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Chapter 1

Introduction

The discovery of neutrino masses and mixing by a combination of solar and atmospheric
neutrino observations, as well as reactor and accelerator experiments [2{16] has now ¯rmly
established the incompleteness of the Standard Model (SM). This experimental progress is
accompanied by a strong e®ort from theorists to explain the nature and source of the neutrino
masses and their °avor transitions. The most elegant model for neutrino mass generation is
the seesaw mechanism [17{19], in which very heavy right-handedneutrinos are introduced to
the particle spectrum of the Standard Model. The seesaw mechanism can naturally explain
the puzzling smallness of the left-handed neutrino masses, whichare suppressed by the heavy
masses of the right-handed neutrinos,mº = (100 GeV)2=MR . With neutrino masses of the
order mº ¼ 0:1 eV, the mass scaleMR of the right-handed neutrinos is expected to be around
1014 GeV, i.e. close to the scaleM GUT ¼ 1016 GeV of Grand Uni¯ed Theories (GUTs). This
means that the low energy neutrino observables can act as an indirect probe to physics at
the GUT scale.

A major drawback of the seesaw model is that it contains many free parameters, which
can not be constrained by measurements of the light neutrino sector. In principle, neutrino
mixing also implies charged lepton °avor violation (LFV), but this is strongly suppressed if
only right-handed neutrinos are added to the Standard Model. In the seesaw mechanism,
lepton °avor violating processes, like the decay¹ ! e°, are vanishingly rare. Thus, charged
lepton °avor violating processes can not be used to probe the seesawmechanism, leaving
the neutrino sector as the only source of information.

This picture changes dramatically if we supersymmetrize the theory. Independent from
neutrino physics, supersymmetry (SUSY) is a fascinating theoretical concept, and is generally
considered as the most promising candidate for a theory of physics above the TeV scale.
Among many other virtues, SUSY provides an answer to the potential Higgs mass instability
of the Standard Model and naturally permits the uni¯cation ofgauge couplings at the GUT
scale. Upcoming and planned future colliders, like the Large Hadron Collider (LHC) at
CERN or TESLA, are designed to look for SUSY signals and, if found,to test the properties
of the supersymmetric particles.

Combining supersymmetry and seesaw mechanism crucially a®ects the renormalization
group equations (RGEs) of the theory. The slepton mass and trilinear coupling matrices
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receive °avor violating corrections due to virtual e®ects of the right-handed neutrinos. The
lepton °avor violation apparent in the neutrino sector is transmitted to the slepton sector, or
to put it more appropriately, both are generated by the same mechanism. Generically, decay
rates of the processes¹ ! e° and ¿ ! ¹° can be expected close to their current experimental
limits. This is particularly interesting, since some of the existing bounds will be improved
signi¯cantly in the near future. The above LFV processes have been studied [20{48] in the
context of the SUSY seesaw model, all pointing out that rare decays, especially¹ ! e°, can
considerably constrain the seesaw parameter space.

Rare decays are not the only possible observables for LFV, though. A main virtue of
experiments at ane+ e¡ linear collider (LC) is the clean environment allowing studies of
the production and decay of new particles with low background. This not only enables
precision measurements of particle properties, but also searches for very rare processes and
small e®ects. Phenomenological investigations have indicatedhow tests of LFV at a high-
energy LC could nicely complement searches for lepton °avor violating rare decays such as
¹ ! e°. Previous work [49{63] has mainly focussed on slepton pair production assuming
two-generation slepton mixing, whereas we include the full three-generation °avor transi-
tions in all our calculations. There also exist correlations between LFV in the high-energy
e§ e¡ collisions and the radiative lepton decays, which are relatively weakly a®ected by the
parameters of the neutrino sector, but very sensitive to the SUSYparameters. Consequently,
they could play an important role in probing the class of models of LFV studied here. In
addition, slepton masses can be measured with very high precision. Although not a lepton
°avor violating e®ect, the inclusion of right-handed neutrinos modi¯es the slepton masses.
Their determination can provide important information on the seesaw parameter space.

The main goals of this thesis are: First, to provide a reliable computational scheme
for the calculation of slepton mass corrections and their impact on the most important
experimental observables. To this end, we implement the full minimal supersymmetric seesaw
model renormalization group equations to one-loop order. This basis is then used to analyze
in detail the connection between neutrino parameters, SUSY parameters of the mSUGRA
constrained minimal supersymmetric Standard Model (MSSM), theoretical assumptions on
the high energy seesaw model and the measurable observables. Emphasis is put on the rare
decaysl i ! l j ° , slepton pair production processes ate§ e¡ colliders and precision slepton
mass measurements, especially on their di®erent sensitivities andcorrelations. The ultimate
goal is to use all this information to determine the high energy seesaw parameters from
observables at or below collider energies.

Following this introduction, we present in Chapter 2 the basics of the the minimal super-
symmetric Standard Model as far as needed for our discussion. In Chapter 3, we discuss the
LFV observables and experiments, most importantly low energy rare decays and slepton pair
production at linear colliders. Chapter 4 contains the theoretical framework of the super-
symmetric seesaw model, together with a short review of leptogenesis and neutrino physics.
These general results are then applied in Chapters 5 and 6 to twointeresting cases, namely
(quasi-)degenerate and hierarchical right-handed neutrino masses. In Chapter 7, we present
a general scheme that can be used to reconstruct the high energy seesaw parameters from
low energy observables. Finally, a conclusion is given in Chapter 8.
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Chapter 2

Supersymmetry

2.1 Beyond the Standard Model

The Standard Model of elementary particle physics is a highlysuccessful theory of the
known particles and their interactions. The SM is a gauge theory, in which the gauge group
SU(3)c £ SU(2)L £ U(1)Y is spontaneously broken to SU(3)c £ U(1)EM by the nonvanishing
vacuum expectation value (VEV) of a fundamental scalar ¯eld, theHiggs boson, at energies of
the order 100 GeV¡ 1 TeV. Despite its success to describe non-gravitational and microscopic
phenomena, there are a number of theoretical and phenomenological issues that the SM fails
to address properly:

Hierarchy problem. The mass of the Higgs boson associated with electroweak symmetry
breaking has to be in the electroweak range. However, radiative corrections to the
Higgs mass are quadratically dependent on the ultraviolet cuto® scale ¤, since the
masses of fundamental scalar ¯elds are not protected by chiral orgauge symmetries.
The natural value of the Higgs mass is therefore ofO(¤) rather than O(100 GeV),
leading to a destabilization of the mass scales hierarchy in theSM, if the scale ¤ of
new physics is much larger than the electroweak scale. In otherwords, to achieve
mh ¼ O(100 GeV) it is necessary to ¯ne-tune the scalar mass-squared parameter
m2

0 ¼ ¤ 2 of the fundamental ultraviolet theory to a precision ofm2
h=¤ 2 (= 10 ¡ 28 for

¤ = 10 16 GeV and mh = 100 GeV).

Electroweak symmetry breaking (EWSB). In the SM, electroweak symmetry breaking
is parameterized by the Higgs bosonh and its potential V(h). However, the parameters
of the Higgs sector are not ¯xed within the Standard Model, and they must be put
into the theory by hand.

Gauge coupling uni¯cation. Precise measurements of the low energy values of the gauge
couplings have demonstrated that the SM cannot describe gaugecoupling uni¯cation
[64] accurately enough. Uni¯cation would be desirable to embedthe SM gauge theory
into a larger gauge group of a Grand Uni¯ed Theory (GUT), like SO(10).
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Generation structure and fermion masses. The SM does not explain the existence of
three generations and can only parameterize the strongly hierarchical values of the
fermion masses. The discovery of neutrino masses implies that the theory has to be
extended, as the neutrinos in the SM are strictly left-handedand massless.

Cosmological problems. Several di±culties are encountered when trying to build cosmo-
logical models based solely on the SM particle content. The SM cannot explain the
baryon asymmetry of the universe; although the Sakharov criteria [65] for baryogenesis
can be met, the baryon asymmetry generated at the electroweakphase transition is
too small. The SM also does not provide a viable candidate for the cold dark matter
of the universe.

Therefore, the Standard Model has to be extended. Theories with low energy supersymmetry
have emerged as the strongest candidates for physics beyond theSM. There are various
reasons to expect that low energy supersymmetry is the probableoutcome of experimental
progress and that it will be directly con¯rmed at an upcoming collider.

In the simplest supersymmetric world, each particle has a superpartner which di®ers in
spin by 1/2 and is related to the original particle by a supersymmetry transformation. Since
supersymmetry relates the scalar and fermion sectors, the chiralsymmetries which protect
the masses of the fermions also protect the masses of the scalars from quadratic divergences,
leading to a solution of the hierarchy problem.

Supersymmetry is de¯ned as a symmetry relating bosonic and fermionic degrees of free-
dom,

QjB i ! j F i ; QjF i ! j B i ; (2.1)

whereQ denotes the spin 1/2 generator of the supersymmetry algebra. InN = 1 supersym-
metry (i.e. there is one such generator) in four dimensional spacetime, the supersymmetry
algebra is given by the anti-commutator

f Q®; Q¯ g = 2¾¹
®¯ P¹ ; (2.2)

with the Pauli matrices ¾¹ , spinor indices®; ¯ and particle momentum P¹ . This shows
that the supersymmetry algebra includes the Poincare algebraof spacetime (momentum
and angular momentum generators have vanishing commutatorswith the supersymmetry
generators). The irreducible representations of the supersymmetry algebra are called super-
multiplets, the two most important being:

Chiral supermultiplets, containing one complex scalarÁ, one two-component chiral fermion
Ã, and an auxiliary scalar ¯eld F .

Vector supermultiplets, containing a spin 1 vector gauge bosonV a
¹ , a Majorana spinor

¸ a (called gaugino) and a scalar auxiliary ¯eldD a (a is the adjoint representation index
of the respective gauge group).

In the construction of supersymmetric theories, these supermultiplets (or their ¯eld theoret-
ical counterparts, the super¯elds) are very convenient.
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Supersymmetry must be a broken symmetry, because exact SUSY woulddictate that
every superpartner is degenerate in mass with its corresponding SM particle, which is clearly
ruled out by experiment. Possible ways to achieve a spontaneousbreaking of supersymmetry
depend on the form of the high energy theory. Supersymmetry may even be explicitly broken
without losing its ability to solve the hierarchy problem as long as the breaking is of a certain
type known as soft breaking. If supersymmetry is broken softly, the superpartner masses can
be lifted to a phenomenologically acceptable range. The scale of the mass splitting between
the two partners should be of the order of 100 GeV¡ 1 TeV because it then can be tied
to the scale of electroweak symmetry breaking. In any case, the e®ective Lagrangian at the
electroweak scale is expected to be parameterized by a general set of soft supersymmetry-
breaking (SSB) terms if the attractive features of supersymmetry are to be maintained, and
the Lagrangian can be separated as

L = L SUSY + L soft ; (2.3)

with the supersymmetric part L SUSY and the SUSY violating part L soft . If low energy
supersymmetry indeed o®ers the solution to the hierarchy problem, direct evidence of the
existence of the superpartners should be discovered within the next decade, either at current
experiments at the upgradedp¹p Fermilab Tevatron collider or at the upcoming LHC at
CERN.

Low energy supersymmetry has long been considered the best-motivated possibility for
new physics at the TeV scale not only for theoretical reasons, butalso for its successful
explanations and predictions:

Hierarchy problem. The SM Higgs sector has two 'naturalness' problems. One is the
technical naturalness problem associated with the absence of a symmetry protecting
the Higgs mass at the electroweak scale when the natural cuto® scale is at or above
the GUT scale, as already mentioned above. The second problem isassociated with
explaining the origin of the electroweak scale, when a more fundamental embedding
theory such as a GUT or string theory is typically de¯ned at a scale about 1014 times
larger than the electroweak scale. This is often referred to as the gauge hierarchy
problem.

Supersymmetry provides a solution to the technical hierarchyproblem, as the Higgs
mass parameter is not renormalized as long as SUSY is unbroken.Supersymmetry also
softens the gauge hierarchy problem by breaking the electroweak symmetry radiatively
through logarithmic running, mitigating the e®ect of the large number¼ 1014.

Radiative EWSB. With plausible boundary conditions at a high scale, low energysuper-
symmetry can provide the explanation of the origin of electroweak symmetry breaking
[66]. Schematically, the SM e®ective Higgs potential has the form V(h) = m2h2 + ¸h 4.
First, supersymmetry requires that the quartic couplinģ is a function of the U(1)Y
and SU(2) gauge couplings,̧ = ( g2

1 + g2
2)=2. Second, them2 parameter runs to neg-

ative values at the electroweak scale, driven by the large topquark Yukawa coupling.
Thus the 'Mexican hat' potential with a minimum away from h = 0 emerges naturally.
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Gauge coupling uni¯cation. In contrast to the SM, the minimal supersymmetric Stan-
dard Model presented in the next section allows for the uni¯cation of the gauge cou-
plings [67,68]. The extrapolation of the low energy values of the gauge couplings using
renormalization group equations of the MSSM particle content show that the gauge
couplings unify at the scaleM GUT ¼ 2 ¢1016 GeV [69, 70]. Gauge coupling uni¯cation
and electroweak symmetry breaking depend on essentially the same physics since each
needs the SUSY breaking parameters and the Higgs mixing term¹ to be of the order
of the electroweak scale.

Cold dark matter. In supersymmetric theories, the lightest superpartner (LSP) canbe
stable. It then provides a suitable cold dark matter candidate[71]. Estimates of its
relic density are of the right order of magnitude to provide the observed amount.

2.2 The Minimal Supersymmetric Standard Model

The MSSM is de¯ned to be the minimal supersymmetric extension of the SM, and hence
is a SU(3)c£ SU(2)L £ U(1)Y supersymmetric gauge theory together with the most general
set of soft supersymmetry-breaking terms. The known matter and gauge ¯elds of the SM
are promoted to super¯elds in the MSSM: each known particle hasa presently unobserved
superpartner. The superpartners of the SM chiral fermions arespin zero sfermions. The
superpartners of the gauge bosons are the spin 1/2 gauginos.

The Higgs sector of the MSSM di®ers from that of the SM. It consists of two Higgs
doublets Hu and Hd, which couple at tree level to up and down type chiral fermions sep-
arately. Both are required for the theory to be anomaly free and the superpotential to be
holomorphic.

The complete particle content of the MSSM is shown in Table 2.1. In the following,
symbols with hats denote super¯elds while those with tildes denote superpartner ¯elds. The
MSSM superpotential is [72]

W = ûcT YuQ̂ ¢Ĥu ¡ d̂cT YdQ̂ ¢Ĥd ¡ êcT YeL̂ ¢Ĥd + ¹ Ĥu ¢Ĥd; (2.4)

where the dot stands for SU(2) index contraction,A ¢B = ²®¯ A®B ¯ , with the antisymmetric
tensor ²®¯ (²12 = +1). The lepton and quark ¯elds in (2.4) are three component objects in
°avor space, e.g.L̂T = ( L̂e; L̂ ¹ ; L̂¿). Consequently, the Yukawa termsYu; Yd; Ye are 3£ 3
matrices. There are additional renormalizable couplings [72]

WR= = ¸ ijk L̂ i L̂ j êc
k + ¸ 0

ijk L̂ i Q̂j d̂c
k + ¸ 00

ijk ûc
i d̂

c
j d̂

c
k ; i; j; k = 1; 2; 3; (2.5)

allowed by gauge invariance, which violate baryon and lepton number. Such couplings could
lead to rapid proton decay and certain combinations are strongly constrained. In the MSSM
a discrete symmetry calledR-parity ( B : baryon number,L: lepton number,S: spin),

R = ( ¡ 1)3(B ¡ L )+2 S; (2.6)
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Super¯eld Boson Fermion Description
ĝ g ~g gluons/gluinos
Ŵ W ~W W bosons/winos
B̂ B ~B B boson/bino
L̂ (~º; ~e)L (º; e)L l.h. (s)neutrinos, ch. (s)leptons
êc ~e¤

R ec
L r.h. charged (s)leptons

Q̂ (~u; ~d)L (u; d)L l.h. (s)quarks
ûc ~u¤

R uc
L r.h. up-type (s)quarks

d̂c ~d¤
R dc

L r.h. down-type (s)quarks
Ĥd (h0

d; h¡
d )L (~h0

d; ~h¡
d )L down-type Higgs(inos)

Ĥu (h+
u ; h0

u)L (~h+
u ; ~h0

u)L up-type Higgs(inos)

Table 2.1: Particle content of the MSSM.

is imposed which forbids all couplings in (2.5). The usual Standard Model particles have even
R-parity, R = +1, while their superpartners have oddR-parity, R = ¡ 1. The conservation
of R has very important consequences:

² The lightest sparticle with R = ¡ 1 (the LSP) is stable, and hence a possible candidate
for cold dark matter.

² Sparticles can only be produced in even numbers.

² Each sparticle other than the lightest supersymmetric particle(LSP) must ¯nally decay
into a state with an odd number of LSPs.

The necessity of supersymmetry being broken at low energies implies the appearance of
supersymmetry-breaking terms in the Lagrangian. In order notto reintroduce the hierarchy
problem only a certain subset of all possible SUSY-breaking terms should be implemented.
One then arrives at the soft SUSY-breaking (SSB) Lagrangian [72{74],

¡L soft =
1
2

( ~M 1
~B ~B + ~M 2

~W ~W + ~M 3~g~g)

+
³

~ucT Au
~Q ¢Hu ¡ ~dcT Ad

~Q ¢Hd ¡ ~ecT Ae
~L ¢Hd + BH u ¢Hd + h.c.

´

+ ~Qym2
~Q

~Q + ~ucym2
~u ~uc + ~dcym2

~d
~dc + ~L ym2

~L
~L + ~ecym2

~e~ec

+ m2
hd

jHdj2 + m2
hu

jHu j2 ; (2.7)

where ~M 1; ~M 2; ~M 3 are bino, wino and gluino masses, respectively (the adjoint representation
gauge indices of the wino ¯elds are omitted). The second line in(2.7) consists of trilinear
(scalar)3 couplings with arbitrary matrices Au; Ae; Ad and the SSB Higgs mixing parameter
B . The third line contains soft SUSY-breaking contributions to the sfermion masses with the
3£ 3 hermitian matricesm2

~Q
; m2

~u; m2
~d
; m2

~L
; m2

~e. Explicit Higgs mass contributions are found in
the last line. All parameters are completely arbitrary withinthe MSSM. If for example the
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entries ofm2
~L

are all of comparable size, the induced lepton °avor and CP violation would be
disastrously large. This makes the need for an additional theoretical framework apparent.

The terms in (2.7) explicitly contribute to masses and interactions of the superpartners
but not to their SM counterparts. The underlying supersymmetrybreaking is assumed to be
spontaneous, presumably taking place in a hidden sector as in thesupergravity framework
to be discussed in Section 2.3. All the quantities inL soft receive radiative corrections and
thus are scale dependent, satisfying known renormalization equations, which are given in
Appendix C.2 (for the MSSM without right-handed neutrinos).

The soft parameters clearly have a signi¯cant impact on the MSSMmass spectrum and
mixing. The mass matrices of the sfermions are generally not diagonal in the fermion mass
basis, giving rise to °avor violating terms. Gauginos and higgsinos with equal electric charges
mix, the mass eigenstates of the charged ones denoted as charginos and the neutral ones as
neutralinos. Details on the construction and diagonalization of sparticle mass matrices can
be found in Appendix B.

One of the most important successes of supersymmetry is that it can provide a natural
mechanism for understanding Higgs physics and electroweak symmetry breaking [66, 74].
This mechanism requires correlations among the Higgs soft SUSY-breaking parameters and
the supersymmetric Higgs mass parameter¹ . The two electroweak Higgs doublets in the
MSSM are

Hu =
µ

h+
u

h0
u

¶
; Hd =

µ
h0

d
h¡

d

¶
; (2.8)

with hypercharges§ 1=2, respectively. For successful electroweak symmetry breaking,the
neutral components of the doublets acquire nonzero vacuum expectation values,

hHu i =
µ

0
vu

¶
; hHdi =

µ
vd

0

¶
; (2.9)

wherevd and vu can be chosen real and positive. The connection to the SM requires that

v2
d + v2

u = v2 =
2m2

Z

g2
1 + g2

2
¼ (174 GeV)2: (2.10)

The important SUSY parameter tan̄ is de¯ned as the ratio of the VEVs,

tan ¯ =
vu

vd
: (2.11)

Electroweak symmetry breaking takes place when the Higgs potential is minimized for
nonzerovd and vu. At tree level, the condition for this to happen can be expressed as [72,75]

j¹ j2 =
1
2

¡
tan 2¯

¡
m2

hu
tan ¯ ¡ m2

hd
cot ¯

¢
¡ m2

Z

¢
;

B =
sin 2̄

2

¡
m2

hd
+ m2

hu
+ 2j¹ j2

¢
: (2.12)

Although it is not necessary nor su±cient, EWSB generically occurs if m2
hu

in (2.7) is neg-
ative. A feature of the MSSM is that this up-type Higgs soft (mass)2 parameter is driven
to negative values due to the large top quark Yukawa couplingeven if it is positive at some
high energy scale. This is known as radiative electroweak symmetry breaking.
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2.3 Minimal supergravity

For the theoretical treatment of spontaneous SUSY breaking itis generally assumed that
the theory can be split into two sectors with no direct renormalizable couplings between
them [76{78]:

² An observable sector,containing the SM ¯elds plus superpartners.

² A hidden sector,in which SUSY is spontaneously broken.

Within such a framework, supersymmetry breaking is communicated from the hidden sector
to the observable sector via suppressed interactions.

As gravitational interactions are shared by all particles, gravitation is a popular candi-
date for the mediation of supersymmetry breaking. Also, promoting global SUSY to local
SUSY naturally leads to supergravity, an e®ective ¯eld theory ofgravitation. Supergravity
interactions are suppressed byMPlanck ¼ 1018 GeV, leading to a gravitino (the spin 3/2
partner of the spin 2 graviton) mass of the order

m3=2 ¼
M 2

S

MPlanck
; (2.13)

where MS is the scale of spontaneous supersymmetry breaking. Generically, m3=2 sets the
scale of all soft SUSY-breaking parameters,msoft . For viable phenomenology, this infers
m3=2 ¼ msoft ¼ O(1 TeV) and MS ¼ 1011 GeV.

In the minimal supergravity framework one assumes that the KÄahler potential (an ingre-
dient from which the supergravity Lagrangian is constructed)has canonical form,

K (©̂i ) =
X

i

j©̂i j2; (2.14)

where the©̂i are all MSSM chiral super¯elds and those hidden super¯elds that participate
in SUSY breaking. This leads to a common soft scalar massm0, a common gaugino mass
m1=2, and a common trilinear couplingA0 in the soft SUSY-breaking LagrangianL soft (2.7)1,

m2
~Q = m2

~d = m2
~u = m2

~L = m2
~e = m2

0I ;

m2
hu

= m2
hd

= m2
0;

Au = A0Yu; Ad = A0Yd; Ae = A0Ye;
~M 1 = ~M 2 = ~M 3 = m1=2; (2.15)

at the Planck scale, highly constraining the MSSM parameter space. It is common practice to
adopt the above conditions atM GUT rather than MPlanck , because the physics above the GUT
scale is not known without specifying a GUT group. Thus, the soft scalar mass matrices are
all diagonal, °avor degenerate and even universal among all sfermion species atM GUT . The

1Throughout this work, the 3 £ 3 identity matrix is denoted by I .
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Figure 2.1: Running of the SUSY breaking parameters ~M i , m~L , m~e, A¿ = ( Ae)33 in the
mSUGRA scenario SPS1a.

universality and °avor degeneracy of the sfermion masses is not conserved at the electroweak
scale due to the MSSM RGEs in Appendix C.2. As an example, this is shown in Figure 2.1
for one of the mSUGRA scenarios used in this work. On the other hand, the MSSM RGEs
do conserve the lepton °avor.

Through successful radiative electroweak symmetry breaking (2.12), it is possible to trade
the Higgs parameters¹ and B for the EW breaking parameter tan̄ and the sign of¹ (we are
assuming that all parameters are real, otherwise, the phase of¹ would remain undetermined).
This leaves us with the following set of independent parameters,

m0; m1=2; A0; tan ¯; sign¹; (2.16)

in the mSUGRA constrained MSSM.
In this work we use mSUGRA benchmark scenarios proposed in [79] and one Snowmass

scenario [80]. The sparticle spectra corresponding to these scenarios are consistent with all
experimental and cosmological constraints, in particular with

² direct sparticle searches,

² b ! s° ,

² cosmological relic density, with the lightest neutralino as lightest SUSY particle and
dark matter candidate,

² Higgs searches.
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B' C' G' I' SPS1a
m1=2 250 400 375 350 250
m0 60 85 115 175 100
A0 0 0 0 0 -100
tan ¯ 10 10 20 35 10
¹ +333 +503 +471 +439 +352
h0 113 116 117 116 114
~eR ; ~¹ R 121 180 189 224 143
~¿1 112 172 162 155 133
~eL ; ~¹ L 188 289 285 300 202
~¿2 192 291 291 310 206
~º e;¹ 171 278 273 289 186
~º ¿ 187 277 270 277 185
~Â0

1 98 163 153 143 96
~Â0

2 181 310 289 270 176
~Â0

3 346 519 489 464 358
~Â0

4 365 535 504 478 377
~Â§

1 180 309 290 270 176
~Â§

2 367 535 505 479 378

Table 2.2: Fundamental parameters and particle masses in the mSUGRA benchmark
scenarios used. All values are in GeV except for the dimensionless parameter tan̄ .

