(I00)

TNLP∗(β1,β2)(x
∗)

in view of Lemma 3.2.2 (a). Invoking [6, Theorem 3.1.9] therefore yields

T (x∗)∗ =
⋂

(β1,β2)∈P(I00)

TNLP∗(β1,β2)(x
∗)∗. (4.3)
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Since MPVC-LICQ holds atx∗ for (1.1), we know by Lemma 4.3.1 that LICQ and thus ACQ are
satisfied atx∗ for NLP∗(β1, β2) and for all (β1, β2) ∈ P(I00). Hence, we haveTNLP∗(β1,β2)(x∗) =
LNLP∗(β1,β2)(x∗) for all (β1, β2) ∈ P(I00). Recalling the representation ofLNLP∗(β1,β2)(x∗) from (3.7)
and using [6, Theorem 3.2.2], we obtain

LNLP∗(β1,β2)(x
∗)∗ =

{
v ∈ Rn | v = −

∑

i∈Ig

µ
g
i ∇gi (x

∗) −
∑

j=1,...,p

µh
j∇h j (x

∗) +
∑

i∈I0

µH
i ∇Hi(x

∗) −
∑

i∈I+0∪β1

µG
i ∇Gi(x

∗)

with µ
g
i ≥ 0 (i ∈ Ig), µH

i ≥ 0 (i ∈ I0− ∪ β1), µG
i ≥ 0 (i ∈ I+0 ∪ β1)

}

.

In a similar way, we obtain

L(x∗)∗ =
{
v ∈ Rn | v = −

∑

i∈Ig

µ
g
i ∇gi (x

∗) −
∑

j=1,...,p

µh
j∇h j (x

∗) +
∑

i∈I0

µH
i ∇Hi(x

∗) −
∑

i∈I+0

µG
i ∇Gi(x

∗)

with µ
g
i ≥ 0 (i ∈ Ig), µH

i ≥ 0 (i ∈ I0− ∪ I00), µG
i ≥ 0 (i ∈ I+0)

}
.

Now let v ∈ T (x∗)∗ =
⋂

(β1,β2)∈P(I00)

LNLP∗(β1,β2)(x
∗)∗. Moreover, choose (β1, β2) ∈ P(I00) arbitrarily

and put (β̃1, β̃2) := (β2, β1). Using the above representation ofLNLP∗(β1,β2)(x∗)∗, it follows that
there exists a vectorµ = (µg, µh, µH , µG) with

µ
g
i ≥ 0 (i ∈ Ig), µH

i ≥ 0 (i ∈ I0− ∪ β1), µG
i ≥ 0 (i ∈ I+0 ∪ β1) (4.4)

such that

v = −
∑

i∈Ig

µ
g
i ∇gi (x

∗) −
∑

j=1,...,p

µh
j∇h j (x

∗) +
∑

i∈β1∪β2∪I0−∪I0+

µH
i ∇Hi(x

∗) −
∑

i∈I+0∪β1

µG
i ∇Gi(x

∗). (4.5)

However, sincev also belongs toLNLP∗(β̃1,β̃2)(x
∗)∗, we obtain in a similar way the existence of a

certain vector ˜µ = (µ̃g, µ̃h, µ̃H , µ̃G) satisfying

µ̃
g
i ≥ 0 (i ∈ Ig), µ̃H

i ≥ 0 (i ∈ I0− ∪ β̃1), µ̃G
i ≥ 0 (i ∈ I+0 ∪ β̃1)

such that

v = −
∑

i∈Ig

µ̃
g
i ∇gi (x

∗) −
∑

j=1,...,p

µ̃h
j∇h j (x

∗) +
∑

i∈β̃1∪β̃2∪I0−∪I0+

µ̃H
i ∇Hi(x

∗) −
∑

i∈I+0∪β̃1

µ̃G
i ∇Gi(x

∗). (4.6)

Subtracting the two representations (4.5) and (4.6) ofv from each other, we obtain

0 = −
∑

i∈Ig

(µg
i − µ̃

g
i )∇gi (x

∗) −
∑

j=1,...,p

(µh
j − µ̃h

j )∇h j (x
∗) +

∑

i∈I0−∪I0+

(µH
i − µ̃H

i )∇Hi(x
∗)

+
∑

i∈β1(=β̃2)

(µH
i − µ̃H

i )∇Hi(x
∗) +

∑

i∈β2(=β̃1)

(µH
i − µ̃H

i )∇Hi(x
∗) −

∑

i∈β1

µG
i ∇Gi(x

∗)
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+
∑

i∈β2(=β̃1)

µ̃G
i ∇Gi(x

∗) −
∑

i∈I+0

(µG
i − µ̃G

i )∇Gi(x
∗).

Since MPVC-LICQ holds atx∗, all gradients occuring in the previous formula are linearly inde-
pendent. Consequently, all coefficients are zero. In particular, we obtainµH

i = µ̃
H
i ≥ 0 (i ∈ β2) and

µG
i = 0 (i ∈ β1). Taking this into account and using (4.5), (4.4), we obtainthe representation

v = −
∑

i∈Ig

µ
g
i ∇gi (x

∗) −
∑

j=1,...,p

µh
j∇h j (x

∗) +
∑

i∈I0

µH
i ∇Hi(x

∗) −
∑

i∈I+0

µG
i ∇Gi(x

∗)

with
µ

g
i ≥ 0 (i ∈ Ig), µH

i ≥ 0 (i ∈ I0− ∪ I00), µG
i ≥ 0 (i ∈ I+0).

This shows thatv belongs toL(x∗)∗, cf. the above representation of this dual cone. �
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In Chapter 4 we found out that standard constraint qualifications such as LICQ and MFCQ are in
most interesting situations not satisfied for MPVCs, see Section 4.1. Also ACQ, cf. Section 4.2,
was shown to be a rather strong assumption in this context. Only GCQ, see Section 4.3, has a
good chance to hold under some reasonable conditions. In view of these difficulties, this chapter
is dedicated to introducing some new, MPVC-tailored constraint qualifications. At this, we are
guided on the one hand by the standard CQs and on the other handby some specialized tools like
the MPVC-linearized cone and the assumptions of Lemma 4.3.1which led to promising results
like, e.g., Lemma 3.2.2 and Theorem 4.3.2, respectively.

5.1. MPVC-counterparts of standard CQs

In this section we establish MPVC-counterparts of LICQ, MFCQ, ACQ and GCQ as defined in
Section 2.1.2.

We commence with the definition of an MPVC-tailored variant of LICQ, which is motivated, in
particular, by Theorem 4.3.2 and will also play a very important role in convergence analysis of
the numerical algorithms to be investigated in Part II.

Definition 5.1.1 We say that MPVC-LICQ is satisfied at a feasible point x∗ of (1.1)if the gradients

∇h j(x∗) ( j = 1, . . . , p),

∇gi(x∗) (i ∈ Ig),

∇Hi(x∗) (i ∈ I0),

∇Gi(x∗) (i ∈ I00 ∪ I+0)

are linearly independent.

A very useful observation is stated in the following lemma, which reveals that MPVC-LICQ is
in fact (standard) LICQ of thetightened nonlinear program TNLP(x∗) which was established in
Section 3.1, see (3.8).

Lemma 5.1.2 Let x∗ be feasible for(1.1). Then MPVC-LICQ is satisfied at x∗ if and only if LICQ
holds at x∗ for TNLP(x∗).

Proof. The proof follows immediately from the definitions of LICQ (Definition 2.1.2), MPVC-
LICQ (Definition 5.1.1) andTNLP(x∗), see (3.8). �
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In view of the above result, it is very natural to define an MPVCanalogon of MFCQ in the
following fashion.

Definition 5.1.3 Let x∗ be feasible for(1.1). Then we say that MPVC-MFCQ is satisfied at x∗ if
MFCQ is satisfied at x∗ for TNLP(x∗).

An immediate consequence is the following lemma.

Lemma 5.1.4 Let x∗ be feasible for(1.1)such that MPVC-LICQ holds at x∗. Then MPVC-MFCQ
is satisfied at x∗.

Proof. The proof follows immediately from Lemma 5.1.2, the definition of MPVC-MFCQ and
the fact that LICQ implies MFCQ in the standard case, see Section 2.1.2. �

At places we will need an explicit characterization of MPVC-MFCQ. For these purposes, note that
MPVC-MFCQ holds at a pointx∗ ∈ X if and only if the gradients

∇h j(x
∗) ( j = 1, . . . , p) and ∇Hi(x

∗) (i ∈ I0+ ∪ I00) (5.1)

are linearly independent, and there exists a vectord such that

∇gi(x∗)Td < 0 ∀i ∈ Ig,

∇Hi(x∗)Td > 0 ∀i ∈ I0−,
∇Gi(x∗)Td < 0 ∀i ∈ I+0 ∪ I00,

∇h j(x∗)Td = 0 ∀ j = 1, . . . , p,
∇Hi(x∗)Td = 0 ∀i ∈ I0+ ∪ I00.

(5.2)

The converse direction of the above lemma does not hold true in general as can be seen in the
below example, whose feasible region beautifully displaysthe possible ill-posedness of an MPVC
and will also be frequently referred to later on.

Example 5.1.5 Consider the MPVC

min f (x) := x1 + x2
2

s.t g1(x) := x2 − x1 ≤ 0,
H1(x) := x3

1 − x2 ≥ 0,
G1(x)H1(x) := −x1(x3

1 − x2) ≤ 0.

(5.3)

Its feasible set can be seen in Figure 5.1 It is immediately clear thatx∗ =
(
0
0

)

is a local minimizer

for (5.3). We haveIg = {1} as well asI00 = {1}. Furthermore,∇H1(x∗) =
(

0
−1

)

, ∇G1(x∗) =
(−1

0

)

and∇g1(x∗) =
(−1

1

)

are obviously linearly dependent and thus, MPVC-LICQ is violated. In turn,

MPVC-MFCQ is satisfied, since if we choosed :=
(
1
0

)

, then∇H1(x∗)Td = 0, ∇G1(x∗)Td = −1 < 0

and∇g1(x∗)Td = −1 < 0.
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Figure 5.1.: Feasible set of (5.3)
.

In order to define MPVC counterparts of ACQ and MFCQ, we recallCorollary 3.2.3, which tells
us that at any pointx∗ ∈ X we haveT (x∗) ⊆ LMPVC(x∗) ⊆ L(x∗). In Section 4.2 it was already
coined that ACQ, that isT (x∗) = L(x∗), is a very strong assumption for MPVCs, due to the fact
thatL(x∗) is in general a polyhedral convex cone, whereasT (x∗) is, most often, not. In view of this
difficulty, Corollary 3.2.3 suggests to replace the linearized coneL(x∗) by the MPVC-linearized
coneLMPVC(x∗). This leads to the following MPVC counterparts of ACQ and GCQ.

Definition 5.1.6 Let x∗ ∈ X be feasible for(1.1). Then we say that

(a) MPVC-ACQ holds at x∗ if T (x∗) = LMPVC(x∗).

(b) MPVC-GCQ holds at x∗ if T (x∗)∗ = LMPVC(x∗)∗.

An immediate consequence of the above definitions and Corollary 3.2.3 is the following result.

Proposition 5.1.7 Let x∗ be feasible for(1.1). Then the following holds true:

(i) If MPVC-ACQ holds at x∗ then MPVC-GCQ is satisfied at x∗.

(ii) If ACQ holds at x∗ then MPVC-ACQ is satisfied at x∗.

(iii) If GCQ holds at x∗ then MPVC-GCQ is satisfied at x∗.

Note that the converse implications of the above Proposition do not hold in general. This is dis-
played by the following two examples, where in the first one wehave an MPVC which satisfies
MPVC-ACQ (and hence MPVC-GCQ) but GCQ (and thus ACQ) is violated. Thus, the reversion
of neither Proposition 5.1.7 (ii) nor (iii) hold in general.

Example 5.1.8 Consider the MPVC from Example 5.1.5 with its minimizerx∗ = (0, 0)T . Then
a quick calculation shows thatT (x∗) = {d ∈ R2 | d1 ≥ 0, d2 ≤ 0} and hence,T (x∗)∗ = {v ∈
R

2 | v1 ≤ 0, v2 ≥ 0}. Furthermore, we haveL(x∗) = {d ∈ R2 | d1 ≥ d2, d2 ≤ 0} and thus,
L(x∗)∗ = {v ∈ R2 | v1 + v2 ≥ 0, v1 ≤ 0}. In particular, this yields that GCQ is violated. Moreover,
LMPVC(x∗) = {d ∈ L(x∗) | d1d2 ≤ 0} = T (x∗) and hence MPVC-ACQ is fulfilled.
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5. MPVC-tailored constraint qualifications

The second example shows that MPVC-GCQ has a chance to hold even though MPVC-ACQ does
not, and so MPVC-GCQ happens to be strictly weaker than MPVC-GCQ, that is, the reversion of
Proposition 5.1.7 (i) does not hold in general.

Example 5.1.9 Consider the optimization problem

min f (x) := x2
1 + x2

2
s.t. g1(x) := −x2 ≤ 0,

H1(x) := x2 − x3
1 ≥ 0,

G1(x)H1(x) := x3
1(x2 − x3

1) ≤ 0.

(5.4)

Its unique solution isx∗ := (0, 0)T . One can easily see by geometric arguments or by Lemma 3.2.2
thatT (x∗) = {d ∈ R2 | d2 ≥ 0, d1d2 ≤ 0}. One can also compute thatLMPVC(x∗) = {d ∈ R2 |
d2 ≥ 0}. Thus, MPVC-ACQ is obviously violated, whereas MPVC-GCQ holds, since we have
T (x∗)∗ = {v ∈ R2 | v1 = 0, v2 ≥ 0} = LMPVC(x∗)∗.

Proposition 5.1.7 (i) together with Lemma 5.1.4 almost yields the corresponding chain of im-
plications to (2.9) for the MPVC counterparts. The only gap that has not been filled yet is the
implication between MPVC-MFCQ and MPVC-ACQ. For these purposes, like in the standard
case, some work is needed. For these purposes, a first sufficiency result for MPVC-ACQ is given
below. At this, again, the auxiliary programNLP∗(β1, β2) from (3.6) comes into play. Note that
the assumptions in the below lemma are exactly assumption (A1) from Section 4.2.

Lemma 5.1.10 Let x∗ be feasible for(1.1). If, for all partitions (β1, β2) ∈ P(I00), the Abadie
constraint qualification holds for NLP∗(β1, β2), then MPVC-ACQ holds for(1.1).

Proof. Using our assumption and Lemma 3.2.2, we obtain

T (x∗) =
⋃

(β1,β2)∈P(I00)

TNLP∗(β1,β2)(x
∗) =

⋃

(β1,β2)∈P(I00)

LNLP∗(β1,β2)(x
∗) = LMPVC(x∗),

which gives the assertion. �

A very nice and immediate consequence of this lemma is that MPVC-ACQ holds at any feasible
point for the MPVC (1.1) as soon as all constraint functions are affine linear.

Theorem 5.1.11Let x∗ be feasible for(1.1) and assume that all functions gi , h j ,Gi , and Hi are
affine linear. Then MPVC-ACQ holds at x∗.

Proof. Since all constraints ofNLP∗(β1, β2) are affine linear for any (β1, β2) ∈ P(I00), it fol-
lows from a well-known result in optimization, see also Section 2.1.2, that ACQ holds for each
NLP∗(β1, β2), (β1, β2) ∈ P(I00). Lemma 5.1.10 therefore gives the desired result. �

In order to clarify the relationship between MPVC-MFCQ and MPVC-ACQ, we need the follow-
ing auxiliary result.
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5. MPVC-tailored constraint qualifications

Lemma 5.1.12 Let x∗ be feasible for(1.1) such that MPVC-MFCQ is satisfied. Then, for any
(β1, β2) ∈ P(I00), MFCQ holds at x∗ for NLP∗(β1, β2).

Proof. Let (β1, β2) ∈ P(I00) be given arbitrarily. We have to show that the gradients

∇h j(x∗) ∀ j = 1, . . . , p,
∇Hi(x∗) ∀i ∈ I0+ ∪ β2

(5.5)

are linearly independent, and that there exists a vectord̃ such that

∇gi (x∗)T d̃ < 0 ∀i ∈ Ig,

∇Hi(x∗)T d̃ > 0 ∀i ∈ I0− ∪ β1,

∇Gi(x∗)T d̃ < 0 ∀i ∈ I+0 ∪ β1,

∇h j (x∗)T d̃ = 0 ∀ j = 1, . . . , p,
∇Hi(x∗)T d̃ = 0 ∀i ∈ I0+ ∪ β2.

(5.6)

The linear independence of (5.5) is trivially satisfied, as we haveβ2 ⊆ I00 and MPVC-MFCQ
holds, cf. (5.1).

Since the occurring gradients are linearly independent, the linear system




∇h j (x∗)T ( j = 1, . . . , p)
∇Hi(x∗)T (i ∈ I0+ ∪ β2)
∇Hi(x∗)T (i ∈ β1)




d =





0
0
e





has a solutiond̂, wheree ∈ R|β1| denotes the vector of all ones. Now, choosed such that (5.2) is
satisfied, and put

d(δ) := d + δd̂.

Then, for allδ > 0, we have

∇h j(x∗)Td(δ) = 0 ∀ j = 1, . . . , p,

∇Hi(x∗)Td(δ) = 0 ∀i ∈ I0+ ∪ β2,

∇Hi(x∗)Td(δ) > 0 ∀i ∈ β1.

Furthermore, forδ > 0 sufficiently small, we have

∇gi (x∗)Td(δ) < 0 ∀i ∈ Ig,

∇Hi(x∗)Td(δ) > 0 ∀i ∈ I0−,

∇Gi(x∗)Td(δ) < 0 ∀i ∈ β1 ∪ I+0.

This concludes the proof. �

The next theorem states that MPVC-MFCQ is a sufficient condition for MPVC-ACQ.

Theorem 5.1.13Let x∗ be feasible for(1.1)such that MPVC-MFCQ holds. Then MPVC-ACQ is
satisfied.
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5. MPVC-tailored constraint qualifications

Proof. Lemma 5.1.12 shows that standard MFCQ holds for every program NLP∗(β1, β2) with
(β1, β2) ∈ P(I00). Hence standard ACQ holds for each programNLP∗(β1, β2). The statement
therefore follows from Lemma 5.1.10. �

Eventually, we have furnished proof for the following chainof implication, which is the MPVC
analogon to (2.9):

MPVC-LICQ =⇒ MPVC-MFCQ =⇒ MPVC-ACQ =⇒ MPVC-GCQ. (5.7)

5.2. More MPVC-tailored constraint qualifications

The goal of this section is to provide further MPVC-tailoredconstraint qualifications and to in-
vestigate their relationships. The analysis follows results presented in [27] and is motivated by
similar considerations for MPECs in [63] and bilevel programs in [64], for example, see also the
treatment for standard optimization problems in [40] and elsewhere.

In order to state these constraint qualifications, we first recall the definition of two well-known
cones from, e.g., [5]. Given a (feasible) setX ⊆ Rn and a pointx ∈ X, we call

A(x,X) :=
{

d ∈ Rn | ∃δ > 0,∃α : R→ Rn : α(τ) ∈ X ∀τ ∈ (0, δ),

α(0) = x, lim
τ↓0

α(τ) − α(0)
τ

= d
} (5.8)

thecone of attainable directionsof X at x, and

F (x,X) :=
{
d ∈ Rn \ {0} | ∃δ > 0 : x+ τd ∈ X ∀τ ∈ (0, δ)

}
(5.9)

thecone of feasible directionsof X at x. For the MPVC (1.1) we suppress the feasible setX in the
notation and thus, forx∗ in X the following chain of inclusions

cl
(F (x∗)

) ⊆ cl
(A(x∗)

) ⊆ T (x∗) ⊆ LMPVC(x∗) ⊆ L(x∗) (5.10)

holds, cf. [5, Lemma 5.2.1] and Lemma 3.2.2. Now, the standard Zangwill constraint qualifi-
cation (ZCQ for short) is said to hold atx if L(x) ⊆ cl

(F (x,X)
)

, and the standardKuhn-Tucker
constraint qualification(KTCQ for short) is satisfied atx if L(x) ⊆ cl

(A(x,X)
)

. Using (5.10), we
immediately see that

ZCQ=⇒ KTCQ =⇒ ACQ. (5.11)

Since ACQ is already too strong for MPVCs, we therefore cannot expect ZCQ or KTCQ to hold
for our program (1.1). However, similar to the definition of MPVC-ACQ and MPVC-GCQ, we
obtain MPVC-tailored variants of these constraint qualifications by using the MPVC-linearized
cone instead of the linearized cone itself.

Definition 5.2.1 Let x∗ be feasible for(1.1). Then

(a) theMPVC-ZCQholds at x∗ if LMPVC(x∗) ⊆ cl(F (x∗)).
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5. MPVC-tailored constraint qualifications

(b) theMPVC-KTCQholds at x∗ if LMPVC(x∗) ⊆ cl(A(x∗)).

An immediate consequence of the above definition and (5.10) are the implications

MPVC-ZCQ=⇒ MPVC-KTCQ=⇒ MPVC-ACQ,

which are the counterparts of (5.11). Moreover, standard ZCQ (standard KTCQ) implies MPVC-
ZCQ (MPVC-KTCQ).

In classical optimization, the case of a convex program, where all equality constraints are supposed
to be (affine) linear and all the inequality constraints (as well as theobjective function) are sup-
posed to be convex, is often considered, cf. Section 2.2. Very popular constraint qualifications to
be used in this context are the Slater-type constraint qualifications (SCQ for short), see Definition
2.2.6.

Since theGiHi-restrictions in (1.1), being a product of two nonconstant functions, are very likely
to be nonconvex, these standard Slater-type constraint qualifications will rather often fail to hold
in the case of an MPVC. Thus, it is our goal to find suitable variants for MPVCs. To this end, let
us introduce the following terminology.

Definition 5.2.2 The program(1.1) is called MPVC-convexif the functions hj ,Gi ,Hi are affine
linear and all components gi are convex.

The next definition states the MPVC-tailored versions of twoSlater-type constraint qualifications.

Definition 5.2.3 Let the program(1.1)be MPVC-convex. Then this program is said to satisfy

(a) weak MPVC-SCQor MPVC-WSCQat a feasible point x∗ if there exists a vector̂x such
that

gi(x̂) < 0 ∀i ∈ Ig,

h j(x̂) = 0 ∀ j = 1, . . . , p,
Gi(x̂) ≤ 0 ∀i ∈ I+0 ∪ I00,

Hi(x̂) = 0 ∀i ∈ I0+ ∪ I00,

Hi(x̂) ≥ 0 ∀i ∈ I0−.

(5.12)

(b) MPVC-SCQif there exists a vector̂x such that

gi(x̂) < 0 ∀i = 1, . . . ,m,
h j(x̂) = 0 ∀ j = 1, . . . , p,
Gi(x̂) ≤ 0 ∀i = 1, . . . , l,
Hi(x̂) = 0 ∀i = 1, . . . , l.

Note that MPVC-SCQ obviously implies MPVC-WSCQ, whereas MPVC-SCQ has the advantage
that it can be checked without knowledge of the feasible point x∗. With these definitions, we are
now in a position to state the next theorem which tells us thatMPVC-WSCQ implies MPVC-ZCQ
and thus, in view of our previous results, we also see that MPVC-WSCQ and MPVC-SCQ are
sufficient conditions for MPVC-ACQ.
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5. MPVC-tailored constraint qualifications

Theorem 5.2.4 Let x∗ be feasible for the MPVC-convex program such that MPVC-WSCQis sat-
isfied. Then MPVC-ZCQ holds at x∗.

Proof. Let d ∈ LMPVC(x∗). We need to show that there is a sequencedk ∈ F (x∗) such that
dk converges tod. To this end, choose ˆx satisfying (5.12), a positive sequence{tk} ↓ 0, and put
dk := d + tkd̂ := d + tk(x̂− x∗). Thendk obviously converges tod.

Now, let k be fixed for the time being. In order to see thatdk is an element ofF (x∗), we need to
prove thatx∗ + τdk is feasible for (1.1) for allτ > 0 sufficiently small.

First of all, note that, since the functionsgi (i = 1, . . . , l) are convex, we have, invoking Lemma
2.2.3,

∇gi(x
∗)T d̂ = ∇gi(x

∗)T(x̂− x∗) ≤ gi(x̂) − gi(x
∗) < 0 ∀i ∈ Ig. (5.13)

Furthermore, we also have
∇gi(x

∗)Td ≤ 0 ∀i ∈ Ig, (5.14)

sinced is an element ofLMPVC(x∗). Together, (5.13) and (5.14) imply

∇gi (x
∗)Tdk < 0 ∀i ∈ Ig.

Invoking Taylor’s formula, it follows that, for allτ > 0 sufficiently small, we have

gi(x
∗ + τdk) = gi(x

∗) + τ∇gi(x
∗)Tdk + o(τ) = τ∇gi(x

∗)Tdk + o(τ) < 0 ∀i ∈ Ig. (5.15)

By continuity, we also havegi(x∗ + τdk) < 0 for all i < Ig and allτ > 0 sufficiently small, which
together with (5.15) yields

gi(x
∗ + τdk) ≤ 0 ∀i = 1, . . . , l, (5.16)

for all τ > 0 sufficiently small. In order to check the remaining constraints,we putu := τtk and
note thatu > 0 becomes arbitrarily small forτ → 0. The definition ofu implies x∗ + τdk =

(1− u)x∗ + ux̂+ τd. Invoking the linearity of the respective functions and exploiting the fact that
d ∈ LMPVC(x∗), we thus obtain, forτ > 0 sufficiently small,

h j(x∗ + τdk) = h j ((1− u)x∗ + ux̂) + τ∇h j (x
∗)Td

︸      ︷︷      ︸

=0
= (1− u) h j (x

∗)
︸︷︷︸

=0

+u hj(x̂)
︸︷︷︸

=0

= 0 ∀ j = 1, . . . , p.
(5.17)

Similarly, we can compute that, forτ > 0 sufficiently small, we have

Hi(x∗ + τdk) = Hi((1− u)x∗ + ux̂) + τ∇Hi(x
∗)Td

= (1− u)Hi(x
∗) + uHi(x̂) + τ∇Hi(x

∗)Td






> 0, if i ∈ I+,
= 0, if i ∈ I0+,

≥ 0, if i ∈ I0− ∪ I00,

(5.18)

which, in particular, implies

Hi(x
∗ + τdk) ≥ 0 ∀i = 1, . . . , l. (5.19)

37



5. MPVC-tailored constraint qualifications

Furthermore, forτ > 0 sufficiently small, we also have

Gi(x
∗ + τdk) = (1− u)Gi(x

∗) + uGi(x̂) + τ∇Gi(x
∗)Td






< 0, if i ∈ I+− ∪ I0−,
> 0, if i ∈ I0+,

≤ 0, if i ∈ I+0.

(5.20)

Together, we obtainGi(x∗ + τdk)Hi(x∗ + τdk) ≤ 0 for all i ∈ {1, . . . , l} \ I00 and for allτ > 0
sufficiently small. Thus, it remains to check theGiHi-restriction for i ∈ I00. First, let i ∈ I00

such that∇Gi(x∗)Td > 0. Since we haved ∈ LMPVC(x∗), this implies∇Hi(x∗)Td = 0 and thus
Hi(x∗ + τdk) = 0, in view of (5.18), that is we haveGi(x∗ + τdk)Hi(x∗ + τdk) = 0. Second, let
i ∈ I00 such that∇Gi(x∗)Td ≤ 0. Then we haveGi(x∗ + τdk) ≤ 0 in view of (5.20), and thus
Gi(x∗ + τdk)Hi(x∗ + τdk) ≤ 0, which concludes the proof. �

The below figure summarizes the major results which were actually shown in Section 5.1, 5.2 and
4.3, fixing all CQs relevant for MPVCs and their relationships.

At this, MPVC-affine refers to the situation from Theorem 5.1.11 where all mappingsgi , h j ,Gi ,Hi

are affine linear.

MPVC-(W)SCQ

��

MPVC-ZCQ

��

MPVC-LICQ

��

+3 GCQ

MPVC-KTCQ

%-SSSSSSSS

SSSSSSSS

MPVC-MFCQ

qy kkkkkkkk

kkkkkkkk

MPVC-affine +3 MPVC-ACQ

��

MPVC-GCQ
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6. First-order optimality conditions for
MPVCs

In this chapter we investigate first-order optimality conditions for MPVCs. First, we present nec-
essary optimality criteria, where we mainly focus on two concepts: The first one isstrong station-
arity , which will be seen to be equivalent to the KKT conditions, cf. Section 2.1.1. The second
one isM-stationarity, a weaker condition, holding under milder assumptions, in particular under
all MPVC-tailored constraints from Chapter 5. For completeness’ sake we also establish the no-
tion of weak stationarity, since this one, being a very weak assumption though, sometimes occurs
in the context of convergence analysis of various numericalalgorithms for the solution of MPVCs.

Secondly, a first-order sufficient optimality result is proven for a special, convex-type MPVC.

6.1. First-order necessary optimality conditions

6.1.1. Strong stationarity

This whole section is concerned with a stationarity condition for MPVCs which is calledstrong
stationarity. Its definition is given below. When the notion of strong stationarity appeared first in
[3], it was derived directly from the KKT conditions of the MPVC.

Definition 6.1.1 (Strong stationarity) Let x∗ be feasible for(1.1). Then we say that x∗ is strongly
stationary if there exist Lagrange multipliers(λ, µ, ηG, ηH) ∈ Rm× Rp × Rl × Rl such that

0 = ∇ f (x∗) +
m∑

i=1

λi∇gi (x
∗) +

p∑

j=1

µ j∇h j(x
∗) −

l∑

i=1

ηH
i ∇Hi(x

∗) +
l∑

i=1

ηG
i ∇Gi(x

∗) (6.1)

and
h j(x

∗) = 0 ∀ j = 1, . . . , p,

λi ≥ 0, gi(x
∗) ≤ 0, λigi(x

∗) = 0 ∀i = 1, . . . ,m,

ηH
i = 0 (i ∈ I+), η

H
i ≥ 0 (i ∈ I00∪ I0−), η

H
i free(i ∈ I0+),

ηG
i = 0 (i ∈ I0 ∪ I+−), η

G
i ≥ 0 (i ∈ I+0).

