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Reliable prediction of the isotropic hyperfine coupling constant, a1110, is still a difficult task for ab initio calculations. Strong 
dependence on the method used for its calculation is found. Within a truncated multi-referencc ansatz aiso is strongly affected by 
the size ofthe reference space and the nurober ofterms in the truncated Cl expansion.ln the present paperdifferent effects ofthe 
neg)ected Cl space are discussed. Modified Bx and A" methods are used to estimate the contributions ofthe neglected configura
tions. lt can be shown that a combination of both methods is able to recover about 90-9 S% of the total error in aiso· Furthermore, 
it was found that to obtain about 90% oftheB x correction only about I 0-20% ofthe configurations within H0 ha ve tobe corrected. 

1. Introduction 

The isotropic hyperfine coupling constant aiso ob
tained from gas-phase spectra or electron-spin-res
onance { ESR) spectroscopy is a direct measure of 
the net unpaired electron-spin density at the nucleus. 
It represents a scalar and is defined for each nucleus 
c in a radical as 

where PN and gN are the nuclear magneton and nu
clear g factor, respectively. The term g is the g value 
for the electrons in the radical, while PN is the Bohr 
magneton. In the present work1 g was set to the value 
of the free electron Ke· A reliable prediction of afso 
is still a very difficult task for ab initio calculations. 
The difficulties in the calculations arise since only 
those orbitals which possess a non-vanishing value 
at the position of the nucleus in question and a net 
spin density contribute to aiso· For the first-row at
oms, a restricted Hartree-Fock (RHF) gives aiso=O 
becausc the singly occupied p orbitals have a node 
at the nucleus. Therefore, the value of aiso is deter
mined solely by spin polarisation of the l s and 2s 
shell by the p electrons. Because the contributions 

from both shells are similar in magnitude but of dif
ferent sign~ a balanced description of the correlation 
effects for both shells is essential. This explains the 
strong dependence of aiso on AO basis set a.nd the 
quality of the CI wavefunction. which has _ been 
found. 

In recent investigations, the influence of higher 
than double excitations on aiso were studied [ 1-5 ). 
Using a coupled-cluster ansatz [ 3], it was found that 
for the X 3Ii of the B2 molecule, the triple excita
tions contributed about 42% ( 4.56 MHz) of aiso· The 
best value of the study is 13.6 MHz and agrees weil 
with the experimental value of 15 MHz. Corrections 
due to quadruple excitations estimated by an ap· 
proximale size-consistency correction improved upon 
the CI value corresponding to only single and double 
excitations by about 3.9 MHz and bring it from 4.2 
to 8.11 MHz. In the laUer study, it was only possible 
to recover either triple or quadruple excitations. while 
a combination of both was not possible because the 
effects were estimated by two different methods. 

To include triple and quadruple excitations is in 
principle possible by cmploying multi-reference 
( MR) techniques in which all single and double ex
citations with respect to a reference space containing 
the most important configurations are considered. 
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The problern of the large number of generated con
figurations is tackled by using selection techniques. 
The influence of each configuration is tested: In case 
it lowers the energy by more than a certain threshold 
Tc., it is included directly in the CI wavefunction. If 
this is not the case, its influence on the energy·is eval
uated in a perturbation-like manner but it is, how
ever, not included in the CI vector which is used to 
evaluate properties. Several selection schemes are 
discussed elsewhere [ 7]. The findings of the study 
discussed above ret1ect the fact that for selective MR
CI techniques, aiso shows strong dependence on the 
size ofthe reference space which govems the amount 
of higher excitations generated and on the selection 
threshold Tc1 which controls the number of config
urations explicitly included in the CI wavefunction 
[ 1 ,4]. Since the nurober of generated configurations 
increases sharply with the size ofthe reference space, 
a dilemma arises. Either the number of generated 
higher excitations is not large enough for a reliable 
calculation of ai1-0 but convergence of aiso with re
spect to the selection threshold T c1 can be reached, 
or if all important excitations are generated, the MR
CI space is too large to obtain convergence of a;,0 as 
a function of the selection threshold Tc1• The situ
ation is additionally complicated by the fact that 
configurations which are important for aiso are not 
necessari1y important for the energy. We again dis
cuss the X 31:& of B2 [ 2]. U sing only 2 3 reference 
configurations, the converged value of aiso is about 
0.5 MHz. Ifthe reference space is enlarged to 63 con
figurations, the best calculated value is about 5 MHz 
but Tc1 is not small enough to reach convergence. A 
further enlargement to 95 configurations would Iead 
to an even better value but since Tc1 cannot be made 
as low as for the smaller reference space, the best 
valuc is only about 4 MHz. Since aiso also depends 
on the size ofthe AO basis set, full CI techniques are 
not managable. To a lesser extent, the same problern 
exists for the energy as weil. This lea<hi to several cor
rection techniques in which the influence of the ne
glected part of the MR-CI space on the energy is es
timated ( 6-9]. In the present paper, we wish to study 
the possibility of estimating the influence of the ne
glected. configurations on aiso· To keep the technique 
as generat as possible, we decided not to use an es
timation procedure especially designed for aiso but to 
estimate the correction for thc wavefunction as a 