The values of the mSUGRA parameters (2.16) in the benchmark scenarios used are listed
in Table 2.2, along with the most important particle masses at low energies. The masses
have been calculated using the procedures presented in Appendix B. We constrain ourselves
to those scenarios which lead to su±ciently light sleptons, so that the production of slepton
pairs containing a large admixture of at least one left-handed ~lL component is possible atp

s = 500 GeV or at most 800 GeV. Also, we will mainly concentrate on thescenario SPS1a
which has become a standard within the SUSY collider physics community. Its sparticle
mass spectrum is shown in Figure 2.2. The other scenarios will be used to highlight possible
alternatives.
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Chapter 3

Slepton °avor violation

As has been noted in the preceding chapter, there exist in general many possible sources of
lepton °avor violation in the MSSM, in the form of °avor non-diagonal slepton mass terms
and trilinear couplings. Potentially, they can lead to disastrously large LFV process rates.
The introduction of the mSUGRA constrained parameter space with its universal and °avor-
diagonal masses cured this problem by removing all o®-diagonalterms. In this chapter we
introduce small deviations (±m2

~X
) ij , concentrating on the left-handed slepton sector,

m2
~L = diag

¡
(m2

~L )11; (m2
~L )22; (m2

~L )33
¢

+

0

@
(±m2

~L
)11 (±m2

~L
)12 (±m2

~L
)13

(±m2
~L
)¤

12 (±m2
~L
)22 (±m2

~L
)23

(±m2
~L
)¤

13 (±m2
~L
)¤

23 (±m2
~L
)33

1

A : (3.1)

Here, (m2
~L
) ii are the diagonal terms of the °avor-conserving mSUGRA framework. The

additional terms in (3.1) anticipate the contributions from adding right-handed neutrinos
to the MSSM particle content in the supersymmetric seesaw mechanism, as will be outlined
in Chapter 4. Constraints from LFV processes naturally lead to bounds on the quantities
(±m2

~L
) ij . In the following we review the most important processes that can be used to limit

or determine these parameters.
It should be noted that the results of this chapter are model independent. We only assume

that the charged lepton °avor violation is generated by o®-diagonal left-handed slepton mass
terms as in (3.1). The actual process calculations do not evendepend on this assumption
but hold for arbitrary slepton mixing as described in Appendices B.3 and B.4.

3.1 Low energy loop processes

3.1.1 l i ! l j °

The classical probes, yielding the most stringent bounds, in the search for °avor changing
neutral currents (FCNC) have been the processes¹ ! e°, ¿ ! ¹° and ¿ ! e°. The current
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l i ~l
°

l j

~Â0

l i ~º

°

l j

~Â¡

Figure 3.1: Diagrams for l ¡i ! l ¡j ° in the MSSM

limits on the branching ratios of these processes are:

Br (¹ ! e°) < 1:2 ¢10¡ 11 [81,82];
Br (¿ ! ¹° ) < 3:1 ¢10¡ 7 [83,84];
Br (¿ ! e°) < 3:7 ¢10¡ 7 [81]:

(3.2)

The MEG experiment at PSI and data from B-factories are expected to improve the sensi-
tivities on Br (¹ ! e°) and Br (¿ ! ¹° ), respectively, in the near future:

Br (¹ ! e°) ¼ 10¡ 13 [85];
Br (¿ ! ¹° ) ¼ 10¡ 8 [84,86]:

(3.3)

In addition, searches for¿ ! ¹° at the LHC or SUPERKEKB may reach a level ofBr ¼
10¡ 9.

In the MSSM, contributions to these processes can arise from diagrams with charged
sleptons or sneutrinos in the loop if there is a non-vanishing °avor mixing in the slepton
sector. The Feynman diagrams for the processl i ! l j ° are shown in Figure 3.1, from which
one obtains the following decay rate [35,48],

¡( l i ! l j ° ) =
e2

16¼
m5

l i

¡
jAL

ij j2 + jAR
ij j2

¢
; ml i À ml j ; (3.4)

where the coe±cientsAL and AR are given in Appendix D.1. Becauseml i À ml j and m2
~e

is assumed to be diagonal (this will hold to a very high degree inthe SUSY seesaw, see
Chapter 4), one hasAR À AL [21, 22]. The dominant contribution in (3.4) can then be
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approximated by1 [87]

AR
ij =

1
ml i

(ACR
ij + ANR

ij ); (3.5)

ACR
ij ¼

1
32¼2

g2ml ip
2mW c̄

2X

a=1

3X

k=1

m~Â¡
a

m2
~º k

(O1)a1 (O2)a2 (U¤
~º ) jk (U~º ) ik F C

2

Ã
m2

~Â¡
a

m2
~º k

!

; (3.6)

ANR
ij ¼ ¡

1
32¼2

g2tW

4X

a=1

6X

k=1

m~Â0
a

m2
~lk

Na1 (Na2 + Na1tW ) (U¤
~l ) jk (U~l )(i +3) kF N

2

Ã
m2

~Â0
a

m2
~lk

!

; (3.7)

the two parts ACR , ANR corresponding to charginos/sneutrinos or neutralinos/charged slep-
tons in the loop, respectively. F C

2 (x) and F N
2 (x) are loop functions (also given in Ap-

pendix D.1), which are of order unity in the mSUGRA scenarios used. O1=2, N, U~l and U~º

are the chargino, neutralino, charged slepton and sneutrino mixing matrices, respectively.
Their de¯nitions can be found in Appendix B. The numerical calculations discussed later
are performed with the full expressions forAL

ij and AR
ij of Appendix D.1.

Note that there is no di®erence between the rates ofl ¡
i ! l ¡

j ° and l+
i ! l+

j ° at the one-
loop level [45,46]. We therefore do not distinguish betweenBr (l ¡

i ! l ¡
j ° ) and Br (l+

i ! l+
j ° )

in the following.
For rough order of magnitude estimates, the branching ratio to(3.4) can be further

approximated through the mass-insertion technique (an o®-diagonal mass term in the °avor
basis is described by a two-leg vertex and inserted only to lowestorder in a Feynman diagram
[21,22]), yielding

Br (l i ! l j ° ) ¼ ®3 tan2 ¯
m4

l i

~m4

ml i

¡ i

j(±m2
~L
) ij j2

~m4
; (3.8)

where ~m is the typical mass scale of SUSY particles in the loop and ¡i is the total width of
lepton l i . This approximation is applicable if the o®-diagonal mass terms are small compared
to the diagonal masses, (±m2

~L
) ij ¿ (m2

~L
) ii (i 6= j ).

3.1.2 Other rare LFV processes

The processesl ¡
i ! l ¡

j l ¡
j l+

j and ¹ ¡ N ! e¡ N (¹ ¡ e conversion in nuclei) are generated in
the MSSM by photon penguin diagrams (the photon in Figure 3.1decays intol ¡

j l+
j or q¡

j q+
j ,

respectively),Z penguins and box diagrams [20,48,88,89]. Current bounds are:

Br (¹ + ! e+ e+ e¡ ) < 1:0 ¢10¡ 12 [81];
R(¹ ¡ Ti ! e¡ Ti) < 6:1 ¢10¡ 13 [81,82];

(3.9)

with R denoting the cross section normalized to the total muon capture rate. The MECO
experiment aims at a sensitivity for¹ ¡ Al ! e¡ Al below R ¼ 10¡ 16 [90]. In the farther future,
the PRISM project plans to provide beams of low energy muons with an intensity increased

1Throughout this work, trigonometric functions will often be abbreviated by thei r initials, s¯ ´ sin ¯ ,
c¯ ´ cos¯ , tW ´ tan µW , with the electroweak mixing angle µW .
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by several orders of magnitude, so that it may become possible to reachBr (¹ ! e°) ¼ 10¡ 15

[91], Br (¹ + ! e+ e+ e¡ ) ¼ 10¡ 16 [92] andR(¹ ¡ Ti ! e¡ Ti) ¼ 10¡ 18.
In the case of conservedR-parity, as considered in this work, the main contributions to

the above processes arise from photon penguin diagrams. As a consequence, one has the
following model-independent relations [21,48],

Br (¹ ! 3e)
Br (¹ ! e°)

¼
®
8¼

8
3

µ
ln

m2
¹

m2
e

¡
11
4

¶
¼ 7 ¢10¡ 3; (3.10)

R(¹ ¡ N ! e¡ N)
Br (¹ ! e°)

¼ 16®4 ¡ ¹

¡ cap
Z 4

e®Z jF (q2)j2 (3.11)

¼ 6 ¢10¡ 3 for Titanium ; (3.12)

whereF (q2) is a nuclear form factor,Z (Ze®) is the (e®ective) electric charge of the nucleus
and ¡ cap the total muon capture rate [93{95]. From these relations andby comparing the
experimental limits in (3.2) and (3.9), one can see that the present limits on Br (¹ ! 3e)
and R(¹ ¡ N ! e¡ N) are considerably less sensitive than the current bound onBr (¹ ! e°).
However, a future measurement in the range ofR(¹ ¡ Ti ! e¡ Ti) ¼ 10¡ 18 [96] could provide
a more sensitive test than the corresponding future sensitivityBr (¹ ! e°) ¼ 10¡ 15.

3.1.3 Electric dipole moments

Although lepton °avor conserving observables, electric dipole moments (EDMs) of the elec-
tron and muon are correlated with LFV decays such as¹ ! e°. The electric dipole moment
of lepton l i is given by [46,48]

di =
e
2

ml i

¡
AR

ii ¡ AL
ii

¢
; (3.13)

with the same coe±cientsAR and AL as in (3.4) given in Appendix D.1. Neglecting the
lepton mass one arrives at [48]

di =
e

32¼2

X

k;a

Ã

Im
¡
CL

ik;a CR¤
ik;a

¢ m~Â¡
a

m2
~º k

F C
2

Ã
m2

~Â¡
a

m2
~º k

!

¡ Im
¡
N L

ik;a N R¤
ik;a

¢ m~Â0
a

m2
~lk

F N
2

Ã
m2

~Â0
a

m2
~lk

!!

;

(3.14)
where the sum extends over the appropriate slepton/sneutrino and chargino/neutralino mass
eigenstates. The factors Im(CL

ik;a CR¤
ik;a ) and Im(N L

ik;a N R¤
ik;a ) show that EDMs are CP violating

observables, sensitive to the imaginary parts of the slepton mass matrices (see Appendix B.5
for the de¯nition of the vertex factors CL=R , N L=R ). The main emphasis in this work is
on lepton °avor violation rather than CP violation, though. Furthermore, EDMs are not
able to give signi¯cant constraints on the SUSY seesaw parameter space, as will be seen in
Chapters 5 and 6. Their current (expected future) limits being to large,

de < 1:5 ¢10¡ 27(10¡ 33) ecm [97,98];
d¹ < 1:5 ¢10¡ 18(10¡ 26) ecm [92]:

(3.15)
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Figure 3.2: Feynman diagrams fore+ e¡ ! ~l+j ~l ¡i ! l+¯ l ¡® ~Â0
b ~Â0

a. The arrows on scalar lines
refer to the lepton number °ow.

Nevertheless, as CP and lepton °avor violation are closely related, we will brie°y comment on
these observables in the context of the SUSY seesaw model. For a more thorough discussion
of EDMs in the context of the SUSY seesaw model, the reader is referred to [48].

3.2 Slepton pair production

Future linear colliders, such as TESLA, will be able to measure sparticle properties to a very
high precision. Among many other things, a LC has the ability to constrain or determine the
o®-diagonal parts of the slepton mass matrix, complementing the search for LFV via rare
decays as outlined in the previous section. A natural channelto do this is the production of
slepton pairs, which decay into various Standard Model particles and two or more LSPs (in
our case, the LSP is always the lightest neutralino).

3.2.1 e+ e¡ collider

The slepton °avor mixing induced by o®-diagonal slepton mass matrix entries (3.1) gives
rise to the lepton °avor violating processese+ e¡ ! ~l+

j
~l ¡
i ! l+

¯ l ¡
® ~Â0

b ~Â0
a, (i; j = 1; :::; 6). The

lowest-order Feynman diagrams are shown in Figure 3.2. More speci¯cally, the lepton °avor
violation in these processes is caused by the slepton mixing matrix U~l (B.19), which enters
both the slepton production and the decay vertices. As a consequence, factorization in
production cross section times branching ratios is not alwaysappropriate. One rather has
to coherently sum over all intermediate slepton states. In the following, we summarize our
analytical results on the amplitudes and cross sections for theabove processes. The detailed
calculations have been carried out in [99].

The sleptons are produced either via s-channel exchange of a photon or Z boson, or t-
channel exchange of neutralinos. The sleptons then decay intotwo leptons of di®ering °avor
and two neutralinos. From now on, we will concentrate on two lightest neutralinos ~Â0

1 as they
constitute a stable ¯nal state. The signature of our processes is then e+ e¡ ! l+

¯ l ¡
® + E=, as the
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neutralinos are not observable. Note that in the mSUGRA scenarios de¯ned in Table 2.2,
the heavier neutralino states ~Â0

a; a = 2; 3; 4, do not contribute to these signals; either they
are too heavy and hence not or only rarely produced in the slepton decays, or they are too
light in order to decay invisibly via ~Â0

a ! ~ºº ! ~Â0
1ºº . Other open channels such as ~¿¿lead

to more complicated ¯nal states which are not considered here.

As already mentioned, the °avor violation can take place in theproduction and the decay,
caused by the LFV vertices of the type lepton-slepton-neutralino and Z-slepton-slepton
(Appendix B.5). The e®ect of the lepton °avor violatingZ vertex is rather subdominant
as it is additionally suppressed by left-right mixing of the sleptons. In addition, t-channel
exchange is roughly one order of magnitude larger than s-channel exchange.

Signal cross section The helicity amplitudes for our process, separated into production
and decay, can be found in the Appendices D.2 and D.4. It is thenstraightforward to derive
the cross sections for the complete 2! 4 processe+ e¡ ! ~l+

j
~l ¡
i ! l+

¯ l ¡
® ~Â0

1 ~Â0
1. For the square

of the amplitudes summed over all possible intermediate sleptonstates one ¯nds [61]

jMj 2 =
X

ijkl

(M ij M ¤
kl )(M ¡

i M ¡¤
k )(M +

j M + ¤
l )Cik

¼
2hm¡ i ik

Cjl
¼

2hm¡ i jl

£
h
±

³
p2

3 ¡ m2
~l i

´
+ ±

³
p2

3 ¡ m2
~lk

´i h
±

³
p2

4 ¡ m2
~l j

´
+ ±

³
p2

4 ¡ m2
~l l

´i
; (3.16)

with

Cik =
1

1 + i ¢ ~m2
ik

2hm¡ i ik

; hm¡ i ik =
1
2

(m~l i ¡ ~l i + m~lk
¡ ~lk

); ¢ ~m2
ik = m2

~l i
¡ m2

~lk
: (3.17)

M ij , M ¡
i and M +

j are the amplitudes for the slepton production, and the positive and
negative slepton decay, respectively. As one can see in (3.16), we have used the narrow
width approximation for the slepton propagators, which is well justi¯ed since the slepton
widths ¡ ~l i , of order 1 GeV or less, are much smaller than the slepton masses of order 100 GeV.
For the product of two slepton propagators, this approximation yields [49]

Ã
1

p2 ¡ m2
~l i

+ im ~l i ¡ ~l i

! Ã
1

p2 ¡ m2
~lk

+ im ~lk
¡ ~lk

! ¤

¼ Cik
¼

2hm¡ i ik

h
±(p2 ¡ m2

~l i
) + ±(p2 ¡ m2

~lk
)
i

:

(3.18)
In principle, it is necessary to include the interference between the identical outgoing neu-
tralinos (which are Majorana particles). This e®ect is negligible in the case of small slepton
decay widths. We checked this during the Monte-Carlo simulation of the signal.

Integrating over the slepton momenta squared,p2
3 and p2

4, and using the de¯nitions (the
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particle four-momenta are de¯ned in Figure 3.2)

d¾ijkl = (2 ¼)4±(p1 + p2 ¡ p3 ¡ p4)
d3p3

(2¼)32E3

d3p4

(2¼)32E4

M ij M ¤
kl

2s
;

dBik = (2 ¼)4±(p3 ¡ p5 ¡ p7)
d3p5

(2¼)32E5

d3p7

(2¼)32E7

Cik

2hm¡ i ik
M ¡

i M ¡¤
k ;

dBjl = (2 ¼)4±(p4 ¡ p6 ¡ p8)
d3p6

(2¼)32E6

d3p8

(2¼)32E8

Cjl

2hm¡ i jl
M +

j M + ¤
l ; (3.19)

the di®erential cross sections can be expressed in the intuitive form

d¾(e+ e¡ ! l+
¯ l ¡

® + 2~Â0
1) =

1
4

X

ijkl

X

p2
3= m 2

~l i
;m 2

~l k
p2

4= m 2
~l j

;m 2
~l l

d¾ijkl dBik dBjl : (3.20)

As expected on general grounds, for large mass di®erences, ¢ ~m2
ik À h m¡ i ik , i 6= k, the

factors Cik in (3.17) approach±ik . Consequently, the coherent sum in (3.20) reduces to an
incoherent sum over products of production cross sections times branching ratios,

d¾(e+ e¡ ! l+
¯ l ¡

® + 2~Â0
1) ¼

X

ij

d¾(e+ e¡ ! ~l+
j

~l ¡
i )dBr (~l ¡

i ! l ¡
® ~Â0

a)dBr (~l+
j ! l+

¯ ~Â0
b): (3.21)

Using the full slepton mixing matrix U~l and summing over all intermediate slepton states,
(3.20) takes into account all possible °avor transitions. If the o®-diagonal entries in the
slepton mass matrix (or alternatively, the mixing angles inU~l ) are small, the cross section is
dominated by one °avor transition. This is most easily formulated within the mass-insertion
approximation, leading to

d¾(e+ e¡ ! l+
¯ l ¡

® +2~Â0
1) ¼

j(±m2
~L
)®¯ j2

m2
~l
¡ 2

~l

¾(e+ e¡ ! ~l+
i

~l ¡
i )Br (~l ¡

i ! l ¡
® ~Â0

1)Br (~l+
i ! l+

¯ ~Â0
1); (3.22)

for ® 6= ¯ , with the °avor-diagonal production cross section¾(e+ e¡ ! ~l+
i

~l ¡
i ) and decay

branching ratios Br (~l§
i=j ! l§

®=¯ ~Â0
1). Care must be taken to include only those channels

that allow the °avor transition at hand through one mass insertion only, e.g. for ® = ¹
and ¯ = ¿ at least two °avor transitions would be necessary in the t-channel. Hence, only
the s-channel °avor diagonal production cross section should be taken into account in the
¿+ ¹ ¡ case. Comparing (3.22) with the analogous approximation forBr (l® ! l ¯ ° ) (3.8), one
immediately sees that both observables are highly correlatedwith each other through the
o®-diagonal slepton mass terms,

Br (l® ! l ¯ ° ) / ¾(e+ e¡ ! l+
¯ l ¡

® + 2~Â0
1) / j (±m2

~L )®¯ j2: (3.23)

As is apparent in (3.17), the °avor correlation is highly sensitive to the masses and total
widths of the sleptons. Whereas previous studies often used onlygeneric values of these
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quantities, we calculate the slepton decay widths ¡~l i in each scenario including the e®ects of
LFV. For all mSUGRA benchmark scenarios used, the dominant slepton decay channels are

~l ¡
i ! l ¡

® ~Â0
a

! ¹º ® ~Â¡
a

! ~l ¡
j Z

! ~l ¡
j h0; (3.24)

with a combined branching ratio always larger than 99%. The inclusion of these decays is
essential for the numerical stability of the °avor correlation factors (3.17). The calculation of
the two-body decays (3.24) is straightforward. The respective vertices can be found in [100].

Background analysis After having discussed the lepton °avor violating signals leading
to the signaturesl+

¯ l ¡
® + =E, we now turn to the Standard Model and lepton °avor conserving

SUSY background. For the dominant SM reactions we also illustrate the e±ciency of angular
and energy cuts in reducing this background. We are going to assume that at the time these
searches for LFV will be performed, SUSY has already been discovered and the lighter
sparticle masses and main decay channels are known. In this case,one will be able to design
very speci¯c cuts optimized to each channel of interest.

The background calculation was performed using the software package CompHEP [101].
For the Standard Model and lepton °avor conserving SUSY background processes the exist-
ing CompHEP model ¯les were used. In order to study the impact of cuts on the signal, we
implemented our own left-handed slepton °avor violating SUSY model, i.e. enhancing the
standard SUSY model ¯le with LFV vertices generated by o®-diagonal mass terms (3.1).

The dominant Standard Model background is produced by the following lepton °avor
conserving processes,

B1) e+ e¡ ! W + W ¡ ! l+
¯ º ¯ l ¡

® ¹º ®; ® 6= ¯ ,

B2) e+ e¡ ! W + e¡ ¹º e ! l+
¯ º ¯ e¡ ¹º e; ¯ 6= 1,

B3) e+ e¡ ! ¿+ ¿¡ ! ¿+ º ¿l ¡
® ¹º ®; ® = 1; 2,

all with the signature l+
¯ l ¡

® + =E. It will turn out that these processes cause the dominant
background to our signals. In order to reduce it we adopt three di®erent types of cuts:

Beam-pipe cuts: j cos(e§ ; l§
¯=® )j < 0:966 (» 15±)

Cutting away small angles of the outgoing leptons partially eliminates the large con-
tributions from the t-channel photon exchange in (B2), and small angleW § (B1) and
¿ (B3) production. The angular distributions of the ¯nal leptons in the signal are
relatively °at as the leptons are decay products of the heavy sleptons. The value of
15± roughly optimizes the signal to background ratio for all mSUGRA scenarios used.
The signal rates themselves are only reduced by¼ 15%. Optimizing the angular cut
for each scenario is possible but does not have a large impact.
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Lepton-energy cuts: E min
®=¯ · E l§®=¯

· E max
®=¯

We require that the lepton energies lie within the intervalscorresponding to the decay
~l§ ! l§

®=¯ ~Â0
1 in the signal,

E min
®=¯ =

m2
~l

¡ m2
~Â0

1

2 (E~l + p~l )
; Emax

®=¯ =
m2

~l
¡ m2

~Â0
1

2 (E~l ¡ p~l )
; (3.25)

where~l is the appropriate mother-slepton, and the momentum and energies are given
by

p~l =

r
1
4s

¸ (s; m2
~l3

; m2
~l4

); E~l =
q

m2
~l

+ p2
~l
; (3.26)

in the center of mass frame. The ideal lepton energy distributions of the signal are °at
between the limitsE min , E max , and vanish outside. The only problem is that there can
be up to six sleptons in the intermediate state, each with a di®ering mass, contributing
to the signal coherently. Conservatively, the minimum (maximum) value ofE min (E max )
of all sleptons would be used to achieve full conservation of thesignal cross section. To
enhance the signal to background ratio we go a step further. As noticed in the previous
section, the signal is dominated by one °avor transition and thusa certain combination
of intermediate sleptons. In the¹ + e¡ t-channel, the dominant intermediate states are
~e+

L ~e¡
R and ~¹ +

L ~e¡
R , as the °avor of the negatively charged lepton is conserved, and the

right-handed selectrons couple more strongly to neutralinos.They are also favored due
to their smaller masses (see Table 2.2). This allows the usage of a more narrow energy
interval without cutting too much of the signal, optimized for each scenario and °avor
channell+

¯ l ¡
® .

Missing-energy cut: 2m~Â0
1

· =E ·
p

s ¡ E min
® ¡ E min

¯

The outgoing neutralinos of the signal are neutral and not observable. They can only
be traced through their missing energy, which must be larger than 2m~Â0

1
but small

enough to allow production of two leptons with their minimalenergies. As in the
lepton energy cut, we optimizeE min

®=¯ for each scenario and °avor channel.

In Tables 3.1 and 3.2 we summarize the SM background cross sections to e+ e¡ ! ¹ + e¡ +
E= and e+ e¡ ! ¿+ ¹ ¡ + E=, respectively, that remain after applying the above cuts. The
lepton °avor violating mass term (±m2

~L
) ij is adjusted in each channel and scenario such that

the uncut signal cross section amounts to 1 fb, allowing an easy determination of the cut
e±ciencies, which are also given in Tables 3.1 and 3.2. We do not consider the channel
e+ e¡ ! ¿+ e¡ + E=, as it will normally be unobservably small in the SUSY seesaw modelto
be discussed later. Requiring a signal to background ratioS=

p
B & 2 leads to a minimal

uncut and observable signal of roughly 0:2¡ 0:3 fb in the ¹ + e¡ -channel and 0:1¡ 0:3 fb in the
¿+ ¹ ¡ -channel for

p
s = 500 GeV and a luminosity of 1000 fb¡ 1. An additional background

suppression may be achieved by applying selectron selection cuts[102] on the acoplanarity,
lepton polar angle and missing transverse momentum, which are not possible (or only with
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¹ + e¡ + E= (SM)
Scenario 500 GeV 800 GeV E±ciency

B' 9.8 8.1 70%
C' 4.2 8.4 50%
G' 5.1 10.0 60%
I' 5.3 12.3 60%

SPS1a 12.2 11.1 60%

Table 3.1: Cross sections in fb of the SM background ine+ e¡ ! ¹ + e¡ + E= collisions
at

p
s = 500 GeV and 800 GeV including cuts. Also given is the e±ciency(signal after

cuts)/(uncut signal) of the applied cuts.

great di±culty) to implement in CompHEP. It has been shown that in this way the SM
background to slepton pair production can be reduced to about2-3 fb at

p
s = 500 GeV,

while the signal cross section shrinks only by a factor of three.

¿+ ¹ ¡ + E= (SM)
Scenario 500 GeV 800 GeV E±ciency

B' 3.6 2.5 50%
C' 1.3 1.6 40%
G' 2.1 2.2 50%
I' 2.4 3.6 60%

SPS1a 4.7 2.9 40%

Table 3.2: Cross sections in fb of the SM background ine+ e¡ ! ¿+ ¹ ¡ + E= collisions
at

p
s = 500 GeV and 800 GeV including cuts. Also given is the e±ciency(signal after

cuts)/(uncut signal) of the applied cuts.

In addition to the Standard Model background one also has to take into account lepton
°avor conserving MSSM processes. The dominant production channels are:

B4) e+ e¡ ! ~l+
i

~l ¡
i ,

B5) e+ e¡ ! ~º i ¹~º i ,

B6) e+ e¡ ! ~Â+
b ~Â¡

a ,

B7) e+ e¡ ! ~Â+
b e¡ ¹~º e,

where the sparticles decay into

² ~l+
i ! l+

i ~Â0
1; ¹º i ~Â+

1 ,

² ~º i ! º i ~Â0
1; l ¡

i ~Â+
1 ,

² ~Â+
1 ! l+

i ~º i ; ~l+
i º i .
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Tables 3.3, 3.4 and 3.5 list the MSSM background for the channels ¹ + e¡ , ¿+ ¹ ¡ and ¿+ e¡ ,
respectively. Again, the background was calculated using CompHEP, applying the above
cuts, which do not have as large an impact as in the SM case for which they were optimized.
The background production channels B4 - B7 were calculated separately and added only
incoherently.

