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Part I

Introduction

A + B −→ C

This simple general reaction formula plays a fundamental role in chemistry. Two reagent
particlesA andB interact with each other in some way and form a new and different par-
ticle C. For the chemist the particles typically can be either atoms, molecules or clusters.
From a physicist’s point of view, any elementary particle or conglomerate of particles ex-
istent in nature—such as quarks, leptons but certainly also photons—can take part in such
a reaction. Indeed—if conditions are well-prepared—two and even much more photons
“react” with each other to form one new photon. Since energy conservation must be ful-
filled, the one new photon carries all the energy of the educt photons. It is easy to imagine
that these kinds of “photonic reactions” can generate very high photon energies—up into
the soft x-ray spectral region—by having more and more photons react with each other. In
chemistry it is well-known that the reagents must be carefully prepared and catalysts must
be used and optimized in order to create a maximum of the desired substance, avoiding
undesired by-products.

This work presents the optical analog: For photonic reactions, we have to carefully pre-
pare the state of the reacting light and to use a particular reaction environment as a cat-
alyst in order to enhance the reaction efficiency and to control the high-energy photonic
product state. Moreover, newly synthesized photons are directly applied in a prototype
experiment, opening the door to fascinating scientific perspectives.

Due to the linearity of the classical Maxwell equations photons cannot interact with each
other in vacuum. The superposition principle states that one propagating electromagnetic
wave is not affected by another one—the two electric fields simply add. The situation
changes when light propagates in a medium. Here, the electric field of light interacts with
the electrons in the material, causing them to oscillate around their equilibrium positions.
It is the acceleration of charged particles—the electrons in this case—that creates electro-
magnetic radiation. For small electric fields, this oscillatory motion can be approximated
to be linearly dependent on the electric field strength of the light wave. For higher and
higher fields, this linear dependence breaks down—we enter the field of nonlinear optics.
From here on, photonic reactions are possible.

We can thus identify two vital environmental conditions that need to be set to enable
photon conversion reactions: the availability of a suitable medium acting as the catalyst
and high laser field strengths that call for high intensity. The latter can be accomplished by
the use of ultrashort laser pulses that are focused down to very small spot sizes. Intensities
on the order of 1014 W/cm2 can easily be obtained in the region where interaction with the
medium takes place. In other words, in the interaction region the photon density is high
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enough such that photons can talk to each other via the medium which they polarize. By a
mechanism called high-harmonic generation, typically odd numbers of laser photons join
to produce photons of energies far into the soft-x-ray spectral range.

This light conversion mechanism would merely be of academic interest if the high-energy
light produced had the same properties as emission of thermal sources or x-ray tubes.
However, by contrast, the light created in the high-harmonic generation process exhibits
a number of interesting qualities. Spatial and temporal coherence properties of the gen-
erating laser light are transferred to the soft x-ray photons. This enables us to create
laser-like emission at soft-x-ray frequencies. The photon conversion reaction can only
occur as long as there is light provided by the laser pulse. Thus, the duration of the soft
x-ray pulse that travels along with the laser pulse is shorter than or equal to the one of the
laser pulse. It can really bemuch shorterthan the laser pulse, down to durations of a few
hundred attoseconds (as=10−18 s), far shorter than the optical period (2.67 fs = 2670 as
for 800 nm wavelength) of the few-cycle femtosecond-duration laser pulse that generates
it. These attosecond light pulses are of fundamental interest for the dawning field of atto-
physics, devoted to the exploration of electronic motion in atoms on the natural time-scale
of the quickly moving tightly bound electrons. There is one severe drawback of this fasci-
nating perspective: The photonic reaction efficiency, i.e. the efficiency of conversion from
laser light into soft-x-ray light is very small. At the moment typically 10 laser photons per
million (10 ppm) are converted. The low total soft-x-ray photon flux achievable therefore
is a severe limitation for future applications of the high-harmonic radiation.

To perform light conversion by high-harmonic generation we need to provide two ingre-
dients, thedriving laser lightand themediumit interacts with. In this work both of these
ingredients are optimized and controlled in experiment as well as in theory. Modifying
the temporal characteristics of laser pulses with pulse shaping techniques and design and
preparation of the medium are shown to lead to significant enhancements of the conver-
sion efficiency of the process. This represents a comprehensive approach to overcome the
problem of limited coherent soft x-ray flux.

It turns out that the enhancement of the conversion efficiency is not the only benefit ob-
tained from shaping the generating laser pulse. In fact, the well-known typical shape of
the soft x-ray spectrum produced in the conversion process changes when the laser pulse
shapes are modified. This fact has even more important consequences than increased
conversion efficiency: It means that the shape of the attosecond pulses produced in the
process can be controlled. In the field of quantum control, the femtosecond time-scale
motion of molecular or lattice vibrations and also is nowadays routinely controlled by the
shape of available femtosecond laser pulses. Similarly, in the future, the dynamics of elec-
tronic wavepackets can be controlled by the shape of the newly synthesized attosecond
pulses. This finding lines out the relevance of this work: the field of coherent control has
been transferred into the emerging field of attophysics in the soft x-ray spectral range. An
experiment on the control of a gas-phase molecular reaction described at the end of this
work demonstrates the versatility of the developed flexible coherent light source in the
soft x-ray domain. Many more applications of the presented technique can be expected to
follow up through the now open door.

This thesis is structured as follows:
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Part I serves as a general introduction. It describes the fundamental theoretical concepts
and experimental techniques needed to understand the main part of this work. The in-
troduction covers both the preparation and manipulation of the ultrashort high-intensity
laser pulses and the nonlinear response of the medium when it is irradiated by these in-
tense light fields. The process of high-harmonic generation—being the nonlinear response
of particular relevance for this work—is then discussed in detail.

Part II is devoted to the experimental and theoretical results on the optimization of
high-harmonic coherent soft-x-ray generation by designing and preparing the conversion
medium. Both the gas and the condensed liquid phase will be studied in order to find
optimum conditions for efficient high-harmonic generation. Molecules are shown to be
excellent conversion media if they are suitably prepared. The concept of ‘pump–drive’
harmonic generation is introduced to efficiently exploit the molecular inner degrees of
freedom. This concept is then employed at high particle densities in the liquid phase.
High-order harmonic generation observed from water microdroplets for the first time re-
veals new results guiding the way towards efficient coherent soft x-ray production.

The control of the high-harmonic process by shaped laser pulses is the subject of Part III.
Not only an increase in conversion efficiency is achieved but the qualitative shape of the
high-harmonic spectral response can be altered to produce unprecedented high-harmonic
spectra. The flexibility of this variable soft x-ray emission allows for application in an
adaptive control experiment in the soft x-ray region, described in Part IV. This part also
discusses the effects of the spectral shaping results for the temporal shape of the sub-
femtosecond pulses produced in high-harmonic generation. It represents the first descrip-
tion of a simple attosecond pulse shaper.

The thesis is concluded with a summary in Part V also containing an outlook to upcoming
experiments based on these newly developed techniques and results.

The appendix in Part VI describes the first application of the recently developed technique
of adaptive femtosecond polarization shaping in the field of quantum control and also
some more specific technical issues.
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Chapter 1

Basics

In this chapter, the fundamental aspects of the theory and techniques needed to understand
the main part of this work are introduced and discussed. A large amount of the results
described below focuses on the interaction of highly intense laser radiation with matter in
a process called high-harmonic generation. This process can be exploited to produce light
in the soft x-ray spectral region. Although one might assume that higher and higher in-
tensity of the laser leads to more and more complex physical phenomena, we will see that
much can be understood by retreating to classical Newtonian motion of a single particle—
the electron—in the laser field. It is one of the intriguing aspects of nature that islands of
simplicity sometimes arise in a sea of complexity. For this particular subject that means:
A quantum mechanical system interacting with a strong laser field can be described using
classical mechanics. From a different point of view we can state: Nonlinear optics in the
complex nonperturbative regime recovers linearity.

This chapter is structured to lead from the general properties of ultrashort laser pulses
to the particular application, which is high-harmonic generation. The first section is de-
voted to ultrashort laser pulses: How are they mathematically described and how are they
affected by propagation in media exhibiting dispersion. The next section serves as an in-
troduction to nonlinear optics, discussing the microscopic origin of frequency conversion
and the macroscopic requirements that the conversion medium needs to fulfill to produce
observable amounts of converted light. Finally the last section reviews the field of high-
harmonic generation, where the aforehand described fundamental principles of nonlinear
optics will be applied to this special case.

1.1 Ultrashort Laser Pulses

The field of nonlinear optics arises from the availability of highly intense laser radia-
tion. Nowadays, the simplest way to provide these laser intensities are ultrashort pulse
sources with their most common representative, the Ti:sapphire laser. This class of lasers
is now able to supply pulses of duration down to 3-5 fs [1–3]. For longer pulse durations,
pulse energies of several hundred Joules can be obtained, providing intensities around
1021 W/cm2 and Petawatt peak power [4]. On the other hand, Terawatt pulse energies are
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available at high (1 kHz) repetition rates [5]. Amplification schemes have been proposed
in theory allowing for the generation of intensities of 1029 W/cm2 [6] with present day
laser systems. At these intensities (corresponding to the quantum-electrodynamic critical
field strength, called the Schwinger limit), electron–positron pairs can be spontaneously
created by the light, giving rise to a multitude of new effects.

The working principles of modern Ti:sapphire laser systems, in particular the ones used
for the experiments in the main part of this work, will shortly be outlined at the beginning.
In order to work with ultrashort laser pulses both experimentally and theoretically some
further basic knowledge about their properties is helpful. How do we mathematically de-
scribe the ultrashort laser pulses, what are ways to modify their temporal shape, and how
does a dielectric medium affect the pulses which travel through it? It will also become
obvious that the time-frequency dualism in the description of wave phenomena is very
helpful with the Fourier transformation playing a fundamental role.

1.1.1 Generation of Ultrashort Laser Pulses: The Laser System

The desire to create shorter and shorter laser pulses accompanied the development of the
laser [7, 8] ever since its first realization. One decisive step was the discovery of the
technique now known as Kerr-lens modelocking [9, 10]. As the name implies, multiple
longitudinal cavity modes within the gain bandwidth of the laser become phase-locked,
giving rise to a stable laser pulse train in the output of the laser. As was mentioned at the
beginning, the typical ultrashort pulse laser systems today are based on the lasing medium
of titanium doped sapphire (Ti:sapphire), which is a solid. Usually, a free-running solid
state laser tends to produce a narrow-band continuous-wave (cw) output at a given wave-
length corresponding to the maximum of the gain curve of the laser. How is it possible
that multiple modes are excited and even phase-locked? We need a mechanism that is
able to convert a narrow frequency spectrum into a broader range of frequencies. As will
be discussed in Section 1.2, nonlinear optics allows for exactly this frequency conversion.
It will be shown that the refractive index of dielectric material depends not only on the
frequency but also on the intensity of the light. In most materials, the index of refraction
increases with intensity. A laser beam is most intense in its center, which then gives rise
to an effective positive focal-length lens, the so-called Kerr lens. This phenomenon is
employed in mode-locked Ti:sapphire lasers [11]: It is done by setting up the cavity in
such a way that single-mode operation is slightly disfavored when the Kerr-lens is not
active. A small perturbation of a free running cw-laser will then lead to the buildup of
a ultrashort laser pulse which concentrates the power of the laser into a short moment of
time, thus increasing the intensity and efficiently generating the Kerr lens that corrects for
the disfavored setup of the laser. Due to mode competition in a laser, the operation mode
that experiences the least losses is always favored. Since the laser cavity is set up such
that the least losses are encountered for a strong Kerr lens, the laser pulse duration will
naturally decrease down to a very small value.

The limit is finally given by dispersion, the frequency dependence of the refractive in-
dex. Shorter and shorter laser pulses have a broader and broader spectral distribution (see
below). The initially short pulse will thus suffer an increase in its duration as it trav-
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els through the laser material (blue and red frequencies travel at different speeds), which
decreases the intensity. The shorter the initial laser pulse, the more severe the spread-
ing, thus the decrease in intensity. Therefore, in order to maintain the short pulses, this
dispersion has to be compensated. In a Ti:sapphire laser oscillator this can be done by
geometrically separating blue and red frequencies with a pair of prisms and having them
travel differently long paths, counterbalancing the dispersion of the laser [11].

Since the prism compressor allows only for a limited compensation of the material dis-
persion, chirped mirrors have been developped [12–14] that allow to generate the shortest
possible pulses. These mirrors are based on multilayer reflection, where the layer spacing
is chosen such that different frequencies reflect at different depths, thereby reversing the
effect of pulse dispersion in the laser crystal and cavity optics.

The typical output of a Ti:sapphire laser oscillator is a pulse train of 10-100 fs-duration
pulses with a repetition rate on the order of 100 MHz. The average power is usually on
the order of several 100 mW, giving rise to pulse energies of several nJ. These pulses can
be focused to yield intensities on the order of 1012 W/cm2. For the experiments discussed
in the main part of this work, however, this is not sufficient. Intensities of at least 1014

W/cm2 are required. Amplification of the oscillator output pulses is thus mandatory.

The regenerative amplifier laser system that was used for the experiments discussed in this
work delivers pulses of 80 fs duration centered around 800 nm wavelength at a repetition
rate of 1 kHz. The amplified pulse energy is 1 mJ, corresponding to an amplification of
106 with respect to the oscillator pulses. This cannot be done by simply coupling the
femtosecond oscillator pulse into the amplifier since the increase in pulse energy would
result in an increase of the intensity beyond the damage threshold of the laser material.
For that reason, the technique of ‘chirped-pulse amplification’ (CPA) [15] is employed
(see Fig. 1.1). Prior to amplification, the oscillator pulses are sent through a ‘stretcher’,
again geometrically delaying blue and red frequency parts of the pulse with respect to each
other. Typically gratings are used for low-bandwidth amplifiers [16–18]. If the bandwidth
to be amplified is sufficiently large, material dispersion (passing through long glass rods)
can also be used instead. This results in a temporally varying instantaneous frequency
of the pulse (see below) that is called a ‘chirp’, explaining the name of the technique.
Importantly, the intensity of the longer pulse is now much lower than the one of the input.
This low-intense long pulse can now safely be amplified in the Ti:sapphire crystal of the
amplifier. This crystal has to be pumped by a pulsed laser, since we need to provide a
high gain for the few round-trips performed by a single pulse. The repetition rate of the
amplifier is thus always limited by the repetition rate of the (Q-switched) pump laser,
which is a Nd:YLF laser in this case. It delivers 10 mJ pulses at a wavelength of 527 nm.
After amplification, a ‘compressor’ is used, which is based on the same principle as the
stretcher except for reversing the frequency-dependent path length differences generated
in the stretcher. After compression we obtain a pulse train of high energy laser pulses
which we can use in experiments. In Fig. 1.2a the spectra of the oscillator and amplifier
output are presented. An autocorrelation measurement (see Section 1.1.5), which is used
to determine the pulse duration, is shown for the amplified laser pulse (Fig. 1.2b). The
amplified spectrum is shifted slightly into the red, due to the Ti:sapphire gain curve with a
maximum around 800 nm. The FWHM (full width at half maximum) spectral bandwidth
is 21 nm, the FWHM pulse duration extracted from the autocorrelation is 88 fs, assuming
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cw pump laser
4W Nd:YVO3 532 nm

Nd:YLF Laser
1kHz, 10 W, 527 nm

Ti:sapphire oscillator
80 MHz, 500 mW, 800 nm

60 fs pulse duration

stretcher amplifier compressor

1 mJ, 80 fs
800 nm, 1 kHz

250 ps 2 mJ

amplifier damage
threshold

Figure 1.1: Schematic setup of the chirped-pulse-amplification laser system used for the experi-
ments. A train of femtosecond laser pulses is produced in the Kerr-lens modelocked Ti:sapphire
oscillator, which is pumped by a cw-laser. The pulse duration of each of these pulses is increased
in the stretcher by geometrically realizing different optical path lengths for the different frequency
components of the pulse. These long ‘chirped’ pulses can then be amplified at low peak inten-
sity to avoid damaging the Ti:sapphire laser medium. After amplification, the spectral path length
differences are reversed in the compressor. The pulse is thus recompressed close to its original
duration and a highly intense laser pulse is now available for experiments.
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Figure 1.2: Spectra of oscillator (dashed line) and amplified (solid line) laser output (a) and
autocorrelation measurement (b) of the amplified laser pulse (dots) along with a fit corresponding
to a sech2 instensity profile of the laser pulse. The spectral bandwidth is 21 nm, the autocorrelation
indicates a pulse duration of 88 fs.
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a sech2 intensity profile.

1.1.2 Mathematics of Ultrashort Laser Pulses

A suitable way of describing an ultrashort laser pulse is by its time dependent electric
field E(t) at a given point in space (that is, we are not interested in propagation at the
moment). We will first of all treat the electric field as a scalar quantity, which means the
polarization state of the field is assumed not to change throughout the pulse. Since the
electric field is a measurable quantity,E(t) is a real function. By help of the Fourier trans-
formation, we can obtain an equivalent description of the pulse in the (angular) frequency
domain (in the following, the expression ‘frequency’ will be used for ‘angular frequency’)

Ẽ(ω) =
1√
2π

∫ ∞

−∞
E(t)e−iωt dt (1.1)

and recover the temporal electric field by the inverse transformation

E(t) =
1√
2π

∫ ∞

−∞
Ẽ(ω)eiωt dω. (1.2)

The spectral distribution of the laser pulse, as experimentally measured by a spectrometer
is given by

Ĩ(ω) ∝ |Ẽ(ω)|2. (1.3)

In general,Ẽ(ω) is a complex function. However due toE(t) being real, it exhibits a
symmetry

Ẽ(ω) = Ẽ∗(−ω), (1.4)

where the asterisk stands for complex conjugation. Due to this property the full infor-
mation of the pulse is already contained along the positive frequency axis. We can thus
define the function

Ẽ+(ω) =

{
Ẽ(ω) if ω ≥ 0,

0 if ω < 0
(1.5)

to fully characterize the pulse shape. We can now again use the Fourier transformation to
transform back into the time domain, where we arrive at

E+(t) =
1√
2π

∫ ∞

−∞
Ẽ+(ω)eiωt dω. (1.6)

The inverse transformation returns

Ẽ+(ω) =
1√
2π

∫ ∞

−∞
E+(t)e−iωt dt. (1.7)

E+(t) is now a complex-valued function. For both functions, we can therefore write

E+(t) = A(t)eiφ(t) (1.8)

Ẽ+(ω) = Ã(t)eiφ̃(ω), (1.9)
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expanding the complex functions into their amplitudes and phases. The real valued tem-
poral electric field can be reconstructed fromE+(t) as follows:

E(t) = 2Re
(
E+(t)

)
(1.10)

= 2A(t)cos(φ(t)) , (1.11)

where Re(z) denotes the real part of the complex numberz. This way we can identify the
temporal phase functionφ(t) in Eq. (1.8) as the quickly oscillating carrier wave under the
enveloping temporal amplitude function 2A(t) (see also Fig. 1.3).

The phase functions—in particular the spectral phaseφ̃(ω)—will play a major role in this
work, since we will later use spectral phase shaping to change the temporal shape of the
laser pulses. We therefore analyze these phases by performing a Taylor series expansion:

φ(t) =
∞

∑
j=0

a j

j!
t j , (1.12)

φ̃(ω) =
∞

∑
j=0

ã j

j!
ω

j . (1.13)

The coefficient of zeroth order in each representation (a0, ã0) is a constant phase, which
shifts the carrier wave within the fixed envelope in Eq. (1.11). This phase shift of the car-
rier with respect to the envelope—in the literature called ’carrier-envelope phase’ (CEP)—
is usually not important for 800 nm wavelength laser pulses longer than 10 fs, since the
difference in electric fields from cycle to cycle at the maximum of the pulse is very small.
For shorter and shorter pulses at the same center wavelength, the effect of the CEP be-
comes more pronounced (see Fig. 1.3). In particular, if highly nonlinear processes are
considered that depend on the electric fieldEn at high powersn, there is a significant
difference in how the process evolves for different CEPs of the driving laser pulse. We
will discuss these effects in more detail below (Chapter 2 on high-harmonic generation).
The absolute value of the phase can be measured by various methods [19,20]. In general,
the CEP phase varies from shot to shot of the laser due to differences in group and phase
velocity. Very recently, stabilizing the CEP phase of the laser oscillator [21] and amplifier
output [22] has been achieved. By inserting Eqs. (1.12) and (1.13) into the expression for
E+(t) in Eq. (1.8) andẼ+(ω) in Eq. (1.9), respectively and performing a Fourier trans-
formation on each, we notice that the first order coefficients ˜a1 in the spectral phase ora1

in the temporal phase correspond to shifts in time or frequency, respectively. In particu-
lar, we can use this property to shift the spectral distribution (spectrum) ofẼ+(ω) from
its central frequencyω0 to be centered around frequencyω = 0. We can thus define the
residual temporal phase

ϕ(t) = Φ(t)−ω0t. (1.14)

Using this expression, the time-dependent instantaneous frequency of the laser pulse can
be defined as

ω(t) =
dΦ(t)

dt
= ω0 +

dϕ(t)
dt

, (1.15)

where we can again separate off the quickly oscillating component of the central fre-
quencyω0 and only look at the frequency differenceδω(t) = dϕ(t)/dt. If the instanta-
neous frequency does not vary much throughout the pulse compared to its spectral width
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Figure 1.3: Ultrashort laser pulses with envelope function and carrier wave. Shown is a 4 fs pulse
(left) and a 40 fs pulse (center and right). Two different carrier phase (absolute phase) situations
are shown, a so-called cosine pulse—where the peak of the envelope function is reached by the
carrier wave—and a sine pulse, the phase of which is shifted byπ/2. Whereas this phase shift
causes a major change in the maximum electric field attained in the 4 fs case, the difference in the
40 fs case is negligible. For pulses longer than 10 fs, the absolute phase is in general not important.

in frequency space, the pulse is close to its transform or bandwidth limit, which defines the
shortest pulse achievable with a given spectrum. However, the time-dependent frequency
of the laser pulse can, for example, monotonously increase—the pulse sets in with its
carrier at red frequencies and sweeps into the blue—which we call an up-chirped pulse
(chirp from its analog in acoustics). This pulse is now longer than the transform limited
pulse. Analogously, if the frequency decreases monotonously in time, we call the pulse
down-chirped. Chirp-dependence is very often used in control experiments [23–28], since
it can be easily introduced and varied in practice. For example, the chirp of an initially
short laser pulse can be controlled by delaying its high-frequency components (blue) with
respect to the low-frequency (red) ones. This can be done by dispersive media, where op-
tical path lengths vary due to a frequency dependent index of refraction (see Section 1.1.3
on pulse dispersion). Another way to vary the chirp is to geometrically induce a path-
length difference between red and blue frequencies by spatial separation of the spectral
components (e.g. prism or grating) and having them run along differently long ways
with path lengths increasing or decreasing from blue to red. By introducing arbitrary
path lengths for the spectral components, we can shape the laser pulse in a much more
comprehensive manner, which shall be discussed in Section 1.1.4 below.

In contrast to the zeroth and first order coefficients in Eqs. (1.12) and (1.13), which do not
change the amplitudes̃A(ω) andA(t), the higher order coefficients cause modifications
of these functions. For example, if the instantaneous frequencyω(t) of a chirped laser
pulse increases linearly with time, the temporal phase—the derivative of which gives the
instantaneous frequency defined in Eq. (1.15)—is quadratic versus time (see Fig. 1.4). It
can be shown that also the spectral phase functionφ̃(ω) in this case (after performing the
Fourier transformation) depends quadratically onω. We can introduce another helpful
relation, which is analogous to the definition of the instantaneous frequency in the time
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Figure 1.4: Chirped laser pulses. Shown is the temporal pulse shape (upper graphs) and the
spectra (lower graphs). The amplitudesA(t) andÃ(ω) are shown as solid lines whereas the phase
functionsΦ(t) andΦ̃(ω) are shown as dotted lines. In (a) the 4 fs FWHM gaussian cosine pulse
of Fig. 1.3 is again shown. Since the pulse is bandwidth limited, the temporal (a) and spectral (d)
phases are flat. The corresponding spectrum is a gaussian distribution (d)-(f). A quadratic phase
in either domain creates a chirped pulse. The sign of the phase determines whether the frequency
is (b) temporally increasing (up-chirp) or (c) decreasing (down-chirp).

domain. The first derivative of the spectral phase

dφ̃(ω)
dω

= τ0 +δτ(ω) (1.16)

can be interpreted as a temporal shift (as was stated above). If the dependence of the
phase on frequency is quadratic,τ(ω) is linearly increasing withω. Different frequency
components thus arrive at different times, giving rise to a longer and chirped pulse. To
obtain the shortest pulse, again, all frequencies should arrive at the same time at the same
phase, implying a close to flat spectral phase functionφ̃(ω).

The intensity of the ultrashort laser pulses (measured in W/cm2) can be calculated by
averaging over one optical cycle of the laser field

I(t) = ε0cn
1
T

∫ t+T/2

t−T/2
E2(t ′)dt′ (1.17)

∼= 2ε0cnA2(t), (1.18)

in which ε0, c and n represent the dielectric constant, the vacuum speed of light, and
the refractive index of the material, respectively. The intensity is only given correctly
by Eq. (1.18) if the temporal variation of the amplitudeA(t) is slow compared to the
instantaneous carrier frequencyω(t)∣∣∣∣ d

dt
A(t)

∣∣∣∣� |ω(t)A(t)| , (1.19)
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which is often referred to as slowly-varying-envelope approximation [9]. We can also
define the spectral intensity (measured with a spectrometer) in an analogous fashion

Ĩ(ω) = 2ε0cnÃ2(ω). (1.20)

By integration over all time or frequency, respectively, we arrive at the fluence of the laser
pulses, which is typically given in J/cm2

F =
∫ ∞

−∞
I(t)dt (1.21)

=
∫ ∞

−∞
Ĩ(ω)dω. (1.22)

The identity can be understood by applying Parseval’s theorem. The instantaneous total
power of the laser pulseP (measured in W or J/s) on the other hand is given by integrating
the temporal intensity over space instead of time:

P(t) =
∫ ∞

−∞
dx
∫ ∞

−∞
dy I(t) (1.23)

where thex- andy-axis are perpendicular to the propagation directionz of the laser. The
pulse energy (measured in J) is obtained if we integrate the intensity over spatial and
temporal coordinates, i.e.

W =
∫ ∞

−∞
dx
∫ ∞

−∞
dy
∫ ∞

−∞
dt I(t) (1.24)

=
∫ ∞

−∞
dx
∫ ∞

−∞
dy F (1.25)

=
∫ ∞

−∞
dt P(t) (1.26)

The durationτp or spectral width∆ωp of ultrashort pulses is routinely derived from the
temporal or spectral intensity, respectively. It is called the ’full width at half maximum’
(FWHM) measure. It is defined as the full temporal or spectral extent of the distribution
which only contains the maximum value ofI(t) or Ĩ(ω) and its neighborhood until it
reaches half of the maximum value on either side. Due to the inverse scaling property of
the Fourier transformation—T = 2π/ω, whereT is the temporal period associated with
the frequencyω—for a given spectral intensity shape we can define the constant

τp∆ωp≥ cB, (1.27)

in which cB only depends on the spectral shape and is of the order of 1. For example,
for a gaussian pulse (both spectral and temporal amplitude are gaussian),cB = 4ln2. The
equality is obtained for the bandwidth-limited pulse, i.e. the shortest pulse that can be
created with a given spectral width∆ωp. To arrive at the bandwidth-limit for a given
spectral intensity shape—what is usually desirable to obtain the shortest possible pulse in
order to get highest temporal resolution in the experiment—we need to optimize the spec-
tral phase. In general, a flat spectral phase function, i.e. containing no Taylor coefficients
higher than first order of Eq. (1.13), is required. This is also why spectral phase shap-
ing discussed in Section 1.1.4 provides a powerful tool to shorten the duration of laser
pulses [29,30], namely by compensating any higher order spectral phase contributions to
arrive at the bandwidth limit.
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1.1.3 Laser Pulse Dispersion

Let us now examine how propagation of the laser pulse in a nonabsorbing dispersive
material affects its temporal and spectral properties. The quantity of interest will thus
be the frequency dependent refractive index of the materialn(ω). A plane-wave pulse
propagating along thez-axis in the medium can be written as:

Ẽ+(ω,z) = Ã(ω,z)eiφ̃(ω)e−ik(ω)z (1.28)

where

k(ω) = n(ω)kvac (1.29)

= n(ω)
ω

c
, (1.30)

in whichc is the vacuum speed of light andk represents the wavevector. By inserting into
Eq. (1.28),

Ẽ+(ω,z) = Ã(ω,z)ei(φ̃(ω)−n(ω) ω

c z), (1.31)

we already notice that any possible modification to the pulse brought about by its propaga-
tion in the transparent medium will only be an addition of∆φ̃ = n(ω)ω/c to the spectral
phase function. If we again use the Taylor series decomposition to analyze this additional
phase

∆φ̃(ω) =
∞

∑
j=0

b̃ j

j!
ω

j (1.32)

with

b̃ j =
d j

dω j k(ω) =
d j

dω j ∆φ̃(ω), (1.33)

the result for the coefficients̃b j up to third orderj = 3 reads

b̃0 = −z
c

ωn(ω) (1.34)

b̃1 = −z
c

(
ω

d
dω

n(ω)+n(ω)
)

(1.35)

b̃2 = −z
c

(
ω

d2

dω2n(ω)+2
d2

dω2n(ω)
)

(1.36)

b̃3 = −z
c

(
ω

d3

dω3n(ω)+3
d2

dω2n(ω)
)

(1.37)

The zeroth order̃b0 coefficient is the change in absolute phase. The coefficient of first
orderb̃1 denotes the additional delay of the pulse caused by the time∆t it took to travel
the distancez in the medium. This can be readily understood by recalling the definition
of the group velocity

vg(ω) =
dω(k)

dk

∣∣∣∣
k=k(ω)

=
(

dk(ω)
dω

)−1

(1.38)
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We can thus write

b1 =− z
vg(ω)

=−∆t (1.39)

The amplitude pulse shape in time is thus not affected by those two coefficients. However,
as mentioned above, the higher orders ofbi introduce changes in the temporal amplitude
A(t). In the literature,b̃2 is often referred to as ‘group-delay dispersion (GDD)’ as it
denotes the first derivative of the (possibly) frequency dependent delay−∆t. The higher
order coefficients are simply called ‘third-order dispersion (TOD)’, ‘fourth-order disper-
sion (FOD)’ and so on.

1.1.4 Laser Pulse Shaping

As was discussed in the previous Sections, we can mathematically represent laser pulses
with differently shaped temporal or spectral intensity or phase profiles. In fact, these
shaped light fields can be a very valuable tool in the study or control of physical systems
(see Section 5.1). This is because the nonlinear response functions (defined in Section 1.2
in Eq. (1.59)) of some system under study depend on its temporal evolution. This in turn
means that we can learn about the system by analyzing its response to shaped light fields.

It is experimentally impossible to directly tune the wavelength of a laser on a femtosecond
time scale. Even worse, there is no electronic or mechanical shutter available that could
at least generate a shaped intensity profile that varies on the order of femtoseconds. How-
ever, we know from the equivalence of the temporal and spectral representation of the
laser pulse (Eqs. (1.6) and (1.7)) that pulse shaping in the temporal domain can be done
by shaping the spectral properties of the pulse. Thus, all we have to do is to modify the
spectral amplitudẽA(ω) and phasẽφ(ω) profiles. In particular, since we would often like
to create pulses with complex temporal phase and intensity profiles, we have to ensure
that higher order phase coefficients ˜a j can be produced and varied.

The question is now: How can we experimentally realize a pulse shaping apparatus? In
the 1970s, the technical approach was initially introduced for picosecond pulses [31,32].
Later, in the 80s, it has been transferred to the femtosecond regime [33, 34]. The exper-
imental setup is easily described. A grating or a prism is used to spatially separate the
different frequency components of an optical laser pulse. The spatially dispersed spec-
trum can then be manipulated by using spatial light modulators (SLMs). Those devices
are able to modify the optical path length, attenuation and/or polarization state of light
transmitted through or reflected off different points of their active area (Fig. 1.5). By
recombining the separate spectral components, a modified laser pulse is created.

Basically, SLMs act as spatial filters. The easiest conceivable SLM is a fixed mask e.g.
an array of apertures that transmit light in some defined regions and absorb light at other
regions. Today, more sophisticated devices are available, where the optical properties of
the active area can be controlled electronically. This allows the experimenter to use a
computer to control the device and thus the pulse shape.

In mathematical terms, the pulse shaper creates a shaped output pulseẼout(ω) from any
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Figure 1.5: Working principle of a spatial light modulator for phase-only pulse shaping. Due
to a modification of the active area of the device, different optical path lengthsl(ω) are created
for different frequencies. The difference in path length carries over to additional phasesφ̃S(ω) =
l(ω)ω/c. This additional phase is added to the spectral phaseΦ̃(ω) of the laser pulse, thus
modifying its shape.

given input pulseẼin(ω) that enters the device by a transformationS̃(ω),

Ẽout(ω) = S̃(ω)Ẽin(ω), (1.40)

S̃(ω) = ÃS(ω)eiφ̃S(ω). (1.41)

If ÃS(ω) = 1 for all ω and only φ̃S(ω) is changed, this is referred to as ‘phase-only
shaping’ in the literature. Since also the polarization state can be altered by certain SLMs,
we can define a 2×2 transformation matrix̃Sjl (ω) to change also the spectral polarization
properties of the incoming pulse:

Ẽout, j(ω) = S̃jl (ω)Ẽin,l (ω), (1.42)

S̃(ω) =

(
ÃSxx(ω)eiφ̃Sxx(ω) ÃSxy(ω)eiφ̃Sxy(ω)

ÃSyx(ω)eiφ̃Syx(ω) ÃSyy(ω)eiφ̃Syy(ω).

)
(1.43)

In practice, polarization shaping is done by manipulating the spectral phase for two per-
pendicular linear polarization components [35–38]. However, since any pulse-shaping
apparatus consists of different optical elements like for example gratings, prisms, mirrors
or lenses, we have to take into account their additional spectral phase and absorption.
Polarization shaping requires particular care of operation, since any optical element not
used in perfectp− or s−reflection geometry modifies the polarization state of the light.
By use of Jones matrices these effects can be taken into account and the matrixS̃jl (ω)
and its dependence on the SLM settings can be determined [36].

The most commonly used electronically addressable SLMs today are liquid-crystal ar-
rays/displays (LCDs) [39], deformable mirrors (DM) [40] and acousto-optic modulators
(AOMs) [41].

In Fig. 1.6 the optical setup of an LCD-based pulse shaper is shown in more detail. The
laser pulse is spectrally separated by a grating, a cylindrical lens is used to enhance the
spectral resolution in the Fourier-plane, where the LCD is placed. It modifies the spectral
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Figure 1.6: Liquid crystal display (LCD) used for pulse shaping. The laser pulse is spectrally dis-
persed by a grating. The LCD is placed into the common Fourier plane of two cylindrical lenses
in order to achieve spectral resolution. The setup is symmetric with respect to the Fourier plane,
thus constituting a zero-dispersion compressor, introducing only the additional spectral phase pro-
duced by the LCD. The optical path length is controlled by the refractive index of the liquid crystal
material that depends on the orientation of the polarizable molecules. Applying different electric
fields to the 128 pixels allows to generate well-defined modifications to the spectral phase, thus
shaping the temporal amplitude profile of the laser pulses.

phase by introducing defined additional phase advances or retardations to the different
spectral components (see again Fig. 1.5) passing through different pixels of the device.
After passage through the LCD, the laser pulse spectrum is recombined using a cylindrical
lens and grating that are identical to those on the input side (symmetric setup).

The variable additional spectral phase contributions introduced by the LCD result from
different orientations of the liquid-crystal molecules in the different pixels, which change
the refractive index of the material. The orientation is controlled by applying an external
AC electric field. Since liquid-crystal molecules align along a particular direction parallel
to the surface in their inactive (no external electric field applied) position, LCDs allow
to selectively control a given polarization state of the laser pulse. If two separately ad-
dressable LCDs are used in which the molecules are aligned orthogonal to each other, the
polarization state of each spectral component of the laser pulse can be controlled. This
leads to temporally shaped pulses where now the polarization state of the light can be
manipulated on a femtosecond time scale [35, 36]. Applications of variable polarization-
shaped laser pulses are the suppression of the nonresonant background in coherent anti-
Stokes Raman spectroscopy (CARS) [42] and optimal control of molecular multiphoton
ionization via parallel and perpendicular molecular transitions [43].
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On the other hand, if we like to conserve linear polarization by inserting a polarization
filter, we are now able to control the spectral amplitude. A robust layout of an LCD-based
pulse shaper has recently been published [44].

Shaping laser pulses in both time and space is possible by the application of LCDs ex-
hibiting two-dimensional pixel masks [45]. In this case, not only the electric field in time
E(t) but reallyE(t,~r) can be shaped and used for applications [46].

Another technical realization of a programmable SLM is the deformable membrane mir-
ror. In contrast to the LCD, the mirror works in reflection, the phase advances and re-
tardations being introduced by a curved mirror surface (Fig. 1.5). The curvature is often
introduced electrostatically. The membrane is coated with a reflective, metallic conduct-
ing material that is electrically grounded. A number ofn actuator electrodes placed behind
the membrane providen degrees of freedom to control the surface shape of the device by
the same number of control voltages. The metallic deformable mirror has no amplitude
or polarization shaping capability, since the reflection is not dependent on polarization.
As the active area of the mirror is smooth and not broken into pixels—which cause phase
jumps at the boundaries and interpixel gaps—the produced temporal pulse shapes do not
suffer from discretization artifacts. Another advantage is its low cost (factor 5 compared
to LCD) and small response time, which is the time it takes the device to respond to a
change in control parameters (voltages). Furthermore, deformable mirrors are capable of
shaping deep ultraviolet laser pulses [47].

The experimental implementation of the deformable mirror for pulse shaping applications
is shown in Fig. 1.7. Here we perform the spectral separation with a prism pair, the
deformable mirror is mounted such that it retroreflects the spectrally separated pulse,
directing it slightly upward. The shaped laser pulse will become spectrally collimated
at the output, where it can be picked up by a mirror, due to the slight upward tilt of the
deformable mirror. Before the laser pulse enters the first prism, it passes a lens with a
long focal length to create a focus of the laser pulse at the surface of the deformable
mirror. The single-frequency beam size in the direction of spectral separation must be
small compared with the spectral extend on the mirror in order to ensure sufficient spectral
resolution of the pulse shaper. In addition, focusing onto the mirror surface was necessary
to allow coupling of the shaped pulses into a capillary, which was used in the experiments
described below. A focal spot on the mirror surface will always be imaged into a second
one by a suitable lens system (for paraxial rays). Therefore, the slight deformation of the
mirror surface—which occurs not only in the direction of spectral dispersion but also the
orthogonal one—does not adversely affect the coupling into the capillary.

The technical specifications of the pulse shaping apparatus are summarized in Table 1.1.
For the experiments on pulse shaping discussed in Part III, we employed the deformable
mirror setup described here. Laser pulse compression with a deformable mirror pulse
shaper (Section 5.2) has been performed with the herein described setup [48], and employ-
ing a grating setup in the past [40]. Pulse compression by implementation of a deformable
mirror directly into the stretcher of a CPA laser system has also been accomplished ear-
lier [49].

The third class of systems—acousto-optic modulators (AOMs)—are based on the inter-
action of light with lattice vibrations in crystals excited by high-frequency sound waves.
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Figure 1.7: Deformable membrane mirror used for pulse shaping. The laser pulse is spectrally
dispersed by a pair of prisms in a prism-compressor configuration (a). The collimated spectral
distribution is reflected off the mirror membrane and travels back along its initial incoming path.
In order to separate the outgoing laser pulse from the incoming, the deformable mirror is slightly
tilted such that the output pulse is vertically displaced with respect to the input pulse. The mirror
surface shape is controlled by 19 electrodes, to which voltages are applied (b). The spectral phase
function is modified by different geometrical path lengths experienced by different frequencies.
(c) photographic picture of the deformable membrane mirror.

parameter value

Number of actuators 19
Maximal deflection 7µm
Response time 2 ms
membrane height 8 mm
membrane length 30 mm
voltage range 0-300 V
focal spot width 1.2 mm
membrane coating Gold
prism material fused silica
prism separation 1.3 m

Table 1.1: Technical specifications of the deformable mirror pulse shaper
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Acoustic signals coupled into a transparent crystal create periodic compressed and ex-
panded regions, which move through the crystal at the speed of sound. A transient spatial
change of refractive index of the material is thus induced due to its dependence on mate-
rial density. In particular, due to the plane wave nature of the sound waves, the refractive
index is periodically modulated with a period ofλs, the wavelength of the sound wave. For
the case of a constant frequency sound wave, the incident light can scatter off this period-
icically modulated index of refraction, which is analogous to Bragg scattering of x-rays
off the lattice planes in a single crystal. Applying amplitude- and phase-shaped sound
waves from an electrical signal generator that are then coupled into the active medium
with a piezo-electric transducer, allows to create different diffraction efficiencies at dif-
ferent points in space. From those points the spectrally dispersed light can scatter into the
Bragg angle. The phase of the scattered light is controlled by the phase of the acoustic
carrier wave. Therefore, a single AOM is able to do both, spectral amplitude and phase
shaping at the same time. However, the principal drawback of this device is its lower
diffraction efficiency for the Bragg-scattered shaped laser pulse (≈ 50%) as compared to
LCDs and DMs, which have efficiencies close to 100%.

1.1.5 Laser Pulse Measurement

To measure and characterize a short phenomenon in time, we always need a shorter one to
which we can refer. For the special case of measuring an ultrashort laser pulse, we need
to measure the electric field at time steps which are smaller than the duration of the pulse.
In the macroscopic world we can imagine a 100 m sprint race. Since the duration of the
race in this case is on the order of ten seconds, in order to evaluate a sprinters performance
(to measure it), we need a stop watch resolving seconds, tenths or better hundredths of
seconds. A watch that merely counts minutes would not be sufficient to tell the difference
between a very fast athlete and a very slow one. Analogously, coming back to ultrashort
laser pulses, in order to tell the difference between very short and longer laser pulses we
need to provide a temporal resolution which is on the order of or smaller than the typical
pulse duration. Since the laser pulses are in fact the shortest events available, we have
to measure the pulses by using the pulses themselves as a clock. This technique is often
described as self-referencing. At the moment, there are three main methods available,
which are briefly lined out.

1.1.5.1 Autocorrelation and Crosscorrelation Techniqes

The easiest way to measure the duration of laser pulses is to employ a copy of the pulse
to scan the pulse itself. In practice, this is accomplished by setting up a Michelson-
or a Mach–Zehnder-type interferometer, splitting the laser pulse into two replica by a
beam splitter, having them travel spatially separated paths and to recombine them again
on a beam splitter (Fig. 1.8). One of the paths can be varied in length which can be
used to delay or advance one pulse with respect to the other. In mathematical terms, the
recombined electric fieldEres(t,τ) can be written as

Eres(t,τ) = E(t)+E(t− τ) (1.44)
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Figure 1.8: Autocorrelation setup used to determine the pulse duration. An interferometer is
used to generate two identical replica of the laser pulse. Second-harmonic generation in a crystal
is used to carry out the correlation of the pulse with a delayed replica. The dependence of the
second-harmonic light (detected with a photodiode) on the delay between the two pulses provides
information about the pulse shape and duration.

whereE(t) is the time dependent field of the laser pulse andτ is the time delay introduced
by the length difference of the two optical paths. To perform an auto-correlation we need
to generate a term containing the productE(t)×E(t− τ) which can be done by raising
Eres to a power higher than one. This can easily be obtained by employing a second
order nonlinear process, which produces a signal∝ E(t)2 when an incoming fieldE(t) is
applied (see Section 1.2). The produced electric field then reads

E2(t,τ) ∝ Eres(t,τ)2 = E(t)2 +E(t− τ)2 +2E(t)E(t− τ). (1.45)

This light signal can be detected with a photodiode, which produces an average photocur-
rentJ(τ) proportional to the integral over the temporal intensity:

J(τ) ∝
∫ ∞

−∞
I(t,τ) ∝

∫ ∞

−∞
|E2(t,τ)|2dt =

∫ ∞

−∞
E2(t,τ)E∗2(t,τ)dt. (1.46)

Inserting Eq. (1.45) yields the so-called ‘interferometric autocorrelation’ (see Fig. 1.9).
We now consider a slightly modified setup where we do not recombine the two interfer-
ometer beams on the second beamsplitter but rather make them overlap in the nonlinear
optical crystal at some angle (non-collinear geometry in contrast to the just described
collinear geometry). By virtue of momentum conservation in nonlinear frequency mixing
discussed in more detail in Section 1.2, second-harmonic light stemming from the inter-
action of two photons coming in at different angles will leave the interaction region at an
angle half-way in between the angles of the original propagation directions. This modi-
fied setup helps us to remove the contribution of the second-harmonic signal produced by
each of the pulse replica themselves, which does of course not depend on the time delay
τ and thus contains no information about the duration or shape of the pulse. We now only
pick up and analyze the signal that leaves the crystal at the half-angle between the two
outgoing pulses. The electric field of this signal can now be written as

E2,nc(t,τ) ∝ 2E(t)E(t− τ) (1.47)
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Figure 1.9: Autocorrelation signal for a 10 fs FWHM bandwidth-limited laser pulse simulated
with [50]. The dots are samples of the interferometric autocorrelation, where the straight connect-
ing lines are a guide to the eye. The oscillation period is about the optical cycle duration of the
pulse. Averaging over the oscillatory signal results in the intensity autocorrelation, shown as a
gray line.

i.e. the third summand of Eq. (1.45). It is the only one that contains both pulse replica.
The experimental photocurrent, depending onτ is (compare Eq. (1.46))

Jnc(τ) ∝
∫ +∞

−∞
E2,nc(t)E2,nc(t− τ)E∗2,nc(t)E

∗
2,nc(t− τ)dt (1.48)

∝
∫ +∞

−∞
I(t)I(t− τ)dt (1.49)

The photocurrent thus depends on the correlation of the intensities of the two pulse replica.
For that reason, this measurement technique is known as ‘intensity autocorrelation’. It
is often also referred to as offset- or background-free autocorrelation. It can be shown
that the interferometric autocorrelation signal (Eq. 1.45 used in Eq. 1.46) reproduces the
intensity autocorrelation if averaging over the temporal delay is carried out.

