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Abstract
We investigate the single particle static and dynamic properties at zero temperature within the
Hubbard an three-band-Hubbard model for the superconducting copper oxides. Based on the
recently proposed self-energy functional approach (SFA) [M. Potthoff, Eur. Phys. J. B 32
429 (2003)], we present an extension of the cluster-perturbation theory (CPT) to systems with
spontaneous broken symmetry. Our method accounts for both short-range correlations and
long-range order. Short-range correlations are accurately taken into account via the exact diagonalization of finite clusters. Long-range order is described by variational optimization of a
ficticious symmetry-breaking field. In comparison with related cluster methods, our approach is
more flexible and, for a given cluster size, less demanding numerically, especially at zero temperature. An application of the method to the antiferromagnetic phase of the Hubbard model
at half-filling shows good agreement with results from quantum Monte-Carlo calculations. We
demonstrate that the variational extension of the cluster-perturbation theory is crucial to reproduce salient features of the single-particle spectrum of the insulating cuprates. Comparison of
the dispersion of the low-energy excitations with recent experimental results of angular resolved
photoemission spectroscopy (ARPES) allows us to fix a consistent parameter set for the oneband Hubbard model with an additional hopping parameter t 0 along the lattice diagonal. The
doping dependence of the single-particle excitations is studied within the t − t 0 − U Hubbard
model with special emphasis on the electron doped compounds. We show, that the ARPES results on the band structure and the Fermi surface of Nd2−x Cex CuOCl4±δ are naturally obtained
within the t − t 0 −U Hubbard model without further need for readjustment or fitting of parameters, as proposed in recent theoretical considerations. We present a theory for the photon energy
and polarization dependence of ARPES intensities from the CuO 2 plane in the framework of
strong correlation models. The importance of surface states for the observed experimental facts
is considered. We show that for electric field vector in the CuO 2 plane the ‘radiation characteristics’ of the O 2pσ and Cu 3dx2 −y2 orbitals are strongly peaked along the CuO2 plane, i.e. most
photoelectrons are emitted at grazing angles. This suggests that surface states play an important
role in the observed ARPES spectra, consistent with recent data from Sr 2 CuCl2 O2 . We show
that a combination of surface state dispersion and Fano resonance between surface state and
the continuum of LEED-states may produce a precipitous drop in the observed photoelectron
iv

v
current as a function of in-plane momentum, which may well mimic a Fermi-surface crossing.
This effect may explain the simultaneous ‘observation’ of a hole-like and an electron-like Fermi
surfaces in Bi2 Sr2 CaCu2 O8+δ at different photon energies.
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Introduction
The discovery of high temperature superconductors (HTSC) [1] almost 20 years ago has attracted great interest in these materials, along with the general physics of transition metal compounds. Despite the great efforts spent in trying to understand the unusual physical properties
of these materials, a microscopic theory of high temperature superconductivity is still lacking.
The HTSC show many differences to the well understood BCS superconductors, e.g. the
high critical temperature Tc , the lack of an isotope effect on Tc and the d-wave symmetry of the
order parameter. This led to the believe that the pairing force driving the superconductivity must
be of different nature in these materials. Unlike the conventional superconductors, the mechanism in the HTSC seems to be of purely electronic nature, and the strong coulomb repulsion
between two electrons in the copper 3dxx −y2 orbital has been proposed as a responsible for the
pairing. The remarkably strong interaction in this orbital is caused by its small spatial “extension”, i.e. the concentration of the wave function in a relative small area around the nucleus.
This has severe consequences for our understanding of solid state physics. Most important,
Fermi-liquid theory, which is only correct in the limit of weak coupling between electrons, fails
to describe the properties of the HTSC correctly. Most prominent, Fermi-liquid theory predicts
a metal with a half filled conduction band for the case of the parent compounds of the HTSC. In
reality we find an antiferromagnetic insulator instead. Systems in which the electron-electron
interaction has such dramatic consequences are called strongly correlated electron systems.
This thesis is devoted to the study of the single-particle properties of strongly correlated
electron models. In particular, we are interested in the spectral function as it is experimentally
measured in angular resolved photoemission (ARPES) experiments. We develop new numerical
methods for the study of strongly correlated electron systems in general and propose theories
for the photoemission intensity from the CuO2 plane in particular.
This thesis is organized as follows:
In chapter 1 we give a brief overview about the known facts about the high temperature
superconductors. In particular, we explain the material topology and the basic electronic structure. We introduce the microscopic Hamiltonians that we will consider throughout this work,
namely the three-band model and the Hubbard model, and give a brief review of theoretical
considerations about angular-resolved photoemission spectroscopy that will be of importance
1
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later.
We then turn to the methodological aspects in chapter 2. We introduce the Lanczos iteration, which we almost exclusively use to calculate the dynamical properties of isolated clusters
in the ground state and which serves as the “core” method for the cluster perturbation theory (CPT) and self-energy functional approach (SFA) to be introduced next. We show in the
progress of this thesis that SFA is excellently suited to be used in fairly large cluster numerical calculations if one restricts to certain physically meaningful single particle terms, such as
symmetry-breaking staggered fields used to investigate long-range antiferromagnetic order.
In chapter 3 we first focus on a special case that represents one of the rare cases among the
strongly-correlated systems that can be solved exactly: the one-dimensional Hubbard model.
This fortunate fact allows us to compare the predictions of CPT and SFA with rigorous results.
In particular we consider the CPT ground-state energy, which we successively optimize by
using variation of various single-particle parameters in the SFA framework. We present results
for the dependence of the ground-state energy on the interaction strength and system size and
quantify the improvement that is obtained by CPT/SFA. By breaking translational symmetry via
a variational staggered field we check for long range antiferromagnetism, known to be absent
in 1D. Next we analyze the transition from one to two dimension by considering the Hubbard
model in chains, ladders and 2D planes built from CPT core calculations of different topologies.
SFA allows a continuous transition from direct cluster solutions to dynamical mean-field theory
(DMFT) and cluster DMFT (C-DMFT). In both of the latter methods, the effective cluster model
contains an infinite number of uncorrelated bath sites which are connected to the actual Hubbard
model by self-consistently determined parameters. We analyze this transition by adding a finite
number of uncorrelated sites to a Hubbard chain and optimize the hopping to these sites.
In chapter 4 we turn to the two-dimensional Hubbard model at half-filling, which represents
the relevant case for the physics of the CuO2 planes in the parent compounds of the HTSC, such
as Sr2 CuO2 Cl2 , Ca2 CuO2 Cl2 and Nd2 CuOCl4 . First, we concentrate on the question whether
SFA is able to describe the long-range antiferromagnetism of the 2D Hubbard model and how
this consideration influences the static properties of the model. We compare our results with an
exact quantum monte-carlo (QMC) study and an approximative variational monte-carlo (VMC)
calculation with different values of the interaction strength U and analyze the dependence of
our approximation on the system size of the core method. In the following we are concerned
with the implications of long-range antiferromagnetism on the single-particle dynamics. Since
CPT allows for the calculation of the single-particle spectra directly on the real axis, the spectra
obtained have a much higher resolution than monte-carlo techniques. This allows us to analyze the dispersion of the low-energy excitations of the half-filled Hubbard model in detail. In
particular, we consider the the theoretically predicted dispersion of a single hole in an antiferromagnetic background, the so-called string picture, and compare our results with spectral
functions obtained by QMC.
Moreover, we make contact with experimental results by fitting our low-energy spectra to
recent results of angular resolved photoemission spectroscopy (ARPES) of the insulating parent
compounds. It is well known that an improvement of the qualitative agreement with ARPES
data can be reached by including longer-range hopping processes into the Hubbard Hamiltonian.
As a minimal extension it is sufficient to consider a hopping t 0 along the plaquette diagonal [2].
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This t − t 0 −U Hubbard model will be considered for a wide range of parameters. We give the
parameters for a fit of an analytic expression obtained in the string picture to the single particle
dispersion of the Hubbard model for a variety of physically relevant values of t 0 and U. We also
compare with recent ARPES spectra for Sr2 CuO2 Cl2 .
We proceed to the Hubbard model at finite doping in chapter 5. Due to the large clusters
to be considered in the initial diagonalization in order to reach the most interesting case of low
doping, we are not able to optimize the CPT with respect to long-range antiferromagnetism.
However, since the doping levels that can be considered are still very high (x ≥ 7%), basic CPT
is a very good approximation, since long-range antiferromagnetism is expected to be destroyed
in this case.
We start by showing the validity of our approach by comparing with a number of other
numerical techniques, such as QMC,DCA and DMFT, and study in detail the transfer of spectral weight in the doping process. Next we are interested in the theoretical investigation of
recent experimental results on the single-particle spectral function of the HTSC. A number of
photoemission data for the hole doped cuprates exists in todays literature [3]. Only recently,
high-quality ARPES data of the electron-doped cuprate Nd 2−x Cex CuOCl4±δ became available [4]. In addition to showing interesting properties of its own, this material provides the
unique opportunity to explore the evolution from a Mott insulator to a metal since the states in
the upper Hubbard band are partially occupied upon doping, making a full view of the Mott
gap possible for photoemission experiments. We present our results on the spectral function
and the Fermi surface for the electron doped t − t 0 − U Hubbard model and compare in detail
with experiment and a recently proposed theoretical scenario based on the idea of an uniformly
doped antiferromagnet [5]. Finally we discuss the possible violation of the Luttinger theorem
in the Fermi surface data obtained from CPT.
In chapter 6, we consider the single-particle excitations of the three-band model. Since the
number of orbitals per unit cells is now three, we can only take into account a maximal number
of four unit cells. We compare the results for the spectral function of the half-filled three-band
model in the long-range antiferromagnetic phase with the best low-temperature QMC simulations available. In the following, we are concerned with a detailed analysis of the dispersion of
the low-energy excitations of the three-band model, which we compare with the results achieved
in chapter 4 and with recent experimental data. Finally we consider the possibility of bilayer
splitting in Bi2 Sr2 CaCu2 O8+δ by applying a CPT intercluster hopping to the third dimension.
Next, we proceed to a question of the importance of matrix element effect in ARPES in
chapter 7. We present a theory of ARPES intensities for strongly-correlated electron models
based on the three-band model. We show that for electric field vector in the CuO 2 plane the
‘radiation characteristics’ of the O 2 pσ and Cu 3dx2 −y2 orbitals are strongly peaked along the
CuO2 plane, i.e., most photoelectrons are emitted at grazing angles. This suggests that surface
states play an important role in the observed ARPES spectra, consistent with recent data from
Sr2 CuCl2 O2 .
In chapter 8, we consider a combination of surface state dispersion and Fano resonance
between surface state and the continuum of low-energy electron-diffraction states, which may
produce a precipitous drop in the observed photoelectron current as a function of in-plane momentum, which may well mimic a Fermi-surface crossing. This effect may explain the simul-
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taneous “observation” of hole-like and electron-like Fermi surfaces in Bi 2 Sr2 CaCu2 O8+δ at
different photon energies. We show that by a suitable choice of photon polarization one can,
on the one hand, “focus” the radiation characteristics of the in-plane orbitals toward the detector, and, on the other hand, make the interference between partial waves from different orbitals
“more constructive”.
In the summary we present the main results and conclusions.

Part I
Basics

5

1
Experimental and Theoretical Aspects
1.1

Strongly-Correlated Electron Systems and High-Tc
Superconductors

In this section we give a short overview of the lattice structure and stoichiometric composition
of the cuprates and explain the basic electronic environment that leads to the unusual properties
of these materials.
The structure of the high-Tc compounds is basically tetragonal. The common structural
element of the cuprates HTSC are the copper-oxide planes, of which one or more can appear
per unit cell. The existence of the CuO2 planes became a part of the definition, so that a superconducting compound is only said to be a HTSC if it has CuO 2 planes. The CuO2 planes
are sandwiched between layers of other atoms, so-called interlayer material, mostly alkali-earth,
rare-earth and halogenides. Depending on the number of planes per unit cells, there exist single,
double and triple layer materials as in La2 BaCuO4 , YBa2 Cu3 O7 and Bi2 Sr2 YCu3 O8 , respectively.
Two prominent examples of the family of HTSC compounds, La 2 CuO4 and YBa2 Cu3 O7 ,are
shown in figure 1.1. The first HTSC, discovered by Bednorz and M üller in 1986 [1], was based
on the comparatively simple structured La2 CuO4 (Figure 1.1 A). Here, the planes are formed by
CuO4 octahedrons, separated by lanthanum atoms. The composition of many other cuprates,
e.g. YBa2 Cu3 O7 (Figure 1.1 B), is more complicated and may even involve one-dimensional
CuO chains.
The geometry of the CuO2 planes is fairly universal in all HTSC compounds. The Cu ions
in the CuO2 plane form a square lattice with a Cu-Cu distance of 3.8 Å. Each Cu ion in the
plane has at least four adjacent O ions at half the distance (1.9 Å) between the Cu. Additional O
ions may be locate along the c axis at a slightly larger distance and are therefore more weakly
bound to the copper, e.g. at 2.4 Å above the copper ion in YBa2 Cu3 O7 (Figure 1.1 B).
The materials described above are not superconducting per se, but prototypes of their superconducting derivatives, so-called parent compounds. Most surprising, many parent compounds,
e.g. La2 CuO4 in Figure 1.1, are not even metallic, but insulating. One can easily understand
6
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Figure 1.1:
Crystal
structure of La2 CuO4
(a) and YBa2 Cu3 O7
(b).
The distances
marked in the graphic
are given in Å.

a
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b

Y
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that this is a rather unusual property by taking a look at the stoichiometry of La 2 CuO4 . Crudely
estimating the electronic configuration by simply counting the valencies of the single atoms we
get 6 donated electrons for two La3+ atoms and 8 accepted electrons for four O2− atoms, leaving
a valency of 2− for Cu. The copper atom is therefore in a 3d9 configuration. Assuming a system
of independent electrons, the material is a metal with a half-filled conduction band. In reality,
an insulator with an energy gap of approximately 2 eV is found. Even if sophisticated density
functional techniques are used, this fact can not be reproduced satisfactorily [6]. Instead, it can
only be explained by the suppression of charge fluctuation by a strong coulomb repulsion in the
highest copper orbital, which leads to avoidance of double occupations and forces the charge
carriers to localize. This is a direct evidence for the importance of strong electronic interaction
in the cuprates.
The bonding between Cu2+ and two O2− ions is schematically sketched in figure 1.2. εd
and ε p denote the orbital energies for the isolated ions and only the hybridization Cu 3d and
O 2px,y orbitals is considered. The electronic levels of the copper ion are perturbed by crystal
field of the surrounding oxygen ions, which leads to a splitting of the degenerated levels. The
highest occupied level in the copper has predominantly d x2 −y2 character [7]. Since we are
mainly interested in the low-energy properties, it is sufficient to consider the Cu 3 d x2 −y2 orbital
plus the surrounding O 2px,y orbitals in the first place. Other electronic degrees of freedom are
usually neglected, although there are indications for the importance of additional orbitals, e.g
Cu 4s [8].
Since the whole unit cell is completely filled with electrons except for the Cu 3d x2 −y2 orbital,
it is more convenient to denote the charge carriers with holes, i.e. unoccupied electronic levels.
In each Cu 3dx2 −y2 one hole of spin 1/2 is localized. The superexchange mechanism between
these localized magnetic moments via the O 2px,y orbitals causes the strong antiferromagnetic
correlations found experimentally. As a matter of fact, the materials are found to be three-

8
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Figure 1.2: Bonding between a Cu2+
and two O2− ions. The highest antibonding orbital has predominantly dx2 −y2
character (From [7]).

Cu

3d

2p
(2)
(2)

dimensionally long-range ordered below a Néel temperature of TN ≈ 230 − 325K [9], which is
due to a small coupling between the single CuO2 planes.
Superconducting materials can be produced from the parent compounds by replacing a certain percentage of the atoms of the interlayer material by elements with lower valency. In
the case of La2 CuO4 this can be done by replacing a percentage x of La with Ba. This process,
known as doping, leads to a total reduction of electrons in the system, of which La donates 3 and
Ba only 2. Hence, the number of holes in the system is increased. In the case of La 2−x Bax CuO4
the dependence of the concentrations of holes ch in the planes on the Ba content is approximately direct, i.e. ch ≈ x. For other materials, the dependence can be more complicated. We
have already found that the strong Coulomb interaction in the Cu 3d x2 −y2 orbital leads to a suppression of double occupation in this orbital. Hence, additional holes introduced into the system
will prefer to go into the oxygen orbitals. Experimentally one finds, that the additional holes
have 85% O 2p character and only 15% Cu 3dx2 −y2 character [7].
The hole doped materials are often called p-type (positive) superconductors, which immediately opens the possibility that there are also n-type materials. Of course it is also possible to
dope in the “opposite direction”, that means adding additional electrons to the system. To our
knowledge, only few n-type materials have been synthesized. The most prominent example is
Nd2−x Cex CuOCl4±δ . Although this n-type superconductor yields much lower critical temperatures than its p-type relatives, it is of course very important for theoretical considerations.
Figure 1.3 shows a schematic temperature vs. doping phase diagram of La 2−x Srx CuO4 and
Nd2−x Cex CuOCl4±δ , that is quite generic for all high-temperature superconductors. We first
turn to the hole-doped part. At half-filling (x=0) and below a certain Neél temperature, the
HTSC are antiferromagnetically ordered insulators. If we follow the doping in the ground state
(T=0), already a small percentage of added holes (≈ 3%) causes the breakdown of the AF
insulating phase and a transition to a metal. Upon further doping (≈ 5%) the materials become
superconducting with the maximum critical temperature reached at x opt ≈ 15%, a value which
is denoted as optimal doping. Consequently, superconducting materials with lower and higher
dopings are called underdoped and overdoped, respectively. Superconductivity disappears for
doping levels larger than x ≈ 30%. Between the boundary of the AF and SC phase and also
in the SC phase itself, incommensurate spin and charge fluctuations are observed. These are
believed to originate from one-dimensionally ordered charge carriers, so-called stripes.

9
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Figure 1.3:
Generic temperatureversus-doping phase diagram of the
high temperature superconductors. The
full lines indicate the Neél-temperature
TN in the antiferromagnetic (AF) and
the critical temperature Tc in the superconducting (SC) phase. Between the
two, at low temperature and partially
overlapping with the SC phase, one
finds a phase of one-dimensional
ordered charge carriers, the stripe
phase (SP). At finite doping and higher
temperatures the HTSC are generally
paramagnetic metals (PM). The label
δoptimal marks the point of the highest
critical temperature.
The regions
left and right of δoptimal are referred
to as underdoped and overdoped,
respectively.

Temperature
N−Type

P−Type

TN

PM

CM
Tc
AF

AF

SP

SC

SC
0

δ optimal Doping

In contrast to the p-type materials, the n-type superconductors show a more extended, longrange AF ordered phase that reaches up to a doping of x = 13%. The transition from the AF
phase into the SC phase is direct. Optimal doping is reached at approximately the same value
as in the p-type materials and superconductivity breaks down at x ≈ 18%.

1.2

Microscopic Models

The complex unit cell of the cuprate materials makes a complete microscopic description an
impracticable task. Systems of almost arbitraly complexity can be treated within the density
functional approach, which unfortunately fails do describe some of the most basic features of
the HTSC materials, e.g. the antiferromagnetic phase, but is considered to be quite reliable
in the metallic phase. In order to make a microscopic description feasible we need to make
simplifying assumptions which still include the relevant physics of the cuprates. From the basic
observations layed out above, the CuO2 planes can be considered as the entities where the most
important electron dynamics takes place. In this section we quantify our considerations and
introduce a set of microscopic hamiltonians that are suitable candidates for the description of
the low-energy physics of the cuprate superconductors.

1.2.1 The Three-Band Model
The key issue to the understanding of the electronic properties of HTSC materials is the derivation of essential features of the experimental data from minimal microscopic models that cover

10
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a maximum of physics.
It is generaly believed that the reason for the unusual characteristics of the cuprates can be
found in two of their most striking properties [10,11]: (i) The unusually strong electron-electron
interaction that causes strong correlations among the electrons. (ii) The highly anisotropic structure with a very weak coupling between the CuO2 planes, which makes the problem essentially
two-dimensional.
We have already identified the orbitals that are most important for the low energy physics of
the cuprates. As detailed in the previous section, the highest incomplete shell in the CuO 2 plane
is the copper 3d9 . The adjacent oxygens are in a 2p8 configuration. Energetically deeper levels
will not be of interest, since they need high energies to be excited and therefore do not contribute
to the low-energy excitations. The degeneracy between the d orbitals caused by the rotational
invariance of the isolated atom is lifted by the tetragonal lattice structure of the different HTSC
compounds. It can be shown that the copper and oxygen orbitals separate, as schematically
shown in figure 1.2. The highest antibonding band has predominantly d x2 −y2 character and
contains one hole in the unit cell. On the oxygen side, the O p x,y orbitals are completely filled
with electrons, or rather contain no holes. Hence, our microscopic description must at least
include the hybridizing Cu 3dx2 −y2 , O 2px and O 2py orbitals.
A model describing these bands has been proposed early after the discovery of cuprates
materials [12–16] in form of the so-called three-band model
´
³
H3b = −t pd ∑ ∑ αi, j,δ p†δ,i,σ d j,σ + d †j,σ pδ,i,σ
δ=x,y hi jiσ
´
³
†
†
0
−t pp
αi, j px,i,σ py, jσ + py,i,σ px,i,σ
hhi jiiσ

∑

†
di,σ + ε p ∑
+εd ∑ di,σ
iσ

∑

iσ δ=x,y

p†δ,i,σ pδ,i,σ +

Ud
ndi,σ ndi,−σ
2 ∑
iσ

U pd
Up
p pδ
p
+
ni,σδ ni,−σ
+
∑
∑
∑ ∑ 0 ni,σδ ndj,σ.
2 δ=x,y iσ
2 δ=x,y
hi jiσσ

(1.1)

†
and p†δ,i,σ create a hole in the copper 3dx2 −y2 orbital and the oxygen 2pδ (δ = x, y)
Here, diσ
orbital, respectively. h. . .i denotes next neighbors Cu-O orbitals and hh. . .ii next neighbors O-O
orbitals. εd and ε p are the on-site energies of the copper and the oxygen orbitals. The Coulomb
repulsion between two holes is taken into account by the intra-atomic copper matrix element
Ud , the intra-atomic oxygen matrix element U p and a long range part acting between nearestneighbor copper and oxygen, U pd . αi jδ and α0i j contain the sign of the phases of the Cu-O and
O-O hopping, respectively.
A full evaluation of all parameters of the three-band hamiltonian (1.1) is, of course, beyond
the scope of this thesis. We will, therefore, consider the three-band model in a more compact
version, neglecting U p and U pd :
³
´
³
´
†
†
†
†
0
H3b = −t pd ∑ ∑ αi, j,δ pδ,i,σ d jσ + d jσ pδ,i,σ − t pp ∑ αi, j px,i,σ py, jσ + py,iσ px,i,σ
δ=x,y hi jiσ

Ud
+∆ ∑ ∑ p†δ,iσ pδ,iσ +
∑ ndiσndi−σ.
2
iσ
iσ δ=x,y

hhi jiiσ

(1.2)

11

1.2. M ICROSCOPIC M ODELS

A
py

B
+

3d 10
t pp

−

t pd

εp
U

−
+

+

p
t pd

x

εp
U

∆
εd

+

−

−
dx 2−y2

4

J=4tpd /∆ 2 ( 1/Ud +1/∆ )

C

Cu 3d 9

εd
O

Cu

O

Cu

Figure 1.4: (a): Geometry of the unit cell of the three-band model with the relevant orbitals Cu
dx2 −y2 , O px and O y . t pd and t pp denote the overlap matrix elements for a transition between
Cu and O, and O px,y and py,x , respectively. (b): Energy levels for holes on copper and oxygen,
which differ by a charge transfer energy ∆. Double occupations on a copper orbital result in a
Coulomb repulsion U (arrows represent holes). (c): If the hopping between copper orbitals is
taken into account in a second order process, the electronic structure of the CuO 2 plane can be
represented by the one-band Hubbard model.

U

p−type metal

∆=

U

Here, we have taken the energy of the copper orbital εd = 0, and we have ∆ = ε p − εd . The
geometry of the unit cell and the meaning of the parameters are depicted in figure 1.4.
One can have a first understanding of the basic properties of H3b as a function of the parameters Ud , ∆ by considering the atomic limit at half-filling (x=0), where there is one hole per
unit cell. In the case ∆ > Ud , the holes will exclusively reside in the Cu d orbitals. In this case,
the oxygen p degrees of freedom can be integrated out and the copper site are connected via
2 /∆. The resulting model is the famous one-band Hubbard
an effective hybridization of t = t pd
model, which will be treated intensively in the next part. The influence of Ud leads to a splitting
of the band structure into an upper and a lower Hubbard band with a gap proportional to the
interaction. The situation changes if we consider Ud < ∆, where the charge excitations corre-

charge transfer
Gap ~∆

Mott−Hubbard
Gap ~ U

Figure 1.5: Zaanen-Sawatzky-Allen
diagram for the transition metal compounds [17].

w
d−type metal
(W+w)/2

∆
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spond to a transfer of holes from the lower Hubbard band to the oxygen p band, which is lower
in energy compared to the upper Hubbard band. The resulting gap is now proportional to ∆ and
the system is an insulator with a d-type valence band.
The cases above describe physically quite different situations that have been explained in
detail by Zaanen and coworkers [17]. The first case is identified as a “Mott-Hubbard insulator”,
whereas in the second case one speaks of a “charge-transfer insulator”, as depicted in figure 1.5.
In order to get an impression of the regime we are working in, we list possible parameterizations
for the HTSC that have been obtained with various methods. The parameters are given in eV.

Constr. LDA [18]
QMC [19–21]

Ud U p U pd
10.5 4.0 1.2
8.52 -

ε p − εd
3.6
5.68

t pd
t pp
1.3 0.65
1.42
-

From these results, it is clear that the half-filled HTSC compounds need to be considered as
charge-transfer insulators. Despite this clear finding, it has been found that the Hubbard model,
being the original version of a Mott-Hubbard type insulator at half-filling, is to a certain extend
suitable to describe the physics of the HTSC [10]. We will provide details on this issue in
section 1.2.2.
We now discuss the physics of the three-band model at half-filling. In the following we,
neglect t pp . In the atomic limit t pd = 0 (we neglect t pp ), the ground state of the Hamiltonian
(1.2) consists of completely localized spins on the Cu dx2 −y2 orbitals and is 2N fold degenerate.
Two neighboring spins may be found in a combination of a singlet and a triplet configuration.
Considering t pd 6= 0, the first non-zero contribution in perturbation theory is a second order term
consisting in a hop to a neighboring oxygen orbital an back. This process does not lift degeneracy. The next non-zero contribution is a two-channel fourth order process: either one spin hops
to an other copper orbital (via an oxygen) and forms a virtual d 8 state, or two spins hop to a
adjacent oxygen and back. The effective interaction induced by this process, produces a difference between the singlet and the triplet state of both spins, which is called the superexchange
energy and can be written as
¶
4 µ
t pd
1
1
J=4 2
+
[22].
(1.3)
∆ Ud ∆
This superexchange constant thus causes spins on neighboring copper orbitals to align antiferromagnetically at half-filling, which is one of the most important physical properties of the HTSC
at half filling. Equation (1.3) is equivalent to the description by Anderson [23] for ∆ À U. In
this case the second term in the bracket drops out.

1.2.2 One-Band Models
The three-band model presents a major simplification for the description of the electronic structure of the cuprates. Still, for most practical purposes, the three-orbital unit cell is still somewhat
too complicated. This will be especially important if one tries to investigate the properties of
the Hamiltonian numerically. It is therefore highly desirable to write an even more compact
Hamiltonian in order to extract more essential physics.
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In the half-filled case, the Hamiltonian (1.2) has been shown to develop a superexchange
antiferromagnetic interaction between holes residing in neighboring copper sites. Hence, H3b
can be mapped onto a S = 21 Heisenberg model on the square lattices of the copper sites [23,24],
HJ = J ∑ Si S j ,

(1.4)

hi ji

where the Heisenberg constant J is given by expression (1.3). This mapping is consistent with
experimental data, finding strong [9] and, in particular, two-dimensional AF correlations [25].
The situation changes if we consider doping. In contrast to the three-band model, the addition of particles is not a priori meaningful in the Heisenberg model. Hence, we need to go back
to the three-band Hamiltonian to consider doped systems.
As mentioned above, contrary to the case ∆ > Ud , where the holes exclusively reside on the
copper dx2 −y2 orbitals and the oxygen degrees of freedom can be integrated out, additional holes
will preferably occupy the oxygen orbitals for the physical situation Ud > ∆.
However, even in this case the oxygen orbitals can still be eliminated, although via a more
complicated procedure. Consider first a copper and an oxygen site with two holes in the absence
of hybridization, Possible states for this system are
´
1 ³ † †
†
† †
ψ± = √ d↑ p↓ ± d ↓ p↑ .
(1.5)
2

Here − and + correspond to the singlet and triplet state, respectively. The energy reduction by
2 (1/(U − ∆) + 1/∆)
perturbatively including the hopping to second order is given by ∆E − = −2t pd
and ∆E+ = 0. From the parameters given above, one finds that ∆E− ≈ −1.4eV to −2.1eV . The
energy gain is even more substantial, if one considers a CuO 4 plaquette and the hole on the
oxygen forms a symmetric state around the central Cu orbital, as depicted in figure 1.6. This
can be done by considering a linear superposition of the O orbitals,
´
1³ †
†
†
†
†
(1.6)
−p1,σ + p2,σ + p3,σ − p4,σ ,
pσ =
2
where the signs of the single operators take into account the phase of the hopping between the
2 (1/(U − ∆) + 1/∆) or
different orbitals. The same consideration as above yields ∆E− = −8t pd
∆E− ≈ −5.7 to −8.5eV . It is, thus, energetically quite favorable for oxygen hole to form a local
singlet with the Cu hole. This state is known as the Zhang-Rice singlet (ZRS) [24]. The ZRS
effectively eliminates a spin in the Heisenberg model, since it has no magnetic interaction with
the other localized Cu d spins. By “changing plaqettes”, i.e. forming a singlet with an other
adjacent copper hole, the ZRS is also mobile and can move within the lattice. This corresponds
to an effective hopping process of the Wannier state pi to p j , where i denotes the central copper
orbital.
From this simple picture one can draw the conclusion that it is indeed possible to represent
the low-energy physics of the CuO2 plane in an effective one-band model by writing the Hamiltonian fully in terms of creation and annihilation operators of the localized copper spins, which
yields the well known t-J Hamiltonian [24]
¶
µ
³
´
1
† †
(1.7)
Ht−J = −t ∑ ∑ c̃iσ c̃ jσ + h.c + J ∑ Si S j − ni n j .
4
hi ji σ
hi ji
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Figure 1.6: Zhang-Rice singlet on a CuO4 plaquette.
The Hamilonian (1.7) is restricted to states in which the copper orbitals are not doubly occupied.
This enforced by defining c̃†iσ = c†iσ (1 − ni,−σ ).
The t-J Hamiltonian (1.7) does not only present an effective model for the very complicated
CuO2 plane, but also is (up to some smaller corrections) the strong coupling version of an other
important model, often used to describe strongly correlated electron systems, the well known
Hubbard model
´
³
†
†
H1b = −t ∑ ∑ ciσ c jσ + c jσ ciσ +U ∑ ni↑ ni↓ .
(1.8)
σ hi ji

i

The Hamiltonian above was independently introduced by Hubbard [26] and Gutzwiller [27] in
an attempt to describe the effect of electron correlation in transition metals. It is easy to see
that equation (1.8) reduces to (1.4) via a second order process in t/U in the limit of strong
interaction U and at half-filling [28]. The resulting effective superexchange interaction is given
by
t2
J=4 .
U

(1.9)

In the case of finite doping, it can be shown that (1.8) does reduce exactly to (1.7), with the
addition of conditional hopping terms involving three sites [29].
The relevance of the Hubbard model for the physics of the HTSC materials is clear, not only
due to its close relation to the t-J model. Actually, it was proposed by Anderson [30] for the
cuprates early after the discovery of the first HTSC. However, we must be clear about the fact
that equation (1.8) describes the wrong limit of the three-band model (1.2). We already pointed
out, that a one-band model could easily be obtained from (1.2) in the limit ∆ > Ud , where
2 /∆. The
the oxygen degrees of freedom can be eliminated by a second order hopping t = t pd
resulting effective model would be exactly (1.8), representing the Mott-Hubbard type in figure
1.5. Hence, the fact that the three-band model and the Hubbard model can be mapped onto
the same effective model under certain assumptions does not necessarily result in a mapping of
the three-band model on the Hubbard model. It might still be argued that the Hubbard model
is appropriate to describe the low-energy physics of the CuO 2 planes by effectively mimicking
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their quasiparticles, as it is the case in the t-J model. Hence, the Hubbard interaction U is an
effective parameter and not equivalent to the Coulomb repulsion of the Cu d x2 −y2 orbital of the
three-band model [10]. Regarding the one-particle spectrum, the Hubbard and t-J model have
been shown to be in excellent agreement [29] and the Hubbard model is generally accepted to
be an suitable microscopic model for the cuprates [3, 10, 11, 31, 32].
The Hubbard model is also the minimal model for a strongly-correlated system and has
been studied intensively ever since its first proposal. Despite the great effort devoted to its
study, no general solution to this model was found so far. Exact solutions can be obtained in
the limit of one [33] and infinite dimensions [34]. For the most interesting cases of two and
three dimensions, one needs to rely either on approximate solutions of the infinite system or
exact numerical solutions of finite cluster calculations. A great part of this thesis is devoted to
an attempt to unify these two approaches.

1.3

Angular-Resolved Photoemission Spectroscopy

Numerous techniques exist in order to investigate thermal, electrical and magnetic properties
of strongly correlated materials. One of the most important are photoemission spectroscopy
(PES) and especially angular-resolved photoemission spectroscopy (ARPES), whose results
will be analyzed throughout this thesis to test the quality of our models. This technique allows,
in principle, to map out the spectral function of the electrons in a solid, which is an easily
accessible magnitude in many-body theory. In this section we briefly introduce the basics of the
photoemission process and the theoretical background of the spectral function [3, 31].
Photoemission spectroscopy is the common name for a variety of methods based on the
photon stimulated emission of electrons from a material, the photoelectric effect. In this process,
the electron absorbs the energy of the incident photon and can than possibly escape the material
with a maximal kinetic energy of
Ekin = hν − φw ,

(1.10)

where ν is the photon frequency and φw is the materials work function. A visualization of the
energetics of the photoemission process is displayed in figure 1.7. A beam of monochromatic
photons from a suitable light source (e.g. a discharge lamp or a synchrotron) strikes the surface
of a sample. An electron within the sample will eventually absorb the photon and escape the
material in an arbitrary direction, if its kinetic energy is high enough. Since the electron is
excited with a known photon energy, it directly reflects the energy distribution of the initial
states from which it came. If the photoelectrons from all angles are collected by an electronenergy analyzer an their energy distribution is determined, the result is a measure of the density
of occupied states of the material. This is, of course, a description of an ideal photoemission
process, since many effects may blur the result, e.g. the electrons may be scattered on their way
to the crystal surface and become so-called secondary electrons.
The strongly-anisotropic structure of the cuprates, presenting us with an effectively twodimensional electronic system, allows us to obtain even more information from the photoelectrons emerging from the crystal, since the momentum k⊥ perpendicular to the plane is not
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Figure 1.7: Energetics of the photoemission process [35].

