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Abstract:
We analyze the mathematical models of two classes of physical phenomena. The first class of phe-
nomena we consider is the interaction between one or more insulating rigid bodies and an electrically
conducting fluid, inside of which the bodies are contained, as well as the electromagnetic fields trespass-
ing both of the materials. We take into account both the cases of the fluid being incompressible and
the fluid being compressible. In both cases our main result yields the existence of weak solutions to the
associated system of partial differential equations, respectively. The proofs of these results are built
upon hybrid discrete-continuous approximation schemes: Parts of the systems are discretized with
respect to time in order to deal with the solution-dependent test functions in the induction equation.
The remaining parts are treated as continuous equations on the small intervals between consecutive
discrete time points, allowing us to employ techniques which do not transfer to the discretized setting.
Moreover, the solution-dependent test functions in the momentum equation are handled via the use
of classical penalization methods.
The second class of phenomena we consider is the evolution of a magnetoelastic material. Here too, our
main result proves the existence of weak solutions to the corresponding system of partial differential
equations. Its proof is based on De Giorgi’s minimizing movements method, in which the system is
discretized in time and, at each discrete time point, a minimization problem is solved, the associated
Euler-Lagrange equations of which constitute a suitable approximation of the original equation of mo-
tion and magnetic force balance. The construction of such a minimization problem is made possible by
the realization that, already on the continuous level, both of these equations can be written in terms
of the same energy and dissipation potentials. The functional for the discrete minimization problem
can then be constructed on the basis of these potentials.
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Chapter 1

Introduction

1.1 Motivation

The main objective of this thesis is the proof of the existence of weak solutions to systems of partial
differential equations which model various physical phenomena. The phenomena we consider can
be divided into two classes. The first class, which constitutes the major part of the thesis, is the
interaction between electrically conducting fluids and insulating rigid bodies. The second class is the
evolution of magnetoelastic materials.

The study of electrically conducting fluids interacting with solid materials is motivated by possible
applications in e.g. the field of biomechanics. One outstanding example is a medical procedure known
as capsule endoscopy, cf. for example [59]. This procedure constitutes a minimally invasive method
for the detection of diseases by propelling small capsule shaped camera devices through parts of the
human body such as veins or arteries. In the electrically conducting blood it is possible to generate
the drive and control the navigation of these devices remotely by applying electromagnetic forces. In
particular, the usage of moving mechanical parts can be avoided in the design of the capsules. In a
similar fashion robots of a microscopic scale can be used for the transport of drugs through the blood
stream in the human body. In this way, medication can be carried directly to the region of the body in
which it is needed while damage through the medication to healthy tissue is avoided. This procedure
is referred to as remote drug delivery, cf. [58, Section 4.4]. Further applications appear in the study of
biological processes. Models of the interplay between solids and electrically conducting fluids can be
used for the description of the interaction between either extracellular or intracellular fluids and the
membranes of cells in living organisms.

The results in the present thesis provide an intermediate step in the analysis of the full-scale models
describing these real-world applications: We focus on the setting of one or more insulating rigid
bodies moving inside of an electrically conducting fluid, cf. Figure 1.1. Mathematically speaking, this
constitutes a three-way interaction problem. The first kind of interaction occurring hereby falls into
the realm of fluid-structure interactions (FSI). In all generality, the research field of FSI deals with
interactions between rigid or deformable solids and fluids contained in, adjacent to or surrounding
the solids, cf. [13, 20]. In our specific scenario, the motion of the rigid bodies exerts a force upon
the surrounding fluid, which affects the fluid motion, and vice versa. The second kind of interaction
in the described set-up takes place between the electrically conducting fluid and the electromagnetic
fields living inside the fluid and the solids. The motion of the fluid is impacted by the electromagnetic
fields. The electromagnetic fields, in turn, change according to the influence of the fluid motion.
Interactions of this kind are studied in magnetohydrodynamics (MHD). In this research area, they are
described via a coupling between the Navier-Stokes equations and the Maxwell system, cf. [21, 28, 83].
The equations in this coupling are simplified in comparison to the original systems under several
physical assumptions. The latter procedure is commonly referred to as the magnetohydrodynamic
approximation. A rigorous justification of this approximation is given in [74, 75]. Finally, the third
kind of interaction happens between the electromagnetic fields and the rigid bodies. As the bodies
are assumed to be insulating, there occurs no direct interaction between these objects. However, they
interact indirectly due to their respective interplay with the fluid.
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2 CHAPTER 1. INTRODUCTION

Figure 1.1: A domain Ω occupied by an electrically conducting fluid F ptq and three insulating rigid
bodies S1ptq, S2ptq and S3ptq. Figure taken from [105].

We study the fluid-rigid body interaction problem with an electrically conducting fluid in both the
incompressible case - see the model presented in Section 1.3.1 below - and the compressible case, cf. the
model introduced in Section 1.3.2. For the incompressible case we prove the existence of weak solutions
to the problem in Chapter 3. In Chapter 4 we extend this result to the compressible case. In addition
to this mathematical analysis we further take a glance at the derivation of (the electromagnetic part
of) the models in Chapter 2. More precisely, we present a derivation of the magnetohydrodynamic
approximation as well as the boundary and interface conditions for the electromagnetic fields from the
original Maxwell system.

As mentioned above, the second class of phenomena we study is the evolution of magnetoelastic
materials, cf. Figure 1.2. Magnetoelastic materials are ferromagnetic deformable materials, the mag-
netization and the deformation of which stand in a mutual relation with each other. More specifically,
such materials undergo a deformation when exposed to a magnetic field, a behavior known as the
magnetostrictive effect. The other way around, they experience a change in their magnetization when
mechanical stress is applied to them, which is referred to as the inverse magnetostrictive effect. The
use of magnetoelastic materials in real-word applications is twofold, both the magnetostrictive and the
inverse magnetostrictive effect have various applications in engineering. The magnetostrictive effect
is the basic principle used in the construction of magnetic actuators, cf. [16, 110]. Such actuators
are transducers which convert changes in magnetic fields into mechanical energy. This, for example,
leads to a connection between magnetoelasticity and the fluid-structure interaction problem with an
electrically conducting fluid. Indeed, magnetic actuators provide an alternative option for the control
of the microrobots in capsule endoscopy and remote drug delivery mentioned above, cf. [114]. The
inverse magnetostrictive effect is exploited in sensors which measure mechanical stresses by converting
them into alterations in their magnetic fields, cf. [10, 11, 16, 62]. This precise measurement tech-
nique is helpful for example in civil engineering, where it is used for monitoring damages, corrosion
or fatigue and thus helps to prevent the collapse of civil buildings, see [3]. It further finds use in the
field of bioelectronics, for example in monitoring the human cardiovascular system by attaching soft
magnetoelastic generators to the body with the capability of transforming their deformation by the
pulse into electric signals, cf. [116].

Magnetoelastic materials are investigated mathematically in the research field of magnetoelasticity.
This field, in turn, constitutes a combination of the fields of micromagnetics and elasticity theory. The
objective of micromagnetics is the description of the magnetic behavior of (ferromagnetic) materials at
microscopically small length scales, see for example [19, 80]. This description is achieved in terms of the
magnetization of the material in consideration. Elasticity theory, cf. [81, 85], is the study of materials
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Figure 1.2: A deformation ηpt, �q mapping a (magneto)elastic material from its reference configuration
Ω0 to its current configuration ηpt,Ω0q.

with the property of being deformable under the application of mechanical stress and returning to
their original shape once the stress applied to them is removed. In the theory of magnetoelasticity we
see an interplay between these two fields. The magnetization and the deformation of magnetoelastic
materials interact with each other via the magnetostrictive and the inverse magnetostrictive effect. For
an introduction to magnetoelasticity we refer to [18]. The specific model of the interaction between
the magnetization and the deformation of a magnetoelastic material we examine in the present thesis
(cf. Section 1.3.3 below) is based on the model derived and analyzed in [6, 48]. In Chapter 5 we prove
the existence of weak solutions to this model.

1.2 Related literature, mathematical challenges and methodology

In the following we present an overview of the mathematical literature related to this thesis and point
out the advancements achieved through our results as well as the main difficulties and novelties in
their proofs.

1.2.1 FSI in an electrically conducting fluid: Embedding of our results into the
related literature

We begin with the fluid-rigid body interaction problem with an electrically conducting fluid studied
in Chapter 3 and Chapter 4. The existence of weak solutions to fluids modeled via the Navier-
Stokes equations without any solid bodies or electromagnetic quantities involved is well-studied, cf.
for example [86] for the incompressible case and [87, 94] for the compressible case. A first introduction
to the interaction problem between a fluid and a rigid body can be found in [51, 109]. In the early
years the investigation of the problem was mostly focused on the incompressible case. In this setting,
the existence of weak solutions up to the first time at which a collision occurs between the body and
the boundary of the domain was proved for example in [25, 65, 71] in both two and three spatial
dimensions. The case of several rigid bodies was studied for example in [33], wherein the existence
of weak solutions in the two- and the three-dimensional setting was proved up to the first contact
between a body and the domain boundary or between the bodies themselves.
After the achievement of such local-in-time results the investigation of the global-in-time existence was
not long in coming. In [103] the global-in-time existence of weak solutions to the interaction problem
between an incompressible fluid and several rigid bodies was proved in two spatial dimensions. The
authors of this article moreover addressed the issue of the possibility of contacts between the bodies or
a body and the domain boundary. It turned out that such contacts are possible, however, only under
the condition of vanishing relative velocity and acceleration between the colliding objects. In three
spatial dimensions the global-in-time existence of weak solutions to the same problem was proved in
[44].
Besides weak solutions, also strong solutions to the problem are of great interest and the question
about their existence was investigated e.g. in [54, 111, 113]. Moreover, the uniqueness of solutions
has been a subject of research. In the article [89] it was shown that strong solutions to the fluid-rigid
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body interaction problem with an incompressible fluid are unique within the classes of both strong
and weak solutions. This property of the problem is referred to as weak-strong uniqueness. Finally we
point out that the study of different boundary conditions (for the fluid on the domain boundary) and
interface conditions (between the fluid and the rigid bodies) instead of the classical no-slip condition
has started to move towards the center of attention nowadays. As a specific example we mention the
article [4], wherein the local-in-time existence of a weak solution to a system modeling the interaction
between an incompressible fluid and a rigid body coupled via the Coulomb friction law boundary and
interface condition could be proved.

For the fluid-rigid body interaction problem with a compressible fluid similar results are available.
The local-in-time existence of weak solutions to the interaction problem between multiple rigid bodies
and a compressible fluid for both the 2D and the 3D case was achieved in [34]. An extension to the
global-in-time existence of weak solutions was subsequently obtained in [43]. The existence of strong
solutions was investigated for example in [14, 66, 70, 100] and weak-strong uniqueness of solutions could
be proved in [79]. Moreover, alternative boundary and interface conditions under which the problem
was studied include the Navier-slip condition. Under this condition the proof of the local-in-time
existence of weak solutions was achieved in [91].

Besides the plenty results for the fluid-rigid body interaction problem, there is also a comprehensive
existence theory for the MHD coupling between the Navier-Stokes equations and the Maxwell system
without the involvement of any solid bodies. A proof for global-in-time existence of weak solutions to
the MHD problem for the case of an incompressible fluid can be found in [55]. A corresponding result
for the case of a compressible fluid was proved in [104]. Moreover, we mention the article [12], wherein
the model in consideration has further been expanded by the assumption of the fluid being thermally
conducting. For the resulting system of partial differential equations, the global-in-time existence
of weak solutions is proved and, in addition, the question about the existence of strong solutions is
addressed.

Despite the extensively worked out theory in both FSI and MHD, not many results on the combination
between these two research areas appear to be available. A first exploration of this uncharted territory
was made in [63, 64]. In these articles the flow of an electrically conducting incompressible fluid around
an insulating rigid body is studied in two and three spatial dimensions respectively and the existence
of weak solutions to the corresponding models is proved. While the rigid body therein is non-movable,
we extend these articles in Chapter 3 by proving the (local-in-time) existence of weak solutions to
a system modeling the interaction between an incompressible electrically conducting fluid, a moving
insulating rigid body and the electromagnetic fields present in both materials, cf. Section 1.3.1 for
the model and Theorem 3.1.1 for the result. This result, which is joint work of Barbora Benešová,
Šárka Nečasová, Anja Schlömerkemper and the author of this thesis, has been published in the article
[8]. In Chapter 4, we in turn extend this result to the proof of the global-in-time existence of weak
solutions to a model of the interaction between a compressible electrically conducting fluid, finitely
many insulating rigid bodies and the electromagnetic fields present in these materials, see the model
presented in Section 1.3.2 and the result stated in Theorem 4.1.1. This result has been published
by the author of this thesis in the article [105]. The proofs which we here present for these results
are essentially identical with the proofs given in the articles [8] and [105], respectively. However, we
include additional details in our analysis, hopefully facilitating some of the more technical parts of the
proofs.

1.2.2 FSI in an electrically conducting fluid: Mathematical challenges and method-
ology

The main difficulty in the proofs of both these results arises from the dependence of the test functions
in the variational form of the induction equation on the solid domain. Indeed, reflecting the non-
conductivity of the solid region, these test functions are chosen curl-free in this part of the domain.
The crucial difference to [63, 64], wherein similar test functions were used without causing any serious
trouble, lies in the movability of the solid domain and thus its dependence on the solution to the
problem in our setting. Consequently, in our case, the test functions in the induction equation also
depend on the overall solution to the system. Our idea for handling the resulting high coupling of the
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problem consists of the usage of a time discretization via the Rothe method (cf. [99, Section 8]). More
precisely, we split the original time interval into a finite sequence of discrete times in order to decouple
the system via the use of time-lagging functions. At each fixed discrete time, this procedure allows
us to first determine the position of the solid body and subsequently choose the test functions for the
induction equation accordingly. With these test functions at hand we may then solve the induction
equation at that specific discrete time via classical methods.

The discretization with respect to the time variable, however, leads to further problems, as it is not
compatible with certain methods developed for the continuous Navier-Stokes equations. The first one
of these problems concerns the non-negativity of the density, which is needed to obtain the uniform
bounds from the energy inequality necessary for the limit passage in the approximate problem. In
the continuous incompressible Navier-Stokes equations in Chapter 3 the density evolves according
to a transport equation and thus its bound away from zero follows from a corresponding bound for
the initial data. For the discretized equations, this argumentation does not hold true anymore. In
order to recover the boundedness of the density away from zero in the discrete system we thus borrow
the technique used to derive non-negativity of the density in the continuous compressible system, cf.
[94, Section 7.6.5]. This classical technique consists of a regularization of the continuity equation
through the addition of a Laplacian to the right-hand side and turns out to be still applicable in
the discretized incompressible setting. A similar problem arises in the transport equation for the
characteristic function of the solid body, which is used for the description of the solid domain in the
incompressible setting. In order to be able to precisely identify the solid domain at each time we want
this function to take only the values 0 and 1. Again, in the continuous system this property follows
immediately from the transport theory but it gets lost once we discretize the transport equation. In the
spirit of [56] we solve this problem by, in fact, not discretizing the equation but instead considering it
as a continuous equation on the small intervals between two consecutive discrete times. Consequently,
our approach does not consist of a full discretization of the problem, but we rather consider a hybrid
approximation to the system, in which some equations are discretized while others are treated as
continuous equations on small time intervals.

The latter idea further turns out to play an important role in the compressible setting in Chapter 4,
in which a discretization of the equations causes some additional problems: The author has not been
able to discretize the compressible Navier-Stokes equations in such a way that non-negativity of the
density can be derived via the classical regularization of the continuity equation. Instead, we again use
a hybrid approximation scheme, in which this time the whole mechanical part of the problem is treated
as a continuous system on the small intervals between discrete time points, while only the induction
equation is actually discretized. This allows us to prove the existence of a non-negative density by the
classical arguments and, via a suitable choice of the coupling terms in the hybrid approximation, we
are able to combine the continuous mechanical subsystem and the discrete induction equation into a
meaningful energy inequality, from which we again obtain the uniform bounds required for the limit
passage in the approximate system.

We moreover point out that in both the incompressible and the compressible setting we use test func-
tions which depend on the solid domain not only in the induction equation but also in the momentum
equation. This is standard in fluid-structure interaction problems and we can make use of well-known
techniques developed to deal with this situation. More precisely, in the incompressible case we apply
the Brinkman penalization (cf. [15]). In the approximate problem generated by this method the fluid
is extended into the solid region, so that only a classical Navier-Stokes system with test functions
independent of the solid domain needs to be solved. The solid domain is determined separately via
a transport equation with a velocity field given as a rigid projection of the velocity obtained from
the fluid equations. In the limit of the penalization the fluid velocity and its rigid projection in fact
coincide in the solid domain, which allows us to recover a solution to the original fluid-rigid body
interaction problem.

In the compressible case we exploit a similar penalization method. More specifically, we use the same
method as for example in [43, 103], in which an approximate fluid-only problem with classical test
functions is constructed and solved. We then proceed by letting the viscosity of the fluid tend to
infinity in the later solid domain. In the limit, this procedure again yields the desired solution to the
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original fluid-rigid body interaction problem.

1.2.3 Magnetoelasticity: Embedding of our result into the related literature

Next, we turn to the development of the mathematical side of the theory of magnetoelasticity. The
first mathematical result on magnetoelasticity we mention is [101]. In this article the existence of a
deformation and a magnetization of a magnetoelastic material as a minimizing pair to the associated
energy functional was shown in the steady-state case in three spatial dimensions. This result was
obtained under several restrictive assumptions, the most striking of which is the dependence of the
elastic energy on the second gradient of the deformation. Moreover, while the result was not limited
to the case of incompressible materials, a saturation constraint close to incompressibility had to be
imposed, namely the condition of the product of the absolute value of the magnetization and the
determinant of the deformation gradient being equal to one. An approach to relax the latter condition
by adding a penalization term for the compressibility worked out for the authors of [9], leading to an
existence result in the case of so-called nearly incompressible materials. An existence result in which
the dependence of the energy functional on the second deformation gradient could be circumvented
was achieved in [82], as a compensation the authors imposed stronger growth conditions on the elas-
tic energy density and restricted their investigation to the case of strictly incompressible materials.
Moreover, in the same article, the authors studied the quasi-static setting, in which the problem is
turned into an evolutionary problem but inertial effects remain neglected, and were able to prove a
corresponding existence result also in this case. A generalization of these results to the setting of
compressible materials satisfying the aforementioned saturation condition close to incompressibility
was obtained in [77] in both the static and the quasi-static case. Furthermore, an extension to the
setting of fully compressible materials can be found in [5] in the static case and in [17] in both the
static and the quasi-static case.

Another approach to the evolutionary problem consists of restricting to the setting of small strain, in
which large deformations are excluded. This simplification of the problem in turn allows to also take
into account inertial effects. Existence results relying on this approach can be found for example in
[22, 23, 38]. The latter articles further differ from the works cited above in that they do not formulate
the problem as a minimization problem but rather as a system of partial differential equations. Such
systems of PDEs are composed of an equation of motion for the description of the deformation and a
magnetic force balance - typically (a version of) the Landau-Lifshitz-Gilbert equation, cf. [72, Section
3.2.7] - determining the evolution of the magnetization.

A further evolutionary model in the form of a system of PDEs was derived (via a variational approach)
and analyzed in [6, 48]. A specialty in these works is that the equation of motion is not formulated,
as usual in elasticity theory, in the reference configuration but in the current configuration. At first
sight this complicates the problem: In the current configuration the equation is solved for the velocity
instead of the deformation so that in particular the deformation gradient appears to be unavailable.
This obstacle, however, is overcome by determining the deformation gradient separately - in the current
configuration - via an additional transport equation. On closer inspection we then realize that this
approach even bears an advantage in the analysis: Due to the fact that the magnetic force balance (the
Landau-Lifshitz-Gilbert equation) is formulated in the current configuration as well, the necessity to
guarantee invertibility of the deformation falls away and the accompanying mathematical difficulties
are eliminated.

For the proof of two existence results the authors of these works studied a simplified version of this
model. In this simplified model, the deformation gradient is replaced - for regularization purposes - by
an approximate deformation gradient satisfying a regularized version of the transport equation and the
setting is restricted to deformations which do not change the surface of the material in consideration
and thus preserve its shape. Additionally, the material is assumed to be incompressible and the stray
field, among other quantities, is neglected. The first existence result in [48], in which the Landau-
Lifshitz-Gilbert equation is further replaced by a gradient flow equation, guarantees the global-in-time
existence of weak solutions in two and three spatial dimensions. In [106], uniqueness of these weak
solutions in the 2D case as well as weak-strong uniqueness in the 3D case was shown. Moreover, the
global-in-time existence and uniqueness of strong solutions in the 2D setting was proved in [53].
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The second existence result in [48], a proof of which is also given in [6], assures the global-in-time
existence of weak solutions in two spatial dimensions under a smallness assumption on the initial data
in case of the full Landau-Lifshitz-Gilbert equation. This result received an extension in [76, 78]:
The authors thereof included the stray field, relaxed the conditions on the elastic energy density and
still managed to prove the global-in-time existence of weak solutions in 2D under a corresponding
smallness assumption. They further proved the local-in-time existence of strong solutions and weak-
strong uniqueness for the problem. The global-in-time existence of weak solutions to the same problem
in a two dimensional periodic domain without any smallness assumptions was achieved in [29]. The
weak solutions constructed in the latter article belong to (and are, in fact, unique in) a class of
functions which are smooth except for in a finite number of time points. Finally, as another extension
to [76, 78], we also mention [37], wherein the local-in-time existence as well as the uniqueness of strong
solutions is obtained in the 3D case.

In Chapter 5 of the present thesis we prove the existence of weak solutions to another modification
of the model from [48]: In three spatial dimensions we study the setting in which the magnetic force
balance consists of a gradient flow equation with the stray field included in the micromagnetic energy.
As an additional simplification, neglecting the inertia term in the equation of motion, we restrict
ourselves to the quasi-static case and we regularize the problem by adding the second deformation
gradient to the elastic energy. Moreover, by including the reciprocal of the determinant of the defor-
mation gradient into the elastic energy and thus guaranteeing invertibility of the deformation, we are
able to formulate the equation of motion in the reference configuration while we keep the magnetic
force balance expressed in the current configuration as it is typical in magnetoelasticity. In this set-
ting we achieve two main novelties in comparison to the previous works cited above. Firstly, we are
able to solve for the deformation gradient itself instead of for a regularized approximation. Secondly,
we include deformations changing the shape of the magnetoelastic material into our investigation.
In addition, we take into account compressible materials and, while we choose the elastic energy to
be convex with respect to the second deformation gradient, we do not require it to be convex with
respect to the deformation itself. The specific model we study is presented in Section 1.3.3, the result
we achieve (in Chapter 5) is stated in Theorem 5.1.1.

1.2.4 Magnetoelasticity: Mathematical challenges and methodology

Mathematically the differences in the considered problem (cf. the previous paragraph) manifest them-
selves in a different approach to the proof of our result. While the typical approach to solve the
system of PDEs in the works cited above consists of a Galerkin approximation, we here employ the
implementation of De Giorgi’s minimizing movements method (see [30]) which was already used in
[7] for the construction of weak solutions to (purely mechanical) FSI problems. In this variational
method the evolutionary problem is discretized with respect to the time variable, similarly as in the
proofs of our results on the fluid-rigid body interaction problem explicated above. However, the aim
of this discretization is not to decouple the equations and solve them successively. Instead, at each
discrete time, a minimization problem is solved via the direct method, the associated Euler-Lagrange
equations of which constitute a suitable discrete approximation to the original system. The desired
solution to the original problem is then obtained by passing to the limit in the discretization.

The main reason why we opt for the minimizing movements scheme lies in the non-convexity of the
energy. Indeed, solving the problem via a Galerkin method typically involves solving the coupled
equations directly by a fixed point argument. Such fixed point arguments in turn often require
convexity of the energy, making the Galerkin method unfeasible in our setting. Further, discretizing
the system in order to decouple the equations and solve them successively but still directly is also not
compatible with the non-convexity of the energy: In this approach, the necessary a priori estimates
for the limit passage in the discretization require a discrete form of the chain rule, which again relies
on the (unavailable) convexity of the energy. The minimizing movements method instead provides a
discrete energy estimate in a rather natural way, it is obtained by comparing, at each discrete time
point, the value of the minimized functional in its minimizer to its value in the solution from the
previous discrete time.

The main difficulty in the application of the minimizing movements scheme in our case lies in the
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right choice of the minimization problem on the discrete level. It needs to be chosen in such a way
that the variation of the functional to be minimized with respect to the deformation yields a suitable
approximation of the equation of motion while a variation with respect to the magnetization leads to
a suitable approximation of the magnetic force balance. The possibility to do this comes along with
the realization that the transport terms in the magnetic force balance in the considered model can be
expressed via a dissipation potential which does not contribute to the equation of motion, i.e. which
vanishes when differentiated with respect to the time derivative of the deformation. This allows us to
derive, on the continuous level, both the equation of motion and the magnetic force balance from the
same energy and dissipation. The functional for the discrete minimization problem can then be built
after this energy and dissipation. We remark that, since in the discrete setting we cannot differentiate
the functional with respect to the time derivative of the deformation but only with respect to the
deformation itself, the transport terms from the magnetic force balance in fact do give a contribution
to the equation of motion in the approximate system. This contribution, however, vanishes when we
pass to the limit in the discretization. Further difficulties include the proof of strong convergence of the
stray field and the magnetization gradient. Both of these convergences are obtained by showing first
weak convergence and subsequently convergence of the norm of the respective quantity. In case of the
stray field, convergence of the norm is deduced under exploitation of the definition of the stray field as
the solution to a Poisson problem. Convergence of the norm of the magnetization gradient is obtained
via a comparison between the magnetic force balance tested by the magnetization on the continuous
level and the limit of the discrete magnetic force balance tested by the discrete magnetization.

1.3 Models

In this section we introduce the mathematical models studied throughout this thesis.

1.3.1 Fluid-rigid body interaction in an incompressible electrically conducting
fluid

In Chapter 3 we study the movement of an insulating rigid body through an electrically conducting
viscous non-homogeneous incompressible fluid as well as the electromagnetic fields present in these
materials. The result we achieve is joint work with Barbora Benešová, Šárka Nečasová and Anja
Schlömerkemper and has been published in [8]; the associated model, which we present in the following,
can be found in this article as well. We consider a time T ¡ 0, a bounded spatial domain Ω � R3 and
define the time-space domain Q :� p0, T q � Ω. At each fixed time t P r0, T s, Ω is filled with the rigid
body, occupying a domain Sptq � Ω and the fluid, occupying the domain F ptq :� ΩzSptq. The initial
position of the body is denoted by S0 � Sp0q. We further split the time-space domain Q into its solid
part Qs and its fluid counterpart Qf ,

Qs :� tpt, xq P Q : x P Sptqu , Qf :� tpt, xq P Q : x P F ptqu .

Correspondingly we divide any function defined on Q into its restriction to the fluid region - marked
by the superscript f - and its restriction to the solid region - marked by the superscript s. The
mechanical processes in the considered situation are described by the density ρ : Q Ñ R of the fluid
and the rigid body, the velocity field u : Q Ñ R3 of the fluid and the body as well as the pressure
p � pf : Qf Ñ R of the fluid. The electromagnetic effects come into play via the magnetic induction
B : Q Ñ R3, the magnetic field H : Q Ñ R3, the electric field E : Q Ñ R3 and the electric current
density j : QÑ R3. The evolution of these quantities is described by the system of partial differential
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equations

curlH � j � J in Qf , (1.3.1)

curlH � 0 in Qs, (1.3.2)

BtB � curlE � 0 in Qf and Qs, (1.3.3)

divE � 0 in Qs, (1.3.4)

divB � 0 in Qf and Qs, (1.3.5)

div u � 0, Btρ� u �∇ρ � 0 in Qf , (1.3.6)

Btpρuq � divpρub uq �∇p � divT� ρg � 1

µ
curlB �B in Qf , (1.3.7)

m
d

dt
V ptq � d

dt

»
Sptq

ρu dx �
»
BSptq

rT� p idsn dA�
»
Sptq

ρg dx, t P r0, T s, (1.3.8)

d

dt
pJptqwptqq � d

dt

»
Sptq

ρ px�Xq � u dx

�
»
BSptq

px�Xq � rT� p idsn dA�
»
Sptq

ρ px�Xq � g dx, t P r0, T s, (1.3.9)

together with the relations

j � σpE � u�Bq in Qf and Qs, σ �
"
σf ¡ 0 in Qf ,
σs � 0 in Qs,

(1.3.10)

B � µH, µ ¡ 0 in Q (1.3.11)

and the boundary and interface conditions

Bptq � n � 0 on BΩ, Bf ptq �Bsptq � 0 on BSptq, (1.3.12)

Eptq � n � 0 on BΩ,
�
Ef ptq � Esptq

	
� n � 0 on BSptq, (1.3.13)

uptq � 0 on BΩ, uf ptq � usptq � 0 on BSptq (1.3.14)

for any t P r0, T s. The system (1.3.1)–(1.3.14) splits into an electromagnetic subsystem (1.3.1)–(1.3.5),
(1.3.10)–(1.3.13) and a mechanical subsystem (1.3.6)–(1.3.9), (1.3.14). In the electromagnetic part we
recognize a modified version of the Maxwell system (see [63, 64]) in the equations (1.3.1)–(1.3.5): In the
solid domain this system is customized to the assumption of the rigid body being insulating while in
the fluid domain it is simplified in accordance with the classical magnetohydrodynamic approximation.
Additionally, as in [63, 64], Ampère’s law (1.3.1) in the fluid region contains an external forcing term
J : QÑ R3. The equation (1.3.10), which is commonly known as Ohm’s law and in which σ represents
the electrical conductivity of the respective material, couples the electromagnetic part of the problem
to the mechanical part. It expresses the influence of the fluid velocity on the electromagnetic fields
and further shows that these fields are not directly affected by the insulating solid body, in which it
holds that σ � σs � 0. The linear relation (1.3.11) constitutes a common constitutive assumption in
both Qf and Qs, which relates B to H via the magnetic permeability µ of the respective material, see
for example [73, Section 5.8]. However, we point out that in our setting we specifically assume µ to
be constant in the whole domain,

µ � µs � µf ¡ 0 in Q.

This simplifying assumption needs to be made, despite its physical impreciseness, for mathematical
reasons. Indeed, in the mathematical analysis carried out in Chapter 3 we require B to be a Sobolev
function over the whole domain Ω. This can be achieved provided that, as stated in (1.3.12), B is
continuous across BSptq. The latter condition, however, is a stronger assumption than the typically
imposed continuity of the normal component of B across BSptq. Nevertheless, for µ being constant
across BSptq, it can be seen as a consequence of the relation (1.3.11) and the standardly assumed



10 CHAPTER 1. INTRODUCTION

continuity of the tangential component of H. The remaining boundary and interface conditions
imposed in (1.3.12) and (1.3.13), in which n denotes the outer unit normal vector on BΩ and BSptq,
are classical.
In the mechanical part of the above system, which can essentially be found for example in [44], we see
the incompressible Navier-Stokes system, consisting of the continuity equation and the incompress-
ibility constraint (1.3.6) as well as the momentum equation (1.3.7). In the latter of these relations the
stress tensor T is defined by the formula

T � Tpuq :� 2νDpuq, Dpuq :� 1

2
∇u� 1

2
p∇uqT ,

in which the constant ν ¡ 0 is called a viscosity coefficient. The momentum equation further contains
two forcing terms: On the one hand, the given function g : Q Ñ R3 constitutes an external forcing
term. The reduced - in accordance with the magnetohydrodynamic approximation - Lorentz force
1
µcurlB �B, on the other hand, expresses the force exerted by the electromagnetic fields on the fluid.
It thus couples the mechanical part of the problem to the electromagnetic part. We remark that,
in accordance with the non-conductivity of the rigid body, the Lorentz force does not appear in the
balance of linear momentum (1.3.8) and the balance of angular momentum (1.3.9) of the body, which
determine its translational velocity V and its rotational velocity w. Consequently, the movement of
the solid body remains unaffected by the electromagnetic fields and is entirely driven by the Cauchy
stress T� p id exerted by the fluid and the external forcing term g. The quantities

m :�
»
Sptq

ρpt, xq dx, Xptq :� 1

m

»
Sptq

ρpt, xqx dx,

Jptqa � b :�
»
Sptq

ρpt, xq ra� px�Xptqqs � rb� px�Xptqqs dx, a, b P R3,

in (1.3.8) and (1.3.9) are the total mass m, the center of mass X and the inertia tensor J of the solid
body. The overall velocity of the body is then given as the rigid velocity field

upt, xq � uspt, xq :� V ptq � wptq � px�Xptqq for t P r0, T s, x P Sptq.

Finally, the system comes full circle in the relation (1.3.14), which shows that this solid velocity, in
turn, also exerts an effect on the fluid motion. The no-slip boundary and interface conditions described
in this relation form a standard set of boundary and interface conditions for fluid-structure interaction
problems, cf. for example [44, 103].

1.3.2 Fluid-rigid body interaction in a compressible electrically conducting fluid

In Chapter 4 we study the compressible pendant to the model presented in the previous Section 1.3.1,
which we additionally generalize to the setting of several instead of only one solid body. More precisely,
we study a model of multiple insulating rigid bodies traveling through an electrically conducting viscous
non-homogeneous compressible fluid as well as the electromagnetic fields trespassing both the solids
and the fluid. The mathematical result we achieve as well as the model, which we present in the
following, can also be found in the article [91] by the author of this thesis. Let T ¡ 0, let Ω � R3

denote a bounded domain and set Q :� p0, T q�Ω. Let the initial positions of the rigid bodies be given
as subsets Si0 � Sip0q � Ω, i � 1, ..., N P N, and denote by Siptq � Ω the position of the i-th body
at an arbitrary time t P r0, T s. By F ptq :� ΩzSptq, where Sptq :� �N

i�1 S
iptq, we denote the region

occupied by the fluid at time t and we split the time-space domain Q into its solid and its fluid part,

Qs :� tpt, xq P Q : x P Sptqu , Qf :� tpt, xq P Q : x P F ptqu .

The restriction of any function defined on Q to Qs or Qf is indicated by the superscript s or f , respec-
tively. The interplay between the fluid, the rigid bodies and the electromagnetic fields is described
via the density ρ : QÑ R, the velocity field u : QÑ R3, the pressure p � pf : Qf Ñ R, the magnetic
induction B : QÑ R3, the magnetic field H : QÑ R3, the electric field E : QÑ R3 and the electric
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current density j : Q Ñ R3. The evolution of these quantities is described by the system of partial
differential equations

curlH � j � J in Qf , (1.3.15)

curlH � 0 in Qs, (1.3.16)

BtB � curlE � 0 in Qf and Qs, (1.3.17)

divE � 0 in Qs, (1.3.18)

divB � 0 in Qf and Qs, (1.3.19)

Btρ� divpρuq � 0 in Qf , (1.3.20)

Btpρuq � divpρub uq �∇p � divT� ρg � 1

µ
curlB �B in Qf , (1.3.21)

mi d

dt
V iptq � d

dt

»
Siptq

ρu dx �
»
BSiptq

rT� p idsn dA�
»
Siptq

ρg dx, t P r0, T s, i � 1, ..., N, (1.3.22)

d

dt

�
Jiptqwiptq� � d

dt

»
Siptq

ρ
�
x�Xi

�� u dx

�
»
BSiptq

px�Xiq � rT� p idsn dA�
»
Siptq

ρ
�
x�Xi

�� g dx, t P r0, T s, i � 1, ..., N (1.3.23)

together with the relations

j � σpE � u�Bq in Qf and Qs, σ �
"
σf ¡ 0 in Qf ,
σs � 0 in Qs,

(1.3.24)

B � µH, µ ¡ 0 in Q (1.3.25)

and the boundary and interface conditions

Bptq � n � 0 on BΩ, Bf ptq �Bsptq � 0 on BSptq, (1.3.26)

Eptq � n � 0 on BΩ,
�
Ef ptq � Esptq

	
� n � 0 on BSptq, (1.3.27)

uptq � 0 on BΩ, uf ptq � usptq � 0 on BSptq (1.3.28)

for any t P r0, T s. The electromagnetic part (1.3.15)–(1.3.19), (1.3.24)–(1.3.27) of this model, in
which J : Q Ñ R3 denotes an external force, σ denotes the electrical conductivity, µ denotes the
magnetic permeability and n denotes the outer unit normal vector on BΩ and BSptq, coincides with
the electromagnetic subsystem (1.3.1)–(1.3.5), (1.3.10)–(1.3.13) from the incompressible case. For the
mechanical part (1.3.20)–(1.3.23), (1.3.28) the mechanical subsystem (1.3.6)–(1.3.9), (1.3.14) has been
adjusted to the assumption of the fluid being compressible, cf. [43]. More precisely, the divergence-free
condition and the associated simplified continuity equation (1.3.6) have been replaced by the more
general form (1.3.20) of the continuity equation. The momentum equation (1.3.21), while having the
same form as its incompressible counterpart (1.3.7), bears two important differences: Firstly, as the
velocity field u is not assumed to be divergence-free, the stress tensor T takes the more general form

T � Tpuq :� 2νDpuq � λid div u, Dpuq :� 1

2
∇u� 1

2
p∇uqT ,

where the viscosity coefficients ν, λ satisfy ν ¡ 0 and λ� ν ¥ 0. Secondly, the pressure p : QÑ R is
assumed to be a function of only the density, prescribed by the isentropic constitutive relation

p � p
�
ρf
	
� a

�
ρf
	γ
, a ¡ 0, γ ¡ 3

2
. (1.3.29)

The reason for the latter assumption is of mathematical nature and also lies in the missing of the
divergence-free condition on u in the present setting. In the incompressible setting, due to the
divergence-free condition (1.3.6) on the velocity field, it is natural to choose divergence-free test func-
tions in the variational formulation of the problem, cf. Definition 3.1.1 below. In particular, this
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causes the pressure term to vanish from the variational formulation and thus simplifies the mathemat-
ical analysis of the problem. In the compressible case, however, we cannot restrict to divergence-free
test functions and therefore have to deal with the pressure term explicitly. The isentropic relation
(1.3.29) is a common assumption which allows us to handle this issue, see for example [94, Section
1.2.18]. The function g : Q Ñ R3 in the momentum equation (1.3.21) constitutes an external forcing
term. The balance of linear momentum (1.3.22) and angular momentum (1.3.23), as opposed to their
pendants (1.3.8) and (1.3.9) in the incompressible setting, are formulated for multiple solid bodies,
indexed by i � 1, ..., N . In these equations the quantities

mi :�
»
Siptq

ρpt, xq dx, Xiptq :� 1

mi

»
Siptq

ρpt, xqx dx,

Jiptqa � b :�
»
Siptq

ρpt, xq �a� �
x�Xiptq�� � �b� �

x�Xiptq�� dx, a, b P R3,

constitute the mass, the center of mass and the inertia tensor of the i-th body respectively. The
relations (1.3.22) and (1.3.23) determine the translational velocity V i and the rotational velocity wi

of the i-th rigid body. Consequently, the overall velocity of the i-th body is given as

upt, xq � us
ipt, xq :� V iptq � wiptq � �

x�Xiptq� for t P r0, T s, x P Siptq.

Finally, as its counterpart (1.3.14) in the incompressible model, the relation (1.3.28) constitutes the
classical no-slip boundary and interface condition.

1.3.3 Evolution of a magnetoelastic material

In Chapter 5 we study the evolution of a (solid) magnetoelastic material. The model we consider goes
back to the model introduced in [48]. We assume the reference configuration of the material to be a
bounded domain Ω0 � R3, the boundary of which is divided into a free part N and a part P with a
prescribed deformation,

N � BΩ0, P :� BΩ0zN.

The deformation of the material is characterized by a mapping η : p0,8q � Ω0 Ñ R3, the current
configuration Ωptq of the material at any time t P p0,8q is expressed as

Ωptq :� η pt,Ω0q

and we define the time-space domain

Q :�  pt, xq P p0,8q � R3 : x P Ωptq( .
Further, for each fixed t P p0,8q the mapping ηpt, �q : Ω0 Ñ R3 is assumed to be injective and by
η�1pt, �q : Ωptq Ñ Ω0 we denote its inverse function. The magnetization of the material is described
by a function M : Q Ñ R3. It can also be expressed in the reference configuration by the mapping
M̃ : p0,8q � Ω0 Ñ R3, related to the magnetization M via the formula

Mpt, xq :�Mη

�
M̃

�
pt, xq :� 1

det pr∇Xηptqs pη�1pt, xqqqM̃
�
η�1pt, xq� , pt, xq P Q,

where ∇X denotes the gradient with respect to the Lagrangian variable X P Ω0. The evolution of the
deformation and the magnetization is described by the system

div σ � ρfpηq � µ

��
∇X pHextpηqq p∇Xηq�1

	T
M̃

�
� 0 in p0,8q � Ω0, (1.3.30)

Ψ̃M

�
r∇Xηs

�
η�1

�
,det

�
r∇Xηs pηq�1

	
M

	
� µH

�
M̃, η

�
� 2A∆M

� 1

β2

�
|M |2 � 1

	
M � BtM � pv �∇qM � p∇ � vqM � µHext � 0 in Q, (1.3.31)
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supplemented by the boundary condition

ηptq � γ on P (1.3.32)

for any t P r0,8q. In this system the relation (1.3.30) represents the balance of momentum or the
equation of motion (cf. [7, Section 1.1], [48, Section 2.6, Section 2.7]) and the relation (1.3.31) consti-
tutes the magnetic (microscopic) force balance (cf. [48, Section 2.8]) of the material. The equation of
motion (1.3.30) is formulated, as it is usual in elasticity theory, in Lagrangian coordinates X P Ω0. It
contains the density ρ ¡ 0 and the magnetic permeability µ ¡ 0 of the material, as well as an external
forcing term f : p0,8q � R3 Ñ R3 and an external magnetic field Hext : p0,8q � R3 Ñ R3, both of
which are defined in Eulerian coordinates. It further contains the first Piola-Kirchhoff stress tensor σ
of the material, determined by the relation

div σ � Ẽη

�
η, M̃

	
� R̃Btη

�
η, Btη, BtM̃

	
(1.3.33)

where Ẽ denotes the energy potential

Ẽ
�
η, M̃

	
:�

#
Ẽel pηq � Ẽmag

�
η, M̃

	
if det p∇Xηq ¡ 0 a.e. in Ω0

�8 otherwise
(1.3.34)

composed of the elastic energy Ẽel and the micromagnetic energy Ẽmag,

Ẽel pηq :�
»

Ω0

W p∇Xηq � 1

pdet p∇Xηqqa �
1

q

��∇2
Xη

��q dX, (1.3.35)

Ẽmag

�
η, M̃

	
:�

»
Ω0

Ψ̃
�
∇Xη, M̃

	
� µ

2
M̃ �H

�
M̃, η

�
pηq

�A

����∇X

�
1

det p∇XηqM̃


p∇Xηq�1

����2 det p∇Xηq

� 1

4β2

����� 1

det p∇XηqM̃
����2 � 1

�2

det p∇Xηq dX, (1.3.36)

R̃ denotes the dissipation potential

R̃
�
η, Btη, BtM̃

	
:�

»
Ω0

ν
���∇XBtη p∇Xηq�1

���2 det p∇Xηq � 1

2

���� 1

det p∇XηqBtM̃
����2 det p∇Xηq dX, (1.3.37)

and Ẽη and R̃Btη denote the Fréchet derivatives of Ẽ and R̃ with respect to the first and the second
argument respectively. Materials for which the stress tensor is characterized via an energy potential
and a dissipation potential as in the formula (1.3.33) are known as generalized standard materials,
cf. [67, 81, 93]. We point out that technically, since the Fréchet derivative of a functional is defined
as a bounded linear operator on the domain of the functional, the form (1.3.30) of the equation of
motion constitutes a mix between a classical and a weak formulation. The precise form of the Fréchet
derivatives Ẽη and R̃Btη is written out explicitly during our presentation of the weak formulation of the
model (1.3.30)–(1.3.32) in Section 5.1.2 below, cf. the formula 5.1.21. The condition Ẽpη, M̃q � �8 if
the determinant of the deformation gradient takes non-positive values guarantees that the deformation
is orientation preserving. In the elastic energy Ẽel the quantity W : R3�3 Ñ R�

0 denotes the elastic
energy density. In the expression

1

pdet p∇Xηqqa �
1

q

��∇2
Xη

��q , (1.3.38)

in which q ¡ 3 and a ¡ 3q
q�3 (cf. [7]), the first term bears both a physical and a mathematical meaning.

It causes the determinant of the deformation gradient to be bounded away from zero, cf. Lemma A.7.1
in the appendix, and so, physically speaking, it prevents the material from being compressed infinitely.
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Its mathematical meaning becomes clear in combination with the second term in (1.3.38). Indeed,
the mostly mathematical significance of the latter term consists of guaranteeing C1-regularity of the
deformation. This in combination with the bound of the determinant of the deformation gradient
away from zero allows for unproblematic transformations between the reference configuration and the
current configuration. As a side note, we remark that the first term in (1.3.38) further causes the
energy Ẽ to be non-convex with respect to the deformation. In the micromagnetic energy Ẽmag the
quantity Ψ̃ : R3�3�R3 Ñ R�

0 represents the anisotropy energy density, cf. [32, Section 2.1]. The stray
field HrM̃, ηs : p0,8q � R3 Ñ R3, defined in the current configuration, is given as HrM̃, ηs :� �∇φ,
where ∇ denotes the gradient in the current configuration and φ � φrM̃, ηs denotes the solution to a
Poisson equation with the right-hand side divM � divMηrM̃ s, cf. [52, Section 1]. More precisely, for
each fixed t P p0,8q the function φpt, �q : R3 Ñ R denotes the solution to the problem

∆φpt, �q � divMpt, �q in R3,

" �
φintpt, �q � φextpt, �q� � 0 in BΩptq,�
∇φintpt, �q �∇φextpt, �q� � n � �M � n in BΩptq, (1.3.39)

where Mpt, �q has been extended by 0 outside of Ωptq, φintpt, �q and φextpt, �q denote the restriction of
φpt, �q to the interior and the exterior of Ωptq respectively and n denotes the outer unit normal vector
on BΩptq. The expression

A

����∇X

�
1

det p∇XηqM̃


p∇Xηq�1

����2 det p∇Xηq ,

in which A ¡ 0 is called the exchange stiffness constant, represents the exchange energy. The magne-
tization of a ferromagnet has the tendency to align in a constant direction, this expression penalizes
the deviation from such a behavior, cf. [72, Section 3.2.2], [84, §39]. Another penalization term in the
micromagnetic energy is given by

1

4β2

����� 1

det p∇XηqM̃
����2 � 1

�2

det p∇Xηq , (1.3.40)

cf. for example [23]. For a small value of the constant β ¡ 0 this term penalizes the magnitude of
the magnetization (in the current configuration) taking values far away from one. In general, the
magnetization of a ferromagnetic material is considered to be constantly equal in magnitude to the
saturation magnetization (cf. [32], [39, Section 9.2]), which for simplicity can be set equal to one by a
scaling argument. We point out that the quantity (1.3.40) further implies non-convexity of the energy
Ẽ also with respect to the magnetization. In the dissipation potential R̃ the first quantity models
the viscosity of the material. The second quantity, being independent of Btη, has no influence on the
equation of motion (1.3.30) and thus its inclusion into the dissipation potential does not change the
overall system (1.3.30)–(1.3.32). Instead it is included for the reason that it allows us to express the
magnetic force balance (1.3.31) alternatively via an energy and a dissipation potential similarly to
the equation of motion (1.3.30): Indeed, turning to the equation (1.3.31), we first notice that it is
formulated, as it is common for the description of magnetic effects, in Eulerian coordinates x P Ωptq,
t P p0,8q. The quantity Ψ̃M in this equation denotes the derivative of Ψ̃ with respect to the second
argument and the velocity field v is related to the deformation η via the formula

v pt, xq � rBtηptqs
�
η�1pt, xq� , pt, xq P Q.

Now, in order to express the equation (1.3.31) through an energy and a dissipation potential we
introduce versions of the corresponding potentials Ẽ and R̃ formulated in the current configuration.
More precisely, we define the energy potential in the current configuration

E pη,Mq :�
#
Eelpηq � Emag pη,Mq � Ẽ

�
η, M̃

	
if det p∇Xηq ¡ 0 a.e. in Ω0,

�8 otherwise
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with

Eelpηq :�
»
ηpΩq

1

det pr∇Xηs pη�1qqW
�r∇Xηs

�
η�1

��� 1

pdet pr∇Xηs pη�1qqqa�1

� 1

q det pr∇Xηs pη�1qq
���∇2

Xη
� �
η�1

���q dx,
Emag pη,Mq :�

»
ηpΩq

1

det pr∇Xηs pη�1qqΨ̃
�r∇Xηs

�
η�1

�
, det

�r∇Xηs
�
η�1

��
M

�
� µ

2
M �H rdet p∇XηqM,ηs �A |∇XM |2 � 1

4β2

�
|M |2 � 1

	2
dx,

and the dissipation potential in the current configuration

R pη, v,DtMq :�
»
ηpΩ0q

ν |∇v|2 det p∇Xηq � 1

2
|DtM |2 dX � R̃

�
η, Btη, BtM̃

	
, (1.3.41)

where DtM constitutes as an extended material derivative of the magnetization in the current config-
uration, consisting of the transport terms from the equation (1.3.31),

DtM :� BtM � pv �∇qM � p∇ � vqM. (1.3.42)

With this notation at hand the magnetic force balance (1.3.31) can be written in the form

EM pη,Mq �RDtM pη, v,DtMq � µHext � 0 in Q, (1.3.43)

where EM and RDtM denote the Fréchet derivatives of E and R with respect to the third and the
second argument respectively. The possibility to express the magnetic force balance in this form also
has mathematical importance, it is in fact essential to our proof of the main result Theorem 5.1.1 of
Section 5. As explained above in Section 1.2, this proof is built upon De Giorgi’s minimizing movements
scheme: The system (1.3.30)–(1.3.32) is discretized with respect to time and discrete (weak) solutions
are constructed via minimization of a functional chosen on the basis of the energy potential Ẽ and
the dissipation potential R̃ in the reference configuration. Discrete versions of the equation of motion
(1.3.30) and the magnetic force balance (1.3.31) are then obtained as the Euler-Lagrange equations of
this functional. Finally, in the boundary condition (1.3.32), the function γ : P Ñ R3 denotes a given
boundary deformation, cf. [7].

1.4 Results beyond the scope of the thesis

The work on this thesis has further lead to some results which go beyond the scope of the thesis itself.
We mention the article [90], which is joint work of Šárka Nečasová, Justyna Ogorza ly and the author
of this thesis. In this article the global-in-time existence of weak solutions to the compressible Navier-
Stokes equations subject to the slip boundary condition of friction type is proved. This boundary
condition, which describes the property of a fluid slipping on the domain boundary if the tangential
component of the stress tensor is large enough, is particularly interesting for fluid structure interaction
problems. Potential goals for future research include the proof of the existence of weak solutions to
fluid-rigid body interaction problems - similar to the ones in Chapter 3 and Chapter 4 of this thesis -
in which a corresponding condition is imposed additionally as an interface condition between the fluid
and the solid bodies.

1.5 Outline of the thesis

The thesis is organized as follows. Chapter 2 deals with the derivation of the models for the interaction
between an electrically conducting fluid, insulating rigid bodies and the electromagnetic fields therein
presented in Chapter 1 in the exemplary case of one rigid body and an incompressible fluid as in
Section 1.3.1. In Section 2.1 we briefly summarize the incompressible Navier-Stokes equations, the
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balances of linear and angular momentum for the rigid body and the Maxwell system in their original
forms and adjust them to the material assumptions in our specific setting. In Section 2.2 we derive the
boundary and interface conditions for the electromagnetic fields from the Maxwell system. In Section
2.3 we identify several insignificant terms, which we subsequently drop from the equations in order to
simplify the model. Applying a few final adjustments to the system resulting from this procedure in
Section 2.4, we arrive at the desired model from Section 1.3.1.
In Chapter 3 we prove the local-in-time existence of a weak solution to the interaction problem between
an electrically conducting incompressible fluid and an insulating rigid body. After introducing the
weak formulation and presenting the main result in Section 3.1, we explain the idea of the proof,
which consists of a three level approximation scheme, in Section 3.2. In Section 3.3 we prove the
existence of solutions to the approximate system on the highest approximation level and in Sections
3.4—3.6 we pass to the limit in all of the approximation levels in order to recover a solution to the
original problem.
In Chapter 4 we prove the corresponding result for the case of a compressible fluid. We further
generalize the result (in a minor way) to global-in-time existence and the setting of finitely many rigid
bodies. Thus the layout of the chapter strongly resembles the one of the previous chapter with the
difference that five instead of only three approximation levels for the proof of the main result are
required. This existence result is stated in Section 4.1 after providing the definition of weak solutions.
In Section 4.2 we introduce the approximation scheme and give an explanation of the main ideas of
the proof. The approximate system is solved in Section 4.3 and the desired solution to the original
system is obtained by passing to the limit in all approximation levels throughout Sections 4.4–4.8.
Finally, in Chapter 5 we prove the existence of weak solutions to the model for the evolution of a
magnetoelastic material presented in Section 1.3.3. Again, we first give a definition of weak solutions
and state the main result, see Section 5.1. Subsequently we set up an approximate system, which in
this case consists of only one level, and explain the main ideas behind it in Section 5.2. We solve this
approximate system in Section 5.3 and pass to the limit in Section 5.4, concluding the proof of the
existence of weak solutions to the original problem.
Finally, in Chapter 6 we provide a summary of the thesis together with an outlook on potential future
research topics and in the Appendix A we collect miscellaneous auxiliary results finding use throughout
the thesis.



Chapter 2

Modeling of the fluid-rigid body
interaction problem in an electrically
conducting fluid

In this chapter we provide a mathematical derivation of the two fluid-rigid body interaction models
already outlined in Section 1.3.1 and Section 1.3.2, respectively. The first model describes the interplay
between an electrically conducting viscous non-homogeneous incompressible fluid, an insulating rigid
body and the electromagnetic fields within both materials. It is analyzed mathematically in Chapter 3,
cf. also [8]. The second one models the same scenario for the setting of a compressible fluid and multiple
rigid bodies and is analyzed in Chapter 4, see also [105]. The individual partial differential equations in
these models are well-known. In particular, there exists plenty of literature on magnetohydrodynamics
(i.e. the coupling between fluids and electromagnetic fields), cf. for example [21, 28, 83], which lies
in the center of interest of the present chapter. We thus emphasize that the findings of this chapter
do not constitute a new result. Instead, our aim is to provide deeper mathematical insight in the
derivation than we were able to find in the literature.
In our examination here we focus on the case of an incompressible electrically conducting fluid inter-
acting with one insulating rigid body, i.e. the model from Section 1.3.1. The derivation of the model
from Section 1.3.2, however, can be achieved by the exact same procedure.
We derive the model from Section 1.3.1 from a system composed of the Maxwell equations, the
incompressible Navier-Stokes equations and the balances of linear and angular momentum of a rigid
body in their most universal forms. This system models the interaction between a fluid, a rigid body
and the electromagnetic fields inside of both materials in full generality. After a first adjustment
of the system to the properties of the materials we consider in our specific setting - in particular
the non-conductivity of the solid domain - our procedure consists of two main steps: Firstly, we
derive boundary and interface conditions for the electromagnetic fields from the Maxwell equations.
Secondly, we simplify the system by identifying several insignificant terms and dropping them from
the equations. This step, which is achieved via a nondimensionalization, in particular constitutes the
classical magnetohydrodynamic approximation in the fluid part of the domain. The final system we
achieve through this approach is a slightly more general version of the model from Section 1.3.1. The
latter system is then obtained after a few more (mathematical) adjustments discussed at the end of
this chapter.

2.1 General Model

We study an insulating rigid body moving through an electrically conducting viscous non-homogeneous
incompressible fluid. Additionally, we assume the fluid to be a linear magnetic material and a lin-
ear dielectric, cf. the relations (2.1.26) below. The latter conditions are in particular satisfied for
diamagnetic linear dielectrics such as for example blood, cf. [50, 96]. We also assume the fluid to
be surrounded by a (rigid) perfect conductor. In the present section we showcase the mathematical
model of this setup in full generality. Let T ¡ 0 and let Ω � R3 be a bounded domain. At any time

17
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t P r0, T s we denote by Sptq � Ω the domain occupied by the body. The remainder F ptq :� ΩzSptq of
the domain is filled with the fluid; the perfect conductor is located in the time-independent exterior
domain R3zΩ. Moreover, by Q :� p0, T q � Ω we denote the time-space domain, which we split into a
solid part Qs and its fluid counterpart Qf ,

Qs :� tpt, xq P Q : x P Sptqu , Qf :� tpt, xq P Q : x P F ptqu .

The exterior of Q in p0, T q � R3 is denoted by

Qext :� �p0, T q � R3
� zQ.

We label the restriction of any function on p0, T q�R3 to Qf , Qs and Qext by the superscripts f , s and
ext, respectively. The interaction between the fluid, the solid and the electromagnetic fields trespassing
and surrounding these materials is described by the mass density ρ : Q Ñ R, the velocity field
u : QÑ R3, the pressure p : Qf Ñ R, the magnetic induction B : p0, T q�R3 Ñ R3, the magnetic field
H : p0, T q�R3 Ñ R3, the electric field E : p0, T q�R3 Ñ R3, the electric induction D : p0, T q�R3 Ñ R3,
the electric current density j : p0, T q � R3 Ñ R3, the density of electric charges ρc : p0, T q � R3 Ñ R,
the magnetization M : p0, T q �R3 Ñ R3 and the polarization P : p0, T q �R3 Ñ R3. In full generality,
the evolution of these quantities is modeled by the following system of partial differential equations

curlH �BtD � j � J in Qf , Qs and Qext, (2.1.1)

BtB � curlE �0 in Qf , Qs and Qext, (2.1.2)

divD �ρc in Qf , Qs and Qext, (2.1.3)

divB �0 in Qf , Qs and Qext, (2.1.4)

div u �0, Btρ� u �∇ρ � 0 in Qf , (2.1.5)

Bt pρuq � div pρub uq �∇p �divT� ρg � ρcE � pj � Jq �B in Qf , (2.1.6)

m
d

dt
V ptq � d

dt

»
Sptq

ρu dx �
»
BSptq

rT� p idsn dA�
»
Sptq

ρg dx, (2.1.7)

d

dt
pJptqwptqq � d

dt

»
Sptq

ρ px�Xq � u dx

�
»
BSptq

px�Xq � rT� p idsn dA�
»
Sptq

ρ px�Xq � g dx, (2.1.8)

complemented by the relations

j �
"
σpE � u�Bq in Qf and Qs,
σE in Qext,

σ �
$&
%

σf ¡ 0 in Qf ,
σs :� 0 in Qs,

σext :� �8 in Qext,
(2.1.9)

H � 1

µ0
B �M in Qf , Qs and Qext, D � ε0E � P in Qf , Qs and Qext (2.1.10)

and the boundary and interface conditions

uptq � 0 on BΩ, uf ptq � usptq � 0 on BSptq. (2.1.11)

In the electromagnetic part (2.1.1)–(2.1.4), (2.1.9), (2.1.10) of this model Ampère’s law (2.1.1), the
Maxwell-Faraday equation (2.1.2), Gauss’s law (2.1.3) and Gauss’s law for magnetism (2.1.4) constitute
the Maxwell system in its general form. The quantity J : p0, T q � R3 Ñ R3 in Ampère’s law (2.1.1)
denotes a given external force onto which we impose the assumptions

div J � 0 in Qf , J � 0 in Qs and Qext. (2.1.12)

In Ohm’s law (2.1.9) the quantity σ denotes the electrical conductivity. We point out that the identity
σs � 0 corresponds to the fact that the solid body is insulating while the identity σext � �8 reflects
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upon the assumption of R3zΩ being a perfect conductor. We also remark that the absence of u in
the exterior domain in Ohm’s law (2.1.9) is explained by the fact that this part of the domain is
immovable. Further, in the constitutive relations (2.1.10) the constants µ0 ¡ 0 and ε0 ¡ 0 denote the
magnetic permeability and the dielectric permittivity in a vacuum, respectively. In the mechanical
part (2.1.5)–(2.1.8), (2.1.11) of the model the incompressibility constraint and continuity equation
(2.1.5) together with the momentum equation (2.1.6) constitutes the Navier-Stokes system. In the
momentum equation (2.1.6) the stress tensor T is defined by

T � Tpuq :� 2νDpuq, Dpuq :� 1

2
∇u� 1

2
p∇uqT ,

wherein ν ¡ 0 denotes a viscosity coefficient. The function g : QÑ R3 denotes another given external
forcing term. Further, in form of the Lorentz force ρcE � pj � Jq � B, the momentum equation
contains an additional forcing term, which describes the impact of the electromagnetic fields on the
fluid motion. The balance of linear momentum (2.1.7) and the balance of angular momentum (2.1.8)
determine the translational velocity V and the rotational velocity w of the rigid body. In these
equations the quantities

m :�
»
Sptq

ρpt, xq dx, Xptq :� 1

m

»
Sptq

ρpt, xqx dx

denote the total mass and the center of mass of the body respectively. The inertia tensor J is defined
by the relation

Jptqa � b :�
»
Sptq

ρpt, xq ra� px�Xptqqs � rb� px�Xptqqs dx

for any a, b P R3. The overall velocity of the body is then given as the rigid velocity field

upt, xq � uSpt, xq :� V ptq � wptq � px�Xptqq in QS .

Finally, we note that, as opposed to the no-slip boundary and interface condition (2.1.11) on the
velocity field, there are no conditions imposed on the behavior of the electromagnetic fields on BΩ and
BSptq. This is due to the fact that these conditions are contained implicitly in the Maxwell system
itself. We will deduce them explicitly in Section 2.2 below.

2.1.1 Mathematical assumptions

For the mathematical calculations in the following sections we impose certain regularity assumptions
on the involved functions and domains. These assumptions can be summarized as

The domains Ω and Sptq are of class C2,1 at each time t P r0, T s, (2.1.13)

ρ, u,B,H,D,E and J are twice continuously differentiable in Qf , Qs and Qext and (2.1.14)

ρ, u,B,H,D,E, J and all their derivatives are bounded. (2.1.15)

We mainly require these assumptions for the derivation of the interface conditions of the electromag-
netic fields in Section 2.2 below. These conditions are derived from integrated versions of the Maxwell
equations. The assumptions (2.1.13)–(2.1.15) are used for passing to the limit in the equations when
the domain of integration shrinks to a point.