(6.2)

Note that in the above situation, we will call bothx∗ and (x∗, λ, µ, ηG, ηH) a strongly stationary
point of the MPVC.

As mentioned before, strong stationarity was originally derived from the KKT conditions of the
MPVC (1.1). In fact, a feasible pointx∗ of (1.1) is strongly stationary if and only it is a KKT
point. This is confirmed by the below result.

39
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Proposition 6.1.2 Let x∗ be feasible for the MPVC(1.1). Then the following assertions hold true.

(a) If (x∗, λ, µ, ρ, ν) is a KKT point of(1.1), then(x∗, λ, µ, ηG, ηH) with

ηG
i := νiHi(x

∗), ηH
i := ρi − νiGi(x

∗) ∀i = 1, . . . , l,

is a strongly stationary point of(1.1).

(b) If (x∗, λ, µ, ηG, ηH) is strongly stationary of(1.1) then(x∗, λ, µ, ρ, ν) with

νi






=
ηG

i
Hi (x∗)

if i ∈ I+0,

= 0 if i ∈ I0+,

≥ max{0,− ηH
i

Gi (x∗)
} if i ∈ I0+,

∈ [0,− ηH
i

Gi (x∗)
] if i ∈ I0−,

≥ 0 if i ∈ I00.

and
ρi := ηH

i + νiGi(x
∗) ∀i = 1, . . . , l,

is a KKT point of(1.1).

In particular, x∗ is a KKT point of(1.1) if and only if it is a strongly stationary point of(1.1).

Proof. See [3]. �

Due to its equivalence to the KKT conditions, it is immediately clear that strong stationarity is a
necessary optimality criterion for the MPVC under all constraint qualifications that imply GCQ
since one has:

Proposition 6.1.3 Let x∗ ∈ X be a local minimizer of(1.1)such that GCQ is satisfied. Then x∗ is
a strongly stationary point for(1.1).

Proof. The proof follows immediately from the fact that a local minimizer satisfying GCQ is a
KKT point, see Section 2.1, and, by Proposition 6.1.2, everyKKT point is also strongly stationary.

�

An immediate consequence is the below result.

Corollary 6.1.4 Let x∗ ∈ X be a local minimizer of(1.1) such that MPVC-LICQ is satisfied at
x∗. Then x∗ is a strongly stationary point for(1.1)with unique multipliers(λ, µ, ηG, ηH) such that
(6.1)and (6.2)hold.

Proof. The fact thatx∗ is strongly stationary is due to Proposition 6.1.3, becauseMPVC-LICQ
implies GCQ, see Theorem 4.3.2. The uniqueness follows immediately from the linear indepe-
dence of the gradients occuring in MPVC-LICQ. �
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6. First-order optimality conditions for MPVCs

6.1.2. M-stationarity

In Chapter 4 it was argued that all standard constraint qualifications but GCQ must be held too
strong for MPVCs. This was the major reason for establishingmore applicable constraint qualifi-
cations in Chapter 5. These CQs, however, are in general weaker than their standard counterparts.
In particular, except for MPVC-LICQ, these MPVC-tailored CQs do not imply GCQ and thus,
strong stationarity cannot be expected to be a necessary optimality condition under these assump-
tions.

Due to this misery it had to be investigated which type of necessary optimality criterion may hold
under MPVC-GCQ and hence under all other MPVC-tailored CQs.

Our technique of proof is motivated by the corresponding analysis carried out in [18] for MPECs,
and is heavily based on the so-calledlimiting normal cone.

Definition 6.1.5 Let C⊆ Rn be a nonempty, closed set, and let a∈ C. Then

(a) theFréchet normal coneto C at a is defined bŷN(a,C) := (TC(a))◦, i.e., the Fréchet normal
cone is the polar of the tangent cone.

(b) thelimiting normal coneto C at a is defined by

N(a,C) :=
{

lim
k→∞

wk | ∃{ak} ⊆ C : ak → a, wk ∈ N̂(ak,C)
}
. (6.3)

The Fréchet normal cone is sometimes also called theregular normal cone, most notably in [54],
whereas the limiting normal cone comes with a number of different names, includingnormal
cone, basic normal cone, andMordukhovich normal conedue to the many contributions of Mor-
dukhovich in this area, see, in particular, [38, 39] for an extensive treatment and many applications
of this cone. In case of a convex setC, both the Fréchet normal cone and the limiting normal cone
coincide with the standard normal cone from convex analysis, cf. [53].

For the remainder, we put

q := |I00|.

The following result calculates both the Fréchet and the limiting normal cone of a particular set
that will play an essential role in the analysis of MPVCs.

Lemma 6.1.6 Let the set

C := {(ν, ρ) ∈ Rq × Rq | ρi ≥ 0, ρiνi ≤ 0 ∀i = 1, . . . , q}

be given. Then the following statements hold:

(a) N̂
(

(0, 0),C
)

=
{

(u, v) | u = 0, v ≤ 0
}

.

(b) N
(
(0, 0),C

)
=

{
(u, v) | ui ≥ 0, uivi = 0 ∀i = 1, . . . , q

}
.
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6. First-order optimality conditions for MPVCs

Proof. Reordering the elements of the setC in a suitable way, we see thatC can be expressed as
a Cartesian productC1 × · · · ×Cq with closed setsCi := {(νi , ρi) ∈ R2 | ρi ≥ 0, ρiνi ≤ 0}. Invoking
[54, Proposition 6.41], it follows that we simply have to calculate the Fréchet and the limiting
normal cones of the setM :=

{
(ν, ρ) ∈ R2 | ρ ≥ 0, ρν ≤ 0

}
at (0, 0) ∈ R2.

(a) Because of the above remark, it suffices to show that̂N((0, 0),M) = {0} × R−. It is easy to see,
however, thatT ((0, 0),M) = M holds. Thus, the Fréchet normal cone is given byN̂((0, 0),M) =
M◦ = {(c, d) ∈ R2 | c = 0, d ≤ 0} = {0} × R−, which proves assertion (a).

(b) It suffices to show thatN((0, 0),M) =
{
(r, s) ∈ R2 | r ≥ 0, rs = 0

}
holds.

′ ⊆′: In view of the definition of the limiting normal cone in (6.3), we first need to figure out how
the Fréchet normal cone ofM at an arbitrary point (ν, ρ) ∈ M looks like. To this end, we consider
five cases:

1) ν < 0, ρ > 0: This impliesT ((ν, ρ),M) = R2. HenceN̂
(

(ν, ρ),M
)

= {0} × {0} =: A1.

2) ν = 0, ρ > 0: This impliesT ((ν, ρ),M) = R− × R. HenceN̂
(

(ν, ρ),M
)

= R+ × {0} =: A2.

3) ν < 0, ρ = 0: This impliesT ((ν, ρ),M) = R × R+. HenceN̂
(
(ν, ρ),M

)
= {0} × R− =: A3.

4) ν > 0, ρ = 0: This impliesT ((ν, ρ),M) = R × {0}. HenceN̂
(
(ν, ρ),M

)
= {0} × R =: A4.

5) ν = ρ = 0: This impliesT ((ν, ρ),M) = M. HenceN̂
(
(ν, ρ),M

)
= {0} × R− = A3.

Now letw ∈ N
(
(0, 0),M

)
. Then there is a sequence{wk} → w such thatwk ∈ N̂

(
(νk, ρk),M

)
for all

k ∈ N and some sequence{(νk, ρk)} ⊆ M converging to (0, 0). Then it follows from the above five
cases that allwk belong to the setA1 ∪ A2 ∪ A3 ∪ A4 = A2 ∪ A4 = R+ × {0} ∪ {0} × R = {(r, s) ∈
R

2 | r ≥ 0, rs = 0}. Since this set is closed, the limiting elementw also belongs to this set. This
gives the desired inclusion.
′ ⊇′: Let (a, b) ∈ {

(r, s) ∈ R2 | r ≥ 0, rs = 0
}
. First, we consider the casea > 0 (henceb = 0).

In order to prove (a, b) ∈ N
(
(0, 0),M

)
, we define the sequence{(uk, vk)} ⊆ M by puttinguk := 0

and selectingvk such that we havevk ↓ 0. Then we are in the above second case for allk ∈ N.
Consequently, we have (ak, bk) := (a, 0) ∈ N̂

(
(uk, vk),M

)
for all k ∈ N which proves the desired

inclusion. Next, consider the casea = 0 (andb arbitrary). Then let{(uk, vk)} ⊆ M be any sequence
with uk ↓ 0 andvk = 0 for allk ∈ N. Then the above fourth case shows thatN̂

(
(uk, vk),M

)
= {0}×R.

Defining (ak, bk) := (0, b) for all k ∈ R, it therefore follows that (ak, bk) ∈ N̂
(

(uk, vk),M
)

for all
k ∈ N, and this gives the desired inclusion also in this case. �
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6. First-order optimality conditions for MPVCs

Now letD1 andD2 denote the following sets:

D1 :=
{

(d, ν, ρ) ∈ Rn × Rq × Rq
∣
∣
∣ ∇gi(x∗)Td ≤ 0 (i ∈ Ig),
∇h j(x∗)Td = 0 ( j = 1, . . . , p),
∇Hi(x∗)Td = 0 (i ∈ I0+),
∇Hi(x∗)Td ≥ 0 (i ∈ I0−),
∇Gi(x∗)Td ≤ 0 (i ∈ I+0),
∇Gi(x∗)Td − νi = 0 (i ∈ I00),
∇Hi(x∗)Td − ρi = 0 (i ∈ I00)

}
.

(6.4)

and
D2 :=

{
(d, ν, ρ) ∈ Rn × Rq × Rq

∣
∣
∣ ρi ≥ 0, νiρi ≤ 0 ∀i = 1, . . . , q

}
. (6.5)

These two sets will be crucial for the proof of our upcoming main result.

Lemma 6.1.7 Let the multifunctionΦ : Rn+2q⇉ Rn+2q be given by

Φ(v) :=
{
w ∈ D1 | v+ w ∈ D2

}
. (6.6)

ThenΦ is a polyhedral multifunction, e.g.,gphΦ is the union of finitely many convex sets.

Proof. Since the graph ofΦmay be expressed as

gphΦ =
{
(dv, νv, ρv, dw, νw, ρw) | ∇gi(x∗)Tdw ≤ 0 (i ∈ Ig),

∇h j(x∗)Tdw = 0 ( j = 1, . . . , p),
∇Hi(x∗)Tdw = 0 (i ∈ I0+),
∇Hi(x∗)Tdw ≥ 0 (i ∈ I0−),
∇Gi(x∗)Tdw ≤ 0 (i ∈ I+0),
∇Gi(x∗)Tdw − νw

i = 0 (i ∈ I00),
∇Hi(x∗)Tdw − ρw

i = 0 (i ∈ I00),
ρv + ρw ≥ 0,
(ρv

i + ρ
w
i )(νv

i + ν
w
i ) ≤ 0 (i = 1, . . . , q)

}

=
⋃

(α1,α2)∈P({1,...,q})

{

(dv, νv, ρv, dw, νw, ρw) | ∇gi(x∗)Tdw ≤ 0 (i ∈ Ig),
∇h j(x∗)Tdw = 0 ( j = 1, . . . , p),
∇Hi(x∗)Tdw = 0 (i ∈ I0+),
∇Hi(x∗)Tdw ≥ 0 (i ∈ I0−),
∇Gi(x∗)Tdw ≤ 0 (i ∈ I+0),
∇Gi(x∗)Tdw − νw

i = 0 (i ∈ I00),
∇Hi(x∗)Tdw − ρw

i = 0 (i ∈ I00),
ρv
α1
+ ρw

α1
≥ 0,

ρv
α2
+ ρw

α2
= 0,

νv
α1
+ νw

α1
≤ 0

}
,

gphΦ is the union of finitely many polyhedral convex sets. Hence the assertion follows. �

The previous results allow us to state the following main result of this section.
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6. First-order optimality conditions for MPVCs

Theorem 6.1.8 Let x∗ be a local minimizer of(1.1)such that MPVC-GCQ holds. Then there exist
multipliers (λ, µ, ηG, ηH) such that

∇ f (x∗) +
m∑

i=1

λi∇gi(x
∗) +

p∑

j=1

µ j∇h j(x
∗) −

l∑

i=1

ηH
i ∇Hi(x

∗) +
l∑

i=1

ηG
i ∇Gi(x

∗) = 0 (6.7)

and

λi ≥ 0, gi(x
∗) ≤ 0, λigi(x

∗) = 0 ∀i = 1, . . . ,m,

ηH
i = 0 (i ∈ I+), η

H
i ≥ 0 (i ∈ I0−), η

H
i free(i ∈ I0+),

ηG
i = 0 (i ∈ I+− ∪ I0− ∪ I0+), η

G
i ≥ 0 (i ∈ I+0 ∪ I00),

ηH
i η

G
i = 0 (i ∈ I00).

(6.8)

Proof. Since x∗ is a local minimizer of (1.1), standard results from optimization imply that
∇ f (x∗)Td ≥ 0 for all d ∈ T (x∗), see, e.g., Section 2.1.3. Since MPVC-GCQ holds atx∗, it
therefore follows that∇ f (x∗) ∈ T (x∗)∗ = LMPVC(x∗)∗. Consequently, we have∇ f (x∗)Td ≥ 0 for
all d ∈ LMPVC(x∗). This is equivalent tod∗ = 0 being a minimizer of

min
d
∇ f (x∗)Td s.t. d ∈ LMPVC(x∗). (6.9)

Now, d∗ = 0 being a minimizer of (6.9) is equivalent to (d∗, ν∗, ρ∗) := (0, 0, 0) being a minimizer
of

min
d,ν,ρ
∇ f (x∗)Td s.t. (d, ν, ρ) ∈ D := D1 ∩D2 (6.10)

withD1 andD2 as defined in (6.4) and (6.5), respectively. Once more, since(0, 0, 0) is a minimizer
of (6.10), we have

(∇ f (x∗)T , 0, 0
)Tw ≥ 0 for all w ∈ T (

(0, 0, 0),D)
, whereT (

(0, 0, 0),D)
denotes

the tangent cone ofD at the origin. Using [54, Proposition 6.5], this implies

( − ∇ f (x∗)T , 0, 0
)T ∈ T (

(0, 0, 0),D)◦
= N̂

(

(0, 0, 0),D) ⊆ N
(

(0, 0, 0),D)

. (6.11)

SinceΦ, as defined in (6.6), is a polyhedral multifunction by Lemma 6.1.7, [52, Proposition 1]
may be invoked to show thatΦ is locally upper Lipschitz at every pointv ∈ Rn+2q. In particular,
it is therefore calm at every (v,w) ∈ gphΦ in the sense of [25] (see also Definition 8.2.3 for a
definition of calmness of a multifunction). Invoking [25, Corollary 4.2], we see that (6.11) implies

( − ∇ f (x∗)T , 0, 0
)T ∈ N

(
(0, 0, 0),D1

)
+ N

(
(0, 0, 0),D2

)
.

SinceD1 is polyhedral convex, the limiting normal cone ofD1 is equal to the standard normal
cone from convex analysis, and standard results on the representation of this normal cone (see,
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6. First-order optimality conditions for MPVCs

e.g., [6, 18]) yield the existence of certain vectorsλ, µ, µH, µG such that





−∇ f (x∗)
0
0




∈

∑

i∈Ig

λi





∇gi (x∗)
0
0




+

p∑

j=1

µ j





∇h j(x∗)
0
0





−
∑

i∈I0+∪I0−

µH
i





∇Hi(x∗)
0
0




+

∑

i∈I+0

µG
i





∇Gi(x∗)
0
0





−
∑

i∈I00

µH
i





∇Hi(x∗)
0
−ei




+

∑

i∈I00

µG
i





∇Gi(x∗)
−ei

0





+N
(

(0, 0, 0),D2
)

(6.12)

with
λi ≥ 0 (i ∈ Ig), µH

i ≥ 0 (i ∈ I0−), µG
i ≥ 0 (i ∈ I+0), (6.13)

whereei denotes the compatible unit vector inRq.

Using [54, Proposition 6.41] and Lemma 6.1.6, we get the following explicit representation of the
remaining normal cone:

N((0, 0, 0),D2) = N(0,Rn) × N
(
(0, 0), {(ν, ρ) | ρi ≥ 0, ρiνi ≤ 0 ∀i = 1, . . . , q})

= {0}n × {

(u, v) | ui ≥ 0, uivi = 0 ∀i = 1, . . . , q
}

.

Applying the above equality to (6.12) yields

µG
i ≥ 0 ∧ µG

i µ
H
i = 0 ∀i ∈ I00. (6.14)

Puttingλi := 0 for i < Ig, ηH
i := 0 for i ∈ I+, ηG

i := 0 for i ∈ I0+∪I0−∪I+−, ηG
i := µG

i andηH
i := µH

i
for all other indices, we see from (6.13), (6.14) and (6.12) that (6.7) and (6.8) are satisfied. �

Motivated by a corresponding terminology for MPECs (where it was introduced in [58]) and based
on the fact that the optimality conditions (6.7), (6.8) fromTheorem 6.1.8 were derived using the
Mordukhovich normal cone, we call them theM-stationarity conditionsof an MPVC. They are
slightly weaker than the strong stationarity conditions (6.1), (6.2) from Definition 6.1.1. In fact,
in the latter we haveηH

i ≥ 0 andηG
i = 0 for all i ∈ I00, whereas now we only haveηG

i ≥ 0 and
ηH

i η
G
i = 0 for all i ∈ I00. In particular, M- and strong stationarity coincide as soonasI00 = ∅.

For the sake of completeness we give a formal definition of M-stationarity below.

Definition 6.1.9 Let x∗ be feasible for(1.1). Then we say that x∗ is M-stationary if there exist
multipliers (λ, µ, ηG, ηH) such that

∇ f (x∗) +
m∑

i=1

λi∇gi(x
∗) +

p∑

j=1

µ j∇h j (x
∗) −

l∑

i=1

ηH
i ∇Hi(x

∗) +
l∑

i=1

ηG
i ∇Gi(x

∗) = 0 (6.15)
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and
h j(x

∗) = 0 ∀ j = 1, . . . , p,

λi ≥ 0, gi(x
∗) ≤ 0, λigi(x

∗) = 0 ∀i = 1, . . . ,m,

ηH
i = 0 (i ∈ I+), η

H
i ≥ 0 (i ∈ I0−), η

H
i free(i ∈ I0+),

ηG
i = 0 (i ∈ I0− ∪ I0+ ∪ I+−), η

G
i ≥ 0 (i ∈ I+0 ∪ I00),

ηG
i η

H
i = 0 (i ∈ I00).

(6.16)

As MPVC-GCQ is the weakest among the MPVC-tailored constraints, M-stationarity becomes a
necessary optimality condition in the presence of any of these CQs.

Corollary 6.1.10 Let x∗ be a local minimizer of(1.1) such that either MPVC-ACQ, -MFCQ, -
KTCQ, -ZCQ or -(W)SCQ is satisfied. Then x∗ is M-stationary.

Proof. The proof follows from Theorem 6.1.8 and the fact that all theassumed CQs imply
MPVC-GCQ. �

The following example considers an MPVC with a local minimizer being M- but not strongly
stationary. Thus, this example nicely illustrates the situation described in the introduction of this
section in which strong stationarity is a too restrictive tool for necessary optimality results. Hence,
M-stationarity and all the MPVC-tailored CQs that go with itare appropriate and relevant devices
for MPVC analysis.

Example 6.1.11Consider the MPVC from Example 5.1.5 with its minimizerx∗ = (0, 0)T . Ap-
parently, since MPVC-MFCQ holds atx∗ as was argued in Example 5.1.5, due to Corollary 6.1.10,
x∗ is at least M-stationary. If the pointx∗ was strongly stationary, the equation

0 = ∇ f (x∗) + ηG∇G1(x∗) − ηH∇H1(x∗) + λ∇g1(x∗)

=
(
1
0

)

+ ηG
(−1

0

)

− ηH
(

0
−1

)

+ λ
(−1

1

) (6.17)

would yield 0≤ ηH = −λ ≤ 0 an thus,ηH = λ = 0, which, in turn, impliesηG = 1 > 0, showing
that x∗ is M-stationary but not strongly stationary and in particular not a KKT point.

6.1.3. Weak stationarity

At places, mainly in Part II, a stationary condition still weaker than M-stationarity occurs in the
context of MPVCs. It was originally employed and formally introduced in [31], where it was
already coined to be very mild, justifying its nameweak stationarity.

Definition 6.1.12 Let x∗ be feasible for the MPVC(1.1). Then x∗ is calledweakly stationaryif
there exist multipliers(λ, µ, ηG, ηH) such that

0 = ∇ f (x∗) +
m∑

i=1

λi∇gi (x
∗) +

p∑

j=1

µ j∇h j(x
∗) −

l∑

i=1

ηH
i ∇Hi(x

∗) +
l∑

i=1

ηG
i ∇Gi(x

∗) (6.18)
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and
h j(x

∗) = 0 ∀ j = 1, . . . , p,

λi ≥ 0, gi(x
∗) ≤ 0, λigi(x

∗) = 0 ∀i = 1, . . . ,m,

ηH
i = 0 (i ∈ I+), η

H
i ≥ 0 (i ∈ I0−), η

H
i free(i ∈ I0+ ∪ I00),

ηG
i = 0 (i ∈ I+− ∪ I0− ∪ I0+), η

G
i ≥ 0 (i ∈ I+0 ∪ I00).

In order to conclude the section on first-order necessary optimality conditions we state a result
which sums up the relations of strong, M- and weak stationarity and emphasizes their differences.

Proposition 6.1.13 Let(x∗, λ, µ, ηG, ηH) be a weakly stationary for(1.1). Then the following holds
true.

(a) If in addition we have
ηG

i η
H
i = 0 ∀i ∈ I00

then(x∗, λ, µ, ηG, ηH) is M-stationary.

(b) If furthermore we assume that

ηH
i ≥ 0, ηG

i = 0 ∀i ∈ I00

then(x∗, λ, µ, ηG, ηH) is strongly stationary.

In particular one has the following chain of implications:

strong stationarity⇒ M-stationarity ⇒ weak stationarity. (6.19)

6.2. A first-order sufficient optimality condition

We know from the discussion of the previous section that bothstrong and M-stationarity are first-
order necessary optimality conditions for MPVCs in the presence of suitable constraint qualifica-
tions. In the case of a standard nonlinear program, the usualKKT conditions are also known to be
sufficient optimality conditions under certain convexity assumptions, see Theorem 2.2.5. In our
case, however, this result cannot be applied since the product termGi(x)Hi(x) usually does not
satisfy any convexity requirements. Nevertheless, we willsee in this section that M- and strong
stationarity are also sufficient optimality conditions for our nonconvex MPVC problem, provided
that the mappingsgi , h j ,Gi ,Hi satisfy some convexity assumptions (but not necessarily the prod-
uctsGiHi themselves). Our analysis here is motivated by a related result from [63] in the context
of MPECs and was originally published by Kanzow and the author of this thesis in [28].

In order to state the desired result, we first recall some well-known terms concerning certain con-
vexity properties of real-valued functions, see, for example, [5, 40].

Definition 6.2.1 Let S ⊆ Rn be a nonempty convex set and let f: S → R. Then f is called
quasiconvexif, for each x, y ∈ S , the following inequality holds:

f (λx+ (1− λ)y) ≤ max{ f (x), f (y)} ∀λ ∈ (0, 1).
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6. First-order optimality conditions for MPVCs

Definition 6.2.2 Let S ⊆ Rn be a nonempty open set and let f: S → R be a differentiable
function. Then f is calledpseudoconvexif, for each x, y ∈ S , the following implication holds:

∇ f (x)T (y− x) ≥ 0 =⇒ f (y) ≥ f (x).

Now, letx∗ be an M-stationary point of the MPVC (1.1) with corresponding multipliersλ, µ, ηG, ηH.
Then we define the following index sets:

J+ := { j ∈ J | µ j > 0},
J− := { j ∈ J | µ j < 0},
I+00 := {i ∈ I00 | ηH

i > 0},
I−00 := {i ∈ I00 | ηH

i < 0},
I+0− := {i ∈ I0− | ηH

i > 0},
I+0+ := {i ∈ I0+ | ηH

i > 0},
I−0+ := {i ∈ I0+ | ηH

i < 0},
I0+
+0 := {i ∈ I+0 | ηH

i = 0, ηG
i > 0} = {i ∈ I+0 | ηG

i > 0},
I0+
00 := {i ∈ I00 | ηH

i = 0, ηG
i > 0} = {i ∈ I00 | ηG

i > 0}.

(6.20)

Note that, for a strongly stationary point, the two index sets I−00 andI0+
00 are empty.

Using these index sets and definitions, we are able to state the main result of this section.

Theorem 6.2.3 Let x∗ be an M-stationary point of the MPVC(1.1). Suppose that f is pseudo-
convex at x∗ and that gi (i ∈ Ig), h j ( j ∈ J+),−h j ( j ∈ J−),Gi (i ∈ I0+

+0),Hi (i ∈ I−0+),−Hi (i ∈
I+0+ ∪ I+00∪ I+0−) are quasiconvex. Then the following statements hold:

(a) If I−00 ∪ I0+
00 = ∅ then x∗ is a local minimizer of(1.1).

(b) If I−0+ ∪ I−00 ∪ I0+
+0 ∪ I0+

00 = ∅ then x∗ is a global minimizer of(1.1).

Proof. Sincex∗ is an M-stationary point of (1.1) there exist multipliersλ, µ, ηG, ηH such that

∇ f (x∗) +
∑

i∈Ig

λi∇gi(x
∗) +

p∑

j=1

µ j∇h j (x
∗) −

∑

i∈I0

ηH
i ∇Hi(x

∗) +
∑

i∈I+0∪I00

ηG
i ∇Gi(x

∗) = 0 (6.21)

with
λi ≥ 0 ∀i ∈ Ig, ηH

i ≥ 0 ∀i ∈ I0−
ηG

i ≥ 0 ∀i ∈ I00∪ I+0, ηH
i η

G
i = 0 ∀i ∈ I00.

(6.22)

Now let x be any feasible point of (1.1). Fori ∈ Ig, we then havegi(x) ≤ 0 = gi(x∗). Thus, by the
quasiconvexity ofgi (i ∈ Ig), we obtain

gi(x
∗ + t(x− x∗)) = gi((1− t)x∗ + tx) ≤ max{gi(x), gi(x

∗)} = 0 = gi(x
∗)

for all t ∈ (0, 1), which implies

∇gi (x
∗)T(x− x∗) = g′i (x

∗; x− x∗) = lim
t↓0

gi(x∗ + t(x− x∗)) − gi(x∗)
t

≤ 0 ∀i ∈ Ig.
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6. First-order optimality conditions for MPVCs

In view of (6.22), we therefore have

λi∇gi(x
∗)T(x− x∗) ≤ 0 ∀i ∈ Ig. (6.23)

By similar arguments, we also obtain

∇h j(x
∗)T(x− x∗) ≤ 0 ∀ j ∈ J+, and − ∇h j(x

∗)T(x− x∗) ≤ 0 ∀ j ∈ J−,

which gives
µ j∇h j (x

∗)T(x− x∗) ≤ 0 ∀ j ∈ J, (6.24)

taking the definitions ofJ+ andJ− into account.

Again, sincex is feasible for (1.1), we particularly have−Hi(x) ≤ 0 for all i = 1, . . . , l. Thus, by
the quasiconvexity of−Hi for i ∈ I+0+∪I+00∪I+0−, we obtain with the above arguments−∇Hi(x∗)T(x−
x∗) ≤ 0 and thus, in view of the definition of the occurring index sets, we have

−ηH
i ∇Hi(x

∗)T(x− x∗) ≤ 0 ∀i ∈ I+0+ ∪ I+00 ∪ I+0−. (6.25)

We now verify statement (b) first. To this end, letI−0+ ∪ I−00 ∪ I0+
+0 ∪ I0+

00 = ∅. Then it is clear from
(6.22), (6.25), and the definition of the index sets that we even have

−ηH
i ∇Hi(x

∗)T(x− x∗) ≤ 0 ∀i ∈ I0, ηG
i ∇Gi(x

∗)T(x− x∗) ≤ 0 ∀i ∈ I00∪ I+0, (6.26)

where the second inequality is an equality due to the fact that ηG
i = 0 for all (remaining) indices

i ∈ I00∪ I+0. Then (6.23), (6.24), (6.26) together with (6.21) imply

−∇ f (x∗)T(x− x∗) =
(∑

i∈Ig

λi∇gi(x
∗)T +

p∑

j=1

µ j∇h j(x
∗) −

∑

i∈I0

ηH
i ∇Hi(x

∗) + . . .

· · · +
∑

i∈I+0∪I00

ηG
i ∇Gi(x

∗)
)T

(x− x∗) ≤ 0.

Hence we have∇ f (x∗)T(x − x∗) ≥ 0, which implies f (x) ≥ f (x∗), as f is pseudoconvex by
assumption. Sincex is an arbitrary feasible point of (1.1),x∗ is a global minimizer of (1.1) in the
case thatI−0+ ∪ I−00∪ I0+

+0 ∪ I0+
00 = ∅ holds, which proves assertion (b).