¹ + e¡ + E= (MSSM)
B' C' G' I' SPS1a

e+ e¡ ! 500 800 800 500 800 800 500 800
~l+
i

~l ¡
i ¼ 0 ¼ 0 ¼ 0 0.02 0.05 0.08 ¼ 0 ¼ 0

¹~º i ~º i ¼ 0 ¼ 0 ¼ 0 - ¼ 0 0.25 ¼ 0 ¼ 0
~Â+

b ~Â¡
a ¼ 0 0.03 1.8 - 0.03 ¼ 0 ¼ 0 0.05

~Â+
b e¡ ¹~º e ¼ 0 0.01 2.0 - 0.02 ¼ 0 ¼ 0 0.01
Sum ¼ 0 0.05 3.8 0.02 0.1 0.33 ¼ 0 0.06

Table 3.3: Cross sections in fb of the MSSM background ine+ e¡ ! ¹ + e¡ + E= collisions
at

p
s = 500 GeV and 800 GeV. In scenarios C' and I' the cross sectionsare below 0.01 fb

at
p

s = 500 GeV and are therefore omitted. Kinematically forbidden channels are marked
by a hyphen. Cross sections smaller than 0.01 fb are denoted by ¼ 0.

¿+ ¹ ¡ + E= (MSSM)
B' C' G' I' SPS1a

e+ e¡ ! 500 800 800 500 800 800 500 800
~l+
i

~l ¡
i 2.7 2.1 ¼ 0 ¼ 0 0.3 1.5 2.6 2.2

¹~º i ~º i 1.4 1.8 0.06 - 0.1 0.9 1.8 1.9
~Â+

b ~Â¡
a ¼ 0 0.6 4.3 - 1.2 0.7 ¼ 0 0.3

Sum 4.1 4.5 4.9 ¼ 0 1.6 3.1 4.4 4.4

Table 3.4: Cross sections in fb of the MSSM background ine+ e¡ ! ¿+ ¹ ¡ + E= collisions
at

p
s = 500 GeV and 800 GeV. In scenarios C' and I' the cross sectionsare below 0.01 fb

at
p

s = 500 GeV and are therefore omitted. Kinematically forbidden channels are marked
by a hyphen. Cross sections smaller than 0.01 fb are denoted by ¼ 0.

The direct MSSM background to¹ + e¡ + =E is very small, below 0.2 fb in all scenarios
except for C' and I', where it amounts to 4 and 0.3 fb, respectively, at

p
s = 800 GeV. With

2-5 fb the¿+ ¹ ¡ background is considerably larger and comparable to the SM background. In
Table 3.5 we now also show the MSSM background to¿+ e¡ + =E, as it can contribute to the
¹ + e¡ channel via the decay¿+ ! ¹ + º ¹ ¹º ¿. If ~¿1 and ~Â+

1 are light enough, as in the scenarios
B', I' and SPS1a, this background can be as large as 100 fb. Thecharginos mainly originate
from selectron or ~º e pair production and decay almost exclusively into staus, ~Â¡

1 ! ~¿¡
1 ¹º ¿.

However, such events typically contain two neutrinos in addition to the two LSPs present also
in the signal events. Thus, after the¿ decay one has altogether six invisible particles instead
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¿+ e¡ + E= (MSSM)
B' C' G' I' SPS1a

e+ e¡ ! 500 800 800 500 800 800 500 800
~l+
i

~l ¡
i 29.4 28.1 ¼ 0 0.5 1.7 10.0 23.9 24.0

¹~º i ~º i 43.2 65.9 0.06 - 0.1 27.7 35.2 56.1
~Â+

b ~Â¡
a ¼ 0 0.6 4.7 - 1.1 0.4 0.10 1.0

~Â+
i e¡ ¹~º e ¼ 0 0.02 1.0 - 0.03 ¼ 0 ¼ 0 0.05
Sum 72.6 94.6 5.8 0.5 2.9 38.1 59.2 81.1

Table 3.5: Cross sections in fb of the MSSM background ine+ e¡ ! ¿+ e¡ + E= collisions
at

p
s = 500 GeV and 800 GeV. In scenarios C' and I' the cross sectionsare below 0.01 fb

at
p

s = 500 GeV and are therefore omitted. Kinematically forbidden channels are marked
by a hyphen. Cross sections smaller than 0.01 fb are denoted by ¼ 0.

of two, which should allow to discriminate the signal in¹ + e¡ + =E from this potentially
dangerous MSSM background by cutting on various distributions.

In a recent analysis [103], it was shown that a signal cross sectionof 1 fb would yield a
5¾e®ect on the total cross section toe+ e¡ ! ¹ + e¡ + =E in SPS1a (

p
s = 500 GeV, 500 fb¡ 1

luminosity, standard lepton selection criteria). For the¿+ ¹ ¡ -channel, this is somewhat
reduced, with a signi¯cance of 5¾for a signal cross section of 2 fb.

Polarized beams At a linear collider one has the possibility to polarize the incoming
beams. TESLA aims to reach a maximal electron (positron) polarization of jPe¡ j = 0:8
(jPe+ j = 0:6)2. It does not seem immediately apparent that this may help reduce the
background. W pair production, a dominant contribution to it, is suppressed by right-
handed electron polarization, but so are our LFV signals, as they originate from left-handed
slepton mass terms. It is worthwhile, though, to take a closer look. In the ¹ + e¡ LFV
signal, the lepton °avor violation takes place in the positively charged lepton branch. The
signal is thus enhanced for right-handed positrons (Pe+ > 0). To lowest order in the LFV
couplings, there is no lepton °avor violation in the negative branch of the t-channel diagram
of Figure 3.2. In fact, the contribution to the cross section from incoming right-handed
electrons (Pe¡ > 0) is somewhat larger than from left-handed electrons. This can be seen in
Figure 3.3, where the signal cross section¾(e+ e¡ ! ¹ + e¡ + 2~Â1) is plotted as a function of
the incoming electron and positron polarizations in the scenario SPS1a at

p
s = 500 GeV.

The cross section can be maximally enhanced from 1 fb (unpolarized) to¼ 2:3 fb by choosing
the polarizations Pe+ = +0 :6 and Pe¡ = +0 :8. Unfortunately, we are not able to calculate
polarized cross sections with CompHEP. On general grounds, though, one can expect that
the W pair background is reduced at this polarization state by roughly one third compared
to the unpolarized case. This would result in a signal to background ratio enhancement of
almost one order of magnitude.

2For the de¯nition of polarization, see Appendix D.2.
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Figure 3.3: Signal cross section fore+ e¡ ! ¹ + e¡ + 2~Â0
1 as function of the beam polar-

izations Pe¡ and Pe+ in scenario SPS1a (
p

s = 500 GeV).

3.2.2 e¡ e¡ collider

Signal cross section The calculation of the electron-electron collider processe¡ e¡ !
~l ¡
j

~l ¡
i ! l ¡

¯ l ¡
® ~Â0

1 ~Â0
1 is fully analogous to the electron-positron collider case. The helicity

amplitudes, calculated in [104], for the production can be found in Appendix D.3. The
main di®erence is the missing photon andZ boson s-channel and the necessity to include an
u-channel exchange, as shown in Figure 3.4. An important consequence of this is that the
process¿¡ ¹ ¡ + 2~Â0

1 is only possible with two or more LFV transitions, because there isno
s-channel stau or smuon production. As we only consider small LFV mass corrections, we
will not discuss this channel. The construction of the total squared amplitude and the cross
section works exactly as in (3.16) and (3.20), respectively.

Background analysis The main background processes with the signature¹ ¡ e¡ + =E are

B1) e¡ e¡ ! W ¡ e¡ º e ! l ¡
¯ º ¯ e¡ ¹º e; ¯ 6= 1,

B2) e¡ e¡ ! ~l ¡
i

~l ¡
i ! : : :,

B3) e¡ e¡ ! ~Â¡
b e¡ ~¹º e ! : : :,

i.e. single W ¡ production, °avor-conserving charged slepton pair production and single
chargino production, analogous to thee+ e¡ case. The dots refer to di®erent decay channels
given in the previous section. TheW ¡ pair production processe¡ e¡ ! W ¡ W ¡ ! l ¡

¯ l ¡
® ¹º ¯ ¹º ®

(®; ¯ 6= 1) is in principle allowed in the seesaw model, but is highly suppressed due to the
very small admixture of heavy right-handed Majorana neutrinos in the light neutrino mass
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e¡

e¡

~Â0
c

~l ¡
j

~l ¡
i

l ¡
¯

~Â0
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~Â0
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~l ¡
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~l ¡
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l ¡
¯ (p6)

~Â0
a(p7)

~Â0
b(p8)
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Figure 3.4: Feynman diagrams fore¡ e¡ ! ~l ¡j ~l ¡i ! l ¡¯ l ¡® ~Â0
b ~Â0

a. The arrows on scalar lines
refer to the lepton number °ow.

¹ ¡ e¡ + E= (SM)
Scenario 500 GeV 800 GeV E±ciency

B' 17.4 39.1 60%
C' 6.8 21.3 50%
G' 9.1 30.1 70%
I' 11.2 34.3 60%

SPS1a 19.2 45.9 50%

Table 3.6: Cross sections in fb of the SM background ine¡ e¡ ! ¹ ¡ e¡ + E= collisions
at

p
s = 500 GeV and 800 GeV including cuts. Also given is the e±ciency(signal after

cuts)/(uncut signal) of the applied cuts.

eigenstates [105]. The analogous argument holds for the SUSY version of this process, i.e.
chargino pair production via t-channel sneutrino exchange.

The Standard Model background toe¡ ¹ ¡ + E=, mainly originating from single W ¡ pro-
duction, is shown in Table 3.6. The same cuts as in thee+ e¡ case are applied. It can be
seen that the background tends to be larger than for ane+ e¡ collider. Also, there is a strong
increase from

p
s = 500 GeV to 800 GeV due to the rise ofW ¡ production with energy.

The total cross sections for the MSSM background processes are summarized in Tables 3.7
and 3.8. In all ¯ve scenarios the MSSM background to¹ ¡ e¡ + =E is below 1 fb, while the
background to ¿¡ e¡ + =E in scenarios B', I' and SPS1a is of the order of 100 fb. This is
similar to our ¯ndings for e+ e¡ collisions.
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¹ ¡ e¡ + E= (MSSM)
B' C' G' I' SPS1a

e¡ e¡ ! 500 800 800 500 800 800 500 800
~e¡

i ~e¡
i 0.01 0.01 ¼ 0 0.01 0.2 0.4 0.01 0.02

e¡ ~º ~Â¡
1 ¼ 0 0.01 0.4 - 0.1 ¼ 0 ¼ 0 0.01

Sum 0.01 0.02 0.4 0.01 0.3 0.4 0.01 0.03

Table 3.7: Cross sections in fb of the MSSM background ine¡ e¡ ! ¹ ¡ e¡ + E= collisions
at

p
s = 500 GeV and 800 GeV. In scenarios C' and I' the cross sectionsare below 0.01 fb

at
p

s = 500 GeV and are therefore omitted. Kinematically forbidden channels are marked
by a hyphen. Cross sections smaller than 0.01 fb are denoted by ¼ 0.

¿¡ e¡ + E= (MSSM)
B' C' G' I' SPS1a

e¡ e¡ ! 500 800 800 500 800 800 500 800
~e¡

i ~e¡
i 120.8 102.3 ¼ 0 0.2 8.1 60.0 91.3 85.6

e¡ ~º ~Â¡
1 ¼ 0 0.01 0.4 - 0.07 ¼ 0 ¼ 0 0.03

Sum 120.8 102.3 0.4 0.02 8.2 60.0 91.3 85.6

Table 3.8: Cross sections in fb of the MSSM background ine¡ e¡ ! ¿¡ e¡ + E= collisions
at

p
s = 500 GeV and 800 GeV. In scenarios C' and I' the cross sectionsare below 0.01 fb

at
p

s = 500 GeV and are therefore omitted. Kinematically forbidden channels are marked
by a hyphen. Cross sections smaller than 0.01 fb are denoted by ¼ 0.

3.2.3 Precision mass measurements

Up to now, we only considered processes that are sensitive to o®-diagonal slepton mass terms,
which is of course the nature of slepton °avor violating processes.It is reasonable to assume
that any theoretical extension generating °avor violating terms also produces additional
diagonal slepton masses. Such diagonal contributions can carryimportant information, as
will be the case in the supersymmetric seesaw.

The question now is just how such additional diagonal terms can be measured. The o®-
diagonal terms are small deviations from zero whereas diagonal additions are small deviations
from large mSUGRA mass terms. In principle, all three parameters (±m2

~L
) ii in (3.1) are

measurable. This is not impossible as in mSUGRA all sfermion masses are connected to
the common massm0, potentially making its determination highly redundant. Nevertheless,
it is very unlikely that all three quantities can be constrained or determined with enough
precision.

Hence, we have to try to construct quantities that vanish in the °avor-conserving mSUGRA
limit. Consider a typical mSUGRA charged slepton mass spectrum (see Table 2.2),

m~¿1 < m ~eR ¼ m~¹ R < m ~eL ¼ m~¹ L < m ~¿2 ; (3.27)

i.e. selectrons and smuons (both left- and right-handed) are almost degenerate. This imme-
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diately motivates the observable

m2
~¹ L

¡ m2
~eL

´ m2
~l5

¡ m2
~l4

¼ 2hm~l i (m~l5 ¡ m~l4 ); (3.28)

wherem2
~l5

¡ m2
~l4

is actually more precise, using the proper mass eigenstate indices. The size
of this quantity can be easily determined from (3.1) by calculating the appropriate mass
eigenvalues. Again, we assume that the mass deviations are small. Then, it su±ces to
consider only the ~eL ¡ ~¹ L submatrix,

µ
m2

~L
+ ( ±m2

~L
)11 (±m2

~L
)¤

12

(±m2
~L
)12 m2

~L
+ ( ±m2

~L
)22

¶
; (3.29)

where the two diagonal mSUGRA contributions are equal. This leads to

m2
~l5

¡ m2
~l4

=
q

((±m2
~L
)22 ¡ (±m2

~L
)11)2 + 4j(±m2

~L
)12j2; (3.30)

showing that this observable is sensitive to the hierarchy of thediagonal contributions.
For example, in the case of a strong hierarchy and small o®-diagonal elements, (±m2

~L
)12,

(±m2
~L
)11 ¿ (±m2

~L
)22, one simply hasm2

~l5
¡ m2

~l4
= ( ±m2

~L
)22.

Various methods are proposed to precisely measure slepton masses [106, 107]. One pos-
sibility [108,109] is to use the endpoints (3.25) of the leptonenergy distributions in slepton
pair production, which depend on the slepton mass. The e±ciency of this method is a®ected
by the cuts to reduce the background. Alternatively, one can measure the production cross
section near the threshold. The characteristic onset of the threshold allows a very precise
determination of the slepton masses. The expected experimentalaccuracy for such mass
measurements isO(100 MeV). This necessitates the inclusion of beyond leading order e®ects
in the theoretical predictions. With this method, one expects to determine the left-handed
selectron and smuon masses at the per mill level in scenario SPS1a [107],

m~eL ;~¹ L ¼ (202§ 0:2) GeV: (3.31)

We assume that a precision of the same order of magnitude may be achieved in the other
scenarios also.

It is desirable to arrive at an analogous quantity for the stau mass splitting. This is
not straightforward, because the staus are considerably separated from the other sleptons in
°avor-conserving mSUGRA, due to

² the large ¿ Yukawa coupling a®ecting the running of (m2
~L
)33,

² the strong left-right mixing between the staus (also caused by the dominant ¿ Yukawa
coupling), leading to two mass eigenstates~l1 ´ ~¿1 ¼ ~¿R and ~l6 ´ ~¿2 ¼ ~¿L .

As can be seen in Table 2.2, this leads to mass di®erencesm2
~¿2

¡ m2
~eL

of the order of 2-10 GeV.
In this work, we take the optimistic viewpoint that a mass measurement ofm~¿2 relative to
the °avor-conserving mSUGRA value,

m~¿2 ¡ mmSUGRA
~¿2

; (3.32)
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may be possible at some time. This could be achieved by redundantly determining the
mSUGRA parameters (2.16) through measurements of several sparticle properties, thus al-
lowing a reconstruction of the expected mSUGRA mass spectrum. The observable (3.32)
would be directly sensitive to the slepton mass matrix contribution (±m2

~L
)33.
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Chapter 4

Supersymmetric seesaw

4.1 Theoretical framework

A very attractive explanation of the apparent smallness of theneutrino masses is provided
by the seesaw mechanism [17{19], which introduces heavy right-handed Majorana neutrinos,
singlets under the SM gauge groups, to the SM particle content.Without supersymmetry,
such massive fermions generate radiative corrections to the Higgs mass proportional to their
squared masses, worsening the hierarchy problem. In a softly broken SUSY model, such
contributions are cancelled to a high degree by those of theirSUSY partners, the right-
handed sneutrinos.

The supersymmetric seesaw model is described by additional termsin the superpotential
[22],

¢ W = º̂ cT
R Yº L̂ ¢Ĥu ¡

1
2

º̂ cT
R Mº̂ c

R ; (4.1)

where º̂ R are the right-handed neutrino singlet ¯elds, L̂ denotes the left-handed lepton
doublets andĤu is the Higgs doublet with hypercharge +1/2. The 3£ 3 matrix M contains
Majorana masses, which are allowed for the neutral right-handed singletsº̂ R , while Yº is the
matrix of neutrino Yukawa couplings, leading to the Dirac massmatrix

mD = Yº hh0
u i ; (4.2)

after electroweak symmetry breaking. The soft SUSY-breaking Lagrangian is modi¯ed ac-
cordingly,

¢ L soft = ~º cy
R m2

~º R
~º c

R + (~º cT
R Aº

~L ¢ ~Hu ¡
1
2

~º cT
R Bº ~º c

R + h.c.) ; (4.3)

with additional SSB terms m2
~º R

, Aº and Bº . In principle, these terms modify the sneutrino
mass matrix but as they are assumed to be of the order of 1 TeV, they can be neglected
(compared toM, which will be considered to contain masses of the order of 1010¡ 15 GeV) in
calculating the low energy sneutrino spectrum. See Appendix B.4 for details.

Light neutrinos can be naturally explained if one assumes thatthe Majorana scaleMR

of M is much larger than the scale of the Dirac mass matrixmD , which is of the order
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of the electroweak scale. At energies much smaller thanMR one then has an e®ective
superpotential [22]

¢ We® = ¡
1
2

(Ĥu ¢L̂T YT
º )M¡ 1(Yº L̂ ¢Ĥu); (4.4)

with the right-handed neutrinos integrated out. After electroweak symmetry breaking, this
superpotential leads to an e®ective mass matrixmº for the left-handed light neutrinos,

mº = mT
D M¡ 1mD = ( v sin¯ )2YT

º M¡ 1Yº ; (4.5)

which is suppressed by the large scale of the right-handed neutrinos as

mº = 0:1 eV
³ mD

100 GeV

´ 2
µ

MR

1014 GeV

¶ ¡ 1

: (4.6)

This result can also be obtained by expressing the superpotential(4.1) in matrix form,

1
2

µ
0 mT

D
mD ¡ M

¶
; (4.7)

in the (L̂; º̂ c
R) basis. The seesaw formulae (4.5) and (4.6) then immediately follow by diago-

nalizing the seesaw matrix (4.7) in the limitmD ¿ MR . In addition, this procedure shows
that the mixing between the left- and right-handed neutrinostates is suppressed by mixing
anglesµº

LR ¼ mD
M R

.
The symmetric light neutrino mass matrixmº can be diagonalized by a unitary matrix

U,
UT mº U = diag(m1; m2; m3); (4.8)

that relates the neutrino °avor and mass eigenstates,

0

@
º e

º ¹

º ¿

1

A = U

0

@
º 1

º 2

º 3

1

A : (4.9)

In general, the Maki-Nakagawa-Sakata (MNS) matrixUMNS which appears in neutrino os-
cillation observables is given by

UMNS = UUy
e; (4.10)

with the charged lepton mixing matrix Ue. In the following we work in the basis where
the charged lepton Yukawa coupling matrixYe and the Majorana mass matrixM of the
right-handed neutrinos are diagonal. This can always be achieved by rotating êR , º̂ R and L̂
appropriately. Consequently, the MNS matrix is identical to the left-handed neutrino mixing
matrix U in this basis. A popular parameterization forU is

U = V ¢diag(eiÁ1 ; eiÁ2 ; 1); (4.11)



4.1. Theoretical framework 39

whereÁ1; Á2 are CP violating Majorana phases andV can be written in the standard CKM
form,

V =

0

@
c13c12 c13s12 s13e¡ i±

¡ c23s12 ¡ s23s13c12ei± c23c12 ¡ s23s13s12ei± s23c13

s23s12 ¡ c23s13c12ei± ¡ s23c12 ¡ c23s13s12ei± c23c13

1

A ; (4.12)

with cij = cosµij and sij = sin µij . µ12, µ23 and µ13 are the neutrino mixing angles measured
in oscillation experiments and± is the CP violating Dirac phase.

The experimental data on neutrino oscillations determine orat least constrain the mixing
matrix V. Using the results of recent neutrino ¯ts (Section 4.5) and making some further
necessary assumptions on the neutrino spectrum one can reconstruct mº from (4.8),

mº = U¤ ¢diag(m1; m2; m3) ¢Uy: (4.13)

A major problem of the seesaw model is that it contains many freeparameters. This is
already obvious in (4.6), where it can be seen that a given light neutrino mass scale may
be achieved by tuningmD and MR . In the general three generation case, the seesaw model
contains 18 parameters: three Majorana massesM = diag(M 1; M2; M3) and 15 parameters
in the Yukawa coupling matrix Yº (Yº as an arbitrary 3£ 3 complex matrix contains 18
parameters but 3 phases can be rotated away)1. On the other hand, the (in principle)
observable light neutrino mass matrixmº contains 9 independent parameters (4.13): three
mass eigenvalues, three mixing angles and three CP violating phases. Hence, it is not
possible to reconstruct the full theory from observable quantities, even if all observables were
measured. Nevertheless, one can try to parameterize this ambiguity. Inserting (4.13) into the
seesaw formula (4.5) and explicitly using a diagonal Majorana matrix M = diag(M 1; M2; M3)
leads to2

U¤ ¢diagmi ¢Uy = ( v2 sin2 ¯ )YT
º ¢diagM ¡ 1

i ¢Yº ; (4.14)

which is of the form
AT A = BT B: (4.15)

In general, this does not mean thatA = B. Instead, B = RA for any matrix R satisfying
RT R = I, i.e. a complex orthogonal matrix. UsingR, Yº can be expressed as

Yº =
1

v sin¯
diag

p
M i ¢R¢diag

p
mi ¢Uy: (4.16)

This shows that the high energy theory can be fully described byU, the light neutrino masses
mi , the right-handed Majorana massesM i and R. A possible parameterization ofR is given
by [22]

R =

0

@
c2c3 ¡ c1s3 ¡ s1s2c3 s1s3 ¡ c1s2c3

c2s3 c1c3 ¡ s1s2s3 ¡ s1c3 ¡ c1s2s3

s2 s1c2 c1c2

1

A ; (4.17)

1In total, the leptonic sector of the seesaw model contains 21 physical parameters; in addition to the 18
parameters mentioned above, there are 3 charged lepton masses (in the basis of diagonal Ye).

2Throughout this work, we use the notation diagX i ´ diag(X 1; X 2; X 3) for diagonal matrices. No sum-
mation over the index i is to be performed.
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with three complex anglesµj = x i + ix j , j = 1; 2; 3 (ci = cosµi , si = sin µi ). Hence, there are
six real parameters inR. This can also be inferred by counting the necessary parametersin
the theory:

18 = 6(U) + 3( mi ) + 3( M i ) + 6( R):

4.2 Renormalization group evolution

The addition of right-handed neutrinos crucially a®ects therenormalization group evolution
of the theory. The RGEs of the SUSY seesaw model can be found in Appendix C.3. The
method to apply them is outlined below.

Neutrino sector In the case of non-degenerate heavy neutrinos it is importantto decouple
the appropriate degrees of freedom at their respective scales.This is done by matching
conditions [110] at the Majorana mass scalesM 1, M 2 and M 3. We here present the bottom-
up integration scheme, successively integrating in the right-handed neutrinos from bottom
to top.

Below the massM 1 of the lightest Majorana neutrino, the right-handed neutrinos are all
decoupled and the e®ective superpotential (4.4) is in use. The only degrees of freedom are
the light neutrinos whose e®ective mass matrixmº is subject to RG running ((C.27) below
the SUSY scale and (C.28) above). The input value at the experimental low energy scale
is determined (or rather: constrained) by the neutrino observables. The RG evolution then
proceeds as follows:

1. At M 1, the lightest right-handed neutrino is integrated in, and the ¯rst row of the
Yukawa matrix becomes active,

(Yº ) ij jM 1+ = ±i 1
1

v sin¯

³
diag

p
M i ¢R¢diag

p
mi ¢Uy

´

ij

¯
¯
¯
¯
M 1 ¡

; (4.18)

where the parameters on the right-hand side are evaluated atM 1. jM 1+( ¡ ) denotes a
value just above (below) the threshold. Accordingly, the lightneutrino matrix also
experiences a shift due to tree-level matching:

(mº ) ij jM 1+ = ( mº ) ij jM 1 ¡ ¡ (YT
º ) i 1M ¡ 1

1 (Yº ) j 1

¯
¯
M 1 ¡

: (4.19)

At this point, the RGE for the Majorana matrix M becomes active, causingM 1 to
evolve. AboveM 1, the full set of RGEs formº , Yº and M is to be solved.