2.1.2 Adjustments to the material assumptions

The physical properties assumed for the materials in consideration lead to some immediate simplifica-
tions of certain aspects of the model (2.1.1)–(2.1.11). In the perfect conductor in the exterior domain
we may assume, in accordance with the physical literature (cf. [27, Chapter 1, Part A, §4.2.4.3]), that

B � E � j � 0 in Qext. (2.1.16)
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Indeed, in the (immovable) exterior domain we can set u � 0. Moreover, by definition of the electrical
conductivity σ in (2.1.10), we know that σ � σext � �8 in Qext. Thus, due to the boundedness of
E assumed in (2.1.15), Ohm’s law (2.1.9) implies that E � j � 0. The Maxwell-Faraday equation
(2.1.2) then further shows that BtB � 0. Assuming, without loss of generality, that B � Bp0q � 0 at
the initial time t � 0, we thus infer that B � Bptq � 0 at all times t P r0, T s. As a consequence of
the trivial relations (2.1.16) the equations for B, E and j in the exterior domain become superfluous
in our system. In particular, under exploitation of the assumption (2.1.12) on J , the Maxwell system
(2.1.1)–(2.1.4) in the exterior domain reduces to the equations

curlH � BtD in Qext, (2.1.17)

divD � ρc in Qext. (2.1.18)

In the insulating solid domain the electrical conductivity σ � σs vanishes, cf. (2.1.10). Consequently,
by Ohm’s law (2.1.9), it holds that j � 0 in Qs. The non-conductivity of the solid also allows us to
regard this region as a vacuum from the electromagnetic point of view, within which there exist no
electric charges. In particular this means that the electric charge density vanishes in the solid region,
i.e. it holds that

ρc � 0 in Qs. (2.1.19)

Further, by the assumptions (2.1.12), we know that J � 0 in Qs. Under consideration of these facts,
the Maxwell system (2.1.1)–(2.1.4) in the solid domain reduces to

curlH � BtD in Qs, (2.1.20)

BtB � curlE � 0 in Qs, (2.1.21)

divD � 0 in Qs, (2.1.22)

divB � 0 in Qs. (2.1.23)

The fact that the solid domain is considered as a vacuum from the electromagnetic point of view
moreover means that the magnetization and the polarization vanish in this region,

M � P � 0 in Qs. (2.1.24)

In the fluid domain, the assumption of the fluid being a linear (magnetic) material and a linear
dielectric imply a linear relation between the magnetization and the magnetic field as well as between
the polarization and the electric field, respectively. Namely, it holds that

M � χfmH in Qf , P � ε0χ
f
eE in Qf , (2.1.25)

where �1 ! χfm   0 and 0   χfe denote the magnetic and the electric susceptibility of the fluid
respectively, cf. [61, Section 4.4.1, Section 6.4.1]). As a consequence of the relations (2.1.24) and
(2.1.25), the nonlinear identities (2.1.10) in the fluid and the solid domain reduce to the linear relations

B � µH in Qf and Qs, D � εE in Qf and Qs, (2.1.26)

where µ and ε denote the magnetic permeability and the dielectric permittivity of the respective
material,

µ �
"
µf :� µ0µ

f
r ¡ 0 in Qf ,

µs :� µ0 ¡ 0 in Qs,
ε �

"
εf :� ε0ε

f
r ¡ 0 in Qf ,

εs :� ε0 ¡ 0 in Qs.
(2.1.27)

Here, the quantities µfr :� p1�χfmq, εfr :� p1�χfe q represent the relative permeability and the relative
permittivity of the fluid respectively. We point out that the relations µ � µs � µ0 and ε � εs � ε0 in
the insulating solid region are reasonable as µ0 and ε0 constitute the magnetic permeability and the
dielectric permittivity in vacuum.
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2.2 Interface conditions for the electromagnetic fields

The goal of this section is the derivation of the interface conditions for the electromagnetic fields on
BΩ and BSptq, t P r0, T s. We emphasize, that here we do not refer to the conditions on BΩ as boundary
conditions. This is because we study the electromagnetic fields not only inside of Ω but also in the
perfect conductor R3zΩ. The full set of interface conditions for the electromagnetic fields reads

Ef ptq � n � 0 on BΩ,
�
Ef ptq � Esptq

	
� n � 0 on BSptq, (2.2.1)�

Hextptq �Hf ptq
	
� n � kptq on BΩ,

�
Hf ptq �Hsptq

	
� n � 0 on BSptq, (2.2.2)

Bf ptq � n � 0 on BΩ,
�
Bf ptq �Bsptq

	
� n � 0 on BSptq, (2.2.3)�

Dextptq �Df ptq
	
� n � ωptq on BΩ,

�
Df ptq �Dsptq

	
� n � ωptq on BSptq, (2.2.4)

for the surface current density k on BΩ and the surface charge density ω on BΩ and BSptq. We remark
that here the surface charge density ω stands for the charge per unit area, whereas the surface current
density k is defined as the current per unit length. The latter definition becomes clear in the derivation
of the condition (2.2.2) below, cf. the formula (2.2.17). We further remark that the fields Eext and
Bext do not appear in the conditions on BΩ in (2.2.1) and (2.2.3), which is due to the fact that these
fields vanish in the exterior domain, cf. (2.1.16). In the following we deduce the above conditions from
the Maxwell equations. In this procedure we restrict ourselves to the conditions (2.2.1)–(2.2.3), since
these cover the conditions which we presume in the models presented in Section 1.3.1 and Section
1.3.2 for the analytical work in Chapter 3 and Chapter 4. The final condition (2.2.4), however, can
be derived by essentially the same arguments as the condition (2.2.3). We first derive the conditions
(2.2.1) for the tangential component of E. At some arbitrary but fixed time t P r0, T s we pick an
arbitrary point x P BSptq and consider it the origin x � p0, 0, 0qT of a local coordinate system with
axes θ, ζ and η, where ζ is orthogonal to BSptq at x while θ and η are tangential to BSptq at x. We
point out that in this construction the axis ζ is determined uniquely (except for its orientation). The
axis η may be chosen as an arbitrary axis intersecting ζ orthogonally in x and subsequently the axis θ
is obtained as the unique axis intersecting both ζ and η orthogonally in x. Further, we introduce the
outer unit normal vector nx � p0, 1, 0qT on BSptq at x and the unit vector n1x � p0, 0, 1qT , normal to
the θζ-plane. Due to the smoothness assumptions (2.1.13) on BSptq there exists some small ∆s ¡ 0
and a twice continuously differentiable function

φ : p�∆s,∆sq Ñ R, φp0q � φ1p0q � 0,

such that the intersection of a small open neighborhood of x � p0, 0, 0qT in BSptq with the θζ-plane
can be expressed as the set $&

%γpθq :�
�
� θ

φpθq
0

�

: θ P p�∆s,∆sq

,.
- . (2.2.5)

Without loss of generality we assume points below the curve γ defined by (2.2.5) (i.e. points pθ, ζ, 0qT P
p�∆s,∆sq � R � t0u with ζ   φpθq) to lie inside of Sptq, while the points above γ (i.e. points
pθ, ζ, 0qT P p�∆s,∆sq�R�t0u with ζ ¥ φpθq) are assumed to lie outside of Sptq. Shifting the curve γ
upwards as well as downwards along the axis ζ over a small distance ∆l ¡ 0, respectively, we introduce
a curved rectangle ∆F , enclosed by the four edges

S1 �
 
γ1pζq :� p∆s, φp∆sq � ζ, 0qT : ζ P p�∆l,∆lq( , (2.2.6)

S2 �
 
γ2pθq :� p�θ, φp�θq �∆l, 0qT : θ P p�∆s,∆sq( , (2.2.7)

S3 �
 
γ3pζq :� p�∆s, φp�∆sq � ζ, 0qT : ζ P p�∆l,∆lq( , (2.2.8)

S4 �
 
γ4pθq :� pθ, φpθq �∆l, 0qT : θ P p�∆s,∆sq( , (2.2.9)
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Figure 2.1: The curved rectangle ∆F .

in the θζ-plane, cf. Figure 2.1. We multiply the Maxwell-Faraday equation in the fluid domain (see
(2.1.2)) and in the solid domain (see (2.1.21)) by the vector n1x - which is normal to ∆F - and integrate
the result over ∆F . This yields the identity

»
S1

E � ds�
»
S2

E � ds�
»
S3

E � ds�
»
S4

E � ds

�
»
B∆F

E � ds �
»

∆F
pcurlEq � n1x dA � �

»
∆F

BtB � n1x dA, (2.2.10)

where, for the sake of readability, we neglect the argument t in the notation of the involved functions.
Next, we rewrite the integrals on the left-hand side of this equation. To this end we first exploit the fact
that φ is twice continuously differentiable with φp0q � φ1p0q � 0 and E is continuously differentiable
in both the fluid and the solid domain, cf. (2.1.14). This allows us to use the fundamental theorem of
calculus and calculate

»
S1

E � ds �
» ∆l

�∆l
E

�
�
�
� ∆s
φp∆sq � ζ

0

�


�

�

�
� 0

1
0

�

 dζ

�
» ∆l

�∆l
E

�
�
�
�0
ζ
0

�


�

�

�
� 0

1
0

�

� » ∆s

0

d

dξ
E

�
�
�
� ξ
φpξq � ζ

0

�


�

�

�
� 0

1
0

�

 dξdζ, (2.2.11)

»
S2

E � ds �
» ∆s

�∆s
E

�
�
�
� �θ
φp�θq �∆l

0

�


�

�

�
� �1

�φ1p�θq
0

�

 dθ

�
» ∆s

�∆s
E

�
�
�
� 0

∆l
0

�


�

�

�
� �1

0
0

�

� » θ

0

d

dξ

�
�E

�
�
�
� �ξ
φp�ξq �∆l

0

�


�

�

�
� �1

�φ1p�ξq
0

�


�
� dξdθ,

(2.2.12)»
S3

E � ds �
» ∆l

�∆l
E

�
�
�
� 0
�ζ
0

�


�

�

�
� 0

�1
0

�

� » ∆s

0

d

dξ
E

�
�
�
� �ξ
φp�ξq � ζ

0

�


�

�

�
� 0

�1
0

�

 dξdζ, (2.2.13)

»
S4

E � ds �
» ∆s

�∆s
E

�
�
�
� 0
�∆l

0

�


�

�

�
� 1

0
0

�

� » θ

0

d

dξ

�
�E

�
�
�
� ξ
φpξq �∆l

0

�


�

�

�
� 1

φ1pξq
0

�


�
� dξdθ. (2.2.14)
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We remark that for the first terms on the right-hand sides of the equations (2.2.11) and (2.2.13),
respectively, it holds that

» ∆l

�∆l
E

�
�
�
�0
ζ
0

�


�

�

�
� 0

1
0

�

 dζ �

» ∆l

�∆l
E

�
�
�
� 0
�ζ
0

�


�

�

�
� 0

�1
0

�

 dζ � 0. (2.2.15)

With the identities (2.2.11)–(2.2.15) at hand we rearrange the equation (2.2.10). From the boundedness
of E, B and φ as well as their derivatives (cf. (2.1.15)) we then infer that������

» ∆s

�∆s
E

�
�
�
� 0

∆l
0

�


�

�

�
� �1

0
0

�

 dθ �

» ∆s

�∆s
E

�
�
�
� 0
�∆l

0

�


�

�

�
� 1

0
0

�

 dθ

������ ¤ c
�
∆s∆l � p∆sq2�

for some constant c ¡ 0 independent of ∆s and ∆l. Dividing this inequality by 2∆s we conclude that������τx � E
�
�
�
� 0

∆l
0

�


�

� τx � E

�
�
�
� 0
�∆l

0

�


�


������ ¤ cp∆l �∆sq, (2.2.16)

where τx :� n1x � nx � p�1, 0, 0qT . We let ∆l and ∆s tend to zero and infer that�
�Ef

�
�
�
�0

0
0

�


�

� Es

�
�
�
�0

0
0

�


�


�

� �n1x � nx

� �
�
�Ef

�
�
�
�0

0
0

�


�

� Es

�
�
�
�0

0
0

�


�


�

� τx � 0.

Due to the arbitrary choice of the axis η and hence the vector n1x as well as the arbitrary choice of
the origin x � p0, 0, 0qT P BSptq of the local coordinate system we infer the second equation for E in
(2.2.1). The first identity for E in (2.2.1) follows by the same arguments and under exploitation of the
fact that E � 0 in Qext since the exterior domain is assumed to be a perfect conductor, cf. (2.1.16).
In order to deduce the corresponding conditions (2.2.2) for the tangential component of H we again
fix an arbitrary point x P BSptq. We consider x as the origin x � p0, 0, 0qT of a local coordinate system
and as the center of a curved rectangle ∆F , determined by its edges (2.2.6)–(2.2.9), with the same
notation as in the derivation of the condition (2.2.1) on E. After multiplying Ampère’s law in the
fluid domain (see (2.1.1)) and in the solid domain (see (2.1.20)) by n1x, we integrate the result over
∆F . This leads to the identity»

S1

H � ds�
»
S2

H � ds�
»
S3

H � ds�
»
S4

H � ds �
»

∆F
pcurlHq � n1x dA �

»
∆F
pBtD � j � Jq � n1x dA.

Exactly as in the derivation of the estimate (2.2.16), we exploit the regularity and boundedness
assumptions (2.1.14), (2.1.15) on H, D and J and the C2-regularity of φ to deduce from this equation
that ������τx �H

�
�
�
� 0

∆l
0

�


�

� τx �H

�
�
�
� 0
�∆l

0

�


�

� 1

2∆s
Kp∆F q

������ ¤ cp∆l �∆sq,

where τx � n1x � nx � p�1, 0, 0qT , the constant c ¡ 0 is independent of ∆l and ∆s and

Kp∆F q :�
»

∆F
j � n1x dA

denotes the current in the curved rectangle ∆F . We let first ∆l and subsequently ∆s tend to zero.
Then 1

2∆sKp∆F q converges to the surface current density (i.e. the current per unit length)

k � kx :� lim
∆sÑ0

lim
∆lÑ0

1

2∆s
Kp∆F q (2.2.17)
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in the origin x � p0, 0, 0qT of the local coordinate system. Since x P BSptq as well as the vector n1x in
τx � n1x � nx can be chosen arbitrarily, we may drop the index x and infer the interface condition

�
Hf �HS

	
� n � k on BSptq. (2.2.18)

Here, we assume that k � 0 on BSptq, i.e. the right-hand side of the identity (2.2.18) is zero and
consequently we infer the second equation for H in (2.2.2). This is in accordance with the litera-
ture, according to which the surface current density k vanishes on the surfaces of most materials.
More specifically, for example in [61, Section 9.4.2], it is stated that the equality (2.2.18) with zero
right-hand side holds true on the interfaces between Ohmic conductors, i.e. conductors (with finite
conductivity σ   8) in which Ohm’s law holds true. Indeed, provided that Ohm’s law is also satisfied
on the interface itself, the identity k � 0 follows directly from the definition of k in (2.2.17) and the
boundedness assumptions (2.1.15) on E, u and B. However, we point out that the applicability of
Ohm’s law on the interface poses an additional assumption, the validity of which does not seem to
be generally accepted. It remains an open problem to mathematically justify k � 0 in the case that
Ohm’s law is not satisfied at the interface.

In general, k does not necessarily need to vanish. From the mathematical point of view, k may take
values different from zero if j becomes infinite on the considered surface, which can be expressed
mathematically via the use of a Dirac delta distribution. Also according to the physical literature
there exist materials, such as superconductors, on the surfaces of which k takes non-zero values, cf.
[60, Chapter 11]. In the condition for H on BΩ in (2.2.2), which is derived by the same arguments as
the identity (2.2.18), we thus refrain from the restrictive assumption k � 0. Indeed, while on BSptq we
make this assumption in order for the interface condition to match the one used in the models 1.3.1
and 1.3.2 for the analytical work in Chapter 3 and Chapter 4, on BΩ we regard it more appropriate
to allow k to take non-zero values.

Our next goal is the deduction of the conditions (2.2.3) for the normal component of B. Again we
choose an arbitrary point x P BSptq as the origin x � p0, 0, 0qT of a local coordinate system with axes
θ, ζ and η, where ζ is orthogonal to BSptq at x while θ and η are tangential to BSptq at x. We denote
by Brp0q the 2-dimensional open ball with radius r ¡ 0 centered at x � p0, 0, 0qT in the θη-plane of
this local coordinate system. Due to the smoothness assumptions (2.1.13) on Sptq we can choose r
sufficiently small and find some twice continuously differentiable function

Φ : Brp0q Ñ R, Φp0, 0q � BiΦp0, 0q � 0 for i � 1, 2,

where BiΦ denotes the derivative of Φ with respect to the i-th variable, such that a small open
neighborhood of x in BSptq can be written as the set

$&
%Γpθ, ηq :�

�
� θ

Φpθ, ηq
η

�

: pθ, ηq P Brp0q

,.
- . (2.2.19)

Without loss of generality we assume points below the surface Γ defined by (2.2.19) (i.e. points pθ, ζ, ηqT
with pθ, ηq P Brp0q and ζ   Φpθ, ηq) to lie inside of Sptq while the points above Γ (i.e. points pθ, ζ, ηqT
with pθ, ηq P Brp0q and ζ ¡ Φpθ, ηq) are assumed to lie outside of Sptq. By shifting the surface Γ
upwards and downwards along the axis ζ over a small distance ∆l ¡ 0 we define a cylinder C with
the curved bases

∆top :�
$&
%Γtopps, αq :�

�
� s cospαq

Φps cospαq, s sinpαqq �∆l
s sinpαq

�

: 0 ¤ s ¤ r, 0 ¤ α ¤ 2π

,.
- , (2.2.20)

∆bottom :�
$&
%Γbottomps, αq :�

�
� s cosp�αq

Φps cosp�αq, s sinp�αqq �∆l
s sinp�αq

�

: 0 ¤ s ¤ r, 0 ¤ α ¤ 2π

,.
- (2.2.21)
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Figure 2.2: The cylinder C with curved bases.

and the lateral area

∆side :�
$&
%Γsidepα, hq :�

�
� r cospαq

Φpr cospαq, r sinpαqq � h
r sinpαq

�

: 0 ¤ α   2π, �∆l ¤ h ¤ ∆l

,.
- , (2.2.22)

cf. Figure 2.2. Moreover, we denote by nC the outer unit normal vector on BC, which we split into
the outer unit normal vector ntop on ∆top, the outer unit normal vector nbottom on ∆bottom and the
outer unit normal vector nside on ∆side.

We integrate Gauss’s law for magnetism in the fluid domain (cf. (2.1.4)) and in the solid domain (cf.
(2.1.23)) over the cylinder C. This leads to the identity

»
∆top

B�ntop dA�
»

∆bottom

B�nbottom dA�
»

∆side

B�nside dA �
»
BC
B�nC dA �

»
C

divB dx � 0. (2.2.23)

Next, we reformulate the integrals on the left-hand side of this identity under usage of the parametriza-
tions (2.2.20)–(2.2.22). We start by calculating, from the paramtetrization (2.2.20),

����BΓtopps, αq
Bs � BΓtopps, αq

Bα
����ntopps, αq � s

�
�B1Φps cospαq, s sinpαqq

�1
B2Φps cospαq, s sinpαqq

�

.

This in combination with the parametrization (2.2.20), the fundamental theorem of calculus - which
may be applied since B is continuously differentiable in both the fluid and the solid domain and Φ is
twice continuously differentiable - and the identities Φp0, 0q � B1Φp0, 0q � B2Φp0, 0q � 0 allows us to
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calculate the first integral on the left-hand side of the identity (2.2.23) as

»
∆top

B � ntop dA �
» 2π

0

» r
0
sB

�
�
�
� s cospαq

Φps cospαq, s sinpαqq �∆l
s sinpαq

�


�

�

�
�B1Φps cospαq, s sinpαqq

�1
B2Φps cospαq, s sinpαqq

�

 dsdα

�πr2B

�
�
�
� 0

∆l
0

�


�

�

�
� 0
�1
0

�



�
» 2π

0

» r
0
s

» s
0

d

dξ

�
�B

�
�
�
� ξ cospαq

Φpξ cospαq, ξ sinpαqq �∆l
ξ sinpαq

�


�

�

�
�B1Φpξ cospαq, ξ sinpαqq

�1
B2Φpξ cospαq, ξ sinpαqq

�


�
� dξdsdα.

(2.2.24)

Analogously, for the second integral on the left-hand side of the identity (2.2.23), we calculate, from
the parametrization (2.2.21),

»
∆bottom

B � nbottom dA � πr2B

�
�
�
� 0
�∆l

0

�


�

�

�
�0

1
0

�



�
» 2π

0

» r
0
s

» s
0

d

dξ

�
�B

�
�
�
� ξ cosp�αq

Φpξ cosp�αq, ξ sinp�αqq �∆l
ξ sinp�αq

�


�

�

�
��B1Φpξ cosp�αq, ξ sinp�αqq

1
�B2Φpξ cosp�αq, ξ sinp�αqq

�


�
� dξdsdα.

(2.2.25)

Finally, a similar calculation for the third integral on the left-hand side of (2.2.23) under exploitation
of the parametrization (2.2.22) leads to»

∆side

B � nside dA

�
» ∆l

�∆l

» 2π

0
r

�
�B

�
�
�
�0
h
0

�


�

�

�
�� cospαq

0
� sinpαq

�



�
» r

0

d

dξ
B

�
�
�
� ξ cospαq

Φpξ cospαq, ξ sinpαqq � h
ξ sinpαq

�


�

�

�
�� cospαq

0
� sinpαq

�

dξ

�
� dαdh

�
» ∆l

�∆l

» 2π

0
r

» r
0

d

dξ
B

�
�
�
� ξ cospαq

Φpξ cospαq, ξ sinpαqq � h
ξ sinpαq

�


�

�

�
�� cospαq

0
� sinpαq

�

 dξdαdh. (2.2.26)

We use the identities (2.2.24), (2.2.25) and (2.2.26) to reformulate the terms on the left-hand side of
the equation (2.2.23). Rearranging the resulting equation and using the fact that B and φ as well as
their derivatives are bounded we estimate

πr2

������B
�
�
�
� 0

∆l
0

�


�

�

�
�0

1
0

�

�B

�
�
�
� 0
�∆l

0

�


�

�

�
�0

1
0

�


������ ¤ c

�
r3 � r2∆l

�

for a constant c ¡ 0 independent of r and ∆l. Dividing this inequality by πr2 we arrive at the estimate������nx �
�
�B

�
�
�
� 0
�∆l

0

�


�

�B

�
�
�
� 0

∆l
0

�


�


�
�
������ ¤ cpr �∆lq

for the outer unit normal vector nx � p0, 1, 0qT on BSptq in the origin x � p0, 0, 0qT of the local
coordinate system. We let r and ∆l tend to zero. Since x P BSptq was chosen arbitrarily we infer the
second condition for B in (2.2.3). The first condition follows by the same arguments as well as the
fact that B � 0 in Qext, cf. (2.1.16).



2.3. MAGNETOHYDRODYNAMIC APPROXIMATION VIA NONDIMENSIONALIZATION 27

2.3 Magnetohydrodynamic approximation via nondimensionaliza-
tion

In this section we carry out a nondimensionalization of various equations from the system introduced in
Section 2.1 in order to single out several negligibly small terms. We will then neglect these terms from
the system in order to obtain a simplified model. In particular, in the fluid domain this simplification
constitutes the classical magnetohydrodynamic approximation, an alternative derivation of which can
be found in [74, 75]. For any physical quantity a we denote by a ¡ 0 an associated characteristic scale.
Introducing the dimensionless variables

t1 :� t

t
, T 1 :� T

t
, x1 :� x

x
(2.3.1)

we may then define nondimensionalized versions of our several domains,

Ω1 :� 1

x
Ω, S1pt1q :� 1

x
Spt1tq � 1

x
Sptq, F 1pt1q :� Ω1zS1pt1q � 1

x
F ptq

and

Q1 :� p0, T 1q � Ω1, Qs1 :�  pt1, x1q P Q1 : x1 P S1pt1q( , Qf
1
:�  pt1, x1q P Q1 : x1 P F 1pt1q( .

We remark that

pt, xq P Qô pt1, x1q P Q1, pt, xq P QS ô pt1, x1q P QS 1, pt, xq P Qf ô pt1, x1q P Qf 1.
Moreover, for any pt1, x1q P Q1 we introduce the dimensionless mechanical quantities

ρ1pt1, x1q :� ρpt, xq
ρ

, u1pt1, x1q :� upt, xq
u

, p1pt1, x1q :� ppt, xq
p

, g1pt1, x1q :� gpt, xq
g

, (2.3.2)

and for all pt1, x1q P p0, T 1q � R3 we introduce the dimensionless electromagnetic quantities

D1pt1, x1q :� Dpt, xq
D

, E1pt1, x1q :� Ept, xq
E

, B1pt1, x1q :� Bpt, xq
B

, H 1pt1, x1q :� Hpt, xq
H

, (2.3.3)

ρ1cpt1, x1q :� ρcpt, xq
ρc

, j1pt1, x1q :� jpt, xq
j

, J 1pt1, x1q :� Jpt, xq
j

. (2.3.4)

2.3.1 The Maxwell system

In the classical magnetohydrodynamic approximation, the Maxwell system in the fluid domain is
simplified by dropping the quantity BtD in Ampère’s law. The purpose of this section is to justify this
simplification. Furthermore, proceeding similarly in the solid region, we carry out the same reduction
in Ampère’s law in the solid domain. We start by nondimensionalizing the Maxwell-Faraday equation
(2.1.2) in the fluid and the solid domain. Expressing the magnetic induction B and the electric field
E through the dimensionless variables introduced in (2.3.1) and (2.3.3) and making use of the chain
rule, the equation (2.1.2) becomes

B

t
Bt1B1pt1, x1q � E

x
∇x1 � E1pt1, x1q � 0 in Qf

1
and Qs1.

In this relation we assume the two terms Bt1B1pt1, x1q and ∇x1 � E1pt1, x1q to be equally significant,
meaning that the coefficients in front of these terms have to coincide,

B

t
� E

x
. (2.3.5)

We first use this relation to simplify Ampère’s law (2.1.1) in the fluid domain, which, under exploitation
of the linear relations (2.1.26), can be expressed as

∇x1 �B1pt1, x1q � µ0µ
f
rxε0ε

f
rE

t B
Bt1E1pt1, x1q � µfx

B
jj1pt1, x1q � µfx

B
jJ 1pt1, x1q in Qf

1
(2.3.6)
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by recalling that µf � µ0µ
f
r and εf � ε0ε

f
r for the values µ0 and ε0 of µ and ε in vacuum, cf. (2.1.27).

In the equation (2.3.6) we assume the quantities j1pt1, x1q and ∇x1 �B1pt1, x1q to be equally significant,
i.e.

B � µfxj, (2.3.7)

and we further assume that

u � x

t
, u ! c, µfr ε

f
r � 1, (2.3.8)

where c ¡ 0 denotes the speed of light. We point out that the latter of the assumptions in (2.3.8)
is reasonable for isotropic liquid electrical conductors (i.e. for example electrolytes, molten salts and
liquid metals), cf. [88, Section II.1]. The first equation in (2.3.8) together with the relation (2.3.5)
implies that

E

B
� u. (2.3.9)

As the magnetic permeability µ0 and the dielectric permittivity ε0 in vacuum are known to satisfy

c � pµ0ε0q�
1
2 , (2.3.10)

we may use the relations (2.3.7)–(2.3.9) to express the equation (2.3.6) in the form

∇x1 �B1pt1, x1q � u2

c2
Bt1E1pt1, x1q � j1pt1, x1q � J 1pt1, x1q in Qf

1
. (2.3.11)

Due to the second assumption in (2.3.8) the first term on the left-hand side of this equation is negligibly
small. Thus, formally, this term may be neglected, leaving us with the identity

∇x1 �B1pt1, x1q � j1pt1, x1q � J 1pt1, x1q in Qf
1
. (2.3.12)

Finally, transforming this relation back into a dimensional form, we obtain the desired simplified
version of Ampère’s law in the fluid domain

∇�Hpt, xq � jpt, xq � Jpt, xq in Qf . (2.3.13)

For the corresponding simplification in the solid domain we recall that µs � µ0 and εs � ε0, cf.
(2.1.27). Combining this with the conditions (2.3.5) and (2.3.8), we can treat Ampère’s law (2.1.20)
in the solid domain similarly as in the fluid domain (cf. (2.3.11)) and obtain

∇x1 �B1pt1, x1q � u2

c2
Bt1E1pt1, x1q in Qs

1
. (2.3.14)

Due to the second assumption in (2.3.8) the term on the left-hand side of (2.3.14) can be neglected.
Converting the resulting relation back into a dimensional form we obtain the reduced version of
Ampère’s law in the solid domain,

∇�Hpt, xq � 0 in Qs. (2.3.15)

2.3.2 The Navier-Stokes system

In the Navier-Stokes system we nondimensionalize the momentum equation (2.1.6) with the aim
of simplifying the Lorentz force ρcE � pj � Jq � B as it is common in the magnetohydrodynamic
approximation. A straight forward calculation under exploitation of the relations (2.3.1), (2.3.2),
(2.3.3) and (2.3.4) allows us to express the momentum equation (2.1.6) in the form

ρ u

t
Bt1

�
ρ1pt1, x1qu1pt1, x1q�� ρ u2

x
∇x1 �

�
ρ1pt1, x1qu1pt1, x1q b u1pt1, x1q�� p

x
∇x1p

1pt1, x1q

�2νu

x2 ∇x1 � Dx1
�
u1pt1, x1q�� ρ gρ1pt1, x1qgpt, xq � ρcEρ

1
cpt1, x1qE1pt1, x1q

� j B
�
j1pt1, x1q � J 1pt1, x1q��B1pt1, x1q in Qf

1
. (2.3.16)
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We proceed by taking the divergence of Ohm’s law (2.1.9), which, under exploitation of Gauss’s law
(2.1.3) and the linear relations (2.1.26), yields the identity

1

σ
∇ � jpt, xq �∇ � pupt, xq �Bpt, xqq � 1

εf
∇ �Dpt, xq � ρcpt, xq

εf
in Qf .

Nondimensionalizing this relation we obtain

j

σx
∇x1 � j1pt1, x1q � uB

x
∇x1 �

�
u1pt1, x1q �B1pt1, x1q� � ρc

εf
ρ1cpt1, x1q in Qf

1
.

Here the first term on the left-hand side is equal to zero since ∇x1 � j1 � 0 due to Ampère’s law (2.3.12)
and the fact that (by the assumptions on J in (2.1.12)) J 1 is divergence-free. We infer that

ρcx

εfuB
ρ1cpt1, x1q � �∇x1 �

�
u1pt1, x1q �B1pt1, x1q� in Qf

1
.

In this identity we assume the quantities ρ1c and �∇x1 � pu1 �B1q to be equally significant, meaning
that

ρc �
εfuB

x
. (2.3.17)

This yields the equation

ρcE � εfuB

x
E � εfB

2
u2

x
� ε0ε

f
rµ0µ

f
rxj Bu2

x
� u2

c2
j B,

where we used the relation (2.3.9) for the second identity, the relations (2.1.27) and (2.3.7) for the
third identity and the third assumption in (2.3.8) as well as the relation (2.3.10) for the last identity.
For the (nondimensionalized) Lorentz force this means that

ρc Eρ
1
cpt1, x1qE1pt1, x1q � j B

�
j1pt1, x1q � J 1pt1, x1q��B1pt1, x1q

�u
2

c2
j Bρ1cpt1, x1qE1pt1, x1q � j B

�
j1pt1, x1q � J 1pt1, x1q��B1pt1, x1q in Qf

1
.

Due to the second assumption in (2.3.8) we see that the first term on the right-hand side of this
relation is negligibly small compared to the second one. Hence, formally, we may neglect it and the
nondimensionalized momentum equation (2.3.16) reduces to

ρ u

t
Bt1

�
ρ1pt1, x1qu1pt1, x1q�� ρ u2

x
∇x1 �

�
ρ1pt1, x1qu1pt1, x1q b u1pt1, x1q�� p

x
∇x1p

1pt1, x1q

�2νu

x2 ∇x1 � Dx1
�
u1pt1, x1q�� ρ gρ1pt1, x1qgpt, xq � j B

�
j1pt1, x1q � J 1pt1, x1q��B1pt1, x1q in Qf

1
.

Transforming this equation back into a dimensional form and exploiting Ampère’s law (2.3.13) and
the linear relation (2.1.26) to rewrite the remaining part of the Lorentz force, we obtain the desired
simplified momentum equation

Bt pρpt, xqupt, xqq �∇ � pρpt, xqupt, xq b upt, xqq �∇ppt, xq
�2ν∇ � D pupt, xqq � ρpt, xqgpt, xq � 1

µ
p∇�Bpt, xqq �Bpt, xq in Qf . (2.3.18)

2.4 Summary of the derived system

In the following we present a summary of the system derived in the previous sections. The mechanical
part of this system coincides with the mechanical part (2.1.5)–(2.1.8), (2.1.11) of the original system
except for the momentum equation, which was simplified in the course of the magnetohydrodynamic
approximation, cf. (2.3.18).
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In the electromagnetic part of the derived system, the Maxwell system in the fluid domain consists
of the Maxwell-Faraday equation (2.1.2), Gauss’s law (2.1.3) and Gauss’s law for magnetism (2.1.4)
taken from the original model, as well as the simplified version (2.3.13) of Ampère’s law derived in the
magnetohydrodynamic approximation. In the solid domain the Maxwell system has been adjusted to
the assumption of the solid being insulating in (2.1.20)–(2.1.23). In addition, Ampère’s law has been
further simplified in the same way as in the fluid domain in (2.3.15), leaving us with the equations
(2.1.21)–(2.1.23) and (2.3.15) in the solid domain. The Maxwell system in the exterior domain in
our derived model consists, in accordance with the assumption of the exterior domain being a perfect
conductor, only of Ampère’s law (2.1.17) and Gauss’s law (2.1.18), since the remaining equations
become superfluous due to the trivial relations (2.1.16). Ohm’s law in the derived system keeps its
form (2.1.9) from the original model, however it can be omitted in the exterior domain because of the
trivial relations (2.1.16). The constitutive relations (2.1.10) from the original model reduce according
to the trivial relations (2.1.16) in the exterior domain while they take the form (2.1.26) in the fluid
and the solid domain.
Finally, our derived model also includes the interface conditions (2.2.1)–(2.2.4) for the electromagnetic
fields. Before we present the derived system in its complete form we recall the conditions which we
obtained through our scaling assumptions we used for the magnetohydrodynamic approximation in
Section 2.3. These conditions consist of the relations

B

t
� E

x
, B � µfxj, u � x

t
, u ! c, µfr ε

f
r � 1, ρc �

εfBu

x

for the characteristic scales a ¡ 0 of the physical quantities a in our model, cf. (2.3.5), (2.3.7), (2.3.8)
and (2.3.17).
The full system we derived under these conditions for the modeling of the motion of an insulating
rigid body through an electrically conducting diamagnetic dielectric viscous non-homogeneous and
incompressible fluid surrounded by a perfect conductor reads

curlH �j � J in Qf , (2.4.1)

curlH �0 in Qs, (2.4.2)

curlH �BtD in Qext, (2.4.3)

BtB � curlE �0 in Qf and Qs, (2.4.4)

divD �ρc in Qf and Qext, (2.4.5)

divD �0 in Qs, (2.4.6)

divB �0 in Qf and Qs, (2.4.7)

div u �0, Btρ� u �∇ρ � 0 in Qf , (2.4.8)

Bt pρuq � div pρub uq �∇p �divT� ρg � 1

µ
curlB �B in Qf , (2.4.9)

m
d

dt
V ptq � d

dt

»
Sptq

ρu dx �
»
BSptq

rT� p idsn dA�
»
Sptq

ρg dx, (2.4.10)

d

dt
pJptqwptqq � d

dt

»
Sptq

ρ px�Xq � u dx

�
»
BSptq

px�Xq � rT� p idsn dA�
»
Sptq

ρ px�Xq � g dx, (2.4.11)

supplemented by the trivial relations

B � E � j � 0 in Qext, (2.4.12)

the relations

j �σpE � u�Bq in Qf and Qs, σ �
"
σf ¡ 0 in Qf ,
σs � 0 in Qs,

(2.4.13)

B �µH in Qf and Qs, D � εE in Qf and Qs, (2.4.14)

H ��M in Qext, D � P in Qext (2.4.15)
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and the boundary and interface conditions

Ef ptq � n � 0 on BΩ,
�
Ef ptq � Esptq

	
� n � 0 on BSptq, (2.4.16)�

Hextptq �Hf ptq
	
� n � kptq on BΩ,

�
Hf ptq �Hsptq

	
� n � 0 on BSptq, (2.4.17)

Bf ptq � n � 0 on BΩ,
�
Bf ptq �Bsptq

	
� n � 0 on BSptq, (2.4.18)�

Dextptq �Df ptq
	
� n � ωptq on BΩ,

�
Df ptq �Dsptq

	
� n � ωptq on BSptq, (2.4.19)

uf ptq � 0 on BΩ, uf ptq � usptq � 0 on BSptq. (2.4.20)

In this system, the external force J : p0, T q � R3 Ñ R3 in Ampère’s law (2.4.1) in the fluid domain is
assumed to satisfy

∇ � J � 0 in Qf , J � 0 in Qs and Qext. (2.4.21)

The stress tensor T in the momentum equation (2.4.9) is given by

T � Tpuq :� 2νDpuq, Dpuq :� 1

2
∇u� 1

2
p∇uqT ,

the function g : Q Ñ R3 denotes another external forcing term. In the balance of linear momen-
tum (2.4.10) and the balance of angular momentum (2.4.11) the quantities V and w constitute the
translational velocity and the rotational velocity of the rigid body respectively while

m :�
»
Sptq

ρpt, xqdx, Xptq :� 1

m

»
Sptq

ρpt, xqxdx,

Jptqa � b :�
»
Sptq

ρpt, xq ra� px�Xptqqs � rb� px�Xptqqs dx @a, b P R3,

represent its total mass m, its center of mass X and its inertia tensor J. The magnetic permeability
µ and the dielectric permittivity ε in the relations (2.4.14) are given by

µ :�
"
µf :� µ0µ

f
r ¡ 0 in Qf ,

µs :� µ0 ¡ 0 in Qs,
ε �

"
εf :� ε0ε

f
r ¡ 0 in Qf ,

εs :� ε0 ¡ 0 in Qs,

wherein µ0 and ε0 denote the magnetic permeability and the dielectric permittivity in a vacuum and
µfr and εfr denote the relative permeability and the relative permittivity of the fluid. Finally, in the
interface conditions (2.4.17), (2.4.19) the quantities k and ω denote the surface current density and
the surface charge density, respectively, on BΩ and BSptq.
The derived system (2.4.1)–(2.4.20) finds itself in an intermediate state between the general system
(2.1.1)–(2.1.11) and the system (1.3.1)–(1.3.14), which constitutes the basis of our mathematical anal-
ysis in Chapter 3 and the derivation of which is the ultimate goal of the present chapter. The system
(2.1.1)–(2.1.11) models the interaction between an electrically conducting fluid and an insulating rigid
body in full generality. The equations (1.3.1)–(1.3.14), as a reduced version of this system, are less
general, however, they bear the advantage that we are able to prove the existence of weak solutions
to them, cf. Theorem 3.1.1. The disadvantage of the latter system lies in the fact that some of its
modifications in comparison to the system (2.1.1)–(2.1.11) are made for purely mathematical reasons.
This, in turn, shows why the system (2.4.1)–(2.4.20) is interesting: It constitutes an intermediate
result in the derivation of the system (1.3.1)–(1.3.14) from the system (2.1.1)–(2.1.11) containing only
those modifications for which we have been able to provide - under certain assumptions - physical
arguments. However, we point out that, so far, we have not been able to prove the existence of weak
solutions to the system (2.4.1)–(2.4.20). This is mainly due to the jump of the magnetic permeabil-
ity µ across the interface between the fluid and the solid in this system, which would require a new
variational formulation and, probably, a new methodology.
We end this chapter by discussing the final adjustments which need to be made in order to turn the
system (2.4.1)–(2.4.20) into the system (1.3.1)–(1.3.14). In the latter system, as it is common practice
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in many mathematical works in magnetohydrodynamics (cf. for example [12]), the Maxwell equations
are only considered inside of the domain Ω. This is due to the additional assumption of the linear
relations (2.4.14) holding true also in the exterior domain,

B � µH in Qext, D � εE in Qext (2.4.22)

for the magnetic permeability µ ¡ 0 and the dielectric permittivity ε ¡ 0 in the perfect conductor
R3zΩ. Indeed, under this assumption the trivial relations (2.4.12) and the equation (2.4.5) immediately
imply that also the quantities H, D and ρc vanish in Qext, cf. for example [27, Chapter 1: Part A:
§4.2.4.3]. In this case the whole electromagnetic subsystem in the exterior domain becomes trivial and
it is sufficient to examine the problem in the interior domain. Thus, in the system (1.3.1)–(1.3.14),
in which the condition (2.4.22) is assumed implicitly, all electromagnetic equations in the exterior
domain are neglected. However, we point out that there does not seem to be a physical argument for
the validity of the linear relations (2.4.22) in a perfect conductor. For this reason we here decided to
formulate the system (2.4.1)–(2.4.20) in a more general form, without the condition (2.4.22) and with
the electromagnetic subsystem in the exterior domain.
Furthermore, Gauss’s law (2.4.5) in the fluid domain is not included in the system (1.3.1)–(1.3.14).
This is explained as follows: In mathematical works in magnetohydrodynamics the (reduced) Maxwell
system is commonly compressed into two equations for the magnetic induction B, Gauss’s law for
magnetism (2.4.7) and the so-called induction equation,

divB � 0 in Qf , BtB �∇� pB � uq � 1

σ
∇�

�
1

µ
∇� pBq � J



� 0 in Qf . (2.4.23)

Indeed, the latter equation results directly from a combination of Ohm’s law (2.4.13), Ampère’s law
(2.4.1) and the Maxwell-Faraday equation (2.4.4). The idea behind this further reduction is that the
unknown B may be determined independently of all the other unknowns from the Maxwell system in
the fluid domain. After determining B, we have the magnetic field H given explicitly from the relation
(2.4.14) and consequently also the electric current density j from Ampère’s law (2.4.1). Subsequently,
the electric field E and the electric induction D can be computed directly from Ohm’s law (2.4.13)
and the relation (2.4.14) and we can use Gauss’s law (2.4.5) to immediately obtain the density of
electric charges ρc. Therefore, the Maxwell system in the fluid domain can be solved by solving only
the system (2.4.23) and in particular Gauss’s law (2.4.5) becomes superfluous for the mathematical
analysis. For this reason Gauss’s law in the fluid domain is neglected in the system (1.3.1)–(1.3.14).

As opposed to in the fluid domain, Gauss’s law (2.4.6) in the solid domain cannot be dropped. Indeed,
in the solid domain ρc is equal to 0 (cf. (2.1.19)), while E cannot be determined via Ohm’s law, so
(2.4.6) rather constitutes a condition required for determining D and E than for determining ρc. We
remark that in the system (1.3.1)–(1.3.14) this equation is expressed in terms of E instead of D, cf.
(1.3.4). Thus the only remaining equation involving D is the linear relation between D and E in
(2.4.14), which therefore becomes redundant for the analysis and consequently does not appear in the
system (1.3.1)–(1.3.14).
The linear relation between B and H in (2.4.14) instead constitutes a crucial component of the system
(1.3.1)–(1.3.14). In the latter system, however, it is modified in the sense that µ is assumed to take
the same value in both Qf and Qs, i.e. µ is a constant in the whole domain Q, cf. (1.3.11). This
modification, which is only justified if the magnetic permeability in Qf and Qs is (almost) the same,
is made for purely mathematical reasons. Namely, in combination with the interface conditions for H
and B on BSptq in (2.4.17) and (2.4.18) it ensures continuity of B across the fluid-solid interface. This
is necessary for the weak formulation of the system in Definition 3.1.1 below, in which the magnetic
induction is assumed to be a Sobolev function over the whole domain Q.
Moreover, we remark that the interface conditions for H on BΩ in (2.4.17) as well as the interface
conditions (2.4.19) on D do not appear in the system (1.3.1)–(1.3.14) as they do not enter its weak
formulation in Chapter 3. Finally, we point out that also the conditions (2.4.21) on J are left out of
the system (1.3.1)–(1.3.14) as the analysis in Chapter 3 can also be carried out without them. This
concludes the derivation of the system (1.3.1)–(1.3.14).



Chapter 3

Fluid-rigid body interaction in an
incompressible electrically conducting
fluid

In this chapter we investigate the interaction between a viscous non-homogeneous incompressible
and electrically conducting fluid, an insulating rigid body traveling through the fluid as well as the
electromagnetic fields present in both materials. More specifically, the electrically conducting fluid
interacts directly with both the electromagnetic fields and the solid body, while the body, being
insulating, only interacts indirectly with the electromagnetic fields via the fluid. Mathematically
this situation is described by the system (1.3.1)–(1.3.14) of partial differential equations presented
in Section 1.3.1. The main result in this chapter, which is joint work with Barbora Benešová, Šárka
Nečasová and Anja Schlömerkemper and has been published in the article [8], guarantees the existence
of weak solutions to this model up to the first time at which there occurs a contact between the
body and the boundary of the domain. It constitutes one of the first results of its kind in the
combination of the - in themselves well studied - research fields of fluid-structure interaction and
magnetohydrodynamics.

The proof we provide for this result in the present chapter can be found in almost the same way in
[8]. As an additional value, however, we complement the proof given here by some supplementary
technical details. The main difficulty in this proof is the high coupling of the system, caused by the
test functions in the variational formulation of the induction equation, which depend on the moving
solid domain and therefore on the overall solution to the problem. We evade this inconvenience by
implementing a time discretization via the Rothe method, in which the equations are decoupled by
the use of time-lagging functions. In this way, at each fixed discrete time, we may first determine
the solid domain and with it the test functions for the induction equation at this time. Subsequently,
the induction equation can be solved by a standard procedure. The time discretization, however,
generates an additional problem in the transport equation for the characteristic function of the solid
body. Indeed, if the transport equation is discretized, this function cannot be guaranteed to take
only the values 0 and 1, making it impossible for us to determine the position of the body. We
therefore do not discretize the whole system but instead solve this transport equation as a continuous
equation on the small intervals between all consecutive discrete time points. This idea of a hybrid
approximation scheme - consisting of both discrete and continuous equations - later turns out to also
play an important role in the compressible case in Chapter 4 below. The problem of test functions
depending on the moving solid domain moreover arises in the momentum equation. As this situation,
however, is classical in fluid-structure interaction we may take advantage of the well-studied Brinkman
penalization to handle it in that case.

Applications of our results can be found predominantly in the area of biomechanics. More specifically,
the fluid-structure interaction problem with an electrically conducting fluid finds use for example in
capsule endoscopy (cf. [59]) or remote drug delivery (cf. [58, Section 4.4]), whereby microscopically
small robots are steered via the application of electromagnetic forces through the human blood stream
for medical purposes. We point out that blood is widely assumed to be an incompressible fluid (see

33
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e.g. [108]), which makes our results in the present chapter particularly suitable for these applications.
Further applications include the description of the interplay between cell membranes and extracellular
and intercellular fluids in organisms. For more details we refer to Section 1.1.

3.1 Weak solutions and main result

3.1.1 Notation

We study a bounded domain Ω � R3 occupied by a viscous non-homogeneous incompressible and
electrically conducting fluid as well as an insulating rigid body, moving through and interacting with
the fluid over some time interval r0, T s, T ¡ 0. For the motion of the solid body we introduce the
following notation: The initial position of the body is characterized through a bounded domain S0 � Ω.
Due to the rigidity of the body, its position at any time s P r0, T s can be mapped to its position at
any time t P r0, T s using only a translation and a rotation. Mathematically speaking, this means that
there exists an orientation preserving isometry ηps; t, �q : R3 Ñ R3, s, t P r0, T s, such that the position
of the body at arbitrary times is expressed through a set-valued function

S : r0, T s Ñ 2R
3
, S ptq � η ps; t, S psqq @s, t P r0, T s.

More directly, the position Sptq of the body at the time t P r0, T s is then described by

Sptq � η p0; t, S0q .

The codomain of S being 2R
3

instead of only 2Ω hints that the solid body might leave the domain Ω.
While this is not foreseen in our model and cannot happen for the solution we construct in our main
result, Theorem 3.1.1 below, such a behavior cannot be excluded in the early stages of the proof of this
result, which is why it needs to be included into our notation. Denoting by χptq � χpt, �q : R3 Ñ t0, 1u
the characteristic function of the solid at time t we also write alternatively

Sptq �  
x P R3 : χpt, xq � 1

(
.

Next, for each time T 1 P p0, T s, we introduce the time-space domain QpT 1q :� p0, T 1q � Ω, which we
split into the solid time-space domain QspS, T 1q as well as its fluid counterpart Qf pS, T 1q,

Qs
�
S, T 1

�
:�  pt, xq P �0, T 1

�� R3 : x P Sptq( , Qf
�
S, T 1

�
:�  pt, xq P Q �

T 1
�

: x P F ptq( ,
where F ptq :� ΩzSptq. In the case that T 1 � T we shorten the notation to

QpT q � Q, QspS, T q � QspSq, Qf pS, T q � Qf pSq.
With this notation at hand we further introduce the space ZpS, T 1q of test function for the momentum
equation in our weak formulation of the problem (cf. Definition 3.1.1 below),

Z
�
S, T 1

�
:�

!
φ P D

��
0, T 1

�� Ω
�

: divφ � 0, Dpφq � 0 in an open neighborhood of Qs pS, T 1q
)
,

(3.1.1)

meaning that for any φ P ZpS, T 1q there is κ ¡ 0 such that

Dpφq � 0 in
!
pt, xq P Q �

T 1
�

: dist
�
pt, xq, Qs pS, T 1q

	
  κ

)
. (3.1.2)

Similarly, we define the test function space Y pS, T 1q for the induction equation in our weak formulation,

Y
�
S, T 1

�
:�

!
b P D

��
0, T 1

�� Ω
�

: curl b � 0 in an open neighborhood of Qs pS, T 1q
)
. (3.1.3)

In the case T 1 � T we use the shortened notation

Z pS, T q � ZpSq, Y pS, T q � Y pSq.
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Furthermore, in order to be able to characterize neighborhoods of sets S � R3 more specifically, we
denote by Sκ, κ ¡ 0, the κ-neighborhood of S

Sκ :�  
x P R3 : dist px, Sq   κ

(
. (3.1.4)

Similarly, we denote by Sκ the κ-kernel of S, i.e.

Sκ :� tx P S : dist px, BSq ¡ κu . (3.1.5)

Moreover, in addition to the standard notation for the Lebesgue-, Sobolev- and Bochner spaces we
use the notation

Hr
div pΩq :�  

v P HrpΩq : div v � 0 in D1pΩq( for r ¥ 0,

Hr
0,divpΩq :�tv P Hr

div pΩq : v|BΩ � 0u for r ¡ 1

2
,

for the (potentially fractional) Sobolev spaces of functions which are in addition divergence-free.

Finally, an important tool in the proof of our existence result Theorem 3.1.1 is the Brinkman penal-
ization, in which the deviation of the velocity field from its orthogonal projection onto velocity fields
which are rigid in a (given) solid body is penalized, cf. Section 3.2. For the definition of this projection
we introduce the following notation: If χptq P L8pR3; t0, 1uq denotes the characteristic function of a
bounded domain Sptq � R3, if ρptq P L8pΩ;Rq satisfies ρptq ¥ ρ almost everywhere in Sptq for some
constant ρ ¡ 0 and if uptq P L2pR3;R3q, we define a rigid velocity field Πrχ,ρ,uspt, �q : R3 Ñ R3 by

Πrχ,ρ,uspt, xq :� puGqrχ,ρ,us ptq � ωrχ,ρ,usptq �
�
x� arχ,ρsptq

� @t P r0, T s, x P R3, (3.1.6)

with

puGqrχ,ρ,us ptq :�
³
R3 ρpt, xqχpt, xqupt, xq dx³

R3 ρpt, xqχpt, xq dx ,

ωrχ,ρ,usptq :� �
Irχ,ρsptq

��1
»
R3

ρpt, xqχpt, xq �x� arχ,ρsptq
�� upt, xq dx,

Irχ,ρsptq :�
»
R3

ρpt, xqχpt, xq
���x� arχ,ρsptq

��2 id� �
x� arχ,ρsptq

�b �
x� arχ,ρsptq

�	
dx,

arχ,ρsptq :�
³
R3 ρpt, xqχpt, xqx dx³
R3 ρpt, xqχpt, xq dx .

The quantity Πrχ,ρ,usptq can be understood as orthogonal projection of uptq P L2pR3q onto a rigid
velocity field in Sptq in the sense that»

R3

ρpt, xqχpt, xq �upt, xq �Πrχ,ρ,uspt, xq
� �Πpt, xq dx � 0 (3.1.7)

for any rigid velocity field

Πpt, xq :� vptq � wptq � x, vptq, wptq P R3,

cf. Lemma A.5.1 in the appendix.

3.1.2 Weak solutions

We introduce our definition of weak solutions to the system (1.3.1)–(1.3.14), describing the interaction
between an insulating rigid body and an incompressible electrically conducting fluid surrounding it. As,
thanks to the non-conductivity of the rigid body, the expressions containing the electrical conductivity
σs � 0 of the solid region are not visible in our weak formulation, we slightly abuse the notation to
write σ � σf ¡ 0 in the following.
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Definition 3.1.1. Let T ¡ 0, let Ω � R3 and S0 � Ω be bounded domains such that

H � S0 is open and connected, |BS0| � 0 and dist pS0, BΩq ¡ 0. (3.1.8)

Consider ρ, ρ, ν, σ, µ ¡ 0, consider some external data g, J P L8pQq and consider some initial data
χ0, ρ0 P L8pΩq and u0, B0 P L2

divpΩq satisfying

χ0pxq �
"

1 if x P S0

0 if x R S0
, 0   ρ ¤ ρ0 ¤ ρ   8 a.e. in Ω, B0 � n � 0 on BΩ (3.1.9)

Then the system (1.3.1)–(1.3.14) is said to admit a weak solution on r0, T 1s, T 1 P p0, T s, if there exists
an orientation preserving isometry

ηps; t, �q : R3 Ñ R3, s, t P �0, T 1
�
, (3.1.10)

and if there exist functions

χ P C ��
0, T 1

�
;Lp pΩ; t0, 1uq� @1 ¤ p   8, (3.1.11)

ρ P C ��
0, T 1

�
;Lp pΩ;Rq� @1 ¤ p   8, (3.1.12)

u P
!
φ P L8 �

0, T 1;L2
�
Ω;R3

��£
L2

�
0, T 1;H1

0,divpΩq
�

: Dpφq � 0 in Qs
�
S, T 1

�)
, (3.1.13)

B P
!
b P L8 �

0, T 1;L2
�
Ω;R3

��£
L2

�
0, T 1;H1

divpΩq
�

: curl b � 0 in Qs
�
S, T 1

�
, b � n � 0 on BΩ

)
,

(3.1.14)

where S � Sp�q � ηp0; �, S0q, which satisfy

�
» T 1

0

»
Ω
χBtΘdxdt�

»
Ω
χ0Θp0, xq dx �

» T 1
0

»
Ω
pχuq �∇Θ dxdt, (3.1.15)

�
» T 1

0

»
Ω
ρBtψdxdt�

»
Ω
ρ0ψp0, xq dx �

» T 1
0

»
Ω
pρuq �∇ψ dxdt, (3.1.16)

�
» T 1

0

»
Ω
ρu � Btφ dxdt�

»
Ω
ρ0u0 � φp0, xq dx �

» T 1
0

»
Ω
pρub uq : ∇φ� 2νDpuq : ∇φ

� ρg � φ� 1

µ
pcurlB �Bq � φ dxdt, (3.1.17)

�
» T 1

0

»
Ω
B � Btb dxdt�

»
Ω
B0 � bp0, xq dx �

» T 1
0

»
Ω

�
� 1

σµ
curlB � u�B � 1

σ
J

�
� curl b dxdt

(3.1.18)

for all Θ, ψ P Dpr0, T 1q � Ωq, φ P ZpS, T 1q and b P Y pS, T 1q as well as the relation

S ptq � η ps; t, S psqq @s, t P �0, T 1
�
. (3.1.19)

3.1.3 Main result

The main result of this chapter proves the existence of weak solutions to the system (1.3.1)–(1.3.14)
as introduced in Definition 3.1.1.

Theorem 3.1.1. [8, Theorem 1.1] Let T ¡ 0, assume Ω � R3 to be a simply connected bounded
domain of class C2 and assume S0 � Ω to be a bounded domain of class C2 which satisfies the
conditions (3.1.8). Let moreover ρ, ρ, ν, σ, µ ¡ 0 be some positive coefficients and assume the data
g, J P L8pQq, χ0, ρ0 P L8pΩq and u0, B0 P L2

divpΩq to satisfy the conditions (3.1.9). Then there exists
T 1 ¡ 0 such that the system (1.3.1)–(1.3.14) admits a weak solution pη, χ, ρ, u,Bq on r0, T 1s in the
sense of Definition 3.1.1 which in addition satisfies the energy inequality»

Ω

1

2
ρpτq|upτq|2 � 1

2µ
|Bpτq|2 dx�

» τ
0

»
Ω

2ν |∇u|2 � 1

σµ2
|curlB|2 dxdt

¤
»

Ω

1

2
ρ0|u0|2 � 1

2
|B0|2 dx�

» τ
0

»
Ω
ρg � u� 1

σµ
J � curlB dxdt (3.1.20)
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for almost all τ P r0, T 1s. Moreover, the time T 1 can be chosen such that

T 1 � sup
!
τ P r0, T s : dist pSptq, BΩq ¡ 0 @t ¤ τ

)
. (3.1.21)

Remark 3.1.1. As a slight improvement of the above result, it might be desirable to consider test
functions

b P D
�r0, T 1q � Ω

�
: curl b � 0 in an open neighborhood of Qs pS, T 1q

with (potentially) non-compact support in Ω in the induction equation (3.1.18) instead of the test
functions (3.1.3). This is possible via a slight modification of our proof of Theorem 3.1.1 in Sections
3.3–3.6. Indeed, fully utilizing the Helmholtz-decomposition Lemma A.2.2 in the construction of a
solution to our time discrete approximation of the induction equation in Section 3.3.4, we do not
need to impose a boundary condition on the test functions on the discrete level. In the subsequent
limit passages throughout Sections 3.4–3.6, a non-compact support of the test functions in Ω poses no
difficulties.

For future research, it might further be of interest to consider test functions the curl of which vanishes
only in the solid domain Qs pS, T 1q itself instead of in a neighbourhood thereof. This modification,
however, is not trivial as the vanishing curl of the test functions is crucial in our limit passages
carried out in Sections 3.4–3.6.

Remark 3.1.2. Due to the transport theorem by DiPerna and Lions [35], the solution ρ P L2pQq
to the continuity equation (3.1.16), given by Theorem 3.1.1, also solves the renormalized continuity
equation

Btβpρq � u �∇βpρq � 0 in D1pQq (3.1.22)

for any bounded β P C1pRq such that

β is bounded, β vanishes near 0 and pβ1p1� | � |qq�1 is bounded. (3.1.23)

The proof of Theorem 3.1.1 will be accomplished via an approximation method in Sections 3.3–3.6.
Large parts of this proof are taken directly from the article [8], wherein Theorem 3.1.1 was published
by the author of the present thesis in joint work with Barbora Benešová, Šárka Nečasová and Anja
Schlömerkemper. Nonetheless, we here supplement individual steps of the proof given in the article
by further details with the aim of improving the readability for the convenience of the reader. An
outline of the proof is given in the following section.

3.2 Approximate system

We introduce the approximation to the original system. This approximate system is chosen such that
it is easily solvable; a solution to the original system is obtained subsequently by passing to the limit
in all levels of the approximation. Our approximation consists of three different levels, characterized
by three parameters ∆t, ε ¡ 0, m P N:

� On the ∆t-level, we employ a time discretization by the Rothe method, cf. [99, Section 8.2]. To
this end, ∆t ¡ 0 is chosen in such a way that T

∆t P N and we split up the interval r0, T s into the
discrete times k∆t, k � 1, ..., T∆t .

� On the ε-level, we add several regularization terms to the system, which help us to solve the
approximate system and pass to the limit as ∆tÑ 0.

� On the m-level we add a penalization term to the momentum equation, which guarantees us
that after passing to the limit in m Ñ 8, the limit velocity will coincide - on the solid part of
the domain - with the rigid velocity of the body.
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We now present the full approximate system, containing all three approximation levels, and give a more
detailed explanation afterwards: Assuming for some discrete time k∆t, k P t1, ..., T∆tu, the solution at
time pk � 1q∆t, indexed by k � 1, to be given we seek functions

χ∆t,k PC
�rpk � 1q∆t, k∆ts;Lp �R3

�� @1 ¤ p   8, (3.2.1)

ρk∆t P
 
ψ P H1pΩq : ρ ¤ ψ ¤ ρ in Ω

(
, (3.2.2)

uk∆t PH2
0,divpΩq, (3.2.3)

Bk
∆t PY k pS∆t,kq :�

!
b P H1

div pΩq : curl b P H1pΩq, curlb � 0 in S∆t,kpk∆tq
£

Ω, b � n|BΩ � 0
)

(3.2.4)

satisfying the discrete system at time k∆t,

�
» k∆t

pk�1q∆t

»
R3

χ∆t,kBtΘ dxdt �
»
R3

χk�1
∆t Θppk � 1q∆t, xq dx�

»
R3

χk∆tΘpk∆t, xq dx

�
» k∆t

pk�1q∆t

»
R3

�
χ∆t,kΠ

k�1
∆t

	
�∇Θ dxdt, (3.2.5)

�
»

Ω

ρk∆t � ρk�1
∆t

∆t
ψdx �

»
Ω
uk�1

∆t �∇ρk∆tψ � ε∇ρk∆t �∇ψ dx, (3.2.6)

�
»

Ω

ρk∆tu
k
∆t � ρk�1

∆t u
k�1
∆t

∆t
� φ dx �

»
Ω

�
div

�
ρk∆tu

k�1
∆t b uk∆t

	
� 2ν div

�
Duk∆t

	
� ε∇uk∆t∇ρk∆t

�
� φ dx

� ε∆uk∆t∆φ�
�
mρk�1

∆t χ
k
∆t

�
uk�1

∆t �Πk�1
∆t

	
� ρk�1

∆t g
k
∆t

� 1

µ

�
curlBk�1

∆t �Bk�1
∆t

	�
� φ dx, (3.2.7)

�
»

Ω

Bk
∆t �Bk�1

∆t

∆t
� b dx �

»
Ω

�
1

σµ
curlBk

∆t � uk∆t �Bk�1
∆t � ε

µ2

���curlBk
∆t

���2 curlBk
∆t

� 1

σ
Jk∆t

�
� curl b� ε

�
∇ curlBk

∆t

	
: p∇ curl bq dx (3.2.8)

for all Θ P Dprpk � 1q∆t, k∆ts � R3q, ψ P H1pΩq, φ P H2
0,divpΩq and

b PW kpS∆t,kq :�
!
b P H1 pΩq : curl b P H1pΩq, curl b � 0 in S∆t,kpk∆tq

£
Ω, b � n|BΩ � 0

)
(3.2.9)

as well as the (discrete) initial conditions

χ∆t,kppk � 1q∆t, xq � χ∆t,k�1ppk � 1q∆t, xq, χ∆t,1p0, xq � χ0pxq, @x P Ω, (3.2.10)

ρ0
∆tpxq � ρ0,mpxq, u0

∆tpxq � u0,mpxq, B0
∆tpxq � B0,mpxq @x P Ω. (3.2.11)

Before we proceed with explaining the different approximation levels in (3.2.1)–(3.2.11), let us clarify
the notation introduced in this system: The spaces Y kpS∆t,kq and W kpS∆t,kq in (3.2.4) and (3.2.9)
are equipped with the norm

}�}Y kpS∆t,kq
:� }�}WkpS∆t,kq

:� }�}H1pΩq � }curl p�q}H1pΩq . (3.2.12)

The functions χk∆t and Πk�1
∆t , introduced in the equations (3.2.5) and (3.2.7), are defined by:

χk∆t :� χ∆t,kpk∆tq, Πk�1
∆t � puGqk�1

∆t � ωk�1
∆t �

�
x� ak�1

∆t

	
(3.2.13)
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and

puGqk�1
∆t :�

³
R3 ρ

k
∆tχ

k�1
∆t u

k�1
∆t dx³

R3 ρk∆tχ
k�1
∆t dx

,

ωk�1
∆t :�

�
Ik�1

∆t

	�1
»
R3

ρk∆tχ
k�1
∆t

�
x� ak�1

∆t

	
� uk�1

∆t dx,

Ik�1
∆t :�

»
R3

ρk∆tχ
k�1
∆t

�
|x� ak�1

∆t |2id�
�
x� ak�1

∆t

	
b
�
x� ak�1

∆t

		
dx,

ak�1
∆t :�

³
R3 ρ

k
∆tχ

k�1
∆t x dx³

R3 ρk∆tχ
k�1
∆t dx

.

In order to keep the latter terms well-defined, we extend the functions ρl∆t by ρ and ul∆t by 0 outside
of Ω for any l � 0, ..., k. For the definition of the set S∆t,kpk∆tq in (3.2.4) and (3.2.9), we first denote

by η
Πk�1

∆t
∆t : R� R� R3 Ñ R3 the solution to the initial value problem

dη
Πk�1

∆t
∆t ps; t, xq

dt
� Πk�1

∆t

�
η

Πk�1
∆t

∆t ps; t, xq


, η

Πk�1
∆t

∆t ps; s, xq � x, x P R3, s, t P R, (3.2.14)

where t represents the time variable and s the initial time. By the transport theory (cf. [35, Theorem
III.2]) this solution is related to the solution χ∆t,k to the transport equation (3.2.5) via the formula

χ∆t,kpt, xq � χ∆t,k�1

�
pk � 1q∆t, ηΠk�1

∆t
∆t pt; pk � 1q∆t, xq



for t P rpk � 1q∆t, k∆ts. (3.2.15)

Setting S∆t,1p0q � S0 we can now define the set S∆t,kpk∆tq recursively via the formula

S∆t,kptq :�ηΠk�1
∆t

∆t ppk � 1q∆t; t, S∆t,k�1ppk � 1q∆tqq �  
x P R3 : χ∆t,kpt, xq � 1

(
for t P rpk � 1q∆t, k∆ts. Moreover, since the given L8-functions g and J are not necessarily defined
in the discrete times, we regularize them as in [99, (7.10)],

gγptq :�
» T

0
θγ pt� ξγptq � sq gpsq ds, Jγptq :�

» T
0
θγ pt� ξγptq � sq Jpsq ds, ξγptq :� γ

T � 2t

T
.

Here θγ : RÑ R is a mollifier with support in r�γ, γs and ξγ has the purpose of shifting the support
of s ÞÑ θγ pt� sq into r0, T s for any fixed t P r0, T s. Then we choose γ � γp∆tq, γp∆tq Ñ 0 for ∆tÑ 0
and define the discrete approximations gk∆t and Jk∆t of g and J from (3.2.7) and (3.2.8) by

gk∆t :� gγp∆tqpk∆tq, Jk∆t :� Jγp∆tqpk∆tq. (3.2.16)

Finally, the functions ρ0,m, u0,m, B0,m in the initial conditions (3.2.11) denote regularizations of the
initial data in Theorem 3.1.1 chosen such that

ρ0,m P H1pΩq, u0,m, B0,m P H2
divpΩq. (3.2.17)

We are now in the position to shed light on the ideas behind the various levels of the approximate
system, beginning with the highest level.
The usage of a time discretization on the ∆t-level constitutes the greatest novelty in our proof. Its
purpose is explained as follows: The fact that the test functions in both the momentum equation and
the induction equation depend on the solution of the system (cf. (3.1.1), (3.1.3)) prevents us from solv-
ing all of the equations in the original system simultaneously. In the case of the momentum equation
this problem is circumvented via the application of a penalization method (see the m-level below). In
the case of the induction equation, however, no similar method appears to be available. Instead we
decouple the system via a time discretization, which allows us to solve the equations one after another
by using time-lagging functions in the coupling terms. More precisely, in our discretization we are
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able to first determine the position of the solid up to a certain discrete time and subsequently choose
the test functions for the induction equation at this specific time accordingly. The existence of the
magnetic induction on the discrete level then follows by standard methods.
We also want to point out that the function χ∆t,k represents an exception in this system: It is the only
function which is immediately constructed as a time-dependent function. The reason for this is that
we want it to take only the values 0 and 1 so that we are able to determine the position of the rigid
body at any time. Inspired by [56], we can guarantee this by constructing χ∆t,k by solving a classical
transport equation on the small interval rpk � 1q∆t, k∆ts, in case of a discrete transport equation we
might lose the property. As a consequence we remark that, strictly speaking, the approximate problem
(3.2.1)–(3.2.9) does not constitute a discrete but rather a hybrid system, consisting of both discrete
and continuous (on the small intervals between the discrete time points) equations. This realization
is important for the idea of our proof in the compressible setting in Section 4.2 below. Indeed, in
that proof we also make use of a hybrid approximate system, however, the weighting between discrete
and continuous equations is reversed. While the induction equation is again approximated discretely,
the whole mechanical part of the system needs to be studied as a time-dependent problem already on
approximation level in this case.
Next we note that the mapping Πk�1

∆t is, by definition, a rigid velocity field with the translational
velocity puGqk�1

∆t and the rotational velocity wk�1
∆t . The constant terms Ik�1

∆t and ak�1
∆t can be considered

as discrete versions of the inertia tensor and the center of mass of the rigid body described by the
characteristic function χk∆t. In fact, Πk�1

∆t constitutes a discretization of the projection (3.1.6) of the
velocity onto a rigid velocity field. This comes into play in the penalization term from the m-level of
the approximation mentioned above, namely the term

mρk�1
∆t χ

k
∆t

�
uk�1

∆t �Πk�1
∆t

	
,

from (3.2.7). We can use this term to infer that after letting m Ñ 8 the limit velocity coincides,
in the solid area, with the velocity of the rigid body, which is what we require to obtain (3.1.15).
This penalization method, which is known as Brinkman penalization, is discussed rigorously in [15].
Physically speaking, it describes an extension of the fluid into the solid region, i.e. the approximate
body, while still moving via a rigid velocity field, is now permeable and the limit passage m Ñ
8 represents the process of letting the permeability vanish. This technique can be considered as
an extension of the penalty method used in [2] for a fluid-structure interaction problem in which
the movement of the solid is prescribed. It further finds use in [92], where the examined solid is
additionally deformable and self-propelled and it is moreover of interest for finite element approaches
to the problem, cf. [26, 69]. There are also other penalization methods available as for example in
[43, 103], where an approach is used in which the solids are approximated by a fluid with viscosity
rising to infinity. The latter penalization method is especially useful for the case of a compressible
fluid, in which the density is not necessarily bounded away from zero. In particular we will choose it
as our approach in the proof of our main result in the compressible case in Section 4 below.
Finally, it remains to discuss the various regularization terms from the ε-level. In the continuity
equation, the Laplacian of the density is added to the right-hand side, which allows us to show an
upper bound for ρ as well as some bound away from 0. This is needed because such bounds cannot be
guaranteed from the discrete version of the transport equation. The parabolic regularization via the
Laplacian of the density is well known from the theory for the compressible Navier-Stokes equations
(cf. [94, Section 7.6.5]) and turns out to still guarantee upper and lower bounds of the density on the
discrete level in the incompressible case. In order to compensate for this term in the energy inequality,
the quantity ε∇uk∆t∇ρk∆t is added to the momentum equation. The second new term in this equation,
ε∆2uk∆t, is needed for controlling the latter quantity when passing to the limit in ∆tÑ 0. Moreover,
we have two regularization terms in the induction equation, the term curlp∆pcurlBk

∆tqq and the term
curlp|curlBk

∆t|2curlBk
∆tq, which is also known as the 4-double-curl. The first one is used to express the

induction equation through a weakly continuous operator on Y kpS∆t,kq. Showing that this operator is
also coercive, we then conclude the existence of Bk

∆t. The latter one is required in the energy inequality:
In the time-dependent version of the system, the mixed terms from the momentum and the induction
equation cancel each other. On the discrete level this is not the case, as the involved functions are
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chosen from distinct discrete times. However, the 4-double-curl enables us to absorb the problematic
terms into the positive left-hand side, so that we can get the uniform bounds needed for the limit
passage as ∆t Ñ 0. We also remark, that the 4-double-curl was chosen instead of the 4-Laplacian
∇ � p|∇Bk

∆t|2∇Bk
∆tq in order to allow us to apply the Helmholtz-decomposition [107, Theorem 4.2].

This is why the test functions b P W kpS∆t,kq, which are non-solenoidal, can be used in the induction
equation (3.2.8).

3.3 Existence of the approximate solution

We consider some discrete time index k P  
1, ..., T∆t

(
and prove the existence of a solution to the

approximate system (3.2.5)–(3.2.8) under the assumption that a solution has already been determined
for all time indices l � 1, ..., k � 1.