To verify statement (a), we only need to show, in view of the above arguments, that for any feasible
x sufficiently close tox∗, we have

−ηH
i ∇Hi(x

∗)T(x− x∗) ≤ 0 ∀i ∈ I−0+ (6.27)

and
ηG

i ∇Gi(x
∗)T(x− x∗) ≤ 0 ∀i ∈ I0+

+0, (6.28)

since then we see that (6.23), (6.24) and (6.26) are satisfied, and thus, by analogous reasoning as
above, we obtainf (x) ≥ f (x∗) for all feasiblex sufficiently close tox∗.

First let i ∈ I−0+. By continuity, it follows thatGi(x) > 0 and thusHi(x) = 0 for any x ∈ X
sufficiently close tox∗. Invoking the quasiconvexity ofHi (i ∈ I−0+), this implies∇Hi(x∗)T(x−x∗) ≤
0, and since we haveηH

i < 0 (i ∈ I−0+), (6.27) follows immediately.
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6. First-order optimality conditions for MPVCs

Second, leti ∈ I0+
+0. By continuity, it follows thatHi(x) > 0 and thusGi(x) ≤ 0 for anyx ∈ X suffi-

ciently close tox∗. Invoking the quasiconvexity ofGi (i ∈ I0+
+0), this implies∇Gi(x∗)T (x− x∗) ≤ 0,

which gives (6.28), since we haveηG
i > 0 (i ∈ I0+

+0). �

We next state a simple consequence of Theorem 6.2.3 where theM-stationarity ofx∗ is replaced
by the strong stationarity assumption.

Corollary 6.2.4 Let x∗ be a strongly stationary point of the MPVC(1.1). Suppose that f is pseu-
doconvex at x∗ and that gi (i ∈ Ig), h j ( j ∈ J+),−h j ( j ∈ J−),Gi (i ∈ I0+

+0),Hi (i ∈ I−0+),−Hi (i ∈
I+0+ ∪ I+00∪ I+0−) are quasiconvex. Then the following statements hold:

(a) x∗ is a local minimizer of(1.1).

(b) If I−0+ ∪ I0+
+0 = ∅ then x∗ is a global minimizer of(1.1).

Proof. Since the assumptions of Theorem 6.2.3 are satisfied and strong stationarity implies that
I−00∪ I0+

00 = ∅, (a) and (b) follow immediately from Theorem 6.2.3 (a) and (b), respectively. �

If we sharpen the assumptions to an MPVC-convex setup, see Definition 5.2.2, we obtain the
following handy result.

Corollary 6.2.5 Let the program(1.1) be MPVC-convex such that f is convex. Furthermore, let
x∗ be a strongly stationary point of(1.1). Then the following statements hold:

(a) x∗ is a local minimizer of(1.1).

(b) If I−0+ ∪ I0+
+0 = ∅, then x∗ is a global minimizer of(1.1).

Proof. Follows immediately from Corollary 6.2.4, since convex functions are both pseudo- and
quasiconvex. �

We would like to point out that we find the above result somehowremarkable: The MPVC-convex
program, though being equipped with convex and affine linear functionsgi , h j ,Hi ,Gi, must yet be
assumed to be a nonconvex program, due to theGiHi-constraints. Nevertheless, Corollary 6.2.5
tells us that the strong stationarity conditions (and thus the KKT conditions themselves) are suf-
ficient optimality conditions. That means, we have shown theKKT conditions to be a sufficient
optimality criterion for a class of usually nonconvex programs.

At this point it might be useful to go through a simple exampleof an MPVC in order to illus-
trate some of the above introduced concepts and results.

Example 6.2.6 For a, b ∈ R consider the following two-dimensional MPVC:
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x
∗ = x̂

Figure 6.1.: Feasible set of (6.29)

min f (x) := (x1 − a)2 + (x2 − b)2

s.t. H(x) := x1 ≥ 0,
G(x)H(x) := x2x1 ≤ 0.

(6.29)

Its feasible set and also some relevant points for the upcoming discussion are given in Figure 6.1.
Geometrically speaking, in (6.29), one is searching for theprojection of (a, b) onto the feasible
set.

First of all, we see that the gradients∇H(x) = (1, 0)T and∇G(x) = (0, 1)T are linearly indepen-
dent for all x ∈ R2, hence, MPVC-LICQ, see Definition 5.1.1, is satisfied at any feasible point.
Therefore, strong stationarity is a necessary optimality condition.

Furthermore, the functionf is convex and the functionsG,H are linear. Thus, the program is
MPVC-convex (but still nonconvex!). By Corollary 6.2.5, wethen know that strong stationarity
is a sufficient condition for a local minimizer and, under some additional condition concerning
certain index sets, even for a global minimizer. Together, the above considerations yield that a
feasible point of (6.29) is a local minimizer if and only if itis a strongly stationary point. We will
verify this by considering the above MPVC for two different choices of (a, b) and calculating the
respective strongly stationary points.

For all choices (a, b), the strong stationarity conditions of (6.29) read

0 =

(

2x1 − 2a
2x2 − 2b

)

− ηH
(

1
0

)

+ ηG
(

0
1

)

, (6.30)

with

ηH






= 0, if x1 > 0,
≥ 0, if x1 = 0, x2 ≤ 0,
free, if x1 = 0, x2 > 0,

ηG
{

≥ 0, if x1 > 0, x2 = 0,
= 0, else.

(6.31)

For the choice (a, b) := (1, 1), it is quickly calculated that there are two strongly stationary points.
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6. First-order optimality conditions for MPVCs

The first one is ˆx := (0, 1)T with associated multipliers ˆηG := 0, η̂H := −2. The second point is
x̃ := (1, 0)T , where the corresponding multipliers are given by ˜ηG := 2, η̃H := 0. These are the
only local minimzers of (6.29), as was argued above, for the special choice (a, b) := (1, 1). In fact,
they are even global minimizers as can be seen easily by geometric arguments, even though the
sufficient condition from Corollary 6.2.5 (b) is not satisfied, illustrating that this is only asufficient
criterion.

The next choice is (a, b) := (−1, 1), where we can compute only one strongly stationary point
x∗ := (0, 1)T with multipliers given byηG := 0, ηH := 2. In particular, we then haveI−0+ ∪ I0+

+0 = ∅,
so that, in this case, we can invoke Corollary 6.2.5 (b) to ensure that this is not only a local, but a
global minimizer of (6.29).
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7. Second-order optimality conditions for
MPVCs

The goal of this chapter is to provide (necessary and sufficient) second-order optimality conditions
for MPVCs. The analysis is motivated by general results fromoptimization or, more specialized,
from the MPEC field and was part of the publication [28] by Kanzow and the author of this work.

In order to state second-order optimality results for nonlinear programs, a suitable cone, usually a
subset of the linearized cone, is needed, on which the Hessian of the Lagrangian is or is shown to
be positive (semi-)definite, see Section 2.3. For our purposes, in order to obtain MPVC-tailored
results we will substitute the standard Lagrangian for the following functionL : Rn × Rm × Rp ×
R

l × Rl → R by

L(x, λ, µ, ηG, ηH) := f (x) +
m∑

i=1

λigi(x) +
∑

j∈J
µ jh j(x) −

l∑

i=1

ηH
i Hi(x) +

l∑

i=1

ηG
i Gi(x) (7.1)

and call this function theMPVC-Lagrangian. For example, a feasible pointx∗ of (1.1) is strongly
stationary (or M-stationary) if and only if there exist multipliers (λ, µ, ηG, ηH) such that

∇xL(x∗, λ, µ, ηG, ηH) = 0

and (λ, µ, ηG, ηH) satisfies (6.2) (or (6.16)). The critical cone which will play the above mentioned
role in our context is defined below as a subset of the MPVC-linearized cone, which was intro-
duced in Section 3.2. Given a feasible pointx∗ of (1.1), the MPVC-linearized cone is, according
to (3.10), given by

LMPVC(x∗) =
{
d ∈ Rn | ∇gi(x∗)Td ≤ 0 (i ∈ Ig),

∇h j(x∗)Td = 0 ( j ∈ J),
∇Hi(x∗)Td = 0 (i ∈ I0+),
∇Hi(x∗)Td ≥ 0 (i ∈ I00∪ I0−),
∇Gi(x∗)Td ≤ 0 (i ∈ I+0),
(∇Hi(x∗)Td)(∇Gi (x∗)Td) ≤ 0 (i ∈ I00)

}
.

(7.2)

In many situations of MPVC-analysis, see Section 5, the MPVC-linearized cone has been suc-
cesfully used instead of the usual linearized cone. Thus, itis not surprising that it occurs in the
context of second-order optimality conditions for MPVCs, too.

For the definition of the above mentioned subset of the MPVC-linearized cone, we assume that we
have a strongly stationary point (x∗, λ, µ, ηG, ηH) of (1.1). Then we defineC(x∗) by

C(x∗) :=
{

d ∈ LMPVC(x∗) | ∇gi (x∗)Td = 0 (i ∈ I+g ),
∇Hi(x∗)Td = 0 (i ∈ I+00∪ I+0−),
∇Gi(x∗)Td = 0 (i ∈ I0+

+0)
}

,

(7.3)
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that is, in fact, we have (taking into account thatI−00 = ∅ at a strongly stationary point)

C(x∗) =
{
d ∈ Rn | ∇gi (x∗)Td ≤ 0 (i ∈ I0

g),
∇gi (x∗)Td = 0 (i ∈ I+g ),
∇h j (x∗)Td = 0 ( j ∈ J),
∇Hi(x∗)Td ≥ 0 (i ∈ I0

00∪ I0
0−),

∇Hi(x∗)Td = 0 (i ∈ I0+ ∪ I+00∪ I+0−),
∇Gi(x∗)Td ≤ 0 (i ∈ I00

+0),
∇Gi(x∗)Td = 0 (i ∈ I0+

+0),
(∇Hi (x∗)Td)(∇Gi (x∗)Td) ≤ 0 (i ∈ I00)

}
,

(7.4)

where we put

I+g := {i ∈ Ig | λi > 0},
I0
g := {i ∈ Ig | λi = 0},

I+00 := {i ∈ I00 | ηH
i > 0},

I0
00 := {i ∈ I00 | ηH

i = 0},
I+0− := {i ∈ I0− | ηH

i > 0},
I0
0− := {i ∈ I0− | ηH

i = 0},
I00
+0 := {i ∈ I+0 | ηG

i = 0},
I0+
+0 := {i ∈ I+0 | ηG

i > 0}

(7.5)

in accordance with (6.20).

The definition of these index sets may, again, appeal a bit complicated and make the proof of our
theorems somewhat technical, but on the other hand we prove pretty strong results, showing that
we can use the same coneC(x∗) for both the necessary and the sufficient second-order condition.

Note that for the whole chapter, all functions occuring in (1.1) are assumed to be at least twice
continuously differentiable.

7.1. A second-order necessary condition

In this section a second-order necessary condition for the MPVC (1.1) is established.

The following lemma is a direct preparation for the upcomingtheorem on second-order necessary
optimality conditions. Its technique of proof goes back to similar considerations in the context of
standard nonlinear programs, see [22], for example. Note, however, that we cannot simply apply
these standard results since, e.g., the usual LICQ assumption typically does not hold for MPVCs,
see Section 4.1. Instead of this we employ MPVC-LICQ as givenin Definition 5.1.1.

Lemma 7.1.1 Let x∗ be a strongly stationary point of(1.1) such that MPVC-LICQ holds. Fur-
thermore, let d∈ C(x∗). Then there exists anε > 0 and a twice continuously differentiable curve
x : (−ε, ε) → Rn such that x(0) = x∗, x′(0) = d, x(t) ∈ X for t ∈ [0, ε) and such that, in addition,
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we have
gi(x(t)) = 0 (i ∈ I+g ),
h j(x(t)) = 0 ( j ∈ J),
Hi(x(t)) = 0 (i ∈ I+00∪ I+0− ∪ I0+),
Gi(x(t)) = 0 (i ∈ I0+

+0).

(7.6)

Proof. Let d ∈ C(x∗) and let (λ, µ, ηG, ηH) be the (unique) multipliers such that (x∗, λ, µ, ηG, ηH)
is a strongly stationary point. We define some further subsets (depending onx∗ and the particular
vectord chosen fromC(x∗)) of the index sets which were defined previously:

I0
g,= := {i ∈ I0

g | ∇gi (x∗)Td = 0},
I0
g,< := {i ∈ I0

g | ∇gi (x∗)Td < 0},
I0
00,= := {i ∈ I0

00 | ∇Hi(x∗)Td = 0},
I0
00,> := {i ∈ I0

00 | ∇Hi(x∗)Td > 0},
I0
0−,= := {i ∈ I0

0− | ∇Hi(x∗)Td = 0},
I0
0−,> := {i ∈ I0

0− | ∇Hi(x∗)Td > 0},
I00
+0,∗= := {i ∈ I00

+0 | ∇Gi(x∗)Td = 0},
I00
+0,∗< := {i ∈ I00

+0 | ∇Gi(x∗)Td < 0},
I0
00,>= := {i ∈ I0

00 | ∇Hi(x∗)Td > 0, ∇Gi(x∗)Td = 0},
I0
00,>< := {i ∈ I0

00 | ∇Hi(x∗)Td > 0, ∇Gi(x∗)Td < 0}.

(7.7)

Then we define the mappingz : Rn → Rq, whereq := |I+g ∪ I0
g,=| + |J| + |I0+ ∪ I+00 ∪ I+0− ∪ I0

00,= ∪
I0
0−,=| + |I

0+
+0 ∪ I00

0+,∗= ∪ I0
00,>=|, by

z(x) :=





gi(x) (i ∈ I+g ∪ I0
g,=)

h j(x) ( j ∈ J)
Hi(x) (i ∈ I0+ ∪ I+00∪ I+0− ∪ I0

00,= ∪ I0
0−,=)

Gi(x) (I0+
+0 ∪ I00

+0,∗= ∪ I0
00,>=)





, (7.8)

and denote thej-th component function ofz by zj . Furthermore, letH̄ : Rq+1 → Rq be the
mapping defined by

H̄ j(y, t) := zj
(
x∗ + td + z′(x∗)Ty

) ∀ j = 1, . . . , q.

The systemH̄(y, t) = 0 has a solution (y∗, t∗) := (0, 0), and the partial Jacobian

H̄y(0, 0) = z′(x∗)z′(x∗)T ∈ Rq×q

is nonsingular since the matrixz′(x∗) has full rankq due to the MPVC-LICQ assumption. Thus,
invoking the implicit function theorem and using the twice continuous differentiability of all map-
pings involved in the definition ofz, there exists anε > 0 and a twice continuously differentiable
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curvey : (−ε, ε) → Rq such thaty(0) = 0 andH̄(y(t), t) = 0 for all t ∈ (−ε, ε). Moreover, its
derivative is given by

y′(t) = −(H̄y(y(t), t)
)−1H̄t

(
y(t), t

) ∀t ∈ (−ε, ε).

In particular, this implies

y′(0) = −(H̄y(0, 0)
)−1H̄t(0, 0) = −(H̄y(0, 0)

)−1 z′(x∗)d
︸ ︷︷ ︸

=0

= 0,

due to the properties ofd. Now define

x(t) := x∗ + td + z′(x∗)Ty(t).

Then x(·) is twice continuously differentiable on (−ε, ε), and we obviously havex(0) = x∗ and
x′(0) = d. Hence, we still need to show thatx(t) ∈ X and thatx(·) satisfies (7.6) for allt sufficiently
close to 0.

For these purposes, first note thatH̄ j(y(t), t) = 0 implieszj(x(t)) = 0 and thus we obtain

gi(x(t)) = 0 (i ∈ I+g ∪ I0
g,=),

h j(x(t)) = 0 ( j ∈ J),
Hi(x(t)) = 0 (i ∈ I0+ ∪ I+00 ∪ I+0− ∪ I0

00,= ∪ I0
0−,=),

Gi(x(t)) = 0 (i ∈ I0+
+0 ∪ I00

+0,∗= ∪ I0
00,>=),

(7.9)

so that (7.6) and the feasibility ofx(t) for the above occuring index sets is garantueed for all
t ∈ (−ε, ε).
By simple continuity arguments, one can also verify that we havegi(x(t)) < 0 (i < Ig), Gi(x(t)) <
0 (i ∈ I0− ∪ I+−) andHi(x(t)) > 0 (i ∈ I+) for all t sufficiently close to 0. Thus, taking into account
the definition ofC(x∗), it remains to show that

gi (x(t)) ≤ 0 (i ∈ I0
g,<),

Hi(x(t)) ≥ 0 (i ∈ I0
00,> ∪ I0

0−,>),
(7.10)

and that
Gi(x(t))Hi(x(t)) ≤ 0 (i ∈ I0

00,>< ∪ I0
0−,> ∪ I00

+0,∗<) (7.11)

for t > 0 sufficiently small.

In order to verify (7.10), leti ∈ I0
g,<. Then we have∇gi(x∗)Td < 0 by definition. This implies

∇gi(x(τ))T x′(τ) < 0 for all |τ| sufficiently small. From the mean value theorem, we obtain a
τt ∈ (0, t) such thatgi (x(t)) = gi(x(0)) + ∇gi(x(τt))T x′(τt)(t − 0) = t∇gi (x(τt))T x′(τt) < 0 for all
t > 0 sufficiently small, which proves the first statement of (7.10).

In order to prove the second statement, leti ∈ I0
00,> ∪ I0

0−,>. Then it follows, by definition, that

∇Hi(x∗)Td > 0, and thus by continuity, it holds that∇Hi((x(t))T x′(t) > 0 for all t sufficiently close
to 0. Since we haveHi(x(0)) = Hi(x∗) = 0, this impliesHi(x(t)) > 0 for all t > 0 sufficiently small,
using the above arguments.

56



7. Second-order optimality conditions for MPVCs

To verify (7.11), first leti ∈ I0
0−,>. Then we haveGi(x(t)) < 0 by continuity, and with the above

reasoning we getHi(x(t)) > 0 for t > 0 sufficiently small, so thatGi(x(t))Hi (x(t)) ≤ 0 holds in this
case.

Now, let i ∈ I0
00,><. Then, by definition, we have∇Hi(x∗)Td > 0 and∇Gi(x∗)Td < 0. Then, with

analogous reasoning as above, it follows thatHi(x(t)) > 0 andGi(x(t)) < 0 for t > 0 sufficiently
small, which gives (7.11) in this case.

Finally, let i ∈ I00
+0,∗<. Then we haveHi(x(t)) > 0 for |t| sufficiently small. And since we have

∇Gi(x∗)Td < 0, we obtainGi(x(t)) < 0 for all t > 0 sufficiently small, which eventually proves
(7.11). �

The proof of the following theorem exploits the existence ofthe curvex(·) from the above lemma.

Theorem 7.1.2 Let x∗ be a local minimizer of(1.1)such that MPVC-LICQ holds. Then we have

dT∇2
xxL(x∗, λ, µ, ηG, ηH)d ≥ 0 ∀d ∈ C(x∗),

whereλ, µ, ηG, ηH are the (unique) multipliers corresponding to (the strongly stationary) point x∗

of (1.1).

Proof. First recall from Corollary 6.1.4 that MPVC-LICQ ensures the existence of (unique)
multipliers (λ, µ, ηG, ηH) such that (x∗, λ, µ, ηG, ηH) is a strongly stationary point.

Let d ∈ C(x∗). Using the curvex(·) (andε > 0) from Lemma 7.1.1, we are in a position to define
the functionφ : (−ε, ε)→ R by

φ(t) := L(x(t), λ, µ, ηG, ηH),

whereL denotes the MPVC-Lagrangian from (7.1). Thenφ is twice continuously differentiable
with

φ′(t) = x′(t)T∇xL(x(t), λ, µ, ηG, ηH)

and
φ′′(t) = x′′(t)T∇xL(x(t), λ, µ, ηG, ηH) + x′(t)T∇2

xxL(x(t), λ, µ, ηG, ηH)x′(t).

Using Lemma 7.1.1, we therefore obtain

φ′(0) = dT∇xL(x∗, λ, µ, ηG, ηH) = 0

and
φ′′(0) = dT∇2

xxL(x∗, λ, µ, ηG, ηH)d,

since we have∇xL(x∗, λ, µ, ηG, ηH) = 0, as (x∗, λ, µ, ηG, ηH) is a strongly stationary point of (1.1).

Now, suppose thatφ′′(0) = dT∇2
xxL(x∗, λ, µ, ηG, ηH)d < 0. By continuity, we thus haveφ′′(t) < 0

for t sufficiently close to 0. Invoking Taylor’s formula, we obtain

φ(t) = φ(0)+ tφ′(0)+
t2

2
φ′′(ξt)
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for all t ∈ (−ε, ε) and a suitable pointξt depending ont. Since we haveφ′(0) = 0 andφ′′(ξt) < 0
for t sufficiently close to 0, we thus haveφ(t) < φ(0) for theset ∈ (−ε, ε). Since (x∗, λ, µ, ηG, ηH)
is a strongly stationary point of (1.1), we have

φ(0) = f (x∗) +
∑

i∈Ig

λigi(x
∗) +

∑

j∈J
µ jh j(x

∗) +
∑

i∈I+0

ηG
i Gi(x

∗) −
∑

i∈I0

ηH
i Hi(x

∗) = f (x∗)

and, in view of (7.6) and the feasibility ofx(t) for t > 0 sufficiently small, we also have

φ(t) = f (x(t)) +
∑

i∈Ig

λigi (x(t)) +
∑

j∈J
µ jh j(x(t)) +

∑

i∈I+0

ηG
i Gi(x(t)) −

∑

i∈I0

ηH
i Hi(x(t)) = f (x(t)),

which yields f (x(t)) < f (x∗) for all t > 0 sufficiently small, in contradiction tox∗ being a local
minimizer of (1.1). �

7.2. A second-order sufficient condition

In this section we state a second-order sufficiency condition. Note, again, that this result makes
use of the same setC(x∗) as the second-order necessary condition from Theorem 7.1.2.

Theorem 7.2.1 Let (x∗, λ, µ, ηG, ηH) be a strongly stationary point of the MPVC(1.1)such that

dT∇2
xxL(x∗, λ, µ, ηG, ηH)d > 0 ∀d ∈ C(x∗) \ {0}. (7.12)

Then x∗ is a strict local minimizer of(1.1).

Proof. Assume thatx∗ is not a strict local minimizer of (1.1). Then there exists a sequence
{xk} ⊆ X tending tox∗ with f (xk) ≤ f (x∗) for all k. Now, puttk := ‖xk − x∗‖. Then we havetk ↓ 0.
Furthermore, we define the sequence{dk} ⊆ Rn by dk := xk−x∗

tk
. Since we have‖dk‖ = 1 for all

k ∈ N, we can assume, without loss of generality, that{dk} has a limitd ∈ Rn \ {0}. Furthermore,
by construction, we see thatd lies in the tangent coneT (x∗) of (1.1) and thus, invoking Corollary
2.5 from [26], we particularly haved ∈ LMPVC(x∗). Hence, we have

∇gi (x∗)Td ≤ 0 (i ∈ Ig),
∇h j (x∗)Td = 0 ( j ∈ J),
∇Hi(x∗)Td = 0 (i ∈ I0+),
∇Hi(x∗)Td ≥ 0 (i ∈ I00∪ I0−),
∇Gi(x∗)Td ≤ 0 (i ∈ I+0),

(7.13)

as well as
(∇Gi(x

∗)Td
)(∇Hi(x

∗)Td
) ≤ 0 (i ∈ I00). (7.14)

Furthermore, since we havef (xk) ≤ f (x∗) for all k by assumption, the mean value theorem yields
a vectorξk on the connecting line betweenxk and x∗ such that∇ f (ξk)T(xk − x∗) ≤ 0 for all k.
Dividing by ‖xk − x∗‖ and passing to the limit thus implies

∇ f (x∗)Td ≤ 0. (7.15)
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7. Second-order optimality conditions for MPVCs

Now, we consider two different cases, which both lead to a contradiction.

First, consider the case that equality holds in (7.13) for all indices i ∈ I+g ∪ I+0− ∪ I+00 ∪ I0+
+0. Then

we haved ∈ C(x∗). Sincexk is feasible for (1.1) for allk and we havexk → x∗, the following
statements hold for allk sufficiently large:

λi gi(x
k)

︸︷︷︸

≤0

≤ 0 (i ∈ Ig),

µ j h j(x
k)

︸︷︷︸

=0

= 0 ( j ∈ J),

ηH
i Hi(x

k)
︸︷︷︸

=0

= 0 (i ∈ I0+),

−ηH
i Hi(x

k)
︸︷︷︸

≥0

≤ 0 (i ∈ I0− ∪ I00),

ηG
i Gi(x

k)
︸︷︷︸

≤0

≤ 0 (i ∈ I+0),

(7.16)

where we use continuity arguments as well the fact that we have Gi(xk)Hi(xk) ≤ 0 for all i =
1, . . . , l and all k, for the third and fifth statement. Invoking (7.16) and the properties of the
multipliers (λ, µ, ηG, ηH), we obtain

f (x∗) ≥ f (xk)

≥ f (xk) +
∑

i∈Ig

λigi(x
k) +

∑

j∈J
µ jh j(x

k) +
∑

i∈I+0

ηG
i Gi(x

k) −
∑

i∈I0

ηH
i Hi(x

k)

= l(xk),

(7.17)

where we putl(x) := L(x, λ, µ, ηG, ηH). Applying Taylor’s formula to (7.17) yields a vectorξk on
the connecting line betweenx∗ andxk such that

f (x∗) ≥ l(xk)
= l(x∗)

︸︷︷︸

= f (x∗)

+ ∇l(x∗)T
︸  ︷︷  ︸

=∇xL(x∗ ,λ,µ,ηG,ηH )=0

(xk − x∗) + 1
2(xk − x∗)T∇2l(ξk)(xk − x∗)

= f (x∗) + 1
2(xk − x∗)T∇2

xxL(ξk, λ, µ, ηG, ηH)(xk − x∗),

(7.18)

also exploiting the fact that (x∗, λ, µ, ηG, ηH) is a strongly stationary point of (1.1). Dividing by
‖x∗ − xk‖2 and lettingk→∞ gives

dT∇2
xxL(x∗, λ, µ, ηG, ηH)d ≤ 0, (7.19)

which contradicts assumption (7.12) of our theorem, because we have 0, d ∈ C(x∗).

Second, consider the opposite case, that is, assume that there is an indexi ∈ I+g ∪ I+0− ∪ I+00 ∪ I0+
+0

such that a strict inequality holds in (7.13). We only consider the case that there exists an index
i ∈ I+g such that∇gi(x∗)Td < 0, since the other cases can be treated in the same way. Now, let
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7. Second-order optimality conditions for MPVCs

s∈ I+g such that∇gs(x∗)Td < 0. Then it follows from (7.13) and (7.15) that

0 ≥ ∇ f (x∗)Td

= −
(∑

i∈Ig

λi∇gi(x
∗)Td +

∑

j∈J
µ j∇h j(x

∗)Td +
∑

i∈I+0

ηG
i ∇Gi(x

∗)Td −
∑

i∈I0

ηH
i ∇Hi(x

∗)Td
)

≥ −
∑

i∈I+g

λi∇gi (x
∗)Td

≥ −λs∇gs(x∗)Td > 0,

which yields the desired contradiction also in this case. �

Closing this section, we would like to point out that for Example 6.2.6 the conclusion of Theorem
7.1.2 as well as the assumptions of Theorem 7.2.1 are obviously satisfied, since the Hessian of the
MPVC-Lagrangian is a positive multiple of the identity at any feasible point and thus in particular
positive definite on the wholeRn.
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8. An exact penalty result for MPVCs

In this chapter an exact penalty function for the MPVC (1.1) is constructed. On the basis of this,
M-stationarity is recovered as a necessary optimality condition for a local minimizer.

The material presented here goes back to current results from [29].

8.1. The concept of exact penalization

The notion ofpenalizationis as old as the whole discipline of mathematical optimization. At this,
the ultimate goal is to transform a constrained into an unconstrained optimization problem in the
following fashion: Consider a mathematical program of the form

min f (x) s.t. F(x) ∈ Λ, (8.1)

with functions f : Rn → R , F : Rn → Rm and a nonempty closed setΛ ⊆ Rm. Now, suppose
we have a functionψ : Rn → R+ such thatψ(x) = 0 if and only if F(x) ∈ Λ. Herewith define the
functionP : Rn × R+ → R by

P(x;α) := f (x) + αψ(x). (8.2)

Then P is called apenalty functionfor (8.1) andα > 0 is a penalty parameter. The idea of
penalization now consists in considering a sequence of parameterized unconstrained problems

min
x∈Rn

P(x;α) U(α)

for some penalty parameterα > 0. By lettingα → ∞, infeasiblity is more and morepenalized
and thus, one hopes that for a certain finite ¯α > 0, the minimizers of (8.1) can be detected via the
minimizers of (the hopefully easier to solve problem)U(α) for α > ᾱ. The crucial concept in this
context is the notion of anexact penalty functiongiven in the below definition.

Definition 8.1.1 Let x∗ be a local minimizer of(8.1) and let P : Rn × R+ → R be a penalty
function for(8.1). Then P is called exact at x∗ if there exists a finite penalty parameterᾱ > 0 such
that x∗ is a local minimzer of U(α) for all α > ᾱ.

8.2. A generalized mathematical program

In this section, we consider a general mathematical programof the form

min f (x) s.t. F(x) ∈ Λ, (8.3)
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8. An exact penalty result for MPVCs

with locally Lipschitz functionsf : Rn → R , F : Rn → Rm and a nonempty closed setΛ ⊆ Rm.
This type of problem was already fruitfully employed in manysituations, e.g. in the field of
MPECs in [19] .

As soon as one tries to investigate exact penalty results fora class of optimization problems, the
very closely linked concept ofcalmnessof the respective problem, cf. [9, 10, 14], arises naturally
for reasons explained below.

In order to define calmness for our general optimization problem (8.3), consider the associated
family of perturbed problems

min f (x) s.t. F(x) + p ∈ Λ, Π(p)

for some parameterp ∈ Rm. Note that, obviously, it holds that (8.3) andΠ(0) are the same
problems. The following definition of calmness is due to Burke, see [9, Def. 1.1].