A problem associated with the autocorrelation technique is the fact that the signal depends
on the square of the pulse’s intensity. Therefore, it is hard to measure low-intensity laser
pulses by autocorrelation. In the case of low light intensity, we can use a strong refer-
ence laser pulse and use it to temporally scan over the low intensity one again by second
order frequency mixing, which we now call sum-frequency generation instead of second-
harmonic generation. This is because the center frequency of the strong laser pulse does
not necessarily have to be the same as the one of the weak pulse. We can however still
use the setup in the non-collinear geometry, enabling us to perform background-free de-
tection. The first beam splitter in the interferometer is not used since now we need two
different laser pulses. The photocurrent detected in this case now reads

Jnc(τ) ∝
∫ +∞

−∞
I(t)Is(t− τ)dt, (1.50)

whereIs denotes the temporal intensity of the strong reference pulse. In order to extract
information about the weak laser pulse from the variation of the temporal delay between
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the two pulses, we need to have some knowledge about the strong laser pulse. This pulse
needs to be intense enough such that we can perform a characterization measurement (e.g.
autocorrelation, ...) on it.

However, both autocorrelation and crosscorrelation methods introduced so far do not al-
low for the retrieval of the complex functionsE(t) or Ẽ(ω). Not even the temporal inten-
sity I(t) can be extracted. We only get some information about the temporal localization
of energy. The FWHM pulse duration can only be determined if we have knowledge
about the temporal pulse shape. For a gaussian laser pulse, the ratio between the FWHM
τAC of the autocorrelation signalJ(τ) and the FWHMτp of I(t) is

τAC

τp
=
√

2. (1.51)

This ratio however depends on the temporal laser pulse shape [9] and has therefore to be
used with care.

We will now discuss two further techniques, which are capable of retrieving the complete
information about the laser pulse, i.e. to find the spectral amplitudeÃ(ω) and phasẽφ(ω).
Since we can readily use a spectrometer to measure the spectral amplitude, the key to
the pulse shape is only the retrieval of the spectral phase. Today, two methods have
found widespread use, frequency-resolved optical gating (FROG) [51] and spectral-phase
interferometry for direct electric-field reconstruction (SPIDER) [52].

1.1.5.2 FROG: Frequency-Resolved Optical Gating

The working principle of FROG [51, 53–55] is an extension of the intensity autocorrela-
tion technique. When we perform an intensity-autocorrelation or crosscorrelation mea-
surement with a photodiode, the spectral information of the up-converted (second har-
monic or sum frequency) signal is lost. If we now replace the photodiode by a spectrom-
eter (Fig. 1.10), we can resolve the spectrum of the second harmonic light produced—
hence the name ‘frequency resolved’, while optical gating refers to the two identical
pulses used in autocorrelation, where one pulse provides an optical ‘gate’ for the other.
This can be done for any time delayτ, which leaves us with a two-dimensional array of
data (spectrum versusτ), which is called the FROG trace (Fig. 1.11). The FROG trace is
thus given in mathematical terms by

IFROG(τ,ω) =
∣∣∣∣∫ +∞

−∞
E2,nc(t,τ)e−iωtdt

∣∣∣∣2 , (1.52)

i.e. the squared modulus of the Fourier transform of Eq. (1.47). We now perform
an iterative search procedure, where we start with a first guess of the electric field
E+

0 (t) = A0(t)eiφ0(t). The resulting FROG trace is calculated from the formula above
and compared to the experimental measurement data. Successive iteration steps of the
temporal electric fieldE+

j (t) are performed unless the mean-squared error between re-
constructed and experimental FROG trace is minimized. This procedure finally leads to
a good agreement between reconstructed and experimental result at iteration stepn. The
measured electric field is then given byE+

n (t).
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Figure 1.10: FROG setup used for the full characterization of laser pulse shapes. A spectrometer
replaces the photodiode in an intensity autocorrelation setup. The measurement produces a two-
dimensional array of data (the FROG trace) from which we can reconstruct the spectral amplitude
and phase by an iterative algorithm.
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Figure 1.11: Second harmonic generation FROG trace measurement for a 10 fs FWHM
bandwidth-limited laser pulse simulated with [50]. A two-dimensional set of data is obtained
by spectrally resolving the intensity autocorrelation signal shown in Fig. 1.9. By the use of an
iterative algorithm, the temporal amplitude and phase shape of the laser pulse can be extracted
from this measurement.
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There is one essential drawback of the FROG method described here. The direction of the
temporal axis cannot be extracted from a single measurement. This comes from the time-
reversal symmetry of Eq. (1.52), which stems from the time-reversal symmetry of the
autocorrelation signalE2,nc(t,τ). This problem can be overcome by simply performing
a separate measurement of the pulse slightly changed in phase by some known amount.
This can be realized by propagating it through a piece of glass or introducing a phase
modulation in a pulse shaper and comparing to the previous measurement.

Another disadvantage of FROG is the iterative search procedure, which makes the pulse
shape retrieval rather slow. However, by use of optimally designed search routines [56]
and fast computers, it is nowadays possible to do pulse shape measurements on a 20-
Hz real-time basis [57]. FROG provides a way to determine experimental error for the
determination of laser pulse shapes [58]. Pulses of durations down to 4.5 fs have been
characterized using the FROG method [59]. On the other hand, also complicated pulse
shapes of supercontinuum generated from microstructured fibers can be analyzed [60].

It should be noted that the FROG technique does not rely on a second harmonic au-
tocorrelation signal, but can be performed also using a different nonlinear process, like
transient grating, third harmonic generation, polarization gating or others. FROG can also
be combined with crosscorrelation (X-FROG) [61], which is again helpful for low pulse
energies, down to the attojoule region [62]. FROG was applied to measure pulses in the
mid-infrared [63]. In the high-frequency spectral region, laser pulses can be measured
with FROG by performing nonlinear frequency downconversion [64].

In addition, FROG can be experimentally implemented in a way to characterize the spatio-
temporal properties of laser pulses. If the temporal pulse shape of the laser pulse varies
for different positions(x,y) along the transverse beam profile of the laser this is often
called ‘spatial chirp’. The task is then to characterize not onlyE(t) butE(t,~r), which can
be done for simple spatial chirps [65].

1.1.5.3 SPIDER: Spectral-Phase Interferometry for Direct Electric-field Recon-
struction

The second well-known method of pulse shape retrieval is called spectral-interferometry
for direct electric-field reconstruction (acronym: SPIDER). It has been introduced by
Iaconis and Walmsley [52] in 1998. It is an extension of the linear spectral interferometry
analysis, which is described in more detail in Appendix B.

The basic idea is to measure the pulse spectrumÃ(ω) with a spectrometer and to find
the phasẽφ(ω) by a separate measurement. Having both spectral amplitude and phase at
hand, we can fully determine the spectral electric fieldẼ+(ω) and thus of course also the
time dependent electric fieldE(t) by means of the Fourier transformation Eq. (1.6). As the
name of the technique implies, the phase is measured with an interferometric technique.
It is basically the temporal analog of diffraction of light by a double slit in space. Real
space and wavevector space are related by a Fourier transformation for diffraction, as
are time and frequency. Therefore, if we create two identical pulses with a temporal
separationτ and analyze them with a spectrometer, a fringe pattern will be visible. This
can be understood by considering the constructive interference—similar as in a Michelson
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interferometer—that is created for some wavelengths at a particular time delay while for
different wavelengths the same time delay corresponds to destructive interference. If we
now change the spectral phaseφ̃2(ω) of the second pulse by some amount∆φ̃2(ω) but
leave the phasẽφ1(ω) of the first one unchanged, the signal at the spectrometer will
change according to this additional phase∆φ̃2(ω). For example, let one frequencyωc be
destructively interfering at the beginning. If we now add the phaseπ at this frequency
(∆φ̃2(ωc) = π), the destructive interference will turn into a constructive one.

Mathematically, the spectrometer signal can be given in frequency space by Eq. (B.3)

S̃(ω) = Ĩ1(ω)+ Ĩ2(ω)+2
√

Ĩ1(ω)Ĩ2(ω)cos(φ̃1(ω)− φ̃2(ω)−ωτ) (1.53)

whereĨ j(ω) is the spectrum of pulsej. Hence, for equal pulses, we obtain fringes which
are equidistantly spaced in frequency. If the pulses are not equal, we can determine the
phase difference by analyzing the fringe spacing in the spectrum. However, this method
does not help us to find the phase of an unknown pulse. We would need a way to measure
the difference betweendifferent frequencies, whereas here we can only measure phase
differences betweenthe samefrequencies. The solution is to shift one pulse in frequency
with respect to the other. The spectral interference signal can then be written as

S̃SPIDER(ω) = Ĩ(ω)+ Ĩ(ω +Ω)+2
√

Ĩ(ω)Ĩ(ω +Ω)cos(φ̃(ω)− φ̃(ω +Ω)−ωτ) (1.54)

Now, we can extract information about the phase difference between the phase of fre-
quencyω and the one of frequencyω + Ω. If we chooseΩ sufficiently small and do
the analysis for the complete spectrum, we can reconstruct the phase (except the constant
phase ˜a0) from this measurement by adding up the phase differences (see Appendix B).

Since we can only shift the frequency by some nonlinear process (as will become more
clear in Section 1.2), most experimental implementations of SPIDER use sum-frequency
generation. However, also different frequency mixing schmes can be employed. Down-
conversion by difference frequency mixing was demonstrated for the characterization of
high-frequency laser pulses [66]. A typical experimental SPIDER setup is schematically
shown in Fig. 1.12. The pulse to be measured is split into two identical replica by a thin
glass-plate (etalon). While about 4% of the pulse’s energy is contained in each replica,
most of the pulse is transmitted. It is then stretched to a long pulse duration by delay-
ing the blue frequency parts with respect to the red ones by dispersion in a long piece of
glass. An up-chirped pulse is produced. This pulse can be overlapped noncollinearly with
the two collinearly propagating replica in a crystal, producing the second harmonic as in
intensity cross- and autocorrelation measurements. Again, as in the case of FROG, the
second harmonic signal produced from the interaction of the pair of identical pulses with
the chirped one is sent into a spectrometer and spectrally analyzed. The first laser pulse
interacts with the lower-frequency part of the chirped pulse (ω0−Ω) while the second one
meets higher frequencies (ω0) at later times in the chirped pulse. For SPIDER, we need to
ensure that the chirped pulse is sufficiently long compared to the two equally short pulses
with which it is mixed. The instantaneous frequency of the chirped laser pulse interacting
with the short pulses has to be roughly constant (compared to the frequency difference
Ω). In this case, the spectral properties of the two laser pulses are up-converted to higher
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Figure 1.12: SPIDER setup used for full characterization of laser pulse shapes. Two replica of
the pulse to be characterized are produced by front- and back-side reflection off a thin glass plate
(etalon). The transmitted pulse is temporally stretched (chirped). After interaction of the long
pulse with the two replica in a nonlinear crystal, one ultrashort pulse is spectrally shifted with
respect to the other replica. This spectral shear allows for an interferometric detection of the
spectral phase.

frequencies (sum-frequency mixing) and the spectrometer signal can be written as

S̃SFM-SPIDER(ω) = Ĩ(ω−ω0)+ Ĩ(ω−ω0 +Ω)

+2
√

Ĩ(ω−ω0)Ĩ(ω−ω0 +Ω)cos(φ̃(ω−ω0)− φ̃(ω−ω0 +Ω)−ωτ), (1.55)

which closely resembles Eq. (1.54), except that we have an additional constant frequency
upshift ofω0, i.e. a frequency within the bandwidth of the pulse. As stated above, from
the phase difference between adjacent frequencies we can now analytically reconstruct the
phase function (see Appendix B.3 for details) except for a constant offset, which cannot
be measured with any of the techniques discussed until now. In Fig. 1.13, an example
SPIDER spectrum is shown.

Since SPIDER does not rely on an iterative search procedure to find the pulse shape
but instead only uses a series of mathematical operations, pulse reconstruction generally
works faster than in FROG. It has been proven to operate at a 20 Hz repetition rate in
practice [67] employing moderate computation power. Spatial characterization of laser
pulses is also possible with SPIDER [68]. The shortest pulses characterized with the
SPIDER technique are on the order of 5 fs [69, 70]. For characterization of low-energy
pulses, the sensitivity of the SPIDER measurement technique can be improved by deriving
the chirped pulse from a strong external laser pulse [71].

A comparison of the FROG with the SPIDER technique for the reconstruction of very
short pulses is also available in the literature [72].

1.2 Fundamentals of Nonlinear Optics

As long as we deal with small perturbations, we can describe physical systems in a linear
approximation. For the interaction of light with matter that means: As long as the intensity
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Figure 1.13: SPIDER spectrum obtained for a 10 fs FWHM bandwidth-limited laser pulse. The
fringes in the measured spectrum arise from the interference of two frequency shifted but otherwise
identical pulses. The spectral phase can be retrieved from the fringe spacing of the spectral distri-
bution. Together with the easily accessible spectral amplitude (from the laser pulse spectrum), the
pulse shape can be calculated in an analytical fashion.

of the light is sufficiently low, we can describe the induced polarization of the medium as
being directly proportional to the electric field. However, when the electric field strength
of an electromagnetic wave comes close to intra-atomic field strengths experienced by
the valence (optically active) electrons, this approximation breaks down and we enter the
regime of nonlinear optics [73–76]. With increasing field strength, higher and higher
order coefficients of the Taylor series for the polarization contribute significantly. These
higher-order terms are responsible for the creation of new frequencies at multiples of
the driving frequency (harmonic generation) or sidebands (raman-scattering, self-phase
modulation, parametric conversion). Nonlinear polarizability, however, is only one side
of the coin of electromagnetic frequency conversion. To generate macroscopic amounts
of converted radiation, we cannot work with a single nonlinear emitter particle in the
light field alone; we need many of them to achieve significant conversion efficiencies.
Additionally, in-phase superposition of all nonlinear emitters is required. This is the
other side of the coin, which is termed phase-matching. Both, the microscopic source
and the macroscopic propagation properties will now be discussed, as they constitute the
fundamentals of nonlinear optical frequency conversion.

1.2.1 Polarizability — Microscopic Source

1.2.1.1 Polarization

The wave equation for light propagation in a medium is derived from Maxwell’s equa-
tions [77]:(

4− 1
c2

∂ 2

∂ t2

)
~E(~r, t) = µ0

∂ 2

∂ t2
~P(~r, t)+ µ0

∂

∂ t
~j(~r, t)+1/ε0

~∇ρ(~r, t), (1.56)
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where~P(~r, t),~j(~r, t), andρ(~r, t) are polarization, current density and space charge density
of the medium, respectively. The vacuum magnetic susceptibility and dielectric constant
are represented byµ0 andε0, respectively. The frequency conversion processes of inter-
est in this work are performed in non-conducting (insulator) materials only. Thus, the
latter two terms on the right-hand side of Eq. (1.56) do not contribute. In this case, the
only remaining source term is the second derivative of the polarization~P(~r, t). It can be
interpreted as the bremsstrahlung emitted by a charged particle, which is the electron.
The electronic motion relative to the fixed ions gives rise to an electric dipole moment~de

and thus creates the polarization~P = N~de, whereN is the density of equal dipoles in the
medium. Bremsstrahlung is only emitted if a charged particle is accelerated, explaining
the second derivative in the source term.

In the following we will drop the position dependence of the polarization, since in this
work the polarization can always be considered local, which means that the polarization
at~r only depends on the electric field at the same point. However, nonlocal polarization
does come into play if we, for instance, consider polaron motion in crystals [46]. In this
case, the polarization is mediated not only by the propagation of light—which is included
in Maxwell’s equations—but also by lattice vibrations (phonons).

Since an incoming electric field (called the ‘pump’) is interacting with the electrons in
the medium, dipole moments are induced and change, depending on the time-dependent
electric field. Thus, the polarization can be written as a functional of the electric field:

~P(t) = ~̄P[~E(t)]. (1.57)

We can now decompose the time-dependent polarization of the medium~P(t) in a Taylor
series:

~P(t) =
∞

∑
n=0

~P(n)(t), (1.58)

where the~P(n)(t) are of ordern in the electric fieldE(t). In most general terms, we can
write [78]

~P(n)(t) = ε0

∫ +∞

−∞
dτ1 · · ·

∫ +∞

−∞
dτnR̂(n)(τ1, . . . ,τn)|~E(t− τ1) · · ·~E(t− τn), (1.59)

where we introduced the nonlinear response functions of the mediumR̂(n), which are
tensors ofnth-rank. The vertical line stands for a contraction of the tensor with then
electric field functions. We can rewrite the latter formula in index notation to yield

P(n)
µ (t) = ∑

α1=x,y,z
· · · ∑

αn=x,y,z
ε0

∫ ∞

−∞
dτ1 · · ·

∫ ∞

−∞
dτn

×Rµα1...αn(τ1, . . . ,τn)Eα1(t− τ1) · · ·Eαn(t− τn). (1.60)

R(n) is a real quantity, since both,~E(t) and~P(t) are real (physically measurable). Since
only the electric field at an earlier timet− τ < t can influence the polarization at time t,
R(n) vanishes for at least one negativeτi .

Since the wave equation (1.56) is more easily tractable in the frequency domain, let us now
find the expression for thenth order nonlinear polarization as a function of frequency. By
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inserting the Fourier relation Eq. (1.2) for~E(t) into the temporal expression Eq. (1.59) we
arrive at

~P(n)(t) =
ε0√
2π

∫ ∞

−∞
dω1 · · ·

∫ ∞

−∞
dωn χ

(n)(−ωs;ω1, . . . ,ωn)|~̃E(ω1) · · · ~̃E(ωn)eiωst , (1.61)

in which thenth order electric susceptibility tensor can be written as

χ
(n)(−ωs;ω1, . . . ,ωn) =

1

(
√

2π)n−1

∫ ∞

−∞
dτ1 · · ·

∫ ∞

−∞
dτn R̂(n)(τ1, . . . ,τn)e

−i ∑n
j=1 ω j τ j .

(1.62)
The sum frequencyωs is introduced:

ωs = ω1 +ω2 + · · ·+ωn. (1.63)

The Fourier transformation

~̃P(n)(ω) =
1√
2π

∫ ∞

−∞
~P(n)(t)e−iωt dt (1.64)

is now applied to arrive at thenth order nonlinear polarization as a function of frequency:

~̃P(n)(ω) = ε0

∫ ∞

−∞
dω1 · · ·

∫ ∞

−∞
dωn χ

(n)(−ωs;ω1, . . . ,ωn)|~̃E(ω1) · · · ~̃E(ωn)δ (ω−ωs).

(1.65)
The Dirac delta function in Eq. (1.65) can be interpreted as energy conservation law. It
is now obvious that frequencies can be generated that were not initially present in the
electric fields. This is due to the fact that the polarization now has a nonzero contribution
at the sum-frequencyωs, which can be a new frequency that was initially not present. As
stated above, the second order time derivative of the polarization enters the wave equation
as a source term, which leads to the generation of frequencyωs. This can be understood
as the key to frequency conversion. In other words, photons of some frequencies can
interact with each other to produce different frequencies as soon as the wave equation
(1.56) becomes nonlinear. In this case, the superposition principle of linear physics has
become invalid.

Some examples for nonlinear “photon reactions” are the following:

second-harmonic generation: h̄(ω)+ h̄(ω) → h̄(2ω)
sum-frequency mixing: h̄(ω1)+ h̄(ω2) → h̄(ω1 +ω2)

difference-frequency mixing : h̄(ω1)− h̄(ω2) → h̄(ω1−ω2)
self-phase modulation :h̄(ω1)± (h̄(ω2)− h̄(ω3)) → h̄(ω1± (ω2−ω3))

high-harmonic generation : m × h̄(ω) → h̄(mω)
(1.66)

A minus sign in front of a photon on the left hand side means that instead of destroying
this photon in the course of the reaction (as is the case for a plus sign), it is created in the
light field. In Section 1.2.3 and Chapter 2 these examples are addressed in more detail.

1.2.1.2 Time-dependent Dipole Moments

The polarization treated so far is a mesoscopic quantity which can be used to characterize
some unit volume of the medium which is larger than the atomic volume but still much
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smaller than the wavelength of the light. Its microscopic origin is the electric-field induced
time-dependent dipole moment of the atoms that constitute the medium as has already
been mentioned above. The polarization is connected to the single dipole moments in the
following way

~P(t,~r) =
1

V(~r) ∑
r iεV(~r)

~di(t), (1.67)

whereV(~r) denotes a compact space volume around~r which contains many dipoles and is
still small compared to the wavelength of the light under consideration.~r i is the position
of dipole~di(t). The polarization can thus be considered to be an average dipole moment.

We can thus write the analogous equations (1.57)–(1.65) also for the dipole moments
instead of the polarization, arriving at the time-dependent and frequency dependent ex-
pressions for thenth order nonlinear dipole moments

~d(n)(t) =
∫ +∞

−∞
dτ1 · · ·

∫ +∞

−∞
dτnR̂′(n)(τ1, . . . ,τn)|~E(t− τ1) · · ·~E(t− τn) (1.68)

~̃d(n)(ω) = ε0

∫ ∞

−∞
dω1 · · ·

∫ ∞

−∞
dωnα

(n)(−ωs;ω1, . . . ,ωn)|~̃E(ω1) · · · ~̃E(ωn)δ (ω−ωs)

(1.69)

with the microscopicnth order response function̂R′(n) and thenth order nonlinear polar-
izability tensorα(n), which is given by

α
(n)(−ωs;ω1, . . . ,ωn) =

1

(
√

2π)n−1

∫ ∞

−∞
dτ1 · · ·

∫ ∞

−∞
dτn R̂′(n)(τ1, . . . ,τn)e

−i ∑n
j=1 ω j τ j

(1.70)

The calculation of the dipole moment allows us to include the particular properties of
the atoms in the medium via their collective polarization into the wave equation (1.56).
The latter has then to be self-consistently solved. This will be treated in more detail in
Section 1.2.2.

We now reexamine the formula for the frequency dependent nonlinear polarization
Eq. (1.65). Let us take the squared modulus on both sides to study the intensity de-
pendence. In general, if we look at the scaling of the nonlinear polarization only with
intensity of the different pump components (without changing the shape of the pump
fields), we may write

I (n)
s ∝ Πn

j=1I j , (1.71)

whereI (n)
s is the intensity of the converted light emitted by the inducednth order nonlin-

ear polarization~̃P(ω) and theI j represent the intensities of the pump fields at different
frequencies. In particular, if we only assume one fundamental excitation frequencyω f

I (n)
s ∝ In

f . (1.72)

These intensity dependencies have an interesting statistical interpretation. In annth or-
der nonresonant nonlinear process, the atom needs to absorbn photons of frequencyω
at the same time to release for instance a photon ofn times the fundamental frequency.
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The probability to absorb one photon scales linearly with intensity, since the intensity is
linearly proportional to the probability to find one photon in some neighborhood of the
atom. Thus, the probability to find and absorbn photons in this neighborhood scales with
the intensity to thenth power in the case of only one pump frequency. If different frequen-
cies contribute, then of course all partial probabilities (intensities) have to be multiplied
to give the scaling for the intensity of the converted light. However, the validity of this
scaling law is limited, as will be discussed in more detail below.

1.2.1.3 Example: Adiabatic Approximation

Let us now consider a simple example, which allows us to obtain an instructive and quali-
tative view of the nonlinear response of an atom exposed to a strong laser field. Imagine a
classically bound electron in an atom. To first order, we can describe the binding potential
as a parabola (V(r) ∝ er2). The force acting on the electron is then given byF(r) ∝−er. If
we slowly (adiabatically) apply a static electric field, the electron is displaced byr ∝−E
since the two forces on the electron have to balance. This displacement gives a dipole
momentd = −r. If the electric field is now slowly changing with a frequency much
lower than the resonance frequency of the electron in the potential, the electron and thus
the dipole moment will follow the fieldE(t) with d(t) ∝ E(t) instantaneously. Let us
consider the electric field to be given by

E(t) = Acosωt =
A
2

eiωt +c.c., (1.73)

i.e. a single-frequency ac-field, wherec.c. stands for the complex conjugate. Due to the
linear dependence of the dipole moment on the electric field, it will contain the same
harmonic oscillatory time dependence with frequencyω. As a consequence (wave equa-
tion (1.56), dipole moment→polarization is a source), no additional frequencies are pro-
duced in the interaction.

However, if we now increase the intensity of the light interacting with the electron in the
atom, the quadratic approximation of the electron binding potential breaks down at high
values of the field. For that reason, we decompose the effective binding potential in a
Taylor series:

V(r) =
∞

∑
j=0

Vj

j!
r j . (1.74)

Again, we calculate the force by taking the derivative

F(r) =−
∞

∑
j=1

Vj

( j−1)!
r j−1. (1.75)

If this force is generated by the slowly oscillating (far below resonance) external electric
field, the electron is displaced by an amountr(−eE), leading to a dipole moment of

d̂(E) =−r(−eE) =−F−1(−eE), (1.76)

whereF−1(F) is the inverse function ofF(r). This function can again be expanded in a
Taylor series

d̂(E) =
∞

∑
j=0

α̂
( j)E j . (1.77)
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Figure 1.14: Linear (a) and nonlinear (b,c) dependence of the dipole moment on the applied elec-
tric field (upper graphs). The lower graphs show the dipole moment (dotted line) as it depends
on an AC-electric laser field (compare dotted line in (a)). The solid line shows contributions at
different frequencies. In the linear case, the only frequency contributing to the dipole oscillation
is the frequency of the driving laser. For the case of a quadratic nonlinearity (b), the second har-
monic (twice the laser frequency) and a constant offset are produced. The third order nonlinearity
produces the third harmonic.

In the case of a linearF(r), the summation stops atj = 1 since all higher̂α( j) are zero.
However, for any higher order dependence ofF(r) on r, higher order coefficients are
nonzero. These nonzero coefficients are responsible for frequency conversion. By in-
serting the electric field Eq. (1.73) into the last equation, different powers ofeiωt are
produced, i.e.

d̂(E) = d(t) ∝
∞

∑
j=0

a j
(
eiωt) j

+c.c. =
∞

∑
j=0

a je
i j ωt +c.c., (1.78)

with some weighting coefficientsa j . It is thus the nonlinearity of the effective binding
potentialV(r) of the electron which produces additional harmonic (jω, jεN) frequencies
via a nonlineard̂(E) curve. In Fig. 1.14, this relationship is graphically illustrated. It is
important to notice at this point, that symmetry properties of the potential are transported
to the d̂(E) relation and have an interesting interpretation (see also Section 3.1): For
example, if the potential is symmetric with respect to inversionr →−r, we obtain an odd
functionF(r) = −F(−r). As a consequence, the inverse functionr = F−1(F) and thus
alsod̂(E) are odd functions. Their Taylor series thus only contain odd orders ofF andE.
This allows for the generation of odd harmonic frequencies(2n+ 1)ω only. In order to
generate also even orders, the inversion symmetry has to be broken.

In fact, it can be generally proven that the nonlinear susceptibilities and polarizabilities of
even order vanish for the case of material with inversion symmetry.
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In order to show the connection to the general quantities introduced above, theα̂(n) in
Eq. (1.77) can be directly compared to the response functionR̂(n)(τ1, . . . ,τn) in Eq. (1.68).
Since we assume an instantaneous response of the atomic system to the electric field (far
below resonance), we can write

R̂(n)(τ1, . . . ,τn) = ĉδ (τ1) · · ·δ (τn), (1.79)

with ĉ being a constant which does not depend on anyτ j . If we now perform the integra-
tion given in Eq. (1.68) we are left with one summand of formula Eq. (1.77).

If the response of the medium is instantaneous, this has an important implication for the
nonlinear susceptibililtyχ(n)(−ωs;ω1, . . . ,ωn). After having performed then integrations
in defining formula Eq. (1.62) over the instantaneous response defined above in Eq. (1.79),
we obtain a constant̂χ(n). Thus, in the case of an instantaneous medium response, the
susceptibility does not depend on the frequency of the light.

1.2.1.4 Nonlinear Polarization in Quantum Mechanics

In quantum mechanics, the state of a microscopic system can be described by means
of a time-dependent wave-function|ψ(~r, t)〉. It is a solution to the time-dependent
Schr̈odinger equation [79,80]

ih̄
∂

∂ t
|ψ(~r, t)〉= Ĥ|ψ(~r, t)〉, (1.80)

whereĤ is the Hamiltonian operator, describing the microscopic system and the laser
field. It can be broken up into two parts:

Ĥ = Ĥ0 +V̂(t), (1.81)

whereĤ0 describes the atomic system when it is not interacting with an electric field, and
V̂(t) describes the interaction with the electric field as the additionally imposed potential

V̂(t) =−~̂µ~̂E(t), (1.82)

where we call~̂µ the electric dipole moment operator. It can be written as

~̂µ =−e~̂r, (1.83)

with −ebeing the charge of the electron.

In order to determine the nonlinear polarizability tensors, we need to calculate the dipole
moment as a function of time. It is given by the time-dependent expectation value of the
dipole moment operator:

~µ(t) = 〈ψ(~r, t)|~̂µ|ψ(~r, t)〉. (1.84)

By applying perturbation theory, we can expand this expression in a Taylor series in pow-
ers ofE(t). This leads us to the nonlinear response functions defined in Eq. (1.68) from
which we can calculate the polarizability tensors.
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Figure 1.15: Illustration of the phase-matching problem for second-harmonic generation (SHG),
where fundamental light enters from the left (arrow). If the phase velocities of fundamental and
signal (SHG) light are different, the wavelength of the second harmonic inside the crystal will
not be equal to half the wavelength of the fundamental light. As newly generated SHG light is
always produced with a constant phase relationship to the fundamental radiation, it will interfere
with the earlier generated SHG light that propagates through the crystal. Light generated atB orC
interferes destructively or constructively, respectively, with light generated atA. The total amount
of SHG light will thus show a periodic modulation in intensity along the propagation axis.

In computer simulations, we can solve the Schrödinger equation numerically by defining
and evolving the wavefunctionψ(~r, t) on a grid. The time-dependent dipole moment can
then straightforwardly be analyzed. This will be addressed in more detail in Chapter 2
with particular emphasis on high-harmonic generation. In the main part of this work, a
numerical approach is used to study high-harmonic generation in molecules.

1.2.2 Phase matching — Macroscopic build-up

For nonlinear frequency conversion, we would like to extract macroscopic amounts of
radiation (called ‘signal’) from the conversion medium as it interacts with intense light
referred to as ‘fundamental’ or ‘pump’ radiation. Of course a single particle (atom,
molecule, cluster, ...) is not able to convert large amounts of fundamental light, due to
its small size. We therefore need to consider an extended conversion medium. The non-
linear optical signal can then build up to larger and larger intensity along the optical path,
given all contributions of the single particles to the signal light field add up constructively.

To get a first idea, we consider the process of second-harmonic generation (SHG), where
we convert fundamental light into signal light at twice the fundamental frequency. Let
us imagine the fundamental wave, as it propagates through the (transparent) medium
(Fig. 1.15). It excites nonlinear dipole motion all the way along its propagation path.
Any of those nonlinear dipole moments will emit signal light at some frequency which is
different from the fundamental but always with a fixed phase relation to the fundamental.
In general, any material exhibits dispersion, thus the phase velocities of the fundamen-
tal and the signal radiation are not equal. Let us consider a plane wave incident on the
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conversion medium which starts at the surface planeA. After some propagation distance
from planeA to planeB inside the medium, this difference in phase velocities leads to
a phase shift ofπ between signal generated atA that traveled through the medium and
signal generated directly atB. After this distance, we will no longer increase the amount
of signal, since destructive interference of newly produced second harmonic with the one
produced atA occurs. The signal will thus disappear, feeding back into the fundamental
field, which is also called ‘back conversion’. This will continue until we reach another
planeC after the same propagation distance as fromA to B, where all signal light will
have disappeared. Signal build-up will start again atC as initially fromA.

To generate maximum amount of signal, it would of course be optimal to have a contin-
uous growth over the propagation distance. In practice, there are two solutions to this
problem.

The first one is to find a way that both phase velocities are the same. This results in the
phase of newly produced signal radiation always to match the phase of the propagating
signal (thus the term ‘phase matching’ or more precisely ‘perfect phase matching’). If this
is the case, each plane of atoms along the propagation direction will contribute the same
amount of electric field to the signal field. It will thus grow linearly with propagation
distance in the medium, which results in a quadratic increase of the intensity.

The second solution to provide steady growth along the interaction path is to use a medium
which is “switched off” or “turned around” in the very regions where destructive inter-
ference would occur. The phase slippage is thus not avoided (perfect phase matching is
not accomplished) but by manipulation of the medium we do not allow destructive inter-
ference. Switching off can mean simply to remove the medium from these regions [81],
but also to modulate the intensity [82–85], since we know from Section 1.2.1 that any
nonlinear process depends strongly on intensity. “Turned around” refers to the mate-
rial structure, which in the case of second-harmonic generation has to break inversion
symmetry (see Section 1.2.1). By mechanically inverting the medium in the otherwise
destructively contributing regions [86], we regain constructive interference. This idea of
manipulating the medium at appropriate distance in order to ‘almost match the phase’ ev-
erywhere (nowadays referred to by the name ‘quasi-phase matching’) has been introduced
in the early days of nonlinear optics (1962) by Armstronget al. [87].

After this conceptual overview of phase matching let us now discuss the mathematical
description in more detail. We know that the source of nonlinear emission at some signal
wavelength is governed by the polarizability. By insertingn plane fundamental waves
(often also called ‘pump’) at frequenciesω j

~E j(~r,ω j) = ~E j0ei(ω j t−~k j~r) (1.85)

into the expression for the frequency dependent polarization Eq. (1.65), we obtain

~P(n)(~r,ω) ∝ ei((∑n
j=1 ω j)t−(∑n

j=1
~k j)~r). (1.86)

The assumption of plane waves is only justified when the intensity of the corresponding
waves in the medium does not change due to either absorption or depletion by conversion.
This scenario is referred to as the ‘non-depleted-pump approximation’ [73,74]. Recalling
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the wave equation (1.56), the second order derivative of the polarization acts as a source.
With Eq. (1.86) this results in the creation of a new wave with frequencyωs = ∑n

j=1ω j

and~keff = ∑n
j=1

~k j , which can be regarded as an effective wavevector of the source. Once
some amount of this light field is created it is also propagated by the wave equation with
a refractive wavevector ofks = n(ωs)ωs/c wherec andn(ωs) denote the vacuum speed of
light and the refractive index of the medium, respectively. It is clear that if both effective
wavevector~keff and refractive wavevector~ks would agree, we would “match the phase”
(perfect phase matching) between generation and propagation. This would lead to contin-
uous growth of the signal along its propagation path. The condition for phase matching
can now be formulated as follows:

~ks =
n

∑
j=1

~k j (1.87)

Since the photon momentum~pph can be written as̄h~kph, and due to the additional con-
straint of generating the angular frequencyωs we may write

Es = ∑n
j=1E j (energy conservation)

~ps = ∑n
j=1~p j (momentum conservation),

(1.88)

whereE j = h̄ω j are the photon energies. The energy conservation is actually already de-
rived from Eq. (1.65). It is therefore a microscopic single-atom effect. The momentum
conservation principle on the other hand follows from achieving phase matching between
the propagating generating and signal fields and is thus a macroscopic effect. To summa-
rize:

single-atom response→ photon energy conservation
propagation → photon momentum conservation

(1.89)

These results can be considered to be some of the most fundamental ones in nonlinear
optics. It should be noted that of course momentum conservation has also to be fulfilled
on the single particle level. However, only if it is fulfilled over a macroscopic region
within the conversion medium the different single atom responses can coherently add up
constructively.

When perfect phase matching is not fulfilled, we obtain

n

∑
j=1

~k j −~ks =~keff−~ks = ∆~k 6= 0 (1.90)

In this case a phase slippage between generating and signal radiation will occur. Since
the signal~ks usually points into the same direction as~keff, there will be a phase lag ofπ

at some propagation distanceLc. It can be calculated by

Lc(keff−ks) = π ⇒ Lc =
π

keff−ks
=

π

∆k
(1.91)

This lengthL corresponds to the separation of the two planesA andB described at the
beginning of this section. It is called the ‘coherence length’ and corresponds to the optimal
length of the conversion medium in the case of non-perfect phase matching. When starting
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from zero signal intensity, at the input of the medium, it will continuously grow inside the
crystal until it saturates after a distance ofL. At that point, the nonlinear process will
generate wavelets interfering destructively with the ones earlier produced and convert
signal light back into the pump.

We can also quantify those considerations by assuming another plane wave for the signal,
the amplitude of which is dependent on position along the propagation directionz:

~Es(z, t) = ~Es0(z)ei(ωst−~ks~r). (1.92)

We now insert this expression into the wave equation Eq. (1.56) on the left-hand side and
use the polarization Eq. (1.86) on the right-hand side. We also apply the slowly varying
envelope approximation [74,78]∣∣∣∣ ∂ 2

∂z2
~Es0(z)

∣∣∣∣� ∣∣∣∣ks
∂

∂z
~Es0(z)

∣∣∣∣ , (1.93)

which is fulfilled when the growth rate of the signal light does not change significantly
over one wavelength, which is almost always granted. We then obtain

∂

∂z
~Es0(z) = c0ei∆kz. (1.94)

Here,c0 is a proportionality factor which will be addressed below for the sake of clarity.
~Es0(z) can now easily be found by integration from 0 (where the medium begins) to some
propagation lengthL to yield

~Es0(L) = c0
ei∆kL−1

i∆k
. (1.95)

The intensity of the signal can then be calculated (see Eq. (1.18)) to be

Is(L) =
ε0cn(ωs)

2
|Es0(L)|2

= |c1|2
∣∣∣∣ei∆kL−1

i∆k

∣∣∣∣2
= |c1|2L2sinc2

(
∆kL

2

)
(1.96)

with the sinc function sinc(x) = sin(x)/x andc1 = c0ε0cn(ωs)/2. Fig. 1.16 depicts the
intensity versus the two quantities of interest here, the phase mismatch∆k and the prop-
agation lengthL. Again, the coherence lengthLc defined above can be calculated and
observed from Fig. 1.16 as the lengthL over which the signal steadily increases. We can
also insertLc into Eq. (1.96):

Is = |c1|2L2sinc2
(

π

2
L
Lc

)
. (1.97)

The proportionality constantsc1 and c0, which were introduced to reduce complexity
in writing, contain the nonlinear polarizability of the microscopic particleα(n), the par-
ticle densityN (if all particles are equal, otherwise we have to employ the summation
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Figure 1.16: Phase matching in a frequency conversion process. The wavevector mismatch has
to be zero (perfect phase matching) in order to generate a maximum of converted light (a). For
a given wavevector mismatch, the amount of converted light is oscillating sinusoidally with the
length of the conversion medium (b).

Eq. (1.67)) and the electric field amplitudesE j0 of the pump light from Eq. (1.85) in the
following manner:

c0 ∝ c1 ∝ Nα
(n)Πn

j=1E j . (1.98)

Taking all of this into account, we finally arrive at [88–90]

Es0 ∝ α
(n)Πn

j=1E j0︸ ︷︷ ︸ NL
ei∆kL−1

i∆kL︸ ︷︷ ︸
single-particle collective

response response

(1.99)

for the electric field amplitudes of the signal wave and

Is ∝
∣∣∣α(n)

∣∣∣Πn
j=1I j︸ ︷︷ ︸ N2L2sinc2

(
∆kL

2

)
︸ ︷︷ ︸

single-particle collective
response response

(1.100)

for its intensity, where theI j stand for the intensities of the pump waves. This expres-
sion tells us which parameters have to be manipulated in order to modify and to control
a certain frequency conversion process. Since high-harmonic generation at present works
only at a very low conversion efficiency, we are of course interested in an enhancement.
This can be done by optimizing single atom parameters like the nonlinear dipole moments
or the field strength of the driving laser. For simplicity in this fundamental section, we
did not include the time dependent pump-light amplitudes, which of course also modify
both the single-atom response and phase-matching. The latter can be controlled particu-
larly well in quasi-phase matching schemes. As another collective parameter, the density
of the generation medium can be increased in particular for high-harmonic generation,
where mainly all work today is done in low-density gases. Finally, we can increase the
interaction length, which for high-harmonic generation means to work in hollow fibers
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Radiation Wavelength Frequency photon energy conversion method

Terahertz 200-20µm 1-15 THz 6-60 meV DFM
FIR-MIR 20-1µm 15-300 THz 0.06-1 eV OPG-DFM,DFM
NIR-VIS 0.4-1.0µm 0.3-0.8 PHz 1-3 eV OPG,SPM
UV-VUV 400-40 nm 0.8-8 PHz 3-30 eV SFM,OPG-SFM,HHG
soft x-ray 40-2 nm 8-150 PHz 30-600 eV HHG

Table 1.2: Ranges of the electromagnetic spectrum that are accessible by nonlinear optical fre-
quency conversion of Ti:sapphire 800 nm fundamental radiation. The most important conversion
processes are indicated. FIR: far infrared, MIR: mid infrared, NIR: near infrared, VIS: visible, UV:
ultraviolet, VUV: vacuum ultraviolet, SFM: sum-frequency mixing, DFM: difference-frequency
mixing, OPG: optical parametric generation, SPM: self-phase modulation, HHG: high-harmonic
generation.

instead of only focusing into a gas jet or cell. Any of these approaches now discussed is
subject of this thesis and will be discussed in detail in the main part of this work.

It should however be noted here that the converted fieldsEs0 and intensityIs do not always
follow the simple scaling law shown above. In particular, if higher-order susceptibilities
become of comparable order (which is often the case, in particular for the process of high-
harmonic generation described in Chapter 2) the scaling behaviour with the product of the
applied light fields and intensities breaks down. Additionally, resonances and saturation
effects play an important role in the scaling behavior and need to be treated with particular
care.

1.2.3 Application Examples

Now that the fundamentals of nonlinear optics have been laid out, it is reasonable to
present some technical implementations. Of course there is a wide range of different pos-
sible applications, since nonlinear optics provides the unique possibility to switch and to
control the color of light. A modern research laboratory needs to operate in principle only
one primary laser system (which is usually the widespread Ti:sapphire laser) and convert
light into wavelength regions around and far away from its fundamental 800 nm radiation.
The accessible wavelength region extends from the Terahertz frequency range via the far-
and mid-infrared (FIR and MIR) over into the visible, ultraviolet (UV) and beyond into
the soft and hard x-ray spectral region. In all these parts of the electromagnetic spectrum
except the x-ray region spatially and temporally coherent light is generated. This is be-
cause instantaneous nonlinear optical conversion in general conserves coherence and thus
transfers the coherence properties of the laser over to the converted radiation. However,
the conversion of frequencies into a totally different part of the electromagnetic spectrum
is only one application of nonlinear optics. As was already discussed in Section 1.1.5, we
can employ nonlinear optics for pulse measurement and characterization. When our elec-
tronic detectors (photodiodes, ...) are too slow to resolve the optical laser pulse shape in
time, we are always bound to use some sort of nonlinear process to observe phase differ-
ences between different spectral components (frequencies) of one pulse and to reconstruct
the temporal pulse shape by Fourier transformation Eq. (1.2). For these pulse charac-
terization methods, the second-harmonic generation process is the one that found most
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widespread use, which is due to its simplicity of implementation. It is a very recent ef-
fort in ultrafast physics to measure the pulse duration and shapes of the attosecond pulses
which are produced in the high-harmonic generation process. This represents a chal-
lenge due to the fact that nonlinear susceptibilities and polarizabilities drop off rapidly for
higher and higher frequencies of light. Another important application of nonlinear optics
is the spectral broadening of ultrashort pulses and the corresponding pulse compression
capability. This is achieved by generating new frequencies which are only slightly dif-
ferent from the ones available in the fundamental spectrum. The most popular nonlinear
process used to accomplish this is termed self-phase modulation.

In the following, we shall discuss these most common (low-order) nonlinear processes
used in practice. High-order harmonic generation will be subject of the following Chapter,
since it is the central process under investigation in this work.

1.2.3.1 Second-Harmonic Generation (SHG), Sum- and Difference-Frequency
Mixing (SFM and DFM)

The most commonly used processes in nonlinear optics are sum- and difference frequency
mixing:

sum-frequency mixing: h̄(ω1)+ h̄(ω2) → h̄(ω1 +ω2)
difference-frequency mixing :h̄(ω1)− h̄(ω2) → h̄(ω1−ω2)

(1.101)

Second-harmonic generation can be considered as a special case of sum-frequency mix-
ing.

second-harmonic generation:̄h(ω)+ h̄(ω) → h̄(2ω) (1.102)

Since any of these processes is a two photon interaction, the lowest order nonlinear sus-
ceptibility of interest is the second order oneχ(2)(ωs;ω1,ω2) Eq. (1.62). Therefore, we
can write the nonlinear polarization Eq. (1.65), i.e. the source of the converted light, as
follows:

~̃P(2)(ω) = ε0

∫ +∞

−∞
χ

(2)(−ω;Ω,ω−Ω)
∣∣∣~̃E(Ω)~̃E(ω−Ω)dΩ (1.103)

Note, that difference-frequency mixing is obtained whenΩ or ω−Ω are negative (̃E(ω)
contains nonzero frequency components forω > 0 andω < 0 in Eqs. (1.1) and (1.4)). In
the following we will only address the case of an instantaneous response of the medium
(see Section 1.2.1), where the nonlinear susceptibility tensorχ(2)(−ω;Ω,ω−Ω) = χ̂(2)

is constant, i.e. not dependent on frequency. We will also assume linearly polarized pump
and signal electric fields. The polarization state of each of the pump or signal waves,
however, can be different. This is important in order to achieve phase matching.