3.3.1 Existence of the density

We introduce the bilinear form

a : H1pΩq �H1pΩq Ñ R, a pρ, ψq :�
»

Ω

ρ

∆t
ψ � uk�1

∆t �∇ρψ � ε∇ρ �∇ψ dx @ρ, ψ P H1pΩq,

which allows us to write the continuity equation (3.2.6) in the form

a
�
ρk∆t, ψ

	
�

»
Ω

ρk�1
∆t

∆t
ψ dx @ψ P H1pΩq. (3.3.1)

Clearly, the bilinear form a is bounded. Moreover, due to the identity»
Ω
uk�1

∆t �∇ρρ dx �
»

Ω

1

2
uk�1

∆t �∇ |ρ|2 dx � �
»

Ω

1

2
|ρ|2 div uk�1

∆t dx � 0 @ρ P H1pΩq, (3.3.2)

it holds that

a pρ, ρq ¥ 1

∆t
}ρ}2L2pΩq � ε }∇ρ}2L2pΩq @ρ P H1pΩq,

so a is also coercive. Consequently the Lax-Milgram Lemma implies the existence of a unique solution
ρk∆t P H1pΩq to the equation (3.3.1) and hence to the continuity equation (3.2.6). For the proof of the
upper and lower bounds for ρk∆t in (3.2.2) we transfer the arguments from the time-dependent and
compressible case in [94, Section 7.6.5] to our setting: Since ρ is a constant, the function rk∆t :� ρk∆t�ρ
also satisfies a corresponding version of the discrete continuity equation,

�
»

Ω

rk∆t � rk�1
∆t

∆t
ψ dx �

»
Ω
uk�1

∆t �∇rk∆tψ dx�
»

Ω
ε∇rk∆t �∇ψ dx @ψ P H1pΩq.

We use the function maxtrk∆t, 0u P H1pΩq as a test function in this identity. The first integral on the
right-hand side vanishes since uk�1

∆t is divergence-free (cf. the identity (3.3.2)) and we are left with the
estimate

»
Ω

��max
 
rk∆t, 0

(��2
∆t

dx ¤
»

Ω

��max
 
rk∆t, 0

(��2
∆t

� ε
���∇maxtrk∆t, 0u

���2 dx �
»

Ω

rk�1
∆t max

 
rk∆t, 0

(
∆t

dx ¤ 0,

wherein the last inequality follows from the fact that rk�1
∆t � ρk�1

∆t � ρ ¤ 0. Consequently it holds that

max
!
ρk∆t � ρ, 0

)
� max

!
rk∆t, 0

)
� 0 a.e. in Ω,

which proves the upper bound of the desired estimates in (3.2.2). The corresponding lower bound can
be shown via a similar procedure in which rk∆t is replaced by rk∆t :� ρk∆t � ρ.
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3.3.2 Existence of the characteristic function

The function Πk�1
∆t , being constant with respect to the time variable and, according to (3.2.13), a rigid

velocity field and thus affine with respect to the spatial variable, is Lipschitz-continuous. Consequently,
by the theory of ordinary differential equations, the initial value problem (3.2.14) defines a unique
mapping

η
Πk�1

∆t
∆t : R� R� R3 Ñ R3. (3.3.3)

From the transport theory (cf. [35, Theorem III.2]) it follows that the function χ∆t,k, defined by the
formula (3.2.15), is the (unique renormalized) solution to the transport equation (3.2.5).

3.3.3 Existence of the velocity field

For the construction of the velocity field we define the bilinear form

ã : H2
0,divpΩq �H2

0,divpΩq Ñ R, ã pu, φq :�
»

Ω

�
ρk∆tu

∆t



� φ� div

�
ρk∆tu

k�1
∆t b u

	
� φ

� 2νDpuq : ∇φ� ε
�
∇u∇ρk∆t

	
� φ� εp∆uq � p∆φq dx

for all u, φ P H2
0,divpΩq. This allows us to express the momentum equation (3.2.7) in the form

ã
�
uk∆t, φ

	
�
»

Ω

ρk�1
∆t u

k�1
∆t

∆t
� φ�

�
mρk�1

∆t χ
k
∆t

�
uk�1

∆t �Πk�1
∆t

	
� ρk�1

∆t g
k
∆t �

1

µ

�
curlBk�1

∆t �Bk�1
∆t

	�
� φ dx (3.3.4)

for all φ P H2
0,divpΩq. Clearly, ã is bounded. In order to show that ã is also coercive, we first test the

continuity equation (3.2.6) by 1
2 |u|2 P H1pΩq for some arbitrary u P H2

0,divpΩq,

0 �
»

Ω

ρk∆t � ρk�1
∆t

∆t

1

2
|u|2 � uk�1

∆t �∇ρk∆t
1

2
|u|2 � ε

�
∇u∇ρk∆t

	
� u dx. (3.3.5)

Due to the divergence theorem and the no-slip boundary condition satisfied by u we see that»
Ω

div
�
ρk∆tu

k�1
∆t b u

	
� u dx�

»
Ω
uk�1

∆t �∇ρk∆t
1

2
|u|2 dx

�
»

Ω
div

�
ρk∆tu

k�1
∆t

	
|u|2 � 1

2
ρk∆tu

k�1
∆t �

�
∇ |u|2

	
dx�

»
Ω
uk�1

∆t �∇ρk∆t
1

2
|u|2 dx

�
»

Ω

1

2
div

�
ρk∆tu

k�1
∆t |u|2

	
dx � 0. (3.3.6)

Hence, subtracting the right-hand side of the identity (3.3.5) from ãpu, uq we find that

ã pu, uq ¥
»

Ω

ρ

∆t
|u|2 � 2ν |∇u|2 � ε |∆u|2 dx ¥ c }u}2H2pΩq @u P H2

0,divpΩq

for a constant c ¡ 0 independent of u, where the last inequality follows from the estimate (A.2.1) in
Lemma A.2.1 in the appendix, holding true on the C2-domain Ω. Consequently, ã is indeed coercive
and hence the Lax-Milgram Lemma implies the existence of a unique solution uk∆t P H2

0,divpΩq to the
problem (3.3.4) and therefore to the discrete momentum equation (3.2.7).

3.3.4 Existence of the magnetic induction

In order to solve the discrete induction equation (3.2.8), we introduce the operator

A : Y k pS∆t,kq Ñ
�
Y k pS∆t,kq

	�
,

xApBq, bypY kpS∆t,kqq��Y kpS∆t,kq
:�

»
Ω

B

∆t
� b� ε p∇ curlBq : p∇ curl bq

�
�

1

σµ
curlB � ε

µ2
|curlB|2 curlB

�
� curlb dx. (3.3.7)
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and first study the problemA
A
�
Bk

∆t

	
, b
E
pY kpS∆t,kqq��Y kpS∆t,kq

�
»

Ω

Bk�1
∆t

∆t
� b�

�
uk∆t �Bk�1

∆t � 1

σ
Jk∆t

�
� curl b dx @b P Y k pS∆t,kq . (3.3.8)

Since for the divergence-free functions B P Y kpS∆t,kq, satisfying B � n |BΩ � 0, it is well known (cf. for
example [107, Theorem 3.1]) that there exists a constant c ¡ 0 such that

}B}2H1pΩq ¤ c
�
}B}2L2pΩq � }curlB}2L2pΩq

	
@B P Y k pS∆t,kq ,

we find another constant c ¡ 0 such that

xApBq, BypY kpS∆t,kqq��Y kpS∆t,kq
¥ 1

∆t
}B}2L2pΩq �

1

σµ
} curlB}2L2pΩq � ε}∇ curlB}2L2pΩq ¥ c}B}2Y kpS∆t,kq

for all B P Y kpS∆t,kq, where the norm in Y kpS∆t,kq on the right-hand side is defined in (3.2.12).
Consequently, the operator A is coercive on Y kpS∆t,kq. Moreover, it is weakly continuous: Indeed, let
pBlqlPN � Y kpS∆t,kq be an arbitrary sequence satisfying Bl á B in Y kpS∆t,kq. Then the compactness
of the embedding H1pΩq � L4pΩq implies that curlBl Ñ curlB in L4pΩq and hence»

Ω

ε

µ2
|curlBl|2 curlBl � curlb dxÑ

»
Ω

ε

µ2
|curlB|2 curlB � curlb dx @b P Y k pS∆t,kq .

It follows that

xA pBlq , bypY kpS∆t,kqq��Y kpS∆t,kq
Ñ xApBq, bypY kpS∆t,kqq��Y kpS∆t,kq

@b P Y k pS∆t,kq

or, in other words, weak continuity of A on Y kpS∆t,kq. This, together with the coercivity shown
above, is sufficient to infer that A is also surjective, cf. [49, Theorem 1.2]. Thus there exists a solution
Bk

∆t P Y kpS∆t,kq to the problem (3.3.8). Finally, in order to prove that Bk
∆t is the desired solution to

the induction equation (3.2.8), it remains to show that it in fact satisfies the relation (3.3.8) also for
all non-solenoidal test functions b P W kpS∆t,kq. This is achieved via the Helmholtz-decomposition in
Lemma A.2.2 in the appendix, according to which any function b PW kpS∆t,kq can be split up into

b � ∇q � curlw,

where the functions on the right-hand side satisfy

q P H1 pΩq , w P L2 pΩq , curlw P H1 pΩq , divw � 0 in Ω, pcurlwq � n|BΩ � 0. (3.3.9)

In fact, the properties of w even show that

curlw P Y kpS∆t,kq. (3.3.10)

Indeed, since curlpcurlwq � curlpb�∇qq � curl b and b PW kpS∆t,kq it immediately follows that

curl pcurlwq P H1pΩq, curl pcurlwq � 0 in S∆t,kpk∆tq
£

Ω.

This, together with the relations (3.3.9) and the fact that divpcurlwq � 0, implies the desired inclusion
(3.3.10). As a consequence of the inclusion (3.3.10), curlw constitutes an admissible test function in the
equation (3.3.8). Using it as such we infer from the identities curlp∇qq � 0 and divBk

∆t � divBk�1
∆t � 0

that Bk
∆t indeed satisfies the relation (3.3.8) for any b P W kpS∆t,kq and thus, as desired, the discrete

induction equation (3.2.8).
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Proposition 3.3.1. Let all the assumptions of Theorem 3.1.1 be satisfied and let ∆t, ε ¡ 0, m P N. Let
further gk∆t and Jk∆t be given by (3.2.16) for any k � 0, ..., T∆t and assume the regularized initial data
ρ0,m, u0,m, B0,m to satisfy the conditions (3.2.11). Then, for all k � 1, ..., T∆t , there exist functions

χ∆t,k P C
�rpk � 1q∆t, k∆ts;Lp �R3

�� @1 ¤ p   8,
ρk∆t P

 
ψ P H1pΩq : ρ ¤ ψ ¤ ρ in Ω

(
, uk∆t P H2

0,divpΩq, Bk
∆t P Y k pS∆t,kq

which satisfy the variational equations (3.2.5)–(3.2.8) for all test functions Θ P Dprpk � 1q∆t, k∆ts �
R3q, ψ P H1pΩq, φ P H2

0,divpΩq and b PW kpS∆t,kq as well as the initial conditions (3.2.10), (3.2.11).

Remark 3.3.1. For any fixed s, t P R the mapping (3.3.3) is an isometry. Indeed, from Πk�1
∆t being

a rigid velocity field and the ordinary differential equation (3.2.14), it follows that

dl

dt

����ηΠk�1
∆t

∆t ps; t, xq � η
Πk�1

∆t
∆t ps; t, yq

����2 � 0

for any x, y P R3.

3.4 Limit passage with respect to ∆tÑ 0

Our next step is the return from the discrete in time system to a continuous system, i.e. the limit
passage with respect to ∆t Ñ 0. To this end we construct piecewise constant and piecewise affine
interpolants of the discrete quantities, defined on the whole time interval r0, T s instead of only in
the discrete time points. More precisely, for all time independent functions hk∆t, defined on Ω for
k � 0, ..., T∆t , we define

h∆tptq :�
�
t

∆t
� pk � 1q



hk∆t �

�
k � t

∆t



hk�1

∆t @t P ppk � 1q∆t, k∆ts, k � 1, ...,
T

∆t
, (3.4.1)

h∆tptq :� hk∆t @t P ppk � 1q∆t, k∆ts, k � 0, ...,
T

∆t
, (3.4.2)

h
1
∆tptq :� hk�1

∆t @t P ppk � 1q∆t, k∆ts, k � 1, ...,
T

∆t
. (3.4.3)

We note that the piecewise affine interpolants are piecewise differentiable with respect to the time
variable and their derivatives satisfy the relation

Bth∆tptq �
hk∆t � hk�1

∆t

∆t
@t P ppk � 1q∆t, k∆tq, k � 1, ...,

T

∆t
. (3.4.4)

Regarding the solution to the transport equation on r0, T s, we glue together the already time-dependent
functions χ∆t,k, defined on rpk � 1q∆t, k∆ts � Ω for k � 1, ..., T∆t . More specifically, we set

χ∆tptq :� χ∆t,kptq @t P ppk � 1q∆t, k∆ts, k � 1, ...,
T

∆t
.

Similarly, for the description of the position of the rigid body throughout the whole time interval r0, T s
we set

S∆tptq :� S∆t,kptq �
 
x P R3 : χ∆tpt, xq � 1

( @t P ppk � 1q∆t, k∆ts, k � 1, ...,
T

∆t
,

S∆tptq :� S∆t,kpk∆tq �  
x P R3 : χ∆tpt, xq � 1

( @t P ppk � 1q∆t, k∆ts, k � 0, ...,
T

∆t
,

S
1

∆tptq :� S∆t,kppk � 1q∆tq �  
x P R3 : χ1∆tpt, xq � 1

( @t P ppk � 1q∆t, k∆ts, k � 1, ...,
T

∆t
.

We point out that here we use the notation S∆tptq instead of S∆tptq for the piecewise constant inter-
polants in order to avoid confusion with the notation for the closure of sets. The interpolations (3.4.1)–
(3.4.3) allow us to express the time-independent equations on the ∆t-level as continuous equations on
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the interval r0, T s. Indeed, for any function ψ P L2p0, T ;H1pΩqq and almost all t P rpk � 1q∆t, k∆ts,
k � 1, ..., T∆t , the discrete continuity equation (3.2.6) may be tested by ψptq. Integrating the resulting
identity over rpk�1q∆t, k∆ts and summing over all k we then infer, under exploitation of the identity
(3.4.4), the relation

�
» T

0

»
Ω
Btρ∆tψ dxdt �

» T
0

»
Ω
u1∆t �∇ρ∆tψ � ε∇ρ∆t �∇ψ dxdt (3.4.5)

for all ψ P L2p0, T ;H1pΩqq. Arguing in the same way for the discrete momentum equation (3.2.7) we
obtain the relation» T

0

»
Ω
Bt pρ∆tu∆tq � φ dxdt �

» T
0

»
Ω

�
div

�
ρ∆tu

1
∆t b u∆t

�� 2ν div pDpu∆tqq � ε p∇u∆t∇ρ∆tq
� � φ

� ε∆u∆t �∆φ�
�
mρ1∆tχ∆t

�
u1∆t �Π

1
∆t

	
� ρ1∆tg∆t

�
� φ

� 1

µ

�
curlB

1
∆t �B

1
∆t

	
� φ dxdt (3.4.6)

for all φ P L4p0, T ;H2
0,divpΩqq. For the continuous version of the induction equation, we choose test

functions

b P L4
�

0, T ;H2,2
0 pΩq

	
such that bptq PW k pS∆t,kq for a.a. t P rpk � 1q∆t, k∆ts, k � 1, ...,

T

∆t
.

(3.4.7)

For any such b and almost all t P rpk� 1q∆t, k∆ts, k � 1, ..., T∆t the function bptq is an admissible test
function in the discrete induction equation (3.2.8) at the time k∆t. Using it as such, integrating the
resulting identity over rpk � 1q∆t, k∆ts and summing over the time indices we thus infer the identity

�
» T

0

»
Ω
BtB∆t � b dxdt �

» T
0

»
Ω

�
1

σµ
curlB∆t � u∆t �B

1
∆t �

ε

µ2

��curlB∆t

��2 curlB∆t � 1

σ
J∆t

�
� curl b

� ε
�
∇curlB∆t

� � p∇curlbq dxdt (3.4.8)

for any b as in (3.4.7). Finally, by the construction of χ∆t,k in Proposition 3.3.1 it holds that χ∆t P
Cpr0, T s;LplocpR3qq, 1 ¤ p   8, and χ∆t is the solution to

�
» T

0

»
R3

χ∆tBtΘdxdt�
»
R3

χ0Θp0, xq dx �
» T

0

»
R3

�
χ∆tΠ

1
∆t

	
�∇Θ dxdt (3.4.9)

for any Θ P Dpr0, T q�R3q. According to the transport theory by DiPerna and Lions, cf. [35, Thoerem
III.2], this solution is unique and can be represented in the form

χ∆tpt, xq :� χ0

�
η

Π
1
∆t

∆t pt; 0, xq



for t P r0, T s, (3.4.10)

where η
Π
1
∆t

∆t denotes the unique Carathéodory solution (cf. Theorem A.1.1 in the appendix) to the
initial value problem

dη
Π
1
∆t

∆t ps; t, xq
dt

� Π
1
∆t

�
t, η

Π
1
∆t

∆t ps; t, xq


, η

Π
1
∆t

∆t ps; s, xq � x, x P R3, s, t P r0, T s. (3.4.11)

By the uniqueness of this solution, the function η
Π
1
∆t

∆t can also be written as a composition of the
mappings (3.3.3). In particular, by the corresponding property of those functions (cf. Remark 3.3.1),
the mapping

x ÞÑ η
Π
1
∆t

∆t ps; t, xq, s, t P r0, T s
is an isometry from R3 to R3.
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3.4.1 Energy inequality on the ∆t-level

In order to extract convergent subsequences for the limit passage with respect to ∆tÑ 0 we need to
derive an energy estimate and therewith uniform bounds for the solution on the ∆t-level. We begin
by showing that the rigid velocity field Πl�1

∆t can be controlled in terms of the velocity field ul�1
∆t for

any l � 1, ..., T∆t . More precisely, writing

vl�1
∆t :� puGql�1

∆t � ωl�1
∆t � al�1

∆t and wl�1
∆t :� ωl�1

∆t , (3.4.12)

we aim at proving the estimate���vl�1
∆t

��� , ���wl�1
∆t

��� ¤ c
���ul�1

∆t

���
L2pΩq

@∆t ¡ 0, l � 1, ...,
T

∆t
(3.4.13)

with a constant c ¡ 0 independent of ∆t and l and consequently���Πl�1
∆t

���
L2pΩq

�
���vl�1

∆t � wl�1
∆t � p�q

���
L2pΩq

¤ c}ul�1
∆t }L2pΩq @∆t ¡ 0, l � 1, ...,

T

∆t
. (3.4.14)

Since in the final system we do not care about the behavior of the density and the velocity outside of
Ω, we can extend these functions without loss of generality in an arbitrary way to the exterior domain
and set

ul∆t � 0 in R3zΩ, ρl∆t � ρ in R3zΩ for all l � 0, ...,
T

∆t
. (3.4.15)

We consider some arbitrary l � 1, ..., T∆t and distinguish between two cases, the first one being

suppχl�1
∆t

£
Ω � H. (3.4.16)

Since χl�1
∆t is the characteristic function of the solid body, the motion of which is described via an

isometry (cf. Remark 3.3.1), we can find a compact set K � R3, independent of ∆t and l, which
satisfies

suppχl�1
∆t � K (3.4.17)

in this case. Due to the lower bound of the density in (3.2.2) and the extension (3.4.15) to the exterior
domain, it further holds that »

R3

ρl∆tχ
l�1
∆t dx ¥ ρ |S0| ¡ 0. (3.4.18)

Combining this bound with the inclusion (3.4.17), we find a constant c ¡ 0 independent of ∆t and l
such that ���al�1

∆t

��� �
�����
³
R3 ρ

l
∆tχ

l�1
∆t x dx³

R3 ρl∆tχ
l�1
∆t dx

����� ¤ 1

ρ |S0| |
����
»
K
ρl∆tx dx

���� ¤ c (3.4.19)

as well as ���puGql�1
∆t

��� �
�����
³
R3 ρ

l
∆tχ

l�1
∆t u

l�1
∆t dx³

R3 ρl∆tχ
l�1
∆t dx

����� ¤ 1

ρ |S0|
����
»

Ω
ρl∆tu

l�1
∆t

���� ¤ c
���ul�1

∆t

���
L2pΩq

. (3.4.20)

Further, we recall that the initial domain S0 of the solid body is open and non-empty by the assump-
tions (3.1.8). Thus the fact that the motion of the body is characterized via an isometry guarantees
the existence of a ball Brp∆t, l � 1q � S∆t,l�1ppl � 1q∆tq with radius r ¡ 0 independent of ∆t and l.
Hence for any arbitrary v P R3 we may estimate

vT I l�1
∆t v � vT

�»
R3

ρl∆tχ
l�1
∆t

�
|x� al�1

∆t |2id�
�
x� al�1

∆t

	
b
�
x� al�1

∆t

		
dx

�
v

�
»
R3

ρl∆tχ
l�1
∆t

���px� al�1
∆t q � v

���2 dx
¥ ρ

»
Brp∆t,l�1q

���px� al�1
∆t q � v

���2 dx
¥ ρ

»
Brp0q

|y � v|2dy ¥ c|v|2, (3.4.21)
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for another constant c ¡ 0 independent of ∆t, l and v. This estimate implies invertibility of the
matrix I l�1

∆t with an inverse pI l�1
∆t q�1 bounded uniformly with respect to ∆t and l. Therefore, taking

into account the bound (3.4.19), we may estimate

���ωl�1
∆t

��� � �����I l�1
∆t

	�1
»
R3

ρl∆tχ
l�1
∆t

�
x� al�1

∆t

	
� ul�1

∆t dx

����
¤c

����
»
K
ρl∆t

�
x� al�1

∆t

	
� ul�1

∆t dx

���� ¤ c
���ul�1

∆t

���
L2pΩq

. (3.4.22)

Consequently, combining the estimates (3.4.19), (3.4.20) and (3.4.22), we have shown the estimate
(3.4.13) provided that the inequality (3.4.16) holds true. In the second case, i.e. if suppχl�1

∆t

�
Ω � H,

the extension (3.4.15) of ul�1
∆t by 0 in R3zΩ implies that puGql�1

∆t � 0 and ωl�1
∆t � 0, so the estimate

(3.4.13) is satisfied trivially. It follows that the desired estimates (3.4.13) and (3.4.14) indeed hold
true for any ∆t ¡ 0 and any l � 1, ..., T∆t . With the estimate (3.4.14) at hand we now proceed with the
proof of the desired energy estimate. We fix some k P  1, ..., T∆t

(
and test, for any l ¤ k, the discrete

induction equation (3.2.8) at the time l∆t by 1
µB

l
∆t. Under exploitation of the estimate

»
Ω

Bl
∆t �Bl�1

∆t

∆t
�Bl

∆t dx �
»

Ω

1

2∆t

����Bl
∆t

���2 � ���Bl
∆t �Bl�1

∆t

���2 � ���Bl�1
∆t

���2
 dx

¥
»

Ω

1

2∆t

����Bl
∆t

���2 � ���Bl�1
∆t

���2
 dx (3.4.23)

this leads us to the inequality

»
Ω

1

2µ∆t

���Bl
∆t

���2 � 1

2µ∆t

���Bl�1
∆t

���2 � 1

σµ2

���curlBl
∆t

���2 dx

¤�
»

Ω

ε

µ3

���curlBl
∆t

���4 � ε

µ

���∇ curlBl
∆t

���2 � 1

µ
pul∆t �Bl�1

∆t q � curlBl
∆t �

1

σµ
J l∆t � curlBl

∆t dx. (3.4.24)

We further test the discrete momentum equation (3.2.7) at the time l∆t by ul∆t and subtract the
discrete continuity equation (3.2.6) at the time l∆t, tested by 1

2 |ul∆t|2. Making use of the relations

»
Ω

ρl∆tu
l
∆t � ρl�1

∆t u
l�1
∆t

∆t
� ul∆tdx�

»
Ω

ρl∆t � ρl�1
∆t

∆t

1

2

���ul∆t���2 dx
¥
»

Ω

1

∆t
ρl∆t

���ul∆t���2 � 1

2∆t
ρl�1

∆t

���ul∆t���2 � 1

2∆t
ρl�1

∆t

���ul�1
∆t

���2 dx� »
Ω

ρl∆t � ρl�1
∆t

∆t

1

2

���ul∆t���2 dx
�
»

Ω

1

2∆t
ρl∆t

���ul∆t���2 � 1

2∆t
ρl�1

∆t

���ul�1
∆t

���2 dx
and »

Ω
div

�
ρl∆tu

l�1
∆t b ul∆t

	
� ul∆t dx�

»
Ω
ul�1

∆t �∇ρl∆t
1

2

���ul∆t���2 dx � 0,

cf. (3.3.6), we then obtain the inequality

»
Ω

1

2∆t
ρl∆t

���ul∆t���2 � 1

2∆t
ρl�1

∆t

���ul�1
∆t

���2 � 2ν
���∇ul∆t���2 �mρl�1

∆t χ
l
∆t

�
ul�1

∆t �Πl�1
∆t

	
� ul∆t � ε

���∆ul∆t���2 dx

¤
»

Ω
ρl�1

∆t g
l
∆t � ul∆t �

1

µ

�
curlBl�1

∆t �Bl�1
∆t

	
� ul∆t dx. (3.4.25)

We add up the inequalities (3.4.24) and (3.4.25), multiply the result by ∆t and sum over all indices
l � 1, ..., k. Under exploitation of the bounds for the density in (3.2.2), the bound (3.4.14) for the
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rigid velocity field Πl�1
∆t as well as Hölder’s and Young’s inequalities this yields the inequality

1

2

����
b
ρk∆tu

k
∆t

����2

L2pΩq

� 1

2µ

���Bk
∆t

���2

L2pΩq
�∆t

ķ

l�1

�
2ν

���∇ul∆t���2

L2pΩq
� ε

���∆ul∆t���2

L2pΩq

� 1

σµ2

���curlBl
∆t

���2

L2pΩq
� ε

µ3

���curlBl
∆t

���4

L4pΩq
� ε

µ

���∇ curlBl
∆t

���2

L2pΩq

�

¤1

2

��?ρ0,mu0,m

��2

L2pΩq
� 1

2µ
}B0,m}2L2pΩq �∆t

ķ

l�1

»
Ω
�mρl�1

∆t χ
l
∆tpul�1

∆t �Πl�1
∆t q � ul∆t � ρl�1

∆t g
l
∆t � ul∆t

� 1

µ

�
curlBl�1

∆t �Bl�1
∆t

	
� ul∆t �

1

µ

�
ul∆t �Bl�1

∆t

	
� curlBl

∆t �
1

σµ
J l∆t � curl∆tl dx

¤1

2
ρ }u0,m}2L2pΩq �

1

2µ
}B0,m}2L2pΩq �∆t

ķ

l�1

�
ρm

2

���ul�1
∆t

���2

L2pΩq
� ρm

2

���ul∆t���2

L2pΩq
� ρ

2

���gl∆t���2

L2pΩq

�ρ
2

���ul∆t���2

L2pΩq
� 1

µ

���curlBl�1
∆t

���
L4pΩq

���Bl�1
∆t

���
L4pΩq

���ul∆t���
L2pΩq

� 1

µ

���curlBl
∆t

���
L4pΩq

���Bl�1
∆t

���
L4pΩq

���ul∆t���
L2pΩq

� 1

2σ

���J l∆t���2

L2pΩq
� 1

2σµ2

���curlBl
∆t

���2

L2pΩq

�
. (3.4.26)

On the right-hand side of this inequality we estimate, due to the Gagliardo-Nirenberg inequality and
the Young inequality,

���Bl�1
∆t

���
L4pΩq

¤ c
���Bl�1

∆t

��� 1
4

L2pΩq

���∇Bl�1
∆t

��� 3
4

L2pΩq
� c

���Bl�1
∆t

���
L2pΩq

¤ c

4

���Bl�1
∆t

���
L2pΩq

� 3c

4

���∇Bl�1
∆t

���
L2pΩq

� c
���Bl�1

∆t

���
L2pΩq

¤ c
���Bl�1

∆t

���
H1pΩq

.

This allows us to control the L4pΩq-norm of the divergence-free vector fieldBl�1
∆t , satisfyingBl�1

∆t �n|BΩ �
0, via the Poincaré-type estimate

���Bl�1
∆t

���
L4pΩq

¤ c
���Bl�1

∆t

���
H1pΩq

¤ c
���curlBl�1

∆t

���
L2pΩq

¤ c
���curlBl�1

∆t

���
L4pΩq

, (3.4.27)

see [107, Corollary 3.2]. Consequently we may further estimate

1

µ

���curlBl
∆t

���
L4pΩq

���Bl�1
∆t

���
L4pΩq

���ul∆t���
L2pΩq

¤ 1

µ

�
c

?
2
?
εµ?

2
?
εµ

���curlBl
∆t

���
L4pΩq

���curlBl�1
∆t

���
L4pΩq

���ul∆t���
L2pΩq

�

¤ c2µ

ε

���ul∆t���2

L2pΩq
� ε

4µ3

���curlBl�1
∆t

���2

L4pΩq

���curlBl
∆t

���2

L4pΩq

¤ c2µ

ε

���ul∆t���2

L2pΩq
� ε

8µ3

���curlBl�1
∆t

���4

L4pΩq
� ε

8µ3

���curlBl
∆t

���4

L4pΩq

and in the same fashion

1

µ

���curlBl�1
∆t

���
L4pΩq

���Bl�1
∆t

���
L4pΩq

���ul∆t���
L2pΩq

¤ c2µ

ε

���ul∆t���2

L2pΩq
� ε

4µ3

���curlBl�1
∆t

���4

L4pΩq
.

The latter two estimates allow us to absorb the terms depending on Bl
∆t, l � 1, ..., k, on the right-hand

side of the inequality (3.4.26) into the left-hand side. For ∆t sufficiently small the same is possible for
the L2pΩq-norm of uk∆t, since the density is bounded from below by ρ according to (3.2.2). Hence we
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infer the inequality

ρ

4

���uk∆t���2

L2pΩq
� 1

2µ

���Bk
∆t

���2

L2pΩq
�∆t

ķ

l�1

�
2ν

���∇ul∆t���2

L2pΩq
� ε

���∆ul∆t���2

L2pΩq

� 1

2σµ2

���curlBl
∆t

���2

L2pΩq
� ε

2µ3

���curlBl
∆t

���4

L4pΩq
� ε

µ

���∇ curlBl
∆t

���2

L2pΩq

�

¤ρ
2
}u0,m}2L2pΩq �

1

2µ
}B0,m}2L2pΩq �

3ε∆t

8µ3
}curlB0,m}4L4pΩq �

ρm∆t

2
}u0,m}2L2pΩq

�∆t
ķ

l�1

�
ρ

2

���gl∆t���2

L2pΩq
� 1

2σ

���J l∆t���2

L2pΩq

�

�∆t
k�1̧

l�1

�
ρm

���ul∆t���2

L2pΩq
� ρ

2

���ul∆t���2

L2pΩq
� 2c2µ

ε

���ul∆t���2

L2pΩq

�
. (3.4.28)

From the definition of the discretized external forcing terms gl∆t and J l∆t in (3.2.16) it immediately
follows that the sum of their L2pΩq-norms on the right-hand side of the inequality (3.4.28) is bounded
uniformly with respect to ∆t, cf. [99, Lemma 8.7]. Hence we may apply the discrete Gronwall estimate,
cf. [99, (1.67)], to infer the desired energy estimate

���uk∆t���2

L2pΩq
�
���Bk

∆t

���2

L2pΩq
�∆t

ķ

l�1

� ���∇ul∆t���2

L2pΩq
� ε

���∆ul∆t���2

L2pΩq

�
���curlBl

∆t

���2

L2pΩq
� ε

���curlBl
∆t

���4

L4pΩq
� ε

���∇ curlBl
∆t

���2

L2pΩq

�
¤ c (3.4.29)

for all k � 1, ..., T∆t and a constant c � cpu0, B0, ρ, ρ, g, J, σ, µ, ν,m, T,Ωq ¡ 0 independent of ∆t and
k. We supplement this energy estimate by a uniform bound for the density gradient: We choose an
arbitrary time index k � 1, ..., T∆t and test the discrete continuity equation (3.2.6) at the time l∆t by
ρl∆t for any l � 1, ..., k. Because of the identity (3.3.2) (for ρ � ρl∆t) and the estimate

»
Ω

ρl∆t � ρl�1
∆t

∆t
� ρl∆t dx ¥

»
Ω

1

2∆t

����ρl∆t���2 � ���ρl�1
∆t

���2
 dx,

which holds true by the same argument as the corresponding estimate (3.4.23) for the magnetic
induction, this yields the inequality

»
Ω

1

2∆t

����ρl∆t���2 � ���ρl�1
∆t

���2
� ε
���∇ρl∆t���2 dx ¤ 0.

We sum over all indices l � 1, ..., k and infer the desired bound

1

2

���ρk∆t���2

L2pΩq
�∆t

ķ

l�1

ε
���∇ρl∆���2

L2pΩq
¤ 1

2
}ρ0,m}2L2pΩq . (3.4.30)

The uniform estimates (3.4.29) and (3.4.30) for our discrete solution translate to uniform bounds for
the interpolated functions defined via the formulas (3.4.1)–(3.4.3). More precisely, these estimates
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imply the existence of a constant c ¡ 0 independent of ∆t such that

ε
1
2 }ρ∆t}L2p0,T ;H1pΩqq � ε

1
2 }ρ∆t}L2p0,T ;H1pΩqq � ε

1
2

��ρ1∆t��L2p0,T ;H1pΩqq
¤ c, (3.4.31)

}u∆t}L8p0,T ;L2pΩqq � }u∆t}L8p0,T ;L2pΩqq �
��u1∆t��L8p0,T ;L2pΩqq

¤ c, (3.4.32)

ε
1
2 }u∆t}L2p0,T ;H2pΩqq � ε

1
2 }u∆t}L2p0,T ;H2pΩqq � ε

1
2

��u1∆t��L2p0,T ;H2pΩqq
¤ c, (3.4.33)

}B∆t}L8p0,T ;L2pΩqq �
��B∆t

��
L8p0,T ;L2pΩqq

�
���B1

∆t

���
L8p0,T ;L2pΩqq

¤ c, (3.4.34)

}B∆t}L2p0,T ;H1pΩqq �
��B∆t

��
L2p0,T ;H1pΩqq

�
���B1

∆t

���
L2p0,T ;H1pΩqq

¤ c, (3.4.35)

ε
1
2 }curlB∆t}L2p0,T ;H1pΩqq � ε

1
2

��curlB∆t

��
L2p0,T ;H1pΩqq

� ε
1
2

���curlB
1
∆t

���
L2p0,T ;H1pΩqq

¤ c, (3.4.36)

ε
1
4 }curlB∆t}L4pQq � ε

1
4

��curlB∆t

��
L4pQq

� ε
1
4

���curlB
1
∆t

���
L4pQq

¤ c. (3.4.37)

These estimates, together with the upper and lower bounds for the density in (3.2.2), allow us to apply
the Banach-Alaoglu theorem and infer the existence of functions

ρ P
!
ψ P L2

�
0, T ;H1pΩq�£L8 pQq : ρ ¤ ψ ¤ ρ a.e. in Q

)
,

u P L8 �
0, T ;L2pΩq�£L2

�
0, T ;H2

0,divpΩq
�
, (3.4.38)

B P
"
b P L8 �

0, T ;L2pΩq�£L2
�
0, T ;H1

divpΩq
�

: curlB P L2
�
0, T ;H1pΩq� , b � n|BΩ � 0

*
(3.4.39)

such that, possibly after the extraction of non-relabeled subsequences, it holds that

ρ1∆t, ρ∆t, ρ∆t
�á ρ in L8 pQq , ρ1∆t, ρ∆t, ρ∆t á ρ in L2

�
0, T ;H1 pΩq� ,

u1∆t, u∆t, u∆t
�á u in L8

�
0, T ;L2 pΩq� , u1∆t, u∆t, u∆t á u in L2

�
0, T ;H2 pΩq� , (3.4.40)

B
1
∆t, B∆t, B∆t

�á B in L8
�
0, T ;L2 pΩq� , B

1
∆t, B∆t, B∆t á B in L2

�
0, T ;H1 pΩq�

and

curlB
1
∆t, curlB∆t, curlB∆t á curlB in L2

�
0, T ;H1 pΩq� (3.4.41)

The fact that the weak limits of the different interpolants of the same discrete functions here coincide,
respectively, is shown in Lemma A.3.1 in the appendix. The properties of the functions u and B stated
in the inclusions (3.4.38) and (3.4.39) follow from the inclusions u∆tptq P H2

0,divpΩq for all t P r0, T s and

B∆tptq P Y kpS∆t,kq for all t P ppk� 1q∆t, k∆ts, k � 1, ..., T∆t . Moreover, by their definition in (3.2.16),
the discretized forcing terms J∆t and g∆t converge back to the original external forcing terms J and
g (see Lemma A.3.2 (i) in the appendix),

J∆t Ñ J in LppQq, g∆t Ñ g in LppQq @1 ¤ p   8. (3.4.42)

3.4.2 Continuity equation

In order to pass to the limit in the continuity equation we first deduce strong convergence of the density.
Testing the continuity equation (3.4.5) on the ∆t-level by an arbitrary function ψ P L2p0, T ;H1pΩqq
we estimate����

» T
0

»
Ω
Btρ∆tψ dxdt

���� �
����
» T

0

»
Ω
�ρ∆tu

1
∆t �∇ψ � ε∇ρ∆t �∇ψ dxdt

����
¤ρ ��u1∆t��L2pQq

}∇ψ}L2pQq � ε }∇ρ∆t}L2pQq }∇ψ}L2pQq ¤ c }ψ}L2p0,T ;H1pΩqq

for a constant c ¡ 0 independent of ∆t due to the uniform bounds (3.4.31) and (3.4.32). Exploiting
the identity (3.4.4) for the discrete time derivative we have thus shown the dual estimate����ρ∆tp�q � ρ∆tp� �∆tq

∆t

����
L2p0,T ;pH1pΩqq�q

� }Btρ∆t}L2p0,T ;pH1pΩqq�q ¤ c. (3.4.43)
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For any function ψ P L2p∆t, T ;H1pΩqq this further yields the estimate» T
∆t

»
Ω

ρ1∆tptq � ρ1∆tpt�∆tq
∆t

ψptq dxdt

�
» T�∆t

0

»
Ω

ρ∆tptq � ρ∆tpt�∆tq
∆t

ψpt�∆tq dxdt ¤ c}ψ}L2p∆t,T ;H1pΩqq,

so a corresponding version of the dual estimate (3.4.43) also holds true for the time-lagging interpolant
ρ1∆t, ����ρ1∆tp�q � ρ1∆tp� �∆tq

∆t

����
L2p∆t,T ;pH1pΩqq�q

¤ c. (3.4.44)

The dual estimates (3.4.43) and (3.4.44) together with the bounds (3.4.31) of both ρ∆t and ρ1∆t in
L2p0, T ;H1pΩqq give us the conditions for the discrete Aubin-Lions Lemma A.3.3 in the appendix and
so we infer that

ρ1∆t, ρ∆t Ñ ρ in Lq
�p0, T q � R3

� @1 ¤ q   8, ρ ¤ ρ ¤ ρ a.e. in r0, T s � R3, (3.4.45)

where the limit function ρ is extended by ρ in R3zΩ. As another consequence of the dual estimate
(3.4.43) we may further assume that

Btρ∆t
�á Btρ in L2

�
0, T ;

�
H1pΩq��	 . (3.4.46)

The convergences (3.4.45), (3.4.46) allow us to pass to the limit in the continuity equation (3.4.5) in
two ways, producing the two identities

�
» T

0

»
Ω
ρBtψ dxdt�

»
Ω
ρ0,mψp0, xq dx �

» T
0

»
Ω
pρuq�∇ψ�ερ∆ψ dxdt @ψ P Dpr0, T q�Ωq. (3.4.47)

and » τ
0

»
Ω
Btρψ � pρuq �∇ψ � ε∇ρ �∇ψ dxdt � 0 @ψ P L2p0, T ;H1pΩqq, τ P r0, T s. (3.4.48)

While during the limit passage with respect to ε Ñ 0 we will proceed working with the continuity
equation in the form (3.4.47), we can use its form (3.4.48) to show strong convergence of the density
gradient in the present limit passage, which will be required for passing to the limit in the momentum
equation in Section 3.4.5 below. More specifically, we test (3.4.48) by ρ, which yields the identity

}ρpτq}2L2pΩq � 2ε

» τ
0

»
Ω
|∇ρ|2 dxdt � }ρ0,m}2L2pΩq (3.4.49)

for any τ P r0, T s. We want to compare this identity to the corresponding relation (3.4.30) on the
∆t-level. To this end we first note that this relation can be expressed in the form

���ρk∆t���2

L2pΩq
� 2ε∆t

k�1̧

l�1

���∇ρl∆t���2

L2pΩq
� 2εp∆t� sq

���∇ρk∆t���2

L2pΩq
¤ }ρ0,m}2L2pΩq @k � 1, ...,

T

∆t
, s P r0,∆tq.

As ρ∆t � ρk∆t on ppk�1q∆t, k∆ts, we may write }ρk∆t}2L2pΩq � }ρ∆tpk∆t�sq}2L2pΩq and so this estimate
reads

}ρ∆tpk∆t� sq}2L2pΩq � 2ε

» k∆t�s

0

»
Ω
|∇ρ∆t|2dxdt ¤ }ρ0,m}2L2pΩq @k � 1, ...,

T

∆t
, s P r0,∆tq.

Since each τ P p0, T s can be written as τ � k∆t � s for certain k � 1, ..., T∆t and s P r0,∆tq we infer
that

}ρ∆tpτq}2L2pΩq � 2ε

» τ
0

»
Ω
|∇ρ∆t|2 dxdt ¤ }ρ0,m}2L2pΩq @τ P r0, T s. (3.4.50)
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We subtract the identity (3.4.49) from (3.4.50) and infer that, since the strong convergence (3.4.45)
of ρ∆t implies convergence pointwise almost everywhere for a subsequence,» τ

0

»
Ω
|∇ρ|2 dxdt ¥ lim

∆tÑ0

» τ
0

»
Ω
|∇ρ∆t|2 dxdt for a.a. τ P r0, T s. (3.4.51)

On the other hand, for each τ for which the inequality (3.4.51) holds true we can exploit the weak
lower semicontinuity of the norm in L2pQpτqq � L2pp0, τq �Ωq to find another subsequence and some
value z1 � z1pτq ¥ 0 satisfying

}∇ρ∆t}2L2pQpτqq Ñ z1 ¥ }∇ρ}2L2pQpτqq . (3.4.52)

A comparison between the inequalities (3.4.51) and (3.4.52) implies, for almost all τ P r0, T s, the
existence of a subsequence satisfying

}∇ρ∆t}L2pQpτqq Ñ }∇ρ}L2pQpτqq .

Since weak convergence in L2pQpτqq combined with convergence of the L2pQpτqq-norm implies strong
L2pQpτqq-convergence, we thus infer from a diagonal argument that

∇ρ∆t Ñ ∇ρ in L2 pQpτqq for a.a. τ P r0, T s. (3.4.53)

Finally, for the later use in the limit passage with respect to ε Ñ 0 in Section 3.5, we show that the
density ρ on the ε-level satisfies a regularized and integrated version of the renormalized continuity
equation (3.1.22). To this end we test the continuity equation (3.4.5) on the ∆t-level by χr0,τ sβ

1pρ∆tq
for an arbitrary convex function β P C8prρ, ρsq and the characteristic function χr0,τ s of the interval
r0, τ s, τ P r0, T s. Under exploitation of the convexity of β and the fact that u1∆t is divergence-free,
this procedure leads to the inequality» τ

0

»
Ω
Btρ∆tβ

1pρ∆tq dx ��
» τ

0

»
Ω
u1∆t �∇ρ∆tβ

1pρ∆tq dxdt�
» τ

0

»
Ω
ε∇ρ∆t∇β1pρ∆tq dxdt

��
» τ

0

»
Ω
ε |∇ρ∆t|2 β2pρ∆tq dxdt ¤ 0 (3.4.54)

for any τ P r0, T s. Since the smooth function β has bounded derivatives on the compact interval rρ, ρs,
the strong convergence of ρ∆t in L2p0, τ ;H1pΩqq (cf. (3.4.45), (3.4.53)) shows that

β2pρ∆tq �á β2pρq in L8pQq,
β1pρ∆tq Ñ β1pρq in L2

�
0, τ ;H1pΩq� for a.a. τ P r0, T s.

Combined with the weak-� convergence (3.4.46) of Btρ∆t these convergences are sufficient to pass to
the limit in the relation (3.4.54) and infer that»

Ω
βpρpτqq dx�

»
Ω
βpρ0,mq dx �

» τ
0

»
Ω
Btβpρq dxdt � �

» τ
0

»
Ω
εβ2pρq|∇ρ|2 dxdt ¤ 0 (3.4.55)

for almost all τ P r0, T s and any convex function β P C8prρ, ρsq.

3.4.3 Transport equation

Recalling the relations (3.4.12) and the estimates (3.4.13) for the individual components of Π
1
∆t as

well as the L8p0, T ;L2pΩqq-bound (3.4.32) of u1∆t we can write

Π
1
∆tpt, xq � v1∆tptq � w1

∆tptq � x,
��v1∆tptq�� , ��w1

∆tptq
�� ¤ c

��u1∆tptq��L2pΩq
¤ c @t P r0, T s, x P Ω

for a constant c ¡ 0 independent of ∆t and t. This, in combination with the fact that χ∆t and η
Π
1
∆t

∆t

solve the transport equation (3.4.9) and the initial value problem (3.4.11) respectively guarantees us
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the conditions (A.4.11)–(A.4.13) of Lemma A.4.2 in the appendix. From this and Remark A.4.2 we
infer the existence of a function Π P L8p0, T ;W 1,8

loc pR3qq satisfying

Π
1
∆t

�á Π in L8
�

0, T ;W 1,8
loc pR3q

	
, (3.4.56)

η
Π
1
∆t

∆t Ñ ηΠ in C
�r0, T s � r0, T s;Cloc

�
R3

��
, (3.4.57)

χ∆t Ñ χ in C
�r0, T s;Lp �R3

�� @1 ¤ p   8, χpt, xq � χ0

�
ηΠpt; 0, xq� , (3.4.58)

where ηΠ and χ denote the unique solutions to the initial value problem

dηΠps; t, xq
dt

� Π
�
t, ηΠps; t, xq� , ηΠps; s, xq � x

for all x P R3, s, t P r0, T s and the transport equation

�
» T

0

»
R3

χBtΘdxdt�
»
R3

χ0Θp0, xq dx �
» T

0

»
R3

pχΠq �∇Θ dxdt

for all Θ P Dpr0, T q � R3q respectively. In particular, from the strong convergence (3.4.58) of the
continuous in time function χ∆t we further conclude convergence of the associated piecewise constant
functions χ∆t and χ1∆t,

χ∆t, χ
1
∆t Ñ χ in C

�r0, T s;Lp �R3
�� @1 ¤ p   8, (3.4.59)

cf. Lemma A.3.2 (ii) in the appendix. As a consequence of the strong convergences (3.4.45) of the
density and (3.4.59) of the characteristic function, the limit function Π in the convergence (3.4.56)
can be identified as the rigid projection Πrχ,ρ,us (defined in (3.1.6)) of the velocity field u, which can
be seen in the following way: We begin by noting that, since the density ρ is extended by ρ in R3zΩ,

»
R3

ρptqχptqdx ¥ ρ |S0| ¡ 0 for a.a. t P r0, T s. (3.4.60)

From the weak-� convergence (3.4.40) of the velocity field and the strong convergences (3.4.45) and
(3.4.59) of the density and the characteristic function, respectively, we conclude that»

R3

ρ∆tχ
1
∆t u

1
∆t dx

�á
»
R3

ρχ u dx in L8p0, T q,»
R3

ρ∆tχ
1
∆t x dxÑ

»
R3

ρχ x dx in Lpp0, T q @1 ¤ p   8,»
R3

ρ∆tχ
1
∆t dxÑ

»
R3

ρχ dx in Lpp0, T q @1 ¤ p   8.

These convergences, together with the bounds (3.4.18) and (3.4.60) away from 0 moreover imply that

puGq1∆t �
³
R3 ρ∆tχ

1
∆tu

1
∆t dx³

R3 ρ∆tχ
1
∆t dx

�á
³
R3 ρχu dx³
R3 ρχ dx

� puGqrχ,ρ,us in L8p0, T q (3.4.61)

a1∆t �
³
R3 ρ∆tχ

1
∆tx dx³

R3 ρ∆tχ
1
∆t dx

Ñ
³
R3 ρχx dx³
R3 ρχ dx

� arχ,ρs in Lpp0, T q @1 ¤ p   8. (3.4.62)

For the matrix

I
1
∆t �

»
R3

ρ∆tχ
1
∆t

�|x� a1∆t|2id� �
x� a1∆t

�b �
x� a1∆t

��
dx,

the convergence (3.4.62) then further implies that

I
1
∆t Ñ Irχ,ρs �

»
R3

ρχ
�|x� arχ,ρs|2id� �

x� arχ,ρs
�b �

x� arχ,ρs
��

dx in Lp p0, T q (3.4.63)
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for any 1 ¤ p   8. This convergence allows us to infer also convergence of the inverse pI 1∆tq�1 of I
1
∆t.

Indeed, we recall the bound (3.4.21), which implies boundedness of the eigenvalues of I
1
∆tptq away

from zero, uniformly with respect to ∆t and t. We thus find a constant c ¡ 0, independent of ∆t and
t, such that �����I 1∆tptq	�1

� �
Irχ,ρsptq

��1
���� ¤ c

���I 1∆tptq � Irχ,ρsptq
��� @t P r0, T s.

Consequently, the convergence (3.4.63) shows that�
I
1
∆t

	�1
Ñ �

Irχ,ρs
��1

in Lpp0, T q @1 ¤ p   8.

In combination with the convergence (3.4.62) this yields

ω1∆t �
�
I
1
∆t

	�1
»
R3

ρ∆tχ
1
∆t

�
x� a1∆t

�� u1∆t dx

áI�1
rχ,ρs

»
R3

ρχ
��
x� arχ,ρs

�� u
�
dx � ωrχ,ρ,us in Lpp0, T q @1 ¤ p   8. (3.4.64)

Now the convergences (3.4.61), (3.4.62) and (3.4.64) of the individual components of the rigid velocity

field Π
1
∆t indeed allow us to identify its limit, defined by the convergence (3.4.56), as

Π � puGqrχ,ρ,us � ωrχ,ρ,us � px� arχ,ρsq � Πrχ,ρ,us. (3.4.65)

We conclude this section by exploiting the uniform convergence (3.4.57) to show, for any κ ¡ 0, the
existence of some value δpκq ¡ 0 such that

pSptqqκ � S∆tptq � pS ptqqκ @t P r0, T s, ∆t   δpκq, (3.4.66)

where

Sptq :� ηΠrχ,ρ,us p0; t, S0q �
 
x P R3 : χpt, xq � 1

(
and the κ-kernel pSptqqκ as well as the κ-neighborhood pSptqqκ of Sptq are defined according to the
formulas (3.1.5) and (3.1.4), respectively. Indeed, any point of S∆tpτq, τ P r0, T s, can be represented in

the form η
Π
1
∆t

∆t p0; τ, xq for some point x P S0 due to the formula (3.4.10) for the characteristic function
of the solid body. The uniform convergence (3.4.57) implies the existence of δpκq ¡ 0 such that����ηΠ

1
∆t

∆t p0; τ, xq � ηΠrχ,ρ,us p0; t, xq
����   κ for all ∆t   δpκq, τ, t P r0, T s with |τ � t|   δpκq and x P S.

Since ηΠrχ,ρ,usp0; t, xq P Sptq this shows that

S∆t pτq � pS ptqqκ for all ∆t   δpκq and τ, t P r0, T s with |τ � t0|   δpκq.
Hence, the second inclusion in the relation (3.4.66) follows from the fact that for any t P r0, T s there

exists some τ P r0, T s with |τ � t| ¤ ∆t   δpκq such that S∆tptq � S∆tpτq. The first inclusion in
(3.4.66) follows from a similar argument.

3.4.4 Induction equation

Before passing to the limit in the induction equation, we show that the limit B of the discrete magnetic
induction is again curl-free in the solid domain. Indeed, for any interval I � p0, T q and any ball U � R3

such that I � U � QspSq�Q, it holds that I � U � QspS1∆tq
�
Q for all sufficiently small ∆t ¡ 0 due

to the first inclusion in (3.4.66). It follows that

curlB � lim
∆tÑ0

curlB∆t � 0 a.e. in I � U and hence in QspSq
£
Q. (3.4.67)
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Next, in order to obtain weak convergence of all quantities involved in the induction equation, we
improve the uniform bounds available for u∆t via an interpolation between its bounds (3.4.32), (3.4.33)
in L8p0, T ;L2pΩqq and L2p0, T ;H2pΩqq,

ε
1
4 }u∆t}L4pQq ¤ε

1
4

�» T
0
}u∆tptq}

4
2

L8pΩq }u∆tptq}
4
2

L2pΩq
dt

� 1
4

¤ε 1
4 }u∆t}

1
2

L2p0,T ;L8pΩqq
}u∆t}

1
2

L8p0,T ;L2pΩqq

¤cε 1
4 }u∆t}

1
2

L2p0,T ;H2pΩqq
}u∆t}

1
2

L8p0,T ;L2pΩqq
¤ c (3.4.68)

for a constant c ¡ 0 independent of ∆t. A corresponding bound for the magnetic induction is obtained
from the Poincaré-type estimate (3.4.27) and the uniform bound (3.4.37),

ε
1
4

���B1
∆t

���
L4pQq

¤ ε
1
4 c

���curlB
1
∆t

���
L4pQq

¤ c. (3.4.69)

The latter two bounds in combination with the bound (3.4.37) and the Hölder inequality allow us to

find functions z P L 4
3 pQq, and z2, z3 P L2pQq such that, possibly after the extraction of a subsequence,

ε
��curlB∆t

��2 curlB∆t á εz in L
4
3 pQq , (3.4.70)

u∆t �B
1
∆t á z2 in L2 pQq , (3.4.71)

curlB
1
∆t �B

1
∆t á z3 in L2 pQq , (3.4.72)

curlB∆t �B
1
∆t á z4 in L2 pQq . (3.4.73)

While the limit function z in these convergences does not need to be further specified as it will vanish
from the system after the limit passage with respect to ε Ñ 0, we need to investigate the identities
of the limit functions z2 and z3 more precisely. We do so in the solid domain and the fluid domain
separately, beginning with the solid domain. Here it holds that, exactly as in the derivation of the
curl-free condition (3.4.67) of B,

z3 � z4 � 0 � curlB �B a.e. in QspSq
£
Q. (3.4.74)

For the function z2, which only appears in a product with the curl of the test functions b P Y pSq in
the induction equation, it suffices to remark that

z2 � curlb � 0 � pu�Bq � curlb a.e. in QspSq
£
Q @b P Y pSq. (3.4.75)

In the fluid region the identification of z2 and z3 is more involved and can only be achieved by
establishing strong convergence of B

1
∆t in a certain sense. To this end we fix some value κ ¡ 0 and

choose an arbitrary function b P L4p0, T ;H2
0 pΩqq satisfying

curl bptq � 0 in pSptqqκ for a.a. t P r0, T s.

Choosing δpκq ¡ 0 as in the inclusion (3.4.66) it follows that

curl bptq � 0 in S∆tptq for a.a. t P r0, T s and all ∆t   δpκq

and consequently

bptq PW k pS∆t,kq for a.a. t P ppk � 1q∆t, k∆ts and all k � 1, ...,
T

∆t
, ∆t   δpκq.

Hence we have shown the implication

b P L4
�
0, T ;H2

0 pΩq
�
, curl bptq � 0 in pSptqqκ for a.a. t P r0, T s ñ b satisfies (3.4.7) @∆t   δpκq.

(3.4.76)
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We proceed by fixing an arbitrary interval I :� pt1, t2q, t1, t2 P r0, T s, as well as an arbitrary ball
U � Ω such that I � U � Qf pSq and consider test functions of the form

b �
"
bf P L4

�
I;H2

0 pUq
�

in I � U
0 in Qz pI � Uq . (3.4.77)

Since distpI � U,QspSqq ¡ κ for some value κ ¡ 0 it holds that curl bptq � 0 in pSptqqκ for any b
of the form (3.4.77) and any t P r0, T s. Consequently, according to the implication (3.4.76), for any
∆t   δpκq any test function b of the form (3.4.77) satisfies the conditions (3.4.7), which render b
an admissible test function for the induction equation (3.4.8) on the ∆t-level. Using it as such, we
estimate, under exploitation of the Hölder inequality and the uniform bounds (3.4.35)–(3.4.37) and
(3.4.68),�����

»
I

»
U
BtB∆t � bf dxdt

�����
�
�����
»
I

»
U

�
1

σµ
curlB∆t � u∆t �B

1
∆t �

ε

µ2

��curlB∆t

��2 curlB∆t � 1

σ
J∆t

�
� curl bf

� ε
�
∇curlB∆t

� � �∇curlbf
	
dxdt

�����
¤
�

1

σµ

��curlB∆t

��
L

4
3 pQq

� }u∆t}L4pQq

���B1
∆t

���
L2pQq

� ε

µ2

��curlB∆t

��3

L4pQq

� 1

σ

��J∆t

��
L

4
3 pQq

� ���curl bf
���
L4pI�Uq

� ε
��∇ curlB∆t

��
L2pQq

���∇curlbf
���
L2pI�Uq

¤ c
���bf ���

L4pI;H2
0 pUqq

.

From this inequality we infer the dual estimate�����B
1
∆tp�q �B

1
∆tp� �∆tq

∆t

�����
L

4
3 pt1�∆t,t2;H�2pUqq

¤
����B∆tp�q �B∆tp� �∆tq

∆t

����
L

4
3 pt1,t2;H�2pUqq

¤ c.

Since moreover B
1
∆t is bounded uniformly in L2pQq (cf. (3.4.34)) we have thus shown the conditions

for the discrete Aubin-Lions Lemma, cf. Lemma A.3.3 (ii) and Remark A.3.1 in the appendix. This
yields the desired strong convergence

B
1
∆t Ñ B in L2

�
IC ;H�1pUq�

for all compact subintervals IC � I. Since I � U � Qf pSq was chosen arbitrarily, this, in combination
with the weak L2p0, T ;H2pΩqq-convergence (3.4.40) of u∆t and the weak L2p0, T ;H1pΩqq-convergence

(3.4.41) of curlB∆t and curlB
1
∆t, suffices to identify

z2 � u�B a.e. in Qf pSq, z3 � z4 � curlB �B a.e. in Qf pSq. (3.4.78)

The first one of these identities gives us the final ingredient for the limit passage in the induction
equation. Indeed, since functions b P Y pSq are curl-free in a neighborhood of the solid body, the
implication (3.4.76) shows that any such function can be used as a test function in the induction
equation (3.4.8) on the ∆t-level for any sufficiently small ∆t ¡ 0. Then, making use of the convergences
(3.4.70) and (3.4.71) as well as of the identities (3.4.75) and (3.4.78), we can let ∆t tend to 0 and
obtain the equation

�
» T

0

»
Ω
B � Btb dxdt�

»
Ω
B0,m � bp0, xq dx

�
» T

0

»
Ω

�
� 1

σµ
curlB � u�B � ε

µ2
z � 1

σ
J

�
� curl b� ε p∇curlBq � p∇curlbq dxdt

for all b P Y pSq.
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3.4.5 Momentum equation

In order to pass to the limit in the momentum equation we first show strong convergence of the velocity
field. To this end we estimate, under exploitation of the Gagliardo-Nirenberg interpolation inequality,

}∇u∆tptq}L2pΩq ¤ c
��∇2u∆tptq

�� 1
2

L2pΩq
}u∆tptq}

1
2

L2pΩq
� c }u∆tptq}L2pΩq @t P r0, T s. (3.4.79)

This, together with the Hölder inequality, allows us to estimate, for any function φ P L4p0, T ;H2
0,divpΩqq,» T

0

»
Ω
ε p∇u∆t∇ρ∆tq � φ dxdt

¤ε
�» T

0
}∇u∆tptq}4L2pΩq dt


 1
4

}∇ρ∆t}L2pQq}φ}L4p0,T ;L8pΩqq

¤cε
�» T

0

��∇2u∆tptq
��2

L2pΩq
}u∆tptq}2L2pΩq � }u∆tptq}4L2pΩq dt


 1
4

}∇ρ∆t}L2pQq}φ}L4p0,T ;L8pΩqq

¤cε
�
}u∆t}

1
2

L2p0,T ;H2pΩqq
}u∆t}

1
2

L8p0,T ;L2pΩqq
� }u∆t}L4p0,T ;L2pΩqq



}∇ρ∆t}L2pQq}φ}L4p0,T ;L8pΩqq. (3.4.80)

Then we test the momentum equation (3.4.6) by an arbitrary function φ P L4p0, T ;H2
0,divpΩqq. The in-

equality (3.4.80), in combination with the estimate (3.4.14) and the uniform bounds (3.4.31), (3.4.32),
(3.4.33), (3.4.37) and (3.4.69), allows us to estimate����

» T
0

»
Ω
Bt pρ∆tu∆tq � φ dxdt

����
�
����
» T

0

»
Ω
� �

ρ∆tu
1
∆t b u∆t

�
: ∇φ� 2νDpu∆tq : ∇φ� ε p∇u∆t∇ρ∆tq � φ� ε∆u∆t �∆φ

�mρ1∆tχ∆t

�
u1∆t �Π

1
∆t

	
� φ� ρ1∆tg∆t � φ�

1

µ

�
curlB

1
∆t �B

1
∆t

	
� φ dxdt

����
¤ρ ��u1∆t��L8p0,T ;L2pΩqq

}u∆t}L2p0,T ;L8pΩqq}∇φ}L2pQq � 2ν}D pu∆tq }L2pQq}∇φ}L2pQq

� cε

�
}u∆t}

1
2

L2p0,T ;H2pΩqq
}u∆t}

1
2

L8p0,T ;L2pΩqq
� }u∆t}L4p0,T ;L2pΩqq



}∇ρ∆t}L2pQq}φ}L4p0,T ;L8pΩqq

� ε }∆u∆t}L2pQq }∆φ}L2pQq � ρm
���u1∆t �Π

1
∆t

���
L2pQq

}φ}L2pQq � ρ}g∆t}L2pQq}φ}L2pQq

� 1

µ

���curlB
1
∆t

���
L4pQq

���B1
∆t

���
L4pQq

}φ}L2pQq

¤c}φ}L4p0,T ;H2
0,divq (3.4.81)

for a constant c ¡ 0 independent of ∆t. We point out that for this estimate the regularization term
ε∆u∆t in the momentum equation, from which L2p0, T ;H2pΩqq-bound (3.4.33) of u∆t resulted, is
essential. We denote by P the orthogonal projection from L2pΩq onto the space L2

divpΩq of weakly
divergence-free L2pΩq–functions and see, due to the identity P pφq � φ for all φ P H2

0,divpΩq, that

����
» T

0

»
Ω
Bt pρ∆tu∆tq � φ dxdt

���� �
����
» T

0

»
Ω
BtP pρ∆tu∆tq � φ dxdt

���� @φ P L4p0, T ;H2
0,divpΩqq.

This identity together with the estimate (3.4.81) implies the dual estimate����P pρ∆tu∆tq p�q � P pρ∆tu∆tq p� �∆tq
∆t

����
L

4
3

�
0,T ;pH2

0,divpΩqq�
	 ¤ c.

Due to the estimate

}P pρ∆tu∆tq}L2pQq ¤ }ρ∆tu∆t}L2pQq ¤ c,
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we may thus apply the discrete Aubin-Lions Lemma A.3.3 (i) in the appendix. This yields the strong
convergence

P pρ∆tu∆tq Ñ P pρuq in L2
�

0, T ;
�
H2

0,divpΩq
��	

.

Since u∆t P L2p0, T ;H2
0,divpΩqq and hence u∆t � P pu∆tq, it follows that

����
» T

0

»
Ω
ρ∆t |u∆t|2 dxdt�

» T
0

»
Ω
ρ|u|2 dxdt

����
�
����
» T

0

»
Ω
pρ∆tu∆t � ρuq � u∆t dxdt�

» T
0

»
Ω
ρu � pu∆t � uq dxdt

����
¤}P pρ∆tu∆tq � P pρuq}L2p0,T ;pH2

0,divpΩqq
�q }u∆t}L2p0,T ;H2

0,divpΩqq
�
����
» T

0

»
Ω
ρu � pu∆t � uq dxdt

����Ñ 0.

(3.4.82)

Further, the strong convergence (3.4.45) of the density together with its boundedness away from zero
(cf. (3.2.2)) shows that

a
ρ∆tu∆t á ?

ρu in L2 pQq .

This, together with the convergence (3.4.82) of the L2pQq-norm of
?
ρ∆tu∆t implies that

a
ρ∆tu∆t Ñ ?

ρu in L2 pQq .

Consequently, the strong convergence (3.4.45) of the density and its bound away from zero in (3.2.2)
as well as the L4pQq-bound (3.4.68) of u∆t imply the desired strong convergence

u∆t Ñ u in LqpQq @1 ¤ q   4 (3.4.83)

of the velocity field. In particular it follows that

ρ∆tu
1
∆t b u∆t á ρub u in L2pQq. (3.4.84)

We are now in the position to carry out the limit passage in the momentum equation (3.4.6). Indeed,
using in particular the strong convergence (3.4.53) of the density gradient, the convergence (3.4.56),
(3.4.65) of the penalization term, the convergence (3.4.72), (3.4.74), (3.4.78) of the Lorentz force and
the converge (3.4.84) of the convective term, we obtain the relation

�
» T

0

»
Ω
ρu � Btφ dxdt�

»
Ω
ρ0,mu0,m � φp0, xq dx

�
» T

0

»
Ω
pρub uq : ∇φ� 2νDpuq : ∇φ�mρχ

�
u�Πrχ,ρ,us

� � φ
� ρg � φ� 1

µ
pcurlB �Bq � φ� ε p∇u∇ρq � φ� ε∆u �∆φ dxdt

for any φ P Dpr0, T q � Ωq with divφ � 0.