whole. Although only energy and aiso are considered 
in the present paper, the corrected wavefunction 
should also be superior for the calculation of other 
properties. The corrections were obtained using a 
slightly modified Bx and Ax procedure. The Bx and 
AK methods were introduced by Gershgom and 
Shavitt [8] but also forrnulated in part much earlier 
by Löwdin [ 10]. 

Following a brief introduction of the theory, the 
results of our test calculations for the ground states 
of the nitrogen atom, 4Su, and the boron atom 2Pu, 
are presented. The 4Su ofthe nitrogenatomwas cho
sen because it is a standard system for calculating aiso· 

The 2P u ground state of the boron atom was selected 
because in a recent study, FeUer and Davidson [2 1 
showed that aiao is much more difficult to calculate 
in this case. Using a similar Ievel of theory, they ob
tained 97% of the experimental value for nitrogen 
4Su ( 10.1 versus 10.45 MHz) but only 55% (6.4 ver
sus 11.6 MHz) in the case of boron 2P u· 

To study influence ofthe one-particle basis, the 2Pu 
calculations were performed with two different one
particle basis sets, i.e. canonical SCF orbitals (MO) 
and natural orbitals (NO). 

The AO basis sets used in the present work 
( ( l3s8p2d) ___. [ 8s5p2d 1 ) [ II ] were augmented with 
two sets of d functions ( B: 0.2/0.8; N: 0.5 I 1.9 ). They 
were chosen to incorporate the most important ef
fects [ 1-4] while keeping the cost ofthe calculations 
reasonable. The reference spaces include all config
urations possessing a weight of c2 ~ 0.005. More de
tailed information is found in tables 1-3. 

2. Theory 

The theory of the BK and Ax method is based on 
partitioning perturbation theory [ 8, I 0]. Suppose the 
Rarnilton matrix H of the MR-CI space is parti
tioned as 

(2) 

where H0 is a Nx N submatrix of H containing all 
important configurations. Then, H1 is a (K-N) x 
(K-N) matrix formed from configurations of lesser 
importance and h contains the connecting matrix 
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Table 1 
Details ofthe calculations for the 4Su sround state ofthe nitrogen 
atom (energies &iven with respect to -54.0 hartree). Reference 
space: 13 configurations 

Tel Se Ieeted Eell) EBkbJ EMRD-Ctc) 

config. 

10.0 1568 -0.53284 -O.S3696 -0.53607 
1.0 2394 -0.53559 -0.53696 -0.53628 
0.1 3888 -0.53642 -0.53696 -0.53694 
0.01 8356 -0.53684 -O.S3698 -0.53687 

0.0 17522 -0.53696 

•> E 0 : energy value obtained from the sele<:tive MR..CI 
calculation. 

b EBk: energy value obtained from the B .. calculation. 
c E~no..c•: energy value obtained from the MRD-CI calculation. 

Table 2 
Details of the calculations for the 2P u ground state of the boron 
atom using canonical SCF orbitals (MO) (energies given with 
respect to -24.0 hartree ). Reference space: 40 configurations •l 

Tel Se Ieeted Eet EBk EMRD-CI 

config. 

10.0 542 -0.62407 -0.62841 -0.62844 
1.0 1390 -0.62725 -0.62851 -0.62853 
0.1 388S -0.62824 -0.62854 -0.62853 
0.01 10527 -0.62853 -0.62857 -0.62856 

0.0 24171 -0.62857 

., Notation employed is the same as in table I. 

Table 3 
Details of the calculations for the 2P u ground state of the boron 
atom usins natural orbitals (NO) ( energies given with respect to 
-24.0 hartree ). Reference space: 1 S configurations •l 

TCI Se Ieeted Eel E•" EMR.D-CI 

config. 

