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Multi-reference configuration interaction calculations employing various orbital transfor­
mations are undertaken to obtain the isotropic hyperfine coupling constant aiso in nitro­
gen and ais0 (H) in the CH molecule. The natural orbital (NO) basis is found to be 
more effective than the simple RHF-MO basis; the most obvious is a basis of spin 
natural orbitals (SNO). lt is found that a 180 is approached from opposite sides in the 
NO and 2s shell SNO basis if the CI expansion is increased. Both results are within 
a few percent of the full CI Iimit for the nitrogen atorn (in the given AO basis) and 
the experimental value for Hin the CH radical. Various features ofthe SNO are discussed. 

PACS: 31.15.+q; 31.30.Gs 

1. Introduction 

The magnetic hyperfme splitting arises from the inter­
action of the nuclear spin I with the angular momen­
tum L and the electron spin S. The analysis is general­
ly undertaken in terms of an isotropic and anisotropic 
contribution [1]. For an electronic state with angular 
momentum zero in a linear molecule at most two 
first-order magnetic hyperfine coupling constants 
(hfcc) for each nucleus with 19=0 may be encountered 
[2]. The general definition of the parameters using 
cartesian coordinates are 

4n 
aiso =3 ge gN ße ßN 1/E 

· ('P(r, R 0) IIb(riN) 2szii'P(r, R0)) (1) 

and 

Azz=ge gN ße ßN 1/E ( 'P(r, Ro) 

·li 3zr-;_r~i szil 'P(r, Ro)) 
i rN, 

(2) 

whereby 'P(r, R0 ) is the electronic wavefunction with­
in the Born-Oppenheimer approximation for the nu­
clear position R0 ; the Ietter .E denotes in the standard 
manner the projection of the spin momentum S onto 
the molecular axis. All electronic variables are denot­
ed by small letters. The term ge is the g value for 
the electrons in the free radical. In the present work 
always a value of two was used. The quantities gN 
and ßN are the nuclear g factors and the value for 
the nuclear magneton respectively, while ße is the 
value of the bohr magneton. 

Both parameters, aiso and Azz• are defmed in terms 
of the electronic orbitals and spin states, with redun­
dant quantum numbers related to nuclear spin and 
total angular momentum omitted. The constant aiso 

is called isotropic hyperfme coupling constant or Fer­
mi contact term and provides a measure of the un­
paired spin density at the nucleus N in the molecule. 

The present paper will deal with the calculation 
of aiso whose reliable prediction is a very troublesome 
problern in ab initio calculations. The study of Au 
is comparatively quite easy and will therefore not be 
discussed any further in the present work. 
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One of the difficulties in determining aiso is the 
fact that it requires the wavefunction at one point 
only, so that error cancellation is not effective. Fur­
thermore the description of spin polarization effects 
in 'I' (r, R0) are very important. In the restricted Har­
tree-Fock (RHF) approximation the contribution of 
the closed shells to aiso is zero; it becomes large, how­
ever, if spin polarization is taken into account by the 
proper description of the electron correlation. In such 
approach the contributions of all closed shells must 
be calculated very carefully because they are similar 
in magnitude but possess opposite signs. 

From both points a strong dependence on the AO 
basis set employed results, which was the subject of 
recent work [3-7]. Meanwhile it is clear that the use 
of large (s p) basis sets as well as the use of polarization 
functions are essential. For the ground state 4S of 
the nitrogen atom, which became a standard system 
for ab initio calculations of the Fermi contact term, 
an extension of the standard basis set from 9 s 5 p to 
13s 8p, both given by van Duijneveldt [8] results in 
an incrase of a150 from 0.9 MHz to 4.5 MHz, both 
calculated within a SD-CI procedure. This behavior 
can be explained by the improved description of the 
2s polarization. Because the energeticallower virtual 
space is essential for 2 s polarization effects, similar 
effects result if one diffuse s function is added to the 
9s 5p basis [5]. The contraction of the sp basis is 
also a very sensitive ingredient; for the 4S state of 
the nitrogen atom it was found, for example, that 
in the 9s 5p basis of Huzinaga, contracted to [4s 2p] 
[9], tbe calculated value for a150 increases from 
3.4 MHz to 12.5 MHz [6]. 

The effect of polarization functions was estimated 
in large-scale CI calculations for tbe 4 S state of the 
nitrogen atom [3, 5]. They estimated tbe influence 
of d functions to about 2 MHz, wbile f functions in­
crease aiso by about 0.4 MHz. Nearly no effect was 
found if g functions were introduced. 