3.4.6 Energy inequality

With the aim of deriving an energy inequality for the limit system we slightly modify the derivation
of the energy estimate (3.4.29) on the ∆t-level. We pick an arbitrary index k P t1, ..., T∆tu and some
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arbitrary value s P r0,∆tq. Then we add to the first inequality in (3.4.26) a zero of the form

0 � �s
�»

Ω
�mρk�1

∆t χ
k
∆t

�
uk�1

∆t �Πk�1
∆t

	
� uk∆t � ρk�1

∆t g
k
∆t � uk∆t �

1

µ

�
curlBk�1

∆t �Bk�1
∆t

	
� uk∆t

� 1

µ

�
uk∆t �Bk�1

∆t

	
� curlBk

∆t �
1

σµ
Jk∆t � curlBk

∆t dx

�

�s
�»

Ω
�mρk�1

∆t χ
k
∆t

�
uk�1

∆t �Πk�1
∆t

	
� uk∆t � ρk�1

∆t g
k
∆t � uk∆t �

1

µ

�
curlBk�1

∆t �Bk�1
∆t

	
� uk∆t

� 1

µ

�
uk∆t �Bk�1

∆t

	
� curlBk

∆t �
1

σµ
Jk∆t � curlBk

∆t dx

�

¤ �s
�»

Ω
�mρk�1

∆t χ
k
∆t

�
uk�1

∆t �Πk�1
∆t

	
� uk∆t � ρk�1

∆t g
k
∆t � uk∆t �

1

µ

�
curlBk�1

∆t �Bk�1
∆t

	
� uk∆t

� 1

µ

�
uk∆t �Bk�1

∆t

	
� curlBk

∆t �
1

σµ
Jk∆t � curlBk

∆t dx

�
� c

�
∆t� p∆tq 1

2

�
,

where the last estimate follows from the uniform bounds (3.4.14), (3.4.32), (3.4.37) and (3.4.69). As
any τ P p0, T s can be expressed as τ � k∆t � s for certain values k P  

1, ..., T∆t
(

and s P r0,∆tq, this
procedure results in the inequality»

Ω

1

2
ρ∆tpτq |u∆tpτq|2 � 1

2µ

��B∆tpτq
��2 dx�

» τ
0

»
Ω

2ν |∇u∆t|2 � ε |∆u∆t|2

�
» τ

0

»
Ω

1

σµ2

��curlB∆t

��2 � ε

µ3

��curlB∆t

��4 � ε

µ

��∇ curlB∆t

��2 dxdt

¤
»

Ω

1

2
ρ0,m|u0,m|2 � 1

2µ
|B0,m|2 dx�

» τ
0

»
Ω
�mρ1∆tχ∆t

�
u1∆t �Π

1
∆t

	
� u∆t � ρ1∆tg∆t � u∆t

� 1

µ

�
curlB

1
∆t �B

1
∆t

	
� u∆t � 1

µ

�
u∆t �B

1
∆t

	
� curlB∆t � 1

σµ
J∆t � curlB∆t dxdt� c

�
∆t� p∆tq 1

2

�
for all τ P p0, T s. On the right-hand side of this inequality we write

1

µ

�
u∆t �B

1
∆t

	
� curlB∆t � � 1

µ

�
curlB∆t �B

1
∆t

	
� u∆t.

Then we pass to the limit under exploitation of in particular the convergence (3.4.56), (3.4.65) of the
penalization term, the convergence (3.4.72), (3.4.73), (3.4.74), (3.4.78) of the Lorentz force and the
strong convergence (3.4.83) of u∆t, as well as the weak lower semicontinuity of norms. This leads to
the inequality»

Ω

1

2
ρpτq|upτq|2 � 1

2µ
|Bpτq|2 dx�

» τ
0

»
Ω

2ν |∇u|2 � ε|∆u|2 � 1

σµ2
|curlB|2 � ε

µ3
|z| 43

� ε

µ
|∇ curlB|2 dxdt

¤
»

Ω

1

2
ρ0,m|u0,m|2 � 1

2µ
|B0,m|2 dx�

» τ
0

»
Ω
�mρχ �u�Πrχ,ρ,us

� � u� ρg � u� 1

σµ
J � curlB dxdt

(3.4.85)

for almost all τ P r0, T s. Due to the orthogonality (3.1.7), we can further write» τ
0

»
Ω
mρχ

�
u�Πrχ,ρ,us

� � u dx � » τ
0

»
R3

mρχ
�
u�Πrχ,ρ,us

� � u dx � » τ
0

»
R3

mρχ
��u�Πrχ,ρ,us

��2 dxdt.

Consequently, the inequality (3.4.85) finally turns into the desired energy inequality,»
Ω

1

2
ρpτq|upτq|2 � 1

2µ
|Bpτq|2 dx�

» τ
0

»
Ω

2ν |∇u|2 � ε|∆u|2 � 1

σµ2
|curlB|2 � ε

µ3
|z| 43

� ε

µ
|∇ curlB|2 �mρχ

��u�Πrχ,ρ,us

��2 dxdt

¤
»

Ω

1

2
ρ0,m|u0,m|2 � 1

2µ
|B0,m|2 dx�

» τ
0

»
Ω
ρg � u� 1

σµ
J � curlB dxdt

for almost all τ P r0, T s. Altogether we have shown the following result.
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Proposition 3.4.1. Let all the assumptions of Theorem 3.1.1 be satisfied and let ε,¡ 0, m P N.
Assume in addition the regularized initial data ρ0,m, u0,m, B0,m to satisfy the conditions (3.2.11).
Then, there exists an isometry ηΠrχε,ρε,uεsps; t, �q : R3 Ñ R3, s, t P r0, T s, and

χε P C
�r0, T s;Lp �R3

��
, 1 ¤ p   8,

ρε P
!
ψ P L2

�
0, T ;H1pΩq�£L8pQq : ρ ¤ ψ ¤ ρ a.e. in Q

)
, (3.4.86)

uε P L8
�
0, T ;L2pΩq�£L2

�
0, T ;H2

0,divpΩq
�

(3.4.87)

Bε P
"
b P L8 �

0, T ;L2pΩq�£L2
�
0, T ;H1

divpΩq
�

: curlB P L2
�
0, T ;H1pΩq� ,

curl b � 0 in QspSεq
£
Q, b � n |BΩ � 0

*
, (3.4.88)

zε P L
4
3 pQq

for Sε � Sεp�q � ηΠrχε,ρε,uεs p0; �, S0q, such that

dηΠrχε,ρε,uεsps; t, xq
dt

� Πrχε,ρε,uεs

�
t, ηΠrχε,ρε,uεsps; t, xq�, ηΠrχε,ρε,uεsps; s, xq � x, (3.4.89)

�
» T

0

»
R3

χεBtΘ dxdt�
»
R3

χ0Θp0, xq dx �
» T

0

»
R3

�
χεΠrχε,ρε,uεs

� �∇Θ dxdt, (3.4.90)

�
» T

0

»
Ω
ρεBtψ dxdt�

»
Ω
ρ0,mψp0, xq dx �

» T
0

»
Ω
pρεuεq �∇ψ � ερε∆ψ dxdt, (3.4.91)

�
» T

0

»
Ω
ρεuε � Btφ dxdt�

»
Ω
ρ0,mu0,m � φp0, xq dx �

» T
0

»
Ω
pρεuε b uεq : ∇φ� 2νDpuεq : ∇φ

�mρεχε
�
uε �Πrχε,ρε,uεs

� � φ� ρεg � φ
� 1

µ
pcurlBε �Bεq � φ� ε p∇uε∇ρεq � φ

� ε∆uε �∆φ dxdt, (3.4.92)

�
» T

0

»
Ω
Bε � Btb dxdt�

»
Ω
B0,m � bp0, xq dx �

» T
0

»
Ω

�
� 1

σµ
curlBε � uε �Bε � 1

σ
J

� ε

µ2
zε

�
� curl b� ε p∇ curlBεq : p∇ curl bq dxdt

(3.4.93)

for all Θ P Dpr0, T q � R3q, ψ, φ P Dpr0, T q � Ωq with div φ � 0 and all b P Y pSεq. Moreover, these
functions satisfy the energy inequality

»
Ω

1

2
ρεpτq|uεpτq|2 � 1

2µ
|Bεpτq|2 dx�

» τ
0

»
Ω

2ν |∇uε|2 � ε|∆uε|2 � 1

σµ2
|curlBε|2 � ε

µ3
|zε|

4
3

� ε

µ
|∇ curlBε|2 �mρεχε

��uε �Πrχε,ρε,uεs

��2 dxdt

¤
»

Ω

1

2
ρ0,m|u0,m|2 � 1

2
|B0,m|2 dx�

» τ
0

»
Ω
ρεg � uε � 1

σµ
J � curlBε dxdt (3.4.94)

for almost all τ P r0, T s and the characteristic function χε is connected to the isometry ηΠrχε,ρε,uεs by
the formula

χpt, xq � χ0

�
ηΠrχε,ρε,uεspt; 0, xq� .
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3.5 Limit passage with respect to εÑ 0

Applying the Gronwall inequality to the energy inequality (3.4.94) we find a constant c ¡ 0, uniform
with respect to ε, such that

}uε}L8p0,T ;L2pΩqq � }uε}L2p0,T ;H1pΩqq � }Bε}L8p0,T ;L2pΩqq � }Bε}L2p0,T ;H1pΩqq ¤ c, (3.5.1)

ε
1
2 }∆uε}L2pQq � ε

1
2 }∇ curlBε}L2pQq � ε

3
4 }zε}

L
4
3 pQq

¤ c. (3.5.2)

Further, recalling the identity (3.4.49), which was obtained by using the density as a test function in
the continuity equation on the ε-level, we infer that

ε
1
2 }ρε}L2p0,T ;H1pΩqq ¤ c. (3.5.3)

The uniform bounds (3.5.1)–(3.5.3) together with the upper and lower bounds (3.4.86) for the density
allow us to find functions

ρ P  ψ P L8 pQq : ρ ¤ ψ ¤ ρ a.e. in Q
(
,

u P L8 �
0, T ;L2pΩq�£L2

�
0, T ;H1

0,divpΩq
�
, (3.5.4)

B P
"
b P L8 �

0, T ;L2pΩq�£L2
�
0, T ;H1

divpΩq
�

: b � n|BΩ � 0

*
(3.5.5)

such that, possibly after the extraction of a subsequence,

ρε
�á ρ in L8 pQq , (3.5.6)

uε
�á u in L8

�
0, T ;L2pΩq� , uε á u in L2

�
0, T ;H1pΩq� , (3.5.7)

Bε
�á B in L8

�
0, T ;L2pΩq� , Bε á B in L2

�
0, T ;H1pΩq� , (3.5.8)

ε∇ρε, ε∆uε, ε∇ curlBε Ñ 0 in L2pQq, εzε Ñ 0 in L
4
3 pQq.

The boundary conditions of u and B in (3.5.4) and (3.5.5) follow directly from the corresponding
boundary conditions of the velocity field and the magnetic induction on the ε-level, cf. the inclusions
(3.4.87) and (3.4.88).

3.5.1 Continuity equation

We consider arbitrary functions ψ P Dp0, T q, Φ P DpΩq and test the continuity equation (3.4.91) on the
ε-level by ψΦ. Under exploitation of the upper bound (3.4.86) of ρε and the L8p0, T ;L2pΩqq-bound
(3.5.1) of uε this leads to the dual estimate����Bt

»
Ω
ρεΦdx

����
L2p0,T q

�
����
»

Ω
pρεuεq �∇Φ� ερε∆Φdx

����
L2p0,T q

¤ρ }uε}L2pQq }∇Φ}L2pΩq � ε }ρε}L2pQq }∆Φ}L2pΩq ¤ c

with a constant c ¡ 0 dependent on Φ but not on ε. Since L2pΩq is embedded compactly into pH1pΩqq�
we may thus apply Lemma A.4.1 from the Appendix and infer that

ρε Ñ ρ in Cweak

�r0, T s;L2pΩq� and hence in Lp
�

0, T ;
�
H1pΩq��	 @1 ¤ p   8.

In particular, the weak convergence (3.5.7) of uε and the weak-* convergence (3.5.6) of ρε now imply
that

ρεuε á ρu in L2pQq.
This allows us to pass to the limit in the continuity equation (3.4.91) and obtain the identity

�
» T

0

»
Ω
ρBtψdxdt�

»
Ω
ρ0,mψp0, xq dx �

» T
0

»
Ω
pρuq �∇ψ dxdt @ψ P Dpr0, T q � Ωq. (3.5.9)
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Next, we exploit this identity in order to derive strong convergence of the density for the limit passage
in the momentum equation in Section 3.5.4 below. More precisely, as ρ P L2pQq, the identity (3.5.9)
shows that ρ solves the renormalized continuity equation (3.1.22) for all β P C1pRq of the form (3.1.23)
according to the transport theory by DiPerna and Lions [35]. Since ρ is bounded from below by ρ,
we do not need to care about the behavior of β close to zero and hence, without loss of generality, we
may choose βpzq � zlnpzq. This yields the identity»

Ω
ρpτq ln pρpτqq dx �

»
Ω
ρ0,m ln pρ0,mq dx for a.a. τ P 0,m0, T s. (3.5.10)

Using the same choice βpzq � z lnpzq in the renormalized continuity equation (3.4.55) on the ε-level
we further obtain the inequality»

Ω
ρεpτq ln pρεpτqq dx ¤

»
Ω
ρ0,m ln pρ0,mq dx for a.a. τ P r0, T s.

We subtract the equation (3.5.10) and infer that

lim
εÑ0

»
Ω
ρεpτqlnpρεpτqq dx ¤

»
Ω
ρpτqlnpρpτqq dx for a.a. τ P r0, T s. (3.5.11)

Moreover, due to the strict convexity of the mapping z ÞÑ z lnpzq, we may use the well known relations
between weak convergence and convex functions (cf. [45, Theorem 10.20]) to conclude that

ρ lnpρq ¤ ρ lnpρq a.e. in Q,

where ρ lnpρq denotes a weak L1pQq-limit of ρε lnpρεq. In combination with the inequality (3.5.11) it
follows that

ρ lnpρq � ρ lnpρq a.e. in Q.

Exploiting once more the relations between weak convergence and strictly convex functions given by
[45, Theorem 10.20], we infer from this identity that

ρε Ñ ρ a.e. in Q. (3.5.12)

In particular - for ρ extended by ρ outside of Ω - it follows that

ρε Ñ ρ in Lp
�p0, T q � R3

� @1 ¤ p   8, ρ ¤ ρ ¤ ρ a.e. in r0, T s � R3. (3.5.13)

3.5.2 Transport equation

From the lower bound (3.4.60) for the total mass of the solid we deduce, similarly to the corresponding
bounds (3.4.13) on the ∆t-level, the estimates

|vεptq| , |wεptq| ¤ c}uεptq}L2pΩq for a.a. t P r0, T s (3.5.14)

with c ¡ 0 independent of t and ε, where

vε :� puGqrχε,ρε,uεs � ωrχε,ρε,uεs � arχε,ρεs, wε :� ωrχε,ρε,uεs

and therefore

}Πrχε,ρε,uεsptq}L8pΩq � }vεptq � wεptq � p�q }L8pΩq ¤ c}uεptq}L2pΩq for a.a. t P r0, T s. (3.5.15)

The bounds (3.5.14), together with the L8p0, T ;L2pΩqq-bound (3.5.1) of uε, the transport equation
(3.4.90) and the equation (3.4.89) for the associated characteristics guarantee us the conditions of
Lemma A.4.2 in the appendix. From this and Remark A.4.2 we infer that

Πrχε,ρε,uεs
�á Πrχ,ρ,us in L8

�
0, T ;W 1,8

loc pR3q
	
, (3.5.16)

ηΠrχε,ρε,uεs Ñ ηΠrχ,ρ,us in C
�r0, T s � r0, T s;Cloc

�
R3

��
, (3.5.17)

χε Ñ χ in C
�r0, T s;Lp �R3

�� @1 ¤ p   8, χpt, xq � χ0

�
ηΠrχ,ρ,uspt; 0, xq� , (3.5.18)
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where ηΠrχ,ρ,us and χ denote the unique solutions to the initial value problem

dηΠrχ,ρ,usps; t, xq
dt

� Πrχ,ρ,us

�
t, ηΠrχ,ρ,usps; t, xq� , ηΠrχ,ρ,usps; s, xq � x

for all x P R3, s, t P r0, T s and the transport equation

�
» T

0

»
R3

χBtΘdxdt�
»
R3

χ0Θp0, xq dx �
» T

0

»
R3

�
χΠrχ,ρ,us

� �∇Θ dxdt

for all Θ P Dpr0, T q � R3q respectively. The identification of the limit function in the convergence
(3.5.16) as the rigid velocity field Πrχ,ρ,us can be seen, exactly as the corresponding identification
(3.4.65) on the ε-level, from the strong convergence (3.5.13) of the density and the strong convergence
(3.5.18) of the characteristic function. For the limit passage in the induction equation in Section 3.5.3
below we keep record of the fact that the uniform convergence (3.5.17) allows us to find, for any κ ¡ 0,
some value δpκq ¡ 0 with

pSptqqκ � Sεptq � pSptqqκ2 � pSptqqκ @t P r0, T s, ε   δpκq, (3.5.19)

where

Sptq :� ηΠrχ,ρ,us p0; t, S0q �
 
x P R3 : χpt, xq � 1

(
.

3.5.3 Induction equation

The first inclusion in (3.5.19) shows that, exactly as the corresponding relation (3.4.67) in the limit
passage with respect to ∆tÑ 0, the magnetic induction B in the limit is curl-free in the solid region,

curlB � 0 a.e. in QspSq
£
Q. (3.5.20)

Next, we improve the bounds for uε andBε via an interpolation of their bounds (3.5.1) in L8p0, T ;L2pΩqq
and L2p0, T ;H1pΩqq. This shows that

}uε}L3pQq ¤
�» T

0
}uεptq}

3
2

L6pΩq
}uεptq}

3
2

L2pΩq
dt

� 1
3

¤}uε}
1
2

L
3
2 p0,T ;L6pΩqq

}uε}
1
2

L8p0,T ;L2pΩqq
¤ c }uε}

1
2

L2p0,T ;H1pΩqq
}uε}

1
2

L8p0,T ;L2pΩqq
¤ c (3.5.21)

and in the same way

}Bε}L3pQq ¤ c (3.5.22)

for a constant c ¡ 0 independent of ε. This, in combination with the Hölder inequality, implies the
existence of functions z4, z5 P L 6

5 pQq such that, possibly after the extraction of a subsequence,

uε �Bε á z5 in L
6
5 pQq , curlBε �Bε á z6 in L

6
5 pQq . (3.5.23)

For the identification of the limit functions z4 and z5 we again study the solid and the fluid domain
separately. In the solid domain it is sufficient to remark that, due to the identity curlBε � 0 in
QspSεq

�
Q and the first inclusion in (3.5.19),

z5 � curlb � 0 � pu�Bq � curlb, z6 � 0 � curlB �B a.e. in QspSq
£
Q (3.5.24)

for any b P Y pSq. For the corresponding identification in the fluid domain we need to show strong
convergence of Bε. To this end we first note that for any κ ¡ 0 and any function b P Y pSq being
curl-free in a κ-neighborhood of QspSq it also holds that

curl b � 0 in a
κ

2
-neighborhood of Qs pSεq and thus b P Y pSεq @ε   δpκq, (3.5.25)
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where δpκq denotes the parameter specified in the inclusions (3.5.19). We fix an arbitrary interval
I � p0, T q and an arbitrary ball U � Ω with the property I � U � Qf pSq. Since distpI � U,QspSqq ¡ κ
for some real number κ ¡ 0, (3.5.25) implies that

ψb P Y pSεq @ψ P DpIq, b P DpUq, ε   δpκq, (3.5.26)

where ψ and b are extended by 0 outside of I and U respectively. Therefore, for any ε   δpκq, any
function ψb of the form (3.5.26) is an admissible test function in the induction equation (3.4.93) on
the ε-level. Using it as such we infer the dual estimate

����Bt
»
U
Bε � b dx

����
L

6
5 pIq

�
����
»
U

�
� 1

σµ
curlBε � uε �Bε � 1

σ
J � ε

µ2
zε

�
� curl b� ε p∇ curlBεq � p∇ curl bq dx

����
L

6
5 pIq

¤ 1

σµ
}curlBε}

L
6
5 pQq

}curl b}L6pUq � }uε}L2pQq }Bε}L3pQq }curl b}L6pUq

� 1

σ
}J}

L
6
5 pQq

}curl b}L6pUq �
ε

µ2
}zε}

L
6
5 pQq

}curl b}L6pUq � ε }∇ curlBε}
L

6
5 pQq

}∇ curl b}L6pUq ¤ c.

with a constant c ¡ 0 depending on b but independent of ε due to the uniform bounds (3.5.1), (3.5.2)
and (3.5.22). Since L2pUq is embedded compactly into H�1pUq we thus infer from Lemma A.4.1 in
the appendix that

Bε Ñ B in Cweak

�
I;L2pUq� and thus in Lp

�
I;H�1pUq� @1 ¤ p   8. (3.5.27)

For the identification of z5, we now choose an arbitrary test function b P DpI � Uq. Then the strong
convergence (3.5.27) and the weak L2p0, T ;H1pΩqq-convergence (3.5.8) of Bε show that

»
I

»
U
pcurlBε �Bεq � b dxdt �

»
I

»
U
�pBε bBεq : ∇b� 1

2
|Bε|2 div b dxdt

Ñ
»
I

»
U
�pB bBq : ∇b� 1

2
|B|2 div b dxdt �

»
I

»
U
pcurlB �Bq � b dxdt.

This, together with the strong convergence (3.5.27) of Bε and the weak L2p0, T ;H1pΩqq-convergence
(3.5.7) of uε for the identification of z4, allows us to identify, as desired,

z5 � u�B a.e. in Qf pSq, z6 � curlB �B a.e. in Qf pSq. (3.5.28)

We are now in the position to carry out the limit passage in the induction equation. To this end we
consider an arbitrary test function b P Y pSq. From the inclusion (3.5.25) we immediately see that b
is also an admissible test function in the induction equation (3.4.93) on the ε-level for all sufficiently
small ε ¡ 0. Letting ε tend to zero and making use of the convergences (3.5.23) as well as of the
identities (3.5.24) and (3.5.28) we obtain the relation

�
» T

0

»
Ω
B � Btb dxdt�

»
Ω
B0,m � bp0q dx �

» T
0

»
Ω

�
� 1

σµ
curlB � u�B � 1

σ
J

�
� curlb dxdt

for any b P Y pSq.

3.5.4 Momentum equation

For the limit passage in the momentum equation it remains to prove strong convergence of the velocity
field. To this end we first choose an arbitrary function Φ P DpΩq. We estimate, under exploitation of
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the Gagliardo-Nirenberg interpolation inequality as in (3.4.79),����
»

Ω
ε p∇uε∇ρεq � Φ dx

����
L

4
3 p0,T q

¤ε 1
2 }∇uε}L4p0,T ;L2pΩqq ε

1
2 }∇ρε}L2pQq }Φ}L8pΩq

¤cε 1
2

�» T
0

��∇2uεptq
��2

L2pΩq
}uεptq}2L2pΩq � }uεptq}4L2pΩq dt


 1
4

ε
1
2 }∇ρε}L2pQq }Φ}L8pΩq

¤cε 1
2

�
}uε}

1
2

L2p0,T ;H2pΩqq
}uε}

1
2

L8p0,T ;L2pΩqq
� }uε}L4p0,T ;L2pΩqq



ε

1
2 }∇ρε}L2pQq }Φ}L8pΩq

¤cε 1
2 }∆uε}

1
2

L2pQq
}uε}

1
2

L8p0,T ;L2pΩqq
ε

1
2 }∇ρε}L2pQq }Φ}L8pΩq

� cε
1
2 }uε}L8p0,T ;L2pΩqq ε

1
2 }∇ρε}L2pQq }Φ}L8pΩq . (3.5.29)

Here, the last inequality is due to the estimate for the H2pΩq-norm given by Lemma A.2.1 in the
appendix. Next, we test the momentum equation (3.4.92) on the ε-level by ψΦ with ψ P Dp0, T q and
Φ P DpΩq such that div Φ � 0 in Ω. The inequality (3.5.29) together with the identity P pΦq � Φ for
the orthogonal projection P from L2pΩq onto L2

divpΩq allows us to estimate����Bt
»

Ω
P pρεuεq � Φdx

����
L

4
3 p0,T q

�
����
»

Ω
pρεuε b uεq : ∇Φ� 2νD puεq : ∇Φ�mρεχε

�
uε �Πrχε,ρε,uεs

� � Φ� ρεg � Φ� 1

µ
pcurlBε �Bεq � Φ

� ε p∇uε∇ρεq � Φ� ε∆uε �∆Φ dxdt

����
L

4
3 p0,T q

¤ρ }uε}2
L

8
3 p0,T ;L2pΩqq

}Φ}L8pΩq � 2ν }D puεq}
L

4
3 pQq

}∇Φ}L4pΩq � ρm
��uε �Πrχε,ρε,uεs

��
L

4
3 pQq

}Φ}L4pΩq

� ρ }g}
L

4
3 pQq

}Φ}L4pΩq �
1

µ
}Bε}L8p0,T ;L2pΩqq }curlBε}

L
4
3 p0,T ;L2pΩqq

}Φ}L8pΩq

� cε
1
2 }∆uε}

1
2

L2pQq
}uε}

1
2

L8p0,T ;L2pΩqq
ε

1
2 }∇ρε}L2pQq }Φ}L8pΩq

� cε
1
2 }uε}L8p0,T ;L2pΩqq ε

1
2 }∇ρε}L2pQq }Φ}L8pΩq � ε }∆uε}

L
4
3 pQq

}∆Φ}L4pΩq

¤c

for a constant c ¡ 0 depending on Φ but not on ε according to the uniform bounds (3.5.1)–(3.5.3) and
the estimate (3.5.15). Because of the compactness of the embedding of L2

divpΩq into pH1
0,divpΩqq� we

thus conclude from Lemma A.4.1 in the Appendix that

P pρεuεq Ñ P pρuq in Cweak

�r0, T s;L2
divpΩq

�
and hence in L2

�
0, T ;

�
H1

0,divpΩq
��	

.

This convergence, exactly as in the deduction of the strong convergence (3.4.83) of the velocity field
in the limit passage with respect to ∆tÑ 0, first yields» T

0

»
Ω
ρε|uε|2 dxdtÑ

» T
0

»
Ω
ρ|u|2 dxdt

and subsequently, together with the strong convergence (3.5.13) of the density and the L3pQq-bound
(3.5.21) of uε, the desired strong convergence

uε Ñ u in Lq pQq @1 ¤ q   3. (3.5.30)

In particular we conclude that

ρεuε b uε á ρub u in L
3
2 pQq .
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Combining this with the convergence (3.5.23), (3.5.24), (3.5.28) of the Lorentz force, we are now in
the position to pass to the limit in the momentum equation (3.4.92). Altogether we infer the relation

�
» T

0

»
Ω
ρu � Btφ dxdt�

»
Ω
ρ0,mu0,m � φp0, xq dx

�
» T

0

»
Ω
pρub uq : ∇φ� 2νDpuq : ∇φ�mρχ

�
u�Πrχ,ρ,us

� � φ� ρg � φ� 1

µ
pcurlB �Bq � φ dxdt

for any φ P Dpr0, T q � Ωq with divφ � 0.

3.5.5 Energy inequality

We drop the (nonnegative) regularization terms from the left-hand side of the energy inequality
(3.4.94). Using the weak lower semicontinuity of norms, we then let ε tend to 0 and obtain

»
Ω

1

2
ρpτq|upτq|2 � 1

2
|Bpτq|2 dx�

» τ
0

»
Ω

2ν |∇u|2 � 1

σµ2
|curlB|2 �mρχ

���u�Πrχ,ρ,us

���2 dxdt

¤
»

Ω

1

2
ρ0,m|u0,m|2 � 1

2
|B0,m|2 dx�

» τ
0

»
Ω
ρg � u� 1

σµ
J � curlB dxdt

for almost all τ P r0, T s. Altogether we have shown

Proposition 3.5.1. Let all the assumptions of Theorem 3.1.1 be satisfied and let m P N. Assume in
addition the regularized initial data ρ0,m, u0,m, B0,m to satisfy the conditions (3.2.11). Then, there
exists an isometry ηΠrχm,ρm,umsps; t, �q : R3 Ñ R3, s, t P r0, T s, and

χm P C �r0, T s;Lp �R3
��
, 1 ¤ p   8,

ρm P  ψ P L8 pQq : ρ ¤ ψ ¤ ρ a.e. in Q
(
, (3.5.31)

um P L8 �
0, T ;L2pΩq�£L2

�
0, T ;H1

0,divpΩq
�

(3.5.32)

Bm P
!
b P L8 �

0, T ;L2pΩq�£L2
�
0, T ;H1

divpΩq
�

: curl b � 0 in QspSmq
£
Q, b � n |BΩ � 0

)
,

(3.5.33)

for Sm � Smp�q � ηΠrχm,ρm,ums p0; �, S0q, such that

dηΠrχm,ρm,umsps; t, xq
dt

� Πrχm,ρm,ums

�
t, ηΠrχm,ρm,umsps; t, xq�, ηΠrχm,ρm,umsps; s, xq � x (3.5.34)

�
» T

0

»
R3

χmBtΘdxdt�
»
R3

χ0Θp0, xq dx �
» T

0

»
R3

�
χmΠrχm,ρm,ums

� �∇Θ dxdt, (3.5.35)

�
» T

0

»
Ω
ρmBtψdxdt�

»
Ω
ρ0,mψp0, xq dx �

» T
0

»
Ω
pρmumq �∇ψ dxdt, (3.5.36)

�
» T

0

»
Ω
ρmum � Btφ dxdt�

»
Ω
ρ0,mu0,m � φp0, xq dx �

» T
0

»
Ω
pρmum b umq : ∇φ� 2νDpumq : ∇φ

�mρmχm
�
um �Πrχm,ρm,ums

� � φ� ρmg � φ
� 1

µ
pcurlBm �Bmq � φ dxdt, (3.5.37)

�
» T

0

»
Ω
Bm � Btb dxdt�

»
Ω
B0,m � bp0, xq dx �

» T
0

»
Ω

�
� 1

σµ
curlBm � um �Bm

� 1

σ
J

�
� curl b dxdt (3.5.38)
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for all Θ P Dpr0, T q � R3q, ψ, φ P Dpr0, T q � Ωq with div φ � 0 and all b P Y pSmq. Moreover, these
functions satisfy the energy inequality»

Ω

1

2
ρmpτq|umpτq|2 � 1

2µ
|Bmpτq|2 dx�

» τ
0

»
Ω

2ν |∇um|2 � 1

σµ2
|curlBm|2

�mρmχm
��um �Πrχm,ρm,ums

��2 dxdt

¤
»

Ω

1

2
ρ0,m|u0,m|2 � 1

2
|B0,m|2 dx�

» τ
0

»
Ω
ρmg � um � 1

σµ
J � curlBm dxdt (3.5.39)

for almost all τ P r0, T s and the characteristic function χm is connected to the isometry ηΠrχm,ρm,ums

by the formula

χpt, xq � χ0

�
ηΠrχm,ρm,umspt; 0, xq� .

3.6 Limit passage with respect to mÑ 8

In order to prove the main result Theorem 3.1.1 of this chapter, we now assume the regularized initial
data on the m-level to satisfy

ρ0,m Ñ ρ0 in L2pΩq, u0,m Ñ u0 in L2pΩq, B0,m Ñ B0 in L2pΩq, (3.6.1)

where ρ0, u0, B0 denote the initial data in Theorem 3.1.1. The energy inequality (3.5.39) implies the
existence of a constant c ¡ 0, independent of m, such that

}um}L8p0,T ;L2pΩqq � }um}L2p0,T ;H1pΩqq � }Bm}L8p0,T ;L2pΩqq � }Bm}L2p0,T ;H1pΩqq ¤c, (3.6.2)

m
1
2

��χm �
um �Πrχm,ρm,ums

���
L2pQq

¤c. (3.6.3)

The above bounds, together with the uniform bounds for the density in (3.5.31), allow us to find
functions

ρ P  ψ P L8 pQq : ρ ¤ ψ ¤ ρ a.e. in Q
(
,

u P L8 �
0, T ;L2pΩq�£L2

�
0, T ;H1

0,divpΩq
�
, (3.6.4)

B P
"
b P L8 �

0, T ;L2pΩq�£L2
�
0, T ;H1

divpΩq
�

: b � n|BΩ � 0

*
(3.6.5)

such that for extracted subsequences

ρm
�á ρ in L8 p0, T ;L8pΩqq ,

um
�á u in L8

�
0, T ;L2pΩq� , um á u in L2

�
0, T ;H1pΩq� , (3.6.6)

Bm
�á B in L8

�
0, T ;L2pΩq� , Bm á B in L2

�
0, T ;H1pΩq� .

The boundary conditions of u and B in (3.6.4) and (3.6.5) follow directly from the corresponding
boundary conditions of the velocity field and the magnetic induction on the m-level given by the
inclusions (3.5.32) and (3.5.33).

3.6.1 Continuity equation

With the regularization term in the continuity equation gone, the proof of the strong convergence
of the density is greatly simplified in comparison to the limit passage with respect to ε Ñ 0. More
precisely, we can directly apply the classical compactness results for the incompressible Navier-Stokes
equations, cf. [86, Theorem 2.4, Remark 2.4 3)], and infer that

ρm Ñ ρ in C
�r0, T s;Lp �R3

�� @1 ¤ p   8, (3.6.7)

with ρ once again extended by ρ outside of Ω. This, together with the weak convergence (3.6.6) of um
and the convergence (3.6.1) of the initial data, suffices to pass to the limit in the continuity equation
(3.5.36) and obtain the identity

�
» T

0

»
Ω
ρBtψdxdt�

»
Ω
ρ0ψp0, xq dx �

» T
0

»
Ω
pρuq �∇ψ dxdt @ψ P Dpr0, T q � Ωq. (3.6.8)
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3.6.2 Transport equation

Similarly to the corresponding estimates (3.4.13) on the ∆t-level we deduce that

|vmptq| , |wmptq| ¤ c}umptq}L2pΩq for a.a. t P r0, T s
with c ¡ 0 independent of t and m, where

vm :� puGqrχm,ρm,ums � ωrχm,ρm,ums � arχm,ρms, wm :� ωrχm,ρm,ums

and thus��Πrχm,ρm,umsptq
��
L8pΩq

� }vmptq � wmptq � p�q }L8pΩq ¤ c}umptq}L2pΩq for a.a. t P r0, T s, (3.6.9)��∇Πrχm,ρm,umsptq
��
L8pΩq

¤ c}umptq}L2pΩq for a.a. t P r0, T s. (3.6.10)

In combination with the transport equation (3.5.35) and the equation (3.5.34) these bounds allow us
once more to apply Lemma A.4.2 and Remark A.4.2, which yield

Πrχm,ρm,ums
�á Πrχ,ρ,us in L8

�
0, T ;W 1,8

loc pR3q
	
, (3.6.11)

η
Πrχm,ρm,ums
m Ñ ηΠrχ,ρ,us in Cpr0, T s � r0, T s;Cloc

�
R3q� , (3.6.12)

χm Ñ χ in C
�r0, T s;Lp �R3

�� @1 ¤ p   8, χpt, xq � χ0

�
ηΠrχ,ρ,uspt; 0, xq� ,

(3.6.13)

where ηΠrχ,ρ,us and χ denote the unique solutions to

dηΠrχ,ρ,usps; t, xq
dt

�Πrχ,ρ,us

�
t, ηΠrχ,ρ,usps; t, xq� , ηΠrχ,ρ,usps; s, xq � x, (3.6.14)

�
» T

0

»
R3

χBtΘdxdt�
»
R3

χ0Θp0, xq dx �
» T

0

»
R3

�
χΠrχ,ρ,us

� �∇Θ dxdt (3.6.15)

for all x P R3, all s, t P r0, T s and all Θ P D
�r0, T q � R3

�
. The identification of the limit function in

(3.6.11) as Πrχ,ρ,us is, just like the corresponding identity (3.4.65) on the ∆t-level, a consequence of
the strong convergence (3.6.7) of the density and the strong convergence (3.6.13) of the characteristic
function. As a consequence of the uniform convergence (3.6.12) we find, for any κ ¡ 0, some number
Mpκq ¡ 0 such that

pSptqqκ � Smptq � pSptqqκ2 � pSptqqκ @t P r0, T s, m ¥Mpκq, (3.6.16)

where

Sptq :� ηΠrχ,ρ,us p0; t, S0q �
 
x P R3 : χpt, xq � 1

(
.

3.6.3 Induction equation

In the induction equation, all the approximation terms already vanished during the previous limit
passage. Thus the limit passage with respect to m Ñ 8 works by the same arguments as before.
Indeed, with the inclusions (3.6.16) at hand we can argue as in the derivation of the corresponding
relation (3.4.67) on the ∆t-level to conclude that

curlB � 0 a.e. in QspSq
£
Q (3.6.17)

and, as in Section 3.5.3 on the ε-level,

pum �Bmq � curl bá pu�Bq � curl b in L
6
5 pQq ,

curlBm �Bm á curlB �B in L
6
5 pQq (3.6.18)

for all b P Y pSq. Exploiting further the convergence (3.6.1) of the initial data, we can pass to the limit
in the induction equation (3.5.38) and obtain

�
» T

0

»
Ω
B � Btb dxdt�

»
Ω
B0 � bp0, xq dx �

» T
0

»
Ω

�
� 1

σµ
curlB � u�B � 1

σ
J

�
� curlb dxdt (3.6.19)

for all b P Y pSq.
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3.6.4 Momentum equation

Let now T 1 be given by (3.1.21), i.e. T 1 denotes the first time at which the rigid body Spχp�qq collides
with BΩ or, if this never happens in r0, T s, then T 1 � T . Since the initial distance between the body
and BΩ is positive by (3.1.8), the uniform convergence (3.6.12) implies T 1 ¡ 0 and, for any T0   T 1,
there exists some κ ¡ 0 such that

dist
�
BΩ, Sptq

	
¡ κ @t P r0, T0s. (3.6.20)

Our first goal in this section is to show that the limit velocity u indeed coincides with its own projection
Πrχ,ρ,us onto a rigid velocity field in the solid region. To this end we consider an arbitrary compact

set I � U � QspS, T 1q with an interval I � p0, T 1q and some ball U � Ω. From the first inclusion in
(3.6.16) we see that for sufficiently large m it holds that

I � U � QspSm, T 1q
£
Q ô χm � 1 in I � U.

Consequently the estimate (3.6.3) implies that

um �Πrχm,ρm,ums Ñ 0 in L2pI � Uq,

and as I � U was chosen arbitrarily we get, as desired,

u � Πrχ,ρ,us a.e. in QspS, T 1q. (3.6.21)

Next, we show that the penalization term vanishes in the limit of the momentum equation (3.5.37). We
fix some arbitrary function φ from the test function space ZpS, T 1q, defined in (3.1.1). In particular,
φ P Dpr0, T 1q � Ωq and we can choose T0   T 1 such that

suppφ � r0, T0s � Ω (3.6.22)

and a corresponding κ ¡ 0 according to (3.6.20). The inclusion φ P ZpS, T 1q further implies the
existence of 0   σ   κ such that

Dpφq � 0 in

"
pt, xq P Q �

T 1
�

: dist
�pt, xq, QspS, T 1q�   σ

*
,

cf. (3.1.2). Consequently, for all t P r0, T0s, the function φpt, �q coincides with a rigid velocity field
φspt, �q on pSptqqσ � Ω and, by the inclusion (3.6.16), also on Smptq for all m ¥Mpσq. As

χmpt, xq � 0 for x P ΩzSm ptq ,

we infer that for such m it holds that» T 1
0

»
Ω
�mρmχm

�
um �Πrχm,ρm,ums

� � φ dxdt � » T 1
0

»
Ω
�mρmχm

�
um �Πrχm,ρm,ums

� � φs dxdt � 0,

(3.6.23)

where the second equality is a consequence of the fact that Πrχm,ρm,umspt, �q is the orthogonal projection
of umpt, �q onto rigid velocity fields on Smptq, cf. (3.1.7). The final ingredient we require for the limit
passage in the momentum equation is strong convergence of the velocity field,

um Ñ u in Lq pQ pT0qq @1 ¤ q   3, 0   T0   T 1, (3.6.24)

which in consequence implies that

ρmum b um á ρub u in L
3
2 pQ pT0qq @0   T0   T 1. (3.6.25)
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Exactly as in the deduction of the corresponding strong convergence (3.5.30) in the ε-limit, the con-
vergence (3.6.24) will follow provided we can show that

» T0

0

»
Ω
ρm|um|2 dxdtÑ

» T0

0

»
Ω
ρ|u|2 dxdt (3.6.26)

for arbitrary 0   T0   T 1. The proof of (3.6.26) is achieved by following mostly [15] and using further
arguments from [44]. More precisely, for fixed 0   T0   T 1, we choose κsup � κsuppT0q ¡ 0 as the
supremum over all κ which satisfy the estimate (3.6.20). By the second inclusion in (3.6.16) we find
some mmin � mminpκsupq ¡ 0 such that

dist
�
BΩ, Smptq

	
¥ κsup

2
@t P r0, T0s, m ¥ mmin. (3.6.27)

Then for any 0 ¤ κ ¤ κsup

4 , t P r0, T0s and r P r0, 1s we define

Kr
t,κpΩq :�  

vptq P Hr
0,divpΩq : Dpvptqq � 0 in D1 ppSptqqκq( ,

Kr
t,κ,mpΩq :�  

vptq P Hr
0,divpΩq : Dpvptqq � 0 in D1 ppSmptqqκq

(
(3.6.28)

together with the associated orthogonal projections

P rκptq : HrpΩq Ñ Kr
t,κpΩq, P rκ,mptq : HrpΩq Ñ Kr

t,κ,mpΩq.

By the triangle inequality we estimate, for arbitrary ψ P Dp0, T0q, r P p0, 1q and κ P p0, κsup

4 s,
����
» T0

0

»
Ω
ψρm|um|2 dxdt�

» T0

0

»
Ω
ψρ|u|2 dxdt

����
¤
����
» T0

0

»
Ω
ψρmum pum � P rκumq dxdt

�����
����
» T0

0

»
Ω
ψ pρmum � P rκum � ρu � P rκuq dxdt

����
�
����
» T0

0

»
Ω
ψρu � pP rκu� uq dxdt

����
¤ρ }ψ}L8p0,T0q

}um}L2pQpT0qq
}P rκum � um}L2pQpT0qq

�
����
» T0

0

»
Ω
ψ pρmum � P rκum � ρu � P rκuq dxdt

����
� ρ }ψ}L8p0,T0q

}u}L2pQpT0qq
}P rκu� u}L2pQpT0qq

. (3.6.29)

Our goal is to show that the right-hand side of this estimate vanishes. We first focus on the second term
on the right-hand side. The vanishing of this term is shown by the following version of [44, Lemma
3.4] (cf. [15, Lemma 3.8] for a related result), the proof of which we outline for the convenience of the
reader.

Lemma 3.6.1. For any κ P p0, κsup4 s and any 0   r   1, it holds that

����
» T0

0

»
Ω
ψ pρmum � P rκum � ρu � P rκuq dxdt

����Ñ 0 for mÑ8.

Proof
The argument of the proof is the same as in [44, Lemma 3.4]. We consider some arbitrary τ P r0, T0s
and a neighborhood Ipτq of τ , which by the inclusion (3.6.16) and the fact that ηΠrχ,ρ,us P Cpr0, T s �
r0, T s;ClocpR3qq (cf. (3.6.12)), can be chosen sufficiently small such that

pSm ptqq
κ
8 � pSpτqqκ4 and P rκum P L2

�
Ipτq;Kr

τ,κ
2
pΩq

	
(3.6.30)

for all t P Ipτq and all sufficiently large m P N. Then we test the momentum equation (3.5.37) on the
m-level by test functions of the form ψ̃Φ, where Φ P K0

τ,κ
4
pΩq�DpΩq and ψ̃ P DpIpτqq. In particular,

by the first inclusion in (3.6.30), these test functions satisfy Dpψ̃Φq � 0 in pSmptqqκ8 for all t P Ipτq
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and all sufficiently large m P N. By the same arguments as in the derivation of the identity (3.6.23)
it then follows that, for all such t and m,»

Ω
�mρmptqχmptq

�
umptq �Πrχm,ρm,umsptq

� � �ψ̃ptqΦ	 dx � 0.

This allows us to deduce the dual estimate����Bt
»

Ω
ρmum � Φ dx

����
L

4
3 pIpτqq

�
����
»

Ω
pρmum b umq : ∇Φ� 2νD pumq : ∇Φ� ρmg � Φ� 1

µ
pcurlBm �Bmq � Φ dxdt

����
L

4
3 pIpτqq

¤ρ }um}2
L

8
3 p0,T ;L2pΩqq

}Φ}L8pΩq � 2ν }D pumq}
L

4
3 pQq

}∇Φ}L4pΩq

� ρ }g}
L

4
3 pQq

}Φ}L4pΩq �
1

µ
}Bm}L8p0,T ;L2pΩqq }curlBm}

L
4
3 p0,T ;L2pΩqq

}Φ}L8pΩq ¤ c

for a constant c ¡ 0 depending on Φ but not on m. Due to the density of K0
τ,κ

4
pΩq�DpΩq in K0

τ,κ
2
pΩq

and the compactness of Kr
τ,κ

2
pΩq in K0

τ,κ
2
pΩq, we thus infer from Lemma A.4.1 in the appendix that

ρmum Ñ ρu in Cweak

�
Ipτq;

�
K0
τ,κ

2
pΩq

	�	
and thus in L2

�
Ipτq;

�
Kr
τ,κ

2
pΩq

	�	
. (3.6.31)

Moreover, due to the second inclusion in (3.6.30), we have

}P rκum}L2pIpτq;Kr
τ, κ2

pΩqq � }P rκum}L2pIpτq;HrpΩqq ¤ }um}L2pIpτq;HrpΩqq ¤ c,

and in particular

P rκum á P rκu in L2 pIpτq � Ωq .
The previous two relations, together with the strong convergence (3.6.31), imply that�����

»
Ipτq

»
Ω
ψ pρmum � P rκum � ρu � P rκuq dxdt

�����
¤}ψP rκum}L2pIpτq;Kr

τ, κ2
pΩqq }ρmum � ρu}L2pIpτq;pKr

τ, κ2
pΩqq�q �

�����
»
Ipτq

»
Ω
ψρu pP rκum � P rκuq dxdt

�����Ñ 0.

(3.6.32)

Finally, the compact interval r0, T0s can be covered by finitely many intervals Ipτq on which (3.6.32)
holds true, which concludes the proof.

l

In order to show the vanishing of the first and the third term on the right-hand side of the inequality
(3.6.29) we use the following version of [15, Lemma 3.6, Lemma 3.7]. Again we outline the proof for
the convenience of the reader.

Lemma 3.6.2. For any fixed r P p0, 1q it holds that

piq lim
κÑ0

lim
mÑ8

}P rκum � um}L2pQpT0qq
� 0,

piiq lim
κÑ0

}P rκu� u}L2pQpT0qq
� 0.

Proof We give the proof of piq, which follows [15, Lemma 3.7]. For almost all t P r0, T0s we define
vκmpt, �q P H1pΩzpSmptqqκq, pκmpt, �q P L2pΩzpSmptqqκq as the solution to the Stokes problem

�∆vκmpt, �q �∇pκmpt, �q � �∆umpt, �q in Ωz pSmptqqκ
divvκmpt, �q � 0 in Ωz pSmptqqκ

vκmpt, �q �
"

Πrχm,ρm,umspt, �q on B pSmptqqκ ,
0 on BΩ.
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The existence of this solution is guaranteed by [112, Proposition 2.3]. We extend the function vκmpt, �q
by Πrχm,ρm,umspt, �q in pSmptqqκ and note that eκmpt, �q :� vκmpt, �q � umpt, �q solves a corresponding
Stokes problem in ΩzpSmptqqκ with 0-right-hand side. For any sufficiently small κ   κsup

4 we estimate

» T0

0
}eκmpt, �q}2L2ppSmptqqκqzSmptqq

dt

¤c
» T0

0
κ }eκmpt, �q}

1
2

L2pSmptqq
}eκmpt, �q}

3
2

H1pSmptqq
� κ2 }∇eκmpt, �q}2L2ppSmptqq

κq dt

¤cκ
�» T0

0
}eκmpt, �q}2L2pSmptqq

dt


 1
4
�» T0

0
}eκmpt, �q}2H1pSmptqq

dt


 3
4

� cκ2 ¤ c
�
κ� κ2

�
, (3.6.33)

using the trace inequality (A.5.5) and the Poincaré-type estimate (A.5.6) in Lemma A.5.2 in the
appendix for the first inequality as well as the Hölder inequality and the uniform estimates (3.6.2),
(3.6.9) and (3.6.10) for the second and the third inequality. Next, by applying the estimate (A.5.9) in
Lemma A.5.3 in the appendix to the solution eκm to the Stokes problem in ΩzpSmptqqκ with 0-right-
hand side, we estimate

» T0

0
}eκmpt, �q}2L2pΩzpSmptqqκq

dt

¤
» T0

0
}eκmpt, �q}

1
2

L2ppSmptqqκq
}eκmpt, �q}

3
2

H1ppSmptqqκq
dt

¤c
�» T0

0
}eκmpt, �q}2L2ppSmptqqκq

dt


 1
4
�» T0

0
}eκmpt, �q}2H1ppSmptqqκq

dt


 3
4

¤c
�» T0

0
}eκmpt, �q}2L2pSmptqq

dt� c
�
κ� κ2

�
 1
4

¤ c

�
1

m
� κ� κ2


 1
4

, (3.6.34)

where we further used the estimates (3.6.2), (3.6.9), (3.6.10) and (3.6.33) for the third inequality and
the uniform bound (3.6.3) for the fourth one. Now a combination of the uniform bound (3.6.3) and
the estimates (3.6.33) and (3.6.34) gives us

» T0

0
}eκmpt, �q}2L2pΩq dt

�
» T0

0
}eκmpt, �q}2L2pSmptqq

� }eκmpt, �q}2L2ppSmptqqκzSmptqq
� }eκmpt, �q}2L2pΩzpSmptqqκq

dt

¤c
�

1

m
� κ� κ2 �

�
1

m
� κ� κ2


 1
4

�
. (3.6.35)

Next, we estimate, under exploitation of the classical estimates for the Stokes problem (cf. [112,
Proposition 2.2, Proposition 2.3]) and the trace inequality,

» T0

0
}eκmpt, �q}2H1pΩzpSmptqqκq

dt ¤c
» T0

0
}eκmpt, �q}2

H
1
2 pBpSmptqqκq

dt ¤ c

» T0

0
}eκmpt, �q}2H1ppSmptqqκq

dt ¤ c,

which yields that

» T0

0
}eκmpt, �q}2H1pΩq dt �

» T0

0
}eκmpt, �q}2H1pΩzpSmptqqκq

� }eκmpt, �q}2H1ppSmptqqκq
dt ¤ c. (3.6.36)

The estimates (3.6.35) and (3.6.36), together with an interpolation between L2pΩq and H1pΩq, yield

lim
κÑ0

lim
mÑ8

}eκm}L2p0,T0;HrpΩqq ¤ lim
κÑ0

lim
mÑ8

}eκm}1�rL2pQpT0qq
}eκm}rL2p0,T0;H1pΩqq � 0. (3.6.37)
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Since vκmpt, �q coincides with a rigid velocity field in pSmptqqκ for almost all t P r0, T0s, i.e. vκmpt, �q is
contained in the space Kr

t,κ,mpΩq defined in (3.6.28), the equation (3.6.37) implies that

lim
κÑ0

lim
mÑ8

��P rκ,mum � um
��
L2p0,T0;HrpΩqq

¤ lim
κÑ0

lim
mÑ8

}vκm � um}L2p0,T0;HrpΩqq � 0.

Moreover, by the first inclusion in (3.6.16) we have pSptqqκ � pSmptqq2κ for all sufficiently large m P N.
Hence, for such m, it holds that P r2κ,mptqumpt, �q P Kr

t,κpΩq, which then yields

lim
κÑ0

lim
mÑ8

}P rκum � um}L2pQpT0qq

¤ lim
κÑ0

lim
mÑ8

}P rκum � um}L2p0,T0;HrpΩqq ¤ lim
κÑ0

lim
mÑ8

��P r2κ,mum � um
��
L2p0,T0;HrpΩqq

� 0,

i.e. piq. The assertion piiq follows by similar arguments, cf. also [15, Lemma 3.6].
l

With Lemma 3.6.1 and Lemma 3.6.2 at hand we can finally return to the estimate (3.6.29). Keeping
r P p0, 1q and κ P p0, κsup

4 s fixed, we let first m tend to 8. During this procedure, the second term
on the right-hand side of (3.6.29) vanishes due to Lemma 3.6.1. Subsequently, by letting κ tend to 0,
also the first and the last term on the right-hand side of (3.6.29) vanish according to Lemma 3.6.2.
Finally, replacing ψ by a suitable sequence of cut-off functions on r0, T0s, we infer the convergence
(3.6.26) and hence the desired convergences (3.6.24) and (3.6.25). Since for any arbitrary but fixed test
function φ P ZpS, T 1q we can find T0   T 1 such that the inclusion (3.6.22) holds true, the convergence
(3.6.25) suffices to pass to the limit in the ρmum b um-term in the momentum equation. Combining
this with the convergence (3.6.1) of the initial data, the convergence (3.6.18) of the Lorentz force and
the identity (3.6.23), we can pass to the limit in the momentum equation (3.5.37) and obtain

�
» T 1

0

»
Ω
ρu � Btφ dxdt�

»
Ω
ρ0u0 � φp0, xq dx �

» T 1
0

»
Ω
pρub uq : ∇φ� 2νDpuq : ∇φ

� ρg � φ� 1

µ
pcurlB �Bq � φ dxdt (3.6.38)

for any φ P ZpS, T 1q.

3.6.5 Proof of the main result

Summarizing the results from Section 3.6 we can now finish the proof of Theorem 3.1.1. The isometry
ηps; t, �q in (3.1.10) is given by η � ηΠrχ,ρ,us . Indeed, by (3.6.12), ηΠrχ,ρ,us is the (pointwise) limit of a
sequence of isometries and hence an isometry itself. Moreover, from the continuity of ηΠrχ,ρ,us and the
fact that ηΠrχ,ρ,usps; s, �q � id it follows that ηΠrχ,ρ,us is orientation preserving. The regularity of χ and
ρ in (3.1.11) and (3.1.12) follows from the choice of the spaces in (3.6.13) and (3.6.7). As

D
�
Πrχ,ρ,us

� � 0,

the properties of u in (3.1.13) follow from (3.6.4) and the relation (3.6.21) between u and Πrχ,ρ,us,
while the properties of B in (3.1.14) are given by (3.6.5) and (3.6.17). The transport equations
(3.1.15) and (3.1.16) were shown in (3.6.15) and (3.6.8), where in (3.6.15) the function Πrχ,ρ,us can
indeed be replaced by u due to the relation (3.6.21) between these two functions and the fact that
χ � 0 outside of QspS, T 1q. The momentum equation (3.1.17) is satisfied according to (3.6.38). The
induction equation (3.1.18) was shown to hold true in (3.6.19). By the group property [35, (76)],
which is satisfied by ηΠrχ,ρ,us as a solution to the initial value problem (3.6.14), it holds that

Sptq �  
x P R3 : χpt, xq � 1

( �  
ηΠrχ,ρ,usp0; t, xq : x P S0

( � ηΠrχ,ρ,us p0; t, S0q
� ηΠrχ,ρ,us

�
s; t,

 
ηΠrχ,ρ,us p0; s, S0q

(� � ηΠrχ,ρ,usps; t, Spsqq

for all s, t P r0, T 1s. This yields the identity (3.1.19). Finally, the energy inequality (3.1.20) follows
by dropping the nonnegative penalization term in the energy inequality (3.5.39) on the m-level and
exploiting the weak lower semicontinuity of norms. This concludes the proof of Theorem 3.1.1.





Chapter 4

Fluid-rigid body interaction in a
compressible electrically conducting
fluid

In this chapter we extend the local-in-time existence result proved in Chapter 3 for weak solutions
to a fluid-rigid body interaction problem with an electrically conducting incompressible fluid to the
compressible case. In addition we further generalize the result to the setting of multiple rigid bodies
and we prove the existence independently of any potential collisions between the bodies or a body and
the domain boundary within the studied time interval. More precisely we prove the global-in-time
existence of weak solutions to the system (1.3.15)–(1.3.28) of partial differential equations presented
in Section 1.3.2, which models the interaction between a viscous non-homogeneous compressible and
electrically conducting fluid, one or more insulating rigid bodies moving through the fluid and the
electromagnetic fields living in both of these materials. This result - including essentially the same
proof which we give in the present chapter - has been published by the author of this thesis in the
article [91].

The main difficulty in the proof lies in a suitable choice of the approximate system: As in the incom-
pressible setting, the test functions in the weak formulation of the induction equation depend on the
moving solid domain and hence on the solution to the system itself. Thus the problem of the high
coupling in the system carries over to the compressible setting, forcing us once more to discretize the
system with respect to the time variable in order to be able to solve the induction equation with given
test functions after first determining the position of the solid bodies at each fixed discrete time.

In the compressible case, however, the discretization of the mechanical part of the system gives rise to
a new problem: It appears not to be possible to discretize the Navier-Stokes equations in such a way
that non-negativity of the density can be guaranteed. As the latter property is essential for obtaining
uniform bounds from the energy inequality we thus pick up the idea of a hybrid discrete-continuous
in time approximation scheme from Section 3.2 again. This time, however, we only discretize the
induction equation while we treat the whole mechanical subsystem as a continuous problem on the
small intervals between the discrete time points. This allows us to construct a non-negative density
by the classical techniques for the compressible Navier-Stokes system. A proper choice of the coupling
terms on the approximate level then assures us the possibility to combine the discrete and the con-
tinuous part of the system into a suitable energy inequality. Furthermore, in order to deal with the
solution-dependent test functions in the momentum equation, we resort to a well-investigated penal-
ization method similar to the Brinkman penalization used in Section 3.2. However, as the Brinkman
penalization is designed specifically for the case of incompressible fluids, we switch to the penalization
method from [43, 103] in the present setting.

Possible (biomechanical) applications of our results include capsule endoscopy ([59]) or remote drug
delivery ([58, Section 4.4]), for more details cf. Section 1.1. Despite the fact that blood is generally
considered as incompressible, red blood cells are in fact slightly compressible, cf. [102]. For this
reason, blood can also be modeled as a compressible fluid, which makes the results in the present
chapter interesting for those applications.
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4.1 Weak solutions and main result

4.1.1 Notation

The system we consider in the present chapter describes the interaction between a viscous non-
homogeneous compressible and electrically conducting fluid and multiple rigid bodies, both confined
to some bounded domain Ω � R3, over a time interval r0, T s, T ¡ 0. The notation used to characterize
the motion of the bodies in this setting closely resembles the corresponding notation we used for the
case of one rigid body inside of an incompressible fluid, cf. Section 3.1.1. However, due to some small
but important differences, we consider it more convenient for the reader to reintroduce the whole
notation in the following: By some bounded domains H � Si0 � Ω, i � 1, ..., N , N P N we denote
the initial positions of the bodies. Since the motion of the bodies is rigid, we can associate to each
body an orientation preserving isometry ηipt, �q : R3 Ñ R3, t P r0, T s, such that its position Siptq at
an arbitrary time t P r0, T s is given via the set-valued function

Si : r0, T s Ñ 2R
3
, Siptq :� ηi

�
t, Si0

�
.

In particular, with the notation

ηpt, �q : S0 :�
N¤
i�1

Si0 Ñ R3, ηpt, �q|Si0 :� ηipt, �q @i � 1, ..., N, t P r0, T s,

the solid region at the time t is expressed via the set-valued function

S : r0, T s Ñ 2R
3
, Sptq :� η pt, S0q .

In the compressible setting we further make use of the concept of Carathéodory solutions (cf. Section
A.1 in the appendix), in order to connect the motion of the rigid bodies to the velocity field u of our
system. More precisely, we require u to be compatible with the system tSi0, ηiuNi�1, i.e. we require the

existence of rigid velocity fields us
ipt, �q, i � 1, ..., N , such that

upt, xq � us
ipt, xq for a.a. t P r0, T s and a.a. x P Siptq (4.1.1)

and ηip�, xq is the unique Carathéodory solution (cf. Theorem A.1.1 in the appendix) to the initial
value problem

dηipt, xq
dt

� us
i �
t, ηipt, xq� , ηip0, xq � x (4.1.2)

for all x P R3. Moreover, we define the time-space domain Q :� p0, T q�Ω, which we again divide into
a solid part and a fluid part,

Qs pSq :�  pt, xq P p0, T q � R3 : x P Sptq( , Qf pSq :� QzQs pSq.
Furthermore, we denote by ZpSq and YpSq the test function spaces

ZpSq :�
!
φ P D pr0, T q � Ωq : Dpφq � 0 in a neighborhood of QspSq

)
, (4.1.3)

YpSq :�
!
b P D pr0, T q � Ωq : curl b � 0 in a neighborhood of QspSq

)
(4.1.4)

for our variational formulations of the momentum equation and the induction equation, respectively,
in Definition 4.1.1 below. Furthermore, for arbitrary sets S � R3 and arbitrary values κ ¡ 0 we once
more denote by Sκ the κ-neighborhood of S and by Sκ the κ-kernel of S, i.e.

Sκ :�  
x P R3 : dist px, Sq   κ

(
, Sκ :� tx P S : dist px, BSq ¡ κu .

For the later use we remark that if S � R3 is of class C2, it is possible to choose κ ¡ 0 sufficiently
small, such that the κ-neighborhood of the κ-kernel of S coincides with S itself,

pSκqκ � S, (4.1.5)
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cf. [103, Proposition 2.1]. Finally, we again denote by

Hr
div pΩq :�  

v P HrpΩq : div v � 0 in D1pΩq( for r ¥ 0

the Sobolev spaces of functions in HrpΩq which are in addition divergence-free.

Remark 4.1.1. In the compressible case, as opposed to in the incompressible one, we forego char-
acterizing the position of the solid bodies via their characteristic functions, which has the following
reason: If the velocity field u is divergence-free, such characteristic functions satisfy a transport equa-
tion associated to u. This guarantees the correct relation between the velocity u and the motion of the
rigid bodies, which is described by the corresponding characteristic curves. In the setting of a com-
pressible fluid, however, this is not the case. Instead we recover the desired relation between u and the
motion of the rigid bodies directly via the characteristics of u in the solid domain, which we achieve
by imposing the compatibility condition (4.1.1), (4.1.2).

4.1.2 Weak solutions

We are now in the position to present our variational formulation of the system (1.3.15)–(1.3.28), which
describes the interplay between a compressible electrically conducting fluid and multiple insulating
rigid bodies contained in the fluid. With a slight abuse of notation we will write here and in the
following sections σ � σf ¡ 0, since the quantities containing σs � 0 are not visible in this weak
formulation due to the non-conductivity of the solids.

Definition 4.1.1. Let T ¡ 0, let Ω � R3 be a bounded domain and let S0 �
�N
i�1 S

i
0, where Si0 � Ω

for i � 1, ..., N P N are bounded domains such that

H � Si0 is open and connected, |BSi0| � 0 and Si0
£
Sj0 � H @i, j � 1, ..., N, i � j. (4.1.6)

Assume ν, λ, a, γ, σ, µ P R to satisfy

ν, a, σ, µ ¡ 0, ν � λ ¥ 0, γ ¡ 3

2
, (4.1.7)

consider some external data g, J P L8pQq and consider some initial data 0 ¤ ρ0 P LγpΩq, pρuq0 P
L1pΩq and B0 P L2

divpΩq satisfying

|pρuq0|2
ρ0

P L1pΩq, pρuq0 � 0 a.e. in tx P Ω : ρ0pxq � 0u , B0 � n � 0 on BΩ. (4.1.8)

Then the system (1.3.15)–(1.3.28) is said to admit a weak solution on r0, T s if there exists a function

η : r0, T s � S0 Ñ R3, ηpt, �q|Si0 � ηipt, �q @i � 1, ..., N, t P r0, T s, (4.1.9)

where each ηipt, �q : R3 Ñ R3 denotes an orientation preserving isometry, and if there exist functions

0 ¤ ρ P L8 p0, T ;LγpΩ;Rqq
£
C
�r0, T s;L1pΩ;Rq� , (4.1.10)

u P  φ P L2
�
0, T ;H1

0

�
Ω;R3

��
: Dpφq � 0 in QspSq( , (4.1.11)

B P
!
b P L8 �

0, T ;L2
�
Ω;R3

��£
L2

�
0, T ;H1

div

�
Ω;R3

��
: curl b � 0 in QspSq, b � n � 0 on BΩ

)
,

(4.1.12)

where S � Sp�q � ηp�, S0q, such that ρ and u, extended by 0 in R3zΩ, satisfy the continuity equation

�
» T

0

»
Ω
ρBtψdxdt�

»
Ω
ρ0ψp0, xq dx �

» T
0

»
Ω
pρuq �∇ψ dxdt (4.1.13)

for all ψ P Dpr0, T q � Ωq as well as the renormalized continuity equation

Btζpρq � div pζ pρquq � �
ζ 1 pρq ρ� ζ pρq� div u � 0 in D1

�p0, T q � R3
�
, (4.1.14)
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for any

ζ P C1 pr0,8qq :
��ζ 1prq�� ¤ crλ1 @r ¥ 1, where c ¡ 0, λ1 ¡ �1, (4.1.15)

such that the momentum equation and the induction equation,

�
» T

0

»
Ω
ρu � Btφ dxdt�

»
Ω
pρuq0 � φp0, xq dx �

» T
0

»
Ω
pρub uq : Dpφq � aργ div φ� 2νDpuq : Dpφq

� λ div udiv φ� ρg � φ� 1

µ
pcurlB �Bq � φ dxdt,

(4.1.16)

�
» T

0

»
Ω
B � Btb dxdt�

»
Ω
B0 � bp0, xq dx �

» T
0

»
Ω

�
� 1

σµ
curlB � u�B � 1

σ
J

�
� curl b dxdt,

(4.1.17)

are satisfied for any φ P ZpSq and any b P YpSq and, finally, such that the system tSi0, ηiuNi�1 is
compatible with the velocity field u.

In this definition, the compatibility of the velocity field u and the system of rigid bodies leads to some
vivid consequences for the solids. First of all, while the bodies are able to touch each other or the
domain boundary, the possibility of interpenetrations is ruled out, cf. [43, Lemma 3.1, Corollary 3.1].
Moreover, even though the density does not satisfy a transport equation in the case of a compressible
fluid, it still travels along the characteristics of u in the solid part of the domain, cf. [43, Lemma 3.2].
For definiteness we present these results in the following lemma.

Lemma 4.1.1 ([43]). Let Ω � R3 and Si0 � R3, i � 1, ..., N P N, be bounded domains and let further
u P L2p0, T ;H1,2

0 pΩqq be extended by 0 outside of Ω. Moreover, assume u to be compatible with the
system tSi0, ηiuNi�1, where each ηiptq : R3 Ñ R3, t P r0, T s, i � 1, ..., N , denotes an isometry. Then it
holds:

(i) If, for i � j P t1, ..., Nu, there exists τ P r0, T s such that Sipτq�Sjpτq � H, then ηiptq � ηjptq
for all t P r0, T s. Further, if there exists τ P r0, T s such that Sipτq � Ω, then ηiptq � id for all
t P r0, T s.

(ii) If ρ P L8p0, T ;LγpΩqq, γ ¡ 1, extended by 0 outside of Ω, satisfies

Btρ� divpρuq � 0 in D1
�p0, T q � R3

�
then

ρ
�
t, ηipt, xq� � ρ p0, xq for all t P r0, T s, i � 1, ..., N and a.a. x P Si0. (4.1.18)

Proof

A detailed proof of the assertions (i) and (ii) is given in [43, Lemma 3.1, Corollary 3.1] and [43,
Lemma 3.2], respectively. The first part of assertion (i) can be shown directly from the fact that
tSi0, ηiu and tSj0, ηju are compatible with the same velocity field u, the second part then follows by
regarding R3zΩ as a rigid body with the associated rigid velocity field 0. The proof of the assertion (ii)
is achieved via a regularization of ρ with respect to the spatial variable and a subsequent application
of the regularization method by DiPerna and Lions, cf. [35], to the continuity equation (4.1.18) on
compact subsets of the solid time-space domain.

l

4.1.3 Main result

Our main result in this chapter yields the existence of weak solutions as introduced in Definition 4.1.1.
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Theorem 4.1.1. [105, Theorem 2.3] Let T ¡ 0, assume Ω � R3 to be a simply connected domain
of class C2,ξ, ξ P p0, 1q, and assume Si0 � Ω, i � 1, ..., N P N to be bounded domains of class C2

which satisfy the conditions (4.1.6). Assume moreover the coefficients σ, µ, ν, λ, a, γ P R to satisfy the
conditions (4.1.7) and the data g, J P L8pQq, ρ0 P LγpΩq, pρuq0 P L1pΩq and B0 P L2

divpΩq to satisfy
the conditions (4.1.8). Then the system (1.3.15)–(1.3.28) admits a weak solution pη, ρ, u,Bq on r0, T s
in the sense of Definition 4.1.1 which in addition satisfies the energy inequality»

Ω

1

2
ρpτq |upτq|2 � a

γ � 1
ργptq � 1

2µ
|Bpτq|2 dx�

» τ
0

»
Ω

2ν|D puq |2 � λ |div u|2 � 1

σµ2
|curlB|2 dxdt

¤
»

Ω

1

2

|pρuq0|2
ρ0

� a

γ � 1
ργ0 �

1

2µ
|B0|2 dx�

» τ
0

»
Ω
ρg � u� 1

σµ
J � curlB dxdt (4.1.19)

for almost all τ P r0, T s.
Remark 4.1.2. We point out that, for a slight improvement of the above result, it might be desirable
to consider test functions with non-compact support in the spatial domain in the induction equation
(4.1.17). This is possible exactly as explained in Remark 3.1.1 in the incompressible case.