Definition 8.2.1 Let x∗ be feasible forΠ(0). Then the problem is calledcalmat x∗ if there exist
constants̄α > 0 andε > 0 such that for all(x, p) ∈ Rn×Rm satisfying x∈ Bε(x∗) and F(x)+p ∈ Λ,
one has

f (x) + ᾱ‖p‖ ≥ f (x∗).

In this context ¯α andε are called themodulusand theradiusof calmness forΠ(0) atx∗. Note that
the original definition by Clarke, see [14, Def. 6.4.1], alsoinvolves thatp ∈ Bε(0). Actually, these
definitions coincide as soon as the functionF is continuous, as was coined in [9, Prop. 2.1], which
is in particular fulfilled in our setup.

When Clarke established the notion of calmness as a tool for sensitivity analysis of parameterized
optimization problems, he already was aware of its close connection to the concept of exact penal-
ization. He showed that calmness is a sufficient condition for exact penalization. The full relation,
however, is due to Burke, see [9, Th. 1.1], and is restated in the following result.

Proposition 8.2.2 Let x∗ be feasible forΠ(0). ThenΠ(0) is calm at x∗ with modulusᾱ and radius
ε if and only if x∗ is a minimum of

P(x;α) := f (x) + αdΛ(F(x)) (8.4)

over Bε(x∗) for all α ≥ ᾱ.

Proof. See [9, Th. 1.1]. �

In the course of rising popularity of the calculus of multifunctions and their applications to opti-
mization problems, another calmness concept has been established and successfully employed in
the context of mathematical programming. The following definition of calmness of a multifunction
can be found, e.g., in [54].

Definition 8.2.3 Let Φ : Rp ⇉ Rq be a multifunction with a closed graph and(u, v) ∈ gphΦ.
Then we say thatΦ is calm at (u, v) if there exist neighbourhoods U of u, V of v and a modulus
L ≥ 0 such that

Φ(u′) ∩ V ⊆ Φ(u) + L‖u− u′‖B ∀u′ ∈ U. (8.5)
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8. An exact penalty result for MPVCs

The application to our mathematical programming setup from(8.3) andΠ(p) follows by virtue of
the so-calledperturbation map, a multifunctionM : Rm⇉ Rn given by

M(p) := {x ∈ Rn | F(x) + p ∈ Λ}. (8.6)

By means of the perturbation map, the feasible set ofΠ(p) is then given byM(p), in particular,
one hasF−1(Λ) = M(0).

Part of the gain from the notion of calmness of multifunctions for optimization is revealed by
the following two results. In the first result, we see that calmness of the perturbation map at a
particular point is in fact equivalent to the existence of local error bounds, see [46].

Proposition 8.2.4 Let x∗ ∈ M(0) be feasible for(8.3). Then the following statements are equiva-
lent.

(1) M is calm at(0, x∗).

(2) There exists a neighbourhood U of x∗ and a constantρ > 0 such that

dF−1(Λ)(x) ≤ ρdΛ(F(x)) ∀x ∈ U. (8.7)

Proof. See [24, Corollary 1]. �

The second result shows that, roughly speaking, calmness ofthe perturbation map (Definition
8.2.3) yields calmness of the unperturbed problemΠ(0) (Definition 8.2.1).

Proposition 8.2.5 Let x∗ ∈ M(0) be a local minimizer of(8.3)such that M is calm at(0, x∗). Then
Π(0) is calm at x∗.

Proof. By assumption,M is calm at (0, x∗) and hence, due to Proposition 8.2.4, there exist
constants ˜ε, ρ > 0 such that

dF−1(Λ)(x) ≤ ρdΛ(F(x)) ∀x ∈ Bε̃(x
∗).

Now, choose ˆε ∈ (0, ε̃] such thatf attains a minimum overBε̂(x∗)∩F−1(Λ) at x∗. Then putε := ε̂
2

and choosex ∈ Bε(x∗) arbitrarily. Moreover, let

x0 ∈ ProjF−1(Λ)(x).

In particular, this impliesx0 ∈ Bε̂(x∗). Together, one obtains

f (x∗) ≤ f (x0)
≤ f (x) + L‖x− x0‖
= f (x) + LdF−1(Λ)(x)
≤ f (x) + ρLdΛ(F(x)),

(8.8)

whereL > 0 denotes the local Lipschitz constant off aroundx∗. If, now, we putᾱ := ρL and
mind that, forp ∈ Rm, we havedΛ(F(x)) ≤ ‖p‖ wheneverF(x) + p ∈ Λ, we apparently get the
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desired calmness ofΠ(0). �

An immediate consequence is the following corollary.

Corollary 8.2.6 Let x∗ ∈ M(0) be such that M is calm at(0, x∗). Then the penalty function from
(8.4) is exact at x∗.

Proof. The proof follows immediately from Prop. 8.2.5 and 8.2.2. �

In the sequel of this section we will provide sufficient conditions for the calmness of the multifunc-
tion M at (0, x∗) for somex∗ ∈ M(0). Thus, we automatically obtain sufficient conditions for the
functionP(x;α) = f (x) + αdΛ(F(x)) to be exact atx∗. From now on we will assume the functions
f andF to be continuously differentiable. Then we can define the following generalizationof the
Mangasarian-Fromovitz constraint qualification, see [19].

Definition 8.2.7 Let x∗ be feasible for(8.3). We say that thegeneralized Mangasarian-Fromovitz
constraint qualification(GMFCQ) holds at x∗ if the following implication holds:

F′(x∗)Tλ = 0
λ ∈ N(F(x∗),Λ)

}

=⇒ λ = 0. (8.9)

Note that, ifΛ = Rm
− , (8.9) reduces to standard MFCQ.

The notion ofGMFCQ leads to the following result.

Proposition 8.2.8 Let x∗ ∈ M(0) be feasible for(8.3) such that GMFCQ is satisfied. Then the
perturbation map M is calm at(0, x∗).

Proof. See the proof of [19, Corollary 2.4]. �

The following corollary follows immediately.

Corollary 8.2.9 Let x∗ ∈ M(0) be feasible for(8.3) such that GMFCQ is satisfied. Then the
penalty function from(8.4) is exact at x∗.

8.3. Deriving an exact penalty function for MPVCs

In order to derive an exact penalty function for the MPVC (1.1), we are guided by the results from
Section 8.2, in particular Corollary 8.2.9. The path that wefollow starts with a reformulation of the
MPVC in the fashion of (8.3). Afterwards we will provide sufficient conditions for the GMFCQ to
hold for the rewritten MPVC, which eventually yields an exact penalty function. Note, however,
that the question whether GMFCQ holds or not, substantiallydepends on the chosen representation
of the feasible set.
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For the sake of reformulating the MPVC, consider the characteristic set

C := {(a, b) ∈ R2 | b ≥ 0, ab≤ 0}, (8.10)

and put
ΛVC := Rm

− × {0}p ×Cl . (8.11)

Furthermore, define the mapFVC : Rn→ Rm× Rp × R2l by

FVC(x) :=





gi(x) (i = 1 . . . , l)
h j(x) ( j = 1, . . . , p)
(
Gi (x)
Hi (x)

)

(i = 1, . . . , l)





. (8.12)

By means of these definitions, we are able to write the MPVC (1.1) as the following program

min f (x) s.t. FVC(x) ∈ ΛVC. (8.13)

The perturbation map for (8.13) is consequently given by

MVC(p) := {x ∈ Rn | FVC(x) + p ∈ ΛVC}.

In order to find conditions to yield GMFCQ for (8.13), we need the following auxiliary result,
which is concerned with calculating the limiting normal cone of the characteristic setC from
(8.10).

Lemma 8.3.1 Let (a, b) ∈ C. Then it holds that

N((a, b),C) =






{0} × {0} if b > 0, a < 0,
R+ × {0} if b > 0, a = 0,
{0} × R− if b = 0, a < 0,
{0} × R if b = 0, a > 0,

{(u, v) | u ≥ 0, uv= 0} if a = b = 0.

(8.14)

Proof. See the proof of Lemma 6.1.6. �

By the aid of the above Lemma, we are now able to prove a first sufficiency result for GMFCQ in
the MPVC setup.

Theorem 8.3.2 Let x∗ ∈ M(0) be feasible for(1.1) and assume that for all(β1, β2) ∈ P(I00) the
following two conditions are satisfied:

(i) There exists a vector d∈ Rn such that

∇gi(x∗)Td > 0 (i ∈ Ig),
∇h j(x∗)T = 0 ( j = 1, . . . , p),
∇Gi(x∗)Td > 0 (i ∈ I+0 ∪ β2),
∇Hi(x∗)Td < 0 (i ∈ I0−),
∇Hi(x∗)Td = 0 (i ∈ I0+ ∪ β1).

(8.15)
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(ii) The gradients∇h j(x∗) ( j = 1 . . . , p) and∇Hi(x∗) (i ∈ I0+ ∪ β1) are linearly independent.

Then GMFCQ holds for(8.13).

Proof. Observe first that due to [54, Proposition 6.41] we have

N(FVC(x∗),ΛVC) =
m

�

i=1

N(gi (x
∗),R−) ×

p
�

j=1

N(h j(x
∗), {0}) ×

l
�

i=1

N((Gi(x
∗),Hi(x

∗)),C)

=

m
�

i=1

{

R+ (i ∈ Ig)
{0} (i < Ig)

× Rp ×
l

�

i=1

N((Gi(x
∗),Hi(x

∗)),C).

Hence, by means of Lemma 8.3.1 it follows that GMFCQ amounts to the condition

0 =
m∑

i=1

λ
g
i ∇gi(x

∗) +
p∑

j=1

λh
j∇h j(x

∗) +
l∑

i=1

λG
i ∇Gi(x

∗) +
l∑

i=1

λH
i ∇Hi(x

∗)

λ
g
i = 0 (i < Ig), λi ≥ 0 (i ∈ Ig),
λG

i = 0 (i ∈ I+− ∪ I0+ ∪ I0−), λG
i ≥ 0 (i ∈ I+0 ∪ I00),

λH
i = 0 (i ∈ I+), λH

i ≤ 0 (i ∈ I0−),
λG

i λ
H
i = 0 (i ∈ I00),






=⇒ λg = 0, λh = 0,
λG = λH = 0.

This is equivalent to

0 =
∑

i∈Ig

λ
g
i ∇gi (x

∗) +
p∑

j=1

λh
j∇h j(x

∗) +
∑

i∈I+0∪I00

λG
i ∇Gi(x

∗) +
∑

i∈I0

λH
i ∇Hi(x

∗)

λ
g
i ≥ 0 (i ∈ Ig),
λG

i ≥ 0 (i ∈ I+0 ∪ I00),
λH

i ≤ 0 (i ∈ I0−),
λG

i λ
H
i = 0 (i ∈ I00),






=⇒

λ
g
i = 0 (i ∈ Ig),
λh

j = 0 ( j = 1, . . . , p),
λG

i = 0 (i ∈ I+0 ∪ I00),
λH

i = 0 (i ∈ I0).

This, eventually, is equivalent to the following condition: For all partitions (β1, β2) ∈ P(I00), the
implication

0 =
∑

i∈Ig

λ
g
i ∇gi(x

∗) +
p∑

j=1

λh
j∇h j(x

∗) +
∑

i∈I+0∪β2

λG
i ∇Gi(x

∗) +
∑

i∈I0−∪I0+∪β1

λH
i ∇Hi(x

∗)

λ
g
i ≥ 0 (i ∈ Ig),
λG

i ≥ 0 (i ∈ I+0 ∪ β2),
λH

i ≤ 0 (i ∈ I0−),






=⇒

λ
g
i = 0 (i ∈ Ig),
λh

j = 0 ( j = 1, . . . , p),
λG

i = 0 (i ∈ I+0 ∪ β2)
λH

i = 0 (i ∈ I0− ∪ I0+ ∪ β1)

(8.16)
holds true. Invoking Motzkin’s Theorem of the alternative, cf. [40], for example, we see that
the implication (8.16) is, in case thatIg ∪ I0− ∪ I+0 ∪ β2 , ∅, equivalent to condition (i). In
turn, if Ig ∪ I0− ∪ I+0 ∪ β2 = ∅, (8.16) reduces to the linear independence of the gradients
∇h j(x∗) ( j = 1, . . . , p), ∇Hi(x∗) (i ∈ I0+ ∪ β1), which is condition (ii). �
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The following result, which is an immediate consequence of Theorem 8.3.2, will state thatMPVC-
MFCQ, see Section 5.1, is a sufficient condition for calmness of the perturbation mapMVC.

Corollary 8.3.3 Let x∗ be feasible for(1.1) such that MPVC-MFCQ holds at x∗. Then MVC is
calm at(0, x∗).

Proof. MPVC-MFCQ obviously implies condition (i) and (ii) from Theorem 8.3.2 and hence,
GMFCQ holds. Due to Proposition 8.2.8, GMFCQ implies calmness ofMVC at (0, x∗). �

Putting all pieces of information together, we can state a satisfactory exact penalty result for the
MPVC.

Theorem 8.3.4 Let x∗ be feasible for(1.1)such that MPVC-MFCQ holds at x∗. Then the function

PVC(x, α) := f (x) + αdΛVC(FVC(x)) (8.17)

is exact at x∗.

In order to find an explicit representation of the penalty function from (8.17), the following ele-
mentary result is crucial.

Lemma 8.3.5 Let C be given by(8.10). Then for(a, b) ∈ C we have

dC(a, b) = max{0,−b,min{a, b}} =






min{a, b}, if a, b ≥ 0,
0, if a ≤ 0, b ≥ 0,
−b, if b ≤ 0.

Note, that the latter result provides an explicit representation which is totally independent of the
chosenlp-norm to induce the distance function.

Corollary 8.3.6 Let x∈ Rn. Then we have

dΛVC(FVC(x)) =

∥
∥
∥
∥
∥
∥
∥
∥
∥





max{gi(x), 0} (i = 1, . . . ,m)
|h j (x)| ( j = 1 . . . , p)
max

{

0,−Hi(x),min{Gi(x),Hi(x)}} (i = 1, . . . , l)





∥
∥
∥
∥
∥
∥
∥
∥
∥

.

8.4. The limiting subdifferential

In this section we will briefly introduce the so-calledlimiting subdifferential for lower semicon-
tinuous (lsc) functions, since we use it to derive M-stationarity in the following section. The
limiting subdifferential is closely linked to the limiting normal cone, see Definition 6.1.5, and is
investigated in depth in [38, 39] or [54].

In order to define it, the notion of theFréchet subdifferential is needed. Note that the latter is
sometimes also called the regular subdifferential, cf. [54].
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Definition 8.4.1 Let f : Rn→ R̄ be lsc and f(x) finite.

(a) The set

∂̂ f (x) :=
{

s∈ Rn
∣
∣
∣ lim inf

y→x

f (y) − f (x) − sT(y− x)
‖y− x‖ ≥ 0

}

is called theFréchet subdifferentialof f at x.

(b) The set
∂ f (x) :=

{

lim
k→∞

sk
∣
∣
∣ ∃ xk →

f
x, sk ∈ ∂̂ f (xk)

}

is called thelimiting subdifferentialof f at x.

8.5. An alternative proof for M-stationarity

We consider again the penalty functionPVC from (8.17). Under certain assumptions (like MPVC-
MFCQ, cf. Theorem 8.3.4), this penalty function is exact, hence a local minimum of the MPVC
is also a local minimizer ofPVC(·, α) for someα > 0. This implies that 0∈ ∂xP(x∗, α), and this
condition can be used in order to derive optimality conditions for the MPVC itself. However, it is
not clear in advance what type of optimality result we can expect to get from this condition. At
least, since, on the one hand, MPVC-MFCQ gives exactness of the penalty functionPVC, but, on
the other hand, is not enough in order to yield strong stationarity at a local minimizerx∗ of (1.1),
it is not possible to derive strong stationarity from the condition 0 ∈ ∂xP(x∗, α). The best we can
expect to get is therefore M-stationarity, and this is precisely the aim of this section.

Hence, suppose thatx∗ is a local minimizer ofPVC(·, α) for someα > 0, such that 0∈ ∂xP(x∗, α).
In view of the definition ofPVC in (8.17) we are, for obvious reasons, particularly interested in
the limiting subdifferential of the distance functiondC from Lemma 8.3.5. To this end, we define
φ : R2→ R by

φ(a, b) := dC(a, b). (8.18)

Then the limiting subdifferential ofφ at points from the setC is given in the below lemma.

Lemma 8.5.1 Letφ : R2→ R be defined by(8.18)and let(a, b) ∈ C. Then we have

∂φ(a, b) =






{
(
0
0

)

} if b > 0, a < 0,

conv{
(
0
0

)

,
(
1
0

)

} if b > 0, a = 0,

conv{
(

0
−1

)

,
(
0
1

)

} if b = 0, a > 0,

conv{
(

0
−1

)

,
(
0
0

)

} if b = 0, a < 0,

conv{
(
0
1

)

,
(

0
−1

)

} ∪ conv{
(
0
0

)

,
(
1
0

)

} if a = b = 0.

Proof. Due to the fact thatφ(a, b) = dC(a, b) for all (a, b) ∈ R2, wheredC can be induced by
any lp-norm inR2, especially by the Euclidean norm, we may invoke [54, Example 8.53], which
yields that

∂φ(a, b) = N((a, b),C) ∩ B ∀(a, b) ∈ C. (8.19)
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The representation of the limiting normal cone from Lemma 8.3.1 together with (8.19) eventually
gives the desired result. �

The following main result of this section reveals that exactness of the penalty functionPVC from
(8.4) at a local minimizer of the MPVC yields M-stationarityas an optimality condition.

Theorem 8.5.2 Let x∗ be a local minimizer of the MPVC(1.1)such that PVC is exact at x∗. Then
M-stationarity holds at x∗.

Proof. Due to the fact thatPVC is exact at the local minimizerx∗ of (1.1), there exists a penalty
paramterα > 0 such thatx∗ is also a local minimizer ofPVC(·, α). In particular, we thus have
0 ∈ ∂xPVC(x∗, α). Now, recall that by Corollary 8.3.6 we have

PVC(x, α) = f (x) + α

∥
∥
∥
∥
∥
∥
∥
∥
∥





max{gi(x), 0} (i = 1, . . . ,m)
|h j (x)| ( j = 1 . . . , p)
φ(Gi(x),Hi(x)) (i = 1, . . . , l)





∥
∥
∥
∥
∥
∥
∥
∥
∥

.

Due to the fact thatPVC is exact for an arbitrarylp-norm if and only if it is exact when using
the l1-norm, we restrict ourselves to this case, since we may applywell-known sum rules for the
limiting subdifferential then. Thus, consider the case that

PVC(x, α) = f (x) + α +
m∑

i=1

gi(x) + α
p∑

j=1

h j(x) + α
l∑

i=1

φ(Gi(x
∗),Hi(x

∗)).

Invoking [54, Exercise 10.10] we hence obtain

0 ∈ ∂xP
VC(x∗, α) ⊆ {∇ f (x∗)} + α

m∑

i=1

∂(max{gi(x), 0}) + α
p∑

j=1

∂(|h j(x)|) + α
l∑

i=1

∂(φ(Gi(x
∗),Hi(x

∗)),

and therefore, due to [8, p. 151], there exist vectorsλi ∈ ∂max{gi(x∗), 0} for i = 1 . . . ,m, µi ∈
∂|h j(x∗)| for j = 1, . . . , p and (ρi , νi) ∈ ∂φ(Gi(x∗),Hi(x∗)) for i = 1, . . . , l such that

0 = ∇ f (x∗) + α
m∑

i=1

λi∇gi (x
∗) + α

p∑

j=1

µ j∇h j(x
∗) + α

l∑

i=1

(ρi∇Gi(x
∗) + νi∇Hi(x

∗)). (8.20)

Now, put
ηG

i := αρi , ηH
i := −ανi ∀i = 1, . . . , l.

Then (8.20), Lemma 8.5.1 and the well-known formulas for thelimiting subdifferential of the
max- and the absolute value function imply that (x∗, λ, µ, ηG, ηH) is an M-stationary point of (1.1).

�

The above result allows us to regard exactness of the penaltyfunction PVC as an MPVC-tailored
constraint qualification.
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Combining the previous result with the sufficiency condition for the exactness ofPVC from Section
8.3, we can immediately show that MPVC-MFCQ yields M-stationarity at a local minimizer of
(1.1), which is already well known, cf. Corollary 6.1.10.

Corollary 8.5.3 Let x∗ be a local minimizer of(1.1) such that MPVC-MFCQ holds. Then x∗ is
an M-stationary point.

Proof. The proof follows immediately from Theorem 8.3.4 and Theorem 8.5.2. �
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9. A smoothing-regularization approach

In this chapter a numerical algorithm for the solution of theMPVC (1.1) is investigated which is
on the basis of a pretty simple idea:

The characteristic constraintsHi(x) ≥ 0, Gi(x)Hi(x) ≤ 0 for i = 1, . . . , l are substituted for set a of
(in-)equalitiesϕ(Gi(x),Hi (x)) = 0 (orϕ(Gi(x),Hi(x)) ≤ 0) for i = 1, . . . , l with a locally Lipschitz
(not necessarily smooth) functionϕ : R2→ R satisfying the condition

ϕ(a, b) = 0⇐⇒ b ≥ 0, ab≤ 0, (9.1)

such that the resulting program

min f (x)
s.t. gi(x) ≤ 0 ∀i = 1, . . . ,m,

h j(x) = 0 ∀ j = 1, . . . , p,
ϕ
(
Gi(x),Hi(x)

)
= 0 ∀i = 1, . . . , l.

(9.2)

is equivalent to (1.1). This program is then embedded in a sequence of regularized and smooth
problemsNLP(t), for a smoothing and regularization parametert > 0, which are hopefully easier
to solve than the original MPVC, and such thatNLP(0) coincides with (9.2).

Due to the fact thatϕ will be chosen nonsmooth, for reasons explained below, the analysis of the
behaviour of the smoothed problemsNLP(t) for t → 0 involves nonsmooth calculus. Since, for
our purposes, we have chosen to employClarke’s generalized gradientas established in [14], we
briefly recall some of the basic concepts that we will use in the sequel.

9.1. Clarke’s generalized gradient

We commence by giving a definition of theBouligand subdifferential of a locally Lipschitz, real-
valued function, which is our key to the generalized gradient in the sense of Clarke. For these
purposes, recall that by a theorem of Rademacher, see [49], alocally Lipschitz functionf : Rn→
R is differentiable almost everywhere, in the sense that the set of nondifferentiable points is a null
set for theLebesgue measure.

Definition 9.1.1 Let f : Rn→ R be locally Lipschitz and let Df be the set

D f := {x ∈ Rn | f is differentiable at x}

of all differentiable points of f . Then for x∈ Rn the following set

∂B f (x) := {g ∈ Rn | ∃ {xk} ⊆ D f : xk → x ∧ ∇ f (xk)→ g}

is called the Bouligand subdifferential of f at x.
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9. A smoothing-regularization approach

By means of the Bouligand subdifferential there exists a very handy characterization of Clarke’s
generalized gradient in the finite-dimensional case, cf. [14, Theorem 2.5.1], which we use as a
definition.

Definition 9.1.2 Let f : Rn→ R be locally Lipschitz and x∈ Rn. Then the following set

∂Cl f (x) := conv{∂B f (x)}

is called Clarke’s generalized gradient of f at x.

Note, however, that Clarke’s generalized gradient was originally introduced via the notion of gen-
eralized directional derivatives.

Some basic properties of Clarke’s generalized gradient aresubsumed in the following result.

Proposition 9.1.3 Let f : Rn→ R be locally Lipschitz and x∈ Rn. Then the generalized gradient
(of Clarke)∂Cl f (x) of f at x is nonempty, convex and compact.

Proof. See [14, Th. 2.1.2]. �

9.2. Reformulation of the vanishing constraints

In this section, we present a reformulation of the vanishingconstraints, as was suggested above,
using a suitable functionϕ : R2→ R satisfying the condition

ϕ(a, b) = 0⇐⇒ b ≥ 0, ab≤ 0. (9.3)

As soon as we have a function with this property, we can reformulate the original problem (1.1) in
the fashion of (9.2)

Before we present a particular functionϕ with the property (9.3), we first motivate why we use a
nonsmooth mappingϕ. To this end, we need the following preliminary result.

Lemma 9.2.1 Let ϕ : R2 → R be a differentiable function satisfying(9.3). Then∇ϕ(a, b) = 0
holds for all(a, b) ∈ R2 with a≤ 0, b ≥ 0.

Proof. First letb > 0 (anda ≤ 0). Then we obtain for allh < 0 sufficiently small that

(a+ h)b ≤ 0 =⇒ ϕ(a+ h, b) = 0 =⇒ ∂ϕ(a, b)
∂a

= lim
h↑0

ϕ(a+ h, b) − ϕ(a, b)
h

= 0,

and

a(b+ h) ≤ 0 =⇒ ϕ(a, b+ h) = 0 =⇒ ∂ϕ(a, b)
∂b

= lim
h↑0

ϕ(a, b+ h) − ϕ(a, b)
h

= 0.

Next consider the caseb = 0 (anda ≤ 0). Then it follows for allh > 0 sufficiently small that

(a+ h)b = 0 ≤ 0 =⇒ ϕ(a+ h, b) = 0 =⇒ ∂ϕ(a, b)
∂a

= lim
h↓0

ϕ(a+ h, b) − ϕ(a, b)
h

= 0,
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and

a(b+ h) ≤ 0 =⇒ ϕ(a, b+ h) = 0 =⇒ ∂ϕ(a, b)
∂b

= lim
h↓0

ϕ(a, b+ h) − ϕ(a, b)
h

= 0.

Sinceϕ is assumed to be differentiable, we obtain∇ϕ(a, b) = 0 in either case. �

An immediate consequence of Lemma 9.2.1 is the following result.

Proposition 9.2.2 Let the reformulated problem(9.2) be defined with a differentiable functionϕ
satisfying(9.3), and let x∗ be any feasible point for(9.2)such that I0− ∪ I00 ∪ I+ , ∅ holds. Then
MFCQ is not satisfied at x∗.

Proof. Let r i(x) := ϕ
(
Gi(x),Hi(x)

)
. Using the chain rule, we obtain

∇r i (x
∗) =

(∇Gi(x
∗),∇Hi(x

∗)
)∇ϕ(Gi(x

∗),Hi(x
∗)
)
.

Sincex∗ is feasible and there exists an indexi < I0+ by assumption, we obtain from Lemma 9.2.1
that∇ϕ(Gi(x∗),Hi(x∗)

)

= 0. This implies∇r i(x∗) = 0, hence MFCQ cannot hold. �

Since the assumptions in Proposition 9.2.2 are fairly weak,it must be supposed that in case of a
smooth reformulation of (1.1), MFCQ and thus LICQ do mostly not hold at any feasible point. In
particular, these constraint qualifications then do not hold at a solution of (1.1). This observation
motivates the use of nonsmooth reformulations of (1.1). Thefunctionϕ : R2→ R defined by

ϕ(a, b) := max{ab, 0} −min{b, 0} (9.4)

will turn out to be a useful choice. Some of its properties arestated in the following result.

Lemma 9.2.3 The functionϕ from (9.4)has the following properties:

(a) ϕ satisfies(9.3).

(b) ϕ is locally Lipschitz and nonnegative.

(c) The set of differentiable points ofϕ is given by

Dϕ = {(a, b)T ∈ R2 | a , 0 and b, 0}.

In fact,ϕ is continuously differentiable at these points.

(d) The gradient ofϕ at an arbitrary differentiable point(a, b) ∈ Dϕ is given by

∇ϕ(a, b)T =






(b, a), if a, b > 0,
(b, a− 1), if a, b < 0,
(0, 0), if a < 0, b > 0,
(0,−1), if a > 0, b < 0.
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(e) The generalized gradient at an arbitrary nondifferentiable point(a, b) < Dϕ is given by

∂Clϕ(a, b)T =






{(λb, 0) | λ ∈ [0, 1]}, if a = 0, b > 0,
{(λb,−1) | λ ∈ [0, 1]}, if a = 0, b < 0,
{(0, λa− (1− λ)) | λ ∈ [0, 1]}, if a > 0, b = 0,
{(0, λa− λ) | λ ∈ [0, 1]}, if a < 0, b = 0,
{(0,−λ) | λ ∈ [0, 1]}, if a = 0, b = 0.

(f) ϕ is a regular function (in the sense of Clarke [14, Def. 2.3.4]).

Proof. (a) First letϕ(a, b) = 0. This implies 0≤ max{ab, 0} = min{b, 0} ≤ 0. Thus, we have
max{ab, 0} = 0 = min{b, 0}, which impliesab≤ 0 andb ≥ 0. The converse direction is obvious.

(b) The first statement is obvious, and the second one followsfrom the alternative representation
ϕ(a, b) = max{ab, 0} +max{−b, 0}.
(c) It is easy to see that the mappingϕ is (continuously) differentiable at all points (a, b) ∈ Dϕ.
Hence it remains to show that it is nondifferentiable for all (a, b) < Dϕ. Thena = 0 or b = 0. By
considering several cases separately, we show that the partial derivatives do not exist in this case,
henceϕ cannot be differentiable.

Case 1: a= 0, b > 0. Then an elementary calculation shows that

lim
h↓0

ϕ(a+ h, b) − ϕ(a, b)
h

= lim
h↓0

hb
h
= b > 0,

whereas, on the other hand, we have

lim
h↑0

ϕ(a+ h, b) − ϕ(a, b)
h

= lim
h↑0

0
h
= 0.

Thus, ∂ϕ(a,b)
∂a does not exist, and consequentlyϕ is not differentiable at (a, b).

Case 2: a= 0, b < 0. Then we have

lim
h↓0

ϕ(a+ h, b) − ϕ(a, b)
h

= 0 and lim
h↑0

ϕ(a+ h, b) − ϕ(a, b)
h

= b < 0,

hence∂ϕ(a,b)
∂a does not exist.