In addition to the AO basis the quality of tbe 
CI treatment accounting for correlation possesses a 
strong influence on a150 • The effect ofhigher than dou­
ble excitations can be seen by the fact that a multi­
reference (MR) CI calculation employing the 13 s 8 p 
AO basis yieJds a value for a1so of 6.9 MHz if the 
reference set consists of the RHF determinant (c 2 

~0.95) and one additional configuration (c2 ~ 0.003). 
Tbe corresponding SD-CI calculation yields only 
4.5 MHz. The importance of higber excitations is fur­
thermore enhanced if polarization functions are pres­
ent in tbe AO basis. Very often it is not possible to 
consider all single and double excitations from a set 
of reference configurations. In such cases only those 
configurations are added to the wavefunctions whicb 
lower the total energy by more than a given threshold 

T. As expected a strong dependence of a180 on T is 
found, which disappears only at very small tbresholds 
(T< 10-9 a.u.). 

A further dependence arises from the one-particle 
basis in wbich the MR-CI calculation is performed 
(in what follows referred to as CI basis to differentiale 
from the AO basis). Clearly this dependence is not 
present in the full CI (FCI) Iimit but FCI calculations 
are only possible for very small systems. Bauschlieber 
et al. [5] studied these effects by employing various 
orbital transformations, namely molecular orbitals 
(MO) obtained from a RHF calculation, modified 
coupled pair functions (MCPF) and CASSCF orbi­
tals, whereby all calculations were performed for 
T=O.O. They found not surprisingly that there is an 
influence of the active space and of the reference set 
involved in the MR-CI calculation upon the result 
of aiso· They found that the results of the CASSCF/ 
MR-CI calculations are closer to the FCI Iimit than 
those of the SCF/MR-CI procedure. The main difTer­
ences between both lie in tbe fact that the SCF/MR­
CI treatment seems to underestimate a~s0 , approach­
ing tbe FCI Iimit from below if more and more config­
urations are added to the reference set. The ,CASSCF 
calculations overestimate a1, 0 for smaller reference 
sets, but the value is lowered if the reference set is 
enlarged. lt is seen that the effects of very high excita­
tions are small indicating that a more economical 
MR-CI calculation sbould yield values near the FCI 
Iimit [3]. 

Similar sturlies were performed by Engels [10] in­
volving MO's and natural orbitals (NO). The NO ba­
sis was obtained in the usual way by diagonalizing 
tbe total MRD-CI density matrix (CIDM). Both one­
particle bases, CASSCF orbitals and NO, are superior 
to the MO basis because they introduce correlation 
effects into the charge density of the system. On the 
other band a180 depends on the spin density rather 
than on the charge density. Correlation effects of the 
spin density are included into spin natural orbitals 
(SNO) [6, 11] which are obtained by diagonalizing 
the total one electron spin density matrix (TM) [6]. 
Hence SNO should be an optimal starting point for 
calculations of spin density dependent properties such 
as also· 

In the present paper we will study the effects of 
three different one-particle CI basis sets, namely MO, 
NO and SNO on sensitive parameters of an a1so calcu­
lation, i.e. variations of the configuration selection 
thresbold T, and on different configuration sets. After 
a brief introduction of theoretical aspects in Sect. 2 
our results for the 4S ground state of the nitrogen 
atom and the X 2 n state of the CH molecule are dis­
cussed. A summary ofprevious tbeoretical determina­
tions of a150 together with the experimental values is 



Table 1. Summary of previous calculations for the isotropic hyper· 
fine coupling constant a110 of the nitrogen atom in its 4 S312 state 

Treatment 

Approximate Extended HF 
Numerical UHF 
Numerical MCSCF 

lOs Sp ld, CASSCF/MR-CI (4 ref.) 
SCF/full CI 

lOs 5 p 2d, CASSCF /MR-Cl (4 ref.) 
CASSCF/MR-CI (15 ref.) 

23s 12p 10d 4f2g, k-orbitals/MR-CI 
Experiment 

Table l. Basis sets employed in the present work 

Nitrogen atom 

a~~o(MHz) 

10.6 [16] 
60.4 [17] 
10.0 [18] 

7.22 [5] 
6.91 [5] 

7.97 [5] 
7.64 [5] 

10.1 [3] 
10.45092912 [19] 

Nitrogen AO: (13s 8p)-t [8s4p] according to [8, 10] 
MO: MO from a RHF calculation for the 4S state 

ofN 

CHmolecule 

Carbon AO: (13s 8p)-. [8s Sp] according to [8, 21] 
plus 2 x d (1.5, 0.4) 
plus 1 x f (0.7) 

Hydrogen AO: (8s)-.[Ss] according to [8, 21] 
plus 2 p (1.4, 0.25) 

MO: MO from a RHF calculation for the a4 E- state 
ofCH 

given in Table 1. In order to differentiate between the 
various effects the AO basis used in the present study 
was fixed. They are summarized in Table 2. For all 
calculations the MRD-CI program package of 
Buenker and Peyerimhoff (12] is used. 