Remark 4.1.3. The reason why we require Ω to be of class C2,ξ instead of only C2 as in the incom-
pressible setting lies in the fact that, in order to solve the continuity equation, we now need to resort
to the theory for the parabolic Neumann problem. This theory requires C2,ξ-regularity of the domain,
cf. Lemma A.6.1 in the appendix.

The remainder of this chapter is devoted to the proof of Theorem 4.1.1. Large proportions of this
proof are adopted from the article [105] by the author of this thesis, in which Theorem 4.1.1 was
published. However, from time to time we explicate the proof in greater detail in order to make it
easier to understand. Furthermore, we shorten a few steps which are identical with the corresponding
steps in the proof given in Chapter 3 for the incompressible setting. In the following section we begin
with an outline of the proof, which is subsequently carried out in the Sections 4.3–4.8.

4.2 Approximate system

The biggest challenge in the extension of the proof in the incompressible case in Chapter 3 to the
compressible case lies in an appropriate construction of the approximate problem. We fix five param-
eters ∆t ¡ 0, n,m P N and ε, α ¡ 0 and introduce an approximation which consists of five different
approximation levels, each of which corresponds to one of the parameters. Again, a solution to the
original problem will be obtained by first solving the approximate system and passing to the limit in
all approximation levels afterwards.

� On the ∆t-level, the induction equation is discretized with respect to the time variable via the
Rothe method, cf. [99, Section 8.2], while the mechanical part of the problem is split up into
a series of time-dependent problems on the small intervals between the discrete times. To this
end we fix ∆t ¡ 0 with T

∆t P N and split up the interval r0, T s into the discrete times k∆t,
k � 1, ..., T∆t .

� On the n-level, a Galerkin method is carried out in order to solve the approximate momentum
equation.

� The approximation levels associated to m, ε and α correspond to the approximation used in [43]
for the purely mechanical problem: The m-level describes a penalization method which allows
us to pass from a fluid-only system to a system containing both a fluid and rigid bodies. On the
ε- and α-levels, the system is regularized through the addition of multiple regularization terms
as well as an artificial pressure.

In the following we present the complete approximate system, containing all five approximation levels,
and subsequently give a more explicit description of each included level and its purpose: Let β ¡ 0 be
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sufficiently large such that it satisfies in particular β ¡ maxt4, γu as in [43, Section 6]. Let

Vn :� span tφ1, ..., φnu , n P N, (4.2.1)

denote the n-dimensional Galerkin space spanned by the first n eigenfunctions of the Lamé equation in
Ω, which constitute an orthonormal basis of L2pΩq and an orthogonal basis of H1

0 pΩq, cf. [94, Lemma
4.33]. Then, provided that the approximate system has already been solved up to the (discrete) time
pk � 1q∆t for some k �P t1, ..., T∆tu, we seek a solution

ρ∆t,k P
"
ψ P C

�
rpk � 1q∆t, k∆ts;C2,ξ

�
Ω
�	£

C1
�
rpk � 1q∆t, k∆ts;C0,ξ

�
Ω
�	

: ∇ψ � n|BΩ � 0

*
,

(4.2.2)

u∆t,k P C prpk � 1q∆t, k∆ts;Vnq , (4.2.3)

Bk
∆t P Y k pS∆t,kq :�

!
b P H1

div pΩq : curl b P H1pΩq, curlb � 0 in S∆t,kpk∆tq
£

Ω, b � n|BΩ � 0
)

(4.2.4)

to the system

Btρ∆t,k � div pρ∆t,ku∆t,kq �ε∆ρ∆t,k in rpk � 1q∆t, k∆ts � Ω, (4.2.5)» k∆t

pk�1q∆t

»
Ω
Bt pρ∆t,ku∆t,kq � φ dxdt �

» k∆t

pk�1q∆t

»
Ω
pρ∆t,ku∆t,k b u∆t,kq : Dpφq �

�
aργ∆t,k � αρβ∆t,k

	
div φ

� 2ν
�
χk�1

∆t

	
D pu∆t,kq : Dpφq � λ

�
χk�1

∆t

	
div pu∆t,kqdiv φ

� ρ∆t,kg � φ� 1

µ

�
curlBk�1

∆t �Bk�1
∆t

	
� φ� ε |u∆t,k|2 u∆t,k � φ

� ε p∇u∆t,k∇ρ∆t,kq � φ dxdt, (4.2.6)

�
»

Ω

Bk
∆t �Bk�1

∆t

∆t
� b dx �

»
Ω

�
1

σµ
curlBk

∆t � ũk�1
∆t �Bk�1

∆t � ε

µ2

���curlBk
∆t

���2 curlBk
∆t

� 1

σ
Jk∆t

�
� curl b� ε

�
∇ curlBk

∆t

	
� p∇ curl bq dx (4.2.7)

for all φ P Cprpk � 1q∆t, k∆ts;Vnq and

b PW k pS∆t,kq :�
!
b P H1 pΩq : curl b P H1pΩq, curlb � 0 in S∆t,kpk∆tq

£
Ω, b � n|BΩ � 0

)
, (4.2.8)

which in addition satisfies the initial conditions

ρ∆t,kppk � 1q∆t, xq � ρ∆t,k�1ppk � 1q∆t, xq, ρ∆t,1p0, xq � ρ0pxq, @x P Ω, (4.2.9)

u∆t,kppk � 1q∆t, xq � u∆t,k�1ppk � 1q∆t, xq, u∆t,1p0, xq � u0pxq, @x P Ω, (4.2.10)

B0
∆tpxq � B0pxq, @x P Ω. (4.2.11)

Before we provide an explanation of the different approximation levels in (4.2.2)–(4.2.11), we shed
light on the notation used in these equations: The spaces Y kpS∆t,kq and W kpS∆t,kq in (4.2.4) and
(4.2.8) are equipped with the norm

}�}Y kpS∆t,kq
:� }�}WkpS∆t,kq

:� }�}H1pΩq � }curl p�q}H1pΩq .

For the definition of the set S∆tpk∆tq in (4.2.4) and (4.2.8), we first denote by

Oi :� �
Si0
�
δ

the δ-kernel of the initial domain Si0 of the i-th body, where δ ¡ 0 is chosen sufficiently small such
that for all i � 1, ..., N the δ-neighborhood pOiqδ of Oi coincides with Si0,�

Oi
�δ � ��

Si0
�
δ

�δ � Si0 @i � 1, ..., N. (4.2.12)
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Such δ ¡ 0 exists due to the C2-regularity of Si0, cf. (4.1.5). Then we set

O :�
N¤
i�1

Oi.

Moreover, we denote by η∆t,k the unique Carathéodory solution (cf. Theorem A.1.1 in the appendix)
to the initial value problem

d

dt
η∆t,kpt, xq �Rδ ru∆t,ks pt, η∆t,kpt, xqq , t P rpk � 1q∆t, k∆ts, (4.2.13)

η∆t,kppk � 1q∆t, xq � η∆t,k�1ppk � 1q∆t, xq, η∆t,1p0, xq � x, x P R3, (4.2.14)

where Rδru∆t,kspt, �q :� u∆t,kpt, �q � Θδp�q and Θδ denotes a radially symmetric and non-increasing
mollifier with respect to the spatial variable. With this notation at hand we define the domain
Si∆t,kptq of the i-th approximate solid at an arbitrary time t P rpk � 1q∆t, k∆ts � r0, T s by

Si∆t,kptq :� �
Oi∆t,kptq

�δ �  
x P R3 : dist

�
x,Oi∆t,kptq

�   δ
(
, Oi∆t,kptq :� η∆t,k

�
t, Oi

�
. (4.2.15)

Consequently, the approximate solid region at the time t is given by

S∆t,kptq :�
N¤
i�1

Si∆t,kptq,

which in particular defines the set S∆t,kpk∆tq in (4.2.4) and (4.2.8). For the later use we remark
that Si∆t,kptq, as the δ-neighborhood of a bounded set, satisfies the cone condition and thus has the
property ��BSi∆t,kptq�� � 0 for all t P r0, T s, i � 1, ..., N. (4.2.16)

Next, for the definition of the variable viscosity coefficients νpχk�1
∆t q and λpχk�1

∆t q in the momentum
equation (4.2.6) we denote the signed distance function of arbitrary sets U � R3 by

dbU pxq :� dist
�
x,R3zU

	
� dist

�
x, U

�
. (4.2.17)

Further we introduce the signed distance function of the approximate solid area,

χ∆t,kpt, xq :� dbS∆t,kptqpxq, χk�1
∆t ptq :� χ∆t,kppk � 1q∆t, �q for t P rpk � 1q∆t, k∆ts.

Choosing a convex function H P C8pRq such that

Hpzq � 0 for z P p�8, 0s, Hpzq ¡ 0 for z P p0,�8q, (4.2.18)

we then define the variable viscosity coefficients by

ν
�
χk�1

∆t

	
:� ν �mH

�
χk�1

∆t

	
, λ

�
χk�1

∆t

	
:� λ�mH

�
χk�1

∆t

	
. (4.2.19)

Moreover, in the induction equation (4.2.7) the function ũk�1
∆t is defined by

ũk�1
∆t pxq :�

$'&
'%

1
∆t

» pk�1q∆t

pk�2q∆t
u∆t,k�1pt, xqdt if k ¥ 2,

u0,αpxq if k � 1,

(4.2.20)

while the discretized external force Jk∆t is defined by

Jk∆t :� Jωpk∆tq, Jωptq :�
» T

0
θω

�
t� ω

T � 2t

T
� s



Jpsq ds, (4.2.21)



82 CHAPTER 4. FSI IN A COMPRESSIBLE ELECTRICALLY CONDUCTING FLUID

for another mollifier θω : R Ñ R and a suitable choice of ω � ωp∆tq, ωp∆tq Ñ 0 for ∆tÑ 0. Finally,
the functions ρ0,α, u0,α, B0,α in the initial conditions (4.2.9)–(4.2.11) denote regularizations of the
initial data in Theorem 4.1.1 satisfying

ρ0,α PC2,ξ
�
Ω
�
, pρuq0,α P C2

�
Ω
�
, u0,α :� Pn

�pρuq0
ρ0



P Vn, B0,α P H2

divpΩq, (4.2.22)

0   α ¤ ρ0,α ¤ α
� 1

2β , ∇ρ0,α � n|BΩ � 0, B0,α � n|BΩ � 0, (4.2.23)

where Pn denotes the orthogonal projection of L2pΩq onto Vn. We are now in the position to discuss
the several approximation levels and the reasons why they are required. We start from the highest
level.
The ∆t-level constitutes the level which contains most of the difficulties. It is here where the main
novelties of our proof enter, compared to the incompressible setting in Chapter 3. The precarious
situation presents itself in the following way: On the one hand, we face the same problem as in the
incompressible case, namely, the dependence of the test functions (4.1.3), (4.1.4) for the induction
equation and the momentum equation on the solution of the system. This hinders the effort to
solve all of the equations in the system simultaneously. Again we can deal with the test functions
in the momentum equation by means of a penalization method (cf. the m-level below), whereas the
unavailability of such a method for the setting in the induction equation suggests to decouple the
system by the use of a classical time discretization. The latter procedure enables us, at each fixed
discrete time, to first determine a velocity field and, from this, the position of the approximate solid.
This in turn determines the test functions (4.2.8) and solving the discretized induction equation
(4.2.7) becomes a routine matter. On the other hand, however, the various functions evaluated at
different discrete times in a fully discretized system complicate the derivation of a meaningful energy
inequality. The author could not find a way to transfer several of the techniques known for the
continuous compressible Navier-Stokes system (cf. [94, Sections 7.6.5, 7.6.6, 7.7.4.2]) - in particular,
the proof of the non-negativity of the density - to the discrete case and it did not seem to be possible
to derive the uniform bounds required for the limit passage with respect to ∆tÑ 0.
Our solution to this dilemma consists of consolidating the approach of a hybrid approximate system
used in the incompressible setting (cf. Section 3.2), consisting of both discrete equations and equations
which are continuous on small time intervals. More precisely, instead of a strictly discretized system,
we consider a hybrid system in which the induction equation (4.2.7) is indeed discretized by the Rothe
method, while the continuity equation and the momentum equation are solved as continuous equations
on the small intervals between each pair of consecutive discrete times, c.f (4.2.5) and (4.2.6). Through
this, the solution dependence of the test functions in the induction equation can be handled as in the
fully discrete system, while the mechanical part of the energy inequality - with the density bounded
away from zero - can be derived as in the strictly continuous case. The difference between the hybrid
approximation here and the one used in the incompressible case lies in the weighting of the discrete
and the continuous part of the system. While in the incompressible case the whole system except for
the transport equation for the characteristic function of the solid region was discretized, we consider
a continuous approximation of the whole mechanical part of the system in the present setting. This
leads to an additional difficulty in the derivation of the energy inequality, for which a combination
of the discrete and the time-dependent part of the system is necessary. The latter is achieved under
the consideration of piecewise linear interpolants of the discrete functions, which allows us to deduce
a continuous energy estimate from the discrete induction equation (4.2.7). This can subsequently be
added together with the corresponding mechanical estimate to obtain the full energy inequality, cf.
Section 4.4.1.
The Galerkin method carried out on the n-level is used to solve the continuous momentum equation
(4.2.5) on the small time intervals from the ∆t-level by a standard procedure. The Galerkin-regularity
of the velocity field furthermore helps us during the limit passage with respect to ∆tÑ 0, cf. (4.4.29)
below.
After letting n tend to 8 we find ourselves in the same situation as in the approximation of the
exclusively mechanical system in [43, Section 6]. Indeed, the remaining three approximation levels
correspond directly to the three level approximation scheme used in that article. Hence, for the
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mechanical part of our problem we can follow exactly the strategy used therein. Moreover, the
limit passages in the induction equation from here on do not contain any new difficulties anymore.
Consequently, after the limit passage in n the rest of the proof will become a routine matter.

The penalization method on the m-level differs from the Brinkman penalization used in the incom-
pressible setting, cf. Section 3.2. This is because the Brinkman penalization is designed specifically for
the case of incompressible fluids and presupposes a certain bound of the density away from zero, which
is not guaranteed anymore once we leave the Galerkin level in the compressible case. The penalization
method we use instead is the same as the one used for the fluid-rigid bodies system in [43] and was,
before that, also used for example for a corresponding two dimensional problem in [103]. The idea
behind it is to approximate the entirety of the fluid and the rigid bodies by a fluid in the whole do-
main with viscosity tending to infinity in the later solid regions. Mathematically this is implemented
through the variable viscosity coefficients (4.2.19). Due to the choice of the function H in (4.2.18)
these coefficients blow up in the approximate solid region once we let m tend to 8 and, thanks to
the energy inequality, this will cause the limit velocity field u to coincide with a rigid velocity field in
each body. Moreover, the positions Siptq of the bodies in the m-limit are determined through the flow
curves of Rδrus, cf. (4.2.13) and (4.2.15). This regularized velocity field has the useful property that,
for any domain U � R3, it holds

Dpupt, �qq � 0 in U ñ Rδruspt, �q � upt, �q in Uδ � tx P U : dist px, BUq ¡ δu , (4.2.24)

cf. [43, Remark 6.1]. Hence Rδrus coincides with u itself in the sets Oiptq � Siptq, in which Dpuq � 0.
Consequently, the rigid velocity fields coinciding with u in Siptq also coincide, in Oiptq, with the
velocity field Rδrus which determines the motion of the bodies. In particular, this shows that the
bodies Siptq are indeed rigid.

On the ε-level, the continuity equation (4.2.5) is regularized through the additional Laplacian ε∆ρ∆t,k.
The additional quantity εp∇u∆t,k∇ρ∆t,kq in the momentum equation (4.2.6) ensures that the energy
inequality is preserved under this regularization. This procedure, which is classical in the theory of
the compressible Navier-Stokes equations (cf. [94, Section 7.3.8]) and which we already transferred
to the discretized system in the incompressible setting (cf. Section 3.2), is what guarantees us the
non-negativity of the density. The other regularization term ε|u∆t,k|2u∆t,k in (4.2.6) is needed on the
time discrete level where, as opposed to the continuous case, the mixed terms from the momentum
equation and the induction equation do not annihilate each other in the energy inequality, which pre-
vents a direct application of the Gronwall lemma. The quantity ε|u∆t,k|2u∆t,k can be used to control

the velocity part of these mixed terms. The 4-double-curl ε curlp��curlBk
∆t

��2 curlBk
∆tq in the induction

equation (4.2.7) fulfills, as in the incompressible setting in Section 3.2, the same purpose for the mag-
netic part of the mixed terms so that we are able to derive uniform bounds from the energy inequality
nevertheless. The reason why, as opposed to in the incompressible case, the term ε|u∆t,k|2u∆t,k is
required in this procedure stems from the bound of the density away from zero. In the incompressible
case, such a bound can be shown before the derivation of the energy inequality, which allows us to
control the velocity field on the right-hand side of the energy inequality via the (discrete) Gronwall
lemma. In the present setting, however, a (uniform) energy estimate needs to be derived first, forcing
us to absorb the velocity field into the left-hand side of the energy inequality. We remark that the
control of the mixed terms is also the motivation for the definition of the velocity field (4.2.20) in
the discrete induction equation: Indeed, defining this quantity as a mean value of the velocity field
obtained from the momentum equation on the intervals rpk � 2q∆t, pk � 1q∆ts, we can absorb it into
the left-hand side of the energy inequality thanks to the above-mentioned regularization terms. If
instead the term was defined, more intuitively, as a pointwise evaluation of u∆t,k, we would not be
able to handle it. The last regularization term in (4.2.7), the quantity curlp∆pcurlBk

∆tqq, enables us
to construct Bk

∆t via a weakly continuous coercive operator as in the incompressible case, cf. again
Section 3.2.
Finally, on the α-level, the artificial pressure term αρβ∆t,k is added to the momentum equation (4.2.6).
Again this method is already well-known from the general existence theory for the compressible Navier-
Stokes system, cf. [94, Section 7.3.8]. The artificial pressure gives us an additional amount of integra-
bility of the density and its gradient, required to pass to the limit in the term εp∇u∆t,k∇ρ∆t,kq from
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the ε-level, cf. [94, Section 7.8.2]. It furthermore simplifies the limit passage with respect to ε Ñ 0,
since the additional integrability allows for the use of the regularization technique by DiPerna and
Lions, cf. [94, Lemma 6.8, Lemma 6.9].

4.3 Existence of the approximate solution

We begin the proof of Theorem 4.1.1 by showing the existence of a solution to the approximate problem
(4.2.2)–(4.2.11) on the highest approximation level.

4.3.1 Existence of the density and the velocity field

The existence of the density and the velocity field on the Galerkin level can be shown by classical
methods, cf. for example [94, Section 7.7]. More precisely, the continuity equation (4.2.5) and the
momentum equation (4.2.6) can be solved simultaneously by means of a fixed point argument: For
fixed w P Cprpk � 1q∆t, k∆ts;Vnq we consider the Neumann problem

Btρ� div pρwq � ε∆ρ in rpk � 1q∆t, k∆ts � Ω, (4.3.1)

∇ρ � n|BΩ � 0, ρppk � 1q∆t, �q � ρ∆t,k�1ppk � 1q∆t, �q in Ω, (4.3.2)

0   ρ ¤ ρ∆t,k�1ppk � 1q∆t, �q ¤ ρ   8, in Ω (4.3.3)

for some constants 0   ρ ¤ ρ   8. It is well known (cf. Lemma A.6.1 in the appendix) that
(4.3.1)–(4.3.3) admits a unique solution

ρ � ρpwq P C
�
rpk � 1q∆t, k∆ts;C2,ξ

�
Ω
�	£

C1
�
rpk � 1q∆t, k∆ts;C0,ξ

�
Ω
�	
,

which satisfies the estimate

0   ρ exp

�
�
» t
pk�1q∆t

}wpτq}Vn dτ

�
¤ ρpwqpt, xq ¤ ρ exp

�» t
pk�1q∆t

}wpτq}Vn dτ

�
  8 (4.3.4)

for all pt, xq P rpk � 1q∆t, k∆ts � Ω. Further, we consider a linearized version of the momentum
equation (4.2.6): Given w P Cprpk� 1q∆t, k∆ts;Vnq and the associated solution ρpwq to the Neumann
problem (4.3.1)–(4.3.3), we seek u P Cprpk � 1q∆t, k∆ts;Vnq such that»

Ω
Bt pρpwquq � φ dx �

»
Ω
pρpwqw b uq : Dpφq �

�
aργpwq � αρβpwq

	
div φ

� 2ν
�
χk�1

∆t

	
D puq : Dpφq � λ

�
χk�1

∆t

	
div puqdiv φ

� ρpwqg � φ� 1

µ

�
curlBk�1

∆t �Bk�1
∆t

	
� φ

� ε p∇u∇ρpwqq � φ� ε |w|2 u � φ dx in rpk � 1q∆t, k∆ts, (4.3.5)

uppk � 1q∆t, �q �u∆t,k�1ppk � 1q∆t, �q in Ω, (4.3.6)

for all φ P Cprpk � 1q∆t, k∆ts;Vnq. Under exploitation of the fact that, by (4.3.4), ρpwq is bounded
away from 0 and the linearity of the problem, it follows from classical results on ordinary differential
equations that this problem admits a unique solution u � upwq P Cprpk � 1q∆t, k∆ts;Vnq. We can
thus define an operator

T : C prpk � 1q∆t, k∆ts;Vnq Ñ C prpk � 1q∆t, k∆ts;Vnq , Tpwq :� u.

The desired solution u∆t,k to the momentum equation (4.2.6) can now be understood as a fixed point
of T. We use the variant [40, Section 9.2.2, Theorem 4] of the Schauder fixed point theorem to show
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that T possesses such a fixed point. For this we first require continuity and compactness of T. We
define another operator

Mρpwqptq : Vn Ñ pVnq� ,
@
Mρpwqptqv, φ

D
pVnq��Vn

:�
»

Ω
ρpwqptqv � φ dx

for all t P rpk � 1q∆t, k∆ts and all v, φ P Vn. As, by the estimate (4.3.4), ρpwq is bounded away
from zero, the operator Mρpwqptq is invertible with an inverse M�1

ρpwqptq : pVnq� Ñ Vn, which enjoys the
properties

Bt
A
M�1

ρpwqptqvptq, φ
E
pVnq��Vn

�
A
M�1

ρpwqptqMBtρpwqptqM
�1
ρpwqptqvptq �M�1

ρpwqptqBtvptq, φ
E
pVnq��Vn

in D1ppk � 1q∆t, k∆tq, (4.3.7)

and ���M�1
ρpwqptq

���
LppVnq�,Vnq

¤ 1

anpwq , (4.3.8)

���M�1
ρpw1qptq

�M�1
ρpw2qptq

���
LppVnq�,Vnq

¤ cpnq
min tan pw1q , an pw2qu2

��ρ �w1
� ptq � ρ

�
w2

� ptq��
L1pΩq

,

(4.3.9)���M�1
ρpwqptqMBtρpwqptqM

�1
ρpwqptq

���
LppVnq�,Vnq

¤ cpnq
a2
npwq

}Btρpwqptq}L1pΩq (4.3.10)

for a constant cpnq ¡ 0, for all t P rpk� 1q∆t, k∆ts, w,w1, w2, v P Cprpk� 1q∆t, k∆ts;Vnq, φ P Vn and

anpwq :� ρ exp

�
�
» k∆t

pk�1q∆t
}wpτq}Vn dτ

�
,

cf. [94, Section 7.7.1]. We may write the solution u � Tpwq to the linearized problem (4.3.5), (4.3.6)
in the form

uptq �M�1
ρpwqptq

�
pρ∆t,k�1ppk � 1q∆tqu∆t,k�1ppk � 1q∆tqq� �

» t
0
N pw, ρpwq, uq dτ

�
, (4.3.11)

where

xN pw, ρ, uq , φypVnq��Vn :�
»

Ω
pρpwqw b uq : Dpφq �

�
aργpwq � αρβpwq

	
div φ

� 2ν
�
χk�1

∆t

	
D puq : Dpφq � λ

�
χk�1

∆t

	
div udiv φ� ρpwqg � φ

� 1

µ

�
curlBk�1

∆t �Bk�1
∆t

	
� φ� ε p∇u∇ρpwqq � φ� ε|w|2u � φ dx

and @pρ∆t,k�1ppk � 1q∆tqu∆t,k�1ppk � 1q∆tqq� , φD
pVnq��Vn

:�
»

Ω
ρ∆t,k�1ppk � 1q∆tqu∆t,k�1ppk � 1q∆tq � φ dx

for all φ P Vn. On the one hand, a combination of the identity (4.3.11), the estimates (4.3.4), (4.3.8),
(4.3.9) and the estimates (A.6.4) and (A.6.5) given by Lemma A.6.1 in the appendix for the solution
to the Neumann problem (4.3.1)–(4.3.3) yields the desired continuity of the operator T. On the other
hand, a combination of the identities (4.3.7) and (4.3.11) yields the representation

Btuptq

�M�1
ρpwqptqMBtρpwqptqM

�1
ρpwqptq

�
pρ∆t,k�1ppk � 1q∆tqu∆t,k�1ppk � 1q∆tqq� �

» t
0
N pw, ρpwqq, uq dτ

�
�M�1

ρpwqptq rN pw, ρpwqq, uq ptqs
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of Btu. This, together with the estimates (4.3.4), (4.3.8), (4.3.10) and the uniform bound (A.6.4) for
the solution to the Neumann problem (4.3.1)–(4.3.3) yields the bound

}Btu}L2ppk�1q∆t,k∆tq;Vnq
¤ cpn,wq, (4.3.12)

where cpn,wq ¡ 0 denotes a constant which remains bounded for bounded values of w in Cprpk �
1q∆t, k∆ts;Vnq. The latter bound then suffices to infer also the desired compactness of the operator
T. As a final condition for the application of the fixed point theorem [40, Section 9.2.2, Theorem 4]
we need to show that fixed points u P Cprpk � 1q∆t, k∆ts;Vnq of the operator sT, with s P r0, 1s are
bounded in Cprpk � 1q∆t, k∆ts;Vnq, uniformly with respect to s. For the choice w � u we test the
regularized continuity equation (4.3.1) by 1

2 |u|2 and the linearized momentum equation (4.3.5) by u.
As a difference between the resulting identities we obtain the energy equation

d

dt

»
Ω

1

2
ρpuqptq|uptq|2 � s

a

γ � 1
ργpuqptq � s

α

β � 1
ρβpuqptq dx�

»
Ω

2ν
�
χk�1

∆t

	
|Dpuptqq|2

� λ
�
χk�1

∆t

	
|div uptq|2 � saεγργ�2puqptq |∇ρpuqptq|2 � sαεβρβ�2puqptq |∇ρpuqptq|2 � ε |uptq|4 dx

�s
»

Ω
ρpuqptqgptq � uptq � 1

µ

�
curlBk�1

∆t �Bk�1
∆t

	
� uptq dx (4.3.13)

for all t P rpk � 1q∆t, k∆ts. Applying the Gronwall Lemma to this equation we conclude the desired
bound of all fixed points u of sT in Cprpk�1q∆t, k∆ts;Vnq, uniform in s P r0, 1s. Since we have already
shown continuity and compactness of T we may thus apply the fixed point theorem [40, Section 9.2.2,
Theorem 4] to infer the existence of a fixed point u∆t,k P Cprpk�1q∆t, k∆ts;Vnq of T, which constitutes
the desired solution to the initial value problem (4.2.6), (4.2.10). Furthermore, by construction, the
associated density ρ∆t,k :� ρpu∆t,kq is the desired solution to the corresponding initial value problem
(4.2.5), (4.2.9) for the density.

4.3.2 Existence of the magnetic induction

The existence of the magnetic induction is obtained exactly as in the incompressible case in Section
3.3.4. Indeed, we first consider the problemA

A
�
Bk

∆t

	
, b
E
pY kpS∆t,kqq��Y kpS∆t,kq

�
»

Ω

Bk�1
∆t

∆t
� b�

�
ũk�1

∆t �Bk�1
∆t � 1

σ
Jk∆t

�
� curl b dx @b P Y k pS∆t,kq , (4.3.14)

where A : Y kpS∆t,kq Ñ pY kpS∆t,kqq� denotes the operator defined via the formula (3.3.7). As
shown in Section 3.3.4, the operator A is both coercive and weakly continuous and therefore sur-
jective on Y kpS∆t,kq, cf. [49, Theorem 1.2]. Consequently there exists a function Bk

∆t P Y kpS∆t,kq
which satisfies the identity (4.3.14) for all b P Y kpS∆t,kq and, as seen in Section 3.3.4, due to the
Helmholtz decomposition (cf. Lemma A.2.2 in the appendix), also for all non-solenoidal test functions
b P W kpS∆t,kq � Y kpS∆t,kq. Therefore Bk

∆t constitutes the desired solution to the discrete induction
equation (4.2.7). Altogether, we have shown the following result.

Proposition 4.3.1. Let all the assumptions of Theorem 4.1.1 be satisfied, let n,m P N, let ∆t, ε, α ¡ 0,
let β ¡ maxt4, γu be sufficiently large and let δ ¡ 0 be as in (4.2.12). Let further Jk∆t be given by
(4.2.21) for any k � 0, ..., T∆t and assume the regularized initial data ρ0,α, u0,α, B0,α to satisfy the
conditions (4.2.22), (4.2.23). Then, for all k � 1, ..., T∆t , there exist functions

0 ¤ ρ∆t,k P
"
ψ P C

�
rpk � 1q∆t, k∆ts;C2,ξ

�
Ω
�	£

C1
�
rpk � 1q∆t, k∆ts;C0,ξ

�
Ω
�	

: ∇ψ � n|BΩ � 0

*
,

u∆t,k P C prpk � 1q∆t, k∆ts;Vnq , Bk
∆t P Y k pS∆t,kq ,

which satisfy the continuity equation (4.2.5), the momentum equation (4.2.6) for all test functions
φ P C prpk � 1q∆t, k∆ts;Vnq and the induction equation (4.2.7) for all test functions b PW kpS∆t,kq as
well as the initial conditions (4.2.9)–(4.2.11).
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4.4 Limit passage with respect to ∆tÑ 0

We continue by passing to the limit with respect to ∆t Ñ 0, i.e. we pass to the limit in the time
discretization in order to return to the realm of (fully) continuous equations. As in the incompressible
case in Section 3.4, we first assemble the functions constructed in Section 4.3, defined only on small
time intervals or in discrete time points, to functions defined on the whole time interval r0, T s. More
precisely, for functions f∆t,k, defined on rpk�1q∆t, k∆ts�Ω for k � 1, ..., T∆t , we define the assembled
functions

f∆tptq :� f∆t,kptq @t P ppk � 1q∆t, k∆ts, k � 1, ...,
T

∆t
(4.4.1)

while for discrete functions hk∆t, defined on Ω for k � 0, ..., T∆t , we define the piecewise affine and
piecewise constant interpolants

h∆tptq :�
�
t

∆t
� pk � 1q



hk∆t �

�
k � t

∆t



hk�1

∆t @t P ppk � 1q∆t, k∆ts, k � 1, ...,
T

∆t
, (4.4.2)

h∆tptq :� hk∆t @t P ppk � 1q∆t, k∆ts, k � 0, ...,
T

∆t
, (4.4.3)

h
1
∆tptq :� hk�1

∆t @t P ppk � 1q∆t, k∆ts, k � 1, ...,
T

∆t
. (4.4.4)

Moreover, in order to derive a suitable energy inequality in Section 4.4.1 below, we also introduce a
piecewise affine interpolation of the square of the L2pΩq-norm,

h∆t,}�}ptq :�
�
t

∆t
� pk � 1q


���hk∆t���2

L2pΩq
�
�
k � t

∆t


���hk�1
∆t

���2

L2pΩq
, @t P ppk � 1q∆t, k∆ts

for any k � 1, ..., T∆t . Similarly we assemble the sets describing the approximate solid region,

S∆tptq :� S∆t,kptq � pη∆t pt, Oqqδ @t P ppk � 1q∆t, k∆ts, k � 1, ...,
T

∆t
,

S∆tptq :� S∆t,kpk∆tq � pη∆t pk∆t, Oqqδ @t P ppk � 1q∆t, k∆ts, k � 0, ...,
T

∆t
,

S
1

∆tptq :� S∆t,kppk � 1q∆tq � pη∆t ppk � 1q∆t, Oqqδ @t P ppk � 1q∆t, k∆ts, k � 1, ...,
T

∆t
.

As in the incompressible case we use the notation S∆tptq instead of S∆tptq for the piecewise constant
interpolants in order to avoid confusion with the notation for the closure of sets. With the above
notation we are able to express the hybrid system on the ∆t-level as a fully continuous system on the
time interval r0, T s: Since, by Proposition 4.3.1, the functions ρ∆t,k and u∆t,k satisfy the continuity
equation (4.2.5), the momentum equation (4.2.6), and the initial conditions (4.2.9), (4.2.10), it follows

from the definition of ρ∆t and u∆t in (4.4.1) as well as of B∆t, B
1
∆t and χ1∆t in and (4.4.3) and (4.4.4)

that these functions satisfy the continuity equation

Btρ∆t � div pρ∆tu∆tq � ερ∆t a.e. in Q, (4.4.5)

the momentum equation» T
0

»
Ω
Bt pρ∆tu∆tq � φ dxdt �

» T
0

»
Ω
pρ∆tu∆t b u∆tq : Dpφq �

�
aργ∆t � αρβ∆t

	
div φ

� 2ν
�
χ1∆t

�
Dpu∆tq : Dpφq � λ

�
χ1∆t

�
div u∆t div φ� ρ∆tg � φ

� 1

µ

�
curlB

1
∆t �B

1
∆t

	
� φ� ε |u∆t|2 u∆t � φ� ε p∇u∆t∇ρ∆tq � φ dxdt

(4.4.6)

for any φ P Cpr0, T s;Vnq and the initial conditions

ρ∆tp0q � ρ0,α, u∆tp0q � u0,α.
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Furthermore, from η∆t,k being the unique Carathéodory solution to the initial value problem (4.2.13),
(4.2.14), it follows that η∆t is the unique Carathéodory solution to

dη∆tpt, xq
dt

� Rδ ru∆ts pt, η∆tpt, xqq , for t P r0, T s, η∆tp0, xq � x, for x P R3. (4.4.7)

Finally, as in the incompressible case (cf. the identity (3.4.8)), we infer from the discrete induction
equation (4.2.7) that the interpolations (4.4.2)–(4.4.4) of the magnetic induction Bk

∆t satisfy the in-
duction equation

�
» T

0

»
Ω
BtB∆t � b dxdt �

» T
0

»
Ω

�
1

σµ
curlB∆t � ũ

1
∆t �B

1
∆t �

ε

µ2

��curlB∆t

��2 curlB∆t � 1

σ
J∆t

�
� curl b

� ε
�
∇ curlB∆t

� � p∇ curl bq dxdt (4.4.8)

for all test functions

b P L4
�

0, T ;H2,2
0 pΩq

	
such that bptq PW k pS∆t,kq for a.a. t P rpk � 1q∆t, k∆ts, k � 1, ...,

T

∆t
.

4.4.1 Energy inequality on the ∆t-level

We derive an energy inequality in order to obtain bounds, uniform in ∆t, for the solution to the
hybrid system on the ∆t-level. As opposed to in the incompressible setting in Section 3.4.1 we have to
combine the discrete induction equation (4.2.7) with the continuous Navier-Stokes equations (4.2.5),
(4.2.6) in a suitable way in order to achieve this goal. We pick an arbitrary time τ P p0, T s and choose
k P  

1, ..., T∆t
(
, s P r0,∆tq such that τ � k∆t � s. For the magnetic part of the energy inequality we

test the discrete induction equation (4.2.7) at any time l∆t, l � 1, ..., k, by 1
µB

l
∆t. This leads to the

estimate

1

2µ
BtB∆t,}�}ptq �

»
Ω

1

σµ2

���curlBl
∆t

���2 � ε

µ3

���curlBl
∆t

���4 � ε

µ

���∇ curlBl
∆t

���2 dx

�
»

Ω

1

2µ∆t

���Bl
∆t

���2 � 1

2µ∆t

���Bl�1
∆t

���2 � 1

σµ2

���curlBl
∆t

���2 � ε

µ3

���curlBl
∆t

���4 � ε

µ

���∇ curlBl
∆t

���2 dx

¤
»

Ω

1

µ

�
ũl�1

∆t �Bl�1
∆t

	
� curlBl

∆t �
1

σµ
J l∆t � curlBl

∆t dx @t P ppl � 1q∆t, l∆ts,

cf. the corresponding inequality (3.4.24) in the incompressible setting. We integrate this estimate
(discretely) over the interval r0, τ s, which yields the inequality

1

2µ
B∆t,}�}pτq �∆t

k�1̧

l�1

»
Ω

1

σµ2

���curlBl
∆t

���2 � ε

µ3

���curlBl
∆t

���4 � ε

µ

���∇ curlBl
∆t

���2 dx

� p∆t� sq
»

Ω

1

σµ2

���curlBk
∆t

���2 � ε

µ3

���curlBk
∆t

���4 � ε

µ

���∇ curlBk
∆t

���2 dx

¤ 1

2µ
B∆t,}�}p0q �∆t

k�1̧

l�1

»
Ω

1

µ

�
ũl�1

∆t �Bl�1
∆t

	
� curlBl

∆t �
1

σµ
J l∆t � curlBl

∆t dx

� p∆t� sq
»

Ω

1

µ

�
ũk�1

∆t �Bk�1
∆t

	
� curlBk

∆t �
1

σµ
Jk∆t � curlBk

∆t dx

¤ 1

2µ

»
Ω
|B0,α|2 dx�∆t

k�1̧

l�1

�
1?
µε

���Bl�1
∆t

���2

L2pΩq
� ε

8

���ũl�1
∆t

���4

L4pΩq
� ε

8µ3

���curlBl
∆t

���4

L4pΩq
� 1

2σ

���J l∆t���2

L2pΩq

� 1

2σµ2

���curlBl
∆t

���2

L2pΩq

�
� p∆t� sq

�
1?
µε

���Bk�1
∆t

���2

L2pΩq
� ε

8

���ũk�1
∆t

���4

L4pΩq
� ε

8µ3

���curlBk
∆t

���4

L4pΩq

� 1

2σ

���Jk∆t���2

L2pΩq
� 1

2σµ2

���curlBk
∆t

���2

L2pΩq

�
(4.4.9)
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under exploitation of Hölder’s and Young’s inequalities and in particular the estimate»
Ω

1

µ

�
ũl�1

∆t �Bl�1
∆t

	
� curlBl

∆t dx ¤
1

µ

���Bl�1
∆t

���
L2pΩq

���ũl�1
∆t

���
L4pΩq

���curlBl
∆t

���
L4pΩq

�
?

2
?
εµ

1
4

���Bl�1
∆t

���
L2pΩq

?
ε?

2µ
3
4

���ũl�1
∆t

���
L4pΩq

���curlBl
∆t

���
L4pΩq

¤ 1?
µε

���Bl�1
∆t

���2

L2pΩq
�
?
ε

2

���ũl�1
∆t

���2

L4pΩq

?
ε

2µ
3
2

���curlBl
∆t

���2

L4pΩq

¤ 1?
µε

���Bl�1
∆t

���2

L2pΩq
� ε

8

���ũl�1
∆t

���4

L4pΩq
� ε

8µ3

���curlBl
∆t

���4

L4pΩq
.

(4.4.10)

On the right-hand side of the inequality (4.4.9) we further estimate, due to the definition of ũl�1
∆t in

(4.2.20) and Jensen’s inequality,

���ũl�1
∆t

���4

L4pΩq
�

»
Ω

����� 1

∆t

» pl�1q∆t

pl�2q∆t
u∆t,l�1pt, xq dt

�����
4

dx ¤ 1

∆t

»
Ω

» pl�1q∆t

pl�2q∆t
|u∆t,l�1ptq|4 dtdx

for l ¥ 2 and ���ũl�1
∆t

���4

L4pΩq
�

»
Ω
|u0,α|4 dx

for l � 1. Moreover, we calculate

∆t
k�1̧

l�1

1?
µε

���Bl�1
∆t

���2

L2pΩq
� p∆t� sq 1?

µε

���Bk�1
∆t

���2

L2pΩq

¤ 2?
µε

k�1̧

l�1

�
∆t

2

���Bl
∆t

���2

L2pΩq
� ∆t

2

���Bl�1
∆t

���2

L2pΩq




� 2?
µε

k�1̧

l�1

��
t2

2∆t
� pl � 1qt


���Bl
∆t

���2

L2pΩq
�
�
lt� t2

2∆t


���Bl�1
∆t

���2

L2pΩq

�l∆t
pl�1q∆t

� 2?
µε

k�1̧

l�1

» l∆t
pl�1q∆t

B∆t,}�}ptq dt �
2?
µε

» pk�1q∆t

0
B∆t,}�}ptq dt ¤

2?
µε

» τ
0
B∆t,}�}ptq dt. (4.4.11)

Hence, absorbing the terms depending on curlBl
∆t, l � 1, ..., k, in the inequality (4.4.9) into the

left-hand side and expressing the sums as integrals, we end up with

1

2µ
B∆t,}�}pτq �

» τ
0

»
Ω

1

2σµ2

��curlB∆t

��2 � 7ε

8µ3

��curlB∆t

��4 � ε

µ

��∇ curlB∆t

��2 dxdt

¤ 1

2µ

»
Ω
|B0,α|2 dx� ε

8
∆t

»
Ω
|u0,α|4 dx�

» τ
0

»
Ω

1

2σ

��J∆t

��2 � ε

8
|u∆t|4 dxdt� 2?

µε

» τ
0
B∆t,}�}ptq dt.

(4.4.12)

For the mechanical part of the energy inequality we recall the identity (4.3.13), which ρ∆t and u∆t

satisfy for the choice s � 1 and for all t P r0, T s. Integrating this identity between 0 and τ we obtain
the relation»

Ω

1

2
ρ∆tpτq |u∆tpτq|2 � a

γ � 1
ργ∆tpτq �

α

β � 1
ρβ∆tpτq dx�

» τ
0

»
Ω

2ν
�
χ1∆t

� |D pu∆tq |2

� λ
�
χ1∆t

� |div u∆t|2 � aεγργ�2
∆t |∇ρ∆t|2 � αεβρβ�2

∆t |∇ρ∆t|2 � ε |u∆t|4 dxdt

�
»

Ω

1

2
ρ0,α |u0,α|2 � a

γ � 1
ργ0,α �

α

β � 1
ρβ0,α dx�

» τ
0

»
Ω
ρ∆tg � u∆t � 1

µ

�
curlB

1
∆t �B

1
∆t

	
� u∆t dxdt

¤
»

Ω

1

2
ρ0,α |u0,α|2 � a

γ � 1
ργ0,α �

α

β � 1
ρ0, α0β dx�

» τ
0

»
Ω
ρ∆tg � u∆t � ε

8
|u∆t|4 � ε

8µ3

���curlB
1
∆t

���4 dxdt

� 2?
µε

» τ
0
B∆t,}�}ptq dt, (4.4.13)
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where the last inequality uses the estimate

» τ
0

»
Ω

1

µ

�
curlB

1
∆t �B

1
∆t

	
� u∆t dxdt

¤
» τ

0

1?
µε

���B1
∆tptq

���2

L2pΩq
� ε

8
}u∆tptq}4L4pΩq �

ε

8µ3

���curlB
1
∆tptq

���4

L4pΩq
dt

¤ 2?
µε

» τ
0
B∆t,}�}ptq dt�

» τ
0

ε

8
}u∆tptq}4L4pΩq �

ε

8µ3

���curlB
1
∆tptq

���4

L4pΩq
dt,

which follows by the same estimates (4.4.10) and (4.4.11) as in the estimate of the corresponding term
in the induction equation. Adding the inequality (4.4.13) to the inequality (4.4.12) and absorbing
multiple terms from the right-hand side into the left-hand side, we finally get the energy inequality

»
Ω

1

2
ρ∆tpτq |u∆tpτq|2 � a

ργ∆tpτq
γ � 1

� αρβ∆tpτq
β � 1

dx� 1

2µ
B∆t,}�}pτq �

» τ
0

»
Ω

2ν
�
χ1∆t

� |D pu∆tq |2

� λ
�
χ1∆t

� |div u∆t|2 � aεγργ�2
∆t |∇ρ∆t|2 � αεβρβ�2

∆t |∇ρ∆t|2 � 3ε

4
|u∆t|4 � 1

2σµ2

��curlB∆t

��2
� 3ε

4µ3

��curlB∆t

��4 � ε

µ

��∇ curlB∆t

��2 dxdt

¤
»

Ω

1

2
ρ0,α |u0,α|2 � a

γ � 1
ργ0,α �

α

β � 1
ρβ0,α �

1

2µ
|B0|2 � ε∆t

8
|u0,α|4 � ε

8µ3
|curlB0,α|4 dx

�
» τ

0

»
Ω

1

2σ

��J∆t

��2 � ρ∆tg � u∆t dxdt� 4?
µε

» τ
0
B∆t,}�}ptq dt

¤c�
» τ

0

»
Ω
ρ∆tg � u∆t dxdt�

» τ
0
B∆t,}�}ptq dt (4.4.14)

for all τ P r0, T s, where the constant c � c pρ0, u0, B0, J, a, σ, µ, γ, β, α, ε, T,Ωq ¡ 0 is independent of
∆t and τ . In particular, by use of the Gronwall Lemma and the estimates for the solution to the
Neumann problem for the density, cf. Lemma A.6.1, we find a constant c ¡ 0, independent of ∆t, such
that the following bounds hold true:

}u∆t}Cpr0,T s;Vnq � }ρ∆t}Cpr0,T s;C2pΩqq � }Btρ∆t}CpQq � pαεq 1
2

����ρβ�2
2

∆t ∇ρ∆t

����
L2pQq

¤c, (4.4.15)

}B∆t}L8p0,T ;L2pΩqq �
��B∆t

��
L8p0,T ;L2pΩqq

�
���B1

∆t

���
L8p0,T ;L2pΩqq

¤c, (4.4.16)

}B∆t}L2p0,T ;H1pΩqq �
��B∆t

��
L2p0,T ;H1pΩqq

�
���B1

∆t

���
L2p0,T ;H1pΩqq

¤c, (4.4.17)

ε
1
2 }curlB∆t}L2p0,T ;H1pΩqq � ε

1
2

��curlB∆t

��
L2p0,T ;H1pΩqq

� ε
1
2

���curlB
1
∆t

���
L2p0,T ;H1pΩqq

¤c, (4.4.18)

ε
1
4 }curlB∆t}L4pQq � ε

1
4

��curlB∆t

��
L4pQq

� ε
1
4

���curlB
1
∆t

���
L4pQq

¤c. (4.4.19)

The bounds for the magnetic induction in L8p0, T ;L2pΩqq in (4.4.16) follow from the choice τ � k∆t,
k � 1, ..., T∆t in the energy inequality (4.4.14), for which it holds B∆t,}�}pτq � }Bk

∆t}2L2pΩq. Recalling

the estimate (4.3.12) from the proof of the existence of the approximate velocity field, we also infer a
bound of the time derivative of Btu∆t,

}Btu∆t}L2p0,T ;Vnq
¤ c, (4.4.20)

where c ¡ 0 is independent of ∆t. Indeed, the function u∆t corresponds to the function u in the
estimate (4.3.12) for the choice w � u∆t. Consequently, the bound (4.4.20) follows by noting that the
constant cpn,wq ¡ 0 in (4.3.12) remains bounded for w bounded in Cpr0, T s;Vnq, which is the case for
w � u∆t according to the bound (4.4.15). The bounds (4.4.15)–(4.4.20) and the Aubin-Lions Lemma
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imply the existence of functions

0 ¤ ρ P
!
ψ P C �r0, T s;H1pΩq�£L2

�
0, T ;H2pΩq� : Btψ P L2 pQq , ∇ψ � n|BΩ � 0

)
, (4.4.21)

u P  φ P C pr0, T s;Vnq : Btφ P L2 p0, T ;Vnq
(
,

B P
!
b P L8 �

0, T ;L2pΩq�£L2
�
0, T ;H1

divpΩq
�

: curl b P L2
�
0, T ;H1pΩq� , b � n|BΩ � 0

)
(4.4.22)

such that, after the extraction of a subsequence,

ρ∆t á ρ in L2
�
0, T ;H2pΩq� , ρ∆t Ñ ρ in C

�r0, T s;H1pΩq� , (4.4.23)

Btρ∆t á Btρ in L2 pQq , ρ
β
2
∆t á ρ

β
2 in L2

�
0, T ;H1pΩq� , (4.4.24)

u∆t Ñ u in C pr0, T s;Vnq , Btu∆t á Btu in L2 p0, T ;Vnq , (4.4.25)

B∆t, B∆t, B
1
∆t

�á B in L8
�
0, T ;L2 pΩq� , B∆t, B∆t, B

1
∆t á B in L2

�
0, T ;H1 pΩq�

and

curlB∆t, curlB∆t, curlB
1
∆t á B in L2

�
0, T ;H1 pΩq� .

The fact that the weak limits of B∆t, B∆t and B
1
∆t here coincide follows from Lemma A.3.1 in the

appendix. Moreover, the boundary conditions of the limit functions ρ and B in (4.4.21) and (4.4.22)
follow directly from the corresponding conditions on the ∆t-level, cf. Proposition 4.3.1. Furthermore,
the external force J∆t, discretized via (4.2.21), converges to its original time-dependent counterpart,

J∆t Ñ J in LppQq @1 ¤ p   8,

cf. Lemma A.3.2 (i) in the appendix. Finally, η∆t, as the solution to the initial value problem (4.4.7),
satisfies the conditions of Lemma A.4.3, which tells us that

η∆t Ñ η in C
�r0, T s;Cloc

�
R3

��
, (4.4.26)

χ∆t Ñ χ :� dbSp�qp�q in C
�r0, T s;Cloc

�
R3

��
, (4.4.27)

where Sptq :� pηpt, Oqqδ and η represents the solution to

dηpt, xq
dt

� Rδ rus pt, ηpt, xqq , ηp0, xq � x

for all x P R3, t P r0, T s. In particular, as in the incompressible case (cf. the inclusions (3.4.66)), for
any κ ¡ 0 the uniform convergence (4.4.26) implies the existence of some value δpκq ¡ 0 such that

pSptqqκ � S∆tptq � pS ptqqκ @t P r0, T s, ∆t   δpκq. (4.4.28)

4.4.2 Continuity equation

Due to the convergences (4.4.23)–(4.4.25) of the density and the velocity we can pass to the limit
in the continuity equation (4.4.5) and infer that the limit functions ρ and u solve the initial value
problem

Btρ�∇ pρuq �ε∆ρ a.e. in Q, ρp0, xq � ρ0,αpxq a.e. in Ω.
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4.4.3 Induction equation

We first point out that, as in the incompressible case (cf. Section 3.4.4), the first inclusion in (4.4.28)
shows that the magnetic induction B of the limit system is again curl-free in the solid domain,

curlB � 0 a.e. in QspSq
£
Q.

Next we show convergence of the quantity ũ
1
∆t from the mixed term in the discrete induction equation

(4.4.8). We fix an arbitrary point pt, xq P Q and, for each sufficiently small ∆t ¡ 0, we choose
k∆t P t2, ..., T∆tu such that t P rpk∆t � 1q∆t, k∆t∆tq. It holds that

���ũ1∆tpt, xq � upt, xq
��� �

����� 1

∆t

» pk∆t�1q∆t

pk∆t�2q∆t
u∆t,k∆t�1pτ, xqdτ � upt, xq

�����
¤ sup
τPrpk∆t�2q∆t,pk∆t�1q∆ts

|u∆tpτ �∆t, xq � upt, xq| Ñ 0 (4.4.29)

due to the uniform convergence (4.4.25) of u∆t. Moreover, the uniform bound of u∆t in (4.4.15) shows
equiintegrability of |ũ1∆t � u∆t|p for any 1 ¤ p   8. This together with the pointwise convergence
(4.4.29) gives us the conditions for the Vitali convergence theorem and we infer that

ũ
1
∆t Ñ u in LppQq @1 ¤ p   8. (4.4.30)

Further, due to the uniform bound (4.4.19), we find a function z P L 4
3 pQq such that, possibly after

the extraction of a suitable subsequence,

ε
��curlB∆t

��2 curlB∆t á εz in L
4
3 pQq. (4.4.31)

Since the quantity εz will vanish from the system in the limit passage with respect to ε Ñ 0, there
is no need to specify the form of the limit function z in (4.4.31). We now have all the necessary
convergences for the limit passage in the induction equation at hand. As in the incompressible case
(cf. the implication (3.4.76)), the inclusion (4.4.28) shows that any function b P YpSq constitutes an
admissible test function in the discrete induction equation (4.4.8) for all sufficiently small ∆t ¡ 0.
Therefore, passing to the limit with respect to ∆tÑ 0 under exploitation of the convergences (4.4.30)
and (4.4.31), we infer the limit identity

�
» T

0

»
Ω
B � Btb dxdt�

»
Ω
B0,α � bp0, xq dx

�
» T

0

»
Ω

�
� 1

σµ
curlB � u�B � ε

µ2
z � 1

σ
J

�
� curl b� ε p∇ curlBq � p∇ curl bq dxdt

for all b P YpSq.

4.4.4 Momentum equation

In order to pass to the limit in the momentum equation, we need to show convergence of the piecewise
constant Lorentz force. This is achieved by similar arguments as in the incompressible case, cf. Section
3.4.4: Indeed, the uniform bounds (4.4.16), (4.4.19) allow us to find functions z1, z2 P L 4

3 pQq and
extract suitable subsequences such that

curlB
1
∆t �B

1
∆t á z1 in L

4
3 pQq, curlB∆t �B

1
∆t á z2 in L

4
3 pQq. (4.4.32)

Since, according to (4.2.16), it holds that

|Q| �
���QspSq¤Qf pSq

��� ,
it is sufficient to identify z1 and z2 in QspSq and Qf pSq. In QspSq the desired identification follows
under exploitation of the fact that the magnetic induction is curl-free in the solid domain, as was
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seen in the corresponding identity (3.4.74) in the incompressible case. In Qf pSq it can be shown by
deducing a dual estimate for BtB∆t from the discrete induction equation (4.4.8), which then, after an
application of the discrete Aubin-Lions Lemma A.3.3 and Remark A.3.1 leads to strong convergence
of the magnetic induction in a suitable dual space, cf. (3.4.78). Altogether we obtain

z1 � z2 � curlB �B a.e. in Q. (4.4.33)

We further exploit the uniform convergence (4.4.27) of the signed distance function together with the
definition (4.2.19) of the variable viscosity coefficients as smooth functions of χ1∆t to infer that

ν
�
χ1∆t

�Ñ ν pχq in C
�r0, T s;Cloc

�
R3

��
, λ

�
χ1∆t

�Ñ λ pχq in C
�r0, T s;Cloc

�
R3

��
. (4.4.34)

This, in combination with the convergence of the Lorentz force, cf. (4.4.32), (4.4.33), allows us to pass
to the limit in the momentum equation (4.4.6) and infer the equation» T

0

»
Ω
Bt pρuq � φ dxdt

�
» T

0

»
Ω
pρub uq : Dpφq �

�
aργ � αρβ

	
div φ� 2ν pχqD puq : Dpφq � λ pχqdiv udiv φ

� ρg � φ� 1

µ
pcurlB �Bq � φ� ε |u|2 u � φ� ε p∇u∇ρq � φ dxdt

for all φ P Cpr0, T s;Vnq.

4.4.5 Energy inequality

We choose an arbitrary time τ P p0, T s and k P t1, ..., T∆tu, such that τ � k∆t� s for some s P r0,∆tq.
We evaluate the first inequality in (4.4.9) at the time k∆t and add a zero of the form

0 �� s

»
Ω

1

µ

�
ũk�1

∆t �Bk�1
∆t

	
� curlBk

∆t �
1

σµ
Jk∆t � curlBk

∆t dx

� s

»
Ω

1

µ

�
ũk�1

∆t �Bk�1
∆t

	
� curlBk

∆t �
1

σµ
Jk∆t � curlBk

∆t dx

¤� s

»
Ω

1

µ

�
ũk�1

∆t �Bk�1
∆t

	
� curlBk

∆t �
1

σµ
Jk∆t � curlBk

∆t dx� c
�
∆t� p∆tq 1

2

�
,

producing the estimate»
Ω

1

2µ

���Bk
∆t

���2 dx�∆t
k�1̧

l�1

»
Ω

1

σµ2

���curlBl
∆t

���2 � ε

µ3

���curlBl
∆t

���4 � ε

µ

���∇ curlBl
∆t

���2 dx

� p∆t� sq
»

Ω

1

σµ2

���curlBk
∆t

���2 � ε

µ3

���curlBk
∆t

���4 � ε

µ

���∇ curlBk
∆t

���2 dx

¤
»

Ω

1

2µ
|B0,α|2 dx�∆t

k�1̧

l�1

»
Ω

1

µ

�
ũl�1

∆t �Bl�1
∆t

	
� curlBl

∆t �
1

σµ
J l∆t � curlBl

∆t dx

� p∆t� sq
»

Ω

1

µ

�
ũk�1

∆t �Bk�1
∆t

	
� curlBk

∆t �
1

σµ
Jk∆t � curlBk

∆t dx� c
�
∆t� p∆tq 1

2

�
.

Subsequently, we add the first identity in (4.4.13) at the time τ to obtain»
Ω

1

2
ρ∆tpτq |u∆tpτq|2 � a

γ � 1
ργ∆tpτq �

α

β � 1
ρβ∆tpτq �

1

2µ

��B∆tpτq
��2 dx

�
» τ

0

»
Ω

2ν
�
χ1∆t

� |D pu∆tq |2 � λ
�
χ1∆t

� |div u∆t|2 � aεγργ�2
∆t |∇ρ∆t|2 � αεβρβ�2

∆t |∇ρ∆t|2 � ε |u∆t|4

� 1

σµ2

��curlB∆t

��2 � ε

µ3

��curlB∆t

��4 � ε

µ

��∇ curlB∆t

��2 dxdt

¤
»

Ω

1

2
ρ0,α |u0,α|2 � a

γ � 1
ργ0,α �

α

β � 1
ρβ0,α �

1

2µ
|B0,α|2 dx�

» τ
0

»
Ω
ρ∆tg � u∆t

� 1

µ

�
curlB

1
∆t �B

1
∆t

	
� u∆t � 1

µ

�
ũ
1
∆t �B

1
∆t

	
� curlB∆t � 1

σµ
J∆t � curlB∆t dxdt� c

�
∆t� p∆tq 1

2

�
.
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Here, on the left-hand side we drop the term ργ�2
∆t |∇ρ∆t|2. Then we pass to the limit under exploitation

of the weak lower semicontinuity of norms as well as in particular the convergence (4.4.30) of ũ
1
∆t,

the convergence (4.4.32), (4.4.33) of the Lorentz force and the convergence (4.4.34) of the variable
viscosity coefficients. Altogether we obtain»

Ω

1

2
ρpτq |upτq|2 � a

γ � 1
ργpτq � α

β � 1
ρβpτq � 1

2µ
|Bpτq|2 dx�

» τ
0

»
Ω

2ν pχq |D puq |2 � λ pχq |div u|2

� αεβρβ�2 |∇ρ|2 � ε |u|4 � 1

σµ2
|curlB|2 � ε

µ
|∇ curlB|2 � ε

µ3
|z|4 dxdt

¤
»

Ω

1

2
ρ0,α |u0,α|2 � a

γ � 1
ργ0,α �

α

β � 1
ρβ0,α �

1

2µ
|B0,α|2 dx�

» τ
0

»
Ω
ρg � u� 1

σµ
J � curlB dxdt

for almost all τ P r0, T s. Hence we have proved the following result.

Proposition 4.4.1. Let all the assumptions of Theorem 4.1.1 be satisfied, let n,m P N, ε, α ¡ 0, let
β ¡ maxt4, γu be sufficiently large and let δ ¡ 0 be as in (4.2.12). Assume in addition the regularized
initial data ρ0,α, u0,α, B0,α to satisfy the conditions (4.2.22), (4.2.23). Then, there exists a function
ηn : r0, T s � R3 Ñ R3 and

0 ¤ ρn P
!
ψ P C �r0, T s;H1pΩq�£L2

�
0, T ;H2pΩq� : Btψ P L2 pQq , ∇ψ � n|BΩ � 0

)
, (4.4.35)

un P
 
φ P C pr0, T s;Vnq : Btφ P L2 p0, T ;Vnq

(
,

Bn P
!
b P L8 �

0, T ;L2pΩq�£L2
�
0, T ;H1

divpΩq
�

: curl b P L2
�
0, T ;H1pΩq� ,

curl b � 0 in QspSnq, b � n |BΩ � 0u , (4.4.36)

zn P L
4
3 pQq

for Sn � Snp�q � pηnp�, Oqqδ, such that

dηnpt, xq
dt

�Rδ runs pt, ηnpt, xqq , ηnp0, xq � x,

Btρn � div pρnunq �ε∆ρn a.e. in Q, (4.4.37)» T
0

»
Ω
Bt pρnunq � φ dxdt �

» T
0

»
Ω
pρnun b unq : Dpφq �

�
aργn � αρβn

	
div φ

� 2ν pχnqDpunq : Dpφq � λ pχnqdiv un div φ� ρng � φ
� 1

µ
pcurlBn �Bnq � φ� ε |un|2 un � φ

� ε p∇un∇ρnq � φ dxdt, (4.4.38)

�
» T

0

»
Ω
Bn � Btb dxdt�

»
Ω
B0,α � bp0, xq dx �

» T
0

»
Ω

�
� 1

σµ
curlBn � un �Bn � 1

σ
J � ε

µ2
zn

�
� curl b

� ε p∇ curlBnq : p∇ curl bq dxdt,
where χnpt, xq :� dbSnptqpxq, for all φ P Cpr0, T s;Vnq and all b P YpSnq. Moreover, these functions
satisfy the initial conditions

ρnp0q � ρ0,α, unp0q � u0,α

as well as the energy inequality»
Ω

1

2
ρnpτq |unpτq|2 � a

γ � 1
ργnpτq �

α

β � 1
ρβnpτq �

1

2µ
|Bnpτq|2 dx�

» τ
0

»
Ω

2ν pχnq |D punq |2

� λ pχnq |div un|2 � αεβρβ�2
n |∇ρn|2 � ε |un|4 � 1

σµ2
|curlBn|2 � ε

µ
|∇ curlBn|2 � ε

µ3
|zn|

4
3 dxdt

¤
»

Ω

1

2
ρ0,α |u0,α|2 � a

γ � 1
ργ0,α �

α

β � 1
ρβ0,α �

1

2µ
|B0,α|2 dx�

» τ
0

»
Ω
ρng � un � 1

σµ
J � curlBn dxdt

(4.4.39)

for almost all τ P r0, T s.
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4.5 Limit passage with respect to nÑ 8

Next, we let n tend to infinity, i.e. we pass to the limit in the Galerkin method. Applying the Gronwall
Lemma to the energy inequality (4.4.39) we find a constant c ¡ 0, independent of n, such that

}?ρnun}L8p0,T ;L2pΩqq � }ρn}L8p0,T ;LβpΩqq � }un}L2p0,T ;H1pΩqq ¤ c, (4.5.1)

}Bn}L8p0,T ;L2pΩqq � }Bn}L2p0,T ;H1pΩqq ¤ c, (4.5.2)

pαεq 1
2

����ρβ�2
2

n ∇ρn
����
L2pQq

� ε
1
4 }un}L4pQq � ε

1
2 }∇ curlBn}L2p0,T ;H1pΩqq � ε

3
4 }zn}

L
4
3 pQq

¤ c. (4.5.3)

Using Lebesgue interpolation, we further infer from these bounds the existence of a constant cpε, αq ¡
0, independent of n, such that

}ρn}
L

5
3βpQq

¤}ρn}
2
5

L8p0,T ;LβpΩqq
}ρn}

3
5

Lβp0,T ;L3βpΩqq

¤}ρn}
2
5

L8p0,T ;LβpΩqq

����ρβ2n
����

6
5β

L2p0,T ;H1pΩqq

¤ cpε, αq. (4.5.4)

Moreover, from the classical Lp-Lq regularity results for parabolic equations, cf. [94, Lemma 7.37,
Lemma 7.38, Section 7.8.2], we infer that ρn as the solution to the regularized continuity equation
(4.4.37) satisfies the estimates

ε }∇ρn}LrpQq � ε }Btρn}Lr̃pQq � ε2
��∇2ρn

��
Lr̃pQq

¤ c (4.5.5)

for

r :� 10β � 6

3β � 3
¡ 2, r̃ :� 5β � 3

4β
¡ 1 @β ¡ 6

and a constant c ¡ 0 independent of n, m and ε. The uniform bounds (4.5.1)–(4.5.5), together with

the Aubin-Lions Lemma, allow us to extract suitable subsequences and find functions z P L 4
3 pQq and

0 ¤ ρ P
"
ψ P L8

�
0, T ;LβpΩq

	£
Lr

�
0, T ;W 1,rpΩq�£Lr̃

�
0, T ;W 2,r̃pΩq� :

Btψ P Lr̃ pQq , ∇ψ � n|BΩ � 0

*
� C

�r0, T s;L2pΩq� , (4.5.6)

u PL2p0, T ;H1
0 pΩqq, (4.5.7)

B P
"
b P L8 �

0, T ;L2pΩq�£L2
�
0, T ;H1

divpΩq
�

: curl b P L2
�
0, T ;H1pΩq� , b � n|BΩ � 0

*
(4.5.8)

such that

ρn Ñ ρ in Lβ pQq , ρn Ñ ρ in L2
�
0, T ;H1pΩq� (4.5.9)

ρn á ρ in Lr̃
�
0, T ;W 2,r̃pΩq� , Btρn á Btρ in Lr̃ pQq , (4.5.10)

un á u in L2p0, T ;H1pΩqq, Bn
�á B in L8p0, T ;L2pΩqq, (4.5.11)

Bn á B in L2p0, T ;H1pΩqq, curlBn á curlB in L2
�
0, T ;H1pΩq� ,

zn á z in L
4
3 pQq .

The boundary conditions of the limit functions in (4.5.6)–(4.5.8) follow directly from the corresponding
boundary conditions (4.4.35) and (4.4.36) of ∇ρn and Bn and the fact that un P Vn vanishes on BΩ
for all n P N. Further, the initial value problem (4.4.7), solved by ηn, yields that the conditions of
Lemma A.4.3 are satisfied. Hence

ηn Ñ η in C
�r0, T s;Cloc

�
R3

��
, (4.5.12)

χn Ñ χ :� dbSp�qp�q in C
�r0, T s;Cloc

�
R3

��
, (4.5.13)
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where Sptq :� pηpt, Oqqδ and η denotes the unique solution to the initial value problem

dηpt, xq
dt

� Rδ rus pt, ηpt, xqq , ηp0, xq � x

for all x P R3 and almost all t P r0, T s. Finally, for any κ ¡ 0, the uniform convergence (4.5.12) implies
the existence of some number Npκq P N such that

pSptqqκ � Snptq � pSptqqκ2 � pSptqqκ @t P r0, T s, n ¡ Npκq.