N(E)

relevant. In this case one can, in principle, relate the emission solid angle to the momentum of
the initial Bloch state of the electron via
!
Ã
µ ¶
kk
kk
θ = arctan
= arctan 1 p
k⊥
h̄ 2m (hν − φw ) − kk
µ ¶
ky
,
(1.11)
φ = arctan
kx
q
where the in-plane momentum kk = kx2 + ky2 and k⊥ = kz . The configuration of an experimental setup is schematically depicted in figure 1.8 A. These photoelectrons are then collected by an
electron energy analyzer that supplies information on the kinetic energy of the electrons under
a certain angle. The energy-momentum resolved information obtained is known as the spectral function Akk (ω) of the occupied states. This particular information is especially important,
¡ ¢
since it allows not only for the identification of quasiparticle dispersion E kk , but also for the
lines shapes and incoherent spectral parts, which contain the effects of the strong correlations
(see figure 1.8 B,C).
We address some practical problems when interpreting ARPES data. The process described
above is, of course highly simplified. Apart from the fact that we are only dealing with “approximately” two-dimensional materials, it is the extreme surface sensitivity of ARPES that
poses the greatest problems. ARPES experiments are typically performed at photon energies of
hν < 100eV . There are two main reasons: First of all, for low photon energies the effect of the
momentum of the photon is negligible, which makes interpretation much easier. Second, the
energy-momentum resolution in the experiment is much higher for low photon energies. This
can be easily realized by considering the momentum resolution
∆kk ≈

1√
∂ sin θ
2mE
∆θ,
h̄
∂θ

(1.12)

where ∆θ is the finite acceptance angle of the electron analyzer. It is clear that the momentum
resolution is the better the larger the angle θ and the smaller the energy E is. The major problem
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Figure 1.8: (a): Schematic outline of an angle resolved photoemission experiment. An electron
with a certain in-plane momentum kk absorbs the energy hν of a monochromatic photon and
escapes the solid under a certain angle configuration (φ, θ) given by equation (1.11). (b): If
the free-electron picture is applicable, the experiment directly yields the bandstructure of the
electrons. (c): If correlations are important, the results carry additional information on the self
energy of the system in form of the distribution of spectral weight.

of working with low photon energies is the extreme surface sensitivity of the process. In figure
1.9 the mean free path L of an unscattered photoelectron is plotted versus the energy of the
exciting photon. For a typical ARPES experiment of hν = 20 − 100eV , L is clearly in its
minimum of about 5 Å. Hence, photoemission spectroscopy in this energy range will probe
essentially only the topmost surface layer. This is especially true for the HTSC, since they show
a strong structural and electronic anisotropy and, in particular, a large c-axis lattice parameter.
Even if this surface is atomically clean and well ordered and was prepared in ultra-high
vacuum directly before the experiment (which are the general conditions in all ARPES experiments), the presence of the surface alone will almost certainly have considerable impact on the
results of the experiment, e.g by wave-guide effects. We discuss this issue in detail in section 8.
We consider now the photoemission process in detail. The transition probability between
the N-electron ground state ψi and a possible final state ψ f is approximately given by Fermi’s
golden rule:
¢
®¯2 ¡
2π ¯¯
wi→ f =
ψ f |Hint | ψi ¯ δ E f − Ei − hν .
(1.13)
h̄

Here Ei = EiN−1 − Ebk and E f = E N−1
− Ekin are the initial and final state energies of the Nf
k
particle system, with Eb is the binding energy of the photoelectron with kinetic energy E kin and
momentum k.
Neglecting the quadratic term in the vector potential A, the interaction of electron and photon is given by
e
(A · p + p · A)
(1.14)
Hint =
2mc
where p is the electronic momentum operator, and the Coulomb gauge was chosen. By assuming the vector potential to be constant over atomic dimensions, from which follows ∇ · A = 0,
and making use of the commutator relation [p, A]− = ih̄∇ · A, we arrive at
e
Hint =
A · p,
(1.15)
mc
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Figure 1.9: “Universal curve” of the
electron escape depth versus the kinetic
energy (data taken from [31]). The datapoints indicate the escape depth for a
number different materials. The line is
guide to the eye.
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and finally
¯
®¯2
wi→ f ∝ ¯ ψ f |ε̂ · p| ψi ¯ ,

(1.16)

ψNf = A φkf ψN−1
.
f

(1.17)

where ε̂ is the polarization of the incident electric field. This is the famous dipole approximation
that is the first step in the so-called three-step model of photoemission, which has proven rather
successful, although being purely phenomenological [36]. Within this approach, the photoemission process is divided into three independent steps (see figure 1.10): (i) Optical excitation
of the electron in the bulk; (ii) transport of the photoelectron to the surface; (iii) escape of the
electron into vacuum through the surface. The photoemission intensity is the given by the product of the probability for each single process. It is, however, highly desirable to make one more
simplification of equation (1.16) by applying the so-called sudden approximation, which allows
us to factorize the wavefunctions in photoelectron and (N-1)-electron terms, as we did with the
corresponding energies. In the limit of high kinetic energy of the electrons, the photoemission
process is assumed to be instantaneous with no post-collisional interaction between the photoelectron and the system from which it emerged. In this case, the final state can be written as an
anti-symmetrized product of photoelectron φkf and (N-1)-system ψN−1
:
f

Here A is the anti-symmetrization operator. The final state can be chosen as an excited state
with eigenfunction ψN−1
and energy ElN−1 . The total transition probability is then given by the
l
sum over all excited states m. Proceeding accordingly for the initial state, one obtains
k N−1
,
ψN
i = A φ i ψi

(1.18)

where ψN−1
= ck ψN
i
i . Now we can write the matrix elements of Hint in equation (1.13) as
ED
E
D
E D
N−1
N−1
k
k
|H
|
,
(1.19)
φ
ψ
|
ψ
ψNf |Hint | ψN
=
φ
int i
i
f
i
l
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Figure 1.10: The photoemission process
in the three-step model. 1. Optical excitation of the electron in the bulk by a
photon of energy hν. This step involves
matrix element effects. 2. Transport of
the photoelectron to the surface and consideration of scattering. 3. Escape of the
electron through the surface.
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where ψ f |Hint | ψi = mi→ f is the one-electron dipole matrix element and ψm | ψi
=
E
D
|ck | ψN
is the (N-1)-electron overlap integral, where we replace ψ N−1
with an eigenψN−1
i
f
l
state, as discussed above. The total photoemission intensity measured as a function of E kin and
k at the detector is then
Ik (ω) =

∑ wi→ f
f ,i

³
´
¯2
¯
2
N−1
N
¯
¯
− Ei − hν
∝ ∑ mi→ f ∑ |cli | δ Ekin + El
fi

(1.20)

l

This expression constitutes the fundamental basis for any analysis of ARPES intensities we
will discuss in he following. Except for the matrix elements, equation (1.20) coincides with
the spectral function, proportional to the imaginary part of the Green’s function, that can be
obtained on the basis of many-body theory. Hence, equation (1.20) gives access to the properties
of complex cuprate materials by calculating the most important element of the Green’s function
formalism.
In most cases, however, we will assume the matrix elements mli to be less important and
focus rather on the dispersion of the quasiparticles than on their spectral weight. This is unavoidable, since one can not treat matrix element effects in the Hubbard model. We are devoted
to the calculation of the matrix elements in equation (1.20) in the three-band model throughout
part III, where we also address consequences arising from the presence of the surface.
The analysis of the photoemission process as detailed above is, of course, based on assumptions that are justified only phenomenological. A more rigorous approach to the photoemission
process consists in the so-called one-step model, that treats the photon absorption, electron removal and electron detection in a single coherent process [37]. This requires the consideration
of bulk, surface and vacuum in the Hamiltonian, which exceeds the capability of our methods.

2
Exact Diagonalization and Cluster
Perturbation Theory
2.1

Exact Diagonalization

The basic aim of theoretical solid-state is to predict the expectation values of experimentally
measurable observables from a Hamiltonian based on model assumptions. The results are compared with the corresponding experiments, which possibly leads to a new or altered model.
This cycle is continued until the given model describes reality sufficiently good. In section
1.2 we have already derived two models based on well founded assumption, e.g. the importance of a strong Coulomb interaction in the copper 3d x2 −y2 orbital. We have also introduced
angular-resolved photoemission spectroscopy as a technique that allows for a direct access to
the electronic properties of strongly-correlated materials. In this section, we will now introduce
a method to actually calculate the spectral function, as it is measured in ARPES experiments,
for a given model Hamiltonian.
In the first place, this task consists in finding the ground state |φ0 i of a given system governed
by its Hamiltonian. For the case in which the Hilbert space has a small dimension, this can be
done in an almost trivial way: If one chooses a certain basis that covers all possible states the
system can take, the Hamiltonian can be written in form of a square matrix. This matrix is then
diagonalized. This represents only an algebraic problem. The eigenvector corresponding to the
lowest eigenvalue is the desired solution.
The method described above is known as “Exact Diagonalization” (ED), since it solves the
quantum-mechanical problem exactly, i.e. without any approximation or statistical error as it is
usually the case in other numerical methods for many-body physics. In most cases, however,
the method will not be able to give a complete and exact solution to the problem due to the
large dimension of the Hilbert space, which is growing proportional to 4 Ns with the number of
orbitals Ns . For a quite small system of, say, 4 × 4 = 16 orbitals or sites, the number of states to
be included in the basis is
416 = 4 294 967 296.

(2.1)
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Storing every state in binary representation, i.e. 0 for an empty site and 1 for an occupied site
for each spin direction, one needs 32 × 416 ≈ 16GB of memory to store the basis. To store the
the double-precision components of a wave function in this representation, e.g. the groundstate wave function, on needs another 32GB. Hence, the storage of a single wave function and
its basis requires a total of 48GB, which exceeds the memory per computing node of todays
supercomputers. The storage of a whole Hamilton matrix of dimension (4 16 )2 is impossible.
The number of basis states can be reduced by considering only systems with conserved particle
number and total spin 0, which is typically the interesting case, to
µ ¶2 µ
¶2
Ns !
Ns
=
= 165 636 900.
Nσ
Nσ ! (Ns − Nσ )!
This number is still to large to apply standard diagonalization techniques. It is, however, not
necessary to store the entire Hamilton matrix if we are only interested in certain eigenvalues
and eigenstates. In the following we present a method to calculate only the lowest energy
eigenvalues and corresponding eigenvectors, and the single-particle Green’s function of the
system in an approximate way by the so-called Lanczos method.

2.1.1 The Lanczos Method
The Lanczos algorithm [38] is one of the most widely used from the class of power methods [39]. It is suitable to calculate few outer eigenvalues and their corresponding eigenvectors,
which are obtained very accurately. First of all, the Lanczos method is an algorithm, that transforms an hermitian square matrix to tridiagonal from by NL successive similarity transformations.
It starts with a normalized random vector |ψ0 i in the vector space in which the Hamiltonian
H is defined. The matrix H is applied to |ψ0 i and the resulting vector is split into a component
parallel to |ψ0 i and a component |ψ1 i orthogonal to it
H |ψ0 i = a0 |ψ0 i + b1 |ψ1 i .

(2.2)

Since H is hermitian, a0 = hψ0 | H |ψ0 i is real, and the phase of |ψ1 i is chosen so that b1 is also
real. In the next step H is applied to |ψ1 i
H |ψ1 i = b01 |ψ0 i + a1 |ψ1 i + b2 |ψ2 i ,

(2.3)

i.e. the result is projected onto |ψ0 i, |ψ1 i and a component |ψ2 i orthogonal to them. Again,
|ψ2 i is chosen so that b2 is real, while a1 is real due to the hermiticity of H. The coefficient
b01 = hψ0 | H |ψ1 i is equal to b1 , as can be easily seen by multiplying (2.2) from left by |ψ1 i. By
proceeding in this way, a subspace Ln has been constructed after n step, spanned by n+1 vectors
|ψi i that obey the orthonormality condition

®
ψi | ψ j = δ i j .
(2.4)
¯ ®
Along with the vectors, the coefficients hψi | H ¯ψ j have been generated, which for the diagonal
and the first off-diagonal row real and denoted by ai and bi+1 respectively. In general, by having
n+1 vectors of Ln , the next vector |ψn+1 i is obtained from
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n

H |ψn+1 i = ∑ |ψi i hψi | H |ψn i + bn+1 |ψn+1 i .

(2.5)

i=0

¯ ®
Calculating the component of ¯ψ j in H |ψn i one gets


ψ j |H | ψn

®

=



ψn |H | ψ j

®∗

j

®


®∗
= ∑ hψn | ψi i ψi |H | ψ j + b j+1 ψn | ψ j+1 .

(2.6)

i=0

This expression is only nonzero for j ≥ n − 1, so that in the (n+1)-th step we have
H |ψn i = bn |ψn−1 i + an |ψn i + bn+1 |ψn+1 i .

(2.7)

Hence, the operator H is tridiagonal in the subspace spanned by the vectors |ψi i, and can be
written in matrix form for M steps as


a0 b1 0 . . .
0
0
 b1 a1 b2 . . .
0
0 



 0 b a ...
0
0
2
2


(2.8)
HM =  ..
..
.. . .
..
..  .
 .
.
.
. 
.
.


 0 0 0 . . . aM−1 bM 
0 0 0 . . . bM
aM
This matrix can easily be diagonalized using standard numerical methods to obtain the eigenvalues Ei and the corresponding eigenvectors vi with components vi j . From these one can construct
the orthonormal states
¯ ® M
¯φ j = ∑ vi j |ψi i ,

(2.9)

i=0

which fulfill

®
φi |H| φ j = E j δi j ;

i, j = 0 . . . n

(2.10)

If after N iterations the coefficient bN+1 is zero, we have found a (N+1)-dimensional eigenspace
of H and the matrix (2.8) is already a correct representation of the operator H.
Since the subspace LN is very small compared to the complete Hilbert space of dimension
Nstates , it is not immediately clear that this is a very helpful approximation. The miraculous
feature of this algorithm is now that the smallest and largest eigenvalues E j converge rapidly to
machine precision. For a system with a order of million states only some hundred iterations are
needed. Hence the exact ground state
¯ ®
|Φ0 i = ¯φ j0
(2.11)
and its energy

E0 = E j0

(2.12)
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of the systems is obtained in the given finite Hilbert space
H |Φ0 i = E0 |Φ0 i .

(2.13)

The rapid convergence of this algorithm allows us to drop the requirement of the arbitrary
accessibility of the Hamilton-matrix elements in the original matrix, i.e. the storage of the
same. Instead, we only need to know the product H |Ψn i, which requires of the order of Nstates
operations and is performed in any iteration of the above algorithm. Thus, only the three vectors
involved in the iteration need to be stored and the memory requirement is drastically reduced.
The outlined algorithm has been studied in many specific versions. In this work, we used an
implementation that was found to be numerically stable and uncomplicated [40, 41], and can be
cast into considerably simple and short code:
√
c = 1/ Nstates
q=0
b0 = 0
j=0
while b j 6= 0
if j 6= 0
for i = 1, Nstates
t = bi
ci = qi /b j
qi = −b j t
end for
end if
q = q + multfunc(H, c)
j = j+1
aj = c·q
q = qp
− a jc
b j = q2
end while.
Here, c and q are vectors of dimension Nstates . We initially filled c uniformly in the first line,
but any normalized vector that has a finite overlap with the ground state may be used, e.g. a
random vector. The function “multfunc” returns the result of the matrix-vector product H |ci,
where the Hamilton matrix may be stored, but is not required to.

2.1.2 Dynamics of the Ground State
Within the scope of this thesis we are most interested in obtaining the ground-state dynamic
correlation function for a single electron, the Green’s function, which supplies us with information on important observables as the spectral function, the Fermi surface, the density of states
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etc.. The Lanczos method allows the evaluation of such dynamical correlation functions. We
are interested in the correlation function
Gk (t) = −i hΦ0 | c†kσ (t) ckσ |Φ0 i = −i hΦ0 | c†kσ ei(E0 −H)t ckσ |Φ0 i

(2.14)

with the Laplace transform (ℑz > 0)
Gk (z) =

Z ∞
0

dteizt Gk (t) = hΦ0 | c†kσ

1
1
.
ckσ |Φ0 i + hΦ0 | ckσ
c† |Φ0 i(2.15)
z + E0 − H
z − E0 + H kσ

Here, we consider the evaluation of the correlation function for a system with translational
symmetry. Hence, the index k represents the possible momenta of the electrons. To calculate
Gk (z), a second Lanczos run is needed with the normalized state vector
¯ ®
|Φ0 i
¯φ̃0 = ckσ q
hΦ0 | c†kσ ckσ |Φ0 i

(2.16)

ª
 ¯ ¯ ®
©¯ ®
The matrix elements of H in the newly constructed basis L̃M = ¯φ̃i , i = 0 . . . M are φ̃m ¯ H ¯φ̃n =
[HM ]mn , m, n = 0 . . . M. H̃M is a matrix consisting of the corresponding coefficients


ã0 b̃1 0 . . .
0
0
 b̃1 ã1 b̃2 . . .
0
0 


 0 b̃ ã . . .
0
0 
2
2


(2.17)
H̃M =  ..
..
.. . .
..
..  .
 .

.
.
.
.
.


 0 0 0 . . . ãM−1 b̃M 
0 0 0 . . . b̃M
ãM
This matrix can again be diagonalized by standard numerical methods. The resulting excitation
energies εl = (El − E0 ) and the components of the first eigenvector αγ are the desired poles and
weights of the Green’s function
¯
¯
¯
¯
¯ (+) ¯2
¯ (−) ¯2
α
α
¯ γ,k ¯
¯ γ,k ¯
Gk (z) = ∑
+
.
(2.18)
∑
(+)
(−)
γ z + εγ
γ z − εγ

Here (−) and (+) denote the poles and energies for electron removal and electron addition,
respectively. It shall be noted that in the progress of this thesis we will consider mostly Green’s
functions for systems that do not show translational symmetry. In this case the momenta k are
not good quantum numbers and we need to directly calculate the Green’s function connecting
different sites of the system
1
1
c†jσ |Φ0 i + hΦ0 | c†jσ
ciσ |Φ0 i
z + E0 − H
z − E0 + H
(+) (+)
(−) (−)
α∗ i,γ αγ, j
α∗ j,γ αγ,i
= ∑
+∑
.
(+)
(−)
γ z + εγ
γ z − εγ

Gi j (z) = hΦ0 | ciσ

(2.19)

Generally, the Lanczos algorithm is only suited to calculate the dynamical response functions
of operators that are mutually hermitian conjugate, e.g. c †iσ and ciσ at the same site i. Hence,
we need to modify the algorithm slightly, in order to make possible the calculation of arbitrary
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Green’s functions. Practically,
this can be done in the following way: One constructs the states
¯ ®
|ψ̃0 i = c†jσ |Φ0 i and ¯ψ̃00 = ciσ |Φ0 i and normalizes them according to (2.16). |ψ̃0 i is then used
as the initial state for the second Lanczos iteration which produces a sequence of orthogonal
states |ψ̃m i, in terms of which the Hamiltonian is a tridiagonal matrix. At each Lanczos step,

®
the product ψ̃00 | ψ̃m is calculated and stored. After the Lanczos procedure has converged, one
can write the Green’s function Gi j as

®
Gi j = ∑ ψ̃00 | ψ̃m hψ̃m |
m

1
|ψ̃0 i .
z − (H − E0 )

(2.20)

Alternatively, one may write the operators of the Green’s function in a way in that they are
hermitian conjugates of each other. One possible solution is
ciσ ± ic jσ , c†iσ ∓ ic†jσ .

(2.21)

After the Lanczos iteration, the Green’s functions for these operators may be added and subtracted in an appropriate way in order to recover the Green’s function (2.19).

2.2

Cluster Perturbation Theory

Direct cluster methods, like the Lanczos algorithm described in the previous section are currently our main source of information about strongly correlated electron systems. They allow
us to measure properties of perfectly defined microscopic Hamiltonians, unperturbed by any environmental effects of an experiment or any bias of an approximative analytical solution. However, the small cluster sizes that are calculable with ED methods are simply too small to draw
meaningful conclusions for the thermodynamic limit as it is observed in experiment [42]. It is
therefore highly desirable to combine the exactness of the numerical solution of a many-particle
problem with the effectiveness of an analytical approximation. In each case, the interpretation
has to be done with care.
A physically very insightful approximation for the Hubbard model is the interpolation
method, which postulates that an approximative solution of the Green’s function is given by
−1
Gk,σ = (G−1
a,σ (ω) − εk ) ,

(2.22)

where Ga,σ (ω) is the Green’s function in the atomic limit of site a and ε k is the dispersion
of the non-interacting model. Evidently, this postulate is true in the band limit U=0, where
G−1
a,σ = ω + µ, and in the atomic limit t=0, where ε k = 0. This solution is also equivalent to
the famous Hubbard I approximation, which is achieved by decoupling of the higher Green’s
functions in the second order equation of motion [26]. Recently, a non-trivial generalization of
the interpolation method has been proposed [43–45]. Here, the Green’s function of the atomic
limit is replaced by the Green’s function matrix Gc of a cluster of sites in the Hubbard model.
The Green’s function may then be written
¡
¢−1
Gi, j (Q) = G−1
(2.23)
c − V(Q) i, j ,

where Q is now a superlattice momentum and V the real-space representation of the inter-cluster
hopping. This result, which is derived as a lowest-order approximation in strong coupling
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perturbation theory (SCPT), has been termed cluster-perturbation theory (CPT). The derivation
of CPT from SCPT is quite lengthy and in detail described in Refs. [44–46]. A more physical
derivation is given below. CPT is only one of a series of techniques dealing with the manybody problem starting from local exact solutions. Other prominent examples are the dynamical
cluster approximation DCA and cellular dynamical mean-field theory C-DMFT.
In the following, we construct an effective Hamiltonian describing the propagation of singleparticle-like fluctuations of the exact cluster solution. This method can be viewed as a fermionic
version of the linear spin wave theory and is a generalization of a technique developed by Eder
and coworkers for the Kondo lattice [47]. This derivation of the CPT has been proposed recently
[48] and suits our purpose better than the original [44–46]. We extend this method by ideas
of the recently developed self-energy functional theory (SFT) [49] and develop a variational
approach that allows the treatment of long range order effects.

2.2.1 An Effective Single-Particle Description of the Hubbard Model
We start with the usual Hubbard Hamiltonian
L

L

ij σ

i

H = ∑ ∑ Ti j c†iσ c jσ +U ∑ ni↑ ni↓

(2.24)

which can not be solved for too large system sizes Ns . We now divide the system into equal
clusters that can be solved either analytically or numerically. For simplicity, we take the clusters
to be identically shaped, as it is schematically depicted in figure 2.1, although this is not a
necessary condition. The Hamiltonian (2.24) is split up accordingly, separating out the part that
is related to the hopping between the clusters
Ã
!
H =

=

Nc

Ns

a
Nc

ij σ

∑ ∑∑

T̃i j c†iσ (a)c jσ (a) +U

Ns

∑ ni↑(a)ni↓ (a)
i

Nc Ns

+ ∑ ∑ ∑ Vi j (a, b)c†iσ (a)c jσ (b)
a,b i j σ

Nc

∑ h0(a) + ∑ h1(a, b)
a

a,b

= H0 + H1 .

(2.25)

Here, c†iσ (a) creates a particle with spin σ on site i of cluster a. Nc is the number of clusters
resulting from the cutting up of the full lattice. Each cluster has Ns sites. The matrices T̃i j and
Vi j (a, b) describe all intracluster hoppings tintra and all intercluster hoppings tinter , respectively.
We will generally consider T = 0. Hence, the number of particles in the whole system is
assumed to be fixed.
Let us start by considering a lattice of clusters with vanishing intercluster hopping Ṽ . The
Hamiltonian h0 (a) of the clusters a operates on the Hilbert space H0 (a) of this cluster. Hence,
the Hilbert space of the whole system is a direct product of the cluster Hilbert spaces
H = H0 (1) ⊗ . . . ⊗ H0 (Nc )

(2.26)

and ground state of the system is a direct product of the ground states of the isolated cluster
|Φ0 i = |Φ0 (1)i ⊗ . . . ⊗ |Φ0 (Nc )i .

(2.27)
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Figure 2.1: Visualization of the clusterperturbation approach for a uniform lattice: The infinite lattice plane is divided
into unit cells. The hopping between
the single unit cells tinter (dashed lines)
is neglected at first and the full hamiltonian for the unit cell is solved exactly.
In a second step, tinter is taken into account perturbatively.

t inter
t intra

The corresponding ground-state energy of H0 is
Nc

E0,0 = hΦ0 | H0 |Φ0 i =

∑ ε0 = Ncε0.

(2.28)

a=1

Here, we assumed the number of particles n(a) = N to be the same in each cluster a.
Consider now the excited states |γi with N+1 (γ > 0) and N-1 (γ < 0) particles and corresponding excitation energies εγ relative to the ground state, as introduced in equation (2.18).
We can now define fermionic operators creating the excited states from the ground state and
vice versa:
¾
|γi = p†γ |Φ0 i
γ>0
|Φ0 i = pγ |γi ¾
|γi = pγ |Φ0 i
γ < 0.
(2.29)
|Φ0 i = p†γ |γi
The operators p must satisfy the hard-core constraint

∑ p†γ pγ + ∑ pγ p†γ ≤ 1,

γ>0

(2.30)

γ<0

since states not satisfying (2.30) do not correspond to physical states. The original fermion
operators can now be expressed in terms of the p operators as
c†n = ∑ Q∗nγ p†γ

(2.31)

γ

with
Q∗nγ

=

  ¯¯ † ¯¯ ®
 γ cn Φ 0 ;


¯ ¯ ®
Φ0 ¯c†n ¯ γ ;

γ>0
.

(2.32)

γ<0

The intracluster Hamiltonian thus becomes
H0 = Nc ε0 + ∑ ∑ εγ p†γ (a)pγ (a) + ∑ ∑ εγ pγ (a)p†γ (a)
a γ>0

a γ<0
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= Nc ε0 + Nc ∑ εγ + ∑ ∑ εγ ηγ p†γ (a)pγ (a).
γ<0

a

(2.33)

γ

Here we have introduced the cluster index a for the pγ , and ηγ = sign(γ). The intercluster part
H1 can be transformed by substituting equation (2.31):
H1 =

∑ ∑ ∑0 Q∗mγQnγ0Vm,n(a, b)p†γ (a)pγ0 (b).

(2.34)

ab mn γγ

The approximation to the full lattice Hamiltonian (2.25) is then given by
Heff = Nc ε0 + ∑ ∑ εγ + ∑ ∑ εγ ηγ p†γ (a)pγ (a) + ∑ ∑ ∑ Q∗mγ Qnγ0 Vm,n (a, b)p†γ (a)pγ0 (b)
=

∑0 ∑
γγ ab

a γ<0
a γ
†
pγ (a) hγγ0 (a, b) pγ0 (b) + const.,

ab mn γγ0

(2.35)

where
hγγ0 (a, b) = εγ ηγ δγγ0 δab + ∑ Q∗mγ Qnγ0 Vm,n (a, b).

(2.36)

mn

The Hamiltonian (2.25) is now in quadratic form and can be readily solved by Fourier transformation of the intercluster part in the variables a and b.

2.2.2 Single-Particle Dynamics
From the effective bilinear Hamiltonian (2.35) we can comfortably calculate the single particle
dynamics of the fermionic operators p as
¯ À
¯ À ¿ ¯
¿ ¯
DD
EE
¯
¯
¯ †
¯
1
1
†
†
pγ0 (b)¯¯ φ0 + φ0 ¯¯ pγ0 (b)
pγ (a)¯¯ φ0
pγ (a); pγ0 (b)
=
φ0 ¯¯ pγ (a)
z − Heff
¶ z − Heff
µ
1
.
(2.37)
=
z − h γ,a,γ0 ,b
The expression for the Green’s function of the original creation and annihilation operators can
be regained via the transformation (2.31):
DD
EE
DD
EE
†
†
ci (a); c j (b)
= ∑ Qiγ pγ (a); pγ0 (b) Q∗jγ0
γ,γ0

=

∗
∑0 Qiγ (z − h)−1
γ,a,γ0 ,b Q jγ0 .

(2.38)

γ,γ

For vanishing intercluster hopping Vi j = 0, this trivially reduces to the original cluster Green’s
function Gc,i j :
DD
EE
DD
EE
ci (a); c†j (a)
= ∑ Qiγ pγ (a); p†γ0 (a) Q∗jγ0
γ,γ0

=

∗
∑0 Qiγ (z − h0)−1
γ,a,γ0 ,a Q jγ0

γ,γ

=

∑ Qiγ
γ

= Gc,i, j ,

¡

z − ηγ εγ

¢−1

γ,a,γ,a

Q∗jγ
(2.39)
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which is the results for the Green’s function equation (2.19) obtained in the Lanczos method.
Using the anticommutation rules, it is now straightforward to show that the product ∑γ Qiγ Q∗jγ =
δi j . Assuming for the moment that Q is a square matrix and hence is unitary, it follows
∑i Q∗iγ Qi,γ0 = δγ,γ0 as well. In this case, equation (2.38) could be readily inverted yielding
¡
¢ ∗
0 − ha,γ,b,γ0 Q jγ
G−1
(a,
b)
=
Q
zδ
iγ
γγ
∑
i, j
γ,γ0
Ã
!
=

∑0 Qiγ

z − εγ ηγ − ∑ Q∗iγVi, j (a, b)Q∗jγ0 Q∗jγ0
γ,γ
¡
¢ ∗ i, j
= ∑ Qiγ z − εγ Q jγ −Vi j (a, b)
=

γ,γ0
G−1
c,i j −Vi j (a, b)

(2.40)

Unfortunately, Qi,γ is not a square matrix, since there are generally more single-particle excited
states γ as sites i. Nevertheless, the problem can be overcome [48,50] by “extending” the matrix
Qiγ = ( q1 , . . . , qNsites )T with Nγ − Nsites orthonormal vectors vn so that
¡
¢T
(2.41)
Qiγ → Qnγ = q1 , . . . , qNsites , v1 , . . . , vNγ −Nsites ,
where Qnγ is now a unitary square matrix. Using the Q, we may now define an extended Green’s
function
Gm,n (a, b) =

∑0 Qmγ (z − h)−1
γ,a,γ0 ,b Qnγ0
∗

γ,γ

=

∑0 Qmγ
γ,γ

Ã

!

z − εγ ηγ − ∑ Q∗iγVi j (a, b)Q jγ0 Qnγ0 .
i, j

∗

(2.42)

In the following we change to matrix notation for convenience. Equation (2.42) then becomes
³
´−1
†
G = Q z1 − h0 − Q† VQ
Q .
(2.43)

By inverting this equation and making use of the unitary properties of Q we can write
³
´
−1
†
G
= Gc − QQ† VQQ
¡
¢
= Gc − V
¢−1
¡
→ G = G c Gc − V
¡
¢−1
= Gc 1 − VGc
†

†

(2.44)

where Gc = Q (z1 − h0 )−1 Q = QGc Q is the extended cluster Green’s function and V =
†
QQ† VQQ . By carrying out the products with the extended Q matrices for V and G c we
find
¶
¶
µ
µ
V 0
Gc A12
,
(2.45)
and Gc =
V=
0 0
A21 A22
¡
¢−1
where the Ai j are unknown matrices. We now determine X = 1 − VGc
by solving
µ
¶µ
¶
¶ µ
1 − VGc VA12
X11 X12
1 0
(2.46)
=
0
1
X21 X22
0 1
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blockwise, whereby we find that
X21 = 0
X11 = (1 − VGc )−1 .
We don’t need to determine the other elements of X. Since
µ
... ¶
G
G =
... ...
¶ Ã
¶µ
µ
X11 X12
Gc (1 − VGc )
Gc A12
=
=
...
X21 X22
A21 A22

(2.47)

... !

...

,

(2.48)

we can identify the upper left Nsites × Nsites block matrices
G = Gc (1 − VGc )−1
¡
¢−1
.
= G−1
c −V

(2.49)

Thus, we find the same the result that we would have obtained if the Q where square matrices,
as in equation (2.40). The lattice Green’s function (2.38) is readily calculated by evalutating
DD

EE
¡
¢−1
ci (a); c†j (b) = Gi j (a, b; z) = G−1
c (z) −V i,a, j,b .

(2.50)

Translation invariance along the superlattice allows us to express V and G in terms of a wave
vector p belonging to the reduced Brillouin zone of the superlattice instead of the cluster indices,
Vi j (p) = ∑ Vi,0; j,a eipRa

(2.51)

a

and
DD

EE

ci (p); c†j (p)

¡
¢−1
= Gi j (p; z) = G−1
c (z) −V (p) i, j .

(2.52)

This is the main result and identical to equation (2.23) derived from strong coupling perturbation
theory [46]. It is, thus, sufficient to solely know about the Green’s function of the cluster under
consideration. All numerical results of this thesis are obtained by using equation (2.52).
The major disadvantage of the Green’s function (2.52) is, that it is still in a mixed representation. For the consideration of the momentum dependent quantities, such as the spectral
function, it is, however, preferable to have the lattice Green’s function in pure momentum representation with wave vectors belonging to the Brillouin zone of the original lattice instead.It
has been shown [44,45] that the CPT approximation to the translation invariant Green’s function
can be written as
1 Ns
Gk (z) =
Gi j (k; z)eik·(ri −r j ) .
∑
Ns i, j=1

(2.53)
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2.2.3 A Variational Priciple
So far we have considered the CPT approach as it was already derived previously [44, 45, 48].
A substantial improvement of this method can only be achieved by enlarging the cluster size,
which is not possible for arbitrarily large clusters in case of the Lanczos method. CPT does
also not allow for symmetry-broken states, since they can not occur in the finite-size clusters.
Moreover, it does not allow for any self-consistent procedure, so that the symmetry-broken
states cannot be obtained. However, the hamiltonian (2.25) gives us a certain amount of freedom
that we can exploit. We can add any single-particle term Hs = ∑i j si j c†i c j term to the hamiltonian
H0 used in the cluster solver and subsequently remove it perturbatively in the H1 :
H = H0 + H1
= (H0 + Hs ) + (H1 − Hs )
= H00 + H10 .

(2.54)

If the perturbative method was exact, the result would not depend on s i j , as can be readily
verified for the non-interacting case. For the interacting case, the result does depend on s i j .
This allows us to optimize the result of the CPT calculation, e.g. obtain a symmetry-broken
state. Indeed, we may think of choosing si j such that the single-particle dynamics of the cluster
problem is “as close as possible” to the exact dynamics of the lattice. The remaining question
is how to perform this optimization in practice.
The answer comes from a recently developed general variational theory - the self-energyfunction approach (SFA) [49, 51]. Let us first consider the following: Equation (2.52) which
approximates the Green’s function G(Q, ω) of H in terms of the Green’s function G 0 (ω) of the
system of decoupled clusters H0 and the inter-cluster hopping V (Q), can be cast into the form of
a Dyson equation, G(Q, ω) = (G(0) (Q, ω)−1 − Σ(ω))−1 . Here G(0) (Q, ω) is the non-interacting
Green’s function of the infinite lattice, and Σ(ω) is the cluster self-energy. One can therefore
see that the CPT consists in approximating the self-energy of the lattice problem H by the (Q
independent) self-energy Σ(ω) of the reference system H0 .
Within the self-energy-functional approach, one considers, for the system H, the grand potential Ω as a functional of the self-energy Σ (the frequency dependence will be suppressed in
the following). Formally, the construction of the functional Ω[Σ] involves an infinite summation
of renormalized skeleton diagrams as usual in standard diagrammatic theory [52]. This implies
that the functional is not known explicitly. However, it is easily shown that Ω[Σ] is stationary at
the exact (physical) self-energy, i.e. we have a variational principle δΩ[Σ] = 0. The central idea
of the SFA is that, although the functional is not explicitly known, it can be evaluated exactly for
a certain subspace S of trial self-energies. Performing a search for the stationary point on the
restricted space S defines novel approximations which are thermodynamically consistent. The
subspace S consists of all Σ which are exact self-energies of a reference system. The Hamiltonian of the reference system H0 must have the same interaction part as H. Furthermore, H0
must be exactly solvable to get the self-energy. Note that these conditions are fulfilled for the
case considered here.
The optimization problem mentioned above is now solved in the following way: Varying s
means to vary the one-particle parameters of the reference system H0 , the interaction part being
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kept fixed. For any s, the reference system can be solved to get the self-energy Σ. Thus, the
self-energy is parameterized as Σ = Σ(s). Furthermore, the Green’s function G 0 = G0 (s) and the
grand potential Ω0 = Ω0 (s) of the reference system H0 can be calculated. Following Ref. [51],
the self-energy-functional for the trial self-energy Σ(s) can be evaluated exactly, i.e. Ω[Σ(s)]
can be calculated. This yields a function Ω(s) ≡ Ω[Σ(s)] which is given by [51]:
Ω(s) = Ω0 (s)

−1
−1 − Σ(s, iω )
n)
n
ωn Q
0
− LT ∑ tr ln(−G (s, iωn )) .