2. Theory 

The difficult term in the calculation of a110 is the total 
spin density at the nucleus N. It is a one-electron 
property and defined ( see 1) as 

(i5(rN)), 

=( 'l'(r, Ro) l,t, ö(r1- RN) 2s,11 'l'(r, R0)). (3) 

The subscript s indicates averaging over the unpaired 
spin density. 

If the electronic wavefunction tp(r, R0) is written 
as a linear combination of Slater determinants, the 
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term (c5(rN))5 can be expressed in a sumover matrix 
elements between determinants [13]: 

(b(rN)), 

= }2~)ctc1)(«1>tl I b(ri-RN)2sdi«P,). 
k l 1=1 

(4) 

Using the Slater-Condon rules [13] for the evaluation 
of one-electron matrix elements the term (b(rN))5 can 
also be expanded in terms of the one-electron CI basis 
functions (/)p employing to construct the various 
Slater determinan.ts: 

(5) 
p,q 

The two terms in (5) will be referred to as the integral 
matrix (IM) (<Pplc5(r-rN) <Pq) and the one-electron to­
tal spin density matrix <l'pq, (TSM). This matrix con­
tains the product of the coefficients betonging to the 
orbitals CfJp and CfJq tagether with the factors resulting 
from the Sz operator. Just as the total charge density 
matrix it is a symmetric matrix. In RHF calculations 
all matrix elements of the TSM are zero with the 
exception of the diagonal elements corresponding to 
singly occupied orbitals. They are + 1/2 if the spin 
quanturn nurober m8 is chosen to be maximal. In CI 
calculations other matrix elements will become differ­
ent from zero because a net contribution can also 
arise from doubly-occupied orbitals. 

The quality of the one-particle CI basis for calcu­
lating a150 can also be inferred from the structure of 
the TSM. If off-diagonal elements are dominant, the 
basis is not properly optimized to describe the spin 
density since these functions are far from being eigen­
functions of the TSM. Among the basis sets for the 
CI configurations the RHF-MO's and the natural or­
bitals (NO) are widely known. The first results directly 
from an SCF calculation in the RHF scheme while 
the second result as eigenfunctions from diagonalizing 
the total CI density matrix (TCM) of a particular 
CI calculation. They differ to some extent depending 
on the CI treatment: single-excitation CI, single-dou­
ble (SD) CI or multi-reference (MR) Cl The third 
basis, spin natural orbitals (SNO) have first been dis­
cussed by Harriman [14] using UHF calculations. 
They were also used by Meyer [16] using an approxi­
mate extended Hartree Fock approach (AEHF). 
Chipman [11] defined SNO in a single excitation CI 
(SECI). In the present work the SNO are constructed 
similar to NO from a multi-reference CI configura­
tion, whereby the TSM matrix instead of the TCM 
is diagonalized. Details are given in the next section. 
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Table 3. Expansion ofthe NO and SNO in terms of tbe SCF-MO basis for the 4S ground state of the nitrogen atom. AO basis [8s 4p 2d] 

NO• SNOb 

1s 2s lsSNO 1s'SNOd 2sSNO 2s'SNO 
(SN013) (SN04) (SNOl) (SN014) 

Eigenvalue 
Eigenvector" -1.99923 1.96693 -0.00294 0.00292 0.07673 -0.05515 

1s 0.9999 0.0095 0.7058 0.7074 0.0272 0.0258 
2s -0.0094 0.9998 -0.0272 -0.0267 0.7665 0.6410 
3s 0.0000 0.0066 -0.1408 0.1347 -0.6075 0.7262 
4s 0.0003 -0.0016 0.4090 -0.4020 -0.2059 0.2464 
Ss -0.0001 0.0009 -0.2567 0.2559 0.0073 -0.0097 
6s -0.0003 -0.0011 -0.4010 0.4010 -0.0013 0.0032 
7s 0.0000 0.0000 -0.2848 0.2766 0.0089 -0.0100 