4.5.1 Continuity equation

The convergences (4.5.9)–(4.5.11) of ρn and un allow us to pass to the limit in the continuity equation
(4.4.37). Consequently, the limit functions ρ and u satisfy the continuity equation

Btρ� div pρuq �ε∆ρ a.e. in Q, ρp0q � ρ0,α.

4.5.2 Induction equation

At this stage - as well as in the later sections - the limit passage in the induction equation does not
differ from the incompressible case in Section 3.5.3. Thus we waive a repetition of the arguments
therein and only present the final results. As in the identity (3.5.20) from the incompressible case it
holds that the magnetic induction of the limit system is curl-free in the solid region,

curlB � 0 a.e. in QspSq
£
Q.

As in the corresponding relations (3.5.23), (3.5.24) and (3.5.28) in the incompressible case we find

functions z3, z4 P L 6
5 pQq such that, for a suitable subsequence, it holds

curlBn �Bn á z3 in L
6
5 pQq , un �Bn á z4 in L

6
5 pQq (4.5.14)

and

z3 � curlB �B, z4 � curl b � u�B � curl b a.e. in Q (4.5.15)

for any b P YpSq. In particular, we may pass to the limit in the induction equation to observe that

�
» T

0

»
Ω
B � Btb dxdt�

»
Ω
B0,α � bp0, xq dx

�
» T

0

»
Ω

�
� 1

σµ
curlB � u�B � 1

σ
J � ε

µ2
z

�
� curl b� ε p∇ curlBq � p∇ curl bq dxdt

for any b P YpSq.

4.5.3 Momentum equation

By the same methods as for the (purely mechanical) compressible Navier-Stokes system, cf. [94, Section
7.8.2], we derive convergence of the function ρnun b un: First of all, we estimate

}ρnun b un}
L2p0,T ;L

6β
4β�3 pΩqq

¤}ρnun}
L8p0,T ;L

2β
β�1 pΩqq

}un}L2p0,T ;L6pΩqq

¤c }?ρn}L8p0,T ;L2βpΩqq }
?
ρnun}L8p0,T ;L2pΩqq }un}L2p0,T ;H1pΩqq ¤ c

for a constant c ¡ 0, independent of n according to the uniform bounds (4.5.1). Hence, for a subse-

quence and some function z5 P L2p0, T ;L
6β

4β�3 pΩqq we may assume that

ρnun b un á z5 in L2
�

0, T ;L
6β

4β�3 pΩq
	
. (4.5.16)
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Then, in order to identify the limit function z5, we denote by Pn the orthogonal projection of L2pΩq
onto the Galerkin space Vn and test the momentum equation (4.4.38) — after a density argument —

by Pnpφq for an arbitrary function φ P L 5β�3
β�3 p0, T ;H2

0 pΩqq. Doing so, we estimate

����
» T

0

»
Ω
BtPn pρnunq � φ dxdt

���� �
����
» T

0

»
Ω
Bt pρnunq � Pn pφq dxdt

����
�
�����
» T

0

»
Ω
pρnun b unq : D pPn pφqq �

�
aργn � αρβn

	
divPn pφq � 2ν pχnqD punq : D pPn pφqq

� λ pχnq div un divPn pφq � ρng � Pn pφq � 1

µ
pcurlBn �Bnq � Pn pφq � ε |un|2 un � Pn pφq

� ε p∇un∇ρnq � Pn pφq dxdt
�����

¤}ρn}L4pQq }un}2L4pQq }D pPnpφqq}L4pQq � a }ρn}γ
L

5
3 γpQq

}divPnpφq}
L

5
2 pQq

� α }ρn}β
L

5
3βpQq

}divPnpφq}
L

5
2 pQq

� }2νpχnq}L8pQq }D punq}L2pQq }D pPnpφqq}L2pQq

� }λpχnq}L8pQq }div un}L2pQq }divPnpφq}L2pQq � }g}L8pQq }ρn}L2pQq }Pnpφq}L2pQq

� 1

µ
}curlBn}L2p0,T ;L6pΩqq }Bn}L8p0,T ;L2pΩqq }Pnpφq}L2p0,T ;L3pΩqq

� ε }un}3L4pQq }Pnpφq}L4pQq � ε }∇un}L2pQq }∇ρn}
L

10β�6
3β�3 pQq

}Pnpφq}
L

5β�3
β�3 pQq

¤c }Pnpφq}
L

5β�3
β�3 p0,T ;H2pΩqq

¤ c }φ}
L

5β�3
β�3 p0,T ;H2pΩqq

for a constant c ¡ 0 independent of n due to the uniform bounds (4.5.1)–(4.5.5). This yields the dual
estimate

}BtPn pρnunq}Lr̃p0,T ;H�2pΩqq � }BtPn pρnunq}
L

5β�3
4β p0,T ;H�2pΩqq

¤ c.

Consequently, from the Aubin-Lions Lemma, we conclude that

Pnpρnunq Ñ ρu in L2
�
0, T ;H�1pΩq� .

Writing

}ρnun � ρu}L2p0,T ;H�1pΩqq ¤ }ρnun � Pn pρnunq}L2p0,T ;H�1pΩqq � }Pn pρnunq � ρu}L2p0,T ;H�1pΩqq

and realizing that the first term on the right-hand side vanishes for nÑ8 due to the general properties
of the projection Pn (cf. [94, Section 7.4.3]), we thus infer that

ρnun Ñ ρu in L2
�
0, T ;H�1pΩq� .

Therefore, as un converges weakly in L2p0, T ;H1
0 pΩqq, we infer that the limit function z5 of the

convergence (4.5.16) is given by

z5 � ρub u a.e. in Q.

Next, we notice that the bound (4.5.3) of un in L4pQq implies the existence of some z̃ P L 4
3 pQq such

that, for a chosen subsequence,

ε |un|2 un á εz̃ in L
4
3 pQq.

Using further the uniform convergence (4.5.13) of the signed distance function for passing to the limit
in the variable viscosity coefficients and the convergence (4.5.14), (4.5.15) of the Lorentz force, we can
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now let n tend to infinity in the momentum equation (4.4.38). We infer that

�
» T

0

»
Ω
ρu � Btφ dxdt�

»
Ω
pρuq0,α � φp0, xq dx

�
» T

0

»
Ω
pρub uq : Dpφq �

�
aργ � αρβ

	
div φ� 2ν pχqDpuq : Dpφq � λ pχqdiv udiv φ� ρg � φ

� 1

µ
pcurlB �Bq � φ� εz̃ � φ� ε p∇u∇ρq � φ dxdt (4.5.17)

for any φ P C1
c pr0, T q;Vn0q with fixed n0 P N. Since

�8
n�1 Vn is dense in H1,2

0 pΩq, we finally conclude
that (4.5.17) also holds true for any φ P Dpr0, T q�Ωq. Exploiting further the weak lower semicontinuity
of norms to pass to the limit in both the energy inequality (4.4.39) and the uniform bounds (4.5.5)
we have proved the following proposition:

Proposition 4.5.1. Let all the assumptions of Theorem 4.1.1 be satisfied, let m P N, ε, α ¡ 0, let
β ¡ maxt4, γu be sufficiently large and let δ ¡ 0 be as in (4.2.12). Assume in addition that

ρ0,α P C2,ξ
�
Ω
�
, pρuq0,α P C2

�
Ω
�
, B0,α P H2

divpΩq, (4.5.18)

0   α ¤ ρ0,α ¤ α
� 1

2β , ∇ρ0,α � n|BΩ � 0, B0,α � n|BΩ � 0. (4.5.19)

Then, there exists a function ηm : r0, T s � R3 Ñ R3 and

0 ¤ ρm P
"
ψ P L8

�
0, T ;LβpΩq

	£
Lr

�
0, T ;W 1,rpΩq�£Lr̃

�
0, T ;W 2,r̃pΩq� :

Btψ P Lr̃ pQq , ∇ψ � n|BΩ � 0

*
,

um PL2
�
0, T ;H1

0 pΩq
�
,

Bm P
"
b P L8 �

0, T ;L2pΩq�£L2
�
0, T ;H1

divpΩq
�

: curl b P L2
�
0, T ;H1pΩq� ,

curl b � 0 in QspSmq, b � n |BΩ � 0

*
,

zm, z̃m PL 4
3 pQq

for Sm � Smp�q � pηmp�, Oqqδ, such that

dηmpt, xq
dt

�Rδ rums pt, ηmpt, xqq , ηmp0, xq � x,

Btρm � div pρmumq �ε∆ρm a.e. in Q, ρp0q � ρ0,α, (4.5.20)

�
» T

0

»
Ω
ρmum � Btφ dxdt�

»
Ω
pρuq0,α � φp0, xq dx �

» T
0

»
Ω
pρmum b umq : Dpφq �

�
aργm � αρβm

	
div φ

� 2ν pχmqDpumq : Dpφq � λ pχmq div um div φ

� ρmg � φ� 1

µ
pcurlBm �Bmq � φ� εz̃m � φ

� ε p∇um∇ρmq � φ dxdt, (4.5.21)

�
» T

0

»
Ω
Bm � Btb dxdt�

»
Ω
B0,α � bp0, xq dx �

» T
0

»
Ω

�
� 1

σµ
curlBm � um �Bm � 1

σ
J

� ε

µ2
zm

�
� curl b� ε p∇ curlBmq : p∇ curl bq dxdt,

(4.5.22)

where χmpt, xq :� dbSmptqpxq, for all φ P Dpr0, T q � Ωq and all b P YpSmq. Moreover, these functions
satisfy the energy inequality
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»
Ω

1

2
ρmpτq |umpτq|2 � a

γ � 1
ργmpτq �

α

β � 1
ρβmpτq �

1

2µ
|Bmpτq|2 dx�

» τ
0

»
Ω

2ν pχmq |D pumq |2

�λ pχmq |div um|2 � αεβρβ�2
m |∇ρm|2 � ε |z̃m|

4
3 � 1

σµ2
|curlBm|2 � ε

µ
|∇ curlBm|2 � ε

µ3
|zm|

4
3 dxdt

¤
»

Ω

1

2

���pρuq0,α���2
ρ0,α

� a

γ � 1
ργ0,α �

α

β � 1
ρβ0,α �

1

2µ
|B0,α|2 dx�

» τ
0

»
Ω
ρmg � um � 1

σµ
J � curlBm dxdt

(4.5.23)

for almost all τ P r0, T s and the estimate

ε }∇ρm}LrpQq � ε }Btρm}Lr̃pQq � ε2
��∇2ρm

��
Lr̃pQq

¤ c (4.5.24)

with a constant c ¡ 0 independent of m and ε.

From this point on, the remainder of the proof of Theorem 4.1.1 is straight forward: In the mechanical
part of the problem we can follow precisely the arguments from [43, Sections 7–9], the additional
Lorentz force (cf. [104]) and regularization term in the momentum equation do not cause any essential
further difficulties. In the induction equation, each limit passage from now on can be carried out as in
the incompressible case, cf. Section 3.5.3. However, for the convenience of the reader, we will sketch
the main arguments for the remaining three limit passages in the following sections.

4.6 Limit passage with respect to mÑ 8

We continue by passing to the limit in the penalization method, i.e. we pass to the limit with respect
to m Ñ 8. Due to the energy inequality (4.5.23) and the uniform bounds (4.5.24) we may extract

suitable subsequences and find functions z, z̃ P L 4
3 pQq and

0 ¤ ρ P
"
ψ P L8

�
0, T ;LβpΩq

	£
Lr

�
0, T ;W 1,rpΩq�£Lr̃

�
0, T ;W 2,r̃pΩq� :

Btψ P Lr̃ pQq , ∇ψ � n|BΩ � 0

*
� C

�r0, T s;L2pΩq� , (4.6.1)

u PL2p0, T ;H1
0 pΩqq, (4.6.2)

B P
"
b P L8 �

0, T ;L2pΩq�£L2
�
0, T ;H1

divpΩq
�

: curl b P L2
�
0, T ;H1pΩq�

curl b � 0 in QspSq, b � n|BΩ � 0

*
, (4.6.3)

such that

ρm Ñ ρ in Lβ pQq , ρm Ñ ρ in L2
�
0, T ;H1pΩq� , (4.6.4)

ρm á ρ in Lr̃
�
0, T ;W 2,r̃pΩq� , Btρm á Btρ in Lr̃ pQq , (4.6.5)

um á u in L2
�
0, T ;H1pΩq� , Bm

�á B in L8
�
0, T ;L2pΩq� , (4.6.6)

Bm á B in L2
�
0, T ;H1pΩq� , curlBm á curlB in L2

�
0, T ;H1pΩq� ,

zm á z in L
4
3 pQq z̃m á z̃ in L

4
3 pQq .

The boundary conditions of the limit functions in (4.6.1)–(4.6.3) follow directly from the corresponding
boundary conditions on the m-level, see Proposition 4.5.1. The set-valued function S in (4.6.3) is
defined by S :� Sp�q :� pηp�, Oqqδ where η, given by the first convergence in

ηm Ñ η in C
�r0, T s;Cloc

�
R3

��
,

χm Ñ χ :� dbSp�qp�q in C
�r0, T s;Cloc

�
R3

��
,
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denotes the solution to the initial value problem

dηpt, xq
dt

� Rδrus pt, ηpt, xqq , ηp0, xq � x @x P R3 (4.6.7)

for all x P R3 and almost all t P r0, T s, cf. Lemma A.4.3.

4.6.1 Continuity equation

Making use of the convergences (4.6.4)–(4.6.6) of ρm and um, we can pass to the limit in the continuity
equation (4.5.20) and ensure that

Btρ� div pρuq �ε∆ρ a.e. in Q, ρp0q � ρ0,α. (4.6.8)

Moreover, this pointwise identity can be renormalized by multiplying it by ζ 1pρq for an arbitrary convex
function ζ P C2pr0,�8qq. Since ζ2 ¥ 0, this yields

Btζ pρq � div pζ pρquq � �
ζ 1 pρq ρ� ζ pρq� div u� ε∆ζ pρq � �εζ2 pρq |∇ρ|2 ¤ 0 a.e. in Q. (4.6.9)

This relation will turn out useful in the limit passage with respect to εÑ 0 in Section 4.7.

4.6.2 Induction equation

For the limit passage in the induction equation we can argue exactly as in Section 3.5.3 in the incom-
pressible case to show strong convergence of Bm in the fluid domain. Hence, we can pass to the limit
in the induction equation (4.5.22) and obtain the identity

�
» T

0

»
Ω
B � Btb dxdt�

»
Ω
B0,α � bp0, xq dx

�
» T

0

»
Ω

�
� 1

σµ
curlB � u�B � 1

σ
J � ε

µ2
z

�
� curl b� ε p∇ curlBq � p∇ curl bq dxdt (4.6.10)

for all b P YpSq.

4.6.3 Momentum equation and compatibility of the velocity field

From the uniform bounds given by the energy inequality (4.5.23) we further infer the existence of

z6 P L2p0, T ;L
6β

4β�3 pΩqq such that, for a chosen subsequence,

ρmum b um á z6 in L2
�

0, T ;L
6β

4β�3 pΩq
	
.

For the limit passage in the momentum equation we need to identify z6. To this end we notice that,
according to their definition in (4.2.18), (4.2.19), the variable viscosity coefficients satisfy

ν pχmpt, xqq � ν �mH
�
dbSmptqpxq

� � ν, λ pχmpt, xqq � λ�mH
�
dbSmptqpxq

� � λ (4.6.11)

for pt, xq P Q with dbSmptqpxq   0, i.e. they remain constant and in particular bounded in the fluid

domain Qf pSmq on the m-level. This enables us to deduce strong convergence of the momentum func-
tion ρmum in the fluid domain similarly to the strong convergence (3.5.27) of the magnetic induction
in the incompressible case: We fix an arbitrary interval I � p0, T q and an arbitrary ball U � Ω such
that I � U � Qf pSq. Then we deduce from the momentum equation (4.5.21), the relations (4.6.11)
as well as the uniform bounds given by the energy inequality (4.5.23) the dual estimate����Bt

»
U
ρmum � Φdx

����
L

minp 6
5 ,

5β�3
4β qpIq

¤ c
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for any fixed Φ P DpUq with a constant c ¡ 0 depending on Φ but not on m. From Lemma A.4.1 we
infer that

ρmum Ñ ρu in Cweak

�
I;L

2β
β�1 pUq

	
and thus in Lp

�
I;H�1,2pUq� @1 ¤ p   8,

which implies that

z6 : Dpφq � pρub uq : Dpφq a.e. in Q

for all test functions φ P ZpSq, which satisfy Dpφq � 0 in a neighborhood of QspSq. Letting m tend
to infinity in (4.5.21) we thus obtain

�
» T

0

»
Ω
ρu � Btφ dxdt�

»
Ω
pρuq0,α � φp0, xq dx

�
» T

0

»
Ω
pρub uq : Dpφq �

�
aργ � αρβ

	
div φ� 2νD puq : Dpφq � λ div udiv φ� ρg � φ

� 1

µ
pcurlB �Bq � φ� εz̃ � φ� ε p∇u∇ρq � φ dxdt (4.6.12)

for all φ P ZpSq. Moreover, since νpχmq and λpχmq blow up in the solid part of the domain, the energy
inequality (4.5.23) shows that

Dpuq � 0 a.e. in QspSq.

Hence, there are rigid velocity fields us
i

which coincide with u almost everywhere in the δ-neighborhoods
Siptq :� pηpt, Oiqqδ of the sets ηpt, Oiq, i � 1, ..., N ,

upt, �q � us
ipt, �q a.e. in pηpt, Oiqqδ. (4.6.13)

Consequently, due to the property (4.2.24) of the regularized velocity field Rδrus, we can replace
Rδrus in the initial value problem (4.6.7) by us

i
for x P Oi. In particular, we conclude the existence

of isometries ηiptq, coinciding with ηptq in Oi, such that

dηipt, xq
dt

� us
i �
t, ηipt, xq� , ηip0, xq � x (4.6.14)

for all x P R3 and almost all t P r0, T s. The combination of the conditions (4.6.13) and (4.6.14) at first
yields compatibility (cf. (4.1.1), (4.1.2)) of u with the system tOi, ηiuNi�1. However, the fact that each
ηiptq is an isometry implies that

Siptq � �
ηi
�
t, Oi

��δ � ηi
�
t, Si0

�
and thus upt, �q � us

ipt, �q a.e. in ηi
�
t, Si0

�
.

Consequently, we infer that u is even compatible with tSi0, ηiuNi�1.

4.6.4 Energy inequality

We drop, among other non-negative terms, the variable parts of the viscosity coefficients on the left-
hand side of the energy inequality (4.5.23) and pass to the limit to see that»

Ω

1

2
ρpτq |upτq|2 � a

γ � 1
ργpτq � α

β � 1
ρβpτq � 1

2µ
|Bpτq|2 dx�

» τ
0

»
Ω

2ν|Dpuq|2 � λ |div u|2 � ε |z̃| 43

� 1

σµ2
|curlB|2 � ε

µ
|∇ curlB|2 � ε

µ3
|z| 43 dxdt

¤
»

Ω

1

2

���pρuq0,α���2
ρ0,α

� a

γ � 1
ργ0,α �

α

β � 1
ρβ0,α �

1

2µ
|B0,α|2 dx�

» τ
0

»
Ω
ρg � u� 1

σµ
J � curlB dxdt

(4.6.15)

for almost all τ P r0, T s.
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4.7 Limit passage with respect to εÑ 0

The next step is the limit passage with respect to ε Ñ 0. Testing the continuity equation (4.6.8) by
ρε, we see that

ε
1
2 }∇ρε}L2pQq ¤ c

for a constant c ¡ 0 independent of ε. This, together with the energy inequality (4.6.15), yields the
existence of functions

0 ¤ ρ PL8p0, T ;LβpΩqq,
u P  φ P L2

�
0, T ;H1

0 pΩq
�

: Dpφq � 0 in QspSq( , (4.7.1)

B P
!
b P L8 �

0, T ;L2pΩq�£L2
�
0, T ;H1

divpΩq
�

: curl b � 0 in QspSq, b � n|BΩ � 0
)

(4.7.2)

such that for certain extracted subsequences it holds

ρε
�á ρ in L8

�
0, T ;LβpΩq

	
, uε á u in L2

�
0, T ;H1pΩq� ,

Bε
�á B in L8

�
0, T ;L2pΩq� , Bε á B in L2

�
0, T ;H1pΩq� ,

ε∇ρε, ε∆Bε Ñ 0 in L2 pQq , εzε, εz̃ε Ñ 0 in L
4
3 pQq . (4.7.3)

The boundary conditions of the limit functions in (4.7.1) and (4.7.2) follow directly from the corre-
sponding boundary conditions of the velocity field and the magnetic induction in (4.6.2) and (4.6.3)
on the ε-level. The set-valued function S in the inclusions (4.7.1) and (4.7.2) is defined by S � Sp�q :�
ηp�, S0q, where η : r0, T s � S0 Ñ R3, ηptq|Si0 :� ηiptq, i � 1, ..., N, and each ηiptq : R3 Ñ R3 denotes an
isometry given by

ηiε Ñ ηi in C
�r0, T s;Cloc

�
R3

��
,

cf. Corollary A.4.1 in the appendix. Moreover, Corollary A.4.1 implies that the velocity field u is
compatible with the system tSi0, ηiuNi�1.

4.7.1 Continuity equation

Similarly as in Section 3.5.1 in the incompressible case, we deduce from the continuity equation (4.6.8)
that ρε even converges to ρ in Cweakpr0, T s;LβpΩqq. This, together with the vanishing artificial viscosity
term, cf. (4.7.3), is sufficient to pass to the limit in the regularized continuity equation (4.6.8) and to
obtain

�
» T

0

»
Ω
ρBtψdxdt�

»
Ω
ρ0,αψp0, xq dx �

» T
0

»
Ω
pρuq �∇ψ dxdt (4.7.4)

for all ψ P Dpr0, T q � Ωq. In fact, as at this stage of the approximation it holds that ρ P L2pQq,
u P L2p0, T ;H1,2

0 pΩqq, we can use the regularization procedure by DiPerna and Lions, cf. [94, Lemma
6.8, Lemma 6.9], to see that ρ and u, extended by 0 outside of Ω, even satisfy the renormalized
continuity equation (4.1.14), (4.1.15).

4.7.2 Induction equation

We argue as in Section 3.5.3 in the incompressible case to pass to the limit with respect to ε Ñ 0 in
the induction equation (4.6.10) and to infer that

�
» T

0

»
Ω
B � Btb dxdt�

»
Ω
B0,α � bp0, xq dx �

» T
0

»
Ω

�
� 1

σµ
curlB � u�B � 1

σ
J

�
� curl b dxdt (4.7.5)

for all b P YpSq.
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4.7.3 Momentum equation

In order to pass to the limit in the pressure terms, we first consider an arbitrary compact set K �
Qf pSq. Denoting by BΩ the Bogovskii operator in Ω (cf. [94, Section 3.3.1.2]), we test the momentum
equation (4.6.12) by

φεpt, xq :� Φpt, xqBΩ

�
ρεpt, �q � 1

|Ω|
»

Ω
ρεpt, yq dy

�
pt, xq, (4.7.6)

where Φ P DpQf pSqq denotes a cut-off function equal to 1 in K. This procedure leads to a bound of
ρε in Lβ�1pKq uniformly in ε, cf. [43, Lemma 8.1] and the references therein. These bounds in turn

allow us to find z7 P L
γ�1
γ pKq, z8 P L

β�1
β pKq such that

ργε á z7 in L
γ�1
γ pKq , ρβε á z8 in L

β�1
β pKq .

With the aim of identifying these limit functions we set, for arbitrary Φ̃ P DpQf pSqq,

φ̃εpt, xq :� Φ̃pt, xq �∇∆�1
� rρεpt, �qs pt, xq, φ̃pt, xq :� Φ̃pt, xq �∇∆�1

� rρpt, �qs pt, xq, (4.7.7)

where ∆�1 denotes the inverse Laplacian on R3, cf. [45, Section 10.16]. We compare the momentum
equation (4.6.12) on the ε-level, tested by φ̃ε, to a corresponding limit identity, tested by φ̃. This
enables us to deduce the effective viscous flux identity

pλ� 2νq lim
εÑ0

» T
0

»
Ω

Φ̃ pρε div uε � ρdiv uq dxdt � lim
εÑ0

» T
0

»
Ω

Φ̃
��
aργε � αρβε

�
ρε �

�
aργε � αρβε

�
ρ
	
dxdt

(4.7.8)

for all Φ̃ P DpQf pSqq, cf. [43, Lemma 8.2] and the references therein. Moreover, after a density
argument, we can consider the choice ζpsq � s lnpsq in both the renormalized continuity equations
(4.6.9) on the ε-level and (4.1.14) in the limit. A comparison between the resulting identities then
leads us to

»
Ω
ρpτq ln pρpτqq dx� lim

εÑ0

»
Ω
ρεpτq ln pρεpτqq dx ¥ lim

εÑ0

» τ
0

»
Ω
ρε div uε dxdt�

» τ
0

»
Ω
ρdiv u dxdt ¥ 0

(4.7.9)

for τ P r0, T s, where the last inequality follows from the effective viscous flux identity (4.7.8) and the
monotonicity of the mapping s ÞÑ asγ �αsβ, as well as the fact that div u � 0 in QspSq. Exactly as in
the incompressible setting (cf. the derivation of the convergence (3.5.12)), this estimate together with
the strict convexity of z ÞÑ z lnpzq implies pointwise convergence of ρε in Q. It follows that z7 � ργ ,
z8 � ρβ almost everywhere in Qf pSq. In the remaining terms of the momentum equation (4.6.12) we
can pass to the limit as during the past limit passages. We end up with

�
» T

0

»
Ω
ρu � Btφ dxdt�

»
Ω
pρuq0,α � φp0, xq dx

�
» T

0

»
Ω
pρub uq : Dpφq �

�
aργ � αρβ

	
div φ� 2νDpuq : Dpφq � λ div udiv φ� ρg � φ

� 1

µ
pcurlB �Bq � φ dxdt (4.7.10)

for all φ P ZpSq.
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4.7.4 Energy inequality

Neglecting the regularization terms on the left-hand side of the energy inequality (4.6.15) on the
ε-level, we can pass to the limit with respect to εÑ 0 and obtain»

Ω

1

2
ρpτq |upτq|2 � a

γ � 1
ργpτq � α

β � 1
ρβpτq � 1

2µ
|Bpτq|2 dx�

» τ
0

»
Ω

2ν|Dpuq|2 � λ |div u|2

� 1

σµ2
|curlB|2 dxdt

¤
»

Ω

1

2

���pρuq0,α���2
ρ0,α

� a

γ � 1
ργ0,α �

α

β � 1
ρβ0,α �

1

2µ
|B0,α|2 dx�

» τ
0

»
Ω
ρg � u� 1

σµ
J � curlB dxdt

(4.7.11)

for almost all t P r0, T s.

4.8 Limit passage with respect to αÑ 0

Finally it remains to pass to the limit with respect to αÑ 0. We now consider initial data ρ0, pρuq0
and B0 as in Theorem 4.1.1 and construct - cf. [47, Section 4] - the initial data ρ0,α, pρuq0,α and B0,α

on the α-level (cf. (4.5.18), (4.5.19)) in such a way that

ρ0,α Ñ ρ0 in LγpΩq, αρβ0,α Ñ 0 in L1pΩq,

pρuq0,α Ñ pρuq0 in L1pΩq,

���pρuq0,α���2
ρ0,α

Ñ |pρuq0|2
ρ0

in L1pΩq,

B0,α Ñ B0 in L2pΩq.

Further, from the energy inequality (4.7.11) we obtain the existence of functions

0 ¤ ρ PL8p0, T ;LγpΩqq, (4.8.1)

u P  φ P L2
�
0, T ;H1

0 pΩq
�

: Dpφq � 0 in QspSq( (4.8.2)

B P
!
b P L8 �

0, T ;L2pΩq�£L2
�
0, T ;H1

divpΩq
�

: curl b � 0 in QspSq, b � n|BΩ � 0
)

(4.8.3)

such that, for suitable subsequences,

ρα
�á ρ in L8 p0, T ;LγpΩqq , uα á u in L2

�
0, T ;H1pΩq� ,

Bα
�á B in L8

�
0, T ;L2pΩq� , Bα á B in L2

�
0, T ;H1pΩq� .

The boundary conditions of the limit functions in (4.8.2) and (4.8.3) follow directly from the corre-
sponding boundary conditions of the velocity field and the magnetic induction in (4.7.1) and (4.7.2)
on the α-level. The set-valued function S in the inclusions (4.8.2) and (4.8.3) is given by S � Sp�q :�
ηp�, S0q, where

η : r0, T s � S0 Ñ R3, ηptq|Si0 :� ηiptq, i � 1, ..., N, (4.8.4)

and each ηiptq : R3 Ñ R3 denotes an isometry given by

ηiα Ñ ηi in C
�r0, T s;Cloc

�
R3

��
,

cf. Corollary A.4.1 in the appendix. Moreover, again due to Corollary A.4.1,

u is compatible with the family tSi0, ηiuNi�1. (4.8.5)
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4.8.1 Continuity equation

After using the continuity equation (4.7.4) to deduce convergence of ρα in Cweakpr0, T s;LγpΩqq, we
pass to the limit in (4.7.4) and obtain

�
» T

0

»
Ω
ρBtψdxdt�

»
Ω
ρ0ψp0, xq dx �

» T
0

»
Ω
pρuq �∇ψ dxdt (4.8.6)

for all ψ P Dpr0, T q � Ωq. The proof of the renormalized continuity equation however needs to be
postponed to Section 4.8.3 below, since at this stage ρ does not have the L2pQq-regularity required
for the regularization technique by DiPerna and Lions anymore.

4.8.2 Induction equation

For the limit passage in the induction equation (4.7.5) we argue exactly as in Section 3.5.3 in the
incompressible case and end up with the relation

�
» T

0

»
Ω
B � Btb dxdt�

»
Ω
B0 � bp0, xq dx �

» T
0

»
Ω

�
� 1

σµ
curlB � u�B � 1

σ
J

�
� curl b dxdt (4.8.7)

for all b P YpSq.

4.8.3 Momentum equation

For the limit passage in the pressure terms the strategy used during the limit passage with respect
to ε Ñ 0 in Section 4.7.3 needs to be modified to make up for the lower integrability of the density;
the main ideas however remain the same. First we test the momentum equation (4.7.10) by functions
of the form (4.7.6) with the density replaced by (a cut-off and smoothened version of) ρθα, θ ¡ 0.

Choosing θ ¡ 0 sufficiently small, we find that, for any compact set K � Qf pSq, ρα and α
1

β�θ ρα are
bounded uniformly in Lγ�θpKq and Lβ�θpKq, respectively, cf. [46, Proposition 2.3], [47, Section 4.1].

In particular, there exists z9 P L
γ�θ
γ pKq such that, after the extraction of a subsequence,

ργα á z9 in L
γ�θ
γ pKq , αρβα á 0 in L

β�θ
β pKq .

In order to identify z9, we again need to show strong convergence of ρα. To this end we use the notion
of the oscillation defect measure

oscγ�1 rρα Ñ ρs pOq :� sup
k¥1

�
lim sup
αÑ0

»
O
|Tk pραq � Tk pρq|γ�1 dxdt

�

for measurable sets O � p0, T q �R3 and a concave cut-off function Tk P C8pr0,8qq, k P N, coinciding
with the identity function on r0, ks and with 2k on r3k,8q. The proof of the pointwise convergence of
ρα can be divided into three main steps, each of which consists of showing one of the following three
conditions, respectively:

(i) The effective viscous flux identity

pλ� 2νq lim
αÑ0

» T
0

»
Ω
φ
�
Tk pραqdiv uα � Tkpρqdiv uα

	
dxdt

� lim
αÑ0

» T
0

»
Ω
φ
�
aργαTk pραq � aργαTkpρq

	
dxdt, (4.8.8)

where Tkpρq denotes a weak L1pQq-limit of Tkpραq, holds true for any φ P DpQf pSqq.

(ii) The oscillation defect measure is bounded on p0, T q � R3,

oscγ�1 rρα Ñ ρs �p0, T q � R3
�   �8. (4.8.9)
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(iii) The renormalized continuity equation (4.1.14), (4.1.15) is satisfied by ρ and u.

The effective viscous flux identity (4.8.8) can be shown by a comparison between the momentum equa-
tion (4.7.10) on the α-level and a corresponding limit identity, tested by suitably modified variants
of the functions φ̃ε and φ̃ in (4.7.7) with the density replaced by Tkpραq and Tkpρq, respectively. The
details, in the case without rigid bodies, are given e.g. in [47, Section 4.3], the adjustment to the
fluid-structure interaction case poses no further difficulties. The proof of the bound (4.8.9) of the
oscillation defect measure is split up into an estimate on QspSq and an estimate on Qf pSq. From the
representation of the density in the solid region in Lemma 4.1.1 (ii) it follows that ρα Ñ ρ in L1pKq
for compact sets K � QspSq and thus oscγ�1 rρα Ñ ρs pQspSqq � 0. In the fluid region the bound is
achieved, under exploitation of the effective viscous flux identity (4.8.8), by the same arguments as in
the all-fluid case, cf. [42, Proposition 6.1]. Finally, the renormalized continuity equation in the limit
is also obtained exactly as in the all-fluid case, cf. [42, Proposition 7.1]: The idea is to pass to the
limit in the renormalized continuity equation (4.1.14) on the α-level for the choice ζ � Tk. Thanks to
the boundedness of Tk, the regularization technique by DiPerna and Lions (cf. [94, Lemma 6.9]) can
be applied to the limit identity. Letting k Ñ 8 and exploiting the bound (4.8.9) of the oscillation
defect measure, we then obtain the renormalized continuity equation (4.1.14), (4.1.15) also for ρ and u.

Having shown the relations (i)–(iii) we now obtain strong convergence of ρα. Indeed, similarly as in the
corresponding relation (4.7.9) in the ε-limit and under exploitation of the concavity of Tk, we see that
the left-hand side of the effective viscous flux identity (4.8.8) is non-negative. This, in combination
with the bound (4.8.9) of the oscillation defect measure and a comparison between the renormalized
continuity equations on the α-level and in the limit, yields, similarly to the inequality (4.7.9),»

Ω
ρpτq ln pρpτqq dx� lim

αÑ0

»
Ω
ραpτq ln pραpτqq dx ¥ 0

for τ P r0, T s. As in the derivation of the corresponding convergence (3.5.12) in the incompressible
case, this inequality implies pointwise convergence of ρα in Q and therefore z9 � ργ almost everywhere
in Qf pSq. In the remaining terms of the momentum equations (4.7.10) we may pass to the limit as in
the previous limit passages and obtain

�
» T

0

»
Ω
ρu � Btφ dxdt�

»
Ω
pρuq0 � φp0, xq dx

�
» T

0

»
Ω
pρub uq : Dpφq � aργ div φ� 2νDpuq : Dpφq � λ div udiv φ� ρg � φ� 1

µ
pcurlB �Bq � φ dxdt

(4.8.10)

for all φ P ZpSq.

4.8.4 Proof of the main result

We are now in the position to conclude the proof of Theorem 4.1.1. The function η in (4.1.9) is
defined in (4.8.4). The fact that the associated isometries ηipt, �q are orientation preserving follows
from the relation ηip0, �q � id and the continuity of ηi. The properties of ρ, u and B in (4.1.10)–
(4.1.12), except for the continuity of ρ in time, are shown in (4.8.1)–(4.8.3). The continuity equation
(4.1.13) and its renormalization (4.1.14), (4.1.15) are derived in (4.8.6) and the relation (iii) in Section
4.8.3, respectively. In particular, ρ as a renormalized solution to the continuity equation satisfies
ρ P Cpr0, T s;L1pΩqq, cf. [41, Proposition 4.3], which concludes the proof of (4.1.10). The momentum
equation (4.1.16) and the induction equation (4.1.17) hold true according to (4.8.10) and (4.8.7). The
compatibility of u with tSi0, ηiuNi�1 is shown in (4.8.5). Finally, in the energy inequality (4.7.11) on
the α-level we can pass to the limit using the weak lower semicontinuity of norms to infer the energy
inequality (4.1.19). This finishes the proof of Theorem 4.1.1.



Chapter 5

Evolution of a magnetoelastic material

In this chapter we perform a thematic switch in comparison to the previous chapters: Instead of the
interaction between a fluid and a solid we now study the evolution of only one (solid) magnetoelastic
material. Such - ferromagnetic and deformable - materials are characterized through the interaction
between their magnetization and their deformation. More specifically, when magnetoelastic materials
find themselves in the sphere of influence of a magnetic field they undergo a deformation and, the
other way around, when they are subjected to a mechanical stress they encounter a change in their
magnetization. As a mathematical model for the description of the evolution of such a material we
use the system (1.3.30)–(1.3.32) of partial differential equations presented in Section 1.3.3, cf. also
[6, 48]. The main result in this chapter is the proof of the local-in-time existence of weak solutions to
this model.

This proof is based on De Giorgi’s minimizing movements scheme. The problem is discretized with
respect to the time and a minimization problem is solved at each discrete time, the associated Euler-
Lagrange equations of which form a discrete approximation of the original equation of motion and
magnetic force balance. The striking advantage of the minimizing movements scheme as opposed to
other techniques lies in its compatibility with the non-convex energy functional. Indeed, for example
the application of fixed point arguments, which constitutes a classical method for solving coupled
systems of PDEs, usually relies on the energy functional being convex. But also an application of
Rothe’s method as in Chapter 3 and Chapter 4 in order to decouple the system and solve the equations
successively but still directly is hindered by the non-convexity of the energy functional in the present
case. This is because a discrete form of the chain rule would be required in order to obtain uniform
a priori estimates for the discrete solution, which in turn again presupposes convexity of the energy.
In De Giorgi’s method instead an energy inequality is obtained directly by estimating the minimized
functional in its minimizer against the same functional in the minimizer from the previous discrete
time. For more details we refer to Section 5.2.1 below.

The greatest difficulty in our application of De Giorgi’s scheme is to choose the functional for each
discrete minimization problem in such a way that its variation with respect to the deformation and
the magnetization gives rise to a suitable approximation of the equation of motion and the magnetic
force balance, respectively. To this end it is important to realize that already on the continuous level
these equations can be expressed with the help of the same energy and dissipation potentials (cf. the
equations (1.3.30), (1.3.33) and (1.3.43)), thanks to the fact that the transport terms (1.3.42) in the
magnetic force balance can be written by means of a dissipation potential which has no contribution to
the equation of motion, cf. (1.3.37), (1.3.41). The functional to be minimized in the discrete problem
can then be constructed on the basis of these energy and dissipation potentials.

Applications of magnetoelastic materials can for example be found in magnetic actuators, which
transform changes in magnetic fields into mechanical energy (see [16, 110]) and in sensors with the
ability of measuring mechanical stress in terms of changes in their magnetic fields (see [10, 11, 16, 62]).
As a specific example we mention the use of such actuators as an alternative propulsion method for
microrobots used in capsule endoscopy and remote drug delivery (see [114]), which builds a bridge
between magnetoelasticity and the fluid-structure interaction problems studied in Chapter 3 and
Chapter 4. For more details we refer to Section 1.1.
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5.1 Weak solutions and main result

5.1.1 Notation

In the setting of this chapter we deal with a domain which is entirely occupied by a magnetoelastic
material. In particular, the domain is deformable and thus movable. We introduce notation for the
description of the motion of such a domain corresponding to the notation used for the description of
the moving solid domain in the fluid-rigid body interaction problems in Chapter 3 and Chapter 4. We
consider a time T P p0,8s (which we will specify later) and assume the reference configuration of the
material to be given as a bounded domain Ω0 � R3. The deformation of the material is described by
a mapping η : r0, T s � Ω0 Ñ R3, i.e. the deformed configuration Ωptq at any time t P r0, T s is given
via the set-valued function

Ω : r0, T s Ñ 2R
3
, Ωptq :� η pt,Ω0q .

By QpΩ, T q we denote the corresponding time-space domain

Q pΩ, T q :�  pt, xq P p0, T q � R3 : x P Ωptq( .
Moreover, we partition the boundary BΩ0 into two parts

N � BΩ0, P :� BΩ0zN,

where N is a free part while on P a boundary condition is prescribed for the deformation via a
given function γ : P Ñ R3. In order to avoid self-penetration of the magnetoelastic body we restrict
ourselves to internally injective deformations, or, more precisely, deformations from the set

E :�
"
η PW 2,q

�
Ω0;R3

�
: Ẽel pηq   8, |η pΩ0q| �

»
Ω0

det p∇Xηq dX, η|P � γ

*
,

wherein Ẽel denotes the elastic energy defined in (1.3.35). The identity

|η pΩ0q| �
»

Ω0

det p∇Xηq dX (5.1.1)

in the definition of the set E is called the Ciarlet-Nečas condition. Provided that Ω0 is of class C0,1,
any local homeomorphisms η P C1pΩ0q satisfying this condition is in fact a global homeomorphism in
Ω0, i.e. injective except for possibly on the boundary BΩ0, cf. [24]. In particular, this holds true for
any η P E : Indeed, from the Morrey embedding we know that E � C1pΩ0q. Further, as η P E satisfies
Ẽelpηq   8, Lemma A.7.1 in the appendix implies that detp∇Xηq ¡ 0 in Ω0. Consequently, by the
inverse function theorem, η constitutes a local and hence a global homeomorphism.

Remark 5.1.1. The set E constitutes a closed subset of the affine function space 
η PW 2,q

�
Ω0;R3

�
: η|P � γ

(
.

The interior and the boundary of E can be characterized in the following way: For any η P E it holds
that

η P int pEq ô η|N is injective. (5.1.2)

Remark 5.1.1 comes in handy when we construct a sequence of approximate solutions in the proof
of the main result Theorem 5.1.1 of Chapter 5, cf. Section 5.2. Indeed, these approximate solutions
are constructed by discretizing the problem with respect to the time and minimizing, at each discrete
time, a suitable functional over E � H1pΩ0q. We then obtain the approximate equation of motion
satisfied by such a solution by taking the variation of this functional in the minimizer with respect to
the deformation. To this end, however, we need to be able to test the functional in all directions, i.e.
we need the minimizing deformation to be an interior point of E . This requirement can be checked



5.1. WEAK SOLUTIONS AND MAIN RESULT 109

via the condition (5.1.2) in Remark 5.1.1. More precisely, we use Lemma A.7.2 in the appendix to
guarantee the existence of a time interval on which the approximate deformations are injective on
Ω0 and thus remain in intpEq, provided that the initial deformation η0 is contained in intpEq. After
the construction of the approximate solution we pass to the limit in the approximation in order to
obtain a solution to the original system. In this procedure it is important to know that the limit of
the approximate deformations again lies in the set E :

Remark 5.1.2. The set E is weakly closed in W 2,qpΩ0;R3q, cf. [7, Lemma 2.4].

In order to be able to also work in the current configuration, we further require a generalization of
the classical Bochner spaces to the setting of the moving domain Ωp�q. For the definition of such a
generalization we assume the deformation η to satisfy the conditions

η P L8p0, T ; Eq
£
C
�r0, T s;C1

�
Ω0

��
, ηptq P int pEq and Ẽel pηptqq ¤ c for a.a. t P r0, T s, (5.1.3)

where c ¡ 0 denotes a constant independent of t P r0, T s. In particular, by the Ciarlet-Nečas condition
(5.1.1) the mapping X ÞÑ ηpt,Xq, t P r0, T s, is injective in Ω0 and thus possesses an inverse

η�1pt, �q : Ω ptq Ñ Ω0.

Then, for values 1 ¤ p   8, 1 ¤ r ¤ 8 and k � 0, 1, we define the generalized Bochner space

Lr
�

0, T ;W k,p pΩ p�qq
	

:�
$&
%m : r0, T s Ñ

¤
tPr0,T s

W k,p pΩptqq : m
��, η�1p�, �q� P Lr �0, T ;W k,p pΩ0q

	,.
- . (5.1.4)

where the union is taken over uncountably many sets. Under the assumptions (5.1.3) this space turns
out to be a Banach space with the norm

}m}Lrp0,T ;Wk,ppΩp�qqq :�
$&
%

�³T
0 }mptq}rWk,ppΩptqq

	 1
r

if 1 ¤ r   8,
esssuptPr0,T s }mptq}Wk,ppΩptqq if r � 8,

as can be seen via a transformation to the reference configuration, cf. Lemma A.7.3 in the Appendix.
Finally, for the weak formulation of the system (1.3.30)–(1.3.32), presented in the Section 5.1.2 below,
we define the stray field associated to the magnetization via the variational formulation of the Poisson
problem (1.3.39). To this end we introduce the notation

9H1
�
R3

�
:� H̃1

�
R3

� {R, (5.1.5)

where

H̃1
�
R3

�
:�  

ψ P H1
loc

�
R3

�
: ∇ψ P H1

�
R3

�(
represents the space of local H1-functions the gradient of which is square integrable over the whole
space R3, cf. [98, Section 3]. The quotient space 9H1pR3q, in which the constant functions from the
space H̃1pR3q are factored out, constitutes a Hilbert space with the bilinear product

xφ, ψy
9H1pR3q� 9H1pR3q :�

»
R3

∇φ �∇ψ dx,

see [98, Lemma 3.2]. Then, for a given magnetization M̃ P H1pΩ0q in the reference configuration and
a given deformation η P E we denote the associated stray field by HrM̃, ηs � �∇φrM̃, ηs P L2pR3q,
where φrM̃, ηs P 9H1pR3q�H2

locpηpΩ0qq satisfies the Poisson equation»
R3

∇φ
�
M̃, η

�
�∇ψ dx �

»
ηpΩ0q

M �∇ψ dx @ψ P 9H1
�
R3

�
, (5.1.6)

cf. Lemma A.2.3 in the appendix, and

M :�Mη

�
M̃

�
:� 1

det pr∇Xηs pη�1qqM̃
�
η�1

�
(5.1.7)

represents the magnetization in the current configuration.
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5.1.2 Weak solutions

In this section we introduce our definition of weak solutions to the system (1.3.30)–(1.3.32), which
describes the interplay between the deformation and the magnetization of a magnetoelastic material.
First, however, we impose some additional conditions on the anisotropy energy density Ψ̃ and the
elastic energy density W . More specifically, we assume that

Ψ̃ P C1
�
R3�3 � R3;R�

0

�
, W P C1

�
R3�3;R�

0

�
, (5.1.8)

W pθq ¥ c p|θ|p1 � 1q @θ P R3�3, (5.1.9)

|W pθq| � ��W 1 pθq�� ¤ c p1� |θ|p2q @θ P R3�3, (5.1.10)���Ψ̃ pθ, ξq
���� ���Ψ̃F pθ, ξq

��� ¤ c p1� |θ|p2 � |ξ|p3q @θ P R3�3, ξ P R3, (5.1.11)���Ψ̃M pθ, ξq
��� ¤ c p1� |θ|p2 � |ξ|p4q @θ P R3�3, ξ P R3 (5.1.12)

for some coefficients p1, p2, p3, p4 P R satisfying 2 ¤ p1   8, 1 ¤ p2   8, 1 ¤ p3   6, 1 ¤ p4   5.
Here Ψ̃F , Ψ̃M denote the derivatives of Ψ̃ with respect to the first and the second variable respectively
and c ¡ 0 denotes a constant independent of θ and ξ. Our definition of weak solutions to the system
(1.3.30)–(1.3.32) reads as follows.

Definition 5.1.1. Let Ω0 � R3 be a bounded domain of class C0,1. Let N � BΩ0, assume P :�
BΩ0zN to have positive 2-dimensional Hausdorff measure H2pP q ¡ 0 and let γ : P Ñ R3 be a
given injective boundary deformation such that ηγ |P � γ for some deformation ηγ P W 2,qpΩ0q with
Ẽelpηγq   8. Let ρ,A, β, ν, µ ¡ 0, q ¡ 3 and a ¡ 3q

q�3 be some positive coefficients and consider

some data f P L8pp0,8q � R3q, Hext P W 1, 4
3 p0,8;W 1, 4

3 pR3qq, η0 P intpEq and M̃0 P H1pΩ0q such
that Ẽpη0, M̃0q   8, where Ẽ is defined in (1.3.34), and η0 is injective on BΩ0. Assume further the
data Ψ̃ P C1pR3�3 � R3q, W P C1pR3�3q to satisfy the conditions (5.1.8)–(5.1.12). Then the system
(1.3.30)–(1.3.32) is said to admit a weak solution on r0, T q for some T ¡ 0 if there exist functions

η P L8 p0, T ; Eq , M̃ P L8 �
0, T ;H1 pΩ0q

�
(5.1.13)

with

Btη P L2
�
0, T ;H1 pΩ0q

�
, BtM̃ P L2 pp0, T q � Ω0q , (5.1.14)

such that the pair pη, M̃q satisfies

» T
0

A
Ẽη

�
η, M̃

	
, χ

E
pW 2,qpΩ0qq

��W 2,qpΩ0q
�
A
R̃Btη

�
η, Btη, BtM̃

	
, χ

E
pH1pΩ0qq

��H1pΩ0q
dt

�
» T

0

»
Ω0

ρf pηq � χ� µ

��
∇X pHext pηqq p∇Xηq�1

	T
M̃

�
� χ dXdt � 0 (5.1.15)

for all χ P Dpp0, T q � Ω0q as well as the initial conditions

ηp0q � η0, M̃p0q � M̃0 (5.1.16)

in the sense that

lim
tÑ0�

}ηptq � η0}C1pΩ0q
� 0, lim

tÑ0�

���M̃ptq � M̃0

���
L2pΩ0q

� 0 (5.1.17)

and the pair

pη,Mq , M :�Mη

�
M̃

�
� 1

det pr∇Xηs pη�1qqM̃
�
η�1

� P L8 �
0, T ;H1 pΩp�qq� , (5.1.18)
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where Ωptq :� ηpt,Ω0q, satisfies» T
0

A
EM pη,Mq , M̂

E
pH1pΩptqqq��H1pΩptqq

�
A
RDtM pη, v,DtMq , M̂

E
L2pΩptqq�L2pΩptqq

dt

�
» T

0

»
Ωptq

µHext � M̂ dxdt � 0 (5.1.19)

for any test function M̂ P L8p0, T ;H1pΩp�qqq, with the velocity field v defined in the current configu-
ration via the relation

v pt, ηpt,Xqq � Btηpt,Xq @pt,Xq P r0, T s � Ω0.

Remark 5.1.3. The Fréchet derivatives in the equation of motion (5.1.15) can be calculated explicitly.
Under exploitation of the identities

d

dε

����
ε�0

det p∇X pη � εχqq � det p∇Xηq tr
�
∇Xχ p∇Xηq�1

	
,

d

dε

����
ε�0

p∇X pη � εχqq�1 � �p∇Xηq�1 ∇Xχ p∇Xηq�1 ,

this calculation is straight forward, except for in the stray field part of the micromagnetic energy due
to the implicit definition of the stray field via the Poisson equation (5.1.6). For this part, a lengthy
calculation, the details of which are presented in Section A.8 in the appendix, shows that

d

dε

�����
ε�0

»
Ω0

µ

2
M̃ptq �H

�
M̃ptq, ηptq � εχptq

�
pηptq � εχptqq dX

�
»

Ω0

µ

���
∇XH

�
M̃ptq, ηptq

�
pηptqq

	
p∇Xηptqq�1

	T
M̃ptq

�
� χptq dX (5.1.20)

for t P r0, T s and χ P Dpp0, T q � Ω0q. Altogether, the Fréchet derivatives in the equation of motion
(5.1.15) may then be expressed as» T

0

A
Ẽη

�
η, M̃

	
, χ

E
pW 2,qpΩ0qq

��W 2,qpΩ0q
�
A
R̃Btη

�
η, Btη, BtM̃

	
, χ

E
pH1pΩ0qq

��H1pΩ0q
dt

�
» T

0

»
Ω0

�
W 1 p∇Xηq � a

cof p∇Xηq
pdet p∇Xηqqa

�
: ∇Xχ�

��∇2
Xη

��q�2 ∇2
Xη

... ∇2
Xχ dXdt

�
» T

0

»
Ω0

Ψ̃F p∇Xη,Mq : ∇Xχ� µ

���
∇XH

�
M̃, η

�
pηq

	
p∇Xηq�1

	T
M̃

�
� χ

�Adet p∇Xηq
����∇X

�
1

det p∇XηqM̃


p∇Xηq�1

����2 �p∇Xηq�1
	T

: ∇Xχ

� 2Adet p∇Xηq
�
∇X

�
1

det p∇XηqM̃


p∇Xηq�1

�
:

�
�∇X

�
�tr

�
∇Xχ p∇Xηq�1

	
det p∇Xηq M̃

�

p∇Xηq�1

� ∇X

�
1

det p∇XηqM̃


p∇Xηq�1 ∇Xχ p∇Xηq�1

�
�

� 1

4β2
det p∇Xηq

����� 1

det p∇XηqM̃
����2 � 1

�2 �
p∇Xηq�1

	T
: ∇Xχ

� 1

β2 det p∇Xηq

����� 1

det p∇XηqM̃
����2 � 1

� ���M̃ ���2 �p∇Xηq�1
	T

: ∇Xχ dXdt

�
» T

0

»
Ω0

2ν det p∇Xηq
�
∇XBtη p∇Xηq�1

�
p∇Xηq�1

	T�
: ∇Xχ dXdt. (5.1.21)
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Here, the first integral on the right-hand side represents the Fréchet derivative of the elastic energy
(1.3.35), while the second and the third integral correspond to the micromagnetic energy (1.3.36) and
the dissipation potential (1.3.37), respectively. We may also calculate the Fréchet derivatives in the
magnetic force balance (5.1.19): For the stray field part we obtain, cf. Section A.8 in the appendix,

d

dε

�����
ε�0

»
Ωptq

�µ
2

�
Mptq � εM̂ptq

�
�H

�
det p∇Xηptqq

�
Mptq � εM̂ptq

	
, ηptq

�
dx

�
»

Ωptq
�µH

�
M̃ptq, ηptq

�
� M̂ptq dX (5.1.22)

for t P r0, T s and M̂ P L8p0, T ;H1pΩp�qqq. The calculation in the remaining terms is straight-forward
and altogether the Fréchet derivatives in the magnetic force balance (5.1.19) may be written as» T

0

A
EM pη,Mq , M̂

E
pH1pΩptqqq��H1pΩptqq

�
A
RDtM pη, v,DtMq , M̂

E
L2pΩptqq�L2pΩptqq

dt

�
» T

0

»
Ωptq

Ψ̃M

�r∇Xηs
�
η�1

�
, det

�r∇Xηs
�
η�1

��
M

� � M̂ � µH
�
M̃, η

�
� M̂ � 2A∇M : ∇M̂

� 1

β2

�
|M |2 � 1

	
M � M̂ � rBtM � pv �∇qM � p∇ � vqM s � M̂ dxdt. (5.1.23)

Remark 5.1.4. The initial condition for the magnetization in Definition 5.1.1, which is formulated
in the reference configuration in (5.1.16) and (5.1.17), can be expressed equivalently in the current
configuration. More specifically, for

M0 :�Mη0

�
M̃0

�
� 1

det
�r∇Xη0s

�
η�1

0

��M̃0

�
η�1

0

�
,

a transformation between the reference configuration and the current configuration shows that the
initial condition for M̃ in (5.1.16) and (5.1.17) is equivalent to the relation

lim
tÑ0�

���Mptq � M̃0

�
η0

�
η�1ptq�����

L2pΩptqq
� 0.

As it is more convenient, however, we choose the formulation in the reference configuration in Defi-
nition 5.1.

5.1.3 Main result

The main result of this chapter, which proves the existence of weak solutions to the system (1.3.30)–
(1.3.32) as introduced in Definition 5.1.1, reads as follows.

Theorem 5.1.1. Assume Ω0 � R3 to be a bounded domain of class C0,1. Let N � BΩ0, assume
P :� BΩ0zN to have positive 2-dimensional Hausdorff measure H2pP q ¡ 0 and let γ : P Ñ R3

be a given boundary deformation such that ηγ |P � γ for some deformation ηγ P W 2,qpΩ0q with
Ẽelpηγq   8. Let ρ,A, β, ν, µ ¡ 0, q ¡ 3 and a ¡ 3q

q�3 be some positive coefficients and consider

some data f P L8pp0,8q � R3q, Hext P W 1, 4
3 p0,8;W 1, 4

3 pR3qq, η0 P intpEq and M̃0 P H1pΩ0q such
that Ẽpη0, M̃0q   8, where Ẽ is defined in (1.3.34), and η0 is injective on BΩ0. Assume further
the data Ψ̃ P C1pR3�3 � R3q, W P C1pR3�3q to satisfy the conditions (5.1.8)–(5.1.12). Then there
exists a time T 1 ¡ 0 such that the system (1.3.30)–(1.3.32) admits a weak solution pη, M̃q on r0, T 1q
in the sense of Definition 5.1.1. Moreover, the time T 1 can be chosen such that either T 1 � 8, or
lim inftÑT 1 Ẽpηptq, M̃ptqq � 8, or ηpT 1q P BE.

Remark 5.1.5. Theorem 5.1.1 needs to be understood as a local result in the sense that the test
functions χ in the weak formulation (5.1.15) of the equation of motion are compactly supported. The
reason for this lies in the regularity of the stray field: Indeed, the gradient of HrM̃, ηs seems to be
at best locally integrable in space, cf. Lemma A.2.3 in the appendix. For global integrability at least
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C2-regularity of the current configuration Ωptq, t P r0, T s, appears to be required. However, even if we
assumed Ω0 to be of class C2, such a regularity could not be expected as the deformation is only known
to possess C1,α-regularity, α � 1 � 3

q , in the spatial variable. A generalization of Theorem 5.1.1 to
non-compactly supported test functions in the equation of motion remains an open problem for future
research.

The proof of Theorem 5.1.1 will be achieved via an approximation method, which we present in the
following Section and which is carried out in the Sections 5.3–5.4.

5.2 Approximate system

As in the fluid-structure interaction problems in Section 3.2 and Section 4.2 we introduce an approx-
imate problem based on a time discretization. To this end, we again choose a parameter ∆t ¡ 0
and split up the interval r0,8q into the discrete times k∆t, k P N. In contrast to our proofs for
the fluid-structure interaction problems, however, we do not solve an approximate discrete system of
equations directly. Instead we use De Giorgi’s minimizing movements scheme (see [30]), i.e. at each
discrete time k∆t we solve a minimization problem and obtain discrete approximations of the equa-
tion of motion (5.1.15) and the magnetic force balance (5.1.19) as the corresponding Euler-Lagrange
equations. Subsequently, passing to the limit in these equations, we obtain a solution to the original
system.

5.2.1 Minimization problem

Before giving a detailed explanation of our approach we first present the full approximate problem:
We fix an arbitrary discrete time k∆t, k P N. Given the solution pηk�1

∆t , M̃
k�1
∆t q P E �H1pΩ0q to the

approximate problem at the time pk � 1q∆t, we consider the minimization problem

Find a minimizer
�
ηk∆t, M̃

k
∆t

	
P E �H1 pΩ0q of F̃ k∆t p�, �q over E �H1 pΩ0q , (5.2.1)

where the functional F̃ k∆t : E �H1pΩ0q Ñ R is defined by

F̃ k∆t

�
η, M̃

	

:�Ẽ
�
η, M̃

	
�∆tR̃k∆t

�
η, M̃

	
�
»

Ω0

∆tρfk∆t

�
ηk�1

∆t

	
�
�
η � ηk�1

∆t

∆t

�
� µM̃ � pHextqk∆t pηq dX (5.2.2)

with the energy potential Ẽ defined in (1.3.34) and the discrete dissipation potential

R̃k∆t

�
η, M̃

	

:�
»

Ω0

ν

�����∇X

�
η � ηk�1

∆t

∆t

��
∇Xη

k�1
∆t

	�1
�����
2

det
�
∇Xη

k�1
∆t

	

� det
�
∇Xη

k�1
∆t

	 1

2

��������
1

detp∇XηqM̃ � 1
detp∇Xηk�1

∆t qM̃
k�1
∆t

∆t
�

tr

�
∇X

�
η�ηk�1

∆t
∆t


�
∇Xη

k�1
∆t

	�1



det
�
∇Xη

k�1
∆t

	 M̃

��������

2

dX.

(5.2.3)

The discrete approximation fk∆t of the given function f at the time k∆t in the formula (5.2.2) is
defined, in correspondence with the discretization of the forcing terms in the approximations of the
fluid-structure interaction problems in Section 3.2 and Section 4.2, as

fk∆t :� fγpk∆tq, fγptq :�
» T

0
θγ pt� ξγptqq � sq fpsq ds, ξγptq :� γ

T � 2t

T
, (5.2.4)
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for a mollifier θγ : R Ñ R and a suitable choice of γ � γp∆tq, γp∆tq Ñ 0 for ∆t Ñ 0. The discrete
approximation pHextqk∆t of the given function Hext at the time k∆t instead is defined as the zero-order
Clément quasi-interpolant

pHextqk∆t :� 1

∆t

» k∆t

pk�1q∆t
Hextpsq ds, (5.2.5)

cf. [99, Remark 8.15]. Let us now discuss the ideas behind the above approximate problem: The
general procedure in our proof follows closely the implementation of De Giorgi’s minimizing movements
scheme (cf. [30]) as used in [7, Section 2]. This approach which allows us to handle the coupling
between the equation of motion (5.1.15) and the magnetic force balance (5.1.19). Indeed, at each
fixed discrete time an approximate deformation and an approximate magnetization are determined
simultaneously by solving only one single minimization problem, namely the problem (5.2.1). Both a
discrete approximation of the equation of motion and a discrete approximation of the magnetic force
balance are obtained subsequently as the Euler-Lagrange equations associated to this minimization
problem, see Section 5.2.2 below. In particular, this method allows us to evade the utilization of fixed
point arguments, which are usually used to solve coupled systems of partial differential equations and
which typically presuppose convexity of the energy functional. It moreover helps us to deal with the
non-convexity of the energy in another way: If we solved a discrete approximation of the equation of
motion directly instead of via minimization, the classical way to obtain uniform (with respect to ∆t)
estimates for the deformation would be to test the equation at each time k∆t by ηk∆t � ηk�1

∆t . Then
the desired bounds could be concluded provided that a discrete chain rule of the form

Ẽ
�
ηk∆t, M̃

	
� Ẽ

�
ηk�1

∆t , M̃
	
¤

»
Ω0

Ẽη

�
ηk∆t, M̃

	
�
�
ηk∆t � ηk�1

∆t

	
dX @M̃ P H1 pΩ0q

holds true. However, due to the non-convexity of Ẽ in the first argument (due to the term (1.3.38)),
such an estimate cannot be guaranteed. Since Ẽ is further non-convex in the second argument (cf. the
term (1.3.40)), a corresponding problem also arises for the magnetization. Nonetheless, the De Giorgi
method provides the necessary bounds for the discrete solution in a different way. More precisely, we
obtain a uniform estimate for both the energy and the (discrete) dissipation potential by comparing
the value of the functional F̃ k∆t in its minimizer pηk∆t, M̃k

∆tq to its value in the pair pηk�1
∆t , M̃

k�1
∆t q, cf.

Section 5.4.1 below.

The main challenge in the application of De Giorgi’s method to our problem is to choose the functional
F̃ k∆t to the minimization problem (5.2.1) in such a way that its variation with respect to the deformation
yields a suitable approximation of the equation of motion while its variation with respect to the
magnetization leads to a suitable approximation of the magnetic force balance. This is difficult since
for the continuous problem written in the form (1.3.30)–(1.3.32) it is not obvious that both equations
can be expressed via the same energy and dissipation potentials. Indeed, for this to be possible, the
extended material derivative (1.3.42) in the magnetic force balance (1.3.31) needs to appear in this
dissipation potential without giving a contribution to the equation of motion. This difficulty, however,
can be tackled by the term

1

2

���� 1

det p∇XηqBtM̃
����2 det p∇Xηq

in the dissipation potential R̃ in (1.3.37). This term, being independent of Btη, vanishes when the
variation of R̃ is taken with respect to Btη. Therefore, it plays no role in the equation of motion
(1.3.30). Yet, when R̃ is transformed to the current configuration (cf. (1.3.41)), the term turns into
1
2 |DtM |2. This allows us to express the magnetic force balance in the desired form (1.3.43), in which

the energy potential E and the dissipation potential R coincide with the corresponding potentials Ẽ
and R̃ from the equation of motion (1.3.30) formulated in the reference configuration. This knowledge
offers us the opportunity to build the functional F̃ k∆t for our discrete minimization problem on the
basis of Ẽ and R̃. We do so in (5.2.2), (5.2.3), wherein the functional R̃k∆t is chosen as a discretization
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of R̃: The first term in R̃k∆t clearly represents a discretization of the first term in the definition (1.3.37)
of R̃. The quantity

1
detp∇XηqM̃ � 1

detp∇Xηk�1
∆t qM̃

k�1
∆t

∆t
�

tr

�
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�
η�ηk�1

∆t
∆t


�
∇Xη

k�1
∆t

	�1



det
�
∇Xη

k�1
∆t

	 M̃ (5.2.6)

instead constitutes a discrete approximation of the extended material derivative DtM (cf. (1.3.42))
transformed to the reference configuration. Indeed, the first term in (5.2.6) corresponds to the classical
material derivative whereas the second term corresponds to the additional quantity p∇ � vqM in DtM .
In the limit passage with respect to ∆tÑ 0 (cf. the convergence (5.4.53) below) this quantity reduces
to the expression 1

detp∇XηqBtM̃ appearing in the second term of R̃ in (1.3.37). Consequently, the

functional R̃k∆t makes up a suitable approximation of the dissipation potential R̃ defined in (1.3.37)
and in particular the Euler-Lagrange equation (5.2.8) below, obtained by taking the variation of
F̃ k∆t with respect to the magnetization, yields a suitable approximation of the weak form (5.1.19) of
the magnetic force balance formulated in the reference configuration. We remark that formulating
the approximate magnetic force balance in the reference configuration is in fact favorable, as the limit
passage with respect to ∆tÑ 0 is more convenient in Lagrangian coordinates. The final magnetic force
balance (5.1.19) is obtained afterwards by a simple transformation of the resulting limit identity to the
current configuration. We further remark that, as opposed to its continuous counterpart 1

detp∇XηqBtM̃ ,

the quantity (5.2.6) also gives a contribution to the discrete equation of motion (5.2.7) below. Indeed,
the latter identity is obtained by taking the variation of F̃ k∆t with respect to the deformation itself
instead of its (discrete) time derivative and hence also contains a contribution from the term (5.2.6).
This contribution, however, can be seen to vanish as ∆t tends to zero (cf. the convergence (5.4.67)
below), leaving behind the desired continuous equation (5.1.15) after the limit passage.

Finally, we point out that the reason for discretizing Hext via the zero-order Clément quasi interpolant
(5.2.5) lies in the derivation of the energy estimate for the discretized system in Section 5.4.1 below:
In order to deduce a bound independent of ∆t we need to control the difference quotient of the chosen
discretization of Hext through the classical time derivative of Hext. For the choice (5.2.5) of the
discretization of Hext this is possible via Lemma A.3.4 in the appendix.

In order to deal with the stray field, it is sometimes necessary to work in the current configuration in-
stead of the reference configuration.Thus, it is further convenient to introduce some additional notation
for the magnetization in the current configuration. To this end we denote the current configuration
at the time k∆t by

Ωk
∆t :� ηk∆t pΩ0q .