Case 3: b= 0, a > 0. Here, a simple calculation shows that

lim
h↓0

ϕ(a, b+ h) − ϕ(a, b)
h

= a > 0 and lim
h↑0

ϕ(a, b+ h) − ϕ(a, b)
h

= −1,

and, therefore,ϕ is not differentiable at (a, b).

Case 4: b= 0, a < 0. Then

lim
h↓0

ϕ(a, b+ h) − ϕ(a, b)
h

= 0 and lim
h↑0

ϕ(a, b+ h) − ϕ(a, b)
h

= a− 1 < 0,
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showing thatϕ is nondifferentiable also in this case.

Case 5: a= 0, b = 0. Here we obtain

lim
h↓0

ϕ(a, b+ h) − ϕ(a, b)
h

= 0 and lim
h↑0

ϕ(a, b+ h) − ϕ(a, b)
h

= −1,

so the two one-sided directional derivatives do not coincide also in this case.

(d) This statement can be verified by a simple calculation.

(e) Let (a, b) < Dϕ be arbitrarily given, and recall that the generalized gradient of Clarke, see
Definition 9.1.2, is given by the convex hull

∂Clϕ(a, b) := conv
{
∂Bϕ(a, b)

}
(9.5)

of the set

∂Bϕ(a, b) :=
{
g ∈ R2

∣
∣
∣ ∃{(ak, bk)} ⊆ Dϕ : (ak, bk)→ (a, b) and∇ϕ(ak, bk)→ g

}
. (9.6)

In the following, let{(ak, bk)} ⊆ Dϕ be an arbitrary sequence converging to (a, b). As in the proof
of part (c), we consider a number of cases separately.

Case 1: a= 0, b > 0. Here, we basically have two possibilities of convergenceto (a, b):

• ak ↑ 0: Then (d) gives∇ϕ(ak, bk)T = (0, 0)→ (0, 0) for k sufficiently large.

• ak ↓ 0: Then (d) implies∇ϕ(ak, bk)T = (bk, ak)→ (b, 0) for k sufficiently large.

Hence (9.6) gives us∂Bϕ(0, b)T = {(0, 0), (b, 0)}. Then (9.5) shows that the generalized gradient is
given by∂Clϕ(0, b)T = conv

{{(0, 0), (b, 0)}} = {

(λb, 0) | λ ∈ [0, 1]
}

, so we obtain the desired result
in this case.

Case 2: a= 0, b < 0. Again, there are basically the following two possibilities of convergence to
(a, b):

• ak ↑ 0: Then (d) gives∇ϕ(ak, bk)T = (bk, ak − 1)→ (b,−1) for k sufficiently large.

• ak ↓ 0: Then (d) implies∇ϕ(ak, bk)T = (0,−1)→ (0,−1) for all k sufficiently large.

We therefore get∂Clϕ(0, b)T = conv
{{(0,−1), (b,−1)}} = {

(λb,−1)
∣
∣
∣ λ ∈ [0, 1]

}

.

Case 3: b= 0, a > 0. Here we have the following two possibilities:

• bk ↑ 0: Then (d) gives∇ϕ(ak, bk)T = (0,−1)→ (0,−1) for k sufficiently large.

• bk ↓ 0: Then (d) implies∇ϕ(ak, bk)T = (bk, ak)→ (0, a) for k sufficiently large.

Consequently, we get∂Clϕ(a, 0)T = conv
{{(0,−1), (0, a)}} = {

(0, λa− (1− λ)
∣
∣
∣ λ ∈ [0, 1]

}

.

Case 4: b= 0, a < 0. Then the following possibilities occur:

• bk ↑ 0: Then (d) gives∇ϕ(ak, bk)T = (bk, ak − 1)→ (0, a− 1) for k sufficiently large.
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• bk ↓ 0: Then (d) implies∇ϕ(ak, bk)T = (0, 0)→ (0, 0) for k sufficiently large.

Hence we have∂Clϕ(a, 0)T = conv
{{(0, 0), (0, a− 1)}} = {

(0, λa− λ)
∣
∣
∣ λ ∈ [0, 1]

}
.

Case 5: a= 0, b = 0. In this case, we have to consider four possibilities:

• ak ↑ 0, bk ↑ 0: Then we obtain∇ϕ(ak, bk)T = (bk, ak − 1)→ (0,−1) from (d).

• ak ↓ 0, bk ↑ 0: Here we get∇ϕ(ak, bk)T = (0,−1)→ (0,−1) from (d).

• ak ↓ 0, bk ↓ 0: Then (d) implies∇ϕ(ak, bk)T = (bk, ak)→ (0, 0).

• ak ↑ 0, bk ↓ 0: Using (d) once again, we get∇ϕ(ak, bk)T = (0, 0)→ (0, 0).

Together, this gives∂Clϕ(0, 0)T = conv
{{(0, 0), (0,−1)}} = {(0,−λ)

∣
∣
∣ λ ∈ [0, 1]

}
.

(f) Recall thatϕ(a, b) = max{ab, 0} +max{−b, 0}. As the composition of a regular function with a
continuously differentiable function is regular (cf. [14, Thm. 2.3.9 (iii)]), and since positive linear
combinations of regular functions are regular as well [14, Prop 2.3.6 (c)], we only need to show
the regularity of the mappingξ 7→ max{ξ, 0} in view of the above representation ofϕ. However,
this function is convex and, therefore, regular by [14, Prop. 2.3.6 (b)]. �

Using Lemma 9.2.3 (a), (b), it follows that we can reformulate our MPVC from (1.1) as

min f (x)
s.t. gi(x) ≤ 0 ∀i = 1, . . . ,m,

h j(x) = 0 ∀ j = 1, . . . , p,
r i(x) ≤ 0 ∀i = 1 . . . , l,

(9.7)

where
r i(x) := ϕ

(
Gi(x),Hi(x)

) ∀i = 1 . . . , l, (9.8)

andϕ denotes the particular function from (9.4).

9.3. A smoothing-regularization approach to the reformula ted
problem

Let ϕ be the function from (9.4), letr i(·) be the corresponding mapping defined in (9.8), and recall
that our MPVC from (1.1) is equivalent to the nonlinear program (9.7). However, the solution
of this nonlinear program is still a difficult task since the mappingϕ and, therefore,r i is not
differentiable everywhere. An obvious idea is therefore to approximate the nonsmooth functionϕ
by a suitable smooth mapping. Sinceϕ involves max-terms, there exist plenty of possibilities, see
the corresponding discussion in [12], for example.

In order to simplify our subsequent analysis, we will use theparticular smoothing function

ϕt(a, b) :=
1
2
(
ab+

√

a2b2 + t2 +
√

b2 + t2 − b
)
, (9.9)
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wheret ∈ R denotes the smoothing parameter. Note thatϕt indeed reduces toϕ for t = 0 since we
haveϕ(a, b) = max{ab, 0} +max{−b, 0}. Some further properties of the smoothing functionϕt are
summarized in the following result.

Lemma 9.3.1 Let ϕt denote the smoothing function from(9.9). Then the following statements
hold for all t > 0:

(a) We havelimt→0 ϕ
t(a, b) = ϕ(a, b) for all (a, b) ∈ R2.

(b) The gradient is given by∇ϕt(a, b)T = 1
2

(
b+ ab2

√
a2b2+t2

, a+ a2b√
a2b2+t2

+ b√
b2+t2

− 1
)
.

(c) It holds that

ϕt(a, b)






= t if b = 0,
< t if b > 0, a ≤ 0,
> t if b < 0, a ≤ 0.

Proof. Statement (a) is obvious, and (b) follows from standard calculus rules. Hence, it remains to
consider part (c). Forb = 0, we haveϕt(a, b) = 1

2

(√
t2+
√

t2
)
= t. Forb > 0 anda ≤ 0, on the other

hand, we have
√

b2 + t2 <
√

b2 + 2bt + t2 = b+ t and
√

a2b2 + t2 ≤
√

t2 − 2tab+ (ab)2 = −ab+ t.
Thus, we obtainϕt(a, b) = 1

2

(

ab+
√

a2b2 + t2+
√

b2 + t2−b
)

< 1
2(ab−ab+t+b+t−b) = t. Finally,

for b < 0 anda ≤ 0, we haveab≥ 0,−b > 0,
√

a2b2 + t2 ≥ t and
√

b2 + t2 ≥ t. Consequently, we
getϕt(a, b) = 1

2

(

ab+
√

a2b2 + t2 +
√

b2 + t2 − b
)

> 1
2(ab+ t + t − b) > t. �

Using the approximationϕt from (9.9) of the mappingϕ, we obtain the functions

r t
i (x) := ϕt(Gi(x),Hi(x)

) ∀i = 1, . . . , l (9.10)

as the corresponding approximations of the mappingsr i from (9.8). Based on Lemma 9.3.1, we
get the following properties ofr t

i .

Corollary 9.3.2 Let ri and rti be defined by(9.8) and (9.10), respectively. Then the following
statements hold for all t> 0:

(a) We havelimt→0 r t
i (x) = r i(x) for all x ∈ Rn and all i = 1, . . . , l.

(b) The gradient of rti is given by

∇r t
i (x) =






−1
2∇Hi(x) if i ∈ I00(x),

1
2

(

Gi(x) − 1
)∇Hi(x) if i ∈ I0+(x) ∪ I0−(x),

1
2

[

Hi(x)∇Gi(x) +
( Hi(x)√

Hi (x)2+t2
− 1

)∇Hi(x)
]

if i ∈ I+0(x) ∪ I−0(x),
1
2

[

ai(x)∇Gi (x) + bi(x)∇Hi(x)
]

else,

where

ai(x) := Hi(x) +
Gi(x)Hi(x)2

√

Gi(x)2Hi(x)2 + t2
,

bi(x) := Gi(x) +
Gi(x)2Hi(x)

√

Gi(x)2Hi(x)2 + t2
+

Hi(x)
√

Hi(x)2 + t2
− 1.
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(c) For all x ∈ Rn, we have

r t
i (x)






= t if i ∈ I0(x),
< t if i ∈ I+0(x) ∪ I+−(x),
> t if i ∈ I−0(x) ∪ I−−(x).

Proof. (a) This is an immediate consequence of Lemma 9.3.1 (a).

(b) This is implied by Lemma 9.3.1 (b), the definition of the corresponding index sets and the fact
that

∇r t
i (x) = Daϕ

t(Gi(x),Hi(x)
)∇Gi(x) + Dbϕ

t(Gi(x),Hi(x)
)∇Hi(x)

for all x ∈ Rn and for alli = 1, . . . , l, whereDaϕ
t(a, b) andDbϕ

t(a, b) denote the partial derivatives
of the mappingϕt with respect to its first and second argument.

(c) This is an immediate consequence of Lemma 9.3.1 (c) and the definition of the corresponding
index sets. �

A natural idea to get a smooth counterpart of the nonsmooth reformulation (9.7) of our MPVC
would now be to replace the constraintsr i(x) ≤ 0 by r t

i (x) ≤ 0. However, it is easy to see that this
pure smoothing approach results in a nonlinear program which may have an empty feasible set.
We therefore also enlarge the feasible region by replacing the constraintsr i(x) ≤ 0 by r t

i (x) ≤ t.
We therefore obtain the smooth nonlinear program

min f (x)
s.t. gi(x) ≤ 0 ∀i = 1, . . . ,m,

h j(x) = 0 ∀ j = 1, . . . , p,
r t
i (x) ≤ t ∀i = 1 . . . , l,

NLP(t)

which for t = 0 is equivalent to the MPVC from (1.1). The programNLP(t) was obtained from
(9.7) by using a smoothing idea for the nonsmooth mappingϕ and a regularization of the feasible
set. We therefore call this asmoothing-regularization approach. The following result is important
from a practical point of view since it shows that the regularization enlarges the feasible region, in
particular, it therefore follows that the feasible set of the program NLP(t) is always nonempty (cf.
also Ch. 9.5.1 below for an illustration). In the below result and in the remainder of this chapter
let, for an arbitrary pointx ∈ Rn, the index sets

I−−(x), I−0(x), I−+(x),
I0−(x), I00(x), I0+(x),
I+−(x), I+0(x), I++(x),

be defined in the fashion of (3.3) and (3.4), that is, the first and second subscripts indicate the signs
of Hi(x) andGi(x), respectively. Analogously, we put

Ig(x) :=
{

i ∈ {1, . . . ,m} | gi (x) = 0
}

.

Proposition 9.3.3 Let X and X(t) denote the feasible sets of MPVC and NLP(t), respectively. Then
X ⊆ X(t) for all t > 0.
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Proof. Let t > 0 andx ∈ X be arbitrarily given. Then we haveg(x) ≤ 0, h(x) = 0, andr i(x) ≤ 0
for all i = 1, . . . , l. Hence we need to show thatr t

i (x) ≤ t holds for alli = 1, . . . , l.

Sincex is feasible for the MPVC, we have the following partitioningof the index set{1, . . . , l}:

{1, . . . , l} = I0(x) ∪ I+0(x) ∪ I+−(x).

Corollary 9.3.2 (c) therefore gives the desired result. �

9.4. Convergence results

The optimization problemsNLP(t) are ordinary smooth constrained nonlinear programs which
typically do not contain any critical kinks in their feasible sets like the original MPVC. We there-
fore believe that the programsNLP(t) can be solved by standard optimization software, at least in
the sense that this software is able to find a stationary pointxt which, together with some multipli-
ers, satisfies the usual KKT conditions of NLP(t). In this section, we now investigate the properties
of sequences{xt} ⊆ Rn for t ↓ 0, wherext is an arbitrary stationary point of NLP(t).

Before presenting our main convergence theorems, however,we need some preliminary results
that will play an important role in the subsequent analysis.To this end, givent > 0 and a feasible
point x ∈ X(t), we first define the index set

M(x, t) := {i | r t
i (x) = t}. (9.11)

Note that this is the set of activer t
i -constraints. Some important properties of this and some other

index sets are given in the following result.

Lemma 9.4.1 Let x∗ ∈ X be feasible for the MPVC(1.1). Then there is anε > 0 such that, for all
x ∈ Bε(x∗), the following statements hold:

(a) Ig(x) ⊆ Ig(x∗).

(b) I0(x) ⊆ I0(x∗).

(c) M(x, t) ⊆ I+0(x∗) ∪ I0(x∗).

Proof. Obviously, it suffices to show that there is anε for each of the three statements (a)–(c).

(a) Let i < Ig(x∗). Thengi (x∗) < 0 holds. Sincegi is continuous, there is anε > 0 such that
gi(x) < 0 for all x ∈ Bε(x∗). We therefore havei < Ig(x) for all x ∈ Bε(x∗).

(b) Let i < I0(x∗). ThenHi(x∗) > 0 and, therefore, by continuity ofHi, we haveHi(x) > 0 for all
x ∈ Bε(x∗) with someε > 0 sufficiently small. This shows thati < I0(x) for all x ∈ Bε(x∗).

(c) In view of Corollary 9.3.2 (c), we necessarily have

M(x, t) ⊆ I0(x) ∪ I++(x) ∪ I−+(x)

for all x ∈ Rn and t > 0. Hence, it suffices to show that the following inclusions hold for all
x ∈ Bε(x∗) with someε > 0 sufficiently small:
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1) I0(x) ⊆ I0(x∗) ∪ I+0(x∗),

2) I++(x) ⊆ I0(x∗) ∪ I+0(x∗),

3) I−+(x) ⊆ I0(x∗) ∪ I+0(x∗).

ad 1): This follows immediately from part (b).

ad 2): Suppose this statement does not hold. Then there is a sequence{εk} ↓ 0, a sequence
{xk} ⊆ Rn with xk ∈ Bεk(x

∗), and an indexik ∈ I++(xk) such thatik < I0(x∗) ∪ I+0(x∗) for all k ∈ N.
Sincex∗ is feasible for our MPVC, we therefore haveik ∈ I+−(x∗) for all k. In particular, it follows
that

Gik(x
k) > 0 and Gik(x

∗) < 0 (9.12)

for all k ∈ N. Since the index set{1, . . . , l} is finite, there is an indexi0 and an infinite subsetK ⊆ N
such thatik = i0 for all k ∈ K. We then obtain from (9.12) thatGi0(x

k) > 0 andGi0(x
∗) < 0 for all

k ∈ K. Sincexk → x∗, however, this is a contradiction to the continuity ofGi0.

ad 3): This can be verified in a way similar to 2). �

The main ingredient for our convergence results is given in the next proposition.

Proposition 9.4.2 Let {xk} ⊆ Rn and tk ↓ 0 be sequences with xk → x∗ for some feasible point
x∗ ∈ X of our MPVC. Then the following statements hold for all i∈ {1, . . . , l}:

(a) lim
k→∞

d∂Clr i (x∗)(∇r tk
i (xk)) = 0.

(b) Every accumulation point of the sequence{∇r tk
i (xk)} belongs to∂Clr i(x∗).

(c) For any i∈ I+−(x∗), we havelim
k→∞
∇r tk

i (xk) = 0.

Proof. (a) Let {xk} and {tk} be the sequences specified above, and consider an arbitrary index
i ∈ {1, . . . , l}. We have to show that, for any givenε > 0, there is an indexK ∈ N such that, for
eachk ≥ K, we can find an elementgk ∈ ∂Clr i(x∗) such that‖∇r tk

i (xk) − gk‖ ≤ ε for all k ≥ K. To
this end, we first recall that

∇r t
i (x) =

(∇Gi(x),∇Hi(x)
)∇ϕt(Gi(x),Hi(x)

)
.

Furthermore, taking into account thatϕ is a regular function in view of Lemma 9.2.3 (f), it follows
from the chain rule in [14, Thm. 2.3.9 (iii)] that

∂Clr i(x
∗) =

(∇Gi(x
∗),∇Hi(x

∗)
)

∂Clϕ
(

Gi(x
∗),Hi(x

∗)
)

, (9.13)

hence any elementg ∈ ∂Clr i(x∗) is of the formg =
(∇Gi(x∗),∇Hi(x∗)

)

d for some vectord ∈
∂Clϕ

(

Gi(x∗),Hi(x∗)
)

. Since

d∂Clr i (x∗)(∇r tk
i (xk)) ≤

∥
∥
∥
(∇Gi(x

k),∇Hi(x
k)
)∇ϕt(Gi(x

k),Hi(x
k)
) − (∇Gi(x

∗),∇Hi(x
∗)
)

dk

∥
∥
∥

≤
∥
∥
∥
(∇Gi(x

k),∇Hi(x
k)
)∥∥
∥

∥
∥
∥∇ϕtk(Gi(x

k),Hi(x
k)
) − dk

∥
∥
∥
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+
∥
∥
∥
(∇Gi(x

k),∇Hi(x
k)
) − (∇Gi(x

∗),∇Hi(x
∗)
)∥∥
∥

∥
∥
∥dk

∥
∥
∥

for all dk ∈ ∂Clϕ
(

Gi(x∗),Hi(x∗)
)

, it follows from the continuity of (∇Gi ,∇Hi) as well as the bound-
edness of the set∂Clϕ

(

Gi(x∗),Hi(x∗)
)

(cf. Prop. 9.1.3) that it suffices to show the following
statement: For everyε > 0, there is aK ∈ N such that, for eachk ≥ K, we can find an element
dk ∈ ∂Clϕ

(

Gi(x∗),Hi(x∗)
)

such that
∥
∥
∥∇ϕtk(Gi(x

k),Hi(x
k)
) − dk

∥
∥
∥ ≤ ε ∀k ≥ K. (9.14)

We will prove this statement by considering several cases separately. In order to simplify the
notation, we will always write (ak, bk) for

(
Gi(xk),Hi(xk)

)
, and (a, b) for

(
Gi(x∗),Hi(x∗)

)
.

Case 1: i∈ I00(x∗). Then we haveak → 0, bk → 0, andtk ↓ 0. This implies

akb2
k

√

a2
kb2

k + t2k

,
a2

kbk
√

a2
kb2

k + t2k

→ 0 (9.15)

and
1
2

( bk
√

b2
k + t2k

− 1
)

∈ [−1, 0] ∀k ∈ N. (9.16)

Now let ε > 0 be arbitrarily given. In view of (9.15), we can find a sufficiently largeK ∈ N such

that the inequalities|ak|, |bk|,
∣
∣
∣

akb2
k√

a2
kb2

k+t2k

∣
∣
∣,
∣
∣
∣

a2
kbk√

a2
kb2

k+t2k

∣
∣
∣ ≤ ε

2 hold for all k ≥ K. For all k ≥ K, we then

define

dk :=
(

0,
1
2
( bk
√

b2
k + t2k

− 1
))T

.

Then it follows from (9.16) and Lemma 9.2.3 (e) that

dk ∈
{

(0,−λ)T
∣
∣
∣ λ ∈ [0, 1]

}

= ∂Clϕ(0, 0).

Since the gradient ofϕt is given by

∇ϕt(a, b)T =
1
2

(

b+
ab2

√
a2b2 + t2

, a+
a2b

√
a2b2 + t2

+
b

√
b2 + t2

− 1
)

, (9.17)

cf. Lemma 9.3.1 (b), we now obtain for anyk ≥ K

∥
∥
∥∇ϕtk(ak, bk) − dk

∥
∥
∥ ≤ 1

2

∣
∣
∣
∣bk +

akb2
k

√

a2
kb2

k + t2k

∣
∣
∣
∣ +

1
2

∣
∣
∣
∣ak +

a2
kbk

√

a2
kb2

k + t2k

∣
∣
∣
∣

≤ 1
2

(ε

2
+
ε

2

)

+
1
2

(ε

2
+
ε

2

)

= ε.

This proves (9.14) in the present case.
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Case 2: i∈ I0+(x∗). Then we haveak → a > 0, bk → 0, andtk ↓ 0. Consequently, we have

akb2
k

√

a2
kb2

k + t2k

→ 0, (9.18)

and an elementary calculation shows that, for allk ∈ N sufficiently large, we have

1
2

(

ak +
a2

kbk
√

a2
kb2

k + t2k

+
bk

√

b2
k + t2k

− 1
)

∈ [−1, ak]. (9.19)

Now let ε > 0 be given. Using (9.18), we can find a numberK ∈ N such that
∣
∣
∣bk +

akb2
k√

a2
kb2

k+t2k

∣
∣
∣ ≤ ε

and|a− ak| ≤ ε
2 for all k ≥ K. Then define the vector

dT
k :=






(0, a), 1
2

[

ak +
a2

kbk√
a2

kb2
k+t2k
+

bk√
b2

k+t2k
− 1

]

> a,
(

0, 1
2

[
ak +

a2
kbk√

a2
kb2

k+t2k
+

bk√
b2

k+t2k
− 1

])

, else.

Using (9.19) and Lemma 9.2.3 (e), we see that

dk ∈
{

(0, λa− (1− λ))T
∣
∣
∣ λ ∈ [0, 1]

}

= ∂Clϕ(a, 0).

Using (9.17), we then obtain for allk ≥ K

∥
∥
∥∇ϕtk(ak, bk) − dk

∥
∥
∥ ≤ 1

2

∣
∣
∣
∣bk +

akb2
k

√

a2
kb2

k + t2k

∣
∣
∣
∣ +

∣
∣
∣
∣

1
2

(

ak +
a2

kbk
√

a2
kb2

k + t2k

+
bk

√

b2
k + t2k

− 1
)

− d2,k

∣
∣
∣
∣

≤ ε

2
+
ε

2
= ε.

This proves (9.14) also in the second case.

Case 3: i∈ I0−(x∗). Then we haveak → a < 0, bk → 0, andtk ↓ 0. This implies

akb2
k

√

a2
kb2

k + t2k

→ 0 (9.20)

and, for allk ∈ N sufficiently large, we have

1
2

(

ak +
a2

kbk
√

a2
kb2

k + t2k

+
bk

√

b2
k + t2k

− 1
)

∈ [ak − 1, 0]. (9.21)

Let ε > 0 be arbitrarily given. In view of (9.20), we can find a numberK ∈ N such that
∣
∣
∣bk +

akb2
k√

a2
kb2

k+t2k

∣
∣
∣ ≤ ε and|a− ak| ≤ ε

2 for all k ≥ K. For eachk ∈ N, let us define

dT
k :=






(0, a− 1), 1
2

[
ak +

a2
kbk√

a2
kb2

k+t2k
+

bk√
b2

k+t2k
− 1

]
< a− 1,

(

0, 1
2

[

ak +
a2

kbk√
a2

kb2
k+t2k
+

bk√
b2

k+t2k
− 1

])

, else.
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Then we obtain
dk ∈

{
(0, λa− λ)T

∣
∣
∣ λ ∈ [0, 1]

}
= ∂Clϕ(a, 0)

from (9.21) and Lemma 9.2.3 (e). Using (9.17), we therefore obtain

∥
∥
∥∇ϕtk(ak, bk) − dk

∥
∥
∥ ≤ 1

2

∣
∣
∣
∣bk +

akb2
k

√

a2
kb2

k + t2k

∣
∣
∣
∣ +

∣
∣
∣
∣

1
2

(

ak +
a2

kbk
√

a2
kb2

k + t2k

+
bk

√

b2
k + t2k

− 1
)

− d2,k

∣
∣
∣
∣

≤ ε

2
+
ε

2
= ε

for all k ≥ K. This proves (9.14) also in Case 3.

Case 4: i∈ I+0(x∗). Then we haveak → 0, bk → b > 0, andtk ↓ 0. This implies

a2
kbk

√

a2
kb2

k + t2k

→ 0,
bk

√

b2
k + t2k

→ 1 (9.22)

and, fork ∈ N sufficiently large, we have

1
2

(

bk +
akb2

k
√

a2
kb2

k + t2k

)

∈ [0, bk]. (9.23)

Let ε > 0. Using (9.22), we chooseK ∈ N large enough such that|bk − b| ≤ ε
2 and

∣
∣
∣ak +

a2
kbk√

a2
kb2

k+t2k
+

bk√
b2

k+t2k
− 1

∣
∣
∣ ≤ ε for all k ≥ K. Define

dT
k :=






(b, 0), 1
2

(

bk +
akb2

k√
a2

kb2
k+t2k

)

> b,
(

1
2

(
bk +

akb2
k√

a2
kb2

k+t2k

)
, 0

)

, else.

Then we obtain from (9.23) and Lemma 9.2.3 (e)

dk ∈
{

(λb, 0)
∣
∣
∣ λ ∈ [0, 1]

}

= ∂Clϕ(0, b),

for all k ≥ K. Taking (9.17) into account again, it follows that

∥
∥
∥∇ϕtk(ak, bk) − dk

∥
∥
∥ ≤

∣
∣
∣
∣

1
2

(

bk +
akb2

k
√

a2
kb2

k + t2k

)

− d1,k

∣
∣
∣
∣ +

1
2

∣
∣
∣
∣ak +

a2
kbk

√

a2
kb2

k + t2k

+
bk

√

b2
k + t2k

− 1
∣
∣
∣
∣

≤ ε

2
+
ε

2
= ε.

This proves (9.14) in Case 4.

Case 5: i∈ I+−(x∗). In this case, (9.14) follows from (c), as the generalized gradient ofϕ at a point
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(a, b) with a < 0, b > 0 only contains the zero vector, see Lemma 9.2.3 (d).

(b) This follows from part (a) since∂Clr i(x∗) is closed.

(c) Since we have
∇r tk

i (xk) =
(∇Gi(x

k),∇Hi(x
k)
)∇ϕtk(Gi(x

k),Hi(x
k)
)
,

we only need to show that∇ϕtk(ak, bk) → 0 for ak → a < 0, bk → b > 0, tk ↓ 0. However, it is
easy to see that

∇ϕtk(ak, bk) =
1
2

(

bk +
akb2

k
√

a2
kb2

k + t2k

, ak +
a2

kbk
√

a2
kb2

k + t2k

+
bk

√

b2
k + t2k

− 1
)

→ 1
2

(

b+
ab2

|ab| , a+
a2b
|ab| +

b
|b| − 1

)

=
1
2
(
b− b, a− a+ 1− 1

)
= (0, 0),

and this completes the proof of part (c). �

We are now in a position to prove our first main convergence result. Basically, it says that every
limit point of a sequence of KKT points of NLP(t) for t ↓ 0 gives a strongly stationary point of the
MPVC.

Theorem 9.4.3 Let (xt, λt, µt, τt) be a KKT point of NLP(t), and suppose that(xt, λt, µt, τt) →
(x∗, λ∗, µ∗, τ∗) holds for t↓ 0. Then there exist multipliers(λ, µ, ηG, ηH) such that(x∗, λ, µ, ηG, ηH)
is a strongly stationary point of the MPVC(1.1).

Proof. First of all, lettingt ↓ 0, we obtain

gi (x
t) ≤ 0 =⇒ gi(x

∗) ≤ 0 ∀i = 1, . . . ,m,

h j (x
t) = 0 =⇒ h j(x

∗) = 0 ∀ j = 1, . . . , p,

r t
i (x

t) ≤ t =⇒ r i(x
∗) ≤ 0 ∀i = 1, . . . , l

by continuity. Thus,x∗ is at least feasible for our MPVC.