SCF-MO 

• The NO result from a CI treatment based on 4 reference configurations and a configuration selection tbreshold of T=O.l mh 
., The SNO result from a CI treatment based on 4 reference configurations and a configuration threshold or T=O.O 
" Tbe MO 3 s to 7 s are virtual orbitals; only the most important MO are listed 
d The SNO are labelled according to their physical description; the actual eigenvalue number is also given in parentheses 

3. Results for the 4 S state of the nitrogen atom 

A. Orbital characteristics 

As the first step in our study the three different CI 
basis sets used in the present paper for the 4S ground 
state of the nitrogen atom will be characterized. In 
Table 3 the eigenvectors of the most important natu­
ral orbitals (NO) and spin natural orbitals (SNO), ex­
panded in the MO basis, are given. Only orbitals of 
s symmetry are contained, because orbitals possessing 
other symmetry make no direct contribution to a150 • 

In addition to the eigenvectors the eigenvalues (occu­
pation numbers) of the orbitals within the diagona­
lized TCM or TSM arealso summarized. Tbe natural 
orbitals are the result of diagonalizing the MR-CI 
density matrix obtained for the 4S state by performing 
a CI calculation with four reference (4M) configura­
tions in the MO basis, whereby excitations from the 
1 s core were also allowed. The configuration selection 
threshold was T= 10- 7 h. Tbe SNO are obtained 
from the same MR-CI calculation and for comparison 
also from a SD-CI (1 reference configuration). The 
shape of the orbitals can be seen from Figs. 1 and 
2 which contain the plots of I 'I' (r)l2 versus R:& for 
the different orbitals. While Fig. 1 contains the orbi­
tals which can be connected with the 1 s MO, those 
connected with the 2s MO are given in Fig. 2. It is 
found that the NO are nearly identical to the doubly 
occupied MO. Their occupation numbers in the TCM 
are a1so nearly 2.0 which would be the eigenvalues 
of the MO. The near identity between NO and MO 
is expected because the weight of the RHF detenni-

200 
0 QS 10 1.5 2.0 

R:z lau.) 

1s MO/SO 

05 1.0 1.5 2.0 
Rz [a.u.) 1s SNO 

~~..__ ............... ..,..... .......... 
05 1.0 15 2.0 

Rz [a.u.J 

Fig. 1. Plot of the ls nitrogen shell in the SCF-MO, the NO and 
the SNO representation. Left side: x MO obtained by SCF (4S 
state); 1::. NO obtained by 4MT= 10-4 h CI calculation. Right side: 
x SNO obtained by 1 MT= 10-4h CI calculation; .o. SNO obtained 
by 4MT= 10-4 h CI calculation. ( x M denotes x reference configu­
rations) 

nant in the CI expansion (measured by the square 
of the expansion coefficient c) is greater than 0.95. 

As described in a recent paper [ 4, 6] the situation 
changes entirely if the SNO are considered. Table 3 
shows a strong mixing between the occupied MO (1 s 
and 2s) and the virtual MO in the SNO expansion. 
The 1 s strongly interacts with the 4s and 6s, resulting 
in two SNO with nearly identical portion of the 1 s 
MO. The eigenvalues of these 1 s and 1 s' NO are 
of the same magnitude but possess different signs 
(0.00292 vs. -0.00294). The eigenvalues of both SNO 
connected with the 2s MO (denoted by 2s and 2s' 



Zs SNO 

0.5 10 1.5 20 
R1 [a.u.) 

2s MO/NO 

05 1.0 15 20 

R1 la.ul 

0.5 1.0 15 2.0 
R1 !o..u.J 

Fig. 2. Plot of the 2s nitrogen shell in the SCF-MO, the NO and 
the SNO representation. Notation as in Fig. 1 

SNO) arealso different in sign, but the positive eigen­
value is somewhat greater in absolute value than the 
negative (0.07673 vs. -0.05515). The mixing occurs 
in the main between the 2s and 3s MO, the latter 
being the first virtual orbital. The influence of orbitals 
higher than 5 s is very small. 