10.0 1179 -0.62642 -0.62912 -0.62856 
1.0 1975 -0.62795 -0.62883 -0.62868 
0.1 4120 -0.62852 -0.62868 -0.62863 

0.0 11410 -0.62864 

• 1 Notation employed is the same as in table I, 

elements between the two sets of configurations. 
Within selective MR-Cl techniques, h and H 1 are 

neglected and the following equation is solved: 

(3) 

Ifthe truncated wavefunction c0
" is used to calculate 
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a property, the obtained value differs from that cal
culated with the correct wavefunction ( c0

, c 1 ) due 
to two reasons: The first effect, which we will call the 
direct effect, arises since the correct wavefunction 
contains more expansion terms (c• #0). The second 
reason for the disparity results from the differences 
between c0

• and c0 which have different coefficients 
for the same configurations. The different values of 
the coefficients originale from neglecting less-im
portant configurations, if eq. (3) instead of eq. (2) 
is solved. We shall call this the tndirect effect. It con
tains not only normalisation effects, but also changes 
in the ratio among the individual coefficients. A per
turbation-like estimation of the indirect effect is ob
tained by the Bx metho(l. Reformulating eq. (2) by 
using the partitioning technique, one obtains 

(4) 

If H1 is replace by D in eq. ( 4 ), where D is the di
agonal part of H., one obtains the formula for the BK 
modification according to Davidson [ 12-1 S ] , 

[H0 +hT(lE' -D)- 1h]c0' =Ec0'. (5) 

Depending on how E' in eq. ( 5 ) is chosen, one gets 
Brillouin-Wigner (E' is equal to E and the equation 
is solved iteratively) or Rayleigh-Schrödinger (E' is 
equal to the energy in eq. ( 3) ) perturbation theory 
[ 13, 14]. In the present work, E' was set to the en
ergy of eq. ( 3 ). The new vector c0' contains the re
laxation of c0 " due to the neglected configurations in 
second-order perturbation theory. The coefficients 
of configurations not contained in c0

• can also be es
timated in second-order perturbation theory using 
the AK method: 

c 1' = (lE-D)- 1hc0'. (6) 

The new wavefunction (c0
', c1

') contains both in
direct and direct effects in second-order perturba
tion theory. In the present study, the efficiency of 
both methods in correcting a truncated CI wave
function is tested. The calculations consist of several 
steps. After choosing a reference space, all single and 
double excitations are generated. In the first step, the 
H0 matrix is diagonalised. It contains all configura
tions which, within the selection procedure of the 
MRD-CI program [ 6], lower the energy by more than 
a given threshold T0 . In the second step, the BK 
metbad is applied. Since the computation of the 
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terms hT(IE' -D)- 1h is very time consuming, the 
question whether all or only the most important 
coefficients in c0 • should be corrected is of great in
terest. To check this, the BK correction was per
formed for several subspaces of c0•• The size of a 
subspace was determined by a threshold T8 k, i.e. all 
configurations possessing a coefficient greater than 
Tsk were included in the subspace. From eq. (5 ), one 
obtains a corrected energy E 8k and a corrected vec
tor cBk which contains the relaxation of the most im
portant coefficient due to the neglected configura
tions. Using c8k, a:, which includes an estimation 
of the indirect effect, is calculated. 

In the last step, the coefficients of those configu
rations not included in the wavefunction c0' were es
timated using eq. ( 6 ). With the final wavefunction 
cy, a~, corrected with respect to both effects in sec
ond-arder perturbation theory, is calculated. 

3. Results and discusslons 

To be able to estimate the quality oftheB K and AK 

methods, the exact amount of the indirect and direct 
etrect on the correction of a given property has to be 
considered. Fora given H0 subspace, they can be ex
tracted from the correct MR-CI wavefunction. A 
comparison of the influence of both effects on aiso is 
given in fig. l as a function of Tc, which govems the 
size of H0• The number of configurations explicitly 
included in the single Ho can be taken from tables I 
to 3. 

For the 4Su ground state of the nitrogen atom, the 
dominance of the indirect effect is seen. Only for the 
smallest Ho subspace (Tc1= 10.0 phartree/1568 
configurations) does the direct effect contribute 
about 15% of the total correction of aiw· In alllarger 
subspaces, the indirect effect gives nearly I 00% of 
the total difference to the MR-CI limit. 

For the 2P u ground state of the boron atom, a dif
ferent situation is found if canonical SCF orbitals are 
employed. First of all, the convergence of ai10 with 
respect to Te1 is much slower, which is a reflection 
of the more difficult situation in the boron atom as 
mentioned above. Although for smaller subspaces, 
the indirect effect is still more important, the direct 
effect contributes about 30-40% to the correction of 
aiso· As the subspace H0 becomes (arger ( ~ 60% of 
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Fig. I. Comparison of indirect (ri&llt-shadcd) and direct effect 
( left-shaded) on a;IO as a function of T CJ· The nomber of confJ&· 
urations explicitly included in the sin&le H0 subspaces can bc taken 
from tab1es 1 to 3. The numbers on top of the columns indicate 
the pc:runtage of both effects. 

the full MR-CI space ), the indirect effect vanishes 
while smaller corrections due to the direct effect are 
still found. 