Then we define the magnetization in the current configuration via the formula

Mk
∆t :�Mηk∆t

�
M̃k

∆t

�
� 1

det
��

∇Xηk∆t
� ��

ηk∆t
��1

		M̃k
∆t

��
ηk∆t

	�1


P H1

�
Ωk

∆t

	
.

5.2.2 Euler-Lagrange equations

The Euler-Lagrange equations associated to the functional F̃ k∆t constitute suitable discrete approxi-
mations of the equation of motion (5.1.15) and the magnetic force balance (5.1.19). If the minimizer
pηk∆t, M̃k

∆tq P E �H1pΩ0q of F̃ k∆t is such that ηk∆t R BE , it holds that ηk∆t � εχ P E for any χ P DpΩ0q
and all sufficiently small ε � εpχq ¡ 0. This allows us to take the variation of F̃ k∆t at pηk∆t, M̃k

∆tq with
respect to the deformation. The variation of the stray field part can be calculated in the same way
as its Fréchet derivative on the continuous level, cf. the identity (5.1.20) and its derivation in Section
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A.8 in the appendix:
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For the remaining parts of F̃ k∆t the calculation of the variation is straight forward and altogether we
obtain the approximate equation of motion
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for all χ P DpΩ0q. For the derivation of the approximate magnetic force balance we take the variation
of F̃ k∆t at pηk∆t, M̃k

∆tq with respect to the magnetization. Again, the variation of the stray field part is
calculated similarly as on the continuous level, cf. the formula (5.1.22) and its derivation in Section
A.8 in the appendix:
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for all
˜̂
M P H1pΩ0q. In the remaining parts of the functional the variation can be calculated in a

straight forward way. Altogether we obtain the approximate magnetic force balance»
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(5.2.8)

for all
˜̂
M P H1pΩ0q.

5.3 Existence of the approximate solution

We fix some arbitrary discrete time index k P N and assume that the minimization problem (5.2.1)
has been solved for each time index l � 1, ..., k � 1. By means of the direct method we show that the
minimization problem (5.2.1) also possesses a solution at the discrete time k∆t. To this end we first
check that the functional F̃ k∆t is bounded from below on E �H1pΩ0q: We note that, by the definition
of HrM̃, ηs via the Poisson equation (5.1.6),»
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Next we aim at controlling the f -dependent term in F̃ k∆t. To this end we remark that, by Lemma
A.7.1 in the appendix, the quantity detp∇Xη
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for the constant c̃ ¡ 0 from the Poincaré inequality on Ω0. Combining the last two estimates we infer
that »
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(5.3.2)

for a constant cp∆t, ηk�1
∆t , }f}L8pp0,8q�R3q, ν, ρ,Ω0q ¡ 0 independent of η and M̃ . Finally, in order to

control the Hext-dependent term in F̃ k∆t, we first apply the Gagliardo-Nirenberg inequality and the
Young inequality to estimate
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where 2 ¤ p1   8 is chosen as in the coercivity estimate (5.1.9) for W and the constant cpγq is due to
the boundary condition η|P � γ. Due to the Morrey embedding W 2,qpΩ0q � W 1,8pΩ0q we infer the
estimate
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for a constant c1 � c1pΩ0, q, p1, γq ¡ 0. This, together with a transformation to the current configu-
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In order to further estimate the right-hand side of this inequality we make use of Young’s inequality
to see that
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Moreover, a transformation back to the reference configuration yields the estimate»
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for the constant c1 from the estimate (5.3.4) and another constant c2 � c2pΩ0, βq ¡ 0. Applying the
estimates (5.3.6)–(5.3.8) to the right-hand side of the inequality (5.3.5) we infer that
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for a constant c pHext, q, β, µq ¡ 0 independent of η and M̃ . The estimate (5.3.1) shows that Ẽpη, M̃q
is non-negative. Hence, from the estimates (5.3.2) and (5.3.9) it follows that
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for all pη, M̃q P E �H1pΩ0q and a constant c ¡ 0 independent of η and M̃ . Consequently, there exists
a minimizing sequence pηj , M̃jqjPN for F̃ k∆t. The inequality (5.3.10) further shows that this sequence
satisfies the uniform bounds
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for a constant c ¡ 0 independent of j. Indeed, the bound of ηj in W 2,qpΩ0q follows under exploitation
of the inequality (5.3.3) and the coercivity (5.1.9) of W . The bound of detp∇Xηjq away from zero
follows from the boundedness of the quantity 1

pdetp∇Xηjqqa , cf. Lemma A.7.1 in the appendix, and in

turn, in combination with the embedding H1pΩq � L6pΩq, implies the bound of M̃j in L6pΩq. These
bounds allow us to extract a subsequence such that, for some functions η P E , M̃ P H1pΩ0q,
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for all 1 ¤ p   6. In order to prove that the pair pη, M̃q is the desired minimizer of F̃ k∆t, it remains to
show that
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¤ lim inf

jÑ8
F̃ k∆t

�
ηj , M̃j

	
. (5.3.14)

To this end, we first focus on the quantity M̃ �HrM̃, ηs. From the estimate (A.2.9) for the solution to
the Poisson equation (5.1.6) given by Lemma A.2.3 in the appendix we see that���φ �M̃j , ηj

����
9H1pR3q

�
���∇φ �M̃j , ηj

����
L2pR3q

¤ c

for a constant c ¡ 0 independent of j. In particular we may assume that, for another subsequence
and some function φ P 9H1pR3q,

φ
�
M̃j , ηj

�
á φ in 9H1

�
R3

�
.

In order to identify the limit function φ we see that by the Poisson equation (5.1.6), for any ψ P DpR3q,»
R3

∇φ �∇ψ dxÐ
»
R3

∇φ
�
M̃j , ηj

�
�∇ψ dx

�
»

Ω0

M̃j �∇ψ pηjq dX Ñ
»

Ω0

M̃ �∇ψpηq dX �
»
ηpΩ0q

Mη

�
M̃

�
�∇ψ dx
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and due to the density of DpR3q in 9H1pR3q (cf. [98, Lemma 3.3]) this identity in fact holds true for any
ψ P 9H1pR3q. Consequently, φ can be identified as the solution φ � φrM̃, ηs to the Poisson equation
with the right-hand side MηrM̃ s and in particular it holds that

H
�
M̃j , ηj

�
� �∇φ

�
M̃j , ηj

�
á �∇φ

�
M̃, η

�
� H

�
M̃, η

�
in L2

�
R3

�
.

Now the Poisson equation (5.1.6) and the weak lower semicontinuity of the L2pR3q-norm imply that»
Ω0

�µ
2
M̃ �H

�
M̃, η

�
pηq dX �

»
R3

µ

2

���H �
M̃, η

����2 dx

¤ lim inf
jÑ8

»
R3

µ

2

���H �
M̃j , ηj

����2 dx

� lim inf
jÑ8

»
Ω0

�µ
2
M̃j �H

�
M̃j , ηj

�
pηjq dX. (5.3.15)

In order to deal with the quantity M̃ �pHextqk∆t pηq we notice that, by Corollary A.7.1 for the convergence
of compositions with the deformation,

pHextqk∆t pηjq Ñ pHextqk∆t pηq in L
4
3 pΩ0q .

Combining this with the convergence (5.3.13) of M̃j we conclude that»
Ω0

�µM̃j � pHextqk∆t pηjq dX Ñ
»

Ω0

�µM̃ � pHextqk∆t pηq dX. (5.3.16)

Moreover, due to the boundedness assumptions (5.1.10), (5.1.11) on W and Ψ̃ it holds that���W p∇Xηjq � Ψ̃
�
∇Xηj , M̃j

	��� ¤ c
�

1� |∇Xηj |p2 �
���M̃j

���p3
	
,

where 1 ¤ p2   8 and 1 ¤ p3   6. Together with the uniform bounds (5.3.11) this implies that���W p∇Xηjq � Ψ̃
�
∇Xηj , M̃j

	���
LppΩ0q

¤ c

for some p ¡ 1. Thus, due to the convergences (5.3.12), (5.3.13), the continuity (5.1.8) of W and Ψ̃
and the Vitali convergence theorem, we may assume that»

Ω0

W p∇Xηjq � Ψ̃
�
∇Xηj , M̃j

	
dX Ñ

»
Ω0

W p∇Xηq � Ψ̃
�
∇Xη, M̃

	
dX. (5.3.17)

Finally the weak lower semicontinuity of F̃ k∆t in the remaining terms follows directly from the conver-
gences (5.3.12), (5.3.13) and the weak lower semicontinuity of norms,»

Ω0

1

pdet p∇Xηqqa �
1

q

��∇2
Xη

��q �A

����∇X

�
1

det p∇XηqM̃


p∇Xηq�1

����2 det p∇Xηq

� 1

4β2

����� 1

det p∇XηqM̃
����2 � 1

�2

det p∇Xηq dX �∆tRk∆t

�
η, M̃

	

�
»

Ω0

∆tρfk∆t

�
ηk�1

∆t

	
�
�
η � ηk�1

∆t

∆t

�
dX

¤ lim inf
jÑ8

� »
Ω0

1

pdet p∇Xηjqqa �
1

q

��∇2
Xηj

��q �A

����∇X

�
1

det p∇XηjqM̃j



p∇Xηjq�1

����2 det p∇Xηjq

� 1

4β2

����� 1

det p∇XηjqM̃j

����2 � 1

�2

det p∇Xηjq dX �∆tRk∆t

�
ηj , M̃j

	

�
»

Ω0

∆tρfk∆t

�
ηk�1

∆t

	
�
�
ηj � ηk�1

∆t

∆t

�
dX

�
. (5.3.18)
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From the relations (5.3.15), (5.3.16), (5.3.17) and (5.3.18) we infer the desired weak lower semicon-
tinuity (5.3.14) of F̃ k∆t. This proves the existence of the desired solution pηk∆t, M̃k

∆tq � pη, M̃q to
the minimization problem (5.2.1). Thus, recalling the Euler-Lagrange equations (5.2.7) and (5.2.8)
associated to the functional F̃ k∆t, we have proved the following result.

Proposition 5.3.1. Let all the assumptions of Theorem 5.1.1 be satisfied and let ∆t ¡ 0. Let further
fk∆t be given by (5.2.4) and pHextqk∆t be given by (5.2.5) for any k P N0. Then, for all k P N, there
exists a solution

�
ηk∆t, M̃

k
∆t

	
P E �H1 pΩ0q

to the minimization problem (5.2.1). Further, for any k P N such that ηk∆t R BE, the pair pηk∆t, M̃k
∆tq

satisfies the equation of motion (5.2.7) for all χ P DpΩ0q. Moreover, for any k P N, the pair pηk∆t, M̃k
∆tq

satisfies the magnetic force balance (5.2.8) for all
˜̂
M P H1pΩ0q.

5.4 Limit passage with respect to ∆tÑ 0

In order to return from the discrete system to the original continuous system we pass to the limit
with respect to ∆t Ñ 0. As in the fluid-structure interaction problems in Section 3.4 and Section
4.4 we define piecewise affine and piecewise constant interpolants of the discrete quantities: For all
time-independent functions hk∆t, k P N0 we set

h∆tptq :�
�
t

∆t
� pk � 1q



hk∆t �

�
k � t

∆t



hk�1

∆t @t P ppk � 1q∆t, k∆ts, k P N, (5.4.1)

h∆tptq :� hk∆t @t P ppk � 1q∆t, k∆ts, k P N0, (5.4.2)

h
1
∆tptq :� hk�1

∆t @t P ppk � 1q∆t, k∆ts, k P N.

Similarly we assemble the discrete deformed configurations and the discrete dissipation potentials,

Ω∆tptq :�Ωk
∆t � ηk∆t pΩ0q @t P ppk � 1q∆t, k∆ts, k P N, (5.4.3)

R̃∆tptq :�R̃k∆t @t P ppk � 1q∆t, k∆ts, k P N.

We remark that we use the notation Ω∆tptq instead of Ω∆tptq for the piecewise constant interpolant
of the deformed configuration in order to avoid confusion with the notation for the closure of sets.
The interpolated functions allow us to express the discrete equation of motion (5.2.7) as well as the
discrete magnetic force balance (5.2.8) as time-dependent equations. Indeed, in case of the equation
of motion, we choose T ¡ 0 such that T

∆t P N and ηk∆t R BE for all k � 1, ..., T∆t . The existence of
such a time T independent of ∆t is shown below in Lemma 5.4.2. Further we choose some arbitrary
test function χ P Dpp0, T q � Ω0q. Then, for all t P rpk � 1q∆t, k∆ts, k � 1, ..., T∆t we may test the
discrete equation of motion (5.2.7) at the time k∆t by χptq. We integrate the resulting identity over
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rpk � 1q∆t, k∆ts, sum over k and obtain the identity» T
0

»
Ω0

�
W 1 p∇Xη∆tq � a

cof p∇Xη∆tq
pdet p∇Xη∆tqqa

�
: ∇Xχ�
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∇XH
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�
:

�
�∇X

�
�tr

�
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�
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�
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det p∇Xη∆tq
M̃∆t
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�
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� 1

4β2
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����� 1
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����2 � 1

�2 �
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	T
: ∇Xχ
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� ���M̃∆t
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: ∇Xχ

� 2ν det
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∇Xη

1
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∇X

�
η∆t � η1∆t
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∇Xη
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��1
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∇Xη
1
∆t

��1
	T�

: ∇Xχ

� det
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∇Xη
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detp∇Xη1∆tqM̃
1
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tr
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∇X
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η∆t�η

1
∆t

∆t

	
p∇Xη

1
∆tq�1

	
det

�
∇Xη1∆t

� M̃∆t

�
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�
�
��tr
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∇Xχ p∇Xη∆tq�1

	
det p∇Xη∆tq

M̃∆t �
tr
�
∇Xχ p∇Xη

1
∆tq�1

	
det
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∇Xη1∆t

� M̃∆t

�
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� ρf∆t

�
η1∆t

� � χ� µ
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∇X

�
pHextq∆t pη∆tq

	
p∇Xη∆tq�1

	T
M̃∆t

�
� χ dXdt � 0 (5.4.4)

for all χ P Dpp0, T q�Ω0q. Similarly, for the magnetic force balance, we consider an arbitrary function
˜̂
M P L8p0, T ;H1pΩ0qq. Then, for all k � 1, ..., T∆t and almost all t P rpk � 1q∆t, k∆ts we may

test the discrete magnetic force balance (5.2.8) by
˜̂
Mpt, �q. Integrating the resulting identity over

rpk � 1q∆t, k∆ts and summing over k we deduce the equation» T
0

»
Ω0

Ψ̃M

�
∇Xη∆t, M̃∆t

	
� ˜̂
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�
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�
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M
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1
∆tq p∇Xη

1
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det

�
∇Xη1∆t

� ˜̂
M

�
�� µpHextq∆t pη∆tq � ˜̂

M dXdt � 0

(5.4.5)

for all
˜̂
M P L8p0, T ;H1pΩ0qq.
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5.4.1 Energy inequality on the ∆t-level

Our next step is to establish an interval r0, T s with some T ¡ 0 independent of ∆t on which we
are able to find an energy estimate for the discrete solution, uniform with respect to ∆t ¡ 0. More
precisely, we show the following lemma.

Lemma 5.4.1. There exists a time T ¡ 0, independent of ∆t, and a constant c ¡ 0, independent of
∆t and k � 1, ..., T∆t , such that

Ẽ
�
ηk∆t, M̃

k
∆t

	
�

ķ

l�1

∆tR̃l∆t

�
ηl∆t, M̃

l
∆t

	
¤ c @k � 1, ...,

T

∆t
. (5.4.6)

The proof of this lemma is mostly standard with the only difficulties being caused by the term de-
pending on the external forcing term f in the discrete functional F̃ k∆t. Indeed, in order to control this
term during the derivation of the estimate (5.4.6) for some fixed k, we already need to know a uniform
bound of detp∇Xη

k�1
∆t q away from zero, cf. the deduction of the estimate (5.3.2). We achieve this via

an induction argument, allowing us to assume Ẽelpηk�1
∆t q to be bounded.

Proof of Lemma 5.4.1
We choose some number E0 ¡ 0 such that

Ẽpη0, M̃0q   c4   E0,

for the constant c4 ¡ 0 chosen below in (5.4.15), dependent on the data but independent of ∆t ¡ 0.
We further choose a time T � T pE0q ¡ 0 sufficiently small such that�

��c4 � T

�
��c3 �

|Ω0|
�
c̃ρ }f}L8pp0,8q�R3q

	2

2νc5

�
�

�
�� emaxt1, 8β2uT ¤ E0, (5.4.7)

where c̃ ¡ 0 denotes the constant from the Poincaré inequality on Ω0 and c3, c5 ¡ 0 denote the
constants chosen below in (5.4.12) and (5.4.16), respectively, dependent on E0 and the data but
independent of ∆t ¡ 0 and k � 1, ..., T∆t . We argue via induction: We choose an arbitrary discrete
time index k � 1, ..., T∆t and assume that

1

2
Ẽ
�
ηl∆t, M̃

l
∆t

	
¤ E0 @l � 1, ..., k � 1. (5.4.8)

Each pair pηl∆t, M̃ l
∆tq, l � 1, ..., k, as a minimizer of the functional F̃ l∆t, satisfies

Ẽ
�
ηl∆t, M̃

l
∆t

	
�∆tR̃l∆t

�
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dX.

We sum this inequality over all indices l � 1, ..., k to infer that
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dX. (5.4.9)
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In order to control the first sum on the right-hand side we denote by χΩl∆t
the characteristic function

of Ωl
∆t. Then we use a transformation to the current configuration and sum by parts to see that

ķ
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dx. (5.4.10)

The first integral on the right-hand side of this equation can be controlled by the left-hand side of the
inequality (5.4.9) due to the estimate

1

2
Ẽ
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cf. the second inequality in (5.3.9). The sum on the right-hand side of the equation (5.4.10) can be
estimated, under exploitation of Hölder’s and Young’s inequalities, by
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ķ

l�2

»
R3

µχΩl�1
∆t
M l�1

∆t �
�
pHextql∆t � pHextql�1

∆t

∆t

�
dx

¤∆t
ķ
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where in the second inequality we used Lemma A.3.4 in the appendix to control the discrete difference
quotient of Hext via BtHext. Using the inequality (5.3.4) together with Young’s inequality, we thus
find a constant

c3 � c3 pΩ0, q, p1, γq ¡ 0 (5.4.12)
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such that
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Applying the identity (5.4.10) as well as the estimates (5.4.11) and (5.4.13) to the inequality (5.4.9)
we infer that
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is independent of ∆t and k. Moreover, the f -dependent terms on the right-hand side of this inequality
can be controlled by recalling the first inequality in (5.3.2): Indeed, the constant cpηk�1

∆t q in this

estimate is bounded away from zero for bounded values of Ẽ
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. In our current situation,

due to the induction assumption (5.4.8), we can replace this constant by a constant
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independent of ∆t and k. It follows that

»
Ω0

∆tν

�����∇X

�
ηl∆t � ηl�1

∆t

∆t

��
∇Xη

l�1
∆t

	�1
�����
2

det
�
∇Xη

l�1
∆t

	
�∆tρf l∆t

�
ηl�1

∆t

	
�
�
ηl∆t � ηl�1

∆t

∆t

�
dX

¥∆t

�
��νc5

2

»
Ω0

�����∇X

�
ηl∆t � ηl�1

∆t

∆t

������
2

dX �
|Ω0|

�
c̃ρ }f}L8pp0,8q�R3q

	2

2νc5

�
�� .



126 CHAPTER 5. EVOLUTION OF A MAGNETOELASTIC MATERIAL

Applying this estimate to the inequality (5.4.14) we infer that
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is independent of ∆t and k. Thus the discrete Gronwall inequality (cf. [99, (1.67)]) implies that
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where the last inequality is due to our choice (5.4.7) of T and the fact that k∆t ¤ T . This concludes
the proof.
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For the time T ¡ 0 given by Lemma 5.4.1 the energy estimate (5.4.6) implies the uniform bounds
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with a constant c ¡ 0 independent of ∆t. Here, the bound (5.4.18) of the determinant of the defor-
mation gradient away from zero follows from the estimate (5.4.6) via Lemma A.7.1 in the appendix.
Moreover, the bound (5.4.21) follows by using the product rule and Jacobi’s formula for the derivative
of determinants to write
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for all i, j � 1, .., 3 and estimating the right-hand side via the bounds (5.4.17)–(5.4.19) and (5.4.22).
The bounds (5.4.17)–(5.4.22) allow us to find functions η P L8p0, T ; Eq, M̃ P L8p0, T ;H1pΩ0qq such
that, possibly after the extraction of a subsequence,
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Here the equality of the weak limits of different interpolants of the same discrete functions follows
from Lemma A.3.1 in the appendix. Due to the bound (5.4.17) of η∆t in L8p0, T ;W 2,qpΩ0qq and the
bound (5.4.20) of Btη∆t in L2p0, T ;H1pΩ0qq, the Aubin-Lions Lemma shows that the deformation also
converges uniformly,
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In combination with the bound of detp∇Xη∆tq away from zero in (5.4.18) this further shows that
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Moreover, as a consequence of the convergences (5.4.26) and (5.4.27) we see that
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Finally, the injectivity of η∆tptq P E in Ω0 implies the existence of inverse functions η�1
∆tpt, �q : Ω∆tptq Ñ

Ω0 of η∆tpt, �q for all t P r0, T s. For these inverse functions we deduce pointwise convergence from the
uniform bound (5.4.19) of the inverse deformation gradient and the convergence (5.4.28): Indeed, the
bound (5.4.19) implies bi-Lipschitz continuity of η∆tpt, �q for all t P r0, T s with a bi-Lipschitz constant
c ¡ 0 independent of ∆t and t. We choose some arbitrary point

x P Ωptq :� η pt,Ω0q . (5.4.29)

For any sufficiently small ∆t ¡ 0 it holds that x P Ω∆tptq due to the convergence (5.4.28). For such
∆t it follows that ��η�1

∆tpt, xq � η�1pt, xq�� ¤c ��η∆t
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�� η∆t
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�
t, η�1pt, xq��� ,

where η�1pt, �q : Ωptq Ñ Ω0 denotes the inverse of ηpt, �q P E . According to the convergence (5.4.28) the
right-hand side of this inequality vanishes for ∆tÑ 0 and hence we have shown the desired pointwise
convergence

η�1
∆tpt, �q Ñ η�1pt, �q pointwise in Ω ptq for all t P r0, T s . (5.4.30)
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We point out that with the current configuration Ωptq of the limit system given by the formula (5.4.29)
we may also express the magnetization of the limit system in the current configuration,

M :�Mη

�
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�
� 1

det pr∇Xηs pη�1qqM̃
�
η�1

�
. (5.4.31)

While the above uniform bounds and convergences hold true on the interval r0, T s for T ¡ 0 given by
Lemma 5.4.1, the discrete equation of motion (5.4.4) is satisfied on this interval only if T ¡ 0 is in
addition chosen such that ηk∆t P intpEq for all k � 1, ..., T∆t . The existence of a time T ¡ 0 independent
of ∆t ¡ 0 for which this is indeed true can be seen as another consequence of the uniform bounds
(5.4.17)–(5.4.20) and is proved in the following Lemma:

Lemma 5.4.2. There exists a time T ¡ 0, independent of ∆t ¡ 0, such that ηk∆t P intpEq for all
k � 1, ..., T∆t . In particular, the equation of motion (5.4.4) holds true on the interval r0, T s for all test
functions χ P Dpp0, T q � Ω0q.

Proof

From the uniform bounds (5.4.17), (5.4.20) of η∆t and the Morrey embedding it immediately follows
that
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?
t1 � t2 @t1, t2 P r0, T s , t1 ¡ t2. (5.4.32)

Now let t1, t2 ¥ 0 be such that t1 ¡ t2 � ∆t. Then there exist k, l P N, k ¥ l � 1, such that
t1 P ppk � 1q∆t, k∆ts and t2 P ppl � 1q∆t, l∆ts. Consequently,

pk � lq∆t ¤ 2 max t∆t, pk � 1� lq∆tu ¤ 2 |t1 � t2| . (5.4.33)

Moreover, by definition of the piecewise affine interpolant η∆t in (5.4.1) and the piecewise constant
interpolant η∆t in (5.4.2), we know that

η∆t pt1q � η∆t pk∆tq , η∆t pt2q � η∆t pl∆tq .

Therefore, the Hölder continuity (5.4.32) of η∆t and the estimate (5.4.33) imply that
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?
2c
?
t1 � t2. (5.4.34)

for all t1, t2 ¥ 0 satisfying t1 ¡ t2 �∆t. Now let Γ ¡ 0 be the constant given by Lemma A.7.2 in the
appendix. From the estimate (5.4.34) we infer the existence of some sufficiently small time T ¡ 0,
independent of ∆t, such that

���ηk∆t � η0

���
H1pΩ0q

  Γ for all sufficiently small ∆t ¡ 0 and all k � 1, ...,
T

∆t
.

Hence, Lemma A.7.2 implies that for all such k the deformation ηk∆t is injective on BΩ0 and in particular
on N . From Remark 5.1.1 it follows that ηk∆t P intpEq.

l

In the following we will first finish our existence proof on the interval r0, T s where T ¡ 0 with T
∆t P N

is chosen according to Lemma 5.4.1 and Lemma 5.4.2. Subsequently, in Section 5.4.5 below, we will
extend the resulting weak solution to the interval r0, T 1q where T 1 ¡ 0 is chosen as in Theorem 5.1.1.
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5.4.2 Convergence of the stray field

For the limit passage in both the equation of motion and the magnetic force balance we require
(strong) convergence of the stray field. In order to deduce this we first show strong convergence of the
magnetization. From the uniform bound (5.4.6) for the discrete dissipation potential and the bound
(5.4.18) of detp∇Xη∆tq away from zero we know that�������
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for a constant c ¡ 0 independent of ∆t. Since Btη∆t is bounded in L2p0, T ;H1pΩ0qq (cf. (5.4.20))

and M̃∆t is bounded in L8p0, T ;L6pΩ0qq (cf. (5.4.21)) we further see that, under exploitation of the
Hölder inequality,������
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Combining the estimates (5.4.35) and (5.4.36) we infer the uniform bound�������
1
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This, in combination with the L8p0, T ;H1pΩqq-bound (5.4.22), yields the conditions for both the
classical and the discrete (cf. Lemma A.3.3 in the appendix) Aubin-Lions Lemma, which yield that
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for all 1 ¤ p   6 and all 1 ¤ r   8. In combination with the uniform convergences (5.4.26) and
(5.4.28) of the deformation gradient this further implies that

M̃∆t Ñ M̃ in C p0, T ;Lp pΩ0qq , M̃∆t Ñ M̃ in Lr p0, T ;Lp pΩ0qq (5.4.39)

for all 1 ¤ p   6 and all 1 ¤ r   8. Next we show that the discrete stray field converges weakly to a

corresponding limit function. From the uniform bound (5.4.22) of M̃∆t
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for a constant c ¡ 0 independent of ∆t. This, together with the H1-bound (A.2.9) for solutions to the
Poisson equation (5.1.6) given by Lemma A.2.3 in the appendix implies that further���φ �M̃∆t, η∆t
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We conclude the existence of some function φ P L8p0, T ; 9H1pR3qq for which we may assume that
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. (5.4.41)

In order to identify φ we note that by the definition of φrM̃∆t, η∆ts as a solution to the Poisson
equation (5.1.6) it holds that
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for any ψ P DpR3q, ζ P Dp0, T q. Due to the convergences (5.4.28) of the deformation, (5.4.39) of

the magnetization and (5.4.41) of φrM̃∆t, η∆ts we may pass to the limit in both sides of this identity.
After a transformation back to the current configuration Ωptq � ηpt,Ω0q we thus infer that
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ψ P 9H1pR3q. Therefore, we may identify φ � φrM̃, ηs and in particular, by (5.4.41),
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Our next goal is to improve the weak convergence (5.4.42) to strong convergence. To this end we use

the definition of the stray field in (5.1.6) and the set Ω∆tptq in (5.4.3) to estimate
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�
M̃∆t, η∆t

�
pη∆tq �H

�
M̃, η

�
pη∆tq

	
dXdt

����
�
����
» T

0

»
Ω0

M̃ �
�
H

�
M̃, η

�
pη∆tq �H

�
M̃, η

�
pηq

	
dXdt

���� . (5.4.43)

Here, for the first integral on the right-hand side, we immediately see that

����
» T

0

»
Ω0

�
M̃∆t � M̃

	
�H

�
M̃∆t, η∆t

�
pη∆tq dXdt

����
¤
�
�» T

0

»
Ω∆tptq

1

det
�
r∇Xη∆ts

�
pη∆tq�1

		 ���H �
M̃∆t, η∆t

����2 dxdt

�



1
2 ���M̃∆t � M̃

���
L2pp0,T q�Ω0q

¤c
���M̃∆t � M̃

���
L2pp0,T q�Ω0q

Ñ 0. (5.4.44)

due to the uniform bounds (5.4.18), (5.4.40) and the strong convergence (5.4.39) of the magnetization.
In order to show that also the second integral on the right-hand side of the inequality (5.4.43) vanishes
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we choose a sequence of functions pM̃nqnPN � Dpp0, T q � Ω0q such that M̃n Ñ M̃ in L6pp0, T q � Ω0q.
Then we estimate����

» T
0

»
Ω0

M̃ �
�
H

�
M̃∆t, η∆t

�
pη∆tq �H

�
M̃, η

�
pη∆tq

	
dXdt

����
¤
����
» T

0

»
Ω0

�
M̃ � M̃n

	
�
�
H

�
M̃∆t, η∆t

�
pη∆tq �H

�
M̃, η

�
pη∆tq

	
dXdt

����
�
����
» T

0

»
Ω0

M̃n �
�
H

�
M̃∆t, η∆t

�
pη∆tq �H

�
M̃, η

�
pη∆tq

	
dXdt

����
�c

���M̃ � M̃n

���
L2pp0,T q�Ω0q

�
�����
» T

0

»
Ω∆tptq

1

det
�r∇Xη∆ts

�
η�1

∆t

��M̃n

�
pη∆tq�1

	
�
�
H

�
M̃∆t, η∆t

�
�H

�
M̃, η

�	
dxdt

����� , (5.4.45)

using the same bounds as in the derivation of the estimate (5.4.44). In order to show that the second
term on the right-hand side vanishes as ∆t tends to zero, we denote by gn∆t : r0, T s � R3 Ñ R3 the
function

gn∆t :�
$&
%

1
detpr∇Xη∆tspη�1

∆tqqM̃n

�
pη∆tq�1

	
in Q

�
Ω∆t, T

	
,

0 in
�r0, T s � R3

� zQ�
Ω∆t, T

	
.

Due to the uniform convergence (5.4.28) of η∆t, the pointwise convergence (5.4.30) of pη∆tq�1 and the
compact support of M̃n we observe that

gn∆t Ñ gn pointwise in p0, T q � R3 for ∆tÑ 0, (5.4.46)

where

gn :�
#

1
detpr∇Xηspη�1qq

M̃n

�
pηq�1

	
in Q pΩ, T q ,

0 in
�r0, T s � R3

� zQ pΩ, T q .
We further estimate

}gn∆t}L6pp0,T q�R3q �
�
�» T

0

»
Ω∆tptq

����� 1

det
�r∇Xη∆ts

�
η�1

∆t

��M̃n

�
η�1

∆t

������
6

dxdt

�



1
6

�
�» T

0

»
Ω0

det p∇Xη∆tq
���� 1

det p∇Xη∆tq
M̃n

����6 dXdt

� 1
6

¤}det p∇Xη∆tq}L8pp0,T q�Ω0q

���� 1

det p∇Xη∆tq
M̃n

����
L6pp0,T q�Ω0q

¤ c

by exploiting the uniform bounds (5.4.17), (5.4.18) and the convergence of M̃n in L6pp0, T q � Ω0q.
This bound, together with the pointwise convergence (5.4.46) of gn∆t allows us to apply the Vitali
convergence theorem to infer strong convergence of gn∆t in, for example, L2pp0, T q � R3q,

gn∆t Ñ gn in L2
�p0, T q � R3

�
for ∆tÑ 0.

Combining this with the weak convergence (5.4.42) of the stray field, we conclude that�����
» T

0

»
Ω∆tptq

1

det
�r∇Xη∆ts

�
η�1

∆t

��M̃n

�
η�1

∆t

� � �H �
M̃∆t, η∆t

�
�H

�
M̃, η

�	
dxdt

�����
�
����
» T

0

»
R3

gn∆t �
�
H

�
M̃∆t, η∆t

�
�H

�
M̃, η

�	
dxdt

����Ñ 0
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for n P N fixed and ∆t Ñ 0. Consequently, letting first ∆t tend to zero and subsequently n tend to
infinity on the right-hand side of the inequality (5.4.45), we have shown that

����
» T

0

»
Ω0

M̃ �
�
H

�
M̃∆t, η∆t

�
pη∆tq �H

�
M̃, η

�
pη∆tq

	
dXdt

����Ñ 0 (5.4.47)

for ∆t Ñ 0. It remains to prove that also the third integral on the right-hand side of the inequality
(5.4.43) tends to zero. To this end we notice that, by Lemma A.7.4 for the convergence of compositions
with the deformation,

H
�
M̃, η

�
pη∆tq Ñ H

�
M̃, η

�
pηq in L2 pp0, T q � Ω0q . (5.4.48)

In particular it follows that

����
» T

0

»
Ω0

M̃ �
�
H

�
M̃, η

�
pη∆tq �H

�
M̃, η

�
pηq

	
dXdt

����Ñ 0.

Now, combining this convergence with the convergences (5.4.44) and (5.4.47), we see that the right-
hand side of the estimate (5.4.43) tends to zero for ∆tÑ 0. This shows convergence of the L2pp0, T q�
R3q-norm of HrM̃∆t, η∆ts to the one of HrM̃, ηs, which, in combination with the weak convergence

(5.4.42) of HrM̃∆t, η∆ts, implies the desired strong convergence

H
�
M̃∆t, η∆t

�
Ñ H

�
M̃, η

�
in L2

�p0, T q � R3
�
. (5.4.49)

Finally, since in the equations formulated in the reference configuration the stray field only appears
in composition with the deformation, we point out that the strong convergence (5.4.49) also implies
the convergence of this composition,

H
�
M̃∆t, η∆t

�
pη∆tq Ñ H

�
M̃, η

�
pηq in L2 pp0, T q � Ω0q , (5.4.50)

cf. Lemma A.7.4.

5.4.3 Magnetic force balance

Our next goal is the limit passage in the discrete magnetic force balance (5.4.5). In order to obtain
the desired form (5.1.19) (cf. also the identity (5.1.23)) of the magnetic force balance after this limit
passage, we test the discrete magnetic force balance (5.4.5) by functions of the form

det p∇Xη∆tq ˜̂
M,

˜̂
M P L8 �

0, T ;H1 pΩ0q
�
.

Indeed, these functions constitute admissible test functions for the equation (5.4.5) since, by Jacobi’s
formula for the derivative of determinants and the L8p0, T ;W 2,qpΩ0qq-regularity of η∆t,

BXi
�

det p∇Xη∆tq ˜̂
M

	
�det p∇Xη∆tq tr

�
BXi∇Xη∆t p∇Xη∆tq�1

	
˜̂
M � det p∇Xη∆tq BXi ˜̂

M P L8 �
0, T ;L2 pΩ0q

�
for all i � 1, ..., 3, i.e.

det p∇Xη∆tq ˜̂
M P L8 �

0, T ;H1 pΩ0q
�
.



5.4. LIMIT PASSAGE WITH RESPECT TO ∆T Ñ 0 133

Using them as such we infer the identity» T
0

»
Ω0

detp∇Xη∆tqΨ̃M

�
∇Xη∆t, M̃∆t

	
� ˜̂
M � µ detp∇Xη∆tqH

�
M̃∆t, η∆t

�
pη∆tq � ˜̂

M

� 2Adet p∇Xη∆tq
�
∇X

�
1

det p∇Xη∆tq
M̃∆t



p∇Xη∆tq�1

�
:
�
∇X

˜̂
M p∇Xη∆tq�1

	

� 1

β2
det p∇Xη∆tq

����� 1

det p∇Xη∆tq
M̃∆t

����2 � 1

��
1

det p∇Xη∆tq
M̃∆t



� ˜̂
M

� det
�
∇Xη

1
∆t

����
1

detp∇Xη∆tq
M̃∆t � 1

detp∇Xη1∆tqM̃
1

∆t

∆t
�

tr
�
∇X

�
η∆t�η

1
∆t

∆t

	
p∇Xη

1
∆tq�1

	
det

�
∇Xη1∆t

� M̃∆t

�
��

�
�
� ˜̂
M �

detp∇Xη∆tqtr
�
p∇Xη∆t �∇Xη

1
∆tq p∇Xη

1
∆tq�1

	
det

�
∇Xη1∆t

� ˜̂
M

�
�

� µdetp∇Xη∆tqpHextq∆t pη∆tq � ˜̂
M dXdt � 0 (5.4.51)

for all
˜̂
M P L8p0, T ;H1pΩ0qq. In order to pass to the limit in this relation we study several of the

terms individually: We first notice that by the boundedness assumption (5.1.12) on Ψ̃M it holds that���Ψ̃M

�
∇Xη∆t, M̃∆t

	��� ¤ c
�

1� |∇Xη∆t|p2 �
���M̃∆t

���p4
	
,

where 1 ¤ p2   8 and 1 ¤ p4   5. Due to the uniform bounds (5.4.17) and (5.4.21) this shows that���Ψ̃M

�
∇Xη∆t, M̃∆t

	���
Lppp0,T q�Ω0q

¤ c

for some p ¡ 6
5 . In combination with the continuity (5.1.8) of Ψ̃M , the convergences (5.4.28), (5.4.39)

and the Vitali convergence theorem this shows that

Ψ̃M

�
∇Xη∆t, M̃∆t

	
Ñ Ψ̃M

�
∇Xη, M̃

	
in Lp pp0, T q � Ω0q for some p ¡ 6

5
. (5.4.52)

Next, due to the uniform bounds (5.4.35) and (5.4.37), the uniform convergence (5.4.28) of η∆t and

η1∆t, the weak convergence (5.4.23) of Btη∆t and the strong convergence (5.4.39) of M̃∆t we see that

1
detp∇Xη∆tq

M̃∆t � 1
detp∇Xη1∆tqM̃

1

∆t

∆t
�

tr
�
∇X

�
η∆t�η

1
∆t

∆t

	
p∇Xη

1
∆tq�1

	
det

�
∇Xη1∆t

� M̃∆t

áBt
�

1

det p∇XηqM̃


�

tr
�
p∇XBtηq p∇Xηq�1

	
det p∇Xηq M̃

��
tr
�
p∇XBtηq p∇Xηq�1

	
det p∇Xηq M̃ � 1

det p∇XηqBtM̃ �
tr
�
p∇XBtηq p∇Xηq�1

	
det p∇Xηq M̃

� 1

det p∇XηqBtM̃ in L2 pp0, T q � Ω0q . (5.4.53)

In combination with the uniform convergence (5.4.28) of η∆t and η1∆t this shows that

» T
0

»
Ω0

det
�
∇Xη

1
∆t

����
1

detp∇Xη∆tq
M̃∆t � 1

detp∇Xη1∆tqM̃
1

∆t

∆t
�

tr
�
∇X

�
η∆t�η

1
∆t

∆t

	
p∇Xη

1
∆tq�1

	
det

�
∇Xη1∆t

� M̃∆t

�
��

�
�
� ˜̂
M �

detp∇Xη∆tqtr
�
p∇Xη �∇Xη

1
∆tq p∇Xη

1
∆tq�1

	
det

�
∇Xη1∆t

� ˜̂
M

�
� dXdt

Ñ
» T

0

»
Ω0

BtM̃ � ˜̂
M dXdt. (5.4.54)
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Finally, for the discretized external function pHextq∆t, we note that, by Lemma A.3.2 (ii) in the
appendix,

pHextq∆t Ñ Hext in C
�
r0, T s;W 1, 4

3 pR3q
	
. (5.4.55)

This, together with Lemma A.7.4 for the convergence of compositions with the deformation, shows
the convergence

pHextq∆t pη∆tq Ñ Hextpηq in L
4
3

�
0, T ;W 1, 4

3 pΩ0q
	
. (5.4.56)

Now, combining the convergences (5.4.52), (5.4.54) and (5.4.56) with the uniform convergences (5.4.28)

of η∆t, η
1
∆t and p∇Xη∆tq�1, the weak and strong convergences (5.4.25) and (5.4.38) of 1

detp∇Xη∆tq
M̃∆t

and the convergence (5.4.50) of HrM̃∆t, η∆tspη∆tq, we may pass to the limit in the magnetic force
balance (5.4.51). This yields the limit identity» T

0

»
Ω0

det p∇Xηq Ψ̃M

�
∇Xη, M̃

	
� ˜̂
M � µ det p∇XηqH

�
M̃, η

�
pηq � ˜̂

M

� 2Adet p∇Xηq
�
∇X

�
1

det p∇XηqM̃


p∇Xηq�1



:
�
∇X

˜̂
M p∇Xηq�1

	

� 1

β2
det p∇Xηq

����� 1

det p∇XηqM̃
����2 � 1

��
1

det p∇Xηq


M̃ � ˜̂

M

� BtM̃ � ˜̂
M � µ det p∇XηqHext pηq � ˜̂

M dXdt � 0 (5.4.57)

for all
˜̂
M P L8p0, T ;H1pΩ0qq. It remains to transform this equation to the current configuration. To

this end we consider an arbitrary test function M̂ P L8p0, T ;H1pΩp�qqq. Due to the relations»
Ω0

���M̂ pηptqq
���2 dX �

»
Ωptq

1

det pr∇Xηptqs pη�1ptqqq
���M̂ptq

���2 dx ¤ c
���M̂���2

L8p0,T ;L2pΩp�qqq

and »
Ω0

���∇XM̂ pηptqq
���2 dX �

»
Ωptq

1

det pr∇Xηptqs pη�1ptqqq
���∇M̂ptq r∇Xηptqs

�
η�1ptq����2 dx

¤c
���∇M̂���2

L8p0,T ;L2pΩp�qqq

for almost all t P r0, T s it holds that M̂pηq P L8p0, T ;H1pΩ0qq. Thus we may use M̂pηq as a test
function in the equation (5.4.57). Transforming the resulting equation to the current configuration we
infer that the pair pη,Mq, where M denotes the magnetization in the current configuration defined in
(5.4.31), satisfies the desired magnetic force balance (5.1.19) (cf. also the identity (5.1.23)),» T

0

»
Ωptq

Ψ̃M

�r∇Xηs
�
η�1

�
, det

�r∇Xηs
�
η�1

��
M

� � M̂ � µH
�
M̃, η

�
� M̂ � 2A∇M : ∇M̂

� 1

β2

�
|M |2 � 1

	
M � M̂ � rBtM � pv �∇qM � p∇ � vqM s � M̂ � µHext � M̂ dxdt � 0 (5.4.58)

for any test function M̂ P L8p0, T ;H1pΩp�qqq.

5.4.4 Equation of motion

It remains to pass to the limit in the discrete equation of motion (5.4.4). Again we study the individual
terms appearing in the equation separately. In order to pass to the limit in the exchange energy
terms we first show strong convergence of the magnetization gradient. To this end we make use of
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Minty’s trick: We return to the discrete magnetic force balance (5.4.5) and test it by the test function
˜̂
M � M̃∆t P L8p0, T ;H1pΩ0qq, which results in the identity

» T
0

»
Ω0

2Adet p∇Xη∆tq
����∇X

�
1

det p∇Xη∆tq
M̃∆t



p∇Xη∆tq�1

����2 dXdt

��
» T

0

»
Ω0

Ψ̃M

�
∇Xη∆t, M̃∆t

	
� M̃∆t � µH

�
M̃∆t, η∆t

�
pη∆tq � M̃∆t

� 1

β2
det p∇Xη∆tq

����� 1

det p∇Xη∆tq
M̃∆t

����4 �
���� 1

det p∇Xη∆tq
M̃∆t

����2
�

� det
�
∇Xη

1
∆t

����
1

detp∇Xη∆tq
M̃∆t � 1

detp∇Xη1∆tqM̃
1

∆t

∆t
�

tr
�
∇X

�
η∆t�η

1
∆t

∆t

	
p∇Xη

1
∆tq�1

	
det

�
∇Xη1∆t

� M̃∆t

�
��

�
�
� 1

det p∇Xη∆tq
M̃∆t �

tr
�
p∇Xη∆t �∇Xη

1
∆tq p∇Xη

1
∆tq�1

	
det

�
∇Xη1∆t

� M̃∆t

�
�� µpHextq∆t pη∆tq � M̃∆t dXdt.

Due to the strong convergence (5.4.39) of M̃∆t we can pass to the limit in the right-hand side of this
equation, under exploitation of the convergences (5.4.28), (5.4.38), (5.4.50), (5.4.52), (5.4.53), (5.4.56),
in the same way as in the limit passage in the magnetic force balance in Section 5.4.3. This results in
the relation

lim
∆tÑ0

» T
0

»
Ω0

2Adet p∇Xη∆tq
����∇X

�
1

det p∇Xη∆tq
M̃∆t



p∇Xη∆tq�1

����2 dXdt

��
» T

0

»
Ω0

Ψ̃M

�
∇Xη, M̃

	
� M̃ � µH

�
M̃, η

�
pηq � M̃

� 1

β2
det p∇Xηq

����� 1

det p∇XηqM̃
����4 �

���� 1

det p∇XηqM̃
����2
�
� BtM̃ �

�
1

det p∇XηqM̃



� µHext pηq � M̃ dXdt.

We compare this identity to the magnetic force balance (5.4.57) tested by 1
detp∇XηqM̃ P L8p0, T ;H1pΩqq

and infer that

lim
∆tÑ0

» T
0

»
Ω0

2Adet p∇Xη∆tq
����∇X

�
1

det p∇Xη∆tq
M̃∆t



p∇Xη∆tq�1

����2 dXdt

�
» T

0

»
Ω0

2Adet p∇Xηq
����∇X

�
1

det p∇XηqM̃


p∇Xηq�1

����2 dXdt.

Since weak convergence in L2pp0, T q � Ω0q together with convergence of the L2pp0, T q � Ω0q-norm
implies strong convergence in L2pp0, T q � Ω0q, we have thus shown that

a
det p∇Xη∆tq∇X

�
1

det p∇Xη∆tq
M̃∆t



p∇Xη∆tq�1

Ñ
a

det p∇Xηq∇X

�
1

det p∇XηqM̃


p∇Xηq�1 in L2 pp0, T q � Ω0q .

In combination with the bound (5.4.18) of detp∇Xη∆tq away from zero and the uniform convergence
(5.4.28) of both η∆t and its gradient this implies the desired strong convergence

∇X

�
1

det p∇Xη∆tq
M̃∆t



Ñ ∇X

�
1

det p∇XηqM̃



in L2 pp0, T q � Ω0q . (5.4.59)
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Now, in order to pass to the limit in the exchange energy terms, we consider an arbitrary test function
χ P Dpp0, T q � Ω0q and use the identity

BXi p∇Xη∆tq�1 � �p∇Xη∆tq�1 BXi p∇Xη∆tq p∇Xη∆tq�1 @i � 1, ..., 3

to write

BXi

�
�tr

�
∇Xχ p∇Xη∆tq�1

	
det p∇Xη∆tq

M̃∆t

�



� tr
�
BXi∇Xχ p∇Xη∆tq�1 �∇Xχ p∇Xη∆tq�1 BXi p∇Xη∆tq p∇Xη∆tq�1

	 1

det p∇Xη∆tq
M̃∆t

� tr
�
∇Xχ p∇Xη∆tq�1

	
BXi

�
1

det p∇Xη∆tq
M̃∆t



.

From the weak convergence (5.4.23) of ∇2
Xη∆t, the strong convergence (5.4.38) of 1

detp∇Xη∆tq
M̃∆t and

the (strong) convergence (5.4.59) of its gradient we thus infer that

∇X

�
�tr

�
∇Xχ p∇Xη∆tq�1
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 in L2 pp0, T q � Ω0q .

This, in combination with the strong convergence (5.4.59) of the magnetization gradient, immediately
implies that» T
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p∇Xηq�1 ∇Xχ p∇Xηq�1

�
dXdt (5.4.60)

for any χ P Dpp0, T q � Ω0q. For the limit passage in the stray field term we require (local) weak
convergence of the gradient of the stray field. In order to show this we consider an arbitrary compact
set K � Ω0. From the uniform bound (5.4.18) of detp∇Xη∆tq away from zero we infer that» T

0

»
K

���∇XH
�
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�
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L2p0,T ;L2pη∆tp�,Kqqq
(5.4.61)

for a constant c ¡ 0 independent of ∆t. Further, from the compactness of K and the uniform
convergence (5.4.28) of η∆t we infer the existence of some constant δ ¡ 0 independent of ∆t such that

dist
�
η∆t pt,Kq , BΩ∆tptq

	
¥ δ @t P r0, T s
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for all sufficiently small ∆t ¡ 0. This allows us to apply the bound (A.2.10), given by Lemma A.2.3
in the appendix for solutions to the Poisson equation, to the right-hand side of the inequality (5.4.61).
Hence we infer that, for another constant c ¡ 0 independent of ∆t,���∇XH

�
M̃∆t, η∆t

�
pη∆tq

���2

L2pp0,T q�Kq
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��M∆t
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��2 dxdt
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p∇Xη∆tq�1

����2
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dXdt ¤ c

thanks to the uniform bounds (5.4.17), (5.4.19) and (5.4.22). Thus, using a diagonal argument, we
may extract another subsequence for which it holds that

∇XH
�
M̃∆t, η∆t

�
pη∆tq á ∇XH

�
M̃, η

�
pηq in L2 pp0, T q �Kq

for any compact set K � Ω0, where the identification of the limit function results from the already
known convergence (5.4.50). In combination with the uniform convergence (5.4.28) of the inverse
deformation gradient and the strong convergence (5.4.39) of the magnetization this implies that, for
any compactly supported test function χ P Dpp0, T q � Ω0q,» T

0

»
Ω0
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�
� χ dXdt. (5.4.62)

Next we remark that due to the uniform bound (5.4.17) we can extract another subsequence and find

some limit function z P L8p0, T ;L
q
q�1 pΩ0qq, which will be identified in (5.4.70) below, such that

��∇2
Xη∆t

��q�2 ∇2
Xη∆t

�á z in L8
�

0, T ;L
q
q�1 pΩ0q

	
. (5.4.63)

For the limit passage in the terms involving the anisotropy energy density Ψ̃ and the elastic energy
density W we recall the boundedness assumptions (5.1.10), (5.1.11) on W 1 and Ψ̃F , which imply that

��W 1 p∇Xη∆tq
��� ���Ψ̃F

�
∇Xη∆t, M̃∆t

	��� ¤ c
�

1� |∇Xη∆t|p2 �
���M̃∆t

���p3
	
,

where 1 ¤ p2   8 and 1 ¤ p3   6. Together with the uniform bounds (5.4.17) and (5.4.21) this
implies that

��W 1 p∇Xη∆tq
��
Lppp0,T q�Ω0q
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���Ψ̃F

�
∇Xη∆t, M̃∆t

	���
Lppp0,T q�Ω0q

¤ c

for some p ¡ 1. Therefore, the strong convergences (5.4.28) and (5.4.39), together with the continuity
(5.1.8) of W 1 and Ψ̃F and the Vitali convergence theorem, yield

W 1 p∇Xη∆tq ÑW 1 p∇Xηq in Lp pp0, T q � Ω0q , (5.4.64)
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�
∇Xη∆t, M̃∆t
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�
∇Xη, M̃

	
in Lp pp0, T q � Ω0q (5.4.65)

for some p ¡ 1. For the forcing term f we know from Lemma A.3.2 (i) in the appendix that

f∆t Ñ f in C
�r0, T s;Lp �R3

��
for all 1 ¤ p   8,

which, as in the derivation of the convergence (5.4.56) of the quantity Hextpη∆tq, implies that

f∆t

�
η1∆t

�Ñ f pηq in Lp pp0, T q � Ω0q for all 1 ¤ p   8. (5.4.66)
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Finally we notice that the term involving the material derivative of the magnetization vanishes as ∆t
tends to zero: Indeed, from the uniform bound (5.4.35) as well as the strong convergences (5.4.28) of
the deformation gradient and its inverse and (5.4.39) of the magnetization we see that
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� dXdtÑ 0. (5.4.67)

Now we combine the convergences (5.4.60) and (5.4.62)–(5.4.67) with the weak convergence (5.4.23)
of Btη∆t as well as the strong convergences (5.4.28) of ∇Xη∆t, ∇Xη

1
∆t and their inverses, (5.4.39) of

M̃∆t and (5.4.56) of Hextpη∆tq and pass to the limit in the discrete equation of motion (5.4.4). As a
result we obtain the identity» T
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for all χ P Dpp0, T q � Ω0q. It remains to identify the weak-� limit z of |∇2
Xη∆t|q�2∇2

Xη∆t. To this
end we choose an arbitrary non-negative smooth cutoff function φ P Dpp0, T q � Ω0q. After a density
argument we may use the function pη∆t � ηqφ as a test function for the equation of motion (5.4.4) on
the ∆t-level. Since

pη∆t � ηqφ �á 0 in L8
�
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�
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we may repeat the above limit passage leading to the identity (5.4.68) and deduce that» T
0

»
Ω0

���∇2
Xη∆t

��q�2 ∇2
Xη∆t

	 ... ∇2
X ppη∆t � ηqφq dXdtÑ 0.
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Since φ can be chosen as an approximation of the constant function 1 on p0, T q �Ω0 this implies that

∇2
Xη∆t Ñ ∇2

Xη in Lq pp0, T q � Ω0q . (5.4.69)

This is sufficient to identify the limit function z in the convergence (5.4.63) as

z � ��∇2
Xη

��q�2 ∇2
Xη a.e. in p0, T q � Ω0. (5.4.70)

Applying this identity to the limit (5.4.68) of the discrete equation of motion, we conclude that our
limit functions satisfy the desired equation of motion (5.1.15) (cf. also the identity (5.1.21)).

5.4.5 Proof of the main result

We are now in the position to prove Theorem 5.1.1. Summarizing the results from Sections 5.4.1–5.4.4,
we have so far shown the existence of a weak solution in the sense of Definition 5.1.1 - except for the
regularity (5.1.18) of M - on the interval r0, T q with T ¡ 0 chosen according to Lemma 5.4.1 and
Lemma 5.4.2. Indeed, the regularity (5.1.13), (5.1.14) of the deformation and the magnetization follows
from the convergences (5.4.23), (5.4.24), (5.4.53) and the fact that the set E is closed with respect
to weak convergence in W 2,qpΩ0q. The equation of motion (5.1.15) (cf. also the identity (5.1.21))
follows from the identity (5.4.68) together with the identification (5.4.70). From the uniform in time
convergences (5.4.26) and (5.4.39) of the deformation and the magnetization we further conclude the
initial conditions (5.1.16), (5.1.17). The magnetic force balance (5.1.19) (cf. also the identity (5.1.23))
is shown in (5.4.58). Next we check the L8p0, T ;H1pΩp�qqq-regularity (5.1.18) of M : Due to the
L8p0, T ;H1pΩ0qq-regularity of 1

detp∇XηqM̃ (cf. (5.4.25)) and the essential bounds of detp∇Xηq and

p∇Xηq�1 (cf. (5.4.28)) we know that
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  8.
This proves the desired L8p0, T ;H1pΩp�qqq-regularity (5.1.18) of M .

Finally, it remains to show that the existence time T can be chosen as T � T 1 for T 1 ¡ 0 as in Theorem
5.1.1. To this end we denote by Tmax ¡ 0 the maximal time such that pη, M̃q is a weak solution on
each interval r0, T q with 0   T   Tmax. We assume that Tmax   8 and

lim inf
tÑTmax

Ẽ
�
ηptq, M̃ptq

	
  8. (5.4.71)

We first show that the pair pη, M̃q satisfies an energy inequality on the interval r0, Tmaxs. In order to
do so we return to the discrete energy inequality in the form (5.4.14), which holds true for arbitrarily
large discrete time indices k P N. In terms of the interpolants of the discrete solution this inequality
can be expressed as
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for any τ P r0,8q, where c3, c4 ¡ 0 denote the constants introduced in (5.4.12) and (5.4.15), respec-
tively, independent of ∆t and τ . For almost all τ P r0, Tmaxq we can use the convergences (5.4.23),
(5.4.28), (5.4.38), (5.4.39), (5.4.50), (5.4.53), (5.4.59), (5.4.66) and (5.4.69) in combination with the
weak lower semicontinuity of norms to pass to the limit in this inequality. This yields the estimate
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ρf pηq � Btη dXdt (5.4.72)

for almost all τ P r0, Tmaxs. Next, due to the bound (5.4.71), we find a sequence ptiqiPN � r0, Tmaxq and
a constant c ¡ 0 independent of i such that ti Ñ Tmax for iÑ8 and Ẽpηptiq, M̃ptiqq ¤ c for all i P N.
In particular, we may extract a subsequence and find functions ηpTmaxq P E and M̃pTmaxq P H1pΩ0q
such that

η ptiq á η pTmaxq in W 2,q pΩ0q , η ptiq Ñ η pTmaxq in C1
�
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�
, M̃ ptiq Ñ M̃ pTmaxq in L4 pΩ0q ,
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for ti Ñ Tmax and
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  8. (5.4.73)

The regularity
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for all 0 ¤ T   Tmax, cf. (5.4.23), (5.4.24), (5.4.26) and (5.4.39), implies that, cf. Remark A.4.1,

η P Cweak

�r0, Tmaxq ;W 2,q pΩ0q
�
, M̃ P Cweak

�r0, Tmaxq ;H1 pΩ0q
�
.

Consequently the functions ηpTmaxq and M̃pTmaxq can be understood not only as the limits of ηptiq
and M̃ptiq for ti Ñ Tmax but as the limits of ηptq and M̃ptq for t Ñ Tmax respectively. In particular,
since weakly convergent sequences are bounded, it follows that

Ẽel pηptqq ¤ c for all t P r0, Tmaxs
for a constant c ¡ 0 independent of t. Hence, by Lemma A.7.1 in the appendix, detp∇Xηptqq is
bounded away from zero in Ω0, uniformly with respect to t P r0, Tmaxs. In combination with the
Poincaré inequality and the Young inequality this yields, exactly as in the derivation of the first
inequality in (5.3.2),»

Ω0

ν
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2νc

for almost all t P r0, Tmaxs, the constant c̃ ¡ 0 from the Poincaré inequality on Ω0 and another constant
c ¡ 0 independent of t. Applying this to the energy estimate (5.4.72) in the limit system we infer that
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for almost all τ P r0, Tmaxs and yet another constant c ¡ 0 independent of τ . From the Gronwall
inequality we thus infer that
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for almost all τ P r0, Tmaxs and in particular

η P L8 p0, Tmax; Eq
£
C
�r0, Tmaxs ;C1

�
Ω0

��
, (5.4.74)

M̃ P L8 �
0, Tmax;H1 pΩ0q

�£
C
�r0, Tmaxs ;L2 pΩ0q

�
, (5.4.75)

Btη P L2
�
0, Tmax;H1 pΩ0q

�
, BtM̃ P L2 pp0, Tmaxq � Ω0q . (5.4.76)

With the regularity (5.4.74)–(5.4.76) at hand we may conclude the proof via a contradiction argument:
We assume in addition that ηpTmaxq P intpEq. Then we may apply the local existence result we have
proved so far to construct a solution on the interval rTmax, Tmax � εq for some small ε ¡ 0. Due
to the regularity (5.4.74)–(5.4.76) the two solutions can be assembled to a solution on the interval
r0, Tmax � εq. This, however, results in a contradiction to the maximality of Tmax. Therefore, the
assumption ηpTmaxq P intpEq is wrong. It follows that ηpTmaxq P BE and hence Tmax � T 1, which
finishes the proof of Theorem 5.1.1.





Chapter 6

Conclusion

In the first part of this thesis we dealt with the interaction problem between an electrically conducting
fluid, insulating rigid bodies as well as the electromagnetic fields inside both of these materials. After
a brief look at the derivation of the models for this problem - which consist of a coupling between the
Navier-Stokes equations, the Maxwell equations and the balances of linear and angular momentum of
the rigid bodies - in Chapter 2, we turned to the associated mathematical analysis.

In Chapter 3 we proved the local-in-time existence of weak solutions to the problem in the case of
an incompressible electrically conducting fluid and one insulating rigid body. Our proof relied on a
hybrid discrete-continuous approximation scheme: The main part of the system was discretized with
respect to time via the Rothe method, which allowed us to deal with the high coupling of the problem
caused by the solution-dependent test functions in the induction equation. The transport equation for
the characteristic function instead was solved directly as a continuous equation on the small intervals
between all consecutive discrete time points. This was necessary to prevent the function from taking
values apart from 0 and 1, so that the position of the solid body could be determined precisely at all
discrete times. The solution-dependent test functions in the momentum equation could be handled
via a use of the Brinkman penalization. In this penalization method the rigid body is approximated
by a permeable rigid body, the velocity field of which is determined as a rigid projection of the fluid
velocity.

In Chapter 4 we were able to extend our previous findings to the setting of a compressible fluid
and multiple rigid bodies. Additionally, instead of local-in-time we obtained global-in-time existence.
Besides the difficulties already known from the incompressible case, the proof of this result beared
some further problems. Most strikingly, it seemed impossible to discretize the continuity equation in
such a way that non-negativity of the density could be guaranteed. This lead us to shift the weighting
in the hybrid approximation scheme: While we still approximated the induction equation discretely,
the whole mechanical part of the system was treated as a continuous problem right from the start.
Consequently, we were able to construct a non-negative density by following the classical existence
theory for the time-dependent compressible Navier-Stokes equations. By an adept combination of the
discrete and the continuous parts of the system, we could then derive a meaningful energy inequality
and thereby the uniform bounds required for the limit passage in the time discretization. Moreover,
the fact that the density is not bounded away from zero in a compressible fluid caused us to switch the
penalization method. Instead of the Brinkman penalization we used a method in which the original
problem is replaced by an all-fluid problem and the rigid bodies are approximated by letting the
viscosity of the fluid rise to infinity in certain parts of the domain.

Potential future research goals, building up on our results, arise in view of the possible applications
of the models studied in this thesis. Indeed, as discussed in Section 1.1, such applications include the
medical procedures of capsule endoscopy and remote drug delivery. In these procedures, robots of a
microscopic scale are navigated through the electrically conducting blood in the human body. The
robots used for such purposes can typically be expected to be electrically conducting, cf. [59]. The
solid bodies we took into consideration in our examination of the fluid-rigid body interaction problem,
however, were assumed to be insulating. Consequently, a logical next step could be an extension of our
results to the proof of the existence of weak solutions to the fluid-rigid body interaction problem with
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not only an electrically conducting fluid but also electrically conducting rigid bodies. Similarly, an
extension of our results to a setting which includes deformable solid objects would be desirable. This
is of interest for another application mentioned in Section 1.1, namely the study of the interaction
between the membranes of cells and extracellular or intracellular fluids in organisms: While our work
in the rigid body case can be understood as an intermediate step on the way to the comprehension of
this occurrence, it needs to be kept in mind that the membranes of cells in real organisms are rather
deformable.

Additionally, we mention the possibility of investigating the fluid-rigid body interaction problem with
an electrically conducting fluid under different boundary and interface conditions than the classical
no-slip condition. A specific example we have in mind is the slip boundary and interface condition
of friction type, which is considered as particularly interesting in the modeling of fluid-structure
interactions. This also establishes a connection to the work discussed in Section 1.4, wherein the
existence of weak solutions to a fluid-only problem subject to such a boundary condition is proved.

Moreover, we point out that there remains an open problem connected to our simplifying assumptions
on the magnetic permeability µ in the models in this thesis. Indeed, despite the material differences
in the solid and the fluid region, we assumed µ to take the same value in both of these domains,
cf. Section 1.3.1 and Section 1.3.2. Thanks to this we could assume the magnetic induction B to be
continuous across the interface between the fluid and the solid bodies. The latter condition, in turn,
was crucial for the Sobolev regularity of B assumed in our weak formulation of the problem. A further
potential aim for future works could thus be the set-up of a suitable definition as well as the proof of
the existence of weak solutions to the problem in the - physically more accurate - case of a magnetic
permeability taking different values in the fluid and the solid region. However an advancement in this
direction would probably need a new methodology.

In the second part of the thesis we analyzed the evolution of a magnetoelastic material. More specifi-
cally, in Chapter 5, we proved the local-in-time existence of weak solutions to a model of the interaction
between the deformation and the magnetization of such a material. In this proof, in order to handle
the non-convexity of the energy functional in the model, we exchanged the approach via the Rothe
method for an implementation of De Giorgi’s minimizing movement scheme. In the latter approach
the problem is also discretized with respect to the time, however, instead of solving the discrete equa-
tions directly we obtain them as the Euler-Lagrange equations of a suitable discrete minimization
problem. The solution to the discrete problem - as the solution to a minimization problem - was
then easily seen to satisfy a suitable energy inequality. A derivation of an energy inequality from the
discrete equations instead would have been prevented by the non-convexity of the energy. The great-
est difficulty in our application of De Giorgi’s method was to find the correct choice of the discrete
minimization problem. The minimization problem needed to be constructed in such a way that its
Euler-Lagrange equations constitute a suitable approximation of the original system. We succeeded
in this construction by realizing that already on the continuous level both equations of the system can
be expressed in terms of the same energy and dissipation potentials, despite the transport terms in
the magnetic force balance, which do not appear in the equation of motion. We could subsequently
use these potentials as a template for the functional to be minimized on the discrete level.

Similar to the first part of this thesis, our analysis of the evolution of magnetoelastic materials offers
some opportunities for future research as well. First of all, we recall that in our investigations we
had to limit ourselves to compactly supported test functions in the equation of motion, cf. Remark
5.1.5. An extension of our results to the proof of the existence of weak solutions allowing for non-
compactly supported test functions would be desirable. Next, we recall that in our considerations we
restricted ourselves to the quasi-static case, in which inertial effects are ignored. Our proof in this
case followed, on the whole, the implementation of De Giorgi’s minimizing movements method in [7,
Section 2]. Following further the extension of the minimizing movements method from [7, Section 3],
a generalization of our results to the fully dynamical setting - with the inertial effects included - then
appears to be a practicable task for future works. Finally, we point out that the solid studied in its
own right in the present thesis might be supplemented by a surrounding electrically conducting fluid.
This would turn the problem into a fluid-structure interaction problem and in particular establish a
connection to the first part of the thesis. While the interaction between the fluid and the deformable
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solid in this setting could probably be handled as in [7], more difficulties are to be expected from the
electromagnetic part of the problem: The theory of magnetohydrodynamics in the fluid would have
to be combined with the theory of micromagnetics in the solid, which would require the development
of another methodology. Overcoming these issues, however, one could prove the existence of weak
solutions to a fluid-structure interaction problem with deformable solids and with electromagnetic
effects taken into account in both the fluid and the solid domain.





A Appendix

A.1 Carathéodory solutions

In Chapter 3 and Chapter 4 we make use of the concept of Carathéodory solution to ordinary dif-
ferential equations (see [95, Section 3.2], [99, Section 1.6]) in order to characterize the motion of the
solid bodies via the characteristics of the associated velocity fields. For the convenience of the reader
we give a brief summary of this concept in the present section. Let T ¡ 0 and s P r0, T s. A function
u : r0, T s �R3 Ñ R3 is called a Carathéodory function if up�, xq is measurable for all fixed x P R3 and
if upt, �q is continuous for almost all fixed t P r0, T s. For such a function u we study the initial value
problem

dηpt;xq
dt

� u pt, ηpt;xqq , Xpsq � x (A.1.1)

for t P r0, T s, x P R3. A function ηp�;xq : r0, T s Ñ R3 is said to be a Carathéodory solution to (A.1.1)
if it is absolutely continuous and if it satisfies the initial value problem (A.1.1) for almost all t P r0, T s.
Under certain regularity assumptions on u the existence and uniqueness of Carathéodory solutions is
well-known. For our purposes we use the following version of [95, Theorem 3.4].