Now let t > 0 be sufficiently small. Thenxt is sufficiently close tox∗. Since (xt, λt, µt, τt) satisfies
the KKT conditions of NLP(t), we therefore obtain from Lemma 9.4.1

0 = ∇ f (xt) +
m∑

i=1

λt
i∇gi(x

t) +
∑

j∈J
µt

j∇h j(x
t) +

l∑

i=1

τt
i∇r t

i (x
t) (9.24)

and
λt

i ≥ 0 (i ∈ Ig(xt) ⊆ Ig(x∗)), λt
i = 0 (i < Ig(xt)),

τt
i ≥ 0 (i ∈ M(xt, t) ⊆ I+0(x∗) ∪ I0(x∗)), τt

i = 0 (i < M(xt, t)).
(9.25)

Now let r∗i for i ∈ {1, . . . , l} be an arbitrary accumulation point of the bounded sequence{∇r t
i (x

t)},
cf. Proposition 9.4.2 (a). Then Proposition 9.4.2 (b) showsthat r∗i ∈ ∂Clr i(x∗) for all i = 1, . . . , l.
Using the fact that

∂Clr i(x
∗) =

(∇Gi(x
∗),∇Hi(x

∗)
)
∂Clϕ

(
Gi(x

∗),Hi(x
∗)
)
,
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cf. (9.13), together with the representation of∂Clϕ from Lemma 9.2.3 (d), (e), we obtain

r∗i = νi∇Gi(x∗) + ωi∇Hi(x∗) with νi = 0, ωi ∈ [−1, 0] (i ∈ I00(x∗)),
r∗i = νi∇Gi(x∗) + ωi∇Hi(x∗) with νi = 0, ωi ∈ [Gi(x∗) − 1, 0] (i ∈ I0−(x∗)),
r∗i = νi∇Gi(x∗) + ωi∇Hi(x∗) with νi = 0, ωi ∈ [−1,Gi(x∗)] (i ∈ I0+(x∗)),
r∗i = νi∇Gi(x∗) + ωi∇Hi(x∗) with νi ∈ [0,Hi(x∗)], ωi = 0 (i ∈ I+0(x∗)),
r∗i = νi∇Gi(x∗) + ωi∇Hi(x∗) with νi = 0, ωi = 0 (i ∈ I+−(x∗)).

(9.26)

Since the sequences{∇r t
i (x

t)} are bounded for alli, the components have a joint convergent sub-
sequence. By passing to the limit on this subsequence, we then obtain from (9.24), (9.25), and
(9.26):

0 = ∇ f (x∗) +
m∑

i=1

λ∗i ∇gi (x
∗) +

p∑

j=1

µ∗j∇h j(x
∗) +

l∑

i=1

τ∗i νi∇Gi(x
∗) +

l∑

i=1

τ∗i ωi∇Hi(x
∗) (9.27)

with

λ∗i ≥ 0 (i ∈ Ig(x∗)), λ∗i = 0 (i < Ig(x∗)),
τ∗i νi ≥ 0 (i ∈ I+0(x∗)), τ∗i νi = 0 (i < I+0(x∗)),
τ∗i ωi ≤ 0 (i ∈ I00(x∗)) ∪ I0−(x∗)), τ∗i ωi f ree (i ∈ I0+(x∗)), τ∗i ωi = 0 (i ∈ I+(x∗)).

(9.28)

Putting

λi := λ∗i ∀i = 1, . . . ,m,

µ j := µ∗j ∀ j = 1, . . . , p,

ηG
i := τ∗i νi ∀i = 1, . . . , l,

ηH
i := −τ∗i ωi ∀i = 1, . . . , l,

we see that the strong stationarity conditions (6.1), (6.2)follow immediately from (9.27), (9.28).
�

Note that Theorem 9.4.3 holds with basically no assumptionsexcept for the minimum requirement
that the sequence of KKT points{(xt, λt, µt, τt)} exists and attains a limit. We also point out that
the limit point automatically gives a strongly stationary point of the original MPVC, whereas
in corresponding results for MPECs, even under stronger assumptions, the limit points typically
satisfy some first order optimality conditions that are weaker than the strong stationarity conditions
for an MPEC, see the corresponding discussion at the end of this section.

Our next aim is to show that the above mentioned minimum requirements in Theorem 9.4.3 can
still be weakened to reasonable assumptions. To this end, wefirst introduce the concept of asymp-
totic nondegeneracy. This definition is similar to the one used in the MPEC literature, where it
was introduced in [21].

Definition 9.4.4 Let x∗ be feasible for our MPVC. Then a sequence{xt} of feasible points of
NLP(t) converging to x∗ for t ↓ 0 is called asymptotically nondegenerate, if any accumulation
point of{∇r t

i (x
t)} is different from0 for each i∈ I+0(x∗) ∪ I0(x∗).
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Note that asymptotic nondegeneracy is required to hold in Definition 9.4.4 only for the components
i from the index setsI+0(x∗) andI0(x∗), but not for those belonging toI+−(x∗), cf. Proposition 9.4.2
(c) in this context.

The concept of asymptotic nondegeneracy will play an essential role in the proof of the following
result.

Lemma 9.4.5 Let x∗ be feasible for our MPVC and suppose that the gradient vectors

∇h j(x
∗) ( j = 1, . . . , p), ∇gi(x

∗) (i ∈ Ig), ∇Gi(x
∗) (i ∈ I+0), ∇Hi(x

∗) (i ∈ I0) (9.29)

are linearly independent. Furthermore, let{xt} be a sequence of feasible points of NLP(t) converg-
ing to x∗ and being asymptotically nondegenerate. Then there existsa parameter̄t > 0 such that
standard LICQ holds for NLP(t) at xt for all t ∈ (0, t̄).

Proof. We have to show that, fort sufficiently small, the vectors

∇gi (x
t) (i ∈ Ig(xt)), ∇h j (x

t) ( j = 1, . . . , p), ∇r t
i (x

t) (i ∈ M(xt, t))

are linearly independent. By Lemma 9.4.1 (c), we know thatM(xt, t) ⊆ I+0(x∗) ∪ I0(x∗) for
all t sufficiently small. By Proposition 9.4.2, we also know that fori ∈ I+0(x∗) ∪ I0(x∗) and t
sufficiently small, the vector∇r t

i (x
t) is arbitrarily close to a vectorr∗i (t) ∈ ∂Clr i(x∗), which has the

representation (cf. (9.26))

r∗i (t) =

{

ωi(t)∇Hi(x∗), i ∈ I0(x∗),
νi(t)∇Gi(x∗), i ∈ I+0(x∗),

(9.30)

with certain scalarsωi(t), νi(t) which are, fort sufficiently small, different from 0 since{xt} is
asymptotically nondegenerate. Using (9.29) and the above argument, the vectors

∇gi(x
∗) (i ∈ Ig(x∗)), ∇h j(x

∗) ( j = 1, . . . , p),

νi(t)∇Gi(x
∗) (i ∈ I+0(x∗)), ωi(t)∇Hi(x

∗) (i ∈ I0(x∗))

are linearly independent fort sufficiently small. This implies the linear independence of

∇gi(x
t) (i ∈ Ig(xt)), ∇h j (x

∗) ( j = 1, . . . , p), ∇r t
i (x

t) (i ∈ M(xt, t))

sinceIg(xt) ⊆ Ig(x∗) andM(xt, t) ⊆ I+0(x∗) ∪ I0(x∗) for t sufficiently small. �

The linear independence of the gradients in (9.29) is an assumption that was also used in [3] in
a different context. It is called VC-LICQ and is weaker than MPVC-LICQ as given in Definition
5.1.1. In particular, VC-LICQ is then a weaker constraint qualification than (standard) LICQ, since
LICQ already implies MPVC-LICQ.

Using Lemma 9.4.5, we are now in a position to prove our secondmain convergence result. To
this end, recall the notion of B-stationarity from Section 2.1.3.

Theorem 9.4.6 Let xt be a B-stationary point of NLP(t) for all t> 0. Furthermore, let xt → x∗ for
t ↓ 0 such that{xt} is asymptotically nondegenerate, and suppose that the gradient vectors from
(9.29)are linearly independent. Then the following statements hold:
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(a) For t sufficiently small, there are unique multipliers(λt, µt, τt) such that(xt, λt, µt, τt) is a
KKT point of NLP(t).

(b) The sequence{(λt, µt, τt)} has a convergent subsequence. Let(λ, µ, τ) be a limit point.

(c) There are unique multipliers(λ, µ, ηG, ηH) such that(x∗, λ, µ, ηG, ηH) is a strongly stationary
point of the MPVC.

Proof. (a) By Lemma 9.4.5, we know that standard LICQ holds atxt for eacht sufficiently
small. Sincext is a B-stationary point of NLP(t), it therefore follows from standard results in
optimization, see Section 2.1.3, that there exist unique multipliers (λt, µt, τt) such that (xt, λt, µt, τt)
is a KKT point of NLP(t).

(b) Because of (a) (fort sufficiently small), there are multipliers (λt, µt, τt) such that (xt, λt, µt, τt)
is a KKT point of NLP(t). Using Lemma 9.4.1, we therefore obtain

−∇ f (xt) =
∑

i∈Ig

λt
i∇gi (x

t) +
p∑

j=1

µt
j∇h j(x

t) +
∑

i∈I0∪I+0

τt
i∇r t

i (x
t).

In matrix-vector notation, this can be rewritten as

A(xt)Tzt = −∇ f (xt), (9.31)

where

A(xt) :=





∇gi (xt)T (i ∈ Ig)
∇h j(xt)T ( j = 1, . . . , p)
∇r t

i (x
t)T (i ∈ I0 ∪ I+0)




,

and

zt :=





λt
i (i ∈ Ig)

µt
j ( j = 1, . . . , p)
τt

i (i ∈ I0 ∪ I+0)





is the vector containing the corresponding multipliers of the potentially active constraints. All
other multipliers are 0 fort sufficiently small, in particular, they converge to 0. By Proposition
9.4.2 (a), we know that the sequences{∇r t

i (x
t)} are bounded for alli. HenceA(xt) converges on

a subsequence, say, to a matrixA(x∗) which, using Proposition 9.4.2 and the representation of
∂Clr i(x∗) from (9.13) (see also (9.30)), has the following structure

A(x∗) :=





∇gi (x∗)T (i ∈ Ig)
∇h j (x∗)T ( j = 1, . . . , p)

ωi∇Hi(x∗)T (i ∈ I0)
νi∇Gi(x∗)T (i ∈ I+0)





.

Since{xt} is asymptotically nondegenerate, it follows thatωi , 0 (i ∈ I0) andνi , 0 (i ∈ I+0).
Hence the assumed linear independence of the gradients from(9.29) shows that the matrixA(x∗)
has full row rank. Since∇ f (xt) converges to∇ f (x∗), it follows that the sequence{zt} from (9.31)
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can be chosen in such a way that it is bounded and, therefore, convergent on a suitable subse-
quence. Hence the multipliers of the potentially active constraints have a convergent subsequence,
which together with the convergence of the multipliers of the nonactive constraints proves asser-
tion (b).

(c) Because of (a) and (b), we are in the situation of Theorem 9.4.3 (by considering the convergent
subsequence only) which gives the existence of multiplierssuch that the strong stationarity con-
ditions (6.1), (6.2) hold. The uniqueness of the multipliers follows immediately from the linear
independence of the gradient vectors from (9.29). �

We would like to close this section with a brief comparison ofthe above convergence theorem for
MPVCs on the one hand and corresponding convergence resultsfor some related methods in the
MPEC field on the other hand.

In [21] a (pure) smoothing-continuation method for MPECs ispresented and our approach for
MPVCs is to some extend an adaption of this idea (though we cannot use a pure smoothing
method). However, the convergence result [21, Th. 3.1] assumes, in our notation, MPEC-LICQ
at x∗ and a nondegeneracy assumption on{xt}. Together with a second-order-type condition for
xt, the authors show that their limit pointx∗ is a B-stationary point (and, therefore, under MPEC-
LICQ, a strongly stationary point). Note that the second-order condition is not needed in our
analysis, and that we use a weaker LICQ-type assumption.

The paper [58] introduces a pure regularization approach. The assumptions in the main conver-
gence result [58, Cor. 3.4] are very similar to those from [21, Th. 3.1]. More precisely, this paper
also assumes MPEC-LICQ and a second-order condition, and replaces the nondegeneracy condi-
tion from [21] by an upper level strict complementarity (ULSC) assumption. Note that this ULSC
assumption is not needed in our analysis.

The convergence result for the penalty approach in [30] is essentially the same as the one from
[58], so, again, the authors need stronger assumptions thanthose that we require in our MPVC-
setting.

Note that [58] and [30] also present convergence results under weaker assumptions, but then their
limit point is no longer guaranteed to be a strongly stationary (or KKT) point of the MPEC.

Eventually, we are inclined to say that the properties of MPVCs in terms of convergence results of
a numerical approach are in a sense better than the properties of MPECs, since, roughly speaking,
stronger (or at least similar) results can be shown under milder assumptions. This, again, moti-
vates to tackle the MPVC formulation of an optimization problem rather than taking the MPEC
formulation of an MPVC from [3] and to apply a standard MPEC solver to this MPEC formulation.

9.5. Numerical results

In this chapter we present some numerical experiments with the proposed smoothing-regular-
ization scheme. All numerical problems in this chapter havebeen attacked with the solverIpopt,
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Figure 9.1.: Feasible sets: (a) Original problem, (b) problem NLP(2) , (c) problemNLP(1
2) (cf.

Ch. 9.5.1)

Version 3.3.3, see [62], and its default settings. We say that Ipopt ’terminates successfully’ if it
terminates with the message ’Optimal solution found’.

9.5.1. Academic example

This example in two variables is known in the field of structural optimization. It arises in truss
topology optimization (cf. also Ch. 9.5.2 below) where the variablesx1, x2 ≥ 0 represent cross-
sectional areas of two different groups of truss bars and the meaning of the objective function is
the weight of the structure. All the mechanical modeling (force equilibrium, boundary conditions,
material law etc.) are analytically expressed in the variables x1, x2 (cf., e.g., [33, 13]). After this,
one arrives at the following MPVC problem formulation.

min
x∈R2

4x1 + 2x2

s.t. x1 ≥ 0,
x2 ≥ 0,
(5
√

2− x1 − x2)x1 ≤ 0,
(5− x1 − x2)x2 ≤ 0.

(9.32)

The feasible set of this program is shown in Fig. 9.1(a). It consists of the union of an unbounded
polyhedron, of an attached line segment{(0, x2)T | 5 ≤ x2 ≤ 5

√
2}, and of the isolated point

{(0, 0)T }. As the geometry indicates, numerical methods based on feasible descent concepts gen-
erally converge to the point ˆx := (0, 5

√
2)T (cf. Fig. 9.1(a)). Hence, this example is a good test

example for academic purposes. Moreover, in the practical application indicated above, the origin
must be excluded by an additional constraint, and then the unique optimal global solution to the
problem is the point ˜x := (0, 5)T (see also [2]). In our test, however, we keep the pointx∗ := (0, 0)T ,
since it will be interesting whether our approach can find it.Clearly x∗ is the global minimizer of
problem (9.32), and ˜x is a local minimizer. It is a simple exercise to prove that these two points
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are also the only strongly stationary (KKT) points of the problem, cf. also [2]. In particular, ˆx is
not a KKT point as wrongly stated in [13].

With the definitions f (x) := 4x1 + 2x2, Hi(x) := xi for i = 1, 2, G1(x) := 5
√

2 − x1 − x2,
G2(x) := 5− x1 − x2, andt > 0 we arrive at the perturbed problem

min
x∈R2

f (x)

s.t. r t
i (x) ≤ t for i = 1, 2.

(9.33)

(cf. NLP(t)). The feasible set of this problem is illustrated in Fig. 9.1(b) and (c) fort = 2 and
t = 1

2, respectively. These figures also nicely illustrate the result of Proposition 9.3.3.

First we make some tests on the original problem (9.32). We select the 144 different starting
points withxstart

1 , xstart
2 ∈ {0, 1, . . . , 10, 20}. Note that sign constraints are part of problem (9.32).

Hence, starting points with negative entries are projectedby Ipopt onto the nonnegative orthant in
a first, pre-processing step. Therefore we restrict ourselves to starting points from the nonnegative
orthant. All 144 problems are terminated successfully withiteration numbers between 20 and 65,
with an average of 37.3. In 10 problems, with starting point close tox∗, the termination point
was the global minimizerx∗ = (0, 0)T . In the other 134 problems the termination point was the
local minimizer x̃ = (0, 5)T . Figure 9.2(a) surveys this behaviour in more detail. Each starting
point xstart is given a mark, indicating the termination point which has been reached by using this
starting point. The feasible region of problem (9.32) is indicated by lines. The black dots mark
the local/global optimizers ˜x, x∗.
We add that, surprisingly, not each solver is able to successfully terminate at a local minimizer
of (9.32) starting from one of the above mentioned starting points although (9.32) is a problem in
only 2 variables with 2 mildly nonlinear constraints. For example, the black-box solverfmincon
from theMatlab-toolbox fails for quite some of the 144 starting points. Althoughfmincon is
not a state-of-the-art solver, this tells us something about the severe ill-conditioning hidden in the
MPVC problem structure.

Next we make a similar test of different starting points for problem formulation (9.33). Since
sign constraints are not part of problem (9.33), we also try starting points with negative entries.
We solve 289 problems wherexstart

1 , xstart
2 ∈ {−5, . . . , 10, 20}, and t := 10−3 is constant in all

problems.Ipopt terminates successfully for all problems, requiring between 25 and 144 iterations
(average: 49.7). As a surprise, the convergence behavior isdifferent than for (9.32). In 283 of the
289 problems the termination point was (−0.000686,−0.000655)T ≈ (0, 0)T = x∗ while only
6 problems terminated at (−0.000474, 5.00032)T ≈ (0, 5)T = x̃. Figure 9.2(b) illustrates this
behaviour. As we see, the starting points finally leading to≈ (0, 0)T are not necessarily close
to (0, 0)T . Obviously, the nonlinearity of the problem and the absenceof sign constraints cause
Ipopt to collect information from a larger neighbourhood of the starting point, and thus it is likely
that the local minimizer ˜x is avoided. Another reason might be that the feasible set of (9.33) is
larger than that of (9.32). More precisely, thecritical parts of this set (the region aroundx∗, and
the part between ˜x andx̂) possess non-empty interiors which might be useful. Moreover, we stress
that in all 144+ 289= 433 test problems one of the two local minimizers ˜x, x∗ has been reached,
and convergence to the point ˆx did never occur. The reason for this lies in the fact that ˆx does not
satisfy the strong stationarity (KKT) conditions whileIpopt is based on the solution of the KKT
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Figure 9.2.: Starting points and corresponding termination points ofIpopt: (a) Problem (9.32),
(b) problem (9.33) witht = 10−3

t #it obj. fctn. termination point
100 12 −4.14274 (−0.696813, −0.677747)T

10−1 8 −0.406339 (−0.0686829, −0.0658035)T

10−2 24 −0.0405365 (−0.00685652, −0.00655523)T

10−3 46 −0.00405273 (−0.000685544, −0.000655277)T

10−4 72 −0.000405336 (−0.0000685653, −0.0000655375)T

10−5 629 −0.0000406067 (−0.00000686863, −0.00000656612)T

10−6 639 −0.00000413668 (−0.000000699312, −0.000000669715)T

Table 9.1.: Results for problem (9.33) for different values oft

conditions (cf. also [2]).

Next we investigate the influence of the choice oft in problem (9.33). For these purposes we
fix the starting pointxstart := (10, 10)T , and (9.33) is treated for eacht = 10−k, k = 0, 1, . . . , 6.
For each of these 7 problems,Ipopt terminated successfully close tox∗. Table 9.1 displays the
main results where the column “#it” stands for the required iteration numbers. We observe that
the factor 0.1 in t leads to one digit more in the precision of the calculated solution and thus also
in the optimal function value.
For t−k with k > 6 Ipopt does not terminate successfully within the first 3000 iterations due to
numerical difficulties. Obviously, the functionsr t

i , i = 1, 2, are then ’numerically nonsmooth’
(Note thatϕt(a, b) ≈ max{ab, 0} +max{−b, 0} for t close to zero; cf. Lemma 9.3.1(a)).

Finally we return to the practical background of problem (9.32), the truss design problem. To this
end, we must artificially exclude the pointx∗ = (0, 0)T . We do this by adding the linear constraint
3 − x1 − x2 ≤ 0 to (9.32) and to (9.33). For the latter problem again we testthe smoothing-
regularization approach with starting pointxstart := (10, 10)T andt := 10−k, k = 0, 1, . . . , 6. The
results are displayed in Table 9.2. As expected, we observe convergence to the desired point ˜x for
t ց 0. Again we gain one digit for each decrease oft.
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t #it obj. fctn. termination point
100 31 8.75287 (−0.494657, 5.36575)T

10−1 31 9.8752 (−0.0476219, 5.03284)T

10−2 64 9.98753 (−0.00473909, 5.00324)T

10−3 82 9.99875 (−0.000473693, 5.00032)T

10−4 162 9.99988 (−0.0000473881, 5.00003)T

10−5 99 9.99999 (−0.00000475987, 5.00000)T

10−6 288 10.00000 (−0.000000496364, 5.00000)T

Table 9.2.: Results for problem (9.33) with an additional constraint excluding (0, 0) for different
values oft

9.5.2. Examples in truss topology optimization

In this section we focus on a practical application where vanishing constraints are a ’genuine’ part
of the modeling. The main task is to calculate an optimal design of a truss structure. Trusses
are pin-jointed frameworks consisting of bars like, e.g., electricity masts, support constructions
produced from steel bars etc. The usual mechanical modelingof a truss is solely based on geom-
etry, i.e., bending moments at the joints are neglected (in contrast to so-calledframes). Hence, the
resulting design problem is easy to formulate. We refer to the monograph [7] and the literature
therein for a profound overview on topology optimization problems, not only trusses.
The challenging part of current research in topology problems of structural optimization are (lo-
cal) stress-constraints. This means, possible failure of the calculated structure due to high stresses
is prevented by the inclusion of appropriate constraints. For each single bar in the truss, one stress
constraint must be included to the problem (cf. also below).
In truss topology problems, the topology is (also) optimized. This means, starting with a dense
grid of so-called potential bars, a large set of feasible structures is defined. Each potential bar
is allowed to have a positive cross-sectional area,ai > 0, or a zero cross-sectional area,ai = 0.
The latter means that, after optimization, this potential bar will not be realized as a real bar in the
structure, and thus is skipped. In this sense, thetopologyof a truss is optimized, and, besides the
optimal cross-sectionsa∗i > 0 for bars to be realized in the final design, the optimizationprocess
itself takes care of the ’principal shape’ of the structure.The user-defined grid of potential bars is
called a “ground structure”. It includes the definition of the boundary conditions (Dirichlet type).
Typical ground structures can be seen in Fig. 9.3(a), Fig. 9.4(a), and Fig. 9.5(b) below.
The crucial difficulty in the treatment of stress constraints in a topology problem arises from the
fact that stress constraints must be considered only for those bars which are present in the struc-
ture, i.e., ifai > 0. Otherwise, it may happen that the ’fictitious stresses’, i.e., values of the stress
function for bars withai = 0, cause a restriction on the current design which is not appropriate.
Note that allai ’s are variables, and thus the stress function must be definedalso for the caseai = 0.
Of course, in reality, a non-existent bar, i.e., withai = 0, does not possess any stress. A simple
workaround in modeling is to multiply the stress function ofbar i with the areaai , hence ending
up in an MPVC formulation (cf. below).
In this chapter we consider planar trusses only. The only reason for this is that the visualization of
3D-structures is difficult, and good benchmark examples in 3D are hardly known. Themodeling

94



9. A smoothing-regularization approach

and the structure of the optimization problem presented below, however, does not change if one
switches from 2D to 3D. Finally, we mention that problems of truss topology design provide good
benchmarks for the development of optimization methods forcontinuum structures discretized by
finite elements.

Next we present the treated problem formulation. With the truss ground structure, external loads
are given to be carried by the real structure. In practice, a few so-called load cases must be
considered, i.e., different loads apply at different points of time. This is modeled by the consider-
ation of different corresponding vectorsuℓ of nodal displacements. We consider the same (elastic,
isotropic) material for all bars with Young’s modulusE. Our goal is to minimize the weight of
the structure. Since the material is the same for all bars, weminimize its total material volume
instead. LetN denote the number of potential bars in the ground structure,and for alli = 1, . . . ,N
let ℓi be the length of the potential bar andai the corresponding cross-sectional area (so-called

design variable). Hence, the volume of the structure is given by the sum
N∑

i=1
ℓiai . We use nodal

displacements as auxiliary variables to express force equilibrium and stresses. LetL denote the
number of load cases. Then for eachℓ ∈ {1, . . . , L} the displacements of the nodal points in the
structure are collected in a vectoruℓ (so called “state variables”). We assume that the support
nodes can carry arbitrarily large forces. Hence, Dirichletboundary conditions can be modeled in
a way that corresponding (fixed) displacement coordinates are simply deleted from the problem.
Hence,uℓ ∈ Rd whered := dim · (#nodes)− sdenotes the so-called “(number of) degrees of free-
dom of the structure”, dim= 2 refers to trusses in 2D, “#nodes” is the number of nodal points of
the ground structure, ands is the number of support conditions in Dirichlet sense referring to fixed
nodal coordinates. Finally, for simplicity of notation, the vectorsuℓ, ℓ = 1, . . . , L, are collected in
a single vectoru := (uT

1 , . . . , u
T
L )T ∈ RL·d.

With the variables (a, u) our problem can be stated as follows.

min
a∈RN ,u∈RL·d

N∑

i=1
ℓiai

s.t. K(a)u = fℓ ∀ℓ = 1, . . . , L,
f T
ℓ

uℓ ≤ c ∀ℓ = 1, . . . , L,
ai ≤ ā ∀i = 1, . . . ,N,
ai ≥ 0 ∀i = 1, . . . ,N,
(σiℓ(a, u)2 − σ̄2)ai ≤ 0 ∀i = 1, . . . ,N, ∀ℓ = 1, . . . , L.

(9.34)

Here the matrixK(a) is the global stiffness matrix of the structurea which for trusses takes the
form

K(a) :=
N∑

i=1

ai
E
ℓi
γiγ

T
i ∈ Rd×d

with vectorsγi ∈ Rd. In each component corresponding to a nodal displacement coordinate of
the end nodes of bari, the vectorγi contains the value− cos(α) whereα is the angle between
the displacement coordinate axis and the bar axis. Hence,γi contains all information on the
location and geometry of potential bari in the ground structure. The vectorfℓ ∈ Rd contains the
external forces (load caseℓ) applying at the nodal points, expressed in the displacement coordinate
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systemRd. The equilibrium equationK(a)uℓ = fℓ models force equilibrium, Hooke’s law, and
compatibility conditions.

With a user-defined constantc > 0 the constraintf T
ℓ

uℓ ≤ c bounds the so-calledcompliance
f T
ℓ

uℓ of the structure, i.e., the external work caused by loadfℓ. This energy constraint is required
to make the problem well-posed. It should be noted that always f T

ℓ
uℓ ≥ 0 holds due to the

equilibrium constraints.

Moreover, we have box constraints on the cross sectional areas, 0≤ ai ≤ ā for all i = 1, . . . ,N,
whereā > 0 is a user-defined constant. The sign constraintsai ≥ 0 are part of the vanishing stress
constraints, our main interest of the problem. For eachi and eachℓ the functionσiℓ denotes the
stress of thei-th potential bar when the structure is loaded by load caseℓ. We work with the usual
displacement-based modeling of stress for bar elements andlinearly-elastic material with Young’s
modulusE, i.e.,

σiℓ(a, u) := E
γT

i u

ℓi
∀i = 1, . . . ,N ∀ℓ = 1, . . . , L.

A positive stress value indicates tension of the bar while negative stress indicates compression. For
simplicity, however, we use the same user-defined thresholdvalueσ̄ > 0 for bars under tension
and compression. Hence, stress-constraints for present bars can be formulated as the quadratic
constraints

σiℓ(a, u)2 ≤ σ̄2 ∀i : ai > 0 ∀ℓ = 1, . . . , L. (9.35)

As already outlined above, we must find a way to formulate stress constraints also for potential
bars withai = 0. This is done by simple multiplication of the inequalitiesin (9.35) withai (cf.
problem (9.34)).

All in all, problem (9.34) possessesn := N + L · d variables,p := L · d equality constraints,
m := L+N (ordinary) inequality constraints, and, formally,N · L couples (Hiℓ,Giℓ) corresponding
to vanishing (stress) constraints where

Hiℓ(a, u) := ai , (9.36)

Giℓ(a, u) := σiℓ(a, u)2 − σ̄2 (9.37)

for all i = 1, . . . ,N and allℓ = 1, . . . , L. Notice, however, thatHiℓ = Hiℓ′ for all ℓ, ℓ′.

With these notations we may switch to the corresponding problem NLP(t) approximating problem
(9.34) through our smoothing-regularization approach fort > 0. We arrive at

min
a∈RN , u∈RL·d

N∑

i=1
ℓiai

s.t. K(a)uℓ = fℓ ∀ℓ = 1, . . . , L,
f T
ℓ

uℓ ≤ c ∀ℓ = 1, . . . , L,
ai ≤ ā ∀i = 1, . . . ,N,
ai ≥ 0 ∀i = 1, . . . ,N,
r t
iℓ(a, u) ≤ t ∀i = 1, . . . ,N, ∀ℓ = 1, . . . , L,

(9.38)

where
r t
iℓ(a, u) := ϕt(Hiℓ(a, u),Giℓ(a, u)) ∀i = 1, . . . , n ∀ℓ = 1, . . . , L.
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Figure 9.3.: Ten-bar truss example (cf. Ch. 9.5.2)

with ϕt from (9.9). Mind that we have left the constraintsHiℓ(a, u) = ai ≥ 0 for all i, ℓ in the
program. This is to avoid negative bar areas because we want to enforce that the outcome of an
optimization run can be interpreted as a meaningful structure and is manufacturable. Moreover,
it turned out that the presence of these sign constraints canimprove the solution process in large-
scaled problems.

If not stated otherwise, we use the (infeasible) starting point (a, u) := (0, 0) ∈ RN×RL·d. Moreover,
as a simplification in all problems below we use the settingE := 1 for the Young’s modulus, which
can be regarded as a scaling of the problem and is not essential.