The shape of the two SNO connected with a single 
MO are also given in Figs. 1 and 2. lt is seen that 
one of them has the form of the original MO, normal­
ly somewhat more contracted while the second SNO 
is much more diffuse. The SNO obtained in the pres­
ent work as eigenfunctions of the CI spin density ma­
trix behave similar to spin natural orbitals defined 
by Chipman [11], to UHF natural orbitals given by 
Harriman [14], and the AEHF orbitals derived by 
Meyer [16]. For example, the eigenvalue of the 1 s 
and 1s' SNO given by Meyer ( -0.00293, 0.00294) 
are similar to ours (- 0.00294, 0.00292). Small differ­
ences arise for 2s and 2s' ( -0.07062, 0.07411 vs. 
-0.05515, 0.07673). The present value of the various 
SNO at the position of the nucleus is higher by aprox­
imately a factor of two compared to the correspond­
ing quantities given by Meyer. The weil known fact 
[1] that for atoms of the frrst row the contribution 
to aiso of the 1 s she11 and the 2 s shell possess different 
signs but are of similar magnitude can be understood 
by combining eigenvalues and eigenvectors of the 
SNO. Although the absolute eigenvalues of the 1 s 
and 1 s' SNO are nearly identical the net contribution 
of the 1 s shell is negative because the 1 s is much 
more compact than the 1 s'. The same argumentshold 
for the 2s shell in which the more compact 2s NO 
possesses the positive eigenvalue (dominating the 2s 
contribution) while the 2 s' SNO with the negative 
eigenvalue is quite diffuse. The fact that the 1 s and 
2s shell contributions to aiso are almost of the same 
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Table 4a. Technical details of the various MRD-CI calculations in 
the MO or NO basis (1:cf=0.9753) for the ground state of the 
nitrogen atom 

Reference set 

1 s2 2s2 

1s2 2s 3s 

ls2 2sdh>-"'>~ 1• 
1sl 2s d,.212 

2px2py2pz 
2px2py2pz 
2px2py2pz 
2px2py2pz 

Square of CI (NO) expansion 
coeflicient cl 

0.9674 
0.0027 
0.0026 
0.0026 

Table 4b. Technical details of the MRD·CI calculations employing 
the MO/SNO basis (1: c~ =0.9705) for the ground state of the nitro­
gen atom 

Reference set 

1 s2 2s 2s' 
1 s2 2s2 

1 s2 2s' 2 

ls2 2sd2 •'-"'2- 7> 

1 s2 2 s d,.,_ ,, 

2px2py2pz 
2px 2py 2pz 
2px2py2pz 
2px2py2pz 
2px2py2pz 

Square of CI coeflicient cl 

0.4964 
0.3153 
0.1546 
0.0021 
0.0021 

magnitude are not predictable solely from the size 
of the eigenvalue, but the more compact 1 s density 
has also to be taken into consideration. 

B. CI calculations 

The use of MO or NO in CI calculations can be made 
in the standard manner. The reference set for the 
MRD-CI treatment is listed in Table 4. Because the 
natural orbitals of the 4S ground state are so similar 
to the corresponding SCF-MO orbitals the same ref­
erence configurations can be employed in the CI (MO) 
and CI (NO) calculation. It should be noted that the 
reference configuration including d orbitals can mix 
in the 4S state by a recoupling within the p shell occu­
pation. 

The difficulty arises if SNO are employed. Since 
each MO is represented by two SNO, the nitrogen 
ground state configuration must be written as 
1s 1s'2s 2s' 2px 2py 2pz with 7 open shells. Prelimi­
nary calculations show that this configuration enters 
into the CI expansion with a weight of about c2 = 0.5 
while further dominant terms are 1 s' 2 2 s2 2 p x 2 p y 
2pz (c2 ~0.3 or 1 s' 2 2s'2 2px 2p y 2pz (c2 ~0.2). Since 
a reference set of configurations with seven open shells 
is beyond the present scope ofthe computer program, 
an alternativeroutewas taken for subsequent calcula­
tions. 

In analogy to the construction of natural orbitals, 
for which the inner shell is oftentimes not included 
in the orbital transformation, the spin natural orbital 
transformation is undertaken for an MRD-CI calcu-



340 

Table 5. Dominant pan of the TSM in an MRD-CI calculation for the ground state of the nitrogen atom employing the NO (Table 3a) 
and MO/SNO (see text) basis. The lower triangular pan is given only. Tbe MRD-CI calculations employ the reference sets of Tables 4a, 
bat a configuration selection threshold of T=O.O h 

MRD-CI (N0)1 

ls 0.0000 
2s 0.0003 0.0220 
3s -0.0020 0.0629 -0.0004 
d,.z- 1z 0.0 0.0 0.0 
d2z2-;c2- 72 0.0 0.0 0.0 
4s -0.0025 0.0156 -0.0002 
5s 0.0000 0.0062 0.0001 
6s 0.0005 0.0013 0.000 