2. Analogously, atM 2, the second row ofYº , representingº R2 , is switched on,

(Yº ) ij jM 2+ = ( Yº ) ij jM 2 ¡ + ±i 2
1

v sin¯

³
diag

p
M i ¢R¢diag

p
mi ¢Uy

´

ij

¯
¯
¯
¯
M 2 ¡

; (4.20)

and accordingly,

(mº ) ij jM 2+ = ( mº ) ij jM 2 ¡ ¡ (YT
º ) i 2M ¡ 1

2 (Yº ) j 2

¯
¯
M 2 ¡

: (4.21)
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3. At the third threshold there is a minor complication becauseM is no longer diagonal
due to the °avor mixing in (C.26). On the other hand, the mass eigenvaluesM i are to
be inserted into the matching conditions. This demands a re-diagonalization,

UT
M MUM = diagM i ; (4.22)

and a re-alignment ofYº ,
Yº ! U¤

M Yº ; (4.23)

to be applied before the matching condition3:

(Yº ) ij jM 3+ = ( Yº ) ij jM 3 ¡ + ±i 3
1

v sin¯

³
diag

p
M i ¢R¢diag

p
mi ¢Uy

´

ij

¯
¯
¯
¯
M 3 ¡

; (4.24)

(mº ) ij jM 3+ = 0: (4.25)

Above M 3, mº vanishes; all right-handed neutrinos are now integrated in and the full
high energy theory is applied.

4. Finally, Yº and M are evolved to the GUT scale, ready to be used for generating slepton
°avor violation.

Slepton sector The crucial property of the SUSY seesaw model is the transmission ofthe
apparent lepton °avor violation in the neutrino sector (i.e.Yº ) to the slepton sector through
radiative corrections with º R=~º R in loops above the scale of the right-handed neutrinos. We
are mostly interested in corrections to the charged slepton andsneutrino mass matrix which
are generated by (from Appendix C.3):

dm2
~L

d log¹
=

dm2
~L

d log¹

¯
¯
¯
¯
¯

MSSM

+
1

16¼2

¡
m2

~L Yy
º Yº + Yy

º Yº m2
~L + 2

¡
Yy

º m2
~º R

Yº + m2
hu

Yy
º Yº + Ay

º Aº
¢¢

; (4.26)

dm2
~e

d log¹
=

dm2
~e

d log¹

¯
¯
¯
¯

MSSM

; (4.27)

dAe

d log¹
=

dAe

d log¹

¯
¯
¯
¯

MSSM

+
1

16¼2

¡
2YeY

y
º Aº + AeY

y
º Yº

¢
: (4.28)

These have to be solved from the GUT scale downwards to the electroweak scale. It is
natural to separate the solution of this running into mSUGRA andright-handed neutrino
contribution parts:

m2
~L = m2

0I + ( ±m2
~L )mSUGRA + ±m2

~L ; (4.29)

m2
~e = m2

0I + ( ±m2
~e)mSUGRA + ±m2

~e; (4.30)

Ae = A0Ye + ( ±Ae)mSUGRA + ±Ae; (4.31)

3Alternatively, one could continuously diagonalize M and align Yº during the RG evolution. This is not
necessary, as the RGEs are invariant under unitary transformations of ^º R [110].
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where (±m2
~L
)mSUGRA , (±m2

~e)mSUGRA and (±Ae)mSUGRA denote the usual °avor-diagonal MSSM
renormalization group contributions with mSUGRA conditions at the GUT scale. On the
other hand, ±m2

~L
is the non-diagonal left-handed slepton mass matrix contribution (3.1)

considered in the previous chapter, now calculated in the SUSYseesaw model. As can be
seen in (4.27),m2

~e remains diagonal, receiving no additional corrections dueto right-handed
neutrinos at one-loop order,±m2

~e = 0. The trilinear coupling matrix Ae is a®ected in the
SUSY seesaw model but the impact on LFV processes is subdominant, ofthe order of 10%
at most. This is because left-right couplings of the sleptons (to which Ae contributes) are
always suppressed by the lepton masses,ml i =mZ . The contribution ±Ae is included in the
numerical results but does not change the qualitative discussion.

An approximate solution to the above RG equations would be extremely helpful for
discussion purposes. This can be achieved in the leading-logarithmic approximation, where
the RGEs are solved to lowest order in ¢(log¹ ) from the starting point M GUT . Inserting the
mSUGRA conditions form2

~L
, m2

~º R
, m2

hu
, Ae and Aº , leads to [21]

±m2
~L = ¡

1
8¼2

(3m2
0 + A2

0)(Yy
º LYº ); (4.32)

±Ae = ¡
3A0

16¼2
Ye ¢(Yy

º LYº ); (4.33)

whereL is a diagonal matrix,

L = diag
µ

log
M GUT

M i

¶
; (4.34)

that describes the logarithmic running from the GUT scale to theMajorana scales, taking
into account a possible hierarchy between the right-handed massesM i . In this approxima-
tion, the slepton mass corrections, and thus all low energy observables discussed in Chapter 3,
depend on the quantity (see (4.16)),

Yy
º LYº =

1
v2 sin2 ¯

U ¢diag
p

mi ¢Ry ¢diag
µ

M i log
M GUT

M i

¶
¢R¢diag

p
mi ¢Uy: (4.35)

For example, the approximation (3.8) for the branching ratio of l i ! l j ° now reads

Br (l i ! l j ° ) ¼
1

8¼2
®3 tan2 ¯

m4
l i

~m4

ml i

¡ i

(3m2
0 + A2

0)2

~m4
j(Yy

º LYº ) ij j2: (4.36)

4.3 Bi-unitary parameterization

As we have seen, the matrixR and the massesM i parameterize the ambiguity in mapping
the e®ective low energy model to the full high energy theory: (mº ; R; M i ) ! (Yº ; M i ). It is
not possible to reconstruct the high energy parameters from the(in principle) observablemº

alone.
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On the other hand, in the SUSY version of the seesaw model, one can (again, in principle)
measure the quantities (Yy

º Yº ) ij via their impact on the slepton mass matrix4. As will be
shown, this additional information allows in principle to reconstruct the full high energy
theory from observable quantities: (mº ; Yy

º Yº ) ! (Yº ; M i ). To this end, we adopt a biunitary
diagonalization ofYº [33],

Yº = Uy
R ¢diagYi ¢UL ; (4.37)

with unitary matrices UL and UR . Such a diagonalization is always possible for an arbitrary
matrix Yº [111]. The eigenvaluesYi can be chosen real and positive by moving any phases
into UL ,

diagYi = diagjYi j ¢diagei arg Yi (4.38)

) Yº = Uy
R ¢diagjYi j ¢U0

L ; with U0
L = diagei arg Yi ¢UL : (4.39)

The diagonalization expressions

Yy
º Yº = Uy

L ¢diagY 2
i ¢UL ; (4.40)

Yº Yy
º = Uy

R ¢diagY 2
i ¢UR ; (4.41)

follow immediately from (4.37), which shows that the mixing matrix UL and the eigenvalues
Yi can be determined ifYy

º Yº is known.
Now, we also take into accountmº through the seesaw formula (4.5), inserting (4.37),

1
v2 sin2 ¯

mº = UT
L ¢diagYi ¢U¤

R ¢diagM ¡ 1
i ¢Uy

R ¢diagYi ¢UL ; (4.42)

and separateUR ; M i (which are unknown at this point),

1
v2 sin2 ¯

diagY ¡ 1
i ¢U¤

L mº Uy
L ¢diagY ¡ 1

i = U¤
R ¢diagM ¡ 1

i ¢Uy
R : (4.43)

UR and the right-handed neutrino massesM i can be determined by diagonalizing the left-
hand side of (4.43). As this procedure is not trivial, we will outline it in detail. First, UL is
determined via (4.40), yielding the Yukawa coupling eigenvaluesYi . These are inserted into
(4.42), which reads

X = U¤
R ¢diagM ¡ 1

i ¢Uy
R ; (4.44)

with
X =

1
v2 sin2 ¯

diagY ¡ 1
i ¢U¤

L mº Uy
L ¢diagY ¡ 1

i : (4.45)

Multiplying (4.44) with its hermitian conjugate leads to

XyX = UR ¢diagjM i j¡ 2 ¢Uy
R ; (4.46)

4As can be seen in the leading-log approximations (4.32) and (4.33), the logarithmic running between
M GUT and M i slightly modi¯es this behavior: Yy

º Yº ! Yy
º LYº . For the moment, we neglect this e®ect. It

will be shown in Chapter 7 that the logarithmic enhancement can be correctly taken care of through iterative
RG running.
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representing a standard diagonalization of a hermitian matrix XyX with a unitary matrix
UR . To determine the phases of the eigenvaluesM ¡ 1

i , we calculate (4.44)

UT
RXUR = diagM ¡ 1

i : (4.47)

Any phases found in this matrix are absorbed intoUR ! UR ¢diage¡ i=2 arg M ¡ 1
i . As the ¯nal

result, we have two unitary matricesUL , UR and the real, positive eigenvaluesYi and M i

which fully describe the seesaw model.
Ultimately, this proves that if Yy

º Yº and mº are completely known,Yº and M i can be
fully reconstructed. The number of independent parameters adds up correctly,

18 = 9(Yy
º Yº ) + 9( mº ): (4.48)

In summary, we identi¯ed in this chapter three di®erent parameterizations of the SUSY
seesaw sector, each with its own advantages and drawbacks:

1. High energy basis(Yº ; M i ). This is the basis in which the high energy SUSY seesaw
model is de¯ned. The Yukawa coupling matrixYº and the right-handed neutrino
massesM i are naturally given at M GUT . Theoretical models and Yukawa textures
are most easily applied in this parameterization, but a phenomenologically viable low
energy theory in the form of correct neutrino oscillation parameters and allowed lepton
°avor violating process rates is not guaranteed.

2. Seesaw basis(mº ; R; M i ). This parameterization guarantees a successful light neutrino
sector but not viable LFV process rates. Its main advantage is that it allows one to
keep the important Majorana massesM i as input while studying the in°uence of the
light neutrino parameters. A disadvantage is the appearance of the unknown matrix
R, which lacks a clear physical interpretation.

3. Low energy basis(Yy
º Yº ; mº ). Expressing the neutrino sector in these quantities, it is

possible to guarantee both viable light neutrino parameters and slepton mass contri-
butions through LFV processes. It thus enables one to perform a proper bottom-up
analysis with the possibility to reconstruct the high energy theory from the observables.

4.4 Leptogenesis

Another attractive feature of the seesaw model is that it provides a natural mechanism to
generate the observed baryon number asymmetry of the universe (BAU), which can be ex-
pressed in terms of the baryon to photon number densitýB at the photon recombination
time. Observations of the Cosmic Microwave Background radiation combined with observa-
tions of the large scale structure provide a precise measurement[112,113],

´ B =
nB ¡ n ¹B

n°
= (6 :3 § 0:3) ¢10¡ 10: (4.49)

There are three conditions that must be ful¯lled for successful baryogenesis:
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1. baryon number violation,

2. C and CP violation,

3. deviation from thermal equilibrium.

These are the famous Sakharov conditions [65], which can be met in the Standard Model,
but the experimental value of´ B is still too large to be explained. Therefore, the observed
baryon asymmetry requires new physics.

A detailed discussion of the BAU generation mechanism via leptogenesis in the seesaw
model is beyond the scope of this work. We will only give a short review of the relevant
facts. For further details, the reader is referred to [48,114{116].

After the in°ationary phase, right-handed neutrinos are produced, the number of which
depending on the cosmological scenario. These neutrinos decay, violating CP and lepton
number and generating a lepton asymmetrý L . Finally, the transformation of the lepton
asymmetry into a baryon asymmetry is performed byB + L violating sphaleron processes
[117], independent of the seesaw mechanism. The observed baryonasymmetry is then given
by

´ B ¼ ¡
3
4

csphf dil · f ²1; (4.50)

where

² ²1 is the CP asymmetry generated by the decays of the lightest right-handed neutrino
º R1 . Here it is assumed that the masses of the right-handed neutrinos are su±ciently
hierarchical so that only the decays of the lightest one contribute to the asymmetry.
This is already the case for hierarchies as small asM 2;3 & 2M 1. In the seesaw model,
²1 is [118]

²1 = ¡
1

8¼
1

(Yº Yy
º )11

X

i 6=1

Im
£
(Yº Yy

º )1i (Yº Yy
º )1i

¤
f

µ
M 2

i

M 2
1

¶
; (4.51)

with

f (x) =
p

x
µ

2
x ¡ 1

+ ln
1 + x

x

¶
: (4.52)

² · f is the e±ciency factor of washout processes (decays, inverse decays, ¢ L = 1 and
¢ L = 2 processes), which dilute the generated asymmetry.· f can be expressed as a
function of the e®ective neutrino mass

~m1 = v2 sin2 ¯
(Yº Yy

º )11

M 1
; (4.53)

that is a measure of the coupling of the right-handed neutrinos to the thermal bath,
and which generically lies in the rangem1 < ~m1 . m3. · f is determined by solving the
Boltzmann equations for theB ¡ L asymmetry density and the density of the lightest
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right-handed neutrinos. A reliable numerical ¯t in the region
p

¢ m2
12 < ~m1 <

p
¢ m2

23

is [114]

· f ( ~m1) ¼ 0:24
µ

~m1

8:3 ¢10¡ 4 eV

¶ ¡ 1:1

; (4.54)

where ¢m2
12 and ¢ m2

23 are the solar and atmospheric mass di®erences measured in
neutrino oscillations. This ~m1-region of a mildly strong washout is preferred because,
on the one hand, it is largely independent of the initial conditions after in°ation and
has minimal theoretical uncertainties. On the other hand, itdoes not yield an unre-
coverable e±ciency loss. The above ¯t for· f was obtained in the non-SUSY seesaw
model, but is expected to hold true in the SUSY version also.

² f dil is the dilution factor between the currently observed baryonasymmetry and the
asymmetry at the time T ¼ M 1. This dilution is due to standard photon production
until the recombination of the photons [119]. Approximately, one has

f dil ¼ 0:017: (4.55)

² csph is the factor for the conversion of theB ¡ L asymmetry after leptogenesis into
the baryon asymmetry due to sphaleron processes. Sphalerons are non-perturbative
transitions between di®erent SU(2)L vacua that violate B + L and which occur at
temperatures above the scale of electroweak symmetry breaking. csph is in general a
number of orderO(1) and is

csph = 8=23 (4.56)

in the MSSM.

In the case of hierarchical right-handed neutrinosM 2
i À M 2

1 , one hasf
³

M 2
i

M 2
1

´
¼ 3M 1

M i
in

(4.52) for i 6= 1. Equation (4.51) can then be approximated as

²1 ¼ ¡
3

8¼
M 1

(Yº Yy
º )11

X

i 6=1

Im
£
(Yº Yy

º )2
1i

¤

M i
: (4.57)

In terms of the matrix R, this can be written as [120]

²1 ¼ ¡
3

8¼
M 1

v2 sin2 ¯

P
i m2

i Im[(R1i )2]
P

i mi jR1i j2
: (4.58)

Similarly, ~m1 is expressed as
~m1 =

X

i

mi jR1i j2; (4.59)

which happens to be the denominator of (4.58). With the experimental value (4.49), we can
turn (4.58) around, and solve forM 1,

M 1 ¼ ´ B
32¼
9

v2 sin2 ¯
csphf dil

· f ( ~m1) ~m1P
i m2

i Im[(R1i )2]
: (4.60)
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This relation can be interpreted as the condition onM 1 for successful baryogenesis via
thermal leptogenesis. (4.58) also yields an upper bound onj²1j. Due to the orthogonality
condition

P
i (R1i )2 = 1, one has [120]

j²1j ·
3

8¼
M 1

v2 sin2 ¯
(m3 ¡ m1); (4.61)

which goes to zero for degenerate light neutrinos. Analogously, a lower bound onM 1 can be
deduced from (4.60) [120],

M 1 > 109¡ 10 GeV; (4.62)

for hierarchical light neutrinos, m1 = 0 eV.
There is a serious problem with leptogenesis in a mSUGRA framework due to a possible

overabundance of gravitinos [121, 122]. If heavier than theLSP, which is generally the
case in mSUGRA, the gravitino can decay into energetic photons, thereby spoiling big-bang
nucleosynthesis. The number of gravitinos is proportional to the reheating temperatureTR

of in°ation. This results in an upper boundTR < 107; 109; 1012 GeV for gravitino masses
m3=2 = 100; 1000; 3000 GeV, respectively [123]. If right-handed neutrinos areto be produced
thermally after in°ation, one then hasM 1 . TR . In order to meet this gravitino bound,M 1

should not be much larger than 1011 GeV. Compared with (4.62), it is clear that there is
not much room left.

4.5 Neutrino data

The favored interpretation of the experimental results on solar neutrinos suggestsº e ! º ¹;¿

oscillations driven by the mass squared di®erence ¢m2
12 = m2

2 ¡ m2
1 in the range of the large

mixing angle (LMA) solution, while the results on atmospheric neutrinos are interpreted by
º ¹ ! º ¿ oscillations driven by ¢m2

23 = m2
3 ¡ m2

2 in the case of three active neutrinos. For
the present analysis, we use the global ¯ts in a three-neutrino framework performed in [124].

Most likely, at the time when a linear collider will be in operation, more precise measure-
ments of the neutrino parameters will be available than today. To take this into account, we
use the central values of the mass squared di®erences ¢m2

ij = m2
j ¡ m2

i and mixing angles
µij from the current global ¯t to existing data [124] with errors that indicate the anticipated
2¾con¯dence level (CL) intervals of running and proposed experiments.

The expected future improvements in the experimental errors of the light neutrino pa-
rameters are summarized below:

² ¢ m2
12 and sin2 2µ12: The long-baseline reactor experiment KAMLAND is designed

to test the LMA solution of the solar neutrino problem. Data taking was started
in 2002 and the solar neutrino parameters will be determined with an accuracy of
±(¢ m2

12)=¢ m2
12 = 10% and ±(sin2 2µ12) = § 0:1 within three years of measurement

[125].

² ¢ m2
23 and sin2 2µ23: Several long-baseline experiments based on neutrino beams, su-

perbeams and new reactor experiments are planned or under construction for the next
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decade. It is expected that their combined sensitivity can probe the atmospheric oscil-
lation parameters with an accuracy of±(¢ m2

23)=¢ m2
23 = 6% and ±µ23 = 0:81+0 :13

¡ 0:10 [126].

² sin2 2µ13: The CHOOZ reactor experiment restricts the angleµ13 to sin2 2µ13 < 0:1
[127]. The long baseline experiment MINOS [128] can probe the range sin2 2µ13 &
0:02¡ 0:05. The combined sensitivity of MINOS and other neutrino beam and reactor
experiments is expected to be±(sin2 2µ13) < 3 ¢10¡ 3 [126].

² Neutrino mass spectra:The inverse hierarchical spectrum with two heavy and a single
light state is disfavored according to an analysis [129,130] ofthe neutrino spectrum from
supernova SN1987A, unless the mixing angleµ13 is large (compare, however, [131]). We
therefore restrict our analysis to the direct (normal) hierarchy.

² Dirac CP phase±: At a neutrino factory, one will be able to distinguish maximal from
minimal CP violation. Without an existing ¯t, we vary ± in the full range 0< ± < 2¼
[132].

² Majorana CP phasesÁ1, Á2: Some information about one Majorana phase may be
obtained by combining results of future double beta and tritium decay experiments
and neutrino mass bounds obtained from ¯ts to the large scale structure of the universe
[133]. As this is very di±cult, we allow a variation of both phases in their full ranges,
0 < Á i < 2¼, i = 1; 2.

² Neutrino mass scale:While neutrino oscillation experiments provide information on
the neutrino mass squared di®erences ¢m2

ij , the absolute scale of the neutrino masses
is not known so far. Upper bounds can be obtained from the neutrino hot dark mat-
ter contribution to the cosmological large scale structure evolution and the Cosmic
Microwave Background, tritium beta decay experiments and neutrinoless double beta
decay experiments [134]. A next generation double beta decay experiment like GE-
NIUSI will test the quantity mee = j

P
i V 2

1i e
i 2Ái mi j down to 10¡ 2 eV. SinceV 2

13 =
sin2 2µ13=4 < 0:025, the contribution of m3 drops out and a boundmee < 10¡ 2 eV will
imply m1 < 10¡ 2 eV/cos 2µ12. Using the KAMLAND sensitivity ±(sin2 2µ12) = § 0:1,
one obtains the boundm1 < 3¢10¡ 2 eV. On the other hand, a large massm1 could be
tested by future tritium beta decay projects. A positive signal at the ¯nal sensitivity
of the KATRIN experiment would imply m1 = 0:3§ 0:1 eV [135]. Such a value would
be compatible with the evidence claim for neutrinoless double beta decay [136].

The current best ¯t and 2¾CL ranges of the oscillation parameters are speci¯ed in Table 4.1,
together with the future 2¾ uncertainty ranges, which are based on the expected results
from future experiments, that we will use in our numerical analysis. For the remaining light
neutrino parameters, currently no positive experimental signals exist. As mentioned above,
the CP violating phases±, Á1 and Á2 will be very di±cult to determine and thus are allowed
to vary in their full ranges,

±; Ái = 0 ¡ 2¼; i= 1; 2: (4.63)
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best ¯t present future
sin2 µ12 0.30 +0 :05

¡ 0:05
+0 :05
¡ 0:05

sin2 µ23 0.52 +0 :14
¡ 0:16

+0 :10
¡ 0:10

sin2 µ13 0.005 +0 :032
¡ 0:005

+0 :001
¡ 0:005

¢ m2
12=10¡ 5 eV2 6.90 +1 :50

¡ 0:80
+0 :36
¡ 0:36

¢ m2
23=10¡ 3 eV2 2.3 +0 :7

¡ 0:9
+0 :7
¡ 0:9

Table 4.1: 2¾ CL ¯ts of neutrino oscillation parameters characterizing the present and
future uncertainties.

With the neutrino mass scale unknown, we use two di®erent neutrino mass spectra, charac-
terized by

m1 = 0 ¡ 0:03 eV; (4.64)

for a spectrum that includes hierarchical masses. For discussion purposes, this case will be
referred to as 'hierarchical'. For a (quasi-)degenerate spectrum, we use

m1 = 0:3+0 :11
¡ 0:16 eV: (4.65)
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Chapter 5

Results for degenerate right-handed
neutrinos

The goal of this and the subsequent chapter is to present patterns of observables that are
representative of the general outcome. To this end, we study the cases of (quasi-)degenerate
and strongly hierarchical right-handed neutrino masses. These two cases are speci¯cally
chosen to be highly predictive with regard to the experimental observables. In addition, the
impact of the light neutrino and mSUGRA parameters is analyzed in detail. Adapting the
results of the previous chapter, the method of calculation isas follows:

1. We choose a speci¯c realization forR and the massesM i that depends on as few
parameters as possible without being trivial.

2. Experimental results are used to constrain the neutrino matrix mº . The neutrino oscil-
lation parameters are scattered within their expected future 2¾limits with a gaussian
distribution. The unknown phases±, Á1 and Á2 are varied linearly within their full
ranges. The undetermined neutrino mass scalem1 is taken care of through the two
cases of hierarchical and degenerate neutrinos and scatteredwith a constant distribu-
tion, as outlined in Section 4.5.

3. The full one-loop seesaw RGEs are solved fromMZ to M GUT .

4. The full one-loop MSSM+seesaw RGEs are solved fromM GUT to MZ , yielding the
low energy slepton mass corrections, which are used to calculatethe observables of
Chapter 3.

In this chapter, we assume that the right-handed Majorana massesare highly degenerate,

M 1 ¼ M 2 ¼ M 3 ¼ MR ; (5.1)

whereMR is the common mass scale. The matrixYy
º LYº (4.35), responsible for generating

low energy LFV is then given by

Yy
º LYº =

MR

v2 sin2 ¯
log

M GUT

MR
U ¢diag

p
mi ¢RyR¢diag

p
mi ¢Uy: (5.2)



52 Chapter 5. Results for degenerate right-handed neutrinos

Due to R being complex orthogonal but not hermitian, the expression does still depend on
the arbitrary six parameters inR. Hence, we make the further assumption thatR is real, so
that it drops out of (5.2),

Yy
º LYº =

MR

v2 sin2 ¯
log

M GUT

MR
U ¢diagmi ¢Uy: (5.3)

An immediate consequence is that the Majorana phases of the light neutrino mixing matrix
U also drop out: U can be replaced withV. Also, the matrix Yy

º Yº is diagonalized byU,
which in the bi-unitary language of Section 4.3 means that the left-handed mixing matrix
UL can be identi¯ed with the hermitian conjugate ofU, UL = Uy, making the left-hand side
of (4.43) diagonal. The right-handed mixing matrixUR can be chosen to be the unity matrix
and Yº is given by

Yº = diagYi ¢Uy =
1

v sin¯
diag

p
MRmi ¢Uy; (5.4)

which can also be deduced from theR matrix representation (4.16) by settingR = I (it drops
out anyway) and diagM i = MR I . Expression (5.3) should be compared to the light neutrino
matrix (4.13),

mº = U¤ ¢diagmi ¢Uy: (5.5)

Neglecting CP violating e®ects, the pattern of LFV transmitted to the sleptons is the same
as the light neutrino mixing. This is an immediate consequence of our assumptions, namely
degenerate right-handed neutrinos and a realR matrix, which exclude any other possible
in°uences. Therefore this class of models is highly predictive, maximally correlating neutral
and charged lepton °avor violation. Moreover, one obtains conservative upper bounds on
MR for real R, because a complex matrixR generically leads to larger values ofYy

º LYº and
thus to larger branching ratiosBr (l i ! l j ° ) (see (4.36)) [22,48].