+ T ∑ ∑ tr ln
ωn

G(0) (Q, iω

(2.55)

Here, the frequency sums run over the discrete Matsubara frequencies iω n , L is the number
of clusters (or, equivalently, the number of Q points), and bold symbols denote matrices with
respect to cluster indices a and b. Note that (G(0) (Q, iωn )−1 − Σ(s, iωn ))−1 is the CPT Green’s
function, Eq. (2.52). Searching for the stationary point of the function Ω(s) means to search
for the stationary point of the exact self-energy functional on the restricted domain of H0 representable self-energies. This prescription tells us which approximate cluster self-energy
describes best the exact one.

Part II
The One-Band Hubbard Model
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3
One-Dimensional Systems
Within the family of low-dimensional strongly correlated electron systems, the one-dimensional
Hubbard model is an especially interesting case. First of all, it is exactly solvable in this particular case via the celebrated Bethe ansatz technique [33]. Second, the Fermi-liquid theory, which
is an excellent description for the 3D metals, completely fails since spin and charge degrees of
freedom, become independent objects here.
It is, however, not the intention of this section is not to repeat the large number of excellent
studies about one-dimensional systems [53–58], but mainly to provide insight into the properties
and capabilities of the CPT/SFA concept we have introduced in section 2.2. Concerning the
CPT, the one-dimensional Hubbard model provides an excellent starting point for our study
of strongly correlated electron systems. First, our results can be compared with the exact but
non-trivial results. Second, the partition of the lattice into clusters does affect this model least
compared to higher dimensions, since only two hoppings per cluster are contributed at the end
of the chain. Hence, we expect the quality of the results obtained from CPT to be best in this
case. For this very simple model, we are also able to study the behavior of our approximation as
a function of the system size without increasing the number of approximate hopping processes
over the cluster boundary.
We develop new conceptional ideas beyond CPT by using the SFA formalism to introduce
a limited number of uncorrelated bath sites at certain positions in the lattice and vary the single
particle parameters within the cluster. This idea is strongly related to the DMFT approach, for
which SFA provides an universal theory. Finally, we use the SFA to check for stability of the
one-dimensional model against long-range antiferromagnetic order, which is a constraint for
the correctness of our method, since AF order is known to be absent in the 1D case.

3.1

The Ground State Energy of CPT

The most basic property one can obtain for a given model is its ground-state energy E 0 . In case
of the one-dimensional Hubbard model we are in the fortunate position that we can give an
34
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Figure 3.1: Ground-state energy of the 1D Hubbard model versus U calculated with 10 sites
CPT (circles, dashed line), periodic boundary conditions (squares, dotted line) and open boundary conditions (triangles, dash-dotted line). The solid line represents the exact result.

analytic expression for E0 that was exactly derived by Lieb and Wu [33],
E0
= −4 |t|
N

Z ∞
0

dx

J0 (x)J1 (x)
.
x (1 + exp (xU/2|t|))

(3.1)

Thus, we have ideal circumstances for the test of the CPT/SFA method. For the time being, we
focus on the basic CPT method without considering any variational parameters.
Figure 3.1 displays our results for the ground-state energy
E0 = Ω + µ hni
= Ω0 − Tr lnGc + Tr lnGcpt + µ hni

(3.2)

of a 10 site cluster with different U (circles, dashed line). For comparison, we also plotted
the ground-state energy for a single 10 site cluster with open and periodic boundary conditions
(triangles and squares, respectively) and the exact solution (full line). It is important to mention that the CPT is in the first place an improvement of the direct cluster solution with open
boundaries. The results of the periodic cluster have no direct connection to the CPT, but are
shown for the sake of completeness. As expected, the results for the non-interacting system
(U=0) coincide for CPT and the exact result. The direct cluster solutions deviate by approximately -1% and +5% for periodic and open boundary conditions, respectively. Most important
is the comparison with the isolated cluster with open boundary conditions, which constitutes
the limit of vanishing intercluster hopping in the CPT. Over the whole range of the interaction,
CPT systematically improves the ground-state energy of the isolated cluster E open considerably
(∆E > 5% of the exact result). Both ECPT and Eopen always stay above the exact result.
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Figure 3.2: Fraction of the exact ground-state energy of the 1D Hubbard model versus U calculated with 10 sites CPT , periodic boundary conditions and open boundary conditions.
The fraction of the exact ground-state energy for the different methods is given in figure 3.2.
CPT, which yields Ecpt /E0 = 1 for U = 0, decreases for larger values and saturates at ≈ 0.975.
Hence, the worst results are obtained for the largest U considered here. Both direct solutions
show the worst results for an interaction strength equal to the bandwidth of the non-interacting
model, U = W /2 = 2t. This is exactly the point, where the slope of E cpt (U)/Eexact is largest.
For U > W /2, both direct results approach Eexact , whereas CPT is still decreasing. CPT is
obviously an excellent method for small and intermediate U, where it profits from the fact that
localization effects play a negligible or at least minor role.
Figure 3.3 shows the ground-state energy versus the inverse systems size obtained from CPT
for on-site interactions of U = 4t and U = 8t. For comparison, the ground-state energy of the
isolated cluster is also plotted. Cluster sizes of 2 to 12 sites are considered. For any cluster size,
CPT provides a considerable improvement of the direct solution, which obviously deviate most
from the exact result for the smallest cluster sizes and for the lowest value of U.
CPT, which is a simple and efficient way to improve calculations of isolated clusters as they
are usually considered in numerical studies of strongly-correlated electron systems, offers no
further possibility to enhance the results than to increase the cluster size. The consideration
of higher-order corrections emerging from strong coupling perturbation theory turned out to
be difficult to realize practically [46, 59]. Fortunately, the independently developed self-energy
functional approach (SFA) opens a new route to further development. Exploiting the fact that
the grand potential (2.55) depends upon the single-particle term Hs = ∑i j si j c†i c j that is added
to the cluster hamiltonian H0 in equation (2.25) and subsequently removed in the perturbative
part of the hamiltonian H1 , SFA does not only make possible the optimization of such singleparticle terms s, but demands their optimization. Since the consideration of n single-particle
terms s requires an optimization process in a n-dimensional space, this has not been performed
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Figure 3.3: Ground-state energy of the 1D Hubbard model versus inverse system size for U = 4t
and U = 8t. The full circles represents the exact results. The lines are guide to the eye.

in practice for a complete set s, except for a 2-site model [51].

3.2

Spontaneous Symmetry Breaking

We first turn to a point that is a crucial question for our method, which aims to describe the
properties of a lattice hamiltonian in the limit of infinitely large system size, namely the correct
detection of long-range order phenomena. In particular, we consider long-range antiferromagnetism. This point is especially important in the 1D Hubbard model, where long-range AF
order is known to be absent [60, 61]. The prediction of this behavior is not trivial, since meanfield techniques like Hartree-Fock and also the more enhanced variational monte-carlo predict
long-range AF order [62]. The incorrect prediction of spin-ordering phenomena has been found
to be due to an insufficient consideration of spin fluctuations in the methods. Even in exact
techniques like quantum monte-carlo and exact diagonalization, such predictions are difficult
since long-range AF order can not be found in finite size systems and finite temperatures in low
dimensions [63].
Within CPT we can calculate the AF order parameter
< m >=

¢
1 ¡
< ni↑ > − < ni↓ >
∑
N i

(3.3)

which turns out to vanish for any dimension, even if long-range AF order is known to be present.
However, we can enforce a symmetry broken ground state by applying a small staggered field
Hs = h ∑ ∑ σ < niσ > (−1)|ri | ,
σ

i

(3.4)
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Figure 3.4: SFA potential Ω + µ hni versus the strength of a staggered field h for the 1D Hubbard
model with U=4.
which is then subtracted perturbatively (see section 2.2.3). The SFA grand potential then allows
for the determination of the correct strength of h within the approximation. The dependence
of the SFA grand potential Ω of a 10 × 1 Hubbard model with U = 8t on the staggered field h
is displayed in figure 3.4. The only point satisfying the SFA condition ∂Ω(h)/∂h = 0 clearly
is h = 0. Hence, CPT/SFA correctly predicts the absence of long-range AF order in the 1D
Hubbard model.
It may be argue that it can not be ensured that AF order would be detected, even if present.
In order to ensure that this is not the case, we considered the dependence of Ω on h in systems between on and two dimensions, namely in ladders, planes built from ladders and finally
isotropic 2D systems [64]. Figure 3.5 shows the SFA grand potential for various 1D and 2D
ladder systems. In panel A, Ω(h) for a 4 × 2 and a 6 × 2 Hubbard ladder with U = 8t is plotted.
In contrast to the strictly 1D lattice, Ω(h) shows a clear minimum for a finite value h opt = 0.04
(4 × 2) and hopt = 0.02 (6 × 2), which means that the systems supports long range antiferromagnetism. Considering the size dependence of the energy gain ∆E = Ω(h opt ) − Ω(0), which
is 0.025t for 4 × 2 and 0.01t for 6 × 2, we expect the ∆E to vanish for sufficiently large system
sizes. Hence, we consider the appearance of AF order a finite size effect here.
This is also supported by the large ∆E for true 2D systems as they are plotted in panel B.
Here, we
√
√ coupled two-leg ladders to form a full 2D system. For comparison, also a isotropic
10 × 10 lattice is plotted. A√pronounced
minimum at finite values of h = 0.16 (4 × 2),
√
h = 0.145 (6 × 2) and h = 0.18 ( 10 × 10) is found. For increasing system size, the results
obtained from the ladder system become more pronounced. Ω(h) − Ω(0) is in the order of 10%
for all systems plotted.
From the data presented in figures 3.4 and 3.5 we conclude that CPT/SFA correctly predicts
presence and absence of long-range AF order behavior in 2D and 1D systems. Taking care of
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A, but coupled to form a full 2D
plane. For comparison, also the potential of a isotropic 10 × 10 lattice is plotted.
finite-size effects, also intermediate cases like ladders can be considered.

3.3

Variation of the Hopping Parameters and Additional
Bath Sites

We now turn to the application of SFA to the hopping parameters within the cluster. For simplicity, we consider only the variation of periodic hopping, i.e. T̃1N = T̃N1 = t pbc 6= 0 (see equation
(2.25)) for N being the number of sites in the chain, and the variation of one hopping in the
cluster. From its usual derivation, CPT requires the use of open boundary conditions for the
calculation of the cluster Green’s function Gc . However, the question has been raised [45],
whether the use of periodic boundary conditions is also possible. Periodic boundary conditions
would facilitate the diagonalization of larger cluster by the use of symmetries. In this case,
the periodic hopping element t pbc is added to the cluster hamiltonian H0 in equation (2.25) and
subsequently removed in H1 . A conclusive answer to this problem has not been given so far.
We consider the variation of the periodic hopping t pbc for a 10 site Hubbard chain with
U = 8t. Figure 3.6 shows the result for the SFA grand potential for this case. t pbc = 0 is
equivalent to open boundary conditions, whereas t pbc = 1 corresponds to periodic boundary
conditions. Clearly, the sharp minimum at t pbc = 0 indicates that open boundary conditions
are necessary for an optimal solution. This result justifies the assumption of CPT a posteriori.
More data on the variation of periodic hopping can also be found in figure 3.7, panel B.
By construction, SFA is not only a generalized theory of the CPT that allows the optimization of parameters that appear in the hamiltonian (2.25). Moreover SFA bridges the gap between the dynamical mean-field theory and its extensions and the exact cluster calculations [49].
Within the framework of SFA this is obtained by introducing reference systems with additional
uncorrelated sites, so called bath sites. Since no connection to the original system, say a 1D
Hubbard model, exists, these bath sites do not influence the solution of the system. By coupling
the original system to the bath sites via a hopping tb and optimizing this tb , a considerable im-

40

C HAPTER 3. O NE -D IMENSIONAL S YSTEMS
-0.24
-0.318

-0.26

-0.319

Ω(tpbc)

-0.32
-0.28
-0.321
-0.5

0

0.5

-0.3

-0.32

-1

-0.5

0

0.5

1

1.5

tpbc

Figure 3.6: SFA potential Ω vs the value of the periodic boundary hopping matrix element t pbc
for a one-dimensional Hubbard model with 10 sites and U=8t. The inset displays a detail around
t pbc = 0.

provement of the solution of the simple model can be obtained [65]. If the original system is
a one-site Hubbard model and infinitely many bath sites are considered, this procedure corresponds to the DMFT. For the original system being an extended cluster, one gets the cellular
DMFT. With SFA one can now also add an arbitrary number of bath sites.
We consider the effect of the addition of bath sites by adding two uncorrelated sites at both
ends of a one-dimensional Hubbard model as it is depicted in figure 3.7, panel A. In fact, the
finite hopping to the bath site lowers the ground-state energy E 0 . With increasing Ns , however,
(opt)
the energy difference Ω(tb ) − Ω(0) decreases and Ω(tb ) + µ hni becomes flat around the op(opt)

timal value tb . Note that the binding energy due to inclusion of two bath sites is always
smaller than the binding energy gain due to inclusion of two additional correlated site in the
cluster. Hence the choice of a larger cluster is preferable to the inclusion of two bath sites.
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Figure 3.7: Ground-state energy E0 = Ω + µ hai versus two-different variational parameters:
the nearest neighbor hopping tb to uncorrelated bath sites (panel A) and the hopping between
edge sites (panel B). Dashed lines: E0 without optimization. Arrows: E0 for an isolated cluster
(tb = 0).

4
The Two-Dimensional Systems at
Half-Filling
The dramatic improvement of energy and momentum resolution of ARPES as well as of the
ability to synthesize extremely well defined crystals have produced a wealth of high quality experimental data, especially on the half-filled HTSC compounds [3]. One of the greatest achievements of this ongoing effort is the identification of a universal electronic structure that is found
in the most prominent examples [4, 66], as Sr2 CuO2 Cl2 , Ca2 CuO2 Cl2 and Nd2 CuOCl4 . A big
amount of theoretical work has been devoted to the question of the dispersion of the low-energy
excitations of the cuprates and their appropriate description by microscopic models. The most
important facts have been contributed from studies of the t − J model and its extensions, either
by exact diagonalization [10, 29, 42, 67–74] or self-consistent Born approximation [75]. Fewer
work has been done on the Hubbard model [29,42,76–78] and three-band model [19–21,79,80],
mostly obtained by ED and QMC.
In this chapter we make extensive use of the most important virtue of the CPT, namely the
ability to produce the single-particle spectral function in a fairly direct and uncomplicated way
given in equation (2.53). In this context we will be most concerned with the low-energy excitations that have been shown to exhibit a relevant energy scale of order J due to the long-range
antiferromagnetic correlations in the ground state of the Hubbard model [77, 78]. However, in
its basic form CPT does not account for a long-range antiferromagnetic ground state, as we
discussed in section 2.2.3 and we do, at least, expect differences [44] compared to methods
that allow for an effectively symmetry broken ground state, e.g QMC and ED. In the following
we show that this shortcoming can be removed by making use of the SFA variational principle
introduced in section 2.2.3. Thereby, this modified CPT becomes a method allowing for the
approximate evaluation of the spectral function at T = 0 in the symmetry-broken ground state
and at thermodynamic equilibrium and is an important addition to the numerical methods of
solid-state physics.
We believe that we have some crucial advantages on our side: First of all, we can treat an
infinite system, i.e. we are directly working in the thermodynamic limit, although this treatment is approximative. Secondly, our calculations are performed at zero temperature. These
42
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Figure 4.1: Decomposition of the two-dimensional bipartite square lattice into
cluster. Empty and shaded circles denote the a-b sublattice structure, respectively.

√
√
10 × 10

two points have an important consequence: They allow us to consider true long-range antiferromagnetism. Note that this is not excluded by the Mermin-Wagner theorem [63]. Thirdly, our
spectra are not blurred by any mediating technique like maximum entropy, that is needed to
perform the continuation to the real frequency axis from the imaginary time data obtained in
QMC. All these advantages are not accomplished at the cost of neglecting the important shortrange correlations as it is the case in a mean-field treatment. We can therefore determine the
dispersion of the low-energy excitations much better as it is possible in e.g. QMC, where the
average error-bar is only roughly smaller than the bandwidth of the dispersion [81].
Although spin correlations are properly included in CPT on the scale of the underlying
cluster solution by exact diagonalization, long-range symmetry breaking can not appear due
to the spin-insensitive intercluster approximation. We have already presented an approach that
allows for the consideration of a symmetry-broken ground state in the self-energy functional
approach (SFA) as introduced in section 2.2.3. In principle, the “best” result is obtained by
using a completely general single-particle term Hs in equation (2.54), with the parameter matrix
si j to be determined self-consistently. This would, however, imply the computation of Ω (s) for
a too large number of parameters, making the problem numerically impractical. For this reason,
it is more convenient to start with an educated guess of the appropriate physical symmetrybreaking field. For the half-filled 2D Hubbard model, a good candidate is certainly a staggered
field producing a Néel-ordered state. We have already used such a staggered field to show the
stability of the one-dimensional Hubbard model against long-range antiferromagnetic order in
the previous chapter.
We apply the SFA to isotropic 2D systems by assuming
checkerboard
√ a spin-dependent
√
sublattice structure. We decompose the full 2D lattice
10 × 10 clusters, as depicted in
√ in √
figure 4.1. This specific cluster shape is chosen since 10 × 10 represents a tilted square that
preserves the sublattice structure when periodically continued. The next larger cluster allowing
a square configuration would be 4 × 4, which exceeds our computational capabilities due to the
use of open boundary conditions and the resulting loss of translational symmetry. The symmetry
breaking by the sublattice is accounted for in the hamiltonian by an additional single-particle
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term representing a spin-dependent staggered magnetic field of strength h,
Hs = h ∑ ∑ σ < niσ > (−1)ri .
σ

(4.1)

i

We stress again that via the transformation (2.54) the staggered field h is strictly equal to zero in
the original hamiltonian. It only appears in an intermediate step in the hamiltonian of the cluster
system to parameterize the trial self-energy. Thus, h is a parameter without a direct physical
meaning. By evaluation of the SFA grand potential (2.55) for different values of h, the cluster
self-energy that approximates best the exact self-energy of the full lattice can be determined
variationally. In the following, we will call this variational approach to symmetry breaking
V-CPT.

4.1

Ground State Energy

Using equation (2.55), the grand potential Ω(h) has been calculated for U = 8t at half-filling
and T = 0. The result is shown in figure 4.2. As anticipated, Ω strongly depends on h. In total
three stationary points are found: a maximum at h = 0 and two equivalent minima at h = ±0.18
(Negative part not shown). The stationary point at h = 0 corresponds to the usual CPT. This
means that the system “prefers” a symmetry-broken state with a non-vanishing h. The gain in
binding energy per site is ∆Ω = Ω (0) − Ω (hopt ) = 0.0432 per site. This might appear small
compared to the relevant energy scale, which is |J| = 4t 2 /U = 0.5t in an antiferromagnet. The
main contribution of this energy reduction may be attributed to the effect of the AF ordering
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Figure 4.3: Ground-state energy of the Hubbard model for different values of the on-site interaction U. The ground-state energy was calculated as the SFA potential Ω(h) at the optimal
(minimal) value (circles, solid line). For comparison, the results from a non-optimized calculation for h=0 (squares, dashed line) and a VMC calculation [62] (up triangles) and a QMC
simulation [82](down triangles) for Ns → ∞ is also plotted.
over the cluster boundaries, since antiferromagnetic correlations are already include on the scale
of the cluster. Thus, only bonds connecting different clusters contribute 1 .
Figure 4.3 display the U dependence of the ground-state energy Ω(h opt ) + µ hni obtained by
V-CPT (solid line), the usual CPT ground-state energy Ω(0) + µ hni (dashed line) and the direct
ground-state energy obtained via diagonalizations of an isolated cluster with Nc = 10 (dotted
line). The numerical data for this plot are given in table 4.1.
As compared to the ground-state energy of the isolated cluster, CPT already represent a
considerable improvement. This gain in binding energy due to the approximate inclusion of the
intercluster hopping is largest for weak and intermediate coupling, whereas for increasing U,
CPT and direct ED ground-state energy approach each other as the spins localize. Note that
the CPT recovers the correct result in the non-interacting limit. Optimization of the staggered
field h lowers the ground state energy further as compared to CPT. This effect grows as AF
order becomes more pronounced for larger values of U. For U = 8t, which is the largest value
considered here, the energy gain is almost 10% of the CPT ground state energy.
Unlike the single-particle dynamics, the ground state energy of strongly-correlated electron systems can be reliably calculated by a variety of numerical methods. Here, we consider
in particular auxiliary field quantum monte-carlo (QMC) [82, 83] and variational monte-carlo
1 That

this is really the case can
√ be√seen if one considers clusters that violate the a-b sublattice structure in one
or two directions, e.g. 4 × 3 or 6 × 6. In this case, the contribution of the intracluster part is the same, but the
intercluster part causes Ω to show a single minimum at h = 0.
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U
1
2
3
4
5
6
7
8

Ω (hopt ) + µ hni Ω (0) + µ hni E0 (VMC) [62]
-1.354
-1.339
-1.141
-1.112
-0.965
-0.922
0.987(2)
-0.825
-0.775
0.841(3)
-0.714
-0.663
-0.626
-0.576
0.629(3)
-0.555
-0.508
-0.497
-0.454
0.493(3)

AT

H ALF -F ILLING

E0 (QMC) [82]
-1.17(2)
-0.88(3)
-0.48(5)

Table 4.1: Ground-state energy E0 per site at half-filling and zero temperature as obtained by
V-CPT, CPT, QMC [82] and VMC [62]
(VMC) [62, 84]. From both techniques a manyfold of numerical data can be obtained from
the literature. Especially important in the current context is that QMC represents an exact
numerical technique, whereas VMC is based on an approximative variational ansatz using a
Gutzwiller-projected symmetry-broken trial wave function. Concerning the first, the calculation of ground-state properties in the thermodynamic limit is difficult, but can be achieved via
a very demanding finite-size and finite temperature scaling Ns → ∞ and T → 0. The latter is a
ground-state method that per construction includes long-range properties due to its mean-field
nature. Both methods mark a certain limit that the variational V-CPT method needs to compare
to. Data from both methods is obtained from a finite size scaling Ns → ∞. Additionally, the
QMC data is scaled to T → 0.

Comparing the CPT results with monte-carlo methods, there is still a sizeable discrepancy.
On the other hand, the variational V-CPT perfectly agrees within the error bars with both montecarlo results in the entire U range. One notes that all methods that are known to show long-range
AF order, i.e QMC, VMC and V-CPT, consistently predict the same ground-state energy. This
is quite remarkable, since VMC is known to consider short-range spin correlations only insufficiently [62]. CPT, which we expect to take into account short-range correlations but which
does not account for long-range order, predicts a considerably higher energy. This suggests that
the short-range correlations, which are included in QMC and V-CPT as well as in CPT, play a
minor role here. However, as we will see below, many other quantities, e.g. the single-particle
spectrum, are heavily affected by the proper inclusion of short-range correlations.

In Figure 4.4 we show the kinetic and potential energy contributions to the ground-state

®
value separately, along with the double occupancy d = ni↑ ni↓ . The double occupancy was
obtained by numerical differentiation of the grand potential d = ∂Ω(µ,U)/∂U at its respective
 ® ®
optimal value. d decreases monotonously from the non-interacting value d = ni↑ ni↓ = 0.25
and tends towards the strong coupling limit d = 0. Already for U of the order of the free
bandwidth, a strong suppression of d is found (d = 0.052 for U = 8). This indicates a quick
crossover from a Slater-type (itinerant moments) to a Heisenberg-type antiferromagnet (local
moments) with increasing U. The potential energy is obtained by E pot = Ud and the kinetic
energy by Ekin = E0 − Epot with E0 = Ω(hopt ) + µ hni and µ = U/2. Despite the fact that local
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Epot = U ∗ ni↑ ni↓ and kinetic energy per site Ekin = E0 − Epot as functions of U.
moment formation is almost completed for U = 8, there is still a considerable kinetic energy of
Ekin = −0.915. We attribute this to the residual kinetic energy due to exchange processes.

4.2

The Antiferromagnetic Order Parameter

The staggered magnetization is defined as hmi = ∂Ω/∂hext in the limit of hext → 0 where hext is
the strength of a physical staggered field (not to be confused with the ficticious field h). Adding
a respective term to the hamiltonian and performing the derivative with respect to h ext of the
grand potential (at the optimal ficticious field strength h opt ), yields the usual expression for the
staggered magnetization
hmi =

¡ ®  ®¢
1
(−1)|ri | ni,↑ − ni,↓ ,
∑
Ns i

(4.2)

where r runs over the sites within a cluster, Ns is the number of cluster sites. The average
occupation is calculated as
hni,σ i = −

1
π

Z 0

−∞

dω

¢
¡
1
ℑGi,i Q; ω + i0+ ,
∑
Nc Q

(4.3)

where Q labels the Nc superlattice momenta of the Green’s function in mixed representation
(see equation (2.52)). This is the usual expression for the staggered magnetization of a cluster,
but averaged over all clusters. The effect of the ficticious staggered field h on the distribution
of electrons on the cluster can be most directly seen by evaluating the average occupation hni,σ i
separately for each cluster site. For CPT, i.e. h = 0, hni,σ i is completely homogeneous over the
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Figure 4.5: Local average occupation nr,↑ for a 10 × 10 Hubbard cluster with U=8t.
cluster, i.e. hni,σ i = 0.5 for each cluster site and each spin, as can be seen in figure 4.5, panel
A. Hence, hmi = 0 in this case. Panel B shows the local average occupation hni,σ i as obtained
√
√
by V-CPT for the non-equivalent sites within the 10 × 10 cluster for U = 8. Evaluating
equation (4.2), we find hmi = 0.802 for this cluster. As the self-energy is obtained for a translationally non-invariant system, due to the decomposition of the lattice into clusters of finite size,
the Green’s function and thus the local occupations cannot be expected to be homogeneous.
However, the spin-dependent local occupation and, thus, the local ordered moment does not
vary very much within a sublattice.
In order to check for the importance of this homogeneity for the optimization, we also
considered the effect of a symmetry-breaking
field at selected sites only. Figure 4.6 shows the
√
√
SFA potential obtain from a 8 × 8 Hubbard cluster with U = 8. The staggered field was
only applied at the symmetric center sites of the cluster (filled circles). For comparison, we also
plotted Ω(h) for a field applied homogeneously at all sites (open circles). For the first case, the
minimization of the potential Ω(h) requires a twice as high optimal field h opt , resulting in very
inhomogeneous occupation of the sublattices (not plotted). The optimal Ω(h opt ), however, is
much higher than the one for the homogeneous staggered field.
√
√
The U dependence of hmi for the 10 × 10 cluster is plotted in figure 4.7 in comparison
with the VMC results (Gutzwiller-projected symmetry-broken trial wave function) [62] and the
results of auxiliary-field QMC [82, 85]. For direct comparison, we have listed the numerical
values of the data in figure 4.7 in table 4.2. Within QMC the order parameters is calculated
from simulations of the static spin-spin correlation function at low temperatures. It is assumed
that the systems effectively behaves as if at T = 0 when the thermal correlation length exceeds
the cluster dimension [82]. QMC and VMC data for different cluster sizes are extrapolated to
Ns → ∞.
V-CPT predicts a staggered magnetization that very is close to the results of the VMC simulation. In the Heisenberg limit U → ∞ both methods seem to saturate at hmi = 1, which is
the mean-field result [62]. This is in sharp contrast to a Green’s function monte-carlo study
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Figure 4.6: SFA potential Ω(h) for 8 × 8 Hubbard cluster with U=8t. The staggered field
was applied at the center sites (grey sites in the sketch, filled circles) and homogeneously at all
sites (empty circles).
(GFMC) of the 2D Heisenberg model, which yields hmi = 0.62 ± 0.04 in the thermodynamic
limit (indicated by the straight line in the figure). QMC, on the other hand, yields results that
indicate a saturation at a much lower hmi, which is accord with the GFMC simulation.
The discrepancy between VMC and the exact result has been explained by the insufficient
consideration of spin-fluctuations in this method [62]. This explanation seems to fit quite well,
since the trial wave function only consist of an SDW mean-field solution and a Jastrow-type
correlator that acts purely on-site. This neglect of longer-range correlations leads to rather
strange predictions, like the appearance of long-range antiferromagnetic order in the 1D Hubbard model. This shortcoming can in part be cured by the consideration of longer-range correlators and more advanced trial wave functions, e.g. a resonating-valence-bond state) [62, 87].
Such arguments do not account for the difference between the exact result and V-CPT, which
includes short-range correlations on the cluster scale. Two explanations may apply: Firstly, SFA
generally requires the optimization of Ω with respect to all single-particle terms. However, we
only picked one very special field, which was inspired by physical considerations. On the other
hand, one can imagine that other variational single-particle terms lead to more fluctuations on
the antiferromagnetic background of the staggered field. Foremost, this can be achieved by
a variation of hopping terms, which directly influence the energy scale of the problem. Secondly, finite-size effects may play an important role here. This can most drastically be seen for
one-dimensional systems. Although V-CPT does not predict long-range AF order for the onedimensional Hubbard model, a two-leg ladder yields a finite value of h opt , as we have seen in
chapter 3. This artifact is due to the remaining mean-field character of the method. In contrast
to VMC, the long-range antiferromagnetic phase is not stable and h opt (and the corresponding
energy gain) rapidly decrease with increasing systems size (see figure 3.5, panel A). One needs
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Figure 4.7: Staggered magnetization hmi as a function of U for V-CPT ( dots,solid line), VMC
(filled squares) [62] and QMC (open diamonds and filled circles) [82, 85]. The straight line
indicates the result hmi = 0.62 ± 0.04 of a Green’s-function monte-carlo (GFMC) study
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two-dimensional Heisenberg model [86]. The V-CPT values were obtained from the 10× 10
cluster in figure 4.1.

to be aware of the fact that correlations on length scales beyond the cluster size that may be
responsible for the proficiency of long-range antiferromagnetism are not necessarily included
in the clusters considered here.
Despite the fact that V-CPT in the present simple approach obviously overemphasizes longrange antiferromagnetic order, the consideration of the symmetry-broken phase has the largest
impact on the energy gain ∆Ω(h) = Ω(h) − Ω(0) and therefore certainly represents the most
important variational single-particle term in si j for the half-filled Hubbard model. We have
checked for the dependence of the SFA potential on additional terms, e.g. the nearest-neighbor
t and next nearest-neighbor hopping t 0 . The variation of these parameters leads to a further
reduction of Ω (h,t,t 0 ). However, the energy gain ∆Ω with respect to the optimal value for the
staggered field alone is only of the order of 10−4t. The optimization on this comparatively small
energy scale is currently hindered by the fact that all calculations are performed using a small,
but finite imaginary part iη in the evaluation of the Green’s function (2.52). For η < 0.03, the
method has been found to suffer from numerical problems [44, 45]. Due to the dependence of
the optimal values for the additional parameters on iη, a reliable calculation is not possible at
the moment. Work on improved methods with η → 0+ is in progress [88].
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U
1
2
3
4
5
6
7
8

hmi (V-CPT)
-0.220
-0.388
-0.257
-0.606
-0.676
-0.730
-0.770
-0.802

hmi (VMC) [62]
0.47(4)
0.58(2)
0.77(1)
0.86(1)

hmi (QMC) [82]
0.13(2)
0.27(5)

0.41(1)

Table 4.2: Staggered magnetization hmi as obtained from V-CPT, QMC and VMC at half-filling
and T = 0.

4.3

Single Particle Dynamics

In contrast to many other techniques, where the calculation of dynamical quantities involves
rather tedious techniques, the single-particle dynamics are obtained in a straightforward way
from CPT/V-CPT. The fact that the method is solely based on a perturbative treatment of the
single-particle Green’s function makes it an ideal tool for the study of the single-particle spectral
function, as it is experimentally measured in ARPES. This is especially true for the half-filled
model, where we are now able to consider the effect of short-range AF correlations along with
long-range AF order on the single-particle excitations.
In a recent study of the temperature dependence of the spectral function of the Hubbard
model using auxiliary field QMC [78], it has been shown that, for high temperatures of T =
4.0t, the single-particle spectrum closely resembles the simple Hubbard I approximation. By
lowering T to below 0.33 − 0.1t, the appearance of two additional coherent peak structures
is observed that finally develops into a “four-band structure”, of which the two low-energy
part, the topmost valence and the lowest conduction band, are accurately described by a simple
approximation to the motion of a hole in an antiferromagnet, the so-called “string” picture.
Figure 4.8, panel A, displays the spectral function obtained from the QMC simulation [78]. This
finding is consistent with earlier QMC calculations at half-filling and strong interaction [77,89].
The emerging of the four-band structure in the photoemission has been found to be closely
related to a change in the spin response, which develops from a completely incoherent spectrum
at high temperatures to a sharp spin-wave dispersion,
r
1
ESW (k) = 2J 1 − (cos (kx ) + cos (ky ))2 ,
(4.4)
4
describing the spin excitations of a quantum antiferromagnet (figure 4.8, panel B). It is argued
that the system under consideration is effectively AF ordered below a temperature of T=0.2t,
when the spin-correlation length becomes roughly the system size. Hence, the appearance of the
four-band structure is caused by dynamical magnetic correlation effects based on the long-range
antiferromagnetism of the system.
It is exactly these two ingredients that can be provided by V-CPT, along with the ability to
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Figure 4.8: Dynamical spin-correlation function, χ Sz (panel A) and spectral density (panel B)
of a 8 × 8 Hubbard lattice at half-filling and U = 8.0t (taken from [78]). Temperatures are
indicated in the plot.
treat zero temperature. The method should, thus, provide new insight in the ground-state singleparticle dynamics of the half-filled Hubbard model and in particular in the important nature of
the quasiparticles of strongly correlated electrons.

4.3.1 The “String” Picture
Before turning to the actual results, we would shortly like to quantify what kind of excitations
one would expect in the half-filled Hubbard model at zero temperature. We can provide an
instructive picture of the single-particle dynamics of an antiferromagnet by considering the
strong-coupling limit of the Hubbard model, the t − J model (equation (1.7))
¶
µ
³
´
1
†
HtJ = −t ∑ ∑ c̃iσ c̃ jσ + h.c. + J ∑ Si S j − ñi ñ j
4
hi ji σ
hi ji
µ
¶
³
´
³
´
J
1
†
z z
= −t ∑ ∑ c̃iσ c̃ jσ + h.c. + J ∑ Si S j − ñi ñ j + ∑ Si+ S−j + Si− S+j
4
2 hi ji
hi ji σ
hi ji
= Ht−Jz + Hxy .
(4.5)
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A

Figure 4.9: String picture of a hole in an
antiferromagnet. If only the t − Jz part
of the t − J hamiltonian is considered, the
hole is bound to the place of its creation
by a “string” of misaligned spins, representing a potential linearly growing with
the distance (A). A coherent motion of the
hole is not possible in this case. If the
full hamiltonian is considered, the spin
exchange part Hxy “heals” the misaligned
spins and allows the string origin to be
shifted (B).