If natural orbitals (NO) are used instead of ca
nonical SCF orbitals (MO), the situation is similar 
to that found for the nitrogen atom. The conver
gence of a110 with respect to Te1 improves and the 
total corrections decrease. Again the indirect effect 
is dominant. 

Forthe 4Su ofthe nitrogen atom the calculated val
ues of tljso in dependence of each method and the size 
of H0 are given in fig. 2. More details, i.e. the sizes 
of the H0 subspaces and the energies, can be taken 
from table 1. lt is seen that aiso calculated from the 
truncated CI wavefunction, a~, possesses the worst 
convergence with respect to Tc1• About 40-50% of 
the MR-CI space has tobe included in H0 to push 
the error in a f;!. below 5%. The value of aiso obtained 
from the wavefunction corrected by the Bx method, 
af:, have to be compared with the af~0 which in-
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Fig. 2. Calculated values of ai10 in dependence of each method 
and the sile of H0 for the "S .. ofthe nitrogen atom. (X) a!;.; ( ll) 
a=; (0) a~; (0) af!':,0 ; (-) Tc1=0.0 limit. a~: a110 ob
tained from tbe truncated CI wavefunction. a:: ai10 including 
B~:correction. ariO: ailo including BKand A,;correction. a~0 : aiiO 
including the exact indirect effect. (For more details see table l.) 

clude the exact indirect effect. As seen in fig. 2, the 
BK method is able to recover about 97% of the exact 
indirect efTect Adding on a~, the direct efTect es
timated with the AK method. one obtains a~ which 
contains both effects in second-order perturbation 
thcory. The value of a ~ has to be compared to the 
Iimit ofthe MR-CI space indicated by the solid line. 
For the smallest H0 subspace, the Ax method is able 
to estimate about 82% ofthe direct effect (0.38-0.46 
MHz). Together, both methods are able to -reco"Ver 
96% of the total correction. As can be seen in:·fig. 2, 
the situation even improves for larger subspaces H0• 

A much better convergence of a!so in comparison to 
af;! is found and even for the smaHest subspace H rn 
the error in aiso is smaller than. 5% .. For the energy, 
the situation is even better. 

For the 2P u state of the boron atom, two different 
one-particle bases. were used. The results of the cal
culations using the canonical SCF orbitals (MO) are 
given in fig. 3 where identical Iabels to tho~e in fig. 
2 were used. More information is given in table 2. In 
comparison to the situation found for the 4Su of the 
nitrogen atom, a~ converges much worse with re
spect to Tc1• About 70% ofall configurations have to 
be included in H0 to decrease the error in a~ below 
5%. · Furthermore, as discussed above, the direct ef
fect is more important. From all this, the boron atom 
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Fig. 3." Calculated valoes of aito in dependence of each method 
and the size of H0 for the 2P. of the boron.atom employing ca
nonicaJ SCF orbitals. (X) af;.; ( ~) a~; ( 0) a~0 ; ( 0) a?'io; 
(-) T 0 ::0.0 limit. Notation employed as in fig. 2. (For more 
details see table 2.) 

rep~esents an 'ideal system to· study the p~ssibilities 
and limiis ofthe BxiAK method. 

For the sirtallest subspace H0 ( 542 con:figurations, 
2% of the totaJ·MR space), a~ yields -5.1 MHz 
which is 11.8 MHz below the MR-CI Iimit of 6'. 7 
MHz. The BK co~ecti~n· (7.4 MHz) coveis 90% of 
the indirect effect ( 8.25 MHz) feading to a: equal 
to 2.46 MHz while a:!'!o is equal to 3.15 MHz. Using 
the AK method, 72% ofthe. direct effect is ~stimated 
(2.6-3:~ MHz). In total (BKand AK method)., sec
ond-orde.r perturbation theory is able to estimate 
about 86°~ (.9.~-11.5 MHz) ofthe tQtal error in aiso· 

It gives a valu~ :of 4.82 MHz for a[50 which is ex
cellent in comparison to the truncated CI value. If 
H0 is enlarged, the ab~lJJ.te error of the Bx/AK 
method decreases furtber.· From fig. 3, it can be seen 
that a~, which includes both effects in second-order 
perturbation tbeory, converges more quickly with re
spect to Tc~.than a~. For the boron atom using MOs, 
the Bx/Ak estimates about 85-90% of the total cor
rection to a~. 