As the scale of the lightest neutrino is unknown (Section 4.5), we will consider the cases
of hierarchical and degenerate neutrino masses. Typical mass spectra can be parameterized
as follows:

1. hierarchicalº L :

m1 ¼ 0; m2 ¼
q

¢ m2
12; m3 ¼

q
¢ m2

23; (5.6)

2. quasi-degenerateº L , [41]:

m1; m2 ¼ m1 +
¢ m2

12

2m1
; m3 ¼ m1 +

¢ m2
23

2m1
; (5.7)

with m1 À
p

¢ m2
23 À

p
¢ m2

12:

The product (5.3) of Yukawa couplings, can then be approximated by [61]

1: (Yy
º LYº ) ij ¼

MR

v2 sin2 ¯
log

M GUT

MR

µ q
¢ m2

12Vi 2V ¤
j 2 +

q
¢ m2

23Vi 3V ¤
j 3

¶
; (5.8)

2: (Yy
º LYº ) ij ¼

MR

v2 sin2 ¯
log

M GUT

MR

µ
m1±ij +

1
2m1

¡
¢ m2

12Vi 2V ¤
j 2 + ¢ m2

23Vi 3V ¤
j 3

¢
¶

: (5.9)
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In both cases the largest branching ratio, proportional toj(Yy
º LYº ) ij j2, for l i ! l j ° is expected

in the channel ¿ ! ¹° because ofjV33V ¤
23j ¼ jV32V ¤

22j and ¢ m2
23 À ¢ m2

12. The decays
¹ ! e° and ¿ ! e° are suppressed by the smallness of ¢m2

12 and V13. In case 2), there
is an additional suppression by

p
¢ m2

23=m1 or
p

¢ m2
12=m1 relative to case 1). All this is

immediately obvious when inserting the best ¯t values (Section4.5) for µ12, µ23, ¢ m2
12 and

¢ m2
23,

Yy
º LYº ¼

MR

1012 GeV

µ
174 GeV
v sin¯

¶ 2

log
M GUT

MR

£

0

@
2:5 ¤ ¤ ¤ ¤

2:6 + 2:8x13ei± 30¡ 0:31x13 cos± ¤ ¤

¡ 2:8 + 2:7x13ei± 23¡ i0:31x13 sin± 27 + 0:31x13 cos±

1

A; (5.10)

in case 1) of hierarchical neutrinos withm1 = 0 eV, and

Yy
º LYº ¼

MR

1012 GeV

µ
174 GeV
v sin¯

¶ 2

log
M GUT

MR

0

@
300 ¤ ¤ ¤ ¤

0:036 + 0:25x13ei± 302 ¤ ¤

¡ 0:038 + 0:24x13ei± 2:1 302

1

A; (5.11)

for degenerate neutrinos withm1 = 0:3 eV. The boxes denote the conjugate elements ¯xed
by the hermiticity of Yy

º LYº . In both numerical expressions, only the lowest order inµ13 is
retained with x13 beingµ13 normalized to the best ¯t value,x13 = µ13=0:078. The expressions
(5.10) and (5.11) are only used for discussion purposes. In our numerical calculations, we
perform the full RGE running and scatter the neutrino parameters as described in Section 4.5.

Small deviations from degenerate Majorana masses Before analyzing the various
LFV observables, we would like to comment brie°y on the stabilityof the numerical results
in this scenario. Due to RG running (Section 4.2), even a perfectly degenerate right-handed
mass spectrum atM GUT will experience non-degeneracies. This e®ect is included in our
analysis, i.e. even though we use (5.1) as input, the ¯nal masses usedfor calculations are
non-degenerate at the 10-20% level. In addition, we also probed the stability of our signals
when using a relaxed parameter setup, namely:

² Quasi-degenerate Majoranas with small perturbations±M1=3 =
jM 1=3 ¡ M 2 j

M 2
,

² full variation of the real mixing anglesx i in R (the imaginary parts yi are still zero),

² full variation of the Majorana phasesÁi .

We found that the variation in any of the LFV observablesO (such asBr (¹ ! e°)) with
respect to±M1=3, x i and Ái is at most of the order

±O
O

. (±M1=3)2; (5.12)

which are to be expected due to the quadratic dependence of the signal cross sections and rare
decays on the Majorana masses (see discussion below). Such a variation was only performed
to check the stability but is not part of the following results.
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Figure 5.1: Br (¹ ! e°) as function of M R for hierarchical (upper) and degenerate (lower)
light neutrinos in SPS1a. The solid (dashed) line indicatesthe current (expected future)
experimental sensitivity of Br (¹ ! e°).

Rare decays The dependence ofBr (¹ ! e°) and Br (¿ ! ¹° ) on the right-handed
Majorana mass scaleMR is displayed in Figures 5.1 and 5.2, respectively, for both cases
of neutrino mass spectra1 in the mSUGRA scenario SPS1a. The most salient feature is
the typical rise of the branching ratios with j(Yy

º LYº ) ij j2 / M 2
R . Due to the logarithmic

running, this proportionality is actually better approximated with Br / M 1:8
R in the range

1011 . MR . 5¢1013. The dependence slightly changes for largerMR in the case of degenerate
light neutrinos. The current and expected future bounds on the branching ratios are denoted
by solid and dashed lines in the ¯gures, respectively.

The sensitivity of Br (¹ ! e°) on MR for all benchmark mSUGRA scenarios is sum-
marized in Table 5.1. The values should be interpreted as rough estimates, as the statistic
uncertainty is rather large (as shown in Figure 5.1), especially for the upper value. The
present and future bounds onBr (¿ ! e°) and Br (¿ ! ¹° ) set no or relatively weak
constraints onMR and are therefore not included in Table 5.1 [87].

Comparing Figures 5.1 and 5.2, one can see thatBr (¹ ! e°) is more strongly a®ected
by the uncertainties in the neutrino parameters thanBr (¿ ! ¹° ). This ¯nding may be
understood qualitatively from (5.8) and (5.9), where one seesthat Br (¿ ! ¹° ) mainly
depends on the large angleµ23 while Br (¹ ! e°) involves the small quantitiesµ13 and ¢ m2

12.
The di®erence in the scatter range of the predictions forBr (¿ ! ¹° ) and Br (¹ ! e°) thus
re°ects the di®erent relative error of the quantitiesµ23; µ13 and ¢ m2

12 and also the complete
lack of knowledge on±. Furthermore, Figures 5.1 and 5.2 show that the experimental

1Throughout this chapter, the hierarchical light neutrino case will be shown in dark (black), and the
degenerate case in light (red) in the ¯gures.
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Figure 5.2: Br (¿ ! ¹° ) as function of M R for hierarchical (upper) and degenerate (lower)
light neutrinos in SPS1a. The dashed line indicates the expected future experimental
sensitivity of Br (¿ ! ¹° ).

prospects favor the channel¹ ! e° over ¿ ! ¹° for testing small values ofMR . Larger
values ofMR would be probed more accurately in¿ ! ¹° . We ¯nd for hierarchical neutrino
spectra that a future measurement ofBr (¿ ! ¹° ) ¼ 10¡ 8 would typically determine MR up
to a factor of two given the uncertainties in the neutrino parameters. On the other hand, a
measurement ofBr (¹ ! e°) ¼ 10¡ 13 would determine the right-handed scale only within
one or two orders of magnitude, as can be seen in Table 5.1, evenif the SUSY parameters are
known. Finally, assuming an exactly massless lightest neutrino (as in some previous works,
e.g. [20,22,44]), the upper bounds onMR improve by up to one order of magnitude.

The expected suppression for degenerate light neutrinos is clearly visible in both the
¯gures and the table. Br (l i ! l j ° ) is suppressed by roughly two orders of magnitude as
compared to the case of hierarchical neutrino spectra, but exhibits a similar dependence on
MR . At present, no bound can be obtained in any of the scenarios, see Table 5.1. A lightest
neutrino with massm1 ¼ 0:3 eV could thus be a natural explanation for the yet unobserved
decay¹ ! e° in the light of the claimed evidence for neutrinoless double beta decay [136].

Contrary to our previous works [61{63], we ¯nd a saturation of the branching ratios for
largeMR in case of degenerate neutrinos, which is clearly visible in Figures 5.1 and 5.2. This
e®ect only appears in a full one-loop RG evolution of the neutrino sector. We did not see
such a saturation in our earlier work as it was based on a simpli¯ed solution of the seesaw
RGEs.

We also ¯nd that for a ¯xed MR the branching ratios forl i ! l j ° depend strongly on the
particular mSUGRA scenario. The most stringent bounds onMR are obtained in scenario
SPS1a due to small sparticle masses and a non-vanishingA0, whereas scenario C' with large
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Br (¹ ! e°) = 1:2 ¢10¡ 11 = 10¡ 13

hier. º L deg. º L hier. º L deg. º L

SPS1a 4 ¢1012 - 2 ¢1014 - 4 ¢1011 - 3 ¢1012 8 ¢1012 - 2 ¢1014

B' 2 ¢1013 - 2 ¢1015 - 1 ¢1012 - 4 ¢1013 2 ¢1013 - 2 ¢1014

C' 3 ¢1013 - 1 ¢1015 - 2 ¢1012 - 2 ¢1014 4 ¢1013 -
G' 2 ¢1013 - 3 ¢1014 - 8 ¢1011 - 1 ¢1013 2 ¢1013 - 2 ¢1014

I' 7 ¢1012 - 2 ¢1014 - 4 ¢1011 - 1 ¢1013 1 ¢1013 - 1 ¢1014

Table 5.1: Uncertainty in M R at the present and future sensitivities of Br (¹ ! e°) due
to variation of the neutrino parameters (values in GeV).

gaugino masses yields the weakest bounds.
As mentioned in Section 4.5, inverse hierarchical light neutrino mass spectra are disfa-

vored. Therefore, we concentrated on the (normal) hierarchical and degenerate cases. An
analogous analysis of the inverse hierarchical case would be straightforward. It is expected
that LFV rates for inverse hierarchical schemes lie in the intermediate range between the
cases we discuss,Br (degenerate)¿ Br (inverse)< Br (hierarchical) [41].

In Chapter 3, we have seen that not only lepton °avor but also CP violating e®ects
can be encoded into the slepton mass matrix, giving rise to electric dipole moments of the
electron or muon. In the case considered here, the only possible source of CP violation is
the Dirac phase± of the light neutrino mixing matrix. It turns out that this do es not give
rise to measurable electric dipole moments. In scenario SPS1a, the maximally possible value
compatible with the current bound onBr (¹ ! e°) is de ¼ 10¡ 33 ecm, barely approaching
the future sensitivity (3.15). The electric dipole moment of the muon is of the order of
10¡ 31 ecm, far below the current and even the expected future sensitivity. This observation
holds true in all scenarios considered.

Predictions for e+ e¡ and e¡ e¡ collisions Figures 5.3 and 5.4 show thee+ e¡ collider
cross sections for¹ + e¡ + 2~Â0

1 and ¿+ ¹ ¡ + 2~Â0
1 at

p
s = 500 GeV as a function of the

right-handed Majorana mass scaleMR in scenario SPS1a. Just like the branching ratios
Br (l i ! l j ° ), the cross sections exhibit the typical proportionality to (Yy

º LYº )2
ij / M 2

R .
This behavior indicates that the signal cross sections are dominated by Feynman graphs
involving the lepton °avor violating vertices to ¯rst order as was assumed in Section 3.2.
The latter in turn implies that e+ e¡ ! ¿+ ¹ ¡ + 2~Â0

1 is dominantly a s-channel process and
thus suppressed relative toe+ e¡ ! ¹ + e¡ +2~Â0

1 where boths- and t-channel contribute. For a
detailed breakdown of the dominant intermediate slepton states, see the following paragraph
on the beam energy dependence.

Furthermore, the cross sections saturate for largeMR , which is seen most clearly in the
¹ + e¡ -channel for hierarchical light neutrinos. This can be understood by realizing that
for large MR the mass di®erences of the sleptons with a dominant left-handedcomponent
become comparable to the corresponding slepton widths. As mentioned in Section 3.2, in
this case the cross sections can be approximated by the incoherent sum (3.21). Focussing on
the ¹ + e¡ -channel, the dominant contribution is determined by the ~eL -~¹ L mixing angle or,
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Figure 5.3: ¾(¹ + e¡ + 2~Â0
1) as function of M R for hierarchical (upper) and degenerate

(lower) light neutrinos in SPS1a (
p

s = 500 GeV).

more precisely, by

tan 2µ~e~¹ ¼
2(m2

~lL
)12

(m2
~lL

)11 ¡ (m2
~lL

)22
¼

2(Yy
º LYº )12

(Yy
º LYº )11 ¡ (Yy

º LYº )22
; (5.13)

where the second equality follows from (4.32) and (B.15), if the lepton masses are neglected.
Using (5.8) one then sees that tan 2µ~e~¹ and thus the cross section is independent ofMR . In
the ¿+ ¹ ¡ channel the saturation is less pronounced due to e®ects of the heavier ¿ mass which
dominate the denominator in the expression analogous to (5.13), except for very large values
of MR . The ¯nite ¿ mass is also responsible for a suppression of all channels with a¿ lepton
in the ¯nal state relative to the ¹ + e¡ channel, which can be seen comparing Figures 5.3 and
5.4.

Beside these di®erences, the dependence of the cross sections and the branching ratios
on the neutrino parameters andMR are very similar. Again, the impact of the neutrino
uncertainties is weaker in the¿+ ¹ ¡ than in the ¹ + e¡ channel. Also, the¿+ e¡ channel
is unobservably small. Since this channel is unfavorable due to the ¿ mass suppression
pointed out above and the comparably large MSSM background,we will concentrate on
the ¹ + e¡ and ¿+ ¹ ¡ ¯nal states. As already noted, the proportionality with jYy

º LYº j2 is
also dominated by theM 2

R (actually, M 1:8
R ) dependence, and there is again a suppression

for degenerate light neutrinos. Such correlations between collider processes and rare decays
could be expected. Already in the context of general, albeit small, lepton °avor violating
slepton mass terms, we anticipated the relation¾(e+ e¡ ! l+

i l ¡
j + 2~Â0

1) / Br (l i ! l j ° ), see
(3.23). The correlation between¾(e+ e¡ ! ¹ + e¡ + 2~Â0

1) at
p

s = 500 GeV and Br (¹ ! e°)
is illustrated in Figure 5.5. For Br (¹ ! e°) . 10¡ 13, this correlation is so accurate that
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Figure 5.4: ¾(¿+ ¹ ¡ + 2~Â0
1) as function of M R for hierarchical (upper) and degenerate

(lower) light neutrinos in SPS1a (
p

s = 500 GeV).

the neutrino uncertainties drop out almost completely. For hierarchical light neutrinos, the
correlation extends to values up to 10¡ 11. Only for larger values ofMR the correlation is
washed out because of the saturation of the cross sections explained above which sets in at
di®erent values ofMR depending on the precise values of the neutrino parameters. Onthe
other hand, in the case of degenerate neutrinos, the branchingratio in Figure 5.1 exhibits a
saturation for large Br (¹ ! e°), leading to a breaking of the correlation with the collider
cross section. In the interesting intermediate range between the experimental sensitivities
10¡ 13 < Br (¹ ! e°) < 10¡ 11, a collider has a better chance to see a signal for degenerate
rather than for hierarchical light neutrinos.

Figure 5.6 shows the analogous correlation between¾(e+ e¡ ! ¿+ ¹ ¡ + 2~Â0
1) and Br (¿ !

¹° ), which is even stronger. It is accurate throughout the wholerange ofMR , allowing all
scenarios to be plotted. The degenerate case is also shown but yields vanishingly small¿+ ¹ ¡

signal cross sections that are always smaller than 0.01 fb as in Figure 5.4.
These correlations between low energy and collider processes can be used to estimate the

LC cross sections that are allowed by bounds on or measurements of the radiative decays.
Taking scenario SPS1a as an example, one can read o® from Figure 5.5 that the present bound
Br (¹ ! e°) < 1:2 ¢10¡ 11 implies ¾(e+ e¡ ! ¹ + e¡ + 2~Â0

1) < 0:3 fb (0.9 fb for degenerate
neutrinos), while a measurement ofBr (¹ ! e°) ¼ 10¡ 13 by the upcoming experiment at
PSI would predict ¾(e+ e¡ ! ¹ + e¡ + 2~Â0

1) ¼ 3 ¢10¡ 3 fb. In other words, if ¹ ! e° will
not be detected at PSI, one does not expect an observable¹ + e¡ signal at a 500 GeV LC
either. On the other hand, taking into account the background discussion of Section 3.2, the
presently allowed cross section is in the observable range. The reach of ane+ e¡ collider atp

s = 500 GeV in the di®erent scenarios is shown in Table 5.2, con¯rming the ¯ndings on
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Figure 5.5: ¾(¹ + e¡ + 2~Â0
1) as function of Br (¹ ! e°) for hierarchical (lower) and

degenerate (upper) light neutrinos in SPS1a (
p

s = 500 GeV). The solid (dashed) line
indicates the current (expected future) experimental sensitivity of Br (¹ ! e°).

SPS1a for the other scenarios.

Br (¹ ! e°) < 1:2 ¢10¡ 11 < 10¡ 13

hier. º L deg. º L hier. º L deg. º L

SPS1a 0.3 0.8 0.005 0.01
B' 1.3 0.6 0.02 0.03
C' 1.2 0.2 0.07 0.03
G' 0.8 0.4 0.01 0.01
I' < 0:01 < 0:01 < 0:01 < 0:01

Table 5.2: Maximal expectation at an e+ e¡ collider for the signal ¾(¹ + e¡ + 2~Â0
1) atp

s = 500 GeV, depending on the maximally allowed branching ratio (values in fb).

Analogously, from Figure 5.6 one concludes that the present bound Br (¿ ! ¹° ) <
3:1 ¢10¡ 7 provides no constraints onMR . More importantly, the sensitivity goal Br (¿ !
¹° ) ¼ 10¡ 8 of future searches will not rule out sizable LC cross sections, namely ¾(e+ e¡ !
¿+ ¹ ¡ + 2~Â0

1) ¼ 1 fb in scenarios SPS1 and B'. The other scenarios are heavily suppressed
by kinematics, making it necessary to go to higher beam energies(see next paragraph). In
fact, in the ¿+ ¹ ¡ -channel LC experiments may reach farther than the¿ ! ¹° experiments
planned in the future. At any rate, here we have a good examplefor the complementarity
of low and high energy searches.

In principle, one has correlations also in channels which di®er in °avor. This is exempli¯ed
in Figure 5.7 for¾(e+ e¡ ! ¿+ ¹ ¡ + 2~Â0

1) and Br (¹ ! e°). However, because of the di®erent
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Figure 5.6: ¾(¿+ ¹ ¡ + 2~Â0
1) as function of Br (¿ ! ¹° ) for hierarchical (dark points) and

degenerate (light points, lower left) neutrinos in scenarios B', SPS1a, C', G', I' (left to
right) (

p
s = 500 GeV). The solid (dashed) line indicates the current (expected future)

experimental sensitivity of Br (¿ ! ¹° ).

°avor violating couplings involved, this correlation su®ers considerably from uncertainties in
the neutrino sector. Nevertheless, the experimental boundBr (¹ ! e°) < 1:2 ¢10¡ 11 yields
a stronger constraint on scenario SPS1a than the one obtained from Fig. 5.6, excluding
¾(¿+ ¹ ¡ +2~Â0

1) of the order of 0.1 fb at
p

s = 500 GeV already today. It must be emphasized
that such a °avor cross-correlation crucially depends on the seesaw parameters used. The
given bound here only applies in the case of degenerate Majoranas and a realR matrix.

We have also studied the prospects fore¡ e¡ collisions. Figure 5.8 shows¾(e¡ e¡ !
¹ ¡ e¡ + 2~Â0

1) in scenario SPS1a at
p

s = 500 GeV. As has been mentioned in Section 3.2.2,
the ¿¡ ¹ ¡ ¯nal state is strongly suppressed because at least two °avor violatingcouplings
are required due to the absence of thes-channel (see Figure 3.4). The¿¡ e¡ ¯nal state is
disfavored for the same reasons as the¿+ e¡ channel ine+ e¡ collisions. Thus,¹ ¡ e¡ remains
as the only promising channel.

The correlation between¾(e¡ e¡ ! ¹ ¡ e¡ +2~Â0
1) and Br (¹ ! e°) is plotted in Figure 5.9.

The reach of ane¡ e¡ collider at
p

s = 500 GeV in the di®erent scenarios is given in Table 5.3.
We see that the cross section permitted by the present bound on¹ ! e° lies in the range
of 1-10 fb for scenarios SPS1a and B', which would make the detection comparatively easy,
especially in the case of degenerate neutrinos.
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Figure 5.7: ¾(¿+ ¹ ¡ + 2~Â0
1) as function of Br (¹ ! e°) for hierarchical (dark points) and

degenerate (light points) neutrinos in scenario SPS1a (
p

s = 500 GeV). The solid (dashed)
line indicates the current (expected future) experimental sensitivity of Br (¹ ! e°).
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Figure 5.8: ¾(¹ ¡ e¡ + 2~Â0
1) as function of M R in scenario SPS1a for hierarchical (upper)

and degenerate (lower curve) neutrinos (
p

s = 500 GeV).
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Br (¹ ! e°) < 1:2 ¢10¡ 11 < 10¡ 13

hier. º L deg. º L hier. º L deg. º L

SPS1a 1.5 5.6 0.01 0.06
B' 7.9 4.3 0.1 0.2
C' 0.4 0.08 0.02 0.01
G' 0.2 0.2 0.003 0.004
I' < 0:01 < 0:01 < 0:01 < 0:01

Table 5.3: Maximal expectation at an e¡ e¡ collider for the signal ¾(¹ ¡ e¡ + 2~Â0
1) atp

s = 500 GeV, depending on the maximally allowed branching ratio (values in fb).
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Figure 5.9: ¾(¹ ¡ e¡ + 2~Â0
1) as function of Br (¹ ! e°) for hierarchical (lower) and

degenerate (upper) neutrino masses in scenario SPS1a (
p

s = 500 GeV). The solid (dashed)
line indicates the current (expected future) experimental sensitivity of Br (¹ ! e°).
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Figure 5.10: Largest Yukawa coupling eigenvaluejY3j at M GUT as function of the right-
handed Majorana mass scaleM R in the hierarchical (lower) and degenerate (upper) neu-
trino case. The solid line denotes the upper limit due to perturbativity, jY3j <

p
0:3 ¢4¼.

The dashed line shows the top Yukawa coupling atM GUT .

Perturbativity For theoretical reasons, it is important that the seesaw model remains
perturbative, i.e. the largest neutrino Yukawa coupling eigenvalue should approximately
ful¯ll

jY3j2

4¼
. 0:3: (5.14)

Otherwise, any calculations performed in perturbation theory will be useless. The practical
test for perturbativity is the stability of the RG running rout ines. AbovejY3j &

p
0:3 ¢4¼,

the neutrino RGEs quickly explode and no consistent renormalization group development is
possible. Figure 5.10 shows the largest Yukawa coupling atM GUT as a function ofMR . The
solid line gives the upper limit due to the perturbativity constraint (5.14). As can be seen,
the scattering was performed such that the theory remains perturbative in all cases. This
holds true in all scenarios considered. In addition, the dashedline in Figure 5.10 denotes
the top Yukawa coupling strength atM GUT . Third generation Yukawa coupling uni¯cation
jY3j = Yt at M GUT , as favored in certain GUT uni¯cation models, would be achievedfor
a right-handed mass scale ofMR ¼ 3 ¢1014 GeV for hierarchical andMR ¼ 5 ¢1013 GeV
for degenerate neutrinos. With the upper bounds of Table 5.1 on MR , this excludes the
possibility of Yukawa coupling uni¯cation for hierarchical neutrinos in SPS1a. On the other
hand, it is still possible for degenerate left- and right-handed neutrinos. Table 5.4 summarizes
the values ofMR for successful top Yukawa uni¯cation together with their compatibility with
the current bound Br (¹ ! e°) < 1:2 ¢10¡ 11 in all scenarios. The small variation in the
values is only due to di®erent tan̄ in the scenarios.
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hier. º L deg. º L

SPS1a 3 ¢1014 5 ¢1013X
B' 1 ¢1014X 6 ¢1013X
C' 2 ¢1014X 3 ¢1013X
G' 2 ¢1014 4 ¢1013X
I' 2 ¢1014 5 ¢1013X

Table 5.4: Values ofM R (in GeV) for successful third generation Yukawa coupling uni¯ca-
tion Yt = jY3j at M GUT in the case of hierarchical and degenerate neutrinos. The checkmark
denotes compatibility with the current bound on M R from Br (¹ ! e°) < 1:2 ¢10¡ 11 (Ta-
ble 5.1).

Beam energy dependence Up to now, we always considered a beam energy of 500 GeV
for the LFV collider signals. Generically, a di®erent beam energy will not change the lepton
°avor violating signals qualitatively. Its only e®ect is to change the size of the total cross
section. A caveat to this description is the possibility to traverse certain slepton mass
thresholds so that some sleptons are not produced at tree level atcertain energies, which
could a®ect the °avor transitions. In order to test the dependenceof the collider processes on
the beam energy, we ¯x the seesaw parameters. The neutrino oscillation parameters are at
their current best ¯t values, m1 = 0 eV, the CP violating phase is chosen to be zero, and for
MR a generic value of 1013 GeV is used. The resulting signal cross sections for¹ + e¡ + 2~Â0

1,
¿+ ¹ ¡ + 2~Â0

1 and ¹ ¡ e¡ + 2~Â0
1 are plotted in Figure 5.11 as a function of

p
s.

The threshold of the process¹ + e¡ +2~Â0
1 in SPS1a is at a beam energy of

p
s = 345 GeV,

corresponding to the intermediate slepton states2 ~¹ +
L ~e¡

R and ~e+
L ~e¡

R (Table 2.2). In the ¯rst
case, the °avor transitione+ ! ~¹ +

L occurs in the slepton production, whereas in the second
case, the produced right-handed selectron will decay into a muon, ~e+

L ! ¹ + .
As has been noted,¿+ ¹ ¡ + 2~Â0

1 is almost exclusively as-channel process. Its threshold
in SPS1a is at

p
s = 339 GeV, i.e. the onset of producing two staus, ~¿+

2 ~¿¡
1 . Nevertheless,

this channel is suppressed by the left-right mixing of the staus (which, in addition, is only
possible inZ boson exchange). The dominant contribution is from the production of two
smuons, ~¹ +

L ~¹ ¡
L , starting at

p
s = 404 GeV, of which one decays into a tau. This behavior is

clearly visible in Figure 5.11 as a pronounced knee just above abeam energy of 400 GeV.
In the case ofe¡ e¡ ! ¹ ¡ e¡ + 2~Â0

1, the threshold in SPS1a is at
p

s = 345 GeV, as
needed for the production of ~¹ ¡

L ~e¡
R and ~e¡

L ~e¡
R pairs. The main contribution, on the other

hand, is from ~¹ ¡
L ~e¡

L and ~e¡
L ~e¡

L pairs, due to dominant couplings, again causing a visible bend
at

p
s ¼ 400 GeV. These observations for the threshold behavior apply analogously to the

other scenarios.
Because of the larger sparticle masses, the scenarios C' and G' would bene¯t from a higher

beam energy. At
p

s = 500 GeV the beam energy is just above the production thresholds
for the relevant sleptons in these two scenarios. This is especially true for an e¡ e¡ collider,
where using 800 GeV would immensely enhance the signal rates in C' and G'. Unfortunately,
it would also enhance the singleW production background (Section 3.2). On the other hand,

2~e+
L (~¹ +

L ) is the antiparticle to the left-handed slepton ~e¡
L (~¹ ¡

L ).
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Figure 5.11: ¾(¹ + e¡ + 2~Â0
1), ¾(¿+ ¹ ¡ + 2~Â0

1) and ¾(¹ ¡ e¡ + 2~Â0
1) as function of

p
s in all

scenarios considered. The neutrino sector is ¯xed: oscillation parameters at their best ¯t
values, m1 = 0 eV, vanishing CP phases,M R = 1013 GeV.

for the signals¹ § e¡ , a beam energy of 500 GeV is almost ideal for the scenarios SPS1a and
B' with regard to the total signal cross section. The cross section¾(¿+ ¹ ¡ +2~Â0

1) is negligible
in absolute size just because of the relatively smallMR = 1013 GeV used. As noted above,
the sensitivity in this channel starts aroundMR = 1014 GeV.