MRD-CI (MOJSNO) 

ls 0.0000 
2s 0.0021 0.0756 
2s' -0.0014 -0.0003 -0.0560 
d"._,2 0.0 0.0 0.0 
d2z2-;r.1-r• 0.0 0.0 0.0 
3s -0.0028 0.0001 0.0001 
4s -0.0007 0.0001 0.0001 
5s -0.0004 0.0000 0.0000 

lation in which the l s core is kept doubly occupied. 
In other words the 1 s shell is described by the 1 s 
MO wbile the 2s shell (and the virtual space) is repre­
sented by spin natural orbitals; this basis will be re­
ferred to as MO/SNO basis. In the ensuing MRD-CI 
calculation CI (MO/SNO) all shells (1 s and 2s) are 
correlated (reference set in Table 4b). From this con­
struction it is expected that the 2s correlation is ac­
counted for to a large extent in a small CI expansion 
while the 1 s contribution to a180 will need an extended 
Cl wavefunction. This approach, describing the 2s 
shell by SNO's and leaving the 1 s shell unaltered is 
assumed tobe more adequate than the opposite pro­
cedure (representing the 1 s by SNO's and the 2s shell 
by MO's) because the 1 s shell polarization is easier 
to account for [4]. Foramore detailed examination 
of this point the boron atom with the 1s2 2s2 2p con­
figuration would be the more appropriate system. 
Such a MO/SNO basis might be required for technical 
reasons also ü many shells are present in a molecule, 
or ü not all shells are equally important for the calcu­
lation of aiso' as for example in a hydride such as 
CH, in which the l s shell does not contribute any­
thing to the isotropic hfcc at the hydrogen center. 

Tbe most important elements of the spin density 
matrix TSM (y"q) for the MRD-CI (NO) and MRD­
CI (MO/SNO) calculations are listed in Table 5 a, b. 
Tbe typical mixing of the 1 s and 2s NO with higher 
s orbitals seen in the off-diagonal elements of the 
MRD-CI (NO) matrix is still present in the interac­
tion of the 1 s MO with the higher s SNO (MRD-CI 
(MO/SNO) TSM) while the TSM of this MRD-CI 
calculation is almostdiagonal for the 2s and 2s' SNO. 

0.0046 
0.0000 
0.0 
0.0 
0.0 

0.0045 
0.0000 
0.0 
0.0 
0.0 

N 
::z:: 
r 

1l0 

5.0 

0.0046 
0.0 
0.0 
0.0 

0.0045 
0.0 
0.0 
0.0 

-10 

0.0001 
0.0000 0.0000 
0.0000 0.0000 0.0000 

0.0000 
0.0000 0.0000 
0.0000 0.0000 0.0000 

-8 -6 

lg T I hartree 1 
Fig. 3. Calculated a~so for the nitrogen molecule obtained from var­
ious treatments as a function of tbe configuration selection thresbold 
T. + MRD-CI (MO), 4 M treatment (see notation Fig.1), a MRD­
CI (NO), NO result from SD-CI, T=2·10-s h, o MRD-CI (NO), 
NO result from 4 M treatment, T= 10- 7 b, A MRD-CI (MO/SNO), 
SNO result from SD-CI, T=lO-s h, v MRD-CI (MO/SNO), SNO 
result from 4 M treatment. T=O.O h, 1 s sbell in SNO constructions 
always doubly occupied. The dashed line represents the full CI basis 
set Iimit [5] 

Tbe corresponding MRD-CI (MO) matrix is similar 
to the MRD-CI (NO) matrix whereby the ls-ns and 
2s-ns interaction is spread over a slightly }arger 
range of orbitals. Mixing between s and d type orbi­
tals does not occur, of course. 

The results of a~so obtained by employing the MO, 
NO or MO/SNO basis sets are contained in Fig. 3. 
The reference sets are those of Table 4; they sbould 



be fairly equivalent since their contribution to the 
total Cl expansion, measured by the square of the 
expansion coefficients, is very similar (1: c2 

=0.9716 MO, 0.9753 NO and 0.9705 SNO). The cal­
culations are carried out in the standard manner 
whereby the MRD-CI truncation is made on the basis 
of the energy selection threshold T. The AO set Iimit 
corresponding to the full CI limit is taken from the 
work of Bauschlieber et al. [5]. 