B

In the last line, we have combined the first two terms of the line above to the simple Ising
hamiltonian HIsing . The spin exchange interaction has been put in a separate part Hxy . Now
consider a single hole in an antiferromagnet, as it is sketched in figure 4.9. By moving n
sites through the AF ordered spins, the hole creates a total of 3+2(n-1) misaligned spin pairs,
indicated by the dashed ovals. Each of this pairs increases the energy of the system by J/2. If
we take into account only Ht−Jz , this creates a strong, linearly growing potential that confines
the hole to the site of its creation (Fig 4.9 A). The confinement of the hole to the site of its
creation thus prevents a coherent propagation. Instead, one expects an incoherent oscillation
around the origin of this “string” [42]. The situation changes completely if we include Hxy in
Coherent drift
with energy scale ~J

Incoherent oscillation with energy scale ~t

Figure 4.10: Schematic picture of the motion of a hole in an antiferromagnet. The hole rapidly
oscillates within a radius determined by the linearly increasing string potential. Thereby it
distorts the local antiferromagnetic order, creating a “cloud” of spin distortions. This cloud
drifts coherently through the AF ordered system (after [42]).
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Figure 4.11: CPT spectral function of a 10 × 10 Hubbard cluster with U = 8 along highsymmetry points of the Brillouin zone. The dark and light shading denotes high and low spectral
weight, respectively.

our consideration. This operator exchanges two neighboring spins in a string, hence it “cures”
the misaligned spins in the trace of the moving hole. This process shortens the string by two
lattice spacings and allows the hole to escape its confinement (Fig. 4.9 B). The origin of the
oscillation is shifted to the second and third nearest neighbor by this process. The hole that
distorts the local AF order by its rapid oscillation is commonly referred to as a “spin bag”. We
may think of the hole and the distortions that “dress” it as an inseparable object: a quasiparticle.
The dressed hole can move coherently through the antiferromagnetically ordered system, as
schematically depicted in figure 4.10. By restricting to minimal shift of the center of the spin
bag (the origin of the string) that can be achieved by the application of Hxy , which is given
by a shift to the 2nd and 3rd nearest neighbor, one can immediately give an expression for the
dispersion of the quasiparticle [42]:
E string = −cJ (cos (kx ) + cos (ky ))2 + const,

(4.6)

where c is a constant close to 1/2. The dispersion above has been confirmed numerically with
slight deviations in the t − J model [90]. For the Hubbard model, qualitative agreement has
been found [78].

4.3.2 Results for the t-U Hubbard model
We first turn to the single-particle excitations
of the basic non-optimized CPT. Figure 4.11
√
√
displays the CPT spectral function of a 10 × 10 Hubbard cluster with U = 8t for the non-
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Figure 4.12: Motion of a hole in an antiferromagnet. Panel A: In the symmetry-broken ground
state of the system in the thermodynamic limit, the string picture is realized and the quasiparticle
(the hole dressed by string excitations) can coherently propagate through the sublattice. Panel
B: Same path for a hole that moves in a plane of CPT clusters. In contrast to case A, the
antiferromagnetic order is only realized within the cluster. The spin-insensitive CPT Green’s
function prohibits the perception of antiferromagnetic correlations over the cluster boundary.
Panel C: V-CPT restores spin-sensitivity by artificial selection of one of the sublattices.

optimized case h = 0. This result is similar to the spectra of Senechal et al., obtained by the
diagonalization of a 4 × 3 cluster [44]. Keeping in mind the discussion above, we should find
low-energy excitations of bandwidth ∼ 2J and string-like dispersion. The excitations marked
by the dashed line, showing a bandwidth ∼ t, roughly comply with this expectation. However,
these excitations consist themselves of many different dispersing peaks for which it certainly is
difficult to determine a unique dispersion. Assuming that these excitations can be ascribed to
string-like physics in the cluster, it is obviously the coherent motion of the spin bag, which is
responsible for the dispersion of the quasiparticle, that is disturbed by the application of CPT.
This can easily be understood by considering an arbitrary path of a hole in an antiferromagnetic
system of clusters, as depicted in figure 4.12. In the full system where the clusters are not yet
CPT-decoupled, the quasiparticle, which is the hole dressed by spin excitations, can move coherently within the sublattice (panel A). The exact solution of the cluster problem in CPT (panel
B) does still allow for the formation of the spin bag. The occurrence of a single quasiparticle band, however, requires the coherent propagation of the spin bag on one sublattice. By the
approximate treatment of the intercluster hopping, this does in part take place, resulting in a tendency towards a gap between the quasiparticle band and the high-energy part of the spectrum.
Yet, when propagating over the cluster boundary, the hole reaches a misaligned spin with a
probability of 1/2, which prevents propagation and causes the quasiparticle to be reflected back
in the cluster. In this case coherence is partly lost, as it is observed in the CPT spectral density.
By breaking the spin symmetry of the Green’s function in the variational V-CPT approach, this
problem can be cured, since propagation into the wrong sublattice can not occur due to the presence of the staggered field (panel C). Hence, coherent motion of the spin bag over the cluster
boundary is restored in an approximate fashion. This can be seen directly by considering the
momentum-integrated spectra of the two sublattices separately. Figure 4.13 displays our results
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Figure 4.13: Density of states for a 10× 10 Hubbard cluster with U = 8. Panel A: sublatticeindependent CPT result for h = 0. Panel B: V-CPT result for sublattice a (solid line) and sublattice b (dashed line).
for the density of states
ρs (ω) = ∑ Ai,i (ω) = −
i∈s

¡
¢
1
ℑGi,i ω + i0+
∑
π i∈s

(4.7)

of the non-optimized CPT calculation (panel A) and the V-CPT result for each of the sublattices
(panel B). Here, s denotes the sublattice (Grey and empty sites in figure 4.1). Note that the
density of states obtained by CPT is certainly a very reliable quantity, since it is purely local
and can be calculated without any further approximation as it is necessary for the k-resolved
spectral density. The CPT DOS in panel A is identical for both sublattices. A pronounced peak
is found at the upper band edge of the photoemission and the lower band edge of the inverse
photoemission part at ω ≈ ±3t. At higher energies, broader and less pronounced features can
be found at ω ≈ ±4 and ω ≈ ±6.
The V-CPT DOS in figure 4.13, panel B, however, necessarily reflects the strength of the
variational staggered field h = 0.18. From the local average occupation < n i↑ > in figure 4.5
we already derived that the polarization is strong, with a ratio < n i↑ > / < ni↓ >≈ 9 for the
a-sublatice. Compared to panel A, one notes that the peaks at ω ≈ ±3t become even more
pronounced and intense, indicating a now well defined quasiparticle. This quasiparticle also
resides exclusively on one sublattice, as one would expect it for the coherently moving spin-bag
of the string picture. The width of the excitation is roughly 1t = 2J = 8t 2 /U for present case of
U = 8t.
Note that these peaks are absent in a pure mean-field approach where off-site correlations
are neglected altogether: A recent DMFT study [91] of antiferromagnetic order shows a rather
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Figure 4.14: Spectral function of the Hubbard model with
√ U =√8t. Panel A : Result obtained
by an V-CPT calculation based on a diagonalization of a 10 × 10 lattice at T = 0. Panel B :
QMC simulation of a 8 × 8 cluster at T=0.1 [81].
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featureless DOS consisting of the two (polarized) Hubbard bands only. Contrary, the effect of
antiferromagnetic short-range correlations can be included in a cluster extension of the DMFT.
Additional structures appear in the DOS within the dynamical cluster approximation (DCA),
for example. Some indications of the mentioned low-energy features can be found by using the
non-crossing approximation (NCA) to evaluate the DCA. [92] For a conclusive interpretation,
however, the effects are too weak – probably due to the limited cluster size (a 2 × 2 cluster in
reciprocal space) and the finite temperatures considered.
More elucidating is a comparison of the k-resolved spectral density with available results
from QMC simulations for isolated but larger clusters. In order to illustrate this point, we have
plotted in figure 4.14 the spectral function A(k, ω) for U = 8 along high-symmetry directions
in the Brillouin zone of the chemical lattice. The result is compared with the result from the
usual CPT (h = 0) and with numerically exact QMC data from Gr öber et al. [78] which are
available for an Nc = 8×8 isolated cluster and finite but low temperature (T = 0.1). The spectral
function A(k, ω) obtained from the maximum-entropy method (see Ref. [78] is shown in figure
4.14, panel B. Since the spin-spin correlation length at T = 0.1 considerably exceeds the cluster
dimensions, the QMC result can be considered as a good approximation to the T = 0 limit. At
half-filling the spectrum almost exactly respects the constraint A(k, ω) = A(k + q, −ω) with q =
(π, π) which is predetermined by particle-hole symmetry. This must be considered as a strong
check of the numerics. As for the finite system there is no spontaneous symmetry breaking,
the spectrum is spin independent and shows perfect translational symmetry with respect to the
chemical lattice (periodic boundary conditions have been used).
This must be kept in mind when comparing with the V-CPT. In the V-CPT the real-space
spectral function Ai, j,σ (a, b, ω) = −(1/π)Im hhci,σ (a); c†jσ (b)iiω is spin dependent, and translational symmetry holds with respect to the superlattice vectors R a and Rb only. For a proper
comparison with the QMC data we therefore compute
A(k, ω) =

1
∑ eik(Ra+ri−Rb−r j )Ai, j,σ(a, b, ω) ,
Nc Ns ∑
a,b i, j

(4.8)

see figure 4.14, panel B. If there was no antiferromagnetic order and no artificial breaking of
translational symmetry due to the cluster approximation, i.e. if A i, j,σ (a, b, ω) depended on the
difference Ra + ri − R0b − r0j only, this would correspond to the usual Fourier transformation.
Here, A(k, ω) is actually the diagonal element A(k, k, ω) obtained from two independent Fourier
transformations with respect to both, Ra +ri and R0 b +r0 j . Taking the diagonal element, ensures
a positive definite result, A(k, ω) ≥ 0, and implies a spatial average over the cluster sites (see
Ref. [45]). Due to this spatial average, the spectral function is spin independent – even in
the symmetry-broken state (an integer number of antiferromagnetic unit cells are included in a
single cluster).
Both, the CPT (figure 4.11) and the V-CPT result, respect the condition A(k, ω) = A(k + q, −ω)
with q = (π, π) due to particle-hole symmetry. Note that in both cases the spectral function is
defined for any k point in the Brillouin zone, contrary to the “direct” cluster method (QMC).
As already noted in the discussion of the local DOS, the V-CPT spectrum clearly consists of
four spectral features, two high-energy “bands” which show strong damping effects (incoherent
Hubbard bands) and two narrow low-energy bands which represent the coherent dispersion of a
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U
Jc

8
0.29(2)

9
0.24(4)

10
0.21(1)

11
0.19(3)

12
0.17(3)

Table 4.3: String-dispersion prefactor√as obtained
from V-CPT based on a diagonalization of
√
the Hubbard model with U = 8t on a 10 × 10 lattice.
quasi-particle (spin bag). This four-band structure is also evident in the QMC result. Comparing
the energetic positions, dispersions, weights and widths of the four spectral features, one can
state that the agreement with the QMC spectrum is almost perfect.
Roughly, the CPT and the V-CPT spectra appear to be similar but looking at finer structures
it is obvious that the CPT predicts a spectral function which is quite different: First, and most
important, there is no coherent low-energy band in the CPT spectrum. This shows up when
comparing with the V-CPT around (0, 0) for ω < 0 (or around (π, π) for ω > 0), for example:
In agreement with the QMC result, the V-CPT predicts a dispersive low-energy band which
extends continuously with spectral weight from (0, 0) to (π, 0) and which is clearly separated
from the more incoherent feature at higher energies. On the other hand, in the CPT spectrum
this is missing. In the (0, 0) − (π, π) direction the low-energy features turn out to be too broad
and are discontinuously split into several branches in the CPT spectrum. The dispersion around
(π, 0) is at variance with the QMC data. Finally, at higher excitation energies, several weak
and almost dispersionless bands can be found in the CPT spectrum while in the V-CPT there
is a comparatively smooth incoherent background. We conclude that the variational procedure
is crucial to achieve a qualitatively correct reproduction of the one-particle excitation spectrum
and of the coherent quasi-particle band in particular.
The well defined string dispersion resulting from V-CPT allows the exact determination of
the bandwidth and, thus, the determination of the factor c in equation (4.6). We have performed
a fit of E string (k, ω) to the low-energy excitations of the V-CPT spectrum, yielding cJ = 0.29(2)
or c = 0.58(4), with J = 4t 2 /U = 0.5t. Hence, the total bandwidth of the quasiparticle band is
Wstring = 2.32J, This is in good agreement with finite cluster diagonalizations of the t − J model,
from which c = 0.55 was determined [73]. Numerical values for the prefactor Jc determining
the bandwidth Wstring for some other U are given in table 4.3.

4.3.3 Comparison with Experimental Results
The above discussion shows that V-CPT is a method well suited for the calculation of the ground
state properties of the half-filled Hubbard model. The results obtained are in good agreement
with the single-particle dynamics of other exact or approximate numerical methods like QMC,
VMC and ED. We also gained insight in the physics of a long-range antiferromagnetically
ordered system by the very way the artificial symmetry breaking changed the spectral properties
of the system. Most important, the evolution towards an symmetry-broken antiferromagnet
verified our assumption of the validity of the string picture.
Looking back to the starting point, namely the very complicated electronic structure of
the real CuO2 planes of the HTSC, we have solved an important part of the problem in an
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Figure 4.15: Dispersion of a single hole in an antiferromagnetic CuO 2 plane as measured in
ARPES (Taken from [93]).

extremely reduced and simplified environment. In the following, we will try to close this circle
and compare our results to experimental reality. Of course, we may not assume that the t − U
Hubbard model (equation (1.8)) exactly descibes the low-energy excitations of the HTSC, since
it was mostly chosen for its formal simplicity. In principle, it would be favourable to apply the
techniques developed so far to the more realistic, but far more complicated three-band model.
Although this is possible, as we will show in part III of this thesis, we have found that the cluster
size Nsites is a very important parameter in this method, since it determines the length scale on
which correlation are take into account exactly. Hence, the properties of the quasiparticles of the
lattice will largely depend on Nsites and it remains an open question whether the more realistic
model or the more realistic cluster will give the better description of the low-energetic singleparticle excitations of the CuO2 plane. Here, we will pursue the latter approach, assuming that
the basic physical processes that we found to determine the single-particle excitations of the
t −U Hubbard model are very likely to be dominant for the insulating cuprates as well.
Since the first ARPES experiment on Sr2 CuO2 Cl2 [95], the lowest binding-energy electronic structure of the half-filled cuprates always was a point of intense experimental and theoretical interest. Despite the extremely difficult experimental conditions, a number of reliable
ARPES experiments have been performed [93–95, 97, 98]. Figure 4.15 shows a recent ARPES
study of the quasiparticle dispersion of Sr2 CuO2 Cl2 , taken along (0, 0)-(π, π) and (0, 0)-(π, 0).
Up to few exceptions [95], all of these studies provide a consistent picture of the quasiparticle dispersion of the HTSC parent compounds: (i) two parabolic dispersions centered at
k = (π/2, 0) and k = (π/2, π/2), with the latter defining the top of the band; (ii) a characteristic
energy difference ∆a ≈ 100 − 150meV between the maxima of the parabola; (iii) a total width
W of the dispersion of about 300 − 400meV . The charge-transfer gap of the cuprates ∆ ct , corresponding to the Hubbard gap ∆ between the topmost occupied and the bottommost unoccupied
band in the present case, has experimentally been determined to be 1.5 − 2eV [99, 100].
Taking t = 0.5eV from literature [11], we plotted the dispersion of the topmost band of the
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Figure 4.16: Panel A: Experimentally determined dispersion of the low-energy excitations of
insulating Sr2 CuO2 Cl2 (squares [93], circles [94], diamonds [95]).The solid line represents the
dispersion of the low-energy excitations of the Hubbard model for the onsite interaction U as
marked in the plot. Panel B: QMC simulation of the spectral function of the t − t 0 − U model
with t 0 = −0.35t and U = 10t (Taken from [96]).
t − U Hubbard model for different values of U along with the experimental results [93–95]
in figure 4.16, panel A. Except for the pronounced parabola between (0, 0) and (π, π), none
of the abovementioned characteristic features can be reproduced. Most important, the points
(π/2, π/2) and (π, 0) are degenerate within the t −U Hubbard model, whereas the experimental
data show an energy difference of the full bandwidth W .
It has been found in studies of the self consistent born approximation (SCBA) [75,101,102]
of the t − J model that particularly the position of the quasiparticle peak at k = (π, 0) is very
sensitive to the strength of an additional hopping term t 0 along the diagonals of the elementary
plaquette [75, 103]. These calculations show that taking t 0 /t < 0 causes the quasiparticle peak
to move to larger binding energies for growing amplitude of t 0 and thus improve agreement with
experiment. Using even longer ranging hoppings, e.g. two lattice spacings with an amplitude
t 00 , the results can be systematically improved [73].
The influence of hopping processes beyond nearest neighbour on the low-energy singleparticle excitations of the t −U model is far more difficult to investigate. For large U/t the t −U
and t − J models produce qualitatively similar result [29] and the effect of t 0 on the spectrum
should, thus, be similar as well. QMC studies considering the t − t 0 −U model show, however,
that it is difficult to resolve the topmost band in a way that allows for the detailed discussion of
its dispersion [96], as depicted in figure 4.16, panel B.
Here, we consider the V-CPT spectral function of the t − t 0 −U model,
³
´
³
´
H = −t ∑ c†i,σ c j,σ + h.c − t 0 ∑ c†i,σ c j,σ + h.c +U ∑ ni↑ ni↓ ,
(4.9)
hi ji

hhi jii

i

where hh. . .ii denotes the neighbors along the diagonal
direction
of the lattice. We have per√
√
formed V-CPT calculations of equation (4.9) on a 10 × 10 lattice, optimizing the AF stag-
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Figure 4.17: Panel A: V-CPT
spectral
function and of the t − t 0 − U Hubbard model with t 0 =
√
√
−0.35 and U = 8t on a 10 × 10 lattice. The dashed line indicates the fit of equation (4.10).
Panel B: Dispersion of panel A along with experimentally determined dispersions of insulating
Sr2 CuO2 Cl2 (squares [93], circles [94], diamonds [95]). The energy scale was set to a literature
value of t = 0.5eV [11].
gered field in about 100 diagonalizations for each set of parameters. We considered the interaction strength U from 6t to 10t and diagonal hopping elements from −0.3t to −0.4t.
Figure 4.17, panel A, shows the spectral function of the t − t 0 −U model as obtained by VCPT for t 0 = −0.35t and U = 8t. The string band closest to ω = 0t can be clearly identified and
it consists of a single dispersing quasiparticle peak. In contrast to the QMC data in figure 4.16,
panel B, the string band is extremely well defined. Its dispersion can be fitted by extending the
string dispersion (Eqn. (4.6)) in the following way [73]:
E string (k) = −cJ (cos (kx ) + cos (ky ))2 − 4t˜0 cos (kx ) cos (ky )
−2t˜00 (cos (2kx ) + cos (2ky )) .

(4.10)

Here, t˜0 and t˜00 are effective values, roughly proportional to t 0 and t 00 . The t˜00 -term turned out to
be almost vanishing during the fitting procedure and was left out to improve the quality of the
fit. The result of the fit is indicated by the dashed line in figure 4.17, panel A, for comparison.
Numerical values of the fits of a range of parameters are given in table 4.4.
Comparing our results with experimental dispersion of Sr 2 CuO2 Cl2 , we find best agreement
for t 0 = −0.35t and U = 8t. This parameters are quite compatible with the one found as best
fit in the t − J model (t 0 = −0.34t, t 00 = 0.03t and J = 0.4t) [73] and a recent finite temperature
QMC simulation (t 0 = −0.35t and U = 10t) [96]. The dispersion of the low-energy excitations
for this parameter set is plotted along with the ARPES data in figure 4.17. In particular, the peak
position at k = (π, 0) has moved to higher binding energies at the bottom of the band. We find
following characteristic features: (i) a bandwidth of about W ≈ 0.6t. (ii) an energy difference
between k = (π/2, 0) and k = (π/2, π/2) of ∆a ≈ 0.3t (iii) an insulating gap of ∆ ≈ 4t. Taking
again t = 0.5eV , all of these quantities roughly conform the experimental facts.
Compared to QMC results, we find that the topmost band found here shows less than half the
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U
6
6
7
7
7
8
8
8
8
9
9
9
9
10

t0
0.3
0.35
0.3
0.35
0.4
0.0
0.3
0.35
0.4
0.0
0.3
0.35
0.4
0.0

c
0.50(4)
0.50(4)
0.531(4)
0.51(1)
0.56(3)
0.58(2)
0.54(4)
0.56(4)
0.47(4)
0.55(2)
0.62(3)
0.55(5)
0.42(6)
0.52(2)

t˜0
−0.13(2)
−0.15(1)
−0.12(1)
−0.13(2)
−0.16(2)
0
−0.11(1)
−0.13(1)
−0.13(1)
0
−0.12(1)
−0.12(1)
−0.11(1)
0

Table 4.4: Parameterizations of the dispersion −cJ (cos (kx ) + cos (ky ))2 − 4t˜0 cos (kx ) cos (ky ) as
obtained
fitting the low-energy excitations of the V-CPT spectra based on the diagonalization
√ by√
of a 10 × 10 lattice.
width W ≈ 2t found in reference [96] (see figure 4.16, panel B). Although being much smaller
than the bandwidth obtained by weak coupling methods, this is not as small as predicted by
t − J model calculations. The authors indicated that this difference may be attributed to either
the influence of t 0 or the finite U. Here, we demonstrated that the t −U and t −t 0 −U model yield
bandwidth that are compatible with results of the t − J model for a corresponding J = 4t 2 /U,
even in the region of intermediate coupling of U = 8t. Moreover, the V-CPT results indicate
that the influence of t 0 is not responsible for a strong broadening of the bandwidth, as can be
seen by considering table 4.4.

5
The Two-Dimensional Hubbard Model at
Finite Doping
One of the most fascinating properties of the cuprates is the fact that a superconductor exists
in the close neighborhood of a perfect insulator. It is generally assumed that it is exactly the
closeness of the antiferromagnetic and superconducting phase that is responsible for the extremely high critical temperatures of the cuprates. Although long-range antiferromagnetism
is efficiently destroyed by small amounts of charge carriers in the hole-doped materials [11],
short-range correlations can be observed even for relatively high doping levels [10] and in the
superconducting phase.
In this chapter we consider the single-particle dynamics of the doped Hubbard model generally, by analyzing the development of the spectral function and Fermi surface within the the
t − U Hubbard model, and specifically, by comparing experimental and numerical results for
a certain cuprate material. Particularly, we perform CPT calculations for lattice sizes from 13
sites, one hole (hni = 0.923) to 10 sites, two holes (hni = 0.8).
This chapter is organized as follows:
We start with a consideration of the doping dependence of the t −U Hubbard model. In particular we compare our results with a number of other numerical techniques, such as auxiliary
field quantum monte-carlo (QMC), dynamical cluster approximation (DCA) and dynamical
mean-field theory (DMFT), which have been intensively used to calculate the single particle
dynamics. Since all these techniques consider finite temperatures and are based on QMC algorithms, which suffer serious numerical problems at low doping and low temperatures, we
believe that CPT offers a particularly useful alternative here. Our results confirm and also extend the findings of other studies (Sec. 5.1).
Next we turn to an issue that attracted much attention recently [4, 5], namely a detailed
study of the doping dependence of the spectral function in the electron-doped materials. In
particular, we consider Nd2−x Cex CuOCl4±δ . In contrast to hole doped materials, larger parts of
the single-particle spectrum are accessible to photoemission experiments in this n-type cuprate.
Starting from the parameters we have obtained for the half-filled system, we show that we can
qualitatively reproduce the doping dependence of the spectral function and Fermi surface from
hole to electron doping, as it is found in ARPES [4] (Sec. 5.2).
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Due to the presence of strong AF correlations even in the doped materials, it is quite natural to regard these systems as doped antiferromagnetic insulators than metals. Whether the
doped cuprates are metals in a usual sense becomes extremely important when it comes to the
questions “are these materials Fermi liquids?”. The knowledge of the underlying theoretical
background of the cuprates is indispensable ingredient to any theory of high-temperature superconductivity. We address this crucial issue by comparing the results of our calculations with
a quantity that is predicted by Fermi liquid theory, namely the volume of the Fermi surface
(Section 5.3).

5.1

Evolution of the Spectral Function in the t-U Hubbard
Model

As we have seen in the previous chapter, important aspects of the photoemission of the insulating cuprates can be quite well understood within the half-filled Hubbard model. Dispersion
and spectral weight of typical parent compounds are almost quantitatively reproduced by numerical calculations based on strong-coupling approaches, such as V-CPT. On the other hand,
it is known that weak coupling theories, such as LDA, provide reliable information on (highly)
overdoped systems (see e.g. [8] and references therein).
When a system is only lightly doped, however, the physical situation is not so clear any
more, since the doping dependence of the spectral function of the Hubbard model can now be
explained in two different ways [42]:
(i) Continuity with the insulator. In this case, one might assume that the quasiparticles that
appear in the lightly doped system are ’similar in character’ to the quasiparticles of the
half-filled system. Since for < n >= 1 perturbative treatment in U is not applicable, this
assumption would also forbid the use of classical perturbation theory for light doping.
(ii) Continuity with the non-interacting system. The breakdown of adiabatic continuity is
assumed to occur at doping levels close to half-filling only. This approach underlies all
theories which are based on Feynman-type diagramatic calculations.
It is exactly this ambivalence of physical pictures that marks the most interesting region in the
phase diagram of the HTSC, between half-filling and optimal doping. In a relatively tight area of
the parameter space, transitions between different phases, such as the antiferromagnetic, superconducting and pseudogap phase are observed, which suggests that there is a direct connection
between the mechanisms that drive these phases.
A great deal of numerical work has been devoted to the study of the spectral properties of
the Hubbard model in the underdoped region, although this is the most difficult one to address
by means of any other exact or advanced numerical technique (apart from ED). This holds in
particular for finite temperature QMC, or any method based on it like DMFT and DCA, due
to the infamous sign problem [81, 104]. The sign problem leads to an exponential increase in
the computing time, which reduces the quality of the results obtained. We should also note
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Figure 5.1: Schematic derivation of the density of states ρ(ω) = 1/N ∑k A(k, ω) at half-filling
(A) and light doping (B). In contrast to half-filling, a probability P ∼ x exists for creating a
particle on an empty site, where x is the doping level. The corresponding states are energetically
located close to the Fermi energy, since no penalty energy U for a double occupation needs to
be payed.
that the maximum-entropy technique (MAXENT) [105], used here to continue the imaginarytime data to the real axis, only provides sufficiently reliable results in a small area around the
Fermi surface. At higher energies, MAXENT tends to “oversee” small structures. Despite this
obstacles, a large number of problems have been approached with this technique, such as the
metal-insulator transition [77–79], the doping dependence of the band structure [2, 106], the
Fermi surface volume [78], and the pseudogap [107–109]. A direct comparison with experiment for the underdoped region has been extensively done in [106] by considering long-range
hopping processes. However, the issue remains difficult, since the errors obtained by QMC are
roughly of the order of the quasiparticle bandwidth.
Schematic doping process – By considering the density of states, we can easily derive a
qualitative picture on how doping affects the dynamics of the Hubbard model. A schematic
sketch is given in figure 5.1. At half-filling and strong interaction U we will find virtually no
douply occupied sites due to the “penalty” energy U. By injecting a particle in the ground
state we will almost certainly create a doubly occupied site. The annihilation of a particle in
the same state will almost certainly be possible from a singly occupied site. Hence, we get a
symmetric density of states with the Fermi energy inside a large gap of order U, as shown in
figure 5.1 A. When the system is lightly doped with a percentage x of holes, there exists a slight
probability P ∼ x for creating a particle on an empty site and hence avoiding the “penalty” U.
We expected the spectral weight of these states to be transfered from the upper band towards
the Fermi energy, as it is depicted in figure 5.1 (B). The upper and lower Hubbard band are, of
course, not as unstructured as we have assumed here. Quite contrary, each of the bands show
a substructure with a string-like quasiparticle bands close to the Fermi level and an incoherent
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Figure 5.2: Spectral density of the Hubbard model for U = 8t, obtained by different numerical
techniques. Panel A: QMC for a 8 × 8 cluster, T = 0.3t, x = 0.05 [108]. Panel B: QMC for a
8 × 8 cluster, T = 0.3t, x = 0.28 [108]. Panel C: DCA for a 4 × 4 cluster, T = 1.333, x = 0.05
[107].Panel D: DMFT T = 1/30t ∗ , x = 0.05 [89].
feature at higher energies, as we have shown in section 4.3.
Results from QMC, DCA and DMFT – Let us shortly review the results on the spectral
function of different and well accepted numerical techniques, namely QMC, DCA and DMFT.
In order to assure comparability of the simulations, we consider results for the most common
parameter set U = 8t, i.e. Coulomb interaction equals bandwidth. For this ratio of U/t a
multitude of calculation is available in the literature, of which we only can show a few selected
here. Figure 5.2 shows results for the spectral function obtained by QMC for x = 0.05 and
x = 0.28 (8 × 8 cluster at T = t/3, panel A and B) [79, 108], DCA for x = 0.05 (4 × 4 cluster at
T = 4/30t, panel C) [107] and DMFT for x = 0.05 (T = 1/30t ∗ ). Note that the energy
√ ∗ scale is
∗
given in eV in panel C, where t = 0.25eV , and in units of t in panel D, where t = 2t .
These data represent a good consensus of what is doubtlessly known about the doping dependence of the spectral function of the Hubbard model from numerical simulations. At first,
we consider the underdoped systems in Panels A,C and D. All three methods predict three distinguishable features: (i) a sharp metallic quasiparticle band of width W ≈ 4J = 2t; (ii) a rather
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broad high-energy part at ω ≈ −5t; (iii) the upper Hubbard band between 4t to 8t. The dispersion of the metallic band closely resembles that of free electrons,
ε̃ (k) = −2t˜ (cos (kx ) + cos (ky )) ,

(5.1)

with a renormalized hopping t˜ = 0.4t. The width W of this band is substantially smaller than
predicted by weak coupling theories or strong coupling approximations like Hubbard I. It has
been found in detailed low-temperature QMC calculations [77] and analytical estimations [42]
that W is affected by similar many-body physics as the low-energetic excitations in the insulating case. Particularly the relevant energy scale, which is rather of the order of the magnetic exchange interaction J than of t, and direct comparison to the corresponding spin excitations [108]
lead to the conclusion that the short-range magnetic correlations play the centrale role in underdoped Hubbard model. These effects appear for correlation length ξ smaller than the lattice
extension, but still in the order of the lattice spacing 1 . These arguments lead to the conclusion
that the underdoped Hubbard model shows no sign of a breakdown of conventional perturbation
theory only close to half-filling, ruling out a adiabatic connection with the ground state of the
non interacting system. The concordant results rather indicate that the electronic structure of
the insulator “sets the stage” of the physics of the (lightly) doped system [42] in an extended
area of the phase diagram.
We turn to the overdoped systems in panel B of figure 5.2 The doping level of the QMC
simulation that was used to calculate this spectral function is x = 0.28, quite far beyond the
estimated optimal doping of x = 0.125. The small band around the Fermi level has disappeared
and a quasiparticle dispersion of a width almost equal to the uncorrelated bandwidth of 8t is
found. Separated by a gap of roughly U/2, a second bandwith highly diminished weight is
found at positive energies. The situation found here is far more “conventional” in terms of
strong correlation physics. It is known that at this relatively high doping antiferromagnetic
correlations are strongly reduced at T = 0 [10] or, as in case of the present QMC simulation,
have almost vanished at finite temperature [77, 108]. The AF correlation length for this system
has dropped below a lattice spacing. The physics of an overdoped systems is, thus, exclusively
determined by the interplay of local Coulomb repulsion and increasing mobility of the charge
carriers due to the high doping level. Consequently, the two remaining bands can sufficiently
be fitted with the upper and lower band of the (paramagnetic) Hubbard I solution [77, 108].
The doping dependence of the spectral function of the Hubbard model as obtained from
commonly used numerical methods confronts us with radically changing physics within a very
narrow doping interval between half-filling and optimal doping and at low temperatures. In
this region of the phase diagram, short-range magnetic correlations are dominating the lowenergy electronic structure, whereas the overdoped region seems to be solely determined by the
suppression of charge fluctuations.
1 It

appears now rather surprising that the DMFT result is almost identical [89] to QMC, although this method
does not consider short-range AF correlations at all, but is on the contrary a paramagnetic mean-field theory,
although very sophisticated. The local character of the DMFT should result in a different type of physics and
the good agreement with the other techniques might hence appear incidental in the current context. The fact that
the same results are obtained in quite different physical environments does only underline the universality of the
presented picture of the single-particle dynamics of the underdoped Hubbard model.
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Figure 5.3: Panel A : CPT spectral function of the Hubbard model with U = 8t, x = 0.077.
The solid line represents a fit with a tight-binding dispersion. Panel B : CPT spectral function
of the Hubbard model with U = 8t, x = 0.20 . The lines represent a fit with the dispersion of
the Hubbard I solution. Panel C : Schematic doping process as derived from QMC calculations
[79, 110]. Parts of the spectral weight of the upper coherent part of the spectrum at half-filling
are transfered to the Fermi level upon doping. Panel D : The CPT results for the density of
states at half filling (dashed line, 10 sites) and 7% doping (solid line, 13 sites, 1 hole) show the
spectral weight transfer. The chemical potential of the half-filled system has been shifted to the
band edge of the lower Hubbard band.
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The close relation of the magnetic environment of the underdoped and insulating system
gives rise to the assumption that the insulator “sets the stage” for the physics of the underdoped
system [42].
CPT Results – We consider the CPT spectral function of the Hubbard model for similar
doping levels as the data discussed above in Figure 5.3.
Panel A displays the single-particle spectrum for U = 8t at a filling of x = 0.077, which is
comparable to the spectra in figure 5.2, panels A,C and D. The cluster Green’s function for this
spectrum was obtained from a Lanczos diagonalization of a 13-site lattice with twelve electrons
and one hole.
Let us first point out the similarities between the CPT single particle spectrum of the underdoped Hubbard model and the results of the other numerical techniques discussed above.
The CPT spectral function shows a narrow quasiparticle band crossing the Fermi level at k ≈
(π, π/3) and k ≈ (π/2, π/2). The width W ≈ 3.5t of this band is approximately the same as
found in the underdoped systems in figure 5.2. A fit with a tight-binding dispersion
ε̃k = −2tm (cos (kx ) + cos (ky ))

(5.2)

to the metallic band yields a renormalization of m = 0.43(2) with respect to the width of the
non-interacting system. This is in reasonable agreement with the QMC simulation in figure 5.2
A, for which m = 0.37 was found [77, 79]. The intensity of this band is highest in the region
just below the Fermi level, i.e. around k = (π, 0) and k = (π/2, π/2) and only low intensity is
found around k = (0, 0) and k = (π, π). In agreement with QMC, DCA and DMFT we also find
a background feature with main spectral weight around k = (0, 0) at higher binding energies of
ω ≈ −4t.
In contrast to QMC, DCA and DMFT, we can also resolve two structures at positive energies
ω − µ = 4t and 8t. The dispersions are very similar to the features observed in the area above the
Fermi level at half-filling (figure 4.14). Particularly the low-energy excitations closely resemble
the string dispersion (4.6). Compared to the insulating case, the spectral weight of this band
is somewhat reduced. According to the simple consideration about the doping dependence of
the density of states we made above (see figure 5.1), the “missing” spectral weight in the upper
Hubbard band is transferred towards the Fermi level upon doping. A closer look at the central
metallic band shows that it indeed may be seen as a direct combination of the two symmetric
string bands observed at half-filling, with the spectral weight of the region directly above the
Fermi level around k = (π, π) being transfered from the unoccupied string band over the single
particle gap. This appearance of the lowest-energy metallic band as a direct consequence of
the transfer of the spectral weight of the upper string band has first been noticed by Preuss and
coworkers [77] using QMC. The doping process derived in this work has been schematically
reproduced in figure 5.3, panel C. Their results, however, indicated the disappearance of the upper string band upon doping. We attribute this fact to the low but finite temperature of the QMC
simulation and the rather low resolution at larger energies due to and the analytical continuation
via MAXENT. Here, we find that at T = 0 the spectral weight transfer is only partial and the
string bands found at half-filling persist at low doping.
The spectral weight transfer can be directly seen in a comparison of the density of states
of the half-filled and underdoped systems in figure 5.3, panel D. The Fermi energy of the half-
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filled system has been moved to the upper edge of the occupied states. From this data it is
immediately evident that the main spectral weight transfer occurs from the upper string band
(x=0.00) to the metallic band (x=0.077). The high-energy background parts of the four-band
structure are almost unaffected.
If the system is doped further to x = 0.2, as displayed in figure 5.3 B, more spectral weight
is transfered from the upper to the lower band. Virtually no sign of a remainder of the string
band indicating antiferromagnetic correlations is found, as it can also be seen in the QMC result
in figure 5.2 B. Additionally, the weight within the lower band is strongly redistributed, closing
the gap between the narrow metallic band and the incoherent background. The dominant energy
scale J does not appear any more, and the main part of the spectral weight can now be described
by the dispersion of the paramagnetic Hubbard I approximation
¶
µ
q
1
2
H1
(5.3)
Ek =
εk +U ± (εk +U) + 2nUεk .
2
A fit of EkH1 to the CPT data is indicated by the solid lines in figure 5.3 B, and yields the
parameters t = 1.15(4) and U = 5.94(5).