Ten-bar Truss

First we consider a well-studied academic example for whichwe also provide the full data de-
scription and thus, interested readers may easily verify our numerical results by their own method.
We consider the ground structure depicted in Fig. 9.3(a) consisting ofN = 10 potential bars and
6 nodal points. For obvious reasons this example is called the ten-bar trussin the engineering
literature. The numbering of the bars is depicted in Fig. 9.3(a) (numbers in circles). We consider
L = 1 load which applies at the bottom right hand node pulling vertically to the ground with force
‖ f1‖2 = 1. The two left hand nodes are fixed, and hence the structure hasd = 8 degrees of freedom
for displacements,

u = u1 = (u11, u21, u31, u41, u51, u61, u71, u81)
T ∈ R8.

The numbering of the displacement coordinates is indicatedin Fig. 9.3(b). The resulting vectors
γi ∈ R8, i = 1, . . . , 10, are given in Table 9.3. Thei-th column of this table contains the vectorγi,
where only the non-zero entries are displayed. Thej-th line of the table corresponds to displace-
ment coordinateu j1 which is indicated in the last column. The size of the ground structure is 2×1,
i.e., the bar lengths areℓi = 1 for i ∈ {1, 3, 5, 6, 8, 10} andℓi =

√
2 for i ∈ {2, 4, 7, 9}.

All in all, problem (9.38) possesses 18 variables, 8 bilinear equality constraints, 1+ 2 · 10 = 21
linear inequality constraints, and 10 nonlinear inequality constraints modeling the vanishing stress
constraints.

We solve three different problem instances:
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i = 1 2 3 4 5 6 7 8 9 10

1
√

2
2 −1 −

√
2

2 u11√
2

2 1 −1 −
√

2
2 u21

1
√

2
2 u31√

2
2 1 u41

−
√

2
2 −1 −

√
2

2 u51√
2

2 1
√

2
2 u61

−
√

2
2 −1 u71√

2
2 1 u81

Table 9.3.: Vectorsγi for ten-bar truss

Results of problemtenbar1 Results of problemtenbar2
i a∗1i σi1(a∗1,u∗1) j u∗1j1 i a∗2i σi1(a∗2,u∗2) j u∗2j1
1 0.99627 −1.00374 1 −1.00374 1 0.99996 −1.00004 1 −1.00004
2 1.41048 −1.00265 2 1.00187 2 1.41418 −1.00003 2 1.00002
3 1.99626 1.00187 3 −2.00748 3 1.99996 1.00002 3 −2.00008
4 0 1.77565 4 4.87088 4 0 −1.01099 4 9.19016
5 0 1.54788 5 −4.55505 5 0 −4.02202 5 1.02194
6 0.99627 −1.00374 6 −3.00717 6 0.99996 −1.00004 6 −3.00007
7 0 0.83993 7 −8.02182 7 0 0.40163 7 −8.00022
8 0 3.86901 8 −8.74981 8 0 8.19015 8 −8.36500
9 1.41048 1.00265 f T

1 u∗11 = 10 9 1.41418 1.00003 f T
1 u∗21 = 10

10 0 −0.72799 V∗ = 7.97825 10 0 −0.36478 V∗ = 7.99978

Table 9.4.: Results of problemstenbar1 andtenbar2 (cf. Ch. 9.5.2)

First we setc := 10, ā := 100 (will not be active), ¯σ := 1, andt := 10−2 and call this problem
settingtenbar1. Ipopt requires 106 iterations terminating at the point (a∗1, u∗1). Table 9.4, left,
shows the full data where also the stress valuesσi1 are displayed. The structure consists of 5 bars
and is shown in Fig. 9.3(c). Here we have counted the indicesi with a∗1i > 0. In practice, of
course, the bars 1 and 6 would be realized as one “melted” bar without a joint.

Note that the values foru∗41 andu∗81 denote fictitious displacements becausea∗17 = a∗18 = a∗110 = 0,
and thus there is no bar adjacent to the upper right hand node.Nevertheless, mind thatσi1(a∗1, u∗1) ,
0 for i = 7, 8, 10. These values may be considered as ’fictitious stress values’.

The stress values in Table 9.4 show that

σ∗1max := max
1≤i≤N

|σi1(a∗1, u∗1)| = 3.86901

while
σ̂∗1max := max

1≤i≤N: a∗1i >0
|σi1(a∗1, u∗1)| = 1.00374. (9.39)

This nicely shows the effect of vanishing constraints, because by (9.36) and (9.37) we have for
i ∈ {4, 5, 8} thata∗1i = 0 = Hi1(a∗1, u∗1) andGi1(a∗1, u∗1) > 0. Note, however, that the vanishing
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(a) (b) (c)

Figure 9.4.: Ground structure and results for cantilever arm example (cf. Ch. 9.5.2)

constraints are part of the original problem (9.34) while (a∗1, u∗1) is the solution of theapproxi-
matingproblem (9.38). This also explains why the stress bound ¯σ = 1 is slightly exceeded in the
optimizer (cf. (9.39)).

We hope that the gap between ˆσ∗1maxandσ̄ closes fort ց 0 (cf. Ch. 9.4). Hence, we choosec := 10,
ā := 100, and ¯σ := 1 as before, but we putt = 10−4. Moreover, we use (a∗1, u∗1) as a starting point.
This problem setting is calledtenbar2. Ipopt needs 115 iterations until successful termination at
the point (a∗2, u∗2). The full data is also displayed in Table 9.4, right. Since the feasible set of the
problem is smaller than fortenbar1, the optimal volumeV∗ increased from 7.97825 to 7.99978.
The optimal structure, however, looks right as before (‖a∗1 − a∗2‖∞ = 0.0037). Again the value

σ∗2max := max
1≤i≤N

|σi1(a∗2, u∗2)| = 8.19015

is much bigger than
σ̂∗2max := max

1≤i≤N: a∗2i >0
|σi1(a∗2, u∗2)| = 1.00004

showing the effect of vanishing constraints. Finally, now ˆσ∗2max ≈ σ̄ holds, as expected.

Cantilever Arm

This example deals with the design of a cantilever arm. Its ground structure consists of 9× 3 = 27
nodal points on an 8× 2 area in size. All 27 nodal points are pairwise connected while long bars
overlapping shorter ones are deleted resulting inN = 228 potential bars. The three left hand nodes
are fixed, i.e.,d = 48. Again we consider a single load case,L = 1, acting at the bottom right
node pulling to the ground with magnitude‖ f1‖2 = 1. Ground structure, boundary conditions and
load are illustrated in Fig. 9.4(a). Problem (9.38) possessesN+ d = 276 variables,d = 48 bilinear
equality constraints, 2· N = 556 box constraints, andN = 228 nonlinear constraints.

First we treat problem (9.38) withc := 100, ā := 1, t := 10−2, andσ̄ := 100.0. Here the stress
bound is chosen very large (and thus will be inactive), because we want to study the effect of stress
constraints on the design. After 38 iterationsIpopt successfully terminates at the point (a∗1, u∗1)
with optimal volumeV∗ = 23.1399. Moreover, max

1≤i≤N
a∗1i = ā, and f T

1 u∗11 = c. The obtained

structure makes use of 38 bars (where we considera∗1i to be positive ifa∗i ≥ 0.005 · ā). This
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structure is displayed in Fig. 9.4(b). From an engineering point of view, the result may well be
close to a global minimizer of problem (9.34). An analysis ofthe stress values shows that

σ∗1max := max
1≤i≤N

|σi1(a∗1, u∗1)| = 2.7813= σ̂∗1 := max
1≤i≤N: a∗1i >0

|σi1(a∗1, u∗1)| .

As expected, by the large choice of ¯σ, absolute stresses as well es absolute ’fictitious stresses’ (i.e.,
|σi1| for zero bars) are still small compared to ¯σ, and thus the difficulty of vanishing constraints is
not challenging at the point (a∗1, u∗1).

Now we tighten the problem and change the stress bound to ¯σ := 2.2 The valuesc = 100, ā = 1,
andt = 10−2 remain untouched, and we use (a∗1, u∗1) as a starting point.Ipopt struggles in 294
iterations to successfully terminate at (a∗2, u∗2) with optimal volumeV∗ = 23.6608. The obtained
structure consists of 37 bars and is shown in Fig. 9.4(c). Now, we have

σ∗2max := max
1≤i≤N

|σi1(a∗2, u∗2)| = 22.0794≫ σ̂∗2 := max
1≤i≤N: a∗2i >0

|σi1(a∗2, u∗2)| = 2.2017,

i.e., we observe the effect of vanishing constraints! Again, the discrepancy ˆσ∗2− σ̄ = 0.017 is due
to the perturbation hidden in the functionsr t

i1 (resp. inϕt) for t > 0.

Therefore, in a third step we radically decreaset to t := 10−5 while keepingc = 100, ā = 1, and
σ̄ = 2.2 from before. As a starting point we use (a∗2, u∗2). After 316 iterationsIpopt terminates
successfully at (a∗3, u∗3) with V∗ = 23.6633. The structurea∗3 consists of 31 bars and hardly
differs froma∗2 (cf. Fig. 9.4(c)). Similarly to before we have

σ∗3max := max
1≤i≤N

|σi1(a∗3, u∗3)| = 21.2456≫ σ̂∗3 := max
1≤i≤N: a∗3i >0

|σi1(a∗3, u∗3)| = 2.20000= σ̄ .

Hence, again “properly vanishing constraints” are active.A closer analysis shows that (out of
N = 224 in total) there are 24 bars (resp. indicesi) satisfying the two inequalities

a∗i < 0.005= 0.005· ā and |σi1(a∗, u∗)| > σ̄ .

Because of ˆσ∗3 = σ̄ the calculated point (a∗3, u∗3) is feasible (and hopefully optimal) for the
original problem (9.34)!

The Hook Example

In this chapter we deal with an example which has been considered also by a few other authors
who are interested in stress constraints, but mainly for thecase of discretized continuum structures.
The covered domain has the shape of ahookwhere the top nodes are fixed. A sketch is shown in
Fig. 9.5(a). We use a 7×9 nodal grid (6×6 in size) where the upper right quarter is cut out. Like in
the previous example, all nodal points are pairwise connected, and bars overlapping (in length) are
deleted. In this way we arrive at the ground structure shown in Fig. 9.5(b) consisting of 51 nodes
andN := 703 potential bars. The top 4 nodes are fixed, and henced := 94. We considerL := 2
load cases which both apply solely at the middle right hand node with‖ f1‖2 = 1 and‖ f2‖2 = 1.5.
The forces are indicated in Fig. 9.5(a) by dashed arrows. Allin all, problem (9.38) possesses
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Figure 9.5.: Hook example (cf. Ch. 9.5.2): (a)and (b) Groundstructure and load cases, (c) results
of problemhook1, (d )hook2 , (e)hook3

N + L · · · d = 891 variables,L · d = 188 bilinear equality constraints, 2+ 2 · N = 1408 linear
constraints, andL · N = 1406 nonlinear constraints approximating vanishing stress constraints.

We treat five problem instances. The valuesc := 100 and ¯a := 100 (always inactive) are chosen
the same in all five problems. Table 9.5 shows the names of the problem instances and the rest of
the input data.

instance ¯σ starting point t
hook1 100 (0,0) 0.01
hook2 3.5 (0,0) 0.01
hook2+ 3.5 result ofhook2 0.0001
hook3 3.0 (0,0) 0.01
hook3+ 3.0 result ofhook3 0.001

Table 9.5.: Problem instances for hook example (cf. Ch. 9.5.2)

Table 9.6 summarizes the results of these five problems. The columns display the number #it
of iterations ofIpopt until successful termination, the optimal objective function valueV∗, the
maximal bar area maxa∗i = max1≤i≤N a∗i , the number #bars of bars witha∗i > 0 (where, similarly
to above,a∗i is regarded to be positive ifa∗i > 0.005 · maxj a∗i ), the maximal absolute stress in
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problem #it V∗ maxa∗i #bars σ̂∗1 max|σ∗i1| σ̂∗2 max|σ∗i2| Fig. 9.5
hook1 66 9.6702 0.5098 49 4.3961 4.3961 4.5968 4.6183 (c)
hook2 1824 12.9125 0.3716 31 3.3794 11.7310 3.5259 17.1068 (d)
hook2+ 703 12.9159 0.3715 31 3.3722 11.3081 3.5003 17.0362 as in (d)
hook3 1575 13.7870 0.5042 49 3.0906 19.3449 3.0775 18.3761 (e)
hook3+ 645 13.8305 0.5050 46 3.0944 20.8425 3.0990 15.4809 as in (e)

Table 9.6.: Results of problem instances for hook example

present bars w.r.t. load caseℓ = 1, 2,

σ̂∗ℓ := max
1≤i≤N: a∗i >0

|σiℓ(a
∗, u∗)|,

and the maximal absolute stress w.r.t. load caseℓ = 1, 2 including also fictitious stresses,

max|σ∗iℓ| := max
1≤i≤N

|σiℓ(a
∗, u∗)| .

The last column refers to the subfigure in Fig. 9.5 where the solution structurea∗ of each problem,
respectively, is displayed.

For each of the five problems, max|σ∗iℓ| > σ̂∗
ℓ
, ℓ = 1, 2. Hence, for each of the five problem

instances we observe the effect of “properly vanishing constraints”, even for both loadcases. The
plots of the optimal structures in Fig. 9.5 show nicely that the decrease of ¯σ from 100 (i.e., inactive
stress constraints; Fig. 9.5(c)) to 3.5 forces the structure to invest much more material into the
bottom arch (Fig. 9.5(d)). When ¯σ is further reduced to 3.0 then the stress in this (compressive)
arch becomes too big, and hence the arch is again split into two arches (Fig. 9.5(e)).

Finally, we observe that the decrease oft in problemhook2+ (resp. inhook3+) did not help to
substantially decrease the approximation gaps ˆσ∗

ℓ
− σ̄, ℓ = 1, 2, when compared tohook2 (resp.

hook3). It seems that the problem is too large scaled such that a gapreduction is possible without
spending efforts on the adjustment of accuracy parameters, maximum iteration numbers etc. of
Ipopt.
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In this chapter, like in the previous one, a numerical approach for the solution of the MPVC (1.1)
is investigated. At this, the main idea is to consider parametric nonlinear programsNLP(t) of the
form

min f (x)
s.t. gi(x) ≤ 0 ∀i = 1, . . . ,m,

h j(x) = 0 ∀ j = 1, . . . , p,
Hi(x) ≥ 0 ∀i = 1, . . . , l,
Gi(x)Hi (x) ≤ t ∀i = 1, . . . , l.

NLP(t)

Apparently, if we denote the feasible set ofNLP(t) for t > 0 by X(t) we get the analogous re-
sult to Proposition 9.3.3.

Proposition 10.0.1 Consider the parametric problem NLP(t) from above. Then we have X⊆ X(t)
for all t > 0. Moreover, it holds that X(0) = X.

In view of the definition ofNLP(t) and the above result we call this arelaxation approach.This
type of scheme was initially introduced in the field of MPECs in [58], see also [55] for a more
refined analysis. For MPVCs this scheme was also analyzed in [31]. Some of our results resemble
those from the latter reference, with different proofs though, and some material is new, see also
the discussion following Theorem 10.2.10.

10.1. Preliminaries

Like in the previous chapter, some auxiliary results are needed in order to establish the desired
convergence theory.

Now, for t > 0 let x ∈ X(t) be any feasible point ofNLP(t). Then we analogously define the index
sets

Ig(x) :=
{
i
∣
∣
∣gi(x) = 0

}
,

I0(x) :=
{
i
∣
∣
∣ Hi(x) = 0

}
,

M(x, t) :=
{

i
∣
∣
∣Gi(x)Hi(x) = t

}

.

Throughout, the regarded feasible point ofNLP(t) will always be given, when defining the latter
index sets.

There are some trivial inclusions which hold for some of the above defined index sets. These are
stated in the following lemma.

Lemma 10.1.1 Let x∗ be feasible for NLP(0). Then there exists anε > 0 such that, for all t> 0
and all x∈ Bε(x∗) ∩ X(t), we have
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(a) Ig(x) ⊆ Ig.

(b) I0(x) ⊆ I0.

(c) M(x, t) ⊆ I00∪ I+0 ∪ I0+.

Proof. We verify the statements separately:

(a) Let i < Ig, that isgi(x∗) < 0. By continuity, we thus havegi(x) < 0 for all x sufficiently close to
x∗, hencei < Ig(x).

(b) Let i < I0, that is we haveHi(x∗) > 0, and by the above arguments it follows immediately that
for all x sufficiently close tox∗ we havei < I0(x).

(c) Let i < I00 ∪ I+0 ∪ I0+, that is we havei ∈ I+− ∪ I0−. Thus, for allx ∈ X(t) sufficiently close to
x∗, we obtainGi(x) < 0 and thus we haveGi(x)Hi(x) ≤ 0 < t for all t > 0. This impliesi < M(x, t)
for all x ∈ X(t) sufficiently close tox∗ and allt > 0. �

For numerical methods, usually the satisfaction of constraint qualifications like MFCQ, most often
LICQ, must be assumed at a limit point in order to prove convergence. As was already mentioned
at many places, cf., e.g., Chapter 4, MPVCs have the unpleasant property to violate these assump-
tions in many interesting cases. Thus, one had to make up morespecialized constraint qualifica-
tions, see Section 5, that are more reasonable in the contextof MPVCs, but which still ensure the
desired properties.

The next lemma states that assuming MPVC-LICQ, see Definition 5.1.1, at a feasible point of
(1.1) guarantuees the existence of a neighbourhood such that standard LICQ holds forNLP(t) for
all t > 0 at all points in that neighbourhood which are feasible forNLP(t).

Lemma 10.1.2 Let x∗ ∈ X such that MPVC-LICQ holds at x∗. Then there exists anε > 0 such
that LICQ holds for NLP(t) for all t > 0 and for all x∈ Bε(x∗) ∩ X(t).

Proof. Let t > 0 and choose ˆε > 0 small enough such that the assertions of Lemma 10.1.1 hold.
Then letx ∈ Bε̂(x∗) ∩ X(t). Thus, we obtain

Ig(x) ⊆ Ig,

I0(x) ⊆ I0,

M(x, t) ⊆ I0+ ∪ I00∪ I+0.

Since we obviously haveM(x, t)∩ I0(x) = ∅ for all x ∈ X(t), the above inclusions and the MPVC-
LICQ assumption yield that the following gradients are linearly independent for allx ∈ Bε̂(x∗) ∩
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X(t):
∇gi (x∗) (i ∈ Ig(x)),
∇h j (x∗) ( j ∈ J),
∇Hi(x∗) (i ∈ I0(x)),

Gi(x
∗)

︸︷︷︸

>0

∇Hi(x∗) (i ∈ M(x, t) ∩ I0+),

Hi(x
∗)

︸︷︷︸

>0

∇Gi(x∗) (i ∈ M(x, t) ∩ I+0),

∇Hi(x∗) (i ∈ M(x, t) ∩ I00),
∇Gi(x∗) (i ∈ M(x, t) ∩ I00).

Hence, there exists anε > 0 such that the vectors

∇gi(x) (i ∈ Ig(x)),
∇h j(x) ( j ∈ J),
∇Hi(x) (i ∈ I0(x)),

Gi(x)∇Hi (x) + Hi(x)∇Gi (x) (i ∈ M(x, t) ∩ I0+),
Gi(x)∇Hi (x) + Hi(x)∇Gi (x) (i ∈ M(x, t) ∩ I+0),

∇Hi(x) (i ∈ M(x, t) ∩ I00),
∇Gi(x) (i ∈ M(x, t) ∩ I00)

(10.1)

are linearly independent for allx ∈ Bε(x∗) ∩ X(t). Now, letx ∈ Bε(x∗) ∩ X(t). Then the equation

0 =
∑

i∈Ig(x)

αi∇gi (x) +
∑

j∈J
β j∇h j(x) +

∑

i∈I0(x)

γi∇Hi(x) +
∑

i∈M(x,t)

δi
(
Gi(x)∇Hi (x) + Hi(x)∇Gi (x)

)

=
∑

i∈Ig(x)

αi∇gi (x) +
∑

j∈J
β j∇h j(x) +

∑

i∈I0(x)

γi∇Hi(x) +
∑

i∈M(x,t)∩(I0+∪I+0)

δi
(
Gi(x)∇Hi (x) + Hi(x)∇Gi (x)

)

+
∑

i∈M(x,t)∩I00

(
δiGi(x)

)∇Hi(x) +
∑

i∈M(x,t)∩I00

(
δiHi(x)

)∇Gi(x)

yields that, due to the linear independence of (10.1) and thefact thatGi(x),Hi(x) , 0 (i ∈ M(x, t)),
all numbersαi , βi , δi , γi are zero. This, in turn, implies that the vectors

∇gi(x) (i ∈ Ig(x)),
∇h j(x) ( j ∈ J),
∇Hi(x) (i ∈ I0(x)),

Gi(x)∇Hi(x) + Hi(x)∇Gi(x) (i ∈ M(x, t))

are linearly independent, that is, LICQ holds forNLP(t) at x. �

10.2. Convergence Results

The following theorem can be viewed as the main convergence result of this chapter. It follows
an idea from [58], where the whole approach is executed for MPECs. At this, the behaviour of
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a sequence of KKT points{xt, λt, µt, ρt, νt}t>0 of NLP(t) is investigated, where the convergence
of {xt}t>0 is still assumed. Analogous to [58], we analyze which conditions are needed to gain a
weakly or strongly stationary point as a limit. In addition to [58], we also provide a characteristic
condition for M-stationarity and we establish an explicit rule for constructing the MPVC multipli-
ers from the KKT multipliers of the relaxed problems in a fashion that is useful for algorithmical
purposes.

Theorem 10.2.1Let x∗ be feasible for(1.1)such that MPVC-LICQ is satisfied, and let(xt, λt, µt, ρt, νt)
be a KKT point of NLP(t) for all t > 0 with xt → x∗ as t ↓ 0. Then the following assertions hold
true:

(a) If we put
η

G,t
i := νt

i Hi(xt) (i = 1, . . . , l),
η

H,t
i := ρt

i − νt
iGi(xt) (i = 1, . . . , l),

(10.2)

then the multipliers(λt, µt, ηG,t, ηH,t) converge to unique MPVC-multipliers(λ, µ, ηG, ηH)
such that(x∗, λ, µ, ηG, ηH) is a weakly stationary point of(1.1).

(b) The point(x∗, λ, µ, ηG, ηH) is M-stationary if and only if

lim
t→0

(νt
i )

2t = 0 (i ∈ I00∩ M(xt, t) ∀t > 0 sufficiently small).

(c) The point(x∗, λ, µ, ηG, ηH) is strongly stationary if and only if

lim
t→0

Gi(x
t)νt

i = lim
t→0

Hi(x
t)νt

i = 0 (i ∈ I00∩ M(xt, t) ∀t > 0 sufficiently small). (10.3)

Proof. (a) Let us define the multipliersηH,t
i andηG,t

i as proposed in (10.2). Then, using the
implications

i ∈ I0(xt) =⇒ i < M(xt, t) =⇒ νt
i = 0 =⇒ η

H,t
i = ρ

t
i , (10.4)

i ∈ M(xt, t) =⇒ i < I0(xt) =⇒ ρt
i = 0 (10.5)

and employing Lemma 10.1.1, the KKT conditions forNLP(t) yield

−∇ f (xt) =
∑

i∈Ig(xt)

λt
i∇gi(x

t) +
∑

j∈J
µt

j∇h j(x
t) −

∑

i∈I0(xt)

ρt
i∇Hi(x

t) +
∑

i∈M(xt ,t)

νt
i∇θi(x

t)

=
∑

i∈Ig(xt)

λt
i∇gi(x

t) +
∑

j∈J
µt∇h j(x

t)

+
∑

i∈M(xt ,t)∩I+0

η
G,t
i

(∇Gi(x
t) +

Gi(xt)
Hi(xt)

∇Hi(x
t)
)

−
∑

i∈M(xt ,t)∩I0+

η
H,t
i

(∇Hi(x
t) +

Hi(xt)
Gi(xt)

∇Gi(x
t)
)

−
∑

i∈M(xt ,t)∩I00

η
H,t
i ∇Hi(x

t) +
∑

i∈M(xt ,t)∩I00

η
G,t
i ∇Gi(x

t) −
∑

i∈I0(xt)

η
H,t
i ∇Hi(x

t).

(10.6)
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If, now, we define the matrixA(xt) ∈ R(|Ig|+|J|+|I0 |+|I+0|+|I00|)×n by

A(xt) :=





∇gi (xt)T (i ∈ Ig)
∇h j (xt)T ( j ∈ J)
−∇Hi(xt)T (i ∈ I00∪ I0− ∪ (I0+ \ M(xt, t))

−(∇Hi(xt)T +
Hi (xt)
Gi (xt)∇Gi(xt)T)

(i ∈ M(xt, t) ∩ I0+)
∇Gi(xt)T (i ∈ I00∪ (I+0 \ M(xt, t)))

∇Gi(xt)T +
Gi (xt)
Hi(xt)∇Hi(xt)T (i ∈ M(xt, t) ∩ I+0)





and the vectorzt ∈ R|Ig|+|J|+|I0 |+|I+0|+|I00| by

zt :=





λt
i (i ∈ Ig)
µt

j ( j ∈ J)

η
H,t
i (i ∈ I0)
η

G,t
i (i ∈ I00∪ I+0)





for all t > 0 sufficiently small, then (10.6) can be written asA(xt)Tzt = −∇ f (xt) for all t > 0
sufficiently small. Here, we have used the fact that

λt
i = 0 ∀i ∈ Ig \ Ig(xt),

η
H,t
i = 0 ∀i ∈ (

I00 ∪ I0− ∪ (I0+ \ M(xt, t))
) \ ((M(xt, t) ∩ I00) ∪ I0(xt)

)
,

η
G,t
i = 0 ∀i ∈ (

I00 ∪ (I+0 \ M(xt, t))
) \ (M(xt, t) ∩ I00

)

which can be verified by similar considerations as in (10.4),(10.5). Now, since the matrixA(xt)
converges to the matrix

A(x∗) :=





∇gi(x∗)T (i ∈ Ig)
∇h j(x∗)T ( j ∈ J)
−∇Hi(x∗)T (i ∈ I0)
∇Gi(x∗)T (i ∈ I00 ∪ I+0)





,

which has full rank by the MPVC-LICQ assumption and as∇ f (xt) → ∇ f (x∗) for t ↓ 0, it follows
that zt, too, converges fort ↓ 0, that is, the multipliersλt

i for i ∈ Ig, µt
j for j ∈ J, ηH,t

i for i ∈ I0

andηG,t
i for i ∈ I00 ∪ I+0 are convergent. Fori < Ig and t sufficiently small we haveλt

i = 0 and
hence, limt→0 λ

t
i = 0. Similarly, for i ∈ I+− and t sufficiently small we haveηG,t

i = η
H,t
i = 0,

thus limt→0 η
G,t
i = limt→0 η

H,t
i = 0. Now, for i ∈ I+0, it was argued above thatηG,t

i = νt
i Hi(xt) is

convergent. But, as limt→0 Hi(xt) = Hi(x∗) > 0 the multiplierνt
i is bounded and thus, limt→0 η

H,t
i =

limt→0 ν
t
iGi(xt) = 0. Finally, for i ∈ I0+ ∪ I0− we have limt→0 η

G,t
i = 0. To verify this statement, it

suffices to show that{νt
i} is bounded for all indicesi ∈ I0+ ∪ I0−. Suppose there is such an index

with {νt
i} being unbounded. Ifi ∈ I0−, it follows that ρt

i − νt
iGi(xt) is unbounded, contradicting

the fact thatηH,t
i is convergent. On the other hand, ifi ∈ I0+, it follows that alsoρt

i is unbounded,
hence bothνt

i andρt
i are positive for sufficiently smallt > 0, implying θi(xt) = t andHi(xt) = 0, a

contradiction.
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Together, these considerations yield that the whole sequence of multipliers (λt, µt, ηG,t, ηH,t) is
convergent to a limit point which we denote by (λ, µ, ηG, ηH). Obviously, these multipliers satisfy

0 = ∇ f (x∗) +
∑

i∈Ig

λi∇gi (x
∗) +

∑

j∈J
µ j∇h j(x

∗) +
∑

i∈I00∪I+0

ηG
i ∇Gi(x

∗) −
∑

i∈I0

ηH
i ∇Hi(x

∗),

as well as

λi

{

≥ 0, if i ∈ Ig,

= 0, else,

ηG
i =






lim
t→0

νt
i Hi(x

t) ≥ 0, if i ∈ M(xt, t) ∩ (I00 ∪ I+0) ∀t > 0 suff. small,

0, else,

ηH
i =






lim
t→0

ρt
i ≥ 0, if i ∈ I0(xt) ∀t > 0 suff. small,

− lim
t→0

νt
iGi(x

t) ≤ 0, if i ∈ M(xt, t) ∩ (I00 ∪ I0+) ∀t > 0 suff. small,

0 else.

(10.7)

In particular, (x∗, λ, µ, ηG, ηH) is a weakly stationary point of (1.1) then, which proves a),since the
uniqueness is due to the MPVC-LICQ assumption.

(b), (c): This follows immediately from the proof of (a). �

Note that the characteristic conditions (10.3) for strong stationarity hold especially for the case of
bounded multipliersνt

i (i ∈ I00). This boundedness condition is satisfied, in particular, if these
multipliers are convergent. We therefore obtain the following consequence of Theorem 10.2.1.

Corollary 10.2.2 Let x∗ be feasible for(1.1)such that MPVC-LICQ is satisfied. Furthermore let
(xt, λt, µt, ρt, νt) be a KKT point of NLP(t) for all t > 0 and letηG,t andηH,t be defined as in(10.2).
Then every limit point of the sequence{(xt, λt, µt, ηG,t, ηH,t)}t>0 for t → 0 is a strongly stationary
point of (1.1).

In fact, the last theorem is also valid if one deletes the MPVC-LICQ assumption, but we could not
have stated it as a corollary of Theorem 10.2.1 then.