It is seen that the CI (MO) treatment possesses 
the slowest convergence with respect to aiso· The CI 
(NO) calculation improves the situation and the CI 
(MO/SNO) is practically converged for T= 10-7 h. 
There is one important difference, however: the MO 
and NO basis set calculations approach the Iimit from 
below wbile the MO/SNO basis shows the opposite 
behavior and overestimates aiso for large threshold 
values or smaJler CI spaces. This is of course to be 
expected, since the optimal SNO are only employed 
for the 2s shell while the primary contribution of the 
1 s shell must be brought in by the CI expansion; 
note that the total value is the sum ofthe 2s (positive) 
and 1 s (negative) contribution. Modifications in con­
structing the natural orbitals or the spin natural orbi­
tals (from a SD-CI calculation at larger threshold T) 
show little effect on the total result as expected from 
earlier NO studies [20]. 

The influence of higher excitations not included 
in the MRD-CI calculations can be evaluated from 
a comparison with the AO basis set Iimit; the latter 
has been obtained by Bauschlieber et al. [5] with con­
siderable computational expenditure, and this will not 
be feasible for larger systems, for which CI truncation 
will be necessary, at least in the near future. Increasing 
the reference set in the MRD-CI (MO) calculation 

.. to include higher excitations should add eventually 
a value of about 0.8 MHz to the presently calculated 
result. The deviation (overestimation) in the NO and 
MO/SNO basis set calculation is only 0.4-0.2 MHz. 
Similar behavior has been observed by employing 
CASSCF orbitals [5]. 

In summary it is seen that the choice of the CI 
orbital basis is a quite helpful means to estimate the 
error in the calculated aiso result in a truncated CI 
calculation. The natural orbital basis is expected to 
Iead to faster convergence in accounting for electron 
correlation than the SCF-MO basis, a behavior which 
is carried over to the calculation of aiso which is domi­
nated by the balance of the electron correlation in 
the 1s and 2s shells. The MO/SNO basis which ac­
counts for an optimal 2s shell spin distribution under­
estimates the 1 s shell contribution to aiso in short 
CI expansions so that the direction (decrease) in the 
change of the a1110 value along the convergence path 
is predictable. 
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4. Resalts for the ;t2 n state of the CH molecule 

In the nitrogen atom the hfcc refers only to one center. 
Hence it is interesting to see how the procedures 
tested affect the spin density distribution if more than 
one center is of interest. The simplest isoelectronic 
molecule is CH. Hence in this section we study bow 
CI basis sets affect tbe F enni contact tenn on the 
hydrogen center. The electronic configuration of 
the X 2 n ground state is 1 (J 

22 (J 
23 u 2 1n, so that 

again aiso (H) is determined by correlation effects 
alone. 

Similar to the nitrogen atom three different CI 
basis sets, namely 41:- SCF-MO, NO and MO/SNO 
are employed. The latter are constructed in analogy 
to the previous calculations for nitrogen, i.e. by retain­
ing the 1 a MO in the otherwise SNO basis. 

Various MRD-CI calculations are undertaken: 
for the MO basis three different reference sets employ­
ing six, eleven and seventeen configurations respec­
tively are chosen. The MRD-CI treatments employ­
ing the NO basis are somewhat more compact and 
use four, eleven and sixteen configurations (which cor­
respond to a smaller number of configuration state 
or symmetry-adapted functions SAF than the config­
urations based on the SCF orbitals) while only one 
MRD-CI calculation is undertaken in the MO/SNO 
basis using 12 configurations (or 21 SAF). The calcu­
lated values aiso (H) are plotted in Fig. 4 for the var­
ious treatments as a function of the CI expansion 
length (selection threshold T). In this case full CI limit 
for the AO basis employed is not known but test 

~so 

N' 
:::J: 
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~ 
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Fig. 4. Calculated Ot.;, (H) for the X 2 n state of CH obtained from 
various treatments as a function of the configuration selection 
threshold T. MO basis: + 6 M (9 SAF), x 11M (22 SAF), 6.17 M 
(37 SAF). NO basis: v 4 M (5 SAF), o 11M (19 SAF), o 16M 
(25 SAF). MO/SNO: 0 12M (21 SAF). The dashed line represents 
the experimental value [21] 
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calculations indicate that the experimental value 
should be approached ü d and f functions are in­
cluded for the heavier atom as weil as p polarization 
functions on the hydrogen, as is done in the present 
work (Table 2). This evaluation agrees with studies 
on the nitrogen atom [3, 5] in which the effect of 
f and g AO basis functions of an a150 (N) have been 
tested. F or this reason comparison will be made 
with the experimental value of aiso (H) given by 
[21]. 