Slepton mass measurements As the last class of observables, we will discuss precision
measurements of slepton mass di®erences. As shown in Section 3.2.3,slepton masses can
give valuable information that is complementary to LFV signals in that they are sensitive
to the diagonal elements inYy

º LYº . Figure 5.12 shows the mass di®erence between the
¯fths (predominantly a left-handed selectron) and the fourth(left-handed smuon) slepton
correlated with the Br (¹ ! e°) in SPS1a. In the hierarchical neutrino case, mass di®erences
of up to 1 GeV are still allowed by the current boundBr (¹ ! e°) < 1:2¢10¡ 11. On the other
hand, for degenerate neutrinos there is an upper limit on themass di®erence of approximately
0.1 GeV, irrespective of the branching ratio bound. This can beunderstood by rewriting
(3.30), using (4.32),

m2
~l5

¡ m2
~l4

/
q ¡

(Yy
º LYº )22 ¡ (Yy

º LYº )11
¢2

+ 4j(Yy
º LYº )12j2; (5.15)
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Figure 5.12: m~l5
¡ m~l4

as function of Br (¹ ! e°) in scenario SPS1a for hierarchical
(dark) and degenerate (light) neutrinos. The solid (dashed) line indicates the current
(expected future) experimental sensitivity of Br (¹ ! e°).

and inserting (5.10) or (5.11), respectively. In the degenerate neutrino case, the diagonal
elements ofYy

º LYº are also highly degenerate (a natural consequence), whereas the o®-
diagonal elements are suppressed. The mass di®erence (5.15), being sensitive to the hierarchy
of the diagonal elements is thus severely limited. In (5.10) for hierarchical neutrinos, though,
there is a strong hierarchy between (Yy

º LYº )22 and (Yy
º LYº )11 leading to a sizeable ~eL ¡ ~¹ L

mass di®erence. The approximate upper bounds onm~l5 ¡ m~l4 are summarized in Table 5.5
for all scenarios, although the values are actually quite insensitive to the scenario. With the
precision estimate (3.31) of±m~l ¼ 0:2 GeV, the currently allowed mass di®erences are well
within the experimental possibilities in the case of hierarchical light neutrinos.

Br (¹ ! e°) < 1:2 ¢10¡ 11 < 10¡ 13

SPS1a 2 0.2
B' 1 0.1
C' 2 0.1
G' 1 0.1
I' 1 0.1

Table 5.5: Maximal expectation for the mass di®erencem~l5
¡ m~l4

(in GeV) compatible
with the present and future bounds on Br (¹ ! e°) in the case of hierarchical neutrinos.
For degenerate neutrinos, the mass di®erence is always smaller than 0.1 GeV.

In order to get a measurable observable in the degenerate case also, we have to resort to
absolute mass determination, or more exactly speaking, to mass deviations from the °avor-
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Figure 5.13: m~l6
¡ mmSUGRA

~l6
as function of Br (¹ ! e°) in scenario SPS1a for hierarchical

(lower) and degenerate (upper) neutrinos. The solid (dashed) line indicates the current
(expected future) experimental sensitivity of Br (¹ ! e°).

conserving mSUGRA limit. As noted in Section 3.2.3, we take the optimistic stance that
these might be measurable in the future. Figure 5.13 displays the quantity m~l6 ¡ mmSUGRA

~l6
,

i.e. the shift of the heavy stau mass from its mSUGRA value, as a function of Br (¹ ! e°)
in SPS1a. The left-handed slepton mass matrix corrections aremostly negative (4.32) and
insert the numerical matrix (5.10) or (5.11)). Hence the abovemass di®erence turns out to
be negative also, i.e. the addition of right-handed neutrinos generically drives the slepton
masses to lower values, which could make the sleptons to be detected more easily.

Due to the large diagonal term (Yy
º LYº )33 for degenerate neutrinos, the mass di®erence

is much larger than for hierarchical neutrinos, about one to two orders of magnitude. Dif-
ferences as much as 10 GeV are currently possible, compared to around 1 GeV in the hier-
archical case. We summarize the allowed mass di®erences in Table5.6. The upper bounds
are currently in the region of 2 GeV and 10 GeV for hierarchical and degenerate neutrinos,
respectively, almost independent of the mSUGRA scenario. This is because the mass di®er-
ences are mostly limited due to our perturbativity limit (5.14), rather than the bound on
Br (¹ ! e°).

mSUGRA parameter dependence In our discussion, we took care of the variety in the
mSUGRA parameters only through using ¯ve di®erent benchmark scenarios. This is useful to
get a quick overview of the possible variations, but is insu±cientto test the sensitivities of our
signals, especially the relative sensitivity between rare decays and LFV collider processes,
with regard to the mSUGRA parameters. We now ¯x the seesaw parameters (best ¯t,
m1 = 0, no CP violation, MR = 1013 GeV), as we did for analyzing di®erent beam energies,
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Br (¹ ! e°) < 1:2 ¢10¡ 11 < 10¡ 13

hier. º L deg. º L hier. º L deg. º L

SPS1a 2 10 0.3 10
B' 2 6 0.4 5
C' 3 9 0.7 9
G' 3 11 0.2 11
I' 2 11 0.2 9

Table 5.6: Maximal expectation for the mass di®erencem~l6
¡ mmSUGRA

~l6
compatible with

the present and future bounds onBr (¹ ! e°). The values are in GeV.

50 100 150 200 250 300
m0 • GeV

100

150

200

250

300

350

400

m
1•

2
•G

eV

BrHm®egL

10- 11

10- 9

5×10- 10

50 100 150 200 250 300
m0 • GeV

100

150

200

250

300

350

400

m
1•

2
•G

eV

s He+e- ® m+e- +2cŽ1
0L

0 fb

8 fb

4 fb

Figure 5.14: Br (¹ ! e°) (left panel) and ¾(¹ + e¡ + 2~Â0
1) at

p
s = 500 GeV (right

panel) as function of m0 and m1=2. Their values vary linearly in the ranges indicated
in the legends. The seesaw parameters are ¯xed (best ¯t,m1 = 0, no CP violation,
M R = 1013 GeV), and the other mSUGRA parameters are as in scenario SPS1a (A0 =
¡ 100 GeV; sign¹ = + ; tan ¯ = 10).

and study the dependence of our signals onm0, m1=2 and A0.
Figure 5.14 shows the branching ratio of¹ ! e° and the cross section for¹ + e¡ + 2~Â0

1
(
p

s = 500 GeV) as contours in them0-m1=2 plane. The other mSUGRA parameters are at
their SPS1a values,A0 = ¡ 100 GeV; sign¹ = + ; tan ¯ = 10. The branching ratio falls o®
uniformly towards larger m0 and m1=2, which can be expected due to the masses of sleptons
and gauginos in the loop (Figure 3.1) that correlate withm0 and m1=2, respectively. The
cross section, on the other hand, has a more extensive reach intothe m1=2 direction but
rapidly falls of for largem0, as this quickly drives the slepton masses beyond the production
threshold of 500 GeV. A certain correlation betweenm0 and m1=2, as displayed in the right
panel of Figure 5.14, is to be expected in order to get a sizeable cross section, because the
produced sleptons have to be heavy enough to decay into the lightest neutralinos. The area
on the left-handed side is excluded by the lightest neutralinonot being the LSP. In this
region, the cross section is automatically zero, which is not the case for the branching ratio.
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Figure 5.15: Br (¹ ! e°) (left panel) and ¾(¹ + e¡ + 2~Â0
1) at

p
s = 500 GeV (right panel)

as function of m0 and A0. Their values vary linearly in the ranges indicated in the legends.
The seesaw parameters are ¯xed (best ¯t,m1 = 0, no CP violation, M R = 1013 GeV),
and the other mSUGRA parameters are as in scenario SPS1a (m1=2 = 250 GeV; sign¹ =
+ ; tan ¯ = 10).

The role ofA0 has often been neglected in the available mSUGRA benchmark scenarios.
Four of our ¯ve scenarios use a zero value for this quantity whichcan be quite important
in LFV processes. This is most easily seen in (4.32), whereA0 directly contributes to the
SUSY seesaw slepton mass corrections,

±m2
~L / (3m2

0 + A2
0): (5.16)

Although the contribution of an equal sizem0 will be three times larger, it will also quickly
drive the slepton masses to higher values suppressing our LFV signals. On the other hand,
the main non-LFV e®ect ofA0 is the strengthening of the stau left-right mixing, which can
shift the heavy and dominantly left-handed stau to larger masses,but not as e®ectively as
m0. In Figure 5.15,Br (¹ ! e°) and ¾(¹ + e¡ +2~Â0

1) (
p

s = 500 GeV) are plotted as contours
in the m0-A0 plane. The remaining mSUGRA parameters are ¯xed at their SPS1avalues,
m1=2 = 250 GeV, sign¹ = +, tan ¯ = 10. As expected, the cross section strongly rises with
jA0j. The dependence is not perfectly symmetric aroundA0 = 0, an e®ect of the role ofA0

in the slepton left-right mixing (B.17): If Ae / A0 is positive, it partially cancel with the
negative ¹ term. The quick fall o® with large values ofm0 is the same as in Figure 5.14.
The increase of the branching ratio withjA0j is not as dramatic, especially in the positive
A0 direction. A strong positive trilinear coupling A0 & 100 GeV would hence be favorable
for a collider.



70 Chapter 5. Results for degenerate right-handed neutrinos



71

Chapter 6

Results for hierarchical right-handed
neutrinos

We now adopt the other extreme, assuming that the right-handedMajorana masses are
strongly hierarchical, at least with respect to the heaviest right-handed neutrino,

M 1; M2 ¿ M 3: (6.1)

In this case, it is natural to consider only hierarchical lightneutrinos also, since the com-
bination of degenerate light neutrinos and hierarchical heavy neutrinos would necessitate a
considerable ¯ne-tuning betweenYº and M in the high energy theory.

To zero order in M 1
M 3

, M 2
M 3

and m1
m2

, Yº can be written as (4.16)

Yº =

p
M 3m3

v sin¯
diag(0; 0; 1) ¢R¢diag

µ
0;

r
m2

m3
e¡ iÁ2 ; 1

¶
¢Vy; (6.2)

with m2 ¼
p

¢ m2
12 and m3 ¼

p
¢ m2

23. Also, we extracted the Majorana phases from
U (4.11), showing that Á1 drops out and the e®ect ofÁ2 is suppressed by

p
m2=m3. The

parameterization (4.17) of the matrixR(µ1; µ2; µ3) is now very useful, because the angleµ3

does not enter (6.2). Finally, one arrives at

Yº =

p
M 3m3

v sin¯
cosµ2

£

0

@
0 0 0
0 0 0

s1·e ¡ iÁ2 V¤
12 + c1V¤

13 s1·e ¡ iÁ2 V¤
22 + c1V¤

23 s1·e ¡ iÁ2 V¤
32 + c1V¤

33

1

A ; (6.3)

with · =
p

m2=m3 and c1 = cosµ1, etc. By inserting the oscillation parameter best ¯t values
(Section 4.5) forµ12, µ23, ¢ m2

12 and ¢ m2
23, we get the numerical result

Yº ¼ cosµ2

r
M 3

1012 GeV
174 GeV
v sin¯

£

0

@
0 0 0
0 0 0

1:6s1e¡ iÁ2 + 0:57x13c1e¡ i± 5:2c1 + 1:7s1e¡ iÁ2 4:9c1 ¡ 1:7s1e¡ iÁ2

1

A : (6.4)
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Figure 6.1: log10 jf 12(x1 + iy1)j2 (left panel) and log10 jf 23(x1 + iy1)j2 (right panel). Their
values vary linearly in the ranges indicated in the legends.The other seesaw parameters
are ¯xed (best ¯t oscillation, m1 = 0 eV, ± = ¼=16, Á2 = ¼=8).

As in the previous chapter,x13 = µ13=0:078, and only the lowest order inµ13 is retained in
(6.4). The analogous analytic expression forYy

º LYº has a complicated structure and is too
unwieldy to gain much insight from. Some important conclusions can be drawn from the
general dependence on the ¯ve relevant, unknown seesaw parameters M 3, x1, x2, y1, y2,

(Yy
º LYº ) ij / M 3j cos(x2 + iy2)j2 log

M GUT

M 3
f ij (x1 + iy1); (6.5)

wherex1=2 and y1=2 are the real and imaginary parts of theR matrix anglesµ1=2, respectively.
f ij are functions ofµ1 = x1 + iy1, also depending on the light neutrino parameters.

First, we see thatx2, y2 and M 3 only enter through the combination1 M 3j cos(x2 + iy2)j2.
These three parameters are impossible to separate by measuring low energy observables,
reducing the number of e®ective parameters by two. Also,M 3j cos(x2 + iy2)j2 is a priori not
bounded from below (forx2 = ¼=2 andy2 = 0, it is zero), which can be a problem, because if
M 3j cosµ2j2 is of the order ofM 2 or smaller, the approximation (6.2) would make no sense, as
the neglected contributions proportional toM 2 or M 1 would have to be taken into account.
The assumption

M 3j cosµ2j2 À M 2 (6.6)

is thus more apt than M 3 À M 2 (6.1). As can be guessed from (6.3), the functionsf ij

are rather complicated. Figure 6.1 showsjf 12(x1 + iy1)j2 and jf 23(x1 + iy1)j2 (to which
Br (¹ ! e°) and Br (¿ ! ¹° ) are proportional, respectively) for a given set of neutrino
parameters (best ¯t, m1 = 0, ± = ¼=16, Á2 = ¼=8). The odd values for the CP phases
have only been chosen to give a generic result instead of a specialcase like± = 0. Both
plots reveal a large variation ofjf ij j2 within about eight orders of magnitude. Beyond the

1Actually, there is again the additional log M GUT
M 3

dependence, which we neglect in the current discussion.
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depicted range, the functions are cyclic with respect tox1 and rise exponentially with y1.
This behavior is easy to understand with

cos(x + iy ) = cos x coshy ¡ i sinx sinhy; (6.7)

sin(x + iy ) = sin x coshy + i cosx sinhy: (6.8)

The pronounced minima in Figure 6.1, responsible for the largevariation, are very narrow
(the plots are logarithmic in jf ij j2!), their positions being dependent on the the light neutrino
parameters. They are always located on or close to thex1 axis. It is thus expected that
the branching ratios and other LFV observables strongly depend on x1. In [48], analytic
expressions for the positions of these minima can be found for certain special cases.

This scenario of hierarchical right-handed neutrinos is a natural environment to include
leptogenesis by enforcing the condition (4.60) onM 1 to get a baryon asymmetry of´ B ¼
6:3¢10¡ 10. In order to satisfy the gravitino bound we use only those scatter points for which
M 1 < 1011 GeV. In summary, the parameter space is explored as follows:

² The light neutrino parameters are scattered as usually for thehierarchical case as
outlined in Section 4.5.

² The R matrix parametersx1, x2 and x3 are linearly varied in their full range, 0; :::; 2¼,
whereas the imaginary partsy1, y2 and y3 are linearly scattered within 10¡ 3; :::; 1 on a
logarithmic scale. Beyond thisyi range, the perturbativity of Yº is quickly lost [22,48].
On the other hand, all threeyi have to be non-zero to make leptogenesis possible [48].

² With the x i and yi thus given, M 1 is ¯xed by the leptogenesis condition (4.60). We
only use those scatter points that generate a value ofM 1 < 1011 GeV to approximately
ful¯ll the gravitino bound. In addition, we demand ~m1 to lie between

p
¢ m2

12 andp
¢ m2

23, so that the ¯t (4.54) for the washout factor · f is appropriate.

² M 3 is scattered logarithmically between 10M 1 and 104M 1.

² M 2 is varied betweenM 1 and 0:1M 3. The lower value potentially violates the desired
hierarchy for leptogenesis, but it is rarely generated stochastically.

It is important to keep this procedure in mind as scatter plotscan be easily plagued by
non-physical artifacts.

Determination of M 3 Figure 6.2 displays the branching ratio of¹ ! e° as a function
of the e®ective heaviest right-handed neutrino massM 3j cosµ2j2 in SPS1a. The typical rise
with jYy

º LYº j2 / M 2
3 j cosµ2j4 is the dominant feature. With the current limit Br (¹ ! e°) <

1:2 ¢10¡ 11, an upper bound of roughlyM 3j cosµ2j2 . 1014 GeV can be read of from the
¯gure, although there is a considerable amount of uncertainty. A measurement ofBr (¹ !
e°) ¼ 10¡ 13 would determine M 3j cosµ2j2 within two orders of magnitude, M 3j cosµ2j2 ¼
1011¡ 13 GeV, analogous toMR in the previous chapter.
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Figure 6.2: Br (¹ ! e°) as function of M 3j cosµ2j2 in SPS1a. See text for a description
of the scatter procedure. The solid (dashed) line indicatesthe current (expected future)
experimental sensitivity of Br (¹ ! e°).

The thinning of the points towards lower values ofM 3j cosµj2 is in part an artifact of
the scattering procedure2. It also signi¯es the simple fact that the viable parameter space
compatible with successful leptogenesis is strongly limited forsmall M 1. With a minimal
M 1 of about 5¢109 GeV (4.62), M 3 must be larger than 5¢1010 GeV, which is close to the
reach of the future sensitivity of¹ ! e°.

Table 6.1 summarizes the uncertainty in determiningM 3j cosµ2j2 for all scenarios. As
discussed above, a true bound onM 3 can not be made in general. Nevertheless, as will be
shown below,j cosµ2j2 is of order unity in case of successful leptogenesis. Hence, the bounds
will roughly apply to M 3 also.

Br (¹ ! e°) = 1:2 ¢10¡ 11 = 10¡ 13

SPS1a 1 ¢1012 - 2 ¢1014 2 ¢1011 - 1 ¢1013

B' 9 ¢1012 - 5 ¢1014 1 ¢1012 - 9 ¢1013

C' 3 ¢1013 - 9 ¢1014 2 ¢1012 - 2 ¢1014

G' 8 ¢1012 - 4 ¢1014 9 ¢1011 - 2 ¢1013

I' 2 ¢1012 - 2 ¢1014 5 ¢1011 - 2 ¢1013

Table 6.1: Uncertainty in M 3j cosµ2j2 at the present and future sensitivities of Br (¹ !
e°) due to variation of the remaining seesaw parameters (values in GeV). See text for a
detailed description of the scatter procedure.

2The distribution of M 1 is not linear on a logarithmic scale, but is more pronounced for largerM 1 ¼
1011 GeV. This a®ects the distribution of M 3 accordingly.
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Figure 6.3: Br (¹ ! e°)=Br (¿ ! ¹° ) as function of the R matrix parameter x1 in SPS1a.
See text for a description of the scatter procedure. Superimposed are two curves for which
all seesaw parameters butx1 are ¯xed (best ¯t oscillation values, m1 = 0 eV and no CP
violating phases). The solid (dashed) curve is fory1 = 0 :01 (y1 = 0 :1).

Determination of x1 A lot of the residual variation in Figure 6.2 is generated by the
dependence onx1, as exempli¯ed in Figure 6.1, ify1 is not too large. In order to extract
x1, we need an observable that does not scale withM 3j cosµ2j2. A natural choice is a
ratio of branching ratios, from which M 3j cosµ2j2 drops out. Figure 6.3 displaysBr (¹ !
e°)=Br(¿ ! ¹° ) as a function of x1 in SPS1a. With only upper bounds onBr (¹ ! e°)
and Br (¿ ! ¹° ), no information on x1 can be gained at the moment. Nevertheless, the
¯gure shows that measuring both branching ratios would providea means to determine or
constrain the anglex1. In addition, it may give us a possibility to distinguish between
hierarchical and degenerate right-handed neutrinos. In theprevious section, we did not
discuss the ratioBr (¹ ! e°)=Br(¿ ! ¹° ), which is generically situated between 0.005 and
0.1 (for both hierarchical and degenerate light neutrinos),as it does not provide much useful
information on its own. Comparing these numbers with Figure 6.3, it can be seen that there
is a signi¯cant di®erence to the presently discussed case. For valuesof x1 ¼ ¼=2; 3¼=2; there
is a huge enhancement ofBr (¹ ! e°) over Br (¿ ! ¹° ) of up to 2-3 orders of magnitude as
compared to degenerate right-handed neutrinos.

Figure 6.3 also includes two curves for ¯xed valuesy1 = 0:01 and y1 = 0:1 (the other
neutrino parameters are also ¯xed: best ¯t oscillation,m1 = 0 eV and no light CP phases).
They demonstrate that there is a potential variation of over seven orders of magnitude in
Br (¹ ! e°)=Br(¿ ! ¹° ) if y1 is small. This variation is caused by the minima ofjf 12j2 and
jf 23j2 (Figure 6.1), Br ¹e =Br¿¹ / j f 12=f23j2. Due to their narrowness, it is rather improbable
to fall into these minima when scattering the seesaw parameters, hence there are only a few
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Figure 6.4: Scatter points compatible with successful baryogenesis (4.60) and the grav-
itino bound M 1 < 1011 GeV in the x2 ¡ x3 plane for the mSUGRA scenario SPS1a. See
text for a description of the scatter procedure. Also shown are the contours for a constant
M 1(x2; x3) = 10 10;11;12 GeV (inner to outer contours) with all other seesaw parameters
¯xed (best ¯t oscillation, m1 = 0, no CP phases,yi = 0 :1).

points in Figure 6.3 that exhibit the potential variation.

Leptogenesis The constraint to produce successful leptogenesis has no direct impact on
the low energy observables. It only gives us a range forM 1 between 5¢109 GeV and 1011 GeV,
acting as a lower base to build the hierarchy of the right-handed neutrinos. As we have seen
in (6.5), the low energy observables depend only onx1, y1 and j cos(x2 + iy2)j2 through the
R matrix elementsR32 and R33, in the limit of hierarchical right-handed neutrinos. On the
other hand, the CP asymmetry²1 which drives the leptogenesis is dominated by theR matrix
elementsR1i ; i = 1; ::; 3 for hierarchical light neutrinos (4.58). This makes a correlation in
the case of arbitrary values for thex i and yi as considered here very di±cult.

Quite interestingly, we found that the upper bound onM 1, forced on us to cope with the
gravitino problem, can be a blessing in disguise. Figure 6.4 displays the viable scatter points
compatible with leptogenesis and the gravitino bound in thex2 ¡ x3 plane in SPS1a. It is
apparent that both x2 and x3 are constrained around values ofx2; x3 = 0; ¼;2¼. The contours
of constantM 1(x2; x3) = 1010;11;12 GeV, which are also displayed in the ¯gure, give the answer
to that puzzle. The gravitino constraint M 1 < 1011 GeV pushes the parameter space into
regions around the absolute minimum ofM 1 for successful leptogenesis (4.62). These regions
are located aroundx2; x3 = n ¢¼ for small yi = 0:001¡ 0:1. The exact locations of these
minima also depend on the other neutrino parameters, which is why many scatter points are
actually outside the M 1 = 1011 GeV contour. We thus see that our scenario of hierarchical
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Figure 6.5: Br (¿ ! ¹° ) as function of M 3j cosµ2j2 in SPS1a. See text for a description
of the scatter procedure. The solid (dashed) line indicatesthe current (expected future)
experimental sensitivity of Br (¿ ! ¹° ).

left- and right-handed neutrinos exhibits an intriguing complementarity between low energy
observables and successful baryogenesis in mSUGRA. Using low energy observables, one
might be able to determine the anglex1, whereas viable leptogenesis constrainsx2 and x3.
Indirectly, this also helps to determineM 3 more exactly. As discussed above, low energy
observables do not depend directly onM 3, but rather on M 3j cos(x2 + iy2)j2. With x2

constrained by the gravitino bound, and fory2 = 0:001¡ 1, it turns out that j cos(x2 + iy2)j2

lies between 0.6 and 1.3, thus a®ectingM 3j cos(x2 + iy2)j2 only moderately.
Apart from these specialties, most correlations among observables and seesaw parameters

are at least qualitatively similar to the case of degenerate right-handed neutrinos discussed
in the previous chapter. In order to not repeat most of the discussion, we will shortly
summarize the various observables:

² In contrast to the degenerate right-handed neutrino case, there is a large uncertainty
in the correlation betweenBr (¿ ! ¹° ) and M 3j cosµ2j2 (Figure 6.5) due to the strong
variation in x1. This uncertainty is even larger than in the analogous Figure 6.2 for
Br (¹ ! e°).

² There is again a strong correlation between the rare decaysBr (l i ! l j ° ) and the slepton
pair production collider processes¾(e§ e¡ ) ! l+

j l ¡
i + 2~Â0

1. These are shown Figure 6.6
for the ¹ + e¡ - and ¿+ ¹ ¡ -channel in SPS1a for a beam energy of

p
s = 500 GeV. The

correlation is the same as for degenerate right-handed neutrinos and the reach of all
collider signals is in the same range as in the previous chapter.
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Figure 6.6: ¾(¹ + e¡ + 2~Â0
1) as function of Br (¹ ! e°) (left panel) and ¾(¿+ ¹ ¡ + 2~Â0

1)
as function of Br (¿ ! ¹° ) (right panel) in SPS1a (

p
s = 500 GeV). The solid (dashed)

lines indicates the current (expected future) experimental sensitivity of Br (¹ ! e°) and
Br (¿ ! ¹° ), respectively.

² No large mass di®erence between the sleptons~l5 and ~l4 can be measured. Intuitively,
this can be understood, because the hierarchy does not originate from Yy

º LYº (which
generates the slepton mass di®erences) as in (5.10) but from the right-handed neutrinos.
A typical value for all scenarios ism~l5 ¡ m~l4 . 0:1 GeV as an upper limit compatible
with Br (¹ ! e°).