As has been discussed above, even-order susceptibilities are only nonzero in materials that
are non-symmetric with respect to inversion. Therefore, we have to chose an appropriate
medium which has this property. In practice, a very common conversion medium isβ -
barium-borate (BBO) [91–93]. It exhibits largeχ(2) tensor elements and a high damage
threshold.

We need to accomplish phase matching in order to extract macroscopic amounts of con-
verted radiation. If we consider only one pump laser pulse, the refractive index at the
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Figure 1.17: Phase matching in an anisotropic birefringent crystal. The dependence of the re-
fractive index on the polarization of light relative to the crystal axis can be used to realize perfect
phase matching. Ordinary light (polarized perpendicular to the optical axis) experiences the re-
fractive indexno(ω), otherwise the light is called extraordinary and the refractive index ˆneo(θ ,ω)
depends on both the angleθ of its wavevector with respect to the optical axis and the frequency
ω. For phase-matching in second harmonic generation, the refractive indices at the fundamental
and second harmonic frequency have to be equal (dots).

signal sum or difference frequencyn(ωs) will not be the same as the one at the pump fre-
quencyn(ωp). In a collinear conversion geometry, this necessarily leads to a wave-vector
mismatch

∆k = 2kf −ks = (n(ωp)−n(ωs))
2ωp

c
. (1.104)

with the energy conservation implicitly given in Eq. (1.103) 2ωp = ωs. How can we re-
alize the same refractive index for both frequencies? The answer is to use an anisotropic
birefringent crystal. BBO is a representative of this class of crystals. Due to their struc-
ture, they exhibit different indices of refractionno(ω) andneo(ω) depending on the polar-
ization plane of the propagating light. Light that is polarized perpendicular to the crystal
axis is called ordinary light. If there is a different angle between polarization and crystal
axis, it is called extraordinary light. The refractive indexneo is experienced by extraordi-
nary light that is polarized along the crystal axis. For any arbitrary angleθ between the
wavevector of extraordinary light with respect to the crystal axis, the refractive index is
given by

1
n̂eo(θ ,ω)

=
cos2(θ)
n2

o(ω)
+

sin2(θ)
n2

eo(ω)
(1.105)

which defines an ellipse (see Fig. 1.17), the principal axes of which are given by the
ordinary and extraordinary refractive index.

This property can be exploited to obtain phase matching in sum- and difference-frequency
generation. By choosing the pump to be ordinarily polarized and the signal to be extraor-
dinary, both refractive indices can be made equal under a certain angle with respect to the
optical axis (Fig. 1.17).
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In general, phase matching in anyχ(2) process can be achieved by having one or two
of the contributing light waves (two pump waves that can be identical, one signal wave)
be polarized extraordinarily while the remaining two or one, respectively, are polarized
ordinarily. For one ordinary wave the term ‘Type I’ phase matching has been introduced,
while for two ordinary waves the term ‘Type II’ phase matching is used.

1.2.3.2 Optical Parametric Generation (OPG)

For many applications we would like to have a laser light source which is tunable through-
out a certain region of the frequency domain. Starting out with an ultrashort pulse laser
operating at a certain central frequency dictated by the laser medium, we cannot eas-
ily generatearbitrary frequencies only by application of sum- and difference-frequency
mixing using laser light as a pump with a certain bandwidth. However, even in a vacuum,
quantum fluctuations are existent. Single pairs of quanta are continuously generated and
destroyed. In optical parametric generation we use nonlinear optics to amplify a signal
initially generated from a quantum fluctuation (also called ‘superfluorescence’). This is
very similar to the working principle of the laser. There, the lasing operation also starts
from the spontaneous emission of light into the stable resonator mode. The spontaneous
emission is in turn governed and triggered by a quantum fluctuation. The difference: the
laser medium can only amplify light in a given frequency range as the gain curve is only
larger than unity in a finite range of frequencies. If we work with an instantaneously
responding nonlinear medium, the whole transparency range of the medium can be em-
ployed in principle, sincêχ(2) does not depend on frequency.

Optical parametric generation is again based on difference frequency mixing with only
one pump wave at frequencyωp. The second pump wave at frequencyωi which is “sub-
tracted” from the first oneωp is not present at the beginning. It is generated by the men-
tioned quantum fluctuation, which provides virtual photons atωi . One virtual photon acts
as the second pump and produces light at the difference frequency. In terms of quantum-
electrodynamics, it will create one real photon at the difference frequencyωs = ωp−ωi

out of one real photon of the incoming pump wave at the frequencyωp. To retain the
energy conservation, another real photon atωi is generated, which from now on can take
the role of the second pump. From here on, the process does not rely on quantum fluctua-
tions but on the steady amplification of real photons. Two usually separate frequencies are
generated, namelyωs (‘signal’) andωi (‘idler’). In the literature, idler is most commonly
used for the smaller frequency of the two. They are continuously amplified since more
and more signal photons generate more and more idler and signal photons due to energy
conservation. On the other hand, also the increasing amount of idler light will drive the
difference-freqency mixing process to produce both, more idler and signal light from the
pump wave. We can reformulate the “photon reaction” for difference-frequency mixing
from above with the frequencies used here

difference-frequency mixing :h̄(ωp)− h̄(ωi) → h̄(ωs)
optical-parametric generation : h̄(ωp) → h̄(ωs)+ h̄(ωi).

(1.106)

The decision of which frequencies are generated in the process is made by the choice of
the phase-matching conditions. Again, an anisotropic non-centrosymmetric crystal like
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e.g. BBO has to be used at the correct angleθ with respect to the crystal axis.

It is possible to provide a seed pulse in OPG, which eliminates the need for a quantum
fluctuation to start the conversion process. In addition, the spectral phase of the seed pulse
is conserved in the conversion process. Therefore, we are able to achieve amplification
of the seed pulse without changing its shape the same way as in a conventional laser
medium. This technique is called ‘optical parametric amplification (OPA)’. In difference
to the case of a conventional laser medium, the optical parametric case is not limited
by the natural gain curve of the medium sinceχ(2) is not depending on frequency for a
typically-employed instantaneous nonlinear response.

If we use the collinear geometry discussed so far where all waves propagate along the
same direction, the wavevector mismatch∆k can become zero for one particular set of
frequenciesωs and ωi . But as mentioned, the bandwidth of the instantaneous nonlin-
ear process is almost arbitrarily large, which is why we would like to have the phase-
matching condition met for a large range of frequencies in a seed pulse at once to yield
very short pulses of tunable frequency (see Eq. 1.27). We will now see that by sacrificing
the collinear geometry and thus having different waves propagate into different directions,
we can achieve broad-bandwidth phase matching. To show this, the vectorial wavevector
mismatch (compare Eq. (1.90))

∆~k =~kp−~ks−~ki (1.107)

is expanded as a Taylor series in∆ωs around the central frequency of the signalωs0

∆~k(ωs) = ∆~k(ωs0)+
∂∆~k(ωs)

∂ωs

∣∣∣∣∣
ωs=ωs0

∆ωs+ . . . . (1.108)

Clearly, if we manage to not only make∆~k(ωs0) equal to zero (which is done in any
phase matching approach considered so far) but additionally succeed in cancelling the
second coefficient in the Taylor expansion, phase matching is fulfilled in a certain range
of frequencies around the center frequencyωs0. If we allow noncollinear orientation
of the wavevectors, we basically gain the angle between signal and idler wavevectorΩ
(Fig. 1.18) as an additional degree of freedom to achieve the broadband-phase-matching
condition:

∂∆~k(ωs)
∂ωs

∣∣∣∣∣
ω=ωs0

= ∆~k(ωs0) = 0 (1.109)

By splitting ∆~k(ωs) into its components parallel and perpendicular toks (see Fig. 1.18)

∆k‖ = kpcos(Ψ)−ks−ki cos(Ω) (1.110)

∆k⊥ = kpsin(Ψ)−ki sin(Ω), (1.111)

we can calculate the derivative of each with respect toωs (kp does not to depend onωs),
which has to be zero:

0 =
∂∆k‖
∂ωs

= − ∂ks

∂ωs
− ∂ki

∂ωs
cosΩ+ki sin(Ω)

∂Ω
∂ωs

, (1.112)

0 =
∂∆k⊥
∂ωs

= − ∂ki

∂ωs
sin(Ω)−ki cos(Ω)

∂Ω
∂ωs

. (1.113)
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Figure 1.18: Vectorial phase matching used in broad-band noncollinear optical parametric am-
plification (NOPA). The pump photons are converted to signal and idler photons, for which a
phase-matched geometry has to be realized. By sacrificing the constraint of collinearity we can
achieve phase matching not only for a particular set of three frequencies but for a range of frequen-
cies around a given central one. This allows for the amplification of very broad spectra, leading to
very short tunable pulses.

Multiplication of Eq. (1.112) with cos(Ω), Eq. (1.113) with sin(Ω) and addition of both
equations leads us to

∂ks

∂ωs
cos(Ω)+

∂ki

∂ωs
= 0. (1.114)

This equation can be rewritten in terms of the group velocities (having in mind the photon
energy conservation law,ωp = ωs+ωi)

vg,s =
1

∂ks
∂ωs

, (1.115)

vg,i =
1

∂ki
∂ωi

=− 1
∂ki
∂ωs

(1.116)

as
vg,s = vg,i cos(Ω). (1.117)

This relation can be interpreted in the following way. As the signal pulse propagates
through the crystal with group velocityvg,s, the group velocity of the idler pulsevg,i

projected onto the propagation direction of the signal is the same in the case of broad-
band phase matching (Fig. 1.19b). This allows amplification of very short pulses down
to 4 fs [94] in the visible by the use of noncollinear optical parametric amplification
(NOPA) [95]. Details about the operation of a NOPA can be found in [96,97].

1.2.3.3 Self-Phase Modulation (SPM)

In the linear regime of optics, the index of refraction does not depend on the intensity of
the light. This is due to the linear response of the electrons, leading to a dipole moment
that is directly proportional to the electric field applied. For higher and higher intensities,
however, this is no longer true. For high electric fields, the induced dipole moment will
not be linearly proportional to the applied electric field anymore, which therefore leads to



46 BASICS

vg,i
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Figure 1.19: The condition of broad-band phase matching can be understood in terms of the group
velocities of signal and idler. For the noncollinear case (a) the pulse fronts of signal and idler pulses
copropagate along a given direction. Very short pulses can therefore be amplified. In the collinear
geometry (b), the pulse fronts advance at different velocities, smearing out the generated pulses.
The minimum achievable pulse duration in this case is longer than in the noncollinear case.

a different refractive index, now depending on the intensity. We can expand the intensity
dependent refractive index in a Taylor series

n(I) = n0 +n2I(t)+ . . . , (1.118)

wheren2 is called nonlinear index coefficient. Its origin lies in theχ(3) nonlinear suscepti-
bility tensor. Writing the third order nonlinear polarization Eq. (1.59) for monochromatic
pump light using Eq. (1.73), we obtain

P(3)(t) = ε0χ
(3)E(t)3 = ε0χ

(3)
(

3
8
|A|2Aeiωt +

1
8

A3ei3ωt
)

(1.119)

The first summand is responsible for the intensity dependent index of refraction, as can
be seen by inserting it as a source into the wave equation (1.56). The second summand
produces the third harmonic, which we will not discuss here. Since the intensity of the
laser pulse is a function of time, the laser pulse will be subject to a changing index of
refraction at any point in space. Let us first of all assume an initially monochromatic
electric field subject to a time-dependent refractive index

E+(z, t) = Aei(ωt−kz) = Aei(ωt−n(t) ω

c z) = Aeiφ(t). (1.120)

We know from Eq. (1.15) that the instantaneous frequency of the light is given by

ω =
dφ(t)

dt
= ω− dn(t)

dt
ω

c
z (1.121)

The time-dependent refractive index thus causes a frequency shift of the light. The ef-
fect increases with propagation lengthz. Sincen2 is positive in most materials, a compact
laser pulse (the intensity is monotonously increasing up to a maximum and monotonously
decreasing afterwards) will experience a rising refractive index on the leading edge and
a decreasing one at the trailing edge. This leads to the generation of additional red fre-
quencies at the leading and blue frequencies at the trailing edge. However, the temporal
amplitude of the laser pulse is not affected, i.e. only the phase is modified, hence the name
‘self-phase modulation’. The laser pulse modifies its own temporal phase by its intensity
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Figure 1.20: The effect of self-phase modulation on bandwidth-limited ultrashort laser pulses.
An intensity dependent index of refraction generates a temporal phase profile (a) (solid line) that
mimics the temporal intensity of the laser pulse (dotted line). For increasing interaction length or
nonlinear refractive indexn2, the maximum temporal phase is steadily increased. Likewise, the
spectral width (b) is increasing. This effect can be used in order to compress ultrashort laser pulses
to even shorter durations, since a larger spectral extent results in a smaller bandwidth limited pulse
duration.

profile. In Fig. 1.20 the effect of an increasing propagation length is shown as the pulse
travels through medium exhibiting an intensity-dependent nonlinear refractive index.

By derivingP(3) in Eq. (1.119) for the case of an ultrashort laser pulse (which contains
more than one frequency) it can be seen thatP(3) contains frequencies composed of the
sum of two frequencies contained in the pulse’s spectrum minus a third one, which also
belongs to the spectrum. Therefore, we can summarize the self-phase modulation process:

self-phase modulation :h̄(ω1)± (h̄(ω2)− h̄(ω3)) → h̄(ω1± (ω2−ω3)) (1.122)

We see that the spectrum becomes broadened to either side by creating new frequencies
as a combination of available ones.

Self-phase modulation finds a number of applications in nonlinear optics. For example,
it can be used to broaden the spectrum of ultrashort pulses in order to compress them to
even shorter time durations. Typically, amplified laser pulses are sent through gas-filled
hollow fibers [98, 99]. This is a technique also used for the experiments conducted in
this work and will be addressed in more detail below. It is even possible to use a cascade
of hollow fibers to generate more and more bandwidth [100]. Another application is the
generation of spectral continua of white-light in order to seed NOPAs [95]. In this case,
the signal in the NOPA is not generated from a quantum fluctuation but the seed is pro-
vided by real photons in the coherent white light. Spectral white-light continua also serve
as invaluable tools in time-resolved spectroscopy for example in chirped supercontinuum
probing [101]. A detailed review of self-phase modulation for supercontinuum generation
can be found in [102].
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Chapter 2

High-Harmonic Generation

The main topic of this work is the optimization and engineering of coherent light in the
soft x-ray region. It is therefore necessary to describe the particular nonlinear process
employed, which is high-harmonic generation (HHG). First studies were performed in the
late 1980s [103,104]. A plateau of equally intense harmonics of high order was observed,
which was not immediately understood. Applying perturbation theory one would expect
a rapid decrease in efficiency with increasing harmonic order: in the framework ofn-
photon excitation, the excitation probability decreases exponentially withn as explained
in Section 1.2. However, since there was a large number of equally strong harmonic
peaks, another mechanism had to be found to explain the results. In 1993 Corkum [105]
and Kulanderet al. [106] published a quasiclassical theory, which reproduced the plateau
behavior of harmonic emission found in the experiments. According to these works, the
electron can not be treated as a bound particle in the high electric fields at work in the
experiments, which had so far been assumed. In fact, the electron is ionized (freed from
the binding force of the nucleus) when the absolute electric field of the laser is close
to its peak during an optical cycle and is driven away from the parent ion. Since the
laser electric field changes its sign about a quarter of a period later, the electron will
slow down, stop at a position far from the ion and start to reaccelerate towards it. When
it returns to the ion, it can possess a significant amount of kinetic energy, much larger
than the photon energy. This energy plus the ionization potential will be transferred into
photon energy as soon as the electron recombines with its parent ion, which gives rise to
the very high harmonic orders observed in the experiment. It is thus three steps which
make up the model: Ionization, propagation in the laser field, and recombination. The
model has therefore been named ‘three-step model’ or also ‘simple-man’s model’, due to
its striking simplicity. As this three-step process—and therefore also high-energy photon
emission—usually occurs every half-cycle of the laser field it is immediately clear that the
spectrum of the produced radiation has to consist of peaks at odd integer multiples of the
laser frequency. Inspired by Kulander’s and Corkum’s idea, a fully quantum-mechanical
treatment of the three-step model has also been found shortly after its introduction [107,
108] which confirmed the validity of the classical approximation. It is a very intriguing
aspect of nonlinear physics that highly nonlinear effects (as the process of high-harmonic
generation indeed is) can be treated with high accuracy by considering simple models.

Typical high-harmonic spectra are shown in Fig. 2.1. As was mentioned, the harmonic in-
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Figure 2.1: Typical spectra produced in high harmonic generation. (a) A full harmonic spectrum
generated in xenon gas shows the characteristic spectral shape (from [109]). For low orders,
the harmonic intensity is rapidly decreasing. A plateau is visible for the higher orders which is
terminated at the cut-off, the highest harmonics that are generated. The spectral position of the
plateau depends on both, the gas species used and the intensity of the driving light. Another
measurement in neon reveals very high harmonic orders (b). Lower orders are less intense due to
the ziconium filter used to separate fundamental and harmonic light.

tensity decreases rapidly for low harmonic orders (the so-called perturbative region). For
higher orders, a plateau of equally intense harmonics is found, which extends up to the
cut-off harmonic order. In the following, the mechanism of high-harmonic generation will
be discussed in more detail (reviews can also be found in [89,110]. First of all the single
particle response is considered in Section 2.1, since it is this microscopic process out-
lined above which generates the harmonic frequencies in the first place. High-harmonic
generation is not a process involving only one single atom but many of them which are
coherently stimulated by the laser. For that reason, the importance of propagation effects,
including phase-matching schemes and distortions, are addressed in Section 2.2. High-
harmonic generation can be employed to produce the shortest pulses of light ever created
in the laboratory. The duration of these pulses is on the order of hundreds of attoseconds,
far shorter than the optical cycle of the laser light. Attosecond-pulse generation will be
discussed in Section 2.3. Finally, this chapter concludes with the potential applications of
ultrafast x-rays in Section 2.4.

2.1 Single Particle Response

As has just been mentioned, the process of high-harmonic generation can be broken up
into three steps: ionization, propagation and recombination. Each of these fundamental
processes will now be discussed separately.
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(a) (b) (c)

Figure 2.2: Different ionization scenarios. If the ionization potential is low compared to the
frequency of the light and large compared to the electric field of the laser the absorption of multiple
photons is the dominant ionization mechanism (multiphoton ionization (a)). If the electric field
strength is increased, the coulomb potential is significantly modified. If the frequency of light
is low enough such that the electron can respond to this changing potential, ionization can be
understood as the tunneling of the electron through a static potential wall (tunnel ionization (b)).
If the electric field is yet higher, the barrier is completely suppressed and the electron will be
classically “ripped off” the ion (barrier-suppressed ionization (c)).

2.1.1 Ionization — Step I

If the intensity of light interacting with matter is steadily increased, the electric field of
the electromagnetic waveE(t) = E0cos(ωt) at some point outgrows the intratomic field
strength (i.e. the average field strength sensed by the electron). At this intensity, the laser
electric field (at its maximum) is strong enough to literally ‘rip off’ the electron from
the ion. However, already at lower values of the electric field, the electron can escape
the binding potential of the atom through tunneling. The electric field of the laser will
produce a potentiale~E(t)~r in addition to the Coulomb potential of the ion:

V(~r, t) =− e2

4πε0r
+e~E(t)~r (2.1)

As a result, the Coulomb potential is significantly distorted (Fig. 2.2b). A barrier is created
for the bound electronic state, which can be overcome by tunneling, upon which the
electron can be considered to be free, only affected by the electric field of the laser (note
the proximity of the asymptote to the real potential at the appearance position of the
electron in Fig. 2.2b). This process of tunnel ionization has been treated in detail in
the literature. The first notion by Keldysh [111] dates back to 1965. He calculated an
analytical formula for the ionization ratew of the Hydrogen atom exposed to a strong
electric fieldE in the quasi-static limit:

wK =

√
6πIp

4h̄

(
eEh̄

m1/2I3/2
p

)1/2

exp

(
−

4
√

2mI3/2
p

eh̄E

(
1−

mω2Ip

5e2E2

))
, (2.2)

wheree andm are unit charge and electron mass, respectively, andIp denotes the ioniza-
tion potential.

Much later, in 1986, Ammosov, Delone, and Krainov published a generalized analytical
theory [112] extending Keldysh’s approach to arbitrary atoms and initial electronic states.
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Their calculated ionization rate, which agreed very well with experimental findings, is
now known as the ADK ionization rate. It reads (atomic unitsh̄ = m= e= 1 are used
here)

wADK =

√
3E

π (2Ip)
3
2

|Cn∗l∗|2 f (l ,m)Ip

(
2(2Ip)

3
2

E

)( 2Z√
2Ip
−|m|−1

)
exp

(
−

2(2Ip)
3
2

3E

)
, (2.3)

with the (time dependent) electric field strengthE, the ionization potentialIp, the ion
chargeZ (once the electron is detached),l andm represent the angular momentum and
magnetic quantum number, respectively. Further, the factorf (l ,m) is given by

f (l ,m) =
(2l +1)(l + |m|)!

2|m|(|m|)!(l −|m|)!
,

and the constantCn∗l∗ is on the order of 2, but more precisely

|Cn∗l∗ |2=
22n∗

n∗Γ(n∗+ l∗+1)Γ(n∗− l∗)
.

The effective principal and angular momentum quantum number are given byn∗ =
Z(2Ip)−1/2 andl∗ = n∗−1, respectively.

The work of Keldysh contained another important finding. He determined for which range
of laser field strengthsE0 and angular frequencyω—together defining the so-called pon-
deromotive potentialUp = E2

0/(4mω2) in atomic units—in combination with a particular
ionization potentialIp the tunneling description is valid. He introduced a parameter

γ =

√
Ip

2Up
, (2.4)

which is now called ‘Keldysh parameter’. By use of this quantity we are able to determine
whether the atom is ionized in the tunnel (γ � 1) or the multiphoton regime (γ � 1). To
understand this in a qualitative way we can imagine the laser-distorted Coulomb potential
to oscillate with the laser frequency. For higher and higher frequency (larger and larger
γ), the quasi-static approximation breaks down and the electron does not have enough
time to accomodate to the fast changes in the potential. Its motion will be governed by an
average over many cycles of the laser field rather than tunneling in a single cycle, since
the tunneling time—depending onE0 andIp—is larger than the optical period. The steady
nonlinear interaction with the laser field (absorption of many photons) will finally lead to
an electronic state with an energy larger than zero, thus a free electron (Fig. 2.2a). In
the opposite limiting case, the field of the laser can get high enough to fully suppress the
barrier (Fig. 2.2c). The electron is then classically “ripped off” the atom. This ionization
scenario is called the ‘barrier-suppressed ionization’ [113]. It will now be discussed why
the tunnel-ionization regime is best suited for high-harmonic generation.

2.1.2 Propagation — Step II

After the electron is ionized, it can approximately be treated to be interacting with the
linearly polarized laser field only. To understand the motion of the electron, we first
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regard an initially free classical electron interacting with a laser fieldE(t) = E0cos(ωt)
and calculate its velocity

v(t) =
∫ t

0
− e

m
E(t ′)dt′+v0 =−E0e

mω
sin(ωt)+v0, (2.5)

where vector arrows are omitted due to the one-dimensional motion of the electron. If
we consider only electrons possessing a zero drift velocityv0 = 0, their average kinetic
energyĒkin defines the ponderomotive potentialUp mentioned above, now in SI units:

Up = Ēkin =
e2E2

0

4mω2 . (2.6)

Note thatUp is proportional toE2
0, which makes the average kinetic energy of the electrons

grow linearly with laser intensity. The pondermotive potential can be regarded as a unit
measure for energy in the high-harmonic generation process.

Let us now consider an electron which is initially bound to an atom atx = 0 to appear in
the continuum (i.e. to be ionized) at time zero with initial velocityv0 = 0. It is ionized at
an arbitrary phaseϕ of the electric fieldE(t) = E0cos(ωt +ϕ). Velocityv(t) and position
x(t) can then be calculated to be:

v(t) =
∫ t

0
− e

m
E(t ′)dt′ =−E0e

mω
(sin(ωt +ϕ)−sin(ϕ)) (2.7)

x(t) =
∫ t

0
v(t ′)dt′ =

E0e
mω2(cos(ωt +ϕ)−cos(ϕ))+sin(ϕ)t (2.8)

The constant expression in the velocity can be understood as a drift velocity. If this term
is zero, the electron will oscillate around a fixed reference position. If it is nonzero, the
reference position will be moving in time. These electrons also have a higher average
kinetic energy (larger thanUp). The maximum kinetic energy of an electron can also be
extracted from Eq. (2.7) to be 8Up. The amplitudeE0e/mω2 = a0 of the oscillatory po-
sition is sometimes referred to as the ponderomotive radiusa0. Typical values (at laser
intensities≈ 1014W/cm2) are on the order of some nanometers, thus much larger than
the atomic radius, demonstrating the validity to treat the electron as a freely moving par-
ticle in the laser field. Note that the ponderomotive radius is limited to a quarter of the
wavelength for electrons moving close to the speed of light. These relativistically moving
electrons of course need to be treated differently from above and are not within the scope
of this work. The laser intensities needed to accelerate electrons to relativistic intensi-
ties are beyond 1016 W/cm2, whereas the laser intensities used in this work are on the
order of some 1014 W/cm2. If we plot the electron trajectory versus time, we observe dif-
ferent paths for electrons that become ionized at different phases of the AC electric field
(Fig. 2.3). In particular, only some electron trajectories return to the origin atx= 0, where
the electron can recombine with the parent ion. In addition, only the first two encounters
of the electron with the ion lead to significant photon emission. The reason for that is the
quantum-mechanical nature of the electron, which suffers from dispersion (spreading of
the wavefunction, thus the overlap with the atom becomes smaller) as soon as it is not
bound to a potential. This will be treated in more detail below.
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Figure 2.3: Electron trajectories in a laser electric field. Plotted is the distance to the atom versus
time for a unidirectional motion in a linearly polarized laser field. (a) is an enlarged view of (b) for
early times. Electrons that ionize at different phases of the AC-field travel different paths. Only
some of them reencounter the atom, leading to possible recombination. The absolute value of the
slope of the electron trajectory at the zero crossings is the velocity and thus a measure for the
kinetic energy of the electron. Its highest value is reached at an ionizing phase of the laser close
to 20◦.

2.1.3 Recombination — Step III

When an electron recombines with an ion, typically a photon is emitted carrying away
the excess energy of the electron. In particular, the electrons accelerated in the laser field
emit a high harmonic photon with energy

h̄ωn = Ekin + Ip (2.9)

whereEkin is the kinetic energy of the electron acquired in the laser field andIp is the ion-
ization potential. As can be seen in Fig. 2.3, the slope of the trajectory at the intersection
with x = 0 assumes different values, corresponding to different velocities and thus differ-
ent kinetic energies. In particular, there exists a maximum kinetic energy that the electron
can have when it reencounters its parent ion. This maximum kinetic energy therefore
corresponds to the maximum photon energy which can be generated in the process. By
solving the equationx(t) = 0 numerically and calculating the kinetic energy for various
phasesϕ, we can calculate this maximum kinetic energy to be∼ 3.17Up (Fig. 2.4). It
occurs at a phase of 18◦. Electrons that are ionized at this moment of time produce har-
monic photons of the highest energy. We expect the high-harmonic soft x-ray spectrum
to vanish (to be cut off) at photon energies higher than

h̄ωc = 3.17Up + Ip, (2.10)

which indeed is the case in experiments. This formula is commonly called the ‘cut-off’
law for high-harmonic generation. It is another example for the remarkable agreement of
the three-step model [105] with experimental data. Before the idea of the semi-classical
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Figure 2.4: Kinetic energy of the electrons at the moment of reencounter for various phasesϕ of
the driving laser field. A maximum exists at a phase of 18◦.

three-step model was published, Kulander and coworkers empirically introduced this cut-
off law formula [114].

It can now also be understood why the tunneling regime supports the generation of high-
harmonic radiation. The highest photon energies are produced when electrons ionize at
a phase of 18◦, which is close to the peak of the electric field in the optical wave. In the
tunnel-ionization regime, the ionization rate given by Eqs. (2.2) and (2.3) is increasing
with the electric field. Therefore, the many ionized electrons will contribute to high-
harmonic generation. On the other hand, in the multiphoton-ionization regime electrons
are continuously produced, only depending on the intensity of the field not on the phase
of the carrier. This leads to a “wasting” of electronic trajectories for harmonic generation,
namely of those that are ionized in the regions far away from the optimum phases around
18◦. It is also clear from considering the cut-off formula Eq. (2.10) that in order to gener-
ate the highest harmonic orders, we need to provide a large ponderomotive potentialUp.
This is also fulfilled in the tunneling regime of ionization, where the Keldysh parameter
γ defined in Eq. (2.4) has to be much smaller than unity.

In Fig. 2.5 the three-step model is summarized. What has not been discussed so far is the
fact that harmonicpeaksexist atodd integermultiples of the fundamental frequencyf .
We can understand this by considering the temporal structure of the high-harmonic emis-
sion. The three-step process repeats every half-cycleT/2 of the laser field. The Fourier
transform will thus be discrete, with a separation corresponding to 1/T

2 = 2 f , which is
what we observe in the spectrum. If the conversion medium exhibits a broken inversion
symmetry (as will be shown in Chapter 3), harmonic emission will not occur the same
way every half-cycle but every full cycle of the laser field. In the harmonic spectrum
this gives rise to an harmonic peak spacing of one times the laser frequency, thus odd
and even harmonic orders are produced. Another way to break inversion symmetry is
to drive a plasma at very high intensities, where the magnetic field of the laser becomes
high enough to break the inversion symmetry. This occurs in the process of nonlinear
Thompson scattering [115]. In this case the laser intensities are on the order of more
than 1018W/cm2 and the free-electron motion is not harmonic anymore as described by
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tunnel ionization acceleration in
the laser field

Ec~ Ip + 3,17Up
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Figure 2.5: Summary of the three-step model. The electron is ionized in step 1 at some particular
phase of the electric field. It is then driven away from the parent ion in the laser field (step 2). After
sign reversal of the AC-field, the electron stops far from the atom, possibly returns and recombines
to emit a photon carrying the kinetic energy of the electron plus its ionization potential (step 3).
The kinetic energy of the returning electron can be as high as 3.17 Up, defining the so-called
cut-off photon energy in the harmonic spectrum.

the classical propagation equation (2.8). It is strongly influenced by the relativistic mass
increase of the electron and the high magnetic fields. This leads to the well-known non-
linear ‘figure of eight’-motion of the electron, which again radiates harmonics at even and
odd frequencies. Yet another possibility to generate even harmonics is the use of few-
optical-cycle duration laser pulses. In this regime, where the absolute phase of the laser
pulse becomes important (Section 1.1.2), the situation for the atom is also different for
successive half-cycles and even harmonic orders and coherent continuum radiation can be
generated.

It should be stated here that high-harmonic generation represents only one class of
strong-field nonlinear processes. The two most important processes other than high-
harmonic generation are called non-sequential double ionization and above-threshold ion-
ization (ATI). Any of these processes can be understood in the framework of the three-step
model that was introduced above.

In non-sequential double ionization [116, 117], a characteristic intensity dependence of
doubly ionized atomic ions was reported that followed the intensity dependence of single
ionization. A “knee” was obtained in the intensity dependence exactly at the point where
single ionization saturated, indicating that both processes are coupled. The coupling can
again be understood in terms of the three-step model [105]. The first electron is tunnel
ionized and accelerated in the laser field. When it returns to the ion, the high kinetic
energy can be sufficient to “knock out” a second electron.

In above-threshold ionization [118,119] high-energy photo electrons are detected at inte-
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ger multiples of the photon energy. Again, the photo-electron spectra show a characteristic
plateau structure, reminiscent of the plateau of photon energies obtained in high-harmonic
generation. The high kinetic energy and the peaked structure of the electrons can again be
explained by the three-step model [105]: The tunnel-ionized electron that is accelerated to
high kinetic energies by the laser field can scatter off its parent-ion. This scattering event
changes the motion of the electron in such a way that it can reach very high energies after
further acceleration by the laser field.

The common aspect in all these effects is the interaction of a tunnel-ionized free electron,
accelerated in the laser field, with its ion core. Only the particular kind of interaction with
the core differentiates between these processes. Elastic or inelastic scattering of the elec-
tron with the ion core leads to above-threshold ionization or non-sequential double ioniza-
tion, respectively. Recombination of the electron with the core produces high-harmonic
radiation.

Strong-field process⇔ electron-core interaction
High-harmonic generation⇔ recombination

Non-sequential double ionization⇔ inelastic scattering
Above-threshold ionization⇔ elastic scattering

The electron always has to revisit the core in order for any of these processes to occur.
Therefore the term ‘rescattering’ scenario is nowadays frequently used to describe these
strong-field effects.

2.1.4 Quantum-Mechanical Description

We now turn towards the quantum-mechanical formulation of the three-step model, which
has been found by Lewensteinet al.[107,108]. As has been pointed out in Section 1.2, the
source of additional frequencies to be generated besides the fundamental incoming laser
frequency is the nonlinear dipole oscillation of the medium. We thus have to calculate
the dipole response for the special case of high-harmonic generation. The Schrödinger
equation in this case is given by (in atomic units)

i
∂

∂ t
|ψ(~r, t)〉=

(
−1

2
∇2 +V(~r)+~r~Ecos(ωt)

)
|ψ(~r, t)〉 . (2.11)

We need to calculate the time-dependent dipole moment,

~µ(t) = 〈ψ(~r, t)|−~r|ψ(~r, t)〉, (2.12)

from which we can then extract the harmonic spectrum by Fourier transformation. The
calculation presented in [107] expands the time-dependent electron wavefunction (where
only one electron is considered to be responsible for harmonic generation, which is often
referred to as ‘single-active electron approximation’ (SAE) in the literature [106,120]) in
terms of the bound electron ground state of the atom and the continuum states|~v〉 where
v stands for the kinetic momentum

|ψ(~r, t)〉= eiI pt
(

a(t) |0〉+
∫

b(~v, t) |~v〉d3~v

)
, (2.13)
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with time-dependent ground-statea(t) and continuum-state amplitudesb(~v, t) By doing
so, we do not take into account excited bound states of the electron. Since the continuum
states are defined to be solutions to the free electron Schrödinger equation,

Ekin |~v〉=−1
2

∇2 |~v〉 , (2.14)

the potential of the nucleus is neglected as soon as the electron is ionized. Using the
definition of the time-dependent electron wavefunction in Eq. (2.13), the time-dependent
dipole moment can be calculated to be

~µ(t) = i
∫ t

0
dt′
∫

d3~p Ecos
(
ωt ′
)
×(

~d
(
~p−~A(t ′)

)
︸ ︷︷ ︸ × exp

(
−iS

(
~p, t, t ′

))︸ ︷︷ ︸ × ~d∗
(
~p−~A(t ′)

))
︸ ︷︷ ︸ +c.c.

‘a’ ‘b’ ‘c’
(2.15)

~A(t) is the vector potential of the laser field. The canonical momentum~p is given by

~p =~v+~A(t). (2.16)

Sdenotes the so-called quasi-classical action and is written as

S
(
~p, t, t ′

)
=
∫ t

t ′
dt′′


(
~p−~A(t ′′)

)2

2
+ Ip

 (2.17)

It contains the phase advance of the electron during the time it spends in the continuum.
The atomic potential only enters as a constant ionization potentialIp. The expression~d(~v)
in Eq. (2.15) stands for the transition probability from the bound electronic state|0〉 to a
continuum state〈~v| (describing ionization), where the complex conjugate describes the
inverse process, i.e. recombination of the free electron to the ground state

~d(~v) = 〈~v|~r|0〉 (2.18)
~d∗ (~v) = 〈0|~r|~v〉 . (2.19)

This helps us to find a very intuitive interpretation of the formula of the time-dependent
dipole moment~µ(t) in Eq. (2.15). We can now straightforwardly identify the different
parts of the formula

‘a’ : ionization of the ground state at timet ′,
‘b’ : propagation in the continuum in the time intervalt− t ′,
‘c’ : recombination to the ground state at timet.

Thus, the classical three-step model discussed before is contained in the quantum-
mechanical description as well. It also resembles Feynman’s path integral description
of quantum mechanical processes [121]. To calculateµ(t), we do not need to calculate
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the integral over all~p. We only need to consider the~p for which the action becomes
stationary

~∇pS(~p, t, t ′) = 0 (2.20)

This relation can again be interpreted in terms of the classical three-step model. Since

~∇pS(~p, t, t ′) =~x(t)−~x(t ′), (2.21)

the stationary phase condition Eq. (2.20) yields the information that we only need to ac-
count for those electron trajectories that return at timet to the same point they left at
time t ′ where they were ionized. Most importantly, the quantum-mechanical treatment
also yields the classical cut-off law Eq. (2.10) up to a small correction. By Fourier trans-
forming the time-dependent dipole moment, the harmonic spectra can be calculated and
analyzed, the cut-off photon energy can now be found to be

h̄ω̂c = 3.17Up + f

(
Ip

Up

)
Ip, (2.22)

where f (x) is a slowly varying function on the order of 1, which assumes the values
f (0) ≈ 1.32 atx = 0 (Up � Ip) and f (3) ≈ 1.25. The physical origin of this correction
lies in purely quantum-mechanical effects like tunneling and the spreading of the electron
wavepacket in the continuum that have not been included in the purely classical treatment.
These effects enable the electron to collect more energy on its trajectory than the amount
predicted by the classical equations of motion.

According to the formula for the dipole moment Eq. (2.15), different electron trajecto-
ries contained in the integral acquire different phasesϕat = S(p, t, t ′) (called the atomic
dipole phases) during their propagation in the continuum. The shape of the electronic
wavepacket at the moment of recombination will be governed by interference between
these separate quantum paths. In particular, different trajectories leading to the same pho-
ton energy (having the same kinetic energy at the time of recombination) will interfere
with each other. Reexamination of the classically calculated kinetic energy of the elec-
tron (which agrees very well with the quantum-mechanical result) at the moment of return
to the nucleus reveals that each kinetic energy in the plateau region of an electron can be
produced by two distinct particular phases of the electric field at the moment of ionization
(see Fig. 2.6). Therefore, there are two electron trajectories which are most important for
the generation of a particular photon energy. Since one of them spends a longer time in
the continuum, we call it the ‘long trajectory’ (the one ionizing at a smaller phase of the
electric field), the other one is called ‘short trajectory’. These trajectories will interfere
constructively or destructively, depending on their relative dipole phase. Since the elec-
tric field enters the dipole phase, it can be used to modify this interference. Hence, one
possibility to control the harmonic generation process is to manipulate the atomic dipole
phase with a shaped laser field [122,123].

It can be shown by careful analysis that only one of the two trajectories mentioned (the
long trajectory) exhibits a phase that is linearly proportional to the laser intensityI , while
the phase of the other (short) one is almost constant [124,125]:

dϕat,l

dI
= a,

dϕat,s

dI
≈ 0, (2.23)
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Figure 2.6: Atomic dipole phase. For the generation of a particular photon energy in high-
harmonic generation, two electron trajectories (a) contribute that ionize at different phases of the
electric field (b). They spend different times in the continuum, giving rise to different phases
of their nonlinear atomic dipole contribution. One of these phases is linearly proportional to the
intensity of the laser field, while the intensity dependence of the other one can be neglected. Inter-
ference between these trajectories is one way to control the high-harmonic-generation process.

whereϕat,l andϕat,s denote the atomic dipole phases of the long and the short trajectory,
respectively anda is some constant on the order of 26×1014 cm2/W.

The effect of this intensity-dependent nonlinear dipole phase becomes evident in modifi-
cations of the spectral line shape of high-harmonics [121]. In addition, the spatial proper-
ties of harmonic generation in the near-field region [126] and the beam profile [127] are
altered as a consequence of the intensity dependence.

This dependence is also responsible for the linear chirp (quadratic phase) imposed on
the high harmonics. Since the laser pulse intensity at the peak of the laser pulse can be
approximated to vary quadratically with respect to time, the same temporal dependence
will be imparted on the temporal high-harmonic phase [128,129].

In conclusion, high-harmonic generation is an example of how the coherence properties of
the laser can be transferred to the electronic wavefunction. Another recent demonstration
of coherence transfer from laser light to electrons concentrated on the direct measure-
ment of the momentum wavefunction of free electrons [130]. It was shown that the free
electrons created by phase-coherent double pulse excitation exhibit a clear signature of
wavepacket interference in the continuum.

2.1.5 Numerical Calculation

Another approach to model the single particle response in high-harmonic generation is
to directly solve the time dependent Schrödinger equation Eq. (2.11) numerically on a
computer (see Appendix C for details). The space in which the atom and the electron
are contained is discretized into boxes. An initial state is specified which is iteratively
propagated in time by performing successive time steps∆t. The time-dependent dipole
acceleration that enters the wave equation as the second derivative of polarization with
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Figure 2.7: Time-dependent dipole acceleration value (solid line) and electric field of the driving
pulse (dotted line). Shown is the interaction of a 4 fs (a) and a 10 fs (b) laser pulse with a hydrogen
atom. The peak intensity in both cases corresponds to 5.5 ×1014 W/cm2.

respect to time is evaluated and Fourier analyzed to calculate the nonlinear frequencies
(high harmonics) generated. This is done by applying the Ehrenfest theorem:

d2

dt2
~d(t) =

d2

dt2
〈~r(t)〉= 〈~∇V〉. (2.24)

It has been found [131] that direct evaluation of the dipole acceleration has advan-
tages over initial calculation of the time-dependent dipole and then calculating its second
derivative with respect to time. Although in mathematical terms there should be no dif-
ference, numerical noise in simulations makes the direct calculation via Eq. (2.24) more
reliable. Fig. 2.7 shows the time-dependent dipole acceleration for an atom. Although
an arbitrary degree of precision can be reached in principle, limits arise by computation
speed. To understand the basic features of the process, however, we can retreat to lower-
dimensional models and carry out the simulation in two- or one-dimensional space.

Since we directly evolve the wavefunction in space and time, the numerical approach al-
lows for a straightforward monitoring of the microscopic electronic motion in the process.
Snapshots at different times can be used to generate movies of the time-dependent elec-
tronic wavefunction (see Fig. 2.8). The numerical simulation is helpful for the study of
more complex systems like molecules (see Chapter 3) for which it is hard to find accurate
analytical expressions. Any analytical theory and simulation discussed in here, however,
has been and will be restricted to the single-active-electron approximation, which means
that only one electron contributes to the process of high-harmonic generation. This is of
course not valid in any physical medium and some studies in the literature concentrate on
the subject of more electrons acting as high-harmonic emitters [132,133]. In particular in
molecular systems it can become important to consider the rearrangement of the bound
electron’s wavefunction during the time another ionized electron is accelerated in the laser
field until it comes back to recombine.
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Figure 2.8: Snapshots of the time-dependent electronic wavefunction at different times for high-
harmonic generation in atoms (a) at the time of ionization, (b) close to the turning point (velocity
equal zero in the continuum), (c) at the time of recollision with the ion core. The electron can be
seen to undergo quantum-mechanical spreading in the continuum. The size of the wavepacket in
(b) appears larger due to saturation of the scaling. a.u. stands for atomic length units (bohr radii).

2.2 Propagation Effects

We will now turn towards discussing phase-matching issues in the special case of high-
harmonic generation. The equation for the wavevector mismatch Eq. (1.90) for production
of themth harmonic order Eq. (1.100) can then be written as:

∆k = mk(ω f )−k(mω f ), (2.25)

with ω f denoting the fundamental laser frequency. Since we will only consider the
collinear harmonic generation geometry throughout this work, we wrote the formula in
the scalar form. The wavevector dependence onω is governed by a variety of physical
effects. First of all, since the generation medium used for high-harmonic generation is
usually a gas which exhibits dispersion, the refractive index depends onω. This mod-
ifies the wavevector by the amount∆kdisp.. Second, very high intensities are employed
to drive the harmonic-generation process. This inevitably leads to the generation of free
electrons—the majority of electrons are not recombining in the third step of the three-
step model—producing a collective plasma resonance that modifies the refractive index
and creates another contribution∆kplasma to the wavevector. In addition to these contri-
butions, the focusing and propagation of the laser beam itself gives rise to a geometrical
modification∆kgeom. of the wavevector. In mathematical terms, we can write

k(ω) = kvac.(ω)+kdisp.(ω)+kplasma(ω)+kgeom.(ω), (2.26)

wherekvac. = 2πω/c is the wavevector in free space. If we consider the wavevector
mismatch, which is the quantity of interest in terms of the harmonic intensity Eq. (1.100)
we may write

∆k = ∆kdisp. +∆kplasma+∆kgeom., (2.27)



2.2 PROPAGATION EFFECTS 63

with any of the∆k given bymk(ω f )−k(mω f ). The vacuum contribution∆kvac. vanishes
due to

∆kvac = m
ω f

c
−

mω f

c
= 0, (2.28)

thus phase matching is always accomplished in vacuum.

Let us now discuss each of the other contributions in more detail.