Theorem A.1.1. Let T ¡ 0 and s P r0, T s. Let either

u P L2p0, T ;W 1,8pR3qq (A.1.2)

or let

u : r0, T s � R3 Ñ R3, upt, xq :� vptq � wptq � x, v, w P L2p0, T q. (A.1.3)

Then, for all x P R3, the initial value problem (A.1.1) has a unique Carathéodory solution ηp�, xq :
r0, T s Ñ R3.

Proof

In both the cases (A.1.2) and (A.1.3) the function u constitutes a Carathéodory function such that,
for all c ¡ 0, there exists a function hc P L2p0, T q with

|upt, xq| ¤ hcptq

for all t P r0, T s and all x P R3 satisfying |x| ¤ c. Moreover, in both the cases (A.1.2) and (A.1.3)
there exists a function α P L2p0, T q such that

|u pt, x1q � u pt, x2q| ¤ αptq |x1 � x2|

for all t P r0, T s and all x1, x2 P R3. Under these circumstances the existence of a unique solution
η P H1p0, T q to the initial vale problem (A.1.1) is implied by [95, Theorem 3.4]. Since η P H1p0, T q is
moreover absolutely continuous, this concludes the proof.

l
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A.2 Results related to the Poisson equation

In Chapter 3 we estimate the H2-norm of the velocity field in the regularized system by the L2-norm
of its Laplacian. This is possible, in C2-domains, due to the following well-known inequality.

Lemma A.2.1. Let Ω � R3 be a bounded domain of class C2. Then there exists a constant c ¡ 0
such that, for any function φ P H2pΩq�H1

0 pΩq,

}φ}H2pΩq ¤ c
�
}φ}L2pΩq � }∆φ}L2pΩq

	
. (A.2.1)

Proof
Any function φ P H2pΩq�H1

0 pΩq solves the Poisson problem

∆φ � f in Ω, φ � 0 on BΩ

with f � ∆φ P L2pΩq. Therefore, the estimate (A.2.1) is given by the classical (boundary) regularity
theory for the Poisson equation, cf. [40, Section 6.3.2, Theorem 4].

l

In order to include non-solenoidal functions into the set of admissible test functions in the variational
form of the induction equation in Chapter 3 and Chapter 4, we make use of the following variant of
the Helmholtz decomposition [107, Theorem 4.2].

Lemma A.2.2. Let Ω � R3 be a simply connected bounded domain of class C1,1 with outer unit normal
vector n. Then any function b P H1pΩ;R3q satisfying curl b P H1pΩ;R3q admits a decomposition of
the form

b � ∇q � curlw,

where the functions on the right-hand side satisfy

q P H1 pΩ;Rq , w P L2
�
Ω;R3

�
, curlw P H1

�
Ω;R3

�
, divw � 0 in Ω, pcurlwq � n|BΩ � 0.

(A.2.2)

Proof
According to the Helmholtz decomposition [107, Theorem 4.2] for L2-functions we may write

b � ∇q � curlw,

where

q P H1pΩ;Rq, w P L2
�
Ω;R3

�
, curlw P L2

�
Ω;R3

�
, divw � 0 in Ω (A.2.3)

and in addition, cf. [107, (4.11)],»
Ω

curlw �∇φ dx � 0 @φ P H1 pΩ;Rq . (A.2.4)

We denote by γ the trace operator on the classical Sobolev spaces and by γn the trace operator

γn :
 
ψ P L2

�
Ω;R3

�
: divψ P L2 pΩ;Rq(Ñ �

H
1
2 pBΩ;Rq

	�
, γnpψq � γpψq � n @ψ P D

�
R3

�
,

which satisfies the Stokes formula»
Ω
φ divψ dx � xγnpψq, γpφqy

pH
1
2 pBΩ;Rqq��H

1
2 pBΩ;Rq

�
»

Ω
∇φ � ψ dx (A.2.5)

for all ψ P L2pΩ;R3q with divψ P L2pΩ;Rq and all φ P H1pΩq, cf. [94, Lemma 3.10]. Since divpcurlwq �
0 P L2pΩ;Rq, γnpcurlwq is well-defined in pH 1

2 pBΩ;Rqq� and from the identity (A.2.4) and the Stokes
formula (A.2.5) it follows that in fact

γnpcurlwq � 0. (A.2.6)
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This allows us to estimate

}curlw}2H1pΩq ¤ c
�
}curlw}2L2pΩq � }curl pcurlwq}2L2pΩq

	
  8, (A.2.7)

cf. [107, Theorem 3.1], where the boundedness of }curl pcurlwq}2L2pΩq follows from the inclusion

curl pcurlwq � curl pb�∇qq � curl b P H1
�
Ω;R3

�
.

The relations (A.2.3), the boundary condition (A.2.6) - which can now be understood in the sense of
traces of H1-functions - and the estimate (A.2.7) combined yield the relations (A.2.2), which concludes
the proof.

l

For the existence and the uniform bounds of the stray field in Chapter 5 we make use of the following
classical results for the Poisson equation, cf. [98, Theorem 5.1], [57, Theorem 8.8].

Lemma A.2.3. Let Ω � R3 be a bounded domain. Let M P H1pΩq be extended by 0 outside of Ω.
Then there exists a unique solution φ P 9H1pR3q to the Poisson equation»

R3

∇φ �∇ψ dx �
»

Ω
M �∇ψ dx @ψ P 9H1

�
R3

�
, (A.2.8)

where 9H1pR3q denotes the Hilbert space defined in (5.1.5). Further there exists a constant c ¡ 0,
independent of Ω, such that

}φ}
9H1pR3q � }∇φ}L2pR3q ¤ c}M}L2pΩq (A.2.9)

Moreover, for any δ ¡ 0 there exists a constant cpδq ¡ 0 independent of M and Ω such that

��∇2φ
��
L2pKq

¤ cpδq}M}H1pΩq (A.2.10)

for all compact subsets K � Ω satisfying distpK, BΩq ¥ δ.

Proof

The existence of a unique solution φ to the Poisson equation (A.2.8) as well as its 9H1pR3q-bound
(A.2.9) is proved in [98, Theorem 5.1]. A proof for a local H2-bound in terms of the H1pΩq-norm of
M and the L2pΩq-norm of ∇φ is given in [57, Theorem 8.8], so the local L2-bound (A.2.10) of ∇2φ
follows immediately from the 9H1pR3q-bound (A.2.9). We point out that, strictly speaking, the bound
of the second gradient in [57, Theorem 8.8] depends on the H1pΩq-norm of φ instead of only the L2pΩq-
norm of ∇φ. However, [57, Theorem 8.8] is formulated for the case of more general elliptic equations
and a look into its proof shows that boundedness of the L2pΩq-norm of ∇φ is indeed sufficient for the
setting of the Poisson equation.

l

A.3 Auxiliary results for the Rothe method

The proofs of all our main results in Chapters 3–5 are based on time discretizations of the respective
systems of partial differential equations via the Rothe method. In this section we present miscellaneous
auxiliary results for the application of this technique. We begin with the following variant of [99,
Theorem 8.9], which is used in the limit passage from the discretized systems back to continuous in
time settings, in order to guarantee that the weak limits of different interpolants of the same discrete
functions coincide.

Lemma A.3.1. Let T ¡ 0, ∆t ¡ 0, with T
∆t P N and let Ω � R3 be a domain. Let further hk∆t : Ω Ñ

Rl, k � 0, ..., T∆t , l P N, be time-independent functions with piecewise affine and piecewise constant
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interpolants

h∆tptq :�
�
t

∆t
� pk � 1q



hk∆t �

�
k � t

∆t



hk�1

∆t for pk � 1q∆t   t ¤ k∆t, k � 1, ...,
T

∆t
,

h∆tptq :� hk∆t for pk � 1q∆t   t ¤ k∆t, k � 0, ...,
T

∆t
,

h
1
∆tptq :� hk�1

∆t for pk � 1q∆t   t ¤ k∆t, k � 1, ...,
T

∆t
.

Assume moreover that

h∆t
�á h in L8p0, T ;L2pΩqq, h∆t

�á h in L8p0, T ;L2pΩqq, h
1
∆t

�á h
1

in L8p0, T ;L2pΩqq.
Then it holds that

h � h � h
1
. (A.3.1)

Proof
The proof, which is performed by comparing the limit of the functions h∆t, h

1
∆t to the one of h∆t

in the pairing with piecewise constant in time functions respectively, can be found in the proof of
[99, Theorem 8.9]. For the convenience of the reader, we restate the argument here: Without loss
of generality, we only consider the subsequences with indices ∆t � 2�lT , l P N. We pick L P N,
k1   k2   2L and ψ P L2pΩq and consider functions of the form χrτk1,τk2sψ, where τ :� 2�LT ¡ 0
and χrτk1,τk2s denotes the characteristic function of the interval rτk1, τk2s. By [99, Proposition 1.36],
linear combinations of such functions are dense in L2p0, T ;L2pΩqq. For ∆t ¤ τ , i.e. l ¥ L, we calculate

����
» T

0

»
Ω

�
h∆t � h∆t

� � χrτk1,τk2sψ dxdt

���� �
�������

τk2
∆ţ

k�
τk1
∆t

�1

» k∆t

pk�1q∆t

»
Ω

��
hk∆t � hk�1

∆t

	 t� k∆t

∆t

�
� ψ dxdt

�������
�

��������
∆t

2

τk2
∆ţ

k�
τk1
∆t

�1

»
Ω

�
hk∆t � hk�1

∆t

	
� ψ dx

������� �
�����∆t

2

»
Ω
ph∆tpτk2q � h∆tpτk1qq � ψ dx

���� ¤ c∆t, (A.3.2)

with c independent of ∆t, since h∆t is bounded uniformly in L8p0, T ;L2pΩqq. We conclude

h∆t � h∆t á 0 in L2p0, T ;L2pΩqq,
which implies the first identity from (A.3.1). Using the same kind of test function again, we also see����

» T
0

»
Ω

�
h∆t � h

1
∆t

	
� χrτk1,τk2sψ dxdt

����
�
����
» T

0

»
Ω

�
h∆t � h∆t

� � χrτk1,τk2sψ dxdt�
» τk2

τk2�∆t

»
Ω
h
τk2
∆t

∆t � ψ dxdt�
» τk1�∆t

τk1

»
Ω
h
τk1
∆t

∆t � ψ dxdt

����
¤c∆t� 2∆t}h∆t}L8p0,T ;L2pΩqq}ψ}L2pΩq ¤ c∆t,

exploiting in the first inequality the estimate we already know from (A.3.2). This implies h � h
1

and
hence the second identity in (A.3.1).

l

When passing to the limit in the time discretizations we further face the situation of having to pass
to the limit in discretized versions of given time-dependent functions (see e.g. (3.4.42)) as well as in
discretized versions of time-dependent functions which are already known to converge uniformly with
respect to the time (see e.g. (3.4.59)). In order to deal with this we use the following version of [99,
Lemma 8.7].

Lemma A.3.2.
Let T ¡ 0, ∆t ¡ 0 with T

∆t P N and let Ω � R3 be a domain.
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(i) Let γ � γp∆tq ¡ 0, γp∆tq Ñ 0 for ∆tÑ 0. Let h P L8pp0, T q � Ωq and define

hγptq :�
» T

0
θγ pt� ξγptq � sqhpsq ds, ξγptq :� γ

T � 2t

T
,

where θγ : RÑ R denotes a mollifier with support in r�γ, γs. Set further

h∆tptq :� hγp∆tqpk∆tq for pk � 1q∆t   t ¤ k∆t, k � 1, ...,
T

∆t
.

Then

h∆t Ñ h in Lppp0, T q � Ωq @1 ¤ p   8.

(ii) Let h PW l,qpr0, T s;W j,ppR3qq, l, j P N0, 1 ¤ p, q   8 and define

h∆tptq :� 1

∆t

» k∆t

pk�1q∆t
hpsq ds for pk � 1q∆t   t ¤ k∆t, k � 1, ...,

T

∆t
.

Then

h∆t Ñ h in C
�r0, T s;W j,ppR3q� .

(iii) Let ph∆tq∆t¡0 � Cpr0, T s;W j,ppR3qq, j P N0, 1 ¤ p   8, be a sequence such that

h∆t Ñ h in C
�r0, T s;W j,ppR3q� .

Let further

h∆tptq :�h∆tpk∆tq for pk � 1q∆t   t ¤ k∆t, k � 1, ...,
T

∆t
,

h
1
∆tptq :�h∆tppk � 1q∆tq for pk � 1q∆t   t ¤ k∆t, k � 1, ...,

T

∆t
.

Then

h∆tptq, h1∆tptq Ñ h in C
�r0, T s;W j,ppR3q� .

Proof
The statement (i) is proved in [99, Lemma 8.7]. The statements (ii) and (iii) follow by similar
arguments: For (ii) we fix some arbitrary value ε ¡ 0 and write

��h∆t � h
��
Cpr0,T s;W j,ppR3qq

� sup
tPr0,T s

����� 1

∆t

» k∆t,t∆t

pk∆t,t�1q∆t
hpsq � hptq ds

�����
W j,ppR3q

¤ sup
tPr0,T s

1

∆t

» k∆t,t∆t

pk∆t,t�1q∆t
}hpsq � hptq}W j,ppR3q ds, (A.3.3)

where k∆t,t P t1, ..., T∆tu is chosen such that t P rpk∆t,t�1q∆t, pk∆t,tq∆ts. Since h PW l,qpr0, T s;W j,ppR3qq �
Cpr0, T s;W j,ppR3qq we find some τ ¡ 0 such that }hpsq � hptq}W j,ppR3q ¤ ε for |s � t|   τ . Choosing
∆t   τ it follows from the estimate (A.3.3) that��h∆t � h

��
Cpr0,T s;W j,ppR3qq

¤ ε

for all such ∆t, which concludes the proof of (ii). For the third statement we again fix an arbitrary
value ε ¡ 0 and pick τ ¡ 0 sufficiently small to have }h∆t � h}Cpr0,T s;W j,ppR3qq ¤ ε

2 for all ∆t   τ .
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Further, we choose τ sufficiently small such that }h∆tpt1q � h∆tpt2q}W j,ppR3q ¤ ε
2 for |t1 � t2|, ∆t ¤ τ .

It follows that }h∆tptq � h∆tptq}W j,ppR3q ¤ ε
2 for any ∆t ¤ τ , t P r0, T s and for such ∆t we conclude

��h∆t � h
��
Cpr0,T s;W j,ppR3qq

¤ ��h∆t � h∆t

��
Cpr0,T s;W j,ppR3qq

� }h∆t � h}Cpr0,T s;W j,ppR3qq ¤ ε.

By the same arguments a corresponding estimate can also be derived for h
1
∆t instead of h∆t, which

concludes the proof.
l

Moreover, we make use of the following discrete version of the Aubin-Lions Lemma, cf. [36, Theorem
1].

Lemma A.3.3. Let T ¡ 0, ∆t ¡ 0 with T
∆t P N. Let 0 ¤ t1 ¤ t2 ¤ T be such that t1

∆t ,
t2
∆t P N and

set I :� pt1, t2q. Let 1 ¤ p, q   8 and let Z1 � Z2 � Z3 be Banach spaces such that Z1 is embedded
compactly into Z2 and Z2 is embedded continuously into Z3. Moreover, let hk∆t P Z1, k � 0, ..., T∆t , be
time-independent functions with piecewise constant interpolants

h∆tptq :� hk∆t for pk � 1q∆t   t ¤ k∆t, k � 0, ...,
T

∆t
,

h
1
∆tptq :� hk�1

∆t for pk � 1q∆t   t ¤ k∆t, k � 1, ...,
T

∆t
.

(i) If there exists a constant c ¡ 0, independent of ∆t, such that the estimate����h∆tp�q � h∆tp� �∆tq
∆t

����
Lppt1�∆t,t2;Z3q

� ��h∆t

��
LqpI;Z1q

¤ c

holds true for all sufficiently small values of ∆t, then there exists a function h P LqpI;Z2q such
that, possibly after the extraction of a subsequence,

h∆t Ñ h in Lq pI;Z2q . (A.3.4)

(ii) If there exists a constant c ¡ 0, independent of ∆t, such that the estimate�����h
1
∆tp�q � h

1
∆tp� �∆tq

∆t

�����
Lppt1�∆t,t2;Z3q

�
���h1∆t���

LqpI;Z1q
¤ c

holds true, respectively, for all sufficiently small values of ∆t, then there exists a function h P
LqpI;Z2q such that, possibly after the extraction of a subsequence,

h
1
∆t Ñ h in Lq pI;Z2q . (A.3.5)

Proof
A proof of Lemma A.3.3 is given, for example, in [36, Theorem 1].

l

Remark A.3.1. A version of Lemma A.3.3 remains true even if the condition t1
∆t ,

t2
∆t P N is not

satisfied: In this case, instead of the convergence (A.3.4) or (A.3.5), the extracted subsequence satisfies
the convergence

h∆t Ñ h in Lq pIC ;Z2q or h
1
∆t Ñ h in Lq pIC ;Z2q ,

respectively, for all compact intervals IC � I.

In the derivation of the discrete energy estimate in Section 5.4.1 we control the discrete difference
quotient of the external magnetic field Hext through its classical time derivative BtHext via the following
result, which constitutes a version of the estimate (8.72) in the proof of [99, Theorem 8.18].
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Lemma A.3.4. Let ∆t ¡ 0, let Hext PW 1, 4
3 p0,8;W 1, 4

3 pR3qq and set

pHextqk∆t :� 1

∆t

» k∆t

pk�1q∆t
Hextptq dt @k P N.

Then

∆t
ķ

l�2

�����pHextql∆t � pHextql�1
∆t

∆t

�����
4
3

L
4
3 pR3q

¤ }BtHext}
4
3

L
4
3 pp0,8q�R3q

@k P N.

Proof
The statement can be proved in the same way as the corresponding estimate (8.72) in the proof of [99,
Theorem 8.18]. Indeed, for arbitrary k P N, we estimate, under exploitation of Jensen’s inequality,

∆t
ķ

l�2

�����pHextql∆t � pHextql�1
∆t

∆t

�����
4
3

L
4
3 pR3q

� ∆t
ķ

l�2

1

p∆tq 8
3

�����
» l∆t
pl�1q∆t

Hextptq �Hextpt�∆tq dt
�����

4
3

L
4
3 pR3q

� ∆t
ķ

l�2

1

p∆tq 8
3

�����
» l∆t
pl�1q∆t

» ∆t

0
� d

dτ
Hextpt� τq dτdt

�����
4
3

L
4
3 pR3q

� ∆t
ķ

l�2

1

p∆tq 8
3

�����
» l∆t
pl�1q∆t

» ∆t

0

d

dt
Hextpt� τq dτdt

�����
4
3

L
4
3 pR3q

¤ ∆t
ķ

l�2

1

p∆tq 8
3

�» l∆t
pl�1q∆t

» ∆t

0

���� ddtHextpt� τq
����
L

4
3 pR3q

dτdt

� 4
3

¤
ķ

l�2

1

∆t

» l∆t
pl�1q∆t

» ∆t

0

���� ddtHextpt� τq
����

4
3

L
4
3 pR3q

dτdt

�
ķ

l�2

1

∆t

» ∆t

0

» l∆t�τ
pl�1q∆t�τ

}BtHextpsq}
4
3

L
4
3 pR3q

dsdτ

¤
ķ

l�2

1

∆t

» ∆t

0

» l∆t
pl�2q∆t

}BtHextpsq}
4
3

L
4
3 pR3q

dsdτ

¤ }BtHext}
4
3

L
4
3 p0,8;L

4
3 pR3qq

.

l

A.4 Compactness results

In this section we summarize several compactness results used all throughout Chapters 3 and 4. They
are required for the extraction of strongly convergent subsequences in the limit passages in the various
approximation levels in the proofs of the respective main results Theorem 3.1.1 and Theorem 4.1.1. We
start with the following lemma, which constitutes a variant of the well-known tools for the derivation
of Cweak-convergence, cf. for example [94, Lemma 6.2].

Lemma A.4.1. Let I � R be an interval, let X be a reflexive Banach space and let Y � be a dense
subset of the dual space X� of X. Let further pfnqnPN � L8pI;Xq be a sequence of functions satisfying

fn
�á f in L8 pI;Xq

and ��Bt xfnptq, φyX�X�

��
LppIq

¤ c @φ P Y � (A.4.1)
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for some p ¡ 1 and a constant c ¡ 0 dependent on φ but independent of n. Then, possibly after the
extraction of a non-relabeled subsequence,

fn Ñ f in Cweak

�
I;X

�
. (A.4.2)

Moreover, if in addition Z denotes a Banach space such that X is embedded compactly into Z, then

fn Ñ f in Lq pI;Zq @1 ¤ q   8. (A.4.3)

Proof
We fix φ P Y �. The estimate (A.4.1) and the Morrey embedding imply that��xfnp�q, φyX�X�

��
CpIq

,
��xfp�q, φyX�X�

��
CpIq

¤ c (A.4.4)

and ��xfnptq, φyX�X� � xfnpsq, φyX�X�

�� ¤ c |t� s| 1
p1 @t, s P I

for a constant c ¡ 0 depending on φ but not on n, s and t as well as 1 ¤ p1   8 such that 1
p � 1

p1 � 1.
The latter two estimates allow us to apply the Arzelà-Ascoli theorem and infer that, after the extraction
of a non-relabeled subsequence,

xfnp�q, φyX�X� Ñ xfp�q, φyX�X� in C
�
I
� @φ P Y �. (A.4.5)

From this relation we may deduce the desired convergence (A.4.2) by following the arguments of the
proof of [97, Lemma 2.2.5]: For any n P N we define a bounded linear functional Lnptq : X� ÞÑ R by

Lnptqφ :� lim inf
hÑ0

1

h

» t�h
t

xfnpsq, φyX�X� ds, |Lnptqφ| ¤ }fn}L8pI;Xq }φ}X� @φ P X�. (A.4.6)

In particular it holds that Lnptq P X��, so there exists a unique lnptq P X such that

xlnptq, φyX�X� � Lnptqφ, }lnptq}X � }Lnptq}X�� @φ P X�.

From the estimate (A.4.6) it follows that

}lnptq}X � sup
}φ}X�¤1

|Lnptqφ| ¤ }fn}L8pI;Xq . (A.4.7)

Further, from the definition of Lnptq in (A.4.6) and the continuity given by (A.4.4) we see that

xlnptq, φyX�X� � Lnptqφ � xfnptq, φyX�X� @φ P Y �. (A.4.8)

For almost all t P I it holds that fnptq P X. For such t the identity (A.4.8) shows that fnptq coincides
with lnptq as an operator on X� due to the density of Y � in X�. For the remaining t P I we set,
without loss of generality, fnptq equal to its closure on X�, which exists and is continuous because of
the density of Y � in X�, cf. [94, 1.4.7.6]. Then the equation (A.4.8) again implies that fnptq � lnptq.
Now the estimate (A.4.7) shows that

}fnptq}CpI;Xq ¤ }fnptq}L8pI;Xq ¤ c (A.4.9)

for a constant c ¡ 0 independent of n. Arguing in the same way for f instead of fn, we also see that

}fptq}CpI;Xq ¤ }fptq}L8pI;Xq ¤ c. (A.4.10)

Next we fix an arbitrary element φ P X�, choose η P Y � and write

sup
tPI

��xfnptq � fptq, φyX�X�

��
¤ sup

tPI

��xfnptq � fptq, ηyX�X�

��� sup
tPI

��xfnptq � fptq, φ� ηyX�X�

��
¤ sup

tPI

��xfnptq � fptq, ηyX�X�

��� sup
tPI

}fnptq � fptq}X }φ� η}X� .
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Due to the density of Y � in X� the quantity }φ� η}X� can be made arbitrarily small by a suitable
choice of η P Y �. Consequently the desired convergence (A.4.2) follows from the uniform bounds
(A.4.9), (A.4.10) and the convergence (A.4.5). Finally, the convergence (A.4.3) follows directly from
the compactness of Z in X and the abstract Arzelá-Ascoli theorem, cf. [94, Theorem 1.70].

l

Remark A.4.1. The proof of Lemma A.4.1 shows that the statement remains true if the condition
(A.4.1) is replaced by the condition

xfnp�q, φyX�X� Ñ xfp�q, φyX�X� in C
�
I
� @φ P Y �.

Consequently, Lemma A.4.1 in particular implies the following statement: If I � R is an interval, X
is a reflexive Banach space and Y is a Banach space which is dense in X, then

f P Cweak

�
I;X

�
for all f P L8 pI;Xq

£
Cweak

�
I;Y

�
,

which is the statement of [97, Lemma 2.2.5].

For the limit passage in the transport equation and hence for the convergence of the position of the
rigid body in the incompressible fluid-structure interaction problem in Chapter 3 we use the following
result, which is a variant of [103, Lemma 5.2, Corollary 5.2, Corollary 5.3].

Lemma A.4.2. Let T ¡ 0 and let χ0 P L8pR3q. Assume that for any n P N, the function

Πn : r0, T s � R3 Ñ R3, Πnpt, xq :� vnptq � wnptq � x, vn, wn P L8p0, T q,

satisfies

}vn}L8p0,T q , }wn}L8p0,T q ¤ c (A.4.11)

with c ¡ 0 independent of n. Denote further by ηn the Carathéodory solution of

dηnps; t, xq
dt

� Πn pt, ηnps; t, xqq , ηnps; s, xq � x (A.4.12)

for x P R3 and s, t P r0, T s and by χnpt, xq � χ0pηnpt; 0, xqq the corresponding solution to

�
» T

0

»
R3

χnBtΘdxdt�
»
R3

χ0Θp0, xq dx �
» T

0

»
R3

pχnΠnq �∇Θ dxdt @Θ P Dpr0, T q �R3q. (A.4.13)

Then, passing to subsequences if necessary, it holds that

ηn Ñ η in C
�r0, T s � r0, T s;Cloc

�
R3

��
, (A.4.14)

χn Ñ χ in C
�r0, T s;Lploc �R3

�� @1 ¤ p   8 (A.4.15)

with η denoting the unique solution of

dηps; t, xq
dt

� Π pt, ηps; t, xqq , ηps; s, xq � x (A.4.16)

for x P R3 and s, t P r0, T s, χ the one of

�
» T

0

»
R3

χBtΘdxdt�
»
R3

χ0Θp0, xq dx �
» T

0

»
R3

pχΠq �∇Θ dxdt @Θ P Dpr0, T q � R3q (A.4.17)

and with Π given by

Πn
�á Π in L8

�
0, T ;W 1,8

loc

�
R3

�	
. (A.4.18)

Moreover,
χpt, xq � χ0 pηpt; 0, xqq . (A.4.19)
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Proof
First we note that the existence of the solution ηn to (A.4.12) and the fact that χn is the solution
to (A.4.13) are guaranteed by [35, Theorem 3.2]. The relation (A.4.18) is clear by (A.4.11). The
convergence (A.4.15) and the equation (A.4.17) then immediately follow from [86, Theorem 2.5].
From the Gronwall inequality, the bounds (A.4.11) and the relation (A.4.12) it is possible to check
that for each compact set K � R3

tηnps; t, �qu is relatively compact in CpKq for all fixed ps, tq P r0, T s � r0, T s
and further to show equicontinuity of the mapping

ps, tq ÞÑ ηnps; t, �q
from r0, T s�r0, T s to CpKq. This gives us the conditions for a generalized version of the Arzelà-Ascoli
theorem, [115, A1(24i)], which allows us to infer (A.4.14). The fact that ηps; �, xq is the Carathéodory
solution to the initial value problem (A.4.16) then follows by writing (A.4.12) in a variational form and
passing to the limit with the help of (A.4.14) and (A.4.18). Since this solution is unique, it follows that
the solution of (A.4.17) is given by the right-hand side of (A.4.19). But since we already determined
the unique solution of (A.4.17) as the function χ given by (A.4.15), the equation (A.4.19) holds true,
which concludes the proof.

l

Remark A.4.2. If χ0 has compact support in R3, the relation χnpt, xq � χ0pηnpt; 0, xqq allows us to
improve the local convergence (A.4.15) to

χn Ñ χ in Cpr0, T s;LppR3qq @1 ¤ p   8.
In the compressible fluid-structure interaction problem in Chapter 4 we need a modified version of the
previous result in order to show convergence of the positions of the solid bodies: Since the velocity
field Rδrus, determining the motion of the approximate solid region in the penalization method used
in our proof of Theorem 3.1.1, is not a rigid velocity field, we need to generalize Lemma A.4.2 to a
broader class of velocity fields. In fact, we need to take into account velocity fields with non-vanishing
divergence, which in turn prevents us from using the transport theory and the description of the solid
region via a characteristic function given by a transport equation. The result we use instead of Lemma
A.4.2 is the following lemma, which can be found in [43, Proposition 5.1].

Lemma A.4.3. Let T ¡ 0, let O � R3 be a bounded domain of class C2
�
C0,1 and let κ ¡ 0. Let

further punqnPN be a sequence of vector fields bounded in L2p0, T ;W 1,8pR3qq uniformly with respect to
n. Moreover, denote by ηn the Carathéodory solution to the initial value problem

dηnpt, xq
dt

� un pt, ηnpt, xqq , ηnp0, xq � x (A.4.20)

for x P R3 and t P r0, T s and set Onptq :� ηnpt, Oq and Snptq :� pOnptqqκ � tx P R3 : distpx,Onptqq  
κu. Then, passing to subsequences if necessary, it holds that

ηn Ñη in C
�r0, T s;Cloc

�
R3

��
, (A.4.21)

dbOnptq ÑdbOptq in Cloc

�
R3

�
, (A.4.22)

dbSnptq ÑdbSptq in Cloc

�
R3

�
(A.4.23)

uniformly with respect to t P r0, T s, with Optq :� ηpt, Oq and Sptq :� pOptqqκ, with η denoting the
unique solution to

dηpt, xq
dt

� u pt, ηpt, xqq , ηp0, xq � x (A.4.24)

for x P R3, t P r0, T s, with u given by

un
�á u in L2

�
0, T ;W 1,8

�
R3

��
and with dbU denoting the signed distance function of a set U � R3 defined in (4.2.17).
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Proof
The convergences (A.4.21) and (A.4.22) can be concluded via an application of the Arzelà-Ascoli the-
orem, the convergence (A.4.23) follows directly from the convergence (A.4.22). The relation (A.4.24)
then follows by passing to the limit in the corresponding relation (A.4.20). For the details of the proof
we refer to [43, Proposition 5.1].

l

Since, according to Lemma 4.1.1, the rigid bodies can never leave the domain Ω, we moreover have
the following corollary for the case that the velocity fields un in Lemma A.4.3 are compatible with
suitable systems of isometries.

Corollary A.4.1. Let T ¡ 0 and let Ω, S1
0 , ..., S

N
0 � R3, N P N, be bounded domains of class

C2
�
C0,1. Let further punqnPN be a sequence of vector fields bounded in L2p0, T ;H1,2pΩqq uniformly

with respect to n and let each un be compatible with the system tSi0, ηinuNi�1 where ηinptq : R3 Ñ R3,
t P r0, T s, i � 1, ..., N denotes an isometry. Then there exist isometries ηiptq : R3 Ñ R3 such that, for
a suitable subsequence, it holds that

ηin Ñ ηi in C
�r0, T s;Cloc

�
R3

��
and if the extracted subsequence is chosen such that

un
�á u in L2

�
0, T ;H1,2pΩq�

for some u P L2p0, T ;H1,2pΩqq, then u is compatible with the system tSi0, ηiuNi�1.

A.5 Auxiliary results for the Brinkman penalization

In the proof of the main result Theorem 3.1.1 of the incompressible fluid-structure interaction problem
in Chapter 3 we make use of the Brinkman penalization, penalizing the deviation of the velocity field
from its projection onto velocity fields which are rigid in the solid part of the domain. This projection
is defined as follows, cf. the formula (3.1.6): For t P r0, T s let χptq P L8pR3; t0, 1uq denote the
characteristic function of a bounded domain Sptq � R3, let ρptq P L8pR3;Rq satisfy ρptq ¥ ρ almost
everywhere in Sptq for some constant ρ ¡ 0 and let uptq P L2pR3;R3q. Then we define the rigid velocity
field

Πrχ,ρ,uspt, xq :� puGqrχ,ρ,us ptq � ωrχ,ρ,usptq �
�
x� arχ,ρsptq

� @x P R3, (A.5.1)

where

puGqrχ,ρ,us ptq :�
³
R3 ρpt, xqχpt, xqupt, xq dx³

R3 ρpt, xqχpt, xq dx ,

ωrχ,ρ,usptq :� �
Irχ,ρsptq

��1
»
R3

ρpt, xqχpt, xq �x� arχ,ρsptq
�� upt, xq dx,

Irχ,ρsptq :�
»
R3

ρpt, xqχpt, xq
���x� arχ,ρsptq

��2 id� �
x� arχ,ρsptq

�b �
x� arχ,ρsptq

�	
dx,

arχ,ρsptq :�
³
R3 ρpt, xqχpt, xqx dx³
R3 ρpt, xqχpt, xq dx .

The fact that Πrχ,ρ,usptq indeed constitutes an orthogonal projection of u is proved in [15, Lemma 3.1].
For the convenience of the reader we restate this result in the following lemma.

Lemma A.5.1. Let t P r0, T s, let χptq P L8pR3; t0, 1uq denote the characteristic function of a bounded
domain Sptq � R3, let ρptq P L8pR3;Rq satisfy ρptq ¥ ρ almost everywhere in Sptq for some constant
ρ ¡ 0 and let uptq P L2pR3;R3q. Let further the rigid velocity field Πrχ,ρ,usptq be defined by the formula
(A.5.1). Then »

R3

ρpt, xqχpt, xq �upt, xq �Πrχ,ρ,uspt, xq
� �Πpt, xq dx � 0
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for any rigid velocity field

Πpt, xq :� vptq � wptq � x, vptq, wptq P R3.

Proof

Setting ṽptq :� vptq � wptq � arχ,ρsptq we write

Πpt, xq � ṽptq � wptq � �
x� arχ,ρsptq

�
.

Then, as shown in [15, Lemma 3.1], the desired identity can be proved by a straight-forward calculation:

»
R3

ρpt, xqχpt, xq �upt, xq �Πrχ,ρ,uspt, xq
� �Πpt, xq dx

�
»
R3

ρpt, xqχpt, xq
�
upt, xq �

�
puGqrχ,ρ,us ptq � ωrχ,ρ,usptq �

�
x� arχ,ρsptq

�	�
� �ṽptq � wptq � �

x� arχ,ρsptq
��

dx

�ṽptq �
»
R3

ρpt, xqχpt, xqupt, xq dx� wptq �
»
R3

ρpt, xqχpt, xq �x� arχ,ρsptq
�� upt, xqdx

� puGqrχ,ρ,us ptq � ṽptq
»
R3

ρpt, xqχpt, xq dx

� puGqrχ,ρ,us ptq �
�
wptq �

»
R3

ρpt, xqχpt, xq �x� arχ,ρsptq
�
dx




� ṽptq �
�
ωrχ,ρ,usptq �

»
R3

ρpt, xqχpt, xq �x� arχ,ρsptq
�
dx




�
»
R3

ρpt, xqχpt, xq �ωrχ,ρ,usptq � �
x� arχ,ρsptq

�� � �wptq � �
x� arχ,ρsptq

��
dx

�ṽptq � puGqrχ,ρ,us ptq
»
R3

ρpt, xqχpt, xq dx� wptq � �Irχ,ρsptqωrχ,ρ,usptq�
� puGqrχ,ρ,us ptq � ṽptq

»
R3

ρpt, xqχpt, xq dx

� puGqrχ,ρ,us ptq �
�
wptq �

»
R3

ρpt, xqχpt, xq �x� arχ,ρsptq
�
dx




� ṽptq �
�
ωrχ,ρ,usptq �

»
R3

ρpt, xqχpt, xq �x� arχ,ρsptq
�
dx




�
»
R3

ρpt, xqχpt, xq �ωrχ,ρ,usptq � �
x� arχ,ρsptq

�� � �wptq � �
x� arχ,ρsptq

��
dx (A.5.2)

Here on the right-hand side we see that»
R3

ρpt, xqχpt, xq �x� arχ,ρsptq
�
dx �

»
Ω
ρpt, xqχpt, xqx dx� arχ,ρsptq

»
R3

ρpt, xqχpt, xq dx � 0.

(A.5.3)

Moreover, due to the identity

pa� bq � pc� bq � c � ��|b|2id� bb b
�
a
� @a, b, c P R3

it holds that »
R3

ρpt, xqχpt, xq �ωrχ,ρ,usptq � �
x� arχ,ρsptq

�� � �wptq � �
x� arχ,ρsptq

��
dx

�wptq � �Irχ,ρsptqωrχ,ρ,usptq� . (A.5.4)
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Combining the identities (A.5.3) and (A.5.4) with the fact that the second and the third term on the
right-hand side of the equation (A.5.2) cancel each other we infer that»

R3

ρpt, xqχpt, xq �upt, xq �Πrχ,ρ,uspt, xq
� �Πpt, xq dx

� wptq � �Irχ,ρsptqωrχ,ρ,usptq�� wptq � �Irχ,ρsptqωrχ,ρ,usptq� � 0,

which concludes the proof.

l

Moreover, for the proof of Lemma 3.6.2 in the limit passage in the Brinkman penalization in Section
3.6 we use two auxiliary results, which we summarize here. The following Lemma provides a trace
inequality as well as a Poincaré-type estimate on thin domains. The notation used therein corresponds
to the notation used in Section 3.6.

Lemma A.5.2. Let 0   T0   T 1 be fixed, where T 1 is defined by (3.1.21). Let further κsup �
κsuppT0q ¡ 0 be the supremum of all κ which satisfy (3.6.20) and let mmin P N be chosen as in the
inequality (3.6.27). Then there exist constants

κsup

4 ¡ κ0 ¡ 0 and c ¡ 0 such that for all t P r0, T0s,
κ P r0, κ0s and m ¥ mmin the trace inequality

}fpt, �q}2L2pBpSmptqqκq
¤ c }fpt, �q}

1
2

L2ppSmptqqκq
}fpt, �q}

3
2

H1ppSmptqqκq
(A.5.5)

holds true for functions fpt, �q P H1ppSmptqqκq and the Poincaré-type estimate

}fpt, �q}2L2ppSmptqqκzSmptqq
¤ c

�
κ }fpt, �q}2L2pBSmptqq

� κ2 }∇fpt, �q}2L2ppSmptqqκzSmptqq

	
(A.5.6)

holds true for functions fpt, �q P H1ppSmptqqκzSmptqq.

Proof

We first sketch the proof of (A.5.5). The idea is to consider, for κ0 ¡ 0 sufficiently small, a mapping
Φt,m : BSmptq � r�κ0, κ0s Ñ R3 such that Φt,mp�, 0q � id and

Φt,m pBSm ptq , κq �
" tx P Sm ptq : dist px, BSm ptqq � �κu for κ   0,
tx P ΩzSm ptq : dist px, BSm ptqq � κu for κ ¡ 0.

We further choose Φt,m to be bi-Lipschitz continuous uniformly with respect to t and m, i.e. both Φt,m

and its inverse are Lipschitz-continuous with Lipschitz-constants independent of t and m. Such a map-
ping exists, since Smptq is a Lipschitz domain by the assumptions of Theorem 3.1.1. For a, b P r�κ0, κ0s
we denote by St,m,ra,bs the set Φt,mpBSmptq, ra, bsq. By means of some integral transformations, we can
now transfer the problem to Smptq, where we can make use of the trace inequality

}�}L2pBSmptqq
¤ }�}

L2
�
BSt,m,r�κ0,0s

	 ¤ c }�}
H

3
4

�
St,m,r�κ0,0s

	 , (A.5.7)

cf. [31, Theorem 2.3], with a constant c ¡ 0 independent of t, κ and m. The estimate (A.5.7) leads to

}fpt, �q}2L2pBpSmptqqκq
¤ c }fpt,Φt,mp�, κqq}2L2pBSmptqq

¤ c }fpt, �q}2
H

3
4 ppSmptqqκq

@κ P r0, κ0s ,

where the constants c ¡ 0 are independent of t, κ and m due to the uniform bi-Lipschitz continuity
of Φt,m. The inequality (A.5.5) then follows by an interpolation between L2, H

3
4 and H1. For the

proof of (A.5.6), which follows the proof of [7, Lemma A.5], we also exploit the uniform bi-Lipschitz
continuity of Φt,m, which implies that

»
BSmptq

» κ
0
|fpt,Φt,mp�, 0qq|2|detDΦt,mp�, sq|dsdA ¤ cκ }fpt, �q}2L2pBSmptqq
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with a constant c ¡ 0 uniform in t, κ and m. Using Young’s inequality we can therefore estimate

}fpt, �q}2L2pSt,m,r0,κsq
� 2cκ }fpt, �q}2L2pBSmptqq

¤
»
BSmptq

» κ
0
|fpt,Φt,mp�, sqq|2 |detDΦt,mp�, sq| dsdA�

»
BSmptq

» κ
0

2|fpt,Φt,mp�, 0qq|2|detDΦt,mp�, sq|dsdA

¤2

»
BSmptq

» κ
0
p|fpt,Φt,mp�, sqq| � |fpt,Φt,mp�, 0qq|q2 |detDΦt,mp�, sq| dsdA. (A.5.8)

Making use of the uniform bi-Lipschitz continuity of Φt,m once more and applying Jensen’s inequality,
we may further estimate

»
BSmptq

» κ
0
p|fpt,Φt,mp�, sqq| � |fpt,Φt,mp�, 0qq|q2 |detDΦt,mp�, sq| dsdA

¤c
»
BSmptq

» κ
0

�» s
0
|∇fpt,Φt,mp�, s̃qq| ds̃


2

|detDΦt,mp�, sq| dsdA ¤ cκ2

»
St,m,r0,κs

|∇fpt, yq|2dy.

Applying this to the right-hand side of the inequality (A.5.8), we infer the inequality (A.5.6).

l

The second auxiliary result we require for the proof of Lemma 3.6.2 is the following variant of [15,
Lemma 3.3], which yields an estimate for solutions to the Stokes problem with 0-right-hand side in
terms of the boundary data. Again, the notation corresponds to the notation used in Section 3.6

Lemma A.5.3. Let 0   T0   T 1 be fixed, where T 1 is defined by (3.1.21). Let κsup � κsuppT0q ¡ 0 be
the supremum of all κ which satisfy (3.6.20), let mmin P N be chosen as in the inequality (3.6.27) and
let κ0 denote the constant from Lemma A.5.2. Let further, for t P r0, T0s, κ P r0, κ0s and m ¥ mmin,
the functions vptq P H1pΩzpSmptqqκq, pptq P L2pΩzpSmptqqκq denote the solution to the Stokes problem

�∆vpt, �q �∇ppt, �q � 0 in Ωz pSmptqqκ ,
div vpt, �q � 0 in Ωz pSmptqqκ ,

vpt, �q �
"
wpt, �q on B pSmptqqκ ,
0 on BΩ,

for wptq P H1,2ppSmptqqκq. Then there exists a constant c ¡ 0, independent of t, κ and m, such that

}vptq}L2pΩzpSmptqqκq
¤ c }wptq}

1
4

L2ppSmptqqκq
}wptq}

3
4

H1ppSmptqqκq
. (A.5.9)

The same estimate also holds true for the corresponding solution to the Stokes problem in the limit
mÑ8, i.e. with Smptq replaced by Sptq.

Proof

The proof essentially follows [15, Lemma 3.3]. The idea is to consider the Stokes problem on ΩzpSmptqqκ
with no-slip boundary condition and arbitrary right-hand side φptq P L2pΩzpSmptqqκq. The unique
solution ṽptq P H2pΩzpSmptqqκq, p̃ptq P H1pΩzpSmptqqκq to this problem can be seen to satisfy

»
ΩzpSmptqqκ

vpt, xq � φpt, xq dx � �
»
BpΩzpSmptqqκq

p∇ṽptqvptqq � n dx�
»
BpΩzpSmptqqκq

p̃ptqvptq � n dx,

where n denotes the outer unit normal vector on BpΩzpSmptqqκq. The arbitrary choice of φptq then
yields a dual estimate for vpt, �q from which, together with the trace inequality (A.5.5) and the standard
estimates for the Stokes problem (cf. [112, Proposition 2.2, Proposition 2.3]), the assertion follows.

l
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A.6 The parabolic Neumann problem

For the construction of a non-negative density in the compressible fluid-rigid body interaction problem
in Chapter 4 we use the classical parabolic regularization of the continuity equation, cf. [94, Section
7.6.2]. The existence of the density as well as the associated uniform bounds are guaranteed by the
following lemma.

Lemma A.6.1. Let T ¡ 0, ε ¡ 0, n P N, ξ P p0, 1q and assume Ω � R3 to be a bounded domain
of class C2,ξ. Let Vn, defined by (4.2.1), denote the Galerkin space from our approximate system in
Section 4.2 and let w P Cpr0, T s;Vnq. Finally, consider the initial data ρ0 P C2,ξpΩq such that

∇ρ0 � n|BΩ � 0, ρ ¤ ρ0 ¤ ρ in Ω

for two constants 0   ρ ¤ ρ   8 and the outer unit normal vector n on BΩ. Then the Neumann
problem

Btρ� divpρwq � ε∆ρ in p0, T q � Ω, ∇ρ0 � n|BΩ � 0, ρp0q � ρ0 in Ω (A.6.1)

admits a unique solution ρ � ρpwq in the class

ρ P C
�
r0, T s;C2,ξ

�
Ω
�	£

C1
�
r0, T s;C0,ξ

�
Ω
�	
. (A.6.2)

In addition, the estimates

0   ρ exp

�
�
» t

0
}wpτq}W 1,8pΩq dτ



¤ ρpwqptq ¤ ρ exp

�» t
0
}wpτq}W 1,8pΩq dτ



  8 @t P r0, T s,

(A.6.3)

}ρpwq}Cpr0,T s;C2,ξpΩqq � }ρpwq}C1pr0,T s;C0,ξpΩqq ¤ cpw, εq @w P Cpr0, T s;Vnq (A.6.4)

}ρ pw1q � ρ pw2q}Cpr0,T s;L2pΩqq ¤ cpεq }w1 � w2}Cpr0,T s;W 1,8pΩqq @w1, w2 P Cpr0, T s;Vnq (A.6.5)

are satisfied for some constant cpw, εq ¡ 0 bounded (for ε fixed) on bounded subsets of Cpr0, T s;Vnq
and some constant cpεq ¡ 0 independent of w1, w2.

Proof

The existence of a unique solution ρ to the Neumann problem (A.6.1) in the class

ρ P C �r0, T s;W 1,2pΩq�£L2
�
0, T ;W 2,2pΩq� , Btρ P L2 pp0, T q � Ωq ,

which satisfies the estimates (A.6.3) and (A.6.5), is well known, cf. [94, Proposition 7.39]. The ad-
ditional regularity (A.6.2) together with the corresponding estimate (A.6.4) then follows by classical
results ([45, Theorem 10.22, Theorem 10.23]) on the maximal regularity for parabolic problems, cf.
[45, Lemma 3.1].

l

A.7 Deformable/moving domains

In the setting of Chapter 5 we study the evolution of a magnetoelastic material. In the present section
we summarize several auxiliary results we use throughout this investigation. The deformation of the
material is described via a mapping η : p0,8q � Ω0 Ñ R3, where the reference configuration Ω0 � R3

is assumed to be a bounded domain of class C0,1. For almost all t P r0, T s the mapping ηptq is further
assumed to be an element of the set

E :�
"
η PW 2,q

�
Ω0;R3

�
: Ẽel pηq   8, |η pΩ0q| �

»
Ω0

det p∇Xηq dX, η|P � γ

*
,
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where q ¡ 3, the elastic energy Ẽel is defined as

Ẽel pηq :�
»

Ω0

W p∇Xηq � 1

pdet p∇Xηqqa �
1

q

��∇2
Xη

��q dX
with

a ¡ 3q

q � 3
(A.7.1)

and the elastic energy density W P C1pR3�3;R�
0 q, P � BΩ0 has positive 2-dimensional Hausdorff

measure H2pP q ¡ 0 and γ : P Ñ R3 denotes a prescribed deformation.
For the proof of the main result Theorem 5.1.1 of Chapter 5 it is crucial to know that the determinants
of the gradients of deformations with uniformly bounded energy are uniformly bounded away from
zero. Such a bound is proved in [7, Section 2.3], the proof therein in turn follows ideas from [68]. For
the convenience of the reader we restate the result in the following lemma.

Lemma A.7.1. Let E0 ¡ 0 be given. Then there exists a constant c � cpE0q ¡ 0 such that for all
deformations

η P E with Ẽelpηq ¤ E0 (A.7.2)

it holds that

det p∇Xηq ¥ c in Ω0.

Proof
We follow the proof given in [7, Section 2.3]: From the energy bound (A.7.2) and the Morrey embedding
we infer the existence of a constant c � cpE0q, independent of η, such that

}det p∇Xηq}C0,αpΩq ¤ c }det p∇Xηq}W 1,qpΩ0q
¤ c (A.7.3)

for α � 1� 3
q . We choose some arbitrarily small value ε ¡ 0 and assume the existence of X0 P Ω0 such

that detr∇XηspX0q � ε. We further choose δ ¡ 0 sufficiently small such that the ball BδpX0q centered
at X0 with radius δ is contained in Ω0 and satisfies |BδpX0q| ¤ 1. Then, by the bound (A.7.2), Jensen’s
inequality and the (uniform) Hölder continuity given by the estimate (A.7.3), it holds that

E0 ¥
»
BδpX0q

1

pdet p∇Xηqqa dX ¥
�

4
3π

�a�1
δ3a�3�³

BδpX0q
det p∇Xηq dX

	a
¥

�
4
3π

�a�1
δ3a�3�

det r∇Xηs pX0q �
³
BδpX0q

|det p∇Xηq � det r∇Xηs pX0q| dX
	a

¥
�

4
3π

�a�1
δ3a�3�

ε� c4
3πδ

3�α
�a . (A.7.4)

We recall that, by its definition in (A.7.1), a ¡ 3q
q�3 and therefore

αa ¡
�

1� 3

q



3q

q � 3
� 3.

Consequently, by choosing ε and δ sufficiently small, the right-hand side of the inequality (A.7.4) can
be made arbitrarily large, which leads to a contradiction and thus proves the statement of the lemma.

l

Moreover, in order to find a small time interval r0, T s on which a deformation ηptq, t P r0, T s, remains
injective on BΩ0 provided that ηp0q is injective on BΩ0, we use the following version of [7, Lemma 2.5,
Proposition 2.7].
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Lemma A.7.2. Let E0 ¡ 0 be given.

(i) There exists a constant δ � δpE0q ¡ 0 such that for all deformations

η P E with Ẽelpηq ¤ E0

it holds that

X1, X2 P BΩ0 with |X1 �X2|   δ ñ η pX1q � η pX2q

(ii) Let δ ¡ 0 be as in (i). Let in addition η0 P intpEq be given such that Ẽelpη0q ¤ E0 and η0 is
injective on BΩ0. Then there exists a constant Γ � Γpη0, E0q such that

X1, X2 P BΩ0 with |X1 �X2| ¥ δ ñ |η pX1q � η pX2q| ¥ ε

2

for all deformations

η P E with Ẽelpηq ¤ E0 and }η � η0}L2pΩ0q
  Γ.

Proof
For the proof of (i) we refer to [7, Lemma 2.5]. For the statement (ii) we recall the proof from [7,
Proposition 2.7] for the convenience of the reader. The injectivity of η0 on BΩ0 implies the existence
of ε ¡ 0 such that

X1, X2 P BΩ0 with |X1 �X2| ¥ δ ñ |η0 pX1q � η0 pX2q| ¥ ε.

Now let η P E be such that Ẽelpηq ¤ E0 and assume there are X1, X2 P BΩ0 with |X1 �X2| ¥ δ and
|ηpX1q � ηpX2q|   ε

2 . Then the triangle inequality implies that

|η pX1q � η0 pX1q| � |η pX2q � η0 pX2q| ¥ ε

2
.

In particular it holds that |ηpXiq � η0pXiq| ¥ ε
4 for either i � 1 or i � 2. Without loss of generality,

we assume that i � 1. Next, we point out that, since Ẽelpηq ¤ E0, the function η0 � η is uniformly
continuous independently of the specific choice of η. Thus we find r ¡ 0 such that

|η pXq � η0 pXq| ¥ ε

8
@X P Br pX1q

£
Ω0,

where BrpX1q � R3 denotes the ball centered at X1 with radius r. This allows us to define the desired
constant Γ ¡ 0 by

Γ :� ε

8

���Br pX1q
£

Ω0

��� 1
2 ¤ }η � η0}L2pΩ0q

,

which concludes the proof.
l

Furthermore, the mathematical investigation of a (deformable) magnetoelastic material requires a
generalization of the classical Bochner spaces to the case of moving domains, which is given via the
formula (5.1.4). The following Lemma shows that this generalization is in fact a Banach space.

Lemma A.7.3. Let η : r0, T s � Ω0 Ñ R3 be a deformation satisfying

η P L8p0, T ; Eq
£
C
�r0, T s;C1

�
Ω0

��
, ηptq P int pEq and Ẽel pηptqq ¤ c for a.a. t P r0, T s, (A.7.5)

where c ¡ 0 denotes a constant independent of t P r0, T s. Let Ωptq :� ηpt,Ω0q and let

η�1pt, �q : Ωptq Ñ Ω0. (A.7.6)
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denote the inverse of the mapping X ÞÑ ηpt,Xq for t P r0, T s. Then, for all values 1 ¤ p   8,
1 ¤ r ¤ 8 and k � 0, 1, the set

Lr
�

0, T ;W k,p pΩ p�qq
	

�
$&
%m : r0, T s Ñ

¤
tPr0,T s

W k,p pΩptqq : m
��, η�1p�, �q� P Lr �0, T ;W k,p pΩ0q

	,.
-

constitutes a Banach space with the norm

}m}Lrp0,T ;Wk,ppΩp�qqq :�
$&
%

�³T
0 }mptq}rWk,ppΩptqq

	 1
r

if 1 ¤ r   8
esssuptPr0,T s }mptq}Wk,ppΩptqq if r � 8

.

Proof
The existence of the inverse functions (A.7.6) follows directly from the injectivity of the mapping
X ÞÑ ηpt,Xq implied by the assumptions (A.7.5). For t P r0, T s we define a linear mapping

Φt : W k,p pΩ0q ÑW k,p pΩptqq , Φt

�
f̃
	

:� f̃
�
η�1pt, �q� @f̃ PW k,p pΩ0q

for all k � 0, 1 and 1 ¤ p   8 with an inverse

Φ�t : W k,p pΩptqq ÑW k,p pΩ0q , Φ�tpfq :� f pηpt, �qq @f PW k,p pΩptqq .
Both the mappings Φt and Φ�t can be seen to be bounded uniformly with respect to t: Indeed, we
first remark that, due to the energy bound in (A.7.5), the determinant of the deformation gradient
is bounded away from zero uniformly with respect to t P r0, T s, cf. Lemma A.7.1. Hence, for the
boundedness of Φt we estimate

���Φtf̃
���
LppΩptqq

�
�»

Ωptq

���f̃ �η�1pt, �q����p dx
� 1

p

�
�»

Ω0

det p∇Xηpt, �qq
���f̃ ���p dX
 1

p

¤ c
���f̃���

LppΩ0q

and

���∇�
Φtf̃

	���
LppΩptqq

�
�»

Ωptq

���∇f̃ �η�1pt, �q����p dx
� 1

p

�
�»

Ω0

det p∇Xηpt, �qq
���∇X f̃ p∇Xηq�1

���p dX
 1
p

¤c
���∇X f̃

���
LppΩ0q

for almost all t P r0, T s, for all f̃ PW k,ppΩ0q and a constant c ¡ 0 independent of both t and f̃ thanks
to the energy bound in (A.7.5). It follows that���Φtf̃

���
Wk,ppΩptqq

¤ c
���f̃���

Wk,ppΩ0q
for almost all t P r0, T s and all f̃ PW k,p pΩ0q . (A.7.7)

For the boundedness of Φ�t we estimate

}Φ�tf}LppΩ0q
�

�»
Ω0

|f pηpt, �qq|p dX

 1
p

�
�»

Ωptq

1

det pr∇Xηpt, �qs pη�1pt, �qqq |f |
p dx

� 1
p

¤c }f}LppΩptqq
and

}∇X pΦ�tfq}LppΩ0q
�
�»

Ω0

|∇Xf pηpt, �qq|p dX

 1
p

�
�»

Ωptq

1

det pr∇Xηpt, �qs pη�1pt, �qqq
��∇f r∇Xηpt, �qs

�
η�1pt, �q���p dx

� 1
p

¤c }∇f}LppΩptqq



A.7. DEFORMABLE/MOVING DOMAINS 165

for almost all t P r0, T s, for all f P W k,ppΩptqq and a constant c ¡ 0 independent of both t and f̃ .
Consequently it holds that

}Φ�tf}Wk,ppΩ0q
¤ c }f}Wk,ppΩptqq for almost all t P r0, T s and all f PW k,ppΩptqq. (A.7.8)

Moreover, from the Cpr0, T s;C1pΩ0qq-regularity of η assumed in (A.7.5) it immediately follows that
the mapping

t ÞÑ
���Φtf̃

���
Wk,ppΩptqq

is measurable. This, in combination with the bounds (A.7.7) and (A.7.8), implies the statement via
[1, Theorem 2.4].

l

Finally, in order to pass to the limit in our approximate system in Chapter 5, we need convergence of
compositions of the stray field and the external magnetic field with the deformation. While in general
the convergence of compositions where the outer function is only integrable is a delicate issue, we can
here prove the following lemma due to the good properties of the deformations.

Lemma A.7.4. Let E0 ¡ 0, let pηjqjPN � L8p0, T ; Eq be a sequence of deformations such that
Ẽelpηjptqq ¤ E0 for almost all t P r0, T s and all j P N and assume that

ηj
�á η in L8

�
0, T ;W 2,q pΩ0q

�
, ηj Ñ η in C

�r0, T s ;C1
�
Ω0

��
. (A.7.9)

Further, let 1 ¤ p   8, k � 0, 1 and let pHjqjPN � Lpp0, T ;W k,ppR3qq be a sequence of functions
satisfying

Hj Ñ H in Lp
�

0, T ;W k,p
�
R3

�	
. (A.7.10)

Then it holds that

Hj pηjq Ñ Hpηq in Lp
�

0, T ;W k,p pΩ0q
	
.

Proof

Due to the uniform bound of Ẽelpηjq, Lemma A.7.1 implies the existence of a constant c ¡ 0, inde-
pendent of j, such that

det p∇Xηjq ¥ c in p0, T q � Ω0. (A.7.11)

We write

}Hj pηjq �H pηq}Lppp0,T q�Ω0q

¤}Hj pηjq �H pηjq}Lppp0,T q�Ω0q
� }H pηjq �H pηq}Lppp0,T q�Ω0q

. (A.7.12)

For the first term on the right-hand side of this inequality we see that

}Hj pηjq �H pηjq}Lppp0,T q�Ω0q

�
�
�» T

0

»
ηjpt,Ω0q

1

det
�
r∇Xηjpt, �qs

�
η�1
j pt, �q

		 |Hj �H|p dxdt
�



1
p

¤c }Hj �H}Lppp0,T q�R3q Ñ 0 (A.7.13)

due to the bound (A.7.11) of detp∇Xηjq away from zero and the convergence (A.7.10) of Hj . In order
to check that also the second term on the right-hand side of the inequality (A.7.12) vanishes we choose
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a sequence of smooth functions pHnqnPN � Dpp0, T q �R3q such that Hn Ñ H in L2pp0, T q �R3q. We
estimate

}H pηjq �H pηq}Lppp0,T q�Ω0q

¤}H pηjq �Hn pηjq}Lppp0,T q�Ω0q
� }Hn pηjq �Hn pηq}Lppp0,T q�Ω0q

� }Hn pηq �H pηq}Lppp0,T q�Ω0q
.

(A.7.14)

For the first term on the right-hand side we estimate

}H pηjq �Hn pηjq}Lppp0,T q�Ω0q

�
�
�» T

0

»
ηjpt,Ω0q

1

det
�
r∇Xηjpt, �qs

�
η�1
j pt, �q

		 |H �Hn|p dxdt
�



1
p

¤c }H �Hn}Lppp0,T q�R3q

with a constant c ¡ 0 independent of j due to the uniform bound (A.7.11). Arguing similarly for the
third term on the right-hand side of the inequality (A.7.14) we infer that

}H pηjq �H pηq}Lppp0,T q�Ω0q
¤ c }H �Hn}Lppp0,T q�R3q � }Hn pηjq �Hn pηq}Lppp0,T q�Ω0q

.

Letting first j and subsequently n tend to infinity we thus infer from the uniform convergence (A.7.9)
and the smoothness of Hn that

}H pηjq �H pηq}Lppp0,T q�Ω0q
Ñ 0 (A.7.15)

for j Ñ 8. Applying the convergences (A.7.13) and (A.7.15) to the right-hand side of the inequality
(A.7.12), we conclude that

Hj pηjq Ñ H pηq in Lp pp0, T q � Ω0q .

By similar arguments we also see that

∇XHj pηjq Ñ ∇XH pηq in Lp pp0, T q � Ω0q ,

which concludes the proof.
l

As a special case of the previous lemma we have the following corollary

Corollary A.7.1. Let E0 ¡ 0, let pηjqjPN � E be a sequence of deformations such that Ẽelpηj ¤ E0

for all j P N and assume that

ηj
�á η in W 2,q pΩ0q , ηj Ñ η in C1

�
Ω0

�
.

Further, let 1 ¤ p   8 and let H P LppR3q. Then it holds that

H pηjq Ñ Hpηq in Lp pΩ0q .

A.8 Variation of the stray field part

In Definition 5.1.1, the variational formulation of the model (1.3.30)–(1.3.32) of the evolution of
a magnetoelastic material is presented in terms of the Fréchet derivatives of the energy potential
(1.3.34) and the dissipation potential (1.3.37). These derivatives, which are written out explicitly in
Remark 5.1.3, can be calculated in a straight forward way except for in the stray field part of the
micromagnetic energy. In the following, we carry out the calculations in the stray field part precisely,
i.e. we prove the identities (5.1.20) and (5.1.22). We begin with the equation (5.1.20), for which we
follow the argumentation from [48, Section 2.7.1]. We fix some time t P r0, T s, consider ε ¡ 0 and
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some arbitrary function χ P Dpp0, T q � Ω0q and denote, in accordance with the notation introduced
for the solution to the Poisson equation (5.1.6), by φrM̃ptq, ηptqq� εχptqs P 9H1pR3q the solution to the
Poisson equation»
R3

∇φ
�
M̃ptq, ηptq � εχptq

�
�∇ψ dx �

»
pηptq�εχptqqpΩ0q

Mηptq�εχptq

�
M̃ptq

�
�∇ψ dx

�
»

Ω0

M̃ptq �
��
p∇X pηptq � εχptqqq�1

	T
∇Xψ pηptq � εχptqq

�
dX

(A.8.1)

for all ψ P 9H1pR3q, where

Mηptq�εχptq

�
M̃ptq

�
� 1

det
�
r∇X pηptq � εχptqqs

�
pηptq � εχptqq�1

		M̃ �
t, pηptq � εχptqq�1

	

is defined in accordance with the formula (5.1.7). Correspondingly we denote the stray field associated
to the magnetization M̃ptq and the deformation ηptq by HrM̃ptq, ηptq � εχptqs � �∇φrM̃ptq, ηptq �
εχptqs. The quantity we need to calculate reads

d

dε

�����
ε�0

»
Ω0

µ

2
M̃ptq �H

�
M̃ptq, ηptq � εχptq

�
pηptq � εχptqq dX

� d

dε

�����
ε�0

�
»

Ω0

µ

2
M̃ptq �

�
∇φ

�
M̃ptq, ηptq � εχptq

�
pηptq � εχptqq

	
dX.

��
»

Ω0

µ

2
M̃ptq �∇

�
d

dε

����
ε�0

φ
�
M̃ptq, ηptq � εχptq

�
pηptqq



dX

�
»

Ω0

µ

2

��
∇2φ

�
M̃ptq, ηptq

�
pηptqq

	T
M̃ptq

�
� χptq dX. (A.8.2)

In order to calculate the first integral on the right-hand side of this identity we pick some arbitrary
ψ P 9H1pR3q�H2

locpΩptqq and differentiate the Poisson equation (A.8.1) with respect to ε. Under
exploitation of the identity

d

dε

����
ε�0

p∇X pηptq � εχptqqq�1 � �p∇X pηptqqq�1 ∇Xχptq p∇X pηptqqq�1

this leads to the relation

»
R3

∇

�
d

dε

�����
ε�0

φ
�
M̃ptq, ηptq � εχptq

��
�∇ψ dx

��
»

Ω0

M̃ptq �
��
p∇Xηptqq�1 ∇Xχptq p∇Xηptqq�1

	T
∇Xψ pηptqq

�
dX

�
»

Ω0

M̃ptq �
��
p∇Xηptqq�1

	T
∇X p∇ψ pηptqq � χptqq

�
dX

��
»

Ωptq
Mptq �

��
∇χ

�
t, pηptqq�1

		T
∇ψ

�
dx�

»
Ωptq

Mptq �∇
�
∇ψ � χ

�
t, pηptqq�1

		
dx

�
»

Ωptq

��
∇2ψ

�T
Mptq

�
� χ

�
t, pηptqq�1

	
dx. (A.8.3)

We remark that the local H2-regularity assumed for ψ is indeed sufficient for the right-hand side of
this identity to be well-defined due to the compact support of χ. Next we test the Poisson equation
satisfied by φrM̃ptq, ηptqs by the test function φrM̃ptq, ηptq � εχptqs and differentiate with respect to ε
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to see that

»
R3

∇φ
�
M̃ptq, ηptq

�
�∇

�
d

dε

�����
ε�0

φ
�
M̃ptq, ηptq � εχptq

��
dx

�
»

Ωptq
Mptq �∇

�
d

dε

�����
ε�0

φ
�
M̃ptq, ηptq � εχptq

��
dx. (A.8.4)

Due to the regularity (A.2.9), (A.2.10) of solutions to the Poisson equation given by Lemma A.2.3, it
holds that φrM̃ptq, ηptqs P 9H1pR3q�H2

locpΩptqq and so we can choose ψ � φrM̃ptq, ηptqs in the identity
(A.8.3). Comparing the resulting equation to the equation (A.8.4) we infer that

»
Ω0

M̃ptq �∇
�
d

dε

����
ε�0

φ
�
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�
pηptqq
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d
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��
dx
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�
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dx

�
»
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��
∇2φ

�
M̃ptq, ηptq

�
pηptqq

	T
M̃ptq

�
� χptq dX.

Applying this identity to the first integral on the right-hand side of the equation (A.8.2) we obtain

d

dε

�����
ε�0

»
Ω0

µ

2
M̃ptq �H

�
M̃ptq, ηptq � εχptq

�
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��
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	T
M̃ptq

�
� χptq dX,

i.e. the desired relation (5.1.20). For the derivation of the identity (5.1.22) we follow the argu-
ments from [48, Section 2.7.2]. We fix t P r0, T s, consider ε ¡ 0 and an arbitrary function M̂ P
L8p0, T ;H1pΩp�qqq. Using the Poisson equation (5.1.6), which defines both Hrdetp∇XηptqqMptq, ηptqs
and Hrdetp∇XηptqqpMptq � εM̂q, ηptqs, we first see that

»
Ωptq

�µ
2
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�
det p∇Xηptqq
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�
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�
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�
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�
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Hence, under exploitation of the product rule,
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which proves the desired relation (5.1.22).
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projects GC22–08633J and 3–04766S, the financial support by Praemium Academiæ of Šárka Nečasová
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