² The left-handed stau mass shiftm~l6 ¡ mmSUGRA
~l6

is generally of the same order as in
the hierarchical º L /degenerateº R case (Figure 5.13), i.e. about 1 GeV at the current
¹ ! e° bound.

² Despite the non-vanishingyi which give rise to CP violating e®ects (e.g. leptogenesis),
there is no large enhancement of the electric dipole momentscompared to the case
considered in the previous chapter. In scenario SPS1a we ¯nd a maximal viable value
of de ¼ 5 ¢10¡ 33 ecm, which might be measurable in the future, see (3.15).

² Mostly due to the strong variation with x1, the correlation between the largest Yukawa
coupling eigenvalue andM 3 (Figure 6.7) is not as clear as in the case of degenerate
right-handed neutrinos. Third generation Yukawa coupling uni¯cation jY3j = Yt at
M GUT would be possible forM 3 & 3 ¢1014 GeV. With the upper bounds in Table 6.1,
Yukawa coupling uni¯cation is disfavored for the scenarios SPS1a, G' and I'. The other
two scenarios are also on the brink of being excluded.

The mSUGRA bias At this point, a short comment on the theoretical bias adoptedby
using the mSUGRA framework of soft SUSY-breaking is in order. Especially with its diag-
onal and universal soft SUSY masses at the GUT scale, mSUGRA is very constraining and
could lead to predictions that are based on oversimpli¯ed assumptions. The interpretation
of our LFV signals crucially depends on a clear correlation between the seesaw parameters
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Figure 6.7: Largest Yukawa coupling eigenvaluejY3j at M GUT as function of the e®ective
heaviest neutrino massM 3j cosµ2j2. The solid line denotes the upper limit due to pertur-
bativity, jY3j <

p
0:3 ¢4¼. The dashed line shows the top Yukawa coupling atM GUT . See

text for a description of the scatter procedure.

and the o®-diagonal slepton mass elements±m2
~L
. There are a couple of modi¯cations with

varying degrees of generalization that could be adopted:

Non-universal soft SUSY masses. Instead of identifying all scalar masses with onem0

at the GUT scale, this common scalar mass could be made speci¯c to each species, e.g.

m2
~L = mL

0 I ; m2
~e = me

0I ; m2
~Q = mQ

0 I ; etc.

Qualitatively, this will change nothing in our discussion, as we mainly consider only
the contributions to m2

~L
; m0 would simply be replaced bymL

0 . Quantitatively, it will
of course a®ect our results by modifying the SUSY particle spectrum at low energies,
with its impact on decay rates and signal and background cross sections. Also, it would
reduce the redundancy in determiningmL

0 . Assuming perfect mSUGRA,m0 could be
determined by many slepton and squark mass measurements, making its determination
more accurate.

Non-degenerate soft SUSY masses. On a step further, the soft SUSY masses could be
°avor dependent atM GUT , e.g.,

m2
~L = diag((mL

0 )2
1; (mL

0 )2
2; (mL

0 )2
3);

keeping the o®-diagonal elements zero, and accordingly for the trilinear coupling Ae,

Ae = diag((AL
0 )1; (AL

0 )2; (AL
0 )3):
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Such a generalization could already seriously worsen our results, e.g. the leading-log
mass correction (4.32) would be modi¯ed to

±m2
~L = ¡

1
8¼2

(Yy
º LYº );

with L now also containing the hierarchy of the di®erent soft masses and trilinear
couplings,

L = diag
µ

¡
3(mL

0 )2
i + ( AL

0 )2
i

¢
log

M GUT

M i

¶
:

It would therefore be impossible to separate the e®ect of the hierarchy in the right-
handed neutrino massesM i from the SUSY parameter hierarchy (mL

0 )2
i and (AL

0 ) i .

Non-diagonal soft SUSY masses. Allowing an arbitrary, non-diagonal (but compatible
with bounds on LFV) scalar mass matrix at the GUT scale would ¯nally destroy any
correlation between the LFV signals discussed so far and the seesaw parameters.
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Chapter 7

Bottom-up approach

The previous two chapters demonstrated that it is possible to arrive at predictions on low
energy LFV observables by making sensible assumptions to reduce the number of unknown
parameters. It seems obvious that theR matrix description (4.16) with its nine arbitrary
parameters M i , x i , yi , i = 1; 2; 3, is not able to provide a suitable means to probe the
whole viable parameter space of the SUSY seesaw mechanism. A scattering over all nine
parameters (plus the partially constrained light neutrino sector) might be possible but is of
course highly ine±cient. It is not possible to enforce a certain value of, say,Br (¹ ! e°), to
simulate its measurement. This had to be expected, as theR matrix description is speci¯cally
constructed to ensure a viable light neutrino sector, but not necessarily experimentally viable
charged LFV process rates.

Parameter Observables
j(±m2

~L
)12j Br (¹ ! e°), ¾(e§ e¡ ! ¹ § e¡ + 2~Â0

1)
j(±m2

~L
)13j Br (¿ ! e°), ¾(e§ e¡ ! ¿§ e¡ + 2~Â0

1)
j(±m2

~L
)23j Br (¿ ! ¹° ), ¾(e§ e¡ ! ¿§ ¹ ¡ + 2~Â0

1)
(±m2

~L
)11 ??

(±m2
~L
)22 ¡ (±m2

~L
)11 m~l5 ¡ m~l4

(±m2
~L
)33 m~l6 ¡ mmSUGRA

~l6
Im(±m2

~L
) ij ; i 6= j d e, d¹

Table 7.1: Parameters of the left-handed slepton correction matrix±m2
~L

and the most
important observables which are potentially sensitive to them.

Chapter 3 provided an alternative in the form of the bi-unitary parameterization (4.37).
In this description, the in principle measurable quantitiesYy

º Yº and mº are treated as input
from which the full high energy seesaw sector (Yº , M i ) can be reconstructed, allowing the
simulation of any experimental situation, in order to determine its theoretical consequences.
With the current experimental situation unfortunately still being too vague, there are many
scenarios that could be discussed. We will focus on a few such situations to give a proof
of concept for a bottom-up reconstruction of the seesaw model, which, in general, works as
follows:
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1. Information on the neutrino sector is used to determine or constrain the light neutrino
mixing matrix mº , as outlined in Section 4.5.

2. Measurements (present or future) of LFV observables are used to determine or con-
strain the corrections±m2

~L
to the left-handed slepton matrixm2

~L
as departures from its

°avor-conserving mSUGRA value. Table 7.1 lists the parameters of ±m2
~L
, together with

the most important observables discussed in this work. See Chapter 3 for a detailed
discussion. Even this ¯rst step is not trivial. Apart from the ever present fact that
there are not enough observables to fully reconstruct±m2

~L
, there is the problem that

the mapping of observables to±m2
~L

is not always perfectly unique. For example, the
present bounds onBr (¿ ! e°) and Br (¿ ! ¹° ) are so weak compared toBr (¹ ! e°),
that they in general allow a signi¯cant (about 20-30%) spillingover of the ~¿~e and ~¿~¹
mixing into ~¹ ~e. In other words, the mass-insertion approximation assuming small o®-
diagonal elements is not always applicable. In our opinion,the best way to deal with
this is to ¯rst apply the weakest bound and then successively move onto the stronger
bounds, at each step taking into account the possible spilling over from weaker bounds.
This could also be performed iteratively, until convergenceto a consistent pattern for
±m2

~L
that satis¯es all experimental limits is achieved.

3. The MSSM+seesaw RGEs are then solved from the experimental low energy scale to
M GUT . The bi-unitary procedure of Section 4.3 is used to calculatethe massesM i

of the right-handed neutrinos and the neutrino Yukawa coupling matrix Yº , allowing
the proper integration of the right-handed neutrinos at their respective mass scales.
The only problem is that the slepton mass corrections are not directly proportional to
Yy

º Yº but also include the accumulated running fromM GUT to the di®erentM i . In the
leading-logarithmic approximations, this is expressed as

±m2
~L / Yy

º ¢diag
µ

log
M GUT

M i

¶
¢Yº : (7.1)

In order to separate this logarithmic enhancement, the RGE development can be per-
formed iteratively until the result converges with a small error. In the ¯rst run, we us
some intermediate value for the right-handed masses, e.g.M i = 1013 GeV, and solve
the RGEs from bottom to top. This results in a new set ofM e®

i via (4.43), which in
general are too large as they e®ectively include a logarithmic running enhancement,

M e®
i = M i log

M GUT

M i
: (7.2)

Nevertheless, the RGEs are solved top-down with these new values to compare the
resulting (m2

~L
)RGE with the desired input (m2

~L
)exp from experiment. As long as the

di®erence between the two is too large, this procedure is repeated, at each step using
the M i calculated in the previous step. Once the error is acceptable, we perform a ¯nal
bottom-up running to produce a high energy seesaw parameter setup (Yº , M i ) that is
consistent with all experimental constraints or measurements.
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A numerical example In order to show the ability of the above procedure to reconstruct
the high energy seesaw parameters, we give a very speci¯c example in the mSUGRA scenario
SPS1a. We assume that the branching ratios are measured with values

Br (¹ ! e°) = 10 ¡ 13; (7.3)

Br (¿ ! ¹° ) = 10 ¡ 9; (7.4)

Br (¿ ! e°) = 10 ¡ 9; (7.5)

roughly corresponding to the expected future sensitivities ofthese observables (although the
value for Br (¿ ! e°) is rather wishful thinking at this moment). These branching ratios
can be translated into corrections to the left-handed sleptonmass matrixm2

~L
. Schematically,

this is done by inverting the mass-insertion approximation (3.8), yielding (j±m2
~L
j) ij . For our

numerical results, we use the full branching ratio formula, numerically inverting Br (l i !
l j ° )( j(±m2

~L
j) ij ).

In addition, we choose a ¯xed but arbitrary quasi-degenerate spectrum of diagonal entries
in ±m2

~L
,

(±m2
~L ) ii = ¡ (180; 181; 182) GeV2: (7.6)

These assumptions lead to a low energy left-handed slepton mass matrix,

±m2
~L = ¡

0

@
180 0:6 136
0:6 181 136
136 136 182

1

A GeV2; (7.7)

where we additionally assumed that the phases of the o®-diagonalelements vanish (the
branching ratios are only sensitive on the absolute valuesj(±m2

~L
) ij j). For the light neutrinos,

a degenerate mass spectrum withm1 = 0:3 eV is used, where the oscillation parameters are
at their best ¯t values (Section 4.5), and the CP violating phases are put to zero. The light
neutrino mass matrix is then given by

mº =

0

@
3:0 0:003 0:002

0:003 3:02 0:02
0:002 0:02 3:02

1

A 10¡ 10 GeV: (7.8)

±m2
~L

and mº are inserted into the above iterative RG running procedure asa starting point.
After just two iterations, ( m2

~L
)RGE converges to within 5% of the input (7.7), producing a

fully reconstructed seesaw model parameterized as

diagM i = (8 ¢1012; 2 ¢1013; 4 ¢1013) GeV; (7.9)

diagYi = (0 :22; 0:45; 0:53); (7.10)

UL =

0

@
0:95 ¡ 0:30 ¡ 0:0013
0:21 0:68 ¡ 0:71
0:21 0:67 0:71

1

A ; (7.11)

UR =

0

@
0:99 ¡ 5 ¢10¡ 5 1 ¢10¡ 4

5 ¢10¡ 5 0:99 ¡ 3 ¢10¡ 3

¡ 1 ¢10¡ 4 3 ¢10¡ 3 0:99

1

A : (7.12)
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As can be seen, the right-handed neutrino masses are quasi-degenerate with a mass scale
MR ¼ 1013 GeV, and the °avor mixing is sizeable only in the left-handed mixing matrix UL ,
whereasUR is almost diagonal. This example thus roughly belongs to the class of quasi-
degenerate left- and right-handed neutrinos presented in Chapter 5, which is not surprising
as it was intentionally constructed that way. Accordingly, the R matrix is close to the unity
matrix.

To lend more substance to this example, we now allow a variationof the diagonal entries
in ±m2

~L
in the range (¡ 4000:::0 GeV2)1 and include arbitrary phases for the o®-diagonal ele-

ments. This corresponds to the most general matrix±m2
~L

which satis¯es (7.3-7.5). Also, the
light neutrino parameters are varied in their expected future intervals for a quasi-degenerate
mass spectrum. Due to these uncertainties in the low energy input, the right-handed neutrino
masses are no longer ¯xed but are situated in the intervals

6:5 ¢109 < M 1 < 1:5 ¢1014; (7.13)

1:2 ¢1012 < M 2 < 1:6 ¢1014; (7.14)

6:3 ¢1012 < M 3 < 3:1 ¢1014; (7.15)

and the hierarchy between the Majorana masses is constrained by

1:0 < M 2
M 1

< 5:9 ¢103; (7.16)

1:0 < M 3
M 2

< 4:3 ¢101; (7.17)

1:2 < M 3
M 1

< 1:2 ¢104: (7.18)

Consequently, bothM 2 and M 3 are determined within two orders of magnitude around
1013 GeV, whereasM 1 can be as small as 1010 GeV. A quasi-degenerate mass spectrum is
a viable solution, as realized in the speci¯c numerical exampleabove. In fact, the hierarchy
between M 3 and M 2 is constrained to be rather small. On the other hand,M 1 can be
detached from the other two masses by a considerable amount,M 2

M 1
¼ O(103). This can also

be seen in Figure 7.1, whereM 3
M 1

is plotted against M 1. At M 1 ¼ 1014 GeV, the Majorana
mass spectrum approaches degeneracy. It should be stressed that these results have been
derived without making any assumptions on the high energy model, like a real R matrix or
a speci¯c right-handed neutrino spectrum. We only assume a speci¯c pattern of branching
ratio measurements (7.3-7.5) and a quasi-degenerate light neutrino mass spectrum. This
example also shows that full knowledge of the low energy input is not necessary in order to
draw important conclusions.

No Slepton °avor violation Much has been said in this work about the connection
between neutrino and slepton °avor violation. There is one texture for the neutrino Yukawa
coupling matrix Yº , where this correlation can be spoiled. No slepton °avor violation will

1The diagonal elements ofYy
º Yº are always positive, (Yy

º Yº ) ii =
P

k jYki j2. Hence, the elements (±m2
~L
) ii ,

i = 1 ; 2; 3, are negative (4.32).
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Figure 7.1: M 3
M 1

as function of M 1 in SPS1a. See text for a description of the scatter
procedure.

be observed ifYy
º Yº is diagonal2 (in a basis whereYe and M are also diagonal),

Yy
º Yº = diagjYi j2; (7.19)

with the absolute squares of the Yukawa coupling eigenvaluesYi as diagonal entries. No
o®-diagonal slepton mass matrix elements will be generated in this case to one-loop order.
In the language of the bi-unitary parametrization, this means that UL can be identi¯ed with
the identity matrix (4.40),

UL = I : (7.20)

From (4.43), the right-handed massesM i and the right-handed mixing matrix UR can be
calculated via the diagonalization

1
v2 sin2 ¯

diagY ¡ 1
i ¢mº ¢diagY ¡ 1

i = U¤
R ¢diagM ¡ 1

i ¢Uy
R ; (7.21)

where the only unknown parameters are the neutrino Yukawa coupling eigenvalues. This
scenario is the most striking example of how precision measurements of the slepton masses
are necessary to unambiguously determine the seesaw parameters, because they are the only
observables known to us which are sensitive to the diagonal elements (Yy

º Yº ) ii .
The simplest realization of (7.19) is given by choosing the Yukawa coupling eigenvalues

to be degenerate,
diagYi = YI : (7.22)

2We are neglecting the logarithmic running, Yy
º Yº ! Yy

º LYº , for discussion purposes. This does not
change the qualitative results. If Yy

º Yº is diagonal, so isYy
º LYº , and vice versa.
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Although highly unlikely in the light of the strongly hierarchical Yukawa couplings of the
other fermions, it is a possibility. Equation (7.21) is then simply given by

UT
Rmº UR = diag

(Y vsin¯ )2

M i
= diagmi ; (7.23)

which is nothing but the diagonalization (4.8) of the e®ective light neutrino matrix mº ,
yielding the neutrino massesmi . Thus, UR can be identi¯ed with the neutrino mixing
matrix U, and Yº is simply

Yº = YUy: (7.24)

In true seesaw spirit, the light neutrino masses are suppressed asmi = (Y v sin ¯ )2

M i
, i.e. the

hierarchy of the light neutrino masses is exactly the inverse ofthe right-handed neutrino
mass hierarchy3. This scenario is thus not compatible with a vanishing mass scalem1, as the
largest right-handed neutrino mass would have to approach in¯nity. Also note that (7.24) is
intriguingly similar to (5.4),

Yº = diagYi ¢Uy =
1

v sin¯
diag

p
MRmi ¢Uy; (7.25)

which applies in the case of degenerateM i with a real R matrix. Here, the hierarchy of the
light neutrino masses is correlated quadratically with the Yukawa coupling hierarchy,

mi =
(Yi v sin¯ )2

MR
: (7.26)

Both cases coincide trivially if the light masses would be perfectly degenerate, which is of
course ruled out.

3The numbering of the mass eigenvalues will change if sorted in the usual fashion:m1 < m 2 < m 3.
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Chapter 8

Conclusions

We studied in great detail how the unknown parameters of the SUSY seesaw model can
be determined from measurements of observables at or below collider energies, namely rare
LFV decays l® ! l ¯ ° , slepton pair production processese§ e¡ !

P
i;j

~l§
j

~l ¡
i ! l§

¯ l ¡
® + 2~Â0

1
at linear colliders and slepton mass di®erences. This is a challenging task as there is an
intricate dependence of the observables on the unknown seesaw,light neutrino and mSUGRA
parameters. In order to separate these di®erent in°uences, we ¯rst considered two classes of
seesaw models, namely quasi-degenerate and strongly hierarchical right-handed neutrinos.

In the case of degenerate right-handed neutrinos, and assuming aclose correlation be-
tween lepton °avor violation in the neutrino sector and charged LFV, the common mass
scaleMR of the right-handed neutrinos is the only unknown high energy seesaw parameter
on which the observables are sensitive. For hierarchical lightneutrinos, a measurement of
Br (¹ ! e°) ¼ 10¡ 13 would probe MR in the range 5¢1011 GeV to 1014 GeV, depending
on the mSUGRA scenario, with an uncertainty of about two ordersof magnitude in MR .
As all lepton °avor violating observables are suppressed by two orders of magnitude for a
neutrino mass scale ofm1 = 0:3 eV, compared to a hierarchical light neutrino spectrum, the
sensitivity on MR decreases accordingly by about one order of magnitude.

There are strong correlations between the cross sections for slepton pair production at
linear colliders and the branching ratios for the corresponding rare radiative decays. These
are largely una®ected by the uncertainties in the light neutrino parameters. We have there-
fore investigated these correlations very thoroughly and ¯nd that they are the stronger, the
smaller the branching ratios for the radiative decays are, i.e. the lowerMR . The correlations
are somewhat weakened for highly degenerate light neutrinos,in which case the collider
process cross sections are favored compared to the rare decay rates. The present bounds on
Br (¹ ! e°) and Br (¿ ! ¹° ) still allow sizable signals at a linear collider of the order of1 fb
at

p
s = 500 GeV in the SUSY scenarios well accessible at that energy. If¹ ! e° will not be

observed at the new PSI experiment, the cross section fore+ e¡ !
P

i;j
~l+
j

~l ¡
i ! ¹ + e¡ + 2~Â0

1
is predicted not to exceed 0.1 fb.

In order to estimate the sensitivity of the collider processes, we have calculated the
dominant Standard Model and MSSM background. With appropriate cuts, which were
optimized for each scenario, anticipating the future knowledge on the sparticle mass spectra,
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the Standard Model and MSSM background to the¹ + e¡ -channel amounts to 4-14 fb. At a
beam energy of 800 GeV, there can be a strong increase in the signalcross section for scenarios
with larger slepton masses. The overall discovery potential for lepton °avor violation at a
linear collider is slightly increased by performing searches in e¡ e¡ collisions in addition to
e+ e¡ collisions.

We also determined the general dependence of rare decay ratesand collider processes on
the mSUGRA parametersm0, m1=2 andA0, going beyond the handful of benchmark scenarios
used. As loop processes, rare decays have a higher reach to larger sparticle masses and thus
to m0 and m1=2. Nevertheless, collider processes have a better sensitivity form0 ¼ 100 GeV
and m1=2 ¼ 200¡ 400 GeV at

p
s = 500 GeV. Their sensitivity is also signi¯cantly improved

compared to rare decays for positive values ofA0 & 100 GeV, a possibility not covered in
any of the benchmark scenarios available.

In case of hierarchical light neutrinos there can still be a measurable mass di®erence
between the left-handed smuon and selectron of the order of 0.1-1 GeV. The determination of
such mass patterns incompatible with °avor-conserving mSUGRA predictions would provide
very useful information, as the mass di®erences are directly sensitive to the diagonal elements
of Yy

º Yº , which is not the case for any of the LFV signals.
For hierarchical left- and right-handed neutrinos, many of the aforementioned properties,

like the strong correlation between rare decays and colliderprocesses, remain qualitatively
true. On the other hand, the now possible mixing between the right-handed neutrinos, which
can be expressed by a complex orthogonal matrixR, does play a signi¯cant role, making
this scenario less predictive. As a remedy, we apply an additional constraint by requiring
that our model successfully incorporates the generation of theobserved baryon number
asymmetry of the universe via leptogenesis. In this way we constructed a realization of the
seesaw model that is compatible with current bounds on LFV branching ratios as well as the
measurement of the baryon asymmetry. With the future sensitivity Br (¹ ! e°) ¼ 10¡ 13,
it is possible to probe the heaviest right-handed Majorana massM 3 in the range 1011 GeV
- 1014 GeV (depending on the SUSY scenario), with an uncertainty of about two orders of
magnitude inM 3. Consistency with successful leptogenesis restricts the lightest right-handed
neutrino massM 1 to be larger than ¼ 5 ¢109 GeV. In order to avoid an overproduction of
gravitinos in mSUGRA, the reheating temperature of in°ation should be smaller than about
1011 GeV, setting an approximate upper limit onM 1 of the same scale. This condition also
considerably constrains the real anglesx2 and x3 of the R matrix. The remaining angle
x1 can be determined or constrained by measuring the ratioBr (¹ ! e°)=Br(¿ ! ¹° ),
which might also be utilized to roughly discriminate between the cases of degenerate and
hierarchical right-handed neutrinos.

Finally, we presented a general method that can be used to reconstruct the high energy
seesaw parameters, among them the heavy right-handed neutrinomasses, from low energy
observables alone. With a representative example for possible branching ratio measurements,
we demonstrated that right-handed neutrino masses can be determined with an uncertainty
of two orders of magnitude if only the LFV branching ratios (or alternatively, LFV processes
at linear colliders) are measured, without making any furtherassumptions on the high energy
theory. This con¯rms and generalizes the above results for thedetermination of MR for
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degenerate, andM 3 for hierarchical right-handed neutrinos. The procedure, for which a
proof of applicability was given, is expected to come into its own in the future if there
will be actual signals of charged lepton °avor violation. Every new experimental piece of
information on the light neutrino sector and the slepton °avor violation processes can be
easily implemented and its impact on the unknown high energy physics analyzed. It is hoped
that this will allow a glimpse (or maybe more than that) on the physics around the GUT
scale.
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Zusammenfassung

Das eleganteste Modell zur Erzeugung von Neutrinomassen ist der Seesaw-Mechanismus, in
dem sehr schwere rechtshÄandige Neutrinos zum Teilcheninhalt des Standardmodells hinzu-
gefÄugt werden. Der Seesaw-Mechanismus kann auf natÄurlicheWeise die kleinen Massen der
linkshÄandigen Neutrinos erklÄaren, welche durch die schweren rechtshÄandigen Neutrinomassen
unterdrÄuckt sind,mº = (100 GeV)2=MR . Mit Neutrinomassen von etwamº ¼ 0; 1 eV sollte
die MassenskalaMR der rechtshÄandigen Neutrinos um die 1014 GeV liegen.

Ein gro¼er Nachteil des Seesaw-Modells ist die Tatsache, dass es viele freie Parameter
enthÄalt, die nicht durch Messungen im beobachtbaren leichten Neutrinosektor bestimmbar
sind. Obwohl prinzipiell mÄoglich, sind Prozesse mit geladenerLepton-Flavor-Verletzung im
Seesaw-Modell stark unterdrÄuckt, und kÄonnen nicht zur Eingrenzung des Parameterraums
benutzt werden. Dies Äandert sich drastisch, wenn das Modell supersymmetrisiert wird.
Die Lepton-Flavor-Verletzung im Neutrinosektor wird in diesem Fall auf den Sleptonsek-
tor Äubertragen, welcher Strahlungskorrekturen durch die rechtshÄandigen Neutrinos erfÄahrt.
Dadurch sind Zerfallsraten seltener ZerfÄalle wie¹ ! e° und ¿ ! ¹° mÄoglich, die nahe
der jetzigen experimentellen Grenzen liegen. Neben solchen radiativen ZerfÄallen sind auch
Lepton-Flavor verletzende Prozesse an Teilchenbeschleunigern erlaubt, wobei wir uns hier
auf Slepton-Paar-Produktion ane§ e¡ -Beschleunigern konzentrieren.

In dieser Arbeit wurde detailliert untersucht wie die unbekannten Parameter des super-
symmetrischen Seesaw-Modells durch Messung von niederenergetischen Observablen (Lepton-
Flavor verletzende seltene ZerfÄallel® ! l ¯ ° , Slepton-Paar-Produktione§ e¡ !

P
i;j

~l§
j

~l ¡
i !

l§
¯ l ¡

® + 2~Â0
1 an Linearbeschleunigern und Sleptonmassen-Di®erenzen) bestimmt werden kÄon-

nen. Wegen des komplizierten Zusammenhangs zwischen diesen MessgrÄo¼en und den See-
saw-, Neutrino-, und SUSY-Parametern stellt dies eine gro¼e Herausforderung dar. Um die
verschiedenen Ein°Äusse zu trennen, wurden zuerst zwei Klassen von Seesaw-Modellen be-
trachtet, nÄamlich solche die durch (quasi-)entartete und stark hierarchische rechtshÄandige
Neutrinomassen charakterisiert sind.