It is seen, that both, the CI (MO) and the CI (NO) 
calculations approach the experimental value of 
aiso from above, if the Cl space is increased, which 
is accomplished by lowering the threshold T andjor 
enlarging the set of reference configurations. In both 
variations for increasing the CI space the description 
of correlation effects is improved. In this connection 
it should be realized, that the RHF value for aiso 

(H) as the starting for the correlation treatment is 
zero. The actual value of a1so (H) stems from a domi­
nant negative 2 u and a minor positive 3 u contri­
bution [21] so that the improved correlation descrip­
tion should indeed lower the total value of aiso 

(H), i.e. approach it from above. The CI (NO) results 
are superior to those from the CI (MO) calculation. 
This pattern is similar to that found for the nitro­
gen atom: an acceleration of the CI expansion is 
expected in the NO relative to the MO basis. A 
second factor might be added in this case: the MO 
set is not optimized for the X 2 ll but for the 4 I­
state of the CH molecule (those MO are more con­
venient for various reasons) and this also affects 
the a180 (H) description in the truncated CI to some 
extent. 

The CI (MO/SNO) calculation approaches the ex­
perimental aiso (H) value from the opposite side as 
the CI (MO) or CI (NO) calculations, in analogy to 
what has been found for the aiso calculation in nitro­
gen; the absolute deviations (at T= 10-6 h) are much 
smaller, however. The dependence on Tis not entirely 
obvious since both, the 2 u and 3 u shell are repre­
sented by SNO and the 1 u shell (represented by the 
1 s MO) is not found [22] to contribute to aiso (H) 
directly. An indirect effect of the 1 u shell might be 
operative. The present SNO are similar to the UHF 
natural orbitals discussed by Harriman [14] or Phil­
lips and Schug [15], which are known to overestimate 
the absolute value of a150 • This finding would be in 
accord with the present observations for the CI (MO/ 
SNO) treatment at ]arge thresholds. 

On an absolute scale, however, it is seen that the 
CI (MO/SNO) values give already excellent results 
at a configuration threshold ofT= 10-6 h. Similarly, 
the CI (NO) results are relatively close to the experi­
mental atso (H). Hence on a percentage scale the errors 

- regardless ofwhat CI basis is employed are smaller 
than for nitrogen, whose a1, 0 value seems to be one 
of the very difficult quantities to obtain with high 
accuracy. 

5. Summary and conclusion 

While the dipolar or anisotropic part of the hyper­
fine coupling constant is obtained relatively easily 
within a few percent error from ab initio calculations, 
the isotropic part or Fermi contact term is difficult 
to obtain with sufficient accuracy from such calcula­
tions. It requires a good description of the electron 
correlation. For this reason a large AO basis set in­
cluding d and f functions on the heavier atoms and 
p functions on hydrogen are necessary for a proper 
evaluation of the spin polarization. Configuration in­
teraction calculations which are necessary to account 
for electron correlation must normally be truncated 
for practical reasons if large AO basis sets are em­
ployed Hence the CI orbital transformation for con­
structing the determinants becomes a critical fac­
tor. 

The present paper has compared three different 
orbital transformations, RHF-MO, natural orbitals 
NO and spin natural orbitals SNO in multi-reference 
CI calculations for obtaining atso. While the SNO ba­
sis is the most appropriate from pedagogical consider­
ations, its use may be restricted for practical reasons. 
Nevertheless, even a partial SNO transformation can 
be employed very efficiently as shown for the aiso value 
of the nitrogen atom and the a150 (H) in the CH mole­
cule. It is found that the MRD-CI (NO) and MRD-CI 
(MO/SNO) values for a180 approach the correct aiso 

value from opposite sides with increasing length of 
the CI expansion, so that inherent error estimates 
are conceivable if a small nurober of truncated CI 
calculations are undertaken. In both examples nitro­
gen atom and CH molecule treated the final aiso re­
sults obtained from an NO and SNO basis werein 
error by only a few percent, while errors in the RHF­
MO basis were considerably larger (convergence 
much slower). For the CH molecule the best calculat­
ed value for a180 (H) is -57.8 MHz using SNO's 
whereas the measured value lies at -58.0 MHz 
(Fig. 4). In the nitrogen molecule the calculation em­
ploying SNO's also converges quite rapidly to the 
corresponding full CI Iimit (7.7 MHz compared to 
the experimental10.45 MHz). It is expected that cal­
culations on furhter systems will show similar trends, 
so that it is hoped to obtain reliable prediction of 
the isotropic hfcc with an appropriate gaussian AO 
basis without the necessity of going to the full CI 
Iimit. 
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