-As discussed above, the convergence of the trun
cated Cl improves if NOs instead of MOs are used. 
The greater compactness of the wavefunction is re
vealed by the larger nurober of configurations se-
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fig. 4. Calculated valucs of a;10 in dependence of each method 
and the size of H0 for the :zp .. ofthe boron atom employing natu
ralorbitals. (X) a:;:,; (ll) a=; {0) al~; (-) Tc1=0.0Hmit. 
Notation employed as in fig. 2. ( for moredetailssec tablc 3.) 

Ieeted at the single thresholds Tc1 and, furthermore, 
by the enhanced convergence of a~. As for the 4Su 
of the nitrogen atom, about 40-50% of the config
urations have to be included in H0 to push the error 
in a~ below 5%. The results of our calculations us
ing the B x method are summarised in fig. 4 and table 
3. Since the direct effect is small ( fig. 1 ), no AK cal
culations were carried out. Using Tc1 equal to 10.0 
J..lhartree, the H0 subspace contains 1179 configura
tions giving a~ equal to -1.2 MHz. This is 7.6 MHz 
·belowthe Tc1=0.0 Iimit of6.4 MHz. The Bx method 
estimates an indirect effect of 8. 5 MHz ( a :~ = 7.3 
MHz) which is about 1.8 MHz higher than the cor
rect indirect effect of 6.7 MHz (af:0 =5.5 MHz}. 
The error disappears for larger H0 space where the 
estimated corrections are equal to the exact indirect 
influence ( fig. 4). 

The overestimation can be traced back to the !arger 
amount of off-diagonal elements within the Hamit
ton matrix [ 16] if NOs rather than MOs are used. 
Since all off-diagonal elements of H 1 are neglected, 
problems in the Bx approximation can arise. Never
theless, the convergence of ar! for this test System 
is also much better than that of a~. 

The most time-oonsuming step within the Bx 
method is the construction of h T ( I E' - D)- 1 h. The 
situation would improve if only a small nurober of 
the configurations in the subspace H0 badtobe cor
rected to obtain a I arge percentage of the total B x 
correction. In order to study the convergence, cal-

-~ 5 ·--·--·----
] 4. 

,§ 3 
2 

so 100 % sel«hd 
SAF 

Fig. 5. Convergencc of the B x correction as a function of the per
centage of explicitly cerrected configurations from the selected 
CI space. System: 2P .. of the boron atom with T Cl= 1.0 j.!hartree. 

culations were perfonned in which only those con
figurations with coefficients greater than a given 
threshold Tat were corrected. For the boron 2P u em
ploying MOs and a Tc1 threshold of 1.0 iJ.hartree 
( 1390 configurations), the results are summarised 
in fig. 5. After a steep ascent, the curve becomes very 
flat. To cover 86% ofthe possible BKcorrection, only 
84 configurations had to be corrected. To obtain a 
further 6% of the correction, the number of config
urations bad tobe increased to 178, i.e. the most im
portant 12% of the configurations in the H0 space 
had to be corrected to obtain 92% of the Bx correc
tion. The further behavior of the curve is relatively 
flat and to obtain the full B,. effect, 90% of the con
figurations bad to be corrected. Similar behavior is 
found for the other subspace Ho and the other test 
systems. 

4. Summary 

In the present paper, the sources for errors in a 
truncated CI wavefunction are discussed. We distin
guished between the direct effect, resulting from 
missing expansion terms within tbe truncated wave
function and the indirect term, which comes from 
the neglect of less important configurations during 
the diagonalisation of the submatrix H0 • Both effects 
were estimated in second-order perturbation theory 
using the AK and Bx method. The corrected wave
functions were tested by calculating the isotropic hy
perfine coupling constant aiso· The lest systems were 
the 4S11 ground state of the nitrogen atom and the 2P u 

ground state of the boron atom. 1t could be shown 
that a combination of the AK and BK methods is able 
to estimate about 90-95% of the total crror in aiso 

403 



Volume 179, number4 CHEMICAL PHYSICS LETIERS 26 April 1991 

depending on the test system and size ofthe under
lying CI calculation. The value of a150 calculated with 
the corrected wavefunction converges much more 
rapid1y with respect to Tc1 than a~ obtained from 
the truncated CI wavefunction (see figs. 2-4 ). 

Furthermore, it was found that to obtain about 90% 
of the BK correction, on1y about 10-20% of the con
figurations within Ho have tobe corrected (see fig. 
4 ). The use oftbis correction method for other prop
erfies than aiso is under investigation. 
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