Im Falle entarteter rechshÄandiger Neutrinos wird zusÄatzlich eine enge Korrelation zwis-
chen der Lepton-Verletzung im Slepton- und im Neutrino-Sektor angenommen. Unter diesen
Annahmen ist die gemeinsame MassenskalaMR der rechtshÄandigen Neutrinos der einzige
unbekannte Parameter der zugrundeliegenden Theorie, auf den die oben genannten Observ-
ablen sensitiv sind. FÄur hierarchische leichte Neutrinos wÄurde MR durch eine Messung von
Br (¹ ! e°) ¼ 10¡ 13 im Bereich von 5¢1011 GeV bis 1014 GeV mit einer Unsicherheit von
etwa zwei GrÄo¼enordnungen getestet werden, abhÄangig vom gewÄahlten SUSY Szenario. Bei
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einem entarteten Massenspektrum der leichten Neutrinos mitm1 = 0:3 eV sind alle Lepton-
Flavor verletzenden Observablen um zwei GrÄo¼enordnungen gegenÄuber dem hierarchischen
Fall unterdrÄuckt, wodurch die SensitivitÄat aufMR um etwa eine GrÄo¼enordnung sinkt.

Zwischen den Wirkungsquerschnitten von Slepton-Paar-Produktionsprozessen an Linear-
beschleunigern und den VerzweigungsverhÄaltnissen der entsprechenden seltenen ZerfÄalle be-
steht eine enge Korrelation, welche nur schwach von den Unsicherheiten in den Neutrinopa-
rametern beein°u¼t wird. Die Korrelation ist um so stÄarker, je kleiner die Verzweigungs-
verhÄaltnisse der seltenen ZerfÄalle sind. FÄur stark entarteteleichte Neutrinomassen wird die
Korrelation geschwÄacht, wobei die Beschleunigerprozesse etwas im Vorteil gegenÄuber den
ZerfÄallen sind. Die jetzigen Grenzen anBr (¹ ! e°) und Br (¿ ! ¹° ) erlauben messbare
Signale fÄur Lepton-Flavor verletzende Slepton-Paar-Produktion an Linearbeschleunigern in
der GrÄossenordnung von 1 fb bei einer Strahlenergie von 500 GeV. Falls der Zerfall ¹ ! e°
nicht im MEG Experiment am PSI gemessen werden wird, sollte der Wirkungsquerschnitt
fÄur e+ e¡ !

P
i;j

~l+
j

~l ¡
i ! ¹ + e¡ + 2~Â0

1 nicht 0,1 fb Äubersteigen. Mittels geeigneter Schnitte,
die auf jedes SUSY Szenario angepasst sind, kann der Standardmodell- und Lepton-Flavor
erhaltende SUSY-Hintergrund zum Beschleunigersignal¹ + e¡ +2~Â0

1 auf etwa 4-14 fb gedrÄuckt
werden.

FÄur hierarchische leichte Neutrinos ist eine messbare Massendi®erenz zwischen dem links-
hÄandigen SmÄuon und Selektron im Bereich 0,1-1 GeV mÄoglich. Die Messung solcher Massen-
di®erenzen, die in Lepton-Flavor erhaltender SUSY nicht erwartet werden, wÄare sehr inter-
essant, da die Massendi®erenzen direkt auf die Diagonalelementevon Yy

º Yº sensitiv sind, was
fÄur keine der anderen betrachteten Observablen gilt.

Im Falle hierarchischer links- und rechtshÄandiger Neutrinos bleiben viele der oben ge-
nannten Ergebnisse, wie etwa die Korrelation zwischen Beschleunigerprozessen und seltenen
ZerfÄallen, weiterhin bestehen. Andererseits spielt die Mischung der rechtshÄandigen Neutri-
nos, welche mittels einer komplex orthogonalen MatrixR beschrieben werden kann, nun
eine gro¼e Rolle. Dadurch nimmt die Vorhersagekraft dieses Szenarios etwas ab. Um dies
auszugleichen, fordern wir zusÄatzlich dass das Modell erfolgreich die Bildung der Baryonzahl-
Asymmetrie des Universums mittels Leptogenese beschreibt. Damitwurde ein Seesaw-
Modell realisiert, das mit den jetzigen Grenzen an den Lepton-Flavor verletzenden Verzwei-
gungsverhÄaltnissen und der Messung der Baryonzahl-Asymmetrie vertrÄaglich ist. Mittels
der zukÄunftigen SensitivitÄatBr (¹ ! e°) ¼ 10¡ 13 wÄare es mÄoglich, die MasseM 3 des schw-
ersten rechtshÄandigen Neutrinos im Bereich 1011 GeV - 1014 GeV (abhÄangig vom SUSY
Szenario) mit einer Unsicherheit von etwa zwei GrÄo¼enordnungen zu bestimmen. FÄur er-
°ogreiche Leptogenese muss die leichteste MasseM 1 grÄosser als¼ 5 ¢109 GeV sein, und
um eine ÄUberproduktion von Gravitinos in mSUGRA zu vermeiden, sollteM 1 zudem unter
1011 GeV liegen. Diese Tatsache sorgt auch dafÄur, dass die reellen Winkel x2 und x3 der R-
Matrix stark eingeschrÄankt sind. Der verbleibende Winkelx1 kann durch eine Messung von
Br (¹ ! e°)=Br(¿ ! ¹° ) bestimmt oder eingeschrÄankt werden. Diese Observable kÄonnte
auch dazu benutzt werden, um zwischen entarteten und hierarchischen rechtshÄandigen Neu-
trinos zu unterscheiden.

Zur Verallgemeinerung der obigen Ergebnisse wurde zum Abschlusseine allgemeine Meth-
ode prÄasentiert, mittels der die zugrunde liegenden Hochenergie-Parameter des Seesaw-
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Modells allein durch niederenergetische Observable rekonstruiert werden kÄonnen. Mit Hilfe
eines reprÄasentativen Beispiels wurde gezeigt, dass rechtshÄandige Neutrinomassen mit einer
Unsicherheit von zwei GrÄo¼enordnungen bestimmbar sind, falls nur die VerzweigungsverhÄalt-
nisseBr (l® ! l ¯ ° ) (oder die entsprechenden Beschleuniger-Wirkungsquerschnitte) bekannt
sind. Dies bestÄatigt und verallgemeinert die oben genannten, in GrenzfÄallen ermittelten,
Ergebnisse. Das Verfahren sollte in der Zukunft voll zur Geltung kommen, wenn Signale fÄur
geladene Lepton-Flavor-Verletzung tatsÄachlich gemessen werden. Jede neue experimentelle
Information zum Neutrinosektor oder zu geladener Lepton-Flavor-Verletzung kann auf ein-
fache Weise berÄucksichtigt werden, um seinen Ein°uss auf die unbekannte Hochenergie-
Physik des Seesaw-Modells zu bestimmen. Vielleicht gestattet dies einen kurzen Blick auf
die Physik am Rande der GUT-Skala.
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Appendix A

Numerical parameters

The following numerical parameters, taken from [81, 138], were used throughout our nu-
merical calculations. Unless otherwise noted, all values are atthe electroweak scalemZ =
91:19 GeV.

® = 1=137:036 ¯ne-structure constant
®(mZ ) = 1 =127:880 ¯ne-structure constant atmZ

sin2 µW = 0:2311 weak mixing angle
mZ = 91:188 Z boson mass
mW = 80:423 W boson mass

v = 174:19 Higgs VEV
®s = 0:117 strong coupling constant

m(pole)
e = 5:01(5:11)¢10¡ 4 electron (pole) mass

m(pole)
¹ = 1:04(1:06)¢10¡ 1 muon (pole) mass

m(pole)
¿ = 1:75(1:78) tau (pole) mass
¡ ¹ = 3:00¢10¡ 19 muon decay width
¡ ¿ = 2:26¢10¡ 12 tau decay width
mu = 1:72¢10¡ 3 u-quark mass
md = 3:89¢10¡ 3 d-quark mass
ms = 0:68¢10¡ 2 s-quark mass
mc = 0:58 c-quark mass
mb = 2:91 b-quark mass
mt = 174:3 t-quark mass

M GUT = 1:5 ¢1016 GUT scale

Table A.1: Numerical input parameters. Masses and widths are in GeV.
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Appendix B

MSSM notation and conventions

B.1 Neutralinos

The higgsinos and electroweak gauginos of the MSSM mix with each other due to electroweak
symmetry breaking. The neutral higgsinos (~h0

d; ~h0
u) and the neutral gauginos (~B; ~W 0) com-

bine to form four neutral mass eigenstates called neutralinos.
In the gauge-eigenstate basisÃ0 = ( ~B; ~W 0; ~h0

d; ~h0
u)T , the neutralino mass term has the

form

L = ¡
1
2

Ã0T ZÃ0 + h.c.; (B.1)

where the neutralino mass matrix is given by [139]

Z =

0

B
B
@

~M 1 0 ¡ mZ sW c̄ mZ sW s¯

0 ~M 2 mZ cW c̄ ¡ mZ cW s¯

¡ mZ sW c̄ mZ cW c̄ 0 ¡ ¹
mZ sW s¯ ¡ mZ cW s¯ ¡ ¹ 0

1

C
C
A ; (B.2)

with the soft-SUSY breaking gaugino masses~M 1, ~M 2 and the Higgs mixing parameter¹ .
Diagonalization leads to the mass eigenstates

Â0
i = Nij Ã0

j ; i; j = 1; : : : ; 4; (B.3)

whereN is a unitary matrix satisfying:

N¤ZNy = diag
³

m~Â0
1
; m~Â0

2
; m~Â0

3
; m~Â0

4

´
: (B.4)

N can be chosen such that the eigenvalues are real and positive [140]. By convention, they
are labelled with ascending mass value,m~Â0

1
< m ~Â0

2
< m ~Â0

3
< m ~Â0

4
. The easiest way to

determineN is to take the absolute square of (B.4),

N(ZyZ)Ny = diagm2
~Â0

i
; (B.5)
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which is a straightforward unitary diagonalization ofZyZ. The proper Majorana spinors for
the neutralinos are

~Â0
i =

µ
Â0

i
¹Â0

i

¶
: (B.6)

B.2 Charginos

Just like the neutral higgsinos and gauginos, the charged higgsinos (~h+
u ; ~h¡

d ) and winos
( ~W + ; ~W ¡ ) mix to form two mass eigenstates with charge§ 1 called charginos. In the gauge
eigenstate basisÃ = ( ~W + ; ~h+

u ; ~W ¡ ; ~h¡
d )T the chargino mass term has the form

L = ¡
1
2

ÃT CÃ + h.c.; (B.7)

with the mass matrix C in 2 £ 2 block form [140]

C =
µ

0 XT

X 0

¶
; X =

µ ~M 2

p
2mW s¯p

2mW c̄ ¹

¶
: (B.8)

The mass eigenstates are related to the gauge eigenstates by twodi®erent, unitary 2£ 2
matrices O1 and O2:

µ
Â¡

1
Â¡

2

¶
= O1

µ ~W ¡

~H ¡
1

¶
;

µ
Â+

1
Â+

2

¶
= O2

µ ~W +

~H +
2

¶
; (B.9)

which can be chosen such that

O¤
1XOy

2 = diag
³

m~Â§
1

; m~Â§
2

´
; m~Â§

1
< m ~Â§

2
; (B.10)

with real positive mass eigenvalues in ascending order. For thepractical calculation ofO1=2,
it is useful to take the absolute squares of (B.10), yielding:

O1XXyOy
1 = diagm2

~Â§
1

; (B.11)

O2XyXOy
2 = diagm2

~Â§
1

: (B.12)

The Dirac spinors of the charginos are built from the particle-antiparticle two-component
spinors as

~Â+
i =

µ
Â+

i
¹Â¡

i

¶
: (B.13)

B.3 Charged Sleptons

In principle, any scalars with the same electric charge,R-parity and color quantum numbers
can mix with each other. This means that the mass eigenstates ofthe sleptons should be ob-
tained by diagonalizing a 6£ 6 matrix for the charged sleptons (~lL ® ; ~lR® )=(~eL ; ~¹ L ; ~¿L ; ~eR ; ~¹ R ; ~¿R)
and a 3£ 3 matrix for the sneutrinos ~º ®=(~º e; ~º ¹ ; ~º ¿)L .



B.4. Sneutrinos 103

The charged slepton (mass)2 matrix has the following form (in the above °avor eigenstate
basis) [55]

m2
~l =

Ã
m2

~lL
(m2

~lLR
)y

m2
~lLR

m2
~lR

!

; (B.14)

wherem2
~lL

, m2
~lR

and m2
~lLR

are 3£ 3 matrices,m2
~lL

, m2
~lR

also being hermitian:

m2
~lL

= m2
~L + diag(m2

l i ) + Im2
Z cos(2̄ )(¡ 1=2 + sin2 µW ) (B.15)

m2
~lR

= m2
~e + diag(m2

l i ) ¡ Im2
Z cos(2̄ ) sin2 µW (B.16)

m2
~lLR

= Aev cos̄ ¡ diag(ml i )¹ tan ¯: (B.17)

The contributions m2
~L
; m2

~e are soft SUSY-breaking mass terms from the SSB Lagrangian (2.7),
while the lepton massesml i re°ect the SUSY prediction,m~l i = ml i . The terms proportional
to m2

Z originate from so called D-terms generally given by

¢ © = m2
Z (T3© ¡ QEM © sin2 µW ) cos(2̄ ); (B.18)

with T3© and QEM © the third component of the weak isospin and the electric chargeof the
supermultiplet to which the relevant particle belongs (for the right-handed sector this is the
anti-supermultiplet, QEM ¹l

= +1). They arise from (slepton)2(Higgs)2 quartic interactions
once the Higgses acquire vacuum expectation values.

In general the mass matrix (B.14) is not diagonal. It is diagonalized by a 6£ 6 unitary
matrix U~l ,

Uy
~l
m2

~l U~l = diag(m2
~l1

; :::; m2
~l6

); (B.19)

with the charged slepton mass eigenvaluesm2
~l i
; i = 1; :::; 6. The slepton mass eigenstates are

expressed in terms of the gauge eigenstates by

~l i = ( U~l )
¤
®i

~lL ® + ( U~l )
¤
(®+3) i

~lR® ; ® = 1; 2; 3: (B.20)

B.4 Sneutrinos

The sneutrino (mass)2 matrix in the °avor eigenstate basis ~º ®=(~º e; ~º ¹ ; ~º ¿)L is given by

m2
~º = m2

~L + 1=2m2
Z cos(2̄ )I ; (B.21)

where the tiny masses of the light neutrinos are neglected. Themass matrix is diagonalized
by a unitary 3 £ 3 matrix U~º :

Uy
~º m2

~º U~º = diag(m2
~º 1

; m2
~º 2

; m2
~º 3

): (B.22)

The mass eigenstates ~º i are related to the gauge eigenstates by
0

@
~º 1

~º 2

~º 3

1

A = U~º

0

@
~º e

~º ¹

~º ¿

1

A : (B.23)
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In principle, the addition of right-handed sneutrinos as part of the SUSY seesaw model
induces left-right sneutrino mixing and sneutrino-antisneutrino mixing [141] (4.3), in general
leading to a 12£ 12 sneutrino mass matrix. Such mixings are suppressed by the Majorana
mass scaleMR of the right-handed neutrinos, and can be neglected ifMR is large as is always
the case in our work. The same is true for the right-handed sneutrinos. They do not directly
contribute to low energy processes.

B.5 Vertices

Listed are all vertices, taken from [100], used in the calculation of our signal processes.PL

and PR are the chirality projection operators,

PL =
1
2

(1 ¡ °5); PR =
1
2

(1 + °5): (B.24)

Standard model vertices

°

e+

e¡

+ ie° ¹

Z

e+

e¡

¡ i g
2cW

° ¹ (gV ¡ gA °5)

with the coupling strength g = e
sin µW

and gV = ¡ 1
2 + 2 sin2 µW ; gA = ¡ 1

2.
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Slepton-slepton-gauge boson The de¯nition of the momentum °ow of the scalar par-
ticles is crucial in these vertices. We choose the momentum direction to be equal with the
particle arrow and opposite to the antiparticle arrow, so the momenta always °ow out of the
vertex in the following cases.

°

~l+
jp2

~l ¡
i

p1

+ ie±ij (p1 ¡ p2)¹

Z

~l+
jp2

~l ¡
i

p1

¡ i g
cW

zij (p1 ¡ p2)¹

with zij = ¡ 1
2

P 3
k=1 (U~l ) ik (U~l ) jk + s2

W ±ij

Z

¹~º jp2

~º i
p1

¡ i g
2cW

±ij (p1 ¡ p2)¹

Charged lepton-charged slepton-neutralino

l ¡
®

~l ¡
i

~Â0
a

¡
p

2ie
¡
N L

i®;a PL + N R
i®;aPR

¢

with

N L
i®;a =

ml® N¤
a3

2mW sW c̄
(U~l ) i (®+3) ¡

N¤
a1tW + N¤

a2

2sW
(U~l ) i® (B.25)

N R
i®;a =

Na1

cW
(U~l ) i (®+3) +

ml® Na3

2mW sW c̄
(U~l ) i® ; (B.26)
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Charged lepton-sneutrino-chargino

l ¡
®

~º i

~Â¡
a

¡
p

2ie
¡
CL

i®;a PL + CR
i®;a PR

¢

with

CL
i®;a =

(O2)a1p
2sW

(U~º ) i® (B.27)

CR
i®;a = ¡

ml® (O1)a2

2mW c̄ sW
(U~º ) i® (B.28)
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Appendix C

Renormalization Group Equations

Throughout this chapter, the logarithmic scale variablet is de¯ned as

t =
1

16¼2
ln

µ
¹
¹ 0

¶
; (C.1)

in order to get rid of factors 16¼2. ¹ is the running scale whereas¹ 0 is an arbitrary base scale.
In our numerical calculation, we used¹ 0 = mZ . The following RGEs are taken from [142],
including the sign conventions for the gaugino mass terms and trilinear couplings. The SUSY
scale, i.e. the scale above which the sparticle degrees of freedom are treated as active, is
de¯ned as [138]

M SUSY =
p

m~t1
m~t2

; (C.2)

the geometric mean of the stop masses. This choice minimizes SUSY threshold e®ects.

C.1 SM

This section shows the full renormalization group equations for the Yukawa coupling matrices
Ye; Yu; Yd and gauge couplingsga (a = 1; 2; 3), in the Standard Model to one loop order.
These RGEs are used below the SUSY scale and quark mixing e®ects areneglected. In
addition, the top quark is integrated out belowmt .

dYe
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= Ye

·µ
¡

9
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1 ¡

9
4

g2
2 + Tr
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eYe + 3Yy
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3
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¸
; (C.3)

dYu
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; (C.4)

dYd

dt
= Yd

·µ
¡

1
4

g2
1 ¡

9
4

g2
2 ¡ 8g2

3 + Tr
h
Yy

eYe + 3Yy
uYu + 3Yy

dYd

i ¶
I

+
3
2

Yy
dYd ¡

3
2

Yy
uYu

¸
; (C.5)
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dga

dt
= bag3

a; with b=
µ

41
10

; ¡
19
6

; ¡ 7
¶

; a = 1; 2; 3: (C.6)

C.2 MSSM

In the following, we give the RG equations of the MSSM. They are used above the SUSY
scaleMSUSY. The RGEs for the gauge couplingsga and the gaugino masses~M a are given to
two-loop order for greater accuracy.

dYe

dt
= Ye

·µ
¡

9
5

g2
1 ¡ 3g2

2 + Tr
h
Yy

eYe + 3Yy
dYd

i ¶
I + 3Yy

eYe

¸
; (C.7)

dYu

dt
= Yu

·µ
¡

13
15

g2
1 ¡ 3g2

2 ¡
16
3

g2
3 + 3 Tr

£
Yy

uYu
¤
¶

I + 3Yy
uYu + Yy

dYd

¸
; (C.8)

dYd

dt
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¡

7
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g2
1 ¡ 3g2

2 ¡
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3

g2
3 + Tr

h
3Yy

dYd + Yy
eYe

i ¶
I + 3Yy

dYd + Yy
uYu

¸
; (C.9)

dga

dt
= Bag3

a +
1

16¼2

Ã
3X

b=1

Babg2
b

!

g3
a; a = 1; 2; 3; (C.10)

d ~M a

dt
= Bag2

a
~M a +

2
16¼2

g2
a

3X

b=1

Babg2
b

³
~M a + ~M b

´
; a = 1; 2; 3; (C.11)

with

B =
µ

33
5

; 1; ¡ 3
¶

; B =

0

@
199=25 27=5 88=5

9=5 25 24
11=5 9 14

1

A :

The RGEs for the soft SUSY breaking mass contributionsm2
~L
; m2

~e; m2
~Q
; m2

~u; m2
~d
; m2

hu
; m2

hd
are

dm2
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I ; (C.12)
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24
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dm2
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dm2
~u

dt
= 2

¡
m2

~uYy
uYu + Yy

uYum2
~u

¢
+ 4

³
Yum2

~QYy
u + m2

hu
YuYy

u + AuAy
u

´

¡
µ

32
15

g2
1j ~M 1j2 +

32
3

g2
3j ~M 3j2 +

4
5

g2
1S

¶
I ; (C.15)
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whereS is a shorthand for

S = Tr
h
m2

~Q + m2
~d ¡ m2

~u ¡ m2
~L + m2

~e

i
¡ m2

hd
+ m2

hu
: (C.19)

Finally, the RGEs for the soft SUSY-breaking trilinear couplings Ae; Au; Ad are given as:
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dAd
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C.3 SUSY seesaw

The RGEs for the supersymmetric seesaw model are given below to one-loop order. The
method to properly apply them in the case of non-degenerate right-handed neutrinos is
given in Section 4.2. The scale dependence of the new additional matrices Yº , m2

~º R
, Aº , M

and mº is governed by
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for ¹ < M SUSY , and
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for ¹ > M SUSY . ¸ h is the Higgs quartic self-coupling, in the MSSM given by̧h = 1
4(g2

1 + g2
2).

The following quantities are modi¯ed due to additional right-handed neutrino corrections:
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¯
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º Yº ; (C.29)
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dAe
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=

dAe

dt

¯
¯
¯
¯

MSSM

+ 2YeY
y
º Aº + AeY

y
º Yº : (C.33)

Below their mass scale, the heavy Majorana neutrinos are integrated out, which e®ectively
means thatYº and Aº are zero in this regime.
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Appendix D

Processes

Given below are the amplitudes for the processes studied in thiswork. The vertex factors
N R=L and CR=L corresponding to neutralino/charged slepton and chargino/sneutrino vertices
are given in Appendix B.5.

D.1 l i ! l j °

The amplitude for the processl ¡
i (1) ! l j (2)¡ ° (3) is [20,48]

M ij = ieml i ¹u2²¤
¹ ¾¹º qº (AL

ij PL + AR
ij PR)u1; (D.1)

where ¾®¯ = i
2 [°®; ° ¯ ], q is the photon momentum and² is the polarization vector of the

photon. In the limit of a massless ¯nal lepton,ml i = 0, this yields the decay rate [20,48]

¡( l ¡
i ! l ¡

j ° ) =
e2

16¼
m5

l i

¡
jAL

ij j2 + jAR
ij j2

¢
: (D.2)

The coe±cientsAL;R
ij are determined by calculating the photon penguin diagrams shown in

Fig. 3.1 with charginos/sneutrinos or neutralinos/charged sleptons in the loop [20,45,48]:
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AR
ij = AL

ij

¯
¯
L $ R

; (D.4)
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with

F N
1 (x) =

1 ¡ 6x + 3x2 + 2x3 ¡ 6x2 ln x
6(1 ¡ x)4

; (D.5)

F N
2 (x) =

1 ¡ x2 + 2x ln x
(1 ¡ x)3

; (D.6)

F C
1 (x) =
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; (D.7)

F C
2 (x) =

¡ 3 + 4x ¡ x2 ¡ 2 lnx
(1 ¡ x)3

: (D.8)

D.2 e+ e¡ ! ~l+
j

~l ¡
i

The amplitude for the processe+ (1)e¡ (2) ! ~l+
j (3)~l ¡

i (4) is given by [99]:

M ij = M s
ij + M t
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In comparison to the slepton and neutralino masses, and to the center of mass energy of a
linear collider the masses of the initial and ¯nal state leptons can be neglected regarding the
process kinematics. In terms of the Mandelstam variabless = ( p1 + p2)2, t = ( p1 ¡ p3)2,
u = ( p1 ¡ p4)2 the helicity amplitudes M ij (he¡ ; he+ ) (h = § 1) can be written as
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Arbitrarily polarized beams are described by polarizationsPe¡ and Pe+ 2 [¡ 1; 1] of the
incoming electrons and positrons, respectively. A polarization of Pe¡ = ¡ 1(+1) corresponds
to a beam that entirely consists of particles with helicities -1/2(+1/2). In the limit of
massless fermions, which is appropriate in our case, a negative (positive) electron helicity
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corresponds to left-handed (right-handed) chirality. For positrons, this relation is reversed:
negative (positive) helicity $ right-h. (left-h.) chirality.

The squared amplitude for an arbitrarily polarized beams is generally given by

jMj 2(Pe¡ ; Pe+ ) =
1
4

X

he§ = ¡ 1;1

(1 + he¡ Pe¡ )(1 + he+ Pe+ )jM (he¡ ; he+ )j2: (D.11)

D.3 e¡ e¡ ! ~l ¡
i

~l ¡
j

Analogously, the amplitude for the processe¡ e¡ ! ~l ¡
i

~l ¡
j reads [104]:
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where C is the charge conjugation operator, satisfyingCy = C¡ 1, CT = ¡ C. This leads to
helicity amplitudes M ij (he¡ ; he¡ ),
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D.4 ~l§
i ! l§

® ~Â0
a

The amplitude for the decay~l ¡
i (1) ! l ¡

® (2)~Â0
a(3) is [99]
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e
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¹u2
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¤
v3; (D.14)

or in helicity form, M ¡
i (hl ¡® ), summed over the helicity of the outgoing neutralino,

M ¡
i (+) = 2 ieN R

i®;a
p

p2 ¢p3;

M ¡
i (¡ ) = 2 ieN L

i®;a
p

p2 ¢p3: (D.15)

The helicity amplitudes for ~l+
i ! l+

® ~Â0
a can be obtained from (D.15) by substitutingN R=L !

(N L=R )¤.
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