2.2.1 Neutral Dispersion

Any conversion medium used for high-harmonic generation exhibits dispersion, which is
a refractive indexn(ω) that depends on the frequencyω (or wavelengthλ ) of the light.
Since the wavevector in turn depends on the refractive index

kdisp.(ω) = (n(ω)−1)
ω

c
, (2.29)

the wavevector mismatch

∆kdisp.(ω) = mkdisp.(ω f )−kdisp.(mω f ) = (n(ω f )−n(mω f ))
mω f

c
(2.30)

thus depends solely on the difference of the refractive indicesn(ω) at ω = ω f andω =
mω f . Dispersion is caused by resonances of the medium. Therefore, the refractive index
depends on the spectral position of absorption lines or bands in the medium. If we are not
too close to a resonance, the wavelength dependence of the refractive index can in general
be approximated by the Sellmeier equations which take a form similar to:

n̂(λ ) = n̂0 +
n̂2

1

λ 2− n̂2
2

− n̂2
3λ

2, (2.31)

wheren j are constants (Sellmeier coefficients) which are specific for a particular medium.
For a certain medium, a particular set of constants is only valid over a limited spectral
range. The applicability of the Sellmeier equation is usually limited to sub-UV photon
energies and can thus only be used for the fundamental laser pulse. In general, the refrac-
tive index is higher in the visible or the near-infrared (where the fundamental laser light
is located) than in the XUV, where the harmonics are generated. Therefore, we obtain

∆kdisp > 0. (2.32)

There are however ways to manipulate and control the refractive index of the medium
by mixing of different gases or the application of controlling light fields [134], which
is a common technique closely related to electromagnetically induced transparency
(EIT) [135].

2.2.2 Plasma Dispersion

High-harmonics are generated when the laser electric field is high enough to generate
free electrons that are accelerated in the field and recombine. As we discussed in Sec-
tion 2.1, only a very small part of electrons really recombine or interact with the core to
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emit a harmonic photon. The vast majority of electrons misses the core and become free
for a long time compared to the duration of the laser pulse (several ns�fs). If electrons
are ionized by the leading edge of the pulse, they will create an additional plasma reso-
nance in addition to the neutral medium resonances. The plasma resonance is a collective
phenomenon, where the whole cloud of free electrons is oscillating with respect to the
embedded ionic centers. The plasma frequencyωp, which is the resonance frequency of
the collective oscillation, can be calculated to be

ωp =
e2Ne

ε0me
, (2.33)

wheree is the unit charge,Ne the free-electron density,ε0 is the dielectric constant, and
me is the electron mass. This resonance leads to a polarizability of the plasma that in turn
causes a refractive index of the form

nplasma(ω) =
√

1−
(

ωp

ω

)
=

√
1−
(

Ne

Nc(ω)

)2

, (2.34)

where

Nc =
ε0meω2

e2 (2.35)

is the critical plasma density. It is the free-electron density at which the plasma becomes
completely absorbing for electromagnetic radiation of frequencyω. Typically, in high-
harmonic-generation experiments the plasma densities generated are very small compared
to the critical density (Nc = 1.75·1021/cm3) of the fundamental 800 nm laser radiation
(and even more so for the high-harmonics), we can linearly approximate the refractive
index, which gives

nplasma(ω)' 1− 1
2

(
ωp

ω

)2
(2.36)

The plasma contribution to the wavevector then yields

kplasma(ω) = (nplasma(ω)−1)
ω

c
=

ω2
p

2cω
. (2.37)

For the wavevector mismatch, that means

∆kplasma= mkplasma(ω f )−kplasma(mω f ) =
ω2

p(1−m2)
2mcω f

. (2.38)

We are left with a negative contribution of the plasma to the phase mismatch,

∆kplasma< 0. (2.39)

2.2.3 Geometric Dispersion

Now let us discuss the geometrical contribution to the wavevector. This term is only
present if the electromagnetic light wave is confined to a small region in space. For a plane
wave, this contribution would be zero. Since we need to generate high light intensity in
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Figure 2.9: High-harmonic generation can be conducted in the free focusing and the waveguide
geometry. A specific geometric phase is imparted onto the femtosecond laser pulse as it propagates
through a focus or through a capillary.

order to drive the process of high-harmonic generation, we always have to take this term
into account. There are basically two geometries that play a role in practice. The region
around the waist of a focused laser beam and propagation in a waveguide. The initially
collimated gaussian laser beam—meaning the radial intensity distribution is gaussian,
which is also known as TEM00 mode—is sent through a lens, which creates a converging
beam. The radiusw of this beam is continuously decreasing down to the so-called waist
size

w0 =
f

πw
λ (2.40)

where f is the focal length of the lens andw denotes the radius of the beam at the lens.
This formula is derived from the more general formula for the propagation of a gaussian
beam [7]

w(z) = w0

√
1+
(

z
zR

)2

(2.41)

wherew(z) is the radius of the beam at some pointz along the propagation direction
(optical axis). The Rayleigh length is given by

zR =
πw2

0

λ
. (2.42)

A focused beam with waist sizew0 transmits the same electromagnetic power everywhere
along the optical axis. Thus the intensity increases with 1/w2

0. However, due to Eq. (2.41),
the focal spot size is only sustained over approximately one Rayleigh length, after which
the beam size increases approximately linearly withz.

To overcome this problem, hollow waveguides (capillaries) can be used for high-harmonic
generation (Fig. 2.9). When a laser pulse is focused into a capillary having about the same
radius asw0, the beam radius is bound to be constant over the length of the capillary, due
to (partial) reflection of the light at the boundaries. The capillary geometry also affects the



66 HIGH-HARMONIC GENERATION

wavevector, due to the particular boundary conditions at the capillary walls. The smaller
the diameter of the waveguide compared to the wavelength of the guided light, the larger
is the modification of the wavevector.

Focused Beam
In analogy to the temporal phaseφ(t) discussed in Section 1.1, we can define the spatial
phase of a laser beamΦ(~r):

E(~r) ∝ e−i~k~r +c.c. = e−iΦ(~r) +c.c. (2.43)

Also analog to the definition of the instantaneous frequency in Eq. (1.15), we can define
the local wavevector

k(~r) = ~∇Φ(~r). (2.44)

By solving the source-free (vacuum) wave equation (Eq. (1.56) with the right-hand side
equal to zero) for a focusing (converging) beam, we obtain an additional spatial phase
Φgeom. = Φ f oc. along the optical axis (z-direction) that is equal to

Φ f oc.(z) = arctan

(
λz

πw2
0

)
= arctan

(
2z
b

)
, (2.45)

with the confocal parameterb = 2πw2
0/λ = 2zR. This is also called the Guoy phase

shift [7]. It means that the beam acquires a phase ofπ (as compared to a plane wave)
during its passage through the focus. For a small region around the focus (z� b), we
may write, using Eq. (2.44):

kf oc(z) =
dΦ f oc.(z)

dz
' 2

b
. (2.46)

Since the harmonics are generated with the same confocal parameterb of the driving
beam, this leads tokf oc.(ω f ) = kf oc.(mω f ) and thus

∆kf oc. = qkf oc.(ω f )−kf oc.(mω f ) =
2(m−1)

b
. (2.47)

For this contribution, we can therefore write

∆kf oc. > 0. (2.48)

It should be noted that∆kf oc. can be varied by placing the focus at different positions on
the optical axis relative to the conversion medium.

Guided Beam
If harmonics are generated in a guided geometry [136–139], the laser light is focused
into the capillary and propagates inside. The solution to Maxwell’s equations taking into
account the boundary conditions of the hollow waveguide results in a system of waveguide
modes that are capable of transmitting electromagnetic radiation. These modes are called
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the EHnl modes [140]. Each of these modes exhibits a particular dispersion relation of
kgeom.(ω) = kcap.(ω):

kcap.(ω) =
u2

nlc

2a2ω
, (2.49)

with the capillary inner radiusa and unl being the l th zero of the Bessel function
Jn−1(unl) = 0. This is valid as long as the capillary is much larger than the wavelength.
The wavevector mismatch contribution of the waveguide now becomes

∆kcap. = mkcap.(ω f )−kcap.(mω f ) =
u2

nlc(1−m2)
2ma2ω f

. (2.50)

Obviously, the capillary wavevector contribution has the same form as the one resulting
from the plasma. Even the sign

∆kcap. < 0 (2.51)

is the same.

Synthesis
To generate high-harmonic radiation at the maximum possible efficiency, we have to en-
sure phase-matching conditions, taking into account any given contribution to the phase
mismatch. Since neutral dispersion and plasma dispersion are always present, result-
ing in ∆kdisp. and∆kplasma, we have to consider two separate cases for the two different
geometries with their contributions∆kgeom.: focusing into a jet or cell in a free space ge-
ometry (∆kf oc.) or propagating in a hollow capillary filled with the conversion medium as
a waveguide (∆kcap.). For both cases, the focusing and the guiding geometry, we will now
summarize the relevant issues.

The total phase mismatch for the focusing geometry can be written as

∆k = ∆kdisp.︸ ︷︷ ︸ + ∆kplasma︸ ︷︷ ︸ + ∆kf oc.︸ ︷︷ ︸
> 0 < 0 > 0

=
︷ ︸︸ ︷
(n(ω f )−n(mω f ))

ω f

c
+

︷ ︸︸ ︷
ω2

p(1−m2)
2qcω f

+

︷ ︸︸ ︷
2(m−1)

b
,

(2.52)

Since we need to achieve∆k = 0 for most efficient conversion of laser light intomth har-
monic radiation, the positive contribution of neutral dispersion and the focusing geometry
have to be balanced by the plasma dispersion. The above expression contains only the
formula forkf oc. at the position of the waist. However this term in general depends onz,
the distance from the focus on the optical axis, as can be seen by looking at Eqs. (2.45)
and (2.44). In addition to this geometric contribution, we need to keep in mind that also
the intensity changes along the propagation directionz as the beam is focused. Since the
atomic dipole phase depends on intensity with Eq. (2.23) for one particular trajectory, this
also affects the wavevector of the harmonic radiation [126, 141]. This behavior leads to
different spatial distributions of harmonic intensity in the generated beam depending on
whether the gas jet is placed before or behind the focus [121,126]. The beam shape itself
can be used in order to optimize the harmonic production process in the free focusing
case [142].
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Figure 2.10: Phase-matched generation of high-order harmonics in a capillary. The gas pressure
(krypton gas was used here) can be employed as a means to control the wavevector mismatch
∆k in the high-harmonic generation process. At a particular pressure, perfect phase matching is
realized and the harmonic conversion efficiency is maximized. The simulation (b) agrees with
the experimental finding (a). In particular, the shift of the optimum pressure, which is due to the
wavelength dependence of∆k, is reproduced in the experiment. Since refractive index values were
not available for simulation in the experimental wavelength region, the simulation was carried out
for higher harmonic orders.

The density of the gas can also be varied in order to arrive at perfect phase matching.
This can either be done by increasing the backing pressure of the gas jet or increasing the
pressure in the gas cell.

The plasma density can be controlled by means of the intensity or the duration of the
laser pulse. Note, however, that a change in intensity will naturally cause a change in the
maximum harmonic order (cut-off law Eqs. (2.10) and (2.22)) that can be produced.

For the case of a hollow waveguide filled with the conversion medium, the total wavevec-
tor mismatch reads

∆k = ∆kdisp.︸ ︷︷ ︸ + ∆kplasma︸ ︷︷ ︸ + ∆kcap.︸ ︷︷ ︸
> 0 < 0 < 0

=
︷ ︸︸ ︷
(n(ω f )−n(mω f ))

ω f

c
+

︷ ︸︸ ︷
ω2

p(1−m2)
2mcω f

+

︷ ︸︸ ︷
unlc(1−m2)

2maω f

(2.53)

Now, the geometric contribution∆kcap. has the opposite sign as in the focusing geom-
etry. This means that the neutral gas dispersion alone has to balance both the plasma
and the waveguide contribution. The only free parameters in this case are plasma den-
sity (controlled by the intensity and duration of the laser pulse) and the density of the
neutral medium. In practice, we are often bound to work at a given laser pulse duration
and intensity to produce harmonics up to a certain harmonic photon energy. Thus varying
the neutral density is the easiest way to experimentally accomplish phase matching. In
Fig. 2.10 the harmonic spectrum is plotted versus pressure in the capillary. Obviously,
the experimental finding matches the simulation based on the above formula quite well.
In particular, note the shift of the optimum pressure to higher values with increasing har-
monic orderm, which is visible in both experiment and simulation results. This is due
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to the inherent dependence of the wavevector mismatch Eq. (2.53) on the harmonic order
m. The refractive indices of the gas in the soft x-ray region used for the simulation were
taken from the literature [143].

The high-harmonic capillary output has also been shown to have extraordinary spatial
coherence properties [144]. This is because the fiber acts as a spatial filter for the driving
laser pulse. If high-harmonics are generated at phase-matching conditions (correct gas
pressure), the good spatial properties of the driving laser are transferred to the harmonic
beam. In the unguided free-space focusing case, a good spatial profile of the harmonic
radiation can also be obtained, which is however strongly dependent on the position of
the focus relative to the conversion medium and the fundamental pulse’s spatial quality.

For both geometries, the fiber and the focus geometry, the plasma contribution represents
the ultimate limit for phase-matching. This will be shown in the experiments on high-
harmonic generation from water droplets in Chapter 4. As can be seen from Eq. (2.38),
∆kplasmabecomes very large for increasing harmonic orderm. It is therefore crucial to
always keep the plasma density at low values. On the other hand, we need to apply
high intensities to generate very high harmonic orders. This apparent contradiction of
requirements can be resolved by using very short driving laser pulses [145–150]. Plasma
generation is governed by the rate Eq. (2.3), stating that for a given electric field strength
a given number of ions are createdper unit time. Therefore, the shorter pulse can reach a
higher peak intensity (compared to a longer pulse) for the same amount of plasma being
created. This is particularly important for the extreme case, when the long pulse has fully
ionized the medium by the time it reaches its peak intensity. This intensity cannot be used
for harmonic generation since the process relies on the availability of non-ionized (bound)
electrons. The shorter pulse on the other hand reaches the same intensity in a shorter time
such that the medium has not enough time to become fully ionized (assuming ionization
with a rate depending predominantly on instantaneous electric field or intensity). The
remaining bound electronic population in the short pulse case can thus generate very high
harmonics corresponding to the high peak intensity of the pulse.

For the sake of completeness, it should be mentioned at this point that guiding of laser
pulses can also be achieved by the self-focusing effect [151]. If the laser is suitably fo-
cused, the intensity-dependent index of refraction of the gas and the free-electron plasma
can counterbalance each other. In this case, the laser beam propagates over long distances
at a confined beam diameter without an externally applied guiding structure. Thus, an
effective wave-guide scenario is created and harmonic generation can take place over a
long interaction length [152,153].

2.2.4 Absorption

A limiting factor to phase-matched high-harmonic generation is reabsorption of the gen-
erated harmonic light in the conversion medium. The high-harmonic photon energies are
typically in the soft x-ray spectral region (for 800 nm driving laser pulses), where light
is extremely well absorbed by matter. This is because the outermost electrons in many
materials are bound with energies corresponding to 10–100 eV. This results in large pho-
toionization cross-sectionsσ of any system in this spectral range, explaining the strong
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Figure 2.11: Plasma build-up in a long 25 fs FWHM (a) and a short 8 fs FWHM (b) laser pulse
of the same peak electric field. The probability of ionization reaches 1 for the long pulse before
the peak electric field is reached. Therefore, no harmonic photons corresponding to the highest
intensity can be produced in this case. For the shorter pulse, the electron has about 20% probability
to survive in the atom when the peak electric field is reached. This is the reason why very short
pulses are beneficial for the production of highest harmonic photon energies.

absorption. The absorption lengthLa (the distance after which the intensity of light prop-
agating in an absorbing medium has dropped to 1/e) is given by

La = ρσ , (2.54)

whereρ denotes the particle density. As the driving laser pulse propagates through the
conversion medium, it continuously generates new harmonic light that adds to the co-
propagating harmonic radiation generated earlier. This earlier-generated light however
is affected by absorption. By summing over all contributions to themth-harmonic radi-
ation at the point where the laser pulse leaves the conversion medium, we find for the
mth-harmonic yield [154]:

Im ∝
∣∣∣∣∫ L

0
ρAm(z)exp

(
−L−z

2La

)
exp(iϕm(z)) dz

∣∣∣∣2 , (2.55)

with the harmonic amplitudeAm(z) of the single-particle response and phaseϕm(z) at the
exit of the conversion medium of lengthL. If we considerAm(z) not to depend on the
positionz along the optical axis—as is approximately the case in the waveguide or loose
focusing geometry where the laser intensity stays roughly constant—Eq. (2.55) becomes

Im ∝ ρ
2A2

m
4L2

a

1+4π2(L2
a/L2

c)

(
1+exp

(
− L

La

)
−2cos

(
πL
Lc

)
exp

(
− L

2La

))
, (2.56)

where againLc = π/∆k is the coherence length that can be calculated from the total
wavevector mismatch∆k introduced above. It can be seen that unlike for perfect phase
matching without absorption (where the converted signal increases withL2) Eq. (2.56)
converges to a finite value for the case ofL→ ∞. In Fig. 2.12, Eq. (2.56) is evaluated for
different ratios ofLc/La. In order to generate about half the asymptotic high-harmonic
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Figure 2.12: The effect of reabsorption in the conversion medium during high-harmonic genera-
tion. If absorption is not included in the consideration, the harmonic yield increases quadratically
with the medium length (dashed line). If absorption is present (absorption lengthLa) there is a
limit (dotted line) to the maximum harmonic yield even in the case of perfect phase matching
Lc � L. For smaller coherence lengthsLc the maximum achievable harmonic yield decreases.

yield obtained for a long coherence and propagation length (indicated as dotted line in
Fig. 2.12), we have to fulfill the conditions [154]:

L > 3La (2.57)

Lc > 5La. (2.58)

In this case, we generate close to the maximum amount of harmonic radiation that is
possible given the absorption of the gas. This absorption limit has been attained in a
number of experiments [154–156].

2.3 Attosecond Pulses

The duration of the optical cycle of visible to near infrared light is on the order of 1-3
fs. The ultimate goal in ultrashort pulse technology is to reach the ‘single-cycle limit’,
a laser pulse that lasts only one cycle of the laser AC-field. A shorter time-duration is
not possible, since the integral over the electric field of the laser pulse over all times
must be zero in order to solve the wave equation of free space (see Eq. (1.56) with the
right-hand side equal to zero). In addition to the generation of larger and larger coherent
continua [98,100] and subsequent adaptive compression [3], two methods have been pro-
posed in the literature which principally allow for the generation of pulses on the order
of a single femtosecond in the single cycle regime. They are based on ultrafast molecu-
lar phase modulation either by Raman techniques [157, 158] or by controlled rotational
wavepackets [159].

If we like to break the femtosecond barrier and create flashes of light of sub-femtosecond
(attosecond, 10−18 s) duration, we will necessarily have to use carrier frequencies higher
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than optical ones. Attosecond pulses thus can only exist in the VUV to soft x-ray and
higher photon energy range. Since high-harmonic generation is a way to generate spec-
trally coherent radiation in these spectral regions, it has early been realized that this pro-
cess is capable of producing attosecond pulses. As was discussed in Section 1.1.2, a close
to flat spectral phase relationship is required to produce short pulses from a broad spectral
distribution. In fact, this flat spectral phase behavior is typical for high-harmonic gen-
eration [136, 160] and can be understood by considering the three-step model [105] in
the time domain. Due to the classical character of the electron trajectory, any returning
electron of a given kinetic energy recombines with the parent ion at a particular phase of
the laser electric AC-field. Thus, a given photon energy—corresponding to the electron
kinetic energy—is produced only at particular short times in the laser cycle [161], giving
rise to attosecond flashes of light if those photon energies are filtered out. However, since
the process is repeated every optical cycle of the driving field, it is in general hard to
extract a single attosecond pulse.

2.3.1 Existence

After the first indirect experimental indication of attosecond bunching [162], the first di-
rect experimental measurement of these trains of attosecond pulses was carried out in
2001 [163]. The key was to measure the relative phase between harmonic peaks. An
interferometric crosscorrelation of the harmonic soft x-ray beam with the driving laser
pulse in helium gas was performed. This produced characteristic intensity modulations
of the harmonic sidebands of the photoelectron spectra, from which the relative harmonic
spectral phases could be extracted. Having those at hand along with the harmonic spec-
tra the temporal shape of the attosecond pulse train could be reconstructed. The same
technique was used afterwards to measure the timing of attosecond pulse production with
respect to the driving field in a large region of harmonics [164]. But the problem was still
not solved: How can we generate asingleattosecond pulse?

One of the earliest ideas to solve the problem dates back to 1994 and was also intro-
duced by Corkum and coworkers [165]. As will be addressed in more detail in Chapter 3,
the harmonic generation process is strongly dependent on the ellipticity of the driving
field [166]. Only linearly polarized laser light generates harmonics at maximum efficien-
cies, whereas even small degrees of driving-laser ellipticity result in decreased harmonic
production. By different linear chirps in two orthogonal polarization states of the light it
is possible to create laser pulses that switch their polarization state from elliptical to linear
and back to elliptical on a time scale corresponding to the bandwidth limit of the ultra-
short laser pulse. This ‘polarization gating’ approach has recently been experimentally
applied [167] where an increase of harmonic bandwidth could be observed. However, a
direct temporal measurement of the pulse duration has not been achieved yet.

Another theoretical idea for single attosecond pulse generation was the use of two-color
light fields [168]. The relative phase of the two frequencies can be used to control the
phase of the electron wave-packet along its path through the continuum. This allows for
the control of the temporal properties of the recollision event and single attosecond pulses
can be realized. This approach can also be understood as being related to the control of
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Figure 2.13: Harmonic spectra for the simulation of a two-dimensional H-atom in a strong laser
field. (a) shows the spectrum for a 4 fs laser pulse, in (b) the laser pulse is 10 fs. The spectrum
exhibits differences mainly in the cutoff region, where the shorter pulse shows a continuous spec-
tral distribution in contrast to the longer pulse. There, the harmonic spectrum is modulated with
twice the fundamental frequency. The vertical lines indicate the FWHM of a filter that is applied
in order to generate a single attosecond pulse in the case of (a) and a train of attosecond pulses in
the case of (b) (see Fig. 2.15).

the transient polarization state for single attosecond pulse generation.

The intuitive experimental solution to generate a single attosecond pulse was the use of
very short light pulses [169, 170] of less than 10 fs which resulted in the production and
measurement of 650 as pulses [171]. If only the most intense optical cycle of the laser
pulse is intense enough to generate the highest energy photons, they will be emitted in
a singular event, when the electrons of the corresponding trajectory recombine with the
parent ion. A band-pass filter (e.g. thin material films or also multilayer optics [172,173])
can be used in order to select the photon energy range which corresponds to the single at-
tosecond pulse. In order to shed more light onto this process, a two-dimensional quantum-
mechanical simulation of a hydrogen atom in an intense 5.5×1014 W/cm2 800 nm laser
field was performed, using the split-step-operator technique (Appendix C). The resulting
single-atom high-harmonic spectra for interaction with 4 fs and 10 fs FWHM duration
laser pulses are depicted in Fig. 2.13. From the harmonic spectra alone it is hard to tell
which spectral region is the most suitable for the generation of single attosecond pulses af-
ter filtering. To overcome this difficulty of selection, a windowed Fourier transformation
can be employed. It is a way to visualize the harmonic temporal response of the system in
narrow spectral regions. In mathematical terms, the spectral harmonic distributionẼH(ω)
(which is obtained from the Fourier transformation of the dipole acceleration, see above)
is transformed as follows:

EH(t,ω) =
1√
2π

∫ +∞

−∞
ẼH(ω ′)FΩ(ω ′,ω)eiω ′t dω

′ (2.59)

FΩ(ω ′,ω) = exp

(
−2ln2

(
ω ′−ω

Ω

)2
)

. (2.60)

In words,EH(t,ω) is the inverse Fourier transform into the time domain of the spectral
harmonic emissionEH(ω) multiplied with a gaussian window filterFΩ(ω ′,ω), centered
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Figure 2.14: Windowed Fourier transform of the spectral high-harmonic response. (a) 4 fs driv-
ing laser pulse, (b) 10 fs driving laser pulse. The bow-like structures indicate different electron
trajectories. At a given constant harmonic order (central position of the gaussian filter) the shorter
pulse generates less harmonic emission events than the longer pulse. At highest-frequency photon
energies, single attosecond-pulse generation is possible with the short laser pulse. The dashed line
indicates a cut through the windowed Fourier transform depicted in Fig. 2.3.

at a frequency ofω. Ω stands for the intensity FWHM of the filter. The harmonic temporal
intensity distribution depending on the central frequency of the filter can thus be written
as

IH(t,ω) = |EH(t,ω)|2 . (2.61)

This function of the two variables timet and frequencyω is shown in Fig. 2.14 again for
the case of the 4 fs and 10 fs driving laser pulse and a filter widthΩ of 5.5 harmonic orders.
The frequency is given in multiples of the fundamental frequency. Bow-like structures are
obtained, which can be understood immediately from the picture of returning electrons
with different kinetic energies at different times. The effect of multiple trajectories is also
visible for the most intense emission events, where a smaller bow is contained in a larger
one. When a slice at a fixed harmonic order is considered, the temporal duration of the
emission events is smaller than a single femtosecond. The effect of a shorter laser pulse is
visible in fewer overall harmonic emission events at a given harmonic order. In particular,
when the high photon energy region is considered, the short laser pulse produces only one
harmonic attosecond pulse whereas the longer driver pulse shows a train of attosecond
pulses. To visualize this, a cut through the windowed Fourier-transform at a harmonic
order of 75 is shown in Fig. 2.15. In addition to the qualitative difference of the harmonic
temporal structure, the intensity of the single attosecond pulse is higher than in the case of
a pulse train. The attosecond pulse train can be understood also in the spectral domain by
a second look at Fig. 2.13. In the cutoff region, where the FWHM of the applied filter is
indicated, a modulated structure is visible for the longer laser pulse. For the shorter laser
pulse, the spectral intensity is a smooth continuum. The spectral modulation at twice
the fundamental frequency gives rise to a modulated temporal distribution. The temporal
modulation period is the inverse of the spectral one, thus half an optical cycle (1.33 fs).
Implications of short and long pulses for the generation of single attosecond pulses or
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Figure 2.15: Single (a) and a train (b) of attosecond pulses from the interaction of short (4 fs) and
longer (10 fs) pulses, respectively. The attosecond pulses are obtained if the harmonic spectrum is
filtered as indicated in Fig. 2.13 and Fig. 2.14. The pulse duration of the attosecond pulses is on
the order of 600 as.

trains have already been studied earlier in the literature [169,174].

The windowed Fourier transformation has recently helped to illuminate the importance of
ground-state population for the high-harmonic generation process [175]. It was shown
there that the “bows” inIH(t,ω) (Fig. 2.14) cannot be the result of bremsstrahlung
emitted from an electronic wavepacket colliding with a bare ion (i.e. where no electric
wavefunction is left in any bound state). In contrast, the interference with ground-state
electronic population is the origin of the intense harmonic radiation. In addition, har-
monic generation is dependent on the carrier-envelope phase (CEP) of the driving laser
pulse [176]. The CEP of the ultrashort driver pulse can be determined by an analysis of
the harmonic intensity spectrum obtained in experiments with a method closely related to
the windowed Fourier transformation [177].

It should be mentioned for the sake of completeness that the windowed Fourier transform
shows some similarity to the Wigner and Husimi representation [76, 178] that is often
used for the analysis of quantum phenomena in phase space.

It is interesting to notice that the production of the attosecond pulses—trains or single
ones—is relatively easy. We basically get them ‘for free’ in the process of high-harmonic
generation without any additional effort. Much harder, however, is to measure the time
duration or even to characterize the attosecond pulses in the experiment. In the following,
measurement and characterization schemes for attosecond pulses shall be discussed in
some more detail.

2.3.2 Measurement

The measurement of the temporal structure of the high-harmonic radiative response is a
complicated task due to a variety of reasons. First of all, the intensity of the generated
signals is very weak, making it almost impossible to apply the standard technique of au-
tocorrelation (see Section 1.1.5). This is due to the fact that the autocorrelation is based
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on a nonlinear process involving a nonlinearity of at least second order. As long as the
intensity of the light to be measured is too low to induce measurable signal of a nonlinear
process, autocorrelation is not possible. Unfortunately, the nonlinear interaction cross-
sections decrease very rapidly with increasing photon energy, which makes experimental
observation particularly challenging. It has been possible, however, to use autocorrela-
tion to analyze harmonic pulse trains for the low-order harmonics which are sufficiently
intense [179]. The nonlinear medium used was helium gas. Two-photon ionization by
XUV-light was the experimentally extracted nonlinear signal.

In general, any nonlinear interaction can be used to learn about the temporal properties
of an unknown ultrashort signal. The requirement of a nonlinear process arises naturally
by the necessity to compare the spectral phases of different frequency components of the
spectrum, which cannot interfere in linear optics if only time averaged quantities can be
experimentally extracted (slow detectors).

Another nonlinear approach therefore is the crosscorrelation of the (weak) harmonic ra-
diation with the (strong) fundamental driving field of the laser. This method has early
been proposed as an analog to a ‘streak camera’ [180, 181] employed for the measure-
ment of short electron pulses. In such a device, a short electron bunch is deflected by
an electric field that is rapidly increasing or decreasing. If the trace of deflected elec-
trons is recorded on a screen, a characteristic “streak” image is obtained from which the
temporal structure of the electron pulse can be extracted. In order to measure attosecond
features, the deflecting field change must be fast enough to resolve the pulse on this time
scale. The field strength of an optical laser changes very rapidly on the time scale of an
optical cycle. Therefore, photoelectrons that are instantaneously produced by the high-
harmonic attosecond pulsed radiation can be deflected by the fundamental laser field, cre-
ating a characteristic streak on a detector. This techique was first worked out for the case
of circularly polarized light in theory [182]. It was however experimentally shown that
recording the kinetic energy change of the photoelectrons produced at different phases in
the linearly polarized fundamental laser field is sufficient to determine the duration of the
harmonic emission [170,171,183]. This can be understood very easily by reexamination
of formula Eq. (2.7). If an electron is ionized far above threshold by a high-harmonic
photon pulse of frequencyωm, it is produced in the continuum at nonzero kinetic energy,
which is given by the excess energyEexc = Ekin = h̄ωm− Ip, whereIp is the ionization
potential of the ionized state. The electron will thus have an initial velocityv0, which will
however be modified by the action of the fundamental laser fieldE(t):

vϕ(t) =
∫ t

0
− e

m
E(t ′)dt′ =−E0e

mω
(sin(ωt +ϕ)−sin(ϕ))+v0. (2.62)

The additional drift velocity of−E0e/(mω)sin(ϕ) caused by the laser field depends on
the phase of the fundamental field. If the attosecond pulse is shorter than the optical cycle,
the kinetic energy of the photoelectron bunch produced varies on a sub-cycle time scale
of the delay between the fundamental and the high-harmonic pulses. The depth of the
modulation can be used to extract the temporal duration of the attosecond pulse. Even the
chirp of the attosecond pulses can be reconstructed by this measurement technique [184].
Although the measurement process can be understood in this classical fashion, a quantum
mechanical theory of this measurement method has been worked out [185].
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Within the framework of crosscorrelation, also the chirp of single high-harmonic orders
can be measured [186]. Pulse characterization methods like SPIDER [187] and crosscor-
relation FROG (X-FROG) [188] can be transferred to the XUV for the characterization
of high-harmonic (attosecond) pulses. Whereas the SPIDER method has not been experi-
mentally accomplished yet, FROG of extreme ultraviolet wavelength harmonic orders has
been carried out in experiment. FROG was already employed to measure the intensity-
dependent dipole phase [189]. In an additional approach, recording the asymmetry of
photoelectron production (photoelectrons that travel into opposite directions) was theo-
retically shown to provide a way to measure the duration of attosecond pulses [190].

Another general experimental problem in the measurement of the attosecond XUV
pulses—and also in the design of attosecond time-resolved experiments—is the control
of the delay between the XUV pulses (e.g. in autocorrelation [179]) or the XUV and the
laser pulse (crosscorrelation). Small angles between the propagation directions of the
pulses to be correlated lead to a temporal smearing out of the correlation signal. This is
because one part of the beam experiences a different temporal delay than another part if
the beams cross at an angle in the interaction region. The effect is proportional towsinθ

and thus becomes worse for larger anglesθ and larger beam sizesw. The beam size is
typically on the order of 50µm, which requires angles of smaller than 0.05◦ in order to
retain a temporal resolution on the 100 as time-scale. For that reason, the best way to
perform correlation measurements is to work in a collinear geometry. However, there are
no beamsplitters and recombiners easily available in the XUV spectral range. A sophisti-
cated dispersion-balanced XUV interferometer has been introduced [191] which employs
XUV transmission gratings as beamsplitters and recombiners. Another solution is the use
of special mirrors. For instance the center part of a mirror can be cut out and translated
with respect to the outer mirror surface [170, 171]. By using spatial filters in the beam,
the harmonic radiation only hits the center part of the mirror and can thus be delayed
with respect to the fundamental laser pulse, which hits the outer part of the mirror. A
piezo-translator with nanometer resolution controls the delay on an attosecond time scale.

For the autocorrelation experiment reported in [179] another mirror design was employed
to generate two almost identical replica of the harmonic pulses. The mirror was split along
a line to cut the harmonic beam into two halves, which were delayed with respect to each
other. The autocorrelation in this case is not exactly an interferometric one, since the
harmonic beams are not exactly copropagating. This effect has to be taken into account
in the analysis.

Another method used for controlling the time delay between fundamental and harmonic
pulses is the use of annular beams for harmonic generation [163,164]. Harmonic genera-
tion also takes place in a focused beam, from which the central part has been cut (annular
profile) before focusing. Harmonic light is still generated into the forward direction and
can be crosscorrelated with a femtosecond laser pulse that uses the inner part of the driv-
ing beam. Since this crosscorrelation pulse itself does not participate in the generation
process, we can introduce the delay by tilting transparent apertures in the beam (see setup
in [163]), a ring-shaped one for the annular driver pulse and a circular-shaped one for the
inner crosscorrelation pulse.

The next Section is devoted to the multiple ways of application of ultrashort x-ray pulses.
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2.4 Applications of Ultrafast X-Rays

A whole new area of research has started to grow in recent years, which is now most
commonly known as ‘ultrafast x-ray science’. It was not only the advances in attosecond
pulse production in high-harmonic generation that played a key role in the development
of this field. A variety of different approaches to generate short x-ray pulses is nowadays
available and is continuously extended. Besides high-harmonic generation, the most im-
portant sources of short x-rays are synchrotron and free-electron-laser facilities [192,193]
on the one hand and laser-induced plasmas [194] on the other hand. These sources ex-
hibit very different properties in terms of their spatial and temporal coherence properties
making them useful for particular applications, which shall in the following be discussed
in more detail.

2.4.1 Applications of High-Harmonic Generation

As has been mentioned above, high-harmonic generation allows for the production of the
shortest pulses of light ever produced in the laboratory. In principle, it is now possible to
do time-resolved spectroscopy on coherent superpositions of energetically widely spaced
electronic states, as they occur close to the ground state of the electron or for core-electron
excitations. For example, if a superposition state is created in a hydrogen atom with
contributions of principal quantum numbersn= 1 andn= 2, a quantum beat with a period
of'400 as is expected in a transient ionization measurement. The only direct application
of attosecond pulses at the moment is the direct recording of the electric field of the
laser pulse [195]. The technique is based on the crosscorrelation technique mentioned
above. Another theoretical idea was published earlier [196] providing an alternative way
to measure the laser electric field by asymmetric photoionization with an attosecond pulse.

It was also shown in experiment that the kinetic energy of photoelectrons could be con-
trolled by setting particular delays between the attosecond pulse and the fundamental laser
field [197]. An application to atomic physics and multielectron dynamics in the Auger
decay is reported in two works [198,199], where the dynamics of the Auger decay could
be directly monitored in the time domain.

To generate single attosecond pulses a very sophisticated laser system is required. There-
fore, many experiments have been performed in a regime, where only the temporal resolu-
tion of the driving femtosecond laser pulse (i.e. a single harmonic or a train of attosecond
pulses with a total duration comparable to the duration of the femtosecond laser pulse)
was used [200–204].

Dissociating Br2 molecules have been studied using time resolved photoelectron spec-
troscopy [200, 201]. Ramsey-type spectroscopy of autoionizing states in krypton was
carried out by use of the ninth harmonic [202]. Lattice relaxation following inner-shell
excitation in a CsCl crystal was monitored in real time [203]. Interferometry with high-
harmonic radiation can also be used as a diagnostic tool to study the temporal evolution
of free-electron density in plasmas [204].

All these studies made use of the short pulsed nature of high-harmonic generation in order
to obtain insight into the dynamics of the process under study. Some earlier experiments
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were devoted to prove the suitability of high-harmonic radiation for generating x-ray flu-
orescence [205], auger-free luminescence [206] or for the application of photoelectron
spectroscopy on surfaces [207,208].

Another interesting aspect of the ultrafast soft x-ray radiation is its applicability for time-
resolved imaging. It was already shown that high-harmonic generation produces enough
photons in order to perform zone plate microscopy [209] and interferometry [210] at
13 nm wavelength.

Temporal resolution is only one benefit of short pulses. Another one is of course the high
peak intensity of the harmonic radiation, which can reach values of 1014 W/cm2 at the
moment. This is only possible if the harmonic light is suitably focused to very small focal
spot sizes employing zone plates, multilayer [156] or toroidal metal mirrors [211]. At
these intensities, nonlinear interactions of harmonic photons are possible, for example the
two-photon ionization of helium has recently been observed in experiment [212] and was
used for an autocorrelation of the harmonic pulses [179] as was already mentioned above.
Higher and higher harmonic pulse energies lead to higher and higher intensities, making
novel nonlinear optical experiments in the XUV region possible in the future. The highest
pulse energies obtained to date are in the microjoule region [213–215].

It was also recently shown that high-harmonics can be generated with high-repetition rate
laser systems, e.g. at 100 kHz [216]. This is very important for pump-probe photoelectron
(in particular electron-ion coincidence) studies in the soft x-ray region, where the number
of counts per shot is very low.

It is furthermore possible to use an optical parametric amplifier (OPA) for harmonic gen-
eration, allowing for generation of tunable high-harmonic radiation [217]. In addition,
tunability of high-harmonic radiation has recently been shown to be possible also by pulse
shaping of the driver pulses. Using an evolutionary algorithm, the harmonic peaks in the
plateau region could be shifted [218]. In Chapter 5 it will be shown that even isolated har-
monic peaks in the plateau region at various harmonic orders can be produced, providing
an invaluable tool for future soft x-ray time resolved studies.

To summarize, the advantage of high-harmonic radiation is its very short (attosecond)
time duration and high peak brightness that arises also due to its complete spatial coher-
ence. Limitations are given by the total photon flux and maximum photon energy, which
has been limited to the order of 500 eV [147, 219] until today. We now address electron-
beam and plasma sources that provide a way to generate much harder x-rays, however
with the sacrifice of reduced temporal resolution.

2.4.2 Applications of Synchrotron and Free-Electron-Laser Sources

In the following, electron-beam x-ray sources will be discussed, which also feature good
spatial coherence. However, the pulse length of standard synchrotron pulses is on the
order of 100 ps and thus much longer than attoseconds, even in the case of the newly de-
veloped free-electron lasers, where pulse durations 10-100 fs are expected. An advantage
of these sources is the high photon energy that is achievable, which can be several keV.
This enables applications like time-resolved structure determination in crystals. X-ray
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free-electron lasers are expected to deliver enough x-ray photons in one shot to resolve
the structure even of single molecules.

Due to the high photon energy achievable, experiments carried out with synchrotrons fo-
cused on transient structure determination in recent years [220–225]. X-ray absorption
spectroscopy (XAS) was performed, where the x-ray absorption fine structure (XAFS)
was transiently analyzed to obtain structural information about reaction intermediate
states [220]. Another experiment investigated the x-ray absorption near edge structure
(XANES) of a molecule in solution in order to temporally resolve a charge-transfer pro-
cess [221]. Metal-insulator transitions were followed in real time by core-level photo-
electron spectroscopy [222]. Structural changes in melting silicon could be temporally
resolved in another experiment [223]. Another interesting and impressive application of
ultrafast x-rays has been the real-time tracking of CO motion and associated structural
changes in a protein on the natural time scale of the reaction [224].

In almost any of these experiments, the authors directly mentioned the limitations of the
synchrotron pulse duration, which did not allow to obtain full insight into the temporal be-
havior of the system under study. To overcome these limitations in the future, interesting
new techniques to shorten the synchrotron x-ray pulses were developed and implemented
experimentally. The so called ‘slicing scheme’ was experimentally realized by Schoen-
lein et al. [226]: Before the electron pulse passes through the undulator or bend magnet
to produce x-ray radiation, it interacts with an intense femtosecond laser pulse in an-
other undulator section. This leads to a femtosecond duration electron subpulse of lower
and higher energy electrons in the main electron bunch, which can be extracted. This
femtosecond subpulse of electrons will generate a femtosecond pulse of x-rays along
its passage through the bend magnet or undulator. These ultrashort x-ray pulses were
already used for experimental applications. Direct evidence of ultrafast disordering in
laser-perturbed InSb on a sub-picosecond time scale could be observed for the first time
by time resolved x-ray diffraction [225]. Another means to shorten the duration of syn-
chrotron light pulses is to use ultrafast shutters. It could be shown that laser-induced
acoustic pulses in crystals can modulate and switch the x-ray transmission properties by
making use of the Borrmann effect. This could potentially be used to generate subpi-
cosecond pulses [227].

Common to both shortening approaches just discussed is the fact that only a shorter pulse
is “cut out” of the longer synchrotron pulse, leading to a decrease in the photon number
per shot. For that reason, tremendous effort around the world is put into the development
and construction of free-electron lasers, which would supply both ultrashort pulses of
hard x-rays and large photon numbers per shot.

The free-electron laser (FEL) working principle is an extension of the undulator tech-
nique. In an undulator, the electron beam is deflected by a periodic magnetic struc-
ture along the propagation path where the modulation period is chosen such that the
bremsstrahlung emitted by each electron constructively interferes with the radiation pro-
duced one modulation period further downstream. The radiation produced by different
electrons, however, is not coherent and leads to a linear growth of x-ray radiation pro-
duced with electron density. In the FEL, the electron density in the beam is increased,
such that the more intense radiation produced by the electrons is interacting with the elec-
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tron cloud. In this case, microbunches are formed in the electron beam which now lead to
a coherent addition of the radiation produced by each electron. This leads to an increase
in x-ray flux proportional to the electron density squared. If the microbunches have to
form spontaneously, this is called self-amplified spontaneous emission or SASE [228]. If
the microbunching is created externally by interaction with a laser field for example, this
is termed a seeded free electron laser [192,193].

Recently the first experiments on nonlinear interaction of VUV light from a SASE FEL
with xenon atoms and clusters were carried out [229]. The very high charge states of
xenon ions detected in the experiment led to fundamentally new insights into light-matter
interaction [230].

2.4.3 Applications of Laser-induced-Plasma X-Ray Sources

When a highly intense femtosecond laser pulse interacts with high-density material (solid-
state), a hot and dense plasma is created. Electrons can be accelerated to very high
kinetic energies. These high kinetic energies can be released as bremsstrahlung when
the electrons scatter with the ionic cores. The time it takes the very hot plasma to cool
down is typically in the sub-picosecond regime. Therefore, the emitted x-ray pulses have
femtosecond time durations. The first laser-induced plasma femtosecond x-ray source
was demonstrated by Murnaneet al. [194] in 1991. The production of very hard x-ray
emission on a femtosecond time-scale is possible when femtosecond-laser-accelerated
highly-energetic electrons create inner-shell vacancies in atoms, leading to the emission
of characteristic line radiation [231]. The duration of the x-ray pulse is dependent on the
maximum depth the energetic electrons can penetrate into the material.

These sources are unique in that they can deliver very high photon energies in very short
(a few hundreds of femtoseconds) pulses. A drawback is the very low number of photons
that can be used for experiments. This is due to the fact that the generated plasma radiation
is spatially incoherent and thus has almost no directionality (emission into 4π solid angle).
Sophisticated collection optics have to be employed to collect a large solid angle which is
focused onto the sample object. High-repetition rate (multi-kHz) laser systems delivering
high pulse energies (multi-mJ) have to be used [232] in order to keep integration times at
acceptable levels.

Plasma-based sources allow for monitoring of structural changes on the natural time scale
of nuclear vibrations. It was possible to monitor lattice vibrations in crystals (coherent
acoustical phonons) induced by an incident ultrashort laser pulses [233, 234]. Another
field of study with these sources is the real-time observation of non-thermal melting on
the surface of germanium [235,236] and in organic thin films [237]. In all of these cases,
Bragg scattering was employed to extract structural information. Expansion or compres-
sion dynamics of the material could be inferred from the shifting of particular Bragg
peaks.

Another experiment focused on temporal shifts of x-ray absorption lines during chemical
reactions [238]. Time-resolved near-edge absorption spectroscopy of a shape resonance
in an SF6 molecule allowed to track structural changes occuring during photoinduced
dissociation.
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At the end of this section about applications of ultrashort x-ray pulses it should be men-
tioned that the application of short pulsesourcesis only one way to obtain temporal
resolution of a process. Another way is to realize a fastdetector. X-ray streak cameras
have been introduced in 1971 [180, 181], allowing to resolve picosecond features. The
highest temporal resolution obtained today is 600 fs [239].

The number of applications of ultrashort x-rays in recent years is accelerating at a high
pace. Better and better sources of ultrafast x-rays are developed to push our understanding
of quantum dynamics forward. The ultimate goal is the molecular movie, allowing us to
observe the spatially resolved motion of nuclei in complex molecular of crystaline systems
on their natural time scale.