We would like to point out here that there is no result in the fashion of Theorem 10.2.1 and
Corollary 10.2.2 in [31], though this work contains a coupleof convergence results, but these all
differ substantially in both, assumptions and assertions, fromthe latter two results.

The following example illustrates that the boundedness of the multipliers, albeit a sufficient con-
dition to get a strongly stationary limit point, is not necessary.

Example 10.2.3Consider the MPVC equipped with the following functions:

f (x) := −(2
3 x3

1 +
2
3 x3

2 + x1x3 + x2x4
)
,

H(x) := x2
1 + x3,

G(x) := x2
2 + x4.
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Since we have

∇H(x) :=





2x1

0
1
0





,∇G(x) :=





0
2x2

0
1





,

MPVC-LICQ holds at any feasible point of the MPVC, in particular at x∗ := (0, 0, 0, 0)T . Now,
putρ := 0 andν := 1. Then we have

0 = ∇ f (x∗)
︸ ︷︷ ︸

=0

− ρ
︸︷︷︸

=0

∇H(x∗) + ν∇θ(x∗)
︸ ︷︷ ︸

=0

,

and
ρ ≥ 0, ρH(x∗) = 0, ν ≥ 0, νθ(x∗) = 0.

This implies that (x∗, ρ, ν) is a KKT point of the MPVC, that is,x∗ is a strongly stationary point
(note, however, that the multiplierν = 1 can be replaced by any nonnegative number).

Now, consider the sequence{xt}t>0 defined byxt := ( 4√t, 4√t, 0, 0)T for all t > 0. Then, obvioulsy,
the sequence{xt}t>0 converges tox∗ ast ↓ 0 andxt is feasible forNLP(t) for all t > 0. Furthermore,
if we putρt := 0 andνt := 1

4√t
, we obtain

∇ f (xt) − ρt∇H(xt)
︸    ︷︷    ︸

=0

+νt∇θ(xt) = −





2
√

t
2
√

t
4√t
4√t





+





2
√

t
2
√

t
4√t
4√t





= 0

and
ρt ≥ 0, ρtH(xt) = 0, νt ≥ 0, νt(θ(xt) − t

)
= 0,

for all t > 0. This means that (xt, ρt, νt) is a KKT point of NLP(t) for all t > 0, and we also
haveνt → ∞ ast ↓ 0. Moreover, note that both the condition limt→0(νt)2t = lim t→0

√
t = 0 for

M-stationarity holds and the conditions limt→0 ν
tG(xt) = lim t→0 ν

tH(xt) = limt→0
4√t = 0 are also

satisfied.

In the remainder of this section, we want to provide sufficient conditions such that the following
statements hold:

• There exists a sequence of KKT points ofNLP(t).

• The corresponding sequence{xt} converges.

• Every limit point of a sequence of KKT points gives a stronglystationary point of the
MPVC, i.e., the characteristic conditions (10.3) are satisfied.

To this end, we first introduce the following strict complementarity notions for MPVCs, cf. also
the concept of strict complementarity in the standard case in Chapter 2.
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Definition 10.2.4 Let (x∗, λ, µ, ηG, ηH) be a strongly stationary point of(1.1).

(a) Theupper level strict complementarity condition (ULSCC)is said to hold if

ηG
i > 0 (i ∈ I+0), ηH

i > 0 (i ∈ I00∪ I0−).

(b) Thestrong upper level strict complementarity condition (SULSCC) is said to hold if ULSCC
holds and in addition

ηH
i , 0 (i ∈ I0+).

Note that ULSCC was introduced in [31]. It also has its counterpart in the MPEC setting, cf. [58],
e.g. The stronger concept SULSCC holds, in particular, if ULSCC is satisfied andI0+ = ∅. The
SULSCC condition allows us to state the following consequence of Theorem 10.2.1 which will be
used in the proof of our second main result, Theorem 10.2.10 below.

Corollary 10.2.5 Let the assumptions of Theorem 10.2.1 hold such that strong stationarity and,
in addition, SULSCC holds for(x∗, λ, µ, ηG, ηH). Then we have the following two equivalences:

(a) ηG
i > 0 or ηH

i < 0⇐⇒ θi(xt) = t for all t > 0 sufficiently small.

(b) ηH
i > 0⇐⇒ Hi(xt) = 0 for all t > 0 sufficiently small.

Proof. (a) ’=⇒:’ Let first ηH
i < 0. In view of (10.7), this immediately impliesi ∈ M(xt, t) for all

t > 0 sufficiently small, i.e.,θi(xt) = t for all theset. The same argument also shows thatηG
i > 0

givesi ∈ M(xt, t) for all t > 0 sufficiently small.

’⇐=:’ Let θi(xt) = t for t > 0 sufficiently small. Due to Lemma 10.1.1 this yields that

i ∈ M(xt, t) ∩ (I00∪ I+0 ∪ I0+)

for all t > 0 sufficiently small. Let us first suppose thati ∈ M(xt, t) ∩ I00 for all t > 0 sufficiently
small. Then, by the SULSCC assumption,ηH

i > 0. Hence (10.7) impliesηH,t
i = ρt

i > 0 for all
t > 0 sufficiently small. On the other hand, sincei ∈ M(xt, t) and, therefore,i < I0(xt), we have
ρt

i = 0 for all t > 0 sufficiently small. This contradiction shows that this case cannot occur. Now,
let i ∈ M(xt, t) ∩ I0+ for all t > 0 sufficiently small. Then SULSCC shows thatηH

i , 0. However,
ηH

i > 0 gives a contradiction as in the case discussed before. Hence we necessarily haveηH
i < 0.

Finally, let i ∈ M(xt, t) ∩ I+0 for all t > 0 sufficiently small. Then we immediately obtainηG
i > 0

from SULSCC.

(b) ’=⇒:’ Let ηH
i > 0. Then (10.7) implies thatηH,t

i = ρ
t
i > 0 for all t > 0 sufficiently small. Thus

i ∈ I0(xt) for all t > 0 sufficiently small, i.e.,Hi(xt) = 0 for all theset.

’⇐=:’ Let Hi(xt) = 0 for all t > 0 sufficiently small. Theni ∈ I0(xt) and, therefore,ηH
i ≥ 0 in view

of (10.7). By SULSCC, we necessarily obtainηH
i > 0, as desired. �
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It is immediately clear from the previous proof that in the above result, SULSCC is only needed
for the ’⇐=’-directions.

We continue with providing a condition to ensure that the multipliers νt
i (i ∈ I00) are equal to zero

for t > 0 sufficiently small. In particular, this yields boundedness and thus strong stationarity in
Theorem 10.2.1. To this end, we need the following technicalresults.

Lemma 10.2.6 Let x∗ ∈ X be given and consider an arbitrary index i∈ I00. Then there exists
a neighbourhood Ui of x∗ and a positive constant ci such that for any x∈ Ui with Hi(x) ≥
0,Gi(x)Hi(x) ≥ t and all t> 0 sufficiently small, we have‖x− x∗‖ ≥ ci

√
t.

Proof. Suppose for contradiction that there exists a sequence{tk} ↓ 0 and a sequence{xk} → x∗

with Gi(xk)Hi(xk) ≥ tk, Hi(xk) ≥ 0 and
√

tk
‖xk − x∗‖ → ∞. (10.8)

By taking a subsequence if necessary, we either haveGi(xk) ≥ √tk or Hi(xk) ≥ √tk for all k.

If Gi(xk) ≥ √tk for all k then, with a positive constantl i satisfyingl i ≥ ‖∇Gi(x∗)‖, it follows that

√
tk ≤ Gi(xk) = Gi(xk) −Gi(x∗)

= ∇Gi(x∗)(xk − x∗) + o(‖xk − x∗‖)
≤ 2l i‖xk − x∗‖,

for k sufficiently large, in contradiction to (10.8). In case thatHi(xk) ≥ √tk for all k, we obtain the
same contradiction which eventually proves the assertion. �

Lemma 10.2.7 Let x∗ ∈ X be given, and let{xt}t>0 be a sequence satisfying‖xt − x∗‖ = O(t) and
Hi(xt) ≥ 0 for all i ∈ I00. Then we have Gi(xt)Hi(xt) < t for all i ∈ I00 and t> 0 sufficiently small.

Proof. Due to Lemma 10.2.6 there exists a neighbourhoodU of x∗ and a positive constant ˆc such
that if t ∈ (0, t̂], x ∈ U andHi(x) ≥ 0,Gi(x)Hi(x) ≥ t for i ∈ I00, we have‖x − x∗‖ ≥ c

√
t. Since

‖xt − x∗‖ = O(t), we have for smallt > 0 thatxt ∈ U, and‖xt − x∗‖ < c
√

t. Hence, due to the fact
thatH(xt) ≥ 0, we must haveGi(xt)Hi(xt) < t for all i ∈ I00 andt > 0 sufficiently small. �

The above lemmas imply the following result.

Proposition 10.2.8 Let x∗ be a feasible point of the MPVC(1.1), and let{xt}t>0 be a sequence of
KKT points of NLP(t) with ‖xt − x∗‖ = O(t). Then the associated multipliers of xt are bounded.

Proof. Since the assumptions of Lemma 10.2.7 are satisfied, we obtain Gi(xt)Hi(xt) < 0 for all
i ∈ I00 andt > 0 sufficiently small. In particular this implies that the corresponding multipliersνt

i
(i ∈ I00) vanish for allt > 0 sufficiently small. The proof of Theorem 10.2.1 shows that all other
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multipliers are bounded, too, so that the assertion follows. �

We would like to finish this section with a stability-type result. In stability analysis some second-
order-type conditions arise naturally, cf. [50, 51, 34] forclassical references. The condition needed
in our context is given in the next definition, where we recallthat the functionL denotes the
MPVC-Lagrangian from (7.1).

Definition 10.2.9 Let (x∗, λ, µ, ηG, ηH) be a strongly stationary point of(1.1). Then we say that
theMPVC strong second-order sufficient condition (MPVC-SSOSC)holds if

dT∇2
xxL(x∗, λ, µ, ηG, ηH)d > 0

for all d ∈ C(x∗), where

C(x∗) := {d ∈ Rn | ∇gi(x∗)Td = 0 (i : λi > 0),
∇h j(x∗)Td = 0 ( j ∈ J),
∇Hi(x∗)Td = 0 (i : ηH

i , 0),
∇Gi(x∗)Td = 0 (i : ηG

i , 0)}.

Note that, obviously, the critical coneC(x∗) also depends substantially on the multipliers (λ, µ, ηG, ηH)
but for our purposes we will always assume MPVC-LICQ, which implies that the multipliers are
unique and thus, it will always be clear which multipliers the cone refers to. Mind also that the
critical cone that we use here to define MPVC-SSOSC is, under SULSCC, a larger set than the
critical cone that was used in Chapter 7 to establish second-order optimality conditions. Thus, un-
der SULSCC, MPVC-SSOSC is a stronger assumption than the sufficient condition from Chapter
7 . In turn, under SULSCC, the MPVC-SSOSC is exactly the second-order condition to be used
used in [31, Th. 5.4], which is the comparable spot to where weemploy MPVC-SSOSC, see also
the discussion following the next theorem.

In the upcoming result, the notion of apiecewise smooth functionis used. For a definition and
extensive treatment we refer the reader to [57].

Theorem 10.2.10Let (x∗, λ, µ, ηG, ηH) be a strongly stationary point of(1.1) such that MPVC-
SSOSC, MPVC-LICQ and SULSCC are satisfied. Then there existsan open neighbourhood U of
x∗, a scalart̄ > 0 and a piecewise smooth function x: (−t̄, t̄ )→ U such that, for all t∈ (0, t̄ ), the
vector x(t) is the unique KKT point of NLP(t) in U, also satisfying strong second-order sufficient
conditions (SSOSC).

Proof. For t > 0 consider the parametric nonlinear programP(t)

min f (x)
s.t. g(x) ≤ 0,

h(x) = 0,
Hi(x) ≥ 0 (i : ηH

i > 0),
G j(x)H j(x) ≤ t ( j : ηH

j < 0),
Gk(x)Hk(x) ≤ t (k : ηG

k > 0).
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10. A relaxation approach

The Lagrangian ofP(t) is given by

LP(t)(x, λ, µ, α, β, γ) := f (x) +
m∑

i=1

λigi(x) +
∑

j∈J
µ jh j(x) −

∑

i:ηH
i >0

αiHi(x)

+
∑

j:ηH
j <0

β j
(
θ j(x) − t

)
+

∑

k:ηG
k >0

γk
(
θk(x) − t

)
.

Put

λ∗i := λi (i = 1, . . . ,m),

µ∗j := µ j ( j ∈ J),

α∗i := ηH
i (i : ηH

i > 0),

β∗j := − ηH
j

G j (x∗)
( j : ηH

j < 0),

γ∗k :=
ηG

k
Hk(x∗) (k : ηG

k > 0).

(10.9)

We are not dividing by zero here, since we havej ∈ I0+ if ηH
j < 0 andk ∈ I+0 if ηG

k > 0 at a
strongly stationary point. With the MPVC-Lagrangian from (7.1), we can easily calculate that

∇xLP(0)(x∗, λ∗, µ∗, α∗, β∗, γ∗) = ∇ f (x∗) +
l∑

i=1

λ∗∇gi (x
∗) +

∑

j∈J
µ∗j∇h j(x

∗)

−
∑

i:ηH
i >0

α∗i ∇Hi(x
∗) +

∑

j:ηH
j <0

β∗j∇θ j(x
∗) +

∑

k:ηG
k >0

γ∗k∇θk(x
∗)

= ∇ f (x∗) +
∑

i∈Ig

λi∇gi(x
∗) +

∑

j∈J
µ j∇h j(x

∗)

−
∑

i:ηH
i >0

ηH
i ∇Hi(x

∗) −
∑

j:ηH
j <0

ηH
j ∇H j(x

∗) +
∑

k:ηG
k >0

ηG
k ∇Gk(x

∗)

= ∇xL(x∗, λ, µ, ηG, ηH)

= 0,

due to the fact that (x∗, λ, µ, ηG, ηH) is a strongly stationary point of (1.1). Taking into account the
properties of the multipliers defined in (10.9), we see that (x∗, λ∗, µ∗, α∗, β∗, γ∗) is a KKT point of
P(0). In addition to that it is immediately clear from the MPVC-LICQ assumption that standard
LICQ holds atx∗ for P(0). We will now verify that it also satisfies the strong second order sufficient
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10. A relaxation approach

condition (SSOSC) in the sense of [51] and Definition 2.3.2. To this, we note that

∇2
xxLP(0)(x

∗, λ∗, µ∗, α∗, β∗, γ∗)

= ∇2 f (x∗) +
∑

i:λi>0

λi∇2gi(x
∗) +

∑

j∈J
µ j∇2h j(x

∗)

−
∑

i:ηH
i >0

ηH
i ∇2Hi(x

∗) −
∑

i:ηH
i <0

ηH
i ∇2Hi(x

∗) +
∑

k:ηG
k >0

ηG
k ∇

2Gi(x
∗)

+
∑

j:ηH
j <0

β∗j
(∇G j(x

∗)∇H j(x
∗)T + ∇H j(x

∗)∇G j(x
∗)T)

+
∑

k:ηG
k >0

γ∗k
(∇G j(x

∗)∇H j(x
∗)T + ∇H j(x

∗)∇G j(x
∗)T)

= ∇2
xxL(x∗, λ, µ, ηG, ηH)

+
∑

j:ηH
j <0

β∗j
(∇G j(x

∗)∇H j(x
∗)T + ∇H j(x

∗)∇G j(x
∗)T)

+
∑

k:ηG
k >0

γ∗k
(∇Gk(x

∗)∇Hk(x
∗)T + ∇Hk(x

∗)∇Gk(x
∗)T )

,

(10.10)

while the critical cone forP(0) at (x∗, λ∗, µ∗, α∗, β∗, γ∗) is given by

CP(0)(x∗) = {d ∈ Rn | ∇gi(x∗)Td = 0 (i : λ∗i > 0),
∇h j(x∗)Td = 0 ( j ∈ J),
∇Hi(x∗)Td = 0 (i : α∗i > 0),
∇θ j(x∗)Td = 0 ( j : β∗j > 0),
∇θk(x∗)Td = 0 (k : γ∗k > 0)}

= {d ∈ Rn | ∇gi(x∗)Td = 0 (i : λi > 0),
∇h j(x∗)Td = 0 ( j ∈ J),
∇Hi(x∗)Td = 0 (i : ηH

i > 0),
∇H j(x∗)Td = 0 ( j : ηH

j < 0),
∇Gk(x∗)Td = 0 (k : ηG

k > 0)}

= {d ∈ Rn | ∇gi(x∗)Td = 0 (i : λi > 0),
∇h j(x∗)Td = 0 ( j ∈ J),
∇Hi(x∗)Td = 0 (i : ηH

i , 0),
∇Gi(x∗)Td = 0 (i : ηG

i , 0)}
= C(x∗).
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10. A relaxation approach

Now, let d ∈ CP(0)(x∗) be chosen arbitrarily. Then, in view of (10.10) and since MPVC-SSOSC
holds, we have that

dT∇2
xxLP(0)(x

∗, λ∗, µ∗, α∗, β∗, γ∗)d = dT∇2
xxL(x∗, λ, µ, ηG, ηH)d

+2
∑

i:ηH
i <0

β∗i (∇Gi(x
∗)Td) (∇Hi (x

∗)Td)
︸         ︷︷         ︸

=0

+2
∑

i:ηG
i >0

γ∗i (∇Gi(x
∗)Td)

︸         ︷︷         ︸

=0

(∇Hi(x
∗)Td)

= dT∇2
xxL(x∗, λ, µ, ηG, ηH)d

> 0,

(10.11)

and thus, SSOSC holds forP(0) at x∗. Now, sincex∗ also satisfies LICQ forP(0), as was
argued above, we may now invoke [57, Th. and Prop. 5.2.1] to obtain a locally (aroundx∗)
unique and piecewise smooth KKT point functionx(t) and a piecewise smooth multiplier func-
tion (λ, µ, α, β, γ)(t) for P(t). Furthermore,x(t) is a local minimizer ofP(t) satisyfying SSOSC,
see [57, Prop. 5.2.1] and its proof. Now, we show thatx(t) is also feasible forNLP(t) for t > 0
sufficiently small:

First, let i ∈ I00 ∪ I0−. Then, by SULSCC, we know thatηH
i > 0, thus by continuity we have

αi(t) > 0 for t sufficiently small. This yieldsHi(x(t)) = 0 and thusθi(x(t)) = 0 < t.

Now, choosei ∈ I0+. Then, by SULSCC, we getηH
i , 0. If ηH

i > 0, we may argue as before to
obtainHi(x(t)) = θi(x(t)) = 0 < t. On the other hand, ifηH

i < 0, we getβi(t) > 0 for t sufficiently
small and thusθi(x(t)) = t. SinceGi(x(t)) > 0 for all sufficiently smallt > 0, this also implies
Hi(x(t)) > 0 for all theset.

For i ∈ I+−, it follows immediately from the continuity ofx(·) that Hi(x(t)) > 0 andGi(x(t)) < 0
and thusθi(x(t)) < 0 < t for t sufficiently small.

Eventually, we picki ∈ I+0. Then, by continuity arguments it follows thatHi(x(t)) > 0 for t > 0
sufficiently small. Furthermore, since we haveηG

i > 0 due to SULSCC, we getγi(t) > 0 for t
sufficiently small and thusθi(x(t)) = t.

This yields the feasibility ofx(t) for NLP(t) for t > 0 sufficiently small. And since the feasible
set ofNLP(t) is contained in the feasible set ofP(t) andx(t) is a local minimizer ofP(t) for t > 0
sufficiently small,x(t) is also a local minimizer ofNLP(t) for t sufficiently small. Due to Lemma
9.4.5,x(t) also satisfies LICQ forNLP(t) and thus,x(t) is a KKT point ofNLP(t) for t sufficiently
small with unique multipliers. At this,x(t) satisfies SSOSC forNLP(t), too, since it fulfills these
conditions for the programP(t), which is obtained fromNLP(t) by deleting some constraints. It
only remains to show thatx(t) is the unique KKT point ofNLP(t) nearx∗. For these purposes,
suppose that (xt, λt, µt, ρt, νt) is a KKT point ofNLP(t) with xt → x∗ andxt

, x(t). Then the KKT
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10. A relaxation approach

conditions forNLP(t) and Corollary 10.2.5 yield that fort sufficiently small we have

0 = ∇ f (xt) +
∑

i:gi (xt)=0

λt∇gi(x
t) +

∑

j∈J
µ j∇h j(x

t)

−
∑

i:Hi (xt)=0

ρt
i∇Hi(x

t) +
∑

i:θi (xt)=t

νt
i∇θi(x

t)

= ∇ f (xt) +
∑

i:gi (xt)=0

λt∇gi(x
t) +

∑

j∈J
µ j∇h j(x

t)

−
∑

i:ηH
i >0

ρt
i∇Hi(x

t) +
∑

i:ηG
i >0

νt
i∇θi(x

t) +
∑

i:ηH
i <0

νt
i∇θi(x

t)

= ∇xLP(t)(xt, λt, µt, αt, βt, γt),

(10.12)

where we define

αt
i := ρt

i (i : ηH
i > 0), βt

i := νt
i (i : ηH

i < 0), γt
i := νt

i (i : ηG
i > 0).

This shows thatxt is a KKT point ofP(t) for t sufficiently small, in contradiction to the fact that
x(t) is the unique KKT point forP(t) nearx∗. This eventually concludes the proof. �

The above result and its proof are borrowing from ideas that were established on the MPEC field
in [58]. In [31, Th. 5.4] one can find another result for MPVCs,very similar to ours. Thus now,
we want to discuss the similarities and differences between these two results: At first glance, we
formulate our results in terms of stationary points, whereas in [31, Th. 5.4], the accent lies on local
solutions. But it is quickly argued, that under the second-order conditions which both theorems
assume, these two concepts are equivalent and hence, so are large parts of the assumptions and
assertions of the two theorems. Moreover, the just mentioned second-order conditions are, under
the assumed SULSCC or ULSCC plusI0+ = ∅, the same, as was already mentioned earlier. One
(minor) difference, where our result somehow exceeds the assertions of [31, Th. 5.4], is the fact
that our local KKT-point-mapping (or solution mapping)x(t) is shown to be piecewise smooth,
which is stronger than local Lipschitz continuity. In turn,we are quite sure that one could also
extend the proof of [31, Th. 5.4] in a way such that it yields piecewise smoothness of the solution
function, too. A more important advantage of our theorem is that we assume SULSCC, which is
strictly weaker than ULSCC plusI0+ = ∅. The authors of [31] also discuss the case of assuming
SULSCC, but for some reasons they lose local uniqueness of there solutions then, which is, in a
sense, a more serious drawback.

We would like to finish this section with a convergence resultwhich combines Theorem 10.2.1,
Corollary 10.2.2 and Theorem 10.2.10. At this, we formulateour statement, more or less, from
the viewpoint of an algorithm, by using iteratesxk for k ∈ N instead ofxt for t > 0.

Corollary 10.2.11 Let the assumptions of Theorem 10.2.10 hold. Let{tk}k∈N be a sequence with
tk ↓ 0 and {(xk, λk, µk, ρk, νk)}k∈N a corresponding sequence of KKT points of NLP(tk). Then
there exists an open neighbourhood U of x∗ such that, if for any k we have xk ∈ U, it holds that
(xk, λk, µk, ηG,k, ηH,k)→ (x∗, λ, µ, ηG, ηH), whereηG,k

i := Hi(xk)νk
i andηH,k

i := ρk
i −Gi(xk)νk

i .
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Final remarks

This thesis contains an exhaustive treatment of the very newclass of mathematical programs with
vanishing constraints, also being the first comprehensive text on this topic.

Starting off, it is shown that MPVCs are a proper framework to model (and solve) problems from
truss topology optimization, displaying its relevance from the viewpoint of applications. More-
over, MPVCs are compared to mathematical programs with equilibrium constraints, coining the
fact that MPECs are even more ill-posed and hence, the possible reformulation of an MPVC as an
MPEC is not recommended and the analysis of the MPVC itself isadditionally justified.

One emphasis in the analysis of MPVCs lies on constraint qualifications and stationarity concepts.
At this, it is argued that all standard CQs but the Guignard CQare too restrictive for MPVCs and
hence, the KKT conditions do not offhand provide necessary optimality conditions. In turn, thesit-
uation is not quite as bad as for MPECs. Nevertheless, new andmore problem-tailored constraint
qualifications are established, their relations, also to standard CQs, are analyzed and it is investi-
gated which stationarity conditions they yield. In this context the concept of M-stationarity, being
weaker than KKT conditions, comes into play and it is shown that all MPVC-tailored constraint
qualifications yield, at least, M-stationarity as a first-order optimality condition.

In addition to first-order necessary criteria, first-order sufficient optimality results for convex-type
(but still nonconvex) MPVCs are proven.

Complementing the first-order analysis, second-order optimality conditions are presented showing
that one can use the same critical cone for both necessary andsufficient conditions.

Furthermore, an MPVC-tailored penalty function is constructed, which is shown to be exact un-
der MPVC-MFCQ. This penalty function is then used to recoverM-stationarity as a necessary
optimality condition for MPVCs.

In order to tackle the MPVC in terms of numerical computations two algorithms are presented and
investigated. The first one is based on smoothing and regularization techniques, where the basic
idea is borrowed from a comparable algorithm for the numerical solution of MPECs. The MPVC-
tailored algorithm, however, is shown to have substantially better convergence properties than its
MPEC analogon, another hint for the fact that MPECs are the more difficult class of problems.

The second algorithm is a pure relaxation scheme which was, in a similar fashion, also investigated
for MPECs. At this, the convergence theory, like for MPECs, also allows for a satisfactory stability
result.
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Abbreviations

ACQ Abadie constraint qualification
CQ constraint qualification
GCQ Guignard constraint qualification
KKT Karush-Kuhn-Tucker
KTCQ Kuhn-Tucker constraint qualification
lsc lower semicontinuous
LICQ linear independence constraint qualification
MFCQ Mangasarian-Fromovitz constraint qualification
MPEC mathematical program with equilibrium constraints
MPVC mathematical program with vanishing constraints
NLP nonlinear program
SCQ Slater constraint qualification
SSOSC strong second-order sufficient condition
TNLP tightened nonlinear program
WSCQ weak slater constraint qualification
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Notation

Number sets

N the natural numbers
R the real numbers
R+ the nonnegative real numbers
R− the nonpositive real numbers

MPVC-related sets

X the feasible set of the MPVC
J {1, . . . , p}
J {1, . . . , p}
Ig {i | gi(x∗) = 0}
I0 {i | Hi(x∗) = 0}
I+ {i | Hi(x∗) > 0}
I0+ {i ∈ I0 | Gi(x∗) > 0}
I00 {i ∈ I0 | Gi(x∗) = 0}
I0− {i ∈ I0 | Gi(x∗) < 0}
I+0 {i ∈ I+ | Gi(x∗) = 0}
I+− {i ∈ I+ | Gi(x∗) < 0}
P(I00) the set of all partitions ofI00

Other set-related symbols

S ∪ T the union of the setsS andT
S \ T the set consisting of the points which are inS and not inT
S × T the cartesian product of the setsS andT
Sn then−fold cartesian product of the setS
{x} the set consisting of the pointx
conv(S) the convex hull of the setS
Bε(x) open ball with radiusε aroundx
B ⊂ Rn closed unit ball (inRn) around the origin
|S| cardinality of the setS
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Notation

Vectors

x ∈ Rn column vector inRn

(x, y) column vector (xT , yT)T

ei ∈ Rn the i-th unnit vector inRn

e ∈ Rn the vector (inRn) of all ones

Cones

T (x,S) the (Bouligand) tangent cone ofS at x
T (x∗) tangent cone of the MPVC (1.1) atx∗ ∈ X
L(x) the linearized cone (to a feasible set of an NLP) atx
LMPVC(x∗) the MPVC-linearized cone atx∗ ∈ X
F (x,S) the cone of feasible directions ofS at x
F (x∗) the cone of feasible directions of the MPVC (1.1) atx∗ ∈ X
A(x∗) the cone of attainable directions of the MPVC (1.1) atx∗ ∈ X
A(x,S) the cone of attainable directions ofS at x
N̂(x,S) the Fréchet normal cone toS at x
N(x,S) the limiting normal cone toS at x
S◦ the polar cone of the setS
S∗ the dual cone of the setS

Functions

f : Rn→ Rm a function that maps fromRn to Rm

Φ : Rn⇉ Rm a multifunction that maps fromRn to the power set ofRm

gphΦ graph of the multifunctionΦ
∇ f (x) gradient of a differentiable functionf : Rn→ R at x
∇2 f (x) Hessian of a twice differentiable functionf : Rn→ R at x
f ′(x) Jacobian of a differentiable functionf : Rn→ Rm at x
∂̂ f (x) Fréchet subdifferential of an lsc functionf : Rn→ R at x
∂ f (x) limiting subdifferential of an lsc functionf : Rn→ R at x
∂B f (x) Bouligand subdifferential of locally Lipschitz functionf : Rn→ R at x
∂Cl f (x) Clarke’s generalized gradient of a locally Lipschitz function f : Rn→ R at x
‖x‖ (an arbitrarylp-) norm of the vectorx
dC(x) distance between the vectorx and the closed setC (w.r.t. ‖ · ‖)
ProjC(x) (possibly set-valued) projection of the vectorx on the closed setC (w.r.t. ‖ · ‖)

Sequences
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Notation

{ak} a sequence inRn

{ak} → a a convergent sequence with limita
ak → a the sequence{ak} converges toa
ak ↓ a a convergent sequence inR with limit a andak > a for all k ∈ N
ak ↑ a a convergent sequence inR with limit a andak < a for all k ∈ N
lim
k→∞

ak limit of a convergent sequence{ak}
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