5.2

Photoemission of N-Type Cuprates

Most of ARPES data on HTSC materials known today have been obtained by investigating the
hole-doped cuprates [3, 31, 111]. For these materials, the chemical potential is shifted into the
(coherent) part of the lower Hubbard band and the largest part of the spectrum remains obscured.
Since inverse photoemission spectroscopy does not allow for a comparable resolution, it would
be favorable to shift the chemical potential into the upper Hubbard band and, thus, use the
advanced ARPES techniques to enlarge our field of vision.
In a recent work Armitage and coworkers [4] presented a photoemission study of the electrondoped high-temperature superconductor Nd2−x Cex CuO4±δ , which allows an analysis of the
doping dependence of the full Mott gap. Moreover, the dispersion of the low-energy excitations
of the half-filled compound Nd2 CuOCl4 was shown to be identical to that of the parent compounds of the hole-doped single-layer materials, particularly Sr 2 CuO2 Cl2 and Ca2 CuO2 Cl2 ,
demonstrating the universality of the electronic structure of the single layer HTSC materials [66]. These findings have important implications for our theoretical consideration of the
issue, since a universal electronic structure does necessarily follow from a universal model and
a universal parameterization, at least for the half filled case. If the parameterization holds also
for finite dopings, our findings should, at least qualitatively, cover the relevant doping range of
the cuprates from electron to hole doped. However, one should notice that a constant parameter
set over a wide doping range can not be taken for granted. Although there are indications from
LDA calculations that especially the Cu Coulomb repulsion, which contributes mainly to the
on-site repulsion U in the Hubbard model, may change with doping, numerical evidence from
ED and QMC studies point to an universal parameter set not only for half-filled and hole doped
cuprates, but also for electron doped materials [19, 21, 112].
Development of the spectral function in Nd2−x Cex CuOCl4±δ – We briefly review recent
ARPES data on the doping dependence of the Nd2−x Cex CuOCl4±δ spectral function. Figure
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Figure 5.4: Top: Sketch of the doping dependence of the band structure of Nd 2−x Cex CuOCl4±δ
derived by the ARPES peaks centroids. Bottom: Fermi surfaces corresponding to the doping
levels in the top panels. (Taken from [4]).

5.4 shows a sketch of the features of the “band structure” of Nd 2−x Cex CuOCl4±δ as it is found
in ARPES [4]. For the parent compound Nd2 CuOCl4 (panel A), a well defined feature disperses
parabolically with a maximum at k ≈ (π/2, π/2). This dispersion is found to be of the same
shape and relative position as the dispersions Sr2 CuO2 Cl2 and Ca2 CuO2 Cl2 [66] (see also the
experimental data in figure 4.16 and 4.17).
Panel B displays the electronic structure as obtained from heavily underdoped Nd 2−x Cex CuOCl4±δ .
First of all, the parabolic dispersion observed in the insulator can still be found in roughly the
same energy region. The spectral weight is slightly diminished and not as clearly observable
as in the half-filled case. Most relevant changes appear at the Fermi level. At k = (π, 0) directly below εF strong spectral weight is observed. This has been interpreted as an “electron
pocket”, a band that partially dips into the Fermi level around k = (π, 0), as one would have
expected in a simple rigid band picture. Since otherwise no or no relevant spectral weight is
found at the Fermi level throughout the whole Brillouin zone and one accepts this rigid band
picture, this is only possible if the gap in the insulator is indirect, hence the symmetry between
k = (π/0) and k = (π/2, π/2) is lifted. Such an indirect gap appears in the Hubbard model if a
diagonal-neighbor hopping is relevant, which we found to be the case for the half-filled singlelayer parent compounds in the previous chapter. Additionally a larger, almost non-dispersive

function of x. The single-particle Green function is
G ~ k,E ! 5u k2 @ E2E kU # 21 1 v k2 @ E2E kL # 21 ,

~3!

where the weights or ‘‘coherence’’ factors of states in the
N-T YPE C UPRATES
UHB andOF LHB
are u k2 512 v k2 5„11( e k2 e k1Q)/2E 0k…/2.
Equation 3 allows the computation of the spectral density
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feature is observed near ε f along the zone diagonal, that is gapped by ∼ 150meV
. The Fermi
surface connected to this data, obtained by an ARPES intensity map over the whole Brillouin
zone at the Fermi level, is hence limited to a close area around k = (π, 0) and equivalent points
(panel E).
For a doping level close to optimal (x=0.10, panel C), the spectral weight along the zone
diagonal develops a weak dispersion, with a close approach to the Fermi level at k ∼ (π/2, π/2).
In the Fermi surface (panel F) the hole pocket at k = (π, 0) becomes more pronounced and also
extended. Additionally, the close approach to the Fermi surface near k = (π/2, π/2) causes the
Fermi surface “patch” that connects the electron pockets in the fashion of a large LDA Fermi
surface.
In the overdoped material (x=0.15, panel D) the spectral weight along the zone diagonal
becomes strongly dispersing and intense. A full LDA-like Fermi surface is formed (panel G),
showing intensity suppression at the intersecting points with the antiferromagnetic zone boundary.
Recent theoretical considerations – The doping dependence of the spectral intensity and
the Fermi surface of Nd2−x Cex CuOCl4±δ have recently been analyzed on basis of a meanfield calculation [5]. In this type of calculation, one usually calculates the gap parameter ∆
self-consistently for a given repulsion U and doping x [113]. However, this does not lead to
satisfying results with respect to experiments and sophisticated or even exact numerical methods
[77]. It is now argued that the observable (pseudo)gap ∆ is a far more suitable input parameter.
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The mean-field equations are then solved self-consistently, yielding a doping dependent on-site
interaction U(x) and, as in the previous case, the antiferromagnetic order parameter. Using
this type of self-consistency, the authors of ref. [5] studied the development of the electronic
structure of Nd2−x Cex CuOCl4±δ upon doping. They considered a t − t 0 − t 00 − U Hubbard
model, for which the hopping parameters t, t 0 and t 00 are fitted to the experimental data at halffilling. The band structure obtained is displayed in figure 5.5.
This calculation is in surprisingly good agreement with various key features of the experimental findings in figure 5.4. First of all, the two structures at -0.4eV closest to the Fermi level
at a momentum k = (π/2, π/2) and just below the electron pocket at k = (π, 0) are identified
as the lower Hubbard band, being shifted towards the Fermi level by the decreasing value of
the effective Hubbard parameter U with increasing doping. The upper Hubbard band forms the
electron pocket (see figure 5.5, panels (b) to (d)). With increasing doping, the lower Hubbard
band develops into the lower part of the LDA like band structure of the ARPES data, as shown
for x = 0.10 and x = 0.15 in figure 5.4. Secondly, the Fermi surface obtained in this calculation
shows the same topological evolution as the ARPES results. Starting from a electron pocket for
low doping, the Fermi surface shows a patch around k = (π/2, π/2) below optimal doping and
finally develops a full, hole like arc for the overdoped system.
We show below that the very detailed ARPES data of the doping dependence of the n-type
compounds is qualitatively covered by the physics of the Hubbard model. Additionally, the
results of the mean-field picture developed in [5] are also covered by the full model with strong
and unchanged on-site repulsion U. In contrast to the t − J model, which has been shown
to produce salient features of the doping process described above, but in which the electron
addition states remain obscured at half-filling [73], the Hubbard model allows the calculation
of the full spectrum. We may, thus, unambiguously identify the features in figure 5.4. We have
already obtained a set of parameters for the Hubbard model that is in excellent accord with the
ARPES data on the parent compounds. Here, we study the doping dependence of the t − t 0 −U
Hubbard model using this very parameter set. We have performed standard CPT calculation
without optimizing any parameters of the reference models. The cluster Green’s functions are
obtained by diagonalizations using the Lanczos method, for cluster sizes 13, 12, 11 and 10 sites,
allowing for dopings of x = 0.077, 0.091, 0.17 and 0.20, respectively. In order to facilitate the
inversion of the Green’s function, we use a broadening of the poles of the Green’s function of
η = 0.1, which twice the value found to be critical [45].
CPT Results – Figure 5.6 displays our results for the spectral function of the t − t 0 − U
model for the half-filled (x = 0) and the overdoped case (x = 0.20). Panel A shows the full
spectral function for t 0 = −0.35t and U = 8t at half-filling. The data is equivalent to the one
we have discussed in figure 4.17. Since the electronic structure of the single-layer materials
has been shown to be universal in dispersion and width, we believe this to be an excellent
parameterization for Nd2 CuOCl4 . The string band is clearly visible at ω −3t to −2t. The
feature along the zone diagonal (0, 0) − (π, π) corresponds to the broad dispersing feature in
figure 5.4, panel A. The single particle gap is W ≈ 4t ≈ 2eV if t ≈ 0.5eV . Note that this is
slightly too large compared to the materials actual optical gap of about 1.6eV .
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Figure 5.6: Full spectral density of the t − t 0 − U Hubbard model (t’/t=-0.35 and U=8t) for
half-filling (panel A)√
and a doping
of x = 0.20 (panel B) as obtained from CPT based on exact
√
diagonalization of a 10 × 10 cluster.
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We believe, however, that this small discrepancy will not influence the qualitative physics
that we aim to describe. As discussed in above, the gap in this system is indeed indirect due
to the necessity of a diagonal hopping term in order to fit the quasiparticle dispersion to the
experimental data, i.e. the symmetry between (π, 0) and (π/2, π/2) has been lifted.
We contrast this data by an overdoped system with x = 0.20 for the same parameters in
panel B. The spectral function has obviously undergone a dramatic change. A quasiparticle
band disperses smoothly from ω ≈ −1.5t at k = (0, 0) towards the Fermi level, which it crosses
at k ≈ (π, π/3). As saddle point is found at at k ≈ (π, 0) at an energy of (ω − µ) ≈ −0.9t. The
band as a whole is roughly in accord with LDA predictions [114].
The undoped (panel A) and overdoped case (panel B) represent the well understood limits
of the cuprate materials: The first is described by an antiferromagnetic Heisenberg model (or
t − J model for dynamics), the latter is a correlated metal that allows the use of weak coupling
techniques. The doping process that actually leads from panel A to panel B is a highly disputed
issue [115].
We examine this very doping process in more detail in figure 5.7, where we give the spectral
function for dopings of x = 0.07, x = 0.09 and x = 0.20 in a region from ω = −2t to ω = t at
the Fermi level. We first discuss x = 0.07 (panel A). Similar to a rigid band picture, the upper
Hubbard band of the half-filled calculation is shifted towards lower energies by the chemical
potential. Due to the indirect gap, spectral weight at the Fermi level is first observed in a
region around k = (π, 0), where the upper Hubbard band crosses. This leads to the formation
of the experimentally observed electron pocket. Just below the arc of the upper Hubbard band
one finds spectral weight along (0, 0)-(π, 0) in an energy region form −1t to −0.5t. Assumed
the band forming the electron pocket really represents the upper Hubbard band in the picture
of a rigid band model, what seems to suggest itself since identical in dispersion and weight,
these spectral weight is newly created within the original Mott gap. These states are slightly
gapped from the arc of the upper Hubbard band. At k = (π/2, π/2), we have an almost identical
situation. But since we broke (π, 0)-(π/2, π/2) symmetry by the use of diagonal hopping, the
upper Hubbard band at (π/2, π/2) is found at higher energies. Analog to (π, 0), new spectral
weight is found below the upper Hubbard band in the original gap. In contrast to (π, 0), there
is a considerable gap of ∼ 0.5t between the UHB and this new states. This gap happens to
extend exactly −0.25t to 0.25t around the Fermi energy, hence at this point no spectral weight
is at ω = 0t. The appearance of spectra weight reminds of the situation at hole doping, where
we have unambiguously shown that the spectral weight the forms the ∼ 4J quasiparticle band
in figure 5.3 is taken from the original upper band and transfered into the original Mott gap
(5.3,panels C and D). In contrast to the t −U model used in the previous section, the t − t 0 −U
model seems to create a gap at (π/2, π/2).
At a slightly larger doping of x = 0.09 one finds the new spectral weight in the original
gap to be more intense and dispersive. The larger portion of the UHB is now below the Fermi
surface at (π, 0) and the small gap separating the new states is considerably smaller. This is also
true for (π/2, π/2) where the dispersion of the new states now touches the Fermi level. The gap
is still observable above.
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Figure 5.7: Detailed view on the spectral density of the t − t 0 − U Hubbard model (t’/t=-0.35
and U=8t) for doping levels of x = 0.07 (panel A), x = 0.09 (panel B)and x = 0.20 (panel C).
The spectra have been obtained by CPT based on the diagonalization of isotropic clusters with
13, 11 and 10 sites, respectively.
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Figure 5.8: Fermi surface of the t − t 0 − U Hubbard model (t’=-0.35t, U=8t) as obtained by
exact diagonalization and CPT (top row) and experiment [4] (bottom row). Doping levels are
indicated in the figures.

In the overdoped system x = 0.20 the new states have finally developed into a dispersion
that crosses the Fermi surface with full spectral weight as we discussed in the analysis of figure
5.6, panel B.
Considering figure 5.7, the transition between the two well known, but at first sight incompatible cases in panels A and B of figure 5.6 seems to be less abrupt and rather a consequence of
smooth spectral weight transfer into the Mott gap of the insulator. Moreover, this development
is quite compatible with the experimental data. In figure 5.8, top row, we display the Fermi surfaces as obtained from the CPT spectra of the above systems with dopings of x = 0.07, x = 0.09
and x = 0.20. In the bottom row we plot the experimental data for comparison. Analogously
to the ARPES result for the heavily underdoped system (panel D), one recognizes an electron
pocket created by the intersection of the UHB with the Fermi level at k = (π, 0) in panel A.
No relevant spectral weight is observed otherwise throughout the whole Brillouin zone. For
x = 0.09 in panel B, the small gap at k = (π/2, π/2) starts closing and causes the appearance
of spectral weight along the arc of not yet complete LDA like Fermi surface. This is not identical, but at least compatible with the experimental data if one considers the strongly simplified
model. For the overdoped system with x = 0.20 in panel C, a large LDA-like Fermi surface
with full spectral weight has formed.
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Figure 5.9: Comparison of the CPT results with a mean-field calculation of an uniformly doped
antiferromagnet. The energy scale of the data from [5] has been transform to ω 0 = ω/t with t =
0.326eV taken from [5], in order to conform with our scale. Panel A shows the CPT spectrum for
half-filling, where the mean-field result exclusively describes the string dispersion and the upper
Hubbard band. Panel B shows the CPT spectrum for x = 0.10 and the mean-field dispersion for
x = 0.09. Although discrepancies appear in detail, e.g. the energy scale and the size of the
“small” gap around the Fermi level, the qualitative agreement is reasonable.

We come back to the theoretical considerations of Kusko et al. [5]. We find their results
to be partly consistent with ours, although they used an effective Hubbard interaction derived
from experimental data on the single particle (pseudo)gap. Figure 5.9 compares the CPT and
the mean-field results directly. We transformed the latter to an energy scale of t by simply
dividing the points taken from [5] by their value for t = 0.326eV . For half-filling (panel A),
both results agree perfectly, which is not surprising, since both parameter sets are derived from
the experimental data. It lies in the nature of the approximation that in the mean-field result
only two bands are present, which must suffice to describe the whole spectrum. Therefore, only
the highest excitations are present which corresponds to the string dispersion in our picture.
Upon doping, the mean-field result predicts a closing gap of upper and lower Hubbard band,
explaining the excitations at about 0.4eV closest to the Fermi level at (π/2, π/2) and just below
the electron pocket at (π, 0) of the experiment. CPT predicts a band much less dispersive and
much closer to the Fermi level. Also the “small gap” at (π/2, π/2) is almost closed and spectral
weight appears at the ω = 0.
The fact that only the topmost and bottommost excitations of the valence and conduction
band are fitted gives rise some scepticism here. We have shown in chapter 4, that the spectral function of the half-filled Hubbard model shows a four-band structure, with the low-energy
part being “string-like” quasiparticles, as described in detail above. Although an antiferromag-
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Figure 5.10: Momentum distribution of a free, non-interacting system (panel A), a normal interacting system with converging diagrammatic series (panel B), and a strongly interacting system
(panel A).
netic Hartree-Fock method, like the one used in [5], should aim to describe the full lower and
and upper Hubbard band per construction, it is only fitted to the low-energy dispersion. The
quasiparticles found in V-CPT are certainly not the same as the quasiparticles of the mean-field
solution. Even if the sophisticated mean-field technique used in [5] justifies the fit to the lowenergy quasiparticle bands, the mean-field result misses crucial parts of the spectral weight of
the experimental data, namely the parabolic dispersion around 1-1.5 eV in figure 5.4 panel B,
that seems to be a remainder of the dispersion at half-filling. CPT, in contrast, produces all the
features found in [5] naturally within the framework of the fully correlated model and without
any further alteration of parameters. We, thus, believe that our approach is more appropriate in
the context of the current problem.

5.3

Doping Dependence of the Fermi Surface

The discussion of the doping evolution of the spectral function in the previous section demonstrated that our understanding of the strongly correlated electron systems is very restricted.
However, it is obvious that weak-coupling techniques that are based on the assumption of the
validity of the Fermi-liquid picture tend to fail in giving comprehensive results. We now turn to
point that lies at the heart of this debate by considering a quantitiy that is ultimately connected
to validity of the Fermi-liquid picture: The existence of a Fermi surface with a volume that
complies with the Luttinger theorem.
For most numerical methods (and in this case also for CPT) even the definition of the Fermi
surface poses a problem. This problem is illustrated in figure 5.10. For a system of noninteracting electrons, we can trivially predict an infinite life-time in the single particle excitations. The resulting bandstructure of this system causes the momentum distribution n(k) to
be a step function with the discontinuity at the point where the band crosses the Fermi energy
(Fig. 5.10, panel A). For a realistic system with finite interaction, but converging diagrammatic
series, the momentum distribution deviates from the step function, but still has a finite discontinuity at the Fermi energy, defining the Fermi surface [116] (Fig. 5.10, panel B). For a system
of strongly correlated electrons the existence of such a discontinuity on basis of a converging
diagrammatic series can not be shown. Moreover, most reliable methods capable of calculating
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Fermi surface are carried out for a finite temperature, where a Fermi surface is not even defined.
The only exception is given by the Lanczos diagonalization, which is not capable of clusters
large enough to extract a Fermi surface. CPT could, in principle, resolve this problem since
it is a ground-state method for the thermodynamic equilibrium. However, the inversion of the
Green’s function required here does involve the use of a small but finite imaginary part iη in
z = ω + iη. To date, a workaround for this problem has not been found. From the experimental
side the problem is quite similar, since even at very low temperatures the normal state peak
width is an order of magnitude larger than the temperature. Hence, a discontinuity can not be
clearly observed. We will therefore adopt a more practical definition that is also true for the
other cases and calculate the Fermi surface as “the locus of gapless excitations” [111], i.e. the
spectral weight at the Fermi level.
A large number of the more recent ARPES experiments on the HTSC concentrate on Fermi
surface mapping. At least for La2−x Srx CuO4 , the Fermi surface seems to switch from being
hole-like, centered around (π, π), at low doping, to being electron-like, centered around (0, 0),
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for high doping. Several experiments indicate a Fermi surface volume VF consistent with the
doping level exists in this material [117–119]. In geometrically more complicated materials
with more copper-dioxide planes per unit cell, such as Bi 2 Sr2 CaCu2 O8+δ , additional complications arise from the interlayer coupling, which might lead to bilayer splitting. In such systems
the Fermi surface seems to show hole-like and electron-like parts alike [117,118]. In single layer
bismuth compounds, like Bi2 Sr2 CuO6+δ , where bilayer splitting does not occur, the Fermi surface seems to remain hole like over the whole doping range [120]. At very low doping, stripe
configuration in La2−x Srx CuO4 cause further changes in the Fermi surface topology.
Apart from the question of whether a Fermi surface actually exists in the cuprates, a crucial
point about the evaluation of the Fermi surface topology is the Fermi surface volume VF , i.e.
the volume enclosed by the Fermi surface. The proof of Luttinger’s theorem is based on the
analyticity of the electronic Green’s function with respect to the interaction strength. Hence,
the theorem does not necessarily apply to strongly correlated electron systems. If this is the case,
weak coupling expansions around the noninteracting limit would be inadequate and naturally
rule out weak coupling expansions.
Calculations of VF have been carried out using the finite temperature QMC method. Unfortunately, the infamous minus sign problem keeps the possible temperatures above a certain
threshold of about T ≈ 0.33t [78]. However, an estimation of the Fermi surface volume point
towards a violation of the Luttinger theorem. Impressive calculations of the Fermi surface topology have been obtained by the dynamical cluster approximation (DCA) at low temperatures of
T = 0.13t [121]. Although it is argued that a final decission between a strong-coupling Fermi
liquid and non-Fermi-liquid behaviour can not be made, the results indicate a violation in the
underdoped region.
Cluster perturbation theory, on the other hand, does allow the evaluation of the Fermi surface
topology at T=0 in an approximate way. In figure 5.11 we present our results for the spectral
weight of the the Hubbard model at the Fermi level over the full Brillouin zone. The on-site
interaction was U = 8t. The CPT results were obtained by exact diagonalizations of cluster of
13 sites/1 hole (x = 0.07), 11 sites/1 hole (x = 0.09), 9 sites/1 hole (x = 0.11) and 10 sites/2 holes
(x = 0.20). The lines in the density plots indicate the Fermi surface of the non-interacting limit
(inner line), for which the Luttinger theorem is trivially valid, and the Hubbard I approximation
(outer line), for which it is known not to hold.
For x = 0.07 (panel A) the Fermi surface resulting from our calculation is hole-like, centered
around (π, π) and encloses a volume larger than the non-interacting Fermi-surface, indicating
a violation of the Luttinger theorem. The intensity is much stronger at (π, π) than close to the
Brillouin zone boundaries. Note, however, that still a clear maximum along the hole-like shape
exists, although not clearly visible in the density plot. Similar intensity distributions are also
known from other methods [121]. With increasing doping at x = 0.09 (panel B) the hole-like
shape becomes more pronounced and the topology is easier to identify. For x = 0.11 (panel
C)the topology is still hole like, but the intensity along the shape is almost uniform with two
cuts at each branch, appearing at the crossing between the shape and the antiferromagnetic
zone boundary. At approximately x = 0.16 (not plotted) the topology flips to electron-like,
centered around (0, 0). For the strongly overdoped system at x = 0.20 (panel D) the Fermi
surface topology is fully hole-like and seems to have lost considerable volume. Again, the parts
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The Fermi surface volume of both numerical techniques is located in between the two limiting
cases, violating the Luttinger theorem clearly for fillings above n=0.8.
of the shape that contact the AF Brilouin zone boundary are reduced in intensity.
For all of the discussed doping levels, it is obvious the Fermi surface violates the Luttinger
theorem as the shape always stays in between the non-interacting line and the Hubbard-I line. It
is yet unclear if this is a peculiarity of the method, since the Hubbard-I solution is included as the
trivial limit of Ns = 1 in the CPT. It may be speculated that CPT never looses this property with
increasing cluster size. However, the excess volume observed for large dopings is fairy small
(∼ 5% for x = 0.25) compared to low dopings (∼ 20% for x = 0.07) and we rather suspect the
uncertainty in the Fermi surface position due to the finite broadening to be the reason for this.
Figure 5.12 presents our result for the the Fermi surface volume as calculated from the shape
defined by the maximal spectral weight at ω = 0 (full circles) along with the volumes obtained
by QMC [78] (empty squares). The lines are guide to the eye. The different cluster sizes
are indicated. For comparison we also plotted the prediction of the Luttinger theorem for the
non-interacting system (dashed line) and VF as calculated from the Hubbard-I approximation
(dashed line).
In the low-doping region above 1 − x = 0.8 the Luttinger theorem is clearly violated by
the results obtained from CPT. Notably, CPT predicts an even stronger violation than QMC.
However, even if an error of 10% due to uncertainties in the peak position caused by the finite
broadening of η = 0.1 are taken into account, the excess volume is still considerable ∼ 15%
for the lowest dopings. For high dopings below 1 − x = 0.8 VF converges to the non-interacting
case. Similar doping dependence of VF was found in a DCA calculations [121].

Part III
The Three-Band Model
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Introduction
Single-band models of the copper-dioxide plane, like the Hubbard (1.8) or t-J model (1.7),
are known to provide an appropriate description of the single particle spectrum of the highTc materials [24]. We have used effective models for the low-energy physics of the cuprates
extensively in part II of this thesis. These reduced models are especially suitable for numerical
studies due to their smaller Hilbert space in comparison to more realistic models like the threeband model. If one is interested in effects that are directly connected to the topology of the
CuO2 plane, the consideration of (at least) the full three-band model is unavoidable.
A very important consequence that arises from correct consideration of the photoemission
process from different¯ orbitals
effects. The matrix elements for
¯2 are¯the so-called®¯matrix-element
2
¯
¯
¯
¯
the dipole transition mi→ f ∝ Ψ f |ε · r| Ψi
in equation (1.20), which crucially influence
the intensity observed in the photoemission process, explicitly depend on the photon energy hν
and on the photon polarization direction ε. Although it is obvious from equation (1.20) that a
comprehensive interpretation of photoemission spectra can not be achieved without the consideration of matrix elements, their influence has not been fully addressed for HTSC so far. An
outstanding example for the difficulties that can arise from insufficient understanding of matrix
element effects is the evaluation of the Fermi surface topology of the high T c superconductors,
which can lead to rather surprising discrepancies in the FS topology obtained from ARPES
measurements at different photon energies, as was demonstrated recently [31, 122–125].
In the following, we turn to the three-band model (1.2), which has been shown to be the
most comprehensive model for the low-energy physics of the cuprates [19–21] that can be
treated numerically. We show that CPT gives an excellent approximation for the single-particle
excitations of the three-band model by comparing with the best numerical results available from
QMC. We also consider spontaneous symmetry breaking within the SFA framework. The results are shown to be in good agreement with experimental data and the results for the Hubbard
model presented in section 4. We then turn to practical problems in the interpretation of recent
ARPES data. Considering the photoemission of Bi2 Sr2 CaCu2 O8+δ , we show that the Fermi
surface topology of this material is well described by weakly coupled planes. Hence, the observation of two different Fermi surfaces at different photon energies is well in accord with the
long discussed bilayer splitting.
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The question why parts of a Fermi surface are not observable at a certain photon energy
leads us directly to one of the main topics off this thesis, namely matrix element effects in
strongly correlated electron systems. We present a theory for the photoemission intensity of
the CuO2 plane based on the consideration of the full three-band model. We extensively compare our results with data of first-principle calculations employing the one-step model of the
photoemission process and to recent experimental data from polarization dependent photoemission experiments. We find salient features of the photoemission data to be explained within our
theory We also turn to the impact of matrix element and surface effects on ARPES data. In particular we consider recent measurements of energy dependent oscillations in Sr 2 CuO2 Cl2 and
the appearance of fake Fermi surfaces in Bi2 Sr2 CaCu2 O8+δ .

6
Single Particle Excitations of the
Three-Band Model
The major simplification of the previous calculations was to treat the cuprates in a single-band
model. Single-band models of the copper-dioxide are based on the assumption, that a hole
doped into the plane forms a singlet state with the electrons localized on the copper atom of a
CuO4 plaquette (see figure 1.6). This object, the so-called Zhang-Rice singlet, acts as a kind of
“quasiparticle” that these effective single-band models aim to describe. Our previous considerations have shown that effective models, in particular the Hubbard model, are advantageous
in many ways. Firstly, it allows for the development of simple, but applicable physical pictures
of the physics of the copper-dioxide plane, such as the string picture. Secondly, the reduced
Hilbert space of the Hubbard model facilitates the use of cluster sizes that include the essential
physical processes and can still be diagonalized. Thirdly, the reduction of the number of orbitals
also caused the reduction of the number of parameters. Although these arguments seem to indicate that single-band models are sufficient to explain the photoemission of the cuprates, it is
far from unnecessary to consider models that describe the topology of the CuO 2 plane directly.
Not only do the parameters in multi-orbital models have a direct physical meaning, i.e. can be
measured in experiments, but also is the spatial position of the orbitals crucial for explanation
of more involved photoemission effects, e.g. photoemission matrix elements.
In this chapter we shall, thus, investigate the photoemission of the three-band model
³
´
†
†
H3b = −t pd ∑ ∑ αi, j,δ pδ,i,σ d jσ + d jσ pδ,i,σ
δ=x,y hi jiσ
´
³
†
†
0
−t pp
αi, j px,i,σ py, jσ + py,iσ px,i,σ
hhi jiiσ

∑

+∆ ∑

∑

iσ δ=x,y

p†δ,iσ pδ,iσ +

Ud
ndiσ ndi−σ ,
2 ∑
iσ

as introduced in section 1.2.1, using the CPT and V-CPT technique. Neglecting photoemission
matrix element effects for the time being, CPT for H3b is a straight forward extension of the
single-orbital formulation we derived in section 2.2.2, except that full Green function is the
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Figure 6.1: Geometry of the three-band cluster used in the CPT calculations of this section.
The picture shows the actual 12-site cluster (2 × 2 unit cells, dashed line) and the different hopping parameters used. Here, “inter” and “intra” denotes intercluster and intracluster hopping,
respectively. Note that the correct phases of the hopping are not shown.
sum of the Green functions for each kind of orbital, i.e.
G3b
ij =

1
∑ Gaij .
3 a∈Cu,O
x ,Oy

(6.1)

Here, i and j denote unit cells. Cluster sizes that can be computed for H3b include at most 15
orbitals or 5 unit cells. We will, however, restrict to a symmetric 2 × 2 cluster with 12 orbitals.
The cluster geometry used for the CPT calculation throughout this chapter is shown in figure 6.1.
Concededly, the 12 site cluster used here is the lower bound for a useful CPT calculation. It was
shown [45,126,127], however, that CPT is a method that, despite the small system sizes possible
in the calculation of the cluster Green’s function, gives excellent results compare with the best
numerical spectral functions available for the three-band model. Figure 6.2 directly compares
the CPT spectral functions for half-filling (panel A) and 25% doping (panel B) [126] with the
corresponding spectra obtained in QMC simulations (panels C and D) [79]. The parameters
where identical in both calculations: t pp = 0, Ud = 6 and ∆ = 4, all in units of t pd . Despite some
smaller deviations in spectral weight around k = (π, π) at half filling that have been found to be
caused by temperature effects [79], both calculations show astonishing agreement.
Here, we consider the photoemission of the half-filled cuprates by comparing our spectra
as obtained by V-CPT calculations to recent ARPES results for Sr 2 CuO2 Cl2 and the corresponding V-CPT results for the t − t 0 − U Hubbard model. Last, we investigate the possibility
of bilayer splitting in Bi2 Sr2 CaCu2 O8+δ by applying a small interlayer hopping t⊥ as a CPT
coupling parameter of two CuO2 planes, i.e. we apply CPT in the third dimension.

6.1. A PPLICATION
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Figure 6.2: Spectral density of the three-band Hubbard model (∆/t pd = 4, Ud /t pd = 6) at halffilling (hni = 1.0). Panel A : CPT calculation for the ground state (T=0). Panel B : QMC
simulation of a cluster of 8 × 8 unit cells at T = 0.1t pd [79] . Panel C: Same as panel A for
< n >= 0.75. Panel D : Same as panel B for < n >= 0.75.

6.1

Application of Self-Energy Functional Approach

To date, the QMC data presented in figure 6.2 represents one of the best calculations of the
single-particle spectral density of the three-band model at low temperature. However, a temperature of T = 0.1t pd used in the simulations does not seem to be sufficient to reach an effective
AF ground-state in the half-filled case by extending the correlation length beyond the cluster
dimension [79], in contrast to the QMC simulation we discussed in the context of the one-band
model (figure 4.14). To our knowledge, a calculation of the spectral density of the three-band
Hubbard model at lower temperatures, and particularly with ground-state methods (i.e. at T = 0)
on system sizes comparable to the QMC data in figure 6.2, has not yet been performed.
From our investigation of the spectral function of the Hubbard model, which should at
least qualitatively reproduce the low-energy excitations of the three-band model, we expect a
quasiparticle band of width ∼ 2J for the three-band model with
J=4

4
t pd

∆2

µ

1
1
+
Ud ∆

¶

= 0.105t pd
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Figure 6.3: Spectral density of the three-band model with t pp = −0.4t pd , Ud = 6t pd and ∆ = 4t pd .
Panel A : Full three-band spectrum. Panel B : Detailed view of the low-energy excitations from 2 to 0t pd . Symbols represent the band dispersion obtained in ARPES experiments (squares [93],
circles [94], diamonds [95])
and a dispersion that closely resembles the string dispersion E string (k, ω) in equation (4.10). In
any direct numerical treatment that we know off, low-energy excitations that show a dispersion
comparable to E string (k, ω) have not been observed in the three-band model.
Inspired by the success of the V-CPT in the Hubbard model, we have performed a calculation for the long-range AF state in the three-band model. The formalism can be taken over
unchanged from the single-band approach, as described in section 2.2.3, except for the fact that
the symmetry breaking field is only applied on the copper sites. The cluster size 2 × 2 is, certainly the absolute minimum for a useful consideration of antiferromagnetism in the three-band
model.
Figure 6.3 shows our result for the spectral function of the three-band model with long-rang
antiferromagnetic ground state as obtained by SFA based on a Lanczos diagonalization of a
cluster of 2 × 2 unit cells (figure 6.1). As in the case of the one-band model, it is necessary to
consider a hopping along the diagonal of the unit cell [80] in a more realistic parameterization.
Thus, we include an oxygen-oxygen hopping of t pp = 0.4t pd in our hamiltonian, which is an
average of what is expected in the literature [11]. Taking the value of the copper-copper hopping
matrix element to be t pd = 1.3eV [11], we find a bandwidth of W = 300 to 400meV and a a
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Figure 6.4: Spectral density of the overdoped (δ = 0.25) three-band Hubbard model as obtained
by CPT (left panel). Parameters are as in Fig. 6.3. The white dots mark the peak positions.
Corresponding experimental results from Ref. [128] are included for comparison (right panel).
Empty circles denote the overdoped, filled circles the underdoped case. The solid line marks
the CPT result.
charge transfer gap of ∆ct = 1.8eV , in good agreement with the experimental value [99, 100].
Panel B of figure 6.3 shows a more detailed view on the low-energy excitations together
with experimental peak positions [93–95]. The topmost dispersion does indeed qualitatively
agree with the experimental results plotted for comparison and also with the string dispersion
of the Hubbard model, as depicted in figure 6.4. Particularly, one finds two parabolic parts
at centered at k = (π/2, 0) and k = (π/2, π/2), with a characteristic energy difference ∆ a =
150meV between the maxima of the parabola.
Although the wave vector dependence of the low-energy excitations has been found in effective models like the t −t 0 − J model [73] or the t −t 0 −U Hubbard model (see chapter 4.3.3),
a direct observation has so far been prevented by the large Hilbert space of the three-band model
and the low temperatures necessary to reach the a good approximation to the ground state. To
our knowledge, these data represent the first resolution of the string dispersion E string (4.6) directly from the three-band model. This finding a posteriori justifies the use of the effective
single band models for the description of the low-energy excitations. Note, however, that this
does not render the three-band model redundant as we emphasized in the introduction to part
III of this thesis.