Part II

Optimization of Harmonics
by Medium Engineering

High-harmonic generation provides the possibility to convert infrared or visible laser light
into the soft x-ray region. It even conserves the coherence properties of the driving laser
light. There is tremendous interest in generating ultrashort pulses of light in the x-ray
region [192–194, 226, 228], since they can immediately be used to perform spectroscopy
on the atomic time- and length-scale. The direct observation of lattice vibrations [233,
234] or the structural dynamics of non-thermal melting [235, 236] are indications for
the rising of the new field of ultrafast x-ray science. The interest in free-electron lasers
(FELs) [192, 193, 228] is also spawned by the desire to create ultrashort coherent x-ray
pulses. FELs are large-scale facilities since they require electron linear accelerators to
produce highly energetic high density electron beams. It would clearly be more favorable
to circumvent the construction of these large highly expensive facilities if there were other
ways to produce this kind of radiation. However, in order for high-harmonic generation
to work as a substitute for FELs, we would need to overcome two major limitations: The
photon energy that is attainable in high-harmonic generation is currently limited to below
1 keV and the conversion efficiencyη = Ex−ray/Elaser from driving laser pulse energy
into one particular harmonic order is very low. This conversion efficiency is limited at the
moment toη = 10−4 [214] or 10−5 [240] at best, with the larger value corresponding to
low-order harmonics. Using very intense driving lasers, only microjoule level harmonic
emission could be facilitated to date [214].

A major constraint for efficient high-harmonic generation is the problem of reabsorption
of the radiation in the generating medium. Since a long interaction length is needed for
maximum conversion yields, it is always absorption which places the upper bound on
the conversion efficiency [154, 155] in the phase-matched case. But even if absorption
in the medium could be overcome by some means (e.g. using dark resonances), there
would be another severe fundamental limitation: Ionization of the medium effectively
extracts energy from the generating laser pulse without contributing to high-harmonic
photon production. If only one out of 10 ionization acts leads to the production of a high-
energy photon (which can be regarded as a typical value), we “waste” 90% of the absorbed
pulse energy for additional ionization of the medium. It is within the scope of this work to
introduce a new mechanism, which allows the ionized and returning accelerated electron
to recombine with the parent ion with an increased probability.

Since the process of high-harmonic generation is understood very well for atomic sys-
tems, it is all the less understandable how little is known about the same process in
more extended, complex systems. These latter systems provide means of optimization of
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the infrared(IR)–soft-x-ray conversion process which are beyond the possibilities of their
simple atomic counterparts. In particular, since high-harmonic generation is a coherent
process, the conversion efficiency increases quadratically with the density of nonlinear
emitters (see Eq. (1.100)). From this point of view, a solid or a liquid system, exhibiting
high particle densities, could be a very favorable conversion medium.

Solid-state conversion media have been subject of a number of investigations in the
past [241, 242]. Since we have not yet found a way to overcome the problems of ab-
sorption of harmonic radiation in the high-density medium, we are still restricted to work
on the surface of solids [241]. The generation process in this case is different from the
three-step model discussed in Section 2. Very high intense laser pulses have to be used to
create relativistically moving electrons close to the surface of the material. The magnetic
field in this case can no longer be neglected and leads to the well-known ‘figure-of-eight
motion’ of the electrons. The nonlinear response can be understood in the picture of a
‘moving mirror’, the layer of free-electrons above the surface that oscillates up and down.
The laser will scatter off this rapidly moving surface which leads to periodic Doppler
shifts into the XUV, giving rise to harmonic peaks in the spectral domain. Phase match-
ing is also difficult to achieve for harmonic generation in solids, due to high free-electron
densities. However, schemes are available to overcome this substantial problem, for ex-
ample employing Bragg-scattering in thin solid layers [243].

It is not only the density of a medium that is important. Any kind of inner degree of
freedom of a particle can be used to control and optimize a process like high-harmonic
generation. Another example is the size of the particle, which comes into play in the
mesoscopic world.

Cluster targets, representing mesoscopic systems, have also been studied [244–247]. They
were expected to increase the cut-off harmonic order from a simple argument given in
terms of the three-step model: In a cluster, the electron does not need to recombine with its
parent ion, but has different recombination centers available. Since the kinetic energy of
the electron can be as high as 8Up (see Section 2.1, Eq. (2.7)) we would expect harmonic
emission of ordersn > 1/h̄(Ip + 3.17Up) to be emitted. In fact, the cutoff position was
observed to shift slightly towards higher photon energies [244].

Molecular conversion media are particularly interesting most of all because of their sim-
plicity. From an experimental point of view, they can easily replace the commonly
used rare gas without having to change the apparatus. Regarding the theoretical aspects,
molecules (in particular simple ones) are well understood. For example, the alignment of
linear molecules [248] and its influence on the harmonic generation process has been in-
vestigated [249, 250]. It was theoretically found that the molecular alignment introduces
an extra phase in addition to the atomic dipole phaseϕat. Alignment of the molecular
sample led to a slight increase in the conversion efficiency, proving the importance to
match the molecular phase. However, the magnitude of the observed effect could not
provide sufficient proof for the theoretical considerations.

Moreover, molecular ions allow for additional quantum paths for the electronic trajecto-
ries as is the case in clusters. If the electron was ionized from one atom in the molecule,
it does not need to return to the same one but could also recombine with the other
atom [251]. This effect can also explain why molecules are more efficient emitters of
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high-harmonic radiation relative to atoms when the driving laser is elliptically polarized,
as will be detailed below. In addition, very high harmonic photon energies up to 8Up

could possibly be generated [252] again for the reason that the electron does not need to
return to the point where it ionized.

In Chapter 3 it will be shown how the structure of molecules can be employed to enhance
the harmonic conversion efficiency to values higher than in the case of rare-gas atoms.
A new method of preparing the molecular medium in a highly efficient state will be pre-
sented. A pump laser pulse can be used to create a vibrational wavepacket before the
successive highly intense harmonic driver pulse interacts with the medium at a suitable
time delay to generate high-harmonic radiation most efficiently.

This ‘pump–drive’ scheme is then experimentally applied in Chapter 4. As has been
mentioned above, the density of the medium is a crucial parameter to optimize the con-
version efficiency. Thus, water droplets are used as the providers of high-density medium.
By a first laser pulse we can disperse the water droplet before it interacts with a second
laser pulse that drives the high-harmonic generation process. This implementation of the
pump–drive scheme allows to continuously scan the density region from solid down to
gaseous in order to learn more about high-harmonic generation in condensed media. Ad-
ditionally, as the water microdroplet undergoes explosion, it will fragment into clusters.
Microdroplets thus provide a valuable conversion medium allowing to gain a deeper in-
sight into almost any aspect of interest for optimal medium selection in high-harmonic
generation.
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Chapter 3

Molecular Media

Since molecules naturally exhibit more internal degrees of freedom than atoms, it was
soon realized that molecular systems could be interesting emitters of harmonic radia-
tion [253, 254]. Initial studies concentrated on extending the high-harmonic plateau to
generate higher photon energies [252], followed by ideas how molecular ionization mech-
anisms could be exploited to enhance the conversion efficiency [255]. However, expecta-
tions to increase the harmonic efficiency above values obtained in atoms were not met in
experiments to date.

This chapter is structured as follows: Section 3.1 outlines how the molecular geometry
can affect the high-harmonic generation process. Symmetry properties exhibited by par-
ticular geometric shapes of the molecules modify the spectral response of the process.
In Section 3.2 it is shown how the geometry of the molecule can be used to enhance the
efficiency of the harmonic generation process in elliptically polarized driving fields. The
design of efficient electronic ground-states for high-harmonic generation is the subject of
Section 3.3. The spreading of the electronic wavepacket during ionization and recombina-
tion is a limiting factor of efficient high-harmonic generation. By the choice of carefully
engineered bound electronic wavefunction—using the molecular degrees of freedom—
the efficiency can be increased far above atomic levels. Finally, Section 3.4 introduces a
technique how coherent control methods can be used to exploit the molecular degrees of
freedom in order to enhance the conversion efficiency of the high-harmonic-generation
process.

3.1 Molecular Symmetry Considerations

An interesting feature of molecular high-harmonic generation is the fact that due to a
change in the geometry and symmetry of the microscopic system, the temporal and spec-
tral harmonic emission properties can be affected. In theory, when a H2 molecule (aligned
parallel to the polarization of the light) interacts with a laser field, the spectrum closely
resembles the one observed in the atomic scenario. This is due to the fact that in this
geometry, inversion symmetry is conserved. If the H2 molecule is replaced by a heteronu-
clear diatomic system, as for example HF, this inversion symmetry is broken and both
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Figure 3.1: Molecular high-harmonic generation. In homonuclear diatomic molecules (a), only
odd harmonics are visible as is also the case in atoms. If the inversion symmetry of the conversion
medium is broken as is in heteronuclear diatomic molecules (b), odd and even order harmonics are
produced. Results are obtained from a numerical simulation (Section 2.1.5) considering the single
particle response in a laser field of 800 nm center wavelength and 0.1 a.u. peak electric field.

odd and even harmonic orders are produced (see Fig. 3.1). This can be understood since
in the latter case the three-step process is not the same for electrons departing into one or
the other direction. This leads to a repetition of the process only every full cycle of the
laser optical period which explains the harmonic spacing of one times the fundamental
laser frequency.

Typically, only the electric potential of the conversion medium needs to exhibit inversion
symmetry to lead to the emission of only odd harmonic orders. However it was shown
that also a deuterated hydrogen molecule (HD) which has a symmetric electronic config-
uration produces even order harmonics [256]. This is due to the fact that the symmetry is
broken by the motion of the nuclei. The deuterium core will move smaller distances than
the hydrogen core (accelerated by the laser field), creating a non-symmetric electronic
potential for the dynamic system.

In fact, it is possible to extend our simple symmetry considerations to more complex
molecular systems, exhibiting any discrete rotational symmetry

CN =
(

ϕ → ϕ +
2π

N

)
. (3.1)

For example, the benzene molecule C6H6 has aC6 symmetry, whereas the ammonium
molecule NH3 is C3 symmetric and all homonuclear diatomic molecules like H2, N2

or O2 for example exhibitC2 symmetry. When these systems interact with a circularly
polarized laser electric field, Alonet al.[257] pointed out another symmetry propertyDN,
which is called a dynamical symmetry due to the fact that it combines space and time:

DN =
(

ϕ → ϕ +
2π

N
, t → t +

2π

Nω

)
. (3.2)

The Hamiltonian of the system is invariant under this transformation, in other words,
rotation by an angle ofθ = 2π/N around theCN symmetry axis and shifting time by an
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Figure 3.2: The effect of molecular discrete rotationalCN symmetry for the interaction with
circularly polarized laser light of frequencyω. The example here shows a benzene molecule with
N = 6. The identical situation is obtained when the molecule is rotated by an angle of 2π/N
and the temporal axis is shifted by 2π/(Nω). This has important consequences for the molecular
high-harmonic spectral response.

Nth of the optical periodT = 2π/ω (which advances the rotating electric field vector also
by the angleθ ) leads to identity (Fig. 3.2). For the emission of thenth order harmonic,
we now examine thenth order nonlinear dipole moment

dn = c
∣∣〈Φ| re±iϕe−inωt |Φ〉

∣∣2 (3.3)

wherere±iϕ denotes the two components of the dipole operator in cylindrical coordinates
perpendicular to the laser propagation direction,c is some constant andΦ is any eigen-
function of the Floquet-Hamiltonian. We can now apply the transformationDN on the
right hand side of the last equation, which has to reproduce the same dipole moment

dn = c
∣∣〈DNΦ|DNre±iϕe−inωtD−1

N |DNΦ〉
∣∣2 . (3.4)

SinceDN commutes with the Hamiltonian of the system, the eigenfunctions of the Hamil-
tonian are also eigenfunctions ofDN. The corresponding eigenvalues areNth unit roots
( N
√

1), sinceN-fold repeated application of theDN results in the identity operation. There-
fore we may write, by setting the latter two equations equal to each other

e±i(ϕ+ 2π

N )e−nω(t+ 2π

Nω ) = e±iϕe−inωt

⇔ ei 2π(n±1)
N = 1

⇒ n = 1 ∨ n = lN±1; lεN. (3.5)

We obtain harmonic emission for these values ofn. The same reasoning can be used in
order to explain why harmonic generation with circularly polarized driving light is absent
for atoms, which exhibitC∞ symmetry: only the dipole moment corresponding ton= 1 is
nonzero. High-harmonic generation and in particular this calculation are good examples
to show that symmetries can be used to characterize the properties of a process.
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3.2 Ellipticity Dependence

From the three-step model we know that in order to generate high harmonics, the electron
has to return to the ion core it left. If an elliptically polarized driving field is employed
instead of a linearly polarized one, it is easy to imagine that the electron will not directly
return to its parent ion but slightly “miss it”. The electronic wavefunction will thus interact
with the ion at a different impact parameter depending on the degree of ellipticity of the
driving light. The ellipticity dependence of the high-harmonic generation process can thus
be used as a sensitive probe to investigate the recollision dynamics in the high-harmonic
generation process. In this section, the different ellipticity dependencies of an atomic
system compared to a molecular system will help to increase the understanding of high-
harmonic generation in molecules.

Many past experiments concentrated on the comparison of high-harmonic generation in
different atomic and molecular gases [258–262]. It was noticed [258] that the static aver-
age polarizability is an important parameter for the dependence of generation efficiency
on laser intensity. Overall, a very similar behavior of molecules as compared to rare gases
was reported. However, these studies were performed using linearly polarized laser light.

Elliptically polarized light has earlier been used as a tool to probe our understanding of
the high-harmonic generation process [166, 263–266]. Additionally, as has been noted
in [267, 268], ellipticity dependence (for small ellipticity valuesε) is an efficient way to
isolate the single particle response from propagation effects. The ellipticityε is defined
as the ratio of the smaller to the larger principal axis of the ellipse drawn by the electric
field vector.

In a molecule, the dipole matrix element of the returning electronic wave packet with
the bound-state wave function (governing recombination, thus harmonic emission) can
be larger for higher values ofε than in the atomic case. In simple terms, for elliptic
polarization, the classical trajectory of an electron starting with zero velocity [107] never
returns to its starting point. For the case of a molecule, the electron can recombine with a
second atom, which might be closer to its trajectory than the atom it left.

The gases used for this comparative study were argon and nitrogen as they are very sim-
ilar in relevant characteristics: first of all, they have almost identical ionization poten-
tials (Ar: 15.8 eV, N2: 15.6 eV). In addition, they show similar static average polar-
izabilities (Ar: 1.7×10−24 cm3, N2: 1.6×10−24 cm3) [258, 259, 261]. The third-order
susceptibilities atλ=1055 nm also lie close to each other (χ

(3)
0 (Ar)= 23.5× χ

(3)
0 (He),

χ
(3)
0 (N2)= 21.1× χ

(3)
0 (He)) [269]. Therefore, these gases are good candidates for this

fundamental comparison. Until now, they were used to compare the polarization state of
the emitted harmonics [270].

3.2.1 Experimental Setup

The laser system described in Section 1.1.1 was used for this experiment. A lens with a
focal length of 300 mm focused the laser into a vacuum chamber. A piezoelectric pulsed
valve operating at 1 kHz synchronized to the laser pulse provided the nonlinear medium,



3.2 ELLIPTICITY DEPENDENCE 91

ϕλ/2
variable

ϕλ/4
fixed

lens

valve

     to
monochromator

gas jet

fs-laser

Figure 3.3: Experimental setup for the measurement of high-harmonic ellipticity dependence. By
rotating the half-wave plate in front of the quarter-wave plate, the polarization state of the initially
linear polarized laser pulses could be continuously changed from linear to circular. The lens was
used to focus the laser close to the gas jet.

in this case Ar and N2. The details of the valve used are described in detail elsewhere [109,
271]. The originally linearly polarized laser light was manipulated using a combination
of a half-wave plate and a quarter-wave plate as depicted in Fig. 3.3. Both were zeroth
order wave plates for 800 nm. The polarization state could thus be continuously changed
from linear to circular by rotating the half-wave plate in front of the fixed quarter-wave
plate. A stepper motor connected to a computer was used to control the orientation of the
half-wave plate.

The intensity in the focus was obtained by measuring the ion yield of different noble gases
and comparing it to Ammosov-Delone-Krainov (ADK)–ionization [112] rate calculations
(see Section 2.1.1). The result was 3×1014W/cm2 (see Fig. 3.4). The ionization yield
in the simulation was obtained by assuming a gaussian transverse spatial intensity profile
and a sech2 laser pulse of 80 fs time duration. The ADK ionization rate given in Eq. (2.3)
was then integrated over time and space. Cylindrical symmetry around the propagation
axis was assumed. A more detailed description of this intensity calibration can be found
in [109]. Two different monochromators were used as detectors for the high-harmonic
radiation: a home-built Seya-Namioka monochromator (from here on referred to as MC1),
which allowed detection of the third harmonic (H3) down to H17, and a grazing incidence
monochromator (referred to as MC2) capable of detecting harmonic orders higher than
H11. The two monochromators are described in detail in [272]. Behind the exit slit of
the monochromator, the vacuum-ultraviolet (VUV) radiation was converted into visible
fluorescence by a Na-Salicylate scintillator and detected with a photomultiplier tube. Data
was acquired with a computer by using a boxcar integrator.

3.2.2 Experimental Results

For the measurements of the ellipticity dependence at a given harmonic order, the
monochromator was set to the corresponding wavelength and the half-wave-plate was
turned at least one full rotation. The backing pressure behind the valve was chosen to be
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Figure 3.4: Experimental determination of the intensity of ultrashort laser pulses. Comparing the
experimental ion yield for various pulse energies with calculations based on the ADK theory of
ionization it was possible to find the focal laser intensity through fitting. The calculations have to
account for the temporal and spatial properties of the laser.

2 bar for both gases, to allow most stable operation of the valve. In Fig. 3.5 experimental
results are shown for different harmonic orders. Clearly, the molecular ellipticity depen-
dence (squares) is weaker than in the atomic case (circles). To check the reproducibility,
four subsequent measurements have been performed for the case of H5 (Fig. 3.5a) in in
the order Ar, N2, Ar, N2, where all experimental parameters were kept constant except
for the medium. The difference is even more pronounced for the plateau harmonics H13
and H21, which are shown in Fig. 3.5b and c, respectively. Data in the latter two cases
are shown forε < 0.6 as the noise level of the detection system is reached for higher
ellipticities.

3.2.3 Simulation

An analytical solution of the Schrödinger equation for the case of a molecule following the
approach given in [108] is not yet available and seems to be a rather intricate calculation.
Therefore, to evaluate the experimental results, a numerical simulation based on the model
developed in [108] was performed. It shows some similarity to an earlier approach used
in [268]. There, the authors report very good agreement to their experimental data.

The electric field is described as:

~E(t) = E0

√
1

1+ ε2(cos(ωt)~ex + ε sin(ωt)~ey), (3.6)

whereE0 stands for the amplitude of the electric field vector,ω is the angular frequency
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Figure 3.5: Ellipticity dependence of different harmonic orders in Ar compared to N2. The har-
monic intensities are normalized with respect to the harmonic intensity produced with linearly
polarized light. The molecule N2 shows an increased efficiency at non-vanishing ellipticitiesε of
the driving laser pulses, which is consistent for low-order harmonic H5(a) and plateau harmonic
orders H13(b) and H21(c).

of the laser field and~ex and~ey are unit vectors inx- andy-direction respectively. The
simulation contains the following assumptions: The electron is ionized at a timet ′ with
probability according to the ADK theory [112] Eq. (2.3) and appears in the continuum
with zero velocity. It then propagates under the influence of the electric field alone. Emis-
sion of a harmonic photon of energyEn can occur at timetn if

En = Ekin(tn, t ′)+ Ip. (3.7)

Ekin(t, t ′) is the kinetic energy of the electron at timet. The photon is emitted when
recombination takes place, which occurs with probability

pn(t ′)∼ |< ψg(~r)|r|ψc(~r, tn, t ′) > |2, (3.8)

whereψg(~r) andψc(~r, t, t ′) are stationary ground state and continuum wave functions of
the electron, respectively. In other words the emission probability is proportional to the
overlap of the electron continuum wavefunction with the ground state (see Fig. 3.6). If
the spatial extent of the continuum wavepacket is much larger than the one of the ground
state (which is the case for plateau harmonics), we can (for the atom case) letψg approach
a delta function centered at the origin and thus arrive at

pn(t ′)∼ |ψc(0, tn, t
′)|2. (3.9)

The time-dependent continuum wave function was assumed to be

ψc(~r, t, t ′) =
(

2√
πv(t− t ′)

)3/2

exp

(
−
(
~r−~rcl(t, t ′)

v(t− t ′)

)2
)

, (3.10)

i.e., an initially localized Gaussian wave packet, spreading with a velocity ofv to approx-
imate a freely evolving massive particle wave function.~rcl(t, t ′) stands for the classical
electron trajectory (see Section 2).
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Figure 3.6: Illustration of the model to calculate the ellipticity-dependent high-harmonic yield in
molecules and atoms. At some timet ′ the electron is tunnel ionized with a probability according
to the ADK ionization rate. After acceleration of the electron in the laser field—following the
classical Newtonian path—it can recombine with the parent ion to emit high-harmonic radiation
only if the wavefunction overlaps with the molecule or atom.

The amount of harmonic emission is calculated by averaging over all ionization timest ′.
The only free parameter in this treatment isv, which can be used to fit the model to the
(atomic) experimental data. The best fit is obtained for a value ofv=5.3Å/fs (see Fig. 3.7)
at H21.

To get an estimate of the harmonic generation efficiency for the molecule, the squared
modulus of the continuum wave function at both atomic centers was calculated. As the
experiment was carried out with a statistically aligned molecular sample, an average was
performed over an ensemble of molecular orientations all located in the polarization plane
of the laser.

The ellipticity dependencies shown in Fig. 3.7 were calculated for a molecular atom sep-
aration of 1.4Å, corresponding to the equilibrium distance of the nuclei in N2 and for
2n multiples of that value. With increasing internuclear separation the ellipticity depen-
dence becomes weaker and weaker for the range of values shown. For eight times the
equilibrium distance even a non-monotonous behavior is obtained. A non-monotonous
behavior of the ellipticity dependence has already been observed in experiment [267,273]
and was attributed to the role of the Coulomb potential of the parent ion [274], which is
neglected in the three-step model. The quantum-mechanical formulation of the three-step
model [108] only predicts monotonous dependence of the harmonic yield on ellipticity.
The non-monotonicity of the high-harmonic ellipticity dependence in the above presented
simulation on molecular high-harmonic generation has a different origin. For elongated
internuclear separations, some electron trajectories leave the molecule from one atom and
recombine with the other one. If the molecule is aligned perpendicular to the large prin-
cipal axis of the polarization ellipse, there is an optimum ellipticityεopt for which the
electron that departs at a given atom recombines with the other atom. In addition, linearly
polarized lightε = 0 leads to perfect return to the same atom. In between these two el-
lipticity values, the harmonic yield will pass through a minimum. This effect is retained
even although orientational averaging was performed. Future experiments will shed more
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Figure 3.7: Comparison of theory with experiment at H21. (a) Relative results for comparison
with the experiment. The data are again normalized to 1 atε=0. The results for the molecular
system are shown for different inter-nuclear separations in multiples of 2n times the equilibrium
distance (1.4Å). (b) Comparison of emission strengths without normalization. Significant en-
hancements at small ellipticities indicate possible enhancements of harmonic generation by the
use of molecular systems.

light on this particular feature of molecular high-harmonic generation.

Fig. 3.7 shows normalized harmonic emission strength (normalized to 1 atε = 0) to com-
pare to experimental results. Fig. 3.7b directly compares emission strengths without nor-
malization.

All results obtained, experimental and theoretical, reveal a weaker dependence on ellip-
ticity for the molecule than for the atom. A visible influence of the spatial extent of the
generation medium can thus be reported. This is in agreement with earlier experimen-
tal results in [265], where the ellipticity dependence of organic molecules (e.g. benzene
and n-hexane) was compared to xenon atoms using similar driving pulse durations of 70
fs. Another study with longer laser pulses (240 fs) [266] showed the opposite behav-
ior between molecule and atom, i.e. the atomic ellipticity dependence being weaker than
the molecular one. This was explained by fragmentation of the molecule and harmonic
generation occurring from each isolated fragment instead from the whole molecule.

Regarding just the theoretical results it can be stated that the three-step model in the form
employed is predicting a weaker ellipticity dependence for molecules than for atoms,
which becomes even more pronounced at larger inter-nuclear separations. From Fig. 3.7b
we learn, that an enhancement of harmonic efficiency would occur even for linearly po-
larized laser light at a separation of around four times the equilibrium distance. At an
ellipticity of 0.3 the enhancement would be even larger: far more than one order of mag-
nitude. Designated experiments will be needed to further elucidate these predictions.
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The three-step model in the above approximation does not show convincing agreement
with the experimental findings. This is due to the smallness of the internuclear separation
as compared to the length scale of the free electron trajectory. The experimental data for
the N2 molecule can be reproduced in the model by adjusting the nuclear separation. A
value of about twice the equilibrium distance is obtained in this case. This could indicate
the generation of harmonics from expanded molecules. As the strong laser field signif-
icantly alters the electronic ground state of the molecules, the covalent bond strength is
reduced. The ground state vibrational period of the N2 molecule is 14 fs. It is therefore
possible that the molecule expands within the time scale of the 80 fs laser pulse used in
the experiments.

There could be explanations of the experimental results that go beyond the three-step
model. In this model, contributions due to bound-bound transitions are neglected. Contri-
butions from these transitions to the high-harmonic-generation process have been under
study in [254]. The authors focus on high-harmonic generation from charge-resonant
states in molecular ions, treating the molecule as a two-level system with a large dipole
matrix element between the two states. However, the theory described there is only valid
for larger nuclear separations and cannot directly be applied to the presented experiment.

The next section returns to the case of linearly polarized driving light and shows how not
only the recombination act—as was studied in this section—but also the ionization and
most importantly propagation of the electron can be optimized by exploiting molecular
degrees of freedom.

3.3 Electron-Wavepacket Engineering

It has been demonstrated in both experiment and theory that harmonic generation in
molecular media can be enhanced by the control of molecular degrees of freedom, for
instance by aligning the target molecules [249, 250]. However, it remained unclear in
these works whether molecular media could be any more efficient than atomic ones. As
was shown above, the high-harmonic conversion efficiency of molecules drops slower
compared to atoms for increasing ellipticity of the driving field. Only recently, the first ex-
periments on high-harmonic generation in dissociating molecules were carried out [275].
Indeed an enhancement of harmonic production in stretched molecules was observed.
However, the enhancement was attributed to near resonant enhancement of the dissoci-
ated atom and was not caused by molecular properties.

It is already known from theory [276] that cross-correlation of an XUV and a strong IR
pulse in a molecule aligned along the electric field vector can drastically increase the
high-harmonic-generation efficiency by optimizing the ionization step. The crosscorrela-
tion method can also be used to efficiently create a large continuum near the cutoff [255],
which in turn is beneficial for attosecond pulse production (see Section 2.3). This method,
however, requires the availability of an attosecond pulse prior to high-harmonic genera-
tion.

A new mechanism is now pointed out which shows that high-harmonic generation can
also be enhanced by modifying the propagation of the electron in the continuum. The



3.3 ELECTRON-WAVEPACKET ENGINEERING 97

conversion efficiency from IR into the soft x-ray region can be increased by up to a factor
of 10 by controlling the electronic ground state of the molecules through excitation of vi-
brational wave packets. The basic idea is to slow down the quantum-mechanical spreading
of the free-electron wavepacket in the continuum. In a linearly polarized electric field, the
most compact returning electron wave packet can interact most efficiently with the ionic
core, giving rise to most efficient high-harmonic generation. It has been shown that for
the case of relativistic electrons the velocity of spreading can be reduced [277]. How-
ever, this is of no value for the case of high-harmonic generation considered here, which
only occurs at sub-relativistic laser electric fields. The new mechanism of wavepacket-
engineering introduced here does not depend on the laser field strength but merely on the
design of the electronic initial state. In addition, to build a bridge towards an immediate
application and verification an experiment is proposed and simulated at the end of this
chapter.

3.3.1 The Model

Similar to earlier theoretical studies [253,254], the H+
2 molecule [278] was chosen as the

model system for the reason of simplicity. As a first step, the nuclear degrees of free-
dom were ignored, i.e. the molecular vibrational and rotational motion was frozen. Since
laser pulses of∼17 fs duration were assumed, this approximation is not valid for the H+

2
molecule but would surely apply for heavier molecules. Consequently, the Hamiltonian
in the dipole approximation and velocity gauge is written as:

H =
~p2

2
+~p~A(t)+V(~r) (3.11)

in atomic units (̄h = e = m = 1 used throughout) for an electron under the influence
of a stationary molecular potentialV(~r) and the time-dependent vector potential~A(t).
The molecular potential was considered to be a two-center softened Coulomb potential
V(~r) = (−1)/

√
x2 +(y−d/2)2 +a+(−1)/

√
x2 +(y+d/2)2 +a, where the smoothing

parametera was set to 0.5. The molecule was aligned along they-direction with internu-
clear distanced.

The time-dependent Schrödinger equation was solved on a two-dimensional grid in spatial
coordinatesx andy. Propagation in time was accomplished by means of the split-step
operator technique [279,280] described in more detail in Appendix C. The grid comprised
an area of 410 by 205 atomic units (a.u.) with absorbing boundaries. The ground state was
propagated in time under the action of the ac electric laser field. The sin2-shaped laser
pulses were linearly polarized alongx, thus perpendicular to the molecular axis. Their
duration (FWHM-intensity) was 722 a.u. (17 fs) with an angular frequency centered
around 0.057 a.u. corresponding to 800 nm wavelength. The peak electric field was set to
0.125 a.u. yielding an intensity of 5.5× 1014W/cm2.

Care was taken that the relevant electronic trajectories be well contained in the box. This
can be done by calculating the maximum ponderomotive radiusa0 (see Section 2). Elec-
trons returning to the ion are confined to a distance of 2a0. If the atom or molecule is
located at the center of the box, the box size has to be larger than 4a0. Using the peak
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electric field strengthE and laser frequencyω given above, the ponderomotive radius is
a0 = E/ω2 = 38.5 and thus smaller than one fourth of the box size in the polarization
direction of the laser field.

The nonlinear radiative response~Snl(t) of the molecule was calculated via the time-
dependent dipole acceleration expectation value as discussed in Section 2.1.5,

~Snl(t)∼
d2

dt2
〈~rnl〉= 〈~∇V〉, (3.12)

using Ehrenfest’s theorem [131]. From this quantity, the harmonic emission spectra
|~Snl(ω)|2 were obtained by Fourier-transformation into the frequency domain.

3.3.2 Internuclear-Distance Dependence

Fig. 3.8a shows harmonic spectra for various internuclear separations and for the atom
in comparison. The high-frequency cutoff positionsnc agree with the analytical result
nc = Ip + 3.17Up [105, 107], whereIp andUp are the ionization potential and the pon-
deromotive potential of the electron, respectively. Fig. 3.8a also shows that in the plateau
region of the spectra there are significant differences in high-harmonic yield. The change
of cutoff position on the other hand is due to different ionization potentialsIp. When the
summed harmonic yield in the indicated interval is plotted versus internuclear distance,
a clear enhancement appears for intermediate values ofd (Fig. 3.8b). This behaviour
can be explained by considering two aspects of the high-harmonic generation process,
namely ionization of the active electron and propagation in the electric field. Since the
ionization potential for H+2 into H2+

2 rapidly decreases for increasing values ofd < 2.5
a.u., the harmonic yield rises from very small values as a result of increased probability
for tunnel ionization with decreasing barrier height. For larger values ofd, the efficiency
increases further until it starts to rapidly decrease at internuclear distances greater than
11 a.u. We understand this latter feature by the following mechanism [281]: During
propagation in the continuum, the electronic wave function suffers quantum mechanical
dispersion (spreading). However, if the initial state of the electron at the starting point
of its orbit is largely delocalized—as is the case in molecules, particularly in elongated
ones (see Figs. 3.9 and 3.10)—the velocity of spreading will be reduced since the elec-
tronic wave packet has a narrower width in momentum space. Hence, a compact wave
packet can finally return to the parent molecule and interact more efficiently with the
molecular potential to generate bremsstrahlung. The probability for emission of a har-
monic photon per ionization act can thus be effectively increased compared to the atom,
where the ground state electronic wave function is more localized than in the optimal
molecular case. Fig. 3.10 illustrates this behavior for the atomic and different molecular
geometries. For one particular internuclear distance, the returning electronic wavepacket
shows the highest probability density at the positions of the nuclei, hence conversion is
maximized. These snapshots of the electronic wave-function have been calculated in the
barrier-suppressed-ionization (BSI) field-strength regime [113] in order to obtain only a
single ionization act and thus a single electronic wavepacket for a clear demonstration of
the effect [281]. It is directly visible that an increased amount of delocalization of the
real space wave-function, which is connected to a reduced width of the momentum space
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Figure 3.8: Harmonic spectra (a) and integrated XUV-emission (H39 to H51) versus internuclear
distanced (b). In a broad range ofd, high-harmonic generation is more efficient by a factor of 3
than for the atomic case (∞). Compared to the equilibrium bond length of the molecule (encircled
data point) the enhancement is about one order of magnitude
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d

Figure 3.9: Effect of internuclear separationd in molecules on the delocalization of the elec-
tronic ground state. Shown is the squared modulus of the electronic wavefunction in a model H+

2
molecule. For smalld a unimodal distribution is obtained and the electron is confined to a small
region in space along the molecular axis. At intermediate values ofd, the electronic wavefunction
is distributed over a larger region i.e. delocalization is increased. At very large values ofd, the
electron is again confined since the wavefunction is almost zero between the nuclei.

18 a.u.

7 a.u.

5 a.u.

2 a.u.

H atom

momentum py [a.u.]

|Ψ
(p

y) 
|2

0

1

0

1

0

1

0

1

2

-2 0 2
0

1

0.0
0.1
0.2
0.3
0.4

0.0
0.1
0.2
0.3

0.0

0.1

0.2

0.0

0.1

0.2

-15 -10 -5 0 5 10 15
0.0

0.1

0.2

position y [a.u.]

|Ψ
(y

) 
|2

~

x

y

Figure 3.10: Snapshots of the two-dimensional wavefunction of the ionized and returning electron
in a strong laser field (shown in grayscale) at the moment of interaction with the atomic/molecular
parent ion. White dots represent the positions of the nuclei. For a particular interatomic separation,
the wavefunction is most compact, indicating most efficient high-harmonic generation. Shown be-
sides are the corresponding electronic wavefunctions of the field-free ground state of each system
in both real space and momentum space. A high degree of delocalization of the electronic ground
state leads to a small width of the momentum space distribution, i.e. small velocity of spreading
of the electronic wavepacket during propagation in the continuum.
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∆τ

Figure 3.11: Illustration of the pump–drive scheme for high-harmonic generation. A first laser
pulse (pump) is used to prepare the system in a suitable state. This can for instance be achieved by
exciting a vibrational wavepacket in the molecules as discussed in the text. In general any method
of coherent control can be applied. The second pulse is the intense driver pulse, which generates
high-harmonics from the prepared quantum system.

wave-function carries over to a reduced width of the returning electron wavepacket in real
space. This is understood from the fact that the electronic wave-function is subject to
quantum-mechanical dispersion of a free particle while it is moving far away from the
ion. This finding directly expresses the necessity of research on molecules with regard to
efficient coherent XUV generation. In particular, there are many more ways of optimiz-
ing and tailoring the ground state electronic wave function in more complex molecular
compounds than simple diatomic media can provide.

3.4 Pump–Drive Schemes

Let us now turn towards an idea to experimentally verify these stated predictions. The
question is: How can we measure (and afterwards: exploit) the harmonic yield as a func-
tion of the internuclear separation of a diatomic molecule? In analogy to the work by
Numico et al. [252] the following strategy is proposed: An initially aligned molecular
sample [249] is illuminated with two ultrashort laser pulses. The first one serves as the
pump pulse preparing a dissociative or vibrational molecular wavepacket whereas the
second time-delayed pulse is the driver for high-harmonic generation, probing the nonlin-
ear dipole response of the system at different times corresponding to different internuclear
distance situations (see Fig. 3.11). The time-delay dependence of the high-harmonic yield
can then be used to verify the dependence of high-harmonic-generation efficiency on in-
ternuclear distance. This ‘pump–drive’ scheme can be implemented in various ways, two
general ones of which are (1) resonant excitation to an excited molecular state or (2)
non-resonant single (XUV) photon, multi-photon, or resonance-enhanced multi-photon
ionization (REMPI) to generate a time-dependent ionic molecular wavepacket. In the
following, the latter case is considered in more detail.

Based on the given model Hamiltonian the potential energy curve for the model H+
2 sys-

tem was calculated (see Fig. 3.12). If instantaneous ionization from the neutral H2 (with
a bond length of 1.4 a.u.) to the singly ionized molecule by a broadband ultrashort XUV-
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Figure 3.12: Potential energy curve for the model H+
2 system on which the molecular wavepacket

is created by ionization of the vibrational ground state of the neutral H2 molecule (dash-dotted
line). The potential energy curve of the H+

2 (dashed line) is the Coulomb repulsion between the
naked nuclei. The ionization potential of H+

2 is shown as dotted line.

pulse is assumed, the nuclear wavepacket is transferred from the H2 (vibrational state
ν=0) to the H+

2 potential energy curve. In this case, since the model H+
2 molecule at an

internuclear distance of 1.4 a.u. is a bound system, the wavepacket motion succeeding
ionization will be purely vibrational, not dissociative.

The molecular wavepacket evolutionΦ(d, t) on the H+
2 curve is shown in Fig. 3.13a. It

was again calculated by application of the split-step-operator technique (see Appendix C).
After ionization (defining time 0 in the wavepacket evolution), it takes about 15 fs for the
wavepacket to travel from the inner turning point to the outer one. Since many vibrational
modes are excited (due to the large bandwidth of the XUV pulse) close to the dissocia-
tion threshold, dephasing occurs very rapidly. Note that the ultrashort XUV pulse is only
used to accommodate the very fast vibrational dynamics in the H+

2 molecule. The exper-
iment can be performed in a heavier molecule like Na2, Br2 or similar with pump pulses
of duration on the order of tens of femtoseconds. It is only necessary that the exciting
pulse is much shorter than the vibrational period. To illustrate this, Fig. 3.13b shows the
wavepacket dynamics in Na+

2 , created by the action of a 25 fs laser pulse at a wavelength
of 620 nm. In this case, an almost classical oscillatory behavior is obtained due to the
smaller bandwidth of the exciting laser pulse.

To calculate the transient harmonic emission of a sample of H2 molecules irradiated by
the driver pulse after pre-ionization by the pump pulse, the probability distribution func-
tion |Φ(d, t)|2 is multiplied by the harmonic yieldH(d) shown in Fig. 3.8. The result
is plotted asH̃(t) in Fig. 3.14. As can be seen, the integrated harmonic signal (H39-
H51) shows a very rapid initial increase. This is because the molecule expands from the
very inefficient interatomic distance ranged < 2 a.u. into the more efficient region with
d > 3 a.u. (Fig. 3.8 and Fig. 3.13). Afterwards, the signal oscillates as a consequence of
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Figure 3.14: Integrated harmonic signal (H39-H51) in our model H+
2 generated by the second

(driver) pulse in a pump-drive scheme. Oscillations are due to molecular vibration (see Fig. 3.13
top graph) after ionization by the first (pump) pulse. A very rapid initial increase of the high-
harmonic yield is predicted.

the molecular vibrational wavepacket motion.

3.5 Conclusion

By the use of internal degrees of freedom of molecules, the process of high-harmonic
generation can be controlled and optimized. Experimental results were presented to prove
that molecules are superior to atoms in their efficiency behavior in elliptically polarized
driving laser fields [282]. In a model approach, this could be shown to be due to the molec-
ular geometry, providing a larger recombination cross section for the returning electronic
wavepacket [283].

Given the results on the design of optimum initial electronic states it is now clear that
molecular systems are media which allow more efficient high-harmonic generation than
atomic targets [284]. Two promising and new ways to enhance high-harmonic generation
were pointed out: First of all, controlling the ground state wave function of the electron to
ensure less spreading during continuum propagation and, second, variable choice of the
ionization potential to allow perfect matching to the desired soft x-ray frequency range.

Taking all these results into account, it can be stated that using molecules for high-
harmonic generation is beneficial to the optimization and control of any of the steps in
the three step model, i.e. ionization, propagation and recombination.
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It should be pointed out that these calculations and experiments were restricted to simplest
diatomic molecules. Employing larger scale compounds like organic strings or cyclic-
shaped molecules for high-harmonic generation should result in yet higher enhancements
after suitable preparation by a controlling laser pulse. Thus, both experimental and the-
oretical investigations into the direction of molecular high-harmonic generation seem to
bear great potential for table-top high-power ultrashort coherent soft-x-ray production.
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Chapter 4

Condensed Media

The efficiency of the high-harmonic generation in the case of perfect phase matching
scales quadratically with the density of the conversion medium. On the other hand,
increasing particle density—and thus also electron density—leads to the build-up of a
high-density plasma which will eventually absorb any laser radiation. It is crucial to
find the limitations for high-harmonic generation when pushing the density of the conver-
sion medium to higher and higher values. Studying the high-harmonic response of water
droplets as presented here can be regarded as a pioneering experiment into the direction
of high-density high-harmonic generation in condensed media.

Microdroplets turned out to be very efficient media to convert visible laser radiation into
the XUV and soft x-ray spectral region [285, 286]. So far, however, they have only been
used as sources of incoherent soft-x-ray plasma recombination light being emitted into a
solid angle of 4π. To collect a large amount of this radiation sophisticated optics have to
be employed. A much more desirable light source for many applications would feature a
fully coherent directional emission, which is provided by high-order harmonic generation.
It is shown here that a strong interdependence of high-harmonic generation and plasma
radiation exists. Observations point to the fact that both radiation processes cannot occur
simultaneously.

When highly intense laser radiation interacts with a water microdroplet, the spherically
curved surface results in a focusing of the light. ‘Hot spots’ are created inside the
droplet [287], where high-density plasma is generated. Afterwards, the droplet starts
to expand. Within the framework of pump–drive schemes discussed in the Chapter 3,
an intense pump pulse can be used to drive the droplet into expansion. This way one
can directly assess different density regimes ranging continuously from liquid down to
gaseous by employing a second (driver) pulse which generates the high-harmonic radia-
tion. Using this implementation of the pump–drive scheme provides insight up to which
densities high-harmonic generation is possible, which is an important issue for efficiency
considerations.

Another interesting feature about microdroplets is their breaking up into nanometer-sized
fragments upon irradiation by a strong pulse. Such clusters are extensively studied with
respect to their unique frequency conversion properties [244, 288, 289]. In some of these
studies it has been shown that clusters can be used to reach conversion efficiencies for
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incoherent plasma radiation comparable to those obtained in solid state systems. On the
other hand, high-harmonic generation in clustered media turned out to occur at smaller
intensities, to have a higher photon energy cutoff and to saturate at higher laser intensities
as compared to mono-atomic targets.

This chapter is devoted to the presentation of the first experimental results on high-order
harmonic generation from water-droplets, with harmonic orders up to the 27th. This is the
highest harmonic order ever observed from a water target. So far, harmonic generation
from water only up to the seventh order has been reported [290].

The experimental setup is described in Section 4.1. Section 4.2 contains the experiments
on laser interaction with water droplets. Both frequency conversion processes of rele-
vance in laser-generated ultrafast x-ray production are discussed: Plasma luminescence
and high-harmonic generation, where a transition between these two regimes could be
observed.

4.1 Experimental Setup

4.1.1 Microdroplet-Jet Characterization

The water microdroplets are produced by a glass capillary of 10µm inner diameter backed
with liquid water (see Fig. 4.1). With a controlled fluid pump the pressure can be kept
constant in a range of 2 to 5 MPa. The capillary and the fluid pump are commercial
products of ‘Microjet Components’ (Sweden). The capillary is mounted vertically such
that the water leaves at the lowermost end. A continuous water jet streams out of the
capillary. After a certain propagation distance droplets are formed due to the Rayleigh-
Taylor instability. To ensure reproducible droplet sizes, the capillary is equipped with a
piezo transducer to modulate the capillary diameter. Applying a high-frequency voltage
of 15 V results in a fixed droplet repetition rate. The frequency has to be close to the
‘natural’ repetition rate given by the Rayleigh-Taylor instability. In the given case, these
frequencies are between 0.9 and 1.1 MHz. In Fig. 4.2 photographs of the droplet jet are
shown. A microscope objective was used for magnification and a CCD camera for image
acquisition. The jet was illuminated by laser pulses incident on a screen placed behind
the jet. When the backing pressure is increased, larger droplet diameters are obtained. On
the other hand, increasing the piezo-frequency results in smaller droplets.

4.1.2 Vacuum and Detection Apparatus

For the XUV emission experiments, the capillary is mounted inside a vacuum chamber
to avoid reabsorption of the generated radiation by air or the water vapor. With a 880 l/s
turbo pump a background pressure of∼2×10−3 mbar was achieved. Differential pump-
ing stages along the way to the spectrometer lowered the pressure further until it reached
∼10−5 mbar at the spectrometer. At a distance of∼5 mm below the exit of the capillary,
the laser beam interacts with the droplet jet (see Fig. 4.1). Further down, after∼40 mm,
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Figure 4.1: Schematic setup for the experiments on high-harmonic generation in water micro-
droplets. The glass capillary is mounted inside a vacuum chamber. The water-droplet jet is di-
rected vertically downwards. A piezo element can be used to control the droplet repetition rate.
Droplets not used in the experiment are removed by direct pumping with a roots pump. Laser
pulses interact with the water droplet jet∼5 mm below the capillary exit to induce plasma lumi-
nescence or high-harmonic generation.
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Figure 4.2: Droplet size characterization. Increasing the backing pressure results in larger
droplets. An increase of the piezo AC frequency decreases the droplet diameter.
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the jet enters through a small diameter aperture (0.5 mm) into a separate “catcher” com-
partment, which is kept evacuated directly by a roots pump. In order not to damage
the pumps, a liquid-nitrogen cooled cold trap is installed between the chamber and the
pump. As liquid water at room temperature brought into vacuum tends to freeze and grow
stalagmites where it hits an obstacle, it is important to keep the catcher at an elevated
temperature of about 350 K. If the temperature is too low, ice stalagmites will grow all
the way up to the exit of the capillary, preventing stable operation of the jet. For more
details on the droplet source see also [291].

The laser source for this experiment was the regeneratively amplified Ti:sapphire sys-
tem described in Section 1.1.1. Focusing with a 20 cm focal length lens provides laser
intensities on the order of 5×1014 W/cm2.

The emitted XUV radiation was detected with different monochromators for two different
photon energy ranges. The low energy radiation is characterized by a home-built Seya-
Namioka monochromator (MC1) with a spherical concave grating. The full scanning
range provides access to harmonic orders three (H3) to nineteen (H19). A scintillator
(Na-salicylate) behind the exit slit converts the XUV radiation into the visible. A photo-
multiplier is then used to acquire the spectrum as the grating rotates. The signal is DC-
converted by a boxcar-averager which is read by a computer. The other monochromator
(MC2) consists of a toroidal concave grating illuminated under grazing incidence. The
accessible photon energy range extends from∼20 eV (H13) to around 80 eV correspond-
ing to H51. The spectrum is acquired with a back-side illuminated thinned x-ray CCD
camera (‘Roper Scientific’). Using plasma emission lines, it was possible to estimate the
resolution of the spectrometer to be better than 0.3 nm in a wavelength range of 17 to
25 nm. Fig. 4.1 displays a schematic view of the droplet system. The system is aligned
in such a way that the laser beam propagates directly into the spectrometer. For detecting
harmonic orders greater than H17, we inserted two aluminum filters (thicknesses 0.3 and
0.8 µm) in order to block the fundamental light (Fig. 4.3).

4.2 Frequency Conversion in Water Microdroplets

For the experiments, the droplet-generating system was operated at a backing pressure
of 5 MPa. The piezo driver was not used, i.e. the jet was operated in the free-running
Rayleigh-Taylor instability regime. Under this conditions water droplets with diameters
of about 20µm were produced.

4.2.1 Laser-induced Plasma Radiation

The first results concentrate on the plasma that is created when a single intense laser
pulse interacts with the water droplets. Fig. 4.4 is a photographic picture of a water
droplet illuminated by different laser intensities. For the intermediate (center picture)
and high intensities (lower picture) a BG40 filter was used to suppress the fundamental
laser light. For very low intensity, only the unperturbed spherical droplet is visible, while
at increasingly higher intensities we observe bright light from the front face (towards the
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Figure 4.4: Photographic images of water droplets for irradiation with different laser intensities.
Laser pulses arrive from the right hand side as indicated. Intensity increases from top to bottom.
The top picture shows the unperturbed droplet. The center and bottom picture were taken through
a BG40 filter to remove contributions of the fundamental laser radiation. An increasing amount of
light is emitted from the laser input side of the droplet.
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Figure 4.5: Typical plasma emission spectrum observed in our experiments for short pump-drive
pulse delays. Literature values for emission lines of highly ionized oxygen (O4+, O5+) are plotted
underneath. The cutoff for frequencies below 17 nm is due to the absorption edge of the aluminum
filter. Signal at longer wavelengths is partly caused by the second diffraction order of the spec-
trometer grating. For better visibility, the detected first order signal has been manually converted
to second order (dotted line).

laser) of the droplet. Two possible explanations for this finding are: (1) Optical breakdown
and plasma mirroring of the fundamental laser radiation close to the front face of the
droplet or (2) plasma emission [292] from a backward directed emission plume of the
droplet similar to the one reported in [293].

Fig. 4.5 shows a measured soft x-ray spectrum for the case of a single laser pulse in-
teracting with the microdroplets. Employing the spectrometer MC2, strong plasma re-
combination light emitted from the droplets can be detected. Comparison with literature
values [294, 295] shows that the lines can be attributed to highly ionized oxygen (up to
O5+). The spectrum can only be observed for wavelengths longer than 17 nm, which is
the L edge of Al. In solid media, this plasma luminescence can generate very high photon
energies up to the hard x-ray region [296].

No high-harmonic emission for orders H17 and higher could be observed using a single
laser pulse. Switching to spectrometer MC1 without Al filters third harmonic emission
can faintly be observed. Single photon events of the fifth harmonic were recorded on
the photomultiplier about each 5000 laser shots. No harmonic signal for higher orders is
detected.

4.2.2 High-Harmonic Radiation

In a first approach, the Pockels cell of the regenerative amplifier was set to release two
pulses spaced by the round-trip time of the laser cavity, which is 10 ns. The material dis-
persion corresponding to an additional round-trip of the second pulse results in an increase
of its pulse duration to∼300 fs and a frequency upchirp. The spectral emission recorded
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Figure 4.6: Lower-order harmonic emission spectra detected for droplets interacting with a double
pulse (see text). Harmonics from order H3 (a) via H5 and H7 (b) up to H9 and H11 (c) can
be detected with decreasing emission strengths. The signal close to the sixth harmonic can be
attributed to a strong plasma line.

from the interaction of laser light with the droplets changes dramatically when the laser
pulse energy is distributed between these two pulses. By switching from single pulse to
this double pulse operation mode a large increase (by about three orders of magnitude)
in harmonic generation efficiency could be observed for the third and the fifth harmonic.
Harmonic emission spectra for lower orders (H3-H11) acquired using MC1 are shown in
Fig. 4.6.

In order to obtain a deeper insight into the droplet dynamics, a delay stage was set up
in order to control the time delay between pump and driver pulse. For these pump-drive
experiments, a noncollinear excitation geometry is employed. The pump laser pulse does
not enter the spectrometer directly, while the driver one does. XUV emission charac-
teristics from the water droplets change qualitatively at a certain delay time (∼650 ps),
which is shown in Fig. 4.7. At early times, only plasma emission can be observed (in
second diffraction order) while at later times high-harmonic generation is present almost
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Figure 4.7: Transient XUV-emission spectrum acquired in the pump-drive experiment. A tran-
sition occurs at∼650 ps from a regime where only plasma luminescence is detected (in second
diffraction order) into a different one with high-harmonic generation being the dominant contribu-
tion to the spectrum.

exclusively. At a time delay of∼650 ps, a rapid transition occurs leading to inhibition of
plasma emission and promotion of high-harmonic generation.

The highest harmonic orders from water observed to date are shown in Fig. 4.8. They
were recorded for a time delay of∼1 ns with MC2 using the Al filters mentioned above.
Applying the driving pulse intensities of∼ 2× 1014W/cm2 in the cut-off law Eq. 2.10
yields a harmonic cutoff frequency (Ip(H2O)=12.6 eV) around the 33rd harmonic. This
can be regarded to be in accordance with the experimental position of the cutoff (∼27th
harmonic), in particular since the laser intensity corresponds to the value obtained when
focusing into vacuum. In the actual experiment, however, defocusing of the incoming
laser occurs due to plasma build-up.

4.2.3 Plasma–Harmonic Transition

The transition behavior observed in the pump–drive experiment can be explained as fol-
lows: I) The first pulse ionizes the water molecules creating a hot and dense plasma with
nearly solid state density. Dense plasmas are well known as efficient emitters of line
radiation. If the delay between the two pulses is small both pulses contribute evenly to
the heating of the plasma. II) The hot and dense plasma starts to expand immediately.
The second pulse interacts with a less dense plasma resulting in a reduced conversion
efficiency. Similar behavior has also been observed using Ar and Kr microdroplets. Mc-
Naughtet al. [286] have measured a decay time of the plasma emission of a few hun-
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Figure 4.8: Highest harmonics ever observed from water microdroplets in the cutoff region of the
spectrum acquired at a time delay of∼1 ns.

dreds of ps, which is in agreement with our observations. III) After 600 ps the estimated
molecular density results in an average distance between atoms that is greater than the
classically calculated excursion length of the electron during high-harmonic generation.
This gives the electrons the chance to return to their parent ion without colliding with
other molecules which would impair the generation of spatially and temporally coherent
high-harmonic radiation. Besides the single particle response propagation effects play a
major role in high-harmonic generation. Therefore a significant spatial and temporal dis-
tortion by the existing and newly generated plasma has to be considered. After∼1 ns the
plasma generated by the combined action of the two pulses is subcritical. This explains
why the increase in high-harmonic signal at a particular time delay coincides with the
decline of plasma line emission, since effective plasma heating by the second pulse rules
out its undisturbed propagation through the medium. Additionally, as long as the electron
density is too high, phase-matching between the high-harmonic radiation and the funda-
mental is not possible over significant length scales. The explanation is summarized in
Fig. 4.9.

4.3 Conclusion

The observation of high-harmonic radiation up to the 27th order in water microdroplets is
reported for the first time [297]. This can be achieved only for slightly expanded droplets,
whereas it is absent for laser interaction with unperturbed droplet targets. In the latter
case, only plasma luminescence from highly charged states of oxygen (up to O5+) can be
observed. These highly ionized oxygen ions have been reported in earlier studies on the
explosion of water clusters in intense light fields [298].

Depending on the delay of the driver pulse (generating harmonics) with respect to a pump
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Figure 4.9: Frequency conversion processes in microdroplets depend on the delay between the
pump and the driver pulse. The pump pulse creates a confined plasma region inside the droplet,
which expands and leads to explosive fragmentation of the droplet. For small pump-drive delay
times, the driver pulse thus interacts with a high-density clustered gas, which leads to effective
absorption of the laser pulse since the plasma can become critically dense (plasma frequency
equals laser frequency). All energy of the pulse is thus fed into the plasma, leading to effective
plasma luminescence. At later times in contrast, the droplet has expanded to a larger size, the
density is thus decreased and the critical plasma density cannot be reached. The laser pulse can
thus propagate through the droplet, generating high harmonics along the complete interaction
length.

pulse (expanding the droplet) a sharp transition can be observed from a regime (for short
time delays) where only plasma recombination light is emitted into another region (at
longer time delays) where high-harmonic generation takes place with negligible contribu-
tion of plasma emission.

Using the pump–drive setup it is possible to study high-harmonic generation in media
of particle densities spanning the entire range from liquid state down to gaseous density.
In order to push the conversion efficiency to the maximum, we must acquire knowledge
about which are the maximum tolerable particle densities. On the other hand, once limita-
tions to maximum density are encountered, the presented experimental environment will
serve as a versatile tool and testbed in finding ways to overcome these problems. These
studies will be the subject of future work.

This work is carried out in an effort to spur further research on the subject of
high-harmonic generation in extended and condensed-matter systems i.e. other than
monoatomic (rare gas) ones which are the ones currently routinely used. The latter can
be regarded as very well understood and almost optimally exploited. On the other hand,
large improvements in coherent soft x-ray generation efficiency are to be expected by
switching to molecular [281] or even more complex media.



Part III

Control of Harmonics
by Laser-Pulse Shaping

High-order harmonic generation, as the name implies, is a high-order nonlinear optical
process. This generally means that it depends on the electric fieldE(t) of the laser in a
highly nontrivial and complex fashion. In Section 2 we discussed the atomic dipole phase
as being dependent on the intensity of the laser. However, this is not the only way the pulse
shape enters the process. A plasma is generated by the action of the laser pulse, leading to
sudden changes in the refractive index of the medium. Therefore, any modification of the
shape of the laser pulse will naturally result in a different plasma build-up. Therefore, not
only the single atom response but also propagation effects like phase matching depend on
the laser pulse shape.

The first demonstration of control of high-harmonic generation by applying shaped laser
pulses has been published in 2000 by Bartelset al. [299]. They were able to observe
a significant increase of the conversion efficiency in high-harmonic generation when a
tailored laser pulse was used. The best laser pulse shape was not known beforehand but
had to be found experimentally. To that end, a computer algorithm had been implemented
that used the high-harmonic yield as a feedback from the experiment in order to iteratively
improve the shape of the driving laser pulse to most efficiently generate high harmonics.
These so-called closed loop algorithms—the most widely used are genetic algorithms
and evolutionary strategies—have been proposed in 1992 by Judson and Rabitz [300] as
a solution to a general problem in quantum control: How can we experimentally produce
the laser fields that direct a quantum system from its initial state|Ψ0〉 into its desired target
state|Ψt〉. After its first experimental implementations [301,302] the idea of closed-loop
control rapidly spread in the field of quantum control where the first application to high-
harmonic generation has been the above mentioned work.

In later studies, a theory was worked out which was able to describe some of the ex-
perimental results on controlled high-harmonic generation [123]. Any effect observed in
the experiment had been attributed only to the response of the single atom, neglecting
any propagation effects. The interference of different electron trajectories was found as
a reason for the controllability of the process. The atomic dipole phase associated with
each electronic trajectory is directly coupled to the time-dependent electric field, which
explains the observed enhancement if all electronic quantum paths are made to interfere
constructively. However, the theory is not able to account for the very high contrast ratio
observed in the experiment. It was always argued that harmonic generation is governed
not only by the single-atom response. The collective response of all emitters in the inter-
action region should also be considered.



118 CONTROL OFHARMONICS BY LASER-PULSE SHAPING

Very recently (2004) Reitzeet al. [218] presented new results on controlling high-
harmonic generation with shaped laser pulses. They concentrated on the spectral position
of the comb of harmonic lines in the plateau region. It was possible to shift the center
wavelength of a given harmonic in a certain range. Again, a genetic algorithm was used
to find the optimal laser pulse shape for a given target wavelength. An analysis of the
experimental results was also performed. The simulation in this case agreed with the
experiment only if propagation effects were included.

This part of the work provides additional information about the nature of harmonic control
by comparing the control of high-harmonic generation in two different generation geome-
tries: the jet and the hollow fiber. In addition, a variety of the control objectives studied
and achieved here differ significantly from earlier results in a most interesting way. All
of the above mentioned earlier works focused only on particular simple characteristics of
the high-harmonic generation process. The basic questions asked were about enhance-
ment, spectral line width and center wavelength. The very crucial question was never
raised: Is it possible to control thequalitative overall shapeof the high-harmonic spectral
response? Can we produce any coherent soft x-ray spectral distribution? A completely
new field of research could emerge from a positive answer to those questions [303]. The
field of quantum control was pushed forward in experiment by the application of fem-
tosecond pulse shaping techniques. By the use of the latter, experimentalists were able to
manipulate molecular or in general vibrational dynamics, which occurs on a time scale of
several femtoseconds. The pulse shaping technique is based on the manipulation of the
laser pulse spectrum. If we are able to do the same to a multi-eV broadband coherent soft
x-ray spectrum produced in high-harmonic generation, the emerging attosecond-duration
pulses are also temporally modified. It will be shown in this part, that we are indeed able
to control the spectral properties of the harmonic spectra in this qualitative sense relevant
for future experiments on quantum control of electron dynamics in the attosecond soft
x-ray regime.



Chapter 5

Coherent Soft X-Ray Spectral Shaping

Recent advances in femtosecond-laser technologies not only allow to follow atomic mo-
tion in real time but also to control molecular processes with tailored femtosecond-laser
pulses. With recent experiments proving the existence of soft x-ray light pulses of dura-
tions below a single femtosecond, science is about to enter a new field of ultrafast physics
devoted to the direct exploration of electronic motion. Since exploration and observa-
tion of processes in turn are accompanied with the desire and ability to control them, the
search for ways to manipulate the properties of these soft x-ray pulses is about to begin.

Femtosecond-laser pulse shaping plays an important role in the field of coherent con-
trol of molecular dynamics. Likewise one can expect soft x-ray pulse shaping to be a
very efficient tool in our efforts towards the control of electronic motion. However, a
direct transfer of pulse shaping techniques developed in the optical wavelength range
to the soft x-ray regime is not feasible. Existing devices either require spectral disper-
sion (e.g. liquid-crystal or acousto-optical spatial light modulators, deformable mirrors)
or extensive passage through material (acousto-optic programmable dispersive filter ‘Daz-
zler’ [304]) which precludes their applicability in the soft x-ray spectral range due to small
diffraction efficiencies for spectral dispersion and high absorption.

It would clearly be advantageous if one could circumvent the pulse shaping apparatus to
act onto the soft x-ray pulseafter its production. It appears more desirable to directly
generate a shaped soft x-ray pulse for instance by shaping the fundamental laser pulse
prior to the conversion process. In this chapter it will be demonstrated that it is possible to
control high-harmonic generation in a very general sense by shaping the ultrashort driving
laser pulse. The presented results demonstrate control of the overall shape of the high-
harmonic soft x-ray spectrum, beyond enhancement of the total harmonic yield which has
been the goal of earlier studies. It is possible to selectively generate certain extended parts
of the high-harmonic spectra while keeping the remaining part at low intensity. Single
harmonics at different wavelengths can be selectively generated with high contrast ratio. It
is also feasible to suppress single harmonic orders while neighboring ones are generated.
Due to the temporally coherent nature of the soft x-ray light produced in high-harmonic
generation, spectral shaping and engineering on the other hand means the ability to shape
the emerging trains of attosecond pulses, as will be shown below. These results thus
suggest an open road towards coherent control in the soft x-ray spectral range.
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This chapter is structered as follows: Section 5.1 gives a brief introduction into the field
of quantum control, lining out the most important ideas and developments. The closed-
loop concept is introduced. A description of evolutionary algorithms, in particular the one
used for the experiment, is given. The same section also summarizes past achievements
regarding control of high-harmonic generation. The experimental setup is then described
in Section 5.2 and a test of the closed-loop approach is carried out by maximizing the
amount of second-harmonic light created in a nonlinear crystal. Afterwards, Section 5.3
and Section 5.4 present and compare the results obtained for adaptive control of high-
harmonic generation in the gas jet and waveguide geometry, respectively.

5.1 Quantum Control

The idea of controlling quantum systems with laser light has been fascinating the scientific
community ever since the invention of the laser. Laser light is a unique source of power-
ful and coherent electromagnetic radiation. Coherence in the physical context generally
means that waves—for example the electromagnetic waves that constitute light—have a
fixed phase relation. A fixed phase relation at different times is called temporal coherence
whereas a fixed relative phase in space is called spatial coherence. Lasers are temporally
and spatially coherent, making them a perfect instrument in optics.

Coherence plays an important role in the dynamics of quantum systems. The evolution
of quantum mechanical systems is described by a wavefunction, which is the solution to
the time-dependent Schrödinger equation. As in the case of the laser and electromag-
netic waves, these “quantum waves” can also be characterized in terms of their coherence
properties. Different quantum states in an ensemble of equal quantum systems evolving
together in time can be in a given fixed phase relation with each other, which defines a
coherent superposition of quantum states.

Electromagnetic waves—light—are used to excite quantum systems, transferring elec-
tronic, vibrational and rotational population between different states. If the photon en-
ergy of the light matches the energy difference between two quantum states, these states
become coupled through the interaction with the laser. In this interaction of light with
matter, the coherence properties of the light source are directly transferred to the quantum
system. It is therefore obvious that the laser is the ideal light source to create coherent
states in quantum mechanics. Furthermore, due to the spatial coherence properties of the
laser, the emitted light can be focused to very high intensities. This enables us to defy one
counteracting mechanism: Spontaneous decay, which is a statistical process and therefore
destroys existing coherence.

The following is a brief outline of the history, fundamental principles and achievements in
the field of quantum control. Comprehensive reviews are available in the literature [305–
310].

Early experiments on the control of quantum systems with coherent light focused on the
selective cleavage of chemical bonds in molecules. Single frequency laser light tuned into
resonance with the vibrational frequency of the selected bond was expected to excite the
bound atoms into high-vibrational states, eventually leading to fragmentation [311–315].
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These experiments turned out to be little efficient, since it was basically always not the
selected bond but the weakest one that broke. This experimental evidence lead to the dis-
covery of the mechanism of intramolecular vibrational redistribution (IVR) [316–320]. In
brief, upon vibrational excitation of a particular molecular bond, the vibrational energy is
quickly redistributed over the whole molecule. The molecule is therefore only heated by
the interaction with the laser light. This phenomenon can be illustrated in a classical pic-
ture of coupled oscillators. If one of the oscillators is excited at its resonance frequency
the whole system of oscillators will start to dissipate the excitation energy and start to
move. The time scale of this dynamical rearrangement in molecules in the gas-phase is
on the order of tens of picoseconds. It is generally decreasing with an increase in the
number of degrees of freedom of the molecular system, making this approach of bond se-
lective photofragmentation not practicable. The laser light in this case only represents an
expensive oven. For that reason, different ideas had to be worked out to control quantum
dynamics with laser light.

Different general methods to exert control over quantum systems will now be addressed
in the following section. Afterwards, the experimental method of quantum control em-
ployed in the experiments of this work will be explained in more detail, which is called
closed-loop learning control. This technique can be reduced to a global optimum seek-
ing problem in a high-dimensional search space, for which the practical solution is the
application of evolutionary algorithms, which will be described in the final section.

5.1.1 Control Methods

As the application of single-frequency cw laser fields turned out to be ineffective, the nat-
ural consideration was to use multi-frequency light fields in a second approach to obtain
control over quantum systems. In the mid-1980s, three theories were developed that al-
low for the controlled transfer of quantum mechanical population by coherent light fields,
opening up the field of coherent control.

One idea was developed by Brumer and Shapiro [321, 322]. Two different phase-locked
frequencies of light couple the same electronic transition if for example one is the reso-
nant frequency whereas the other is an odd integer fraction of the resonance (multiphoton-
transition). Depending on the relative phase between these frequencies, population trans-
ferred from the lower to the upper final state by each of the light fields can interfere either
constructively or destructively in the final state, enabling us to control the population
transfer by tuning the relative phase.

A second idea was reported by Tannor, Kosloff and Rice [323,324], which was formulated
in the time domain. In a molecular system, a molecular wavepacket can be created on an
excited state by the interaction of a ground state molecule with an ultrashort laser pulse.
This wavepacket will start to propagate on the excited potential energy curve or surface.
A second ultrashort laser pulse can then be applied to the system at a particular time
at which the wavepacket passes the Franck-Condon window to the desired target state.
The “control knob” in this case is the temporal delay between the two pulses, as it was
the phase difference in the Brumer-Shapiro scheme discussed before. As we know from
Section 1.1, time and frequency are dual quantities, which are connected by the Fourier
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Figure 5.1: The technique of stimulated raman adiabatic passage (STIRAP). In aΛ-type level
system, population can be completely transferred from state|Ψ1〉 to |Ψ2〉 by two laser pulses
called pump and Stokes pulse. The pump pulse couples|Ψ1〉 with |Ψ3〉, whereas the Stokes pulse
couples|Ψ2〉 with |Ψ3〉. In order to completely transfer the population, these pulses have to be
applied in a counter-intuitive way, where the Stokes pulse is sent first, followed by the pump pulse.

transformation. It was mentioned in Section 1.1.2 that a temporal delay corresponds to
the slope of a linear spectral phase. In other words both schemes presented—although
they might be easier understood in different domains—are physically identical [325].

A third way of quantum control entangles the temporal and spectral aspect of the control
fields. If we consider a so calledΛ-type level system as shown in Fig. 5.1 (its name is
derived from the electronic transitions that are possible resembling the greek letterΛ)
two laser pulses can be applied to transfer population completely from the lowest state
|Ψ1〉 to the second lowest|Ψ2〉, without populating the intermediate high lying excited
state|Ψ3〉 at any time. The two fields coupling|Ψ1〉 with |Ψ3〉 and |Ψ2〉 with |Ψ3〉 are
called the pump and the Stokes pulse, respectively. Most interestingly, the two pulses have
to be switched on and off in a counter-intuitive way [326–328]: To completely transfer
population from|Ψ1〉 to |Ψ2〉, first of all the Stokes pulse has to be sent—coupling|Ψ2〉
with |Ψ3〉—followed by the pump pulse coupling|Ψ1〉with |Ψ3〉. This technique is called
stimulated Raman adiabatic passage (STIRAP).

It is always a single parameter in any of these three schemes which is varied in order to
exert control on the system. It is either a phase between two lasers of different frequencies,
a time delay of two pulses, frequency or intensity. Another experimental approach is the
variation of the chirp of the controlling laser pulse [23–28].

The idea to use arbitrarily shaped laser fields in the time or frequency domain—defined
by many parametersE(t) or Ẽ(ω)—came up together with the just presented methods
of single parameter control. As a first approach, a variational concept was used to find
optimal theoretical laser pulse shapes [323]. Shortly afterwards, a more general approach
was developed [329–331], where the optimal control fields could be calculated by an
iterative algorithm. These works laid the groundwork for the field of optimal control
theory (OCT).

5.1.2 Closed-Loop Learning Control

While OCT could calculate optimal control fields for a variety of quantum systems, it
remained a problem for experimentalists to apply these fields in the laboratory. This
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Figure 5.2: Illustration of closed-loop quantum control. The experiment is set up such that the
learning algorithm on a computer is able to program the laser-pulse shaper and read out the detector
to acquire the response of the quantum system to the particular laser pulse shape. It continuously
compares the response of the quantum system with a user-defined control objective. The learning
algorithm gradually adapts and modifies the laser pulse shapeE(t) such that it creates the measured
response in the quantum system that is closest to the objective. Typically a random pulse or a guess
from theory is used as the first pulse shape. It is important that the detected result is above the
noise level of detection.

can be readily understood for a couple of reasons: In general, OCT has to retreat tomodel
Hamiltonians in order to describe quantum systems. Thus it cannot calculate exact control
fields that account for any dynamical property of the real-world system. A second reason
is the experimental problem to precisely produce an arbitrary predefined control field in
the interaction region. In particular, experimental fluctuations due to instability of the
laser source can never be ruled out completely.

This problem of finding the optimal control field directly in the experiment was solved
by the famous idea of Judson and Rabitz of how to “Teach[ing] lasers to control
molecules” [300]. Their idea is very simple. Different pulse shapes are experimentally ap-
plied to a quantum system under study and the achievement of control is derived from the
measurement of an observable quantity. A search algorithm can now be used to optimize
the experimental parameters defining the pulse shape (settings of the pulse shaper) where
always the best performing laser pulses are stored and iteratively improved by variation
of parameters (see Fig. 5.2). For example, the control goal could be the maximization of
population transfer to an excited state. Fluorescence of this state would thus be an exper-
imental observable to judge the “performance” of a certain laser pulse shape in exerting
control. Throughout the course of the iterative search procedure—which can be carried
out on a computer that is connected to the pulse shaper and the fluorescence detector—the
fluorescence signal will continuously improve since better and better laser pulse shapes
are found. As can be seen in Fig. 5.2, the working principle of the control experiment is
reminiscent of a “closed loop”: The computer sets a laser pulse shape which is applied in
the experiment and the control result is fed back into the computer. The terms ‘closed-
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loop control’ or ‘feedback control’ are therefore often associated with these experiments.
As the computer iteratively “learns” the optimal pulse shape by adaptation to the user-
defined control goal, the terms ‘learning control’, ‘adaptive control’ and ‘optimal control’
are also used in practice.

It should be noted here that also ‘open-loop control’ has made significant progress, par-
ticularly pushed forward by Silberberg and coworkers [42, 332, 333]. In an open-loop
experiment, again a multiparameter control field (produced by a pulse shaper) is experi-
mentally applied. By introducing used-defined variations to the control field and monitor-
ing the control goal by measurement we can learn about the control mechanism. Here, the
achievement of the control goal is not used as a feedback as in the closed loop approach
but as a probe to evaluate our understanding of the process.

Many applications of these control techniques were reported in recent years, mainly for
the closed-loop approach. The first demonstrations of experimental control of photo-
chemistry by laser light were reported by Bardeenet al. [301] and Assionet al. [302].
The control goals achieved were the optimization of the excited state population of a dye
in solution and the control of photodissociation, respectively.

After these first demonstrations of feasibility, a variety of further applications was re-
ported. In closed-loop quantum control experiments it was now possible to realize the
old dream of selective bond cleavage in molecules [334, 335] by optimally shaped fem-
tosecond laser pulses. Control in atomic systems focused on the generation of arbitrary
Rydberg wave packets [336] and optimizing two photon transitions in atoms [337].

Selective population control is also achievable in molecules in solution [338], where it
has long been argued that complex solute–solvent interactions would possibly make these
systems difficult to control with light. In the solid phase it has been possible to control
semiconductor nonlinearities by optimizing differential transmission [339]. The energy
flow pathways in a complex biological system, the light-harvesting antenna complex used
in photosynthesis, could be controlled by using a closed-loop learning algorithm [340].
These latter experiments proved in particular that complexity of the quantum system does
not impair controllability.

Another experiment on control of photofragmentation explicitly focused on the under-
standing of experimental control laser fields with theoreticalab initio calculations [341].

Recently, the technique of polarization shaping of femtosecond laser pulses has been de-
veloped and experimentally applied. The first closed-loop optimization experiment with
polarization shaped laser pulses made particularly clear that a larger variety of quantum
pathways can now be addressed by the use of shaped laser light of arbitrary temporal
polarization [43]. A direct comparison to the results of an optimal linearly polarized
laser pulse showed a significant difference in the degree of control obtained, which was
much higher for the polarization shaped pulse (Appendix A). Polarization shaping has
also been used in an open-loop experiment to suppress the non-resonant background in
coherent anti-Stokes Raman spectroscopy (CARS) [42].

The control of polariton waves in crystals by using spatio-temporally shaped laser pulses
showed that not only the temporal coherence of a system could be manipulated but in
addition macroscopic spatial coherence can be induced [46].
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Interestingly, the application of closed-loop algorithms not only paved the way to the ex-
perimental feasibility of control in quantum systems but also laser engineering benefited
from closed loop techniques. By maximizing the amount of second-harmonic light pro-
duced in a nonlinear crystal, laser pulses could be compressed down to their bandwidth
limit [29,30,40,49,342–345]. The shortest pulse in the visible-to-infrared region of 3.4 fs
is actually produced by this method [3]. Not only the compression of laser pulses but also
the generation of arbitrary pulse shapes was shown to be possible by the application of a
closed-loop algorithm [346].

However, if we consider the results of closed-loop control of quantum systems, it often
remains obscure what the mechanism or controlled quantum path really is. Having at
hand the optimal laser pulse shape what can we really learn about the system? This is
commonly called the problem of inversion [347–350]. Some new ideas were recently
published how we could implement different algorithms in the experiment that would
not try to improve the achievement of a particular control goal but rather “improve our
understanding” of the system Hamiltonian [351,352].

There is a general benefit in closed-loop optimization experiments, even if the control
mechanism cannot immediately be identified. Two cases are conceivable: a) the con-
trolled target state (or a variety of controlled target states) can immediately be of use in
successive experiments or b) the quality of control opens the way to completely new ap-
plications. In the experiments on harmonic generation reported in this work, both of these
cases apply as will be shown.

5.1.3 History of Control of High-Harmonic Generation

The control of the enhancement and linewidth [299] in high-harmonic generation was
accomplished by application of closed-loop pulse shaping control. Recently it was shown,
that the spectral position of an extended comb of harmonics could be controlled in a broad
range of frequencies [218].

Applying closed-loop optimization in theory helped to identify the role of the intra-atomic
dipole phase in the control of the single atom response of high-harmonic generation [123,
353]. Constructive and destructive interference of different quantum paths contributing to
the production of certain harmonic orders was considered as the explanation to the results
on control published in [299, 353]. However, there has been ongoing argument about
whether the single atom response could be the only origin of control. As will be shown
by the results presented in this chapter and as has been observed in [218], the single-atom
response alone does not satisfactorily agree with the experimental results.

In another earlier theoretical work [354], different experimental parameters like the in-
tensity of the driving laser pulse, the gas pressure in the interaction region, the interaction
length and the position of the focus relative to the gas jet were optimized for various
control goals. Optimal sets of experimental parameters were obtained by a closed-loop
learning algorithm and also underlined the importance of spatial effects in the control of
the process.

Besides the given works using shaped laser pulses or other multi-parameter approaches,
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the control of high-harmonic generation has been the subject of a multitude of single-
parameter optimization studies in the past. As conversion efficiencies of infrared laser to
soft-x-ray light are very low, the most important control target has been the enhancement
of total harmonic flux. Besides post-production amplification schemes [355, 356], it was
early noticed that laser pulse duration is an important parameter in the optimization of
high-harmonic yield [357]. Short pulses are very efficient in the production of the cutoff-
harmonics whereas the photon number in the plateau harmonics scales about linearly with
the pulse duration.

When high harmonics are produced by the combined action of an intense infrared driver
pulse and a VUV pulse it could be shown in theory [255, 358] that the intensity of high-
harmonic radiation could be enhanced by several orders of magnitude for certain cases.
In both theories, an enhancement of ionization is responsible for the increase in high-
harmonic generation efficiency. As has been discussed in Part II, pump–drive schemes
can be used to increase the high-harmonic production efficiency by controlling the shape
of the electronic wavefunction in the ground state.

All these experiments and theories basically studied the single-particle response and tried
to find ways to optimize thetemporalcharacteristics of the driving fields. On the other
hand, since propagation effects are important in high-harmonic generation, many addi-
tional studies focused on thespatialoptimization of the process.

Counterpropagating light has been considered to control phase-matching for enhanced
high-harmonic efficiencies [359]. Only very low intensities of the counterpropagating
control field are needed. If truncated Bessel beams—produced by the output of hollow
fibers—are employed in the generation process the brightness of the produced radiation
could be optimized [142]. Careful selection of the length of the conversion medium has
been shown to lead to the highest conversion efficiencies in argon gas observed to date
(up to 3×10−5 for the 23rd harmonic) [240].

Besides enhancement of the total soft x-ray photon flux, some single-parameter control
approaches focused on the harmonic linewidth [128,360] and tunability [129,360] of the
high harmonic peaks. It could be shown that very narrow harmonic lines can be produced
by controlling the chirp of the fundamental pulses. This is because the intrinsic harmonic
chirp produced by the intensity-dependent atomic dipole phase (see Section 2.1.4) can be
compensated by the chirp of the laser pulse. In [360], a spectrally narrow, long laser pulse
has been employed to generate high-harmonic lines of very high spectral purity. Tuning
of the harmonic frequencies can be done either by changing the center wavelength of the
driving laser pulse [360] or again by varying its chirp [129].

Any of the given studies of control of high-harmonic generation only focused on specific
scalar spectral properties such as enhancement, harmonic linewidth or tunability. None of
the approaches so far has ever been asking the question whether it were possible to control
the overall spectral shape of the coherent soft x-ray spectra. With the results presented
at the end of this chapter, the positive answer to this question enables us to transfer the
concepts of adaptive control and pulse shaping over into the soft x-ray spectral region and
to the attosecond time scale.

Since the experiments on the control of high-harmonic generation reported here are of
the closed-loop type, it is important to explain the working principle of the global search
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algorithm used for the optimization experiment, which is an evolutionary algorithm.

5.1.4 Evolutionary Algorithm

In many problems of the mathematical sciences, the same general question appears: How
can we find the global maximum of some quantityF , written as

F = f (x1, . . . ,xn), (5.1)

which depends on a total ofn parametersx j , along with the set of parameters ¯x1, . . . , x̄n

that produces the maximum? In general, thex j are unbounded continuous parameters,
which makes it hard to find the global optimum. In particular, the functionf (x1, . . . ,xn)
often depends on thex j in nontrivial ways. In these cases, not even local maxima can
be analytically calculated by setting the partial derivatives∂/∂x j of f equal to zero. It
is then necessary to retreat to numeric, computer-based search algorithms, which often
suffer from one problem: to be trapped in a local maximum of the search space. For
example, the gradient-walk method will find a way from the starting position in then-
dimensional space(x1,0, . . . ,xn,0) to the maximum which is given by a “continuous up-
hill movement” determined by the direction of the gradient vector(∂ f/∂x1, . . . ,∂ f/∂xn).
This will lead us to the maximum, i.e. the point where the gradient vanishes, and stop at
this point which is one local maximum in the search space. The region of the search
space that is covered by the search routine is the path connecting the starting point with
the point of the local maximum and is thus a one-dimensional space. Since the search
space isn-dimensional, even a repeated application of the gradient walk would still not
sample a significant fraction of the whole space.

Evolutionary algorithms [361–363] are particularly well-suited for global maximum
search in a very high-dimensional search space. In principle, nature itself invented these
algorithms. Any individual creature on earth is characterized by a very large number
(which may as well be infinite) of parameters. Part of it is its genetic code and we will
restrict our discussion to this for the sake of simplicity. Also disregarding the fact of a
varying number of genes characterizing each creature, we just say that each individual
is fully characterized by a sequence ofn genes(x1, . . . ,xn). For a specific environment,
a creature containing a particular genetic sequence is best adapted, the environment thus
serves as the functionf (x1, . . . ,xn), giving higher and higher valuesF for individual crea-
tures that are increasingly well adapted to the particular environment. Evolution of life on
earth is thus a constant optimization procedure in thisn-dimensional search space. Na-
ture found a way to sample this large search space by the application of a few principles,
which also constitute the foundations of an evolutionary algorithm.

1. The principle of ‘survival of the fittest’. Different individual creatures have to com-
pete for natural resources and are thus adapted differently well to the environment.
The best adapted individuals will typically survive longer than others.

2. Genetic crossover. The currently best adapted individuals will produce more off-
spring than worse adapted ones. Since both parents could have been well adapted
for complementary genetic reasons, their offspring can inherit both of these quali-
ties.
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3. Mutation of genes. Since the search space would be limited by the parameters of
the initial population, statistical variation of genes allows to reach in principle any
point of then-dimensional space.

Iterative repetition of these principles leads to optimally adapted individuals in nature.
The implementation of these principles in a computer algorithm also increases the value
of F in any kind of opimization problem of the form of Eq. (5.1). After a number of
iterations, the algorithm will have converged to some value ofF , which can be considered
to be the global maximum of a large subset of the search space. Of course, also in the
case of evolutionary algorithms we are never sure whether we found the global maximum
of the complete search space.

A similar situation of a tremendously large search space arises in experiments on quantum
control with laser fields. In this case, we would like to steer the quantum system from its
initial state|Ψ(0)〉 into some defined target state|Ψt〉 by applying a suitably shaped laser
pulse with a temporal electric fieldE(t). The population of the target state|〈Ψt |Ψ(t)〉|2
can be regarded as the valueF which we seek to maximize. The evolution of the quantum
system is governed by the full Hamiltonian̂H(E(t)), which depends on the laser field
E(t):

|Ψ(t)〉= e−
i
h̄

∫ t
0 Ĥ(E(t))dt|Ψ(0)〉, (5.2)

Even if the Hamiltonian is known,F typically depends on the electric field in a highly
nontrivial way. Optimal control theory is devoted to calculate the optimal control fields
(maximizing the population of|Ψt〉) for given known Hamiltonians. In the experiment,
we often deal with quantum systems that are rather complex and exact representations of
the Hamiltonian are not available. High-harmonic generation adds the additional problem
of the propagation effects in the medium, which would require us to solve the Hamiltonian
of the single gas particle and the wave equation Eq. (1.56) in a self-consistent way, which
exceeds current capabilities. But even if a solution could be found, we would need to
experimentally generate the electric field which exactly reproduces the calculated one,
which can be difficult to do because of limitations of the laser system.

In practice, we therefore map the control experiment on an optimization problem of
the form given above in Eq. (5.1). Our laser pulse can approximately be described by
(E(t1), . . . ,E(tn)), the electric field atn specific times which are chosen close enough
to ensure good sampling. Alternatively we can describe it by the electric field versus
frequency(Ẽ(ω1), . . . , Ẽ(ωn)), which is usually the favorable representation since it is
directly accessible for pulse shaping in the experiment (see Section 1.1.4). On the other
hand, we can measure the population of the final state giving us access to the functionF .
For example, for the spectral optimization of high-harmonic generation, we are interested
in the high-frequency spectral electromagnetic response of the system, in other words, the
high-harmonic soft x-ray spectrum. This can simply be measured with a spectrometer.
Now we are again left with the problem of how to scan a large search space for optimal
solutions for theẼ(ω j) that produce a high value ofF . The deformable-mirror pulse
shaper employed in the experiments described herein can be used to control the spectral
phase of the laser pulse by applying voltages to the mirror electrodes. The deflection of
the mirror surface will lead to a modification of the spectral phase function and thus to
a change in the laser pulse shape. To apply the evolutionary optimization strategy, we
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Figure 5.3: Basic working principle of an evolutionary algorithm as the one used in the exper-
iment. Individuals (different laser pulse shapes) are characterized by their genetic code, i.e. the
voltage array applied to the deformable mirror. One generation consists of a pool of fifty individu-
als. Each of these pulses is applied in the experiment and the result obtained from a measurement
on the quantum system is converted into a scalar quantity called the fitnessF that is now associated
with each individual. The fitness is derived from the experiment in such a way that it increases the
closer the response from the quantum system matches a user-defined control objective. The fittest
individuals are then selected and the least fittest ones are removed from the pool. Improvement
of individuals follows the natural principles of reproduction by crossover (two individuals pass
complementary parts of their genes to the offspring as indicated) and mutation (genes are ran-
domly altered). Cloning is added to store the best laser pulse shapes. From a more natural point of
view, cloning can also be interpreted as surviving for a longer period. The improved individuals
are members of the next generation. Iteration of this closed loop strategy results in a continuous
increase of the fitness of the fittest individuals, hence, the control goal is approached.

characterize each laser pulse shape with the array of voltages(V1, . . . ,V19) applied to the
mirror electrodes. These arrays can be considered to be the genetic code of the individual
laser pulses. Our goal is to find the optimum value ofF . This is done by the following
strategy: An initial “population” (the first generation) ofmdifferent laser pulses is gener-
ated. These pulses are applied in the experiment and the value ofF is extracted for each of
the pulses. The best performing individual pulse shapes (the ones that produced the high-
estF values) are kept for the next generation (they survive). Also, the best performing
individuals produce new members of the next generation by crossover, which means that
these “offspring” individuals have a subset of genes from one parent and the complement
from the other parent. The remaining part of the next generation is filled up by mutants,
which are generated by random variation of one or more genes of high-F individuals. In
Fig. 5.3 the algorithm is shown in schematic form. Implementations of this algorithm
for optimization of femtosecond pulse shapes have first been reported by the group of
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Silberberg [30] and the group of Gerber in 1997 [29].

For the experiments on the control of the high-harmonic spectra, an evolutionary com-
puter algorithm as the one described above is used. For this specific application the
closed-loop optimization iteratively shapes the laser pulse with the deformable mirror
and the obtained spectrum is measured with the CCD camera. A fitness measureF for
each shaped laser pulse is derived from the HHG spectrumIHHG(ω). F is thus written as
a functional of the harmonic spectrum

F = f [IHHG(ω)]. (5.3)

The definition of this functional, which is called the fitness functional or simply fit-
ness function is crucial for the experiments. Achieving particular high-harmonic spectral
shapes were the control goals under study. The fitness function therefore must be defined
such that it becomes maximal for a certain spectral shape. In Fig. 5.4 the algorithm ap-
plied in the experiments is shown in principle. The fitness function shown in this example
is the one used to optimize the relative harmonic yield of one harmonic order with re-
spect to its spectral neighborhood. The harmonic spectrum is integrated over the range
of the selected harmonic order and the remaining part to yield the integral valuesA and
B, respectively. By defining the fitness function as the ratioF = A2/B the relative yield
A/B is favored. Also, for the same relative yield, a higher value of total signal in the
selected harmonic is favored, by writingA2 in the denumerator. The population size of
each generation is fifty for any optimization presented below. The algorithm is repeated
for a number of generations, until the fitness of the fittest individual has converged.

5.2 Closed-Loop Experimental Setup

5.2.1 Laser-Pulse Compression and Shaping

The setup used for the laser pulse-shaping experiments is shown in Fig. 5.5: The re-
generatively amplified Ti:sapphire laser system (Section 1.1.1) delivers pulses of 80 fs
duration, 800 nm center wavelength, 0.8 mJ energy at a 1 kHz repetition rate. These
pulses are focused with a 0.8 m focal length lens into a 0.6 m long hollow fiber with
an inner diameter of 250µm. In this argon-filled fiber the pulses are spectrally broad-
ened and then compressed with a pair of prisms. The self-phase-modulated spectrum
used for the experiments, recorded at the output of the argon filled hollow fiber at a gas
pressure of∼0.8 bar, is shown in Fig. 5.6 (solid line). The dotted line indicates the spec-
trum of the regeneratively amplified pulse prior to self-phase modulation. The spectrum
is thus significantly broadened and shows the typical shape of a self-phase modulated
pulse (compare Fig. 1.20).

The retroreflecting mirror in the prism compressor is the deformable membrane mirror,
as described in Section 1.1.4. Applying voltages to the nineteen linearly arranged con-
trol electrodes placed behind the membrane results in slight deformations of the mirror
surface. The spatial modulations translate into spectral phase modulations because the
impinging laser pulses are spectrally dispersed. A computer is used to control the high
voltage levels and thus the laser pulse shape.
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Figure 5.4: Specific algorithm used for the control of the harmonic spectral shape. The computer
is connected to the deformable mirror and the x-ray spectrometer. It is therefore able to produce
shaped laser pulses and also to acquire the high-harmonic spectrum produced by the application of
these pulses in the experiment. A fitness function is defined that maps the spectrum onto a scalar
quantity—the fitnessF . In this case, as an example, it is calculated by integrating over different
parts of the spectrum. The integrated yieldsA andB are used to define the fitness function asF =
A2/B in order to enhance a given harmonic order with respect to its neighbors. Shown is always
the fittest individual of each generation comprising a total number of fifty individuals. From
generation to generation the fitness increases by applying the evolutionary strategy, identifying
the magnitude of controllability of the high-harmonic spectral shape.