6.2

Bilayer Splitting - The Bi2Sr2CaCu2O8+δ Fermi Surface

Once more we turn to the doped systems, in order to see how doping affects the Fermi surface
and band structure of the three-band model, particularly when a small inter-plane hopping is
added to the system, as it is realistic for two-layer materials like Bi 2 Sr2 CaCu2 O8+δ . Here,
we assume again that the parameters do not significantly dependent upon the doping and the
particular material, and we use the same ones for the doped region. Again, we consider a
doping of δ = 0.25. This high doping is nevertheless well suited to be compared with the
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Figure 6.5: Spectral weight at the Fermi energy giving an estimate of the position of the Fermi
surface. Results are displayed for a single CuO2 layer (a) and for the bonding (b) and antibonding (c) band of a bilayer with interlayer hopping t ⊥ = 0.1t pd . The white dots indicate
the maxima of the spectral weight on a given branch. Panel (d) shows the comparison with
experimental results on overdoped (Bi,Pb)-2212 at 22eV photon energy [129] (empty squares)
and and slightly overdoped (Bi,Pb)-2212 at 55eV photon energy [125](empty circles). Filled
squares and circles denote the results of the CPT calculation for the bonding and antibonding
branch, respectively.
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detailed experimental results about dispersion [128] and Fermi surface [123, 124, 130–139] of
the overdoped cuprates. The results of our calculation are plotted in Fig. 6.4. The quasiparticle
dispersion from k = (0, 0) to k = (π, π) exhibits a steep ascent beginning at a binding energy of
∼ −0.5eV and crossing the Fermi energy shortly before k = (π/2, π/2). Starting from k = (0, 0)
and going along (1,0), the dispersion reaches a saddle point at ∼ k = (π, 0) well below the Fermi
energy at ∼ −100meV . A similar saddle-point dispersion is observed in the experimental data
for Bi2 Sr2 CaCu2 O8+δ [128], shown for comparison in the right panel of Fig. 6.4. The good
qualitative agreement of our numerical results with the experimental ones suggests that our
approach of taking the same parameter values in the undoped and in the overdoped systems is
quite reasonable, as it was already found for the electron doped one-band model in section 5.2.
The magnitude of the spectral weight at the Fermi energy is displayed as a grayscale plot in
Fig. 6.5 (a). The darkest regions, thus, give an estimate of the location of the Fermi surface. The
data clearly show a hole-like barrel closed around k = (π, π), as usually observed in ARPES
experiments on the overdoped cuprates [124, 124, 129, 130, 135, 140] mostly at a photon energy
of Eν ≈ 22eV . On the other hand, experiments carried out at a higher energy [131,139,141,142]
Eν = 33eV disagree with these results, and report an electron-like Fermi surface. This is quite
puzzling, and there is not yet a full consensus about this issue. Some recent papers suggest that
the observation of two different Fermi surfaces is actually due to the Fermi-surface splitting
originating from the coupling between the bilayers [132,139]. Although we will show in chapter
8 that these observations can be explained by other, less obvious mechanisms, we will consider
exclusively bilayer splitting for the time being. Our data suggest that, if the bilayer splitting is
not relevant, the Fermi Surface should be hole-like.
The coupling between two layers can be treated without further difficulties within our
method. Again, we diagonalize a 2 × 2 unit cell exactly and include an interlayer hopping
term t⊥ within the CPT treatment. Since the effective hopping t ⊥ under consideration is relatively small and CPT amounts to a perturbation in the intercluster hopping, we believe that
this is a good procedure. The interplane hopping has been analyzed in studies based on LDA
calculations and has been mapped on effective multi-orbital models by integrating out highenergy degrees of freedom [8]. This approach provides results which are consistent with the
experimentally observed bilayer splitting [132]. In our calculation, we adopt this idea by treating the orbital phase factors of the various interplane hoppings accordingly. We take a value of
t⊥ ≈ 0.1t pd , which is sufficient to produce an observable splitting of the Fermi surface.
Figure 6.5 (right panel) displays our results obtained for the bilayer. Different experimental
results are shown in the last panel for comparison. Two branches can be distinguished, one
being almost a square closed around k = (π, π), The other one is closing around k = (0, 0),
forming an electron-like Fermi surface as observed in Ref. [139] Similar results have also been
found by first-principle calculations of ARPES in Bi2212 [143]. These results suggests, that a
possible reason for the crucial differences in the experimental observations might be found in
interlayer processes. An explanation of the apparent dependence of the Fermi surface on the
photon energy, however, requires the consideration of matrix element effects which we address
in chapter 8.

7
Matrix-Element Effects in Photoemission
Studies of the CuO2 Plane
Their quasi-2D nature makes cuprate superconductors ideal materials for angle resolved photoemission spectroscopy (ARPES) studies, and by now a wealth of experimental data is available [31]. On the other hand, these data are not yet well understood, the major reason being
that we still lack a complete understanding of the matrix-element effects influencing the photoemission process in these materials. It has recently turned out that matrix element effects are
an important issue in the discussion of ARPES data [93, 124].
ARPES is generally assumed to measure the single particle spectral function A(k, ω), which
near the chemical potential µ (and neglecting effects from finite lifetime) can be written as
A(k, ω) = |hΨQP (k)|ck,σ |Ψ0 i|2

Θ(EQP (k) − µ) δ(ω − (EQP (k) − µ))

Here EQP denotes the dispersion of the ‘quasiparticle band’, |Ψ0 i and |ΨQP (k)i denote the
ground state and quasiparticle state, respectively. In other words, the experiment gives a ‘peak’
whose dispersion follows the quasiparticle band EQP (k), with the total intensity of the peak being given by the so-called quasiparticle weight Z(k) = |hΨQP (k)|ck,σ |Ψ0 i|2 . For free particles
we have Z(k) = 1, whence the only reason for a sudden vanishing of the peak with changing k
can be the Fermi factor Θ(EQP (k) − µ), i.e. the crossing of the quasiparticle band through the
Fermi energy. Under these circumstances, it would be very easy to infer the Fermi surface geometry from the measured photoelectron spectra, and indeed this very assumption, namely that
a sudden drop of the photoemission intensity automatically indicates a Fermi level crossing, has
long been made in the interpretation of all experimental spectra on metallic cuprates.
Several experimental findings have shown, however, that this assumption is not tenable in the
cuprates. The first indication comes from the study of the insulating compounds Sr 2 CuCl2 O2
[95] and Ca2 CuO2 Cl2 [98]. Although these insulators cannot have any Fermi surface in the
usual sense, which means that the factor Θ(EQP (k) − µ) is always equal to unity, the experiments show that also in these compounds the quasiparticle peak disappears as one passes from
inside the noninteracting Fermi surface to outside. Thereby a particularly striking feature of
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the experimental data is the sharpness of the drop in spectral weight [95], which is for example along (1, 1), quite comparable to the drops seen at the ‘Fermi level crossings’ in the
metallic compounds. The only possible explanation for this phenomenon is a quite dramatic
k-dependence of the quasiparticle weight, Z(k). Apparently in these compounds we have very
nearly Z(k) ∝ Θ(E f ree (k) − µ), i.e. the k dependence of Z(k) resembles that of the noninteracting system.
This result immediately raises the question as to how significant the ‘Fermi level crossings’ observed in the metallic compounds really are. That they may, in some cases, have little or no significance for the true Fermi surface topology has been demonstrated by the recent controversy
as to whether the Fermi surface in the most exhaustively studied compound, Bi 2 Sr2 CaCu2 O8+δ
(Bi2212), is “hole-like” (as inferred from a large number of studies [31, 122–124] with photon
energy 22eV ) or “electron-like” (as concluded by several recent studies [131, 139, 141, 144] at
photon-energy 33eV ). Here it should be noted that the true Fermi surface topology is an intrinsic property of the material which can under no circumstances change with the photon energy.
It follows from these considerations that to extract any meaningful information from angleresolved photoemission spectra we need an understanding of the matrix elements and their k
and energy dependence, as well as other effects which might possibly influence the intensity of
the ARPES signal. Motivated by these considerations, we have performed a theoretical analysis
of the spectral weight of strongly-correlated electron models taking into account matrix-element
effects. In section 7.1 we derive a simple expression for the photoelectron current, which can be
applied e.g. in numerical calculations for strong correlation models. In section 7.3 we specialize this to the CuO2 plane, in section 7.4 we discuss the angular ‘radiation characteristics’ of a
Zhang-Rice singlet and how these could be exploited to optimize the photoemission intensity
from the respective states. We also show that photoelectrons are emitted predominantly at small
angles with respect to the CuO2 plane.

7.1

Photoemission Intensities for Strong Correlation Models

Photoelectrons with a kinetic energy in the range 10 − 100eV have wavelengths comparable
to the distances between individual atoms in the CuO2 plane. It follows that whereas the
eigenvalue spectrum of the plane probably can be described well by an effective single band
model [24], this is not possible for the photoemission matrix elements. In order to take these
into account, we necessarily have to discuss (at least) the full three-band model.
Our first goal therefore is to derive a representation of the photoemission process in terms of
the electron annihilation operators for the Cu 3dx2 −y2 and O 2pσ orbitals in the CuO2 plane. In
other words, we seek an operator of the form
c̃k,σ = m(dx2 −y2 )dk,σ + m(px )px,k,σ + m(py )py,k,σ
such that the single particle spectral density of this operator
1
1
Ã(k, ω) = h0|c̃†k,σ
c̃k,σ |0i
π
ω − (H − E0 ) − i0+
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evaluated for the correlated electron model in question reproduces the experimental photoemission intensities. Here px,k,σ , py,k,σ and dk,σ are the Fourier-transformed annihilation operators
for an electron in an x- and y-directed σ-bonding oxygen orbital, and in the copper d x2 −y2 orbital, respectively.
To that end, let us first consider the problem of a single atom (which may be either Cu or O).
The calculation is similar to the one outlined in Refs. [145] and [146]. We want to study photoionization, i.e. an optical transition from a localized valence orbital into a scattering state with
energy E. The dipole matrix element for light polarized along the unit vector ε reads:
mi→ f =

Z

dr Ψ∗f (r) (ε · r) Ψi (r)

Here, the initial state Ψi (r) is taken to be a crystalline electric field (CEF) state with angular
momentum l 0 = 1 or 2 and crystal-field label α = px , py , dx2 −y2 . . .:
Ψi (r) = ∑ cαm0 Yl 0 ,m0 (r0 ) Rnl 0 (r).
m0

We consider this state to be ‘localized’, which means that the radial wave function R nl 0 (r) is
zero outside the atomic radius r0 . For the wave function of the final (=scattering) state we take:

lπ
0 2
 Ylm (r ) r sin(kr + δl − 2 ) r > r0
Ψ f (r) =

Ylm (r0 ) 1n RE,l (r)
r < r0
The real functions Rnl 0 (r) and RE,l (r) both are a solution of the radial Schrödinger equation for
a suitably chosen atomic potential. The scattering phase δl and the prefactor 1n are determined
by the condition that the wave function Ψ f (r) and its derivative be continuous at r = r0 . Details
are given in Appendix I. We note that the scattering phase δ l also plays an important role in the
interpretation of extended x-ray absorption fine-structure (EXAFS) spectra (where it is usually
called the central atom phase shift) and thus could in principle be determined experimentally
(although the relatively high photoelectron kinetic energies important for EXAFS are not ideal
for ARPES).
Representing the dipole operator as
ε·r =

4πr 1
∗
(ε) Y1,µ (r0 ),
∑ Y1,µ
3 µ=−1

we can rewrite the dipole matrix element as
mi→ f =

∑ dl,m Rl,l0 (E)
l

dl,m =

r

4π
∗
cαm0 c1 (l, m; l 0 , m0 ) Y1,m−m
0 (ε).
3 ∑
0
m

Here, the radial integral is given by
1
Rl,l 0 (E) =
n

Z r0
0

dr r3 RE,l (r) Rnl 0 (r),

(7.1)
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and the following abbreviation for the angular integrals of three spherical harmonics has been
introduced:
Z

dΩ

∗
(r0 ) Y1,µ (r0 ) Yl 0 m0 (r0 ) =
Ylm
r
3 1
δm,m0 +µ
c (l, m; l 0 , m0 ).
4π

The constants c1 (l, m; l 0 , m0 ) are well-known in the theory of atomic multiplets and tabulated for
example in Slater’s book [147]. The knowledge of the atomic potential allows, in principle, for
the calculation of the radial integral and, thus, of the entire matrix element.
Next, we assume that the radial part of Ψ f (r) at large distances is decomposed into outgoing
and incoming spherical waves. Observing the outgoing spherical wave at large distance under
a direction defined by the polar angles Θk and Φk , it may locally be approximated by a phase
shifted plane wave:
µ ik·r ¶
e
Ψ f (r) ≈
Yl,m (k0 ) (−i)l+1 eiδl ,
r
q
r0 .
where k = 2mE
h̄2
Let us next consider an array of identical atoms in the (x, y)-plane of our coordinate system
(which we take to coincide with the CuO2 plane in all that follows). To describe the final state
after ejection of an electron from the atom at site j we would simply have to replace throughout
r → r − R j in the above calculation, where R j denotes the position of the atom. If we want
to give the created photohole a definite in-plane momentum k k , however, we have to form a
coherent superposition of such states, that means weighted by the Bloch factors √1N e−ikk ·R j ,
where N denotes the number of atoms in the plane. At the remote distance r we consequently
replace r → r − R j , leaving the polar angles Θk and Φk unchanged, multiply by √1N e−ikk ·R j and
sum over j.
The photoelectron wave function at r then becomes
µ ik·r ¶
e
Yl,m (k0 ) (−i)l+1 eiδl
Ψ f (r) →
r
1
√ ∑ ei(k−kk )·R j
N j
µ ik·r ¶
e
Yl,m (k0 ) (−i)l+1 eiδl
=
r
√
Nδkk +Gk ,kx,y .
(7.2)
Here kx,y denotes the projection of k onto the (x, y)-plane and Gk is a 2D reciprocal lattice vector. An important feature of this result is the fact that by creating a photohole with momentum
kk (which must belong to the first Brillouin zone) the photoelectrons may well be emitted with
the 3D momentum (kk + Gk , k⊥ ), that means the parallel momentum component of the photoelectrons need not be equal to kk .
Summing over all possible partial waves (l, m) and introducing the abbreviation R̃l,l 0 (E) =
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Rl,l 0 (E)eiδl the electron current per solid angle at r due to the in-plane orbitals of the type
(l 0 , α) finally becomes
j=

4Nh̄k
| dlm R̃l,l 0 (E) Ylm (k0 ) (−i)l+1 |2 .
m ∑
l,m

Here, N should be taken equal to the number of unit cells within the sample area illuminated by
the photon beam.
After some algebra (Appendix II) this can be brought to the form
j=

4Nh̄k
| R̃l,l 0 (E) (vl,α (k0 ) · ε) |2 .
m ∑
l

(7.3)

Here, all the angular dependence on the shape of the original CEF-level has been collected into
the vectors vl,α . It is important to note, that these vectors are obtained by standard angularmomentum recoupling so that the resulting angular dependence is exact. It is only the ‘radial
matrix elements’ R̃l,l 0 (E) which have to be calculated approximately and thus may be prone to
inaccuracies.
So far we have limited ourselves to one specific type of orbital in the plane. If we allow photoemission from any type of orbital we simply have to add up the prefactors of the plane-wave
states before squaring to compute the photocurrent.
Summarizing the preceding discussion we can conclude that the proper electron annihilation
operator to describe the photoemission process would be
¡
¢
c̃kk ,σ = ∑ e−ikk ·Rα R̃l,l 0 (α) (E) (vl,α (k0 ) · ε) cα,kk ,σ
l,α

=

∑ ṽ(α) · ε cα,kk,σ.
α

(7.4)

Here Rα denotes the position of the orbital α within the unit cell. Suppressing the spin and
momentum index for simplicity, the total ARPES intensity then would be given (up to an energy
and momentum independent prefactor) by
I(ω) =

∑ (ṽ(α) · ε)∗ (ṽ(β) · ε) ℑRα,β(ω − i0+)

(7.5)

1
1
h0|c†α
c |0i.
π
ω − (H − E0 ) − i0+ β

(7.6)

α,β

Rα,β (z) =

Whereas the scalar products (ṽ(α) · ε) take into account the interplay between the real-space
shape of the orbitals, the polarization of the incident light and the direction of electron emission,
the spectral densities Rα,β (z) incorporate the possible many-body effects in the CuO 2 planes we thus have the desired recipe for studying photoemission intensities in the framework of a
strong-correlation model.
To conclude this section we note that we have actually performed only the first stage of the
calculation within the so-called three-step model. We give a brief list of complications that
we have neglected: the emission from planes deeper inside the bulk, and the extinction of the
respective photoelectron intensity, any diffraction of the outgoing electron wave function from
the surrounding atoms, the refraction of the photoelectrons as they pass the potential step at the
surface of the solid. For this reason, it is quite obvious that our theory is strongly simplified.
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Calculation of the Radial Matrix Elements

The actual calculation of the radial matrix elements Rl,l 0 proves to be one of the most crucial
points when making contact with experimental results. Functional forms of effective potentials
for the CuO2 compound are not known. A simple approach with a hydrogen-like potential seems
doubtful, if one attempts cover at least a certain amount of physical reality of the photoemission
process. A good starting point for an at least qualitative derivation of the matrix elements
are the radial wave functions that can be obtained from density functional calculations, which
include information about the electron-electron exchange correlation and the screening of the
nuclear charge. The radial matrix elements used in this paper are calculated in the local-density
approximation, where one solves the effective one electron Schr ödinger equation
¶
µ
1 2
α,σ
(7.7)
∇ + veff (r) ψα,σ = εLDA
α,σ ψα,σ (r) .
2
α,σ
(r) is a functional of the electron density, given by
The potential veff

¡
¡£
¤ ¢¢
α,σ
veff
(r) = v (r) + u ([n]; r) + vσxc n↑ , n↓ ; r .

v(r) is the full nuclear potential and u ([n]; r) the direct Coulomb-potential
u ([n]; r) =

Z

dr0

n (r0 )
.
|r − r0 |

¡£
¤ ¢
The exchange-correlation functional vσxc n↑ , n↓ ; r is a parameterized after Ref. [148]. Equation (7.7) is solved selfconsistently to convergence of the total energy, resulting in a set of
energy eigenvalues εn and radial wave functions Rn,l (r), which we used to calculate
Rll 0 (E) =

Z

drr3 RE,l (r)Rn,l (r).

Since we assume emitted electrons to be approximated by plane waves at the detection point,
additional information on the outgoing wave function is needed in form of the phase shift compared to the asymptotic behaviour of
¡
¢
sin kr − lπ
asym
2 + δl
REl (r) ≈ 2
,
r → ∞,
r
defining the interference of wave functions emitted by Op x,y and Cudx2 −y2 orbitals. The phase
shift can easily be found by comparing the logarithmic derivatives
µ
¶
µ
¶
∂
∂ asym
asym
R (r) /R (r) =
REl (r) /REl (r)
∂r
∂r
at a sufficiently large radius where
∂ α,σ
v (r) ≈ 0.
∂r eff
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Figure 7.1: Radial integrals Rl,l 0 (top) and Scattering phases δl,l 0 (bottom) as calculated from
density functional theory.

7.3

Application to the Three-Band Model

We now want to discuss some consequences of the results in the preceding section, thereby
using mainly the standard three-band Hubbard-model to describe the CuO 2 plane. We first
consider the noninteracting limit U = 0. Here we use a 4-band model which was introduced by
Andersen et al. [8] to describe the LDA bandstructure of YBa 2 Cu3 O4 . In addition to the Cu
3dx2 −y2 orbital and the two σ-bonding O 2p orbitals this model includes a Cu 4s orbital, which
produces the so-called t 0 and t 00 terms in the single-band model - which are essential to obtain
the correct Fermi surface topology. Suppressing the spin index the creation operators for single
electron eigenstates read
γ†k,ν = α1,ν p†k,x + α2,ν p†k,y + α3,ν dk† + α4,ν s†k
where αν denotes the νth eigenvector of the matrix

0,
0,
2it pd sin( k2x a ) 2itsp sin( k2x a )
k a
k a

0,
0,
−2it pd sin( 2y ) 2itsp sin( 2y )

H =
 −2it pd sin( k2x a ), 2it pd sin( k2y a )
∆
0
ky a
kx a
0
∆s
−2itsp sin( 2 ) −2itsp sin( 2 )







Values of the parameters t pd tsp and ∆ are given in Ref. [8].
If we consider the planar momentum kk = G + k, where k is in the first BZ and G is a reciprocal
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lattice vector, the photoemission intensity for the νth band becomes
I ∝ |(v(px ) · ε) e−iGx /2 α∗1 + (v(py ) · ε) e−iGy /2 α∗2
+(v(dx2 −y2 ) · ε) α∗3 + (v(s) · ε) α∗4 |2 .

(7.8)

Using this we proceed to a detailed comparison with the work of Bansil and Lindroos [143].
These authors have performed an extensive first-principles study of the ARPES intensities in
Bi2212, thereby using the more realistic one-step model of photoemission and a complete surface band-structure, both for the initial and final state wave function. Amongst others, Bansil
and Lindroos studied the variation of the peak-weight along the Fermi surface for given direction of the polarization vector ε. Their results are shown in Figure 7.2 and compared to the
above theory. Obviously the overall trends seen by Bansil and Lindroos are reproduced reasonably well by the present theory and we want to give a brief discussion of the mechanisms which
lead to these trends.
To begin with, it is to simplest approximation the ‘oxygen content’ of the wave function, which
determines the ARPES intensity. This is not so much due to the smallness of the radial matrix
elements for Cu (which are quite comparable to the ones for oxygen, see the Appendix), but
rather the fact that the partial waves emitted by a dx2 −y2 orbital produce virtually no intensity
close to the surface normal (as will be shown below). For an electron energy of ≈ 20 eV the
detector would have to be placed at ≈ 20o degrees from the surface normal (neglecting the refraction by the potential step at the surface), and the dx2 −y2 orbital emits practically no electrons
into this direction.
Next we note that light polarized along the (1, 0)direction can only excite electrons from p x -type
orbitals, light polarized along the (1, 1) direction will excite the combination p x + py , whereas
light polarized along (1, −1) excites px − py . Finally one has to bear in mind that near (π, 0)
the tight-binding wave function contains only px -type orbitals (the mixing between py (π, 0) and
dx2 −y2 (π, 0) being exactly zero). Therefore the polarizations (1, 1) and (1, −1) have equal intensity, whereas (1, 0) gives maximum intensity. Near (0, π) in the other hand, the tight-binding
wave function contains only py , whence the polarizations (1, 1) and (1, −1) again have equal
intensity, whereas (1, 0) this time gives no intensity. For k k (1, 1) exciting p x + py gives no
intensity, because this combination does not mix with d x2 −y2 and hence is not contained in
the tight-binding wave function, whereas exciting p x − py gives high intensity. The intensity
for polarization (1, 0) at these momenta is approximately 1/2 of that for (π, 0). These simple
considerations obviously explain the overall shape of the curves in Figure 7.2 quite well. The
main discrepancy between the Bansil-Lindroos theory and our calculation is the behaviour of
the curve for polarization (1, −1). Actually, this is the only curve which is not determined by
symmetry alone, and subtle details of the wave function become important. We believe that
the parameterization of Andersen et al. [8] does give the correct dispersion, but not necessarily
the right wave functions. Next we consider the intensity variation along various high-symmetry
lines in the Brillouin zone, shown in Figure 7.3. Again, there is reasonable agreement between
Bansil and Lindroos and our theory. All in all the comparison shows that also in the results
of Bansil and Lindroos the behaviour of the intensity is to a considerable extent determined
by the ‘radiation characteristics’ of the orbitals in the CuO 2 plane and the relative weight of
the px and py orbitals. Additional complications like multiple scattering of the photoelectrons,
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Figure 7.2: ARPES intensity at the Fermi energy (in arbitrary units) versus Fermi surface angle
.
Φ (see lower right figure), for three different polarization directions. The
curves were computed
from the tight-binding model (solid line) and ZRS (dashed line). The photon energy is hν =
22 eV and the curves are normalized to Φ = 0 in the upper left panel. The points represent the
integrated intensities from first the first principle calculation of Bansil and Lindroos [143]. The
lower right panel shows the geometrical details.

Bragg scattering from the BiO surface layer etc. do not seem to have a very strong impact
on the intensity variations, not even at the relatively low photon energy of 22 eV . Despite its
simplicity we therefore believe that our theory has some merit, particularly so because it allows (unlike the single particle calculation of Bansil and Lindroos) to incorporate the effects of
strong correlations. One weak point of all single-particle-like calculations for the CuO 2 -plane
is the following: since (in electron language) the band which forms the Fermi surface is the
topmost one obtained by mixing the energetically higher Cu 3d x2 −y2 -orbital with the energetically lower O 2pσ orbitals it is clear, that the respective wave functions have predominant Cu
3dx2 −y2 character. This is exactly opposite to the actual situation in the cuprates, where the fist
ionization states in the doped and undoped case are known to have predominant O 2p character.
We now consider the case of large U. An exact calculation of the single-particle spectra (7.6)
is no longer possible in this case and we have to use various approximations. First we study
an isolated Zhang-Rice singlet (ZRS) in a single CuO4 plaquette, see Figure 7.4. The bonding
combination of O 2pσ-orbitals is

1
p†b,σ = (p†1,σ − p†2,σ − p†3,σ + p†4,σ )
2
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Figure 7.3: Spectral weight along (0, 0) → (π, 0) and (0, 0) → (π, π) compared to first principles calculation [143] (triangles). ZRS (solid line), tight-binding (long dashes) and CPT (short
dashes) method show qualitatively good agreement. The strong decrease of the spectral weight
in CPT towards k = (π, 0) may result from high doping (δ = 25%).
and the single-hole basis states (relevant at half-filling) can be written as
|1i = pb,σ | f ulli,

|2i = dσ | f ulli.

(7.9)
(1h)

Here | f ulli denotes the Cu3d 10 ⊗ 4 O2p6 state. The single hole ground state then is |Ψ0 i =
α|1i + β|2i where (α, β) is the normalized ground state eigenvector of the matrix
¶
µ
0 2t pd
(7.10)
H=
2t pd −∆
Two-hole states are obtained by starting from the basis states
|10 i = pb,↑ pb,↓ | f ulli
1
|20 i = √ (pb,↑ d↓ + d↑ pb,↓ )| f ulli
2
|30 i = d↑ d↓ | f ulli

(7.11)
(2h)

The two-hole ground state of the plaquette reads |Ψ0 i = α0 |10 i+β0 |20 i+γ0 |30 i, where (α0 , β0 , γ0 )
is an eigenvector of
√


0
2
2t pd
√0
√
H =  2 2t pd
(7.12)
−∆
2 2t pd  .
√
0
2 2t pd −2∆ +U
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If we want to make contact with the t − J model, where a ‘hole’ at site i stands for a ZRS in the
plaquette centered on the copper site i, we have to incorporate a phase factor of e −ikk ·Ri , into
(2h)
the definition of |Ψ0 i, where Ri is the position of the central Cu orbital. In other words, the
matrix element for the creation of a ‘hole’ in the t − J model is
(2h)

(1h)

mZRS = eikk ·Ri hΨ0 |c̃k,σ |Ψ0 i.

(7.13)

The matrix elements for the creation of e−ikk ·R j pb,σ | f ulli and e−ikk ·R j dσ | f ulli are
¶
µ
ky
kx
mb = i v(py ) sin( ) − v(px ) sin( ) · ε,
2
2
md = v(dx2 −y2 ) · ε.

(7.14)

Finally, the matrix element for creation of a ZRS from the single-hole ground state becomes
β0∗
mZRS = α0∗ αmb + √ (αmd + βmb )
2
0∗
+γ βmd .
Using this expression, the intensity expected for a ZRS with momentum k can be calculated as
a function of photon polarization and energy. This will be discussed in the next sections.
In comparing the intensities calculated from our above theory for a single ZRS to experiment
one would be implicitly assuming that the first ionization states can be described completely by
a coherent superposition of ZRS in a single plaquette. This need not be the case and in order to
get at least a rough feeling for the effects of ‘embedding the plaquette in a lattice’ we use CPT
to study the extended system.
To conclude this section we want to give a simple estimate for the photoelectron kinetic
energy T as a function of photon energy hν. It is easy to see that in the absence of any potential
step at the surface of the solid we would have
(N)

T = hν + E0

(N−1)

− Ek

(7.15)
(N−1)

(N)

where E0 is the energy of the ground state of the solid with N electrons and E k
state of the solid. We approximate
(N)

E0

(N−1)

− Ek

≈ (E01h − E02h ) − E2p

the final

(7.16)
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Figure 7.5: Spectral weight along (0, 0) → (π, 0) and (0, 0) → (π, π) compared to experimental
data from references [124, 143].
Here E0nh are the ground state energies of a CuO4 plaquette with n holes, obtained by diagonalizing the matrices (7.10) and (7.12). In these matrices the energy of the O2p level, E 2p ,
has been chosen as the zero of energy, whence it has to be taken into account separately. For
the ‘standard values’ of the parameters t pd = −1.3 eV , ∆ = 3.6 eV and U = 10.5 eV this gives
E01h − E02h = 1.93 eV . Using the estimate E2p ≈ −10 eV from our atomic LDA calculation we
find
T ≈ hν − 8 eV,

(7.17)

which we will use in all that follows.
As a first application, Figure 7.5 then shows the intensity of the topmost ARPES peak calculated by CPT and compares this to experimental data. Reasonable qualitative agreement can be
found, especially for the CPT calculation, although the shift of the spectral weight maximum
towards k = (π, 0) for 22 eV is not reproduced. The much better agreement for E photon = 34eV
suggests that for the lower photon energy of 22 eV additional effects (such as multiple scattering
corrections or Bragg-scattering from the BiO top-layer) are more important.

7.4

Application to Experiment

Coming back to the theory for the ZRS we can already draw conclusions of some importance.
By combining the expressions for the vectors vl,α from Appendix II with the ‘form factor’ of a
ZRS, (7.14), the expression for the photocurrent can be brought to the form
j ∝ | ∑ R̃l,l 0 (E) (vl,l 0 (kk , k) · ε) |2 .
l,l 0

(7.18)
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Figure 7.6: ‘Radiation characteristics’ |vl,l 0 · ε|2 for the different partial waves from a ZRS with momentum (π, 0). The figure shows the Θdependence of the respective partial
wave within in the x − z plane. The
polarization vector ε of the exciting
light is assumed to be in x-direction.
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We remember that kk is the momentum of the photohole (which is within the first Brillouin
zone of the CuO2 plane), whereas k is the momentum of the escaping photoelectron. Using
the expressions from Appendix II it is now a matter of straightforward algebra to derive the
following expressions for kk = (k, 0), and the ‘optimal’ photon polarization for momenta along
(1, 0), ε = (1, 0, 0):
sin(k/2)
√
,
12π
r
3
sin(Θ),
v1,2 · ε = −i
20πµ
¶
sin(k/2) 3
1
v2,1 · ε = √
cos(2Θ) −
,
2
2
12π
r
3
5
1
v3,2 · ε = −i
sin(Θ) ( cos(2Θ) − ).
20π
4
4
v0,1 · ε =

(7.19)
(7.20)
(7.21)
(7.22)

Figure 7.6 shows the Θ-dependence of these expressions. Obviously a ZRS with momentum
near (π, 0) emits photoelectrons predominantly parallel to the CuO 2 plane if it is excited with
light polarized along (1, 0) within the CuO2 plane. The situation is similar, though not as pronounced, for other momenta, such as ( π2 , π2 ). It should be noted, that the vectors vl,l 0 (kk , k) are
computed exactly, namely by elementary angular-momentum recoupling. The fact that a ZRS
with momentum near (π, 0) emits photoelectrons predominantly at small angles with respect to
the CuO2 plane therefore is a rigorous result.
The radial matrix elements R̃l,l 0 (E) which also enter in (7.18) actually tend to suppress the
emission close to the surface normal even more. Specifically, one finds (Appendix I) that
R0,1 ≈ 0.2 R2,1 , that means the s-like partial wave (which would contribute strongly to emission at near perpendicular directions, see Figure 7.6) has a very small weight due to the radial
matrix elements. We note in passing that the smallness of the ratio R 0,1 /R2,1 is well-known
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Figure 7.7: ARPES intensity as a function of momentum along (1, 0) for different photon energies, calculated by for an isolated ZRS. The inset shows the radiation characteristics of a ZRS
at (π, 0) and the directions at which a detector would have to be placed at photon energy 22 eV
to observe the respective momentum. Thereby the work function is neglected.

from EXAFS literature [149].
Combining the partial waves in Figure 7.6 with the proper radial matrix elements R̃l,l 0 (E) as
in (7.18) we expect to obtain a curve with a minimum for some finite Θ (mainly due to to the
node in the dominant d-like l = 2 partial wave emitted by the 2p l 0 = 1 orbital (see Figure 7.6).
This may in fact explain a well-known [141] effect in ARPES, namely the the relatively strong
asymmetry with respect to (π, 0) of the ARPES intensity for k k along (1, 0) which is seen at
22 eV photon energy but not at 34 eV . Figure 7.7 shows the calculated intensities as a function
of in-plane momentum. For hν ≈ 22 eV the anglesΘ which would be appropriate to observe k k
slightly beyond (π, 0) (i.e. in the second zone) are such, that one is ‘looking into the node’ of the
radiation characteristics of the ZRS, whereas for smaller kk one is looking at the maximum (see
the inset). Hence there is a strong asymmetry around (π, 0). Increasing the energy to ≥ 30eV
the angles Θ becomes smaller, one is no longer sampling the node and the the intensity is much
more symmetric around (π, 0).
As shown in the preceding discussion, our theory reproduced, despite its simplicity, some experimental features seen in the cuprates. We therefore proceed to address potential applications
to experiment. Thereby the main goal is to find experimental conditions under which the ZRSderived state at a given momentum kk can be observed with the highest intensity. To that end,
we can vary different experimental parameters, mainly the direction of the photon polarization
and the Brillouin zone in which we are measuring.
We first consider the case of normal incidence of the light, that means the electric field vector
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ε is in the CuO2 plane. Rotating ε in the plane will change the intensity from the ZRS-derived
states in a systematic way, and for some angle ΦE it will be maximum. Along high symmetry
directions like (1, 1) or (1, 0) the optimal polarization can be deduced by symmetry considerations, because the ZRS has a definite parity under reflections by these directions. For momenta
k along (1, 1) ε has to be perpendicular to k, whereas along (1, 0) it must be parallel [31]. For
nonsymmetric momenta, however, this symmetry analysis is not possible and one has to calculate the optimum direction. We note that apart from merely enhancing the intensity of the ZRS,
knowledge of the polarization dependence of the ARPES intensity of the ‘ideal’ ZRS would
allow also to separate the original signal from ZRS-derived states from any ‘background’, that
means photoelectrons which have undergone inelastic scattering on their way to the analyzer.
Since it is plausible that these background electrons have more or less lost the information about
the polarization of the incoming light, their contribution should be insensitive to polarization.
Taking the spectrum at the ‘optimal angle’ for the ZRS and perpendicular to it then would allow
to remove the background by merely subtracting the two spectra (provided one can measure
the absolute intensity). Along the high symmetry directions (1, 0) and (1, 1) the feasibility of
this procedure has recently been demonstrated by Manzke et al. [150] and using the calculated
optimal polarizations this analysis could be extended to any point in the BZ.
For the special case of the ZRS, and neglecting the contribution of copper altogether, it is possible to give a rather simple expression for the optimal angle. The matrix element for creating
the bonding combination of O 2pσ orbitals is
µ
¶
ky
kx
mZRS ∝ i sin(ΦE ) sin( ) − cos(ΦE ) sin( ) .
(7.23)
2
2
We thus find the angles which give minimum and maximum intensity:
ky
kx
) − cos(Φmin ) sin( ) = 0
2
2
ky
kx
cos(ΦE,max ) sin( ) + sin(Φmax ) sin( ) = 0
2
2
sin(ΦE,min ) sin(

(7.24)

We see that always ΦE,min = ΦE,max + π2 . Moreover, in this approximation the intensity is
exactly zero for ΦE,min , and the angle for maximum intensity is
Ã
!
k
sin( 2y )
ΦE,max = −arctan
.
(7.25)
sin( k2x )
This expression takes a particularly simple form along the line (π, 0) → (0, π), where Φ max =
−ky /2. This reproduces the known values Φmax = 0 along (1, 0), Φmax = − π4 along (1, 1) and
Φmax = − π2 along (0, 1). Despite its simplicity formula (7.25) gives a quite good estimate for
the optimum polarization. Numerical evaluation shows that the lines of constant Φ max in kspace are to very good approximation straight lines through the center of the Brillouin zone.
This means that in practice one could adjust the polarization angle Φ E once to either ΦE,max or
ΦE,min , and then scan an entire straight line through the origin by varying the emission angle
Θk without having to change the polarization along the way. Figures 7.8 and 7.9 then show the
optimal angle for observation of the first ionization state for momenta in the first Brillouin zone.
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Figure 7.8: Optimal in-plane polarization
for observing the ZRS at the respective position in the Brillouin zone by ARPES with
photoelectron kinetic energy. The calculation is done for an isolated ZRS.

Figure 7.9: Optimal in-plane polarization
for observing the first ionization state of the
correlated CuO2 plane. The intensities are
calculated by integrating the spectral weight
obtained by CPT within 300meV.
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For perpendicular polarization the intensity practically vanishes. In the figures we compare the
‘isolated ZRS’ and the ‘embedded ZRS’, whose spectra are obtained by CPT, respectively. Both
methods of calculation give very similar results for the optimal angle, which in turn agrees very
well with the simple estimate of equation (7.25). Since along the high symmetry lines (1, 0) and
(1, 1) the optimal ΦE is determined by symmetry alone there is obviously not so much freedom
to ‘interpolate’ smoothly between these values.
Next, moving to a higher Brillouin zone allows to enhance the intensity of the ZRS, as can be
seen from Table 10.1 and 10.2. Table 10.1 shows the ratio I/I0 of the intensity obtainable by
measuring the ZRS at ( π2 , π2 ) at the ‘original position’ (there the polarization has to be perpendicular to (1,1) by symmetry) and the intensity that can be obtained by measuring in a higher
zone with optimized polarization, both within in the CuO 2 plane and, for later reference, also
out of plane. The same information is given for (π, 0) in table 10.2. Obviously, an enhancement
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Figure 7.10:
‘Radiation characteristics’
within the (x − z) plane of a ZRS excited
with light polarized in the (x − z) plane.
The polar angles are ΘE = π2 (dashed line)
and ΘE = ΘE,opt ≈ π3 (full line). The skew
line shows the direction where the detector
would have to be placed for the photon energy of 22 eV (work function neglected).
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of a factor of 2 or more can be achieved by proper choice of the experimental conditions. In
view of the large ‘background’ in the experimental spectra, even such a moderate enhancement
may be quite important.
We note that the physical origin of the variation of intensity with Φ E and order of the Brillouin
zone is the interference between the processes of creating a photohole in p x -like and py -like O
2pσ orbitals. By changing ΦE the relative intensity and phase between photoholes in the two
types of orbitals can be tuned. Thus, one can always find an angle Φ E,max where the interference
between these two types of orbital is maximally constructive. This angle depends on the relative
phase between the two orbitals in the wave function and thus is specific for the state in question.
Next, we study a quite different effect, namely what happens if we tilt the polarization vector
ε out of the CuO2 plane. To illustrate the usefulness of this, we again consider a momentum
along the high symmetry line (0, 0) → (π, 0) and assume that the polarization vector ε is within
in x − z plane It follows from symmetry considerations that any component of the light perpendicular to this plane (‘s-polarization’) cannot excite any ZRS-derived states. In other words we
assume that not ΦE , but that ΘE is variable. The contribution from the bonding combination of
O 2pσ orbitals then becomes
#
"µ
¶
1
1
1
1
√ R̃01 s + √ R̃21 d3z2 −r2 − √ R̃21 dx2 −y2 sin(Θ) + √ R̃21 dxz cos(Θ)
mZRS = −iξ1
3
15
5
5
!
"Ã
r
3
1
1
+iξ2
R̃323 fx3 −3xy2 sin(Θ)
− √ R̃321 px − √ R̃323 fx(5z2 −1) +
70
70
5
#
1
+ √ R̃323 fz(x2 −y2 ) cos(Θ) ,
7
where ξ1 = α0∗ α + β√2β and ξ2 = γ0∗ β + β√2α . Tilting the electric field vector out of the plane
thus admixes the dxz harmonic into the radiation characteristics, which has its maximum intensity at an angle of 45o with respect to the CuO2 plane. Clearly, this enhances the intensity
0∗

0∗
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Figure 7.11: Intensity of ZRS derived states
with different momenta along the (1, 0)direction, as a function of the polar angle
ΘE . The light is polarized in the (x − z)
plane, i.e. ΦE = 0, the photon energy is
22 eV (work function neglected).

Intensity [arbitrary units]
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at intermediate Θk , particularly so if constructive interference with the d x2 −y2 and d3z2 −r2 harmonics (which are excited by the x-component of ε) occurs. Since the d xz on one hand and the
dx2 −y2 and d3z2 −r2 on the other have opposite parity under reflection by the y − z plane, constructive interference for some momentum (k, 0) automatically implies destructive interference
for momentum (−k, 0). Tilting the electric field out of the plane thus amounts to ‘focusing’
the photoelectrons towards the detector. This effect is illustrated in Figure 7.10, which shows
the angular variation within the (x − z) plane of the photocurrent radiated by a ZRS. Figure
7.11 then shows the intensity as a function of ΘE for various momenta along (0, 0) → (π, 0).
Remarkably enough, the enhancement of current towards the detector may be up to a factor of
3 as compared to polarization in the plane. Exploiting this effect could enhance the photoemission intensity considerably in the region around (π, 0) - which might be important, because
this is precisely the ‘controversial’ region in k-space which makes the difference between holelike [31, 122–124] and electron-like [131, 139, 141, 144] Fermi surface in Bi2212 and where
bilayer-splitting [132, 142] should be observable. One caveat is the fact, that for a polarization
which is not in the plane one has to compute the actual field direction by use of the Fresnel
formulae [151]. The value of the dielectric constant, however, which has to be chosen for such
a calculation, is very close to 1. Tables I and II also give the optimal angles Θ E and ΦE for
observing ( π2 , π2 ) and (π, 0) in higher Brillouin zones. Obviously, by choosing the right zone
and the right polarization a considerable enhancement of the intensity can be achieved.

8
Waveguide Effects and Fake Fermi
Surfaces
8.1

Surface Resonances and the Energy Dependence of the
Intensity

We have seen in the preceding sections that the orbitals from which the ZRS is built emit photoelectrons predominantly at grazing angles with respect to the CuO 2 plane (see Figure 7.6).
0 ) will be simply ‘lost’ because
In most cases electrons emitted with momentum (kk + Gk , k⊥
they will not reach a detector positioned to collect electrons with momentum (k k , k⊥ ) (it might
happen that the photoelectron ‘gets rid of its Gk ’ by Bragg-scattering at the BiO surface layer
- a possibility which we are neglecting here). It may happen, however, that the motion with
momentum kk + Gk parallel to the surface ‘consumes so much energy’ that there is hardly any
energy left for the motion perpendicular to the surface. This will happen whenever the kinetic
energy T is just above the so-called emergence condition for the reciprocal lattice vector G k :
T=

h̄2
(k + Gk )2 .
2m k

(8.1)

In other words: the kinetic energy is ‘just about sufficient’ to create a free electron state with
3D momentum (kk + G, 0). In this case the energy available for motion perpendicular to the
surface is not sufficient for the photoelectron to surmount the energy barrier at the surface and
it will be reflected back in to the solid.
It may then happen, that the electron enters a state which is analogous to the so-called Shockley
state seen on the Cu surface: a combination of surface potential and a gap in the single-particle
DOS (which in the case of the cuprates may be the Hubbard gap or its remnant in the doped
case) causes the electron to be trapped at the surface of the solid. For an extensive review of the
properties of such so-called surface resonances see Ref. [152].
The existence of such surface resonances also in a cuprate-related material has been established
by Pothuizen [153]. In an extensive EELS study of Sr2 CuCl2 O2 , Pothuizen could in fact identify
not just one, but a total of 3 such states (in some cases with clearly resolved dispersion) in the
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Figure 8.1: Photon-energy dependence of the intensity of the
first electron removal state of
Sr2 CuO2 Cl2 [93].
energy window 0 − 30 eV . His results show very clearly that such surface states do exist in
Sr2 CuCl2 O2 - whether this holds true for other cuprate materials has not been established yet,
but for the moment we will take their existence for granted.
To proceed in at least a semiquantitative way we use a very simple approximation [152]. We
decompose the potential felt by an electron at the surface as
V (r) = Vav (z) +V1 (r),
Z a
Z
1 a
dy V (x, y, z),
dx
Vav (z) = 2
a 0
0
V1 (r) = V (r) −Vav (z),

(8.2)
(8.3)
(8.4)

where x, y, z are the components of r and a denotes the planar lattice constant. We assume that
V1 can be treated as a perturbation. The eigenstates of an electron in the potential Vav (z) can be
factorized:
ΨGk ,µ (r) = ei(kk +Gk )·r Ψµ (z)
with corresponding energy
h̄2 (kk + Gk )2
E(Gk ) = Eµ +
.
2m
A surface resonance would correspond to a Ψµ (z) which is localized around the surface.
Let us now consider the subspace of eigenstates of Vav (z) which comprises
a) the (discrete) surface resonance state ΨGk ,µ and
b) the continuum of states Ψ(kk , k⊥ ) which evolve into plane waves with momentum (kk , k⊥ )
asymptotically far away from the surface. The periodic surface potential (i.e. the term V1 ) then
provides a mechanism for mixing ΨGk ,µ and the continuum. Moreover, dipole transitions of
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Figure 8.2: Energy level diagram for
ARPES via a surface state.
an electron from the valence band into both a continuum state and into the surface resonance
(whereby the latter alternative is possibly even more probable due to the special radiation characteristics of a ZRS) are possible. We thus have all ingredients for the standard Fano-type
resonance (see Figure 8.2) and we would thus expect a pronounced peak in an intensity-versusphoton-energy curve whenever the kinetic energy of the photoelectrons approximately matches
the energy of a surface resonance. Neglecting the (presumably small) energy E µ this will happen when the kinetic energy T obeys the emergence condition (8.1) for some G k .
A strong oscillation of the intensity of the ZRS-derived first ionization states at (π/2, π/2) and
(0.7π, 0) in Sr2 CuCl2 O2 as a function of photon energy has indeed been found recently by D ürr
at al. [93]. Their data show a total of four maxima of intensity in the photon-energy range
10 − 70 eV , as depicted in figure 8.1. Much unlike the absorption cross section oscillations
seen in EXAFS, these maxima are separated by near-zeroes of the intensity for certain photon
energies.
One interpretation which might come to mind would be interference between the directly emitted electron wave and partial waves which have been reflected from neighboring atoms, similar
as the variations in absorption cross section seen in EXAFS. If we neglect the energy dependence of the scattering phase shift at the hypothetical scatterers, the difference d in pathlength
between the interfering partial waves would then obey
max
d(kν+1
− kνmax ) = 2π

where kνmax is the free electron wavevector at the νth maximum of intensity. From the four maxima observed by Dürr at al. at (0.7π, 0), one obtains three estimates for d: 10.6, 12.6, 9.5 Å.
This is in any case much longer than the Cu-O bond length of 2 Å. The only ‘natural length’ in
Sr2 CuCl2 O2 which would give a comparable distance is the distance between the two inequivalent CuO2 planes, which is 7 Å. One might therefore be tempted to explain the oscillation as
being due to electrons from the topmost CuO2 plane being reflected at the first CuO2 plane
below. This would give a difference in pathway of approximately 14 Å, the discrepancy with
the values given above could possibly be explained by an energy dependence of the phase shift
upon reflection. On the other hand, it is quite obvious that the reflected wave, having to travel a
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Figure 8.3: Intensities of the first ionization state at ( π2 , π2 ) (top) and (0.7π, 0)
(bottom) in Sr2 CuCl2 O2 as a function of
photon energy. The dots are experimental
data from Ref. [93], the line is calculated
using (8.5).

Intensity

k=(0.7π,0)
Duerr et al

10

15

20

25

30

35

40

45

50

Photon Energy [eV]

total of 14 Å through the interior of the solid and having undergone one reflection, would have
a considerably smaller amplitude than the primary wave. In this picture, it is then hard to explain why the intensity at the minima is so close to zero. We therefore believe that interference
is not the correct explanation of the strong oscillations (it should be noted, however, that in a
recent study [154] Hedin and Lee have claimed that the contribution from electrons reflected at
’deeper’ CuO2 layers may be substantial).
Let us assume, on the other hand, that the maxima are due to Fano resonances of the type discussed above. As already mentioned above, we would expect a surface resonance state to form
whenever the emergence condition (8.1) is fulfilled approximately for some reciprocal lattice
vector Gk . As a rough approximation, we moreover assume that the probability for the dipole
transition from the CuO2 plane into the surface resonance state is proportional the ‘transition
matrix element’ mZRS into a plane wave state with momentum (kk + Gk , k⊥ = 0). Neglecting
the form of the Fano lineshape (which would be hard to compute anyway because we do not
know the Fourier coefficients of the potential V1 ) we then expect an energy dependence of the
intensity to be roughly given by
I(hν) ≈ ∑ |mZRS (kk + Gk )|2 δ(T −
Gk

h̄2
(kk + Gk )2 ).
2m

(8.5)

Actually injection into the surface state should be possible if the kinetic energy is in a narrow
window above the emergence condition, whence for simplicity we replace the δ-functions by
Lorentzians. Figure 8.3 then compares this simple estimate to the data of D ürr at al. [93].
Thereby we have again assumed that T = hν − 8 eV . The agreement with experiment is satisfactory, given the rather crude nature of our estimate for the intensity. Given the fact that
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Figure 8.4: Creation of an ‘apparent Fermi
surface’ by a combination of Fano resonance
and surface state dispersion.
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surface resonances in Sr2 CuCl2 O2 have been established conclusively by the EELS-work of
Pothuizen [153] we believe that the present interpretation of the intensity variations is the most
plausible one. The question to whether such surface resonance states exist also in metallic
Bi2212 must be clarified by experiment.

8.2

Apparent Fermi Surfaces

Let us now consider what happens in the above picture if we vary the in-plane momentum
kk . It is important to notice from the outset, that the group velocity of the surface state,
2

vk = mh̄ (kk + Gk ), is much larger than that of the valence band. Thus, if we shift the valence
band ‘upwards’ by the photon energy hν, this replica and the surface state may intersect the
surface resonance dispersion at some momentum (see Figure 8.4). Note that here the binding
energy of the O2p level must be incorporated into the valence band energy. For each k k we now
assume that the Fano-type interference between the surface resonance state and the continuum
occurs. The maximum of the resonance curve thereby will roughly follow the dispersion of the
surface state. In an ARPES experiment we then obviously probe the intensity along the Fano
curve at an energy which corresponds to the shifted valence band (see Figure 8.4). Obviously
this leads to a drastic variation of the observed photoelectron intensity: at the k k labeled 1, the
point where the resonance curve is probed is on the ascending side of the resonance, whence we
observe a moderately large intensity. At the second momentum, we are right at the maximum
of the respective Fano resonance, so the intensity will be high. At the momentum labeled 3,
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however, we are already at the minimum of the Fano resonance, where the intensity is approximately zero. We thus would observe a dramatic drop in the observed intensity over a relatively
small distance ∆k in the kk -plane. More precisely, the sharpness of the drop is determined by
the width W of the Fano curve and the difference ∆vg in group velocity between the valence
band and the surface resonance state: ∆k ≈ W /∆vg .
To be more quantitative, we present a simple model calculation of the ARPES spectra to be expected in the presence of a free-electron-like surface resonance. We label the surface resonance
state as |0i and the continuum of LEED states by their ‘perpendicular’ momentum: |k ⊥ i. The
Hamiltonian then reads
H0 = |0iE(kk , Gk )h0| + ∑ |k⊥ i
H1 =

V

k⊥

2
h̄2 k⊥
hk⊥ |
2m

(8.6)

∑(|k⊥i √L h0| + H.c.),
k⊥
2

E(kk , Gk ) =

h̄(kk + Gk )2
.
2m

(8.7)

We assume that the vacuum consists of a volume spanned by N × N planar unit cells
√ and thickness L perpendicular to the surface. We write the mixing matrix element as V / L so as to
explicitly isolate the scaling of the matrix elements with L. V should be independent of L and
since we assume it to be independent of k⊥ we may also assume it to be real.
We then obtain the resolvent operator
R0,0 (ω) = h0|(ω − i0+ − H)−1 |0i
1
=
h̄ω̃ − E0 (kk ) − Σ(ω̃)
h̄2
h̄ω − k2k
2m
r
2
V
2m
Σ(ω) = i 2
3
4π
r h̄ω
ω0
= i v0
ω
h̄ω̃ =

Here v0 and ω0 have the dimension of energy and frequency, respectively; only one of them can
be chosen independently, we choose ω0 = 1eV /h̄ whence v0 is a measure for the strength of the
mixing between surface resonance and continuum.
A possible final state obtained by dipole transition of an electron from the valence band then is
T1
|Φi = T0 |0i + √
L

∑ |k⊥i

(8.8)

k⊥

where we have again explicitly isolated the scaling of the transition matrix elements with L.
Both matrix elements are assumed to be real. The measured intensity then becomes
A(ω) =

1
ℑ R(ω)
π
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Figure 8.5: Spectral intensity computed from (8.10.) The spectra are calculated for equidistant
momenta along a line through the origin (0, 0) (lowermost spectrum) which forms an angle
of 10o with the (1, 0) direction. The quasiparticle dispersion ε(k k ) and the dispersion of the
surface resonance, shifted downwards by the photon energy hν, are given by lines.
R(ω) = hΦ|(ω − i0+ − H)−1 |Φi
¡
¢2
T0 + T̃1 Σ(ω̃)
=
+ T̃12 Σ(ω̃)
h̄ω̃ − E(kk , Gk ) − Σ(ω̃)

(8.9)

where we have introduced T̃1 = T1 /V . Taking into account the dispersion of the initial state as
well as its finite lifetime (which we describe by a Lorentzian broadening Γ) we approximate the
measured spectrum for some momentum kk as
I(ω) =

Γ
· A(ω + hν)
(ω − ε(kk ))2 + Γ2

(8.10)

A simulated ARPES spectrum is then shown in Figure 8.5. For simplicity we have chosen ε(k k )
to be the simple SDW-like dispersion
ε(kk ) = −te f f (cos kx + cos(ky ))2

(8.11)

with te f f = 0.25 eV . It has been assumed that this band is completely filled, that means we
would not have any true Fermi surface at all. Despite this, the ARPES spectra, which is simulated by using (8.10) shows a sharp drop in intensity at the intersection of the surface state
dispersion E(kk , Gk ) shifted downward by the photon energy. Here Gk = (0, 2π). The photon
energy in the above example has been chosen deliberately such that the surface state dispersion
cuts through the quasiparticle dispersion near the top of the latter, so as to produce the impression of a Fermi surface. Usually this would happen only by coincidence for very few photon
energies. At this point is has to be remembered, however, that the dispersion of the valence
band in cuprate superconductors seems to show an extended region with no substantial dispersion [120] in the region around (π, 0). This band portion moreover is energetically immediately
below the chemical potential. The almost complete lack of dispersion in this region then makes
it necessary to rely mostly on ‘intensity drops’ of the valence band in assigning a Fermi surface, and it is quite obvious that whenever the surface state dispersion, shifted downward by the
photon energy, happens to cut through the flat-band region for the photon energy in question,
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the resulting drop in intensity will be almost indistinguishable from a true Fermi surface. To
illustrate this effect we have calculated the intensity within a window of 10 meV below E F for
the ‘standard’ dispersion with an extended van-Hove singularity [155]
t
εQP (kk ) = c − (cos(kx ) + cos(ky ))
2
0
+ t cos(kx ) cos(ky )
t 00
+
(cos(2kx ) + cos(2ky ))
2

(8.12)

which (for t = 0.5 eV , t 0 = 0.15 eV and t 00 = −0.05 eV ) produces the well-known ‘22 eV -Fermi
surface’, together with the ‘flat bands’ around (π, 0). The constant c incorporates a constant
shift due to the binding energy of the O 2p orbitals. Figures 8.6 then shows the integrated
intensity in a window of 10 meV below the Fermi energy - a plot which is by now a standard
method to discuss Fermi surfaces. In Figure 8.6a the Fano curve A(ω) in (8.10) is replaced by
unity, and we see the expected spectral weight map in which the Fermi surface can be clearly
identified. The latter is shown in Figure 8.6b. In Figure 8.6c, on the other hand, we have
included the Fano curve A(ω) for the surface state with Gk = (−2π, −2π) (assuming a free
2D-electron dispersion with lattice constant 2.82 Å) and a kinetic energy of T = 33eV . The
2 h̄2
corresponding constant energy-contour 4π
(k + G)2 = 33eV is also shown in Figure 8.7. One
2ma2
can see quite clearly then, that the contour attenuates the true Fermi surface on its ‘backside’
and strongly enhances the intensity at its ‘frontside’ thus creating the rather perfect impression
of a Fermi surface arc which intersects the (1, 0) direction at approximately (0.8π, 0). On the
other hand in our model the true Fermi surface is the one seen in Figure 8.6a. The combination
of Fano resonance and flat band portion near (π, 0) thus produces an ‘apparent Fermi surface’
which is entirely artificial.
To compare with experimental data in more detail, we recall that upon neglecting the dispersion
of the valence band state as compared to that of the surface resonance, the momenta in the
kk -plane where intersections as the one in Figure 8.4 occur have to obey the equation
h̄2 (kk + G)2
,
2m
where T denotes the kinetic energy of the ejected electron. In other words: the resonant enhancement of the ARPES intensity occurs along a constant energy contour of the surface resonance dispersion. If we stick to our free-electron approximation, these are simply circles in the
kk -plane centered on −G. Figure 8.7 then shows these contours for two different photon energies, namely 22 eV and 34 ev. Thereby we have again assumed that T = hν − 8 eV . Also shown
is the standard ‘Fermi surface’, determined at 22 eV . It is then obvious that the ‘22 eV -Fermi
surface’ always is close to some portion of a surface resonance contour. This would imply that
for this photon energy most potions of the Fermi surface could be enhanced - it might also be
taken to suggest, however, that some Fermi surface portions near (π, 0) are actually artificial.
It is hard to give a more detailed discussion, because even slight deviations from the free electron dispersion for the surface resonance will have a major impact on the energy contours. For
34 eV , on the other hand, the Fermi surface obviously is ‘cut off’ near (π, 0) by the contour for
G = 2π (−2, 0). The Fermi surface seen at 34 eV then might be obtained by following the true
T=
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Figure 8.6: (a) Gray scale plot of the
spectral intensity immediately below EF , computed from (8.10) with
A(ω) = 1. (b) Fermi surface (dashed
line) and constant energy contour of
the surface state (full line). (c) Spectral intensity in the presence of the
surface state, i.e. (8.10) with the true
A(ω).
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Figure 8.7: (a) The full lines give the constant-energy contours for a free electron-like surface
resonance state for kinetic energy 22 eV − 8 eV (a) and 34 eV − 8 eV (b). The dashed line is the
‘Fermi surface’ seen in Bi2212.
Fermi contour (dashed line) until the intersection with the (−2, 0)-contour, and then following
the latter (where the ARPES intensity is high due to the resonance effect and the fact there are
states immediately below µ due to the flat band around (π, 0)). In this way one would obtain a
‘Fermi contour’ which is quite similar to the one actually observed at 34 eV . For even higher
photon energy there are too many G’s which contribute their own circles, so that one cannot
give a meaningful discussion. The question which of the different Fermi surface portions observed in Bi2212 are artificial and which are real clearly needs a detailed experimental study.
A very simple way would be to vary the photon energy in small steps of (e.g.) 1eV , in which
case one should observe a continuous drift of the ‘Fermi surface’ for those parts which are artificial. Unfortunately the present understanding of surface resonances in cuprate materials is
much too rudimentary to make any theoretical prediction. Not even knowing any details of their
dispersion, we have to content ourselves with the very much oversimplified model calculations
outlined above to show what might happen. Even these simple model calculations do show
rather clearly, however, that simply plotting intensity maps near E F or identifying ‘Fermi surface crossings’ near (π, 0) by drops of spectral weight is not really an adequate means to clarify
this issue.

9
Summary
The first part of this thesis was devoted to the application of new numeric methods to the problem of strongly correlated electron systems. Two recently proposed techniques were considered,
namely cluster perturbation theory (CPT) and self-energy functional approach (SFA). Both techniques are closely related and stand for a number of recent, cluster-based approaches to strongly
correlated electron systems, such as dynamical mean-field theory DMFT, cluster-DMFT (CDMFT) and dynamical cluster approximation (DCA).
In contrast to SFA, CPT is a method derived from strong coupling perturbation theory
(SCPT), intended to be used in a purely numerical way. CPT yields an approximative expression for the single particle Greens function, that is formal similar to RPA. The method can
be implemented easily, since the necessary cluster Greens function can be computed via current
cluster solving algorithms. In the present case, the Lanczos algorithms was used, which provides the exact spatial cluster Greens function of the ground state. The main advantage of CPT
is direct accessibility of the ground state Greens function at real frequencies and continuous
momenta. The important single particle dynamics can, hence, be calculated in a very elegant
way.
The main disadvantage of CPT is the absence of a self consistent mechanism, preventing
the consideration of symmetry broken phases, such as the long-range antiferromagnetism of the
half-filled cuprates. A solution to this problem is the extension of CPT by SFA, which is itself
a theory allowing for the variational optimization of the self energy of a reference system. The
fully optimized self energy of the cluster is then the one resembling best the true self energy of
the full non-partitioned system. Within SFA the individual optimization of all possible single
particle terms of the reference system is required, i.e. local energies and hopping parameters of
all distances. CPT is contained in this theory as the case of a single variational non-optimized
parameter, namely the hopping between clusters, which is taken to be the intracluster hopping.
It is, of course, not possible to optimize all individual single particle parameters of the
cluster for lattice size that contain particle correlations on a relevant scale. However, certain
important contributions in the single particle parameters can be guessed easily, e.g. a long
range antiferromagnetically ordered on-site energy at half-filling. Due to the small number
of variational parameters, such a partial applications of selected SFA single particle potentials
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corresponds rather to an extension of CPT than to SFA. We called this hybrid method variational
CPT (V-CPT).
In a first step, we employed CPT and V-CPT in an extensive study of the one-dimensional
Hubbard model at half-filling, for which important quantities can be given in analytic form. In
particular, we have shown that CPT leads to a considerable improvement of the ground-state
energy of an isolated cluster towards the exact solution. This holds true for all system sizes
and interaction strength considered here. By artificially breaking the ground state symmetry
by “ficticious” Néel-order field within the V-CPT approach, we studied the possible occurrence
of long-range antiferromagnetic order in this system. For the one-dimensional system V-CPT
correctly predicts the absence of long-range antiferromagnetism. For higher-dimensional systems, we considered spontaneous symmetry-breaking in ladders, two-dimensional constructed
of coupled ladders planes and isotropic 2D systems. Apart from controllable finite-size effect,
V-CPT correctly yields the appearance of long-range antiferromagnetism exclusively in twodimensional systems. Additionally, we considered SFA in its original purpose as a bridging
theory between dynamical mean-field theory (DMFT), cellular DMFT (C-DMFT) and direct
cluster solutions by adding uncorrelated sites, so-called bath sites, to the system. In the limit of
infinitely many bath-sites, this corresponds to the C-DMFT method. We found that the results
obtained by increasing the system size (i.e. addition of correlate sites) is always better than
the addition of the same number of uncorrelated sites. The extension of the cluster is hence
preferable to the coupling to a bath for a given system size.
We then proceeded to an in-depth analysis two-dimensional Hubbard model at half-filling,
which represent the relevant system for the electronic properties of the parent compounds of the
HTSC. In contrast to the one-dimensional case, no exact solutions are known for the general 2D
Hubbard model.
We intensively studied the dependence of relevant physical quantities on the on-site interaction U and the system size Ns and compared our results with other numerical techniques like
quantum monte-carlo (QMC) and variational monte-carlo (VMC). As in the one-dimensional
case, CPT leads to a significant improvement of the ground state energy E 0 of the isolated clusters in comparison with the corresponding results of QMC and VMC. Although better than the
results for isolated clusters, the ground state energy predicted by CPT is clearly outside of the
error margins of QMC and VMC. The antiferromagnetic order parameter m, being finite for
Ns → ∞ and T → 0 in QMC and VMC, even vanishes in CPT. This shortcoming of CPT can be
cured by introducing a “ficticious” antiferromagnetic order via a staggered on-site energy and
optimizing the strength h of this field according to the SFA variational potential Ω(h). In contrast to the 1D case, Ω(h) now shows a minimum at a finite value of h for all considered system
sizes. The ground state energies obtained in this process are virtually identical with the results
of QMC and VMC for all considered values of U. The antiferromagnetic orderparameter m,
which was found to be zero for CPT, is non-zero for all U > 0. The values of m range between
the results of QMC and VMC. The asymptotic value, however, is significantly higher than the
corresponding value of the 2D Heisenberg model, which describes the correct limit for large U.
For the case of the long-range antiferromagnetically ordered system we now considered the
single particle dynamics. From recent QMC simulations of the 2D half-filled Hubbard model
at sufficiently low temperatures the appearance of a “four-band structure” is reported, where
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the low-energy parts can be derived from the so-called “string picture”, describing the motion
of a single hole in an antiferromagnet. Although pure CPT shows a number of pronounced
excitations in a similar energy region, no clear dispersion can be identified since the excitations consist themselves of many different branches. The reason for the fragmentation of the
quasiparticle band can be found in spin symmetric Green’s function of CPT, which results in a
single particle potential at the cluster boundary for a mobile hole moving on one sublattice of
the antiferromagnet. This potential prevents the coherent propagation of the quasiparticle over
the cluster boundary. By implementing long-range antiferromagnetic order via V-CPT the fragmentation of the quasiparticle band was removed. The corresponding spectral functions show
excellent agreement with QMC. Particularly, a pronounced string-quasiparticle band of width
W = 2J is found.
The absence of temperature effects as well as the gain in resolution due to missing imaging
techniques enable a precise determination of the quasiparticle dispersion in V-CPT. For a number of values for the local interaction U we fitted analytic expression for the string-quasiparticle
band to the low-energy excitations of the t −U Hubbard model and gave the parameterizations.
This allowed us to compare directly with analytical and numerical predictions for the excitations of the t-J model, which represents the strong coupling limit of the Hubbard model. We
found the expected agreement in the quasiparticle dispersion obtained by V-CPT calculations
with the ones obtained by exact diagonalizations of the t − J model. Of course, the mapping
of the Hubbard to the t-J model can not be perfect for an intermediate U = 8t [29], so that
the fitted band width deviates from the t − J reference by about 5%. Taken into account the
approximative nature of our calculation, this is still satisfying.
In the following chapter we performed a comparison of the low-energy excitations of the
half-filled Hubbard model and the one of the single-layer insulating cuprates. Although the
Hubbard model describes salient features of the insulating cuprates, the dispersion differs from
the excitations of well investigated materials, such as Sr2 CuO2 Cl2 and Ca2 CuO2 Cl2 . The
most striking difference consists in the large energetic deviation of the peak positions at the
momenta k = (π/2, π/2) and k = (0, π), measuring about 0.4eV , which is the full width of
the band in the experiments. In the t −U Hubbard model an t − J model, these peak positions
are degenerate or, at least, very close. It is known from studies of the t − J model within
the self-consistent Born approximation that the dispersion can be corrected according to the
experimental results if longer-range hopping processes are included. Here, we considered the
minimal possible model, namely the t −t 0 −U model, which includes an additional next-nearest
neighbor diagonal hopping term t 0 . In a series of calculations for a wide range of parameters
t 0 and U we fitted a proposed phenomenological dispersion of the t − t 0 − t 00 − J-model [73]
to the experimental data. Good agreement with experimental spectra from Sr 2 CuO2 Cl2 was
reached for U = 8t and t‘ = −0.35t. For this parameter set the V-CPT solution yields the
characteristic parabolic dispersions between (0, 0) − (π, 0), (π, 0) − (π, π) and (0, 0) − (π, π)
with lowest binding energies at k = (π/2, 0), (π, π/2) and (π/2, π/2). In comparison with
QMC simulations for the same material [96] only the strength of the local Coulomb repulsion
U deviates, which was determined to be U = 10t in the latter study.
Next we focused our attention on the development of the low-energy excitations of the
two-dimensional Hubbard model in the underdoped region. Due to the so-called sign problem,