5.2.2 Second-harmonic Maximization

In order to check the versatility of the pulse shaping apparatus, initial tests on the
optimization of second-harmonic generation (SHG) in a nonlinear BBO crystal (Sec-
tion 1.2.3) were performed, described in detail in [364]. The SHG signal generated by
the laser pulses in the crystal was measured with a fast photodiode. A box-car signal
averager was used in order to convert the fast signal to a DC voltage for each laser shot,
which was read by the computer. The computer was thus able to control the pulse shape
and to immediately record the effect on SHG light simultaneously. An evolutionary algo-
rithm was now run on the computer to maximize the SHG signal. It can be easily shown
from Eq. (1.100) that the second harmonic signal is maximized for a fixed pulse energy if
the pulse duration is minimized. A more detailed analysis has been carried out in [178].
The value ofF in the optimization problem discussed above in Eq. (5.1) was now exper-
imentally given by the SHG yield. Fig. 5.7a (solid circles) shows an evolution of SHG
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Figure 5.5: Experimental pulse-shaping setup used for adaptive femtosecond laser-pulse com-
pression. The pulses are sent through an argon gas filled hollow core fiber in order to broaden the
spectrum. The prism compressor is used to eliminate the second order phase, resulting in pulse
compression. A deformable membrane mirror is used in order to minimize higher order spectral
phase contributions of the laser pulses, resulting in further decrease of the pulse duration. The
shortest pulses produce a maximum amount of second-harmonic emission by the focused laser
pulse in a nonlinear crystal. An evolutionary algorithm is run on the computer to generate the
laser pulse that maximizes the second-harmonic yield.
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Figure 5.6: Spectrum after self-phase modulation of 80 fs laser pulses in a hollow-core fiber filled
with argon gas (solid line). The dotted line shows the initial spectrum of the laser pulse at the
entrance of the hollow fiber.
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as a function of generation number where the prism insertion (closest distance between
apex of prism and beam center inside prism) was chosen such that SHG was maximal for
the relaxed mirror. The stability of the laser system during the optimization was continu-
ously monitored by applying zero voltage to all mirror electrodes once per generation and
recording the corresponding SHG signal which is shown in open diamonds in Fig. 5.7.
After evolutionary optimization, the SHG yield increased by∼20%. The evolution of
an optimization where the prism insertion was larger than optimal is shown in Fig. 5.7b.
As can be seen, the signal for the relaxed mirror (open diamonds) had dropped to∼60%
of the corresponding value in Fig. 5.7a. The SHG signal strength recovers the value of
∼1.2 after optimization which was the former result shown in Fig. 5.7a. Thus, the ad-
ditional dispersion introduced by the larger prism insertion could be compensated. The
actuator voltage settings applied to the mirror for the fittest individuals of each generation
are shown in Fig. 5.8a and 5.8b, corresponding to the optimizations shown in Fig. 5.7a
and 5.7b, respectively. The voltage value applied to the mirror electrodes is shown as a
function of actuator number and generation number. In the evolutionary algorithm, the
voltage values were initialized with random numbers, visible in the large fluctuations oc-
curring at small generation numbers. For each optimization, both the SHG signal and the
mirror actuator voltages finally converged to stationary values. As can be seen, the final
sets of mirror control voltages are different for Figs. 5.8a and b indicating the difference
in initial spectral phase of the laser pulses.

Optimal laser pulse shapes could not be measured at the time the experiments were per-
formed as measurement devices available at that time were limited to pulses of smaller
bandwidth (FWHM< 50 nm). For that reason a SPIDER (Section 1.1.5.3, Appendix B)
setup was built which allowed the characterization of the produced spectrally broadened
and temporally compressed laser pulses. The laser pulse shape—which can be regarded
as typical unmodulated laser pulse (prior to optimization) for the experiments described
below—is shown in Fig. 5.9.

5.3 Controlled Harmonic Generation in the Gas Jet

In the experiments on adaptive control of high-harmonic generation described in the fol-
lowing, both the free focusing and the waveguide geometry (see Section 2.2) were used.
The same pulsed valve as described in Section 3.2 was employed to provide gas pulses
at a 1 kHz repetition rate. All experiments were conducted in argon gas as conversion
medium. The backing pressure of the valve was set to 2 bar. After passing through the
compression fiber and the pulse shaping setup described above, the laser pulse was fo-
cused into the gas jet with a 0.3 m focal length lens (see Fig. 5.10). Careful alignment of
the jet with respect to the laser focus along the optical axis and both transverse axes was
carried out in order to manually optimize the high-harmonic output. The nozzle voltage
was chosen such that the density in the interaction region was high enough to efficienctly
generate high-harmonics. In order not to overheat the nozzle, water cooling was necessary
at all times during operation.
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Figure 5.8: Mirror actuator settings of fittest individual versus generation for the optimizations
shown in Fig. 5.7. The actuator voltage arrays in the first generation are randomly chosen. During
the run of the optimization experiment, the voltage array of the fittest individuals converges as
does the fitness value itself (compare Fig. 5.7). The difference in end results for (a) and (b) stems
from the difference in the residual spectral phase of the laser pulses to be compensated.
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Figure 5.10: Setup for the experiments on control of high-harmonic generation produced in the gas
jet. Self-phase modulated laser pulses are sent through the prism-compressor with the computer-
controlled deformable mirror for compression and shaping. Afterwards, they are focused into a
gas jet produced by a pulsed valve operating at the repetition rate of the pulsed laser (1 kHz). A
monochromator equipped with a charge-coupled-device (CCD) camera is used to acquire the high-
harmonic spectrum. The computer is used to run a closed-loop optimization with an evolutionary
algorithm.
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Figure 5.11: Optimization of the cut-off position of high-harmonic generation. Starting from a
given spectrum and choosing the fitness function according to the integral over the cut-off region
as indicated by the dashed lines, the evolutionary algorithm was able to shift the cut-off position
by several orders. The emission of higher orders is in fact obscured by the aluminum absorption
edge at 17 nm below which the light is absorbed.

5.3.1 Cut-off Extension

One major goal in high-harmonic generation is the generation of very high harmonic
orders. In particular, generating harmonics in the water window [147,219] is a challenging
endeavor. This is due to the fact that light in this wavelength region can be used to
effectively image biological material. It is called water window because water (oxygen)
is transparent at these frequencies whereas carbon, the building block of biomatter, is
absorbing. It is thus an interesting question whether adaptive pulse shaping allows us to
push the cut-off position to higher photon energies.

An aluminum filter of 0.8µm thickness was placed between the jet and the soft x-
ray spectrometer in order to separate the high-harmonic radiation (which is transmitted
through the filter) from the fundamental remainder. The spectrometer was aligned such
that the high-harmonic beam illuminated the entrance slit. The laser pulse energy after the
prism compressor was 0.28 mJ. The prism insertion (controlling quadratic phase, i.e. lin-
ear chirp) was chosen such that it maximized the high-harmonic output. Afterwards, the
optimization program was started on the computer.

The high-harmonic soft x-ray spectra before and after optimization on the cutoff-region
are shown in Fig. 5.11. The fitness functionF was defined to be the integral harmonic
emission in the cut-off region as indicated by the dashed lines in Fig. 5.11. The evolu-
tionary algorithm on the computer was programmed to maximize this fitness value. It is
clearly visible that not only the cut-off position shifted towards higher photon energies
but also the efficiency of lower harmonic orders increased. However, the increase is lim-
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ited to about a factor of two. These results can be immediately understood from the fact
that the mirror clears up higher-order spectral phase distortions in the laser pulse, which
the simple prism compressor (predominantly compensating linear chirp) cannot compen-
sate. This results in higher peak intensity of the laser pulses, leading to a higher harmonic
cut-off from formula Eq. (2.10). It is also well known that higher and higher intensity
at the same pulse energy leads to higher conversion efficiency also for the plateau har-
monics. Only recently was it shown that control and adaptive optimization of the spatial
focal shape [365] also leads to an extended plateau with higher cut-off photon energy in
high-harmonic generation.

5.3.2 Harmonic Selectivity?

A more interesting control objective is selective high-harmonic generation. Is it possi-
ble to enhance particular harmonic orders while at the same time suppressing (or at least
decreasing the intensity of) the neighboring orders? As is known in literature, this selec-
tivity is achievable in a waveguide geometry [299, 353], as will also be shown below in
this work. This selective emission of single harmonic orders is important for the applica-
tion of high-harmonics in spectroscopy applications, where a narrow-spectral-line source
(e.g. only one harmonic) is highly favorable to achieve good spectral resolution.

Another question arises: is the waveguide geometry responsible for the observable selec-
tivity in the generation process or can the same selectivity be achieved also in the free-
focusing geometry? To answer the question, again a closed loop optimization experiment
was performed. Prior to running the optimization algorithm, the harmonic spectrum was
manually optimized by adjusting the experimental parameters for fixed settings of the de-
formable mirror pulse shaper. The fitness function was now chosen such that a selective
excitation of a single harmonic order would increase it. The spectrum was divided into
two parts,A andB as indicated in Fig. 5.12. The fitness function used was defined as
F = A/(A+ B), the strength of the selected single harmonic relative to the intensity of
the spectral region containing three harmonic orders: the selected one and its two near-
est neighbors. After running the evolutionary algorithm on the computer, programmed
to maximize the fitnessF , the spectral shape changed only slightly. The relative spec-
tral emission strengths of the three harmonics included in the optimization did not change
qualitatively. The lowest harmonic order of the three decreased slightly more compared to
the two higher orders. Obviously, the selected harmonic could not be enhanced beyond the
intensity of its lower-order neighbor. The decrease of the overall spectral intensity is due
to the fact that the total harmonic strength was not included in the fitness function. In order
to achieve at least some improvement of the relative harmonic yield the search algorithm
thus found a solution exhibiting very low harmonic conversion efficiency. These results
demonstrate that the geometry of the waveguide is essential for the control of essential
spectral features like selective harmonic generation and qualitative spectral control.

It should be added that there are some spectral features of harmonic generation in the
focusing geometry which allow to be controlled by shaping the generating laser pulses.
Very recently, Reitzeet al. [218] published results on the selective shifting of the spectral
position of the comb of harmonics produced in a gas jet. Again a closed-loop optimization



5.4 CONTROLLED HARMONIC GENERATION IN THE WAVEGUIDE 139

15 20 25 30

0.0

0.2

0.4

0.6

0.8

1.0

sp
ec

tr
al

 in
te

ns
ity

 [a
rb

. u
.]

wavelength [nm]

 before optimization
 optimized×10

AB B

Figure 5.12: Is selective harmonic emission achievable in the free-focusing geometry? The har-
monic in regionAwas selected and maximized with respect to the total regionA+B. No significant
enhancement over the neighborhood can be observed, in contrast to the waveguide geometry. The
overall signal strength decreased as a consequence of not being included in the fitness function.

strategy was used. The fitness function was chosen such that it increased when a selected
harmonic order came closer to a target wavelength, specified by the experimenter. It could
be shown that a single harmonic was tunable over a wide range of wavelengths. This
finding has been attributed to the control of the plasma generation process during high-
harmonic generation. The fast buildup of a plasma created by the laser pulse can affect the
spectral features of the laser pulse itself. The refractive index (modified by the plasma)
thus changes on the time scale of the laser pulse. As has been discussed at the end of
Section 1.2, a rapidly changing refractive index causes spectral shifting of the laser pulse.
In the case of the plasma, the refractive index is steadily decreased (since recombination
occurs on a much longer time scale), leading to a blueshift of the spectrum [366–368].
Since plasma buildup directly depends on the laser pulse shape, the spectral blue-shift also
depends on the temporal shape of the laser pulse. This effect becomes visible in Fig. 5.11,
where the plateau harmonics around 25 nm exhibit different central wavelengths.

5.4 Controlled Harmonic Generation in the Waveguide

For the experiments in the waveguide geometry, the shaped laser pulses from the prism
compressor were focused onto the entrance of a second argon-filled hollow fiber with an
inner diameter of 140µm and a length of 0.1 m, where the high harmonics are generated.
Here, a focusing lens of 40 cm focal length was used, which explains the difference in
harmonic cut-off positions due to a reduced intensity compared to the jet case. The com-
plete setup is shown in Fig. 5.13. The fiber in which high-harmonic generation takes place
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Figure 5.13: Experimental setup for the spectral shaping experiments. Self-phase modulation in
an argon-filled hollow capillary and a prism compressor are used to shorten the laser pulses. Pulse
shaping is accomplished by a deformable membrane mirror as the retroreflector in the compressor.
The shaped pulses are focused into a second argon-filled capillary where high-harmonic generation
takes place. The spectrum of the resulting radiation is analyzed by an extreme-ultraviolet (XUV)
spectrometer equipped with an x-ray CCD camera. The computer is used to run a closed-loop
evolutionary algorithm, optimizing the harmonic spectral shape.

actually consists of three pieces, produced by breaking a single capillary and rejoining the
pieces on a v-shaped metal groove, ensuring line-up. A gap of∼ 0.2 mm between the fiber
pieces allows the gas to enter the capillary. Both end pieces (30 mm in length) are used
to separate the center piece (in which the gas pressure of∼ 0.1 bar is constant) from the
vacuum prevailing at the entrance and exit of the fiber. After leaving the fiber, the visible
laser pulse and the lower order harmonics are blocked by a 0.3µm thick aluminum fil-
ter. The transmitted soft x-ray radiation is then characterized with an extreme-ultraviolet
(XUV) spectrometer equipped with a backside-illuminated charge-coupled-device (CCD)
camera read out by the computer. A similar setup was used by Rundquistet al. [136] who
demonstrated phase-matched generation of high-harmonic radiation in a hollow fiber for
the first time.

The laser intensity in the hollow fiber is 2× 1014 W/cm2. For this intensity the cut-
off harmonic orderqc can be calculated from the simple scaling lawqch̄ω = 3.17Up +
Ip [105, 107] (see Section 2.1), whereω is the fundamental laser frequency,Up is the
ponderomotive potential which is directly proportional to the intensity, andIp is the ion-
ization potential. For the estimated peak intensity and argon as the nonlinear medium
(Ip = 15.8 eV) the harmonic cut-off is expected near the 29th order, which is in agree-
ment with the experimental findings.



5.4 CONTROLLED HARMONIC GENERATION IN THE WAVEGUIDE 141

5 10 15 20
0
5
10
15
20
25
30

generation

fit
ne

ss

 optimal
 unmodulated

A BB

sp
ec

tr
al

 in
te

ns
ity

 [a
rb

. u
.]

1.0

0.8

0.6

0.4

0.2

0.0

28 30 32 34 36 38 40 42 44
wavelength [nm]

Figure 5.14: Optimization of a single harmonic. The graph shows results for the optimization of
the 25th harmonic both absolute and relative to the neighboring orders (solid line: optimized result,
dashed line: initial spectrum (unmodulated laser pulse)). The fitness function to be maximized by
the evolutionary algorithm is defined asA2/B. During the run of the optimization experiment the
fitness increases (see inset). The soft x-ray spectra obtained for unmodulated (filled squares) and
optimal (open squares) laser pulses are presented.

5.4.1 Single-Harmonic Generation

First of all, enhancement of a particular harmonic with respect to the neighboring orders
is addressed in the experiment. A similar optimization strategy has already been imple-
mented by Bartels et al. [299,353]. In contrast to these earlier studies it can be shown that
several harmonics can be isolated. The results are summarized in Fig. 5.14 and Fig. 5.15.
For this optimization the spectrum was divided into two parts. Part A contained the spec-
tral range around the harmonic to be enhanced whereas part B consisted of the remaining
part of the spectrum measured with the CCD camera. The fitness functionF was then
chosen to beF = A2/B and implemented into the optimization algorithm, whereA andB
denote the integrated signal in parts A and B, respectively. This definition of the fitness
favors both the relative yield of the selected harmonic with respect to the neighboring
harmonic orders and also the absolute enhancement of the selected harmonic. Prior to
running the optimization algorithm, the total harmonic yield was maximized by adjust-
ing the prism compressor while applying the same voltage to all mirror electrodes. The
fitness of this reference pulse was calculated and was used as a measure for the stability
of the whole system. The course of the optimization experiment is depicted in the inset
of Fig. 5.14. The fitness of the fittest pulse shape for each generation increases while the
fitness of the reference laser pulse is nearly constant and stays at low levels. The harmonic
spectrum obtained with the reference pulse along with the optimized spectrum obtained
with the best laser pulse shape after 23 generations is presented in Fig. 5.14. The 25th
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Figure 5.15: Optimization of the harmonic yield of different selected single harmonics relative
to the adjacent orders for a range of harmonics. It is possible to achieve quasi-monochromatic
tunable harmonic emission. This can be used as a unique tool for high-resolution femtosecond
pump-probe photoelectron spectroscopy.

harmonic order has gained a factor of four in amplitude compared to the reference case.
As intended only the 25th harmonic is selectively enhanced and the adjacent harmonics
are less intense by a factor of three. To demonstrate that the same approach does not
only work for a certain harmonic, selectively enhanced harmonics of the orders 21 to 25
are presented (Fig. 5.15). It is thus possible to create tunable narrow line emission in
the soft x-ray spectral range. Since the duration of the high-harmonic pulses is always
shorter than the generating laser pulse, this tunable radiation can for instance be applied
for femtosecond time-resolved spectroscopy in the soft x-ray range.

5.4.2 Selective High-Harmonic Generation

The crucial question for coherent control in the soft x-ray region arises: Can we achieve
a more comprehensive control over the coherent HHG spectrum, enabling us to engineer
the spectral properties and possibly temporal evolution of the emerging sub-femtosecond
pulses or pulse trains? It is now shown that this is indeed possible. As a next step selective
enhancement of coherent soft x-ray radiation over a wide spectral range is demonstrated.
The spectrum is divided into two parts containing three to four harmonic orders each.
The optimization goal was the suppression of the signal in one part while maximizing
it in the other part. The applied fitness functions in these cases were (a):F = B−A
and (b): F = A−B, whereA and B in this case denote the harmonic yield integrated
over higher (H25-H31) and lower (H19, H23) harmonic orders, respectively. In Fig. 5.16
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the corresponding results are shown. While selective generation of the lower-order part of
the spectrum can be readily understood by considering reduced peak intensity in a chirped
generating pulse, it is not clear yet what causes the enhancement of higher orders while
simultaneously suppressing lower order harmonics almost completely.

Mairesseet al. [164] recently measured the sub-optical-cycle timing of the attosecond
pulse with respect to the carrier wave of the femtosecond driver pulse in high-harmonic
generation. The possibility to shift the harmonic spectral emission enables the produc-
tion of sub-femtosecond pulses at defined times relative to the carrier wave with attosec-
ond precision. This is particularly important for laser–soft-x-ray cross-correlation experi-
ments. Moreover, the selective generation of a part of the harmonic spectrum is a possible
solution to single out the spectral region, where the harmonics have a fixed relative phase,
resulting in a train of identical attosecond pulses. In addition it is now feasible to easily
tune the frequency of the attosecond pulses produced in high-harmonic generation. At the
moment, this is not easily possible as the selection and isolation of certain spectral regions
has to be done by multilayer mirrors [170, 171]. These mirrors exhibit a fixed spectrally
narrow region, where the reflectivity is optimized.

Apart from these important technological implications of the spectral engineering tech-
nique, the following section will demonstrate the versatility of harmonic control going
beyond spectral shifting and enhancement to produce unprecedented high harmonic spec-
tra.

5.4.3 Suppression of Single Plateau Harmonics

The level of control over the process of harmonic generation becomes evident in spectra
where one or two harmonics in the plateau region are suppressed as shown in Fig. 5.17.
Fig. 5.17a shows the typical harmonic spectrum after adjusting the prism compressor and
the pressure in the hollow fiber to maximize the total soft x-ray yield. Under this con-
dition equally intense harmonics are observed implying that the displayed range lies in
the plateau. Fig. 5.17b and c display the spectra after running the adaptive closed-loop
optimization with the goal to suppress one and two adjacent harmonics, respectively. The
selected harmonic orders were “switched off” while neighboring peaks are still present.
This is the first demonstration of the suppression of a selected number of plateau harmon-
ics.

Full control over the shape of the soft x-ray spectrum has a major impact on energy-
resolved spectroscopy and can also pave the way to control electron dynamics. Suppress-
ing one or two harmonics effectively produces a bimodal spectral distribution, with a
mode spacing of approximately seven times the fundamental frequency. This results in a
sub-half-cycle beating in the temporal response with a period of about one seventh of the
optical period. This consideration only demonstrates the potential of this technique for
extending pulse shaping into the attosecond regime.
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Figure 5.16: Selective enhancement of high-harmonic generation. (a) Optimization of the low
frequency spectral part while simultaneously reducing the high frequency part and vice versa (b).
The ability to control wide spectral ranges of harmonic emission allows for the generation of
frequency-tunable attosecond pulses. In addition, selecting suitable spectral ranges allows for
sub-optical-cycle timing of the attosecond pulse with respect to the carrier wave (see text).
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Figure 5.17: Suppression of harmonics while generating adjacent ones at about ten times higher
efficiency. (a) Typical harmonic emission in the plateau region, (b) one suppressed harmonic order,
(c) two suppressed harmonic orders. The high degree of controllability of soft-x-ray spectral shape
over a large range of photon energies (∼10 eV) implies major modifications of the corresponding
temporal shape on a sub-femtosecond time scale.
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5.4.4 Simulation and Discussion

To shed light onto the physical processes responsible for the observed spectral modifica-
tions the experiments presented were repeated on the computer. The simulation was based
on a numerical integration of the one-dimensional Schrödinger equation in an arbitrarily
shaped laser field. The HHG spectra are obtained by Fourier transformation of the time-
dependent expectation value of the electric dipole acceleration [131]. This simple model
only describes the single atom response without considering propagation effects. It was
implemented into the same evolutionary algorithm as the one used in the experiment. In
analogy to the experimental setup, phase-shaped laser pulses were generated by defining
the spectral phase at fourteen positions sampling the entire laser spectrum. The fitness
functions were calculated in the same way as in the experiment. With this simulation
both maximization and minimization of the 25th harmonic order relative to the neighbor-
ing harmonics could be demonstrated (Fig. 5.18). However, the relative enhancement or
suppression with respect to the neighboring harmonics is not as significant as observed
in the experiment. This is most clearly visible for the selective minimization of the 25th
harmonic order (H25) shown in Fig. 5.18c and d. While it was experimentally possible
to decrease the H25 yield to a ratio of about 1:5 compared to the yield of each near-
est neighbor (H23, H27), the optimized single-atom-response result was only 1:2. This
finding is consistent with other simulation results [123] and points to the importance of
considering both the single-atom responseandpropagation effects for efficient control of
high-harmonic generation. In the experiments on selective high-harmonic generation in
the atomic jet it was not possible to control the soft x-ray spectral emission in the way de-
scribed above. This provides additional evidence that the guided geometry of the waveg-
uide is important to control also the spatial properties of the laser. Whereas in the gas jet
any spatial modification of the laser focus is only present over a very small distance, the
capillary waveguide allows to sustain and apply this change over an extended interaction
length. In agreement with previous work, the simulation shows that fundamental pulse
shapes are only slightly different for harmonic spectra that differ substantially. A compar-
ison of the pulse shape obtained in our simulations with the experimental results was not
carried out because the subtle structure of the spatial pulse shape at the entrance of the
hollow fiber cannot be measured. Before and during the process of HHG the laser pulses
experience a substantial spatial and temporal reshaping making a quantitative comparison
with theoretical results meaningless.

5.5 Conclusion

Adaptive control of high-harmonic generation was presented for two scenarios, the free-
space focusing and the waveguide geometry. For the case of focusing into a jet it was
possible to enhance the high-harmonic yield in the cut-off region by about a factor of two.
The cut-off could be shifted to higher photon energies. However, it was not possible to
selectively enhance a single harmonic relative to its neighboring orders. In the waveguide
geometry on the other hand, selective generation of single harmonics was feasible at high
contrast ratios. Single harmonics at different photon energies in the plateau region could
be selectively generated. In addition, extended parts of the harmonic spectrum comprising
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Figure 5.18: Comparison of simulation (a,c) and experimental (b,d) results for selective maxi-
mization (a,b) and minimization (c,d) of the yieldA of the 25th harmonic order with respect to
the total yieldB of the surrounding harmonic orders. The fitness function was defined asA2/B
for the maximization andB2/A for the minimization. The simulation based on the single-atom
response alone was not able to reproduce the contrast ratio between optimized 25th order (H25)
and neighboring harmonics (H21, H23, H27, and H29). The origin of the observed controllability
thus goes beyond the single-atom response, indicating the importance of propagation effects. For
better visibility, the simulated harmonic spectrum shows the harmonic spectral intensity integrated
over equally large spectral regions centered at the indicated harmonic orders.

a defined number of multiple harmonic orders could be selected to contribute to the soft
x-ray emission while at the same time impairing harmonic generation at adjacent orders.
Moreover, harmonic orders in the harmonic plateau region could be “switched off”. It is
thus possible to use femtosecond pulse shaping to generate user-defined coherent spectral
emission in the soft x-ray region.

Two important conclusions can be drawn from the results presented in this chapter. The
success of selective control in the waveguide geometry and failure in the focusing geome-
try indicates the importance of propagation effects for the control of the harmonic gener-
ation process. Secondly, the variety of coherent soft x-ray spectral shapes opens the door
to a number of new scientific perspectives. In order to excite and manipulate electrons
in tightly bound states of atoms and molecules we typically need to provide soft x-ray
photons. Electronic dynamics in these states proceeds on the time-scale of attoseconds.
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High-harmonic generation produces soft x-ray light that is emitted in attosecond bunches
and is therefore ideally suited for the monitoring of electronic dynamics. It is now possi-
ble to control and engineer the high-harmonic spectrum of coherent soft x-rays spanning
more than 10 eV bandwidth by shaping the driving laser pulses [303]. Controlling the
high-harmonic generation process in the presented qualitative fashion supplies shaped
coherent soft x-ray light fields that can be used not only to monitor but to actively control
electronic dynamics. Another application is shaping of the attosecond pulses emerging
from the process. These mentioned applications of the here presented method of coherent
soft x-ray spectral shaping are addressed in the following part of this work.



Part IV

Adaptive Control in the Soft X-Ray
Region

Having at hand the results of the previous part one could ask: What new insights did we
gain from the experiments on the optimization of qualitative coherent soft x-ray spectral
shape? It was not possible to identify a new control mechanism besides the ones that were
already extensively discussed in the literature before: single-atom response and propaga-
tion control. However, even without further insight into the mechanism of control, the
very possibility to perform spectral modifications as the ones presented opens the door to
a variety of new applications and perspectives.

It is now possible to control the spectral characteristics of coherent soft x-ray radiation
to generate almost arbitrary spectral modifications. The first experimental demonstration
of soft x-ray spectral amplitude shaping over extended spectral regions has been demon-
strated. By virtue of the dual representation of light in the frequency and time domain
(see Section 1.1.2), this finding points towards the feasibility to perform attosecond pulse
shaping, as will be discussed in detail in this part. The availability of tailored soft x-ray
light has important consequences for the field of optimal control of quantum dynamics.
It has become a common technique to shape femtosecond infrared to visible laser pulses
in order to control molecular dynamics. The magnitude of attainable control is hereby
always limited by the timescale dictated by the bandwidth of the laser pulse. For that rea-
son, the motion of heavy nuclei in molecules or crystal lattices is a target of many control
experiments. The much lighter electrons could so far only be controlled for slowly vary-
ing Rydberg superposition states of atoms. To control electronic dynamics in the ground
state or even core states of atomic or molecular systems, shaped coherent soft x-ray light
fields on the natural time and frequency scale of electronic dynamics have to be available.
As will be shown here, the technique developed in the previous part can be employed for
these kinds of applications.

This part contains two chapters that point out the two fundamentally new applications of
the technique of soft x-ray spectral shaping. Chapter 6 shows how the newly introduced
flexible soft x-ray source can be used in order to control branching ratios of a photodis-
sociation reaction of molecules in the gas phase. Again, a closed-loop optimization ex-
periment is carried out in order to demonstrate the feasibility of optimal control in this
hitherto unexplored spectral region. Chapter 7 discusses the temporal aspects of spectral
soft x-ray shaping for the control of the attosecond pulse shape.
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Chapter 6

Selective Photochemistry with Shaped
Soft X-Rays

The control of chemical reactions is a central topic of optimal quantum control. It has
always been a dream of chemists and physicists to use laser light in order to steer chem-
ical reactions towards desired targets. As has been discussed in the previous part of this
work, in particular the idea of closed loop quantum control [300] has been a major break-
through [301, 302] in the field. For these early experiments, shaped 800 nm laser pulses
were used. Transfer of pulse shaping techniques into the visible [369], MIR [370] and
UV [47] (down to 200 nm) wavelength range has already been achieved in the past and is
available for control experiments.

With the technique of coherent soft x-ray engineering introduced in the last part of this
work it becomes possible for the first time to do closed loop learning control experiments
in the soft x-ray spectral range. The experimental setup presented in the previous chapter
was modified to apply the shaped soft x-ray light to a molecular sample (Section 6.1).
The branching ratios of a photodissociation reaction of sulfur hexafluoride (SF6) are con-
trolled by adaptive soft x-ray spectral shaping (Section 6.2). This chapter is devoted to
the demonstration of the principle technical versatility of the adaptive coherent soft x-
ray source for this type of experiments, regardless of the physical process at work. The
particular experiment presented here only serves as a prototype example. Many more ap-
plications that directly observe the electronic dynamics are expected to follow up on the
herein developed technological advance in the future.

6.1 Experimental Setup

For the application of the variably shaped high-harmonic spectral emission to some target
system, the gas jet produced with the 1 kHz pulsed nozzle (Section 3.2) was again em-
ployed. It was located after the capillary used for the generation of the harmonics (see
Fig. 6.1), which was described in Chapter 5. A linear time-of-flight (TOF) mass spec-
trometer of the Wiley-McLaren type [371] was used in order to detect positively charged
ions produced by the high-harmonic pulses. This mass spectrometer used for the exper-



152 SELECTIVE PHOTOCHEMISTRY WITH SHAPED SOFT X-RAYS

shaped fs laser pulse

capillary

argon

shaped
XUV-pulse

evolution

fit
ne

ss

XUV
spectrometer

SF6 gas jet

time-of-flight
mass spectrometer

Figure 6.1: Setup for the experiments on adaptive control of photochemistry by high-harmonic
spectral engineering. The high-harmonic radiation output from the capillary is used to induce
dissociative ionization in SF6 gas. The fragments are detected with a linear time-of-flight mass
spectrometer. The spectral shape of the soft x-ray pulses can be measured in parallel, since only a
small fraction of the harmonic light is absorbed by the gas.

iments is described in detail elsewhere [372]. In brief, the mass of an ionic particle is
deduced from the time it takes it—accelerated by constant electric fields—to reach the
detector. This time of flightt can then be readily converted into the particle massm by
the quadratic relation

m= aZ(t− t0)2, (6.1)

whereZ is the charge of the ion,t0 is the time at which the laser pulse interacts with the
target, anda is a factor containing the accelerating electric fields and the geometry of
the spectrometer. All experiments presented here were conducted in sulfur hexafluoride
(SF6). A backing pressure of 2 bar was used behind the nozzle. The high-voltage control-
ling the opening of the pulsed nozzle was chosen such that the pressure in the chamber
was at 2×10−5 mbar. The pressure was limited to this order of magnitude by the max-
imum tolerable pressure of the microsphere-plate detector (MSP, manufacturer: El-Mul
Technologies) installed in the TOF mass spectrometer. The nozzle was aligned relative to
the harmonic beam in order to maximize the ion signal from the mass spectrometer.

The laser pulse energy was 0.29 mJ after the prism compressor. Again, the prism compres-
sor was manually optimized for maximum high-harmonic efficiency, resulting in highest
ion count rates. The pressure in the capillary used for high-harmonic generation was set
to 0.1 bar. Due to the setup geometry (see Fig. 6.1), the harmonic-beam traversed the
molecular SF6 cloud produced by the nozzle and could be analyzed by the soft-x-ray
spectrometer. Since the beam is only negligibly absorbed in the jet due to the low gas
density, this setup is capable of recording the ionic mass spectra and the photon-energy
spectra at the same time. This gives the opportunity to compare qualitative changes in the
mass spectra—e.g. the changing branching ratios—directly to changes in the soft-x-ray
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Figure 6.2: Time-of-flight (TOF) cation mass spectra of SF6 after interaction with high-harmonic
light from the capillary. (a): ion signal versus time of flight, (b): ion-signal versus fragment mass.
The molecule undergoes fragmentation, where a number of F atoms are detached. The parent ion
SF+

6 at a mass of 146 amu is not observed. A characteristic distribution of peak heights for the
fragments is recorded where SF+

5 and SF+3 are the most abundant species. Other fragments are
about equally abundant.

spectra of the light.

6.2 Optimal Control of Soft X-Ray Photofragmentation
in SF6

The earliest experiments to demonstrate selectivity in chemical reactions by applying
shaped light fields focused on photofragmentation [302, 334, 373]. This is because of
the experimental simplicity to prepare the system and to detect the products. In gas-phase
photochemistry, the detection of ionic fragments is particularly simple. A time-of-flight
mass spectrometer as the one described above is ideally suited to serve as a detector for
the product ions.

Sulfur hexafluoride (SF6) is an interesting, well-known system for the study of photofrag-
mentation. When this molecule interacts with light in the soft x-ray spectral region (Ion-
ization potentialIp = 15.32 eV), different positively charged ionic fragments are pro-
duced. This can be explained by dissociative photoionization [374–377], which is the
dominant fragmentation process in the soft x-ray range for many molecules. It means
that electrons are transferred to high-lying excited states by the high-energy photons. The
ionic potential energy curve versus internuclear distance can be repulsive for a particu-
lar bond, which leads to dissociation. One or more fluorine atoms can be detached. In
Fig. 6.2 a typical time-of-flight mass-spectrum is shown for excitation with high-harmonic
light. No aluminum filter was used for this recording to obtain a high count rate. This
implies that both the fundamental and lower harmonic orders were present in the interac-
tion region. However, it was verified that the spectrum vanished when the HHG-capillary
was evacuated and therefore no harmonic radiation was produced. Thus, the fundamental
laser alone could not be responsible for the fragmentation process. In order to rule out
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Figure 6.3: Control of the branching ratio of SF6 photofragmentation by shaped soft x-ray light.
The two most dominant fragmentation channels SF+

5 and SF+3 as well as the ratio of SF+4 versus
SF+

2 were optimized. Both minimization and maximization of product ratios as compared to an
unmodulated reference harmonic emission were achieved.

modifications of the lower harmonic orders, the experiments on soft x-ray optimal control
of photofragmentation described below were carried out with an aluminum filter between
the capillary exit and the SF6 gas jet. The relative weights of the mass peaks were not
much different in both cases (see below). The presented results concentrate on the two
most dominant fragmentation channels, SF+

5 and SF+3 . The relative yield of ions was used
as fitness function

F =
y
(
SF+

5

)
y
(
SF+

3

) , (6.2)

wherey
(
SF+

n

)
is written for the ion yield of SF+n ions detected with the TOF mass spec-

trometer.

An aluminum filter of 0.3µm thickness was used between the HHG-capillary and the SF6
jet in order to ensure interaction of SF6 molecules only with the soft x-ray light transmitted
through the filter (see Fig. 4.3). The branching ratio, i.e. the value of the fitness function
F was recorded by the computer. The evolutionary algorithm was now programmed to
perform a maximization and afterwards a minimization of the product ratio. The results
of these experiments are summarized in Fig. 6.3. The relative product yields could be
maximized and minimized by 25% with respect to the reference yield obtained for the
unmodulated spectrum prior to optimization. The soft x-ray spectra recorded for the case
of maximization and minimization of the ion yield, along with the spectrum before opti-
mization are presented in Fig. 6.4. As the aluminum filter was used, the recorded spectra
contain the full spectral intensity information about the light used in the experiment. The
spectrum before optimization (unmodulated spectrum) is typical for phase-matched har-
monic generation in a capillary. For the maximization case, a pronounced shift (of the
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Figure 6.4: Soft x-ray spectra of shaped harmonic emission to optimize photofragmentation of
SF6. Optimal harmonic spectra are shown that maximize (dotted lines) or minimize (dashed lines)
the two branching ratios SF+

5 versus SF+3 (a) and SF+4 versus SF+2 (b). The unmodulated reference
harmonic spectrum before optimization is also given for comparison.

spectral mean) towards lower frequencies is visible. In contrast, the minimization leads
to a spectral distribution which is shifted towards higher soft x-ray photon energies. Ad-
ditionally, both optimized spectra exhibit the same amount of blueshift of the harmonic
peaks with respect to the unmodulated spectrum. The substructure of some harmonic
peaks is also modified in the results that correspond to different optimization goals.

The complete mass spectra acquired for the interaction with different soft x-ray spectra
(the unmodulated and the optimized ones) are shown in Fig. 6.5 for the optimization re-
sults on SF+5 versus SF+3 . The spectra are normalized to the integral ion yield of the total
SF+

3 peak area, which makes it easier to observe the change in branching ratio by compar-
ing the different yields of the SF+5 peak. The shifting of the peaks is indicative of a differ-
ence in fragmentation dynamics. In dissociative ionization, the fragments are produced at
different kinetic energies, depending on the particular high-lying excited electronic states
populated by the soft x-ray light. Not only the energy can be different but there can also
be an angular dependence of ionization with respect to the polarization direction of the
linearly polarized high-harmonic light. It is known from earlier studies [375, 376] that a
pronounced anisotropy of the fragmentation process of SF6 prevails for exciting photon
energies in the range of interest here. Further investigations are necessary to fully under-
stand the details of the photofragmentation process in the soft x-ray spectral region for
the interaction with shaped coherent harmonic light.

The same experiment was repeated for the branching ratio between two different
photofragment ions, namely SF+

4 versus SF+2 . The fitness function used here was defined
as

F =
y
(
SF+

4

)
y
(
SF+

2

) . (6.3)

The results of the maximization and minimization are also shown in Fig. 6.3. The branch-
ing ratio of SF+4 versus SF+2 ion yields turns out to be more rigid and cannot be changed to
the same degree as the ratio of SF+

5 versus SF+3 in this control experiment. Maximization
resulted in an increase of the ratio by 15%, whereas minimization by 10% was achieved.
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Figure 6.5: Time-of-flight mass spectra for the interaction of SF6 with tailored high-harmonic
spectral emission for the case of maximization and minimization of the SF+

5 versus SF+3 branching
ratio. The two mass-spectra are normalized to the integral ion yield of the SF+

3 peak area to
visualize the relative changes on the SF+

5 peak. The changing fine structure of the peaks indicates
differences in the fragmentation dynamics. (b) is an enlarged view of (a) in the region of interest.

It is important to note that the short- and long-term stability of the shaped coherent soft-
x-ray light from the high-harmonic generation process is high enough to allow the evolu-
tionary algorithm to find an optimal set of control parameters even although the branching
ratio can only be slightly changed. This demonstrates the technical versatility of the pre-
sented method to perform in principle any optimal control experiment in the soft-x-ray
spectral region.

The soft-x-ray spectra for the closed-loop optimization experiment on the branching ratio
of SF+

4 versus SF+2 are shown in Fig. 6.4b. As in the case of SF+
5 /SF+

3 before, the optimal
soft-x-ray spectra are different for maximization or minimization of the product branch-
ing ratios. Compared to the unmodulated spectrum (which is slightly different than in the
previous optimization due to long term environmental drifts in the experiment), the spec-
trum corresponding to maximization of the branching ratio of SF+

4 /SF+
2 is now shifted

to shorter wavelengths (regarding the spectral mean) while the spectrum recorded for the
minimization case is centered at longer wavelengths of the soft x-ray light. The shift of
the central frequencies of the harmonic peaks is less pronounced than in the previous op-
timization, however, both optimizations show a fine structure on the harmonic peaks. The
following section on attosecond pulse shaping will discuss implications for the temporal
shape of the soft-x-ray signals arising from these kinds of spectral modifications.

The origin of control of this photodissociation reaction cannot immediately be deter-
mined. The spectral amplitude changes significantly for the different control tasks. This
could imply a soft-x-ray wavelength dependence of the branching ratio in photofragmen-
tation of SF6. In fact, it was shown in earlier studies [375]—although in a slightly different
spectral regime (14–29 eV, i.e. 43–89 nm wavelength)—that the yields of photofragments
of SF6 depend on the photon energy used. These studies were performed with spectrally
incoherent soft x-rays from a synchrotron facility. It is unknown to date if and how the
spectral coherence (short pulsed nature) of the soft x-rays in the optimal control experi-
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ments above affect the process of dissociative ionization. The development of harmonic
fine structure in the optimized spectra could be an indicator of these additional effects.

It is even possible to speculate about a new type of control mechanism based on coher-
ently excited electronic states to control molecular dynamics. By using a sufficiently
broad (multi-eV) coherent spectrum in the soft-x-ray region, one could imagine the cre-
ation of a coherent superposition of electronic excited states from a lower-lying bound
state, resulting in a time-dependent electronic wavefunction that changes on a (possibly
attosecond) ultrafast time scale. If the soft-x-ray intensity is high enough or a strong
infrared/visible laser field is present, this dynamic wavefunction can be transferred to a
dissociative molecular state depending on the instantaneous shape of the electronic wave-
function. The experiment shown here does not allow to verify or falsify this possibility.
For a detailed analysis, a pump–probe experiment has to be set up and conducted in the
future.

6.3 Conclusion

The first experiment on optimal control in the soft-x-ray spectral region was performed
using the technique of high-harmonic spectral engineering. The photofragmentation reac-
tion of the SF6 molecule was controlled by the application of shaped coherent soft-x-ray
light. In one case the branching ratio could only be slightly changed, which demonstrates
sufficient stability of the shaped soft-x-ray light for this kind of optimal control exper-
iments. The soft-x-ray spectral distribution changed significantly for different control
objectives (maximization and minimization).

The spectral variability of the source allows for a variety of different coherent soft-x-
ray spectral distributions. However, using more sophisticated laser systems (controlled
carrier–envelope phase) or pulse-shaping devices (more degrees of freedom, phase-and-
amplitude, spatiotemporal and/or polarization shaping) can be expected to lead to much
larger spectral shaping capability.

The presented experiment is a first demonstration of the applicability of high-harmonic
spectral engineering in optimal control of quantum dynamics with soft-x-ray light. In the
future, quantum control will not only concentrate on the control of molecular motion and
vibrational dynamics but will also include the control of electronic dynamics in tightly
bound core levels of atoms and extended systems.
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Chapter 7

Attosecond Pulse Shaping

A major breakthrough in the field of high-harmonic generation (HHG) was the experi-
mental detection of pulses with duration of only a fraction of a femtosecond, opening the
door to the attosecond realm (see also Section 2.3). These attosecond pulses had long
been postulated to emerge in HHG [161, 165, 169] and schemes for experimental gener-
ation have been worked out, which were also proven to work in practice [163, 167, 171].
The best and easiest way to obtain single attosecond pulses in practice turned out to be
the use of the shortest possible driver pulses [169, 171]. If long pulses are used in the
generation process, in general not single attosecond pulses but trains of attosecond pulses
are produced.

For future applications of these attosecond pulses to the study of electronic wavepacket
dynamics on its natural time scale it would be highly desirable to have controllable at-
tosecond laser pulse shapes. The same leap forward that occurred in quantum control of
molecular dynamics by the application of adaptively shaped femtosecond light fields can
be expected to take place when we are able to shape attosecond soft-x-ray pulses in an
adaptive manner. It is then feasible to control the electronic dynamics.

Here it will be shown (Section 7.1) that the temporal shape of the attosecond pulses pro-
duced in the process of high-harmonic generation can be significantly altered by analyzing
the controlled soft x-ray spectral shapes presented in Chapter 5. In addition, simulation
results are used to illustrate the magnitude of achievable control (Section 7.2), proving
that large temporal modifications on the attosecond time-scale are possible by very slight
modifications in the driving laser pulse shape.

7.1 Experimental Indications

Any modification of the spectral shape of a signal, be it spectral amplitude or phase,
results in a change in the time domain. This is a direct consequence from the dual nature
of frequency and time expressed by the Fourier relation Eqs. (1.1) and (1.2). The better
we are able to change the qualitative coherent spectral shape the more we are able to affect
the temporal characteristics of the emerging pulses.

It is known that neighboring harmonics in a certain region of the spectrum have a fixed
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phase relation [164], which is almost constant. This is the reason why attosecond pulses
are produced at all, since the shortest pulses are generated when the spectral phase is flat.
In our analysis, we made use of this fact and assumed a flat spectral phase just for the
sake of clarity. The case of a non-flat spectral phase will also be addressed below.

The experimental results on high-harmonic plateau-hole production are analyzed in the
following. The square root of the spectral intensity yields the electric field amplitude,
which was Fourier transformed into the time domain, applying a flat spectral phase. The
results are plotted in Fig. 7.1. The spectral intensity is shown on the left-hand side of the
figure, while the temporal pulse shape is shown to the right. Clearly, the spectral modifi-
cation alters the temporal response on the attosecond time scale. This can be understood
by considering the large spectral bandwidth that is controlled, which is on the order of
10 eV in total. By virtue of the reciprocity of the dual variables time and frequency, large
scale spectral modifications result in short- time-scale temporal changes.

In the time domain, reading the plots from top to bottom, a simple attosecond pulse train
breaks up into sub-pulses. This beating behavior, which is most pronounced in the low-
ermost plot, can be understood from a simple consideration. The spectral emission in the
cases where holes are present resembles a bimodal distribution. Thus, a beating pattern
will arise in the time-domain created by the interference of two separate spectral emission
centers.