125
which prevents QMC simulations at low temperatures and small doping, this region of the
phase diagram is difficult to manage with the most important numerical method for strongly
correlated electrons. Although in principle no problems arise for CPT, the lattice sizes that have
been considered in the exact diagonalization where too large to study the possible presence of
a symmetry-broken ground state in the V-CPT method. Basic CPT, however, is sufficient to
account for the short-range correlations that are known to be of about 1 to 2 lattice spacings for
doping levels of 0.07 ≤ x ≤ 0.20.
First, we considered the t − U Hubbard model at hole doping. Particularly, we were interested in the transfer of spectral weight at low doping. We showed that the transfer of spectral
weight mainly takes place between the low-energy string bands that we identified half-filling.
These particular low-energy excitations are stable up to relatively high doping levels of 8%, as
far as this could be determined in this work. The minimal change compared to the situation
at half-filling underlines the importance of antiferromagnetical physics for the situation at low
doping levels, which seems to crucial for the appearance of superconductivity.
Next we turned to an issue that attracted much attention recently, namely the n-type HTSC
compound Nd2−x Cex CuOCl4±δ . Apart from being an interesting topic on its own, the n-type
materials offer a more complete information on the evolution of the HTSC band structure upon
doping. The reason is that in the n-type materials the full Mott gap can be observed by ARPES
since parts of the spectral function are visible that are above the Fermi energy in the holedoped materials [4]. Moreover, the half-filled Nd2 CuOCl4 has been shown to exhibit the same
universal electronic structure that has been found in the other single-layer materials, such as
Sr2 CuO2 Cl2 and Ca2 CuO2 Cl2 [66]. Therefore, the parameterization obtained in the t − t 0 −U
model for Sr2 CuO2 Cl2 proofs to be also valid for Nd2 CuOCl4 . Starting from the parameter set
obtained for the half-filled system, we studied the doping dependence of the spectral function
and the Fermi surface under electron doping. In particular, we show that the Fermi surface
is given by an “electron pocket” centered around (π, 0) for x = 0.07. This is explained by
the Fermi level crossing the upper Hubbard band solely around (π, 0), which is due to the
lifted (π, 0) − (π/2, π/2)-degeneracy at t 0 < 0. Additionally, we found the formation of new
spectral weight slightly gapped from the upper Hubbard band. This small gap happens to appear
exactly at the Fermi level at (π/2, π/2), so that no spectral weight is observed at this point. The
lower Hubbard band, corresponding to the experimental charge-transfer band, keeps its original
position and shape. For increasing doping, the small gap successively closes, which causes the
Fermi surface to develop a “patch” at (π/2, π/2) and to resemble closely the expected LDA-like
Fermi surface in the overdoped system.
These observations are in excellent agreement with the experimental spectra and Fermisurface maps. Especially, the observation of a remainder of the charge-transfer band (the lower
Hubbard band here), which appears in the experimental as well as in the CPT spectral function,
rules out recent explanations based on mean-field calculations of a uniformly doped antiferromagnet [5]. This theory interpretes the appearance of the “small gap” at (π/2, π/2) as a
vanishing Mott gap and hence assumes the on-site interaction U to be strongly renormalized
in the n-type materials. From the CPT study presented above, however, it is evident that such
a strong renormalization within a small doping range is not only unphysical, but does neither
predict the spectral weight correctly nor show a lower Hubbard band in the doped system.
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In the final section concerned with the doped Hubbard model, we considered an issue that
lies at the heart of the possible reasons for the unusual properties of the strongly correlated
systems, namely the question whether these system can be described as Fermi liquids. One
necessary condition for this to be true is that the volume of the Fermi surface (FS) remains
unchanged upon changing interaction: the Luttinger theorem. Since the volume of the FS must
be independent of the interaction, the doping dependence of the FS volume VF for the interacting
system must be identical to the FS volume of the non-interacting system, which is proportional
to the doping level. We calculated the Fermi-surface volume of the Hubbard model for different
dopings by CPT based on many different cluster topologies, assuming that the Fermi surface is
in good approximation given by the maxima of spectral weight at the Fermi level.
Our results show that VF obtained by CPT for U = 8t strongly deviates from VF of the
non-interacting system for small doping levels up to 10%. A direct comparison with the Fermi
surface of the tight-binding model and the Hubbard I approximation showed that the CPT FS
volume categorically violates the Luttinger theorem, since it is always larger than the noninteracting case. It is, however, also always smaller than that Hubbard I approximation, which
is known to violate the Luttinger theorem for all U > 0. For large doping levels >10%, the
exceeding FS volume of CPT quickly becomes very small and can not be determined with
certainty. This confirms recent estimations of the Fermi-surface volume of the Hubbard model
from QMC simulations [78] of the same U.
In the second main part of this thesis we devoted ourselves to the study of the more complex, but also more realistic three-band model. The central objective was the extension of our
understanding of the momentum resolved photoemission intensity, which strongly depends on
the photoemission matrix elements. Apart from simple analytic approximations to the intensity
of Zhang-Rice singlet, CPT was the main method for the calculation of the necessary Green’s
functions. Hence, CPT was checked for its applicability with respect to the three-band model
in the first chapter of this part.
Although the maximal number of unit cells that can be considered in CPT for the threeband model is quite small (up to 5), we showed that the results still agree very well with the
best known QMC simulations [79]. Similar to the one-band model, one can not identify unambiguous low-energy excitations in the CPT spectral function of the three-band model, but in
this case even low temperature QMC simulations did not reveal a coherent quasiparticle band.
By making use of the V-CPT approach, we addressed the question of long-range antiferromagnetism and its effect for the low-energy excitations. We were able to detect a string like
quasiparticle band of width ∼ 2J, which had not been seen numerically in the three-band model
so far. By using parameters from literature, we qualitatively reproduced the experimental dispersion of the single layer cuprates, as we already did using the t −t 0 −U model. This indicates
the equivalence of both models, at least at half-filling.
We then turned to the doped systems, which can be only considered for the overdoped
region at x = 0.25, due to the small number of unit cells. For the case of the bilayer material
Bi2 Sr2 CaCu2 O8+δ , we considered two CuO2 planes coupled by a perpendicular hopping t⊥ that
was treated perturbatively within CPT. Even for a minimal coupling t ⊥ between the layers, this
leads to a considerable bilayer splitting of the quasiparticle band, that most clearly shows up in
two independent Fermi-surface topologies. Both topologies, however, have been independently

127
found in ARPES experiments using different photon energies of 22eV [129] and 55eV [125].
The predicted bilayer splitting has been resolved in recent ARPES experiments [132], which
confirms our results.
The observation of different Fermi-surface topologies for different photon energies in ARPES
brought us directly to another main topic of this thesis, namely the importance of matrix-element
effects for the interpretation of experimental photoemission data.
We presented a theory for the photon-energy and polarization dependence of ARPES intensities from the CuO2 plane in the framework of strong-correlation models. Here, we could only
address a few aspects of this very extensive problem, namely those who stem from the internal
structure of the Zhang-Rice singlet and the (assumed) existence of surface resonances. To begin
with, the geometry of the orbitals, which form the first ionization states of the CuO 2 plane, leads
to a pronounced anisotropy of the photoelectron current. This shows up in a strong dependence
of the intensity on the polarization of the incoming light. This may be exploited to enhance the
intensity seen in an ARPES experiment by choosing appropriate photon polarization or going
to a higher Brillouin zone. We have presented a simple model to guess ‘optimized’ values of the
polarization and the Brillouin zone to obtain maximum intensity for a given k-point. Moreover,
we showed that there is a strong preference for a Zhang-Rice singlet to emit photoelectrons at
small angles relative to the plane. This in turn may lead to an injection of the photoelectrons
into states located at the surface of the sample, so-called surface resonances. Such surface resonances are well-established in at least one cuprate-related material, namely Sr 2 CuCl2 O2 . We
have proposed to explain the pronounced photon-energy dependence of the ARPES intensities
in this material by these surface resonances. Next, we have presented a simple model calculation which shows how such surface resonances may lead to apparent Fermi surfaces in the
flat-band region around (π, 0). This may be one explanation for the apparently different Fermi
surface topology seen in Bi2 Sr2 CaCu2 O8+δ at 22 eV and at 34 eV , possibly also in an interplay
with bilayer-splitting [132,142] and/or the superlattice ‘umklapps’ in Bi 2 Sr2 CaCu2 O8+δ [124].
In any case, the existence or non-existence of surface-resonances should be clarified experimentally, since the identification of any major Fermi surface portion near (π, 0) observed by
ARPES as being ‘artificial’ or not may have major implications for our understanding of cuprate
materials.

10
Appendix
Here we present in more detail the calculation of the vectors v of interest to us. For the CEF
initial states of interest to us, such as px , py and dx2 −y2 , the coefficients cαm0 take the form
ζ
cαm0 = √ (δm0 ,ν ± δm0 ,−ν ),
2
(see Table I) whence we find that
r
4π 1
∗
0
(ε) Al,µ (k0 )
d
Y
(k
)
=
∑ Y1,µ
∑ lm lm
3
m
µ=−1

¢
ζ ¡
(10.1)
Al,µ (k0 ) = √ Yl,µ+ν (k0 ) c1 (l, µ + ν; l 0 , ν) ±Yl,µ−ν (k0 ) c1 (l, µ − ν; l 0 , −ν)
2

We now rewrite the scalar product
r
4π 1
∗
(ε) Alµ = ε · Al
∑ Y1,µ
3 µ=−1

and by use of the property c1 (l, −m; l 0 , −m0 ) = c1 (l, m; l 0 , m0 ) we obtain the components of Al :
1
ζ
Al,x = √ [ c1 (l, ν − 1; l 0 , ν) √ (Yl,ν−1 ∓Yl,−(ν−1) ) − c1 (l, ν + 1; l 0 , ν)
2
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ζ
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Al,y = √ [ c1 (l, ν − 1; l 0 , ν) √ (Yl,ν−1 ±Yl,−(ν−1) ) + c1 (l, ν + 1; l 0 , ν)
2
2
ζ
Al,z = c1 (lν; l 0 ν) √ (Yl,ν ±Yl,−ν ).
2

ζ
√ (Yl,ν+1 ∓Yl,−(ν+1) ) ],
2
ζ
√ (Yl,ν+1 ±Yl,−(ν+1) ) ],
2
(10.2)

Defining R̃l,l 0 (E) = eiδl Rl,l 0 (E) we now readily arrive at the following expressions for photocurrent:
4Nh̄k
|v · ε|2 ,
m
v = ∑ (−i)l+1 R̃l,l 0 (E) Al .
j =

(10.3)

l=l 0 ±1
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Here the vector v depends on the type of initial orbital. Straightforward algebra then yields the
following expressions for the vectors v:
 q ˜
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1
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0
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(10.4)
v(pz ) =

√
15
5 R˜01
0
4π R˜ + 4d3z2 −r2 (k )
21

With the exception of the numerical prefactors, most of the above formulas could have been
guessed from general principles: there are only transitions into s-like and d-like partial waves
(i.e. the dipole selection rule ∆L = ±1!) and acting e.g. with an electric field in x direction onto
a px -orbital produces only s-like, dx2 −y2 -like and d3z2 −r2 -like partial waves (which have even
parity under reflection by the z − y-plane), whereas acting with a field in y direction on p x can
only produce the dxy partial wave. We therefore believe that much of the formula remains true
even if more realistic wave functions for the final states are chosen.
Similarly, we find for the matrix element of the d-like orbitals:
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(10.5)
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With the exception of the numerical prefactors, most of the above formulas could have been
guessed from general principles: there are only transitions into s-like and d-like partial waves
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(i.e. the dipole selection rule ∆L = ±1!) and acting e.g. with an electric field in x direction onto
a px -orbital produces only s-like, dx2 −y2 -like and d3z2 −r2 -like partial waves (which have even
parity under reflection by the z − y-plane), whereas acting with a field in y direction on p x can
only produce the dxy partial wave. We therefore believe that much of the formula remains true
even if more realistic wave functions for the final states are chosen.

Gx /2π Gy /2π
-1
-1
-1
0
0
-1
0
0
-1
-1
-1
0
0
0
1
1

-1
0
1
-1
0
1
-1
0

I/I0
φE
2.356 1.908
1.275 0.958
0.295 0.958
2.356 1.000

I/I0
θE
φE
2.356 1.571 1.908
1.275 1.005 1.345
0.295 1.005 1.345
2.356 1.571 1.000

(opt)

(opt)

hν
22eV
22eV
22eV
22eV

2.356
0.974
1.426
0.597
2.356
2.218
0.145
2.494

2.356
0.974
1.426
0.597
2.356
2.190
0.145
2.523

1.571
1.040
0.964
1.040
1.571
0.754
0.964
2.388

34eV
34eV
34eV
34eV
34eV
34eV
34eV
34eV

(opt)

2.011
1.053
2.255
1.053
1.000
0.913
2.255
0.913

2.011
1.417
3.342
1.417
1.000
1.922
3.342
1.922

Table 10.1: Intensities of the ZRS relative to k = ( π2 , π2 ) in higher Brillouin zones k + G for 22
and 34eV photon energy.
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Gx /2π Gy /2π
-1
-1
-1
0
-1
1
0
-1
0
0
0
1
-2
-1
-1
-1
0
0
0
1

0
-1
0
1
-1
0
1
0

(opt)

(opt)

φE
2.422
0.000
0.719
0.719
0.000
2.422

I/I0
4.313
1.000
4.313
4.313
1.000
4.313

φE
2.419
0.000
0.723
0.723
0.000
2.419

(opt)

θE
1.806
0.556
1.335
1.806
2.586
1.335

I/I0
4.563
3.436
4.563
4.563
3.436
4.563

hν
22eV
22eV
22eV
22eV
22eV
22eV

0.000
2.472
0.000
0.669
0.669
0.000
2.472
0.000

1.645
2.588
1.000
2.588
2.588
1.000
2.588
1.645

0.000
2.466
0.000
0.675
0.675
0.000
2.466
0.000

2.318
1.963
0.751
1.178
1.963
2.391
1.178
0.823

3.058
3.019
2.133
3.019
3.019
2.133
3.019
3.058

34eV
34eV
34eV
34eV
34eV
34eV
34eV
34eV

Table 10.2: Intensities of the ZRS relative to k = (π, 0) in higher Brillouin zones k + G for 22
and 34eV photon energy.
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S. Abell, and H.Berger, Phys. Rev. Lett 84, 4453 (2000).
[123] H. Fretwell, A. Kaminski, J. Mesot, J. Campuzano, M. Norman, M. Randeria, T. Sato,
R. Gatt, T. Takahashi, and K. Kadowaki, Phys. Rev. Lett. 84, 4449 (2000).
[124] J. Mesot, M. Randeria, M. R. Norman, A. Kaminski, , H. M. Fretwell, J. C. Campuzano,
, H. Ding, T. Takeuchi, T. Sato, T. Yokoya, T. Takahashi, I. Chong, T. Terashima, M.
Takano, T. Mochiku, , and K. Kadowaki, Phys. Rev. B 63, 224516 (2001).
[125] S. V. Borisenko, A. A. Kordyuk, S. Legner, C. D ürr, M. Knupfer, M. S. Golden, J. Fink,
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Zusammenfassung
Im Mittelpunkt des ersten Teiles der vorliegenden Arbeit stand die Anwendung neuester numerischer Methoden auf das Problem der stark korrelierten Elektronensysteme. Dabei wurden vor
allem zwei kürzlich vorgeschlagenen Theorien, die Cluster Perturbation Theory (CPT) und der
Self-Energy Functional Approach (SFA) betrachtet. Diese beiden Techniken weisen eine enge Verwandtschaft auf und stehen stellvertretend für eine ganze Reihe neuer Cluster-basierter
Annäherungen an die stark korrelierten Elektronensysteme, wie z.B. auch die Dynamical MeanField Theory DMFT, die Cluster-DMFT (C-DMFT) und die Dynamical Cluster Approximation
(DCA).
Im Gegensatz zur SFA stellt die CPT ein aus der Strong Coupling Perturbation Theory
(SCPT) abgeleitetes Verfahren dar, das von vorne herein zur numerischen Nutzung bestimmt
war. CPT liefert dabei eine formal RPA-artige Näherung für die Greensfunktion des unendlich
ausgedehnten Gitters. Die Methode ist einfach zu implementieren, da sich gängige Lösungen
zur Gewinnung der benötigten Cluster-Greensfunktion anbieten. Im vorliegenden Fall wurde
hierbei auf den bekannten Lanczos-Algorithmus zurückgegriffen, der die exakte räumliche Cluster-Greensfunktion im Grundzustand liefert. Der große Vorteil der CPT liegt in der direkten
Berechenbarkeit der Grundzustands-Greensfunktion für reelle Frequenzen und kontinuierliche
Impulse. Damit ist die für Vergleiche mit dem Experiment wichtige Spektralfunktion, im Gegensatz zu nahezu allen anderen numerischen Methoden, direkt berechenbar. CPT erweist sich
als eine sehr elegante Methode zur näherungsweisen Berechnung der Einteilchendynamik und
daraus abgeleiteter Eigenschaften unendlich ausgedehnter Systemen.
Die Schwäche der CPT liegt vor allem im Fehlen eines selbstkonsistenten Mechanismus,
wodurch symmetriegebrochene Phasen nicht untersucht werden k önnen. Eine Lösung stellt
hierbei die Erweiterung der CPT durch die SFA dar, die eine theoretische Methode zur variationellen Optimierung der Selbstenergie eines Referenzsystems vorgibt, so daß die vollst ändig optimierte Selbstenergie des Referenzsystems der wirklichen Selbstenergie des vollen Systems am
nähesten kommt. SFA erfordert dabei die individuelle Optimierung aller m öglichen EinteilchenGrößen des Systems, d.h. der lokalen Energien und der Hüpfparameter zwischen Gitterplätzen
jeglicher Distanz. Die CPT ist in dieser Theorie als Spezialfall enthalten, in dem bis auf das
Intercluster-Hüpfen, welches gleich dem Wert für das Intracluster-Hüpfen gesetzt wird, keine
140
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zusätzlichen Einteilchen-Parameter betrachtet werden.
Für die Größen der hier betrachteten Gitter ist es natürlich nicht möglich, die EinteilchenParameter zwischen allen Gitterplätzen zu optimieren. Allerdings kann die Variation physikalisch sinnvoller Parameter durchaus den wichtigsten Beitrag zur Absenkung des (variationellen)
SFA-Potentials bedeuten. Ein solcher Eingriff entspricht zwar dem Grundgedanken der SFA, eine übergreifende Theorie für die verschiedenen Cluster-Methoden zur bilden, stellt wegen der
geringen Anzahl der variierten Parameter eher eine Verbesserung der CPT dar. Diese hybride
Methode wird im folgenden mit variationeller CPT (V-CPT) bezeichnet.
In einem ersten Schritt wurden CPT und V-CPT auf das eindimensionale Hubbard-Modell
angewandt, für das der analytisch-exakte Wert wichtiger Grössen, wie z.B. der Grundzustandsenergie, bekannt sind. Im Besonderen wurde gezeigt, daß CPT f ür alle Systemgrößen und
Wechselwirkungsstärken zu einer entscheidenden Korrektur der Grundzustandsenergie eines
isolierten Clusters führt. Durch künstliches brechen der Spin-Symmetrie wurde das mögliche
Auftreten langreichweitiger Néel-Ordnung im Rahmen der V-CPT untersucht. V-CPT ergibt
dabei das korrekte Ergebnis, nämlich das Auftreten langreichweitig antiferromagnetischer Ordnung für zwei Dimensionen und höhere, während für eine Dimension bis auf korrigierbare
Finit-Size-Effekte keine langreichweitige AF-Ordnung zu finden ist. Weiterhin wurde der ursprüngliche Zweck der SFA als übergeordnete Theorie der DMFT, C-DMFT und CPT untersucht. Dazu wurden dem System zusätzliche unkorreltierte Gitterplätze, sogenannte Bad-Plätze,
hinzugefügt wie sie in den DMFT-artigen Methoden auftreten. Im Limes unendlich vieler BadPlätze entspricht dieser Ansatz der C-DMFT. Die hier gefundenen Ergebnisse zeigen, daß die
Vergrösserung des eigentlichen Systems, d.h. das hinzufügen korrelierter Plätze, im Vergleich
mit dem hinzufügen von Bad-Plätzen immer eine bessere Korrektur der Grundzustandsenergie
ergibt.
Im nächsten Kapitel wurde das halbgefüllte, zweidimensionale Hubbard-Modell, von dem
vermutet wird, daß es eines der relevanten Modelle für die niederenergetische elektronische
Physik der Hochtemperatur-Supraleiter ist, eingehend untersucht. Im Gegensatz zum eindimensionalen liegen für den allgemeinen zweidimensionalen Fall keine analytisch-exakten Ergebnisse mehr vor.
Zunächst wurde die Abhängigkeit relevanter physikalischer Grössen von der Stärke der
lokalen Wechselwirkung U und der Systemgrösse Ns untersucht und Ergebnisse anderer numerischer Methoden wie Quantum Monte-Carlo (QMC) und Variational Monte-Carlo (VMC)
verglichen. Wie im eindimensional Fall führt die Anwendung von CPT hierbei zu einer systematischen Verbesserung der Grundzustandsenergie im Vergleich mit den übereinstimmenden
Ergebnissen von QMC und VMC. Allerdings ist eine deutliche Differenz ausserhalb der Fehlerbalken zwischen CPT und den anderen numerischen Ergebnissen zu beobachten. Der antiferromagnetische Ordnungsparameter m, der in QMC und VMC in den Limites Ns → ∞ und
T → 0 einen endlichen Wert aufweist, verschwindet in CPT vollständig. Mittels V-CPT wurde
nun eine künstliche antiferromagnetische Ordnung im System erzeugt und deren Stärke variationell optimiert. Die in diesem Prozess ermittelten Grundzustandsenergien sind im Rahmen
der Fehler für alle untersuchten Stärken der lokalen Wechselwirkung identisch. Auch der antiferromagnetische Ordnungsparameter m weist nun für alle U > 0 einen endlichen Wert auf, der
zwischen den Resultaten von VMC und QMC liegt. Der asymptotische Wert liegt hierbei aller-
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dings deutlich höher als der Wert für das 2D Heisenberg-Modell, das den Grenzfall für große U
beschreibt.
Für den Fall des langreichweitig antiferromagnetisch geordneten Systems wurde nun die
Spektralfunktion A(k, ω) intensiv untersucht. Aus neuesten QMC-Simulation bei ausreichend
tiefen Temperaturen ist das Auftreten einer “Vier-Band-Struktur” in der den Einteilchen-Anregungen bekannt, wobei die zwei niederenergetischen Anteile aus dem so genannten StringBild, das die Bewegung eines “Loches” in einem Antiferromagneten beschreibt, abgeleitet werden können. Für die reine CPT ist zwar in einem ähnlichen Energie-Intervall und auf ähnlicher Breite Anregungen zu beobachten, diese bestehen aber aus vielen einzelnen Dispersion, so daß schwerlich von einem Quasiteilchen gesprochen werden kann. Der Grund f ür diese Aufsplitterung des Quasiteilchenbandes läßt sich in der spinsymmetrischen Greensfunktion
der CPT finden, die für ein auf einem Untergitter des Antiferromagneten bewegliches Loch in
einem Einteilchenpotential am Cluster-Rand resultiert, über welches das Quasiteilchen nicht
kohärent propagieren kann. Durch die Ausprägung einer langreichweitig antiferromagnetisch
geordneten Phase in der V-CPT konnte dieses Problem beseitigt werden. Die aus diesen Rechnungen entstammenden Spektralfunktionen zeigen sehr gute Übereistimmung mit den QMCRechnungen. Vor allem zeigt sich ein ausgeprägtes und kohärentes String-Quasiteilchenband
der Breite 2J. Die fehlende Verbreiterung durch Temperatureffekte oder nachträglich Auflösungsverluste durch Bildgebundsverfahren, wie z.B. Maximum-Entropy, erlauben in V-CPT
eine sehr genaue Bestimmung der Dispersion. Für eine Vielzahl von Werten der lokalen Wechselwirkung U wurde dieses Band mit analytischen Ausdrücken der String-Dispersion gefittet
und die Parameterisierungen angegeben.
Im folgenden Kapitel wurde die Dispersion der niederenegertischen Anregungen des Hubbard-Modelles mit denen der isolierenden, einlagingen Kuprate verglichen. Obwohl das Hubbard-Modell wesentliche Eigenschaften der isolierenden Kuprate beschreibt, zeigt die Dispersion der Quasiteilchen offensichtliche Unterschiede zu den niederenergetischen Anregungen gut
Untersuchter Materialien, wie z.B. Sr2 CuO2 Cl2 und Ca2 CuO2 Cl2 . Der augenfälligste Unterschied besteht in der starken Differenz der Peak-Positionen an den Impulsen k = (π/2, π/2)
und k = (0, π), die ca. 0.4eV oder die voll Breite des Quasiteilchen-Bandes beträgt. Im Hubbard wie auch im t − J-Modell sind diese Punkt der Dispersion jedoch entartet oder zeigen
nur eine minimale Energiedifferenz. Es ist aus Studien des t − J-Modells mittels selbstkonsistenter Born-Näherung bekannt, daß die Dispersion durch Einbeziehung von längerreichweitigen Hüpfprozessen entsprechend der experimentellen Beobachtung korrigiert werden kann.
Als wichtigster Korrekturterm gilt das Hüpfen t 0 entlang der Gitterdiagonalen. Daher wurde die
CPT-Spektralfuntion des t − t 0 − U-Hubbard-Modelles im Grundzustand intensiv untersucht.
Die Spektralfunktion wurde für einen Bereich von Werten der lokalen Wechselwirkung U und
des Nächst-Nachbar-Hüpfens t 0 berechnet und mit analytischen Ausdrücken für die StringDispersion angefittet. Für U = 8t und t 0 = −0.35t konnte gute Übereinstimmung mit experimentell bestimmten Dispersion in Sr2 CuO2 Cl2 erzielt werden. Die V-CPT-Lösung zeigt dabei
die charakteristischen parabolischen Dispersionen zwischen (0, 0) − (π, 0), (π, 0) − (π, π) und
(0, 0) − (π, π) mit den niedrigsten Bindungsenergien bei k = (π/2, 0), (π, π/2) und (π/2, π/2).
Verglichen mit QMC-Simulation für das gleich Material [96] zeigt sich einzig ein Unterschied
in der Stärke der Wechselwirkung U, die dort zu U = 10t ermittelt wurde.
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Die Entwicklung der niederenergetischen Anregungen der Spektralfuntion des HubbardModelles bei endlicher Dotierung war Thema des nächsten Kapitels. Aufgrund des so genannten Vorzeichen-Problems, das die Simulation in QMC bei tiefen Temperaturen und kleinen
Dotierungen fast unmöglich macht, ist dieser Bereich des Phasendiagramms für die wichtigsten
numerische Methoden nur schwer zu bewältigen. Obwohl für CPT keine prinzipiellen Probleme
bestehen, sind für niedrige Dotierungen hier dennoch relativ große Cluster zu diagonalisieren,
die auf Grund des hohen Rechenzeitbedarfes eine Optimierung von Einteilchen-Parametern
mittels V-CPT unmöglich machen.
Zunächst wurde das t − U-Hubbard-Modell bei Lochdotierung betrachtet. Im Besonderen
wurden hier der Transfer von spektralem Gewicht bei geringen Dotierungen im Detail untersucht. Dabei konnte gezeigt werden, daß die Verlagerung von spektralem Gewicht haupts ächlich
zwischen den String-Quasiteilchenbändern des halbgefüllten Systems erfolgt. Diese Quasiteilchenbänder selbst erweisen sich bis zu Dotierungen von 8% als stabil. Die geringe Veränderung
gegenüber der Situation bei Halbfüllung zeigt dabei deutlich, daß die Physik des Antiferromagneten auch bei Dotierung eine wichtige Rolle spielt, die entscheidend f ür das Auftreten der
Supraleitung sein kann.
Weiterhin wurde mit der Dotierungs-Entwicklung der Photoemission des elektronendotierten Supraleiters Nd2−x Cex CuOCl4±δ ein Thema aufgegriffen, das durch neueste experimentelle
Fortschritte erst vor kurzer Zeit in den Vordergrund getreten ist. Dieses Material ist dabei besonders interessant, da sich impulsaufgelöstes Spektrum und Fermi-Fläche sehr gut im Rahmen
des theoretischen Szenarios eines gleichmässig dotierten Antiferromagneten beschreiben lassen. Dieses Szenario wurde kürzlich in einer Mean-Field-Studie des Hubbard Modellles im
Detail untersucht [5]. Da der antiferromagnetische Ordnungsparameter in dieser Rechnung als
Parameter fungiert, erzwingt die Selbstkonsistenz des Mean-Field-Ansatzes eine dotierungsabhängige Wechselwirkung U. Die Gültigkeit eines solchen Resultates ist von entscheidender Bedeutung für einen Grossteil der bis heute gewonnenen Erkenntnisse über die Physik des
Hubbard-Modelles, die im Wesentlichen von dotierungskonstanten Parametern ausgehen.
Ausgehend von einem konstanten Parametersatz, der bei Halbf üllung bestimmt wurde, konnte im Rahmen einer CPT-Studie des elektronendotierten t − t 0 − U Hubbard-Modelles gezeigt
werden, daß das volle, nicht mean-field-entkoppelte Hubbard-Modell ebenfalls eine sehr gute Übereinstimmung mit den experimentellen Daten von Nd 2−x Cex CuOCl4±δ zeigt. Im Gegensatz zum Mean-Field-Ansatzes konnten in dieser Rechnung nicht nur die niederenergetischen, sondern auch energetisch tiefer liegende Merkmale konsistent beschrieben werden. Das
“schliessen” des Mott-Gaps tritt in der CPT damit als Transfer von spektralem Gewicht über den
Mott-Gap zu Tage was das theoretisch postuliert Phänomen einer dotierungsvariablen Wechselwirkung unnötig macht.
Im letzte Abschnitt zum Thema Ein-Band-Hubbard-Modell wurden mit der Dotierungsabhängigkeit des Fermi-Flächen-Volumens eine Größe untersucht, die eng mit der Ursache des
Fehlschlagens von diagramatischen (schwach koppelnden) Methoden bei starken Korrelationen
verbunden ist. Für Fermi-Flüssigkeiten, für die schwach koppelnde Methoden anwendbar sind,
gilt das Luttinger-Theorem, aus dem ein konstantes Volumen der Fermi-Fläche bezüglich der
lokalen Wechselwirkung U im Hubbard-Modell folgt. Das Volumen verläuft dabei linear zur
Dotierung.
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Im Rahmen einer CPT-Studie der Dotierungsabhängigkeit der Fermi-Fläche wurde nun das
Volumen VF für unterschiedliche Dotierungen bei U = 8t untersucht. Dabei zeigte sich, daß
VF für kleine Dotierungen bis ca. 10 % stark vom Volumen des freien Systems abweicht. Ein
direkter Vergleich mit der Fermi-Fläche des freien Systems und der Hubbard-I-Näherung ergab
sogar, daß die CPT-Fermi-Fläche kategorisch zwischen diesen beiden Extremfällen liegt und
damit das Luttinger-Theorem immer verletzt. Für große Dotierungen wird der Volumenunterschied zwischen U = 0t und U > 0t allerdings schnell sehr klein, so daß sich das m ögliche
Nicht-Fermi-Flüssigkeits-Verhaltens auf einen engen Bereich nahe Halbfüllung beschränkt.
Im inhaltlich zweiten großen Teil dieser Arbeit wandten wir uns dem komplexeren, doch
realistischeren Drei-Band-Modell zu. Eines der zentrale Ziele stellt dabei die Erweiterung des
Erkenntnisstandes über die impulsaufgelöste Intensitäten der Photoemission, die neben der
Einteilchen-Greensfunktion hauptsächlich von den Matrixelementen der Photoemission abhängt,
dar.
Neben einfachen analytischen Nährungen für die Intensität des ZRS sollte dabei auch die
CPT zur Berechnung benötigten Greensfunktionen zum Einsatz kommen, die daher auf Ihre Verwendbarkeit im Rahmen des Drei-Band-Modelles überprüft wurde. Zunächste wurden
die Ergebnisse der CPT für die Spektralfuntion des Drei-Band-Modelles mit denen von QMCSimulationen bei tiefen, aber endlichen Temperaturen verglichen. Obwohl wegen der vergr össerten Einheitszelle die CPT-Greensfuntion nur für ein relative kleines Referenzsystem von
2 × 2 Einheitszellen berechnet werden kann, wurde erstaunlich gute Übereinstimmung zwischen CPT und QMC gefunden. Relevante Abweichungen waren im Wesentlichen nur durch
die endliche Temperatur der QMC-Simulation bestimmt, die zu Transfer von spektralem Gewicht hin zu k = (π, π) führt.
Ähnlich dem Ein-Band-Modell finden sich in der CPT-Rechnung des Drei-Band-Modelles
keine klar identifizierbaren String-Quasiteilchen. Durch k ünstliche Erzeugung einer antiferromagnetischen Ordnung in einer Drei-Band-Version der V-CPT treten Quasiteilchenb änder
zum Vorschein, die für gängige Parameterisierungen sehr gut den experimentellen Daten und
den Ergebnissen für das Ein-Band-Modell entsprechen. Nach unserem Kenntnisstand konnten
diese Quasiteilchenbänder in einer direkten Berechnung der Spektralfunktion des Drei-BandModelles zum ersten mal gefunden werden.
Abschliessend wurde in diesem Kapitel die Fermi-Fläche des Drei-Band-Modelles untersucht. Im speziellen wurde dabei auf die unterschiedlichen Geometrien der Fermi-Fläche Bezug
genommen, wie sie in neuesten Photoemissiondaten von Bi 2 Sr2 CaCu2 O8+δ bei unterschiedlichen Enerien der einfallenden Photonen gefunden wurden. Hierbei wurde der Effekt einer kleinen Kopplung zwischen den CuO2 -Ebenen der Kuprate betrachtet. Es konnte gezeigt werden,
daß bei realistischer Parameterisierung schon eine sehr kleine Hybridisierung zwischen den
Ebenen zu einem starken Effekt in der Fermi-Fläche führt, dem sogennanten Bilayer-Splitting.
Dieser Effekt ist im Experiment aufgrund der nötigen Auflösung schwer nachzuweisen. Trotz
der kleinen Systeme, die für das Dreiband-Modell möglich sind, erweist sich die CPT damit
zusammenfassend als geeigente numerische Methode zur Unterstützung der hauptsächlich auf
analytischen Erwägungen beruhenden Analyse der Photoemissions-Matrixelemente.
Die Beobachtung verschiedener Topologien der Fermi-Fläche bei verschiedenen PhotonenEnergien in ARPES brachte uns direkt zu einem weiteren Hauptanliegen dieser These, nämlich
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den Photoemission-Matrixelementen und der Interpretation experimenteller Photoemissionsdaten.
Eine Theorie der ARPES-Intensität der CuO2 -Ebene in Abhängigkeit der Energie und Polarisation der einfallenden Photonen wurde vorgestellt. Wegen der unfangreichen Problemstellung
konnten nur die Aspekte direkt Diskutierte werden, die aus der internen Struktur des ZhangRice-Singletts und der (angenommenen) Existenz von Oberflächenresonanzen herrühren.
Die Geometrie der Orbitale, die den ersten Ionisationszustand der CuO 2 -Ebene formen,
führt zu einer ausgeprägten Anisotropie des Photostromes. Dies zeigt sich in einer starken
Abhängigkeit der Intensität von der Polarisierung des einfallenden Lichtes. Diese Tatsache kann
man sich durch geeignete Wahl der Photon-Polarisation zunutze machen und die Intensit ät
die in einem ARPES-Experiment beobachtet wird, deutlich erh öhen. Es wurde ein einfaches
Modell zur Abschätzung solcher “optimierter” Werte der Polarisation und der Brillouin-Zone
vorgestellt, bei denen maximale Intensität für einen gegebenen Impuls k beobachtet werden
kann. Desweiteren konnte gezeigt werden, daß es für ein Zhang-Rice-Singlett eine starke Tendenz der Emission von Photoelektronen in kleine Winkel relative zur CuO 2 -Ebene gibt. Dies
kann wiederum zum Einfangen dieser Photoelektronen in Zuständen an der Oberfläche der Probe führen, so genannte Oberflächenresonanzen. Solche Oberflächenresonanzen sind zumindest
in einem Kuprat, dem Sr2 CuO2 Cl2 , wohlbekannt. Im Folgenden wurde nun eine Erklärung
für die ausgeprägte Abhängigkeit der ARPES-Intensitäten von der Photonen-Energie in diesen Materialien vorgeschlagen. Im Rahmen einer einfachen Modelrechnung wurde weiterhin
gezeigt, daß Oberflächenresonanzen zu scheinbaren Fermi-Flächen in Bereichen der flachen
Bänder um k = (π, 0) führen kann. Ein Auftreten von Oberflächenresonanzen kann damit als
Erklärung der Beobachtung anscheinend verschiedener Fermi-Flächen-Geometrien in Bi2 Sr2 CaCu2 O8+δ bei 22eV und bei 34eV herangezogen werden. Dieser Effekt kann zudem noch
mit einem möglichen Bilayer-Splitting [132, 142] und Supergitter-Umklapp-Effekten [124] in
Bi2 Sr2 CaCu2 O8+δ wechselwirken. Die Existenz oder Nicht-Existenz solcher Oberflächenresonanzen sollten in jedem Fall experimentell geklärt werden, da die mögliche Beobachtung
“künstlicher” Anteile der Fermi-Fläche nahe k = (π, 0) in ARPES starke Auswirkungen für
unser Verständnis der Kuprate hat.
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seit 06.2003

Studium der Physik (Diplom) an der Bayerischen JuliusMaximilians-Universität, Würzburg
Studium der Physik an der University of Edinburgh, Schottland
Studium der Physik (Diplom) an der Bayerischen JuliusMaximilians-Universität, Würzburg.
Abschluß mit dem Diplom im Fach Physik
Diplomarbeit:
Dynamik des Hubbardmodells mit längerreichweitiger
Wechselwirkung
bei Prof. Dr. W. Hanke, Lehrstuhl für Theoretische Physik I
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