This analysis shows clearly that even if we consider amplitude-only shaping of soft x-ray
light—where the phase is assumed to be flat—the temporal structure of the attosecond
pulses can be affected. If the phase is not flat, the beating pattern (envelope) will effec-
tively shift with respect to the carrier wave, which does not affect the statement made
about the possible shaping of the temporal attosecond features by generating amplitude-
shaped soft-x-ray spectra.

One could argue that the spectral phase is changed along with the spectral amplitude in
the spectra presented above. This is possible and would lead to even larger changes in the
attosecond temporal structure of the soft x-ray pulses produced.

7.2 Numerical Modeling

A simulation was performed to gain more insight into the temporal changes of the attosec-
ond pulses that are created in the optimization experiments. For that reason, selective en-
hancement and selective minimization of a single harmonic order with respect to the sur-
rounding harmonic orders was reinvestigated. As described already in Section 5.4, shaped
laser pulse electric fields were calculated by varying the spectral phase under a fixed spec-
tral amplitude of the laser pulses. These pulses were the input of a computer simulation
that calculated the high-harmonic radiative response of a single atom in a highly intense
laser field. The simulation was based on a one-dimensional model of argon atoms, fol-
lowing the description in Chapter 3. The split-step-operator technique (Appendix C) was
also used here to solve the time-dependent Schrödinger equation. The output was the
nonlinear dipole acceleration, which was used to calculate the high-harmonic spectrum
by Fourier transformation. Again, the same evolutionary algorithm as applied in the ex-
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Figure 7.1: The experimentally obtained spectra shown in Fig. 5.17 along with the Fourier trans-
forms of the spectral electric fields, assuming a constant phase. The corresponding trains of at-
tosecond pulses are significantly modified. The spectra exhibiting holes can be interpreted as
bimodal spectral distributions, giving rise to a beating pattern in the time domain. The contrast of
the beating pattern is increased for two plateau holes.
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periments was used. The spectrum was divided into part A, containing the 23rd harmonic
order and part B containing the surrounding harmonic orders (H19, H21, H25, and H27).
The fitness functions were defined as

F1 =
A2

B
(7.1)

for selective maximization and

F2 =
B2

A
(7.2)

for selective minimization of the 23rd harmonic yield relative to the total yield of the
neighboring orders.A andB again denoted the integrated harmonic yield over parts A
and B, respectively. In Fig. 7.2 the results of the simulation are shown. The left-hand side
of the figure shows the high-harmonic spectrum. The temporal shape of the soft-x-ray
radiative response is plotted right besides each of the spectra. For enhanced visibility,
the presented spectra show the integrated harmonic signal over the region[2nω f ;2(n+
1)ω f ] surrounding the harmonic order of interest 2n+ 1ω f . The temporal response is
calculated from the harmonics in the given interval, corresponding to the application of a
band-pass filter transmitting the monitored frequency range, which is often employed in
experiments [170,171]. The electric fields of the shaped fundamental laser pulses are also
depicted. Since the fundamental laser pulse duration is not in the few-cycle regime and the
harmonics contained in the interval shown are not in the cut-off region of the harmonic
spectrum, an attosecond pulse train is generated instead of a single attosecond pulse.
Obviously, only a very slight change in the driving electric field is necessary to cause
major modifications of the attosecond-time-scale temporal characteristics of the soft x-ray
emission. This simulation provides additional confidence that we can use femtosecond
pulse shaping in order to shape the temporal features of the attosecond pulses that are
generated in the process of high-harmonic generation.

7.3 Conclusion

Both experimental and theoretical findings lead us to conclude that we are now able to
change the attosecond temporal features of the subfemtosecond pulses or pulse trains pro-
duced in high-harmonic generation. Major spectral modifications like the ones observed
in the experiment naturally cause significant changes also in the time domain. A simula-
tion of the single-atom response reveals even more the ability to modify the attosecond
pulse shape by using tailored femtosecond light fields to drive HHG.

These results have important consequences for the new field of ultrafast x-ray science.
Adaptively shaped femtosecond laser pulses are nowadays used to control the dynamics
of molecules or vibrational motion of atoms in general. The advent of attosecond pulse
shaping provides an open road towards the control of electronic dynamics on its natural
time scale. New insights about the inner workings of atoms and molecules are expected
to be obtained by extending quantum control to core level electronic states.
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Figure 7.2: Simulation of the changes of the attosecond pulse’s temporal shape by performing the
same optimization operations as in the experiment. One harmonic order (the 23rd) is maximized
and minimized with respect to its neighboring orders. A large difference in the attosecond soft
x-ray radiative response is visible for only slight modifications in the electric field of the driving
laser pulse.
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Part V

Summary and Outlook
The availability of coherent soft x-rays through the nonlinear optical process of high-
harmonic generation allows for the monitoring of the fastest events ever observed in the
laboratory. The attosecond pulses produced are the fundamental tool for the time-resolved
study of electron motion in atoms, molecules, clusters, liquids and solids in the future.
However, in order to exploit the full potential of this new tool it is necessary to control the
coherent soft x-ray spectra and to enhance the efficiency of conversion from laser light to
the soft x-ray region in the harmonic-generation process.

This work developed a comprehensive approach towards the optimization of the harmonic
generation process. As this process represents a fundamental example oflight–matterin-
teraction there are two ways of controlling it: Shaping the generating laserlight and
designing ideal states ofmatter for the conversion medium. Either of these approaches
was closely examined. In addition, going far beyond simply enhancing the conversion
process it could be shown that the qualitative spectral response of the process can be
modified by shaping the driving laser pulse. This opens the door to a completely new
field of research: Optimal quantum control in the attosecond soft x-ray region—the realm
of electron dynamics. In the same way as it is possible to control molecular or lattice
vibrational dynamics with adaptively shaped femtosecond laser pulses these days, it will
now be feasible to perform real-time manipulation of tightly bound electron motion with
adaptively shaped attosecond light fields. The last part of this work demonstrated the ca-
pability of the herein developed technique of coherent soft-x-ray spectral shaping, where
a measured experimental feedback was used to perform a closed-loop optimization of
the interaction of shaped soft x-ray light with a sulfur hexafluoride molecule to arrive at
different control objectives.

For the optimization of the high-harmonic-generation process by engineering the con-
version medium, both the gas phase and the liquid phase were explored both in exper-
iment and theory. Molecular media were demonstrated to behave more efficiently than
commonly used atomic targets when elliptically polarized driving laser pulses are ap-
plied. Theory predicted enhancement of harmonic generation for linearly polarized driv-
ing fields when the internuclear distance is increased. Reasons for this are identified as
the increased overlap of the returning electron wavefunction due to molecular geome-
try and the control over the delocalization of the initial electronic state leading to less
quantum-mechanical spreading of the electron wavepacket during continuum propaga-
tion. A new experimental scheme has been worked out, using the method of molecular
wavepacket generation as a tool to enhance the harmonic conversion efficiency in ‘pump–
drive’ schemes. The latter was then experimentally implemented in the study of high-
harmonic generation from water microdroplets. A transition between the dominant laser–
soft-x-ray conversion mechanisms could be observed, identifying plasma-breakdown as
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the fundamental limit of high-density high-harmonic generation. Harmonics up to the
27th order were observed for optimally laser-prepared water droplets.

To control the high-harmonic generation process by the application of shaped laser light
fields a laser-pulse shaper based on a deformable membrane mirror was built. Pulse-shape
optimization resulted in increased high-harmonic generation efficiency — but more im-
portantly the qualitative shape of the spectral response could be significantly modified for
high-harmonic generation in waveguides. By adaptive optimization employing closed-
loop strategies it was possible to selectively generate narrow (single harmonics) and broad
bands of harmonic emission. Tunability could be demonstrated both for single harmonic
orders and larger regions of several harmonics. Whereas any previous experiment re-
ported to date always produced a plateau of equally intense harmonics, it has been pos-
sible to demonstrate “untypical” harmonic soft x-ray spectra exhibiting “switched-off”
harmonic orders. The high degree of controllability paves the way for quantum control
experiments in the soft x-ray spectral region.

It was also demonstrated that the degree of control over the soft x-ray shape depends on
the high-harmonic generation geometry. Experiments performed in the gas jet could not
change the relative emission strengths of neighboring harmonic orders. In the waveguide
geometry, the relative harmonic yield of neighboring orders could be modified at high
contrast ratios. A simulation based solely on the single atom response could not reproduce
the experimentally observed contrast ratios, pointing to the importance of propagation
(phase matching) effects as a reason for the high degree of controllability observed in
capillaries, answering long-standing debates in the field.

A prototype experiment was presented demonstrating the versatility of the developed soft
x-ray shaping technique for quantum control in this hitherto unexplored wavelength re-
gion. Shaped high-harmonic spectra were again used in an adaptive feedback loop exper-
iment to control the gas-phase photodissociation reaction of SF6 molecules. A time-of-
flight mass spectrometer was used for the detection of the ionic fragments. The branching
ratios of particular fragmentation channels could be varied by optimally shaped soft x-ray
light fields. Although in one case only slight changes of the branching ratio were possi-
ble, an optimal solution was found, proving the sufficient technical stability of this unique
coherent soft-x-ray shaping method for future applications in optimal control.

Active shaping of the spectral amplitude in coherent spectral regions of∼10 eV band-
width was shown to directly correspond to shaping the temporal features of the emerging
soft x-ray pulses on sub-femtosecond time scales. This can be understood by the dualism
of frequency and time with the Fourier transformation acting as translator. A quantum-
mechanical simulation was used to clarify the magnitude of temporal control over the
shape of the attosecond pulses produced in the high-harmonic-generation process. In con-
junction with the experimental results, the first attosecond time-scale pulse shaper could
thus be demonstrated in this work.

The availability of femtosecond pulse shapers opened the field of adaptive femtosecond
quantum control. The milestone idea of closed-loop feedback control to be implemented
experimentally was expressed by Judson and Rabitz in their seminal work titled “Teach-
ing lasers to control molecules”. This present work extends and turns around this state-
ment. Two fundamentally new achievements can now be added, which are “Teaching
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molecules to control laser light conversion” and “Teaching lasers to control coherent soft
x-ray light”. The original idea thus enabled the leap from femtosecond control of molec-
ular dynamics into the new field of attosecond control of electron motion to be explored
in the future. Theclosed-loop approach could reallyopenthe door towards fascinating
new perspectives in science.

Coming back to the introduction in order to close the loop, let us reconsider the analogy to
the general chemical reaction. Photonic reaction control was presented by designing and
engineering effective media (catalysts) and controlling the preparation of educt photons
within the shaped laser pulses to selectively produce desired photonic target states in the
soft x-ray spectral region. These newly synthesized target states in turn could be shown to
be effective in the control of chemical reactions. The next step to be accomplished will be
the control of sub-femtosecond time-scale electronic reactions with adaptively controlled
coherent soft x-ray photon bunches. To that end a time-of-flight high-energy photoelec-
tron spectrometer has recently been built, which will now allow to directly monitor elec-
tronic dynamics in atomic, molecular or solid state systems. Fundamentally new insights
and applications of the nonlinear interaction of shaped attosecond soft x-ray pulses with
matter can be expected from these experiments.
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Appendix A

Adaptive Femtosecond
Polarization Control

The process of high-harmonic generation depends on the polarization state of the driving
laser light, as was discussed in Chapter 3. Elliptically polarized driving fields typically
result in a reduction of harmonic conversion efficiency as the returning electron misses
its parent ion. Therefore, controlling the polarization state of the driving laser light can
be used to synthesize single attosecond pulses (Section 2.3): If the driving laser field is
linearly polarized only for a short time within the laser pulse, high-harmonic generation
is temporally confined to this short time and will not occur at earlier or later times in the
laser pulse. If more complex conversion media are considered, the ability to temporally
control the polarization state of the driving laser can also be expected to lead to additional
attosecond pulse shaping capability. In order to demonstrate the versatility of the recently
developed technique of femtosecond polarization shaping (Section 1.1.4), an adaptive
control experiment in a small molecule (K2) was performed [43]. The goal was to enhance
the first step of the high-harmonic generation process: ionization.

Apart from its relevance to high-harmonic generation, controlling molecular dynamics is
at the heart of the field of quantum control. The time scale of molecular vibration is in the
femtosecond regime, determined by the bond strength and the masses of the binding nu-
clei. This enables us to apply shaped femtosecond light fields in order to steer molecular
wavepacket motion along specific user-defined pathways on the nuclear potential energy
surfaces of the molecule (Section 5.1). The basic microscopic origin of this control is
the nonlinear interaction of the shaped visible to near-infrared laser pulses with the elec-
tronic wavefunction in the system. Electronic excitation thus gives rise to the creation
and the control of the molecular wavepacket. The electronic wavefunctionΨ(x,y,z) is a
three-dimensional object. It is immediately clear that in order to fully control electronic
transitions and thus molecular dynamics on a femtosecond time scale, a linearly polar-
ized shaped electric field is not sufficient. Only a subgroup of electronic transitions can
be addressed in this case, limiting the realm of attainable control. When the polarization
state of the controlling light field can be varied on a femtosecond time scale, a much more
comprehensive access to the variety of electronic transitions is possible, significantly en-
hancing the ability to control the dynamical properties of a molecule or any other quantum
system.
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To demonstrate the fundamental advantage of femtosecond polarization shaping, a closed-
loop experiment on the well-known prototype system K2 is described in this part of the
appendix. The ionization pathway of the K2 molecule proceeds via two intermediate
potential energy curves, which are coupled by transition dipole matrix elements that are
parallel and perpendicular to the molecular axis. A linearly polarized controlling laser
field can thus only ionize molecules that are not aligned close to parallel or perpendicular
to the laser field polarization direction, such that projections onto the transition dipole
moment vectors are nonzero. A varying polarization state of the laser field can access the
complete ensemble of molecules in the interaction region, which was expected to result
in an enhancement of the ionization signal. Indeed, in the experiment described here,
this enhancement becomes clearly evident by comparing the result of two closed-loop
adaptive control experiments. In one of them, the laser polarization state was restricted
to linear, in the other one, the polarization state of the laser light was included in the
optimization. The optimal polarization-shaped laser pulse created a higher amount of K+

2
ions than the optimal linearly shaped laser pulse. This demonstration shows that even to
control simple homonuclear diatomic molecules the time-dependent polarization state of
the laser light is an important control parameter. In larger molecules—in particular in the
presence of alignment—the time-dependent polarization of the controlling laser field can
be considered to be an even more efficient control agent.
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We demonstrate that the use of time-dependent light polarization opens a new level of control over
quantum systems. With potassium dimer molecules from a supersonic molecular beam, we show that a
polarization-shaped laser pulse increases the ionization yield beyond that obtained with an optimally
shaped linearly polarized laser pulse. This is due to the different multiphoton ionization pathways in K2

involving dipole transitions which favor different polarization directions of the exciting laser field. This
experiment is a qualitative extension of quantum control mechanisms which opens up new directions
giving access to the three-dimensional temporal response of molecular systems.
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Coherent control is a powerful method which allows
one to ‘‘steer’’ quantum-mechanical processes toward a
desired outcome by applying optimal light fields [1]. The
main experimental tool for achieving this goal has been
spectral phase shaping of femtosecond laser pulses [2].
Numerous implementations were reported in recent
years, among others the control of chemical reactions
[3–5], molecular population transfer [6–9], atomic multi-
photon absorption [10], Rydberg wave packets [11], high-
harmonic generation [12], crystal lattice vibrations [13],
or single-pulse Raman spectroscopy [14]. In all of these
experiments, the spectral-temporal intensity and phase
characteristics of laser fields are manipulated and ex-
ploited in a sophisticated manner, in many cases employ-
ing automated learning loops based on experimental
feedback [15–17].‘‘Conventional’’ pulse shaping [2], how-
ever, accesses only the scalar properties of ultrashort laser
pulses, while the electric field is a vectorial quantity.
Since quantum systems and their wave functions are
three-dimensional objects, the use of polarization as an
active agent could tremendously increase the degree of
attainable control. The same is true for any type of non-
linear optical spectroscopy, where to date the polarization
states of the employed light fields (continuous wave or
pulsed) have always been constant in time.

We have developed femtosecond polarization pulse
shaping techniques [18–20] by which the polarization
state of light (i.e., degree of polarization ellipticity and
orientation of elliptical principal axes) as well as the
temporal intensity and the momentary oscillation fre-
quency can be varied as functions of time within a single
femtosecond laser pulse. Time-dependent polarization
states have been suggested, for example, for the genera-
tion [21,22] and characterization [23] of attosecond light
pulses, optical control of lattice vibrations [24], and the
selective production of enantiomers [25,26]. Simple time-
dependent polarization profiles (without using pulse
shapers) had already been exploited in several experi-

ments on optical [27,28], atomic [29], and molecular
systems [30]. In an optical demonstration experiment,
we have recently implemented adaptive shaping of com-
plex polarization profiles within a learning loop [20], and
Oron et al. have used spectral modulation of phase and
polarization direction in coherent anti-Stokes Raman
spectroscopy [31].

However, the prospect for manipulating light-matter
interactions in three dimensions using complex polariza-
tion-modulated laser pulses goes beyond these initial
suggestions or demonstrations. While this interaction is
governed by the scalar product ~�� � ~EE�t�, in most experi-
mental and theoretical studies on quantum control or
nonlinear spectroscopy the vectorial character of ~EE�t� is
ignored completely and only �E�t� is considered.
However, if the momentary polarization of the applied
electromagnetic field is varied, ~�� � ~EE�t� can be optimized
throughout the complete temporal evolution of a quantum
system. This opens many experimental perspectives, e.g.,
controlling which dipole transitions are allowed at any
particular time during a wave packet evolution. Thus, one
can address and exploit the spatiotemporal properties of
quantum wave functions.

In the work reported here, we carry out molecular
quantum control making explicit use of polarization
variation on an ultrashort time scale, i.e., the duration
of the bandwidth-limited laser pulse [32]. In order to
illustrate the novel features of such experiments, we max-
imize photoionization in a small prototype system, the
potassium dimer K2. Within the bandwidth of our laser
system, the dominant transition pathway that contributes
to the K2

� yield [33] populates the 2 1�g state as an
intermediate before the final ionization step [Fig. 1(a)].
The 2 1�g state can be reached from the X 1��g ground
state by a two-photon process with intermediate wave
packet propagation in the A 1��u state. This pathway is
strongly polarization dependent because according to
selection rules the two involved electronic transitions,
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A 1��u  X 1��g and 2 1�g  A 1��u , require electro-
magnetic fields with polarizations parallel and perpen-
dicular to the molecular axis, respectively. This means
that for maximum population of the 2 1�g state one needs
a laser pulse sequence in which the correct direction of
the electric field vector is provided at the appropriate
Franck-Condon transition windows reached during vibra-
tional wave packet motion. The enhancement factor for
polarization-shaped laser pulses can be estimated in a
simple model. Consider an isotropic ensemble of quantum
systems in which two subsequent transitions require two
electromagnetic fields with mutually perpendicular po-
larizations. If one employs two laser pulses with the same
linear polarization, only the projections of the polariza-
tion vector onto the involved dipole moments of the ran-
domly oriented systems contribute to the transition rates.
The total transition rate is then given by averaging over
the isotropic ensemble. For comparison, then, if the polar-
izations of the two laser pulses are perpendicular to each
other the averaging procedure gives a yield that is en-
hanced by a factor of 2. Further advantages of polariza-
tion shaping arise if the quantum systems are aligned or

oriented with respect to the incoming light fields [34,35].
Optimal control of the multiphoton ionization process
therefore requires both adjustment of the temporal inten-
sity profile (to maximize the transition probability in the
Franck-Condon regions) as well as variation of the polar-
ization direction to fulfill the appropriate selection-rule
requirements. Such a scheme cannot be achieved with
shaped laser pulses of only one polarization component.

In order to illustrate these issues further, we performed
a conventional pump-probe experiment in partially
aligned K2 molecules where the alignment is due to
suitable molecular-beam conditions [36,37]. The experi-
mental setup consists of a supersonic molecular-beam
apparatus with a linear time-of-flight (TOF) mass spec-
trometer. Both pump and probe laser pulses have an en-
ergy of 150 nJ and are focused with a 500 mm lens onto a
molecular beam of potassium dimers, thus avoiding
strong field effects.

First, we used equally intense pump and probe laser
pulses both polarized parallel to the TOF axis. The
amount of K2

� as a function of pump-probe delay
[Fig. 1(b), solid line] is symmetric and shows a minimum
with respect to time zero. On the other hand, if the probe-
pulse polarization is perpendicular to that of the pump
pulse, the signal is asymmetric [Fig. 1(b), dashed line],
and for negative time delays the K2

� production is sig-
nificantly enhanced. This result proves the polarization
dependence of the K2

� ionization pathways. It indicates
that a certain final quantum state (in our case the K2

� ion)
can be more efficiently reached by a time-dependent
polarization of the controlling laser field.

Fourier analysis of the pump-probe transients reveals
that for mutually parallel pump and probe polarizations
[Fig. 1(c), bottom graph] only the dynamics in the 2 1�g
state with a vibrational period of 740 fs [33] (correspond-
ing to 45 cm�1) is visible. For mutually perpendicular
pump and probe polarizations [Fig. 1(c), upper graph], an
additional Fourier peak is found at 65 cm�1 (correspond-
ing to 510 fs), which can be attributed to vibrational
dynamics in the A 1��u state. This result proves that a
time-dependent polarization of the controlling laser field
gives access to the observation of additional dynamics on
different electronic states. Note that all other experimen-
tal parameters in the two cases of Fig. 1 were identical
(pulse intensities, etc.), so that the differences are entirely
due to light-polarization properties. This type of polar-
ization sensitivity can then be exploited even in much
more generality in connection with femtosecond laser
pulse shaping, providing a qualitatively novel mechanism
for the control of quantum systems. In the following, we
use flexible and automated polarization and phase shaping
of femtosecond laser pulses in combination with an evolu-
tionary algorithm to control molecular dynamics and, in
this case, maximize ionization of K2.

For this purpose, the experimental setup is comple-
mented by a polarization pulse shaper and a computer
with the optimization algorithm (Fig. 2). For polarization
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FIG. 1. (a) Calculated potential energy curves [33] of the
potassium dimer system. Only those curves are shown which
are relevant at the central excitation wavelength of 
 � 785 nm
used in this experiment. (b) Section of pump-probe transients
with mutually parallel (solid line) and crossed (dashed line)
linear polarizations around delay time zero. (c) Fast-Fourier-
transform (FFT) analysis of pump-probe transients with par-
allel (lower graph) and crossed (upper graph) mutual polar-
izations. The numbers in brackets indicate the vibrational
period of the associated wave packet motion. The FFTs have
been performed over time periods from �4 ps to 0 ps for
crossed polarizations (negative delays, solid line), 0 to �4 ps
for crossed polarizations (positive delays, dotted line), and 0 to
�3 ps (parallel polarizations, solid line, identical at negative
delay times).
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shaping [1,18–20], the linearly polarized input pulses
(30 fs, 785 nm) are dispersed onto a two-layer liquid-
crystal display (LCD) within a 4f-configuration zero-
dispersion compressor. By applying specific voltages to
the 2� 128 independent LCD pixels contained in the two
layers, spectral phase modulation can be imposed inde-
pendently onto two orthogonal polarization directions.
The interference of the resulting elliptically polarized
spectral components leads to complex evolutions of the
polarization state in the time domain. If the same phase
function is applied to both LCD layers, the linear input
polarization is maintained and conventional phase-only
pulse shaping can be realized. In the actual experiment,
shaped 300 nJ laser pulses are used instead of the un-
shaped pump and probe laser pulses.

We performed two types of adaptive control experi-
ments to maximize the K2

� yield: spectral polarization-
and-phase laser pulse shaping as well as phase-only shap-
ing. In both cases, the same number of free parameters is
optimized and the two strategies are run in a parallel
implementation. This ensures identical experimental con-
ditions allowing us to compare the results directly. The
evolution of the K2

� signal as a function of generation
number within the evolutionary algorithm is shown in
Fig. 3. The increase for phase-only pulse shaping (solid
circles) is due to the adaptation of the laser pulse structure

to the vibrational dynamics of the potassium dimer, pro-
viding high laser intensities when the wave packet is in
a suitable Franck-Condon region. This general type of
mechanism is what had been exploited and discussed in
the theoretical and experimental literature on quantum
control to date.

However, when the additional mechanism of light-
polarization control is used (open circles), one can go
beyond the limitations set by linearly polarized fields,
and achieve significantly higher product yields. This
demonstrates not just a quantitative improvement but
rather a qualitative extension of quantum control mecha-
nisms, because it goes beyond one-dimensional address-
ing of transition dipoles and rather makes use of their
directional properties by shaping the polarization state of
the controlling laser pulse.

Figure 4 shows a representation of the best laser pulse
shape reached in the final generation of the polarization
optimization. The momentary frequency and the polar-
ization state of the optimized pulse changes substantially
in a complex fashion as a function of time. Some reasons
for this complexity are briefly discussed now. First, the
detection step in this experiment (i.e., the ionization)
needs to be considered in more detail. Observation of
2 1�g state dynamics in our pump-probe measurement
(Fig. 1) proves that ionization from the 2 1�g is dependent
on the internuclear distance and occurs predominantly at
the outer turning point [33]. Ionization, for example, can
occur via doubly excited, autoionizing states [38]. Excita-
tions of these doubly excited states via the outer turning
point in the 2 1�g state as well as transitions involving
the 4 1��g state have not been considered. Another reason
for the complicated pulse structure is the broad spectrum
of the ultrashort laser pulse. The vibrational dynamics of
the potassium dimer are known to depend strongly on the
center frequency of the excitation laser pulse [33]. In our
case, this means that the optimized polarization needs to
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FIG. 2. Experimental setup. The pulse shaper that creates
time-dependent polarization profiles consists of a telescope
(T), cylindrical mirrors (CM), optical gratings (G), folding
mirrors (FM), a two-layer liquid-crystal display (LCD), and a
stack of glass plates at Brewster’s angle (GP) to provide equal
intensity and independently shaped polarization components at
the output. Pulse characterization is carried out by experimen-
tally calibrated Jones-matrix analysis [19] and dual-channel
spectral interferometry with the help of a characterized and
appropriately delayed reference pulse. For this purpose, shaped
pulse and reference pulse are recombined collinearly along the
beam path towards the experiment by a beam splitter (BS2),
and the spectral interferences are recorded by an optical
spectrum analyzer (OSA). A polarizer (P) selects the polar-
ization component that is analyzed. During the actual experi-
ment, the polarizer is removed and the reference pulse is
blocked. Shaped pulses then interact with a seeded molecular
beam of K2. Ion yields are measured in a TOF mass spectrome-
ter and used as feedback signal in an evolutionary learning
algorithm.
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176 ADAPTIVE FEMTOSECONDPOLARIZATION CONTROL

be provided for a wide distribution of frequencies and
timings. While all these factors complicate the analysis
and interpretation efforts of the optimal pulse shape, the
important point is that despite the complexity an opti-
mized electric field with time-varying polarization in-
deed has been exploited by the evolutionary learning
algorithm as a novel control agent.

In conclusion, we have demonstrated that time-
dependent shaping of femtosecond light polarization
can give access to a further level of control of quantum
systems. Comparative optimizations of K2

� yield show
that polarization laser pulse shaping is superior to phase-
only shaping, because the vectorial electric field can adapt
to the time evolution of the polarization-dependent tran-
sition dipole moments. We have, hence, exploited the
vectorial properties of light-matter interaction to achieve
quantum control in a molecular model system. This opens
the door to a number of new experimental schemes ex-
ploiting the full vectorial temporal response of systems,
allowing one to address stereochemical aspects in quan-
tum control such as chiral selectivity. The optical control
of lattice vibrations [13] and the generation of attosecond
light pulses [21,22] are further examples of numerous
new perspectives.
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FIG. 4 (color online). Quasi-three-dimensional representa-
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ellipses. The momentary frequencies are indicated by colors or
gray shading, and the shadows represent the amplitude enve-
lopes of the two orthogonal components.
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Appendix B

SPIDER Details

As explained above, the SPIDER technique (spectral interferometry for direct electric-
field reconstruction) is able to reconstruct the phase of some unknown laser pulse. Since
the spectrum of the laser pulse is readily available in practice, the technique allows to
measure the full information about the laser pulse shape (except for the carrier-envelope
phase). SPIDER employs the method of spectral interferometry, which is often used in
the laboratory to measure the difference in spectral phase of a laser pulse with respect
to a known reference pulse. Spectral interferometry alone is not capable of retrieving
phases of unknown pulses. The idea introduced by Iaconis and Walmsley was that the
laser pulse itself can be made to be its own reference in such a way that the spectral phase
can be extracted. This is sometimes described as ‘self-referencing’. In contrast to spectral
interferometry it is based on a nonlinear optical process.

This appendix section is devoted to a more detailed description of the SPIDER technique
by first explaining the principles of spectral interferometry in Section B.1. Section B.2
describes the self-referencing approach. The final Section B.3 deals with possible ways
how to extract the spectral phase of an unknown pulse from the SPIDER signal (Fig. 1.13).

B.1 Spectral Interferometry

Spectral interferometry is a pulse characterization technique which allows the retrieval of
the spectral phase of a pulse if a fully characterized reference pulse is available. A useful
property of the spectral-interferometry technique is that it does not rely on a nonlinear
process. This makes it particularly useful for the analysis of very weak light signals.

The setup is very simple: the reference pulseẼ+
0 (ω) = Ã0(ω)eiΦ̃0(ω) and the pulse to

be measured̃E+(ω) = Ã(ω)eiΦ̃(ω) are combined on a beamsplitter. For simplicity in our
discussion, let us assume the reference pulse to arrive earlier than the unknown pulse. The
positive delay of the latter beτ. We analyze the combined electric field of the two pulses
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with a spectrometer

ĨSI(ω) = |Ẽ+
0 (ω)+ Ẽ+(ω)e−iωτ |2

= Ĩ0(ω)+ Ĩ(ω)+ Ẽ+∗
0 (ω)Ẽ+(ω)e−iωτ + Ẽ+

0 (ω)Ẽ+∗(ω)eiωτ

= Ĩ0(ω)+ Ĩ(ω)+2
√

Ĩ0(ω)Ĩ(ω)cos(Φ̃(ω)− Φ̃0(ω)−ωτ) (B.1)

The asterisk denotes complex conjugation. If the two pulse spectra overlap (we always
have to provide frequencies in the same range as those in the unknown pulse), we obtain
a spectrum which is spectrally modulated with an average fringe spacing of 2π/τ. The
difference in spectral phase of the two pulses is contained in the fringe pattern in its
deviations from a perfectly periodic modulation. It is also obvious at this point that in
order for spectral interferometry to work properly, a very precise spectrometer wavelength
calibration is required [378]. If this is not ensured, the correct modulation of the spectral
intensity is distorted by the imperfect calibration, leading to wrong results.

For further analysis of the spectral interferometry signal, we now define the functionS(ω)
as the difference of the spectrometer signal of the combined fields minus the spectra of
each of the two signals alone (by blocking the other)

S̃(ω) = ĨSI(ω)− Ĩ(ω)− Ĩ0(ω) (B.2)

= 2
√

Ĩ0(ω)Ĩ(ω)cos(Φ̃(ω)− Φ̃0(ω)−ωτ). (B.3)

All that remains to be done is to extract the phase difference from this measurable sig-
nal. Since the spectral intensities of each pulse are known, we could simply perform an
inversion of the cosine function to obtain the argument. Due to experimental noise, this
way to determine the phase difference leads to a large error. A simple argument is that
values larger than 1 would appear in the argument of an arccos function when noise is
present, leading to undefined results. Another more reliable way to extract the argument
of the cosine is provided by the Fourier transform. By transforming Eq. (B.3) into the
time domain, we obtain

S(t) =
1√
2π

∫ ∞

−∞
S̃(ω)eiωt dω

=
1√
2π

∫ ∞

−∞
Ẽ+∗

0 (ω)Ẽ+(ω)eiω(t−τ) dω

+
( 1√

2π

∫ ∞

−∞
Ẽ+∗

0 (ω)Ẽ+(ω)eiω(−t−τ) dω

)∗
= S̄(t− τ)+ S̄∗(−t− τ). (B.4)

S̄(t− τ) does not overlap with̄S(−t− τ) if the temporal pulses corresponding toE0(ω)
andE(ω) do not overlap in the time domain. We can therefore filter out one contribution
S̄(t− τ) and transform it back into the frequency domain to arrive at

S̃+(ω) =
1√
2π

∫ ∞

−∞
S̄(t− τ)e−iωt dt

= Ẽ+∗
0 (ω)Ẽ+(ω)e−iωτ

=
√

Ĩ0(ω)Ĩ(ω)ei(Φ̃(ω)−Φ̃0(ω)−ωτ). (B.5)



B.2 SELF-REFERENCING 179

We thus generated the argument of the cosine function inS̃(ω) as the complex argument
of the functionS̃+(ω). The evaluation of this argument is now decoupled from the spectral
intensity which may fluctuate due to experimental noise. The phase of the unknown pulse
to be measured can now straightforwardly be calculated:

Φ̃(ω) = Φ̃0(ω)+argS̃+(ω)+ωτ. (B.6)

Generally, for spectral interferometry the linear phaseωτ in Φ̃(ω) is not important, since
it corresponds to a translation of the pulse in time. In most cases, we are only interested
in the nonlinear phase contributions, since they are responsible for the amplitude shape of
the pulse. In the SPIDER technique described below, however, a careful determination of
this linear phase, meaning the exact temporal pulse delay is crucial to retrieve the pulse
shape. In order to use spectral interferometry in the experiment we measure the spectrum
at discrete spectral positions. The Fourier transformation is thus realized by a discrete
algorithm (fast Fourier transform (FFT) [379] for example). In that case, we need to
make sure that the fringe pattern of the spectral signalĨSI(ω) is well resolved, requiring
a minimum of two sample points per oscillation. This condition is also known as the
Nyquist limit of sampling. The spectrometer resolution for a given pulse delayτ has thus
to be better than

δω =
π

τ
. (B.7)

Once more it should be noted thatτ has to be large enough such that we can still separate
the two functionsS̄(t− τ) andS̄∗(−t− τ). For application in the experiment, it is some-
times helpful not only to be able to separate these two functions, but in addition to be able
to separate them from remaining DC-offset which results from imperfect subtraction of
the single pulse spectra in Eq. (B.2). In particular, for the SPIDER technique described in
the following, we may not be able to perform this subtraction at all since the single-pulse
spectra can sometimes not be measured.

B.2 Self-Referencing

Spectral interferometry gives us information about a phase difference. However, it is
only able to compare the spectral phase atthe same frequencyω: Φ̃(ω)− Φ̃0(ω) of two
different laser pulses̃E+(ω) and Ẽ+

0 (ω). What we would need in order to reconstruct
the spectral phaseΦ(ω) of an unknown laser pulse is to measure the phase difference at
two different frequenciesfor the same laser pulse. The idea to do this [52] is to use two
identical replica of the same pulse and to shift one in frequency with respect to the other.
As we know from Section 1.2, nonlinear optics allows for converting the frequency for
example by sum-frequency mixing. It is possible to shift one pulse replica with respect to
the other by a small frequencyΩ, thus producing the new “reference” pulse

Ẽ+
0 (ω) = Ẽ+(ω +Ω) (B.8)

which is the same as the unknown pulse except that is is slightly red-shifted along the fre-
quency axis. In the SPIDER setup, this frequency shift is accomplished by sum-frequency
mixing of two delayed replica with a long chirped pulse. It is crucial that the delay be-
tween the replica and the duration of the chirped pulse is much larger than the duration of
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these pulses. Only then is mixing with a constant frequency for each of the pulses real-
ized. At a given time delayτ between the replica, the magnitude ofΩ can be controlled
by the amount of linear chirp introduced in the long chirped pulse.

After recording the spectrum produced by these two pulses and doing the same analysis
as above, we can now reformulate Eq. (B.6) as

Φ̃(ω)− Φ̃0(ω) =Φ̃(ω)− Φ̃(ω +Ω) (B.9)

=argS̃+(ω)+ωτ. (B.10)

We only need to precisely measure the temporal delayτ, which can be done using spectral
interferometry on the pair of identical pulses before shifting one of them in frequency. The
difference phase extracted from this spectral interferometry measurement is exactly given
by Φ̃(ω)− Φ̃0(ω) = ωτ, since the two pulses are identical. After the temporal delay has
been determined, the spectral phase of the unknown pulse can be reconstructed up to an
additive constant. For example, we only have to assume a certain phaseΦ̃(ω0) at some
frequencyω0 and find the complete functioñΦ(ω) sampled at frequencies spaced byΩ
by application of Eq. (B.10). There are a variety of ways how to extract the phase function
from the SPIDER signal. The two most commonly used in practice will now be outlined.

B.3 Phase-Function Retrieval

Let us define the function

∆(ω) =Φ̃(ω)− Φ̃(ω +Ω) (B.11)

=argS̃+(ω)+ωτ, (B.12)

as the result directly obtained from the experimental SPIDER measurement.

B.3.1 Concatenation

The apparently most straightforward but also the least precise way is to define

Φ̃(ω0) = Φ0 (B.13)

and to reconstruct the phase by iterative addition of−∆(ω)

Φ̃(ω0 +nΩ) = Φ0−
n

∑
j=1

∆(ω +( j−1)Ω) (B.14)

for n > 0. This reconstruction method is thus not using the complete data set∆(ω) which
is experimentally sampled at positions spaced byδω but only the subset at positions
spaced byΩ that is typically larger thanδω. In principle, one could choose the frequency
shift (also called ‘shear’) such that the spectral resolution matchesΩ. This is in general
not recommended sinceδω is a very small quantity. Remember that it had to be small
enough to sample the spectral fringes produced by the interference of the two pulses and
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is typically smaller than a hundredth of the bandwidth. IfΩ is chosen to be of the same
size, the summation in Eq. (B.14) covers more than a hundred summands and is very
sensitive to a small error in the determination ofτ. This is becauseτ is present in every
summand∆(ω) by Eq. (B.12). In practice a good choice for the size ofΩ is one twentieth
of the pulse’s FWHM bandwidth in order to keep the error at an acceptable level. Then
four out of five data points of∆(ω) are wasted with the above method. If we choose
Ω much larger, we reconstruct the spectral phaseΦ̃(ω0 + nΩ) at too few points which
directly results in lower resolution of the phase function in frequency space.

B.3.2 Integration Method

Another method to reconstruct the phase takes all data points into account and is in general
more reliable than the concatenation technique described above [380]. By integrating
∆(ω) we obtain the integral over the spectral phase in an interval of lengthΩ

Θ(ω) =
∫

ω

−∞
∆(ω ′)dω

′

=
∫

ω

−∞
Φ̃(ω ′)dω−

∫
ω

−∞
Φ̃(ω ′+Ω)dω

=
∫

ω

ω−Ω
Φ̃(ω ′)dω (B.15)

This integral can now approximately be written employing the midpoint rule of integra-
tion: ∫

ω

ω−Ω
Φ̃(ω ′)dω 'ΩΦ̃

(
ω− Ω

2

)
(B.16)

From this, we can then straightforwardly extract the spectral phase

Φ̃(ω) =
1
Ω

Θ
(

ω +
Ω
2

)
. (B.17)

It can be noticed that the spectral phaseΦ̃(ω) depends quadratically onω as∆(ω) de-
pends linearly onω in Eq. (B.12). As in the case in the concatenation approach (sec-
tion B.3.1), this has important consequences for the reconstruction of the pulse shape.
One has to make absolutely sure that the pulse delay between the two replica is precisely
known. For smaller and smaller values of the shearΩ, the precision in the determination
of the pulse delay must increase in order to keep the error at an acceptable level. Again,
in practice, a twentieth of the FWHM of the pulse’s spectrum is a good choice forΩ.
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Appendix C

Numerical Solution of the
Schrödinger-Equation

C.1 Laser–Atom-Interaction Hamiltonian Operator

In the dipole approximation [76, 381], the Hamilton operator for an electron in a static
potential plus the potential created by the laser fieldE(t) (atomic units are used throughout
this section):

ˆ̃H =
1
2
~̂p2 +V(~̂r)+~̂r~E(t) (C.1)

can also be written in the form

Ĥ =
1
2

(
~̂p−~A(t)

)2
+V(~̂r) (C.2)

=
1
2
~̂p2− ~̂p~A(t)+

1
2

A2(t)+V(~̂r) (C.3)

Here,~A(t) = −
∫ t
−∞ E(t ′)dt′ is the vector potential of the laser. A gauge transforma-

tion [76] mediates betweeñ̂H andĤ, which means that any physically meaningful ob-
servables extracted from them are equivalent. The operators~̂p and~̂r can be written either
in position space

~̂p =
1
i
~∇x (C.4)

~̂r = ~r (C.5)

or in momentum space

~̂p = ~p (C.6)
~̂r = i~∇p (C.7)

The wavefunctions in position and momentum space depend on each other by means of
the Fourier transformation

Ψ̃(~p, t) = F Ψ(~r, t) (C.8)

Ψ(~r, t) = F−1Ψ̃(~p, t). (C.9)
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with the Fourier transformation operatorF and its inverseF−1 defined as

g(~p) = F f (~r) = 1√
2πh̄

∫ ∞
−∞ f (~x)e−

i
h̄~p~r d3r

f (~r) = F−1g(~p) = 1√
2πh̄

∫ ∞
−∞ g(~p)e

i
h̄~p~r d3p.

(C.10)

It should be pointed out that both operators do notphysicallychange the wavefunction,
but only switch themathematicalrepresentation from the position into the momentum
space and vice versa.

How can we solve the time dependent Schrödinger equation

i
∂

∂ t
Ψ(~r, t) = ĤΨ(~r, t) (C.11)

by numerical computation? The general solution to this differential equation can be writ-
ten in the form

Ψ(~r, t) = e−i
∫ t
t′ Ĥdt Ψ(~r, t ′). (C.12)

It can be seen from this expression that the termA2(t) is a function only dependent on
time and can thus be left out. It only introduces a phase in the total electronic wavefunc-
tion, which is of no physical relevance here. Of course we could have written the general
solution in momentum space representation, where theΨ(~r, t) would simply be replaced
by theΨ̃(~p, t). Obviously, inserting any representation of the Hamilton operator in either
position or momentum space introduces the differential operator~∇ in the exponent. Nu-
merical evaluation is therefore hard to be done in either representation. What we would
like to do is to work in a mixed representation, where we evaluate the position operator
~̂r in posititon space and the momentum operator~̂p in momentum space. This is exactly
what is done in the split-step-operator computation method [279,280].

C.2 Split-Step-Operator Method

We can split the full Hamiltonian operator̂H into two parts

Ĥ = Ĥp + Ĥr , (C.13)

whereHp contains only the part depending on the momentum operator~̂p andHr the part
depending solely on the position operator~̂r

Ĥp =
1
2
~̂p2− ~̂p~A(t) (C.14)

Ĥr = V(~̂r). (C.15)

We could now evolve the quantum-mechanical system in time for either of the Hamilto-
nian parts by writing the partial time-evolution operators

Ψ(~r, t) = e−i
∫ t
t′ Ĥrdt Ψ(~r, t ′)

= e−i
∫ t
t′V(r)dt Ψ(~r, t ′)

= e−i(t−t ′)V(r) Ψ(~r, t ′), (C.16)
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and

Ψ̃(~p, t) = e−i
∫ t
t′ Ĥpdt Ψ̃(~p, t ′)

= e−i
∫ t
t′

1
2~p2−~p~A(t)dt Ψ̃(~p, t ′)

= e−i 1
2(t−t ′)~p2+~p

∫ t
t′−~A(t)dt Ψ̃(~p, t ′). (C.17)

We must keep in mind that evolution over an extended period of time(t − t ′) of any
partial operator is not physical, since either the kinetic part is neglected for evolution in
position space with Eq. (C.16) or the potential for evolution in momentum space with
Eq. (C.17). We can, however, evolve only a small period of time in either representation
and then, after switching the representation of the wavefunction by means of a Fourier
transformation, evolve the same time in the other representation:

Ψ(~r, t = t ′+dt) = e
−i
∫ t′+dt
t′+dt/2 Ĥrdt

F−1e−i
∫ t′+dt
t′ Ĥpdt F e−i

∫ t′+dt/2
t′ Ĥrdt Ψ(~r, t ′)

= e−
idt
2 V(r) F−1e−idt 1

2~p2+~p
∫ t′+dt
t′ −~A(t)dt F e−

idt
2 V(r) Ψ(~r, t ′), (C.18)

By choosing a sufficiently small time stepdt, the computational error becomes very
small. The split-step algorithm used for the numerical solution of the time-dependent
Schr̈odinger equation from timet0 to tn can thus be summarized as follows:

1. Start with an initial wavefunction in position spaceΨ(~r, t j=0).

2. Multiply Ψ(~r, t j) with e−
idt
2 V(r) to obtainΨ(~r, t j +dt/2).

3. Perform a Fourier transformationF on Ψ(~r, t j + dt/2) to obtain the wavefuncion
in momentum spacẽΨ(~p, t j).

4. Multiply Ψ̃(~p, t j) with e−idt 1
2~p2+~p

∫ t′+dt
t′ −~A(t)dt to obtainΨ̃(~p, t j +dt).

5. Perform an inverse Fourier transformationF−1 onΨ̃(~p, t j +dt) to obtain the wave-
function again in position spacēΨ(~r, t j +dt/2).

6. Multiply Ψ̄(~r, t j +dt/2) with e−
idt
2 V(r) to obtainΨ(~r, t j +dt) = Ψ(~r, t j+1).

7. Repeat from the second step until timetn is reached.

By defining the wave-function on a grid and using the Fast Fourier transfom algorithm
(FFT) [379] the approach can be readily implemented on a computer.
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